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Abstract of “Stability and instability in the Stefan problem with surface tension”
by Mahir Hadzi¢, Ph.D., Brown University, May 2010

We develop a high-order nonlinear energy method to study the stability of steady
states of the Stefan problem with surface tension. There are two prominent classes
of steady states: flat planes and round spheres.

In the case of steady planes, we prove that the equilibria are always stable, asymp-
totically converging to a nearby flat hypersurface, in arbitrary dimesnions. Our proof
relies on an energy method along the fixed domain.

In the case of steady spheres, we establish sharp nonlinear stability and insta-
bility criterion in arbitrary dimensions. Our nonlinear stability proof relies on an
energy method along the moving domain, and the discovery of a new “momentum
conservation law”. Our nonlinear instability proof relies on a variational framework
which leads to the sharp growth rate estimate for the linearized problem, as well as a
bootstrap framework to overcome the nonlinear perturbation with severe high-order
derivatives. The instability result is surprising, as it stands in stark contrast to the

known stability results for the related Mullins-Sekerka problem.



CHAPTER 1

Introduction

Stefan problem is one of the best known two phase free boundary problems. It
has been studied in various mathematical and physics literature for over hundred and
fifty years, owing its importance not just to the physical models it describes, but also
to its phenomenological character: it is a simple model that “exhibits some attractive
mathematical features, which also underlie more sophisticated models”, as phrased
in the Introduction to [53]. The main focus of this thesis is the Stefan problem
with surface tension; it accounts for a range of phenomena such as undercooling,
superheating, phase nucleation (i.e. spontaneous creation of phases), and crystal

growth.

1. Stefan problem with surface tension and related models

The unknowns are the temperature functions u® of the different phases and the
free (or moving) boundary I" between them. While the temperature satisfies the heat
conduction equation in the phases, the problem is nonlinear since the boundary is a-
priori unknown and its geometry is nonlinearly coupled to the temperature functions
u®. Let QCR™ contain the two phases Q*(t) and Q7 (¢), i.e. Q- =Q\Q (¢). If u*:
R, x Q* =R and ['(t) =907 ()N~ (t) are the unknowns, then the Stefan problem

with surface tension reads as follows:

(1.1) uf —AuF=0 in Q*F

(1.2) u"=u" =0k on (¢

(1.3) [0u]T =V,
1



FIGURE 1. Jozef Stefan

where x and V' are the mean curvature and normal velocity of the hypersurface I"
respectively. ¢ >0 is a constant called coefficient of surface tension. The jump of

normal derivatives across I' is denoted by [0,u]T i.e.:
[Opu]t :=0,u™ —d,u".

Note that the boundary condition (1.2) implies that we can define a continuous func-
tion u: R, x Q — R such that u agrees with u* on Q¥ respectively. On the other hand,
boundary condition (1.3) implies a discontinuity in the normal derivatives of u at the
boundary I'. Stefan problem was originally introduced under the assumption that
phase transition occurs at a constant temperature. In other words, surface tension is

neglected and by setting ¢ =0 in (1.2), new Dirichlet boundary condition reads
(1.4) u"=u"=0 on T(f).

This model was used by the Slovenian physicist and poet Jozef Stefan in 1889 to
describe melting of polar ice caps (testifying to the importance Stefan recognized
in this model), cf. [50]. It is usually called the classical Stefan problem. From the
mathematical point of view, it is very important to note that (1.4) allows us to use
maximum principle techniques and with suitable boundary conditions characterize
the phase by the sign of the temperature function u. This insight was used to develop
various notions of weak solutions to the classical Stefan problem and establish their

regularity.



Adding surface tension to the problem is by no means a “small modification”.
Physically, we justify the presence of surface tension by adding a requirement that
there must exist a surface energy contribution proportional to the surface area of I'.
It helps stabilize the system by counteracting the release of latent heat across the
moving boundary that drives it. Condition (1.2) is referred to as the Gibbs-Thomson
correction. We lose the maximum principle, and thus locally around the boundary
we may encounter an undercooled liquid (u<0 in part of the liquid region) or a
superheated solid (u >0 in part of the solid region). These kinds of phenomena are
well observed in practice and it is in fact possible to cool water down to —42°C and
keep it in a liquid state at the same time.

We quote here a paragraph from the introduction to the seminal work of ALMGREN
and WANG [2]: “When the first author began studying models for crystal growth, it
was not clear to him that several common assumptions about the way in which crystals
may freeze were simultaneously mathematically compatible. It seemed a stringent
condition to impose that crystals and temperature should interact in such a way
that interface surface tension should exactly balance temperature. One implication
of such a requirement is that a temperature maximum principle cannot hold for heat
flow. Indeed, on the boundary of a small shrinking crystal with high curvatures,
temperatures would have to be low and become even lower as the crystal melts.
Similarly, on the boundary of a small shrinking hole in a crystal with large curvatures
of the opposite sign, temperatures would have to be high and become even higher
as the hole freezes.” This should caution the reader that it is not a-priori clear how
surface tension “stabilizes” the system. Indeed, in their paper, the authors prove
a global existence result (without uniqueness) for the weakly formulated two-phase
Stefan problem, as the curvature condition (1.2) allows for a suitable weak formulation
in the language of geometric measure theory. A similar deep result around the same

time was proven by LUCKHAUS [41] (with no uniqueness).



In the strong formulation we demand that the solution be smooth enough so that
the equations (1.1) - (1.3) hold in the classical sense. As a consequence, we expect sin-
gularity formation for general initial data as suggested by numerical and experimental
work, cf. R. ALMGREN [1], VISINTIN [53] and references therein, respectively. Yet,
we should expect well-posedness locally-in-time and try to understand global behavior
in regimes close to the equilibrium. This thesis focuses on the strong formulation of
the problem and surface tension will help augment the energy with a positive definite
coercive term, that will prove necessary to conduct various energy estimates.

Important variants of both the classical and surface tension case arise when the

heat equation (1.1) is replaced by
(1.5) AuF=0 in Q).

Without surface tension, the problem (1.5), (1.4), and (1.3) is called the two-phase
quasi-stationary Stefan problem or the two-phase Hele-Shaw problem. When surface
tension is included, it is typically referred to as Mullins-Sekerka or two phase Hele-
Shaw problem with surface tension. In certain regimes, these problems can be used as
an approximation to the Stefan problem. In the two dimensional setting, Hele-Shaw
type problems arise as equations of motion of a fluid compressed between two thin

plates.

2. Main results

We shall note that there are two prominent classes of time-independent solutions
(equilibria) to the Stefan problem with surface tension: flat hypersurfaces and round

spheres. Namely, it is easy to check that

(@)= (0, {zn—c}) or (a,r)z<”Tj1,sR(x))

satisfy the equations (1.1) - (1.3). Here c€R is a constant and Sg(x) stands for a
sphere of radius R >0 centered at x € R”. A natural important question is that of
dynamical stability of the above steady states. To answer it, one needs to develop

an appropriate functional analytic framework, within which a notion of dynamical
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perturbation can be formulated, as well as an accompanying well-posedness theory
in these spaces. As it turns out, choice of these spaces is dictated by the natural
energy norms of parabolic Sobolev type. In the case that a particular equilibrium is
stable, we wish to prove a global-in-time well-posedness result together with a rate
of decay estimate towards the equilibrium. In the case an equilibrium is dynamically
unstable, we require a refined understanding of the underlying linear instability so to

characterize morphological changes occurring in the system.

2.1. The flat case. Chapter 2 concerns the stability of the flat steady states.
We choose to work in a periodic box (with respect to the first (n —1) directions). We
set Q=T""1x[-1,1] and on the ’top’ and ’'bottom’ boundaries T" ! x {z, =+1},
we impose the homogeneous Neumann condition, d,u* =0. Denote the 1-parameter
family of steady state solutions by (#,I').=(0,{z,=c}). We then loosely state the

following stability theorem:

THEOREM 2.1 (Loose statement of Theorem 1.1, Chapter 2). The steady state
(u,T).. is dynamically stable: for any sufficiently small perturbation (ug,To) of (@,I).,
the corresponding initial value problem has a unique global-in-time classical solu-
tion. Furthermore, this solution converges exponentially fast to a ‘nearby’ steady

state (@,I')~ for some constant ¢* close to c.

Theorem 2.1 is the first global existence and uniqueness result for classical solutions
to the two-phase Stefan problem with surface tension, established by HADZIC &

Guo [31].

2.2. The round case. We are interested in the (n+ 1)-parameter family of so-
lutions: (%,0)xr=(n—1/R,Sr(x)), where the radius R and the n coordinates de-
termining x account for (n+1) degrees of freedom in the choice of the steady state.
Furthermore, we fix the outer domain Q= Bg,(0) to be a ball of fixed radius R, >1
and we impose the homogeneous Neumann boundary condition on 0€2, namely u,, =0.
Surprisingly, this steady state may be unstable, depending on the size of the radius

R, of the outer domain (). This is in stark contrast to the stability result for the
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related Hele-Shaw model with surface tension [12] and [16] and also to our result
for the flat case. We characterize the stable/unstable behavior by introducing the

parameter

1 n—1 1 n—1
Q] IS Rrw, nw,RMY

¢=

—1

where w,, stands for the volume of the unit ball in R™. If (>0 (i.e. R, < (%)Un),

then the following stability statement holds:

THEOREM 2.2 (Loose statement of Theorems 1.1 and 1.2 in Chapter 3). As-
sume (>0. The steady state (u,I) is dynamically stable: for any sufficiently small
perturbation (ug,I'o) of (w,I'), the corresponding initial value problem has a unique
global-in-time classical solution. Furthermore, this solution converges exponentially
fast to a 'nearby’ steady state (ﬂ,f‘);(,R for some constant R close to 1 and x close to

x. These 'nearby’ steady states are completely determined by the initial datum.

If, on the other hand, (<0 (ie. R, < (’“‘f—:l)l/n), we prove that the linearized
Stefan problem has one strictly positive eigenvalue A, which indicates an instability.

We turn this into a nonlinear instability result:

THEOREM 2.3 (Loose statement of Theorem 1.3 in Chapter 3). Assume ¢ <0.
Consider a 1-parameter family of generic initial data (ug, fo)s, d-distance away from
the steady state (n—1/R,Sr(x)). Then the associated solution (u’(t),fo(t)) is dy-
namically unstable: there is a positive constant K independent of &, such that for

0<t<T°~logs, we have |[u’(t)—1,f°(t)||2 > K.

The instability of (#,I') = (n—1,S*1) does not contain morphological changes as
we show that the unstable eigenvector is radially symmetric. This implies shrinking
or spreading along radial directions only.

Nonlinear stability and instability statements above have been proved in
two-dimensional setting by HADZIC & Guo [32] and in arbitrary dimensions by

HaDZ1¢ [33], content of which basically comprises Chapter 3 of the thesis.
6



In Chapter 4 we observe that the above characterization of stability through the
sign of ¢ confirms the so-called “Poincaré turning point principle”. It states that the
stability of a family of steady states is transformed to instability as the associated
“binding energy” passes through a critical point. This is made precise in Chapter 4
and further comments are made regarding the aspects of nucleation phenomena that
Stefan model tries to capture.

Our results are a continuation of the program of developing a robust energy
method to investigate and characterize morphological stabilities/instabilities in the

setting of free boundary problems in partial differential equations.

3. Previous work

It has been known that the classical Stefan problem admits unique global weak
solutions in several dimensions as shown in the works of FRIEDMAN [23, 24] and
KAMENOMOSTSKAYA [37]. Under suitable restrictions, regularity of weak solutions
for the one-phase problem has been established by FRIEDMAN & KINDERLEHRER|25],
CAFFARELLI [8, 9], KINDERLEHRER & NIRENBERG [38, 39]. Regularity results
for the two-phase problem were obtained by DIBENEDETTO [19], CAFFARELLI &
EvANS [10], among others. Existence of regular viscosity solutions was shown in a
series of important papers by ATHANASOPOULOS, CAFFARELLI & SALSA (4, 5, 6,
7]. For a comprehensive overview we recommend the monograph of CAFFARELLI &
SALSA [11].

As to the classical solutions, HANZAWA [35] and MEIRMANOV [43] prove the
existence of solutions, but without well-posedness, as the regularity is lost with respect
to the initial smoothness assumptions. This gap is bridged and local well-posedness
is established in a forthcoming work by HADZI¢ & SHKOLLER [34].

As to the Mullins-Sekerka problem (aka Hele-Shaw problem with surface tension),
global existence and stability for the two-phase problem close to a sphere in two
dimensions has been obtained by CONSTANTIN & PUGH [16] and CHEN [12], and in

arbitrary dimensions by ESCHER & SIMONETT [22]. Global stability for the one-phase
7



quasi-stationary Stefan problem is established by FRIEDMAN & REITICH [27]. Local-
in-time solutions in parabolic Holder spaces in arbitrary dimensions are established
by CHEN, HONG & Y1 [13].

As to the Stefan problem with surface tension, global weak existence theory (with-
out uniqueness) is developed by ALMGREN & WANG [2], LUCKHAUS [41] and there
is an important subsequent improvement of Luckhaus’ result by ROGER [48]. The
authors employ a time-discretized scheme, updated through a sequence of variational
problems, and rely on geometric measure theory methods to pass to the limit. More
intuitively speaking, there is a gradient flow structure in the problem that allows this
procedure to work. FRIEDMAN & REITICH [26] consider the Stefan problem with
small surface tension i.e. o<1 in (1.2). The local existence of classical solutions
for the Stefan problem is studied by RADKEVICH [47]. ESCHER, PRUSS & SIMON-
ETT [20] prove a local existence and uniqueness result in suitable Besov spaces, rely-
ing on the LP-regularity theory. They work under the assumption that I' is a graph.
Linear stability and instability results for steady spheres are obtained by PRUSS &
SIMONETT [46].

If kinetic undercooling is included in the model, namely if the Gibbs-Thomson

condition (1.2) is replaced by

(3.6) um=uT=0Kk+V,

then the problem (1.1), (3.6) and (1.3) is called Stefan problem with surface tension
and kinetic undercooling. Local existence is shown by CHEN & REITICH [15], RAD-
KEVICH [47]. SONER [49] proves global existence of weak solutions by passing to a
limit in the related phase field model.

The list of above references is only the tip of the iceberg, as the Stefan problem
has been studied in a variety of mathematical literature over the past century. For a
comprehensive overview of mathematical references to various versions of the Stefan

model we refer the reader to the monographs of VISINITIN [52, 53].
8



4. Brief overview of ideas and methods

In the following we present an informal description of basic ideas and tools used

to prove the main theorems.

4.1. Leitmotiv: Nonlinear energy method. Nonlinear energy method is a
robust general idea used to prove global-in-time existence of solutions. It consists of

two main steps:

e identifying the natural energy structure: instant energy £ and dissipation D.

e proving an inequality of the type:

(4.7) sup &(s D )ds<&E(0)+C sup /& D

0<s<t 0<s<t
Note that under the smallness assumption on supy.,<;£(s), we may absorb the right-

most term in (4.7) into the left-hand side, to obtain an a-priori estimate

sup £(s /D )ds < &£(0),

0<s<t
thus recovering the smallness assumption given £(0) is assumed small. The argu-
ment above is obviously circular, yet in applications it is usually implemented via an

iteration scheme, allowing us to prove an estimate of the form:

t
sup E™M(s /DmH s)ds<E(0)+C sup /E™(s /Dm+1(s)ds

0<s<t 0<s<t

4.2. Conservation Laws. While the above is indeed the main idea luring in the
background of the proof of Theorem 2.1 (i.e. Theorem 1.1, Chapter 2), it is certainly
insufficient to prove the stability theorem in the round case i.e. Theorem 2.2 (i.e.
Theorems 1.1 and 1.2, Chapter 3). The reason is that the natural energy is not
positive definite in the round case, due to the presence of (n+1) neutral modes in
the linearized problem. Thus, a major new input is the discovery of conservation
laws, that allow us to control the neutral directions, as explained in Introduction
to Chapter 3. As a consequence, more than merely a stability statement is proved.
Namely, the conserved quantities allow us to determine the exact asymptotic state of

the solution as well as the exponential decay rate, as formulated in Theorem 1.2.

9



4.3. Instability result. In the instability regime (i.e. (<0, round case) linear
problem possesses one positive eigenvalue and the challenge is to turn this lznear in-
stability into a rigorous nonlinear instability proof. This is accomplished by using a
profound general technique developed by Guo & STRAUSS [30], that requires precise
understanding of growth rates for the linear problem. Thus, a non-standard varia-
tional problem is devised to deal with this issue, as well as an appropriate functional
analytic framework to address the notion of perturbation, dictated by the variational

structure of the eigenvalue problem.

4.4. Some technical aspects. Constructing a solution to free boundary prob-
lems is a non-trivial task in general, even after the a-priori estimates are available.
For instance, recent progress in the well-posedness theory for incompressible and
compressible Euler equations with free boundary illustrates this point quite vividly.
Among others, the reader may consult the works of COUTAND & SHKOLLER [17, 18]
or JANG & MAsMouDI [36].

A common technical ingredient in proofs of Theorems 2.1 and 2.2 is the con-
struction scheme for the solution. We choose to implement an interation scheme:
we update the (m+1)-st step by solving a linear problem with boundary conditions
from the m-th step. In doing so, we destroy the natural energy estimate, but we
compensate for this by adding artificial viscosity of fourth order to (1.3). Details are
described in Section 3 of Chapter 2 and Subsection 3.1 of Chapter 3. There is however
a major difference between our analysis of the flat and the round case. In Chapter 2
we choose to facilitate our estimates by fixing the domain via the so-called HANZAWA
transform. In Chapter 3 however, fixing the domain would amount to use of polar
coordinates, creating an artificial singularity at 0. We choose to work on a moving
domain, making the energy contribution from the bulk transparent and compactly
expressed, but turning the extraction of energy on the moving boundary technically
more complicated, yet intrinsically geometric and thus more natural. A new structure
is recognized, via the so-called reduction procedure as described in Subsection 3.2.3,

Chapter 3.

10



CHAPTER 2

The flat case

1. Introduction

We shall work in Q=T""!x [~1,1] where T"! stands for an (n—1)-dimensional
torus. Let us assume that the moving interface I'(¢) is a graph given by z,, = p(t,2’).
Here p:[0,T] x T"~! —R is some smooth function such that ;. T'(t) CQ and T'>
0. Define the liquid/solid phase Q*(t) by setting Q*(t) = {(m’,xn) € Q‘ Ty Z p(t,x’)}.
We note that Q=Q7(t)UQ(¢). In order to formulate the problem we first specify the
initial conditions. Let I'g=graph(py) be the initial position of the free boundary and
vp: {2 — R be the initial temperature. The unknowns are the interface {F(t); t> O}
and the temperature function v:[0,7] x 2 — R. We denote the normal velocity of T" by
V' and normalize it to be positive if I" is locally expanding Q7 (¢). The mean curvature

of T'(t) is given by

o V(1)
KO=V s er)

The Stefan problem with surface tension is now given by:

(1.8) dv—Av=0  inQ,t>0,

(1.9) v="r(t) onT(t), t>0,

(1.10) 0, =0 onT" ' x {x, ==+1}
(1.11) V=[0v]|* onI(t), t>0,

(1.12) v(0,-) =g inQ,

(1.13) I'(0)=T.

Given v we write v and v~ for the restriction of v to Q1 (t) and Q~(¢), respectively.

With this notation [9,v]f stands for the jump of the normal derivatives across the

11



interface I'(t), namely

O]t =00 —-0,v,

where v stands for the unit normal on the hypersurface I'(t) with respect to Q7 (¢).

If we replace the boundary condition (1.9) with
(1.14) v=0 on I'(t), t>0,

then we are referring to the classical Stefan problem.

The difficulties in dealing with the existence of solutions of the problem (1.8) -
(1.13) arise from the nonlinear coupling between the temperature v and the boundary
p. This connection is expressed through the boundary conditions (1.9) and (1.11).
The equation (1.11) is a Neumann-type boundary condition for v. It is hyperbolic in
nature as opposed to the parabolic diffusion process in the regions O and €.

From the technical point of view the first major obstacle for the analysis is the
moving boundary. To deal with this issue we shall first transform the problem to
the fixed domain by applying the so-called Hanzawa transform. To this end let us
fix a small positive constant a <3 and choose a cut-off function ¢ € C*°(R) with
Im(¢) C[0,1] and

L |z[<e,
z)= 161 2o ) < C.

0, |z]>1—«

Define now a diffeomorphism
O(t, 2’ x,) = (t,2' 2+ d(x,) p(2 1))

and the function u(t,2’,z,)=v(0(t,2',x,)). Observe that u(t,a’,0)=v(t,a’,p(2’,t))
and at the outer boundaries 90 :=T""! x {z,=+1}, we have v|sq+ =u|pq+. This
is the version of the transform first introduced by Hanzawa (cf. [35]). In the new
coordinates the heat operator 0; — A transforms into a more complicated operator
whose coefficients depend on the interface function p and the cut-off function ¢.

Following the calculations from [20], we find that the Laplace operator A in the new

12



coordinates takes the form

Aou=Apu+a,tn, —B-Vyu, —dyuy,,

where

_ 1+[¢Vpl 29
19 Y U gp)? '_1+¢%vﬁ
(1.16) g 980 (S*)IVpl*, ¢"p(1+|9VpP)

P 14¢p (1+¢p)? (1+¢'p)?

Furthermore, the operator 0; in the new coordinates reads
(O eu=0wu+e,uy,

where

B bpi
1+¢'p’

Note that RHS of (1.9) remains unchanged in the new coordinates. In order to

(1.17) epi=

transform the boundary condition (1.11) into the new coordinates we first observe

that

) — Oy — 2 <1<n-— = .
(01)ou=0;u 1 /panu, 1<i<n—1, (On)ou 1 ¢,panu

We thus conclude that at the boundary T x {z,,=0}:

On
VU|F:V9u|xn:0:(vm’u70)_ 1+¢/p(gpr,1):(leu,O)—ﬁnu(Vp,l)

The outward unit normal is given by v(a',t) = Vo)) - Thyg the normal velocity
’ V1+|Vpl2

V takes the form V = \/%. Using the above expressions we derive the formula for
o

[0,v]F|r. Namely on T" ! x {z,, =0} we have

[0,0] |r = [(Vpu,0) —0,u(Vp,1)]* - EVela1).1) = [O,u]" /14 |Vpl|2.

V1+|Vpl?

It is thus easy to see that the equation (1.11) transforms into
dip=(1+|Vp|*)[Opul7.

For the sake of notational simplicity we also set

{p):=V1+|Vp].

13



The Stefan problem (1.8) - (1.13) now takes the following form:

(1.18) U — Ayt — AUy, + BV, +cou, =0
(1.19) U=k on T" ' x {z, =0}
(1.20) Opu=0 on T" ' x {x,=+1}
(1.21) u(0,2) =up(x) z el

(1.22) p(0,2") = po(') 7' eT" !

(1.23) o= (o lualy  on T x {w, =0},

where we set ¢,:=d,+e, with d, and e, given by (1.16) and (1.17) respectively. Recall
that a, and B are given by (1.15). In order to deal with the hyperbolic equation (1.23)

we introduce the regularization of the jump relation (1.23):
(1.24) pi+eA2p = (p)? [un); on T" ' x {z,=0}.

We shall refer to the problem of finding the solution to (1.18)-(1.22) and (1.24) as to
the regularized Stefan problem.
Notation. For notational simplicity we define for any multi-index g = (p1,...,ttn—1)

and seN

(1.25) s L

t~xy Tp—1"

Note that the operator 9" acts only in directions tangential to the boundary T"~! x
{z,,=0}. The Latin letters are always used to refer to the differentiation with respect
to the time variable t and Greek letters to refer to the differentiation with respect
to the first n—1 spatial variables x1,...,x,_1. If each component of i’ is not greater
then that of p and s’ <s, we write (¢/,s") <(u,s). We write (¢/,s") < (u,s) if (¢',s") <
(u,8) and |p/| < |p| or s’ <s. We also denote Cf,/: ((L’fz?)) For given functions w:

T" ! R and U:Q—R, we denote w;=0,,w, i=1,....n—1 and U, =0,,U. With

x=(21,...,2,) and &’ = (x1,...,2,_1) We set

n—1 n—1
Vold= (00, U,....00,_U), |VIUP=D (Ouah)?, Aslh=> Op0lU.
ij=1 i=1
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We additionally denote Q7 =T"~! x [0,41]. For any t €]0,00] introduce
C>(]0,t[; Q) == {u:]O,t[XQHR; ulgs € C'OO(]O,t[XQ]jE)},

and analogously define C*°(§2;) by surpressing the time dependence. For a given € N

set
H' Q)= {u:Q—>R; ulQ% EHZ(Q?)},

where H! stands for the standard W%? Sobolev space. The Einstein summation
convention is used throughout the chapter when dealing with repeated indices. The
letter C' will stand for a generic constant that may change from line to line.

We define the following high-order energy norms:

EUw )= ) / ~(OMU(L))* + 10UV U (8 + ay o) (04U, (t))2}+
(126) |u|—|—25<2k
+ > / —\aﬂw )2 (1))~ + Ly (V20 w, vzaﬂw)()}
|| 4-25<2k
|p|+25<2k

(127) V20U P+ 20,00V, Iu<>|2 +(a <t>asum<t>)2}

2 3 / 0V (1) (1)

|u|+2s<2k

where for given functions w,?: T" ! — R, we define

—_

n—

(1.28) I,(V2w, V2w) = V20 () ! (Vi - Vo) () 5.

1

B
Il

Recall that a, ) is given by (1.15). It is crucial to observe that Iy, is a positive definite
bilinear form. Namely,

(1.29)

n—1

I,(V2w, VW) :/TM {\V%P () ">+ (\V%PWW —Z (Vwk~w)2) <w>‘3}
> [ Ivepw

15



Note that we have used the Cauchy-Schwarz inequality in the last estimate. The

above norms are the weighted versions of parabolic Sobolev norms given by

(1.30) @wlle=>" {10l o)+ 1102V |
| +2s<2k
and
31 ewlloi= > {108 + 1102 VU sy + 105V}
|ul+25<2k

Given |[1)||s small enough so that (14 ¢'¢)*>4d>0 and ||V¢|| bounded, we con-

clude that there exists C' >0 so that

1
SUw)lle <E<CIU,W)]le,

c |(U,w)|[lp <D <C[(U,w)]|p.

1
C

For any ¢ €]0,00] define the function spaces

8.0.6):= {rﬁwlmdo,t[;ﬂz'f“”(Qf))}m{ﬁHf(}o,t[;H2k+2”(Qf))}

and

k

k
S,(0,t) = {p; pe(YWH=(0,t[; H*+>72(T" 1)), p, € ﬂHl(]O,t[;H%“‘”(T"_l))}~
=0 =0

The energy space S(0,t) is defined by S(0,t) :=8,(0,t) x S,(0,t). The instant energy

& and the dissipation D are respectively given by

(1.32) E=E(u,p):=E(u,p;p),

(1.33) D=D(u,p):=D(u,p;p).

In the rest of the chapter we shall always assume k>n, where n is the dimension
of the space the domain €2 belongs to. Observe that the stationary solutions to the
Stefan problem (1.18) - (1.23) are given by (u,p)=(0,p), where p€R is a given con-
stant. Note that &(u,p—p)=E(u,p). The main result of the chapter is the following

theorem.
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THEOREM 1.1. Assume that u(0,-)=uo€ H*T(Q;), p(0,-)=po€ H* (T 1),

UQ | pn—1 =k(0) and &muo‘wﬂx{ﬂ} =0. Then there exists a sufficiently small constant

M* >0 such that if

5(“07/)0)"“/ Po—/ﬂuo(l‘i‘ﬂypo)‘SM*,
"Enfl

then there exists a unique solution to the Stefan problem (1.18) - (1.23) (u,p)€

S§(0,00), satisfying the global bound

(1.34) S(u,p)(t)—i-%/tD(u,p)(T)dTSS(u,p)(s), t>s>0.

Moreover, given the stationary solution (u,p)=(0,p), such that

/ / Po—/uo 1+¢'po),
Tn— 1 Tn— 1

then for such small initial datum there exist constants Ky, Ko >0 such that
E(u,)(1) +Ip(t) — PR < Kre ™ for all 120,

Remarks. By choosing k large enough, we can make the solution as smooth as
desired in a classical sense. Furthermore, the temporal derivatives in the expression
E(ug, po) are naturally defined through the equations (1.18) and (1.23). The compat-
ibility conditions (0, -) i T x(0) and 8nu0‘w_lx{il} =0 ensure that the solution is
continuous at ¢ =0.

The proof of theorem will strongly rely on careful examination of the regular-
ized Stefan problem (1.18) - (1.22) and (1.24). For this purpose we introduce the
appropriate energy norms incorporating the additional viscosity coefficient e.

EUwip) =EU,wib)+e > / | AV w|? ()"

(1.35) |ul+25<2k
+I¢(V28§‘Aw,v2(‘3§Aw)}

(136)  DUwi)=DUwit)+2e Y / V20 Aw|? (1) !

|ul+2s<2k

The above norms are the weighted versions of parabolic Sobolev norms given by

(1.37) 1@Uw)lle. =1U,w)l|e + e[| X AVWI[7n
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and
(1.38) (U w)llp, == |U,w)||p+e||0L AVw[3.

Given ||¢)||w small enough so that (1+¢¢)>>6>0 and ||V¢||o bounded, we con-

clude that there exists C' >0 so that

(U,w)

e <E<O||Uw)

p. <D <C||(U,w)]

De-

1 1

e ) ~ z/l?w
= oo W)
In this sense the above norms are equivalent and this observation will be often im-

plicitly used throughout the chapter. For any ¢ €]0,00] define the function space

k k
S;(O,t) — {P; pE ﬂwl’oo(]()’t[;H2k+472l<’ﬂ‘”71>)7 0 E mHZ(]07t[;H2k+372l<Tn71>>}.
=0 =0

The energy space Sc(0,t) is defined by Sc(0,t):=8,(0,t) x S5(0,¢). The major part
of the analysis will be concerned with proving the following result, which states that
the regularized Stefan problem has unique global solutions with small initial data -

independent of e.

THEOREM 1.2. Assume that u(0,-) =ug§ € H**1(Qy), p°(0,) = p5 € H*+4(T1),

us —V. Y4 and@uﬁ‘
0 -1 <p6> n %0 |rn—1

M >0 independent of €, such that the following statement holds: if the inequality

X{il}zo. There exists a sufficiently small constant

)| [ = [uaam) <
Trn—1

holds, then there exists a unique global solution to the reqularized Stefan prob-

lem (1.18)-(1.22) and (1.24) (uc,p°) € Sc(0,00), satisfying the bound
1 t

(1.39) ge(ue,pg)(t)—f—ﬁ/ D(u,p)(T)dT <& (ug,py), t>0.
0

Remark. The temporal derivatives in the expression £(ug,po) are naturally de-
fined through the equations (1.18) and (1.24).

The Stefan problem has been studied in a variety of mathematical literature over
the past century (see for instance [53]). It has been known that classical Stefan
problem admits unique global weak solutions in several dimensions ([23], [24] and

[37]). The references to the regularity of weak solutions of the two-phase classical

18



Stefan are, among others, [5], [6], [10], [19]. Local classical solutions are established
in [35] and [43].

If the diffusion equation (1.8) is replaced by the elliptic equation Av=0, then
the resulting problem is called the quasi-stationary Stefan problem with surface ten-
sion. Global existence for the two-phase quasi-stationary Stefan problem close to a
sphere in two dimensions has been obtained in [12] and [16], and in arbitrary dimen-
sions in [22]. Global stability for the one-phase quasi-stationary Stefan problem is
established in [27]. Local-in-time solutions in parabolic Holder spaces in arbitrary
dimensions are established in [13].

As to the Stefan problem with surface tension, global weak existence theory (with-
out uniqueness) is analyzed in [41] and [48]. In [26] the authors consider the Stefan
problem with small surface tension i.e. o <1 if (1.9) is substituted by v =0ok(t). The
local existence result for the Stefan problem is studied in [47]. In [20] the authors
prove a local existence and uniqueness result in suitable Besov spaces, relying on the
LP-regularity theory. Linear stability and instability results for spheres (which are
equilibria for the Stefan problem with surface tension) are contained in [46]. Some of
the references for the Stefan problem with surface tension and kinetic undercooling
effects are [15], [47], [49], [52].

We establish a global-in-time existence, uniqueness and exponential decay of clas-
sical solutions to the Stefan problem with surface tension near a flat steady state
(Theorem 1.1). The major difficulty consists of proving Theorem 1.2 which estab-
lishes the existence and uniqueness result for the regularized Stefan problem with the

energy estimate

(1.40) 56(t)+/tD€(T>dT§56<O)+C/t\/gE(T)De(T)dT,

where C' does not depend on e. Combined with the smallness assumption on the
instant energy & the estimate (1.40) gives (1.39) and the global-in-time existence.
For a fixed € we first construct local-in-time solution for the regularized Stefan prob-

lem (1.18)- (1.22) and (1.24). The crux of our method is the use of high order energy
19



estimates, for the differential operator 0% acts only in tangential directions with re-
spect to the boundary T"! x {z,,=0}. This is very convenient when deriving the
energy identities because the Neumann boundary operator commutes with 9. The
diffusion equation (1.18) is then used to control high order derivatives of u with re-
spect to the normal direction x,, as it is presented in Lemmas 3.5 and 3.6. We set
up an iteration scheme, which generates a sequence of iterates {(u™,p™)}men. Such
iteration is well defined, but it breaks the natural energy setting due to lack of exact
cancellations in the presence of the cross-terms. With fixed €, we crucially use the
regularization to prove that {(u™,p™)}nmen is a Cauchy sequence in the energy space.
As m— oo the unpleasant cross-terms disappear and we recover (1.40) in the limit.
We conclude the proof of Theorem 1.1 by letting € — 0.

The chapter is organized as follows: In Section 2 we derive general energy identities
for a model Stefan problem. In Section 3 the iteration scheme for proving the local
existence is set up and the actual energy identities are derived, based on Section 2.
Furthermore, some basic estimates are established, which are then used in Section 4
to prove the crucial energy estimates. Section 5 is entirely devoted to the proof of
the local-in-time existence nd uniqueness. The main results, Theorems 1.1 and 1.2

are proved in Section 6.

2. Energy identities

Let I =[0,q| for some 0 <g<oo. The derivation of the energy identities crucially

depends on the following model problem:

(2.41) Uy — Apld — elhypy=f on Qx T

(2.42) U=Ax () = itixis () P +G on T ' x{w, =0} x I
(2.43) OU=0 on T" ' x{z,==+1}x1I

(2.44) U] = (wi+eA%w) (@) 2 +h on T" ' x {2, =0} x T

We shall denote

9:=—UiiXij <¢>73 +G.
20



For most of the identities we shall derive, only the leading term Ax (¢) ™" in (2.42)

will be relevant. We can thus write the equation (2.42) in the alternative form
(2.45) U=Ax{) " +g on T" P x{x,=0}x1.

We define the energies & and D, (for the model problem) by setting k=0 in the
definitions (1.35) and (1.36) of & and D, respectively.

LEMMA 2.1. Let each of the functions U, w, x and 1 be five times continuously
differentiable with respect to the space variable and each of its spatial partial deriva-
tives of order <5 once continuously differentiable with respect to the time variable.
The following identity holds:

d - _
(2.46) E&(U,w;w)ﬂLDe(U?w;wZ/{P+R}— {Q+S+T},
Q Tn—1

where

(247) P=PU,b, )= fU — ()ldold,

R=RU . [) = >+ Uy ()e — 2l e):
=2V Uy, -V (e)un + 2A$/UUn(e)n,

(2.48)

2.49

| Q)EQ(x,w,@b,g,h) =V (Vx—Vw) ()7 +eAVw; - (AVY —AVw) ()
S { IV () 4 AV P ()} v Ti() )
+eAVw, - V(1)) AX — (wi+eA%wr)g — () hd | pn-s,

(2.50)
S=5(x,w,1,9,h) :=2Vw; - (Ve — V) () ' +2eAVw, - (AVY, — AVw,) (1)~
+2Vxe- V() wr +2eAVw - V() ) Axy = 2(wi +eA%wr) (Ax (¥), " + 1)
—2h () Uy a1,

T=T(x,w,,G,h)=A(x,w,¥,9,h)+ B(x,w,1,g,h) +2AG(wt+eA2wt)

(2.51)
+2AU |1 h (1))
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Here, the functions A and B are given by:
(2.52)

Ar=2Awy (Ax — Aw) (1) ™" = 28wt (xi; — wiy) (V) 7 = V2w (¥); !

+2wi Ve V() ™) = 2V, V(1) ) Aw + wjpwinthytbie () + (Ve - V) * ()
—Q%‘k{ [ithjwons () 7], = ithjine () } + kat{ [Withjwis () 7], = ithjwign ()~ }

and
B:=2eA%w, (A2X — A2w) (1/)>_1 — 2€A2wt¢i¢j (Axij — Aw;j) <¢>_3
—e| V2 Aw[* (), ! +2eAw; VAw; - V(1) )
(2,59 —2eAVw; - V() ) A%w + eAwjp Awipahithi () >+ e (AVwy- Vi) i (), °
) 3

_2€ijk{ [’(ﬂﬂ/)jACdkt <7vb> ],L - wiquszkt
+26Awkt{ (i Bwiy () 77, = it Awiju (9
+2€{A(AX <¢)_1 — Vi X <¢>_3) - (A2 W) — Vi AX <¢>_3) }A%)t'

07
)

Proof. We start by multiplying the equation (2.41) by U and integrating over (2. By

a direct computation,

sty go[ws [{Ivaupeer}- [ @rulu= | pus)

where P(U,, f) is given by (2.47). Using the boundary conditions (2.45) and (2.44),

we obtain

— () U 5U = —{n A () + e Ay ()}

(2.55)
— () R [Ax () +g] — (wi +eAwy)g.

Integrating by parts in the first term on the RHS of (2.55) above, we arrive at

= Jones {thXWJ)_l +eA%w, Ay () } —

(2.56)
Jona V(@i () 1) - VX +eAVw, - V(Ax () ).

By the product rule, the integrand on the RHS of (2.56) can be written as

Vw ()™ Vx+eAVuw, - AV () +w, V(1) ) - Vx +eAw, V(1) ) - AVy.
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In each of the terms Vuw; (1)) ' - Vy and AVw,- AVy (4) " we set xy=w+ (x —w) to

obtain

S0 IVl () el AV ()} Vi (V= Vo) () +
(257)  +eAVi, (AVy—AVW) () — %{Wu}l2 (), +e|AVW] (), }+
+w V- V()™ +eAVw - V() T Ax

Thus plugging (2.57) into (2.56) yields
(2.58)
2 - 1 2 -1 2 -1
[ wrubu=za [ {VePw) T davel @) e [ Qbowgh),
Tn—1 Tn—1

Tr—1
where Q(x,w,¥,g,h) is given by (2.49). To complete the derivation of (2.46), we take

the square of the equation (2.41) and integrate over 2

at{/|vx,u|2+eu3}+/

(2.59) ¥y
—2/; <¢>2[un];ut+2/ <w>2[un];Ax/u—/QR(U,w,f>,

n—1 Trn—1

{uf FIV2UR A+ 20y | Varldy | + e2ufm}

where R(U,1, f) is given by (2.48). The goal is to evaluate the two integrals over T
on LHS of (2.59) using the boundary conditions (2.45) and (2.44). We first treat the

integral an,l (1#)2 (U] U;. Integrating by parts in the leading order term, we obtain

2 wrwlite=z [ {19 @) AVl ) )

+/ S(x,w,¥,9,h),

Tn—1

(2.60)

where S(x,w,1,9,h) is given by (2.50). Note that the expression (2.50) is obtained
similarly to (2.57) by setting x =w+ (x —w) in the leading order terms.
The second integral over T"~! in the identity (2.59) is more delicate. We shall make
use of the boundary conditions (2.42) and (2.44) to evaluate it. The relation (2.42) is
-1

used is to exploit the full algebraic structure of the curvature-type term Ax () —

Vi Xij <1/))73, which is important in the energy estimates later on. We have:

() Un]y Apld = A(AX ()™ —hithxi; ()77 ) (wr 4 €A%wy)
+AG (wt + EAth) + (7,/1>2 hA L U.

