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This thesis investigates three related topics on the geometry of the space of planar

shapes.

In the first part, we setup the EPDiff (Euler-Poincaré equation on the group of

diffeomorphisms) and investigate its singular solutions, Teichons, analogues of soli-

tons. A symplectic integration scheme has been implemented to solve a Hamiltonian

problem that arises in this part.

In the second part, the formula for the sectional curvature of the Weil-Petersson

metric has been derived. It has been shown that the formula coincides with Arnold’s

formula in the case of the metric without a null space.

The third part concerns numerical implementation of optimization problem of

finding geodesics by minimizing the Weil-Petersson energy. The comparison of meth-

ods is shown alongside with the examples of geodesics.
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Chapter 1

Introduction and Preliminary

Material

1.1 Introduction

The study of shapes and their similarities is the central problem in computer vision.

Of particular interest are 2D shapes, such as the outline of an object in a photo, the

shape of a bacteria under a microscope, or an image of body tissue from an X-ray.

The natural questions arise: how different are these shapes? Can we quantify the

measure of their difference? Can we infer some extra information?

In order to answer these questions from the mathematical point of view, we need

to formalize the concept of all possible shapes, and devise a mechanism that will

yield the quantifiable difference between shapes. It turns out that the tools to study

the shape space and to answer the above questions are given to us by Riemannian

geometry. We can treat a collection of all planar shapes as a manifold. Riemannian

geometry allows us to put a metric on this manifold. Equipped with the metric we

can analyze the shape space: connect shapes with paths of shortest length, and thus

1
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get a geodesic; obtain curvature of the shape space, and infer the overall geometry

of the shape space.

Recently the space of planar curves equipped with different metrics has been

extensively studied in [YMSM08], [MM05], [MM06], [MM07], [KSMJ04], [SM06].

By endowing the shape space with a metric, we will be able to measure a certain

similarity between shapes. If the shapes are similar, in some sense, then the distance

between them is small; if two shapes are different, then the distance between them

is large.

Why is it important to compute distances between shapes? For example: in

computer vision it aides classification, recognition and segmentation tasks. Given a

set of shapes from some class (say, outlines of cats) and a metric, one can construct

the so-called mean shape, or Karcher mean. The mean shape will be, in some sense,

an ‘average’, or ‘typical’ shape from this class. By measuring the distance between

any given shape and a mean shape, one can tell whether it is a cat or, say, a dog,

thus performing a classification task. In computational anatomy, given a metric on

a shape space, one can construct the average shape of a diseased tissue (it could be

a failing heart or a brain of an Alzheimer’s patient, for example). By computing

the distance between a patient’s tissue and an average diseased tissue, an automatic

diagnosis can be rendered, or a doctor can start early treatment if the patient’s heart

is ‘close’ in the shape space to a failing one.

Many types of metrics has been proposed previously [Mu91]. For example, one

can measure the distance between shapes by taking the area of the symmetric dif-

ference of interiors of two shapes. This is an L1-type metric. There is an L∞-type

metric, such as Hausdorff metric: the distance between two shapes, which is calcu-

lated as a maximum distance of the points on one of the shapes to the points on the

other.

The curvature of the underlying shape space is of particular importance to appli-
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Figure 1.1: Behavior of the neighboring geodesics in the case of negative sectional
curvature.

cations. It influences the numerical computation and the behavior of geodesics. The

goal of this thesis is to look at a particular metric on the space of planar shapes, the

so-called Weil-Petersson metric, to find geodesics in this space, and to investigate

the influence of curvature on the theoretical and numerical behavior of the geodesics.

It turns out that one can associate all possible smooth shapes (represented by

smooth, simple, closed curves) with a certain coset space PSL2(R)\Diff(S1). It is a

right coset space of a subgroup PSL2(R) (stands for projective special linear group) in

the group Diff(S1). The group Diff(S1) is the group of diffeomorphism of the circle

S1 onto itself. We equip the above space with a specific metric, the Weil-Petersson

metric (WP). The resulting shape space has two major properties. The first one

is that all of its sectional curvatures are negative. It is believed REF (as in finite

dimensional case) that between any two shapes we can find a unique geodesic, the

path of shortest length. Also it introduces a sort of ‘stability’ in the geodesic finding

problem. Given any geodesic between two shapes, the geodesic between ‘nearby’

shapes will be close to the initial geodesic (see Figure 1.1). Secondly, the resulting

space is homogeneous with respect to the right translations by a diffeomorphism.

This means that if we apply a diffeomorphism from the right to a given geodesic in

the shape space, it will transform the initial and final shapes into new ones, and the

geodesic into another geodesic connecting the new shapes, while preserving the WP

distance.
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The coset space PSL2(R)\Diff(S1) (or its completion in the WP metric or in the

Teichmüller topology, see for example [Takht]) is known as the universal Teichmüller

space and is well-known in many contexts: in the classification of Riemann surfaces

[Hu06], conformal and quasi-conformal maps [Leh87], string theory [BR87] and most

recently computer vision [SM06]. Its completion in the WP metric is an infinite

dimensional homogeneous complex Kähler-Hilbert manifold ([TT06]). The coset

space PSL2(R)\Diff(S1) has another realization as the space of smooth, simple,

closed curves mod translations and scalings. By studying the geodesics in the space

PSL2(R)\Diff(S1), we get a corresponding path in the space of the planar shapes,

modulo translations and scalings.

This thesis is organized as follows. Chapter 1 will cover the basic definitions and

theorems that will be used throughout the thesis. Chapter 2 will introduce the Euler-

Poincaré equation on the group of diffeomorphisms of the circle S1, or EPDiff(S1),

i.e. the geodesic equation on the shape space. Chapter 3 will be dedicated to the

study of singular solutions of the EPDiff(S1), so called Teichons. I will prove the

existence of a Teichon solution for infinite time in one ansatz example. Numerical

solution of the ODE that governs the Teichon evolution will be presented. Chapter 4

will deal with the computation of the sectional curvature of the universal Teichmüller

space. I will show that the formula coincides with the Arnold’s formula for curvature

in [Ar66]. The last chapter will be dedicated to the numerical methods of finding

geodesics in the space of 2D shapes, and presenting some example geodesics. The

effects of negative curvature on the geodesic behavior will be demonstrated.
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1.2 Lie groups and Lie algebras

1.2.1 Lie group

A Lie group is a smooth manifold G, with the property that the multiplication map

m : G×G→ G and inversion map i : G→ G, given by

m(g, h) = gh, i(g) = g−1,

which are both smooth maps.

Examples.

• Aff(R). Consider Aff(R), the group of affine transformations of the real line

R. An element of the group g ∈ Aff(R) acts on x ∈ R in the following way:

x 7→ ax+ b, where a ∈ R, a > 0 and b ∈ R. In other words, Aff(R) = {(a, b) |
a ∈ R, a > 0, b ∈ R}

• Projective special linear group PSL2(R). This group consists of the Möbius

maps that preserve the unit circle, i.e. A ∈ PSL2(R) such that:

A(z) =
az + b

b̄z + ā
, |a|2 − |b|2 = 1.

In general, a Möbius map A(z) has the form:

A(z) =
az + b

cz + d
, ad− bc = 1.

It is defined by four complex numbers a, b, c, d. Since multiplying all of them

by a constant does not change a map, the normalization ad− bc = 1 is chosen.

This is a 6-dimensional group. If one considers all of the coefficients to be

real, i.e. a, b, c, d ∈ R, then it is easy to check that the Möbius map A(z) will
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preserve the upper half-plane. Take a map C(z) = z+i
iz+1

. It maps a unit disk,

centered at zero to the upper half-plane. Therefore, the map C ◦ A ◦ C−1 will

map a unit disk onto itself. It is easy to check that, in this case, the map

C ◦ A ◦ C−1 will take the form:

C ◦ A ◦ C−1(z) =
((a+ d) − i(b− c))z + (b+ c) − i(a− d)

((b+ c) + i(a− d))z + (a+ d) + i(b− c)

=
αz + β

β̄z + ᾱ
, |α|2 − |β|2 = 1.

These are the elements of PSL2(R), a 3-dimensional subgroup of Möbius trans-

formations. The name of the group stands for the projective special linear

group. This name comes from the fact that a Möbius map with real coefficients

can be regarded as an element of SL2(R), 2-by-2 real matrices with determi-

nant 1. Projective special linear group is the quotient of SL2(R), obtained by

identifying each element with its negative, i.e. PSL2(R) = SL2(R)/{+1,−1}.

The action of PSL2(R) on the circle can be written as:

tan(A(θ)/2) =
(a2 + b2) + (a1 − b1) tan(θ/2)

(a1 + b1) − (a2 − b2) tan(θ/2)
.

• Group of diffeomorphisms. The group of diffeomorphisms mapping the domain

M ⊂ Rn to itself is a Lie group. It will be denoted by Diff(M).

Remark. If M is a compact manifold, then Diff(M) is a Lie group modeled on

the infinite-dimensional locally convex vector spaces. See [KM97] for details. Many

of the results for the finite-dimensional Lie groups can be applied in the infinite-

dimensional case.
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1.2.2 Lie algebra

A Lie algebra g is a tangent space at the identity e of the Lie group G, endowed

with the Lie bracket map, denoted by (X, Y ) 7→ [X, Y ], which satisfies the following

properties for all X, Y, Z ∈ g:

• bilinearity,

• antisymmetry,

• Jacobi identity, i.e. [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0.

Examples.

• In the case of the group of affine transformations Aff(R), let us represent

g ∈ Aff(R) as a pair (a, b), where a > 0, b ∈ R. Therefore, we can identify the

group Aff(R) as a right half-plane. The identity element is e = (1, 0). The

tangent space at e is the whole R2.

• Let us determine the Lie algebra psl2(R). First, consider a tangent space to the

group PSL2(R) at the identity element. It could be shown that a Lie algebra

psl2(R) consists of vector fields v(z) of the form:

v(z) = (a−1z
−1 + a0 + a1z)iz

∂

∂z
.

For z = eiθ this vector field is tangent to the unit circle. Since ∂/∂θ pushes to

iz∂/∂z under the embedding θ 7→ eiθ, we can rewrite this in the coordinate θ

on the circle:

v(θ) = (b cos θ + c sin θ + a0)
∂

∂θ
,

where b = a−1 + a1, c = i(a1 − a−1), and b, c ∈ R, since a−1 = ā1.
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• The tangent space TeDiff(M) is the space of smooth vector fields with support

on M . It will be denoted as Vec(M).

1.2.3 The adjoint representation

For all g ∈ G, we can define the left and right translation maps on G:

Lg : h 7→ gh, Rg : h 7→ hg.

We can also define the conjugate map: h 7→ ghg−1 = LgRg−1h. It induces a map

on the tangent space at the identity e, denoted by Adg. For any vector X ∈ g, it is

given by:

Adg : g → g,

X 7→ DRg−1DLgX.

The map Ad that associates any element g ∈ G with a bijective linear mapping Adg

of the Lie algebra g onto itself. This map is called the adjoint representation of the

Lie group G. Finally, the derivative of the map Ad at the identity e is denoted by

ad and associates a linear map adX with any vector X ∈ g. It is called the adjoint

representation of the Lie algebra g. The adjoint representation ad is related to the

Lie bracket by

adXY = [X, Y ], ∀X, Y ∈ g.

Examples.

Consider the group of affine transformations Aff(R). Let us compute the dif-

ferential of the left multiplication Lg : h 7→ gh and the right multiplication maps
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Rg : h 7→ hg, where g = (ag, bg)

dLg : Y 7→ agY, and dRg : Y =


Y1

Y2


 7→


 agY1

bgY1 + Y2


 .

Therefore the adjoint map Ad for the affine group will be:

Adg : Y =



Y1

Y2



 7→



 Y1

agY2 − bgY1



 .

The map ad, in this case, will be: g(t) = (ag(t), bg(t)) ∈ G, g(0) = e =

(1, 0), ġ(0) = (ȧg(0), ḃg(0))
T = X. So

adX(Y ) =
d

dt

[
Adg(t)Y

]
t=0

=
d

dt
(Y1, ag(t)Y2 − bg(t)Y1)

T
t=0

= (0, ȧg(0)Y2 − ḃg(0)Y1)
T = (0, X1Y2 −X2Y1)

T .

Therefore, adX(Y ) = (0, X1Y2 − X2Y1)
T . Hence, we have an expression for the Lie

bracket of the group of affine transformations of R:







X1

X2



 ,



Y1

Y2







 =



 0

X1Y2 −X2Y1



 .

1.3 Universal Teichmüller space

1.3.1 Definitions

Let ∆ be an open disk in the complex plane C, i.e. ∆ = {z ∈ C | |z| < 1}, and let

∆∗ = {z ∈ C | |z| > 1} be its exterior. We denote by L∞(∆) the space of bounded

Beltrami differentials on ∆, and by L∞(∆)1 the open unit ball in L∞(∆).
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A quasiconformal mapping is a generalization of the conformal mapping. It is a

mapping with bounded distortion. Consider a mapping f : D → D′. The charac-

teristic of the distortion of this map is the coefficient kf (z), called the coefficient of

quasi-conformality of function f at point z, and is defined as follows:

kf (z) = lim sup
r→0

sup|w−z|=r |f(w) − f(z)|
inf |w−z|=r |f(w) − f(z)| .

The quantity kf is called the coefficient of quasi-conformality of f in the domain D:

kf = sup
z∈D

kf (z).

If kf 6 k, then mapping f is called k-quasi-conformal. Geometrically, the coefficient

kf could be viewed as follows: f maps infinitesimal circles to the infinitesimal ellipses.

The ratio of the major to the minor axis of the infinitesimal ellipses will be at most

k for a k-quasiconformal map f . The 1-quasiconformal map is conformal (circles are

mapped to circles).

The Beltrami differential equation is the equation of the type:

∂f

∂z̄
= µ(z)

∂f

∂z
, (1.1)

where µ(z) is a known measurable function on some region Ω ⊂ C. We are looking

for the function f , that will satisfy equation (1.1). The function µ(z) is called the

Beltrami differential. The name comes from the fact that we can symbolically rewrite

the Beltrami equation as ∂f
∂z̄

= µ(z)dz
dz̄
∂f
∂z

.

For the construction of the universal Teichmüller space we will need the extension

of the usual Riemann Mapping Theorem, called the Measurable Riemann Mapping

Theorem.

Theorem 1. Equation (1.1) gives a one-to-one correspondence between QCfix(Ĉ)
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and the unit ball L∞(C)1. The space QCfix(Ĉ) is the set of quasiconformal mappings

f on Ĉ that fix the points 0, 1, and ∞. The space L∞(C)1 is the set of measurable

complex-valued functions µ on C for which ‖µ‖∞ < 1.

The general solution of the equation (1.1) in D will be a quasiconformal homeo-

morphism f , which is defined up to a composition with any analytic function F , i.e.

F ◦ f(z) is also a solution.

1.3.2 Two models for the universal Teichmüller space

Consider a Beltrami differential µ ∈ L∞(∆)1. We now define two models: model A

and model B.

Model A: Fingerprints Homeoqs(S
1).

Extend µ into Ĉ by the reflection

µ

(
1

z̄

)
= µ̄(z)

z2

z̄2
.

Thus we get a new map µ ∈ L∞(Ĉ). Denote by fµ the unique solution to the

Beltrami equation

(fµ)z̄ = µ(fµ)z,

normalized to preserve three points (−1,−i, 1). Then, due to the reflection symmetry

of µ, we have
1

fµ(z)
= f̄µ

(
1

z̄

)
.

As a result, fµ preserves the unit circle S1, ∆ and ∆∗. Given two Beltrami differen-

tials µ, ν ∈ L∞(∆)1, set µ ∼ ν if fµ |S1= fν |S1 . The universal Teichmüller space is
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the set of equivalence classes of mappings µ:

Teich(∆) = L∞(∆)1/ ∼ .

An orientation preserving homeomorphism f of the circle S1 is quasisymmetric if

there is a constant M such that for every x and every t 6 π/2

1

M
6
f(ei(x+t)) − f(eix)

f(eix) − f(ei(x−t))
6 M.

Note that the definition implies that M > 1. The set of all quasisymmetric homeo-

morphisms of the circle is denoted Homeoqs(S
1), which is a group under the com-

position of maps. The link with the quasiconformal mappings on the exterior of

the disc is given by the Beurling-Ahlfors extension theorem, stating that an orien-

tation preserving homeomorphism of the circle admits a quasiconformal extension

to the disk if and only if it is quasisymmetric. Therefore, one may equally consider

homeomorphisms of the circle; the restriction of fµ to S1 is a quasisymmetric home-

omorphism of the circle, unique up to the self-maps of the circle, i.e. the elements of

the Möbius subgroup PSL2(R). Define

T (1) = Homeoqs(S
1)/PSL2(R).

The function Ψ(θ) ∈ Homeoqs(S
1)/PSL2(R) will be called a fingerprint (in the

Techmüller theory it is called a welding map). We are interested in smooth finger-

prints, i.e. fingerprints that lie in the subgroup Diff(S1) of the group Homeoqs(S
1).

Model B: quasicircles.

A quasicircle is an image of a circle under the quasiconformal map. This is the planar

shape that corresponds to the fingerprint, constructed above.
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Extend µ into Ĉ by setting µ(z) = 0 outside of the unit disk. Denote fµ as the

solution to the Beltrami equation

(fµ)z̄ = µ(fµ)z,

normalized so that fµ(z) = z+O
(

1
|z|

)
near infinity. On the exterior of the unit disk

∆∗, fµ is a conformal map onto its image Dµ := f(∆∗). Set µ ∼ ν if fµ |∆∗= fν |∆∗ .

The universal Teichmüller space is the set of equivalence classes of mappings µ,

T (1) = L∞(∆)1/ ∼ .

Since exterior maps fµ are in one-to-one correspondence with the quasicircles

∂Dµ, we can treat T (1) as a set of equivalence classes of quasicircles.

The two models A and B are equivalent since fµ |S1= fν |S1⇔ fµ |∆∗= fν |∆∗ .

Therefore, we set up a correspondence between a fingerprint (or a welding map) and

a quasicircle (a shape).

1.3.3 Passing between the two models.

In this section, we will show how to pass from the fingerprints to the shapes and vice

versa. The numerical aspect of these procedures is treated in Chapter 5.

From shapes to fingerprints

In this thesis, ‘shape’ means a simple closed smooth curve Γ in the plane, which

is associated with the complex plane C. We also need an extended complex plane

(or Riemann sphere), which is denoted by Ĉ = C ∪ {∞}. As stated previously, the

universal Teichmüller space is isomorphic to a space of shapes, modulo translations
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and scalings. In other words:

PSL2(R)\Diff(S1) ∼= set of shapes/{translations, scalings}.

Denote the interior of the unit disk as Dint = {z | |z| < 1} and the infinite region

outside (including ∞) as Dext = {z | |z| > 1}. For every simple closed curve Γ in C,

denote Γint as its union with the region enclosed by it, and denote by Γext its union

with the infinite region outside of Γ (including ∞).

Then, by the Riemann mapping theorem, for all Γ there exists a conformal map

φint : Dint → Γint.

This map is unique up to replacing φint by φint ◦ A for any Möbius transformation

A : Dint → Dint, where A is defined as:

A(z) =
az + b

b̄z + ā
, |a|2 − |b|2 = 1.

Similarly, we obtain a conformal map of the exteriors:

φext : Dext → Γext.

As above, φext is also unique up to any Möbius transformation. But in this, case we

normalize. We choose a unique Möbius map A, such that φext ◦ A maps ∞ to ∞,

and that its differential carries the real positive axis of the D-plane at infinity to the

real positive axis of the Γ-plane at infinity. Thus, the ambiguity in the choice of φext

is eliminated for every Γ.

The goal of this construction is to define on the unit circle S1 the map, called
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the ‘fingerprint’ of the shape:

ψ = φ−1
int ◦ φext ∈ PSL2(R)\Diff(S1).

Note that φint(S
1) = Γ, φ−1

ext(Γ) = S1. The fingerprint ψ : S1 → S1 is a real-valued

orientation-preserving diffeomorphism. It is a uniquely identifying fingerprint of the

shape Γ. The fingerprint of the eye-shape is shown in Figure 1.2. Due to Möbius

transformation ambiguity in the choice of φint, we can see by construction that ψ is

a member of the right coset space PSL2(R)\Diff(S1), where PSL2(R) is a group of

Möbius maps.

