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Abstract of “Inference in Discrete High Dimensional Space: An Exploration of the Earth’s Ice
Sheets through Change Point and Variable Selection Techniques”

by Eric Ruggieri, Ph.D. Brown University, May 2010

Glaciers have been melting and reforming on the Earth for millions of years. Over the last
several decades, Geologists have created 60 proxy records that measure the amount of ice on the
Earth’s surface over the last 5 million years. The proxy records provide evidence for two major changes
in the Earth’s ice sheet dynamics. The first is an increase in the magnitude of glacial events around 2.7
Million years ago (Ma), which coincides with the intensification of glaciations in the Northern
Hemisphere; the second, around 1Ma, is known as the Mid-Pleistocene Transition and represents not
only a change in the magnitude of glacial events, but their frequency as well. Thus, two of the most
important questions that can be asked about the §'®0 proxy record are: 1) When (exactly) have changes
occurred? 2) Which mechanisms are operating in each of the different glacial regimes?

This dissertation is concerned with statistical inference in discrete high dimensional space, in
particular on the 6"0 proxy record. We begin with the simplest of models, the Least Squares Change
Point algorithm, which aims to optimally partition a time series into k regimes, fitting each with a
different regression model. However, there is no way to characterize the uncertainty surrounding the
optimal solution. To deal with this limitation, we introduce the Bayesian Change Point algorithm, which
creates a probabilistic model for the 6'%0 record, yielding uncertainty estimates on the number of
change points, their locations and the regression parameters. In addition, to address the wide range of
mechanisms proposed for glacial dynamics after the Mid-Pleistocene Transition, we introduce a novel
variable selection technique (EBMA or Exact Bayesian Model Averaging) that has a smaller time
complexity than existing algorithms. By combining EBMA with the Bayesian Change Point algorithm, we
produce a highly flexible statistical model that can search through an enormously high dimensional

space in a practical amount of time.



Chapter 1

Motivation

1.1 Introduction

Glaciers on the Earth have been melting and reforming for millions of years. A §'20 proxy
record derived from ocean sediment cores allows geologists to quantify the amount of ice on
the Earth at a specific time in our past and thus provides a way to study the patterns of glacial

growth and destruction through time. Obvious changes in the 620 record exist [Figure 1.1].

d180 Proxy Record - Detrended

1 T T T T T T T T T T

045 .

d180

| |
O &00 1000 1500 2000 2500 3000 3500 4000 4500 5000
Tirme (ka)

-1.5

Figure 1.1 The 50 proxy record. The 50 proxy record [86] after using an exponential
function to remove the long-term cooling trend. Present day is on the left and time
moves backwards in thousand year steps (ka) as you move right along the x-axis. Larger
50 values indicate increased ice sheet cover.

Around 2.7Million Years Ago (Ma), at a time of intensification of glaciers in the Northern
Hemisphere, a change in amplitude, or amount of glacial cover, is clearly seen in this data set. A

more dramatic change occurred around 1Ma, known as the Mid-Pleistocene Transition. Here,



the change was not only in the magnitude of glacial events, but in their timing, changing from
melting events occurring every 41 thousand years (kyr) to every ~100 kyr.

Today, most theories of ice sheet dynamics are a variation of Milankovitch Theory [99]
which loosely states that ice sheets respond linearly to the amount of solar insolation (i.e.
energy) received at the top of the Earth’s atmosphere at 65°N Latitude during the summer.
Changes in the amount of solar insolation received by the Earth are caused by variations in the
Earth’s orbit around the Sun. This motion can be described by three parameters: precession
(wobble), obliquity (tilt), and eccentricity (ellipticity) of the Earth’s orbit, each of which is nearly
periodic. Precession varies at 19 and 23 kyr, obliquity varies primarily at 41 kyr and the
eccentricity of the Earth’s orbit changes at a triplet of frequencies 95, 124, and 404 which
average out to ~100 kyr and 404 kyr. Eccentricity controls the absolute amount of insolation,
whereas obliquity and precession control the distribution of insolation on the Earth’s surface.
Accordingly, solar isolation at any latitude and season can be represented as a function of
obliquity and precession [72]. Thus this problem can be thought of in terms of a regression,
matching the solar insolation input to the glacial output as represented by the §'®0 record.

At the Mid-Pleistocene Transition, the periodicity of the glacial cycles changes from 41
to 100 kyr. Few dispute obliquity forcing of glaciations prior to the Mid-Pleistocene Transition,
but a linear response to Eccentricity forcing after this time has been highly contentious. One of
the major drawbacks to the claim of eccentricity forcing is that the direct contribution of orbital
eccentricity to solar insolation is too small (<0.1%) to be the force behind the major ice volume
changes on the Earth [28, 59, 66, 71, 72, 121 and others]. Whereas variations in Precession and
Obliquity can alter the amount of solar insolation received during the summer at 65°N Latitude

by 30W/m? and 15W/m? respectively, variations in Eccentricity alter the solar insolation budget



by less than 1W/m? (out of ~500W/m?). Additionally, questions arose as to why eccentricity
forcing was not realized before that time.

To study the Earth’s dynamic ice sheets, we introduce both efficient and exact Change
Point and Variable Selection algorithms. We will use simplified ice sheet models to test some of
the existing theories of ice sheet dynamics and their ability to fit the data at various points in
time. Change Point can attempt to answer the question of when changes in the data set have
occurred, while variable selection can help to detect which of several proposed models best fits
the data in each interval of time. Brute force attempts to study the &0 proxy record are futile,
as the solution space is enormous — there are >3.5x10" ways to place 5 change points in this
data set, before any considerations for variable selection are made. These algorithms make the
solution space manageable. Furthermore, we know of no other approach that combines these

two types of statistical models.

1.2. Background

1.2.1 The Change Point Problem

The analytical methods that exist to model non-stationary environmental records do not
adequately represent a complex climate system. A common procedure is to parse paleoclimatic
time series into shorter time windows of fixed length and analyze these using modifications of
conventional spectral analysis [13, 77, 109, 154]. A series of Fourier spectra is sufficient to
characterize intervals of time in terms of first-order changes in dominant frequency. For the
glacial system, this method is used to detect changes in the sensitivity of the climate to different
orbital functions. However, the series of Fourier spectra is inherently low-resolution as the
boundaries of change are blurred by the moving windows of fixed size. Wavelet analysis [15, 82,

87, 142] has been applied to paleoclimatic time series as a means to better localize the spectral

3



properties of non-stationary time series, but like spectral methods, it too suffers from the
appearance of side bands of fundamental frequencies during intervals of rapid spectral change
[15] thus obscuring the underlying dynamics of the time series. The ability to jointly illustrate
contributions in both the time and frequency domain is an advantage, but wavelet analysis lacks
an obvious procedure for objectively determining when and how many changes have occurred
in a time series for a single frequency, let alone more complex model functions. Singular
Spectrum Analysis (SSA) is useful for decomposing a time series into trend (not necessarily
linear), oscillatory, and noise components [53] by creating a series of orthogonal functions that
can be ordered by the variance, similar to Principal Component or Empirical Orthogonal
Function techniques. Like wavelet analysis, SSA can discover changes in the amplitude of the
oscillatory components [53, 146, 147]. However, because the spectral resolution of oscillatory
components is often rather broad [146], SSA is not well suited for detecting regime changes on
glacial-interglacial variations as this orbitally-resolved time series is suspected (known) to
contain strong periodic components.

At present, the unsatisfactory state of break point determination is highly evident in the
studies of the transition from 41 kyr to 100 kyr glacial cycles in the Pleistocene - different
approaches have variously put the onset at 1.5 Ma [130], ~0.90 Ma [92, 124], or 0.64 Ma [104]
and determined that it was both gradual [110] and abrupt [92, 104]. Time series methods, like
those described above, which inadequately trade off frequency and temporal resolution, may
have triggered this unsettled debate. Needed is an algorithm that removes all restrictions on
window size where the spacing between breaks in behavior and the length of segments depends
only on the underlying behavior of the time series and the model chosen for fitting the data.

Given N data observations Y;...Yy and a belief that k ‘change points’, or regime

boundaries, exist, there are O(N¥) distinct placements of the k change points — a combinatorial



nightmare. Various methods have been developed to try and solve the ‘change point’ problem
in the context of climate issues. They range from methods that visually identify break points
followed by further refinement [133], a Hidden Markov Model that claims only a locally
optimum solution [78], Branch and Bound algorithms [1, 65], a penalized log likelihood
procedure [21], Minimum Description Length algorithms [34, 91], and Dynamic Programming
algorithms that can promise globally optimal solutions [1, 3, 4, 58, 129]. The Dynamic
Programming change point methods have been shown to reduce the O(Nk) calculation on the
location of change points to a quadratic calculation, O(NZ) [1, 3, 4,57, 88, 129], making the
compute time more practical. By breaking down into a problem into a set of progressively
smaller sub-problems, the smallest of which can easily be solved, the full solution can be
efficiently found by piecing together the sub-problems.

In Chapter 2, we detail our first approach to this problem, the Least Squares Change
Point algorithm. The approach has aspects in common with Tome and Miranda [141], who
described a least squares fitting procedure for fitting linear models to paleoclimate time series.
However, their work is limited to piecewise linear fits and the time complexity of their algorithm
grows exponentially with the length of the time series, thus becoming computationally intensive
with long series. Our algorithm approaches a problem that is a generalization of the problem
addressed by [141], but differs from it in two important ways: 1) Dynamic programming [7] is
employed for optimization; and 2) each sub-interval can be described by linear combinations of
forcing functions. Specifically, we describe an algorithm that partitions a single time series at k
‘change points’, subdividing a time series into (k+1) sub-intervals, each of which is characterized
by a specified function using a set of parameter values. The model proposed to fit the data can
take many forms, from polynomial to sinusoidal and if linear, standard least squares solutions

for a regression problem can be quickly obtained. In this chapter, we illustrate the versatility of



the algorithm by looking at examples where there are changes in the mean, in the dominant
(climatic) forcing function, or in linear combinations of forcing functions.

The downside to all of these algorithms is that they are unable to quantify the
uncertainty associated with their solutions, both in the number and locations of the change
points. Both Bai and Perron [4] and Lu et al [91] attempt to measure uncertainty by utilizing a
large number of samples. However, if only a single time series exists, as is the case with a
globally integrated 80 ice volume record [86], then both of these methods would fail to be
able to address the uncertainty associated with a given solution. Several Bayesian Change Point
methods have been developed including an algorithm for finding a single change point [20, 112],
MCMC approaches [5, 24, 55, 83], Gibbs Sampling approaches [112, 137, 151], Jump Diffusion
Sampling [114], and a Dynamic Programming procedure that utilizes calculations similar to the
Forward/Backward calculations of a Hidden Markov Model [47]. However, Perreault et al [112]
does not generalize to multiple change points and both MCMC and Gibbs Sampling approaches
only approximate the posterior distributions and leave open the difficult question of assessing
convergence.

In Chapter 3, we describe the Bayesian Change Point algorithm which builds off the
work of Liu and Lawrence [88], to address the shortcomings of the previous methodologies.
This approach to the change point problem is one of the few that uses dynamic programming to
obtain an exact representation of the posterior space by reducing the complexity of the problem
down to a more manageable size, O(N?). This probabilistic algorithm works in the time domain
to create a probability distribution that includes the parameter values for the model and the
locations of the change points; the algorithm returns a posterior distribution on the number of
change points. In addition, samples drawn from the exact posterior distributions on the

locations of the change points will clearly show the uncertainty inherent to the solutions. To



illustrate the usefulness of the Bayesian Change Point algorithm, we repeat the analysis of the
data set containing a change in mean from Chapter 2 and explore applications to discrete data

sets.

1.2.2 A Question of Variable Selection

Variable selection is a well-studied problem. Given m possible variables, there are 2™ distinct
sub-models. Brute force attempts at variable selection quickly become intractable. Numerous
methods exist for selecting the ‘best’ subset of regression terms. Miller [100] and references
therein provide a good overview of some of the existing step-wise regression methods.
Nonnegative garrote [17, 100] and Lasso techniques [40, 111, 140] have also been used in the
context of subset selection. As an alternative, Ridge Regression [62, 63] has been studied
extensively and has been reviewed in [36, 37, 136]. Zou and Hastie [156] developed the elastic
net, a combination of Lasso and Ridge Regression.

Bayesian approaches focus on finding the posterior distribution across the ensemble of
candidate sub-models. Approximations of the posterior space by stepwise regressions [8, 100,
132] can leave open the question of local versus global optima and often do not address the
uncertainty of inclusion of specific variables. ‘Spike and slab’ was first introduced by Mitchell
and Beauchamp [103]. Here, the MAP estimator could be viewed as the ‘best’ sub-model, but
the entire, exponentially growing space needs to be searched to find this estimator. Stochastic
methods such as Markov Chain Monte Carlo (MCMC) approaches [48, 64, 93, 118] as well as
Gibbs Sampling, or Stochastic Search Variable Selection (SVSS) [35, 52] have been introduced to
address this computational challenge. By approximating the posterior space, these approaches
can address the issue of uncertainty of inclusion of specific regressors, but leave open the

question of the number of samples or length of the chain needed for convergence. As



Fernandez et al [49] points out, the ‘largest computational burden lies in the evaluation of the
marginal likelihood of each model’. Therefore, the ability to make these calculations efficiently
is of the utmost importance.

An exact representation of the posterior space for variable selection will always be
exponential, but an efficient calculation for each of the possible sub-models can reduce the time
complexity to be on par with the stochastic approximation methods. In Chapter 4, we describe
Exact Bayesian Model Averaging or EBMA, a method to address uncertainty in variable selection
without resorting to approximation techniques. We reduce the complexity of the most costly
pieces of the probabilistic calculation, matrix inverses and matrix determinants, to be the same
order as calculations utilized by approximation techniques. We also show how this algorithm
can improve upon the existing BMA [117] and Iterative BMA [155] algorithms that have already
been used with success on large problems.

As for the glacial proxy record, debate has raged within the Geological community not
only with the abruptness and timing of the Mid-Pleistocene Transition, but its cause as well.
Several models have been developed to try and recreate the 100 kyr glacial cycles. Hayes et al.
[59] was one of the first to directly test Milankovitch Theory and concluded that the 100 kyr
glacial cycle was non-linearly paced, rather than directly forced by eccentricity. Imbrie and
Imbrie[72] as well as Pisias et al. [115] developed nonlinear differential models using solar
insolation as input. Imbrie and Imbrie [72] were likely the first to note that the parameters of
any model may have to change in time — indicating the existence of change points in the system.
A footnote to the paper stated: “Although the character of the climate record is fairly constant
over the last 600,000 years older Pleistocene records are quite different. For example, isotopic
records in the interval from 600,000 to 2 million year ago have much reduced amplitudes and

lack the 100,000 year cycle. Because the nature of orbital variation is thought to have remained



constant over the past 2 million years, we conclude that to understand these long climatic
records, it may be necessary to use models whose parameters vary with time.”

Some scientists have tried to abandon the orbital theory in order to explain the 100 kyr
glacial cycle, attributing it instead to changes in the inclination of the Earth’s orbital plane [105,
106, 107] or to changes in bedrock structure [26]. The orbital inclination of the Earth does not
affect the solar insolation budget, but instead affects the climate through extra-terrestrial
accretion of meteoroids and dust [105]. The authors argued that the spectral fingerprint of
orbital inclination was a better match to that of §*20 than is eccentricity. Changes in bedrock
structure through erosion allow for the transformation of wet-based to dry-based ice sheets,
which can allow larger glaciers to form. However, these theories have not gained much traction.

In the last decade, the orbital theory has been resurrected through the ideas of sea ice
feedbacks and nonlinear phase locking. The ‘sea ice’ models envision that the long-term cooling
of the Earth led to the establishment of Northern Hemisphere ice sheets large enough to survive
some of the weaker summer insolation maxima [12, 54, 122, 143] with marine-based ice sheet
margins replacing terrestrial-based ice sheet margins. Sea ice can act as a rapid feedback to the
climate system. Along the same lines is the idea that deglaciations have been ‘quantum’ in
nature, occurring every fourth or fifth precessional cycle [121, 126], or every second or third
obliquity cycle [66, 68]. Before the Mid-Pleistocene Transition, Raymo [121] suggests that it was
never cold enough for long enough at boreal latitudes to grow the large 100 kyr ice sheets.
Tziperman et al. [144] further extended this idea by discussing nonlinear phase locking where
they claimed that the resonance ratio could change with every glacial cycle and cautioned
against using the fit of a model to prove a glacial mechanism. The question could then be asked:
“Which model(s) are best supported by the §'20 proxy record?” Change point in conjunction

with variable selection is therefore ideally suited to answer the questions posed by this data set.



In Chapter 5, we combine EBMA with the Bayesian Change Point algorithm to analyze
the 6'®0 proxy record. Bayesian Change Point will answer the questions surrounding the timing
of the changes in the glacial record while variable selection will answer the question of which
model is best at each point in time. Together, they can begin to unravel the mystery
surrounding the Mid-Pleistocene Transition.

Finally, in Chapter 6, we provide a summary of the results and conclusions from the

previous chapters as well as a glimpse into future directions of study.
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Chapter 2

The Least Squares Change Point Algorithm

2.1 Introduction and Background

A very large fraction of paleoclimatic research involves producing and analyzing time series.
Instrumentation and laboratories have become progressively more efficient at generating long,
well-resolved representations of the earth’s past climate. Examples include an effort to
characterize global temperatures over the past millennium from a variety of proxies [18, 44, 76,
95], millennium-long reconstructions of equatorial Pacific surface oceanography using stable
isotopes from corals [29, 30, 116], high-resolution stable isotope and trace gas records from
polar ice cores [22, 33, 98, 113] and records of glacial-interglacial climate cycles derived from
ocean sediment cores [14, 60, 70, 73, 77, 86, 128].

Although these different time series resolve past climatic change at different time
scales, nearly all share one characteristic: they are non-stationary over the length of the record
sampled. Changes routinely occur in the mean (trends), amplitude of variability, and in
dominant spectral frequencies over the course of time [29, 53, 76, 92, 94, 108, 119, 131, 146].
One might then idealize paleoclimatic time series as a succession of a number of segments with
internally homogeneous statistical properties, bounded by abrupt or gradual shifts to
subsequent or antecedent regimes. Such a view might lead to progress in understanding
climate evolution in a number of ways. It might help optimize sampling strategies, by allowing

IM

paleoclimatologists to improve the temporal resolution or spatial coverage of “model” segments

of time, which represent much longer spans of earth history adequately from a statistical point
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of view. Identifying the duration of “regimes” and determining the timing of their transitions
might also lead to a more fundamental understanding of the underlying forces in the climate
system that lead to the non-stationarity observed at many time scales. However, Wunsch [153]
cautions that purely random fluctuations of a stationary time series may yield a time series that
appears non stationary.

Since we do not have theories that confidently predict when and how often the climate
system went through transitions, the search at present is empirical. We introduce here the
change point method to the study of one particular aspect of the earth’s past in which non-
stationarity is already well known: the evolution of oxygen isotopes measured from benthic
foraminifera, a proxy for high latitude climate change (high latitude ice sheet growth and decay,
and variations in temperatures of deep water masses fed by the high latitude surface oceans).
To represent past ice sheet variations, we use a 5 Myr long orbitally tuned, benthic §'®0 stack
[86], which was derived by compiling 57 existing oxygen isotope records from around the world,
as well as a shorter 2.5 Myr-long non-orbitally, tuned stack [66]. Much previous work has
established that the benthic 60 record contains a number of periodic components produced
or paced by cyclic variations in the Earth’s orbit and thus, the amount of solar insolation
received by the Earth.

Variations in the amount of solar insolation received at any latitude and season at the
top of the Earth’s atmosphere are caused by changes in the position of the Earth in its orbit
around the Sun. This motion can be described by three parameters: obliquity (tilt), precession
(wobble), and eccentricity (ellipticity) of the Earth’s orbit. Eccentricity controls the absolute
amount of insolation, whereas obliquity and precession control the distribution of insolation on
the Earth’s surface. Accordingly, solar isolation at any latitude and season can be represented

as a function of obliquity and precession [72].
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Even a simple visual inspection of the §'®0 proxy record [92, 108, 120, 130] illustrates
that over the last 5 million years the earth system has experienced intervals of markedly
differing response. We know from previous work that the oxygen isotope record contains at
least two first-order transitions in behavior: the shift from earlier 41 kyr-dominated glacial cycles
to later 100 kyr dominated glacial cycles, the so-called “Mid Pleistocene Transition”, which
occurred sometime between 0.8 and 1.2 Ma [11, 128] and the earlier intensification of large-
scale northern hemisphere glaciation at around 2.7 Ma [120, 134]. We evaluate the strengths
and weaknesses of the change point method in identifying both of these major changes in
paleoclimatic behavior and in deducing more subtle aspects of climate evolution over the past 5
Ma. The results are sufficiently positive to suggest that the change point method may be

applied to many other time series in which changes in behavior are suspected.

2.2 The Least Squares Change Point Algorithm

Since we want to consider all possible locations of change points and lengths of intervening
segments (i.e. climate regimes), change point analysis of the 6'20 time series presents a huge
number of possible solutions. Dynamic programming provides a practical path through the
forest of possibilities [7]. It guarantees globally optimal solutions of problems that can be
divided into progressively smaller sets of sub-problems, the smallest of which can easily be
solved. The method then builds solutions to a progressively growing set of sub-problems until
the original full problem has been solved. Dynamic programming has become a well established
means of solving problems that can be partitioned in this way and is described in many
operations research textbooks [61, 85, 149, 152]. This methodology has been widely and
successfully applied in many fields, including extensive application in the emerging fields of

genomics and bioinformatics [38, 75, 80]. Dynamic programming was first applied to the change
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point problem by Hawkins [57]. Change point analysis was first applied to biopolymer
sequences by Auger and Lawrence [3], and Liu and Lawrence [88] show how Bayesian inference
procedures allow for assessment of uncertainties in the unknown parameters in a change point
analysis.

In this section, we address the following problem: given a time series, (for example, the
benthic 60 time series), and a proposed set of models, we seek to minimize the sum of
squared error over all possible sets of parameters and over all possible locations of change
points. We impose the constraint that no two change points are within a minimal distance of
each other. [This constraint arises so as to avoid aliasing of frequencies due to sparse data
points in a time series when using sinusoidal models or more generally to ensure that enough
data exists to make an appropriate inference on the parameters of the model]. For an initial
choice of model (constant, polynomial, sinusoidal, etc.) and number of sub-intervals (change
points), the algorithm produces the best possible fit to the entirety of the data. It allows us to
relax the requirement of a fixed window that has been used in past paleoclimatic analyses and
replace it with the ability to use windows of any size. The use of sinusoidal functions is not new.
Fourier based methods depend upon the sinusoid and these functions have been shown to give
a reasonable fit to the data.