23
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Observe that
(2.62)
2/ A(AX (@)™ = v <¢>3)°"t:2/ (Ax (W)™ = tithyxis ()7 ) Aw, =
Tn—1 T

n—1

o IV - [ VP2 [ e v ™)-
2/ th.v(<¢>_l)Aw+2/ Aun(Ax— Aw) () =

n—1 j]‘n—l
zfqinlwkktwi%wij <¢>_3 —2/ B Aw (%’%’(Xij —Wwij) <1/1>_3).

Tn

Here, just like in (2.57) we substituted x =w+ (x —w) in the leading order terms.
Note that we have repeatedly used integration by parts. Integrating by parts twice,

we obtain

_Z/T‘nIWkktwi¢jwij <¢>*3 ZQ/Trnlwktwiijijk <¢>—3+
2/1rn—1 wkt{ [itpjwi; (V) %] — bijwie () } =
2 [ g 072 [ o] [ 0], it )™}

Tn—1

+2/l wkt{ [%%’wz’j <¢>_3] L — Vithjwige W)_S }
Tn—1

(2.63)

We now single out the ¢-derivative in the first term on RHS of (2.63) to obtain

—

n—

2wty () = =0 3 (Var- V)" ()™ b woppantiytn ()~

1

(2.64)

£
Il

+(Ver- V) (),

We combine the identities (2.62), (2.63) and (2.64) to conclude
2/ A(Ax (W) =iy () we =
Trn—1

o n_1|v2w|2<w>‘1—at{:§_§ | a4

n—1

::6%u/p I¢(‘72u},‘7201)—F 14,
Tn—1

Trn—1

where I, and A are given by (1.28) and (2.52) respectively.
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In the e-dependent part on RHS of (2.61) we set w*=Aw and x*=Ay. We can

write

A(Ax ()™ = it () ) Ay = (A" ()™ =ity ") Awy
AN ) =i (0)7°) = (A () =ity (0)°) bawr.
We may now apply the same computation as in (2.62) to conclude

QE/W_INAX (W) —viixi () ) Aw, =0, /

Tn—1

el (V2Aw, VEAW) +/ B,

Trn—1
where B is given by (2.53). We combine the above identities to write the final form
of the second integral over T"! in the identity (2.59):

2 2UNTAU =0, I,(V2w,V? I,(V2Aw, VA
. [ wrus {17 v ver (780,700 )

+ / T(xow, .G, ),

Trn—1
where T' is given by (2.51). By summing the identities (2.54) and (2.59), plug-
ging (2.58) in (2.54) and (2.60) and (2.65) into (2.59) and collecting terms, we conclude
the proof of the lemma. O

3. Iteration scheme and the basic estimates

We shall set up an iterative scheme in order to solve the regularized Stefan prob-
lem locally-in-time. Let (u™,p™) € {C>(]0,00[xQ¢) x C>(]0,00[xT" )} NS.(0,00)
be given and let the initial data satisfy u™+(0,2) =ug(x) € C>®(Qp) NH?*1(Q;). We

solve the following problem:

(3.66) uf"™ = Apu™ ™ = a4 Byn - Vi ™t cpmu T =0
(3.67) ™t = K" on T" ' x {x, =0}
(3.68) Opu" =0 on T" ' x {x, =+1}
Here
Vo™
(3.69) K=V (—).



Having obtained u™*!, we solve the equation

(3.70) Pt eAZpmt = (pm)? [ur 7 on T" ' x {z,=0}
for pm™tt with the given initial condition p™(0,2")=pg(z') € C>®(T" )N
Vo5

(s5)

and 9,u§=0 on T" ! x {x, =+1}. The solution (u™"* p™!) to the problem (3.66)
- (3.68) and (3.70) exists and belongs to {C*°(]0,00[xQ;) x C**(]0,00[xT"*)} N

H4(T"=). We assume that the compatibility conditions hold: wuf|,, ,=V-

S:(0,00) (see Chapter 4 of [40]). We aim for proving the convergence of the sequence
(u™,p™) to the solution of the regularized Stefan problem in the energy space. Ap-
plying the tangential differential operator 0# (recall (1.25)) to the equations (3.66),
(3.67) and (3.70), we obtain

" m+1 “w m—+1 oy m—+1 m
DU — BN — g DU = f

ium = O™ = AL ™ (™) T g = AL () Tl AL (o) T G
[85UZZ+1]+< > au m+1—|—6A2 m+1+h;723 <pm>2’
where

371 ={or () —apndtunt} =08 (B T ) =00 (e ),

s

(3.72) gr.= Y CHOL AP ((p™) )+ (V™ V((p™) ),

[/ |+s’

<|ul+s
(3.73)
Gro= > CLay N (™)™ ) = {0k (ol oy (™)) = o D plf (™) '

s
(3.74) o= CHOL (o Ao (™) 7).
i

For any [ €N let us define
(3.75) Eh=E.(u o p ), Dh=D(ul,php ),
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where &, and D, are defined by (1.35) and (1.36) respectively. Setting U = dHu™t w=
Mp™t, x=0kp™, b=p", f=f, g=g7, G=G]', and h=h",, the identity (2.46)

1,83

implies

(3.76) %8”‘“()“)’”“ /{Pm+Rm}/ {Qm+Sm+Tm}.

Here P™ = Z| | +25<2k P and R™, Q™, S™ and T™ are defined analogously, whereby
(3.77) Py =P(OM™ o7 [, Qpla=Q(0lp™, 0Lp™ ™, g )

and

(3.78) Ry = R(OMu™ p™ f), S =80 p™ 0 p™ Y p™ g ),
Ty =T (o™, 0 p™  p™ gy Pyt )
The inequality (1.29) implies that the instant energy &' is positive definite. In order

to estimate P™, R™, Q™, S™ and T we first need to establish some basic auxiliary

estimates.
LEMMA 3.1. The following identity holds

(3.79) 8t{[2um+1(1+¢’pm)}:8t{An1pm+1}.

Proof. We multiply the equation (3.66) with (14 ¢'p™) and integrate over Q2. We

thus obtain

1 m|2
Jarommust = apumeh— [ LEL ey L/¢Vp !
Q

1+¢/
m, m+1 (¢2)/|me|2 lel m(1+|¢vpm| m 1 m, m+1
/Mp ' /Q< I+¢p (1+¢pm " /d)p s

Integrating by parts we have [, —¢p/"upt = [, ¢'pi*u™*!. Using this identity, we

obtain

Aﬂ+¢ﬂ%¢“+£ﬂ+dﬁ%wﬁ“=&{Lﬂ+¢f%ﬁ“}

Observe that the integration by parts implies

/ _(1 + ¢/pm)Az’um+1 = / ¢/vx’pm ’ vx,um—i-l
Q Q
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and [, pAp™up =~ [ ¢V p™ - Vpur . Thus

- / (149" Agru™ + / 20V " -V 4 / SAPUTT =0
Q Q o
Note further that

P <1+ !¢Vp’”\2> _ (@) Ve ¢ (1+oVe™ )
n 1_|_¢Ipm 1+¢/pm (1+¢/pm)2

Using integration by parts again we have

_/ 1+|¢Vp’”|2um+1_/ <(¢2)’|me\2_¢”pm(1+|¢me|2)>um+1:
o 1+@pm " Jo\ 1+¢pm (14¢/pm)? !

_/ml (p™)* [Unmﬂ]l = _8t{/qrn1pm+1}‘

This finishes the proof of the lemma. U

The importance of this identity is reflected in the fact that it allows to control

terms with purely temporal derivatives of p™*!:

LEMMA 3.2. There exist positive constants K and 6y <1 such that for any 0 <68,

‘/ pB—/u6(1+¢’p8)
Tn—1 Q
k

E™<0, VP <1 and Y [[0p0" ]l < KVE™+6,

p=0

then ||Vl <1 and 355 ol|8,0™ ]2 < KVE™T16.

such that if

<4,

Proof. Observe first that the assumption on p™~! implies that (p™ 1) <+/2. Using

the Sobolev inequality, we obtain
IV ™| < CLl|V ™| iy r2 < OV 2E™ < C,V/26).
Thus, choosing 0y < ﬁi guarantees ||Vp™ || <1. By (3.79) we have

s+1
/Tnlaspt +1:/Qasut +1+/qu'z< ) )Gpu i1 pp™.
p=0
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Also, [puo1 p™ = [ (W g™ p™) + [ pf— [quh(14+¢'ph). Thus, for 0<s<
k—1, using the Cauchy-Schwarz inequality, definition (3.75) of £™*! and the main

assumption in the statement of the lemma, we obtain

s+1
Dup | < [0s10™ |24+ C D 110pu™ |2 10ss1-p0™ |12
Tn— 1
k
S VETTLOVE™TY 10,072
p=0
Furthermore,

[ o] < el il a7+
Tn—

Po— /QUE(l +¢'pf)

Trn—1

k
< CVEMTLCOVE™TY ||0,0™||2+0.

p=0

By the Poincaré inequality we get

k k k
(3.80) leappm“lbSCZH@N/)’"“HﬁCZHA Bpp™ 2.
p:(] p:() p:0 n—1

The first term on the right-hand side is estimated by CvE™*! by the definition (3.75)
of £€™1. By the previous two inequalities and the assumptions of the lemma, we can

estimate the second sum on RHS of (3.80) by CvVE™ 1 +CVEM I (KVE™+0)+6.

Keeping in mind that £ <6, we choose 1 < K large enough and 6 < ﬁi small enough
so that

k
3 10,0 o < KVETH 4.
p=0

In the following we shall work under the standing assumption
k
(3.81) 7 <0, IVl DIl lla < KVET 1,
p=0

with 0 <60, where 0, is given as in Lemma 3.2.

LEMMA 3.3. Let £€ C*(J,R) and JCR an interval such that every derivative of

& 1s uniformly bounded on J.
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(a) Let (u,r) be a pair of indices such that |p]+2r <2k and (|u|,r) #

there exists a positive constant C' such that

(3.82) 10 [V o™ )]l < CVE™
and
(3.83) 18 [V ™ )] e < %w_m

(b) There exists a positive constant C' such that
(3.84) 1045 p™ |12 < CVD,
where |p|+2s <2k. Furthermore,
(3.85) 10261V p™ )]l < CVD™

for all (u,s) satisfying |p|+2s < 2k.

(0,0). Then

(c) For any pair of indices (u,s) such that |p|+2s <2k there exists a positive

constant C and a small parameter \ such that

(3.86) 102" 13+ 2€l 108 Apy™ 3+ €[04 A% “!!2<05m+1+0wm“

Proof. Part (a): Let a=p+7 for any given multi-index of length n—1 satisfying

|7| <1. Let first r=0. By assumption |a|>1. Using Moser’s inequality (cf. [29],

Lemma 5) and Leibniz’ rule (cf. [29], Lemma 4), we have

10 [€(IVA™ )]l < C' max (!If(d)(!me\2))||oo||meHL‘é"1)\|(9°“(|me|2)!\2

1<d<|a

<Cll*(IVp" )l < Cllo*V o™ [[o] [V o™ [loo < CVE™.

Let r>1.

(VP =0 (Y X GOV (V)0 (V) )

d=1 s1++sg=r
5;>0

—Z S Y CuCln OV ) B (VP (€O ()],

=1 s1+-+sq=r v1+- +'yd+1
5;,>0
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Vo) =30 Yse, CisOiV pm0l ) V™. Thus if
|7i| +2s; <k+1, then by the Sobolev inequality

For any i=1,...,d, we have 97(

107V 0™ |oe <11V npr <CVE™,

and analogously ||3;fprmHoo <CVE™, implying |07 (|Vp™ || <CE™.  If

|7a+1] <k+1, we use the Sobolev and Moser’s inequality to conclude
|71 [€D (Vo™ )] [|oe < CVE™,

If there exists 1< j <d such that |y;|+2s;>k~+1, then |v;|+2s;, <k+1 for 1<i<d,
i#j and additionally, |v411| <k+1. Thus we can estimate the term containing ~;
in superscript in L?>-norm and the remaining terms in L*-norm. If on the other
hand |7;|+2s; <k+1 for every 1 <i<d, we estimate the term 9"+1 [¢(D(|Vp™[?)] in

L?-norm and the remaining terms in L>*-norm. We conclude that
1o [e(Ve™H)]llz<CVE™,

for the specified range of a-s and r-s. The inequality (3.83)is proved similarly.
Part (b): By (3.67), Ap™=u™"1(p™ >—|—p;“p§”pgb(pm)72. Let y=pu+ 7 where |7|=

1. Applying 07 to the above identity, we get

03 Ap™ ZCW” " () +

s—s’

Z C72:3:74 371 872 373 2 (374( < > 2)

$1,52,53,54
S (v+sy)
=v+s

Observe that [p, ,u™!1=0 since v =km=V-(Vp™(p™) ") on T"1. Let us fix
(,s") <(v,s). If |7/|>0 note that fQW mtl=(0. We use the trace inequality and

then the Poincaré inequality on €2 to deduce
103 ™| 2 ey < CIOL ™11 < ClOY V™| 2y < VD™,
If |4/| =0 by the Poincaré inequality and the trace inequality:
[|05u™ | L2 (en-1y < ClD V™ | 21

< C|0g Vo™ |1 () < CVDMHL
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By part (a), |\82:Jl(<pm))]]2 < C+CvE™. Furthermore, if for some 1<7<4 we have
|v1|+2s; >k, we estimate the term containing 7; in superscript in L:norm and the

remaining terms in L>*-norm. Using part (a) we deduce

103 o022 P O P50 ((0) )2 S CE™P Y (1049 " |-

|l +2s<2k

Thus, summing over all pairs (u,s) yields

(387) D [07Ap" < (CHCVEMVD™HLC(E™)Y? N [|04Vp™ |42

SR, s

Since an_l Vp™=0 and |y| > 1 elliptic regularity implies

(3.88) S ofjoEvell<C Y (l07Ap™ .

|p|+25<2k || +2s<2k
y=pt7,|7|=1

Combining (3.87), (3.88) and choosing £™ sufficiently small we deduce the claim.
Part (c): We apply the differential operator 0* to the 'jump relation’ (3.70) and take

squares on both sides to obtain

102 o415+ 2l |98 Ap 15+ €204 Ap I3 = |02 (™) [ ™13 |13-

n

Next
12 (G g+ )||2—||Zo”a” o e
<C 105 ™) el 088 T 1+
[/ \+25
+C Z 104 (™)l Tum 5 e ooy
[pf |4+-2s!
>k
C
(C’w/gm_}_l)( 5m+1+0/\Dm+1) Xgm-i—l_f_cr)\pm-‘rl‘
Here we assume &£™<1. Terms involving L%-norm are first estimated

by the Sobolev inequality. Then we use the standard trace inequality

0]l z200) < $ 0] 22 + Al V][ £20) to bound the terms involving [um1]7. Observe
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that the same proof is easily adapted to yield the bound
(3.89) [0 | < CVDmH, for s<k.

l

Remark. The estimate (3.86) will play a crucial role in the energy estimates for the
problem of local existence. For any pair (u,s), |u|+2s<2k and |u|>1, the elliptic
regularity and the estimate (3.86) imply

(3.90) IV V| < %\/fim“ +AVDm L
LEMMA 3.4. There exists a positive constant C' such that
(a) Forr>0, |u|4+2s<2k and (|u|,s) #(0,0)
(3.91) 10200 (apm) 120y S CVE™
(b) Forr>0 and |p|+2s<2k
(3.92) 10400 (Bym )| 20y < CVE™
(c) Forr>0 and |pu|+2s <2k
(3.93) 10200 (el 120y < CVER +CV/DT.
Furthermore, for r>0, |u|+2s<2k—1
(3.94) 1040 (cm )220y < CVE™.
Proof. Part (a): We note:
OOy (agm) = 040 (1410V ™ [*) (1 +¢'p™) %)
= 00 (0w R (6V0" )0l ™)

p=0

where Fi(z):=142? and Fy(x):=(1+xz) 2. Observe that

O Fa(¢p™) Z > CaFO (@) (o)) gl

d=1 s1+...sq
—r—p
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and thus

r—p
10200+ B (0™ |20y < C 31102 [ B0 0™ (0™ 1200
d=1

T—p
<O > oo ([ (¢ p™)] 0t [Gale™ 22,

d=1p',s’

where G4(z):=2% By Moser’s inequality, for any pair of indices (v,q) such that
4202k, (v].0)#(0.0) we have (105 (IS (00™)]12) SCVET it [v] >0,
and || [[Fs”(¢' 0™ |12 <CVE™+6 if |v|=0. We have used Lemma 3.2.
Similarly, if |v|+2¢ <2k, we have ||8q”[Gd(pm)]HLz(Q)§C\/5_m when |v|>0, and
102 [Ga(p™ | r2(0) < CVE™+6 when |v|=0. Thus

(3.95) 104 [[FLD (¢ p™)] 0 [Galp™)] |20y < CVE™,

where we hit the terms with lower order derivatives with L*-norms, depending on
whether |p/|+2s' <k or || 4+2s' > k. Additionally, we use the assumption that § <1
and €™ <1. This implies ||0%0,r—» Fo(¢'p™)|| 120y < CVE™ for 0<p<r and |u|+
25 <2k. In the same way we prove || F1(|0Vp™|)||12(0) <CVE™ for 0<p<r,
|| +2s <2k and (|p|,s)#(0,0). Using the same idea of estimating lower order terms
with L*°-norms as in the proof of (3.95), we conclude the proof of part (a). The proof
of part (b) follows in a completely analogous way.

Part (c): To prove part (c), recall that ¢,m =d,m +e,m, where d,m and e,m are given
by

g OB (S)IVpE (A4 - op)!
T g (14¢pm) (L+efpm)® 7 7 14dpm

The analogous proof as in the part (a) implies that ||0¥0,(dym)||r20) < CVE™. Fur-

thermore, since ||0¥p|| < C/D™ if || +2s < 2k, we use the same method as in part
(a) to prove |[0F 0y (eym)||r2() < Cv/D™. We thus conclude (3.93). From the defini-
tion of £™ (cf. (3.75)) and the assumption of Lemma 3.2, we have ||0#p}*|| < CVE™
for |p|+2s<2k—1, |u|>0; also ||0sp"|| < CVE™ 46 for all s<k—1. Now we use
the same method as in the proof of part (a) to deduce (3.94). O
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LEMMA 3.5. For all pairs of indices (j,s) such that |p|+2s+r<k+%543, the
inequality ||0L0pru™ | 12(q) < CVE™ ! holds.

Proof. We prove the claim by induction in r. In case r =1 the claim is obvious from
the definition of £™. Let the claim be true for all » <4 for some 1 <¥<k+n/2+3.

We have to prove the claim for r=9+1, i.e.
(3.96) ||8§8nﬂ+1um+1||Lz(Q) <CvVEMHL
if || +2s <k+%—19+2. Let (1,5) be such a pair of indices. Then

858,119“ uerl = 858711971 unmnﬂ

1 1 1 1 —1
= 0000 { (u* = D™ 4 By Vo 4 it |

9—1
= 3 SO ) {0 e = 0 Dy A
(3.97) wos! w=0
D O 8" p)3 O (Byn ) Oy L i Vo™t

u!l 8" p=0

9—1
+3 N O 8" )0 O (e ) L s ™ }ag_—;f’anﬁ_l_w (ah).

15" p=0
Observe that [|0% 8wt 2q) < CVE™TT and |84 8w A ™| 2 () < CVEMTT
for any triple of indices (u/,s,w)<(u,s,9—1) by inductive hypothesis.  Fur-
ther, by Lemma 3.4 and the Sobolev inequality Hag,ﬁ'aanpmHLw(Q)gc\/e_m,
102 Ouwcym || SCVE™  and |04 Dpor-w (@) ||pe(o) SCVE™+C, for
(u",s",p) <(p,s",w)<(u,s,9—1). Applying these estimates to the above iden-

tity and using the inductive assumption, we obtain

1040, 011u™ || L2 () < OVEMVEMHL 4 CEMY EmHL < OV EmHL,

where we recall the smallness assumption on £™, specially £ <1. This finishes the

proof of the lemma. 0

LEMMA 3.6. If |pu|4+r+25s<2k+1,

(398) H&ganruerlHLz(Q) SC\/ 5m+1.
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Proof. We prove the claim by induction in r. In case r=1 the claim is obvious from
the definition of £™. Let the claim be true for all r <4 for some 1 <9 <2k+1. We

have to prove the claim for r=9+1, i.e.
[|0% 0,041 um+1HL2(Q) <CvEmt
if |p|+2s+9<2k. Let (u,s) be such a pair of indices. Then

010,01t = 010, -1

1 1 1 1y,,—1
zaﬁanﬁ_l{(u?” —Ap ™ 4 By - Vpul T cpmull ™t )apm}

9—1
=D Cl.s w) {35'3nwul”+1 — 014 O A g™+
(399) w8’ w=0

3 S O )0 O (B ) O B T

W, s" p=0

+ Z Z C(p",8",p)D"s B (Cpm ) O 1) Dy prr ™+ }85:5,@071% (apm).

w8 p=0
We analyze separately the case when |p/|+w+2s' <k and || +w+2s' > k. Case 1.

In the case |p/|+w+2s" >k note that
p—p|+2(s—s )+ —w<2k—k=k.
By the Sobolev inequality and Lemma 3.4, we have
1047 801w (a0 ) || oo () < CVE™.
If (u”,s",p)<(W,s",w), |p'+p+2s" <k and
182 Bnr (cm) ooy < 1102 Do (cm ) /21y < CVE™,

where we have used the Sobolev inequality and Lemma 3.4 respectively. Similarly

1104, Op (Bym ) || 1< () < CV/E™. This implies

pm

/ 104 O (Bym ) P1(05 2 Do Vo™ ) P (DU D1 (a0 )P
Q

< C110% O (B ) |2 oe 002 O Vst B

5,78”

[0 7H Do (a0 ) 3o ) < C(E™)2E™H,
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where we have used the inductive hypothesis to deduce
1080 Buwria V™ [ ) S CE™H.

Analogously

/9@5/7&110 (com )DLt D™ ) (DL Dpor o (@)
S C(gm)2gm+1

If on the other hand |u”|+p-+2s" >k, we use the Sobolev inequality and Lemma 3.5
to get

1024 s | () S 10U 70 Do ™| sz ) < CVE™H,
where we note that
W =+ (w—p+1)+n/2+1+2(s'—s") <k+n/2+1,
so that Lemma 3.5 is applicable. In analogous fashion it follows
1081 D1 V™Y | oo () < CVE™HL,
We also note that

pm

/ / 2 ! _
/ (08 DD = 0 Dy D™ 1) (D Dporm (1))
Q
’ 1 / 1112 —u -1 2
< ||85/ 8nwu7tn+ - aﬁf/ Oy At ™ ||L2(Q) | |3§C;f Opo—1-w (a’pm) ||L°°(Q)
< Crgm—i—lgm < Cgm-i—l'
Observe that we have used the inductive hypothesis in the last inequality above. This
completes the first case.

Case 2. In the case |p/|+w+2s" <k, by the Sobolev inequality and Lemmas 3.4
and 3.5,

1102 8o (B )0 14 D1 Vot || oo () < CVEMVEMHL,
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and [|0% 0, (cpm)ﬁg,/:ﬁ:/@nw_p+1 U | poo () < CVE™ L for (p,s",p) < (1,8, w).

Lemma 3.4, H@f;‘f/@nﬁ_l_w (apm)||r2(0) < CVE™+C. We also note

2
/ (85’8nwu;n+l—ag,’anwAz/umH) (01 Do (ah))?
Q
<10 Dot = 08 Do A t™ 3w ) 1087 D10 (a0 132

S Cgm—f—lgm +C€m+1 S C€m+1,
By the Sobolev inequality and Lemma 3.5,

w m+1 w m+11|2 m+1
Hasx (9nwut _65/ 0nwa/u HLOO(Q) ch .

We combine the above estimates to conclude [|040,,0+1u™ | 12(q) < CVE™ ! and this

completes the second case and finishes the proof of the lemma.

4. Energy estimates

O

Recalling the assumptions on (u™,p™) and the initial data before the formulation

of the problem (3.66) - (3.68) and (3.70), we state the main result of this section:

LEMMA 4.1. Let K and 0 <60y be given as in Lemma 3.2. There exists 0< L <60

and T€ such that if

L
et +] [ o= [wrdnn)| <3
Tn-1 Q
and for some meN
TC
sup EM(t)+ D" (r)dr <L,
0<t<Te 0

k
VP o<1, D [10p0" 2 < KVE™ 49,
p=0

then

TE
sup 5m+1(t)+/ D" (r)dr < L.
0

0<t<Te
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Proof. With the preparation from Chapter 2, we are ready to estimate RHS of (3.76)
term by term. Note that the assumptions of Lemma 3.2 are fulfilled and we are thus
able to use Lemmas 3.3 - 3.6 in the forthcoming estimates. Let (u,s) be an arbitrary,
but fixed pair of indices satisfying |u|+2s < 2k.

Term [, P7": Recall that P]", = P(9¢u™*!,p™, f™) is given by (3.77), where P is
given by (2.47) and f™ by (3.71). Thus, combining (2.47) and (3.71) we can estimate
the first term on RHS of [, P,

)/ 8“ (apmul™*) —am auum“}@“um“’

m+1 m+1| __
wie)  <C Y /a apd o =0 S w0 Y
(|n'],8")#(0,0) |u/|+2s" <k |w'|4+2s' >k
(Iu'1,5")#(0,0)

<CVEM DD K CVEMD™

In the first sum, observe that H@glapm || oo () < CVE™ for |i/| 425’ <k, by the Sobolev
inequality and Lemma 3.3. In the second sum observe that H@é‘:s‘f/unmn“H L) <
Cv/D™+1, by the Sobolev inequality and Lemma 3.6. By glancing at (2.47) and (3.71)
the second term in the expression [, Py is given by [, 0(Bym - Vyupth)oku™ . It
is estimated in a completely analogous way and is bounded by Cv/EmD™ ! again.
By (3.77), the third term on RHS (2.47) renders the third term in [, P7",. We have

/8“ comun ™) 8“um+1‘<02‘/8“ cm0l umH@“umH‘

(4.101) =C Z +C Z

| [+2s' <k | [+2s" >k

<CVEMD™H + VDYDY Em
In the first sum we estimate ||0%c,m || like above ( since |p/|+2s" <k). In the second
sum, for |p/|+25 >k, ||0"=H um |- ) <CVE™H by the Sobolev inequality and
Lemma 3.6. By Lemma 3.3, ||8§ ¢ym||2 < CV/D™. Finally, the fourth term of [, P f#
(again use (2.47) to identify the fourth term and the equations (3.77) and (3.71) to

plug in the appropriate values), is estimated by using the Cauchy-Schwarz inequality

4.102 ‘/ (apr)n @y O™ | < [[(@p )| zoo o 105U H 2oy |05 u™ | 2@

< OV D/ Dm+1y/gm+1,
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Term [, , Q)',: We now proceed with the estimates for the expression [,_, Q7.
where Q77 is given by (3.77), where @ is defined by (2.49), g7, is given by (3.72) and
hy, is given by (3.74). The first two terms of [1,,_, Q). are the cross-terms and they
deserve special attention. For any >0,

(4.103)
’/T - N p v pm (p™y T = 9V ™ (p }‘

m m m m C m m
<Al A+ (100V -+ 00V ) <o+ e ),

e / DUV Aprl. {A&“me( my=l_ AGEY pHL | mrl}]
Trn—1
(4.104) <nellar AV o2+ (Hmw B+1104AV,m )
San+l+%(5m+gm+l)

Observe that the constant C' does not depend on e. The third term in an_lQms

is given by (2.49) and (3.77). Note that 8t(<pm)_1) % By Lemma 3.3, we

conclude || {(p™); ' ||se <CD™. We then obtain

’/T RS RN O

<CD™(|0¢V o5 +ellof AV ;) < CEmTID™.

(4.105)

To estimate the fourth term of anle:Zs (which is obtained as the fourth term
of (2.49) together with the definition (3.77)), we use the Cauchy-Schwarz inequal-

ity to get

[ o V(e )| < 110 el 9V el (4 e <
(4.106) 'Jrn
CVDm L EmYDm < CVE™ (D™ + D™ ).

Analogously, the fifth term in an,l Q) is estimated as follows:

€

/ AV p -V (7)) A ™| <

Tn 1

(4107) | eAVO o o] IV ((0™) ™) ool [VEADE p™ | < OV DIV Dm/Em
<CVEM(D™ 4 D).
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We first note that the sixth term of (2.49) contains g. Note that in an,l Qs 9=Gprs»
where g, is defined by (3.72). We shall first estimate ||g;,||2 and ||/eVg]" || and

then use the Cauchy-Schwarz inequality. For any |u/|+ s’ < |u|+ s, we have
10 Ap™ 2Lt (™) )2+ [[08(Vp™ -V (™))l < CVEVD™.

The inequality follows by estimating the term with smaller order space-derivatives in
L*-norm, which can then be estimated by the Sobolev inequality and Lemma 3.3.

Similarly, recalling (3.75):
VeV (4 2™ (™)) la + VeV (92(Vp™ -V ((p™) ™))l < CVEPVD™.

Therefore ||g;7[|2+|[v/€Vgyr,lla < CVE™VD™ and we can bound the sixth term in
f']l‘nfl Q;Mg

(4.108) ‘/T (@ Ao ) g | <108 Il g 2

VAV o o] [VeV g s < CVDTHIVERDT < CVER (D™ 4+ D),

The last term in [, , Q) is extracted from the last term of (2.49), which contains
h. By (3.77), h="h;;, where h;  is given by (3.74). For the notational simplicity, we
set hms =: hi+¢€hy, where

(4.109)
hui= D0 CLO IOl (o) ) hai= Y CLOL AR IO (o)),
[/ |45’ [/ |45’
<|p|+s <|p|+s

Note that for |p/|+s" <|u|+s, we have

(o™ o™ 0 ((0™) ™) Iz

(4.110)
<™ (o104 10 E (™) 7)o < CVEMDmH,

Here, if |u/|4+2s'<k then Haé‘,/p?“HOOSC\/Sm“ and if |¢/|+2s'>k then
|0 Y™ )|l <CVE™. We use the Sobolev inequality and Lemma 3.3 to
conclude the estimate. This implies ||h1|]s <CVE™VD™FL. Note that in similar

fashion, for |p'|+s" <|p|+s,

Vel Ao 1O ((p) 7)o < OVEmVDmH

41



In other words ||\/eha||o < CVE™VD™HL. From the proof of part (b) of Lemma 3.3,
we deduce ||04K™|]; <CVD™ ! and also ||\/e0*K™ || < CvVD™F! (recall here (3.69)).
Thus the last term of an,l @)'s is bounded by

[ o] <Cllhllo2s™ o+ €l ealol | Vet
Tn—l

(4.111)
<CVEMD™.
Term [, R".: Note that R, is given by (3.78) where f,, is defined by (3.71).
Our first task is to estimate the first term of [, R, namely [, (f")?. Observe that
Jumpze Y [@amotay
(4.112) ) v

0 [ 10 Bt Vo P+ CY [ (@@t
(W) w0
If |i/|+2s" <k, by Lemma 3.4

10y apm || Lo (@) + 0% Bom |1 () + 1|05 com [ oo () S CVE™.

Thus for || +2s' <k and (¢/,s) #(0,0), RHS of (4.112) is bounded by CE™D™
If || 428" >k, then |u—p/|+2(s—5") <k—1 and from Lemma 3.6

10278 ooy + 1048 Vot ™ oo 10270 w7 | o) S CVETT,

In addition to this, for such (y,s"), we use Lemma 3.4 to conclude
198 @l 22y + 1102 By |20 + 1104 € |12 < CVD™
Thus, for every A >0
/Q (08 0 (OLZ w1108 a1y 1027 ! [ e o < CD™E™ .
Analogously,
[0 B0 i @ @0 i < D,
Q

for all (1/,s") < (u,s) satistying || +2s" > k. Combining the estimates for |p/|+2s" <k

and |p/|+2s" >k, we obtain

(4.113) / (fr)?<cempmtt4opmEmH
Q
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The second term of the expression [, R}, (the second term on RHS of (2.48)
and (3.78)) is bounded by:

a1) | [ @ <ol 0 g < CVETD™

and similarly the third term ‘fQ M u O (aym ), | < OVEMD™ . Note further
that for the fourth term in [, R, (use (2.48) and (3.78)), by Lemma 3.3,
(4.115)

) / OV 4 O

< C| |Vw/8fju?“\\LQ(Q)HVxlapmHLoo(Q) ’ yagunerlHL2(Q) <OV Dty Emy/Dm+l

By Lemma 3.3, the last term in [, R}, (last term on RHS of (2.48) and (3.78)) is
bounded by:

‘ / A O™ (apm) Ot ‘
(4.116) 0
<10 g2y o |26 2y < CVETD™.

Term [, S;": Note that S/ is given by (3.78) where S is given by (2.50), g,
by (3.72) and A} by (3.74). The first two terms on RHS of (2.50) are the cross-terms
and in order to estimate them we shall exploit the part (c¢) of Lemma 3.3. It turns

out that the constants on the right-hand side will depend on €. Note that for any

7,A>0
‘ 8“me“(3é‘Vp1”<p Y= 0Ev T (p >_1>‘

(4.117) 7 » R C v
SZH%VPT 5+nl05 Vi[5 < )\45’” p — D" +nD™.

In the last estimate we have used the estimate (3.90). Similarly,

[ onav (oravy iy - ava ) )|
Tn—l

C CeX i1 "
Y » —D" +nD™.

(4.118)

€ m m m
SFII(%‘AW R Anel|F AV 3 < €M+
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The third term of [, S}, is given by the third term on RHS of (2.50) and (3.78):

O o N -V ((p™ )| <

Tn—1

(4.119) 1102 071|102V 2 2| [V ((0™) ™) |oo < OV D HLY/Dmy/Em
CVE™(D™+Dm ).

Similarly, the fourth term in [, S}’ (given by the fourth term on RHS of (2.50)
and (3.78)) is bounded by:

€

[ doraraverrt v | <
Tr—1

(4120) |1\ /end o o] [VeAV I 5 o[V ((p™) 7)o < CVDV/ DT /Em
<CVEM(D™+D™H.

Note that the fifth term in [}, S}, by (2.50) and (3.78)) involves the function g,
where g;'; is given by (3.72). The crucial step in estimating this term in an_l S™ is to
observe that |[(g;"):|[2 <CvVEm™VD™. This is proved by first differentiating g, with
respect to t, and then in each product estimating the terms with lower order space

derivatives in L>-norm and the other one in L?-norm. The same method applies to

show [|\/eV(g)ll2 < CVEm\/Dm. Also observe that
18820™ (™)l < 1180 p™la] [ (07);  ]oo < CVE™VD™,
Analogous proof shows that
VeV (Aa¢p™ (o), )12 < CVED™.

Using the above inequalitites and the Cauchy-Schwarz inequality we establish
(4.121)
o (20 ) (g )| < loter Ll Adke” o)+ (g )l
< CVDmHVEMDm < CVEM (D™ 4 DY),
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Integrating by parts and using the analogous argument as in (4.121) we get
(4.122)
| [ o (or o o) [=d| [ oxavie v (aomm i+
Tn—1 Tn-1
< IIVeDEAT o [l |VEV (2020 (57) + () ) ]
< CVDmHEM D < CVE™ (D™ + D)

The sixth and the last term in [}, , S™ ( given through the last term on RHS of (2.50)

and (3.78)) involves the function A} , where ', is given by (3.74). Since Ofx}" =

1,8’ ,8

\VAYs/s (me (pm>;1), we can integrate by parts to obtain

[ ommame == [ 9 ) (9 ),
Trn—1 Trn—1
We split A7 =hy +ehy as in (4.109). For |p/'[+s" <|p|+s

IV (™) ha) 12 < 19 (™)) ocl 92 1058 () 2+
(4123) 0™ e (10T 0L (™)) 2+ 1108 070 (™) ) )

s—s’

< CVEE D 4 CVEP D < CVER DT,

Here we have used L? — L™ estimated by separating the cases |u/| +2s’ <k and |u/| +

25" > k. Since

VeV ((pm)? 04 A2 1t (™)) [l < CVE D,

s—s’

we deduce

(4.124) VeV ((p™)* ho)ll: < CVEV D1,

where hy is given by (4.109). Similarly, ||8%, (V™ (pm>_1)|]2 <CVE™VD™ and also
1v/edl, (Vom (p™) ™) |lo < CVEm VD™,
In summary,
[ <V (4 h lllot (97 ) e+

(4.125) HIVE((P™) ha) |2l [Vedk (V™ (0™ )2
<CEMDm DI L CEMD™ + CEM D,

Term an,l 13"+ Recall that T)" is defined by (3.78) where T' is given by (2.51),

G by (3.73) and b, by (3.74). In particular the term A- the first term on RHS
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of (2.51) is given by (2.52). The first two terms of the expression A are the cross-terms.

Using integration by parts, we obtain

Y A G AV S o

(4126) ‘/:1 AVt v ((aé”Apm — AP <pm>*1> ‘

C _
<MV o+ IV (92 Ap™ (o) DI+

IV @ arm om) B AD 4 S (g e,

where we note that by the definition of ™, ||0*(Vp™ (p™) )| |ys < %\/Em for ||+

2s <2k. Similarly, for the second cross term:

| / o (o (@ - o) ) (o) |

(4.127) .
S)\Dm-ﬁ-l_f__)\(gm_’_gm—l—l).
€

The proof of (4.127) relies on the same idea as above; we first integrate by parts and

then establish the estimate

C

||V<PTPT(35P;?—8§L,O;?+1) <pm>—3>||g§?(5m+gm+l).

By A — (crossterms) we denote the sum of all the remaining terms in the expression

-1

7 Y

A (recall (2.52) and the fact that = p™ in our case). Terms of the form (p™)
(™ (p™),°, pi and pi; for 1 <4,j <n—1 are bounded in L**-norm by C'vE™, by

t

~% are estimated by 1 in L®-norm. Note that

Lemma 3.3. Terms of the form (p™)
in the last two terms in the expression A (2.52) the leading order derivatives cancel
out after the the product rule has been applied within the parentheses. Using these

observations and applying the Cauchy-Schwarz inequality, we conclude
(4.128) |A— (crossterms)| < CVE™(D™ +D™ ).

Recall now that the term B (the second expression on RHS of (2.51)) is given

by (2.53). The first two terms in the expression B are again the cross-terms. By

46



part (c) of Lemma 3.3, we obtain

<

€ a,uAZ m+1 (aéj,Ame —aﬁAmeH) <pm>—1

Tr—1

(4.129) €[02 A% I3+ Oy A% |3+ Cll oL AP <
< %Sm“ +(A+CE™D™H 4 ¢ (Em4EmH).
€

Analogously, we establish

< 18%2 o (o oy (@ ey — 08 ) ()8 <

(4.130) c
Cemit (A cemypm 4 Fo(emrem).