−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.5

0

0.5

1

0 pi/2 pi 3pi/2 2pi
0

pi/2

pi

3pi/2

2pi

Figure 1.2: Example of the eye-shape and its fingerprint ψ as given by equation
(3.14).

Note that one can equally define the fingerprint to be

ψi = φ−1
ext ◦ φint ∈ Diff(S1)/PSL2(R),

which is simply the inverse of our fingerprint. This alternate version is the definition

used in [SM06]. However, in this thesis, we choose right cosets and put the Möbius

ambiguity on the left.

Remark. It is easy to see the relationship between these equivalent definitions
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of the fingerprint by defining two sets of points, {θint} and {θext}, on the circle:

θint
k = φ−1

int(Γk),

θext
k = φ−1

ext(Γk),

where Γk are points that define the shape. In this notation we can write the finger-

prints:

ψi(θint) = θext, ψ(θext) = θint.

By construction, the fingerprint encodes the geometry of the shape. These results

have been extensively studied by M. Feiszli in [Fe08]. Consider the conformal map

f : Dint → Γint and some point z on the boundary of the shape ∂Γint. M. Feiszli has

shown that the boundary derivative |f ′ ◦ f−1(z)| is influenced by two factors. The

first one accounts for the local geometry of ∂Γint near z and is stated in terms of

the boundary curvature κ at point z, and R, the radius of the medial circle tangent

at z. The second factor says that boundary derivatives increase exponentially with

hyperbolic distance d from the point f(0). In other words:

|f ′ ◦ f−1(z)| ≈ R

2 − Rκ
ed. (1.2)

From fingerprints to shapes

Given the quasisymmetric homeomorphism Ψ(θ), extend it to the quasiconformal

map F (z) of the disk. It will give an associated Beltrami differential µ:

µ =
∂z̄F

∂zF
.

Extend this µ(z) to the complex plane C by reflections, as in Model A in Section 1.3.2.

By solving the Beltrami equation we will obtain fµ(z). The fingerprint Ψ(θ) will be
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Fingerprint Φ = f−1
int ◦ fext Φ = f−1

ext ◦ fint

Domain vs. range Φ(θext) = θint Φ(θint) = θext

Protrusions Φ has low derivatives Φ has high derivatives

Intrusions Φ has high derivatives Φ has low derivatives

Space PSL2(R)\Diff(S1) Diff(S1)/PSL2(R)

Metric Right invariant, with velocity: Left invariant with velocity:

v = Φt ◦Φ−1 v =
Φt

Φθ

Energy of the path E =
∫ 1

0
‖Φt ◦ Φ−1‖2dt E =

∫ 1

0
‖Φt/Φθ‖2dt

Table 1.1: Comparison of two equivalent constructions of the fingerprint representa-
tion.

defined as:

Ψ(θ) = fµ |S1 .

The fingerprint is defined up to an action of the PSL2(R) group on the left (or,

equivalently, on the right if Ψ ∈ Diff(S1)/PSL2(R)). This ambiguity arises from the

fact that Ψ can be extended non-uniquely to the quasiconformal map of the disk.

But the resulting shape does not depend on the choice of extension. For details see

[Hu06]. For the numerical implementation of the welding see Section 5.2.

1.3.4 Left vs. right

In the table 1.1 we are comparing two equivalent ways of defining a fingerprint of

the shape φ−1
int ◦ φext vs φ−1

ext ◦ φint, and how it affects the rest of the theory.
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1.4 Weil-Petersson Norm

1.4.1 Weil-Petersson norm on T (1)

It is customary to define the Weil-Petersson norm on the universal Teichmüller space

T (1) in the following way. Let N(∆), the subspace of L∞(∆) denote the space of

infinitesimaly trivial Beltrami differentials. Specifically, ν ∈ N(∆) if

∫

∆

ν(z)φ(z)dxdy = 0

for all quadratic differentials φ defined on ∆. We can identify the space L∞(∆)/N(∆)

with the tangent space to T (1) at the origin.

Given two Beltrami differentials µ, ν ∈ L∞(∆)/N(∆), the Weil-Petersson inner

product is defined as

〈µ, ν〉WP =

∫ ∫

∆

µν̄ρ2dxdy,

where ρ = 2
1−|z|2

defines the Poincaré measure on the disk ∆. Using right translations

this inner product will be defined for all the T (1).

We have chosen to work on one of the realizations of the universal Teichmüller

space, on the space of fingerprints Diff(S1). This is, in fact, a subspace of T (1).

Nag and Verjovsky [NV90] have shown how the Weil-Petersson metric is induced on

PSL2(R)\Diff(S1).

1.4.2 Weil-Petersson norm on the lie algebra of Diff(S1)

The Lie algebra of the group Diff(S1) is given by the vector space Vec(S1) of smooth

periodic vector fields v(θ)∂/∂θ on the circle.

Expanding such a v in a Fourier series v(θ) =
∑∞

n=−∞ vne
inθ (where vn = v−n for
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the vector field to be real), we can define the Weil-Petersson norm on Vec(S1) as

‖v‖2
WP =

∑

n∈bZ

|n3 − n||vn|2. (1.3)

Here, Ẑ = Z\{n = 0,±1}. Notice that this is an ‘H3/2’-type of metric on the space

Vec(S1).

The null space of this norm is given by the vector fields whose only Fourier

coefficients are v−1, v0 and v1, i.e. vector fields of the type (a+ b cos θ+ c sin θ)∂/∂θ.

These vector fields are exactly in the Lie algebra psl2(R) of the Lie group PSL2(R).

The motivation for this particular definition is the fact that for all A ∈ PSL2(R)

and v ∈ Vec(S1), one can verify that

‖AdA(v)‖WP = ‖v‖WP .

1.4.3 Extending the WP Metric to PSL2(R)\Diff(S1)

Consider any Lie group G and a subgroup H, and let g and h be their corresponding

Lie algebras. Quite generally, any norms ‖ · ‖ on the Lie algebra of G which are

zero on the Lie subalgebra of H and which satisfy ‖Adh(v)‖ = ‖v‖ for all h ∈ H

induce a Riemannian metric on coset spaces H\G which are invariant by all right

multiplication maps Rg : H\G→ H\G, g ∈ G.

Applied to G = Diff(S1), H = PSL2(R) and the above WP norm on vec-

tor fields, we get the right-invariant WP-Riemannian metric on the coset space

PSL2(R)\Diff(S1).
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1.4.4 The WP Green’s Function

The Weil-Petersson norm can also be defined via a differential operator L

‖v‖2
WP = 〈Lv, v〉,

L = −H(∂3
θ + ∂θ),

where H is the periodic Hilbert transform defined by convolution with 1
2π

ctn(θ/2).

This is because in the Fourier space, H acts as multiplication by −i.sign(n). Hence:

−H(∂3
θ + ∂θ)e

inθ = isign(n)((in)3 + in)einθ = |n3 − n|einθ.

Because our later analysis will require it, we will find here the inverse of the

operator L, i.e. its Green’s function G(θ), using the representation of L in the Fourier

basis (1.3). We will therefore need to find

G(θ) =
∑

n∈bZ

einθ

|n3 − n| .

Using the following series from [GR00],

∞∑

k=1

cos(kθ)

k
=

1

2
ln

1

2(1 − cos θ)
, for θ ∈ (0, 2π),

and employing the decomposition 1
n3−n

= 1
2

1
n+1

+ 1
2

1
n−1

− 1
n
, we find that the Green’s

function of the WP operator L has the form

G(θ) = (1 − cos θ) log[2(1 − cos θ)] +
3

2
cos θ − 1. (1.4)

One can easily verify that LG(θ) = δ0(θ) − 1 − 2 cos θ, the projection of δ0 onto

the subspace of distributions orthogonal to 1, cos(θ), sin(θ). The profile of Green’s
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function can be seen in Figure 1.3. Note that it is smooth everywhere except for the

logarithmic pole in G′′(θ) at θ = 0.

0 pi/2 pi 3pi/2 2pi
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0
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0.3

0.4

0.5

Figure 1.3: Green’s function (1.4) of the Weil-Peterson operator LWP . It is smooth
except for a log-pole in its second derivative at θ = 0.

1.4.5 WP metric on the plane

In [MM05] and [MM06] Michor and Mumford considered different metrics, defined

on the planar curves. It will be instructive to see how the Weil-Petersson metric is

expressed as a metric on the shapes themselves, not as a metric on the fingerprint

representation.

Consider S, the space of smooth, simple, closed curves. Let C ∈ S be a fixed

curve, parametrized by the arclength s 7→ C(s). Then nearby curve Ca can be
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represented as:

s 7→ Ca(s) = C(s) + a(s).~n(s),

where ~n(s) is the unit normal to the curve C at point s, and a(s) is a smooth

function, chosen in such a way that curve Ca stays smooth and simple. The space

of all normal vector fields a~nC to the curve C is naturally isomorphic to the space

tangent space TCS. The simplest inner product on TCS is the L2 inner product:

〈a, b〉 =
∫
C
a.b.ds, where s is the arclength along C . This metric and many others

have been studied in [MM05], [MM06].

In case of the Weil-Petersson metric, welding map takes fingerprints and maps

them to the corresponding shapes. In [Fe08] it was shown that the derivative of the

welding map D0 at the identity (i.e. circle shape) is defined by:

V (θ) 7→ 1

2
(iV (θ) + HV (θ))eiθ

∂

∂θ
,

where V (θ) ∈ Vec(S1), and H is the Hilbert transform. The normal component of

the vector field on the plane is Ṽ = 1
2
HV (θ). Taking into account that (Hf)n̂ =

−i.sgn(n)fn we have:

〈V, V 〉WP =

∫

S1

LV (θ).V.dθ = 4

∫

S1

LṼ .Ṽ dθ.

In terms of the setup of papers [MM05], [MM06] the metric involves the same Weil-

Petersson operator, which is an ‘H3/2’-type of metric.

Notice that the above expression is given for the normal vector fields to the circle.

In the case of a general curve, the expression will involve the Hilbert transform on

an arbitrary domain, and no close form of it is available. Knowing explicitly the

conformal map between the disk and the domain in interest will give us the required

expression for map H, but this is beyond the scope of this thesis.



Chapter 2

EPDiff

In this chapter we will discuss EPDiff(Ω), which stands for Euler-Poincaré equation

on the group of diffeomorphisms of some manifold Ω. EPDiff describes the geodesic

on this group, and it is usually denoted EPDiff(Ω). We will derive the EPDiff(S1),

the geodesic equation on the group Diff(S1), and demonstrate conserved quantities

of the geodesic motion.

2.1 EPDiff

Geodesic equations of groups of diffeomorphisms on a manifold Ω were first studied

in Arnold’s ground-breaking paper [Ar66]. The Lie group in question is denoted by

Diff(Ω), its tangent space at identity is the space of smooth vector fields on Ω and

is denoted by Vec(Ω). Taking the tangents to a geodesic in Diff(Ω) and translating

them back to the Lie algebra Vec(Ω), we get a time varying vector field ~u(x, t) on Ω

from which we can recover the geodesic by integrating. The geodesic equation now

becomes a differential equation for ~u, first order in t.

This general construction gives rise to a huge number of seemingly unrelated

23
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equations. For example, Arnold considered the group of volume preserving diffeo-

morphisms of domain Ω ⊂ Rn with the L2 metric and found the geodesic equation

for the vector field ~u(~x, t) to be Euler’s fluid flow equation (see [AK98] for a full

exposition).

If we consider a group of diffeomorphisms of the circle Diff(S1) with the L2

metric then the geodesic equation becomes inviscid Burgers equation.

Another examples of geodesic flow on Virasoro group, a central extension by S1

of the group Diff(S1), include both the periodic Korteweg-deVries equation (KdV)

for a function u(θ, t):

ut = −3u.uθ − uθθθ

and the periodic Camassa-Holm equation or C-H (see [CH93])

mt = −2m.uθ − u.mθ − uθθθ, where m = u− uθθ

with L2 and H1 metrics respectively.

In general, when we are provided with a right-invariant metric on a group of

diffeomorphisms of some domain Ω, then the geodesic equation on this group is

called EPDiff(Ω), i.e. Euler-Poincaré equation for diffeomorphisms of the domain Ω.

In this thesis the domain of interest is the circle S1. The general EPDiff follows from

[Ar66] and has the form

∂

∂t
Lv + (v · ∇)(Lv) + divv.Lv +Dvt · Lv = 0,

The statement of Arnold’s theorem for the general case of a Lie group G is the

following.

Theorem 2. Let G be any Lie group. Let 〈v1, v2〉L = (L(v1), v2) be a positive-definite

symmetric inner product on the Lie algebra g, defined by a symmetric linear map
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L : g → g∗ (the braces denote the canonical pairing of elements from g∗ and g).

For v1, v2 ∈ TgG the inner product is defined via the right translations: 〈v1, v2〉g =

〈DgRg−1v1, DgRg−1v2〉e = 〈v1 · g−1, v2 · g−1〉. Let g(t) be any path in G and define

u(t) = gt · g−1 to be its tangent path in g. Then:

g(t) ⊂ G is a geodesic ⇐⇒ Lut = −ad∗
u(Lu) in g∗

where ad∗
u : g∗ → g∗ is the adjoint of adu, u ∈ g.

Remark. The statement of the theorem holds with minor alteration for the

left-invariant metric. The evolution equation in this case becomes Lut = ad∗
u(Lu).

We can apply the above result in the case when G is an infinite-dimensional group

(e.g. a group of diffeomorphisms of a circle S1). We omit the technicalities of this

more general approach and render the proof heuristically, largely following [Ar66].

Proof. Notice, that the energy E = 1
2
〈gt · g−1, gt · g−1〉 is invariant under the right

translations. By Noether’s theorem this implies that L∗
g(Lgt) ∈ g∗ is conserved,

where L∗
g is the pullback of the left translation Lg. We denote it as mL, i.e. mL =

L∗
g(Lgt) = const. Moreover, notice that

Lu(t) = L(gt · g−1(t)) = R∗
g(t)Lgt = Ad∗g−1(t)L

∗
g(t)Lgt = Ad∗g−1(t)m

L.

Differentiating the above identity in t at t = 0, and assuming that g(0) = e we obtain

the statement of the theorem. The right-invariance of the metric implies that the

right-hand side depends only on Lut, but not on g(t), and therefore the equation is

satisfied for every g(t).
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Example

Take G = Aff(R), the group of affine transformations of the real line. Recall that

Aff(R) = {(a, b) | a > 0, b ∈ R}. The Lie algebra g is the whole R2. In Subsec-

tion 1.2.3 we have derived the expression for the adjoint map for the group Aff(R).

It has the form:

adu(v) =



 0

u1v2 − u2v1



 , where u =



u1

u2



 , v =



v1

v2



 ∈ TeG.

For the metric we will fix the quadratic form da2 + db2 on the tangent space at

the identity e = (1, 0). So the metric on T(1,0)G is the usual Euclidean metric:

〈u, v〉 = gij.u
i.vj, where g = ( 1 0

0 1 ) .

We extend it to all of TG via left translations, in other words:

u, v ∈ TgG, 〈u, v〉g = 〈dLg−1u, dLg−1v〉e.

Therefore the metric on T(a,b) is g =
(

1/a2 0

0 1/a2

)
(see Subsection 1.2.3 for the expres-

sion for dLg).

The self-adjoint, symmetric, positive definite operator L : g → g∗ in our case is

L = ( 1 0
0 1 ). It defines an inner product on g: ∀u, v ∈ g, 〈u, v〉 = (Lu, v) = (Lv, u),

where round braces indicate the canonical pairing of a functional from g∗ and an

element from g.

Now we derive the expression for the ad∗
v map. It is defined as following: 〈u, advw〉 =
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(Lu, advw) = (ad∗
vLu,w). In our case the left-hand side becomes

〈



u1

u2



 ,



 0

v1w2 − v2w1



〉 = u2v1w2 − u2v2w1

= (ad∗
vu, w).

Therefore ad∗
vu =


−u2v2

u2v1


.

The velocity u(t) = dLg(t)−1 ġ(t) is translated back to the tangent space at identity,

i.e. it lies in the Lie algebra g. Since g(t)−1 =
(

1
a(t)
,− b(t)

a(t)

)T
the expression for the

velocity is u(t) =
(
ȧ(t)
a(t)

, ḃ(t)
a(t)

)T
.

According to Arnold’s theorem, t 7→ g(t) is a geodesic on G if and only if:

Lut = ad∗
u(Lu).

Putting everything together:

u(t) =




ȧ(t)
a(t)

ḃ(t)
a(t)



 , Lu(t) =




ȧ(t)
a(t)

ḃ(t)
a(t)



 , ad∗
vu =



−u2v2

u2v1



 .

The geodesic equation becomes:




ȧ(t)
a(t)

ḃ(t)
a(t)




.

=


 −u2(t)

2

u1(t)u2(t)




=



− ḃ(t)2

a(t)2

ȧ(t)ḃ(t)
a(t)2



 .
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Taking the derivative on the left-hand side:





ä(t)a(t)− ȧ(t)2

a(t)2
= − ḃ(t)2

a(t)2
,

b̈(t)a(t)− ȧ(t)ḃ(t)

a(t)2
=
ȧ(t)ḃ(t)

a(t)2
;

⇔





ä =
1

a

(
ȧ2 − ḃ2

)
,

b̈ =
2ȧḃ

a
.

This is exactly the geodesic equation for the Poincaré half-plane model. The

geodesics here are straight lines b = const, and circles with centers on the line a = 0.

2.1.1 Variation of energy

The EPDiff can also be derived (as in the 1998 Insitut Henri Poincaré notes to be

published in [MD10]) via the first variation of energy E(ψ) of the path ψ(x, t) ∈
Diff(Rn):

E(ψ) =

∫ 1

0

∥∥∥∥
∂ψ

∂t
(ψ−1(x, t), t)

∥∥∥∥
2

L

dt,

where
∥∥∂ψ
∂t

(ψ−1(x, t), t)
∥∥
L

is the right-invariant metric, given by the symmetric op-

erator L: 〈u, v〉 =
∫

Rn Lu.vdx =
∫

Rn Lv.udx, for u, v ∈ Vec(Rn).

In our case consider a fingerprint ψ(x, t) ∈ Diff(S1) (for now we do not consider

the quotient space, which will be addressed later in the chapter). What is δE
δψ

? If we

vary ψ  ψ + εδψ, the energy varies too E  E + εδE. Energy has the form

E =

∫ ∫
Lv · vdθdt,

where v(θ, t) = ψt(ψ
−1(θ, t), t) = ψt ◦ ψ−1.
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First, we compute the variation of the velocity δv

v  (ψt + εδψt) ◦ (ψ + εδψ)−1,

(ψ + εδψ)−1 = [(I + εδψ ◦ ψ−1) ◦ ψ]−1

= ψ−1 ◦ (I + εδψ ◦ ψ−1)−1

= ψ−1 ◦ (I − εδψ ◦ ψ−1).

Now composing ψt + εδψt with ψ−1 ◦ (I − εδψ ◦ψ−1) and disregarding terms with ε2

and higher:

v + εδv = (ψt + εδψt) ◦ ψ−1 ◦ (I − εδψ ◦ ψ−1)

= ψt ◦ ψ−1 ◦ (I − εδψ ◦ ψ−1) + εδψt ◦ ψ−1 ◦ (I − εδψ ◦ ψ−1)

= ψt ◦ ψ−1 − ε(ψt ◦ ψ−1)θ · δψ ◦ ψ−1 + εδψt ◦ ψ−1

= ψt ◦ ψ−1 + ε(δψt ◦ ψ−1 − vθ · δψ ◦ ψ−1).

Therefore

δv = δψt ◦ ψ−1 − vθ · δψ ◦ ψ−1.

Finally we have

δE = 2

∫ ∫
Lv · [δψt ◦ ψ−1 − vθ · δψ ◦ ψ−1]dθdt.

