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Chapter 1

Overview and Introduction

Materials with small dimensions have become ubiquitous in technology and are
increasingly driving research towards simultaneous realization of further size reduction,
improved performance and better understanding of material behavior in the presence of
surfaces, interfaces, and constraints. The application of such small dimensional materials
is to be seen everywhere. Material selection in such systems is usually based on
electronic, magnetic or optical properties of material and the design is often decided by
the functionality. Ultrathin, submicron Copper/Aluminum films on Silicon substrate is
one such system, now widely used in microelectronic circuits. Although electronically
suitable, this system often suffers from mechanical stresses through a variety of
mechanisms such as intrinsic stress during deposition, thermal mismatch, lattice
mismatch and interface stresses [1]. Continued size reduction is accompanied with film
stresses which exceed the material limiting values causing inelastic deformation or
permanent failure through cracking. The inelastic deformation manifests itself in the form
of dislocation activity within grains and diffusional flow between free surface and grain

boundaries (GBs) of the film [2-5]. These can have an undesirable effect on the



performance and structural integrity during service and warrants research and improved
understanding.

In this thesis-work, we focus on three systems: (i) thin film deposition with mass
transport between free surface and GBs as the dominant mechanism, (ii) stress evolution
and subsequent pulverization in Lithium (Li) alloy battery electrodes during charging-
discharging operations, based on the interstitial diffusion mechanism, and (iii) dislocation

shielding of a cohesive crack.

1.1 Volmer-Weber thin film growth

Our interest here is in studying the mechanism of diffusional flow between free surface
and grain boundaries (GBs) in the context of stress development during thin film
deposition. The broader aim behind the study is to enhance our understanding of the
stress generating mechanisms during film growth process. Gao and co-workers [6-10]
have shown that constrained diffusional creep in thin films causes material to be
transported from the film surface into the GBs to form GB diffusion wedges, and that a
crack-like singular stress field develops near the roots of the GB diffusion wedges [6-7].
The constrained GB diffusional creep mechanism captured the stress-temperature
behavior of unpassivated thin copper films on substrate [11] and provided so far the only
feasible explanation for experimentally observed glide dislocations on planes parallel to
the film-substrate interface [12]. Compared to thermal cycling of as-grown films, thin
metal films grown by the Volmer-Weber (V-W) mode can exhibit even more complex
stress histories, which can be detected by measuring the substrate curvature and using
Stoney’s formula [13]. The nature of stress in the film is related to three stages of V-W

growth: (i) nucleation and growth of discrete islands; (i1) coalescence of existing islands



and formation of GBs leading to a continuous film; (iii) thickening of the continuous film
with complete coverage of the substrate surface. For high mobility materials, the three
stages of V-W growth have been associated with experimentally observed initial

compressive stress, tensile stress and final compressive stress regimes as shown in Figure

1.1 [14-17].
deposition on ] : deposition off
~—tensile
maximum
- I 1 i
4 i
2 -
'u:‘:‘: | E time
E thickness A
1] i '
= ; !
“ . / ] interruption
post-coalescence incremental { tensile increase
COIan'eSSiVG stress o

F igure 1.1:. Schematic illustration of stress evolution during high mobility Volmer-Weber growth
— Interruption.

Surface tension effects and adatom-substrate interactions are considered as possible
mechanisms for initial compressive stress during the first stage of V-W growth [18-21].
The intermediate tension during the second stage of V-W growth has been linked to
island coalescence [22-24]. Origins of the final compressive stress during the third stage
of V-W growth are still being debated, with various proposed mechanisms attributed to
surface stress effect due to change in adatom populations during growth [20-21], trapping
of adatoms in interstitial sites near step edges/ledges [25] and excess chemical potential
at the film surface due to high adatom concentrations during growth [26-28]. In Chapters

3-4, using the mechanism of excess surface chemical potential during growth [26-28] in



conjunction with constrained GB diffusional creep model [6], we will study the effects of
GB mobility on stress evolution during the third stage of V-W growth. The predictions
are compared with experiments, with results in support of the proposed mechanism of
“mass transfer between surface and GBs” for stress evolution during stage three of the V-

W thin film growth.

1.2 Stresses and cracking in Li battery electrodes

Figure 1.2: SEM micrographs of germanium films after (a) 1, (b) 10, and (c) 110
discharge/charge cycles and optical micrograph of the sample after 300 cycles (d) [29].

The ever dwindling fossil-fuel supplies, related pollution effects and projected future
energy needs of humanity have combined to make the development of radically improved
energy storage systems a worldwide imperative. Rechargeable Lithium-ion (Li-ion)
battery cells is one such device used widely as a secondary battery systems for portable
electronic devices due to their high energy density, high operating voltages, low self
discharge, and low maintenance requirements compared to conventional aqueous
rechargeable cells such as nickel-cadmium and nickel metal hydride [30]. Li-ion batteries

are based on the classical intercalation reaction during which lithium is inserted into or



extracted from both cathode and anode. Significant research has been directed towards
finding materials with ever greater capacity for accommodating Li atoms to increase
battery efficiency [31]. Graphitized carbon, the most common anode for Li-ion batteries,
exhibits relatively small volumetric change, stable working voltage and good cycle
performance. However, the chemical compound LiCe limits the theoretical capacity of
Li-C anodes to 372 mAhg' [32], which is deemed insufficient for high power
applications [33]. Compared to the Li-C anodes, a variety of Li-alloy (LixM, M:= Sn, Si,
Ge, Al) anodes show substantially higher theoretical capacity, high Li packing density
and safe thermodynamic potential [33]. For example, as a potential candidate for anode in
Li-ion batteries, silicon has a theoretical capacity of 4200 mAh g™ with the formation of
Lis4Si alloy [34], which is substantially higher than that of carbon [29]. However, Si
electrodes suffer from serious irreversible capacity and poor cyclability due to huge
volume changes associated with the lithium ion insertion/extraction processes. This
volume change compounded with high Li packing density often results in fast
disintegration (cracking or ‘crumbling’) of the material [29,35-37] (Figure 1.2). This
phenomenon, commonly referred to as “decrepitation”, has become a major obstacle for
practical applications of Si and other high capacity materials in rechargeable Li-ion
batteries. Existing strategies to prevent decrepitation of Si have mainly focused on using
composite materials and reducing the alloy particle size. In the former approach, an
electrochemically active phase is homogeneously dispersed within an electrochemically
inactive matrix [33,38-39], with the inactive phase designed to accommodate the large
strains generated by the active phase while maintaining the structural integrity of the

composite electrode during the alloying/de-alloying processes. In the latter approach, the



emphasis is on reducing the size and experimenting with the geometry of the electrode. It
has been shown that cracking of LixSn can be avoided in multiphase anodes with small
particle sizes [40]. Nanostructured Si and Ge thin films exhibited superior performance
during charge/discharge cycling compared to their bulk counterparts [41-42]. Anodes
made of Cu nanorods plated with Fe;O4 showed an improvement by a factor of six in
power density over planar electrodes while maintaining the same discharge time [43].
Recently, silicon nanowire electrodes of diameter less than 100nm have been found to
accommodate volumetric strains as large as 400% without pulverization, while
maintaining a discharge capacity close to 75% of its theoretical capacity with little fading
during cycling [44]. These experiments are strongly suggesting that size reduction is an
effective strategy in creating fracture resistant, high capacity battery electrodes. In
Chapter 5, we will model the insertion/extraction of Li during galvanostatic (constant
current) operation in an electrode as diffusion of interstitial atoms at the continuum level
[45-50], while employing the cohesive zone technique [51-57] to investigate crack

nucleation in an initially crack-free electrode due to diffusion induced stresses (DIS).

1.3 Dislocation shielding of a cohesive crack

Permanent failure of thin films through cracking or void formation as a stress relieving
mechanism often occurs at the interfaces and has motivated much work on crack
nucleation/propagation and understanding interfacial toughness of known critical
interfaces in these systems [1]. On the modeling front, cohesive models of fracture
originally developed to remove the crack tip stress singularity by accounting for cohesive
interactions [51] or plastic deformation [52] have gradually evolved as an attractive tool

to model crack initiation and propagation without an ad hoc failure criterion [53-57].



More recently, cohesive models of fracture have been increasingly used to study crack
propagation in cases where plasticity is accounted for by modeling individual discrete
dislocations. This capability is especially important for modeling crack nucleation and
growth in confined small scale structures like thin films on substrates and/or under cyclic
fatigue conditions caused by thermal cycling. Discrete dislocation (DD) plasticity has a
natural length scale (the Burgers vector) which is absent in conventional length-scale
independent continuum plasticity models. Many experimentally observed trends have
been captured by DD-cohesive fracture models [58-65]. The effect of dislocations to
reduce the stress intensity factor of a crack tip is referred to as shielding and analytical
expressions are derived for a mathematically singular crack by Lin and Thomson [66]
and Weertman [67]. A natural question arises as to whether the concept of dislocation
shielding of a singular crack is directly applicable to that of a cohesive crack and what the
corresponding conditions are. If different, how does it impact the use and interpretation
of cohesive models in modeling crack initiation and propagation? In Chapter 6, we will
make an attempt to clarify the above questions through consideration of a Dugdale

cohesive crack interacting with dislocations under mode I dominant conditions.

1.4 Organization of this thesis

The rest of the thesis is organized as follows. In Chapter 2, we present the basic
formulation used throughout the thesis. In Sections 2.1 and 2.2 we discuss integral
equation methods and cohesive zone models. In Section 2.3, diffusion at interfaces viz.
GBs, and bulk diffusion is illustrated in relation to the stress in the system. In Chapter 3,
we formulate the V-W growth problem under constrained GB diffusion model. In Section

3.1, we summarize the experimental observations, and set up the model through



appropriate governing equations, initial conditions and boundary conditions in Section
3.2. In Sections 3.3 and 3.4, the model is specialized to finite-inhomogeneous or infinite
GB mobility with numerical algorithm and/or analytical solutions. In Chapter 4, the
results are presented based on the numerical algorithm and the analytical solutions of the
previous Chapter. Section 4.1 deals with a finite-inhomogeneous GB mobility, with Sub-
Sections 4.1.1 and 4.1.2 devoted to the formation of GB diffusion wedges and
compressive stress evolution during thin film growth, respectively. In Section 4.2, the
infinite GB mobility solution is compared with the Sn film deposition and growth
interruptions experiments [28]. In Chapter 5, crack nucleation studies are performed in
strip and cylindrical electrodes due to diffusion induced stresses (DIS) during
galvanostatic opearation. In Section 5.1, we discuss the background for the study and in
Section 5.2, DIS is evaluated for both strip (SubSection 5.2.1) and cylindrical geometries
(SubSection 5.2.2) under galvanostatic boundary conditions. Section 5.3 sets up the
cohesive model for crack nucleation and condition for localization spacing in the
electrode. In Section 5.4, the critical conditions for crack nucleation are discussed for thin
strip and cylindrical electrodes. In Chapter 6, the problem of dislocation shielding of a
cohesive crack is studied. In Section 6.1, the dislocation shielding of a mode I Dugdale is
analyzed. In Sub-Sections 6.1.2, the limiting solutions under very high and low cohesive
strengths are derived and numerical analysis covers the intermediate cohesive strength
regime in Sub-Section 6.2.2 through a couple of representative examples. In Section 6.2,
the asymptotic formula (Appendix G) based on the analytical solutions of the previous

Section are compared with the prediction of DD simulations' for a large number of

' DD simulations are carried by Dr. Audrey Chng, of Institute of High Performance Computing, Singapore.



dislocations interacting with a cohesive crack governed by the Trapezoidal traction-
separation law [54]. Appendices A-G, provide supplementary information dealing with
details of numerical solutions encountered in Chapters 3-6. Finally in Chapter 7, the most
important results of this thesis are summarized and possible avenues for future research

are discussed.



Chapter 2

Basic mathematical techniques and

Formulation

Stress-diffusion coupling and cohesive zone models in fracture mechanics are two central
concepts underlying all the problems attempted in the thesis. The models developed with
these concepts are formulated using the well-established integral equation methods in
fracture mechanics. The first three sections provide an introduction to these concepts,
methods, and solution techniques, which serve as a background for the particular

problems covered in subsequent chapters.

2.1 Integral equation method in fracture mechanics

Integral equation method is one of the most widely used techniques to solve crack
problems in fracture mechanics [68]. Its attractiveness over alternative numerical
schemes such as finite element method stems from the ability to deal with mixed-
boundary value problems, efficiency (it reduces a partial differential equation in two-
dimension to a one-dimensional integral equation) and accuracy.

10
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We first demonstrate the general procedure of formulating and solving crack
problems using integral equation method through a finite straight crack (Griffith crack) of
length 24 in an infinite elastic isotropic plane and subjected to a far-field tension o, as
shown in Figure 2.1. The problem undertaken here is one of the simplest in its class with
a well-known analytical solution [69], but is comprehensive enough to demonstrate the
ideas such as dislocation density, Green’s function, Cauchy kernel, and singular integral

equation.

R

)

PSR E bbb

(a) (b)

Figure 2.1: Crack of length 2a in an infinite plane with a far field stress o, . The problem can be
solved by superposition of a uniform stress and a crack with no far field loading but with crack
face pressure equal to o, .

Due to the completely linear nature of the problem, we can apply superposition and split
the original problem into a plane with no crack (Figure 2.1a) and a crack in the plane
subjected to pressure (Figure 2.1b). The key idea behind the split is to obtain a problem
with a known traction distribution on crack faces. Next we make use of dislocations,

another well-known defect [70] to account for the crack opening due to the applied

tractions on its face. This idea to represent crack opening using dislocations was
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pioneered by Bilby and Eshelby [71] and has since then being developed and used widely

in the fracture mechanics community [67-68]. The dislocations considered here are
fictitious i.e. they don’t actually represent plastic deformation and the Burgers vector
magnitude varies continuously with position as opposed to the real Burgers vector whose
magnitude and orientation are dictated by the crystal structure in the metals. The gradient

of Burgers vector is called dislocation density and is denoted by B(¢) in the formulation

below. Thus the crack problem in Figure 2.1b is transformed to calculating an appropriate
dislocation density that accounts for the traction on its faces. Finally in order to relate the
dislocation density to the traction on the crack faces, we make use of the Green'’s function
solution: the stress field produced at (x,y) by a dislocation with unit Burgers vector
located along the crack line in the medium of interest. In Figure 2.1, the Green’s function

along the x-axis due to a dislocation with Burgers vector (0,1) located at (£,0) along the

crack line in an infinite isotropic elastic plane is given as [70]

@.1)

E 1
G(x, 5)— 47[(1 — vz)(x -8

Using linearity of the problem, the pressure along the crack faces in Figure 2.1b can be

expressed as
jG(x,f)B(f)dé::—O'm; —a<x<a, (2.2)

or

—a<x<a. (2.3)

[ 4\l —v? ]
_fa(x_g)B(é‘)de‘—— o

The term (x—¢&)™' in the Green’s function is called Cauchy kernel and the point x=¢& is

referred to as the singular point (i.e. as & — x, the Cauchy kernel tends to infinity). This
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singular nature of the Green’s function is common to all crack problems and is an
outcome of the singular nature of the dislocation stress field. Equation (2.3) is hence

called as the singular integral equation with unknown dislocation density B(£). In

general the singular integral equation has the following form,

a

I(xig») BE)E + [ k(v )BE)E=glx)  -a<x<a. (2.4)

The function k(x,&) is the smooth-bounded part of the Green’s function and g(x) is a

known function that depends on the tractions on the crack surface. Before moving

further, we have to take into account the singularity of B(¢) at the crack-tips [68]. For

Figure 2.1a, B(¢) has singularities at both crack ends and hence can be expressed as

R(f)/ J1-&?/a* where R(£) is a smooth function in &. Thus Equation (2.3) can be

rewritten as,

.‘i 1 R(@Z) dgz_ﬂl__vz)o-w; —a<x<a (25)
,a(x_f)qll—.fz/az E

Even though the Cauchy term becomes infinite at £ =x and the dislocation density itself

becomes infinite as & — +a, the integral in Equation (2.5) is well-defined in terms of the
Cauchy Principal Value. This is a mathematical reflection of the fact that stress field in
the interior of the crack face is finite. The crack-opening displacement can be expressed

in terms of displacement density as,

(Ié)dff

—a<x<a, (2.6)

1/1—5 /a

where we have made use of the fact that crack-opening displacement is zero at the end

x=a. This places a constraint on the dislocation density,
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j B(éWé = j 2.7)

\/1—5 / ’
Equations (2.5-2.7) are normalized over the interval [-1,1] to facilitate numerical

integration. Thus with x — x/a, Eé /a and I%(f)—) ER(§)/ [aw (1 —v? )], Equations (2.5-

2.7) become,
. A
jAlA Rfﬂ dé=—-4m, —1<i<l, (2.8)
1(x_§) 1—52
~ 1 2
Eul) _ A e ieian, 2.9)
O-Oo(l_vz)a X 1—52

[RE) 4z, (2.10)

Equation (2.8) can be inverted in closed form, but this is usually difficult for generally
encountered crack problems and we often have to resort to numerical methods. The
numerical treatment of Equations (2.8-2.10) is done through discretization of the interval
[-1,1] into finite number of points N. Equation (2.8) is imposed at N -1 points

x;,i=1,..,N—1 called as the collocation points and the integrals are evaluated using the

1

A

points & i=L.,N called as the integration points. All the existing numerical

integration methods (quadrature) are based on such discretization and differ only through
the respective location of the points [72]. Amongst these, the Gaussian quadrature
methods are found to be most efficient in terms of accuracy for the same number of
points N [72]. The presence of square-root singularity doesn’t present any numerical
difficulty as it is treated as a weight in the Gauss-Chebyshev quadrature [68,72] and can

be very accurately integrated depending on the number of points N and behavior of
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R(rf) For the integrals in Equations (2.8-2.10), the collocation and integration points are
%, =cos(iz/N), i=1..,N-1 and & =cos((j-0.5)7/N).j=1..,N, respectively, based on

the Gauss-Chebyshev quadrature, leading to the integration rule

. N

Thus the discretized version of Equations (2.8) and (2.10) is

r & RE) .
=Ny —7 =Ar, Hi=lo,N—1 2.12
NG gy -

(2.13)

which together comprises a system of Nx N linear equations in the unknowns IQ(AA,).

Once the values of IQ(A l L..,N are known, the crack-opening displacement is

calculated based on Equation (2.9) as,

Ebu(3) 0o 2 \al2

%lsz _%;k(x’gj)R(j)> (2.14)
where

L) |0 —1<é<

(2, )_{1 N (2.15)

The stress-field of the original problem in Figure 2.1 is given as

o (x,y)=0f + [ G, (x.y.£)B£)dg, (2.16)

—a

where o/ =0,6,,6,, 1s the solution of part (a) and G; (x,,&) is the ij" stress component

at (x,y) due to a dislocation at (£,0) with Burgers vector (0,1) in an infinite isotropic
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elastic plane [70]. Another very important quantity in Linear Elastic Fracture mechanics
is the stress-intensity factor K, which can be expressed in terms of the crack-opening

displacement gradient using Irwin’s asymptotic relationship [69]

K., =Z(lfj7)Lim1/27ria —xi(—%(x,O))zﬂfT)Lim 27(a—x)B(x,0), (2.17)

xX—a x—a

or in terms of normalized variables,

| _R0)
= (2.18)

Similarly, the stress-intensity factor at the other end can be expressed as,

G (2.19)

K, _
O \/E x=—a 4

The values of R(+1) can be calculated using the known values A(A l =1,.., N by Krenk’s

interpolation formula [73]

A 1 sinf(V-0.5)j - 0.5)7/N] 5(2
_Wz sin[(j - 0.5)7/(2N))] ( ) (220

J=

P 1 Esin[(N -0.5); - 0.5)7/N] »
_ :NZ sm[] 05])7z/(2N)] (QZNH /) 220)

Jj=1
The nature of singularity for the dislocation density depends on many factors like the

physical situation or the type of crack i.e. centre/edge under investigation. Based on the
singularity, the location of integration-collocation points & ;-%; and the expressions in
Equations (2.11, 2.20-2.21) will change and are noted accordingly in the Appendices. In
Chapter 3, we will encounter a Green’s function kernel with singularity 1/(x — 1)’ , which

is stronger than Cauchy singularity due to the exponent being greater than 1. The

methods of this section will require modification and are discussed in Appendix A.
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In summary, an integral equation applied to crack problems requires finding the
traction distribution on crack faces, appropriate Green’s function (which depends on the
geometry and material properties of the medium) and identifying the singularity behavior
of the dislocation density distribution. Once these things are in place, numerical methods

[68] described here can be applied for the solution of a given problem.

5=S tion dist a(5)
epari ion distance A o(6) . o(5)
ANV VAVA
- N
«—L — s MO\ZA K
0, = Tip opening displacement L 5. Pias 2a hilh <
(a) (b)

Figure 2.2: (a) Ahead of a crack tip, the surface separation ¢ is related to the cohesive stress
o(8) with the maximum cohesive stress o, referred to as the cohesive strength of material.

When the tip opening displacement o, is equal to the maximum cohesive interaction distance 9.,

crack growth is assumed to occur. I' is the cohesive energy and the cohesive zone size is L. (b)
Cohesive zone technique applied to the centre crack problem of Figure 2.1. Cohesive zone acts in
the region [— a,—a+ c] and [a -c, a] with a given cohesive zone law o = o(5).

2.2 Cohesive zone models

The original Griffith theory of fracture ignores the unphysical prediction of infinite stress
at a crack tip and invokes thermodynamics through energy balance to obtain a fracture
criterion [74]. Barenblatt [51] proposed an alternative, where the surface just ahead of the
crack interacts through atomic or molecular cohesive forces opposing separation, as can

be seen from Figure 2.2a. The relationship between the cohesive forces o and the
9,

separation & is called the cohesive law with cohesive energy F2j0(5)d5 . Crack
0

extension occurs when the crack tip opening &, equals the maximum cohesive interaction
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range J,.. The maximum cohesive stress is called the cohesive strength o, and bounds

the stress in the vicinity of the crack-tip. First principle calculations can be used to infer

the exact form of the cohesive law o =o(5). Nevertheless, it is often found that, once the
cohesive energy I' and the cohesive strength o, are given, the exact profile of the

cohesive law is immaterial. In literature, the popular cohesive laws are
Dugdale/rectangular [52], trapezoidal [54], polynomial/exponential [53], triangular [75].
Historically, Dugdale [52] proposed the cohesive zone model around the same time as
Barenblatt, but in an entirely different context. In an effort to model plastic deformation
ahead of a crack-tip in a metal sheet, Dugdale assumed that yielding is confined in a
narrow zone directly ahead of the crack tip and analyzed the model by viewing the effect
of yielding as making the crack longer by an amount equal to the plastic zone size L,
with cohesive stresses in the plastic zone acting on the extended crack surface so as to

restrain the opening. In his picture, the cohesive strength o. corresponds to the yield

strength o, of material. Both the applied load and the cohesive stresses create inverse

square root singularities at the outer tip of the plastic zone, but these singularities are of
opposite sign and the zone size L is chosen so that they cancel each other and bounded
stresses result at the outer tip. Cohesive models of fracture have also been extensively
used to model crack nucleation in an initially crack-free material [53-57]. In such models,
a traction-separation law is assumed to act between separating surfaces and the criterion
of crack nucleation is based on the maximum surface separation within the cohesive zone
reaching a critical value.