A

We denote the sum of the remaining terms in the expression B by B — (crossterms).
The same idea as in the estimates for |A — (crossterms)| works. It is important to note
that we have canceling of the highest order derivatives within the parentheses in the
last three expressions on RHS of (2.53). In addition to that, we factorize e = /€ x \/e.

By the Cauchy-Schwarz inequality;,
(4.131) | B — (crossterms)| < CVE™ (D™ + D™ ).

The third term of [, , Ty is given by the third term on RHS of (2.51) together
with (3.78). Recall that G}, is given by (3.73). In order to estimate it, we first

S

integrate by parts.
AGm (a,u m+1+€a,uA2 m+1)
Trn—1

- VG- OV pt —e AVG) - LAV Pt

Tr—1 Trn—1

The crucial observation is HVG/’ZSHZSC\/E_”@\/W, H\/EAVGZT’SHQSC\/E_”“\/W.
Both inequalities follow in the standard way, by using L —L? type estimates
and (3.75). The third term of [,_, T} is then bounded by:
(4.132)
| / NG (0o + e A2+
Tn-1

NGO M,s||2||ﬁagwp;“%scww@mwmﬂ <CVER(D" 4+ DY),
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We integrate by parts in the fourth and the last term of an,lTES (given by the last
term on RHS of (2.51) and (3.78)). Recall AU|pn—1 = AdHu™ | pn1 = AOFK™.

[y sene =
Tn—1 ’
—/ v<<pm>2h1).agwm—€/ V(™2 hy) - V™
Tr—1 Tr—1
By (4.109), we set hj)';=hi +ehy. By the trace inequality,
[V OEE™ |2 = |04V ™| p2pn-1y < C||OX VU | 11 ) < OV D™
By (4.123), we obtain
133) | [ V(")) 00| < [V byl [0V | < CVERD™
Tn—1

On the other hand, by Lemma 3.3 and L™ —L? type estimates, |[/ed"V£™||s<
OvD™. By (4.124),

(4.134) “f . ,1V<<pm>2hz>-aﬁwm <|VeEV (0™ ho)| || [V "V K™ |2
<CVEMDHINVDM <CVEM D™+ D),

where we recall (4.109) again. From the estimates (4.133) and (4.134), the last term
in [1,_. T, is bounded by

(4.135) ‘/Tnlmm)?hgfsmgnm <CVEM(D™ 4D,

Using the identity (3.76) and summing the estimates (4.100) - (4.122) and (4.125)
- (4.135) to get a bound on the right-hand side of the identity (3.76), we arrive at

%5m+l(t) + D) <CVEMD™ + DY) + CVDmY DL/ EmtT
C C
(4.136) +C(+N)D™ 4 —(Em M)+ ZEgmH yD™
C Che ! C A
+_gm+1+ Dm+1+_(8m+gm+1)+cgm+lpm.
nAet n e

48



Now integrate in time over the interval [0,t] to get

(4.137)

EMHL(E) + /tDm“( Ydr < E™TH0 —|—C’sup\/6T(s)</0tl?m(7)d7'+/otl)m“(7)d7'>+

s<t

t
+Osp /&) [ OGP £l [y

s<t 0

t
+Ct (= gmtl +— e EM(s)+
G 3 o S e

C)\E/Dm+1 dT+77/ D" (1 dT—l—(;—(supc‘fm(s)+sup8m“(s)>+

€\ <t s<t

+supE™T(s) / D™ (1

s<t
Note that by Cauchy-Schwarz inequality we have
(4.138)

sup\/Em+1(s) / \/Dm(s)\/Dmﬂ(s)dsgsup\/gm“(s)\//0 Dm(s)dS\//O Dmtl(s)ds

s<t s<t

t
/Dm dT sup€m+1(s)+/ D™ (1) dr).
0

s<t

By assumption sup,.,£™ (s —i—fo D" (1)dr < L, and thus from (4.137) and (4.138), for
any t' <t:

v L Ct CtL
5m+1(t’)+/ Dm+1(r)dr§§+L3/2+ ; Ltnl+——+
0

1 Ct Cke Ct—I—L}.

t
1
m+1 m+1 1/2 o R T B
(sup& (s)—i—/OD (T)dT){L +C(n+/\)+0t(n+)\)+n)\e4+ ; +

s<t

Since the above inequality holds for any ¢’ <t, we obtain

_)+

1
(supE™t(s) /Dm+1 dT <L1/2+C'(7]—|—/\)+Ct(5+)\

s<t

1 Ct Clxe Ct
et el
L Ct CtL

< -+CL¥*+ —L4nL+——.
2 n e

We first choose n small and then A small so that C'(A+n)+ % is small. Further, we
choose t (t depends on ¢€) and L small so that

1)+ Ct +C>\€+Ct+L 1
AT et e 3’

1
L2+ C(n+A) +Ct(5 +

and
L Ct CtL 2
4+ C(L)P P+ =L4nL+—=<>L, L<6.
2 n Ae T3
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With such a choice of L and t =:T¢, we obtain sup,.7.E™"!(s) —i—fOTE D™ H(1)dr <L

and this finishes the proof of Lemma 4.1.

5. Regularized Stefan problem.

The principal goal of this section is the following local existence theorem:

THEOREM 5.1. Assume that u(0,-) =ug§ € H**1(Qy), p°(0,) = p5 € H* (T 1),
€ v €
., =V- < pg and Oyuf|,,

t*>0 depending on L and € such that if

Ee(ug, o3 P +’/ N /Uo L+¢'pg
’I["I’L

then there exists a unique solution (uc,p®) € Sc(0,t°) to the regularized Stefan prob-
lem (1.18)-(1.22) and (1.24) defined on the time interval [0,t[, satisfying the bound

(1) = 0. For any sufficiently small L >0 there exists

L
2

¢
sup Ee(ue,pe;pe)(t)—i—/ D(u,pSp°)(T)dT < L
0

0<t<te

and E(us,p)(+) is continuous on [0,t°[.

Remark. Note that the constant L is independent of e.
Proof. Convergence. Combining Lemmas 3.2 and 4.1, we obtain a uniform-in-m
bound on the sequence {(um,pm)}m Our goal is to show that {(um,pm)}m is a

Cauchy sequence in the energy space. For any [€N let v/t :=u!*! —u! and o!T! =

Pt — pl. By subtracting two consecutive equations in the iteration process, we obtain
(5.139) o' — Ao — a T = 0

=A™ (p") s,

(5.140) 1
=A™ (") = p ooy (p™) T+ Gy, on T x {, =0,

(5.141)  G,0"'=0  on T"'x{z,=+1},

(5.142) ]y = (o7 e ) (™) P by, on T x {a, =0}

n
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Here

1 1
o =—Bym - Vyur ™ —cpmul ™ 4l (am —apm-1)

(5.143)
—Vaul - (Bym — Bym—1) = (Cpm — Cpm—1)),

Gy = Dp™ (™) = (™)) + ol (oo o) T e (o) T+
Pl (™ T = (™),
o= =i (p™) T+ G

(5.144)  ho,=—(IVp" P =V ) [ul]; (0™ 2.

After applying the differential operator 0% to the equations (5.139), (5.140)

and (5.142) and singling out the leading-order terms we arrive at:

(5.145) Ottt Aaﬂ)mﬂ—apmvmJrl f

m

(5.146) 00" =0k AG™ (07) " gl = DA™ (") = DT (") 4 G

sz]

(5.147) [0t = (9Mo T 4 edt Ao (M) TR R,

where
(5.148) =0 fo 4 (9% (apm 0PVt — apm QUL
(5.149) G =0ge+ 3 O A ()7,
et
(5.150)
Gl =Gt > DA™ (™)) = (0 (o oy (™) ) = Pyl (p
Lt

(5.151) hl =0'h + Z 85,/ m+1+eA2 m+1)a# u(< my = 2)_

[! |45’

<|pl+s
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As a next step, we use the identities from Chapter 2 to obtain the energy identities
for the problem (5.145) - (5.147). Respecting the notations of Chapter 2 we set for

any €N
(5.152)  f=f,9=g,G=G}, h=h),U=0"'" w=0'c"T x=0"c"andy =p.
Additionally, we introduce the notations

=& (ol pY), di=D.(,0k ),

where & and D, are defined by (1.35) and (1.36) respectively. Using (2.46)

and (5.152), we arrive at

d
(5.153) Eem+1+dm+1:/{pmwm}—/ {g"+sm+t"},
Q Tn—1

where

(5.154)

pri= Y P@TL ), = Y RO 1)
|pl4-25<2k |p|+2s<2k

=Y QOO g ), ST > S O™ gl ),
|l +2s<2k || +2s<2k

= S T@e e g ).
|pe|+25<2k

Here P, @, R, S and T are defined by (2.47), (2.49), (2.48), (2.50) and (2.51) respec-
tively. Our aim is to prove that for suitably small ¢ <t(e) there exists a A <1 such

that
emH(t)—i—/O dm+1(7)dT§A(em(t)+/0 d™(r)dr).

We shall accomplish this by estimating the terms p™, r™, ¢™, s and t"* on RHS
of the identity (5.153). These estimates will be largely analogous to the estimates
from Chapter 4. However, due to the formally new terms 0¥ f°, 0¥ gc., O'GS,, O he,
appearing in the definitions (5.148), (5.149), (5.150) and (5.151) of f/ ., ¢.., G’ and

h!. respectively, we need to make several preparatory steps. First, for any [€ N

(5.155) lapm = apm=1||m(q) + [ Bpm = Bym=i||nr) < Cllo™ || g1,
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and

(5.156) lepn — el < Cllo| i+ Cllo™ | vagey.
Note that supy<;; & +f0 D™ (1)dr < L. In particular, for |u|+2s <2k
(5157) ||8§‘umHH1(Q) s ||8§‘apm L2(9) ,Hangm| L2(Q) < C\/Z

Furthermore, |[0%c m || 2@y < CV'L for |u|+2s<2k—1. We can now use the Sobolev
inequality to bound the lower order derivatives of u™, a,m, B,m and c,m in L*-norm
by Cv/L. The major step is to provide the analogoues of part (c) of Lemma 3.3 for

m+1 and Lemma 3.5 for the function v™*! instead of

the function o™ instead of p
+1. By the boundary condition (5.147) and the proof of Lemma 3.3, part (c), we

deduce

(5.158)

192073 +-26 |04 A7 B+ |04 A%0 < M4 S et em(em D)
and
(5.159) [0 o |5+ 2¢]| 0 Ao |5+ 2] |oF Ao |3 < Cd™ T e D™,
As in Lemma 3.5,
(5.160) |04 Opr 0™ ][ T2y < Ce™ 4+ Ce™,

The proof of (5.160) is completely analogous to the proof of Lemma 3.5 whereby,
due to the addition of the formally new term 0¥ f? in the definition of f; we need
to exploit the relations (5.155) and (5.156), which are responsible for the occurence
of the term Ce™ on RHS of (5.160). We proceed fully analogously to the energy
estimates in Chapter 4 to estimate the right-hand side of the energy identity (5.153).
The terms involving 0% fr and 0*h;, require an additional care. In the estimate for
the term [,p™ = [, f1,08v™ ! where f], is given by (5.148), we single out the term
Jo, 0k fr 0tv™+1 . Here f2 is given by (5.143). Writing

(5.161) O (cpmul ) ZC’“@ Com O H i — Z Z

w+2s'<k  p'4+2s'>k
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we estimate the lower-order terms in both sums in L*°-norm and the higher-order

terms in L?-norm. By the Cauchy-Schwarz inequality and (5.160),
(5.162) | / I (cpmv O™ | < OVD™MVemtL (Vem +Vemth).
Q

Similarly, | [, 0%(Bym - Vo )otem 1 < CVE™(em+! +d™+1). In analogous fashion,
we find
(5.163)

‘/8" up (apm — apm—1) =Vl (Bym — Bym—1) —u(cpm — Cym—1) ) Q0™

< CVDMemVemtl 4 CVEM dmy/ em 1,

where we rely on (5.155) and (5.156). The term 7™ is of the form r™=(f/ )*+ (rest),
(r™ is defined in (5.154)). The formally new term to estimate has the form [, (0¥ f2)?,
where fr is given by (5.143). By the same splitting idea as in (5.161) and the
estimate (5.160),

| / (01 f2)% S CE™(e™ + ™ +d™H) + CD™ ™ 4 CD™e™ + CE™d™.
Q

Recall now that s™ and t" are defined by (5.154). The last term in each of the ex-
pressions (2.50) and (2.51) has the form (p")*h! v/ g1 and (p™)* . Agv™ | pn1,
respectively. By (5.151), the formally new term (with respect to A}, defined by (3.74))
is 0''hy, . By (5.144), we conclude

Oho, == Cl O ([ )OL (VP = Ve ) (o™ ) = D+

w,s' w2s'<k p'+2s'>k

Hitting the lower order terms with L°*-norm and the higher order terms with L?-norm

and using the trace inequality to estimate H(?f,/ [u]||2, we obtain
(5.164) [|0Eho ||l < (AVD™+ — vé’m)\/em, [|04hy ||a <CVD™Vem.
Note that v |pn-1 = (km — ki m-1);. It is easy to check that

1027 rn-s |2 < O V207 o+ [V o+ (V20 2+ Vo™ ).
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By the definitions of d™* and e™*!, ||0F0)" ™ |pn-1]|o < %\/ dm+C+y/e™. Combining
this with (5.164) and the Cauchy-Schwarz inequality, we obtain

| / 20 hg, 0
Tr—1

Choosing A =+/€ we arrive at

(5.165)
‘ / V29800 v pucs | < CVDemVdm + CrJe/Dme™ + = \/Em\/em\/dm+7 Eme™.
Tr—1

We want to estimate the time integral of the right-hand side of the inequality (5.165).

< (WD + SvEm Ve

ﬁVd_m+C¢67).

For any t <t A >0, we have

(5.166) /\/W\/e_m\/d_mdr<>\/ dm™(r )d7+ sup e /Dm

0<s<t
Similarly,
(5.167)
¢ t ¢
/ \/Dmemdrg/ e+ sup em(s)/ D™ (1)dr <t sup €™(s)+ L sup e™(s).
0 0 0<s<t 0 0<s<t 0<s<t

Since £™ < L, for any A >0, we obtain

(5.168) /tg\/e_m\/e_m\/d_degA/tdm( )dT+£Lt sup €™(s),

Ae? 0<s<t

and similarly,

(5.169) /Ot% Smemd7'<\/_t\/_ sup €"(s).

0<s<t

Noting that [|Ayv™ M |pe-1|]s < %\/ em, we can use the Cauchy-Schwarz inequality
and the estimate (5.164) to get

C
(5.170) ’/ V2ORE A g™ s | < —=/Dmem™.
Tn—1 \/E
We get
(5.171) —VDme™dr < —t sup €"(s)+ L sup €"(s).
0 Ve € 0<s<t 0<s<t
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In analogy to the estimate (4.136) together with (5.162), (5.163), (5.165) and (5.170),
we obtain

d ot i 1 C L1 1 ¢ » Che
e m < — m m — 4 — — m L A+ —
" Ce™ (n+Ae)+"d +Ce (n+)\+n)\64+)\e)+0d (VL+n+A+ ; )

_,_C,/Dm,/derh/emH _|_C’Dmem+1+C\/’Dm+1\/em+1<\/e_m+,/€m+1)_|_cu /Dm\/e_m\/em+1
C
+CVEMV AV emtl 4+ OV D™/ emvdm + Cy/eVDme™ + ?\/Sm\/e_m\/dm

C C
/em ,m /Dm m
+\/E g € +\/E ¢

Integrating the above inequality over [0,f] and proceeding as in (4.137), us-
ing (5.166), (5.167), (5.168), (5.169), (5.171), we conclude

t 1 t
em+1(t)+/ dm+1(7‘)d7§0t(ﬁ—|—£) sup em(s)+n/ d™(T)dr+
0 0

€ 0<s<t
1

Ct(1+—+— g) sup " (s)+C(VL+ +A+%)/tdm+1(7)dr
noA nAet T Xe 0<sI<)t K n 0

t t
+C)\(/ dm(T)dT+/ d™ () dr)+
0
L L
(C—+L+t+0—t+%t+—t) sup €™(s)+C(t+L+VL) sup e (s)
A e? Ve € " o<s<t 0<s<t

(5.172)

We choose 1, A\, L and t=:t*<7°¢ small, so that n+0/\<x<%

1 C.  CL CL C\/_ 1
Ct — A+ L+t —t+ t -
(n+Ae)+ LAt \[ St <x<y,

1 1 C C
(=4~ =
¢ (7]+/\+77/\e4+/\e>

1
+C(tE+L+\/f)<X<5

and C’(\/_+77+/\+ %) <X < . Taking supremum over [0,¢], we arrive at

t€ t€
sup em+1(7)+/ dm+1(s)ds§)<{ sup em(T)—l—/ dm(s)ds}—l-
0<r<te 0 0<r<te 0
tE
+x{ sup em+1(7)+/ dm+1(s)}ds.
0

0<r<te

Therefore,

(5.173) sup em+1(7)+/0t€dm+1(s)dsgi{ sup em(7)+/0tedm(s)ds}.



We observe now that the conservation law (3.79) and the fact that o™*1(0)=

v™*1(0) =0 imply
/ Jm—i-l / m+1 1_‘_¢ /¢/ m m
Tn-1 Q

By the Poincaré inequality, previous identity and the uniform bounds on p™ and u™

we get

(5.174)

[le™ 13 §C||V0m+1||3+0||/Tn_lam“llg <O|[Vo" R+ O™+ Cllu™ [z 1™ (13
<Ce™t 4 CE™||o™ < Ce™ T +CL||e™|3.

With L and x so small that C’L—I—ZC’% =:A <1, we obtain by (5.173),

t€
sup H0'm+1(7')’|§§01i{ sup em(7)+/ dm(s)ds}+
0

0<r<te — X Lo<r<te

A v
+HCI sup ||o—m<r>\|§s—{ sup ()4 [ d(s)ds A sup (o)
0

0<r<te 2 Locrzpe 0<r<te

Adding {Sup0<7<ts et (r)+ fo dm™r( )ds} to the both sides of the above inequality

and using (5.173) again we get

tf
sup {710+ [ (s 0" () <

0<r<te

C’—{ sup em(7)+/0tsdm(s)ds}+%{ sup em(7)+/0t€dm(s)ds}+

X Logr<ie 0<r<te

sup Ml (IE<A swp {en(r)+ [ sy ds+ o ()

0<r<te 0<r<te

Define the Banach spaces

X ={ @) lw.0)

2<oo}7 Y= {(v,a)‘ |(v,0)

3

are defined by (1.37) and (1.38) respectively. Let Z:=

where H(a) (7)| D
L>=([0,¢]; X) N L2([0,t];Y'), equipped with the natural norm ||(v,0)||z :=||(v,0)

€

1[5+ 1(v,0)]

p.. Since A can be chosen arbitrarily small, we have proven that the
sequence ((v!,0')), satisfies |[(0™ 1, 0™ 1) ||z <A||(v™,0™)|| 2, for some A’ < 1. This
implies that (( u',p )) is a Cauchy sequence and converges strongly in Z. Thus the

whole sequence ((u',p')), . converges to a solution (u¢,p®) of the regularized Stefan

leN
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problem in the original energy space. In addition to this, passing to a limit in (3.79),

we obtain the conservation law

(5.175) Ot{/gzu(lﬂ%b,p)}:at{/wlp}.

Uniqueness. We want to prove uniqueness in the class of functions (u,p) satis-
fying supge;se Ec(u, p)(t) + fot D.(1)dr <L, where L may be chosen smaller if neces-
sary. Let us assume that there exists another solution (v,0) satisfying the same ini-
tial conditions (v(z,0),0(2',0)) = (uo(7),po(z")) and the bound supg; s E(v,0)(t)+
fge D.(v,0)(1)dr < L. After subtracting them and setting w:=u—v, T:=p—0, we

obtain

(5.176)  wy—Apw —a,wp, = f,
(5177) w=AT <10>_1 —|—g* =AT <p>_1 — PiPjTij <p>_1 +G* on T ! x {xn :0}7

(5.178) [wa)T = (1 +eA%) (p) > +h" on T"'x{x,=0},
where

[f=—B-Vyw,—c,w,+(a,—ay)Vnyn+ (B—By) Vv, +(co — ) Un,
G =Ac((p)"" = (o)) +oi(7ip; (0) " +oimi (p) +0i0;({p) T —(0)7")),
g =—pipiii (p) " +G"

W =—(|Vp* = Val*)[ual (0) .

We use Chapter 2 to derive the accompanying energy identities. To this end we set

U=w, Y=p, w=x=T, f=f" g=g", G=G* and h=h*. Here p takes the role of

"+l and o the role of p™ and additionally, the cross-terms vanish since w=y=r.

p
With k>n sufficiently large, the regularity assumptions of Lemma 2.1 are fulfilled.

We are thus naturally led to the following energy quantities:

E =& (w,T;p), D :=D.(w,T;p),
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where &, and D, are defined to be the RHS of (1.35) and (1.36) with k=0, respectively.
In addition to this we define P*= P(w,p, f*) and analogously Q*, R*, S* and T*.
Using the identity (2.46), we obtain

(5.179) %£*+D*:/Q{P*+R*}—/Tn1{Q*+S*+T*}.

Our goal at this stage is to prove the inequality of the form
d
(5.180) & () +D" (1) <CE(1) +CVLD*(t),

which would enable us to absorb the multiple of D* on the right-hand side into the
left-hand side and then use the Gronwall’s inequality to conclude that £*(¢) =0 for any
t>0. It is essential that the constant C' in the above estimate does not depend on €
so that the smallness bound on L remains independent of e. That the identity (5.180)
indeed holds, follows analogously to the energy estimates from the Chapter 4 applied
to the right-hand side of (5.179). Here we strongly exploit the unfirom bounds on

E(u,p) and & (v,0). In particular we know that
[1(@p)elloos 11V (@p)lloos [1(@p)allos [1Bllsos lleplloos [1Bollss, llcslloe <CVL,

[onll e @) [Varvallze@)s vnnl @) <CcVL

A major difference from the existence part of the proof is the absence of cross-terms
in the energy identities (since w=x in the notation of Chapter 2). In addition to
that, we work in a lower order energy space and we can thus use the above uniform
estimates to bound the term [v,]} by CV/'L in L®-norm. This observation is crucial
when estimating h*. Knowing that the e-dependence comes only from the estimates
of the cross-terms (cf. (4.117), (4.118), (4.126), (4.127), (4.129) and (4.130)), we
conclude that the constants on the right-hand side of (5.180) do not depend on e.
Choosing L suitably small (5.180) implies %5* < CE* implying E*(t) §C’f0t€*(s)ds,
since £%(0) =0. By Gronwall’s inequality, we conclude £*(t)=0. In addition to this
the conservation law (5.175) gives ||7||3 <CE*. This estimate follows in the same way

as (5.174). Thus (u,p)=(v,0). This finishes the proof of the uniqueness claim.
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Continuity. Integrating the identity (3.76) over the time interval [s,t], we obtain
(5.181)

t t t
5m+1(t)—gm+1(8)+/ Dm“(s):/ /Pm+Rm—/ Q" +S"+T™.
s s JQ s JTn—1

However, since (u!,p') — (u,p) strongly in the energy space, we may pass to the limit

in (5.181) to conclude

(5.182) Ee(t)—é’e(s)+/:D€(r)dr:/:/QP+R—/:/TH_1Q+S+T.

Here ]5:ZWHQSS%P(Ggu,p,fW), where f, ; is defined by dropping the index m in
the definition (3.71) of s LThe terms Q, R, S and T are defined analogously. We

claim that

(5.183)

/st/ﬂHR_/:/Tn_lQ””\SC/:@DE(TW

The inequality follows easily from the energy estimates in Chapter 4. We observe
that the estimates involving € on the right-hand side, are used only when estimating
the cross-terms (cf. (4.117), (4.118), (4.126), (4.127), (4.129) and (4.130)). However,
the cross-terms vanish as m goes to oo (since x =w=0"p). As a result, we obtain the
estimate (5.183) with the constant C' on the right-hand side which does not depend
on €. Using (5.182) and (5.183), we obtain

(5.184) E.(t)— E.(5)+ / D, (r)dr| <C / VEMD(7)dr.

In addition to that, for any 0 <s <t <t we have

/:De(T)dTKl—i- sup \/%)—%) as s—t,

0<s<te

8e<t) _8€<S)} < C

since SUpy<,<;c v/E(s) < VL. This finishes the proof of Theorem 5.1. O

6. Global stability

Proof of Theorem 1.2: We exploit the estimate (5.184) to prove the theorem. We

shall abbreviate (€,D)(u,p;p)(t)=:(E,D)(t) and (&, De)(us,p;p°)(t) =: (E, De)(t).
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Existence. Let M <L/2 where L is given in Lemma 4.1. Let (uf,p) be the
associated solution to the regularized Stefan problem given by Theorem 5.1. Let us
extend the solution to the maximal time interval [0,¢¢[, with ¢t <. Set

3 t
T:= sup {O <t <t :Oséligt&(ue,pe)(s) —1—/0 D (u,p)(7)dr < 2]\/[}.

Theorem 5.1 guarantees 7 >t>0. For any t <7, the estimate (5.184) with s=0

implies

(6.185) /D JdT <E(ug,py)+C sup 5 /D
0<s<T

and thus

(6.186) sup &.(1 /D )dr < M+CV2M /D

0<t<T
Choose M <min{ gz, L/2} =: M;. Inequality (6.186) implies
sup E(t / D.( d7<4M<2M
0<t<T 3
which would contradict the choice of 7 in case 7 were finite. Thus 7 =oc (which
implies t°=00) and the estimate (1.39) follows easily from (6.185) and the above
choice of M. This proves the theorem.
Uniqueness. We want to prove uniqueness in the class of functions (u,p) satis-
fying supp<;- . & t)+ fo 7)dT <2M, where M may be chosen smaller if

necessary. It is done in exactly the same way as the uniqueness proof in Theorem 5.1.

O

Proof of Theorem 1.1: Claim 1: Let K <M be any positive number, where M is

given by Theorem 1.2. If the initial data (ug,pg) satisfy

K
E(uo, po +‘/ Po—/uo 1+¢P0 3
Tn— 1

then there exists a unique global solution to the Stefan problem (1.18) - (1.23). More-
over, we obtain the global bound supy., ., &(t) +f5D(T)dT <K.

Proof of Claim 1. Let {(u,p)}c be a family of solutions of the regularized Stefan
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problem with the initial condition (u(x,0),p(2",0)) = (u§, p) satisfying the regularity

assumptions of Theorem 1.2 and chosen so that

(u, po) = (w0, p0),  E(ug, pi: py) — E(ug,poipo) as e€—0

and

> o Ivaasgi<ve

|p|+2s<2k

Thus for e small, we have &.(u§,p§)+| [rn 15— [qui(L+¢'p5)|<%5.  Theo-

rem 1.2 guarantees global existence of the solution (u p¢) and also gives the

estimate Supg<;. o Ee —{—fo T)dr < K. Since £<& and D<D., we obtain
SUP )<< o0 & (U, p°) (T) + fo us, p°)(1)dr < K. Passing to the limit as ¢ — 0, we obtain
the solution (u, p) to the original Stefan problem (1.18) - (1.23). The uniqueness claim
follows by setting e =0 in the proof of the uniqueness statement of Theorem 1.2. This
finishes the proof of Claim 1. In the same way as we derived the inequality (6.185),

we deduce for any 7> 0:

(6.187) sup E(t / D ()dr <E.(u, pf) —i—C\/_/ D.(

0<t<T
If we choose K < min{ﬁ,M } =: M, absorb the right-most term into the left-hand

side and drop the supremum sign, we obtain for any ¢ >0

1 t
E(t)+ 5/ D.(s)ds < E(ug, pg)-
0

We let € —0 and by lower semicontinuity and the assumptions on initial data, we

obtain

(6.188) 5(t)+%/tD(s)d3§5(uo,po).

In addition to this, we obtain the conservation law

(6.180) of [ o) zat{/ﬂu(l—kqb’p)}

Let us set M* ::%, where M is defined in the line after (6.187), and assume

E(ug, po) + ‘ Jpn1P0— [quo(1+ gb’po)‘ < M*. Claim 1 guarantees the global existence of

the solution (u,p) and also gives the global bound supy., ., &(t)+ fo T)dr < M1
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In order to prove (1.34), we first fix any s >0. The idea is to solve the Stefan problem
with the new initial data (u'(x,0),p'(2’,0))= (u(z,s),p(z',s)). The problem allows

for unique solutions by Claim 1, since

e +] [ o= [wasoa)|=ewn+| [ m- [wrdm)
Tn-1 Q Tn-1 Q
<M B

In addition to this we have the global bound supg< ... € (u',p")(t)+ [, D(u',p")(7)dr <
M, (again by Claim 1). We are thus in the uniqueness regime and we conclude
(ur, p")(t) = (u,p)(t+5) for any t>0. We may now use the estimate (6.188) to
obtain (1.34).

The second main ingredient in proving the decay is to control the instant energy
in terms of the dissipation, i.e. to prove that there exists a constant C'>0 such that

E(t) <CD(t). We know that for |u|+2s <2k
(6.190) 104V p| | < CVD.

Thus, the only non-trivial term left to estimate is ||u||2(q).
Claim 2: There exists a constant C' >0 such that ||u|z2(q) <CVD.
Proof of Claim 2. Let x € and 2/ € T"~! be arbitrarily chosen. By the mean value

theorem

u(z) =u(z") —l—/o Vu(tz+(1—t)2") - (x—2)dt.

(p)
respect to o’ over T" ! and then with respect to z over  to obtain

|']I‘"_1|/Qu(x)dx:/g/1rnl/01Vu(t:v+(1—t)a:')(w—x’)dtdx'dx.

Note that [, ,u(z’)dz’=0 because u=V- (ﬂ) on T"~!'. We thus integrate with

Therefore

1
| o] < o max o= ATVl

z/eTn—1
< ClIVullpoe(o) ClVul| 341 g) < CVD.
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By the Poincaré inequality,
lullz <CII [ alliaey +ClVallia <CV.
Q

This finishes the proof of Claim 2. As explained above, Claim 2 and the esti-
mate (6.190) together, imply that there exists C'>0 such that

(6.191) £<CD.

Plugging (6.191) into (1.34) yields for any s >0 and some constant a > 0:
t

(6.192) S(t)—i—a/ E(r)dr <&(s).

As in [42], p. 135, define a function V(s):= [ E(7)dr. From (6.192), aV/(s) <&(s),

and thus V(s) <V (0)e **. We integrate (6.192) with respect to s over the time
interval [t/2,t] to get

E)=<V(=).

277 \2
Thus £(t) < %e’%t. There exist kq, K >0 such that for any ¢ >0

(6.193) E(t) < ke 2,

Integrating the conservation law (6.189) implies [, ,(p(2',t) —p)da’ = [u(1+¢'p).
By an argument analogous to (5.174), ||p(t) —p||3 < CE&(u,p)(t). Combining this in-

equality with (6.193), we conclude
E(u,p)(t)+|lp(t) = pll3 < Kre ™

for some new constant K; >0, K3 as in (6.193) and for all t>0. This finishes the

proof of the theorem. O
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CHAPTER 3

The round case

1. Introduction

Let Q CR™ denote a domain that contains a liquid and a solid separated by an
interface . The solid phase Q7 (¢) is defined as a region encircled by I'(¢) and the
liquid phase is given by QF () :=Q\Q~. The unknowns are the location of the inter-
face {F(t); t> O} and the temperature function v:[0,7] x Q@ — R. Let 'y be the initial
position of the free boundary and vy:{2— R be the initial temperature. We denote
the normal velocity of I" by V' and normalize it to be positive if I" is locally expanding
Q7 (t). Furthermore, we denote the mean curvature of I by x. With these notations,

(v,T") satisfies the following free boundary value problem:

(1.194) Ov—Av=0 in Q\TI.
(1.195) v=o0k on I,
(1.196) V=[v,]t on T,
(1.197) v,=0 on 0%,
(1.198) v(0,-)=wvo; I['(0)=Ty

where o >0 is the surface tension coefficient. Given v, we write v™ and v~ for the

restriction of v to Q7(¢) and Q™ (¢), respectively. With this notation [v,]* stands for

_l’_

gyt -
D=y —v

n

the jump of the normal derivatives across the interface I'(t), namely [v,,]
where n stands for the unit normal on the hypersurface I'(¢) with respect to 27 (¢).
Steady states and the perturbation (u,f). It is well known (cf. [46]) that

there are steady spheres for the problem (1.194) - (1.198) and they are parametrized
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by its radius R and the center xo € R", such that the ball Bz(xo) with radius R
centered at xg belongs to 2. We are thus speaking of an (n+ 1)-parameter family of
steady state solutions. To each such (n+ 1)-tuple, we associate a time-independent
solution given by (9,I)=(o(n—1)/R,Sz(x0)), where Sg(xo) =0Bg(x0).

Coordinates. We shall assume that
Q:=Bg,(0)CR"

is a ball of radius R, >1. We shall parametrize I' as a 'graph’ over the unit sphere

S"~1 centered at xg with |xg|+1 < R,:
(1.199) I'(t)={xeQx=R(t,£)E+x0},

where £ €S""!. Here R:[0,00[xS" ! —R is a sufficiently smooth function such that
Uo<i<r D(t) €Q, T'> 0 and additionally T'y = {x € Q| x = Ro(£)é+x0} for some Ry > 0.

We introduce a map ¢:[0,00[xS" ! —[0,00[xT,

(1.200) o(t,€) == R(L,€)E +Xq.

In the following we summarize some basic facts from hypersurface geometry and
introduce the necessary notation. Detailed proofs are found in the appendix. The
map ¢ induces a metric g on I', whose line element equals R""2|g|d¢, where in local
coordinates |g|=+/R2+|V,R[? (see Appendix, Lemma 0.11). Here V, stands for
the Riemmanian gradient with respect to the standard metric g on the unit sphere
S"~1. We can also express the unit normal n on I' in local coordinates. Prescribe a
local system of coordinates {t1,...,t, 1}. The Riemmanian metric g on S is given by

9o =& & p- The unit normal n on I' is given by

_RE—g*°Ruby
VR?*+|V,4R|?
The mean curvature x and the normal velocity V' in local coordinates read (see Ap-

pendix, Lemma 0.10 and formula (0.583)):

n—1 1_ V,R R.R

1.201 H(t,6):=Kop= ——V, 2= and Vogp=dn=———r.
( ) (t,8):=rod gl R o P=pem 9
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In the rest of the chapter we shall normalize 0 =1 and analyze the stability of the
steady state (0,T')=(n—1,51(0)) = (n—1,S""1). Hence, it is natural to introduce the
perturbation f:[0,00[xS" ! —R from the steady sphere S"~! by setting f:=R— 1.
Similarly we set u:=v—(n—1). Linearizing the curvature H and |g| around R=1,

we obtain

| gfl2

(1.202) H(f)=n—=1=f=Agf+N(f); lgl=1+f+—"S—+¥(f)

where A, stands for the Laplace-Beltrami operator on S"~! with respect to the metric
g (see (0.588)); N(f) denotes the nonlinear remainder in the expansion of H(f) and
(A =0(fP+|VyfI?). If we set up=v9—(n—1) and fo=Ro—1, we can formulate

the problem in terms of the perturbation (u, f):

(1.203) Ou—Au=0 in Q\T.
(1.204) u=k—(n—1) on T,
(1.205) V=[u,]t on T,
(1.206) u,=0 on 09,
(1.207) u(0,-)=uo;  f(0)=fo

Motivation and linear version of main results. To motivate our results let us

first investigate the eigenvalue problem for the linearized Stefan problem:

(1.208) A—Av=0 onQ\S" !,
(1.209) v=—(n—1)f—A,f onS",
(1.210) [v,]f==Af onS* !,
(1.211) v, =0 ondQ; ] =0 onS" !,
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with A#£0. Observe that RHS of the equation (1.209) simply is the linearization
around (n—1) of the curvature operator H. Note that by integrating (1.208) over
Q\S"™! and using the boundary condition (1.210), we obtain the first important
identity A(fgv—i-fSn_l f) =0. Multiplying (1.208) by v, integrating over Q\S"~! and
using the boundary conditions (1.209) and (1.210), we are led to the identity

) )\ 2 V 2 2 v2
(1212) ([o+ [ A9atP=t=1r})+ [ 170

Setting Z(v, f):= [ov*+ [us {|Vof]?—(n—1 )f*} and denoting Pv=v— 9 o,
Pf=f—- WISTH f, we note that

T f) = ([ o)+ [Pl [ (9P =@ ([ )
- (g~ =) ([ )+ 2,

where we note that Z(v, f) = [o|Pv*+ [ {|Vyf]? = (Pf)?} >0 by Wirtinger’s in-
equality (cf. (1.216)) and [,v=— [, f. Hence, if

1 n—1
Tl
then we easily see that for A >0, equation (1.212) can not have non-trivial solutions
and thus, all the eigenvalues are non-positive. On the other hand, if (<0, one
can show that there exists a pair (v, f) such that Z(v, f) <0. One can formulate a
variational problem so that there exists Ao >0
—i :min{ (v, f)
Ao Jo IV

(v f)eC}

where the constraint set C is given by

c={(v.n|ve HQ\S™Y), fe HY(S), v=—(n—1)f ~ A, fon§" !,

/ fs1:=0, /|W|27é0};
sn-1 Q

(the spherical harmonics sy ; of order 1 are defined below, in the “Notation and spher-
ical harmonics decomposition” paragraph). The minimizer (v, zo) is the eigenvector

associated to Ao and leads to the fastest growing mode e* (v, 2g) for the linear Stefan
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problem. For a complete analysis of the eigenvalue problem via a different method,
see [46].

The above analysis suggests that in the stable case ( >0, we should expect the
solutions to exist globally close to the steady sphere §. Contrary to that, in the
unstable case ¢ <0, an instability should develop.

Notation and spherical harmonics decomposition. Throughout the rest of
the chapter, we shall denote the (n—1)-dimensional unit sphere S"~! by S. Boldface
letters are reserved for vectors in R™. The normal velocity of a moving surface X
is denoted by V% and the index X is dropped when it is clear what surface we are
referring to. We also set Qy:=Q\ X.

Furthermore, we will typically leave out the domain when referring to a Sobolev

He(s)- For a given set A CR", we denote

norm of functions g:S — R, i.e. ||g]|u=:=||9|

the closure of A by cl(A). For any t €]0,00] introduce
C>([0,t]; 0F) == {u: [0,t] x Q= R; ulgy+) € C’OO([O,t[XCl(Qi))},

and analogously define C*°(Q*) by suppressing the time dependence. For any k&
NU{0} set

(1.213) Hk(Qi):{u:QHR; Ulcl(Qi)EHk(Cl(Qi))};

||U||Hk(9i) = ||U1c1(Q+)||Hk(cl(Q+)) +] |U1cl(Q*)||Hk(c1(Q—))7

where H” stands for the standard W*?2 Sobolev space.

For a given function f & L*(S), we introduce the spherical harmonics decompo-
sition for f, thus replacing the Fourier decomposition used in [32]. Following [44],
for any k €Ny let Hy stand for the set of homogeneous polynomials of degree k in n
variables. We define the set of spherical harmonics S* to consist of the restrictions of

these polynomials onto the unit sphere:
Sk:{s:S—ﬁR; s=pls, per}.

