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We study several aspects of high energy scattering using the AdS/CFT correspondence.
We begin with concise theoretical overviews of a few relevant topics. First is a general
introduction to scattering theory, where we define most of the relevant concepts and terms
which we will use later, and introduce the physical motivation for studying them. We follow
that by introducing Regge theory, which has had a storied history since its’ beginnings.
We discuss Regge trajectories and the Pomeron and Odderon, which we will return to
later. Next we turn to a short introduction to quantum chromodynamics. We discuss
asymptotic freedom and confinement in quantum chromodynamics, which allows us to
examine the main ideas from DIS processes and Pomeron exchange at weak coupling. We
then turn to introducing relevant concepts from string theory. In particular, we study the
massless spectrum of states, consisting of the graviton, Kalb-Ramond field and the dilaton,
and then introduce string vertex operators and study how we can use them to calculate
string scattering amplitudes. After these introductory chapters we introduce the formalism
developed by Brower, Polchinski, Strassler and Tan [1], and Brower, Strassler and Tan [2, 3]
to study high energy scattering in the Regge limit using string theory and the AdS/CFT
correspondence. This involves developing a Pomeron vertex operator in AdS space string
theory, and using it to find the eikonal approximation to the scattering amplitude. The
Pomeron is found to correspond to the Regge trajectory of the graviton. Finally, we
then apply these techniques to study at strong coupling some of the relevant concepts we
introduced initially at weak coupling. We begin by keeping the next order term in the
expansion that BPST used to define the Pomeron vertex operator, and find that doing so
will correspond to defining the Odderon in AdS space. We note that due to symmetry
arguments the Odderon can sometimes be the leading order exchange, and find that in
AdS space it corresponds to the Regge trajectory of the Kalb-Ramond field. We next turn
to the study of DIS at strong coupling. We find that indeed, using Pomeron exchange
string theory in AdS background can provide a very good agreement with experiment,
giving a renormalized χ2

d.o.f. = 1.04 for the best model we consider. A crucial step in
this analysis is using the hard-wall model to approximate confinement, and the eikonal
approximation to satisfy the unitarity bounds. Finally, we comment on some ongoing
research and possible future research areas.
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Chapter 1

Introduction

Strong interactions at strong coupling can be strongly difficult to study. Nevertheless, in

this work we present some recent advances which allows us to study this. The main results

will be presented in chapters 7 and 8, which are based on the work done in [7, 8, 9, 10].

Before we get to those chapters we need to develop quite a lot of intuition and knowledge

of high energy scattering processes and the strong interactions, and therefore chapters 2-6

can be thought of as an introduction to the later chapters.

We begin in chapter 2 by giving a general overview of scattering theory. We define the

relevant quantities, cross section and amplitude, which we will encounter again and again,

and relate them to quantities that can be physically measured. We also give a proof of

the optical theorem, a very useful tool in calculating the total cross section, and point

out that the unitarity will give a strong bound on the total cross section for the strong

interaction, σtot ≤ log(s/s0)2. We also meet the eikonal approximation for the first time,

showing that it will lead to the unitarity bound being satisfied manifestly.

1
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We next turn to Regge theory, chapter 3. This theory views scattering as being mediated

by an infinite tower of particles, rather than just a single particle. This leads to the

amplitude going as

A(s, t) ∼ ( s
s0

)α(t) ,

where α(t) represents the trajectory of these infinite particles. Such a trajectory is called a

Regge trajectory, and we give special care to two of these, the Pomeron and the Odderon.

Both of these correspond to states with the quantum numbers of the vacuum, but the

Pomeron has C = +1 and the Odderon C = −1. The Pomeron has been well established

experimentally, and appears to be the dominant contribution to all scattering cross sections

that do not vanish as s→∞. The Odderon’s trajectory lies below that of the Pomeron,

and is usually overshadowed, but could be the dominant process when the Pomeron is not

exchanged. We also show that one representation of the eikonal approximation involves

an infinite number of Pomerons being exchanged.

Quantum chromodynamics is the subject of the following chapter, 4. This theory gained

prominence in the 1970’s, when it was shown that its coupling constant vanishes [11, 12,

13, 14],

α(µ)→ 0

as µ→∞, a property known as asymptotic freedom, which we discuss in section 4.2. This

was a very important discovery in the history of physics, since up to then most people

expected all interaction to be more like QED, where the coupling is stronger as µ→∞.

However, we also see that the coupling will get very large when µ→ ΛQCD, a scale where

perturbative QCD will break down. This shows us the need to develop methods that

allow us to work at strong coupling. We next study deep inelastic scattering (DIS) which

will illustrate many of the important features of QCD, and which we will return to from
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the point of view of strong coupling in chapter 8. Finally we briefly look at the BFKL

equation, which gives the Pomeron propagator at weak coupling.

As we begin the transition to strong coupling, we first introduce a string theory, chapter 5.

This theory first arose as an explanation of the Regge trajectories of chapter 3. We study

the spectrum of states of the theory, and how we can study string scattering.

We then make use of this in the very next chapter, 6. We begin by giving a very quick

introduction to a great tool in studying QCD at strong coupling, known as the AdS/CFT

correspondence. Then we see how we can use it to describe Pomeron exchange using string

theory in AdS background, using an approach developed by Brower, Polchinski, Strassler

and Tan. This will give rise to a Pomeron with intercept

j = 2− 2√
λ
.

Due to the general nature of Pomeron exchange, this can be applied to many processes.

We then see how using techniques in the spirit of chapter 3 an eikonal approximation to

Pomeron exchange can be formed in AdS space.

This section ends our introduction. We feel it is potentially useful to have the important

results from a wide range of areas summarized in a consistent way in one place. We then

turn to applying all the tools we have thus developed.

First in chapter 7 we generalize the methods of chapter 6 to Odderon exchange. At weak

coupling, there are two possible solutions for Odderon exchange, one with an intercept

at exactly 1 and one with an intercept slightly below 1. Remarkably, we find the same
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feature at strong coupling

j = 1− m2

2
√
λ

with m2 taking the values of 0 or 16. This is summarized in table 7.1. We also study how

the hard-wall model will modify our results. Using this model we are also able to calculate

the masses of glueball states lying on the Regge trajectories, and are able to reproduce a

feature calculated in lattice QCD,

m2
0 (0++) < m2

0 (2++) ' m2
0 (0−+) < m2

0 (1+−) < m2
0 (1−−) .

In chapter 8 we turn our attention to DIS, first encountered in chapter 4. We see how

we can use the Pomeron exchange to study it, and look at several models - a conformal

single Pomeron exchange, a conformal eikonalized Pomeron exchange, a hard-wall single

Pomeron exchange, and finally an approximation for the hard-wall eikonalized Pomeron

exchange. We compare these results to the most recent set of data, and find that the

hard-wall eikonalized Pomeron exchange has the best agreement, with a renormalized

χ2
d.o.f. = 1.04. It is gratifying that using a string theory calculation gives results with such

a good agreement with experiment. The hard-wall single Pomeron exchange is not far

behind, and it seems that a conclusion can be drawn that a model with confinement is

truly necessary if we want to get a realistic theory of the strong interaction.

Finally, we will present some closing comments, and directions for future research. Without

any further ado, let us begin our journey.



Chapter 2

Introduction to Scattering Theory

2.1 Cross Section and Amplitude

High energy physics is concerned with how elementary particles interact with each other,

and in fact most of the information we have about the fundamental building blocks

of nature comes from observing the scattering of elementary particles. Therefore it is

important to understand what scattering is, and how we can extract information from

it. The way experiments are usually set up involves starting with one set of states, which

we can label with a multi particle state function |in〉. We imagine that in the ’infinite

past’, t → −∞, which is our starting point, the particles are sufficiently far from each

other. This allows us to assume that |in〉 represents a collection of free particles. The

particles then approach each other, or equivalently we turn on the interaction, the particles

scatter, and we end up with a state of free particles |out〉 in the infinite future, t→∞.

Note that for long range interactions such as gravity or electromagnetism, where the

5
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potential falls of as r−1 or slower, this approximation is not always viable. For short

range interactions, such as the strong interaction, this is generally a very good assumption.

Since the strong interaction is much stronger than gravity and electromagnetism, in many

processes between elementary particles we can imagine that the other two are switched

off, and just study the strong interaction. It can be shown that states |in〉 and |out〉 form

complete sets of orthonormal states.

Once we have set up our initial and final states, we are interested in calculating the

probability that starting from an initial state |in〉 we end up with a final state |out〉.

We can define a matrix, called the scattering or S matrix, whose elements give us the

probability amplitude for this transition to happen. Then clearly

Pfi = |〈in|S |out〉|2 (2.1.1)

is the probability for this process to occur. Equation (2.1.1) can be taken as the definition

of the S matrix. Starting from an arbitrary initial state, the probability of ending up in

some final state has to be unity, and hence

1 =
∑
out

|〈in|S |out〉|2 =
∑
out

〈in|S |out〉 〈out|S† |in〉 = 〈in|SS† |in〉 (2.1.2)

Since |in〉 and |out〉 are complete sets of orthonormal states, the last equation implies that

SS† = 1. (2.1.3)

Similarly, by examining the probability that any final state must be obtained from some

initial state, we can show that S†S = 1, and therefore S is a unitary matrix.
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Calling the |in〉 state a and the |out〉 state b, the ab component of the S matrix is given by

Sab = 〈b|a〉 . (2.1.4)

Quantum mechanically, particles have a probability of going through each other without

scattering. Hence we can write the S matrix element (2.1.4) as

Sab = δab + i(2π)4δ4(
∑
a

pa +
∑
b

pb)Aab, (2.1.5)

where the first term on the left hand side corresponds to the aforementioned probability

of no scattering and ending up with the same state, and the second term defines Aab the

scattering amplitude for this process. The Kronecker delta in the first term is a symbolic

representation of the conservation of all the quantum numbers and momenta for states a

and b. The delta function in the second term enforces energy momentum conservation and

is there to make the scattering amplitude Lorentz invariant. Note that throughout this

work we will use an all incoming convention, which is why there is a plus sign between the

sums of momenta. Some authors refer to the factor (2π)4δ4(∑a pa +∑
b pb)Aab as the T

matrix element, so we can also write schematically S = 1 + iT .

Now that we have defined the S matrix and the scattering amplitude, we can ask the

question how they relate to quantities we get from experiments. For simplicity, let us now

focus on scattering with two initial and two final particles

1 + 2→ 3 + 4. (2.1.6)
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It is convenient to introduce the so called Mandelstam variables to study this process

s = −(p1 + p2)2 (2.1.7)

t = −(p1 + p3)2 (2.1.8)

u = −(p1 + p4)2. (2.1.9)

It is trivial to show that they are not all independent, in fact

s+ t+ u =
∑

m2
i . (2.1.10)

It is conventional to take s, t to be independent variables, and u can then be expressed

using (2.1.10). The Mandelstam variables thus defined are Lorentz invariant, and we can

express the scattering amplitude just as a function of s and t, A(s, t) (it will also depend on

the masses of the external particles mi, but these are fixed). In general for 2→ n particle

scattering it can be shown that we would need 3n− 4 independent invariant variables.

We will come back to these below. But first, let us see what experimentalist generally

measure in scattering experiments. Imagine we are looking at a particle which approaches

Figure 2.1: A particle passing between b and b+ db will scatter through dθ around θ.

some other particle at rest, and scatters. As a result of the scattering the direction in
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which the incoming particle is traveling is changed by an angle, θ, which we shall refer to

as the scattering angle. In case that the interaction between these particles depends only

on the distance between them, it is convenient to introduce another quantity, the impact

parameter b, and express the scattering angle as a function of the impact parameter. The

impact parameter is defined as the perpendicular distance between the two particles when

they are far away, before the interaction. See figure 2.1. The functional form θ(b) will

depend on the nature of the interaction.

If the incoming particle is passing through an infinitesimal area dσ between b and b+ db

after scattering it will emerge into a solid angle dΩ. Looking at the figure we see that

dσ = |bdbdφ| dΩ = | sin θdθdφ|, (2.1.11)

and hence
dσ

dΩ = | b

sin θ
db

dθ
|. (2.1.12)

The quantity dσ
dΩ is referred to as the differential cross section.

Now consider a beam of particles passing through the area dσ with uniform number per

unit time per unit area, or luminosity L. The number of particles passing through dσ per

unit time (and scattering through solid angle dΩ) is then

dN = Ldσ = L
dσ

dΩdΩ. (2.1.13)

Experimentally, we can set up a detector that counts the number of particles per unit time

coming out of the solid angle dΩ. This is dN in the above equation (also referred to as the

event rate). The experimentalist can also control the luminosity of the incoming particles,
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and the position of the detector. Hence the only unknown in (2.1.13) is the differential

cross section, and we can determine it experimentally using the equation

dσ

dΩ = dN

LdΩ . (2.1.14)

Adding up the contribution for each solid angle, we can then obtain the total cross section

σ =
ˆ

dσ

dΩdΩ. (2.1.15)

The above discussion was classical, but the relevant definitions carry over into the quantum

case, and it is a useful intuitive picture to have. In quantum mechanics we can only talk

about the probability of a particle being scattered through dΩ. Also, the above discussion

involves the same incoming and outgoing particles, or elastic scattering. We can also have

processes where the outgoing particles are different (both in type and number) than the

incoming particles, or inelastic scattering. In that case, the total cross section is the sum

σ = σelastic + σinelastic. (2.1.16)

Besides the differential cross section with respect to the solid angle, (2.1.12), we can

consider differential cross section with respect to other variables, for example dσ
dt
, where

t is the Mandelstam variable defined earlier, corresponding to the momentum transfer

between the incoming and outgoing particle.

Intuitively, the cross section is related to the probability of scattering - in a process with a

larger cross section the incoming particle sees a larger area of the target, and is therefore

more likely to scatter.
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Now that we have seen what is measured experimentally, we need to connect the scattering

amplitude introduced earlier in (2.1.5) to the cross section. We will derive this relation

in the case of 2→ 2 scattering. Let us represent the initial state by a wavepacket with

momenta peaked around k1 ≈ p1 and k2 ≈ p2:

|in〉 =
ˆ

d4k1

(2π)3
d4k2

(2π)3 δ(−k
2
1 +m2

1)δ(−k2
2 +m2

2) θ(E1) θ(E2) f(k1) g(k2) |k1, k2〉. (2.1.17)

The integration measure is Lorentz invariant, and often written after integrating out E1

and E2 ˆ
d4k

(2π)3 δ(−k
2 +m2)θ(E) =

ˆ
dk̃ , (2.1.18)

where we have defined for notational simplicity dk̃
def== d3k/(2π)32E. From (2.1.5) the

transition amplitude is

i(2π)4
ˆ
dk̃1dk̃2f(k1)g(k2)δ(p3 + p4 + k1 + k2)A(k1, k2, p3, p4) (2.1.19)

where p3,4 are the momenta of final state particles. Since k1 and k2 are peaked around p1

and p2 we can approximate A by A(p1, p2, p3, p4). The transition probability is the square

of the amplitude

W =(2π)8
ˆ
dk̃1dk̃2dq̃1dq̃2f(k1)g(k2)f ∗(q1)g∗(q2)

× δ(p3 + p4 + k1 + k2)δ(p3 + p4 + q1 + q2)

× A(p1, p2, p3, p4)A(q1, q2, p3, p4) .

(2.1.20)
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If we then write f and g in terms of their Fourier transforms f̃ and g̃ we have

W =
ˆ
d4x
|f̃(x)|2

2E1

|g̃(x)|2
2E2

(2π)4 δ(
∑

pi)|A(pi)|2 . (2.1.21)

We have approximated δ(k1 + k2 + p3 + p4) ≈ δ(p1 + p2 + p3 + p4), which we can do due to

the fact that the detector always has a finite resolution and cannot differentiate between

k1 + k2 and p1 + p2 [15]. From this expression we can read off the transition rate per unit

volume
dW

d3x dt
= (2π)4δ(∑ pi)

4E1E2
|A|2 |f̃(x)|2 |g̃(x)|2 . (2.1.22)

But dW/d3x dt is just the dN we defined earlier, (2.1.13). Hence

dσ = 1
L

dW

d3x dt
= (2π)4δ(∑ pi)

4|p1|
√
s
|A(pi)|2 . (2.1.23)

From here we get the total cross section by integrating over the final state momenta

σ = 1
4|p1|

√
s

ˆ
d3p3

2E3(2π)3
d3p4

2E4(2π)3 δ
4(
∑

pi)|A(pi)|2 (2.1.24)

More generally, for 2→ n scattering we would integrate over all the n outgoing momenta

and have the delta function respect energy momentum conservation appropriately. The

factor |p1|
√
s can be expressed in a manifestly Lorentz invariant way, equation (A.1.9).

Equation (2.1.24) expresses the total cross section, but as said before, in experiments only

the differential cross section, dσ/dω is measured. Here ω is usually a scattering angle,

energy, or momentum transfer between an initial and final particle. To calculate the
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differential cross section, we would first express ω in terms of the momenta,

ω = ω(pi), (2.1.25)

and then add a delta function δ(ω − ω(pi)) in equation (2.1.17). For example, if we are

interested in dσ/dt we will have

dσ

dt
= 1

64|p1|2s
|A(pi)|2δ(t+ (p1 + p3)2). (2.1.26)

The strategy is complete. If we calculate the scattering amplitude from the S matrix, we

can then express the cross section, and relate it to experimental results.

2.2 Optical Theorem

From the unitarity of the S matrix, (2.1.3), we can derive a very important and interesting

result, known as the optical theorem.

Using (2.1.3) we can write

(SS†)fi = δfi =
∑
n

SfnS
†
ni. (2.2.1)

Plugging in equation (2.1.5) the above expression is

∑
n

(δfn + i(2π)4δ(
∑

pf +
∑

pn)Afn)(δni − i(2π)4δ(−
∑

pn +
∑

pi)A†ni). (2.2.2)
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Expanding and summing over n we have

δfi = δfi + i(2π)4δ(
∑

pf +
∑

pi)(Afi − A†fi) (2.2.3)

+ (2π)8∑
n

δ(
∑

pf +
∑

pn)δ(−
∑

pn +
∑

pi)AfnA†ni.

The two delta functions in the last term on the right hand side can be rewritten

δ(
∑

pf +
∑

pn)δ(−
∑

pn +
∑

pi) = δ(
∑

pf +
∑

pn)δ(
∑

pf +
∑

pi), (2.2.4)

and therefore we can cancel (2π)4δ(∑ pf +∑
pi) leading to

− i(Afi − A†fi) = (2π)4∑
n

δ(
∑

pf +
∑

pn)AfnA†ni, (2.2.5)

which gives

2=Afi = (2π)4∑
n

δ(
∑

pf +
∑

pn)AfnA†ni. (2.2.6)

In case the final state is the same as initial, f = i, equation (2.2.6) is

2=Aii = (2π)4∑
n

δ(
∑

pi +
∑

pn)|Ain|2. (2.2.7)

We recognize the right hand side as the total transition rate for 2→ n particle scattering.

Using our earlier derivation, we can write

2=Aii = 4|pi|
√
sσtot. (2.2.8)

The factor Aii on the left hand side is the elastic scattering amplitude for forward scattering,

since the final state is unchanged with respect to the initial. This corresponds to the
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scattering angle θ = 0, or the momentum transfer t = 0. So finally we have the optical

theorem

σtot = 1
2|pi|
√
s
=Ael(s, t = 0). (2.2.9)

In this thesis we are interested in scattering at high energy. In that case the factor

|pi|
√
s ≈ s

2 (see (A.1.9)) and the above equation becomes

σtot = 1
s
=Ael(s, t = 0), (2.2.10)

which is the expression we will refer to in the rest of this work.

An important thing to note is that the left hand side of (2.2.10), σtot represents the total

cross section for 2→ n scattering, while the right hand side is the amplitude for 2→ 2

elastic scattering.

At first sight, the optical theorem might seem strange. Why is the total cross section

determined just by the imaginary part of the forward scattering amplitude? The following

intuitive picture might help. First note that if the particles were non-interacting, the

outgoing particle would emerge with scattering angle θ = 0 with probability 1. But as

we said before, quantum mechanically for every scattering process there is a chance that

the particles do not interact, and just pass through, as reflected by the δab term in the

expression for Sab. This would also lead to the particle emerging with θ = 0. However, the

particle will also have a probability to scatter at angle θ = 0. So in order for probability

to be conserved (and unitarity is just an expression of this), the scattering amplitude at

θ = 0 has to contribute negatively, since clearly there is a probability to scatter at non-zero

angles as well. Hence the amplitude at θ = 0 has to account for all the particles scattered

at all other angles, and intuitively it contains enough information to determine the total
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cross section.

2.3 Analyticity and Crossing Symmetry

Let us look at the scattering amplitude A(s, t, u), where we explicitly put in the u

dependence. For a process where particles 1 and 2 are the initial particles and s is the

center of mass energy, or in other words in the s channel, there will be some bounds on

the values s can take. Since s = −(p1 + p2)2, clearly s ≥ m2
1 +m2

2. Similarly t will depend

on the scattering angle, and hence the condition −1 ≤ cos θ ≤ 1 will restrict the values of

t, and therefore by (2.1.10) u as well. See Appendix A for more details. Hence there are

specific ranges of values that the Mandelstam variables can take in the s channel.

Similarly, if we consider a process where 1 and 3 are the initial particles, t will be the

center of mass energy (we can call it the t channel process) and we can again derive the

bounds for the values of s, t and u. The same process can be repeated for the u channel.

The principle of analyticity then states that if we start from the s channel process, we

can get the t and u channel processes by promoting s, t and u to complex variables and

analytically continuing the function A to the t and u channel regions. To do this, we must

assume that all the singularities of A have a dynamical origin, poles will correspond to

bound states or resonances, and cuts will correspond to multiparticle thresholds.

Analyticity can be shown to be a consequence of causality, and can be shown true order

by order for Feynman diagrams. It therefore seems to be a reasonable assumption. As a

consequence, we can state more generally our opening discussion of viewing the amplitude
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in different channels. For any process

1 + 2→ 3 + 4 (2.3.1)

the processes related to it by crossing,

1 + 3̄→ 2̄ + 4 (2.3.2)

and

1 + 4̄→ 2̄ + 3 (2.3.3)

are all given by the same amplitude:

A1+2→3+4(s, t, u) = A1+3̄→2̄+4(t, s, u) = A1+4̄→2̄+3(u, t, s) . (2.3.4)

The particles with bars, e.g. 3̄, correspond to the antiparticles of the unbarred particles,

e.g. 3. This property of the scattering amplitude is called crossing symmetry.

Because of the analyticity of the amplitude we can expand it into partial waves. In the s

channel this reads

A(s, t) = 16π
∞∑
j=0

(2j + 1)Aj(s)Pj(zs) , (2.3.5)

with Pj(zs) the Legendre polynomials, and zs = cos θs, with θs the scattering angle

(Appendix A).

It can be shown [16], that Aj(s) can be written

Aj(s) = − i2
e2iδj − 1
ρ(s) , (2.3.6)
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where δj is a complex variable called the phase shift, and

ρ(s) = 2 |p1|√
s
. (2.3.7)

2.4 Unitarity Bound

As it turns out, unitarity (or in other words conservation of probability) puts a bound

on the asymptotic growth of the cross section with increasing energy. A full proof would

require developing some more machinery, but the basic idea would be to expand the

amplitude into partial waves assuming it is bounded by some finite power of s, and then

study the large s behavior of the partial waves. The proof can be found for example in [16].

Instead we will provide an intuitive argument originally due to Feynman and reported at

a conference (although Froissart had a similar argument in his paper [17]).

If B is the effective range of the interaction, then for probability to be conserved the cross

sectional area has to be less than the area of a circle with radius B2:

σtot ≤ 2πB2 . (2.4.1)

To find the effective range we can view the interaction to be created by a potential

V = g12( s
s0

)N exp(− b

B0
) (2.4.2)

where B0 is the intrinsic range of the interaction, and g12 is some coupling constant. The

term sN appears because we assume the amplitude is bounded by some finite power. Then
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the effective range can be found from requiring V ≈ O(1)

g12( s
s0

)N exp(− B

B0
) = 1

=⇒ B2 ∼ c log2( s
s0

)
(2.4.3)

as s→∞, with c a constant. Applying this to (2.4.1) gives

σtot ≤ 2πc log2( s
s0

) . (2.4.4)

This is the statement of the well known Froissart, or Froissart-Martin unitarity bound.

It limits the asymptotic growth of the total cross section. Note that the bound depends

crucially on the fact that the interaction is short range, and the potential is exponentially

cut off (2.4.2). If, for example, the potential was long range like 1/r, the above derivation

would give us the maximal cross section growing as a power sN , and unitarity would still

be satisfied. Therefore scale invariant theories will not give us a log2 unitarity bound.

2.5 First Contact with the Eikonal Approximation

We saw in the previous section that unitarity puts bounds on the total cross section. That

makes us wonder, how can we write an amplitude that will manifestly satisfy unitarity?

Let us write the T matrix symbolically

T = −i(eiχ − 1) . (2.5.1)
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Then S = 1 + eiχ − 1 = eiχ, and unitarity gives

eiχe−iχ
∗ = 1

=⇒ e−2=χ = 1 . (2.5.2)

Hence we see that unitarity would be automatically satisfied as long as =χ ≥ 1 (with

equality saturating the bound).

Of course, we need a physical meaning for χ, and a physical derivation of the above

form (2.5.1). We will defer such discussions to sections 3.3 and 6.3. For now, note that

expressing an amplitude as (2.5.1) is called the eikonal approximation, and χ is often

called the eikonal. This approximation has a long history, and uses in many areas of

physics, such as optics and quantum mechanics. We recommend [18] as a great resource

on the many forms eikonal models can take.



Chapter 3

Regge Theory

In this section we will introduce some of the basic ideas from Regge Theory, such as Regge

trajectories, poles, Pomeron and Odderon. In this part, we will explain how these concepts

first came about, in the pre-QCD days. We will revisit these in later chapters, first from

the point of view of QCD, and then string theory. In this chapter, and most of this work,

we will be chiefly interested in the so-called Regge limit, where the center of mass energy

s� |t|. (3.0.1)

3.1 Regge Trajectories

Let us consider a 2 → 2 scattering process in the s channel. This process occurs by

exchanging a particle or resonance with m2 equal to the momentum transfer t. But also

the quantum numbers, such as charge and isospin, of the process must be conserved, so

21
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the exchanged particle must have the correct quantum numbers. If there are no particles

or resonances with the exchanged quantum numbers, then the cross section for the process

will be small.

On the other hand, we could have multiple particles or resonances with the right quantum

numbers, but with different masses t and spins. These would then correspond to poles in

the t plane of the scattering amplitude A(s, t).

We saw in section (2.3) that the scattering amplitude A(s, t) can be expanded into partial

waves. To study these poles, it is useful to do a partial wave expansion in the t channel

A(s, t) = 16π
∞∑
j=0

(2j + 1)Aj(t)Pj(zt), (3.1.1)

where

zt = cos θt = 1 + 2s
t− 4m2 . (3.1.2)

If only one resonance was exchanged in the process, then in equation (3.1.1) for some t and

j corresponding to the mass and spin of that resonance, only one term would contribute

to the sum, and we would have

A(s, t) = 16π(2j + 1)Aj(t)Pj(zt). (3.1.3)

In the limit (3.0.1) the Legendre polynomial can be approximated

Pj(1 + 2s
t− 4m2 )→ Γ(2j + 1)

Γ2(j + 1) ( s2t)
j ∼ f(t)sj. (3.1.4)

Hence we see that an exchange of particle with spin j leads to the asymptotic form for the
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amplitude A(s, t) ∼ sj . Applying the optical theorem, this would lead to the cross section

having the form

σtot ∼ sj−1. (3.1.5)

Experimentally, in hadron-hadron scattering in the Regge limit, the cross section does not

fit with this form, for any integer j. The resolution of this is logical - we must sum all the

possible particle and resonance exchanges. To do this, we must first study the poles of the

scattering amplitude. Regge showed that we can continue the factors Aj(t) from equation

(3.1.1) to the complex angular momentum plane

Aj(t)→ A(j, t), (3.1.6)

and A(j, t) will have as singularities poles at integer j for some t. As we change t, the

position of the pole will change, leading to a trajectory

j = α(t). (3.1.7)

These poles are known as Regge poles. In general it is possible for A(j, t) to also have cuts.

The theory of Regge cuts has not yet been fully developed or understood.

However, going from Aj(t)→ A(j, t) is not unique. We need to introduce two amplitudes

A±(j, t) =


Aj(t) j even

Aj(t) j odd

(3.1.8)

We can then write

A(s, t) = A+(s, t) + A−(s, t), (3.1.9)
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with

A±(s, t) = 8π
∞∑
j=0

(2j + 1)A±j (t)(Pj(zt)± Pj(−zt)). (3.1.10)

If we impose asymptotic behavior for A±j (t) as j → ∞ then there is a theorem due

to Carlson we can use to affirm the continuation to the complex plane will be unique.

The Legendre polynomials have a natural continuation to the complex plane in terms of

hypergeometric function, and we can write equation (3.1.9)

A±(s, t) = 8π
ˆ
C

dj(2j + 1)A±(j, t)P (j,−zt)± P (j, zt)
sin(πj) , (3.1.11)

and the contour C is chosen so it surrounds the positive real axis. Then picking up the

residues at the zeros of sin(πj) reduces to our previous sum. Rewriting our initial partial

wave sum as a contour integral in the complex plane is known as the Sommerfeld-Watson

transform.

The next step is to deform the contour C to a contour C ′ which is parallel to the imaginary

axis with real part equal to −1/2. The contour at infinity will not contribute, but we must

be careful in doing this to include the contribution from the residues of the poles we pick

up. This will lead to the result

A±(s, t) = − 16π2∑
i

(2α±i (t) + 1)β±i (t)
sin(πα±i (t)) (P (α±i (t),−zt)± P (α±i (t), zt)) (3.1.12)

+ 8πi
− 1

2 +i∞ˆ

− 1
2−i∞

dj
(2j + 1)A±(j, t)(P (j,−zt)± P (j, zt)

sin(πj) , (3.1.13)

with the position and the residues of the poles in the j plane labeled as α±i (t) and β±i (t)

respectively. Note that for a fixed t we could have multiple poles lying on different
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trajectories α±i (t). These would correspond to resonances with the same mass but a

different spin. The sum above goes over all these poles.

