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Abstract of “Stratified and steady periodic water waves”

by Samuel Walsh, Ph.D., Brown University, May 2010

This thesis considers two-dimensional stratified water waves propagating under the force
of gravity over an impermeable flat bed and with a free surface. In the absence of surface
tension, it is proved that there exists of a global continuum of classical solutions that are
periodic and traveling. These waves, moreover, can exhibit large density variation, speed,
and amplitude. When the motion is assumed to be driven by capillarity on the surface and
a gravitational force acting on the body of the fluid, it is shown that there exists global
continua of such solutions. In both regimes, this is accomplished by first constructing a
1-parameter family of laminar flow solutions, then applying bifurcation theory methods
to obtain local curves of small amplitude solutions branching from the laminar curve at
an eigenvalue of the linearized problem. Each solution curve is then continued globally
by means of a degree theoretic argument in the spirit of Rabinowitz. We also provide an
alternate global bifurcation theorem via the analytic continuation method of Dancer.

Finally, we consider the question of symmetry for two-dimensional stably stratified
steady periodic gravity water waves with surface profiles monotonic between crests and
troughs. We provide sufficient conditions under which such waves are necessarily symmetric.
We do this by first exploiting some elliptic structure in the governing equations to show
that, in certain size regimes, a maximum principle holds. This then forms the basis for a

method of moving planes argument.



CHAPTER 1

Background

1.1. Equations of motion

In this section we introduce the fundamental equations of motion governing stratified
fluids. The main purpose here is twofold. First, we wish to develop a suitable physical
intuition to motivate the mathematics done in the later chapters. Second, we hope to
convince the reader of the physical validity of our analysis, and inform him of its limitations.
The latter point is not to be overlooked; all of the mathematical results we shall derive are
contingent upon some basic physical assumptions on the underlying system.

That said, this is a mathematical text and so we do wish to not overemphasize non-
mathematical topics. The derivations of the governing equations are therefore left quite
brief, and some topics are, in the interests of maintaing a clean exposition, excised entirely.
In this section we shall also, as a matter of necessity, be forced to temporarily put aside
some mathematical concerns, such as regularity of the quantities under consideration, and
the well-posedness of the derived models. These issues shall be treated with care in the

remainder of the thesis.

1.1.1. The Cauchy Equation. Consider a collection of a single species of particles
inhabiting a smooth region Q2 = Q(¢) C R™ (for the purposes of this section, we shall always
take n = 2 or 3). Then, if p = p(¢,x) > 0 denotes the density of the particles at each point

x € Q(t), the total mass m = m(t) is given by

m(t) := /ﬂ(t) p(t,x) dx.

Conservation of mass can then be formulated as follows:

0=m/(t) = / dgpdx—l—/ pV dS
Q(t) 290(1)

:/ 8tpdx—i—/ pu-nds.
Q) 8(t)
1



Here u = u(t, x) denotes the velocity of the particle at x, while V is the normal velocity, n
the outward unit normal, and dS the surface measure on 0f2. The equality of the last two
lines follows from the observation that, for the particles to remain within the domain ) —
which they must by definition — the outward normal velocity u - n needs to coincide with
the normal velocity of the boundary.

Assuming suitable regularity, the divergence theorem can be applied to the boundary

integral in the last line above, which yields

(1.1.1) /Q[[“)tp—i—v-(pu)] dx = 0,

Observe that the choice of ) was arbitrary, and thus (1.1.1) must hold for any collection
of particles. We are therefore justified in concluding that the integrand above must vanish

point-wise, that is,
(1.1.2) Op+ V- (pu) =0, in Q.

Equation (1.1.2) is referred to as the continuity equation or the mass equation, and is, in
some sense, the most fundamental conservation law governing the fluids we study: mass
conservation shall be assumed, in precisely the form above, in all the physical regimes we
consider. This is in marked contrast to the equations governing the conservation of fluid
particle momentum, which we discuss next.

Again, let Q = Q(t) C R™ be a smooth region consisting of a collection of particles. For
the purposes of exposition, we make the assumption that the motion of the fluid is well
behaved on some time interval [0,7). Denote

Or:= |J (B xw), 09r= ] {t} x99@).
te[0,T) tel0,T)
We may then define the Lagrangian flow map, or particle trajectory, X = X(¢,x) : Qp —

R™, to be the solution of the following differential equation:

X = u(t, X), in Qp,
(1.1.3) V(02) =u-n, on 0Qr,
X|t=0 — LQO) Q|t=0 = QO?

where tq, is identity function on the initial domain €y (which we take to be given.) In-

tuitively, X(¢,x) gives the location of the fluid particle that began at x at time ¢ = 0. It
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follows that the change in momentum for that particle is:

AHlplt, X)u(t, X)] = [(9p) (£, X) + X - (V) (t, X)Jut, X)
+ p(t, X)[(0) (1, X) + X - (Vu) (¢, X)]

(1.1.4) = [(8 + u- V)pu|(t, X),

where u-V := ). u;0,,. The operator appearing in the parenthesis on the right-hand side of
(1.1.4) is referred to as the material or advective derivative associated with the flow. From
the derivation above, it is apparent that physically it indicates the change of a quantity
associated with a particle, as that particle is evolved by the flow. Typically the material
derivative is written D, or D/Dt, but, in order to avoid confusion with the Jacobian, we

instead use the convention

D::({)t—l—u'v.

Newtonian mechanics tells us that the material derivative of the momentum pu should
balance the total force acting on the particle. These forces can be divided into two categories:
body forces, which act on the particle’s center of mass, and stress forces which act on the
surface of the particle. In all of the scenarios that we shall consider in this thesis, the only
body force will be gravity. We therefore introduce the vector g := ge,,, where ¢ is a given,
strictly positive quantity (the gravitational constant), and e, is the vector (0,0, 1) for n = 3,
and (0,1) for n = 2. The body force shall be taken to be —pg (the sign reflecting the choice
of e, as pointing ‘upwards’).

Understanding the stress, t, shall require some additional concepts from continuum
mechanics. As stress is a purely surface phenomenon, we infer that t should depend on
the outward unit normal vector, denote it m. Indeed, since the particular form of the
dependence should be independent of the geometry of the surface (for the infinitesimal
reasoning to have any hope of proving correct), we can discern that the dependence is

linearly through a symmetric second-order tensor T:
t=T n.

This fact is derived in introductory texts of continuum mechanics (cf., e.g., [52]). The

stress acts on the surface, whereas the material derivative of the momentum, and the body

3



force, are all defined in the interior of the fluid domain. Assuming some minimal regular-
ity, we therefore use the divergence theorem to conclude that the point-wise stress force
contribution is given by V - T.

Collecting these observations, we arrive finally at the Cauchy equations

dp+V - (pu) =0,
(1.1.5) in Q.
(O +u-V)(pu) =V T - pg,

This is not yet a complete account of the motion, since boundary conditions are not specified.
We forego this discussion until section 1.1.4.

Nothing we have done up to this point is specific to fluids, and consequently (1.1.5) is
applicable to a wide range of continuous media. Unsurprisingly, therefore, there is significant
advantage to specializing further. This process shall lead us to the Navier—Stokes, and finally
the incompressible Euler equations, which shall monopolize our attention in the bulk of this

work.

1.1.2. The incompressibility condition. One of the first simplifying assumptions
we shall make is that of incompressibility, which is an almost universal practice in the
literature of water waves. However, an almost equally prevalent assumption is that of
irrotationality, which we are quite pointedly avoiding (see section 1.2.2). With that in
mind, some discussion of the appropriateness of the incompressible regime is merited.

From a physical standpoint, incompressibility is the requirement that the total mass of
the fluid is conserved (as opposed to the mass of each individual fluid particle.) Informally,
this behavior is anticipated when working with liquids, but not, e.g., for gasses, in which the
separation of the particles allows for contraction or expansion. A more carefully dimensional
analysis reveals that the relevant physical parameter to consider is the Mach number, which

is defined as the ratio

Uchar
Ma := ,

Usound

where Ug,,, is the characteristic velocity, and Uggung is the speed of sound in the medium.
Supposing that the fluid consists of particles of a single species (we remark on the general
case at the end of section 1.1.3),then the density should depend functionally on the pressure

and temperature. That is, the thermodynamic laws of state suggest

(1.1.6) p=oP,T),
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for some g, where P is the pressure and T is the temperature. To simplify our discussion,
let us treat the simpler case where o = o(P). Taking the material derivative of the state

equation (1.1.6), we obtain

do
1.1.7 Dp = —=Do.
(1.1.7) p=pDe

If we also require the flow to be isentropic, then the quantity do/dP is on the order of the

speed of sound in the medium. A straightforward non-dimensionalization of (1.1.7) gives

the following:

. do - -
Dp = Ma?2—=DP
p a”5DP,

where the * denotes a non-dimensional quantity (cf. [56]). Thus, when Ma < 1, we may

assume that
(1.1.8) Dp=Dp=0.

The above reasoning is not dependent on the flow being isothermal; one need only complete
a similar, though slightly more elaborate, non-dimensionalization to deduce (1.1.9) in the
more general case. We also remark that the formal correctness of (1.1.9) is dependent only
on the order of Ma. In principle, then, one can encounter compressible flows in water and
incompressible flows in air, so long as Uy, is of the appropriate magnitude. In other words,
incompressibility is not a material property and a careful distinction must be made between
incompressible flows and incompressible fluids.

Let us now parse out the mathematical consequences of the incompressibility condition.
First, observe that (1.1.8) in conjunction with the continuity equation (1.1.2) implies im-
mediately that V-u = 0. This is the definition of incompressibility one often encounters in

the mathematical literature, and it is the one we shall adopt:
DErFINITION 1.1.1. A flow u is said to be incompressible provided that
(1.1.9) V-u=0, in Q7.

Equivalently, if X is the Lagrangian flow map associated to u, incompressibility is said to

hold when exponentiation along X is volume preserving, i.e.

(1.1.10) det DX(t,-) =1,  in Q.

[S8



The equivalence of the two statements is a familiar fact from differential geometry, which
we now discuss. In the interests of brevity, we take n = 2. These arguments can be easily
augmented to work in arbitrary dimensions, modulo some additional geometric machinery
(cf., e.g., [24]). Let Q(t) C R? be the domain occupied by the fluid at time ¢ > 0. For the

flow to preserve total volume, we clearly need

\Q(t)|::/ 1dx:/ ldx =1Q(0)],  forall¢>0.
() Q(0)

To understand the above statement more concretely, it is useful to temporarily adopt a
Lagrangian perspective. Let u = (u,v) € R? denote the velocity field. We define the
Lagrangian flow map X as in (1.1.3). To ascertain the total volume of the fluid, we need
only investigate X, since Q(¢) = X(¢,€(0)). In other words, if we informally assume that

X(t,-) is a diffeomorphism (which is valid for ¢ sufficiently small) then

(1)) = / det DX (£, x) dx,
Q(0)

where D denotes the Jacobian in the spatial variables. The flow is therefore incompressible

(in the sense that Lagrangian flow map is volume preserving) whenever
det DX(t,-) =1, in (0), for all t > 0,
Clearly this holds for ¢t = 0 (since X|;—¢ is the identity map on ©(0)). Moreover, we compute

0y det DX = 8, ((0,X1)(9,X2) — (0:X2)(9,X1))
= (1x(X) - VX1)9, X5 + (1,(X) - VX3)0,: X3
— (up(X) - VX2)8, X — (1,(X) - VX1)9, X5
= (ue(X) + vy (X)) ((0:X1)(9yX2) — (0:X2)(9yX1))

= (V- u)(X)(det DX).
Hence, volume is preserved when V - u = 0.

1.1.3. The Navier—Stokes and Euler equations. Viewed in comparison with (1.1.6),
equation (1.1.9) elicits an alternate interpretation of incompressibility, namely that it is pre-
cisely the physical regime in which the density is decoupled from the other thermodynamic
quantities. That is, the thermodynamic equation of state (1.1.6) tying the density to the

pressure and temperature is replaced by (1.1.8), which is a condition relating the density

6



only to the velocity. From a mathematical viewpoint, this is particularly attractive because
it enables us to describe the evolution of the fluid using only the mass and momentum
equations.

Supposing the flow is incompressible, we now hope to take the general equations of
motion (1.1.5) and produce a more convenient theory that is specific to fluids. This en-
tails introducing constitutive laws, which are assumptions on the structure of T that are,
essentially, phenomenologically tailored to the desired medium. With that in mind, we
make the following definition: a fluid is said to be Newtonian provided that its stress ten-
sor T is isotropic and depends linearly on the strain. For Newtownian fluids that are also

incompressible, the stress can be written in component form as follows
Tij = —P(Sij+u6xiuj, fori, j=1,...,n,

where P is the pressure (a scalar quantity), d;; is the Kronecker delta, and p is a material
constant known as the wviscosity (cf., e.g., [56]). The Cauchy equation (1.1.5) and the

incompressibility condition thus become

p(0y +u-V)u=—-VP+ pAu — pg,
(1.1.11) (Or+u-V)p=0, in Qrp.
V-u=0,
Equation (1.1.11) is referred to as the Navier-Stokes equation and is the basic model of
incompressible fluids. Due to its importance, the Navier—Stokes equation has attracted
a phenomenal body of literature, though some important open questions persist (most
famously, global well-posedness.) In this thesis, we are primarily interested in understanding

the behavior of waves in water, where the viscosity p is extremely small. We will therefore

work from a different governing system, the (incompressible) Euler equations:

p(Or+u-V)ju=-VP —gp,
(1.1.12) (Or+u-V)p=0, in Qp.
V-u=0,

Clearly, one obtains (1.1.12) from (1.1.11) by formally taking ; = 0. To be more precise, for

a flow with characteristic velocity Ucpay, density pehar, and length Leya,, define the Reynolds

7



number Re by

Lchar Pchar Uchar
7

Re :=

Then a non-dimensionalization of the momentum equation in (1.1.11) reveals that
. " N A 1.
pO+0-V)i=—-VP+ R—Au - pg.

e

Here * denotes a non-dimensional quantity. Thus the Euler equations are the formal limit
of the Navier-Stokes equations as the Reynolds number approaches infinity. Since yp < 1 in
water, the Euler equation is a suitable model for flows where the Lchar, Pchar, and Uepar are
not extremely large. There is one substantial caveat to this, which involves the behavior
near solid boundaries; see the discussion in section 1.1.4. In the mathematical literature,
confirming that solutions to Navier—Stokes converge (in some sense) to solutions of Euler as
Re — oo is called the vanishing viscosity limit problem, and has been studied by a number
of authors (cf., e.g., [35, 36]).

Remark. The above derivations are valid for fluids where the particles are of a single
species, but some authors suggest that a different argument is required for fluids where the
particles may be of varying species. The distinction between the multi-species and single
species cases does not particularly concern us in this work, however, since they both result
in the same governing equation (1.1.12). The only difference between the two is that, for
heterogeneous fluids, the validity of the incomperssible and inviscid regime is justified not by
the magnitudes of Re and Ma, but instead on an assumption of non-diffusivity. Physically,
this is the requirement that the diffusivity coefficient of the particles must be vanishingly

small, i.e. the time scale for diffusion is substantially longer than that of the flow (cf., e.g.,

[4]).

1.1.4. Conditions on the boundary. Up to this point we have formulated the gov-
erning equations for the particles in the interior of a fluid domain Q = Q(¢); in this section
we consider the complement [€2(¢)]¢ and the boundary 0Q(t).

First let us consider the simplest case where a solid barrier confines the fluid to a fixed
domain. Suppose that there is a portion of the boundary I'Y) ¢ 99 that is immovable and

impermeable. Since the fluid particles cannot penetrate the boundary, we require

(1.1.13) u-n =0, on W for all t > 0,

8



where n : ') — R” is the outward unit normal. For flows governed by Navier-Stokes,
we need an additional requirement because of the second-order operator in the momentum

equation. One candidate is the so-called no-slip condition: for every tangent vector s,
(1.1.14) u-s=0, on T for all t > 0.

For the Euler equation, which are only first-order, we cannot impose (1.1.14) without overde-
termining the system. We say, therefore, that slip is allowed on the boundary for inviscid
flows. This constitutes a significant inconsistency between the two regimes. For example,
suppose that € is the half-space R” , and that the boundary I'M ig a plate that is being
pulled tangentially to the flow. An inviscid fluid will experience no shear force from the
boundary, and is thus completely oblivious to its motion. In contrast, (1.1.14) will produce
vorticity near the boundary that will be diffused by the viscosity throughout the domain.
A less contrived scenario that is of particular interest is that where a wind blowing over a
quiescent body of water. The Navier—Stokes equation predicts that the wind will produce
a shear force on the surface generating wave motion, while the Euler equation is incapable
of modeling this phenomenon.

Next consider the situation where the exterior of the fluid is occupied not by a solid
boundary, but by a second, distinct fluid. The boundary portion I'® () ¢ 9Q(t) \I'™) then
represents a material interface delineating the regions in space inhabited by each species
of fluid. In order for the interface to be maintained (i.e., for the fluids to immiscible), it is

necessary for
(1.1.15) YV =u-n, on T'® for all t > 0,

where V : I‘g? ) — R™ denotes the normal velocity of the boundary, and n : Fg? ) R" is the
outward unit normal. Equation (1.1.15) is known as the kinematic condition. Observe that
the kinematic condition actually encompasses the impermeability condition if we mandate
a priori that V(M) = 0.

When 09Q(t) is locally a graph in a neighborhood of each boundary point, condition
(1.1.15) can be stated more explicitly. For simplicity let n = 2 and suppose that for some

smooth n = n(t, z),

(1.1.16) I ) = {(z,y) e R?: y = n(t, ), x € R}.

9



Then, on I'®)(¢),

(1.1.17) o G ) St

Vit VAR
To compute V, note that the speed of the particle at (x,n(t,x)) is just (0,n:(¢,2)). Hence
the normal velocity is
Mt
V1+n?

Combining the above expression with (1.1.17), (1.1.15) becomes

V:(Oant)'n:

(1.1.18) N+ ung = v, on T® for all t > 0.
It is easy to see that in three-dimensions the analogous condition is
(1.1.19) N + ung + vny = w, on T for all t > 0,

where here n = n(t, z,y). As a consequence of (1.1.13) and (1.1.15), we note that particles
on the boundary must remain on the boundary as the flow evolves. In other words, recalling

the definition of the Lagrangian map X in (1.1.3), we have
00(t) = X(t)(0£2(0)).

Note that in (1.1.16) we have made an implicit assumption that I'® is unbounded in z,
and admits a global parameterization = — (x, n(t,z)). Clearly neither of these restrictions
are necessary: (1.1.18)—(1.1.19) will hold for each local parameterization.

In addition to (1.1.15), there must be some balancing of the pressure forces on the
material interface to prevent the fluids from mixing. The simplest scenario will be that the

pressures are exactly equal, which results in the dynamic boundary condition:
(1.1.20) P=P., onl® forallt>0,

where Py is the pressure of the fluid in [Q2(¢)]¢, which we shall take to be a given quantity.
The dynamic condition proves to be a good physical model when the characteristic length
scale of the boundary is of moderate size. However, at very small length scales, surface

tension will begin to assert itself, and we find instead that
(1.1.21) P =P — ok, on I'® for all ¢ > 0,

where ¢ > 0 is a material constant (the coefficient of surface tension), and x is the mean

curvature of I'2),

10



1.1.5. Steady flows. Steady flows are an important special class of solutions to the
water wave problem. A wave is called steady or traveling provided that, when it is regarded
in a coordinate frame moving with a judiciously chosen fixed velocity, it appears independent
of time. In general, this is thought to be possible due to a dispersive character in the physics.
Steady waves are extremely common in nature, occurring in all manner or media, but there
is an especially strong historical connection to water waves. Indeed, the entire field of study
was initiated by Russell [61] who by chance observed a wave of permanent configuration
traveling along the Glasgow—Edinburgh canal in 1844. The beginnings of a mathematical
theory soon followed (with Cauchy and Laplace lending early and important contributions),
but a complete understanding of the phenomenon proved remarkably resistant to these and
later efforts. It is only quite recently that many of the fundamental questions have been
given satisfactory answers, and a great many remain open.

Mathematically, to say a wave is traveling means that the vector field has the ansatz
u(t,x) = a(x — tc), for some profile G, wave speed ¢ = (c1, ¢2, c3) € R", and likewise for

the pressure, and density. It follows that
opu = (—c- V), Op = —c-Vp.

Notice that here, for these equalities to make sense, we must further require that the domain
Q(t) is invariant under the transformation x +— x — ct. In particular, we need Q(t) = Q(0),
meaning that the domain becomes fixed in the moving coordinates.

Abusing notation, we identify u and u as well as Q(¢) and €(0). The Euler equations

(1.1.12) then become the steady system
p(u—c)-Vu=—-VP —gp,
(1.1.22) (u—c)-Vp=0, in Q.
V-.u=0,
Let us consider the boundary conditions as in section 1.1.4. If there is a portion of 9},

denote it T, that corresponds to an impermeable barrier, so that (1.1.13) applies, then

we clearly must have that ¢ - n = 0, whence

(1.1.23) (u—c)-n=0, onDW,

11



Now suppose that there is a component I'? ¢ 90 \ I'D on which the boundary is free. For
simplicity, say that we have a graph representation as in (1.1.16). Note that this means that
¢, = 0. Since the boundary must reflect the traveling character of the flow, we conclude
that n(t,x) = N(x — tc), for some profile 7, which we henceforth write 7. We find then,
that

(1.1.24) (u—c)-Vn=u,, on T,

As the dynamic boundary conditions (1.1.20)—(1.1.21) involve no time derivatives, their
representation in the moving frame is unchanged. Observing (1.1.22)—(1.1.24), it is clear
that the relative vector field u,e := u — c satisfies the standard Euler equations with no

time dependence, i.e., it is a steady solutions in the traditional sense.

1.2. Stratified flows

The equations we obtained in section 1.1 describe the motion of incompressible, inviscid
flows with possibly heterogeneous density. These differ from the more familiar constant
density equations in two respects: the continuity equation (1.1.2) is satisfied nontrivially,
and the momentum equation has non-constant coefficients. It is not immediately obvious
what, if any, effect this will have on the existence theory and qualitative property of the
solutions. In this section, we explore some of the archetypical features of stratified flows,
particularly those that are steady. Though in the chapters that follow we shall exclusively
be considering the two-dimensional case, some of the more distinctive features of stratified
flows are to be found only in higher dimensions, so we shall refrain from specializing until

section 1.2.3.

1.2.1. Gravity and stratification. Consider the scenario where g = 0 in the Euler
equations (1.1.12), which models flows where inertia (represented by the material derivative)
far outweigh the gravitational force. Since gravity only acts in a single direction (the
e, direction) and occurs as a lower-order term, naively we might expect it to have little
mathematical importance. In fact, this proves to be far from true. Following Yih [80],
we introduce the associated vector field u := /pu, and the associated material derivative

D := 9, +1-V. We shall assume that the flow is steady for some wave speed ¢ = (c1, ¢2,0).

12



From the continuity equation (1.1.2), we find

D(p%) = p 2w~ e) V(o) = Ly (u—c) - Vp =0,
The steady Euler equation (1.1.22) then implies
(1.2.1) Dt = (Dp~/?)pu+ D(pu) = —VP.

In other words, (1.2.1) states that G satisfies the constant density Euler equation for steady
motion in the absence of gravity. Moreover, to each solution of the homogeneous problem,
and each choice of density function, we have a corresponding solution to the heterogenous
problem. Without the addition of the gravitational force term pg, stratified flows are of no
real mathematical interest.

The physical consequences of density variation are loosely divided into two categories,
inertial and gravitational. The former refers to the effect on the flow due to the inhomo-
geneity of the fluid particle inertia, while the latter relates to those arising from the differing
levels of gravitational force felt by the particles. At an equally heuristic level, we can view
the transformation u — 1 as quotienting out the inertial effects so that, if there is no grav-
ity, we truly have a trivial reduction to the constant density setting. We shall make use of
this intuition extensively later.

In flows where the inertial forces are relatively small, the gravitational effects become
very pronounced. Consider a steady stratified fluid where the motion is vanishingly weak.
That is, suppose that u and ¢ have characteristic velocity Ugpar = O(€), where € < 1. With-
out making any further length scale prescriptions, we investigate what occurs qualitatively
when € — 0. Since Vu has order Uchar/Lchar, for characteristic length Ly, = O(1), we

have that

Inserting this into (1.1.22), we infer that
(1.2.2) VP +pg = —p(u—c) - Vu=0().
Cross differentiating the equations for v and w, leads to the following identity:

(1.2.3) 0:(p(u—c)-Vu) = =P, = 0z(p(u—c) - Vw + gp).

13



Doing likewise with the equations for v and w, we see
(1.2.4) 0.(p(u—c)-Vv) =—-P,, =0y(p(u—c) - Vw+ gp).

Note that, by (1.2.2), Py, and P,, are O(e?). We do not wish to make smallness assumptions

on the stratification, so a priori we must take p, = O(1), and hence (1.2.3) and (1.2.4) imply
(1.2.5) pr = O(€%), py = O(€?).

This last equation expresses the fact that, since the z-direction is distinguished by the
presence of the gravitational force, the stratification will likewise have an expected direction.

In fact, by the continuity equation we have an even stronger statement:
wps = —(u—c1)ps — (v —c2)py = O().

Since p, = O(1), for the above relation to hold, we need

(1.2.6) w = O(e%).

That is, the vertical velocity of the fluid is necessarily two orders of magnitude smaller
than the two horizontal velocities. Consequently, the flow will take on a distinctly two-

dimensional structure. Incompressibility becomes
(1.2.7) Uz + v, = O(e%),
and the momentum equations (in the two horizontal directions) reduce to the following:

p(u = c1)ug + p(v = c2)uy + Po = O(eY),
(1.2.8)
p(u — c1)vg + p(v — c2)vy + Py = O(e*).
Together (1.2.7)-(1.2.8) show that, up to O(€®), (u, v) satisfies the two-dimensional steady

incompressible Euler equations on each horizontally oriented plane z = zy. Indeed, in light

of (1.2.5), we have (locally) that

(1.2.9) p(r,y,2) = o(2) + O(€?).

Replacing p in (1.2.8) with p, it follows that, on each such plane, the rescaled horizontal
velocities satisfy the constant density Euler equations. Qualitatively, then, the fluid is

organized as a vertical layering of two-dimensional and constant density flows. Since there
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is no viscosity, the strata communicate with each only through the pressure and density

(which both remain functions of z) via the hydrostatic relation:
P, +gp = O(eh).

This last equation is found from the w-momentum equation.

The argument above, which is due originally to Yih (cf. [79]) suggests the existence
of a striking phenomenon known as blocking. Suppose that, apart from the consideration
of the last several paragraphs, it is known a priori that the motion is horizontally two-
dimensional. This is usually justified on the basis of some symmetry in the domain, e.g., if
the fluid is confined to a channel Q = {(z,y,2) : (y,2) € [-1,1] x [-1,1]}, we expect that
motion on any plane parallel to the vertical walls will be identical. Then, without loss of
generality we may assume that

Uy = wy = v =0,
and thus, by the incompressibility condition (1.2.7),

(1.2.10) uy = O(€®).

Up to third-order in €, therefore, the horizontal velocity is simply constant. Accordingly,
any barrier that is submerged within the flow orthogonal to the horizontal motion will
result in stagnant regions. To see this, observe that equation (1.2.6) prevents the fluid from
bypassing the obstacle vertically, while the impermeability condition (1.1.13) forces u, (the
normal velocity) to vanish on the surface of the object. From (1.2.10) we conclude that
u = 0 upstream and downstream on each horizontal plane that meets the barrier. Similarly,
if we were to tow the object through the fluid, then the implication of (1.2.10) is that the
fluid downstream must adhere to the object, while the fluid upstream is pushed as if it were
a solid body.

Of course, as with any inviscid flow, this analysis is only correct modulo some caveats
about the behavior near the boundary. Nonetheless, the general predictions of blocking
have been verified experimentally by many authors (cf. [23, 46, 81]). In particular, it has
been studied in connection with the problem of slow, atmospheric flow over mountainous
topography. A more rigorous mathematical justification — e.g. in the same vein as the
vanishing viscosity limit problem — is of considerable interest mathematically, but seems

to be entirely open.
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1.2.2. Vorticity in stratified flows. For a flow u, the vorticity is defined as w :=
V x u. In the case of two-dimensional motion, w will have only one nontrivial component,
and so it is customary to treat the vorticity as the scalar quantity w := v, — uy, where
u = (u, v). The vast majority of the literature on water waves is concerned with the case
of so-called irrotational flow, where it is assumed that w = 0. Irrotationality is a physically
valid assumption in some situations — see THEOREM 1.2.1 and the surrounding discussion
— but perhaps the most compelling reason for working with irrotational flows is simple
mathematical convenience. Note that, if V x u = 0, then there exists a velocity potential ¢
satisfying V¢ = u. The incompressibility condition (1.1.9) implies further that A¢ = 0 in
Q, i.e. ¢ is harmonic. The problem of determining the velocity is thus reduced to identifying
the behavior on the boundary, since there is a robust and extensive solution theory for the
Laplace equation. For a fixed boundary (or an unbounded domain) the problem of existence
becomes trivial. The free boundary problem remains difficult, but the decoupling of the
interior and boundary behavior affords the use of machinery from complex analysis and
harmonic analysis that would otherwise be inaccessible.

In this thesis, however, we shall allow the flows to be rotational for reasons that we now
endeavor to explain. With that in mind, we begin by deriving an equation governing the
dynamics of the vorticity. We shall do this in two-dimensions, since the three dimensional
case differs only in technical complexity.

Starting from the Euler equations (1.1.12) and cross differentiating, we find
Pyt + Uytiy + Ulgy + VyUy + VUyy) + py (U + vty + vuy) = —Ppy,

and
p(va:t + Uy Vg + UVgq + U.’Evy + vy:c) + px(vt + UVyg + U'Uy) = _Pwy + 9Pz-

Taking the difference and using incompressibility to eliminate several terms, these two

equations reduce to the following
PP(wi +u-Vw) = paPy — pyPr,
or, equivalently,

(1.2.11) witu-Vw = <Vp : VLP) .

1
2
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The left-hand side above is nothing but the material derivative of the vorticity, so that
(1.2.11) describes the advection of vorticity by the flow. In particular, we see that vorticity
is always generated by the component of density gradient that is orthogonal to the pressure

gradient. This fact generalizes to three-dimensions, where we find
1
(1.2.12) wi+ (- V)w = (w-V)u—Fﬁ(Vpx VP).

Observe that, even absent density variation, there is a significant difference between (1.2.11)
and (1.2.12): the presence of the vortex stretching term (w - V)u. The dynamics of the
vorticity is therefore highly dimensionally dependent.

In light of (1.2.11)—(1.2.12), we see that one cannot expect the flow to be irrotational
(even with irrotational initial data), unless it is know a priori that the gradients of the
density and pressure are parallel. Indeed, Vp x VP is referred to as the baroclinic vector
and plays a destabilizing role in the vorticity dynamics, similar to the vortex stretching
term in the homogeneous theory. Flows in which the baroclinic vector vanishes identically
are called barotropic; surprisingly, they are the expected behavior in a variety of physical
situations. Observe that, if Vp x VP = 0, then the level sets of the density (the isopycnic
surfaces) and those of the pressure (isobars) coincide, meaning that there exists a functional
relationship between p and P. We may then let ¢ be given so that p = o(P). Then the

continuity equation becomes
(1.2.13) J(P)(Or+u-V)P =0,

and thus DP = 0 in regions of the fluid domain where ¢’ # 0. This is, in fact, quite
surprising. Naively we expect fluid particles to move from areas of higher pressure to areas
of lower pressure, i.e. in the direction of the pressure gradient. But (1.2.13) shows that
the opposite must be true in stratified barotropic flows: since the motion is along isobars,
the velocity must be orthogonal to the pressure gradient. We remark that this situation
also occurs in the geostrophic approximation in geophysical fluid dynamics, where it is the
byproduct of rotational forcing (cf. [57]).

Recall that in section 1.2.1 it was argued that slow moving steady stratified flows are
composed of two-dimensional infinitesimal homogeneous flows layered vertically (i.e. in the
direction of the gravitational force.) Consequently, each layer of the fluid will be irrota-

tional in the two-dimensional sense, so long as that is the case in the far field. While the

17



argument used to arrive at this conclusion was highly specialized to the weak flow regime,
by considering the baroclinic vector and the circulation, a similar insight into the structure
of general stratified flows can be obtained. The circulation of the flow around any smooth,

simple curve C(t) C €(t) is defined to be the quantity

(1.2.14) I'(t) ::/ udw+vdy+wdz:/ w-ndS,
C(t) S(t)

where S(t) is a surface bounded by C(t), dS denotes the surface measure on S, and n the
outer unit normal. The circulation, as can be seen from the definition above, describes
roughly the vorticity per unit area. Unlike the vorticity, however, the circulation is actually
conserved by the flow in a number of cases. For example, the classical Kelvin—Helmholtz

theorem in fluid mechanics states that, for an inviscid fluid, the following identity holds:

THEOREM 1.2.1 (Kelvin—Helmbholtz, cf. [57]). Consider an inviscid, incompressible flow
(defined locally in time) in the domain Q(t) C R™. Let Cy be any smooth closed curve in
Q(0), and let C = C(t) be image of Cy under the Lagrangian flow map. Suppose that, for
some T > 0, C(t) is smooth, simple and closed on [0,T), and that u is barotropic along C.
Then the circulation T'(t) around C(t) satisfies DI'(t) =0 on [0,T).

One important consequence is that, if the fluid is initially at rest (hence I'(0) = 0), then
the circulation around any barotropic curve remains zero even as the curve is evolved by
the flow. This is the justification for the physicality of constant density irrotational flows:
if a fluid is homogeneous (hence barotropic) and started from rest, it remains irrotational.

To understand how the situation changes for baroclinic flows, we appeal to a general-

ization of THEOREM 1.2.1 due to Bjerknes:

THEOREM 1.2.2 (Bjerknes, [6]). Let the flow and fluid domain be defined as before.
Let Cop C Q(0) be be any smooth, simple curve bounding the surface Sy. Let C = C(t) and
S = S(t) denote the images of Cy and Sy under the Lagrangian flow map, respectively.
Suppose that, for some T > 0, C(t) is smooth, simple and closed, while S(t) is simply

connected on the time interval [0,T). Then
1
(1.2.15) DI(t) = —/ — (Vp x VP)-ndS, forallt €[0,7T).
S(t) P
In particular, DI'(t) = 0 along C on [0,T), if Co (and hence C) lies within a surface of
constant density or pressure.
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When the fluid is started from rest, we now have that I' = 0 on any isopycnic surface.
Comparing (1.2.15) to the second expression for the circulation in (1.2.14), we infer that, for
an inviscid, incompressible fluid started from rest, the component of w orthogonal to any
isopycnic surface vanishes. This property is referred to as layerwise irrotationality. Note
that, if the isopyncic surfaces are planes of the form z = 2y, then the normal component of
w is merely the two-dimensional vorticity w. In other words, as in the case of weak, steady
flows, in any flow started from rest (that is incompressible and inviscid) we observe a vertical
layering of isopycnic surfaces. Once again, this conforms our expectation that stratification
generates vorticity: in contrast to the homogeneous case, a heterogeneous fluid started from
rest will exhibit vortezr sheets, the appearance of vorticity arising from the tangential shear
of isopycnic layers slipping along one another at varying speeds.

To summarize, in this section we have seen that irrotational flows can occur for stratified
fluids, e.g. if the flow is barotropic and started from rest. There are many physically
relevant problems in which this assumption is valid, but it is clearly far from universal.
In light of (1.2.11)—(1.2.12), moreover, we see that if vorticity does appear (e.g. due to
external forcing), it will not be attenuated but rather intensified by the heterogenity in the

density. In everything that follows, therefore, we shall work in the rotational regime.

1.2.3. Steady stratified flows in two-dimensions. We previously introduced the
concept of a steady flow (or traveling wave) in section 1.1.5. In the present section, we
discuss some mathematical machinery that is useful for the two-dimensional case.

For a steady incompressible flow two-dimensional flow u = (u — ¢,v), there exists a

(relative) stream function v satisfying V14 = u, or more explicitly:

Yy = —0, Py =u—c.

The definition of 1 is completed by prescribing its value on the boundary, on which v is
known to be constant. To see this, note that on a solid boundary portion (one where the
impermeability condition (1.1.23) holds), then Vi and the outward unit normal n must be
parallel, since they are each orthogonal to u. On portions of the boundary that are free

and parameterized by x — (x, n(z)), the kinematic condition (1.1.24) becomes

¢ynx = —Yg,
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whence ¢ is constant along the free surface, as claimed. The level sets of ¢, referred to as
the streamlines, encode a great deal of information about the flow, since V4 is orthogonal
to the velocity field at each point. For instance, the continuity equation implies that the
streamlines are isopycnic surfaces.

Were it not for the presence of the density term p, the steady Fuler equations could
be entirely rewritten in terms of 1. In fact, we later show that there is a semilinear scalar
formulation in this case (see (1.2.22)). It is therefore natural to consider generalizations to
the stream function that incorporate the effects of density stratification. This was essentially
the insight that drove the works of Dubreil-Jacotin [26], and later that of Long [45], who
a considered a function vp; such that VLq/JDJ = pu. We shall, however, be using a further
refinement of this approach due to Yih (cf. [80]) motivated by our discussion in section
1.2.1. There we argued that the transformation u — /pu removed the inertial effects of
stratification, leaving only the effects of gravitation. With that in mind, we introduce )y
satisfying V- by = v/Pu, which we call the (relative) pseudo-stream function. Since there
will be no further need for the standard stream function, nor that of Dubreil-Jacotin—Long,
in what follows we simply write ¥ for ¥yy.

It is often convenient to express the steady Euler equations in terms of ¢. Directly from

the definitions, we find that the momentum equation is equivalent to

wzﬂbxy - 1/}x1/)yy = _Pm

_wywoc:c + ¢x¢xy = _Py — pg,

(1.2.16)

and mass conservation can be expressed via the following identity
(1.2.17) vy - Vp=o0.
An important result due to Bernoulli is that the quantity
E:=P+ g (u—c)? +v?) +gpy =P+ %IW}F +9py,

is constant along streamlines. FE is called the total hydraulic head. Some authors prefer
to define the total head as F/p, in which case it clearly corresponds to an energy density.
From a mathematical perspective, though, the definition above is more convenient, even if

its physical meaning is slightly more obscure.
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Let us now prove that E is indeed a function of ¢. First we compute

VE = VP + (Yethae + Pythay, Yatluy + Vythyy)
(1.2.18) + gyVp + pg
= (Yatyy — VyYay, VyVoe — Yatbay)
+ (Vataa + Vythay, Vatlay + Pythyy)
(1.2.19) 1 gyVp
(1.2.20) = (AyY)VY + gyVp.
Here line (1.2.19) is found from (1.2.18) by using (1.2.16) to express VP + pg in terms of

1. Now, recalling the equivalent expression for conservation of mass (1.2.17), we have from

(1.2.20) that
V- VE = (AY)(VEY - V) + gy(V - Vp) =0,

which proves the claim.
The conservation of E along streamlines is an extremely useful fact; it is one of the only
tools we possess for relating the pressure, kinetic energy, and potential energy. It will also

provide us with a scalar formulation for the system (1.2.16). Note that

dE dp
E = —_— d = .
\Y 0 Vi, an Vp ] Vi
Hence, on the condition that V1 is nowhere vanishing, we obtain from (1.2.20) the following:
dE dp
1.2.21 — =A —_—.
( ) a AUty

This rather remarkable identity is called Yih’s equation, or the Dubreil-Jacotin-Long—Yih
equation, in recognition of the fact that Dubreil-Jacotin and Long each derived a similar
scalar equation earlier. As noted earlier, those earlier works were done in terms 1), so that
the resulting equation was less desirable in form than (1.2.21).

To compare this to the homogeneous case, let us suppose that p is a constant. Equation
(1.2.11) put into the steady frame implies that V44 - Vw = 0, that is, w can be thought of
as a function of ). We may therefore let y be defined by w = v(¢). If I" is an antiderivative

of v (with resect to 1), then

VI =V = (—thge — hyy) V.
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Inserting this expression into (1.2.21), we see that

(1.2.22) A= o =

= (¥).

This is the well-known semilinear formulation for the constant density case. Yih’s equation
is essentially a generalization of (1.2.22) to the heterogeneous setting, and will serve as the

basis for our analysis in the coming chapters.

1.3. Overview of thesis

With the background established, we conclude this chapter with a summary of our
results, and a discussion of the structure of the thesis. Each of the remaining chapters
began as a journal article; chapters 2 and 4 have each been accepted for publication (cf.
[76] and [74], respectively), while chapter 3 has been submitted. As such, they are written
to be more-or-less self-contained, though both the latter chapters build upon chapter 2. This
results in a certain degree of redundancy in the exposition, which we view as preferable to
having a unified document that cannot be approached except in its entirety.

We begin, in chapter 2, by building an existence theory for steady stratified gravity
waves in water. In particular, we are considering the case where the flow is periodic in
the direction of propagation, and the boundary consists of a free surface above and an
impermeable barrier below. We will prove the existence of a global continuum of these waves,
under certain assumptions on the given physical quantities. This work generalizes a recent
contribution of Constantin and Strauss (cf. [15]) to the stratified regime, which results in
some nontrivial technical obstacles. The basic machinery is that of (degree theoretic) global
bifurcation theory.

Chapter 3 concerns the situation when the effects of surface tension on the boundary
are taken into account (i.e., where the dynamic condition on the boundary is (1.1.21) rather
than (1.1.20)). We show that, under similar conditions to those in chapter 2, there exist
global continua of steady solutions. Here, though, the local behavior is considerably more
interesting: when the coefficient of surface tension lies in a certain set of values (determined
by the other physical parameters), the bifurcation that occurs is non-simple, resulting in
multiple continua. We study this scenario in some detail. Additionally, we use an alternative

global bifurcation theory, due to Dancer, to prove that the continua are, in fact, smooth. A
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more detailed account of the mathematical history is given later, but we mention that these
results generalize (in a number of ways) the work of Wahlén on the homogeneous case.
Finally, in chapter 4, we prove some results on the symmetry of steady stratified water
waves. In the previous chapters, the solutions that we find are symmetric by construction,
at least locally. However, it has recently been shown that, for waves of constant density,
symmetry always follows if the surface profile is assumed to be monotone (cf. [14, 13]).
We show that this remains true for heterogeneous flows, given some additional smallness

assumptions.
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CHAPTER 2

Stratified and steady periodic gravity waves

2.1. Introduction

Stratification is a common feature of ocean waves, where the presence of salinity, in
concert with external gravitational force, can produce substantial heterogeneity in the fluid.
The pronounced effects that may accompany even a moderate density variation have earned
stratified flows a great deal of scholarly attention, particularly in the realm of geophysical
fluid dynamics. In this chapter, we develop a theory for stratified gravity waves that are
traveling and periodic.

If we imagine a wave on the open ocean, past experience suggests that it may be regular
in the following sense. First, it is essentially two-dimensional. That is, the motion will be
identical along any line that runs parallel to a crest. Second, if we regard the wave in a
coordinate system moving with some constant speed, it appears steady. Finally, the profile
is periodic in the direction of motion, descending monotonically from a single crest to a
single trough once per period.

We now formulate governing equations for waves of this form. Fix a Cartesian coordinate
system so that the z-axis points in the direction of propagation, and the y-axis is vertical.
We assume that the floor of the ocean is flat and occurs at y = —d. Let y = n(x,t) be the
free surface at the interface between the atmosphere and the fluid. We shall normalize n by
choosing the axes so that the free surface is oscillating around the line y = 0. As usual we
let u = u(z,y,t) and v = v(z,y,t) denote the horizontal and vertical velocities, respectively.
Let p = p(x,y,t) > 0 be the density.

Incompressibility of the fluid is represented mathematically by the requirement that the

vector field (u,v) be divergence free for all time:

(2.1.1) Uy + vy = 0.
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Taking the fluid to be inviscid, conservation of mass implies that the density of a fluid

particle remains constant as it follows the flow. This is expressed by the continuity equation
(2.1.2) pt + upy +vpy = 0.

Next, the conservation of momentum is described by Euler’s equations

Ut + Uly + VUy = —%,
(2.1.3)
vt—&—uvz—i-vvy:—%—g,

where P = P(x,y,t) denotes the pressure and ¢ is the gravitational constant. Here, of
course, we assume that the only external force acting on the fluid is gravity.
On the free surface, we must ensure that the pressure of the fluid matches the atmo-

spheric pressure of the air above, that we shall denote P,y,. Thus,
(2.1.4) P = Py ony = n(zx,t).

The corresponding boundary condition for the vector field is motivated by the fact that
fluid particles that reside on the free surface continue to do so as the flow develops. This

observation is manifested in the kinematic condition

(2.1.5) v =1+ ung on y = n(x,t).

Since we cannot have any fluid moving normal to the flat bed occurring at y = —d, we
require

(2.1.6) v=20 ony=—d.

Note that there is no accompanying condition on u because in the inviscid case we allow
for slip, that is, nonzero horizontal velocity along solid boundaries.

We seek traveling periodic wave solutions (u, v, p, P,n) to (2.1.1)—(2.1.6). More precisely,
we take this to mean that, for fixed ¢ > 0, the solution appears steady in time and periodic
in the x-direction when observed in a frame that moves with constant speed c to the right.
The vector field will thus take the form v = u(x —ct,y), v = v(z —ct, y), where each of these
is L-periodic in the first coordinate. Likewise for the scalar quantities p(x,y,t) = p(x—ct,y),
P = P(x — ct,y), and n = n(z — ct), again with L-periodicity in the first coordinate. We

therefore take moving coordinates

(.Z‘ - Ct7y) = (Qf,y),
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which eliminate time dependency from the problem. In the moving frame, (2.1.1)-(2.1.3)

become
Uy + vy = 0,
(w—c)pz +vpy =0,
(2.1.7) (0 -+ vy = .
(u —c)vg +vvy = —% - g,

throughout the fluid domain. Meanwhile, the reformulated boundary conditions are

v=(u—c)y ony=n),
(2.1.8) v=0 ony = —d,

P = Patnm on y = n(x),
where u, v, p, P are taken to be functions of x and y, n is a function of x, and all of them
are L-periodic in x.

In the event that © = ¢ somewhere in the fluid we say that stagnation has occurred,
as in the moving frame the fluid appears to be stationary at that point. In order to avoid
roll-up and other instability phenomena, we shall restrict our attention to the case where
u < ¢ throughout.

Recall that we have chosen our axes so that 7 oscillates around the line y = 0. Mathe-

matically this equates to

(2.1.9) {n(a:)dx =0.

In effect, this couples the depth to the problem, so we need not treat d as a free parameter.
The trade-off, as we shall see, is that this normalization will have significant technical
consequences later.

An often indispensable tool in the study of incompressible fluids is the stream function—
especially in the case of two-dimensional flow in bounded domains. This is a function whose
curl is the vector field (u,v), and thus, the gradient is orthogonal to the field at each point
in the fluid. For a homogeneous fluid, a standard method is to then reformulate the problem
for the stream function instead of the flow. What recommends this approach is the fact
that the boundaries of the domain will be level sets of the stream function. Therefore,
by adopting streamline coordinates, we can fix the domain and eliminate the free surface

problem.
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However, for a heterogeneous fluid this generally proves insufficient, as it does not
sufficiently capture the effects of stratification. Instead, we employ a more generalized
object whose use was pioneered by Yih and Long, among others (cf. [82, 45], for example).
Observe that by conservation of mass and incompressibility, p is transported, and the vector
field is divergence free. Therefore we may introduce a (relative) pseudostream function

¥ = (x,y), defined uniquely up to a constant by

Yy = _ﬁvv @Z’y = ﬁ(u - C)'

Here we have the addition of a p term to the typical definition of the stream function for
an incompressible fluid. This neatly captures the inertial effects of the heterogeneity of the
flow (see the treatment in [82], for example). The particular choice of \/p is merely to
simplify algebraically what follows.

It is a straightforward calculation to check that 1 is, indeed, a (relative) stream function
in the usual sense, i.e., its gradient is orthogonal to the vector field in the moving frame at

each point in the fluid domain:

(u — )y + vihy = 0.

Moreover, (2.1.8) implies that the free surface and flat bed are each level sets of 1. For
definiteness we choose ¢ = 0 on the free boundary, so that 1) = pg on y = —d, where pg is

the quantity

n(x)
(2.1.10) po = / | Vole ) [u(e.y) —

To see that this is well defined, that is, the integral on the right-hand side is independent
of x, we calculate

dpo n(z)

o~ (Vi) () - ) + [

0 (Vo) [ y) = ) dy

n(z)
= Volaa@)tea@)— [0, (/o) dy o

We shall call pg the (relative) pseudovolumetric mass fluz; it represents the amount of fluid
flowing through a vertical line extending from the bed to the free surface and with respect
to the transformed vector field (\/p(u — c),/pv). The level sets of ¥ will be called the

streamlines of the flow.
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Since p is transported, it must be constant on the streamlines, and hence, we may think

of it as a function of 1. Abusing notation we may let p : [pp,0] — RT be given such that

(2.1.11) pz,y) = p(=(z,y))

throughout the fluid. The reason for taking — here will become apparent in the next
section. When there is risk of confusion, we shall refer to the p occurring on the right-
hand side above as the streamline density function. We shall focus our attention on the
case where the density is nondecreasing as depth increases. This is entirely reasonable
from a physical standpoint. Indeed, hydrodynamic stability requires that the depth be
monotonically increasing with depth, making this assumption standard in the literature.
The level set —¢) = pg corresponds to the flat bed, and the set where —¢) = 0 corresponds to
the free surface. Therefore, we require that the streamline density function is nonincreasing
as a function of —.

By Bernoulli’s theorem the quantity

E::P+g((u—c)2+v2)—|—gpy

is constant along streamlines, that is,
(u—c)Ey +vE, =0.