The set Sj, is a finite dimensional subspace of L?(S) of dimension N (k) and is spanned

by an orthonormal basis (sg.; N:(k). It is well known that N(0)=1 and N(1)=n.
J/5=1
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By [44], Lemma 2, we know that the spherical harmonics s;; form a complete or-

thonormal basis X of L?(S) given by

oo N(k

)
X = U U {s,“}

k=0 i=1
For any k€Np, i€N and a given function g€ L*(S), we set gkyi::fsgskﬂ-df. We

further denote
N(k)
(1.214) P.f= ng,isk,i-
i=1

Hence, g=> - ,Prg. Note that Pyg= Eﬂfsgdf. For any k>0, we define the projec-
tion onto the “higher modes” Py, by
(1.215) IP’kJrg::ZIF’jg.

j=k
For the sake of simplicity, we also denote Pf:=P;, f=f—Pyf. If a function w is
prescribed on €2 then Pow := ﬁ wi and Pw:=w—Pyw. An important observation
that will be used several times in our analysis is the Wirtinger’s inequality: there is

a positive constant Cyy such that for any fe€ H'(S) the following inequality holds:

(1.216) /S{lvgfIQ—(n—l)IIP’flz}ZCwllngP’uflliz-

The proof is straightforward and follows by decomposing f into spherical harmonics
and using the property A,s;+ (n—1)k?s;; =0.

Conservation laws. Assume for the moment u and f are classical solutions
to (1.203) - (1.205). The first 'conservation-of-mass’ law arises by simply integrat-

ing (1.203) over Qr, using the Stokes’ formula and the boundary conditions:

(1.217) at/gwat/S(Hf)n:o.

n

The second law states the fundamental energy identity; it arises by multiplying (1.194)
by (14u), integrating over Q and making use of the fact that [.VkdS=09,|I(t)]
(where |T'(t)| = [5|g|R"*d¢ stands for the surface volume of T'(t)):

1 2 n—2 2
(1.218) 28t/ﬂ(1—|—u) +at/s(1+f) \/(1+f)2—|—|ng|2—l—/Q|Vu| 0.
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In addition to these two well-known identities, we discover a new ’conservation-of-

momentum’ law. It arises by multiplying the equation (1.203) by the harmonic func-
RY x,

tions p;(z) =T+ T After integrating over Qr, using the Green’s identity and the

boundary conditlons, we arrive at:
(1.219) o [ upi=0, [ {R(RE-F(LO}
Q S
Here
L n—1 n+1 n ] .
(1.220) Fy(R,€):= (—n+1R +R*R> si(6)  i=1,..n.

The details of the proof are presented in Lemma 3.16. Let us denote

(1.221) m0:/§2u0+[5{g%(2)f§}

(1.222) mi:—/Quopi—/s{Fi(R(O),f)—Fz-(l,g)}, i=1,...,n.

The conservation laws above play an important role in our proof of the stability.

1.1. Main theorems in the stable case. The natural 0-th order energy is
defined by
(1.223)

Eoylu, f):= /u +/u+/ R” 2 1+f) +1V, f\2—1) D(O)(u,f)::/Q\Vu\Q.

Let [ >n/2. By &£, we denote the energy quantity involving high-order time deriva-

tives:

(1.224)

5(+) /Z/{fk-l- Z/‘Vutk’ += Z/ ’V Wtk‘ - n 1)‘%’“}

Similarly, D4 is defined through:

(1.225) / HZ/WWI”Z/ |V gwp|* = (n— l)wtk}
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Summing (1.223), (1.224) and (1.225), we introduce the temporal energy and the

temporal dissipation:

(1.226) 5(U,w)::5(0)(U,w)+5(+)(u,w),

(1.227) D(u,w) ::D(O)(U,w)+D(+)(u,w).

Remark. It is not clear that £y is positive definite from the definition above.
Similarly, due to the presence of terms —(n—1) |, S w?,, it also not clear that £ and
D, are coercive. However, under appropriate smallness assumptions, the positivity
will become apparent later.

In addition to the (temporal) energy £ and (temporal) dissipation D, we introduce
the higher order space-time energy quantities € and ® that incorporate mixed space-

time derivatives. For any 0 <v <1, we set:
-1

(1.228) ¢ (u, f) ::Zuqciq(u,f); DY (u, f): qu© u, f).
q=0

Before we define €,(u, f) and D4(u, f), we introduce the functions A5, rather technical
in nature, but arise naturally when identifying the leading order in the space-time en-
ergies. For a given multi-index |¢| =2¢, for any |u| = 2q, let A§ be functions depending

smoothly on f and V,f with the additional property

O(f,Vyf) n#¢,
1+0(f,Vyf), n=¢

Exact definition of Ai and more detailed description are given in (3.414) and the

(1.229) As =

paragraph thereafter. Property (1.229) is all we need to establish coercivity of the

energy: for 0<q¢<l—2

€(u, f) *—I!Vutl a[Fraage) 2% ) Z/ v > AGO faaea 2

(1230) 1€l= QQZ 1 |u|=2q+1
Z ASOl fu-i-g };
lul=2q+1
(1.231) ¢ 1(u, f) f—||Vu||H21 H(Qt):
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Here &, :=¢& +¢;, where ¢; stands for the i-th standard unit vector in R™. Observe that

¢, is positive definite under the smallness assumption on f and V,f, as it follows

from the form (1.229) of coefficients Ai. Similarly, for any 0<¢g<[l—1
Dq(U,f)32||VUtH*q||?qr2q+1(ﬂrt)‘FQQq_l Z /S{’Vg Z Aiﬁgft“q

(1.232) ) |¢l=2¢ lul=2q
_(n—1)‘ S AL s }20,

|u|=2q
by Wirtinger’s inequality (cf. (1.216)). Finally, for any 0 <, 0 <v <1 we define the

2

total energy and total dissipation as:
Ey,=E+at”; D,,=D+aD".

THEOREM 1.1. Assume ( >0. Then there exist 0 <a,v <1, a constant C, and a
sufficiently small constant M* >0 such that if
Ea,u(u(]ny) +C* Zm? S M*)
i=0
then there exists a unique solution to the Stefan problem (1.203) - (1.207) (u,f),
satisfying the global bound
(1.233)

Eajl,(u,f)(t)—i-C’*Zm?#—%/tDW,(u,f)(T)dT§Ea,y(u,f)(s)+C'*me, t>s>0.
i=0 s

i=0
The second theorem improves the stability to an asymptotic stability statement,

and states that the solution converges to a 'nearby’ steady sphere:

THEOREM 1.2. Under the assumptions from the previous theorem, there exists
X close to Xo and R close to 1 such that the solution (v,T') to the Stefan problem

converges exponentially fast to the steady state (1/R,Sg(Xo).

Remark. The analogous statement holds for the steady states (v,I')=
(0/R,Sg(Xo) of the original Stefan problem (1.194) - (1.196). Here, the stability

condition reads ¢ (o, R) := ﬁ — |S"R;‘}22 >0, where |Sg| is the surface area of the sphere

of radius R.

Remark. The role of the weight v in the definition (1.228) of &” and ©" is technical
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in nature. It is introduced naturally in order to close the energy estimates in

Subsection 3.2.4.

1.2. Main theorem in the unstable case. As it is shown in Subsection 4.2,
with the help of an appropriate change of variables, the Stefan problem can be for-
mulated as a problem on a fixed domain €)g, (x,) for the unknowns w: g, %,) — R and

f:S'—R and it takes the form
(1.234) h(w, f)=L(w, [)+U(w, f)

where the linear operator £ and the nonlinearity U are defined explicitly by (4.546)
and (4.568) respectively. In order to formulate the instability statement, we need to
specify the notion of the initial perturbation. Lemma 4.3 based on [46], under the
instability assumption ¢ <0, shows that the linearized operator for the Stefan prob-
lem possesses countably many real eigenvalues A, A1, Ao,... with finite multiplicity.
The leading eigenvalue ) is positive and simple, Ay =0 and all the remaining eigen-
values are strictly negative. If m(i) stands for the multiplicity of the eigenvalue \;,
we associate the eigenvectors e;, to the eigenvalue \;, where 1 <k <m(i). The set

‘%) Ukm:(il) {ei,k} forms an orthonormal basis with respect to the inner product (-,-);

defined by (4.553). We refer to

oo m(i)

(1235) (wo,fo)zzzci,kei,k; 00,1%0

i=0 k=1
as the generic profile if there exists a non-trivial contribution along the direction of
the growing eigenvector (vg,2p), i.e. ¢o17#0. In the following theorem we assert the

local existence for small initial data and nonlinear instability of the steady spheres.

THEOREM 1.3. For any smooth generic profile such that ||w0||%2(9)+||f0||%2 =1,
there exists a sufficiently small number 6y >0, such that for any 6 >0, there exists a
unique solution (w®, f0) to (1.234) with initial conditions {(5w0,5f0)}6 which on the

time interval [0,T° := /\iolog ] satisfies

| ’(w(s’ f(s)(t) - 00,156/\0t(vo, 20)|[z2 < C52e2Mt 4 O,
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where C' is independent of 0. Furthermore, there exists a constant Ky >0 independent

of 0, such that
(1.236) [ (T)][ L2y + 1L (T2 > Ko

Remark. Our theorem shows that the nonlinear unstable dynamics is character-
ized by the growing mode e*!(vy,2p) over the time scale [0,7°]. If we perturb away
from S1(0)=S we show that vy is spherically symmetric ((vg,z) is the eigenvector
associated to Ag), hence our instability does NOT contain morphological changes, but

only spreading or shrinking along the radial direction.

1.3. Strategy of the proofs and basic ideas. There are several major math-
ematical novelties in this work, with respect to the results of Chapter 2, i.e. [31].
Let us first note that just from the definition (1.223) of £ it is not even clear that
this quantity is positive definite. An important step is to Taylor-expand the term

(1+ )" 2/ (1+ f)2+|V,f|>—1. We obtain

fo=3 [ vt [ur [ 15 [9arP+ [ 00+ 19,61

To extract a positive quadratic contribution, we exploit the conservation-of-mass

law (1.217) and note that [ u+ [of= —”T_l Js f2+O(f?). Using this observation, by

a calculation similar to the one in the equation following (1.212), we can conclude

1 1 1
e =3 [ Pl +5¢( [ 0 +5 [ {190 == DB} +OU S +19,1)

Note that [4{|Vyf[*—(n—1)|Pf|*} >0 by the Wirtinger’s inequality. Hence, if
¢>0 it does seem that £() is nonnegative, modulo the third order remainder. Un-
fortunately, note that the L:norm of the first mode P;f (recall (1.215)) is cer-
tainly not controlled by the expression [¢{|V f]?—(n—1)|Pf]*} = [ {|V Por f]* -
(n—1)|Po+ f|*}. The analysis of the first modes turns out to be impossible without
the new conservation-of-momentum law (1.219). More specifically, the problem lies

in ensuring the positivity of &) due to the non-trivial presence of the first modes
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in the third order remainder. The key to circumvent this severe difficulty is to ex-

ploit (1.219), so to write:

((n—1)+Rf)/stl,iZAUP¢+/SO(!f!2+\ng\2), i—1..m

and thus, we can bound the L?-norm of P f by the L?*norms of u and (Py+Py,)f,
which are in turn bounded by the energy £¢. See Lemma 3.17.

Energy. Unlike in Chapter 2 or in our previous work [31], the higher-order
energy estimate is considerably more delicate due to the geometric structure of our
problem. In order to preserve the boundary condition, one needs to take tangential
derivatives. Unfortunately, usual spatial derivatives d,: could lead to linear growth in
time when we interchange from one local chart to another, which presents a difficulty
in constructing the global solution. Instead, we divide our main energy estimate in
two steps. We note that 0, is the only globally defined vector field which is ’almost’
tangential with respect to I'(¢), so we start by deriving the estimate for the temporal

energy, defined as in (1.226) and (1.227):

(1.237) sup &(s /D )<E(0)+C sup (VE+VE) D

0<s<t 0<s<t
Instead of deriving the similar energy estimates for the other tangential derivatives,
we make use of the temporal energy estimate (1.237) and the heat equation in the
bulk to bound € by £ and D. We refer to this as the reduction step. The estimate
we obtain for the space-time energy is the following:
t
(1.238)  sup (’E”(s)—l—/ D"(s) <€”(0)+C sup \/@/ ds—l—C’*/ D(s
0<s<t 0 0<s<t
Based on the previous two estimates, we are able to obtain the a-priori bound for the

solution of the original Stefan problem

sup Eq (s /Dal, )ds < E, ,(0),

0<s<t
which is the central estimate that will allow us to extend the solution globally. We
chose to define our energy on a moving domain, with the aim of preserving the

transparency of the geometric structure of the problem. We prove the temporal
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energy estimates in Subsection 3.2.2 and with the space-time energy estimates in
Subsection 3.2.4.

Regularization and the iterative procedure. In order to establish the local
existence for the Stefan problem, we set-up an iteration scheme, which generates a
sequence of iterates {(u”, f™)}men. As in Chapter 2 or [31], such an iteration is well
defined, but it breaks the natural energy setting due to the lack of exact cancellations
in the presence of cross-terms. We design the elliptic regularization

iR Al
Tl g~ Ll oo

to overcome this difficulty. For a fixed €, we use it to prove that {(u™, f™)}men is

a Cauchy sequence in the energy space. However, note that the expression u™"! —

m+l are defined on

u™ does not a-priori make sense, since the iterates u™ and u
different domains Q™! and Q™, respectively. Thus, we transform the regularized
Stefan problem to a problem on a fixed domain by applying a suitable change of
variables and then prove the Cauchy property.

Stability for ( >0. After establishing the existence of the global solution under
the positivity assumption on ¢, we further prove the exponential decay of the solution
to a nearby steady circle which is uniquely determined via conservation laws (1.217)
and (1.219). Just like in [31], we have to prove that the energy E,, is bounded
by the dissipation D, ,. However, the situation is considerably more complicated in
comparison to the Stefan problem close to flat steady surfaces. The reason is that
the Dirichlet condition (1.195) can not be directly used to estimate the L%-norm of
f against the L?-norm of Vu, since fr(/ﬁ—l) #0. Again, we crucially exploit the
conservation laws (1.217) and (1.219) together with the condition ¢ >0, to prove this
estimate. This is carried out in Subsection 3.4.

Instability for ¢ <0. The passage from the linear to nonlinear instability is a
delicate problem in general. In Section 4 we start by proving the local existence
under the assumption ¢ <0 (Theorem 4.1), analogously to the stable case. However,

to prove the instability, we resort to a bootstrap technique as developed by Guo &
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STRAUSS in [30]. The main idea is to show that on the time scale of instability, some
stronger norm |||-||| (given by the high-order energy) is actually controlled by the
weaker norm ||-|| (which is simply L?*norm in our case). The details of this general
procedure are described in Lemma 4.9. However, in order to apply Lemma 4.9, a
detailed understanding of the linear problem and the growing eigenmode is necessary.
In Subsection 4.1, we provide a variational characterization of the positive eigenvalue
(Lemma 4.5) and establish sharp growth estimate for the linear problem in suitable
norms (Lemma 4.8). To finally prove Theorem 1.3 (Subsection 4.2), we have to refor-
mulate the Stefan problem so that the Duhamel principle can be applied. Again, we
transform the problem to a problem on the fixed domain with the severe nonlinearity
N(f) coming from the curvature term, contained in the Dirichlet boundary condition.
To ensure the linearity of the boundary condition, we further modify the unknowns

and as a result obtain the problem (4.564) - (4.567), to which we apply Lemma 4.9.

2. Energy identities

2.1. Regularization. In order to prove Theorem 1.1, we shall regularize the
Stefan problem by adding viscosity to the ’jump’ relation (1.196). Namely, for € >0,

we consider the following equation:

(2.239) V4+eA=[u,]T onT,
where Aogp=— Rﬁi’f@. Thus, expressed as an equation on S, the equation (2.239)
reads
R A
_ft ¢ féft :[un]i—o¢’
lgl Ryl

where ¢ is given by (1.200). We shall refer to the problem (1.194), (1.195) and (2.239)
as the reqularized Stefan problem. In the rest of this subsection we define a number

of energy quantities that will be necessary for our subsequent energy estimates.
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The stable case. We introduce the additional e-dependent energy terms that

incorporate the viscosity:

(2.240)

-1

~

E(Uw) = EU ) +E(W): E(w)i= 6/5{\V3wtk|2—(n—l)lvzwtk|2},

k=0

| —

-1
D) =DU) + D) D(w)i= e [ {[Vhutwr P~ (0= )|V ).
k=0 S

Accordingly, with regard to the higher-order space-time norms € and 2, for any

0<q¢<Il—1 we define:

(2.242) )
&= SN ({19 3 Aol 1IV; 2 AR,
¢|=2p i=1 75 Il=2q+1 Iu=2+1
(2.243) t
D (f) = €227 /0 /S |ﬂz2q{yvgl%quagftc+llz—(n_1>|V§|;quagftc+l|2}.

Here we recall again the form (1.229) of the coefficients Aﬁ. We define the total higher

order energies in the natural way:

-1 -1
(2.244) EV =) VI €V =€V EY; DY =) 1IDG DY =D+ DY
q=0 q=0

Again, if v=1, we simply drop the index 1 in the notation introduced in (2.244).
The unstable case. In order to prove the local existence theorem in the case

¢ <0, we introduce the appropriate energy quantities. Using (1.215), we define the

energy M by

(2.245)

-1 -1 -1
1 1 1
M(U,w)::52/97/@+§Z/QWU¢]2+§Z/8{]VQ%HQ—(n—l)]IP’2+wtk|2};
k=0 k=0 k=0
and the dissipation N is defined through:

! -1 !
(2.246) N(u,@::Z/u@Z/|vutk|2+z/{|vgwtk|2—|1p>2+wtk|2}.
k=179 k=0 " & k—17S
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The quantities M and N are the analogues of £ and D defined by (1.226) and (1.227).

In analogy to (1.228), for any 0 <v <1 we define the space-time energy quantities:
-1 -1

(2.247) M=) VM, M= N,
q=0 q=0

where, for any 0 <q¢<[l—1, we define

(2.248)
" 2
mq(u,f) ::Hvutl—l—q’ﬁng(ﬂ)+22q Z Z/ {‘vg Z Aiiagftl—l—q
1€1=2¢ i=21 S ln|=2q
~(n=D)|Pos Y AGO faa
|ul=2q )
Ryt f) = [Vt Bz + 227 S /S {‘vg S AL fus —(n—l)‘ S AL s

|€1=2¢ |ul=2q |ul=2q

Finally, for any 0< 3, 0<v <1, the total energy and the total dissipation for the

unstable case are defined by
Mg, :=M+pM"; Nz, :=N+pN".

As to the energy quantities that arise from the regularization (2.239), analogously
to (2.240) - (2.244), we define
(2.249)

) A =
M (U,w) =MU,w)+ M (w); Me(w)::§Z/{|ngtk|2—(n—1)|]P’2+V§wtk|2}
k=0"S

-1
N.(U,w) =N U,w)+N(w); N¢(w) ::Z/ {IViwper1 [* = (n—1)|Poy. Viwgs |}
k=0"S

Furthermore, for any 0 <¢<[l—1 we define:

(2.251)

93(2(]6):262% Z Z/{‘Vz Z Af;a;jfu_l-q 2-(”—1)‘PQ+V§ Z Afjagftl—l—q 2}?
¢l=2q i=1 "5 lul=2q ) lul=2q )

R (f) = 22192 3 / (98 3 asoufud| —-1)|P2v2 32 aS0p s ),

|§]=2¢ |ul=2¢ |ul=2¢
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and hence the total higher order energies are given by

-1 -1
(2252) MMV = UG M =M M, N =D N NY =N+ N

q=0 q=0
2.2. Trace. Let v stand for the trace operator on the curve I'. By 0} we shall

denote the time differentiation operator along the hypersurface I' defined by
(2.253) Ojuop=0(uo@).

With these notations, applying the chain rule in the above formula, we arrive at the

following decomposition:
(2.254) Ofu="[w]+Vu,+V)-Vgu

where V' is the normal velocity, Vjjo¢= R, is the tangential velocity and Vgu is
the tangential gradient of u with respect to the metric g on I'. Iterating the for-
mula (2.254) k times and using the product rule, we arrive at the following decom-

position formula for the operator O:

(2.255) Yup] = 0w — 7,00 (u),

where the commutator [, ] (u) is defined through

(2.256)
k—1
[V, 0u) (w)od:=Y " Y CPOpry((V o) R))E...E7 0} .0 Ougw 0,
p=0g+r=k—p

and CP%" are some positive real constants. The following trace lemma will be of

crucial importance for estimating terms appearing in (2.256):

LEMMA 2.1. Let ve H*(Q), fe H*(S) and q,r €N such that r+q=k. Let p

be a multi-index such that |pu|=r Then the following inequality holds:
105080 L2y < C L+ 1| #) [[0]| o1 -
Proof. Using the formulas 0,, =n;d,+ and 8; = 0, — N0k, We may write

agazv—ZF Qur15(u).
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Here Fj;(n) is a function involving at most j —1 tangential derivatives of n and thus
at most j derivatives of R, since n=1+0(V,R). On the other hand @,,(u) consists

of terms containing m Cartesian derivatives of u. The idea is to use the Sobolev

k+1

estimates: if j < 5

we estimate ||F}||p < C||F}||gn/2 by the Sobolev inequality,

whereas Q4,1 is estimated in L?-norm. We then use the trace inequality, to con-

clude ||Qpj-1||r2 < C||ul| gr+i(q)- In the case j > L we estimate F; in L*-norm and
Qr+j—1 in L™-norm together with the Sobolev and trace inequalities. Combining
the two cases the claim of the lemma easily follows. Note that we only use the
trace inequality for the Cartesian derivatives on I'. Observe that in the inequality
[v]] 2y < Cl|v]| g1, the constant C' depends only on the C'-norm of f. However,

for k sufficiently large, the C'-norm of f is bounded by the H**!-norm of f. O

2.3. Identities. Let I=]0,q| for some 0<g<oo. The derivation of the energy

identities crucially depends on the following model problem:

(2.257) U—-AU=F on QxI
(2.258) UE=U+U* onT,
y (n—1x  Ayx
2.259 Uop=— — +G (v, on S,
(2.260) [0UT=V+V onT,
(2.261) Voo v B +h(,w) on S
. OP=—Ws——= —€E—— ,w) on S.
elF T 1glF

We should think of U+, V, G(1), ) and h(1),x) as a certain kind of ’error terms’ that

will not contribute to the extraction of the energy. We first define the stable case
energies & and D, (for the model problem) through:

(2.262)

etw)i=y [ e vup g [ {1Vl —-neth+ e [ {IVioP - -niviur)
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and

(2.263)

De(u,w):—/Q{Ut2+]VU|2}+/S{|ngt\2—(n—1)wf}+6/8{|ngt\2—(n—1)|vzwtl2}.

As to the unstable case, we define the energies M, and N, by

/\;le(bl,w)::%/Q{UQ—F|VU|2}—I—%/S{|ng|2—(n—1)|P2+w|2}

(2.264) .
+§6/{|V3w|2—(n—1)|IF’2+V§w\2}.
S

Rtwyi= [ (U8 +19UP+ [ (VP — - DlPass )
S
€ {|V§wt|2 —(n— 1)|P2+V§wt|2}.
S

(2.265)

Remark. Note that the first modes of w are included in the energy quantities M,
and N..

LEMMA 2.2. The following identities hold:

(2.266) E.(t )+/OtDe(s)ds:55(O)+/Q(L{+th)]-"+/0t/r{O+P}+/Ot/s{Q+S},

(b)
(2 267)

//\/ M. (0)+ /u+utf+// O“+P“ // Q“+Su

where (recalling (1.201))

(2.268) O=0"=0U):=UTUZ+UV +V (UF)?,

(2.269) P=P"=PU) = (;U* — [v,0U)UE + UV +V|VUS P,
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(2.270)
Q=Q(x,w, Y, F)=—(n—1wi(w—x)+Vywi- Vg(w—x) —e(n—1)AgwAg(w—x)

n—1 n—2
+eAgVw - AgVy(w—x) +(n— 1)th(¢F2 —1) +Agxwt(W —1)
n—2 n—3
2 1/} 2 w 7/ n—2
+e(n—1)xAjwi( 7 —1)+6Anggwt(|g|F2—1)+hMoq§w \g\—G(thF

Azwt n—2 w
+e€ ]g!F>¢ |g|7 Q :Q_'_(P0+P1)W(PO+P1)Wt+€P1WQ2]P1w92t_

(2.271)
S=8(xt,w, 0, F):=—(n—1Dwi(wy — x1) + Vywr - Vg(wr — x¢) —€(n—1)Agwi Ag(wp — x1)
n—1 n—2
—i—eAgvgwt . Agvg(Wt - Xt) + (TL - 1)XtWt(W - ].) + Agtht(W — 1)
n—2 n—3 1

1
+e(n— 1)XtA2Wt(¢F -1 +EA9XtA§“’t<|i|? —D = (== Dx(g) - gx(wlglF)t

A
+Gt)vo¢¢n 2|g|—|—( +¢|g|>;_t,2)h¢n_2|g|, S“:S—i—|(P0+P1)wt|2+e|P1w92t|2.

Proof. Clearly, part (b) follows easily from part (a). Hence, in the rest of the proof
we only focus on the identity in the part (a) of Lemma 2.2. The first energy identity

arises by multiplying (2.257) by U and integrating over 2. We obtain:

1
—at/UQ—/V(ui)2+/|vu|2—/uiu§=/wr.
2 Q T Q N Q

Using (2.258) and (2.260):
(2.272) - / WU = — / v — / (U +av)
T T I

We shall evaluate — [[.UV by transforming it to the integral over S using (2.259)
and (2.261):

- (n—1)x = Agx Yo Adwry o,
—fav=-
o= [ |F)i ||A )l
o hZ/_{O n—2 o n—2
[ to o =2gl= [ Gl e i)l
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We proceed toward the extraction of the energy contribution from the first integral
on RHS of (2.273). Note that
(2.274)

(n=Dx | Aygx v Alwy - Pt Agxw)" 2

_ ) _ 1 ) _

/s( F J;wlglF)(w |9|F+ IglF) l /s(n e /s |g|F?
B _1)XA Wt?/)nd_ /AgXA Wt¢

/(n F? ‘ S lg|F™
:_at/{wgw\ ~(n—1) 2}+16(9t/{|V3w|2 (n—1)|V2w [}

S
+n=1) o=~ [ VoV Ve / )
S

— [ 807 8,90 =0 (0= [ - / A =1
S S |F

n—2

Y w
_e(n—l)/sxAzwt( Ja —1)—€/SA XAth(| |F2

The identities (2.272) - (2.274) give the formulas (2.268) and (2.270) for O and @,
respectively. The second energy identity arises by multiplying (2.257) by U, and

integrating over 2. We obtain:

1
/u3+—at/ |vu|2—/V|vui|2—/ufu§:/utf.
Q 2 Q r T Q

Using (2.258) and (2.260)

- [wes = [ (@ ou - oyt
(2.275) Jr ) N
- / UV — / { (O™ — [y, 0 u* U +a;<uv.}
T Iy

We shall evaluate — [.0;U/V by transforming it to the integral over S' using (2.259)
and (2.261). By (2.259)

Y Xt AgXt 1
at<uo¢>:_(n 1)F 1/1!9|F (n_l)X(F)t_
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Thus, we have

(2.276)
— [ UV =— | O, (Uod)Vopyp" ?|g|=— Y ). lt
J oy 1/ @og)oou w|g| A2/3( (=)~ S~ (=D ()
w Wt
e g h n—2
X Ggrp) 0> (= I~ g TV

(i Agxp"? XtAgwﬂ/fn_2 AgxtAﬁwtw”‘?’
(n-1 oy _ —e(n— MTgE
g )/Sx“’lF? J IR e A/ ol
—A Gt _o n—2 Xt gXt n—2
+ [ (=== A ) GV oou 2l = [ G+ 2
/{|ngt\ —(n—1w }+e[9{|V3wt|2—(n—1)]V§wt\ }
—i—(n—l)/swt(wt Xt) — /V Wt - Vg(wt—xt)+e(n—1)/8Agthg(wt—Xt)

n—1 n—2
_GLAgvgwt'Agvg<wt_Xt)_(”_1)/8th1‘/(¢}7—2_1)_/8A9tht(|1;?_1>
) 1/}71—2 wn 3
—6(7’2,—1)/S‘XtAgwt(W—1)— \/S\AgXtA wt(‘ ‘Fz 1) A
1 1 Xt Xt .
- - T/t A t 2 - =y g hy" 2
[ (== Dxn=Aox(rs) + G Voo™ 2lgl - [ 35+ b2

The identities (2.275) and (2.276) imply the formulas (2.269) and (2.271) for P and
S respectively.

3. Stable case (>0

3.1. Iteration scheme. In this section we set up an iteration scheme for proving
the local existence of solutions to the Stefan problem (1.203) - (1.207). We want to
find a sequence of iterates (u*,I'*)ien, where each curve I'* is expressed as a graph
over S via the mapping ¢*: [0,00[xS! — T, ¢*(¢,£) = R¥(¢,£)E.

The iteration is defined as follows: given (u™,R™) for some m €N and smooth

initial data u™*1(0,-) =wo(-), find ™! by solving the equation
(3.277) O™ — A" =0, on  Qpm,
with the given Dirichlet boundary condition

(3.278) u™tt=k™ on I™.
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After we have obtained u™"!, for given smooth initial data R™(0,-) = Ry(-), find

R™" by solving the following equation on I'™:

(3.279) Ve AT = [0, um™ T

where V™1™ R is given by Vm“ogzﬁ’”:—fzn';]ﬁm and A™T1:T™ R is de-
2 pm+1

fined through Am“ogﬁm:—%. Here |g™|=+/(R™)2+|V4R™[2. The rela-

tion (3.279) can be expressed as an equation on S:

+1 2 rm+1
tm R™ Agft a uerl]Jr O¢m on S
o) )

(3.280) T gl (e O

Our goal is to prove that the sequence of iterates (u™, f™) converges to the solution
of the regularized Stefan problem. Applying the temporal differentiation operator O«
(0<k<l-1) to the equations (3.277), (3.278) and (3.280), we obtain

(3.281) uitl = Auitt=0 on Q™
(3.282) upt'=ul'+a on I,
where

(3.283) uy =0 K™

and thus, (3.283) can be rewritten as

A m
(3.284) Wo¢™ =—(n—1)f1— Rj‘gtfn’ +G" on S,
(3.285) [Ouit ' E =0 +07 on T,
where
(3.286) o =05 (VM 4 eA™ )
We can thus rewrite
m+1Rm Ag ;T—ll

(3.287) o =—t1 ¢ —
¢ 9™ g™ | (R )2
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where

(3.288) g = =", O Ju™
(3.289) o= =", 0] [0
k—1 ]
q=0
(3.201)
m m m m m m m 1
hi' = —hiiy —€hyly; ity = thqﬂlat’“ e ): hity = ZA2 3 (mr gy ie

tatl | m’(Rm)n 2
In (3.290) above, N*(f) is the quadratic remainder in the decomposition H(f)=

n—l—(n—1)f =5 +N"(f), le. N*(f)=2L—(n—1)(1=f)=V,(L)- T Asa

]

first step toward the introduction of the energy norm for the iterates, we state the

version of the conservation law (1.217) which takes into account the iteration.
LEMMA 3.1. The following conservation law holds:

(3.292) / mtl y / frtt= / J —1),

Proof. Upon integrating (3.277) over Q™ and using integration by parts we arrive at
Rmfm+1 A2 Z?’H—l
at/um-l-l — _/ [anum—i-l]i—:_/ < 1€ 9 >(Rm)”_2|gml
Q s\ g™ (Rm)"=2|g™]

= [ [y,

which implies the claim. 0

From (3.292), we immediately see

a209) o[t [ Ly [y

For any k €N define:

(3.294) by =Er(ub f5),  Df =Dy (b, 1Y),
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where

£ (U)=Ei) U Zj/{w%%ﬁ n—1)| Vi *}:
De,+(u,w):D(+)(u,w)+Z€/{|ngtk+1|2—(n—1)|V§wtk+1|2}.
k=1 7S

Setting

U=0pu™, w=RM y=Ry, ¢=R", U=a]", U=1}", V=V",
V—vk,G Gy, h=hy", F=1,F=0

(3.295)

the identity (2.266) implies:
(3.296)

£ (1) + /OtDm+1(s)ds:5€,+(0)+/ot/m {0m+Pm}+/Ot/g{Qm+sm}.

Here O™:=Y ' o, p="1" P Q=31 Qi and §™ =311 S, whereby

(3.297) O := O (Opu™ ), P = P(Opu™")
and
(3.298) Fo= QR R R, SP=S(RE, R RT).

On the level of iterates, for any j € N we define the 0-th order energy by

o=y [ @[ w) 4 [ - i)
r5¢ [{IvaPP=m-1Ivir R}

2
D{0):/,_ [Vl [,
Qi1

Remark. Note that &7 is slightly different from &)
3.1.1. The 0-th order energy identity. To derive the 0-th order energy identity we

multiply the equation (3.277) by v™*! and integrate over Q™. We obtain
(3.299)

1
58,5/ (UmH)Q—l—(n 1) / m+1 /Hm m+1 (R™)™ e/ KmAmH_i_/ |Vum+1’2:0



We apply the e-dependent part of the formulas (2.273) and (2.274) to evaluate
—€ [pm KA With x=f", w=f"t F=1, ¢=R™, g=¢", G=N*(f") and

h=0, we obtain

A2 m+1
S mAerl /Hm R™ n—2 gm
L Gt ()2

Lo [ (v -m-iwse) - [ an

S

(3.300)

where

Am:_EAgftm—i—lA (fm+1—fm)+€A v fm+1 A v (fm+1_fm)

3.301
( ) +6AgfmA2 m+1(R :|l |—1)+€N*(fm)A2 m+17
m|gm

the quadratic remainder term N*(f) is defined in the line after (3.291). We expand
H™(R™)" ' =n—1+(n—1)(n—=2)f" = Ay f" + Ni(f™),

where Ny(h) =O(|h|>+ |V h|* +|V2h|*). Hence, using (3.293), we have

(n—l)/ u;n—i—l_l_/Hmfm—f—l(Rm n TL 1 / m+1 7’L 1 / m+1

—Z/(” D /{n )+ (= D=2 f7 = Ay fm 4 N} £
S e e Y R (Ol W A G A

Using the previous identity, we obtain from (3.299):

—315{ . m+1)2_(n_1)/Sl(fm+1)2}+%at[8|vgfm+1|2
w50 [ {1V = - e )+ [ m|wm+1|2
S AR VAR AVESOR NS

o £ [0
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We now make the fundamental calculation:
(3.303)
/ (um+1)2_(n_1)/(fm+1)2:/ (P m—i-l) d$—|-|Qm|( m+1)2
m S ™m

~n=0)( [ @ IsIRorm ) = [ PuntRde—(w=1) [ @y
g =) UL o e S (L= [ ry?).

Using (3.302) and (3.303), we arrive at

(3304) atgén—i-l _i_Dz‘g)—i-l :A(um+17fm,fm+1)’

where

(3.305)
A(um+1,fm,fm+1) —

215\ at{(/ u" ) = /fMH /{—(n—l)(fm+1 oy f
HTE SV m+1}+{{N1<fm>—kX;[9< ot [an

Upon integrating (3.304) in time and summing it with (3.296), we arrive at the
fundamental energy identity:

g;n—&-l()_i_ thm—H( dr = 5 A m~+1 fm,fm+1)
(3.306) / /0

/ / {om+pm} / /{Q +5m}

3.2. Energy estimates. In this section we prove the basic a-priori estimates
for the regularized Stefan problem. In order to bound the higher-order space-time
energy, we first introduce the necessary notations. We denote (’39 v QE”(u] ), QAS{;” =
QSZ’”(uJ,f]) and € = fol+€fl for any j € N, where in the definitions (2.248) and (?7?)
Q is substituted by €/. Analogously we define D7, @g"’ and @7 . For any je
N we finally set Qij’”:Zé loquSJ and we define @ analogously. Summing the e-
independent energy ¢/ and the e-dependent energy ¢ , we define & := ¢ 4 @7 In

a fully analogous fashion, we introduce D%, D and D7+, We follow the notational

convention of dropping the superscript v when v=1. Let us set

El,=&"+a€l;, D) , =D +aDl".
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LEMMA 3.2. Let (:= |Q| ‘S| L > 0. Then there exist positive constants o, v, C,,

Ca, 0y and t¢, such that for any 0,0, <0y, t <t such that if E, ,(0)<0/2 and

-1 -1 l !
D PS4+ Y PRI <Cal™, > NP S|z + Y IIP1fRI[7: < CuD™,
k=1 k=1 k=1 k=1

¢
/ DI (1)dr <6, sup |]fm||§{21§C’A(91+/ DY)
0<s<t 0
then
(3.307)

S s m+1HLz+Z|rP1 R <G ZIIPo m+1||Lz+Z||P1 ft e < 0D,
k=1

(3.308)
ErH (¢ / DI (r)dr <0 and  sup ||f[Fa < Ca(61+ / DYy,

0<s<t

Remark. For any j€N, any Sobolev exponent k€ NU{0} and a function v:
) — R, we shall denote the Sobolev norm ||v||gsqix) simply by [[v|]grqsy (recall
that ||-|[gx(q+) is defined in (1.213)).

3.2.1. Proof of (3.307) (zero-th and the first modes) and second claim of (3.308).
Let p; be a homogeneous polynomials of degree 1 uniquely associated to the spherical
harmonic s;, i=1,...,n. In other words: s;=Tr|s:(p;). Multiply (3.277) by p;oS™
and integrate over ). Here §™:Q — Q) is a diffeomorphism with the property S |pm =
(o)~

/S(Rm)" Lfmtls, 1 eA% f s, dé = / meZOSm—l—/QVum“-V(piOSm).

Hence

(3.300)
(1+¢) / fithside / ((R™)"=" 1) £+ s,d0 + / uppioS™ + / Vu" -V (pioS™).
S Q

Let 1 <k <[ and apply the differential operator d;x-1 to both sides of (3.309). Apply-
ing the Leibniz product rule and the Cauchy-Schwarz inequality, we arrive at:

(3.310)
k—1 k-1

| [ tside] < O3 (gt lsem + Vel } +C SIS aner THasl[P
=0 §'=0
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Observe that, due to the assumed bound on [j D™, we have supg<,||f™|% <

Ca(6+—%=). Hence,

(3.311)
k1 k-1
S Iz N @o+P) |2+ D I(Po+P) £ |2+ (™)
j'=0 j=1
2 0 12 B Ca \12 -
<CCy ((W) +91/2> +CL2012 4 912 = (C(oa/lfl) +1+C;/2>91/2_ “

The estimates (3.310) and (3.311) give
(3.312)

1 m“szds\<oZ{||u";rf||Lz<m IV g2 }+OMZ|| THasl1

We next use the conservation law (3.292). Namely, applying the differential operator
Ope—1 10 (3.292), we have

(3.313) atkfl( /Q u;gn+1> /m“ / s (S ((R™)™1 - 1)).

