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Chapter 1

Introduction

When a thin film of pure tin is deposited on copper, filamentary “whiskers” often

grow spontaneously from the surface of the tin. Understanding this process and how

to mitigate it is critically important to the electronics industry, as tin-based coatings

are routinely applied to copper conductors to improve solderability and reduce cor-

rosion [Galyon (2005)]. The growth of whiskers on closely spaced interconnects in

electronic components can result in electrical short-circuit, and the consequences of

such failures, particularly in high-reliability applications such as satellites and mis-

siles, are at best costly and have the potential to be catastrophic. As an example,

at least four commercial satellites have been rendered inoperable due to Sn whisker

formation, and whiskers have been implicated in numerous other failures involving

satellites, missiles, aircraft, medical equipment and even the control system for a

nuclear power plant [NASA (2009)].

Until recently, whisker formation has been effectively suppressed by alloying the

tin plating layer with a few percent lead (Pb) [Arnold (1959), Galyon (2005)]. How-

ever, enactment of “The Restriction of the Use of Certain Hazardous Substances in

Electrical and Electronic Equipment Regulations” (known by the acronym RoHS) by

the European Union in 2006 and the anticipated passage of similar legislation in the

1
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United States has prompted a rapid transition to Pb-free manufacturing practices

within the electronics industry. In response, the majority of electronic component

manufacturers have reverted to the use of pure Sn plating, as it is the simplest and

most cost-effective means of eliminating Pb from plating formulations [iNEMI (2006)].

Consequently, the potential for component failure due to whisker growth from Sn-

plated components has re-emerged as a significant threat, and the high-reliability

electronics industry is urgently seeking new whisker mitigation strategies. This has

prompted a major resurgence of research activity into whisker growth and renewed

interest in understanding its fundamental mechanisms. The current understanding of

whisker growth can be summarized as follows.

Among the most widely accepted and least controversial ideas is that compressive

stress within the film provides the driving force for whisker growth in high-mobility

metals (e.g. Sn, Cd, Zn) [Fisher et al. (1954), Tu (1973), Lee and Lee (1998), iNEMI

(2006)]. This stress can result from externally applied pressure [Fisher et al. (1954),

Pitt and Henning (1964), Shibutani et al. (2006), Lin et al. (2007)], residual stress

due to deposition [Lindborg (1975)], thermal expansion mismatch between the film

and substrate [Chaudhari (1974), Nakadaira et al. (2007)], post-deposition bending

or forming, or the growth of an intermetallic phase [Tu (1973), Lee and Lee (1998)].

In the industrially important system of Sn coatings on Cu, stress generation by the

growth of intermetallic compounds (IMC’s) is of particular concern as the reaction

proceeds spontaneously at room temperature, is difficult to suppress, and can continue

for a period of months to years [Tu (1973), Tu and Thompson (1982)].

Whisker growth is generally viewed as a mechanism for relaxing compressive stress

in the Sn by transporting material out of the plane of the film. Given that whiskers

typically attain lengths many times greater than the thickness of the film and the

film immediately surrounding a whisker does not show signs of obvious thinning, it
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is widely assumed that long-range transport is necessary to supply sufficient mate-

rial to the whisker to sustain growth [Fisher et al. (1954), Chaudhari (1974), Tu

(1994), Hutchinson et al. (2004)]. Self-diffusion along grain boundaries provides a

likely transport pathway in room temperature Sn, as this process is several orders of

magnitude faster than lattice self-diffusion [Gale and Totemeier (2004), Lange and

Bergner (1962)]. Recent experimental work byReinbold et al. (2009) provides strong

evidence for long-range transport of Sn by grain boundary diffusion associated with

stress build-up and whisker formation. Other fast transport mechanisms such as pipe

diffusion [Nakadaira et al. (2007)] and grain boundary fluid transport [Tu and Li

(2005)] have also been proposed.

While the preceding ideas provide a useful framework for understanding whisker

growth, many questions remain. In the case of spontaneous whisker growth from

Sn-Cu bimetallic films, the mechanisms by which IMC growth generates stress within

the Sn film are not fully understood. Experimental evidence shows a clear correla-

tion between the build-up of compressive stress and the growth of IMC within the

Sn film [Tu (1973), Lee and Lee (1998), Boettinger et al. (2005), Reinbold (2007),

Chason et al. (2008)]. However, the relationship is not straightforward. Previous

quantitative analyses which make simplifying assumptions about the material behav-

ior (e.g. purely elastic deformation), the geometry (e.g. uniform IMC layer), or both,

do not adequately explain the observed relationship between stress and IMC growth.

Despite intensive study and a large body of experimental data, a comprehensive

understanding of the processes controlling whisker growth has been surprisingly elu-

sive. In part, this is due to the large number of process variables affecting whisker for-

mation which makes correlation of results from different experiments difficult. Among

these variables are “plating bath chemistry, impurities, deposition rates, substrate ma-

terial, thickness and grain size of the deposit, residual stress, alloying, temperature,
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atmosphere and humidity and surface layers” [Reinbold (2007)]. Further complicat-

ing the problem is the fact that the phase transformation, deformation, and transport

processes involved appear to be coupled in complex and non-linear ways. Thus it is

extremely challenging, if not impossible, to design experiments that can systemati-

cally probe the relative importance of individual mechanisms.

The ability to conceive of and evaluate new whisker mitigation strategies is limited

by our incomplete understanding of the fundamental processes controlling whisker

growth and how they are coupled. At present, the primary guiding principle for

whisker mitigation strategies is to minimize the development of compressive stress in

the Sn [iNEMI (2006)]. A number of treatments such as reflow (fusing of the plating

layer after deposition) and post-bake (post-deposition annealing) have been shown to

reduce or eliminate both compressive stress in the Sn and whisker growth. However,

prediction of their long-term performance requires knowledge of how stress develops

within the Sn film and, consequently, the mechanisms by which these treatments

are able to prevent stress build up. Without a fundamental understanding of the

mechanisms of stress generation and relaxation, it is difficult to determine whether

a particular treatment will prevent the development of stress indefinitely or merely

delay its build up. As an example, Sobiech et al.(2007) found that stress in a pure Sn

plating on Cu remained tensile for one month after post-bake treatment, but within a

year compressive stress developed that was nearly equal to that measured in untreated

samples.

The research presented in this thesis aims to provide quantitative analysis of the

mechanical processes involved in whisker growth. The focus is limited to Sn films

on Cu, in which IMC growth has been clearly correlated with the development of

compressive stress within the Sn. The primary goals are to understand how IMC

growth generates stress in the Sn film and how that stress ultimately results in whisker
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growth.

To investigate these questions a finite element model is developed that includes

the essential features of the three-dimensional geometry of the system as well as

the key mechanical behavior of the materials involved. The primary purpose of the

modeling is to reveal how IMC growth, elastic-plastic deformation within Sn grains

and mass diffusion along grain boundaries interact to produce the experimentally

observed behavior. Numerical simulation is used as a tool to quantitatively test

the consequences of different assumptions about material behavior and explore the

plausibility of proposed mechanisms. The modeling is not intended to replicate the

full complexity of the Sn-Cu system, but rather to probe the combined effects of

several of the most important processes.

The remainder of this chapter provides a more detailed description of the Sn-

Cu system followed by a brief discussion of experimental results that help frame the

questions that will be examined in subsequent chapters.

1.1 Phenomenological Description

Before considering the driving forces and mechanisms for whisker growth, it is

useful to review the characteristics of both whiskers and the films from which they

grow. The following sections provide a brief overview of the physical features of pure

Sn films and whiskers, as well as a summary of measured whisker densities and growth

rates. The purpose is to provide the necessary background for discussing theories of

whisker growth in subsequent sections.
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1.1.1 Characteristics of Thin Sn Films

The most common method of applying Sn coatings to electronic components is

by electroplating. Depending on the processing conditions, two distinct forms of

electroplated Sn are possible, one with a matte surface luster (“matte Sn”), the other

with a shinier, more reflective surface (“bright Sn”). Both bright and matte Sn

electroplate, as well as vapor-deposited Sn films, exhibit a well-developed columnar

microstructure with nearly all Sn-Sn grain boundaries extending from the substrate

to the free surface. This microstructure is characteristic of pure Sn films including

those produced by vapor deposition, and is very difficult to disrupt or alter through

processing. In sharp contrast, films of Sn-Pb alloys exhibit a much more equiaxed

grain structure with Sn-Sn grain boundaries of all orientations present. As will be

discussed in Chapter 3, the columnar microstructure of pure Sn plays a key role in

stress development and whisker growth by constraining relaxation via Coble creep.

Typically, Sn plating for electronic applications ranges in thickness from 1 to

10µm. In matte Sn the mean grain size is comparable to the thickness of the film

(typically 1–5µm[Smetana (2007a)]) and tends to increase with film thickness in a

systematic way. In one study, grain size was shown to scale as the square root of film

thickness [Tsuji (2003)]. Since the plating thickness increases steadily during depo-

sition, the correlation between grain size and film thickness for identically processed

films indicates that grain size must increase during the deposition process.

The grain size of bright Sn (measured in the plane of the film) is smaller than

that of matte Sn. Grain size less than 1 µm is used as a defining characteristic in

distinguishing bright from matte Sn [Smetana (2007a)]. The columnar grains of bright

Sn are typically more elongated than those of matte Sn. The higher aspect ratio of

bright Sn grains may be the consequence of low grain boundary mobility [Boettinger et

al. (2005)]. Bright Sn coatings also tend to have higher carbon content, develop higher
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compressive stress and are more prone to whisker growth than matte Sn [Smetana

(2007a)].

In addition to columnar microstructure, Sn films often exhibit a preferred crys-

tallographic orientation, or crystal texture. The specific orientation for a given film

depends on details of the deposition process [Lee and Lee (1998), Zhao et al. (2006)],

and a wide range of preferred orientations has been reported in the whisker litera-

ture (see, for example, the summary table presented in [Galyon (2005)]). The most

commonly reported preferred crystal orientations associated with whisker growth are

(220) and (321) [Galyon (2005)]. However, not all studies provide grain orientation

information, so it is difficult to generalize about the effect of texture on a film’s

likelihood to form whiskers based on existing experimental work.

Crystal texture has the potential to significantly influence the mechanical behavior

of polycrystalline Sn films due to the highly anisotropic properties of the individual

crystal grains [e.g. Bieler et al. (2008), Zamiri et al. (2008)]. Crystalline Sn has body

centered tetragonal (bct) structure with the c-axis dimension of the unit cell approxi-

mately half that of the two equivalent a-axes ( c
a

= 0.55) [Gale and Totemeier (2004)].

This gives the unit cell the form of a cube shortened along one dimension. Material

properties vary significantly with crystal orientation. For example, the elastic stiff-

ness in the [001] direction is more than 50% greater than that in the [100] and [010]

directions, and the coefficient of thermal expansion (CTE) in the [001] direction is

twice as great as in the [100] and [010] directions. The low symmetry of the Sn crystal

also results in anisotropic single-crystal plastic deformation due to dislocation motion

on a complex set of slip systems comprising as many as ten distinct slip plane–slip

direction families [Barrett (1943), Fujiwara and Hirokawa (1987), Kirichenko (1987),

Nagasaka (1989), Zamiri et al. (2008)].
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1.1.2 Physical Description of Sn Whiskers

Tin whiskers are long, slender single crystal grains that emerge from the surface of

the film (see Figure 1.1). They typically grow to lengths measured in tens of microns

but have been known to attain lengths up to 10 mm [NASA (2009)]. The diameter

and cross-sectional shape of whiskers are often similar to those of the columnar grains

in the surrounding Sn film. Irregularities in the cross-sectional shape persist along

the length of the whisker producing longitudinal striations. Morphologically there

appears to be no systematic difference between whiskers which grow spontaneously

due to IMC growth and those induced by externally applied pressure or thermal

expansion mismatch. In addition to whiskers, hillocks and other irregularly shaped

surface protrusions are also observed.

Koonce and Arnold (1954), showed that whiskers grow by addition of material

at their base or “root” as evidenced by the observation that distinctive morphologic

features at the tip are carried along unaltered during growth. A number of cross-

sectional scanning electron microscope (SEM) images prepared by focused ion beam

(FIB) thinning have been published showing whisker roots terminating at obliquely

angled grain boundaries within the Sn film, rather than extending to the base of the

film (see Figure 1.2) [Sheng et al. (2002), Hutchinson et al. (2004), Smetana (2007b)].

Whether these grain boundaries are present in the as-deposited film or result from

subsequent grain growth or recrystallization is the subject of ongoing debate, as are

the mechanisms by which new material is accreted to the whisker [Boettinger et al.

(2005), Smetana (2007b), Vianco and Rejent (2009)].

Several studies have examined the growth direction of individual whiskers. Based

on a compilation of 30 measurements from various sources, Ellis et al. (1958) showed

that no single crystallographic growth direction was preferred for Sn whisker growth.

They did note however that low index directions were favored (e.g. 〈100〉, 〈001〉, 〈101〉, 〈123〉).
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Figure 1.1: Scanning electron microscope (SEM) images of whiskers emerging from
a Sn film. Note the longitudinal striations and abrupt changes in growth direction.
(Replace with images from Nitin – note that kinked whisker is from the copper-top
sample of Lucy’s).

Later Lee and Lee (1998) analyzed whisker growth direction in relation to the texture

of the film for two samples and found that the bases of all the whiskers they examined

shared the same crystallographic orientation and that that orientation differed from

the dominant crystal orientation within the film. Hutchinson et al. (2004) also found

that whiskers tended to have growth directions different from the surrounding grains

in the film, but, like Ellis et al. (1958), they observed multiple low-index whisker

growth directions.

When Sn is deposited on Cu, whiskers do not form immediately. Nucleation

of the first whiskers is preceded by a latency, or “incubation”, period lasting from

hours to months or even years after deposition. Incubation periods of a few days

are typically reported for pure matte Sn on Cu aged at room temperature [Reinbold

(2007), Sobiech et al. (2008), Chason et al. (2008)]. After initial nucleation, the

number density of whiskers (number/area) has been observed to increase at a rate

that decreases with time [Lee and Lee (1998), Chason et al. (2008), Jadhav et al.

(2010)]. Number densities ranging from 103/cm2 to 104/cm2 have been reported after
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Figure 1.2: Cross-sectional SEM/FIB image of a whisker root showing oblique angle
grain boundaries separating the whisker from Sn grains within the film. Micrograph
by Nick Vo, Freescale Semiconductors, Inc. [Smetana (2007b)].

1 to 2 months of aging [Tu (1973), Lee and Lee (1998)]. The distribution of whiskers

across the surface of the film appears to be random, with two whiskers occasionally

emerging much nearer to each other than the mean spacing.

1.2 Correlated measurements of IMC volume, Sn

stress, and whisker density

The computational work presented in this thesis was motivated, in large part, by

experimental work conducted by Eric Chason’s research group at Brown University.

In this section I briefly describe the results of one series of experiments that illustrate

some of the central questions addressed by the computational work. More thorough

analyses of these data and detailed descriptions of the experimental methods have

been publish previously [Chason et al. (2008), Jadhav et al. (2010)].
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Figure 1.3: Correlated measurements of IMC volume (blue), stress in the Sn (red)
and whisker density (black) for a 1.45 µm Sn film on Cu. Graphs stacked vertically
share the same time axis and data points on the IMC volume and Sn stress plots are
measurements from the same samples made at the same time. The curves have been
added as a visual guide. [Chason et al. (2008), Jadhav et al. (2010)].

The data presented in Figure 1.3 are from carefully designed experiments that

allow direct correlation among measurements of IMC volume, stress and whisker

density for matte Sn films electroplated on Cu. In the figure, graphs stacked vertically

share the same time axis.

Looking first at the IMC growth data, we see that IMC volume increases mono-

tonically and that the rate of growth is initial fast, then slows somewhat with time.

If we now consider the in-plane stress measured in the same samples we see that the

stress is initially tensile, then quickly becomes compressive. Within about 20 hours,

the stress reaches a maximum compressive value then remains relatively constant over
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time. Important things to notice here are that the total IMC volume is quite small

when the stress reaches its “steady state” level, and that the stress remains constant

even as IMC continues to grow. Turning our attention to the whisker density, we see

that first the whiskers do not nucleate until after about 10 hours. Then the number

of whiskers increases monotonically at a rate than decreases with time.

The fact that the stress level remains constant as IMC continues to grow indicates

that stress generated by IMC growth must be simultaneously relaxed. The question

is, what processes are responsible for this relaxation? In particular, we would like

to know whether whisker growth alone can account for the observed relaxation, or

if other processes such as plastic deformation within the film are involved. Evidence

from transmission electron microscope study indicates extensive dislocation emission

within the Sn grains in neighborhood of IMC particles growing into the film [Kumar

et al. (2008)]. There is also evidence for the long-range transmission of stress through

the film via grain boundary self-diffusion [Reinbold et al. (2009)].

In the following chapters, computational modeling is used first to test whether

plastic relaxation processes operating within the film are sufficient to account for the

balance between stress generation and relaxation, without the growth of whiskers.

This is found to be true. Finite element modeling is then used to understand how

relaxation is partitioned between plastic deformation within the film and whisker

growth, and at the same time, investigate the factors controlling the growth velocity

of whiskers.

This thesis is structured as follows. In Chapter 2 we present a finite element model

that includes the essential features of the three-dimensional geometry of the system,

elastic and plastic deformation within Sn grains, stress-driven diffusion along grain

boundaries, and the mechanical effects of the IMC transformation reaction.

In Chapter 3 the finite element model is used to investigate the generation of stress
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due to the growth of discrete IMC particles at the base of the Sn film. Through numer-

ical simulation we test the effects of different assumptions about material behavior.

We conclude that the coupled action of intra-granular plastic deformation and grain

boundary diffusion provide an important mechanism for stress transmission through

the film.

In Chapter 4 the finite element model is extended to include a mechanism for

whisker growth and the relationship between whisker growth velocity and IMC growth

rate is explored. The partitioning of strain relaxation between whisker growth and

intra-granular plastic flow is also examined.

In Chapter 5 an analytical model for whisker growth velocity is presented. The

model includes the effects of strain generation and strain relaxation by both whisker

growth and intra-granular plastic flow. The model is also applied to the case of

whisker growth caused by thermal cycling.

Chapter 6 presents the conclusions gathered from this work.



Chapter 2

Finite Element Formulation

The primary goals of this work are to understand how IMC growth generates

stress in the Sn film and how that stress ultimately results in whisker growth. Ex-

perimental evidence suggests that strain produced by localized expansion of IMC

particles is accommodated by both dislocation motion within Sn grains and mass

diffusion along Sn-Sn grain boundaries. Understanding the mechanisms by which

these processes generate stress and drive whisker growth requires knowledge of the

microscopic stress field within the Sn and how it evolves over time. Experimental

measurement of stress at a spatial resolution comparable to the size of IMC particles

is exceedingly difficult and cannot be directly correlated with dislocation-mediated

plastic deformation within the grains or with grain boundary diffusion1. Computa-

tional modeling, however, offers a means of predicting the stress that develops. The

microstructure and constitutive behavior of the material can be directly specified and

the consequent deformation and stress evolution calculated. While no model can fully

1High energy X-ray diffraction can provide sub-micron resolution measurement of deviatoric
strain within the Sn film and a number of recent studies make use of this technique [Choi et al. (2003),
Sobiech et al. (2009)]. Due to the anisotropic elastic properties of the Sn crystals, however, the stress
tensor, and even the deviatoric stress tensor, cannot be fully determined from the deviatoric strain.
Furthermore, the deviatoric strain reflects only the elastic distortion of the crystals and provides no
information regarding the amount of plastic deformation that may have accumulated.

14
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replicate the behavior of the real system, models do allow the free manipulation of

material properties in a way that is not possible experimentally. Used as a com-

plement to experimental measurement, computational modeling provides an efficient

means to explore and test the roles played by different processes and mechanisms.

Toward this end, we develop a finite element model that captures the essential

features of the three-dimensional geometry of the system as well as the key me-

chanical behavior of the materials involved. The primary purpose of this model is

to reveal how elastic-plastic deformation within Sn grains and mass diffusion along

grain boundaries couple with one another at the microscopic level to produce the

experimentally-observed macroscopic behavior. To highlight these relationships and

facilitate the interpretation of the model results, a number of simplifying assumptions

and approximations have been made, as described in the following sections. The re-

mainder of this chapter describes a finite element approach that accounts for strain

generation due to the IMC transformation reaction and accommodation of that strain

by dislocation motion within Sn grains and stress-driven mass transport along Sn-Sn

grain boundaries.