We need to simplify the above variation further. First, let us compute the full

derivative d
dt

(δψ ◦ ψ−1) using the fact that ψ−1
t = −vψ−1

θ :

d

dt
(δψ ◦ ψ−1) = δψt ◦ ψ−1 + δψθ ◦ ψ−1 · ψ−1

t

= δψt ◦ ψ−1 − δψθ ◦ ψ−1 · v · ψ−1
θ

= δψt ◦ ψ−1 − v · (δψ ◦ ψ−1)θ.
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Therefore

δv = δψt ◦ ψ−1 − vθ · δψ ◦ ψ−1

= (δψ ◦ ψ−1)t + v · (δψ ◦ ψ−1)θ − vθ · δψ ◦ ψ−1.

Finally by applying integration by parts, the variation of energy E becomes:

δE = 2

∫ ∫
Lv · δv dθdt

= 2

∫ ∫
Lv[(δψ ◦ ψ−1)t + v · (δψ ◦ ψ−1)θ − vθ · δψ ◦ ψ−1]dθdt

= 2

∫ ∫
[−(Lv)t− (Lv · v)θ − Lv · vθ]δψ ◦ ψ−1dθdt

= −2

∫ ∫
[(Lv)t + 2Lv · vθ + Lvθ · v]δψ ◦ ψ−1dθdt.

Therefore another formula for the variation of the WP energy E has the form:

δE = −2

∫ ∫
[(Lv)t + 2Lv · vθ + Lvθ · v]δψ ◦ ψ−1dθdt.

Since the variation δψ of the path is arbitrary, we can conclude that the geodesic

equation, i.e. the evolution equation for the fingerprint, should be

(Lv)t + 2Lv · vθ + Lvθ · v = 0,

where v(θ, t) = ψt ◦ ψ−1.

2.1.2 Case of a quotient group

What we have derived in the previous subsection is a geodesic equation on the

quotient group PSL2(R)\Diff(S1). It is a special case of the generalized Theorem 2.

In this general case, we have a homogeneous space H\G. Fortunately, Arnold’s



31

formula for geodesics on groups extends with only small changes to equations for

geodesics on homogeneous spaces H\G:

Theorem 3. Let G be any Lie group and H a subgroup. Let 〈v1, v2〉L = (L(v1), v2)

be a non-negative symmetric inner product on g with null space h, defined by a non-

negative symmetric linear map L : g → g∗. Assume this inner product is invariant

under Adh, h ∈ H. As explained in the Introduction, this defines a G-invariant

metric on H\G. Let g(t) be any path in G and define u(t) = gt · g−1 to be its tangent

path in g. Then:

{H · g(t)} ⊂ H\G is a geodesic ⇐⇒ Lut = −ad∗
u(Lu) in g∗

where ad∗
u : g∗ → g∗ is the adjoint of adu, u ∈ g.

Remark. As mentioned before, the theorem holds in case of the left-invariant

metric, the evolution equation becomes Lut = ad∗
u(Lu).

Proof. Denote by g(t) any path in H\G. Let us take any lift of g(t) to the Lie group

G, and define a velocity v(t) of this path in the Lie algebra g: v(t) = DRg−1 (ġ(t)).

The energy of the path g(t) is defined as

E(g(t)) =

∫ 1

0

∫

S1

Lv.vdθdt. (2.1)

This energy does not depend on the choice of the lift g(t). To be specific, let A(t)·g(t)
be another lift, where A(t) ∈ H. This lift has a time varying action from the left by

members of the subgroup H. Then the velocity ṽ(t) = DR[
A·g(t)

]−1[A · g(t)
].

of this
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lift will be:

[
A · g(t)

].
= At · g(t) + Aθ · g(t).gt,

[
A · g(t)

]−1
= g−1 · A−1(t),

ṽ(t) = At · g · g−1 ·A−1 + [Aθ · g · g−1 · A−1].[gt · g−1 · A−1]

= At · A−1 + [Aθ ·A−1].[gt · g−1 · A−1]

= At · A−1 + [Aθ ·A−1].[v · A−1]

= At · A−1 + AdAv.

Therefore, since At · A−1 ∈ h and the metric is Ad-invariant under the action of

the subgroup H, we have ‖ṽ(t)‖L = ‖v(t)‖L. In other words, the energy (2.1) is

independent of the choice of the lift g(t).

Choose a perturbation δg(t) of the path g(t). The perturbed path is g̃(t) = δg ·g,
where infinitesimally δg = Id+ δv. The velocity of the perturbed path becomes:

(δg · g). · (g−1 · δg−1) = δġ · g · g−1 · δg−1 + δg · ġ · g−1 · δg−1

= δv̇ · δg−1 + δg · v · δg−1 (upto the first order)

= v + δv̇ + δv · v − v · δv

= v + δv̇ − advδv.

Therefore, the velocity ṽ of the perturbed path is ṽ = v+δv̇−advδv. The energy
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of the perturbed path becomes (upto the terms of the second order):

E(g̃) = ‖ṽ‖2
L

= ‖v + δv̇ − advδv‖2
L

= ‖v‖2 + 2〈v, δv̇ − advδv〉L

= ‖v‖2 + 2
(
Lv, δv̇− advδv

)

= ‖v‖2 − 2
(
(Lv)

.
+ ad∗

vLv, δv) (using integration by parts)

= E(g) + δE.

From the above we derive the familiar EPDiff equation, (Lv)t + ad∗
vLv = 0.

2.1.3 Quotient group PSL2(R)\Diff(S1)

This applies to our case of PSL2(R)\Diff(S1). On the Lie algebra level, PSL2(R)

becomes the vector fields spanned by 1, cos and sin, i.e. those whose only non-zero

Fourier coefficients are those with indices −1, 0,+1. The simplest complement W

are the vector fields with these coefficients zero. The geodesic equation is therefore

simply another special case of EPDiff. Given a path ψ(θ, t) in Diff(S1), let v(θ, t) =

∂ψ
∂t

(ψ−1(θ, t), t) be the scalar vector field it defines on a circle and let L be the Weil-

Petersson differential operator L = −H(∂3
θ + ∂θ). Then EPDiff takes the form

(Lv)t + v.(Lv)θ + 2vθ.Lv = 0. (2.2)
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2.2 Conserved quantities

In this section we will demonstrate the conserved quantities of the EPDiff(S1),

namely the energy and momenta. The EPDiff is given by the following formula:

mt + 2m.vθ +mθ.v = 0, m = Lv, v = G ∗m.

Quantities v(θ) and m(θ) are called velocity and momenta respectively.

Energy

Momentum and energy conservation for the EPDiff readily follow from the Noether’s

theorem and the fact that the action (this is just energy), associated to the path

g(θ, t):

E(g) =

∫ 1

0

‖v‖2
WPdt

is invariant under the time translation and right translation. Here v = gt ◦ g−1.

Specifically since E does not depend on time t, hence it is invariant under the

transformation t 7→ t′ = t+τ . This time symmetry, according to Noether’s, theorem

yields the conservation of energy, in other words:

‖v‖2
WP = const.

Momentum

In general, for the geodesic equation on Diff(Rn), to derive conservation of momen-

tum we can rewrite EPDiff(Rn) as:

d

dt
(m · dx⊗ dV ) = 0, along the path

dx

dt
= v = G ∗m.
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The above expression is a conservation law of a one-form density of momentum along

the path dx/dt = v. It is an integrated version of the original EPDiff(Rn). We can

check this by taking the derivative and we will get the EPDiff(Rn) back:

d

dt
(m · dx⊗ dV ) =

d

dt
m · dx⊗ dV +m · ddx

dt
⊗ dV +m · dx⊗ d

dt
dV

=

(
∂

∂t
m+ v · ∇m+ ∇vT ·m+m(divv)

)
· dx⊗ dV.

Therefore, the quantity m · dx⊗ dV is constant along the trajectories dx/dt = v.

In case of a geodesic path g(t) ∈ Diff(S1) with right-invariant metric, Noether’s

theorem implies that the momentum carried back by the pullback of left translations

is conserved:

(DLg)
∗(Lġ) = const, or equivalently,

Ad†
gv = const, where v = ġ ◦ g−1.

where (DLg)
∗ is the pullback of the left translation Lg by the element g, and Ad†

g

is the transpose of the Adjoint map defined by: 〈u,Ad†
gv〉 = 〈Adgu, v〉. Since

(DLg)
∗(Lġ) ∈ g∗ we need to pair it with a vector from g. Now we will show that

two expressions above are indeed equivalent:

(DL∗
g(Lġ), X) = (Lġ,DLgX)

= 〈ġ, DLgX〉g

= 〈DRg−1 ġ, DRg−1DLgX〉e (right-invariance)

= 〈v,AdgX〉e (definition of Ad)

= 〈Ad†
gv,X〉e.

Remark. In the case of the left-invariant metric, the conservation of momentum

takes the form: (DRg(t))
∗Lġ(t) = const or, equivalently, Ad†

g−1(t)v(t) = const.
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Now we compute the projection of the conserved momenta Ad†
gv onto any X(θ) ∈

Vec(S1):

〈Ad†
gv,X〉e = 〈v,AdgX〉e

= 〈DRg−1 ġ, DRg−1DLgX〉e

= 〈ġ ◦ g−1, (gθ ◦ g−1).(X ◦ g−1)〉e

=

∫
L(ġ ◦ g−1).(gθ ◦ g−1).(X ◦ g−1)dθ

=

∫

S1

m ◦ g(θ).g2
θ .X.dθ.

Therefore the conservation of momentum states, that for any X ∈ Vec(S1), i.e.

any smooth function X(θ) on the circle S1 the following quantity is conserved along

the geodesic g(t) ∈ Diff(S1):

∫

S1

m ◦ g(θ).g2
θ .X.dθ = const. (2.3)

For any smooth X(θ) ∈ Vec(S1) we get the above conservation law. Thus we

have infinitely many conserved quantities. But they all represent the projection of

momentum onto X, so in fact we have just one conserved momentum. The fact that

it is conserved is expressed by the conservation of its ‘coordinates’, i.e. projections

on X.

In general for the EPDiff equation on the Lie group Diff(Rn) with the right-

invariant metric the conserved quantity is:

g(t)∗ω(t) = const,

Here ω is a measure-valued differential 1-form:

ω(t) = (m1.dx
1 + . . .+mn.dx

n) ⊗ dV,
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where dV = dx1 ∧ dx2 ∧ . . . ∧ dxn, is the volume form on Rn, m = Lv = L(ġ ◦ g−1)

is the momenta. Coordinate expression in case of Diff(Rn):

g(t)∗ω(t) = det(Dg(t)).〈Dg(t)t.(m ◦ g(t)), dx〉 ⊗ dV. (2.4)

Determinant det(Dg(t)) corresponds to the change of the volume form dV under the

flow g(t), Dg(t)t.(m ◦ g(t)) is the pullback of m.dx.

In the case of Diff(S1) quantities det(Dg(t)) and Dg(t)t both give gθ(t). Volume

form dV and dx will both give dθ. Therefore our expression (2.3) is in line with the

general expression (2.4) for Diff(Rn).

In Chapter 3, Section 3.5 we will demonstrate how these conserved quantities are

expressed in the case of Teichons, singular solutions to the EPDiff(S1). We will also

show how well the numerical scheme preserves the energy and the momenta.



Chapter 3

Teichons

In this chapter we study the singular solutions of the EPDiff(S1). The EPDiff(S1)

admits a class of soliton like solutions (we will call them Teichons) in which the

“momentum” m is a distribution. In this chapter we study closely the solution

in the special case where m is expressed as a sum of four delta functions. We

prove the existence of the solution for infinite time and find bounds on its longterm

behavior. We then show a series of numerical experiments on Teichons with more

delta functions and argue that this is can be one of the ways of finding geodesics in

the space of 2D shapes. This Chapter is larger following the paper [Ku09].

3.1 Introduction

As we mentioned in Chapter 2 periodic Korteweg-deVries equation (KdV) for a

function u(θ, t):

ut = −3u.uθ − uθθθ

38
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and the periodic Camassa-Holm equation or C-H (see [CH93])

mt = −2m.uθ − u.mθ − uθθθ, where m = u− uθθ

are examples of an EPDiff on the Virasoro group (a central extension by S1 of the

group Diff(S1)) with L2 and H1 metrics respectively. These are two completely

integrable partial differential equations and have soliton solutions. More recently,

Holm and collaborators have found that quite generally the geodesic equation on

Diff(Rn) admits special solutions with many of the properties of solitons: for each

fixed time, they are diffeomorphisms which are largely localized in space and, as time

varies, they retain their general shape and can interact somewhat like solitons for

KdV [HM04]. There are not, however, infinitely many conserved quantities so they

are not true solitons. A discussion of EPDiff and solitons in the case of template

matching in computational anatomy can be found in [Ho04].

In this chapter we study a new example of singular solutions closely related to

KdV and C-H. We consider the geodesic equation on the group PSL2(R)\Diff(S1)

with the Weil-Petersson metric. As in Chapter 2 the equation is:

mt = −2m.uθ − u.mθ, where m = −H(uθ + uθθθ). (3.1)

This is an integro-differential equation with the Hilbert transform operator H, de-

fined by the convolution with 1
2π

cot(θ/2).

Here, we may invert the relationship between m and u and write:

u(θ, t) =

∫

S1

G(θ − ξ)m(ξ, t)dξ = G ∗m.



40

The integral kernel, or Green’s function, G(θ) is given in the Fourier domain by

G(θ) = 2
∞∑

n=2

cos(nθ)

(n3 − n)
.

Note that m(·, t) is always orthogonal to 1, cos and sin.

It is not known if this new equation is completely integrable but it admits a class

of soliton like solutions which we study here, namely the solutions in which m is a

distribution. In fact, we want m(·, t) to be a weighted sum of delta functions for one

and hence all t. Because m is orthogonal to 1, cos and sin, there must be at least

4 delta functions. Following a suggestion of Darryl Holm, we call these and their

corresponding geodesics in Teichmüller space Teichons.

In general, solutions to the above equation integrate to geodesics on the univer-

sal Teichmüller space PSL2(R)\Diff(S1). As we have explained in Chapter 1, the

universal Teichmüller space has another realization, namely as the space of smooth

simple closed curves mod translations and scalings. Therefore the solutions of this

equation can also be thought of as paths in the space of simple closed plane curves

which minimize a certain energy. The soliton property means that, in a certain sense,

their momentum is concentrated at a finite set of points.

Below we study the solution in the special case where the momentum m is ex-

pressed as a sum of four delta functions. We prove the existence of the solution for

infinite time and find bounds on its longterm behavior.

3.2 Setup

We call v(θ, t) the velocity of the path and m(θ, t) = Lv(θ, t) the momentum. Then

inversely v(θ, t) = G∗m(θ, t). Note that momenta can be distributions. Both m and

v will have vanishing −1, 0,+1 Fourier coefficients. We consider an ansatz, a special
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form of momentum which we call a Teichon (or an N -Teichon), given by a sum of

N delta-functions, i.e.

m(θ, t) =
N∑

j=1

ajδ(θ − bj),

v(θ, t) =
N∑

j=1

ajG(θ − bj).

Plugging this expressions into the EPDiff (3.1) we get a system of ODEs describing

the evolution of ak’s and bk’s:






ȧk = −ak
∑N

j=1 ajG
′(bk − bj),

ḃk =
∑N

j=1 ajG(bk − bj).

(3.2)

where aj, bj are functions of time t. For well-posedness of the problem, m(θ, t) should

have its 0th, ±1st Fourier coefficients zero, i.e. we have the following constraints:

N∑

j=1

aj =
N∑

j=1

aje
ibj =

N∑

j=1

aje
−ibj = 0. (3.3)

If they are satisfied at time t = 0 they will be satisfied for all t.

What is the minimal number N , such that momenta m will lie in the splitting,

i.e. three relations (3.3) should hold.

• N = 1. In this case m̂k = eik(θ−bk), obviously does not work.

• N = 2. Then we have a1 = −a2, and from the relation a1e
ib1 + a2e

ib2 = 0 we

deduce that b1 = b2. Therefore two Teichons are not enough.
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• N = 3. In this case the above conditions are equivalent to

det




1 1 1

cos b1 cos b2 cos b3

sin b1 sin b2 sin b3


 = 0.

This is impossible for distinct bk’s.

• N = 4. This is the minimal number of Teichons, such thatm(θ) lies in the split-

ting. For example, choose (a1, a2, a3, a4) = (1,−1, 1,−1) and bk = π(k−1)
2

, k =

1, . . . , 4.

Note that EPDiff is invariant under the action AdA, A ∈ PSL2, so we may always

normalize Teichons by the Möbius group.

3.3 Estimates

3.3.1 4-Teichon ODE

Recall that operator L : Te(H\G) → Te(H\G)∗ is bijective (and hence invertible), if

we choose momentumm to be in the horizontal splitting, which is a space, orthogonal

to the psl2(R) Lie algebra. In other words the Fourier coefficients of the momenta

m̂k are zero for k = 0,±1.

Therefore we consider the case of N = 4 deltas:

m(θ) =
4∑

k=1

akδ(θ − bk).

Due to the Möbius invariance, we can normalize the initial conditions giving us
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the following initial configuration for momentum m(θ):

m(θ, t = 0) =
∑4

j=1 ajδ(θ − bj), where

(a1, a2, a3, a4) = (a0,−a0, a0,−a0),

(b1, b2, b3, b4) = (2π − d0
2
, d0

2
, π − d0

2
, π + d0

2
),

a0 = 1, d0 ∈ (0, ε).

If this holds for time 0, then it is easy to check that for all times t

(a1, a2, a3, a4) = (a(t),−a(t), a(t),−a(t)),

(b1, b2, b3, b4) =

(
2π − d(t)

2
,
d(t)

2
, π − d(t)

2
, π +

d(t)

2

)
.

for some functions a(t), d(t). Then the system (3.2) becomes a system of just two

variables a(t) and d(t)

ȧ = a2[G′(−d) +G′(π − d)],

ḋ = −2a[G(0) −G(−d) +G(π) −G(π − d)].

Equivalently, if E(d) denotes G(0) − G(−d) + G(π) − G(π − d) and prime is the

differentiation in d, then the system is:

ȧ = a2E ′(d),

ḋ = −2aE(d).

(3.4)

Notice that (3.4) is a Hamiltonian system with the conserved energyH = a2E(d) =

k2, for some constant k. Therefore we can have the equation just in terms of d

ḋ = −2k
√
E(d), where k = a0

√
E(d0). (3.5)
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The other equation is a conserved quantity, which relates a(t) and d(t):

a(t)
√
E(d(t)) = k.

Geodesic in the universal Teichmüller space with the above initial momentum

m(θ) could be seen on Figure 3.1 (evolution of log |ak|’s and bk’s is shown on Fig-

ure 3.2).

−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.5

0

0.5

1

1

23

4

Figure 3.1: Geodesic with initial momentum m(θ) =
∑4

k=1 akδ(θ − bk) upto time
T=6, (a4

k=1)t=0 = (1,−1, 1,−1), (b4k=1)t=0 = (2π − 0.1, 0.1, π− 0.1, π + 0.1). Position
of delta functions (i.e. bk’s) is marked by asterisks.

3.3.2 Estimates of a(t), d(t)

For small d ∈ (0, ε) we have an expansion of E(d) = G(0)−G(−d)+G(π)−G(π−d):

E(d) = d2

(
1

2
− log

d

2

)
− d4

(
3

48
− 1

12
log

d

2

)
+O(d6 log d).
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Figure 3.2: Time evolution of log |ak|’s (left) and bk’s (right) for the 4-Teichon:
(a4
k=1)t=0 = (1,−1, 1,−1), (b4k=1)t=0 = (2π − 0.1, 0.1, π − 0.1, π + 0.1).

And the basic inequality is

d2

(
1

2
− log

d

2
− γ

)
≤ E(d) ≤ d2

(
1

2
− log

d

2

)
. (3.6)

Here γ is chosen to guarantee that −γd2 ≤ E(d) − d2
(

1
2
− log d

2

)
, or in other words

γ ≥ −E(d)/d2 +
(

1
2
− log d

2

)
. Since the RHS is an increasing function of d, and d(t)

will be decreasing with t it suffices to take any γ ≥ −E(d0)/d
2
0 +

(
1
2
− log d0

2

)
(in

simulations the value used was d0 = .2, hence we may take γ = .0102).