This can be verified directly from (2.1.7). In the case of an inviscid fluid, F represents the
energy of the fluid particle at (z,y). The first term on the right-hand side, P, gives the
energy due to internal pressure. The second and third terms combined describe the kinetic
energy, while the last is gravitational potential energy. When evaluated on the free surface,
FE is usually referred to as the hydraulic or total head of the fluid.

Under the assumption that u < ¢ throughout the fluid and given the fact that E is
constant along streamlines, there exists a function (3 : [0, [po|] — R such that

dE

dip

For want of a better name we shall refer to 8 as the Bernoulli function corresponding to the

(2.1.12) (z,y) = B(¥(z,y)).

flow. Physically it describes the variation of specific energy as a function of the streamlines.

Define
Bo) = [ 5(-s)ds
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for pop < p <0, and let B have minimum value Bpi,.
Let us briefly outline a few notational conventions. Let ﬁn denote the closure of the

fluid domain
Dy = {(z,y) eR*: —d <y <n(x)}.

For any integer m > 1 and o € (0,1), we say that a bounded domain D C R? is ¢+
provided that each point in the boundary denoted 9D is locally the graph of a C™*t®

function. Furthermore, for fixed m > 1 and a € (0,1), we define the space CJ2r*(D) to
consist of those functions f : D — R with Holder continuous derivatives (of exponent «)
up to order m and that are L-periodic in the z-variable. Similarly, we shall take C’gér(ﬁ)

to be the space of m-times continuously differentiable functions which are L-periodic in x.

Our main result is the following.

THEOREM 2.1.1. Fiz a wave speed ¢ > 0, wavelength L > 0, and a relative mass flux
po < 0. Fiz any o € (0,1), and let the functions 8 € CTT2([0, |po|]) and p € CTT([po, 0])
be given such that the (L-B) condition holds (see Definition 2.3.1 for a precise statement).
Also we assume the streamline density function p is nonincreasing.

Consider traveling solutions to the stratified water wave problem (2.1.1)—(2.1.6) of speed
¢, relative pseudomass flux pg, Bernoulli function 3, and streamline density function p such
that u < ¢ throughout the fluid. There exists a connected set C of solutions (u,v, p,n) in the
space Cg;a(ﬁn) X Cg;;o‘ (D) x C’g;f" (D,) x C’;’;‘)‘(R) with the following properties.

(i) C contains a laminar flow (with a flat surface n = 0 and all streamlines parallel to
the bed).
(ii) Along some sequence (Up, Un, pn,nn) € C, either maxp—tn Te, minm Uy | —00,

or C contains more than one distinct laminar solution.
Furthermore, each nonlaminar flow (u,v, p,n) € C is reqular in the sense that

(iii) uw, v, p, and n each have period L in x;
o within each period the wave profile n has a single crest and trough; say, the crest
occurs at x = 0;
e u, p, and n are symmetric, v antisymmetric across the line x = 0;
(iv) a water particle located at (x,y), with 0 < x < % and y > —d has positive vertical

velocity v > 0; and
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(v) n'(z) <0 on (0, %)

A few remarks. The (L-B) condition above arises in the local theory as a means of
guaranteeing the existence of a minimizer to a particular Sturm—Liouville problem. In

Lemma 2.3.3 we will show that a sufficient condition for (L-B) to hold is the following:

2 0 [ 4n? 3/2
gp(0)pg > / {LQ(QB(p) — 2Buin + 2¢0)%/
po

(2.1.13) +(p—p0)*((2B(p) — 2Bumin + 2¢0)"/* + gp’(p))}dp,

where

2/3
2114 = max{ (20l ™) ol 1) (@16 1)°  Salmlo(0))*°}.

Though this is far from necessary, it has the advantage of being entirely explicit.

In order to better situate this result in the larger context of geophysical fluid dynamics,
let us give a quick comment on length-scales. As is evident from Theorem 2.1.1, our method
allows us to treat mathematically waves with arbitrary speed and period. From a physical
standpoint, however, we caution that our model ceases to be valid in certain scales. First,
to ensure that the flow is incompressible, the Mach number must be far less than one. Also,
in order to justify working within the inviscid regime, we must assume that the speed of the
wave is substantially faster than the time scale for diffusion in the fluid (a situation typical
of salinity in ocean wave; cf. [4] for a more careful derivation). Finally, to safely neglect
Coriolis effects in (2.1.3), we need the rate of ambient rotation €2 to be of larger order than
the ratio ¢/L.

Finally, we note that stagnation will occur along some sequence in C unless serious

pathologies occur. We shall prove in section 2.7 that if there is some {uy, vy, 7, } in C, with

lim inf min w,, | —oo, lim inf min(c — u,) > 0,
mn m

then 7, — 0 uniformly. That is, the fluid domain is pinching off to nothing, while a current
of arbitrarily fast leftward-moving particles develops.

Now let us discuss the history of this problem. Physically, one of the most distinctive
features of stratified flows is their ability to exhibit so-called internal waves. These are
flows in which the motion is essentially driven by a density gradient in the fluid rather than

gravitational force. Qualitatively, this can result in some highly counterintuitive behavior.
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For example, in the ocean one sometimes encounters “dead water,” a phenomenon where a
stratified wave is moving quite rapidly near the floor, but relatively slowly near the surface.
A ship encountering such a wave would observe quiescent water but experience a large
amount of drag (cf., e.g., [19] for a lengthy discussion). Given such phenomena, previous
mathematical investigations of heterogeneous fluids have largely focused on the study of
these internal waves, where the effects of density variation are most pronounced. The
typical setup is to consider a two-dimension stratified fluid (or several layered homogeneous
fluids) confined between two impermeable horizontal boundaries. Some substantial efforts
in this genre include [3, 4, 40, 68|, among many others.

The free surface problem has mainly been studied in the context of solitary waves,
that is, waves that limit to a constant height at +0o. A scalar governing equation for the
pseudostream function was developed by Long [45] in 1953 and later improved by Yih (cf.
[82] and the references therein) that greatly aided these efforts. The standard approach, for
solitary waves, became to take the Long—Yih equation; assuming a given upstream density
profile, one then works downstream to deduce properties of the wave. This is done, for
example, in [7, 58, 42|, and [69].

On the other hand, traveling periodic stratified waves have not received nearly as much
treatment in the literature. The first substantial results are due to Dubreil-Jacotin in 1937
[26], generalizing her work on the homogeneous case in [25]. Remarkably, she had, even
at that early date, already derived Long’s equation (in fact, Long’s equation is referred to
as the Dubreil-Jacotin—Long equation in some circles). Dubreil-Jacotin was able to analyze
the fixed boundary problem, i.e., existence of traveling periodic stratified waves between
two horizontal plates. Linearizing around these solutions, she gave a system of integral
equations governing small amplitude, traveling stratified gravity waves, from which she was
able to produce a class of solutions of that type under certain assumptions. Yanowitch [78]
later obtained similar results by using a variational argument with an alternate governing
equation due to Love, again assuming small amplitude. In 1953, Ter-Krikorov [65], by means
of an asymptotic argument and Yih’s equation, proved the existence of long, stationary
stratified waves. This was in answer to a large body of results on the long wave problem

that assumed the flow was homogeneous and potential.
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In this thesis we take a new approach rooted in the work of Constantin and Strauss on
the homogeneous case (cf. [15, 16] and others). In 2004, these authors were able to prove
the existence of a large class of rotational (homogeneous) gravity waves that were regular
in the sense we discussed earlier. This was done under very weak assumptions relating the
volumetric mass flux to the strength of the vorticity [15]. By generalizing the methods of
Constantin and Strauss to the heterogeneous case, we shall inherit many of the benefits of
that paper. For instance, there will be no mathematical restrictions placed upon the wave
speed or wavelength. Moreover, as the hypotheses of Theorem 2.1.1 make clear, we need
only some inequality between the density variation, specific energy, and volumetric mass
flux in order to conclude existence of a global continuum of solutions.

To emphasize the effects of heterogeneity, we hew closely to the organizational structure
of [15]. We begin, in section 2.2, by using v to change variables and thereby fix the domain.
We proceed to derive a scalar, nonlinear boundary value problem that describes the height
above the flat bed in the new coordinates. As a consequence of (2.1.9), the reformulated
problem takes the form of a quasi-linear elliptic differential operator added to an integro-
differential operator. It is this second term that shall require the utmost care; we will
show it completely accounts for the effects of the stratification. Given the long history of
integral equations in the study of heterogeneous waves, perhaps the presence of the integro-
differential operator here can be viewed as natural. We emphasize, though, that one of the
strengths of our method is that the governing equation is still “more-or-less” elliptic (in a
sense that will become clear later) and thus, substantially easier to treat.

In section 2.3, we prove the existence of a 1-parameter family of laminar flows. For
these solutions, the height equation reduces to an ordinary differential equation. However,
because of the stratification term, this takes the form of a nonlinear boundary value problem
with operator coefficients. Analyzing the linearized problem along the curve of laminar
flows, we use a result of Crandall and Rabinowitz to prove that there exists a simple
generalized eigenvalue from which bifurcates a local curve of small amplitude solutions. As
one might expect given the volume of work on small amplitude stratified waves, this proves
substantially more difficult than the corresponding results for the homogeneous case in [15].

The analysis of section 2.4 continues the local curve to a global bifurcation curve using

a degree theoretic argument. We are thereby able to seamlessly treat both small and large
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amplitude solutions. However, this require strong a priori estimates in order to guarantee
that the operator has the necessary compactness for it to be admissible in the sense of
degree theory. This will be achieved by first “freezing” the stratification term, then applying
Schauder theory to the resulting uniformly elliptic operator. Finally, we estimate the frozen
operator in order to return to the full problem. The main result of this section is a global
bifurcation theorem in the form of an alternative, following in the footsteps of Rabinowitz
[60].

We devote section 2.5 to investigating the nodal properties along the global curve. It is
shown that C can only return to the curve of laminar flows in a certain interval of parameter
values.

In section 2.6 we provide uniform bounds in the C3t%norm along the global curve.
These, with the results of section 2.5, allow us to prove that Theorem 2.1.1 follows from

the global bifurcation theorem. This is done in section 2.7.

2.2. Reformulation of the problem

The main goal of this section is to reformulate problem (2.1.7)—(2.1.8) so that the fluid
domain D7n is transformed into a fixed domain, whose closure we shall denote R. As usual for
two-dimensional incompressible flow, the main tool here will be the pseudostream function
1 introduced in the previous section. Recall that we have 1) = 0 on the free surface, ¢ = —pg
on the flat bed, where pg is the relative pseudomass flux and ) is defined uniquely by the

requirement that

(2.2.1) g = —/pV, Py = /p(u —c).
In light of (2.2.1) and (2.1.1)—(2.1.2), the governing equations inside the fluid become

(2‘2'2) ¢y¢xy - wxwyy =—-F; - D—m

*¢y¢xcfc + @Z)xwxy = *Py — Py

whereas, the boundary conditions (2.1.8) are

Vo = —Pynz ony =n(z),
(2.2.3) P = Pam  ony=rn(zx),
Py =0 ony = —d.
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Recall we have that the quantity
(2.2.4) E=P+ g ((u—e)* +v%) + gpy

is constant along streamlines. In particular then, evaluating the above equation on the free

surface 1 = 0, we find

(2.2.5) VeI +2gp(z,n(x)) () +d) =Q  ony=1n(),

where the constant @ := (2E|, — Patm + gp|yd). Note that this @ gives roughly the energy
density along the free surface of the fluid. Critically, however, we shall see that as a
consequence of our normalization of 1, d is not a parameter for the problem. On the
contrary, in all but the most trivial cases, d varies along C. In our analysis, therefore, we
shall, instead, be viewing () as parameterizing the continuum.

We now wish to find from (2.1.7) and (2.2.4) a scalar PDE satisfied by . In the case
where the fluid is homogeneous, it is easy to show that this will take the form of a semilinear

equation:

(2.2.6) AY =(¥)

for some function v : [0, |po|] — R. It is not hard to show that, in this scenario, v will
describe the change in vorticity as a function of the streamlines. When one allows for
density variation, however, one expects there must be an additional term accounting for the
gravitational effects of the stratification.

One can prove that the corresponding relation in the heterogeneous case takes the form

dE dp

This is known as Yih’s equation or the Yih—Long equation. In this work, it shall serve as our
governing equation for . Recall that in the previous section we introduced the Bernoulli
function 8 and streamline density function p. Rewriting the above expression we arrive at

an equation of roughly the same form as (2.2.6):

(2.2.7) B() = Ay — gyp' (—1p).

Were it not for the presence of y on the right-hand side, this would reduce to the homoge-

neous case—a fact that agrees with our intuitive notion that density stratification should
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reintroduce the depth into the problem as a serious consideration. We remark that com-
paring this to (2.2.6) we see that the final term on the right accounts precisely for the
gravitational effects of stratification, the inertial effects having been captured in the choice
of the .

With (2.2.7) in hand, we now make a change of variables to eliminate the free boundary.

The new coordinates we will denote (g, p), where

g=x, p=—(x,y).

This scheme is sometimes referred to as semi-Lagrangian coordinates, in recognition of the
fact that we are working, in some sense, halfway between streamline coordinates and the
usual Lagrangian system (cf. [69]).

By means of a scaling argument, we may take L := 2w. Then, under the transformation

(z,y) — (¢, p),

the closed fluid domain D777 is mapped to the rectangle

R:={(q.p) eER*:0<qg<2m py<p<0}.

The purpose of the minus sign is simply to flip the rectangle so that the free surface will
correspond to the top of R, while the flat bed will mapped to the bottom. Given this, it

will be convenient to put

T:={(¢,p) e R:p=0},  B:={(¢,p) € R:p=po}.

Note that, in light of (2.1.11) and (2.1.12), we have that

Moreover, the assumption that the streamline density function is nonincreasing becomes
(2.2.8) pp < 0.
Next, following the ideas of Dubreil-Jacotin (cf. [25, 26]), define

(2.2.9) h(q,p) ==y +d,
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which gives the height above the flat bottom on the streamline corresponding to p and at
x = q. We calculate

1 hq

(2.2.10) Yy = _pr’ Yy = hip'

Note that this implies h, > 0, because we have stipulated that v < ¢ throughout the fluid.

The change of variables then gives

Op = 0y — 720y,

0, = h;10,,
(2.2.11) v

8y = hydy,

By = O + hyd,.

Using these expressions we can solve for u and v in (2.2.10) to obtain

1 h
(2.2.12) U=c— —— v=——t

VPhy' Vol

In order to formulate (2.2.7) in terms of h, we observe that

AY = O+ 0N
= —0u(y/pv) + 9y (Vp(u — c))
= 0, (Z;) + 9y (=hy")
_ (ﬁﬁ@(%)+@(%)+@%&4§3

— <_h(1> <hphpq — hthp> 4 hphqq — hthq 4 hpp

hp h2 h2 h3’

Hence, Yih’s equation (2.2.7) becomes the following:
(2.2.13) —h3B(=p) = (1 + h2) hyp + hggh? — 2hghyhypg — g(h — d)hipp,

where we have used (2.2.9) to write y = h — d. Recall, however, that we have normalized 1

so that it has mean zero. Taking the mean of (2.2.9) along T', we obtain

(2.2.14) d=d(h)= [ﬂh(q,O)dq.

That is, the average depth d must be viewed as a linear operator acting on h. Namely, it
is the average value of h over T. Where there is no risk of confusion, we shall suppress
this dependency and simply write d. As we shall see, the addition of this integral term to

the governing equations will be the single most significant departure from the homogeneous
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case, both technically and qualitatively. In recognition of this fact, we shall refer to the
mapping h — —g(h — d(h))hgpp as the stratification operator. Equation (2.2.13) will then
take the form of a quasi-linear elliptic operator added to the stratification operator.

Next consider the boundaries of the transformed domain. On the bed we must have by

the definition of A that

Il
o

(2.2.15) h on B.

If we were to reformulate the problem in terms of y not h, then the integral term would
disappear in (2.2.13), but the boundary condition on B would become y = —d. We see then
that, in the presence of density variation, the depth cannot simply be eliminated from the
problem.

Throughout the fluid we have by (2.2.1) and (2.2.12):

2 _ 1212 2 _ 12
P2 = h2h Y2 = h2.

q’p

Given this, the definition of @ given in (2.2.5) becomes the requirement
(2.2.16) 1+ h + R (2gph —Q) =0  onT.

Altogether, then, combining (2.2.13), (2.2.15), and (2.2.16) we have that the fully re-

formulated problem is the following. Find (h, Q) € C2£%(R) x R satisfying

(1 + h?,) hpp + hqqh;z% = 2hghyplipg
—g(h —d(h))h3p, = —h3B(—p), po<p <0,
1+ hZ + h2(2gph — Q) = 0, p=0,

h:(), b = po,

(2.2.17)

and hy, > 0. Here p € C1([py,0; RT) and B € C1([0,|po|];R) are given function with
Pp < 0.

We now prove the equivalence of the height equation problem to the original Euler
equation formulation. Because the differential equations relating ¢ and h, (2.2.2)—(2.2.3),
do not include p, this result follows more or less from the methods of the constant density

case in [15]. Nonetheless, for clarity we recapitulate that argument here.

LEMMA 2.2.1. Problem (2.2.17) is equivalent to problem (2.1.1)—(2.1.6).

37



PRrROOF. The preceding development shows that (2.1.1)—(2.1.6) implies (2.2.17) for some

p, B, and Q. It remains only to prove the converse. Fix pg, and let h be a solution to (2.2.17)

of class Cg:{ra(R) corresponding to a given value of ) and streamline density function p,

Bernoulli function 3, with h, > 0 in R.

Define the C1*%(R) functions

per
1 hq(q,p)

92.2.18 F(q,p) == . G(g,p)=--12

( ) (@.p) hy(q,p) (@.p) hp(q, )

Then, as hpg = hgp,

(2.2.19) F,+ F,G - G,F = fhpth + hthph;?) + hpqh;2 _ hpphqh;i% =0

throughout R. Also, we note that the free surface of the flow is given by n(x) = h(z,0)—d(h).
Our first task is to recover the pseudostream function ¢. Fix g € R, and let ¢ denote

the solution of the ODE

(2.2.20) Yy (20,y) = —F (w0, —(w0,9)),

along with the initial condition v (xg,n(z¢)) = 0. By assumption, h), is bounded strictly
away from zero on R. We may let § > 0 be given such that F' > §. Thus 1)(zg, -) is increasing
at a rate greater than 0 as y decreases. Thus (2.2.20) is solvable until ¢ (x¢,y) = —pg for
some y. Then for each z € R, we may define ¢(x,y) on some interval [y(x),n(z)], with
y < 7. By uniqueness of solutions to (2.2.20) and the periodicity of h, it follows that v is
periodic in 2 within its domain of definition.

We claim that y(z) = —d(h) for all z € R. To prove this, let H(z,y) := —G(z, —¢(x,y))
for z € R, y € [y(z),n(x)]. Then by (2.2.19) and (2.2.20),

Hy(z,y) = Gppy = -G, F = —F, — F,G = —F, + F,H.
On the other hand, by C'-dependence of 1) on the parameter zg, we may differentiate to
find
(wx)y = (wy)x = _Fq + prx-

Thus v, and H satisfy the same ODE. We have ¢ (z,n(x)) = 0 by definition. Differentiating

this relation yields

Yy = —%77/ = F($, —T,D(J}, 77(35)))77,'
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Likewise, by definition of 17 we have
7 () = hy,
and thus

H(z,n(z)) = =Gz, —(z,n(x))) = F(z, = (z,n(x)))n (z)

by (2.2.18). We have shown that H and 1, have identical initial data at (x,7n(z)); hence

by uniqueness we conclude

(2'2'21) ¢x(xay) = H('x:y) = —G(z, —(z,y)) forallz €R, y € [Zv/(«’ﬁ)a??(il?)]

Now, C''-dependence of y on x enables us to differentiate the relation ¢ (x,y(z)) = —po,
dy
wx(il% y(l’)) + U)y(xay(l‘))% =0 for all z € R.
By (2.2.20) and (2.2.21) this implies
dy
G(z, —po) — F(x, —po)d— =0 for all z € R.
x

But as we have seen, h, = 1/, so that hy(g,po) = 0 and therefore G(-, —pg) = 0. Also, we
have that F' > § > 0, so we may conclude that y(x) = yo, a constant.

Finally, we must show that yo = po. To do so we observe that h(0,pg) = 0, h(0,0) =
n(0) + d(h). Then by (2.2.20) evaluated at zo = 0, we have

0 0
n(0)+d:h(o,o):/ hp(o,p)dp:/ F(C(l)pp)

Thus yg = —d.
It remains now to show that ¢ constructed above constitutes a pseudostream function
for a solution to (2.1.1)—(2.1.6). We have already proved that ) = pp on y = —d, and ¢ = 0

on y = n(x). Also,

(2.2.22) FP+ G =y +¢2=|Vy]* iR
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by (2.2.18) and (2.2.21). On the other hand, from the boundary condition at p = 0 in
(2.2.16), we find F? + G2 = Q — 2gph on the free surface. But as ¢ = x and h = y + d, we
may combine this with (2.2.22) to conclude that |V1|? + 2gp(y +d) = 0 on y = n(z).

Finally, differentiating (2.2.20) and (2.2.21) and summing the two yields
dy dy

Ay = F,— —

v P dy dx
= —FF—-GyG—-Gy

= hpphy® + hpphihy® — hpghghy + haghy ' — hghpghs .

In light of (2.3), this becomes

(2.2.23) A% = —B() + gy (—v) i R.

We now define u and v through (2.2.12), and, by abuse of notation, take p(z,y) =
p(—=(z,y)). Then, recalling the moving frame transformation and the definition of the
pseudostream function, we have by (2.2.23) and the arguments of the preceding paragraph
that (u,v, p,n) € Coh®(Dy) x Cpd®(Dy) x C3&*(Dyy) x C34*(Dyy) solves the original problem

(2.1.1)~(2.1.6). O

2.3. Local bifurcation

The goal of this section is to prove the existence of a local curve of small-amplitude

solutions to (2.1.1)—(2.1.6). The main product of our efforts will be the following theorem.

THEOREM 2.3.1 (local bifurcation). Let ¢ > 0, pg < 0, a € (0,1), and C*** functions
B and p defined on [0, |pol], [po, 0], respectively, be given. Consider the traveling solutions of
speed ¢ with relative mass flux py of the water wave problem (2.1.1)—(2.1.6) with Bernoulli
function B and streamline density function p such that u < c throughout the fluid. If 3
and p satisfy (L-B) (see Definition 2.3.1) and p, < 0, then there exists a C' curve C
of small-amplitude solutions (u,v,p,n) € Cot®*(Dy) x C24*(D,) x Cp3*(Dy) x C3t*(Dy).

The solution curve Ci,. contains precisely one laminar flow (with n=0).

2.3.1. Overview. Following the ideas set forth in the previous section, we shall work
with the equivalent height equation formulation (2.2.17). First we shall prove the existence
of a 1-parameter family 7 of laminar solutions. We then show the existence of a local curve

of nonlaminar solutions bifurcating from a simple eigenvalue of the linearized problem along
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7. The result will then follow from an application of the local bifurcation theory of Crandall
and Rabinowitz.

In several ways, it will be this section where the stratification term will be problem-
atic. This will be immediately apparent in the next lemma, where its presence will make
unattainable an explicit formula for the laminar solutions. The consequences of this, at
least from a technical standpoint, will cascade through the subsequent development, as we
will be forced to make perturbation arguments along a curve of solutions we can only hope
to represent implicitly. Though these concerns are purely mathematical in nature, they are
not without physical analogue. Indeed, as we remarked earlier, one of the striking features
of stratified flows is their propensity to exhibit significant internal waves—even in a small

amplitude regime.

2.3.2. Laminar flow. Consider laminar flow solutions to the height equation (2.2.17).
By laminar we mean parallel shear flows where the free surface is flat. Any such solution
must then take the form H = H(p), with n = 0. The height equation then reduces to an

ODE with operator coefficients:
(2.3.1) Hyp = g(H — d(H))Hypy = —Hy3(=p),  po<p<0

along with with the boundary conditions

(2.3.2) H=0 onp=po
and
2
(2.3.3) 1+ H,(2gpH — Q) =0 onp=0.

Owing mainly to the presence of the stratification term, (2.3.1)—(2.3.2) constitutes a nonlin-
ear, nonautonomous ODE boundary value problem which we cannot solve explicitly. Our
approach is motivated by the observation that if we can replace # and p with functions of
y, the resulting autonomous ODE becomes tractable. Indeed, any solution to the height
equation should satisfy H,, > 0; hence the vertical variable y is a strictly increasing function
of p, and so inverting the two is a valid change of variables. This is an adaptation of a
technique commonly seen in the analysis of solitary waves in a channel, where it can be

convenient to invert p and y on the profile at £oo (cf. [4, 42, 68] and many others). As in

41



the first section, define

P
B(p) = / ﬁ(_s)ds’ Bmin := min B(p) <0.
0 PE[po,0]

LEMMA 2.3.1 (laminar flow). Suppose that the streamline density function p satisfies

(2.2.8). Then there exists a 1-parameter family of solutions H(-;\) to the laminar flow
equation (2.3.1)-(2.3.3) with H, > 0, where 0 < —2Bpin, < A < Q.

PROOF. In accordance with (2.2.9), let Y := H — d denote the vertical variable. By

specifying the free surface nn = 0, we force Y (0) = 0. Thus H(0) = d, and so by (2.3.3),
(2.3.4) 1+Y(29pd —Q)=0  onp=0.

It therefore suffices to find Y satisfying

(2.3.5) Yop+ (B(=p) —gYpp) Yy =0,  po<p<0

along with the boundary conditions

(2.3.6) Y =0 on p =0,

(2.3.7) Y=-d onp=po,

where d (viewed as a positive real number) and Y additionally satisfy (2.3.4) for some choice
of Q.
We now change variables. Put s := Y (p). Then from (2.3.5) we calculate

_ dB dp
Yol = <—ds +9Yd8) Yp
_ (LB L) ds
N ds ds ) dp’
Therefore we may rewrite (2.3.5) as
1.
(2.3.8) (—2Yp 2) + (F(Y)), =0, po < p <0,
P
where
dB d dB d
Fiy)= (2 —gvl 2 gt :
ds ds ) |y ds dp ) |y_,
or equivalently,
dF  (dB dp\ dp
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For definiteness, we take F'(0) = 0, so that integrating we find

0
(2.3.10) F(Y) = B(p) +/Y gr%(r)dr
and
0
(2.3.11) F(Y) = B(p) +/ gY(r);lZ(r)dr.

Note that by (2.2.8), the integrand on the right-hand side is nonnegative; hence F' > Byiy.

Returning to (2.3.8) we integrate once to obtain

1
(2.3.12) V)= ————,
A+ 2F(Y)
where \ is a constant of integration, with A > —2B,;,. Note that, by (2.3.10), F' is actually
an unknown. Using the fact that F(0) = 0, (2.3.12) and (2.3.4) together imply
_Q-A
29p(0)

Inverting (2.3.12) and combining it with (2.3.9) we arrive at a first order system for p and

(2.3.13) d

F:
& AT,
9E = (B'(p) — gsp'(p)) /A +2F(s),

where by abuse of notation p and B here have been extended continuously so that their

(2.3.14)

domain encompasses the entire real line. We have that both Y and p vanish when s = 0.
Locally, then, we can solve this initial value problem. Let (F,p) = (F(s;A),p(s; \)) be such
a solution for a fixed choice of A > —2B,in, and let the maximum domain of definition be
(s—(A),s4(X)). We must show that p attains the value pg somewhere in (s_,0).
Elementary theory of ordinary differential equations tells us that, if the domain of
definition is bounded from below, then the solution must blow-up as we approach the
boundary. More precisely, we must have |F|? + |p|> — oo as s — s_, provided that
s_— > —oo. First consider the F' equation in (2.3.14). Rearranging terms and integrating in

s yields
s 2
F= (/0 (B'(p) — grr' () dr) -
which implies

2
[F(s; M| < A+ (I18llscls] + g5° (17 lls0) ™
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It follows that F' is bounded for finite s. Next, recall that we have chosen A > —2Bin;

whence,

A+ 2F > X+ 2Bpin > 0.

Putting €(\) := A + 2Buin, by (2.3.14) we have
dp
(2.3.15) agsz>0

But this uniform lower bound on % implies that if s_ = —o0, then p — —0c0 as s — s_.
On the other hand, if s_ > —o0o, then the arguments of the previous paragraph guarantee
that |F'| is bounded on (s_,0], so again we conclude p — —o0 as s — s_. In either event,
we may choose d = d(\) > 0 to be the unique number satisfying p(—d) = pg. Inverting p
(which is valid by (2.3.15)) we get a function Y = Y (p; s) satisfying (2.3.5)—(2.3.7). Finally,
let @ = Q(A) be defined by the relation (2.3.13):

(2.3.16) Q) = A+ 2gp(0)d(N).

Thus for each A > —2Bpin, H(p; A) := Y (p; \)+d(]\) is a solution the laminar flow equations
with Q = Q(\). O

2.3.3. Eigenvalue problem. Up to this point we have produced a family 7 of laminar
solutions to the height equation parametrized by the variable A, which is drawn from a
suitable range determined a priori by the given function 8 and the value of pg. We will now
linearize the full height equation around H for fixed A by evaluating the Fréchet derivative.
Ultimately we show that the linearized problem has a simple eigenvalue at some \*.

Fix € > 0, and let h(q,p) = H(p) + em(q,p). Then from (2.2.17)
(1+ Eng) (Hpp + €mpp) + emgq(Hy + emp)? — 262 mgmy (Hp + emy)
—g(H +em — d(H) — ed(m))(H), + emp)?’pp
=—(Hp + emp)gﬁ(—p)

for pp < p < 0. Differentiating in € and evaluating at ¢ = 0 yields the following linearized

equation:

(2.3.17)  myp + mqug —gpp (3mp(H — d(H))Hg + (m— d(m))HS) = 73Hp2mpﬂ(fp)

for pg < p < 0.
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Applying the same procedure to the two boundary conditions we find
29pmH§ +2(29pH — Q)mpH, =0 onp=20

and

m =20 on p = po.

We may simplify the nonlinear condition on 71" by noting that for all A,

Q— A
2.3.18 H(0) = — 2gp(0)H(0) — Q = —A.
( ) (0) 200(0) p(0)H (0)
Also, from (2.2.10),
2 2 1 -1
(2.3.19) H2=Y2= — =) on p = 0.

PP T NT2F(Y)

Combining these we find that the the linearized problem is the following: for fixed A >

—2Bmin, find m that is 27-periodic in g satisfying

.
Mpp + mqu;% - gpp(3mp(H - d(H))Hyg + (m — d(m))HS)
= — 3H2m,pB(-p), <p <0,
m =0, P = Do,
gpm = N m, p=0.

Observe that the only effect of the variable density on the boundary is in the addition of the
constant p(0) on p = 0. This similarity with the constant density case will allow many of the
same calculations to push through virtually unaltered. On the other hand, the stratification
term in (2.3.17) will present a significant technical barrier as it introduces both the nonlocal
operator d and a zeroth order term.

From this section onward we shall consider only A in the range A\ > —2B,in + €g, where
€o is as in (2.1.14). As will be made clear later, the purpose of slightly decreasing our range
of admissible A is essentially to ensure that H), is bounded uniformly away from zero for A
small.

In order for bifurcation to occur, some control over the relative sizes of p, B, 3, and
Po is necessary—even in the homogeneous case. With this in mind, we make the following

definition.
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DErINITION 2.3.1. We say the pseudovolumetric mass flux pg, streamline density func-
tion p, and Bernoulli function 3 collectively satisfy the local bifurcation condition provided
—gp(0)6(0)2 + 1) Hy > (05 Ny (p)?dp )
{ S #2(0) (Hy ™ (93 \) + 9pp(p)) dp } s
where .7 := {¢p € H'((po,0)) : ¢ £ 0, ¢(po) = 0} and H(-;)) is the solution to (2.3.1)-
(2.3.3) given by Lemma 2.3.1.

(L-B) inf inf
)\272Bmin+50 Q‘)GY

We shall restrict our attention to case where (L-B) is satisfied. The next lemma gives

the precise motivation for this choice.

LEMMA 2.3.2 (eigenvalue problem). Assuming (2.2.8) and (L-B), there exists \* >

—2Bnin + €0 and a solution m(q,p) Z 0 of (2.3.20) that is even and 27-periodic in q.

PROOF. We seek special solutions of the form m(q,p) = M (p) cos(kq) for some k € Z*,

as we require 2m-periodicity in q. Note that this implies
d(m) = M(O){Tr cos(kq)dg = 0.
Also, since solutions of this form will necessarily satisfy the ODE
Mgq = —k%m,
we may rewrite the interior equation of (2.3.20) in self-adjoint form:
{Hp_?’mp}p +{(H," + gppk?) mq}q =0.
In turn, this requires that M satisfy
(2.3.21) {H,° My} = (K H, '+ gpp) M, po<p<0.

Any value of k will suffice, but for simplicity, we focus on finding a solution where k£ = 1.
To do so we approach (2.3.21) as a Sturm—Liouville problem. Note that, as a consequence
of (2.1.14), the term in parenthesis above is nonnegative for k = 1.

In that connection we consider the minimization problem

(2.3.22) p= () = inf R(g:N),
where the Rayleigh quotient R is
—ap(0)b(0)2 O H (p:\)3 24
(2.3.23) R(d;\) = gpo( JOOF 4 Jyo Hol0: N0 p)"dp
Sy @(0)2 (Hp(p; \) 1 + gpp(p)) dp
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and .7 := {¢ € H'((po,0)) : ¢ Z 0, ¢(po) = 0}. For each ), the function M that attains
the minimum p(A) will satisfy the boundary conditions of the linearized problem (2.3.20)
as well as the ODE:

{H, "My}, = =) (H, " + gpp) M.
The task is to find A* > —2Byin + €9 such that u(\*) = —1. The corresponding M will be
precisely the special solution we seek.
By the continuity of u and in light of the (L-B), it suffices to prove that u(\) > —1 for

A sufficiently large. By (2.2.8) we have that p, < 0, and we found in the previous section

that this induces a uniform lower bound on F'(-; A). That is, for any A > —2Byi, + €0,

p

We may therefore choose A such that

A > gp(0) + gllppll% + 6**v/p(0) || ppllco — 2Bumin

and conclude

Hy' = A+ 2F(Y (0))"? 2 (A +2Buin)'? 2 gllppllc + v/90(0).

Then, again using the fact that p, < 0, we obtain

H, '+ gpp > 1/ gp(0).

Now let w € . be given and fix a A > —2Bpin + €9. Then
0
/ (Hy*w? + (Hy '+ gpp) w?)dp > +/gp (w + gp(0)w?) dp
Po

0
> 2gp(0) / wwpdp

Po

= gp(0)w(0)*.

Thus R(w) > —1. As this holds for arbitrary w € . and all admissible A\, we conclude
w(N) > —1. O

As we indicated in the first section, there is an explicit condition (2.1.13) on py, p, and
£ that implies (L-B). Moreover, for any choice of (3, p, taking py sufficiently small (and

restricting § and p to the decreased domain), will be enough to guarantee that this size
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condition will hold. Though the size condition is not necessary, it is still general enough to

allow for a great variety of flows.

LEMMA 2.3.3 (sufficiency of size condition). If po, p, and [ satisfy the size condition

(2.1.13), then they satisfy (L-B).

PROOF. We must show that for some A > —2Bi, + €p, we have p(A) < —1 in the sense

of (2.3.22). In (2.3.15) we showed that % was bounded below uniformly in p. Therefore,

0 dp
—po = —p(—d) = d—ds > \/eod.
d as

If ¢ = 0, then we are in the constant density case, and this lemma has already been proved

n [15]. Otherwise,

bo
2.3.24 d< ———.
( ) R
As Y, = Hp, we see by (2.3.12)
0 1/2
1) = (280042 [ an(mor)
P

< (A +2B(p) + 204N polllplloc)

< (A+2B(p) +e)'?,

where the last line comes from (2.3.24) and the definition of ¢y. Pairing this with the size
condition (2.1.13), we have that for A sufficiently near —2B,;, + €o,
’ 3 2 1 ’ 3/2
/ (H,” + (p —po)* (H, " +gpp)) dp < / (A +2B(p) + )
Po Po

+(p = p0)2 (A +2B(p) + €0)/* + gpp) ) dp

< gp(0)p}.

Now take w =p — pg € &, and let A be such that the above inequality holds. Then,

0 _
~gp(0)p§ + [, Hy,  dp

. — <-1.
oo (0 = o) (Hy ' + gpp)dp

R(w; \) =

It follows that p(A\) = inf» R(; A\) < —1, as desired. Hence the local bifurcation condition
holds. g
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For convenience we denote G(p;A) := 2F(Y(p;A); A). Thus, for instance, we have
Hy(p) = (A + G(p; \))~Y2. The great difficulty that arises from the stratification term
in (2.3.1) in large part stems from the fact that G depends on A. Given that, before
proceeding further, we set ourselves to a technical task: We must determining precisely
how the A + G(+; \) term varies along 7.

For the next several proofs we will denote differentiation with respect to A by a dot.

LEMMA 2.3.4 (sign of 14+ G). For A > —2Buin + €0, 1 + G is strictly positive. In fact,
we have the following bound: —1/2 < G<0.

PROOF. By rewriting (2.3.11), we have the following expression for G:

0
(2.3.25) G(p: \) = 2B(p) + 2 / GY (7 N py ()

Since B is independent of A, and, indeed, the A of GG derives entirely from that of Y, we

differentiate to find
0
(2.3.26) 1+G(p;N) =1+ 2/ gY (r; N) pp(r)dr.
P
But note that from (3.6) we can calculate

(2.3.27) ¥, = —%(A L Op) (14 C) = V() = /O()\ Q) (L4 G(r))dr

[N

hence
0 0
L4 Gp) =1+ / / 90 () (A + G()) "2 (1 + G(s)) dsdr

Now we reverse the order of integration to find

1+Gp) = 1+ ’ /S gpp(r) (A + G(s))’3/2(1 + G(s))drds

(2.3.28) = 1+ [ k(p,s)(1+ G(s))ds,

where k(p, s) := f; gpp(r)(A G (s))~3/2dr. This is a linear Volterra integral equation of the
second type, albeit a simple one. As k is a continuous map on A := {(p,s) : po < p < s < 0}

we have that
0 ~
(2.3.29) 1+G(p) =1 +/ k(p, s)ds,
p

where
ki(p,s) = k(p,s),  km(p,s) = / 1 (p, PR (r, 8)dr, m > 2
p

49



and the resolvent kernel % is given by
k(p, s) = Z km(p, s).
m=1

The fact that the series converges comes from the following estimate:

From this it is clear that controlling the quantity in parentheses allows us to control the

(9, 5)] s( sup [k (p,s)|
(p,s)eA

size k and thereby the sign of 1 + G. However, as we are taking take A\ > —2B,i, + €g, we

have

-3/2
sup [k(p,5)| < glpoley | oplloo;
(p,s)EA

since G > 2B, implies A + G > €. Inserting this into the definition of k we find

¥ —3/2 — —3/2
sup [k(p, )| < glpolesllpplloce”™ < Ipoleg 1oy lcel?.
(p,s)EA

Integrating this expression and applying the definition of ¢y,
- 2 —3/2 pol _ 1
1+ G(p) 21— pyeg [l pplloce™ = B

Thus we have shown that 1 + G is strictly positive, as desired.

Finally, to derive the upper bound we merely reexamine (2.3.27). That is, from
(2.3.27) we see that ¥ > 0, as we have shown 1 + G > 0. But then (2.3.26) implies
G <0. 0

With the sign of 1 + G established, we are now in a position to better understand the
relation between @ and A set down by (2.3.16).

COROLLARY 2.3.1 (convexity of Q). For all A > —2Bpyn + €, we have that Q is a

convex function of X with a unique minimum Xg.

PRrROOF. First recall that by the definition, Q(\) = A — 2gp(0)Y (po; A), where Y (-; ) is

the corresponding solution to the laminar flow. Differentiating twice in A\, we obtain

QN o,
29p(0) Ypoi b

It follows that to prove the corollary it suffices to show Y(po; A) < 0for all A > —2Bp,in + €.
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To do so we first note that by differentiating (2.3.26) by A,

0 .
(2.3.30) G(p; ) = 2/ gY (r; \)p (r)dr.

On the other hand, differentiating (2.3.27) we find

SRR B o G(r; \) 3 (0 (1+G(r;))?
Y(p;\) = 2/p (A + G(r; )\))3/26”_ 4/}7 (/\+G(r;)\))5/2 T

Substituting (2.3.31) into (2.3.30) and exchanging the order of integration we find that for

(2.3.31)

each fixed A, Y(, A) solves the integral equation

0
(2.3.32) Y@w:m»+/j@mwvwn p € [po. 0,

where
. T gp(r) 3 [0 (L+G(r))?
j(p,r) = / ds, l(p) = —= dr.
p (A+G(s))? 2)p A+ G2
Observe that ¢ < 0 and ||¢||cc = —¢(po). Now this is a Volterra integral equation with
solution given by

0
Vo) =) + [ 3lpr)ecrydr,
p
where the resolvent kernel j is given in the same fashion as the previous lemma. From this

representation formula we immediately derive the estimate

(2.3.33) Y (po; A) < (1= [pollljllee) £(po)-

As £(pg) < 0, we are done if we can show that the quantity in parenthesis is positive.
Unsurprisingly, this is again a consequence of the definition of € in (2.1.13). Again let A

denote the triangular region A := {(p,7) : po < p <r < 0}. Observe that

. —-3/2
sup |j(pr)| < e
(p,r)eA

9llppllclpol,

and thus
= —3/2
sup |7 ()| < Ipoleg ™ *gllpplloce™!.
(p,r)EA

But by the definition of €y, this becomes
~ 1
sup ‘](p,r)‘ < YT
(p.r)EA [po
Inserting this last expression into (2.3.33) proves convexity of @ (and the concavity of Y).

To show the existence of a global minimum we note that

Q(\) =1 —2gp(0)Y (po; A),
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thus Q > 0 for \ sufficiently large, since we have shown Y(po; A) < 0 for all . O

We now return to the linearized problem. With the previous lemma in hand we are
prepared to prove the monotonicity of u in some neighborhood of A*. This will in turn give

the uniqueness of A\*. For convenience, we denote a = a(p; \) := Hy(p; A) 1.

LEMMA 2.3.5 (monotonicity of ). w is a strictly increasing function of A\ whenever

() <0.

PROOF. For each w € . and each A\, define Lyw := —{Hp_?’wp}p. For each A, let

w(p) = w(p; A) be the solution to the eigenvalue problem
Lyw=p (H;l + gpp) w, w(po) = 0, wy(0) = A732gp(0)w(0),

where p = p(A) is the minimum eigenvalue. As in the previous lemma, denote by a dot
differentiation with respect to A, and for notational convenience, we drop the explicit de-

pendence on A. Thus, @ = % Likewise,

0 3 .
(2.3.34) —Lw=— {a(l + G)wp + a%p} :
oA 2 »
Hence
.3 : 0 . 1+G :
L — 5 {a(l + G)wp}p = a[/w = pla+ gpp)w + p <2a> w+ p(a + gpp)u.

We also have from the boundary conditions satisfied by w that w(pg) = 0 and
1y (0) = ~ S A 2gp(0)u(0) + A~ gp(0)i(0).
Multiplying (2.3.34) by w and integrating yields
(0, Lw) = p(w, (a + gpp)w).

Likewise, multiplying (2.3.34) by w and integrating,

(L, w) — g ({a(l + G‘)wp}p,w> = (a(a+ gpp)w,w) + (N (1 ;—aé) w,w>

+ (u(a + gpp)w, w).

We may integrate by parts to evaluate the second term on the left-hand side in the equation

directly above:

—% ({a(l - G)pr}p : w> =

) 3 ) 0
(a(l + G)wp,wp> — §Q(1 + G)wpw

N W

52



On the other hand,
P
(w, Lw) — (Lw,w) = / (_w{agwp}p + w{anpr}p) dp
o
= (wpa% — wpa?’u')) ‘0.

Adding the last three equations gives
3 . 3 . 0 )
> (a(l + G)wp,wp) - 5a(l + G)wpw‘ = (fla+ gpp)w,w)

2
1+ G . 3
+ | e | ww + (Wpw — wpw) a

Now as G(0) = 0 for all A, G(0) = 0. Thus the boundary conditions evaluated at p = 0 are

0

the following:
a® (lyw — wpr) + gwpw = \32 <—;)\_5/29Pw2 + >\_3/29wa>
3
23/2 (\=3/2,,,: 941/2 (y=3/2 . 2
A ()\ gpww) + 2)\ ()\ quw )
= 0.
Thus dropping the boundary terms, we have

g (a(l + G)wp,wp> = (f(a + gpp)w, w) + <H (1 ;—aG) th) .

But, a (and a + gp,) are strictly positive for admissible A\. Hence, when p < 0, we must

have (1 > 0 as claimed. This completes the lemma. 0

Applying these lemmas, we have, ultimately, the following result.

LEMMA 2.3.6 (location of A\*). Under the hypotheses of the previous lemmas, the solution

X of w(AN*) = —1 (whose existence is given by Lemma 2.3.2) is unique. Moreover, \* < Xg.

PRrROOF. By continuity of p and the preceding lemmas, there exists some \*, with
w(A\*) = —1. Moreover, since p is monotonically increasing when p(\) is in any sufficiently
small neighborhood of —1, this A* must be unique.

We now prove that the size conditions given are sufficient to ensure that \g # A,. If
Ao < —2Bpnin + €0, then we are done. Likewise, if ¢g = 0, then we are in the constant density

case, and this result is already known. So we shall assume \g > ¢y > 0.

53



Fixing A = A, let ¢ € . be given by

p 1 —|— G’(T; )\0)
= dr, <p<O0.
a2 / (o + Gl h)p2 " 0=

Then, using (2.3.27) we estimate

0

0 : 2
Y, (p) " ép(p)dp = / (1+6w) dp < 2Y (po).

Po po (Ao + G(p))3/2

Now,

0 . 2 ‘
¢<0>2=< / %dp) = 4Y (po)”.
Po

But, for A, we know from (2.3.16) that Y (po) = ﬁ(o)' Combining these estimates we see

that the numerator of the Rayleigh quotient R(-; Ag) is dominated by

0 |
0006002 + | Y(p) 06, (p)2dp < — 1P oy 0.
Po QY(pO)

Thus p(Ao) < 0.
Now let ¢ € S minimize R(¢$; \g). Then multiplying the equation satisfied by ¢ and

integrating by parts we find that, for py < p < 0,

P D
oy = —u(No) / (a+ gpp)ddr + / adr.

Po Po

Therefore, since we have already shown that —u(Ag) < 0, we see that a3¢¢p is a positive
and increasing function of p.
If we, instead, multiply the equation satisfied by ¢ by ¢(1 + G.)*1 and integrate, we

arrive at the following identity:

0 3 0 3/ 0
o 2 a 2 o a GP dp = Y a+gpp 2d
gp(0)9(0) +/po G<Z>pdp /po 7(1 5 PPpdp = 0)/ ——-¢7dp.

1+ +Q) o 1+G

Note that we have used the fact that G(0) = 0. To show that u(X\g) > —1, therefore, we

need to prove that

0 .3 0 B30 044 gp
(23.35)  —gp(0)$(0) + / - p2dp — / LT bgpdp+ / LTI s24p > 0.
w1+G 7 Ly (146G Sy 146G
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First we observe that, for any ¢ € .,

$(0)* = ( p: ¢p<p>dp>2

* O+ GO 1+ Gl
: </Po 1+G(p) > ( (Ao +G(p 3/2dp>
_ 1 O (N + G(p))3? 2
- =% /p E R

1 0
- / $2dp
9p(0) Jp, 1+ G
Thus the first two terms in (2.3.35) give a nonnegative contribution.
Note, however, that the third term is nonpositive, since Gp > 0. As we have seen, a?’qﬁ%
is increasing; therefore, we can bound the third term from below by
0 3¢ 0 :
a’Gy 3 G,
- [ ety = —a(0Po0)0,0) [
/po (1+6) v (1+G)

(2.3.36) —4gp(0)$(0)*[pol[| G|

Y

(2.3.37)

Y

—4g||pplloo|po| #(0)2.

On the other hand, integrating the fourth term on the left-hand side of (2.3.35) by parts
gives ‘
a+gpp 0 A 0 AG,
I Gy — 40007 ~2 [ ovdp+ [ SO0 g,
/Po 14+ G po 1 +G 8 Po (1+G)2
where A(p) := f P (a(r; o) + gpp(r))dr. Note that the final term on the right-hand side

above is nonnegative.

The next task is to estimate these quantities. In that regard we note

0a=3A ~3/2
2.3.38 -2 dp > —4|po| A0 .
(23.38) | ez ~Amla0g

Then, again exploiting the fact that a®¢¢, is increasing, we use (2.3.37)—(2.3.38) to find

0 &G, 04+ gpp o
— —————0dpd, —==¢d
A o pe | TR
> (Ipol = A(0) = 4llppl — 44(0)¢;*/*p(0) ) Ipol(0)*.

So long as the quantity in parenthesis on the right-hand side above is nonnegative, we have

u(Xo) > —1. But, since

1/2 1 1/2
A) > (& = gllpplloo) Ipol > 5lpoleg
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we have that
-1 —3/2 1 -1
[po| 7" A(0) = l[ppllec —4A4(0)eq ™ gp(0) > 5 [pol =" A(0) = llpplloc > 0,
where the last two inequalities follow from the definition of €y in (2.1.14). O

2.3.4. Proof of local bifurcation. All that is left for us now is to verify the hypothe-
ses of the Crandall-Rabinowitz bifurcation theorem presented in [18]. As in the previous

sections let the transformed fluid domain be
R:={(q,p): 0<q<2m po<p<O0},
with boundaries
T:={(gp) e R:p=0},  B:={(¢p) € R:p=po},
and define
X={heClH*(R):h=00n B}, Y =YxYy:=Cpt*(R)x C3(T).