Mandelstam showed that the integral in (3.1.13) goes to zero as s→∞, and we are left

with just the first term on the left hand side. We can take advantage of the asymptotic

form of the Legendre polynomials to further simplify this expression

√
πP (j, z) ∼


Γ(j+1/2)
Γ(j+1) (2z)j <j ≥ 1/2

Γ(−j−1/2)
Γ(−j) (2z)−j−1 <j ≤ 1/2

(3.1.14)

Plugging these in, we can show that equation (3.1.13) reduces to

A±(s, t) ∼
∑
i

β±i Γ(−α±i (t))(1± e−iπα
±
i (t))( s

s0
)α
±
i (t). (3.1.15)

To get from (3.1.13) to (3.1.15) we have also reabsorbed some extra factors into β and

introduced an energy scale s0, because it is bad taste to raise a dimensionful quantity to a

power.

The expression we derived, (3.1.15), is the asymptotic form of the 2 → 2 scattering

amplitude in the Regge limit. We see that it is a sum of powers in s. Since we are

considering s → ∞ we can keep just the leading term in this sum (the term with the

largest value of <α(t)), which would finally give us

A±(s, t) ∼ (1± e−iπα±(t))β(t)( s
s0

)α±(t). (3.1.16)

All the factors of t have now been absorbed into β(t), for simplicity. We see that the

amplitude goes as sα(t), compared to sj for exchange of a particle of spin j. Therefore, as
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promised, now a whole trajectory of particles α(t) is being exchanged in the process. The

mass of the particles is given by t, where t solves the equation (3.1.7) for integer j. Note

that from equation (3.1.15) the Γ(−α±(t)) term will have a pole in this case, so indeed

the scattering amplitude will have a pole corresponding to the exchange of a particle of

spin j and mass
√
t.

We can equivalently view the exchange of a trajectory α(t) as an exchange of an object

with angular momentum equal to α(t). Such an object is called a ’Reggeon’.

3.2 Pomeron and Odderon

The derivation in the previous section was general, without making reference to any

particular theory telling us how hadrons interact. Still, we were able to conclude the

general asymptotic form of the amplitude, (3.1.16), in the Regge limit. Applying the

optical theorem, (2.2.10), we can also conclude that the total cross section will behave as

σtot ∼ ( s
s0

)α±(0)−1. (3.2.1)

However, we cannot calculate from first principles the intercept α(0). Therefore the hunt

is on to determine the trajectory. First of all, notice that in equation (3.1.16) we have a

factor

1± e−iπα±(t). (3.2.2)

When α+(t) is odd, 1 + e−iπα
+(t) = 0, and similarly when α−(t) is even, 1− e−iπα−(t) = 0.

Hence we will have two sets of trajectories, one with only particles with even non-negative

spin (the positive signature trajectory), and one with particles with odd positive spin (the
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negative signature trajectory). Plotting the masses versus spins of mesons we see that they

Figure 3.1: Regge trajectories.

lie on straight line trajectories, with the mesons on the trajectory having same external

quantum numbers. Moreover, for trajectories which contain particles with isospin greater

than 0, it has been determined experimentally that the intercept α(0) < 1. This will lead

to the cross section (3.2.1) to vanish asymptotically as s→∞. However, experimentally

the cross section does not go to 0 for interactions that occur via exchange of resonances

with quantum numbers of the vacuum. The leading Reggeon which has the quantum

numbers of the vaccuum, C = +1 and I = 0, is known as the Pomeron. It is the dominant

contribution in non-vanishing total cross sections, and as such is very important in high

energy processes.

The states that lie on the Pomeron trajectory are glueballs, or bound states of gluons. With
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the physics developed so far, the intercept for the Regge trajectory cannot be calculated.

However, by fitting experimentally to data, it was found that the intercept is equal to 1.08

[19], leading to a cross section

σtot ∼ ( s
s0

)0.08. (3.2.3)

This is the so called ’soft’ or non-perturbative Pomeron. When we revisit the Pomeron

in chapter 4 from the point of view of QCD and the BFKL equation, we will see that

in perturbative QCD we can calculate the intercept, and it is close to 1.40. This has

been thought of as a second, ’hard’, Pomeron. However, finally it is string theory on AdS

space which shows how these two objects are the same. In chapter 6 we will develop the

Pomeron in string theory, and in chapter 8 we will see how it leads to a whole set of

effective Pomerons, with intercepts starting at around 1.40 and decreasing down to close

to 0.08. See also figure 8.2.

The Odderon is the Pomeron’s less well known cousin. Whereas the Pomeron corresponded

to the exchange of a positive signature trajectory, corresponding to states with even spin,

and C = +1, the Odderon corresponds to the exchange of the leading negative signature

trajectory, thus having states with odd spin, and C = −1. These states still have isospin

I = 0.

The Odderon has been much more elusive experimentally, having a trajectory lying below

the Pomeron. Its intercept is either slightly below 1 or exactly 1. We will have much more

to say about the Odderon from the point of view of string theory in chapter 7.

We can draw a Feynman diagram for Pomeron and Oderon exchange [20]:

where

β(t) = βac(t) βbd(t) (3.2.4)
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Figure 3.2: A Feynman diagram for Pomeron or Odderon exchange.

and βij(t) are couplings of the particles to the Pomeron/Odderon. The propagator is given

by

(−i)i(−is
s0

)α+(t)−1 (3.2.5)

for the Pomeron and

(−i)ηO(−is
s0

)α−(t)−1 (3.2.6)

for the Odderon, where ηO = ±1 is a phase factor which is process dependent.

3.3 The Pomeron and the Eikonal Approximation

We saw in equation (3.1.5) that the exchange of a spin j state leads to an amplitude that

grows as a power of j − 1, which violates the Froissart unitarity bound (2.4.4). Then in

the last section we saw that summing an infinite number of exchanges, with higher and

higher spin, or equivalently exchanging one Pomeron, gives a slower growth than any of

the individual terms. But alas, although dramatically slower, the growth of the cross

section was still like a power, and hence to fast for the Froissart bound. But this suggests

that maybe the answer can be summing an infinite number of Pomerons? So let us try to
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perform this sum.

First, as is more common in the literature, we will replace t with −q⊥2, according to

(A.2.12). Next let us define the amplitude in impact parameter space by a Fourier transform

Ã(s,b⊥2) = 1
16π2

ˆ
d2qeiq⊥·b⊥A(s,−q⊥2) . (3.3.1)

Since A does not depend on the direction of q⊥, we can perform the angular integral

= 1
8π

ˆ
qdq J0(bq)A(s,−q⊥2) . (3.3.2)

We now want to use the partial wave expansion (2.3.5) for A(s,−q⊥2), and use the

representation (2.3.6). At large s, ρ(s)→ 1 and

Aj(s) ≈ −
i

2(e2iδj − 1) . (3.3.3)

Now we need to make some approximations. At large j

Pj(zs) ≈ J0(jθs) . (3.3.4)

According to (A.1.17) at large s cos θs ≈ 1− 2q⊥2/s, giving us θ ≈ 4q⊥/
√
s. Then if we

change the integration variable to zs cos θs, qdq = s
4dzs, and we will need to evaluate

∑
j

(2j + 1)
ˆ
dz J0(b

√
s

2
√

1− z )J0(j
√

1− z ) . (3.3.5)

Besides large s, for the eikonal approximation to work b also cannot be too small, so that

we can use b
√
s/2� 1. In that case the value of j closest to b

√
s/2 (note this is consistent
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with (3.3.4)) will dominate in the above sum and (since 2j � 1) our integral will be

≈ b
√
s
´ 1
−1 dz J

2
0 ( b
√
s

2
√

1− z )

= b
√
s 2(J2

0 (b
√

2s) + J2
1 (b
√

2s)) . (3.3.6)

For b
√

2s � 1

J2
0 (b
√

2s) ≈
√

2
πb
√
s

cos2(b
√

2s)

J2
1 (b
√

2s) ≈
√

2
πb
√
s

cos2(b
√

2s− π
2 )

and therefore our expression above is approximately a constant. Putting everything back

in we get

Ã(s,b⊥2) = −is2 (eiχ(s,b) − 1) (3.3.7)

where

χ(s, b) = 2δj0(s,b)(s) . (3.3.8)

Then, to express A(s,−q⊥2) in terms of Ã(s,b⊥2) we do an inverse Fourier transform

A(s,−q⊥2) = 4
´
d2b e−ib⊥·q⊥Ã(s,b⊥2)

= −2is
´
d2b e−ib⊥·q⊥ (eiχ(s,b) − 1) . (3.3.9)

We recognize the eikonal form from section 2.5 from chapter 2. We can expand the

exponential to get

A(s,−q⊥2) = −2is
ˆ
d2be−ib⊥·q⊥(iχ+ (iχ)2

2 + · · · ) . (3.3.10)
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Then we see the amplitude is an infinite sum of terms. See figures 6.1-6.3 for a Feynman

diagram representation.

If we identify the first level term with the single Pomeron exchange amplitude, which we

calculated in (3.1.15) and (3.1.16), we can once again Fourier transform and express χ in

terms of the one Pomeron amplitude

χ(s, b) = 1
2πs

α(0)−1
ˆ
d2qeib⊥·q⊥β(−q⊥2)Γ(−α(−q⊥2))(1 + e−iπα(−q⊥2))e−q⊥2α′ log s .

(3.3.11)

However, the above identification seems to be a guess. See [16] for more details. We will

return to the eikonal approximation in AdS space in section 6.3, and then apply it in

chapter 8.



Chapter 4

QCD

During the 1960’s a large group of physicists studied the strong interaction just by

examining general properties of the S matrix and Regge theory. This program was able

to give satisfactory explanations for several phenomena, and in the past decade many of

the ideas from this period are being revisited, and studied anew. During the 1970’s, a

new theory came about, called quantum chromodynamics, or QCD, and eventually gained

more prominence than the study of S matrix theory.

QCD is built as a quantum field theory of quarks and gluons. It has had tremendous

success in explaining and predicting a whole range of physical phenomena. However, the

theory is nonlinear, and sometimes very difficult to work with.

In this chapter we will not try to give a thorough overview of QCD, which would require

multiple volumes. Some good places to start such a study would be for example [21, 22, 23].

Instead we introduce some basic features of QCD, followed by a short study of topics

which are directly relevant to our previous discussion on Regge theory, and which will be

33
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relevant when we reexamine some of the same ideas from the point of view of string theory

and the AdS/CFT correspondence.

4.1 The QCD Lagrangian

We will begin by reviewing a few of the main properties of the theory. To begin with, let

us examine the QCD Lagrangian. As mentioned before, QCD is a theory of quarks and

gluons. Quarks are spin-1
2 particles. Omitting spinor and color indices, the free quark

Lagrangian is

Lq = q̄(x) (i/∂ −m) q(x), (4.1.1)

with m the quark mass, and q(x) the quark wave function. The above Lagrangian is

invariant under global SU(N)c transformations, with N = 3 in the case of QCD. To make

it invariant under local SU(N)c we introduce the gluon fields Aµ, where

Aµ =
8∑

a=1
AµaTa , (4.1.2)

and Ta are the generators of SU(N) in the fundamental representation. We then replace

the partial derivative ∂µ with the covariant derivative defined by

Dµ = ∂µ + igAµ, (4.1.3)

where g is a coupling constant that we will say much more about later. If we make

the replacement (4.1.3) we would get a Lagrangian that is invariant under local gauge

transformations and includes quark-gluon interactions. But we also need to add the
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Lagrangian for the gluon field

Lg = −1
2Tr[F 2

µν(x)], (4.1.4)

with the field strengths given by

Fµν = ∂µAν − ∂νAµ + ig[Aµ, Aν ]. (4.1.5)

We already see part of the reason why QCD is highly non-trivial. The non-vanishing

commutator [Aµ, Aν ] means the theory is non-Abelian, and the F 2 term in (4.1.5) will

lead to three-point and four-point gluon interactions. In contrast, QED does not include

interactions with just photons. Adding the gluon Lagrangian to the Lagrangian with the

quark-gluon interatcion, we finally get

LQCD =
∑
nf

q̄f (x)(i /D −m)qf (x)− 1
2Tr[F 2

µν ]. (4.1.6)

The sum over f in the above goes over the different types, or ’flavors’, of quarks. Based on

the current experimental data, the quarks come in six flavors, most commonly called the

up, down, strange, charm, top and bottom. The renormalized masses of the quarks are [24]

1.7 ≤ mu ≤ 3.3 MeV, 4.1 ≤ md ≤ 5.8 MeV, 80 ≤ ms ≤ 130 MeV, 1.18 ≤ mc ≤ 1.34 GeV,

4.13 ≤ mb ≤ 4.28 GeV and finally mt ' 172 GeV. We see that there is a clear difference in

the order of magnitude of the mass of the first three quarks and the next three quarks.

Hence the first group is usually called the light quarks, and the second the heavy quarks

(later on we will talk about an energy scale in the theory, and we will see that also the

light quarks have a mass below this scale, while the heavy ones have a mass above this

scale).
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It can be easily checked that the Lagrangian (4.1.6) is invariant under the local gauge

transformations

Aµ → A′µ = U(x)Aµ(x)U−1(x) + i

g
(∂µU(x))U−1(x), (4.1.7)

q(x)→ q′(x) = U(x)q(x). (4.1.8)

U(x) are unitary unimodular matrices belonging to the fundamental representation of

SU(N)c.

The gauge invariance of the QCD Lagrangian also makes it difficult to quantize. As in

other gauge theories, we are using more degrees of freedom than is needed to describe the

theory, and the gauge condition eliminates the spurious information. There are several

ways to proceed in the quantization. One very common method is to add to the Lagrangian

a gauge fixing term. This term would lead to the presence of non-physical ghost fields, so

we would need to add the ghost Lagrangian as well. The result we get by following this

procedure is

L = LQCD −
λ

2 (Ba)2 + c̄b

[
δBb

δαa

]
ca . (4.1.9)

The second term in the left hand side include the function Ba which fixes the gauge, and

the last term includes the ghost fields ca. There are many gauges one can choose, offering

advantages and disadvantages based on the specific calculations that need to be done. In

one class of gauges, the so-called physical gauges, there are no ghost fields. These are

useful for qualitative discussion, but often difficult to do calculations in. For a thorough

discussion of different gauges and their advantages and disadvantages, see chapter 1.4 of

[22] and references therein. Of course, the important physical quantities, such as the S

matrix elements, will be gauge invariant. Note that some authors refer to the Lagrangian
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(4.1.9), rather than (4.1.6), as the QCD Lagrangian.

4.2 Asymptotic Freedom

Even though QCD is built up from quarks and gluons, the fact is that these have never

been directly observed as free particles. Instead the particles that have been observed are

all color singlet states of quarks and anti-quarks. If we label with qi, the quark with color

i (= 1, 2, 3), the only simple color singlet combinations possible are [15] (εijk is the totally

anti-symmetric Levi-Civita symbol) :

q̄iqi, ε
ijkqiqjqk, εijkq̄

iq̄j q̄k. (4.2.1)

The first of these combinations, consisting of a quark-antiquark pair is called a meson,

and the combination with three quarks or three antiquarks is called a baryon. More exotic

combinations, with five or more quarks, are also possible, but have not been observed

yet. It can be shown, using group theory, that although colorless gluons exist, a color

singlet gluon does not exist. This property, that quarks and gluons cannot exist as free

particles under long time scales is referred to as confinement. More precisely we can say

that the underlying fields of QCD never appear as asymptotic states, while color singlet

composite fields invariant under gauge transformations can appear as asymptotic states in

the infinite past or future, and we can associate them with plane waves [25].

We now should give some explanation for this phenomenon. First, let us begin by replacing
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the coupling g that appears in (4.1.3) with

g =
√

4πα, (4.2.2)

where from now on we will use α as the coupling, which is common in the literature, for

the analysis to follow. This coupling is the bare coupling, and is not what is actually

measured in experiments. What is measured in experiments is the renormalized coupling

constant, which will depend on the energy scale µ at which the experiment is performed.

For an introduction to renormalization see [26, 27]. To distinguish the renormalized from

the bare coupling, we will write the µ dependence of the former explicitly, α(µ). The

scale µ must be such that α(µ)� 1, in which case we can express any cross section as a

perturbative series in α(µ)

σ(p, µ) =
N∑
n

an(p, µ)α(µ)n, (4.2.3)

where N is the order of perturbation theory up to which we expand the the cross section,

and p are the momenta of the external particles. After measuring the cross section

experimentally, we can solve (4.2.3) for α(µ), which would then give us the value of the

coupling at scale µ up to order N . However, µ is an arbitrarily chosen parameter (as

long as α(µ)� 1) in equation (4.2.3), and the physical cross section cannot depend on it.

Therefore we can write

µ
dσ(p, µ)
dµ

= 0, (4.2.4)

which we can express as an equation in α(µ)

µ2dα(µ)
dµ2 = −b0

α(µ)2

4π − b1
α(µ)3

(4π)2 + · · · def== β(α). (4.2.5)
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This is the so called β-function, which tells us how our coupling constant depends on

the scale µ. Once we know the value of α(µ), which we obtain from an experimental

measurement using (4.2.3), we can then use (4.2.5) to calculate the coupling at any value

of µ. Hence one experimental measurement of any cross section provides us with the

information needed to calculate other cross sections. For details of the derivation of (4.2.5)

see for example [23].

The constants b0 and b1 are not arbitrary, but can also be calculated. Their values are

b0 = 11
3 N −

2
3nf

b1 = 34
3 N

2 − (13
3 N −

1
N

)nf , (4.2.6)

which in case of QCD gives b0 = 7. For calculations beyond second order, see for example

[28].Note that N in the above equation is the number of colors, introduced at the beginning

of the chapter, and not the N of equation (4.2.3). Keeping only the term of order α(µ)2 in

(4.2.5) the expression for α(µ) at any scale µ1 in terms of the arbitrary initial scale µ0 is

α(µ1) = α(µ0)
1 + (b0/4π) ln(µ2

1/µ
2
0) . (4.2.7)

It is more common to express this equation after eliminating the coupling at the arbitrary

scale µ0 by writing

α(µ1) = 4π
b0 ln(µ2

1/Λ2
QCD) , (4.2.8)

where we have just introduced a new scale parameter, the famous ΛQCD, defined to lowest

order by

ΛQCD = µ0e
−2π/b0α(µ2

0). (4.2.9)
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Now let us examine what happens to equation (4.2.8) as we change µ1. It is easy to see

that as µ1 goes to infinity, corresponding to large energies or short distances,

α(µ1)→ 0. (4.2.10)

This is the celebrated phenomenon of asymptotic freedom - as the quarks get closer to

each other the interaction between them gets switched off, and they act as if they are free

particles. This depends crucially on the fact that b0 < 0. In fact, we have defined α(µ)

as a positive quantity and hence equation (4.2.8) is defined for µ1 > ΛQCD. If b0 was less

than 0, we would have to take the µ→ 0 limit to keep α(µ) positive. On the other hand,

as µ1 → ΛQCD, we see that

α(µ1)→∞. (4.2.11)

Thus as we are decreasing the energy, and thus increasing the distance between the

particles, the coupling between them becomes stronger and stronger, until we get close to

ΛQCD which is when all Hell starts to break loose. This is what leads to the phenomenon of

confinement. Of course, retracing the derivation of (4.2.8) we see that this was valid only

to first order in perturbation theory, and thus we cannot just naively set µ1 = ΛQCD and

get infinite coupling. Effects beyond the first order would become important, and in fact

since the coupling constant is indeed becoming very strong, perturbation theory begins

to fail, and non-perturbative effects begin to dominate. Hence ΛQCD can be estimated

experimentally as the energy at which lowest order perturbation theory no longer gives us

valid results, and the current estimates give approximately ΛQCD ' 200 MeV.

The proof that non-Abelian gauge theories exhibit asymptotic freedom was a very important

step in the development of physics. Indeed it has also been proven that the only theories in
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four dimension with asymptotic freedom are the non-Abelian gauge theories. This is what

led to the ascendancy of QCD. Prior to the proof of asymptotic freedom, most physicists

expected all interactions to be like QED, where the coupling runs in the other direction

- at small distances the coupling is extremely large, and as we increase the distance it

effectively gets switched off.

4.3 Deep Inelastic Scattering

In many ways, deep inelastic scattering, or DIS, is the quintessential QCD process. Since

it is scattering between a lepton and a hadron, it can be easier to work with than some of

the other QCD processes, which study hadron hadron scattering, but at the same time

it contains many of the fundamental features and subtleties of hadron dynamics. It also

introduces most of the strategies and the language used in studying perturbative QCD.

Historically, the need to explain the data collected in DIS experiments has led to the

advancement of the theory, and indeed it was extremely important as a catalyst for QCD

to come about in the first place.

We will now introduce the basics of DIS, and through that the basics of some of the other

processes we will study. We will return to DIS in chapter 8, where we will se what insights

string theory can provide into this important window to the structure of the nucleons.

Deep inelastic scattering is scattering between a lepton and a hadron. In the original

experiments done at SLAC in the late 1960’s, the lepton was an electron, and the hadron

was a proton. In the rest of this section we will mostly refer to the lepton as electron, as is

common in most of the literature. In experiments, such as the recent ones done at HERA,
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the lepton is often a positron, or a muon, but that will not affect any of our discussion.

Figure 4.1: A basic DIS process.

If we call the initial electron momentum k and the final electron momentum k′, then the

momentum transfer between the electron and the hadron is clearly qµ = kµ − k′µ, and we

can further define Q2 = −qµqµ. This is equal to our Mandelstam variable t from equation

(2.1.9), but in DIS language it is more common to use Q2. This momentum is carried by a

virtual photon γ∗, radiated by the electron. It was found experimentally, in the original

DIS experiments, that by studying the cross section at large Q2 (compared to ΛQCD), that

the scattering happens as if the electrons interacts with a hard constituent within the

proton, and not the proton itself. In fact, we will call large Q2 scattering hard scattering,

and low Q2 scattering soft scattering. This was analogous to Rutherford’s experiments

half a century earlier which determined that the atom also has a substructure.

Hence the parton model was formulated by Feynman and others. The nucleon is made out

of many pointlike parts, or ’partons’. We now know that these partons are actually quarks,

antiquarks and gluons. Deep inelastic scattering is actually elastic scattering between
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the electron and a parton. The parton is then knocked out, and through the process of

hadronization recombines with other partons to form a new hadron or hadrons. Hence we

can write

σtot(e(k) + p(P )→ e(k′) +X) =
ˆ 1

0
dx
∑
i

φi(x)σel(e(k)qi(xP )→ e(k′) + qi(p′)). (4.3.1)

This equation requires some explanation. The variable x is the fraction of the total

momentum of the proton carried by the parton, and hence its range is from 0 to 1. The

function φi(x), called the parton distribution function (PDF), represents the probability

of finding a parton of type i inside the hadron, carrying a fraction x of its momentum. σel

is just the aforementioned elastic scattering cross section.

To the passing glance, equation (4.3.1) may appear logical. However, the observant reader

would notice something is wrong immediately. We are summing over all the PDFs, which

as we just said represent probabilities, and quantum mechanics teaches us that we should

add amplitudes and not probabilities. However, the reason we can write this expression is

based on the discussion in section 4.2 of confinement and asymptotic freedom. At large Q2,

from the point of view of the virtual photon, it will see the hadrons as free and frozen in

time. It will then scatter off of this hadron, knocking it out. The hadron will then stabilize

through lower energy processes and form a color singlet state [23, 15]. Recall that the

masses of the light quarks are below ΛQCD, and hence in the region where perturbation

theory no longer applies.

We will come back to this comment and PDFs later. First, let us return to equation (4.3.1)
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and write it in terms of differential cross sections:

dσtot
dtdu

=
ˆ 1

0
dx
∑
i

φi(x) dσel
dtdu

. (4.3.2)

The elastic scattering cross section can be easily computed (see chapter 2 or [29])

dσel
dtdu

= x
2πα2e2

i

t2
s2 + u2

s2 δ(t+ x(s+ u)). (4.3.3)

Now let us look at the total cross section, the left hand side of (4.3.1). It can be written in

terms of a leptonic scattering, involving an electron-electron-photon vertex, and a hadronic

scattering, involving an electromagnetic current and a hadron. The leptonic part can be

calculated from QED (see [23, 21, 15]), and for the hadronic tensor we can write

Wµν(p, q) = 1
8π

∑
σ

∑
X

〈h(p, σ)|j†µ(0)|X〉 〈X|jν(0)|h(p, σ)〉×

× (2 π)4 δ4(p+ q − pX) .
(4.3.4)

Here jµ is the appropriate electromagnetic current (in general the scattering can happen

with Z exchange instead of γ in which case we would have a weak current, but this will

not be the subject of this thesis), and we are summing the expression over all intermediate

states X, and averaging over the spins of the particles. However, due to symmetry

properties and gauge invariance, we can write Wµν completely generally in the form

W µν(p, q) = −(gµν + qµqν

Q2 )F1(x,Q2) + 2x
Q2 (pµ + 1

2xq
µ)(pν + 1

2xq
ν)F2(x,Q2). (4.3.5)
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F1 and F2 are called the structure functions. In fact in the parton model, they are only

function of x, and not of Q2. However, the parton model is just a first order in α(µ)

approximation of QCD, and we are keeping the explicit Q2 dependence in anticipation of

higher order corrections we will consider later on.

We can now express the cross section in terms of the hadronic tensor. It will also depend

on the flux of the virtual photon γ∗. There is some ambiguity in how this is defined. Using

the convention from [16] we have

σγ
∗p
λ = 4π2αem

Q2/2x + 2mx2n
µ
λn

ν
λWµν . (4.3.6)

The index λ corresponds to the polarization of the photon. Since the photon is virtual, it

can have three polarizations. The vector nλ is the polarization vector. In Appendix A we

will include more detailed calculations with the explicit form of the polarization vector

and more precise kinematics.

We can write the total cross section as the sum of the transverse and the longitudinal

cross sections

σtotal = σT + σL. (4.3.7)

By using transverse and longitudinal polarization vectors, we can then calculate these (see

appendix)

σγ
∗p
T = 4π2αem

Q2/2x + 2mx2F1, (4.3.8)

and

σγ
∗p
L = 4π2αem

Q2 (F2 −
Q2

Q2/2x + 2xm2F1). (4.3.9)
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It is customary to define

FL = F2 −
Q2

Q2/2x + 2xm2F1, (4.3.10)

in which case

σγ
∗p
L = 4π2αem

Q2 FL. (4.3.11)

These are the expressions for the polarized cross section in terms of the structure functions.

We can easily solve this system to reexpress instead the structure functions in terms of

the cross section. The result is

F1 =
Q2/2x + 2xm2

4π2αem
σγ
∗p
T , (4.3.12)

and

F2 = Q2

4π2αem
(σγ

∗p
L + σγ

∗p
T ). (4.3.13)

So far all these relations have been exact. We have not made use of any approximation. If,

however, we would like to work in the Regge limit we can take x� 1, which will simplify

some of our calculations. The cross section (4.3.6) is now given by

σγ
∗p
λ ' 4π2αem

Q2 2xnµλnνλWµν , (4.3.14)

σγ
∗p
T ' 4π2αem

Q2 2xF1, (4.3.15)

σγ
∗p
L ' 4π2αem

Q2 FL, (4.3.16)

FL ' F2 − 2xF1. (4.3.17)
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Turning things around again so that we have the structure functions instead, we see that

F1 '
Q2

4π2αem

1
2xσ

γ∗p
T (4.3.18)

and

F2 = Q2

4π2αem
(σγ

∗p
L + σγ

∗p
T ). (4.3.19)

This expression is important. By taking into account (4.3.7) we see that it gives us the

structure function F2 in terms of the total cross section. We will use this in chapter 8 to

derive an expression for F2 from string theory. In Appendix A we will give more details of

the above derivation, and show that in the Q2 → 0 limit, in which the photon becomes

real, we get the expected result.

We have expressed the structure functions in terms of the total cross section. To give a

physical interpretation of their meaning, we have to connect them to equations (4.3.1) and

(4.3.2). The equations we derived here correspond to just the hadronic scattering part

Figure 4.2: We are only interested in the part below the dashed line.

The leptonic tensor can be calculated easily using QED, and we can combine it with the
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above results to express the differential cross section for scattering of e+ P → e+X as

dσtot
dtdu

= 4πα2

t2s2
1

s+ u
[(s+ u)2xF1 − usF2]. (4.3.20)

By comparing this equation to (4.3.2) and (4.3.3), we get the desired physical meaning for

the structure functions

2xF1(x) = F2(x) =
∑
i

e2
ixφi(x). (4.3.21)

This is the most important formula of the parton model. The first equality on the left is

known as the Callan-Gross relation. It leads to the vanishing of the longitudinal structure

function (4.3.17). Recall that φi(x) is the probability of finding a parton with momentum

x inside the hadron. In (4.3.21) we wrote the structure functions as only dependent on x,

while before we were writing them as functions of both x and Q2. The reason is that, as

mentioned before, the parton model is only a first order approximation of QCD. In fact,

this prediction of the parton model, that F1 and F2 only depend on the dimensionless

variable x, is known as Bjorken scaling, and x is often called the Bjorken x. Indeed, the

Q2 dependence is supposed to be weak, and using perturbative QCD can be calculated

beyond the first order, where Bjorken scaling will be violated, but only slowly in Q2. This

dependence will be much of the subject of the next section.

Equation (4.3.1) has the important property of soft-hard factorization. Which is common

in many QCD processes, and not just a feature of DIS (even when we go beyond the

leading order). The elastic scattering cross section depends on the hard scattering scale Q,

and can be calculated perturbatively. On the other hand, the parton distribution functions

depend on soft processes, for which perturbation theory is not valid. These cannot be

calculated using perturbative QCD. However, these are universal, and do not depend on
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the details of the elastic scattering. They are the same for all processes. However, they do

depend on the momentum scale. Using the equations (4.3.12) and (4.3.13) we can relate

the experimentally measured cross section to determining the PDFs. The common strategy

in QCD is to determine the PDFs experimentally at some scale, and then use evolution

equations to calculate them at all energies.

4.4 DGLAP and BFKL equations

To take into account the dependence of the parton distribution functions on Q2, and

therefore the violation of Bjorken scaling, we can use the approach known in the literature

by various combinations of the names of Dokshitzer, Gribov, Lipatov, Altarelli and Parisi.