2.1 Model Geometry

As discussed in Chapter 1, both the columnar microstructure of the Sn film and

the non-uniform distribution of discrete IMC particles growing at Cu-Sn interface are

believed to contribute to the development of compressive stress. These features are

incorporated into a finite element model that simulates a polycrystalline Sn film with

columnar grain structure bonded to a Cu substrate, as shown in Figure 2.1. The

copper substrate is treated as a homogeneous solid, while the Sn film is idealized

as a periodic array of identical hexagonal grains. The Sn grains are separated by
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vertically-oriented2 grain boundaries which support stress-driven diffusion and inter-

grain sliding. Symmetry boundary conditions (zero lateral displacement and zero

grain boundary flux) applied at the lateral boundaries of the model cell create a

periodic repetition of the model in the in-plane directions. Zero displacement con-

ditions are imposed at the base of the Cu substrate layer. Vertical displacement is

unconstrained at the surface of the Sn and the lateral boundaries.

Cu substrate

Columnar Sn

grains

Reflection symmetry

at lateral boundaries

a) Model geometry b) Boundary conditions

Fixed base

Figure 2.1: a) The Sn film is idealized as a periodic array of columnar hexagonal
grains bonded to a Cu substrate. b) Lateral dimensions of the model cell are held
fixed (reflection symmetry conditions) and no displacement is allowed at the base of
the Cu substrate. Vertical displacement is unconstrained at the surface of the Sn and
along the lateral boundaries.

2.2 Deformation Within Sn Grains

Isotropic elastic-plastic constitutive behavior is assumed within the individual Sn

grains with plastic deformation governed by either rate-independent plastic yield or

rate-dependent viscoplasticity. While the constitutive behavior of single-crystal Sn

is known to be significantly more complex, exhibiting anisotropy in elastic, plastic

2For convenience, the terms horizontal and vertical will be used to describe the in-plane and
out-of-plane directions, respectively.
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and thermal properties, we have chosen to make this approximation for the following

reasons. First, limited experimental data exist to characterize dislocation-mediated

plastic deformation within Sn single crystals. While experimental measurements of

critical resolved shear stress (CRSS) have been reported for six of the ten slip system

families that have been identified in Sn, there is disagreement regarding the order in

which slip systems are activated and inconsistency among the reported CRSS values

[Barrett (1943), Weertman and Breen (1956), Hirokawa et al. (1968), Fujiwara and

Hirokawa (1987), Kirichenko (1987), Nagasaka (1999), Zamiri et al. (2008)]. Second,

detailed grain orientation data are not available for the Sn films which provide the

experimental basis for the finite element modeling. For these reasons, a single-crystal

plasticity model of deformation within Sn grains would be both difficult to validate

and of limited value. The approximation of isotropic behavior within the solid grains

is sufficient to evaluate the relative effectiveness of stress relaxation by intra-grain

plastic deformation compared with inter-grain mass transport via grain boundary

diffusion.

The elastic-plastic constitutive behavior included in the finite element implemen-

tation is briefly summarized as follows3. For infinitesimal deformation, the increment

of total strain is decomposed into the sum of elastic and plastic components:

dεij = dεe
ij + dεp

ij (2.1)

where only the elastic strain contributes to the stress in the solid. For a linear elastic

material the stress is given by:

σij = Cijklε
e
kl = Cijkl (εkl − εp

kl) (2.2)

3A more thorough development of the constitutive equations presented here can be found in a
graduate level solid mechanics text such as Bower (2010) or Malvern (1969).
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where Cijkl is the elastic modulus tensor. Under the assumption of isotropic elasticity

this further reduces to:

σij =
E

(1 + ν)

(

1

2
εe

ij +
ν

(1 − 2ν)
εe

kkδij

)

(2.3)

where E is Young’s modulus and ν is Poisson’s ratio. Equation 2.3 can be inverted

to relate the increment of elastic strain in Equation 2.1 to the stress increment:

dεe
ij =

(

1 + ν

E

)

dσij −
( ν

E

)

dσkkδij. (2.4)

Calculation of the plastic strain increment depends on the choice of plastic flow

potential and plastic flow rule. Two different plastic constitutive behaviors are con-

sidered here. The simplest is rate-independent plastic yield with isotropic hardening.

The yield surface is defined by the von Mises yield criterion:

f(σe, ε̄
p) = σe − Y (ε̄p) = 0 (2.5)

where

σe ≡
√

3

2
SijSij and ε̄p ≡

∫

√

3

2
dεp

ijdεp
ij, (2.6)

Sij = σij − 1
3
σkkδij is the deviatoric stress, and Y (ε̄p) = Y0 + hε̄p is the yield stress

with hardening rate h. The associated flow rule which relates the increment of plastic

strain to the stress is:

dεp
ij = dε̄p ∂f

∂σij
= dε̄p 3

2

Sij

Y
. (2.7)

To model rate-dependent viscoplastic behavior, the plastic strain rate is specified

by a von Mises flow potential with power-law rate sensitivity which has the form:

g(σe, σ0) = ε̇0 exp

(−Q

kT

) (

σe

σ0

)m

(2.8)
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where σe is the von Mises equivalent stress defined above, σ0 is the nominal yield stress

which can evolve with strain, and ε̇0, Q, and m are material parameters that define the

characteristic strain rate, activation energy, and stress sensitivity, respectively. This

model assumes that plastic flow is controlled by a thermally-activated process such as

dislocation climb. No hardening is included in the viscoplastic constitutive relation

used in our finite element models, so σ0 is taken to be constant. The associated plastic

flow rule that specifies plastic strain rate is:

ε̇p
ij = ε̇0 exp

(−Q

kT

) (

σe

σ0

)m (

3

2

Sij

σe

)

. (2.9)

The choice of material parameters defining the elastic and plastic behavior of Sn

and Cu in the finite element models is presented in Chapters 3 and 4.

2.3 Grain Boundary Diffusion and Sliding

In addition to elastic and plastic deformation within the solid Sn grains, we explic-

itly model stress-driven mass diffusion and sliding along the Sn-Sn grain boundaries.

The development of the constitutive relations and finite element formulation is de-

scribed in detail by Bower and Wininger (2004) for two dimensions. An extension to

three dimensions implemented by Du (2009) has been incorporated into the present

model. In this model, grain boundaries are treated as sharp two-dimensional surfaces

that separate solid grains. Diffusional transport of atoms within the grain bound-

aries is governed by Fick’s laws and driven by gradients in the chemical potential.

In addition, shear stress across a grain boundary causes the solid grains on opposite

sides to slide relative to one another at a rate proportional to the shear stress. Grain

boundary migration is not included in the model.
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2.3.1 Grain Boundary Diffusion

For grain boundary self-diffusion, the chemical potential is dominated by the me-

chanical work term associated with inserting an atom into the grain boundary. In the

model, the chemical potential is approximated as µ = −Ωσn, where Ω is the atomic

volume of Sn and σn is the normal stress acting across the plane of the grain bound-

ary. Applying Fick’s first law with concentration equal to 1.0, the flux of volume

along the grain boundary is given by

~jv = −δDgb

kT
∇µ =

ΩδDgb

kT
∇σn (2.10)

where δ is the nominal grain boundary width, Dgb is the grain boundary diffusiv-

ity at temperature T , k is Boltzmann’s constant, and the gradient is taken in the

plane of the grain boundary. The diffusivity is described by an Arrhenius relation:

Dgb = D0
gb exp (−Qgb/kT ) where Qgb is the activation energy associated with dif-

fusion along the grain boundary. The finite element calculations are performed at

constant temperature so Dgb remains fixed at its room temperature value.

Differences in the normal stress across the grain boundary from one location to

another lead to variations in the volume flux along the grain boundary. Net mass

transport results as volume is removed from regions of more compressive normal stress

and added to regions of less compressive normal stress. The rate of volume removal

(per unit area) at any point in the grain boundary is given by the divergence of the

volume flux (Fick’s second law). Physically, the rate of volume accumulation per area

describes the relative velocity of opposite faces of the grain boundary, in the direction

normal to the grain boundary plane. This velocity discontinuity can be expressed as:

[vn] = ∇~jv =
ΩδDgb

kT
∇2σn (2.11)
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An additional set of constraints arises from the thermodynamic requirement that

the chemical potential be continuous. In particular, at grain boundary junctions, the

normal stress on each of the adjoining grain boundaries must be equal.

2.3.2 Grain Boundary Sliding

Shear stress across the grain boundary can similarly cause relative sliding mo-

tion of the opposite grain faces. In the model, the velocity discontinuity across the

grain boundary is related to the resolved shear stress by means of a linear viscous

constitutive law consistent with a thermally-activated process:

[vt]i =
Ων0 exp (Qgbs/kT )

kT
τ≡η0τi (2.12)

where [vt]i is the velocity jump tangential to the grain boundary plane, ν0 is a char-

acteristic sliding velocity, and Qgbs is the activation energy associated with grain

boundary sliding. τi = σijnj − (σklnknl)ni is the resolved shear stress on the grain

boundary. For calculations at constant temperature, the relation can be expressed in

terms of a single constant, η0, which is inverse to viscosity.

2.4 IMC Transformation Reaction

One of the more challenging physical behaviors to incorporate into the model is the

IMC transformation reaction. IMC growth involves the transformation of existing Sn

into a new IMC phase which has greater specific molar volume and markedly different

constitutive behavior. This reaction cannot simply be modeled as the expansion of

a fixed material volume since the reaction front, at the interface between IMC and

Sn, propagates into the Sn. Furthermore, the velocity of the interface varies with

time. To model these changes in the FEA simulations, the material properties are
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selectively altered at specified nodes within the finite element mesh during each time

step. This approach eliminates the need to update the topology of the finite element

mesh as the size of the IMC particles increases. Instead, the finite element mesh

remains fixed while the IMC transformation propagates through it. Details of the

implementation are as follows.

2.4.1 Defining the Transformed Region

IMC is idealized as hemispherical nodules that grow up into the Sn from the Cu-

Sn interface (see Figure 2.2). The position of each nodule is specified a priori, as a

model input, and all nodules grow simultaneously at the same rate. The radius of

each IMC nodule, rimc, increases incrementally over a series of time steps as shown

schematically in Figure 2.2. During each time step, a thin shell of Sn surrounding the

existing IMC nodules is transformed to IMC, simultaneously increasing the volume

of IMC while consuming some of the Sn.

The spatial extent of the IMC is specified in the simulation by a field variable,

Φ, which is assigned a value between 0 and 1 at each node of the finite element

mesh. Φ = 0 corresponds to Sn, while Φ = 1 corresponds to IMC. Initially, all

nodes within the Sn layer are assigned Φ = 0. During subsequent time steps, the

value of Φ is updated at nodes which are transformed to IMC. The value of Φ at each

node is determined by its distance, r, from the center of the nearest IMC nodule via a

smoothed step function: Φ = 1/2[1−tanh(2(r−rimc)/w)] where w is the characteristic

width of the IMC-Sn interface (see Figure 2.3). Note that Φ varies from 0.98 to 0.02

between r = (rimc − w) and r = (rimc + w). Smoothing of the IMC-Sn interface

prevents abrupt property changes as the interface passes through the finite element

mesh.

The transformation of Sn to IMC is implemented in the FEM simulations by
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a) Beginning of timestep: t = ti b) End of timestep: t = ti+∆ti

r
i

Sn to be transformed

during timestep

IMC IMC

Untransformed Sn

Figure 2.2: Schematic diagram showing how IMC transformation reaction is imple-
mented in the finite element model. Red represents IMC and blue represents Sn. The
superimposed grids are an aid to distinguish the region that has expanded from the
unexpanded region. The grid lines do not indicate the finite element discretization.
a) At the beginning of the time step, the expanded region has radius ri. During the
time step the expansion field will be applied to nodes within the shell shown in darker
blue. b) By the end of the time step, the shell identified in a) has fully expanded (the
full stress-free transformation strain has been applied). The new (expanded) radius
of the IMC particle is ri + ∆r.

correlating material properties (elastic modulus, yield strength, molar volume) with

the local value of Φ. The material has the properties of Sn where Φ = 0 and the

properties of IMC where Φ = 1. Property values are interpolated linearly for inter-

mediate values of Φ. The molar volume change associated with the transformation

is modeled by applying a stress-free transformation strain, εt = 0.13, corresponding

to a 44% stress-free volumetric expansion. After application of the transformation

strain, the material is in a state of compressive stress and would have to undergo a

44% expansion to become stress-free. The applied transformation strain is the only

loading in the model. The transformation process is assumed to occur quasi-statically

with stress equilibrium maintained throughout the simulation.
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Figure 2.3: Variation of the field variable Φ with radius. The center of the IMC
particle is at r = 0 and Φ(r) = 1/2[1 − tanh(2(r − rimc)/w)]. The curves show Φ(r)
applied at two successive time steps; in the first time step (blue) rimc = 325 nm,
in the second rimc = 350 nm. The characteristic width of the front shown here is
w = 100 nm.

2.4.2 Elimination of grain boundaries

When a growing IMC particle impinges on a Sn-Sn grain boundary, the Sn ad-

jacent to and within the grain boundary is transformed to IMC. To account for this

elimination of grain boundaries within the transformed region, grain boundary diffu-

sivity is scaled logarithmically with Φ via the relation, D∗
gb = εΦDgb, where D∗

gb is

the scaled diffusivity and ε is finite constant chosen to be as small as possible without

causing numerical problems in the solution. In the present case, ε = 2 × 10−10. D∗
gb

is scaled logarithmically with Φ rather than linearly in order to produce a significant

reduction in the grain boundary diffusivity when Φ < 1 while also keeping Dgb finite

when Φ = 1. Given the high value of Dgb for Sn relative to the rate of loading, a

reduction of Dgb by at least 10−4 is necessary to noticeably impede grain boundary
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transport within the model.

2.4.3 Specifying IMC Growth Rate

The IMC growth rate in the model is correlated with experimentally measured

IMC growth rates via the following procedure. First, the total IMC volume in the

model is expressed as a function of a single parameter, the IMC radius rimc. This

function, V (rimc), depends on the assumed distribution of IMC nodules and accounts

for both volumetric expansion associated with the transformation and impingement

of the nodules as they grow. Using the inverse of this function, the model parameter

rimc is then determined as a function of time for a given experimentally-measured

IMC growth curve, Vimc(t). During each load step in the finite element model, rimc

specifies the current size of the IMC particles .

In the implementation, the radius of each IMC particle (as defined by the value

of the field variable Φ) is increased by an increment, ∆r, during each load step. To

maintain the smooth propagation of the IMC growth front, ∆r is set to a value less

than the characteristic length scale of the elements in the mesh and is held constant

for all load steps. The corresponding time increment for each simulation step is non-

uniform and is determined by correlating the total IMC volume at the end of the step

with the experimentally measured V(t) function. In a typical simulation the time

increment for successive load steps becomes progressively larger, due to the slowing

of the observed IMC growth rate and the increasing volume associated with each

increment of IMC radius, ∆r. The procedure for determining the time increment,

∆t, associated with a given increment of IMC growth, ∆r, is shown graphically in

Figure 2.4.



26

0 50 100 150
0

0.1

0.2

0.3

0 0.2 0.4
0

0.1

0.2

0.3

V
im

c
/A

 [
µ

m
]

rimc [µm] t [hr]

ri ti
ri+1 ti+1

∆r ∆t

Vimc(r) Vimc(t)a) b)

Figure 2.4: Graphical representation of the procedure for determining the time in-
crement, ∆t, for each finite element load step. During the load step, the IMC radius
increases by a specified amount ∆r from ri to ri+1. The corresponding IMC volumes
are determined from the geometric relationship Vimc(r) shown in graph (a). The
time increment is then determined through the emperically-fit IMC growth function
Vimc(t) shown in graph (b). The symbols in (b) are experimental measurements.

2.5 Finite Element Implementation

All finite element calculations were performed using ABAQUS commercial finite

element software. The Sn grains and the homogeneous Cu layer were meshed using

eight-node linear hexahedral solid continuum elements with reduced integration and

the interfaces separating Sn grains were meshed with user-defined twelve-node grain

boundary elements. The grain boundary elements were implemented via a user sub-

routine written by Du (2009). Nodes associated with the solid elements have only

displacement degrees of freedom, while nodes in the core of each grain boundary ele-

ment have grain boundary stress components as degrees of freedom. Figure 2.5 shows

an expanded view of a grain boundary element and the degrees of freedom associated

with each node. Note that the grain boundary elements have zero thickness, so that

the three nodes at each corner occupy the same position in space.

Symmetry boundary conditions are imposed on the spatial degrees for boundary
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Figure 2.5: Schematic diagram showing nodes associated with the grain boundary
diffusion elements. a) Expanded view showing node connectivity within the element.
Blue and black nodes have displacement degrees of freedom; pink nodes have diffusion
potential degrees of freedom (i.e. stress components normal and tangential to the
plane of the grain boundary element). b) Node positions as they would appear in the
finite element mesh. Note that the grain boundary diffusion element is planar with
three coincident nodes at each corner.

nodes by specifying zero displacement normal to the plane of the boundary. When

the model boundary coincides with a grain boundary, the properties of the grain

boundary elements lying on the model boundary must also be modified to impose

the symmetry condition. Zero displacement normal to the plane of the boundary is

imposed on the displacement nodes lying on the boundary. In addition, the value of

grain boundary diffusivity which is used to solve for the grain boundary normal stress

within the elements must be set to half its assumed value. This effectively models

one half of the grain boundary with a symmetry plane lying along its center.

Additional information regarding the choice of material parameters and the use

of the finite element model are presented in the context of the following two chapters

which address the mechanisms of stress generation and relaxation and the kinetics of

whisker growth.



Chapter 3

Stress Evolution

3.1 Introduction

The importance of compressive stress in Sn films as a primary driving force for

whisker growth is well established [Fisher et al. (1954), Galyon (2004)]. This stress

can result from mechanical deformation during processing and handling of compo-

nents, thermal mismatch or, in the case of Sn films on Cu, the spontaneous growth

of intermetallic compounds (IMCs). The latter process is of particular concern as

it is difficult to control and can continue over long periods of time. A fundamental

understanding of the process of stress generation in Sn films could potentially provide

insight into strategies to minimize stress and thereby mitigate whisker growth. How-

ever, there is no clear consensus regarding the mechanisms by which localized growth

of IMC produces stress within the Sn film [Tu (1994, 1996), Lee and Lee (1998), Choi

et al. (2003), Krishnamurthy and Srolovitz (2005), Tu and Li (2005), Boettinger et

al. (2005), Galyon and Palmer (2005), Chason et al. (2008), Kumar et al. (2008)].

In order to understand how stress develops in response to IMC growth, it is nec-

essary to identify the mechanical deformation processes operating in the surrounding

28
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Sn film. Recent experimental work provides evidence of extensive dislocation activ-

ity within the Sn film, especially in the neighborhood of IMC grains [Kumar et al.

(2008), Chason et al. (2008)], indicating that the Sn grains yield plastically. This

conclusion is also consistent with reported stress measurements within the Sn layer

which are very near the nominal yield stress for Sn (14.5 MPa [Gale and Totemeier

(2004)]) and remain relatively constant over time [Lee and Lee (1998), Sheng et al.

(2002), Boettinger et al. (2005), Chason et al. (2008)]. In addition, self-diffusion along

the columnar grain boundary network has been shown experimentally to provide a

fast pathway for long-range mass transport associated with stress development and

whisker growth in Sn films [Reinbold et al. (2009)]. The role played by these plastic

deformation processes in the development of stress within Sn films, however, has not

been quantitatively assessed.

In this chapter, we present a series of finite element simulations that allow us

to quantitatively evaluate different mechanisms for the generation of stress in Sn

films due to growth of the Cu6Sn5 intermetallic compound at the Cu-Sn interface.

Specifically, we examine the role of elastic and plastic deformation within Sn grains

and the role of stress-driven diffusion of Sn along grain boundaries. It should be

noted that the work presented here does not address the nucleation of whiskers,

nor include the effect of local stress relaxation in the region surrounding a whisker.

These issues are taken up in Chapter 4. Also, for the purpose of this study we limit

attention to stress generation in as-deposited Sn films which exhibit a well-developed

columnar microstructure, and do not consider the effect of solder reflow or post-

deposition annealing which can significantly alter the micro-structure, thickness, and

morphology of the Sn.

The simulations show that elastic deformation and dislocation-mediated plastic

flow alone are not sufficient to reproduce the experimentally measured relationship
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between stress and IMC volume. However, when grain boundary diffusion is in-

cluded, the model results agree well with experimental observations. Examination of

conditions necessary to produce the observed stresses provide insights into potential

strategies for minimizing stress generation and thus mitigating whisker growth.