The algorithm has three steps: 1) Parameter Fitting: for each possible model (in this
case, sinusoids) in each of the N(N+1)/2 sub-intervals of a time series of length N; 2) The
Forward Step: find the minimum sum of square residuals considering all possible positions of k
change points for the full time series and for all sub-intervals that begin at time zero; and 3) The
Backtrace Step: identify the solution (parameter set or argument) minimizing the sum of square
residuals, i.e. the optimal set of change points. We begin with a series of time points t,, n=1, 2,

..., N that are not necessarily equally spaced. At each of these points, the measured value of the
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proxy of interest Y, is available. We also assume that we have M different models that are
proposed to fit the data. The following is a summary of the computer code, the so called

pseudo code, used in each of these steps.

Step 1: Parameter fitting for M periodic functions with given frequency components
fori=1,.,N

forj=i+d,.,N

for m=1,...M
tj P 2
SS™ = Min Z Y, — ay — z a, sin(wyt) + Bycos (wyt)
. 0--0p
Bl"'ﬁp t=t; p=1
end for

SS;; = Min {ssgj, ...,Ssi{vg}
end for

end for

where o, isa specified frequency, SSij is the sum of square residuals in the sub-interval

beginning at position tiand ending at position tj, and d=0 is the size of the smallest permitted
window. In cases where we want to consider M different, distinct models, the inner loop will
allow the algorithm to find the minimum sum of square residuals for each model individually
before choosing the minimum among all competing models.

While our focus here is on Milankovitch cycles, this procedure is applicable to a broad
spectrum of fitting functions. For least squares fit to a general fitting function f (- |®) with

parameters 0 step one becomes:
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fori=1,..,N

forj=i+d,..,N

form=1,..,.M
tj
. 2
SS[EL == Mén Z(Yt - f(Xl,t’ 'Xp,t|®))
t=t;
end for

SS;; = Min {SS};, ..., SS

end for
end for
where X;. are a covariates, or “predictive variables”. As indicated next, the remaining two steps
of this algorithm can be completed for any function for which the necessary minimizations can
be completed to obtain SS;;, i=1, ..., N & j>i. Thus, f(- |®) may be nonlinear. When a linear
function is employed, the well known explicit solutions of linear regression equations can be
employed to obtain the required minima.

The step just described fits the parameters and finds the minimum sum of square
residuals for every possible sub interval. To find the optimal k change points, we find the overall
minimum sum of square residuals by optimally piecing together (k+1) sub- intervals that include

each of the N data points only once. There are a large number, O(MN¥), of ways to piece

together sub-intervals [for each value of k], so except for a short time series, this optimization

cannot be completed by enumerating all of the possibilities [A total of ZZ’:;’“ MN¥solutions

exist]. Instead, dynamic programming, a recursive algorithm, addresses this combinatorial
explosion by breaking the problem into a progressive set of smaller problems. In change point
analysis, this progressive set includes all substrings of the sequence that begin with the first data

point and end at all time points from time 2 to time N. Optimal values, here the minimum
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squared errors, are first obtained for the simplest of these, the one change point problem. The
stored values from this first pass are then used to find the minimum squared errors for all
solutions with two change points and these in turn for three change point models, and so on,
until the maximum number of change points, K;,,.x, has been included. Upon completion of the
forward step, minimum squared errors for all sub-problems have been obtained and stored. Let
fi(v) be the minimum sum of square deviations for the sub-interval from 1 to v with k change
points. Note that fo(v) =SS, ,.

Step 2: Forward step

for k=2,...K
forn=k, ..,N
fx(tn) = min,. tn{fk—l(V) + SSV+1,tn}
end for
end for

The forward step finds the minimum sum of square residuals with up to K., change
points, for the entire time series and all possible sub-intervals. To find the locations of the
change points, we work backwards. On the backward step, the results from the forward step
are employed to find the optimal solution. The location of the kK change point is found by using
the minimum squared error for the set of sub-problems with K-1 change points. The remaining
change points are found recursively by stepping backwards in a similar manner. This means that
we begin at the end of the time series, find the location of the last change point, and then
recursively repeat this process with smaller values of k and progressively shorter sequences
using the stored values from the forward procedure at each stage of the backwards procedure.

Let ¢ be the location of the k' change point
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Step 3: Backtrace
Ck+1 = ty
fork=KK-1,...1
Cx = argminy, [k—1,ck+1){fk—1(17) + SSv+1,ck+1}
end for
Alternatively, if a pointer is stored on the Forward Step indicating which ‘v’ satisfies the

minimization, then the Backtrace can be accomplished using a set of these pointers.

These steps reduce the time requirements for this computation to O(MN?) for the parameter

fitting step and O(KN) for the forward and backward steps.

2.2.1 Selecting the Number of Change Points

There is no statistically rigorous method to determine the appropriate number of change points
in a least squares analysis. As an alternative, we examine changes in squared error as a function
of the number of change points in an effort to identify the ‘break in the curve’, beyond which
adding more change points yields relatively little improvement in fitting the data.

The first change points added to a model will provide a more significant reduction in
squared error than the addition of later change points, as the initial change points highlight the
most important distinctions between segments of the data set. Suppose that a data set
contains a single change in mean with random noise. The most important change, and
therefore the first identified by the algorithm, will be the change in mean rather than, for
example, identifying a few ‘noise’ points as distinct from the rest of the data set. The
identification of the signal will improve the fit of (and reduce the squared error for) more points

than the identification of small groups of outliers. Therefore, the cumulative effect of

18



identifying the signal will be larger than the cumulative effect of identifying the noise. Thus, a
(generally) downward sloping histogram containing the reduction in squared error as a function
of the number of change points can be produced. One important caveat to this argument is that
if an interval is distinct from the rest of the data set, then a pair of change points will need to be
added (one at each end of the interval) to be able to isolate that interval from the rest of the
data set. Thus, the histogram may not monotonically decrease in the number of change points

The histogram begins to flatten out at the point when additional change points begin to
fit the noise rather than the signal itself. While the model’s fit to the data can always be
improved by adding more change points, there comes a point where all the major features have
been identified and only small, incremental improvements remain. In essence, a constant
amount of squared error is removed with each additional change point. The location in the
histogram where the slope changes from downward to more flat is known as the ‘break in the
curve’. Therefore, an appropriate number of change points to select would be the last change
point which removed a significant amount of squared variation. Figure 2.2 provides an example
of this histogram using the example in Section 2.3. Here, the caveat regarding the addition of a
pair of change points described in the previous paragraph is clearly seen. A researcher should
select 4 change points for analysis, as the addition of the fourth change point is the final time
that a significant amount of variance is removed by the addition of a change point. A second
example can be found in Figure 2.5, the analysis of the §'0 proxy record. An argument could
easily be made that the ‘break in the curve’ occurs at either 4 or 6 change points in the top pane
of the figure and either 5 or 7 change points in the bottom pane, with 4 and 5 being the most
obvious choices, respectively.

Since this selection is subjective, all conclusions should be checked for robustness

against variations in the number of change points. A Bayesian approach to this problem,

19



outlined in Chapter 3, will provide a more rigorous way to determine the number of change

points.

2.2.2 Variations in the Error Variance - Normalized Regression

A weighted least squares approach should be considered if the error variance is not believed to
be constant across the entire data set. The change point algorithm will find the optimal
placement of change points so as to minimize the squared error over the entire data set.
However, if one segment of the data has a larger error variance than another segment of the
data, then the former data points will ‘cost’ more (in terms of squared error) to misfit than the
latter ones. The algorithm may try to reduce this cost by placing additional change points in the
more ‘costly’ section of the data at the expense of a less optimal fit in other parts of the data
set. To circumvent this problem, one can use a weighted least squares approach (i.e. a
normalized regression) where the squared error for each segment of the data is weighted by the
inverse of the variance of the data in that segment before completing the forward step of the
recursion. The pseudo code for the squared error calculation would now be:

fori=1,.,N

forj=i+d,..,N

for m=1,...M
tj
. 2
$S7j = Min Z(Yt — (X1t Xpt|©))
t=t;
end for
_ Min{ss},, ...,ss;’;}/

SSij = var(y; ;)
end for
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end for

An example of normalized regression will be presented in Section 2.4

2.3  Application: Finding a Change in Mean - Copy Number Variation

We begin with a simple example to illustrate how the least squares change point algorithm
works.

The human genome consists of 6 billion bits of information, commonly referred to as
DNA, which determine everything about who we are. Our DNA is packaged into two sets of 23
chromosomes, one set inherited from each of our parents. Roughly 30,000 protein coding
genes are encoded in these 6 billion bits of information and one could safely assume that since
we have two sets of chromosomes, then we have two copies of each gene. But this does not
always have to be the case.

Copy number variations are widespread in the human genome and represent a
significant source of genetic variation [125]. Instead of having the standard two copies of each
gene, a person may have one or both copies of the gene either deleted or duplicated. Thus,
when comparing the genomes of two people, the number of copies of a given gene may vary.
Copy number variations have been linked to many different types of diseases including cancer,
HIV acquisition and progression, autoimmune diseases, and Alzheimer and Parkinson’s diseases
[45].

To keep the example simple, suppose that we can measure the amount of all genes
present in a cell. Like all measurements, some random error will exist. Most genes will be
present in the same quantity (2), while others will be of either a lesser (0, 1) or greater (>3)

quantity. Therefore, we will have three levels, ‘loss’, ‘gain’, or ‘neutral’. By identifying changes
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from one level to the next, we can discover where copy number variations are occurring and in
what magnitude.

To simulate this phenomena, a sequence of 1000 data points has been generated at
three levels, 1, 2, and 3, with added white noise ~“N(0,1) [Figure 2.1]. Data points 1-350 will be
generated as ‘2’, 351-425 as ‘1’, 426-700 as ‘2’, 701-815 as ‘3’, and 816-1000 as ‘2’. Thus, four
change points exist in the data, at positions 350, 425, 700, and 815. Since our goal is to model
changes in the mean of the data, our regression model takes the simple form f(x) = C, where Cis
a constant. The three constants can either be specified by the user or selected by the algorithm.
In this example, we will let the algorithm select the constants in order to showcase its ability to
make inferences about the parameters of the regression model.

Copy Number Wariation Simulation Data Set
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Figure 2.1: Copy Number Variation Simulation Data Set. 1000 data points were simulated at one

of three baseline levels (1, 2, or 3). White noise was added to simulate instrumental or

measurement errors. Four change points exist in the data set at positions 350 (from 2 to 1),

position 425 (from 1 to 2), position 700 (from 2 to 3), and position 815 (from 3 to 2).

Before obtaining results from a change point analysis, a decision must first be made on

the appropriate number of change points to analyze. As indicated in Section 2.2.2, there is no

rigorous way to determine the ‘correct’ number of change points, so we instead have to look for
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the ‘break in the curve’ in the histogram comparing the reduction in squared error with each
additional change point. Figure 2.2 shows that the last significant reduction in squared error
occurred with the addition of the fourth change point. Therefore, we run the change point
analysis using four change points. The global optimal solution to this problem places the four
change points at positions 351, 424, 700, and 811 [Figure 2.3]. This matches well with what we

know to be their true locations [350, 425, 700, and 815]. Next, given the location of the change
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Figure 2.2 Reduction in Squared Error with each Additional Change Point — Copy Number
Variation Simulation Data. The slope of the squared error curve as a function of the number of
change points is indicated for the Copy Number Variation simulation data set. The ‘break in the
curve’ or the last significant reduction in squared error occurs with the addition of the fourth
change point.

points, we want the model that best fits the data in each interval. Using the standard least
squares solution to a linear regression problem, we find that in the interval 1-351, the best
fitting model is f(x) = 1.972, which again corresponds well with what we know to be the true
model, f(x) = 2. In the other four intervals, the inferred model also matches the true model,
picking constants of 0.917, 2.012, 2.903, and 1.961, compared to the true values of 1, 2, 3, 2

respectively [Table 2.1].
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We note that a Hidden Markov Model (HMM) can also be used to study a change in
mean [78]. However, HMMs can get trapped in locally optimal solutions and they require an
iterative approach due to their use of the Baum-Welch algorithm to estimate the parameters of
the regression model, whereas the Change Point algorithm obtains the global optimum solution

in a single pass through the data.
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Figure 2.3 Copy Number Variation Simulation Results with Four Change Points. The locations of
the four change points are indicated as red spikes at the bottom of the figure, corresponding to
locations 351, 424, 700, and 811. The blue curve represents the simulated data while the green
curve represents the inferred (constant) model for each sub-interval created by the placement of
the change points.

Interval Start | Interval End | Predicted Copy Number | True Copy Number
1 351 1.972 2
352 424 0.917 1
425 700 2.012 2
701 811 2.903 3
812 1000 1.961 2

Table 2.1 Simulation of Copy Number Variation Data. The optimal placement of four change
points creates the five sub-intervals of the data indicated in the table. The third column gives the
optimal value for the constant model (in terms of squared error) in each sub-interval. The final
column provides the constant used to generate the data in that sub-interval.
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2.4 Application: The 820 Record of the Plio-Pleistocene

The change point algorithm was applied to two different types of %0 proxy records. One data
set is the orbitally tuned 5 Myr-long isotope stack of Lisiecki and Raymo [86] [hereafter LRO5].
Long climatic records have poorly constrained time scales, but are assumed to have fluctuations
associated with solar insolation. As a result, the timing of features in a record may be adjusted
to match predictions of the orbital theory in the hopes of improving dating accuracy. Thus, after
aligning the 57 cores from around the world, Lisiecki and Raymo [86] adjust their age model so
that the observed fluctuations in the 6'20 record correspond to the Milankovitch cycles. Their
tuning target is a simple nonlinear model of ice volume [72] which takes the June 65°N
insolation curve as its forcing function. Because orbital tuning may induce a bias in the locations
of the change points, a second analysis was also done on a 2.5 Myr-long data set that is free
from orbital tuning [66] [hereafter HO7], an extension of Huybers and Wunsch [67]. The HO7
approach pays the price of its freedom from orbital tuning by adding considerable age
uncertainties in regions distant from absolute age control points. To address this uncertainty,
several realizations of plausible age models would have to be simulated and independently
tested by the change point algorithm to ensure that results are not due to stochastic
fluctuations. This type of analysis is beyond the scope of this application and we chose not to
weigh in on the merits of one type of data set over the other.

The two data sets are quite similar. As Huybers [66] points out, the differences between
the ages of the two models has a standard deviation of only 6 kyr, which is less than the
expected uncertainty for the depth-derived ages. There are however, two important
differences. Prior to 600 ka, the sampling densities of the two data sets are different. HO7 has
data points corresponding to every 1 kyr, while LRO5 has data points spaced every 2 kyr from

600 ka to 1500 ka, and then every 2.5 kyr from 1500 ka to the end of the HO7 data set.
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Secondly, a circa 100 kyr pulse is seen in the HO7 data at 2 Ma that is not found in LRO5.
Accordingly, the change point algorithm will bound this interval with a pair of change points
when the 100 kyr sinusoid is utilized in a model. A comparison of the results from the algorithm
on the two published data sets is given below in Section 2.4.2 ‘Linear Combinations of
Milankovitch Frequencies’. This type of comparison provides insight into the most important

changes of the climate system that are visible across different models and across different data
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Figure 2.4 Benthic 5'%0 data. a) The original 50 record [86]; b) 50 data after the overall trend
was removed using an exponential function; c) The detrended data after a weight was applied to
each sub-interval. The sub-intervals were selected by the change point algorithm when the input
was the linear combination of the Milankovitch frequencies [Actual change points given in Table
2.3]. The weight used was 1/(standard deviation) of that sub-interval.

The first step for either data set is to remove the overall trend from the data via an

exponential function so that the change points represent changes in the Earth’s response to
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orbital inputs rather than the cooling and long-term Plio-Pleistocene trend towards increased
ice volume (See Figures 2.4a-b).

All analyses described here include change points associated not only with changes in
the dominant frequencies, but also changes in the amplitude and phase parameters for a given
frequency. The phase parameter takes values between -180 degrees and +180 degrees and
gives the phase shift of the sinusoidal functions relative to time 0 (present day). This choice was
arbitrary and has no bearing on the final results. The results are identical if we choose t; to be
the most recent or the most distant time point. The amplitudes are in §'30 units. Here and in
the remainder of Section 2.4, we constrained the minimum interval length to be at least as large
as the longest wavelength included in the regression model. Due to the nature of the algorithm,
all change points will represent an abrupt or discrete change in the system when considered in
isolation. However, gradual changes can be realized when the change points and resulting
model parameters are viewed in context. Several nearby change points that show slowly
varying or step-wise changes in parameter values are indicative of a gradual change in the
system.

There is a marked decrease in the variability prior to about 2500 ka (Figure 2.4b).
Accordingly, change points before 2500 ka are less likely since there is less squared variation to
account for. Therefore, in addition to an analysis directly on the detrended data shown in Figure
2.4b, we conducted a ‘weighted’ least squares analysis as described in Section 2.2.2. After
completing step one on each sub-interval, we weighted sub-intervals by 1/variance around the
mean of that interval prior to application of Steps 2 and 3 (Figure 2.4c). In general, we found
that this weighting made little difference except between ~2400 and ~2700 ka, where an
additional change point was located in this region in the weighted analysis compared to the un-

weighted analysis, and within the ‘transition interval’ ~800 to ~1200 ka discussed below, where
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we saw a shift in the location of the change points. Here, we present the weighted analysis

while referring the reader to the un-weighted analysis located in the supplement to [129].

2.4.1 Dominant Frequency Analysis

We begin our analysis by examining the LRO5 time series and addressing the traditional problem
of identification of the single dominant orbital frequency in each sub-interval, selecting in each
sub-interval only one of the three sinusoidal functions: “eccentricity” (100 kyr), obliquity (41
kyr), or precession (23 kyr). This is an example of the pseudocode in Section 2.2.2 with M=3.
Strong support for the existence of these frequencies within at least some region of the data
already exists through conventional Fourier analysis. Other sinusoidal functions could also have
been chosen. The choice of 100 kyr to represent eccentricity was based on the empirical power
of a circa 100 kyr cycle during the late Pleistocene. This model is a first attempt to explain the
data and serves primarily as a comparison to spectral analysis techniques that have been used in

paleoclimatology.
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Figure 2.5 Amount of Squared Residual Error Accounted for by Each Successive Change Point The slope of the
squared error curve as a function of the number of change points: a) the change in the residual sum of squares with
the addition of each successive change point for the weighted analysis of the single dominant frequency b) the
change in the residual sum of squares with the addition of each successive change point for the weighted analysis of
linear combinations of the Milankovitch frequencies. The ‘break in the curve’ corresponds to a change in the slope of
the squared error curve.
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Recall from Section 2.2.1 that there is no statistically rigorous method to determine the number
of change points required in a least squares analysis. As an alternative, we examined changes in
squared error as a function of the number of change points in an effort to identify the ‘break in

the curve’. For the analysis of dominant frequencies, we used four change points (Figure 2.5a).

Single Dominant Frequency: Milankovitch Inputs (23, 41, 100 kyr), 4 Change points
Constraint: Minimum interval length 100kyr | | Phase in degrees (-180 to 180)
Sub-Intervals Dominant Period (kyr) Amplitude (6180) Phase | Constant (a) R
1to 113 100 0.4584 -150.78 0.1435 0.5368
114 to 424 100 0.5049 141.47 -0.0804 0.566
425 to 778 100 0.412 | -160.20 0.021 0.5218
780 to 2713 41 0.2188 158.78 0.037 0.2895
2715 to 5320 41 0.0896 | -156.12 -0.0468 0.1828

Total R’ = .4615 |

Table 2.2 The Single Dominant Frequency [LRO5]. The single dominant frequency in each of 5
sub-intervals using only the three Milankovitch frequencies: 23, 41, and 100 kyr, with the
constraint that the minimal sub-interval length be at least as long as the longest wave in the
analysis (100 kyr). The amplitude is given in 50 units, the phase in degrees from -180 to 180, and
the R? values are the percent of the squared variation that a single wave is able to account for on
its own.

Our dominant frequency analysis indicates that the most recent 1 Myr exhibit a more
complex pattern requiring more change points than the previous 4Myr, even in the weighted
analysis. Thus, as shown in Table 2.2, when four change points are selected, three are between
778 ka and the present (113 ka, 424 ka and 778 ka) and the regimes bounded by these change
points are dominated by the 100 kyr cycle with changes in the amplitude and phase parameters.
Figure 2.6 shows the observed data and the fitted functions. We find a change point near the
minimum permitted length for the most recent interval, here at 113 ka. When we relaxed the
minimum length constraint, we consistently found that the most recent 80 ka includes a change
point that seeks to capture an unusual pattern of the recent past. The change point at ~780 ka
persists throughout the subsequent analyses (Tables 2.3, 2.4 and 2.5). The two intervals prior to
~780 ka [780-2713 ka and 2715-5320 ka] are both best fit by the obliquity forcing function with

a threefold change in the amplitude of the obliquity response at about 2713 ka (Table 2.2). Only
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the influences of the 41 kyr (obliquity) and 100 kyr (eccentricity?) forcing functions are inferred
over the entire time series. The un-weighted analysis with four change points yields similar
results to the weighted analysis, with change points at 113, 425, 786, and 2703 ka, and an R®

value that is less than half a percent greater than the weighted least squares, 0.465.

Benthic d180 Data (detrended) vs. Proposed Model with Change Points Indicated
- Single Dominant Freguency
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Figure 2.6 Benthic 5'%0 Data Plotted vs. Proposed Model with Change Points Indicated — Single
Dominant Frequency [LRO5]. The least squares fit for the single dominant Milankovitch based
cycle in each sub-interval. The data is plotted in blue, the proposed model in green, and the
change points as red spikes at the bottom of the figure. The data shown is the original data after
the trend was removed. The change points were selected using the weighted least squares
approach, but are plotted against the unweighted data.