We will refer to it as the DLGAP approach, and call the corresponding equations we

obtain the DGLAP equations.

First, let us make some comments about gluons. In equation (4.3.1) and the subsequent

discussion, the functions φi(x) correspond to quarks, and in this chapter we will instead

label them q(x), and the sum will run over both quarks and antiquarks. This is because

initially it was uncertain whether these ’partons’ of the parton model correspond to quarks

or not. However now we know that they do, because they also match the quantum numbers

that quarks carry. We do not have gluons in this sum, because the gluons are electrically

neutral, and therefore do not interact with the photons.

Nevertheless, if there are gluons inside the proton, they will carry some of its momentum

and we can calculate ∑
i

ˆ 1

0
dxxφi(x) = 1− εg, (4.4.1)
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where εg is the missing momentum fraction, carried by the gluons. By measuring the

structure functions in electron proton and electron neutron scattering, and integrating

them from 0 to 1 over x, we do find from experiments that the missing momentum is not

zero, and indeed is significant. Therefore besides the quark and antiquark distribution

functions inside the proton, we must also consider the gluon distribution functions, which

we will label as g(x).

Even though the photon will not interact directly with the electrically neutral gluon, it

does not mean we should completely ignore the presence of gluons. A quark struck by the

photon can radiate a gluon, or we could have a γ∗ + g → q + q̄ process, see figure.

Figure 4.3: The lowest order contributions of γ∗+ g → q+ q̄ processes to DIS cross section.

These diagrams will be of lower order at large Q2, justifying what we said in the previous

section. A γ∗ + q → γ∗ + q diagram is of order αem while the diagrams of figure 4.3 will

be of order αemα(µ).

It can be shown [29] that by including these diagrams in the scattering amplitude will

modify F2, (4.3.21)

F2(x,Q2) =
∑
i

xe2
i (qi(x) + ∆qi(x,Q2)). (4.4.2)
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The first term is just what we had before, while the second term

∆qi(x,Q2) def== α(µ)
2π log Q

2

µ2

ˆ 1

x

dy

y
qi(y)Pqq(

x

y
), (4.4.3)

gives us the Bjorken scaling violation we mentioned previously, to first order in α(µ). The

function Pqq(xy ) is called a splitting function, and represents the probability that the quark

with momentum py emits a gluon, giving us a quark with momentum px. Clearly we need

y > x, explaining the limits of the integral.

By considering how this equation changes with logQ2 we derive

d

d logQ2 qi(x,Q
2) = α(µ)

2π

ˆ 1

x

dy

y
qi(y,Q2)Pqq(

x

y
). (4.4.4)

This included just the contribution from the γ∗ + q → q + g diagrams. Similarly, by

including the γ∗+ g → q+ q̄ contributions as well, we can show that the structure function

would pick up an additional term to (4.4.2) equal to

∑
i

xe2
i log Q

2

µ2

ˆ 1

x

dy

y
g(y)α(µ)

2π Pqg(
x

y
), (4.4.5)

with the splitting function Pqg(xy ) being the probability that a gluon of momentum py

disintegrates into a qq̄ pair, in such a way that the quark carries the momentum px.

Including these contributions in equation (4.4.4) we would get

d

d logQ2 qi(x,Q
2) = α(µ)

2π

ˆ 1

x

dy

y
(qi(y,Q2)Pqq(

x

y
) + g(y,Q2)Pgq(

x

y
)), (4.4.6)
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and similarly for the gluon distribution function

d

d logQ2 gi(x,Q
2) = α(µ)

2π

ˆ 1

x

dy

y
(
∑
i

qi(y,Q2)Pgq(
x

y
) + g(y,Q2)Pgg(

x

y
)). (4.4.7)

The index i runs over all quark and antiquark flavors. In the limit that the quark masses

can be neglected, Pqq will not depend on i.

Equations (4.4.6) and (4.4.7) are the celebrated DGLAP evolution equations. They are

clearly integro-differential equations. If we know the values qi(x,Q2
0) and g(x,Q2

0) at some

scale Q2
0, we can then solve these equations using these values as boundary conditions,

and calculate the values at any Q2. This rounds out the strategy discussed in the previous

section.

The DGLAP equation depends on using perturbative QCD, hence on the smallness of

α(µ). Furthermore, it also depends on terms of order αemα(µ) being smaller than the

terms of order α(µ). However, according to the discussion in 4.2, as Q2 → Λ2
QCD, the

coupling becomes large. The moral is that we should only use the DGLAP equations at

large values of Q2, and there is excellent agreement between theory and experiment in this

regime. Precisely at what point the DGLAP equation breaks down is subject to intense

ongoing study.

Somewhat similar to the DGLAP equation is the BFKL equation, named after Balitsky,

Fadin, Kuraev and Lipatov. It describes the evolution of quark and gluon distribution

functions, but instead of evolution in Q2, it looks at evolution in x. It is applicable when

x is small, and Q2 large, but not too large.

To lowest order, it only considers gluons (because at small x gluons are the dominant
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partons [22]), and assumes that the strong coupling is fixed. It is given by [16]

x
∂

∂x
g(x,Q2) = x

∂

∂x
g(0)(x,Q2) + α

ˆ
dk2K(Q2, k2)g(x, k2). (4.4.8)

The function g(0) is a non-perturbative distribution, and the second term on the right hand

side is the perturbative correction. It can be shown to correspond to a sum of Reggeised

gluon ladders, with leading order behavior in α log s. The function K(Q2, k2) is referred

to as the BFKL kernel. Its eigenfunctions are powers of momentum

ˆ
dk2K(Q2, k2)(k2)ν = K(ν)(Q2)ν . (4.4.9)

It is usual, for calculational simplicity, to work with the function g(j, ν) instead, defined

by

g(j, ν) =
ˆ 1

0
dxxj−1

ˆ ∞
0

dQ2(Q2)(−ν−1)g(x,Q2). (4.4.10)

Care must be taken in choosing the contour in the complex plane for the above integrations

[16]. The x integration above ranges up to x = 1, while the BFKL equation is only

applicable at small x. We can separate g into a part that satisfies the BFKL equation and

a remainder, only important when x is not small

g(j, ν) = gBFKL(j, ν) + grem(j, ν). (4.4.11)

Taking into account only the BFKL part, we have

jgBFKL(j, ν) = jg(0)(j, ν)− αK(ν)gBFKL(j, ν). (4.4.12)
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An explicit calculation for K(ν) to lowest order would give

K(ν) = 3
π

(2ψ(1)− ψ(ν)− ψ(1− ν)), (4.4.13)

with ψ(ν) = Γ′(ν)
Γ(ν) . It can be shown that this will lead to the total cross section going as

σ ' sλ, (4.4.14)

where

λ = 4αN
π

log 2 . (4.4.15)

Recall our discussion of the Pomeron in section 3.2, and equation (3.2.3). We see that we

can identify the above as happening with the exchange of a Pomeron, with intercept equal

to 1 + λ ' 1.4− 1.5. It also interprets the Pomeron as a tower of Reggeized gluon ladders.

The BFKL equation is applicable at Q2 large which corresponds to high momentum transfer,

or hard scattering. Our discussion in chapter 3 relied on the limit of low momentum

transfer, or soft scattering. These were thought as two distinct object, a non-perturbative

Pomeron with intercept around 1.08 and a perturbative Pomeron with intercept around

1.4. Experimentally, indeed at small values of Q2 the data can be parametrized with the

soft Pomeron, and at high Q2 with the hard Pomeron. We will see however that these are

unified through string theory in the AdS/CFT correspondence.

The BFKL equation has several problems. It is valid only in a small range of x and Q2,

and even there it was found that the second order correction is large compared to the

leading order term, and of opposite sign. It also does not properly take into account

conservation of energy, and since it leads to a power like behavior for the cross section, it
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violates unitarity.



Chapter 5

String Theory

String theory is another very complex and diverse subject. We will focus on those apsects

which are important for later work. In particular, we will work out the massless states of

the closed string, which we will later relate to the Pomeron and the Odderon, and see how

we can use string vertex operators to study their scattering, which we will apply in AdS

space.

It is interesting to note that string theory started out as a candidate for explaining just

strong interactions. Historically the first success of the theory was the derivation of the

Veneziano amplitude, which was able to fit the Regge trajectories of chapter 3. It turned

out that once we quantize the theory, it must include a massless spin 2 state, not found

in the theory of strong interactions. This was at first thought to be a bug, but was later

instead declared a feature. We will indeed use the graviton state in a higher dimensional

string theory to describe a theory of strong interactions, and no gravity, in a lower number

of dimensions.

56
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5.1 Spectrum of States

A one dimensional object moving through spacetime describes a two dimensional sheet,

which we will refer to as the world sheet. We can parametrize it using two independet

coordinates, let us call them σ and τ . The simplest reparametrization invariant action for

such an object is proportional to its area, and called the Nambu-Goto action:

SNG = 1
2πα′

ˆ
dσdτ

√
(∂τX)2(∂σX)2 − (∂τX · ∂σX)2. (5.1.1)

Here α′ is a constant, called the Regge slope. X(τ, σ) are the target space string coordinates.

To get an action that is simpler to work with, we can introduce an auxiliary world sheet

metric field γab and use the Polyakov metric:

SP [X, γ] = − 1
4πα′

ˆ
dτdσ

√
−γγab∂aXµ∂bXµ, , (5.1.2)

and γ = det γab. By varying the action with respect to δγab we would get the equation of

motion for γab which we can then use to eliminate it from (5.1.2) and recover (5.1.1).

The action (5.1.2) is left invariant by Poincaré, diffeomorphisms, and two dimensional

Weyl transformations. These will lead to some constraints on the allowed states. We will

come back to the constraints later.

By varying the action with respect to δXµ we can obtain the Euler-Lagrange equations of

motion. The general form will be complicated, but as usual fixing a gauge will considerably

simplify the equations. We can in fact exploit all three symmetries we mentioned in the

above paragraph, but for now we will only spend two. Using the diffeomorphism and Weyl



58

invariance, we can simplify the metric γab to

γab = ηab, (5.1.3)

where ηab = diag(1,−1). This choice is called the covariant gauge. Of course there are

many other options we can choose. In the covariant gauge, the Euler-Lagrange equation

of motion for the string is just the one dimensional wave equation

∂a∂
aXµ = (∂2

τ − ∂2
σ)Xµ = 0. (5.1.4)

To get this result in the case of the open string, we would have to impose the boundary

conditions on the endpoints

Xµ(τ, {σ = 0, π}) = 0, (5.1.5)

known as the Dirichlet boundary condition, or

∂σX
µ(τ, {σ = 0, π}) = 0, (5.1.6)

known as the Neumann boundary condition. In the case of the closed string, it is enough

to know that since the string is closed

Xµ(τ, σ + π) = Xµ(τ, σ). (5.1.7)

The general solution of (5.1.4) for a closed string can be written in terms of oscillator
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coefficients

Xµ = xµ + 2α′pµτ + i

2
√

(2α′)
∑
n6=0

( 1
n
αµne

−2in(τ−σ) + 1
n
α̃µne

−2in(τ+σ)). (5.1.8)

The zero mode,

αµ0
def==
√
α′

2 pµ (5.1.9)

has been pulled out from the sum.

We can now quantize the theory by promoting the oscillators αµ to operators, and imposing

commutation relations

[αµm, ανn] = −mδm+n,0 η
µν (5.1.10)

[α̃µm, α̃νn] = −mδm+n,0 η
µν (5.1.11)

[αµm, α̃νn] = 0 . (5.1.12)

These are analogous to creation and annihilation operators, only with a different normal-

ization. In fact, we can show that oscillators with negative n will correspond to creation

operators, while those with positive n to annihilation operators:

aµn = 1√
n
αµn , ãµn = 1√

n
α̃µn

a†µn = 1√
n
αµ−n , ã†µn = 1√

n
α̃µ−n .

(5.1.13)

Acting with these operators on the string vacuum will produce all the states of string

theory.
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We derived these results in the conformal gauge, (5.1.3). However we cannot just pick a

gauge of γab and forget about it. The symmetries of the problem will impose constraints

on our theory. To implement these, analogously to the Euler-Lagrange equation for Xµ,

we also need to find the equation of motion for γab before applying our choice of gauge

(5.1.3), and then after fixing the gauge the thus obtained equation will be the necessary

constraint. As usual, we vary the action with respect to the field and set it to zero:

δSP [X, γ]
δγab

= 0. (5.1.14)

It is more common to slightly adjust this, by first defining the world sheet energy-momentum

tensor of the theory

Tab
def== −2π√

−γ
δSP [X, γ]
δγab

, (5.1.15)

in which case the equation of motion for γab gives us its vanishing

Tab = 0. (5.1.16)

Quantum mechanically, this condition means that for a physical state |φ > we must have

Tab|φ >= 0. Properly implementing this condition will involve some subtleties, for which

we refer the reader to standard treatments [30, 31]. What is clear is that this will limit

the states we can form by acting on the vacuum with the raising and lowering operators.

We cannot just take every possible combination and get a physical state.

The physical state condition (5.1.16) is most commonly expressed in terms of the so called

Virasoro operators. First let us define

Lm = −1
2

+∞∑
n=−∞

αµm−nαµn m 6= 0, (5.1.17)
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L̃m = −1
2

+∞∑
n=−∞

α̃µm−nα̃µn m 6= 0. (5.1.18)

The case m = 0 requires special treatment. In this case we can first define two expressions

L0 = −1
2 :

+∞∑
n=−∞

αµ−nαµn :, (5.1.19)

and

L′0 = −1
2

+∞∑
n=−∞

αµ−nαµn, (5.1.20)

and similarly for L̃0, with : · : denoting normal ordering. Then the difference between

equations (5.1.19) and (5.1.20) is

L0 − L′0 = a, (5.1.21)

where a is a formally infinite constant. Operators (5.1.17)-(5.1.19) are the Virasoro

operators. In terms of them, the physical state conditions (5.1.16) are

Lm|φ >= L̃m|φ >= 0, (5.1.22)

and

L0|φ >= L̃0|φ >= a|φ > . (5.1.23)

Writing equation (5.1.23) in terms of the ladder operators (5.1.13), it is easy to see that

we can express L0 in terms of the number operator:

L0 = α′

4 p
2 +N , L̃0 = α′

4 p
2 + Ñ , (5.1.24)
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where, as in quantum mechanics

N =
∞∑
n=1

naµ†n an,µ . (5.1.25)

The pµpµ term above appears from the zero mode (5.1.9) αµ0α0µ. Therefore equations

(5.1.23) imply that a physical state must always be composed out of an equal number of

left moving modes and right moving modes (recall from equation (5.1.8) the modes αµn

multiply e−2in(τ−σ) while α̃µn multiply e−2in(τ+σ), hence we can call them right moving and

left moving). Now any physical state can be formed by acting on the vacuum |0 > with

the raising and lowering operators, as long as (5.1.22) and (5.1.23) are obeyed. We can

use (5.1.24) together with (5.1.23) to calculate the masses of the physical states:

M2 = −p2 = 4
α′

(N − L0

2 + Ñ − L̃0

2 ) = 4
α′

(N + Ñ − 2a) . (5.1.26)

We can also write the string Hamiltonian in terms of L0, L̃0

H = L0 + L̃0 − 2a. (5.1.27)

For bosonic closed string, the lowest level state is the tachyon, and from (5.1.26) its mass

squared is

M2
T = − 4

α′
a (5.1.28)

which is negative (a is positive). We usually would like to avoid having such a state in a

stable theory. If we were to consider superstrings, the tachyon can be eliminated using the

GSO projection [30]. However, bosonic string theory is simpler to use, and the quickest

way to extract information out of problems, and the tachyon is the simplest state we
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can use. Although not present in the final theory, it is useful to work with. Of course,

some times care must be taken to make sure that the conclusions drawn still hold after

transitioning to superstrings.

The next level state would be created out of the combination of α−1 and α̃−1

ξµνα
µ
−1α̃

ν
−1|0 > . (5.1.29)

Any rank two tensor ξµν can be decomposed in terms of irreducible representations of

SO(D − 1) into

ξµν = 1
2(ξµν + ξνµ − 2ηµν(D − 2)−1ξββ ) + 1

2(ξµν − ξνµ) + ηµν(D − 2)−1ξββ ), (5.1.30)

corresponding to the traceless symmetric representation, antisymmetric representation

and the trace.

Using equation (5.1.26) we see that these states are massless. Hence the massless sector of

string theory is made up of three states. The traceless symmetric state corresponds to the

aforementioned massless spin 2 particle, and we can identify it with the graviton. This is

a crucial result. We see that we always have a graviton present in closed string theory.

The antisymmetric state has spin 1, and corresponds to the so called Kalb-Ramond state.

Finally, the trace is spin 0, and corresponds to the dilaton.

We will later see, when we apply Regge theory to strings, that the graviton will give rise to

the Pomeron Regge trajectory, while the Kalb-Ramond state will give rise to the Odderon

Regge trajectory.

We have written things in this chapter in the conformal gauge, (5.1.3). Sometimes the
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physical results can be arrived at most quickly in the light cone gauge, where we set

X+ = τ . In this gauge it can be most easily seen that the states (5.1.30) have precisely

the right number of independent components to confirm our identification above. We shall

represent the three massless states by

|h〉 =
∑
I,J

hIJ |I, J ; k〉 , |B〉 =
∑
I,J

BIJ |I, J ; k〉 , |φ〉 =
∑
I,J

ηIJ |I, J ; k ⊥〉 . (5.1.31)

For reference, the most general state is [31]

|N, Ñ ; k〉 =
D−1∏
i=2

∞∏
n=1

(αi−n)Nin(α̃i−n)Ñin
(nNinNin!nÑinÑin!)1/2

 |0, 0; k〉. (5.1.32)

In our discussion, in order to quickly sketch the main steps, we have skipped many of the

subtleties involved in the quantization of strings and imposing the Virasoro constraints

(5.1.22) and (5.1.23). We refer the interested reader to [31, 30], where he can find all the

necessary details, as well as a discussion of open strings. One very important point is that

in order to regularize the theory, the above procedure will only work in D = 26 spacetime

dimensions for the bosonic string. In this case, the constant a of equation (5.1.23) will be

equal to 1. Then equation (5.1.23) can be expressed in the form in which we will use it in

chapters 6 and 7:

L0|φ >= L̃0|φ >= |φ > . (5.1.33)

In the case of superstring theory, a similar calculation will lead to D = 10 spacetime

dimensions.
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5.2 String Interactions

Now that we have learned some of the basics of string theory, and seen what states lie at

the lowest level of the string spectrum, let us also learn how strings interact. Here we will

present just the basic ideas, and in appendix C we will work out in considerable detail

some specific examples. Rather than starting from the interacting string Lagrangian, the

theory of which is still not very well understood, it is common to use quantum field theory

to motivate some general rules that string scattering should follow, and then see how we

can implement those rules.

In quantum field theory of point particles, we can study their scattering amplitudes by

using Feynman diagrams. Similarly for string we can consider string diagrams. These are

two dimensional surfaces parametrized by coordinates τ and σ. Loops in string interactions

would correspond to holes in these surfaces. The process we show in figure 5.1 starts out

with two string, which join to become a single string, and then later split and give us two

string again. All strings considered are closed. Unlike Feynman diagrams, there is no

invariant spacetime point where the interaction occurs. Observers in different reference

frames will see the string joining and splitting at different points in spacetime.

Using the conformal invariance of the world sheet metric, we can use the transformation

γab → eφγab to transform these surfaces into Riemann surfaces. The states in the infinite

past and future would now be just points. Since we can never propagate to the infinite past

or future, these points should not belong to the surface, and in fact they will correspond

to punctures. Hence we can classify string interactions by topology of punctured Riemann

surfaces. These surfaces will be the same irrespective of what string states we are looking

at. We also need an operator to keep track of the quantum numbers of these states, which
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Figure 5.1: A one loop string scattering diagram.

is what will distinguish the scattering of different states. We will call these operators

vertex operators.

Let us first change variables from σ, τ to

z = τ + iσ z̄ = τ − iσ. (5.2.1)

Our vertex operator for state Λ must contain a local operator WΛ which has the same

Lorentz quantum numbers as Λ. WΛ must be a polynomial in Xµ and its derivatives. To

take into account global translation symmetry Xµ → Xµ + aµ we also include a factor of

eik·X for a state of momentum kµ. We also have to take into account that the punctured

point can be anywhere on the Riemann surface. Taking all of this into account, we define
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the vertex operator for state Λ [30]

VΛ(k) =
ˆ
d2z
√
−γ : WΛ(z, z̄)eik·X(z,z̄) : . (5.2.2)

The function WΛ can be calculated based on how the quantum numbers of Λ and its

behavior under scale transformation. In the case of the tachyon, a spin 0 state, WΛ = 1

and the vertex operator is

VT = eik·X (5.2.3)

(we will omit writing the normal ordering operator and the integral common to all vertex

operator). At the massless level, we saw in (5.1.29) and (5.1.30) that we have three states,

with spin 2, 1 and 0. The corresponding vertex operators are

VG = hµν∂aX
µ∂̄aX

νeik·X (5.2.4)

VKR = Bµν∂aX
µ∂̄aX

νeik·X (5.2.5)

VD = ηµν∂aX
µ∂̄aX

νeik·X (5.2.6)

corresponding to the graviton, the Kalb-Ramond field, and the dilaton respectively. ∂ = ∂z,

∂̄ = ∂z̄ and hµν and bµν are traceless symmetric and antisymmetric tensors respectively,

corresponding to the polarizations of the states.

Now that we have our basic vertex operators, let us see how we can use them to calculate

a scattering amplitude. We will focus only on tree level amplitudes. The vertex operators,

VΛ(k) will characterize the absorption or emission of string state of momentum k. We

also need a propagator, ∆, describing the propagation of the string between vertices. The
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general form for the N -particle scattering amplitude is

AN = gN−2
s < Λ1; k1|VΛ2(k2)∆VΛ3(k3)···∆VΛN−1(kN−1)|ΛN ; kn > +permutations. (5.2.7)

In particle physics, the propagator is given by (−p2 + m2 + iε)−1. Similarly, using the

mass formula (5.1.26) we can write

∆ = 1
2(L0 + L̄0 − 2)−1 (5.2.8)

and introduce an integral representation for ∆

∆ = 1
2

ˆ 1

0
dρρL0+L̄0−3. (5.2.9)

However, this will propagate all possible states, whereas we want to include just the

physical string states, satisfying the Virasoro constraints. Using the first equality in

(5.1.33) we can write

(L0 − L̄0)|φ >= 0 (5.2.10)

which we then use to write the representation for the propagator

∆ = 1
4π

ˆ 1

0
dρ

ˆ 2π

0
dφρL0+L̄0−3eiφ(L0−L̄0)

= 1
4π

ˆ
|z|≤1

d2zzL0−2z̄L̄0−2. (5.2.11)

If we were to integrate (5.2.7) over all the intermediate z, z̄ we would get an infinite answer.

The reason is that even after a conformal transformation of the world sheet metric γab to
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get a Riemann surface, we still have a leftover SL(2, C) symmetry

z → az + b

cz + d
(5.2.12)

which we can use to fix any three point on the Riemann sphere to any arbitrary value. By

fixing these three points, we would no longer be integrating over the volume of SL(2, C),

and our amplitude would be finite. By taking into account also the possible permutations

of the points where we insert the vertex operators, it can be shown that we can write the

amplitude

AN = 4π( g4π )N−2
ˆ
dµN(z)〈V1V2 · · · VN〉 (5.2.13)

where we have introduced an integration measure

dµN(z) = |zA−zB|2|zA−zC |2|zB−zC |2δ2(zA−z0
A)δ2(zB−z0

B)δ2(zC−z0
C)

N∏
i=1

d2zi. (5.2.14)

A common choice for fixing the arbitrary points A,B,C, which we will use throughout, is

A = 1, B = N − 1, C = N

z0
A = 0, z0

B = 1, z0
C =∞ .

(5.2.15)

The vertex operators in (5.2.13), using our choice (5.2.15), are ordered

0 < |z2| < |z3| < · · · < |zN−2| < 1 <∞. (5.2.16)

In Appendix C we have calculated several amplitudes in detail, where the reader can see
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how the above procedure works. One of these, (C.0.1), is the amplitude for scattering of

four closed string tachyons:

A4 = g2

4π

ˆ
d2z|z|α′k1·k2|1− z|α′k2·k3 (5.2.17)

which we can rewrite using Mandelstam variables (2.1.9) and tachyon mass (5.1.28)

A4 = g2

4π

ˆ
d2z|z|−2−α(s)|1− z|−2−α(t) (5.2.18)

and we defined

α(x) = 2 + α′x

2 . (5.2.19)

This result is well known as the Virasoro-Shapiro amplitude. The integral in (5.2.18) is

equal to

A4 = g2

4πB(−α(s)
2 ,−α(t)

2 , 1 + α(s)
2 + α(t)

2 ) (5.2.20)

and

B(a, b, c) = π
Γ(a)Γ(b)Γ(c)

Γ(a+ b)Γ(b+ c)Γ(c+ a) . (5.2.21)

In the Regge limit, s� t, we can use the Stirling formula for the Γ function and see that

(5.2.20) gives

A4 ' g22π
Γ(−α(t)

2 )
Γ(1 + α(t)

2 )
(e−iπ/2α

′s

4 )α(t). (5.2.22)

Comparing this result to (3.1.16) we see that it has the form of a Reggeon exchange

amplitude with Regge trajectory α(t) (which also explains the name ’Regge slope’ for α′).

In fact, string theory started when Veneziano wrote down the open string version of four
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tachyon amplitude:

Aopen4 = κ2 Γ(−α(s))Γ(−α(t))
Γ(−α(s)− α(t))

def== κ2B(−α(s),−α(t)). (5.2.23)

Again by using Stirling’s formula for the asymptotic behavior of Γ functions we can see

that in the Regge limit this amplitude would lead to Regge trajectories. These Regge

trajectories fit well with early experimental observations, and it was later realized that

the amplitude (5.2.23) corresponds to scattering of strings. We invite the reader, as an

exercise, to follow the steps of Appendix C, but for open strings, and derive the above

equation.



Chapter 6

Gauge/String Duality

The goal of this chapter is to summarize the key results of the papers [1, 2, 3]. These

present recent developments in applying string theory to the study of scattering by the

strong interaction. The results will then be used in chapters 7-8 to develop some new

physics. We begin with a lightning review of gauge/string duality. For better, more

detailed reviews see for example [32, 33].

6.1 The Bare Necessities

The gauge/gravity duality relates a theory of gravity, in d + 1 dimensions, to a gauge

field theory, with no gravity, in d dimensions. A particular example is the AdS/CFT

correspondence, which claims that type IIb superstring theory on AdS5 × S5 is dual to

N = 4SYM theory. In a sense, gravity emerges as the square of the gauge interaction. A

graviton will be a bound state of two gluons, and the extra dimension that the graviton

72
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lives in roughly corresponds to the separation between gluons [32]. A theory with gravity

has less observables than a theory without gravity, which is why we can get the number of

degrees of freedom of theories in different dimensions to match.

The metric of AdS5 × S5 space can be written in several different ways, depending on the

choice of coordinates. One popular expression is

ds2 = r2

R2dr
2 + R2

r2 ηµνdx
µdxν +R2dΩ5 (6.1.1)

where R is the radius of S5. Upon change of coordinate z = R2/r the metric is

ds2 = R2

z2 (dz2 + ηµνdx
µdxν) +R2dΩ5. (6.1.2)

This is the form we will make most use of in this work. Technically, this is just the metric

of Poincaré wedge of AdS space, but this will not matter much to our discussion. The

space (6.1.2) has for the boundary the 4 dimensional Minkowski space at z = 0 plus a

single point at z = ∞. The gauge theory lives in the Minkowski space on the z = 0

boundary. Sometimes we will also make a change of variable z = R exp(−u) (in the case

of the hard-wall model discussed below z = z0 exp(−u)), which will give us the metric

ds2 = R2du2 + e2uηµνdx
µdxν +R2dΩ5. (6.1.3)

If gYM is the coupling on the gauge theory side, then as ’t Hooft showed, in the large N

limit, with N the number of colors, it is useful to study the theory by doing an expansion

in coupling

λ = g2
YMN (6.1.4)
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by taking gYM → 0,N →∞ in such a way that λ is fixed. The string coupling g is related

to gYM by 4πg = g2
YM . The correspondence relates the ’t Hooft coupling to the AdS

radius and string tension

λ = R4

α′2
. (6.1.5)

The aspect of the correspondence we will want to use is applying the gravity (string) side to

learning new things about the gauge side. It is possible to go in the other direction as well,

but is not the subject of this work. The direction we want to apply works in the ’t Hooft

large N fixed λ limit, but we also need the AdS space to be weakly curved and R�
√
α′,

in order to be able to approximate the string theory by type IIb supergravity. In this case

we have λ� 1 and g � 1 (since gYM → 0), so that the gauge theory is strongly coupled,

but the string theory is weakly coupled. Therefore we can use perturbation theory on the

string side to get non-preturbative answers on the gauge side - a very useful tool indeed.

The correspondence claims that generating functionals of the string theory and the CFT

are related by

Zstring[φ0(x)] = 〈exp(
ˆ
d4xφ0(x)O(x))〉CFT (6.1.6)

where

φ0(x) def== φ(x, z) (6.1.7)

and O(x) is an operator in the gauge theory, while φ is the corresponding field on the

gravity side. If we can apply the supergravity limit, λ� 1 then we can approximate the

string partition function

Zstring ' exp(−Ssugra), (6.1.8)

where Ssugra is the classical supergravity action.
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We should note that the correspondence has not been rigorously proven as of yet, but

nevertheless it has accumulated a lot of circumstantial evidence, and juries often convict

solely on circumstantial evidence.

Another model we will use is the so called hard-wall model [34]. It involves putting a ’wall

at the end of space’, or in other words a cutoff, in the z coordinate. We use the metric

(6.1.2) but with the understanding

0 < z < z0 (6.1.9)

where z0 is the position of the cutoff. This is not a fully consistent theory, as the metric

does not satisfy the supergravity equations, but it is a useful toy model. It will lead to a

discrete spectrum of states and a mass gap. Its advantage is that by cutting off the space,

we break scale invariance, which leads to a more realistic theory with confinement. In

particular, as we will see in later chapters, especially chapter 8, the cutoff position will

roughly correspond to

z0 '
1

ΛQCD

. (6.1.10)

The advantage of the hard-wall model is that it is a (relatively) simple model of confinement.

