
Diagonalizing Random Matrices with Integrable

Systems

by

Christian W. Pfrang

Dipl.–Math., Freie Universität Berlin, 2006

M.Sc., Brown University, Providence, RI, 2009

A dissertation submitted in partial fulfillment of the

requirements for the degree of Doctor of Philosophy

in The Division of Applied Mathematics at Brown University

PROVIDENCE, RHODE ISLAND

May 2011



c© Copyright 2011 by Christian W. Pfrang



This dissertation by Christian W. Pfrang is accepted in its present form

by The Division of Applied Mathematics as satisfying the

dissertation requirement for the degree of Doctor of Philosophy.

Date

Govind Menon, Ph.D., Advisor

Recommended to the Graduate Council

Date

Percy Deift, Ph.D., Reader

Date

Matthew Harrison, Ph.D., Reader

Approved by the Graduate Council

Date

Peter M. Weber, Dean of the Graduate School

iii



Vitae

• Personal Information:

– German Citizen

– Born 2nd of April 1982 in Schweinfurt, Bavaria, Germany

• Education:

– Brown University, M.S. in Applied Mathematics, May 2009

– Freie Universität Berlin, Diplom in Mathematics, May 2006

• Experience:

– Summer Associate at Morgan Stanley, 2010

– Summer Associate at Boston Consulting Group, 2006

• Awards:

– ERP Scholarship of the German Ministry of Economy and Technology

– Member of the German National Acadamic Foundation

– China Scholarship of the Alfried Krupp von Bohlen und Halbach–Stiftung

– Max–Weber Scholarship of the Bavarian Government

• Publication:

– Christian W. Pfrang, Karsten Matthies, Small planar travelling waves in

two–dimensional networks of coupled oscillators, Dynamical Systems 24:2,

2008, pp. 157–170

iv



Acknowledgements

Für meine Eltern, Gerdi und Otmar

This thesis would have been impossible to write without the support from Maria

and my family. I would like to thank them for their love and their constant belief in

my abilities.

I am deeply indebted to Govind Menon, who has been a terrific advisor. He put

me on the right track after a period of scientific disorientation. Govind’s ability to

come up with the right questions and his breadth of interests are a continuing source

of inspiration to me. I would also like to express my thanks for his, Anjali’s and

Gayatri’s hospitality over the last two years.

I am grateful for Percy Deift’s interest in my work. He made it possible for me

to take his course on Riemann–Hilbert problems and to attend the Random Matrix

workshop at MSRI. He was very available for any questions that I had about his work.

His deep mathematical understanding and his sense for the practical applications of

complete integrability to numerical analysis problems motivate me to continue to

become a better mathematician.

I would also like to thank Matt Harrison for several important comments he made

that helped me to improve major aspects of this thesis. With him I would like

to thank the Pattern Theory community at Brown, especially Stuart Geman and

Basilis Gidas. I think of myself as a former member of the Pattern Theory group

v



and nothing has shaped my view about good problems more than the interaction

with this group.

vi



Abstract of “ Diagonalizing Random Matrices with Integrable Systems ” by Christian
W. Pfrang, Ph.D., Brown University, May 2011

This thesis is concerned with the application of a certain class of eigenvalue algo-

rithms to random matrix initial data. In particular we study numerically the time to

first deflation (‘runtime’) as well as the subdiagonal index at which deflation occurs

as random variables driven by random initial data.

For the QR and the Toda algorithm we show numerically that initial data with a

Wigner–semicircle spectral limit universally leads to exponential (Gaussian) right

tails of the corresponding runtime distributions. Moreover, if the runtime distri-

butions are centered and scaled to mean zero and variance one, the shapes of the

resulting distributions are universal for both algorithms. We demonstrate that for

non Wigner–type initial data the same scaling behavior does not necessarily exist.

We investigate the dependence of the mean and standard deviations of the run-

time distribution for the QR and the Toda on matrix size n and deflation tolerance

algorithm and find that the QR runtimes show little dependence on n but an ap-

proximately linear dependence on log ε.