In the following, we will modify the integral equations developed in the previous

section to deal with cohesive cracks through the example of centre crack in an infinite
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plane discussed previously (Figure 2.2b). The crack surfaces now interact through

cohesive zones at the crack ends with size ¢ and cohesive zone law o= o(5) between the

surfaces. Making use of the superposition principle to account for the cohesive stress and

noting that the surface separation &=Au(x) (Equation (2.6)), the traction condition of

Equation (2.3) becomes

E

_47T!1_v2![o_w+o_[jB(§)dé:J} —a<x<-a+c

(x=¢) E -

B 47[!1E—v2 ![O-w +UUB(§)d§H a-c<x<a

_T ! B(&)dé = —ﬂl_—vz)a —a+c<x<a-c . (2.22)

Noting Equations (2.6, 2.18, 2.20), the cohesive zone size based on the cancellation of

crack-tip singularity and crack extension criterion translate to,

1 Esin[(N-0.5)j - 0.5)7/N] 52
ﬁ, = sin[(j-0.5)7/(2N)] ( ) (2.23)
Au(a—c): .[f &dé‘zﬁc, 224)

The maximum cohesive interaction 6. can be eliminated using the cohesive energy T,

which itself is equal to the surface energy in the absence of any plastic deformation [74].
Although Equations (2.23-2.24) are based on the right crack-tip, the symmetry of the
example (Figure 2.2c¢) automatically ensures satisfaction of corresponding conditions at
the left crack end. The functional form of the cohesive law determines the linearity/non-

linearity of Equation 2.22 and needs to be solved together with Equations (2.23-2.24).
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2.3  Coupling between stress and diffusion
In our study, we are interested in exploring the interconnection between mass transport
and stress. Deposition of high mobility thin films and charging-discharging in Lithium
ion batteries to be studied in the thesis can be cited as examples of the interdependence
between mass transport and stress. The mass transport process is modeled as a diffusion
process at the continuum level, which can be bulk diffusion, meaning throughout the

whole medium or localized diffusion like grain boundary diffusion.

—_

S

Figure 2.3: A Closed contour lying on a surface.

2.3.1 Mass conservation, driving force and kinetic laws of diffusion

Figure 2.3 shows a surface that can either be a free surface or a grain boundary. The
normal to the surface element is denoted as 7 . An arbitrary contour lies on the surface,
with the curved element d/ and the unit vector 7 . At a point on the contour, m and 7 are
perpendicular to each other, and both are normal to the tangent vector of the curve at that
point.

The atomic flux, J, is a vector field on the interface, such that J - is the number of

atoms crossing the contour per unit length per time. Let & be the number of atoms added
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to a unit area of the interface in unit time. Consider the interface area enclosed by the
contour in Figure 2.3. Atoms move only on the interface, so that in the absence of any
source, the number of atoms added to the area equals the number of atoms flowing across

the contour. Thus

jfdmpmdz:o. (2.25)

A
The first integral extends over the area of the interface enclosed by the contour, and the
second along the contour. Equation 2.25 is the global form of mass conservation and

holds for any contour on the interface. Applying the Gauss divergence theorem,

ft;j mdl = jV -JdA, where V is the surface gradient operator. Thus
A

I(§+V'J)df1=0, (2.26)

which upon application of the Localization theorem [76] gives,

E+V.-J=0. (2.27)
We can go through a similar exercise, if the process is bulk diffusion, except that the
dimension of the Equation (2.25) is increased by one. Thus J -ii refers to the number of
atoms crossing the interface per unit area per time and £=¢ is the rate of change of

concentration ¢, which is the number of atoms added to a unit volume of the medium.
The movement of atoms across the interface affects the free energy of the system. The
driving force F is defined as the reduction of the free energy associated with one atom
moving a unit distance on the interface. Using the Nernst-Einstein relation, the flux of the
atoms can be related to F as,

~ [DS/(QKT)F  grain — boundary

) {[Dc/(kT)]F bulk ’ (2.28)
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where D is the diffusivity, ¢ is the effective thickness of the grain boundary, Q is the

volume per atom, k is Boltmann’s constant and 7 is the absolute temperature. The
diffusivity is further related to temperature through the Arrehenius relation

D =D, exp(- Q/[kT]), where D, is a pre-exponential parameter, and Q the activation

energy.

2.3.2 Chemical potential

The chemical potential x of a diffusing element is defined as the increase of the free

energy associated with the addition of one atom to the element. Equating the change in
free energy on account of the chemical potential as the driving force leads to

F=-Vu, (2.29)
i.e. the driving force is the negative of the gradient of the chemical potential. As
expected, atoms diffuse from a location with higher chemical potential to one with lower

chemical potential.

2.3.3 Grain boundary diffusion

In this thesis, a grain boundary is assumed to be in local equilibrium, with the atoms
inserted into the grain boundary instantaneously attaining equilibrium, rendering the
atomic structure of the grain boundary invariant. The inserted atoms may add to either of
the two grains. Evidently, £ only determines the relative motion of one grain with

respect to other, but not the migration of the grain boundary itself. Denote the normal

velocity of one grain relative to another by Av, , it being positive when the two grains

n?
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recede from each other. The atoms added to a grain boundary element cause the two

grains to drift apart at velocity Av, = Q¢ . From Equation (2.27),
Av, +QVeJ=0. (2.30)
Let o, be the normal stress component on the grain boundary. To insert one atom to the

grain boundary, the normal stress does work o, Q, leading to chemical potential

M= pep = py —Q0gg, (2.31)
where g, is the reference chemical potential. Atoms diffuse along the grain boundary
from an element of low-normal stress to an element of high-normal stress. Combining

Equations (2.28, 2.30, 2.31) for homogeneous grain boundary diffusivity gives

AUn z_k—TvzaGB . (232)

This partial differential equation governs the normal-stress distribution in the grain

boundary.

2.3.4 Bulk diffusion

From Equation (2.27),

% v J=0. (2.33)
ot

Driving force for the bulk movement of atoms is provided by the gradient of the chemical
potential, which for an ideal solid solution is expressed as [77]

u=uy+kTlnc. (2.34)

In writing this expression, we have not considered the influence of hydrostatic stress

o, = (O-xx +o, +0., )/ 3, which if accounted, contributes the term —Qo, to the right hand

side of Equation (2.34). Atoms diffuse from a region of high concentration to a region of
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low concentration. Combining Equations (2.28, 2.33, 2.34) and assuming homogeneous

diffusivity leads to
@zszc. (2.35)
ot

This is the famous heat equation [78] which governs the concentration distribution in the

medium.



Chapter 3

Volmer-Weber thin film growth: Formulation

3.1  Compressive stress evolution during Volmer-Weber growth

Steady state stress in the final compressive stress regime of Volmer-Weber (V-W) growth
(Stage III in Figure 1.1) depends on the growth rate: its magnitude tends to be lower at
higher growth rates [26,28,79]. Experiments have also shown that the final compressive
stress reverts back to tension if the growth is interrupted in high mobility materials, and
then rapidly returns back to compression when growth is resumed [14-17,26,28]. In
contrast, low mobility materials do not show a compressive stress regime; they continue
to evolve in the tensile stress regime with a saturation value [14-17]. Deposition
interruption in films of low mobility materials causes little stress relaxation and these
films usually remain in the tensile stress regime [14-16]. At higher deposition
temperatures, low mobility materials showed a transition towards the three stages of
stress evolution similar to those in high mobility materials [14]. The fact that temperature
induced transition seems to be an important factor in the evolution of the final
compressive stress suggests that atomic diffusion might be playing a significant role.

Experiments of Pd deposition onto single-crystal Pt showed only tensile stress due to
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heteroepitaxy on the Pt substrate. In contrast, when grown on a polycrystalline Pt
substrate, the initial tension in Pd was followed by the development of a net compressive
stress [80]. Pao et al. [81] have conducted molecular dynamic simulations of the growth
of polycrystalline Ni and showed that adatoms are incorporated into GBs in direct
correlation with compressive stress generation. These observations amply demonstrate
the role of GBs in compressive stress generation.

Chason et al. [26] and Guduru et al. [27] proposed a model for compressive stress
generation based on the assumption that a higher chemical potential near the film surface
during deposition provides a driving force for adatoms to flow into the GBs. This model
captured the effect of deposition rate on stress evolution and showed development of
compressive stress during room temperature growth. The model of Chason et al. [26]
exhibits reversibility as the decreased chemical potential of surface due to the stoppage of
deposition would lead to reversal of atomic flow causing a switch in stress from
compression to tension. Numerical modeling of the V-W thin film growth has also
provided impetus to the role of GB's. Tello and Bower [82] conducted two-dimensional
FEM simulations of stress development inside the grains of a polycrystalline thin film
during coalescence and growth, with predicted Stress-Thickness versus thickness
behavior similar to that found in experiments on thin films grown via the V-W mode.
Their simulations showed a three-stage growth process consisting of a stress-free pre-
coalescence stage, a rapid tensile rise at coalescence, and an eventual transition to a
steady-state which can be tensile or compressive, depending on the deposition rate, the
grain size, and the properties of the film.

Although Guduru et al. [27] generalized the constrained GB diffusion model by Gao
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et al. [6] to growing films, that study was exclusively focused on the compressive stress
evolution during film growth. On the other hand, during the film growth, the tensile
coalescence stress in the film associated with GB formation can cause the atoms to
diffuse into the GBs, leading to the formation of crack-like GB diffusion wedges similar
to the case of film annealing under thermal stress. Also, in a thin film deposition process,
the grain boundary diffusivity may not be uniform. The atomistic simulations of Pao et al.
[81] showed that adatom density in the GBs is not homogeneous, with extra atoms
crowded near the surface. It thus seems possible that adatoms may experience increasing
resistance as they diffuse from near the film surface towards the film-substrate interface.

In this chapter we formulate the constrained GB diffusion model during film growth
to account for the inhomogeneous GB mobility. The equations are non-dimensionalized
and numerical algorithm for their solution is presented. The integro-differential equation
set-up is then specialized in the limit of infinite GB diffusivity. In this special case, we
present closed form analytical solution capable of describing transient stress evolution in

films grown under arbitrary growth rates, including growth interruptions.

3.2 Problem formulation

Figure 3.1 shows the two dimensional model of a polycrystalline film growing on a
substrate. Initially, the film is flat and consists of two-dimensional grains with uniform
length L and columnar GBs of height %, (i.e. film thickness) perpendicular to the
substrate. This geometry is supposed to represent the state of the film immediately after

complete coalescence. We neglect possible anisotropic elastic properties and assume

plain strain deformation in the film. Since surface diffusivity is usually much higher than
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GB diffusivity, we focus our attention on the GB diffusion which is expected to be the
rate-limiting process in the problem of interest. The effect of GB grooving is assumed to
be minimal so that the film surface remains flat throughout the growth. The film is
assumed to be initially under uniform tension o, as a result of island coalescence [22-
24]. For convenience, the initial stress is assumed to be uniformly distributed along the

thickness. Other initial stress profiles can be easily incorporated in the model by changing

the initial condition.

Deposition flux

2 2

Figure 3.1: Schematic illustration of a growing polycrystalline thin film with grain size L and
increasing film thickness h(t) on a substrate. During the film growth, atoms diffuse into the GBs

due to the tensile coalescence stress in the film associated with GB formation, leading to the
formation of crack-like GB diffusion wedges. Furthermore, the higher chemical potential at the
film surface can overdrive adatoms into GBs and result in a final compressive stress in the film
[26-27].

The chemical potential at a point in the GB relative to a flat, free surface (Equation
(2.31))

Uep(z,1) =—0(2,1)Q (3.1
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where o(z,t) is the normal traction on the boundary at that point and Q is the atomic
volume. The chemical potential of the film surface during deposition is expressed as
ug =—o0,Q, where o, is a negative constant during deposition usually taken to be a
fraction of —k,7/Q [27]. Thus the chemical potential difference between the adatoms
on the surface and in the GB at z =0 is

Atty = g = 165 (0,0 =[0(0,1) — 7, ]Q2. (3.2)
A kinetic relation for the atomic flux (per unit out-of-plane thickness) into the GB can be

written as [26-27]

2T suir], 26T A

Ql/3 kT (33)

where C, is the surface concentration of adatoms on the free surface, k7 is the product
of Boltzmann’s constant and temperature and I', = v, exp(— AG"[kT ) is the rate of atoms

jumping into the GB, v, being the attempt frequency of adatoms at the surface and AG”

the activation barrier shown in Figure 3.2. In Equation (3.3), we have assumed

A, [kT <<1 in linearizing the exponential term, and the number of atoms into the GB is
determined by Ay, while the rate of transfer is controlled by the product C T .

When growth is stopped, the chemical potential of the film surface is assumed to be

reduced to yg =—0o,Q due to the change in chemical environment on the surface. In the

absence of growth, the chemical potential difference between atoms in the GB and atoms

on the surface is

Att; = pigy (1) = pig = [0 () 2, (3.4)

which is assumed to lead to a net flux of atoms out of the GB,
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o=l M (3.5)
Q" kT
with similar meanings as Equation (3.3). Here, C, denotes the concentration of atoms in

the GB,and ', =v, exp(— AG” / kT ), v, being the attempt frequency of atoms in the GB

and AG~ the same activation barrier of diffusion between surface and GB.

Apy

Figure 3.2: Energy landscape of atoms near the surface-GB junction for the process of adatom
insertion into a GB, where Ay, is the chemical potential between surface and the GB, and AG”
is the activation barrier of diffusion between surface and GB.

The chemical potential difference between the surface and the GBs causes material to
be inserted into the GBs from the film surface. Insertion of material into the GB from the
film surface can be modeled as a continuous array of dislocations in the GB with
dislocation intensity —20u(z,t)/0z, where 2u(z,t) is the width of inserted material at
GB position z at time ¢. The normal stress along the GB due to the inserted material in

the GB can thus be expressed as

E" | ou(c,t
oe0=0,~ [ Pe.o) " 20, (3.6)
0
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where o, is the initial traction in the film, E” is the plane strain modulus and P(z,¢) is

a kernel function associated with the Green’s function for the normal stress along the GB
due to an array of edge dislocations of unit Burgers vector in the y-direction that are

located at position ¢ along the z-axis and periodically distributed along the y-axis with a
period equal to the grain size L. The kernel function P(z,5) can be explicitly expressed

as [6-7]

P(z,¢) = %{2 Coth(@j _ 2C0th(ﬂ(ZL_ Q)) + 7Z'(ZL— ) Cschz(ﬂ'(zL— g)j

_z(z+3¢) Cschz(ﬂ(z + g)j+ Ar’z¢ Coth[ 7(z+ g)jcschz(ﬂ'(z + g)j 3.7
L L L L o

L2
where L is the grain size. The average stress o along the GB can be related to the
average stress in the film o, through [83]

o,=0,-(0,— 0')[4L—htanh{ﬁD. (3.98)

3.3  Finite and inhomogeneous GB diffusivity

Based on the chemical potential in the GB, the corresponding atomic flux at a

particular point in the boundary is (Equations (2.28), (2.29))

063Dy (2) Oty (z,1)
kTQ Oz

Jj(z,t) =— (3.9

where O,,D,;(z) is the product of the GB thickness and atomic diffusivity in the
boundary. Mass conservation requires

) ou(z,t) 0 0j(z,t) .

3.10
ot oz ( )



32

Combining Equations (3.1), (3.9) and (3.10) yields

du(z,t) 550 0 60‘(2 f)
o T a{ 65 (2) } (3.11)

We note that Equation (3.11) reduces to Equations (2.32) in the limit of homogeneous
diffusivity. For a constant deposition rate h , the film thickness grows as

h(t) = hy + ht (3.12)

Taking the time derivative of Equation (3.6) and inserting Equation (3.11) leads to the

following integro-differential equation

do(z,1) _ E'6,,Q"' & P(z 5) do(g,1) E"h" du(g,1)
= ,o)—224d
Py AT ! D5 () oc dg - > !Q(z S) oc
E*'S..O OP(z,0) 05(0,¢
+ GB GB( ) ( ) ( ) (3.13)
4rkT s og

where Q(z,¢) is the rate of change of P(z,¢) with respect to the film thickness A(z) at a

fixed point along the GB and is given by
r(z+¢)\ 7’z¢ 4 ﬂ(z+g))
= csch + csch™| ——=
0(z,¢) = { ( 7 j e ( 7

3 m(z+2¢) coth[ m(z+¢) jcschz [7[(2 + g)j
L L L

+ 27r222g coth’ [Mjcsch2 (M)} (3.14)
L L L

The integro-differential governing Equation in (3.13) is valid for film growth under
arbitrarily inhomogeneous GB diffusivity and can be reduced to Equation (7) in [6] and
Equation (10) in [7] in the case of uniform GB diffusivity and annealing, and to Equation

(33) in [27] for the case of uniform GB diffusivity (DGB (2)= DGB) and growth.
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The boundary conditions for the present problem are

0o (h®O.0) _ . (3.15)
0z
2
M:o, u(h(t),t) =0, (3.16)
1574
000, _ ~Alo, - (0,1)], (3.17)
Oz
o(z,0)=0,; u(z,0)=0, (3.18)
where
2/3
26T hy (3.19)
5GBDGB (O)

We note that Equation (3.15) corresponds to the condition of no flux across the film-
substrate interface; Equation (3.16) ensures no relative sliding at the well bonded film-
substrate interface and Equation (3.17) is the flux continuity condition at the GB-free
surface junction; Equation (3.18) sets the initial state for the transient problem. Based on
the process i.e. deposition/interruption, appropriate value for o, ={o,, o} is used for
Equation (3.17). As pointed out in [6], the GB diffusion wedge is expected to adopt a
crack-like opening profile near z = /4 due to constraint at the film-substrate interface. The

resulting stress intensity factor K(¢) can be calculated as (Equation (2.17))

K(t) = E4 Lim ‘/%u(z,t). (3.20)

In numerical implementations of Equations (3.11-3.13), it will be convenient to adopt

the following normalized variables

%, T:L, H:htﬂ (x)_DL@

IGp hy - D5 (0)
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6,y =ZED "% 4y HED (3.21)
Op — Oy 27[h0(00_gs)/E*
where
3
b, = Th, (3.22)
E QDGB (0)5GB

1s the characteristic time.

In terms of these normalized variables, Equation (3.12) is expressed as
H(r)=1+Hr, (3.23)

Equations (3.13) and (3.11) are recast as

0o6(x,t 1-x)H 86(x,T 1 +02P(x 66‘ T H | ou(n,t
(xr)  A=0H 20ee)_ 1 (P (77) 01.5) gy § oy 2000)
or H 0 on H" s on

1 oP(x,0 0o (0,7
+— ( )g(O) ( ). (3.24)
H”> o0On on
ou(x,7) N (1-x)H ou(x,7) __ 12 ﬁ[ ) ﬁa(x,r)} (3.25)
or H ox H~ 0Ox ox

and Equations (3.15-3.17) become

&(x,r)z]aa(n’r)dn+ I 00(0.7) (3.26)
v on AH 0On
1 A

i(x,7) = —j%n . (3.27)
¥ n

Equations (3.24) and (3.25) define a coupled evolution problem for &(x,7) and
i(x,7) under initial conditions &(x,0)=1 and #(x,0)=0 from Equation (3.18). The

kernel function P(x,7) is Cauchy singular with singularity of the form 1/(x—7), and
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0*P(x,n) / on’ shows a hyper singularity of 1/(x — 1)’ . Integral equations with kernels

1/(x=mn)" (n>1) are called hypersingular and special numerical techniques are needed

to solve such problems [84]. Details of the numerical method for solving Equations

(3.24) and (3.25) are given in Appendix A.
3.4 Infinite GB diffusivity

In the limit of infinitely fast GB diffusion, atomic flux in a GB is assumed to be fast
enough to eliminate any gradient in the normal stress o(z,¢) along the GB so that we can
treat o(z,t) as a variable which only depends on time, i.e. o(z,t) = o(¢). Since the GB
diffusivity d;,Dgp tends to infinity and the GB traction gradient tends to zero, we cannot
directly evaluate the flux into GB from Equation (3.9). In this case, it is more convenient

to equate the net increase of atomic mass in the GB to the net flux into the GB,

d " 20°°C T [o(t) - o]
2= ,dc = s sal 3.28
— {u(g )ds - (3.28)

Equations (3.6) and (3.28) are to be solved with the boundary and initial conditions given

by Equations (3.16b) and (3.18) respectively.

3.4.1 Analytical solution

The solution to equation (3.6) has the general form

u(z,t) = U(’_E—?(t)Lf (%%j (3.29)

where f(z/h,h/L) defines the GB displacement profile with f(I,4/L)=0 in accordance

with Equation (3.16b). Combining Equations (3.28) and (3.29), we obtain the governing
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equation for GB stress evolution as

1/3

. e
G()h(t) + {(1 + )+ T

Ql/3o_
sd
241,

}J(t) =o,(1+ )+ , (3.30)

D
where

LkT

t,=—— 77— 3.31
D 2E*Q4/3CSFS ( )

represents the time for the insertion of an atomic layer into the GB during deposition and

1

Mn/L)= [ f(2,h/L)dz, (3.32)
5(h/L):%Z((:// LL)) (3.33)

are two auxiliary universal functions that only depend on the ratio between the film

thickness and grain size. To determine the universal function A(4/L), we insert Equation

(3.29) into Equation (3.6) and obtain an integral equation
1
[ PG/L /L G L =1 (334)
0

over 0<z <h. For a given value of /L, this integral equation can be solved to determine
the crack-like GB displacement profile f(z/h,h/L) and then to obtain A(h/L) by

integrating the result according to Equation (3.32).

Figure 3.3a plots the calculated universal function A(k/L) along with a fitting function

n\ ! nY n\ h
A=05-exp —0.0344] = | +0408 = | —1.85| = | +4.1| = | —5.04 = |-0.745|. (3.35)
L L L L L

It is seen that A(h/L) rises quickly within the range 0<#/L<1/2 and asymptotically

approaches its limiting value /1(oo)= 1/2. For example, A(1/2)=0.416, which is already
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within 20% of the limiting value A(c0)=1/2. In contrast, the asymptotic limit of §(k/L) is

5(c0)=0. Figure 3.3b shows that §(h/L) can be fitted with the function

nY’ ' nY A% h
5= explZ— 0.048(2) + 0.56&} - 2.5&] + 5.4[zj - 6.27[zj + 0.43] : (3.36)

Once the universal functions A(k/L) and S(h/L) are calculated and the film growth
history h(t) is given, Equation (3.30) can be integrated to obtain the GB stress evolution

under the initial condition ¢(0) = o, .

05 . . . . : ‘ . 1
. Numerical
04l o8l ® Equation (3.36)
0.3 0.6}
2 0
02+ 04r
0.1 Numerical 1 o2t
® Equation (3.35)
0 1 1 Il 1 1 | 1 0 1 1 1 1 1 | |
0 05 1 1.5 2 25 3 35 4 0 05 1 15 2 25 3 35 4
hiL hiL

Figure 3.3: Two auxiliary universal functions in the analytical model of compressive stress
evolution during growth of a thin film. The functions (a) A(k/L) and (b) &(h/L) along with their
fitting function given in Equations (3.35) and (3.36) respectively [85].

