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Chapter 1

Introduction and Preliminary

Material

1.1 Introduction

The study of shapes and their similarities is the central problem in computer vision.
Of particular interest are 2D shapes, such as the outline of an object in a photo, the
shape of a bacteria under a microscope, or an image of body tissue from an X-ray.
The natural questions arise: how different are these shapes? Can we quantify the

measure of their difference? Can we infer some extra information?

In order to answer these questions from the mathematical point of view, we need
to formalize the concept of all possible shapes, and devise a mechanism that will
yield the quantifiable difference between shapes. It turns out that the tools to study
the shape space and to answer the above questions are given to us by Riemannian
geometry. We can treat a collection of all planar shapes as a manifold. Riemannian
geometry allows us to put a metric on this manifold. Equipped with the metric we

can analyze the shape space: connect shapes with paths of shortest length, and thus



get a geodesic; obtain curvature of the shape space, and infer the overall geometry

of the shape space.

Recently the space of planar curves equipped with different metrics has been
extensively studied in [YMSMO08], [MMO05], [MMO06], [MMO07], [KSMJ04], [SMO06].
By endowing the shape space with a metric, we will be able to measure a certain
similarity between shapes. If the shapes are similar, in some sense, then the distance
between them is small; if two shapes are different, then the distance between them

is large.

Why is it important to compute distances between shapes? For example: in
computer vision it aides classification, recognition and segmentation tasks. Given a
set of shapes from some class (say, outlines of cats) and a metric, one can construct
the so-called mean shape, or Karcher mean. The mean shape will be, in some sense,
an ‘average’, or ‘typical’ shape from this class. By measuring the distance between
any given shape and a mean shape, one can tell whether it is a cat or, say, a dog,
thus performing a classification task. In computational anatomy, given a metric on
a shape space, one can construct the average shape of a diseased tissue (it could be
a failing heart or a brain of an Alzheimer’s patient, for example). By computing
the distance between a patient’s tissue and an average diseased tissue, an automatic
diagnosis can be rendered, or a doctor can start early treatment if the patient’s heart

is ‘close’ in the shape space to a failing one.

Many types of metrics has been proposed previously [Mu91]. For example, one
can measure the distance between shapes by taking the area of the symmetric dif-
ference of interiors of two shapes. This is an L'-type metric. There is an L*®-type
metric, such as Hausdorff metric: the distance between two shapes, which is calcu-
lated as a maximum distance of the points on one of the shapes to the points on the

other.

The curvature of the underlying shape space is of particular importance to appli-
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Figure 1.1: Behavior of the neighboring geodesics in the case of negative sectional
curvature.

cations. It influences the numerical computation and the behavior of geodesics. The
goal of this thesis is to look at a particular metric on the space of planar shapes, the
so-called Weil-Petersson metric, to find geodesics in this space, and to investigate

the influence of curvature on the theoretical and numerical behavior of the geodesics.

It turns out that one can associate all possible smooth shapes (represented by
smooth, simple, closed curves) with a certain coset space PSLy(R)\Diff(S1). Tt is a
right coset space of a subgroup PSLy(R) (stands for projective special linear group) in
the group Diff (S1). The group Diff(S') is the group of diffeomorphism of the circle
St onto itself. We equip the above space with a specific metric, the Weil-Petersson
metric (WP). The resulting shape space has two major properties. The first one
is that all of its sectional curvatures are negative. It is believed REF (as in finite
dimensional case) that between any two shapes we can find a unique geodesic, the
path of shortest length. Also it introduces a sort of ‘stability’ in the geodesic finding
problem. Given any geodesic between two shapes, the geodesic between ‘nearby’
shapes will be close to the initial geodesic (see Figure 1.1). Secondly, the resulting
space is homogeneous with respect to the right translations by a diffeomorphism.
This means that if we apply a diffeomorphism from the right to a given geodesic in
the shape space, it will transform the initial and final shapes into new ones, and the
geodesic into another geodesic connecting the new shapes, while preserving the WP

distance.



The coset space PSLy(R)\Diff (S!) (or its completion in the WP metric or in the
Teichmiiller topology, see for example [Takht]) is known as the universal Teichmiiller
space and is well-known in many contexts: in the classification of Riemann surfaces
[Hu06], conformal and quasi-conformal maps [Leh87], string theory [BR87] and most
recently computer vision [SMO06]. Its completion in the WP metric is an infinite
dimensional homogeneous complex Ké&hler-Hilbert manifold ([TT06]). The coset
space PSLy(R)\Diff (S!) has another realization as the space of smooth, simple,
closed curves mod translations and scalings. By studying the geodesics in the space
PSLy(R)\Diff (S1), we get a corresponding path in the space of the planar shapes,

modulo translations and scalings.

This thesis is organized as follows. Chapter 1 will cover the basic definitions and
theorems that will be used throughout the thesis. Chapter 2 will introduce the Euler-
Poincaré equation on the group of diffeomorphisms of the circle S, or EPDiff(S?!),
i.e. the geodesic equation on the shape space. Chapter 3 will be dedicated to the
study of singular solutions of the EPDIff(S), so called Teichons. I will prove the
existence of a Teichon solution for infinite time in one ansatz example. Numerical
solution of the ODE that governs the Teichon evolution will be presented. Chapter 4
will deal with the computation of the sectional curvature of the universal Teichmiiller
space. I will show that the formula coincides with the Arnold’s formula for curvature
in [Ar66]. The last chapter will be dedicated to the numerical methods of finding
geodesics in the space of 2D shapes, and presenting some example geodesics. The

effects of negative curvature on the geodesic behavior will be demonstrated.



1.2 Lie groups and Lie algebras

1.2.1 Lie group

A Lie group is a smooth manifold GG, with the property that the multiplication map

m: G X G — G and inversion map i : G — G, given by

m(g, k) = gh, i(g) =g,

which are both smooth maps.

Examples.

o Aff(R). Consider Aff(R), the group of affine transformations of the real line
R. An element of the group g € Aff(R) acts on z € R in the following way:
x +— ax + b, where a € R, a > 0 and b € R. In other words, Aff(R) = {(a,b) |
a€R, a>0beR}

e Projective special linear group PSLa(R). This group consists of the Mobius
maps that preserve the unit circle, i.e. A € PSLy(R) such that:

az+b
A = o P = =1

In general, a M&bius map A(z) has the form:

A(z) = %, ad — be = 1.

It is defined by four complex numbers a, b, ¢,d. Since multiplying all of them
by a constant does not change a map, the normalization ad — bc = 1 is chosen.
This is a 6-dimensional group. If one considers all of the coefficients to be

real, i.e. a,b,c,d € R, then it is easy to check that the M&bius map A(z) will



preserve the upper half-plane. Take a map C(z) = Z.szl. It maps a unit disk,

centered at zero to the upper half-plane. Therefore, the map C o Ao C~! will
map a unit disk onto itself. It is easy to check that, in this case, the map

C o AoC™! will take the form:

((a+d)—i(b—c))z+ (b+c¢) —i(a—d)

0oAoC™! =

CoAo(C (Z) ((b_l_c)_l_z'(a_d))z—l—(a—l—d)+i(b_c)
_az+f 2 -
T Bzta’ of* — 18] =1

These are the elements of PSLy(R), a 3-dimensional subgroup of Mdbius trans-
formations. The name of the group stands for the projective special linear
group. This name comes from the fact that a Mobius map with real coefficients
can be regarded as an element of SLy(R), 2-by-2 real matrices with determi-
nant 1. Projective special linear group is the quotient of SLy(R), obtained by
identifying each element with its negative, i.e. PSLo(R) = SLo(R)/{+1, —1}.

The action of PSLy(R) on the circle can be written as:

(ag + b2) + (a1 — by) tan(6/2)

tan(A(6)/2) = (a1 + b1) — (as — by) tan(0/2)”

o Group of diffeomorphisms. The group of diffeomorphisms mapping the domain

M C R” to itself is a Lie group. It will be denoted by Diff ().

Remark. If M is a compact manifold, then Diff(M) is a Lie group modeled on
the infinite-dimensional locally convex vector spaces. See [KM97] for details. Many
of the results for the finite-dimensional Lie groups can be applied in the infinite-

dimensional case.



1.2.2 Lie algebra

A Lie algebra g is a tangent space at the identity e of the Lie group G, endowed
with the Lie bracket map, denoted by (X,Y") — [X, Y], which satisfies the following
properties for all XY, 7 € g:

e bilinearity,
e antisymmetry,

e Jacobi identity, i.e. [X,[Y,Z]]+[Y,[Z, X]]+ [Z,[X,Y]] = 0.
Examples.

e In the case of the group of affine transformations Aff(R), let us represent
g € Aff(R) as a pair (a,b), where a > 0,b € R. Therefore, we can identify the
group Aff(R) as a right half-plane. The identity element is e = (1,0). The

tangent space at e is the whole R2.

e Let us determine the Lie algebra psly(R). First, consider a tangent space to the
group PSLy(R) at the identity element. It could be shown that a Lie algebra
psla(R) consists of vector fields v(z) of the form:

v(2) = (a127" + ag + ar12)iz——.

0z

For z = €% this vector field is tangent to the unit circle. Since 9/96 pushes to
i20/0z under the embedding 6 — ¢, we can rewrite this in the coordinate 6
on the circle:

v(f) = (bcosf + csinf + ao)%,

where b=a_; + ay,¢c =i(a; —a_1), and b,c € R, since a_; = a.



e The tangent space T.Diff (M) is the space of smooth vector fields with support
on M. It will be denoted as Vec(M).

1.2.3 The adjoint representation

For all g € G, we can define the left and right translation maps on G:
Ly:hw— gh, Ry:hw— hg.

We can also define the conjugate map: h +— ghg™' = LyR,-1h. It induces a map
on the tangent space at the identity e, denoted by Ad,. For any vector X € g, it is
given by:

Adg:g—yg,

X — DR, 1 DL,X.

The map Ad that associates any element g € G with a bijective linear mapping Ad,
of the Lie algebra g onto itself. This map is called the adjoint representation of the
Lie group G. Finally, the derivative of the map Ad at the identity e is denoted by
ad and associates a linear map ady with any vector X € g. It is called the adjoint
representation of the Lie algebra g. The adjoint representation ad is related to the
Lie bracket by

adxY = [X,Y], VXY €g.

Examples.

Consider the group of affine transformations Aff(R). Let us compute the dif-
ferential of the left multiplication L, : h — gh and the right multiplication maps



Ry : h — hg, where g = (a4, by)

Y agYr
dLy :Y — a,Y, and dR, : Y = —
Y byYi + Y

Therefore the adjoint map Ad for the affine group will be:

Yy Yy
Ady: Y = —
Yé agYé - ngi

The map ad, in this case, will be: ¢(t) = (a4(t),b,(t)) € G, g(0) = e =
(1,0), §(0) = (a4(0), by(0))" = X. So

d d
adx (V) = 5 [Ady Y],y = (Vi ag(0)Y2 = by (V)L

= (0,a4(0)Y2 = by(0)Y1)" = (0, X1Ys — Xo¥1)".

Therefore, ady(Y) = (0, X1Y> — X2Y1)T. Hence, we have an expression for the Lie

bracket of the group of affine transformations of R:

X1 Y, 0

X2 Yé leé - X2Yi
1.3 Universal Teichmiiller space

1.3.1 Definitions

Let A be an open disk in the complex plane C, i.e. A = {z € C | |z| < 1}, and let
A* ={z € C| |z| > 1} be its exterior. We denote by L>*(A) the space of bounded
Beltrami differentials on A, and by L*(A); the open unit ball in L*(A).
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A quasiconformal mapping is a generalization of the conformal mapping. It is a
mapping with bounded distortion. Consider a mapping f : D — D’. The charac-
teristic of the distortion of this map is the coefficient kf(z), called the coefficient of

quasi-conformality of function f at point z, and is defined as follows:

T SUP|w—z|=r |f('LU) - f(Z)|
() = lmswp S ™ T ) — FG)]

The quantity &y is called the coefficient of quasi-conformality of f in the domain D:

ky =supky(2).
z€D

If k¢ < k, then mapping f is called k-quasi-conformal. Geometrically, the coefficient
k¢ could be viewed as follows: f maps infinitesimal circles to the infinitesimal ellipses.
The ratio of the major to the minor axis of the infinitesimal ellipses will be at most
k for a k-quasiconformal map f. The 1-quasiconformal map is conformal (circles are

mapped to circles).

The Beltrami differential equation is the equation of the type:

of _ 01

9z ~ M5, (1.1)

where p(2) is a known measurable function on some region 2 C C. We are looking
for the function f, that will satisfy equation (1.1). The function pu(z) is called the

Beltrami differential. The name comes from the fact that we can symbolically rewrite

dz 0f

the Beltrami equation as % = u(2)E 5

For the construction of the universal Teichmiiller space we will need the extension
of the usual Riemann Mapping Theorem, called the Measurable Riemann Mapping

Theorem.

Theorem 1. Equation (1.1) gives a one-to-one correspondence between QCin(C)
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and the unit ball L™(C);. The space QClin(C) is the set of quasiconformal mappings
f on C that fix the points 0, 1, and co. The space L>(C); is the set of measurable

complex-valued functions p on C for which ||p)|e < 1.

The general solution of the equation (1.1) in D will be a quasiconformal homeo-
morphism f, which is defined up to a composition with any analytic function F', i.e.
F o f(2) is also a solution.

1.3.2 Two models for the universal Teichmiiller space

Consider a Beltrami differential € L*(A);. We now define two models: model A
and model B.

Model A: Fingerprints Homeo,(S").

Extend p into C by the reflection

u() = na5

Thus we get a new map p € L‘X’(C). Denote by f, the unique solution to the

IS

Beltrami equation

(fu)i = ,U(fu)m

normalized to preserve three points (—1, —i, 1). Then, due to the reflection symmetry

fu1(z> = G)

As a result, f, preserves the unit circle S*, A and A*. Given two Beltrami differen-

of 1, we have

tials p, v € L>®(A)y, set p ~ v if f, |s1= f, |s1. The universal Teichmiiller space is
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the set of equivalence classes of mappings p:
Teich(A) = L>®(A)y/ ~ .

An orientation preserving homeomorphism f of the circle S' is quasisymmetric if

there is a constant M such that for every x and every t < /2

1 f(ei(m—l—t)) _ f(ezm)
M S fem) = ey <M

Note that the definition implies that M > 1. The set of all quasisymmetric homeo-
morphisms of the circle is denoted Homeo,s(S*), which is a group under the com-
position of maps. The link with the quasiconformal mappings on the exterior of
the disc is given by the Beurling-Ahlfors extension theorem, stating that an orien-
tation preserving homeomorphism of the circle admits a quasiconformal extension
to the disk if and only if it is quasisymmetric. Therefore, one may equally consider
homeomorphisms of the circle; the restriction of f, to S* is a quasisymmetric home-
omorphism of the circle, unique up to the self-maps of the circle, i.e. the elements of

the Mobius subgroup PSLy(R). Define
T(1) = Homeo,,(S")/PSLy(R).

The function ¥(f) € Homeo,s(S!)/PSLy(R) will be called a fingerprint (in the
Techmiiller theory it is called a welding map). We are interested in smooth finger-

prints, i.e. fingerprints that lie in the subgroup Diff(S') of the group Homeo,(S").

Model B: quasicircles.

A quasicircle is an image of a circle under the quasiconformal map. This is the planar

shape that corresponds to the fingerprint, constructed above.
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Extend y into C by setting i1(z) = 0 outside of the unit disk. Denote f* as the

solution to the Beltrami equation

(f*)z = u(f*)-,

normalized so that f*(z) = z+ O(ﬁ) near infinity. On the exterior of the unit disk
A= f"

The universal Teichmiiller space is the set of equivalence classes of mappings p,

A*, f*is a conformal map onto its image D" := f(A*). Set u ~ v if f* Ax.

T(1) = L®(A)/ ~ .

Since exterior maps f* are in one-to-one correspondence with the quasicircles

OD", we can treat T'(1) as a set of equivalence classes of quasicircles.

A*-

A= f"

Therefore, we set up a correspondence between a fingerprint (or a welding map) and

The two models A and B are equivalent since f, |s1= f, |s1& f*

a quasicircle (a shape).

1.3.3 Passing between the two models.

In this section, we will show how to pass from the fingerprints to the shapes and vice

versa. The numerical aspect of these procedures is treated in Chapter 5.

From shapes to fingerprints

In this thesis, ‘shape’ means a simple closed smooth curve I' in the plane, which
is associated with the complex plane C. We also need an extended complex plane
(or Riemann sphere), which is denoted by C=Cu {oc}. As stated previously, the

universal Teichmiiller space is isomorphic to a space of shapes, modulo translations
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and scalings. In other words:

PSLy(R)\Diff (S') = set of shapes/{translations, scalings}.

Denote the interior of the unit disk as Dy, = {z | |z| < 1} and the infinite region
outside (including co) as Doy = {z | |2| > 1}. For every simple closed curve I' in C,
denote T’y as its union with the region enclosed by it, and denote by ey its union

with the infinite region outside of I' (including o).

Then, by the Riemann mapping theorem, for all I' there exists a conformal map
¢int . ]D)int - Fint-

This map is unique up to replacing @i, by ¢ © A for any Mobius transformation

A Diyy — Ding, where A is defined as:

az+b
A(z) = bt d |a]* = |b* = 1.

Similarly, we obtain a conformal map of the exteriors:

¢oxt . ]D)oxt - Foxt-

As above, ¢y is also unique up to any Mobius transformation. But in this, case we
normalize. We choose a unique Mobius map A, such that ¢e 0 A maps oo to oo,
and that its differential carries the real positive axis of the D-plane at infinity to the
real positive axis of the I'-plane at infinity. Thus, the ambiguity in the choice of @ey

is eliminated for every I'.

The goal of this construction is to define on the unit circle S* the map, called
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the ‘fingerprint’ of the shape:
¥ = ¢ 0 dext € PSLy(R)\Diff(S1).