Based on this we get the following inequalities for the RHS of the equation (3.5):

−2kd

√
1

2
− log

d

2
≤ −2k

√
E(d) ≤ −2kd

√
1

2
− log

d

2
− γ. (3.7)

From the theory of ODEs we can conclude that for all t ∈ [0,+∞) if d0 ∈ (0, ε) (d(t)



46

will stay in (0, ε) for all t), then the following estimate for d(t) is valid:

2 exp
{

1
2
− (kt+ c1)

2
}
≤ d(t) ≤ 2 exp

{
1
2
− (kt+ c2)

2 − γ
}
,

where k = a0

√
E(d0) > 0,

c1 =
√

1
2
− log d0

2
,

c2 =
√

1
2
− log d0

2
− γ; c1 > c2.

(3.8)

Denote the bounds

d1(t) := 2 exp

{
1

2
− (kt+ c1)

2

}
, (3.9)

d2(t) := 2 exp

{
1

2
− (kt+ c2)

2 − γ

}
.

Using inequalities (3.6) we get the following estimates:

1√
1
2
− log d

2

≤ d√
E(d)

≤ 1√
1
2
− log d

2
− γ

.

Combining it with the estimates on d(t) and the fact that both bounds are increasing

functions of d we conclude that the product ad decreases as 1/t, or specifically

k√
1
2
− log d1

2

≤ a(t)d(t) = k
d√
E(d)

≤ k√
1
2
− log d2

2
− γ

,

k

kt+ c1
≤ a(t)d(t) ≤ k

kt+ c2
.

(3.10)
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Finally an estimate for a(t):

k

d2

√
1
2
− log d2

2

≤ a(t) =
k√
E(d)

≤ k

d1

√
1
2
− log d1

2
− γ

,

k exp
{
(kt+ c2)

2 − 1
2

+ γ
}

2
√

(kt+ c2)2 + γ
≤ a(t) ≤ k exp {(kt+ c1)

2 − 1/2}
2
√

(kt+ c1)2 − γ
.

(3.11)

3.3.3 Estimating the velocity field v(θ, t)

For θ ∈ I = [δ, π−δ]∪ [π+δ, 2π−δ] (away from points 0, π, 2π, where G(θ), G(θ+π)

are only C1) we have the following Taylor expansion:

G(θ + ∆θ) = G(θ) + ∆θ G′(θ) +
∆θ2

2
G′′(θ) +

∆θ3

6
G′′′(θ) +

∆θ4

24
G(iv)(θ) +O(∆θ5).

Therefore using the above we have the following expansion of the velocity field v(θ, t)

v(θ, t) = a[G(θ+ d/2) −G(θ − d/2) +G(θ + π + d/2) −G(θ + π − d/2)]

= ad[G′(θ) +G′(θ + π)] + ad3/24[G′′′(θ) +G′′′(θ + π)] +O(ad5).

For derivatives of the Green’s function we get

G′(θ) +G′(θ + π) = 2 sin θ log | tan θ/2|,

G′′′(θ) +G′′′(θ + π) = −2 sin θ log | tan θ/2| + 2cot θ.
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And applying estimates (3.8), (3.10) for ad, ad3 we finally arrive at

First order approximation:

v(θ, t) ≈ 2 k
kt+c

sin θ log | tan θ/2| +O
(

1

te2kt2

)
, for some c.

Third order approximation:

v(θ, t) ≈ 2 k
kt+c

sin θ log | tan θ/2|

+r(t)(cot θ − sin θ log | tan θ/2|) +O
(

1
t exp(4kt2)

)
,

where r(t) s.t. k
3

exp(1−2(kt+c1)
2)

kt+c1
≤ r(t) ≤ k

3
exp(1−2(kt+c2)

2−2γ)
kt+c2

.

(3.12)

Here as before k = a0

√
E(d0), and we can choose c somewhere between c2 and c1

(c2 =
√

1/2 − log d0
2
− γ < c1 =

√
1/2 − log d0

2
).

Remark. Notice that ‖v(θ, t)‖WP should be constant, but in the first order

expansion there is a t-term which is monotonically decreasing. It is actually the case

that sin θ log | tan θ/2| has infinite WP-norm.

3.3.4 Estimating the fingerprint ψ(θ, t)

The fingerprint ψ(θ, t) evolves under the action of the velocity field v(θ, t) according

to

ψt(ψ
−1(θ, t), t) = v(θ, t).

Denote ψi(θ, t) the inverse of ψ(θ, t) in θ-variable for each fixed t-variable, i.e.

ψi(ψ(θ, t), t) = ψ(ψi(θ, t), t) = θ. It is easy to check that ψi(θ, t) satisfies the trans-

port equation:

ψit(θ, t) = −v(θ, t)ψiθ(θ, t). (3.13)
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Remark. In this case ψi(θ, t) is in the left coset space Diff(S1)/PSL2(R) and we

have the same setup as in [SM06].

We are going to solve the transport equation (3.13) for the inverse fingerprint ψi

with first order approximation of v (3.12).

Note that G(θ) is smooth, except for the logarithmic pole in G′′(θ) at θ = 0. Let

us write out the first order Taylor’s series with the remainder term in the integral

form:

G(θ + δ) = G(θ) +G′(θ)δ +R1(θ),

where R1(θ) =

∫ θ+δ

θ

G′′(t)(θ+ δ − t)dt.

The remainder term R1(θ) for all δ’s small will be uniformly bounded for all θ away

from zero. Employing the fact that G′′(θ) = cos θ log[2(1− cos θ)] + 1/2 cos θ+1 one

can easily verify that the remainder term R1(θ) at θ = 0:

R1(0) =

∫ δ

0

G′′(t)(δ − t)dt =

∫ δ

0

((2 − t2) log t+ 3/2 +O(t2))(δ − t)dt = O(δ2 log δ).

Therefore the first order estimate of v(θ, t) in (3.12) is valid uniformly for all θ ∈
[0, 2π] and t, while the third order estimate is valid uniformly away from θ = 0, π.

From PDE theory it is known that the solution remains constant along the char-

acteristics of the equation (3.13). The characteristic equations are:






∂θ

∂s
= 2

k

kt+ c
sin θ log | tan θ/2|,

∂t

∂s
= 1.
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Using the fact that
∫

dθ
sin θ

= log | tan θ/2| we get

log | tan(θ − π)/2|
log | tan(θ0 − π)/2| =

(
kt+ c

c

)2

.

Given point (θ, t) a characteristic passes through the point (θ0, 0), where θ0 is ex-

pressed using the previous formula, i.e.

θ0 = 2arctan
[
(tan(θ − π)/2)(

c
kt+c)

2]
+ π.

Since ψi stays constant along characteristics and since ψi(θ, t = 0) = θ:

ψi(θ, t) = ψi(θ0, 0) = θ0 = 2arctan


(tan(θ − π)/2)

(
c

kt+ c

)2

+ π,

where tanβ = sign(tan)| tan |β .

(3.14)

If we denote

(
c

kt+ c

)2

= β, then the above inverse fingerprint is the fingerprint

of the ‘eye’ shape with angles at its corners απ, α = 2β/(β + 1) (example of the

fingerprint on Figure 3.3, see also [SM06]). In other words the curve starts as a

circle (angles at the corners of the ‘eye’ are π) and angle gets smaller with time as

2π
1+(kt/c+1)2

.

Invert expression (3.14) to get the approximate evolution of the fingerprint ψ ∈
PSL2(R)\Diff(S1):

ψ(θ, t) = 2arctan


(tan(θ − π)/2)

(
kt+ c

c

)2

+ π,

where tanβ = sign(tan)| tan |β.

(3.15)

This fingerprint still defines an eye-shaped figure (see Figure 3.3), one just needs to
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perform welding using the fact that ψ = φ−1
int ◦ φext.

−1.5 −1 −0.5 0 0.5 1 1.5
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0.5

1

0 pi/2 pi 3pi/2 2pi
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pi/2

pi

3pi/2

2pi

Figure 3.3: Example of the eye-shape and its fingerprint ψ as given by equation
(3.14).

The limiting fingerprint is

ψ∞(θ) =






π/2, for θ ∈ (0, π);

3π/2, for θ ∈ (π, 2π).

We have proved the existence of the solution for infinite time and have found

bounds on its longterm behavior. In the limit, the shape represented by the finger-

print (3.15) will become an infinite slit on the plane. Note, that our soliton trajectory

is asymptotic to the following one parameter subgroup in Diff(S1):

ψβ(θ) = 2arctan(tan(θ/2)β),

where tanβ = sign(tan)| tan |β ,

ψβ1β2
= ψβ1

◦ ψβ2
.
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3.4 Numerical Experiments

3.4.1 Numerical methods

System (3.2) is in fact a Hamiltonian system with HamiltonianHab =
∑N

i,j=1 aiajG(bi−
bj) and it could be rewritten as





ȧk = −∂Hab

∂bk
,

ḃk =
∂Hab

∂ak
.

(3.16)

That is why it is reasonable to use symplectic methods (i.e. preserving the Hamil-

tonianHab) of integration of system (3.2). Also notice on Figure 3.4 how conventional

Runge-Kutta method (ode45 solver in Matlab) fails to conserve the energy.

0 1 2 3 4 5 6
0.44

0.445

0.45

0.455

0.46
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0.48

Explicit RK, (0.069)

Symplectic Euler−A, (−0.015)

Symplectic Lobatto, (−6.2e−006)

Figure 3.4: Evolution of conserved Hamiltonian Hab in numerical simulations. Case
of a 4-Teichon, ∆t = .01, (a4

k=1)t=0 = (1,−1, 1,−1), (b4k=1)t=0 = (2π − 0.1, 0.1, π −
0.1, π + 0.1). Method used, relative change of Hab.
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We are going to describe shortly the main definitions behind Euler-A and Lobatto

methods (mainly from [Ha02]).

We treat non-autonomous systems of first-order ordinary differential equations

ẏ = f(t, y), y(t0) = y0.

Definition. Let βi, αij (i, j = 1, . . . , s) be real numbers, h is a constant step size and

let σi =
∑s

j=1 αij. An s-stage Runge-Kutta method is given by

ki = f(t0 + σih, y0 + h
∑s

j=1 αijkj), i = 1, . . . , s

y1 = y0 + h
∑s

i=1 βiki.

(3.17)

Here we allow a full matrix (αij) of non-zero coefficients, thus making this an

implicit integrator. In case when αij = 0 for i ≤ j the method becomes an explicit

Runge-Kutta method.

It is customary to display coefficients in the following way:

σ1 α11 . . . α1s

...
...

. . .
...

σs αs1 . . . αss

β1 . . . βs

Definition. We consider differential equations in the partitioned form

ẏ = f(y, z), ż = g(y, z), (3.18)

where y, z may be vectors of different dimensions.

The idea is to take two different Runge-Kutta methods, and to treat the y-variables

with the first method (αij, βi), and the z-variables with the second method (α̂ij, β̂i).
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Let αij, βi and α̂ij , β̂i be the coefficients of two Runge-Kutta methods. A parti-

tioned Runge-Kutta method for the solution of (3.18) is given by

ki = f

(
y0 + h

s∑

j=1

αijkj, z0 + h
s∑

j=1

α̂ijlj

)
,

li = g

(
y0 + h

s∑

j=1

αijkj, z0 + h
s∑

j=1

α̂ijlj

)
,

y1 = y0 + h
s∑

i=1

βiki, z1 = z0 + h
s∑

i=1

β̂ili.

(3.19)

A particular example of this method is a symplectic Euler-A (or Euler-B) method:





yn+1 = yn + hf(yn, zn+1)

zn+1 = zn + hg(yn, zn+1),
or





yn+1 = yn + hf(yn+1, zn)

zn+1 = zn + hg(yn+1, zn).

Here implicit Euler method with β1 = 1, α11 = 1 is combined with the explicit Euler

method with β̂1 = 1, α̂11 = 0 (or vice versa).

Another example of the 3-stage partitioned RK method is Lobatto IIIA-B method.

The coefficients of the method are given in Table 3.1

Table 3.1: Coefficients of the 3-stage Lobatto IIIA-B pair

0 0 0 0
1/2 5/24 1/3 −1/24
1 1/6 2/3 1/6

1/6 2/3 1/6

0 1/6 −1/6 0
1/2 1/6 1/3 0
1 1/6 5/6 0

1/6 2/3 1/6

In the figure 3.4 you can see the performance of three algorithms in preserving

the Hamiltonian Hab. Clearly, Lobatto IIIA-B method does the best job. This is

due to the fact that Lobatto IIIA-B is a fourth order method, while Euler-A is just

a first order method. In table 3.2 the comparison data is provided.
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Table 3.2: Comparison of numerical methods used

Method Explicit RK Euler-A Lobatto IIIA-B
∆t 10−2 10−2 10−3 10−4 10−2

Time spent .3 sec 2 sec 22 sec 734 sec 13 sec
Change in Hab 7.0e10−2 -1.5e10−2 -1.5e10−3 -1.5e10−4 -6.0e10−6

Simplecticity.

Theorem 4. If the coefficients of a partitioned Runge-Kutta method (3.19) satisfy

βiα̂ij + β̂jαji = βiβ̂j, for i, j = 1, . . . , s,

βi = β̂i for i = 1, . . . , s,

then it conserves quadratic invariants of the form Q(y, z) = yTDz, where D is the

matrix of the appropriate dimensions.

We consider Hamiltonian equations

ṗk = −∂H
∂qk

(p, q), q̇k =
∂H

∂pk
(p, q), k = 1, . . . , d.

Denoting y = (p, q) we write the above Hamiltonian system along with its variational

equation in the form

ẏ = J−1∇H(y), where J =



 0 I

−I 0



 , ∇H(y) = H ′(y)T .

Ψ̇ = J−1∇2H(y)Ψ, where Ψ = ∂y/∂y0.

Note that the symplecticity condition is a quadratic first integral of the variational

equation, i.e. ΨTJΨ = const.

To understand the symplecticity of partitioned Runge-Kutta methods, we write
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the solution Ψ of the variational equation as

Ψ =



Ψp

Ψq



 .

Then, the Hamiltonian system together with its variational equation is a parti-

tioned system with variables (p,Ψp) and (q,Ψq). And we have

ΨTJΨ = (Ψp)TΨq − (Ψq)TΨp.

Then the simplecticity of the Lobatto IIIA-B pair follows from the above theorem,

since we have a difference of two quadratic quantities which are conserved.

3.4.2 Numerical experiments with N-Teichons

In this section we will show that using a relatively small number of Teichons (around

20) we can get a wide variety of shapes. In other words, first we set an initial

momentum on the circle as a sum of 20 delta functions aiδ(θ − bi) scattered at

positions bi on the circle and satisfying conditions (3.3). Then solve the the system

(3.16) forward in time until time T = 1 (using Lobatto IIIA-B scheme). This gives us

the evolution of the vector v(θ, t) =
∑N

i=1 aiδ(θ− bi). We integrate this time varying

vector Ψt = v ◦ Ψ to produce fingerprints Ψ(θ, t), corresponding to some shape

evolution. One of the ideas is to learn heuristically the ‘syntax’ of Teichon interaction:

how they repel or attract each other and what kind of shapes are produced as a result

of these interactions. From the experiments we can say a few certain rules of this

‘syntax’.

To simplify the discussion we can say that shapes basically have two sets of

features: some number of extremities (or limbs) and some number of concavities (or

dents). We are going to state the conjecture on the formation of these two features
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and provide figures of randomly generated shapes to support it.

Extremities are obtained via ‘pinching’, i.e. two (or more) close Teichons are

attracted towards each other. The faster they are heading (large values of aj’s) the

pointier is the extremity.

Concavities, or the dents, are obtained via ‘ripping’: two (or more) close Teichons

running away from each other. The faster they are running the more concave that

part of the shape will be.

Parts of the shape with no Teichons, or with Teichons moving slowly (small values

of aj) remain circular.
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  1.4725

−0.76651

−0.49363

 0.38789

  0.5793

−0.93535

 0.45668

−0.70085

Figure 3.5: Evolution of an 8-Teichon from the circle to a Donald-Duck-like shape.
Positions of individual 1-Teichons are marked by asterisks. The initial values of
(ak)

8
k=1 are given on the right.

Let us see how these rules apply to a Donald-Duck-like shape on Figure 3.5

(evolution of ak, bk is shown on Figure 3.6). It is comprised of the pointier end
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Figure 3.6: Time evolution of log |ak|’s (left) and bk’s (right) for the solitons repre-
senting Donald-Duck-like shape (Figure 3.5)

formed by ‘large’ Teichons 1, 2, 3 and the dull end formed by solitons 4, 5, 6, 7. The

sharper end is formed by ‘fast running’ solitons 1, 2, 3. The ‘ripping’ by Teichons 1, 8

is somewhat bigger than the ‘ripping’ done by solitons 3, 4, since Teichons 1, 8 run

faster away from each other than 3, 4. The upper part of the Donald’s head remains

circular due to the absence of any solitons.

One can see how these general rules hold true most of the time in Figures 3.7,

3.8, 3.9. Here there are five more figures with random shapes generated by 16-

Teichons. To the right from the shape you can see the 1-Teichon number j and the

corresponding value of aj at the initial time.

3.5 Conserved quantities

In Section 2.2 we have demonstrated that the energy and momentum are conserved

in the solution of EPDiff(S1). Here we will demonstrate what these translates into

in the case of singular solutions.

For theN -Teichon evolution we have v =
∑N

k=1 akG(θ−bk), andm =
∑N

k=1 akδ(θ−
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bk), then the energy becomes:

∫

S1

Lv.vdθ =

∫

S1

L

(
N∑

k=1

akG(θ − bk)

)(
N∑

k=1

ajG(θ − bj)

)
dθ

=

∫

S1

(
N∑

k=1

akδ(θ − bk)

)(
N∑

k=1

ajG(θ − bj)

)
dθ

=
N∑

j,k=1

ajakG(bk − bj).

This is exactly the Hamiltonian in the equations (3.2) of evolution of Teichons. In

Figure 3.4 you can see how well it is preserved by the Lobatto IIIA-B symplectic

integrator.

Recall (see Section 2.2) that the conserved momenta for the geodesic g(θ, t) has

the expression:

∫
L(ġ ◦ g−1).(gθ ◦ g−1).(X ◦ g−1).dθ =

∫

S1

Lv.(gθ ◦ g−1).(X ◦ g−1).dθ.

In the case of an N -Teichon we have v = ġ ◦ g−1 =
∑N

k=1 akG(θ − bk). Therefore:

∫
L(ġ ◦ g−1).(gθ ◦ g−1).(X ◦ g−1)dθ =

∫
L

(
N∑

k=1

akG(θ − bk)

)
.(gθ ◦ g−1).(X ◦ g−1)dθ

=
N∑

k=1

ak

∫
δ(θ − bk).(gθ ◦ g−1).(X ◦ g−1)dθ

=
N∑

k=1

ak.(gθ ◦ g−1(bk)).(X ◦ g−1(bk)).

This means that momenta m at any time t is equal to momenta at time t = 0:

N∑

k=1

ak(t).(gθ ◦ g−1(bk(t), t)).δ(θ− g−1(bk(t), t)) =
N∑

k=1

ak(0)δ(θ − bk(0)).
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Therefore, conservation of momenta for Teichons yields:

ak(t) =
ak(0)

gθ(bk(0), t)
, bk(t) = g(bk(0), t). (3.20)

See Figure 3.10 for numerical evidence of the conserved quantities.

3.6 Final remarks

It should be noted that evolution of Teichons is governed by the same system as the

evolution of landmark points (see, for example, [M08]). But there is a difference. In

the case of landmarks, landmarks are characteristic points on some shape, and the

geodesic is calculated by matching one set of landmarks to another, thus matching

one shape to another. Landmarks are the shape in this case. In contrast, position

of Teichons on the circle does not tell us what the shape is. Teichon evolution only

gives us the velocity v(t) on the tangent space, that could be integrated to a geodesic

path. Because of homogeneity of the underlying space we can integrate this vector

starting from any shape Ψ(θ) and we will get a geodesic.