In addition to these well known algorithms we describe an algorithm that reliably

deflates Hermite–1 initial matrices in the middle. This is interesting in the light of

recent divide and conquer algorithms for the eigenvalue problem.

We also present theoretical results on the scale of the minimal subdiagonal entry

of Hermite–1 distributed Jacobi matrices and derive the Liouville equation for the

evolution of this density under the Toda flow. The very last section mentions a

result concerning the behavior of the inverse spectral map for Jacobi matrices near

the boundary of the positive orthant of the sphere.



Contents

Vitae iv

Acknowledgments v

1 Introduction 1
1.1 Motivation and Summary . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Outline of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Numerical Linear Algebra 12
2.1 The QR Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2 Power Iterations for Matrix Diagonalization . . . . . . . . . . . . . . 16
2.3 The QR algorithm for Matrix Diagonalization . . . . . . . . . . . . . 19
2.4 The Shifted QR Algorithm . . . . . . . . . . . . . . . . . . . . . . . . 26

3 Random Matrices 30
3.1 Background on Random Matrices . . . . . . . . . . . . . . . . . . . . 31

3.1.1 Symmetric Matrix Distributions . . . . . . . . . . . . . . . . . 31
3.1.2 Distributions on Tridiagonal Matrices . . . . . . . . . . . . . . 33
3.1.3 Spectra of large Random Matrices . . . . . . . . . . . . . . . . 39

3.2 Minimum Subdiagonal Entry of Hermite–1 Jacobi Matrices . . . . . . 45

4 Hamiltonian Systems 53
4.1 General Setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.2 Coadjoint Orbits as Symplectic Manifolds . . . . . . . . . . . . . . . 58
4.3 Jacobi Matrices and their Bracket . . . . . . . . . . . . . . . . . . . . 63
4.4 The Toda Lattice and Flaschka’s Variables . . . . . . . . . . . . . . . 78
4.5 Flaschka’s Variables and the Kostant–Kirillov Bracket . . . . . . . . . 81

5 Hamiltonian Eigenvalue Algorithms 89
5.1 The Connection between Eigenvalue Algorithms and Completely In-

tegrable Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

vii



5.2 Liouville Equations for the Toda Flow with Hermite–1 initial data . . 105

6 Data Collection 115
6.1 Numerical Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . 116

6.1.1 Required Procedures . . . . . . . . . . . . . . . . . . . . . . . 116
6.1.2 Sampling hitting times for general symmetric matrices . . . . 121
6.1.3 Sampling hitting times for Jacobi Matrices . . . . . . . . . . . 124

6.2 Implementation Issues . . . . . . . . . . . . . . . . . . . . . . . . . . 126
6.2.1 Matrix Classes . . . . . . . . . . . . . . . . . . . . . . . . . . 127
6.2.2 Initial Data Classes . . . . . . . . . . . . . . . . . . . . . . . . 129
6.2.3 Algorithms Classes . . . . . . . . . . . . . . . . . . . . . . . . 131
6.2.4 Data Generation and Handling . . . . . . . . . . . . . . . . . 133

7 Numerical Results 135
7.1 Description of the Experiments and the Dataset . . . . . . . . . . . . 136
7.2 Empirical Results on the Runtime Behavior . . . . . . . . . . . . . . 146

7.2.1 Runtime Behavior for the QR algorithm . . . . . . . . . . . . 147
7.2.2 Runtime Behavior for the Toda algorithm . . . . . . . . . . . 181

7.3 Empirical Results on the Deflation Position . . . . . . . . . . . . . . 215
7.3.1 Deflation Position for the QR algorithm . . . . . . . . . . . . 215
7.3.2 Deflation Position for the Toda algorithm . . . . . . . . . . . . 222
7.3.3 Splitting the Atom . . . . . . . . . . . . . . . . . . . . . . . . 239

7.4 Statistical Analysis of the Runtime Distribution Tails . . . . . . . . . 246

8 Conclusion and Future Work 268
8.1 Summary of the Numerical Results and Open Questions . . . . . . . 269
8.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 271

8.2.1 The Geometry of the Inverse Spectral Map near the Boundary 271
8.2.2 Explaining the Deflation Behavior in the Jacobi case . . . . . 275