Let h(q,p) := H(p)+w(q,p). Then by the full height equation, w must satisfy the following
PDE:

(1 + wgq) (Hpp + wpp) + weq(Hp + wp)2 — 2wqwpe(Hp + wp)
(2.3.39) —g(H +w — d(H) — d(w))(H, + w,)?pp + (Hy + w,)*B(—p) = 0 in R,

(2.3.40) 1+ w, + (Hp +wp)*(29p(H +w) — Q) =0  onT,

together with periodicity in ¢ and vanishing on B.

Conforming to the framework of [18], we introduce a nonlinear operator
F = (flva) : (_2Bmin+€0,OO) x X —=Y

defined, for w € X, A > —2Bpin + €, by

Fi(hw) = (1 + wgq) (Hpp + wpp) + weq(Hp + wp)2 — 2wqwpq(Hp + wp)
(2.3.41) —g(H +w — d(H) — d(w))(Hp +wp)’ pp + (Hp + wp)*B(~p),
(2.3.42) Fo(A\w) = 1+w; + (Hp+ wp)*(2g9p(H + w) — Q).
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Note that by definition of the laminar solution H(-;A), we have F(A,0) = 0. For future

reference, we evaluate the Fréchet derivatives Fi,, Fow at w = 0:

Flw = 3£+H533+3H5ﬁ(—p)8p

(2.3.43) —39(H — d(H)) Hpy0, — gH2p,(1 — ),
Fow = (29pH; +2H,(29pH — Q)3,) |1
(2.3.44) - (29/))\_1 - 2A1/2ap) ‘T.

In order to show that the eigenvalue at A* is simple we must characterize the null space
and range of the linearized operator F,,(A*,0). This is accomplished in the following two

lemmas.
LEMMA 2.3.7 (null space). The null space of F,(A*,0) is one-dimensional.

PrOOF. Fix A = A*. We have, by our work in Lemma 2.3.2, that M(p)cosq €
N (Fu(A*,0)), where N (-) denotes the null space. We need only prove uniqueness to com-
plete the lemma.

Let m in the null space be given. Then, since m is even and 27-periodic in ¢, we may

expand
m(q,p) =Y _ cos (kq)mp(p).
k=0

The fact that F,,(A*,0)m = 0 then implies

Z (02 + H292 + 3H2B(—p)0y — 3g(H — d(H))H2pp0, — gH3pp(1 — d))
k=0

cos (kq)mg(p) =0

in R, and

o0

> ((29pH; + 2H,(2gpH — Q)3,) cos (kq)my(p)) | = 0.
k=0

We conclude that each term in the series above must vanish. But, note that
d(mi(p) cos (kq)) = mk(O)]f cos (kq)dg = 0;
hence, for each k > 0,

{—9pp + H,'K* + 0, (H,20,) } my, =0,  po<p<0.
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From the second series and the boundary conditions satisfied by m, we have that for £ > 0,

3/2

Opmp, — gpA~ " "my, =0 on p =0,

along with
mg =0 on p = pg-

For k£ = 1, then, m must be a constant multiple of M, as both satisfy the identical ODE
boundary value problem. Moreover, if k > 2, we see that m; = 0. Otherwise, the Rayleigh
quotient in the minimization problem will be —k? < —1, which contradicts the choice of \*.

The difficulty arises in the case k = 0, since the d-term persists. Using the fact d(mg) =

mo(0), we have that mg satisfies

{~=9pp + 0y (H,0p) } mo = —gppmo(0),  po <p <0,

along with the same boundary conditions as before on p = 0 and p = pg. From this we wish

to conclude that mg = 0. To see why this must be the case we rewrite it in the form

(@)’ = g9/ (mo = ma(0) = g9’ [ mi(r)ir

where p € (po,0) and prime denotes differentiation with respect to p. Integrating this

equation and using the boundary condition at p = 0 we find

D r
iy = goO)ma(0)+ [ gf(r) [ mi(s)asar
0 0
P N )
= ao0mo) + [ ([ anar) o)
0 s
P .
— 9pO)ma(0) + [ K(p,5)als)'m(s)ds,
0
where the kernel k is given by
P
W) i= [ 99 (als) P m<p<s<o
This is nothing but a Volterra-integral equation of the form

(2.3.45) o(t) = C + /t k(t,s)¢(s)ds,  po<t<s<0,
0

with ¢(0) = C. As everything here is smooth and we are working on a compact interval,

standard theory of integral equations gives a unique solution for ¢ = ¢(p; C). Fix a value
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of C. Then multiplying (2.3.45) by a~% and integrating we find
Po

o(t; Ca(t)3dt = C/Opo a(t)3dt+/0p0 a(t)™3 /Otk(t, s)¢(s; C)dsdt

’ Po Po
= C/ at)Pdt+ [ K(t)o(t; C)dt,
0 0

where
K(t):= /tpo k(s,t)a(s) 3ds.

Now we note that we must have that a®>m{, = ¢(-;mg(0)), where ¢ is as above. Then,

by the linearity of ¢(;C) in C, we see that

a’my(p) = gp(0)mo(0)e(p; 1), po <p < 0.

But observe that a(p)~ = (A4+G(p))~*/? and recalling our argument of the previous section,
we have that ¢(p; 1) = 1+G(p), as the kernels of the integral equations (2.3.28) and (2.3.45)

(scaled so that C' = 1) are identical. Hence, integrating the above equation we find

14+ G(p)

de = 2Y(0).

0
mo(0) = gp(0)mo(0) /

Assuming mg(0) # 0, we arrive at a contradiction, since by the above identity

Q) =1-29p(0)Y (0) = 0.
We conclude that mg(0) # 0 only when A = )\g. However, Lemma 2.3.6 assures us that
A« < Ag, so this is impossible.
We have, therefore, shown that mg(0) must be 0. This is an immediate consequence of
the fact that m(0) = m/(0) = 0 while m satisfies a second order, linear ODE.
In summary, we have showed that all the modes k # 1 vanish, thus m(q, p) = m1(p) cosq.
By Lemma 2.3.2, see that m; is a constant multiple of M. Thus the null space is one-

diminsional with generator M (p) cosgq. O

LEMMA 2.3.8 (range). The pair (A,B) belongs to the range of the linear operator
Fuw(X*,0) iff it satisfies the orthogonality condition

1
// Aa3¢*dqdp+/ Ba*¢* =0,
R 2 Jr

where ¢* generates the nulls space Fy,(A*,0).
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PROOF. Suppose first that (A, B) € Y is in the range of F,,(A*,0). Then there exists
some v € X such that A = F1,(A*,0)v, and B = For, (A", 0)v. It follows that

//R Aa3¢>*dqdq = //R ((a3vp)p + avgq — aggppv) &*dqdp
N / /R ((a3¢2) p T ady — aggppqi)*) vdqdp
+ [ (@ — atuoy) da

= /T (ang,(ﬁ* — aquﬁ;) dq,

as on B, both v and ¢* vanish. Now, on T we have a® = A%/2. Moreover, the ODE satisfied
by ¢* gives gp¢* = )\3/2q§;‘; on T'. Thus,

1 i} §
2/ Ba’¢*dq = / (gpv — )\3/2vp> o*dq
T T
- / (A3/2¢;v . A3/2vp¢*) dq.
T

Combining this expression with the last gives necessity of the orthogonality condition.
To demonstrate sufficiency we let any pair (A, B) € Y be given satisfying the orthogo-

nality condition. We must show that there exists a solution u € X to the following:

—gpp(u —d(u)) + a 2ugy +a=3 (a?’up)p =A in R,
(2.3.46) 2 (gpau — aup) = B on T,

u=0 on B.
Our methodology here will be to freeze the operator d, replacing it with a fixed real number.
The resulting problem will be an elliptic PDE, so that we may use Schauder theory to extract
solutions.

We shall do this successively in several stages. First, consider the problem
—ev© + —gp,v(© + a2\ 4¢3 (a?’vz(f))p =A inR,
(2.3.47) 2 (gpa_2v(€) - av,(f)) =B onT,
0 =0 on B,

where v(©) is periodic in g. By standard elliptic theory, for a sequence of € > 0 going to

zero, problem (2.3.47) will have a unique solution.

We claim, moreover, that these solutions are bounded in Cg;;o‘(R). By contradiction,

suppose otherwise. Then there is some sequence of € — 0 such that ||v(9)]| Clta(®) — OO
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For each ¢, put u(® := U(E)/Hv(e)HcHa@). Thus, u(9) has unit norm for all e. Given that
v solves (2.3.47), we have, additionally,

—gppu'? +aPuf) + a7 (“3“56)) —0 G (R)
p

and

gpa2ul® — auz(f) —0 in Clro(T).

per

Observe that (2.3.47) is uniformly elliptic. Applying Schauder estimates ensures that the

sequence {u(9} is uniformly bounded in C’g;;a(R). So by compactness, we have a subse-

quence converging strongly to some u € C2, (R). By an argument identical to the previous

per
lemma, we can show that w is in the null space of F,,(A\*,0) and hence, a multiple of ¢*.
This follows from the fact that problem immediately above is Fi,, without the stratification
term. As we have seen, when we expand any element in the null space, this term will drop
out in all modes k > 1. Similarly, for the £ = 0 term, we may simply bypass the integral
equation argument (as we are, so-to-speak, already given that the right-hand side of the
interior equation is zero) and use the same Rayleigh quotient manipulations to conclude

ug = 0. So, indeed, w is a constant multiple of ¢*.

But by definition of v(¢), we have

// Aa¢*dgdp = // ado* <—6’U(E) + f1w(A*,O)v(6)) dqdp.
R R

Applying the exact same manipulations on the second term in the integrand above as we

did in proving necessity yields

0= —¢ // a0 ¢*dgdp = // aPul9 gt dgdp = 0 = // aSug*dqdp.
R R R

However, we have found that u is in the linear span of ¢*, so the equation above implies

u = 0. This contradicts the fact that ||u] o4 = 1. Hence, {v(9} is bounded.

It now follows that {v(9)} has a strongly convergent subsequence in Cper(R). The limit,

denote it v, will satisfy (2.3.47) with € = 0 in the sense of distributions. But, again appealing
to standard elliptic regularity theory, this implies that v € X.
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We have thus shown that for each (A4, B) satisfying the orthogonality condition, we may

find a unique solution in X to the following problem:

—gppu + a 2ugy + a3 (a3up)p =A inR,
(2.3.48) 2 (gpau — aup) = B on T,
u=20 on B.

Now to return to (2.3.46) we make the following observation: if the pair (A, B) satisfies
the orthogonality condition, then so does (A — f(p),B), where f is any smooth function.
To see why this is the case recall that we have proved that ¢* is of the form ¢*(q,p) =
M (p) cos q. Therefore,

//R(A—f)a%*dqdp = //RA“3¢*dqdp—/p:f(p)a(p)gM(p)dp/O%cosqdq
= / /R Aa3¢*dgdp

1 2 %
_2ABG¢7

so, indeed, the orthogonality condition holds for (A — f(p), B).
Fix ¢ € R. In light of our previous observation and our proof of the uniqueness and

existence of solutions to (2.3.48) in X, it follows that there exists a unique solution u(?) of

—gppu(”) + a‘zug‘;) +a73 (a?’u}f)) =A-gppo inR,
P
(2349) 2 (gpa_2u(g) — au;a)) = B on T,

uwl@ =0 on B.

We may, therefore, define a mapping ¥ : R — R by ¥(0) := d(u'?)), where u(?) solves
(2.3.49). Suppose that ¥ has a fixed point o. Then we may simply substitute d(u(")) for
o in (2.3.49) to find that u(?) is the sought-after solution to (2.3.46). Thus, it suffices to
prove that ¥ has a (unique) fixed point.

Let o, 7 be given with o # 7, and let u(?), w(7) solve (2.3.49) for o, T, respectively.
Then subtracting the equations satisfied by u(?) and «(7) and dividing by o — 7, we arrive

at a solution to the following problem:

3vp)p = —gpp in R,

(2.3.50) 2 (gpa=2v — avy) =0 on T,

—gppv + a 2vgg + a3 (a

v=20 on B.
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By applying the Schauder estimates for Dirchlet and oblique boundary conditions, moreover,
we have that the solution v of this equation is in X.

By contradiction, assume that d(v) = 1. Then, by virtue of the fact v solves (2.3.50),
we have that v € N(F,(A\*,0)). It follows from our previous lemma that v is a constant

multiple of ¢*. But this is a contradiction, since

d(¢*) = M(O){7r cos qdg = 0.

Thus we are assured d(v) # 1.

Fix o, h € R. Examining (2.3.49), we readily see

o — V(o wloth) —_ 4, (0)
U +h})L W()_Jﬁ( . )dq:d(v).

Hence, ¥ is differentiable everywhere, and ¥’ = d(v). Therefore, the function o — ¥ (o) —0

*

is monotonic with derivative uniformly equal to d(v) —1 # 0. So for some o*, we have

0 = ¢(0*) — o*. This proves the existence of a fixed point of ¥ and thereby, a solution to

(2.3.46). The lemma follows. O

Finally, we must ensure that the so-called transversality or crossing condition holds.

LEMMA 2.3.9 (technical condition). If ¢* generates the null space of F(N\*,0), then
Fur(X*,0)9" ¢ R(Fuw(A,0)).
PROOF. First we calculate the mixed Fréchet derivatives of F at A = \*, w = O:
Fiaw(A,0) = —(1+ G’)a_433 -3(1+ G)a_4ﬁ(—p)8p —3gYa"2p,0,
+ 3gY (1 + G)a*p,0, + gg(l +G)a"py(1 - d),
Forw(N,0) = (—ng)\_Q _ A—l/zap) ‘T.

By the previous lemma, it suffices to show that the pair (Fixy (A%, 0)0*, Forw(A*, 0)¢*) does

not satisfy the orthogonality condition. Equivalently, if we put
== ((1 +&)a (¢ = 3(1+ G)a T B(-p)6" S
y * gk s — * gk 3 - — *
— 3gYap,¢* ¢, + SQY(l + G)a 1pp¢> o, + 59(1 + G)a 2pp(¢> )2> dgdp

—2( 1*%\2 1 * %
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our lemma will be proven if we can show = # 0 (again, because d(¢*) = 0). We will
demonstrate that, in fact, = < 0. To keep our notation concise, let = = =1 + - - - + =7, where
=; denotes the ¢th term in the sum above. It is clear a priori that Z; > 0, while =5, Zg < 0.

Consider the boundary terms Zg and Z7. On T, we have a = A2, and ¢* satisfies

gpd* = N3/ 2¢;. Therefore,
— 1 1/2 1% i 1 —1 *\2 1r—~
(2.3.51) Sr=-35 A9 p,dg = ) A gp(9™)*dg = 156
T T
Now, by the ODE satisfied by ¢* in R, we have
(a+gpp)d" = (a°¢y) = 3a(B(~p) — gY pp) &y + @’ bpp;
whence,

3a~'gY ppos = ad, — (gpp + a)a 2" + 3a™' B(—p) ¢}

Substituting this expression into =4 yields the following:
Hy o= // 3gY(1 + G)a_lpqu*gb;dqdp
= [ (e+ )66, — (g + @) (1+ G)(0")2) dadp - =5
(2.3.52) = //R a(l+ G)qb*qb;p — gppa_2(1 + G) (¢*)2> dqdp — 21 — =s.
Next, consider the quantity
By +E3+E54 = // (a(l + @)oo, — gppa (14 G)(¢*)?
(2.3.53) — 39V apyo* ¢p>dqd _=.

Calculating that Gp = —QgYpp and a, = a 1 (B(—p) — gYpp), we integrate the first term

by parts to find
— —_ — . -1 - y * ok —1 - * ok
S22 = [ ((a7ov (4G —ga¥p,) 0705 — a7 Bl-p) 1+ G070
— a(1+G)(#})? = ga™* (1 + G)py(6")? ) dadp
" / a(1+G)¢*¢5dq — =1
- // —ga " (1+ G)pp(qﬁ ) — a(l + G) (gb;)Q) dqdp
(2.3.54) — (_2 +E3+Ey) — 51 — 257,

3
where we have used the familiar fact that G(0) = 0.
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Now, simply combining identities (2.3.51), (2.3.52), (2.3.53), and (2.3.54) gives

- s
= = :1+:2+:3+:4+:5+1:6
= Bty <// (—ga 2(1+ Q) py(s )Q—a(1+G)(¢p)2> dqdp—:1—2:7>
R

=, 9=
+ 25+ -6

4
1_ 3 . 1_
= —2:1—2// a(1+G)(¢p)2dqdp+§:6.
R

Thus Z < 0, and the claim is proven. O

We are now ready to prove the local bifurcation theorem.

Proof of Theorem 2.3.1. By definition of the laminar solutions H(-;A), we have
F(A0) = 0 for all A > —2Bpi, + €9. Moreover, by the regularity assumptions on p
and 0 as well as the definition of X, we see that F), Fu, Fow, and F,., exist and are
continuous. Applying Lemma 2.3.7 and Lemma 2.3.8, moreover, we see that N'(F,(\*,0))
and Y \ R(F,(A*,0) are both one-dimensional with the former generated by ¢*. Finally,
Lemma 2.3.9 shows F,x(A*,0)¢" is not contained in R(F,,(A*,0)).

Thus we have satisfied all the hypotheses of the Crandall-Rabinowitz theorem on bi-
furcation from a simple eigenvalue (cf. [18, Theorem 2]). This allows us to conclude that

there exists a C! local bifurcation curve
Co = {A(s),w(s) : |s| < e},
for € > 0 sufficiently small, such that (A(0),w(0)) = (A*,0) and
{Nw)eld:w#0, FI\,w) =0} =C,
where U is some neighborhood of (A\*,0) € [—2Bpyin + €9, 00) X X. Moreover, for |s| < e,
(2.3.55) w(s) = s¢™ + o(s) in X.

Furthermore, since h = H +w and H, > 0 in R, we may restrict our attention to a smaller

1 /
C*-curve Cy .

C C}, containing (A\*,0) and along which h, > 0in R. Then by Lemma 2.2.1, we
have the existence of a Cl-curve Cloc of solutions to
(2.1.1)—(2.1.6).
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2.4. Global bifurcation

We now prove that we can continue the curve C] = whose existence was established in

loc

Theorem 2.3.1. Continuing with our notation from the previous section, denote

X ={heC3}*(R):h=00n B}, Y =YxYy:=Cot"(R)x C3T),

per per per

where the subscript “per” indicates 2m-periodicity and evenness in ¢, R is the rectangle

(0,27m) x (po,0), and T' = (0,27) x {p = 0}. Next define

g:(gl,gg)iRXXHY

by
(24.1)  Gi(h) = (L+h2) by + hgghy — 2hghphyg — g(h — d(h))h5py + hB(—p),
(24.2) G2(Q,h) = (1+h;+hp(29ph— Q)| -

Recall that here d : X — R denotes the linear operator mapping an element of X to its
average value on T. We remark, also, that the laminar flow solutions (H (), A) found in
Lemma 2.3.1 satisfy G(H (), Q(\)) =0 for all A > —2Bin + €.

In order for our arguments to have any traction, we will need to make strong use of
a priori estimates. It will often prove convenient to consider uniformly elliptic differential
operators that approximate G or more specifically, G;. For any ¢ € R, we therefore define

G :Rx X —Y by

(2.4.3) G (h) = (14 h2) hyp + hagh? — 2hghphyg — g(h — 0)h2p, + h3B(~p),

(24.4)  G7(Qh) = Ga(Qh) = (1+h2+h2(29ph — Q) | _,-

That is, we replace the d-term of Gy with the real number o. As will be seen later, in the
function space we shall work in, this defines a uniformly elliptic differential operator for
each o € R. This is essential, for it allows us to exploit Schauder theory in order to prove
the compactness properties we need.

Let 6 > 0 be given. In order to ensure the uniformity of the ellipticity of gl") and

obliqueness of Qéa) we will work in the set

05::{(Q,h)€R><X:hp>5inR, h<Q2_50nT}.
gp
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Likewise, we put
S5 = closure in R x X of {(Q,h) € Os : G(Q,h) =0, hy # 0},

and let Cj be the component of S5 that contains the point (Q*, H*), where Q* := Q(\*),
H* := H(-; \*). Thus Cj contains the local curve C]

loc*

For later reference, we compute the Fréchet derivatives of G and Glo).
Gin(h) = 2hghypp0y + (1+ h2) 92 + 2hyhge0p + h20:
= 2(hpghqOp + hpghpOy + hphqOp0y)
(2.45) — 39pp(h — d(h))20, — gpphd(1 — d) + 3h2B(—p)d).
(2.4.6) Gon(Q,h) = (2hg0y + 29ph§ + 2hy,(2gph — Q)Dy) |T7
Gir () = Gun(h) +3g(d(h) — o) h}pyD, + gpyhiyd
= 2hghpp0q + (1+ h2) 02 + 2hphee0p + h20;
— 2(PpghqOp + hpghpOq + hyphy0y0q)
(2.4.7) — 3gpp(h — 0) 0y — gpphy, + 305 6(—p) Dy,
(248)  G(Q.h) = Gan(Q.h).
In the spirit of Rabinowitz [60], we shall apply a degree theoretic argument to get a

global continuation theorem in the form of an alternative result.

THEOREM 2.4.1 (global bifurcation). Let 6 > 0 be given. One of the following must
hold:

(i) C§ is unbounded in R x X.
(ii) C§ contains another trivial point (Q(N), H(N)) € T, with X # \*.
(iii) C§ contains a point (Q,h) € 00s.

Observe, however, that G is not a compact perturbation of identity, which rules out using
the classical Leray—Schauder degree (see, e.g., [27]). In light of the nonlinear boundary
operator Go, we, instead, employ a variant degree theory developed by Healey and Simpson
(cf. [32]). In order to do so, we must first establish two lemmas on the topological properties
of the map G. The structure of the arguments in both cases will be to begin by using elliptic

estimates on G(@) (which is uniformly elliptic in Og). Then, taking advantage of the fact
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that the operator d can be easily estimated in X, we reinsert the stratification term and
are able to make conclusions about G.

We emphasize that these lemmas are key. Once G has been shown to be admissible in
the sense of Healey—Simpson degree (cf. Definition 4.10 of [32]), the proof of Theorem 4.1 is
identical to that of the homogeneous case in [15]. Indeed, the technical obstacles presented

by the stratification term are completely confined to the following three proofs.

LEMMA 2.4.1 (proper map). Suppose K is a compact subset of Y and D is a closed,
bounded set in Og, then G~Y(K) N D is compact in R x X.

PROOF. First we prove that for each Q, o0 € R, the operator h +— Q(U)(Q, h) is uniformly
elliptic and oblique in Os. The former follows from the fact that the coefficients of the higher

order terms in Gy satisfy
A(1 4 h2)hy — AhZh2 = 4h? > 6%,

Notice that the bound here does not in any way depend on ¢ or ). Similarly, we have that

the boundary operator h — QQU)(h) is uniformly oblique as the coefficient of h, satisfies
|(2gph — Q)hy| > 6*  on T

for (Q,h) € 0.
Let {(fj,gj)} be a convergent sequence in ¥ = Y] x Y5 and assume that for each j > 1,

(fi,95) = G(Qj, h;) for some (Q;,hj) € Os, with {h;} bounded in C3:*(R), Q; bounded in

per

R. We wish to show that there exists a subsequence of {(Q;,h;)} convergent in R x X.
Towards that end we denote 0; := 9,h; for j > 1. Then, differentiating the relation
between (Q;, h;) and (fj, g;), we find by (2.4.1),

9qfi = 04G1(hj)
= (14 (94h5)%) 0205 + (0 (1 + (94h5)?)) Byhj + (Bph;)* 076, + (O3hs) By(Dphy)?
— 2(04h;)(0ph;)0p040; — 2 (02 h;) (Oph;)(0pOgh;) — 2(Dgh;)(DpOghs)?

— 901} pb; — gy —d(h;)),(Byh;)* + 0,(0,h;)*B(~p)  in R for all j > 1.
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Grouping terms above we may rewrite this in the form

(1 + (9ghy)?) 8505 + (9ph)* 0505 — 2(0gh;) (Oph;)0gBpt;

(2.4.9) = 0yf; + F (Oghy, 0p04hj, 03hy, phy, Ohy, d(hy), pp)  in R,

where F' is the cubic polynomial dictated by the previous expression. Notice that we have
picked up a dependence on d(h;) and p, that was not there in the constant density case
presented in [15]. This will not be an issue, however, as these terms can still be bounded
in X.

We may likewise differentiate the equation on 7" to discover that, for each j > 1,

049; = 0492(Qj, hyj)

= 2(9gh;)040; + 2(0ph;)(2gphj — Q;)0p0; + (Ophj)?(2gpdgh;)  on T.

Equivalently,

(2.4.10)
2(8th)8q0j + 2(8phj)(29phj - Qj)ﬁpﬁj = Oqgj + G(ath, 8phj, ,0) on T forall j >1,

where G is the quadratic polynomial determined by the previous equation. Finally, we

observe that

(2.4.11) 0;,=0 onB.

Since {(f;,g;)} is convergent in CJE£*(R) x Cg;ra(T), we have that the sequences {9, f;},

{0,9;} are Cauchy in C% (R) and CLL*(T), respectively. Moreover, by the boundedness

per per

of {h;} in C35*(R) (and thereby the boundedness of d(h;) in this space), we have that
J per J

F is uniformly bounded in C}£%(R) and G is uniformly bounded in C2£%(T). It follows

per per
that each of these, viewed as a sequence in j, is Cauchy. Then, by the compactness of
the embeddings, the right-hand sides of (2.4.9) and (2.4.10) are precompact in C§. (R)
and ng;a(T), respectively. Possibly passing to a subsequence, we may take both to be

convergent in these spaces.

We now consider differences 6; — 6y, for j,k > 1. By (2.4.9) we have

(1+ (9ghj)*)03(0; — O1) + (Ophy)*02(0; — O1) — 2(Dgh;) (Dph;)Dg0p(0; — O) = Fjr  in R,
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where by our arguments in the previous paragraph we know Fj, — 0 in C*(R). Similarly,

from (2.4.11), we have that 6; — 6, vanishes on the bottom, and on the top (2.4.10) tells us
2(8th)8q(9j - ek) + 2(8phj)(2gphj - Qj)Bp(Gj - Ok) = ij onT.

Here Gj; — 0 in C'™*(T), again by the considerations of the preceding paragraph. We
now apply the mixed-boundary condition Schauder estimates to the differences 6; — 6, to
deduce that [|0; — O[|c2+a) — 0 as j,k — co. We have shown, therefore, that all third
derivatives of h; are Cauchy, except possibly for 8;%]-. To demonstrate the same holds for
{8I?§hj}, we use the PDE to express Gghj in terms of the derivatives of order less than or

equal to two:

by = (1+@hy)") " (fj — 07h;(9phy)? + 2(9gh;) (Oph;) (Dpghy)

+ glhy = ) Ohy)V oy + (Oh))'B(-p)) iR, j=1.

But we have seen that the right-hand side is Cauchy in C'**(R); hence {djh;} is
also Cauchy in Cg‘er(ﬁ). We conclude that the original sequence {h;} had a conver-

gent subsequence in C’gjro‘(R), and hence {(Qj,h;)} had a convergent subsequence in

R x X. U

LEMMA 2.4.2 (Fredholm map). For each (Q,h) € Og, the linearized operator Gr(Q, h)

is a Fredholm map of index O from X to Y.

PROOF. In the previous lemma we established that G(©) was uniformly elliptic and
oblique for all (Q,h) € Os and for all 0 € R. We remark also that these bounds are
independent of o.

Now let 1) € C31%(R) be given and fix 0,Q € R, h € X. Put

o =0, (657 (@.Wiw)) - (2,95 @) ] fori=1.2,
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Here, by (aqgi(;[ ) (Q, h))[v)] we mean differentiating the coefficients of gf;j )in q, then applying

the resulting operator to 1. Then J,1) satisfies

,
G\7 () o = oW on R,

GN(Q, o =@  onT,

k(9qw:O on B,

which is a uniformly elliptic PDE with an oblique boundary condition. The classical
Schauder estimates ensure the existence of a constant C' > 0, independent of v, such

that

Cloglesseqy < 10llcam + |67 um * 02

C1e(T)

IN

[l ooy + |2 (945 (R)0) |

Ce(R)

o (e@ny)

C1+a(T) ’
On the other hand, we may express 83@ via the partial differential equation to arrive at an

estimate for 83¢ of the same type. Combining we get

Clgsrry < Wllcaacry + 008, ) + ][00

Cito(T) ’
If we now apply the classical Schauder estimates to ¥, we find that for some C' > 0,

independent of 1,

Cl+o(T)

Nl ey < Wlery + |00 (97 W) | o + 00 (957 (@ 100

Hca(ﬁ
Together with the previous line, this implies that there exists a constant C' = C(o) > 0

such that, for all ¢ € C3+®(R) even and periodic in ¢ that vanish on B,

(2.4.12) COMIx < 16l gary + |57 ()

s @m|,

2

Of course, this is not quite the estimate we are after, since there is a lingering dependence on
o. In order to remedy this we make the following elementary, but very useful, observation:

for any ¢ as above, we have

4] < f 101da < 1oy
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We are, therefore, able to estimate terms involving d easily in spaces of Holder continuous

functions. In particular,

|Gy = 615 ()|

co (R) = |1Bg(d(h) = o)Byppiip + gﬂphféd(@”ca (R)

(2.4.13)

IN

C|W”cl+a(§)a

where the constant C' above depends only on pp, ||h||x and our choice of . Likewise, an

identical argument gives the estimates

where C' depends again on pp, ||| x and the choice of 0. Of course, we do not need to make

0GRy — 0,615 ()|

oo (®) < C“¢“02+a(§)7 i=p, q,

such arguments to estimate the géz)(h) term, as it is identical to Gop(h).
Combining these observations with our first estimate (2.4.12), we find that, for some

C>0andall ¢ € X,

(2.4.14) Cllllx < 18l ezrag + GBIy + 1Gan(Qs )¥llys.

The key point here is that X = CS;Q(R) is compactly embedded in the spaces who
appear on the right-hand side of (2.4.14). To show that the null space of G, (@, h) is finite
dimensional, for example, it suffices to show that the unit ball is compact. But for any
sequence {1, } C {¢ € N(Gr(Q,h)) : 1¥[l s+ (g < 1}, we have that, by the compactness of
the embedding, there exists a convergent subsequence {1, } in C?**®(R). This subsequence
is Cauchy in C?*T*(R), so applying (2.4.14), we see it is also Cauchy in X. Finally, by
completeness, {t¢n, } is convergent in X. It follows that the unit ball in the null space is
compact; hence the null space is finite dimensional.

The proof that the range is closed is, likewise, standard. Again, the argument hinges
on the compact embedding of C3+*(R) cc C?*%(R). For brevity, we omit the details.

Now, the Fredholm index has a discrete range; hence by the connectedness of Oy it
must be constant on this set. But G,(Q*, H*), which we denoted F,,(A*,0) in the previous
section, was shown to have a one-dimensional null space in Lemma 2.3.7. Moreover, by the

orthogonality condition of Lemma 2.3.8, its range has codimension one. Since (Q*, H*) € Os

by construction, the Fredholm index is uniformly 0 along the continuum Cj. U

Finally, we prove a result characterizing the spectrum of the operator G.
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LEMMA 2.4.3 (spectral properties). (i) for all § > 0, there exists c1,co > 0 such that for
all (Q,h) € Os, with |Q| + ||hl|x < M, for all € X, and for all real p > c2, we have

o 1ta
alvllx <pz|(A= iy +p 2 [|BYly,,

where A = A(Q, h) = Gin(h) and B = B(Q, h) = Gon(Q, h).
(ii) Define the spectrum ¥ = %(Q, h) by

X(Q,h) :={p e C:A— pis not isomorphic from {p € X : Byp =0 on T} onto Y1}.

Then X consists entirely of the eigenvalues of finite multiplicity with no finite accumulation
points. Furthermore, there is a neighborhood N of [0,+00) in the complex plane such that
Y\, w) NN is a finite set.

(iii) For all (Q,h) € Os, the boundary operator Gop(Q, h) from X — Ys is onto.

PRrROOF. In this proof we follow the well-tread path laid forth by Agmon in [1]. The
only novelty here is in (i), where we must do a little work before we can apply the elliptic
estimates. The remaining parts are completely standard; their proofs rely only on (i),
Lemma 2.4.1, and Lemma 2.4.2 (cf. [1], [15], or [32], for example). For that reason, we
omit them here and devote our attention to (i).

Fix 0 € R, and let ¢ € X and g € C be given. Put 6 := argu, and suppose for
some € > 0, || < 7/2 4 e. Consider the operator D(@) := A©@) 4 %92 on R x R, where
A©) = gﬁ;)(h). Then, D) is elliptic for each o, and the boundary condition on the top
is oblique; hence the complementing condition holds. Let ( : R — R be a cutoff function

supported compactly in the interval I := (—1,1). Put

e(t) == (), @t q,p) = e(t)d(q, ).

We apply the Schauder estimates in R? with the boundary operator B to ¢(t, ¢, p) to deduce

(2.4.15) Cllpllcsrarxry < I0llcaxry + 1D 8l crtairxry + 1Bdlloora(rer)

for some constant C' > 0 independent of .
A quick calculation readily confirms the existence of C, C’ > 0, depending only on ¢,
with

/ 1+«

a a 1ta 1ta
(2.4.16) Cu? < |lelloa < C'n%,  Ou's* < |lellgiram < C'n's.
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Using this, we can unpack (2.4.15) to derive the following set of estimates:

s

= ||egty) ) = ety

Clt+a(IxR)

(12" 4 ") e |

Clt+a(IxR)

IN

Clul 2 (1(Gan(h) = 1) Ul vy

+ [ (Gunm) - g7 ) v

S [y

for |u| sufficiently large. We can estimate the second term in parenthesis by appealing to

(2.4.13) in the previous lemma, yielding

(2.4.17) HD(%‘ < Clul"E* ([(Gin(h) — W ler+aqr) + 1l o2ary)

Clt+a(IxR)
for |p| sufficiently large.
Similarly, analyzing the boundary terms we find for some C > 0, independent of ¢, and

|| sufficiently large,

[Bollcorarxry = le®)Gan(Q, M) [l covarx)

24a
(24.18) < Cl*F [Wlleesan.

On the other hand, using (2.4.16) and the fact C3+* cc C*+2, for k < 3, we can show that

for some C' > 0, independent of v, and for all |u| sufficiently large,

1
(2.4.19) [l ca+ams) = Crz||¥lcsra(ry.-

Now, inserting (2.4.17), (2.4.18), and (2.4.19) into (2.4.15), we arrive at the inequality in
(). O

Let W be an open bounded subset of X, and fix ) € R. By virtue of Lemmas 2.4.1—
2.4.3, we conclude that G(Q,-) : W — Y is admissible in the sense of [32]. This enables us
to use the generalization of the Leray—Schauder degree introduced in that paper, which we
now briefly recapitulate.

Let y € Y \ G(Q,0W) be a regular value of G(Q,-). We define the (Healey—Simpson)
degree of G(Q,-) at y with respect to VW by

deg (G(Q, ) W,y) = > (=1)"™),
weG({y})
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where v(w) is the number of positive real eigenvalues counted by multiplicity of Gi,,(Q, w),
subject to the boundary condition Gy, (Q,w) = 0 on T. By Lemma 2.4.3, v(w) is finite.
Likewise, the properness of G(Q,-) established in Lemma 2.4.1 implies G~ 1({y}) N W is
a finite set. The degree is therefore well defined at proper values. In the usual way,
this definition is extended to critical values via the Sard—Smale theorem (this is valid by
Lemma 2.4.2).

Our interest in degree theory stems from the fact that the degree is invariant under any
homotopy that respects the boundaries of W in the following sense. Let U C [0,1] x W be
open. Define U; := {w € W : (t,w) € U} and likewise U := {w € W : (t,w) € OU}.

LEMMA 2.4.4 (homotopy invariance). The degree is invariant under admissible homo-
topies. That is, suppose U C [0,1] x W is open. If H € C*(U;Y) is proper and, for each
t € [0,1], H(t,-) is admissible (i.e., satisfies the conclusions of Lemmas 2.4.1-2.4.3), then

we say H is an admissible homotopy and have

deg (H(0,-),Uo,y) = deg (H(1,-),U1,y)

provided y ¢ H(t,0Uy) for all t € [0, 1].

From our previous analysis it follows that G(Q1, ) — G(Q2, -) is an admissible homotopy.
Thus, in light of Lemma 2.4.4, the degree will remain constant as we move along the
continuum. Assuming that all three alternatives of Theorem 2.4.1 fail, we use this feature
to generate a contradiction. At this stage, we have reestablished all the relevant properties
of G that were true in the constant density case. Repeating (verbatim) the proof in [15] we

obtain Theorem 2.4.1.

2.5. Nodal pattern

We now seek to investigate the second possibility of the global bifurcation theorem,
namely, that the continuum arcs back and intersects 7 at some point aside from A*. This
will be done by assuming there exists some other laminar solution on C§ and analyzing the

nodal pattern to show it to be, in fact, equal to A*. In particular, we will be concerned with
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the vanishing of hy. We therefore work in the set Q := (0, 7) X (pg,0) C R. Denote

O = {(¢,0):q€(0,m)},
% = {(a,po) : ¢ € (0,m)},
O = {(m,p):p€ (po,0)},
o = {(0,p):p € (po,0)}.

It follows that h = 0 on 9, for all (Q,h) € C§, and for h € X, periodicity and evenness
in g yield hy = 0 on 09, U 0€2;. In the following lemmas we will attempt to prove that for
h e C5\ {(Q*, H*)}, we have, additionally,

hg <0 in QU 0L,
hgp <0 on 9,
hgg <0  on O,
hgg >0  on 09,

(2.5.1)

and on the bottom corners of €2:

(2.5.2) hqqp(o,po) <0, hqqp(ﬂ',po) >0,

at the top corners, we have
(2.5.3) hgq(m,0) > 0, hgq(0,0) < 0.

These inequalities define an open set in X.

Our first result is the following.

LEMMA 2.5.1. Properties (2.5.1)-(2.5.3) hold in a small neighborhood of (Q*, H*) in

RXCSQ;O‘(Q) along the bifurcation curve C;, \{(Q*, H*)} originating from the point (Q*, H*).

loc

The proof of this lemma does not make any special reference to the form of the operator
G, only the basic properties of the eigenfunction w* and the local bifurcation curve. Not
surprisingly, therefore, it follows with virtually no modification from the homogeneous case
treated in [15]. We therefore omit it and concentrate on the remaining lemmas, which will

require more finesse.
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Differentiating the relation gf’) (h) = 0 by q, for any choice of o € R, yields g}?(h) [hy] =
0 for (@, h) € Cj, where we recall that

G (WG] = 2hghppdg+ (1+ h2) dpp + 2hphagdy + h2dgq
- 2<hpqhQ¢P + hth¢q + hphqd)IJQ)
— 3gpp(h — o)hodp — gpphid + 3h2B(—p) oy

Likewise, differentiating the boundary relation we find that Gop(Q, h)[he] = 0, for (Q,h) €

C5, where
Gon(Q, W)[@] := 2hqq + 29phd + 2hp,(29ph — Q) bp.-

An important observation is that gi?—though elliptic for given ¢ € R and h € Os—
has a zeroth order term. We have dictated that p, < 0, so that the sign will go precisely
“the wrong way,” in the sense that the maximum principle will not hold, in general. The
argument will be saved by the observation that the ¢ under consideration is known a priori

to be nonpositive. If we denote
(o) . o) 3
H' (h) == Gy, (h) + gpphs,,

then H(”)(h) is uniformly elliptic with no zeroth order terms. Moreover, every nonpositive

¢ that is a solution relative to gg)(h) is a subsolution relative to H(?)(h).

LEMMA 2.5.2. Properties (2.5.1)—(2.5.3) hold along Cs \ {(Q*, H*)} unless there exists
X # X*, with (Q(N), H(X)) € Cj.

PROOF. By the local bifurcation theorem we know that in a sufficiently small neigh-
borhood of (Q*, H*), the bifurcation curve C§ consists entirely of the curve C} .. Suppose
by contradiction that the statement of the lemma is false. As the previous lemma implies
that (2.5.1)—(2.5.3) will hold near (Q*, H*) in R x C3+%(Q), we have the existence of some
(@, h) € Cj, with hy # 0 where at least one of the properties fail, although they hold on a
sequence (Qj, hj) — (Q,h). Continuity then implies that h, < 0 on Q, as this holds for each
h;. Since C5 C Os, we have that gfz)(Q, h) is uniformly elliptic, where we take o := d(h).

We wish to apply and exploit Hopf’s lemma to conclude the last three inequalities of
(2.5.1) hold. To do so, we first note that, as h; < 0 in  and hy = 0 on 0€2; U 0Q,. U 0Dy, we

have supg hy = 0. But then, by our comments above, we see that ¢ := hy is a subsolution
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relative to the linear elliptic operator H(")(h). Applying Hopf’s lemma to H(")(h), we

conclude

gor Ly,

o (go,po)

where (qo,pp) is any point where ¢ vanishes and v is the outward unit normal at (qo, po)
(cf., for example, Theorem 2.15 of [28]). In particular, since d, = —0; on 9§ and hy =0
on this set, we have hyq < 0 on 0. An identical argument shows hyq > 0 on 0f2, and
hgp < 0 on O,

To establish the strict inequality hy, < 0 on 9€);, we appeal to the nonlinear boundary
condition (2.4.2). We already have that h, < 0 in this region by continuity. Suppose that
for some go € (0,7), we have hq(qp,0) = 0. Letting ¢ = hy we use our expression for

Gan(Q, h)[¢]. Furthermore,

2hy(2gph — Q)hgp =0 at (qo,0).

Again, by Hopf’s lemma, we have that hgy(go,0) > 0. Moreover, as (Q,h) € Os, we are
guaranteed h, > 0 > 0. As p > 0, this implies 2gph = @ on T'. But then, the nonlinear
boundary condition for the original problem G(Q,h) = 0 would imply 1 + hg = 0, which is
a contradiction. Hence we have the strict inequality, and therefore (2.5.1) holds for h.

In order to produce a contradiction, therefore, all that remains is to verify the corner
properties (2.5.2) and (2.5.3). By continuity we have that hgq, (7, po) > 0. Suppose that it
vanishes. We have that h(gq,pg) = 0 for all ¢; hence hy(m,po) = hgq(m,p0) = hggq(m,p0) =
-+ = 0. Also, by evenness and periodicity in ¢ we have hy(m,p) = 0 for all p. Hence
hgp(m,p) = hgpp(m,p) = --- = 0 for all p. But then if v = v,G + v,p, where ¢ = (1,0),

p=(0,1), is any vector exiting Q at (7, po), then

oh
871/(1 = Vghgq + Vphpp =0 at (m,po)
and
0%h
8V2q =0 at (ﬂ-apﬁ)

by the previous analysis. This violates Serrin’s edge lemma producing a contradiction (see,
for example, Theorem E.8 of [28]). An identical argument applied to (0,pg) proves that
(2.5.2) holds.
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For (2.5.3) we consider the point (0,0). By evenness we know that hy(0,p) = 0 for all
P € (po,0). Thus hg,(0,p) = 0 for all such p. By continuity, moreover, we are guaranteed
that hgq(0,0) < 0. By contradiction suppose that hqq(0,0) = 0. Then differentiating the
relation Gop(Q, h)[h] = 0 twice yields

hqhgq + gphth, + hphpe(2g9ph — Q) =0 on 0
and
higg + hahqq + 9phaghy + 29phqhpg + By (29ph — Q)
+ hphpqq(2gph - Q) + 2gphqh’phpq == 0 on 8Qt

Evaluating both of these at (0,0) and taking our assumption into account, we have all terms

involving hg, heq, and h,, drop out. Hence

hphpaq(29ph — Q) = 0 at (0,0).

But we already have seen that 2gph — ) cannot be zero, as this leads to a violation of the
of the nonlinear boundary condition. Moreover, h,, is bounded uniformly away from 0 in
Os, so we must conclude that h,qq(0,0) = 0. As before this violates Serrin’s edge lemma,

as any vector v leaving €2 through (0,0) can be written as v = vpp + v,G, and therefore

Oh
8—; = Vghgg + vphpg =0 at (0,0)
and
0%h
8U2" =0 at (0,0),

since hpge(0,0) = 0. This proves that (2.5.3) holds for h; hence we have a contradiction

establishing the lemma. O

Combining the two previous lemmas we see that the nodal properties (2.5.1)—(2.5.3)
will hold along the continuum Cj unless it intersects the laminar curve somewhere other
than A\*. We now conclude this section by showing this cannot occur for A to the right of

_2Bmin + €0 -

LEMMA 2.5.3. If a trivial solution (Q(X), H(X)) € C5, with X > —2Buin + €0, then
A= A%
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PRrOOF. Let (Q(X), H(X)) € Cs be given. Clearly if A = X\*, we are done, so suppose
that this is not the case. As we know locally to (Q*, H*) that C5 = C| ., we may assume
without loss that there exists a curve C5(\, \*) C Cj originating at (Q*, H*) and terminating
at (Q, H) that does not intersect 7 except at the points A\, A*. Let {(Q(A\n),hyn)} be a
sequence in C5(A\, A*) \ 7 such that (An, hyn) — (A, H(\)) in R x C37(Q). Thus 9,h,, # 0,
and G(Q, h,) = 0 for all n > 1. We claim that d;h, < 0 for n > 1. By the first lemma of
this section this holds true for all & in some sufficiently small neighborhood of (Q*, H*) in
X. The arguments of the previous lemma, however, can be directly applied to show that
the nodal properties hold along C5(A, A*) \ {(Q(X), H(X))}. That is, if we assume that for
some h € C5(\, A*), (2.5.1)(2.5.3) fail, then we may again choose a sequence of functions
on C§(A, \*) approaching h where the properties hold. The previous lemma can then be
applied without further modification to produce a contradiction. This proves the claim.
Thus, O4h, < 0 for n > 1.

We now differentiate the relation G(Qp, hy)[hn] = 0 with respect to ¢ to find that, for

eachn > 1,

0 = 0,G1(hn)hn
= (14 (0ghn)?) 020ghn + 2(0ghn) (07hn) (02hn) + (03hn) (Ophn)?
+2(02hn) (Ophn) (0pOghn) — 2 (92hn) (Ophn)(0pOghn) — 2(0ghn)(0pOghn)”
— 2(0ghn) (phn) (8pdithn) — 3g(hn — d(hn))(Fphn)? (Ogphn ) pp
= 9(94hn)(Ophn)’ pp + 3(Dphn)* (9gphn) B(—p)

= g%zn) (hn) ['Un]y

where vy, := Hﬁqhané +aronOqhn and oy, := d(hy,). Likewise, we may differentiate the bound-

ary relation to conclude(?})lat QQZ")(Q,Z, hp)[vn] = Gon(Qn, hy)vn] = 0 for all n > 1.

For brevity, denote (Q,H) := (Q(X),H(\)) and o := d(H). We observe that since
h, — H in C3T%(Q), we must have o, — 0. Combining this with the convergence of
hy, — H in the C3+%norm, we see {gg")(hn)} is a Cauchy sequence in £(C?t%(Q), C*(Q)).
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Then for 4,7 > 1, we have

|(957 i) - 657 (1)) vy

()

— 0 as i, — 00,

< [ef 00 -y

(s Hc(oz+a(§z),ca(ﬁ))

since  [|vjllc2taimy = 1. Likewise, {Q(a")(Qn,hn)} is a Cauchy sequence in

L(C*(T), C1*(T)), so that

1GS(Qis hs) — G5 (Qy ) villrvaqry — 0 as i, j — oo,

By linearity we have
G (Qu ho)loi = vy + (G477(Quhi) = 67 (Qyu ) ) oyl =0 for allig > 1.

Notice that for each 7,5 > 1, we have that (]}(Lai) (Qi, h;) is uniformly elliptic; hence we apply
the Schauder estimates to the above equation and conclude that there exists a generic

constant C' > 0 independent of i, j satisfying

Cllv = vjllerray < i = vill oy + || (G57(@is ki) = G177 (@5, 1) ) wi]

Co(Q)xC1+e(T)
Our previous estimates imply that the last term on the right-hand side vanishes as i, 7 — oo.
On the other hand, as the {v;} are uniformly bounded in C**%((2), the compact embedding
of C?*t%(Q) cc C°(Q) guarantees there is subsequence convergent in C°(£2). But then
the inequality above implies this subsequence converges in C%*%(2) as well. By abuse
of notation we identity the subsequence with {v;} itself. We note also that as d(v;) =
d(0ghj) = 0, for all j > 1, that the limit must also have mean zero. Then we may let m be
given, with 9,m € C?T*(Q) and v; — d,m in this space. It follows that [0gmlc2vea(q) =1,
and

G\7(Q, H)[0ym] = Gn(Q, H)[9ym] = 0,

where the first equality follows from the fact that d;m has mean zero so the d term in Gy,
vanishes.

As we have argued before, evenness and periodicity in ¢ together imply that d,h; van-
ishes on 092, U 9 for j > 1. Moreover, as h; = 0 on 0, we have that v; = 0 on
08, U 08y U 0R2,.. We have, additionally, that d;h; < 0 in € for each j > 1. Together these
imply that 9,m = 0 on 9 U 98 U 012, and J;m < 0 in 2. But d;m has unit norm and
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satisfies the uniformly elliptic equation g,(f) [0;m| = 0; hence we may apply the maximum
principle to conclude 9;m < 0 in €.
Mirroring our derivation of the eigenfunction at (Q*, H*), we expand J,m in a sine

series
0ym(q,p) = Y fu(p)sinkq, g, p€R.
k=0

As Gy (Q, H)[0ym] = 0, each mode in the series expansion must also satisfy this relation.

Evaluating G, (Q, H) we may drop all terms involving ¢ derivatives to find
Gin(Q, H) = 85+ Hp0; —3gpy(H — d(H))H,0, — gppH, + 3H,B(—p) ),
Gon(Q H) = (29pH7 +2H,(29pH — Q)3y) | = (93~ = M2, )| .