Note that ¢i(S') =T, ¢ (') = S'. The fingerprint ¢ : ST — S is a real-valued
orientation-preserving diffeomorphism. It is a uniquely identifying fingerprint of the
shape I'. The fingerprint of the eye-shape is shown in Figure 1.2. Due to Mobius
transformation ambiguity in the choice of ¢;,, we can see by construction that v is
a member of the right coset space PSLy(R)\Diff(S!), where PSLy(R) is a group of

Mobius maps.

1 1 2pi
0.5 1 3pi/2
0 .
: : pi
-0.5 1

pi/2

-1

-1.5 -1 -05 0 0.5 1 15 0 pi/2 pi 3pi/2 2pi

Figure 1.2: Example of the eye-shape and its fingerprint ¢ as given by equation
(3.14).

Note that one can equally define the fingerprint to be

U = 621 0 ¢y € Diff(S!)/PSLa(R),

ext

which is simply the inverse of our fingerprint. This alternate version is the definition
used in [SMO06]. However, in this thesis, we choose right cosets and put the Mobius

ambiguity on the left.

Remark. It is easy to see the relationship between these equivalent definitions
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of the fingerprint by defining two sets of points, {#™'} and {6°**}, on the circle:

0" = ¢ (Tr),
ert = ¢o_xlt(rk)>

where 'y, are points that define the shape. In this notation we can write the finger-
prints:

wi(eint) — QCXt, w(QCXt) — eint‘

By construction, the fingerprint encodes the geometry of the shape. These results
have been extensively studied by M. Feiszli in [Fe08]. Consider the conformal map
f : Dy — T'iye and some point z on the boundary of the shape 0I';,;. M. Feiszli has
shown that the boundary derivative |f’ o f~1(2)| is influenced by two factors. The
first one accounts for the local geometry of Oy, near z and is stated in terms of
the boundary curvature x at point z, and R, the radius of the medial circle tangent
at z. The second factor says that boundary derivatives increase exponentially with
hyperbolic distance d from the point f(0). In other words:

R

F R (12)

From fingerprints to shapes

Given the quasisymmetric homeomorphism W(f), extend it to the quasiconformal

map F'(z) of the disk. It will give an associated Beltrami differential p:

P
1R

=

Il
®
B!

Extend this u(z) to the complex plane C by reflections, as in Model A in Section 1.3.2.
By solving the Beltrami equation we will obtain f,(z). The fingerprint ¥ (#) will be
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Fingerprint = fiol © foxt = fod o fi
Domain vs. range D (Oext) = Oint D(Oint) = Oext
Protrusions ® has low derivatives ® has high derivatives
Intrusions ® has high derivatives ® has low derivatives
Space PSLy(R)\Diff (S1) Diff (S')/PSLy(R)
Metric Right invariant, with velocity: Left invariant with velocity:
v=>0, 007! v = %}
Energy of the path E = fol |®; 0 ®|%dt E = fol | @ /P ||*dt

Table 1.1: Comparison of two equivalent constructions of the fingerprint representa-
tion.

defined as:
\11(9) = fu |51 .

The fingerprint is defined up to an action of the PSLy(R) group on the left (or,
equivalently, on the right if ¥ € Diff(S!)/PSLy(R)). This ambiguity arises from the
fact that ¥ can be extended non-uniquely to the quasiconformal map of the disk.
But the resulting shape does not depend on the choice of extension. For details see

[Hu06]. For the numerical implementation of the welding see Section 5.2.

1.3.4 Left vs. right

In the table 1.1 we are comparing two equivalent ways of defining a fingerprint of

the shape ¢! © Gext VS doxt © dint, and how it affects the rest of the theory.
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1.4 Weil-Petersson Norm

1.4.1 Weil-Petersson norm on 7'(1)

It is customary to define the Weil-Petersson norm on the universal Teichmdiller space
T(1) in the following way. Let N(A), the subspace of L>(A) denote the space of

infinitesimaly trivial Beltrami differentials. Specifically, v € N(A) if

/ v(z)o(z)dxdy =0
A

for all quadratic differentials ¢ defined on A. We can identify the space L>*(A)/N(A)
with the tangent space to T'(1) at the origin.

Given two Beltrami differentials u, v € L>®(A)/N(A), the Weil-Petersson inner

(b, VYwp = / / pp*dady,
A

where p = ﬁ defines the Poincaré measure on the disk A. Using right translations

product is defined as

this inner product will be defined for all the 7'(1).

We have chosen to work on one of the realizations of the universal Teichmiiller
space, on the space of fingerprints Diff(S'). This is, in fact, a subspace of T'(1).
Nag and Verjovsky [NV90] have shown how the Weil-Petersson metric is induced on
PSLy(R)\Diff(S1).

1.4.2 Weil-Petersson norm on the lie algebra of Diff(S?!)

The Lie algebra of the group Diff(S!) is given by the vector space Vec(S!) of smooth
periodic vector fields v(0)0/00 on the circle.

Expanding such a v in a Fourier series v(0) = >2°° ___v,e™ (

n=-—oc ~N

where v,, = v_,, for
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the vector field to be real), we can define the Weil-Petersson norm on Vec(S') as

lollfp =Y 1n* —nlfval. (1.3)

nez

Here, Z = Z\{n = 0, £1}. Notice that this is an ‘H3/?-type of metric on the space
Vec(S).

The null space of this norm is given by the vector fields whose only Fourier
coefficients are v_y, vy and vy, i.e. vector fields of the type (a + bcos @ + csin 0)0/00.
These vector fields are exactly in the Lie algebra psls(R) of the Lie group PSLy(R).

The motivation for this particular definition is the fact that for all A € PSLy(R)

and v € Vec(S?), one can verify that

[Ada(v)|lwe = [Jv|lwep.

1.4.3 Extending the WP Metric to PSLy(R)\Diff(S?)

Consider any Lie group G and a subgroup H, and let g and § be their corresponding
Lie algebras. Quite generally, any norms || - || on the Lie algebra of G which are
zero on the Lie subalgebra of H and which satisfy [[Ad,(v)|| = [|v|| for all h € H
induce a Riemannian metric on coset spaces H\G which are invariant by all right

multiplication maps R, : H\G — H\G, g € G.

Applied to G = Diff(S'), H = PSLy(R) and the above WP norm on vec-
tor fields, we get the right-invariant WP-Riemannian metric on the coset space

PSL,(R)\Diff (S).
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1.4.4 The WP Green’s Function

The Weil-Petersson norm can also be defined via a differential operator L

Wlivp = (Lv,v),

L = —H(0; + 0p),

where H is the periodic Hilbert transform defined by convolution with 5-ctn(6/2).

This is because in the Fourier space, H acts as multiplication by —i.sign(n). Hence:

—H(Dp + Og)e™ = isign(n)((in)® + in)e™ = |n® — n|e™.

Because our later analysis will require it, we will find here the inverse of the
operator L, i.e. its Green’s function G(#), using the representation of L in the Fourier

basis (1.3). We will therefore need to find

6in9
G(9) = Z -t

nel

Using the following series from [GRO0],

= cos(kf) 1 1
=—In————, for (0,2
; k 2n2(1—cose)’ or 9 € (0,2m),
and employing the decomposition n31_n = %n%l + %n—il — %, we find that the Green’s
function of the WP operator L has the form
3
G(0) = (1 — cos ) log[2(1 — cosO)] + §COSQ— 1. (1.4)

One can easily verify that LG(0) = 0¢(6) — 1 — 2cos 6, the projection of dy onto
the subspace of distributions orthogonal to 1, cos(f),sin(d). The profile of Green’s
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function can be seen in Figure 1.3. Note that it is smooth everywhere except for the

logarithmic pole in G”(6) at § = 0.

0.5

0.4 :

0.2 1

0 pi/2 pi 3pi/2 2pi

Figure 1.3: Green’s function (1.4) of the Weil-Peterson operator Ly p. It is smooth
except for a log-pole in its second derivative at 6 = 0.

1.4.5 WP metric on the plane

In [MMO5] and [MMO06] Michor and Mumford considered different metrics, defined
on the planar curves. It will be instructive to see how the Weil-Petersson metric is
expressed as a metric on the shapes themselves, not as a metric on the fingerprint

representation.

Consider S, the space of smooth, simple, closed curves. Let C' € § be a fixed

curve, parametrized by the arclength s — C(s). Then nearby curve C, can be
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represented as:

s Cy(s) = C(s) + a(s).1i(s),

where 7i(s) is the unit normal to the curve C at point s, and a(s) is a smooth
function, chosen in such a way that curve C, stays smooth and simple. The space
of all normal vector fields aric to the curve C is naturally isomorphic to the space
tangent space T¢S. The simplest inner product on T¢S is the L? inner product:
(a,b) = fc a.b.ds, where s is the arclength along C'. This metric and many others

have been studied in [MMO05], [MMO6].

In case of the Weil-Petersson metric, welding map takes fingerprints and maps
them to the corresponding shapes. In [Fe08] it was shown that the derivative of the
welding map Dy at the identity (i.e. circle shape) is defined by:

1, 0 O
V(0) — 5(2‘/(9) + HV(0))e 50’
where V() € Vec(S!), and H is the Hilbert transform. The normal component of
the vector field on the plane is V = YHV(f). Taking into account that (Hf), =

—i.sgn(n) f, we have:

(V,V)wp = /

LV (9).V.do = 4/ LV.Vdb.
Sl

Sl

In terms of the setup of papers [MMO05], [MMO6] the metric involves the same Weil-

Petersson operator, which is an ‘H%/?-type of metric.

Notice that the above expression is given for the normal vector fields to the circle.
In the case of a general curve, the expression will involve the Hilbert transform on
an arbitrary domain, and no close form of it is available. Knowing explicitly the
conformal map between the disk and the domain in interest will give us the required

expression for map H, but this is beyond the scope of this thesis.



Chapter 2

EPDift

In this chapter we will discuss EPDiff(€2), which stands for Euler-Poincaré equation
on the group of diffeomorphisms of some manifold (2. EPDiff describes the geodesic
on this group, and it is usually denoted EPDiff(Q2). We will derive the EPDiff(S*),
the geodesic equation on the group Diff(S?!), and demonstrate conserved quantities

of the geodesic motion.

2.1 EPDiff

Geodesic equations of groups of diffeomorphisms on a manifold €2 were first studied
in Arnold’s ground-breaking paper [Ar66]. The Lie group in question is denoted by
Diff(Q2), its tangent space at identity is the space of smooth vector fields on € and
is denoted by Vec({2). Taking the tangents to a geodesic in Diff(€2) and translating
them back to the Lie algebra Vec(€2), we get a time varying vector field @(z,t) on
from which we can recover the geodesic by integrating. The geodesic equation now

becomes a differential equation for u, first orderin t.

This general construction gives rise to a huge number of seemingly unrelated

23
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equations. For example, Arnold considered the group of volume preserving diffeo-
morphisms of domain  C R™ with the L? metric and found the geodesic equation
for the vector field u(Z,t) to be Euler’s fluid flow equation (see [AK98] for a full

exposition).

If we consider a group of diffecomorphisms of the circle Diff (S') with the L?

metric then the geodesic equation becomes inviscid Burgers equation.

Another examples of geodesic flow on Virasoro group, a central extension by S!
of the group Diff(S'), include both the periodic Korteweg-deVries equation (KdV)
for a function u(0,t):

Uy = —3U.U5) — UHo

and the periodic Camassa-Holm equation or C-H (see [CH93))
my = —2m.u@ — U.mg — Uppy, where m = u — Ugo

with L? and H' metrics respectively.

In general, when we are provided with a right-invariant metric on a group of
diffeomorphisms of some domain 2, then the geodesic equation on this group is
called EPDIff(2), i.e. Euler-Poincaré equation for diffeomorphisms of the domain €.
In this thesis the domain of interest is the circle S*. The general EPDiff follows from

[Ar66] and has the form

%Lv + (v - V) (Lv) + dive.Lv + Dv* - Lv = 0,

The statement of Arnold’s theorem for the general case of a Lie group G is the

following.

Theorem 2. Let G be any Lie group. Let (vy,v2), = (L(v1),v2) be a positive-definite

symmetric inner product on the Lie algebra g, defined by a symmetric linear map
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L : g — g (the braces denote the canonical pairing of elements from g* and g).
For vy,vy € T,G the inner product is defined via the right translations: (vi,ve), =
(DgRy-1v1, DgRy-1v2)e = (v1 - g ' vg - g71). Let g(t) be any path in G and define
u(t) = g; - g~* to be its tangent path in g. Then:

g(t) C G is a geodesic <= Lu; = —ad (Lu) in g*
where ad), : g* — g* is the adjoint of ad,,u € g.

Remark. The statement of the theorem holds with minor alteration for the

left-invariant metric. The evolution equation in this case becomes Lu; = ad; (Lu).

We can apply the above result in the case when G is an infinite-dimensional group
(e.g. a group of diffeomorphisms of a circle S'). We omit the technicalities of this

more general approach and render the proof heuristically, largely following [Ar66].

Proof. Notice, that the energy E = %(gt ~g~t g; - g71) is invariant under the right
translations. By Noether’s theorem this implies that L}(Lg:) € g* is conserved,
where L7 is the pullback of the left translation L,. We denote it as mb, ie mb =

L;(Lg:) = const. Moreover, notice that
Lu(t) = L(g: - 97" (t)) = Ry Lgr = Ady-1(y Ly Lgr = Adyys yym

Differentiating the above identity in ¢ at t = 0, and assuming that g(0) = e we obtain
the statement of the theorem. The right-invariance of the metric implies that the
right-hand side depends only on Lu;, but not on g(¢), and therefore the equation is
satisfied for every g(t). O
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Example

Take G = Aff(R), the group of affine transformations of the real line. Recall that
Aff(R) = {(a,b) | a > 0,b € R}. The Lie algebra g is the whole R%. In Subsec-
tion 1.2.3 we have derived the expression for the adjoint map for the group Aff(R).
It has the form:

0 Uy U1
ad,(v) = , where u = U= e T.G.

U1V2 — U2V1 U2 V2

For the metric we will fix the quadratic form da® + db® on the tangent space at

the identity e = (1,0). So the metric on T{; 0yG is the usual Euclidean metric:
(u,v) = gij.u'.v’, where g = (}9).
We extend it to all of T'G via left translations, in other words:

u,v € TyG, (u,v)g = (dLg-1u,dL,-1v)..

1/a®> 0

0 1/a2) (see Subsection 1.2.3 for the expres-

Therefore the metric on T4y is g = <
sion for dL,).

The self-adjoint, symmetric, positive definite operator L : g — g* in our case is
L =({Y). It defines an inner product on g: Yu,v € g, (u,v) = (Lu,v) = (Lv,u),
where round braces indicate the canonical pairing of a functional from g* and an

element from g.

Now we derive the expression for the ad’ map. It is defined as following: (u, ad,w) =
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(Lu,ad,w) = (ad} Lu,w). In our case the left-hand side becomes

(VA1 0
< s > = U2V1W2 — U2V2W1
U2 V1Wo — VW1
3
= (adju, w).
" —U2V2
Therefore ad,u =
U2V

The velocity u(t) = dLyu4)-1g(t) is translated back to the tangent space at identity,

T
i.e. it lies in the Lie algebra g. Since g(t)™! = ( 1 @) the expression for the

at)’  a(t)
N &
velocity is u(t) = (%’ %) ‘

According to Arnold’s theorem, t +— ¢(t) is a geodesic on G if and only if:
Lu; = ad(Lu).

Putting everything together:

a(t) a(t) —U2V2

u(t) = ZEL}) . Lu(t) = ZEL}) , adiu =
a(t) a(t) U2V1

The geodesic equation becomes:

% 10k
b
% u (t)ua(t)

_ by
a(t)?

a(t)b(t)
a(t)?




28

Taking the derivative on the left-hand side:

alt)alt) —alt) _ bty Loy o
b(t)a(t) — ( )b(t) _ alt)b(t) j_ 2ab
a(t)? a(t)? ’ a

This is exactly the geodesic equation for the Poincaré half-plane model. The
geodesics here are straight lines b = const, and circles with centers on the line a = 0.
2.1.1 Variation of energy

The EPDiff can also be derived (as in the 1998 Insitut Henri Poincaré notes to be
published in [MD10]) via the first variation of energy E(%) of the path i (z,t) €

Diff(R"):
E@) = /0

where ‘ %—f Y, ), H ; 1s the right-invariant metric, given by the symmetric op-

erator L: (u,v) = [, Luvde = [, Lv.udz, for u,v € Vec(R™).

o,
E(w (I>t)>t)

L

In our case consider a fingerprint ¥ (z,t) € Diff (S!) (for now we do not consider
the quotient space, which will be addressed later in the chapter). What is ‘;—i? If we
vary ¢ ~» ¢ + €01, the energy varies too £ ~» E + ¢dFE. Energy has the form

://Lv-vdedt,

where v(0,t) = ¢y (1710, 1), 1) = th o™
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First, we compute the variation of the velocity dv

v o~ (Y4 edty) o (Y +edp)
(W+edy)™ = [([+edpod™)oy]™
= Y o(I+edpoy™)!

vl o (I —eporyp™).

Now composing ; + €81 with ¢t o (I —edpoyp™!) and disregarding terms with &2
and higher:

vtedv = (Y+ed) oy o (I —edporyp™)
= oyt o(I—edporp™)+edhop™ o (I —edporp™)
= Yot —e(o g o b oy
= oyt e(0 ot —vg-SpoypTh).

Therefore

v =00 —wp- Sl

Finally we have
0E = 2//Lv S0t — g - 5 0 pT]dBdt.

We need to simplify the above variation further. First, let us compute the full

derivative %((W o 1)~!) using the fact that ¢; ' = —vip,

d

(o V) = o+ g0t !
= 0ot —dhport vyt
= Shop —v- (o),
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Therefore

v = Yot —wy-dporp
= (o) +v-(Spoyp ™ )g— vy Sporp.