A Deferred Proofs 281

B Additional Figures 287

viii



List of Tables

6.1 Overview of sensible implementation alternatives for various diagonal-
ization procedures on various types of matrices . . . . . . . . . . . . . 126

6.2 Correspondence between implemented classes and diagonalization al-
gorithm implementations . . . . . . . . . . . . . . . . . . . . . . . . . 133

7.1 Summary of the number of samples based on which the empirical
results for the QR algorithm are based. . . . . . . . . . . . . . . . . . 140

7.2 Summary of the number of samples based on which the empirical
results for the Toda algorithm are based. . . . . . . . . . . . . . . . . 140

7.3 Summary of the number of samples on which the empirical results for
the QR algorithm are based. . . . . . . . . . . . . . . . . . . . . . . . 141

7.4 Summary of the number of samples based on which the empirical
results for the Toda algorithm are based. . . . . . . . . . . . . . . . . 141

7.5 Regression Parameters for the Means of the QR runtime distributions 149
7.6 Regression Parameters for the Standard deviations of the QR runtime

distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
7.7 Regression Parameters for the Means of the Toda runtime distributions183
7.8 Regression Parameters for the Standard deviations of the Toda run-

time distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
7.9 Regression Parameters for the means and Standard deviations of the

runtime distribution corresponding to the ‘splitting the atom’ algo-
rithm with Hermite–1 initial data . . . . . . . . . . . . . . . . . . . . 240

7.10 Summary of statistical results for QR runtime data of Hermite–1 ini-
tial matrices under cutoff exponential model. . . . . . . . . . . . . . . 251

7.11 Summary of statistical results for QR runtime data of Hermite–1 ini-
tial matrices under cutoff gamma model. . . . . . . . . . . . . . . . . 252

7.12 Summary of statistical results for QR runtime data of GOE initial
matrices under cutoff exponential model. . . . . . . . . . . . . . . . . 253

7.13 Summary of statistical results for QR runtime data of GOE initial
matrices under cutoff gamma model. . . . . . . . . . . . . . . . . . . 254

7.14 Summary of statistical results for QR runtime data of Wigner initial
matrices under cutoff exponential model. . . . . . . . . . . . . . . . . 255

7.15 Summary of statistical results for QR runtime data of Wigner initial
matrices under cutoff gamma model. . . . . . . . . . . . . . . . . . . 256

7.16 Summary of statistical results for QR runtime data of Bernoulli initial
matrices under cutoff exponential model. . . . . . . . . . . . . . . . . 257

ix



7.17 Summary of statistical results for QR runtime data of Bernoulli initial
matrices under cutoff gamma model. . . . . . . . . . . . . . . . . . . 258

7.18 Summary of statistical results for Toda runtime data of Hermite–1
initial matrices under cutoff Gaussian model. . . . . . . . . . . . . . . 259

7.19 Summary of statistical results for Toda runtime data of Hermite–1
initial matrices under cutoff Weibull model. . . . . . . . . . . . . . . 260

7.20 Summary of statistical results for Toda runtime data of GOE initial
matrices under cutoff Gaussian model. . . . . . . . . . . . . . . . . . 261

7.21 Summary of statistical results for Toda runtime data of GOE initial
matrices under cutoff Weibull model. . . . . . . . . . . . . . . . . . . 262

7.22 Summary of statistical results for Toda runtime data of Wigner initial
matrices under cutoff Gaussian model. . . . . . . . . . . . . . . . . . 263

7.23 Summary of statistical results for Toda runtime data of Wigner initial
matrices under cutoff Weibull model. . . . . . . . . . . . . . . . . . . 264

7.24 Summary of statistical results for Toda runtime data of Bernoulli ini-
tial matrices under cutoff Gaussian model. . . . . . . . . . . . . . . . 265

7.25 Summary of statistical results for Toda runtime data of Bernoulli ini-
tial matrices under cutoff Weibull model. . . . . . . . . . . . . . . . . 266

x



List of Figures

6.1 Inheritance relations between the matrix classes . . . . . . . . . . . . 128
6.2 Inheritance relations between the initial data classes . . . . . . . . . . 130
6.3 Inheritance relations between the algorithm classes . . . . . . . . . . 132