3.2 Experimental Background

The correlated measurements of IMC volume and stress were discussed in Sec-

tion 1.2. Here, we briefly review those results, calling attention to several key fea-

tures. Figure 3.1 shows measured IMC volume per area and the corresponding average

stress in the Sn layer obtained from two sample series: 1.45 µm thick Sn and 2.9 µm

thick Sn electro-plated over 0.6 µm of Cu. It is important to note that the measured

stress represents mean biaxial stress (the average of the two in-plane normal stress

components, (σ11 + σ22)/2) integrated over the thickness of the Sn layer.

Examining the plots of IMC growth over time (Figures 3.1a and 3.1b), IMC volume

per area is seen to increase monotonically at a rate that decreases with time. For the

thicker, coarser-grained film, the initial rate of IMC growth is faster and the slowing

of the growth rate is more pronounced than for the thinner film. The IMC volume

measurements also show a greater degree of scatter for the thicker film. The IMC

volume as a fraction of the initial Sn volume (Figures 3.1c and 3.1d) is comparable

for the two Sn thicknesses.

In both cases, the corresponding stress in the Sn, shown in Figures 3.1e and 3.1f,

is initially tensile but quickly becomes compressive. The stress reaches a maximum

compressive value after approximately 20 hours, then remains relatively constant even

though IMC continues to grow. The observation that the average stress appears to

attain a “steady state” value indicates that further IMC growth is accommodated by

processes that produce little additional stress within the Sn, such as plastic yield.
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Figure 3.1: Experimental measurements of IMC volume per area (a and b) and mean
biaxial stress in the Sn (e and f) for two film thicknesses. The IMC volume per area
is normalized by the film thickness to give IMC volume as a fraction of initial Sn
volume in c) and d). Data from samples with 1.45 µm Sn electroplated on 0.6 µm Cu
are shown in a), c) and e) and data from samples with 2.9 µm Sn electroplated on
0.6 µm Cu are shown in b), d) and f). The empirically fit curves (solid lines) in a) and
b) were used to model IMC growth in the numerical simulations. The growth curve
for the 1.45 µm Sn has the form Vimc/A = (0.014 µm ·hr−0.6)t0.6 and that for 2.9 µm
Sn has the form Vimc/A = (0.135 µm ·hr−0.25)t0.25. Data were previously published
by Chason et al. (2008) and Jadhav et al. (2010).
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To understand how stress is generated by IMC growth, it is necessary to consider

the nature of the IMC transformation reaction. At room temperature, Cu and Sn

react irreversibly to form the Cu6Sn5 IMC. Scanning electron microscopy (SEM) and

transmission electron microscopy (TEM) analyses reveal that IMC particles nucleate

within the Sn at the Cu-Sn interface, typically with greater probability at the triple

junctions where grain boundaries between Sn grains meet the Cu interface [Chason

et al. (2008), Kumar et al. (2008), Zhang et al. (2005)]. After nucleation, growth of

the particles proceeds at the IMC-Sn interface [Tu and Thompson (1982), Tu (1994)],

with IMC particles primarily growing up into the Sn film [Chason et al. (2008), Kumar

et al. (2008), Zhang et al. (2005), Sheng et al. (2002)]. TEM analysis also provides

evidence of dislocation activity within the Sn layer, particularly near IMC particles

[Chason et al. (2008), Kumar et al. (2008)]. This suggests that IMC growth induces

sufficient stress within the surrounding Sn grains to cause dislocation-mediated plastic

deformation.

In the case of pure Sn on Cu, SEM and TEM examination of cross-sections through

the thickness of the film show that IMC growth occurs primarily at the Sn-Cu interface

[Chason et al. (2008), Kumar et al. (2008)]. There is little evidence of isolated IMC

particles away from the Sn-Cu interface, either within Sn-Sn grain boundaries or in

the Sn grains themselves. Thus, a model for stress generation must explain how IMC

growth that is restricted to the base of the Sn layer results in the development of

stress throughout the thickness of the film.

Stress generation in the Sn layer is intimately related to the volume changes

associated with the formation of Cu-Sn intermetallic compounds. Here we consider

only reaction of Cu and Sn to form Cu6Sn5, since this is the sole IMC phase observed

at room temperature [Tu (1994)]. As discussed above, Cu6Sn5 is observed to grow

into the Sn. This requires the transport of Cu to the IMC growth front, where it
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Species Density Molar Volume

Cu 8.96 g/cm3 7.09 cm3/mol
Sn 7.30 g/cm3 16.3 cm3/mol

Cu6Sn5 8.28 g/cm3 10.7 cm3/mol

Table 3.1: Density and molar volume data. Note that the molar volume of Cu6Sn5

corresponds to 1 mole of atoms and is based on the composition of 5/11(= 0.45)
atomic fraction Sn.

then reacts with the adjacent Sn [Tu and Thompson (1982), Tu (1994)]. The net

volume change associated with the reaction is therefore partitioned into two spatially

separated volume changes: volume loss within the Cu layer and volume increase

within the Sn layer. Calculation of the resulting strain within the Sn layer depends

on the details of the transformation from Sn to IMC. While these details are not well

understood, the consequences of two limiting cases can be explored.

Consider a fixed volume of Sn adjacent to a growing IMC particle. If all of the

Sn atoms in this region rearrange to form Cu6Sn5 as Cu atoms arrive, then the

region will undergo a large volumetric expansion. Referring to the molar volume

data summarized in Table 3.1, the initial Sn volume of (0.45)V Sn
m = 7.4 cm3/mol is

replaced by V IMC
m = 10.7 cm3/mol, corresponding to a 45% volume increase. This

value is an upper bound, since some of the IMC volume may also be accommodated

by motion of the Cu-Sn interface.

At the other extreme, it is possible for the IMC to occupy the same volume as the

Sn it replaces if sufficient Sn is expelled as point defects during the transformation.

The expelled Sn could either be accommodated by the surrounding Sn lattice or

adjacent grain boundaries. Stress generated by the diffusion of expelled Sn along

grain boundaries will be discussed in the results section. For the case of Sn point

defects inserted into the surrounding Sn lattice, the extremely low bulk self-diffusivity

for Sn (D ≈ O(10−18 cm2/s)) [Gale and Totemeier (2004)] would effectively limit the

volumetric expansion to a region immediately surrounding the IMC particles. The
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resulting localized expansion would be very similar to that produced by expansion of

the IMC itself. For the purpose of modeling stress evolution in the Sn film, we assume

that the transformation of Sn to Cu6Sn5 produces a localized volumetric expansion of

45%. The effect of volume loss within the Cu substrate is not considered here. Since

the Cu film is constrained against lateral deformation by the underlying Si wafer,

stress in the Cu layer has little influence on the stress in the Sn.

3.3 Simulation Details

Our finite element simulations model a polycrystalline Sn film with columnar grain

structure bonded to a Cu substrate, as shown in Figure 3.2. The copper substrate

is treated as a homogeneous solid layer while the Sn film consists of a periodic array

of identical hexagonal grains. The Sn grains are separated by vertically-oriented

grain boundaries which support stress-driven mass transport. We assume that flux of

material out of the grain boundaries onto the free surface is prevented by the presence

of a passivating oxide layer. Mechanical behavior of the oxide layer, however, is not

included in the model. Symmetry boundary conditions are applied at the lateral

boundaries of the model cell to effectively model an infinite film, and the base of the

model cell is held fixed. All dimensions and parameters used in the simulations are

listed in Table 3.2.

The Sn grains and the Cu layer are treated as isotropic, elastic-plastic solids with

Young’s modulus Eα, Poisson’s ratio να (where α is either Sn or Cu). Plastic defor-

mation in the Cu is assumed to be rate-independent with yield stress, YCu. In the Sn

layer, both rate-independent plastic yield and rate-dependent viscoplastic constitu-

tive behaviors are considered. The isotropic von Mises yield criterion (second stress

invariant, J2) is applied in the rate-independent cases, while an isotropic power-law
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Quantity Symbol Value Ref.

Sn film thickness hSn 1.45 and 2.9 µm
Length of hexagonal grain edge L 0.75 and 1.0 µm
Cu film thickness hCu 0.6 µm
Elastic modulus of Sn ESn 50 GPa (1)
Poissons ratio of Sn νSn 0.36 (1)
Yield strength of Sn YSn 14.5 MPa (1)
Elastic modulus of Cu ECu 117 GPa (1)
Poissons ratio of Cu νCu 0.34 (1)
Yield strength of Cu YCu 200 MPa (2)
Elastic modulus of Cu6Sn5 Eimc 86 GPa (3)
Poissons ratio of Cu6Sn5 νimc 0.30 (3)
Yield strength of Cu6Sn5 * Yimc 2000 MPa (4)
Grain boundary diffusivity of Sn Dgb 4.8 × 10−9 cm2/s (5)
Grain boundary width of Sn δ 0.5 nm (5)
Atomic volume of Sn Ω 0.027 nm3

Temperature T 298 K

Table 3.2: Parameters used in the simulations. References: (1) Gale and Totemeier
(2004); (2) Freund and Suresh (2003); (3) Fields et al. (n.d.); (4) Deng et al. (2004);
(5) Lange and Bergner (1962). *Note: Cu6Sn5 is not expected to deform plastically,
but a yield strength is required in the model to allow transformation of Sn to IMC.
Yimc is given a very large value consistent with experimental measurements.
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Figure 3.2: The computational model used in the finite element simulations. The
diagram on the left shows the Cu-Sn bilayer film represented by the model. The Sn
layer is comprised of columnar hexagonal grains separated by vertically oriented grain
boundaries which can act as fast diffusion pathways. The highlighted region shows
the outline of the actual model cell which is shown in greater detail on the right.
By applying symmetry boundary conditions on the lateral boundaries, the model cell
simulates a perfectly regular film of infinite extent.

model (ε̇p = A
(

σ
σ0

)m

where σ0 is a characteristic stress and A and m are empir-

ically fit parameters) is assumed for rate-dependent plasticity. While we recognize

that the constitutive behavior of Sn is significantly more complex (exhibiting strong

anisotropy in elastic and plastic deformation) the simplified behavior modeled here

is sufficient to establish the mechanisms by which stress develops and is transmitted

through the Sn film.

Stress is generated in our model by the growth of hemispherical IMC nodules up

into the Sn from the Cu-Sn interface (see Figure 3.3). These nodules grow radially

into the Sn layer by the progressive transformation of adjacent Sn into IMC. In the

simulations, the radius of the IMC nodules, rimc, is increased incrementally over a

series of time steps, at a rate specified to correspond to the experimentally measured

IMC growth curve (see Figure 3.1). During each time step, a thin shell of Sn (∼25 nm
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thick) surrounding the existing IMC nodules is transformed to IMC, simultaneously

increasing the volume of IMC while consuming some of the Sn.

The molar volume change associated with the transformation is modeled by apply-

ing a stress-free transformation strain corresponding to a 45% volumetric expansion.

After application of the transformation strain, the material is in a state of compres-

sive stress and would have to undergo a 45% expansion to become stress-free. The

transformation process is assumed to occur quasi-statically, and stress equilibrium is

maintained throughout the simulation. Details of the finite element implementation

of the IMC transformation reaction are presented Section 2.4.

Simulated IMC Growth

0.00

0.09

0.18

0.27

0.36

0.45

Applied

Volume Expansion

Figure 3.3: IMC growth is simulated by applying a volumetric expansion to hemi-
spherical regions distributed along the Sn-Sn grain boundaries at the base of the
Sn layer. The radius of the expanded regions is increased incrementally to model
the progressive growth of the IMC. In the images shown, the corresponding IMC
volume/area is 0.1 µm.
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Finite element simulations are used to calculate the three-dimensional stress and

strain fields that develop and evolve over time. From these fields average or inte-

grated quantities must be extracted for quantitative comparison with experimental

measurements. For each simulation, mean biaxial stress through the entire Sn layer

is computed as a volume weighted average of (σ11 +σ22)/2 taken over all unexpanded

elements. This corresponds to the stress measured experimentally in the Sn via the

wafer curvature technique described by Chason et al. (2008). In addition, we compute

stress profiles through the Sn film along two vertical transects: one directly above a

growing IMC nodule at a Sn-Sn-Sn triple junction, the other located at the center of

a Sn grain. At each of 22 vertical positions through the film, stresses are averaged

over all elements within a 0.15 µm radius of the respective transect lines.

3.4 Results and Discussion

In the following discussion, we examine the consequences of five different combi-

nations of constitutive behaviors. For completeness, we first consider purely elastic

deformation within Sn grains, as has been proposed by several authors [Lee and Lee

(1998), Krishnamurthy and Srolovitz (2005)]. However, as discussed in Section 3.2,

there is strong experimental evidence of strain accommodation by dislocation-mediated

plasticity and mass transport by stress-driven grain boundary diffusion, as well. The

primary goal of this chapter is to explore how these processes control stress evolution

within the Sn film and determine which combination of assumptions regarding con-

stitutive behavior best explains the experimental stress measurements. To this end,

we have run simulations with the following four combinations of constitutive behav-

ior: plastic flow within Sn grains, with and without grain boundary diffusion, and

power-law viscoplastic behavior within Sn grains, with and without grain boundary

diffusion. Linear elastic behavior is also assumed in all cases.
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This section is organized as follows. First the results of the purely elastic and

elastic-plastic yield cases are presented. Understanding of the fundamental micro-

mechanical response of the film to IMC growth is developed through detailed dis-

cussion of these results. Many of the core conclusions regarding the role of grain

boundary diffusion follow from this discussion. The effect of rate-dependent creep

behavior is then examined in relation to the results for rate-independent plasticity.

Finally the sensitivity of the model to film thickness and grain boundary diffusivity

are explored.

3.4.1 Elastic and Rate-Independent Plastic Behavior

Contour plots of the mean biaxial stress, as well as stress profiles along vertical

transects, resulting from different choices of constitutive behavior are presented in

Figure 3.4 for a model with 1.45 µm thick Sn. The corresponding history of average

Sn stress over time is plotted for each case in Figure 3.5. We examine the meaning

of the results for each case below.

We first consider the case of purely elastic behavior. The development of stress

over time, shown in Figure 3.5a, appears to mirror the growth of IMC (curve in Fig-

ure 3.1). The average stresses calculated in this case are an order of magnitude more

compressive than those measured experimentally. Closer examination of the stress

field in Figures 3.4a and 3.4d reveals stresses of over one thousand MPa immediately

surrounding the IMC nodules. However, the stress field diminishes rapidly with dis-

tance from the IMC and regions of both compressive and tensile in-plane stress are

observed in the overlying Sn. Within the upper 1/3 of the Sn layer, the magnitude of

the elastic stresses is only on the order of a few MPa. Thus, if the Sn were capable of

supporting stresses in excess of 1 GPa, a purely elastic mechanism for transmitting

stress would result in little compressive stress distributed through the thickness of
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Figure 3.4: Contours of mean biaxial stress through the film (a-c) with stress profiles
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the film.

We next consider the case of elastic-plastic yield behavior within the Sn layer,

but with no grain boundary diffusion. Although there is experimental evidence for

the operation of both dislocation glide and grain boundary diffusion, it is useful de-

couple these processes to better understand the role each plays. When grain boundary

diffusion is not included in the simulation, a plastically deformed zone (σmises ≥

14.5 MPa in Figure 3.6a) develops at the base of the Sn layer, around the growing IMC

particles. Yield within the Sn allows the expansion of the IMC to be accommodated

without generating the large stresses seen in the elastic case. Beyond the plastically

deformed region, however, the stress field is elastic and therefore diminishes rapidly

with distance from the IMC, as seen in Figure 3.4b. In addition, regions of both

compressive and tensile biaxial stress are observed in the Sn overlying the plastic

zone.

As shown in Figure 3.5b, the biaxial stress becomes steadily more compressive

with continued IMC growth, reaching a value of -6 MPa after 150 hours. The gradual

increase in compressive stress averaged through the Sn reflects the increasing fraction

of the Sn layer that is at its yield stress. In contrast, the experimentally observed

stress in the Sn reaches a maximum compressive value of 10 to 12 MPa within the

first 20 hours, then remains relatively constant.

Thus, while there is experimental evidence of dislocation-mediated plastic defor-

mation within Sn grains [Kumar et al. (2008)], modeling indicates that elastic-plastic

behavior alone is insufficient to explain the observed stress stress evolution associated

with IMC growth. As in the case of purely elastic behavior, significant stresses de-

velop in the immediate neighborhood of the IMC nodules, but die out very rapidly

upward through the thickness of the film. As a result, very little compressive stress

is transmitted through the thickness of the film – near the surface of the film, both
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tensile and compressive biaxial stresses are generated with magnitudes of less than

1 MPa.

We now examine the stress that develops when IMC growth can be accommodated

by mass transport through the Sn film via stress-driven grain boundary diffusion, in

addition to elastic and plastic behavior within the Sn grains. In this case, the average

biaxial stress in the Sn quickly reaches a maximum compressive value, then remains

relatively constant as IMC growth continues (Figure 3.5b). This results from the

redistribution of volume along grain boundaries. Where compressive stresses normal

to the grain boundaries are largest, in and around the plastic zone, Sn is removed

from the adjacent grains and transported to less compressive regions of the grain

boundary. Since the stress gradients are largely normal to the plane of the film,

this results in net transport of volume from the base of the film toward the surface.

As shown in Figures 3.4c and 3.4f, the redistribution of volume via grain boundary

diffusion produces relatively uniform compressive stress through the thickness of the

Sn layer.

The transport of Sn along grain boundaries also affects the extent of the plastic

deformation zone within the Sn grains. Contours of von Mises equivalent stress

(Figure 3.6a) show that in the absence of grain boundary diffusion the plastic zone

(σmises ≥ 14.5 MPa) is restricted to a narrow band at the base of the film, immediately

surrounding the IMC particles. However, when grain boundary diffusion is active

(Figure 3.6b) the majority of the film is at or near the nominal yield stress.

This mechanism for stress transmission helps explain why the measured stress

in the Sn reaches a steady state value which is relatively insensitive to further IMC

growth. Only a small volume of IMC growth is required to drive sufficient transport of

Sn upward through the film along grain boundaries and produce a relatively uniform

stress state through the thickness of the film. After the stress in the Sn reaches the
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plastic yield (σmises ≥ 14.5 MPa) is restricted to a band near the base of the film.
However, when material can be transported via grain boundary diffusion (b) the
plastically deforming region extends farther into the Sn and the entire film is near
yield. t =40 hr and total Vimc/A = 0.13 µm in both cases shown.

yield strength, additional IMC growth has little effect.

In our simulations, we assume that the transformation of Sn to IMC is accompa-

nied by local volume expansion. As discussed in the experimental background sec-

tion, another possibility is that Sn could be expelled to the grain boundaries during

the reaction with little or no volume change in the transformed region. To eval-

uate this case, we consider the amount of volume that would have to be added



45

to the grain boundaries to produce the experimentally observed stress. A biax-

ial strain of 2 × 10−4 is sufficient to bring the Sn to its nominal yield stress of

14.5 MPa (ε = (1 − νSn)YSn/ESn ≈ 2 × 10−4). For a columnar film with grain size

φ = 1.4 µm, this corresponds to a thickening of the grain boundaries by an amount,

∆δ = εφ ≈ 0.28 nm, roughly equivalent to the addition of a monolayer of Sn atoms.

Given the exceedingly small volume of excess Sn that would be required in the grain

boundaries to produce uniform compressive stress in the Sn, we conclude that IMC

transformation involving Sn expulsion rather than (or in addition to) direct expansion

is also a plausible mechanism for stress generation. Regardless of the details of the

IMC transformation reaction, our primary conclusion, that grain boundary diffusion

plays a central role in the development of stress within the film, remains unchanged.

The grain boundary diffusion mechanism for stress transmission that we have

just demonstrated depends critically on two features of the Sn film: 1) columnar

microstructure, and 2) the presence of a passivating oxide layer. Both are necessary

to prevent relaxation of the stress — and therefore, their disruption may provide

strategies for minimizing stress development within the Sn film.

The columnar microstructure of Sn films, with very few grain boundaries oriented

parallel or at low angle to the plane of the film, prevents stress relaxation via Coble

creep. To summarize the argument given by Boettinger et al. (2005), grain boundaries

parallel to the traction-free surface of the Sn would be subject to very small normal

stress and thus have a lower diffusion potential relative to vertically-oriented grain

boundaries. This would drive mass transport from vertical to horizontal grain bound-

aries, resulting in reduced in-plane biaxial compression and slight overall thickening

of the film.