To extract the highest order contribution from the first term on LHS of (3.313) we
observe the following differentiation rule for a function U defined on some moving

domain Q(¢):

(3.314) 8t/ L{:/ Ut+/ Vi,
Q(t) Q(t) a0(t)

where V' stands for the normal velocity of the moving boundary 0€2(t). Using (3.314)
(k—1) times consecutively, it is easy to prove the formula

(3.315)

atm( / mugnﬂ) / m+1+Zat“q( / vpm[uggﬂ]t): /Q By (Vo w1,

where  By(Vpm,u™t1): Z atk717q<f1—,m Vim u?(}“]f). Hence, from (3.313)
and (3.315), we obtain

(3.316) /m+1 /m+1 /@t“ " (R™ = 1) = B (Vem ,u™ ) = - B,



where By := [¢Op—1 (fi" T ((R™)" " = 1) + Bp(Vem,u™ ™). Hence, using (3.316), we

obtain

(3.317) (/QU;ZH)Q_(/ mH /m“ /m“ /mﬂ /m+1

Q Q

By the product rule and the Cauchy-Schwarz inequality:

(3.318)
! I k-1
S| [ o (grricamy \<cZZ||f;"||LQZH m*lum<cu2n £ g
k=1 /S k=1 j/=
In an analogous fashion we show
k—1
(3.319) |Bk|<CZ||ftl’ |L2Z||Um+1||Hl(Qm)SOMZH“Z“HHWQW)-
j=1

Furthermore, from (3.316) we obtain for any 1<k <l
(3.320) [Py f m+1||L2<C||um+1||Lz(m+O’/atk1( Z”“((Rm)”‘l—l)+Bk‘.
S

Now we may use (3.318), (3.319) and the definition of B}" to conclude

Z\Bm|<Z’/atk Y ‘+Z|Bk!<0u2\| "‘“HL2+CMZHu’”“l\m(ﬂm)-

Using this observation together with (3.317), we conclude that

(3 321)
Z{AH g Bagom + OO 3) B P }<AZ|| U 2y

Sl <)

+COp? (Zn m+1||L2+Z||um“||H1 o)

l

Analogously we prove (I —1[—1)

(3.322)
-1

-1
S| = | < O T e B L
k=1

k=1
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Note that (3.318), (3.319) and (3.320) in particular imply
(3.323)
!

Sl R <CZ{Ilum“Hm(gm)+IIPlft’?“Hiz+|!P2+f£7’“llm} +cZ|rum+1r|H1 am)
j=1

Namely, using the smallness of § and v, together with (3.323), we obtain from (3.310):

(3.324)

ZHIPH F ooy < O {1 | aqm + IV Bagmy + al Py £ 32 }.

k=1

Positive definiteness. In the following we wish to prove that £ is a positive definite
quantity. Note that for any k> 1:
(3.325)

| ==y [y

= [z da-+ 10| Pou ™~ (n=1) [ @527~ (= DIS|Bof "

= / (Pu*Yde — (n—1) / (B <(7 U+’ +%,1(< / Wy ( / Fry?),

where, recall, ( = Iﬁll — ’T S|1 A fundamental observation is that the Wirtinger inequal-

ity implies:
[ s = (2=1) [ P2 CorlIBasis s
s S

Even though this would suffice to establish positivity of the energies £*, D¥, it features
only the second and higher-order modes of w on the right-hand side. However, the
inequality (3.310) gives the obvious bound on the L?-norm of the first modes of me.
Let >0 be a small number to be specified later. Using the definition (3.294) of £™,
D™, and combining (3.325), (3.321) and (3.324), we have

l
D=3 {4 J @y [ [t [ ) v eCla S 1
Ol gy = O ([ g0 T+ B+ 1P fE )]
o Pos f 2+l 12— n02{||um“||mm>+||Vu;?+1lr|L2 o+ V[P f1] 32}
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After regrouping, we obtain

l
(4D 4D {2 (I gy IV gy + P e+ [P £ 2 )
k=1

l k
FON Y By 1D 1 B aomy IV By + 2 P S22 }
k=1 j=1
l

> ">~ { eCwlIPos i 1+ s g + [V e oy 1l gt 22 4+ Co P 12 -
k=1

First choosing 1 and then A, 6, ;1 and € small, we obtain

l

(3.326) D™ 2 O3 { gt e + IVt Bagay + 11 e + €l Py 5 152 }
k=1

Let us denote

l
Dy(u, 1) = 3 { el aiamy + 1Vt | Bomy + 1o 2+ el e 12}

k=1

Using (3.326) together with (3.323) and the definition (3.294) of D7, we conclude that

there exists a constant C >0 such that

1
(3.327) SD () <D L ODy (),

Similarly we introduce

(3.328)

-1 -1

&) (u Z{Hutkllm am) [Vt |[L2om § +||IP’ofHLz+HIF’szLQ+Z{ertk|!m+6Hf93tk||m}

A proof analogous to the proof of (3.326), which uses (3.322) instead of (3.321) leads
to

(3.329)
-1

gmtt > 8{5‘)“+032{||um+1|lL2 amy VU2 gy + | o132 + €l Pos fins 1||Lz}
k=1

Like above we conclude that there exists a constant C' > 0 such that

(3.330) égll (umth ) <gmHl < C¢ (u™tt, fmth,
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With 6 small enough and C, larger if necessary, from (3.323) and (3.324) and
bounds (3.326) and (3.329) we immediately deduce the second and the first claim
of (3.307) respectively.

Proof of the second claim of (3.308). Note that the equation (3.280) can be

rewritten in the form:
(3.331) P e = g (R g (R 1),

Let a be a multi-index and |o|<2l—4. Apply the differential operator dy to the
equation (3.331), take the square, integrate over S and then integrate in time. We

readily obtain

t
/ (Haafmrp+2e|rvzaafr+1\|%2+62Hv4aaf¢“rri2)

<2// aa Rm n— 2| m’ m+1ir +2// aa m+1 )n 1_1)]2

Using the Leibniz rule, L2-L> type estimates and the trace inequality, we easily

conclude that there exists a constant C, such that
t
(3.332) V105 £+ | <Co sup 157 s [ D7
0<s<t 0

On the other hand, since 0;[|02 f™ ]2 <|[|82 f{"*!|| 2, using the smallness assump-

tions in Lemma 3.2, we easily deduce
t
IV Fr (1] 2 < [T AO8 S (0)]122 + CrCA (B + 0t / o,
0

Thus, using the above for any 0 < |a| < 2] —4, assuming that || fo||%. < K6, for some

H2l
constant K >0 and choosing 0,0, such that (0+6,)C;,K60; <1 suitably small, we

obtain
t t
(3.333) 52 < Ca (01+6—2 /0 D™

and this proves the second claim of (3.308). If we apply the operator 95 with |a|<

2] —2 to the equation (3.331), in the same way as above we get (with no e!)

t
(3.334) 1™ e < Ca (61 48 / o)
0
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Note that the same proof also gives the bound

(3.335) S e < Ca (6147 sup €™ (s)).

0<s<t
3.2.2. Temporal energy estimates. We start by an auxiliary lemma that will be

subsequently used in the energy estimates below.

LEMMA 3.3. The following inequalities hold:

) For any 0<k<Il—1 the following inequalities hold:

/ 1™ Dy ]u™ ooy <C sup v/ (s) / D 4 / D" sup € (s)

0<s<t 0<s<t
LU 00 ey [ V0T ey <€ sup &G [ 07
0 0 Sss 0

(b) For any 0 <k <Il—1, the following inequality holds (O] is defined in (2.253)):

t
/||8t*ka+1||L2(Fm <C sup (1++/€E™(s /Dm+1.
0

0<s<t
(c) Let £€C™(J,R) and JCR an interval such that every derivative of & is
uniformly bounded on J. Let 0<r <l. Then there exists a positive constant

C such that

(3.336) 100 [§(R™ + (f5))] [l < C(VET+VeEm)
and

(3.337) 00 [+ ()] s < = (VET 4 VED)

(d) For any k=1,...,1, the following inequality holds:
Ct

1 e+ 2€l [V frt I + €NV £ [ <™t 4 —&m ™

Recall the formula (2.256):

k—1

[y, 00 (w)od:=> " Y CPOpry(Vod™) Ry ...E7 O ... 0 Ouw o ™.

p=0 g+r=k—p
Note that for any 1 <p<I—1|0p-1-»((V 0 ¢™)IR])||12 < CvE&™ and for any ¢,r € Ny
such that g+r=1[—p, we have

10s ™| oy < 1T ooy < OV,
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where we use the trace inequality and the fact that [—p+1<2(I—1—p)+2 (ob-
serve (1.232)). If p=0, then ||0p—1-»((V o d™)IRL)||r2 < CE™VD™ and from the trace
inequality, (1.230) and the fact that ¢+r=1[—p:

‘ |asr8nqum+l | ’Loo(rm) S C| |Um+1 | ’Hl+n/2+1(l"m) S C \% sz+1,

where we note that ||[u”*!|| yren/e pmy <CVE™HLif n/2 <1 (observe (1.230)). Com-

bining the above inequalities, we deduce

t
/o 11" e Ju +1HL2 rmy <C sup /€™(s /@m+1 /@m sup €™t (s)

0<s<t 0<s<t
and this proves the first claim of part (a) of Lemma 3.3. The other two claims are

proven similarly. As to the part (b), fix 0<k<[—1. Then

/||atk (Vg ||L2<02/\ i ,m, )2
k

Zigll ) i [ <0+ s V@) [0

0<s<t

and this finishes the proof of part (b). Note that we used the Leibniz rule in the
first inequality, and then standard L*-L? type inequality, combined with the Sobolev
inequality. Part (c) follows using similar techniques and the definition (1.228) of &
and ®. This proof is in fact analogous to the proof of part (a) of Lemma 3.3 in [31].
Part (d) follows by applying 0, to (3.331), taking squares and integrating. On the

right hand side we apply the trace estimate and interpolation inequality to conclude.

O

Our goal is to estimate RHS of the energy identity (3.374). The following lemma

renders the desired inequalities:

LEMMA 3.4. The following inequalities hold:

()

! m+1 pm pm+1 t”ﬁn+1 ! m—+1 C%t 2
‘/OA(U Ly )‘SA(/D +/D )+ —m;

CoOAt /@m /@m“+ sup (€"*(s))?)

0<s<t




(b)

]// {07“+Pm}+//{@m+sm}’

t t
<C sup (VE(5)+1/En(s) /@mﬂ /@mﬂ /D;u/ p;)
0 0

0<s<t

t
/Dm /Dm“ sup V€™ (s /’Dmﬂ—l— sup Gm“(s)/ D™
0

0<s<t 0<s<t

3 t
+ s 1B (6 | ©m)+c sup (157 ([ Prs o)+
0<s<t 0 0<s<t o ;

Proof. Part (a). Recall that the expression A is defined by (3.305). In order to deal
with the first term on RHS of (3.305), we first use the conservation law (3.292) to

expand that expression:

(3.338)

A N Y A s [ AR R

+</ / ([ ] / (B~ =) tm“x(/mum“— [

t S
(= [ Qoo [ Lo tmyscan) ([ [ ),

Hence

[l for [ e e [

+— Sup (mo+||um+1||L2 —|—||ftm+1||L2+Z/{ fm Qk fm+1 Qk})

(3.339)
Ao

We estimate the higher powers of f™ and f™*! via the relation %

/S(fm”)% < CIfm T <CI™ e

<CH(0:+1 sup € (s))" < COK (014 sup € (s)"),

0<s<t 0<s<t

where we generously applied the formalism 6™ =6 for a small constant 6 and exploited

the assumption ¢ <1. Similarly, [(f™)* <CC% (61 +supc,<;, €™ (s)"). We finally

2611 in the reference
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conclude

[ad( g/ mumﬂf—( /S )

(3.340)
</\/ Dy OCA 01+Z sup {€"(s)"+ € (s)¢}))

0<s<t

The second integral on RHS of (3.305) is a cross-term and is easily estimated as

follows:

L Y A R A/

(n=1)J™ 4 Ay ) f 4 (0= 1) 7 A ) ]

< /||f¢+1||H1+—/{||1 B ™+ (1 =Py P )
<)\/ Dm+1+CTCA 291+/ DM 4 /@m+1
0

where we used the second claim of® and the assumption that t<1. As to the third

(3.341)

integral on RHS of (3.305), from the assumptions of Lemma 3.2, we have
(3.342)

/ /{A“fm E:/(f 1)]“ }7M1<A/ / )

ot - N GOt
< s (M7 AT, Pl <a [ oo S
k=2

t
Golat 4, / o).

0
The last on RHS of (3.305) is [ Ay, which is given by (3.301). The first two terms
on RHS of (3.301) are the cross-terms and are estimated analogously to (3.341):
(3.343)

| / / S ) T AT (= )] 06 / 175 1

/|| _py) HHJH/ =) 7 2) <A /Dm+1+e/ D)

+OofAt - / o s /@mﬂ

3Fill in the reference
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As to the third term on RHS of (3.301), we start by integrating by parts:
(3. 344

<e

A fmAZ m+1(

g / JioTorm ATt g =)
+\// ALSAY, [T, (Rm| ; Ae/HAVf’”“HLz

ot 1
+—6 su — — 1|7 V3 m
v 1, ey~ 195771
Cot 1

HVSftMJrlHLQ—i__G S (Vg () 2=V f™122)
Rm{gm|

Ct
S)\(/ DmH—I—E/ Dm+1)+TOS<uP (|]me]|Hn/2+leHIP’V2fm|]Hl)
0 0 s<

t
§)\(/ f)mHJre/ Dm+1)+CTOCA(91+/ ™),
0 0

where we recall the definitions (2.241) and (1.227) of D¢ and D respectively. In the
last estimate we used the smallness assumption on ||f™||z2 of Lemma 3.2. Finally,

the last term on RHS of (3.301) can be estimated analogously to (3.344) and we

obtain:
(3.345)
2 pmtl 1, Cot !
‘/ N*(f™A; f; mt <)\/ D 20 qup 1™ HTL/2+1C’A(6’1+/ C‘Dm)
st A o<s<t 0

Summing the estimates (3.340) - (3.345), we get the claim of the part (a) of
Lemma 3.4.

Proof of part (b). Part (b) follows by systematically applying the energy es-
timates, similarly to the part (a). These estimates are analogous to the ones from
Section 3.2.3 in [32].

Estimating [) [, Of'. Recall that O} is defined by (3.297) and (2.268):

(3.346) O,Z”:—[’ym,(?tk]um*l[@nu:ﬁ“]f—(9fkum“[’ym,3tk][unm+1] +Vem (u erl) .

In order to estimate the first term on RHS of (3.346), we apply the relation (2.255)

to write

(Ot = O fu 1 = [y, O fup
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We next note that from (2.244)
(3.347)
L s e g T R P RN T e P

/ Y™, OurJu™ [ ooy / ™, 0] [ 2| Z2 oy < C sup /€™ (s /@m“ 4

0<s<t

Furthermore, using (3.279) yields:
(3.348)

‘//m’y O 5 [u ‘—’//m’y Ol (V7 )|

—/ 1™, Bl ey +A/ 1057

2 7n+1
(R™)"?)|g

(Y™, Op]u™ 0 ¢ O (
S

|gm\

where A" is defined in the line after (3.279). The first two terms on right-most side

above are easily estimated by

(3.349)
t
—/ [[Y™, O mHHLz(pm —l—)\/ |10}, VmHHLg(Fm <C sup /€™ (s /C‘DmH.
0<s<t
The last term on right-most side of (3.348) is estimated by righting out
A AZfrb .
O ( |§fn| (Rm)n=2) = |gml(R%—l—hk , Where A}, is given by (3.291). Integrating by

parts and using the standard energy estimates, we conclude

3350
t t
[ Bl o gmhlg™ | <C sup € [ D™ [ 0 e
st 0<s<t ; 0 0
<C sup /€ (s /Dm+1+C’ sup \/(’Sm(s)/ D
0<s<t 0<s<t 0

Putting (3.347) - (3.350) together, we immediately obtain:

0<s<t

t
+C€2/\/ D™ 4 C sup 4/ Em(s /Dm+1+C sup \/Qm(s)/ D
0

0<s<t 0<s<t

t t
’/ / ™ O u" oA [uM T < C sup \/E™(s / @m+1+06)\/ pmtt
(3.351) " 0



Estimating [, [, P{". Recall that P} is defined by (3.297) and (2.269):

(3.352)
P = {0y O ) = [, OiJug T O 4 O™ T ™ O [
_%v%m"7unr+Li‘?

It is, however, easy to see that the expression in the first parenthesis above simplifies,

ie.,

at([fymaat’“]um+l) [ " at] m+1—[ m,atk+1]um+1.

The first contribution on RHS of (3.352) is thus easily estimated: Note that
(3.353)

t
m m C m
\// [, e ™0, tk“i\</ Slbm B “||L2Fm)+A/Hau T Ry

SX sup /€™ (s / D™ 4 = sup (’Emﬂ/ Dm—i-C)\/ it

0<s<t /\ 0<s<t

where we used part (a) of Lemma 3.3 and the trace inequality in the second inequality.

To estimate the second contribution on RHS of (3.352), we first recall that 0%, u™ o
A

P =— [l — Rgm";ﬁ +Gy (G defined by (3.290)). Using integration by parts,

Young’s inequality, trace inequality, Lemma 3.3 and standard energy estimates, we

obtain
(3.354)
t
‘// 6’um+1i Dot T Y™, O [u T ’<)\/Dm 3 Sup VvV E™(s /Dm“
0<5<t
+C sup \/Qfm(s)/ D™ 4+ C sup (Hfm(S)HHn/z+2—i-\/é'm(s))/ D™
0<s<t 0 0<s<t 0

The last term on RHS of (3.352) is quite standard to estimate, and we obtain:

/ / Vonl D1 < s Vil / [l .

<C sup \/Q‘Em(s)/ DM,
0

0<s<t

(3.355)

Estimating fg [sQ7'. Recall that Q7" is defined by (3.298), where @ is given

by (2.270) with (3.295). The first four terms on RHS of (2.270) are the cross-terms,
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first two of which is estimated as follows:

(3.356)
‘// ;?jll me+1 — i) +‘//Vf;gjllv m+1 —
<A/ 810+ 5 [ QA 152 )

C ¢ Ct
<A/ D" sup [|f(9)][F2 45 (¢ sup \Ifm“(5)1|21+n/ o4 g emi(s)
0<s<t

€T) 0<s<t

c Cn Ct
< Dm 1 2 m+1 m m+1 m+1
)\/ —i—tCA( + )\)021921: (07 + €™ (s)+€E™(s)) + S /0 D _Gn)\osigtg (s),

where we used part (d) of Lemma 3.3 in the second estimate (with 7=en) and the
inequality (3.335) in the last line to estimate supgc,<; (|[/™($)||ms, [/ ()| ms).
Similarly we estimate the third and the fourth cross-term to obtain:

(3. 357

AB T—:rll m+l ftk ABV Tl?—jll ABV ( Tl ftk)
OCA Ct
m 92 T €m+1 4 sz / @m+1 (c:m+1 ’
S OS;;&( e Ay O e E)

where we use part (d) of Lemma 3.3 with 77=mne?.The fifth, sixth, seventh and eighth
term are estimated in a standard way, via integration by parts and L> — L% — L? type

estimates, to obatin (recall F'=1):

n—2
[y -uls s R -y
m\n—3
(3.358) /\ PN (R™) P -1) }+e/ |AGfiR A2 ggjﬁ((ﬁ—i‘qﬂ

t

<C sup (177 ()| gmzss +/ET ) / oy [ om),
0<s<t 0
Note that next-to-last term of [} [, @, given by (3.298) and (2.270) (with (3.295)
and (3.283)), involves the term Ay’ =h}", +eh]’y, given by (3.291). By the trace
decomposition,a) = 9 u™ ™ =ui ' — [y, O Ju™ . Using this, the usual L — L% —
L? type estimates and part (a) of Lemma 3.3, we establish
(3.359)

¢
‘/ /h?luk o™ (R™)"" 2|gm|‘ <C sup \/€E™(s / D" 4+ O sup \/Gm(s)/ Dmt
0

0<s<t 0<s<t



In the same way

[ fpmaweerioraim

(3.360) <C’e/ e Fm)+e‘/ /h;:” DU o g™ (R 2 g

<C sup \/@m / Dl sup /€M (s / DL

0<s<t 0<s<t

Combining (3.359) and (3.360), we obtain
(3.361)

t
‘// mym o M (R™)" 2|gm|(<c sup \/€m(s)+ sup /Em(s (/ Dm+1+/0 D).

0<s<t 0<s<t

The last term of [} [, @1, given by (3.298) and (2.270), involves the term G}, which
is defined by (3.290) with (3.295). The following estimate holds:

‘/ /Gm Rmfrgirll_i_ AZ ZgJiql)(Rm)an
t
<o [+ sup VE)( [ D1+ [ D).

(3.362)

The proof of (3.362) is analogous to its 2-dimensional analog from [32], Subsection
3.2.1. Again, it is rather lengthy and technical, relying on the standard energy esti-
mates.

Estimating fot JsSit. Recall that S;* is given by (3.298) and (2.271)
(with (3.295)). The first four terms on RHS of (2.271) are the cross-terms:

[ [smnm =)< [ Il < [z,

(3.363) <) / pry ¢ / I [ || W B )
c c
<>\/ D™ 77/ ©m+1 —t sup gm-i—l’
Ao NA o<s<t

where we used part (d) of Lemma 3.3 and the trace inequality in the last inequality.

<n / / VS P+ / / 0, S
<n/ Dm // |v m—+1 2+ A// |V2 m-+1 2‘

Similarly, for the second term, we have

m+1 m—+1
ftk+1_ tk+1 : g tk+1

(3.364)



As to the third cross-term on RHS of (2.271), we have
(3.365)

fm+1A m+1 m
tk+1 th+1 tk+1

<Ae/ V2l + 55 [ 13

|

(77‘‘7ﬁ+1||11r2(9m)+ |u (Qm))

<)\/ D"t C)T\]/@mﬂ C(tsup gmtl
0

ENA 0<s<t

and an analogous estimate for the fourth (cross-)term in (2.271) gives

(3. 366
t Y t e
gA/ Dm—l—@/ @mﬂ—l—gt sup £MH.
0 ex Jo ENA 0<s<t

In analogy to the estimate (3.358), we obtain the estimate on the fifth, sixth, seventh

A \V4 f;,?jll AV ( Zgﬁl—fﬁlﬂ)

and eighth term on RHS of (2.271) (keep in mind that F'=1):
(3.367)

/ / gz ey =u)+ [ s g (2= )
ve [ [Ismaasia (@ =gi-) v [ [ 1aa g (B2 )

<C o 17"l [ D24+ [ 2),
0 0

0<s<t

The next-to-last term on RHS of [ [ Sy involves the expression G§* which is given

by (3.290) and hence

k—1 k—1
m 1 | .
)t_qgoAgftqH (W)tkq_;Agftq (W)tk,q+l+atk+1]v (™

Separating the cases ¢ <k/2 and ¢>k/2 and taking L? and L*-norms accordingly,

we conclude

(3.368) / (Gl < CUIPL ™ a4 sup €7(s)) / o

0<s<t
With (3.368) in hand, by standard energy estimates we obtain
(3.369)

t t
// gftk Rm m) ( )) m+1o¢m’gm’§>\/ Dm+1_'_)\em/ @erl
| 0 0
PRI+ sup V&) / o
0<s<t 0
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where we used the trace inequality, part (a) of Lemma 3.3 and the estimate (3.368).
Summing the inequalities (3.351), (3.353) - (3.355), (3.356) - (3.358), (3.361), (3.362), (3.363)
- (3.367) and (3.369), we finish the proof of part (b) of Lemma 3.4. O

Let us introduce a small parameter 6y such that
(3.370) sup (EM(s)+€"(s)) + / {D(s)+D(s)} ds <b,.
0<s<t
We shall later express the desired constant #y (from the statement of Lemma 3.2)
with the help of ;. From the identity (3.306) and Lemma 3.4, we arrive at:
(3.371)

t Cot
Emtl 4 /Dg”“ 5(0)+T( ZHEM 4 EMH L (@M 1 Oy 91+/ DM 4 /fom+1

$EO G (i emi(s) pem(s) +CLgmn O [
0<s<t )\ A t
+C( sup (/€ (s)+ \V En(s)+ /(s )||Hn/2+3)+)\)/ (@m+©m+1)+0/ D™ sup ¢ (s)
0<s<t 0 0<s<t

Cot Ct Cot
< E(0)+ - (mf 01 +02) (91+92)+C(>\+91+02)¢92+TO(€’”“+(6”"”“)2)

L Ot i, (CO+6,+6,%) + Cit +%)/ o1+ g €™ (s) + Oy sup €™,

e2n\ B A 0<s<t 0<s<t

where we used the smallness assumption above. Let us set
Cot Ct

which shortens the notation for the constant term appearing on RHS of (3.371).
3.2.3. Reduction and representations of fr Agvv, and fpvtvn. Just to provide in-
tuition, assume for the moment that (u, f) is the solution to the Stefan problem (1.203)
- (1.205). The energies € and ® arise by applying the space-time differential operators
to the heat equation (1.194). For instance, after applying 0,0; to the equation (1.194),
multiplying by —Ad,0,u and integrating over {2, we run into the trouble of extracting
the boundary energy contribution. The difficulty is contained in the restriction of the
spatial differentiation operator 0,: to the moving surface I'. Namely 0,: = 7,0, +n;0,,
on I', whereby |n;| is of order 1 and hence the normal component of J,: can not
be assumed small. Thus, the restriction of the operator 0" to I' inherits non-trivial

high order normal derivatives of u. This presents a difficulty in extracting the energy
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contribution, which is overcome through the reduction procedure explained in this
subsection. The main idea is to recover the spatial derivatives via the equation in
the bulk and the established temporal energy estimate in Subsection 3.2.2. We first
decompose the Laplace operator on I' as Au|r = Agu+ K, + ty,,. Here Ag stands for
the Laplace-Beltrami operator on I' (for the definition see (0.588) and the sentence
preceeding it). Since u;=Aw in the bulk, we can represent u,, in terms of the u,
(which is controlled by the temporal energy) and Agu (which helps us extract the
boundary energy contribution). We now rigorously justify the above heuristics.

In order to facilitate our arguments, we shall denote the multi-index p of order
2p, by an ordered 2p-tuple p = (iy,ia,...,i2), where iy, € {1,...,n} for k=1,...2p. Let
c=l—p—1andsetv= BI‘U?ZH = 0yir Opiz ... O, i, Ofu™ . Choose a multi-index y such
that |u| =2p. Applying the differential operator 0*9,-+1) to the equation (1.194) and

setting v=0"0u—+1u, we obtain
o —Av=0.

Multiplying the above equation by —Aw and integrating over 2™, we obtain
Jom (A0)? = [, OwAv. On the other hand, using the Stokes theorem, we obtain

(3.373) / (Av)? = VQ"UZVQ”U—/ vkvklnl+/ Avv,,.
m om rmUss mUdQ

Using the basic decomposition formula 9, =} 4n;0, (cf. (0.584) and (0.585)).

/ Ukvlknl:/ 8gvvlknl+/ Unnkvkml:/ 3§U [ag(u,)n,] +/ VpUnn
'mdx rmuUsQ rmUdQ rmuUsQ mUdQ
—f O [OF (viny) — OLvdk (ny)] +/ Un (Av — kv, — Agv)

T'myUoQ rmyoQ
— Jrion (O5008tn = vnAgv = ObvOLvOk () = £(10)*) + fyq Va0

_—2/ vnABv—/ 8§v8év8§(nl)—/ m(vn)Z—i-/ v Av.
mUdQ rmUdQ TmUdQ TmUd0

Note that in the fourth equality we used the fact that v,0%(n;) = 95v%(n;). This holds

since

1
vlaf;(nl) = ((9;@ + nlvn)ag(m) = 8lgv8§(nl) + évn3§(|n|2) = Bfgvaf;(nl).
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In the last equality above, we used the integration-by-parts formula. Further note

1 1
—/ vtAv:—at/ |Vv|2—|——/ me|Vv]2—/ VyUp,.
Hence, going back to (3.373) and the remark before, we obtain
1
V%:szu—i——at/ |Vv]2+/ K2
om 2 m INIRRI)

:/ VUy, —2/ Agvv, —/ aévaévﬁé(nj).
rmUsQ 'mUoQ mUdQ

Upon integrating in time over the interval [0,¢], we arrive at the fundamental identity

(3 374)

/ |Vo(t)|* + // |V20|* + // / |Vu(0) // Agvuy,
om quaQ rmudQ
// VU, + // 8’1}8%)32 (n; ——// Vi |[Vol?
muUdQ m

Let C denote either I' or 0f). Recall again that for :=1,...,n, the operator 0,

that

on C can be written as 0, zaé—i—ni(()n. Hence, for a given multi-index p=(71,...,73,)
of order 2p, we have

(3.375)

aMUtc = (0;1 + ’I’L“an) e ((9;2” +n12p Utc = Z Z HTL] nk Ute + Ga B( )utc7

k=0 JC{i1,...siap} jEJ

where G, 5(g) is of the form
Gaplg)= > 0505
la|+8<2p
As to the first term of on RHS of (3.375), we carry out the crucial technical step,
that we will refer to as the reduction procedure. Given b>2 and c€N we note the

following;:

(3376) azutc = 8272 (A'U/tc — K,anutc — AButC) — abi

n 2Utc+1 — AB@ZﬁQU/tC — Hazflut

Using (3.376) carefully, by induction we deduce for b even:

b/2
b/2
(3377) anbutc:Z(—]_> ( / )A Utc+b/2 m+ Z Mg,@’y( )agaguthr’y;
Jj=0 || +B8+2v<b
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and for b odd:

[b/2] 1b/2]
(3.378) anbutc:Z(—mm( . )Agbanutcﬂb/gjﬁ > M (R)OgO e

m=0 || +B+2v<b

Using the relations (3.377) and (3.378), we may write for k even

(3.379)
Jeo - m k/2 JE Am 1,k o 0
Og e =) (=1)" (" ") O Awenszm+ Y My ()00
m=0 || +B+2v<2p
and for k odd:
(3.380)
0 Orue = > _ (—1) ) O A Ot oz + > M (9)020uers
m=0 |al+8+2y<2p
Hence, using (3.375), (3.379) and (3.380), we obtain:
(3.381)
Pue=>_ > [[n > (=)™ 0y A tyesrsz—m
keven|J|=kjeJ m=0
S (72 o ag .
NG 0 A Onttyerinzi-m+ > Fapr(9)0g0users,
kodd|J|=kjeJ m=0 |a|+B8+2v<2p
where
Py 5 T 6200 Fupe=Y. ¥ TIn M +Guslo)
k=0 JC{iy,..., zzp}]ej k=0 JC{iy,..., 'sz}]e]
|J|=k |J|=k

With the use of formula (3.381) we write out the expression for Agv on '

k)2

suue= 3 5 [ 0 (7)o s

keven|J|=kjeJ m=0

Lk/2] k)2 )
(3.382) +ZZHan(—1)M< L )a; AFH Opterk21-m + Fy

kodd|J|=kjeJ m=0

k/2 [%/2]
= Z Z Zam,JHnijZ Z meJHnj—i—FM
keven|J|=km=0 jedJ kodd|J|=k m=0 JjeJ

SExplain Mgﬁﬁ
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where we define F), _AB{ZIa\+B+27<2p 0,3(9)0508ue+s b, and by product rule, we

can write it in the form

F#: Z aﬁ'y( )a 8 Uget -
|| +B8+2v<2p+2
Furthermore,
(3.383)
t] 2 co t] 2 co
am,J:( nm (’ 7‘7{ ) o7 Am+lutc+u|/27m, bm7‘]:(_1)m(\-’ T‘I{ J)ag‘] Ag+18nutc+L|J\/2J—m.

For v,, on I'™ we obtain:

(3.384)
L k)2
=33 Hnjz(_lyn( s )a; N R
keven|J|=kjeJ m=0
[k/2]

2 co co _
+ Z Z Hnj Z (=™ (Ufﬂ/l J) {6‘g’ AR Uger 1k/2)—mt1 —8;; Agﬂrlutwﬂk/ﬂfm} +F,

kodd|J|=kjeJ m=0

k/2 lk/2]
=2 D IIm D ema+ 30 3 Im D (s —emn)+
keven|J|=kjeJ m=0 kodd|J|=kjeJ m=0
where
(3.385)
\JI/2

m

co (] 2 co
3‘] AL et 191/3-m ), de:(—l)m(H ’/ J)@‘g] ARG Uper (17172 —mt1,
J\|/2
_ e (U712

JCD
m )ag Am+ Uge+1J1/2) —m

Furthermore, F), is defined by F),= = laltpror<pr1 Fa Fo8.4(9) 0305 Ue+~ . Similarly, us-
ing (3.381), we obtain an expression for v; on I'™:

(3.386)
k/2

Pugerr = > [ D> (=)™ (’;/1 2) 07" A uerk/2-min

keven|J|=kjeJ m=0

Lk/2]
k 2 co
n Z Z Hnj Z (—1)™ ('. / J)a‘g] AR OpUpet1k/2)—m+1 + Z Faﬂﬁ(g)ﬁgagutcﬂﬂ

m
kodd|J|=kjeJ m=0 a+pB+2v<2p
k/2 Lk/2]
=2 2 1mid Ans+ D D TTm > Bus+F,
keven|J|=kjeJ m=0 kodd|J|=kjeJ m=0
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where

(3.387)
J 2 co J 2 co

Am”]: (_1>m(| |/ )aé] %nutc+|J|/2—m+1, Bm,J:(_l)m<L| |/ J)aé] A?anutc+uﬂ/2j—m+l

m m

and F, is of the form FH:Z‘a|+/3+27<2pFa”@ﬂ(g)agﬁgutwr’wkl. With formu-
las (3.382), (3.384) and (3.386) in hand, we can evaluate the the integrals [, Agvu,
and frmvtvn.

Evaluating the expression fr Apvv,. The goal is to arrive at the iden-
tity (3.394), which helps us extract the boundary energy contribution and isolate
the ’error’ terms. Using (3.382) and (3.384), we may write

Z /Agvvn: Z /Aga“utcanﬁ“utc
c c

lnl=2p |ul=2p
n k/2 [k/2]
SOOI | (1 SIIED DD B § (1 HMHE
ir=1, “C “keven|J|=kje] m=0 kodd|J|=kjeJ m=0
(3388) r=1,...,2p k/2 Lk/gj
X( Z ZHnjzcm,J+Z ZH”jZ(dm,j_em,j>>
keven|J|=kjeJ m=0 kodd|J|=kjeJ m=0
Y /Agvm 3 /F— 3 /FF
nl=2p”¢ In=2p”¢ Inl=2p"¢

Let us simplify the first integral on RHS of (3.388). We observe that if J and J are two
subsets of the index set [ ={iy,...,is,} such that J# J, then there obviously exists
at least one index is, such that is€ JNJ¢ or is€ JNJ°. Without loss of generality
assume i5 € JN.J¢ In this case, we note immediately

S TTwos TImod” =S mai TT nios TInod™ =

is=1jeJ reJ 15=1 J€JI\is reJ

since Y7 _ n;0% =n-Vg=0. Because of this, the first term on RHS of (3.388) reads:
(3.389)

k/2 k/2 Lk/2] [k/2]

JEDED 3D 201 ) 3HH) SEHEY D DD ) ) ) ) DD BICHETH:

ir=1 Lkeven |[J|=k jeJ m=0
JCI

ir=1  kodd |J|=k j€J m=0
re{l,...,2p} JCI

re{l,..., 2p}

2 k/2 k/2 2% [k/2] Lk/2]
-3 () [ Zemoenst () [ 30 3 b s ens)
k even C|J|=km=0 m=0 kodd €| J|=k m=0 m=0
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where we used Z?Zlng =1. In the first term on the RHS of (3.389), we single out

the fc ay/2,7Ck /2,7 contribution, as we shall use it to extract the leading order energy

contribution (see (3.383) and (3.385)):

k/2 k)2

2 2
Z (IS)\/ZZGWL’JZCWL’J:Z <§)/Zak/2"lck/2"]
k even C |J|=km=0 m=0 k even c |J|=k
2 k/2 k/2
+ Z (]f) /c Z (_ak/Z,JCk/Z,J‘i‘ZCLm’JZcm’J)
k even |J|=k 0 f—
— Z (2]5)/ Z GEA’Z;/QHutcagA];/zanute
(3.390) Feven Clel=2p—k o
2
+ Z (]f) / Z (_ak/Z,JCk/Q,J“‘ZamJZch)
k even c |J|=k =0 —
- Z (215)/ Z vgaé“tﬂ'vgaéﬁnutc
k even c |€]=2p / /
k/2 k/2
2
+ Z (]f) / Z (_ak/2,JCk/2,J‘|‘ZamJZch)‘
k even ¢ |J|=k —0 —

Similarly, (see (3.383) and (3.385))

(3.391)
B/2) /2]

Z (2}5)/62 meJZ(dm,J_Gm,J):_Z (25)/Czbtk/2J’J€Lk/2J’J
m=0 kodd

kodd |.J|=k m=0 7=k
% [k/2] [k/2] % [k/2] lk/2]
3 () L3 0 s~ 3 () [ 3 (s S b 3
kodd C | J|=k m=0 m=0 kodd C 7=k m=0 m=0
% % lk/2] [k/2]
Y (k) [ Vet Vi + Y (k) [ s> s
kodd Clel=2p kodd C|J|=k m=0 m=0
% [k/2] lk/2]
DN 4T SICTIHFENAIES SN S}
kodd ClJ|=k m=0 m=0
Note that
2p 2p
_ Z (k)/ Z Vgaéutc -Vgﬁéﬁnutc — Z (k )/ Z Vgﬁgute .Vgﬁganutc
k even ¢ |€]=2p kodd ¢ |&|=2p
- _22p Z Vgaéutc . Vgﬁganutc,
c
[€]=2p
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where we used the binomial expansion formula. Hence, using this observation, we

conclude from (3.388) - (3.391)

Z /Agwn——22p/2v 3utc \Y4 ﬁf)utc /

(3.392) lul=2p €lel=2p ) B
+ 3 [awhs Y [uhi- Y A
lnl=2p |n|=2p lu|=2p

where

(3.393)

o= 30 (1) [ 35 oot Hans 3+ 30 (1) [ 323 s 3

k even |J|=Fk \J\ =
2p Lk/2J k/2
_Z( >/Z btk/2JJ€Lk/2JJ+meJZemJ
kodd |J|=Fk

We use the trace formula (2.255) to further simplify the first integral on RHS
of (3.392):

/V 8 Utc V a anUtC—/v a (atcu [’}/ atC] ) V 8 (8t*cun [ry 3tc]un)

+ Vgaéh ,&gc]u-vgaé[”y ,8tc]un
c

Plugging the above in (3.392), we obtain the following important formula:
(3.304)
Z /Agvvn —22p /V 853;‘& \Y @gﬁfcun+22p Z /V 65 (Y™, Ope]u- Vg 3 OpUge

|ul=2p |é|=2p lél=2p
+27 Y v e - Vg5 (Y™, Opcluin — 2% ) v 05V, O lu- Vg0 [y™, Ore
|é|=2p l€|=2p
+/[+Z/ABUF+Z/vn ZFF
lu|=2p [|=2p |n|=2p

Evaluating the expression [, v,v,. Our goal is to prove the formula (3.398).