In this section we have not addressed the problem of finding the geodesic between

two given shapes. This problem will be treated in Chapter 5 by minimizing the WP

energy. To find the geodesic connecting two shapes in the Teichon setting one needs

to consider the following numerical problem. Given two shapes with fingerprints Ψ0

and Ψ1 find v(θ, t) which is represented by

v(θ, t) =
N∑

k=1

ak(t)G(θ − bk),

(for some suitable N). The evolution of v(θ, t) will be governed by the evolution

ak(t), bk(t) via ODE (3.2). After integrating the equation Ψt = v ◦ Ψ the boundary
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conditions Ψ(t = 0) = Ψ0,Ψ(t = 1) = Ψ1 should be met.
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Figure 3.7: Evolution of a 16-Teichon from the circle to the bird-like shape (top)
and to the bottle-like shape (bottom). Positions of individual 1-Teichons are marked
by asterisks. Initial values of (ak)

16
k=1 are given on the right. (Data for the bird-like

shape is not available.)
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Figure 3.8: Evolution of a 16-Teichon from the circle to the amoeba-like shape (top)
and the boomerang-like shape (bottom), represented by a 16-Teichon. Positions of
individual 1-Teichons are marked by asterisks. Initial values of (ak)

16
k=1 are given on

the right.



64

−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.5

0

0.5

1

 1

 2
 3 4

 5

 6 7

 8
 9

10

11
12

1314
15

16

 1

 2

 3

 4

 5

 6

 7

 8

 9

10

11

12

13

14

15

16

  −1.1443

   5.9967

  −4.7774

 −0.52797

  0.19521

  0.79195

  0.46275

 −0.30745

 −0.49507

 −0.67421

  0.30982

  −0.6664

   0.5595

−0.054768

  0.89052

 −0.55885

Figure 3.9: Evolution of a 16-Teichon from the circle to the sock-like shape, repre-
sented by a 16-Teichon. Positions of individual 1-Teichons are marked by asterisks.
Initial values of (ak)

16
k=1 are given on the right.
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Figure 3.10: Left: difference between the computed ak(t) and the conserved ak(t) =
ak(0)

gθ(bk(0),t)
. Right: difference between the computed bk(t) and the conserved bk(t) =

g(bk(0), t). Differences computed for different θ-discretizations: N = 256, 512, 1024.



Chapter 4

Curvature

It is an established fact, that all sectional curvatures of the Weil-Petersson metric

on T (1) are negative [Wo86]. In this chapter we show that the Arnold’s formula

(see [Ar66]) for sectional curvature on the Lie group G turns out to be valid in our

case, for the metric with the null space, the Weil-Petersson metric. We make explicit

computations of some sectional curvatures that agree with results in [BL88]. The

discussion of the results is presented at the end of the chapter.

4.1 Introduction

Curvature is a very important characteristic of a metric on a given space. Its effects

are usually not accounted for, due to the complexity of computation of the curvature

tensor, or the impossibility of the computation in some cases. The Weil-Petersson

metric has unique curvature properties — all of its sectional curvatures are negative.

It is believed that this, as in a finite dimensional case, guarantees unique geodesics,

connecting two shapes. Moreover, negative curvature gives us a certain ‘stability’ in

the geodesic finding problem, as depicted in Figure 1.1. Unfortunately, the ‘shooting’

66
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type of algorithms for finding geodesics suffer from negative sectional curvature —

there is exponential divergence of geodesics with slightly different initial conditions.

In other words geodesics are very sensitive to the changes of the initial vector. In

subsection 4.2.7 we argue that this is not a big issue in the case of a Weil-Petersson

metric. Now we are going to present the curvature computation using Jacobi vector

fields.

4.2 Curvature computation

4.2.1 Jacobi vector field

Given the Riemannian manifold M , P ∈ M , v ∈ TPM , we define the exponential

map (it is defined in the neighborhood of a point P )

expP : TPM → M, expP v = γ(p, v, 1),

where γ(p, v, t) is a geodesic starting at P , launched in the direction v. Note, we can

always write expp tv = γ(P, tv, 1) = γ(P, v, t) (for sufficiently small t).

The derivative of this map will look like

(d expP )tv : Ttv(TPM) ≡ TPM → Tγ(t)M,

i.e. given w ∈ TPM we will have (d expP )tvw = ∂/∂s[expP tv(s)]s=0, where v(s) is a

path in the tangent space TPM such that v(0) = v, v′s(0) = w.

The Jacobi field J(t) along the geodesic γ(t) is defined as

J(t) = (d expP )tvtw,



68

and it satisfies the Jacobi equation

D2
t J − R(γ′(t), J(t))γ′(t) = 0, J(0) = 0, J ′(0) = w.

Here, R(X, Y )Z is the Riemannian curvature tensor. The Jacobi vector field essen-

tially tells us how the geodesic expP (tv) will vary if we perturb the initial velocity v

to be v + s.w, for some small value s. As you can see from the formula above the

behavior of Jacobi vector fields is governed by the curvature of the underlying space.

In fact we have the following theorem, that relates Jacobi vector fields with sectional

curvature.

Theorem 5. The Jacobi field J(t) has a Taylor expansion, namely for t → 0

J(t) = P t

[
wt− R(γ′(0), w)γ′(0)

t3

3!

]
+O(t4).

Here, P t : Tγ(0)M → Tγ(t)M is parallel translation.

A proof of this result can be found in [Jo05].

Let us take two vectors v, w ∈ TPM , such that ‖v‖ = ‖w‖ = 1, 〈v, w〉 = 0, and

consider the geodesic γ(t) = expP tv. Then:

exp∗
P (tv)〈w,w〉P = 〈(d expP )tvw, (d expP )tvw〉γ(t)

=

〈
1

t
J(t),

1

t
J(t)

〉

γ(t)

=

〈
P t

[
w − R(v, w)v

t2

3!

]
, P t

[
w − R(v, w)v

t2

3!

]〉

γ(t)

=

〈
w − R(v, w)v

t2

3!
, w −R(v, w)v

t2

3!

〉

P

= 〈w,w〉 −K(v, w)
t2

3
+O(t3). (4.1)

Here, K(v, w) is a sectional curvature in the directions v, w. Intuitively, the sectional
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curvature K(v, w) could be explained in the following way. Take two vectors v, w in

the tangent space to the manifold M at some point P . They will define a 2D plane,

a subspace of the tangent space at P . We launch geodesics, originating from point

P with initial vectors in the tangent two-dimensional plane. These geodesics will

‘carve’ the 2D surface in the manifold M . The sectional curvature K(v, w) is the

Gaussian curvature of this 2D surface. All sectional curvatures of the Weil-Petersson

metric are negative. That means that in every tangent plane the shape space ‘looks’

locally like a saddle, a 2D surface with negative Gaussian curvature.

We are going to employ the above construction involving Jacobi vector fields to

compute sectional curvatures of the WP metric.

4.2.2 Taylor expansion of Φ(θ, t) ∈ Diff(S1)/PSL2(R)

In order to use Theorem 5 we need to find Taylor expansion of the geodesic expP tv

for small t. In fact we will have two expressions for the geodesic expP tv, depending

which metric we are going to use, left- or right-invariant. They will be denoted

expLP tv ∈ Diff(S1)/PSL2(R) and expRP tv ∈ PSL2(R)\Diff(S1).

Take v(θ, t) and corresponding m(θ, t) and expand them in series in t-variable:

v(θ, t) = v0(θ) + v1(θ)t+ v2(θ)t
2 +O(t3),

m(θ, t) = m0(θ) +m1(θ)t+m2(θ)t
2 +O(t3).

To make this path a geodesic we need to make sure that the velocity v(θ, t) is

such that it solves the EPDiff, in other words:

mt = −2m.vθ − v.mθ, where m = Lv, v = G ∗m = L−1m.
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Plugging in the above expressions for v and m into the EPDiff we get:

m1 + 2tm2 + 3t2m3 +O(t3) = −2(m0 + tm1 + t2m2 +O(t3))(v′0 + v′1t+ v′2t
2 +O(t3))

= −(m′
0 + tm′

1 + t2m′
2 +O(t3))(v0 + v1t+ v2t

2 +O(t3)).

Which yields the following relations:

Lv1 = −2m0v
′
0 −m′

0v0

= −2Lv0 · v′0 − Lv′0 · v0, (4.2)

2Lv2 = −2Lv0v
′
1 − 2Lv1v

′
0 − Lv′0v1 − Lv′1v0.

In terms of the velocity field:

v1 = −L−1(2Lv0 · v′0 + Lv′0 · v0),

v2 = L−1

[
Lv0 · L−1(2Lv0 · v′0 + Lv′0 · v0)

′ +
1

2
Lv′0 · L−1(2Lv0 · v′0 + Lv′0 · v0)

+v′0(2Lv0 · v′0 + Lv′0 · v0) +
1

2
v0(2Lv0 · v′0 + Lv′0 · v0)

′

]
.

Take a geodesic Ψ(θ, t) ∈ PSL2(R)\Diff(S1). Then the vector field w(θ, t) is

given by

Ψt(Ψ
−1(θ, t), t) = w(θ, t).

If we instead consider Φ(θ, t) := Ψ(θ, t)−1 ∈ Diff(S1)/PSL2 (inverse is taken in

θ-variable), then we obtain that Φ satisfy the transport equation:

Φt(θ, t) = −w(θ, t)Φθ(θ, t).

Here, vector field w(θ, t) is the same as in the previous formula.
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Consider Φ(θ, t) = θ + t ·Φ1(θ) + t2 · Φ2(θ) + t3 · Φ3(θ) +O(t4). We have

Φt(θ, t) = Φ1 + 2Φ2t+ 3Φ3t
2 +O(t3),

Φθ(θ, t) = 1 + Φ′
1t+ Φ′

2t
2 + Φ′

3t
3 +O(t4).

Then the transport equation for Φ(θ, t) becomes:

Φ1 + 2Φ2t+ 3Φ3t
2 +O(t3) = −(v0 + v1t+ v2t

2 +O(t3))(1 + Φ′
1t+ Φ′

2t
2 +O(t3)).

Which yields

Φ1 = −v0,

2Φ2 = −v0Φ
′
1 − v1

= v0v
′
0 + L−1(2Lv0 · v′0 + Lv′0 · v0),

3Φ3 = −v0Φ
′
2 − v1Φ

′
1 − v2 (4.3)

= −v0

2
[v0v

′
0 + L−1(2Lv0 · v′0 + Lv′0 · v0)]

′ − v′0L
−1(2Lv0 · v′0 + Lv′0 · v0)

− L−1

[
Lv0 · L−1(2Lv0 · v′0 + Lv′0 · v0)

′ +
1

2
Lv′0 · L−1(2Lv0 · v′0 + Lv′0 · v0)

+v′0(2Lv0 · v′0 + Lv′0 · v0) +
1

2
v0(2Lv0 · v′0 + Lv′0 · v0)

′

]
.

Therefore, the geodesic Φ(θ, t) has the following expansion (substituting v for v0)

Φ(θ, t) = θ − vt+
1

2
[vv′ + L−1(2Lv · v′ + Lv′ · v)]t2 + Φ3t

3 +O(t4).

Where Φ3 is defined by (4.3). The above is the expression for the left exponential,

i.e. Φ(θ, t) = expLP (−tv) ∈ Diff(S1)/PSL2(R).
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4.2.3 Taylor expansion of Ψ(θ, t) ∈ PSL2(R)\Diff(S1)

Knowing the Taylor expansion of Φ(θ, t) we obtain the expansion of Ψ = Φ−1. Given

Φ(θ, t) := Ψ−1(θ, t) = θ + Φ1(θ)t+ Φ2(θ)t
2 +O(t3). We have the following:

∂

∂t
Ψ−1(Ψ(θ, t), t) = 0,

Ψ−1
θ (Ψ(θ, t), t)Ψt(θ, t) + Ψ−1

t (Ψ(θ, t), t) = 0,

Ψt(θ, t) = −Ψ−1
θ (Ψ(θ, t), t)

Ψ−1
t (Ψ(θ, t), t)

.

Ψ−1
t (θ, t)

Ψ−1
θ (θ, t)

=
Φ1 + 2Φ2t+ 3Φ3t

2 +O(t3)

1 + Φ′
1t+ Φ′

2t
2 +O(t3)

= (Φ1 + 2Φ2t+ 3Φ3t
2 +O(t3))(1 − Φ′

1t− Φ′
2t

2 + Φ′2
1 t

2 +O(t3))

= Φ1 + t(2Φ2 − Φ1Φ
′
1) + t2(3Φ3 − 2Φ′

1Φ2 − Φ1Φ
′
2 + Φ1Φ

′2
1 ) +O(t3).

Combining two expressions we have

Ψt(θ, t) = −Ψ−1
θ (Ψ(θ, t), t)

Ψ−1
t (Ψ(θ, t), t)

= − [Φ1(θ) + t(2Φ2(θ) − Φ1(θ)Φ
′
1(θ))

+t2(3Φ3 − 2Φ′
1Φ2 − Φ1Φ

′
2 + Φ1Φ

′2
1 ) +O(t3)

]
θ=Ψ(θ,t)

.

Therefore

Ψt(θ, t = 0) = v0,

Ψtt(θ, t = 0) = v0v
′
0 − L−1(2Lv0 · v′0 + Lv′0 · v0),

Ψttt(θ, t = 0) = v0(v0v
′
0)

′ − 2v0L
−1(2Lv0 · v′0 + Lv′0 · v0)

′ (4.4)

− v′0L
−1(2Lv0 · v′0 + Lv′0 · v0) + 2v2. (4.5)

Using the series for Φ(θ, t) we have obtained the series for the right exponential
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Ψ(θ, t) = expRP (tv) ∈ PSL2\Diff(S1) (substituting v for v0):

Ψ(θ, t) = θ + vt+
1

2
[vv′ − L−1(2Lv · v′ + Lv′ · v)]t2 + Ψ3t

3 +O(t4),

where Ψ3 = 1
6
Ψttt.

4.2.4 Exponential maps

We have two exponential maps, right and left exponential maps, which correspond

to geodesics in left- or right-invariant metrics:

expL(−tv) = Ψ(θ,−v, t) ∈ Diff(S1)/PSL2,

expR(tv) = Φ(θ, v, t) ∈ PSL2\Diff(S1).

We have explicit formulae for them, up to a third order terms:

expL(−tv) = θ − vt+
1

2

[
vv′ + L−1(2Lv · v′ + Lv′ · v)

]
t2 + Φ3t

3, (4.6)

expR(tv) = θ + vt+
1

2

[
vv′ − L−1(2Lv · v′ + Lv′ · v)

]
t2 + Ψ3t

3,

where Φ3,Ψ3 are defined as in (4.3) and (4.5).

4.2.5 Concise way

In order to write the expression for the sectional curvature in the concise manner we

will introduce new notation. For any u, v ∈ g we have the transpose of the adjoint
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map:

ad†
uv : g → g,

v 7→ ad†
uv.

It is defined in the following way:

〈ad†
uv, w〉 = 〈v, aduw〉

= 〈v, [u, w]〉.

We will derive the formula for the ad† using integration by parts:

〈ad†
uv, w〉 = 〈v, [u, w]〉

=

∫
Lv(uw′ − wu′)dx

=

∫
−Lv · u′w + Lv · uw′dx

=

∫
(−2Lv · u′ − Lv′ · u)wdx.

Therefore:

ad†
uv = −L−1(2Lv · u′ + Lv′ · u).

Notice, that ad†
uv = β(v, u) in Arnold’s notation in [Ar66].

In terms of the transpose of the adjoint map exponential maps (4.6) take more
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concise form (we can write v instead of tv, for small ‖v‖):

expR v = θ + v +
1

2

[
vv′ + ad†

vv
]

+
1

6

[
v(vv′)′ + v′ad†

vv + 2v(ad†
vv)

′ + ad†
v(ad

†
vv) + ad†

ad†
vv
v
]
+O(‖v‖4),

expL v = θ + v +
1

2

[
vv′ − ad†

vv
]

+
1

6

[
v(vv′)′ − v(ad†

vv)
′ − 2v′ad†

vv + ad†
v(ad

†
vv) + ad†

ad†
vv
v
]
+O(‖v‖4).

Now we compute ũ = D expRv u, in other words how the vector u is carried by

the flow generated by the vector v (keeping the terms of the third order and below):

ũ = D expRv u = u+
1

2

[
(uv)′ + ad†

uv + ad†
vu
]
+

1

6

[
u(vv′)′ + v(uv′)′ + v(vu′)′

+ u′ad†
vv + v′(ad†

uv + ad†
vu) + 2u(ad†

vv)
′ + 2v(ad†

uv + ad†
vu)

′

+ ad†
uad

†
vv + ad†

v(ad
†
uv + ad†

vu) + ad†

ad†
uv+ad†

vu
v + ad†

ad†
vv
u

]
. (4.7)

In order to compute the WP norm of ũ we translating it back to the tangent space

at the identity TIdPSL2(R)\Diff(S1) and keep all the terms upto O(‖v‖2). We will

get a rather long formula:

ũ(expR(v)−1) = ũ(expL(−v)) =

u−vu′+ 1

2
[vv′u′−u′ad†

vv+v2u′′]+
1

2

[
(uv)′+ad†

uv+ad†
vu
]
− 1

2
v
[
(uv)′+ad†

uv+ad†
vu
]′

+
1

6

[
u(vv′)′ + v(uv′)′ + v(vu′)′ + u′ad†

vv + v′(ad†
uv + ad†

vu) + 2u(ad†
vv)

′+

2v(ad†
uv + ad†

vu)
′ + ad†

uad
†
vv + ad†

v(ad
†
uv + ad†

vu) + ad†

ad†
uv+ad†

vu
v + ad†

ad†
vv
u

]
. (4.8)
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After some simplification the formula turns into

ũ(expR(v)−1) = u+
1

2
[u, v] +

1

2

[
ad†

uv + ad†
vu
]

︸ ︷︷ ︸
I1

+
1

6

[
uv′2 − uvv′′ − vv′u′ + v2u′′ − 2u′ad†

vv − v(ad†
uv + ad†

vu)
′ + v′(ad†

uv + ad†
vu) + 2u(ad†

vv)
′
]

︸ ︷︷ ︸
I2

+
1

6

[
u(vv′)′ + v(uv′)′ + v(vu′)′ + u′ad†

vv + v′(ad†
uv + ad†

vu) + 2u(ad†
vv)

′+

2v(ad†
uv + ad†

vu)
′ + ad†

uad
†
vv + ad†

v(ad
†
uv + ad†

vu) + ad†

ad†
uv+ad†

vu
v + ad†

ad†
vv
u

]

︸ ︷︷ ︸
I3

. (4.9)

One can check that

〈u+ I1, u+ I1〉 = ‖u‖2 +
1

4
‖[u, v]‖2 +

1

4
‖ad†

uv + ad†
vu‖2 +

1

2
〈[u, v], ad†

uv + ad†
vu〉,

〈u, I2〉 = −1

6
〈[u, v], ad†

vu〉 +
1

3
〈ad†

uu, ad
†
vv〉 −

1

6
〈ad†

vu, ad
†
vu+ ad†

uv〉,

〈u, I3〉 = −1

6
〈[u, v], ad†

vu+ ad†
uv〉 −

1

6
〈ad†

uu, ad
†
vv〉 −

1

6
〈ad†

uv, ad
†
vu+ ad†

uv〉.

Combining the above one gets the WP norm of ũ (again up to the terms quadratic

in v):

〈ũ(expR(v)−1), ũ(expR(v)−1)〉 = 〈u + I1 + I2 + I3, u+ I1 + I2 + I3〉

= 〈u + I1, u+ I1〉 + 2〈u, I2 + I3〉.

〈ũ(expR(v)−1), ũ(expR(v)−1)〉 =

‖u‖2 +
1

4
‖[u, v]‖2 − 1

12
‖ad†

uv + ad†
vu‖2

+
1

6
〈[u, v], ad†

uv − ad†
vu〉 +

1

3
〈ad†

uu, ad
†
vv〉. (4.10)
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Since 〈ũ(expR(v)−1), ũ(expR(v)−1)〉 = ‖u‖2 + 1
3
K(u, v), the formula for the sec-

tional curvature K(u, v) in the directions u, v has the form:

K(u, v) =
3

4

∥∥∥∥[u, v]
∥∥∥∥

2

− 1

4

∥∥∥∥ad
†
uv + ad†

vu

∥∥∥∥
2

+
1

2

〈
[u, v], ad†

uv − ad†
vu

〉
+

〈
ad†

uu, ad
†
vv

〉
.