The passivating oxide plays a similar constraining role. Without the oxide, diffu-

sion of Sn out of the grain boundaries and onto the free surface of the Sn would be
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possible. Mass could be removed from grain boundaries with high compressive nor-

mal stress and transported to the traction-free surface of the Sn where the diffusion

potential is much lower. Experimentally, in-situ film stress measurements change by

an amount consistent with the relaxation of compressive stress within the Sn layer

when the surface oxide is removed by etching [Chason et al. (2008)]. To demonstrate

the effect of the oxide in our FEM simulation, we eliminated the zero flux condition at

the top of the grain boundaries which allows diffusion of material out onto the surface

of the Sn. As seen in Figures 3.5b and 3.7, removal of the surface oxide results in

nearly complete relaxation of stress in the Sn, except in the immediate vicinity of the

IMC.
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Figure 3.7: When material is allowed to diffuse out of grain boundaries and across
the free surface of the Sn, as would be the case if there were no passivating oxide
layer present, IMC growth produces little stress through the thickness of the Sn. a)
Contours of mean biaxial stress at t =40 hr, corresponding to total Vimc/A = 0.13 µm.
b) Stress profiles along vertical transects (marked by arrows z1 and z2) through the
Sn layer.
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3.4.2 Effect of Rate-Dependent Plastic Deformation

Sn is known to exhibit rate-dependent plasticity, or creep behavior, at room tem-

perature and we now consider how this might affect the development of stress within

the film. Shin and Chason (2009) have measured the creep response of Sn films with

thickness and microstructure similar to those of the samples used for the correlated

measurement of IMC volume and stress shown in Figure 3.1. In their experiments,

stress was generated by thermal expansion mismatch between the Sn film and the sub-

strate over temperatures ranging from 297 K to 337K. The resulting stress-time data

were used to obtain parameter values for the following power-law creep constitutive

equation:

ε̇p = A
µ

T
exp

(−Q

kT

) (

σe

µ

)n

(3.1)

where ε̇p is the plastic strain rate, Q is the activation energy for dislocation motion,

k is Boltzmann’s constant, T is absolute temperature, σe is the von Mises equivalent

stress and µ is the shear modulus. n and A are empirically-determined material

parameters. The values of n and Q determined by Shin and Chason (2009) for two

different thickness films are summarized in Table 3.3. Their measured stress exponent

values range from 1.9 to 4.6. Other reported values of n for room temperature Sn

range from 2 to 9, with the majority between 4 and 6 [McCabe and Fine (2002), Kerr

and Chawla (2004), Mathew et al. (2005), Chen and Dutta (2008)].

The creep exponent of approximately 2 found by Shin and Chason (2009) for room

temperature relaxation of the thinnest film is consistent with a mechanism dominated

by grain boundary and surface diffusion [Frost and Ashby (1982)], and therefore

probably does not reflect plastic deformation within Sn grains. The majority of their

experiments, however, are fit by creep exponents in the range n = 4.1 to n = 4.6,

which is consistent with a diffusion-controlled dislocation climb and glide mechanism

within the Sn grains [Frost and Ashby (1982), Shin and Chason (2009)]. It should
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n
1.4 µm Sn 8 µm Sn

∆T [◦C] Tmax Room T Tmax Room T
Q=(70.6 kJ/mol) (105 kJ/mol) (61.4 kJ/mol) (61.4 kJ/mol)

15 4.1 1.9 – –
20 4.2 2.0 4.4 4.3
25 4.3 2.0 – –
30 4.4 2.0 4.5 4.4
35 4.5 2.1 – –
40 4.6 2.1 4.6 4.5

Table 3.3: Values of stress exponent n obtained by Shin and Chason (2009).
Stress-time data were fit to Equation 3.1, with A = 1.6 × 1015 K/(MPa·s) and
µ = 16, 302 MPa−(40.5 MPa/K)T . Values presented in the original paper have
been rounded to the first decimal place.

also be noted that higher creep exponents were measured for films subjected to higher

stresses. This may indicate the onset of “power-law breakdown”, at which point the

strain rate increases exponentially with stress. According to Frost and Ashby (1982)

power-law behavior is expected to breakdown at T > 0.6Tmelt and σe > 10−3µ where µ

is the shear modulus. For Sn, this places the upper limit for the validity of power-law

behavior at room temperature and stresses in the neighborhood of 15 MPa.

To assess the effect of rate dependent plasticity on stress evolution, the finite

element model described in Sections 3.3 and 3.4.1 has been modified so that plastic

deformation within Sn grains is governed by power-law creep (Equation 3.1) rather

than plastic yield. All other aspects of the model are as previously described. The

development of mean biaxial stress within the Sn layer in response to IMC growth

is shown in Figure 3.8 for the combinations of material parameters reported by Shin

and Chason (2009) (see Table 3.3). Examining the calculated stress histories, the

best fit to the experimental measurements is found for power-law creep parameters

Q = 70.6 kJ/mol and 4.4 < n < 4.6.

A number of differences are apparent in the stress evolution curves presented
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Figure 3.8: Calculated stress evolution assuming power law creep behavior within
Sn grains and stress-driven diffusion along grain boundaries. Values for creep ex-
ponent, n, and activation energy, Q, are from Shin and Chason (2009). Symbols
(∇) are experimentally measured stress values. In all cases the Sn thickness is
1.45 µm with grain size 1.4 µm (L=0.75 µm) and the IMC growth is modeled as
Vimc/A = (0.014 µm·hr−0.6)t0.6.

in Figure 3.8 relative to those seen previously for Sn modeled by rate-independent

plastic yield. The primary conclusion of the previous section, however, that grain

boundary diffusion acts as a mechanism for transmitting stress through the thickness

of the Sn, remains the same. This can be clearly seen in Figure 3.9 which shows

the calculated mean biaxial stress for two models with viscoplastic Sn behavior: one

with grain boundary diffusion, the other without. In the model that includes grain

boundary diffusion, the mean biaxial stress in the Sn rapidly becomes compressive

and remains compressive throughout the simulation (the more complex variations in

the stress are discussed in detail below). Without grain boundary diffusion, the mean

stress through the Sn layer is initially tensile, only becoming compressive during the
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later stages of the simulation. Thus it would appear that grain boundary diffusion

plays a key role in the build-up of compressive stress within the Sn.

The details of the stress history are somewhat more complicated and deserve

closer examination. To aid interpretation of the mean stress evolution, the variation

in biaxial stress along vertical transects through the thickness of the film are plotted in

the insets to Figure 3.9 at four different times. First consider the case of viscoplastic

Sn without grain boundary diffusion. The stress profiles plotted in Figures 3.9a)

through d) show that the development of stress is limited to the neighborhood of the

IMC particles near the base of the film. The upper half of the Sn film remains nearly

stress-free. The overall tensile character of the average stress through the film results

from the contribution of the large tensile stress that develops near the base of the Sn,

in the region between IMC particles (solid red lines in stress profiles). As the IMC

particles grow, the volume of the region under tension decreases and eventually the

stress becomes compressive throughout (Figure 3.9d).

When grain boundary diffusion is included in the model, a sharp spike in com-

pressive stress is observed at the outset of the model calculations. The compressive

stress reaches its peak value after approximately one hour, then relaxes to half this

maximum magnitude within 24 hours. This is followed by a more gradual increase

in compressive stress and subsequent relaxation toward zero after about 100 hours.

This complicated stress history results from the combined effects of the high initial

IMC growth rate imposed in the simulations, stress-driven grain boundary diffusion,

and the elastic-viscoplastic rheology of the Sn grains.

As in the plastic yield cases examined in Section 3.4.1, stress-driven grain bound-

ary diffusion rapidly redistributes excess volume generated by the expansion of the

IMC through the thickness of the Sn film, which is initially stress-free. Due to the

viscoplastic behavior of the Sn, the high strain rate produced by the high initial IMC
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Figure 3.9: Finite element results for models with elastic-viscoplastic Sn constitutive
behavior. The central graph plots the evolution of biaxial stress for cases with and
without grain boundary diffusion. Symbols are experimental measurements. Insets
show biaxial stress along two vertical transects through the Sn, one directly above
the IMC growing at triple junctions (dashed blue line), the other at the grain centers
(solid red line). In all cases the Sn thickness is 1.45 µm with grain size 1.4 µm
(L=0.75 µm) and the IMC growth is modeled as Vimc/A = (0.014 µm·hr−0.6)t0.6.
Viscoplastic material parameters are n = 4.5 and Q = 70.6 kJ/mol.



52

growth rate1 leads to large compressive stress as seen in Figure 3.9e.

In Figures 3.9e) and f) the vertical stress profiles near the centers of the Sn grains

(red curves) suggest the transition from plastic to elastic behavior around a spherical

center of contraction. A region of high tensile stress develops near the base of the

Sn at the center of the Sn grains, due to the growth of the IMC particles along the

surrounding grain boundaries. As the IMC particles expand toward the free surface,

tension develops in the adjacent Sn, which remains bonded to the Cu substrate.

This region of strong localized tensile stress can be viewed as a center of contraction

near the base of the Sn. The transition from tensile to compressive biaxial stress

with increasing distance from the base of the film reflects the hoop stress in the

region of plastic-dominated deformation. The abrupt change in slope of the stress

profile indicates the transition from plastic-dominated to elastic-dominated behavior

(analogous to the sharp elastic-plastic boundary in a perfectly plastic material).

The variations in average biaxial stress in the Sn observed after the initial spike

in compressive stress arise from the progress of the elastic-plastic transition toward

the free surface of the Sn as seen in Figures 3.9e) and f). By 110 hours, the stress

within the Sn becomes uniformly compressive above the level of the IMC particles

(Figure 3.9g). The rate of IMC growth has also slowed appreciably by this time and

the stress gradually relaxes due to viscoplastic creep (Figure 3.9h).

To summarize, the inclusion of viscoplastic constitutive behavior in the FEA sim-

ulations, with experimentally-determined material parameters, produces stress-time

predictions in agreement with experimental measurements. The predicted stress evo-

lution is somewhat more complicated than that calculated for rate-independent plastic

constitutive behavior, but the role played by grain boundary diffusion is very simi-

lar. Without grain boundary diffusion, stress remains localized around the expanding

1Note that for the cases shown in Figure 3.8, IMC growth is modeled as Vimc/A =
(0.014 µm·hr−0.6)t0.6 which produces a singular IMC growth rate at t = 0.
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IMC particles, while the overlying Sn remains nearly stress-free. When grain bound-

ary diffusion is active in the simulations, stress develops throughout the thickness of

the Sn. The model also predicts that as the IMC growth rate slows, stress in the Sn

will be relaxed by viscoplastic creep. However, experimental measurements indicate

that compressive stress in the Sn remains relatively constant, at values between -5 and

-10 MPa, for up to two months after deposition [Lee and Lee (1998)]. Why the stress

is not relaxed by dislocation-mediated creep as the rate of IMC growth decreases over

time, is not immediately clear, but may reflect the effect of work-hardening which is

not included in our model.

3.4.3 Effect of Film Thickness

Finite element calculations were also performed for comparison with experimental

data collected for a 2.9 µm Sn film deposited on 0.6 µm Cu. As described in Chapter 1,

grain size often scales with film thickness, and for these films the mean grain size is

1.8 µm. The measured IMC growth curve for the 2.9 µm Sn samples (see Figure 3.10a)

also differed from that measured for the 1.5 µm Sn samples. In the thicker, coarser-

grained Sn, IMC growth was initially more rapid and the IMC growth rate slowed

more quickly than in the thinner, finer-grained Sn . These differences are reflected in

the model Vimc(t) functions fit to the two data sets. In the case of the 1.45 µm thick

Sn, IMC growth is best fit by t0.6 time dependence, while for the 2.9 µm thick Sn

the time exponent is 0.25. As seen in Figure 3.10a, there is also more scatter in the

experimental Vimc measurements for the thicker film compared with the thinner film.

The calculated stress evolution for three different combinations of constitutive

behavior, along with the experimental stress measurements for the 2.9 µm thick Sn

film, are presented in Figure 3.10b. The results are similar to those for the thinner

Sn film. When grain boundary diffusion is included in the model, compressive biaxial
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stress in the Sn rapidly builds to a magnitude limited by plastic relaxation within

the Sn, and stress is distributed through the thickness of the film. The increase in

compressive stress, however, is more rapid for the thicker film, reflecting the higher

initial rate of IMC growth. When grain boundary diffusion is absent from the model,

appreciable stress only develops in the immediate vicinity of the expanding IMC

particles. The Sn above the level of the IMC particles remains nearly stress-free.

The experimentally measured differences in the average stress measured for the

1.45 µm and 2.9 µm thick Sn films (Figures 3.1e and f), however, are not predicted

by the model. For rate-independent plastic behavior, biaxial stress remains constant

at approximately -12 MPa as IMC growth continues. This is the same limiting stress

magnitude calculated for the 1.45 µm film and reflects the yield strength of the Sn.

The approximately 10% to 20% lower compressive stress values measured for the

thicker film relative to the thinner film, therefore, cannot explained by the difference

in film thickness and grain size alone.

In the case of viscoplastic Sn, the calculated biaxial stress steadily relaxes from its

maximum compressive value. The absence of a sharp spike in compressive stress, as

seen in calculations for the thinner Sn, reflects the smaller influence of the complex

stress field near the IMC particles on the average stress through the film thickness.

The degree of stress relaxation predicted by the model, however, is not observed

experimentally. This may be due to work hardening during plastic deformation which

is not included in the model calculations.

In the preceding cases, the grain size scales with the film thickness. It is also in-

structive to consider the effect of grain aspect ratio on stress development in columnar

Sn films. The rapid time scale for grain boundary diffusion, together with the small

excess volume within grain boundaries required to produce compressive stress, sug-

gests that the average stress in the Sn should be relatively insensitive to the thickness
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of the film if the grain size is held constant. As seen in Figures 3.5c and 3.5f, rela-

tively uniform biaxial compressive stress, near the yield strength, is produced in the

Sn lying above the region of IMC growth. In simulations in which the film thickness is

varied from 1.5 µm to 9 µm (with all other parameters identical, including grain size)

the average stress in the films varies by less than 10%. It should be noted that the

growth of high aspect ratio Sn films by electro-deposition typically involves chemical

additions to the plating bath which act to pin grain boundary motion. This may also

affect diffusive transport along the grain boundaries.
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Figure 3.11: Effect of Sn grain aspect ratio on stress evolution. Increasing the film
thickness has little effect on the average stress in the Sn when the grain size is held
fixed and the same IMC growth curve is assumed. In all cases the grain size is 1.4 µm
(L=0.75 µm) and the IMC growth is modeled as Vimc/A = (0.014 µm ·hr−0.6)t0.6.
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3.4.4 Effect of Grain Boundary Diffusivity

We also tested the sensitivity of the modeled stress evolution to the value assumed

for grain boundary diffusivity. Variation of the grain boundary diffusivity by three

orders of magnitude below and one order of magnitude above the literature value

(4.8 × 10−12cm2/s ≤ Dgb ≤ 4.8 × 10−8cm2/s) produces a change of only about 10%

in the computed average stress levels. From these results we conclude that the time

scale governing grain boundary diffusion is much shorter than that governing IMC

growth. Thus we do not expect the development of stress is in the Sn film to be

limited by the rate of transport along grain boundaries, with the possible exception

of the earliest phase of IMC formation when growth rates appear to be very fast.

3.5 Conclusions

The growth of IMC particles at the base of a Sn film generates strain that must

be accommodated by the surrounding Sn. Finite element simulations reveal that the

details of the resulting stress field in the Sn, as well as the average stress through

the Sn layer, are strongly dependent on the deformation processes active within the

Sn. Following is a summary of the conclusions that can be drawn from the numerical

modeling.

1. Stress-driven grain boundary diffusion, coupled with elastic and plastic behav-

ior within Sn grains, provides an effective mechanism for transmitting stress

through the thickness of the Sn. Vertical stress gradients arising from the ex-

pansion of IMC at the base of the Sn film drive mass transport upward along

grain boundaries. The excess volume in the grain boundaries produces com-

pressive stress resulting in relatively uniform stress though the entire thickness

of the Sn.



58

t [hr]

σ
b

ia
x
ia

l
[M

P
a

]

0 50 100 150

­15

­10

­5

0

D
gb

=4.8x10
­12

D
gb

=4.8x10
­11

D
gb

=4.8x10
­10

D
gb

=4.8x10
­9

D
gb

=4.8x10
­8
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tion. Variation of the grain boundary diffusivity by three orders of magnitude below
and one order of magnitude above the literature value (4.8 × 10−9cm2/s) produces a
change of only about 10% in the computed average stress levels. In all cases the Sn
thickness is 1.45 µm and grain size is 1.4 µm (L=0.75 µm) and the IMC growth is
modeled as Vimc/A = (0.014 µm ·hr−0.6)t0.6.

2. This mechanism can explain why the stress in the Sn quickly reaches a “steady

state” value that remains constant even as IMC continues to grow. Once suf-

ficient volume has been driven into the grain boundaries to bring the entire

film to yield, further IMC growth is accommodated plastically and produces no

additional stress. The magnitude of the steady state stress reflects the yield

stress of the Sn grains. The small excess grain boundary volume required to

bring the film to yield and the fast rate of grain boundary diffusion relative to

the rate of IMC growth helps explain how the measured Sn stress can reach its

steady state compressive value during the early stage of IMC growth.
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3. If fast transport of mass along grain boundaries is not possible then the stress

produced by elastic and plastic deformation within Sn grains is largely concen-

trated in a region immediately surrounding the growing IMC particles, at the

base of the Sn layer. The stress field diminishes rapidly with distance from the

IMC producing large stress gradients through the thickness of the film. Near

the surface of the film the calculated in-plane stresses have both tensile and

compressive character and are only a few MPa in magnitude.

4. The form of the plastic constitutive law governing deformation within the Sn

grains (whether rate-independent yield or rate-dependent viscoplasticity) ap-

pears to have a secondary effect on the predicted stress history. The trans-

mission of stress through the thickness of the film by grain boundary diffusion,

resulting in a rapid increase in the average compressive stress in the Sn, is

still the dominant behavior. The assumption of viscoplastic behavior in the Sn

grains produces more a complex stress field at the microscopic scale and greater

variation in the time evolution of the average stress in the Sn. The overall stress

history predicted by both models, however, is similar.

5. The viscoplastic Sn model predicts decreasing stress levels due to creep relax-

ation as the rate of IMC growth decreases. This trend, however, is not apparent

in the experimental stress measurements. This is somewhat surprising since sim-

ilar Sn films have been shown to exhibit creep behavior at room temperature

[Shin and Chason (2009)] and may be indicative of hardening in the Sn which

is not included in the model.

6. The effectiveness of grain boundary diffusion as a mechanism for transmitting

compressive stress through the film depends on the columnar microstructure

of the Sn, as well as the presence of a passivating oxide layer. This suggests
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potential strategies for mitigating whisker formation. If the microstructure or

oxide formation could be altered so that strain generated by the growth of IMC

could be relaxed via a Coble creep process without producing compressive stress

in the Sn, then the driving force for whisker growth could be reduced.



Chapter 4

Whisker Growth Kinetics: FEA

Whisker growth is widely regarded as a mechanism for the relaxation of stress

within the Sn film. The basic idea, originally proposed by Fisher et al. (1954), is that

“whiskers grow by diffusion of tin from a high-pressure region through a region of steep

pressure gradient to the whisker base”. Material added to the base of the whisker

is conveyed out of the plane of the film as the whisker grows, removing volume and

relaxing compressive strain. The rate of whisker growth thus depends on the rate at

which material can be transported to the base of the whisker which, in turn, depends

on the magnitude of the stress gradient surrounding the whisker.

Whisker growth, however, is not the only strain relaxation mechanism operating

within the Sn film. As was shown in the previous chapter, the combined operation

of plastic deformation within Sn grains and stress-driven diffusion of Sn along grain

boundaries is sufficient to prevent significant build-up of compressive stress within

the Sn. This raises several questions about how and why whiskers form.

First, if both dislocation motion and whisker growth operate simultaneously to

relax strain within the Sn film, how do these two mechanisms interact with and

influence each other? Although plastic relaxation within the Sn is sufficient to produce

the observed stress evolution in response to IMC growth, the fact that whiskers form

61
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would indicate that they too play a role in relieving strain. Ideally, we would like to

understand how strain relaxation is partitioned between whisker growth and plastic

deformation within the Sn, and under what conditions one process dominates over

the other.

Second, how does the rate of IMC growth affect whisker growth rate? For Sn

coatings on Cu, the growth of IMC continuously generates strain within the film. If

whiskers play a role in relaxing this strain, then the rate of whisker growth should

depend on the rate of IMC growth. Given that several whisker mitigation strategies

(e.g. post-bake and Ni underlayer) rely on reducing the rate of IMC growth, it would

be valuable to understand its relationship to whisker growth rate. How these two rates

are related, however, is not immediately obvious as it depends on how the relaxation

of strain is partitioned between whisker growth and plastic deformation.