Over the full 5320 kyr interval, less than half [0.462] of the squared variation (R?) in the
ratio of oxygen isotope values is accounted for by the best fit of a single dominant
“Milankovitch” frequency in 5 sub-intervals (Table 2.2). Furthermore, in the interval from 2715
ka to 5320 ka only 18% of the squared variation is accounted for by the best fitting of these
functions (Table 2.2). Table 2.2 illustrates the ability of the algorithm to identify dominant
frequencies without the required restrictions on window size. Increasing the number of change

points provides a better fit, but doubling the number of change points (to 8) only increases the
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total R* value to 0.521. Reducing the number of change points to 2, corresponding to the two
well-recognized changes in the behavior of Plio-Pleistocene glaciation [the Mid-Pleistocene
Transition (~900ka) and the intensification of northern hemisphere glaciation ~2.7Ma] returns
changes at 692 ka and 2713 ka, but an R? value of only 0.357.

In the 2 change point analysis, the Mid-Pleistocene Transition occurs at 692 ka in
comparison to its location at 778 ka in the 4 change point analysis. The movement of the
location of change points when additional change points are added to the analysis is not
unexpected. For example, suppose that the data contained more ‘changes’ than the number of
change points the algorithm was asked to find. If this were the case, a single sub-interval may
have to account for several inhomogeneous regions within its bounds and would thus average
the parameter values across these inhomogeneous regions. With an appropriate number of
change points, each sub-interval truly has homogeneous parameter values within its bounds.

We were also concerned that our results might be sensitive to the precise frequency
chosen for the circa 100 kyr glacial cycle. To address this concern, the single dominant
frequency analysis was also separately run using 95 kyr and 104 kyr cycles instead of the 100 kyr
cycle. When the 95 kyr cycle was used instead of the 100 kyr cycle, the change points were
located at time positions 112, 788, 916, and 2713 ka, with a total R? value of 0.449, a 1.5%
reduction. As was true for the analysis using a 100 kyr sinusoid, the circa 100 kyr cycle, in this
case the 95 kyr term, dominates [i.e. best fits] the three most recent intervals, while the 41 kyr
cycle best fits the other two intervals. When using the 104 kyr cycle instead of the 100 kyr cycle,
the change points occur at time positions 423, 792, 1216, and 2715, with a total R? value of
0.422, a 4.3% reduction. Again, the circa 100 kyr cycle dominates the most recent three
intervals [0- 1216 ka], while the 41 kyr cycle dominates the other two [1218-5320 ka].

Importantly, throughout this range of candidate eccentricity frequencies, the change points at
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~790 ka and ~2715 ka remain unchanged. Our modeling of circa 100 kyr behavior in glaciation
over the past 5 Ma is therefore quite reliable, whatever our limitations on its interpretation may

be.

2.4.2 Linear Combinations of Milankovitch Frequencies

Next we consider models with linear combinations of sinusoidal functions of the three classic
Milankovitch frequencies (100, 41, and 23 kyr). This is a special case of the pseudocode in
Section 2.2.2 with M=1. In this section, we analyze both the 5 Myr orbitally tuned benthic §'*0
LROS data set as well as the 2.5 Myr non-orbitally tuned benthic 5'20 HO7 data set. The goal of
this section is not only to compare the results of the change point algorithm on the two data
sets, but to be able to draw inferences that are independent of the age models used. We begin
our discussion with an analysis of the LRO5 data set.

In this analysis, we increased the number of change points to seven to show a more
nuanced result (Figure 2.7 and Table 2.3). Change points occur at 102 ka, 380 ka, 786 ka, 1030
ka, 1198 ka, 2418 ka, and 2713 ka. Five of the seven change points occur between the early
onset of the Mid-Pleistocene Transition identified in the literature ~1500 ka (Rutherford and
D’Hondt 2000) and the present, while the remaining two change points occur near the
intensification of northern hemisphere glaciation ~2.7Ma. As shown in Ruggieri et al [129],
adding up to 10 change points does not relocate six of the seven change points and moves the
seventh change point by only 2 kyr.

To better understand the contributions of each of the Milankovitch terms to each sub-
interval (i.e. climate regime), we examine the contributions of all subsets of Milankovitch terms
to the proportion of squared variation (R?) accounted for in each of the predicted sub-intervals,

with the seven change point locations fixed to those in Table 2.3 (Table 2.4). A “*’ indicates the
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subset of Milankovitch sinusoids that accounts for the most variance in each sub-interval. The
contribution of the precession-based term is small compared to the obliquity and eccentricity

terms (Table 2.4).

Benthic d180 Data (detrended) vs Proposed Model with Changepoints Indicated
- Linear Cornbinations of Milankovitch Frequencies
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Figure 2.7 Benthic 5'%0 Data Plotted vs. Proposed Model with Change Points Indicated - Linear

Combinations of Milankovitch Frequencies [LRO5]. The least squares fit for the linear

combination of the three Milankovitch based cycles and a constant term with seven change

points. The actual data is in blue, the proposed model is in green, and the red spikes at the

bottom of the figure represent the optimal locations of change points selected by the algorithm.
The amplitude of the obliquity-driven glacial cycle has a roughly constant magnitude from 2715
ka to the present, even though it is not the dominant frequency for the past 1.2 Myr (Table 2.3).
Prior to 1.2 Ma, the obliquity term dominates while the other two terms add little to the overall
fit. This result is robust against the selection of the number of change points, as opting for fewer
(5) or more (10) change points yields similar results. While the obliquity response dominates in
the interval 2420 ka to 2713 ka, the amplitude of the eccentricity based function increases
relative to adjoining intervals. It is perhaps not coincidental that this ~300 kyr interval of mixed

spectral behavior follows immediately after the significant increase in the amplitude of glacial
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cycles at about 2713 ka. In all cases, the amplitude of the obliquity based function was nearly
three-fold lower before 2715 ka ago, consistent with the absence of large northern hemisphere
glaciers and their associated feedbacks during this interval [134]. In this interval, we see that all
three sinusoids together are only able to account for just over 20% of the squared variation of
the 6'®0 data. We concede that our statistics concerning the dominance of obliquity forcing
may be biased by the obliquity-based tuning procedure used by Lisiecki and Raymo [86] to date
the 680 record. However, despite the fact that Lisiecki and Raymo [86] also included precession
in their tuning procedure, the 23 kyr cycle never plays an important role in the change points we

identified, and never explains a large fraction of the variance in our models.

The Milankovitch Frequencies: 23,41,100kyr
Constraint: Minimum interval length: 100kyr ‘ Phase in degrees (-180 to 180)
23kyr 41kyr 100kyr
Sub-Intervals Amplitude | Phase Amplitude | Phase Amplitude | Phase Constant (a)
1to 102 0.2043 71.68 0.2986 146.18 0.376 -147.34 0.1797
103 to 380 0.1962 39.51 0.2916 -161.88 0.4354 133.52 -0.0209
381to 786 0.0344 | -158.14 0.2569 -164.03 0.4675 -169.64 -0.0303
788 to 1030 0.1431 28.07 0.2002 178.88 0.2761 13.61 -0.0492
1032 to 1198 0.0925 14.63 0.1281 139.93 0.3148 -82.71 -0.0154
1200 to 2418 0.0292 | -129.26 0.225 152.78 0.0553 102.22 0.0402
2420 to 2713 0.0273 29.12 0.2588 162.55 0.184 -65.01 0.177
2715 to 5320 0.012 | -172.05 0.0893 -156.22 0.0293 -15.29 -0.0467
Overall R’ = .6641

Table 2.3: Linear Combinations of Milankovitch Frequencies [LRO5]. Linear Combinations of Milankovitch
frequencies: 23, 41, and 100kyr. The seven change points selected by the algorithm yield eight sub-intervals with
corresponding amplitude and phase parameters for each of the three input waves in each sub-interval. The
amplitudes are given in 50 units and the phase in degrees from -180 to 180. Once again, a constraint was imposed
that the minimum sub-interval length be at least as long as the longest wave in the analysis (100 kyr).

In the last 1200 kyr, the eccentricity-based term is the ‘dominant’ cycle because it is able

to account for the most squared variation in each of these sub-intervals. The 100 kyr based
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cycle shows a marked increase in amplitude beginning 1198 ka ago (Table 2.3). The amplitude
further increases at 786 ka. Thus, the time between roughly 1200 ka and 800 ka could be
considered a ‘transition interval’. When we increased the number of change points in the single
dominant frequency analysis from four to seven, the 100kyr cycle dominates from 1200 ka to
the present. Thus, the extension of the interval in which eccentricity is dominant, stems from
the inclusion of three additional change points, again suggesting that the interval between ~780

ka and ~1200 ka is a transition interval.

Sub-Intervals 23 41 100 23,41 41,100 23,100 23,41, 100
1to 102 0.1384 0.3589 0.5207* 0.5013 0.7222* 0.6171 0.8233
103 to 380 0.0862 0.198 0.4908* 0.291 0.6952* 0.5818 0.7923
381to 786 0.0044 0.1546 0.5367* 0.16 0.7* 0.5389 0.7029
788 to 1030 0.0934 0.2313 0.3557* 0.31 0.5356* 0.4548 0.6206
1032 to 1198 0.0561 0.0764 0.5055* 0.1405 0.5876* 0.5451 0.6356
1200 to 2418 0.0063 0.3739* 0.0211 0.3804 0.3969* 0.0273 0.4032
2420to0 2713 0.0086 0.4348* 0.1905 0.4392 0.6636* 0.2006 0.6688
2715 to0 5320 0.0036 0.1828* 0.0204 0.1861 0.2023* 0.024 0.2056

Table 2.4: Percent of Squared Residual Accounted for by Each Subset of Inputs [LRO5]. Given the location of the
seven change points from the linear combination of Milankovitch frequencies [Table 2.3], we look at the amount of
squared variation (Rz) that each subset of sinusoids is able to account for. For a given number of sinusoids included in
the model, the subset that accounts for the most squared variation is indicated with a ‘*’. Note: the Total R? =.662 for
the model using the three Milankovitch frequencies.

In the most recent 5 sub-intervals [0 -1198 ka], the addition of the obliquity term to the
100 kyr term improves the fit by over 16% in all sub-intervals with the exception of 1032-1198
ka where the fit is improved by 8%. Also, we note that the contribution to squared error is
nearly additive [i.e. adding together the R? values for the 41 kyr and 100 kyr individually, gives
the R? for the combination 41 kyr and 100 kyr subset], suggesting that the sinusoidal waves are
nearly orthogonal [16]. When the frequencies are different, all sinusoids of infinite lengths will
be orthogonal; in this case, we are dealing with sometimes short segments so that orthogonality
cannot be assumed.

For 6 of the 8 intervals, the constant term is close to zero as expected after detrending,

but not so for the other two intervals. For the most recent 102 kyr, the constant is 0.179. This is
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consistent with higher 20 levels associated with the well reported greater glacial maximum in
this interval. Also, in the interval 2420 ka to 2713 ka, the constant has a value of 0.177, perhaps
indicating greater average ice volume in this interval relative to adjoining intervals.

In total, 66% of the total un-weighted squared variation in these data can be fit by the
three sinusoidal functions in the indicated eight sub-intervals. As there is clear evidence that
the climate behavior at the orbital periods is not linear [2, 79], our simple model undoubtedly
underestimates the total fraction of climate variance paced by orbital forcing through the
Pliocene and Pleistocene. At the same time, some of the variation explained by the model may
be byproduct of the orbital tuning of the data set.

The non-orbitally tuned HO7 data set provides us with a different set of change points
than does the LRO5 data set (Table 2.5). To aid the comparison, we sought the six optimal
change points as the seventh change point in the LRO5 data set falls outside of the timeframe of
the HO7 data set. In total, the change point algorithm with six change points for the linear
combination of Milankovitch frequencies was able to account for 56.8% of the squared variation
in the data, nearly 10% less than in the LRO5 data set. This difference may be attributable to
orbital tuning and the inclusion of a 41 kyr sinusoid in the model being tested. Two of the six
change points are at nearly identical spots, ~788ka and ~1200 ka. The fact that these two
change points appear in both data sets strongly indicates that major changes occurred at these
times. The biggest difference between the locations of the change points in the two data sets
was in their clustering. In the HO7 data set, the majority of the six change points are located
prior to 1200 ka (Figure 2.8); in the LRO5 data set, a majority of the change points are located
after 1200 ka. We caution that the two data sets have different sampling densities at 2 Ma and

that we cannot rule this out as one possible cause of this discrepancy.
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As with the LRO5 data set, in HO7, we see a step-wise increase in the amplitude of the
100 kyr cycle at 1200 ka and again at ~790 ka. In the HO7 data set, after 1200 ka the 41 kyr cycle
remains an important component to the system, albeit subordinate to the 100 kyr cycle.
Because the data set is not orbitally tuned, we no longer see the phase locking of the 41 kyr
cycle that was present in the LRO5 data set. However, the change in phase remains small (less
than 30 degrees) except between 1700 and 2103 ka. The change point at 1700 ka deserves
special attention. It appears that this change point is a result of a phase shift rather than an
amplitude change of any of the three model components. It is plausible that this change point
arises from age model uncertainty. The interval from 1991 to 2103 ka is an anomaly compared
to the sub-intervals that surround it. In this interval, we see the relative weakness of the 41 kyr
signal and the emergence of a longer period signal, a combination that is absent from the LRO5
stack at this same time period. Accordingly, the change point algorithm picks out this interval as
distinct from its neighbors. Finally, as with the LRO5 data set, the precessional component is

only a minor contributor throughout the time series.

Linear Combinations of Milankovitch Frequencies
Constraint: Minimum interval width: 100kyr Phase in degrees (-180 to 180)
23 kyr 41 kyr 100 kyr
Sub-Intervals | Amplitude | Phase Amplitude | Phase Amplitude | Phase Constant (a)
1to 791 0.0722 7.71 0.1467 50.38 0.434 13.50 -0.0106
792 to 1195 0.0584 72.26 0.1782 19.57 0.1793 2.96 0.0339
1196 to 1700 0.0291 | -26.85 0.2521 39.84 0.0431 -52.44 -0.0264
1701 to 1990 0.0273 34.89 0.2003 | -36.07 0.0445 37.32 0.0544
1991 to 2103 0.0805 26.96 0.0774 89.58 0.2362 51.11 0.0719
2104 to 2331 0.0146 45.11 0.176 29.45 0.0206 -77.50 -0.0877
2332 to 2580 0.0367 | -59.36 0.2101 -6.77 0.1574 76.38 0.0189
Total R® = 0.5680

Table 2.5: Linear Combinations of Milankovitch Frequencies [H07]. Linear Combinations of Milankovitch frequencies:
23, 41, and 100 kyr. The six change points selected by the algorithm yield seven sub-intervals with corresponding
amplitude and phase parameters for each of the three input waves in each sub-interval. The amplitudes are given in
50 units and the phase in degrees from -180 to 180. A constraint was imposed that the minimum sub-interval
length be at least as long as the longest wave in the analysis (100 kyr).
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- Linear Combinations of Milankovitch Freguencies
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Figure 2.8: Benthic 520 Data Plotted vs. Proposed Model with Change Points Indicated — Linear
Combinations of Milankovitch Frequencies [H07]. The least squares fit for the linear combination
of the three Milankovitch based cycles and a constant term with six change points. The actual
datais in blue, the proposed model is in green, and the red spikes at the bottom of the figure
represent the optimal locations of change points selected by the algorithm.

Looking more closely at the change points obtained from the HO7 data set, we see that
half of them fall near magnetic reversals, boundaries which were used to define the HO7 age
model: 780%*, 990, 1070, 1770%*, 1950%*, and 2580 ka. The only change point in the LRO5 time
series that coincides with a magnetic reversal is the timing of the onset of the 100 kyr regime at
~790 ka. It thus seems likely that in the case of the HO7 data set, the change point method
detects shifts in amplitude or phase of glacial cycles which are at least partly an artifact of how

the time scale was derived.

2.4.3 The ‘100 kyr’ Cycle Analysis

A recent study [68] suggests that the 100 kyr cycle conventionally attributed to orbital

eccentricity (in some form) may stem instead from non-linear climate system responses to the
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obliquity forcing. Non-linear interactions of an obliquity response with strong feedbacks, such
as the adjustment of large ice sheets and/or the extent of sea-ice, might generate periodicities
in glacial cycles near the observed 100 kyr period. In particular, the transition to circa 100 kyr
glacial cycles might resemble the “Devil’s staircase” transition in non-linear systems [74], where
sub-harmonics (rational number multiples of the fundamental period) may dominate the overall
response of the system [89].

To examine this question, we compare the ability of three different models to fit both
the LRO5 and HO7 data sets: 1) ‘Classic Milankovitch’ - 23, 41, and 100 kyr; 2) ‘Harmonics of
Obliquity’ — 41, 82, and 123 kyr; and 3) ‘Alternate 100 kyr’ — 41, 95, and 124 kyr. The ‘Classic
Milankovitch’ model is the same model that was just discussed. The 95 kyr and 124 kyr
components of the ‘Alternate 100 kyr’ model were chosen because they represent two of the
major spectral components of the eccentricity function [9, 10]. The hypothesis that we wish to
examine is whether or not the ‘Classic Milankovitch’ model fits the data as well or better than
two alternative models for ice volume. In order to keep the model complexities the same, the
number of change points was held fixed at seven and only three sinusoidal components were
included in each model. As a result, the precession sinusoid was left out of both the ‘Harmonics
of Obliquity’ and the ‘Alternate 100 kyr’ models. Our aim is twofold: 1) To determine which
model provides the best overall fit to the data; and 2) To look for similarities in the change point
locations across the three models in order to discover changes in the time series that are
independent of the functions used to model the data.

We first compared the proportion of the variance (R?) accounted for by each of the
competing models on the LRO5 data set. When seven change points were used, the ‘Harmonics
of Obliquity’ model was able to account for 66.9% of the squared variation in the data, while the

‘Classic Milankovitch’ and ‘Alternate 100 kyr’ models were able to account for 66.4% and 65.6%
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of the squared variation, respectively. In essence, all fit the data nearly equally well. From a
practical standpoint, these models would appear to be nearly equivalent in their ability to
represent the 6'%0 data, even though two of the three models leave out precession, a minor but
still important component. Inclusion of the precession term in the model increases the R
values for the ‘Harmonics of Obliquity’ and ‘Alternate 100 kyr’ to 0.699 and 0.684, respectively.
One must caution reading too much into the improvement in fit. These models now have two
extra parameters [amplitude and phase of the 4™ sinusoidal input] with which to fit the data.

We also examined these three models and their fit to the HO7 data. As before, in order
to keep the model complexities the same, the number of change points was held fixed at six as
the seventh change point in LRO5 falls outside of the temporal range of the HO7 data set. When
six change points were used, the ‘Harmonics of Obliquity’ model was able to account for 64.2%
of the squared variation in the data. The ‘Classic Milankovitch’ and ‘Alternate 100 kyr’ models
were able to account for 56.8% and 55.9% of the squared variation, respectively. In contrast to
the LRO5 data set, it appears that one of the models, ‘Harmonics of Obliquity’, substantially out-
performs the other two models. Our analysis therefore supports the recent suggestion (Huybers
and Wunsch, 2005; Huybers, 2007) that obliquity related terms describe the quasi-periodic
components of glacial-interglacial change since the intensification of northern hemisphere
glaciation at least as well as the traditional model.

The change point locations for each of the three models on the LRO5 data set are as
follows: 1) Harmonics of Obliquity — 263, 586, 1030, 1240, 1950, 2272, and 2713 ka; 2) Classic
Milankovitch — 102, 380, 786, 1030, 1198, 2418, and 2713 ka; 3) Alternate 100 kyr — 118, 790,
1030, 1202, 1698, 2485, and 2878 ka. One of the most interesting details about the locations of
the change points in the three models is the commonalities that exist between the three sets.

There is one change point that appears exactly in all three models, 1030 ka, and others that are
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similar in at least two of the three models - ~788, ~1200, ~2450, and ~2713 ka. The importance
of these times is highlighted by their inclusion in the optimal change point sets across multiple
models. Interestingly, these common change point locations occur during the Mid-Pleistocene
Transition, between 0.8 Ma and 1.2 Ma, and at the onset of the intensification of Northern
Hemisphere glaciation around 2.7 Ma. Again, complete details of these two models with
corresponding parameter values can be found in the supplement to [129].

As previously mentioned, the change point locations for each of the three models on the
HO7 data set were somewhat different from their corresponding models on the LRO5 data set: 1)
Harmonics of Obliquity — 262, 532, 1104, 1224, 2090, and 2303 ka; 2) Classic Milankovitch — 791,
1195, 1700, 1990, 2103, and 233l ka and 3) Alternate 100 kyr — 794, 1026, 1195, 1699, 1977, and
2337 ka. The change points for the ‘Classic Milankovitch’ and the ‘Alternate 100 kyr’ models are
very similar to each other on this data set [five of the six change points are within 13 kyr of each
other], but different from those of the ‘Harmonics of Obliquity’ model and different from their
counterparts in the LRO5 data set. On the other hand, the change points for the ‘Harmonics of
Obliquity’ are similar in both data sets. There are two similarities across the three models on
the HO7 data set, namely the change points at ~1200 ka and ~2330 ka. Also of note is the
change point found ~790 ka in two of the three models. This change point was also found both

in the analysis on the LRO5 data set and in the analysis on the single dominant frequency.

2.4.4 Evaluation and Conclusions about the 6§20 record

Using the well-established “principle of optimality” [7], we describe a general change point
algorithm for the characterization of paleoclimatic time series and illustrate its application to the
analysis of 60 data for the identification of the earth system’s response to Milankovitch

forcing. The algorithm’s novel characteristics are: 1) globally optimal least squares fitting to a
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time series with windows of arbitrary size for a specified number of change points; 2) fitting of
time series with combinations of predictor variables; and 3) applicability with any fitting
function, linear or non linear. We presented an application of the change point method tailored
to evaluating climate change on Myr timescales, but note that the method may be equally viable
in the detection of significant changes in climate behavior on other timescales, including those
induced by human activity.

The strongest evidence for the utility of this algorithm in paleoclimatology comes from
its confirmation of previously identified first-order spectral changes in Plio-Pleistocene §'20
records, identification of the consistent importance of obliquity forcing throughout the Plio-
Pleistocene, and demonstration that obliquity and its sub-harmonics as well as an alternate
representation of the empirically derived 100 kyr cycle fit the §'®0 record as well if not better
than the traditional Milankovitch model [59]. This last result suggests that the use of the
empirical 100 kyr cycle may no longer be required. Using the LRO5 data set as an example, the
most important change points correspond to the intensification of northern hemisphere
glaciation at about 2.7 Ma [134] and to the Mid-Pleistocene onset of large 100 kyr glacial cycles
(Tables 2.2-2.4). The 2.7 Ma change point comes not from a switch in the dominant periodicity
(the 41 kyr cycle dominates the orbital component of 6'®0 change for more than 2 Myr before
the change point and for nearly 2 Myr after), but from a significant increase in the amplitude of
the 41 kyr component in the 520 time series after 2.7 Ma and is associated with a large increase
in the amount of variance explained by an orbital model for 6'®0 change. Because the time
series was weighted by the variance of each sub-interval, the 2.7 Ma change point arises largely
from the increased signal-to-noise ratio of the 41 kyr component of benthic §'20 after 2.7 Ma.