In the experiments by Shin and Chason [28], the aspect ratio between the film
thickness and grain size is larger than 1/2. For #/L>1/2, we have 0.5>1>0.416 and
0.178 > 6 > 0. Our numerical solutions (next chapter) indicate that the variations of A
and 0 can be neglected in this range so that ﬂ(h/ L) and §(h/L) can be approximated by
their corresponding limiting values A()=1/2 and 5(oo)= 0, so that Equation (3.30) is

simplified as
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1/3 1/3

}J(t) o t Dsa_ (3.37)

D D

c(t)h(t) + {}i + gi

Under a constant deposition rate h (Equation (3.12)), the solution to Equation (3.37) is

| Q]/3
o(t)=(o,—0o,) fy {+htD}+0' 3.38
0 ss h ( t) ) ( . )
where
1/3 i
_ 0, +Q 0,/ toh (3.39)

o, .

o 1+Q" 1k
is the steady state stress during deposition. This expression is actually identical to that
derived by Chason et al. [26] based on a different set of assumptions and shows that the

steady-state stress depends on the deposition rate, with value ranging from o, to o,. In

the model of Chason et al. [26], GBs are assumed to slide freely along the film-substrate
interface whereas here the GB displacement is constrained at the film-substrate interface
in accordance with the constrained GB diffusion model [6]. At high deposition rates, the

film stress is equal to o, = o, as there is insufficient time for adatom diffusion into the
GB. At low deposition rates, we have o =o, as the adatom diffusion has plenty of

time to fully equilibrate between the surface and GB.
When growth is interrupted at a specified film thickness /%, the stress evolution

equation becomes

1/3 1/3
o(t)= ; o, (3.40)

1 1

G (t)h + Qt

and the solution is
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1y

Ql/3t
o(t)=(o, —aﬁ)exp(— p Jw, (3.41)

where o, is the stress state at the moment deposition is stopped and

Sy Lf/? (3.42)
2E°Q7C,T,

denotes the time required for the removal of an atom layer out of the GB when growth is

interrupted. Thus the analytical model predicts exponential stress recovery during growth

interruption with time constant

t,h
I = e

(3.43)

which evidently depends on the film thickness.
Equation (3.38) and (3.41) together describe stress evolution during a cycle of
deposition and growth interruption for thin film growth in the limit of infinite surface and

GB diffusivities.

3.4.2 Numerical solution

Numerical methods can also be used to solve Equations (3.6) and (3.28) for a given
history of film growth. In numerical calculations, it will be convenient to normalize the

variables in the present problem as

X = 77=%>T=L,H(T)=@,H=}} Ip i(x.7) = u(z,t)

z
n i hy Q"3 2xhy(oy -0, )/ E" (3.44)

For a constant growth rate, Equation (3.12) is normalized as

H() =1+[H§3”3]7. (3.45)

0
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Combining Equations (3.6) and (3.28) in terms of the normalized variables leads to

hH() b 8%i(n,7) 1 Pl 8010 4 L

H4(0,7)—
U 1T opor " 47zh0H(T)v! L 47,

, (3.46)

which is an integro-differential equation in &i(7,7)/dn . The time derivatives are resolved

through finite difference and the integrals are evaluated using Gauss-Chebyshev
quadrature. Further details regarding the numerical method for solving such type of
integral equation can be found in Appendix A. At each time step, the displacement
solution from Equation (3.46) is substituted back into Equation (3.6) to obtain the GB

stress.



Chapter 4

Volmer-Weber thin film growth: Results

4.1  Finite and inhomogeneous GB diffusivity

Film

-~ Substrate z

Figure 4.1: Inhomogeneous GB diffusivity profiles represented by the Dirac function
g(z):Z.O/[1+exp(ﬂ z/h, )] The higher the value of S, the more inhomogeneous the GB
diffusivity becomes.

In this section, we examine the effects of deposition and inhomogeneous GB diffusivity
on the formation of GB diffusion wedges and stresses in the film using the algorithm
discussed in the Section 3.3. Although the formulation is wvalid for arbitrarily
inhomogeneous grain boundary mobility, here we focus our attention on a class of

inhomogeneous GB mobility profiles described by the Dirac function,

41
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()= 2.0
S i exp(B 2/ g )] e

which is shown in Figure 4.1 for different values of . It can be seen that g(z) decays
with depth z into the grain boundary depending on the value of f, with f=0
corresponding to the case of homogeneous GB diffusivity. Thus g represents the degree

of GB inhomogeneity: the higher the value of £, the stronger the GB inhomogeneity.

4.1.1 Formation of GB diffusion wedges during thin film growth

To investigate the phenomenon of GB diffusion wedge during thin film growth, we
consider a film growing at a deposition rate A according to Equation (3.23) and monitor
the evolution of GB normal traction and GB width at different time instants during the

growth. In addition to the characteristic time scale 755 (Equation (3.22)), the growth
process introduces an additional time scale represented by 1/H (Equation (3.21)). The

deposition rate H is found to control the effect of GB diffusion on the GB traction. If H
is smaller or comparable to 1, GB diffusion is found to strongly influence the GB
traction, otherwise the GB stress is largely unaffected and remains tensile. This
deposition rate allows sufficient time for atoms to diffuse into the GBs during the growth
process.

Figure 4.2 shows the GB normal traction and width profile at different time instants of
growth for a film of uniform GB diffusivity at a deposition rate of H =1. This deposition

rate allows sufficient time for atoms to diffuse into the GBs during the growth process.
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Figure 4.2: Formation of a GB diffusion wedge during film growth ( H =1+ Hr ) under uniform
GB diffusivity (4 =0). Evolutions of (a) the GB traction and (b) the GB wedge profiles at

different time instants during deposition for parameter choices of H =1, A=1, h, /L=0.5.The
stress has been normalized as 6 =(o - o, )/ (o0, —0,) and the GB opening displacement has

N
been normalized as 4 =uE” / [27h,(c, — 7, )], where o, is the initial film stress, o, is stress
corresponding to the excess surface chemical potential during deposition and /4, is the initial film

thickness. The time has been normalized as 7 =1/f,, where ¢, is given by Equation (3.22) [86].

Similar to the formation of GB diffusion wedges under annealing in [6], we found
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that the normal stress along the GB (Figure 4.2(a)) decays with time (and with increasing

film thickness in the present case) and eventually equilibrates with o, the stress

corresponding to excess surface chemical potential, at steady state. The GB diffusion
wedge during deposition (Figure 4.2(b)) also resembles a mode I crack profile similar to
GB diffusion wedges under annealing conditions [6]. In faster growing films, there is less

diffusion into the GBs and less evidence of a diffusion wedge.
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Figure 4.3: Formation of a GB diffusion wedge during film growth ( H =1+ Hr ) under strongly
inhomogeneous GB diffusivity ( f=4). Evolutions of (a) the GB traction and (b) the GB wedge

profiles at different time instants during film deposition for parameter choices of H=1, A=1,
hy/L=0.5. The stress has been normalized as 6'=(O'—0'S )/(0'0 —O'S) and the GB opening

displacement has been normalized as #=uE" / [27zh0 (o, -0, )], where o, is the initial film

stress, o is stress corresponding to the excess surface chemical potential during deposition and

s

h, is the initial film thickness. The time has been normalized as 7 =#/,, where 7., is given by
Equation (3.22) [86].

In Figure 4.3, we consider the effect of inhomogeneous GB diffusivity on the evolution
of GB diffusion wedges during growth. Figures 4.3(a) and 4.3(b) shows the GB traction
and width profile for a thin film growing with a deposition rate of H =1 and an

inhomogeneous GB diffusivity parameter f=4. We observe that, similar to the

homogeneous GB diffusivity case, the GB stress (Figure 4.3(a)) decays with increasing
film thickness, but the decay rate is slower due to the lower average GB mobility. After
the film thickness is doubled via deposition, significant portion of the GB has been

equilibrated with o, but the portion of GBs closer to the substrate still retains a

significant fraction of the initial stress. The GB diffusion wedge (Figure 4.3(b)) also
adopts a crack like opening profile during deposition, similar to the case of uniform GB
diffusivity. However, compared to the uniform GB diffusivity case, the GB diffusion
wedge exhibits a smaller slope, indicating a lack of diffusion activities along the GBs
once atoms are incorporated.

Buehler et al. [10] have shown that the stress intensity factor near the tip of GB
diffusion wedges can be used as a criterion for dislocation nucleation and demonstrated

that the theoretical predictions are in good agreement with the molecular dynamics
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simulations. Therefore, the stress intensity factor associated with the GB diffusion wedge

is a very important indicator of dislocation plasticity in thin films.

0.6

0.5 dH/dt=1 |

0.4+ .

[% 0.3F

0.2+
o1l dH/dt = 10
0, i
dH/dT =100
_01 I I I
1 1.5 2 25 3
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Figure 4.4: Evolution of the normalized stress intensity factor near the tip of a GB diffusion
wedge with the increasing film thickness under different deposition rates and uniform GB
diffusivity (4 =0). Other parameters used in the calculations are 4=1 and %,/L=0.5. The

stress intensity factor has been normalized as K = K / (0'0 \ 7y, ), and the deposition rate has been

normalized as H = h/ (hotip )> where o, is the initial film stress, /, is the initial film thickness
and ¢, is given by Equation (3.22) [86].

In Figures 4.4 and 4.5, we consider the effects of film growth and inhomogeneous GB
diffusivity on the evolution of stress intensity factor at the tip of the diffusion wedge.
Figure 4.4 shows the evolution of stress intensity factor at different deposition rates
during film growth under uniform GB diffusivity. For the same film thickness, higher
deposition rate means less diffusion into the GB and lower stress intensity factor. For
H =100, the GB is virtually closed and the stress intensity factor is close to 0. The stress
intensity factor also decreases with increasing inhomogeneity parameter S of GB

diffusion (Figure 4.5). This can again be understood from the fact that lower mobility
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leads to less GB diffusion which in turn leads to reduced stress intensity. We thus
conclude that the GB stress intensity factor in a growing film depends on the deposition
rate and the GB mobility. For slowly growing high mobility films, the singular stress
concentration at the roots of GB wedges is comparable to that of a GB diffusion wedge
under annealing conditions and can lead to nucleation of dislocations, as previously
shown by molecular dynamics simulations [10] and experiments [12]. The dislocation
nucleation can cause additional stress relaxation and affect the measured stress evolution

in the film during growth.

0 I I I
1 15 2 2.5 3

H(z)

Figure 4.5: Effect of inhomogeneous GB mobility on the evolution of the normalized stress
intensity factor near the tip of a diffusion wedge with increasing film thickness at the deposition

rate of H =1. Other parameters used in the calculation are 4=1 and %,/L=0.5. The stress
intensity factor has been normalized as K =K/ (ammho ), and the deposition rate has been

normalized as H = h/ (hotos ), where o, is the initial film stress, %, is the initial film thickness
and ¢, is given by Equation (3.22) [86].
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4.1.2 Effect of inhomogeneous GB diffusivity on compressive stress evolution

during thin film growth

[S—

» T
7 [P

Figure 4.6: A film deposition and growth interruption process. The thin film is deposited at a
normalized deposition rate of H = h/ (hyt s ) from an initial thickness of 1 up to time 7, followed
by growth interruption till time 7,. The time has been normalized as 7 =1¢/t;, where gy is
given by Equation (3.22). A, is the initial film thickness.

In order to study the effect of inhomogeneous GB diffusivity on compressive stress
evolution during thin film growth, we have conducted numerical simulations, based on
the theoretical framework laid down in Section 3.3, for a cycle of film deposition
followed by growth interruption as shown in Figure 4.6. We vary the GB inhomogeneity
parameter S in Equation (4.1) and study its effect over a range of deposition rates. The
results are shown in Figures 4.7(a) and 4.7(b) for slower and faster deposition rates.

At a slower deposition rate of A =1 in Figure 4.7(a), atoms have sufficient time to
diffuse into the GB and the Stress-Thickness plot for g =1,2 during deposition is not
much different from the uniform GB diffusivity case, while for g =4, the strongly
inhomogeneous GB diffusivity leads to slower stress relaxation and higher Stress-

Thickness values. The effect of GB inhomogeneity is more apparent in the subsequent

stress recovery during growth interruption shown in the right panel of Figure 4.7(a). The
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greater the value of £, the smaller the stress recovery is, which is consistent with the

effect of GB mobility on experimentally observed stress relaxation behaviors during

deposition-growth interruption [14-16]. For the case of g =4, there is virtually no stress

recovery, indicating the limit of very low mobility material [14-17].

At the higher

deposition rate of H =100, atoms have less time to diffuse into the GB and the Stress-

Thickness curves become insensitive to f with a tensile steady state stress, as shown in

the left panel of Figure 4.7(b). During growth interruption, the tensile stress in the film is

relaxed to various degrees, with smaller values of £ leading to faster stress relaxation.
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(b)

Figure 4.7: Evolutions of stress-thickness during one cycle of deposition followed by growth
interruption with varying degrees of GB inhomogeneity represented by different values of £ in

Equation (4.1). The results are shown at (a) a slower deposition rate of H =1 and (b) a faster
deposition rate of H =100 . The deposition rate and time have been normalized as H = h/ (hotes)
and 7 =1/t;, respectively, where o, is the initial film stress, A, is the initial film thickness and
t;p 1s given by Equation (3.22). Other numerical parameters used in the calculation are
o, =70MPa, o, =-26MPa, o, =0MPa, A=1, h,/L=0.5[86].

Figure 4.8 shows the steady state stress as a function of deposition rate for =0
(uniform GB diffusivity) and £ =1,4 (inhomogeneous GB diffusivity). In all three
cases, the steady state stress varies from compressive to tensile value as we increase the
deposition rate. The tensile value at very high deposition rates is independent of the GB
diffusivity, while the compressive stress at lower deposition rates is strongly influenced

by it. These trends are qualitatively similar to experimental observations for Ag [26] and

Ni [79].

Steady state Stress (MPa)

T o e

0 1 2 3

10 10 10 10
Normalized Deposition rate (dH/d+)
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Figure 4.8: Variation of the steady state stress with deposition rate during film growth under
varying degrees of GB inhomogeneity represented by different values of £ in Equation (4.1).

The deposition rate has been normalized as H = fz/ (hyt s ), where hy is the initial film thickness
and ., is given by Equation (3.22). Other numerical parameters used in the calculation are
o, =70MPa, o, =-26 MPa, A=1, h,/L=0.5 [86].

Table 4.1. GB diffusivities of Ag, Cu and Sn at room temperature.

Film Ag Cu Sn

SopDop (m*[s) | 9.8x107 [87] | 3.6x107° [88] | 3.6x107 [89]

4.2 Infinite GB diffusivity

In this section, the analytical solution (Equations (3.38) and (3.41)) and the numerical
solution (Equation (3.46)) in the limit of infinite GB diffusivity are compared with the
experimentally measured compressive stress evolution during deposition and growth
interruption of Sn films on substrate [28]

Sn is a high mobility material. The room temperature for Sn corresponds to 60% of its
melting temperature. Table 4.1 shows that the GB diffusivity of Sn is several orders of
magnitude higher than other high mobility materials such as Ag and Cu at room
temperature. The experiments by Shin and Chason [28] consist of three cycles of

electrodeposition of 2 4m of Sn on Sn/Si substrate at a rate of 2.7nm /s, each followed
by 10 minutes of growth interruption. In the experiments, a Ipum thickness Sn was

initially vapor deposited on Si substrate (i.e. A, =1um). Electrodeposition on top of this

seeding layer ensures that the starting material always had the same initial stress and

grain structure. This eliminated the nucleation and island coalescence stage and enabled
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us to directly model the compressive stress evolution during the third stage of growth
[28]. The assumption of infinite GB and infinite surface diffusivity in our model can be

checked by comparison of the relevant time scales during Sn film deposition [28]. In our

2
model, the relevant time scales are 755, :liTh—L for GB diffusion [6-7,27] and
QE 5GBDGB

z,, = h/h for surface deposition. The ratio

Toap _ KThLh 42)
T, QE 653D

is estimated to be around 0.1 for Sn under the experimental conditions in [28]. This
confirms that the GB diffusion time scales are indeed small compared to that associated
with deposition. To the best of our knowledge, there is no reported measurement for

surface diffusivity (Dg) of Sn at room temperature. Philibert [90] gave an empirical
relation for surface diffusivity of fcc metals as:

B {740 exp(—15T), /T) cm* /s T >0.75T,, “3)

0.14exp(=7T,, /T) cm* /s T<0.75T,,

where T), is the melting temperature. Although Sn (7),= 505K) has a tetragonal structure,
as a rough estimate we use Equation (4.3) to obtain an approximate estimate for the

surface diffusivity of Sn at room temperature to be Dy =1.07x107° m*/s. We assume
the characteristic time for surface diffusion as 7, = L*/Dy . For the Sn film in [28], the

ratio 74 )z, = L*h/(Dgh) is estimated to be around 5x10~, which supports our assumption
of infinite surface diffusivity.
Figure 4.9 shows excellent agreements among Stress-Thickness curves predicted from

the analytical solution, numerical analysis and corresponding experimental data from
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three cycles of electrodeposition and growth interruption of Sn film [28]. The parameters

used in the theoretical models are listed below:

e Plane strain modulus E* =58 GPa,

e Atomic volume Q=1.28x10"" m’,

e Deposition time ina cycle 7, =2 um/2.7nm/s = 7405 [28],
e Stoppage time in a cycle 7Tg = 600s [28],

e Initial stress o, =70 MPa,

e o,=-15MPa,

e o,=19MPa,

e Grainsize L=2um,

e Scaled deposition rate H =0.003.

Analytical

Stress-Thickness (MPaum)

100+ | @ Experimental -
——-Numerical
-120 : ' ' '
0 1000 2000 3000 4000
Time (sec)

Figure 4.9: Comparison of the predicted Stress-Thickness curve from analytical and numerical
solutions with corresponding experimental data measured during a three cycle depositon-
interruption experiment on Sn film deposited on Sn/Si substrate at room temperature [28,85].
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Based on H =0.003 and Equation (3.44), ¢, during deposition, is estimated to be
2.6x10™* 5. The time ¢, during growth interruption is found to be 4.27x10~ 5. From
these values and Equations (3.31) and (3.42), it is estimated that C,I,=9.29x10*s™" and
C,I',=5.66x10s"", with (c.I, )/(CgFg)= 16. This can be attributed to different

concentrations and attempt frequencies of atoms at the surface and within GBs.

20 . .
15¢
10+

Steady state stress (MPa)
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A0t i
15} Analytical i
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_200 1 1
0 50 100 150

Deposition rate (nm/s)

Figure 4.10: Comparison of steady state stress versus deposition rate from analytical model and
experiments on growth of Sn film on Sn/Si substrate at room temperature [85].

During the cyclic electrodeposition and growth interruption, both theoretical and
experimental results indicate that, as soon as the deposition is initiated, the Stress-
Thickness drops quickly and approaches a steady-state linear variation with film
thickness. Comparison between the analytical predictions and experimental

measurements supports the proposed mechanism of atomic diffusion into GBs. During
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deposition, the film always attains the same steady state stress so that the Stress-
Thickness is linearly proportional to the film thickness (Figure 4.9).

Figure 4.10 compares the relationship between the steady state stress and deposition
rate of Sn film predicted from Equation (3.39) and experimental measurement [28]. The
analytical model correctly predicts compressive steady state stresses at slow deposition
rates and tensile stresses at higher deposition rates. Therefore, for high mobility materials
like Sn, the steady state stress is only a function of deposition rate and independent of the
film thickness. Also, the influence of film thickness on transient stress behaviors during
deposition and growth interruption is predicted by the analytical model. In particular, the
characteristic time required to reach the steady state is predicted to increase with film

thickness, in agreement with experiment (Figure 4.9).



Chapter 5

Crack nucleation in battery electrodes under

diffusion induced stresses

5.1 Background

In the literature, the insertion/extraction of Li in an electrode has often been modeled as
diffusion of interstitial atoms at the continuum level [45-50]. Most of the existing studies
have focused on analysis of stresses induced by the diffusion of Li in a host particle, a
subclass of problems more broadly referred to as the diffusion induced stresses (DIS)
[48-50,77,91-93]. Relatively few theoretical studies have explicitly considered the
mechanisms of crack nucleation and propagation. Huggins and Nix [94] considered a
bilayer plate structure in which the top layer is subjected to a swelling transformation
strain while the bottom layer contains a pre-existing crack. They showed that the swelling
in the top layer causes a biaxial tensile stress in the bottom layer and used the Griffith
criterion to predict a terminal thickness of the plate below which the pre-existing crack

will not propagate.

56
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Experiments have shown that crack nucleation usually occurs during the first
intercalation-deintercalation cycle for the high capacity electrodes. However, the
condition for crack nucleation under diffusion induced stresses in an initially crack-free
electrode has not been addressed previously. Motivated by the increasing importance of
this problem, here we develop a cohesive model of crack nucleation under diffusion
induced stresses in battery electrodes under galvanostatic charge and discharge.
Compared to the Huggins-Nix model [94], the electrode in our analysis is assumed to be
initially crack-free, and the dynamic evolution of DIS and crack nucleation under
galvanostatic (constant current) charging/discharging conditions will be explicitly
modeled. We adopt the triangular traction-separation law [75] in modeling crack
nucleation under DIS. In this model, if the maximum stress in the electrode is less than
the cohesive strength of the material, there exists no cohesive zone at all. When the
maximum stress exceeds the cohesive strength, the deformation in the electrode starts to
localize into an array of cohesive zones. Such localized deformation is thought to be
initially reversible, and crack nucleation is assumed to occur only when the maximum
surface separation within the cohesive zone reaches a critical value. We will focus on
crack nucleation under the most severely loaded state, which will be shown to correspond
to a steady state phase after the initial transient has passed but before the maximum
stoichiometric solute concentration of the host material is reached. Thin strip and
cylindrical geometries are considered for the electrode. The latter geometry is important
due to the development of various forms of cylindrical electrodes such as nanorods,

nanopillars and nanowires [43-44] and allows us to understand three dimensional (3D)
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geometry effects on the crack nucleation phenomenon when compared with strip

geometry (2D) results.

5.2 Diffusion induced stresses in electrodes

The transport of solute in the electrode is modeled as a concentration driven bulk

diffusion process (Section 2.3.3),

= =DV’c, (5.1)

where D is the diffusivity and ¢ is the molar concentration of solute and V is the

gradient operator. The initial condition is solute free electrode (¢ =0) and the boundary

condition along the surface of the electrode depends on the mode of battery operation.
Under potentiostatic (constant voltage) control
c=c,, (5.2)

s

where ¢, is the known concentration on the surface. Under galvanostatic (constant

current) control (Equations (2.28), (2.29), (2.31)),
1
J,=3-n=-DV c=——, (5.3)
F

where 7 is the known current density on the surface and F =96486.7C/molis the

Faraday’s constant. The electrode material is considered an isotropic linear elastic solid
and the deformation is assumed quasi-static, as atomic diffusion in solids is a slower
process compared to elastic deformation. Following an analogy between Diffusion
induced stress (DIS) and thermal stresses [48-50,77,91-93], the stress-strain relations can

be expressed in index notations as [76],
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1 Q
g = = [(1 + v)ai/ — VO 4.0y ]+ Tcé}/ (5.4)

where ¢; are strain components, o; are stress components, £ is the Young’s modulus,

v is the Poisson’s ratio, Qc/3 is the swelling transformation strain caused by the insertion

of solute atoms into the host. Equation (5.4) can be expressed in terms of stress

components,

Mcjg (55)

oy =2,u£,-j +(/I€kk — i

where x=E/2(1+v) and A=Ev/[(1+v)1-2v)| are Lame’s constant. Strain-displacement

relations for small strain theory are given as [76]
€ij z_(”i,./ +”j,i) (5.6)

and the static equilibrium equations in the absence of body forces, are [76]

o; :=0. (5.7

ij.J
In these expressions, index after comma denoting partial differentiation with respect to

the appropriate coordinate, i.e., u; ; =0u; /ax ;- Thus given a molar concentration field

i

based on the solution of Equation (5.1) under appropriate boundary conditions (Equations

(5.2-5.3)), stress in an elastic body can be calculated using Equations (5.4-5.7).

5.2.1 Strip electrode

Figure 5.1 shows a two-dimensional (2D) strip electrode with width 24, subject to
insertion and extraction of an interstitial species such as Li along the thickness (y)

direction. The diffusion equation (5.1) for strip geometry simplifies as,
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Figure 5.1: Schematic illustration of crack nucleation in a strip electrode of width 24 during

galvanostatic solute (a) intercalation and (b) extraction, modeled as diffusion along the thickness
direction (y-axis). The crack nuclei are uniformly spaced with period p and modeled as cohesive

zones obeying the triangular traction-separation law (Equation (5.30)).