Finally, it is somewhat surprising that a sufficient driving force for whisker growth

can be sustained when the compressive stress in the Sn is held at such low values. An

analysis of grain boundary transport to a whisker by Tu (1994), required a background

stress in the Sn of 70 MPa to produce the observed whisker growth rate of about

2 µm/day. Measured in-plane compressive stress in the Sn film, however, is typically

only on the order of 10–15 MPa. In a similar analysis, Hutchinson et al. (2004)

predict a whisker growth rate of 3 µm/day assuming a more typical background stress

of 10 MPa, but their analysis requires a larger value for grain boundary diffusivity

and a smaller radius for the diffusion field supplying material to the whisker (20 µm

compared with 100 µm assumed by Tu).

In these analyses, the size of the diffusion field surrounding each whisker is assumed

to correspond to the mean distance between neighboring whiskers. Since plastic yield

within the Sn places an upper bound on the magnitude of the background stress, this

would imply that the stress gradient around a whisker, and thus, the rate of whisker
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growth, should be lowest when the spacing between whiskers is greatest. However,

real-time SEM imaging provides evidence of rapid whisker growth (> 5 µm/day) even

when mean spacing between whiskers is large (∼ 50 µm) [Jadhav (2010); personal

communication]. This would suggest that other factors in addition to whisker density

play a role in determining the size of the diffusion field supplying the whisker.

The question of how stress is maintained within the film during whisker growth

must also be addressed. Previous diffusion models for whisker growth assume a radial

diffusion field surrounding the whisker with a constant stress at the outer boundary

[Lindborg (1976), Tu (1994), Tu and Li (2005), Hutchinson et al. (2004), Nakadaira

et al. (2007)]. This boundary stress is typically set by the yield stress of the Sn but

no mechanism is provided for the continued generation of stress. This is particularly

problematic if the size of the diffusion field is defined by the distance between whiskers,

as the boundaries of neighboring diffusion fields coincide.

To address these questions we present a finite element model that includes strain

generation as well as two mechanisms for strain relaxation: intra-granular plastic

flow and stress-driven grain boundary diffusion. Our model includes no a priori

assumptions about the conditions controlling diffusion to the whisker. Instead we

provide a simple mechanism for maintaining reduced stress in one grain and allow

the behavior to emerge naturally from the model. The model results reveal complex

kinetic behavior that sheds new light on the questions posed above.

4.1 Whisker Growth Mechanisms

The essential feature of our finite element whisker growth model is the presence

of a grain which maintains a lower stress than the surrounding film. The assumption

of a low stress grain (or region) is necessary for the development of a stress gradient

to drive diffusive transport and can be traced back to the seminal work of Fisher
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et al. (1954). A number of microstructural features can be proposed to account for

the lower stress at the whisker. Figure 4.1 shows a schematic representation of three

such features, or mechanisms, that are examined in this study. In Fig. 4.1a the

whisker grain is assumed to have a lower in-plane yield stress under biaxial loading

than the other grains. Given the plastic anisotropy of single-crystal Sn, the model in

this case could approximate an anomalously oriented grain within a film with strong

crystallographic texture. More favorably oriented slip planes within the anomalous

grain could allow in-plane strain to be accommodated by dislocation glide at lower

stress levels than in the surrounding grains. Normal stress across the grain boundaries

adjacent to the whisker would therefore be held at or below the yield stress of the

whisker grain.

In Figures 4.1b and 4.1c the whisker grain does not extend to the base of the

film, but is bounded below by “root” grain boundaries oriented parallel or at low

angle to the surface of the film. Since the Sn surface is traction-free, there is little

or no stress normal to the root grain boundaries. For a quantitative estimate of

the stress across an obliquely oriented grain boundary, assume the Sn film is in a

state of uniform biaxial compression with magnitude σ and a grain boundary makes

an angle θ with the free surface (see Fig. 4.1c). The component of traction acting

normal to the plane of the grain boundary is then σ sin2 θ. For a horizontal boundary

(θ = 0◦) there is no stress acting normal to the grain boundary, and for θ = 30◦ the

normal stress acting across the grain boundary is 0.25σ. On the vertically-oriented

grain boundaries in the surrounding film the full magnitude of the biaxial stress

acts normal to the grain boundary plane, producing a higher chemical potential for

diffusion relative to the root boundaries beneath the whisker. This provides a driving

force for long-range diffusion of Sn to the whisker. We also assume in the model that

the arriving material is incorporated into the whisker grain, without regard to the
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Figure 4.1: Schematic of three whisker mechanisms investigated in this study. a)
Shallow whisker grain with horizontal “root” grain boundary. b) Shallow whisker
grain with angled “root” grain boundaries. c)“Soft grain” mechanism in which the
whisker grain has lower yield stress than the surrounding grains. Insets show com-
ponents of normal (dn) and tangential (dt) displacement across grain boundaries
associated with an incremental increase in whisker length (dl).
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specific mechanisms involved.

As the whisker grows, sliding along the grain boundaries generates a viscous-type

drag force. In our model, the tangential traction due to grain boundary sliding scales

linearly with the sliding velocity (see Section 2.3.2). Thus, the net drag force on the

whisker grain depends on the whisker growth velocity and the area and orientation

of the sliding boundaries. The component of the net drag force oriented normal to

the root boundaries creates back-stress, which reduces the driving force for diffusion

by raising the chemical potential at the whisker.

The relationship between grain boundary velocity and sliding resistance depends

on the kinematic relations between grain boundary opening and sliding. The sim-

plest case to consider is that of a horizontal root boundary, where there is only normal

displacement across the root boundary (∆n in Figure 4.1a) and only tangential dis-

placement along the lateral grain boundaries (∆t in Figure 4.1a). The components

∆n and ∆t are equal, and the grain boundary sliding velocity is equal to the whisker

growth velocity. In the case of a shallow angled root boundary, as shown in Fig-

ure 4.1b, both normal and tangential displacements occur across the root boundary

in the ratio ∆t
∆n

= tan θ and the sliding velocity scales as vwhisker sin θ. The effect of

grain boundary sliding resistance, therefore, should be less significant for the angled

root mechanism as compared with the horizontal root mechanism.

In the case of the “weak grain” mechanism, the relationship between whisker

growth and grain boundary sliding is more complex. Extrusion of the whisker from

the film requires sliding along the vertical grain boundaries. However, due to plastic

deformation, the velocity field within the whisker grain varies from the base of the

film to the surface. At the Sn-Cu interface, there will be no tangential velocity jump

across the vertical grain boundaries. The velocity jump will increase with distance

from the base, becoming equal to the whisker growth velocity at the free surface.
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4.2 Model Description

The finite element model discussed in Chapter 3 has been extended to include

whisker growth. The primary goal of the analysis is to calculate the rate of material

transport to a whisker via stress-driven diffusion along the Sn grain boundary net-

work. The model must therefore include a mechanism for maintaining reduced stress

at the whisker relative to the surrounding film and span an area large enough to ad-

equately account for long-range transport. Implicit in this model is the assumption

that transport of Sn to the whisker is the rate-limiting process in whisker growth,

i.e. that new material can be incorporated into the whisker grain as quickly as it can

be delivered.

As described in the previous chapter, the Sn film is modeled as an array of colum-

nar grains with hexagonal cross-section, bonded to a homogeneous Cu substrate.

Each grain is treated as a homogeneous elastic-plastic solid, and grain boundary dif-

fusion elements separate individual grains. Where the present model differs is in the

inclusion of a “whisker grain” whose mechanical properties or microstructure allow it

to relax stress more effectively that the other grains in the model.

Figure 4.2a shows a typical model cell. The whisker grain, at the corner of the

model cell, has been highlighted in blue. Symmetry boundary conditions effectively

create a periodic repetition of the model in the two lateral directions. Thus the model

represents a Sn film of infinite lateral extent with a periodic array of whisker grains

arranged on a square lattice, as shown in Figure 4.2b. The number density of whiskers

in the simulations is controlled by adjusting the size of the model cell.

To simulate realistic whisker densities, which typically range from 10/mm2 to

several 100/mm2 [Tu (1994), Lee and Lee (1998), Chason et al. (2008)], requires a

large model cell containing many Sn grains. For example, a model cell with quarter

symmetry corresponding to a Sn film with whisker density of 500/mm2 and grain size
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hSn

L

a)
b)

whisker grain

Figure 4.2: a) Typical finite element model cell for whisker growth calculation. The
whisker grain, which in this case has a lower yield stress than the surrounding grains,
is highlighted in blue. b) Symmetry boundary conditions applied at the lateral faces
of the model cell effectively create a periodic array of whisker grains.

∼1.8 µm would contain nearly 200 grains. For models of this size the computational

expense involved in simulating the growth of individual IMC particles, as was done in

Chapter 3, becomes prohibitive. At the necessary mesh resolution, a 200 grain model

would comprise roughly 6,000,000 elements and 20,000,000 degrees of freedom.

In order to reduce the problem to a more tractable size, the effect of IMC growth

is approximated by applying a steadily increasing stress-free transformation strain

(similar to thermal expansion) over the entire Sn region. This can be justified by

considering the results of Chapter 3 which suggest that excess volume generated by

IMC expansion is redistributed vertically through the Sn film by grain boundary

diffusion. The continuous growth of IMC can therefore be viewed as a continuous

source of excess volume (or volumetric strain) within the Sn film. The numerical

procedure used to impose the stress-free transformation strain is essentially the same

as that used to impose thermal strain. Because the strain is applied uniformly through

the Sn layer, larger elements can be used in the finite element calculations without

loss of accuracy. This approximation, however, introduces new uncertainty through

the assumptions that must be made in correlating the applied expansion with IMC

growth. The question of how to correlate experimentally measured IMC volume and
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Quantity Symbol Value Ref.

Sn film thickness hSn 2.0 µm
Length of hexagonal grain edge L 1.0 µm
Cu film thickness hCu 0.5 µm
Elastic modulus of Sn ESn 50 GPa (1)
Poissons ratio of Sn νSn 0.36 (1)
Yield strength of Sn YSn 15 MPa (1)
Elastic modulus of Cu ECu 117 GPa (1)
Poissons ratio of Cu νCu 0.34 (1)
Yield strength of Cu YCu 200 MPa (2)
Grain boundary diffusivity of Sn Dgb 4.8 × 10−9 cm2/s (3)
Grain boundary width of Sn δ 0.5 nm (3)
Grain boundary sliding velocity of Sn ηgb 10−4 m/s
Atomic volume of Sn Ω 0.027 nm3

Temperature T 298 K

Table 4.1: Parameters used in the whisker growth simulations. References: (1) Gale
and Totemeier (2004); (2) Freund and Suresh (2003); (3) Lange and Bergner (1962).

the applied volumetric strain is taken up in Section 4.3 below.

The finite element procedure for calculating whisker growth velocity is described

as follows. In a typical whisker growth FEA calculation, a total volumetric strain

of 0.0075 is applied in equal increments over 5 load steps. The load increment,

corresponding to a constrained linear expansion of ε∗ = 0.0005, was chosen to be large

enough to induce yield in the film [Eε = (5 × 104MPa)(5 × 10−4) = 25MPa > σy].

The applied strain rate for each FEA calculation was controlled via the time interval

specified for the load steps. To calculate the steady state whisker growth rate, the

displacement of the free surface of the whisker grain is recorded at the end of each

load step. The rate of whisker growth as a function of the applied volumetric strain,

dhw

de
, is then found by least square fit to a straight line using the TecPlot visualization

software. Multiplying by the applied strain rate, ė, gives the whisker growth velocity.

Idealized elastic-perfectly plastic constitutive behavior is assumed within Sn grains.

Parameter values used in the FEA calculations are shown in Table 4.1. The model
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parameters can be combined to form the following dimensionless groups in order to

better understand the parameter space that needs to be explored.

τd = kTL3

ΩδDgb∆σ
τe = 1

ė∗

ṽd = dh̃w

dτd
ṽe = dh̃w

dτe
= dh̃w

de

Ė = ėkTL3

ΩδDgb∆σ
S = L2η0

δDgb

N = Aw

Af
dh̃w = hw

hSn

hw is the length of the whisker (height above the Sn surface) and ∆σ is a measure

of the difference between the far-field stress and the stress at the whisker grain. For

the assumption of perfectly plastic Sn behavior used in the finite element models, ∆σ

is set equal to the yield stress of the Sn, YSn. All other variables are identified in

Table 4.1.

The non-dimensional groups have the following physical meaning. τd and τe are

the two characteristic time scales for the problem, the first associated with diffusional

transport, the second with the rate of loading or strain generation. Note that τd de-

pends only on temperature and material parameters which typically remain constant

for a given material system. The dimensionless rate of whisker growth relative to τd,

ṽd, should therefore correlate with the dimensional whisker growth rates measured for

a real system. ṽe, on the other hand, measures the change in whisker length per unit

applied volumetric strain e∗. The dimensionless strain rate, Ė, is a ratio of the strain

rate time scale to the diffusional time scale. N is the normalized whisker density,

where Aw is the area occupied by whisker grains and Af is the total area of the film.

Finally, S is a ratio of grain boundary sliding velocity to grain boundary diffusion

rate. Ė and N define the primary parameter space explored here. We also examine

the effect of S.

Additionally, the “efficiency” of whisker growth can be defined as the fraction of

total excess volume generated within the film that is removed by the whisker. In
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terms of previously defined dimensionless parameters, the whisker efficiency can be

expressed as:

η ≡ dVw

d∆V
=

d(hwAw)

d(2/3ehfAf )
= (3/2)N · ṽe (4.1)

When η = 1 all excess volume generated within the film is removed by whisker

growth, and when η = 0 all excess volume is accommodated by plastic deformation

within the film. The factor of 2/3 arises because the film is unconstrained in the out-

of-plane direction. The component of the applied stress-free strain in this direction

does not generate strain that must be relaxed by deformation within the Sn.

4.3 Finite Element Results

The FEA results for the three whisker mechanisms discussed in Section 4.1 are

both qualitatively and quantitatively very similar. In this section key aspects of

the mechanical behavior and the resulting whisker kinetics will first be illustrated

through examination of results for the horizontal whisker root mechanism. After the

fundamental aspects of the behavior have been identified and discussed, variations due

to differences among the three distinct whisker growth mechanisms will be examined.

Implications of the model results for understanding whisker growth in real systems

will be explored in the discussion section. In this section the focus is on understanding

the behavior of the model system.

4.3.1 Stress field surrounding a whisker

Figure 4.3 shows contours of mean biaxial stress, 1
2
(σ11+σ22), in the neighborhood

of a whisker growing at steady state. The mean biaxial stress approximates the

normal stress across the vertically-oriented grain boundaries and thus correlates with

the driving force for mass diffusion. As seen in the figure, a stress gradient develops
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both laterally and vertically within the Sn film surrounding the whisker root. The

origin of this gradient is explained by the presence of the horizontal grain boundary

at the whisker root, which effectively acts as a stress-free sink for material. Where

the normal stress acting across vertical grain boundaries is compressive, atoms are

removed from the adjacent Sn grains and transported along the grain boundaries to

the whisker root. Atoms arriving at the whisker root are incorporated into the whisker

which is free to grow vertically without creating additional stress. Thus, the whisker

relaxes in-plane compressive strain by accumulating material from the surrounding

Sn and conveying it out of the film.

(Avg: 75%)
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Figure 4.3: Contours of mean biaxial stress in the neighborhood of a whisker growing
at constant rate. Total volumetric strain is e = 1.5 × 10−3; normalized strain rate
is Ė = 1.26 × 10−2; normalized area per whisker is A = 208; grain boundary sliding
to diffusion ratio is S = 140. Note that the apparent gap below the whisker grain
represents material that has been added to the whisker. The post-processing software
does not display the grain boundary diffusion elements.

Less obvious is why the stress relaxation is limited to a well-defined region im-

mediately surrounding the whisker. As seen in Figures 4.3 the stress gradient does

not extend to the model boundaries, but terminates at a radius about three grain
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diameters from the whisker. Beyond this relaxed region the mean biaxial stress is

uniformly compressive. It should be emphasized that this is the steady state stress

field that develops when volumetric strain is applied in the model at a constant rate.

That the model has achieved steady state can clearly be seen in Figure 4.4 which

shows contours of mean biaxial stress at three successive load steps. During each

load step the whisker height increases by 0.3 µm or 0.15 times the film thickness,

while the stress field remains virtually unchanged.

a)  e* = 0.009;  hw = 0.87µm b)  e* = 0.012;  hw = 1.17µm c)  e* = 0.015;  hw = 1.47µm

0 MPa

6 MPa

3 MPa

9 MPa

12 MPa

15 MPa

Figure 4.4: Mean biaxial stress around a whisker at successive load steps. The
stress field remains constant as the applied volumetric strain (e∗) and whisker height
(hw) steadily increase, indicating that the system is at steady state. The applied
volumetric strain rate is ė∗ = 2.63 × 10−7/s.

The fact that the relaxed region surrounding the whisker does not extend to the

periodic model boundaries indicates that the steady state stress field is not influenced

by the presence of neighboring whiskers. This conclusion is further substantiated by

the observation that the size of the relaxed region and the rate of whisker growth are

unaffected when the size of the model cell is doubled. This is particularly interesting,

as all previous quantitative models of whisker growth have assumed that the stress

gradient around the whisker is controlled by the spacing between whiskers [Chaudhari

(1974), Tu (1994), Hutchinson et al. (2004), Nakadaira et al. (2007)]. Understanding

the processes controlling the size and nature of the steady state stress field around a
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whisker should therefore provide new insight into the kinetics of whisker growth.

The observed steady state behavior indicates a balance between the rates of strain

generation and strain relaxation. Since the Sn film is constrained against lateral

displacement by the substrate, the in-plane components of total strain must be zero.

In the model, in-plane compressive strain is generated by the applied volumetric

expansion which approximates the effect of IMC growth. At steady state, this strain

must be completely accommodated by a combination of local plastic shearing within

the Sn grains and long-range diffusive transport to the whisker. Diffusive transport

requires a gradient in stress to provide a driving force, while plastic yield, under

the assumption of perfect plasticity, produces a uniform stress field1. Therefore,

in regions where the Sn grains yield plastically, there is no stress gradient to drive

grain boundary diffusion. In these regions, in-plane compressive strain is relieved by

shearing of the Sn grains and local thickening of the film. Conversely, in the vicinity

of the whisker, compressive strain is relaxed by the removal of Sn atoms adjacent to

the grain boundaries and their subsequent transport to the whisker grain where they

are conveyed out of the film. Where diffusive transport to the whisker relaxes strain,

stress in the Sn remains below the yield stress and there is no plastic shearing within

Sn grains.

The region of stress relaxation surrounding the whisker, then, also defines the

diffusion field supplying material to the whisker. Since there is no plastic shearing

within the relaxed region, all compressive strain generated within that region must be

relieved by transport to the whisker. The size of the steady state diffusion field around

an isolated whisker is therefore controlled by the rate of strain generation relative

to the rate of diffusive transport: specifically by the dimensionless parameter Ė ≡
1If the out-of-plane stress component is assumed to be zero, then the von Mises equivalent stress,

which defines the yield criterion, has the same magnitude as the equibiaxial stress within the film.
Gradients in the in-plane stress can therefore only arise from changes in the yield envelope due to
strain hardening.
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(

ėkTL3

ΩδDgb∆σ

)

. When Ė is large (i.e. strain generation is fast relative to grain boundary

transport), the diffusion field is restricted to a small region around the whisker. At

smaller values of Ė the diffusion radius becomes larger as Sn is transported a greater

distance in the characteristic time associated with the rate of strain generation. The

increasing size of the diffusion radius with decreasing values of Ė can be seen in

the plots of biaxial stress in Figure 4.5, parts a), b) and c). The corresponding

partitioning of strain relaxation between plastic shearing and mass transport to the

whisker is indicated in Figures 4.5 d) through f).

�
�
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Biaxial Stress

Plastic Yield (red)

Figure 4.5: (a,b,c) The size of the diffusion field (defined by the region of relaxed
biaxial stress) increases as the applied strain rate decreases. (d,e,f) The partitioning of
strain relaxation between plastic flow (red) and diffusional transport (blue) is shown
for the same models. Applied strain rates are indicated above each cont

The preceding argument applies for isolated whiskers, i.e. whiskers separated by

more than twice the diffusion radius so that their diffusion fields do no overlap. For

a periodic array of whiskers, there will be a critical value of Ė for which the diffusion

radius is exactly half the distance between neighboring whiskers. For Ė less than
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this critical value the diffusion fields of neighboring whiskers overlap and stress across

the entire film is maintained below the yield stress, as shown in Figure 4.5c. In this

“whisker-dominated relaxation” regime, all strain generated within the film is relaxed

by mass transport to whiskers and plastic deformation within Sn grains plays almost

no role (see Figure 4.5f)2.