Finally by applying integration by parts, the variation of energy F becomes:

OF = 2//Lv-5vd9dt

- 2/ / Lo(80 0 p™")y + v+ (3¢ 0™ )p — v - 61) 0 "] dbdt
-2 / /[_(Lv)t — (Lv-v)g — Lv - vgldt) 0 Y tdodt

= -2 / /[(Lv)t +2Lv - vg + Lvg - v]d1p 0 i~ dbdt.

Therefore another formula for the variation of the WP energy E has the form:

0E = -2 / /[(Lv)t +2Lv - vg + Luvg - v]61p o o~ dbdt.

Since the variation 01 of the path is arbitrary, we can conclude that the geodesic

equation, i.e. the evolution equation for the fingerprint, should be
(Lv)e +2Lv - vg + Lvg - v = 0,

where v(0,t) = 1y o p7 1.

2.1.2 Case of a quotient group

What we have derived in the previous subsection is a geodesic equation on the
quotient group PSLy(R)\Diff(S!). It is a special case of the generalized Theorem 2.

In this general case, we have a homogeneous space H\G. Fortunately, Arnold’s
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formula for geodesics on groups extends with only small changes to equations for

geodesics on homogeneous spaces H\G:

Theorem 3. Let G be any Lie group and H a subgroup. Let (vi,va)r = (L(v1),v2)
be a non-negative symmetric inner product on g with null space by, defined by a non-
negative symmetric linear map L : g — g*. Assume this inner product is invariant
under Adn,, h € H. As explained in the Introduction, this defines a G-invariant
metric on H\G. Let g(t) be any path in G and define u(t) = g;-g~" to be its tangent
path in g. Then:

{H -g(t)} € H\G is a geodesic <= Lu; = —ad,,(Lu) in g"
where ad), : g* — g* is the adjoint of ad,,u € g.

Remark. As mentioned before, the theorem holds in case of the left-invariant

metric, the evolution equation becomes Lu; = ad), (Lu).

Proof. Denote by g(t) any path in H\G. Let us take any lift of g(¢) to the Lie group
G, and define a velocity v(t) of this path in the Lie algebra g: v(t) = DR,-1(g(t)).
The energy of the path g(t) is defined as

E(G(t)) = /0 1 /S Lv.vddt (2.1)

This energy does not depend on the choice of the lift g(¢). To be specific, let A(t)-g(t)
be another lift, where A(t) € H. This lift has a time varying action from the left by

members of the subgroup H. Then the velocity v(t) = DR[ }71[/1 -g(t)]" of this

A-g(t)
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lift will be:

[A-g(t)] = Ac- g(t) + Ag - g(t)-01,
[A-g()] =g A7),
D) =A-g-g AT V4 [Agg-gt AT g gt ATY
= A - AT A A g g7t - AT
= A - AT+ [Ag- AT v AT
= A;- A7' + Adyo.

Therefore, since A; - A™' € b and the metric is Ad-invariant under the action of
the subgroup H, we have ||0(t)||, = ||v(t)]|z. In other words, the energy (2.1) is
independent of the choice of the lift g(t).

Choose a perturbation dg(t) of the path g(t). The perturbed path is §(t) = dg- g,
where infinitesimally 0g = Id + dv. The velocity of the perturbed path becomes:

(0g-9) (97" 097" )=0bg-9-9g" 697 ' +dg-g-97"-dg7"
=60-6g " +0g-v-0g~"' (upto the first order)
=v+00+d0v-v—v-ov

= v+ 00 — ad,0v.

Therefore, the velocity v of the perturbed path is v = v+ v —ad,dv. The energy
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of the perturbed path becomes (upto the terms of the second order):

E(g) = [Io]I%
= ||v + 89 — ad,0v||7
= [[0]|* + 2(v, 60 — ad,dv),
= ||v|* + Q(Lv, 0 — advév)
= [|v||* = 2((Lv)" + ad}Lv, év) (using integration by parts)

= FE(g)+46E.

From the above we derive the familiar EPDiff equation, (Lv); +ad;Lv =0. O

2.1.3 Quotient group PSLy(R)\Diff(S?)

This applies to our case of PSLy(R)\Diff(S!). On the Lie algebra level, PSLy(R)
becomes the vector fields spanned by 1, cos and sin, i.e. those whose only non-zero
Fourier coefficients are those with indices —1,0,+1. The simplest complement W
are the vector fields with these coefficients zero. The geodesic equation is therefore
simply another special case of EPDiff. Given a path ¢(6,t) in Diff(S?), let v(6,¢) =
%—f(w—l(e, t),t) be the scalar vector field it defines on a circle and let L be the Weil-
Petersson differential operator L = —H(J; + dp). Then EPDIff takes the form

(Lv)i +v.(Lv)g + 2vg.Lv = 0. (2.2)
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2.2 Conserved quantities

In this section we will demonstrate the conserved quantities of the EPDiff(S!),

namely the energy and momenta. The EPDiff is given by the following formula:
my + 2m.vg + mev =0, m=Lv, v=Gx*m.

Quantities v(0) and m(#) are called velocity and momenta respectively.

Energy

Momentum and energy conservation for the EPDiff readily follow from the Noether’s
theorem and the fact that the action (this is just energy), associated to the path
g(0,1): X

Bo) = [ Il

is invariant under the time translation and right translation. Here v = g; 0 g7 1.

Specifically since E' does not depend on time ¢, hence it is invariant under the
transformation ¢ +— t' = t+ 7. This time symmetry, according to Noether’s, theorem

yields the conservation of energy, in other words:

|v||p = const.

Momentum

In general, for the geodesic equation on Diff (R"), to derive conservation of momen-

tum we can rewrite EPDiff(R") as:

d—z—v:G*m.

d
—(m - dxr @ dV) =0, along the path i

dt
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The above expression is a conservation law of a one-form density of momentum along
the path dx/dt = v. It is an integrated version of the original EPDiff(R"). We can
check this by taking the derivative and we will get the EPDiff(R™) back:

d d dx d
E(m-dx@mﬂ/)—Em-d:E@dV%—m-dE@dV%—m-dI@Edv

(gtm+v Vm + Vo m+m(divv)) ~dx ®@dV.

Therefore, the quantity m - dr ® dV is constant along the trajectories dz/dt = v.

In case of a geodesic path g(t) € Diff(S1) with right-invariant metric, Noether’s
theorem implies that the momentum carried back by the pullback of left translations

is conserved:

(DLy)*(Lg) = const, or equivalently,

Adfv = const, where v=gog™"

where (DL,)* is the pullback of the left translation L, by the element g, and Ad;
is the transpose of the Adjoint map defined by: (u,Adgw = (Adyu,v). Since
(DLy)*(Lg) € g* we need to pair it with a vector from g. Now we will show that

two expressions above are indeed equivalent:

(DL;(Lg),X) = (Lg, DL, X)

g, DL, X),

(
=
= (DRy-1g, DR,~1DL,X). (right-invariance)
= (v,Ady;X). (definition of Ad)

= (Ad

Adlv, X)..

Remark. In the case of the left-invariant metric, the conservation of momentum

takes the form: (DRgy«))*Lg(t) = const or, equivalently, Ad;,l(t)v(t) = const.
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Now we compute the projection of the conserved momenta Ad;v onto any X (0) €

Vec(5'):

(Adlv, X). = (v, AdyX).

=
= (DR,1g,DR,~1DL,X).

= {gog ' (grog ) (Xog™))e

N /L(g og )(gpog ). (Xog)dl

= | mog(0).g5.X.db.
S1

Therefore the conservation of momentum states, that for any X € Vec(S?), i.e.
any smooth function X (6) on the circle St the following quantity is conserved along

the geodesic g(t) € Diff(S'):

mo g(6).g5.X.df = const. (2.3)
S1

For any smooth X () € Vec(S') we get the above conservation law. Thus we
have infinitely many conserved quantities. But they all represent the projection of
momentum onto X, so in fact we have just one conserved momentum. The fact that

it is conserved is expressed by the conservation of its ‘coordinates’, i.e. projections

on X.

In general for the EPDiff equation on the Lie group Diff(R") with the right-

invariant metric the conserved quantity is:
g(t)*w(t) = const,
Here w is a measure-valued differential 1-form:

w(t) = (mydae' + ...+ my,.de™) @ dV,
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where dV = dz* A dz? A ... Adz", is the volume form on R", m = Lv = L(go g™ ')

is the momenta. Coordinate expression in case of Diff (R"):

g(t)*w(t) = det(Dg(t)).{Dg(t)".(m o g(t)), dz) @ dV. (2.4)

Determinant det(Dg(t)) corresponds to the change of the volume form dV under the
flow g(t), Dg(t)'.(m o g(t)) is the pullback of m.dx.

In the case of Diff(S') quantities det(Dg(t)) and Dg(t)! both give gq(t). Volume
form dV and dx will both give df. Therefore our expression (2.3) is in line with the
general expression (2.4) for Diff (R").

In Chapter 3, Section 3.5 we will demonstrate how these conserved quantities are
expressed in the case of Teichons, singular solutions to the EPDiff(S1). We will also

show how well the numerical scheme preserves the energy and the momenta.



Chapter 3

Teichons

In this chapter we study the singular solutions of the EPDiff(S'). The EPDiff(S!)
admits a class of soliton like solutions (we will call them Teichons) in which the
“momentum” m is a distribution. In this chapter we study closely the solution
in the special case where m is expressed as a sum of four delta functions. We
prove the existence of the solution for infinite time and find bounds on its longterm
behavior. We then show a series of numerical experiments on Teichons with more
delta functions and argue that this is can be one of the ways of finding geodesics in

the space of 2D shapes. This Chapter is larger following the paper [Ku09].

3.1 Introduction
As we mentioned in Chapter 2 periodic Korteweg-deVries equation (KdV) for a

function u(0,1t):

Uy = —3U.U5) — Uho

38
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and the periodic Camassa-Holm equation or C-H (see [CH93))
my = —2m.u@ — U.meg — Uppy, where m = u — Ugoy

are examples of an EPDIiff on the Virasoro group (a central extension by S* of the
group Diff(S')) with L? and H' metrics respectively. These are two completely
integrable partial differential equations and have soliton solutions. More recently,
Holm and collaborators have found that quite generally the geodesic equation on
Diff(R") admits special solutions with many of the properties of solitons: for each
fixed time, they are diffeomorphisms which are largely localized in space and, as time
varies, they retain their general shape and can interact somewhat like solitons for
KdV [HM04]. There are not, however, infinitely many conserved quantities so they
are not true solitons. A discussion of EPDiff and solitons in the case of template

matching in computational anatomy can be found in [Ho04].

In this chapter we study a new example of singular solutions closely related to
KdV and C-H. We consider the geodesic equation on the group PSLy(R)\Diff(S!)

with the Weil-Petersson metric. As in Chapter 2 the equation is:
my = —2m.ug — u.my, where m = —H(ug + uagp)- (3.1)

This is an integro-differential equation with the Hilbert transform operator H, de-

fined by the convolution with 5= cot(6/2).

Here, we may invert the relationship between m and u and write:

w(®,1) = /S G0 — E)m(E, 1)dE = G+ m.
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The integral kernel, or Green’s function, G(0) is given in the Fourier domain by

Note that m(-,t) is always orthogonal to 1, cos and sin.

It is not known if this new equation is completely integrable but it admits a class
of soliton like solutions which we study here, namely the solutions in which m is a
distribution. In fact, we want m(-,t) to be a weighted sum of delta functions for one
and hence all t. Because m is orthogonal to 1, cos and sin, there must be at least
4 delta functions. Following a suggestion of Darryl Holm, we call these and their

corresponding geodesics in Teichmiiller space Teichons.

In general, solutions to the above equation integrate to geodesics on the univer-
sal Teichmiiller space PSLy(R)\Diff(S'). As we have explained in Chapter 1, the
universal Teichmiiller space has another realization, namely as the space of smooth
simple closed curves mod translations and scalings. Therefore the solutions of this
equation can also be thought of as paths in the space of simple closed plane curves
which minimize a certain energy. The soliton property means that, in a certain sense,

their momentum is concentrated at a finite set of points.

Below we study the solution in the special case where the momentum m is ex-
pressed as a sum of four delta functions. We prove the existence of the solution for

infinite time and find bounds on its longterm behavior.

3.2 Setup

We call v(0,t) the velocity of the path and m(0,t) = Lv(6,t) the momentum. Then
inversely v(6,t) = G*m(0,t). Note that momenta can be distributions. Both m and

v will have vanishing —1, 0, +1 Fourier coefficients. We consider an ansatz, a special
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form of momentum which we call a Teichon (or an N-Teichon), given by a sum of

N delta-functions, i.e.

m(6,t) = > a6(6—b;),

N

v(0,t) = Y a;G(0—by).

J=1

Plugging this expressions into the EPDIff (3.1) we get a system of ODEs describing

the evolution of a;’s and by’s:

ap = —ay Zjvzl a;G'(br — b;),
(3.2)

be = 30701 a;G b — by).
where a;, b; are functions of time ¢. For well-posedness of the problem, m(6,t) should

have its Oth, £1st Fourier coefficients zero, i.e. we have the following constraints:

N N N
Z a; = Zajeibj = Zaje_ibj = 0. (3.3)
=1 =1 =1

If they are satisfied at time t = 0 they will be satisfied for all ¢.
What is the minimal number N, such that momenta m will lie in the splitting,
i.e. three relations (3.3) should hold.

ik(6—by,

e N = 1. In this case my = ¢ ), obviously does not work.

e N = 2. Then we have a; = —as, and from the relation a;e® + ase™? = 0 we

deduce that by = by. Therefore two Teichons are not enough.
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e N = 3. In this case the above conditions are equivalent to

1 1 1
det | cosb; cosby cosbs | =0.

sinb; sinby sinbs
This is impossible for distinct by’s.

e N = 4. Thisis the minimal number of Teichons, such that m(0) lies in the split-

ting. For example, choose (ay,as, as,a4) = (1,—1,1,—1) and b, = @,k‘ =

1 4.

g ey

Note that EPDiff is invariant under the action Ad4, A € PSLs, so we may always

normalize Teichons by the Mobius group.

3.3 Estimates

3.3.1 4-Teichon ODE

Recall that operator L : T.(H\G) — T.(H\G)* is bijective (and hence invertible), if

we choose momentum m to be in the horizontal splitting, which is a space, orthogonal

to the psly(R) Lie algebra. In other words the Fourier coefficients of the momenta

my, are zero for k =0, £1.

Therefore we consider the case of N = 4 deltas:

m(6) = axd(6 — by).

Due to the Mébius invariance, we can normalize the initial conditions giving us
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the following initial configuration for momentum m(#):

m(0,t=0) = Z?Zl a;0(0 — b;), where

(a1, a2, a3, as) = (ao, —ao, ag, —ao),
(b17b2>b3>b4) - (27T — do do m— %l’ﬁ_l_ ﬂl)’

2727 2
ag =1, do € (0,6).
If this holds for time 0, then it is easy to check that for all times ¢

(a1,a2,as,a4) = (a(t),—a(t),a(t),—a(t)),
(b1,b2,b3,bs) = (27T—

for some functions a(t),d(t). Then the system (3.2) becomes a system of just two

variables a(t) and d(t)

a = a*’lG'(—d) + G (7 —d),
d = —2a[G(0) — G(—d) + G(r) — G(x — d)].

Equivalently, if F(d) denotes G(0) — G(—d) + G(7) — G(m — d) and prime is the

differentiation in d, then the system is:

@ = a2E'(d),
(3.4)

d= —2aE(d).

Notice that (3.4) is a Hamiltonian system with the conserved energy H = a*FE(d) =

k2, for some constant k. Therefore we can have the equation just in terms of d

d = —2k+/E(d), where k = ag\/E(dp). (3.5)
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The other equation is a conserved quantity, which relates a(t) and d(t):

Geodesic in the universal Teichmiiller space with the above initial momentum
m(0) could be seen on Figure 3.1 (evolution of log|ax|’s and b;’s is shown on Fig-

ure 3.2).

Figure 3.1: Geodesic with initial momentum m(#) = 3;_, axd(f — by) upto time
T=6, (aj_;)i=0 = (1,—1,1,—1), (by_; )e=o = (2r — 0.1,0.1,7 — 0.1, 7 4 0.1). Position
of delta functions (i.e. b’s) is marked by asterisks.

3.3.2 Estimates of a(t), d(t)

For small d € (0, €) we have an expansion of E(d) = G(0) — G(—d)+G(7) —G(m —d):

1 d 3 1. d
Ed=d(=-log= | —d" (= - —log~ 6 .
(d) =d (2 log2) d (48 - log2) + O(d® log d)
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Loglal; a_=(1,~1, 1,~1)
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Figure 3.2: Time evolution of log|ag|’s (left) and by’s (right) for the 4-Teichon:
(@ )emo = (1, —1,1, 1), (b, )emo = (27 — 0.1, 0.1, 7 — 0.1, 7 + 0.1).

And the basic inequality is

2 G _ logg _ 7) < Bld) < (— ~log @) | (3.6)

Here v is chosen to guarantee that —vyd? < E(d) — d? (% — log g), or in other words
v > —E(d)/d* + (3 —log ). Since the RHS is an increasing function of d, and d(t)
will be decreasing with ¢ it suffices to take any v > —E(dp)/d} + (3 —log %) (in

simulations the value used was dy = .2, hence we may take v = .0102).

Based on this we get the following inequalities for the RHS of the equation (3.5):

1
< =2k E(d) < —2kdy/ 5 logg - 1. (3.7)

From the theory of ODEs we can conclude that for all ¢ € [0, +00) if dy € (0,€) (d(t)

1
~2kdy/ 3 — log

N |
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will stay in (0, €) for all t), then the following estimate for d(t) is valid:

2exp {3 = (kt + e1)?} < d(t) < 2exp {§ = (kt +2)? =},

where k = agy/ E(dy) > 0, (3.8)
] = \/%—log%,
Co = \/%—log%—v; c1 > Ca.