Solving Equations (5.5.-5.7), leads to following axial stress in the electrode [95],

__EQc(y,t) EQ | , , EQy f ,
GD( ,t)— 3(1—1/) +6(1—V)h _J;c(y,t)dy +—2(1—V)h3 :[hyc(y,t)dy. (5.9)

We consider the variations of solute concentration and the corresponding DIS during
charging and discharging. Under galvanostatic boundary conditions (Equation (5.3)) and

initially solute free electrode, as shown in Figure 5.1,

_p%

PR

_p%

.10
o (5.10)

ks
o F

the solute concentration during insertion can be found as [78]

2_2
n) (nzyjexp{_Dnhzﬂ t}’ G5.10)

c(y,t) _ﬂ 3y h2_2

Ih/FD i’ L

“MS

and the associated DIS is
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EQ Ih|h —3y 2 & nﬂyj Dn’r’t
= - 5.12
75 (r1) i-v)FD| e anl n ( P A e R

At the end of charging, the stress approaches a steady state while the solute concentration

rises steadily with time. This situation persists until the saturation limit of material is

reached. The steady state solution then acts as the initial condition for the extraction

process,

c(»,0)=c¢ + ZD Fy;T_zhz} (5.13)
where

¢ = ]Ij;l , (5.14)

t. denoting the charging time. During extraction, the solute concentration evolves as

c(y,t)—c, Dt 3y 4 - nwy Dn’r’t
- _= exps — 5.15
with the associated DIS

EQ Ih|3y*—h*> 4 &(-1) Dn*r’t
op(y.t)= 22 ——22‘1(,12) cos(m;yJexp{— nhzﬂ . (5.16)

Ih/FD h’ 7

3(1-v)FD| 6k 7

Figure 5.2 plots the variations of solute concentration and the associated DIS during the
first charging and discharging cycle. Due to the symmetry of the problem, the results are
plotted only over half of the strip width. During insertion, the solute concentration
continuously rises with time (Figure 5.2a) while the stress approaches a steady state with
tension near the center and compression near the free surface of the electrode (Figure

5.2b). The peak tensile stress occurs at the centre with magnitude equal to (Figure 5.2b)
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o = EQUR[18(1 - v)FD (5.17)
when reaching the steady state. During extraction, the surface current is reversed, and the
solute concentration continuously decreases with time (Figure 5.2c¢) while the stress

approaches a steady state with compression near the center and tension at the surface of

the electrode. In this case, the peak tensile stress at the surface reaches (Figure 5.2d)

E
ob . = EQIh [9(1-v)FD (5.18)
at steady state.
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Figure 5.2: Snapshot profiles of solute concentration and diffusion induced stress in a strip
electrode. (a) Concentration during insertion, (b) DIS during insertion, (c) concentration during
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extraction and (d) DIS during extraction. The concentration is normalized as ¢ = cFD/ (Ih) during
insertion and ¢ = (c -c )FD/ (Ih) during extraction (Equations (5.11) and (5.15)), while DIS is
normalized as & =3(1—v)FDo /(EQIR) (Equations (5.12) and (5.16)) [96].

To appreciate the level of diffusion induced stress in high capacity electrodes, we
consider silicon nanowire electrodes with an average diameter of 89nm. Recent
experiments have shown such electrodes can be charged to the near theoretical capacity

of 4227 mAh g at a charge and discharge rate of 20 hours per half cycle [44],
corresponding to a surface current density of 7 = 0.011A/ m* . With concentration change
in Li,Si from x = 0 to 5.4, reaching a volume change as large as 59 %, the partial molar

volume of Li can be estimated as [48]

4
4.4c,..

=2x107 m?/mol (5.19)

where ¢, =2.0152x10*mol/m’ is the stoichiometric maximum concentration of Li [34].

Other material properties are listed in Table 5.1. If the lower limit of Young’s modulus of
fully lithiated Si is used, the peak tensile stress is estimated to be 0.1 GPa during Li
insertion and 0.2 GPa during Li extraction. For faster charge and discharge rates, the
nanowire electrodes begin to show irreversible capacity losses even during the first cycle
[44]. For example, at the charge and discharge rate of 5 hours per half cycle, there is an
irreversible capacity loss at the first cycle, but the capacity is then stabilized at 3500 mAh

g™ for the subsequent 20 cycles [44]. In this case, the surface current density is
1=0.036 A/ m? , corresponding to a peak stress of 0.35 GPa during Li insertion and 0.7

GPa during Li extraction.
Note that the above solutions to DIS neglect a number of nonlinear coupling effects

and may be oversimplified in a number of ways. The reader is referred to Christensen and
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Newman [46-47] for some detailed discussions. By introducing a coupling between
internal stresses and activation energy for diffusion, Haftbaradaran et al. [97] also
discovered a class of nonconventional solutions to DIS with a surface choking instability

once the product between electrode dimension and charging rate exceeds a critical value.

Table 5.1. Material properties of Si and operating parameters.

Parameter Symbol Value Source
(dimension)
Young’s modulus (lithiated Si) E (GPa) 30-80
Poisson’s ratio v 0.22 [1]
Diffusion coefficient D (m%/s) 21%107!8 [29]
Stoichiometric maximum concentration | c_ . (mol/m’) | 50152 x10% [34]
Fracture energy I (J/ m’) 2

5.2.2 Cylindrical electrode’

Figure 5.3 shows a cylindrical electrode with diameter 2r, subject to insertion and

extraction of an interstitial species such as Li. Under the assumption of diffusion along

radial (r) direction of the electrode, Equation (5.1) reduces to [78],

de_plof
ot ror\ or)’

and the corresponding axial stress in the electrode based on Equations (5.4-5.7) is [95],

(5.20)

" Results for cylindrical electrodes are submitted for publication and currently under review
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Figure 5.3: Schematic illustration of crack nucleation in a cylindrical electrode of diameter 27,
during galvanostatic (a) intercalation and (b) extraction, modeled as diffusion along the radial
direction (r-axis). The axisymmetric crack nuclei are uniformly spaced with period p and

modeled as localized cohesive zones obeying the triangular traction-separation law (Equation
(5.30)).

Similar to strip electrode, we consider the variations of solute concentration and the
corresponding DIS during charging and discharging of a cylindrical electrode. The initial
solute concentration in the electrode is assumed to be zero. Under galvanostatic boundary

conditions (Equation (5.3)) and initially solute free electrode, as shown in Figure 5.3,

dc
or

__L. _poc
F’ or

-D =0, (5.22)

0

Te

the solute concentration during insertion can be found as [78]
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c(r,ty 2Dt 1 &Jola,r/r) Dta;
_ + ) 20\ e oyl =, 5.23
Ir,/JFD rf 2r02 4 “~= aon(an) P rc2 ( )
and the associated DIS is
EQ In |1 #? 2 Jola,r/r.) Dta}
o,ly,t)= €<l —— +2 0O Tne e lexpd — 2, 5.24
p(1) (1-v)FD| 4 272 Z; a’J,(e,) P r? (5.24)

where J,(r) is the Bessel function of the first kind and «, are the roots of J,(c). At the
end of charging, the stress approaches a steady state while the solute concentration rises
steadily with time. This situation persists until the saturation limit of material is reached.

The steady state solution then acts as the initial condition for the extraction process,

Ir. | »? 1
,0)= “———], 5.25
crO)=c+ FDL 4} (5.25)
where
L (5.26)
! Fr, ’ '

t. denoting the charging time. During extraction, the solute concentration evolves as

c(r,t)— ¢ 2Dt ( Dta’
== - 5.27
Ir,/FD 72 ; 0(5 a ) r ) (5.27)

c

with the associated DIS

2 0 2
oplr.t)= EQ I | r —1—42 JO(“”F/FC)exp{— D;?” H . (5.28)

3(1 - V) FD 2’/'02 4 n=1 ar?JO (an )

Figure 5.4 plots the variations of solute concentration and the associated DIS during
the first charging and discharging cycle. During insertion, the solute concentration
continuously rises with time (Figure 5.4a) while the stress approaches a steady state with

tension near the center and compression near the free surface of the electrode (Figure
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5.4b). The peak tensile stress occurs at the centre when reaching the steady state, with
magnitude equal to (Figure 5.4b)

O e = EQIr, [12(1-V)FD. (5.29)

During extraction, the surface current is reversed, and the solute concentration
continuously decreases with time (Figure 5.4c) while the stress approaches a steady state
with compression near the center and tension at the surface of the electrode. The peak
tensile stress occurs at the surface with the same magnitude as Equation (5.29) when

reaching the steady state (Figure 5.4d).
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Figure 5.4: Snapshot profiles of solute concentration and diffusion induced stress in a cylindrical
electrode. (a) concentration during insertion, (b) DIS during insertion, (c) concentration during
extraction and (d) DIS during extraction. The concentration is normalized as ¢=cFD/ (Irc)
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during insertion and ¢é=(c—¢, )FD/ (Ir,) during extraction (Equations (5.23) and (5.27)), while
DIS is normalized as &, =3(1—v)FDo , /(EQIr,) (Equations (5.24) and (5.28)).

Analogous to strip electrode, we can estimate the peak stress for the cylindrical
electrode based on the Equation (5.29) with reference to the recent experiments on silicon

nanowire electrodes [44]. For a charge and discharge rate of 20 hours per half cycle [44],
corresponding to a surface current density of / =0.011 A/ m® , peak tensile stress during

insertion and extraction is estimated to be 0.16 GPa. For a faster charge and discharge

rates of 5 hours per half cycle, the surface current density is [ =0.036A/ m?

corresponding to a peak stress of 0.53 GPa during Li insertion and extraction.

The estimated peak tensile stresses in strip and cylindrical electrodes are close to the
theoretical strength of pure silicon and have most likely exceeded the cohesive strength
of Lithiated silicon. Why can the Si nanowires sustain such extreme mechanical stresses
without fracture? In the following section, we consider crack nucleation under diffusion

induced stresses in an initially crack-free electrode.

5.3 Cohesive model of crack nucleation in the electrode

Figure 5.1 and 5.3 show an emergent array of cohesive zones in the initially crack-free

electrode. The cohesive zones are uniformly spaced at a period of p near the center of

the electrode during solute insertion and at the edge of the electrode during solute

extraction. The cohesive zone is assumed to obey the triangular traction-separation

(o—0)law [75],

(5.30)

o (1-8/5) 6&5<6,
0 5>0,°
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where o, is the cohesive strength of the electrode material and &, is the maximum range
of cohesive interaction. The fracture energy of the material, I' =, §,/2, is assumed to

be a material constant typically on the order of surface energy in the absence of
significant plastic deformation.

The emergent cohesive zones are modelled as continuous distributions of dislocations
[71]. Similar to the Dugdale model [52], the cohesive zone size is determined based on
the condition that there exists no singularity at the tip of the cohesive zone and crack
nucleation is assumed to occur when the maximum surface separation reaches

0, =2I"/o,. Finally, the spacing p between the cohesive zones will be determined by

the condition that the stress everywhere in the electrode must not exceed the cohesive

strength.

5.3.1 Strip electrode

During solute insertion, the cohesive zones would develop at the centre of the electrode
as soon as the axial stress exceeds the cohesive strength. Within the cohesive zone, the

traction and the surface separation follows Equation (5.30), i.e.

GC
2r

op(v.0)+ [Pr.mBa.0dn =0 | 1-25[Ba.ndn |, —a<y<a (531)

where the first term o, (y,) is the diffusion induced stress and the second term is the

stress associated with localized deformation within the cohesive zones modeled as

continuous distributions of infinitesimal dislocations with density B(7,¢) satisfying

[ B(p.)dn =0 (5.32)

—a
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The kernel function P(y,77) in Equation (5.31) corresponds to the axial stress at location
(0,y) induced by an array of edge dislocations of unit Burgers vector in the x — direction,
located at position 7 along the y-axis and periodically distributed along the x-axis with a
period equal to p. The expression for P(y,77) is given in Appendix B. The requirement

of no singularity at the tip of cohesive zone and the crack nucleation condition based on

the maximum surface separation leads to

lim B(n,tk/a—n =0, (5.33)

n—a
j B(n,0)dn=2T/o,. (5.34)
0

During solute extraction, the tensile stress region is shifted to the surface of the
electrode while the centre of the electrode is under compression. Therefore, in this case
the emergent cohesive zones are placed periodically along the edge of the electrode with

governing equation

ap(.0)+ [[P.n)=P(vn)|B,0)dn = Gc[l + ;r IB(n,t)dn} h—a<y<h (535)

In this case, the size of the cohesive zones is determined based on

lim B(p,tWn—h+a=0, (5.36)

n—h—a

and the corresponding crack nucleation condition is

h—-a

J.B(n,t)dn =2l'/o,. (5.37)
h

Normalizing all stress variables by o, and all length variables by # in Equations (5.12),

(5.16) and (5.31)-(5.37), we can identify a characteristic length scale as



71

[r(-v)Fp*)"

5.3.1.1 Localization spacing p

In the present cohesive model, the deformation in the electrode is spontaneously localized
into a periodic array of cohesive zones along the length of the strip if the peak DIS in the
electrode exceeds the cohesive strength of material. The strain localization leads to stress
relaxation in the vicinity of each cohesive zone. Therefore, the post-localization stress

distribution depends on the localization spacing p. If the localization spacing is too

large, the stress between two adjacent cohesive zones will not be brought down to the
level of cohesive strength. Oppositely, if the localization spacing is too small, the region
between two adjacent cohesive zones will be over-shielded such that the maximum stress

falls below the cohesive strength.

0—::/ T¢ 0-3:/ Oc

r/p ' ' ' Coz/p

() (b)
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Figure 5.5: Effect of localization spacing p on the distribution of axial stress o, in the region
between two adjacent cohesive zones of length a/h=0.7 during insertion in a strip electrode
(Figure 5.1a). (a) At the spontaneous localization spacing p/h=2.36, the maximum axial stress
between two adjacent localization zones is equal to the cohesive strength o,.. (b) If the
localization spacing is taken to be p/h=35, the maximum axial stress between two adjacent
localization zones is seen to be greater than the cohesive strength o.. (c) If the localization
spacing is taken to be p/h =1, the maximum axial stress between two adjacent localization zones
is seen to be lower than the cohesive strength o, [96].

This is illustrated in Figure 5.5 with contour plots of axial stress in the electrode for the
cohesive zone length a/h=0.7 during insertion. Due to the symmetry of the problem, the
results are plotted only over a quarter of the region between two adjacent cohesive zones.
When the cohesive zones are too widely spaced, as shown in Figure 5.5b for p/h=5,
the maximum stress in the intermediate region between two adjacent cohesive zones is
greater than the cohesive strength. When the cohesive zones are too narrowly spaced, as
shown in Figure 5.5¢ for p/h =1, the stress in the intermediate region is over-relaxed to
below the cohesive strength. We assume that the localization process would naturally
select the cohesive zone spacing such that the maximum stress in the region between two

adjacent cohesive zones is exactly equal to the cohesive strength o, . In the case shown in
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Figure 5.5, this critical spacing is found to be p/h=2.36 (method to determine p/h
will be discussed shortly), as can be seen in Figure 5.5a.

For the formation of centre cohesive zones during solute insertion (Figure 5.1a), the

maximum axial stress in the region between two adjacent cohesive zones occurs along

the axis of the strip right in the middle of the two localization zones. Hence, in this case

the cohesive zone spacing p is determined by solving

o.(p/2.0)=0,(0.0)+ [ H(p/2,0.)B(n.1)dn = o, (5.39)

together with Equations (5.31-5.34). The kernel function H(x,y,n7) corresponds to the
axial stress at (x,y) induced by an array of edge dislocations of unit Burgers vector in the
x — direction located at position 7 along the y-axis and periodically distributed along the
x-axis with a period equal to p. The expression for kernel function H(x,y,7) is given in
Appendix B. For a given cohesive strength o, we solve Equations (5.31-5.34), followed
by checking Equation (5.39) and employing the method of bisection to determine p .

For the formation of edge cohesive zones during solute extraction (Figure 5.1b), the
maximum axial stress in the region between two adjacent cohesive zones occurs along
the free surface at the midpoint between the two localization zones. The cohesive zone
spacing p is then determined by solving

h
o (p/2.)=0,(hi)+ [[H(p/2.hn)-H(pI2,h-n)B(n.lin =0, (540)
h-a
together with Equations (5.35-5.37). Figures 5.6a and 5.6b plot the cohesive zone spacing

as a function of the cohesive strength during solute insertion and extraction, respectively.
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Figure 5.6: Localization spacing p as a function of the normalized cohesive strength for the
formation of (a) centre cohesive zones during solute insertion and (b) edge cohesive zones during
solute extraction, in a strip electrode. In both (a) and (b), the cohesive strength o is normalized

by the peak stresses o', =EQIh/[I8(1-v)FD] during solute insertion and

peak

ol . =EQIh/ [9(1 - V)FD] during solute extraction [96].

peak —

Once the localization spacing p 1is determined, the critical conditions for crack

nucleation are obtained from Equations (5.31-5.34) for center cracks during solute
insertion and from Equations (5.35-5.37) for edge cracks during solute extraction by a
numerical scheme detailed in Appendix C.

When the peak DIS exceeds the cohesive strength, corresponding to the normalized
cohesive strength smaller than unity, strain localization occurs spontaneously as a
periodic array of cohesive zones with spacing given by Figure 5.6. When the peak DIS is
smaller than the cohesive strength, corresponding to the normalized cohesive strength
exceeding unity, strain localization does not occur spontaneously. However, in this case
there may exist metastable solutions with isolated localization zones. This type of failure
may occur at locations with pre-existing defects/weaknesses. The governing equations

and numerical algorithm for such metastable, isolated localizations are similar to those
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for spontaneous, periodic localizations, except the Green’s function kernel is replaced
with K(y,77) which corresponds to the axial stress at location (0,y) induced by a single
edge dislocation at (0,7) with a unit burgers vector in the x —direction [98]. The
expression for K(y,7) is given in Appendix D. Figure 5.8 indicates that the critical strip

width and cohesive zone size transition smoothly between multiple localization to

isolated localization regimes.

5.3.2 Cylindrical electrode

The emergent cohesive zones (Figure 5.3) are axi-symmetric and modeled using
prismatic dislocation loops. During solute insertion, the cohesive zones would develop at
the centre of the electrode (Figure 5.3a) as soon as the stress exceeds the cohesive
strength. Within the cohesive zone, the traction and the surface separation obey Equation

(5.30), i.e.

o (rt)+ j P(r,R)B(R,t)dR =0, (1 - ;r j B(R,t)dR} 0<R<a (5.41)
0 r

where the first term o, (r,) is the diffusion induced stress and the second term is the

stress associated with localized deformation within the cohesive zones modeled as

continuous distributions of prismatic dislocation loops of radius R with density B(R,?).
The kernel function P(r,R) in Equation (5.41) corresponds to the axial stress at location
(r,0) induced by an infinite array of coaxial prismatic dislocation loops of unit Burgers
vector in the z-direction and radius R, located at positions z =np; n =-00,..,00 along the

axis. In practice, since the stress field associated with a prismatic loop in a cylinder



76
decays cubically [99] with distance along the axis of the cylinder, we determine P(7,R)
from 5 prismatic loops with spacing p along the cylindrical axis. Similar approximation
has been adopted previously in studying interaction among periodic array of cracks in a
layer [100]. The expression for P(r,R) is given in Appendix E. The non-singulairty
condition at the cohesive zone tip and the crack nucleation condition based on the

maximum surface separation lead to,

limB(r,tWa—r =0, (5.42)

j B(R,HdR=2T/c., . (5.43)
0

During solute extraction, the tensile stress region is shifted to the surface of the
electrode while the centre of the electrode is under compression. Therefore, the emergent
cohesive zones are placed periodically along the edge of the electrode with governing

equation

o, (r.t)+ J' P(r,R)B(R,t)dn = ac[l + ;r J' B(R,t)dR} r,—a<R<r, (5.44)

r.—a

In this case, the size of the cohesive zones is determined based on

lim B(r,t\r—r,+a=0, (5.45)

r—r.—a

and the corresponding crack nucleation condition is

r.—a

j B(R,H)dR=2T/o, | (5.46)
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5.3.2.1 Localization spacing p

Consistent with our assumption for the cohesive zone spacing in strip electrode,

localization process would naturally select the spacing in cylindrical electrode such that
the maximum axial stress in the region between two adjacent cohesive zones is exactly
equal to the cohesive strength o,.. For the formation of centre cohesive zones during
solute insertion (Figure 5.3a), the maximum axial stress in the region between two
adjacent cohesive zones occurs along the axis of the cylinder right in the middle of the

two localization zones. Hence, the cohesive zone spacing p is determined by solving

c.(0,p/2)=0c,(0,1)+ TH(O, 2/2,R)B(R,1)dR = &, (5.47)

0

together with Equations (5.41-5.43). The kernel function H(r,z,R) corresponds to the
axial stress at (r,z) induced by an array of five coaxial circular prismatic dislocation
loops of unit Burgers vector in the z—direction and radius R, located at
z=np; n=-2,..,2 along the axis. The expression for kernel function H(r,z,R) is given in
Appendix E. For a given cohesive strength o, we solve Equations (5.41-5.43), followed
by checking Equation (5.47) and employing the method of bisection to determine p .

For the formation of edge cohesive zones during solute extraction (Figure 5.3b), the
maximum axial stress in the region between two adjacent cohesive zones occurs along
the free surface at the midpoint between the two localization zones. The cohesive zone
spacing p is then determined by solving

0.(rep/2)=0p(rt)+ [H.p/2.R)B(RAMIR =0, (5.48)

r.—a
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together with Equations (5.44-5.46). Figures 5.7a and 5.7b plot the cohesive zone spacing
as a function of the cohesive strength during solute insertion and extraction, respectively.
Once the localization spacing p is determined, the critical conditions for crack nucleation
are obtained from Equations (5.41-5.43) for center cracks during solute insertion and
from Equations (5.44-5.46) for edge cracks during solute extraction by a numerical

scheme detailed in Appendix F.
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Figure 5.7: Localization spacing p as a function of the normalized cohesive strength for the

formation of (a) centre cohesive zones during solute insertion and (b) edge cohesive zones during
solute extraction, in a cylindrical electrode. In both (a) and (b), the cohesive strength o, is

normalized by the peak DIS &, = EQIr, [12(1-v)FD].

Metastable solution in the form of nucleation of isolated localization zone also exists
for cylindrical electrodes. The governing equations and numerical algorithm for such
metastable, isolated localizations are similar to those for spontaneous localizations,
except the Green’s function kernel is replaced with S(r, R) which corresponds to the axial

stress at location (r,0) induced by a single coaxial circular prismatic dislocation loop of a

unit burgers vector in the z - direction and radius R with center located at z=0. The



79

expression for S(r,R) is given in Appendix E. Figure 5.9 indicates that the critical radius

and cohesive zone size undergo smooth transition between multiple localization to

isolated localization regimes.