Also, it appears that the 23 kyr precessional component of ice volume strengthened significantly
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after 2.7 Ma, although it is always subordinate to the 41 kyr obliquity cycle and accounts for
only a very small portion of the variance throughout the time series (Table 2.4).

Idealized as the transition from one dominant periodicity of glacial cycles to the next,
the Mid-Pleistocene Transition occurred at about 0.788 Ma in both the LRO5 and HO7 analyses
(Tables 2.2, 2.3, and 2.5), on the young side of most published analyses [110, 130]. However, a
more complex representation of the §'20 time series as sums of orbital terms (Table 2.4)
displays interesting behavior during the transition from the “41 kyr” world to the “100 kyr”
world. Two short (circa 200 kyr) intervals between 0.788 and 1.2 Ma emerge from the LR0O5
data. These relatively short intervals may correspond to the apparently stepped transition from
41 kyr to 100 kyr dominated cycles detected by Mudelsee and Schulz [104], in which the authors
found that an increase in average ice volume preceded the spectral shift to 100 kyr glacial cycles
by more than 200 kyr. In our analysis of the earlier (1.2 Ma) break point, the amplitude of the 41
kyr cycle drops significantly at the same time that the strength of the 100 kyr component of
glaciation rises steeply. This dip in the obliquity component exists only for a single sub-interval,
from 1032 ka to 1198 ka, before returning to its previous level (Table 2.3). The younger bound
for the Mid-Pleistocene Transition, 0.788 Ma, corresponds to the time after which the strength
of the 100 kyr cycle is nearly constant, a result echoed by the HO7 data set. The Mid-Pleistocene
Transition is also associated with a step-wise increase in the 23 kyr precessional component
(Tables 2.3 and 2.5). However, the 23 kyr precessional sinusoid remains the least important of
the three model components in terms of its amplitude [in both data sets] throughout the entire
time period analyzed (Tables 2.3 and 2.5).

Change point analysis of LRO5 also suggests that climatic break points become more
frequent toward the present. If the LRO5 age model is robust, our analysis suggests that the

climate system lurched more often as the intensity of glaciations increased in the late
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Pleistocene. The increasingly unstable pattern of glacial-interglacial cycles, evident by the large
number of change points after the Mid-Pleistocene Transition in the LRO5 data set, may indicate
that the climate has drifted into a progressively more non-linear state over time, and/or that
new feedbacks have arisen in the late Pleistocene that significantly alter the frequency and
amplitude behavior of the §'0 time series. Paradoxically, the amount of variance explained by a
simple sum of “Milankovitch” sinusoids increases dramatically toward the present (Table 2.4).
This observation suggests that the larger amplitude glacial cycles of the late Pleistocene are
better fit by finite length sinusoids than their early Pleistocene and Pliocene counterparts. The
tendency of internal feedbacks to resonate at or near orbital periodicities may therefore have
grown over time (see [2] for examples of how ice age cycle could become phase locked to
orbital forcing).

On the other hand, change point analysis of HO7 suggests that the time around 2 Ma
was more rugged. However, climate related inferences based on the HO7 data set are limited
because the model did not fit the data as well as it did the LRO5 data set and because several of
the change points may be artifacts of how the age model was determined (Tables 2.3 and 2.5).
When comparing the results obtained from the orbitally tuned LRO5 data set to the non-orbitally
tuned HO7 data set, two change points (788 ka and 1198 ka) appear in both data sets. Further
comparisons between the two data sets are hindered by the differing sampling density around 2

Ma and the appearance of numerous changes in the HO7 around magnetic reversals.

2.4.5 Caveats and Future Work

The approach described here does have some important limitations. Thus, some caveats are in
order. All of the models that were used in this analysis were assumed to be sinusoidal functions

based on the idea that climate change is the result of external forcing [i.e solar insolation and
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Milankovitch Theory]. However, the use of sinusoidal functions is not new as it is used for
Fourier based methods as well. As discussed earlier, the change point algorithm can be adapted
to more complex model functions. With respect to the near 100 kyr cycle, it may be that this
phenomenon originates from internal feedbacks in the climate system rather than external
eccentricity forcing. The 100 kyr term was included in the analysis because of its empirical
significance in the 620 record.

The change point algorithm in its current form is an example of interrupted regression
[96] and thus does not have a continuity constraint. Therefore, the algorithm allows for both
gradual and abrupt changes to take place. If continuity is desired, spline regression techniques
can instead be used, but the problem then becomes non-linear in its parameters and
approximation techniques must instead be used [96]. Typically, the optimization is a very hard
problem [84] and dynamic programming is not available to deal with this circumstance.

One of the most important limitations of this algorithm is the lack of a rigorous method
to infer the number of change points in a time series, leading to a need to examine the
robustness of a study’s conclusions against variations in this number. We find our major
conclusions are insensitive to small variations in the number of change points [2-3 fewer/more].
Drastic differences in this number would inevitably alter the results. Another important
limitation of the present analysis is the absence of information concerning uncertainly in change
point locations. With the current algorithm, it is not possible to distinguish between change
points whose specific location is strongly supported by the available data, from those in which
there may be considerable uncertainty about the exact timing of a change. It is possible that
another set or several other sets of change points are almost as good as the optimal set
returned by the algorithm. As a consequence, the ability of the algorithm to explore the rapidity

of change is limited. Fortunately, a Bayesian approach (described in the next chapter), similar to
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that employed by Liu and Lawrence [88], is available to address this limitation, and to draw
inferences from multivariate proxy data. By creating a probability distribution on the data and
the parameters, we can draw sample solutions in proportion to their probability. Instead of
returning the unique global optimum, the Bayesian approach returns an ensemble of solutions
from which to draw inferences. The variability of these sampled solutions will give insight into
the uncertainty in the number of change points, their locations, and the values of the
parameters in the model.

Finally, it is clear that the results of the change point method will depend upon the
choice of an initial model for ice age behavior; the present analysis is a point of departure, not a
solution of the many enigmas of the ice ages. Our method does allow for a more formal and
flexible study of transitions or breaks in time series than previously attempted, with the

innovation of flexibility in window sizes and in subsequent modeling functions.

2.5 Special Topic: Testing Milankovitch’s Theory

2.5.1 Introduction

More than three decades of research have sought to explain a fundamental observation
ubiquitous in paleoclimate time series that span the last 2 Myr, the transition in cyclicity from a
dominant 41 kyr beat to a dominant 100 kyr beat that occurs between 1.2 and 0.7 Ma, the so
called Mid-Pleistocene Transition [11, 92, 124, 128]. The 100 kyr cycles that dominated the late
Pleistocene are puzzling not only because they depart from the 41 kyr cycles that characterized
climatic variations for millions of years leading up to the Mid-Pleistocene Transition, but also
because their amplitudes and timing are much greater than can be linearly accounted for by the

amplitude of the isolation variations that occur in the 100kyr frequency band [71]. This
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discrepancy has resulted in a wide array of hypotheses that attempt to account for the striking
appearance and amplitudes of the 100 kyr cycle. Some of the proposed mechanisms include
forcing by changes in orbital inclination [105, 106, 107], changes in bedrock structure [26], non-
linear amplification of eccentricity [59, 71, 72], feedbacks from sea ice [54, 143], Precession
‘bundles’ [124, 126], and Obliquity ‘bundles’ [66, 68], where ‘bundles’ mean that deglaciations
occur after an integer number of precession or obliquity cycles respectively. In virtually all
explanations for the Mid-Pleistocene Transition, ice sheet changes play a leading role. We aim
to test aspects of the dominant theory for explaining the waxing and waning of ice sheets,
Milankovitch Theory, which states that ice sheets respond to solar insolation at 65°N in the
summer [99].

Depending on its parameters, a dynamic system may be dominated by outside forces
applied to it (a forced system) [72, 99, 115] or these outside forces may provide a stimulus that
primarily excite the natural frequencies of this system (paced system) [68, 121, 144]. If the
Earth’s dynamic glacial system is a forced system, then changes in ice volume as represented by
the 60 proxy record should follow the direct orbital or solar insolation inputs more closely
than a sinusoidal approximation to these inputs. On the other hand, a finding that the Earth’s
dynamic glacial system more closely follows the sinusoidal model indicates that the dynamic
system is resonating at its natural frequency.

The forcing versus pacing question has been looked at before. Ruddiman [127] explores
the mechanisms associated with obliquity and precession forcing of ice sheets in depth,
including feedbacks associated with CO, and CH, that enhance insolation forcing of ice volume.
He invokes a gradual global cooling [121], which allows ice sheets to survive during weak
precession insolation maxima, to explain the emergence of 100 kyr glacial cycles at the Mid-

Pleistocene Transition. Eccentricity, through its modulation of precession, then acts as a
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pacemaker to the glacial system. Maslin and Ridgwell [97] echo the idea that the Mid-
Pleistocene Transition was a shift to a glacial system paced, rather than driven, by eccentricity
and outline several threshold events that could have caused this transition including: 1) A long
term cooling trend caused by a reduction in the concentration of greenhouse gases [104, 124];
2) The erosion of regolith under the Laurentide ice sheet [26], which would allow ice sheets to
rest directly on bedrock, enabling them to take on an equilibrium form with a much greater
height; and 3)Long-term cooling of the deep ocean during the Pleistocene, which alters the
relationship between atmospheric temperature and the accumulation rates of snow on
continental ice sheets, causing more extensive global coverage of sea ice [i.e. the ‘sea ice

switch’] [54, 143].

2.5.2 The Models

To represent past variations in insolation, we use a set of four plausible models (described
below) that are based either directly on variations in Earth’s orbital parameters or on the
frequencies that dominate variations in the 50 record and some of their harmonics. The four
models we seek to test are:

1) Direct forcing by solar insolation (Solar Insolation)— If Milankovitch Theory [99] is
accurate, then the 80 ice volume record should match the June 65°N solar insolation
curve after a suitable time delay. Here we examine this assertion by generating not only
the June 65°N insolation curve, but insolation curves corresponding to every 5° of
latitude and for every month of the year [66]. For each interval, the solar insolation
curve which best matches the §'®0 proxy record (in terms of squared error) is chosen to

represent that interval.
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2)

3)

4)

Direct forcing based upon the orbital parameters of motion (Orbital) — Precession,
Obliquity, and Eccentricity [10, 69]. Instead of obliquity and precession acting in tandem
to produce a specific insolation curve [72], this model finds the optimal linear
combination of these three parameters directly.

Sinusoidal models representing the largest spectral components in the §*%0 record
(Sinusoids). Previous analyses of the 6'%0 record have been calculated through Fourier
methods which break apart a time series into its periodic components; causality has
been argued based upon the coherence (or lack thereof) between the Fourier spectra of
the 80 record and the orbital parameters [59, 71, 105, 106, 107]. The variance of the
820 record is concentrated in three spectral bands: 23, 41, and 100kyr. Specifically we
find the best fitting linear combination of sinusoids at these three wavelengths.
Sub-Harmonics of Obliquity (Harmonics of Obliquity) — Recent work [66, 68, 89] has
suggested that ice sheet dynamics are quantum in nature, responding to ‘bundles’ of
obliquity cycles, where deglaciations are triggered every second or third obliquity cycle.
We test this theory by finding the best linear combination of sinusoids at 41, 82, and

123 kyr for each regime of the §*0 record.

Our results have a single constraint: we require the distance between any two change points

to be at least 100 kyr, equivalent to the duration of glacial cycles in the recent past. This
constraint keeps the ratio of data points to free parameters from becoming too small. As in
Section 2.4, we remove the long-term cooling trend via an exponential function before analyzing
the 6'®0 proxy record [86] [Figure 2.4] and employ the weighted change point analysis of

Section 2.2.2 to account for the substantial increase in variance of the §'0 record through time.

Finally, because the choice of the optimal number of change points is an unsolved problem

in the least squares setting, our conclusions must be checked for robustness across a varying
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number of change points. Itis clear from the data that there are at least two changes in the
580 record over the last 5 Myr — the frequency and amplitude shift associated with the Mid-
Pleistocene Transition and the cooling and ice growth during the late Pliocene which resulted in
the onset of significant northern hemisphere glaciation at ~2.7Ma. Here, we consider up to 6
change points as this is the number after which the addition of further change points reduces
the total squared error by a approximately constant amount (i.e. the ‘break in the curve’ of

Section 2.2.1).

2.5.3 Results

The Least Squares Change Point algorithm was employed to find the best fitting model for each
interval of time. Since the algorithm optimizes over all combinations of models and locations of
the change points as well as the regression parameters for each model, every change point
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Figure 2.9 Pacing Versus Forcing. Squared error is minimized over the locations of the change
points and parameters of the regression model. The specific model chosen at each time point by
the change point algorithm is indicated at a varying number of change points. Change points may
signify a change in parameter value (i.e. amplitude), a change in model (i.e. forcing function), or
both. However, only the changes in model are visible in this figure. The switch from forcing to
pacing at the Mid-Pleistocene Transition occurs at either 1.24 Ma, 0.91, or 0.71 Ma, depending on
the number of change points.
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solution will have a mix of models in the results. We find that the Orbital model (2) best fits the
530 record prior to the Mid-Pleistocene Transition over a range of change point values (Figure
2.9). Specifically, it fits the benthic 520 curve best prior to 715 ka when 2 change points are
utilized, 915 ka when 3-5 change points are utilized and prior to 1.24 Ma when 6 change points
are utilized, helping to put a constraint on the timing of the Mid-Pleistocene Transition.

To more fully explore the contributions of each of the four models individually, we
examined the change in R* values through time for each of the four models tested separately
with five change points (Figure 2.10). Since each model selects its own change points, the
locations of the change points do not have to correspond. However, they often do occur at
similar times (Figure 2.10). For example, the change associated with increased Northern
Hemisphere glaciations during the late Pliocene is mutually identified by both the Sinusoids (3)
and Harmonics of Obliquity (4) model ~2.6-2.7Ma, while the Solar Insolation (1) and Orbital (2)
models jointly identify this change ~3.5Ma. This difference can be attributed to the regime
boundary being identified as either the large protrusion in the record around 3.3Ma or the next
significant glaciations, which occurred ~2.7-2.8 Ma [Figure 2.4]. Again, we see that the forcing
models (1) and (2) fit better prior the Mid-Pleistocene Transition, while the pacing models (3)
and (4), fit better after the Mid-Pleistocene Transition. Notice also that the Harmonics of
Obliquity (4) model has its R? value increase significantly at the Mid-Pleistocene Transition prior
to the other three models. Furthermore, the solar insolation model never explains more than
45% of the variation in the data and fits much more poorly than the other three models over the
last 1.24 Myrs. Overall, the sinusoidal models, (3) and (4), provide a superior fit compared to the
Solar Insolation (1) and the full Orbital model (2) to the entire §'®0 proxy record under a varying

number of change points (Table 2.6).
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The solar insolation change point analysis permits the identification of the best fitting
month and latitude for each segment of the data. Table 2.7 shows that, in each interval, high
latitude northern or southern winters best fit the §'®0 proxy record. This result is particularly
relevant to the times when the glacial system appears to be orbitally forced, i.e. prior to the

Mid-Pleistocene Transition. The structure of the winter insolation curves compared to the

Comparison of Orbital to Sinusoidal Models: Five Change Paoints
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Figure 2.10 Comparison of Orbital to Sinusoidal Models. Each of the four models is individually fit
with the change point algorithm. Shown are the R? values through time for each model with five
change points. The orbital-based (forcing) models provide the best fit until around 1.24 Ma, at
which time a transition begins to the superior fit of the sinusoid-based (pacing) models. The
transition is completed by 0.74 Ma.

summer insolation curves, rather than their magnitudes is the primary reason for this superior
fit. Winter insolation curves have less precession variance than the corresponding summer
insolation curve at high latitudes. Since the 680 record lacks an obvious precession signal, this
result is not surprising. Figure 2.11 compares the fit of the June 65°N insolation curve to the
optimal insolation curve (in terms of squared error) during one of the intervals identified by
change point analysis on the solar insolation model, 1262 — 3545ka [Table 2.7]. The conflict
between precession variance and the 620 record is unambiguous [Figure 2.11]. A Partial F test
shows that the difference in fit between the two insolation curves is highly significant, with a p-
value p < 10°® [Table 2.7]. Each of the other intervals shows similar phenomena, with larger, but

still highly significant p-values.
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# Change Points Solar Insolation Orbital Sinusoids Harmonics of Obliquity
2 0.2535 0.3799 0.4762 0.5042
3 0.2854 0.4660 0.5061 0.5742
4 0.2958 0.5145 0.5559 0.6074
5 0.327 0.5380 0.6247 0.6421
6 0.3548 0.5822 0.6486 0.6555

Table 2.6 A Comparison of Overall R’ Values. Shown is the fit over the entire S5Myr 80 proxy
record in terms R’ for each of the four models individually under a varying number of change
points.

The 6™0 proxy record was orbitally tuned to June 65°N solar insolation. While orbital
tuning can introduce a bias to this analysis, we find that our results were robust to the tuning
procedure as the major conclusions about the transition from a forced to a paced glacial system
as well as the superior fit of winter rather than summer insolation curves to the §'°0 record

remain valid when a non-orbitally tuned version of Lisiecki and Raymo’s 20 proxy record was

analyzed.
Time (ka) Month Latitude Lag (kyr) R” for Optimal R” for June 65°N P-value
0-104 January 55N 4 0.4495 0.385 .0041
105-410 August 75S 10 0.2353 0.1614 9.8x10”
411-512 November 65N 1 0.3536 0.0975 1.1x107
513-1260 October 75N 9 0.2786 0.1471 1.0x10"
1262-3545 December 65N 10 0.3517 0.0843 <10
3550-4965 November 65N 1 0.2778 0.0846 4.3x10™°
Overall R*: 0.327 0.1777 <10’

Table 2.7 The Best Insolation Curve for Each Sub-Interval of Time. Insolation curves for each month of the
year and every 5° latitude were generated using Huybers program [66]. After fitting all possible insolation
curves with a time lag of up to 10 kyr to each segment of the data, the change point algorithm pieced
together these segments using dynamic programming. The lag parameter can be interpreted in terms of
the lag in the climate system — the time difference between solar forcing and climatic response. Five
change points produce six regimes. Indicated is the insolation curve which best fits the 50 proxy record in
each interval of time and its associated RZ, along with the R? value for the June 65°N insolation curve of
Milankovitch Theory. The final column gives the p-value for the significance of the improvement in fit.
[Derived using a Partial F-Test]

53



Comparison of Optimal Ingolation Curve to June BSN from 1262-3545 ka
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Figure 2.11 A Comparison of June 65°N to the Insolation Curve which Best Fits the 50 Proxy
Record. Six intervals of time are created by the change point analysis of the solar insolation
model (1) (Table 2.7). For one of these intervals, 1262-3545 ka, we compare the fit of the best
insolation curve, here December 65°N (green) and the Milankovitch ideal of June 65°N (red) to the
50 proxy record during this time. The lack of a precession imprint on the winter insolation
curves allow for a better fit (in terms of squared error) to the 50 Proxy Record. The difference is
highly significant, with a p-value p < 10!, The other five intervals show similar phenomena.

2.5.4 Discussion

Glacial variations can be viewed as the output of a dynamic system whose outside forcing
function is represented by solar insolation. Such dynamic systems often have natural
frequencies at which they resonate. For example, the response to outside forcing may be
similar to the way that a tuning fork responds to a singer’s voice. A singer’s voice emits a
complex signal, but the tuning fork will only respond at its natural frequency. In much the same
way, solar insolation is a complex signal to which glacial growth and decay may respond
(resonate) primarily at natural frequencies. For many dynamic systems, the parameters of the
system are such that the output will be dominated by these natural frequencies and their

harmonics. Some types of resonators have the ability to respond to overtones, or harmonics of
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their natural frequency, and some non-linear systems respond at sub-harmonics. In the
Milankovitch setting, if the natural frequency of ice sheets matches that of obliquity or
precession, then sub-harmonics can be represented as obliquity [66, 68] or precession [124,
126] bundles, respectively.

Our finding that the sinusoidal models (3) and (4) fit the §'®0 data substantially better
than the full Orbital (2) or Solar Insolation (1) models since the Mid-Pleistocene Transition
suggests that in this interval, the parameters of the Earth’s glacial system strongly favored
resonances at their natural frequencies. During this interval, the timing, rather than the
structure of the input (solar insolation) became more important to this paced dynamic system.
Several studies have explored this quantum nature of glaciations. Besides the precession and
obliquity bundles described previously, Tziperman et al [144] discusses nonlinear phase locking
which extends the idea of bundles by claiming that the resonance ratio can change with every
glacial cycle. However, they caution against using the fit of a model to prove the validity of a
glacial mechanism as non-linear phase locking can ‘determine the timing of major deglaciations,
nearly independently of the specific mechanism or model that is responsible for these cycles as
long as this mechanism is suitably nonlinear’.

The apparent superiority of the orbital models (1) and (2) to the sinusoidal models (3)
and (4) prior to the Mid-Pleistocene Transition may indicate the importance of obliquity
modulation in the 80 proxy record. This would imply a forced dynamic system where the size
of ice sheets in addition to the timing of deglaciations is set by solar insolation. This finding also
indicates that any resonance phenomena for the dynamic system played a smaller role during
this time. The poor fit of the four models to the §'®0 proxy record prior to the Mid-Pleistocene
Transition suggests that other factors may exert a stronger influence on 60 variations in this

interval, including internal ice sheet dynamics.
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Given that a solar insolation curve can be approximated by a linear combination of
obliquity and precession alone [72], it is not surprising that the richer Orbital model (2), which
contains eccentricity along with precession and obliquity, produces a better fit than the Solar
Insolation (1) model. Adding parameters to a model always improves its fit to the data. The fit
of the Orbital (2) and Solar Insolation (1) models before the Mid-Pleistocene Transition is similar
(Figure 2.10), consistent with the absence of 100 kyr glaciations from the 6'®0 proxy record
during this time, a frequency that the Solar Insolation model cannot linearly generate. The time
at which their R? values diverge (~1.2Ma) can be viewed as the beginning of the 100 kyr glacial
cycles, since the Solar Insolation model lacks the 100 kyr power drawn from the eccentricity
function.