Denote the bounds

di(t) = 2exp{%—(kt—|—01)z}, (3.9)

do(t) = 2exp {% (ki + o)’ — 7} |

Using inequalities (3.6) we get the following estimates:
1 d 1
= E(d = / '
d 1 d
\/%—logg VE(d) s —log g —~

Combining it with the estimates on d(t) and the fact that both bounds are increasing

functions of d we conclude that the product ad decreases as 1/t, or specifically

k d k
k< e =k < ,
5 —log VEWD —fh—log g
(3.10)
k k
kt + c; ()d(?) kt+co
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Finally an estimate for a(t):

k k k
S a(t) = S ;
day /L —log 2 E(d) diy/3 —logd — v
(3.11)
kexp {(kt+ c2)> — 1 +~} < alt) < kexp{(kt+cl)2—1/2}.
2V/(kt+c2)? + B - 2V (kt+c1)? =~

3.3.3 Estimating the velocity field v(0,1)

For 6 € I = [§, 7 —0]U[r+0, 2w — 0] (away from points 0, 7, 27, where G(0), G(0+ )

are only C') we have the following Taylor expansion:

AG? AG? AG*

GO+ AB) = G(0) + AOG'(0) + TG“(e) + TG’“(e) + ﬂG@'W(e) +0(A0°).

Therefore using the above we have the following expansion of the velocity field v (6, t)

v(0,1) = a[GO+d/2) — GO —d/2) + GO+ +d/2) — GO+ —d/2)]
= ad[G'(0) + G (0 + 7)] + ad®/24]G™ (0) + G" (0 + 7)] + O(ad”).

For derivatives of the Green’s function we get

GO)+G0+7n) = 2sinflog|tand/2|,

G"(0)+G"(0+7) = —2sinflog|tanf/2| + 2cot 6.
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And applying estimates (3.8), (3.10) for ad, ad® we finally arrive at

First order approximation:

v(0,t) ~ 25 sinflog|tan 6/2| + O ( L ) , for some c.

kt+c te2kt?

Third order approximation: (3.12)

v(0,t) ~ QFIL sinflog | tan 0/2|

+r(t)(cot § — sinf log | tan 6/2|) + O (W) )

S.t. %M < ’f’(t) < k exp(1—2(kt+c2)?—27)

where 7(t) kt+cr = = 3 kt+c :

Here as before k = ag\/F(dy), and we can choose ¢ somewhere between ¢y and ¢;
(co = \/1/2—log% —y<c = 1/2—log%).

Remark. Notice that [[v(6,t)|jwp should be constant, but in the first order
expansion there is a t-term which is monotonically decreasing. It is actually the case

that sin @ log | tan 6/2| has infinite WP-norm.

3.3.4 Estimating the fingerprint (0, 1)

The fingerprint ¥(0,t) evolves under the action of the velocity field v(0,t) according

to

?/)t(?/)_l(9> t)> t) = 'U(9> t)'
Denote 1*(0,t) the inverse of (6,t) in f-variable for each fixed t-variable, i.e.
(p(0,1),t) = P (*(0,t),t) = . Tt is easy to check that 1*(0,t) satisfies the trans-

port equation:

V0, t) = —v(0,t)u(0,1). (3.13)
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Remark. In this case ¥(6,t) is in the left coset space Diff(S!)/PSLy(R) and we

have the same setup as in [SMO06].

We are going to solve the transport equation (3.13) for the inverse fingerprint 1

with first order approximation of v (3.12).

Note that G(#) is smooth, except for the logarithmic pole in G”(6) at = 0. Let
us write out the first order Taylor’s series with the remainder term in the integral

form:

GO+9d) = GO)+G(0)d+ Ri(0),
o+6
where R;(0) = / G"(t)(0+ 6 — t)dt.

The remainder term R;(f) for all §’s small will be uniformly bounded for all § away
from zero. Employing the fact that G”(0) = cos @ log[2(1 — cos€)] +1/2cos € + 1 one

can easily verify that the remainder term R;(6) at 6 = 0:
5 5
Ri(0) = / G (1)(6 — )t = / (2 — #2)logt +3/2 + O(12))(5 — £)dt = O(61og ).
0 0

Therefore the first order estimate of v(#,t) in (3.12) is valid uniformly for all § €

[0, 27] and ¢, while the third order estimate is valid uniformly away from 6 = 0, 7.

From PDE theory it is known that the solution remains constant along the char-

acteristics of the equation (3.13). The characteristic equations are:

00 koo
5= 2kt+cs1n910g|tan9/2|>
ot

— = 1.
0s
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Using the fact that [ -2 = log |tan /2| we get

sin 6

log [tan(0 —7)/2|  (kt+c 2
log [tan(fy — 7)/2| c '

Given point (6,t) a characteristic passes through the point (6y,0), where 6 is ex-

pressed using the previous formula, i.e.
e \2
0y = 2arctan [(tan(@ — 7r)/2)(—m+c) } + .

Since 1" stays constant along characteristics and since 1*(6,t = 0) = 0:

i — )t =y = 2arctan an(f —m (k:t—l—c) ™
W(6.1) = ¢7(0,0) = p = 2arctan | (tan(¢ — 7)/2) LA

where tan® = sign(tan)|tan |°.

kt + c
of the ‘eye’ shape with angles at its corners am, a = 26/(8 + 1) (example of the

2
If we denote (L) = [, then the above inverse fingerprint is the fingerprint

fingerprint on Figure 3.3, see also [SM06]). In other words the curve starts as a

circle (angles at the corners of the ‘eye’ are 7) and angle gets smaller with time as

21
1+(kt/c+1)2 "

Invert expression (3.14) to get the approximate evolution of the fingerprint ¢ €

PSL,(R)\Diff(S):

(k:t - c)2
¥(0,t) = 2arctan | (tan(f — m)/2) ¢ +7

Y

(3.15)

where tan® = sign(tan)|tan |°.

This fingerprint still defines an eye-shaped figure (see Figure 3.3), one just needs to
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perform welding using the fact that ¢ = ¢} 0 Pexs.

1 1 2pi
0.5 1 3pif2
0 .
: : pi
-0.5 ]

pi/2

-1

-1.5 -1 -05 0 0.5 1 1.5 0 pi/2 pi 3pi/2 2pi

Figure 3.3: Example of the eye-shape and its fingerprint ¢ as given by equation
(3.14).

The limiting fingerprint is

/2, for 0 € (0,7);
Voo(0) =
3m/2, for 6 € (m,2m).

We have proved the existence of the solution for infinite time and have found
bounds on its longterm behavior. In the limit, the shape represented by the finger-
print (3.15) will become an infinite slit on the plane. Note, that our soliton trajectory

is asymptotic to the following one parameter subgroup in Diff (S!):

Ys(f) = 2arctan(tan(6/2)"),
where tan” = sign(tan)|tan|?,

wﬁﬁz = wﬁ1owﬁz'
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3.4 Numerical Experiments

3.4.1 Numerical methods

System (3.2) is in fact a Hamiltonian system with Hamiltonian H,, = Zgjzl a;a;G(bi—

b;) and it could be rewritten as

i OH,
k= — )
Oby,
o, (3.16)
R aak ’

That is why it is reasonable to use symplectic methods (i.e. preserving the Hamil-
tonian H,) of integration of system (3.2). Also notice on Figure 3.4 how conventional

Runge-Kutta method (ode45 solver in Matlab) fails to conserve the energy.

0.48

— Explicit RK, (0.069)
0.475 | ... Symplectic Euler-A, (-0.015)

‘‘‘‘‘‘ Symplectic Lobatto, (-6.2e—006)

0.47¢

0.465¢

0.461

0.455¢

0.45

0.445]

Figure 3.4: Evolution of conserved Hamiltonian H,, in numerical simulations. Case
of a 4-Teichon, At = .01, (aj_,)i=0 = (1,—1,1,—1), (bj_,)i=0 = (27 — 0.1,0.1, 7 —
0.1, 7+ 0.1). Method used, relative change of Hgy.
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We are going to describe shortly the main definitions behind Euler-A and Lobatto
methods (mainly from [Ha02]).

We treat non-autonomous systems of first-order ordinary differential equations

Y= .f(tay)> y(tO) = Yo-

Definition. Let §;, a;; (1,5 =1,...,s) be real numbers, h is a constant step size and

let 0; =), aij. An s-stage Runge-Kutta method is given by

ki - .f(t(] +0ih>y0 + hz;:laijkj)7 1= 17' —
(3.17)

i =vo+hY ;| Biki.

Here we allow a full matrix (o;;) of non-zero coeflicients, thus making this an
implicit integrator. In case when a;; = 0 for 7 < j the method becomes an explicit

Runge-Kutta method.

It is customary to display coefficients in the following way:

o1 | 11 ... g
Os | Og1 ... QOgg
[ B o

Definition. We consider differential equations in the partitioned form

where y, z may be vectors of different dimensions.

The idea is to take two different Runge-Kutta methods, and to treat the y-variables
with the first method (ayj, 3;), and the z-variables with the second method (O/\éij,ﬁ/\i).
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Let a5, 3; and dij,ﬁi be the coefficients of two Runge-Kutta methods. A parti-
tioned Runge-Kutta method for the solution of (3.18) is given by

J=1 j=1
li =g <y0 + hzaijkfj, 20 + hZOAéle> R (319)

j=1 j=1

Y1 =Y + hZﬁik‘i, zZ1 =29+ hZBili-
i=1 i=1

A particular example of this method is a symplectic Euler-A (or Euler-B) method:

Ynt1 = Yn + NS (Yn, Znt1) o ) = + hf (Yns1, 2n)

Zn+l = Zn + hg(ym Zn+1)> Zn+l = Zn + hg(yn—l—h Zn)

Here implicit Euler method with 1 = 1, @37 = 1 is combined with the explicit Fuler
method with Bl = 1,411 =0 (or vice versa).
Another example of the 3-stage partitioned RK method is Lobatto IIIA-B method.

The coefficients of the method are given in Table 3.1

Table 3.1: Coefficients of the 3-stage Lobatto IITA-B pair

0] o 0 0 0 |1/6 —1/6 0

1/2|5/24 1/3 —1/24 /2116 1/3 0

1| 1/6 2/3 1/6 1 [1/6 5/6 0
| 1/6 2/3  1/6 11/6 2/3 1/6

In the figure 3.4 you can see the performance of three algorithms in preserving
the Hamiltonian H,,. Clearly, Lobatto IITA-B method does the best job. This is
due to the fact that Lobatto IIIA-B is a fourth order method, while Euler-A is just

a first order method. In table 3.2 the comparison data is provided.
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Table 3.2: Comparison of numerical methods used

Method Explicit RK Euler-A Lobatto IITA-B

At 1072 1072 1073 1074 1072

Time spent .3 sec 2 sec 22 sec 734 sec 13 sec

Change in Hy, 7.0e102 -1.5e1072  -1.5e107% -1.5e107* -6.0e107°
Simplecticity.

Theorem 4. If the coefficients of a partitioned Runge-Kutta method (3.19) satisfy

ﬁidij_l_ﬁjaji :ﬁiﬁj> fO’f’ j=1...,s,
ﬁz:Bz fOT’ézl,...,S,

then it conserves quadratic invariants of the form Q(y,z) = y* Dz, where D is the

matriz of the appropriate dimensions.

We consider Hamiltonian equations

OH OH
g = —_—— s s , = — 5 5 k: == 1, “ e ,d.
P 90, (p,q), dr e (p,q)

Denoting y = (p, ¢) we write the above Hamiltonian system along with its variational

equation in the form

= J 'VH here J = 01 VH(y)=H(y)"
Y (y), where Lol (y) (y)".

U = J'V2H(y)¥, where ¥ = dy/dyq.

Note that the symplecticity condition is a quadratic first integral of the variational

equation, i.e. U7 J¥ = const.

To understand the symplecticity of partitioned Runge-Kutta methods, we write
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the solution ¥ of the variational equation as

PP
g

U —

Then, the Hamiltonian system together with its variational equation is a parti-

tioned system with variables (p, ¥?) and (¢, V'?). And we have
U = (vP) 1w — (g Tgr,

Then the simplecticity of the Lobatto IIIA-B pair follows from the above theorem,

since we have a difference of two quadratic quantities which are conserved.

3.4.2 Numerical experiments with N-Teichons

In this section we will show that using a relatively small number of Teichons (around
20) we can get a wide variety of shapes. In other words, first we set an initial
momentum on the circle as a sum of 20 delta functions a;0(0 — b;) scattered at
positions b; on the circle and satisfying conditions (3.3). Then solve the the system
(3.16) forward in time until time 7" = 1 (using Lobatto IIIA-B scheme). This gives us
the evolution of the vector v(0,t) = Zf\il a;0(0 — b;). We integrate this time varying
vector Wy = v o ¥ to produce fingerprints W(#,t), corresponding to some shape
evolution. One of the ideas is to learn heuristically the ‘syntax’ of Teichon interaction:
how they repel or attract each other and what kind of shapes are produced as a result
of these interactions. From the experiments we can say a few certain rules of this

‘syntax’.

To simplify the discussion we can say that shapes basically have two sets of
features: some number of extremities (or limbs) and some number of concavities (or

dents). We are going to state the conjecture on the formation of these two features
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and provide figures of randomly generated shapes to support it.

Extremities are obtained via ‘pinching’; i.e. two (or more) close Teichons are
attracted towards each other. The faster they are heading (large values of a;’s) the

pointier is the extremity.

Concavities, or the dents, are obtained via ‘ripping’: two (or more) close Teichons
running away from each other. The faster they are running the more concave that

part of the shape will be.

Parts of the shape with no Teichons, or with Teichons moving slowly (small values

of a;) remain circular.

08t 8 -0.70085

0.6

7 0.45668

0.4

6 -0.93535

02
5 0.5793

4 0.38789

-0.2-

-0.4r-

3 -0.49363

-0.6-

2 -0.76651

-0.81-

1 1.4725

Figure 3.5: Evolution of an 8-Teichon from the circle to a Donald-Duck-like shape.
Positions of individual 1-Teichons are marked by asterisks. The initial values of
(ax)¥_, are given on the right.

Let us see how these rules apply to a Donald-Duck-like shape on Figure 3.5

(evolution of ay, by is shown on Figure 3.6). It is comprised of the pointier end
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.oglal; a_y= (1.473, -0.767, -0.494, 0.388, 0.579, —0.935, 0.457, —0.70 bt:o =(3.3806, 3.8387, 5.0293, 5.747, 5.874, 0.0059, 0.2888, 2.6861)

5 : : : L : :
2 wig
4 |
3
3 1 izl | 1
S
1 1 6 Pif 8
5
0 3
pi/2r
1 ]
8 7
> ‘ ‘ ‘ o= ‘
0 0.5 1 15 2 0 0.5 1 15 2

Figure 3.6: Time evolution of log |ax|’s (left) and by’s (right) for the solitons repre-
senting Donald-Duck-like shape (Figure 3.5)

formed by ‘large’ Teichons 1,2, 3 and the dull end formed by solitons 4,5,6,7. The
sharper end is formed by ‘fast running’ solitons 1, 2, 3. The ‘ripping’ by Teichons 1, 8
is somewhat bigger than the ‘ripping’ done by solitons 3,4, since Teichons 1,8 run
faster away from each other than 3,4. The upper part of the Donald’s head remains

circular due to the absence of any solitons.

One can see how these general rules hold true most of the time in Figures 3.7,
3.8, 3.9. Here there are five more figures with random shapes generated by 16-
Teichons. To the right from the shape you can see the 1-Teichon number 5 and the

corresponding value of a; at the initial time.

3.5 Conserved quantities

In Section 2.2 we have demonstrated that the energy and momentum are conserved
in the solution of EPDIff(S'). Here we will demonstrate what these translates into

in the case of singular solutions.

For the N-Teichon evolution we have v = Y"1 axG(0—bg), and m = S~ _, ap6(6—
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bx), then the energy becomes:

st k=1 k=1
N N
:/ <Z apd (0 — bk)> (Z a;G(60 — @)) e
SY\ k=1 k=1
N
=Y a;arG(bk — b))
Jk=1

This is exactly the Hamiltonian in the equations (3.2) of evolution of Teichons. In
Figure 3.4 you can see how well it is preserved by the Lobatto IITA-B symplectic

integrator.

Recall (see Section 2.2) that the conserved momenta for the geodesic g(0,t) has

the expression:

[ uaoa ) mog (X og s = [ Luaro ™)X og™)0

In the case of an N-Teichon we have v = go g™ = fovzl arG(0 — bg). Therefore:

/L(gog‘l)-(geog‘l)-(Xog d9—/ <Z%G —bk> (goog ) (Xog)do
0 / 50— bi)-(g0 0 g™).(X 0 g~ )do

(g0 097" (bi)).(X 0 g™ (bw))-

|M2

This means that momenta m at any time ¢t is equal to momenta at time ¢ = 0:

D ar(t)-(gs 0 g7 (br(1),4)).6(0 — g (bi(t), 1)) = Y ax(0)6(0 — br(0)).

M-
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Therefore, conservation of momenta for Teichons yields:

ap(t) = ————, bi(t) = g(bk(0),1). (3.20)

See Figure 3.10 for numerical evidence of the conserved quantities.

3.6 Final remarks

It should be noted that evolution of Teichons is governed by the same system as the
evolution of landmark points (see, for example, [M08]). But there is a difference. In
the case of landmarks, landmarks are characteristic points on some shape, and the
geodesic is calculated by matching one set of landmarks to another, thus matching
one shape to another. Landmarks are the shape in this case. In contrast, position
of Teichons on the circle does not tell us what the shape is. Teichon evolution only
gives us the velocity v(t) on the tangent space, that could be integrated to a geodesic
path. Because of homogeneity of the underlying space we can integrate this vector

starting from any shape W(f) and we will get a geodesic.