In particular, for £ = 1 find

0= (95 + Hy0; —3gpp(H — d(H))H} 0, — gppH, + 3H;5(—p)dp) [ for all p & (po, 0),

or in self-adjoint form:

Op (H,20pf1) = (H, '+ gpp) f1 for all p € (po,0).

Similarly, applying Gop(Q, H) we find
filpo) =0, f1(0) = gp(0O)A"*21(0).
Returning to our original notation, this implies
—1=R(f1;A) = p(N),

where we recall R is the Rayleigh quotient defined in (2.3.23). If x(\) < —1, then —1 is not
the minimum eigenvalue, so f; is an excited state of the above Sturm-Liouville problem.
We conclude by standard Sturm-Liouville theory that f; vanishes at some point in (pg, 0).

But we know from explicit computation that

filp) = 2 /Oﬂ(aqm)(q,p) sin gdq < 0, P € (po,0)

s

as J;m < 0. This contradicts the existence of nodes, so we must have, instead, that
w(A) = —1 = p(A*). By Lemma 2.3.6 it follows that A = A\* as desired. O
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2.6. Uniform regularity

In the previous section we considered the second alternative of Theorem 2.4.1. Now we
wish to delve further into the first. We make the central aim of this section the establishment
of uniform bounds in the Holder norm along the continuum Cj. The ultimate product of

our efforts will be the following theorem.

THEOREM 2.6.1 (uniform regularity). Let 6 > 0 be given. If SUD (1, @)ec; SUPE hyp and

SUP(,Q)ecy |Q| are finite, then SUD(,Q)ec; \|h\|03+a(§) is finite.

To treat the second derivatives we shall employ a suite of a priori estimates for nonlinear
elliptic equations with oblique boundary conditions due to Lieberman and Trudinger (cf.
[44]). We shall not, however, need these results in their full generality, so, instead, we
streamline them into a single statement.

First note that due to the periodicity in ¢, the domain R can be considered as embedded
on a torus, allowing us to ignore the seeming lack of smoothness at the corner points
g = 0, 2m. Next, in keeping with Lieberman and Trudinger’s notational framework we
consider a differential operator F' = F(z,&,7) € C?(R x R? x S,R) and boundary operator
G = G(z,¢) € C?*(R x R%2,R). Here S denotes the space of 2 x 2 real symmetric matrices,
D denotes the gradient operator, and D? the Hessian. Both of these are taken as acting on
the space of smooth real-valued functions on R which are 27-periodic in the first variable.
As usual, we say that F is elliptic at (h,&,7) € R x R? x S provided that the matrix
F, := [0F/0rijli<i j<2 is positive definite at that point. Moreover, if A; and Ay denote
the minimum and maximum eigenvalue of F)., respectively, then F' is said to be uniformly
elliptic provided that the ratio Ay/A; is bounded. The boundary operator G is said to be
oblique at a point (g, 0) if the normal derivative x := G¢ - (0, —1) is positive at (¢,0) for all
(h,€) € R x R2.

Assume that F' and G are given as above and consider the corresponding nonlinear

elliptic boundary value problem:

F (h,Dh,D*h) =0 in R,
(2.6.1) G(h,Dh) =0 onp=0,

h=0 on p = po.

83



THEOREM 2.6.2 (Lieberman-Trudinger, [44]). Let h € C%*(R) be a solution to (2.6.1)
that is 2m-periodic in the first variable and for some constant K > 0 satisfies |h|+|Dh| < K
in R. Suppose further that for some positive constant M, the functions F = F(z,&,r) and

G = G(z,§) satisfy the following structural conditions:

(2.6.2) Ay < MAy,
(2.6.3) [F|, |Fel, [F:] < MA(|r[+ 1),
(2.6.4) F.. <0,

(2.6.5) GG, |Gel 1G22l [Gaels [Geel < Mx

for all (z,6,7) € R x R? x S such that |z| + |¢| < K. Then there are positive constants

p= (M) and C = C(K, M) such that h € Cas(R) and
1hllgzim gy < C-
This is a nontransparent restatement of the original result presented in [44], so we take a
brief aside to outline its development. The general idea will be to incrementally estimate the
Hélder norms, beginning at C%*# and working upwards to C?*t#. For clarity, all citations

from [44] are marked with the abbreviation L-T.

PROOF. Let F' € C?(R x R? x S,R) and G € C?*(R x R?,R) be given and consider the
boundary value problem (2.6.1). First we wish to show that assuming (2.6.2)—(2.6.5), I’
and G meet the hypotheses of L-T Theorem 2.1, namely, structural requirements (L-T F1),
(L-T F2), and (L-T G2). But observe that conditions (2.6.2) and (2.6.3) imply (L-T F1)
and (L-T F2), respectively, where we are taking po to be a constant. Moreover, (2.6.5)
ensures that condition (L-T G2) holds, again taking po to be a constant function. So,
indeed, the hypotheses of L-T Theorem 2.1 hold. Applying the theorem, we have for any
CY(R) N C?(R) solution h, with |h| < M, there exists positive constants p = p(n, M, o)
and C = C(n, M, up, R) with (2.6.2)

[h]u;R <C.

Here [-],;r denotes the Hélder seminorm. If we slightly abuse notation and drop the depen-

dencies on n and R, it follows immediately that there exists a constant C' = C(K, M) such
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that

1Pl e (ry < C-

Next we wish to show that structural requirements (L-T 4.1)—(L-T 4.4) are a proper
subset of (2.6.2)-(2.6.5). Clearly, (2.6.2) is equivalent to (L-T 4.1). Also, taking § = 0 and
noting that F, = 0, we see that (2.6.4) gives both (L-T 4.2) and (L-T 4.3). Finally, (2.6.5)
along with the obliqueness of G implies (L-T 4.4), with an appropriate choice of p;. This
verifies all of the hypotheses of L-T Theorem 4.1; hence for some p/ > 0 and C’ > 0, both

depending on M and K, we have

[Dh]w.r < c'.

By abuse of notation we can therefore choose p and C' positive constants such that
Hh”cpl,ct“(R) <C.

Again we note that these constants depend only on K and M.

For the higher derivatives we shall need to make use of L-T Theorem 5.4 and L-
T Theorem 6.2. Conditions (L-T 5.1) and (L-T 5.2) coincide exactly with conditions
(L-T 4.1) and (L-T 4.2), respectively. Similarly, condition (L-T 5.4) follows from the
positive definiteness of F' and (L-T 5.22) from (2.6.5). We have already seen that
(L-T 4.3) holds, so applying the second statement of L-T Theorem 5.4, there exists a

positive constant—which we again denote C—depending only on K and M with
sup |D?h| < C.
R

Lastly, in order to apply L-T Theorem 6.2 and get an estimate of the full C?*#-norm we need
only verify that structural conditions (L-T 6.1), (L-T 6.2), (L-T 6.3), and (L-T 6.4)’ hold.
But (L-T 5.1) and (L-T 4.3) together imply (L-T 6.1), and (L-T 6.4)’ clearly follows from (L-
T 5.22). Positive definiteness of F, moreover, gives
(L-T 6.2) for a sufficiently large jiz. As this implies we have a bound on the C2-norm
of Al_lF, (L-T 6.3) also holds for large enough ps. Applying L-T Theorem 6.2, then, and

combining with the previous estimates yields the theorem. O

That settled, we return to the proof of the uniform regularity theorem.
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Proof of Theorem 2.6.1.  We begin by proving the L°°(R) norm of h is uniformly

bounded along the continuum. To do so we note that by (2.2.9)
0 < h(g,p) =y +d <n(0)+d,

and thus the definition of pg in (2.1.10) yields

ol

inf5-(/p(c — u))

where the last equality follows from (2.2.10). Thus assuming the hypothesis of the theorem,

n(0) +d <

= [po| sup hy,
R

that is, that h,, is uniformly bounded in L*® along the continuum, then the above inequalities
together give the boundedness of the L*>°-norm of h.

Next to bound h, we fix @) and differentiate in ¢ the full height equation (2.2.17) to find
_3hpqh;2)ﬂ(_l7) = (1+ hﬁ) hppq + 2hqhqqhpp + 2haqhpghy + hqqqhg

— 2hgghphpg — 2hgh2, — 2hghphpgg

(2.6.6) — ghghipp — 3g9(h — d)hpghZp,  in R,
(2.6.7) 2hghgq + 2hpghp(29ph — Q) + 2gphghl = 0 onp =0,
(2.6.8) hg = 0 on p = po.

Consider now the function k(q,p) := h(g,p) — d + eqe™, where € > 0 and n € N will be

specified later. Inserting k — eqe™ in place of h — d in (2.6.6) we have
O () = = 6eqne™kygkypB(—p) + 3kpgkB(—p) — 3eqne™ k2 B(—p) + 2kqkqqhkpy
— 26n2qe"pquqq —ee"Pkypkgq + (1 + kg) kppg — 2€e™Pkgkppg
— (14 k2) en®e™ — 2kgk?, + 2ee™ k2, + dene™kygky — 2kpkgkpgq
+ 2e€"Pkpkpgq + 2enge™ kgkpgq + kﬁquq — 2enge™kpkqqq — gqug’ Pp
+ 396qne"pkq/~c§pp + gee™ k;’pp - Sgkkqugpp + 6geqne P kkpkyqpp

(2.6.9) + 3geqe"pkqu12,pp + Sgene"pk:k‘f,pp in R.
At an interior maximum for k£, in R we would necessarily have

(2-6-10) kpq = qu =0, kqpp <0, quq <0, kqppquq > kgqp-
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Thus evaluating (2.6.9) at such a maximum point gives the following simplified equation:

0(62) = kppg t kppq(kq - Eenp)z - 2kpqq(kq - €€np)(kp — enge"?)

+ kgqq(kp — enge™)? — gkg [kzg;ﬂp - 36qn€npk12)pp}

(2.6.11) — ee"? [n2 + n2k§ + 35(—p)nk§ — gk:gpp — Sankgpp] .

Likewise, inserting k into (2.6.8) we find k; = €€ on p = pg. In particular, this implies
that at the interior maximum, k, is positive. We may therefore choose n € N to ensure
that the quantities in square brackets above are positive. In fact, it suffices merely to have
n? +36(—p)nk§ > 0 and 3egne™ —k, > 0 in R to achieve this, taking into account the signs
of pp, k, kp, and k,;. But combining this fact with the signs implied by (2.6.10) yields a
contradiction, since for € small we must have that the right-hand side of (2.6.11) is negative.

We conclude k, does not have an interior maximum. On the top we have from (2.6.7)
L+ (kg = €)* + (kp — eqn)® (2gp(k +d —eq) = Q) =0,  p=0.

By assumption, hf) = (kp— enge™)? is uniformly bounded along the continuum, and by our
previous argument h —d = k — eqge™” is as well. But then, as the maximum of %, occurs on
the boundary, and we have shown that on the boundary £, is controlled by these quantities,
we must have that the maximum of k, is uniformly bounded along C5. Clearly, the same
must hold for hy. We can repeat the argument but, instead, taking the auxiliary function
k = h — eqe™, which will show that the minimum of A, is likewise bounded.

For the second derivatives we fix 0 € R and apply Theorem 2.6.2 to G(®). To do this

we set

F(z,671) == (14+&)rn+rmé& — 268 — g(z — 0)&pp + E8(—p),

G(z.6) = 1+&+&((292-Q) onp=0,

where & = (£1,&) € R? and r = (r11,712,722) € R3. By using cutoff functions, Theo-
rem 2.6.2 is applicable in a subset in which solutions exists a priori and for each choice of
o. In particular, & > 0 implies (2.6.2), (2.6.3) is immediate, and as F,, = 0, (2.6.4) holds.
Finally, as the only modification to G that occurs when considering the variable density case
is the addition of the constant p(0), a trivial modification of the constant density argument

in [15] shows that (2.6.5) holds. It follows that for each o € R, Theorem 2.6.2 applies to
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the solution of G(?)[h] = 0. Of course, this introduces the possibility that the constant C
will depend on o. However, every h € Cj is such a solution for ¢ = d(h), and recall that we
have 0 = d(h) < supp|h|. Thus we may select K independently of o. Moreover, since in
the definition of F, ¢ does not occur in any of the 7;; terms, it does not affect A1 and As.

Indeed, the characteristic polynomial satisfied by the eigenvalues is
A - (+E+E) N - (1+6) 8 -4 =0, =12

which does not depend on o. This is an obvious consequence of the fact that the effects
of density variation in the height equation are consigned to the lower order terms. Finally,
the term containing ¢ in F' can be easily estimated in terms of K. This fact, along with
the uniform boundedness of the L*°-norms of h and Dh along the continuum, allows us to
conclude that there exists C' > 0 such that

sup ||| ~2+ <C.
hecs Cper” (F)

Finally, we establish third derivative bounds. Denoting 6 = h,, we can differentiate the

height equation in ¢ with fixed @ to find

(14 h2) Oy — 2hphypq + h204
= F(hy By, Bgy Py Fipas ) in R,

(2.6.12)
hqlq + gph20 + (2gok[h] — Q)hyb, =0 on p =0,

0=0 on p = po,

with Cpa(R) coefficients and right-hand side f a Clir(R) function. Since we have already
proved h is bounded uniformly in Cii(R), it follows that the right-hand side of (2.6.12)
is bounded uniformly in C%e(R) along the continuum. As we have seen (in the proof of
Lemma 2.4.1, for example), so long as h;, is bounded uniformly away from 0 along the
continuum, the problem above will be uniformly elliptic with a uniformly oblique boundary
condition. We may therefore apply Schauder theory to obtain uniform a priori estimates of
6 in Coa(R) over all of Cj.

It remains only to bound hyyy, in Cher(R). By means of the height equation (2.2.13), we

may express hy,, in terms of the lower order derivatives of h:

-1
hop = — (1 +h2) " (R3B(=p) + hyghy — 2hghphpg — g(h — d(h))hipy) -
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But the right-hand side above is in C;Jr“ (R) by the arguments of the previous paragraphs.
Thus hyyp in Cher(R) as desired.
To transition back to the original Holder exponent «, we merely note that if h €

C3H(R), then it is certainly in C2h*(R). The arguments we have used to derive the

third derivative bounds in no way relied on the particular value of u, so running through

them with o, instead, we find h € C3L*(R).

2.7. Main result

With the regularity established in the previous section, we are now prepared to begin the
task of proving the main theorem, Theorem 2.1.1. Theorem 2.4.1 gave us three possibilities
for the continuation of the local bifurcation curve. Then, Theorem 6.1 of the previous
section allows us to conclude that if maxz d,h and @) remain bounded along the continuum,
then h remains bounded in X. We now unpack the remaining alternatives and consider
their significance in the context of the original problem (2.1.7)-(2.1.8).

Proof of Theorem 2.1.1. Fix 6 > 0. If C§ is unbounded in R x X, then at least one of

the following must occur:

e there exists a sequence (Qn, hy) € C, with lim, o Qn = 00;

e there exists a sequence (@, hy,) € C§, with lim,, .o maxz Ophy, = 005 or,

e Cjs contains another trivial point (Q(\), H(\)) € 7, —2Buyin < A < —2Bpnin + € <
A

where the second alternative follows from Theorem 2.6.1 and the third from the lemmas of

section 2.5. If C§ contains a point of 90s, then either

e there exists a (Q, h) € Cj, with dyh = § somewhere in R; or

e there exists a (Q, h) € C5, with h = % somewhere on 7.

Thus Theorem 2.4.1 tell us that at least one of the five alternatives above must occur.

Consider the first alternative. By the definition of py in (2.1.10) we can estimate

i Po
inf z, ¢ —ulz, < ——¢< sup x, c—u(x,
ye[-dn(x)] p( y)( ( y)) n($)+d velodin(a)] p( y)( ( y))
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and thus appealing to (2.2.5) we deduce

Q = p(0,7(0))(c — u(0,7(0)))* + 29p(0,7(0))(1(0) + d)

2gp(0,n(0))p
(2.7.1) < sDuf,o(cu)M menﬁ(C_z).

If for some ¢ > 0 the first alternative holds, we conclude from (2.7.1) that for the correspond-
ing sequence (U, Upn, Pn, Mn) of solutions to (2.1.7)—(2.1.8), either supﬁpn(c— Up,) — OO Or
infp—pn(c —un) — 0.

Similarly, if the second alternative holds, then simply by rearranging the change of

variables in (2.2.12) we have
1 .
Von(c—up)’

hence maxy Oph,, — oo iff infﬁpn(c — uyp) — 0.

Dphr, =

Next suppose that for some decreasing sequence 6, — 0 the fourth alternative holds.
Again appealing to (2.2.12) we see immediately that the corresponding sequence (uy,, vp, P, 1n)
must satisfy supmpn(c — Up) — 00 as N — 0.

Finally, if we have a sequence §,, — 0 for which the fifth alternative holds, then there
exists a sequence {(Qn, hn)}, with (Qn, hy) € C5 for each n > 1 and supp(2gphy, —Qn) — 0.
We have shown previously that J,h vanishes on 0€};. Thus if we evaluate the boundary
condition at the crest (0,0), we find

@ hn(0.0)2 Qn — 29pn(0)hn(0,0) < Qn — 29pn(0)hn(q,0)  for all g € [0, 2n].
p'‘n )

Therefore 9ph,(0,0) — oo as n — oo. In particular, we have maxz dph,, — oo so that the
fourth alternative implies the second.

By definition the family of continua Cj indexed by 6 > 0 is increasing as ¢ decreases.
We may therefore define C' := J;.,C5 to be the maximal continuum. Then by the con-
siderations of the section 2.2 and, in particular, Lemma 2.1, there exists a connected set C
of solutions to (2.1.1)—(2.1.6) corresponding to C’. The arguments of the preceding para-
graphs, moreover, imply that either SUpp, —Un — ¢, infm uy, — —oo along some sequence
in C or C contains more than one distinct laminar flow. This completes the proof.

Remark. In the homogeneous case it was proved in [15] that if infﬂm U, — —oo along
some sequence in the continuum, then necessarily Supp, Un = C along some sequence. In
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other words, there are waves on C whose speed is arbitrarily close to the speed of the wave
profile.

We conjecture that the same holds true in the heterogeneous case. Suppose, on the
contrary, that for some sequence infmun — —o00, but u, remains uniformly bounded
away from ¢ on C. Let (Qn, hy) be the corresponding sequence of solutions to the height
equation. Then we can show that supp, — Ophn, supmh — 0. In particular, this implies
|7 ||oo, and d(hy) — O in the limit. As the fluid domain is bounded between these two
values, this entails that, moving along the continuum, we have regions of the fluid moving
arbitrarily fast to left, while simultaneously the fluid is vertically pinching off. This is a
consequence of the fact that if u,, — —oo, then in order to keep a constant pseudomass flux
po, the domain must be vanishing. Given the pathology of the scenario, we strongly believe

it does not occur, though we have been unable to rule it out.
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CHAPTER 3

Steady stratified periodic gravity waves with surface tension

3.1. Introduction

Initiated by the breakthrough work of Constantin and Strauss (cf. [15]), there has
recently been a great deal of interest in the theory of traveling water waves with vorticity
(see, e.g., [70, 71, 72, 73, 76].) Historically, of course, most investigations of water waves
have focused on the irrotational case, which has several extremely convenient mathematical
features. While appropriate in a wide variety of scenarios, however, the assumption of zero
vorticity is far from universally valid. For instance, ocean waves typically have a rotational
layer near the surface due to the effects of wind shear (cf. [50]).

In fact, the wind is known to itself generate steady waves. When it first begins to
blow over a body of still water, the wind produces a fine, hexagonal meshwork of wavelets
whose motion is governed entirely by capillarity (i.e. surface tension.) If the breeze is
maintained, then these waves will grow larger, eventually evolving into capillary-gravity
waves and finally into gravity waves. Over the course of this progression, the waves develop
a remarkable robustness: while pure capillary waves will quickly dissipate in the absence of
external forcing, capillary-gravity and gravity waves can propagate long distances unaided
(cf. [39]).

Surface tension’s central role in the formation of wind-driven waves argues strongly for
the mathematical consideration of steady, capillary-gravity waves with vorticity, particularly
since wind-waves are one of the most important classes of rotational water waves. The
goal of the present chapter, therefore, is to develop a global theory for traveling, periodic,
water waves with surface tension building upon the local theory derived by Wahlén (cf.
[70, 72, 73]).

Briefly, our new results come in five parts. The first two of these relate to the phenome-
non of double (local) bifurcation for capillary-gravity waves. It is well known in the theory

of irrotational capillary-gravity waves that, when the coefficient of surface tension resides in
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a distinguished set, the eigenvalue of the linearized problem at the point of bifurcation will
be of multiplicity two and is otherwise simple. This distinctive feature was first observed
in the irrotational case by Wilton (cf. [77]) and has been the subject of numerous papers
since. Wahlén observed the presence of double bifurcation points in the rotational case
and proved the existence of local bifurcation curves in certain regimes (cf. [70]). These
results, however, are incomplete in the sense that they do not necessarily describe the en-
tire solution set near the bifurcation point. The first of our contributions is to describe
in detail the local bifurcation diagram obtained in [70] at double bifurcation points. In
particular we confirm the existence of curves of mixed solutions conjectured by Wahlén (see
the discussion following THEOREM 3.1.1). Secondly, using the bifurcation theory for ana-
lytic operators pioneered by Dancer, we extend the local curves to obtain global continua
of solutions. The application of these techniques to steady rotational waves is in and of
itself novel and pays some additional dividends. Most notably, it leads to our third result,
which is proving that the solution continua are path-connected, a fact that was unknown
even for the constant density, gravity wave case originally considered in [15]. Fourthly, for
the case of simple local bifurcation, we also use the more standard degree theoretic method
to obtain a global bifurcation theorem. Finally, employing the machinery developed by
the author in [76] (recorded in chapter 2), all of these results are obtained for fluids with
general (stable) stratification, which is entirely new, even for the local bifurcation theory.
This improvement is quite important from a physical standpoint, since stratification phe-
nomenon is both very common in ocean waves (due to salinity and temperature variations),
and exerts a potentially significant effect on the dynamics of the flow (see, e.g., [82], or the
discussion in chapter 2.)

That said, let us now recall the setup for traveling, stratified, capillary-gravity waves.
If we imagine a wave on the open ocean, past experience suggests that it may be regular
in the following sense. First, it is essentially two-dimensional. That is, the motion will be
identical along any line that runs parallel to a crest. Second, if we regard the wave in a
coordinate system moving with some constant speed, it appears steady. Finally, the profile
is periodic in the direction of motion.

We now formulate governing equations for waves of this form. Fix a Cartesian coordinate

system so that the z-axis points in the direction of propagation, and the y-axis is vertical.
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FiGURE 1. The fluid domain ﬁn The wave is assumed to propagate to the

left with speed c.

We assume that the floor of the ocean is flat and occurs at y = —d. Let y = n(x,t) be the
free surface at the interface between the atmosphere and the fluid. We shall normalize n by
choosing the axes so that the free surface is oscillating around the line y = 0. As usual we
let u = u(z,y,t) and v = v(z,y,t) denote the horizontal and vertical velocities, respectively.
Let p = p(x,y,t) > 0 be the density.

Incompressibility of the fluid is represented mathematically by the requirement that the

vector field (u,v) be divergence free for all time:
(3.1.1) Uz + vy = 0.

Taking the fluid to be inviscid, conservation of mass implies that the density of a fluid

particle remains constant as it follows the flow. This is expressed by the continuity equation
(3.1.2) pt + upy +vpy = 0.

Next, the conservation of momentum is described by Euler’s equations,

U + puty + pvuy, = —PFPy,
(3'1.3) PUL T PUUg T PUUy x

put + puvg + povy = —Py — gp,
where P = P(x,y,t) denotes the pressure and g is the gravitational constant. Here, of
course, we assume that the only external force acting on the fluid is gravity.
For capillary waves, we formulate the boundary condition on the free surface as folows.

At each point we say that the pressure of the fluid deviates from the atmospheric pressure
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of the air above, Py, in proportion to the (mean) curvature at that point. This results in
the dynamic boundary condition

Naa

(314) P:Patm_a—isv
(1+m3)2

on y = n(x,t),

where o > 0 is the coefficient of surface tension, a material property that we take to be
given and constant.

The corresponding boundary condition for the velocity is motivated by the fact that
fluid particles that reside on the free surface continue to do so as the flow develops. This

observation is manifested in the kinematic condition:

(3.1.5) v =1 + ung, on y = n(x,t).

Since we cannot have any fluid moving normal to the flat bed occurring at y = —d, we
require

(3.1.6) v =0, ony = —d.

Note that there is no accompanying condition on u because in the inviscid case we allow
for slip, that is, nonzero horizontal velocity along solid boundaries.

We seek traveling periodic wave solutions (u, v, p, P,n) to (3.1.1)-(3.1.6). More precisely,
we take this to mean that, for fixed ¢ > 0, the solution appears steady in time and periodic in
the z-direction when observed in a frame that moves with constant speed c to the right. The
vector field will thus take the form u = u(z — ct, y), v = v(x — ct, y), where each of these is
L-periodic in the first coordinate. Likewise for the scalar quantities: p(x,y,t) = p(z—ct,y),
P = P(x — ct,y), and n = n(z — ct), again with L-periodicity in the first coordinate. We

therefore take moving coordinates

($ - Ct7y) = (IL’,y),

which eliminates time dependency from the problem. In the moving frame (3.1.1)-(3.1.3)

become
(
Uy + Uy = 0,
(3 1 7) (u - C)px +vpy = 0,
p(u—c)uy + pouy, = —Py,
[ p(u—c)vy +pvoy = —Py—gp,
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throughout the fluid domain. Meanwhile, the reformulated boundary conditions are

v o= (u—c)ng, on y = n(x),
(3.1.8) v = 0, ony = —d,
P = Paim — 0Ngz (]- + 773%)_3/2 , ony= 77(:5)7

where u, v, p, P are taken to be functions of x and y, n is a function of x, and all of them
are L-periodic in z.

In the event that u = ¢ somewhere in the fluid we say that stagnation has occurred. This
is a slight abuse of terminology, since in our definition we require only that the horizontal
velocity vanishes. In order to avoid roll-up and other instability phenomena, we shall restrict
our attention to the case where u < ¢ throughout.

Recall that we have chosen our axes so that 7 oscillates around the line y = 0. Mathe-

matically this equates to

(3.1.9) ]f;n(w)d:c =0.

In effect, this couples the depth to the problem, so we need not treat d as a free parameter.
The trade-off, as we shall see, is that this normalization will have significant technical
consequences later.

Observe that by conservation of mass and incompressibility, p is transported and the
vector field is divergence free. Therefore we may introduce a (relative) pseudo-stream func-

tion ¥ = ¢ (x,y), defined uniquely up to a constant by:

Yy = _ﬁvv ¢y = ﬁ(u - C)'

Here we have the addition of a factor involving p to the typical definition of the stream
function for an incompressible fluid. This neatly captures the inertial effects of the hetero-
geneity of the flow (see the treatment in [82], for example). The particular choice of /p is
merely to simplify algebraically what follows.

It is a straightforward calculation to check that v is indeed a (relative) stream function
in the usual sense, i.e. its gradient is orthogonal to the vector field in the moving frame at

each point in the fluid domain:

(u — C)¢x + 'Uwy = 0.
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Moreover, (3.1.8) implies that the free surface and flat bed are each level sets of 1. For
definiteness we choose 1 = 0 on the free boundary, so that ¢y = —py on y = —d, where pg

is the (relative) pseudo-voumetric mass fluz:

(x)
(3.1.10) po = / d V@ y) lu(z,y) - d dy.

It is an easy calculation to check that pg is well-defined (see discussion following (2.1.10)).
Physically, pg describes the rate of fluid moving through any vertical line in the fluid domain
(and with respect to the transformed vector field |/p(u — ¢, v).)

Since p is transported, it must be constant on the streamlines and hence, we may think

of it as a function of 1. Abusing notation we may let p : [pp,0] — R be given such that

(3.1.11) p(z,y) = p(—v(z,y))

throughout the fluid. When there is risk of confusion, we shall refer to the p occurring on
the right-hand side above as the streamline density function. We shall focus our attention on
the case where the density is nondecreasing as depth increases. This is entirely reasonable
from a physical standpoint. Indeed, hydrodynamic stability requires that the depth be
monotonically increasing with depth, so that fluids with this type of density distribution
are referred to in the literature as stably stratified. The level set —¢ = pg corresponds to the
flat bed, and the set where —1) = 0 corresponds to the free surface. Therefore, we require
that the streamline density function is nonincreasing as a function of —. Note that this
does not preclude the case of constant density.
By Bernoulli’s theorem (for gravity waves) the quantity

E:=P+g((u—6)2+v2)+gpy,

is constant along streamlines, that is
(u—c)E; +vE, = 0.

This can be verified directly from (3.1.7). In the case of an inviscid fluid, F represents the
energy of the fluid particle at (z,y). The first term on the right-hand side, P, gives the
energy due to internal pressure. The second and third terms combined describe the kinetic

energy, while the last is gravitational potential energy. In particular, evaluating the above
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equation on the level set ¥ = 0, we find

(3.1.12) VoI +2gp(z,n(z)) (n(z) +d) = Q,  ony=1(z)

where the constant @ := 2(E|,, — Patm + gp|yd) gives roughly the energy density along the
free surface of the fluid. We shall view ) as parameterizing the continuum of solutions.
Under the assumption that v < ¢ throughout the fluid, and given the fact that E is

constant along streamlines, there exists a function 3 : [0, [po|] — R such that

dE

(3.1.13) @(a:,y) = —B(z,y)).

For want of a better name we shall refer to 3 as the Bernoulli function corresponding to the
flow. Physically it describes the variation of specific energy as a function of the streamlines.

Define
B = [ a(s)is

for pg < p <0 and let B have minimum value By;y.
We now briefly outline a few notational conventions. Let D777 denote the closure of the

fluid domain
Dy ={(z,y) eR*: —d <y <n(z)}.

For any integer m > 1 and o € (0,1), we say that a bounded domain D C R? is ¢+
provided that at each point in the boundary, denoted AD, is locally the graph of a C™t®
function. That is, a function with Holder continuous derivatives (of exponent «)) and up

to order m. Furthermore, for fixed m > 1 and «a € (0,1) we define the space Cf*(D) to
consist of those functions f : D — R with Holder continuous derivatives (of exponent a) up
to order m and that are L-periodic in the first coordinate. Similarly, we shall take C’gér(ﬁ)
to be the space of m-times continuously differentiable functions which are L-periodic in the
first coordinate. In this work, we shall seek solutions to the water wave problem (u, v, p,n, Q)

in the space

(3.1.14) S = C21(D,) x C25%(Dy)) x C2L(D,)) x C31%(R) x R.

per per per per

Occasionally, for brevity, we shall abuse notation and write (u,v,p,n) € ., or simply
(u,v,m) € &, by which we mean (u,v,p,n,Q) € ., where p is found from the (given)
streamline density function using (3.1.11) and @ is calculated via (3.1.12).
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Finally, in describing the structure of the continua of solutions, we shall make use of

the following definition.

DEFINITION 3.1.1. A subset K C .¢ is said to admit a global, locally injective, contin-
uous parameterization provided that I can be described as the image of a locally injective
k € C([0,00);.). Furthermore, for m > 1, we say that K has a locally injective, C"™ -
reparameterization (resp. analytic reparameterization) if, for each s, € (0, 00), there exists
a continuous 7 : (—1,1) — R such that 7(0) = s, and the map s — r(7(s)) is injective

and of class C™ (resp. analytic).

There are several key features distinguishing the sets described above from the standard
C"™-curves of differential geometry. Observe that, while x may be locally injective, DEFINI-
TION 3.1.1 does not require it to be globally injective, i.e., the curve K may self-intersect.
This scenario is not permissible for C"-curves since in the neighborhood of a point of self-
intersection K fails to be a one-dimensional submanifold of .. Also, it is important to note
that we do not require ' to be non-vanishing. As a consequence, the global chart may not
be of class C™ (resp. analytic), even though at each parameter value we can reparameterize
to obtain that level of smoothness.

Our notation established, we may now state our first theorem for stratified capillary-

gravity waves.

THEOREM 3.1.1. (Global Continuum from Simple Bifurcation) Fiz a wave speed ¢ > 0,
wavelength L > 0, relative mass flur pg < 0 and coefficient of surface tension o > 0. Fiz
any o € (0,1), and let the functions 3 € C3T2([0, |po|]) and p € CTT([po, 0]; RT) be given
such that the (L-B) condition holds (see DEFINITION 3.3.1). Also we assume the streamline
density function p is nonincreasing. There exists a set ¥1 C (0,00) such that the following

is true. X1 contains a half-line, (0., 00), and, if o € ¥, then we have:

(a) There exists a connected set C C .7 of solutions (u,v, p,n,Q) of the traveling, stratified,
water wave problem with surface tension (3.1.1)~(3.1.6). The set C, moreover, has the

following properties.

e C contains a laminar flow (with a flat surface n =0 and all streamlines parallel to

the bed); denote it by (U, Q«).
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e FEither (i) C contains more than one laminar flow, or it is unbounded in the sense

that, along some sequence {(Un, Vn, pn,Mn)} C C, we have
(ii) maxu, Tc¢ or (iii) minwu, | —oo.

(b) Furthermore, there exists a path-connected subset KK C C such that

o [C admits a global, locally injective, continuous parameterization with a locally in-
jective C' reparameterization.
e FEither KC is a closed loop, or it unbounded in the sense that alternative (a)(ii) or

(a)(iil) must occur along K.
(c) All flows (u,v,p,n) € C are reqular in the sense that:

e u, v, p andn each have period L in x;

e u, p and n are symmetric, v antisymmetric across the line x = 0.

REMARK. The Local Bifurcation Condition (L-B) essentially states that there exists an
eigenvalue of the linearized problem with lowest mode, and is both necessary and sufficient
for our result to hold. Still, in LEMMA 3.3.3, we derive an explicit sufficient condition that

implies (L-B):

0
(90(0) + )it > |
(3.1.15) po

0= 0? (2B0) ~ 2B + 20+ 9/ 0) e,

4 2
{L7T2 (2B(p) — 2Buin + 260)*?

where ¢j is defined by

3/2
(3.116) & i= max 2]l |nBel, 29l 112)% (4l 1)°, Sglpolo0) }.

This is most certainly not optimal. Indeed, obtaining a complete characterization of the set
of data (po, p, 3) for which (L-B) holds is an important and largely open problem, even in
the special case when p =1 and o = 0. It is worth mentioning that (3.1.15) can be satisfied
by assuming |po| and ||p’|| >~ are sufficiently small, or o is large. From this it is easy to see
that the set ¥ := {o > 0: (L-B) holds} contains a neighborhood of +oc.

We note also that much is known about the structure of the continuum C near the
point of bifurcation (Ui, Q). There exists a neighborhood U of (U, @) in . in which
CNU = KNU comprises all solutions to (3.1.1)—(3.1.6), and (U, Q) is the only laminar
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solution in Y. Moreover, all nonlaminar flows in U N C exhibit the following monotonicity
properties:
e within each period the wave profile n has a single crest and trough; say the crest
occurs at z = 0;
e a water particle located at (z,y) with 0 < = < L/2 and y > —d has positive

vertical velocity v > 0.

For the proof of these results, see THEOREM 3.3.1.
Finally, let us note that in certain special cases it can be shown that 3 is a countable

set, see PROPOSITION 3.9.1.

As we shall see, THEOREM 3.1.1 is obtained by means of a bifurcation argument with
the family of laminar flows taking on the role of the trivial solutions. When o € ¥; (for
example, if o is sufficiently large) we will show that local bifurcation occurs at a simple
(generalized) eigenvalue.

On the other hand, for o ¢ ¥, the eigenvalue will be not be simple. In order to discuss
this scenario more carefully, we must first make a few definitions. Let D be a smooth

domain in R? and let Banach spaces X,Y C Cher®(D) be given for some m > 1, a € (0,1).

For a smooth map F : R x X — Y with F(-,0) = 0, the generic bifurcation problem is to

find all nontrivial solutions (A, w) of
(3.1.17) F(A,w) =0,

in a neighborhood of a given solution (A, 0). Suppose that the null-space of F,,(\s,0) is
two-dimensional, spanned by {¢1, ¢2}, and ¢; = ¢;(x,y) is of minimal period L/n; in the
first coordinate for i = 1,2, where n; and no are distinct natural numbers. Assume further

that there exists a (continuously) parameterized curve of solutions,
Cioc := {(A(s),w(s)) : s € (—e,€)} CR x X,

to (3.1.17) with (A(0),w(0)) = (A, 0). We shall refer to these solutions as pure provided
that

w(s) = s¢; + o(s) in X,
for either ¢ = 1 or ¢ = 2 but not both. That is, pure solutions are those that locally lie near

the interior of the span of either ¢ or ¢5. Conversely, the elements of Cj,. are called mized
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solutions if there exists £1,&s € R* such that

w(s) = s (&1é1 + a¢2) + o(s) in X.

Clearly, mixed solutions locally lie near the interior of the span of ¢ and ¢,.

The relevance of these concepts to the case at hand stems from the fact that, for o €
R*\ X1, local bifurcation occurs at eigenvalues of multiplicity two (see COROLLARY 3.3.1.)
That is, the null space of the linearized operator is spanned by two functions, {¢1, @2},
of minimal period L/ny, L/ng in x, respectively. This feature of the eigenvalue problem
is well-known for homogeneous capillary-gravity waves and has been very well analyzed in
the irrotational case (cf. [34, 53, 66| for analytic results and, e.g. [54, 62, 64| and the
references contained therein for some numerical results.) For general vorticity, this scenario
was analyzed by Wahlén [70]. Briefly, his argument was the following. So long as there
is no resonance, i.e. no is not an integer multiple of n;, then the dimension of the null
space can be reduced to one by considering the restriction to the subspaces of L/ni- or
L /ng-periodic solutions. Applying the Crandall-Rabinowitz arguments developed for the
simple eigenvalue case, one can prove the existence of two C'-curves bifurcating from the
family of laminar flows, say Ci 1o and Cp joc. These consist of small amplitude solutions of
minimal period L/n; and L/ns, respectively. In fact, C; 1o are both curves of pure solutions
in the sense outlined above.

The price payed for the relative ease of this approach is that, in restricting the solutions
space, we are likely missing the mixed solutions. To see why this may be the case, note
that a linear combination &;1¢1 + £2¢2 may have minimal period L. Such solutions would
therefore not be included in either Cq joc or Ca joc.

Worse still, when resonance does occur (i.e. ny/n; € N), this type of argument offers
even less information. Since restriction to the L/nj-periodic solutions no longer renders
the null space one-dimensional (as L/ns—periodic solutions are now also L/nj—periodic),
the only conclusion we can draw via Crandall-Rabinowitz is that there is at least one local
curve of pure L/ng-minimal periodic solutions. In the language we have been using thus
far, this means that we can prove the existence of Cs jc, but not Cy joc. This, of course, says
nothing about the existence (or nonexistence) of curves of mixed solutions.

In the present chapter we devote some effort to advancing the study of the bifurca-

tion near double eigenvalues. Rather than using Crandall-Rabinowitz, we instead carry out
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our analysis via the full Lyapunov-Schmidt procedure. Owing to a great deal of degener-
acy in the problem, a complete account is, unfortunately, beyond the scope of this thesis.
Nonetheless, we are able to obtain some detailed results on the structure of the full solution

set.

THEOREM 3.1.2. (Local Continua from Double Bifurcation) Let the wave speed ¢ > 0,
the relative mass flux pg < 0, surface tension constant o, streamline density function p €
C* ([0, |pol]) and Bernoulli function 8 € CY1*2([0,|po]]), 0 < a < 1 be given. Suppose
further that po, p, B and o collectively satisfy (L-B).

In contrast to THEOREM 3.1.1, suppose o ¢ %1 but non-degeneracy conditions (3.4.1)
and (3.4.2) hold. Then there exists four C'-curves, {Cijoc }i_q, of small-amplitude, traveling
wave solutions of (3.1.1)-(3.1.6) in the space .¥ with the following properties.

e Each (u,v,p,n,Q) € U; Ciloc has speed c, relative mass flur py and satisfies u < ¢
throughout the fluid.
e Fori=1,2, each (u,v,p,n,Q) € Cijoc, ¢ = 1,2, has minimal period 27 /n; in x.
e Fori = 1,2,3,4, each of the curves {Cijoc} contain precisely one laminar flow,
while for each nontrivial solution (u,v,p,n, Q) € C; joc, with i = 1,2, we have
(i) the functions u and n are symmetric around the line x = 0 while v is anti-
symmetric;
(ii) the function n has precisely one mazximum (crest) and one minimum (trough)
per minimal period; and

(iii) the wave profile is strictly monotone between crest and trough.

REMARK. Referring back to the preceding discussion, the first two curves, Ci 1o and
Ca10c are the pure solutions, while the remaining two are the mixed solutions.

The nondegeneracy conditions (3.4.1)—(3.4.2) ensure that, upon applying the Lyapunov-
Schmidt reduction, the solutions of the bifurcation equation are described totally by the
expansion to cubic order. It is possible to omit condition (3.4.2) but, in this case, rather
than having the complete solution set near (U, @), we can only guarantee the existence
of ;. Condition (3.4.1) can be similarly relaxed (see the remarks in section 3.4). More
detailed information on the local structure of the bifurcation diagram is outlined in LEMMA

3.4.1-LEMMA 3.4.5 and THEOREM 3.4.1.
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Once the local bifurcation picture has been resolved, we are able to continue the curves
{Ci,loc}?zl to produce global continua of solutions. All told, this gives the last of our main

results:

THEOREM 3.1.3. (Global Continua from Double Bifurcation) Assume the hypotheses of
THEOREM 3.1.2. There exist global continua of solutions extending {Ci,loc};lzl in the sense

that the following statements hold.

(a) There exists a path-connected set K C 7 of solutions (u,v,p,n,Q) to (3.1.1)—(3.1.6).

The set IC has the following structural properties.

e IC contains a laminar flow, (U, Q).
e There exists four path-connected sets {K;}1; such that K = J, K; and (U, Qx) €
; Ki. In fact, there exists a neighborhood U of (Us, Qx) in 7 such that

Cijoc = KiNU, fori=1,...,4.

o Fach K; admits a global, locally injective, continuous parameterization with a lo-
cally injective C-reparameterization.
e For eachi=1,...,4, we have the following alternatives: Either (i) K; is a closed

loop or, along some sequence {(un, Oy, P, My Qn)} C K,
(ii) maxu, Tc¢ or (i) minwu, | —oo.

(b) All flows (u,v, p,n) € K are regular in the sense that:

e u, v, p andn each have period L in x;

e u, p and n are symmetric, v antisymmetric across the line x = 0.

Steady capillary-gravity waves, as we remarked earlier, are an important, classical object
of study in fluid mechanics and geophysical fluid dynamics. Unsurprisingly, therefore, they
have been the subject of a truly voluminous quantity of research, far more than we can hope
to completely summarize here. The vast majority of the work on steady, capillary-gravity
waves considers the irrotational regime. There are physical justifications for this choice,
but perhaps the most compelling reason is mathematical: when there is no vorticity, ¢ is a
harmonic function. All that remains is to determine the free surface 7. As the vector field

has zero curl, moreover, we have the existence of a velocity potential ¢, which enables the
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use of conformal maps and other powerful techniques from complex analysis. For instance,
there are a number of equivalent reformulations of (3.1.1)—(3.1.7) as a scalar equation for
0, the slope of n (cf. [43, 51] for the classical case where o = 0, and, e.g. [53] for the
generalization to o > 0.)

Of course, with the introduction of vorticity, the usefulness of these tools is greatly
diminished. For that reason, the structure of our arguments in this chapter follows the
general program for steady, rotational waves established in [15, 71, 70, 76]. We begin,
in section 3.2, by reformulating the problem in terms of scalar quantities and in a semi-
Lagrangian coordinate system. As a consequence, the transformed domain will be fixed,
and the system of equations (3.1.1)-(3.1.6) is replaced by a non-linear, integro-differential,
boundary value problem for a scalar function, h, that describes the height above the flat

bed. The interior equation satisfied by h has the following form:
L(D?h, Dh) + Z(Dh, h) = 0,

where D?h denotes the Hessian of h, Dh the gradient, £ is an elliptic operator and 7 is
an integro-differential operator. As in chapter 2, we will show that Z totally accounts for
the presence of stratification (indeed, if p is constant, then Z = 0). On the other hand, the
technical challenges due to surface tension present themselves, naturally, on the boundary.
The reformulation of the dynamic condition (in particular, the mean curvature term in
(3.1.4)) results in a non-degenerate Venttsel-type condition on the image of the free surface.

In section 3.3, we prove the existence of a 1-parameter family, 7, of laminar flows. Since
these flows are, by definition, functions of the streamlines, the integro-differential equation
reduces to an ODE with operator coefficients (the operator coming from 7). We proceed to
show that, if o € 31 — e.g., it is sufficiently large — then there exists a point on 7 at which
the problem has a simple (generalized) eigenvalue. Using the theory of Crandall-Rabinowitz,
we prove that there is a branch of small-amplitude, non-laminar solutions bifurcating from
7 at that point. This is, essentially, a generalization of [70] to the stratified case.

Next, in section 3.4, we consider the case when o ¢ ¥;. As mentioned above, this means
that the bifurcation from 7 is not simple. In fact, we show that, for all but at most one
value of o, the bifurcation is precisely double, i.e. the null space of the linearized operator
has algebraic multiplicity two. Using the classical method of Lyapunov-Schmidt, we give

several results on the bifurcation diagram for such ¢. This is done by explicit computation
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of the coefficients in the bifurcation equation. In particular, we show that, under the non-
degeneracy condition, there are four C'-curves of small-amplitude, non-laminar solutions
emanating from the bifurcation point, as described in THEOREM 3.1.2. Let us note that
this result, though preliminary in the sense that it requires some additional non-degeneracy
assumption, is new even in the case of constant density.

The remainder of the chapter is devoted to the global analysis. In section 3.5, we use a
degree theoretic argument to prove an alternative theorem in the style of Rabinowitz [60].
This allows us to continue globally the curve found via simple local bifurcation in section
3.3. Of course, this involves first proving some strong compactness properties about the
reformulated problem — a task made difficult both by the nonlocal operator term in the
interior equation, and the nonstandard, second-order boundary conditions.

To continue the local curves obtained in the case of double bifurcation, we employ a
global bifurcation theory due to Dancer (cf. [11, 20, 21, 22]) that exploits the analyticity of
the integro-differential operator in the reformulated problem. As we make clear, this method
enjoys several advantages with respect to the more standard degree theoretic approach of
section 3.5. First, it enables us to prove an alternative theorem that continues each of the
local curves found in section 3.4. Since the crossing at the bifurcation point is no longer
odd, this would be non-trivial with a degree theoretic argument. Second, we are able to
prove higher regularity of the global continuum. In fact, we show that the continuum
K of solutions to the reformulated problem is a curve with a locally injective, analytic
reparameterization.

In section 3.7, we derive uniform bounds on the C3+®norm along the continuum C in
terms of the first-order derivatives, the mean curvature on the surface and the energy . In
section 3.8, these bounds, along with the alternative theorems of sections 3.5 and 3.6, are
combined to produce THEOREM 3.1.1 and THEOREM 3.1.3. Finally, section 3.9 analyzes
some important special cases: homogeneous, irrotational waves and homogeneous rotational

waves.

3.2. Reformulation of the problem

In this section we set ourselves to the task of finding an equivalent formulation of (3.1.7)—
(3.1.8) that eliminates the free boundary problem. We shall accomplish this by making a

change of variables to transform the fluid domain D, in a fixed domain, whose closure we
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shall denote R. As usual for incompressible problems, this will be done by means of the
pseudo-stream function v and will come at the cost of some additional nonlinearity in the
governing equation.

To see why this is a natural choice of coordinates, recall that we have ¢ = 0 on the free
surface, 1 = —pg on the flat bed, where py is the relative pseudo-mass flux and v is defined

uniquely by the requirement that

(3.2.1) Yz = —/pV, vy = /p(u — c).
In light of (3.2.1) and (3.1.1)-(3.1.2), the governing equations inside the fluid become

(3.2.2) wywxy - wmwyy = —P - D—n,

_wywxx + %%y - _Py —pPg

whereas the boundary conditions (3.1.8) are

Yy = —%7793, ony= 77(33)7
(3.2.3) P = Pum—onm(1+n2) %2 on y = n(z),
¢:)§ = 07 ony= —d.

Also, by Bernoulli’s theorem, the quantity

(3.2.4) E=P+ g ((u—=0)*+2°) + gpy,

is constant along streamlines. In particular, then, evaluating the above equation on the free

surface we find

(3.2.5) VoI +2gp(z,n(x)) () +d) = Q,  ony=rn(x),

where the constant @ := 2(E|, — Patm + gp|yd). Note that this @ gives roughly the energy
density along the free surface of the fluid. Critically, however, we shall see that as a
consequence of our normalization of 1, d is not a parameter for the problem. On the
contrary, in all but the most trivial cases, d varies along C. In our analysis, therefore, we
shall instead be viewing () as parameterizing the continuum.

With that in mind, we begin by deriving a scalar PDE satisfied by . In the case where

the fluid is homogeneous, it is not hard to check that

(3.2.6) —Ap = w,
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where w := v, — u, is the vorticity. Moreover, again exploiting the homogeneity, one can
readily verify that w is transported, i.e. there exists some vorticity function, 7 : [0, |po|] — R,
such that w = (¢). It is therefore possible to view (3.2.6) as a semilinear elliptic equation,
where v is prescribed. This is the approach taken, for instance, by Constantin and Strauss
([15, 16]) in the (homogeneous) gravity wave case, and Wahlén ([71, 70]) for (homogeneous)
capillary and (homogeneous) capillary-gravity waves.