5.4 Critical conditions for crack nucleation

The results are shown as blue solid lines relating the normalized electrode dimension and
the cohesive strength scaled by the corresponding peak stress in the electrode in Figures
5.8a-b, 5.9a-b for strip and cylinder geometry respectively. A comparison of the results
between strip and cylindrical electrodes reveals that the geometry does not alter the
relationships between cohesive strength, characteristic electrode size and cohesive zone
size qualitatively. For given values of electrode dimension and cohesive strength, crack
nucleation is predicted to occur along and above the blue lines in the sense that there exist
a solution with maximum surface separation within the localization zones exceeding the

cohesive interaction range o,. If the normalized values of electrode dimension and

cohesive strength are below these lines, crack nucleation is predicted not to occur, not
because of the absence of strain localization but because the maximum surface separation

in the cohesive zone cannot reach o,. In this case, the localized deformation within the

cohesive zone is fully reversible and material would recover as soon as the diffusion
induced stress in the electrode is reduced. For given values of the normalized cohesive
strength and electrode dimension, the corresponding sizes of cohesive zone at crack

nucleation are shown as green dashed lines.
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Figure 5.8: The critical conditions for crack nucleation expressed as relationships between the
normalized half-width of electrode, the normalized cohesive strength and the normalized critical
size of cohesive zone at nucleation. The blue lines plot the critical dimension of electrode while
the dashed green lines plot the critical size of cohesive zone at crack nucleation as functions of
the normalized cohesive strength. (a, c) plot the critical conditions for nucleation of center
cohesive zones of length 24 under solute insertion while (b, d) plot those of symmetric edge
cohesive zones of length a under solute extraction, in a strip electrode of width 2/ . In (a) and

(b), the cohesive strength is normalized by the peak stresses o, = EQIA/[18(1 - v)FD] during

pea

solute insertion and afeak = EQIh/ [9(1—1/)FD] during solute extraction. In (c) and (d), the

cohesive  strength is normalized by the size-independent reference  stress
0,0 =EQIl , / [1 8(1—V)FD] where ( , is the characteristic length scale defined in Equation

(5.38) [96].
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Figure 5.9: The critical conditions for crack nucleation expressed as relationships between the
normalized radius of electrode, the normalized cohesive strength and the normalized critical size
of cohesive zone at nucleation. The blue lines plot the critical dimension of electrode while the
dashed green lines plot the critical size of cohesive zone at crack nucleation as functions of the
normalized cohesive strength. (a, c) plot the critical conditions for nucleation of center cohesive
zones of radius a under solute insertion while (b, d) plot those of edge annular cohesive zones of
size a under solute extraction, in a cylindrical electrode of radius r,. In (a), (b), the cohesive

= EQIr, /[12(1-v)FD]. In (c) and (d), the cohesive
strength is normalized by the size-independent reference stress o, = EQIl , /[12(1—V)FD]

strength is normalized by the peak DIS o

peak

where (  is the characteristic length scale defined in Equation (5.38).

Most interestingly, Figures 5.8 and 5.9 shows that, during both solute insertion and
extraction, there exists a critical electrode dimension below which crack nucleation

becomes impossible irrespective of the cohesive strength of the material. This critical
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dimension is found to be 4, =7.3¢,,r; =7.3( , during solute insertion and 4 =6.5( ,,
rk =820 s during solute extraction; see Figures 5.8a-b and 5.9a-b. Therefore in strip

geometry, crack nucleation is more likely to occur at the surface of electrode during
solute extraction, as opposed to nucleation at the center of electrode during solute
insertion. In cylindrical geometry, we find that crack nucleation is more likely to occur at
the center of electrode during solute insertion, as opposed to nucleation at the edge of
electrode during solute extraction. In reality, stress concentration induced by surface
roughness may further facilitate crack nucleation at the surface of electrodes during
solute extraction. Combining these results, a critical dimension for flaw tolerant

electrodes is identified as

B | -v)FD)y "
Lﬁ_13£ﬁ_13{—E(l+v)(Ql)z} . (5.49)

The significance of this equation is that it predicts an initially crack-free electrode would
remain crack free below the critical dimension. Once the electrode dimension exceeds
this critical dimension, nucleation of cracks during solute transport would become
possible.

Our results significantly extends and generalizes the previous analysis by Huggins
and Nix [94] who considered a bilayer plate structure in which the top layer is subjected

to a swelling transformation strain e, while the bottom layer contains a pre-existing

crack. They showed that the swelling in the top layer causes a biaxial tensile stress in the

bottom layer and used the Griffith criterion to predicted a critical thickness

H,_, =§(MJ (5.50)

V4 Ee;
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of the plate below which the pre-existing crack will not propagate. Here K,. is the

fracture toughness of the plate. Using the relation K. = ET’/ il -V’ ’ , we can rewrite the

Huggins-Nix critical length as

_ 207 T(1-v)

H = —x 7 5.51
(O E(l+v)e,’ ( )

Comparing Equation (5.51) and our result in Equation (5.49), we can see some qualitative
similarities. Both models predict that the critical electrode dimension for fracture resistant
electrode should scale with the ratio between the fracture energy and Young’s modulus of
the material. However, the scaling is linear in the Huggins-Nix model while it is
nonlinear with a power index of 1/3 in our model.

Figures 5.8a-b and 5.9a-b show that the critical dimension for flaw tolerant electrodes
corresponds to the minimum dimension of the electrode required to prevent crack
nucleation irrespective of the cohesive strength of the material. This is a “fail safe” or
“design for robustness” concept. If the cohesive strength of the material is known, the
critical dimension of the electrode for crack nucleation may be higher than that predicted
by Equation (5.49). The plots in Figures 5.8a-b and 5.9a-b are based on cohesive strength
normalized by the peak tensile stresses during solute insertion and extraction. Since these
peak stresses also depend on the electrode size, as shown in Equations (5.17-5.18),
(5.29), it is difficult to see from Figures 5.8a-b and 5.9a-b the actual critical dimension
for crack nucleation as a function of the cohesive strength. In order to decouple the effect
of electrode size and cohesive strength, we introduce size-independent reference stress

Crop = {EQIZ al 18(1-v)FD, EQIC , / 12(1- V)FD} for the strip and cylinder geometry

respectively. The results based on a new normalization of the cohesive strength with
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respect to o, are shown in Figures 5.8c and 5.8d for strip geometry and Figures 5.9¢
and 5.9d for cylindrical geometry. Figures 5.8c-d and 5.9¢c-d indicate that the critical
dimension for crack nucleation increases almost linearly with cohesive strength at large

values of o,/co

s - 1t is interesting that the critical dimension also increases at small

values of o,/0,, . This is because, under the assumption of constant fracture energy
I'=0.6,/2, the cohesive interaction range J, increases as o, decreases. The “fail safe”
electrode size defined in Equation (5.49) corresponds a specific combination of &, and

o, =o, that is most susceptible to crack nucleation. When o, >0, the electrode
becomes more resistant to cracking due to higher strength of the material. In contrast,
when o, <o, the increasing resistance to cracking is due to higher interaction range o, ,
which makes it difficult to separate cohesive surfaces. In this sense, crack nucleation can
be referred to as “strength-controlled” in the range o, > o, and “separation-controlled”
in the range o, <o, .

Take the material parameters listed in Table 5.1. For silicon nanowires electrodes to be
charged to near theoretical capacity at a charge-discharge rate of 20h per half cycle

without fracture, the critical dimension for flaw tolerant electrodes, L ,, is estimated to be

fio
413 nm. The nanowire electrodes adopted in experiments by Chan et al. [44] indeed fall
in this range. At faster charge-discharge rates, this critical dimension scales with
increasing surface current density according to /. For the nanowires of 89nm in

diameter adopted in experiments [44], we estimate that crack nucleation would occur at

the surface of the nanowire at the charging-discharging rate of 2h per half-cycle. Indeed,
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the voltage profiles at different power rates show that significant capacity loss begins at
the charging/discharging rate between 5h and 10h per half cycle [44]. While the reason
for such capacity loss is not completely clear, the observation would be more or less
consistent with our analysis if the formation of surface cracks during discharging is
assumed to be a significant cause. Earlier experiments have also shown that decrepitation
was suppressed in amorphous Si films about 100 nm in thickness [41] and in amorphous
Ge films around 60-250 nm in thickness [42], leading to superior charge/discharge
cycling performance compared to the bulk materials. The broad agreement between
experiments and our analysis for the critical electrode dimension for crack nucleation
points to the fact that crack nucleation can indeed be suppressed in nanostructured
electrodes and design of fracture resistant electrodes can greatly improve the cycling

performance of Li batteries.



Chapter 6

Dislocation shielding of a cohesive crack

In the classical problem of dislocation shielding of a singular crack, the effective stress
intensity factor K< at the crack tip is expressed as

K9 =K* +K*, (6.1)
where K and K* are stress intensity factors induced by the externally imposed loading
and dislocations, respectively. Since crack growth occurs when K¢ reaches a critical

value K, the crack is said to be shielded by dislocations when K* <0 and anti-shielded

when K~ > 0. Lin and Thomson [66] and Weertman [67] derived analytical solutions of

K=+ for a singular crack to quantify the shielding effects of dislocations. However, a
recent trend is to use cohesive crack models to study crack initiation and propagation
using discrete dislocation plasticity [58-65, 101-102]. In spite of an extensive and
growing literature, fundamental questions remain unanswered: in the presence of
dislocations, does a cohesive crack behave differently from a mathematically sharp
singular crack? If different, how does it impact the use and interpretation of cohesive

models in modeling crack initiation and propagation?

86
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The present chapter is an attempt aimed to clarify the above questions. We focus on a
Dugdale cohesive crack interacting with dislocations under mode I dominant conditions
and derive closed form analytical solutions. The practical significance of the theoretical
study for fracture in metals is demonstrated by DD simulations of a large number (>10’)
of edge dislocations interacting with a cohesive crack described by the trapezoidal

traction-separation law of Tvergaard-Hutchinson [54].

6.1 Dugdale cohesive crack

6.1.1 Problem Formulation

Ky YA
(bcos¢;,bsin ¢;) >
A
O-C‘
r
0 5 o
(@) (b)

Figure 6.1: A Dugdale cohesive crack interacting with a number of dislocations. (a) The crack
lies in an isotropic elastic medium and is subjected to a remote mode-I loading K°. The crack tip

cohesive zone size is L. N edge dislocations with Burgers vectors (b cosg,,bsing, ), j=1..N,
are located at positions (R j,Hj) with respect to the cohesive zone tip O. The cohesive zone

starts at O' where the crack-opening displacement is calculated and compared to O, as the
condition for crack initiation. (b) Dugdale’s (rectangular) cohesive law with cohesive strength
o, work of separation I, and critical displacement 5, =I'/o, .
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Consider a semi-infinite crack located along the negative x axis in an isotropic elastic
medium (Figure 6.1a) with a plane strain modulus E* = E/ (1 —vz), E and v being the
Young’s modulus and Poisson’s ratio, respectively. The crack is subjected to a far-field
loading characterized by a mode-I stress-intensity factor K;°. The rectangular cohesive
law of Dugdale [52], with work of separation per unit area I', cohesive strength o, and
critical opening displacement 5. =T'/o, (Figure 6.1b), is assumed to govern the traction
within the cohesive zone OO’ of length L (to be determined). The origin of the x—y
coordinate system (point O) is located at the tip of the cohesive zone. We consider N
edge dislocations (j=1,...,N) with Burgers vectors (b cosg;,bsin ¢j) located at
distances R, from the cohesive zone tip and inclined at angles &, with respect to the

crack plane.
Following Dugdale [52], crack initiation is assumed to occur when the crack opening

displacement O, at the beginning of the cohesive zone O’ exceeds the range of cohesive
interaction o, , i.e. when 6, > 6., and the length L of the cohesive zone is determined
based on the removal of singularity at O . The stress intensity factor at O and the crack
opening displacement at O' are calculated as

Ky +KS+Kf =0, (6.2a)

o r
Auly +Auly + Augy =S, =—, (6.2b)
o

C

where superscripts "o, ¢, L7 denote, respectively, contributions from (i) the far-field
loading characterized by stress-intensity factor K;°, (ii) the cohesive tractions acting

inside the cohesive zone OO’ (Fig. 1a), and (iii) the dislocation-crack interaction.



&9

We now evaluate the various terms in Equation (6.2). The crack opening displacement

at O' due to the far field stress-intensity factor K is (e.g. [74])

K7
sugy(-1) =K1
E*

Z . (6.3)

The mode I stress intensity factor and the crack-opening displacement for a semi-infinite

crack subjected to a distribution of normal traction p(x) [69] along the crack surfaces

\f j () i, (6.4a)

(=7

Auy (x) = j p(H)lo

J (6.4b)

In the Dugdale model, the cohesive traction is p_(t)=-o, for — L <t<0 and vanishes

over the rest of the crack faces. The corresponding stress intensity factor at O and crack

opening displacement at O’ are:

KS=—o, 3L (6.5a)
/A
Augy (L) =20k (6.5b)
7k

The normal traction p, (f) induced by N dislocations is the sum of tractions generated
by the self stress field of each dislocation along the crack faces. For the j” dislocation at

position (R, &) (Figure 6.1a), the normal traction p7(¢) is given by [70]

E*b 1 . 2 . 2
ppn [(Z_chosgj)erRjZSinz Hj]z {—Rjcos¢jsm6’j[(t—chosﬁj)2—Rj sin 91] 66)

+sing; (t—Rj cosé’j)[(t—Rj cosﬁj)2 +3Rj2 sin? 0; ]}

pl=

where b is the magnitude of the Burgers vector and ¢; its orientation with respect to the
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x-axis. We assume that the net interaction between the N dislocations and the cohesive
crack is mode I dominant and neglect the effect of shear tractions. From Equations (6.4)
and (6.6), the stress intensity factor and the crack opening displacement due to p, (¢) are

found by the method of residues to be

N E'b

Kf—214 = £(8,.6;) (6.7a)
where

£1(¢,.0,)=—sin, cos(p, —30, /2)-2sing, cos(@, /2), (6.7b)
and

Aué<—L>=§jZZ‘,/z(¢%a@aL/R,-) (6.70)
where

(¢], L/R) sin@{tan{%]ﬂm{%] ﬂH(\/L/iR —51r46?‘ /2 )}
LR [(L/R )eodg, ~6,/2) eodg, 36, 2]sing,

(L/R] +cos€j})2 +sin2¢9j

(6.7d)

with

1 JL/R, =sin|o,|/2>0

Generally speaking, the displacement field of a dislocation is not uniquely defined,

0 JL/R; —sin|0,|/2<0
(LR, —sin‘ej‘/2){ ol2<o (6.8)

because the displacement jump associated with a dislocation is defined uniquely only

when the source position of that dislocation is known. In writing Equation (6.7c), we
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have implicitly assumed there is no dislocation-induced displacement jump within the
cohesive zone. If a dislocation-induced displacement jump occurs within the cohesive
zone, our model will need to be modified; in particular, Equation (6.7¢) will need to be
modified by adding an additional contribution associated with the displacement jump.
However, we argue that this case is physically unstable for most practical cases. For
example, considering dislocation nucleation from a crack tip, it would be energetically
more favorable to have the slip plane of the emitted dislocation intersect the end of, rather
than within or near the tip of, a cohesive zone in order to avoid leaving behind a residual
dislocation core which will be a high energy defect. This case is similar to that of
dislocation nucleation from the tip of a diffusion wedge considered by Buehler et al. [10]
where it was shown that dislocation nucleation from a diffusion wedge, which has the
same stress singularity as a crack, is almost twice more difficult as that from a crack tip.
We thus expect dislocation nucleation at the end of the cohesive zone, or, as occurs in
atomistic simulations, that the crack and cohesive zone advance ahead of the source after
the dislocation is nucleated. A similar situation occurs when a dislocation glides to a
cohesive zone. The resulting high energy configuration can be easily released by having
the cohesive zone advance ahead of the dislocation, so that the core energy is completely
released.

For the case of an edge dislocation directly ahead of the crack tip and created by some
sort of climb process, the displacement jump corresponding to the extra plane of atoms
would lie along the crack line and would physically correspond to a blunted crack. The
two planes of atoms at the now-blunted crack tip would become potential cohesive

planes, and the shielding effects due to stresses would be nearly identical to those
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considered here — as if the dislocation had been moved just above or below the crack line
by one plane spacing. This latter change would be quite negligible except when the
dislocation is very, very close to the crack tip.

Using Equations (6.3), (6.5) and (6.7), Equation (6.2) can be rewritten as

& Eh

K[ -0y~ 214 i £1(8:,6,)=0, (6.9a)
J

8K;" |L 8ol b3 r

Vo T R RO R )= - (6.95)

We make two observations about Equation (6.9). First, for the cohesive crack in the

absence of dislocations, we recover the classical solution of Dugdale [52]

TE”

L, =%—, Kr =vET. (6.10)

2
c

Second, we observe that all length scales in Equation (6.9) can be normalized by
(E*bz)/l“, the cohesive strength o, by TI/b, and the toughness K; by VE'T .

Introducing the following dimensionless parameters,

R =—2L, L= Go=—", K, = (6.11)

Equation (6.9) can be recast in the following form

161—\/§ J_Z 1(,, 0,), (6.12a)

R WA ALY (6.120)
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which can be solved simultaneously for L and K, given R ; and &, . Therefore, as the

first main result of our study, we identify that the solution to Equation (6.9) can be
completely characterized in terms of 3 dimensionless parameters R i O K ; (after L is

eliminated).

6.1.2 Limiting solutions for high and low cohesive strengths

In the limit of high cohesive strength &, — o0, we have vanishing cohesive zone length

L —0 and the Dugdale cohesive crack solution in Equation (6.12) reduces to the Lin-

Thomson solution for a singular crack in Equation (6.13)

Ki' =

4J_Z 1(¢ 0,) . (6.13)

In order to investigate how a finite &, changes the behaviour of dislocation-crack
interaction, let us first consider the limit of low cohesive strength &, — 0. In this limit,
the cohesive zone size becomes very large, as shown in Equation (6.10), while the

product ﬁ&f remains finite, in which case Equation (6.12) is reduced to

£ =25
T

1=%\/f—%&3. (6.14b)

(j’ j)’ (6143)

Solving Equations (6.14a) and (6.14b) simultaneously for K, leads to

2
N
G0 ”ﬁ[;\/il(% 1)} : (6.15)
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An important observation can be immediately drawn from Equation (6.15): in the low

strength limit, dislocations always shield the crack irrespective of the sign of the Burgers
vector, 1.e. I%I >1. Therefore, we have arrived at the second contribution and the main

theme of the present work: in the limit of low cohesive strength, the interaction between
dislocations and a cohesive crack is fundamentally different from the classical singular

crack solution.

6.1.3 Numerical results for Dugdale cohesive crack
To illustrate the transition between high cohesive strength (Lin-Thomson) and low
cohesive strength shielding, we consider a few simple representative examples resulting

in pure mode I loading on the crack. Figure 6.2a shows the geometry and the numerically
calculated net shielding effect AK, =K, —1 of a single edge dislocation in front of a
Dugdale crack and Figure 6.2b shows similar results for two edge dislocations located

symmetrically on slip-planes inclined at +60° with respect to the crack plane. The

distance between the cohesive zone tip O and the dislocation is taken to be R =100 nm,

10nm, 5nm, and the normalized fracture toughness K, is numerically solved as a function
of the normalized cohesive strength &, from Equation (6.12). For E* =157 GPa,

b=025nm and T=2J/m*, the corresponding values of R are {20.382, 2.0382,

1.0191}. Based on Equations (6.13) and (6.15), the high and low strength limiting

solutions for the geometry in Figure 6.2a are

(6.16a)

and for the geometry in Figure 6.2(b) are
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sin® @cos”(6/2) , (6.16b)
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Figure 6.2: Dislocation shielding AK 1 of a Dugdale (rectangular) cohesive crack by (a) a single
edge dislocation in front of the crack-tip and (b) two edge dislocations symmetrically located on a

slip-plane inclined at £60° with respect to the cohesive zone tip and crack plane. The results are
plotted as a function of the normalized cohesive strength &, for different distances

R =5nm,10nm,100nm between the dislocation and the cohesive zone tip O. For high

cohesive strengths, the cohesive crack behaves like a singular crack and the selected dislocation
structures anti-shield the crack, while for very low cohesive strengths, the same dislocation
structures act to shield the cohesive crack with the value evaluated through Equation (6.16) [103].

Figures 6.2a and 6.2b clearly show a transition in the net shielding between the Lin-
Thomson solution, which is antishielding in all of these cases, to the low strength solution

in which a dislocation always shields the crack. For sufficiently high strengths &, >21.0,

dislocations affect the toughness of a cohesive crack in a similar way as a singular crack.

A normalized cohesive strength of &, ~0.1 is selected for characterizing the transition

from high strength (singular crack) to low strength regimes. For b»=0.25nm and

r=2J/m*, &,=0.1 corresponds to o, =800MPa. This indicates that a fairly high

cohesive strength will be required for a cohesive crack to behave as a singular crack in
the sense of Lin-Thomson [66] analysis. The generality of this conclusion will be
demonstrated by some practical DD simulations shortly. Also, as R increases the
cohesive crack behaviour remains similar to the Lin-Thomson solution over a wider
range of cohesive strengths. This trend is consistent with our expectations that, as R
increases, the character of the crack tip (singular or cohesive) become less important.

We may also interpret Figures 6.2a and 6.2b in terms of the characteristic cohesive

zone length L, defined in Equation (6.10) if we express the normalised cohesive strength

as
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(6.17)
(6.18)
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where

A

is similarly defined as L in Equation (6.11). Therefore, the normalized cohesive strength

crack as L, decreases with respect to the characteristic length

&, is directly related to the normalized cohesive zone length L, . Hence, Figures 6.2a
and 6.2b also shows that the cohesive crack behaviour tends towards that of a singular

7z/ 8L,

O, =

Figure 6.3: The ratio between the actual cohesive zone length L and the characteristic cohesive
zone length L, defined in Equation (6.10) for a Dugdale (rectangular) cohesive crack in the
presence of a single edge dislocation in front of the crack-tip. The results are plotted as a function

of the normalized cohesive strength &, for different distances R

the dislocation and the cohesive zone tip O . Interestingly, L remains comparable in magnitude
to L, for the full range of cohesive strengths and approaches L, in the high strength limit

[103].
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Figure 6.3 shows the variation of the normalized cohesive zone length L/L;, of the
Dugdale crack by a single edge dislocation in front of the crack-tip with respect to the
normalized cohesive strength &, . Interestingly, the actual cohesive zone length L
remains comparable in magnitude to the characteristic cohesive length L, defined in
Equation (6.10) over a wide range of cohesive strength, and approaches L, in the high

strength limit.

-0.05

-0.25

500

Rz(nm)

Figure 6.4: Variation of the net shielding AI%I of two dislocations in front of a crack-tip with

cohesive strength o, =1GPa as a function of distance R, of the second dislocation, while the

first dislocation remains fixed at a distance R, =10nm . Here, AK . 1s the exact solution,

exaci

A[%appx is calculated by superposing toughness contributions from each individual dislocation

treated separately and AK™T is the prediction from the Lin-Thomson solution [103].

Equations (6.12) are evidently non-linear, so superposition of the shielding from

multiple dislocations does not hold, in contrast from the singular crack limit where
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elasticity and superposition do hold. To examine superposition, we consider two
collinear dislocations in front of the crack, as shown in Figure 6.4. We vary the position
of the second dislocation while keeping the cohesive strength and the distance between

the first dislocation and the origin O fixed at o, =1GPa, R, =10nm . Figure 6.4 shows

A

AK AK and AK'T, corresponding to the exact solution to the normalized

exact » appx
fracture toughness in the presence of two dislocations, an approximate solution obtained
by superposing the toughness due to each dislocation treated separately, and the classical
Lin-Thomson solution, respectively. When the second dislocation is far away from the

crack, its effect is small relative to the first dislocation. As the second dislocation is

brought closer to the crack, the reasonable match between AK, ., and AK suggests

exac appx
that the superposition principle can still be used to characterize multiple dislocations
interaction with a cohesive crack with reasonable accuracy. For dislocations close to the

crack, i.e. in Figure 6.4 when the second dislocation is at R, < 50nm, superposition

clearly fails.

6.2 Discrete Dislocation Simulations?

Our analysis based on the Dugdale cohesive crack suggests that the cohesive strength o,

plays a critical role in the transition between the Lin-Thomson solution and the low
strength solution given in Equation (6.15). Although our analytical solutions have been
derived based on the Dugdale cohesive crack model, we expect that the basic conclusions

should be generally valid for dislocations interaction with cohesive cracks. The generality

* The DD simulation results reported in this chapter are carried out by Dr. Audrey Chng from Institute of
High Performance Computing, Singapore and included here for the sake of completeness.