In this section we have not addressed the problem of finding the geodesic between
two given shapes. This problem will be treated in Chapter 5 by minimizing the WP
energy. To find the geodesic connecting two shapes in the Teichon setting one needs
to consider the following numerical problem. Given two shapes with fingerprints ¥

and ¥, find v(#,t) which is represented by

=z

v(0,t) = ap(t)G (0 — by),

k=1

(for some suitable N). The evolution of v(6,t) will be governed by the evolution

ax(t), br(t) via ODE (3.2). After integrating the equation ¥; = v o ¥ the boundary



conditions ¥ (t = 0) = Wy, ¥(t = 1) = ¥y should be met.
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16
15
14
13
12
11
10

051

NWAUNNIRXO

1

-0.37013
—-0.8475
-0.50713
0.65575
0.89669

0.4255

-0.83213

-0.81868
0.72587
-0.62829
0.79409

—-0.30925

-0.92143

0.94878

-1.1767
1.9646

Figure 3.7: Evolution of a 16-Teichon from the circle to the bird-like shape (top)
and to the bottle-like shape (bottom). Positions of individual 1-Teichons are marked
by asterisks. Initial values of (ax);%, are given on the right. (Data for the bird-like

shape is not available.)
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16 0.9093
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13 -0.7805
12 0.25572
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-2.8:
0.38

63

Figure 3.8: Evolution of a 16-Teichon from the circle to the amoeba-like shape (top)
and the boomerang-like shape (bottom), represented by a 16-Teichon. Positions of
individual 1-Teichons are marked by asterisks. Initial values of (a)}2, are given on

the right.
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15

-0.55885
0.89052

14 -0.054768

0.5595
-0.6664
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-0.67421
-0.49507
-0.30745
0.46275
0.79195
0.19521
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-4.7774
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-1.1443

Figure 3.9: Evolution of a 16-Teichon from the circle to the sock-like shape, repre-
sented by a 16-Teichon. Positions of individual 1-Teichons are marked by asterisks.

Initial values of (ag);2, are given on the right.
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y a(t) o b(t)
0.05 9 I SO B
0
—2r
~0.05
~04 3
~0.15 : o
0o | N=256 - N=256
: --=N=512 5 |-moN=512
-0.25¢ —N=1024 : —N=1024
03 02 0.4 0.6 0.8 1 % 02 0.4 0.6 0.8 1

Figure 3.10: Left: difference between the computed ay(t) and the conserved ay(t) =

#((00))1&)' Right: difference between the computed by (t) and the conserved by (t) =

g(br(0),t). Differences computed for different §-discretizations: N = 256,512, 1024.



Chapter 4

Curvature

It is an established fact, that all sectional curvatures of the Weil-Petersson metric
on T'(1) are negative [Wo86]. In this chapter we show that the Arnold’s formula
(see [Ar66]) for sectional curvature on the Lie group G turns out to be valid in our
case, for the metric with the null space, the Weil-Petersson metric. We make explicit
computations of some sectional curvatures that agree with results in [BL88]. The

discussion of the results is presented at the end of the chapter.

4.1 Introduction

Curvature is a very important characteristic of a metric on a given space. Its effects
are usually not accounted for, due to the complexity of computation of the curvature
tensor, or the impossibility of the computation in some cases. The Weil-Petersson
metric has unique curvature properties — all of its sectional curvatures are negative.
It is believed that this, as in a finite dimensional case, guarantees unique geodesics,
connecting two shapes. Moreover, negative curvature gives us a certain ‘stability’ in

the geodesic finding problem, as depicted in Figure 1.1. Unfortunately, the ‘shooting’

66
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type of algorithms for finding geodesics suffer from negative sectional curvature —
there is exponential divergence of geodesics with slightly different initial conditions.
In other words geodesics are very sensitive to the changes of the initial vector. In
subsection 4.2.7 we argue that this is not a big issue in the case of a Weil-Petersson

metric. Now we are going to present the curvature computation using Jacobi vector

fields.

4.2 Curvature computation

4.2.1 Jacobi vector field

Given the Riemannian manifold M, P € M, v € TpM, we define the exponential

map (it is defined in the neighborhood of a point P)
CXPp - TpM — M> CXpp U = ’}/(p,'U, 1)7

where v(p, v, 1) is a geodesic starting at P, launched in the direction v. Note, we can

always write exp, tv = y(P,tv,1) = v(P,v,t) (for sufficiently small ¢).

The derivative of this map will look like
(depr)tv . Ttv(TpM) = TPM — T,\/(t)M,

i.e. given w € TpM we will have (dexpp)ww = 0/0s[expp tv(s)]s—o, where v(s) is a

path in the tangent space TpM such that v(0) = v, v.(0) = w.

The Jacobi field J(t) along the geodesic () is defined as

J(t) = (dexpp)utw,
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and it satisfies the Jacobi equation
DiJ = R(y'(t), J(t)Y'(t) =0, J(0) =0, J'(0) = w

Here, R(X,Y)Z is the Riemannian curvature tensor. The Jacobi vector field essen-
tially tells us how the geodesic expp(tv) will vary if we perturb the initial velocity v
to be v + s.w, for some small value s. As you can see from the formula above the
behavior of Jacobi vector fields is governed by the curvature of the underlying space.
In fact we have the following theorem, that relates Jacobi vector fields with sectional

curvature.

Theorem 5. The Jacobi field J(t) has a Taylor expansion, namely for t — 0

3

J(t) = P* |wt = R(Y'(0), w)y (0); | + O(t).
Here, P : )M — TywyM s parallel translation.
A proof of this result can be found in [Jo05].
Let us take two vectors v,w € TpM, such that ||v|| = ||w] = 1, (v,w) = 0, and
consider the geodesic y(t) = expptv. Then:
exppltuuly = {(despr)ose desprend
1
- i)
t +(0)
t? t?
= <Pt {w R(v, w)v— } , P! {w — R(v,w)v—]>
3! 3!
v(t)
2 t2
= <w R(v 3!,w — R(v,w)v§>P
t2
= (w,w) = K(v,w) 5+ O(#"). (4.1)

Here, K (v, w) is a sectional curvature in the directions v, w. Intuitively, the sectional
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curvature K (v, w) could be explained in the following way. Take two vectors v, w in
the tangent space to the manifold M at some point P. They will define a 2D plane,
a subspace of the tangent space at P. We launch geodesics, originating from point
P with initial vectors in the tangent two-dimensional plane. These geodesics will
‘carve’ the 2D surface in the manifold M. The sectional curvature K (v,w) is the
Gaussian curvature of this 2D surface. All sectional curvatures of the Weil-Petersson
metric are negative. That means that in every tangent plane the shape space ‘looks’

locally like a saddle, a 2D surface with negative Gaussian curvature.

We are going to employ the above construction involving Jacobi vector fields to

compute sectional curvatures of the WP metric.

4.2.2 Taylor expansion of ®(,t) € Diff(S!)/PSLy(R)

In order to use Theorem 5 we need to find Taylor expansion of the geodesic expp tv
for small ¢. In fact we will have two expressions for the geodesic expp tv, depending
which metric we are going to use, left- or right-invariant. They will be denoted

expk tv € Diff(S1)/PSLy(R) and expf tv € PSLy(R)\Diff (S!).

Take v(0,t) and corresponding m(6,t) and expand them in series in t-variable:

v(0,t) = vo(0) +v1(0)t + va(0)t: + O(t?),

m(0,t) = mo(0) +mu(0)t +ma(0)t* + O(").

To make this path a geodesic we need to make sure that the velocity v(6,t) is

such that it solves the EPDiff, in other words:

my = —2m.vg — v.my, wWhere m=Lv, v=Gxm= L~ 'm.
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Plugging in the above expressions for v and m into the EPDiff we get:

my + 2tmg + 3t°ms + O(t?) = —2(mg + tmy + t*ma + O(£?)) (v} + vit + vht* + O(t))

= —(m{ +tm) +t*mb + O(*))(vo + vit + vat® + O(t?)).

Which yields the following relations:

Lvy = —2mou, — myvg
= —2Lvg - vy — Lvj - vy, (4.2)
2Lvy, = —2Lv0v1 — 2Lv1v6 — Lvévl — Lvivo.

In terms of the velocity field:
vy = —L ' (2Lwg - vy + Lv} - vo),
1
vg = L7V |Lvg- L7 (2Lvg - v + Luj - vg) + §Lv6 - L™ (2Lwg - vy + Lo - vo)
1
+vy(2Lvg - vy + Lug - vg) + §U0(2LU0 ~vg + Lug - vo)'|
Take a geodesic U(0,t) € PSLy(R)\Diff(S'). Then the vector field w(f,t) is

given by
\I]t(\lj_l(9> t)> t) = 'LU(Q, t)

If we instead consider ®(6,t) := ¥(0,¢)~! € Diff(S')/PSL2 (inverse is taken in

O-variable), then we obtain that ® satisfy the transport equation:
q>t(9> t) = —’LU(Q, t)q>9(97 t)

Here, vector field w(#,t) is the same as in the previous formula.
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Consider ®(0,t) = 0+t - ®1(0) +t2- Dy(0) + 3 - P3(0) + O(t*). We have

D,(0,t) = D1+ 2Byt + 303t + O(t?),

Dp(6,t) = 1+ @)t + OYt* + O4t* + O(th).
Then the transport equation for ®(6,t) becomes:
Dy + 2Byt + 303t + O(t?) = —(vo + vit + vat? + O(t?)) (1 + Pht + Pht? + O(t?)).
Which yields

¢ = —wyp,
20, = —vg®| — vy
= vovy + L™ (2Lvg - vy + Lvj - vp),
30y = —vg®) — 11 P — vy (4.3)
=~ fugvh + L7 (2Lvo - vh + Lt - o)) — vhL (2w - v + Lo - vo)
— LY | Ly - LN(2Lvg - vl + L), - vo) + %L% - L7 (2Lvo - v + Lvg - vo)

1
+vy(2Lvg - v + Lug - vo) + 5’110(2[/&10 ~vg + Lug - vo)'|
Therefore, the geodesic ®(0,t) has the following expansion (substituting v for vg)
1
D(0,t) =60 — vt + 5[m/ + L7 (2Lv - v + L' - 0)]t? 4+ ®st® + O(t4).

Where &3 is defined by (4.3). The above is the expression for the left exponential,
i.e. (0,t) = exph(—tv) € Diff(S')/PSLy(R).
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4.2.3 Taylor expansion of ¥(0,t) € PSLy(R)\Diff(S?)

Knowing the Taylor expansion of ®(6,t) we obtain the expansion of ¥ = ®~1. Given

D(0,t) := V10, t) = 0 + D1(0)t + D2(0)t> + O(t?). We have the following:

9
ot
W (U (0,1),8)0,(0,1) + U, 1 (U(0,1),t) = 0,

U Hw(0,t),t) = 0,

V(0,8) = —

U,1(0,1) Py + 20yt + 3D3t2 + O(1?)
ToH0,t) 14 P+ Pht2 4+ O(t3)
= (D) + 20ot + 3B5t2 + O(t)) (1 — P\t — DYt? + P12 + O(t?))

= & + 120y — &, D)) +t3(3D3 — 20Dy — D), + D) + O(£?).

Combining two expressions we have

YN (w(6,0),0)
VO = = 5T w010

= — [®1(0) + t(202(0) — B1 ()P, (0))

+12(3®5 — 2] Py — 1D + D1 D7) 4 O(t?)]

0=0(0,t) °
Therefore
\Ift(Q,t = 0) = Vo,
Uy (0, = 0) = vov) — L™ (2Lvg - v} + Lup - vo),
Wy (0,1 = 0) = vo(vovy) — 2v0L " (2Lwg - vy + Lv - vp)’ (4.4)
— vy L™ (2L - v)y + Lv}, - vg) + 2v2. (4.5)

Using the series for ®(6,¢) we have obtained the series for the right exponential
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U (0,t) = expli(tv) € PSL2\Diff(S') (substituting v for vg):
1
U(h,t) =0+ vt + §[UU/ — L7 (2Lv - v + L' - 0)]t* + U5t + O(th),

1
where \113 = E\I]ttt-

4.2.4 Exponential maps

We have two exponential maps, right and left exponential maps, which correspond

to geodesics in left- or right-invariant metrics:

exp”(—tv) = ¥ (0, —v,t) € Diff(S')/PSL2,
exp(tv) = ®(0,v,t) € PSL2\DifF(S").

We have explicit formulae for them, up to a third order terms:

1
exph(—tv) = 6 — vt + o [vo'+ L7 (2Lv o' + Lo 0)] £ 4 Bt?, - (4.6)

1
exp(tv) = 6 + vt + 3 [ov) = L7 (2Lv - v/ + Lv" - 0)] £ + W3t°,

where @3, U3 are defined as in (4.3) and (4.5).

4.2.5 Concise way

In order to write the expression for the sectional curvature in the concise manner we

will introduce new notation. For any u,v € g we have the transpose of the adjoint



map:

adlv:g— g,

v adlv.
It is defined in the following way:

(adl v, w) = (v, ad,w)

= <U> [u> w]>

We will derive the formula for the ad' using integration by parts:

(adl v, w) = (v, [u, w])
= /Lv(uw’ —wu')dx
= / —Lv-v'w+ Lv - uw'dx
= /(—2Lv v’ — Lv" - w)wdz.
Therefore:
adlv = —L7Y(2Lv -’ + Lv' - u).

Notice, that ad/v = B(v,u) in Arnold’s notation in [Ar66].
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In terms of the transpose of the adjoint map exponential maps (4.6) take more
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concise form (we can write v instead of tv, for small ||v]]):

1
expffv=0+v+ 3 [0/ + adlv]
1

+3 [v(v0") + v'adlv + 2v(ad]v)’ + ad] (adlv) + ad’ a,0] + Ol
explv=0+v+ %[m}’ — adfv]
1
+= [v(v0') — v(adlv)’ — 2v'adfv + adi(adfv) + adldzvv} + O(||lv[|h).

Now we compute u = D expfu, in other words how the vector u is carried by

the flow generated by the vector v (keeping the terms of the third order and below):

~ 1 1
= Dexplu=u+ 5 [(wv)’ + adfv + adlu] + G w(vv') + v(w') + v(vu')
+'adlv + o' (adlv + adlu) + 2u(adiv) + 2v(adlv + adlu)’
+ adl adlv + ad! (adlv + adlu) + adldTeradTuv + adldTvu . (47
In order to compute the WP norm of u we translating it back to the tangent space

at the identity T7qPSLy(R)\Diff(S!) and keep all the terms upto O(||v||?). We will

get a rather long formula:
U(exp(v)™h) = U(expt(—v)) =
1 1 1
u—vu'+ 3 [vv'u’ —u'adlv +v*u”] + 3 [(wv) +adlv +adfu] — 5V [(uv) +adfv+adiu)’
1
+3 u(vv') + v(w’) +v(vu') 4+ v'adlv + o' (adl v 4 adlu) 4 2u(adlv) +

2v(adlv + adlu) + adladlv 4 ad! (adlv + adlu) + adldLeradzuv - adldzvu . (4.8)
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After some simplification the formula turns into

1 1
t(exp(v)™) =u + i[u, v] + 3 [adf v + adfu]

J

~~

Iy

1
+5 [uv — uvv” — vv'u + o™ — 2u'adlv — v(adlv + adlu)’ + ' (adlv + adlu) + 2u(adfv)’]

. J
~~

1>

1
+5 u(vv') + v(w’) +v(vu') 4+ v'adlv + o' (adl v 4 adlu) 4 2u(adlv) +

2v(adiv + adfu) + adfadfv + adf (adfv + adiu) + ad’ v+ad . wl. (4.9
u v u— v u v ad! vradlu adlv

(. J
~~

I3

One can check that

1 1 1
(u+I,u+ 1) = [Jul” + ZH[%U]II2 + ZHadlv +adfu|? + 5([%?1],&(12@ +adfu),
1
3
1 f t
<u> I3> = _6<[u> 'U]a advu + aduv>

1
(u, Iy) = —é([u,v], adlu) + = (adlu, adlv) — g(adlu, adlu + adlv),

1 1
— g(adlu, adlv) — é(adTuv, adiu 4 adlv).

Combining the above one gets the WP norm of @ (again up to the terms quadratic

in v):

(ﬂ(epr(v)_l), ﬂ(epr(v)_l» =(u+ L+ L+ ,ut+ I + I+ I3)

= (u + Il,u + Il> + 2(’&,]2 + Ig>

((exp™(v)™"), d(exp®(v) ™)) =
1 1
[ull* + o]l = 5 lladio + adjul?

1 1
+ 6([u, v], adl v — adlu) + g(adTuu, adlv). (4.10)
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Since (w(expf(v)™), u(exp(v)™)) = [Jul®* + 5K (u,v), the formula for the sec-

tional curvature K (u,v) in the directions u,v has the form:

2

adlv +adlu

.ol - 5

2
1

+ §<[u, v],adlv — adlu> + <adTuu, adlv>.

(4.11)

The expression (4.11) coincides with Arnold’s formula in [Ar66].

4.2.6 Sectional curvature in the Fourier basis

In this subsection we will derive the expression for the sectional curvature of the WP

T

metric in the planes spanned by the Fourier basis vectors ¢™* and on the planes,

spanned by sin nx and cosnz.

We will follow the notation used in [BR87]. We have the Fourier basis L,, =
279 /0z = —iem™*9/dx on the circle. Where x € [0,27] is a coordinate on a
circle, z is a coordinate on a complex plane C. The complexified Weil-Petersson

norm is given by:

(L, L) = [m® —m|6m,—n,  wm := (L, L_pn) = |m® —m).

According to [BL88] the curvature tensor R has the following representation:

WinWh, (ntm) (2n — m)wm, n>m
—(n+m
Wm+n (2m —n)w,, m>n ’

(4.12)

(R(L—p, Lp) L, L_y) = (m~+2n)(n+2m)

where n, m > 1.