In the presence of stratification, however, we cannot generally expect the vorticity to be
a function of v. Instead, we must look back to the Bernoulli theorem to find an appropriate

quantity conserved along streamlines. In particular, one can prove that

dE dp

Recall that in the previous section we introduced the Bernoulli function 8 and streamline

density function p. Rewriting the above expression we arrive at an equation of roughly the

same form as (3.2.6):

(3.2.7) —B() = Ay — gyp' (=¢).

This is known as Yih’s equation or the Yih-Long equation (see, e.g., [82]). In this work,
it shall serve as our governing equation for 7). Were it not for the presence of y on the
right-hand side, this would reduce to the homogeneous case — a fact that agrees with our
intuitive notion that density stratification should reintroduce the depth into the problem
as a serious consideration. One can easily check, moreover, that, if p = 1, then 8 and
coincide exactly.

With (3.2.7) in hand, we now make a change of variables to eliminate the free boundary.

The new coordinates we will denote (g, p) where

g==z,  p=—-9(z,y).

This scheme is sometimes referred to as semi-Lagrangian coordinates, in recognition of
the fact that we are working, in some sense, halfway between Lagrangian (or streamline)
coordinates and the usual Eulerian system (cf. [69]).

By means of a scaling argument, we may take L := 2w. Then, under the transformation

(z,y) — (¢,p),
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the closed fluid domain D777 is mapped to the rectangle

R:={(q,p) ER*:0< g <2m, py <p<0}.
Given this, it will be convenient to put

T:={(¢;p) €R:p=0}, B:={(g,p) € R:p=po}

Note that, in light of (3.1.11) and (3.1.13), we have that
B=p(=p), p=p).
Moreover, the assumption that the streamline density function is nonincreasing becomes
(3.2.8) pp < 0.
Next, following the ideas of Dubreil-Jacotin (cf. [25, 26]), define
(3.2.9) h(g,p) =y +d

which gives the height above the flat bottom on the streamline corresponding to p and at
x = q. We calculate:

(3.2.10) y= e =

iy hy’
Note that this implies h, > 0, because we have stipulated that v < ¢ throughout the fluid.

The change of variables then gives

1 h
(3.2.11) U=c——— v=——2

Vohy' N

Performing the Dubreil-Jacotin transformation on (3.2.7), we find that, in the interior

of the fluid,
(1+ hg)hpp + hqqh?a = 2hghphpg — g(h — d(h))Pphg = —hf;ﬁ(—p),

where we have used (3.2.9) to write y = h — d. Recall, however, that we have normalized 7

so that it has mean zero. Taking the mean of (3.2.9) along 7', we obtain

(3.2.12) d:dmy:f?h@mmq

That is, the average depth d must be viewed as a linear operator acting on h. Namely, it
is the average value of h over T. Where there is no risk of confusion, we shall suppress

this dependency and simply write d. As we shall see, the addition of this integral term to
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the governing equations will be the single most significant departure from the homogeneous
case, both technically and qualitatively. In recognition of this fact, we shall refer to the
mapping h — —g(h — d(h))hf’,pp as the stratification operator. See chapter 2 for details.
On the bottom, we have by construction that ~ = 0. The more interesting boundary
condition is found on the top of R, which corresponds to the free surface in the original

formulation. There, we have from (3.2.3) that
1+ hg + h§(20/€[h] +2gph — Q) =0, p=0,

where the curvature, k, is defined by

h
:‘Q[h} = —#32
(14 h2)*

This calculation is carried out in [71], for example.
Combining these observations together we see that the completely reformulated problem

is the following. For a given Bernoulli function 3, find (h, Q) € C35*(R) x R with h, > 0

per

and satisfying the height equation

(1+ hg)hpp + hqqh?a — 2hghphpg

—g(h — d(h)pphd = —h33(—p), po<p <0,
(3.2.13)

1+ hg + h§(2an[h] +2gph—Q) =0, p=0,

h =0, P = po.

LEMMA 3.2.1. (Equivalency) Problem (3.2.13) is equivalent to problem (3.1.1)-(3.1.6)

Proor. This is proven for ¢ = 0 in LEMMA 2.2.1. A straightforward modification
of that argument — which is itself a simple generalization of a similar result in [15] —
proves the lemma. For brevity, we omit the details here. The reader is also referred to the

discussion in Remark 3.8. O

3.3. Local bifurcation at simple eigenvalues

3.3.1. Overview. The goal of this section is to prove the existence of local curves
of small amplitude solutions to (3.1.7)—(3.1.8). In continuation from the previous section,
we shall make use of the equivalent formulation (3.2.13) to prove the existence of a 1-

parameter family of laminar flow solutions, 7. These will serve as the trivial solution

110



curve for the standard Crandall-Rabinowitz machinery. Linearizing the problem around
the laminar flows, we are thereby able to prove the existence of a local curve of non-laminar
solutions bifurcating from 7 at a simple eigenvalue under certain size conditions. The

analysis culminates in the following result.

THEOREM 3.3.1. (Local Bifurcation at Simple Eigenvalues) Fiz « € (0,1) and let the
wave speed ¢ > 0, the relative mass flux py < 0, surface tension constant o, streamline
density function p € C**%([po,0]; RT) and Bernoulli function 3 € C1T([0, |po|]) be given.
Suppose further that pg, p, 8 and o collectively satisfy (L-B). If o € X1 (as defined in
(3.3.6)), then the following holds.

There exists a C*-curve Cioe C . of small amplitude, traveling wave solutions (u,v, p,n)
of (3.1.1)-(3.1.6) with period 2w, speed ¢ and relative mass fluzx pg, satisfying u < ¢ through-
out the fluid. The curve Cioe has the following properties.

(i) Cioe contains precisely one laminar flow. denote it (Q, Us).

(1) Cioc \ {(Q«,Ux)} comprises all nonlaminar solutions in a sufficiently small neigh-

borhood of (Q«,Us) in R x Cg;;a(Dn).
(11i) For each nontrivial solution (u,v,p,n) € Cioc,
e the functions u, p and n are symmetric around the line x = 0 while v is
antisymmetric;
e the function n has precisely one mazimum (crest) and one minimum (trough)

per period;

e the wave profile is strictly monotone between crest and trough.

3.3.2. Eigenvalue problem. We begin by establishing the existence of a 1-parameter
family of laminar flows. By laminar flow we mean that the streamlines (which, we recall,
include the free surface) are parallel to the bed. Waves of this type will accordingly have
the ansatz h = H(p), which reduces the height equation (3.2.13) to the following (operator
coefficient) ODE boundary value problem:

pr - QHS(H - d(H))pP = _Hgﬁ(_p)v po<p< 07
(3.3.1) 1+ H2(2gpH — Q) =0, p=0,
H = Oa b = Ppo.
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The basic existence theory for laminar solutions comes in the form of the following

lemma.

LEMMA 3.3.1. (Laminar Flow) Suppose that the streamline density function p satisfies
pp < 0. Then there exists a I-parameter family of solutions (H(-; ), Q(X\)) to the laminar
flow equation (3.3.1) with H, > 0, where 0 < —2Bpin < A < Q.

PROOF. Because the curvature of the laminar flows is zero, (3.3.1) is identical to the
problem satisfied by laminar stratified gravity waves in the absence of surface tension. The

lemma therefore follows from LEMMA 2.3.1. O

REMARK. For later reference, we note it was also shown in the previous chapter that

_ Q-2
~ 2gp(0)’

In contrast to the theory for homogeneous gravity and capillary-gravity waves, there

H(0) H,(0) = \71/2,

is no explicit formula for these laminar flows. However, H,, satisfies the following implicit

equation
1
Hy(p;\) = ———=, po<p<0,
b VA+ G N)
where

0
G@mw—2mm+a/”wHway—an»»MAwm, po<p <0,

It will occasionally be convenient to make use of the shorthand

Finally, we shall denote H := dH /X, Y := dY/O\, G := G /O and Q := dQ/d\. In fact,

we have the following useful identity

. 0 ; r 0 .
332 V- [ Graadmir =g [ (1+6@)e6) e m<p<o

This is found by differentiating the relation Y, = (A + G)l/ 2 in ), followed by integrating
in p.

We now linearize the full height equation (3.2.13) along the curve of laminar solutions,

which we shall denote 7. As in chapter 2, when there is heterogeneity in the fluid, it will
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be necessary to ensure that A is bounded strictly away from —2Bni,. Recall that we have

defined

3/2
o/ i= max {291l =p3e™!, (2llo/ll<)?, (4l0']1=)?, Sglpolo(0)} -

/

Note that having 63 2 greater than the second quantity on the right-hand side above implies,

for A > —2Bmin + €0,
1/2
a+gpp > €y —gllppllLe > € /2 >0

if pp, # 0. The same holds true, of course, when p, = 0, since in this case the left-hand side
reduces to a, which is strictly positive when A > —2B,,;,. It was shown in LEMMA 2.3.4
that, when 63/2 > 2g|lppllzpde?ol, then —1/2 < G(-;A) < 0. In particular, this implies
that, a + gp, > 0, and 1 + G > 1/2 > 0. Both of these facts are critical for our analysis
and so from this section onward we shall always be assuming that A\ > —2B,;y + €. The
remaining two quantities on the right-hand side above are, in fact, not strictly necessary.
In chapter 2 they were used to avoid a certain pathology that might occur if the point of
bifurcation A, occurred to the right of a particular value A\g. That will not be an issue for
the present chapter. Nonetheless, for simplicity of exposition, we keep the same definition
of €.

Now, fixing any such A, we calculate that the linearized problem about H(-; \) is:

Mypp + mquz — gpp(3my(H — d(H))HE + (m — d(m))HS),

= —3H2m,B(— <p<O,
m = 07 b = Ppo,
gpm — omgq — )\3/2mp =0, p=0.

Since we seek solutions that are 27-periodic and even in ¢, it is natural to search for m
with the ansatz m(q,p) = M (p) cos (nq), for some n > 0. Inserting this into (3.3.3) we see

immediately that M must satisfy the following;:

)
My — > MH? — gp,(3My(H — d(H))H2 + (M — 6,0M (0))H3)
= —3H2M,B3(—p), <p<0,
M =0, P = po;
gpM +n?oM — >\3/2Mp =0 p =0,
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where 6,0 = 1 if n = 0 and vanishes otherwise. This is a simple consequence of the fact

that
d(m) = ]foﬂm(q, 0)dgq = M(O)]foﬂ cos (nq)dq = d,0M (0).

Using the equation satisfied by H, (3.3.1), we may put (3.3.4) into self-adjoint form:

{H, My}, = (n*H, ' + gpp) M — gppdnoM(0), po <p <0,
(3.3.5) M =0, P = po,

)\3/2Mp = (n%0 + gp) M, p=0.
Solving the above problem for any value of n will produce a 2m-periodic solution to the
linearized problem, but, as we are primarily interested in solutions of minimal period 2,
we shall focus on the case where n = 1.

With that in mind, we make the following definition.

Y:={o€ R™: there exists a unique A > —2Bpin + €o such that

(3.3.6)
problem (3.3.5) has a solution (M, n) if and only if n = 1},
Yy := {0 € R™: there exists a A\ > —2Bpyn + ¢o such that
problem (3.3.5) has precisely two linearly independent
(3.3.7)
nontrivial solutions (M7, n;) and (Ma, na),
where ny = 1, ng > 2}.
and
Y3:={o€ R™T : there exists a A > —2Bmin + €0 such that
(3.3.8) problem (3.3.5) has at least two linearly independent solutions

(Mq,n1) and (Mg, ng) where ny =1, ng = 0}

For fixed pg, p and 3, we shall prove that the set 3; consists of those values of o for
which simple bifurcation occurs at some point along 7. The curve of nonlaminar solutions
will, locally, be of the form (Q(\), H(p; Q(A\)) + €M (p) cos ¢ + O(€?)), and hence of minimal
period 27. On the other hand, if o lies in the set 39, then we expect double bifurcation
to occur and there will be several curves of 2w-periodic solutions that, nevertheless, have a
minimal period strictly less than 27. The last set, X3, consists of those values of o where
there is a zero eigenvalue of the linearized problem. We shall prove that X3 is either a

singleton or the empty set (see LEMMA 3.3.7). Furthermore, in COROLLARY 3.3.1, we
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show that every o for which (L-B) holds is in precisely one of ¥, ¥ and 3. We strongly
suspect that 3 is generic. In fact, in section 3.9 we provide an elementary proof of the
(previously known) result that, for irrotational, constant density waves, 3o is countable.
This section is concerned with the simple bifurcation case, so our first task is to produce
sufficient conditions under which ¢ € ¥;. In order to apply the linear theory developed in

chapter 2, we introduce a modified density function, p, defined by

- o
p=p+—.
g

It follows that, for each A > —2Bin + €0, (H(-; A), Q()\)) is a laminar solution with stream-
line density function p, where
Q) :=20H(0; X) + Q(\)

(3.3.9) . ((g‘lgp(()) +1) QM) — A) _ 9p(0)QN) — oA

gp(0) gp(0)

It is important to note that Q inherits all of the important properties of Q. These we

summarize in the following lemma.

LEMMA 3.3.2. Let A > —2Bin + €0 be given and let Q be defined as in (3.3.9). Then
Q is strictly convex as a function of A with a unique minimum occurring at Xo. Moreover,

if the unique minimum of @ occurs at g, then Ay < Xo-

PrROOF. We know by COROLLARY 2.3.1 that @ is a strictly convex function of A.
Differentiating (3.3.9) twice in A confirms that the same is true of Q. To see Q attains
its minimum, note that evaluating (3.3.9) at A = \g, we have dQ/d\ < 0. But, since
dQ/d\ /' 1 as A — oo, while gp > o, taking X sufficiently large we must have dQ/d\ > 0.

Hence, there exists some Mo > Ao where dQ Jd\ = 0. O

Now, since we are searching for a solution to (3.3.5) with n? = 1, we can simply replace
p with p to rewrite the problem as something reminiscent of the stratified gravity wave case.

In particular, we see that it is equivalent to finding a solution M of

Hp{HI;?’Mp}p —gppH,M =M, po<p<O0
(3.3.10) M =0, P =Ppo
N2M, = gpM, p=0.
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We have therefore reduced the problem to that considered in chapter 2. Recalling the

methodology of that chapter, let us now consider the minimization problem:

(3.3.11) p=p(A) = inf R(:))

where S := {¢ € H'((po,0)): ¢ Z0, ¢(po) = 0} and the Rayleigh quotient R is given by
—gp(0)6(0)2 + [V Hy(p; )2 (p)?d
(3312 Rigi ) 1= OOy oo )0y
oy @(0)2 (Hy(0; )™t + gpp(p)) dp

By the standard variational theory for Sturm-Liouville problems, the existence of a nontriv-

ial solution to (3.3.10) for some A, > —2Bpin + €0 is equivalent to the statement p(Ay) = —1.

Given that fact, we make the following definition.

DEFINITION 3.3.1. We say the pseudo-volumetric mass flux pg, coefficient of surface
tension o, streamline density function p and Bernoulli function 3 collectively satisfy the

capillary-gravity local bifurcation condition provided that
(L-B) there exists A > —2Bui, + €9 and M # 0 solving the linearized problem (3.3.10).

Equivalently,

inf A) < —1.
)\272lélmin+60 M( ) B

This last statement can also be written
~9p(0)$(0)* = 0¢(0)* + [;) Hy(p: A>—3¢p(p>2dp} o
I 6(p)2 (Hy(p: )~ + gpp(p)) dp

where S := {¢ € H((po,0)) : ¢ Z 0, ¢(py) = 0} and H(-;\) is the laminar flow solution

(3.3.13) inf inf {
)\2_2Bmin+€0 d)ES

given by LEMMA 3.3.1.

(L-B) is both necessary and sufficient, but clearly suffers from being highly non-explicit.
However, as was alluded to in the remarks following THEOREM 3.1.1, if we are willing to
sacrifice necessity, there is an entirely explicit sufficient condition under which the capillary-

gravity local bifurcation holds, namely (3.1.15).

LEMMA 3.3.3. (Sufficiency of Size Condition) If pg, p, B and o satisfy the size condition
(3.1.15), then they satisfy (L-B).

Proor. This lemma follows from LEMMA 2.3.3 with p in place of p. U
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We also remark that from (3.3.13) it is evident that, if (L-B) holds for (po, o1, p, 5),
then it hold for (pg, o2, p, ) whenever o9 > o7. In particular, this implies that if the Local
Bifurcation Condition is satisfied for the problem without surface tension (i.e., with o = 0),
then it is satisfied for all values of o > 0 as well.

For future reference we now quote another result from chapter 2.
LEMMA 3.3.4. (Monotonicity) p is a strictly increasing function of X when u(\) < 0.

This result implies, for instance, that any A\ > —2 B, +€p satisfying u(\) = —1 is necessarily

unique. The next lemma gives the existence of such a .

LEMMA 3.3.5. (Eigenvalue Problem) Assuming (L-B), there exists A« > —2Bpin + €0
and a nontrivial solution M = M (p) to (3.3.5) with n = 1.

PRrROOF. In the previous paragraphs we have shown that the producing such an M is
equivalent to finding A\, such that u(A.) = —1. Condition (L-B) ensures that pu(\) < —1,
for some A\ > —2Bin + €, so it only remains to show that u(\) > —1 for A\ sufficiently
large. With that in mind, let A be given such that

2
A > =2Buin + (gllppllz= + Vop(0) + )
Recalling that G(-; A\) > 2By,in, we find that, for any such A,
Hy' > Hy 4 gpy = A+ G2+ gpp > (A + 2Bmin)? = gllppll= > v/gp(0) + 0.

Now let ¢ € S be given and take A\ as above. Then
0 3,2 1 2 0 2 2
/ (H, *¢p + (H, " + gpp)d°) dp > \/gp(0) + 0/ ((9p(0) + o)), + ¢°) dp

Po po

0
>2(gp(0) +0) [ ddpdp = (gp(0) + o) ¢(0)*.

Po
From the last inequality we conclude R(¢) > —1. Since the selection of ¢ above was

arbitrary, this proves p(A) > —1, which completes the lemma. O

From Remark 3.3.2, we have that

Q =1-2gp(0)Y (po).
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As we stated in the proof of LEMMA 3.3.2, the right-hand side above vanishes for A = Ay,
and approaches 1 monotonically from below as A — co. Therefore, for some A., we have

. 1
3.3.14 AY (po; \) < ,
(3:3.14) (o: A) < 0T+ glloplmTpol

for all A > A..

As 2gp(0)Y (po; Ao) = 1, and @ obtains its unique minimum at A\g, we must have, in par-
ticular, that A. occurs to the right of Ag. The significance of this quantity will be made
clear later. Briefly, the point is that, when A, > A;, we will show that the null space of
the linearized problem is one-dimensional, whereas in general it may be two-dimensional.
In fact, when p is taken to be a constant, one can instead take A. = Ag (cf. [70]), in which
case it satisfies the implicit relation

0
1
3.3.15 H,(p; \o)2dp = .
( ) o p( ) gp(o)

Since Hp(-;A) is strictly monotonic as a function of A, (3.3.15) serves as an equivalent
definition of A, when p is constant.

Next, put

0 D

2
(3.3.16) oo = (gp(0))2 / Hy(s; )\c)3ds> dp.

Po

(Hp(p; Ae) ™" + 90p(p)) (

Po

The importance of this quantity is found in the following lemma.

LEMMA 3.3.6. Suppose that py, o, p, and (3 are given satisfying (L-B) (or size condition
(3.1.15)). Then, for a unique A\, there exists a solution of the form m = M (p)cosq to

(3.3.3). Moreover, if we assume that
(3.3.17) o2 0.,

then Ac < A«. (Note that this is an explicit statement as neither H nor p depend on o.)

PRrROOF. Writing (L-B) in terms of 5 we find that pg, p and 3 satisfy the Local Bifurcation
Condition of chapter 2. Thus applying the lemmas of section 2.3 gives the existence of a
solution M of (3.3.10) for a unique \,. As we have commented before, this is equivalent to
solving (3.3.5), so m(q,p) := M (p) cos ¢ is indeed the solution to (3.3.3) we seek.

Next, we the minimization problem (3.3.11). For each A, the function M that attains
the minimum, p(\), will satisfy the boundary conditions of the linearized problem (3.3.10)
as well as the ODE:

{Hp_3Mp}p = _IU“()\)(Hp_l + 9pp) M.
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By construction, therefore, u(A.) = —1. Fix A = A, and let ¢ € S be defined as
= / 3d3 po < p < 0.
Po
Note that ¢ is therefore the solution of the following boundary value problem:

(@p)p =0, forpo<p<0,  ¢(po) =0,  A¥2¢,(0) = gp(0)¢(0).

Evaluating R(¢; \) yields

—9p(0)(0)% + [ a (p)*dp
R(p; Ae) =
) L?Oqzs@ (a(p >+gpp< >>dp
—0¢(0)?

o @(0)2 (a(p; A) + gpp(p)) dp

-1

= —o0, .

For o > o, the above identity implies p(A.) < —1. By the monotonicity of u, we conclude
that A. lies to the left of A\, as desired. O

We end this subsection with a lemma characterizing the set of ¢ for which zero is an

eigenvalue of the linearized problem.

LEMMA 3.3.7. (Zero Eigenvalue) Fix po, p and 3. There exists at most one value of o
for which both (L-B) holds and there exists a nontrivial (M,n) solving (3.3.5) with n =0

and A = Ai. In particular, X3 is either a singleton or the empty set.

PROOF. Let o be given as in the statement of the lemma. Then by (3.3.5) with n =0,

there exists M solving
(a*My)y — gpp(M = M(0)) =0, M(po) =0,  A¥2M,(0) = gp(0)M(0),

for A = A,. Note that all the effects of surface tension have been removed from the equation,
as o occurs only as a coefficient of n in (3.3.5). Indeed, this problem is identical to that
studied in chapter 2, where it was shown that a nontrivial solution exists if and only if
A = Ao

In order to prove the lemma, therefore, we must show that there is at most one value

of ¢ for which A, can coincide with A\g. To make the dependence of A\, on o explicit, define

R M) im ~9p(0)$(0)? — 5(0)? + [ a3¢2dpdp
o Joo 8 a+9ﬂp) ’
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for ¢ € S. Then, for each o for which (L-B) is satisfied, we may let A\, = A.(c0) to be the

smallest value of A > —2Bin + €9 such that
inf R(¢p; \s(0),0) = —1.
inf, (¢ A4(0),0)

Clearly, A, is continuous in ¢ on its domain.
Now let 01,09 be given with o1 < o3, (I-B) hold for o; (hence also for ¢2.) By the

definition of \.(-), there exists ¢1, ¢2 € S such that

R(¢1:M:(01),01) = —1 = R(p2; As(02), 02).

But, recalling the meaning of R(-;-, ), we have

R(p2; Ai(02),02) < R(P1; As(02),02)

(01 — 09) $1(0)*

(915 Ai(02), 01) 1762 (a + g0y) dp

< R(¢1; Ai(02), 01).

The strict inequality derives from the fact that ¢1(0) # 0, in light of the equation (3.3.5)
satisfied by ¢1. We have therefore shown R(¢1; A\«(02),01) > —1. By the strict monotonicity
of p, we conclude that A.(o2) lies to the right of \.(o1). It follows that A, is a strictly

increasing function of o. Hence there is at most one value of o for which A.(c) = Ag. O

3.3.3. Proof of local bifurcation from simple eigenvalues. In short, the previous
section assures us that, if (L-B) and size condition (3.3.17) each hold, then, at some A, >
—2Bmin + €0, there exists a solution of the linearized problem (3.3.3). In order to infer the
existence of curve of non-laminar flows local to this point, we shall make use of the classical
theorem of Crandall and Rabinowitz. In this section and onward, we shall use N(L) to

denote the null space of a linear operator £ and R(L) to denote its range.

THEOREM 3.3.2. (Crandall-Rabinowitz, [18]) Let X and Y be Banach spaces, I C R
an open interval with Ay € I. Suppose that F : I x X — Y 1is a continuous map with the
following properties:

(1) F(X,0)=0, forall X € I;
(i) D1F, DaF and D1DyF exist and are continuous, where D; denotes the Fréchet

derivative with respect to the i-th coordinate;
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(iii) DaF (Ai,0) is a Fredholm operator of index 0, in particular, the null space is one-
dimensional and spanned by some element wy;
(v) D1DaF (A, 0)ws ¢ R(D2F (A, 0)).
Then there exists a continuous local bifurcation curve {(A(s),w(s)) € R x X : |s| < e} with

€ > 0 sufficiently small such that (A(0),w(0)) = (A, ws), and
{Nw)eld :w#0,F(A\,w) =0} = {(A(s),w(s)) e Rx X :|s| <e€}
for some neighborhood U of (A«,0) in R x X. Moreover, we have
w(s) = sws + o(s), in X, |s| <e.
If D3F exists and is continuous, then the curve is of class C*.

All that is left for us now is to verify the hypotheses of the preceding theorem. As in

the previous sections let the transformed fluid domain be
R:={(q,p): 0 < g <2m, py <p <0},
with boundaries
T:={(ep)eR:p=0},  B:={(¢,p) € R:p=po},
and define

X:={heC3*R):h=00nB}, Y =YixYy:=Cri*R)x C E*(T).

per per

Let h(q,p) := H(p)+w(q,p). Then by the full height equation, w must satisfy the following

PDE
(1+ wﬁ)(pr + wyp) + Weq(Hyp + wp)2 — 2wqwpq (Hp + wp)
(3.3.18)
—g(H +w — d(H) — d(w))(Hp +wp)’pp + (Hp + wp)*6(~p) =0 in R,
(3.3.19) 1+ w?] + (Hp + wp)?(20k[w] 4+ 2gp(H +w) — Q) =0 onT,

together with periodicity in ¢ and vanishing on B.

Conforming to the framework of [18], we introduce a nonlinear operator

f:(flaj:é) : (_2Bmin+€0,00) x X —=Y
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defined, for w € X, A > —2Bpnyin + €0, by
Fi(Aw) == (1+ w?)(pr + wpp) + waq (Hp + wp)? — 2wqwpq (Hy + wy)

(3.3.20)
—g(H +w —d(H) — d(w))(H, + wp)gpp + (Hp + wp)3ﬂ(—p)

(3.3.21) Fo(Aw) =1+ wg + (Hy + wp)? (20k[w] + 2gp(H +w) — Q).

Note that by definition of the laminar solution H(-;A), we have F(A,0) = 0. For future

reference, we evaluate the Fréchet derivatives Fi,,, Fo at w = 0:

(3.3.22)  Furw=0; + H 92+ 3H.B(—p)dy, — 3g(H — d(H))H} pp0p — gHpp(1 — d)
= ( 29pH; + 2H,(—200; + 2gpH — Q)ap>
T
(3.3.23) (29p/\ L_9oa\l/29, - 20A18§>
T

In order to show that the eigenvalue at A, is simple we must characterize the null space
and range of the linearized operator F,, (A, 0). This is accomplished in the following three

lemmas

THEOREM 3.3.3. (Null Space) For \. # \o, the null space of Fy,(As,0) is at most two-
dimenstonal. In particular, it is one-dimensional provided \x > A.. Zero is an eigenvalue

if and only if A = Xo.

PROOF. In the previous section we showed that M (p)cosq € N (Fy(As,0)), hence the
null space is at least one-dimensional. Using a generalization of the arguments in [70], we
now demonstrate that, when A, # Ao, then N (Fy, (A, 0)) can be at most two-dimensional.
Furthermore, when A\, > . it is at most one-dimensional.

Let m € N(Fy(\s,0)) be given. Then, by the evenness of m in g, we may decompose

it via a cosine series:

Zmn cos (ng).

By the definition of A\, we have that m, is in the span of M, the minimizer of the Rayleigh
quotient R. Because m is in the null space of the linearized operator, each m,,, must satisfy
(3.3.4) for n = n,.

The case when mg # 0 was dealt with in LEMMA 3.3.7. Recall that it was argued that

this occurs precisely when A, = \g.
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Let us now consider the case A\, # A\g. Suppose that ni,ny and ng are distinct positive
integers such that 1 € {ni,n2,n3} and my,, mMp,, My, # 0. We shall prove that (i) for
A > A, each my,, is in the span of my, and (ii) at most two of {m,,,, my,, M, } are linearly
independent. For simplicity let us denote m,,, := ¢; for ¢ = 1,2, 3.

As n; > 1, from (3.3.5) we conclude that the functions ¢; solve the following ODE:

—(a®¢) + gp'¢i = —nZap,  po<p<O,

along with the boundary conditions

6i(po) =0, X2i(0) = (nfo + gp(0))e(0),  i=1,23.
Multiplying the first equation by ¢; and integrating, we obtain the following identity: for
any po < p <0,

p
(3.3.24) (a®¢id}) ’ = /p a’ddr + /p(nfa + gp')pipjdr > 0.

Ppo Ppo

When p = 0 we find from the boundary conditions that

0 0
2 ([ avisidy - 06.0)8,00)) = ~a000)5:06,00) + [ aohsar
(3.3.25) " "

0
4 / 90/ bich;dp.
D

0

In particular, when i = j we get the useful identity:

0 0 0
/ a<z>?dp—o¢i<0>2> = —gp(0)¢:(0)* + / a®(¢5)*dp + / gp' d7dp.

Ppo Po Ppo

(3.3.26)  —n? <
Note that the quantity in parenthesis on the left-hand side need not have a sign. In some
sense, this is what is responsible for the appearance of double bifurcation.

Importing some notation from [70], let us define the space H := L?([po,0]) x C and
endow it with additional structure by prescribing the indefinite inner product

0
[y, Uolg := / auiTadp — obiba, for each w; = (u;,b;) € H, i =1,2.
PO

Note that [,-]g consists of an infinite-dimensional positive definite term and a one-
dimensional negative definite term. As a trivial consequence, we have that any maximal
negative definite subspace of H (with respect to [-, -Jg) is one-dimensional.

We also observe that, taking (3.3.25) and exchanging the roles of ¢; and ¢;, reveals

—ﬁ(l}@@@—mmm@wﬁ=—@(/%@@@—a@@@wﬁ-

po
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Recalling the definition of [-, -]y, this last identity implies immediately that,
(6i, &jlm = 0, fori,j7=1,2,3,i# j,

where ¢; := (¢4, $:(0)). In other words, the ¢; are mutually orthogonal with respect to this
indefinite inner product.

Let D C H be the dense set D := {(u,b) € H: u € H?([po,0]),u(po) = 0,b = u(0)}. In
particular, we have by the boundary conditions imposed in (3.3.4) that ¢; is an element of
D.

Now let A > A be given. Then, for any u € D \ {0}, we estimate

/p : o/ (p)dp

01+ G(p; A O a(p;\)3
< [HEEN, [Ty
Po a(p,)\) p01+G(p§)‘)

2
b1 = [u(0)]* =

, 0
< 4V (po) / a(ps N (p)2dp.
po

The last inequality come from the estimate 1+ G > 1/2 and the identity (3.3.2) evaluated
at p = pg. Since A, > A, it follows from above that
1 0

(3.3.27) b2 <
9p(0) + gllppllz=lpol Jp,

a(p; A)*u (p)*dp.

Using (3.3.27) with @ = ¢;, we find
0
| a6l = ap @000 = g1 Il > 0.
From (3.3.24) with i = j, however, we conclude that ¢;(-)? is a strictly increasing function
attaining its maximum value at p = 0. It follows that
0 0
0< ~gp(00(0F + | @iPdp+ | g9/tdp = -0l )
Po Po

Here the last equality is simply a restatement of (3.3.26). But now we have shown that
each nontrivial ¢; is negative definite with respect to [-,]m. Since they are all mutually
orthogonal, this is impossible unless they lie within the same one-dimensional subspace of
H. Thus, for A > A., N(F,(),0)) is given by the linear span of m;.

For A < A, the quantity appearing on the right-hand side of (3.3.26) may be negative

and so we must approach the analysis with greater care. Let us consider the indefinite inner
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product
0 0
[, U2]p := / adufulydp +/ gp'urtizdp — gp(0)uy (0)uz(0), for every ay,u2 € D.
Po Po
We claim that every subspace of D that is maximal and negative definite with respect to
[-,-]p must be one-dimensional. Since there is an infinite dimensional negative semi-definite
term in the definition of [, ] p, proving this claim is not automatic.

Let @ € D be given. Then we estimate

/p: g0 (p)u(p)*dp = /p: 90 (p) (/pj U’(T)dr> 2 dp

0
> [ s o= [ e arar

0

0 0
:/ u'(?“)Q/ 9¢'(p)(p — po)dpdr

1 0
>~ ol l=sd [ /0P
Po

Recall, however, that by the definition of ¢,
: 3/2
@ 2 &/* = 29|/l =pie™! > 2g]|6/||1pF.

With this inequality we are more-or-less done, for combining it with the last inequality we

get

0
@.ln > / o ()2dp — gp(0)u(0)2.

0

The right-hand side above clearly defines an indefinite inner product on D for which each
maximal negative semi-definite subspace is of dimension one. The same must therefore be
true of (D, [-,-]p). This proves the claim.

Now, using the notation we have developed, (3.3.25) can be rewritten:
(3.3.28) —n3 (i, 65lu = (00, $lp, i j=1,2,3.

Since the ¢; are orthogonal with respect to [, |m, (3.3.28) says they must also be orthogo-
nal with respect to [-,]p. Appealing to the claim, we conclude that at most one of them
is negative semi-definite with respect to [-,-|p. Without loss of generality, we may there-
fore assume that [¢~>2,¢~>2]D, [&3,&3][) > 0. But then (3.3.28) implies (;32 and (;33 are each

negative definite with respect to [-,-]g, which is impossible unless they are in the same
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one-dimensional subspace. For general A # )y, therefore, we have proved N (F,(),0)) is at

most two-dimensional. O

REMARK. From the arguments above it is clear that, when A, = )\, the dimension of
N(Fu(Ai,0)) is at most three. This is simply a consequence of the fact that there can be
at most two nonzero eigenvalues — one whose eigenfunction is negative semi-definite with
respect to [+, -Jg and one whose eigenfunction is positive definite. When p is a constant, one
can leverage this observation to prove that the null space will be at most two-dimensional.
Unfortunately, for general p, ¢q, the eigenfunction for n = 0, need not be orthogonal to the

other eigenfunctions (with respect to [-, |m.)

The previous lemma motivates the choice of notation in (3.3.6)—(3.3.8): X1 consists of
those values of ¢ for which simple bifurcation occurs; X9 consists of those for which we have
double bifurcation; and X3 (if it is nonempty) contains the unique value of o for which zero
is an eigenvalue and we cannot rule out triple bifurcation. The next corollary makes this

statement more precise.
COROLLARY 3.3.1. Fix pg,p and 3. Denote
Y= {o € R" : (po,0,p,3) collectively satisfy (L-B)}.

Then

(O'C,OO] C X1 and YUY U3 =2,

ProOOF. THEOREM 3.3.3 implies that, if Ax # Ao, then N (Fy (A, 0)) is either one-
dimensional or two-dimensional. First consider the one-dimensional case, i.e. assume there
exists ¢ € X generating the null space. Since ¢ is even in g, we may write it as a cosine

series:
$(q,;p) = > Mn(p) cos (ng).
n=0

Observe that, because Fy,(A«, 0)¢ = 0, we have additionally

Fuw(Ai, 0) (M, (p) cos (nq)) =0, for all n > 0.
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The local bifurcation condition guarantees that M; # 0. But, since N (Fy(As,0)) is one-
dimensional, it follows that M, = 0, for n # 1. Hence there is a unique solution (ni, M)
to (3.3.5) with A = A\, ny = 1. We infer that, if 0 > o, then o € ¥;.

In particular, note that by LEMMA 3.3.6, when o > o, then the corresponding value
of A\, will lie to the right of A\. and thus the null space is one-dimensional. In other words,
(¢, 00] C Xj.

Suppose now that A, # Ag and the null space of F,(As,0) is two-dimensional with

generators ¢1 and ¢9. Then, decomposing each of these into cosine series we find that

¢1(q, p) = M1 (p) cos (n1q), ¢2(q, p) = Mz(p) cos (n2q),

where (ny, My) and (ng2, Ms) are distinct solutions to (3.3.5) with A = A,, ny = 1 and
ne # 1. In fact, by LEMMA 3.3.7, we actually have ne > 2. By definition this means
o € .

Finally, if A\, = Ag, then in view of LEMMA 3.3.7, we have that ¢ € Y3 — indeed,
it must be the case that ¥3 = {o}. Since these possibilities are exhaustive, we conclude

X=X UXoUXs. ]
LEMMA 3.3.8. (Local Fredholm Map) For each A, the map Fyy(A\,0) : X — Y is Fred-
holm with indez 0.
ProOOF. This follows trivially from combining LEMMA 3.5 of [70] and LEMMA 2.4.2. [

LEMMA 3.3.9. (Range) The pair (A, B) belongs to the range of the linearized operator

Fuw(Ai, 0) if and only if it satisfies the orthogonality condition:

// Aad¢*dgdp + 1/ Ba’¢*dg =0,
R 2)r

where ¢* generates the null space of Fy(As,0).

PROOF. Suppose first that (A, B) € Y is in the range of F,,(A«,0). Then there exists
some v € X such that A = Fiy (A, 0)v, and B = Fayy(As, 0)v. It follows that

// Aa3¢*dqdq = // ((a31]p)p + avgq — aggppv)(z)*dqdp
R R
N //R ((a3¢;§)p + a¢2q - aggpqu*)vdqdp + /T(a?’quzb* B a3U¢;)dq

= /T(a?’vpgb* - a3v¢;)dq,
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as on B, both v and ¢* vanish. Now, on T we have a® = A\3/2. Moreover, from the definition

of ¢* we have on T' that gp¢™ — oy, = )\3/2¢;§. Thus,

L / Ba?¢*dq = / (gp)\_lv — )\1/21)2;, — U/\_lqu))\¢*dq
2 Jr T

= [ (a6 = a63)0 = X260, dg

= /T (/\3/2¢>;‘)v - )\3/2¢)*vp)dq.

Combining this expression with the last gives necessity of the orthogonality condition.
Sufficiency follows in the same way as LEMMA 3.6 of [70]. The main point of that
argument is that, once we have established F,, (), 0) is Fredholm of index 0, then dimension

counting and necessity imply sufficiency. For brevity we omit the details. ([l

Finally, we must ensure that the so-called transversality or crossing condition holds.

LEMMA 3.3.10. (Transversality Condition) Suppose that ¢* generates the null space of
F(As,0). Then Fur(As, 0)0* ¢ R(Fup(As,0)).

PrOOF. First we calculate the mixed Frécfhet derivatives of F at (A«,0):

Finw(A,0) = —(1+ G)a™92 = 3(1 4+ G)a™*B(—p)dy, — 3gY a *pp0,

. 3 .
+39Y (14 G)a™"pp0p + 59(1 + Gha™"pp(1 = d)

Forw(As, 0) = < —2gpA"2 = X129, 4 20—A—Qa§>
T

By the previous lemma, it suffices to show that the pair (Fiyw (A, 0)0*, Farw(As, 0)¢*) does

not satisfy the orthogonality condition. Equivalently, if we put
= / /R ((1 +@)a”(¢)? = 3(1+ Ga” ' B(-p)o*
— 3gY appd*dp + 3gY (14 G)a™" ppo™ )y + ggu + G)a‘%pw*)?) dqdp
+ /T < — gpa 2 (¢*)* — %agb*qb;‘, + aa‘qu;qqs*)dq,

our lemma will be proven if we can show = # 0 (again, because d(¢*) = 0). We will
demonstrate that, in fact, = < 0. To keep our notation concise, let = = =1 4. ..+ =g, where

=; denotes the i-th term in the sum above. Note that the only additional term from the
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= considered in LEMMA 2.3.9 is =g. By simply integrating by parts once, and noting the

boundary terms vanish by periodicity, we find
Tg = _O—A;l/ ¢odq < 0.
T
The lemma follows. g

Combining these lemmas, we now prove the main theorem for simple eigenvalues.

PROOF OF THEOREM 3.3.1. That F satisfies conditions (i)-(iii) of THEOREM 3.3.2 is
elementary. Likewise, Fyu(As,0) exists and is continuous. Finally, conditions (iii)-(iv)

follow from LEMMA 3.3.8 and LEMMA 3.3.10, respectively.

!/

loc Of non-laminar solu-

We are therefore able to conclude the existence of a C''-curve C
tions to the height equation bifurcating from 7" at (H(-; A\s), @(A«)). In a neighborhood U of
the bifurcation point, moreover, this curve and 7 together comprise the complete solution

set and each h € Cl’oC NU can be written
(3.3.29) h(q,p) = H(p; \x) + eM (p) cos ¢ + o(e), in X.

Since Hp(-; A) > 0, (3.3.29) implies that, possibly by shrinking ¢/, we may assume that h, > 0

!/

loc- Then, in light of LEMMA 3.2.1, there is a corresponding C'-curve Cq of solutions

on C
to the original problem, (3.1.1)-(3.1.8). Since C;,. N7 = {(\:,0)}, we are guaranteed
that Cjoe contains only one laminar solution: that corresponding to H(-; \.). Finally, part
(iii) of the Theorem statement follows from (3.3.29), possibly by further restricting to a

subneighborhood of (H., Q) in U. O

3.4. Local bifurcation from double eigenvalues

If we do not assume that ¢ € ¥;, then we cannot rule out the possibility that null
space of F,,(A«,0) is two-dimensional (or, indeed, that zero is an eigenvalue.) Were this
to be the case, the Crandall-Rabinowitz arguments of the previous section break down
and we are forced to revert to a more general methodology. To successfully prosecute this
program requires that we impose some additional nondegeneracy conditions. Suppose that
o € Yo UX3. We may therefore let ny # 1 be given so that there exists a nontrivial solution

to (3.3.5) with A = A\, n = ny. We require

(3.4.1) ny >3
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and
(3.4.2)
0 # 0111102222 # O112202211, ©1111¥22 # O2211¥11 ©2222W11 # O1122¥a0,

where ©;i;5, U;; are given by (3.4.25)-(3.4.26) and (3.4.14), respectively, for i,j = 1,2. In
particular, we note that (3.4.1) implies o ¢ ¥3. The purpose of dictating ny # 0 is merely
to avoid considering the zero eigenvalue case, which require some additional work. In fact,
Wahlén was able to give a fairly complete analysis of the local bifurcation when this does
occur, though the argument is quite subtle (cf. [70]). The reason for avoiding ns = 2 is less
obvious, but results from certain symmetries in the underlying problem that shall become
clear later (in particular, see LEMMA 3.4.2.)

Under these assumptions, the eventual product of our efforts in this section will be
the proof of THEOREM 3.1.2. We shall accomplish this in several stages, according to the
Lyapunov-Schmidt procedure. The techniques here are not new, though, as we shall see,

there is a certain degree of degeneracy in the problem that will require some care.

Step I: Reduction to finite-dimensional problem. We begin by recalling a weighted inner-

product on Y introduced in the previous section. For all pairs (A;,B;) € Y, i = 1,2, let

(A Br) (e Ba))y = [ [ @50 A1) e dadp
(3.4.3) R1

+3 [ BB

Denote X 4 := N(Fy(Ai,0)). Then, as we have seen in THEOREM 3.3.3, X 4 will be at most
dimension two. Suppose that it is spanned by ¢; and ¢o, where ¢;(q,p) = M;(p) cosn,q,
i = 1,2. Of course, the most interesting case given our previous analysis, is when n; = 1.
But there is little to gain at this stage in making such a restriction.

It follows directly from LEMMA 3.3.9 that the range of Fy,(\s,0) is given by the or-
thogonal complement (with respect to (-,-)y) of the linear span of {¢1,¢2}. So, if we now

define

XB = {h c X : ((h,h‘T), (¢17¢1‘T))Y = 0, ;= 1,2},
Ya = {(Aa B) eY: A’T =B, (-’47 B) € Span{(¢1>¢1|T)> (¢27¢2’T)}}?
YB = {(_A, B) cY: .A|T = B, ((A, B), (¢2>¢2|T))Y = Oa = 1>2}7
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then X = X4 Xp, Y =Y41 @ Yg. Finally, let Ax : X — X4, Bx : X — Xp denote the
projections onto X 4 and X pg, respectively, and similarly for Ay : Y — Y4, By : Y — Yp.

As always in bifurcation theory, we are trying to find all solutions to the problem
(3.4.4) F(\w) =0,

in a neighborhood of (A.,0) € R x X. Applying the projections above, we see that this is

equivalent to solving

(3.4.5) Ay F(\, Axw + Bxw) =0,

(3.4.6) By F(\, Axw + Bxw) =0,

locally near (\,0).

Consider (3.4.6). Merely by unravelling the definitions above, we have
Ay Fu(M,0)Byx =0,
and therefore, for any w € X,
By Fu(Ms, 00w — Fu(Ay, 0)Bxw = By Fuy(Ae, 0)(1 — Bx)w = By Fuy(As, 0)Axw = 0.

This proves that F,, (A, 0) commutes with projections onto the infinite dimension spaces in

the sense that
(3.4.7) Fuw(A,0)Bx = By Fyy(As, 0).

Now we note that, by construction, F,,(A«, 0)Bx is an isomorphism from X onto Yp =
R(Fuw(As,0)). Thus, in view of (3.4.7), the Implicit Function Theorem allows us to solve for
Bxw as a function of Axw and A near (A4, 0). In particular, if we write Axw = & ¢1 4202,
for some &1, & € R, then there exists a neighborhood U € R? x R of (0,0, \,) and a smooth
¢ : U — Yp such that, in a sufficiently small neighorhood of (A, 0) in R x X, all solutions
of (3.4.6) are given by {(\, &101 + &2002 + C(&1,&2;N)) = (€1,&2,A) € U}. Moreover, it is easy
to see that ((-,-; A) = O(|¢|?), in this neighborhood.

Taking these solutions and inserting them into (3.4.5), we infer that (3.4.4) reduces to
the following finite-dimensional problem: Find all (£1,&2) € R2, X € R in a sufficiently small
neighborhood U of (0,0, \,) such that

(3.4.8) B(&1,82;A) =0,
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where the bifurcation function B : U — R? is defined by
(3.4.9) Bi(&1, €)= (05, F(N, &1 + L2092 + ((&1,650))y,  i=12.
To simplify this expression, we repeatedly Taylor expand F. In doing so, we shall let
(Fuw(X, 0)ps, 05) € L(X,Y)

denote the second Fréchet derivative of F in the ¢; then ¢; direction, 7,j = 1,2. With this

notation, expanding (3.4.9) around (\,0) yields, for i, j,k, ¢ = 1,2,
(3.4.10) By = (A= A& V35 + £ Piji + E&&eOijne + O(IX — API€] + A = AulIE[* + 1€)%),

where we are using summation convention and

(3.4.11) - %(@-, Fros 006))y s irj=1,2,
(3412) (I)ljk = % (¢Z7 <Fww()\*a 0)¢]7 ¢k>)y ) i?j? k= 17 2.
(3413) @z]kf = é (¢Z7 <<fwww(>\*7 O)¢]7 ¢k> 7¢€>)Y ) i?j? k7£ = 17 2.

Step II: Computation of coefficients. Clearly, before we can begin to characterize the
solutions of (3.4.8), we must first determine W;;, ®;;; and ©O;j,, more precisely. As one
might expect, this will be an elementary but involved computation. What will simplify
things immensely, however, is the special structure of ¢1 and ¢o. That is, we know ¢;(q,p) =
M;(p) cos (niq), where M; is the solution of (3.3.5) with n = n;, for ¢ = 1,2. This will aid
us in evaluating the integrals in (-, )y

Also, observe that multiplying (3.3.5) by M; and integrating by parts one obtains, for
p € (po,0], 1 =1,2,

M;M! = a3 /p a®(M])?dr + a3 /p(cml2 + gpp) MZdr.
Po Po
As the right-hand side above is strictly positive, we surmise that M; and M/ do not vanish
on (pg,0) and are of the same sign. By linearity of the equation, we may simply take them

both to be positive.
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REMARK. In general, for a Sturm-Liouville problem one has that the only eigenfunc-
tion without nodes is the ground state. We have argued, however, that M;, M/ are both
nonvanishing for ¢ = 1, 2. This seeming contradiction is precisely due to the presence of the
surface tension term on the boundary, which alters the orthogonality relation between the

eigenfunctions.

LeEMMA 3.4.1. (Linear Terms) The matriz V;; defined by (3.4.11) is diagonal and neg-

ative definite.

PRrROOF. We shall start by explicitly computing ¥;;. Using the expressions for Fy,,(A«, 0)

found in the previous section, we see that, for i,7 =1, 2,

(3.4.14)
0 . 0 . 0 .
U, = [/ nja~ (1 + G)M;M;dp — 3/ (1+ G)a™ ' BM; Mjdp — 3g/ Yap,M;Mjdp
po Po Po
0 . 3 0 .
+39 | Y(1+ G)ailppMiM]'-dp + 29/ (1+ G)a=2p,M; M;
Po Po

1
— 5 (200X M + NN + 2007 0?)

2m
]/ cos (n;q) cos (njq)dg.
71 Jo

Thus, ¥;; = 0 for ¢ # j. Arguing as in LEMMA 3.3.10, moreover, we can show that ¥;; < 0,

i=1,2. O

Let us now attempt to characterize ®;;;. Unfortunately, the conclusions we will be able

to draw will be far less satisfying than for the previous result.

LEMMA 3.4.2. (Quadratic Terms) Let ®;j; be defined as in (3.4.12) then, if no # 2n4,
we have @5, = 0, for i,j5,k = 1,2. On the other hand, if no = 2ny, then necessarily,

D111, Pogg, Poo1, Do, P22 = 0. In general, P112 and P1aa (= Pa11) are given by equations

(3.4.19) and (3.4.18), respectively.