On the other hand, it is not the final answer, and care must be taken to separate features

which are model dependent, and those which are model independent. Results that depend

on the precise way the metric is cutoff will be most likely model dependent.



76

6.2 The AdS Pomeron

In this section we review the approach to the Pomeron in AdS called the BPST Pomeron,

after its authors Brower, Polchinski, Strassler and Tan. Due to the importance of the

Pomeron in high energy scattering (see chapter 3), the BPST Pomeron is a very important

object. Furthermore their string theory approach has the advantage of uniting the soft

non-perturbative Pomeron and the hard, perturbative BFKL Pomeron (chapter 4.4).

First, let us present an intuitive derivation. For scattering in d flat spacetime dimensions

we can write the S matrix

S = 1 + i (2π)d δd(
∑

ki)Td . (6.2.1)

By separation of variables we can write the wavefunctions for external hadrons

Φ(x, y) = φ(x)ψ(y) , (6.2.2)

and φ(x) is determined by the coupling to O, equation (6.1.6). x represents the 4 Minkowski

space coordinates on the boundary, while y represents the other 6 dimensions. For example

in the case of scattering of scalar glueballs,

φ(x) = exp(i p · x) . (6.2.3)

BPST argued that for d = 10 dimensions we can represent T4 as a coherent superposition
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over all possible scattering locations in the other 6 dimensions:

T4 =
ˆ

d4y
√
−G T10(p̃)

∏
ψi(y) (6.2.4)

where the product runs over the i external states (in the case considered, i = 4).

The momenta with a tilde, p̃µ represent the momenta as seen by a local inertial observer

sitting at a given value z

p̃µ = z

R
pµ , (6.2.5)

and pµ are the standard 4 dimensional gauge theory momenta, associated with conserved

Nöther currents. Note that
√
−G is the full 10 dimensional metric.

If we were considering states with spin, T10 and φ(x) would carry appropriate indices,

which would be contracted with each other. With the substitution (6.2.4), the S matrix

(6.2.1) is

S = 1 + i (2π)4 δ4(
∑

p)T4 . (6.2.6)

This approximation is appropriate for tree level scattering, in the limit R� α′, which we

saw was appropriate for the AdS/CFT correspondence.

To evaluate the integral (6.2.4) we need to know the expression for the T -matrix in 10

dimensions. We begin by calculating this expression using flat space string theory, by

methods described in section 5.2. For example, applying it to Regge scattering of scalars,

using equation (5.2.22) we can replace

T10 → f(α′t̃) (α′s̃)α(t̃) (6.2.7)
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with the Mandelstam variables replaced with the local forms according to (6.2.5)

s̃ = z2

R2 s t̃ = z2

R2 t . (6.2.8)

As a first,’ultralocal’, approximation, which will be shown later to correspond to the

supergravity limit λ→∞ we can plug this result into (6.2.4)

T4(s, t) =
ˆ
d6y
√
−G f(α

′z2

R2 t)(
α′z2

R2 s)
2+α′z2

2R2 t
4∏
i=1

ψi(y). (6.2.9)

We can now use this result to examine the structure of the amplitude. We see, from the

exponent of s, that the Pomeron intercept is at 2, the same as in flat space. The Regge

slope now depends on the position in the 5th dimension z

α′eff (z) = α′z2

R2 = z2
√
λ
. (6.2.10)

The next step is to study what happens at λ large, but finite. To do this, we must keep

some terms of order 1/
√
λ which we have implicitly dropped previously. To this end, we

promote the momenta s̃, t̃ to differential operators:

α′t̃→ α′∇2
P

def== z2
√
λ
t+ α′∇2

⊥P . (6.2.11)

The operator ∇2
⊥P is the curved space transverse Laplacian acting in the t-channel,

therefore on the product of wavefunctions Φ1 and Φ3. There are some subtleties involved

in precisely how this operator is defined, but BPST show that to order 1/
√
λ for Pomeron
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exchange the appropriate replacement in lightcone coordinates is

∇2
P → ∆2 ,

∆2 = (R
z

)2∇2
0

[
(R
z

)−2
]
,

∇2
0 = (−G)1/2 ∂M

[
(−G)1/2GMN∂N

]
.

(6.2.12)

The indices M,N run over the 10 AdS coordinates. The last definition above is just the

10 dimensional scalar Laplacian. In other words, this would lead to t̃ being replaced by

the differential operator

α′t̃→ 1√
λ

[
z∂zz∂z + tz2 − 4

]
+O(1/λ) . (6.2.13)

We should do a similar replacement for s̃, with a differential operator acting on the product

of wavefunctions Φ1 and Φ2. However in the high energy limit we are working in, s→∞,

and s is so large that we do not have to keep any other term, as they would all be

subleading:

α′s̃→ 1√
λ
sz2 . (6.2.14)

Applying equations (6.2.14) and (6.2.13) in equation (6.2.4) for T4 we would have the term

( z
2
√
λ
s)2+ 1

2
√
λ

[z∂zz∂z+tz2−4]ψ1(z)ψ3(z) . (6.2.15)

To study the structure of the amplitude we therefore need to know how the differential
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operator in the exponent acts on the product ψ1(z)ψ3(z). We can ascertain this by writing

ψk(z) =
ˆ
dz′ψk(z′)δ(z − z′) k = 1, 3 , (6.2.16)

which would lead to the amplitude

=A(s, t) ∝
ˆ
dz dz′ ψ2(z)ψ4(z)K(z, z′, t, τ)ψ1(z′)ψ2(z′) , (6.2.17)

where we have define the Pomeron exchange kernel

K(z, z′, t, τ) def== eHδ(z − z′) , (6.2.18)

and

H = 1
2
√
λ

[
z∂zz∂z + tz2 + 4

√
λ − 4

]
. (6.2.19)

We can then find K by expanding the δ function into the eigenvalues of H

δ(z − z′) =
ˆ
dνc(ν)φν(z) , (6.2.20)

where φν satisfy

Hφν(z) = Eνφν(z) . (6.2.21)

Using the orthonormality of φν we can solve (6.2.20) for c(ν) giving us

δ(z − z′) =
ˆ
dνφ∗ν(z′)φν(z) (6.2.22)
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which using (6.2.18) finally gives us

K(z, z′, t, τ) =
ˆ
dνφ∗ν(z′)φν(z)eEν . (6.2.23)

Hence we see that finding the Pomeron propagator reduces to solving Schrödinger’s equation

in Liouville quantum mechanics (6.2.21), with H given by (6.2.19). Computationally it is

probably simplest to solve this problem using the u variable (6.1.3), which turns

H = 1
2
√
λ

(−∂2
u + V (u)) , (6.2.24)

V = −2
√
λ j0 − z2

0te
−2u (6.2.25)

j0 = 2− 2√
λ

(6.2.26)

where we made it look more like a Schrödinger’s equation. Let us begin by introducing a

dimensionless variable

ξ = ρe−u (6.2.27)

ρ = z0

√
|t| , (6.2.28)

and write the eigenvalues as

Eν = −2
√
λ j0 + ν2

2
√
λ

. (6.2.29)

We can then rewrite the differential equation

ξ2ψ′′ + ξψ′ − (ξ2 + (iν)2)ψ = 0 . (6.2.30)

Right now we are working in the conformal theory, so we have an implied boundary
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condition that

ψ → finite u→∞ . (6.2.31)

The above equation has the form of a modified Bessel equation. The general solution with

the above boundary condition is given by

c(ν)Iiν(ξ) . (6.2.32)

To fix c, we require the eigenfunctions to be normalized

ˆ ∞
0

dνψ∗ν(u)ψν(u′) = δ(u− u′) . (6.2.33)

This gives

|c|2 = ν

2 sinh(iν) . (6.2.34)

To fix the phase of c we require the limit t→ 0 to be well defined, which gives

c(ν) = i (ρ2)−iν νΓ(iν)√
2π

. (6.2.35)

We can use identities between Bessel functions to simplify this to

ψν(u) = c(ν)Iiν(ξ) =
√

2
π

Kiν(z0

√
|t| e−u)

Γ(iν) , ν > 0 , (6.2.36)

and the corresponding eigenfunctions

j = −E = j0 −
ν2

2
√
λ
, (6.2.37)
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where we used equation (6.2.29). We see that the amplitude will have a cut starting at

j = j0 = 2− 2√
λ

(6.2.38)

independently of the value of t. The Pomeron exchange kernel, (6.2.23), would therefore

be equal to in this (conformal) model

K(u, u′, τ, t) = 2
π2 e

j0τ

ˆ ∞
0

dν ν sinh(πν)Kiν(z0|t|1/2e−u)K−iν(z0|t|1/2e−u
′)e−ντ2 (6.2.39)

with

τ
def== 1

2
√
λ

log( z
2
0√
λ
e−(u+u′)s) . (6.2.40)

In the case t = 0, the wavefunctions simplify

ψν(u)→ eiνu (6.2.41)

and the integral in K can be explicitly evaluated to give

K(u, u′, τ, 0) = 1√
2πτ

ej0τe−
(u−u′)2

4τ . (6.2.42)

Plugging this into (6.2.17) would give us the imaginary part of the forward scattering

elastic amplitude, which we know from the optical theorem, (2.2.10), is equal to the total

scattering cross section. We will make extensive use of this in chapter 8.

We can repeat the same calculation starting from (6.2.24) but working in the hard-wall

model. In terms of the u coordinate the space is cut off at u = 1, 0 < u < 1, so we no

longer have the boundary condition (6.2.31) as u→∞. The general solution of equation
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(6.2.30) in this case is

ψν(u) = c(ν)(Iiν(ξ) +R(ν, ρ)I−iν(ξ) (6.2.43)

with c(ν) the same as before (6.2.35). The boundary condition that ψν must satisfy is now

∂ξ(ξ2ψ)|ξ=ρ = 0 . (6.2.44)

This is the Neumann boundary condition which enforces energy momentum conservation

at the wall. The condition above determines

R(ν, ρ) = − ∂ξ(ξ2Iiν(ξ))
∂ξ(ξ2I−iν(ξ))

|ξ=ρ = − 4Iiν(ρ) + ρIiν−1(ρ) + ρIiν+1(ρ)
4I−iν(ρ) + ρI−iν−1(ρ) + ρI−iν+1(ρ) . (6.2.45)

Following the same procedure as before, we can calculate the imaginary part of the

amplitude, with the Pomeron exchange kernel given by

KHW (u, u′, τ, t) = ej0τ
ˆ ∞

0
dν |c(ν, τ)|2 [Iiν(ξ) +R(ν, τ)I−iν(ξ)]∗×

× [Iiν(ξ′) +R(ν, τ)I−iν(ξ′)] e−τν
2
.

(6.2.46)

In the forward scattering limit, t = 0, the result will again simplify. The wavefunction will

be

ψν(u)→ 1√
2π

(e−iνu + ν − 2i
ν + 2ie

iνu) (6.2.47)

which will give for the Pomeron exchange, after performing the integral in (6.2.46)

KHW (u, u′, τ, 0) = 1√
πτ

ej0τ
(

exp(−(u− u′)2

4τ ) + F(u, u′, τ) exp(−(u+ u′)2

4τ )
)

(6.2.48)
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with

F(u, u′, τ) = 1− 4
√
πτ eη

2 erfc(η) (6.2.49)

η = u+u′+4τ√
4τ . (6.2.50)

In chapter 8 we will return to use this result to calculate the total cross section in DIS.

We will discuss the physical meaning of the function F there, and the difference between

the expressions with confinement and without confinement.

A more formal derivation of the above results can be performed, using the discussion in

section 5.2. Let us commence at equation (5.2.7) and write it as

AWLWR
=
ˆ
d2w〈WRw

L0−2w̄L̃0−2WL〉 (6.2.51)

where WR,L contain the vertex operators and the associated propagators, and we just

separated out one integration. The momenta in WR have a large − component, while

those in WL have a large + component in light cone coordinates. We can insert a complete

set of states (5.1.32) in the middle, and act on it with L0 and L̃0, keeping only the leading

term in the Regge limit

AWLWR
∼
∞∑
n=0

ˆ
d2w

2m+nwm−2−α
′t
4 w̄n−2−α

′t
4

α′m+nm!n! ×

〈WRe
ik·X(∂X−)m(∂̄X−)n〉〈e−ik·X(∂X+)m(∂̄X+)nWL〉 .

(6.2.52)

If we expand X in terms of modes (5.1.8) we can readily see that ∂X(0) contains only

α−1 and analogously for ∂̄X(0). All the m and n dependent terms combine to form an
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exponential

exp(2w∂X−R∂X+
L /α

′ + 2w̄ ¯∂X−R ¯∂X+
L/α

′) . (6.2.53)

We can integrate over w above, which gives

AWLWR
∼ Π(α′t)× 〈WRe

ik·X
( 2
α′
∂X−−1

¯∂X−−1

)1+α′t
4
〉〈e−ik·X

( 2
α′
∂X+
−1

¯∂X+
−1

)1+α′t
4
WL〉 .

(6.2.54)

Comparing with equation (5.2.4) we see that the amplitude factorizes into a product of

two amplitudes, with an insertion of the Pomeron vertex operator

VP
def==
( 2
α′
∂X± ¯∂X±

)1+α′t
4
e∓ik·X . (6.2.55)

Comparing with the graviton vertex operator, (5.2.4), we see that at t = 0 the Pomeron

vertex operator gives the graviton. Hence the Pomeron is the graviton’s Regge trajectory.

In Appendix C we will give more detailed calculations, showing how we can extract

computationally the Regge limit of the scattering amplitudes by the insertion of this vertex

operator.

In AdS space we would again insert a complete set of states. We also need to impose the

physical state condition (5.1.33)

L0V(j) = L̃0V(j) = V(j) (6.2.56)

where to diagonalize L0 we went to a basis of definite spin

V(j) = (∂X+∂̄X+)j/2eik·Xφ+j(Y ) . (6.2.57)
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We work in the Gaussian limit, in which we can take the AdS vertex operator to be the

product of the 4-dimensional flat space vertex operator multiplied by a function of the

remaining coordinates. In terms of the string wavefunctions (6.2.3) this translates directly

into eipXΨ(Y ). Now to evaluate

L0V (j) = (∂X+∂X+)
j
2 [j2 −

α′

4 4j]eik·Xφ+(Y ) +O( 1
λ

)

= (∂X+∂X+)
j
2 eik·Xφ+j(Y )

(6.2.58)

Once we write out the Laplacian this condition becomes (taking φ+j(Y ) to depend only

on r)

[j − 2− α′R2

2r2 t−
1

2
√
λ

(j(j − 4) + r(5− 2j)∂r + r2∂2
r )]φ+j(r) = 0. (6.2.59)

At j = 2 we should identify this state with the graviton. In this case the equation becomes

[−α
′R2

2 te−2u − 1
2
√
λ

(∂2
u − 4)]φ++(u) = 0 . (6.2.60)

This can lead us back to our previous solution, equation (6.2.24). In chapter 7 we will

present a more detailed discussion, including keeping the next to leading order term.

6.3 The Eikonal Approximation in AdS Space

In this section we will review a few of the main results from papers [3, 7], that we will

make use of in later chapters. Similar results appeared in [35, 36, 37, 38].

The eikonal approximation neglects all non-linear Pomeron interactions, and it is only
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valid when the scattering angle is small. In the previous section we calculated the Pomeron

exchange kernel in the conformal model, equation (6.2.39), and we expressed it as a function

of s, t, z and z′. This is actually only the imaginary part of the kernel, =K(s, t, z, z′).

To build the eikonal exchange, we need both the real and imaginary parts, and it is

computationally simplest to do after we express the kernel as a function of j, b⊥, z and z′,

with b⊥ = x⊥ − x′⊥ the impact parameter. Then the results can be obtained by a whole

chain of integral transforms. First, we do a Mellin transform to take us from the s plane

to the j plane:

K(j, t, z, z′) =
ˆ ∞

0
dŝ(ŝ)−j−1=K(s, t, z, z′) . (6.3.1)

The transform is done with respect to a dimensionless variable ŝ def== zz′s. Next, we do a

Fourier transform with respect to q2
⊥ = −t:

K(j, x⊥ − x′⊥, z, z′) =
ˆ

d2q⊥
(2π)2 e

iq⊥·(x⊥−x′⊥)K(j,−q2
⊥, z, z

′) . (6.3.2)

We now have the desired form of K, starting from results we calculated in the previous

section. Eventually, we will want to go back to the s plane from the j plane, to connect

our results with physical measurements. We are able to this by means of an inverse Mellin

transform

K(s, x⊥ − x′⊥, z, z′) = −
ˆ

dj

2πi ( ŝ
j − (−ŝ)j
sin πj )K(j, x⊥ − x′⊥, z, z′) (6.3.3)

where the two summands allow us to reconstruct both the real and the imaginary parts of

the amplitude.

The reason given for going to the j plane in the first place is that our expression simplifies
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there. Indeed, equation (6.3.2) can be integrated analytically giving

K(j, x⊥ − x′⊥, z, z′) = (zz
′

R4 )G3(j, v) (6.3.4)

where G3(j, v) is the AdS3 scalar Green’s function, given by

G3(j, v) = 1
4π

[
1 + v +

√
v(2 + v)

]2−∆+(j)

√
v(2 + v)

, (6.3.5)

and v is the chordal distance in AdS3 space

v = (x⊥ − x′⊥) + (z − z′)2

2zz′ . (6.3.6)

The chordal distance appears as a natural generalization of the impact parameter. The

presence of the extra AdS radial coordinate together with the two transverse coordinates

in Minkowski space forms a transverse AdS3 space. The exponent in (6.3.5) ∆+(j)− 1 is

the AdS3 conformal dimension

∆+(j) = 2 +
√

2
√
λ (j − j0) . (6.3.7)

The eikonal approximation will work at large v. As v → 0, we have a head on collision, which

leads to large momentum transfers. G3(j, v) will become large and our approximations will

break down. We now build the eikonal approximation as a sum to all orders of ladder and

crossed ladder diagrams, figure 6.1, where each rung represents a Pomeron exchange, and

neglecting all diagrams where Pomerons interact with each other. The authors of [3] work

out this sum carefully. It is important to calculate the combinatorial factor at each level.
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Figure 6.1: Some of the diagrams contributing to the eikonal approximation.

For example at one loop level the two diagrams that enter the sum are, figure 6.2. We can

Figure 6.2: The one loop level diagrams of the eikonal expansion.

factorize this into a product where the factor 1/2! is included to avoid overcounting the

diagrams we would obtain, figure 6.3. Doing a similar procedure at each level we would

have

iχ+ (iχ)2

2! + (iχ)3

3! + · · · = eiχ − 1 (6.3.8)

which would lead to the 2→ 2 elastic scattering amplitude

A(s, t) ' −2is
ˆ
d2be−ib

⊥q⊥

ˆ
dzdz′P13(z)P24z′

[
eiχ(s,b⊥,z,z′) − 1

]
(6.3.9)
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Figure 6.3: Factorization at one loop level.

where χ is given in terms of the Pomeron exchange kernel:

χ(s, x⊥ − x′⊥, z, z′) = g2
0R

4

2(zz′)2s
K(s, x⊥ − x′⊥, z, z′) . (6.3.10)

The function Pij appearing above are just products of the wavefunctions for the external

hadrons

Pij(z) = ( z
R

)2
√
g(z) φ1(z)φ3(z) , (6.3.11)

and g(z) is the determinant of the metric of AdS5, not the whole AdS5 × S5 space.

We see from (6.3.9) that to get the amplitude A(s, t) we need the kernel in the s plane,

which we calculate using (6.3.3)

K(s, b⊥, z, z′) =− (zz
′

R4 )G3(j0, v)

× ŝj0
ˆ j0

−∞

dj

π

1 + e−iπj

sin πj ŝ(j−j0) sin
[
ξ(v)

√
2
√
λ (j0 − j)

] (6.3.12)

where we introduced a new variable

ξ = log(1 + v +
√
v(2 + v) ) . (6.3.13)
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The imaginary part can be analytically integrated

=K = (zz
′

R4 )G3(j0, v) ŝj0
ˆ j0

−∞

dj

π
ŝ(j−j0) sin

[
ξ(v)

√
2
√
λ (j0 − j)

]

= (zz
′

R4 )G3(j0, v) ŝj0
ˆ +∞

−∞

dy

2πi
√
λ
ye−

τy2/2
√
λ eiξ(v)y

= (zz
′

R4 )G3(j0, v) (
√
λ

2π )1/2ξ ej0τ
e−
√
λ ξ2/2τ

τ 3/2

(6.3.14)

where we changed the integration variable to y2 = 2
√
λ (j0 − j).

This is the imaginary part for the single Pomeron exchange propagator. As we know from

optical theorem, (2.2.10), this is enough for calculating the total cross section, and we will

use this result in chapter 8. To get the total cross section for exchange of the full eikonal

amplitude, we need the real part of K as well. This cannot be calculated exactly, but in

the limit τ →∞,
√
λ fixed and large, we can approximate

<K ≈ cot π√
λ
=K . (6.3.15)

We will use this approximation in our eikonal models of chapter 8. For future reference,

let us note that expanding (6.3.9) and keeping just leading order exchange, i.e. the single

Pomeron, the 2→ 2 elastic amplitude written in terms of (6.3.10) is

A(s, t) = 2s
ˆ
d2bei~q·

~b

ˆ
dzdz′P13(z)P24(z′)χ(s, b, z, z′), (6.3.16)



Chapter 7

Odderon in AdS/CFT

In the previous chapter, section 6.2 we saw how the Pomeron arises in string theory, and

in 3.2 we saw that it has been conjectured for a long time that it might have a partner,

odd under charge conjugation, called the Odderon [39, 40, 41, 42, 43]. In this chapter we

will try to build a theory of the Odderon using string theory, and then apply it to QCD

using the AdS/CFT correspondence. This chapter is completely based on [7].

7.1 Odderon at Weak Coupling

At weak coupling the classic study of Balitsky, Fadin, Kuraev and Lipatov (BFKL)

[44, 45, 46, 47, 48], which we briefly reviewed in section 4.4, evaluated the Pomeron

contribution to leading order in g2
YM and all orders in g2

YM log(s/s0). In the conformal limit,

both the weak-coupling BFKL Pomeron and Odderon correspond to J-plane branch points.

For instance, for the BFKL Pomeron, the cut is located at j(+)
0 = 1 + (ln 2) λ/π2 +O(λ2) ,

93
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where λ = g2Nc is the ’t Hooft coupling. Under the same leading log approximation

investigations for the Odderon in the weak coupling were first carried out by Bartels,

Kwiecinski and Praszalowicz (BKP) [49, 50]. Interestingly, two leading Odderon solutions

have been identified. Both are branch cuts in the J-plane. One has an intercept slightly

below 1, at j(−)
0,(1), [51, 52], and the second, denoted by j(−)

0,(2), [53], has an intercept precisely

at 1 1. These are summarized in Table 7.1.

To illustrate the difference between the Pomeron (C = +1) and the Odderon (C = −1)

sectors, consider the path ordered trace operator, TrPσ exp[i
¸
dσx′µ(σ)Aµ(x)], which is

the source for the closed string on the boundary of AdS5. On the string world sheet,

charge conjugation is given by parity (σ → −σ), so that the C = ±1 sectors correspond

to symmetric/anti-symmetric (or real/imaginary) combinations,

TrPσ[ei
¸
dσx′µ(σ)Aµ(x) ± e−i

¸
dσx′µ(σ)Aµ(x)] ,

respectively. Expanding to lowest order in perturbation theory, these reduce to two- and

three-gluon source, where charge conjugation is Aµ(x)→ −ATµ (x) with Aµ = λaAa, the

Hermitian gauge field generators. Thus the Pomeron Green’s function for exchanging

two gluons between hadrons can be written as a correlator, 〈Pµν(x, y)Pµ′ν′(x′, y′)〉, of two

color-singlet operators,

Pµν(x, y) = tr(Aµ(x)Aν(y)) = (1/2)δabAaµ(x)Abν(y) (7.1.1)

with C = +1. For three gluons exchange, the Green’s function can again be written as a

correlator of color-singlet operators, 〈Oµνρ(x, y, z)Oµ′ν′ρ′(x′, y′, z′)〉. Unlike the case of two
1The fact that the second solution has j(−)

0,(2) = 1 up to O(λ3) in the conformal limit was communicated
to us by Cyrille Marquest.
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gluons, we now have two possibilities. One involves the totally symmetric d-coupling,

Oµνρ(x, y, z) = tr ({Aµ(x), Aν(y)} Aρ(z)) = (1/2)dabcAaµ(x)Abν(y)Acρ(z) (7.1.2)

which is odd under C and therefore is the lowest order contribution to the Odderon. The

second possibility involves the totally anti-symmetric coupling, tr ([Aµ(x), Aν(y)] Aρ(z)) =

(i/2)fabcAaµ(x)Abν(y)Acρ(z) . Under C, fabc → fcba = −fabc and C even, leading to a three

gluon contribution to the Pomeron.

In the weak coupling leading logarithmic approximation, the C = +1 BFKL Pomeron

and the C = −1 Odderon [49, 50] are given by the ladder approximation for two and

three Reggeized gluons in the t-channel. Rapid advances have been made recently by

exploring the consequences of conformal invariance. It is possible to treat each sector

with fixed number, ng, of Reggeized gluons exchanges in the large Nc limit, ng = 2, 3, · · · .

The leading intercept for each ng-sector can be found as the ground state eigenvalue of a

Hamiltonian, HBFKL, where

HBFKL = 1
4

ng∑
i=1

[H(J2
i,i+1) + H(J̄2

i,i+1)], (7.1.3)

is a sum over two-body operators with holomorphic and anti-holomorphic functions of

the Casimir. It has been shown in [54] that this is a spin chain with a sufficient number

of conserved charges to be completely integrable. In [55] it was then identified as an

SL(2, C) XXX Heisenberg spin chain. For the ng = 3 Odderon, explicit solutions were

found in [51, 52, 53]. (For a comprehensive review on Odderon, see [56]. Other related

works include [57, 58, 59].)
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7.2 Introduction

Let us start by generalizing the intuitive argument of section 6.2 to the case of crossing

odd amplitudes. Consider a 2→ 2 scattering process,a+ b→ c+ d, and a process related

to it by crossing, section 2.3, c̄ + b → ā + d, where ā and c̄ denote anti-particles of a

and c respectively. In terms of the Mandelstam variables (2.1.9), s = −(pa + pb)2 and

t = −(pa+pc)2. Let us denote amplitudes for these two processes by F and F̄ and consider

the combinations F± ≡ (F̄ ± F )/2, i.e.,

Fc̄b→ād ≡ F̄ = F+ + F− ,

Fab→cd ≡ F = F+ − F− . (7.2.1)

However, since F and F̄ are also related by crossing, s↔ u, u = −(pa + pc)2, F±, at fixed

t, will be even and odd (C = ±1) in the difference variable: ν = (s− u)/2. At s large and

t fixed, ν ' s, and we shall therefore in what follows treat as if F± are even and odd in s.

For the most part, we will consider elastic scattering where a = c and b = d. It follows

that the average and the difference of total cross sections at high energies are related to

C = ±1 amplitudes in the forward limit where t = 0 via the optical theorem, i.e.,

[σT (āb) + σT (ab)] ∼ (2/s) Im F+ ,

[σT (āb)− σT (ab)] ∼ (2/s) Im F− . (7.2.2)

We already met the crossing even amplitude, related to the Pomeron, (6.2.7). Using the
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above, we can rewrite it in a form which makes explicit the crossing even form:

T
(+)
10 (s, t)→ f (+)(α′t)

[
(−α′s)2+α′t/2 + (α′s)2+α′t/2

sin π(2 + α′t/2)

]
, (7.2.3)

where f (+)(α′t) is process-dependent. Similarly, for the C = −1 sector the amplitude

behaves as

T
(−)
10 (s, t)→ f (−)(α′t)

[
(−α′s)1+α′t/2 − (α′s)1+α′t/2

sin π(1 + α′t/2)

]
, (7.2.4)

corresponding to the exchange of a closed string trajectory

α−(t) = 1 + α′t/2 . (7.2.5)

We saw that the Pomeron corresponded to the graviton’s Regge trajectory. Similarly, the

above trajectory will correspond the the Regge trajectory of the massless Kalb-Ramond

field, BIJ (5.1.31). We can then proceed to use this flat space amplitude in (6.2.4), and use

the same arguments as for the Pomeron to build the ultralocal approximation in terms of

the local inertial momenta s̃ and t̃ for the Odderon exchange amplitude in AdS. According

to the arguments in section 6.2, this will lead to an effective intercept for the trajectory

α
(−)
eff (t) ' 1 + 1

2
√
λ

R4

r2 t . (7.2.6)

and the amplitude in the supergravity limit having a cut at j = 1.

The next step would again be to promote the momenta s̃ and t̃ to operators, but, as before,

in the high energy limit that we are working in it is enough to replace s̃ by (6.2.1). Let us
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replace the Odderon kernel by

s̃1+α′ t̃/2 =
ˆ

dj

2πi s̃
j G(−)(j) =

ˆ
dj

2πi
s̃j

j − 1− α′∆O/2
(7.2.7)

where we have again introduced a J-plane C = −1 propagator. The operator ∆O(j) can

be fixed by examining the EOM at j = 1 for the associated super-gravity fluctuations

responsible for this exchange, i.e., the anti-symmetric Kalb-Ramond field, BMN . There

are two classes of EOM’s:

(�Maxwell − (k + 4)2)B(1)
IJ = 0 , (�Maxwell − k2)B(2)

IJ = 0 (7.2.8)

k = 0, 1, 2, · · · , where �Maxwell stands for the Maxwell operator defined in Eq. B.0.2.

However, for k 6= 0, there would be associated fluctuations on W, which we ignore, thus

leaving two solutions, both for k = 0. We also normalize the �Maxwell operator so that its

component in flat transverse directions is (R4/r2)∇2
b . For both cases, we have

G(−)(j) = 1
j − 1− (α′/2R2)(�Maxwell −m2

AdS,i)
(7.2.9)

where the AdS mass-squared are 2

m2
AdS,1 = 16 , m2

AdS,2 = 0 . (7.2.10)

We are now in position to demonstrate that (7.2.9) leads to diffusion in AdS for the C = −1

sector, similarly to what we saw earlier for the Pomeron. Denote matrix elements by
2In our normalization, these are dimensionless. Formally, the second solution can be gauged away.