The combination of normalized strain rate, Ė, and normalized whisker density,

N , determines whether whisker growth is the dominant relaxation mechanism or

if relaxation is partitioned between whisker growth and dislocation plasticity. By

plotting the character of each whisker growth simulation (whisker-dominated or mixed

relaxation) against the values of N and Ė, a phase diagram has been created in

Figure 4.6. The curve marks the boundary in N–Ė space between the two regimes of

relaxation. For large Ė (fast IMC growth) the diffusion radius of an isolated whisker

is small and therefore the a large whisker density (small distance between whiskers) is

required for whisker-dominated relaxation. At small values of Ė (slow IMC growth)

the diffusion radius is large, so the transition between whisker-dominated and mixed

relaxation regimes occurs at smaller whisker density. To facilitate comparison with

experimental measurements, dimensional values of estimated IMC growth rate and

whisker density are shown on the upper and right axes of Figure 4.6 for a Sn film

with the properties listed in Table 4.1. Calculation of the estimated IMC growth rate

is explained in Section 4.3.5.

4.3.2 Partitioning of strain relaxation

The partitioning of strain relaxation between whisker growth and plastic shearing

can be quantified by examining the rate of whisker growth relative to the applied

2In the finite element calculations there is localized plastic yield within the Sn grains near the
base of the film due to the constraint of the Cu substrate. As seen in the previous chapter, localized
plastic deformation within Sn grains would also be expected in the neighborhood of growing IMC
particles.
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Figure 4.6: “Phase diagram” showing the boundary between whisker-dominated
(red squares) and mixed (blue circles) relaxation regimes. Each symbol represents
a finite element simulation of whisker growth for the values of normalized strain
rate and whisker density indicated on the bottom and left axes. In the whisker-
dominated regime, mass transport to whiskers accounts for nearly all strain relaxation.
In the mixed regime, strain relaxation by whiskers is limited to a region immediately
surrounding the whisker. Beyond this region, strain is accommodated by plastic
shearing within Sn grains. The right axis shows whisker density and the upper axis
shows estimated IMC growth rate for a Sn film with properties listed in Table 4.1.
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strain rate. In the laterally-constrained thin film, the applied volumetric strain can

be thought of as a source of excess volume which must be accommodated. The rate of

excess volume production in the film per unit area is 1
A

d(∆V )
dt

= (2/3)ė∗hSn. The factor

of 2/3 arises because the film is unconstrained in the out-of-plane direction. Therefore

only the two in-plane components of the spherical volumetric strain contribute to the

excess volume that must be either removed by whisker growth or accommodated by

local plastic thickening.

Whisker growth rate can also be viewed as the rate of volume removal by the

whisker normalized by the cross-sectional area of the whisker. The normalized whisker

growth rate, ṽe = 1
hSn

dhw

de∗
, measures the rate of volume removal by the whisker relative

to the rate of excess volume production per unit area. A log-log plot of ṽe as a

function of the normalized strain rate, Ė, is presented in Figure 4.7. Four sets of

finite element results are plotted, each corresponding to a different model cell size,

and thus a different whisker density.

In Figure 4.7 the normalized velocities calculated for each whisker density show

the same pattern of variation with Ė. Consider the results for a single whisker

density. At the lowest strain rates, ṽe remains constant as Ė increases, then beyond

a critical value of Ė, ṽe decreases with increasing strain rate. Note that all of the

data sets converge to the same linear trend on the log-log plot with slope -0.69. The

physical origin of this exponent will be investigated Chapter 5 in the context of a

mathematical model that describes whisker growth. What is important here is that

ṽe varies inversely with Ė and that the exponent is fractional, so that the variation

is sub-linear.

The variation of ṽe with Ė in Figure 4.7 reflects the expansion of the diffusion

field around a whisker with decreasing strain rate. This is most easily explained by

considering the progression from high strain rate to low strain for a given whisker
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Figure 4.7: Normalized whisker growth rate as a function of dimensionless strain
rate. ṽe = 1

hSn

dhw

de∗
measures the rate of volume removal by the whisker relative to

the rate of excess volume production per unit area. Curves show FEA results for
different choices of normalized whisker density, N . The corresponding dimensional
whisker density for a model film with L = 1 µm is shown in parentheses.

density. First, recall that at steady state, all of the excess volume generated within

the diffusion field must be transported to the whisker and removed. Note also that

ṽe is a measure of volume removed by the whisker relative to the applied strain. At

high applied strain rates, when the diffusion radius is small and there is no interaction

between neighboring whiskers, ṽe varies in direct proportion to the area of the diffusion

field. The sloped portion of the curve to which all the data sets collapse is then a

measure of the area of the diffusion field supplying material to an isolated whisker.

As the strain rate decreases, the area of the diffusion field increases. For a single

whisker in an infinite film, this relation would continue indefinitely. However, for a
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finite whisker density, the diffusion fields of neighboring whiskers eventually begin to

overlap at sufficiently low strain rate. Beyond this point the area drained by each

whisker remains constant, as indicated by the horizontal portions of the curves. The

limiting value of ṽe is 2/3(A/Aw) or (2/3)(1/N).

0

0.2

0.4

0.6

0.8

1

10-4 10-3 10-2 10-1

E=
. ekTL3

ΩδDgb∆σ

.

( (

1

A

dVimc
dt( (Estimated [1/s]

hf

10-7 10-6 10-5 10-4

N = 1.79x10-2   (6885/mm2)

N = 4.81x10-3   (1850/mm2)

N = 1.98x10-3   (762/mm2)

N = 8.96x10-3   (345/mm2)

η

Figure 4.8: Fraction of total strain relaxation due to whisker growth. When η = 1
all excess volume generated within the film is removed by whisker growth, and when
η = 0 all excess volume is accommodated by plastic deformation within the film.

If ṽe is normalized by this limiting value we get the fraction of total excess volume

generated within the film that is removed by whisker growth. This is the “whisker

efficiency”, η, defined in Section 4.2 which provides a direct measure of the parti-

tioning of strain relaxation between whisker growth and local plastic shear. Whisker

efficiency is plotted as a function of normalized strain rate and whisker density in
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Figure 4.8. In this graph, the maximum values of η at low strain rates correspond

to the whisker-dominated relaxation regime discussed previously. Ideally η should

attain a value of 1.0. The maximum value achieved in the simulations is slightly less

than this due to a small amount of plastic deformation at the base of the Sn where

it is constrained by the substrate.

The information presented in Figure 4.8 is similar to that plotted in the relaxation

“phase diagram” (Figure 4.6), but with the addition of a quantitative measure of the

degree of partitioning within the mixed relaxation regime. To summarize the main

conclusions of this section, at sufficiently high applied strain rates or low whisker

densities plastic shearing is the dominant mode of relaxation and the diffusion fields

surrounding the whiskers comprise a small fraction of the total area of the film. At

the other extreme, at sufficiently low applied strain rates or high whisker densities

the diffusion fields of all the whiskers merge and whisker growth relaxes all the strain.

In this regime stress in the film is maintained below the yield stress. The central

question of where real Sn plating films lie within this continuum will be taken up in

Section 4.4.

4.3.3 Calculated whisker growth velocities

In the preceding section, we examined the rate of whisker growth with respect

to the strain rate in order to understand how strain is partitioned between the two

relaxation mechanisms. We now consider the factors controlling the whisker growth

velocity, the rate of whisker lengthening per time. Steady state whisker growth ve-

locities obtained from the finite element simulations are plotted in Figure 4.9. The

normalized whisker growth velocity in this case is ṽd, which correlates with the time

rate of change of whisker length when material properties and temperature remain

fixed. Four sets of results are presented, each corresponding to a different whisker
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density. Curves connecting members of each data set have been added as visual

guides.
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Figure 4.9: Whisker growth velocities as a function of normalized strain rate calcu-
lated from finite element simulations. Four sets of results are presented, each corre-
sponding to a different whisker density. Curves connecting members of each data set
have been added as visual guides. Dimensionless velocity is shown on the right axis.
Dimensional values of of whisker growth velocity and estimated IMC growth rate for
a Sn film with the parameter values in Table 4.1 are shown on the upper and right
axes, respectively.

The calculated whisker growth velocities in Figure 4.9 define two distinct kinetic

regimes, one represented by the curve drawn in black near the top of the graph,

the other by the family of straight lines trending from the lower left toward the

upper right. As we will show in the following discussion the different growth kinetics
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correlate with the two regimes of relaxation identified previously.

First consider the behavior described by the diagonal lines in the lower left quad-

rant of the graph. The slope of each line is 1.0 on the log-log plot, indicating a linear

relationship between the whisker velocity and the applied strain rate. The inter-

pretation here is straightforward. Strain relaxation in these cases is in the whisker-

dominated regime, in which all excess volume generated within the film is removed by

whisker growth. Consequently, the whisker growth velocity varies in direct proportion

to the applied strain rate.

The behavior described by the curve near the top of the graph is more complicated.

Here the slope increases slightly with strain rate, and more importantly, the slope is

significantly less than one. This indicates a weaker than linear dependence of whisker

growth velocity on strain rate. Note that a variation of three orders of magnitude

in the strain rate produces only about a five-fold change in the whisker growth rate.

Understanding the mechanisms controlling this kinetic behavior is crucial as it could

have important implications for whisker mitigation strategies.

Note that the models giving rise to these results are in the mixed relaxation regime,

meaning that the diffusion fields of neighboring whiskers do not interact. Due to the

partitioning of relaxation, all of the excess volume generated within the diffusion field

is transported to the whisker. Therefore, whisker velocity, which also measures the

rate of material transport to the whisker, is directly proportional to the product of

the the area of the diffusion field and the rate of volume production within the film.

As shown in the previous sections, the size of the diffusion field supplying material to

an isolated whisker increases with decreasing strain rate. Thus, the larger source area

partially compensates for the reduced rate of volume production as the strain rate is

decreased. The important implication is that if the film is in the mixed relaxation

regime, then reducing the rate of volume production (IMC growth) will not result in
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a proportional reduction in the whisker growth rate.

4.3.4 Effect of different whisker mechanisms

We conclude the discussion of the FEA results by examining how the three mech-

anisms described in Section 4.1 affect the calculated whisker growth velocities. Re-

sults of four simulation series are plotted in Figure 4.10 corresponding to a whisker

with horizontal root grain boundary, a whisker with a pyramidal set of root grain

boundaries, and two cases in which the whisker grain has lower yield strength than

the surrounding film. The differences due to the choice of mechanism are relatively

small, with the exception of the soft grain case with small yield strength contrast.

The weak grain mechanism is discussed in greater detail below.
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Figure 4.10: Comparison of predicted whisker growth velocities for four different
whisker mechanisms.
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Focusing on the three similar series of results, note that the differences among

them are more pronounced at high strain rates and that they appear to converge at

low strain rates. This can be explained by considering the radius of the diffusion field

relative to the radius of the whisker. At high strain rates the size of the diffusion field

is comparable to the size of the whisker, which is also the grain size of the film. Since

diffusion is restricted to the grain boundary network, differences in the geometry

of the grain boundary network in the immediate neighborhood of the whisker will

influence the net rate of material transport. At low strain rates the diffusion field is

large relative to the size of the whisker and also relative to the characteristic length

scale of the grain boundary network. Details of the grain boundary network in the

neighborhood of the whisker, therefore, exert a much smaller influence on the overall

rate of transport.

The differences in whisker growth velocity between the two soft grain cases reflect

differences in the driving force. In the root boundary cases, the whisker is essentially

stress-free and the magnitude of driving force for diffusion is set by the yield stress

of the surrounding Sn. In the case of a soft grain embedded in a stronger matrix, the

magnitude of the driving force is set by the difference in yield strength between the

whisker grain and the surrounding film.

What is most notable about the soft grain simulations is that they predict whisker

growth velocities comparable to those predicted by the mechanisms that suppose a

stress-free whisker. While the largest yield strength contrast examined, σw = 0.2σy,

may be physically unrealistic, a yield strength contrast of σw = 0.9σy could reason-

ably result from an anomalously-oriented Sn grain in a film with strong preferred

crystallographic orientation. Even with this small stress difference of only 1.5 MPa

between the whisker and surrounding film, appreciable whisker growth velocities are

predicted.
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We finish the discussion of whisker growth mechanisms by examining the effect

of grain boundary sliding resistance on whisker growth rate. Figure 4.11 compares

whisker growth velocities from five series of calculations performed with values of S

spanning five orders of magnitude. Within the range of values tested, only the smallest

caused appreciable slowing of whisker growth. The differences that are observed

are more pronounced at higher strain rates, reflecting greater viscous drag across

the model grain boundaries with larger sliding velocities. We also note that grain

boundary sliding resistance has no effect on whisker growth rate in the whisker-

dominated relaxation regime.
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Figure 4.11: Effect of grain boundary sliding resistance on calculated whisker growth
velocities.

It is difficult, however, to assess how realistic these values are, as no experimental

measurements of grain boundary sliding viscosity could be found for Sn. The value
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we used was based on a model for grain boundary sliding presented in Bower and

Wininger (2004). In this model the dimensionless parameter S = 8(L/r)2 where L is

grain boundary length and r is a characteristic length associated with grain boundary

roughness. The choice of r is somewhat arbitrary, and we select a value of η0 such

that S = 140 and (r/L) = 0.24, which is consistent with the value used by Bower

and Wininger (2004). For the smallest value of S = 1.4, the corresponding ratio

(r/L) = 2.4, implying that the characteristic roughness of the grain boundary is 2.4

times greater than the characteristic grain boundary length. Without experimental

measurements, however, we can only conclude that grain boundary sliding resistance

has very little effect on whisker growth for values of S greater than about 10.

Finally we note that the effect of grain boundary sliding resistance should be

greatest for the horizontal root boundary whisker mechanism examined here. Lower

sliding velocities relative to the rate of whisker growth are expected for the other

two geometries considered, as described in Section 4.1. We therefore expect lower

sensitivity to grain boundary sliding for the other two whisker mechanisms.

4.3.5 Correlation between ė
∗ and IMC growth rate

In order to compare whisker growth velocities predicted by the FEA models with

experimental measurements it is necessary to correlate the uniform volumetric strain

imposed in the models with strain generated by IMC growth. As a limiting case,

assume that all the excess volume generated by IMC growth is distributed uniformly

through the Sn. For a given rate of IMC growth, the associated volumetric strain

rate is then:

ė =
d

dt

(

∆V

VSn

)

=

(

1

A

dVimc

dt

) (

vimc − vSn

vimc

) (

1

hSn

)

=

(

0.31

hSn

) (

1

A

dVimc

dt

)

(4.2)
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where vα is the specific molar volume of species α, hSn is the thickness of the Sn film

and (1/A)(dVimc/dt) is the normalized IMC growth rate which is measured experi-

mentally.

Not all the excess volume generated by IMC growth, however, is distributed

through the film by grain boundary diffusion. Some fraction is accommodated by

local plastic deformation around the IMC particles. A more accurate estimate of the

fraction of IMC volume contributing to whisker growth has been made by explicitly

modeling the growth of discrete IMC particles in a whisker growth FEA calculation.

Because of the large computational cost discussed in Section 4.2, a single whisker

growth calculation was performed for a model cell with (Acell/Aw) = 56. For a con-

stant IMC growth rate of
(

1
A

dVimc

dt

)

= 4.7× 10−13 m/s, the computed whisker growth

rate was
(

dhw

dt

)

= 1.30 × 10−12 m/s. Note that a relatively slow IMC growth rate

was chosen so that strain relaxation in the model is in the whisker-dominated regime.

Correlating the whisker velocity obtained from the discrete IMC particle model with

the velocities plotted in Figure 4.9, a uniformly applied volumetric strain rate of

ė = 1.9 × 10−8 1/s is found to produce the same whisker growth rate. Using values

corresponding to the same whisker growth velocity, the applied volumetric strain rate

in the whisker growth models can be correlated with the rate of IMC particle growth

through the relation:

ė = α

(

0.31

hSn

) (

1

A

dVimc

dt

)

(4.3)

where the factor (0.31) is the fractional volume increase per unit IMC volume for the

transformation reaction. For the values given above, the proportionality constant α

is found to be 0.26. This implies that a maximum of approximately 25% of the excess

volume generated by IMC growth can be removed by whisker growth. Equation 4.3

with α = 0.25 was used to calculate the estimated IMC growth rates shown on the

upper axes in Figures 4.6, 4.9 and 4.8.
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4.4 Discussion

Finite element analysis of the model system provides important insight into the

kinetics of whisker growth and the mechanisms that control it. The results reveal

two distinct kinetic regimes for whisker growth. In one regime, strain in the film is

relaxed by a combination of plastic deformation within the Sn grains and whisker

growth, while in the other regime whisker growth is the dominant relaxation mecha-

nism. In the regime of mixed relaxation, a stress gradient of fixed radius defining the

diffusion field develops around each whisker. Because the stress is maintained below

the yield stress within the diffusion field, there is no intra-granular plastic flow in this

region. Therefore, the rate of volume removal by the whisker must exactly balance

the rate of volume production within the diffusion field. This balance, governed by

the rate of diffusion relative to the rate of strain generation, determines the size of

the diffusion field. As strain rate decreases, the size of the diffusion field increases. As

a consequence, whisker growth rate varies only weakly with strain rate. For a given

whisker density there is a critical value of strain rate at which the diffusion radius is

half the mean spacing between whiskers. Below this strain rate, the diffusion fields of

neighboring whiskers overlap. In this whisker-dominated relaxation regime the stress

in the film is maintained below the yield stress and whisker growth accounts for all

strain relaxation.

With this picture in mind we now consider the implications for whisker growth

in the real Sn-Cu system, where both the whisker density and the rate of strain

generation vary with time. IMC growth, which generates strain within the Sn, is

fastest immediately after the Sn is deposited on Cu then slows over time. Whiskers,

on the other hand, do not typically begin to nucleate until several hours to several

days after deposition. After nucleation begins, the whisker density then increases

monotonically at a rate that decreases with time, as shown in Figure 1.3.
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At the earliest stages, before whiskers begin to nucleate, all of the strain generated

by IMC growth must be relaxed by plastic flow within Sn grains. This is precisely the

situation that was modeled in Chapter 3 where grain boundary diffusion was shown

to play an important role in redistributing strain, eventually bringing the film to

yield through the entire thickness. It is interesting to note that the first emergence of

whiskers appears to coincide with the film stress reaching its steady state value. This

may suggest that plastic flow within Sn grains plays a role in whisker nucleation.

During this early stage of evolution we can infer that the system would initially

fall somewhere in the “mixed relaxation” field in the lower right quadrant of the

phase diagram in Figure 4.6. It would then follow a trajectory toward the boundary

defining the whisker-dominated relaxation field as the IMC growth rate decreases

and whisker density increases. To make more quantitative predictions about how the

system evolves we need to consider realistic values for IMC growth rates and whisker

densities.

From examination of the IMC growth curves presented in Figure 1.3 and other

published IMC growth data [Zhang et al. (2005), Reinbold (2007), Jadhav et al.

(2010)], IMC growth rates normalized by the volume of the Sn film
(

1
AhSn

dVimc

dt

)

are

found to range from approximately 5×10−6/s to 1×10−7/s during the first 100 hours

of growth, eventually slowing to approximately 1 × 10−8/s after 1 month. Measured

whisker densities plotted in Figure 1.3 increase to approximately 300/mm2 by 5 days

after plating for the 1.45 µm thick film, and 150/mm2 and 100/mm2 for the 2.9 µm

and 5.8 µm films, respectively. When these whisker densities are normalized by

the cross-sectional area of the whiskers, the normalized whisker densities range from

N = 4×10−4 to 8×10−4 . Tu (1973) reports whisker densities of 10/mm2 to 100/mm2 ,

which normalize to N ≈ 3 × 10−5 to 3 × 10−4. Based on these data, a reasonable

estimate for whisker density within the first 5 days after plating is in the range of tens
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to hundreds of whiskers/mm2 (N ≈ 10−4 to 10−3). The whisker density continues to

increase over time, but based on the rates of increase seen in Figure 1.3, maximum

whisker densities should remain less than 2 to 4 times the values measured at 100

hours.