PROOF. Recycling notation slightly, for the purpose of the next computation we let ¢

and v be given elements of X with d(¢) = d(¢) = 0. This restriction is natural as we shall
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eventually be applying this to ¢1, ¢2, each of which have this property. Then,

(FrowX, w), ) = 2wqtqdpp + 2(Hpp + wpp)dqthq + 2wqtbppdy
+2(Hyp + wp)¥pdeq + 2(Hp + wp)tgqp + 2waq¥pdy
~2Welpgbp — 2Waptadp — 2(Hyp + wp)Padpq — 2Wetpdpg
~2wpgUpdy — 2(Hp + wp)pgdq — 39pp(Hp + wp)*tpd
~39pp(Hp + wp)*10¢p + 6(Hp + wp)1hp¢pB(—p)

—6gpp(Hp +wp)(H +w — d(H) — d(w))Ypdp,

and
<]:2ww()\7 w)qb, 7/’> = 2%% + 2¢p7w[}p (20/4;[21)] + 29/0(H + w) - Q)
+2(Hp + wp) iy (20/@’[w]¢ + nggZ))
+2(Hp + wp)¢p (2‘7“,[10]7/) + 29%”/})
"‘ZU(Hp + wp)2<"5//[w]¢7 V),
where

, _ 3(Bagty + btheg) _ L5wgw
Wl d) = = wpr Qo wzyfele

Evaluating each of these at (A4, 0), we arrive at the following

<f1ww(A*7 0)¢’ w) = 2pr¢q¢q + 2Hp¢p¢qq + 2Hp¢qq¢p - 2HP¢‘]¢pq
(3.4.15) — 2HpYgppq — 39PpHg¢p¢ - 39PpH§¢¢p

- 6gppHp(H - d(H))wpﬂﬁp + 6Hp¢p¢pﬁ(_p)

( ) <~7:2ww()\*a 0)¢a 7/’> = 2¢q¢q + 2¢p¢p(299H - Q) + 2Hp¢p(29p¢ - 20¢qq)
3.4.16

+ 2H,0p(29p% — 20qq) + 60—Hp2(¢qq¢q + dqtbyq)-
Note that, as the above expressions make clear, the regularity of F,,, guarantees that
(Fuw(A, 0)0,9) = (Fuw(X,0)0,¢). So, recalling the definition of ®;;;, in (3.4.12), we see
immediately that ®;;;, = ®;;5, for 7,5,k = 1,2.
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To keep things manageable we will evaluate the inner-product in (3.4.12) in two steps.

First we compute weighted the L? inner-product over R:
(@1 (Fruw (e, 067, 01)) 12 = CLp [njnk (a® Hpp M, MjMy)
— 2nmy, (a® M, (M;My)') }

_c®

pT4 [2n§ (a®M;, MMy) o + 2nF (a® My, MjMy)

+ 39 (a'ppMiv (Mij)/)LQ -6 (a2/BMi7 M]/Ml/c)LZ

+6g (a®pp(H — d(H))M;, MjM]) ] ,
where, for i, 5,k = 1,2, we put
w._ [T . .
Cijk = cos (n;q) sin (n;q) sin (nkq)dq,
0
@ _ [
Cijk = cos (n;q) cos (nq) cos (ngq)dq.
0
Similarly, evaluating the weighted L? inner-product on T yields,

(621, (Fawnw(Xe; 0)65, 01)) oy = Ciop [ XM M; My + 302 My M; My |

N |

+ C7,(]2’2' [)\iﬂ(?gp + QUni)MiMJ/'Mk
+ M2 (2gp + 20m%) M M; M,
— AiMiMJ’.M,;]
@ . anrar
+ SCijkan]nkMZM]Mk,

where

2
Ci(j,z, ::/0 cos (n;q) cos (njq) sin (nkq)dq,

27
CZ.(;I,?: ::/ cos (n;q) sin (n;q) cos (ngq)dq.
0

On both the boundary and interior, therefore, we will have massive cancellation due to
the integrals of the various trigonometric terms. For instance, when ¢ = j = k, all of these

integrals vanish, which implies ®17; = P99 = 0. More strikingly, unless no = 2n,, every
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term will vanish and ®;;, = 0, for 4, j,k = 1,2. Suppose that we do have this relationship

between ny and nq, then, after the dust clears, we are left finally with the following;:

(3.4.17) P11, P22, Po21, Po12, Pr122 =0,
%‘1)211 = —n} (a®Hp, Mo, M12)L2 — 39 (appMs, (M12),)L2
(3.4.18) — 69 (app(H — d(H)) My, (M})?) , + 6 (a>BMs, (M7)?) 5
+ <4Ai/2(2gp + 20n3) My My M; — A\n2 My M? — )\EMZ(M{F) ;
T
and
(3.4.19)

2 2
;‘pll% ;‘PlQl =ninz (asprMZa M12)L2 - 2”% (CL2M12, Mé)LQ - n% (a2M2a (M12)/)L2

— 39 (appMy, (MiM)') 1 = 3g (a®pp(H — d(H)) Mz, (M7)') 5
+ 3 (a*BMs3, (M12)/)L2 — 2niny (a® My, (M M3)')

+ (A*anfMQ + AY2(2gp + 2002) My M| M,

+ A2 (2gp + 20m2) M2MY — )\EMlM{M§>

T

This completes the lemma. ]

Given the high degree of degeneracy at the quadratic level, in order to characterize the
complete solution set of the bifurcation equation we forced to consider the cubic terms.

These we compute in the next lemma.

LEMMA 3.4.3. (Cubic Terms) Let ©;;rs be given as in (3.4.13). Then

O1112, O1121, O1211, O2111, O2221, O2212, O2122, O1222 = 0.

The remaining coefficients are generally nonvanishing; ©;; is given by equation (3.4.25),

while ©y;5; is given by (3.4.26), fori,j =1,2 and i # j.

PROOF. Asin the previous lemma, we begin with an explicit calculation. Differentiating

once more in w the expressions for Fy,, (A, w) found in LEMMA 3.4.2, we find, for ¢, v, 6 € X
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(Fruww (A w)g, ¥),0) = 2¢0pp1q0q + 2040q0pp + 20qPpplq + 204qp0p
+20ptaqp + 20pUplag — 20pqPp0g — 2¢pg¥q0p
—20pYpgly — 20g — 20pYpg0q — 20pYqbpg — 20¢¥pbpq
—6gpp(Hp + wp)(dppt + dpthbp + ¢1pbp)

—69pp(H 4+ w — d(H) — d(w))dptpbp + 68(—p)dptopty,
and, on the boundary,

<<f2www(Aa w)¢v ¢> 76> = 2¢p¢p(2aﬁ/[w]‘9 + 29/00) + prep@a”/[w]ﬁb + 29[)(;5)
+2¢,0, (20K [w]Y) + 2g9pv) + 4o (Hy + wy) (K [w]6, 1)
+4o(Hp + wp)l/’pw”[w]ea ¢) + 4o (Hp + wp)9p<’$//[w]¢7 V)

+20 (Hp + wp)*((s" [w]g, ¥), 0),

where

wgwqq¢q¢q9q
(1+ w§)9/2 ’

(wq(z)qd}q(%)q

+105
(1+ w2)7/2

((k"[w]¢,v),0) = —15

Note that this last line implies £"'[0] = 0.

Evaluating each of these at (A, 0), we compute

({Frwww(Ase, 0)0, ) 0) = 20080404 + 204040pp + 200ppbq + 20q9%p0p
+ 208000 + 20pUp0aq — 20ppBy — 20pgfp
= 20pWpglq — 204 — 20p¥pgfy — 20pYbpg
= 69ppHp(pvpd + 0p + pbp)
— 6gpp(H — d(H))optp0y

+ 66(—p)dptpbp — 204 Vpbpq,

(3.4.20)
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<<-7:2www()‘*a O)d)v 1/}> >

(3.4.21)

o) = 2¢p¢p(_2‘79qq +2gp0) + 2¢p‘9p(_2‘7¢qq + 2gp9)

+ 20,0, (—20¢q + 29p7)

+ 12O'Hp(bp(¢qq0q + 1/}q9qq)
+ 120 Hptp(¢gq0q + 0q04q)

+ 120 Hp0, (0gqq + Ggtqq)-

We remark again that, owing to the regularity of 7 — and as (3.4.20)-(3.4.21) make explicit

— we have Ojjke = O (j)w (k) (¢), Where w is any permutation on {1, 2}, and 4, j, k, £ = 1, 2.

To compute the inner product (-,

N | =

(3.4.22)

-)y, we first calculate that, by (3.4.20),

@%m%mwmwwﬁmm-wmQHmewmmm

— (a®M; M, (M My)') }

+ njngC’(],zé |: (a3MiM", Mj, .Afg)L2

_ (CLSJ\JZ-]W;€7 (Mj, Me),)Lz ]

+ njnkCln [ (a® M MY, M;My)
— (a® MMy, (M; My)') }

AT
+nj (a® MM}, My Mj) |,
+nj (a® M;Mj, My My) ,,

+3g (ppa® M Mj, (M My)') |,

+3g (ppa® M; My, M{My)

+ 3 (a® Hpp M; M, My My) |,
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where the constants above are defined by

( 2
ijl;zg = / cos (n;q) cos (njq) sin (ngq) sin (neq)dq,
0

2m
C’Z.(f,zg = / cos (n;q) sin (njq) cos (nkq) sin (neq)dq,
(3.4.23) 0

2w
C’Z.(f,zg = / cos (n;q) sin (njq) sin (nkq) cos (ngq)dq,
0

2
C’Z.(;l,zz = / cos (n;q) cos (njq) cos (ngq) cos (nyq)dq.
0

Likewise, on the top we find

1
(3.4.24) 5 (@60, {(Foun(hes 0065, 68 , 80)) 1y = Clghy (> MiMIMLMY) :

Here we have used the boundary condition on T to simplify.

As we saw in the analysis of the quadratic terms, the symmetries of the underlying
equation will be expressed through the quantities in (3.4.23). In particular, we can check
that, for ¢, j, k, £ with an odd number of ones and twos, all of the coefficients vanish. Hence
Ojjke = 0 in this case. If there are an even number, then by the permutation property
observed above, it suffices to consider two types of indices: (i) Oy and (ii) ©y55, for

1,7 =1,2 with i # j. A truly elementary calculation tells us

H_T o) T @ _2T ) T
Cmm - 4’ Cu]] 2’ szzz 4° C

while 2 c?) o) 3)

10990 T 1egg0 i) T 1)

=0, fori,j = 1,2 with ¢ # j. Using the information we obtained
from (3.4.22)—(3.4.24) we find that, for such i, j,

1 1 2
;@uu = Enf [(a‘ng, Mz'”)L2 -2 (a?’]\lg7 (Mz/) >L2:|
3 2
(3.4.25) =3l (@ 01?) 430 (02, (00
3 3 3
+ (i, (0] )L] + 3 (e ') |
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and

1 1 2 3 2 3
Oy = g’ [(a MM, M?) , — 2 (a MiM;,MjM]’.)LQ}
1 2
-5 {n? (a3ME, (M) )L2 +2n7 (¢’ M; M, M; Mj) ,
(3.4.26) )
2 2752
+ 69 (ppa® MM, MyM]) 1, + 39 (ppa M7, (M))°)
1
+ 3 (a® Hy, Mi M, (M])*) LQ] + 5 (Mt} (11))*)
T

This completes the proof. O

Step III: Control of higher order terms. The next step is to use the scaling in (3.4.10) to
show that all solutions (locally) must lie in a particular subregion of U. In the case of mixed
solutions, this effort is complicated by the fact that ®;;; is degenerate in the &;-direction.
Consequently, in order to apply the standard theory we must restrict ourselves to working

in sets that lie in complements of cusps surrounding the &;-axis.

LEMMA 3.4.4. (Scaling of Solutions) (a) Suppose that
(3.4.27) P12, @121, P11 # 0.

For each C > 0, there is a constant K > 0 and open subregion V. C U with (0,0, ) € V
such that, if B(&,\) = 0 for some (£, \) € V\{(&,\) : [&1] < C|&a|}, then (€, \) satisfies the
scaling relation |§] < K|XA — Ay

(b) Suppose instead that

(3.4.28) D112, 121, P21 =0, 0 # 0111102222 # O112202011.

Then there exists a constant K > 0 and and open subset V' of U with (0,0, \.) € V' such
that, if B(E,\) = 0 for some (£,\) € V, then €] < K|X — A\ |2

PROOF. First consider the situation in part (a). By contradiction suppose that, for
some C' > 0, there exists a sequence {(£(™ A,)} € V \ {(& ) : |&1] < C|&)]|} such that
An O\ s, f(”) — 0 as n — 00, and

£0)|

B _)\’—>oo, as n — 00.
n *
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We may therefore write A, — A\, = pp|€™)|, where p, — 0 as n — co. Then the equation

\

Diving through by |£(”)|2 and taking n — o0, each term above but the second clearly

for B in (3.4.10) becomes, for all n > 1,

0=g" ¢

P11 + 2§1n)f§n)(1)112 +0 <‘§(n)

vanishes. So, in order to produce a contradiction we will prove that the second term is
bounded uniformly away from zero. By construction we know \§§n)| >C |§§n)\, for n > 1.
Suppose that there exists a C’ > 0 such that C’|£§n)]2 < \ﬁén)|2. Then,

j£m)]2

Q19| > ——|P112| > 0.

C
—1+C

Thus, we are we done if we can produce such a constant C’.
Suppose no such C” exists. Then, possibly by passing to a subsequence, it must be the

case that |§§n)]/|§£n)\ — 0 as n — 00. By the equation for By we have, Vn > 1,

)

As before, we may divide through by [£ (n) |2 and take n — oo to find that the first term and

0_51"

¢

pn¥a2 + (& (r )) ®211+ O Qﬁ(n)

the higher order terms vanish in the limit. But,

| 2

Do1q

(
} } I = |®211| > 0,

so we have a contradiction. This completes part (a).

To prove (b), we shall employ a similar blow-up argument. Now, however, as the
coefficients ©;;x¢ are assumed to be non-degenerate, we will not be restricted to working in
the complements of cusps.

By contradiction suppose that there exists a sequence {(£(™,\,)} € U with A, N\, A4,
¢ -0, and

o, as n — oo.

We may therefore write \,, — A\ = pp|¢ (n) |2, where p,, — 0 as n — oo. Then the bifurcation

equation becomes, forn > 1,i=1,2,

Z\Ij.. 6,600 O(lem 4
zz+£j‘£k§€ zgkf"i' (‘g | )7
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Dividing through by |£(™|3 and taking n — oo we see that the first term and the higher

order terms vanish in the limit. On the other hand, by hypothesis we have, for i =1, 2,

§i&kée
g™

> inf [£;£1E0O;je] > 0.

ijkt
|€]=1

Hence the third term is bounded above and strictly away from zero. Having arrived at a

contradiction, we conclude the lemma holds. O

REMARK. Recall that, when we prove THEOREM 3.1.2, we will be assuming (3.4.1)-
(3.4.2) with ny = 1, which together imply (3.4.28). Hence, we expect the conclusions of
part (b) to hold.

Fix C > 0 and define the set W as follows

VA{(EN) €U« |&] < Cl&l}, if (3.4.27) holds,
v, if (3.4.28) holds,

(3.4.30) W=

where V is as in LEMMA 3.4.4. Let W* C W denote the sets {(£,\) € W : £(A—\,) > 0}.
Then, working in W¥, we are justified in letting e = €(£,\) > 0, 8 = (£, \) € R? be defined

by the relations
IA— A, if (3.4.27) holds,
£ = +eb, €=
IA = A|Y2,if (3.4.28) holds.

Note that LEMMA 3.4.4 guarantees ||0|| (- is bounded. Rewriting (3.4.10) in terms of e

and 6 we obtain the following system of equations for (6, ¢):

:taj\lfij + Gﬂk(I)Uk + O(E), if (3427) holds,
+0,;V;; + 001000510 + O(e), if (3.4.28) holds,

(3.4.31) 0=BE(0,¢) =

for¢,j,k, 0 =1,2.
We wish to say that solutions to (3.4.31) with e = 0 are, in some sense, the only solutions
to (3.4.10) in the set W. To reach this conclusion requires taming the higher order terms,

represented by the O(e) in (3.4.31). We shall do this by proving the following lemma.

LEMMA 3.4.5. (Regular Value) Let W C U be as in (3.4.30). Then zero is a regular
value of 6 — BE(0,0) in W, provided that either (a) (3.4.27) holds, or (b) (3.4.28) holds
and we have, additionally, that

(3.4.32) ©1111¥22 # O2211 V11, ©2222W11 # O11220Va9.
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PROOF. Assume first that hypothesis (a) holds and say that, for some 6 # 0 in W*,
we have %i(G,O) = 0. Then, using our knowledge of the specific forms of ®;;, and V¥,

garnered from LEMMA 3.4.2-LEMMA 3.4.3, we see that, from the equation for %{E,
£V 4+ 202P110 = 0.

Here we have used the fact that 6; # 0, since § € W and is nonzero. But, the Jacobian of

0 — B(6,0) is easily computed to be

TV + 205112 201 P10
(3.4.33)  det =+ (U + 200D112) Uop — 407B119P;.

201 P211 +Wo9

We have already shown that the first term on the right-hand side vanishes, and, by hy-
pothesis, the second term is strictly nonzero. On the other hand, in the case where 6 = 0,
(3.4.33) shows us the Jacobian is given by W11 W9y > 0. Hence zero is a regular value in W.

Next consider what happens when the hypotheses of (b) are satisfied. Then, using the

information on the cubic terms obtained in LEMMA 3.4.3, we see that

+601 W11 + 010301192 + 0301111

BE(0,0) =
+02Wa9 + 020209211 + 0309200

Taking 6; = 0 we have automatically that %li = (0. To get nontrivial solutions, therefore,

requires that 0y satisfies
(3.4.34) + Wy + 0302900 = 0.

Note this implies that, depending on the sign of ©ag999, either %+(O,92,0) = 0 has two
solutions and %*(O, f2,0) = 0 has none, or the reverse is true. In any event, evaluating the

Jacobian of BE at these points yields

+Wq + 0201199 0
dot 2 = 20202902(£ W11 + 0201192).

0 +Wos + 30202902

Thus the Jacobian vanishes if and only if +Wq; + 0%@1122 = 0. Of course, if ©11220 = 0, this

never occurs and we are done. Otherwise, combining this with (3.4.34) leads to

Ui 62 — + W2
=63 = 7
O1122 ©2222
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which contradicts (3.4.32). (Note that ©1111, 02292 # 0 by the nondegeneracy condition
(3.4.28).) Thus all zeros of 6 — BE(6,0) in W* with 6, = 0 are simple. Due to the
symmetry of %, we can simply reverse the roles of one and two above to get a similar result
for the case when 0y = 0, 6; # 0.

Finally let us consider solutions for which neither 6; nor f vanish. Then simplifying
we find

(3.4.35) N Bt 0301122 + 0301111

+Was 4 0702211 + 0302220
so that the Jacobian evaluated at such points comes to

OBE
det

= (£U11 + 0301122 + 30701111) (£ Va2 + 0709211 + 30302920)

(6,0)
3.4.36
( ) — 4607050112209211
= 40703 (0111102222 — O112209911) .
But this quantity is nonvanishing for  # 0 by (3.4.28). This completes the lemma. O

Examining the proof of LEMMA 3.4.5, we can count the number of nontrivial roots
of the map 6 — %i(e, 0) in W under various assumptions. First suppose hypothesis (b)
(i.e., (3.4.28) and (3.4.32) hold.) Then, by (3.4.34), taking 6; = 0 and $a292 > 0, there are
no nontrivial solutions to %*(0, 02,0) = 0, and two nontrivial solutions to s%Jr((),ﬁg, 0) =
0. If ®9999 < 0, then there are no nontrivial solutions to %+(0,02,0) = 0 and two for
B7(0,05,0) = 0. The same holds true when we take # = 0 and search for nontrivial
solutions. Thus there are a total of four possible nontrivial solutions where precisely one of
01 and 65 is zero.

On the other hand, (3.4.35) shows us that if neither §; nor 6, vanish, then (67, 62) solve
the linear system

p 62 - Uy here A O1111 O1122
= ,  where A :=

2
05 Wao O2211 ©O2222

Note that A is invertible by assumption (3.4.28). Therefore, one of B+, B~ has no such

solutions with 01,65 # 0, while the other has four. In total, we find that there are eight
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nontrivial solutions of B+(6,0) = 0 in W:

(91 =0, 0y = i|‘1’22/92222|1/2) , (91 = 4|0y, /01111 |2, Oy = 0) ,
(3.4.37)
<91 = +|A] 7Y O220W11 — Oo11Ua|/2, Oy = +|A|7HO1111Van — @1122‘1111!1/2>-

Suppose now that the situation in (a) occurs, that is, ®119, 191, P21 # 0. Then if we
let 6; = 0, we find that #2 must be zero as well (this follows both from the bifurcation
equation and, at a more basic level, from the definition of W.) Similarly, there are no

nontrivial solutions with 6 = 0. However, if we suppose that 61,602 # 0, then we can solve

BE(6, €) for 0 to find
LTI
2®q1o’

o = F
hence, ‘:~B2i(0, 0) = 0 if and only if
02V 22 V11U

02 =¥ = )
! ®o1q 2®119P221

Since W11 and Woy are of the same sign, we see that the above equation has two solutions
or zero, depending on whether or not ®112 and ®o1; have the same sign. If ®119P911 < 0,
therefore, we find that there are no nontrivial solutions to the bifurcation equation, while

if ®119®91; > 0 then there are two nontrivial roots of %i(e, 0) =0:

6, = [ WU11Woo by = F Wi 6, = _ [ Wi1Woo 0y = T Wi
20119P901 20119 |’ 20115Pa01 20115 |

Putting these observations together with LEMMA 3.4.4 and LEMMA 3.4.5, we obtain

the following result characterizing the solution set of the bifurcation equation under various

assumptions on @i, Ok

THEOREM 3.4.1. (Bifurcation structure at double eigenvalues) Suppose that at A\, >
—2Bin + €0 the null space of Fy(As,0) is spanned by ¢; = M;(p) cos (n;q), i = 1,2, where
0 <ny <ng. Let ®;5, Oy be defined as above, fori,j,k =1,2.

(a) If ®;; and Oyjpe satisfy (3.4.28) and (3.4.32), then there exist four C'-curves,
{Cfoc’i}le, of non-laminar solutions of the height equation bifurcating from T at
Ai. In a sufficiently small neighborhood of (Q(A\s), Hx) in X, moreover, these con-
stitute all nontrivial solutions. Two of these curves consist of pure solutions — one
of minimal period 27 /ny, one of minimal period 27 /ny — and two are of mized

solutions.
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(b) If instead we have that (3.4.27) holds, then there exist a C*-curve of minimal period
27 /ng solutions to the height equation bifurcating from T at A\.. If additionally
we have ®119Po11 > 0, then there are two C'-curves of mixed-type, non-laminar
solutions bifurcating from T at A.. In a sufficiently small neighborhood of the kind

described in LEMMA 3.4.4, these comprise all nontrivial solutions.

PRrOOF. Consider the scenario in (a). As we have seen in the preceding lemmas, this
means that the bifurcation equation is equivalent to solving (3.4.31) near (0 = 0,¢ = 0).
In light of LEMMA 3.4.5, moreover, the Implicit Function theorem tells us that to each
solution of %i(ﬁ, 0) = 0, there corresponds a curve of solutions to the bifurcation equation.
The arguments of the preceding paragraphs tell us that there are precisely four of these,
two of mixed type (i.e. with 61,62 # 0) and two of pure type — one with (6; = 0,62 # 0)
and one with (61 # 0,602 = 0). The union of these curves gives the complete solution set of
the bifurcation equation in set in a sufficiently small neighborhood of (A4, 0,0).

Next let us look at the situation in (b). Fix C' > 0 and let W be defined as before.
Working within W we know that there are no pure solutions, but there are two of mixed
type if and only if ®115 and ®217 share the same sign. If this does occur, then as we argued
in the previous paragraph, LEMMA 3.4.5 and the Implicit Function theorem together give
the existence of three curves of mixed solutions.

However, these clearly do not give the entire solution set— Indeed, we know there must
be a curve of purely 27/no-periodic solutions. This follows, as in [70], by noting that
restricting the solution space X to 2m/no-periodic solutions reduces to one the dimension
of the null space of F,,(A«,0). Hence the existence of such a curve follows from a routine
application of Crandall-Rabinowitz. Note that this would correspond to taking £&; = 0, and

thus lies outside of W no matter the choice of C. O

We are finally ready to assemble the results of the previous steps into a proof of the
main theorem. This amounts to nothing more than using the sufficient conditions derived

in LEMMA 3.4.2 and LEMMA 3.4.3 in conjunction with THEOREM 3.4.1.

PROOF OF THEOREM 3.1.2. Recall that, by hypothesis, we have (3.4.1) and (3.4.2).
Since we are taking n; = 1 and ng > 3, by LEMMA 3.4.1 this in turn implies (3.4.28)

and (3.4.32) each hold. Applying part (a) of THEOREM 3.4.1, therefore, we conclude that
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FIGURE 2. A typical bifurcation diagram. In this case we have ®119, Po9; =

0, ©1111,O2222 > 0 and ©111102222 < O112202211. The two solid line pitch-
forks on the right consist of pure solutions, while the two dashed pitchforks

on the left are mixed solution curves. The shaded regions are W+ and W ™.

4

ilocJie1s of the reformulated problem bifurcating

there exists four C''-curves of solutions, {C!
from 7 at (Q., H,). Likewise, by LEMMA 3.2.1, there exists four C'-curves, {Ci,loc}le, of
solutions to the original problem (3.1.1)—(3.1.7). All that remains to prove are the various
nodal properties of these solutions.

Property (i) follows from the symmetries of the height equation, as we have argued

before. Now, without loss of generality, we may suppose that each (Q,h) € C!, . can be

i,loc

written
h(q,p) = H(p; \) + €¢i(p) cos (niq) + o(e), in X,

for i = 1,2. In other words, we are choosing the labeling so that C/, = and CQJOC are the

1,loc

curves of pure solutions, while C}, . and C}, . are the mixed solutions. By taking e suffi-

Jloc

ciently small (or equivalently, by restricting ourselves to a sufficiently small neighborhood

of the bifurcation point), we have that for (Q,h) € C!, ., h has minimal period 27 /n; in gq.

i,loc?

Moreover, since
hq(q,p) = —enigp(p) sin (niq) + o(e), in X,

we see that, again for e > 0 sufficiently small, h4(g,p) has the opposite sign of sin (n;q) for
each (¢,p) € R. But, recall that h, = v/(c—u), which describes the slope of the vector field

in the Eulerian formulation. It follows that, if we restrict C; 1. to be solutions with € > 0
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and sufficiently small, then the wave profile, indeed all of the streamlines above the bed,

are monotonic between crestline and troughline. This implies properties (ii)—(iii). O

REMARK. Elements of the mixed solution curves C}, . and Cj . can likewise be char-

acterized

h(q,p) = H(p; A) + € (£1¢1(p) cos ¢ + Ea2p2(p) cos (n2q)) +o(e),  in X,

where £1,& € R* are found from (3.4.37).

3.5. Global bifurcation from simple eigenvalues

The next step in our program is to continue the local curves of THEOREM 3.3.1 and
THEOREM 3.1.2 globally. In this section we shall address the former (i.e., the simple
bifurcation case), while the latter will be the subject of section 3.6.

As in previous section, we denote

X:={heCH*R):h=00n B}, Y =Y xYy:=CHYR)xCLL*T),

per per per

where the subscript “per” indicates 2m-periodicity and evenness in g, R is the rectangle
(0,27) % (po,0) and T = [0,27] x {p = 0}. In this section, we let the nonlinear operator
G=1(G1,G2) : Rx X — Y be given by

(3.5.1) Gi(h) == (14 hd)hyp + hygh2 — 2hghyhyg — g(h — d(R))pphs + h3B(—p)

(3.5.2) G2(Q, h) == <1 + hZ + h2(20K[h] + 2gph — Q))

p=0
Recall that x denotes the mean curvature:

hqgq '
(14 h2)*?

Note that, by construction, the laminar flow solutions H (+; Q) found in LEMMA 3.3.1 satisfy
G(H(;N),Q(N\))) =0, for all A > —2Bpmin + €0-

The main engine for our continuation argument will be Kielhéfer degree theory, a gen-
eralization of the classical theory of Leray-Schauder (cf. [37]). The basic outline for this

type of argument is by now well established (see, e.g., [15, 32, 60, 76]). Fixing 6 > 0, put

O5 :={(Q,h) ERx X : hy, >0 in R, Q—20k[h] —2gph>¢ }.
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F1cURrE 3. Global bifurcation diagram

Likewise, denote
S := closure in R x X of {(Q,h) € O5:G(Q,h) =0, hyg #0},

and let Cj§ be the component of Ss that contains the point (Qs, Hy), where Q. := Q(\s),
H, := H(-;\) is the point where Crandall-Rabinowitz bifurcation occurs. We note that
this is valid since the laminar flows all have zero curvature, hence (Q*, H*) € NsO;s. Thus
Cj§ contains the local curve Cj .. A typical bifurcation diagram for this scenario is shown
in Figure 3. Note that, the continuum Cj is connected, but need not be path-connected in
general. We shall discuss this important fact more in the next section.

The main result of this section is the following.

THEOREM 3.5.1. (Global Bifurcation from Simple Eigenvalues) Let 6 > 0 be given. One
of the following alternatives must hold.
(i) Cj is unbounded in R x X.
(ii) C5 contains another trivial point (Q, H) € T, with Q # Q*.
(iii) C§ contains a point (Q,h) € 00;.

The majority of the work in proving THEOREM 3.5.1 is showing the admissibility of G
in the sense of Kielhofer degree. This will, of course, hinge on being able to derive suitable a
priori estimates for the linearized operators — a task that is difficult in two respects. First,

the addition of the nonlocal operator d to the interior equation renders (at least initially)
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the usual elliptic regularity results inapplicable. The method for resolving this issue, first
presented [76], is to “freeze” d to a constant, apply regularity theory to the resulting elliptic
problem, then argue back to estimates on the unfrozen problem.

This leads us to the second difficulty: because of the higher order (tangential) derivatives
on T, even the frozen elliptic problem lies outside the domain of standard Schauder theory.
Though slightly more obscure, this type of boundary condition is usually referred to as
Venttsel-type, and has received some attention in the literature (see, e.g. [47, 48]). In the
interest of self-containedness, we present here one of the more basic linear result, as that is
all that we shall require in this section. This is done by fleshing out a remark in [41] on

the solvability of such problems in the constant coefficient case.

LEMMA 3.5.1. Fizn > 2 and let L be a second-order, linear, uniformly elliptic differ-

ential operator on R},

L::Za” axﬁxj-i-Zb x)0g, + (), z € RY;

1,7=1

M a homogeneous, second-order, linear, uniformly elliptic differential operator on OR"}

Z 02,00,, o € ORY;

and N a first-order, linear, oblique differential operator on OR},
n
N:=> bi(2)0,, o' €ORY, |by|>5>0.
Suppose that

laijllcztemny, i, clloxmny, llaij, billco@orn) < K

and let k1, kyr denote the ellipticity constants of L and M respectively. Then there exists

C > 0 (depending on K, 3,n, Ky, and k) such that, for all u € C*T*(R™),

(353)  lullcerop < € (Iulloagp) + 1ulloeg + 1M + Nulloeory) ) -

PRrOOF. First note that, without loss of generality, we may take b;,c = 0. To see this,

first suppose we had the lemma for homogeneous L. Then, for general L, we can treat the
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lower-order terms as a right-hand side and apply (3.5.3) to find,
||U”cz+a(@) < C(H“H(;a(m) + ||LUHca(@) + Z Hbz‘Hca(@)HU”cHa(@)

+ellon e lellon e + I + Nulowgony) )

Next, interpolate the C'**norm on the right-hand side between C® and C?*® and absorb

the latter term into the left-hand side to get

1
Hu”cwa(@) < 5”“”c2+a(@) +C (HUHca(@) + ”L“Hca(@) +[[(M + N)“HCQ(BR:{)) :
< EeTe o (m a n y
< C (lull e + 1Ll cagem) + 1M + Nulcagors) )
where, as required, C' = C(K, 3,n,kr,kr). So, indeed, it suffices to assume that L is
homogeneous.
Now let us introduce a few notational conventions. Let the Poisson map, P : C*(R") x

C?*T*(0R") — C*T*(R7), be defined by P(f, g) := u, where u is the unique solution of the

Dirichlet problem
(I1-L)u=f, in RY, u(z’,0) = g(2'), Vo' € OR;.

By standard Schauder theory this operator is well-defined, bounded and linear in each

component. We may therefore define a Dirichlet-to-Neumann operator, N, by

N(f,9) = (0:,P(f,9))

R
Claim. There exists a positive constant C' = C(K,n, k) such that, for any (f,g) €
C*(R7%) x C1H(9RY),

IV, D@y < € (Ifllon ) + lgllcrram))

PROOF OF CLAIM. Let g € C?*T*(0R") = C?*T*(R"!) and f € C%(R7) be given. By
linearity of L, N(f,g) = N(f,0)+N(0,g). The first term, however, can be easily controlled

since P(f,0) satisfies the classical Schauder estimate for vanishing boundary data:

(3.5.4) IP(f0)llzta@my < Cl gy
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where C' = C(||aij||ce, kL, n) > 0. Therefore,

INCf, 9o orny < IN(O, 9)llceorn) + [N (f, 0)llcoarn)
< V(0. 9)llcm o) + IP(F. 0)lgnse ey
< C (IN (O, 9)llcworn) + 1 fll ey ) -
Our main task is thus to estimate A(0,g). Denote by A’ the Laplacian operator on

R"~1. Suppose at first that the coefficients of L are constant. The advantage of this is that

it implies 1 — L and 1 — A’ commute, from which we obtain the following identity
P(0,(1—A") g) = (1-A")P(0,9).
Hence,

HP (0, (1 - A/) 9) cha(@) <[1- A/H,c(cwa(@),cua(@))HP(Oag)HCHa(@
< Cllgllcs+a(orn)

(3.5.5) <Cl- A/)g”clﬂ(am),

where the constant C' = C(||aij||ce, k1, n) > 0.
Standard elliptic theory tells us that 1 — A’ is a bounded linear operator mapping the
space C2(R"1) surjectively to C*(R"~1). Then, replacing g by (1 — A’)"lg in (3.5.5),

we get,

(35.6) P, )l cr ey < Cllgllorenoms).

The claim is an immediate consequence of this inequality, since

IN (. 9)llcere) < [P0, 9)lorsaem) < Cllgllcrsaory)

Combing this with (3.5.4) we have the desired result in the constant coefficient case.

In order to complete the proof of the claim, therefore, we need only to reprove (3.5.6) for
variable coefficients. Naturally, the idea will be to estimate the commutator [1 — L,1 — A/
effectively.

Put u := P(0,(1 — A”)g), v := P(0,g). That is, unraveling notation, take u and v to

satisfy:

(3.5.7) (1-L)u=0, in RY, u=(1-A"yg, on dRY,
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(3.5.8) (1-L)v=0, in RY, v =g, on OR".

Put w := (1 — A’)v. Then, from (3.5.8), we have that w satisfies

(3.5.9) (1-Lw=[1-L,1—- A, inRY, w=(1-A")g, on ORY.

Here we have let [-, -] denote the commutator. Subtracting (3.5.7) from (3.5.9) leads to
(1-L)(w—u)=[1-L,1—A, in R}, w—u =0, on OR.

Applying the Schauder estimates to this last equation we find

(3.5.10) lw — “Ho%q@) <C|[t-L,1- Al]”“ow(@)-

Here C' = C(||aij||ce, £r,n) > 0. But note that [1 — L,1 — A’] is a third-order operator
whose coefficients involves up to second-order derivatives of a;;. We therefore obtain from
estimate (3.5.10) that

(3.5.11)

o — (1 = Aol asarmy < Cliollgasaem) < Cllallcaraory) < CI(L— Agllersaory).
where the constant C = C(K, kr,n) > 0.
Now, rephrasing this in the earlier notation, we find
120, (1 =A%) | grsam) < 4= AVPO.9)| vy
+ [P0, (1= A')g) = (1= AP0, 9)l| v e
The first term on the right-hand side can be estimated as in (3.5.5), while the second term

is bounded from above by (3.5.11). Equivalently, if we replace g by (1 — A’)~!g, it follows
that

IN(0: 9l caomny < I1PO; Dllrsa @y < Cllgllorseorn

where C' = C (K, kr,n) > 0. This proves the claim. O

Let u € C*™*(R™) be given. For notational convenience, we let i denotes the trace of

u on OR"} . The standard Schauder estimates for the Dirichlet problem are

(3.5.12) lullzvemy < € (llloagam + Ihllezary) + | Eullguger)

where the constant C' = C(||aj||ce, kL, n).
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Let (f,g) € C*T*(R") x C*(9R"}) be given, and suppose
(1-L)u=f, inRY, (M 4+ N)u =g, on OR"}.

We can express the second equation above entirely as a problem on R’} by means of the

operator N(f,-):

n—1 n—1
(3.5.13) > 002,00, + > bi0s, | h=—b,N(f,h)+g,  ondRY].
i,5=1 i=1

Suppose that n > 3. Applying the Schauder estimates on R”~! to this equation yields

(3.5.14) 12| g2+ orn) < C <||h||0a(aR1) + N M)l cagorn) + HgHCa(aRi)) :

where C = C(K, k1, 3,n) > 0. Applying the claim to the N-term above and interpolating

the resulting C'**-norm between C® and C?T® we obtain

[hllc2+aorn) < C (HhHCa(aRi) + [ fllga @y + hllore@orn) + ||9||Ca(8R1)>
1
< Slhllgzraor) +C <||h|!c<x(am) 1 fllga@m + HQHCa(aRi))
(3.5.15) < C (IIhllcem) + I llgeger + lgllonorn) ) -

Here C = C(K,kr, kn, By n).
Inserting (3.5.15) into (3.5.12) — keeping in mind that v = h on JR’} and Hf”ca(@) <

|| o @)+ | Luf| o @) — We arrive finally at the following:

(3516)  lullersnzy < C (luloagap + 1Lulloa e + 14 + Nulooer))

where C' = C(K, k1, kar, 3,n). This completes the lemma for n > 2.

For the case n = 2 we introduce an artificial variable, ¢, to move up a dimension. Notice
that the only place where the previous argument fails is in deriving (3.5.14), as Schauder
theory would require the boundary to be at least two-dimensional. Let h, f,g and N(f,h)
be as above and let their extensions (h, g, N'(f,h)) € C?t*(R?) x C*(R?) x C'+*(R?) be

defined as follows

h(t,z) := h(z), g(t,z) = g(z), N(f,h)(t,x) :=N(f,h)(x), Y(t,x) € R?.

Of course, for any k > 0, the C**®(R?)-norm of the extensions (h, g, ) coincides with the

Ck+(R)-norm of the original original functions (h, g, N).
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Define operators M, N by
M := M + 92, N =N+0,.
Then (M + N)g = h iff (M + N)g = h, so from (3.5.13) we obtain
(01102 + 07 + 610, + ) h = —boN(f,h) +g,  on R*

As we are now in the proper dimension, the usual elliptic estimates yield (3.5.14) with h, g
and A in place of h, g and N, respectively. Then, using the fact that the extensions have
the same relevant norms as the original functions, we may argue as before to get (3.5.15)

and thereby reestablish (3.5.16) for n = 2. O

REMARK. A standard cut-off function argument generalizes LEMMA 3.5.1 to the case
at hand, i.e. where we have (2 = R, is bounded with periodic boundary conditions on the

lateral sides and Dirichlet data on the top.

Since we now have adequate a priori estimates for the frozen problem, we fix any 7 € R

and define M) R x X - Y by

(3.5.17) G (h) == (14 B2 hpp + hggh? — 2hghphpg — g(h — )W p, + B3B(—p)

(35.18)  G{7(Q,h) = Ga(Q, h) = (1 + h2 + h2(20k[h] + 2gph — Q)>

p=0

We will show that, for h € Oy, QY) is a uniformly elliptic, quasilinear differential op-
erator, while Qg) is a non-degenerate, uniformly oblique Venttsel-type boundary operator.

For later reference we now compute the Fréchet derivatives of G and G(7):

Gin(h) = 2hghypOq + (1 + h2)02 + 2hpheg0p + hi0;
(3.5.19) — 2(hpghgOp + hpghpOq + hphqOp0y)

— 3gpp(h — d(h))h50p — gppliy(1 — d) + 3h;B(—p)d,

(3.5.20) Gon(Q,h) = <2hq8q + 2hy (20K [R] + 2gph — Q)0, + 2gph;, + 2ah12,/<e’[h]>

T
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G5 (h) = Gun(h) + 3g(d(h) — 0)h2p,dy + gpphid

= 2hghp0q + (1 + h2)02 + 2hpheqOy + h20:

(3.5.21)
- 2(hpqhqap + hpthaq + hphq8p8Q)
— 3gpp(h — T)h30, — gpphis + 3h2B(—p)0,
(3.5.22) G5 (Q,h) = Gon(Q, h),
where

—5/2

K [h] = 3heg (1+12) 20, — (1+12) /2 92,

Following section 2.4, we now establish the key admissibility lemmas.

LEMMA 3.5.2. (Proper Map) Suppose K is a compact subset of Y and D is a closed,
bounded set in Og, then G~Y(K) N D is compact in R x X.

PrOOF. Let {(fj,9;)} be a convergent sequence in ¥ = Y; x Y5 and assume that for
each j > 1, (fj,95) = G(Qj, ;) for some (Q;, h;j) € O5 with {h;} bounded in C3L*(R), Q;
bounded in R. We wish to show that there exists a subsequence of {(Q;, h;)} convergent
in R x X.

Denote 6; := 0,h;, for j > 1. Then, differentiating the relation between (Q;, h;) and

(fj,95), we find by (3.5.1) that, for all j > 1,

9qfi = 94G1(h;)
= (1 + (0gh;)*)020; + (0g(1 + (9gh;)?))0nh; + (Oph;)*020; + (92h;)0q(Ophy)?
— 2(9gh;) (Oph;)0p0g0; — 2(02h;)(Oph)(OpOghs) — 2(0ghy;)(0p0qh;)?

— 9(9ph;)’pypby — g(hj — d(h;))Dg(phy)® + 04(8ph;)°B(—p),  in R.
Grouping terms above we may rewrite this in the form

(1+ (9775)*) 9505 + (Dph)?070; — 2(9gh;) (Dph;) 0 0pb; =
(3.5.23)
Oqfj + F(Oqhj, 0p0ghj, 02hj, Ophj, O3hj, d(h)),  in R,
where F' is the cubic polynomial dictated by the previous expression. Notice that the

coefficients of the higher order terms above satisfy:

A(1 4 h2)hy — AhZh2 = 42 > 6%,
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Hence, the right-hand side can be viewed as a uniformly elliptic operator acting on 6.

We may likewise differentiate the equation on 7' to discover that, for each j > 1,

0995 = 0392(Qj, hj)
= 2(04h;)048; + 2(Oph;)(20k[h;] + 2gph; — Q;)0pb;
+29p(Oph;)*hy + 20(9phy)* (Ogrlhs)),  onT.
Equivalently,

(3.5.24)

20(8phj)28q ( aqaj

(1+h3>3/2> + 2(0gh;)040; + 2(0ph;) (20k[hj] + 2gphj — Q)00 =

9495 + G(Oghyj, Oph;),  on T,
where G is the quadratic polynomial determined by the previous equation. Observe that
the boundary operator present on the left-hand side above consists of a one-dimensional

elliptic operator added to a uniformly oblique operator, since
|(20k[h] + 2gph — Q)hy| > 62 onT
for (Q,h) € Os. Finally, we note that

(3.5.25) 6;=0 on B.

Since {(f;,g;)} is convergent in C}1¥(R) x CLL*(T) we have that the sequences {9, f;},

per per

{0495} are Cauchy in CS. (R) and Cg

ber(T) respectively. Now, by assumption, {h;} is

uniformly bounded in C5£%(R). From this it follows that

HF<atha8path76§hj73phja8ghjad(hj))”cée+ra(ﬁ)7 HG@thaaphj)Hogjﬂ(T) <C,

for some C > 0 independent of j. Each of these, viewed as a sequence in j, is therefore
Cauchy. Then, by the compactness of the embeddings, the right-hand sides of equations

(3.5.23) and (3.5.24) are strongly pre-compact in C%, . (R) and C%.,(T'), respectively. Possibly

per per

passing to a subsequence, we may take both to be convergent in these spaces.

We now consider differences 6; — 6y, for j,k > 1. By (3.5.23) we have
Fjp = (1+ (02h;)*)02(0; — 0 Oph)202(0; — 0
Jk_( +(q]))p(j k)+(P]> q(] k)
- 2(6th)(6phj)6q8p(0j — Qk), in R,
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where by our arguments in the previous paragraph we know Fj, — 0 in C*(R). Similarly,
from (3.5.25) have that 6; — 6, vanishes on the bottom and on the top (3.5.24) tells us

04 (0 — Ok)

ij: = 20(8phj)28q <(1 + h2)3/2
q

) + 2(0gh;)0q(0; — Ok)
+ 2(0ph;)(20k[h;] — Q;)0p(0; — Ok),  onT.

Here G, — 0 in C%(T'), again by the considerations of the preceding paragraph. We now
apply the mixed-boundary condition Schauder estimates of LEMMA 3.5.1 to the differences

; — 0) to deduce that there exists some constant C' > 0 with
CllO; = Okl c2vamy < 1 Fjkllcam + 1Gikllcar) + 1107 — Okll oo m)-

Thus, 0;—6; — 0in C?*t® as j, k — oo . We have shown, therefore, that all third derivatives

of {h;} are Cauchy in C¢,

per

(R), except possibly for {93h;}. To demonstrate the same holds
for {ag’hj}, we use the PDE to express Oghj in terms of the derivatives of order less than

or equal to two:

Oph; = (1+ (9ghy)*) ™" <fj — O3hj(0ph)? + 2(9h) (Oph;) (0p0gh;)
= gl = d(h)pp(Dphs)* + (Dphi)*B(=p)),  in R.
But we have seen that the right-hand side is Cauchy in C'**(R), hence {8Shj} is also
Cauchy in C%, (R). We conclude that the original sequence, {h;}, is Cauchy in C***. [
LEMMA 3.5.3. (Fredholm Map) For each (Q,h) € Os, the linearized operator Gy (Q,h)
is a Fredholm map of index 0 from X to Y.

PROOF. Let 1 € C31%(R) be given and fix 7, Q € R, h € X. Put

per
o =9, (95 Q. W) = (9,95 (Q.1)) W], fori=1.2.

Here, by (aqgfg ) (Q, h))[1)] we mean differentiating the coefficients of QZ.(;) in ¢, then applying

the resulting operator to 1. Then J,1) satisfies:

G (h)o = ¢V on R,
G5N(Q,m)d =P onT,

0 =0 on B,
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which is a uniformly elliptic PDE with a Venttsel boundary condition. Thus there exists a

constant C' > 0, independent of v, such that
CllOg¥llczamy < 10g%ll o (m) + H¢(1)Hca(§) + (16 | ¢y
< Wl casam + 10(GLE (W) oo ry + 110(G57) (@ W) llcary.

On the other hand, we may express ag¢ via the partial differential equation to arrive at an
estimate for 821/1 of the same type. Combining these estimates we find that, for some C' > 0

and all ¢ € X

(3.5.26) Cll¢llcsramy < Wllozram + 1060 lgagm) + 10462 llca -

If we now apply LEMMA 3.5.1 to ¢ directly, we can estimate the C*t® norm of . Then

(3.5.26) becomes

(3.5.27) Cllvlx < [@lv, + 165 () lly;, + 165)(@, )]l

This is the key estimate, from which we can conclude the range of Qi(;) is closed and
the null space finite dimensional. The task at hand, therefore, is to prove it with G in place
of (7). As in section 2.4, this is made possible by the following trivial but convenient fact:

for any v as above we have

|wm<ﬁwm<www-

We are therefore able to estimate terms involving d easily in spaces of Holder continuous

functions. In particular,

1Gun () — G5 (W) oy = 139(A(R) = )R Pty + 9 h3A(0) oy

(3.5.28) < Cldllgrrem)

where the constant C' above depends only on py, ||h||x and our choice of . Likewise, an

identical argument gives the estimates

10:Gun(h)e = G} (W)l oy < Cllcovamy: i =D. 4

where C' depends again on pp, ||| x and the choice of 7. Of course we do not need to make

such arguments to estimate the Qé,:)(h) term, as it identical to Gap(h).
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Combining these observations with (3.5.27), we find that, for some C' > 0 and all ¢ € X,

(3.5.29) Clvlx < [¥llcera) + 1191a(R) Yy + [1G2n(Q, APl ys -

Applying the arguments of LEMMA 2.4.2, we are able to conclude that G, (@, h) is Fredholm.
The Fredholm index has a discrete range, hence by the connectedness of Qg it must be
constant on this set. But G,(Q., H,) was shown to have a one-dimensional null space and
range of codimension one. Since (Q, H.) € Oj by construction, the Fredholm index is

uniformly 0 along the continuum Cj. (|

LEMMA 3.5.4. (Spectral Properties) (i) Vd,e > 0, Je1,ca > 0 such that for all (Q,h) €
Os with |Q|+||h||x < M, foralltp € X and for all p € C with |u| > c2 and |arg p| < 7/2—¢,
we have
arllllx < [P (A = wellvy + 11l I1(B = )]y,

where A = A(Q, h) = Gin(h) and B = B(Q, h) = Gan(Q, h).

(ii) Let ¥ = X(Q, h) denote the spectrum of (A, B). Then 3 consists entirely of the eigen-
values of finite multiplicity with no finite accumulation points. Furthermore, there is a

neighborhood N of [0,400) in the complex plane such that L(\,w) NN is a finite set.

PRrROOF. To prove (i) we follow the argument of Agmon (cf. [1]). The Venttsel boundary
conditions, however, necessitate some modification of the standard argument. All that we
must do here is trivially modify the technical tricks of that argument. Part (ii) follows
immediately from part (i) in light of the previous lemmas, so we omit the details.

Fix 7 € R with |7| < M, and let v € X, o € C be given. Put 0 := arg 1, and suppose

for some € > 0, |#| < 7/2 + €. Consider the operators
AD = 6P (n), D= AT £ 92 on R x R,

and
DSV =Dy :=B+¢%?,  onRxT.