Our finding that high latitude winter insolation curves best fit the §'20 proxy record is a
challenge to Milankovitch Theory. The relatively poor fit of the June 65°N insolation curve to
the 80 proxy record [Table 2.7] seems to be due to the strong presence of precession at this
season and latitude compared to the relative absence of precession in both the 0 record and
high latitude winter insolation curves. Thus, the solar insolation curve which best matches the
580 proxy record structurally (i.e. minimum squared error) is the one that contains a reduced
precession component. As a physical mechanism, control of ice sheets by high latitude winter
insolation seems implausible because the changes in solar radiation through time are minimal.
Thus, we cite three possible explanations for the absence of a precession signal from the benthic
520 stack.

1. A cancellation of the out-of-phase glacial response to changes in precession [27, 122].

Precession insolation forcing is asymmetric across hemispheres. That is, warm Northern

Hemisphere and Southern Hemisphere summers are 180° out of phase with each other.

Since ice sheets are assumed to be controlled by summer insolation, this implies that ice
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sheets are growing in one hemisphere while they are melting in the other at the
precession band, resulting in a minimal net change in ice volume. On the other hand,
obliquity insolation forcing is symmetric across hemispheres, with warm summers
occurring in both the Northern and Southern Hemispheres at the same time. If the
effects of precession cancel in the global 60 proxy record, then the only recorded
contribution is that of obliquity forcing. Should this mechanism prove correct, then the
superior fit of the winter insolation curves is merely an artifact of ice sheets responding
to an out of phase precession signal whose effects are absent from the global record
(i.e. winter insolation is not driving the system). Additionally, this mechanism could be
testable with proxy records that respond to regional rather than global forcing, such as
sea surface temperatures.

The 80 proxy record is a record of global ice volume, whereas Milankovitch was
considering only the Northern Hemisphere ice sheets. More generally, Milankovitch
Theory cites high latitude summer insolation as important. Perhaps ice volume is
sensitive to insolation at more than one location on the globe or more than one time
during the year.

a. Average Annual Insolation — For any latitude, Insolation received over the entire
year varies only with obliquity (Loutre et al 2004). Mid-Latitude (45°) average
insolation best matches the 620 record and can produce an R? of 0.396, which
is better than any individual insolation curve.

b. Insolation Gradient — Variations in the summer insolation gradient between high
and low latitudes are driven by obliquity [90, 123]. Decreased obliquity causes

cooler summer temperatures (poleward of approximately 14° north and south)
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which increases the insolation gradient and promotes a pole ward flux of
moisture that encourages ice sheet growth.

3. Given that the insolation model is able to account for only a small amount of the
variance in the 6'0 proxy record, other more powerful mechanisms for ice sheet
dynamics must contribute to this signal. This could include feedback mechanisms [127]
or internal dynamics of the ice sheets themselves such as a resonance response to
obliquity forcing.

While Table 2.7 gives the best fitting month and latitude for the solar insolation analysis,

results since the Mid-Pleistocene Transition should be interpreted with caution since there is
clear evidence strongly favoring alternative models. Perhaps a model using multiple solar

insolation curves in tandem can improve the fit of an insolation based model.
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Chapter 3

The Bayesian Change Point Algorithm

3.1 Introduction

The Bayesian Change Point algorithm is built using the same recursive procedure as its Least
Squares counterpart described in Chapter 2. However, a Bayesian approach to the Change Point
problem allows you to address one of the major shortcomings of the Least Squares Change
Point algorithm —its inability to assess the uncertainty surrounding the optimal solution [88].
Given the probabilistic framework of the Bayesian Change Point algorithm, inferences can now
be made about the number of change points, their locations, and the parameters of the model
being analyzed. These inferences replace the need for an arbitrary ‘break in the curve’ decision
on the number of change points (Section 2.2.1) and the use of Maximum Likelihood estimates
for the parameters of the model. While the chapter is mainly focused on a regression model,
the Bayesian Change Point algorithm is applicable to any type of probabilistic model where the
probability of the data can be calculated. For example, Liu and Lawrence [88] use a multinomial
distribution to model the frequency of nucleotides in a DNA sequence.

Hidden Markov Models (HMMs) can also be used to solve the Change Point problem in a
probabilistic setting [78]. The transition from one state to another in a HMM is similar to the
placement of a change point, while the emissions of a HMM are representative of the
predictions of a regression model. However, the use of HMMs will require an iterative approach
due to their use of the Baum-Welch algorithm to estimate the parameters of the regression
model, whereas the Bayesian Change Point algorithm can obtain exact posterior distributions in

a single pass through the data.
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Section 3.2 introduces the Bayesian Change Point regression model and then describes
the algorithm in detail. In Section 3.3, we return to the Copy Number Variation simulation that
was analyzed in Section 2.3. Finally, Section 3.4 will explore the multinomial model described by

Liu and Lawrence [88] in order to highlight the versatility of the algorithm.

3.2: The Bayesian Change Point Algorithm

Given the dependent variable, Y, and m known predictor variables Xy, ..., X, linear regression

methods are based upon the statistical model

m
j=1

where 8; is the /" regression coefficient and € is a random error term. Suppose that the data set
contains k change points and let {C} be a set of change points whose locations are ¢,=1, ¢y, ..., Cy,
i1 = N, where N is the total number of data points. Furthermore, define o° to be the residual
variance. The Bayesian Change Point algorithm is concerned with making inferences from the

joint distribution
k
£, B,0% (CYX) = []_[ FVeseianlB 0% i, OF B0, cicin, D (02 eicinn, X |
1=

fUCY = coy €1 w0es Cpes Cr1)

A combinatorial problem arises in the number of possible change point solutions. If

there are N observations of the dependent variable Y;...Yy, and k change points in the data, then

there are (N

k) combinations of change point solutions, {C}, rendering brute force attempts to

compute the joint distribution futile. However, the dynamic programming associated with the
Bayesian Change Point algorithm has the ability to reduce the O(Nk) possible sets of change

points to a more manageable O(N°) calculation. The key is to break down the enumeration of all
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possible sets of change points into a series of progressively smaller sub-problems, the smallest
of which, the placement of a single change point, can easily be solved. The full solution can then
be found by efficiently piecing together the solutions to these sub-problems.

To solve the one change point problem, f(Y; ) = f(Y:; [X) must first be calculated for each
and every possible sub-string of the data, Y;;, 1 <i<j<N. Starting from one end of the data set,
we can find the probability of any prefix of the data containing one change point by multiplying
together the probabilities of two non-overlapping substrings [already calculated] and summing
over all possible placements of the change point. Let Fi(Y1;) = Fi(Y1;/X) be the probability
density of the first j observations of the data containing k change points given the regression
model. Thus, F; (lej) = Z{;if(YM) * f(Yy41:j). The position of this change point has now
been marginalized out; No further information about its location is needed to solve the full
problem.

Next, to find the probability density of a prefix with two change points, Fx(Y1;), multiply
together the probability density of a prefix containing one change point, F;(Y;.), and a non-
overlapping substring which fills out the rest of the prefix, F(Y,.1;) [both previously calculated]
and then sum over all possible placements of the second change point:

F, (Yl:]-) = Z{;i F1(Y1.) * f(Yy41.j). Again, the locations of both change points have now
been marginalized out as no further information about their positions are needed. The process
continues, Fk(Yl:j) = Z{};i Fe—1(Y1.p) * f (Yy41.j), until the full problem is solved. Inferences
about the parameters, including the locations of the change points, can be made by sampling

from the posterior distribution of the quantities of interest.

Thus, the Bayesian Change Point algorithm has three steps:

1. Calculating the Probability Density of the Data f{Y;; [ X):
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Let X be the (sub)set of regressors included in the regression model. For now, assume that X
is fixed (this assumption is relaxed in Chapter 5). Our regression model assumes that the
error terms, g, are independent, mean zero, normally distributed random variables.
Therefore, the likelihood function for a substring of the data, Y;;, is f(Y [ 6, o’ X) ~ N(X8, &°l),
where [ is the identity matrix. Conjugate priors were chosen for the prior distributions on
the vector of amplitudes, 8, and the error variance, o Specifically, 8 is multivariate normal
[6 ~ N(0, oz/ko) 1, and 02 ~ Scaled — Inverse x? (v, J&) , Where ky is a scale parameter
relating the variance of the regression coefficients to the residual variance, while v, and o)’
act as pseudo data points - v, pseudo data points of variance o,°. Putting these together,
the marginal probability for a substring of the data, Y, is:

F(Yi1%) = [ £(Yi |8, 0%, X)f (B 162 X) f(a?|X)dB do? . Let n be the number of data
points in a substring, v,=vo+n, B* = (XTX + koD ™*X"Y,.;, s, = (Vi — Xﬁ*)T(Yi:j -

XB*) + kO,B’*Tﬁ* + vy0¢ ), and let m be the number of model components. Integration

yields:

(096 /)2 T("n /) (k)2

Yi:' = YlX = v
1) = FO) = e o+ el

This quantity is calculated and then stored in memory for all possible substrings of the data,
Y, With 1<i<j<N.

Forward Recursion:

Instead of finding the minimum as in the Least Squares Change Point algorithm (Section
2.2), we take a sum over all possible placements of the final change point. Let Fi(Y1;) be the

density of the data [Y;...Y;] with k change points. Define F; (lej) = Yo<j f Y1) f Vpin:j)

and Fk(lej) = Zv<j Fk—l(Yl:v)f(Yv+1:j)
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Stochastic Backtrace:

Here, we use Bayes Rule to draw samples from the posterior distribution created by the
Forward Recursion step rather than choosing the optimal parameter values as was done for
the Least Squares Change Point algorithm (Section 2.2). Each of the posterior distributions
described below has an exact representation that is straightforward to sample from.
Sampling a set of solutions allows us to address questions related to uncertainty in the

number of change points, their locations, and the parameters of the regression model.

In order to have a completely defined partition function (or normalization constant), f(Yi.n),
two additional quantities need to be specified: 1) a prior distribution on the number of
change points, f(K=k); and 2) a prior distribution on the locations of the change points, f(c,,
Cy ... Ck | K=k). i.e.

kmax

f(Yy) = Z z fn K =k ¢y oocp) * fer ocpl K = k) + f(K = k)

k=0 cy..ci
The inner summation is exactly the quantity calculated on the Forward Recursion step. As

for f(K=k, c4, ..., ¢), a priori, we place half the probability mass on zero change points [f(K=0)
=0.5] and assume a uniform prior on a positive number of change points, [f(K=k) = 0.5/(kax
+1), where k.. is the maximal number of allowed change points]. Additionally, we assume

that all change point solutions with exactly k change points are equally likely, i.e.

flcq, i cklK = k) = 1/ Ny This last assumption is a combinatorial prior that directly
(i)
accounts for the greater number of solutions as the number of change points increases.

0.5

—— . Since this prior
(kmax+1) (I,Z)

Together, f(k=0) = 0.5 and for k>0, f (K = k,cq, ..., ¢}) =

distribution is uniform, it does not have to be included in the Forward Recursion, but instead
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can be factored out and multiplied in at this point. However, use of a non-uniform prior
must be built in to the Forward Recursion step.
3.1. Sample a Number of Change Points:
The Forward Recursion calculates the density of the entire data set, Y;.y, given k change
points, F,,(Y1.y) = f(Yi.y |IK = k). Using Bayes Rule, a posterior distribution on the

number of change points given the data can be derived:

f(K = k|Y.y) = F"(Yl:"’)f(c;’g}','c"l;{=k)f(K=k), with f(Y1.n) defined as above. This step
1:N

replaces using the ‘break in the curve’ to estimate the number of change points
(Section 2.2.1).

3.2. Sample the Locations of the Change Points:
Additionally, Bayes Rule can be used to assess the uncertainty related to the exact
timing of a change. Let ck;; = ty, the last data point. Then for k=K, K-1, ..., 1,

Fr-1(Y1:0)f (Yp41:cpp 1) . . . A
Cr~ oy vk . This step replaces the optimal with a probabilistic
Yvelk-1,c541) Fr-1Y10)f Mot1:cp )

placement of the change points (Section 2.2).
3.3. Sample the Regression Parameters for the Interval Between Adjacent Change Points:

Let n = cx+; — ¢k +1, the number of data points in the sub-interval and let §* =

XX + koD X Yeperr s 5n = (Yeperrs = XB) (Yercrrs — XBY) + koB*TB +
voag ), and v, =vy+n. Using Bayes Rule one more time, we find that

f(Blo?) ~N(B*,(XTX + kol)"t0?) and f(0?) ~ Scaled — Inverse y?( v, Sn/vn ).
This step replaces Maximum Likelihood estimation of the parameters of the regression
model.

Calculating the Probability of the Data, is O(N?), while the Forward Recursion and Stochastic

Backtrace are both O(kN). Therefore, the algorithm has a total time complexity of O(N?).
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3.3: Application: Finding a Change in Mean - Copy Number Variation

Recall the Copy Number Variation simulation from Section 2.3, whose data is reproduced in
Figure 3.1. In the least squares setting, the ‘break in the curve’ was used to determine the
proper number of change points for analysis. Here, we seek a Bayesian solution to this problem,
which removes the subjective decision regarding the number of change points and allows us to
assess the uncertainty surrounding the optimal solution.

Before beginning the analysis, there are three model parameters that need to be
chosen: ko, v, and 0,°. We assume that the variance of the regression coefficients (6%/k,) can be
larger than the error variance, &%, so that kg is chosen small, for instance 0.1. This choice of

Copy Mumber “ariation Simulation Data Set

Copy Number
(o]

-2

1 1 1 1 1 1 1 1 1
a 100 200 300 400 &00 GO0 700 300 SO0 1000
Data Point

Figure 3.1 Copy Number Variation Simulation. Reproduced from Section 2.3

parameter gives support to a set of plausible regression coefficients. In an attempt to represent
prior ignorance about the error variance, we choose the parameters vy, and o,°of the Inverse)(z
distribution to be 2 and 1 respectively, representing two pseudo data points each with variance

one. Since there are 1000 observations in our data set and each interval generally contains
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more than 100 data points, the prior parameters should have little impact on the final solution.

Again, we seek to model this data by a constant, f(x) = C.

Posterior Probability on the Mumber of Change Points
Copy Number Variation Simulation
T T T

Frobability
o =) o o o o o
(] =S m o -~ =x) w
T T T T T T
i 1 1 1

(=]
[
T

0.1r

i} 2 4 53 8 10 12 14 16 18 20
Murmber of Change Points

Figure 3.2: Posterior Distribution on the Number of Change Points for the
Copy Number Variation Simulation.

After running the Bayesian Change Point algorithm, we find that the posterior
distribution on the number of change points is concentrated between 4 and 6, with ~55% of the
posterior mass on 5 change points [Figure 3.2]. Figure 3.3 shows that that Bayesian Change
Point algorithm identifies all four of the true change points, along with a fifth change point near
the beginning of the data set that corresponds to consecutive data points where the added
noise was large and positive. Had these data points been located in the middle rather than at
one end of the data set, it is likely that the algorithm would have identified these points as noise
rather than an additional short segment. Not only was there uncertainty in the number of
change points, but in their locations as well. The posterior distribution on the location of the
change points is shown at the bottom of Figure 3.3, indicating a small amount of uncertainty (5

data points) in both directions at each location.
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Figure 3.3: Inferred Model and Change Point Locations for the Copy Number Variation Simulation.
The original data is colored blue and the inferred model green. The height of the red spikes
indicates the posterior probability of a change point at a given location while the width of the red
spikes gives an indication of the uncertainty in its location.

3.4: Application to Discrete Data: The Dishonest Casino

Consider a simple game of chance where you place a bet on the outcome of a coin flip. Because
each coin flip has only two possible outcomes, ‘Heads’ or ‘Tails’, the regression model used in
the previous section is not appropriate to model this type of game (i.e. a discrete rather than a
continuous process). Instead, the likelihood of any sequence of coin flips (ex. ‘HHTTHT’) can be
modeled as a series of Bernoulli Trials with probability of Heads, p,, and probability of Tails, 1-py
=pr. i.e.

L(HHTTHT’) = P(Y = 'HHTTHT'|py) = py'pr"
where ny is the number of ‘Heads’ and nris the number of ‘Tails’. For a fair coin, py=p7=0.5 and
all sequences of coin flips are equally likely. Suppose that you record a series of coin flips.
Change Point can attempt to answer whether or not the Casino was (always) using a fair coin
throughout the day.
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3.4.1:Derivation of the Bayesian Change Point Algorithm for Discrete Data

1. Calculating the Probability Density of the Data f{Y;; | X):
Step 1 of the Bayesian Change Point algorithm calculates the probability of every
possible substring of the data. For the coin example, since
f(Yi:j) = ff(YL-:j|pH)f(pH)de, a prior distribution on the nuisance parameters, py
and pr, must be chosen that will allow us to integrate these parameters out. Thus, we

choose a conjugate prior for Bernoulli trials, the Beta Distribution, which has density:

r
s @) = F((j)—;(g(pﬁw-l(l p)P

where a and B are parameters to be specified. Therefore, the probability of any
substring of the data is:

F'(a+B)

TP (Pr)* (1 — py)P~! dpy

(V) = f ()™ (1 — py)™
_ T(a+p)
~ (TP

_ T'(a+B) I(ny + )T(nr + B)
T T(I'(B) Th+a+p)

f(pH)nHm_l(l — pp)"THEL dpy

where n=ny+nris the total number of coin flips in the substring being considered. If we
choose a uniform prior distribution, a = § = 1, then the expression simplifies further to:

g+ Dl(np+1) ny!ng!
I'(n+2) T (n+1)!

f(YLJ) =

2. Forward Recursion:

The Forward Recursion is identical to that of Section 3.2:

Fl(ylzj) = Zv<jf(yl:v)f(yv+1:j) and Fk(y1:j) = Zv<j Fk—1(y1:v)f(yv+1:j)
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Stochastic Backtrace:

We keep the prior distribution on the number of change points the same as in Section

0.5

3.2, f(K=0) = 0.5 and for k>0, f(K = k,cq, ..., C},) = ——————~
f VTS Gmaxt ) (1)

. Of the three sub-steps,

only 3.3: Sampling the Parameter Values for the Model, will change from Section 3.2.

3.1.Sample a Number of Change Points:

Fe(Y1.n)f(cqy sl K = K)F(K = k)

f(K =k|Y1y) = f(Y1.n)

3.2.Sample the Locations of the Change Points:
Let ck,; = ty, the last data point. Then for k=K, K-1, ..., 1,

Fk—1(Y1:v)f(Yv+1:ck+1)

Yvelk-1,c541) Fle-1 V1) f (Vo104 1)

Cp~

3.3.Sample the model parameter for the interval between adjacent change points.
Since we are no longer using a regression, the posterior distribution on the
parameter py now takes the form of a Beta distribution (with updated
parameters) rather than Normal Inverse-y>. Here,

Tm+a+p)

I'(ng + )C'(nt + B) (pp)Ete (1 — pH)nT+/3_1

P(pulYij) =
~Beta(py; ny + a,ny + B)
Again, if we consider the uniform prior,a=0=1,

P(pylY)~Beta(py; ny + 1,nr +1)

This type of discrete problem can easily be generalized to more ‘interesting’ games of chance,

for instance: flipping two coins, rolling a pair of dice, or spinning a roulette wheel. In each case,

there are more than two possible outcomes for each round of the game. Therefore, the

Bernoulli model should be replaced by a product multinomial, and the Beta prior distribution
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should be replaced by a Dirichlet prior distribution. A description of the generalized model can

be found in [88].

3.4.2: Simulated Games of Chance — A Biased Coin

This example contains a single switch from a fair to a biased coin (i.e. one change point) part
way through a sequence of 50 simulated coin flips. A priori, we assume that all change point
solutions with exactly k change points are equally likely. Furthermore, we assume the uniform
Beta prior a=pB = 1 for each of the coins The location of the single change point, k, is selected
according to a Binomial(50, 0.5) distribution. The first k coin flips are made using a fair coin,
while the remaining 50-k coin flips are made with a biased coin whose probability of heads is
0.8. Let ‘1’ represent ‘Heads’ and ‘0’ represent ‘Tails’. The 50 coin flips are listed below, with
the change point occurring at position k =29:
¥='0101010101111011101101000010010111111101112111111172°
After viewing the sequence of coin flips, one can ask: Is there evidence that more than one coin
was used during this game? If so, when did the change occur? And what was the probability of
‘Heads’ for each coin? Figure 3.4 helps to illustrate the answers to these questions.

The marginal likelihood for the one coin model is P(Y | one coin) = 3.98 x 10", while the
marginal likelihood for the two coins model is P(Y| two coins) = 1.11 x 10™. Assuming, a priori,
that the two models are equally likely, Bayes Rule tells us that the probability that the 50
simulated coin flips were generated by two different coins is P(two coins | Y) = 0.736. Given two
coins, Figure 3.4 shows that the posterior distribution of the change point is centered on coin
flip number 31. Finally, if we sample values for the probability of ‘Heads’ from the posterior
Beta distribution in each of the resulting sub-intervals and then average the results, we can

make an inference about the probability of ‘Heads’ for each of the two coins. (Alternatively, you
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could use the posterior mean of the Beta distributions to make this inference). The coin flips
that occurred before the change point appear to have come from a virtually fair coin, while the
coin flips that occurred after the change point likely came from a biased coin whose probability

of ‘Heads’ is nearly 0.85. This agrees well with the true probability of ‘Heads’ for each of the

two coins.
50 Coin Flips
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Figure 3.4: 50 Coin Flips. The top pane of the figure shows each of the 50 coin flips, with ‘1’
representing ‘Heads’ and ‘0’ representing ‘Tails’. The middle pane shows the probability of a
change in coins at each of the 50 coin flips. The bottom pane displays the average probability of
‘Heads’ as sampled from the posterior Beta distribution for each coin flip. The increase seen
around coin flip 31 coincides with the high probability of a change as indicated in the middle pane.
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Chapter 4

Efficient Calculations for Bayesian Variable Selection

4.1 Introduction: A Bayesian Approach to Variable Selection:

Recall the linear regression model introduced in Chapter 3:

m
j=1

where Yis the unknown dependent variable, Xj, ..., X, are m known predictor variables, 8; is the
j™ regression coefficient and € is a random error term. When a large number of predictors are
available, interest often focuses on the selection of a subset of these variables.