In the previous section we have demonstrated that Arnold’s formula for the sec-

tional curvature still holds in our case of the metric on the quotient space. We will
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follow the footsteps of Arnold ([Ar66]) in deriving the same result as Bowick and
Lahiri.

R(L—m> Ln)Lm - [VL,my VLn]Lm - V[L,m,Ln]Lm
= Vi,V L=V Vi, L —V_, L, Llm-

First, we compute some identities that would be helpful, for example the Lie

bracket for right-invariant vector fields:
(L, Li) = Li(Li)e — Li(Li)e = (I = k) Ly

Bilinear operator B defined on Lie algebra g as (B(u,v), w) = (u, [v,w]), or in other
words:

B(Ly, L) = —(k + 20~ Ly,
W41

Covariant derivative:

Vi Li = 5 (=[L L] + B(Ly, L) + B(Li, L))

Wk

Wi
kE—1)—(k+2l l+2k)— | L.
(== 22 202 ) Ly

N — DN =

Using the above identities we can derive:

(Vp, Vi L, L) =0,
<VL,mVLan> L—n> == _<VLan> VL,mL—n>

(n—m)?w2,,, — ((n+2m)w, + (m + 2n)w,)?

4wn+m

Y

_I_
(ViL_p o)L, L) = i 5 m [(2m — n)w, + (2n — M)Wy, + (N 4+ M)wp—m].
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Combining all the ingredients we get the final formula for the sectional curvature.

One can check that it agrees with formula (4.12):

((n + 2m)w, + (m + 2n)wm)? — (n — m)?w?

n+m

R(L_y, L)Ly, L)) =
(R(L-sns L)L, L) P

n-—+m
2

[(2m — n)w, + (2n — M)wp, + (N + M)wWp—m)

If we take s, = sinnx and ¢, = cosnzx, then the expression for the sectional

curvature in the plane spanned by s,,, ¢, simplifies and has the following form (notice,

that [|sal[fy p = llealliyp = wn/2):

2 92 2
In‘w:  nw,

(R(Sn, Cn)Sn, Cn) =

4a@n 2 ’
9 2 2 2
K(sp,cn) = % - wi (4.13)

(R(L_m,Ln)Lm,L_n)

In Figure 4.1 you can see plots for the sectional curvature K(L_,,, L,) =

and K (sp, ) = 418ncn)sncn)

n

WmWwn

w

Figure 4.1: Left: sectional curvature K(L_,,, L,), where L,, = —ie”™*9/0x. Right:
sectional curvature K (sinnz,cosnz).

In Subsection 5.3.6 we will demonstrate the effects of negative sectional curvature
on the geometry of the geodesic triangle. And in Section 5.4 we will demonstrate

numerically the divergence of geodesics according to the formula (4.1).
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4.2.7 Ricci curvature

The Ricci curvature tensor at the origin of the universal Teichmiiller space T'(1) is

defined by the following series

+o00o
Ry = Z Ryl (4.14)
n=2
Here, we are using the convention n = —n.

We will state the theorem from [TT06] without a proof regarding the Ricci tensor.
Theorem 6. The Ricci tensor at the origin of T'(1) is well-defined and is given by

13
Rt = ——0p.
kl 127 kl

Since the Weil-Petersson metric on 7'(1) is right-invariant, it follows that the

Ricci tensor is well defined everywhere on 7'(1), not only at the origin.

You can see that the Ricci curvature is finite. That means that high-frequency
sectional curvatures are going to zero, and they are tending to zero fast enough
to guarantee the convergence of the series (4.14). That tells us that the shooting
algorithm of finding geodesics would be less sensitive to the high-frequency com-
ponent of the initial velocity, than to the lower-frequency components. The higher
the frequency, the closer to zero the sectional curvature is, hence the more ‘flat’ the
geometry of the space becomes. That will allow us to tackle high-frequency noise in

the geodesic finding problems.
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4.3 Discussion

Knowing curvature is a very important tool in the study of the shape space. Firstly,
it tells us how geodesics behave, and what happens to neighboring geodesics. Sec-
ondly, knowing curvature allows us to do better statistics. Currently, statistics on
the shape space is done in the following way [VMTYO05]. Given n shapes s, the
Karcher mean m is found. It is defined as a shape m, such that it minimizes the
following sum fovzl dist(m, si)?. The shapes are linearized: instead of s; one con-
siders vectors vy, that are the initial vectors of the geodesic, connecting m and si’s.
Therefore, analysis is transfered from a non-linear space of shapes, to a linear space,
tangent space at the Karcher mean m. But the analysis is not entirely correct if we
are not taking curvature into the account. In some planes the space is more ‘curved’
than in others. For example, given two pairs of vectors uy, us and vy, vo, such that
the sectional curvature K (uq,us) > K (vy,v2). From the point of view of the tangent
space, if vectors have the same norm and the same angle between them, two pairs of
shapes will look the same. But this is not the case if we account for the curvature:
the shapes, corresponding to vectors uy, us will spread from each other further away,
than the shapes, produced from vectors vy, vo. This is reflected in the formula (4.1).
In Section 5.4 I have demonstrated numerically the ‘spreading apart’ of geodesics.
This is one of the major reasons why Weil-Petersson metric is interesting: its sec-
tional curvatures are known and we can compute them relatively easy, employing

the formula (4.11).



Chapter 5

Numerical methods of finding

geodesics

5.1 From shapes to fingerprints

Given a 2D shape I', we need to construct its fingerprint. This is done via construct-
ing two conformal maps, ¢, and ¢ey. Respectively, these map the interior of the
disk to the interior of the shape, and the exterior of the disk to the exterior of the
shape. By composing these maps and restricting their action to the circle one gets
the fingerprint ¥ = ¢, { 0 dexi|s1-

N

1, spaced uni-

The shape I' is represented via the collection of N points {z,}
formly with arclength in the complex plane. Recall, that for the construction of the

fingerprint we find two conformal maps @iy and ¢ey¢, such that:

¢int . ]Dint - Fint;

¢oxt . ]Doxt - Foxt;

82
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where D is the unit disk and I" is the shape. Shape I' is given by the collection of
points {I'x} in the complex plane. This two maps allow us to define a fingerprint
and its inverse: ¥ = ¢ 0 ¢exi|s1 and the inverse W% = ¢} o ¢ine|s1. We define two

sets of points, 8 and 0%, on the circle:

e}fnt = ¢1:1% (Fk)>
07" = ot (L)

In this notation we can write the fingerprints:

\I]i(eint) — QCXt, \II(QCXt) — eint‘

There are several methods of computing the conformal map between a disk and

a shape given by a collection of points:

e the SC package developed by Toby Driscoll and L.N.Trefethen [DT],
http://www.math.udel.edu/~driscoll/SC/

or

e the ‘zipper’ algorithm developed by Donald Marshall [MRO07],

http://www.math.washington.edu/~marshall/zipper.html.

The SC package computes the conformal map using the Schwarz-Christoffel for-
mula. It will produce a conformal map between a disk and the interior (as well as the
exterior) of a polygon, with vertices given by points {2,}2_,. The SC package is not
very accurate if the regions in question are very elongated, or have large protrusions.
For the shapes ‘close’ to circular shapes we have used the SC algorithm. For more

complex shapes (e.g. fish) we have used the zipper algorithm.

There are several advantages to the ‘zipper’ algorithm. First of all, it is very fast

and can handle a large number of points (up to 10,000). Secondly, the resulting
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conformal map is a composition of elementary transformations (linear fractional
maps, squares and square roots), which can be computed with high accuracy and

can be inverted explicitly.

There are several versions of the ‘zipper’ algorithm. The one that we will use is
the geodesic ‘zipper’ algorithm. It computes the conformal map between a disk and

a domain, bounded by a C! curve, that goes through the points {z,}2_,.

When contructing the fingerprint, we would need to have an appropriate sampling
of 6= and 0™, which will give a dense enough sampling in terms of the arclength
on the curve. In Figure 5.5 you can see that spacing of 8™ could be of the order
of 1078, This will pose some problems, which we are going to explain later in this

chapter.

5.2 From fingerprints to shapes

After finding a geodesic path in the space of fingerprints we need to visualize how this
path looks in the shape space. We use a fast and an easily implementable algorithm,

based on the Hilbert transform.

The shape defined by F(0) := few(€?) = fine(e??) o ¥ can be found as a solution
of an integral equation

K(F)+ F =€, (5.1)

where K is the following operator:

K(F)(0) = % /S 1 (cot (91 geg) () cot (w» F(62)ds.

We can discretize the linear operator K, using the fact that the Hilbert kernel could
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be integrated explicitly:

/ cot(z/2)dr = 2log Sn(0/2) |

sin(a/2) ‘

When 0 € [a, b] the above integral should be taken in the principal value sense. The

discretization of the linear operator K is then given by:

Sin(67 — 7+1/2) sin (W(6°) — W(6H1/2)

Ka,ﬁ = 2log Sin(ea — 95_1/2) Sin(\IJ(QO‘) _ \11(95-1-1/2)) )

where 0% = 2ra/N, and 0°T1/2 = (9~ + §°+1/2) /2. By inverting operator I + K in
the equation (5.1) we will find the shape F'(#). For details refer to [SMO0G6].

5.3 Geodesic finding

5.3.1 Energy discretization

Given two shapes represented by fingerprints Wy (6) and ¥, (6), we are looking for a
geodesic path (0, t) € Diff(S'), such that ¥(0,0) = ¥y(f) and ¥(0,1) = ¥y(h),
which minimizes the length of the path

\I]0> / ||\I]t )HWpdt

Here, U=1(6, t) is the inverse in § variable, i.e. for any fixed ¢ we have U (U~1(0,t),¢) =
“HW(0,t),t) = 0.

It turns out ([MD10]) that minimizing the path length L(Wq, ¥;) is equivalent to

minimizing the WP energy, E (U, ¥):

E(Wo, U / 19, (U0, ), )| pit. (5.2)
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To make the computation of the gradient of the above energy more convenient,

we use the following identity (which is easy to check):

(6, 1)
U (U0, 1),t) = —(7’. .
t( ( ) )7 ) (\If_l)g(e,t) (5 3)
Therefore instead of minimizing (5.2), we need to minimize
1 \I]_l 2
E(Ug, Uy) :/ & dt. (5.4)
o 1% (0,8)llwp

We denote the inverse of the fingerprint Wi(6,t) := ¥=1(0,t). We have the following
discretization: the time ¢ € [0, 1] is discretized at equally-spaced points ¢, = %, for
k=0,...,M. We discretize the variable 6 € [0, 27] into N uniformly-spaced points
0, =2ml/N, forl =0,...,N—1. We will always use M = 2™ and N = 2" for suitable
n and m. The geodesic path WU¢(6,t) will be represented as a set of N x (M + 1)
points: {W (0}, t) b, for [ =0,...,.N—1and k=0,..., M.

For the computation of the energy (5.4) it is convenient to use the shifted time
grid, denoted t;. The grid is defined as t; = ﬁ + 47, for s = 1,..., M. Therefore
the points of the grid ¢; are the midpoints between those of the grid ;. Denote
te. = ts — ﬁ and t, =t + ﬁ, i.e. ts+ coincide with the points of the original grid
tx. Discretized version of the initial and target fingerprint we will denote \io and U,

respectively.

Therefore we have the discretizations of the derivatives

; L (WO, b)) = OOk, tsr) | W Ok, tsm) — W (Oh1, ts-)
Vo (B ts) = 3 < A7 /N * Ar /N ’
\I]Z(elm ts-l—) - \I]Z(elm ts—)

Thus we obtain the following discretization of the velocity of the geodesic path (see
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1
tufl : tu

|

® : ® O
1
|
1
|
1

® = ® O
1
1
|
1

P ! ® Or-+1
1
|
1
1
|
1

Figure 5.1: The value of qut(((;’;i)) is computed at the point marked by the square,
0 sbs

using values of the fingerprint ¥*(6;,t,) at points marked by dots.

Figure 5.1):

\Ifi(ek,ts) 8t M \Ifi(ek,ts+) — \Ifi(ek,ts_)

WOk, ts) N W01, ter) — Wi(Or1,ter) + Ui(Opir, ts) — Vi(Op_1,ts )

To compute the discretized version of the WP norm we will need to use a discrete

Fourier transform. If, in general, velocity has the following Fourier expansion

then its WP norm will be simply

H U0, t)

2 0o
: = a,(t 2In3 —nl.
||, = 2 I

n=-—oo
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Using the discrete Fourier transform:

N/2

elm 2 ink/N
an(ts)e ™™ an_p(ts) = an(ts).
TRt DY ¥enlts) = )

Now everything is set to compute the geodesic {¥*(6;, t1.) }i.. For that we need to

minimize the discretized version of the energy (5.4) (up to a multiplicative constant):

M N-2

\116,\11Z szn 2(n® —n).

s=1 n=2
5.3.2 Computing the gradient of the energy

For minimizing the energy we need to have the expression for the gradient. It
will be used in the gradient descent or the conjugate gradient algorithms. Denote

E = E(U!, W), Ui = Wi(f,t,) and Wi o= U0, tss).

Define {w;}';! to be an inverse discrete Fourier transform of {;};',". In other

words,

N—

_ Z Dre 27rzkl/N
k=
= k3

— k, where k = min(k, N — k).

Action of the WP operator in the Fourier domain amounts to multiplying by
|n® — n|, therefore after the inverse discrete Fourier transform this will correspond

to a convolution. In other words,

\I]i(elﬁ ts)

Z'UJZ —j 'UL 'Uz s(\Iji), where Vk,s -= m

7.77
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Hence we can compute the gradient

ok =2 wi ;v Dvis (5.6)

Notice that for each fixed entry (k,u) the derivative dv; ,/OWj , will be non-zero
only for six (7, s) entries. Specifically, when j = k,k £ 1, and when s, = u and

S_ = u.

5.3.3 Choosing a representative fingerprint

Recall that each shape is represented by a fingerprint ¥ € PSLy(R)\Diff(S'), or
equivalently by its inverse ¢ € Diff(S')/PSLy(R). The geodesic in the coset space
Diff(S') /PSLy(R) will have the form W'(¢) - PSLy(R), in other words, it is a geodesic
path in the space of left cosets of PSLy(R). For any map A € PSLy(R), U¢o A will
also be a fingerprint for the same shape. Weil-Petersson energy doesn’t ‘see’ changes
that happen in the vertical space psly(R). This creates an ambiguity in the geodesic
Ui(0,t), thus we need to choose a representative fingerprint in the coset space. For
any fingerprint U we can find a unique map A € PSLy(R) such that U/ = Uio A will

fix three prescribed angles. The fingerprint ¥? will be called a normalized fingerprint.

Three prescribed angles that the normalized fingerprint will fix are —7, o, 8. In

general the map A(z) € PSLy(R) that preserves the unit circle will have the form:

az+b
A = 50 P = b =1,

where a = a; + ias, b = by + iby. If one takes z = €, then we get a map on the

circle:
(ag + b2) + (a1 — by) tan(6/2)
(a1 + b1) — (az — by) tan(6/2)

tan(A(0)/2) =
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We construct a fingerprint using the ‘zipper’ algorithm such that ¥¢(—7) = —.
By taking ay = by we guarantee that A(—m) = —x, therefore Ui(—7) = —x. We

need to specify two more constraints. We take:
A(#) = 2arctan(c + dtan 0/2),

where A(—7) = —n for any ¢,d > 0 € R. We choose ¢, d such that ¥’ o A(a) = «
and U o A(B) = 3. Such ¢ and d are given by the solution of the system:

V()
2 )
B v(p)

dtan = =t .
c+ an2 an 9

«
c—l—dtanE = tan

Notice, on the right-hand side we have ¥(#) = (¥?)~1(#). The above system has
a unique solution for @ # (. In the minimization of energy we have used angles

a=—7n/4, =m/2.

5.3.4 Minimizing the energy

Given two fingerprints W§(6) and W% (), we are looking for the geodesic path that
connects them and minimizes the WP energy. We start the minimization with the
coarse grid M = 8 N = 32. The initial guess for the geodesic would be a circle,

whose normalized fingerprint is the identity map. In other words the initial guess is:

Uty 0p) =0y, foru=1,... M —1,k=0,...,N —1,
W1, 0;) = T (60h).

After the minimum is achieved at the coarse grid M = 8, N = 32 we pass to the
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finer grid with the same time discretization M = 8, but # is now discretized with
2N = 64 points. The geodesic path from minimization on the coarser grid will be
used as an initial guess for the fine grid. We continue this process until we reach a
sufficient level of discretization in theta. In all the cases presented in this thesis, the

finest grid had N = 256 points, unless otherwise specified.

Gradient descent

At every step of the algorithm we start with some approximation of the geodesic
path ¢(0,t,) and compute the gradient VE according to (5.6). Then we update
Gnew Ok, tw) = goia(Ok, ty) — AVE. Traditionally in the minimization procedures, A
is chosen using some kind of a line search algorithm. This algorithm searches for
the minimum of some function f in the direction of v, i.e. finds A that minimizes
f(z + Av), for some fixed starting point x in the direction given by the vector v. In
our case the function f is the Weil-Petersson energy, and the vector v is the negative

of the gradient.

In our numerical experiments it turned out that the multiple evaluations of en-
ergy in the line search procedure greatly slowed down the convergence. Instead we
decided to use constant )\, thus making constant steps in the direction of the negative
gradient. If the energy decreases we continue with chosen A; if the energy increases,
we roll back by one step, and try again in the same direction, but with Apew = A/2.

We set the minimal A to be Matlab’s machine precision, which is 2.2 - 10716,

Conjugate gradient

The conjugate gradient algorithm for minimizing the energy is an improvement over
the gradient descent method. We will briefly describe it. For a thorough treatment
refer to [PTVFO07].
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In the gradient descent procedure, the new gradient will always be perpendicular
to the previous one. This slows down the minimization of the energy. The conjugate
gradient algorithm chooses a different minimization direction, which will be conjugate

to the previous one, and will lead to the minimum faster than pure gradient descent.