7.1 Typical result of comparing the relative difference between the Toda
trajectory computed using three different algorithms for different ma-
trix sizes. The x–axis corresponds to time, the y–axis presents the
relative error in a log scale. The recursive implementation of the
Toda algorithm’s ‘trusted region’ is large enough to include all the
runtime samples we obtain below. . . . . . . . . . . . . . . . . . . . . 144

7.2 Empirical hit time distributions of QR algorithm for Hermite–1 initial
data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 1). . . 151

7.3 Empirical hit time distributions of QR algorithm for GOE initial data
with ε = 10−8 and matrix dimension ranging through 10, 30, . . . , 190
(type 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

7.4 Empirical hit time distributions of QR algorithm for Wigner initial
data with ε = 10−8 and matrix dimension ranging through 10, 30, . . . , 190
(type 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

7.5 Empirical hit time distributions of QR algorithm for Bernoulli matrix
initial data with ε = 10−8 and matrix dimension ranging through
10, 30, . . . , 190 (type 1). . . . . . . . . . . . . . . . . . . . . . . . . . . 154

7.6 Empirical hit time distributions of QR algorithm for uniform dou-
bly stochastic Jacobi matrix initial data with ε = 10−8 and matrix
dimension ranging through 10, 30, . . . , 190 (type 1). . . . . . . . . . . 155

7.7 Empirical hit time distributions of QR algorithm for Jacobi uniform
eigenvalue initial data with ε = 10−8 and matrix dimension ranging
through 10, 30, . . . , 130 (type 1). . . . . . . . . . . . . . . . . . . . . . 156

7.8 Empirical hit time distributions of QR algorithm for Hermite–1 initial
data with n = 190 and deflation tolerance ranging through ε = 10−k

where k = 2, 4, 6, 8 (type 2). Smaller ε corresponds to heavier tail. . . 157
7.9 Empirical hit time distributions of QR algorithm for GOE initial data

with n = 190 and deflation tolerance ranging through ε = 10−k where
k = 2, 4, 6, 8 (type 2). Smaller ε corresponds to heavier tail. . . . . . . 158

7.10 Empirical hit time distributions of QR algorithm for Wigner initial
data with n = 190 and deflation tolerance ranging through ε = 10−k

where k = 2, 4, 6, 8 (type 2). Smaller ε corresponds to heavier tail. . . 159

xi



7.11 Empirical hit time distributions of QR algorithm for Bernoulli matrix
initial data with n = 190 and deflation tolerance ranging through
ε = 10−k where k = 2, 4, 6, 8 (type 2). Smaller ε corresponds to
heavier tail. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

7.12 Empirical hit time distributions of QR algorithm for uniform doubly
stochastic Jacobi matrix initial data with n = 190 and deflation toler-
ance ranging through ε = 10−k where k = 2, 4, 6, 8 (type 2). Smaller
ε corresponds to heavier tail. . . . . . . . . . . . . . . . . . . . . . . . 161

7.13 Empirical hit time distributions of QR algorithm for Jacobi uniform
eigenvalue initial data with n = 130 and deflation tolerance ranging
through ε = 10−k where k = 2, 4, 6, 8 (type 2). Smaller ε corresponds
to heavier tail. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

7.14 Normalized empirical hit time distributions of QR algorithm for Hermite–
1 initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension rang-
ing through 10, 30, . . . , 190 (type 3). . . . . . . . . . . . . . . . . . . . 163

7.15 Normalized empirical hit time distributions of QR algorithm for GOE
initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging
through 10, 30, . . . , 190 (type 3). . . . . . . . . . . . . . . . . . . . . . 164

7.16 Normalized empirical hit time distributions of QR algorithm for Wigner
initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging
through 10, 30, . . . , 190 (type 3). . . . . . . . . . . . . . . . . . . . . . 165