The number of possible sub-models grows exponentially with the number of predictors,
thus traditional methods of variable selection quickly become intractable for high dimensional
data. Hence, existing methods use a two step approach:

1) A Screening procedure aimed at dimensional reduction through the removal of variables
from further consideration.

2) Statistical evaluation of the posterior probability of the remaining sub-models.

Existing algorithms deal with these two aspects of efficiency in various ways.

Several approaches have been developed for variable screening, which include: greedy
forward and backward eliminations ([100] and references therein); Forward Regression [150];
Least Angle Regression [40], which is a less greedy version of traditional forward selection
methods; the Leaps and Bounds technique [51]; and Sure Independent Screening [SIS] [46],
which uses the correlation of predictors to the dependent variable to screen. Typically these

screening procedures are employed to reduce the number of predictors to a point that more
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rigorous variable selection techniques become feasible, especially for the case when the number
of predictors exceeds the number of observations.

Numerous methods also exist for the evaluation step. Ridge Regression [62, 63] has
been studied extensively and has been reviewed in [36, 37, 136]. A number of penalized
regression approaches have been developed including the nonnegative garrote [17, 100] and
Lasso techniques [40, 111, 140]. Additionally, Zou and Hastie [156] developed the elastic net,
which is a combination of Ridge Regression and the Lasso technique.

Bayesian approaches focus on finding the posterior distribution across the ensemble of
candidate sub-models. Gibbs Sampling, or Stochastic Search Variable Selection (SSVS) [35, 52]
as well as Markov Chain Monte Carlo (MCMC) approaches [48, 49, 64, 93, 118] have been
introduced to explore these high-dimensional spaces, but provide only an approximate
representation of the posterior space and leave open the difficult problem of assessing
convergence. Mitchell and Beauchamp [103] found maximum a posteriori (MAP) estimates
through an exhaustive search because of the small number of regression terms under
consideration; Branch and Bound methods [81, 102] were suggested for larger sets of regression
terms. As Fernandez et al [49] points out, the ‘largest computational burden lies in the
evaluation of the marginal likelihood of each model’. Therefore, the ability to make these
calculations efficiently is of the utmost importance.

Bayesian Model Averaging (BMA) [117] uses a branch and bound technique known as
Leaps and Bounds [51] to initially screen the solution space. To expedite this process, Leaps and
Bounds utilizes an efficient ‘matrix sweep’ procedure and stores partial results from this step for
later use in BMA’s evaluation step. The posterior probability of each sub-model that survives
the screening process is approximated by and then ranked using the Bayesian Information

Criteria (BIC). The space is further truncated by removing any sub-model that does not exceed
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an arbitrary bound, typically 1/20" of the maximal probability for a sub-model. Iterative BMA
(IBMA) [155] was developed in the context of problems where the number of predictors greatly
exceeds the number of observations, specifically microarray data. IBMA first ranks variables in
order of their individual predictive ability and then successively applies the BMA algorithm to
groups of the ordered variables in an attempt to screen out unimportant sets of predictors.

Two classes of exact Bayesian approaches have been described. In the ‘spike and slab’
model of Mitchell and Beauchamp [103], regression coefficients (8) are modeled by a finite
mixture; a point mass at zero was considered the ‘spike’ while a uniform alternative distribution
was considered the ‘slab’. In this model, variables assigned to the ‘spike’ are removed.
Alternatively, George and McCulloch [52] use a mixture of normal distributions as their prior
distribution on 8. Both of the normal distributions are centered at zero, but each has a different
variance [8 ~ N(0, 6°/ k;) or 8 ~ N(0, d°/ k.) ]. One of the variances is chosen small so that 8’s
drawn from this distribution can ‘safely’ be replaced by zero with little loss; the other variance
parameter is chosen large enough to give support to the set of predictor variables whose
coefficients may differ greatly from zero.

These two approaches highlight the distinction between different schools of thought on
variable selection: subset selection and ‘shrinkage’ procedures. In subset selection, regressors
are either retained or dropped completely from the model. The results are easily interpretable,
but as discrete processes, they can be highly variable as small changes in the data can cause very
different models to be selected [140]. Included in the class of subset selection are BMA [117],
IBMA [155], MCMC coupled with a Bayesian graphical model [48, 64, 93, 118], ‘spike and slab’
[103], and stepwise regression techniques [100]. The ‘shrinkage’ procedures are continuous
processes that shrink the regression coefficients of ‘uninteresting’ regressors towards zero but

do not set them to exactly zero. Thus, the results are not as easily interpretable. Included in the
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‘shrinkage’ procedures are Ridge Regression [62, 63], nonnegative garrote [17, 100], and
Stochastic Search Variable Selection [SSVS] [52]. The Lasso technique [40, 111, 140] combines
elements of both schools of thought as this procedure shrinks some of the coefficients all the
way to zero. Both Ridge Regression and the Lasso technique are equivalent to MAP estimators
for Bayesian variable selection procedures with Normal and Double Exponential prior
distribution on the regression coefficients, respectively [140].

In this Chapter, we describe Exact Bayesian Model Averaging (EBMA), a procedure that
uses indicator variables for the selection of one of two classes of variables. Like SSVS, we
employ a mixture of normal priors for the regression coefficients, but more efficiently compute
the quantities necessary to calculate the posterior probability of sub-models for an exact
Bayesian variable selection procedure. Thus, EBMA falls into the category of ‘shrinkage’
procedures. We also show how EBMA employs a binary tree that is identical to the tree used in
the ‘sweep’ procedure of BMA. As a result, EBMA provides a means to replace approximations
to the posterior probability (BIC) with the exact posterior probabilities using an algorithm whose
complexity is equivalent to methods that have already been shown to handle problems with a
very large number of predictors, specifically, the BMA and IBMA algorithms.

The rest of this chapter is organized as follows. Section 4.2 describes our variable
selection model that employs normal priors. In Section 4.3, we describe the EBMA algorithm
and prove that its time complexity is O(m?). Section 4.4 uses simulations as well as the Crime
and Punishment data set [41, 42, 145] to compare the speed and accuracy of EBMA to brute
force variable selection and MCMC approaches. In order to assess the potential limitations of
the BIC approximation used in BMA, we also use the Crime and Punishment data set to compare

the results of EBMA to BMA. Section 4.5 consists of discussion and conclusions.
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4.2 Calculating the Probability Density of the Data f(Y):

Our regression model assumes that the error terms, €, are independent, mean zero, normally
distributed random variables. Therefore, the likelihood function, f(Y | 6, o A,) ~ N(X8, o),
where X is the matrix of regressors, I is the identity matrix, and A,, is a vector that indicates the
included and excluded variables of the model being considered [the dependence on X, the
underlying set of possible regressors, will be suppressed in all distributions]. Conjugate priors
were chosen for the prior distributions on the vector of amplitudes, 8, and the variance, o’
Specifically, 8 is a mixture of multivariate normal distributions [8 ~ N(0, ¢°/k;) or 8 ~ N(0, 0°/ k),
depending on whether a specific model component is included or excluded from the final
model, respectively] and o2 ~ Scaled — Inverse x?(vy, o) . The marginal probability of the
data given a specific sub-model, A, is then:

fO1AR) = [ f(Y1B, 0% An)f (B o2, A) f(0*)dp do?.

Denote N as the number of data points and m as the total number of possible
predictors. Let m; be the number of variables included in sub-model A,, and let m, be the
number of excluded variables [m; + m. = m]. Associated with the included variables is a ‘wide’
prior variance parameter k; and associated with the excluded variables is a ‘narrow’ prior
variance parameter k.. Let I, be a diagonal matrix with either k; or k. on the diagonal

corresponding to whether or not a specific variable is included. Furthermore, define vy=vy+N,
B =(XTX + IAm)_lXTY, andsy = (Y = XB)T(Y — XB*) + ﬁ*TIAm,B* + vy0¢ . Integration

yields:

(%090 /)"l TN ) (k™2 (k) "2

Y[Ap) = v
F1An) r(70/ )N/ "2 2m)" 2 |1XTX + 1, |2
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The marginal probability of the data, independent of the specific model (Model
Averaging), can be obtained by summing over all possible vectors A,,:
f) = Zawa, [ FX1B,0% A f (B 1o, Ap) f(0?) dBdo? f(Am).
Let p; be the probability of including a predictor (‘slab’) and let p, be the probability of excluding
a predictor (‘spike’) [p; + p. =1]. If we define the prior probability of a sub-model as a product

Bernoulli, f(4,,) = pzn"p;ne, integration yields:

2, v
(709 /) 2T (N, m; m
: & (p2k) 2(p2ke)" -

F(UO/Z)(ZW)N/Z All Apy, (SN/z)vn/z |XTX + IAm|1/2

f) =

Only a matrix determinant, matrix inverse (involved in the calculation of sy), and a count of the
number of included (or excluded) model components needs to be completed for each sub-
model A,,; the rest of the terms in the density function are independent of A,,,.

Each of the matrix operations is naively O(m’), but can be proven to be on the order of
matrix multiplication [19, 32, 148]. To date, matrix multiplication is at best O(m**”® ) by the
Coppersmith-Winograd algorithm [31]. If we pre-compute the quantities Y'Y, X'X, and XY, then
the complexity of sy depends only on the matrix inverse and therefore has a time complexity
O(m*3”). Together with the determinant and the count on the number of included variables,
the overall time complexity for an exact representation of the posterior space is O(L m**”),
where L is the total number of sub-models to be examined. Space complexity is upper bounded
by the space required for the calculations on an individual sub-model [matrix storage — O(m?),
creation of vector 8* — O(m)] and any overhead associated with the data set [pre-computed
values such as XY — O(m), X'X — O(m’), etc.], and is therefore O(m?) per sub-model. The high

time complexity of this exhaustive calculation points to the need for efficient matrix calculations

if the regression is to be feasible for a large number of predictors.
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4.3 Efficient Calculations

Miller [101] provided an efficient way to calculate the inverse of a sum of matrices. Suppose
that G and H are arbitrary nonsingular square matrices of the same dimension and we seek the
inverse of the matrix G +H, should it too be nonsingular. Miller [101] develops a recursive

algorithm to calculate this inverse based upon a fundamental lemma stating that if H is a matrix
of rankone, then (G + H)™1 = ¢71 — ﬁG‘lHG_l, where g = tr(HG™). If the matrix H is of

rank r>1, then we can write H=E; + E; +... + E,, and therefore G+ H=G + E; + E; + ... + E, where
each E,, 1<ksr, has rank one [56], and iteratively apply the lemma [This decomposition is not
unique]. Finally, Miller [101] shows that there does exist a decomposition such that each of the
‘partial sums’ C,; = G + E; + E, +... + E is nonsingular for k = 1,...,r, ensuring that the lemma can
be applied iteratively. His theorem is reproduced below:

THEOREM: Let G and G +H be nonsingular matrices and let H have positive rank

r. lLetH=E;+E,+... + E. where each E, has rank one and Cy,; =G+ E; + E; + ... +

Ei is nonsingular for k = 1,...,r. Then if C;=G,

Citi = Cit —vCrExCY,  k=1,..,r
Where

1
1+ trCLE,

Uk
In particular
(G+H)t=Ct—v.CEC
Because of the special structure of our regression problem, our ‘H’ matrix is a diagonal

matrix whose entries depend on whether a specific variable will be included or excluded in the

final model. Therefore, the rank one matrix that we are adding is exactly the matrix associated
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with adding one more variable to the current model (or subtracting one variable, depending on

whether you start with the null or a full model). To visualize, think of a full binary tree where

Exclude 1 - No Update Include 1 — Update
Exc. 2 - No Update Inc 2 — Update Exc. 2 - No Update Inc 2 — Update
Exc. 3 Inc. 3 Exc. 3 Inc. 3 Exc. 3 Inc. 3 Exc.3 Inc. 3
100

Figure 4.1 A Visualization of the Recursive EBMA Procedure. Given three possible predictors, the binary
tree shows how to use the initial matrix, represented by ‘--- Null’, to iteratively generate each of the eight
possible sub-models. A ‘0’ represents a specific predictor being excluded, while a ‘1’ represents inclusion by
variable selection. Each level of the tree corresponds to a specific predictor and calculations are performed
only when the ‘Include’ branch is traversed. Since each branch of the tree is independent of its sibling,
EBMA is easily parallelizable.

one branch signifies ‘inclusion’ or ‘1’ while the other branch signifies ‘exclusion’ or ‘0’ and whose
depth equals the number of possible predictors. Figure 4.1 provides a visual aid with three
possible predictors where the root of the tree consists of the null model. Miller’s algorithm
allows us to work through the tree, performing a calculation only when the ‘inclusion’ branch is
traversed (or the ‘exclusion’ branch if you start with the full rather than the null model). Each
leaf on the tree holds the probability of one sub-model. We now have only a single matrix
inverse and matrix determinant to calculate (rather than one for each possible sub-model) with

the iterative procedure providing all additional matrix inversions and determinants necessary.
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This binary tree is identical to the one utilized by the Leaps and Bounds procedure [51], differing

only in the matrix operations (‘Sweep’ versus EBMA) performed at each node.

Theorem: Let L be the number of sub-models under consideration, N be the length of the data
set, and m be the total number of possible predictors. Miller’s algorithm in the context of

variable selection (EBMA) has time complexity O(m? L) and space complexity O(m>)

In the most general setting, L=2". However, restrictions on allowable sub-models, such as a cap
on the number of included components, can reduce this number.

Proof:

Time Complexity: For examples of the complexities of recursion trees, see [32]. The algorithm
can be broken into two parts: Initialization and Recursion. The Recursion can be further
partitioned into three stages: Divide [into a number of sub-problems], Conquer [each of the sub-
problems], and Combine [solutions to the sub-problems]

i Initialization: This step includes all calculations that are independent of sub-model
choice [i.e. (2r)"? or F(UN/Z) — O(N)] or which need to be done only once [i.e. X'Y
used in the calculation of 8% — O(Nm), (X'X)™ and |X"X|Y*- 0(m*37®)]. All operations
are of polynomial order and thus will be dominated by the recursion step.

ii. Recursion

a. Divide: Each internal node of our recursion tree with two children divides
the set of sub-models in half based on whether or not the current predictor
is included or excluded. If excluded, no computation needs to be done and
the values are simply passed to the next level of the tree — O(1). If included,

we need to update our matrix determinant and matrix inverse. In our case,
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the iterative calculations of Miller [101] can be further simplified because

each of the rank one matrices, Ei, has only one nonzero entry (denoted e, =

1

-1
——— whereC
1+C; t(kk)er ! k

the k™ position on the diagonal). Therefore, v, =

(k,k) is the specified position in the matrix ¢ Ck'lEka‘1 reduces to vector
multiplication [e, * k™" column of ¢, *k row of CY]. Thus, after the initial

matrix inversion and matrix determinant calculation at the root of the tree,
each subsequent matrix inverse is an O(m?) multiplication and an O(m°)

matrix addition, while the matrix determinant is simply an O(1)

1

V1V3..Vp

multiplication of constants [det C,,1 = detC; ]. In total, the divide

step is O(m°)
b. Conquer: The set of sub-models under consideration is continually divided

in half until we reach the leaves of the recursion tree. Here, we need to

(P?e) @ik
(SN/Z)vn/z IXTXx+ IAmll/Z.

compute f(Y |4,,) « The numerator is O(m), the

determinant has already been calculated, and so it remains only to compute
B* = (XTX +1, ) XTY and then sy = (¥ — XB")T (Y — XB") +
,B*TIAmﬁ* + vo0Z . The matrix inverse and XY have already been
computed so 8* is O(m?), while sy is O(m?) + O(m) + O(1) = O(m?). In total,
the conquer step is O(m°)
c. Combine: The cost of combining the sub-problems is O(1) if once calculated,
the probabilities of each-sub-model are stored in memory.
To find the overall time complexity of the Recursion step, we can add the time spent at
each level of the tree. Each internal node is both a Divide and a Combine step. For a tree with L

leaves, there are L-1 internal nodes with two children, a total of O(mZL). Each leaf on the tree is
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a Conquer step. Thus, computation of all leaves costs O(m®L). In total, the recursion costs
O(m’L) + O(m’L) = O(m®L). Since the Initialization is of polynomial order, the entire algorithm
has time complexity O(m°L). Alternatively, if L=2", define T(n) to be the time complexity of a
problem of size n and define the recurrence:

2T(2™" 1) + 0(m?) n>0

T2M) = { O(mz) n=20,i.e.T(1)

Solving the recurrence for T(2™) gives the desired result.

Space Complexity: At Initialization, we create several O(1) variables, the vector X'Y [O(m)], as
well as the initial matrix [O0(m?)] whose inverse [O(m?)] and determinant [O(1)] are calculated. In
total, O(m?). Performing a depth-first traversal of the tree requires the storage of one matrix
O(m’), the value of the determinant O(1), and a vector recording the inclusion/exclusion status
of the variables O(m) at each level. Temporary variables involved in the updating of the matrix
inverse and determinant are maximally O(m). Since the depth of the tree is m, the space
requirement of ‘divide’ is O(m?) + O(m) + O(m?) + O(m) = O(m>). At each leaf, calculation of
f(Y|A,) requires the temporary creation of the O(m) vector 8*. By writing to disk f(Y/A,,) once
computed for each sub-model, the total space complexity for ‘conquer’ is O(m). ‘Combine’
requires no space. Thus, the overall space complexity for initialization and recursion is

o(m?)+0(m’) +O(m)= O(m’>). m

4.4 Simulation Study and Comparison to Existing Methods

To illustrate our algorithm, we have created a simulation that displays the improvement in
speed of the recursion versus a brute force calculation. In addition, we use the well-studied

Crime and Punishment data set [41, 42, 145] to characterize its compatibility with other models.
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In all cases, EBMA was run on Matlab 2008b on a laptop with an Intel® Core™2 Duo CPU
2.26GHz processor with 2 GB of RAM. For this first example, we choose the parameters of the

variable selection algorithm as: p; = p. [all sub-models equally likely] and k; =0.01, k.=100 which

g43.
is equivalent to the parameter setting (%, ci) = (10,100) in [52].
L

4.4.1 Improvements in Speed over Brute Force Regression — A Simulation:

To evaluate the efficiency of the recursion to brute force methods, we compared the amount of
time required to enumerate and calculate the probability of all possible sub-models using EBMA
and one without the matrix speed-up. The simulation involves a progression from m=12 to 26
potential predictors using N=200 observations, yielding L=2"* to 2%° possible sub-models.
Predictors are obtained as independent standard normal vectors X,..., X5 iid ~N,p0(0,1) so that
they are essentially uncorrelated. In all cases, the dependent variable, Y, was generated
according to the model

Y=10X; — 12X, — 7X3+ 5X, + 2X5 — X¢ + ¢

where & ~ N, (0, 5%1) with o= 2. As shown in Table 4.1, the advantage of EBMA grows with

# Variables Brute Force EBMA Fold Reduction
12 0.64 0.31 2.06
14 3.11 1.22 2.55
16 14.54 5.00 291
18 70.44 20.60 3.42
20 325.94 84.99 3.84
22 1531.05 347.85 4.40
24 6918.71 1419.45 4.87
26 34260.74 5921.75 5.79

Table 4.1 Improvement in Speed of EBMA over Brute Force Enumeration. Time (in seconds)
required to enumerate and calculate the probability of all possible sub-models by brute force
(Column 1), or via the recursive algorithm (Column 2). The fold reduction in time of Column 3
compares the timing EBMA to brute force regression. The posterior distributions are identical for
the two methods.
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the number of variables, resulting in an almost 6-fold reduction in time when 26 variables are
considered. Both types of calculations yield an identical posterior distribution on the sub-
models.

Suppose that you had a very large number of predictors (>100), but suspected that a
smaller number of the predictors were significant. Taking advantage of the recursion, we can
eliminate from consideration any sub-model whose number of included variables exceeds some
threshold (kmq). In doing so, entire branches of the binary tree are pruned, reducing L from

exponential to ZZZ‘T‘ (k) ~ 0(m¥max) | To simulate this type of analysis, we will assume that

we have N=250 observations and a progression of m= 50 to 250 predictors. We ‘expect’ that 3
or fewer predictors are significant. Again, predictors are represented as independent standard
normal vectors Xj,..., Xz50 iid ~N,50(0,1) so that they are essentially uncorrelated. The dependant
variable, Y, is generated according to the model

Y = 5Xi; — 6Xp9+3X4, + €
Where & ~ N»50(0,021) with 0 = 2. As Figure 4.2 shows, the advantage of EBMA increases
rapidly with the number of candidate variables, m, and shows an almost 9-fold reduction in time

with 250 candidate variables over a brute force approach.
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Large Scale Regression
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100000
80000

Time (sec) 60000
40000 M Brute Force
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Figure 4.2: Simulation of a Large-Scale Regression. Given a large number of predictors, the
simulation assumes that only a small number of predictors are significant. Here, we consider all
possible interactions of three or fewer variables for a given number of predictors (m). Shown is
the amount of time (in seconds) required to compute the probability of all possible sub-models
that have three or fewer interacting predictors both by brute force and through the recursion
given a data set of size N = 250.

4.4.2 Comparison to MCMC Approaches — The Crime and Punishment

Data Set

Traditionally, crime was characterized by deviant behavior that was linked to the offender’s
presumed unigue motivation, albeit psychological, social, or family circumstances (For an
overview, see [139]). In the late 1960s and early 1970s, this paradigm changed and investigators
instead sought to examine the relationship between crime and various measureable quantities
such as juvenile delinquency, variations in income and unemployment conditions [50] and the
probability and severity of punishment ([41] and references therein). Becker [6] and Stegler
[138] argued for an ‘economics of crime’ - the decision to engage in criminal activity was a
rational choice determined by the costs and benefits relative to other (legitimate) opportunities.
If criminal activity was the outcome of a rational economic decision, then the probability of

punishment should act as a deterrent. Ehrlich [41] developed a theory of the participation in
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illegitimate activities, specified it mathematically, and tested it against empirical data obtained
in 1960 from 47 states (excluding Hawaii, Alaska, and New Jersey). Errors in Ehrlich’s [41]
empirical analysis were corrected by Vandaele [145] whose data is used here. No attempt is
made to consider the merits of Ehrlich’s theory. This data set is used only to compare the
results of our variable selection algorithm to that of Raftery et al. [118] and Fernandez et al. [48]

who also used this data for illustrative purposes.