The m-th update step is

gnow(9k> tu) - gold(9k> tu) + )\hm

Here, h,, substitutes the gradient of the energy and is computed using the previous

value h,,—1 and values of the energy gradient VE at m-th and (m — 1)-st step:

VE,, -VE,,
hy,, = VE,, 1.
VEn g VR,

At the first step hg = —V Ey. The value of A\, as in the previous case, is fixed. If
the energy on the next step becomes larger, we roll back one step to half A and try
again. The algorithms stops when we achieved the minimum A, which is set to be

the machine precision in Matlab, 2.2 - 10716 in our case.

In Table 5.1, one can see the computational times of gradient descent and con-
jugate gradient algorithms with various initial guesses. Conjugate gradient (CG)
outperforms the gradient descent (GD) exactly because of the reasons described

above: it chooses a better descent direction and arrives at the minimum faster.

In the simulations presented below (except for the comparison Table 5.1), we
have used a combination of gradient descent and conjugate gradient methods. First
we apply the CG method, and if the CG algorithm can not proceed any further,
we switch to the gradient descent. The number of minimization iterations at each

refinement level was capped by 10° steps.
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5.3.5 Local minimum

In general, the gradient (or conjugate gradient) descent procedure does not guarantee
that we will arrive at the global minimum of the energy. The algorithm could
get stuck in the local minimum. Depending on where we start — in other words,
depending on the initial guess for the geodesic — we might end up at different local

minima.

To address this issue we will start a minimization of the WP energy with four

different initial guesses for the geodesic:

Guess [1]. All intermediate shapes are the same as the first shape.

Guess [2]. All intermediate shapes are the same as the second shape.

Guess [linear]. Intermediate shapes are represented by the fingerprint W (0, t,) =
(1 —=t,)Vy +t, Vo, t, =u/Mu=1,... .M —1.

Guess [circle]. Intermediate shapes are circles.

We have computed four geodesics, using four different initial guesses, between a
horizontal ellipse and an ellipse rotated clockwise by 7 /3 from the horizontal one.
All of them have eccentricity e = a/b = 2. The resulting geodesics turned out to
be visually the same (see Figure 5.10). In Table 5.2 you can see L!-errors that we
get, if we start off with four different initial guesses. In Table 5.1 you can see the
comparison of energies and the run times. This example does not prove per se that
in general we will end up at the global minimum, but we argue that we can choose a
linear guess for the geodesic and get a minimal path, and the resulting path would

not differ from other minimal paths if we had chosen a different initial guess.
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Guess 1] 2] | [circle] | [linear]
Energy (GD) 5.328 | 5.328 | 5.328 | 5.3287
Time (GD), sec 2305 2400 1800 1650
Energy (CG) 5.3208 | 5.3208 | 5.3208 | 5.3208
Time (CG), sec 322 286 207 161

Table 5.1: Comparison of WP energies and run-times of minimizations using various
initial guesses. The computed geodesic connects horizontal ellipse and an ellipse
rotated clockwise by 7/3 from the horizontal one, eccentricity a/b = 2 (see Fig-
ure 5.10). The row ‘Time (GD)’ is the computational time of the gradient descent
algorithm, row ‘Time (CG)’ is the computational time of the conjugate gradient
algorithm.

Guess ‘ \If[l] ‘ \11[2] ‘ \I][circle] ‘ \Ij[linear]
Initial guess 1.5083 1.4138 1.1954 | 0.3236
Final geodesic | 6.8 -107* | 3.8-107* | 6.0-107* 0

Table 5.2: The L' error between the final geodesic using the linear initial guess and
other paths. First line is the L' error between initial guesses and the final geodesic
path Wlrearl(9 ). Second line is the L' error between final geodesic paths when
starting with different initial guesses and the final geodesic path Wlmearl(g t). The
computed geodesic connects horizontal ellipse, e = 2, and an ellipse rotated clockwise
by 7/3 from the horizontal one (see Figure 5.10).
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5.3.6 Geodesic triangle

In Figure 5.2 we heuristically depicted the local geometry of the shape space. At
the vertices are three ellipses: the first one is horizontal, the second one tilted by
7 /3 counterclockwise and the third one tilted by 27 /3 counterclockwise from the
horizontal ellipse. The semi-major axis is a = 2 and the semi-minor axis is b = 1,
thus the eccentricity is e = b/a = 2. On the lines connecting the vertices you can

see the shapes, corresponding to the geodesic path connecting respective shapes.

Figure 5.2: A geodesic triangle. Shapes along the edges represent the geodesics
between the shapes, depicted at vertices. Notice the reversion to more circular
shapes in the middle of geodesics.

Geodesics are not just rotations of one ellipse to another. Rotation of the shape is
represented by shifting of the fingerprint. This shifting preserves the high-frequency
Fourier coefficients. So the path that has a pure rotation in it will cost more in

the WP metric, since we have [n® — n| term in the metric. Therefore the geodesic
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‘smooths’ the shape out, preferring to shift in lower frequencies.

This property of the WP metric manifests itself in the fact that the ‘mean’ shapes
— shapes in the middle of the geodesic — tend to be more circular than the ellipses
we started with. We can picture a circle shape being in the center of this triangle
and the sides of the triangle bending toward the circle, thus exhibiting the typical
shape of the triangle in the negatively curved space. Below we compute the angles

in the corners of the geodesic triangle and show that they sum to less than 7.

Given a geodesic W(t) connecting two shapes W; and W, we can obtain two
velocity vectors v1a = (V(At) — ¥(0))/At,va; = (V(1 — At) — ¥(1))/At. They lie
in their corresponding tangent spaces to the manifold of fingerprints M, i.e. vis €
Ty, M,v9 € Ty,M. A vector and an initial point uniquely determine a geodesic.
The two vectors v1g, V97 are initial vectors for their corresponding geodesics, i.e. if we
start at shape ¥; with the initial velocity vio and trace the geodesic, then at time
t = 1 (given the appropriate scaling of the vector v15) we will arrive at the second
shape Wy. Conversely, starting at shape Wy with initial velocity ve; we ‘shoot’ a
geodesic, and at time ¢t = 1 we will get a first shape ¥;. If we have a third shape
W3 and two geodesics connecting first and second shape to U3 we obtain six vectors
V12, U13, V21, Va3, U1, U3z in their respective tangent spaces. These vectors allow us to
measure a local geometry of the shape space. Just like in a Euclidean space, we can
find angles between vectors, say vi2 and vi3. Thus we can find an angle a; at one

vertex of the geodesic triangle in Figure 5.2. To be specific:

(U12,U13>\1/1
|vi2||[|v1s]] ’

<U12, U13>q/1 = <U12- (‘111_1)6% V13- (\111_1)9>

(v1 = arccos

e

Remember, the vectors v12, v13 lie in the tangent space Ty, M. In order to compute

their norm or the WP product between them, we need to translate vectors back by
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o vy a3 | a1+ g+ Q3
radians | 0.73579 0.7358 | 0.73562 2.2072
degrees | 42.1576° | 42.1583° | 42.1478° 126.5°

energy of the side
opposite to ay 5.2693 5.2674 5.2671

Table 5.3: Angles oy of the geodesic triangle on Figure 5.2.

U;! to the tangent space at the identity 7,M. This can be done by right or left
translations. If shapes Wy are given by fingerprints in Diff (S')/PSLy(R) (that is
the case for the minimization of WP energy), then the translation in (5.7) is carried
by left translations. See Subsection 5.3.1 for details. At the identity the WP inner

product is simply (u,v). = [o Lu.vdf = [o Lv.udb.

Similarly to (5.7), we compute the angles as and a3. In the case depicted in
Figure 5.2, shape 1 is a horizontal ellipse, shape 2 is the ellipse rotated clockwise by
7 /3, and shape 3 is the ellipse rotated clockwise by 27/3 from the horizontal. The

table 5.3 has the angles aj in the vertices of the geodesic triangle.

Notice that the sum of all three angles is less than 7. This is characteristic of

the negatively curved spaces, and we have shown experimentally that it holds true.

The choice of normalization

It should be noted that the author had to choose a particular normalization of
fingerprints to achieve the desired results. In Figure 5.3 one can see that for the
fingerprint normalization that fixes angles « = —n /4,5 = 7/2 we obtained three
ellipses that were not rotations of each other. This is another disadvantage of using
uniform grid in #™-variable (disadvantages of the uniform sampling in 6™ will be
explored in Subsection 5.3.7). The above normalization changed fingerprints of the

tilted ellipses by ‘stretching’ some parts and ‘squeezing’ others. Thus it changed
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density of sampling points on two tilted shapes, but did not alter significantly the
density of points on the horizontal ellipse. Energies of the three geodesic paths were

5.5741,5.3117,5.7032, and the opposite angles turned out to be 43.5°, 38.2°,44.2°.

In Figure 5.4 we have the normalization, that gave us the results in Table 5.3.
Observe that the values of energy changed by about 5— 7%, when the normalization
changed. Thus normalization does not have a big impact on distances, but if one
wants to measure fine effects, such as curvature, one should pay attention to the
proper choice of the normalization. This is one of the disadvantages of using the
uniform grid. More fundamental problem with the uniform grid will be discussed in

Subsection 5.3.7.

5.3.7 Uniform vs. non-uniform grid

In the energy minimization we have discretized the fingerprint ¥ on the uniform grid.
This allowed us to efficiently compute the WP energy by employing the fact that
WP energy has a simple expression in the Fourier domain: [[v]|2, =, [n® —n[|v,|*.
This was sufficient for shapes that we have encountered so far: ellipses, squares and
rectangles. However, if we take the outline of a fish (see Figure 5.5) it turns out that

uniform discretization in the #™* domain (y-axis) is not enough to resolve the shape.

Let us elaborate. Recall that fingerprints can be written in two equivalent forms:

lI]i(eint) — QCXt, \II(QCXt) — eint‘

We can write the energy of the path using both representations, ¥ and W

[ wten.0) 4= [

Notice that the domain under the integration sign is always 6™¢, no matter which

2
dt.

wp

i(0,1)
(0, t)
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Figure 5.3: Incorrect normalization of fingerprints of ellipses for the geodesic triangle.
Normalized fingerprint is plotted above the non-normalized fingerprint. Fingerprints
were normalized to fix angles —m, —7 /4, 7/2. Every fourth point is shown to em-
phasize non-uniform distribution of points. Notice how two tilted ellipses become
non-symmetric with the given normalization, while the horizontal one remains sym-
metric. Therefore the three ellipses are not rotations of each other.

representation we use. That means that for the minimization procedure we have

implemented, we need to make a uniform grid in 6™ domain.

We have taken the fish shape from Figure 5.5, represented by uniformly-spaced
points and constructed conformal maps gex, ding. In Figure 5.6 you can see the log-

plot of boundary derivatives 90 (s) /0s = 0¢,4(s)/0s and 06 (s) /Os = ¢ 1 (s)/0s.

The function ¢y is rather benign, as evidenced by the plot of the derivative. In

contrast, the derivative 90'"*(s)/ds exhibits very small and very large derivatives.
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Figure 5.4: Correct normalization of fingerprints for the geodesic triangle. Normal-
ized fingerprint is plotted above from the non-normalized fingerprint. Fingerprints
were normalized to fix angles —7, —7 /3, 7 /3. Every fourth point is shown to empha-
size non-uniform distribution of points. Notice that here three ellipses are rotations
of each other.

The ratio between the smallest and the largest derivative is of the order 108. The
smallest spacing of the 8 is 1.2 - 1073, the smallest spacing of the #™ is 1.5- 1078,
This behavior of boundary derivatives is seen not only for this particular shape, but
for almost all the fish shapes. And in general, the more elongated the shape is, the
smaller the derivative 90" (s)/ds gets. The influence of the local geometry — in
particular the curvature of the shape — affects derivatives of the boundary maps as

well, as could be seen in formula (1.2), Subsection 1.3.3.

The above points to the fact that uniform sampling of 6™ is inadequate for
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Figure 5.5: The outline of the fish and its fingerprint. Corresponding points on the
fish and the fingerprint are marked by squares and labeled by letters from ‘a’ to ‘r’.
The smallest spacing of 6 is 1.2 - 1073, the smallest spacing of #™¢ is 1.5- 1078,

representing shapes with low and high derivatives of §™(s), as in the case of a fish.
Almost any shape that is not close to a circular shape will exhibit this trait. In
Figure 5.7 you can see the fingerprint of the fish from Figure 5.5, and the shape,
reconstructed from the corresponding fingerprint. We used 100 and 1000 points,
spaced uniformly in the 6™ domain. The tail and head of the fish are not resolved
properly, because these parts correspond to parts of the fingerprint with very small
derivatives. Hence when we are taking uniform grid in the range ™, we cannot
resolve the tail and the head of the fish. Even 1000 points is not enough to resolve
the shape. That is no surprise, since the #i* = ¢ !(T'y) in general has much worse
behavior (extremely large and extremely small derivatives), than 05 = ¢_}(T';).
It is possible to find a shape, such that {#¢'} also has very large and very small

derivatives, but for a wider variety of shapes behavior of 8 is decent. Given the

estimates of the derivative of 6™(s), we conclude that we need to have about 108
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points to give a fair representation of such a shape as a fish. This is impractical from

the computational perspective.

The solution to this problem will be to devise a numerical minimization scheme
that deals with a non-uniform grid in #™*-domain. That means that we cannot use
discrete Fourier transform to compute the Weil-Petersson energy. Fourier transform
on the non-uniform grid is slow and not very accurate. In this case we need to
compute the WP operator L explicitly, by taking derivatives and applying a Hilbert
transform. Another approach would be to use singular solutions of the EPDiff(S?),
Teichons, to approximate the geodesic path. Teichon solutions are also geodesic paths
in PSLy(R)\Diff(S!). We have seen in Chapter 3 that Teichon evolution is governed
by a simple system of odinary differential equations. Trajectories of ax(t)’s and b(t)’s
will give us the trajectory v(t) = fovzl arG(0 — by). By integrating this velocity field
we will obtain a geodesic in the fingerprint space, and hence equivalently we will get
a geodesic in the shape space. In Chapter 3 we argued that by using a relatively
small number of Teichons, we can get a wide variety of shapes with fingerprints that
would have very large and very small derivatives. But in this case, this is not an
issue, since we do not need to compute the L operator at all. The Teichon integration
case eliminates the issue of the local minimum in the minimization of WP energy as
well. The trajectory ax(t), b(t) is the geodesic, up to the precision of the numerical

scheme, used for integration.

In Chapter 3 we have presented a numerical scheme to solve an initial value
problem, i.e. given an initial velocity, find the geodesic path. Finding geodesics is the
boundary value problem: given two shapes, what is the velocity with which we should
launch the geodesic from the first shape to get to the second shape. Therefore in order
to apply Teichons to the geodesic-finding problem some modification of the shooting
method should be used, or a boundary value problem should be reformulated in

terms of singular solutions of EPDiff.
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5.4 Sectional curvature

In Section 4.1 we have demonstrated the following formula, relating the norm of the

Jacobi vector fields and sectional curvature:
#
<‘](t)> J(t)>g(t) = <’LU, 'LU>t2 - K('U> w)g + O(t5)> (58)

where J(t) = (dexpp)w(tw) is the Jacobi vector field along the geodesic g(t) =
expp(tv) and K(v,w) is the sectional curvature in the plane v,w. In other words,
the Jacobi vector fields measure how the geodesic with initial vector v varies if we
perturb it in the direction of w by a small amount, i.e. launch a geodesic with initial
vector v + s.w, for some small s. For negative sectional curvature K (v, w) there will

be an excess of —K (v, w)%, when compared to the Euclidean case.

We are going to compute numerically the sectional curvatures K (sin(nf), cos(nf))
and compare them to the theoretical results in Figure 4.1. For this, we choose
v(0) = cos(nd)/||v|lwp, w(0) = sin(nd)/|w|wp, with n = 2,... 6. For each fixed n
we compute two geodesics g4 (t) = exp;yt(v+s.w) and g_(t) = exp;,t(v—s.w) using
forward integration described in Section 5.6. In our experiment we have chosen s =

.001. Then we compute the Jacobi vector fields along the geodesic g(t) = exp,(tv):

J(t) = (94 () — g-(1))/(2s).

Notice that J(t) € T, (PSLa(R)\Diff(S')). We then compute the WP norm of
J(t), bearing in mind that we need to translate it back to the identity by right

translations:

(J(), J())ge) = (J(E) 0 g7 (t), J(t) 0 g7 (t))e

In Figure 5.8 we plotted —3((J(t), J(t))g#) — (w,w)t*)/t* and the theoretical

sectional curvature from (4.13). It is clear that the crude forward integration we
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used captures relatively well the geometry of the shape space, at least for some

initial time ¢.
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Figure 5.6: Log-plot of derivatives of 8°(s) (top) and 6™(s) (bottom) with respect
to the arclength s on the fish shape (Figure 5.5).
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Figure 5.7: Uniform sampling of the fingerprint of the fish (Figure 5.5) with NV = 100
points and the welded shapes (left column); N = 1000 points and the welded shape
(right column).
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Figure 5.8: Comparison of the theoretical sectional curvature (dashed line), with the
numerically computed sectional curvature K (cos(nf),sin(nf)).
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5.5 Examples of geodesics

Below in Figures 5.9-5.17 are examples of geodesics obtained using the combination
of conjugate gradient and gradient descent algorithms on the WP energy. The figures
should be read from left to right, from top to bottom. The starting shape is in the
upper left corner, the final shape is in the bottom right corner. Notice that in the
middle of geodesics, shapes tend to be more circular than starting or final shapes.
As we mentioned before, this is a reflection of the negative curvature of the shape
space with the Weil-Petersson metric. This fact is especially pronounced for the pair
of geodesics in Figures 5.9, 5.10. In the first figure ellipse with eccentricity e = 1.5
is morphed into the rotated one with the same eccentricity. In the second figure,
the same geodesic is displayed for ellipses with e = 2. The middle shapes closely
resemble ellipses with smaller eccentricities, e = 1.2 and 1.3 respectively. Both of

them are rotated by 7/6 counter-clockwise.