(4.11)

The expression (4.11) coincides with Arnold’s formula in [Ar66].

4.2.6 Sectional curvature in the Fourier basis

In this subsection we will derive the expression for the sectional curvature of the WP

metric in the planes spanned by the Fourier basis vectors einx and on the planes,

spanned by sin nx and cosnx.

We will follow the notation used in [BR87]. We have the Fourier basis Lm =

z−m+1∂/∂z = −ie−imx∂/∂x on the circle. Where x ∈ [0, 2π] is a coordinate on a

circle, z is a coordinate on a complex plane C. The complexified Weil-Petersson

norm is given by:

〈Lm, Ln〉 = |m3 −m|δm,−n, ωm := 〈Lm, L−m〉 = |m3 −m|.

According to [BL88] the curvature tensor R has the following representation:

〈R(L−m, Ln)Lm, L−n〉 = (m+2n)(n+2m)
ωmωn
ωm+n

−(n+m)





(2n−m)ωm, n ≥ m

(2m− n)ωn, m ≥ n




 ,

(4.12)

where n,m > 1.

In the previous section we have demonstrated that Arnold’s formula for the sec-

tional curvature still holds in our case of the metric on the quotient space. We will
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follow the footsteps of Arnold ([Ar66]) in deriving the same result as Bowick and

Lahiri.

R(L−m, Ln)Lm = [∇L−m,∇Ln]Lm −∇[L−m,Ln]Lm

= ∇Ln∇L−mLm −∇L−m∇LnLm −∇[L−m,Ln]Lm.

First, we compute some identities that would be helpful, for example the Lie

bracket for right-invariant vector fields:

[Lk, Ll] = Ll(Lk)x − Lk(Ll)x = (l − k)Lk+l.

Bilinear operator B defined on Lie algebra g as 〈B(u, v), w〉 = 〈u, [v, w]〉, or in other

words:

B(Lk, Ll) = −(k + 2l)
ωk
ωk+l

Lk+l.

Covariant derivative:

∇Lk
Ll =

1

2
(−[Lk, Ll] +B(Lk, Ll) +B(Ll, Lk))

=
1

2

(
(k − l)− (k + 2l)

ωk
ωk+l

− (l + 2k)
ωl
ωk+l

)
Lk+l.

Using the above identities we can derive:

〈∇Ln∇L−mLm, L−n〉 = 0,

〈∇L−m∇LnLm, L−n〉 = −〈∇LnLm,∇L−mL−n〉

=
(n−m)2ω2

n+m − ((n + 2m)ωn + (m+ 2n)ωm)2

4ωn+m
,

〈∇[L−m,Ln]Lm, L−n〉 =
n+m

2
[(2m− n)ωn + (2n −m)ωm + (n+m)ωn−m].
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Combining all the ingredients we get the final formula for the sectional curvature.

One can check that it agrees with formula (4.12):

〈R(L−m, Ln)Lm, L−n〉 =
((n+ 2m)ωn + (m+ 2n)ωm)2 − (n−m)2ω2

n+m

4ωn+m

− n+m

2
[(2m− n)ωn + (2n−m)ωm + (n+m)ωn−m]

If we take sn = sin nx and cn = cos nx, then the expression for the sectional

curvature in the plane spanned by sn, cn simplifies and has the following form (notice,

that ‖sn‖2
WP = ‖cn‖2

WP = ωn/2):

〈R(sn, cn)sn, cn〉 =
9n2ω2

n

4ω2n
− n2ωn

2
,

K(sn, cn) =
9n2

ω2n
− 2n2

ωn
. (4.13)

In Figure 4.1 you can see plots for the sectional curvatureK(L−m, Ln) = 〈R(L−m,Ln)Lm,L−n〉
ωmωn

and K(sn, cn) = 4 〈R(sn,cn)sn,cn〉
ω2

n
.
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Figure 4.1: Left: sectional curvature K(L−m, Ln), where Lm = −ie−imx∂/∂x. Right:
sectional curvature K(sinnx, cosnx).

In Subsection 5.3.6 we will demonstrate the effects of negative sectional curvature

on the geometry of the geodesic triangle. And in Section 5.4 we will demonstrate

numerically the divergence of geodesics according to the formula (4.1).
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4.2.7 Ricci curvature

The Ricci curvature tensor at the origin of the universal Teichmüller space T (1) is

defined by the following series

Rkl̄ =
+∞∑

n=2

Rkn̄nl̄. (4.14)

Here, we are using the convention n̄ = −n.

We will state the theorem from [TT06] without a proof regarding the Ricci tensor.

Theorem 6. The Ricci tensor at the origin of T (1) is well-defined and is given by

Rkl̄ = − 13

12π
δkl.

Since the Weil-Petersson metric on T (1) is right-invariant, it follows that the

Ricci tensor is well defined everywhere on T (1), not only at the origin.

You can see that the Ricci curvature is finite. That means that high-frequency

sectional curvatures are going to zero, and they are tending to zero fast enough

to guarantee the convergence of the series (4.14). That tells us that the shooting

algorithm of finding geodesics would be less sensitive to the high-frequency com-

ponent of the initial velocity, than to the lower-frequency components. The higher

the frequency, the closer to zero the sectional curvature is, hence the more ‘flat’ the

geometry of the space becomes. That will allow us to tackle high-frequency noise in

the geodesic finding problems.
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4.3 Discussion

Knowing curvature is a very important tool in the study of the shape space. Firstly,

it tells us how geodesics behave, and what happens to neighboring geodesics. Sec-

ondly, knowing curvature allows us to do better statistics. Currently, statistics on

the shape space is done in the following way [VMTY05]. Given n shapes sk, the

Karcher mean m is found. It is defined as a shape m, such that it minimizes the

following sum
∑N

k=1 dist(m, sk)
2. The shapes are linearized: instead of sk one con-

siders vectors vk, that are the initial vectors of the geodesic, connecting m and sk’s.

Therefore, analysis is transfered from a non-linear space of shapes, to a linear space,

tangent space at the Karcher mean m. But the analysis is not entirely correct if we

are not taking curvature into the account. In some planes the space is more ‘curved’

than in others. For example, given two pairs of vectors u1, u2 and v1, v2, such that

the sectional curvature K(u1, u2) > K(v1, v2). From the point of view of the tangent

space, if vectors have the same norm and the same angle between them, two pairs of

shapes will look the same. But this is not the case if we account for the curvature:

the shapes, corresponding to vectors u1, u2 will spread from each other further away,

than the shapes, produced from vectors v1, v2. This is reflected in the formula (4.1).

In Section 5.4 I have demonstrated numerically the ‘spreading apart’ of geodesics.

This is one of the major reasons why Weil-Petersson metric is interesting: its sec-

tional curvatures are known and we can compute them relatively easy, employing

the formula (4.11).



Chapter 5

Numerical methods of finding

geodesics

5.1 From shapes to fingerprints

Given a 2D shape Γ, we need to construct its fingerprint. This is done via construct-

ing two conformal maps, φint and φext. Respectively, these map the interior of the

disk to the interior of the shape, and the exterior of the disk to the exterior of the

shape. By composing these maps and restricting their action to the circle one gets

the fingerprint Ψ = φ−1
int ◦ φext|S1 .

The shape Γ is represented via the collection of N points {zn}Nn=1, spaced uni-

formly with arclength in the complex plane. Recall, that for the construction of the

fingerprint we find two conformal maps φint and φext, such that:

φint : Dint → Γint,

φext : Dext → Γext,

82
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where D is the unit disk and Γ is the shape. Shape Γ is given by the collection of

points {Γk} in the complex plane. This two maps allow us to define a fingerprint

and its inverse: Ψ = φ−1
int ◦ φext|S1 and the inverse Ψi = φ−1

ext ◦ φint|S1. We define two

sets of points, θint and θext, on the circle:

θint
k = φ−1

int(Γk),

θext
k = φ−1

ext(Γk).

In this notation we can write the fingerprints:

Ψi(θint) = θext, Ψ(θext) = θint.

There are several methods of computing the conformal map between a disk and

a shape given by a collection of points:

• the SC package developed by Toby Driscoll and L.N.Trefethen [DT],

http://www.math.udel.edu/~driscoll/SC/

or

• the ‘zipper’ algorithm developed by Donald Marshall [MR07],

http://www.math.washington.edu/~marshall/zipper.html.

The SC package computes the conformal map using the Schwarz-Christoffel for-

mula. It will produce a conformal map between a disk and the interior (as well as the

exterior) of a polygon, with vertices given by points {zn}Nn=1. The SC package is not

very accurate if the regions in question are very elongated, or have large protrusions.

For the shapes ‘close’ to circular shapes we have used the SC algorithm. For more

complex shapes (e.g. fish) we have used the zipper algorithm.

There are several advantages to the ‘zipper’ algorithm. First of all, it is very fast

and can handle a large number of points (up to 10, 000). Secondly, the resulting
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conformal map is a composition of elementary transformations (linear fractional

maps, squares and square roots), which can be computed with high accuracy and

can be inverted explicitly.

There are several versions of the ‘zipper’ algorithm. The one that we will use is

the geodesic ‘zipper’ algorithm. It computes the conformal map between a disk and

a domain, bounded by a C1 curve, that goes through the points {zn}Nn=1.

When contructing the fingerprint, we would need to have an appropriate sampling

of θext and θint, which will give a dense enough sampling in terms of the arclength

on the curve. In Figure 5.5 you can see that spacing of θint could be of the order

of 10−8. This will pose some problems, which we are going to explain later in this

chapter.

5.2 From fingerprints to shapes

After finding a geodesic path in the space of fingerprints we need to visualize how this

path looks in the shape space. We use a fast and an easily implementable algorithm,

based on the Hilbert transform.

The shape defined by F (θ) := fext(e
iθ) = fint(e

iθ) ◦ Ψ can be found as a solution

of an integral equation

K(F ) + F = eiθ, (5.1)

where K is the following operator:

K(F )(θ1) =
i

2

∫

S1

(
cot

(
θ1 − θ2

2

)
−Ψ′(θ2) cot

(
Ψ(θ1) − Ψ(θ2)

2

))
F (θ2)dθ2.

We can discretize the linear operator K, using the fact that the Hilbert kernel could
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be integrated explicitly:

∫ b

a

cot(x/2)dx = 2 log

∣∣∣∣
sin(a/2)

sin(b/2)

∣∣∣∣ .

When 0 ∈ [a, b] the above integral should be taken in the principal value sense. The

discretization of the linear operator K is then given by:

Kα,β = 2 log

∣∣∣∣
sin(θα − θβ+1/2) sin(Ψ(θα) − Ψ(θβ−1/2))

sin(θα − θβ−1/2) sin(Ψ(θα) − Ψ(θβ+1/2))

∣∣∣∣ ,

where θα = 2πα/N , and θα+1/2 = (θα + θα+1/2)/2. By inverting operator I + K in

the equation (5.1) we will find the shape F (θ). For details refer to [SM06].

5.3 Geodesic finding

5.3.1 Energy discretization

Given two shapes represented by fingerprints Ψ0(θ) and Ψ1(θ), we are looking for a

geodesic path Ψ(θ, t) ∈ Diff(S1), such that Ψ(θ, 0) = Ψ0(θ) and Ψ(θ, 1) = Ψ1(θ),

which minimizes the length of the path

L(Ψ0,Ψ1) =

∫ 1

0

‖Ψt(Ψ
−1(θ, t), t)‖WPdt.

Here, Ψ−1(θ, t) is the inverse in θ variable, i.e. for any fixed t we have Ψ(Ψ−1(θ, t), t) =

Ψ−1(Ψ(θ, t), t) = θ.

It turns out ([MD10]) that minimizing the path length L(Ψ0,Ψ1) is equivalent to

minimizing the WP energy, E(Ψ0,Ψ1):

E(Ψ0,Ψ1) =

∫ 1

0

‖Ψt(Ψ
−1(θ, t), t)‖2

WPdt. (5.2)
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To make the computation of the gradient of the above energy more convenient,

we use the following identity (which is easy to check):

Ψt(Ψ
−1(θ, t), t) = − (Ψ−1)t(θ, t)

(Ψ−1)θ(θ, t)
. (5.3)

Therefore instead of minimizing (5.2), we need to minimize

E(Ψ0,Ψ1) =

∫ 1

0

∥∥∥∥
Ψ−1
t (θ, t)

Ψ−1
θ (θ, t)

∥∥∥∥
2

WP

dt. (5.4)

We denote the inverse of the fingerprint Ψi(θ, t) := Ψ−1(θ, t). We have the following

discretization: the time t ∈ [0, 1] is discretized at equally-spaced points tk = k
M

, for

k = 0, . . . ,M . We discretize the variable θ ∈ [0, 2π] into N uniformly-spaced points

θl = 2πl/N , for l = 0, . . . , N−1. We will always use M = 2m and N = 2n for suitable

n and m. The geodesic path Ψi(θ, t) will be represented as a set of N × (M + 1)

points: {Ψi(θl, tk)}lk, for l = 0, . . . , N − 1 and k = 0, . . . ,M .

For the computation of the energy (5.4) it is convenient to use the shifted time

grid, denoted ts. The grid is defined as ts = 1
2M

+ s
M

, for s = 1, . . . ,M . Therefore

the points of the grid ts are the midpoints between those of the grid tk. Denote

ts− = ts− 1
2M

and ts+ = ts+
1

2M
, i.e. ts± coincide with the points of the original grid

tk. Discretized version of the initial and target fingerprint we will denote Ψ̃0 and Ψ̃1

respectively.

Therefore we have the discretizations of the derivatives

Ψi
θ(θk, ts) =

1

2

(
Ψi(θk+1, ts+) − Ψi(θk−1, ts+)

4π/N
+

Ψi(θk+1, ts−) − Ψi(θk−1, ts−)

4π/N

)
,

Ψi
t(θk, ts) =

Ψi(θk, ts+) − Ψi(θk, ts−)

1/M
.

Thus we obtain the following discretization of the velocity of the geodesic path (see
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θk−1

θk

θk+1

tu−1 tu

tsts− ts+

Figure 5.1: The value of
Ψi

t(θk,ts)

Ψi
θ(θk,ts)

is computed at the point marked by the square,

using values of the fingerprint Ψi(θl, ts) at points marked by dots.

Figure 5.1):

Ψi
t(θk, ts)

Ψi
θ(θk, ts)

=
8πM

N

Ψi(θk, ts+) − Ψi(θk, ts−)

Ψi(θk+1, ts+) − Ψi(θk−1, ts+) + Ψi(θk+1, ts−) − Ψi(θk−1, ts−)

To compute the discretized version of the WP norm we will need to use a discrete

Fourier transform. If, in general, velocity has the following Fourier expansion

Ψi
t(θ, t)

Ψi
θ(θ, t)

=
∞∑

n=−∞

an(t)e
inθ,

then its WP norm will be simply

∥∥∥∥
Ψi
t(θ, t)

Ψi
θ(θ, t)

∥∥∥∥
2

WP

=
∞∑

n=−∞

|an(t)|2|n3 − n|.



88

Using the discrete Fourier transform:

Ψi
t(θk, ts)

Ψi
θ(θk, ts)

=
1

N

N/2∑

n=0

an(ts)e
2πink/N , aN−n(ts) = an(ts).

Now everything is set to compute the geodesic {Ψi(θl, tk)}lk. For that we need to

minimize the discretized version of the energy (5.4) (up to a multiplicative constant):

Ẽ(Ψ̃i
0, Ψ̃

i
1) =

M∑

s=1

N−2∑

n=2

|an(ts)|2(n3 − n).

5.3.2 Computing the gradient of the energy

For minimizing the energy we need to have the expression for the gradient. It

will be used in the gradient descent or the conjugate gradient algorithms. Denote

Ẽ := Ẽ(Ψ̃i
0, Ψ̃

i
1), Ψi

ku = Ψi(θk, tu) and Ψi
k,s± = Ψi(θk, ts±).

Define {wl}N−1
l=0 to be an inverse discrete Fourier transform of {ŵl}N−1

l=0 . In other

words,

wl =

N−1∑

k=0

ŵke
2πikl/N ,

ŵl = k̃3 − k, where k̃ = min(k,N − k).

Action of the WP operator in the Fourier domain amounts to multiplying by

|n3 − n|, therefore after the inverse discrete Fourier transform this will correspond

to a convolution. In other words,

Ẽ =
∑

i,j,s

wi−j vj,s(Ψ
i) vi,s(Ψ

i), where vk,s :=
Ψi
t(θk, ts)

Ψi
θ(θk, ts)

. (5.5)
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Hence we can compute the gradient

∂Ẽ

∂Ψi
k,u

= 2
∑

i,j,s

wi−j vj,s
∂vi,s
∂Ψi

k,u

. (5.6)

Notice that for each fixed entry (k, u) the derivative ∂vi,s/∂Ψi
k,u will be non-zero

only for six (j, s) entries. Specifically, when j = k, k ± 1, and when s+ = u and

s− = u.

5.3.3 Choosing a representative fingerprint

Recall that each shape is represented by a fingerprint Ψ ∈ PSL2(R)\Diff(S1), or

equivalently by its inverse Ψi ∈ Diff(S1)/PSL2(R). The geodesic in the coset space

Diff(S1)/PSL2(R) will have the form Ψi(t) ·PSL2(R), in other words, it is a geodesic

path in the space of left cosets of PSL2(R). For any map A ∈ PSL2(R), Ψi ◦ A will

also be a fingerprint for the same shape. Weil-Petersson energy doesn’t ‘see’ changes

that happen in the vertical space psl2(R). This creates an ambiguity in the geodesic

Ψi(θ, t), thus we need to choose a representative fingerprint in the coset space. For

any fingerprint Ψi we can find a unique map A ∈ PSL2(R) such that Ψ̂i = Ψi ◦A will

fix three prescribed angles. The fingerprint Ψ̂i will be called a normalized fingerprint.

Three prescribed angles that the normalized fingerprint will fix are −π, α, β. In

general the map A(z) ∈ PSL2(R) that preserves the unit circle will have the form:

A(z) =
az + b

b̄z + ā
, |a|2 − |b|2 = 1,

where a = a1 + ia2, b = b1 + ib2. If one takes z = eiθ, then we get a map on the

circle:

tan(A(θ)/2) =
(a2 + b2) + (a1 − b1) tan(θ/2)

(a1 + b1) − (a2 − b2) tan(θ/2)
.
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We construct a fingerprint using the ‘zipper’ algorithm such that Ψi(−π) = −π.

By taking a2 = b2 we guarantee that A(−π) = −π, therefore Ψ̂i(−π) = −π. We

need to specify two more constraints. We take:

A(θ) = 2arctan(c+ d tan θ/2),

where A(−π) = −π for any c, d > 0 ∈ R. We choose c, d such that Ψi ◦ A(α) = α

and Ψi ◦ A(β) = β. Such c and d are given by the solution of the system:

c+ d tan
α

2
= tan

Ψ(α)

2
,

c+ d tan
β

2
= tan

Ψ(β)

2
.

Notice, on the right-hand side we have Ψ(θ) = (Ψi)−1(θ). The above system has

a unique solution for α 6= β. In the minimization of energy we have used angles

α = −π/4, β = π/2.

5.3.4 Minimizing the energy

Given two fingerprints Ψi
0(θ) and Ψi

1(θ), we are looking for the geodesic path that

connects them and minimizes the WP energy. We start the minimization with the

coarse grid M = 8, N = 32. The initial guess for the geodesic would be a circle,

whose normalized fingerprint is the identity map. In other words the initial guess is:

Ψi(tu, θk) = θk, for u = 1, . . . ,M − 1, k = 0, . . . , N − 1,

Ψi(0, θk) = Ψi
0(θk),

Ψi(1, θk) = Ψi
1(θk).

After the minimum is achieved at the coarse grid M = 8, N = 32 we pass to the
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finer grid with the same time discretization M = 8, but θ is now discretized with

2N = 64 points. The geodesic path from minimization on the coarser grid will be

used as an initial guess for the fine grid. We continue this process until we reach a

sufficient level of discretization in theta. In all the cases presented in this thesis, the

finest grid had N = 256 points, unless otherwise specified.