However, we leave it here for now and will return to have a more careful discussion later.
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G(−)(z, z,′ ; j, t) = 〈z; t |G(−)(j)| z′; t〉, we adopt a normalization so that (zz′)2G(−) satisfies

a standard AdS5 scalar equation. Indeed, at j = 1 this reduces precisely to the equation

for an AdS5 scalar propagator, up to a constant factor 2
√
λ. It is actually simpler to deal

with G(−) directly, and one finds

(1/2
√
λ)
{
−z∂zz∂z + z2t+m2

−(j)
}
G(−)(z, z′; j, t) = z δ(z − z′) (7.2.11)

where m2
−(j) = 2

√
λ(j − 1) + m2

AdS,i. G(−) can now be found by a standard spectral

analysis.

We will turn this problem into a Schrodinger eigenvalue problem, analogous to (6.2.21):

H(±)ΨE(u) = [−∂2
u + V (u, t)]ΨE(u) = EΨE(u) (7.2.12)

with V (u, t) = −te−2u. We can simplify the problem further by considering t = 0 first.

This has the same eigenstates as a free particle. The spectral representation for G− at

t = 0 is

G(−)(z, z′; j, 0) = 1√
λ

ˆ ∞
−∞

dν
e2iν(u−u′)

j − j−0 + Dν2 (7.2.13)

with j(−)
0 given by

j
(−)
0 = 1−m2

AdS/2
√
λ+O(1/λ) . (7.2.14)

and D = 2/
√
λ.

Upon taking an inverse Mellin transform, it follows that

〈z; 0|s̃α−(0)+α′ t̃/2|z′; 0〉 = ej
(−)
0 τ e

−2(u−u′)2/Dτ

√
πDτ

(7.2.15)
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where we have τ = log s̃. This is the same type of behavior found by BFKL in perturbative

context. Here, it corresponds to diffusion in AdS. In particular, we can identify j(−)
0 as the

strong coupling limit of the Odderon intercept. Also from (7.2.13), one can verify that

there is a branch point in the J-plane ending at j(−)
0 , as summarized in Table 7.1, for both

C = ±1. The weak coupling intercepts have been calculate using the BFKL and BKP

equations for the Pomeron and Odderon respectively.

Weak Coupling Strong Coupling
C = +1 j

(+)
0 = 1 + (ln 2) λ/π2 +O(λ2) j

(+)
0 = 2− 2/

√
λ+O(1/λ)

C = −1 j
(−)
0,(1) ' 1− 0.24717 λ/π +O(λ2) j

(−)
0,(1) = 1− 8/

√
λ+O(1/λ)

j
(−)
0,(2) = 1 +O(λ3) j

(−)
0,(2) = 1 +O(1/λ)

Table 7.1: Pomeron and Odderon intercepts at weak and strong coupling.

For t 6= 0, the eigenvalue problem can again be solved in terms of Bessel functions while

the spectrum remains unchanged. Instead of (7.2.13), one has

G(−)(z, z′; j, t) = 2√
λπ2

ˆ ∞
−∞

dν ν sinh 2πνK2iν(|t|1/2e−u)K−2iν(|t|1/2e−u
′)

j − j−0 + Dν2 (7.2.16)

Therefore, the spectrum in the J-plane remains a fixed cut at j = j
(−)
0 .

To get the Odderon exchange kernel in the s and b⊥ plane, we can do an inverse Mellin

transform

K(−)(s, z, x⊥, z′, x′⊥) ∼
(

(zz′)2

R4

)ˆ
dj

2πi

[
(−s̃)j − (s̃)j

sin πj

]
G(−)(z, x⊥, z′, x′⊥; j) . (7.2.17)

To obtain scattering amplitudes, we simply fold this kernel with external wave functions.

Eq. (7.2.17) also serves as the starting point for eikonalization, as we already saw for the
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Pomeron in section 6.3.

7.3 World Sheet Analysis

7.3.1 Flat Space

At the end of section 6.2 we gave a quick review of a more formal derivation of Pomeron

exchange kernel, using a BPST Pomeron vertex operator. We will now present a more

thorough treatment of this approach. Previously, in the Regge limit we kept just the

leading components in the light cone coordinate, which corresponded to graviton exchange.

We will now keep terms corresponding to all massless level exchanges. We will once again

see that the Odderon corresponds to the trajectory of the 2 form Kalb-Ramond field. Once

again, we will work for simplicity with just bosonic string theory.

We start by working in flat space. We saw from equation (6.2.55) that we can insert a

Pomeron vertex operator into the amplitude. To generalize this to the C = −1 sector

we must go beyond elastic tachyon amplitude. Due to symmetry under crossing, s↔ u,

only C = +1 states, which are even under worldsheet parity, couple in the t-channel. The

odd sector couples first in the four point amplitude involving two external C = −1 states,

one initial and one final in the t-channel. This is due to world-sheet parity conservation.

Hence more generally insert the operator,

V(T ) = (TMN∂X
M ∂̄XN/α′)1+α′t/4e∓ik·X (7.3.1)

and factorize the tensor and take the high energy limit. The leading term on-shell at t = 0
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defines 3 vertex operators (cf. equations (5.2.4)-(5.2.6)) :

〈WR e
ikXhMN∂X

M∂XN〉 ' 〈WR e
ikXh−−∂X

−∂X−〉 = O(s) ,

〈WR e
ikXBMN∂X

M∂XN〉 ' 〈WR e
ikXB−⊥(∂X−∂X⊥ − ∂X⊥∂X−)〉 = O(

√
s) ,

〈WR e
ikXηMN∂X

M∂XN〉 ' O(1) . (7.3.2)

For t 6= 0 the leading term picks up a common factor of (∂X−∂̄X−)α
′t
4 on the left,

[(hMN + BMN)∂XM∂XN ]1+α′t
4 (7.3.3)

'
[
h−−(∂X−∂X−) +B−⊥(∂X−∂X⊥ − ∂X⊥∂X−)

]
(∂X−∂X−)α

′t
4 .

For WL, we need to replace X− by X+, with a common factor (∂X+∂̄X+)α
′t
4 on the

right. When they are combined, the symmetric combination, i.e., the first term above,

leads to the Pomeron vertex operator. The anti-symmetric combination, the second term,

contributing to 1/s down relative to the first term, corresponds to an Odderon exchange.

In analogy with V±P , we can now define an Odderon vertex operator

V±O = (2ε±,⊥∂X±∂̄X⊥/α′)(2∂X±∂̄X±/α′)α
′t/4e∓ik·X (7.3.4)

which characterizes the exchange of a leading Odderon. Here ε±,⊥ = −ε⊥,±. Just as for

the Pomeron, this is an on-shell vertex operator, satisfying the on-shell conditions

L0V
±
O = L̄0V

±
O = V±O (7.3.5)

In particular, this leading Regge trajectory interpolates those states created by level-one
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oscillators, α−1,M and α̃−1,M , with j = 2n + 1, tn = 4n α′−1, n = 0, 1, · · · , and can be

characterized by an Odderon trajectory

α(−)(t) = 1 + α′t/2 , or L0(j, t) = L̄0(j, t) = (j + 1)/2− α′t/4 = 1 (7.3.6)

Let us next briefly comment on the the couplings of the Odderon, i.e., 〈WR V−O〉 and〈
V+
OWL

〉
. Note that VP and VO have opposite symmetry under ∂ ↔ ∂̄, even and odd for

VP and VO respectively. For oriented closed strings, the theory should be invariant under

w ↔ w̄. It follows that non-vanishing coupling 〈WR V−O〉 and 〈WL V
+
O〉 would require WR,L

to be odd under w ↔ w̄. For example, tachyon and graviton vertex operators Vt and Vg

are even under w ↔ w̄. It follows that couplings involving n-tachyons and an Odderon

vanish. To be precise, 〈WR V−O〉 and 〈WL V
+
O〉 are non-zero only if WR,L are odd under

w ↔ w̄. Conversely, 〈WR V−P 〉 and 〈WL V
+
P 〉 are non-zero only if WR,L are even under

w ↔ w̄.

The interested reader can turn to Appendix C for more calculations.

It is worth mentioning that our discussion for the Pomeron and Odderon vertex operators

also apply to couplings with branes, which can be used to model “mesons”. It should also

apply in the case of baryons.

7.3.2 AdS

We now extend the above analysis to AdS space. The starting point is similar as in the

final part of section 6.2. We need to include a function with a dependence on the AdS

radial coordinate in the vertex operator, and then enforce the physical state condition
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(5.1.33). The vertex operator we introduce is

VO(j,±) = (∂X±∂X⊥ − ∂X⊥∂X±)(∂X±∂X±)
j−1

2 e∓ik·Xφ±j⊥(r). (7.3.7)

The physical state condition, L0V
±
O (j) = L̃0V

±
O (j) = V ±O (j), will then give us

[j + 1
2 − α′

4 ∆O,j]φ±j⊥(r) = φ±j⊥(r). (7.3.8)

We can again perform a similarity transformation, φ±j⊥ = (r/R)(j−1)φ±,⊥, and arrive at a

J-plane Odderon propagator,

G(−)(j) = 1
j − 1− (R2/2

√
λ)∆O,1

, (7.3.9)

where ∆O,j = (r/R)−(j−1)(∆O,1)(r/R)(j−1). To determine the diffusion operator for Odd-

eron, ∆O,1, we can match the EOM at j = 1, appropriate in the infinite λ limit.

The EOM in this case involves a Maxwell operator, and in general will also involve an

AdS mass. Both the Maxwell operator and the AdS mass squared, m2
AdS, can be fixed

by a proper identification of the Bµν state of string theory at j = 1 using the AdS/CFT

dictionary [4]. In [60, 4] it was found that a 2-form field in AdS space has two solutions,

corresponding to m2
AdS = 16 and m2

AdS = 0.

As done for the Pomeron, to O(1/
√
λ), after writing out the Maxwell operator, we have,

for z 6= z′, and for j ' 1, G(−)(j) satisfies the C = −1 part of Eq. (7.2.11). Again, the

wave function, φ±⊥, satisfies the same DE. Changing variable to u = − ln(z/z0), we get

[j − 1− α′t

2 e−2u − 1
2
√
λ

(∂2
u −m2

AdS)]φ±⊥(u) = 0. (7.3.10)
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This equation can again be diagonalized by ν, with

φ+j⊥ ∼ e(j−1)uK2iν(|t|1/2e−u) , and G(−)(j) = 1
j − j(−)

0 + Dν2
. (7.3.11)

where j(−)
0 = 1−m2

i /2
√
λ, Eq. (7.2.14). In this basis, the Odderon vertex operator takes

on the form

VO(j, ν, k,±) ∼ (∂X±∂X⊥ − ∂X⊥∂X±)(∂X±∂X±)
j−1

2 e∓ik·Xe(j−1)uK±2iν(|t|1/2e−u)

(7.3.12)

Following the same steps done for C = +1, we arrive at

T(−) ∼
ˆ

dj

2πi

ˆ
dνν sinh 2πν

π

Π−(j) sj

j − j(−)
0 + Dν2

〈WR0 VO(j, ν, k,−)〉 〈VO(j, ν, k,+)WL0〉

(7.3.13)

where we again have a signature factor appropriate for amplitude being odd in s. Closing

the contour at ν = iλ1/4
√

(j − j(+)
0 )/2 directly leads to the desired final result.

Recall that there are two solutions for the conformal Odderon. For m2
AdS = 16,

j
(−)
0,(1) = 1− 8/

√
λ+O(1/λ) , (7.3.14)

and, for m2
AdS = 0,

j
(−)
0,(2) = 1 +O(1/λ) , (7.3.15)

as summarized in Table 7.1.
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7.4 The Hard-Wall Model

In this section we will se the effects of the hard-wall model, and compute the masses for

low mass glueballs. These lie on Regge trajectories of the Pomeron and Odderon, see

chapter 3.

We will first consider glueball spectra in the supergravity limit, (λ→∞), before addressing

the issue of the associated Regge trajectories, (λ large but finite.) Type-IIB string theory

at low energy has a supergravity multiplet with several zero mass bosonic fields: a graviton

Gµν , a dilaton φ, an axion (or zero form RR field) C0, and two K-R tensors, the NS-NS

and R-R fields Bµν and C2,µν respectively. With a hard cutoff for AdS5, modes for these

fields become discrete.

Our first task is to find out all quadratic fluctuations in the AdS5 × S5 background

metric whose eigen-modes correspond to the discrete glueball spectra for QCD4 at strong

coupling for various JPC sectors. We are only interested in the excitations that lie on the

superselection sector for QCD4. Thus for example we can ignore all non-trivial harmonics

in S5 that carry a non-zero R charge. The result of these considerations, discussed in

detail below, is summarized in Table 7.2.

To count the number of independent fluctuations for a supergravity field, we imagine

harmonic plane waves propagating in the AdS radial direction, r, with Euclidean time, x4.

For example, the metric fluctuations in AdS5

Gµν = Ḡµν + hµν(x) (7.4.1)

in the fixed background Ḡµν are taken to be of the form hµν(r, x4). There is no dependence
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on the other spatial coordinates, ~x = (x1, x2, x3). As we shall explain in more details in

appendix B, there are 5 independent transverse metric fluctuations, hij, (spin 2), 3 each

for NS-NS and R-R two-form tensors respectively, Bij and C2,ij , (spin 1), 1 for the dilaton

φ (spin 0), and 1 for the Axion C0 (spin 0).

We can consider perturbations of the following forms:

hij(r, x4) = aij t(r) eik4x4 , (7.4.2)

Bij(r, x4) = bij q1(r) eik4x4 , (7.4.3)

C2,ij(r, x4) = cij q2(r) eik4x4 (7.4.4)

φ(r, x4) = S1(r) eik4x4 , (7.4.5)

C(r, x4) = S2(r) eik4x4 , (7.4.6)

where k = (0, 0, 0, k4), aij a constant traceless-symmetric 3 × 3 tensor, and bij, cij anti-

symmetric, with i, j = 1, 2, 3. Let m2 = −k2 = −k2
4. From linearized Einstein’s equations

for hij, scalar wave-equations for φ and C0, and a set of Maxwell equations for B and C2,

we arrive at

[−r d
dr
r
d

dr
+ 4] t(r) = m2

r2 t(r) , (7.4.7)[
−r d

dr
r
d

dr
+m2

AdS

]
qi(r) = m2

r2 qi(r) , (7.4.8)

− d

dr
r5 d

dr
Si(r) = m2 r Si(r) , (7.4.9)

where m2
AdS are AdS mass squared for the two-form. Note that, for hij and Si, m2

AdS = 0.
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We can bring all three equations into the “scalar” form by scaling

T (r) = r−2 t(r) ,

Qi(r) = r−2 qi(r) . (7.4.10)

One finds that, for T , Qi and Si,

− d

dr
r5 d

dr
T (r) = m2 r T (r) ,[

− d

dr
r5 d

dr
+ (m2

AdS − 4)r3
]
Qi(r) = m2 r Qi(r) , (7.4.11)

− d

dr
r5 d

dr
Si(r) = m2 r Si(r) .

Note that equations for T and S1 and S2 are degenerate, and also for Q1 and Q2. We will

find it convenient later to work directly with t, qi and si, where si = r2Si. One finds an

equivalent set of equations

[
−r d

dr
r
d

dr
+ 4

]
t(r) = (m2/r2) t(r) ,[

−r d
dr
r
d

dr
+m2

AdS

]
qi(r) = (m2/r2) qi(r) ,[

−r d
dr
r
d

dr
+ 4

]
si(r) = (m2/r2) si(r) . (7.4.12)

For definiteness, let us for now work with Eqs. (7.4.11). Normalizability also requires wave

functions to vanish at r →∞. (The case m2
AdS = 0 requires a special treatment 3.) Once

boundary conditions at r = r0 are specified, Eqs. (7.4.11) for T , Qi and Si separately turn
3 In that case, Q = r−2 log(r/r1) is a zero mode, with r1 determined by boundary condition at r = r0.
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into an eigenvalue problem, with orthonormal condition:

ˆ ∞
r0

dr r Φn Φm = δn,m . (7.4.13)

and eigenvalues m2
n , n = 0, 1, · · · . From these, one is led to a discrete spectrum for QCD4

associated with each bosonic supergravity mode.

7.4.1 Parity and Charge Conjugation Assignments

Next we determine how the supergravity fields and therefore the glueballs couple to the

boundary gauge theory. This allows us to unambiguously assign the correct parity and

charge quantum numbers to the glueball states, following the analysis done in [4].

For this purpose, we consider the Born-Infeld action plus Wess-Zumino term, describing

the coupling of a supergravity field to a single D3-brane,

S =
ˆ
d4x det[Gµν + e−φ/2(Bµν + Fµν)] +

ˆ
d4x(C0F ∧ F + C2 ∧ F + C4)〉 ,

where µ, ν = 1, 2, 3, 4. We will find the charge conjugation and parity assignments with

the help of the symmetries of the 4-d gauge theory. The Euclidean time is taken to be x4

and the spatial co-ordinates, xi, i = 1, 2, 3.

For the 4-d gauge fields, we define parity by

P : Ai(xi, x4)→ −Ai(−xi, x4),

P : A0(xi, x4)→ A0(−xi, x4). (7.4.14)
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for xi → −xi, x4 → x4.

Charge conjugation for a non-Abelian gluon field is

C : 1
2TaA

a
µ(x)→ − 1

2T
∗
aA

a
µ(x) (7.4.15)

where T a are the Hermitian generators of the group. In terms of matrix fields (A ≡ 1
2TaA

a),

C : Aµ(x)→ −ATµ (x). This leads to a subtlety. For example consider the transformation

of a trilinear gauge invariant operators,

C : Tr[Fµ1ν1Fµ2ν2Fµ3ν3 ]→ −Tr[Fµ3ν3Fµ2ν2Fµ1ν1 ] . (7.4.16)

The order of the fields is reversed. Hence the symmetric products, dabcF a
1 F

b
2F

c
3 , have

C = −1 and the antisymmetric products, fabcF a
1 F

b
2F

c
3 , C = +1. Of course using a single

brane, we can only find symmetric products. For reasons explained for instance in [4], we

will only encounter symmetric traces over polynomials in F, designated by Sym Tr[Fµν · · · ].

Even polynomials have C = +1 and odd polynomials C = −1.

Graviton, Dilaton and Axion States

Expanding the Born-Infeld action, we can now read off the JPC assignments. One finds

that the graviton Gµν couples as GµνT
µν , where T µν ∼ Tr(FµλF λ

ν ) + · · · . Because an even

number of gluons occur in the field operators, the charge conjugation for all such states

are C = +. For parity, we assume we are in a gauge where the indices of Gµν do not point

along x0, r. From the coupling, GµνTr[F µλF ν
λ ] + · · · , we get states

Gij → 2++ (7.4.17)
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The dilaton couples as φTrF 2, leading to

φ → 0++ , (7.4.18)

and for the axion coupling C0Tr(F12F34),

C0 → 0−+ . (7.4.19)

Two-Form Fields

Consider first the NS-NS 2-form field Bµν . For U(1) gauge theory in leading order this field

couples as BµνF
µν . More generally in the SU(N) gauge theory, tr(F ) = 0, we must have a

multi-gluon coupling, Bµν SymTr[FµνW ], where W is an an even power of fields F and the

trace is symmetrized. The first non-trivial coupling for Bµν involves the totally-symmetric

color-singlet operator, Sym Tr(FµνF 2), i.e., the d-coupling.

For parity, again assume that we are in a gauge where the indices of the 2-form do not

point along x4, r. With i, j = 1, 2, 3, the coupling Bij SymTr[F ijW ] leads to

Bij → 1+− , (7.4.20)

For the Ramond-Ramond 2-form C2,µν , we have the coupling εijkC2,ij SymTr[Fk4W ], so

C2,ij → 1−− . (7.4.21)

The first non-trivial coupling for the RR tensor C2,µν is Sym Tr(F̃µνF 2).
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The complete parity and charge conjugation assignments are now summarized in table 7.2.

G φ C0 B C2
2++ 0++ 0−+ 1+− 1−−

Table 7.2: JPC Classification for QCD4 glueball states from IIB Gauge/String Duality.
The identification here differs slightly from that in [4] where one starts from an 11-d
M-theory description with confinement modeled by an AdS7 black hole metric.

7.4.2 Glueball Spectrum at λ =∞

Let us next examine the boundary conditions at r = r0. Recall that the hard-wall model

is not a fully consistent theory. However, it does capture key features of confining theories

with string theoretic dual descriptions. The main advantage of the hard-wall model is

that it can be treated analytically. The boundary condition at the wall on the five-

dimensional graviton (and its trajectory for general J) is constrained by energy-momentum

conservation in the gauge theory. We must impose the boundary condition, ∂r(r−2tij) = 0,

or, equivalently, Neumann boundary condition for T (r),

∂rT (r) = 0 (7.4.22)

at r = r0. The logic is the same as in deriving the wave equation ∇P hij = 0: the

pure gauge solution t(r) = r2 must be retained as a zero mode, else conservation of the

energy-momentum tensor will be violated. This condition extends to the Pomeron for

small |j − 2|, which will be the regime we will mainly consider below.
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JPC : 2++ 0++ 0−+ 1+− 1−−
Lattice 1 0.52 1.17 1.50 2.57
Modes: T S1 S2 Q1 Q2
Bdry C. ∂uT |0 = 0 ∂us1|0 = 0 ∂uS2|0 = 0 ∂uq1|0 = 0 ∂uQ2|0 = 0
n = 0 1.00 0.64 1.00 1.93 2.44
n = 1 3.35 3.06 3.35 5.87 6.20
n = 2 7.05 6.77 7.05 10.95 11.25
n = 3 12.09 11.81 12.09 17.36 17.65

Table 7.3: The mass spectrum, m2
n, n = 0, 1, 2, 3 for QCD4 Glueballs vs Lattice calcula-

tions.

For simplicity, we shall assume a similar boundary conditions for Qi and Si, i.e., with

Neumann conditions for all three,

∂rT = ∂rSi = ∂rQi = 0 , (7.4.23)

at r = r0. Note, due to degeneracies noted earlier, we have, for the low-mass glueballs,

m2
0(0++) = m2

0(0−+) = m2
0(2++) < m2

0(1+−) = m2
0(1−−) . (7.4.24)

In Table 7.3, we have listed mass squared from lattice calculations for ground states, in

ratios relative to m2
0(2++) ' 5.76GeV2, e.g. m2

0(2++) = 1, m2
0(0++) = .52, etc. We have

normalized our calculated mass squared with m2
0(2++) = 1, and presented result of this

calculation, for T : m2
n(2++), S2 : m2

n(0−+), and Q2 : m2
n(1−−), n = 0, 1, 2, 3. (For

two-form fluctuations, we have considered only the case m2
AdS = 16, since the case of

m2
AdS = 0 can be shown to correspond to pure gauge.)

In this dissertation, we are less concerned on how well the resulting spectrum agrees

with the lattice result and will postpone further improvements to future investigations.

Nevertheless, it is important to note the pattern of degeneracy between the lightest scalar
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(0++) glueball, the lightest tensor (2++) and the pseudoscalar (0−+), and the degeneracy

between two spin-1 states, (1+− and 1−−), are not shared by the lattice result. Within

a hard-wall model, these patterns can only be broken by boundary conditions. There is

a priori no reason to adopt the same boundary condition for Si and Qj, i, j = 1, 2. In

fact, based on the results for a black hole background [61, 4, 62], it is suggestive that the

physics of confinement could be better simulated by having different boundary conditions

for S1 vs. S2, or Q1 vs. Q2, in the IR, thus breaking their degeneracies.

The spectrum can be changed if different boundary conditions for S1 and Q1 are adopted 4.

We find it amazing that it is possible to adjust the boundary conditions at r = r0, so

that m2
0 (0++) < m2

0 (2++) ' m2
0 (0−+) < m2

0 (1+−) < m2
0 (1−−). As noted earlier, this

pattern is consistent with that followed from a constituent gluon and bag models. As an

illustration, we adopt Neumann conditions for hij, s1, S2, q1 and Q2. This will change

the masses for 0++ and 1+−, and the resulting mass squared under Neumann conditions,

S1 : m2
n(0++), and Q1 : m2

n(1+−), n = 0, 1, 2, 3, are also shown in table 7.3.

7.4.3 Regge Trajectories

At λ large but finite, O(1/
√
λ) corrections must be taken into account. Recall that, for

the metric fluctuations, the on-shell conditions, L0 = L̄0 = 1, receive corrections, and,

operatorially, can be written as

[
j − 2 + (1/2

√
λ)∇P

]
t(r) =

[
j − 2 + (1/2

√
λ)(−r∂rr∂r + 4− t

r2 )
]
t(r) = 0 (7.4.25)

4 Dirichlet boundary condition was used in [63] as a model for calculating the scalar glueball masses.
Subsequently, both Dirichlet and Neumann boundary conditions were used in a holographic approach to
glueballs masses [64]. For related works, see [65, 66].



115

For j = 2, this leads to Eq. (7.4.7), where, by applying the boundary condition at r0, it

turns into an eigenvalue condition on t → m2
n. For finite λ, we now have a generalized

eigenvalue problem. Since j enters as a parameter, we find the glueball spectrum now

can be considered as function of j and λ, m2
n(j, λ). Equivalently, we can treat t as a

parameter, and consider this as an eigenvalue problem in j, i.e., we will have discrete

spectrum in the J-plane. Since each eigenvalue is a function of t, one arrives at a set jn(t),

n = 0, 1, · · · , each specifying a Regge trajectory. Furthermore, this is also a continuous

spectrum, corresponding to the BFKL cut. The J-plane spectrum is illustrated in Fig.

7.1, as a graph of j vs. t.

Figure 7.1: The J-plane structure for the C = −1 sector is schematically represented by
the spectrum for hard-wall model. As t decreases, trajectories move under the fixed-cut at
j = j

(−)
0 and disappear from the physical sheet. The transition region from moving-pole to

fixed cut is model-dependent. At sufficiently large t each trajectory attains a fixed slope,
corresponding to the tension of the model’s confining flux tubes. This J-plane structure
for the C = −1 sector is similar to that for the C = +1 sector, as depicted in Fig. 8 of
Ref. [1].

It is now straight forward to generalize this to the whole supergravity modes. Using the

variable u = log(r/r0), it is possible to express all relevant extensions of Eqs. (7.4.12) in a
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standard Schrödinger form,

Pomeron :
[
−∂2

u + 4 + (2
√
λ)(j − 2)− e−2u(t/t0)

]
t(u) = 0 ,

Odderon :
[
−∂2

u +m2
AdS + (2

√
λ)(j − 1)− e−2u(t/t0)

]
q(u) = 0 ,

Scalar :
[
−∂2

u + 4 + (2
√
λ)(j − 0)− e−2u(t/t0)

]
s(u) = 0 , (7.4.26)

with boundary conditions, (7.4.23), becoming

∂u(e−2ut) = ∂u(e−2usi) = ∂u(e−2uqj) = 0 , (7.4.27)

at u = 0. We have also made use of the fact that t0 = 1/α′0
√
λ = Λ2

QCD and α′0 ≡ α′R2

r2
0
.

The spectra for all three cases are structurally identical. We can express these equations

collectively as [
−∂2

u +m2
(γ)(j)− e−2u(t/t0)

]
ψ(γ)(u) = 0 (7.4.28)

with

m2
(γ) = 2

√
λ(j − j(γ)) (7.4.29)

where j(γ) = 2− 2/
√
λ, 1−m2

AdS/2
√
λ,−2/

√
λ, for γ taking on t, q, s respectively. Note

that j(γ) is the location of the BFKL cut for the t, q, s modes respectively. Note also

that m2
(t)(j) and m2

(q)(j) are the same as m2
(+)(j) and m2

(−)(j) introduced earlier in Eq.

(7.2.11). Since one can move from one equation to another by shifting the J value, they

lead to same J-plane structure except for the intercepts at t = 0.

Let us examine the form of (7.4.28) as a Schrödinger equation. At t ≤ 0, the potential is

strictly positive and approaching zero, at u =∞. We conclude that the spectrum consists

of a continuum and there are no bound states. For t > 0, on the other hand, there is now
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an attractive potential well at u = 0, and bound states can now be formed, in addition to

the continuum at Eγ = 0.

Changing back to the variable z = e−u, our equation becomes a Bessel equation,

[
z2∂2

z + z∂z + (t/t0)z2 − ν2
]
ψ = 0, (7.4.30)

with

ν2 = m2
(γ) = 2

√
λ(j − j(γ)) (7.4.31)

The solutions are given by

ψ(z) = c1Jν(
√
t/t0 z) + c2Yν(

√
t/t0 z), (7.4.32)

where Jν and Yν are the Bessel functions of the first and second kind respectively. At

z = 0, Bessel functions of the second kind are singular, and since we want the solution

that is regular at z = 0 we can conclude that c2 = 0 and hence

ψ(z) = c1Jν(
√
t/t0 z) (7.4.33)

We next impose boundary conditions (7.4.27) at z = 1, leading to an eigenvalue problem.

There are two equivalent ways to proceed. One finds

• Given j > jγ real, solve spectrum tγ,n(j), n = 0, 1, · · · .

• Given t > 0, solve spectrum jγ,n(t), n = 0, 1, · · · .



Chapter 8

DIS in AdS/CFT

After developing the Odderon vertex operator, we now take a step back to the Pomeron.

We calculate the structure function F2, using techniques introduced in chapter 6. After

finding the expression for F2(x,Q2) we compare it to the most comprehensive set of

recent small-x DIS experimental results, and find a very good agreement between the

results obtained using string theoretic calculations and experiments. Furthermore, we

see that the BPST Pomeron of section 6.2 can fit both the Donnachie-Landshoff soft

Pomeron, with intercept ∼ 0.08 and the BFKL hard Pomeron with intercept ∼ 1.40.

Even further more, we establish the importance of confinement and see that our results

must account for it if we want to have a realistic theory. This chapter is wholly based on

reference [10], after some aspects were foreshadowed in [8, 9]. For other recent studies see

[67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88].