The energy of the path is displayed in the caption to each figure. It is exactly
the squared length of the path connecting two shapes (see for example [MD10]).
Intuitively, the larger the distance between shapes, the more ‘different’ should the
shapes be in some sense. For example, compare the geodesics with rotated ellipses
in Figures 7?7 and ?7. In the case of ¢ = 1.5 the energy £ = 1.62, for e = 2 the
energy is £ = 5.2671. It takes more energy to rotate more oblong ellipse, than the

one with e = 1.5.

Moreover, the path from the circle to the square (Figure 5.13) is shorter than
the path connecting the ellipse, e = 1.5, and the square (Figure 5.14), which is in
turn shorter than the path from the ellipse, e = 2 to the square (Figure 5.15). The
energies are B = 2.80, F = 3.80, and E = 5.91 respectively.
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Figure 5.9: Energy £ = 1.62. The geodesic, connecting the horizontal ellipse with
the ellipse rotated by m/3 from the horizontal one. The ellipses’ eccentricity is
e = 1.5. Below is the middle shape of the geodesic, overlayed with the dashed
ellipse, eccentricity 1.2, rotated by 7/6 counter-clockwise.
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Figure 5.10: Energy E = 5.2671. The geodesic, connecting the horizontal ellipse
with the ellipse rotated by 7 /3 from the horizontal one. The ellipses’ eccentricity is
e = 2. Below is the middle shape of the geodesic, overlayed with the dashed ellipse,
eccentricity 1.3, rotated by 7 /6 counter-clockwise.
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Figure 5.11: Energy E = 5.2674. The geodesic, connecting the horizontal ellipse with
the ellipse rotated by 27/3 counter-clockwise. The ellipses’ eccentricity is e = 2.
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Figure 5.12: Energy F = 5.2693. The geodesic, connecting ellipse rotated by 7/3
with the ellipse rotated by 27 /3 from the horizontal one. The ellipses’ eccentricity
is e = 2.
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Figure 5.13: Energy F = 2.80. The geodesic path, connecting the circle with the
square.
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Figure 5.14: Energy E' = 3.80. The geodesic, connecting the horizontal ellipse, with
e = 1.5, and the square.
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Figure 5.15: Energy E' = 5.91. The geodesic, connecting the horizontal ellipse, e = 2,
and the square.
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Figure 5.16: Energy E = 12.90. The geodesic, connecting the square with the
upper-left bump with the square with the upper-right bump.
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Figure 5.17: Energy F = 1.65. The geodesic path, connecting the circle with the
horizontal ellipse, e = 2.
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5.6 Forward integration of the EPDiff

Recall that the solution of the EPDIiff(S!) also minimizes the energy of the path.
The path of minimal energy that we obtained from minimization is not guaranteed
to be the global minimum, i.e. is not guaranteed to be a solution of the EPDiff(S!).
In this section we will describe a crude integration scheme for the forward solution of
the EPDIff(S') and compare results from this forward integration scheme with the

minimization of the WP energy.

Remember, that the EPDiff could be written as:
vy = —G % (2Lv.vg + Lvg.v), (5.9)

where L = —H(0; + 0p) is the Weil-Petersson operator, and G is its Greens function,
i.e. its inverse. This is an integro-differential equation. We have solved the initial
value problem numerically in the special case of singular solutions in Chapter 3.
The numerical scheme that we used was fairly robust: it preserved the energy and
momentum with high accuracy. For the case of general initial v we are going to use

a simple Runge-Kutta solver, implemented in Matlab by the ode45 function.

The right-hand side of (5.9) is computed using the Fourier representation of
operator L and its inverse G. As a reminder, if f =) fnei™ | then (for n # 0,+1):
fo-

- ) ~ 1
(LIR =1 = nlfu, (G* D=5

Asin (5.5) we compute 2Lv.vg + Lvg.v at t;’s using the discrete Fourier transform of

the L operator in the form of {wy}n "

r

(2Lv.vg + Lvg.v)(i) = ’ 2w;_j.v(1).v9(7) + wi—j.ve(i).v(j),

Il
o
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where v(i),vg(j) are values of velocity v() and its derivative vg(f) on the discrete
uniform grid {6x}. Then we perform the convolution G * (2Lv.vg + Lvg.v) using the
= L Below is the Matlab
code of the function epdiff rhs, that provides the right-hand side of the EPDiff

discrete Fourier transform and the fact that G(7)

(5.9), and the code of the function convg, that implements convolution with G(6)

via FFT.

function du = epdiff_rhs(t,u,W,ghat)

% Function du = epdiff_rhs(t,u,W,ghat) computes the rhs
i of the EPDiff.

% Input u is an Nx1 velocity vector,

% ghat(n) = 1/|n"3-n|, are the Fourier coefficients

% of the Green’s function G,

% W is the discretization of the WP operator L.

N = length(u);
dtheta = 2x*pi/N;

utheta ([u(2:end); u(1)] - [u(end); u(l:end-1)1)/(2*xdtheta);

du - convg( (Wxutheta).*u + 2% (W*u).*utheta, ghat);

Yoo ToToTo oo 1o o o o

function y = convg(x,ghat)
% Function y = convg(x,ghat) computes the convolution
% of the vector x with Green’s function.

% ghat are the Fourier coefficients of the Green’s function G.
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N = length(x);
omega = ( -N/2 : N/2-1)7;
factor = exp(li*omegaxpi);

xhat = factor.*fftshift(fft(x))/N;

y = real (ifft(ifftshift(N*xhat.*ghat./factor)));

We will compare the performance of this crude forward solver with the minimiza-

tion of the WP energy procedure.

We have compared almost all the geodesics in Figures 5.9-5.13. In the case of the
rotated ellipses with e = 2, the forward solver of the EPDiff diverged, before reaching
T = 1. The code was able to integrate until 7" = 0.9, therefore, the comparison was

performed upto time 7" = 0.9.

The geodesic path ¥?(6, t) that we get from the minimization of energy, will yield

an initial vector vy = Wi(0,t)/W5(0,t)|,_,. Remember that the geodesic path in the
minimization of energy lies in the space Diff (S1)/PSLy(R), but the EPDiff(S!) is
the geodesic equation on the PSLy(R)\Diff (S!) space with a right-invariant metric.

That means that the initial velocity for the EPDiff will be —vy (see equation (5.3)).

We plug in —vy as the initial vector in the EPDiff (5.9), and solve forward using
ode45, with the right-hand side discretization as described above, with At = .01.

The EPDiff forward solver and the minimization procedure deal with different
representations of the geodesic. The forward solver outputs the velocity trajectory
v(0,t) in the tangent space at the identity. To get the geodesic path we need to
integrate it. The minimization path deals with the discrete version of the geodesic
path U¥(0,t). To get the velocity field one needs to take v = (¥*),/(¥*),. Errors will
invariably add up when we pass from v to ¥ and vice versa. In this section we choose

to compare velocity fields v/ (‘f” for the forward integration of the EPDiff) and v™
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(‘m’ for the minimization of the WP energy). After solving the EPDiff forward, we
interpolate it to the same grid that v™ (0, ts) is computed on, i.e. for t5 = ﬁ + ﬁ,

k=0,...,M—1.

At the end we compare v/ and —v™ (negative sign because of the reasons ex-
plained above). In Figures 5.18, 5.19 you can see plots of L' errors |[vf + v™| 1
for different times t; for different geodesics. We have refined guesses for the initial

velocity vy by increasing the number of time steps M in the minimization procedure.

=M=16 10—1,;" -—forward, M=8
; ---M=32 S forward, M=16
. M= ' ---forward, M=32
‘ ‘ ‘ M_64 ; | - forward, M=64

02 04 06 08 ' 02 04 06 08

0 02 04 06 08 1

Figure 5.18: L! errors ||vf + v™|| ;1 for different geodesics. From left to right, top to
bottom: 1) the geodesic connecting an ellipse, e = 1.5, with the same one rotated
by 7/3 counter-clockwise (Figure 5.9); 2) the geodesic connecting the horizontal
ellipse with the ellipse rotated by 7 /3 counter-clockwise, e = 2 (Figure 5.10); 3) the
geodesic connecting the circle and the ellipse, e = 2 (Figure 5.17).
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Observe that in most of the plots L-error decreases initially with the increase of
M, i.e. with the refinement of the time discretization. But at times close to t = 1

almost all initial guesses turn out to have the same L'-error.

Judging from Figures 5.20 and 5.21 we can assume that the forward integration
of the EPDIff is a very crude approximation to the geodesic. The energy |[v||% p
should be conserved under the flow of the EPDiff, but it is not constant. In the third
plot in Figure 5.20 the energy is conserved best by the EPDiff forward solver, and
the L'-error plot (the third plot in Figure 5.18) acts accordingly — the error is one

of the smallest among examples presented.

Notice, the larger the energy, the worse the forward solver behaves, both in terms

of the energy conservation and in terms of the L!-error.

The effect of the refinement of the ¢-grid is mostly noticeable in the first L!-error
plot (Figure 5.18, the circle to the square). By increasing M, i.e. by increasing the
time discretization in the geodesic algorithm, we get better solutions for some initial
time. As t approaches 1, all the advantages of the finer t-discretization disappear —

the error is the same for high and low M'’s.
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Figure 5.19: L' errors ||vf + v™|| 1 for different geodesics. From left to right, top
to bottom: 1) the geodesic connecting the circle and the square (Figure 5.13); 2)
the geodesic connecting the ellipse, e = 1.5, and the square (Figure 5.14); 3) the
geodesic connecting the ellipse, ¢ = 2 and the square (Figure 5.15); 4) the geodesic
connecting the square with the upper-left bump with the square with the upper right
bump (Figure 5.16).
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Figure 5.20: Energy of geodesic paths v/ and v™, computed via forward solution
of the EPDiff and minimization respectively. From left to right, top to bottom:
1) the geodesic connecting the ellipse, e = 1.5, with the same one rotated by /3
counter-clockwise (Figure 5.9); 2) the geodesic connecting the horizontal ellipse with
the ellipse rotated by 7/3 counter-clockwise, e = 2 (Figure 5.10); 3) the geodesic
connecting the circle and the ellipse, e = 2 (Figure 5.17).
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Figure 5.21: Energy of geodesic paths v/ and v™, computed via forward solution of
the EPDiff and minimization respectively. From left to right, top to bottom: 1) the
geodesic connecting the circle and the square (Figure 5.13); 2) the geodesic connect-
ing the ellipse, e = 1.5, and the square (Figure 5.14); 3) the geodesic connecting the
ellipse, e = 2 and the square (Figure 5.15); 4) the geodesic connecting the square
with the upper-left bump with the square with the upper right bump (Figure 5.16).
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Consider the geodesic connecting the ellipse, e = 1.5, with the same one rotated
by 7 /3 counter-clockwise (Figure 5.9). As a side-by-side comparison, in Figure 5.22
we have plotted velocities v/ and v™, and the absolute value of their difference. In
Figure 5.23 you can compare the final shapes at ¢ = 1, from the forward solution of
the EPDiff and the minimization of energy. In these plots we can observe that the
better the guess for the initial velocity (in other words, for high M), the closer the

final shape will be to the final shape of the minimization procedure.
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Figure 5.22: Velocities v/ and v™ (top two rows), and |[v/ — v™| (bottom two rows)
for the geodesic connecting an ellipse with e = 1.5 with the same one rotated by 7/3
counter-clockwise (Figure 5.9), M = 8, N = 256. Dashed line corresponds to the
output of the minimization procedure, solid line is the output of the forward solver.
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As the shapes get further apart (larger values of energy F), it is harder for the
forward solver to ‘arrive’ at the final shape at time ¢ = 1. For the geodesic connecting
a circle with a square (Figure 5.13) the final shapes are basically indistinguishable.
But as we get further apart, e.g. in Figures 5.25, 5.26 we need more refinements of
the t-grid to get a better approximation to the final shape. Note, for M = 64 in
Figure 5.26 the final shapes are not very close to each other. This is due to the fact
that the minimization procedure didn’t converge completely, thus it didn’t provide

us with the good guess for the initial velocity.

The worst behavior of the forward solver was demonstrated in the geodesic con-
necting squares with bumps. In Figure 5.27 observe that final shapes are very dif-
ferent. Although, as M increases we obtain better results. This is the geodesic with
the highest energy among all our cases. The energy of the solution v/ of the forward
integrator (Figure 5.21) does not diverge exponentially, like in most other cases. The
energy stays close to the constant energy of the minimization path. It might be that
in this case we are observing the effects of negative curvature. Small changes in the
initial vector can lead to very different shapes. And this effect is emphasized by the

length of the geodesic.
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Figure 5.23: Comparison of final shapes at ¢ = 1 of the forward integration of the
EPDiff (solid line) and the minimization of the energy (dashed line). The geodesic
connects the horizontal ellipse with the ellipse rotated by 7/3 counter-clockwise,

e = 1.5 (Figure 5.9). E = 1.62.
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M=32 M=64

Figure 5.24: Comparison of final shapes at ¢ = 1 of the forward integration of the
EPDiff (solid line) and the minimization of the energy (dashed line). The geodesic
connects the horizontal ellipse with the ellipse rotated by 7/3 counter-clockwise,
e = 2 (Figure 5.10). £ = 5.2671.
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1 of the forward integration of the

EPDiff (solid line) and the minimization of the energy (dashed line). The geodesic
connects the horizontal ellipse (e = 1.5) with the square (Figure 5.14). E = 3.80.
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M=8 M=16

Figure 5.26: Comparison of final shapes at ¢ = 1 of the forward integration of the
EPDiff (solid line) and the minimization of the energy (dashed line). The geodesic
connects the horizontal ellipse (e = 2) with the square (Figure 5.15). £ = 5.91.
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M=8 M=16

M=32

Figure 5.27: Comparison of final shapes at ¢ = 1 of the forward integration of the
EPDiff (solid line) and the minimization of the energy (dashed line). The geodesic
connects the square with the left bump with the square with the right bump (Fig-
ure 5.16). E = 12.90.
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5.7 Forward integration of the EPDiff vs Teichon

integration

In Chapter 3 we have investigated the singular solutions of the EPDiff, Teichons,
and demonstrated the performance of a symplectic integrator Lobatto IIIAB, that

allowed us to obtain evolution of the Teichon with high accuracy.

In this section we will compare the performance of the forward solver of the
EPDiff (Section 5.6) with the forward Teichon solver in the following way. We will
integrate forward until time T = 0.3 the EPDiff using ode45 with initial velocity
v(t = 0) = sin(nd), for n = 2,...,8. We will compare this to the output of the
Teichon solver. We initialize the Teichon solver by the momenta m = > a;0(0 — by),
that will approximate the momenta m(t = 0) = Lv(t = 0) = [n® — n|sin(nf). In this
case we will take by, = 27k /Ny, k = 0,..., Ng—1 and a;, = |n® —n|sin(nby.)/N,. Here,
Ny is the number of approximating delta functions. We have tested Ny = 64, 128, 256.
After that we will compare the output of the forward solver v/ with the output of

the Teichon solver v (‘t” for Teichon), where v* =Y, arG(0 — by).

In Figure 5.28 you can see the plots of the L' error |[v/ — v™| ;1 with different
number of delta functions IV, in the approximating momenta. As N; increases, the
L' error for initial time smaller, due to the better approximation of the initial v. At
the final time ¢t = 0.3 the errors are the same. Sine the Teichon forward solver is a
high-order solver we conclude that the forward EPDiff solver from Section 5.6 is not

a good approximation of the solution of the EPDiff.

It is worth pointing out that the WP norm of the initial velocity vector ||sin(nd)|| =

V/|n3 = n|/2. For example, ||sin(26)|| = v/3 ~ 1.73 and ||sin(86)| = v/252 ~ 15.87.

In Figure 5.29 you can see the L! error ||v/ —v!||11 in the case of the normalized initial

[ sin(20)[lw P

velocity: v = [sin(n0)|[w

sin(nf). It is normalized so that |[v|wp = || sin(20)||wp =

V3. As you can see the error does not depend much on the frequency n. We can
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conclude that as the norm grows, the forward EPDiff solver starts diverging. Some

of the norms of the initial vectors of geodesics:

the ellipse e = 1.5 to the rotated ellipse, Figure 5.9, ||v||wp = 1.27;

the ellipse e = 2 to the rotated ellipse, Figure 5.10 ||v||wp = 2.29;

the circle to the square, Figure 5.13, ||v||wp = 1.67;

the ellipse e = 1.5 to the square, Figure 5.14, ||v||wp = 1.99;

the ellipse e = 2 to the square, Figure 5.15, ||[v||wp = 2.53;

the square with the left bump to the square with the right bump, Figure 5.16,
[v]lwp = 3.65;

the circle to the ellipse, Figure 5.17, ||v||wp = 1.28.

The highest of the above norms corresponds to || sin(36)|lwp = V12 ~ 3.46. Yet
the L' error for v(t = 0) = sin(36) is not that large as the error when matching the
square with the left bump to the square with the right bump. But the tendency
is clear: the higher the norm of the initial vector, the worse the behavior is of the

ode45 forward EPDifl solver.

In Figure 5.30 you can see why we cannot use the forward Teichon solver to
verify the geodesics. Even in the simplest case we cannot use the momenta to
approximate the initial velocity, the momenta is too jagged and the approximating

Teichon velocity is very different from the v from the minimization procedure.



134

Figure 5.28: Initial velocity v(¢t = 0) = sin(nf). Comparison of L' errors ||vf —v!|| 1,
where v/ is the output of the forward solver of the EPDiff (Section 5.6), v output
of the Teichon solver (Section 3.4).
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Figure 5.30: Initial velocity v (left) and initial momenta m (right) for the geodesic
connecting the horizontal ellipse e = 1.5 to the one rotated by /3 counter-clockwise
(Figure 5.9). Dashed line is the Teichon approximation of the initial velocity v.
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