Then, for any T, DY) is elliptic with constant of ellipticity independent of 7, while DéT) is

of the form of LEMMA 3.5.1. Let ( : R — R be a cutoff function supported compactly in

the interval I := (—1,1). Put

e(t) == e (t), @t q,p) = e(t)(q, ).
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We apply the Schauder estimates of LEMMA 3.5.1 in R?® with the boundary operator Dg)
to &(t,q,p) to deduce

(3.5.30) Clldllozreqixmy < Illoa(rxm + DT dlloa(rxm + IDE dlloarxr)
for some constant C' > 0 independent of 4. In fact, since 7 occurs as the coefficient of a
first-order term in gﬁ} (Q, h), we have by LEMMA 3.5.1 that C' can be chosen independently
of 7 (recall, || < M.)

A quick calculation readily confirms the existence of C, C’ > 0, depending only on (,
with
(3531)  Cu? < lellca) < C'u?, CplF2 <le|lcrrag) < C'pT/2,

Using this, we can unpack (3.5.30) to derive the following set of estimates:

1Dl cerxmy = (@G W] = ne@w + (ilul/2¢ +¢") el )

Ca(IxR)
< 'l (G (B) = i)l cmy + 1 Gun(h) = GIF) ()l )
1 (il 26"+ ¢") el ) oy
(3.5.32) < 1l (Gua(k) = 1) ¥l ey + ¥ lloe )

(3.5.33) +C (12 4 472 [ ry
for |u| sufficiently large. In transitioning from (3.5.32) to (3.5.33), we have made use of

(3.5.28) taking 7 = d(h) (which is valid since d(h) < ||h||x < M and (3.5.30) holds for any

7.) A similar analysis of the boundary terms yields,

1Dl rry = |[e(t)Gan (@ W] — et + (1l /¢ +¢") el oy

C(IXT)

(3.5.34) < Ol (Gan(@ 1) — ) Bllemcry + €' (12 4 42 [l o),

for |u| is sufficiently large.
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On the other hand,

[Pl2.0:rx1 = [07e(t)V]0.a:rx1 + [0re(t)Dg]0.0:rx1 + [0e(t)Op]0.a:rx 1
+ [e(1) 0. rxr + [€(8)Dg0pt]o.asrxr + [€(t)0y)0,asrx
> C"|pl[W)o,er + [¥]2,0: R,

(38535) [l 2 Clulllloom + 19lce -

for |p| sufficiently large, and for some C” > 0 independent of p and ¢. Here, [|ga:rxr
denotes the usual Holder semi-norm. Combining (3.5.30), (3.5.33), (3.5.34), and (3.5.35),

we find derive the following: there exists ¢y, co > 0 such that,

cllvll oy < 10l (A = 0l gagmy + 11121 (B = 1)t cocry

for all 4 € C with |u| > co. If we now repeat the same argument with v, and 1, in place

of ¥, we arrive at the inequality in (i). O

In order to complete the proof of THEOREM 3.5.1 we will make use of a generalization
of Leray—Schauder degree due to Kielofer (cf. [37, 38]). With that in mind, we recall the

following definitions.

DEFINITION 3.5.1. (See DEFINITION I1.5.2 of [38].) Let W, Z be real Banach spaces
with W continuously embedded in Z and let W be an open, bounded subset of W. We say
that a map G € C?>(W;Y) is admissible provided that it satisfies the following:

(i) G is a proper map.

(ii) For all w € W, the linearized operator G,,(w) is Fredholm of index 0.
(iii) There exists € € (0,7/2), « € (0,1), and constants ¢1,co > 0 such that, for all
e X, weW, and u € C with |u| > co, |arg p| < 7/2 — €, we have

culgllw < 1pl*2(Gu(w) = wlz,

where we have complexified W and Z.

(iv) For each w € W, the spectrum ¥ of G, (w) consists entirely of eigenvalues of

finite multiplicity with no finite accumulation points. Furthermore, there is a
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neighborhood N of [0, +00) in the complex plane such that X(\,w) NN is a finite

set.

The significance of admissible maps is that they permit us to define a degree. Suppose
that G is such a map and let z € Z\ G(OW) be a regular value of G. We define the
(Kielofer) degree of G at z with respect to W to be the quantity

deg (G,W,2):= Y (-1)*®),
weG—1({z})
where v(w) is the number of positive real eigenvalues counted by multiplicity of G, (w).
By part (iii) of DEFINITION 3.5.1, we have that v(w) is finite. Likewise, part (i) ensures
“1({z}) N W is a finite set. The degree is therefore well-defined at proper values. In the
usual way, this definition is extended to critical values via the Sard-Smale theorem (this is
valid by since G is Fredholm.)

Our interest in degree theory stems from the fact that the degree is invariant under any
homotopy that respects the boundaries of W in the following sense. Let & C [0,1] x W be
open. Define U; := {w € W: (t,w) € U} and likewise OU; := {w € W : (t,w) € OU}.

LEMMA 3.5.5. (Homotopy Invariance) The degree is invariant under admissible homo-
topies. That is, suppose U C [0,1] x W is open. If H € C?>(U;Y) is proper and, for each

t €[0,1], H(t,-) is admissible, then we say H is an admissible homotopy and have
deg (H(Ov ')72/{07 y) = deg (H(lv ')71/[1’ y)

provided y ¢ H(t,0Uy;) for all t € [0,1].

The reader is directed to [38] for a thorough treatment of degree theory and a proof of
this result.

We are now prepared to prove the main theorem of this section.

PROOF OF THEOREM 3.5.1. From part (iii) of DEFINITION 3.5.1, we see that in order

to apply the Kielhofer degree theory, we must first make a technical change. For h €
C312(R), put

per

h = (h, hlr) € C3E(R) x C3E(T),

per per
and

={(h,hlr) : h € C3L*(R)} C C3LX(R) x C3L(T).

per per per
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If we let 7 be the bijective projection 7 : X — )?, h i+ (h,h|T), then we can likewise define
G(Q,h) == G(Q,-) o,

and

T :=n(T), Os5 = m(0s), Ss = m(Ss), C~(’5 = 7(Cj).

Let W be an open bounded subset of X and fix @ € R. By virtue of LEMMA 3.5.2—
LEMMA 3.5.4, we conclude that the map g(Q, 3 :w(W) — Y is admissible in the sense of
DEFINITION 3.5.1. This is a trivial consequence of the fact that « is a smooth bijection
from X onto X.

From our previous analysis it follows that G (Q1,") — G (Q2, -) is an admissible homotopy.
Thus, in light of LEMMA 3.5.5, the degree will remain constant as we move along the
continuum C~(’5. Assuming that all three alternatives of THEOREM 3.5.1 fail, we use this
feature to generate a contradiction. At this stage, we have reestablished all the relevant
properties of G that were true in the constant density case. Repeating (verbatim) the proof

in [15] — with 5 in place of G — we obtain the theorem. O

REMARK. The motivation for choosing the Kielhtfer degree (rather than that of Healey
and Simpson used, for example, in [15]) lies in LEMMA 3.5.4: due to the presence of higher-
order derivatives, the boundary operator and interior operator are equivalent, in the sense
of the Agmon-type spectral estimates of LEMMA 3.5.4 (i). This observation was first made
by Wahlén in his analysis of the pure capillary wave case, where he also introduced the

clever trick of considering h, X, etc. (cf. [73]).

3.6. Analytic global bifurcation

In the previous section we obtained global bifurcation results for the case when the
eigenvalue at (H,, Q) is simple. The basis for that method of argument, which harkens back
to Rabinowitz [60], is the topological theory of degree. In the present section, we present
an alternative theory of bifurcation that instead relies on the (real) analytic properties of
the nonlinear operator G.

This approach is originally due to Dancer (cf. [20, 22], or [11] for a survey) and has
recently been applied with great success to the study of Stokes waves (cf. [8, 9, 10]). The

major insight of Dancer’s theory is that the germ of the zero-set of an analytic operator

164



has an extremely special structure. Within the context of global continuation this means,
for example, that if C is an analytic curve that corresponds to the zero-set of an analytic
function, then there is a unique, maximal, analytic extension of C. Lifting this fact to
infinite dimensions (and assuming some additional compactness properties) provides a very
powerful set of tools for global bifurcation theory.

With respect to the degree theoretic methods of the previous section, Dancer’s ana-
lytic continuation method offers several advantages. The first of these is that it provides a
more natural way to treat the double bifurcation case. Note that, as the multiplicity of the
eigenvalue will be even, a Rabinowitz-type argument requires some additional work; in par-
ticular, special attention must be paid to the scenario where the continuations of the local
branches intersect. On the other hand, since maximal analytic extensions are unique, when
working within the analytic framework, we are untroubled by such intersections. Secondly,
since we are using more than simply topological information, we obtain considerably better
regularity for the global bifurcation branch. Indeed, we will prove that the solution contin-
uum is, in fact, path-connected and admits a locally injective, analytic reparameterization
(in the sense of Definition 3.1.1.)

Let us begin by presenting the central result of the analytic theory of global bifurcation.
This was originally proved by Dancer (cf. [20, 22]), but we shall use a slight rephrasing of
that result due to Buffoni and Toland (cf. [11]). For the purposes of this exposition, we
shall temporarily set aside our previous notation. Let real Banach spaces W, Z, open set
U C R x W and a real analytic F: U — Z be given. (Looking forward, we should think of
U as taking the place of Ogs, W that of X, Z that of Y and F that of G.) If the following

structural properties hold

(G1) 7T:={(Q,0): Q e R} C U and F(Q,0) =0,VQ € R,

(G2) Fu(Q,w) is a Fredholm operator of index zero for each (Q,w) € U such that
f(Q? w) = 07

(G3) 3Q« € R such that (i) N(Fu(Q+,0)) = {s¢«: s € R}, and (ii) Fou(Q«,0)p« ¢

R(fw(Q*a 0))7
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then, by the analytic equivalent of THEOREM 3.3.2, there exists an analytic local bifurcation
curve at (Q«,0). That is, there exists an € > 0 and an analytic (Q,m): (—€,e) - R x W
such that F(Q(s),t(s)) =0, for all s € (—¢,¢€), Q(0) = Q. and 1'(s) = ¢«. Let us denote

(3.6.1) Gt ={(Q(s),m(s)): s € (0,€)}, S ={(Q,w) eU: F(Q,w) = 0}.

By taking e sufficiently small, we may assume that w’ # 0 and ;" C S\ 7.

loc

THEOREM 3.6.1. (Analytic Global Simple Bifurcation) Let W, Z, U and F be given as
above and assume that (G1), (G2) and (G3) hold. We may then take (Q,w) as before and
let C;t . and S be defined by (3.6.1). Suppose further that

(G4) Q' #£0 on (—¢,¢),

(G5) all bounded closed subsets of S are compact.

Then there exists a unique, mazximal, continuous curve K that extends Cfgc in the following

sense.

(a) K={(Q(s),w(s)): s € [0,00)) C U, where (Q,1): [0,00) = RxW is continuous.

(b) Gt CcKcCS.

loc

(¢) The set {s > 0: N(Fu(Q(s),10(s))) # {0}} has no accumulation points.

(d) At each point, K has a local analytic reparameterization.

(e) One of the following occurs.
(i) 1(92(s), w(s) | — o0 as 5 — oo; or
(i1) (Q(s),r(s)) approaches the boundary of U as s — oo; or
(111) K is a closed loop, i.e. 3T > 0 such that (Q(s+T),w(s+T)) = (Q(s),w(s)),
for all s € [0,00). This implies that K = {(Q(s),1(s)): s € [0,T]}.

(f) If, for some 0 < s1 < s2, we have

(Q(s1),(s1)) = (Q(s2), w(s2)), and N(Fu(Q(s1),w(s2))) = {0},
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then (e)(iii) occurs and sy — s1 is an integer multiple of T'.

In order to apply this theory to our problem we need to make several benign alterations
to hypotheses (G1)—(G5). First, we wish to replace 7 occurring in (G1) with that from the
previous sections, namely the l-parameter family of laminar flows. This is justified since

the particular form of the trivial solutions plays no role in the proof of THEOREM 3.6.1.

+

1oc is found, no more mention need be made of 7.

Indeed, once the local curve C

Secondly, we wish to consider the case where double bifurcation occurs at the local level.
Again, this is possible because the purpose of (G3) is merely to guarantee the existence of
ct

1oc and has no bearing on the global analysis. If, as in section 3.4, there is a set of local

bifurcation curves {Cloc’i}f\il, then there exists a corresponding set of local parametrizations
{(9Q;,w;)}Y, and so we may define {CgC ; N | in the obvious way. Applying the argument

of THEOREM 3.6.1 to each of these curves yields the following corollary.

COROLLARY 3.6.1. (Analytic Global Double Bifurcation) Let W, Z, U and F be given

as before. Suppose that the following structural properties are satisfied:

(G1”) there exists a family of trivial solutions T C U NS,

(G2) Fuw(Q,w) is a Fredholm operator of index zero for each (Q,w) € UNS,

HQx,ws) € T,e >0, and analytic functions {(Q;,w;): (—e, ) — R X VV}Z]\L1
(G3) such that, for all s € (—e,e),i=1,...,N,
(2i(0),0;(0)) = (Qu, ws) and F(Q;(s),wi(s)) =0,

(G4) QL0 on (—e¢,€), i=1,...,N,

(G5”) all bounded closed subset of S are compact.

For each i =1,...,N, define C; . := {(Q;(s),10;(s)): s € (0,¢)}. Then there exists a set

loc,i

of continuous curves {Ici}i]L with IC; the unique maximal analytic extension of Cl—gci in the

sense of THEOREM 3.6.1, fori=1,...,N.

This result follows directly from the proof of THEOREM 3.6.1, keeping in mind our
observation of the last several paragraphs. For brevity, we therefore do not provide a proof.

Note, however, that this is not a new result: the multiple bifurcation case was considered by
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Dancer in [20]. COROLLARY 3.6.1 is merely a translation of Dancer’s result to the language
of Buffoni and Toland.
With the background results in place, we now return to the notational conventions of

section 3.5 and prove our main result. Fix § > 0 and define
O5 :={(Q,h) eERx X : hy>0din R, Q—ok[h] —2gph >},

S:={(Q,h) e Rx X :G(Q,h) =0}, Ss := closure in R x X of (SNOs\ 7).

By the local analysis of the previous sections, we may take the non-laminar solution set
near (H*,Q*) to be comprised of a set of C'-curves, {Cfoci}fil, for some N > 2. We now

prove that these curves are, in fact, analytic.

LEMMA 3.6.1. (Analyticity) (a) The maps A — H(-; \) € C3F%([pg,0]) and X — Q()\) €
R are analytic on the interval (—2Byin + €0,00). Furthermore, if I is any subinterval of
(=2Bmin + €0,00) that contains A, then the operators F : I x X - Y and G:Rx X =Y
(defined by (3.3.20)—(3.3.21) and (3.5.1)—(3.5.2), respectively) are analytic.

(b) There exists € > 0 and a set of analytic functions {(Q;(s),hi(s)) : (—€,€) = R x X},
such that Cj,.; = {(Qi(s), hi(s)) : s € (=¢,€)}, fori=1,...,N.

PROOF. The analyticity of G is clear, since
oG, FG=0, Vj>2 k>5
Notice also that, since
QA) = A+29p(0)H(0; ),  F(hw)=G(QN),w+ H(;A)),

it suffices to prove that A — H(-; A) is analytic in order to obtain part (a).

We shall do this by extending A\ — H(-; A) to a function defined on the complex half-
plane H := {z € C: Rez > —2Bp,in + €0}, and then showing that the extended function is
complex analytic.

Mimicking the proof of LEMMA 3.3.1, we can prove that, for each A € H and p € [py, 0],

there exists a unique H = H(p; \) € C satisfying the following implicit relationship

p ds
(3.6.2) H(p; \) =/ —— p € [po,0], A € Hj,
p

o \/)\+G(s;)\),
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where we are taking the positive branch of the square root and

GoiX) = 28(0) +29 [ pyls) (H(s5) — H(05) ds.

Po

If we denote A = A\; + i)z and fix p € [po, 0], then

d 1/ d . d
—Hp:A) == (——+i— | H(p; A

- (o [ vt a1 ) = 11000 i) O\ Gl )2

The last line above was found by differentiating (3.6.2) (with respect to A; and \z), and
making use of the definition of G.
It follows that, if we denote Y (p; A) := H(p; \) — H(0; \), then

d\
Recalling the definition of €y in (3.1.16), we see that, since A € H,

(3.6.3) Ly pin) _/po <g/rpp( )dCl)\Y(s)ds) O+ G N) 2 dr.

A+ G M) 72 < A+ 2Buin] 7% < (29100 [10p]l00)

Inserting this last expression into (3.6.3), we find

o], =z o],
and thus dY/d\ = 0. As H(p; \) = Y (p; \) — Y (po; A), this implies further that dH/d\ = 0,
hence A — H(+; \) is complex analytic.
Now, (b) follows directly from the fact that F is analytic. Indeed, simply substituting
the Crandall-Rabinowitz and Lyapunov-Schmidt theory of the previous sections with their

analytic counterparts, we obtain the analytic parameterizations {(£2;, h;)}; as claimed. O

Following the notation of THEOREM 3.6.1, let us denote

Cgvi = {(Qi(s),hi(s)) : s € (0,¢)}, t=1,...,N.

Note that, to make our notation more concise, we have dropped the + superscript. Our

main result for this section is the following.

THEOREM 3.6.2. (Analytic Global Bifurcation) Fiz 6 > 0. There exists a mazimal,
global, continuous extension Ky, C Ss of Cs; (in the sense that THEOREM 3.6.1(a)—(f)
holds for IC:M), fori=1,...,N. Furthermore, for each i, one of the following alternatives
must hold.
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(i) 1(Qi(s),hi(s))||lrxx — 00 as s — oo; or
(ii) the closure of ngﬂ. contains a point (Q,h) € 00s; or

(ii) K5, is a closed loop.

REMARK. In several respects, the alternatives above are considerably stronger than
their analogues in THEOREM 3.5.1. If, recalling the notation of section 3.5, we define Cj
to be the connected component of Ss containing |J;Cy,. ;, then clearly (J; K ; C Cs5. In
other words, the conclusions of THEOREM 3.6.2 applies only to a (very special) subset of
C5, whereas the alternatives of THEOREM 3.5.1 apply to the entirety of C§. In that sense,
the theorem above is stronger, since it identifies — in fact, it constructs — the precise
path along which the alternative occurs. Moreover, the fact that (J, Ingi is path-connected
and locally analytic is noteworthy in and of itself. This cannot be obtained through purely
degree theoretic methods, since it requires more than topological information about the
solution set.

Still, it is not possible to completely reconcile the alternatives of THEOREM 3.5.1 and
THEOREM 3.6.2. For instance, it is entirely permissible for ||(Q;(s), hi(s))|| — oo as s — oo,
but, for some s > 0, we have (Q;(s),h;i(s)) € 7. Moreover, it may be that Cj; is a closed
loop for alli =1,..., N, yet |, ICg’ZﬂT = (Q«, H). This is possible, again, because |, ICQ’(;
is only a subset of Cj.

Finally, let us note that a similar result can be proved for the simple bifurcation case

— we need only use THEOREM 3.6.1 directly, rather than COROLLARY 3.6.1.

THEOREM 3.6.2. In light of COROLLARY 3.6.1 and LEMMA 3.6.1, the structure of
our argument is fairly straightforward: we need only confirm that G satisfies structural
properties (G17)—(G5”).

With that in mind, let X, Y, Os and G stand in for W, Z, U and F of COROLLARY 3.6.1,
respectively. Then the family of laminar flow, 7 restricted to Oy satisfies (G1’). Condition
(G2’) was verified in LEMMA 3.5.3, while (G3’) and (G4’) follow from the analysis of section
3.3 and section 3.4 (in particular, note that since the mixed solution curves obey the scaling
€] < C|XA — A, for some C' > 0, we cannot have Q' = 0.) Finally, (G5) is a consequence

of LEMMA 3.5.2, since S5 = G~ 1({0}) N O5. We are therefore justified in taking K5.,; to be

/
loc,i?

3.6.1(e) applied to K. O
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Ideally, one would like to eliminate all but the first and second alternatives of THEOREM
3.6.2, as this would imply that either the curve is unbounded, or the problem degenerates
(i.e. loses ellipticity) along Js-, ;. As we shall see in section 3.8, put into the Eulerian
framework both of these possibilities lead to us to conclude that there is a curve of solutions
to the original problem (3.1.1)-(3.1.6) along which either the fluid tends to stagnation at a
point, or the horizontal velocity (in the moving frame) approaches —oo somewhere within
the fluid.

Typically one excludes the undesirable alternative (iii) by means of a nodal property
argument. That is, using maximum principles one shows that the sign of certain quantities
are invariant along the curve, and then argue that this is violated if £} is a closed loop (or,
if we are considering simple bifurcation, if C§ returns to 7) (see, for example, [21]). Taking
o = 0, an argument of this kind was successfully carried out in the constant density case
(cf. [15]), and, to a lesser degree, in the stratified case (see section 2.5). Unfortunately,
the introduction of surface tension— in particular, the higher derivatives on the boundary
that accompanies it— seems to destroy the maximum principle structure of the problem.
The rather conspicuous dearth of literature on unbounded curves of capillary and capillary-

gravity waves is a direct consequence of this fact.

3.7. Uniform regularity

In this section we consider the first alternatives of THEOREM 3.5.1 and THEOREM
3.6.2. As in [15], our goal is the establishment of uniform bounds in the Hélder norm
along the continuum Cj, for the simple eigenvalue case, and along the curves {IC:M}?:l for
the higher multiplicity case. In that paper Constantin and Strauss were able to control
the C3*®-norm along the continuum in terms SUPpecy SUPR hy (assuming that @ is likewise
bounded along the continuum). However, the addition of the curvature term x[h] to the
nonlinear boundary condition complicates matters: we must now allow for the possibility

that the curvature may blowup (in L°°) along the continuum.

THEOREM 3.7.1. (Uniform Regularity) Let 6 > 0 be given and assume that [ €
Cor((0, [pol)). If

sup suph, < 0o, sup @ < oo and inf inf k[h] > —oc0,
(@h)eCs R (Q.h)ecs (@Qh)ec; T
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then sup g nyecy 17l cato gy is finite.

In the proof of THEOREM 3.7.1, the most technically complicated step is obtaining
bounds on the second derivatives of h along C5. The L™ estimates will be a consequence
of pg being constant along the continuum, while the higher-order terms can be expressed
(via the height equation) in terms of the lower-order terms in the usual way. To treat
the second-order terms, we shall employ a suite of a priori estimates for nonlinear elliptic
equations with Venttsel boundary conditions due to Luo and Trudinger (cf. [48]). We shall
not, however, need these results in their full generality, so instead we streamline them into
a single statement. Of course, in order to apply this to our problem, we will again need to
use the method of freezing the operator G.

First note that due to the periodicity in g, the domain R can be considered as embedded
on a torus, allowing us to ignore the seeming lack of smoothness at the corner points
(0,0), (0,po), (2m,0), and (27, pg). We consider a differential operator F' = F(x, z,&,r) €
C?(R x R x R? x S,R) and boundary operator G = G(z, z,&,7) € C?(R x R x R? x S, R).
Here S denotes the space of 2 x 2 real symmetric matrices, D denotes the gradient operator
and D? the Hessian. Both of these are taken as acting on the space of smooth real-valued
functions on R which are 27-periodic in the first variable. As usual, we say that F is elliptic
at (z,&,7) € R x R? x S provided that the matrix F, := [0F/0r;j]1<i j<2 is positive definite
at that point. Moreover, if A; and As denote the minimum and maximum eigenvalue of
F,, respectively, then F' is said to be uniformly elliptic provided that the ratio As/A; is
bounded.

We now specialize this framework to the problem at hand. Let a;; = a;;(2,£), b =
b(x,2,6) € C*(R x R x R%2,R) and a;; € S, b = b(2,£) € C*(R x R% R) be given. We

consider the case where (F, @) are of the form
F(z,61) = aij(z,§ri; + b(x, 2,§),  G(2,&71) = aijri; + b(2,6).

Here a;; is assumed to be such that F' is uniformly elliptic, in the sense of the previous
paragraph. We shall take G to be of Venttsel-type, which means the following: (i) (Uniform
obliqueness) There exists some x > 0 such that, at each point (g,0), the inward normal
derivative bg - (0,1) > x > 0, for all (z,€) € R x R?; (ii) (Ellipticity) a;;¢;,¢; > 0, for all

¢ = (¢1,¢2) € R? such that ¢ is tangent to the lower boundary of R.
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With F and G given as above we wish to consider the quasilinear elliptic (Venttsel)

boundary value problem

F(h,Dh,D?h) =0, in R
(3.7.1) G(h,Dh,D?h) =0 onp=0

h=20 on p = pg.

THEOREM 3.7.2. (Luo-Trudinger) Let h € C5(R) be a solution to (3.7.1) that is 27-
periodic in the first variable and for some constant K > 0 satisfies |h| + |Dh| < K in
R. Suppose further that for some positive constant M the functions F = F(z,£,r) and
G = G(z,§) satisfy the following structural conditions:

(3.7.2) Ay < MAy,
(3.7.3) \Fl, [Fel, [Fe] < MMA(|r|+1),
(3.7.4) F.. <0,

(3.7.5) G G2 |Gel, |Gz |, |Gael [Gee| < My,

(3.7.6) |02aij, (1 + [€)0:0eaij], (1 + [€%)|0Fai;] < MA

(3.7.7) [z, [be, Bl (14 [€]) < MAL(1+[¢]?)
(3.7.8) [baals [bazls [bzl, (1 + [EDIbel, (1 + [EDIbag], (1 + [€7)[beel < MAL(1+[¢]?)
(3.7.9) [622], (1 + [€N)[b2el, (1 + [€])[bge] < Mx(1+[¢])
(3.7.10) |D3aij|,|D%b] < MM
(3.7.11) D%, < My

for all (z,6,7) € R x R? x S such that |z| + |¢| < K. Then there are positive constants

p= (M) and C = C(K, M) such that h € Ca*(R) and

Hhucgetu(ﬁ) <C.

This is a (weaker) restatement of the results presented in [48]. Also, for consistency
with presentation of similar theorems earlier in [15] and chapter 2, we have slightly altered

notation. We now give a brief sketch of the proof.
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PROOF OF THEOREM 3.7.2. It was already shown in section 2.6 that (3.7.2)-(3.7.5)
together amount to the “natural structural conditions” (L-T F1)-(L-T F5) presented in
[48]. We will now show that, unsurprisingly, these further imply structure conditions (Luo-
T A), (Luo-T A1), (Luo-T A2), (Luo-T B), (Luo-T B1) and (Luo-T B2) of [48].

First consider the conditions on F'. That (L-T F1) is equivalent to (Luo-T A) is obvious.
Since F'(-,+,-,7 = 0) = b(-,-,), (LT F2) immediately leads to (Luo-T A1l). Similarly, if we
note that D, F’ = a;j, it can be readily verified that condition (L-T F4) implies the first line
of inequalities in (Luo-T A2). To get the second line, we appeal to (L-T F3), noting once
more that I’ evaluated at » = 0 is b.

Next we turn to G. Clearly, (Luo-T B) follows from uniform obliqueness. Since
G(-,+-,r=0)=0(,,-), evaluating (L-T G2)-(L-T G3) at » = 0 yields the growth condi-
tions on 3 in (Luo-T B1)-(Luo-T B2).

Combining this with the new structural conditions (3.7.6)-(3.7.11), the hypothesis of
our theorem encompasses all the conditions of [48]. To arrive at the statement above, we

simply apply in succession each of the results in §2-84 of that paper. O
Our tools fully assembled, we are ready to prove THEOREM 3.7.1.

PROOF OF THEOREM 3.7.1. We begin by proving the L>(R) norm of h is uniformly

bounded along the continuum. To do so we note that by (3.2.9)
0 < h(g.p) =y +d <n(0)+d,

and thus the definition of pg in (3.1.10) yields

ol

infﬁn (v/plc—w))

n(0) +d < = |po| sup hy,
R

Thus assuming the hypothesis of the theorem, that is that h, is uniformly bounded in
L along the continuum, then the above inequalities together give the boundedness of the
L*>-norm of h.

To bound h, we proceed as in THEOREM 2.6.1 to show that h, cannot attain an interior
minimum or maximum. Indeed, since the interior equation here is identical to the one
considered in that chapter, a verbatim application of their argument suffices. As hy =0 on

the bottom, we need only concern ourselves with the top. The nonlinear boundary condition

174



then gives
il%f h]%(Q — 20k[h] — 2gph) <1+ hg < 51T1p h%(Q — 20k[h] — 2gph).

The quantity on the left-hand side is bounded uniformly from below by 6% on C5. Thus
supg, hg = supy hy can be controlled by sup¢; supg by and supe; supp(—k[h]).

For the second-order terms we need to make use THEOREM 3.7.2, and so we shall
once again freeze the operator G in the sense of section 3.5. Fix K > 0, 7 € R. Let
¢ = ((&) be a smooth cutoff function with 0 < ( <1, (=1 on Bg(0)N{: & >} and
supp ¢ C Bag (0)N{¢: & > 6/2}. For each x = (z1,22) € R?, 2 € R, &€ = (&1, &) € R?, put

2 — 1 0
w©= 2 T e+ 1 - @),
—&1& 1+ €3 0 1

b(x, 2,€) ==& (B(—x2) — g(z — T)pp(x2)) C(£),
and

200 0 o\ 2
w=l ) b(z,¢) = (1+§1)2<Q—2gp(0)z—

1+&
3

) O + (1 - ()6

Suppose that for some 7, (h, Q) is a solution to (3.7.1) with F' and G as in THEOREM 3.7.2,

that is,
F(z,2,&r) = (&rin+ 1+ &)re — 26612 + & (B(—x2) — g(2 — 7)pp(2))) C(€)

+r11(1 = ¢(§))

2
G(z,&71) = 20111+ ((1 +¢2)%/2 <Q —2gp(0)z — L&

&
It follows that each (h, Q) € C5 with |h| 4+ |Dh| < K satisfies the Venttsel boundary value

)) () + &(1 - C(©)).

problem (3.7.1) for the above choice of F' and G. The next task is verifying the structural
conditions. It is easy to see that F' is uniformly elliptic. To show uniform obliqueness note

that, at any point x € R, the inward normal is given by:

5
2

2(1+¢&3)
&

Inside the region where ¢ = 1, this is clearly uniformly positive. Also, since we may take

be - (0,1) = (&) = (0,C(€))&2 + 1 = ¢(£)-

¢ to be monotonic decreasing in the &»-direction, the last three terms guarantee that the

innward normal derivative is uniformly bounded away from zero in the entirety of R2.
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The final structural conditions are easy. Since a;j, b, a;; and b are all suitably smooth,
by compactness we can choose a sufficiently large M so that (3.7.2)-(3.7.11) hold for £ €
m N{¢: & > §}. (Note that here we make use of the assumption v € C? to get
(3.7.10).)

The more serious step is to guarantee that h has enough regularity to begin with. That
is, we know h € C3t*(R), however THEOREM 3.7.2 requires it to be of class C°. In order to
conclude that Cj lies in C®(R) we shall apply standard linear elliptic theory. Setting aside
the question of 3 for the moment, the fact that F is quasilinear tells us that, if h € C¥T*(R)
with & > 2, then the coefficients of the problem are at worst C*~1+®(R). Thus, if we assume
B € C3((0, |pol)), we have a;;, b € C?*T*, which implies by the estimates of LEMMA 3.5.1
for the linear Venttsel problem that h € C*t*(R). This means, in turn, that the coefficients
are actually C3*®. Turning the crank once more, we conclude h € C5T*(R). THEOREM
3.7.2 is therefore applicable, and thus the second order derivatives are bounded.

Thus (F,G) satisfy the structural requirements of THEOREM 3.7.2. We conclude that
there exists a constants C = C'(K, M, 7) and u = pu(K, M, 7) so that, for any solution (h, Q)
of (3.7.1) with |h| + |Dh| < K,

T ——el

Note that every h € Cj is such a solution for 7 = d(h). In order to complete the estimates of
the second-order terms, therefore, requires removing the dependency on 7 from C'. Toward
that end we recall that 7 = d(h) < supp |h|. Thus we may select K independently of 7.
Moreover, since in the definition of F', 7 does not occur in any of the second-order terms
a;j, it does not affect Ay and Ap. Indeed, the characteristic polynomial satisfied by the

eigenvalues is

A —(I+E+E)N— 1+ — 486 =0, i=1,2

which does not depend on 7. This is an obvious consequence of the fact that the effects of
density variation in the height equation are consigned to the lower-order terms. The term
in F' that does contain 7 is b, and it can be easily estimated in terms of K. Thus C' and pu

can be chosen independently of 7, which gives the second-derivative bounds.
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Finally we establish third derivative bounds. Denoting 6 := h,, we differentiate the

height equation in ¢ to find,

.
(1+ hg)Opp — 2hphqlpq + hipfaq
= C(h, hp7 hqv hppv hpqv hqq)v in R,
(3.7.12) 20hy (0g(1+ hg)™%2)  + 2hqby + (2gph + 20k[h] — Q)hyby
= D(hy, hy) on T,
=0 on B.

Thus 6 solves a second-order elliptic PDE with Cég}“ (R) coefficients and right-hand sides

C € Chex(R), and D € Cher(T). Since we have already proved h is bounded uniformly in

CEiM(R), it follows that the right-hand side of (3.7.12) is bounded uniformly in Ck,(R)
along the continuum. As we have seen in section 3.5, so long as h, is bounded uniformly
away from 0 along the continuum, problem (3.7.12) above will be uniformly elliptic with a

nondegenerate Venttsel-type boundary condition. We may therefore apply the linear theory

for such problems (e.g. LEMMA 3.5.1) to obtain uniform a priori estimates of 6 in Cg;}“ (R)

over all of Cj.
It remains only to bound hyy, in Cher(R). By means of the height equation, we may

express hy, in terms of the lower order derivatives of h:

hop = —(1+ h2) ™" (R3y(=p) + hgqh — 2hghphy,)

But the right-hand side above is in C’gﬁr’” (R) by the arguments of the previous paragraphs.
Thus hyyp in Cher(R) as desired.

To transition back to the original Holder exponent, «, we merely note that if h €

CH(R), then it is certainly in C25*(R). The arguments we have used to derive the third

derivative bounds in no way relied on the particular value of u, so running through them

with « instead we find h € C31%(R). O

per
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3.8. Proof of the main results

With the uniform regularity results we established in the previous section, we are now
prepared to begin the task of proving the main theorems. THEOREM 3.5.1 gave us three pos-
sibilities for the continuation of the local bifurcation curve(s). In order to prove THEOREM
3.1.1, we need merely to make a careful study of these alternatives in light of THEOREM

3.7.1.

PROOF OF THEOREM 3.1.1. Fix § > 0. If C§ is unbounded in R x X, then at least one
of the following must occur:
(i) there exists a sequence (Qp, hy) € C5 with lim,, o Qr = 00; or
(ii) there exists a sequence (Qy, hy) € C5 with lim,, .o ming k[h,| = —oo; or
(iii) there exists a sequence (Qn, hy,) € C5 with limy, o maxg dph, = o0,
where the second and third possibilities are a consequence of THEOREM 3.7.1. If C§ contains
a point of 00g, then either
(iv) there exists a (Q, h) € C§ with dyh = § somewhere in R, or
(v) there exists a (Q,h) € C5 with 2gph + 20k[h] = Q — 6 somewhere on T
Thus, THEOREM 3.5.1 tell us that one of the five alternatives above occurs, or else the
bifurcation curve intersects 7 at a point other than (Q*, H*).

Consider the first alternative (i). By the definition of py in (3.1.10), we can estimate

PO« sup p(x,y) (C_ “(x’y)>’

. — < —
inf P(f’«"a y) (C u(w,y)) - 7’](&2) +d~ yE€[—dn(x)]

ye[—dn(z)]

and thus, appealing to (3.2.5), we deduce

Q = p(0.9(0)) (¢~ u(0.9(0)))” + 20p(0,1(0))1(0) + d)

(3.8.1) < supplc—w? + 29p(0,1(0))po

B, infz-\/p(c —u) .

If for some 6 > 0 the first alternative holds, we conclude from (3.8.1) that for the correspond-

ing sequence (U, Up, pn, 1Npn) of solutions to (3.1.7)-(3.1.8), either supj,/pn(c — Up) — 00,
or mfm,/pn(c — up) — 0.

Similarly, if the third alternative (iii) holds, then, simply by rearranging the change of
variables equations in (3.2.11), we have

1
Von(c —un)’
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whence max dph, — oo if and only if infT% on(c — up) — 0.
Now consider the second alternative (ii) wherein, along some sequence, we have that
a point of infinite (negative) curvature is developing. Then, by the dynamic boundary

condition (3.1.4), we see that

-3/2
Pn - Patm = _0'77;{ (1 + (77;1)2) / )

and so max,, (P, — Patm) — 00. In other words, as the free surface develops a corner point,
the pressure at that points (relative to the atmospheric pressure) goes to positive infinity.
This, we anticipate, leads to a blow-up in the energy on the free surface. Indeed, from the

definition of @) in the Eulerian framework, we obtain

Qn =2 (En|nn — Patm + gpn|nndn)

=2 (Pn - Patm) + [pn ((un - 6)2 + U’?L) + 29Pn (nn + dn)]
MNn

> 2 (P, — Patm) -

Thus alternative (ii) reduces to alternative (i).

Next, suppose that for some decreasing sequence 6, — 0 the fourth (iv) alternative
holds. Again, appealing to (3.2.11), we see immediately that the corresponding sequence in
the Eulerian framework, (uy,, vy, pn,Nn), must satisfy supp,— VPn(c—up) — 00 as n — o0o.

Finally, if we have a sequence 6, — 0 for which the fifth alternative (v) holds, then
there exists a sequence {(Qn,hn)} With (Qn,hyn) € C; for each n > 1 and supyp(Qn —

2gphn20k[hy]) — 0. If we evaluate the boundary condition on 7" for this sequence, we find

Oyhn)?
max ((apfan)2> < max <1(+0§,hqn)2)> = max (Qn — 29pnhy, — 20K[hy]) .

We infer, therefore, that maxg dph, — oo, and hence the fifth alternative implies the third.

By construction, the family of continua Cj indexed by ¢ > 0 is increasing as ¢ de-
creases. We may therefore define C’ := J;.,C5 to be the maximal continuum. Then by
the considerations of the §2, and in particular LEMMA 3.2.1, there exists a connected set
C of solutions to (3.1.1)-(3.1.6) corresponding to C’. The arguments of the preceding para-
graphs, moreover, imply that along some sequence in C, either (i) SUpp—Up — €, OF (ii)
infp—u, — —00, or (iii) C contains more than one laminar flow solution. This proves part

().
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Part (b) follows from part (a), taking into account the remarks following THEOREM
3.6.2. That is, for each 6 > 0, we have a path-connected set K C C§ where, along some
path one of alternative (i)-(v) occurs or Kf is a closed loop. Arguing as before, it is clear
that, if K := (Js-o K5 C C', then there is a corresponding path-connected set K C C of
solutions to (3.1.1)-(3.1.6). It follows that either K is a closed loop, or along some path in
K we have either (i) supp-u — ¢, or (ii) infp-u — —oo.

Finally, (c¢) is an automatic consequence of the definition of the space X. The proof is

complete. 0

PrROOF OF THEOREM 3.1.3. Fix 6 > 0 and i € {1,2,3,4}. In view of THEOREM 3.6.2

and THEOREM 3.7.1, the following list of alternatives is exhaustive.
(i) Qi(s) — o0, as s — o0; or

(ii) ming k[h;(s)] — —o0, as s — oo; or
(iii) maxg dph;(s) — oo, as s — oo; or
(iv) ming dphi(s) — J, as s — oo; or
(v) ming (Q;(s) — 2gphi(s) — 20k[h;(s)]) — d, as s — oo; or

(vi) Ks; is a closed loop.
Here (Q;(-), h;(+)) is a global parameterization of Cs; in the sense of THEOREM 3.6.1 (by
abuse of notation we have suppressed the dependency of the parameterization on ).

In light of LEMMA 3.2.1, to IC’M there is associated a path-connected set KCs; of solutions
to the problem in its Eulerian formulation (3.1.1)-(3.1.8). By the same arguments as in the

proof of THEOREM 3.1.1, we deduce that the first three alternatives (i)—(iii) imply that one

of the following occurs:

sup u, — ¢ or inf u,, — —o0,
DTIn D’In

for some sequence {(un, Vn; Pn, Mn, @n)} C Ksi. The same holds true, again by the consider-
ations of THEOREM 3.1.1, if either alternative (iv) or alternative (v) hold for a decreasing
sequence 0, with 6, — 0. If we take KC; := (J;5( K5 and K := [J; K;, then the theorem is

proved. O

REMARK. Naively, one might hope that since each Kj, has an analytic parameterization,
the same might be true of the associated curves Ks;. Unfortunately, this does not seem to

be true in general. The difficulty lies in LEMMA 3.2.1, where the key step in transitioning
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from the height equation formulation back to the Eulerian is to reconstruct ¢ from (h, Q).
In [15, 76], this is accomplished as follows. Let (Q,h) be an analytic parameterization
of ICS’Z- and, fixing s € R*, let h = h(s). In view of (3.2.11), for each zg € R, we define
P (xo, -5 s) to be the unique solution of the first-order ODE:

(3.82) Yy(wo,y;8) = —hy ! (z0, —tp(x0,¥; 5))

Y (zo, h(x0,0) —d(h);s) = 0.

Following the arguments of [15, 76|, we can show that this ¢ indeed corresponds to the
pseudo-stream function for a solution of (3.1.1)—(3.1.8), thus obtaining LEMMA 3.2.1 for
fixed s. Varying s gives a curve of pseudo-stream functions and the path-connected set KCs ;.
But, since h(s) need not be analytic in p, we cannot conclude from (3.8.2) that (-, -;s) is

analytic in s.

3.9. Examples

In this section, we consider the implications of our results in a a few of the most

important special cases for the given functions p and (.

3.9.1. Pure capillary waves. Examining (3.1.7)—(3.1.8), it is apparent that the con-
tribution of surface tension comes in the form of a term involving second-order spatial
derivatives, whereas the gravitational constant appears as the coefficient of first-order de-
rivative terms. When considering flows in which the wave length is small with respect to
o, therefore, we expect the motion to be driven largely by the effects of capillarity. In such
circumstances, it is often appropriate to discount the presence of gravity entirely, both in
the interior of the fluid and on the free surface. A common example is that of a pebble being
thrown into a quiescent body of water; the ripples that result are typically small enough in
width as to be accurately modeled as pure capillary waves.

Strictly speaking, of course, pure capillary waves lie outside of the regime we are consid-
ering in this chapter, as we have taken g to be a strictly positive constant. Nonetheless, our
arguments can be easily altered to include this scenario. Indeed, defining the pseudostream

function and proceeding as before, one arrives at a height equation formulation analogous
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to (3.2.13):

(1+ hg)hpp + hqqh;% = 2hghphpy = *h;g;ﬁ(*p) po <p <0,
(3.9.1) 1+ h?+h2(20kh] — Q) =0 p=0,

h=0 P = po-
As one would expect — and, indeed, (3.9.1) confirms — ignoring gravitational effects com-
pletely negates the significance of stratification. That is, for every solution of (3.9.1) and
any choice of streamline density function, there corresponds a solution to (3.1.1)—(3.1.8) (cf.
82)).

The system of equations (3.9.1) was first considered by Wahlén in [71], where he used
it to give a systematic study of small amplitude solutions. In his thesis, Wahlén expanded
upon these results, proving a global bifurcation theorem in the same vein as THEOREM
3.5.1 (cf. [73]). As an easy byproduct of our work in sections 3.6, 3.7 and 3.8, we are now
able to significantly extend upon this result.

Let us first begin by presenting the key results for the local theory developed in [71].
In keeping with our previous notation, we have written these in terms of the Bernoulli
function 3, but it is worth noting that, since p, = 0 for pure capillary waves, 3 reduces to
the familiar vorticity function v of [15, 16, 71, 70, 72].

The first step is to establish the existence of a curve of laminar flow solutions, i.e.
those where hy, = 0. In light of the boundary condition on the top, this task is somewhat
simpler than for capillary-gravity waves. In fact, there is no need to introduce an additional

parametrizing variable.

LeEMMA 3.9.1. (Wahlén, [71]) For each Q with 0 < —2Bp, < Q, the corresponding
laminar flow solution H = H(p; Q) of (3.2.13) is given by

p ds
HmQ%Z/ po <p<O0.

o /Q+2B(s)’

The existence of small amplitude solutions is proved by a bifurcation argument as was

carried out in section 3.3, with the end result being the following.

THEOREM 3.9.1. (Wahlén, [71]) Let the wave speed ¢ > 0, the relative mass flux pg < 0,

coefficient of surface tension o and the Bernoulli function 3 € C1T([0, |po|]) and o € (0,1)
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be given. Then, if

(3.9.2) sup
pPLEM

1/2
op} — [, (0 — p1)*(2B(p) — 2Byin)'/*dp -
[ (2B(p) — 2B i)/ 2dp ’

where

0
M= {ple 0] o3t > | <p—p1>2<2B<p>—2Bmm>dp},

p1

there exists a C*-curve Dy C .7 of small amplitude traveling wave solutions (u,v,n,Q) of
(3.1.1)-(3.1.6) with period 27, speed ¢ and relative mass flux po , satisfying u < ¢ throughout

the fluid. The curve Dy,., moreover, exhibits the structural properties of THEOREM 3.3.1
(1)—(iii).

Note that the statement above differs from the theorem presented in [71] in two ways.
First, we have specialized to the case where L = 2. This is done simply as a matter of
taste and to stress similarities with [15] and chapter 2. More importantly, we have increased
the required regularity of the solutions (u,v,n) € Dj. and the vorticity function by one
(that this is valid is straightforward to show, by the remarks following the statement of
(3.1.1).) The motivation for working with more regular solutions is merely to allow us to
later employ THEOREM 3.7.1.

Also, let us draw attention to the fact that, for pure capillary waves, the bifurcation
from 7 is always simple. This is to be expected as sending ¢ to zero in (3.3.16), we find
0. = 0 so that ¥ = RT and Y U X3 = (. Interestingly, then, double bifurcation is truly
a capillary-gravity wave phenomenon: it is absent in both pure capillary wave and gravity
wave regimes.

Now, observe that the arguments of section 3.5 does not in any way rely on assuming
g to be strictly positive. In fact, by taking g = 0 and replacing the local theory of section
3.3 with that above, we recreate exactly the global bifurcation theorem for pure capillary
waves proved by Wahlén in [73]. Let 6 > 0 be given and define D5, O5 and S; as in section
3.5, but with Dy, in place of Cc.

THEOREM 3.9.2. (Wahlén, [73]) Let § > 0 be given and let Ds be as described above.
One of the following alternatives must hold:

(i) D is unbounded in R x X.

(ii) D intersects T at more than one point.
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(iii) D§ contains a point (Q,h) € 00s.

Fortunately, our arguments in the remaining sections are similarly indifferent to the
strict positivity of g. For instance, taking ¢ = 0 and running through the proofs of section
3.7 verbatim yields a theorem identical to THEOREM 3.7.1 but for pure capillary waves.
One way of interpreting this robustness is to note that, from a technical standpoint, the
difficulty introduced by stratification and capillarity are neatly confined to the interior and
boundary, respectively. They must therefore be treated more-or-less independently, and
hence we have already done the heavy lifting necessary to obtain the corresponding results
for the pure capillary case.

Combining these results (and likewise generalizing the proof of THEOREM 3.1.1) yields

the following.

THEOREM 3.9.3. Fiz a wave speed ¢ > 0, wavelength L > 0, relative mass flur pg < 0
and coefficient of surface tension o > 0. Fiz any a € (0,1), and let the function [ €
C3te([0, |pol]) be given such that condition (3.9.2). Let p € C'F([pg,0];R") be any choice
of streamline density function.

There exists a connected set D C . of solutions (u,v, p,n, Q) of the traveling, stratified,
pure capillary wave problem. The set D, moreover, exhibits all of the structural properties

described in THEOREM 3.1.1 (a)—(c).

This theorem represents a substantial strengthening of THEOREM 3.9.2, elucidating as
it does the meaning of alternatives (i) and (iii) in the Eulerian framework, as well as proving

the existence of a path-connected subset.

3.9.2. Irrotational homogeneous capillary-gravity waves. This simplest case to
consider with o > 0 is when 3 = 0 and p = pg, a positive constant. Since p, = 0, the
laminar problem simplifies greatly and we are able to solve it explicitly. In particular, for

A >0, po <p <0, we have

P—po 29p0lpo|
H(p;\) = , A=A+ ————.
#:3) VA o) VA
Thus Ao = (gpo|po])?/® and @ = v/A. Furthermore, since we are working in the constant

density regime, A, must coincide with \g, whence

1 _ 1
o, = g(gpo)z\po!% 52 — g(gpo)l/?’lpo\“/?’.
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Arguing as we have in the previous sections, we see that there exists a local curve of
non-laminar solutions of period 27 /n bifurcating from 7" at (H (-; Ax), A« ), for some n € N*|

A« > 0, provided there exists M = M (p) satisfying

adM" =n?aM, po < p <0,
M(po) = 07
N2 M (0) = (gpo + n?0) M(0).

From the first equation above we infer that any such M must take the form

M (p) = sinh <n(p\})\pg)>7 po < p<O0.