7.17 Normalized empirical hit time distributions of QR algorithm for Bernoulli
initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging
through 10, 30, . . . , 190 (type 3). . . . . . . . . . . . . . . . . . . . . . 166

7.18 Normalized empirical hit time distributions of QR algorithm for uni-
form doubly stochastic Jacobi initial data with ε = 10−k, k = 2, 4, 6, 8
and matrix dimension ranging through 10, 30, . . . , 190 (type 3). . . . . 167

7.19 Normalized empirical hit time distributions of QR algorithm for Jacobi
uniform eigenvalue initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix
dimension ranging through 10, 30, . . . , 190 (type 2). . . . . . . . . . . 168

7.20 Means of the empirical hit time distributions of QR algorithm for all
Wigner–type initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix di-
mension ranging through 10, 30, . . . , 190 (type 4). Orange corresponds
to Hermite–1 and red/ black/ blue to Wigner/ GOE/ Bernoulli. Dots
are the regression predictions described in the text. . . . . . . . . . . 169

7.21 Means of the empirical hit time distributions of QR algorithm for
non Wigner–type initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix
dimension ranging through 10, 30, . . . , 190 (type 4). Red corresponds
to uniform doubly stochastic Jacobi and green to Jacobi with uniform
eigenvalues. Dots correspond to regression predictions. . . . . . . . . 170

7.22 Standard deviations of the empirical hit time distributions of QR algo-
rithm for all Wigner–type initial data with ε = 10−k, k = 2, 4, 6, 8 and
matrix dimension ranging through 10, 30, . . . , 190 (type 5). Orange
corresponds to Hermite–1 and red/ black/ blue to Wigner/ GOE/
Bernoulli. Dots are the regression predictions described in the text. . 171

7.23 Standard deviations of the empirical hit time distributions of QR al-
gorithm for non Wigner–type initial data with ε = 10−k, k = 2, 4, 6, 8
and matrix dimension ranging through 10, 30, . . . , 190 (type 5). Red
corresponds to uniform doubly stochastic Jacobi and green to Jacobi
with uniform eigenvalues. Dots correspond to regression predictions. . 172

xii



7.24 QQ plot of the normalized (mean zero, variance one) QR runtime sam-
ples of GOE initial data (n = 190, ε = 10−8) against the normalized
runtime samples of Hermite–1 initial data (same parameters). . . . . 173

7.25 QQ plot of the normalized (mean zero, variance one) QR runtime
samples of GOE initial data (where matrix size is n = 190, ε = 10−8)
against the normalized runtime samples of Wigner initial data (same
parameters). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

7.26 QQ plot of the normalized (mean zero, variance one) QR runtime sam-
pes of GOE initial data (n = 190, ε = 10−8) against the normalized
runtime samples of Bernoulli initial data (same parameters). . . . . . 175

7.27 QQ plot of the normalized (mean zero, variance one) QR runtime
sampes of GOE initial data (n = 190, ε = 10−8) against the normal-
ized runtime samples of uniform doubly stochastic Jacobi initial data
(same parameters). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

7.28 QQ plot of the normalized (mean zero, variance one) QR runtime
sampes of GOE initial data (n = 190, ε = 10−8) against the normal-
ized runtime samples of Jacobi with uniform eigenvalues initial data
(n = 130 same ε). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

7.29 Combination of all the QR runtime histograms (type 7), compared
with a ‘normalized’ gamma distribution with parameters k = 2 and
θ = 1 (red: Bernoulli, green: GOE, orange: Wigner, purple: Hermite–
1). Here normalized refers to shifting and scaling to obtain a distri-
bution of mean zero and variance one. . . . . . . . . . . . . . . . . . 178

7.30 Combination of normalized QR runtime histograms (green: GOE ini-
tial data, blue: uniform doubly stochastic Jacobi initial data). . . . . 179

7.31 Combination of normalized QR runtime histograms (green: GOE ini-
tial data, blue: Jacobi with uniform eigenvalues initial data). . . . . . 180

7.32 Empirical hit time distributions of Toda algorithm for Hermite–1 ini-
tial data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type
1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

7.33 Empirical hit time distributions of Toda algorithm for GOE initial
data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 1). . . 186