Using the representations (3.384) and (3.386) of v, and v respectively, just like
115



in (3.388), (3.389) and (3.390), we arrive at:

3.395
( ) 2 k/2 k/2 2 Lk/2] Lk/2]
> fron= 3 (k)/ciz > s denst 3 () [ 3230 Bus 3 e
wl=2p even J|=km= m= o J|=k m= m=
+ 3 [k X [ub- Y [BE,
ul=2p"'¢ lul=2p" ¢ lul=2p" €
2 2 k/2 k)2
= Z (k)/CZAk/Q,JCk/Z,J+Z (k’)/cz <_Ak/27=]ck/2u]+ZAmyJZCm,J>
even = even = m=0 m=0
' 9 . kLk/2J [k/2] ' . . A
-I—Z (5) Z/CZBm7JZ<dm’J_6m’J)+ Z /CUtFu"’ Z /CvnFM— Z /CFMFM.
kodd | J|=k " m=0 m=0 lul=2p |ul=2p |ul=2p

We only concentrate on the case when k is even, whereas the odd k-s are treated as
an error term. Note that
2p _
(3.396) > ( k) > / A =22"13 / D5 UL 950, up .
k even |J|=k rm |€]=2p ¢

Let us abbreviate

k/2 k/2

2
5= ( ,f) S (= Augasergaa+ > A > )
keven |J|=k m=0 m=0
2 Lk/2] Lk/2]
#3 (1) 2 2 B e
kodd |J|=k m=0 m=0
Using (3.395) and (3.396), we arrive at the following identity:
(3.397)
> [un=2t Y [ogpnsourtis [+ 3 [ubir ¥ [ohie 3 [BE
lul=2p” € le|=2p" € ¢ ul=2p” € lul=2p” € lul=2p”€

Just like in (3.394), we use the trace formula (2.255) to simplify the first integral on
RHS of (3.397) and we obtain, in analogy to (3.394), an important identity:
(3.398)

> [uv =2y /C AT AT T /C O IY™ e Jum L B Dy

Iul=2p"¢ l€l=2p l€l=2p
—92p—1 Z agulrczjllaghm78tc]uzi+l+22p*1 Z aéhmjatcﬂ]uerlaéhm’atc]u;nJrl
lgl=2p”' € gl=2p”'¢
a4 X [ube 3 [obi- Y [ B
¢ lul=2p” € ul=2p” € ul=2p” €

116



3.2.4. Space-time energy estimates. We proceed to estimate RHS of (3.394), term
by term. In the next two lemmas, we collect the estimates on the last seven integrals

(“error terms”) on RHS of (3.394) and RHS of (3.398) respectively:

LEMMA 3.5. The following inequality holds:

t
Z {’/0 /cvgaéhm’atc]u'vgaganutc +
|€[=2p ‘
bl [ Ll
0o Je

t
Ve[, O u- VgOi (Y™, O Jun
0 Jc i—op
! CA [ c [t
Sn/ V|32 imy + — /@m+1+—/ D™
< | elleany PR

¢
/Vgaéutc -Vgaé (Y™, Oge |y,
0 JC

t
o[ [
0 JC

t Cp—l t t C -1
—l—)\/ @;”JFI—FXZ/ @;n+1+77/ DI+ — sup €™ (s) Z D
0 =00 0

<s<
T ossst g=p+1

LEMMA 3.6. The following inequality holds:

//(9é V", Oyt Ju 050, Ut —i—‘/ /@é TS, Oy Jun
|€]=2p
E.m m—i—la& ma m+41 J ! F
#| [ [ogm ol amﬂ%\hMLp+ZﬂAqu
t . t t CA p t C t
+‘//vnF }gn/ V|22 00my + — /©m+1+—/27m+1
A 1 OHHHZ(Q) ﬁ;oq A
m m+ m m m+
+)\/O©p++XZ/O’Dq +77/0’Dp+—|——sup€ (S)ZCDq :
q=0

T osest g=p+1

Proofs of Lemmas 3.5 and 3.6. The proof of the second lemma is analogous
to the proof of the first lemma. To prove Lemma 3.5, we start by estimating the
last three terms on LHS. Recall the definition of F}, in the line after (3.385) and

the formula F, = =D lal+f12y<2p 1 Fop,(9)0508uer~. Let us, thus, fix a triple (o, 3,7)
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satisfying a+ 3+ 2y <2p.

| / / AsFoa (g aaaﬂutm / IV g0l | P (@) O208
Vol H (9) oo
g H1/2(C Ofﬁ’Y g On Uity H/2(C)
(3.300) <O / 101 2 omy Zuw::rﬁumwmm)

CA
<Cn [ 1900 my+ ANV s + 1 | I

C\ & . .
scn/ ||W||H1(Qm)+—z/ @q““—/p =
0 n =0 mJo

in the first inequality we use the H'/?-version of the Cauchy-Schwarz inequality and in
the second inequality we use the Young’s inequality. In the third estimate we apply
the trace inequality and in the fourth estimate we use the interpolation inequality
between Sobolev spaces. In order for the fifth inequality to be valid, we have to make

sure that (recall the definition (1.232))
P
(3.400) IV s < [ 07
q=0

for our choice of the triple («,,7). Note however, that c+~vy=[—1—(p—+) and
since ||+ [ +2y <2p, we immediately conclude that |a|+F+1<2(p—~)+1. This
implies that |[Vulitl|[2 lal+841(0m) <CD!. Since 0<~<p, the inequality (3.400)

tety

follows. Thus, from (3.399 ) we infer
(3.401)
CA /t c [t
v . - @m+1+_/ :Dm+1.
oo [y 25 (250 |

L
Recall that Fu = Z‘a|+ﬁ+27<2p+2 Faﬁﬂ(g)@gﬁfutcﬂ. By virtue of the trace inequality,

lul=2p

it is easy to see from the previous formula that

p t
(3.402) | FulZ2(c) SCZ/O o7
q=0
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The proof of this estimate is analogous to the proof of (3.400). Therefore

t ~ o C [t
[ [ /HFH%z +—/an|\mc
0o JC 0

p t
gonz/ oy /||v%HL2 o) /Dm+1
q=0"0

(3.403)

where we used the estimate (3.402) in the second inequality and the trace inequal-
ity combined with the interpolation inequality between Sobolev spaces. Using the
Cauchy-Schwarz inequality, the estimate (3.402) and the trace inequality, it is easy
to obtain (recall that F), is defined in the line after (3.385)):

t L p t C t
(3.404) ‘/ /FMFM‘S)\Z/ @g‘+1+_/ p—
0 Je =0 J0 A Jo

Estimating term ) [, I,. Recall the definition (3.393) of I, and (3.383) and (3.385).
Note that for C=d,(2, fc I,,=0, because in any of the products of the form a,,c;, b,,,d,
and b,,e; at least one term has the form 8g8nutb and is thus equal to 0 on d,(2. Let
us now assume that C=I"". Let 0 <k <2p be an even number and fix 0 <m,j <k/2
such that m or j is strictly smaller that k/2. Assume without loss of generality
that j <k/2. Let the multi-index « satisfy |a|=p—k/24+m and let b:=p—Fk/2+].
Note that |a|<p and b<p—1. With these notations the expressions for a,, and ¢;
are of the form a,, = C@ga“u;ﬁl,‘a‘ and ¢; = C@ébanuf_l_,,, where C is some positive
constant. We can thus estimate
(3. 405

2a+2, + 28
a tl 1— |a\ag a utl 1-b

A Cj| = Uyi—1-a|

m

< / . S 19wl <2 [ 2+ [op
0

Cp—l t
<\ m+l & / m+1
< /OBDP +>\; o

In the first inequality we used the H'/? version of the Cauchy-Schwarz inequality. In

the last inequality we made use of the fact that 3 <p—1. In the case that k is odd,
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in analogous manner we can conclude

! ' +1 Cpil ! +1
3.406 // m /@m +- /@m :
( ) ‘ 0 JIm ! 0 P Aq_ZO 0 I

for a pair of indices 0 <m,j < Lg], such that m or j is strictly smaller than LgJ As to

the expressions of the form fg frm b,ej, we have to allow for the possibility that both
m and j may be equal to [£]. Let a be a multi-index staisfying |o|=p— |4] +m and
let b:=p— ng +j. Note that |a|,b<p. With these notations the expressions for b,

and e; are of the form by, C’E)QO‘H :? 1laf» and ¢; :Caé(b_l)ﬂﬁnuff_l_(b_l), where C'

is some positive constant. Hence, using the same idea as in (3.405), we deduce

' m+1 C ' m~+1 ' m~+1 Cpil ! m+1
(3.407) ‘/O/Mbmej gA/ o X/o ol gA/O o +X;/0 D,

Here, we make use of the fact that b—1<p—1. Combining (3.405) - (3.407), we
conclude

! ! +1 Cpil ! +1
3.408 ‘//I /@m 4= /@m .
( ) 0 C b 0 P A; 0 !

We now proceed to estimate the first three terms on RHS in the claim of

Lemma 3.5. From the definition (2.255) of [v,0k], we realize that if C=d,) then
Jo Ve a [V, OpeJu™ - Vg 853 u™ =0. Hence, the expression we want to estimate is

given by:

Z > Cuger / / V0 (01 a(Vid 0 9™ (RO .. € O .. 0 Dalh ™) - Vg 050 uim .

d=0 g+r=c—d

Let us fix some 0<d<c—1=[—p—2. If a is a multi-index satisfying |a|=r and
P.(£) a polynomial of order r in the components of £, then a generic summand above
is estimated as follows:

(3.409)

t

v 05 (0ms—a (Vi 0 0™ (R ) P (€) 05 0o 1) V g 0505 upe ™

C k UOAYA m
<77/ ||85c9 Uy +1||H1/2 rm) E/ ||atc71—d<V[?mO¢m(Rt ) )@ganqutd—H||12L12p+3/2(pm),
0
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where we used the H'/2-version of the Cauchy-Schwarz inequality and the Young’s

inequality. Note that, by the trace inequality, we can estimate

t
/||agga R Fm)<0/ 19 s gy <c/ o,
0

Observe that

||8aanqu +1||H2p+3/2(1-~m)<C’||vum+1||]_[2p+1+q+r Qm <C/ @erl <C Z / ©m+1

g=p+1

where the trace trace inequality and the definition (1.232) of ®, are used. By taking
L? and L* norms respectively, trace inequality and previous estimate, we obtain
(recall (1.228))

(3.410)

/ 10 te1-d Vlgmo(ﬁm(R;n)r)aa nqum+1HH2p+3/2 rm) <C sup /€"(s Z /Qmﬂ'

<s<
0<s<t g=p+1

Using the inequalities between (3.409) and (3.410), we conclude
(3.411)

t
)/V [y, O Ju™ - V4050 um+1‘<n0/ Dyt — sup V€™ (s Z / ot
0

<s<
1 o<s<t q=p+1

In a fully analogous manner we can prove

t t
| / / vgagutc.vgaghm,atc}un +] / / V5™ Ouclu- V@™ Ore
0 JC

t
SnC/ ’D;”“ - sup V€7 (s Z / @m“
0

1 0<s<t —

(3.412)

O

Evaluating Z|§\:2pfrm KV gdpu™ - 95V 0jupt! via boundary conditions. In
order to extract the coercive energy part in this integral, we have to evaluate the
pull-back of the operator dgm on S with respect to ¢™:S—1". For any 1<i<n,

the following formula holds

(3.413) GO = —— o g+z
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Here, for any 1<14,7 <n, cé is a smooth, uniformly bounded function in a given local
chart, and is a polynomial expression in f™, |¢"™|—1 and 8§fm, k=1,...,n. Thus,
given a multi-index || =2p, we have
£ _
(3.414) Ogn=>_ ASor+ Y BSow
|nl=2p |u|<2p—1

For p#¢, Af are polynomials in f™, |¢g™|—1 and 9% f™, k=1,...,n. If p=¢ then
Ag— )\ﬁl + polynomial(f™,|g™|—1,0% f™). The functions Bj are polynomials in
terms of the form 0} f™ with || <2p+1—|u|. Let e; stand for the i-th unit vector.

If € is a given multi-index, we denote

Hence

OV O™ - OV 0 [u ] = /S (S Agor+ S Boor Hpx

|n|=2p+1 |nl<2p
m+1Rm AQ m—+1

Z A%aﬂ—}_ Z B&au +€|gm|§}€m)n—2)(Rm>n_2|gm|

m
ul=2p 1 = 9]

]__"ITL

Recall the formula H™"=(n—1)—(n—1)f™— Rm|gm| —+N*(f™). Hence

AgftT —-Gm

where G" is defined by (3.290). Thus

S ASorHr=—(n—1) > ASoufr— > A %2/

|pl=2p+1 8W|A:2?:’1 lul=2p+1 m|gm|
(3416)  — D Al Sl =l D Algar
' e Rmlgm|  Rm[g™| -
pl=2p+1 (Z A?_a%}rl)
A QK fm
(n—1) ASigp fm — Sl E 9T Gl
pl=2p+1
where
(3.417)
Gfi,c:[Ag(zuAiiagfgg)_ZuAiiagAgftc Z AE gftc aHAgftT]
Rm{gm| "legml Rm{gm|

|u[=2p+1
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Also note that

1 2 rm~+1 1 2 +1
fRe Ayt [t R AL fi

—Oye +e =— —€ +h,
g e T e e
where A" is defined by (3.291). Thus
(3.418)
erllRm A2 T-H
> AGo(V oM A" o) = — ZAf;ag( o e 27:1”2—112”)
Wit g™l lgmI(B™)
8“fmﬁ1Rm a,uA2fm—&11
— N AL (et a ASion R
; M( |gm‘ te |gm‘ Rmn 2) Z ng e
_ZA@ [au<f$$1Rm_0”fTﬁlRm> 6“( A fred! ) 5“A2f’3$1}
N g |97 g (Rm2) g (Rmyn=2
& gu fmrl) pm 2 & i fm+1
(S, Az, B L ARG, e
9™ Igml(Rm)” 2
where
(3.419)
et Z (Aéz) aufm+1 +€Z A2 (A&aume) Aszaquftle1
g g gy
m+1Rm auferlRm A2 m+1 a“AQferl
_ AE’ or (Lt _ g Jtett + €M tet! ot Aé’a’*h;".
2| g< ) A gtans) ~gnitionya) P2 A
Using formulas (3.416) and (3.418) and setting x =" AGo0 fir, w=3" A5k firtt,
we obtain
(3.420)
* _m * m A
S // 5N O™ - OV O [ = Y Z// ~Fm m| +Goe)
[€1=2p A2 |¢|=2p i=1
w ™ pe . _
_ hﬁz,chl gm Rm n 2'
(= ~ficemye 1)1

Now we may apply the identities (2.273) and (2.274) to the integral on the right-most
side of (3.420). With x and w already chosen, we set ¢y = R™, g=g¢™, G =G%* and
h=h&<t1. Thus, from (2.273) and (2.274), we obtain:

(3.421)

// AR A AT RS Z/{\v ZA&M? n-1) yZAézau
|€1=2p |§\ 2p i=1
+- Z Z/{|V3 S TAGOP —(n-1)|V2Y Ag@“l }‘ -y Z/ /Q . R,

\§| 2p 1=1 |€]=2p =1
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where @ is defined by (2.270). In view of the dependence of y and w on the index
¢ (i.e. p since, c=1l—1—p) and the iteration step m, we introduce the notation
Q" =Q(x,w,R™), with y and w as specified before (3.420). The energy estimate for

the “error term” [ [;@Q™ is the content of the following lemma and Lemma 3.9:

LEMMA 3.7. For 1<c<Il—1 the following inequality holds:
b t CAt Ct . .

m DML T sup @™ (s) 4 — sup (€M (s) £ @7 (s) e gm

[ far|en [ ope S s €+ 5 sup (€7 (9 €0 (0) + €4 €)

CCyt ! CCyt ! '
+ A“(e+/ D7)+ (Bt /@m+1)+csup 177 (5)] | /@M/ D)
0

0<s<t
+C sup (€))% [ 0+ Cesup 1776 €™ +Ct [ D+ sup |76)
0<s<t <s<t 0<s<t
+0 sup (1176 + (€)1 7) ([ o+ [0+ [opis [op),
0<s<t 0

Before we prove Lemma 3.7, we state the following trace-type lemma that will be

repeatedly used in the forthcoming estimates:

LEMMA 3.8. For any pair of indices (u,c), |u|=p, c=1—1—p we have

t t
/ V300 122 < / @g+l+% [
0

As a consequence, we obtain

Ct
/ HV?’(?“ t’?ﬂlHLz <77/ ©g+1+— sup £M(s).

7 0<s<t

Proof. The first estimate follows by applying the operator 0# to the regularized jump
equation (3.280). We then take squares, integrate and use the trace inequality. The

second estimate follows after using the interpolation on the term &7+ (recall (1.230)).

O

Proof of Lemma 3.7. Recall that QT:Q(X,w,Rm), with y and w as specified
in the line before (3.420) and @ is defined by (2.270). For the sake of notational
conciseness, we denote

(3.422) X(=x) =) AGoufiry wi(=w)=>_ AGorfirt!.

Iz ©
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The first four terms on RHS of (2.270) are cross-terms. The generic constant used to
estimate these cross-terms will always be denoted by C, as it will be important later

to keep track of this distinction. For the first term on RHS of (2.270), we have

t
/ e P+ / (| 21X )

(3.423) <A/ ||wt\|2+7 sup (15[ + ) )

w_

gA/ ’Dm“+@ sup (€ (s)+€7(s)).
0

A 0<s<t

As to the second term on RHS of (2.270), we have

VywiVy (WC - Xc)

t Ct
(3.424) S)\/ || V2P 2 f m+1||L2+7 sup. ([IV2 2 fo Y [ 2o + | VP2 £ 2)
Y Ct
S)\/ O+ 4 —— sup E™ + — sup (€7 -¢7),
0 €7 0<s<t A 0<s<t

where we argued analogously to the estimate (3.423) and in addition to that, in the
last estimate we used Lemma 3.8 with n=e¢2. The third and the fourth cross-terms

are estimated in a fully analogous way, making use of Lemma 3.8 (with n=¢€?) and

‘//AV%AV( )

Y
/gm-i-l — sup Sm-i—l_'__ sup (€m+1+€m)
0 €

0<s<t A 0<s<t

the trace inequality:

A gwi Ag(w

(3.425)

By standard L> — L? — L? type estimates it is easy to estimate the fifth and the sixth
term:

(3. 426

th

At )| <l s ([ 25+ [ 0p+).

Analogously, the seventh and the eighth term are estimated as follows:

t m\n—3
If s o [ [
<muumm3/©mt/gwl



Q™ involve the expressions G¢ and

The last two terms in the expression for [j [, Q7

htect1 defined by (3.417) and (3.419) respectively. The following inequality holds
(3. 427

_,_‘/ /héz el xic

V@) ([ 27+ [ D),

Ayx Azwt
R’”Igml Igml g |(Rmyn-2
<C(\/ez_m+\|fmy|m)(/ @m+/ ™)

51 C+1

=

These estimates follow by a routine use of L? and L estimates, together with the

Cauchy-Schwarz inequality. ([l

In the case c¢=0 we have p=1—1 and LHS of the identity (3.421) takes the form

u/mu/n 85‘7gun%+1 85‘7 [7n+1] L/Pu/m 85‘7 unr+1 85‘7 (‘/n%+1%_€Afn+1)

|€|=21—-2 [€|=21-2

We now make an exception and treat fot Jom BV gu™ -9V V ™ as an “error term”
and we use the boundary conditions for u™! only to extract the energy contribution
from e fg Jpm 05V gu™ - 05V A" The corresponding energy identity thus reads
(3.428)

[ [ e S5 [

€l=2p |£\211

—(n=1)|V2 ) ASon ==Y / / D5V gu™ -0V VI /QO X,w, R™),
17

§l=2p

where Qf is defined to be the e-dependent part of the definition (2.270) of Q). We can

now state the lemma that provides the energy estimate for RHS of (3.428):

LEMMA 3.9. The following inequality holds’:

me)’<)\/ Dml 4 _/ D+l

e / @Elwenmfmum+c||P1fm||Lzem+ooiugt||fm< ey +Ct / oy
SS8S 0

t

86‘7 unk%l 85‘7 vnn+1

+Ct sup (€™ (s))V2(Em +&rt).

0<s<t

7Change the estimate accordingly.
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Proof. In order to estimate the first integral on right-most side of (3.428), we shall
not evaluate it using the boundary conditions for «™*!. Instead, we proceed in the

following way (note that ¢=0 implies p=1—1):
m—+1 Rm

’// sV gu™ - OV VL <A/ 11(0%) fvﬁ(w)\\%a

C C
(3.429) / 196 By 1 [ 11907 )

)\/ ©m+1 C / Dm+1 077/ ©m+1
= T Taa Ao T

where the trace inequality and the interpolation are used in the first inequality (note

that the potentially large constant % stands in front of the temporal dissipation term).
n

To estimate }fg [sQ5(x°,w° R™)| first recall the definition (3.422) of w°, x° and note

that from the definition of Q§ above and (2.270), we have

o (Xoawo)a R™)=—¢(n— 1)A9W?Ag (WO - XO) + eAgvgw? FAVA VS (WO - XO)

. Rm)n—3
(3430) —}-e(n—l)XOA;wg((R ) 2_1)+€A9X0A3W?(—( |g| _—1)
) A2w0
—eh& U o g™ (R™)"2|g| — eGﬁi’Oﬁ(Rm)"_2|9|v

where hé! is the e-dependent part of h%! defined by (3.419) and G% is defined

by (3.417). The cross-terms above are estimated in the following way:

//AthAV(w—X)

<) / ol S sup (1l +11E)

gwt W _X

(3.431)

Ct
<\ Dl 1+ sup (Q‘Em+€m+1+||IP1fm||L2+||IP>1 F132)
0<s<t

Ct t
<A Dl 1+ sup {em+em+1+c,4(01+/ D"+ 62/ 2"}
0

0<s<t

The third and the fourth term in (3.430) are estimated as follows:

(3.432)
\OA2 oz o ()"0 m 0
| AR =1+ A AR D[ < Ce s I s \|x||H3HwHH3
<C " E"+D™ ) < Ct ™| €™+ C " ©m+1
< Supllf ||t ( +2") <Ct sup || f"]] € + Sup I :
0<s<t 0 0<s<t 0
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As to the last two terms of (3.430), again by similar estimates we obtain:

A 0
h& Uod™(R™)"?|g| + G0 | |

(3.433)

t
< CHVEmE™ + OtV EmE™ ! 4Oy Qim/ DM,
0

=2 (B2l

U

Evaluating > _,, Jpm 0505 u™ 0507 [u '] via boundary conditions. We now

extract the coercive quadratic contribution from the first term on RHS of (3.398).

Note that
A, ASOH M,
I3 m ¢ 9 u=gJiet €,c+1

(3.434) %:A,ﬂg Ta=—(n—1) ZA G |;m|Rm +GEeT
where G&¢t! is given by analogy to the formula (3.417) for G%. Note that
(3.435)

: . . ’ mj;lRm AQ tmjl

AL (Vo g +eN ™ o ™) Ao ( Ji oy
(s +1 2 +1
:_ZuAEaM tet+l Rm B A Z Aga“‘ te+l h§70+1
9™ Igml(Rm)" ?
where
m+1Rm a,ufqul R™ AQfqul 8“A2fm+11

péctl — _ ASP“<CH > ot +dW< to+ ) tot ] A

Z ri1Tg |gm| |gm| g | ml(Rm)n 2 |gm| Rm n—2 Z

Using the formulas (3.434) and (3.435) and shortening x'=>_ AS0fil:,

=>, A% AL, we can write

(3.436)

3 / O™ OO [ = S / OOy kT OSO; (V A )
I‘m

|€]=2p 1€1=2p
A2 /

Rm
n— &,c+1
Z//{ D'+ m|Rm ~ G H T Ty

. h{,c—i—l } |gm|(Rm)n—2

We now apply the identity (2.276) to evaluate the integral on the right-most side

of (3.436). With y =\’ and w =" already specified, we set 1) = R™, g= g™, G =G>*?

128

€ gL pm

u=g e



and h=h%T1. Thus, using (3.436), we obtain
(3.437)

// O™ 507 [ulr ] //Z{W ZAf(?“ TP —(n—1)) ZAfaﬂ el
l€l=2p
/[SZ{\V32A53# mi1)2 (n—1)|V§ZA58“ mi12 }:/O /SZS(X’,LU’,RM),
H 3

where S is given by (2.271). In view of the dependence of y’ and w’ on the index ¢
and the iteration step m, we introduce the notation S™=S(y’,w’, R™). The energy

estimate for the “error term” fo [ S1 S is the content of the following lemma:
LEMMA 3.10. The following inequality holds:
t ~
| / / Sml <
0 Js
t t .
x(/ ©m+/ ®m+/ ©pm+1+/ @;”“).
0 0 0 0

Proof. The proof of the lemma is analogous to the proof of Lemma 3.7 and follows

[0y S [ Sher e sup (177(6ll-+ (760

<s<t

by a routine application of energy estimates. 0

3.2.5. Proof of Lemma 3.2. From (3.370) and the bound on || f™||gz assumed in
Lemma 3.2, we conclude || f™|[3. < Ca(6y+02). Using this bound (and suppressing
the index A in C'4) we combine Lemmas 3.5 - 3.10 to conclude that for any 0 <p <l —1,
0<t<T<1
(3.438)

1 ' 1 1 ' 1 Ce [ 1, C ' 1
et +/ It <ent (0)+C(77+/\)/0 o +XZ/O ot +n—)\/0 Dt
q=0

Ct t
+C\/ 0, / @mﬂ A emtly i b EMH () 40, 40
qu;rl et 0<ligt A (< 62)022875 €p (s)+61 2)
C(v01 4+ /024 \) /@m+1+0 sup (\/QTJFHfm ()l 4+ A1)
0<s<t

) { €M)+ &M ()} +Cel| |32,

where we employ the convention ZZ---:O if a,b€N and a>b and D" :=0. We
choose A, n small, and allow the constants C' to become larger (depending on the

choice of A and 7). We conclude that there exist constants C’l, 02 and Cy such that
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for any 0<p<Il—1:
(3.439)
t
(1—Clt—c—1) sz—l-l / @m—H (1 Cgt C t) Gm—l-l / ©m+1

t
ep —|—j—|—yl Z / ©m+l+cz/ ©m+1+_ sup gm+1_'_0*/ Derl,
0

4
€ <s<
g=p+1 0<s<t

whereby v >0 is a small, but fixed number and

Ct - A
J = A(01+92)+Osup (VE™(5)+ (| F™(5)]| s+ A+ ) t{ & (5) + E™ ()} + Cel| f™|[12.

0<s<t
Furthermore, let D;:=1— Cit— %, Dy:=1—Cyt—Cyt. For each 0 <p<Il—1, mul-
tiply (3.439) by v? and sum over all p=0,1,...,l—1. We obtain

- -1

-1
DlZVpQEm+1+DIZVp/ ©m+1+D2 Vp QEerl /©m+1 Zypeeyp(o)_i_zypj
p=0 p=0

l 1 — p—1 t
C)t
! m+1 m+1 m+1 * m-1
+u§ PP E /’D +C§ VPE /Oi) +§ Vp<€_08<1§<)tg +C /OD )
= g=p+1 q=0

From here we infer

-1

-1 -1
DIZV”QS;”“—F(Dl—ZV‘] /@m+1+z Dll/p—V Zuq Z /@m“
0

p=0 g=1 q=p+1

-1 t
+D22yp(ég+1+ / Dt gzupee,p(owrzupj
=0 p=0

@,p(@ —

0<s<t

Let us set dole—Zl 11Vq and for 1<p<l—1 set d,=D’— lzpiqu_

Zf]_:; V% From the previous inequality we immediately obtain

- t t
Dleerl,V_i_de/ @;n+1+D2€m+l,u+D2/ @erl,u
(3.440)

et 0<s<t

<5”+J”+va(% sup 5m+1+c*/t1>m“),
0

where (5”::2; — V"€ ,(0) and j”:zzp LVPT . Furthermore, let Dy :=1—C t—Clt

Dy:=1—Cyt— Cyt. For each 0<p<I—1, multiply (3.439) by v? and sum over all
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p=0,1,....l—1. We obtain

-1 -1 -1
Dlzypczm“JrDl yp/ ©m+1+D22up (emtt 4 /@m“ SZ Qie,p(O)JrZupJ
—0 =0
l 1 - p—1 t ’ t !
+0y P /@mH—I—C VP ©m+1+ Vp<— su 5m+1—|—0*/ Dm+1>.
2 > Z 2. Z oo :

= q=p+1

From here we infer

-1
DlZVprerl Dl_zyq /®m+1_'_z Dll/p—l/ /©m+1

l 1

+D22Vp sz+1 / @pmﬂ)

p=0 0
-1 -1

- P D P é)\t m+1 * ' m+1
SZ VPE (0 —l—ZV j+ZV (e_ sup £ 4+ C /OD >
p=0

p—0 0<s<t

Let us set dole—Zé;lluq and for 1<p<l—1 set dp:Dlyp—ulzg;éuq—

Zl _L V1. From the previous inequality we immediately obtain

-1 t
QferlV‘i‘Zd / ©m+1+D €m+1u+D /@erlu
(3.441) p=0 0

Y

<5”+J”+Zu”<— sup 5m“+0*/ Dm“>,
et 0<s<t 0

where §¥ ::Z;;lo VP&, ,(0) and J” ::Z;;IO vPJP. Let 0<a <1 be a real number to

be specified later. Multiplying the inequality (3.441) by a and adding it to (3.371),

we arrive at

(3.442)

t
gmtl g /Dm+1+a<D sup €m+lu+zd / ©m+1>+aD2( sup &Y 4 /©m+1,u)
0

0<s<t 0<s<t
Cot
BY

Ct+092) sup €m+1+a(5u+ju+zyp<% Sup 5m+1+c*/tpm+1>>
0

~ t
Ct &ML (A6, 16, + Cot+@)/©m+1
0

<
<E(0)+K(0q,t)+ e SRR

(gm—l-l (@m—i-l) )

+

A 0<s<t 6 0<s<t
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Absorbing the factors of E7+1, [ D7+ and €' + [D™*! from RHS into LHS and
recalling that &+ fot@” <E+ fg@ <y (=1 ((’E” + fg@”), we obtain
(3.443)

_ p=0 p=0
t
(aDy— (Z 4+ 00,0y sup @1
A 0<s<t
-1
+Z(ad —OA—C(A+61/2+91/2+2+@)>/t©m+1+aD2( sup ém+1’”+/ti)m+1’”)
— A EA P 0<s<t 0
Cot
6(0)+IC(927 )+a5”+aj” y—2(l 1) (@m-‘rl 1/)
Now set o =min(%,——2L—— 1) and choose A, p1, 6y, 6, v and then t =1 so that

627 2005 L v

@ Ct OzC)\t %+092)V(11)) >

N e a ;Oupd/lo; aDy — (
t

ady— OA—C(A+ 024 Y24 & +@)>3aup
B

0, 0 Cot 1,

v_ 1 —2(1-1) _ —
Ki0a,t) < 155 0T " <355 7V <10

Let 0y =0,0"1 and assume &.(0) +ad” <6y/2 (and hence E.(0)+ad” <60y/2), we ob-

10

tain from (3.443)

t t 7 1
sup 5€m+1+/ D:”H—i-a( sup @’f“”’%—/ ’DZ”H’V) < 592+§(a sup (€?+17”)2.
0 0

0<s<t 0<s<t 0<s<t
From the previous inequality we conclude that there exists a (possibly smaller) ¢

such that the first claim of (3.308) holds. This finishes the proof of Lemma 3.2.

3.3. Regularized Stefan problem. The principal goal of this section is the

following local existence theorem:

THEOREM 3.11. Let ( >0. For any sufficiently small L >0 there exists T'>0 de-
pending on L and independent of € and constants 0 < a,v <1 such that if E, ,(uf, f§) <
2 then there exists a unique solution (uf, f¢) to the regularized Stefan problem defined
on the time interval [0, T, with E,,(u, f)(:) continuous on [0,T[ and satisfying the

bound

T
sup Ea7y(ue,f€)(t)—l—/ Dg,(uf, f)(r)dr < L.
0

0<t<T
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3.3.1. Local existence for the regularized Stefan problem. Having obtained the uni-
form bounds on the sequence (u™,R™), our goal in this section is to prove that
this sequence is actually Cauchy in the energy space. In order to do that, we need
to compare two consecutive iterates in the energy norm. However, te expression
E(um™tt —y™ R™ — R™). does not a-priori make sense, because the functions u™**
and u™ are defined on different domains Q™ and Q™! respectively. To overcome
this difficulty, we shall pull-back the function «™ from Q™! onto s, where we recall

Qs=0Q\S. To apply this change of variables, we first define the map x=0"(¢,x),

where ©"(t,x) =7"(t,x)x and 7™ is a smooth scalar-valued function with the prop-

erty
UR™(E), xl-1<d,
(3.444) " (t,x)= x d is small.
1, |x|—-1>2d
For any x €I"™~! we may write x = Rm_l(gé) = R™1(¢), by the definition of ™.
Hence
X b'e 1 D' D'
O™ (t,x) =" (t, A" () ) R" (&) = mrmrren B (O =1 €S
x| x| R™1(E) x| x|

Thus 7™ does the job for us: 7™:Q™ ! —s. Note that this map is natural from
the point of view of our geometric assumption that the evolving interfaces I are, in
fact, 'graphs’ over the unit sphere S.

The inverse map x(Z) to the above change of variables (3.444) is given by

r=p"(2)z.

To convince ourselves that the function p": s — R is well defined, we observe that

p™ has to satisfy the relation

7" (t,p"(t,2)x)p" () —1=0.

The existence of such a p™ can be established by the implicit function theo-

rem, applied to the equation F(t,s,7)=0, where F:RxRxXxR"—R is given by
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F(t,s,v)=n"(t,sv)s—1. Namely, Fy(t,s,0)=(Va™ -v)s+7">0 since 7™ ~1 and
V™ =0(V,f™ 1) is small. We define @™:Qgs— R by setting

(3.445) u™(z) :=u"(t, p" (t,x)).

The heat operator 9, — A on the domain 2™ ! will transform into a more complicated

operator in the new coordinates as stated in the following lemma:

LEMMA 3.12. The push forward of the operator 0,— A with respect to the map
O™ Q"1 =8 reads:

(0 — A) =11y — Agii— a Uizi — b g,

where

(3.446) ar:=((7™)? = 1)0y+2n" 2! n + 2’2 [V a™ P, b =20+ Ar ' — w2

ij 7

Furthermore,
(3.447) = SO () oo
Note that (3.444) implies
(3.448) Typi=1"e,+ 1.
From n™(z) =1/p™(Z), we obtain 77 = —(Vp™-Z,:)/(p™)?, which in turn, combined

with (3.448), after an elementary calculation implies

oo
(3.449) A=tz
(pm)?w

After further differentiating (3.449) with repspect to ' and using the relation (3.448),
we arrive at

A A" 2V P =2V PV p [V P T
(pm)3Ww (pm )+ w2 ‘

where ¥ = p™ — Vp™-Z. Similarly it is not hard to see that 7/ = —p*/(p™)?. In order

to evaluate the Laplacian in new coordinates, by (3.445) we first write

(3.450) u(t,x)=a™(t, 7™ (t,z)x).
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Applying A, to the left-hand side, we obtain
(3.451) Awu(t,x) = (n")2Azu™ + (2 wI w4+ 2' ! [Va™ 2)ul  + (20 4+ An ) u
Applying 9; to the left hand side of (3.450), we obtain
(3.452) u(t,z)=u" +m"Vzu" - x.
Since (0; — A)u™ =0, we conclude from (3.451) and (3.452)
(0, Aa) ™ = a1y s+ b

where @} and b;" are given by (3.446). Furthermore, using (3.449), it is easy to see
that
1—(pm)? pral  TF|Vp"
(pm)? (pm)2w— (pm)?u
We now turn to the proof of (3.447). Note that

CLz’j =

5ij—2

m—+41

m+1 o —m—+1 m+1 m+1 _ —m—+1 € 'Ocz:Z m+1 -,
=Vzu"" T, =V;zu (7r ei+m; )—Viu <pm+1_(pm+1)2\11m+1p )

From here, we infer the formula

. | V"N E) o
Vu —H(l‘):WVU +1(x)—pm+1(px>qﬂfi)l(x)x-Vu (7).
From the above formula, we obtain
m ]' —=m Vgperl(é') —m
(3.453) [Vu™fog™ (5)—pm+—1(§)[Vu “]f(ﬁ)—mﬂ(@@mﬂ(g)ﬁ'wu )

Note that
EVam I =& ([Voa™ T + [y Eng) = [uy T,

since [V,a™™|* =0 (due to the fact that u™"F|s=u™"1"|s) and ¢ -ns=|ns|>=1.
Observe further that p" (&) = R™(§). Furthermore, since Vp" (&) - £ =V, pm - ¢ =
0, we also have U1 (&) = p™+(£) = R™(&). Form these observations and from (3.453)

we obtain the formula

1 i g — Vgt [7m+1]+_i Cmiir Vel

[Vt o™ = W[un Tns P ull _—Rm[un |Tns (Rm)2[un |
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It is straightforward to see that npmo@™ g;nl %, where ns stands for the

unit normal on S. Hence

([Vum+1]f -npm> o = <%[um+1]+n‘g _ M[umﬂ]f) ) (ﬁn — M)

n - m n m S m
) - | m|(R )? lg™| lg™|
m11+ g —mt+ 1Y —ma114
=TT g T e T
and this proves (3.447). O

m~+1 pm m—+1
Since ([Vumﬂ]f'nrm)%ﬁm: _ftlg:f —i—e(lg,f)i]}g'gm‘, from (3.447), we immedi-

ately obtain

- ftn’b—i-lRm AQferl _
(3.454) am )t =~ —€ —=(f™),

= g T g =)
where

"

E(fm=2m=(1- l9

(Rm>2)[_m ]

n .

For any k €N, let v**1:=a**! —4F and o*+! = f¥+1 — f¥ By subtracting two consec-

utive equations in the iteration process, we obtain:

(3.455) o At =f° on Q™

Ayo™
3.456 V" =™ — 24 GY on S,
(3:456) Rmigm|
(3.457) v =0 on 09,

m+1Rm A2 m+1

3.458 v,,THf:—Jt —€ +h,, on S.
i) = G
Here

U,

o m+1 m+1 m+1-m—+1 m=-m m—m
fm az] i bz u; CL”U” +b Uy

G =N"(f")=N"(f"),

R™ Rm1 m 1 1
|gm’ ‘gmq’)_ Afzft (

- _Em+Em—1
(Rm)an‘gm’ (Rmfl)nf2’gmfl|)
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Here, the quadratic nonlinearity N*(-) is defined in the line after (3.291). Upon
applying the differential operator 0 to the equations (3.455), (3.456) and (3.458)

and singling out the leading order terms, we arrive at:

(3.459) o = At =
A o™
(3.460) ot =—ojt — R”j\gii\ +G,, on S,
Rm AQO.TZL-Fl
m-+1 m-+1 +1
(3.461) [0 = -0 |gm|—e(Rm‘§ni2|gm| h! on S,
where
(3.462) N
k—1 1
(3.463) Glm = ZAQOZIZ (W)t;ﬁq +atk an
q=0
k—1
1
m+1 2 _m+1 o
(3464) ZO'tqu | m| tk P ZAQ tqu (W>tk7‘l+a’fkhm'
q=0

In order to obtain the energy identities for the problem (3.459) - (3.461), we may use
the identities from Section 2. Respecting the notations from (2.257) - (2.261) from

Section 2, for any j € N we set
(3.465) F=[,F=1,G=g;,h=n},U= vi,fl,w ai,jl,x atk,andw:Rj.