We now consider the model predictions within these ranges of whisker density

and IMC growth rate. To facilitate comparison with experimental values, dimen-

sional values of whisker growth velocity corresponding to a 2 µm thick Sn film are

shown on the right-hand axis of Figure 4.9. We find that the model predicts whisker

growth rates between 1×10−11/s and 3×10−11/s over the full range of experimentally

measured IMC growth rates. As a point of reference, 10−11m/s ≈ 1µm/day. This

is in good agreement with measured average whisker growth rates of 1 × 10−11m/s

to 2 × 10−11m/s [Tu (1973), Lee and Lee (1998), Hutchinson et al. (2004)]. These

measurements, however, are averages found by dividing the length of a whisker by

the total time since deposition (or whisker nucleation). Recent time-series SEM im-

ages [Jadhav (2010); personal communication], however, reveal that the growth of

individual whiskers is often intermittent, with periods of constant velocity growth

followed by periods of no growth. During the periods of active growth, which typi-

cally last from several hours to several days, whisker growth velocities of 5×10−11m/s

to 20× 10−11m/s have been measured. While these measurements are up to an order

of magnitude greater than those predicted by the model, they do exhibit the qualita-

tive behavior predicted by the model. These measurements have been made within a

few days of deposition, when IMC growth rates are expected to high and also chang-

ing most rapidly. Real-time SEM observation of the whisker growth, however, reveals

that individual whiskers often maintain a relatively constant growth velocity over

a period of several days, consistent with the predicted weak dependence of whisker

growth rate on IMC growth rate.



92

In regard to the disparity in the magnitude of the predicted whisker growth ve-

locity, note that the dimensional velocity values (right-hand axis) shown in 4.9 are

calculated from the non-dimensional velocity, ṽd. The dimensional velocity scales with

ṽd as (1/τd) where τd =
(

kTL3

ΩδDgb∆σ

)

is the diffusion time scale. Thus, our model would

predict greater dimensional whisker growth velocities if a larger value for Dgb is as-

sumed. A five- to ten-fold increase in the assumed rate of diffusion through the grain

boundary network would be required for the model predictions to agree with the real-

time whisker growth velocity measurements. However, it should also be noted that

this would also increase the diffusion radius at a given strain rate. Thus our model

would predict that whiskers would interact with one another at lower densities.

In addition to whisker growth velocity, we also want to know how strain relax-

ation is partitioned within the Sn film. This is governed by the whisker density in

relation to the strain rate. During the first few days after plating, the normalized

whisker density rises from zero to a little less than N = 10−3, while the normalized

IMC growth rate simultaneously decreases from about 10−6/s to 10−7/s. Considering

the phase diagram in Figure 4.6, we see that the system begins well below the phase

boundary, in the mixed relaxation regime. However, for whisker densities and strain

rates measured five days after plating, the system falls on or near the phase bound-

ary, indicating transition to the whisker-dominated relaxation regime. Unfortunately,

given the idealizations and approximations inherent in the model, the uncertainty in

the location of the phase boundary is too great to predict with confidence whether

the system evolves to the whisker-dominated relaxation regime. We can conclude,

however, that the system must begin in the mixed relaxation regime and follow a tra-

jectory toward whisker-dominated behavior. As the system evolves, the partitioning

of strain relaxation shifts toward increasing relaxation by whisker growth. If relax-

ation were whisker-dominated, the model predicts that the stress in the film would
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drop below the yield stress and scale with the rate of IMC growth. However, this is

not observed experimentally, suggesting that strain relaxation remains in the mixed

regime. The intermittent quality of whisker growth observed experimentally may

partially explain why the transition to whisker-dominated relaxation does not appear

to occur at the expected whisker density. The density of active whiskers determines

the kinetic behavior. If a significant fraction of the whiskers are inactive, then the

observed whisker density will not reflect the number of whiskers relaxing strain at

that particular time.

Despite the inconsistencies identified above, the model presented here is in excel-

lent quantitative agreement with published whisker growth velocities and with the

predictions of previous models. This is particularly significant since the kinetic behav-

ior in the model arises naturally from the interaction among competing processes. We

also note that the model is based on a small number of well-supported assumptions

about the constitutive behavior of the Sn and the loading in the system.

4.5 Conclusions

Whisker growth has long been recognized as a mechanism for the relaxation of

stress in Sn films, and stress-driven grain boundary diffusion is typically assumed to

be the primary mode of long-range transport. For Sn films on Cu, stress generation is

generally attributed to the growth of IMC within the Sn and recent experiments find

evidence of dislocation-mediated plastic flow within the Sn grains surrounding the

IMC. A number of diffusion models have been proposed in the literature to explain

and quantify whisker growth kinetics, but none have included the effects of strain

generation or plastic flow within Sn grains. In this chapter we present a finite element

model for whisker growth that for the first time includes all of these behaviors. The

resulting kinetic relations that emerge from the model reveal behavior more complex
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than has previously been appreciated. We summarize the model predictions and their

implications below.

1. Two distinct kinetic regimes are identified, corresponding to how strain re-

laxation is partitioned between local plastic flow within grains and long-range

transport to whiskers.

2. In the whisker-dominated relaxation regime, whisker growth velocity varies in

direct proportion with IMC growth rate.

3. In the mixed relaxation regime, whisker velocity shows weak (less than linear)

dependence on the rate of strain generation. In this regime, reducing the IMC

growth rate will not significantly reduce whisker growth velocities.

4. The size of the diffusion field surrounding the whisker is fully determined by the

balance between the rate of strain generation and the rate of diffusive transport.

For a material system with fixed diffusivity, the diffusion radius decreases with

increasing rate of strain generation.

5. The self-limiting size of the diffusion field, independent of whisker density, helps

explain how a small background stress can produce sufficient driving force for

whisker growth. The restricted size of the diffusion field maintains a high stress

gradient, even for small stress at the outer boundary.

6. For real Sn-Cu systems the model predicts that strain relaxation will be domi-

nated by plastic flow immediately after plating. As the system evolves, whisker

growth is responsible for an increasing fraction of the total strain relaxation.

Our model predicts that relaxation should become whisker-dominated at the

slowest rates of IMC growth and highest whisker densities observed. Stress mea-

surements, however, suggest that the system remains in the mixed relaxation
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regime. This may indicate that the observed whisker densities overestimate the

number of whiskers actively relaxing strain at a given time.

7. While the model does not address the issue of whisker nucleation, it does show

that any localized feature within the film that relaxes stress more effectively

than the surrounding film will drive diffusion toward that point. Whether such

features are created during deposition or develop as the film evolves will need

to be resolved by experiment.

8. Whisker growth rates predicted by the model are in excellent agreement with

reported average growth rate measurements. This is significant, given that

the kinetic behavior in the model arises naturally from the interaction among

competing processes. Recent real-time SEM observation of actively growing

whiskers, however, indicate growth velocities up to an order of magnitude higher

than those predicted. Greater diffusivity within the grain boundary network

could account for these faster velocities.

In the next chapter, a mathematical description is presented that allows further

systematic study of whisker kinetics, including the influence of more realistic rate-

dependent material behavior and the effect of thermal cycling.



Chapter 5

Whisker Growth Kinetics:

Analytical Models

The essential features of the behavior observed in the FEA simulations can be cap-

tured in an axisymmetric boundary value problem. A number of similar axisymmetric

models of whisker growth have been proposed by previous authors [Chaudhari (1974),

Lindborg (1976), Tu (1994), Hutchinson et al. (2004), Tu and Li (2005), Nakadaira et

al. (2007)]. In this chapter we present a mathematical description of whisker growth

that extends the prior models by 1) accounting for strain generation within the film

and 2) accounting for strain relaxation by intra-granular plastic flow. In addition to

perfectly plastic behavior assumed in the FEA, we also pose and solve the problem

for material with rate-dependent viscoplastic flow with power-law sensitivity. This

empirical constitutive law has been shown experimentally to accurately describe the

behavior of Sn thin films.

The problem is first posed for a material with rate-independent elastic-perfect

plastic constitutive behavior, and an analytical solution is presented. The problem

is then posed for a material with rate-dependent plastic deformation governed by

a power-law von Mises flow potential. The resulting non-linear partial differential

96
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equation is solved by numerical techniques. Results from both model descriptions are

compared. We conclude with an application of our model to the kinetics of whisker

growth driven by thermal cycling.

5.1 Problem definition

As demonstrated by the FEA simulations, transport of material to a whisker is

governed by the balance between strain generation and strain relaxation. Making a

number of simplifying assumptions, the problem can be posed as an axially symmetric

boundary value problem as follows.

We consider a thin film of thickness hf bonded to a rigid substrate which pre-

vents lateral displacement. The film is treated as a linear elastic continuum that can

also deform by plastic flow or stress-driven volume diffusion. Extending through the

thickness of the film is a cylindrical “whisker” grain of radius a. Stress relaxation

in the whisker grain is enhanced relative to the surrounding film. For simplicity we

assume that the whisker grain can support no stress so that the surface r = a remains

stress free. We also assume that the whisker acts as a perfect sink for volume with all

material passing across the boundary r = a being extruded from the film as a whisker

of constant cross-sectional area. The geometry of the problem is shown in Figure 5.1.

Strain is generated continuously in the film at rate ε̇∗ where ε∗ is a stress-free

transformation strain. Strain is relaxed by a combination of elastic and plastic de-

formation and volume diffusion to the whisker grain. Diffusion along the network of

vertically-oriented grain boundaries in the polycrystalline Sn film is approximated as

bulk diffusion with effective diffusivity defined as:

D = α

(

δ

a

)

Dgb (5.1)
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Figure 5.1: Geometry of the problem. The region r < a is the “whisker grain”
which, by an unspecified mechanism, is able to relax stress more effectively than the
surrounding film.

where δ is the nominal grain boundary thickness and Dgb is the grain boundary

diffusivity. The radius of the whisker, a, is a characteristic length taken to represent

the grain size of the polycrystalline Sn film. The proportionality constant α accounts

for the geometry of the grain boundary network and is of order 1.

Due to the lateral constraint imposed by the substrate, the in-plane components

of total strain in the film must be zero at every material point. In rate form, the

balance equation is:

ε̇total = ε̇e + ε̇p + ε̇d + ε̇∗ = 0 (5.2)

where ε̇e is the elastic strain rate, ε̇p is the plastic strain rate, ε̇d is the strain rate
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resulting from diffusion of atoms, and ε̇∗ is the imposed stress-free strain rate. Equa-

tion 5.2 is the fundamental balance law defining the problem.

The problem is axisymmetric about the central axis of the whisker and we adopt a

cylindrical coordinate system. A state of plane stress is assumed and field quantities

have no z dependence. Both the applied stress-free strain and the strain due to the

diffusion of atoms are spherical which produces an equibiaxial stress state under the

plane stress assumption. The problem can be expressed in terms of a single stress

variable with radial dependence only:

σrr = σθθ ≡ σ(r)

σzz = 0

In order to apply the strain rate balance (5.2), each of the strain rates must be

expressed as a function of stress through an appropriate contitutive relation. For

equibiaxial plane stress the linear elastic stress-strain relation is

ε̇e =
σ̇

M
(5.3)

M =
E

(1 − ν)
(5.4)

where M is the biaxial modulus, E is Young’s modulus and ν is Poisson’s ratio.

To derive the stress-strain relation for diffusion, we first recognize that the rate of

volumetric strain due to diffusion is given by the divergence of the volume flux:

ėd = 3ε̇d = −∇~jv (5.5)

where ėd is the volumetric strain rate and the volume flux, ~jv, follows from Fick’s first
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law:

~jv = − D

kT
∇µ (5.6)

= +
DΩ

kT
∇σ. (5.7)

In going from (5.6) to (5.7), we note that the effective bulk diffusion in the model is

meant to approximate diffusion along a network of vertically-oriented grain bound-

aries. Following the description of grain boundary diffusion given in Section 2.3.1, we

define the chemical potential for diffusion, µ, as µ = −Ωσn, where σn is the normal

stress across the grain boundary, and recognize that σn is equal to the equibiaxial

stress, σ. Combining (5.5) and (5.7) gives

ε̇d = −1

3

DΩ

kT
∇2σ. (5.8)

In polar coordinates the relation connecting stress and the rate of strain due to mass

diffusion is

ε̇d = −1

3

DΩ

kT

(

∂2σ

∂r2
+

1

r

∂σ

∂r

)

. (5.9)

In the following two sections we develop mathematical models for whisker growth

assuming two different constitutive relations for plastic flow.

5.2 Steady-state perfectly plastic model

Here we develop the governing equation for steady state diffusion to a whisker, as-

suming rate-independent elastic-perfectly plastic behavior within the Sn. The model

system is analogous to the one studied via FEA in Chapter 4.

We begin with the strain balance equation, (5.2), and note that at steady state the

elastic strain rate must vanish. This follows from the fact that only the elastic strain
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contributes to the stress, which must remain fixed at steady state. As discussed

in the previous chapter, for perfectly plastic behavior the film is divided into two

distinct regions separated by a sharp boundary. In an annular region surrounding the

whisker a stress gradient develops which drives diffusion toward the whisker. Beyond

this region, the biaxial stress remains fixed at the yield stress as the film undergoes

continuous plastic shearing. If the radius of the annular diffusion field is b, then the

strain rate balance in the two regions becomes:

ε̇∗ + ε̇d = 0 (a ≤ r < b) (5.10)

ε̇∗ + ε̇p = 0 (r ≥ b) (5.11)

Combining (5.10) and (5.9) gives an ordinary differential equation for the steady state

stress field in the region surrounding the whisker:

DΩ

kT

(

∂2σ

∂r2
+

1

r

∂σ

∂r

)

= ė∗ (5.12)

a ≤ r < b (5.13)

σ(a) = −σw (5.14)

σ(b) = −σy (5.15)

∂σ

∂r

∣

∣

∣

∣

r=b

= 0 (5.16)

where σw is the yield stress of the whisker and σy is the yield stress in the surrounding

film. The volumetric applied strain rate, ė∗ = 3ε̇∗, is substituted above to facilitate

comparison with the results from Chapter 4. The third boundary condition, (5.16),

imposes zero flux across the outer boundary and is used to determine b. For the
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following choice of dimensionless parameters,

ξ =
(r

a

)

β =

(

b

a

)

q =

(

σ − σw

∆σ

)

∆σ = (σy − σw)

the boundary value problem can be posed in non-dimensional form as:

(

∂2q

∂ξ2
+

1

ξ

∂q

∂ξ

)

=

(

kTa2ė∗

DΩ∆σ

)

≡ Ė (5.17)

1 ≤ ξ < β (5.18)

q(1) = 0 (5.19)

q(β) = −1 (5.20)

∂q

∂ξ

∣

∣

∣

∣

ξ=β

= 0 (5.21)

Note that the solution depends the dimensionless parameter, Ė, that expresses the

rate of strain generation relative to the rate of strain relaxation by diffusion. The

analytical solution to (5.17–5.20) is:

q(ξ) =

(

ln(ξ)

ln(β)

)

− Ė

4

[

ξ2 − (β2 − 1)

(

ln(ξ)

ln(β)

)

− 1

]

. (5.22)

To determine the radius of the diffusion field, we enforce the zero flux condition at

ξ = β. Setting the derivative with respect to ξ equal to zero at ξ = β to yields the

following transcendental equation which can be solved numerically for β:

[

β2(2 ln(β)− 1) + 1
]

Ė − 4 = 0. (5.23)

To find the whisker growth velocity we take advantage of the fact that there is no

plastic shearing within the diffusion field, 1 ≤ ξ < β. Therefore, at steady state, the
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volume of material removed by the whisker must balance the volume of new material

generated within the diffusion field. The whisker velocity is calculated by dividing

the rate of volume production in the region 1 ≤ ξ < β by the cross-sectional area of

the whisker. In dimensional form:

dhw

dt
=

ė∗hfπb2

πa2
= ė∗hfβ

2. (5.24)

Note that the volume produced within the whisker is included in the total volume.

To non-dimensionalize the whisker growth rate, note that there are two natural time

scales in the problem, one related to the rate of strain generation, the other to the

rate of diffusion:

τe =

(

1

ė∗

)

τd =

(

kTa2

DΩ∆σ

)

(5.25)

Normalizing whisker height by the strain generation time scale gives:

dh̃w

dτe
=

dh̃w

de
= β2 (5.26)

where h̃w = (hw/hf ). This rate shows the change in whisker length per increment of

applied strain and reflects the area of the annular region supplying material to the

whisker. Normalizing by the characteristic diffusion time scale, τd, yields

dh̃w

dτd
= Ėβ2. (5.27)

Since the time scale, τd, depends only on temperature and material parameters,

(dh̃w/dτd) is directly proportional to the dimensional whisker velocity for a given

material system at fixed temperature. Results of this model are discussed in Sec-

tion 5.4.
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5.3 Rate-dependent plasticity model

We now pose the same problem for a material that can deform by rate-dependent

plastic flow with power-law stress sensitivity. The plastic strain rate is given by

ε̇p
ij = ε̇p

0 exp

(−Q

kT

) (

σe

σ0

)m (

3

2

Sij

σe

)

. (5.28)

σe =

√

3

2
SijSij (5.29)

Sij = σij −
1

3
σkkδij (5.30)

where Sij is the deviatoric stress, σe is the von Mises equivalent stress, and ε̇p
0, Q,

and m are material parameters that define the characteristic strain rate, activation

energy, and stress sensitivity, respectively. We assume there is no hardening so the

nominal yield stress, σ0, is constant. At fixed temperature the exponential term can

be included within the constant ε̇p
0. For an equibiaxial stress state with magnitude σ,

Srr = Sθθ = (σ/3) and σe = |σ|. The plastic strain rate is also equibiaxial, so we can

drop the subscripts and express the in-plane plastic strain rate as

ε̇p = ε̇p
0

[ |σ|
σ0

]m
1

2

σ

|σ| . (5.31)

Substituting this plastic strain rate into the strain balance equation, (5.2), along with

the expressions for ε̇e, ε̇d, and ε̇∗ yields the following non-linear partial differential

equation for σ(r)

1

M

∂σ

∂t
− 1

3

(

DΩ

kT

) [

∂2σ

∂r2
+

1

r

∂σ

∂r

]

+ ε̇p
0

[ |σ|
σ0

]m
1

2

σ

|σ| + ε̇∗ = 0 (5.32)

The boundary condition on the inner boundary is set by the stress in the whisker

grain. For simplicity, we assume the whisker supports no stress so that σ(a) = 0. More
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complex boundary conditions could be imposed, such as allowing the stress within

the whisker root to vary with the rate of volume flux, but these are not considered

here.

To set the outer boundary condition, we assume a finite density of equally spaced

whisker grains. If the fraction of the total film area occupied by whisker grains is N ,

then the mean spacing between whiskers is (a/
√

N). The flux across the surface r =

(a/
√

N ) must therefore be zero, assuming identical behavior for all of the whiskers in a

periodic array. This provides the second boundary condition, ∂σ
∂r

= 0 at r = (a/
√

N).

The most physically realistic initial condition would be to assume a state of con-

stant equibiaxial stress corresponding to the stress in the film at the time of whisker

nucleation. To find the magnitude of this stress, imagine the system at steady state

with no strain relaxation due to whisker growth. All strain must be relaxed by plastic

flow, implying ε̇p = −ε̇∗. For plastic strain rate given by (5.31), the magnitude of the

resulting steady state stress is

σ∞ =

[

2ε̇∗

ε̇p
0

]1/m

σ0. (5.33)

This sets the characteristic scale for stress in the problem. The time required for the

system to reach this stress defines the characteristic time scale

t0 =
( σ∞

Mε̇∗

)

, (5.34)

and the radius of the whisker defines the characteristic length scale. We use these

scales to define the non-dimensional variables

ξ =
(r

a

)

τ =

(

t

t0

)

q =

(

σ

σ∞

)

(5.35)
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and cast (5.32) and the associated initial and boundary conditions in the following

non-dimensional form

∂q

∂τ
− Γ

(

∂2q

∂ξ2
+

1

ξ

∂q

∂ξ

)

+ |q|m q

|q| + 1 = 0 (5.36)

q(0, ξ) = 0 (5.37)

q(τ, 1) = 0 (5.38)

∂q

∂ξ

∣

∣

∣

∣

ξ=(1/
√

N)

= 0 (5.39)

where

Γ =
1

3

(

DΩσ0

kTa2ε̇∗

) [

2ε̇∗

ε̇p
0

]1/m

. (5.40)

Notice that 1/Γ represents the same ratio as Ė, but with σ∆ replaced by σ∞. A

numerical method is required to solve the initial-boundary value problem defined by

(5.36-5.39), and a finite element solution has been written for the Matlab computa-

tional software.