118
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8.1 Parton Phenomenology

As we saw in section 4.3, hadron structure functions Fi(x,Q2) follow from quark and gluon

distributions, qi(x,Q2), q̄j(x,Q2), and gk(x,Q2). At LHC, proton gluon distribution is

expected to play an increasingly important role at small-x and/or large Q2. In a strong

coupling approach, although it is no longer meaningful to speak of quarks and gluons as

the effective partonic degrees of freedom, the dominance of gluon dynamics at small-x

justifies treating a simpler situation where quarks are first ignored, i.e., considering the

limit Nc >> Nf . In such a limit, Gauge/String duality can be applied directly [89, 1].

Figure 8.1: HERA and LHeC regions are labeled by trapezoids respectively. We have also
shown the entire combined H1-ZEUS small-x data points as dots. Lines for confinement
and saturation are discussed in Sec. 8.3 and Sec. 8.5 respectively.

In a naive parton picture, Bjorken scaling would lead to Q2-independence for the DIS

structure functions. In a perturbative treatment, due to QCD evolution, structure functions

such as F2(x,Q2) become Q2-dependent, which can be derived by using the linear DGLAP

evolution equation. This has indeed been carried out for the HERA data, starting with
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phenomenological inputs for structure functions at low Q2, e.g., Q2 ' 3 − 4 GeV 2. Of

course, an inclusive DIS cross section can also be treated directly as the total cross section

of an off-shell photon, with mass squared −Q2, scattered off a proton. The Bjorken x

variable is then related to the center of mass energy squared s of the γ∗p system by

x ≈ Q2/s, at high s. The limit x→ 0, with Q2 fixed, can then be considered as the Regge

limit for γ∗p two-body scattering. The off-shell γ∗p total cross section in the limit x→ 0

can then be characterized by the exchange of Pomerons, as done for other hadronic total

cross sections. This has been studied at weak coupling using the BFKL equation, which

corresponds to summing over Reggeized gluon ladder graphs [90, 44, 45, 46]. It is therefore

tempting to identify the rise of F2(x,Q2) with 1/x, for fixed Q2, observed at HERA, as

the onset of the Pomeron dynamics. In Fig. 8.1, we indicate in a log(Q2)− log(1/x) plot

the kinematic region covered by HERA and also the region of particular interest at LHC,

e.g., that for the proposed LHeC. We also identify, by dots, the small-x data points, with

x < 0.01, for the combined H1-ZEUS data set, which has been released recently [6]. There

are 249 data points, with Q2 ranging from 0.1 to 400 GeV 2.

DGLAP provides a description for the evolution of the data in Q2, given Fi(x,Q∗2) at

some initial point Q∗2. The study of small-x, on the other hand, focuses on evolution in

1/x, with Q2 fixed. Indeed, for Q2 ranging from 0.15GeV 2 to 250GeV 2, by fitting the

data to

F2(x,Q2) ∼ (1/x)εeff , (8.1.1)

with Q2 fixed, “effective Pomeron" intercept, 1 + εeff , can be extracted [5], with εeff shown

in Fig. 8.2. There are two intriguing aspects to this analysis. First, the effective intercept,

except for that at small Q2, is very large, with 1 + εeff ' 1.2 ∼ 1.4. Even more puzzling

is the fact that εeff is Q2-dependent, contrary to a naive Regge expectation. This feature
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could seriously challenge the hypothesis of Pomeron dynamics at work in the HERA energy

range. Indeed, this Q2-dependence has been used to support the notion of “two-Pomeron”

hypothesis [91]. (For related earlier work, see [92, 93, 94].)

As we have mentioned earlier, using AdS/CFT, the BPST Pomeron can provide a synthesis

of both the “soft” and the “hard” Pomerons. Using the BPST Pomeron, we have found

that the Q2-dependence for εeff observed at HERA, Fig. 8.2, can be attributed primarily

to diffusion for Q2 large and to confinement effects for Q2 small.

Figure 8.2: Q2-dependence for effective Pomeron intercept, αP = 1+εeff , from [5]. Various
curves are fits based on strong/gauge duality described in Secs. 8.4 and 8.5.

8.2 Basic Setup

In our approach, two-body amplitudes are controlled by exchanging BPST Pomeron, with

an intercept

j0 ' 2− ρ (8.2.1)
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where we have re-written Eq. (6.2.26) in terms of a more convenient parameter, ρ ≡ 2/
√
λ.

It is useful to compare the dependence of the Pomeron intercept on the ’t Hooft coupling at

weak and strong couplings. It is worth noting that the BFKL Pomeron intercept for N = 4

SYM, calculated to second order, meets with the BPST intercept near αP ' 1.2 ∼ 1.3,

as shown in Fig. 8.3, precisely in the range as extracted from the HERA data. At

2 4 6 8

0.5

1

1.5

2

j0

αN

Figure 8.3: The Pomeron intercept in QCD viewed as a function of the ’t Hooft coupling.
(λ = g2

YMNc, with α = g2
YM/4π.) This is reproduced from Fig. 12 of Ref. [1].

these values, the ’t Hooft coupling is relatively large, around λ ' 10. For such a large

coupling value, it is important to explore the strong coupling approach as a more efficient

procedure for addressing physical processes such as DIS. (There have already been several

phenomenological studies of AdS/CFT which consider λ in this range. For example in

[77], strong coupling is defined as λ ≥ 5.)

QCD can be considered conformal only approximately at best. A conformal theory can

never fully reproduce all experimental results due to the lack of a scale and the absence of

confinement. However, at Q2 sufficiently large, partons inside the proton are expected to be

free, and a conformally invariant description could be a good approximation. Conversely,
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at smaller Q2 values, it is reasonable to expect that confinement effects should be felt.

Equally important is the phenomenon of “saturation”, which should become important

due to higher order Pomeron-exchanges. In AdS/CFT, these non-linear effects come from

eikonalization. In contrast, in weak coupling, saturation has been addressed primarily by

considering non-linear evolutions such as the BK equation [95, 96, 97].

In this chapter, we will extend the results of section 6.3 to the case involving two external

currents, appropriate for DIS [89]. The structure functions in DIS can be extracted from

the off-shell γ∗p total cross sections, which, from optical theorem, are proportional to

the imaginary part of the forward off-shell γ∗p amplitudes, ImA(s, 0). We therefore need

to consider the states of an offshell photon. This will require a replacement in P13 by

wave functions divergent on the AdS boundary. As is well known, in closed string theory

there is no photon state. In [89] Polchinski and Strassler have considered a R−boson

propagating through the bulk that couples to leptons on the boundary. To be specific, for

F2(x,Q), which corresponds to the sum of the transverse and longitudinal cross sections,

the appropriate R−boson wave functions which mimic the vector currents involve both

K0(Qz) and K1(Qz). After removing the associated polarization vectors and one factor of

fine structure constant αem, one arrives at

P13(z)→ P13(z,Q2) = 1
z

(Qz)2(K2
0(Qz) +K2

1(Qz)), (8.2.2)

and, for x small where the Pomeron dynamics is applicable,

F2(x,Q2) = Q2

2π2

ˆ
d2b

ˆ
dz

ˆ
dz′P13(z,Q2)P24(z′)Re

(
1− eiχ(s,b,z,z′)

)
(8.2.3)

(See also [72, 98]). A similar replacement would lead to the second structure function,
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F1(x,Q2),

2xF1(x,Q2) = Q2

2π2

ˆ
d2b

ˆ
dz

ˆ
dz′P13(z,Q2)P24(z′)Re

(
1− eiχ(s,b,z,z′)

)
(8.2.4)

with

P13(z)→ P13(z,Q2) = 1
z

(Qz)2K2
1(Qz). (8.2.5)

We shall next examine the usefulness of this strong coupling formalism by testing against

the recently published combined H1-ZEUS data set. To simplify the discussion, we will

focus primarily on F2.

8.3 DIS at Strong Coupling and the BPST Kernel

Our goal is to calculate the structure function F2, which is given in terms of the cross

section by equation (4.3.13). From the Optical Theorem, (2.2.10), one can express the

cross section in terms of the imaginary part of the forward scattering amplitude. We

then calculate the scattering amplitude to first order using equation (6.3.16). For our

present application, we consider deep inelastic scattering and the appropriate R−boson

wave functions P13 for F2 can be taken to be that given by (8.2.2). Note that, strictly

speaking, the use of (8.2.2) is valid only for Q2 large and near the AdS boundary where

confinement effects can be ignored. This will give us the means to calculate F2

F2(x,Q2) = (Q2/2π2)
ˆ
d2b

ˆ
dzdz′P13(z,Q2)P24(z′)Im χ(s, b, z, z′). (8.3.1)

with P13(z,Q2) given by Eq. (8.2.2). We see that for Qz > 1, P13(z,Q2) rapidly decays to

zero because of the Bessel functions K0 and K1. For small Qz, with P13(z,Q) bounded
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and, as we shall show shortly,
´
d2bIm χ(s, b, z, z′) vanishing faster than 0(z2), it follows

that the integrand is peaked around z ∼ 1/Q. We also note that, after a simple calculation,
´∞

0 dz(zQ)2P13(z,Q2) = 1.

8.3.1 DIS in the Conformal Limit

Let us begin by first considering the conformal limit. In this limit, the imaginary part

of the BPST Pomeron kernel, ImK(s, b, z, z′) can be expressed in a closed form, [1], and,

from Eq. (6.3.10), it leads to

Im χ(s, b, z, z′) = g2
0

16π

√
ρ

π
e(1−ρ)τ ξ

sinh ξ
exp(−ξ2

ρτ
)

τ 3/2
, (8.3.2)

where τ and ξ are given by (6.2.40) and (5.1.30) respectively. The real part, Re χ(s, b, z, z′),

can be reconstructed via a dispersion integral, or, equivalently, by solving a derivative

dispersion relation. As noted earlier, due to conformal invariance, Imχ(s, b, z, z′) depends

only on two variables, τ , (or ŝ), and ξ. The b-space integration of this kernel can be carried

out explicitly [3], leading to

ˆ
d2b Im χ(s, b, z, z′) = g2

0
16

√
ρ3

π
(zz′) e(1−ρ)τ exp(−(log z−log z′)2

ρτ
)

τ 1/2
. (8.3.3)

This expression now takes on the familiar form of “diffusion" in | log z|. This was first

noted in Ref. [1].

Let us next turn to the factor P24. For the proton, one is dealing with a normalizable state.

Strictly speaking, this necessarily breaks the conformal limit, e.g., to model QCD we need

to introduce a cutoff at z0 ∼ 1/Λ, where Λ is the confinement scale. This construct would
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be sufficient for describing glueballs. However, for baryons, one needs to go beyond the

standard confining deformation and additional holographic prescriptions will have to be

adopted [98, 99, 100]. It suffices to assume for now that the AdS wave-function for the

proton is localized near the cutoff in the bulk, z0.

Putting these two together, we have, for DIS in the strong coupling conformal limit, that

the structure function F2 can be expressed as

F2(x,Q2) = g2
0ρ

3/2

32π5/2

ˆ
dzdz′P13(z,Q2)P24(z′)(zz′Q2) e(1−ρ)τ exp(−(log z−log z′)2

ρτ
)

τ 1/2
(8.3.4)

where x ' Q2/s and P13 given by (8.2.2). Note that F2 is uniquely determined once the

parameter ρ and the overall strength factor g2
0 are specified. There are two important

features for Eq. (8.3.4). It is easy to verify, as noted earlier, that the integrand vanishes at

least as fast as z1−ρ at z = 0 and is exponentially damped for z >> 1/Q. It follows that

the dominant contribution to the integral coming from z = O(1/Q). With z′ = O(1/Λqcd),

the factor e(1−ρ)τ leads to

e(1−ρ)τ ∼ (1/x)1−ρ , (8.3.5)

with Q2 fixed. The limit x → 0 will lead to a fast rising in F2, violating the standard

Froissart bound. In terms of the eikonal χ(ŝ, b, z, z′), it is generally accepted that the

condition χ = O(1) would signal the onset of “saturation”. Note that this is a “local

condition” in the three-dimensional transverse space, z and ~b, with z′ fixed. One of the

main goal of our current analysis is to investigate the importance of saturation in the

HERA range. We will come back to this discussion in Sec. 8.5.
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The second key feature for (8.3.4) is the last exponential factor,

exp
(
−(log z − log z′)2

ρτ

)
(8.3.6)

With z ∼ 1/Q, this corresponds to diffusion in logQ, analogous to diffusion in “virtuality”,

found in weak coupling BFKL dynamics. As we shall see shortly, we find this diffusion

effect playing a crucial role in understanding the Q2 dependence for the εeff (Q2) observed

at HERA, as exhibited in Fig. 8.2.

8.3.2 Confinement

Let us next turn to the case with confinement, using the hard-wall model for illustration.

In this model, we introduce a sharp boundary in the AdS z coordinate at some value

z0. This leads to a mass gap and a discrete spectrum of states. Our starting points are

still Eqs. 4.3.13 and 8.3.1, but a modified Pomeron kernel has to be used. Such a kernel

can formally be represented in a spectral representation, but it cannot be expressed in a

simple closed form as the conformal case, i.e., (8.3.2). Fortunately, for a single Pomeron

contribution, we only need to evaluate the total contribution after integration over the

impact parameter ~b. That is, if we go to momentum space,

χ(s, t, z, z′) =
ˆ
d2beiq⊥b⊥χ(s, b, z, z′), (8.3.7)

where t = −q2
⊥, we only need to know χ(s, t, z, z′) evaluating in momentum space at t = 0.

For this, a closed form has been found for the BPST hard-wall kernel, [3], leading to

Im χhw(s, t = 0, z, z′) = Im χc(τ, 0, z, z′) + F(z, z′, τ) Im χc(τ, 0, z, z2
0/z

′), (8.3.8)
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where Im χc(τ, 0, z, z′) is the conformal expression given by the right hand side of Eq.

(8.3.3), and F and η were already defined before, (6.2.50).

It follows that, with confinement,

F2(x,Q2) = g2
0ρ

3/2

32π5/2

ˆ
dzdz′P13(z,Q2)P24(z′)(zz′Q2) e(1−ρ)τ

e−
log2 z/z′

ρτ

τ 1/2
+ F(z, z′, τ)e

−
log2 zz′/z2

0
ρτ

τ 1/2


(8.3.9)

Figure 8.4: Contour plot for coefficient function F as a function of log(1/z) and log(1/x),
with z′ ' z0 fixed, z0 ∼ Λ−1

QCD. Confinement effects become important in the region where
|F| > 0.3 ∼ 0.5. We have also shown the entire combined H1-ZEUS small-x data points
[6] as dots by identifying Q = 1/z.

The first term on the right-hand side of (8.3.9) is precisely the same as that in the conformal

limit, (8.3.3) and is model independent. The second term, which can be expressed as

a linear superposition of contributions from a set of image charges, is dependent upon

the details of how the space is cutoff at z0 and hence model dependent. Nevertheless it
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is reasonable to assume its presence can provide a qualitatively reliable estimate of the

effects of confinement. The coefficient function, F(z, z′, τ), (6.2.50), at fixed z, z′, goes to 1

as τ → 0 and to −1 as τ →∞. Hence, at small x, i.e., τ large, F → −1 and confinement

leads to a partial cancelation for the growth rate relative to that of the conformal BPST

Pomeron. Moreover, since F is continuous, there will be a region over which F ∼ 0, and,

in this region, there is little difference between the hard-wall and the conformal results.

In Fig. 8.4, we provide a contour plot for F as a function of ln x and ln z, with z′ fixed near

z0. Using the fact that, from P13(z,Q2) is peaked at z ' 1/Q, this can also be interpreted

as a contour plot in 1/x and Q2, with lnQ ' − ln z. Anticipating our subsequent fit which

fixes the scale with z0 ∼ Λqcd, we have also exhibited the entire set of the recently combined

ZEUS-H1 small-x data points as open dots on this plot. We note that, over a significant

region, e.g., Q2 > O(1) GeV 2, |F| is small and the conformal kernel remains a reasonable

approximation. Equally important is the observation that the region where confinement

effects can be significant, roughly defined by the condition |F| > c, c ' 0.3 − 0.5, goes

beyond the narrow region of Q2 = O(1) GeV 2. The line for c = 0.5 is also drawn in

Fig. 8.1 indicating schematically the transition into confinement region. This observation

goes against the conventional belief that confinement effects can be ignored for Q2 large,

independent of x. This also casts doubt on the assumption that saturation at Q2 large

can be understood without taking confinement into account.

Eq. (8.3.9) is the expression which we will use shortly for comparing with experimental

results. This expression retains the two key features noted earlier for the conformal result,

namely, the presence of the dominant term in τ , leading to (1/x)1−ρ rise, and the presence

of diffusion in z.
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8.4 Confronting the HERA Data – Linear Treatment

We now carry out a test of our strong coupling DIS analysis by fitting the recently

published combined H1-ZEUS data set. We will first test single BPST Pomeron models,

both conformal and with confinement, before trying the eikonal form in the next section.

We restrict ourselves to the small-x region, i.e., x < 0.01. This remains a relatively large

data set with 249 points, and in particular, the set extends to a large range of Q2 values,

from 0.1GeV 2 to 400GeV 2. We find that the confinement-improved treatment allows a

surprisingly good fit to all HERA small-x data. In contrast, the fit based on the conformal

BPST Pomeron breaks down in the low-Q2 region.

Before proceeding further, we must specify more precisely the AdS wave function, φp(z),

associated with the proton. Unfortunately, other than the expectation that it be normal-

izable, i.e.,
´
dz
√
−g(z)(z/R)2|φp(z)|2 = 1, one cannot determine φp without an explicit

strong coupling model for baryon. For the current analysis, we will assume that the wave

function is sharply peaked near the IR boundary z0, with 1/Q′ ≤ z0, with Q′ of the order

of the proton mass [98, 99, 100]. For simplicity, we will simply replace P24 by a sharp

delta-function

P24(z′) ≈ δ(z′ − 1/Q′). (8.4.1)

Similarly, as noted earlier, the integral over P13(z,Q2) in (8.3.4), and also in (8.3.9), is

centered at z = 1/Q, with
´
dz(zQ)2P13(z,Q2) = 1. As emphasized earlier, (8.3.4) follows

only for Q2 large, and there will be modifications coming from confinement for Q2 small.

To simplify the discussion below, we will again make the local approximation by replacing
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P13(z,Q2) by a delta-function

P13(z) ≈ Cδ(z − 1/Q), (8.4.2)

with C ' 1. These constitute our model-dependent parametrizations. With these

substitutions, the z and z′ integrations can be performed trivially, leading to F2 given

essentially by the Pomeron kernel. It follows that the structure function, (8.3.4), becomes

F2(x,Q2) = g2
0

32π5/2
ρ

3/2 Q

Q′
e(1−ρ)τ

exp(− log2(Q/Q′)
ρτ

)
√
τ

 . (8.4.3)

with τ as a function of x and Q2: τ(x,Q2) = log[( ρQ2Q′ )(
1
x
)]. The hard-wall single-Pomeron

contribution, (8.3.9), can similarly be simplified, with η in (6.2.50) expressed as η(x,Q2) =
log(z2

0QQ
′)+ρτ(x,Q2)√

ρτ(x,Q2)
.

To see how well our strong coupling expression comes close to the experimental data, we

begin by first restricting ourselves to a smaller set of ZEUS data with x < 0.01 and a

range of Q2 from 0.65 to 650GeV 2. Although there are data at lower values of Q2, we do

not consider them initially since we would like to avoid the region where confinement effect

can be expected to be important. We will also begin by first testing against the previously

published ZEUS data [5, 101], so we can compare the goodness of our fit relative to other

published fits done by others without invoking AdS/CFT [102, 103, 104]. Another reason

for avoiding the small Q2 region is because in our formalism it is natural to restrict Q > Q′,

where 1/Q′ ' z′ characterizes the “size” of the proton and, as we shall see, will turn out

to be ≈ 0.5GeV.

We fit the F2 to the ZEUS data using Matlab with 4 free parameters, which we choose

to be : ρ, g0, z0, and Q′. We have carried out fits for both the conformal and the
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hard-wall models. In total we had 160 different data points with 32 different values of Q2.

Surprisingly, good fits can be achieved for both. To be specific, we obtain the “best fit”

for the confining hard-wall model, with the following values: ρ = 0.7716± 0.0103, g2
0 =

106.01 ± 3.10, z0 = 6.60 ± 1.50GeV −1, Q′ = 0.5322 ± 0.0465 GeV . These values are

“reasonable”, within our general expectations. For instance, the value of ρ ' 0.77 lies

within the transition region between strong and weak coupling. The value of z0 is also

consistent with our expectation of z0 ∼ O(Λ−1
qcd). With z0 fixed, the value for Q′ is again

reasonable. The chi-square value per degree of freedom 1 we calculate for our best fit is

χ2
d.o.f. = 0.69. An equally good fit can also be obtained using the conformal Pomeron, with

best fit values: ρ = 0.774± 0.0103, g2
0 = 110.13± 1.93, Q′ = 0.5575± 0.0432 GeV , and

the corresponding chi-square value is χ2
d.o.f. = 0.75.

Armed with this success, we next carried out an expanded study for the recently published

combined H1-ZEUS data set [6], keeping only small-x data. With x < 10−2, the set now

extends to much smaller Q2 values, with Q2 ranging from 0.1GeV 2 to 400GeV 2, taking

on 34 different Q2 values. This is a larger data set than the ZEUS set considered above,

increasing from 160 data points to 249 points. These are the data points shown in Fig.

(8.4) as dots, with z = Q−1.

With the inclusion of data at Q2 < 0.65GeV 2, we can no longer obtain acceptable fits

by a single conformal BPST Pomeron. The best fit leads to an unacceptably large value

of χ2
d.o.f. = 11.7. The fit cannot be improved by the sieve-procedure [105]. That is, one

cannot attribute the poor fit to the presence of "outliers". In contrast, we find that the
1We calculated the χ2

d.o.f. using a standard formula, χ2
d.o.f. = 1

N−p
∑
i

(Oi−Ei)2

σ2
i

, where N is the number
of points, p is the number of parameters, and Oi, Ei and σi are the observed, expected, and the total
error of the observed values respectively. (See, for instance, P. Fornasini, “The Uncertainty in Physical
Measurements”, Springer 2008.)
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confinement-improved (hard-wall) treatment allows a surprisingly good fit to all HERA

small-x data, especially after applying the sieve-procedure. We obtain the “best fit” for

the confining hard-wall model, with the following values

ρ = 0.7792±0.0034, g2
0 = 103.14±1.68, z0 = 4.96±0.14GeV −1, Q′ = 0.4333±0.0243 GeV,

(8.4.4)

These values differ from our earlier fit only slightly and they remain reasonable, within

our general expectations. Without sieving, we obtain χ2
d.o.f. = 1.34. With the elimination

of 6 data points as “outliers”, each with χ2 > 8, the χ2
d.o.f. improves to be 1.16. The best

cutoff is for χ2 > 4, leading to a calculated chi-squared per degree of freedom χ2
d.o.f. = 1.07

for our best fit given above 2.

In Fig. 8.5 we show our fits to F2(x,Q2) for all 34 different Q2 as a function of x−1. The

fit for a single conformal BPST Pomeron is shown as blue curves and that for a single

hard-wall BPST is shown as red curves. It is evident that, for Q2 small, the conformal

model does not fit the data well. However, for Q2 > 4 ∼ 5 GeV 2, where data points exist,

the conformal and the hard-wall models remain comparable.

We can further test our result by turning to the HERA effective Pomeron intercept plot,

Fig. 8.2. Intercept values derived from the conformal Pomeron are in red and those from

the hard-wall model are in blue. Much of the Q2-dependence for the effective Pomeron

intercept can be attributed to the diffusion effect. As Q2 becomes large, diffusion is

enhanced, leading to an increase to the effect rise in F2 as 1/x increases. Let us next

examine the hard-wall model, (8.3.9), where we see the effect of confinement is embodied

in the second term. For Q2 >> 1 GeV 2, the difference between these two at HERA energy
2With a χ2-cutoff at 8, we included a renormalization factor of R = 1.0433. When the cut-off is at 4,

one has R = 1.2924.
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Figure 8.5: Global fits to the combined ZEUS-H1 small-x data. Dotted red lines are
for single conformal BPST Pomeron and dotted blue lines are for single hard-wall BPST
Pomeron.
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range is small. As mentioned earlier, from Fig. 8.4, with |F| << 1 mostly in this region,

it is not surprising that the red and the blue lines converge as Q2 increases. However,

as Q2 decreases, one finds |F| increases, and the effect of “destructive interference” is

enhanced. In particular, in the extreme limit of z ∼ z′ ∼ z0, the leading order term from

the denominator of the diffusion factor, 1/
√
τ , largely cancel, leading effectively to a τ−3/2

suppression. This enhanced suppression contributes to a lowered value for the effective

Pomeron at small Q2, which is reflected by the red-curve in Fig. 8.5. That is, using the

hard-wall model as a guide, confinement leads to an effective lowering of the Pomeron

intercept for scattering of two “soft” states, i.e., states with wave functions centered near

the IR wall. This is consistent with the view of “soft Pomeron” dominance for hadronic

cross sections in the near forward region, with an effective intercept αP ' 1.08. Of course,

in the region, one also expects eikonalization would eventually become important. We

turn to this issue in the next Section.

It is also worth noting that, under our local approximation where z ' 1/Q, one has, for

1/x large,

R = FL
FT
'
´∞

0 dxx3−ρ|K0(x)|2´∞
0 dxx3−ρ|K1(x)|2 = 2− ρ

4− ρ, (8.4.5)

where FL = 2xF1 and FT = F2 − 2xF!. With 0 < ρ < 1, R ranges from 1/2 to 1/3,

achieving the maximum in the supergravity limit when ρ→ 0. This differs significantly

from that expected for x large due to Callan-Gross relation. This is consistent3 with that

found previously in Ref. [71].
3In [71], R ' (1 + ω)/(3 + ω), with ω = 1− ρ.
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8.5 Nonlinear Evolution and Saturation

At strong coupling nonlinearity enters through eikonalization. When eikonalization becomes

important, it also signifies the onset of “saturation”. Instead of expanding Eq. (8.2.3)

to first order in the eikonal, a fully non-perturbative treatment is now required. Clearly,

nonlinearity becomes important only when

|χ(s, b, z, z′)| ≥ O(1). (8.5.1)

In general, both the real and the imaginary parts of the eikonal will have to be taken

into account. Note that this is a local condition, in the three-dimensional transverse (~b, z)

space. (For a more traditional weak coupling approach, see [106, 95, 96, 97]. See also [72],

[78], and references therein.)

Using the conformal eikonal as a guide, it is easy to convince ourselves that, for the HERA

range, it is adequate to treat Pomeron linearly and one is far away from saturation. In Fig.

8.6a, we show a contour plot for the conformal eikonal, using the parameters given in Eq.

(8.4.4), at zero impact parameter, ~b = 0. We have also made use of the fact that z ' 1/Q,

which allows one to label all the HERA data set on the same plot. Note that, for ~b = 0,

where the eikonal is the largest, the maximal value in the HERA range remains less than

0.2 ∼ 0.3. The conformal eikonal decreases with increasing |~b| as a power, when |~b| >> z.

We have carried out an eikonal analysis using the conformal eikonal. Not surprisingly, there

is no improvement in the quality of the fit. We again find with unacceptable chi-square

per degree of freedom, due primarily to the inadequate fit in the region of small Q2. In

order to answer the question regarding the onset of saturation, we next turn to an eikonal

treatment for the hard-wall model.
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Figure 8.6: Contour for Im χ(s, b, z, z′) for conformal and hard-wall respectively, with
z′ ' z0 fixed, as a function of x and z, (z = Q−1), at zero impact parameter, ~b = 0.

The eikonal for the hard-wall model, χhw(s, b, z, z′), can be obtained via a spectral rep-

resentation [1, 3]. However, it is difficult to cast χhw(s, b, z, z′) in a form amenable for

direct manipulation, except for its integrated form,
´
d2b Im χhw(s, b, z, z′), given by

(8.3.8). Fortunately, the effect of eikonalization at HERA is likely to be weak except for

Q2 small. We will therefore provide an approximate treatment which incorporates the

more important new features due to confinement.

Let us begin by first working in a momentum representation, (8.3.7) and focus on

Im χhw(τ, t, z, z′). For t 6= 0, Im χhw(τ, t, z, z′) can be formally obtained by solving

an integral equation

Im χhw(τ, t, z, z′) = Im χhw(τ, 0, z, z′)

+ α0t

2

ˆ τ

0
dτ ′
ˆ z0

0
dz̃ z̃2 Im χhw(τ ′, 0, z, z̃)Im χhw(τ − τ ′, t, z̃, z′)(8.5.2)

with Im χhw(τ, 0, z, z′) given by Eq. (8.3.8). Solution to this integral equation can be

investigated numerically, which is currently under way and will be reported separately.

Here an approximate treatment will be provided.



138

The single-most important consequence of confinement is the existence of a mass gap. In

the conformal limit, χc(τ, t, z, z′) has a branch point at t = 0, which is responsible for a

power-like fall off at large impact separation. For instance, in the supergravity limit where

j → 2, this leads to the well-known cutoff for b large,

χc(τ, b, z, z′) ∼ eτb−6 . (8.5.3)

Incidentally, the eikonal becomes real in this limit. More generally, a power decrease

signals the presence of a t = 0 singularity in the momentum representation. In contrast,

for hard-wall, because of confinement, χc(τ, t, z, z′) is regular at t = 0, with its nearest

singularity at t = m2
0, m0 the mass of the lightest tensor. Because of the mass gap,

confinement leads to an exponential damping, i.e., in the supergravity limit, it again leads

to a real eikonal, but with an exponential cutoff

χhw(τ, b, z, z′) ∼ eτe−m0b (8.5.4)

To illustrate the effect of confinement, we show in Fig, 8.7 the ratio of the hard-wall

eikonal to the conformal eikonal calculated numerically, as a function of b/z0 and z/z0,

with z′ ' z0 fixed. Note the rapid drop when b > z0 and, in comparison, a relative slow

variation in z.

To fully explore the consequence of confinement at finite ’t Hooft coupling, it is useful to

work with the Pomeron kernel in the J-plane. It can be shown that the eikonal for the

hard-wall model has a cutoff at large b of the form

Im χhw(τ, b, z, z′) ∼ exp[−m1b− (m0 −m1)2 b2/4ρτ ] (8.5.5)
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Kernel for hardwall at  z =1 

Khw/Kconf 

z (z’ = 0.01) 
b? 