Note that I'=38 and hence, since the domain is not time-dependent, we have V=0
and the terms U* and V in equations (2.258) and (2.260) are simply equal to 0. In
other words, the expressions O(U) and P(U) defined in (2.268) and (2.269) are equal

to 0. We define the energy:



where & and D, are defined by (2.262) and (2.263) respectively. Furthermore, us-
ing (2.266) and (3.465) and keeping in mind that O =P =0, we arrive at

(3.466) et (t) + /0 d"(s)ds= /0 Sl{qm+sm},

where g™ =" Qo om, ot R™), sm= Z_ZIOS(O';Z,O'ZZ+1,R"I). Here, ) and S are
defined by (2.270) and (2.271) respectively. Just like in Section 3.2, for any 0 <v <1,

we introduce the higher order energy:
(3.467) &V :=E (v, 07), ¥V i=EV (W, 07), ¥V =DY(v,07), 0V =D (v, 07);

here jeN, 0<k<[—1. Like in the previous sections, we drop the index v if v=1.
Before we explain the energy estimates, we first examine the form of f;,, G, and h;,
featuring RHS of equations (3.455), (3.456) and (3.458) respectively. Note that f7,

can be rewritten in the form

f%:(a?}+1—a?1) m+1+a ( ;7]1-1-1 alr;z)_i_(bzn-i-l bm) m+1+bm( Zm+1 ﬂ:n)

We observe that a%‘“ —af} can be written as A;;(0™,V,0™) for some smooth func-
tion with bounded derivatives A;;. Similarly we can write "™ —b™ in the form
Bi(am,vgam,vgam,aﬁl), for some smooth function B;. In other words f;, takes the

form

fo = Ay (0™ Vyo ™ T + @l 4 By(0™, V0™, V0™ oy 4 b

LV 7

In order to write h,, in a similar form, note that

r—~m —m— 1 |gm| —m+171+ |gm71| —m1+
— _[ymHIt g o gl 19
- [ n ]—(1 (Rm) )+[ n]—((Rm)2 (Rm—l)Z)
and hence
R™ Rm™! 9 em 1 1
oy G ) = S e )
_ ’Um+1 - g ﬂm + g . g .
[n ]—(1 (Rm)2)+[ n]—((Rm)Q (Rm 1) )

Similar structure is also shared by G . The conclusion is that f;, G, and h; have

a quadratic form, always containing one term that can be bounded by the norms
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of v/ —v7 and 07*! —07, and the other term bounded by the norms of @/ and f7
(and hence a-priori bounded due to Lemma 3.2). In order to bound the first modes

of o™, we shall use relation (3.458). If we rewrite (3.458) in the form

m+1 —|—€A2 m+1 |gm|(Rm)n 2[ m+1] 4 ‘gm|(Rm)n—2h$n . ((Rm)n 1)0.Zn+1’

upon applying 0,¢, multiplying the whole equation by cr;’;fll and integrating over S,
we obtain
(3.469)

o] 2+ el V2ot 112 < (11(0g™ | (R™)" 2[5+ 0 6™ Va2 +11(1g™ | (R™)" 2R a2
m\n— m m 5 m m\n— m m
R =1 Dl 12 ) o llee < 5 (1™ R[5+ ] 0 6™ a1

m m\n—21 0 my\n— m 1
Hllg™ (R™)" 2R, [[72 + 1 ((R™)" = 1)o; H)tqu) =l e

We note that [|(|g™|(R™)" [t 0¢™)u|[2, < Sem 4+ A[[ Vo4 o) It s
further easy to see that |[(|g™[(R™)" 2hg,)eal|32+[|(((R™)" 1 — l)af‘ﬂ)tqH%g <
coy (Ha 122+ |lojt|[22). Thus, using (3.469), we obtain the bound

1—

—_

0<s< 0<s<t

O t
{ o [ s [ ot} < S et n [[m
0

i

0

-1
v 003" { sup ol + [ Nt}
=0 0<s<t 0

(3.470)

Motivated by (3.470), we introduce the following temporal energy quantities:

-1 -1

(3.471) e’ ::éj-l—ZHPlUka%z; & ::Jj+2||]}p10{k+l||%2’

k=0 k=0

Remark. Observe that the energy norm e/ is not equivalent to £7, because the
first modes of o7 are also controlled by £7; in other words e/ > Cg||P;07||3, for some
constant C'z. An analogous remark holds for d”.

The next lemma is the analogue of Lemma 3.2, where we collect preparatory
statements, necessary to establish (3.473). Note that in the following the constant C.

depends on € and we shall make use of the e-regularization (3.280).
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LEMMA 3.13. (a) For any j €N, the following conservation law holds:

o /QJUN /U’“ /(RJ) e /{h°+f}

(b) The energy norms e’ and d’ are equivalent to & +||Pio||3. and Dy respec-
tively.

(c) There exist constants K* and 0 <v* <1 such that for any j €N the following
inequality for space-time energies holds:

t t t
(3.472) sup &1 4 / O < Ce(0+1)  sup 7+ / o)+ K / d™(r)dr.
0 0 0

0<s<t 0<s<t

(d) For a possibly smaller t¢ there exists a C' such that for any t <t¢ the following
inequality for the temporal energies holds:

(3.473) sup em+1(s)+/0t de(T)dTSC’E(H—i—t)( sup em(t)+/0t dm(T)d7'>.

0<s<t 0<s<t
Using (3.473) together with part (c¢) of Lemma 3.13 yields a contraction bound
on the total energy:

t t
sup em“(s)—l—/ d™ (1) dr+ sup em“’”*—i—/ oLy
0 0

0<s<t 0<s<t

t t
gA( sup em(t)—i-/ d (T)dT) —l—C’(G—i—t)( sup ™" +/ Om”’*)
0<s<t 0 ) 0<s<t 0
—I—K*A( sup em(t)—l—/ dm(T)dT>
0<s<t 0

t t
§A*< sup em(s)+/ d™(r)dr 4 sup e™” —l—/ Dm"’*>,
0 0

0<s<t 0<s<t

(3.474)

where A*:=A(1+ K*)+C(0+t). Note that A* <1, if we choose # small enough and

1-C(0+1)

- Having proved (3.474), we conclude that

possibly a smaller t€ so that A <
the sequence (v*,0"%)en is a Cauchy sequence in the energy space defined for some t*
small enough. Passing to the limit we recover the solution to the regularized Stefan
problem on the time interval [0,2¢].

3.3.2. Uniqueness. By the use of Gronwall’s lemma, we prove uniqueness of the

solutions to the regularized Stefan problem:
140



LEMMA 3.14. In the class of functions w,f satisfying supgc,ci Eo,(u, f)+
foté Deoy(u,f)(s)ds<L (where L may be chosen smaller if necessary), the solution

(u, f) to the regularized Stefan problem is unique.

Proof. The proof is rather straightforward and follows by the usual energy esti-
mates. The difference is that we do not have to differentiate higher in the en-
ergy space. For completeness, we outline the argument of the proof. Let us as-
sume that there exists another solution (a, f) satisfying the same initial condition
(@(z,0), £(6,0)) = (uo(z), fo(#)) and the same smallness bound SUPg< < e Eo, (i, f)+
fJE Do (i, f)(s)ds < L. We shall formulate the Stefan problem on the fixed domain
by pulling both functions u and % onto the fixed domain €g, (). Without loss of gen-
erality we assume (g, (x,) ={1s. To this end, we shall apply the change of variables
described in Subsection 3.3.1. We define O(t,z):=n(t,x)x and O(t,z):=7(t,z)z,
where 7 and 7 are defined as in (3.444) by substituting R with (1+ f) and (14 f)
respectively. We set U :=u00 and U=100. The corresponding coefficients a;j;, b;,
aij, b are defined analogously to aj?, bf* (given by (3.446)). Subtracting the two

sets of equations (that we get for (U, f) and (U, f)), we obtain a new problem for

(V,h):=(U~U,f—f) (note that R=1+ f and |g| =1/ R2+ f):

(3.475) Vi—AV =A%
Agh
3.476 V=—h—=4pB
(8:476) Rl
A2}
(3.477) [Vn]+:—htR 9L L% oS,

’ —€ +
lgl R 2|y
where

A° = (aij - Zlij)Uij —|—C~lij‘/;j + (bz - l;z)Uz "’l;ivia

BI=N) N )+ 8 (= )
°—_~E_E A2 1 B 1 = .z
C°= ft(’g’ |§|) Agft((R)n72‘g| (é)nﬂ’g’) =) +E(S).
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Here N*(f) is defined in line after (3.291) and Z(f) and Z(f) are defined by replacing
f™ by f and f in the definition of Z(f™) in the line after (3.454), respectively. We
use the notation from (2.257) - (2.261) and Lemma 2.2 from Section 2 to derive the

accompanying energy identities. To this end, we set
F=A°F=1,G=B°,h=C°U=V,w=x=h andy=R.

Same remark as in the line after (3.465) applies here; since I'= S8 is time-independent,
we conclude that the expressions O(U) and P(U) defined in (2.268) and (2.269) are
equal to 0. In formal comparison to the problem (3.455) - (3.458), f takes the role of
™1 and f the role of f™. Additionally, the cross-terms vanish since w =y =h. We

are naturally led to the following energy quantities:
E:=E(V,h), D*:=D.V,h),

where &, and D, are defined by (2.262) and (2.263), respectively. In addition to this,
we define Q*=Q(h,h,R) and analogously S*. Using the identity (2.266), we obtain

(3.478) 5*(15)+/0t1>*(s)ds:/ot/Q (V+V15)A+/Ot/S{Q*+S*}.

In addition to the above energies £* and D*, we define
€ =I[VV i+ [ {IV3E == DIV} = [ B2 Vihos (5 =1)

/{|h94|2 |h93| _E/ |P2+h94| (R| |3 1)
D =||VV|[31 +/ h2—h2+/ s — | fore|?
19V 1oy + [ Aol =2 e | {1l = o}

Note that the quantities &* and ©* are identical to € and ® in the case when [=1.

Our goal is to prove that for some 0 <a* <1 the following inequality holds
EX(t)+a” & (t / {D*(s)+a*D*(s)} ds

(3.479)
<0/ {£%(s)+ € (s) Y ds+C(VL+a¥) /D*

which would enable us to absorb the multiple of fot D* on the right-hand side into the

left-hand side and then use the Gronwall’s inequality to conclude that £*(t) + &*(¢t) =0
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for any t>0. It is essential that the constant C' in the above estimate does not de-
pend on € so that the smallness bound on L remains independent of €. That the
identity (3.479) indeed holds, follows analogously to the energy estimates from Sub-
sections 3.2.4 and 3.2.2 applied to the right-hand side of (3.478). Here we strongly
exploit the uniform bounds on E,, (u, f) and E,, (@, f). A major difference from the
existence part of the proof is the absence of cross-terms in the energy identities (since
w=Yx in the notation of Section 2). In addition to that, we work in a lower order
energy space (I=1) and we can thus use the above uniform estimates to bound the
term [V,]© by Cv/L in L®-norm. Knowing that the e-dependence comes only from
the estimates of the cross-terms we conclude that the constants on the right-hand
side of (3.479) do not depend on e. Choosing L and «o* suitably small (3.479) im-
plies E*(t) +&*(t) < C’fo {€*(s)+ &*(s)} ds, which, by Gronwall’s inequality leads to
E*(t)+ €*(t) =0. This finishes the proof of the uniqueness statement of Theorem 3.11.

O

3.3.3. Continuity for the regularized Stefan problem. The continuity statement is
important because it will allow us to extend the solution beyond the the time interval

[0, ¢].

LEMMA 3.15. The total energy E +f0 (s)ds is continuous as

a function of t on [0,t°[.

Sketch of the proof. Integrating over [s,t] instead of [0,¢] while arriving at the
identity (3.306) in Section 3.1, we obtain

0 —erv o)+ [ Dy

s [ foremye [ [{ames)

We claim that we may pass to the limit as m — oo in each of the terms in (3.480) to

(3.480)

obtain:

(3.481) Ee(t)—56(3)+/:DE(7')dT:/StA+/:/F{O p // [Q+s).
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where

-1 -1 -1
Alu, £, 1), :kz (ug), ZP ugr), ;Q(utk,ftk,}z), S:];S(utk,ftk,}z).

The passage to the limit is justified for the following reason: we may apply the
differential operator Ju to the equality (3.450) to express the derivatives of u™*!
in terms of derivatives of @™*! and f™. This enables us to express the L? norms
of O™t on Q™ in terms of the space-time norms of @™ and f™ on Qs and S,
respectively. Hence, using the strong convergence of the sequence (u/, f7), we may
pass to the limit to conclude (3.481). In order to bound RHS of (3.481), by the same
argument, we pass to the limit as m — oo in the estimate (3.371), where we keep in
mind that we work on the time interval [s,]. Note that all the estimates coming from
the cross-terms will vanish, and those are precisely the ones involving the constant
C'. As a consequence we obtain

(3. 482

A+ O+P /t/SQ—FS‘SCCQ(t—S) sup (5(7)+€(7)+91+/t@)

s<1t<t

t t
+O<A+ sup ||P1f||L2+O¢€> D+ C(VEF A+ (E)"?) / D.
s 0

0<r<t

Using (3.481), (3.482) and the triangle inequality, we obtain for any 0 <s<t <t

E.(t)— <c)/1> Jar| (1400 sup [Py fl+VE))

0<r<t

t t
+CCy(t—s) sup (S(T)+€(T)+91+/’D)+C(\/@+)\+(€(U))1/2)/©€—>O as s—t,

s<t<t
since supg,<;E(7) and &, are bounded on [0,#[. This proves the continuity of &
on the small time interval [0,¢¢[. In a completely analogous fashion, by passing to the

limit in (3.438), it follows that &, is continuous on the interval [0,¢[. O

3.3.4. Momentum conservation and smallness of the first modes. Let us for the
moment be a little bit more general and assume that I' is parametrized as a “graph”
over the unit sphere centered at xq, i.e. '={x€R™ x=R{+x%q, £€S}. For i=
1,...,n define
ré' +xj

(3.483) Ff‘)(R,é)Z/ P D R
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Note that the above definition agrees with the definition (1.222) when xq=0.

Riz;

LEMMA 3.16. Let p;(z)=(n—1)x;+ T Let si be the spherical harmonic of order
1 associated with the homogeneous polynomial x;, i.e. s;=wu;|s. Then, on the time
interval of existence of the solution to the Stefan problem, the following conservation
law holds:
, RE +xt
3.484 o, [ upi=0, | F*(R,£)d —}—E/Az n—1)RE+R'——=——9
( ) t/Q p t/s i ( 5) § < g.ft(( ) 3 \Rﬁ—i-xo]”)

Proof. Note that p; is harmonic away from the origin and enjoys the property

(3.485) Bapi|  =0.

o0

Let further Q5:=Q\ Bs(0). Multiply (1.194) by p; and integrate over Q5. Using the

Green’s second identity, harmonicity of p; and (3.485), we obtain

/ uzrpa _/anu+pads+/u+anpa = 07
Q. r r

/ ut_pa+/8nu_pad5—/u_6npa—/ unpa+/ u0,pa, =0.
Q_ T r S5(0) S5(0)

Summing the above equations and using the jump condition (1.196), we obtain

8t/ upa:/VpadS—i—/ unpa—/ UOp Py
Qs r S5(0) S5(0)

Note that 9,p; =s;—(n— 1)%5, Hence

S5(0)

n

/ u0pp; dS = /u(&f)(si— (n—l)R* 51)0" "t dg
S5(0) S or

B /s“(‘s’f)é"“%df ~ (DR /S u(6.)%de.

The first integral on right-most side converges to 0 as d — 0. As to the second integral,

observe that

5.0 % ge— [ UL =uO00) e L 0.0)sdE =0 §—0.
[uee5ae= [0 e~ [ 0.0)sde=0 s

Similarly fsa(o) u,p; — 0 as § — 0. Finally, passing to the limit as 6 — 0, we get

(3.486) 8t/upi=/VpidS,
Q r
145



where the integral fQ up; is interpreted in the sense of the existing limit as § — 0, i.e.
Jo upi =lims_g an up; (keep in mind that p;~ — at the origin and this singularity
is integrable). Thus

fiR AL fi Py RE +x —2
V i:/ +e—2 n—1)|R¢ +xp|+ R ———— ) s; R" d.
Jvm= [l e ) (= DIRE +x) + Ry mr gl de
=0 | FI°(R,&)dé+e | A2 ~ 1R+ R —> -0
[ R dere [ Min(n-1)re s R
as claimed. U

Remark. One could conceivably try to obtain a hierarchy of conservation laws
for higher momenta, by multiplying the equation (1.203) by appropriate functions
that restrict to a combination of spherical harmonics of k-th degree on &. However,
this strategy fails to render new conservation laws, since the newly constructed test
functions p contain a non-integrable singularity.
Remark. Observe that we obtain exactly the conservation law (1.220) if we set
Xo=0 and e=0.

We shall exploit the conservation laws given by (1.217) and Lemma 3.16 to prove
that the natural energy () (given by (1.223)) is in fact positive and controls all the

modes of f. To this end, the following lemma is necessary:

LEMMA 3.17. Assume xg=0. There exists a constant C' such that the following

imequalities hold:

(3.487)
n n t
1/2
Z|f1,z"§C<|m0\+Z\m,-|+C’||Vu||L2(Qi)+CZ|ak|+C'6\/E(/ 1£:]122)" )
i=1 i=1 k>n 0
(3.488)
n t
|]Pof|SC(|mo|+Z|mi|+||u||L2(Qi)+||Vu||L2(Qi)+Z|ak|+et/ ||ft||%2>.
i=1 k>n 0

Proof. Recall that mi:fQuopi—fS{Fi(Ro,f)—Fi(l,g)}dﬁ for i=1,....,n and myq is
given by (1.221). Observe that

(3.489) /SE(Hf,e)—Fi(1,9)d9:[Safﬂ(1,e)fd9+[80(f2).
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From the definition (1.220) of F; we have 0;F;(1,0)=((n—1)+ R?)s,;. Using the

decomposition f=3"7° Z P fmsk,l-, we conclude

Zflj/ n—1)+R! )sl,ism:/

S

/8f (L,)( fOl+kaszz

k>2

(RO+ro-F0.0)a- [0t

From the orthonormality property of the basis {s;}ien, and the fact that

/8(FZ-(1+f,£)—FZ-(1,§))dg:/Qupl._mi+€/0t[sgi(375)d§’

we conclude for any i=1,....n

(3.490)

((n—=1)+R2) fr;=—m;+ /upZ /O (f?) /(?f (1,€) f01+kalskz +6//G R,&)d

k>2

Note that for :=1,...,n, we have

<CVM Jay|+C+VM) > arl.

k=0,k>2

<CQ_ fEit oal + )1 fual)

k>0 k>2

In order to bound the second term on RHS of (3.490), we use esentially the polar

coordinates:

/upZ /R*/ 7’5 Ry )T"_lslidﬁdr—/ /Su r,6) (r +R”>811d£dr
/ / r +R"> gsudgdr—— R*/(ru u(r,€)-V y51,d€ dr

R”+R”
<P 10 0 i IV sl <Vl
0

Using the integration by parts, boundedness of ||f||z: on [0,7] and the Cauchy-

Schwarz inequality, it is easy to see that

Gi(R,f)df‘ gceﬁ(/o ||ft||L2)1/2.




Using (3.490) and the previous three inequalities, together with the smallness of M,

we conclude that

(3.491)
n n t
Z|f1,i|§02|mi|+CHVU||L2(Qi)+C|f0,1|+02|fk,i|+06\/g(/ [FAS
i=1 i=1 k>2 0

We use Lemma 3.17 to prove a necessary smallness estimate on || f|| gz
LEMMA 3.18. There exists a constant C' such that the following inequality holds:

(3.492) 1 f1[72 <C(mg+>_m7)+CM+CetM.

i=1

Proof. The boundary condition (1.204) can be rewritten in the following way:

(3.493) ~A,f—(n=1)f=uod—N(f),

where N(f) is the quadratic nonlinearity defined by (1.202). Let |[|=2]—1 be a
given multi-index. Apply &5 to both sides of (3.493), multiply by & f and integrate

over S to obtain

aot) [ {9057 (- 1@ 1} = [ a5twonsis+ [ esviess

From (3.494), using the Leibniz rule, the Cauchy-Schwarz inequality, the trace in-

equality and the smallness of || f|| 2, we can conclude (see (1.215))
1P+ V405 f1172 < Cllul -1 ) + ClIPLIZ-.
By the Sobolev inequality, we conclude
n t
||Pos f|[f2 S CE+C[P1 ][ §C€+C<‘3+sz?+CMl|Pz+f|liz+C€t/ 1f2lIZ2
=0 0
where we used the estimate (3.487) in the second inequality. This estimate implies

t
(3.495) e | < Condt m )+ €& +8)+ Cet [ I
0
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From (3.495), (3.487) and (3.488), we easily obtain

1 fl[32 < C(ma+m2+mp)+C(E+E)
< C(m2+m24+m?)+C(M/(a' ™)+ M)+ CetM

< C(mag+m2+mi)+CM+CetM.

as claimed in the lemma. O

Estimates for &) revisited. Let M <L/2, where L is given by Theorem 3.11
and let (u, f) be the unique solution of the regularized Stefan problem with the initial
conditions satisfying E, (uo, fo) <M. Now recall the definition (1.223) and the expan-
sion (1.202) |g| =1+ f+|V,f|?/2+¥(f), where U(f)=O(|f|*+|V,f|?). This implies
B 2g|— 1= (n— 1)+ |V, f[2/24+ W, (), where W (f) = O(1f + |V, f[%). We have

/u+/u+/R"2|g|—1 /u+/u+n 1/f+/|vf|2/ 1(f)
T K N /'Wz + [un+ou) = [@uras-"3 [ @y
gD [0 5 ([ 0= (L0 + [19asP+ [ o)
:%/Q(Pu)2dx+g(/ /{|vgf|2 (n— 1)Pf}+2|8| / /f
+ [ min+our.

Note that, again due to (1.217),

s (o=t S2 ) [ [

=2

and it is hence of third order. Using the estimates (3.487), (3.488) and the equal-
ity (3.496), it is easy to see that

s (= ([0 + [ ”OUS)\S%mﬁﬂ%u)%Aaé
+CVM (Zm il ey Vel + [ It [ 1)
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The last inequality implies that there exists a constant C, such that

(3.497)
n t
5(0)ZC'*(||U||2Lz(Qi)+[S]P2+f|2)—C*Zm?—C’*\/MHVuH%Q(Qi)—C'*\/Met/O | fel 32
=0

Thus, for small M this implies that &) +C, Y1 ym2+Eqy + [ Dy is a positive def-
inite quantity. After summing the zero-th and the first level energy identities and
adding C, > " m? to both sides, we obtain

(3.498)

€. 3006 (04T 1901+ Tl
//{rvgm (1D} E O+ £y O Tl s

o [ (BN ()3 - // orens [ [{ores)

whereby O, Py, (); and S; are defined by dropping the index m in the defini-
tions (3.297) and (3.298). Estimates analogous to (3.344) and (3.345) imply the
bound on the e-dependent terms on RHS of (3.498).

(Agf+N*(f))A2ft(R| | )‘gCO()\/OtDG—i—)\E/OtD)

ot S
+— sup (I1£172&f0y) + Cote sup (I f117:[PLf[72).
0<s<t 0<s<t

(3.499)

3.3.5. Uniform interval of existence: t*>T. Our objective is to prove that the

solution (uf, f¢) exists on a time interval independent of e.

LEMMA 3.19. There exists a T >0 independent of € such that the solution (u, f€)

exists on the time interval [0,T] and E,,, is continuous on [0,T'[.

Proof. As in Subsection 3.3.3, we can pass to the limit as m— oo in the esti-
mate (3.438). In doing so, we use the bound (3.492) to ensure the smallness of
|1/t Namely,

3 n
(3.500) 1™ ez < (L1 ™ = Flln < Sl <CY mi+CM+CetM,
=0
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for m large enough. Note that all the estimates involving the constant C simply

vanish (as they are used for cross-terms only), and for any 0 <p<I[—1, we recover:

t t
sup Gp—l—/ D,+ (1—Caot)( sup Ge / D,)
0 0

0<s<t O<s<t
t t t
see,p(0)+ul/ ©p+1+02/ ©q+ej1+c*/ D.
0 4=0 0 0

where J; :=C|| f||2. Multiplying (3.501) by v* and summing over all p=0,1,...,1—1,

(3.501)

just like in the derivation of (3.441), we can infer

(3.502)

. t -1 -1 t
sup ¢"+ d/@ +(1—=Cat)( su Qfﬁ”’—l—/ D) <E(0)+edy VIT+ VqC’*/ D,
e+ [ oscaam e [50)zen S S|

whereby we observe that none of the constants in the inequality (3.502) contains € in
the denominator. Secondly, we pass to the limit as m — oo in the estimate (3.371).
Thereby we use the identity (3.498) together with the energy estimate (3.499). Note
that all the terms containing the constant C' vanish and we arrive at:

(3.503)
£(s)+C, + sup E(s / D.
sup £(s Zm sup £
Sge( )+C Z Om + ot SUP0<s<t5( ( )+Cotesup0<s<t(HfH n/2+3H]P)1fH2LQ)
+c@+wmmmﬁ+vM)/Da%%HwﬂmmH+vM%/@
0 0

Multiplying (3.502) by a and summing it with (3.503), we obtain
(3.504)

-1 t
sup £(s)+C. Zm +a sup €"(s)+ (1—0()\+HfHH4+VM)—OéZVqC*)/ D
0<s<t 0<s<t — 0

=0

+§jm%—cu+uﬂmuﬂﬂ%[[®

t t
+u—%wwpﬁ@+u—a»wﬂm+wﬁn/Dwau—@wuwew+/mw>
0 0

0<s<t 0<s<t

<E(0)+C Y mi+all(0)+ e,

=0
where 7y = 0 Y2 9.7, 4 Cotsupoc e (1| FI221al [P |[22) . Using the bound (3.500)

to ensure the smallness of || f™||z and choosing A and M sufficiently small, we obtain
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the following energy bound for any ¢ <t from (3.504):

t t
sup £(s)+C. Zm +a sup €”(s)+ ——eC’TM)(/ D—l—a/ D
0<s<t i—0 0<s<t 0 0
t
(3.505) +(1—Cyt) sup E(s / D+ a1l —Cyt )( sup QSE’”—i-/ D)
0<s<t 0<s<t 0
<E0)+C Y mi+EN0)+a€”(0) +a€(0)+ e,
i=0

where Js: —az oV T1+ Cotsupge ey (| F112n /205 [PLFI122). Now extend [0,¢] to a
maximal interval [0, such that Eq,(s)+ [J Day is continuous on [0,¢[ and the
inequality (3.505) holds for any 0 <t <t¢. Let L <6, where 6 is given by Lemma 3.2.
Set
T::sup{0<t<f€:sup Eq(us, f)(s)+C. Zm +/ D, (uS, f )dT<L}
t

0<s<t

Note that 7 >t“>0. Furthermore, let us choose €y,0>0,7 small enough such
that CoT,CoT <2, and ¢qCTM < 3. Note that £(0)+C. > " m?+a€”(0)<L/2.
From (3.505), we conclude that for any ¢ <7 and any e <¢j the following inequality
holds:

4
3.506 Eo,+C, Do, <-L<L
(3.506) + Zm +/ -

=0

However, if t*<T, then 7 <T and the inequality (3.506) holds for any ¢ <7 . This
contradicts the definition of 7 together with the continuity of £ and hence t€>T.
O

3.4. Proofs of Stability Theorems.

Proof of Theorem 1.1. Since the inequality (3.505) holds on a time interval [0,77],
where T" does not depend on €, we may pass to the limit as e — 0. The sequence (u¢, f€)
converges to the solution (u, f) of the original Stefan problem. In addition to that
eCTM —0 and eJ>— 0 as e — 0, since J» is bounded. Due to the choice of (uf, f§),

we have £¢(0), €7(0) — 0, as e — 0. Together with the weak lower semicontinuity we
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obtain the energy bound:

sup <€ )+ C. Zm +aC”(s /D d7+a/ @”(T)dT)

0<s<t

§5(0)+C*me+a€”(0),

1=0

(3.507)

for any 0<t<T, where T =min(55- The uniqueness proof is analogous to the

20, 720 )-
proof of uniqueness in Theorem 3.11, where we formally set e=0. Given the initial
data (uo, fo) such that the smallness assumptions of Theorem 1.1 are satisfied, we
can construct a solution on time interval [0,7]. From (3.507), at t=1T/2, we can
conclude E(T/2)+> "1 mi+a€(T/2)<E(0)+C. > ym?+a€(0). The idea is to
solve the Stefan problem with new initial data (u'(z,0), f1(6,0) = (u(z, %), f(6,%)).
The problem allows for a unique solution that exists at least on a time interval of
length [0,7]. Due to the uniqueness we have (u'(z,t), f1(0,t)) = (u(z,t+ %), f(0,t +
7)) and we have thus extended the solution (u, f) to the interval [0,2F[. Iterating this
procedure, we conclude that the solution exists for all ¢ > 0. Furthermore we conclude
that (3.507) holds for any ¢ > 0. In order to prove (1.233), we apply the same idea. Let
first M* < % and assume E, , (ug, fo) + Ci > ymi < M*. By the above considerations
there exists a global solution (u, f) with the initial value (uqg, fy) and it satisfies the
global bound supy< <o Eau(s)+Cud i om?+ [ Dy, (1) dr < &L Fix any s>0. We
solve the Stefan problem with the new initial data (u' (x,O),fl(G,O)) = (u(z,s), f(0,s)).

The problem allows for the unique solution since

n n M
E,, ul, Hyo, m?:EaV u, f)(s)+C, m?<—.
o(ug, f5) 2; u. () 2; <5

In addition to this we have the global bound supg<;., Ea. (u', f1)(t) +C. 30 ym? +
fo an(ut, f1)(7)dT <M (again by the same consideration as above). We are thus
in the uniqueness regime and we conclude (u', f1)(t) = (u, f)(t+s) for any t>0. We
may now use the estimate (3.507) to obtain (1.233).

Proof of Theorem 1.2. Our first objective is to find the candidate point x, close
to 0 and the limiting radius R, so that the solution (v(¢),I'(t)) would converge to

(1/R,Sg(x0) based on the 'mass’- and 'momentum conservation’. To this end, for
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any X recall the definition (3.483):

ré +x

R
rer- [ =D el R

)dr

Choose R (close to 1) to be the solution of [,2%=t+L [(R"= [ ((n—1)+ug)+

R
%fs(l +/fo)"
LEMMA 3.20. There exists a point X close to 0 such that

(3.508) /S FR(R.E)dE=m, + /S Fi(1,6)deé:

Sketch of the proof. The solvability of the above system of equations follows

easily from the implicit function theorem. ([l

Having found the point x; and the radius R, we parametrize I' as a “graph” over the
sphere of radius R centered at xo, Sp(xo). We set I'={x; x=RE+x0, £€S}, R=
1+ fand v= "T?l +u. With respect to the new parametrization of I, the conservation
laws (1.217) and (1.219) take the form

(3.509)

_ it 7 L (MY N ok 4y (). . x0( P &) Jf —

k=2
After integrating the above conservation laws in time, we note that our choice of the
center xo and the radius R of the shifted sphere, together with the definitions (1.221)

and (1.222) of mgy and m;, implies

(3.510) /Qa+/S{R"—1f+%<Z) :QRn—kfk}_o; /(zﬂpi+/sﬂx°(~,é)dé—0.

Let us introduce the map ¢:[0,00[xS — [0,00[xT,

é(t,f) = R(t7€> + Xo.

With respect to the parametrization ¢, we redefine the 0-th order energy &)

cot@d) =y {5+ - E5 5y [ R+ dp v, -R).
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The only difference from the definition (1.223) is in subtracting (n—1)?/R? instead
of (n—1)? in the first integral, and R instead of 1 in the second integral above. The

higher order energies &) and D, are defined precisely as before.
LEMMA 3.21. The temporal energy 5(11,f) is positive definite.

Proof. Using the new conservation laws (3.510), same idea as in Lemma 3.17, we can
bound the first and zero-th order momenta of f :

(3.511)

Py f| < C(IVall 2@t +[Pay fllz2s)); IBofI <Ol 2@ty + IVl | 2@t + Pos fl] 2s))

With the above bounds we obtain an estimate analogous to (3.497):
Eo) (@ f) = Cr(/)lFa(x) +/5|P2+f|2) —C1V M|Vl 120,

where from we easily infer the claim of the lemma. 0

The following lemma states the analogue of the stability estimate (1.233), where the

energy quantities are expressed as functions of @ and (f).

LEMMA 3.22. The following inequality holds:

an,,(ﬂ,f)(t)+% tDm,/(ﬂ,f)(T)dTSEmV(lNL,f)(S), t>s5>0.

Proof. The proof of this lemma is completely analogous to the proof of (1.233).
Formally, the only difference is the absence of the term C, Y " m? in the statement
of the inequality. The reason for this is Lemma 3.21, which (again, due to our
definition of @ and f) enables us to conclude positivity of £(i, f) without adding any

constant to it. O

From now on, we shall abuse the notation and denote @, R, f , 0 and QB respectively by
u, R, f, 8 and ¢. The main ingredient in proving the exponential decay is to control

the instant energy in terms of the dissipation, as stated in the following lemma:

LEMMA 3.23. There exists a constant C >0 such that E,, <CD,,.
155



Proof. Note that the only term, which a-priori can not be bounded by a constant

multiple of D, is precisely &). Recall the expansion (1.202):

wop=—(n—1)f=A,f+N(f).

Fix a spherical harmonic s, of degree k, where k>2 and 1<i<N(k) (recall the
notation introduced in the introduction). Multiply both sides of the above relation by
sk, and integrate over S. Observing that [o(—(n—1)f —Agf)spi = (n—1)(k* = 1) fr,

we get
(3.512) o= i [0 g V(s
| ST SO T e =) S
Note that
1
‘/uogbskl—‘/ uoqﬁ—’S’ u0¢)sk,<0||uoqb—18| uo@l|2 < C||Vul|r2 ),

where we used the Sobolev inequality in the last estimate above. The last inequality,

together with (3.512), immediately implies

(3.513) \fk,z-\sc*\/l_nc\/iv(f)sk,i , k=2
S

In order to estimate Py f (recall (1.214)), we first invoke the decomposition

(3.514) woR" gl =—(n—1)f = Ay f +a(f),

where ¢ stands for the nonlinear remainder with leading quadratic order term. As-
suming without loss of generality that R=1 in the last relation in (3.510) and inte-
grating (3.514) over S, we find

(3.515) /Fuz—(n—l)/sfvt/sq(f)

Multiplying the conservation law [,u+ [sf+> o (}) [5fF/n}=0by ﬁ and (3.515)
by ﬁ and subtracting the two equations, we obtain

(3. 516)

R (ﬁ/“_%/“)_ﬁz()/fk s 1



Note that ¢ — (ﬁ—”ﬁl):ﬁ—‘s—l and hence |¢— (%—”T_lﬂgC(M*)l/Q, which,
at |

for M* small enough implies t — 221> (/2>0. Hence, upon dividing (3.516)

l
L
€2 IFI

1 1 n—1
by K;:= E<@ - W)’ we conclude

1 /1 1 1 “/n 1
(3.517) Pof:_?l<@/§2u_m4U)—m;(k>éfk+Kl|r| |S\q<f)'

From the mean value theorem, we deduce

o fum i [
o I

Thus, from (3.517) and the previous inequality, we deduce

S CHVUHLQ(Qi)

(3.518) IPof| < Cl|Vull2@t) +C|I fI|72

Summing (3.518), (3.511) and (3.513), we obtain

5510 IIP’of|+ZIIP’kf|<CIIVUI|Lmi R B R RIG
. k=2 1

SCHVUHLQ(ni)+C|!fHL2+CHN( NIzz <ClIVul|2(@s) +CII f]72-

Using the smallness of || f||.z2, from (3.519) we obtain

o0

(3.520) > [Pef| < ClIVul2g0s) < CVD.

k=0
Finally, from the previous inequality and the conservation law (1.217), we immediately

deduce

(3.521) ‘/u‘ <CVD.

The inequalities (3.520) and (3.521) imply the bound &) < CD, which in turn implies

the estimate claimed in the lemma. O

Using the same argument as in Chapter 2 to prove decay, we use the inequality (1.233)

and Lemma 3.23 to conclude that there exist constants ki, ko >0 such that
Eo(u, f)(t) < kie %2t 1>0.

This finishes the proof of Theorem 1.2.
157



4. The unstable case ( <0

4.1. Local existence and linear instability. The instability norms M and A/
(defined in (2.264) and (2.265)) differ from their stable counterparts £ and D basically

by an addition of L2-norms of w and wy, respectively. Schematically

MU.w) ~ EUw)+Hwl[Ts NUw) = DUw)+ w1

It is simple to see that our method used in the stable case to construct local solutions,

is rather insensitive to the above (small) alteration in the choice of norms:

THEOREM 4.1. Let ( <0. For any sufficiently small L >0 there exists >0 de-

pending on L and constants 0 < 3,v <1 such that if

€ € € L
Mﬁ,l/(“’O’fO) < 9
then there ezists a unique solution (u, f€) to the regularized Stefan problem defined

on the time interval [0,7], satisfying the bound

sup Mﬂl/( 7ff /Nﬁu 7f€)( )dS<L

0<t<r

and Mg ,(uc, f)(+) is continuous on [0,7[.

Before we prove the theorem, we need to establish a-priori estimates in analogy to
Lemma 3.2. We denote 9 := M, (v, f7), 93?{1 :z?)fftg(uj,fj), for any j € N, whereby in
the definition (2.248), Q is substituted by 7. Analogously we define 9/ and ‘fl{l For
any j €N we finally set 0V = Z];:l M and we define M analogously. Summing the e-
independent and the e-dependent energies MV and M| we introduce M := M7 4+ N7

In a fully analogous fashion, we introduce 9, 9V and M. Let us introduce
= MBI NG = NG+ O
LEMMA 4.2. Let ( <0. Then there exist positive constants 3, Cg, 0y and 7¢, such
that for any 0,6, <6y, t <7 such that if Ms(0)<68/2 and

¢
t —I—/ NF(r)dr <6, sup |[f™[[7.<Cp( 01+/ nm)
0

0<s<t
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then

t
(4.522) Mg”“(t)—k/ NF*(r)dr <60 and  sup ||f"*[7. <Cp( 91+t/ nmth.
0

0<s<t

Remark. Note that the norm ||V, f|%._, is already contained in the definitions
of M and 9 and hence, at variance with the formulation of Lemma 3.2, the second
claim of Lemma 4.2 is only concerned with the L?-norm of f™*!.