Prior to examining the numerical results, we consider the steady state solution

and show that the boundary value problem describing whisker growth for a material

with rate-independent perfectly plastic behavior (5.17–5.21) is a limiting case of rate

dependent formulation.

At steady state the partial differential equation reduces to an ordinary differential

equation

Γ

(

∂2q

∂ξ2
+

1

ξ

∂q

∂ξ

)

− |q|m q

|q| − 1 = 0 (5.41)

q(1) = 0 (5.42)

∂q

∂ξ

∣

∣

∣

∣

ξ=(1/
√

N)

= 0. (5.43)
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This boundary value problem can be solved numerically using standard solving rou-

tines in the Matlab computational software. To connect with the rate-independent

model, we take the limit as the rate sensitivity exponent goes to infinity,

lim
m→∞

Γ =
1

3

(

DΩσ0

kTa2ε̇∗

)

(5.44)

lim
m→∞

|q|m =



















0 q < 1

1 q = 1

∞ q > 1.

(5.45)

Thus q = 1 defines a yield surface. Recall that in the annular domain surrounding the

whisker in the rate-independent problem, the stress remains below the yield stress,

and at the outer boundary q = −1. We fully recover the rate-independent formulation

(which is also fully expected). We note that in the rate-dependent problem, (1/Γ)

corresponds to the dimensionless strain-rate, Ė, defined for the rate-independent

problem and in the FEA.

The only issue remaining is to determine how to compute the whisker growth

velocity from the solution to the rate dependent problem, q(τ, ξ). Unlike in the rate-

independent case, here plastic flow and diffusion operate simultaneously at the same

material points. We therefore must calculate the whisker velocity from the flux of

volume across the cylindrical bounding surface of the whisker. Dividing the rate at

which new volume enters the whisker, (dV/dt) = −~jv(2πahf), by the cross-sectional

area of the whisker, πa2, and substituting (5.7) for the volume flux gives the whisker

growth velocity in dimensional form,

dhw

dt
= −2hf

(

DΩ

kT

)

∂σ

∂r

∣

∣

∣

∣

r=a

(5.46)
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In terms of the non-dimensional solution, this is

dhw

dt
= −2hf ε̇

∗Γ
∂q

∂ξ

∣

∣

∣

∣

ξ=1

(5.47)

Finally, dividing the rate of volume accumulation in the whisker by the rate of volume

generation within the domain 1 < ξ < (1/
√

N) gives the whisker “efficiency”

η = −
(

N

1 −N

)

Γ
∂q

∂ξ

∣

∣

∣

∣

ξ=1

. (5.48)

5.4 Model predictions and discussion

In this section we examine some of the predictions of the two models presented

above. The fundamental processes governing the whisker growth-mass transport prob-

lem were discussed at length in Chapter 4. The discussion here aims only to highlight

new observations. First we would like to verify that the solutions capture the be-

havior they were intended to replicate. Whisker growth velocities calculated with

the rate-independent material model are plotted in Figure 5.2. To produce the di-

mensional velocities we assumed the same material property values as in the FEA,

listed in Table 4.1. The simplified one-parameter model clearly reproduces the kinetic

relations found via FEA. This probably speaks more to the idealized nature of the

FEA model than the validity of the equations. The ease of computation provided by

the mathematical model allows the parameter space to be explored more thoroughly

than is feasible with FEA.

With these models we are able to examine the partitioning of strain relaxation

between whisker growth and plastic flow in greater detail. The idea of the “phase

diagram” indicating the mode of relaxation presented in Figure 4.6 can be extended

by plotting the calculated values of the whisker efficiency, η over the space defined
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Figure 5.2: Whisker growth velocities predicted by solution of the steady-state bound-
ary value problem for viscoplastic behavior. Perfectly plastic behavior is assumed.
Material parameters identical to those used in the FEA in Chapter 3 are used to
calculate dimensional values.

by dimensionless strain rate, Ė and whisker density, N . A contour plot of η is

provided in Figure 5.3a. We see that the transition from the plastic flow-dominated

to the whisker-dominated regimes is relatively sharp, spanning a small band of the

parameter space. The shape of the boundary is nearly a straight line on the log-log

plot, with slope slightly less than +1. The whisker growth velocity is plotted similarly

in Figure 5.3b. This provides the same information as the line plot in Figure 5.2 but

reveals the combined effects of whisker density and strain rate more directly. The

relationships in this case are straightforward, showing that whisker velocity is entirely

determined by the strain rate (vertical color bands) until a critical density is reached.



110

The effect of rate-dependent plastic flow can be examined as well. Figure 5.4 plots

steady state whisker velocities calculated for a material with power-law viscoplastic

flow. The results are plotted in dimensional form to allow comparison with the results

for rate independent yield behavior. Material parameters measured by Shin and

Chason (2009) for creep behavior in thin film Sn were used to generate the dimensional

values. The kinetic behavior represented in the whisker velocity plot is qualitatively

very similar to that for rate independent yield. The predicted magnitudes, however,

are lower by a factor of approximately 10.

Contour plots of the strain partitioning measure, η, and the maximum stress in

the film, are plotted in Figure 5.5. The maximum stress is the stress calculated at

the mid-distance between whiskers, ξ = 1/
√

N (not the parameter, σ∞). Notice that

the maximum compressive stress decreases sharply in a band that cuts diagonally

across the plot. Somewhat surprisingly, the fraction of relaxation by whisker growth

does not correlate strongly with the change in stress. The most striking feature of

the plot in Figure 5.5a) is its near uniform blue color, indicating that whisker growth

accounts for less than 10% of the total strain relaxation. Unlike the situation with

a perfectly plastic material where strain relaxation modes are strictly segregated

to distinct regions in the film, for the rate-dependent material, plastic flow occurs

throughout the film. Thus plastic flow accounts for a much greater portion of the

relaxation.

We also note that a well-defined relaxed region develops around the whisker for the

rate-dependent material, similar to that observed for the rate-independent material.

Figure 5.6 shows steady-state stress profiles across the domain 1 < ξ < β for different

values of (1/Γ). At high strain rate the stress gradient defining the diffusion field

of the whisker is limited to a radius much smaller than half the whisker separation.
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Figure 5.3: Contour plots showing the variations in a) fractional relaxation by whisker
growth and b) whisker growth velocity over the parameter space of non-dimensional
strain rate, E, and whisker density, N . Perfectly plastic behavior is assumed with
material parameters identical to those used in the FEA in Chapter 3.
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Figure 5.4: Whisker growth velocities predicted by solution of the steady-state
boundary value problem for viscoplastic behavior. Rate-dependent plastic flow with
power-law stress sensitivity is assumed with stress exponent m = 4.5 and material
parameters for Sn as presented in Section 3.4.2 are used to calculate dimensional
values.

Lower strain rate results in larger diffusion radius, and at a critical value the diffusion

fields of neighboring whiskers begin to interact. This is fully analogous to the kinetic

behavior described previously for the perfectly plastic material.

Solution of the time-dependent problem does not shed new light on the kinetic be-

havior. As would be expected, a stress gradient grows outward from the whisker until

a steady-state balance between volume production and volume removal is achieved.

However, the time-dependent solution can be extended to model the growth kinetics

of whiskers formed by thermal stresses, as described in the following section.
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Figure 5.5: Contour plots showing the variations in a) maximum film stress and b)
fractional relaxation by whisker growth over the parameter space of non-dimensional
strain rate, 1/Γ, and whisker density, N . Rate-dependent plastic flow with power-law
stress sensitivity is assumed with stress exponent m = 4.5 and material parameters
for Sn as presented in Section 3.4.2.
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plastic flow with power-law stress sensitivity is assumed with stress exponent m = 4.5.
At high applied strain rate, relaxation is limited to a radius less than half the whisker
separation, analogous to the behavior observed for the perfectly plastic material.

5.5 Extension to thermal cycling

Thermally induced stress has been employed experimentally to produce whisker

growth in Sn films deposited on non-reactive substrates [Chaudhari (1974), Nakadaira

et al. (2007)]. The potential for whisker growth due to thermal cycling is of partic-

ular interest in the microelectronics industry because periodic temperature variation

is often inherent in the environment in which electronic components operate. With

the ability to efficiently solve the time-dependent transport problem afforded by the

mathematical formulation in Section 5.3, we now have the potential to model the

kinetics of whisker growth due to thermal cycling. The work presented here is pre-

liminary, but it identifies a new area for more intensive future study.
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The finite element solution for the time-dependent whisker growth problem is

modified to allow for temperature dependent material properties. Specifically, the

rate of strain generation is related to the rate of temperature change by the difference

in thermal expansion coefficients, ∆α , between the film and substrate

ε̇∗ = ∆α
dT

dt
. (5.49)

Both grain boundary diffusivity and viscoplastic flow rate vary exponentially with

the inverse of temperature. In the finite element model we include this dependence

as

ε̇p =

[

A
µ

T
exp

(−Qp

kT

)][ |σ|
σ0

]m
1

2

σ

|σ| . (5.50)

and

Dgb = D0
gb exp (−Qgb/kT ) (5.51)

where σ0, A, D0,Qp, Qgb and m are material parameters discussed previously in

Sections 3.4.2 and 2.3.1. µ is the shear modulus which also has temperature depen-

dence. We use the empirical model for µ given in Shin and Chason (2009) to get the

temperature-dependent biaxial modulus, M

M = 2µ

(

(1 + ν)

(1 − ν)

)

where µ = 16302 MPa − (40.5 MPa/C)T (5.52)

and the temperature is specified in degrees Celsius.

In the finite element solution, the dimensionless coefficient, Γ, is updated at each

increment based on a specified temperature-time curve. A preliminary result is shown

in Figure 5.7 for an 8 µm film with Sn properties deposited on a silicon substrate sub-

jected to a cyclic variation in temperature between -55◦Cand +85◦C. The temperature

profile is shown at the top of the first graph. Our goal here is to test the feasibility
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of the model and we realize that the imposed temperature variation may exceed the

limits of validity of the assumed constitutive laws. The blue curve in the top graph

tracks the total length of the whisker over three temperature cycles. A ratchet-like

growth results due to the difference in material parameters during the high and low

temperature hold periods. The variation of the plastic flow rate, diffusivity and stiff-

ness over a single temperature cycle are shown in the bottom graph. During the

high temperature portion of the cycle both plastic flow and diffusive transport to the

whisker are fast processes (relative to the period of the cycle). Thus, even though

compressive stress is quickly relaxed to approximately -10 MPa, as shown in the cen-

ter graph, there is sufficient driving force to cause significant flow of material to the

whisker.

Due to the total relaxation strain (both diffusive and intragranular flow) at high

temperature, the film has a different stress-free reference state when the temperature

cycle reverses. Thermal contraction now induces tensile stress. It should be noted

that in our model formulation the process of material accumulation at the whisker

is fully reversible, which may not be true in the physical system1. During the low

temperature hold period, however, the characteristic rates of diffusion and plastic

flow are orders of magnitude slower. Therefore, even though the magnitude of the

film stress is over tens times greater than during the high temperature period due to

the increased stiffness, the total amount of material removed from the whisker during

the tensile phase is only a fraction of the amount that accumulated over the same

time period at high temperature. The result is a thermal ratchet for whisker growth

that requires no inherent irreversibility in any of the material behaviors.

Due to the reversibility of the material behavior, our model would predict asym-

metric removal of material from the whisker if the film were bonded to a material

1Some degree of reversibility during hillock growth has been observed experimentally by Chaud-
hari (1974). There he documents the shrinkage of hillocks due to thermally-induced tensile stress.
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with higher coefficient of thermal expansion. In this case, the film would be in tension

at high temperature and compression at low temperature. Thus material would be

removed from the grain with enhanced stress relaxation.

These results, although preliminary, suggest the possibility for further study of

whisker growth kinetics involving the complementary use of experiment and compu-

tation. Experimentally, strain generation can be controlled through the temperature

without the complication of non-uniform, localized IMC growth. This offers new pos-

sibilities for correlated simulation as well. Without IMC growth, deformation and

stress are nearly constant through the thickness of the thin film, as is the columnar

microstructure. Thus, the system is effectively two-dimensional, which greatly re-

duces the computational cost associated with finite element modeling. This would

enable FEA of large areas of the film spanning many grains. Experimentally ob-

served microstructures, including individual grain orientations, could be faithfully

reproduced in models. The potential for direct correlation of model results with ex-

perimental measurements would warrant the development of FEA models with more

realistic constitutive laws for Sn, including anisotropic elasticity and viscoplasticity

and possibly grain boundary migration (grain growth).

5.6 Conclusions

In this chapter, a mathematical formulation describing the kinetics of mass trans-

port to a whisker is developed. This work extends previous axisymmetric models

of whisker growth [Chaudhari (1974), Lindborg (1976), Tu (1994), Hutchinson et al.

(2004), Tu and Li (2005), Nakadaira et al. (2007)] by including the effects of two

mechanical processes: strain generation and intra-granular plastic flow. The oper-

ation of these processes in Sn during whisker growth is supported by experimental

evidence. An analytical solution is presented for the assumption of rate-independent
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perfectly plastic behavior. This is analogous to the material behavior assumed in the

FEA models in Chapter 4 and the predictions of the simplified model fully capture

the kinetic behavior identified in that chapter.

The problem was also formulated for a material with viscoplastic behavior with

power-law rate sensitivity. In this case numerical solution is necessary. The numerical

solutions reveal that the kinetic behavior of a viscoplastic material with properties

comparable to those of Sn is qualitatively very similar to that of the perfectly plastic

material. Quantitatively, the viscoplastic model predicts whisker growth velocities

approximately an order of magnitude lower than the perfectly plastic model. The

partitioning of strain relaxation is also significantly different, with plastic flow ac-

counting the majority of relaxation over a broad range of the parameter space.

Finally, we present a time-dependent formulation for viscoplastic material behav-

ior that also permits the inclusion of temperature-dependent material behavior in the

one-dimensional finite element code written to solve the initial-boundary value prob-

lem. Preliminary results of this model suggest that ratchet-like behavior for whisker

growth can result from fully reversible material behaviors under thermal cycling. This

also suggests the opportunity for further study of the fundamental processes and fea-

tures controlling whisker kinetics through correlated computation and experiment on

Sn films subjected to thermal cycling.



Chapter 6

Conclusions

In the preceding chapters we have examined the nature of the coupling among sev-

eral features and processes known to be involved in the complex material system that

leads to the formation of whiskers from Sn films. These include the phase transforma-

tion reaction between Sn-Cu (growth of IMC) which generates strain within the Sn,

the elastic and plastic deformation within the Sn grains, and the long-range transport

of Sn within the film by grain boundary diffusion. There is strong experimental evi-

dence indicating each of these processes is involved in the whisker formation process.

What we have attempted to do here is explore the relationships and interactions

among these material processes to better understand how their collective behavior

gives rise to whisker formation.

Quantitative analysis based on the principles of mechanics has been used to evalu-

ate the consequences of different assumptions about material behavior and microstruc-

ture. Through the use of computational modeling, we have been free to include or

exclude individual features of the model system and quantitatively predict the corre-

sponding response of the system. Probing the system in this manner, we have been

able to assess the relative importance and mutual interactions among material behav-

iors known to operate in the Sn-Cu system. The following picture of stress generation

120
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and whisker growth emerges from this work.

In Chapter 3 we investigated the mechanisms of stress generation and simultaneous

relaxation operating within the Sn film. Most significantly, we found that the coupled

actions of intra-granular plastic flow and mass transport by grain boundary diffusion

are sufficient to account for both the rapid build-up of compressive stress in response

to IMC growth, and the maintenance of that stress at a constant level as the volume

of IMC continues to increase. We also found that both the columnar microstructure

of the film and a surface oxide layer that prevents diffusion out of grain boundaries

are necessary conditions for the development of compressive stress. The morphology

of the IMC growth is also critically important, as the expansion associated with the

IMC transformation reaction must occur within the Sn film. Growth of IMC as a

uniform layer provides no mechanism for stress generation within the Sn.

The conclusion that deformation within the Sn film is sufficient to produce the

observed stress history in the absence of whisker growth raises a number of questions

about the role whisker growth plays in the overall relaxation of strain within the film.

These questions are addressed in Chapter 4 where we find that the kinetics of mass

transport to a whisker are governed by the mutual interaction of grain boundary diffu-

sion and intra-granular plastic flow. Under the model assumptions of elastic-perfectly

plastic behavior, strain relaxation in the film is segregated between regions that are

relaxed exclusively by mass diffusion to a whisker and regions relaxed exclusively by

intra-granular plastic flow. Although the sharpness of the division can be attributed

to the overly simple plasticity model for Sn, the FEA results reveal how the compe-

tition between the two relaxation mechanisms controls the kinetics of mass transport

to the whisker.

The behavior suggested by the modeling resolves several important questions.

First, we find that the size of the region supplying material to the whisker (the
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diffusion field) is determined by the rate of strain generation relative to the rate of

diffusive transport. As the normalized rate of strain generation decreases, the size of

the diffusion field increases. As consequence the net flux of volume to the whisker (and

thus the whisker growth velocity) varies only weakly with strain rate. When a finite

density of whiskers is present, a second kinetic regime is possible. At sufficiently

low strain rates the diffusion fields of neighboring whiskers begin to interact and

whisker growth becomes the primary strain relaxation mechanism. In this regime,

whisker growth velocity scales linearly with rate of strain generation. FEA results

provide quantitative estimates of whisker growth velocity and allow the partitioning

of strain relaxation to be quantified as well. The predicted growth velocities from

our model are in excellent agreement with reported average whisker growth rates,

and significantly, the diffusion radius arises naturally out the model. Recent whisker

growth rate measurements made by continuous observation of individual whiskers

over a period of days, however, are roughly an order of magnitude larger.

Finally, two mathematical descriptions of whisker growth kinetics are presented in

Chapter 5 that account for the behavior observed through FEA. The first model, based

on the assumption of perfect plasticity in the Sn, is a limiting case of the more general

model that assumes rate-dependent viscoplasticity with power-law stress sensitivity.

For rate-dependent plastic behavior with material constants appropriate to Sn, the

model predicts that whisker growth should account for a small fraction of total strain

relaxation and lower whisker growth rates over the range of experimentally measured

IMC growth rates and whisker densities.

These findings have a number of implications for the control of stress and miti-

gation of whisker growth in real Sn-Cu films. Both the columnar microstructure and

passivating oxide layer appear to be necessary for stress generation in the Sn film.

Therefore, alloy compositions or processing techniques that disrupt these features
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should also reduce stress within the Sn. We note, however, that continuous strain

relaxation, equal to the rate of strain generation, is necessary to maintain low stress

levels as long as IMC growth continues. Thus, changes such as the later development

of an oxide layer, would allow stress to build as long as IMC growth continues.

The morphology of the IMC phase is also important, and processing that promotes

the growth of IMC as a uniform layer, rather than discrete particles, will also reduce

stress in the Sn. The effectiveness of the industrial post-bake mitigation treatment

would appear to be due, at least in part, to the uniform layer IMC morphology it

promotes. Continued IMC growth will not produce stress, in the Sn as long as the

IMC remains smooth. However, if subsequent IMC growth is non-uniform, such as

might result from preferential growth into Sn-Sn grain boundaries, stress would be

generated in the film.

The whisker growth kinetics results indicate that, at least early in the process of

whisker formation, when whisker densities are low, whisker growth can account for

only a small fraction of the total relaxation in the film. The whisker growth velocities

in this regime are relatively insensitive to the rate of IMC growth. Therefore, strate-

gies that reduce IMC growth rate will not necessarily result in an equivalent reduction

in whisker growth rate. The question of whether the whisker density eventually be-

comes great enough that whisker growth dominates the strain relaxation remains

unanswered. Experimental stress measurements correlated with whisker densities

suggest that whiskers are not the dominant relaxation mode.

Another unresolved question regards the effect of viscoplastic creep. Based on

the model results we would expect a greater degree of stress relaxation due to vis-

coplastic creep in the Sn than is observed experimentally. This may indicate that the

effectiveness of creep relaxation is reduced in Sn-Cu films relative to pure Sn films

on non-reactive substrates. Alternatively this could result from hardening due to the
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large plastic deformation in the Sn caused by IMC growth or Cu precipitation in the

Sn, or from features of the real material behavior or microstructure not included in

the idealized model presented here.

Hopefully, the work presented in this thesis provides valuable insight into the

nature of the relationships among important material processes involved in whisker

growth. The picture that emerges, however, is painted with a broad brush. Many of

the more puzzling aspects of whisker growth, such as what controls where and when

whiskers nucleate and what causes whiskers to stop, restart, and change directions

during growth, remain hidden in the details.
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