Predictor Predictor k=0.01, | k=0.09, | R97 FO1 | Ehrilch's
Number k=100 k.=100 Models
1 Percentage of males age 14-24 42 75 79 86 *
2 Indicator variable for southern state 4 12 17 22
3 Mean years of schooling 71 95 98 99
4 Police Expenditure in 1960 66 71 72 67
5 Police Expenditure in 1959 42 49 50 42
6 Labor Force Participation Rate 3 7 6 15 *
7 Number of Males per 1000 Females 4 8 7 15
8 State Population 7 19 23 33
9 Number of Nonwhites per 1000 People 21 60 62 69 * *
10 Unemployment rate Urban Males, age 14-24 3 10 11 20 *
11 Unemployment rate Urban Males, age 35-39 11 36 45 60
12 Wealth 13 30 30 31 * *
13 Income Inequality 99 100 100 | 100 | * *
14 Probability of Imprisonment 36 75 83 91 * *
15 Average Time Served in State Prisons 4 18 22 33 * *

Table 4.2: The Crime and Punishment Data Set. The marginal probability (x100) of including each of the 15 possible
regressors in the prediction of the 1960 crime rate across 47 states using two different parameter settings for EBMA,
k=0.01, k.=100 and k=0.09, k,=100. Results are compared to the analysis of Raftery et al [118] [denoted R97],
Fernandez et al [48] [denoted FO1], and the models hypothesized by Ehrlich [41].

The model that we consider is the basic regression model given above, with the
dependent variable, Y, representing the per capita crime rate. The fifteen possible predictors
are shown in Table 4.2. As in the original analysis, all data were log transformed except for the
indicator variable for southern states. Given the 15 predictors, there are a total of 2*° = 32,768

possible sub-models to explore.
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Rank: Posterior Model Probability (%), k=0.01, k,=100

1 6.89 3|4 13
2 6.87 1 3|4 13
3 5.82 4 13
4 391 3 5 13
5 3.83 5 13
6 3.05 1 314 13 14
7 2.84 3|4 13 14
8 2.38 3 5 13 14
9 2.38 1 3 5 13
10 2.30 3|4 9 13 14

R97, FO1 0.40 1 314 9 11 13 14
E1l 2.50E-08 1 6 9|10 12 13 14 | 15
E2 5.40E-06 9 12 13 14 | 15

Rank: Posterior Model Probability (%) k;=0.09, k.=100

1 2.95 1 3|4 9 13 14
2 2.20 1 3|4 9 11 13 14
3 1.89 1 3|4 13 14
4 1.57 314 9 13 14
5 1.54 1 3|4 11 13 14
6 1.53 1 3 5 9 13 14
7 1.48 1 314 13
8 1.41 1 3|4 9 13 14 | 15
9 1.24 1 3 5 9 11 13 14
10 1.23 1 3|4 9 12 13 14

R97, FO1 2.20 1 3|4 9 11 13 14
El 4.81E-07 1 6 9|10 12 13 14 | 15
E2 1.20E-05 9 12 13 14 | 15

Table 4.3: MAP estimates of the Crime and Punishment Data Set. The top 10 sub-models in terms of their
posterior probability (x100) as determined by EBMA under two different parameter settings. For

comparison purposes, the top sub-model of Raftery et al [118] [denoted R97] and Fernandez et al [48]

[denoted FO1], as well as the models hypothesized by Ehrlich [41] [denoted E1, E2], have also been

included.

The results of the Crime Data analysis using EBMA are shown in Tables 4.2 and 4.3.
Table 4.2 displays the marginal probability of a given regressor being selected for inclusion while
Table 4.3 shows the top performing sub-models. As George and McCulloch [52] demonstrate,

altering the parameters of the prior distribution associated with inclusion and exclusion places

more or less focus on the variables most strongly associated with the response. When
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comparing these results to previous analyses on the Crime Data set [48, 118], we find that

setting the parameters for prior distribution on 8 to values used by George and McCulloch [52]
gg.
[k;=0.01, k.=100 equivalent to (%, ci) = (10,100)] push the algorithm to be conservative in its
L
selection for inclusion. Changing these parameters to, for example, k; =0.09, k.=100 [equivalent

to (%, ci) = (10,100/3)] makes the algorithm less conservative in its selections and provides

results more akin to those obtained by both Raftery et al [118] and Fernandez et al [48] [Table
4.2]. In the latter case, the top sub-model of Raftery et al [118] and Fernandez et al (2001a) has
the second largest posterior probability while both of Ehrlich’s [41] models fail to garner much
support [Table 4.3]. Perhaps the most interesting feature is that the entire variable selection
algorithm takes a mere ~1.4 seconds to compute all 2*° possible sub-models, far outperforming
the MCMC approach of Fernandez et al [48] [80 seconds], even after consideration for advances
made in computing over the last several years. However, one must keep in mind that the time
required for MCMC approaches depends on the threshold of tolerance set for the algorithm

which will affect the length of the chain.

4.4.3: Comparison to BMA - The Crime and Punishment Data Set

The Leaps and Bounds procedure [51] employed by BMA uses a tree structure that is identical to
the binary tree described in Section 4.3, differing only by the specific ordering of the variables by
Leaps and Bounds, which alters the traversal order. The Leaps and Bounds algorithm creates
two trees which are traversed in tandem. The root of one tree is the full model while the root of
the other tree is the null model. In an attempt to cluster ‘good’ models near the roots of the
trees and find the optimal sub-models of each size as quickly as possible, the variables are

ordered by their individual fit to the data. The ‘good’ models provide sharper bounds for the
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algorithm and the quicker that they are found, the more of the sample space that can be
truncated by the branch and bound technique.

The move from one sub-model to the next in Leaps and Bounds technique is
accomplished via matrix ‘sweep’ operation akin to Gaussian elimination [51]. The ‘sweep’
operation, like EBMA, uses one sub-model to quickly derive another and like EBMA, is O(m?).
Additionally, since the ‘sweep’ operation is completed once for each possible sub-model, it will
be done an equivalent number of times as the EBMA posterior probability calculation if the
same truncation rules are applied to both procedures. ‘Sweeping’ can be used to produce a
matrix inverse (XTX)™1, as well as the quantities B* and (Y — XB*)T (Y — X*) needed for least
squares regression [quantities utilized by the BMA procedure [117] ]. Replacing the ‘sweep’

operation with the O(m?) EBMA algorithm described above provides all of the necessary
-1
components of the probabilistic calculation, including the matrix inverse (XTX + IAm) and the

matrix determinant |[X7X + IAm|1/2 without increasing the theoretical time complexity.

Leaps and Bounds returns the sum of squared error for each sub-model that it analyzes.
BMA converts this squared error to a BIC statistic which approximates the probability of the
remaining sub-models given the data. Given the squared error, calculation of the BIC statistic
requires a constant number of operations [two logarithms and three O(1) additions and
multiplications]. On the other hand, once the EBMA matrix operations are complete, two O(m)
vector multiplications and a constant number of other operations [two logarithms, and fewer
than a dozen O(1) additions and multiplications, depending on how parameter values are stored
in memory] need to be computed to obtain the exact posterior probability. Thus, when same
elimination rules are employed, only a small difference in the constants exists between the two

procedures.
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For example, in a direct comparison on the Crime and Punishment data set, the ratio of
the compute time for EBMA to BMA was ~1.5:1, implying that the cost of an exact answer is
minimal. Furthermore, these calculations were less than 25% of the total run time of Leaps and
Bounds. These specific results are of course dependent on the computer and programming
language used, and the efficiency of the written code. Since our exact probabilistic calculation
can be done in nearly the same amount of time as the BIC approximation, an approximation of
the posterior probability is no longer necessary for a method that has been shown to work for
very large problems [43, 155].

Given the set of sub-models produced by the Leaps and Bounds algorithm on the Crime
and Punishment data set [117], a further truncation of the sample space is done by BMA based
on the BIC statistic. Symmetric Occam’s Window eliminates all sub-models that are much less
likely than the most likely sub-model, by default 20 times less likely. Strict Occam’s Window
further reduces the set of models by eliminating all sub-models with more likely sub-models
nested within them. The Symmetric Occam’s Window leaves 51 possible sub-models covering
~31% of the posterior space, while the Strict Occam’s Window leaves 14 possible sub-models
covering ~19% of the posterior space for the Crime and Punishment data set [117]. Table 4.4
compares the BIC approximation of the probability of each sub-model left by Strict Occam’s
Window to their true posterior probabilities, normalized by the sum of these 14 sub-models.
Table 4.4 also provides the probabilistic ranking of each of the sub-models according to the BMA
procedure and the posterior probabilities from EBMA. As shown in the table, the model ranks
based on BMA do not correspond well with ranks based on exact posterior probabilities as only
two have the same rank. Furthermore, the model with the highest posterior probability has
BMA rank #9, while the model ranked highest by BMA is ranked #16 based on posterior

probability.
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BMA Models BIC BIC Exact True
Rank Score | Prob Prob. Rank
1 1 3|4 9 11 13 | 14 | 15 | -55.9 24.0 5.2 16
2 1 3|14 9 11 13 | 14 -55.4 18.3 11.7 2
3 1 3 5 9 11 13 | 14 -54.4 11.3 6.6 9
4 1 3|4 9 13 | 14 | 15 | -53.8 8.3 7.5 8
5 1 3|14 11 13 | 14 -53.6 7.7 8.2 5
6 1 3|4 819 13 | 14 -53.1 5.8 4.5 20
7 1 3 5 11 13 | 14 -52.7 4.9 4.9 17
8 3|4 819 13 | 14 -52.4 4.2 5.7 14
9 1 3|4 9 13 | 14 -52.4 4.2 15.6 1
10 1 3 5 9 13 | 14 | 15 | -51.5 2.7 2.5 43
11 3 5 819 13 | 14 -51.3 2.4 3.1 31

12 1 3 5 9 13 | 14 -51.2 2.3 8.1 6

13 1 3|4 11 13 -50.9 2.0 6.4 11

14 1 3|14 13 | 14 -50.9 1.9 10.0 3
Variables

1 2 3 4 5 6 |7 8 9 10 11 12 13 14 15

93 0 100 | 76 | 24 |0 | 0| 12 | 84 0 68 0 100 | 98 | 35 BIC PMP

91 0 100 75 25 | 0| 0| 13 71 0 43 0 100 94 15 | Exact PMP

75 | 12 95 71 | 49 |7 (8| 19 | 60 10 | 36 | 30 | 100 | 83 | 22 | True PMP

Table 4.4: Comparison to BMA. Each row of the table represents one of the 14 (corrected) sub-models
selected by Strict Occam’s Window with its corresponding BIC score and BIC Probability, normalized to only
the 14 models shown above [117]. The Exact Probability column gives the probability of the data using
EBMA, again normalized to only the 14 models shown above [which account for only ~19% of the posterior
probability space]. The True Rank column shows the overall probabilistic rank of the given sub-model from
the true distribution when the exact probabilities are calculated on the entire sample space. This column
can be compared to the first, which gives the rank of the sub-models according to the BMA procedure. The
last three rows of the table give the marginal probability of each variable being selected for inclusion [PMP
= Posterior Model Probability]. The ‘True PMP’ is taken from the analysis done for Table 4.3. All
probabilities have been multiplied by 100.

4.5 Discussion and Conclusions:

EBMA provides an exact representation of the posterior space of all possible sub-models via an
efficient exact calculation when the number of models is not too large. The algorithm was
tested not only on the publicly available Crime and Punishment data set [145], but using
simulations as well. The simulation studies showed a significant and increasing reduction in
time as the number of predictors grew [Table 4.1, Figure 4.2]. While no claim can be made

about the ‘correct’ sub-model for the Crime and Punishment data, our algorithm was able to
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duplicate the results found in Raftery et al [118] and Fernandez et al [48]. Although not
discussed in this context, this method could also make a MCMC approach more efficient by
traversing the probability space through models that are ‘neighbors’ as defined in [118].

There are three circumstances in which EBMA may be used to advantage. 1) Any
application in which BMA or IBMA has been or could be used to advantage; 2) Problems
involving a large number of regression analyses. For example, in change point analysis [3, 88,
129], variable selection is required on every possible substring of the data. In this case, the
reduction in compute time can be realized for each of the N(N+1)/2 substring calculations that
need to be performed on a set of data of length N; 3) Problems involving very large numbers of
predictors, in which there is interest in examining posterior distributions for all pairs or all
triples, such as in genome studies where epitasis plays a role in phenotype or disease risk. To
address the practicality of this application, we simulated a moderate sized problem and project
this to the very large size problem that could be run on current parallel computing systems.

Since, any internal node of the binary tree [Figure 4.1] can have its independent
‘include’ and ‘exclude’ branches computed separately, this algorithm is readily amenable to
parallelization. Thus, when parallel systems are available, the number of models that can be
included in exact posterior probability calculations increases nearly linearly with the number of
available processors. Setting a hard limit on the number of variables selected for inclusion in an
exhaustive search can reduce the time complexity from exponential to polynomial, and thus
posterior distributions can be obtained for all permitted models. With current large scale
parallel computing systems, EBMA could easily be employed to find the posterior distribution
over all combinations of 3 predictors selected from several hundred to a thousand candidate
predictors [Figure 4.2]. Computing all pairs of candidate predictors can be completed even

faster or for larger problems (~10K candidate variables) since there are fewer to compute. We
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encountered no numerical difficulties as our results consistently matched brute force methods.
However, it is possible that numerical difficulties specific to this approach may arise in other
applications, but we expect that these are unlikely. While we believe that our projection from
moderate sized problems to very large problem is reasonable, practical problems could arise in
the implementation of this approach on parallel computing systems.

This procedure, like all others, becomes overwhelmed by the exponentially increasing
number of sub-models when all combinations of candidate predictors are considered. Thus, a
preliminary screening procedure is required. Since EBMA employs the same tree configuration
as the ‘sweep’ procedure of Leaps and Bounds and because it has the same time complexity,
O(m’), exact posteriors can be employed in a Leaps and Bounds based screening procedure
with little addition to the computational load. In this setting, our procedure provides a way to
efficiently calculate the posterior probabilities of the models selected by the screening step up
to the unknown normalizing constant and thus a means to rank the selected models according
to their posterior probabilities. Additionally, since BMA (specifically, IBMA which repeatedly
uses BMA) has been shown to work for very large problems, EBMA’s improvement to this
algorithm will therefore also applicable to problems of this size without a substantial difference
in time. Of course, since the posterior space is truncated, EBMA will give posterior probabilities
only for the remaining portions of the model space.

In Table 4.4, we report differences between BMA and EBMA for the 14 models left after
the BMA screening procedure. As these results show, BIC ranks these 14 models in a very
different order than the posterior probabilities obtained by EBMA. One possible explanation is
that the BIC approximation [117] is based upon a convergence result - an approximation that

improves as the number of observations increases relative to the number of predictors.
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Alternatively, as with all Bayesian procedures, the posterior distribution is dependent on
the prior models and their parameter settings. Thus, the differences in the BMA and EBMA
probabilistic rankings may stem from the differences in their prior models. The prior model
assumptions of BIC are implicit, and as pointed out by Chen and Chen [23] they can be quite
unreasonable. Specifically, the constant prior behind BIC amounts to assigning probabilities for
classes of sub-models that are proportional to their sizes. Accordingly, the prior increases
almost exponentially in class size. “This is obviously unreasonable, being strongly against the
principle of parsimony [23].”

As indicated by George and McCulloch [52], altering the parameters for the ‘spike’ and
the ‘slab’ can change the set of sub-models with high posterior probability, a result echoed for
EBMA by the Crime and Punishment example. Specifically, EBMA is an algorithm in the
shrinkage family of variable selection models and in each of these models, the investigator can
tune the degree of shrinkage. Thus, the use of this approach requires an investigator to select a
range of parameter values near zero that are too small to be on “interest”, just as an
investigator is required to set the level of type | error that merits further study. For EBMA, the
larger the difference between the values of k. and k;, the larger the ‘penalty’ will be for including
an additional variable in the model. Further study is required to fully understand the impact of
these settings.

One important argument for the ‘shrinkage’ approach is based on the reasoning of Efron
[39] who argues for the use of the terms ‘interesting’ and ‘uninteresting’ rather than describing
variables in terms of their statistical significance. An investigator may be uninterested either
because the discovery of such small differences would be of no practical value or because such
small differences could too easily be the result for artifacts such as unobserved confounding or

unexpected correlation [39]. Variables that fall in the ‘uninteresting’ category have their
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coefficients close to zero, so that even if they are statistically significant, their effect is too small
to be of interest.

We found that Miller’s [101] algorithm is well suited to increase the efficiency of
variable selection procedures since addition or deletion of a variable is equivalent to adding a
rank one matrix, circumventing the most computationally intensive calculations — matrix
inversions and determinants. Using the EBMA algorithm, the number of models amenable to

exact posterior calculations can now be extended.
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Chapter 5

Combining the Bayesian Change Point Algorithm

with Variable Selection

5.1: Introduction

The Bayesian Change Point algorithm addresses many of the shortcomings associated with the
Least Squares Change Point algorithm. Specifically, a method to address the uncertainty
inherent to the inference is now available as the ensemble of sampled solutions can give an
indication as to the shape of the posterior space. In the least squares setting, choosing the
optimal number of change points is a known hard problem. This difficulty has been replaced by
a posterior distribution on the number of change points. Additionally, sampling from the
posterior distribution cures the lack of knowledge surrounding the uncertainty in the optimal
placement of the change points.

Combining variable selection with the Bayesian Change Point Algorithm further
increases the flexibility in statistical modeling. By allowing variables to be added or deleted as
suggested by the data, a more realistic model of the underlying phenomenon can be obtained,
especially at the boundaries of two regimes. The key to a reasonable run time for this approach
lies in an economical variable selection procedure. The recursive nature of the EBMA procedure
from Chapter 4 significantly reduces the compute time of the algorithm by efficiently computing
the parameters of one sub-model from another.

While this chapter focuses on a regression model that uses sinusoidal functions, the

examples from the preceding two chapters show that neither the Bayesian Change Point
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algorithm nor EBMA are restricted to these functions. The combined approach can also be
adapted to more complex model functions so long as the density function for the residual error
can be calculated in every sub-interval for each of the allowable sub-models. Thus, a wide range

of possible applications exist.

5.2: The Bayesian Change Point and Variable Selection Algorithm

Recall from Chapter 3 that the initial step of the Bayesian Change Point algorithm is to calculate
the probability density of the data f(Y;; /X )for a fixed subset of the regressors, X, and for each
possible sub-interval of the time series, Y;;, with 1< <j < N, where N is the total number of
observations. Our regression model assumed that the error terms, €, are independent, mean
zero, normally distributed random variables. Therefore, the likelihood function is f(Y | 8, ¢ X) ~
N(X8, 6°1), where | is the identity matrix. Conjugate priors were chosen for the prior
distributions on the vector of amplitudes, 8, and the error variance, o Specifically, 8 is
multivariate normal [B8 ~ N(0, 0°/ko) 1, and 6% ~ Scaled — Inverse x? (vo, 63) , Where kyis a
scale parameter relating the variance of the regression coefficients to the residual variance,
while v, and g,” act as pseudo data points. Thus, the marginal probability of the data was:
F(Yi1%) = [ £(Yi |8, 0%, X)f (B 162 X) f(a?|X)dB do? . Let n be the number of data
points in a substring, v,=vo+n, B* = (XTX + koD 7*X"Y,.;, s, = (Vi) — Xﬁ*)T(Yi:j —XB*) +

B*Tﬁ* + vy0¢ ), and let m be the number of model components. Integration yielded:

(098 /)2 P(*n ) (ko)™

YL':' = YLX = v
f( ]) f( jl ) F(UO/Z)(Sn/Z) n/2(27'[)n/2 |XTX+ k0]|1/2

The goal was to be able to make inferences from the joint distribution f (Y, S, a?, {C}|1X), where

{C}is a set of change points whose locations are cy=1, cy, ..., Cx, Cks1 = N.
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To relax the assumption of a fixed set of regressors, we carry out a variable selection
procedure for each possible sub-interval. Define A,, to be a vector that indicates the set of
included and excluded variables from the model being considered. Inferences can now be made

from a more general joint distribution

f(¥,B,0%{C}, Am)
k
= [ni=0f(yci:ci+1 |:8' 62' CiCit1, Am)f(ﬁlo-z' CiCi+1'Am)f( 0-2 |Cici+1' Am)f(Am)

* f({C} = ¢, €1 vy Chs Cieg1)

This distribution has the ability to choose a different subset of regressors for each sub-
interval. The large number of sub-intervals that exist for any time series [N(N+1)/2] require an
efficient variable selection procedure in order for the algorithm to be practical. Two distinct
approaches exist: 1) Choose the ‘best’ sub-model for each sub-interval; or 2) Model Averaging
(i.e. EBMA). The latter fits better with a Bayesian approach.

The efficient calculation of the exact posterior distribution on the set of predictor
variables provided by EBMA [Chapter 4] makes the combined Bayesian Change Point and
Variable Selection algorithm feasible. Once the density (probability) of the data has been
calculated for each possible sub-model, A, the choice of sub-model can be marginalized out:
fOY) = Xaua,, fY |Ap) * f(An), where f(A,) is a product Bernoulli on the number of
regressors included in a sub-model, as defined below.

By combining EBMA with the Bayesian Change Point algorithm, the density (probability)
of our data now takes the following form: Let m; be the number of variables included in sub-
model A,, and let m, be the number of excluded variables [m; + m. = m, total number of
variables]. Associated with the included variables is a ‘wide’ prior variance parameter k; and
associated with the excluded variables is a narrow prior variance parameter k.. Let /4, be a

diagonal matrix with either k; or k. on the diagonal corresponding to whether or not a specific
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variable is included in the sub-model being considered. Furthermore, define vy=v,+N,
B =(XTX + IAm)_lXTYi:]-, and sy = (V. — Xﬁ*)T(Yi:j —XB*) + B"Iy, B+ vo0d . Finally,
let p; be the probability of including a variable (‘slab’) and let p. be the probability of excluding a
variable (‘spike’) [p; + p. =1]. The prior distribution on a sub-model, A,, is defined as f(4,,) =
p; ‘pec. Then

f(Yis) = Zawa, JI F 1B, 0% An)f (B 102, A) f(0%) dBda? f(Ap).

Or after integrating:

ek o .
) I (p2ks) "2k >

F(UO/Z)(Zn)n/Z All Ay, (Sn/z)vn/z |XTX + IAmll/Z

f(¥) =

Again, notice how only a determinant, matrix inverse (involved in the calculation of s,), and a
count of the number of included (or excluded) model components needs to be completed for

each sub-model A, as the rest of the terms in the density function are independent of A,,..