Figure 8.7: Ratio of hard-wall to conformal eikonal Contour in the super-gravity limit,
χhw(ŝ, b, z, z′)/χc(ŝ, b, z, z′). The ratio is independent of ŝ and is plotted against z/z0 and
b/z0, with 0 < z/z0 < 1 and z′ = z0 fixed.

where m1 and m0 are solutions of ∂z(z2J0(mz)) |z=z0 = 0 and ∂z(z2J2(mz)) |z=z0 = 0

respectively. (We have m1 ' 1.6 z−1
0 and m0 ' 3.8 z−1

0 . [7]). Although the J-plane is

difficult to carry out analytically, it can be treated, for instance, numerically. For our

current analysis, we shall modify our earlier the conformal hard-wall eikonal, by taking the

large-b cutoff, (8.5.5), into account. For b-small, as well as to take into account the proper

boundary condition near the IR hard-wall, we shall take Im χhw(τ, b, z, z′) to be of the

form Im χ
(0)
hw(τ, b, z, z′) ∼ Im χc(τ, b, z, z′) + F(τ, z, z′)Im χc(τ, b, z, z2

0/z
′). We therefore

adopt the following simple ansatz4 where Im χhw(τ, b, z, z′) ∼ D(τ, b)Im χ
(0)
hw(τ, b, z, z′),

where

D(τ, b) =


1 , b < z0

exp[−m1b−(m0−m1)2 b2/4ρτ ]
exp[−m1z0−(m0−m1)2 z2

0/4ρτ ] , b > z0

(8.5.6)

4This ansatz should be further improved as one moves to smaller x-value beyond the HERA range.
This will be addressed in a future publication where we also treat elastic and total cross sections, as well
as diffractive Higgs production at LHC.
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Lastly, we provide an overall factor C(τ, z, z′) which can be fixed by the normalization

condition (8.3.8).

Figure 8.8: Fit to the combined H1-ZEUS small-x data for F2(x,Q2) by a hard-wall eikonal
treatment. We have exhibited both the hard-wall single Pomeron fits, (in dashed lines),
and the hard-wall eikonal, (in solid lines), together for a better visual comparison. The
fit include 249 data points, with x < 10−2, and 34 Q2 values, ranging from 0.1 GeV 2 to
400 GeV 2. Only data set for 17 Q2 values are shown.

In Fig. 8.8, we have collected both the BPST hard-wall Pomeron fits, (dashed lines), and

the hard-wall eikonal, (solid lines), in one place for a better visual effect. For the latter

fit, real part of the eikonal is included dispersively. For clarity, we only show data for

17 Q2 sets, out of 34. We find that the confinement-improved eikonal treatment allows

a surprisingly good fit to all HERA small-x data, with Q2 ranging from 0.1GeV 2 to

400GeV 2 and for x < 10−2, with a χ2 = 1.04, after performing a similar sieve-procedure



141

as done earlier. The parameters for the best fits remain basically the same, with

ρ = 0.7833±0.0035, g2
0 = 104.81±1.41, z0 = 6.04±0.15GeV −1, Q′ = 0.4439±0.0177 GeV.

(8.5.7)

Whereas these two fits are indistinguishable for most HERA data, they do begin to diverge

as one moves to smaller x values, e.g., to the LHC range.

Our analysis confirms that saturation effects is minimal for Q2 ≥ O(1) GeV 2 at HERA

energy range. For Q ≤ O(1) GeV 2, eikonal treatment can achieve a better fit than that

by a single hard-wall Pomeron where saturation effects can begin to be felt. In Fig. 8.2,

we show by the dotted blue curve the eikonal improved effective Pomeron intercept based

on hard-wall eikonal. Note that this further lowers the effective intercept as one moves

to smaller Q2. As mentioned earlier, this is consistent with the view of “soft Pomeron”

dominance for hadronic cross sections in the near forward region, with an effective intercept

αP ' 1.08. In Fig. 8.6b, we provide a contour plots for this confinement-improved eikonal,

Im χhw(ŝ, b, z, z′) at b = 0. By focussing on the eikonal at b = 0, we also see that it is

increasing important to include non-linear effects, particularly for Q2 = O(1)GeV 2. This

of course indicates the onset of saturation, (8.5.1), and this is schematically represented in

Fig. 8.1 by a saturation line. In fact, for any Q2, for 1/x sufficiently small, eikonalization

will always be necessary.



Chapter 9

Conclusions

We are at the end of our journey. But before looking forward, let us look back and

try to distill the main ideas we have encountered. As physicists, we ultimately want to

understand how nature works. Therefore no matter what we calculate, eventually it has

to agree with observations. If we want to claim we understand how particles interact

with each other, eventually we have to link our understanding to quantities that can be

measured in experiments. This work has tried to explain some aspects of one of the means

that particles can interact, which is via the strong interaction.

The strong interaction is unique among the currently known interactions in nature, in that

it gets weaker when the interacting states get closer to each other. This leads to many

interesting effects, some of which we encountered in chapter 4, but it can make it difficult

to study in some regimes. We have encountered ideas from many different areas of physics,

but it is satisfying to see that in recent years they have been moving together to provide

results at strong coupling. In particular, it has turned out that string theory, among its

142
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many other possible uses not addressed here, is a great tool for studying non-perturbative

aspects of QCD.

We saw how string theory can give a non-perturbative formulation of the Pomeron, and

then generalized this procedure to desribe a non-perturbative Odderon as well. However,

as summarized in [56], the strongest evidence for Odderon, at this point, is more theoretical

than experimental. Our current analysis has provided further support for its existence from

a non-perturbative perspective. Nevertheless, puzzles remain on why it is so difficult to

observe the Odderon experimentally. It has been suggested that direct exclusive production

holds the best chance for observing the Odderon. One would expect that at t = 0 the

Odderon would dominate over the quark anti-quark (meson) Regge trajectories and that

for large t < 0, there would be a distinguishing hard components similar to that expected

for the BFKL Pomeron. If so, better understanding and control of the Odderon intercept

and its on-shell string vertex-coupling would be useful.

DIS then gets the string theoretic treatment. We use the gauge/string duality to derive

expressions for the structure function F2(x,Q2), and then fit the results to small-x data.

We consider two models, one where the string theory is on AdS space, which corresponds

to the dual theory being N = 4SYM , a conformal theory, and the other where the string

theory is on AdS space with a hard-wall cutoff, which is a toy model for confinement. We

find that if we first look at just the ZEUS data [5, 101], for values of Q2 ranging from

0.65GeV 2 to 650GeV 2 and for x < 10−2 both the conformal and the hard-wall model

fit well. However, including the more recent combined H1-ZEUS small-x data, [6], with

more small Q2 data, going down to Q2 = 0.15GeV 2, we find that the hard-wall model fits

very well, while the conformal model cannot fit the data any more. The conformal model

does not improve through eikonalization either. More generally, contrary to other current
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expectations we find that, the importance of confinement sets in before the importance of

saturation, defined as χ ' O(1), figure 8.1. However, we are not completely sure right now

if this is just a consequence of the model we use, or a more general property of confining

theories. One of the future projects is to give this question a definite answer.

We see that there are two very important features of the strong interaction that we must

be able to reproduce: confinement and the unitarity bound. Therefore an eikonalized

confining theory, which would satisfy both those features, would be a very useful theory

to have, and could lead to interesting developments. In [10] we only give an approximate

treatment to eikonalizing the hard-wall Pomeron exchange, and we find that although

at HERA energies it improves the overall fit, it does so only very slightly. The best fit

for the single hard-wall Pomeron exchange model had a renormalized χ2 = 1.07, versus a

χ2 = 1.04 for the eikonal version of the same. However, we expect this difference to be

more significant as we achieve LHC energies. Work is already in progress to numerically

find the hard-wall eikonal, and compare it to total cross section measurements. Results

will be reported in future publications.

Equally important is the application of gauge/string duality to the production of the

Higgs boson (also known as the SX boson). One of the possible discovery channels for the

Higgs could be double diffractive proton-proton scattering. Hence a thorough theoretical

understanding would be very interesting. BPST Pomeron exchange could be applied to this

process, but the important new feature now would be the coupling of the Higgs, described

by a non-normalizable current, to two Pomerons. Work on this is already underway, and

we expect to report the results soon.

These are just a few of the many yet to be explored research areas. Although important

progress has been made in physics in the past ten years, there is still a lot that remains to
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be done.



Appendix A

Kinematics

A.1 Scattering

First we look at 2 → 2 scattering, in the all incoming convention. The Mandelstam

variables are (2.1.9)

s = −(p1 + p2)2 t = −(p1 + p3)2 u = −(p1 + p4)2 .

Let us look at a s channel process 1 + 2→ 3 + 4. The momenta are

p1 =

 E1

p1

 , p2 =

 E2

−p1



p3 =

 −E3

−p3

 , p4 =

 −E4

p3


(A.1.1)

146



147

with

s = (E1 + E2)2 = (E3 + E4)2 (A.1.2)

E1 = 1
2
√
s

(s+m2
1 −m2

2) , E2 = 1
2
√
s

(s+m2
2 −m2

1) (A.1.3)

E3 = 1
2
√
s

(s+m2
3 −m2

4) , E4 = 1
2
√
s

(s+m2
4 −m2

3) (A.1.4)

p1
2 = 1

4s [s− (m1 +m2)2] [s− (m1 −m2)2] (A.1.5)

p3
2 = 1

4s [s− (m3 +m4)2] [s− (m3 −m4)2] (A.1.6)

t = m2
1 +m2

3 − 2(E1E3 − |p1||p3| cos θs) (A.1.7)

u = m2
1 +m2

4 − 2(E1E4 + |p1||p3| cos θs) . (A.1.8)

θs is the scattering angle, i.e. the angle between p1 and p3.

In terms of the Lorentz invariants, the factor |p1|
√
s that appears in the cross section

(2.1.24) is

|p1|2s = 1
4
[
s− (m1 +m2)2

] [
s− (m1 −m2)2

]
. (A.1.9)

The physical region for this process is given by

s ≥ (m1 +m2)2 − 1 ≤ cos θs ≤ 1 . (A.1.10)
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In the special case when all the mi = m, the equations simplify

E1 = E2 = E3 = E4 =
√
s

2 (A.1.11)

p1
2 = p3

2 = 1
4
[
s− 4m2

]
(A.1.12)

t = −2p2(1− cos θs) = (2m2 − s

2)(1− cos θs) (A.1.13)

u = (2m2 − s

2)(1 + cos θs) (A.1.14)

We can express the scattering angle in terms of t and s

cos θs = 1 + 2t
s− 4m2 . (A.1.15)

From here we can see that the physical region is

s ≥ 4m2, t ≤ 0, u ≤ 0 . (A.1.16)

In the high energy limit s� m2 and (A.1.15) simplifies

cos θs ≈ 1 + 2t
s
. (A.1.17)

A.2 Light-cone Coordinates

Take particle 1 to be traveling along the z axis and particle 2 along −z. Then define

p± = E ± p3 (A.2.1)
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We can then split the coordinates into p+, p− and p⊥ = (p1, p2).

For simplicity, let us work in the case where all the masses are equal, and in the Regge

limit s� m2, t/s→ 0 Then

p2 = 1
2(s− 4m2) ≈ s

2 (A.2.2)

cos θs ≈ 1 + 2t
s

(A.2.3)

sin θs ≈
2√
s

√
−t (A.2.4)

p+
1 ≈
√
s (A.2.5)

p−1 ≈ 0 (A.2.6)

p+
2 ≈ 0 (A.2.7)

p−2 ≈
√
s (A.2.8)

p3 =



−
√
s

0

−
√
−t

0


(A.2.9)

p4 =



0

−
√
s

√
−t

0


(A.2.10)

We see that one set of momenta has a large + component (i.e. p1 and p3) and the other a
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large − component (i.e. p2 and p4). The momentum transfer is

p1 + p3 = q =



0

0

−
√
−t

0


, (A.2.11)

and therefore q = q⊥ and

q⊥2 = −t . (A.2.12)

A.3 DIS Kinematics

Figure A.1: Kinematics for DIS.

The momentum transfer is give by:

Q2 = −(k − k′)2 . (A.3.1)
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x is the fraction of the proton’s momentum carried by the hadron. In the limit where the

masses of the partons and the proton are negligible, we can derive

p′2 = (q + xp)2 = 0

=⇒ x = Q2

2p · q .
(A.3.2)

The mass of the hadronic final state is given by

W 2 = (p+ q)2 = Q2

x
(1− x) . (A.3.3)



Appendix B

Wave Equations

We outline the derivation of the wave equations that were used to find the energy levels in

the supergravity theory. The discussion here is similar to that in [4], except we now work

with the AdS5 metric, (6.1.1), with R = 1 for simplicity, and a hard-wall cutoff.

The simplest equation is the scalar wave equation for the dilaton and the axion. For the

transverse traceless metric fluctuations, one can simply work with the linearized Einstein

equation. Both of these can be found in [4]. Let us focus here on the case of the two-form

fields, Bµν and Cµν , which at the linear level are conveniently combined into a single

complex field, B̃µν = Bµν + iCµν . (We drop the subscript 2 of C2,µν in what follows to

simplify the writing.) Let us introduce a Maxwell operator for two-forms

(�Maxwell B̃)αβ = 3√
−g

gαµgβν∂λ(
√
−ggλλ′gµµ′gνν′∂[λ′B̃µ′ν′]) , (B.0.1)
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or, equivalently,

(�Maxwell B̃)αβ = gαµgβν(gµµ
′
gνν

′
H̃µ′ν′λ);λ , (B.0.2)

where

H̃µνλ = ∂µB̃νλ + ∂νB̃λµ + ∂λB̃µν , (B.0.3)

is the associated field strength. For ease of writing, we adopt the standard shorthand:

�Maxwell B̃αβ for (�Maxwell B̃)αβ.

It was shown in [60] that this field satisfies the equation

(�Maxwell − k(k + 4))B̃µν + 2iεµνρλσ∂ρB̃λσ = 0 , (B.0.4)

for k = 0, 1, · · · harmonics on S5. Since the second order differential operator factorizes

into two first order operators, solutions fall into two classes,

i(∗DB̃(1))µν = 2(k + 4)B̃(1)
µν ,

−i(∗DB̃(2))µν = 2kB̃(2)
µν , (B.0.5)

where (∗DB̃)µν = εµν
ρλσ∂ρB̃λσ and I is the identity matrix. It is convenient to iterate

these first order equations to get the second order equations,

(�Maxwell − (k + 4)2)B̃(1)
µν = 0 ,

(�Maxwell − k2)B̃(2)
µν = 0 . (B.0.6)
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B.1 Counting Modes

To count the number of independent fluctuations for a supergravity field, we imagine

harmonic plane waves propagating in the AdS radial direction, r, with Euclidean time, x4.

For example, the metric fluctuations in AdS5

Gµν = Ḡµν + hµν(x) (B.1.1)

in the fixed background Ḡµν are taken to be of the form hµν(r, x4). There is no dependence

on the other spatial coordinates, ~x = (x1, x2, x3).

Metric Fluctuations

A graviton has two polarization indices. If we were in flat space-time, we could go to a

gauge where these indices took on values among (x1, x2, x3) and not from the set (x4, r).

The polarization tensor should also be traceless. This leaves (3× 4)/2− 1 = 5 independent

components. In the AdS space-time, we can count the number of graviton modes the

same way, though the actual modes that we construct will have this form of polarization

only at r → ∞; for finite r, other components of polarization will be constrained to

acquire nonzero values [61, 4]. Therefore, a set of five independent polarizations can be

characterized by the following non-vanishing components at r →∞,

hij : hij = hji , and Tr h = 0 , i = 1, 2, 3 . (B.1.2)

These five states form a spin-2 representation under SO(3) as indicated in Table 7.2. Let
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us consider perturbations of the following form:

hij(r, x4) = hij t(r) e−mx4 (B.1.3)

where i, j = 1, 2, 3, with hij an arbitrary constant traceless-symmetric 3× 3 tensor. From

linearized Einstein’s equations about the AdS5 background, one finds

[−r d
dr
r
d

dr
+ 4]t(r) = m2

r2 t(r) . (B.1.4)

leading to Eq. (7.4.7).

Scalar Fields

There are fluctuations for the dilaton φ and the axion C0. These can be combined to form

a complex field Φ̃ = e−φ̄−φ + iC0 ' e−φ̄(1− φ) + iC0. There is also a scalar Gα
α associated

with the volume fluctuations in S5, (with m2
AdS = 32). However, we will not consider this

mode here.

Let us consider perturbations of the following form:

φ(r, x4) = S1(r) eik4x4

C(r, x4) = S2(r) eik4x4 . (B.1.5)

and re-write k4 = im. From the scalar Laplacian, one finds, for i = 1, 2,

− d

dr
r5 d

dr
Si(r) = m2 r Si(r), (B.1.6)

leading to Eq. (7.4.11).
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Kalb-Ramond Two-Form Fields

As explained earlier, the field equation for B̃ can be factorized into two first order equations,

and each can be iterated leading to a second order equation of the form

�Maxwell B̃µν +m2
AdS,iB̃µν = 0 . (B.1.7)

where m2
AdS,1 = (k+4)2 and m2

AdS,2 = k2, k = 0, 1, · · · . For the purpose of counting modes,

polarizations for massless 2-form in AdS5 can also be restricted to be transverse, with

fields depending only on (x4, r). Therefore, the polarization tensor is an antisymmetric

2-tensor in the direction x1, x2, x3, leading to 3 independent components. On the other

hand, since we in general need to work with massive 2-form, longitudinal modes are allowed

and it would appear that the polarization tensor is an antisymmetric tensor in coordinates

x1, x2, x3, r, with 6 independent components. This assertion turns out not to be the case,

and, the number of independent (complex) components for our massive 2-form, B̃µν is also

3, as if we are dealing with a massless case. This less than intuitive fact follows from the

first order relation, relating real and imaginary parts and leading to further constraints.

One must check that solutions to the second order equation for B̃µν , actually are valid

solutions to the original wave equation. For example, consider the ansatz

B12 = −B21 = b12Q1(r)r2eik4x4 and C12 = −C21 = 0 . (B.1.8)

Once we have a solution for B12, the first order equations will determine C34 = −C43 6= 0

and Cr3 = −C3r 6= 0, while allowing all other components of B and C to be zero. This does

not place any constraints on B12 itself. From Eq. (B.0.6), Q1 now satisfies Eq. (7.4.11). A
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similar ansatz

C12 = −C21 = c12Q2(r)r2eik4x4 and B12 = −B21 = 0 . (B.1.9)

would lead to Eq. (7.4.11) for Q2, and B34 = −B43 6= 0 and Br3 = −B3r 6= 0, while

allowing all other components of B and C to be zero.

From these examples, one finds that the number of independent complex tensor fields,

B̃µν , is reduced from 6 to 3. Independent components can be chosen at r →∞,

Bij : Bij = −Bji , i, j = 1, 2, 3,

Cij : Cij = −Cji , i, j = 1, 2, 3, (B.1.10)

each corresponds to spin-1 under SO(3), as indicated in Table 7.2.

There still remain two cases to consider, (1) m2
AdS = (4 + k)2, and m2

AdS = k2. Since

we do not consider fluctuations in S5, we can restrict to k = 0, i.e., we can restrict to

m2
AdS,1 = 16 and m2

AdS,2 = 0. As pointed in [4], the case of m2
AdS,2 = 0 can be gauged away.

Therefore, the state with j = 1 associated with this mode decouples. However, at finite

but large λ, Regge recurrences will be developed. As one moves away from j = 1, Regge

trajectory associated with this mode should survive 1.
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Dimension State JPC Operator Supergravity
∆ = 4 0++ Tr(FF ) = ~Ea · ~Ea − ~Ba · ~Ba φ
∆ = 4 2++ Tij = Ea

i · Ea
j +Ba

i ·Ba
j − trace Gij

∆ = 4 0−+ Tr(FF̃ ) = ~Ea · ~Ba C0
∆ = 6 1+− Tr(Fµν{Fρσ, Fλη}) ∼ dabcF aF bF c Bij

∆ = 6 1−− Tr(F̃µν{Fρσ, Fλη}) ∼ dabcF̃ aF bF c C2,ij

Table B.1: Gauge invariant local gluonic operators for QCD4 with ∆ ≤ 6, and their
supergravity duals.

B.2 Low Dimensional Gauge Invariant Operators

We note that the basic idea behind the AdS/CFT correspondence in the context of

glueballs is similar to an observation made much earlier by Fritzsch and Minkowski [109],

by Bjorken [110] and by Jaffe, Johnson and Ryzak [111]. Namely that the low mass glueball

spectrum can be qualitatively understood in terms of local gluon interpolating operators of

minimal dimension. For example, Ref. [111] lists all gauge invariant operators for dimension

∆ = 4, 5 and 6. Eliminating operators that are zero by the classical equation of motion

and states that decouple because of the conservation of the energy momentum tensor, the

operators are in rough correspondence with all the low mass glueballs states, as computed

in a constituent gluon [112, 113] or bag model. Indeed more recently Kuti [114] has pointed

out that a more careful use of the spherical cavity approximation even gives a rather good

quantitative match to the lowest 11 states in the lattice spectrum. Consequently it is

interesting to compare this set of operators with the supergravity model.

We list in table B.1 all the operators for ∆ ≤ 6, based on our cutoff AdS5, except the
1A related issue in flat-space was first discussed in the original work by Kalb and Ramond, [107] and

also in [108]. By invoking coupling to open strings, this would be spin-1 state acquires a mass through a
Higgs-like mechanism.
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operators with explicit derivatives, e.g., Tr[FDF ] and Tr[FDDF ]. In this table we have

used a Minkowski metric. The column on the right lists the supergravity mode that couples

to each operator. It is comforting to point out that our solutions for Kalb-Ramond modes,

B and C2, at m2
AdS = 16, precisely lead to ∆ = 6 at j = 1.



Appendix C

Simplification of Scattering

Amplitudes in the Regge Limit of

Flat Space String Theory

We show explicit calculations for some string scattering amplitudes, omitting the overall

normalization constants. We would like to show that, in the Regge limit, six particle

amplitudes factorize into products of two four particle amplitudes, that include a Pomeron

or Odderon vertex operator. This provides the physical picture of scattering happening

via Pomeron or Odderon exchange. Instead of using the expressions for these vertex

operators we found in chapters 6 and 7 directly, we instead explicitly show how these

vertex operators can be extracted. That is why this section might seem more complex

than necessary, but in fact looking at the final result we see that using the said vertex

operators has the computational advantage of requiring one less integral to be performed.

160
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C.0.1 4 tachyons

z1 → 0, z2 → z, z3 → 1, z4 →∞

A4 =
ˆ
d2z

〈
eik1X(0)eik2X(z,z̄)eik3X(1)eik4X(∞)

〉

=
ˆ
d2z |z|α

′k1k2
〈

0, k1

∣∣∣∣exp(−k2
∑ 1

m
αmz

−m − c.c) exp(k2
∑ 1

m
α−mz

m + c.c)

exp(−k3
∑ 1

n
αn − c.c) exp(k3

∑ 1
n
α−n + c.c)

∣∣∣∣ 0, k4

〉

=
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 (C.0.1)

C.0.2 3 tachyons + 1 massless tensor

First let us calculate

〈VTVTVTVG〉

A4 =
ˆ
d2z

〈
eik1X(0)eik2X(z,z̄)eik3X(1) : gµν∂Xµ∂̄Xνeik4X(∞) :

〉

=
ˆ
d2z |z|α

′k1k2
〈

0, k1

∣∣∣∣exp(k2
∑ 1

m
α−mz

m + c.c) exp(−k3
∑ 1

n
αn − c.c)

exp(k3
∑ 1

n
α−n + c.c)gµναµ1 α̃ν1

∣∣∣∣ 0, k4
〉

=
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3

〈
exp(k2

∑ 1
m
α−mz

m + c.c) exp(k3
∑ 1

n
α−n + c.c)gµναµ1 α̃ν1

〉

=
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 gµν 〈(1 + k2α−1z)(1 + k3α−1)αµ1 〉 〈(1 + k2α̃−1z̄)(1 + k3α̃−1)α̃ν1〉

=
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 gµν(kµ3 + kµ2 z)(kν3 + kν2 z̄) (C.0.2)
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Similarly if VG is at first position

〈VGVTVTVT 〉 =
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 gµν(kµ3 + kµ2

1
z

)(kν3 + kν2
1
z̄

).

Note that the results apply equally well if our massless tensor is Kalb-Ramond field instead

of a graviton - gµν would just be replaced by the anti-symmetric εµν in that case.

C.0.3 2 tachyons + 2 massless tensors

〈VGVTVTVG〉

A4 =
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3

〈
g1µνα

µ
−1α̃

ν
−1 exp(k2

∑ 1
m
α−mz

m + c.c) exp(−k2α1
1
z
− c.c.)

exp(−k3
∑ 1

n
αn − c.c) exp(k3α−1 + c.c.)g4ρσα

ρ
1α̃

σ
1

〉

=
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 g1µνg4ρσ

〈
αµ−1α̃

ν
−1 exp(−k3α1 − c.c.) exp(−k2α1

1
z
− c.c.)

exp(k2α−1z + c.c.) exp(k3α−1 + c.c.)αρ1α̃σ1 〉

=
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 g1µνg4ρσ

〈
αµ−1(1− k3α1)(1− k2α1

1
z

)(1 + k2α−1z)(1 + k3α−1)αρ1
〉

〈
α̃ν−1(1− k3α̃1)(1− k2α̃1

1
z̄

)(1 + k2α̃−1z̄)(1 + k3α̃−1)α̃σ1
〉

=
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 g1µνg4ρσ

〈
(αµ−1 − k

µ
3 − k

µ
2

1
z

)(αρ1 + kρ3 + kρ2z)
〉

〈
α̃ν−1 − kν3 − kν2

1
z̄

)(α̃σ1 + kσ3 + kσ2 z̄)
〉
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=
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 g1µνg4ρσ[ηµρ−(kµ3 +kµ2

1
z

)(kρ3+kρ2z)][ηνσ−(kν3 +kν2
1
z̄

)(kσ3 +kσ2 z̄)].

Similarly for 〈VBVTVTVB〉

ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 ε1µνε4ρσ[ηµρ− (kµ3 +kµ2

1
z

)(kρ3 +kρ2z)][ηνσ− (kν3 +kν2
1
z̄

)(kσ3 +kσ2 z̄)].

C.0.4 2 tachyons +1 graviton + 1 Kalb-Ramond

This amplitude should be zero, due to charge conservation. Let us check if that is indeed

the case.

By the previous method

ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 ε1µνg4ρσ[ηµρ−(kµ3 +kµ2

1
z

)(kρ3 +kρ2z)][ηνσ−(kν3 +kν2
1
z̄

)(kσ3 +kσ2 z̄)].

The term involving

ε1µνg4ρση
µρηνσ = ε1 · g4 = 0

since it is a product of an anti-symmetric with a symmetric tensor.

Hence we are left with

ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 ε1µνg4ρσ[−ηµρ(kν3 + kν2

1
z̄

)(kσ3 + kσ2 z̄)− ηνσ(kµ3 + kµ2
1
z

)(kρ3 + kρ2z)+

+(kµ3 + kµ2
1
z

)(kρ3 + kρ2z)(kν3 + kν2
1
z̄

)(kσ3 + kσ2 z̄)].
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Let us look at the last term. If we transform

µ→ ν, ρ→ σ, z → z̄

we have

ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 ε1µνg4ρσ(kµ3 + kµ2

1
z

)(kρ3 + kρ2z)(kν3 + kν2
1
z̄

)(kσ3 + kσ2 z̄)

= −
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 ε1µνg4ρσ(kν3 + kν2

1
z̄

)(kµ3 + kµ2
1
z

)(kσ3 + kσ2 z̄)(kρ3 + kρ2z)

= 0.

The minus sign comes because

ε1µν → ε1νµ = −ε1µν .

Now let’s look at the two remaining terms. In the second term we will again transform

µ→ ν, ρ→ σ, z → z̄

to get ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 ε1µνg4ρση

νσ(kµ3 + kµ2
1
z

)(kρ3 + kρ2z)

= −
ˆ
d2z |z|α

′k1k2 |1− z|α
′k2k3 ε1µνg4ρση

µρ(kν3 + kν2
1
z̄

)(kσ3 + kσ2 z̄)

which is the negative of the first term. Hence their sum will give zero.

Therefore

〈VBVTVTVG〉 = 0.
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This concludes the summary of the 4-particle amplitudes that are interesting for our

discussion. All these amplitudes should be exact (at tree level), we did not use the high

energy limit yet.

C.1 6-particle amplitudes

In this section we will calculate the amplitudes for a few interesting 6-particle cases. Here

the final answer will still be exact but we will write it in a form that will make it convenient

to extract the Regge limit.

C.1.1 6-tachyons

The result of 4-particles can be quickly generalized to 6 particles. Taking

z1 → 0, z5 → 1, z6 →∞

we get

A6 =
ˆ
d2z2d

2z3d
2z4 |z2|α

′k1k2 |z3|α
′k1k3 |z4|α

′k1k4

〈
exp(k2

∑ 1
m
α−mz

m
2 + c.c) exp(−k3

∑ 1
n
αnz

−n
3 − c.c) exp(k3

∑ 1
m
α−mz

m
3 + c.c)

exp(−k4
∑ 1

n
αnz

−n
4 − c.c) exp(k4

∑ 1
m
α−mz

m
4 + c.c) exp(−k5

∑ 1
n
αn − c.c)

〉

=
ˆ
d2z2d

2z3d
2z4 |z2|α

′k1k2 |z3|α
′k1k3 |z4|α

′k1k4 |z2 − z3|α
′k2k3 |z3 − z4|α

′k3k4 |z2 − z4|α
′k2k4

(C.1.1)

|1− z4|α
′k4k5 |1− z3|α

′k3k5 |1− z2|α
′k2k5 .
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This part will actually be the same even when we add particles with spin, it will just be

multiplied by a tensorial term.