Gradient descent

At every step of the algorithm we start with some approximation of the geodesic

path g(θk, tu) and compute the gradient ∇E according to (5.6). Then we update

gnew(θk, tu) = gold(θk, tu) − λ∇E. Traditionally in the minimization procedures, λ

is chosen using some kind of a line search algorithm. This algorithm searches for

the minimum of some function f in the direction of v, i.e. finds λ that minimizes

f(x+ λv), for some fixed starting point x in the direction given by the vector v. In

our case the function f is the Weil-Petersson energy, and the vector v is the negative

of the gradient.

In our numerical experiments it turned out that the multiple evaluations of en-

ergy in the line search procedure greatly slowed down the convergence. Instead we

decided to use constant λ, thus making constant steps in the direction of the negative

gradient. If the energy decreases we continue with chosen λ; if the energy increases,

we roll back by one step, and try again in the same direction, but with λnew = λ/2.

We set the minimal λ to be Matlab’s machine precision, which is 2.2 · 10−16.

Conjugate gradient

The conjugate gradient algorithm for minimizing the energy is an improvement over

the gradient descent method. We will briefly describe it. For a thorough treatment

refer to [PTVF07].
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In the gradient descent procedure, the new gradient will always be perpendicular

to the previous one. This slows down the minimization of the energy. The conjugate

gradient algorithm chooses a different minimization direction, which will be conjugate

to the previous one, and will lead to the minimum faster than pure gradient descent.

The m-th update step is

gnew(θk, tu) = gold(θk, tu) + λhm.

Here, hm substitutes the gradient of the energy and is computed using the previous

value hm−1 and values of the energy gradient ∇E at m-th and (m− 1)-st step:

hm = ∇Em +
∇Em · ∇Em

∇Em−1 · ∇Em−1
hm−1.

At the first step h0 = −∇E0. The value of λ, as in the previous case, is fixed. If

the energy on the next step becomes larger, we roll back one step to half λ and try

again. The algorithms stops when we achieved the minimum λ, which is set to be

the machine precision in Matlab, 2.2 · 10−16 in our case.

In Table 5.1, one can see the computational times of gradient descent and con-

jugate gradient algorithms with various initial guesses. Conjugate gradient (CG)

outperforms the gradient descent (GD) exactly because of the reasons described

above: it chooses a better descent direction and arrives at the minimum faster.

In the simulations presented below (except for the comparison Table 5.1), we

have used a combination of gradient descent and conjugate gradient methods. First

we apply the CG method, and if the CG algorithm can not proceed any further,

we switch to the gradient descent. The number of minimization iterations at each

refinement level was capped by 106 steps.



93

5.3.5 Local minimum

In general, the gradient (or conjugate gradient) descent procedure does not guarantee

that we will arrive at the global minimum of the energy. The algorithm could

get stuck in the local minimum. Depending on where we start — in other words,

depending on the initial guess for the geodesic — we might end up at different local

minima.

To address this issue we will start a minimization of the WP energy with four

different initial guesses for the geodesic:

• Guess [1]. All intermediate shapes are the same as the first shape.

• Guess [2]. All intermediate shapes are the same as the second shape.

• Guess [linear]. Intermediate shapes are represented by the fingerprint Ψ(θ, tu) =

(1 − tu)Ψ1 + tuΨ2, tu = u/M, u = 1, . . . ,M − 1.

• Guess [circle]. Intermediate shapes are circles.

We have computed four geodesics, using four different initial guesses, between a

horizontal ellipse and an ellipse rotated clockwise by π/3 from the horizontal one.

All of them have eccentricity e = a/b = 2. The resulting geodesics turned out to

be visually the same (see Figure 5.10). In Table 5.2 you can see L1-errors that we

get, if we start off with four different initial guesses. In Table 5.1 you can see the

comparison of energies and the run times. This example does not prove per se that

in general we will end up at the global minimum, but we argue that we can choose a

linear guess for the geodesic and get a minimal path, and the resulting path would

not differ from other minimal paths if we had chosen a different initial guess.
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Guess [1] [2] [circle] [linear]
Energy (GD) 5.328 5.328 5.328 5.3287
Time (GD), sec 2305 2400 1800 1650
Energy (CG) 5.3208 5.3208 5.3208 5.3208
Time (CG), sec 322 286 207 161

Table 5.1: Comparison of WP energies and run-times of minimizations using various
initial guesses. The computed geodesic connects horizontal ellipse and an ellipse
rotated clockwise by π/3 from the horizontal one, eccentricity a/b = 2 (see Fig-
ure 5.10). The row ‘Time (GD)’ is the computational time of the gradient descent
algorithm, row ‘Time (CG)’ is the computational time of the conjugate gradient
algorithm.

Guess Ψ[1] Ψ[2] Ψ[circle] Ψ[linear]

Initial guess 1.5083 1.4138 1.1954 0.3236
Final geodesic 6.8 · 10−4 3.8 · 10−4 6.0 · 10−4 0

Table 5.2: The L1 error between the final geodesic using the linear initial guess and
other paths. First line is the L1 error between initial guesses and the final geodesic
path Ψ[linear](θ, t). Second line is the L1 error between final geodesic paths when
starting with different initial guesses and the final geodesic path Ψ[linear](θ, t). The
computed geodesic connects horizontal ellipse, e = 2, and an ellipse rotated clockwise
by π/3 from the horizontal one (see Figure 5.10).
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5.3.6 Geodesic triangle

In Figure 5.2 we heuristically depicted the local geometry of the shape space. At

the vertices are three ellipses: the first one is horizontal, the second one tilted by

π/3 counterclockwise and the third one tilted by 2π/3 counterclockwise from the

horizontal ellipse. The semi-major axis is a = 2 and the semi-minor axis is b = 1,

thus the eccentricity is e = b/a = 2. On the lines connecting the vertices you can

see the shapes, corresponding to the geodesic path connecting respective shapes.

−10 −5 0 5 10
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6
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10

12

14

16

18

Figure 5.2: A geodesic triangle. Shapes along the edges represent the geodesics
between the shapes, depicted at vertices. Notice the reversion to more circular
shapes in the middle of geodesics.

Geodesics are not just rotations of one ellipse to another. Rotation of the shape is

represented by shifting of the fingerprint. This shifting preserves the high-frequency

Fourier coefficients. So the path that has a pure rotation in it will cost more in

the WP metric, since we have |n3 − n| term in the metric. Therefore the geodesic
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‘smooths’ the shape out, preferring to shift in lower frequencies.

This property of the WP metric manifests itself in the fact that the ‘mean’ shapes

— shapes in the middle of the geodesic — tend to be more circular than the ellipses

we started with. We can picture a circle shape being in the center of this triangle

and the sides of the triangle bending toward the circle, thus exhibiting the typical

shape of the triangle in the negatively curved space. Below we compute the angles

in the corners of the geodesic triangle and show that they sum to less than π.

Given a geodesic Ψ(t) connecting two shapes Ψ1 and Ψ2 we can obtain two

velocity vectors v12 = (Ψ(∆t) − Ψ(0))/∆t, v21 = (Ψ(1 − ∆t) − Ψ(1))/∆t. They lie

in their corresponding tangent spaces to the manifold of fingerprints M , i.e. v12 ∈
TΨ1

M, v21 ∈ TΨ2
M . A vector and an initial point uniquely determine a geodesic.

The two vectors v12, v21 are initial vectors for their corresponding geodesics, i.e. if we

start at shape Ψ1 with the initial velocity v12 and trace the geodesic, then at time

t = 1 (given the appropriate scaling of the vector v12) we will arrive at the second

shape Ψ2. Conversely, starting at shape Ψ2 with initial velocity v21 we ‘shoot’ a

geodesic, and at time t = 1 we will get a first shape Ψ1. If we have a third shape

Ψ3 and two geodesics connecting first and second shape to Ψ3 we obtain six vectors

v12, v13, v21, v23, v31, v32 in their respective tangent spaces. These vectors allow us to

measure a local geometry of the shape space. Just like in a Euclidean space, we can

find angles between vectors, say v12 and v13. Thus we can find an angle α1 at one

vertex of the geodesic triangle in Figure 5.2. To be specific:

α1 = arccos
〈v12, v13〉Ψ1

‖v12‖‖v13‖
, (5.7)

〈v12, v13〉Ψ1
=
〈
v12.(Ψ

−1
1 )θ, v13.(Ψ

−1
1 )θ

〉
e

Remember, the vectors v12, v13 lie in the tangent space TΨ1
M . In order to compute

their norm or the WP product between them, we need to translate vectors back by
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α1 α2 α3 α1 + α2 + α3

radians 0.73579 0.7358 0.73562 2.2072
degrees 42.1576◦ 42.1583◦ 42.1478◦ 126.5◦

energy of the side
opposite to αk 5.2693 5.2674 5.2671

Table 5.3: Angles αk of the geodesic triangle on Figure 5.2.

Ψ−1
1 to the tangent space at the identity TeM . This can be done by right or left

translations. If shapes Ψk are given by fingerprints in Diff(S1)/PSL2(R) (that is

the case for the minimization of WP energy), then the translation in (5.7) is carried

by left translations. See Subsection 5.3.1 for details. At the identity the WP inner

product is simply 〈u, v〉e =
∫
S1 Lu.vdθ =

∫
S1 Lv.udθ.

Similarly to (5.7), we compute the angles α2 and α3. In the case depicted in

Figure 5.2, shape 1 is a horizontal ellipse, shape 2 is the ellipse rotated clockwise by

π/3, and shape 3 is the ellipse rotated clockwise by 2π/3 from the horizontal. The

table 5.3 has the angles αk in the vertices of the geodesic triangle.

Notice that the sum of all three angles is less than π. This is characteristic of

the negatively curved spaces, and we have shown experimentally that it holds true.

The choice of normalization

It should be noted that the author had to choose a particular normalization of

fingerprints to achieve the desired results. In Figure 5.3 one can see that for the

fingerprint normalization that fixes angles α = −π/4, β = π/2 we obtained three

ellipses that were not rotations of each other. This is another disadvantage of using

uniform grid in θint-variable (disadvantages of the uniform sampling in θint will be

explored in Subsection 5.3.7). The above normalization changed fingerprints of the

tilted ellipses by ‘stretching’ some parts and ‘squeezing’ others. Thus it changed
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density of sampling points on two tilted shapes, but did not alter significantly the

density of points on the horizontal ellipse. Energies of the three geodesic paths were

5.5741, 5.3117, 5.7032, and the opposite angles turned out to be 43.5◦, 38.2◦, 44.2◦.

In Figure 5.4 we have the normalization, that gave us the results in Table 5.3.

Observe that the values of energy changed by about 5−7%, when the normalization

changed. Thus normalization does not have a big impact on distances, but if one

wants to measure fine effects, such as curvature, one should pay attention to the

proper choice of the normalization. This is one of the disadvantages of using the

uniform grid. More fundamental problem with the uniform grid will be discussed in

Subsection 5.3.7.

5.3.7 Uniform vs. non-uniform grid

In the energy minimization we have discretized the fingerprint Ψ on the uniform grid.

This allowed us to efficiently compute the WP energy by employing the fact that

WP energy has a simple expression in the Fourier domain: ‖v‖2
wp =

∑
n |n3−n||vn|2.

This was sufficient for shapes that we have encountered so far: ellipses, squares and

rectangles. However, if we take the outline of a fish (see Figure 5.5) it turns out that

uniform discretization in the θint domain (y-axis) is not enough to resolve the shape.

Let us elaborate. Recall that fingerprints can be written in two equivalent forms:

Ψi(θint) = θext, Ψ(θext) = θint.

We can write the energy of the path using both representations, Ψ and Ψi:

∫ 1

0

∥∥Ψt(Ψ
−1(θ, t), t)

∥∥2

wp
dt =

∫ 1

0

∥∥∥∥
Ψi
t(θ, t)

Ψi
θ(θ, t)

∥∥∥∥
2

wp

dt.

Notice that the domain under the integration sign is always θint, no matter which
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Figure 5.3: Incorrect normalization of fingerprints of ellipses for the geodesic triangle.
Normalized fingerprint is plotted above the non-normalized fingerprint. Fingerprints
were normalized to fix angles −π,−π/4, π/2. Every fourth point is shown to em-
phasize non-uniform distribution of points. Notice how two tilted ellipses become
non-symmetric with the given normalization, while the horizontal one remains sym-
metric. Therefore the three ellipses are not rotations of each other.

representation we use. That means that for the minimization procedure we have

implemented, we need to make a uniform grid in θint domain.

We have taken the fish shape from Figure 5.5, represented by uniformly-spaced

points and constructed conformal maps φext, φint. In Figure 5.6 you can see the log-

plot of boundary derivatives ∂θext(s)/∂s = ∂φ−1
ext(s)/∂s and ∂θint(s)/∂s = ∂φ−1

int(s)/∂s.

The function φext is rather benign, as evidenced by the plot of the derivative. In

contrast, the derivative ∂θint(s)/∂s exhibits very small and very large derivatives.
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Figure 5.4: Correct normalization of fingerprints for the geodesic triangle. Normal-
ized fingerprint is plotted above from the non-normalized fingerprint. Fingerprints
were normalized to fix angles −π,−π/3, π/3. Every fourth point is shown to empha-
size non-uniform distribution of points. Notice that here three ellipses are rotations
of each other.

The ratio between the smallest and the largest derivative is of the order 108. The

smallest spacing of the θext is 1.2 · 10−3, the smallest spacing of the θint is 1.5 · 10−8.

This behavior of boundary derivatives is seen not only for this particular shape, but

for almost all the fish shapes. And in general, the more elongated the shape is, the

smaller the derivative ∂θint(s)/∂s gets. The influence of the local geometry — in

particular the curvature of the shape — affects derivatives of the boundary maps as

well, as could be seen in formula (1.2), Subsection 1.3.3.

The above points to the fact that uniform sampling of θint is inadequate for
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Figure 5.5: The outline of the fish and its fingerprint. Corresponding points on the
fish and the fingerprint are marked by squares and labeled by letters from ‘a’ to ‘r’.
The smallest spacing of θext is 1.2 · 10−3, the smallest spacing of θint is 1.5 · 10−8.

representing shapes with low and high derivatives of θint(s), as in the case of a fish.

Almost any shape that is not close to a circular shape will exhibit this trait. In

Figure 5.7 you can see the fingerprint of the fish from Figure 5.5, and the shape,

reconstructed from the corresponding fingerprint. We used 100 and 1000 points,

spaced uniformly in the θint domain. The tail and head of the fish are not resolved

properly, because these parts correspond to parts of the fingerprint with very small

derivatives. Hence when we are taking uniform grid in the range θint, we cannot

resolve the tail and the head of the fish. Even 1000 points is not enough to resolve

the shape. That is no surprise, since the θint
k = φ−1

int(Γk) in general has much worse

behavior (extremely large and extremely small derivatives), than θext
k = φ−1

ext(Γk).

It is possible to find a shape, such that {θext
k } also has very large and very small

derivatives, but for a wider variety of shapes behavior of θext is decent. Given the

estimates of the derivative of θint(s), we conclude that we need to have about 108
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points to give a fair representation of such a shape as a fish. This is impractical from

the computational perspective.

The solution to this problem will be to devise a numerical minimization scheme

that deals with a non-uniform grid in θint-domain. That means that we cannot use

discrete Fourier transform to compute the Weil-Petersson energy. Fourier transform

on the non-uniform grid is slow and not very accurate. In this case we need to

compute the WP operator L explicitly, by taking derivatives and applying a Hilbert

transform. Another approach would be to use singular solutions of the EPDiff(S1),

Teichons, to approximate the geodesic path. Teichon solutions are also geodesic paths

in PSL2(R)\Diff(S1). We have seen in Chapter 3 that Teichon evolution is governed

by a simple system of odinary differential equations. Trajectories of ak(t)’s and bk(t)’s

will give us the trajectory v(t) =
∑N

k=1 akG(θ− bk). By integrating this velocity field

we will obtain a geodesic in the fingerprint space, and hence equivalently we will get

a geodesic in the shape space. In Chapter 3 we argued that by using a relatively

small number of Teichons, we can get a wide variety of shapes with fingerprints that

would have very large and very small derivatives. But in this case, this is not an

issue, since we do not need to compute the L operator at all. The Teichon integration

case eliminates the issue of the local minimum in the minimization of WP energy as

well. The trajectory ak(t), bk(t) is the geodesic, up to the precision of the numerical

scheme, used for integration.

In Chapter 3 we have presented a numerical scheme to solve an initial value

problem, i.e. given an initial velocity, find the geodesic path. Finding geodesics is the

boundary value problem: given two shapes, what is the velocity with which we should

launch the geodesic from the first shape to get to the second shape. Therefore in order

to apply Teichons to the geodesic-finding problem some modification of the shooting

method should be used, or a boundary value problem should be reformulated in

terms of singular solutions of EPDiff.
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5.4 Sectional curvature

In Section 4.1 we have demonstrated the following formula, relating the norm of the

Jacobi vector fields and sectional curvature:

〈J(t), J(t)〉g(t) = 〈w,w〉t2 −K(v, w)
t4

3
+O(t5), (5.8)

where J(t) = (d expP )tv(tw) is the Jacobi vector field along the geodesic g(t) =

expP (tv) and K(v, w) is the sectional curvature in the plane v, w. In other words,

the Jacobi vector fields measure how the geodesic with initial vector v varies if we

perturb it in the direction of w by a small amount, i.e. launch a geodesic with initial

vector v+ s.w, for some small s. For negative sectional curvature K(v, w) there will

be an excess of −K(v, w) t
4

3
, when compared to the Euclidean case.

We are going to compute numerically the sectional curvaturesK(sin(nθ), cos(nθ))

and compare them to the theoretical results in Figure 4.1. For this, we choose

v(θ) = cos(nθ)/‖v‖WP , w(θ) = sin(nθ)/‖w‖WP , with n = 2, . . . , 6. For each fixed n

we compute two geodesics g+(t) = expId t(v+s.w) and g−(t) = expId t(v−s.w) using

forward integration described in Section 5.6. In our experiment we have chosen s =

.001. Then we compute the Jacobi vector fields along the geodesic g(t) = expId(tv):

J(t) = (g+(t)− g−(t))/(2s).

Notice that J(t) ∈ Tg(t)(PSL2(R)\Diff(S1)). We then compute the WP norm of

J(t), bearing in mind that we need to translate it back to the identity by right

translations:

〈J(t), J(t)〉g(t) = 〈J(t) ◦ g−1(t), J(t) ◦ g−1(t)〉e

In Figure 5.8 we plotted −3(〈J(t), J(t)〉g(t) − 〈w,w〉t2)/t4 and the theoretical

sectional curvature from (4.13). It is clear that the crude forward integration we
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used captures relatively well the geometry of the shape space, at least for some

initial time t.
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to the arclength s on the fish shape (Figure 5.5).
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5.5 Examples of geodesics

Below in Figures 5.9–5.17 are examples of geodesics obtained using the combination

of conjugate gradient and gradient descent algorithms on the WP energy. The figures

should be read from left to right, from top to bottom. The starting shape is in the

upper left corner, the final shape is in the bottom right corner. Notice that in the

middle of geodesics, shapes tend to be more circular than starting or final shapes.

As we mentioned before, this is a reflection of the negative curvature of the shape

space with the Weil-Petersson metric. This fact is especially pronounced for the pair

of geodesics in Figures 5.9, 5.10. In the first figure ellipse with eccentricity e = 1.5

is morphed into the rotated one with the same eccentricity. In the second figure,

the same geodesic is displayed for ellipses with e = 2. The middle shapes closely

resemble ellipses with smaller eccentricities, e = 1.2 and 1.3 respectively. Both of

them are rotated by π/6 counter-clockwise.

The energy of the path is displayed in the caption to each figure. It is exactly

the squared length of the path connecting two shapes (see for example [MD10]).

Intuitively, the larger the distance between shapes, the more ‘different’ should the

shapes be in some sense. For example, compare the geodesics with rotated ellipses

in Figures ?? and ??. In the case of e = 1.5 the energy E = 1.62, for e = 2 the

energy is E = 5.2671. It takes more energy to rotate more oblong ellipse, than the

one with e = 1.5.