This calculation replaces Step 1 of the Bayesian Change Point algorithm: Calculating the
Probability Density of the Data, which is done for each possible substring of the data. The
updated algorithm is outlined below with altered steps indicated by (*):

1. (*)Calculating the Probability Density of the Data f{Y;):

EBMA is used to perform model averaging for each possible sub-string of the data:

k) .
) D (p2ks) 22k 2

F(UO/Z)(Zﬂ)n/Z All Ay (Sn/z)vn/z |XTX + IAm|1/z

f(¥e) =

2. Forward Recursion: As before, let Fi(Y;;) be the density of the data [Y;...Y;] with k change

points. Define Fl(yl:j) = Zv<jf(yl:v)f(yv+1:j) and Fk(Yl:j) = Zv<j Fk—l(ylzv)f(yv+1:j)

3. Stochastic Backtrace:
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3.1.

Not only can we draw samples to evaluate the uncertainty in the number of change points,
their locations, and the parameters of the regression model, but we can also now sample to
assess the uncertainty of including a given variable in each sub-interval of the data.

To have a completely defined partition function (or normalization constant), f(Yi.n),
two additional quantities will need to be specified as previously done: 1) a prior distribution
on the number of change points, f(K=k); and 2) a prior distribution on the locations of the
change points, f(cy, ¢y, ... ¢k | K=k). i.e.

kmax

FO) = Y ) fn 1K =k 6y i)« (K = 6y 1)

k=0 cy..ck
The inner summation is exactly the quantity calculated on the forward step of the recursion.
As for f(K=k, c,, ..., ci), a priori, we place half the probability mass on zero change points
[f(K=0) = 0.5] and assume a uniform prior on a positive number of change points, [f(K=k) =
0.5/(kmaox +1), Where ko is the maximal number of allowed change points]. Additionally, we

assume that all change point solutions with exactly k change points are equally likely, i.e.

flcy, o cklK =k) = 1/(N)' This last assumption is a combinatorial prior that directly
k

accounts for the greater number of solutions as the number of change points increases.

Together, f(K=0) = 0.5 and for k>0, f (K =k, cq, ..., cx) = 05 n). Since this prior

(kmax+1) (j;
distribution is uniform, it does not have to be included in the Forward Recursion, but can
instead be factored out and multiplied in at this point. However, use of a non-uniform prior
must be built in to the Forward Recursion step

Sample a Number of Change Points:

The Forward Recursion calculates the density of the entire data set, Y;.n, given k change

points, Fi,(Y;.xy) = f(Y1.y |[K = k). Using Bayes Rule, a posterior distribution on the
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3.2.

3.3.

3.4.

number of change points given the data can be derived:

FOK = k|Yyy) = Zeunf (C;&;Ck';“")f K=B) with f{Yy.) defined as above.
1:N

Sample the Locations of the Change Points:
Additionally, Bayes Rule can be used to assess the uncertainty related to the exact timing of

a change. Let .1 = ty, the last data point. Then for k=K, k-1, ..., 1,

Fk—l(lev)f(Yv+1:ck+1)

Zve[k—l,ck_,_l) Fk—1(Y1:v)f(Yv+1:ck+1)

Cr~

(*)Sample a Sub-Model for the Interval Between adjacent Change Points:
Samples are drawn from the posterior distribution on the set of possible sub-models given

the data

Yck:ck“ ! Z'Am | 2'Am 2)dBdo? Am
f(Aml Yercr,,) = I 1( |B.o );((YB -a ) ) f(c2)dBdo? f(Ay)

Sample the Regression Parameters for the Interval Between Adjacent Change Points:

Let n = cx+1 — ¢ +1, the number of data points in the sub-interval and let §* = (XTX +

-1 * T * «T *
IAm) XTYCk=Ck+1' SN = (Yckick+1 —XB ) (YCk:Ck+1 —XB ) + B IAmﬁ + vOO_g ,and v, =
vo +n. Using Bayes Rule one final time, we find that f(B|a?) ~ N(B*, (XTX +

IAm)_lo'Z) and f(O'Z) ~ Scaled — Inverse XZ( v, Sn/vn)

5.3: Proof of Concept: A Simulation Study

Suppose that there are 10 possible predictors X,...,X;0, corresponding to sinusoids of periods 20,

30, 40, 50, 60, 70, 80, 100, 150, and 200, respectively. The dependent variable, Y, will consist of

1000 observations randomly generated in the following manner:

1)

2)

Select 3-8 change points ~U(3,8)

Choose the locations of these change points ~U(1,1000)
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3) Select 2-5 predictors to include in each sub-interval ~U(2,5)
4) Generate the regression coefficients for each of the included predictors ~ N(0,2)
5) Add White Noise at three different levels *N(0,1), N(O, 1.5), and N(0,2)
Using Matlab R2008b’s built-in random number generator, the following data set was built:
Yi49 = 0.4076X, — 2.4401X3
Ys0.362 = —0.062X5 + 1.3588X, — 2.0968X,
Y363.489 = 0.4495X; — 0.8996X: — 0.7212X, — 1.8691X,
Yi00:614 = 1.6361X; + 1.504Xg + 0.9344X,,
Y615:1000 = _02275X1 - 05789X2 - 12659X4 + 05789X10

The Bayesian Change Point and Variable Selection algorithm was run with the following

parameter settings: p; = 0.5, p.=0.5, all sub-models equally likely; v, = 4, s, =0.25, and (k; k.) =

(0.01, 100) which is equivalent to the parameter setting (%, ci) = (10,100) in [52].
i

The Mumber of Times Each Yariable was Selected at Each Data Point
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Figure 5.1: Heat Map of Simulation. A heat map indicating the number of times out of the 500
sampled solutions that each variable was selected for inclusion at each data point of the
simulation.

Five Hundred samples were drawn from the posterior distribution. The results for a
white noise level of 1.0 are shown in Figures 5.1-5.3. The posterior probability of selecting the
proper number of change points, 4, was over 99% for white noise levels 1.0 and 1.5, and over

95% for a white noise level of 2.0. Figure 5.1 is a heat map displaying the number of times that
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each variable was selected at each data point. As shown in Figure 5.1, the algorithm is
conservative in its selection of variables. Variables with small regression coefficients (i.e. Xs in
Ys0.362) Were overwhelmed by the noise in the system and thus not selected by the algorithm. As
discussed in Chapter 4, changing the parameters k; and k. can alter how conservative the
algorithm is in its selection. Figure 5.2 shows the average sampled coefficient for each variable

Coefficients for Each of the Possible Forcing Functions
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Figure 5.2: Average Coefficients for the Simulation. The average sampled coefficients for each of
the 10 variables at each data point in the simulation.

at each data point. These coefficients match well with their true values. Figure 5.3 shows the
inferred model in conjunction with the simulated data. The location of the sampled change
points is indicated in red at the bottom of the figure. The height of the red ‘spikes’ is indicative
of the number of times a change point was selected (sampled) at that exact location and hence,
the probability of a change point at that location. Tall spikes indicate relative certainty (i.e. high
probability) in the location of a change point whereas wider ‘spikes’ indicate a corresponding
amount of uncertainty in the location of the change point. Because of the large amount of noise
in this simulated data relative to the coefficients of the generating model, the overall R? for a
white noise level of 1.0 is 0.7188. As the level of noise increases, the change point locations

remain accurate, but their distribution becomes more spread out around the true timing of the
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change. Similarly, the number of variables selected in each sub-interval decreases with

increasing levels of noise as variables with small regression coefficients have the uncertainty

surrounding their inclusion grow.

Samulated Data and Inferred Mode!

Simulsted Data |
Inferred Model

Change Poirt Locstiong

Figure 5.3: The Inferred Model. The simulated data set (blue) is plotted together with the model
inferred by the Bayesian Change Point and Variable Selection algorithm (green). The red spikes at
the bottom of the figure indicate the proportion of samples that chose a specific data point as a

change point.

5.4: Application: 6'®0 record of the Plio-Pleistocene

We aim to test several theories of ice sheet formation and destruction through the Bayesian

Change Point and Variable Selection Algorithm. Specifically, we seek to compare the following

theories using sinusoidal approximations to each of the orbital components:

1. A Linear Response to Milankovitch Forcing: Milankovitch forcing is comprised of

precession, obliquity, and eccentricity. Precession is represented by a 23 kyr sinusoid,

Obliquity by sinusoids at 41 and 53 kyr, and eccentricity by a triplet of sinusoids at 95, 124,

and 404 kyr. Each of these frequencies represents the strongest spectral components for

each of the orbital forcing functions [9, 10, 69].

2. Harmonics of Obliquity: The Harmonics (or Bundles) of Obliquity hypothesis [66, 68, 89]

claims that ice sheets terminate with every second or third obliquity cycle after the Mid-
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Pleistocene Transition, whereas ice sheets terminated with every obliquity cycle prior to the
Mid-Pleistocene Transition. Therefore, the second and third obliquity cycles will be
represented by 82 and 123 kyr sinusoids, respectively.

3. Harmonics of Precession: The Harmonics (or Bundles) of Precession hypothesis [124, 126]
claims that ice sheets grow when summer insolation is unusually low for a full precession
cycle and once established, do not last beyond the next increase in summer insolation.
Thus, ice sheets will terminate at the fourth or fifth precession cycle. The Harmonics of
Precession will be represented by sinusoids at 69, 92, and 115 kyr, corresponding to the
third, fourth, and fifth precession cycles, respectively.

4. Orbital Inclination: Muller and MacDonald [105, 106, 107] claim that the narrow spectral
peak of orbital inclination at 100 kyr is a good match to the narrow spectral peak at 100 kyr
in the 6'®0 data. Therefore, we represent the Orbital Inclination hypothesis as a single 100
kyr sinusoid.

Because a regression model is being used for this analysis, each of the models will attempt to

describe the full pattern of variation in the "0 record, rather than describing solely the timing

or frequency of deglaciations as in their original formulations.

Based on these four models, the sinusoids used as input to the algorithm are: 23, 41, 53, 69, 82,
92,95, 100, 115, 123, 124, and 404 kyr. The 123 and 124 kyr sinusoids have frequencies
equivalent to three decimal places. As a result, they will be combined into a single sinusoid for
this analysis. Furthermore, because each of these hypotheses is exclusive of the others, any
sub-models containing sinusoids from two exclusive hypotheses are eliminated from

consideration. For example, an allowed sub-model cannot contain both the second harmonic of
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obliquity and the fourth harmonic of precession or the 100 kyr inclination sinusoid.
Consequently, our 2! possible sub-models are reduced to 144 for each possible sub-interval.
The Bayesian Change Point and Variable Selection algorithm was run with the same
parameter settings as the previous example: k; =0.01 and k. = 100 (a setting suggested by [52]);
Vo = 4 and 0, = 0.25 (described below); and p; = 0.5, p. = 0.5, indicating all sub-models equally
likely. Variations in the values of k, k., p;, and p. affect the probability of a sub-model in a given
sub-interval, but otherwise have little impact on the overall number of change points. However,
the analysis of the 60 proxy record by the Bayesian Change Point and Variable Selection
algorithm is highly sensitive to the choice of parameters for the prior distribution of the error
variance, v, and a,°. These parameters must be chosen carefully to avoid an unbounded
likelihood function. Given a data set with a small variance and a model with a large number of
free parameters (here, 23 coefficients, one for each of the eleven sine and cosine waves and one
constant), the model may be able to fit small segments of the data nearly perfectly under
certain parameter settings. If this happens, the density of the data, f(Y;;), can become
unbounded and many spurious changes points in close proximity to one another will be
observed in the final output. To counteract this phenomenon, penalized likelihood techniques
are often implemented [25, 135]. Since the prior distribution on the error variance is akin to
adding pseudo-data points of a given residual variance, we have chosen to add a small number

of ‘large’ variance points to neutralize spurious change points of this nature. The key to this
V.
choice is to make sure that the product voo,° >1. This ensures that (s,,) n/Z, where s, =
T
(Yck:cH1 - XB*) (YCk:Ck+1 —XB*) + ,B*TIAmB* + vy0¢ acts to shrink, rather than enlarge the
density function f(Y;;), even when the residual variance (which is related to the variance of

substring Y;;) is small. We note that if MAP estimates were being employed by the Bayesian

Change Point and Variable Selection algorithm, the procedure outlined above is equivalent to

106



penalized regression [25, 135]. Additionally, any two change points are required to be the
minimum of 50 kyr or 50 data points apart from each other in order to ensure that enough data
is available to estimate the parameters of the model accurately.

The results of the Bayesian Change Point and Variable Selection analysis on the §'%0
proxy record are shown in Figures 5.4-5.6. Five hundred samples were drawn from the posterior
distribution to give an indication of the shape of posterior space. Figure 5.4 displays the
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Figure 5.4: Posterior distribution on the number of change points for the 5”0 proxy record

posterior distribution on the number of change points. The posterior probability of nine change

points is nearly 0.85, while ten change points are selected 12% of the time. Of the 500 sampled

solutions, Figure 5.5 indicates the number of times that each variable was selected at each data
point. From this figure, a few conclusions can be drawn:

1) The 41 kyr sinusoid representing obliquity is selected at almost every time point in nearly all
of the sampled solutions. In the short interval of time where it is not (135-345ka), the 53 kyr
sinusoid, also representing obliquity, is chosen instead roughly two-thirds of the time.

2) Before the onset of permanent glaciers in the Northern Hemisphere (~2.7Ma), only obliquity

(41kyr sinusoid) is inferred by any of the 500 samples. Additionally, with the exception of
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the 92 kyr sinusoid during 2.0 -2.7Ma, the 41 kyr sinusoid was the only frequency regularly

chosen for the entire period prior to the Mid-Pleistocene Transition.
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Figure 5.5: Heat map for the 5'%0 Proxy Record. A heat map indicating the number of times out
of 500 sampled solutions that each variable was selected for inclusion at each data point.

3) The algorithm does not provide a definitive answer as to which of the models being tested is
superior to the others after the Mid-Pleistocene Transition (0.8-1.2Ma). Obliquity Bundles
are chosen during the transition, while Eccentricity is chosen in one time interval and
Precession Bundles in three others after the Mid-Pleistocene Transition. However, the
Orbital Inclination model (100 kyr) was not chosen in more than 10% of the samples at any

point in time and can therefore be eliminated as a potential ice sheet mechanism.

Figure 5.6 shows the fit of the inferred model (averaged over the 500 samples) to the 6'30
proxy record with the change points locations indicated as red spikes at the bottom of the
figure. The height of these spikes indicates the proportion of samples in which the data point

was chosen as a change point. The width of these spikes is indicative of the uncertainty in the
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timing of a change. Overall, the inferred model was able to account for 85.4% of the variance in

the 60 data.

5.5 Conclusions:

Simulation results (Figures 5.1-5.3) show a highly accurate placement of change points, but a
more conservative approach to variable selection. Of the variables that were chosen, their
inferred coefficients were quite similar to their true values. On the other hand, the
contributions of some variables were overwhelmed by the added noise and therefore the
variables were not selected for inclusion even though they were present, albeit minor, in the
data. In general, a longer the interval between change points (i.e. the more data you have) will

yield more accurate inferences.
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Figure 5.6: The Inferred Model for the 5§20 Proxy Record. The §'20 proxy record (blue) plotted in
conjunction with the model inferred by the Bayesian Change Point and Variable Selection algorithm
(green). The red spikes at the bottom of the figure indicate the proportion of the 500 sampled
solutions where a given data point was chosen as the location of a change point.
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The analysis of the §'0 proxy record shows the omnipresence of Obliquity, but indecisiveness
as to a cause of the recent glacial cycles. However, the algorithm gives strong evidence against
the Orbital Inclination theory. Although no one model is superior to the others, on average,

nine change points fit over 85% of the variance in the data. Further study is needed to find the

true source of change for the Earth’s ice sheets.
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Chapter 6

Summary of Results and Future Directions

6.1: Summary of Results

This dissertation has explored the waxing and waning of the Earth’s ice sheets using highly
flexible statistical models — Least Squares Change Point, Bayesian Change Point, and Bayesian
Variable Selection (EBMA) — each of which uses dynamic programming to navigate through a
very high dimensional solution space.

The first of these models, the Least Squares Change Point algorithm, finds the optimal
placement of a given number of changes points, but lacks an objective way to choose the
appropriate number. In analyzing the 0 proxy record for the single dominant Milankovitch
frequency, we find that the change from 41 kyr to 100 kyr glaciations at the Mid-Pleistocene
Transition occurs ~798ka. An examination of linear combinations of Milankovitch frequencies
reveals that 41 kyr glacial cycles do not disappear at the Mid-Pleistocene Transition, but become
buried under a more dominant 100 kyr glacial signal. This analysis also shows that alternate
hypotheses to Milankovitch Theory, specifically the ‘Harmonics of Obliquity’ theory are able to
fit the data as well if not better than traditional Milankovitch Theory. A more in depth study of
Milankovitch Theory reveals that the Mid-Pleistocene Transition was a time of change from a
forced to a paced glacial system. Moreover, during the period of direct orbital control of the ice
sheets, solar insolation at high latitudes in the winter match the 50 proxy record better than
Milankovitch’s high latitude summer insolation. Several explanations of this phenomena are
proposed, all of which focus on the lack of a precession signal in the proxy record, the main

difference between summer and winter insolaiton.
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The Bayesian Change Point algorithm eliminates the difficult decision of selecting an
appropriate number of change points to analyze faced by the Least Squares Change Point
algorithm. In addition, the algorithm now provides a way to assess uncertainty in the number of
change points, their locations, and the parameters of the regression model. Conjugate priors
are utilized to facilitate the summations and integrations required to calculate the probability of
the data given the model. Using the simplest of models, f(x) = C, we showed how the Bayesian
Change Point algorithm can accurately detect changes in the mean of a continuous random
variable. The algorithm takes a slightly different form for discrete variables, allowing us to test
for a ‘Dishonest Casino’ or other, more general types of discrete applications.

EBMA combines a binary tree with an efficient method for calculating the inverse of a
sum of matrices in order to reduce the computational complexity [from O(m*3”°) to O(m?)] of
calculating the probability of a sub-model given the data. The computational complexity of
EBMA matches that of a dominant approximation technique, the BIC statistic, but can provide
an exact representation of the posterior space. Simulations show a significant reduction in
compute time over brute force methods, while an analysis of the Crime and Punishment data
set illustrates the limitations of the BIC approximation technique. By combining EBMA with a
variable screening procedure, problems with a very large number of predictors can be solved.

Combining the Bayesian Change Point algorithm with Variable Selection is, to the best of
our knowledge, a novel technique. Brute force attempts to solve either of the problems are
impractical. Together, these procedures would be even further out of reach for a brute force
approach. The dynamic programming techniques described here bring this method into the
realm of practicality, allowing us to define a probabilistic model on an enormous solution space.
An analysis of the §'®0 proxy record indicates that before the Mid-Pleistocene Transision,

obliquity stands alone as a forcing function for the Earth’s glacial system. After the Mid-
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Pleistocene Transition, the story is not as clear, as no one theory of ice sheet dynamics

dominates the rest.

6.2 Future Directions

The Change Point and Variable Selection algorithms can be extended in several ways to deal

with various types of models and data sets. We will briefly mention three of these areas.

6.2.1 New Applications of Change Point

The Change Point algorithm is applicable to any set of sequential data in which you can quantify
how well a proposed model matches the data. Here, we have discussed squared error and the
probability of the data as two measures of fitness. Other measures of distance or fitness, such
as Hamming Distance, are also possible. Thus, a large number of data sets can be analyzed using
the change point model. In the past, the Change Point algorithm has been applied to DNA
sequences to look for differences in nucleotide proportions across segments of the genome.
Currently, the Bayesian Change Point algorithm is being used to study actual Copy Number
Variation data sets. A future application of the Change Point algorithm is to study changes in
sea surface temperature through time. Unlike the 50 proxy record, changes in sea surface
temperature are not uniform across the globe. Here, not only will the timing of change points

be sought, but whether or not they are concurrent at different locations on the globe.

6.2.2 More Complex Regression Models

The ability to sum and integrate out all of the parameters of a model is essential to being able to

calculate the partition function efficiently. Any model in which you cannot integrate out all of
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the nuisance parameters, such as one that does not use conjugate priors, will affect your ability
to find an exact representation of the posterior space. Additionally, the Change Point algorithm
does not have a continuity constraint between adjacent segments. Enforcing continuity disrupts
the local nature of the regression parameters being used to fit the data in a given interval. To
circumvent these problems, approximation techniques such as MCMC or Gibbs Sampling
approaches can be introduced to traverse the posterior space, thus expanding the types of

models allowed in a change point analysis.

6.2.3 Expanding Variable Selection

EBMA is limited by the exponentially increasing number of sub-models that comes with an
increasing number of predictors. In this situation, any exhaustive algorithm, no matter how
efficient, will eventually become intractable. Thus, a variable screening procedure must be
developed to be used in conjunction with EBMA for large problems. The Leaps and Bounds
procedure is the most obvious choice, as the tree structure utilized by this branch and bound
procedure matches the tree structure of EBMA. However, the Leaps and Bounds algorithm
truncates the regression tree by eliminating branches that cannot produce the optimal sub-
models of a given size. Truncating a tree optimally, while economical, is not the best way to
approach Bayesian Variable Selection. Alternatively, the decision to truncate a branch of the
regression tree can be made based on the probability of the sub-models that make up that
branch. One possible approach is to sample sub-models from a branch in order to obtain a
quick estimate of the probability mass associated with that branch before making a truncation
decision. While not fully Bayesian, this would at least attempt to account for the entropic effect
of large branches and could prevent the truncation of branches which contain sub-models that

are near-optimal [i.e. sub-models that have nearly equal probabilities to the optimal models]. If
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the algorithm can be scaled to handle a large enough number of predictors, applications in

Genome Wide Association Studies are possible.

6.3 Final Thoughts

| have been asked several times how this study impacts the current debate on global warming.
The 6™0 proxy record indicates that ice sheets have been melting and reforming for millions of
years. | like to tell people that while man is not the sole cause of the Earth’s melting glaciers, we
may be speeding up the process.

Along the same lines, | have also been asked about this model’s ability to make
predictions about the future. As indicated by our study, the Earth’s glacial system is sufficiently
complex that we do not yet have an appropriate way to model its activity; no one theory of ice
sheet variability was shown to be superior to the others. Further study is needed for a better
understanding of ice sheet dynamics. After reminding an audience that data points are spaced
1000 years apart, | tell them that of course the model can make a prediction, but that it is
useless for the current global warming debate, which focuses on a much shorter time scale. On
the other hand, the model’s prediction for the future would not be proven right or wrong until

long after we are gone.
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