Remark. We claim that for any 0 <k <[—1 the following inequality holds:
(4.523)

[ (07 2 3 e R < [+ [
0 0

This claim follows by first applying the differential operator d, to the regularized
jump equation (3.280), taking the squares and integrating over S. By the standard
trace inequality and the assumptions of smallness on M?”* and 9", it is straightfor-

ward to get

103 ([T E 0 ™) \|L2<?72|!V2UwHL2(Qm +— ZHVU?J“HLz(Qm)
q=0 q=0

We now exploit the fact that u"** = Au*! to conclude that S =0 Va2, amy <
C||Vu™ 2 Hek(qmy- Using the standard interpolation inequality and the definition of
N/, we obtain (4.523).
Proof of Lemma 4.2. The second claim of (4.522) is proved in the same way as
the inequality (3.333) is deduced from the jump relation (3.331). The proof of the
first claim of the lemma is analogous to the proof of the first claim of (3.308) in
Lemma 3.2. The energy identities from Section 2 are nearly the same, except for
the additional quadratic terms that appear in the definitions (2.270) and (2.271) of
Q" and S, respectively. We first analyze the temporal energies: the identity (2.267)
implies
(4 524)

¢ [Woas=amos [ [ forermys [ (@ressy
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mau . -1 ~Am,u mau -1 pm,u mau __ m,u mau _ -1 om,u
Here O™":=%", O, P™ =% " P"", Q Zko » Y and S re0on

whereby
(4.526) W=Q (R, RTLRT), S =S (R, R R™).

Estimating RHS of (4.524) is analogous to the estimates from Subsection 3.2.2. Nam-
ley, O™"=0™, P"™"=P™ and
(4.527)

Qm+Z / / {(Bo+Py) it (Po+Py) f + P A [ PL ARSI

S’”+Z/ /{ (o +Po) fi5)* + e[V £ P

We estimate the second term on RHS of the first equation in (4.527) in the following

manner:

(4.528)

‘Z/ /{ Py+Py) mH(Po-i-Pﬁ Z;?fll—l-ﬁplABmePlAB T:ﬁl

<Z O e Aozt + S O+ v 3.

t C t CC t C t R
g)\/ ./\[Em-&-l_'_n/ mm+1+_/ ”um+1"%z(9m)+—3(91+t/ mm+l)+_/ ./\/lm-&-l7
0 0 nJo A 0 A Jo

where, in the second inequality we used the estimate (4.523) and the second inequality
in (4.522) to bound fot {I1Fm 2.+ €[ V2|2, } by the last two terms on the right-
most side of (4.528). The second term on RHS of the second equation in (4.527) is
again estimated using the estimate (4.523):

(4.529)

\Z//{ For PO+ AR Y < [ e+ S g,

Using the identity (4.524) and the estimates analogous to part (b) of Lemma 3.4,

tk+1

together with the additional estimates (4.528) and (4.529), we arrive at the following
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inequality:

(4.530)
t Ct ct Ct
Mzn—i-l_i_/ ./V’Em—HSME(O) (Mm Mm—H) ( )\—i‘:)M m+1
/ m m+1 CCB m+1 C . m-+1
O()\‘F Sup Hf ||Hn/2+d+ N N 91+t ‘ﬁ -~ M

0<s<

C C
+(C’)\+Tn+—n+0\/ /‘ﬁm“—l—C’/ N™ sup IM™ (s / HumHHLQ(Qm)

0<s<t

We now turn our attention to the estimates for the space-time energies 9/ and V.
Note that the estimates (3.403), (3.409), (3.412) carry over to the unstable case,
where the energy terms @™, @™+ D™ are replaced by 9™, 9™+t and N™HL,

respectively. The identity (3.421) reads

(4.531)
// OV O™ - 05V g Op [ur ]

€= zp

+5 Z Z/{yv ZA&aﬂ n—1) UP’HZA&(?“
\£| 2p i=1

- Z Z/{|V3 D AL~ (n—1)|Py V2 AS oL } > Z/ /Q“ Y,w, R™),
\§| 2p i=1 Ju |€|=2p i=1

where Q" is defined by (2.270) and x =), A5k fi2, w=3" A5k fir ™. For the sake

of simplicity, let us denote Q™" :=Q%(x,w,R™) and note that

t
Qr=Qu+ / / Plefj@g fggﬂplatZA&au s
0 JS
t
+e / / PIABZA&E)H fﬁ*lPlABatZAf@“ mtl
0 JS
"

The estimates analogous to Lemma 3.7 imply:

(4.532)

. ~t Ct
Q| <O+ VIR A+ sup (17]12) /mm /fnm“ T ) sup (M ).

0<s<t Aet” g<s<t




Furthermore,

(4.533)

t
‘ / / Plefza;; fﬁ“PlatZAgag e / / ]PlABZAfjag Fl P ARD, Y AG L fret!
0JS
1
t
o [Iray S agop 2o s ALDS S Ao
0

t m m C ' m
SCA/O (Nm+1+‘ﬁ$+1) < sup ALl / VRIS | +1||i2(ﬂm)>+X/0 [Fasan(F>S

/\ 0<s<t

where we used the estimate (4.523) in the third inequality above. Observe that the
identity (3.437) reads
(4.534)
/ t [ g 050
0 Jrm

l€l= 2p
[ [T e S o)
*//ZW? AT~ <n—1>|P2+vnggau frs Py = //st R™),
0 JS§7 " -

where S* is defined by (2.271) and x' =" A5k fir., w'=3" Ao fiht. For the
sake of simplicity, let us denote Sm“ = S"(x,w,R™) and note that

t t
S;”’“:S;”—l—/ /|P1w’|2+6/ /[Vﬁw’|2
0 Js 0 Js

The estimates analogous to Lemma 3.9 imply the bound on S*g”:

t t
|§m|§c(vzm + A+ sup |fm ||L2)</0 (m$+§t$)+/0 (m$+1+mg+l))

(4.535)
/ mm+1 mm-{-l

Furthermore, analogously to (4.533), using the estimate (4.523) we obtain

<>\/N oy /m oy n_A/o 4™ 2a .

(4.536)

[ foreef fre




From the argument in the paragraph preceding (4.531) and the estimates (4.532)
- (4.536), we obtain the energy inequality analogous to (3.439):
(4.537)
(1- clt_@)(smmﬂ / M) 4 (1 Gyt — Cot) (T 4 / )
<M, ,(0 +1//‘ﬁ;f11+02/ N+ ICp+C—i\t sup /\/l"”rl—l—C*/J\/mJrl

€7 0<s<t

where v is a small parameter and KP? is given by:

t . Ct Ct
Kr=c (t+\/_+/\+SUP||fm||L2)/(’ﬁ;”+‘ﬁ;”)+(7+>\—) sup M.
0<s<t €77 0<s<t

Using the inequalities (4.530) and (4.537) in the same way as it is done in Subsec-

tion 3.2.5, we conclude the proof of Lemma 4.2. O

Proof of Theorem 4.1. The proof of the local existence on an e-dependent time
interval [0,7¢[ together with the proof of continuity is fully analogous to the proofs
in Subsections 3.3.1, 3.3.2 and 3.3.3. In order to prove that the solution exists on a
short time interval independent of €, we proceed analogously to the Subsection 3.3.5.
We first pass to the limit as m — oo in the inequality (4.537). All the terms involving
C, C in the estimates vanish in the limit, because they are used to bound the cross-
terms. Thus, in turn we obtain an estimate with constants that do not contain € in
the denominator:

(4.538)

im—i-/‘ﬁ—i—l C’2 ime /‘ﬂe

<M, ( +V/mp+1+02/m +’C1+C*/N+ /HUf 172,

where [|(u, f)[|72 = [[ul|22(q) + | f][72 and K1 =C(t+ VI +A+supge,e, | f1l22) Jo (M, +
‘ft;) Note that the key novelty with respect to the energy estimates in the stable
case, is the presence of the (potentially) large multiple of the L?*-norm of (u,f) on

RHS of (4.538). Multiplying (4.538) by v? and summing over p=0,...,l —1, just like
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n (3.502), we obtain

sup Sﬁ”+Zd/‘ﬁ +(1—Cyt)( sup M + /m

0<s<t 0<s<t

Cllq
<om(0)+ gymﬁQQMf/N+ Ry NIONAT

q=0

(4.539)

We now pass to the limit as m — oo in (4.530). Note that the term C—SB (6, ‘Hf(f M+l
used to estimate fg||fm+1‘|%2 can, in the limit, be replaced by the bound fg||f||%2 <
C fy (. )| [22. We obtain

t t
Me+//\fe§/\/le(0)+0(>\+ s [0+ V) /N
0

(4.540) t
C()\—I—\//\_/l)/ N+C ./\/supfm / 1 (w, £)]2.
0

0<s<t
Combining the estimates (4.539) and (4.540) in the same way as the estimates (3.502)
and (3.503) are used in Subsection 3.3.5, we conclude that there exists a 7>0 such

that 7¢ > 7 for any e. 0

Linear instability. In order to find the growing mode \g of the Stefan problem with

surface tension, we turn our attention to the associated eigenvalue problem:

(4.541) M—Av=0 onQ\S,
(4.542) v=—(n—1)f—A,f onS,
(4.543) v ]f==Af onS,
(4.544) v,=0 ondQ; [v]f=0 onS.

For any k€ NU{0} set
(4.545) H(QF) = {u Q—R; ulgqe) € H (cl(Qi))}
where Q1 :=Q\ cl(B1(0)) and Q~ := B1(0). We define the linear operator £

(4.546) L(v, f)=(Av,—[00]),
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where the domain of £ is given by
(4.547)
D(L):={ (v, ) € HAQ) x HY(S); v, =0 00 00; [o] =0 on S; v=—(n—1)f = A, f on S }.

The following lemma states a number of important properties of the operator £ and

the proof can be found in [46]:

LEMMA 4.3. There are countably many eigenvalues \g,\1,\o..., they are all of
finite multiplicity and the associated eigenvectors are smooth. There is exactly one
simple positive eigenvalue \g. Furthermore, Ay =0 and its eigenspace has dimension

three. All other eigenvalues are negative.

An important step in obtaining the sharp linear growth estimates is to provide
the variational characterization of the positive eigenvalue A\g. To do so, we identify

the natural symmetric product structure dictated by the linear problem; we define a

bilinear operator (-,-) on D(L)x D(L). Let (v, f), (w,g) € D(L). Set
<(v,f),(w,h))::/ng—/Sf((n—l)IJrAg)h:/vaJr/S(ng'Vgh—(n—l)fh)

LEMMA 4.4. The operator L is a symmetric operator on D(L), with respect to
(,-). Furthermore, the eigenvectors associated to any two different eigenvalues are

orthogonal with respect to (-,-).

Proof. A straightforward computation yields:

(L(v, ), (w,h)) = {(Av,—[B,0] ), (w, h)) = Avw+/ (n—1)I+A,)h
/va+/8v / wl*o / /va—/f)w

I/:va—z—[anw]((n DI+Ag)f =((v,f),(Aw, = [0nw] 1)) =((v, f), L(w,])).

Note that in the second equality, we used the Green’s identity to rewrite fQ Avw and
we also used the boundary condition w=—((n—1)I+A,)h to rewrite [[0,v]*((n—
1)I+A,)h. Note also that the third equality implies

(4.548) (L(v, f),( /VU Vuw.



If A and p are two different eigenvalues (w.l.o.g. 1#0), with associated eigenvectors

(v, f) and (w,h) respectively, then

(L(v, f),(w,h)) = A(v, f),(w, h)) =2<(v,f)aﬁ(w,h)>
and hence, due to the symmetry of (-,-), we have (L(v, f),(w,h))=0. O

Variational principle. Before stating the variational principle, natural to the lin-
earized Stefan problem, we introduce some further notation. To every eigenvalue \;
with multiplicity m(i), we associate the eigenvectors e;1,...,€; m(@;), where we denote
eir=(Vik, zix) for 1 <k <m(i). The null-space N, of the operator £ is spanned by
n+1 eigenvectors e;; =(1,—1), e1,=(0,s;) (1=2,...,n+1), associated to the eigen-
value \; =0. Let us define the functional space D; by:

(4.549)

D, ::{(v,f) € HY(QF) x H2(S); v,=00n 0 [v]f =00n S; v=—(n—1)f —A,f on S}

By N# C D, we denote the orthogonal complement of N, in D; with respect to (-,-).

In other words,

Nj:{(v,f)eDl\ /Qv—ir/sf:O, IP’lf:O}.

The following lemma is analogous to its two dimensional version stated in Lemmas 4.5

and 4.6 in [32]. We obtain the following result:

LEMMA 4.5. The following variational characterization of the positive eigenvalue

Ao holds:
I (CS X ()]}

—— = min
Ao (v,f)ENE fﬂ|vv|2

Furthermore, if we denote the associated eigenvector by eg1=(vo1,201), then voy is

spherically symmetric.

Proof. For (v, f)€ Nz let us set

(0.0),(0.1)

(4.550) T(v.f) =
Jo IVl
Let t=inf(, yent Z(v, f).

Boundedness from below: let (v,f)€NE. Since Jov+ [ f=0 and [qv=—(n—
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1) [sf, we deduce that [quv=(n—1)[,v. By the mean value theorem |ﬁfﬂv—
EI\ISU‘ < C|Vv|z2@+), and thus [¢|| [, v] < C||Vv||r2(0+), where [|-||r2o) is defined
by (4.545). Since |¢|> 0, we conclude

(0, ). (0. 1) = / o+ / IV f2— (= DR + ¢ / o) = ¢ / v)QZ—%||WII%z<m)7

and hence ¢ > —o0.

Negativity: +<0. Let

d 0<r<l—eand l1+e<r<R,,

Vae(r)=< d+ Ed(r —(1—¢)), 1—e<r<i,

€

Vae(2—1), 1<r<l+e
Note that vgq(1) =1 and we define f;.=—1. Hence P, f;.=0 for any d, e. For a fixed
d note that [,v4c=wnR!d+O(€) and thus the condition [,vac+ [gfae=0 reads
wpR?d—nw, =0(e) and hence d=n/R"+O(e). On the other hand, it is easy to see
that [, [Pvgc|*=0O(e). Note however

(e f10)s (Waes fa)) = /

Ud,e)2 +/ |Pvg.|* =Cw2R>d*+O(e) <0

Q Q

for small e. To conclude that ¢ <0, we slightly perturb the function v4, to a smooth
function vyeg so that the [, |Vuyeg|? is well defined.

Ezistence of the minimizer. Let (v,, f,) be an infimizing sequence for the above vari-

ational problem. Without loss of generality assume [,|Vv,|*=1 (otherwise rescale).

As in the proof of boundedness,

C
(4.551) I/vn|2§—||anl|L2<9i>
0 ¢

and hence from here and the Poincaré inequality ||v,||r2ox) < C||Vuy||r2)=C.
Due to (4.551), Pif,=0 and the condition v|S=—(n—1)f—A,f, we deduce
that there exists a positive constant C' such that ||f,||g2<C for any n. By
Banach-Alaoglu, we deduce that there exist weak limits v* and f* of {v,} and
{f.} in H(Q) and H?*(S) respectively. Hence {((vn, fn), (Un, fn)) — ((v*, f*), (0%, f*))

as n—o00. Furthermore, by weak lower semi-continuity of ||-||g1, we deduce
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I=liminf, o |[|VUp||r2(0) > ||VV*||2(0#). Since Z(vy, fn) <0 for n large enough, we

deduce
t=liminfZ(v,, f,,) > liminf <(Un’fn)’§vn’f")> =Z(*, ")
n—oo n—oo | |VU* | |L2 (Qi)
and hence (v*,f*) is a minimizer. Note that ||[Vv*|[p2+)=1. Other-
wise assume ||Vv*|[r20+) <1 Then <(’U*,f*>,(U*,f*»:LHV’U*H%Q(Qi)>L:

lHminf,, oo ((Un, fn), (Un, fn)) = (0%, f*), (v*, f*)), which is a contradiction (note

that we used the fact ¢ <0).

1
Xo’

FEuler-Lagrange equation. Setting = the Euler-Lagrange equation for the
variational problem of minimizing Z over N7 allows to conclude that the minimizer
(v*, f*) is the weak solution of the eigenvalue problem L(v, f)=Xo(v, f), (v,f) € Dy.

In other words, for any test function p € C*°(Q*):

(4.552) /{)\ov*go—VU*-Vgo}—)\o/ fo=0.
Q st

By standard elliptic regularity, it is standard to see that v* € H?(QF) Hence ) is a
positive eigenvalue for the linearized Stefan problem, with an associated eigenvector
(v*, f*). Note that v*|s € H3/2(S) and the Dirichlet boundary condition v*|s=—(n—
1) f*—A,f* implies f*€ H"/2(S). By a classical bootstrap argument, we conclude
that (v*, f*) € C®(QF) x C=(S). O

Sharp linear growth. With the help of Lemma 4.5, we can turn N7 into a normed
space. Fix some I >0 and introduce a new norm ||-||; through the following scalar

product (-,-,);:

(4.553) ((v,f),(w,h)>1:<(v,f),(w,h)>+()\i0—|—I)/QVU-Vw, (v, f), (w,h) € NE.

From Lemma 4.5, we immedaitely see that ((v,f),(v,f))lEIHVUH%Q(Qi) >0. Fur-
thermore, if ((v, f), (v, f))r =0, then ||Vv||r2+)=0 and hence v= const, which im-
plies (v,f):Z?:llkielyi, for some reals k;, i=1,...,n+1. Since (v, f)€ Nz, it fol-
lows (v, f)=(0,0). Thus, (-,-); is an inner product on N} and it defines the norm

| “|l7:=+/(,-)1r. Let us first show that this norm controls the L?*-norm on N:
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LEMMA 4.6. There ewists a constant C'>0 such that for any (v,f)€ Nz,
vllz2@) +[f]l2 < Cll(v, f)]]1-

Proof. Let (v,f)€eNZ. Using the mean value theorem, we conclude
<I| fov] SCIIV|| 2. From this and the Poincaré inequality, we de-
duce ||v]|r2) < C||VV||L20%). Furthermore, from v|lS=—(n—1)f—A,f,

we obtain  [(|Vyf|*—(n—1)|Pf|* <C||v||2s)+C| [s fI* Since P;f=0 and

| [ fI=1[sv| < C||v]|12(s), from the trace inequality we deduce

171 < [ V0= (= DI P+5 ([ 1) < Ol < sy < Ol ol sy

Since || (v, f)|[? > I||Vv||L2 o+)» we conclude the claim of the lemma. O

Using the symmetry of the operator £ with respect to the bilinear structure (-,-) and
the variational characterization of Lemma 4.5, we can work a bit harder to obtain

the following lemma:

LEMMA 4.7. The set B=U2qUr<m() {eivk} forms an orthonormal basis of Nj

with respect to {(-,-);.

The natural decomposition into spaces Ny and Nz dictates the “right” choice of
norms, with respect to which we shall measure the linear growth rate. For a given
y€ Dy, let y=yn, +yt, where yy, is the projection onto N, and y* projection onto
Nz, with respect to (-,-). We define

(4.554) 1911 = llyne 2 @pxaes) + 11 117
Due to Lemma 4.6, we immediately see that
(4.555) 1Yl| 22 (@) x 2251y < Cllyll.-

LEMMA 4.8. Let (wo, fo) =3 720> 1<ham(i) GikCik- Then there exists a constant
Cr, such that
e (wo, fo)ll < Cee™[|(wo, fo)ll-
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Proof. Note that

e (wo, )P =11 D arpere+ D N Y ageirll”
)

1<k<n+1 i>0,i#1  1<k<m(i
2 ot 2 2Nt 2
= || E avken kT2 rzgs) €7 a0 +§ e E |ai x|
1<k<n-+1 i>2 1<k<m(i)
S 062)\0t§ :|ai,k|2a
ik
and the claim follows. O

4.2. Proof of Theorem 1.3. The abstract formulation. We shall use the
bootstrap method developed in [30] to prove the instability of the stationary surfaces
in the case ( <0. The following lemma is a simple modification of Lemma 1 in [29],
which suffices to establish the nonlinear instability of steady spheres for the Stefan

problem.

LEMMA 4.9. Assume that X is a Banach space with the associated norm ||-||x and

L:DCX —X is a linear operator. Assume a norm ||-|| with the property ||-||x <
C||-|| and such that e** generates a strongly continuous semigroup satisfying
(4.556) ||| x—x < Cret

for some Cr and Ao >0 (||-||x—x stands for the operator norm). Assume a nonlinear

operator U: D — X, a norm |||-||| on D and a constant Cy, such that
(4.557) U@ < Colllyll?

for all ye D and |||y||| <oo. Assume that there exists a small constant o such that
for any solution y(t) to the equation y'=Ly+U(y), with |||y(t)||| <o, there exist
constants Cy and Cy and a small constant u, such that the following energy estimate

holds:

t
(4.558) Ny 1P < Culllwolll2 +Co / y(s)|12ds.
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Consider a family of initial data y°(0)=dyo with ||yo||=1 and |||yol|| < oo and let 6,
be a sufficiently small (fized) number. Then there exists some constant C' >0 such
that if

1. 6

0<t<T :=—log—

we have

[y(#) —de gl [ < € (1l1yoll [+ 1) 822",

In particular, if there exists a constant C, such that ||6e“tyy|| > Cpde !, then there

exists en escape time T9<T such that
(4.559) |[y(T°)|| = Ko >0,

where K, depends explicitly on Cr, Cy, Cs, Cp, Yo, Ao and is independent of 6.

Proof of nonlinear instability. Let M** < %, where L is given by Theorem 4.1
and let (u, f) be the unique solution of the regularized Stefan problem with the initial
data satisfying Ef ,(uf, f5) < M**. In analogy to the derivation of (3.505), we can
choose A, M**, v small, use the smallness of ||f||;: and pass to the limit as e —0 to

arrive at

(4.560) sup Maolu,£)(5)+ 5 | Nowluf)(5)ds <M 0. 0)+C [ s
0 0

0<s<r
as stated in Theorem 1.3. To apply Lemma 4.9 and finish the proof of Theorem 1.3,
we have to formulate the Stefan problem on a fixed domain. To this end we apply
the change of variables described in Subsection 3.3.1: we set z=m(t,z)x, where 7
is defined by dropping the super-indices in the definition (3.444). Setting v:=wuom

leads to an equation for the function v: Qs —R:
(4.561) Vg — AV = QUi i + by,

where a;; and b; are defined by dropping the index m in (3.446). From (3.447), we

deduce

(4.562) [on )T =—




The Dirichlet boundary condition simply reads:
(4.563) v=—(n—1)f=A,f+N(f)onS.

In order to set the problem (4.561) - (4.563) in the framework of Lemma 4.9, we have

z
|

to consider the new unknown w(z):=v(x) — N(f(-%)). This way we insure that the

nonlinear boundary condition (4.563) transforms into a linear condition for w. We

obtain

(4.564) wy—Aw=R(w, f), inQs,

(4.565) w=—(n—-1)f—Ay,f onS,
fiR?

(4.566) [wp]¥ =—"—on§,
91

(4.567) w,=0 on JN.

Here

R(w,f) = QjjVgigi +bi'Uxi - (at - A)N(f(ﬂ))

= a3 (W N () s (0 + N ()= @= AN (),

To apply Lemma 4.9 set X :=L?(Q) x L?(S) and D= D; as defined in (4.549). The
norm ||-|| is defined by (4.554) and we also define

1w, I = ool G-y + [ fol 71

Observe that if (w, f) € X is a solution to the Stefan problem (4.564) - (4.567), then
the norm ||| ||| is equivavlent to the norms defined by Mg, . This follows easily from
the boundedness of the Jacobian of the coordinate transformation z=m(t,z)r and

the fact that the time derivatives of w and f can be recursively expressed in terms

_ g2

25 [wy] . From

of purely spatial derivatives via the relations w; =Aw+ F and f;, =

this remark, the bound (4.555) and the inequality (4.560), we immediately conclude
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that there exist constants C; and Cy, such that the inequality (4.558) is satisfied.

Furthermore, we define

(4.568) U, ) = (Rw £~ 1) ).

Note that the time derivative of f that appears in the definition of R(w, f) can be
alternatively expressed as a purely spatial differential operator via (4.566). With this
notation, the problem (4.564) - (4.567) takes the form 0;(w, f)=L(w, f)+U(w, f). It
is straightforward to verify ||U (w, f)|| < C|||(w, f)|||* and thus, the assumption (4.557)
from Lemma 4.9 is satisfied whereas Lemma 4.8 guarantees (4.556). We may apply
Lemma 4.9 to conclude that (1.236) holds and this finishes the proof of Theorem 1.3.

O
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CHAPTER 4

Stefan problem in physical units, onset of nucleation and

further comments

Following Chapter 4 in [53], we formulate the Stefan problem with relevant phys-

ical coefficients:

(0.569) O —k;Avi=0 in Q\T, i=+,—.
(0.570) v=ok on I,

(0.571) IV =[kv,]t on T,
(0.572) v, =0 on 09,

(0.573) v(0,-)=v; T(0)=TY,

where [kv,)" :=k, v  —k_v, . In the first equation above, ¢; >0 stands for the heat
capacity per unit volume (which is defined to be the heat necessary to increase the
temperature of a unit volume by one degree). The coefficient of thermal conductivity
is denoted by k; and [ stands for the density of latent heat (which corresponds to the
heat exchanged by a phase transition of a unit volume). The surface tension coefficient
is denoted by o as before. A measure, naturally associated with the problem is given
by dc:=)"._, ¢;1gidz. Linearizing the problem (0.569) - (0.573) around a steady state
(v, ') =(%,5r(0)), we can conduct the same analysis as we did for the problem (1.208)

- (1.211) to conclude that the stability is contingent upon the sign of the coefficient

=1 on—1)
=T @ sy

Just like before, if ( >0 the problem is linearly stable and if {( <0 it is linearly un-

stable. This result is also derived in [46]. Our analysis of the full nonlinear problem
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carries over and one can accordingly state corresponding nonlinear statements.
Binding energy interpretation. Recall the conservation law (1.217). In its geo-

metrically invariant formulation, (1.217) reads
Q
This motivates the definition of a potential functional U:
U(ﬂ,F)zU(R)::/a+l|Q‘|.

Q

A simple calculation leads to

_ — 1w, R" _
U(R):wwwnm

It is of interest to understand the critical points of U. Note that the equation 93U =0

is equivalent to the equation

1 n _
_oln= Dwn B ngnR* +nlw, R" 1 =0.

Hence, the solution obviously satisfies ((R)=0. In fact, the stability condition ¢ >0
is equivalent to the assumption 0zU >0 and similarly, the instability condition is
characterized by 0zU < 0. This is an elementary observation with a rather remarkable
interpretation. Namely, we may term the energy U the binding energy, as it is in
accordance with the so-called “Poincaré turning point principle”, which states that
the steady states exchange stability to instability as we cross the critical point of the
binding energy. Intuitively speaking, system struggles more and more to keep itself
stable as R approaches the critical argument value. As soon as it is pass that point,
system is unstable and the binding energy decreases as the parts of the system are
no longer held together. Surprisingly, a similar situation is encountered in the work
on stability of relativistic galaxies, where the “Poincaré turning point” principle has
been verified so far only numerically as in the work of ANDREASSON & REIN [3]. Full
stability in that context is a major open problem.

There are two “criticality regimes” that we want to explore a bit further now.

One of them arises in the context of the “nucleation radius” i.e., when the size of the
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whole domain collapses to the size of the inner phase, and another one comes about
in the context of “small spheres” when we take the domain to be the whole space,
i,e. 2=R" and impose suitable boundary condition for the temperature at spatial
infinity.

Critical radius. To illustrate our first point, let us work under the assumption ¢, =
c_ =c and let us further assume n=3. To be able to apply the stability Theorem 1.1,
we need to ensure that (= ﬁ — 2% >0, which is equivalent to R*>22¢R?. On

the other hand, the steady state must be contained in the domain 2= Bpg, (0) i.e.

R, > R. Combining the two inequalities we conclude that R, has to satisfy

20c
R.,>R.., R.:= TR
For any R, smaller than the critical radius R.., the stability theorem simply does
not apply. It now seems a fundamental question to attach an appropriate physical
meaning to this critical size. As a first step we compute the size of R... From the

equation (3.1) in [53], we see that for water at room pressure at about 0°C, the surface

coefficient 0 ~1.2x107°cm K and the latent heat [ ~80calecm™. The heat capacity

cal

c is basically the definition of the energy unit cal and hence ¢~ 1Kcm3'

Plugging

these numbers into the definition of R,., we obtain
R., ~10 "cm.

This is indeed the critical nucleation scale as observed in various physics literature
(cf. [63], [12]).

Small Spheres. The second important situation that we want to mention is the case
Q2 =R". In this setting we replace the Neumann boundary condition (0.572) by the

following condition: for a given constant v,, we demand
(0.574) v(z,t) 2 vs  as  |x|—oo.

Observe that the steady states form an n-parameter family of solutions. The n degrees
of freedom are contained in the choice of the center xq of the steady sphere, whereas

due to the boundary condition (0.574), the temperature v =v,, is fixed, and thus the
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radius R=(n—1)/vs is determined. Hence, all steady states have the form (,T)=
(Voo; S1/vs (X0)) for some xq € R”. Note that this problem, interestingly enough, has
an n-dimensional null space; this is to be contrasted with n+ 1-dimensionality of
the null space when the domain is bounded. The existence of n neutral modes is

a reflection of the m momentum conservation laws. Namely, for i=1,...,n, define

p°(x) =25, Then, just like in the proof of (1.219), we deduce

R
6’t/up‘l-’°dc+8t/R51,id§:O.
Q S

Since the “mass” fQ Voo de+ | s% is evidently infinite, the “mass conservation” is not
a constraint and unlike the bounded domain case, it cannot be responsible for changes
in the radius of the steady state. Heuristically, it is clear that any alteration of the
radius of the inner domain is negligible with respect to the size of the infinite domain
R", which is why we are referring to “small spheres”.

The problem (0.569) - (0.571), (0.574) and (0.573) is manifestly linearly unstable:
since fQ dc=o00, from the above definition of ¢ we conclude ¢ <0. Formally, one can
see this by linearizing the problem around the steady state (v,)= (veo, S1/u..(0))
and adapting the variational analysis of Section 4. This linear instability has been
observed in a 2-dimensional case in [14]. The methods of Section 4 extend in a
straightforward way to a full nonlinear instability statement. More importantly, we
obtain that the growing mode is spherically symmetric, which indicates that spher-
ical shape remains “stable” despite the dynamical instability that takes place. This
observation is also made in [14], and the authors contrast this phenomenon with the
spherical shape “instability” of radially symmetric solutions with an interface of large

radius, as studied in [45].
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APPENDIX A

Basic hypersurface geometry and important formulas

Recall that S={¢€R™, |{|=1} is the unit sphere in R”. We can ’parametrize’

the moving surface I' by setting
I'={xeR" x=R({,t)§, €S},

where R:S x [0,00[—R is a real valued function. Let z €l and prescribe a local

system of coordinates {t,...,t,_1} and a Riemmanian metric g on S given by g.5 =

£a-Ep. Observe that

To=RE+RE,,.
Then the metric g induced on I' is given by
(0575) g‘aﬁ:l"a'$,5:R7QR,5+R290{5.

The unit normal on I'; n is given by

- Rg - gaﬂR,ag,ﬁ
n=

R?+|V,R}?

Here, V, = (891,...,8;1) denotes the Riemmanian gradient associated with the metric

(0.576)

g on S and in local coordinates it is given by the expression
8;:gaﬁffﬁ8ta, i=1,....n and 1<a,0<n-—1.

The mean curvature H of I is defined to be the metric contraction of the second

fundamental form. The second fundamental form h,g is given by
(0.577) h,s=x,-n4.

The mean curvature is then given by H=ghg,. Using the above formulae, we

arrive at the following lemma:
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LEMMA 0.10. The mean curvature is given by the formula

n—1 1 VR

S —— v .
VR F|9,R? R’ \/RP+|V,R]?

Proof. Let us evaluate the second term on the right-hand side of (0.578). Recall that

(0.578) H( ) =

V- X= ﬁ@a(|g|Xa). Hence, after using the product rule we obtain

. VR 1, ( 919" R, s )
" VRHV,RE gl “\/R2+|V,R[?
_ Oalgl  g*Ry 9% R Geos
9| /R2+|V,R]? R*+|V,R? /R*+|V,R]?
_Rg™RgRa+g"" R g R Rs+9" (RyRs).a9" R

(VR +|V,R[?)?

= (),

We fix a point £ €S and choose to work with normal coordinates at that point.
This is not a restriction, because the result will be independent of the coordinate
choice. Normal coordinates have the property that g.s(&) =g (£) =06,s. In addition
to that we know that (gag),,(£)=¢%’(§)=0 for any 1<«,3,y<n—1. Note that
dalgl=31919""(98,),o and hence it vanishes at £ by our choice of coordinates. The

expression (*) further simplifies to

V,R AR(R2~|—|VR|2)—R|VR|2—Z%BR7O¢R,BR7Q,5

VRHIV,R? (VRX+|V,4R2)3

On the other hand, since x ,-7n=0 we have from (0.577):

(0.579)  V,-

i (RE—9"R &) 4 25— g5 RAEc— 9 Ry pbe— 9" R e
hys=2,ng=24- =T -
VR*+|V,RP? VR*+|V,R?
1

= (gaﬁ - g?ﬂegeaRR,v _gveR,%ﬁRgea - gveR,vg,e,ﬁ . x,a) = (**)7

VR2+|V4R|?

where we used x o, = R§ o+ R ,§. Note that

g,e,ﬁ ‘T o :S,e,ﬁ : (RS,(X +R,a§) = R,ag,sﬁ '5+R€,e,6€,a-
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However, since 03(§ -£) =0, it follows that £ . 3-{=—E (€ s=g.s. Hence, from (**)

we get
a_’yeeaRR_rwR Rea+ ’YGER Ra_ ’ngRE a
(0580)  hyy— S99l =97 Rnp et 9 Jealialha =9 B 3
VR2+ |V, R|?
Before we compute the curvature, observe that
(0.581)

1 1
gaﬁg’yeR,vRS,e,ﬁg,a = RR,6ga65,e,ﬁ£,a = ERR,egaﬁ(g,a : 5,/6),6 = §RR,egaﬂ(gaﬁ),E = O,

where the very last equality holds only at &, by our choice of coordinates. Note that,
at the point R(§)&

(07 1 «
(0.582) g = R2(R?+|VRJ?) (<R2+‘VR‘2>5 B_R,aRﬁ)

This is easy to check by keeping in mind that at R(£)&, gas = R%*0as+ R.oR 5. Using
the normal coordinates, (0.580), (0.581) and (0.582), we obtain

\/ B2+ |V, R12ghse =g*’8as — 8" (RR 05— RoRg)=n—1-g""(RR o s— R oR 5)
((R?+|VR[*)6* — R R 3)(RR o5— R oR 5)
R2(R2+|VR|?)
_ R(R*+|VR[*)AR—(R*+|VR]*)|VR|* =Y RR R 3R o s+|VR|*
R2(R2+|VR]?) ’

=n—1

where we used the fact that 6*°R o 3=AR, §°°R (R 3=|VR[?and }_, ;R oR sR R 3=
|VR|*. Hence by this identity,

[ n—1 (R2+|VR|2)AR—R|VR|2—ZQ,BRQR,[;R,Q,B
=g Lo = /—R2+‘ng‘2 R(R2+|VR]2)3/2
B n—1 B lV VR
VER:F[0,R? R’ \/REA|V, R}
where in the last equality we use the identity (0.579). OJ

Let z(&,t)=R(&,t)E, £€S. The normal velocity V' is given by V =x;-n= R n.

Observing that for any a € {1,...,n—1} £,-£ =0 we obtain the expression

RR;

VR2H|V,R]2
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(0.583) V(§t)=




Furthermore, let v:{2— R be a given real function. Then for any z €I" we have
(0.584) Vu(z) = Vgu(z) +ndyu(z) = (y,...,05 Ju(z) +nd,u(z),

where Vg = (8&,...,8’;) is the Riemmanian gradient of the manifold I' given in local

coordinates by
(0.585) 0. =g""2'30, i=1,...,n and 1<a,f<n-—1.

In fact, formula (0.584) can be used as an alternative definition of the Riemmanian
gradient, as it is done in [28], Ch. 16.

Remark. To see this, let M CR" be a smooth hypersurface equipped with a local
coordinate system n:U CR" ' — M. Let v:R" —R be a smooth function. The in-
duced metric g is given by Gas=14-7.5. Then, by the chain rule d,v(n(t',...,t" 1)) =
dyivn',. On the other hand

aanfa = (Vév +ﬁi8nv) nfa = 8§vnfa.

We also know that 8311 uniquely decomposes into a linear combination of vector
fields 0,, 1 <a<n—1, because d;v is a projection of Vv onto the tangent space of
M. Hence, we can write 95 =7,9,. Note that 0, =0n', =7,n",0,. Hence, we want
7.1’ =67, which, after inverting, implies 7, = §n".. This proves the formula (0.585).

Note that Vgf Veg=g""f 9.5 An important formula relates the volume ele-
ments dvolg and dvol, of the manifolds I' and S respectively. We formulate it in the

following lemma:

LEMMA 0.11.
dvoly=R""*\/ R2+|V ,R|% dvol,,.

Proof. Recall that dvol, =+v/deth dt' A--- Adt"™!, where h is an arbitrary Riemannian
metric and (¢',...,t"!) a choice of local coordinates. Thus, in order to prove (0.11)

we need to prove that

detg

(0.586) Tt

=R *(R*+|V,R|?).
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In order to do so, we first establish that ietg is coordinate independent and then

prove (0.586), by a particular choice of cooridnates. Assume that we apply the coor-

dinate change £ —¢&’. It is well known that in that case

o(th,....t" 1) 12

(0.587) det(g") = o)

det(g).

However, due to (0.575), g as a function of ¢ is also a metric on S and hence, obeys the

detg’ _ detg
> det(g’) ~ det(g) "

the coordinate fields Oy1,...,0m—1 such that at a fixed point £, gog=04s3. Then orient

same coordinate transformation rule (0.587) as g. Hence Now choose

the fields in such a way that R ,=0 for all «€{2,...,n—1}. Then, at £, det(g)=1
and by (0.575) det(g) = R*"*(R*+ R%)=R*"*(R*+|V4R|?), as desired. O

Using the previous lemma, we prove a well-known formula for the first variation of a

moving hypersurface:

LEMMA 0.12. Let S(T) ::fF dvolg be the volume of the hypersurface I'. Then

/H ©) dvolg(z).

Proof. Observe that

/H ) dvolg(w) = /( nol g Vel ) ik
VR*+|V4R]? R 7 \/R*+|V, R[>/ \/R*+|V,R]?

X R"2\ /R +|V,R|2dS(¢)

-1 n—1
(TL )R Rt Ran Rtv

V,R
2 2 9° 2 - QdS(f)
sV R*+|V,R| vV R+ |V, R

:/("_1>Rn_lth5(g)+ s VR

s/ R+ |V, R|? S VR2+|V, R|2

V,R
R.dS
R +|V,RP ©

= (n—2)/Rn_3 R2+|V R|2 no RR+V R-V IRy

"VRF|V, R|2 VR?*+|V,R[?
= [ O(R" )/ R2+|V,R2+ R"20,(1/ R +|V,R|?) dS
Jotr B 19, B R0 R 19 R as (0
=0 [ B[RV, RRAS(€ =0 [ ds(r) =5 S(D),
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where we used the integration by parts in the fourth identity. 0

Remark. Integration by parts. On a given Riemmanian manifold (M,h), with

a metric h, the following integration by parts rule holds: given the Ci-functions

f,9: M — R, we have

/fABgdvolh:/ gAdevolh:/ —Vinf-Vygdvoly,.
M M M

Here, Ap stands for the Laplace-Beltrami operator on M and it is defined by Agf :=
V-V f. The following important relation holds:

(0.588) Apu=Y "V} Vju
i=1
More generally, by [51](Ch. 2, Prop. 2.2), for a given vector field X on M, we have

/th-deolh:—/ Vhf-XdVOIh.
M M
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