Let us now transform the result and rewrite it as:

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

ˆ
d2w |w|−α(t)−2 |1− w|α

′k2k5
∣∣∣∣1− w

z4

∣∣∣∣α′k2k4
∣∣∣∣1− w

z4z3

∣∣∣∣α′k3k4
∣∣∣∣1− w

z3

∣∣∣∣α′k3k5

. (C.1.2)

To get to this form, important things to note are:

• convention used is all incoming momenta;

• k2 = −m2 ;

• kµ = kµ1 + kµ2 + kµ3 ;

• to derive this result we had to transform

z3 → w3 = 1
z3

followed by

w3 → z′3 = z3w3

and then rewrite z2 as w. Therefore the relationship between the z3that appears in

equation (C.1.1) and in equation (C.1.2) is

z3 →
w

z3
. (C.1.3)
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This will be important later.

• α(t) = 2− α′k2

2 ;

• for tachyon α′k2 = 4;

C.1.2 5 tachyon + 1 massless tensor

We will take the massless particle at position 6:

〈VTVTVTVTVTVG〉 .

A6 =
ˆ
d2z2d

2z3d
2z4 |z2|α

′k1k2 |z3|α
′k1k3 |z4|α

′k1k4 |z2 − z3|α
′k2k3 |z3 − z4|α

′k3k4 |z2 − z4|α
′k2k4

|1− z4|α
′k4k5 |1− z3|α

′k3k5 |1− z2|α
′k2k5 g6µν〈

exp(k2
∑ 1

m
α−mz

m
2 + c.c) exp(k3

∑ 1
m
α−mz

m
3 + c.c)

exp(k4
∑ 1

m
α−mz

m
4 + c.c) exp(k5α−1 + c.c)αµ1 α̃ν1

〉

=
ˆ
d2z2d

2z3d
2z4 |z2|α

′k1k2 |z3|α
′k1k3 |z4|α

′k1k4 |z2 − z3|α
′k2k3 |z3 − z4|α

′k3k4 |z2 − z4|α
′k2k4

|1− z4|α
′k4k5 |1− z3|α

′k3k5 |1− z2|α
′k2k5 g6µν

〈(1 + k2α−1z2)(1 + k3α−1z3)(1 + k4α−1z4)(1 + k5α−1)αµ1 〉

〈(1 + k2α̃−1z̄2)(1 + k3α̃−1z̄3)(1 + k4α̃−1z̄4)(1 + k5α̃−1)α̃ν1〉

=
ˆ
d2z2d

2z3d
2z4 |z2|α

′k1k2 |z3|α
′k1k3 |z4|α

′k1k4 |z2 − z3|α
′k2k3 |z3 − z4|α

′k3k4 |z2 − z4|α
′k2k4

|1− z4|α
′k4k5 |1− z3|α

′k3k5 |1− z2|α
′k2k5
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g6µν(kµ5 + kµ4 z4 + kµ3 z3 + kµ2 z2)(kν5 + kν4 z̄4 + kν3 z̄3 + kν2 z̄2).

Similarly to the 6 tachyon case this can be rewritten

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

ˆ
d2w |w|−α(t)−2 |1− w|α

′k2k5
∣∣∣∣1− w

z4

∣∣∣∣α′k2k4
∣∣∣∣1− w

z4z3

∣∣∣∣α′k3k4
∣∣∣∣1− w

z3

∣∣∣∣α′k3k5

g6µν(kµ5 + kµ4 z4 + kµ3
w

z3
+ kµ2w)(kν5 + kν4 z̄4 + kν3

w̄

z̄3
+ kν2 w̄),

where we have used the transformation (C.1.3). This result is the same for Kalb-Ramond

if we replace g6µν by ε6µν .

C.1.3 4-tachyons + 2 massless tensors

Similarly to the last part we get

A6 =
ˆ
d2z2d

2z3d
2z4 |z2|α

′k1k2 |z3|α
′k1k3 |z4|α

′k1k4 |z2 − z3|α
′k2k3 |z3 − z4|α

′k3k4 |z2 − z4|α
′k2k4

|1− z4|α
′k4k5 |1− z3|α

′k3k5 |1− z2|α
′k2k5 g1αβg6µν〈

αα−1(1− k5α1)(1− k4α1
1
z4

)(1− k3α1
1
z3

)(1− k2α1
1
z2

)

(1 + k2α−1z2)(1 + k3α−1z3)(1 + k4α−1z4)(1 + k5α−1)αµ1 〉〈
α̃β−1(1− k5α̃1)(1− k4α̃1

1
z̄4

)(1− k3α̃1
1
z̄3

)(1− k2α̃1
1
z̄2

)

(1 + k2α̃−1z̄2)(1 + k3α̃−1z̄3)(1 + k4α̃−1z̄4)(1 + k5α̃−1)α̃ν1〉
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=
ˆ
d2z2d

2z3d
2z4 |z2|α

′k1k2 |z3|α
′k1k3 |z4|α

′k1k4 |z2 − z3|α
′k2k3 |z3 − z4|α

′k3k4 |z2 − z4|α
′k2k4

|1− z4|α
′k4k5 |1− z3|α

′k3k5 |1− z2|α
′k2k5 g1αβg6µν〈

(αα−1 − kα5 − kα4
1
z4
− kα3

1
z3
− kα2

1
z2

)(αµ1 + kµ5 + kµ2 z2 + kµ3 z3 + kµ4 z4)
〉

〈
(α̃β−1 − k

β
5 − k

β
4

1
z̄4
− kβ3

1
z̄3
− kβ2

1
z̄2

)(α̃ν1 + kν5 + kν2 z̄2 + kν3 z̄3 + kν4 z̄4)
〉

=
ˆ
d2z2d

2z3d
2z4 |z2|α

′k1k2 |z3|α
′k1k3 |z4|α

′k1k4 |z2 − z3|α
′k2k3 |z3 − z4|α

′k3k4 |z2 − z4|α
′k2k4

|1− z4|α
′k4k5 |1− z3|α

′k3k5 |1− z2|α
′k2k5 g1αβg6µν

[ηαµ − (kα5 + kα4
1
z4

+ kα3
1
z3

+ kα2
1
z2

)(kµ5 + kµ2 z2 + kµ3 z3 + kµ4 z4)]

[ηβν − (kβ5 + kβ4
1
z̄4

+ kβ3
1
z̄3

+ kβ2
1
z̄2

)(kν5 + kν2 z̄2 + kν3 z̄3 + kν4 z̄4)]. (C.1.4)

This can be rewritten as

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

ˆ
d2w |w|−α(t) |1− w|α

′k2k5
∣∣∣∣1− w

z4

∣∣∣∣α′k2k4
∣∣∣∣1− w

z4z3

∣∣∣∣α′k3k4
∣∣∣∣1− w

z3

∣∣∣∣α′k3k5

g1αβg6µν [ηαµ − (kα5 + kα4
1
z4

+ kα3
z3

w
+ kα2

1
w

)(kµ5 + kµ2w + kµ3
w

z3
+ kµ4 z4)]

[ηβν − (kβ5 + kβ4
1
z̄4

+ kβ3
z̄3

w̄3
+ kβ2

1
w̄2

)(kν5 + kν2 w̄2 + kν3
w̄3

z̄3
+ kν4 z̄4)]. (C.1.5)

The important thing to notice in this result is that the power of |w| is −α(t) instead of

the usual −α(t)− 2. This is because for a graviton α′k2 = 0.

It is clear that for Kalb-Ramond we just replace g1αβg6µν with ε1αβε6µν .
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C.1.4 4 tachyon + 1 graviton + 1 Kalb-Ramond

Similarly to the case considered in C.0.4, this amplitude should be zero. Let us see if this

is indeed the case.

Again starting from (C.1.4) we can multiply out the tensorial part into a sum of 4 terms.

The first term is

ε1 · g6 = 0.

In the last term we switch

α→ β µ→ ν z2 → z̃2 z3 → z̃3 z4 → z̃4

to get

ε1αβg6µν [ηαµ − (kα5 + kα4
1
z4

+ kα3
1
z3

+ kα2
1
z2

)(kµ5 + kµ2 z2 + kµ3 z3 + kµ4 z4)]

[ηβν − (kβ5 + kβ4
1
z̄4

+ kβ3
1
z̄3

+ kβ2
1
z̄2

)(kν5 + kν2 z̄2 + kν3 z̄3 + kν4 z̄4)]

= −ε1αβg6µν [ηαµ − (kα5 + kα4
1
z4

+ kα3
1
z3

+ kα2
1
z2

)(kµ5 + kµ2 z2 + kµ3 z3 + kµ4 z4)]

[ηβν − (kβ5 + kβ4
1
z̄4

+ kβ3
1
z̄3

+ kβ2
1
z̄2

)(kν5 + kν2 z̄2 + kν3 z̄3 + kν4 z̄4)] = 0.

Similarly we can show that the remaining two terms sum to zero.

Hence if we have one Kalb-Ramond one graviton and 4 tachyons the amplitude is zero.

This concludes the cases we will look at in the Regge limit.
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C.2 Single Regge limit

We look at scattering 1 + 6→ 2 + 3 + 4 + 5. In this section we finally look at the Regge

limit. We will consider momenta k1, k2, k3 to have a large − component, of order ∼
√
s,

and similarly for the + component of momenta k4, k5, k6. The + component of k1, k2, k3

and the − component of k4, k5, k5 will be of order ∼ 1/√s. See Appendix A.2 to see how

this comes about in the simpler case of 4 particle scattering.

C.2.1 6 tachyons

In the Regge limit small w will give the important contribution. Hence we can exponentiate

ˆ
d2w |w|−α(t)−2 |1− w|α

′k2k5
∣∣∣∣1− w

z4

∣∣∣∣α′k2k4
∣∣∣∣1− w

z4z3

∣∣∣∣α′k3k4
∣∣∣∣1− w

z3

∣∣∣∣α′k3k5

=
ˆ
d2w |w|−α(t)−2 exp[−wα′(k2k5 + k2k4

z4
+ k3k4

z3z4
+ k3k5

z3
) + c.c.]

=
ˆ
d2w |w|−α(t)−2 exp[−wα′(k2 + k3

z3
) · (k5 + k4

z4
)− c.c.].

This can be integrated to give

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4 ηµρηνσ[(kρ5 + kρ4

z4
)(kσ5 + kσ4

z̄4
)]
α(t)

2

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3 [(kµ2 + kµ3

z3
)(kν2 + kν3

z̄3
)]
α(t)

2 .

This factorized into a product of an integral that depends just on z3 and an integral that

depends just on z4. But the momenta in one of the integrals are contracted with the

momenta in the other.
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In the center of mass frame in light cone coordinates, one of the momenta has the +

component ∼
√
s and − component ∼ 1√

s
and the opposite for the momenta on the other

side. In the high energy limit
√
s→∞ and only the components ∼

√
s are relevant.

In this limit the amplitude becomes

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
α(t)

+

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

∣∣∣∣∣k2 + k3

z3

∣∣∣∣∣
α(t)

−
.

Here the amplitude is fully factorized.

Looking at the expression we can see that the integrals have the form of 3 tachyon + 1

graviton scattering amplitude eq. (C.0.2)

We want to interpret this result as happening via exchange of a Pomeron.

Hence we want to get the same result by computing the amplitudes

〈VT (k1, 0)VT (k2, z2)VT (k3, 1)VPL(−k,∞)〉 〈VPR(k, 0)VT (k4, z4)VT (k5, 1)VT (k6,∞)〉 .

But we also had to do a transformation eq (C.1.3). Therefore the first part should actually

be

〈VPL(−k, 0)VT (k3, z3)VT (k2, 1)VT (k1,∞)〉 .

Looking back at eq (C.0.2) we see that VPL should have the form

VPL = (∂X−∂̃X−)
α(t)

2 e−ikX
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and VPR should have the form

VPR = (∂X+∂̃X+)
α(t)

2 eikX .

Let us calculate

〈VPL(−k, 0)VT (k3, z3)VT (k2, 1)VT (k1,∞)〉

=
ˆ
d2z3 |z3|−α

′kk3
〈

(gµναµ−1α
ν
−1)

α(t)
2 exp(−k3

∑ 1
m
αmz

m
3 + c.c.) exp(−k3

∑ 1
n
αn + c.c.)

〉

where g−− = 1 and gµν = 0 for (µ, ν) 6= (−,−).

If t = 0 this reduces to eq. (C.0.2) and gives

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

∣∣∣∣∣k2 + k3

z3

∣∣∣∣∣
−
.

To calculate the case α(t) 6= 0, notice that in the final result the total power that gµν is

raised to must be α(t)
2 . Hence the leading order term will be proportional to

[gµν(kµ2 + kµ3
z3

)(kν2 + kν3
z̄3

)]
α(t)

2 ,

which upon substituting gµν becomes

∣∣∣∣∣k2 + k3

z3

∣∣∣∣∣
α(t)

−
.

Hence the amplitude is

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

∣∣∣∣∣k2 + k3

z3

∣∣∣∣∣
α(t)

−
.
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Similarly for

〈VPR(k, 0)VT (k4, z4)VT (k5, 1)VT (k6,∞)〉

we obtain ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
α(t)

+
.

Hence the insertion of the Pomeron vertex operator gives us the correct answer.

Notice also that for t = 0 α(t) = 1 and the Pomeron becomes the graviton while for

t = − 4
α′
α(t) = 0 and the Pomeron is the tachyon.

C.2.2 5 tachyon + 1 graviton

Recall that the amplitude for this was

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

ˆ
d2w |w|−α(t)−2 |1− w|α

′k2k5
∣∣∣∣1− w

z4

∣∣∣∣α′k2k4
∣∣∣∣1− w

z4z3

∣∣∣∣α′k3k4
∣∣∣∣1− w

z3

∣∣∣∣α′k3k5

g6µν(kµ5 + kµ4 z4 + kµ3
w

z3
+ kµ2w)(kν5 + kν4 z̄4 + kν3

w̄

z̄3
+ kν2 w̄),

Again in the Regge limit the small w will dominate. This means that we can again

exponentiate and keep the terms that do not depend on w in the tensorial part. This gives

us

ˆ
d2w |w|−α(t)−2 exp[−wα′(k2 + k3

z3
) · (k5 + k4

z4
)− c.c.]g6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)
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which keeping the large component gives

ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
α(t)

+
g6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

∣∣∣∣∣k2 + k3

z3

∣∣∣∣∣
α(t)

−
.

The integral over d2z3 is the same as in the previous section.

Let’s see if inserting the Pomeron vertex operator on the right gives us the correct answer.

We need to calculate:

〈VPR(k, 0)VT (k4, z4)VT (k5, 1)VG(k6,∞)〉

=
ˆ
d2z4 |z4|α

′kk4
〈

(gRµν∂Xµ ¯∂Xν)
α(t)

2 VTVTg6ρσ∂X
ρ ¯∂Xσ

〉

where gR++ = 1 and gRµν = 0 for (µ, ν) 6= (+,+).

Again for t = 0 this gives the 4 particle amplitude with 2 gravitons which is to leading

order

ˆ
d2z4 |z4|α

′kk4 |1− z4|α
′k4k5 gRµνg6ρσ(kµ5 + kµ4

1
z4

)(kν5 + kν4
1
z̄4

)(kρ5 + kρ4z4)(kρ5 + kρ4 z̄4)

which upon substituting gRµν becomes

ˆ
d2z4 |z4|α

′kk4 |1− z4|α
′k4k5

∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
+
g6ρσ(kρ5 + kρ4z4)(kρ5 + kρ4 z̄4).

We see that in this case the answer is correct. When t 6= 0 again all the terms in the

amplitude must have gRµν raised to the power of α(t)
2 . The leading order terms will be
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proportional to

[gRµν(kµ5 + kµ4
1
z4

)(kν5 + kν4
1
z̄4

)]
α(t)

2 g6ρσ(kρ5 + kρ4z4)(kρ5 + kρ4 z̄4)

which is just ∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
α(t)

+
g6ρσ(kρ5 + kρ4z4)(kρ5 + kρ4 z̄4).

So again inserting the Pomeron vertex operator gives the correct answer.

C.2.3 4 tachyons + 2 gravitons

We have for this process

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

ˆ
d2w |w|−α(t) |1− w|α

′k2k5
∣∣∣∣1− w

z4

∣∣∣∣α′k2k4
∣∣∣∣1− w

z4z3

∣∣∣∣α′k3k4
∣∣∣∣1− w

z3

∣∣∣∣α′k3k5

g1αβg6µν [ηαµ − (kα5 + kα4
1
z4

+ kα3
z3

w
+ kα2

1
w

)(kµ5 + kµ2w + kµ3
w

z3
+ kµ4 z4)]

[ηβν − (kβ5 + kβ4
1
z̄4

+ kβ3
z̄3

w̄
+ kβ2

1
w̄

)(kν5 + kν2 w̄2 + kν3
w̄

z̄3
+ kν4 z̄4)].

which in the Regge limit becomes

ˆ
d2w |w|−α(t) exp[−wα′(k2 + k3

z3
) · (k5 + k4

z4
)− c.c.]

g1αβg6µν(kα3
z3

w
+ kα2

1
w

)(kµ5 + kµ4 z4)(kβ3
z̄3

w̄
+ kβ2

1
w̄

)(kν5 + kν4 z̄4)

=
ˆ
d2w |w|−α(t)−2 exp[−wα′(k2 + k3

z3
) · (k5 + k4

z4
)− c.c.]
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g1αβg6µν(kα3 z3 + kα2 )(kµ5 + kµ4 z4)(kβ3 z̄3 + kβ2 )(kν5 + kν4 z̄4).

After integrating over w we get similar to the previous sections

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
α(t)

+
g6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

∣∣∣∣∣k2 + k3

z3

∣∣∣∣∣
α(t)

−
g1αβ(kα3 z3 + kα2 )(kβ3 z̄3 + kβ2 ).

Again we see that this factorized nicely.

We want to reproduce this by inserting a Pomeron vertex operator and calculating

〈VPL(−k, 0)VT (k3, z3)VT (k2, 1)VT (k1,∞)〉 〈VPR(k, 0)VT (k4, z4)VT (k5, 1)VT (k6,∞)〉 .

We already calculated the second of these integrals in the last section to get

〈VPR(k, 0)VT (k4, z4)VT (k5, 1)VT (k6,∞)〉 =

ˆ
d2z4 |z4|α

′kk4 |1− z4|α
′k4k5

∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
α(t)

+
g6ρσ(kρ5 + kρ4z4)(kρ5 + kρ4 z̄4).

The second amplitude can be calculated analogously to get

〈VPL(−k, 0)VT (k3, z3)VT (k2, 1)VT (k1,∞)〉 =

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

∣∣∣∣∣k2 + k3

z3

∣∣∣∣∣
α(t)

−
g1αβ(kα3 z3 + kα2 )(kβ3 z̄3 + kβ2 ).

We see that inserting the Pomeron vertex operator gives the correct answer in this case as

well.
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C.2.4 4 tachyons + 2 Kalb-Ramond

The first part of solving this problem is similar to solving the 2 graviton case, but needs

to be done more carefully. We take the Regge limit and write the amplitude

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

ˆ
d2w |w|−α(t) exp[−wα′(k2 + k3

z3
) · (k5 + k4

z4
)− c.c.]

ε1αβε6µν [ηαµ −
1
w

(kα3 z3 + kα2 )(kµ5 + kµ4 z4)][ηβν − 1
w̄

(kβ3 z̄3 + kβ2 )(kν5 + kν4 z̄4)].

Let us focus on calculating the w integral

ˆ
dww

−α(t)
2 |w|−α(t) exp[−wα′(k2 + k3

z3
) · (k5 + k4

z4
)][ηαµ − 1

w
(kα3 z3 + kα2 )(kµ5 + kµ4 z4)]

= [(k2 + k3

z3
) · (k5 + k4

z4
)]
α(t)

2 −1

[ηαµ − (k2 + k3

z3
) · (k5 + k4

z4
)(kα3 z3 + kα2 )(kµ5 + kµ4 z4)].

Hence the integral over d2w will give

[(k2 + k3

z3
) · (k5 + k4

z4
)]
α(t)

2 −1[(k2 + k3

z̄3
) · (k5 + k4

z̄4
)]
α(t)

2 −1

[ηαµ − (k2 + k3

z3
) · (k5 + k4

z4
)(kα3 z3 + kα2 )(kµ5 + kµ4 z4)]

[ηβν − (k2 + k3

z̄3
) · (k5 + k4

z̄4
)(kβ3 z̄3 + kβ2 )(kν5 + kν4 z̄4)].
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We now try to factorize this. Again we will take k5 and k4 to have large + components

and k2 and k3 large − components. The outside factor is:

∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
α(t)−2

+

∣∣∣∣∣k2 + k3

z3

∣∣∣∣∣
α(t)−2

−
.

Now on the inside we expect the largest term to be coming from

ηργησδ(k5 + k4

z4
)ρ(k2 + k3

z3
)γ(kα3 z3 + kα2 )(kµ5 + kµ4 z4) (C.2.1)

(k5 + k4

z̄4
)σ(k2 + k3

z̄3
)δ(kβ3 z̄3 + kβ2 )(kν5 + kν4 z̄4).

Now if here we take ∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
+

because of anti-symmetry of ε1µν we can change µ → ν followed by z4 → z̄4 which will

give zero. Similarly with
∣∣∣k2 + k3

z3

∣∣∣
−
. Terms of next order will contain

(k5 + k4

z4
)+(k5 + k4

z̄4
)⊥, (k5 + k4

z4
)⊥(k5 + k4

z̄4
)+

from one side and

(k2 + k3

z3
)−(k2 + k3

z̄3
)⊥, (k2 + k3

z3
)⊥(k2 + k3

z̄3
)−

from the other.

So in equation (C.2.1) (ρ, σ) can be (+,⊥) and (⊥,+) and (γ, δ) can be (−,⊥) and

(⊥,−). Since we have a sum over all ρ, σ, γ, δ there will be four terms in total of this order.
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However, since

η+⊥ = η−⊥ = 0,

only two of these terms will survive:

(k5 + k4

z4
)+(k2 + k3

z3
)−(k5 + k4

z̄4
)⊥(k2 + k3

z̄3
)⊥×

×(kα3 z3 + kα2 )(kµ5 + kµ4 z4)(kβ3 z̄3 + kβ2 )(kν5 + kν4 z̄4)

and

(k5 + k4

z4
)⊥(k2 + k3

z3
)⊥(k5 + k4

z̄4
)+(k2 + k3

z̄3
)−×

×(kα3 z3 + kα2 )(kµ5 + kµ4 z4)(kβ3 z̄3 + kβ2 )(kν5 + kν4 z̄4).

If we change in the second term α→ β, µ→ ν followed by z3 → z̄3 and z4 → z̄4 we see

that these two terms are equal.

This gives, putting back the integrals over z3 and z4

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
α(t)−2

+
(k5 + k4

z4
)+(k5 + k4

z̄4
)⊥

ε6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)
ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

∣∣∣∣∣k2 + k3

z3

∣∣∣∣∣
α(t)−2

−
(k2 + k3

z3
)−(k2 + k3

z̄3
)⊥

ε1αβ(kα3 z3 + kα2 )(kβ3 z̄3 + kβ2 ).

We see that it factorized! Note that there should be a factor of two, but we have not been

keeping track of the overall normalization.
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Now we will try to see what vertex operator gives this answer.

So we want to split into something like

〈VOLVTVTVK−R〉 〈VORVTVTVK−R〉

with VO something like

(ξµν∂Xµ∂̄Xν)(gρσ∂Xρ∂̄Xσ)
α(t)

2 −1.

The part (gρσ∂Xρ∂Xσ)
α(t)

2 −1 will produce the part that we have in other amplitudes as

well with gρσ just g++ on one side and g−− on the other.

What to take for ξ?

We calculate

Aαβγδ
〈
∂Xα∂̄XβVTVTVK−R

〉 〈
∂Xγ ∂̄XδVTVTVK−R

〉
.

Using results from the first section this will give

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3 ε1ρσε1αβAαβγδ

[ηαµ − (kα5 + kα4
z4

)(kµ5 + kµ4 z4)][ηβν − (kβ5 + kβ4
z̄4

)(kν5 + kν4 z̄4)]

[ηγρ − (kγ2 + kγ3
z3

)(kρ3z3 + kρ2)][ηδσ − (kδ2 + kδ3
z̄3

)(kσ3 z̄3 + kσ2 )].

Again from here we want the leading order term to come from

ε1ρσε6µνAαβγδ(kα5 + kα4
z4

)(kµ5 + kµ4 z4)(kβ5 + kβ4
z̄4

)(kν5 + kν4 z̄4)
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(kγ2 + kγ3
z3

)(kρ3z3 + kρ2)(kδ2 + kδ3
z̄3

)(kσ3 z̄3 + kσ2 ).

But if we change ρ→ σ we get that this is

−ε1ρσε6µνAαβγδ(kα5 + kα4
z4

)(kµ5 + kµ4 z4)(kβ5 + kβ4
z̄4

)(kν5 + kν4 z̄4)

(kγ2 + kγ3
z3

)(kσ3 z3 + kσ2 )(kδ2 + kδ3
z̄3

)(kρ3 z̄3 + kρ2)

If we now change z3 → z̄3 we get for the second line

(kγ2 + kγ3
z̄3

)(kσ3 z̄3 + kσ2 )(kδ2 + kδ3
z3

)(kρ3z3 + kρ2).

If Aαβγδ was symmetric under the change γ → δ this would give zero due to symmetry.

Therefore the symmetric part of Aαβγδ under the change γ → δ is zero and Aαβγδ is

antisymmetric under this change, and similarly under α→ β.

Therefore we cannot take −− for k2! So we will take the next order terms (i.e. keep on

each side a momentum term of O(
√
s) and a momentum term of O(1) ). This will mean

that for Aαβγδ the components which we keep are

A+⊥−⊥, A+⊥⊥−, A⊥+−⊥ and A⊥+⊥−.

The first of these terms gives

A+⊥−⊥ε1ρσε6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)(kρ3z3 + kρ2)(kσ3 z̄3 + kσ2 )

(k5 + k4

z4
)+(k5 + k4

z̄4
)⊥(k2 + k3

z3
)−(k2 + k3

z̄3
)⊥,
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the second gives

A+⊥⊥−ε1ρσε6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)(kρ3z3 + kρ2)(kσ3 z̄3 + kσ2 )

(k5 + k4

z4
)+(k5 + k4

z̄4
)⊥(k2 + k3

z3
)⊥(k2 + k3

z̄3
)−,

the third is

A⊥+−⊥ε1ρσε6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)(kρ3z3 + kρ2)(kσ3 z̄3 + kσ2 )

(k5 + k4

z4
)⊥(k5 + k4

z̄4
)+(k2 + k3

z3
)−(k2 + k3

z̄3
)⊥,

and the last is

A⊥+⊥−ε1ρσε6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)(kρ3z3 + kρ2)(kσ3 z̄3 + kσ2 )

(k5 + k4

z4
)⊥(k5 + k4

z̄4
)+(k2 + k3

z3
)⊥(k2 + k3

z̄3
)−.

Let us now look at the second term. By using the antisymmetry of Aαβγδ under γ → δ we

can rewrite A+⊥⊥− as −A+⊥−⊥, and this will make the second term

−A+⊥−⊥ε1ρσε6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)(kρ3z3 + kρ2)(kσ3 z̄3 + kσ2 )

(k5 + k4

z4
)+(k5 + k4

z̄4
)⊥(k2 + k3

z3
)⊥(k2 + k3

z̄3
)−.

If we now change z3 → z̄3 and ρ→ σ we get that this becomes

A+⊥−⊥ε1ρσε6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)(kρ3z3 + kρ2)(kσ3 z̄3 + kσ2 )
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(k5 + k4

z4
)+(k5 + k4

z̄4
)⊥(k2 + k3

z3
)−(k2 + k3

z̄3
)⊥,

which is exactly the first term. Similarly we can show that the third and fourth terms

are also equal to the first term, and they are all added together. Therefore after proper

normalization we can just keep

ε1ρσε6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)(kρ3z3 + kρ2)(kσ3 z̄3 + kσ2 )

(k5 + k4

z4
)+(k5 + k4

z̄4
)⊥(k2 + k3

z3
)−(k2 + k3

z̄3
)⊥

which gives for the amplitude

A6 =
ˆ
d2z4 |1− z4|α

′k4k5 |z4|α
′kk4

∣∣∣∣∣k5 + k4

z4

∣∣∣∣∣
α(t)−2

+
(k5 + k4

z4
)+(k5 + k4

z̄4
)⊥

ε6µν(kµ5 + kµ4 z4)(kν5 + kν4 z̄4)
ˆ
d2z3 |1− z3|α

′k2k3 |z3|−α
′kk3

∣∣∣∣∣k2 + k3

z3

∣∣∣∣∣
α(t)−2

−
(k2 + k3

z3
)−(k2 + k3

z̄3
)⊥

ε1ρσ(kρ3z3 + kρ2)(kσ3 z̄3 + kσ2 )

which agrees exactly with the result already obtained.

C.3 Summary

The moral of the story:

We look at processes where one set of momenta has a large + component, and the other a

large − component. We split the vertex operators into the two sets, and insert a Pomeron
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or Odderon vertex operator at an end of each set. Then we can write our 2n particle

amplitudes as a product of two n+ 1 particle amplitudes. Note we considered the cases

where 2n is even but this is not necessary. The n + 1 particle amplitudes are generally

easier to calculate, as they involve doing fewer integrals. The extra vertex operators

we must add, are either the Pomeron or the Odderon vertex operator. In the case that

the n particle amplitudes on each side are symmetric under charge conjugation (which

corresponds to z → z̄ on the world sheet), we must include the Pomeron vertex operator,

as due to symmetry, Odderon exchange would vanish in this process. On the other hand,

if the n particle amplitudes are antisymmetric under charge conjugation, now Pomeron

exchange would vanish and we must go to the next order term, give by the Odderon which

is itself antisymmetric and would thus restore symmetry when inserted in the scattering

amplitude.

For Pomeron vertex operator we need to insert

: (∂X+∂̄X+)
α(t)

2 eikX :

on one side and

: (∂X−∂̄X−)
α(t)

2 e−ikX :

on the other.

For Odderon vertex operator we need to insert

: (∂X+∂̄X⊥)(∂X+∂̄X+)
α(t)

2 −1eikX :
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on one side and

: (∂X−∂̄X⊥)(∂X−∂̄X−)
α(t)

2 −1e−ikX :

on the other.
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