Moreover, the path from the circle to the square (Figure 5.13) is shorter than

the path connecting the ellipse, e = 1.5, and the square (Figure 5.14), which is in

turn shorter than the path from the ellipse, e = 2 to the square (Figure 5.15). The

energies are E = 2.80, E = 3.80, and E = 5.91 respectively.
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Figure 5.9: Energy E = 1.62. The geodesic, connecting the horizontal ellipse with
the ellipse rotated by π/3 from the horizontal one. The ellipses’ eccentricity is
e = 1.5. Below is the middle shape of the geodesic, overlayed with the dashed
ellipse, eccentricity 1.2, rotated by π/6 counter-clockwise.
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Figure 5.10: Energy E = 5.2671. The geodesic, connecting the horizontal ellipse
with the ellipse rotated by π/3 from the horizontal one. The ellipses’ eccentricity is
e = 2. Below is the middle shape of the geodesic, overlayed with the dashed ellipse,
eccentricity 1.3, rotated by π/6 counter-clockwise.
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Figure 5.11: Energy E = 5.2674. The geodesic, connecting the horizontal ellipse with
the ellipse rotated by 2π/3 counter-clockwise. The ellipses’ eccentricity is e = 2.

Figure 5.12: Energy E = 5.2693. The geodesic, connecting ellipse rotated by π/3
with the ellipse rotated by 2π/3 from the horizontal one. The ellipses’ eccentricity
is e = 2.
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Figure 5.13: Energy E = 2.80. The geodesic path, connecting the circle with the
square.
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Figure 5.14: Energy E = 3.80. The geodesic, connecting the horizontal ellipse, with
e = 1.5, and the square.
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Figure 5.15: Energy E = 5.91. The geodesic, connecting the horizontal ellipse, e = 2,
and the square.

Figure 5.16: Energy E = 12.90. The geodesic, connecting the square with the
upper-left bump with the square with the upper-right bump.



115

Figure 5.17: Energy E = 1.65. The geodesic path, connecting the circle with the
horizontal ellipse, e = 2.
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5.6 Forward integration of the EPDiff

Recall that the solution of the EPDiff(S1) also minimizes the energy of the path.

The path of minimal energy that we obtained from minimization is not guaranteed

to be the global minimum, i.e. is not guaranteed to be a solution of the EPDiff(S1).

In this section we will describe a crude integration scheme for the forward solution of

the EPDiff(S1) and compare results from this forward integration scheme with the

minimization of the WP energy.

Remember, that the EPDiff could be written as:

vt = −G ∗ (2Lv.vθ + Lvθ.v), (5.9)

where L = −H(∂3
θ +∂θ) is the Weil-Petersson operator, and G is its Greens function,

i.e. its inverse. This is an integro-differential equation. We have solved the initial

value problem numerically in the special case of singular solutions in Chapter 3.

The numerical scheme that we used was fairly robust: it preserved the energy and

momentum with high accuracy. For the case of general initial v we are going to use

a simple Runge-Kutta solver, implemented in Matlab by the ode45 function.

The right-hand side of (5.9) is computed using the Fourier representation of

operator L and its inverse G. As a reminder, if f =
∑

n f̂ne
inθ, then (for n 6= 0,±1):

(Lf)n̂ = |n3 − n|f̂n, (G ∗ f)n̂ =
1

|n3 − n| f̂n.

As in (5.5) we compute 2Lv.vθ+Lvθ.v at ti’s using the discrete Fourier transform of

the L operator in the form of {wk}N−1
k=0 :

(2Lv.vθ + Lvθ.v)(i) =

N−1∑

j=0

2wi−j .v(i).vθ(j) + wi−j .vθ(i).v(j),
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where v(i), vθ(j) are values of velocity v(θ) and its derivative vθ(θ) on the discrete

uniform grid {θk}. Then we perform the convolution G ∗ (2Lv.vθ + Lvθ.v) using the

discrete Fourier transform and the fact that Ĝ(i) =
1

|i3 − i| . Below is the Matlab

code of the function epdiff rhs, that provides the right-hand side of the EPDiff

(5.9), and the code of the function convg, that implements convolution with G(θ)

via FFT.

function du = epdiff_rhs(t,u,W,ghat)

% Function du = epdiff_rhs(t,u,W,ghat) computes the rhs

% of the EPDiff.

% Input u is an Nx1 velocity vector,

% ghat(n) = 1/|n^3-n|, are the Fourier coefficients

% of the Green’s function G,

% W is the discretization of the WP operator L.

N = length(u);

dtheta = 2*pi/N;

utheta = ([u(2:end); u(1)] - [u(end); u(1:end-1)])/(2*dtheta);

du = - convg( (W*utheta).*u + 2*(W*u).*utheta, ghat);

%%%%%%%%%%%%%

function y = convg(x,ghat)

% Function y = convg(x,ghat) computes the convolution

% of the vector x with Green’s function.

% ghat are the Fourier coefficients of the Green’s function G.
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N = length(x);

omega = ( -N/2 : N/2-1 )’;

factor = exp(1i*omega*pi);

xhat = factor.*fftshift(fft(x))/N;

y = real(ifft(ifftshift(N*xhat.*ghat./factor)));

We will compare the performance of this crude forward solver with the minimiza-

tion of the WP energy procedure.

We have compared almost all the geodesics in Figures 5.9–5.13. In the case of the

rotated ellipses with e = 2, the forward solver of the EPDiff diverged, before reaching

T = 1. The code was able to integrate until T = 0.9, therefore, the comparison was

performed upto time T = 0.9.

The geodesic path Ψi(θ, t) that we get from the minimization of energy, will yield

an initial vector v0 = Ψi
t(θ, t)/Ψ

i
θ(θ, t)|t=0. Remember that the geodesic path in the

minimization of energy lies in the space Diff(S1)/PSL2(R), but the EPDiff(S1) is

the geodesic equation on the PSL2(R)\Diff(S1) space with a right-invariant metric.

That means that the initial velocity for the EPDiff will be −v0 (see equation (5.3)).

We plug in −v0 as the initial vector in the EPDiff (5.9), and solve forward using

ode45, with the right-hand side discretization as described above, with ∆t = .01.

The EPDiff forward solver and the minimization procedure deal with different

representations of the geodesic. The forward solver outputs the velocity trajectory

v(θ, t) in the tangent space at the identity. To get the geodesic path we need to

integrate it. The minimization path deals with the discrete version of the geodesic

path Ψi(θ, t). To get the velocity field one needs to take v = (Ψi)t/(Ψ
i)θ. Errors will

invariably add up when we pass from v to Ψ and vice versa. In this section we choose

to compare velocity fields vf (‘f’ for the forward integration of the EPDiff) and vm
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(‘m’ for the minimization of the WP energy). After solving the EPDiff forward, we

interpolate it to the same grid that vm(θk, ts) is computed on, i.e. for ts = 1
2M

+ k
M

,

k = 0, . . . ,M − 1.

At the end we compare vf and −vm (negative sign because of the reasons ex-

plained above). In Figures 5.18, 5.19 you can see plots of L1 errors ‖vf + vm‖L1

for different times tk for different geodesics. We have refined guesses for the initial

velocity v0 by increasing the number of time steps M in the minimization procedure.
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Figure 5.18: L1 errors ‖vf + vm‖L1 for different geodesics. From left to right, top to
bottom: 1) the geodesic connecting an ellipse, e = 1.5, with the same one rotated
by π/3 counter-clockwise (Figure 5.9); 2) the geodesic connecting the horizontal
ellipse with the ellipse rotated by π/3 counter-clockwise, e = 2 (Figure 5.10); 3) the
geodesic connecting the circle and the ellipse, e = 2 (Figure 5.17).
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Observe that in most of the plots L1-error decreases initially with the increase of

M , i.e. with the refinement of the time discretization. But at times close to t = 1

almost all initial guesses turn out to have the same L1-error.

Judging from Figures 5.20 and 5.21 we can assume that the forward integration

of the EPDiff is a very crude approximation to the geodesic. The energy ‖v‖2
WP

should be conserved under the flow of the EPDiff, but it is not constant. In the third

plot in Figure 5.20 the energy is conserved best by the EPDiff forward solver, and

the L1-error plot (the third plot in Figure 5.18) acts accordingly — the error is one

of the smallest among examples presented.

Notice, the larger the energy, the worse the forward solver behaves, both in terms

of the energy conservation and in terms of the L1-error.

The effect of the refinement of the t-grid is mostly noticeable in the first L1-error

plot (Figure 5.18, the circle to the square). By increasing M , i.e. by increasing the

time discretization in the geodesic algorithm, we get better solutions for some initial

time. As t approaches 1, all the advantages of the finer t-discretization disappear —

the error is the same for high and low M ’s.
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Figure 5.19: L1 errors ‖vf + vm‖L1 for different geodesics. From left to right, top
to bottom: 1) the geodesic connecting the circle and the square (Figure 5.13); 2)
the geodesic connecting the ellipse, e = 1.5, and the square (Figure 5.14); 3) the
geodesic connecting the ellipse, e = 2 and the square (Figure 5.15); 4) the geodesic
connecting the square with the upper-left bump with the square with the upper right
bump (Figure 5.16).
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Figure 5.20: Energy of geodesic paths vf and vm, computed via forward solution
of the EPDiff and minimization respectively. From left to right, top to bottom:
1) the geodesic connecting the ellipse, e = 1.5, with the same one rotated by π/3
counter-clockwise (Figure 5.9); 2) the geodesic connecting the horizontal ellipse with
the ellipse rotated by π/3 counter-clockwise, e = 2 (Figure 5.10); 3) the geodesic
connecting the circle and the ellipse, e = 2 (Figure 5.17).
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Figure 5.21: Energy of geodesic paths vf and vm, computed via forward solution of
the EPDiff and minimization respectively. From left to right, top to bottom: 1) the
geodesic connecting the circle and the square (Figure 5.13); 2) the geodesic connect-
ing the ellipse, e = 1.5, and the square (Figure 5.14); 3) the geodesic connecting the
ellipse, e = 2 and the square (Figure 5.15); 4) the geodesic connecting the square
with the upper-left bump with the square with the upper right bump (Figure 5.16).
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Consider the geodesic connecting the ellipse, e = 1.5, with the same one rotated

by π/3 counter-clockwise (Figure 5.9). As a side-by-side comparison, in Figure 5.22

we have plotted velocities vf and vm, and the absolute value of their difference. In

Figure 5.23 you can compare the final shapes at t = 1, from the forward solution of

the EPDiff and the minimization of energy. In these plots we can observe that the

better the guess for the initial velocity (in other words, for high M), the closer the

final shape will be to the final shape of the minimization procedure.
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Figure 5.22: Velocities vf and vm (top two rows), and |vf − vm| (bottom two rows)
for the geodesic connecting an ellipse with e = 1.5 with the same one rotated by π/3
counter-clockwise (Figure 5.9), M = 8, N = 256. Dashed line corresponds to the
output of the minimization procedure, solid line is the output of the forward solver.
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As the shapes get further apart (larger values of energy E), it is harder for the

forward solver to ‘arrive’ at the final shape at time t = 1. For the geodesic connecting

a circle with a square (Figure 5.13) the final shapes are basically indistinguishable.

But as we get further apart, e.g. in Figures 5.25, 5.26 we need more refinements of

the t-grid to get a better approximation to the final shape. Note, for M = 64 in

Figure 5.26 the final shapes are not very close to each other. This is due to the fact

that the minimization procedure didn’t converge completely, thus it didn’t provide

us with the good guess for the initial velocity.

The worst behavior of the forward solver was demonstrated in the geodesic con-

necting squares with bumps. In Figure 5.27 observe that final shapes are very dif-

ferent. Although, as M increases we obtain better results. This is the geodesic with

the highest energy among all our cases. The energy of the solution vf of the forward

integrator (Figure 5.21) does not diverge exponentially, like in most other cases. The

energy stays close to the constant energy of the minimization path. It might be that

in this case we are observing the effects of negative curvature. Small changes in the

initial vector can lead to very different shapes. And this effect is emphasized by the

length of the geodesic.
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Figure 5.23: Comparison of final shapes at t = 1 of the forward integration of the
EPDiff (solid line) and the minimization of the energy (dashed line). The geodesic
connects the horizontal ellipse with the ellipse rotated by π/3 counter-clockwise,
e = 1.5 (Figure 5.9). E = 1.62.
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Figure 5.24: Comparison of final shapes at t = 1 of the forward integration of the
EPDiff (solid line) and the minimization of the energy (dashed line). The geodesic
connects the horizontal ellipse with the ellipse rotated by π/3 counter-clockwise,
e = 2 (Figure 5.10). E = 5.2671.
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Figure 5.25: Comparison of final shapes at t = 1 of the forward integration of the
EPDiff (solid line) and the minimization of the energy (dashed line). The geodesic
connects the horizontal ellipse (e = 1.5) with the square (Figure 5.14). E = 3.80.
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Figure 5.26: Comparison of final shapes at t = 1 of the forward integration of the
EPDiff (solid line) and the minimization of the energy (dashed line). The geodesic
connects the horizontal ellipse (e = 2) with the square (Figure 5.15). E = 5.91.
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Figure 5.27: Comparison of final shapes at t = 1 of the forward integration of the
EPDiff (solid line) and the minimization of the energy (dashed line). The geodesic
connects the square with the left bump with the square with the right bump (Fig-
ure 5.16). E = 12.90.



132

5.7 Forward integration of the EPDiff vs Teichon

integration

In Chapter 3 we have investigated the singular solutions of the EPDiff, Teichons,

and demonstrated the performance of a symplectic integrator Lobatto IIIAB, that

allowed us to obtain evolution of the Teichon with high accuracy.

In this section we will compare the performance of the forward solver of the

EPDiff (Section 5.6) with the forward Teichon solver in the following way. We will

integrate forward until time T = 0.3 the EPDiff using ode45 with initial velocity

v(t = 0) = sin(nθ), for n = 2, . . . , 8. We will compare this to the output of the

Teichon solver. We initialize the Teichon solver by the momenta m =
∑
akδ(θ− bk),

that will approximate the momenta m(t = 0) = Lv(t = 0) = |n3 −n| sin(nθ). In this

case we will take bk = 2πk/Nd, k = 0, . . . , Nd−1 and ak = |n3−n| sin(nbk)/Nd. Here,

Nd is the number of approximating delta functions. We have testedNd = 64, 128, 256.

After that we will compare the output of the forward solver vf with the output of

the Teichon solver vt (‘t’ for Teichon), where vt =
∑

k akG(θ − bk).

In Figure 5.28 you can see the plots of the L1 error ‖vf − vm‖L1 with different

number of delta functions Nd in the approximating momenta. As Nd increases, the

L1 error for initial time smaller, due to the better approximation of the initial v. At

the final time t = 0.3 the errors are the same. Sine the Teichon forward solver is a

high-order solver we conclude that the forward EPDiff solver from Section 5.6 is not

a good approximation of the solution of the EPDiff.

It is worth pointing out that the WP norm of the initial velocity vector ‖sin(nθ)‖ =
√

|n3 − n|/2. For example, ‖sin(2θ)‖ =
√

3 ≈ 1.73 and ‖sin(8θ)‖ =
√

252 ≈ 15.87.

In Figure 5.29 you can see the L1 error ‖vf−vt‖L1 in the case of the normalized initial

velocity: v = ‖ sin(2θ)‖W P

‖ sin(nθ)‖W P
sin(nθ). It is normalized so that ‖v‖WP = ‖ sin(2θ)‖WP =

√
3. As you can see the error does not depend much on the frequency n. We can
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conclude that as the norm grows, the forward EPDiff solver starts diverging. Some

of the norms of the initial vectors of geodesics:

• the ellipse e = 1.5 to the rotated ellipse, Figure 5.9, ‖v‖WP = 1.27;

• the ellipse e = 2 to the rotated ellipse, Figure 5.10 ‖v‖WP = 2.29;

• the circle to the square, Figure 5.13, ‖v‖WP = 1.67;

• the ellipse e = 1.5 to the square, Figure 5.14, ‖v‖WP = 1.99;

• the ellipse e = 2 to the square, Figure 5.15, ‖v‖WP = 2.53;

• the square with the left bump to the square with the right bump, Figure 5.16,

‖v‖WP = 3.65;

• the circle to the ellipse, Figure 5.17, ‖v‖WP = 1.28.

The highest of the above norms corresponds to ‖ sin(3θ)‖WP =
√

12 ≈ 3.46. Yet

the L1 error for v(t = 0) = sin(3θ) is not that large as the error when matching the

square with the left bump to the square with the right bump. But the tendency

is clear: the higher the norm of the initial vector, the worse the behavior is of the

ode45 forward EPDiff solver.

In Figure 5.30 you can see why we cannot use the forward Teichon solver to

verify the geodesics. Even in the simplest case we cannot use the momenta to

approximate the initial velocity, the momenta is too jagged and the approximating

Teichon velocity is very different from the v from the minimization procedure.
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Figure 5.28: Initial velocity v(t = 0) = sin(nθ). Comparison of L1 errors ‖vf−vt‖L1,
where vf is the output of the forward solver of the EPDiff (Section 5.6), vt output
of the Teichon solver (Section 3.4).
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Figure 5.29: Normalized initial velocity v = ‖ sin(2θ)‖W P

‖ sin(nθ)‖W P
sin(nθ). Comparison of L1

errors ‖vf − vt‖L1, where vf is the output of the forward solver of the EPDiff (Sec-
tion 5.6), vt output of the Teichon solver (Section 3.4).
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Figure 5.30: Initial velocity v (left) and initial momenta m (right) for the geodesic
connecting the horizontal ellipse e = 1.5 to the one rotated by π/3 counter-clockwise
(Figure 5.9). Dashed line is the Teichon approximation of the initial velocity v.
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[NV90] S. Nag and A. Verjovsky, Diff(S1) and the Teichmüller spaces, Commun.

Math. Physics, 130 (1990), 123-138.

[Pa95] Pandey, J.N., The Hilbert transform of Schwartz distributions and applica-

tions, Pure and applied mathematics, A Wiley-Interscience Series of Texts,

Monographs, and Tracts, 1995.

[PTVF07] William H. Press, Saul A. Teukolsky, William T. Vetterling, Brian P.

Flannery, Numerical Recipes 3rd Edition: The Art of Scientific Computing,

Cambridge University Press, 3 edition.

[Sch93] Schumacher,G. The curvature of the Petersson-Weil metric on the moduli

space of Kähler-Einstein manifolds. In Complex analysis and geometry, Univ.

Ser. Math., pages 339-354. Plenum, New York, 1993.

[SM06] Sharon, E. and Mumford, D., 2D-Shape Analysis using Conformal Mapping,

International Journal of Computer Vision, Volume 70, Number 1 / October,

2006, pages 55-75

[Siu86] Siu, Y.T. Curvature of the Weil-Petersson metric in the moduli space of

compact Kähler-Einstein manifolds of negative first Chern class. In Contribu-

tions to several complex variables, Aspects Math., E9, pages 261-298. Vieweg,

Braunschweig, 1986.

[TT06] Takhtajan, T. and Teo, L.-P. Weil-Petersson Metric on the Universal Te-

ichmüller Space, Memoirs of the Amer. Math. Soc., bf 183, 2006.

[Wo86] Wolpert, S.A. Chern forms and the Riemann tensor for the moduli space of

curves. Invent. Math., 85(1):119-145, 1986



140

[YMSM08] L. Younes, P. W. Michor, J. Shah, and D. B. Mumford. A metric on shape

space with explicit geodesics. Rendiconti Lincei Matematica e Applicazioni,

9:2557, 2008.

[KSMJ04] E. Klassen, A. Srivastava, W. Mio, and S. Joshi. Analysis of planar shapes

using geodesic paths on shape spaces. IEEE Transactions on Pattern Analysis

and Machine Intelligence, 26(3):372383, Mar. 2004.

[VMTY05] M. Vaillant, M. Miller and A. Trouve, L. Younes: Statistics on Diffeo-

morphisms via Tangent Space Representation, Neuroimage (2005)

[Wang et al 07] L. Wang, F. Beg, T. Ratnanather, C. Ceritoglu, L. Younes, J.

C. Morris, J. G. Csernansky, and M. I. Miller. Large deformation diffeomor-

phism and momentum based hippocampal shape discrimination in dementia of

the Alzheimer type. IEEE Transactions on Medical Imaging, 26(4):462470, Apr.

2007.