100
of our analysis and the practical significance of our findings is demonstrated through a
comparison with Discrete Dislocation (DD) simulation [103], where a cohesive crack
described by the trapezoidal traction-separation law of Tvergaard and Hutchinson [54]
(TH) interacts with a large number (1200) of immobile dislocations following the DD
framework developed by van der Giessen and Needleman [101]. In the simulation, a
dislocation structure formed after some crack growth under a particular cohesive strength
is frozen and further crack growth is examined as a function of variation in cohesive

strength under constant cohesive energy [103].

Figure 6.5 shows the effect on the net dislocation shielding AK of lowering the
cohesive strength o, of the TH trapezoidal cohesive law from 7.2GPa, where the LT
result (AK Lt =0.2662) is accurate, down to 0.9GPa under constant cohesive energy.
Raising cohesive strength has the effect of decreasing the difference between the
cohesive (AK) and singular (AK'") crack predictions, but AK —AK'" remains
significant even at o, = 3.6GPa. The dislocation closest to the origin is located at a

distance R_. = 62.5nm from the cohesive zone tip. Estimating the length of the cohesive

zone using L, =zT E/862, Figure 6.5 suggests R_ /L, >50 before AK —AK*" in

the presence of a large number of dislocations. These conclusions involving a large
number of dislocations interacting with a TH cohesive zone are consistent with those for
a single dislocation or a pair of dislocations interacting with the Dugdale cohesive zone.
In general, regardless of the number of dislocations or the exact form of traction-
separation law, the cohesive crack tends to the singular behaviour as cohesive strength

increases or as dislocations move away from the crack tip.
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Based on the asymptotic solutions of dislocations interaction with a cohesive crack in
the high and low strength limits, a simple asymptotic interpolation scheme is adopted in
the Appendix G to derive a general approximate solution of dislocations interaction with
a cohesive crack. Predictions of the approximate solution are also shown in Figure 6.5,
and the agreement with the DD simulations is quite good. Our asymptotic solution
significantly improves upon the Lin-Thomson solution in providing a more reasonable

estimate of dislocation shielding of a cohesive crack for all cohesive strengths.

07 ; ; T ]
! ! O DD simulation |]
0.6-—-F----- R ~--- ¢ Asymptotic -
| | —Lin-Thomson |
05— T SRR T 7
LY — Bl S R ]
AK; i m] i i
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ol l —— l
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Figure 6.5: Simulated dislocation shielding AK ofa trapezoidal cohesive crack of Tvergaard and
Hutchinson [54] at various cohesive strengths o,. The Lin-Thomson solution predicts a net

shielding of AK'" =0.2662. Although AK tends to AK'" at very high o, significant

deviations (AI% —AK LT) exists even at o, = 3.6GPa. The DD simulation results [103] are

compared with the asymptotic interpolation solution derived in the Appendix G, with the net
shielding obtained by adding contribution from individual dislocations given in Equation (G.6),
where the cohesive zone size L is taken to be the characteristic cohesive zone size L, (Equation

6.10). The elastic material is assumed to have Young's modulus £ = 140GPa, Poisson's ratio v

= 0.33, and plane strain modulus £ " =157GPa. The TH trapezoidal cohesive law has constant
energy I' = 1.125J/m’, &, =0255,, 5, =0.55,, and fracture toughness K ~=VE'T =
0.42 MPa/m [103].
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It is important to note that our comparison above, is based on a frozen dislocation
structure. The toughening that emerges from a DD simulation involves the evolution of a
dislocation structure in the presence of a particular cohesive zone. Thus, in addition to
differences in shielding for a particular dislocation structure, changing the cohesive zone
strength may also change the dislocation structure itself, and thus modify the overall
toughness. In previous DD modelling of fracture in thin films, Chng et al. [64] found that
the overall toughness was nearly independent of cohesive zone strengths in the range

0.9GPa to 1.8 GPa.



Chapter 7

Concluding remarks

A fundamental understanding of inelastic deformation mechanisms and stresses in small
structures is essential in view of their importance in nearly all modern technologies. The
subject is not only important from the standpoint of reliability but also from the point of
understanding material behavior as length dimension gets smaller. In the work presented
in this thesis, we have tried to analyze material response at small length scales for a

number of systems. The main conclusions of the work are summarized as follows:

Stress evolution in Volmer-Weber thin film growth:

The thin film growth model developed here is based on a rigorous integro-differential
equation formulation of constrained GB diffusion [6-7] and follows the proposed
mechanism of excess surface chemical potential during deposition which drives adatoms
into grain boundaries [26-28].
1. A numerical algorithm has been developed to treat the hypersingular integro-
differential equations that arise as a result of inhomogeneous GB diffusivity in the

thin film growth model.

103



104

2. Crack-like GB diffusion wedges are shown to form during the thin film growth.
The stress-intensity factor near the tip of a wedge in a slowly growing high
mobility film is comparable to that of a GB wedge under annealing conditions,
and can affect the stress evolution in the film during growth through additional
stress relaxation.

3. In the limit of infinite GB diffusivity, an analytical model has been developed to
describe compressive stress evolution which shows excellent agreement with
numerical solution of the problem as well as experimentally measured Stress-
Thickness evolution during periodic deposition and growth interruption of Sn
films on Si/Sn substrates [28].

4. The finite and infinite GB mobility simulation results have successfully
reproduced the experimentally observed effects of GB mobility and film thickness
on transient Stress-Thickness behaviors during both deposition and interruption
stages, as well as the steady state stress as a function of deposition rate and film
thickness.

5. Apart from the mechanism proposed by Chason et al. [26-28], other important
competing theories for the post coalescence compressive stress evolution during
high mobility thin film deposition include (a) surface stress effect due to change
in adatom population during growth [20-21]; (b) trapping of adatoms in interstitial
sites near step edges and ledges [25]. Although these mechanisms qualitatively
explain the post coalescence compressive stress and subsequent relaxation during
growth interruption, they lack the predictive features and have so far failed to

quantitatively explain experimental observations on the effects of GB mobility,
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deposition rate and film thickness on the stress evolution and recovery behaviors.
In contrast, the success of constrained GB diffusion model in providing a unified
explanation of stress-temperature behaviors [11] and parallel glide dislocations
observed in thin films under thermal cycles [12], and Stress-Thickness behaviors
during film growth and stoppage [17,26,79] provides a strong evidence that
atomic transport between film surface and GBs may play a crucially important
role in stress evolution during thin film deposition.

Mechanisms like dislocation activity and bulk diffusion in the interior of crystal
[104] and surface diffusion [7,82] not treated in our model can also influence the
material response. Atomistic simulations to study surface chemical potential in
the presence of deposition may help to provide a better physical representation for

surface kinetic parameters 4, C.I', and C,[, in our continuum model. These

topics provides avenue for further research in the topic of stress evolution during

deposition.

Crack nucleation under diffusion induced stresses in battery electrodes:

We have developed a cohesive model of crack nucleation in an initially crack-free

electrode under galvanostatic intercalation and deintercalation processes for strip and

cylindrical geometry.

1.

Our analysis shows that nanoscale size is indeed a key to suppressing crack
formation under large diffusion induced stresses in high capacity battery
electrodes such as Si. The results for cylindrical electrode are similar to the strip

one, implying relatively small influence from electrode geometry.
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2. An important outcome of our analysis is a critical length scale

H, = 13{F(1 ~v)F:D?/ [E(l +V)Q2T 2]}1/3 for the electrode to remain flaw tolerant.

When the characteristic dimension of the electrode is below this length scale,
crack nucleation becomes impossible irrespective of the cohesive strength of
material.

Our model shows that the critical length scale for flaw tolerance should scale
inversely with the density of charging current. The faster the charging, the higher
the stress and the more likely the crack will be nucleated. This is consistent with

experimental observations. Based on the flaw tolerant dimension H ,, a potential

design criterion for flaw tolerant electrode is />°H <crit, where [ is the

operating current and H the dimension of electrode. For a “fail-safe” design of

electrode, one might first determine the allowable value of I*°H by a standard
testing protocol and then design the actual electrode dimension and current
density according to the scaling relation.

We would like to point out a number of limitations in our current model. First, we
have only considered highly idealized electrode geometry. Even for such simple
geometry, we have not yet investigated the stability of the crack after it is
nucleated, where it might be necessary to consider different boundary conditions
on the newly formed crack surfaces (which are reported to form solid electrolyte
interphase and degrade the battery performance). Second, the effect of hydrostatic
stress can influence the chemical potential [48,77,92] as well as the activation
energy for diffusion [105], introducing strongly non-linear terms in the governing

equation and boundary conditions. The full coupling between stress and diffusion
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is expected to be important to model electrode in a strongly confined
environment. Once the coupling is introduced, the crack nucleation problem will
have to be treated in a more sophisticated nonlinear framework, which would
substantially increase the complexity of the problem. Third, the current
formulation is strictly valid only in the limit of dilute solutions since otherwise the
distribution of Li ions may significantly alter the physical properties of the
material such as the elastic modulus. Fourth, the lithiation induced phase changes
needs to be further studied. Although not treated in the current study, phase
changes during lithiation are another major cause for stresses in addition to DIS.
The micrometer length of electrode is important in this context, as a critical
thickness of 2 pm is required for the crystallization of amorphous Si to crystalline
Li;sSis [106]. All these issues may significantly affect the electrode failure
process in some way. Nevertheless, the simple model adopted here may serve as a
first step to bring out some essential features of an appropriate length scale and

the associated scaling laws for crack nucleation.

Dislocation shielding of cohesive cracks

We have conducted analytical and numerical studies on dislocations shielding of a

Dugdale cohesive crack.
1. Our theoretical analysis shows that the normalized toughness K, = K" / VE'T is
completely characterized by the normalized distance of dislocations from the

cohesive zone tip Iéj =IR, / E'b* and the normalized cohesive strength

6. =0,b/T.
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2. We have derived closed form asymptotic solutions in the limits of high and low
cohesive strengths, and constructed an approximate general solution based on an
asymptotic interpolation scheme.

3. Based on these solutions, we have shown a surprising result that, while the
classical singular crack model predicts that a dislocation shields or anti-shields a
crack depending on the sign of the Burgers vector, at low cohesive strengths a
dislocation always shields a crack irrespective of the Burgers vector. Thus, there
exist qualitative differences between the cohesive and singular crack solutions.
Our results suggest that the classical Lin-Thomson solution serves as an upper
bound to the amount of anti-shielding for a cohesive crack.

4. The practical significance of our findings is demonstrated through a comparison
of the asymptotic solution with DD simulation®, where the net shielding effect of
a large number (>10°) of edge dislocations on a cohesive crack described by the
Tvergaard-Hutchinson trapezoidal traction-separation law is analyzed. The
simulated shielding showed increasing deviations from the classical Lin-Thomson

predictions as we reduce the cohesive strength o, from 7GPa to around 1GPa,

indicating increasing importance of the crack tip character as the cohesive zone
size exceeds about 2% of the distance of the nearest dislocation from the cohesive
zone tip.

5. While the analysis deals with Dugdale and trapezoidal cohesive laws, we expect

that the basic conclusions to remain true for other types of cohesive laws.

¥ DD simulations are carried by Dr. Audrey Chng, IHPC, Singapore.



Appendix A

Numerical algorithm for hypersingular

Integral equations

We describe below the numerical algorithm for solving the coupled integral equations
described by Equations (3.24) and (3.25). As discussed in Section 3.3 of Chapter 3, that

the GB wedge profile is expected to adopt a crack-like opening profile near z = 4, which

implies that oi/éx and 66/dx will have the asymptotic behaviors di/dx ~ (1-x)™'"?
and 06/0x ~(1-x)*? as x — 1. Following [84], we can express the unknown function

06/0x as
g(x)aa—j(x,z’) - idej -x)" (A1)

where U, (x) = sin(( Jj +1)x)/ sin(x) are Chebyshev polynomials of the second kind. The
series is truncated at N terms in the actual numerical implementation.
The unknown function 0i/dx can be expressed as

ou(x,7) _ R, (x,7)

Ox V1-x?

(A.2)
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where R, (x,7) is a smooth function in [0,1].
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For a stable algorithm, an implicitly discretized form of 66 (x,7)/d7 and du(x,7)/07

are approximated by

oo(x,t+A7) &(x,7+A7)-0(x,7)

, A3
or At (A-3)
ou(x,7+At) N u(x,T+AT)—u(x,T)‘ (A4)
or At
Combining Equations (3.24-3.27) and (A.1-A.4), we have
N-1 "
Yda, +ng(x MR, (17,7 + At) = 6(x,7), (A.5)

= J H A )

1/1—772

N-1 1 :
> db,~[R, (1.7 +A7) d’72 HAT ,/1 “R(nr+AD)=i(nn),  (AG)
Jj=0 X

1-7 H(t+ A7)

(A

7)

where
jU(n) )" e WO e (10704070,
o g(m) AH(r +A7)g(0) H(7+A7) g(x)
At 3P(xn) 12 Az oP(x,0) U;(0)
H(1+AT)3-([ ory ) s )
b, = m{72xsm[(j+l)cos '()]= G+ DW= %7 cos|(j + 1) cos (x)]} (A.8)

Note 0°P(x,7) / on® can be decomposed into hypersingular and regular term as

o’P(x,n) 2 N 0’ P(x,1m) 2
on*  (x-n)’ on>  (x-n)’
H_J — ~— )
Hypersingular Regular

(A.9)
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Integrals involving regular term in Equation (A.7) are computed using the Gauss-

Legendre quadrature [72]. The hypersingular integral in Equation (A.7),

n°)'*dn, j=0,1,.,N-1,

‘ (77)
e

is evaluated in closed form using the analytical formulae derived in [84]. Integrals
involving R (x,7) in Equations (A.5) and (A.6) are evaluated using the Gauss-
Chebyshev quadrature [68] by extending the integral range [0,1] to [—1,1] via even
continuation

R, (=x,7) =R (x,7) x€[0,1].

Using 2N +1 points Gauss-Chebyshev quadrature, we have

1
dn 13
K(x,mR, (11,7) == | K, mR,(,7) =5 2oy &R, (i}, 7)
! Ji-7° j 1/1— 22 le
(A.10)
where the integration points are given by
S Gl V) 2 P S SO (A.11)
2N +1

In Equation (A.5), K(x,n7) = Q(x,n) and Q(x,0) =0; while in Equation (A.6)

0 np<x

Kxm) :{1 x<n@

In both cases K(x,0) =0, and Equation (A.10) can be simplified as

1 d N
!K(x,ﬂ)Ru(n,r) JL ZzN”H )R, (17,,7) - (A.12)
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At each time step, Equations (A.5) and (A.6) are enforced at N collocation points for

2N unknowns {a’j,Ru (77].,1)} leading to a system of 2N x2N linear equations.
Knowing {d R, (7 j,f)} , 6(x,7) and u(x,7) are evaluated using Equations (3.26) and

(3.27) and the solution is advanced by iteration. The collocation points are given by

X, =cos| ——| i=12,.,N. (A.13)
2N +1

In Equation (A.6) R, (x;,7) at collocation point is approximated by integration points 7,

through Lagrange interpolation. Our experience with numerical simulations showed that
displacements obtained using this algorithm were less reliable close to the free surface.
We found that this problem can be removed by recalibrating the displacements at each
time step directly from Equations (3.6) and (3.27) using the stress solution obtained from

the above algorithm.



Appendix B

Green’s function kernel in a strip (Periodic
case)

infinite plane

134 R 4 -0, (x,.h) 4y - o-f;(gc, h)
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—
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—O';’(x,—h) —a;(x,—h)
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Figure B.1: A periodic array of edge dislocations with Burgers vector (1, 0) located at position
(i np, 77) (n=0,1,2, ....) in an isotropic elastic strip. (a) and (b) depict two sub-problems used
to calculate the stress field for the original problem by the superposition principle.

The Green’s function kernel P(y,7) for the periodic array of edge dislocations with a unit
Burgers vector (1,0) in an isotropic elastic thin strip is calculated using the superposition

principle as shown in Figure B.1. The original problem is divided into two sub-problems.
In the first sub-problem shown in Figure B.1(a), the stress field of the periodic array of

dislocations in an infinite isotropic elastic plane is determined. In the second sub-problem

shown in Figure B.1(b), the surface tractions o, (x,£h), o, (x,£h) along y =+h from the

first sub-problem are negated to recover the traction free boundary conditions in the
113
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original problem. The two dimensional traction boundary value problem in the sub-
problem (b) is treated using Airy Stress function approach [95].

The stress field of a periodic array of edge dislocations with a unit Burgers vector

(1,0) in an isotropic elastic infinite plane is [70]

+

o7 (ey)=—E {_ sinh(2z(y ~7)/ p) ﬂ(y77)[cesh(Zﬂ(y—ﬂ)/p)cosz(M/p)—ceshz(ﬂ(y—ﬂ)/z’)]}(B~1)

4p(1—v2) lcoshz(ﬁ(y—r])/p)—cosz(mf/P)J p |:cosh2(7r(y—77)/p)—cosz(7zx/p):|2
- #(y—n) eosh(2 (v —n)/ p)oos” (me/p)~cosh’ (v =)/ p)] ()
R (s e eosh(r(y )/ ) —cos* (e )]

o (x, )= E { sin(272¢/ p) B z(y-n) sin2m/p)sinh(2z(y —7)/p) }.(B.?))
v 4p(1—v2) 2[cosh2(7r(y—n)/p)—cosz(ﬂx/p)l 2p [COShz(if(y—ﬂ)/p)—cosz(m/p)]2

The resulting non-zero tractions along y =+h are expressed in the series form as,

. {0;" (x, h)+2 o7 (x,—h)} =3 B, cos(2amy/p) . (B.4)

m=1

- (x h)-o 2 _ } iCm cos(2mx/ p), (B.5)

m=

LN

_0':; (x, )+ o, (x,~h)

RLALU } ™ 4, sin(27m/ p), (B.6)

) {ay (x,h)—2 o (x,—h)} _ i D, sin(2m p). (B.7)
where
) el i)
Bm_p(l—vz){ > e p( . o exp) » , (B.8)

c . E {ﬂ(h—ﬂ)mexp(—2mﬂ(h—77)J+ﬂ(h+77)mexp(—2mﬂ(h+77)]}, B.9)

2p p 2p
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E_[alh-n), —Zmn(h—n)]+ ”(hm)mexp(_zm(hm)} 1 exp[—2m7r(h _n)j* 1 exp[—Zm;r(h+r])J}, (B.10)

4 =
! P(l—"z){ 2p xp( P 2p P 4 P 4 p

b - E {ﬁ(h*n)mexp[%rnﬂ(h*v)}ﬂ(h+77)mexp[*2m7f(h+f7)]7iexp[*2m”(h*U)J%exp[ﬁr'ﬂﬁ(h+77)]}- (B.11)

Copl-v) 2p P 2p P 4 p P
To evaluate the solution to sub-problem (b), we make use of the following four auxiliary

problems with boundary conditions and corresponding Airy stress function ¢#(x,y) [95] as

(i) o, (x,£h) = cos(2axx), o, (x,£h)=0 ,

#x,y)= . [S;(;ls((jj:))_k 40 [~ sinh(2a) cosh(2ay )+ 2a{y sinh(2ay)sinh(2a ) — h cosh(2a) cosh(2ay )] (B.12)

(i) o, (x,£h)=+cos(2ex), o (x,xh)=0 ,

Xy
cos(2¢xx)

20 [inh (4edh)— 4adh] [2a cosh(2ah)cosh(2ay) — sinh (2ay ){cosh(2a) + 2ah sinh (2ah)}] (B.13)

#x,y)=
(i) o, (x,£h)=0, o, (x,£h) = sin(2ax),

_ cos(Zax)
a[sinh(4ah) - 4ah]

#(x,) [— hcosh(2ah)sinh(2ay) + y cosh(2ay)sinh(2ah)] (B.14)

(iv)o,(x,2h)=0, o (xth)=+sin(2ax),

cos(20ax)
a[sinh(4ah) +4ah

¢(x,y)= ]Usinh(Zay)cosh@ah)— hsinh(2ah)cosh(2ay)] (B.15)

Application of Equations (B.12-B.15) to the traction boundary condition given in
Equations (B.4-B.7) leads to the solution to sub-problem (b). Finally, combined with the
solution of sub-problem (a) in Equations (B.1-B.3) and removing the mean axial stress in

the strip, the axial stress component (o) at location (x,y), denoted by H(x,y.n), is

found to be
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sinh(27(y - )/ p) L7 -n) [eosh 2 7(y = n)/ p)cos? (i p) - cosh > (z(» = )/ p)]

H (s, .m) =y~
41’(1—‘/2){ [COShZ(”(y—’7)/17)—0052(7“/17)] p [(:osh2(7z(y—77)/;7)—cosz(zzx/p)]2
. 2B,, cos(2mmx/ p)
+ Z [sinh(4msh/ p)+ 4mzh/ p]

[cosh(2m7zy/p){sinh(2m7zh/p) —2mrh cosh(2m7z'h/p)/p}

+2maysinh(2mzay/ p)sinh(2mzh/ p)/ p}]

2C,, cos(2mmx/ p)

. i b/ )~ dmad/ 7] [sinh(2may/ p ficosh(2mh/ p)— 2mahsinh(2mh/ p)/ p}

+2may cosh(2may/ p)cosh(2mzh/ p)/ p}]

. 44, cos(2mmx/ p)
+ Z [sinh (4msh/ p)—4mh/ p|

[sinh (Zm 7zy/p){sinh (2m7zh/p) —mih cosh(Zm 7Z'h/p)/p}
+may cosh(2mzy/ p)sinh (2mzh/ p)/ p}]

. 4D, cos(2mmx/ p)
+ z [sinh(4msh/ p)+ 4mzh/ p
m=1

] [cosh(2may/ p icosh(2mh/ p) - mzhsinh(2mah/ p)/ p} (B.16)
+maysinh(2mzay/ p)cosh(2mh/ p)/ p}]

E n_ 3E y(ﬂz—hz)
2p(l-v?)h apll-v?) B

The Green’s function P(y,7) is obtained by substituting x = 0 into Equation (B.16),

P(y.n)= 5(57) - 2coth(z(y =)/ p)+ (v = n)esch? (z(y 1)/ p)/ p|

2B,
+ Z [sinh( 4m7zh/p)+ 4mzh/ p]

= + 2maysinh(2mzy/ p)sinh(2mh/ p)/ p)]

[cosh(2may/ p )isinh(2mh/ p)— 2mzh cosh(2mh/ p)/ p}

2C,
+Z[smh 4m7zh/p) 4mh|p|

m=1 +2may cosh(2may/ p)cosh(2mh/ p)/ p}]

[smh(2m 7zy/p){cosh(2m ﬂh/p) —2mrh sinh(Zm ﬂh/p)/p}

44,

i smh (] p)- 4mﬂh/p][sinh(Zm;zy/p){sinh(Zmﬂh/p)—mﬂhcosh(Zmﬂh/p)/p}

+maycosh(2may/ p)sinh(2mzh/ p)/ p}]

4D, .
. z Sinh( 4m7rh/p)+ i p ][cosh(2m7zy/p){cosh(2m7zh/p)—mﬂ'h sinh(2msh/ p)/ p} (B.17)

+maysinh(2may/ p)cosh(2mh/ p)/ p}]

|
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Appendix C

Numerical scheme for integral equations in a

strip

Here we outline the numerical algorithm adopted to solve Equations (5.31-5.37), where
the localization spacing p and the cohesive zone size a are treated as input parameters
while the corresponding normalized cohesive strength and critical strip thickness are
calculated as the results.