7.34 Empirical hit time distributions of Toda algorithm for Wigner initial
data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 1). . . 187

7.35 Empirical hit time distributions of Toda algorithm for Bernoulli ma-
trix initial data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190
(type 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

7.36 Empirical hit time distributions of Toda algorithm for uniform doubly
stochastic Jacobi initial data with ε = 10−8 and matrix dimensions
10, 30, . . . , 190 (type 1). . . . . . . . . . . . . . . . . . . . . . . . . . . 189

7.37 Empirical hit time distributions of Toda algorithm for Jacobi with
uniform eigenvalue initial data with ε = 10−8 and matrix dimensions
10, 30, . . . , 190 (type 1). . . . . . . . . . . . . . . . . . . . . . . . . . . 190

7.38 Empirical hit time distributions of Toda algorithm for Hermite–1 ini-
tial data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type
2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

7.39 Empirical hit time distributions of Toda algorithm for GOE initial
data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 2). . . 192

7.40 Empirical hit time distributions of Toda algorithm for Wigner initial
data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 2). . . 193

xiii



7.41 Empirical hit time distributions of Toda algorithm for Bernoulli ma-
trix initial data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190
(type 2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

7.42 Empirical hit time distributions of Toda algorithm for uniform dou-
bly stochastic Jacobi matrix initial data with ε = 10−8 and matrix
dimensions 10, 30, . . . , 190 (type 2). . . . . . . . . . . . . . . . . . . . 195

7.43 Empirical hit time distributions of Toda algorithm for Jacobi with
uniform eigenvalue initial data with ε = 10−8 and matrix dimensions
10, 30, . . . , 190 (type 2). . . . . . . . . . . . . . . . . . . . . . . . . . . 196

7.44 Normalized empirical hit time distributions of Toda algorithm for
Hermite–1 initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix di-
mensions 10, 30, . . . , 190 (type 3). . . . . . . . . . . . . . . . . . . . . 197

7.45 Normalized empirical hit time distributions of Toda algorithm for
GOE initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimensions
10, 30, . . . , 190 (type 3). . . . . . . . . . . . . . . . . . . . . . . . . . . 198

7.46 Normalized empirical hit time distributions of Toda algorithm for
Wigner initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimensions
10, 30, . . . , 190 (type 3). . . . . . . . . . . . . . . . . . . . . . . . . . . 199

7.47 Normalized empirical hit time distributions of Toda algorithm for
Bernoulli initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix di-
mensions 10, 30, . . . , 190 (type 3). . . . . . . . . . . . . . . . . . . . . 200

7.48 Normalized empirical hit time distributions of Toda algorithm for uni-
form doubly stochastic Jacobi initial data with ε = 10−k, k = 2, 4, 6, 8
and matrix dimensions 10, 30, . . . , 190 (type 3). . . . . . . . . . . . . 201

7.49 Normalized empirical hit time distributions of Toda algorithm for Ja-
cobi with uniform eigenvalue initial data with ε = 10−k, k = 2, 4, 6, 8
and matrix dimensions 10, 30, . . . , 190 (type 3). . . . . . . . . . . . . 202

7.50 Means of the empirical hit time distributions of Toda algorithm for
Wigner–type initial data with Orange/ black/ blue/ red correspond
to Hermite–1/ GOE/ Bernoulli/ Wigner initial data (type 4). Dots
correspond to regression predictions. . . . . . . . . . . . . . . . . . . 203

7.51 Means of the empirical hit time distributions of Toda algorithm for
Wigner–type initial data with Red/ green correspond to uniform dou-
bly stochastic Jacobi/ Jacobi with uniform eigenvalue initial data
(type 4). Dots correspond to regression predictions. . . . . . . . . . . 204

7.52 Standard deviations of the empirical hit time distributions of Toda
algorithm for Wigner–type initial data with Orange/ black/ blue/ red
correspond to Hermite–1/ GOE/ Bernoulli/ Wigner initial data (type
5). Dots correspond to regression predictions. . . . . . . . . . . . . . 205