Imposing the boundary conditions on the top, it follows that bifurcation will occur for

(n, A«) satisfying the following relation

n*o + gpo n|pol
3.9.3 Ay = ——tanh | —— ).
(3.93) w0 < oy >

Note that, for fixed n, there is always a unique choice of A, for which (3.9.3) will hold. This
corresponds to the fact that, for constant density and zero vorticity, the Capillary-Gravity
Local Bifurcation Condition is satisfied automatically. However, it may very well be the
case that (n1, A«) and (n2, \,) each satisfy (3.9.3) for some A\, > 0 and distinct ny,ny € N*.
For definiteness, take n; = 1 and let A, be chosen so that (1, \,) satisfies relation (3.9.3).
If there is no ny > 1 such that (3.9.3) holds for (ng2, As), then o € ¥; and we are in the
simple bifurcation setting described by THEOREM 3.3.1. In view of LEMMA 3.3.6 we know
that simple bifurcation will occur whenever ¢ > o.. This fact can be seen directly from
(3.9.3) since, for any such o, we must have that A is strictly increasing as a function of n.
On the other hand, there is a set X9 of o lying to the left of o, for which there will be
an ng > 1 such that (ng, \.) satisfies relation (3.9.3). In this case, double bifurcation occurs
at (H., Q(A\«)) and we are in the setting of THEOREM 3.1.2. As we might expect, the set

Y9 is highly non-generic. Indeed, the following result shows that it has measure zero.

ProPOSITION 3.9.1. For homogeneous, irrotational, capillary-gravity waves, 3o is count-

able. In fact, it consists entirely of isolated points.

PROOF. Let 0, € 39 be given. Since (L-B) is always satisfied for irrotational waves, for

each o € R, there exists a unique A\, > €g for which

—(a®¢}) + gp'd1 = pagy, for py <p <0,  G(po) = 0, A (0) = (—po + gp(0))¢1(0).
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has a (nontrivial) solution ¢, where u = u; = —1. By continuous dependence on parame-
ters, we may view A, as a smooth function of o.

As o, is a point of double bifurcation, there exists precisely one other nonpositive
integer, s = —n3, for which the above eigenvalue problem has nontrivial solution with
= pa. Clearly ng # 1, since this would entail simple bifurcation. Let us first consider the
case where no > 2.

Again appealing to continuous dependence, we may consider the negative, real eigenval-
ues p1 and pg to be smooth functions of (A, o) defined in a sufficiently small neighborhood
Uy X Uy of (A, 04). Unravelling definitions, we see that o € Uy is an element of o if and
only if \/m is a positive integer. It follows that to show X3 is countable it

suffices to confirm

d(p2)
do

£ 0.

(/\*>U*)

We now prove this claim. Evaluating (3.9.3) for n = 1, we find

(3.9.4) Ax = (0 + gpo) tanh <\|§)§T|>

Differentiating the relation in o and rearranging terms, we are able to compute

-1
d\e [pol pol 2o Ipol
= tanh <\/)T* 1+ (0 + gpo)2)\i/2 sech o

—1
—\, 2 |pol h2< [pol ) :
<0 + gpo + (o + gpo) ~NE R W

which is strictly positive. (In fact, we already knew this in the general case by LEMMA
3.3.7.)
Let us denote n(o) := \/—u2(A«(0),0), for each 0 € Us (in particular, observe that

n(oy) = ng.) From (3.9.3), therefore, we have

(3.9.5)

(3.9.6) nis = (n%c + gpo) tanh (%)

Differentiating (3.9.6) by o, we obtain

dn A\« dn n|pol
— M A n— = (2n— 2) tanh [ ——
o +nd0 (ndaa—f—n) an <\/>\7

2 2 ( nlpo Ipo| dn n|po| dA«
h - .
+ (no + gpo)sec (\/K> <\/)T*da on32 do
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Upon combining like terms, this simplifies to

dn

Cld - 027
where
- 2 n|po| 2 n|po o (nlpo|\ d\«
Cy := n” tanh (\/E) - — (n®o + gpo) L sech N ) o

All that remains is to prove Cy # 0.
Using (3.9.5), we may write

d.
Coy=n [ntanh <n|p0|> ~ o (1 + (n2cr + 9p0) 2|f§/|2$ech2 <n]p0|>

n|p0|) 1 2 |po 12 n|pol

ntanh < + (n“0 + gpo) 3/25¢C

(398)  — . tanh ( ol ) VA ) % Vs
VA

Returning to (3.9.4) and (3.9.6), we see
(n*c + gpo)sech? <T\L|/]j\70J ) = n&sech(@iﬂj ) csch <T\L}I;TO*|)

s -ro() o (3)

Thus, C4 can be estimated

)

(3.9.9) sinh <\|2/9§>|) cosh <\|5§>|> + 2’;)3)2 7?)];\»(” cosh ( >

<1+ C5sinh? <\|f%>csch2 <Tj§%‘>
Observe, however, that the map
s () (V)
has a global upper bound of 1/4 for n > 2 and any values of |po|,\x > 0. Also, since
tanh (n|po|/v/A«) > tanh (|po|/v/A«), we have that C3 > n > 2. From (3.9.9) it then follows
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that Cy < 3C3/4, whence (3.9.8) implies Co > 0. Altogether, then, we have proved that

dn/do < 0. It follows that the points o € X9 where ng > 2 are isolated. O

Let us investigate further the case when o € Ys. For simplicity, let us suppose ny > 2
and fix A = \,. Note that, by evaluating the right-hand side of (3.9.3) for n = 1 and n = 2,

we find that nondeneracy condition (3.4.1) is equivalent to

40 + gpo (2\100’) (\Po\ )
—— tanh cotanh 1.
20 + 2gpo VA om 7

Now, recalling our earlier notation, we compute, for i = 1, 2,

1 n2|po| 2 (nz‘|p0|> 2,1
f\pii:_zi— oA ! sinh —oniA
(3.9.10) )
_mlpol i <2ni|]90|>
2VA 2 vx )
1 n2vVA [ Tlpo| VX . 2n4|po| 5V 4n;|po
—Ojii; = 1 1 1 sinh 7 ~ 16 sinh e
n; uz
(3.9.11)
3n? (m|p0|> 3 (ni|P0|>
+ —~ sinh cosh )
4\ VA VA
1 1 1
W@iijj:2ﬁ<2 ninglpol — Asin h< ))
2(n
( ) (2 )
(3.9.12) +nniVA

8(ni + nj)

nin nipol nipol nj|pol
+ L sinh ! cosh ! cosh? (JO>

Observe that the quantity in (3.9.10) is strictly negative, as expected. The signs and relative

sizes of the ©;;; and ©;;;; are more difficult to ascertain in general, but inserting (3.9.10)—
(3.9.12) into (3.4.2) yields an explicitly verifiable condition under which THEOREM 3.1.2
holds. We omit the details.

To obtain the dispersion relation for these solutions, let U, denote the horizontal velocity

corresponding to the laminar flow H,. Then, by the definition of py,

0 0
|pol :/_d\/ﬁTo(c—U*)dy:/_d(ﬁpH*)_ldy:d\/T*.
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Writing (3.9.3) in terms of the depth and the horizontal velocity, therefore, we obtain

2
c—U, = \/nan—i—gpo tanh (nd).
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CHAPTER 4

Symmetry of stratified steady water waves

4.1. Introduction

One of the characteristic features of ocean waves is their propensity to display stratifi-
cation — a heterogeneous distribution of density that can result from the interplay between
gravity and the salinity of the water. In a typical scenario, one observes a region just
below the surface where density increases quickly with depth, followed by a larger region
extending to the ocean bed where it is essentially constant (cf. [57]). Qualitatively, flows
with heterogeneous density may differ quite strikingly from their homogeneous counter-
parts. For instance, slowly moving stratified traveling waves have a strong tendency to
be two-dimensional. That is, the motion is identical along any line perpendicular to the
direction of propagation and the vertical axis [82]. Remarkably, this columnar behavior
will persist even with a foreign body, such as an infinitely long cylinder, placed vertically
within the fluid.

Unsurprisingly, therefore, stratification has been the subject of a great deal of scholarly
interest, especially in the oceanography and geophysical fluid dynamics communities. In
[76, 75], the author developed an existence theory for two-dimensional stratified steady and
periodic gravity waves, with or without surface tension (presented here in chapters 2-3.) It
was shown that, under certain unrestrictive assumptions, there is a global continuum of such
waves that are classical. This was done via a bifurcation argument, with the 1-parameter
family of laminar flows playing the role of the trivial solutions. As a consequence of this
construction, it was shown that each member of the continuum has monotonic surface profile
and is symmetric. That is, the wave profile possesses a single crest and a single trough per
period and is monotonic between them. Moreover, both the horizontal velocity and surface
are symmetric across the crest line, whereas the vertical velocity is antisymmetric. In this
work we address the complementary question: Under what circumstances are stratified

steady water waves with monotonic profiles necessarily symmetric? While at first blush it
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may seem that waves of this type are quite special, our main result implies that, in fact,
they are the only possible solutions within certain size regimes.

Let us now briefly review the setup for stratified waves in chapter 2. Fix a Cartesian
coordinate system so that the x-axis points in the direction of propagation, and the y-axis is
vertical. We assume that the floor of the ocean is flat and occurs at y = —d. Let y = n(x, t)
be the free surface. We shall normalize n by choosing the axes so that the free surface is
oscillating around the line y = 0. As usual we let © = u(x,y,t) and v = v(z,y,t) denote
the horizontal and vertical velocities, respectively, and let p = p(z,y,t) > 0 be the density.

For water waves, it is appropriate to suppose that the flow is incompressible. Math-
ematically, this assumption manifests itself as the requirement that the vector field be

divergence-free for all time,
(4.1.1) Uy + vy = 0.

Taking the fluid to be inviscid, conservation of mass implies that the density of a fluid

particle remains constant as it follows the flow. This is expressed by the continuity equation
(4.1.2) pt + upy +vpy = 0.

Conservation of momentum is described by Euler’s equations

us + puuy + pvuy, = —Py,
(4.1.3) PUL T PUUg T PUUYy x
Pt + puvg + povy = —Py —gp,
where P = P(z,y,t) denotes the pressure and g is the gravitational constant. Here we are
assuming that gravity is the only external force acting on the fluid.

On the free surface, the dynamic boundary condition requires the pressure of the fluid

to match atmospheric pressure, that we shall denote Pjy,. Thus,

(4.1.4) P = Pym,  ony=n(z,1).

The corresponding condition for the vector field is the so-called kinematic condition
(4.1.5) v =1 + ung, on y = n(x,t).

In essence, (4.1.5) states that fluid particles on the free surface remain there as the flow

develops. Finally, we assume that the ocean bed is impermeable and thus,

(4.1.6) v =0, ony = —d.
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Note that, since we are in the inviscid regime, we do not impose any conditions on u along
the bed.

We are considering classical traveling periodic wave solutions (u, v, p, P,n) to (4.1.1)—
(4.1.6). More precisely, we take this to mean that, for some fixed ¢ > 0, the solution appears
steady in time and periodic in the z-direction when observed in a frame that moves with
constant speed ¢ to the right. The vector field will thus take the form u = u(x — ct,y),
v = v(x — ct,y), where each of these is L-periodic in the first coordinate. Likewise for
the scalar quantities: p = p(x — ¢t,y), P = P(x — ct,y), and n = n(z — ct), again with

L-periodicity in the first coordinate. We therefore take moving coordinates

(SL’ - Ct>y) = (a:,y),

which eliminates time dependency from the problem. In the moving frame (4.1.1)-(4.1.3)

become
Ug + Uy =0
(417 (u—c)pz+vpy, = 0
pu —c)ugy + pouy, = —Py
[ p(u—c)vy +pvv, = —P,—gp

throughout the fluid domain. Meanwhile, the reformulated boundary conditions are

v = (u=¢)n ony=n(x)
(418) v = 0 ony = —d
P = Pam ony = 77(33)

where (u,v, p, P) are taken to be functions of x and y, 1 is a function of x, and all of them
are L-periodic in z.

Waves of this type will be called symmetric provided that there exists xg € R such that
(u, p,m) are symmetric over the line x = xg, while v is antisymmetric. We shall call any
local maximum of 7 a crest, and any local minimum a trough.

In the event that u = ¢ somewhere in the fluid we say that stagnation has occurred.
This is a slight abuse of the term, since we do not know that the vertical velocity vanishes
at the point as well. As will become apparent later, stagnation points may produce some
degeneracy or instability in the problem. For that reason, we shall restrict our attention to

the case where u < ¢ throughout the fluid.
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Recall that we have chosen our axes so that n oscillates around the line y = 0. In other
words,
/2
(4.1.9) ]/L n(x)dx = 0.
~L)2

We shall also denote

max = MAX n(x) +d, Nmin 1= Min n(x) +d.

These are the maximum and minimum distances between the surface and the bed, respec-
tively.

Observe that, by conservation of mass and incompressibility, p is transported and the
vector field is divergence free. Therefore we may introduce a (relative) pseudo-stream func-

tion ¥ = ¢ (x,y), defined uniquely up to a constant by:

Yy = _\/ﬁvv % - \/ﬁ(u - C)'

Here we have the addition of a p factor to the typical definition of the stream function for
an incompressible fluid. This neatly captures the inertial effects of the heterogeneity of the
flow [82]. The particular choice of ,/p is merely an algebraic nicety.

It is a straightforward calculation to check that v is indeed a (relative) stream function
in the usual sense, i.e. its gradient is orthogonal to the vector field in the moving frame
at each point in the fluid domain. As usual, we shall refer to the level sets of ¢ as the
streamlines of the flow. Observe that, in assuming u < ¢, we have guaranteed that the
streamlines are not closed. For definiteness we choose ¥ = 0 on the free boundary, so that

1 = po on y = —d, where pg is the (relative) pseudo-volumetric mass fluz,

()
(4.1.10) po = / d V@) lu(z,y) - d dy.

It is easy to check that pg is well-defined, i.e., the integral on the right-hand side above is
independent of . Examining (4.1.10), it is clear that py describes the rate of fluid flowing
through any vertical line extending from the bed to the free surface and with respect to the
transformed vector field (\/p(u — ¢), \/pv).

Since p is transported, it must be constant on the streamlines. Abusing notation we

may therefore let p € C?([po, 0]; R*) be given such that

(4.1.11) p(z,y) = p(—¥(z,y))
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throughout the fluid. When there is risk of confusion, we shall refer to the p occurring on
the right-hand side above as the streamline density function. We shall focus our attention
on the case where the density is nondecreasing as depth increases. This assumption is
physically well-motived, since it is a prerequisite for hydrodynamic stability. Note that the
level set — = pg corresponds to the flat bed, and the set where —i) = 0 corresponds to
the free surface. For that reason, we shall say the flow is stably stratified provided that the
streamline density function is nonincreasing.

By Bernoulli’s theorem, the quantity

E::P+g((u—c)2+v2)+gpy,

is constant along streamlines. To see this, note that by the conservation of mass (4.1.2),
(u— )y +v0,) E = (u— c)Py + 0Py + p((u — )%y + (u— c)vv,
+ (u — c)vuy + v20y> + gpv.

But, (4.1.7) implies

2

(u—c)Py = —p(u — c)“uy — p(u — c)vuy, vP, = —p(u — c)ov, — pv*v, — gpv,

whence
(u—rc,v)-VE =0.
Then, under the assumption that v < ¢ throughout the fluid, there exists a function
B € CY([0,|po]; R) such that

dE

(4.1.12) @(x,y) =B (z,y)).

For want of a better name we shall refer to 3 as the Bernoulli function corresponding to the
flow. Physically it describes the variation of specific energy as a function of the streamlines.
It is worth noting that when p is a constant, 3 reduces to the vorticity function.

We now define several quantities describing various properties of the wave. Let
Dy = {(z,y) eR*: —d <y < n(z)}

denote the fluid domain (in the moving frame) and, for each k € N, domain Q C R?, we

introduce the space

Cﬁer(ﬁ) = {f € Ck(ﬁ) :fle+ Lyy) = f(z,y), Yo,y € ﬁ}
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Put

o= Y= (1 0 - 0+ 190 — 4 (VB (- 0))?)
and

Ap :=max /p(c — u).

n
Roughly speaking, the first of these gauges how far away from stagnation the flow is (relative
to the magnitude of the vector field), while the second gives a bound on w~, the motion of

the fluid counter to the direction of propagation. Note that the quantities in parentheses
above are always positive. Next, we let

(4.1.13)
O }
u—=cCc u—=cCc

M describes (in a sense that will be made clear later) the variation dy/dx following along

1 P v
Volu—c) Yu—c

, ax

Dy

, max
Dn

M := max < max
Dn

u—=c

a streamline. In particular, M = 0 only for the family of laminar flows, these being shear
flows where the streamlines are parallel to the bed and n = 0. The motivation here will
become significantly more transparent in the next section, in particular, see (4.2.7) and the
accompanying discussion.

Our main result is the following.

THEOREM 4.1.1. Consider a stably stratified steady periodic wave train propagating
at fized speed c¢ over a flat bed at y = —d with relative pseudo-mass flux pg < 0. Let
p € C*([po,0);R*) and B € C([0,|pol]) be the streamline density function and Bernoulli
(Dy)) x C2,.(D,,) be the vector field.

function associated with the flow, and let (u,v) € C? er

per

Assume that the wave profile y = n(x) is monotonic between crests and troughs with period

L and that w — ¢ < 0. Each of the following is a sufficient condition for the wave to be

symmetric.
2
(S1) sup 8 + gNmax sup |p”’| < max {;r’ exp (— min{L, nmin})} ,
nmax
or
L / a2 ind T
(2) €/ o + gsup |p'| < exp (—ay ' “min{L, |po|} ),

€ <ap,
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where

_ 3 _
€ 1= ag | AGM + 2A5M* + ~ay " Aj (sup 5] + grmax sup o))

_ 1 _ 1 _
4203 AN + Lag?ABNE 2430 + a5 A3 (5up 5] + g sup 9]

Remark.  The first condition (S1) is a direct generalization of the main result of
[14]. We mention that, in particular, if 5/ < 0 and gnmaxp” < 1 then condition (S1)
immediately applies. For 3’ or p” small but positive, the Main Theorem implies that the
wave is symmetric provided that the maximum elevation of the profile and/or the period
are sufficiently small.

On the other hand, condition (S2) gives a criteria based on the distance from stagna-
tion, the degree to which the flow is laminar, as well the magnitudes of the volumetric mass
flux, Bernoulli function, density variation and the period. Generally, it states that solu-
tions exhibiting small 8 and p’ and which are sufficiently far from stagnant are necessarily
symmetric.

Let us now discuss the history of this problem. The basic machinery we employ is the
moving planes method, which was originated by Alexandroff [2]. Since then, this argument
has been used extensively by a number of authors, notably Gidas, Nirenberg and Ni [31]
and Serrin [63]. The first significant application of a moving planes argument to the study
of water waves was by Craig and Sternberg [17], who considered the case of solitary waves
in the irrotational setting.

The direct inspiration for our work is a number of recent breakthroughs in the study of
symmetry for two-dimensional, constant density, rotational gravity water waves, beginning
with a result of Constantin and Escher [14] analogous to condition (S1) of our main theo-
rem. This was a generalization of an earlier result of Okamoto and Shoji, who showed in
[65] that symmetry for irrotational waves must occur when the profile has a single crest and
is monotonically decreasing. Soon thereafter, Hur, building on the work of Garabedian [29]
and Toland [67] for irrotational waves, proved symmetry for arbitrary vorticity functions
under the assumption that every streamline attains a minimum on the trough line [33].
While this last condition was not entirely physical, she also introduced the idea of working

within the Dubreil-Jacotin formulation, which proved to be extremely convenient. As we
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shall see, the main advantage of Dubreil-Jacotin is that it demotes the vorticity function
from a semilinear forcing term to the coefficient of a first-order term in a quasilinear equa-
tion, thereby nullifying its importance for symmetry. Refining Hur’s argument, Constantin,
Ehrnstrém and Wahlén were able to significantly improve upon the result in [14]. In [13],
they showed that every two-dimensional rotational steady gravity wave with a monotonic
profile is symmetric. In other words, symmetry follows without any assumptions on the
vorticity function.

Work on the heterogeneous case has been comparatively sparse. The most complete
results are due to Maia [49], who considered solitary internal waves confined to an infinite
horizontal strip. It was assumed that the waves were quiescent at +o0o and connected to
a laminar flow at —oo, where a piece-wise continuous density distribution was prescribed.
Maia proved that, in this setting, waves of elevation are symmetric. Her argument, however,
relies heavily on both the geometry of the domain and the type of boundary data at oo,
and therefore does not extend to the free surface and periodic case which we consider.

It is worth noting that, in the stratified, deep water regime, there is a family of explicit
solutions due to Dubreil-Jacotin [26]. This was done by building up from the well-known
family of Gerstner waves, which are homogeneous, rotational solutions to the infinite depth
analogue of (4.1.7)—(4.1.8) (cf. [30, 12]). Dubreil-Jacotin’s construction hinged on the fact
that for Gerstner waves the pressure is a function of the streamlines, a remarkable feature
that is especially convenient in the heterogeneous density setting. We note that, like those
constructed in chapter 2, Dubreil-Jacotin’s explicit solutions are symmetric in the sense
described above.

The structure of our argument is as follows. In §4.2.1 we begin by providing two scalar
reformulations of (4.1.7)—(4.1.8); these are the natural generalizations to heterogeneous
flows of the equations studied in [13] and [14]. In §4.2.2, we then derive estimates on the
given quantities that ensure solutions of these equations satisfy a maximum principle. This

sets the stage for the moving planes argument that we provide in §4.3.

4.2. Preliminaries

4.2.1. Two reformulations. It will be convenient to replace the system (4.1.7)-(4.1.8)
with an equivalent scalar PDE for the stream function. Differentiating the expression for

and appealing to the definition of v, one can prove the following identity, known as Yih’s
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equation or the Yih—Long equation [82],

dE dp
— =A =,
a0 ¢+gyd¢

Rewriting the above expression in terms of the Bernoulli function 8 and streamline density

function yields the following

(4.2.1) —B(¥) = A — gyp' (—1)).

Moreover, evaluating Bernoulli’s theorem on the free surface ¥ = 0, we find

(4.2.2) VoI +29p(=9) (n(2) +d) =Q,  ony =mn(x)

where the constant Q) := 2(E|;) — Patm + gd). Note that @ gives roughly the energy density
along the free surface of the fluid. Together with the fact that ¢y = —pg on y = —d and
1 = 0 on the free surface, (4.2.1)—(4.2.2) provide a complete reformulation of the problem
as a semilinear elliptic equation.

It will also prove useful to consider the semi-Lagrangian (or Dubreil-Jacotin) formula-
tion, wherein we trade some additional nonlinearity in exchange for a fixed domain. Consider

the alternate coordinate system, (g, p), where

g==z,  p=—-9(z,y).

Then, under the transformation (z,y) — (q,p), the closed fluid domain is mapped to the

rectangle

R:={(q,p) eR?*: —L/2<q<L/2, py <p <0}

The purpose of the minus sign is simply to flip the rectangle so that the free surface will
correspond to the top of R, while the flat bed will map to the bottom. Given this, we shall

denote
T :={(¢,p) € R:p=0}, B:={(q,p) € R:p=po}.
Note that, in light of (4.1.11) and (4.1.12), we have that
B=pB(-p),  p=np).
Moreover, the assumption that the streamline density function is nonincreasing becomes

(4.2.3) o <0.
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Next, following the ideas of Dubreil-Jacotin, define
(4.2.4) h(q,p) =y +d

which gives the height above the flat bottom on the streamline corresponding to p and at

x = q. We calculate:

1 hq
(425> ¢y - 7h7pa d)x - hip,
and
(4.2.6) 0y = Op + hgdy,  Op = hyd,.

Working within the Dubreil-Jacotin formulation, we can now make precise the way in which
M in (4.1.13) describes the variation of dy/dx along the streamlines. Using (4.2.5) to write

(4.2.6) in terms of the Eulerian quantities (u,v), we see that (4.1.13) is equivalent to
(4.2.7) M = [|hgllcr ()

Of course, hy describes the variation of the height along a fixed streamline. For a laminar
flow, where the streamlines are all flat, we therefore have hgy, hgq, hgp = 0. In light of
(4.2.7), we see that M gives the distance of the flow from laminar. The rather complicated
expression for M in (4.1.13) is simply a consequence of re-expressing (4.2.7) in Eulerian
variables.

Observe that (4.2.5) also implies k), > 0, because we have stipulated that v < ¢ through-

out the fluid. Yih’s equation (4.2.1) becomes the following
(4.2.8) —hzﬁ(—P) =1+ hg)hpp + hqqh?a = 2hghphpg — g(h — d)hfgp’

where we have used (4.2.4) to write y = h — d. Recall, however, that we have normalized 7
so that it has mean zero. Taking the mean of (4.2.4) along T', we obtain
/2
(4.2.9) d=d(h) = ]f h(gq,0)dq.
~L)2
That is, the average depth d must be viewed as a linear operator acting on h. Namely, it
is the average value of h over T'. Where there is no risk of confusion, we shall suppress this

dependency and simply write d.
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Next consider the boundaries of the transformed domain. On the bed we must have, by

the definition of A, that

(4.2.10) h=0, onB.

In the new coordinates, the definition of @ given in (4.2.2) becomes the requirement
(4.2.11) 1+h2+h2(29ph—Q) =0, onT.

Altogether, then, combining (4.2.8), (4.2.10) and (4.2.11) we have that the fully refor-
mulated problem is the following. Find (h, Q) € C3,.(R)

per

(R) x R satisfying

(1+ hg)hpp + hqqhg% — 2hghphyg
—g(h —d(h))h3p = —=h33(-p) po<p<0

(4.2.12)
1+h3—|—h3(29ph—@):0 p=0,

| =0 P = po,

where h, > 0. Here p € C?*([po,0;R") and 8 € C([0,|po|]) are given functions with
p' < 0. The equivalence of (4.2.12) to the original formulation is proved in LEMMA 2.2.1
by a straightforward generalization of the argument given by Constantin and Strauss for

constant density rotational waves in [15].

4.2.2. Maximum principle. In anticipation of our argument in the next section, we
now attempt to find an elliptic problem satisfied by the difference of two solutions of the
height equation. Fix h, k solutions to (4.2.12) with the same value of @ and suppose that

d(h) = d(h). Define

L = (1+h2)h,302 + h 107 — 2hgh, 20,0,
o (Raalhy + ) = 2hghpg + B(=p) (W2 + hyhy + 12)) 1,0,
(4.2.13) + (ﬁpp(hq 4 hy) — QhPqu) b5,

—gp/(h — d(il))(hg% + hyphy, + ﬁ%)h;?’@p

—gp'.
Note that the first three lines of (4.2.13) are the same as the analogous operator found in
[13], except that we have divided through by hg; the stratification manifests itself only in

the last two lines. Also, since p’ < 0, the sign of the zeroth-order term “goes the wrong

way” in the sense that, even taking for granted that L is elliptic, the maximum principle
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does not generally apply. The goal of this section is to find suitable restrictions on h so
that a kind of maximum principle result will hold. Our main tool for this is a number of
results due to Berestycki, Nirenberg and Varadhan [5]. We begin by summarizing the most

relevant of these.

DEFINITION 1. Let £ be an elliptic second-order linear differential operator with
bounded continuous coefficients. The principal eigenvalue A1 = A\ (L) is defined as fol-

lows

A1 i=sup{A € R: 3¢ € C*(R) N C(R) satistying ¢ > 0 and (£ + \)¢ < 0 in R}.

The fact that A; is well-defined, i.e., that the supremum above exists, is a classical

result. Our interest in A; stems from the following theorem.

THEOREM 4.2.1 (Beresycki—Varadhan—Nirenberg, [5]). Let L be an elliptic second-order
linear differential operator with bounded continuous coefficients. Then L has a (refined)

mazximal principle if and only if A\ (L) > 0.

The meaning of “refined” above is made precise in [5], but for our purposes it can be
safely said to coincide with the traditional definition of the (weak) maximum principle.

In light of Theorem 4.2.1, our objective is clear: We seek to prove lower bounds on the
principal eigenvalue of the operator in (4.2.13). The most basic such estimate is given by

the following result of Protter and Weinberger [59].

THEOREM 4.2.2 (Protter—Weinberger, [59]). Let L be a general second order linear
differential operator with bounded coefficients. Then, if ¢ € C*(R) N CY(R) is a strictly

positive function on R,

Ai(£) = inf (—?) .

Using this with together with a construction in [5] we can prove a very rough but explicit

bound on A; in the case where there is no zeroth-order term.
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COROLLARY 4.2.1. Let M := a;;0;0; + b;0; be a second-order elliptic linear differential
operator with bounded continuous coefficients. Let ag denote the lower ellipticity constant

and let b be any constant satisfying b*> > supp > b?. Let o > 0 solve the equation
apc? —bo —b=1.
Then

(4.2.14) A1 (M) > exp (—omin{L, |po|}).

PROOF. In [5] it was shown that there exists a function ug € C?(R) N C(R) satisfying
Mug=—11in R, up > 0 in R and ug|gr = 0. If we further examine the actual construction
of ug, we find that 0 < ug < e?™{LblPol} | with o as above (see §3 of [5], particularly p. 61).

Then (4.2.14) follows directly from Theorem 4.2.2 with ¢ = up. O

Finally, for reference we repackage two important estimates from [5] regarding the de-

pendence of A1 on the magnitudes of the first- and zeroth-order terms.

PROPOSITION 4.2.1 (Beresycki-Varadhan-Nirenberg, [5]). Let M := a;;0;0; + b;0; and
M’ := a;;0;0;+b.0; be a second-order elliptic differential operators with smooth coefficients.
Let ag be the lower ellipticity constant and let b be any constant satisfying b* > supp > b?.

Suppose that 0 is chosen so that

> (B = bi)* < 6% < bay,

)

then

(4.2.15) A(M) > A (M) — \/Za.

ProoOF. This is essentially estimate (5.2) of [5] (used to prove Proposition 5.1 of that

paper) with ¢ = 0. O

PROPOSITION 4.2.2 (Beresycki-Varadhan—Nirenberg, [5]). In its dependence on the

zeroth-order term, A1 is Lipschitz continuous in the L°°-norm with Lipschitz constant 1.
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That said, we are now prepared to prove the key lemma of this section.

LEMMA 4.2.1. (Properties of £) Let h, h € C35*(R), Q € R be given such that d(h) =

d(h) and (h,Q), (h,Q) are solutions of (4.2.12) with supﬁhzjl = supﬁﬁ_l

of =1
p s infgh,” =

infﬁﬁljl . Then the operator L defined in (4.2.13) satisfies the following.
(a) L(h—h) =0.

(b) L is a uniformly elliptic differential operator with lower ellipticity constant

ag = igf

L+hi+hy 1
R

2
T (1+ h2 + h2) —4hg>.

(c) Let A1 (L) denote the principle eigenvalue of L as in (1). Define

b:=sup { [hggﬁqq(hp + hp) = 20, hahpg + B(=p)hy* (B + hphy, + 1)
R

- - - )
(4.2.16) — i, 3gp! (h — d(R)) (B2 + hyhy + hg)]
1
- - . 12) 2
[ Ry + ) = 20 Ry } .
and let o be as in Corollary 4.2.1. Then A\1(L) is strictly positive provided that

(4.2.17) g sup p'| < exp(—omin{L, [po[})
Po,0

Alternatively, we have that A1 (L) is strictly positive provided
(4.2.18) b<ag

and

b _
(4.2.19) b\/z + g sup |p/| < exp <_a0 1/2 min{L, |p0|}>.
0

[po,0]

PROOF. A tedious but easy calculation readily confirms that £(h —h) = 0, proving (a).
Similarly, the second-order terms of £ are identical to those of the differential operator in
the height equation which has been proven to be uniformly elliptic section 2.4. Calculating
the precise lower ellipticity constant is a simple exercise that we omit for brevity.

The interesting part is, of course, proving (c), which is done as follows. By Proposition

4.2.2 we know that A; is Lipschitz in its dependence on the zeroth-order coefficients with
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Lipschitz constant 1. That is, if we denote as L the differential operator found by dropping

the zeroth-order term in £, then
(4.2.20) A1 (ﬁ) > )\1(£0) — sup ‘gp/‘.

In order to show A;(L) is positive, therefore, we must produce lower bounds for £y. This
can be achieved by using Corollary 4.2.1 directly, proving A; (L) is positive under condition
(4.2.17).

To arrive at the more involved conditions (4.2.18)-(4.2.19) we instead begin by chopping
off the first-order terms using Proposition 4.2.1. Let £; denote the operator operator

consisting of the second-order terms of £. Applying Corollary 4.2.1 to £ yields
A (L) > e—o0/*min{L, pol}

The final step is to estimate the difference between A1(Ly) and A (L1). Let b be as in
(4.2.16) so that (4.2.18) implies b < ag. Then, taking 6 = b, we have by (4.2.15):

(4.2.21) A1(Lo) > M(Ly) — b\/z.

Using this information in concert with (4.2.20) we obtain

b
A (L) > M (L1) —suplgp| — b”a—o

- ) b
> exp (—ay " min{L, lpol}) —suplgo'| by =

Observe that the quantity on the right-hand side above is positive by (4.2.19), hence A\; (L) >

0. This completes the proof of (c) and the lemma. O

4.3. Symmetry

We are now prepared to prove the main theorem of this chapter. This shall be done
by employing an adapted moving plane method (cf. [13, 14, 31, 63].) The necessary

maximum principle properties will follow from the results of the previous section.

PROOF OF THEOREM 4.1.1. First consider the case when (S1) holds. We shall struc-
ture our argument on those of [14]. Without loss of generality, suppose that the trough of
the wave train occurs at z = £L/2. By assumption, we may choose § € (0,1/2) satisfying
72 (1 —20)?

2
Tmax
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We may therefore define a function o € C%([0, max]) by

Oz(y) (=sinT ((1 — 25) y + (5), 0< Yy < Thmax-

Thmax

One can readily verify that a has the following two properties

2(1 — 26)? 2
(4.3.2) 0 < sin(md) <a <1, @:—”(2 ) >
« nmax nmax

For each A € (—L/2,0] consider the truncated fluid domain
Dy :=Dn{(zr,y): —L/2 <z < A}.

Since the trough occurs at x = —L/2, for A sufficiently near —L/2 the surface profile is
monotonically increasing, hence the transformation (z,y) — (2A — x,y) maps D, into D.

For such A we define the reflected domain
DIt .= DyU{(@2\—x,y) : (z,y) € Dy} C D.

Incrementing A\, we eventually reach a point where Df\% is no longer contained in D. There-

fore, if we put
Xo :=sup {\ € (—L/2,0] : DY ¢ D},

We consider two cases, the first being that A\g = 0. If this fails to be true, then Ao < 0 and
either Ao occurs at a crest, or Ag lies strictly to the left of a crest. Notice, however, that
the symmetry of the equations allow us to assume the crest occurs in the interval [0, L/2),
without loss of generality. Thus, when A\g < 0, we need only consider the case when Ag

occurs to the left of a crest.

Case 1: \g = 0. For each (z,y) € Dfo =:Q, put

w(_xv y) — 77/}(1'7 y)
a(y)

w(:n, y) =

9

where v is the pseudo-stream function. Proving symmetry of the wave is equivalent to
showing that w = 0 in Q. Note that ¥(—x,y) = ¥ (z,y) on the free surface, by construction,
and Y (—z,y) = ¢¥(x,y) on the bed and under the trough line, by periodicity. In other words,
w = 0 on JN). This suggests that, in order to prove w vanishes identically, we need to show

that w satisfies a maximum principle. Naturally, this will have to come from (4.2.1).

205



With that in mind, we compute

A
Aw + 2%6?410 = (aw) — @w, in Q.
o « «

Since a(y)w(z,y) = Y(—x,y) — ¢Y(z,y), from (4.2.1) and (4.3.2) we conclude

Aw + Z%Gyw + b —gue! — 71’2(12— 26)210 =0, in €,
@ «Q nmax
where, for all (z,y) € Q,

Qﬁ(—l‘,y) —@Z’(%y) ’ 1/’(—%@/) —1/)(33,y)
But, by the mean value theorem, for each (z,y) € Q, there exist s; = si(x,y) € (0, |pol),

so = s2(z,y) € (po,0), such that

Bz, y) =B (s1(z,y),  p(x,y) = —p"(s2(2,9)).

Therefore, if we define

72(1 — 26)?

772 ’ V(l',y) € Qv

c(x,y) = B (s1(z,y)) + gyp” (s2(x, y)) —
then
Aw + 2%63,@0 + cw =0, in Q.
o

Observe that, by condition (S1), ¢ is non-positive. We are therefore able to apply a minimum
principle and conclude either w > 0, or w = 0 in (.
Let us denote the corner point C' := (—L/2,n(—L/2)). Then, by periodicity of the wave

profile, we must have
w(C) = wy(C) = wyy(C) = wee(C) = 0.
Likewise, differentiating the relation ¥ = 0 on y = n(z), we find
Yo+ Py =0,  ony=mn(z).

Since the trough occurs at x = —L/2, we have n/(—L/2) = ¢,(C) = 0. It follows that
we(C) = 0.

Finally, consider wg,(C'). From the nonlinear boundary condition (4.2.2) we compute

%(%y + w:cyn/) + ¢y(¢xy + wyyn/) + gp(—iﬂ)n' =0, ony= 77(33)
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Evaluating this at C, we conclude ., (C)v,(C) = 0. But, since 1, < 0, this can only be
the case provided v, vanishes at C. In light of this, and the fact that w,(C) = 0, it follows
that

e
Yay — Yw, =0, at C.
e !

Wy = —2

Thus all derivatives of w of order up to two vanish at C. This violates Serrin’s edge lemma

(cf. [28]), unless w = 0 in 2, as desired.

Case 2: Ay < 0. As we remarked earlier, we may assume that the crest occurs somewhere
in the interval [0, L/2). From the definition of \¢ it is clear that Dfo is internally tangent
to the upper boundary of D at the point of where Df\?“o contacts D, call it (&, n(§)).

Put A1 := 2Xg + L/2, Ay := Ao + L/2. We wish to consider the domain that results
from reflecting D), over the line x = A1, and the set D \ D), over the line x = \y. More

precisely, let us define

n2xo —z) Ao <x < Ap,
n2A2—x) A <z < g,
and
Q:={(z,y) eER*: Ng <z < Ny, —d<y<x)}
Observe that £ must necessarily lie in some interval where the free surface is decreasing.
This is a simple consequence of the fact that, left of the line x = Ay, the boundary of Dfo

is negatively sloped. We conclude, therefore, that Q@ C D. Let us further define, for all
(z,y) € O,

¢(x,y)—1/)(2)\0—x,y) Mo <z <A,
a(y)
w(z,y) =
Q/J(.%',y) — ¢(2/\2 — xvy) M <z < N
a(y)
We know that 1) = 0 on the free surface and ¥ > 0 in the interior of the fluid. It follows

that w > 0 on the upper boundary of €). As before, periodicity ensures that 1 vanishes
on the lateral boundaries of €2, by construction. Finally, we know that ¢ = pg on y = —d,
hence w vanishes identically on the lower boundary of €.

As in the previous case, a simple calculation shows that w is a solution in 2 with respect
to a linear elliptic operator of the form A + a~tay,d, + ¢, where ¢ < 0 when (S1) holds. It

follows that w > 0 in €, or w = 0 in Q.
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Suppose that we can prove w = 0 in Q. Explicitly, this means 1(z,y) = ¥(2\o — z,¥)
in Q, for \g <z < A1, and Y(z,y) = ¥(2A2 — z,y) in Q for \} < x < Ag. Using the fact
that 1, < 0, we can differentiate the relation ¢ (x,n(x)) = 0 to conclude n(z) = f(x), for
x € (Ao, A2). But this is impossible, as the free surface is assumed to be monotonic. Thus
w = 0 in Q implies \g = 0, and so we are in the first case, for which we have already proved
symmetry holds.

Seeking a contradiction, suppose instead that w > 0 in Q. Let C := (§,n(§)) denote
the contact point and note that it is in the interior of the upper boundary of 2. We claim
further that w(C) = 0. To see why this is the case, observe that by definition of £, we have
n(&) = 7n(€). Therefore, in light of the fact that ¢» = 0 on the free surface,

P(&,1(2h0 =€) = P(&,n(8)) = 0 = P(2h0 — £, 1(2A0 — £))-

Since w(C') = 0, w attains a minimum at C. As Df\%o is internally tangent to D at C, we
must have that the interior sphere condition is satisfied there. The hypotheses for Hopf’s

boundary lemma (cf. [28]) now completely verified, we infer that

ow
£ . <0,
where v is the normal vector at C.

We will produce a contradiction by showing that, in fact, the normal derivative must
vanish at C. Towards that end let us consider &y := 2\g — &, that is, the reflection of £ over
the line x = \g. By definition of ¢, we must have that n(§) = (&), and 7' (&) = —n'(&).

Differentiating the relation ¢ (z,n(x)) = 0 and taking these observations into account, we

arrive at the following identity

e
Py

_ W

(4.3.3)
(§0,m(€0)) Yy

C
Here we again made use of the fact that ¢, = u — ¢ < 0. Also, the nonlinear boundary

condition (4.2.2) implies

(IVY* + gp(—=)(n + d)) =Q = (V¢ + gp(—)(n+d) | ,

(€0,m(&0)) C

hence, since p is constant on the free surface,

(4.3.4) IV (Co)l* = [Vy(O)?,
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where we let Cy := (§0,1(&o)). From (4.3.3)-(4.3.4) we conclude further that

Ye(Co) = =12(C),  y(Co) = y(C).
Let the normal vector at C be v = (v1,v2). Then,

w $2(C) + ¢ (Co) | y(C) =y (Co) _ ay(n(§))

=1 + 19 %

wle a(n(€)) a(n(€)) *a(n(©))

which is zero, by the above considerations. We conclude that w = 0 in Q.

w(C)7

Up to this point, we have seen that symmetry holds if

71'2

sup 3 + ghmax sup [p"| < 2

max

To complete the proof for (S1), we must now show that symmetry holds when the right-
hand side above is replaced by exp (— min{L, nmin}). We note that the only use of (S1)
in the preceding argument was to ensure that a minimum principle holds for w. If we take
a = 1, then w will be a solution of a linear elliptic operator of the form A + ¢. Since the
ellipticity constant here is one, Corollary 4.2.1 and Proposition 4.2.2 together show that the

requirement
(4.3.5) supct < exp (—min{L, Nmin})
Q

implies w has a minimum principle, and hence the wave is symmetric. The second term on
the right-hand side of condition (S1) is chosen precisely so that (4.3.5) holds.

The last condition, (S2), will require more effort. In particular, we shall work with the
height equation formulation (4.2.12) and make use of the operator £. In doing this we are
closely following the path set forth by [13].

Let h be the height function for a steady periodic gravity water wave as in the statement.
If A is flat there is nothing to prove, so without loss of generality we suppose that a crest
occurs in the interval [0, L/2) and a trough at ¢ = —L/2. This is permissible, as (4.2.12) is
invariant under the transformation ¢ — —gq.

For each A € (—=L/2,0), (¢,p) € [\, 2\ + L/2] x [po, 0], put
¢ =2\—q,  w(g,p; A):= h(g,p) — h(a,p).
Then, by construction, for A € [-L/2,L/2], (¢,p) € [\, 2\ + L/2] x [0, po],

(4.3.6) w(A,p; A) = h(\,p) — h(q*,p) =0,
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and

(4.3.7) w(g, po; A) = h(g, po) — h(q*, po) = 0.

Also we observe that

(438) d(w(a.p ) = { (kla.0) = h(e0)) dg =

owing to the periodicity of h.

Fix ¢. Then, by monotonicity of the profile, w(q,0; A) > 0 for A near —L/2. Put
Ao :=sup{\ € [-L/2,0]: w(q,0;\) >0, for g € (\,2\+ L/2)}.

There are two cases to consider.

Case 3: Ao = 0. Denote Q := (0,L/2) x (pp,0) and, to be concise, fix A\ = A¢ for w.
Identity (4.3.7) implies that w = 0 on the set 9% := {(¢,p0) : 0 < ¢ < L/2}. Likewise,
by periodicity of h we have w(L/2,p) = h(L/2,p) — h(—L/2,p) = 0, for all py < p < 0.
Thus w vanishes identically on the right boundary, 0, = {(L/2,p) : po < p < 0}.
Taking A\ and replacing it with \g = 0 in (4.3.6), we obtain the same result on the left
boundary, 9 := {(0,p) : po < p < 0}. Finally, on the top of €, which we denote
09 :={(q,0) : 0 < ¢ < L/2}, we have w > 0 by the definition of \g. Combining then, we
see w > 0 on the entire boundary of €.

Suppose for now that w has a determined sign in some region ' C Q whose boundary
includes the corner point (L/2,0) and which is blunt in the sense that the Serrin edge
lemma holds there (see, for instance, Definition E3 of [28]). By (4.3.6) and periodicity,
w(L/2,0;Xg) = wp(L/2,0; Ng) = wqe(L/2,0; Ag) = 0. Using these facts we can differentiate

(4.2.11) in ¢ and evaluate at the corner to
2hphpe (2gph — Q) =0, at (L/2,0),

which implies hp,, — and thus wy, — vanishes at (L/2,0).
As w is a solution for £ in € with determined sign, applying Serrin’s edge lemma and
the arguments of the previous paragraph we see that at least one of wgyy and w,, must be

nonvanishing at (L/2,0). This leads to a contradiction, as w(q, p; A\g) = h(q,p) — h(—q,p),
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and thus
waI(L/27 O) = hq(I(L/2a 0) - hqu(_L/2v 0)

wpp(L/27 0) = hpp(L/27 0) - hpp(_L/27 0)

We conclude that no such region ' can exist.

Case 4: Ao € (—L/2,0). In this case, there also exists a first point gy € (Ao, 2N\ + L/2]
for which w(qo,0; Ao) = 0, and w(q, 0; A\g) > 0 for Ao < ¢ < gop This will be attained at the

point where the graphs of the functions ¢ — h(gq,0), ¢ — h(g*°,0) are tangent to each other.

First observe that, by definition of A\g, we cannot have w(q,0;Ag) > 0 for ¢ > \g. We

may continuously extend w by letting

L L
w(gq, p; Xo) := h(q,p) — h(¢™ + L,p), for (¢,p) € [Do o Aot g X [po, 0].

It is important to observe that the extended w satisfies Lw = 0 in the interior of its domain

of definition. Redefine

L
Q= ()\0, )\0 + 2) X (p070)7
and, as in [13], periodicity implies w € C?(2). Also, if 2\ + L/2 lies to the left of the crest
line, w(g,0; A) > 0 holds for all A < ¢ < 2\ + L/2. Thus 2\¢ + L/2 must be to the right

of (or coinciding with) the crest line. Monotonicity of the profile then ensures that A is

decreasing for ¢ € (2)\g + L/2, L/2). This implies that on the top

L
w(Q707 )‘0) Z 07 \V/q S |:)‘07 A0 + 2:| .

On the boundary, we therefore have the following sign information

w(Ao,p;Ao) = w(Xo+5,p3h0) =0, for p € [po, 0],
w(q,po; o) = 0 and w(q,0; Ag) >0, forqe€ [)\0,)\0 + %} .

Suppose there exists a region Q" C Q where w > 0 in Q”, (go,0) € 9Q” and 99" is
smooth at (go,0). Since the graphs of ¢ — h(q,0), ¢ — h(g*°,0) are tangent at the point
(q0,0) this point, w,(qo,0;X\g) = 0. In particular, hy(qo,0) = —hy(g°,0). Using this to
evaluate (4.2.11) at (go, 0) and (qé‘o, 0) we find hy(qo,0) = hp(q{]\o, 0). Thus Vw(qo,0; A\g) = 0.
However this contradicts the Hopf lemma (which is applicable, despite the adverse sign of
the zeroth-order term of £, because of the predetermined sign of w in ", c¢f. Remark 2.16

of [28]). Thus no such region Q" can exist.

211



Proving both Case 3 and Case 4, therefore, involves showing that either ' or Q” must
exist, unless w = 0 in €. Since we know that Lw = 0, this can be done easily provided we
know L satisfies a maximum principle. That is, in both of these cases we have demonstrated
that w > 0 on 0N (where, we note, w and 2 are defined differently in both cases). Hence,
if £ satisfies a maximum principle, then by definition w = 0 or w > 0 in €2, so that we may
take ' = Q" = Q.

Unfortunately, it will not in general be true that £ satisfies a kind of maximum principle.
However, if we let h(q,p) := h(¢*,p), then by Theorem 4.2.1 we know that the maximum
principle will hold precisely when A;(£) > 0. Lemma 4.2.1 then tells us that this will
occur provided (4.2.18) and (4.2.19) hold. Making this assumption, the rest of the proof
of the theorem is immediate. All that remains to show, therefore, is that (S2) implies
(4.2.18)~(4.2.19).

Let b be defined as in Lemma 4.2.1 taking ﬁ(q,p) := h(g, p) for Case 1, or h(¢* + L, p)
for Case 2. First note that, by definition, ag < infz1/(2h,), whence

sup hp, sup in < %aal.
R R

Then, using the equation (4.2.12) satisfied by h, we can estimate
sup |}~1pp’ < sup 2}~1p}~1q}~lqp - Bfoiqu +g(h — d(h)p'h;) — ﬁ(—p)ﬁﬁ‘
R R

) 1, 1 _
< ag "M + 205 ° M + o (sup || + grhmax sup ') g,

where we take M := ||hq|| o1 (g, which, in view of (4.2.7), is precisely the same as in (4.1.13).

From the above inequality we find,
3
b < ag AGM + 2A5M? + Sag *Aj (sup 3] + grimax sup o])
1 1
+ 2a5 P AZM? + 5@62A8M2 + 2A2M + Zag?’A% (sup |B] + gnmax sup ']) -

The right-hand side, of course, we recognize as the € occurring in the theorem’s statement.

Therefore (4.2.18)—(4.2.19) follow immediately from (S2), which completes the theorem. [

Remark. From the above proof we can see quite clearly why providing criteria for
the symmetry of stratified waves is dramatically more difficult than for the homogeneous
case: it is precisely the appearance of density variation that breaks the maximum principle

structure. Naturally, this leads us to wonder whether or not it is reasonable to expect
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that highly stratified waves are necessarily symmetric. While we are not prepared to offer
any conjectures on this question, it seems clear that, at the very least, making significant

progress will require a new point of view.
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