For crack nucleation at the centre of electrode during solute intercalation (Figure

5.1a), the length dimension in Equations (5.31-5.34) is normalized as

=2 p="1, (C.1)
a a

both defined over [-11] to facilitate numerical analysis. The singular nature of

dislocation density at both crack-tips can be represented as
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B(f,1)= Ript) (C2)

where R(7,¢) is a smooth function of 7 . Integrals involving square root singularity are

evaluated using the Gauss-Chebyshev quadrature as [68],

1 A N
S .o
I1\/1 —7? N o !
where 7j; =cos((j—0.5)z/N), j=1..,N are integration points. Equation (5.31) is imposed

at N—1 collocation points given by 3 =cos(iz/N),i=1,.,N—1. The condition of
removal of singularity in Equation (5.33) becomes R(+1,7)=0, which can be expressed in

terms of the integration point values of R using Krenk’s extrapolation formulae [73],

1 ¥ sin[(N-0.5)j-0.5)z/N] .

R(L1)= sz:l sin[(j—O.Sj)ﬂ/(2N)] R(nj’t)’ €4
1 & sin[(N-0.5)j-0.5)z/N] /.

RELO)=3 2 oo Rweosst) (€5)

For crack nucleation near an edge of electrode during solute extraction (Figure 5.1b), the

length dimensions in Equations (5.35-5.37) are normalized over [—1, 1] as

~ 2v+a-2h . 2n+a-2h
==L = , (C.6)

a a

The singular nature of dislocation density at the crack-tip can be represented as

B(7.0)= R(7.1) -1 C.7)

where R(7,t) is a smooth function of 7. Integrals involving /(1-#)/(1+7) can be

evaluated using Gauss-Chebyshev quadrature as [68],
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1 ~ N .
~ 1=, 2z 3 2jm 5
_Ilf(n) 1+ﬁd77= 2N+1,Zl[l cos[zNHﬂf(n,), (C.8)

where 7; =cos(2jz/(2N +1)), j=1,..,N are integration points. Equation (5.35) is imposed
at N collocation points given by 3; =cos((2i —1)z/(2N +1)), i=1,..., N. Equation (5.36)
representing the condition of removal of singularity translates to R(-1,)=0, which can

be expressed in terms of the integration point values of R using Krenk’s extrapolation

formula [73],

R(-1.0)= N2+1 .Nlcot{((z‘Nsz;’ }mﬁf}é ;11))”}R(ﬁ,v+l_ ). (C9)

The triangular cohesive law (Equation 5.30) introduces non-linearity in Equations
(5.31) and (5.35) and we solve Equations (5.31-5.34) and (5.35-5.37) iteratively using
Newton-Raphson method untill convergence is achieved. In most cases, convergence is

obtained within SIX to eight iterations.



Appendix D

Green’s function kernel for a single dislocation

In a strip

The Green’s function kernel K(y,7) for a single edge dislocation with a unit Burgers
vector (1,0) in a thin strip can be obtained from Appendix B by letting the period between

dislocation approach to infinity. An alternative form of the solution has been given by
Fotuhi and Fariborz [98], which is found to be consistent with the solution given in

Appendix B. Here we list the alternative solution by Fotuhi and Fariborz [98]:

0

47z(lE—V2)yi77 +%_([[fxx1(0>ya77=a)_ijl(oayaﬂaa)]da n<y<h

o0

£ 1 1J‘[fxx2(0’y’77aa)_frﬁ2(0>y>77’a)]da —hﬁyﬁﬂ

i) y—n h)
){2 _ a(yh— n)}exp(— aly —n)j

K(J’J?)=

f;l(()’yanaa):

47r(1 —v? h
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ﬁfm (0, y,n,a):i{— 24y, [sinh ar(y/h —1)+ a(y/h —1)cosh a(y/h —1)]+

2Cy, [2cosha(y/h—1)+ a(y/h—1)sinh a(y/h - 1)]}

4lfxx2 (O,y,ﬂ,a)Zi{— 24, [Siﬂha(y/h+l)+ a(y/h +1)Cosha(y/h +1)]+
/Ll x

2Cy, [2cosha(y/h+1)+ a(y/h+l)sinha(y/h+l)]}
Albx = LS (L2S6 +L5S7 +L4S8): Clbx :L5L1S7 +L1L4S8 _L5L2S5 _L2L3S8
Asz :_LS(L1S6 +L5S5 +L3S8)3 CZbX :L5L3S7 +L3L2S6 _L5L4S5 _L4L1S6

L, =[—1—2a77/h—2a2772/h2 +2a2]eza +[—1+20¢77/h—20{2772/h2 +2a2]e_2“
+(1+2a)e2 " 1+ (1-20)e 2"

L, = _p2alixn/n) _ ~2a(1+n/h) 5 o 4,2 (1 N n/h)2
L3 _ €2a(1—77/h) 4 e—2a(l—77/h) 9 4&2(1 _ 77/]1)2

L, =[1—20:77/h+2052772/h2 —2052]620’ + [1+2a77/h+2a2772/h2 —2a2]e_2a
+(~1+2a)e? @ 4 (~1-2a)e~ 22/

Ly :a[—2—2a+2a772/h2]eza +a[—2+2a—2a772/h2]e_2a +2a(ezm7/h +e_20”7/h)

S =[-1+ x+2a(1- /W™ 4 [1 - i+ 2a(1 - /1)~ 401
S, =[1+ x+2a(1— n/B)e M) 1+ & - 2a(1 - /)2 U-M)
Sy =[- 1+ &+ 2a(1+ 7/B)e® M) 4 [1 - &k + 201 + 5/ 1)@ 07/%)
Sy =[-1-x—2a(1+7/m)e® 1) 4 [-1- &+ 2a(1 + 5/ k)~ *0+7/)

Ss=[-1-x+2al —ﬂ/h)]e“(l_”/h) +[-1-x-2a(1- n/h)]e 1=n/h)
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S, =[1-x+2a(l —n/h)]e"‘(l‘”/h) +[-1+x+2a(l —n/h)]e_a(l_”/h)
S, =[l+x-2a(1+ n/h)]e“(””/h) +1+x+2a(1+ n/h)]e‘“(””/h)

Sy =[1—x+2a(1+ n/h)]e“(l+'7/h) +[-1+x+2a(1+ n/h)]e_“(””/h)

A=(L;Sy + LsS; + L3S, \LySg + Ls S + LySg)—(Ly Sy + LSy + LS, (LS + LsSs + Ly Sg)

Kk=3-4v
The infinite integral in K(y,7) is numerically evaluated using Gauss-Laguerre

quadrature [72].



Appendix E

Green’s function kernel for a circular

dislocation loop in a cylinder

_O-rm(r caZ)

¥eZ)

s
|
FIF T

Infinite solid

(@ (b)

Figure E.1: A circular prismatic dislocation loop of unit Burgers vector in the z-direction and
radius R with center located at position (0, zo) in an isotropic elastic cylinder. (a) and (b) depict

two sub-problems used to calculate the stress field for the original problem by the superposition
principle.
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The Green’s function kernel S(r,R) for a circular prismatic dislocation loop with a unit

Burgers vector (0,0,1) in an isotropic elastic cylinder is calculated using the superposition
principle as shown in Figure E.1. The original problem is divided into two sub-problems.
In the first sub-problem shown in Figure E.1(a), the stress field of the circular prismatic

dislocation in an infinite isotropic elastic solid is determined. In the second sub-problem
shown in Figure E.1(b), the surface tractions ¢ (r,,z), o%(r,,z) along r=r, from the
first sub-problem are negated to recover the traction-free boundary conditions in the
original problem. Note that & (r.,z) is identically zero due to circular symmetry. The

axisymmetric problem of circular cylinder subjected to the action of forces applied to the

lateral surface in the sub-problem (b) is treated using Love’s stress function approach
[95].

The stress field of an arbitrary curved dislocation is given by the line integral [70]
o0 E 0 12 i
= b e dx'y ———¢b, &, . — V' pdx
O-aﬂ 1672' § m€ima Ay IO ' 1672'(1 + V)f m<imp axl, P a

3
- £ 2 §bmgimk /a—;p 505,8 a, V,z dxl,c
872"1—1/ ic 0x;0x,,0x Ox;

, 7=(x,,x,,x;) denoting the point where the stress is calculated and

(E.1)

where p=

7' =(x{,x},x}) the points along the dislocation line C. For our problem, the burgers vector

b =(0,0,1) and C is a circle of radius R with center at z,. After some manipulation, the

stress components are found to be [107-108],

E 1

4”(1 - Vz) r [(R +r) +(z-2) ]3/2

o (r,z)= Dok (KR + 72 +(z — 2P JR+ 7V + (20— 2]

2o —2) +5(R* + 77 )zg — ) + (2o — 2 (£ 3R%? +3r* + 4R* )+ R*(R? —rz)z}

(R=r) +(zy =) |

EE\R+r) +(z0 20 - K(k)[Z(



126

- T

\[2(20 2P 70 Rz =2 + (g =) R OR* 85 )z — 2P (R -2 JsRY — R =30 )+ RO(R? - rzf]}
k

(E.2)
© = £ (2, —2) ) +(zy —2)(R? + 2
( ’ )—47[(1_1/ ) [R+r (e 2) ]3 [ ZO_Z { k{ 0 (R )}
+E(k)|:(zo —z)4<r2 +R2)+ 2(20 —z)z(Rz4 +rt —6R;r2)+ (R2 —FZ)Z(RZ +r2):| (E.3)
(R=r) +(z, -2
O'zo(r,z):4”(1tiv [R+r s ]3/2[ Gy { k)[R -r? +ZO—Z 3r +R )+2(zo—z)4]
+E(k\[(R2 12 2 2(zg = 2)° +4(zo — 2 (R? =12 J2R? + 77 )4 5(2, — =) (R? —rz)} (E.4)
} (R=r) +(z,-2F |
; E ! 24 (zg =2V (R+7) +(zy—2)
i T e kel G e o]
+ 2vE( k\[R+r +e =2 (ZT( z 2T2+r >+R (R ] [2(20 +(z, - 2)2(3R2+3r +4Rr) ( +r2XR+r)2]
_E(k\[Z(zo —2)6 +(z0 —z)4 (Sr2 +35R? +4Rr)+ 2(20 —2)2 (R + r)2 (2R2 +2r2 —Rr)+ (R —r)2 (R + r)4 ]} . (ES)
’ (R=r) +(z-2) |

Here k=2+/Rr / \/(R +rf +(z,—z) ; K(k) and E(k) are complete elliptic integrals of the

first and second kind, respectively:

7/2
and  E(k)= [ V1-k’sin’ 0d0.

o V1—k*sin® @ 0
Cai and Weinberger [109] have calculated the fourier transform of the resulting non-zero

tractions o,”, o along r=r, as

oo

0

-o7 (rc,z):%Iﬁ, (r,,m)cos[m(z -z, )|dm , (E.6)

0
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-0 (re,z)zg'[fz (rc,m)sin[m(z—z0 )]dm (E.7)
T
0
with
£lram)=——TER o0 ) g2 v im(REFIE 4 H7 I8 )+ mir (REE IR — b7 R)], (E8)

8‘1 v ir

Em* R

~(—)[RH “Jo +r.H JR] (E.9)

JE=J,(imR), JX =J,(imR) are Bessel functions and HZ = H\(imr.), H = H(imr,)
are Hankel functions of the first kind.
To evaluate the solution to sub-problem (b), we make use of the following two

auxiliary problems with boundary conditions and corresponding stress function ¢(r,z)
[95] expressed as
(i) o0,(r..2)=cos(mz), 0,.(r.,2)=0

#(r.z) = sin(mz ay I} + ayimrJ | (E.10)
where

rc[Zi(l—zv)Jl“—mchzo”] 2 and @ = ir, Jy
mz[Z(l—v)Jlrc +m2rCZ[J6‘ +J ﬂ

m2[2(1—v)Jlr“2 + mzrf(J(;“z +J1rczﬂ

a, =

(E.11)
(i) o,(r.z)=0, o,.(r.,z)=sin(mz)
#(r,z)= sin(mz)[bo.]g + blimrJl’] (E.12)
where
by = ir, li(1—2V)J’” +mr, JVCJ and b, = (erJOV“ +iJ )

m2|:2(1_v)']1rc +m’r; (JV +J1r"2ﬂ mS[Z(l—v)Jf“z+m2rf(JSCZ+J{02ﬂ.
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(E.13)
The axial stress o, and the stress potential ¢ are related as
o.(r z)—2 2-v ﬂ+l%+@ —@ (E.14)
= z ot ror o) o | '

Application of Equations (E.10-E.13) to the traction boundary condition in Equations
(E.6-E.9) leads to the solution to sub-problem (b). Finally, with the solution of sub-

problem (a) in Equations (E.2-E.5), the axial stress component (o) at location (r,z),

denoted by A(r,z,R,z,), is found to be

W2, R, 29) = — 2 L K] (R? =2V 4 (2 =2 (32 + R )+ 20z, — )"
4”(1_")[(R+r)2+(zo—z)2]/[(R—r)2+(zo—z)2]{ fle-r) ( ) ]

+ E(k)

|:(R2 —r2)3 —2(20 —2)6 +4(20 —2)2(R2 —}’ZXZR2 +r2)+ 5(20 —2)4(R2 —rz)}
(R=r) +(z -2)]

%J.f, (rc,m)N,. (rc,r,m)cos[m(z -z, )]dm +%J.fz (rc,m)Nz (rc,r,m)cos[m(z -2z, )]dm , (E.15)

where

ml=2ir g3 I —mr v g5 J7 + v a7 )|

Nr (rc’r’m)z 2 2 2
[2(1 —s +m2r§(ch +J ﬂ

: (E.162)

N arom)= i = vWgui + m3ra g+ rpar ) eimin e gy 4 didt )| (E.16b)

[2(1 VA mzrf(]g“z + J{“zﬂ

Green’s function S(r,R) is obtained by substituting z=z,=0 into the Equation (E.15).

Following the approximation of five co-axial loops for periodic configuration as

discussed in section 3 of the text, the kernel function H(r,z,R) and P(r,R) are given as
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H(r,z,R): Zh(r,z,R,np), (E.17)
P(r,R)= ZZ:h(r,O,R,np). (E.18)

In the calculations, the Poisson’s ratio of Silicon is taken to be v =0.22.



Appendix F

Numerical scheme for integral equations in a

cylinder

Here we outline our numerical algorithm adopted to solve Equations (5.41 - 5.46), where

the localization spacing p and the cohesive zone size a are treated as input parameters

to calculate the corresponding normalized cohesive strength and critical strip thickness.
For crack nucleation at the centre of electrode during solute intercalation (Figure 5.3a),
the length dimension in Equations (5.41-5.43) is normalized as

f=2r—a’ R=2R—a’ (F.1)
a a

both defined over [-11] to facilitate numerical analysis. The singular nature of

dislocation density at both crack-tips can be represented as

B(R.r)= £(f. ifif (F2)
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where f (ﬁ,t) is a smooth function of R. Integrals involving square root singularity are

evaluated using the Gauss-Chebyshev quadrature as [68],

1 R oy 2j-1 .
j F(R) / +R 5 2N7: 1;[1+005[%ﬂ f(R)) (F.3)

where ]A{/. = cos((Zj—l)ﬂ/(2N+l)), j=1,.,N are integration points. Equation (5.41)

is imposed at N collocation points given by 7 = cos(2i72’/(2N+1)), i=1,.,N. The

condition of removal of singularity in Equation (5.42) becomes f (l,t)z 0, which can be
expressed in terms of the integration point values of f using Krenk’s extrapolation

formulae [73],

N .
j—0.5)r NQ2j-1)z ] (5
1,¢ R t]. F.4
TNt 12 { AN +1 }m{ 2N +1 f(f ) (F4)
For crack nucleation near the edge of electrode during solute extraction (Figure 5.3b),

the length dimensions in Equations (5.44-5.46) are normalized over [—1, 1] as

;=2r+a—2rc, }%:2R+a—2r0. (F.5)

a a

The singular nature of dislocation density at the crack-tip can be represented as

(F.6)

where [ (ﬁ,t) is a smooth function of R. Integrals involving w/il—]@i/ il+1§i can be

evaluated using Gauss-Chebyshev quadrature as [68],

1-R - 2w &
If(R)J édR N+1]z[1 cos( Hf(R), (F.7)
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where ﬁ_/ :cos(2j7z/(2N+1)), j=1,.,N are integration points. Equation (5.44) is
imposed at N collocation points given by @:cos((Zi—l)ﬂ/(2N+1)), i=1,..,N.

Equation (5.45) representing the condition of removal of singularity translates to

f(=1,£)=0, which can be expressed in terms of the integration point values of f using

Krenk’s extrapolation formula [73],

Y T(=05)] . [N@ji-1)7] (5
(=1.e)= 2N+IZ:‘ { 2N +1 }Sm{ 2N +1) }f(RNH_,,t). (F.8)

The triangular cohesive law (Equation (5.30)) introduces non-linearity in Equations

(5.41) and (5.44) and we solve Equations (5.41-5.43) and (5.44-5.46) iteratively using the
Newton-Raphson method until convergence is achieved. In most cases, convergence is
obtained within six to eight iterations.

The image stress integrals in P(r,R) and H(r,z,R) are numerically evaluated using

Gauss—Laguerre quadrature [72], which works well except for the evaluation of axial

stress at the electrode surface (r.,p/2) during the extraction case (See Equation (5.48)).
The numerical quadrature scheme does not converge for R — ., because of the very slow

decay of the image stress integrals with m . To resolve this problem, we split the integral

into three parts,

o

J.f, (m,rc )Nr (rC,r = rC,m)cos[m(z -z, )]dm ~ Tf, (m,rc )[Nr (rC,r = rc,m)— N” ]cos[m(z -z, )]dm

0

+N7 If r, )eos[m(z -z, )ldm + N7 J-f r, )eos|m(z - z, )|dm
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(F.9)

o0

[0 N = m)ooslinz 2, Yim = [ £ (N7 = )~ 2 oz z

0

+NZ njfz (m,r. )cos|m(z -z, )ldm + N? Tf;’ (m,r. )cos|m(z - z, )ldm

(F.10)

where N” =LimN,(r,,r =r,,m)=1 and N? =LimN_(r.,r =r.,m)=2. The first integral on

m—»0 m—»0
the right hand side is now accurately evaluated using Gauss—Laguerre quadrature due to

the rapidly decaying integrand. The second integral on the right hand side is normalized

to [-1,1] and calculated using Gauss-Legendre quadrature [72]. The integrand f° and

£ in the last integral are series expansions of f, and f, in the limitas m — o,

£ )= explm(R 1. )}{M e —R)+ (7RI =3N1=R/r) [15(R}r,)+57(R/ Y —211(R/x,} +15+256(R/r, V'v]

87 ¢ 64 (R, 10247, (R/r, }*

. 3| 246(R/r, ) —80(R/r. )+ 296(R/r. )’ +65(R)r,)* —35+256(R/r. ' v — 256(R/r, )’V ] , (F.11)
81927(R/r, Y* m*r?

£ ()= expl(R— 1 »{M i, R)- b+2r/ +3(R1Y] 30-Ri)s+6R +5(RY]

87 647\[R/r. 10247mmr,(R/r, )

B 3[18(R/rc ) +20(R/r,)+20(R/r,)’ +35(R/r,)" + 35]} (F.12)

81927(R/r. Y* m*r?
Finally, Equations (F.11-F.12) are combined with the expressions given below to

evaluate the last integral on the right side of Equations (F.9-F.10) in closed form.
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]imrc2 exp(—m(r, - R))cos[(n - 1/2)mp]dm

\{(m*(rc —-R)- l)cos[(n —1/2)pm’ ]— (n—=1/2)p/r, sin[(n - 1/2)pm*]}

ook n-2) (=R/r) + -2 (p/r.)
+2explm’ (r,~ R)1-R/r.) l1-rp, )COS[([Z: 1]/;317;:](;(:1 1;;/) 325// ::;i]lz[(n ~1/2)pm’]
(F.13)
[ explemt. - R)eosln -y 2)pmkin
’” =expl-m'(r, - R)) l-r, )COS[(”E:@)::')Z*JE n(n_ 1/12/)22)(12// rr ;izn[(n —1/2)pm’" ]
(F.14)
R =R o172 )b
m =Sl = R (= 2)p b+ Bl (= R+ im 1= 1/2)p ]
(F.15)

]iWcos[(n —1/2) pm)dm
:e"r’(_’:;(fc_R))cos[(n - 1/2)pm*]_%[{1 —R/r. +i(n—-1/2)p/r. }Ei{l,m*(rc _R)+im* (- 1/2)p}
+ {1= Rfr. ~iln=1/2)p/r.JEiflm (.~ R)= i (n =/ 2)p

(F.16)

where Ei{l,a +ib} is the exponential integral.



Appendix G

Asymptotic  interpolation  solution  for

dislocation interaction with a cohesive crack

Equations (6.13) and (6.15) represent two limiting solutions of dislocation interaction
with a Dugdale cohesive crack (Figure 6.1a) at high and low cohesive strengths,
respectively. In this section, we propose a general approximate solution to dislocation
shielding of a cohesive crack based on an asymptotic interpolation of the limiting

solutions for a Dugdale cohesive crack.

From Equation (6.12a), the normalized cohesive zone length L can be expressed as

2
L‘:[é}kl +%} . (G.1)

Combining Equations (6.12b) and (G.1) leads to
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2
. 0] 6. NP
IZK%_{%] +%f2(¢,95R9K176(3) (Gz)

An asymptotic expansion of Eq. (A2) in the limit of 6, — 0 yields

g, - fl 9.0 9 Sm"’ 6. +0(6 (G.3)
327rR

where the first term represents the low strength solution given in Equation (6.15) and the

second term is the first order expansion term. Similarly, in the limit of &, > o, an

asymptotic expansion of Equation (G.2) in 1/6, leads to

AT _L(ﬁjm 1 1
K,—{l —m} . f3(¢,0)63+0 57 ) (G.4)

where
£5(8,0)=-2 cos(%j@ sin? % - lj sin¢ + 3sin Hcos(gzﬁ —%9) . (G.5)

The Lin-Thomson solution corresponds to the first term in Equation (G.4). Based on the
asymptotic solutions given in Equations (G.3) and (G.4), we propose the following

asymptotic interpolation solution for dislocations interaction with a cohesive crack:

AK, =AK,| . tanh( }rAK[ tanh(clé'c +¢362 R cos? ¢), (G.6)
O .—> O-c
where
< ~\3/2
¢ =— V87R sin ¢ S (77/8R)3 f3(¢,67) (G.7)

Jr@o)] AL [rea]
i
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are obtained by expanding Equation (G.6) in terms of &, and 1/, in the low and high
strength limit and comparing the result with the asymptotic solutions given in Equations
(G.3) and (G.4). The term ¢;62Rcos> ¢ is an ad hoc term added to prevent a redundancy
problem in case that the Burger’s vector is oriented horizontally (¢ =0), in which case
¢; =0. The coefficient ¢; can be obtained by fitting the prediction of Equation (G.6) to
the actual solution of a dislocation near a Dugdale cohesive crack with, say,
0=r/3,=0,b=025nm,E* =157GPa,T =2.J/m? . For distances R ={100nm,10nm,5nm}
between such a dislocation and the cohesive zone tip O, the best fit is found to be
¢y =2.7. Figure G.1 compares the prediction of Equation (G.6) for a dislocation in front
of the cohesive crack, a case discussed in section 6.2.3. It can be seen that the asymptotic
interpolation solution in Equation (G.6) compares reasonably well with the exact
numerical solution, although it tends to underestimate AK, for intermediate values of the
cohesive strength. Similar behaviour was also observed when Equation (G.6) was
compared with the rest of the examples discussed in section 6.2.3.

To further examine the effectiveness of the asymptotic interpolation solution, we have
analysed the toughness predicted from Equation (6.6) based on the dislocation structure
used in the DD simulation” of section 6.3. The net contribution of the dislocation
ensemble to toughness is computed for each dislocation individually and then
superposed. The result is plotted in Figure 6.5 together with the DD simulation results
obtained for a trapezoidal cohesive crack. The cohesive zone length L at a given

cohesive strength is taken to be the characteristic cohesive zone length L, (Equation

" DD simulations are carried by Dr. Audrey Chng of IHPC, Singapore.
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0.25 nm and

b=

(6.10)). Other material properties are taken to be E* =157 GPa,

1.125 J/m* , the same as those used in the DD simulations [103] reported in section

I'=

6.3. Comparison with the DD simulations indicates that the asymptotic interpolation

solution significantly improves upon the Lin-Thomson solution in providing a more

reasonable estimate of dislocation shielding of a cohesive crack.
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Figure G.1: Comparison of the numerically calculated shielding AK; of a Dugdale (rectangular)

cohesive crack (Equation 6.12) by a single edge dislocation in front of the crack-tip and the

10nm , while the material properties are

corresponding asymptotic interpolation solution (Equation G.6). The distance between the

dislocation and the cohesive zone tip is taken to be R

I=2J/m*[103].

and

0.25 nm

b=

157 GPa,

E* =



Bibliography

[1]

2]

[3]

[4]

[5]

[6]

[7]

Freund L.B., Suresh, S., 2003. Thin film materials, Cambridge University Press,
New York.

Genin F.Y., 1995. The initial stages of the formation of holes and hillocks in thin
films under equal biaxial stress. Acta Metallurgica et Materialia 43(12), 4289-
4300.

Keller R.-M., Baker S., Arzt E., 1998. Quantitative analysis of strengthening
mechanisms in thin cu films: effects of film thickness, grain size, and passivation.
Journal of Materials Research 13, 1307-1317.

Thouless M.D., 1993. Effect of Surface Diffusion on the Creep of Thin Films and
Sintered Arrays of Particles. Acta Metallurgica et Materialia 41, 1057-1064.

Vinci R.P., Zielinski E.M., Bravman J.C., 1995. Thermal strain and stress in
copper thin films. Thin Solid Films 262, 142-153.

Gao H., Zhang L., Nix W.D., Thompson C.V., Arzt E., 1999. Crack-like grain-
boundary diffusion wedges in thin films. Acta Materialia 47(10), 2865-2878.
Zhang L., Gao H., 2002. Coupled grain boundary and surface diffusion in a
polycrystalline thin film constrained by substrate. Zeitschrift fiir Metallkunde 93,

417-427.

139



[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

140
Antipov Y.A., Gao H., 2000. Exact Solution of integro-differential equations of
diffusion along a grain boundary. The Quarterly Journal of Mechanics and
Applied Mathematics 53(4), 645-674.
Antipov Y.A., Gao H., 2002. Atomic diffusion from a material surface into a
grain boundary. Proceedings of the Royal Society of London. Series A 458, 1673-
1694.
Buehler M.J., Hartmaier A., Gao H., 2003. Atomistic and continuum studies of
crack-like diffusion wedges and associated dislocation mechanisms in thin films
on substrates. Journal of the Mechanics and Physics of Solids 51, 2105-2125.
Weiss D., Gao H., Arzt E., 2001. Constrained diffusional creep in uhv-produced
copper thin films. Acta Materialia 49, 2395-2403.
Balk T.J., Dehm G., Arzt E., 2003. Parallel glide: unexpected dislocation motion
parallel to the substrate in ultrathin copper film. Acta Materialia 51(15), 4471-
4485.
Stoney G.G., 1909. The tension of metallic films deposited by electrolysis.
Proceedings of the Royal Society of London. Series A 82, 172-175.
Abermann R., Koch R., 1985. The internal stress in thin silver, copper and gold
films.Thin Solid Films 129, 71-78.
Abermann R., 1992. In situ measurement of stresses in thin films. Materials
Research Society Proceedings 239, 25-36.
Koch R.J., 1994. The intrinsic stress of polycrystalline and epitaxial thin metal

films. Journal of Physics: Condensed Matter 6, 9519-9550.



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

141
Floro J.A., Hearne S.J., Hunter J.A., Kotula P., Chason E., Seel S.C., Thompson
C.V,, 2001. The dynamic competition between stress generation and relaxation
mechanisms during coalescence of Volmer-Weber thin films. Journal of Applied
Physics 89, 4886-4897.
Cammarata, R.C., Trimble, T.M., Srolovitz , D.J., 2000. Surface stress model for
intrinsic stresses in thin films . Journal of Materials Research 15, 2468-2474.
Gill, S.P.A., Gao, H., Ramaswamy, V., Nix, W.D., 2002. Confined Capillary
Stresses During the Initial Growth of Thin Films on Amorphous Substrates.
Journal of Applied Mechanics 69, 425-432.
Friesen, C., Thompson, C.V., 2002. Reversible Stress Relaxation during
Precoalescence Interruptions of Volmer-Weber Thin Film Growth. Physical
Review Letters 89, 126103-1:4.
Friesen C., Seel S.C., Thompson C.V., 2004. Reversible stress changes at all
stages of Volmer-Weber film growth. Journal of Applied Physics 95(3), 1011-
1020.
Hoffman R.W., 1976. Stresses in thin films: the relevance of grain boundaries and
impurities. Thin Solid Films 34, 185-190.
Nix W.D., Clemens B.M., 1999. Crystalline coalescence: a mechanism for
intrinsic tensile stresses in thin films. Journal of Materials Research 14, 3467-
3473.
Freund L.B., Chason E., 2001. Model for stress generated upon contact of
neighboring islands on the surface of a substrate. Journal of Applied Physics 89,

4866-4873.



[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

142
Spaepen F., 2000. Interfaces and Stresses in Thin Films. Acta Materialia 48, 31-
42.
Chason E., Sheldon B.W., Freund L.B., Floro J.A., Hearne S.J., 2002. Origin of
compressive residual stress in polycrystalline thin films. Physical Review Letters
88,156103:1-4.
Guduru P.R., Chason E., Freund L.B., 2003. Mechanics of compressive stress
evolution during thin film growth. Journal of the Mechanics and Physics of Solids
51,2127-2148.
Shin, J.W., Chason, E., 2009. Compressive Stress Generation in Sn Thin Films
and the Role of Grain Boundary Diffusion. Physical Review Letters 103, 056102-
1:4.
Laforge, B., Jodin-Levan, L., Salot, R., Billard ,A., 2008. Study of Germanium as
Electrode in Thin-Film Battery. Journal of The Electrochemical Society 155,
A181-A188.
Tarascon, J.—M., Armand, M., 2001. Issues and challenges facing rechargeable
lithium batteries. Nature 414, 359-367.
Thomas, J., 2003. A spectacularly reactive cathode. Nature Materials 2, 705-706.
Dahn, J.R., Zheng, T., Liu, Y., Xue, J.S., 1995. Mechanisms for Lithium Insertion
in Carbonaceous Materials. Science 270, 590-593.
Kim, M.-H., Ahn, S.-H., Park, J.-W., Ascencio, J.A., 2006. Electrochemical
Characteristics of a Si/Ge Multilayer Anode for Lithium-Ion Batteries. Journal of

the Korean Physical Society 49, 1107-1110.



[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

143

Boukamp, B.A., Lesh, G.C., Huggins, R.A., 1981. All-Solid Lithium Electrodes
with Mixed-Conductor Matrix. Journal of The Electrochemical Society 128, 725-
729.

Bourderau, S., Brousse, T., Schleich, D.M., 1999. Amorphous silicon as a
possible anode material for Li-ion batteries. Journal of Power Sources 81-82, 233-
236.

Winter, M., Besenhard, J.O., Spahr, M.E., Novak, P., 1998. Insertion Electrode
Materials for Rechargeable Lithium Batteries. Advanced Materials 10, 725-763.

Yang, J., Winter, M., Besenhard, J.O., 1996. Small particle size multiphase Li-
alloy anodes for lithium-ion-batteries. Solid State Ionics 90, 281-287.

Kim, I-S., Kumta, P.N., Blomgren, G.E., 2000. Si/TiN Nanocomposites Novel
Anode Materials for Li-Ion Batteries. Electrochemical and Solid-State Letters 3,
493-496.

Mao, O., Turner, R.L., Courtney, [.A., Fredericksen, B.D., Buckett, M.1., Krause,
L.J., Dahn, J.R., 1999. Active/Inactive Nanocomposites as Anodes for Li-Ion
Batteries. Electrochemical and Solid-State Letters 2, 3-5.

Besenhard, J.O., Yang, J., Winter, M., 1997. Will advanced lithium-alloy anodes
have a chance in lithium-ion batteries? Journal of Power Sources 68, 87-90.

Graetz, J., Ahn, C.C., Yazami, R., Fultz, B., 2003. Highly Reversible Lithium
Storage in Nanostructured Silicon. Electrochemical and Solid-State Letters 6,

A194-A197.



[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

144
Graetz, J., Ahn, C.C., Yazami, R., Fultz, B., 2004. Nanocrystalline and Thin Film
Germanium Electrodes with High Lithium Capacity and High Rate Capabilities.
Journal of The Electrochemical Society 151, A698-A702.
Taberna, P.L., Mitra, S., Poizot, P.S., Simon, P., Tarascon, J.-M., 2006. High rate
capabilities Fe;O4-based Cu nano-architectured electrodes for lithium-ion battery
applications. Nature Materials 5, 567-573.
Chan, CK., Peng, H., Liu, G., Mcllwrath, K., Zhang, X.F., Huggins, R.A., Cui,
Y., 2008. High-performance lithium battery anodes using silicon nanowires.
Nature Nanotechnology 3, 31-35.
Garcia, R.E., Chiang, Y.-M., Carter, W.C., Limthongkul, P., Bishop, C.M., 2005.
Microstructural Modeling and Design of Rechargeable Lithium-Ion Batteries.
Journal of The Electrochemical Society 152, A255-A263.
Christensen, J., Newman, J., 2006. A Mathematical Model of Stress Generation
and Fracture in Lithium Manganese Oxide. Journal of the Electrochemical Society
153, A1019-A1030.
Christensen, J., Newman, J., 2006. Stress generation and fracture in lithium
insertion materials. Journal of Solid State Electrochemistry 10, 293-319.
Zhang, X., Shyy, W., Sastry, A.M., 2007. Numerical Simulation of Intercalation-
Induced Stress in Li-lon Battery Electrode Particles. Journal of The
Electrochemical Society 154, A910-A916.
Cheng, Y.-T., Verbrugge, M.W., 2008. The influence of surface mechanics on
diffusion induced stresses within spherical nanoparticles. Journal of Applied

Physics 104, 083521-1-6.



[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

145
Cheng, Y.-T., Verbrugge, M.W., 2009. Evolution of stress within a spherical
insertion electrode particle under potentiostatic and galvanostatic operation.
Journal of Power Sources 190, 453-460.
Barenblatt, G., 1959. The formation of equilibrium cracks during brittle fracture:
general ideas and hypothesis. Axially symmetric cracks. Journal of Applied
Mathematics and Mechanics 23, 622—-636.
Dugdale, D.S., 1960. Yielding of steel sheets containing slits. Journal of the
Mechanics and Physics of Solids 8, 100—104.
Needleman, A., 1987. A continuum model for void nucleation by inclusion
debonding. Journal of Applied Mechanics 54, 525-531.
Tvergaard, V., Hutchinson, J.W., 1992. The relation between crack growth
resistance and fracture process parameters in elastic—plastic solids. Journal of the
Mechanics and Physics of Solids 40, 1377-1397.
Tvergaard V., Hutchinson J.W., 1993. The influence of plasticity on mixed mode
interface toughness. Journal of the Mechanics and Physics of Solids 41, 1119-
1135.
Tvergaard V., Hutchinson J.W., 1996. On the toughness of ductile adhesive joints.
Journal of the Mechanics and Physics of Solids 44, 789-800.
Mohammed, I., Liechti, K.M., 2000. Cohesive zone modeling of crack nucleation
at bimaterial corners. Journal of the Mechanics and Physics of Solids 48, 735-764.
Cleveringa, H.HH.M., van der Giessen, E., Needleman, A., 2000. A discrete
dislocation analysis of mode I crack growth. Journal of the Mechanics and

Physics of Solids 48, 1133-57.



[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

146
Deshpande, V.S., Needleman, A., van der Giessen, E., 2001. A discrete
dislocation analysis of near-threshold fatigue crack growth. Acta Materialia 49,
3189-3203.
Deshpande, V.S., Needleman, A., van der Giessen, E., 2002. Discrete dislocation
modeling of fatigue crack propagation. Acta Materialia 50, 831-846.
O'Day, M.P., Curtin, W.A., 2005. Bimaterial interface fracture: A discrete
dislocation model. Journal of the Mechanics and Physics of Solids 53, 359-382.
Broedling, N.C., Hartmaier, A., Gao, H., 2006. A combined dislocation-cohesive
zone model for fracture in a confined ductile layer. International Journal of

Fracture 140, 169-181.

Chng A.C., O'Day M.P, Curtin W.A., Tay A.A.O., Lim K.M., 2006. Fracture in

confined thin films: A discrete dislocation study. Acta Materialia 54, 1017-1027.

Chng, A.C., Curtin, W.A., Tay, A.A.O., Lim, K.M., 2008. Effect of residual
stress on fracture in confined thin films: a discrete dislocation study. Modelling
and Simulation in Material Science and Engineering 16, 015002.

Broedling, N.C., Hartmaier, A., Gao, H., 2008. Fracture toughness of layered
structures: embrittlement due to confinement of plasticity. Engineering Fracture
Mechanics 75, 3743-3754.

Lin, I.-H., Thomson, R., 1986. Cleavage, dislocation emission, and shielding for
cracks under general loading. Acta Metallurgica 34, 187-206.

Weertman, J., 1996. Dislocation based Fracture Mechanics. World Scientific
Publishing Company, Inc., Singapore (1996).

Erdogan F., Gupta G.D., Cook T.S., 1973. Numerical solution of singular integral



[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

147
Equations. In: Sih G C, editor. Methods of Analysis and Solutions of Crack
Problems (Noordhoff, Leyden), 368-425.
Tada, H., Paris, P.C., Irwin, G.R., 2000. The stress analysis of cracks handbook.
ASME Press.
Hirth, J.P., Lothe, J., 1982. Theory of Dislocations. John Wiley & Sons, New
York.
Bilby, B.A., Eshelby, J.D., 1968. Dislocations and the Theory of Fracture, In:
Liebowitz. H. (Ed.), Fracture, An Advanced Treatise. Vol. I, Microscopic and
Macroscopic Fundamentals, 99—182, Academic Press, New York and London.
Press W.H., Teukolsky S.A., Vetterling W.T., Flannery B.P., 2002. Numerical
Recipes in C: The Art of Scientific Computing (Cambridge University Press,
Cambridge).
Krenk, S., 1975. On the use of the interpolation polynomial for solutions of
singular integral equations. The Quarterly of Applied Mathematics 32, 479-484.
Rice, J.R., 1968. In: Liebowitz, H. (Ed.), Fracture II. New York: Academic press,
191.
Camacho, G.T., Ortiz, M., 1996. Computational modeling of impact damage in
brittle materials. International Journal of Solids and Structures 33, 2899-2938.
Jog, C.S., 2002. Foundations and Applications of Mechanics. Vol. I Continuum
Mechanics, Narosa Publishing House, New Delhi.
Li, J.CM., 1978. Physical Chemistry of Some Microstructural Phenomena
Metallurgical Transactions A 9, 1353-1380.

Crank, J., 1980. The mathematics of diffusion. Oxford University Press.



[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

148
Hearne, S.J., Floro, J.A., 2005. Mechanisms inducing compressive stress during
electrodeposition of Ni. Journal of Applied Physics 97, 014901:1-6.
Ramaswamy, V. PhD thesis, Stanford University, 2000.
Pao, C.-W., Foiles, S.M., Webb, III E.B., Srolovitz D.J., Floro J.A., 2007. Thin
film compressive stresses due to adatom insertion into grain boundaries. Physical
Review Letters 99, 036102:1-4.
Tello, J.S., Bower, A.F., 2008. Numerical simulations of stress generation and
evolution in Volmer—Weber thin films. Journal of the Mechanics and Physics of
Solids 56, 2727-2747.
Xia, Z.C., Hutchinson, J.W., 2000. Crack patterns in thin films. Journal of the
Mechanics and Physics of Solids 48, 1107-1131.
Chan, Y.-S., Fannjiang, A.C., Paulino, G.H., 2003. Integral equations with
hypersingular kernels-theory and applications to fracture mechanics. International
Journal of Engineering Science, 41(7), 683-720.
Bhandakkar, T.K., Chason, E., Gao, H., 2010. Analytical model of transient
compressive stress evolution during growth of high diffusivity thin films on
substrates, Philosophical Magazine 90, 3037-3048.
Bhandakkar, T.K., Chason, E., Gao, H, 2009. Formation of crack-like diffusion
wedges and compressive stress evolution during thin film growth with
inhomogeneous grain boundary diffusivity, International Journal of Applied
Mechanics 1, 1-19.
Kaur, I., Gust, W., Kozma, L., 1989. Handbook of Grain and Interphase

Boundary Diffusion Data, Ziegler Press, Stuttgart.



[88]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

149
Hwang, J.C.M, Balluffi, R.W., 1978. On a possible temperature dependence of the
activation energy for grain boundary diffusion in metals. Scripta Metallurgica 12,
709-714.
Lange, W. Bergner, D., 1962. Measurement of grain boundary self-diffusion in
polycrystalline tin. Physica Status Solidi 2, 1410-1414.
Philibert, J., 1991. Atom movements, Diffusion and Mass transport in Solids,
L'Editeur: EDP Sciences.
Prussin, S., 1961. Generation and Distribution of Dislocations by Solute
Diffusion. Journal of Applied Physics 32, 1876-1881.
Yang, F., 2005. Interaction between diffusion and chemical stresses. Materials
Science and Engineering: A 409, 153-159.
Deshpande, R., Cheng, Y.-T., Verbrugge, M.W., 2010. Modeling Diffusion-
Induced Stress in Nanowire Electrode Structures. Journal of Power Sources, 195,
5081-5088.
Huggins, R.A., Nix, W.D., 2000. Decrepitation Model For Capacity Loss During
Cycling of Alloys in Rechargeable Electrochemical System. Ionics 6, 57-63.
Timoshenko, S.P., Goodier, J.N., 1970. Theory of Elasticity. McGraw-Hill Book
Company.
Bhandakkar, T.K., Gao, H., 2010. Cohesive modeling of crack nucleation under
diffusion induced stresses in a thin strip: implications on the critical size for flaw
tolerant battery electrodes, International Journal of Solids and Structures 47,

1424-1434.



[97]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

150
Haftbaradaran, H., Gao, H., Curtin, W.A., 2010. A Surface Locking Instability for
Atomic Intercalation into a Solid Electrode. Applied Physics Letters 96, 091909-
1-3.
Fotuhi, A.R., Fariborz, S.J., 2008. Stress analysis in a cracked strip. International
Journal of Mechanical Sciences 50, 132-142.
Kroupa, F., 1960. Circular edge dislocation loop. Czechoslovak Journal of
Physics 10B, 284-293.
Bai, T., Pollard, D.D., Gao, H., 2000. Explanation for fracture spacing in layered

materials. Nature 403, 753-756.
van der Giessen E., Needleman A., 1995. Discrete dislocation plasticity: a simple

planar model. Modelling and Simulation in Material Science and Engineering 3,
689-735.

Riemelmoser F.O., Pippan R., Stiiwe H.P., 1997. A comparison of a discrete
dislocation model and a continuous description of cyclic crack tip plasticity.
International Journal of Fracture 85, 157-168.

Bhandakkar, T.K., Chng, A.C., Curtin, W.C., Gao, H., 2010. Dislocation shielding
of a cohesive crack. Journal of the Mechanics and Physics of Solids 58, 530-541.
Ayas, C., Van der Giessen., E., 2009. Stress relaxation in thin film/substrate
systems by grain boundary diffusion: a discrete dislocation framework. Modelling
and Simulation in Materials Science and Engineering 17, 064007.

Nazarov, A.V., Mikheev, A.A., 2004. Theory of Diffusion under Stress in

Interstitial Alloys. Physica Scripta T108, 90-94.



151

[106] Hatchard, T.D., Dahn, J.R., 2004. In Situ XRD and Electrochemical Study of the
Reaction of Lithium with Amorphous Silicon. Journal of The Electrochemical
Society 151, A838-A842.

[107] Demir, 1., Hirth, J.P., Zbib, H.M., 1992. The Somigliana ring dislocation. Journal
of Elasticity 28, 223-246.

[108] Khraishi, T.A., Hirth, J.P., Zbib, H.M., de la Rubia, T., 2000. The stress field of a
general circular Volterra dislocation loop: analytical and numerical approaches.
Philosophical magazine letters 80, 95-105.

[109] Cai, W., Weinberger , C.R., 2009. Energy of a Prismatic Dislocation Loop in an

Elastic Cylinder. Mathematics and Mechanics of Solids 14. 192-206.



	List of Tables 
	List of Figures 
	O1O Overview and Introduction 
	1.1 Volmer-Weber thin film growth 
	1.2 Stresses and cracking in Li battery electrodes 
	1.3 Dislocation shielding of a cohesive crack 
	1.4 Organization of this thesis 
	2.Basic mathematical techniques and Formulation 
	2.1 Integral equation method in fracture mechanics 
	2.2 Cohesive zone models 
	2.3 Coupling between stress and diffusion 
	                           
	2.3.1 Mass conservation, driving force and kinetic laws of diffusion 
	2.3.2 Chemical potential 
	 2.3.3 Grain boundary diffusion 
	2.3.4 Bulk diffusion 

	.Volmer-Weber thin film growth: Formulation 
	3.1 Compressive stress evolution during Volmer-Weber growth 
	3.2 Problem formulation 
	3.3 Finite and inhomogeneous GB diffusivity 
	3.4 Infinite GB diffusivity 
	3.4.1 Analytical solution 
	3.4.2 Numerical solution 

	3. Volmer-Weber thin film growth: Results 
	4.1 Finite and inhomogeneous GB diffusivity 
	4.1.1 Formation of GB diffusion wedges during thin film growth 
	4.1.2  Effect of inhomogeneous GB diffusivity on compressive stress evolution during thin film growth 
	4.2 Infinite GB diffusivity 

	5. Crack nucleation in battery electrodes under diffusion induced stresses 
	5.1 Background 
	5.2 Diffusion induced stresses in electrodes 
	5.2.1 Strip electrode 
	 
	 
	 
	5.2.2 Cylindrical electrode  
	5.3 Cohesive model of crack nucleation in the electrode 
	5.3.1 Strip electrode 
	5.3.1.1 Localization spacing   
	5.3.2 Cylindrical electrode 
	5.3.2.1 Localization spacing   
	5.4 Critical conditions for crack nucleation 

	Dislocation shielding of a cohesive crack 
	6.1 Dugdale cohesive crack 
	6.1.2 Limiting solutions for high and low cohesive strengths 
	6.2 Discrete Dislocation Simulations  

	8. Concluding remarks 
	Stress evolution in Volmer-Weber thin film growth:  
	Crack nucleation under diffusion induced stresses in battery electrodes:  
	Dislocation shielding of cohesive cracks 

	A. Numerical algorithm for hypersingular integral equations 
	Green’s function kernel in a strip (Periodic case) 
	 
	Appendix C 
	Numerical scheme for integral equations in a strip 
	 
	Appendix D 
	Green’s function kernel for a single dislocation in a strip 
	 
	Appendix E 
	Green’s function kernel for a circular dislocation loop in a cylinder 
	 
	Appendix F 
	Numerical scheme for integral equations in a cylinder 
	 
	Appendix G 
	 Asymptotic interpolation solution for dislocation interaction with a cohesive crack 
	Bibliography 