7.53 Means of the empirical hit time distributions of Toda algorithm for
Wigner–type initial data with Red/ green correspond to uniform dou-
bly stochastic Jacobi/ Jacobi with uniform eigenvalue initial data
(type 4). Dots correspond to regression predictions. . . . . . . . . . . 206

7.54 QQ plot of the normalized (mean zero, variance one) Toda runtime
sampes of GOE initial data (n = 190 and ε = 10−8) against the
normalized runtime samples of Hermite–1 initial data (n = 170, same
ε). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

7.55 QQ plot of the normalized (mean zero, variance one) Toda runtime
samples of GOE initial data (n = 190 and ε = 10−8) against the
normalized runtime samples of Wigner initial data (same parameters). 208

xiv



7.56 QQ plot of the normalized (mean zero, variance one) Toda runtime
samples of GOE initial data (n = 190 and ε = 10−8) against the
normalized runtime samples of Bernoulli initial data (same parameters).209

7.57 QQ plot of the normalized (mean zero, variance one) Toda runtime
samples of GOE initial data (n = 190 and ε = 10−8) against the nor-
malized runtime samples of uniform Jacobi doubly stochastic initial
data (same parameters). . . . . . . . . . . . . . . . . . . . . . . . . . 210

7.58 QQ plot of the normalized (mean zero, variance one) Toda runtime
samples of GOE initial data (n = 190, ε = 10−8) against the normal-
ized runtime samples of Jacobi with uniform eigenvalue initial data
(same parameters). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

7.59 Combination of all the normalized Toda runtime histograms compared
with a standard normal distribution with parameters µ = 0 and σ = 1. 212

7.60 Combination of all the normalized Toda runtime histograms with
GOE initial data compared with all the runtime histograms with uni-
form doubly stochastic Jacobi initial data. . . . . . . . . . . . . . . . 213

7.61 Combination of all the Toda runtime histograms with GOE initial data
compared with all the runtime histograms with Jacobi with uniform
eigenvalues initial data. . . . . . . . . . . . . . . . . . . . . . . . . . 214

7.62 Empirical deflation index distributions of QR algorithm for Hermite–1
initial data with ε = 10−8 and matrix dimensions 70, 130, 190. . . . . 216

7.63 Empirical deflation index distributions of QR algorithm for GOE ini-
tial data with ε = 10−8 and matrix dimensions 70, 130, 190. We have
centered the hit index distributions for better visibility so that the
peak at a0 (b0, c0) corresponds to the peak at a190 (b130), c70 respec-
tively). The subindices correspond to indices on the matrix subdiago-
nal. Note that the deflation index by definition takes values from zero
to n− 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217

7.64 Empirical deflation index distributions of QR algorithm for iid Gaus-
sian initial data with ε = 10−8 and matrix dimensions 70, 130, 190.
Hit index distributions are centered as in 7.63 with same meaning of
ai, bi, ci. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

7.65 Empirical deflation index distributions of QR algorithm for Bernoulli
matrix initial data with ε = 10−8 and matrix dimensions 70, 130, 190.
Hit index distributions are centered as in 7.63 with same meaning of
ai, bi, ci. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

7.66 Empirical deflation index distributions of QR algorithm for uniform
doubly stochastic Jacobi matrix initial data with ε = 10−8 and matrix
dimensions 70, 130, 190. Hit index distributions are centered as in 7.63
with same meaning of ai, bi, ci. . . . . . . . . . . . . . . . . . . . . . 220

7.67 Empirical deflation index distributions of QR algorithm for Jacobi
matrix with uniform eigenvalues initial data with ε = 10−8 and matrix
dimensions 70, 130, 190. Hit index distributions are centered as in 7.63
with same meaning of ai, bi, ci. . . . . . . . . . . . . . . . . . . . . . 221

7.68 Empirical deflation index distributions of Toda algorithm for Hermite–
1 initial data with ε = 10−8 and matrix dimensions n = 70, 130, 190.
Hit index distributions are centered as in 7.63 with same meaning of
ai, bi, ci. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

xv



7.69 Empirical deflation index distributions of Toda algorithm for GOE
initial data with ε = 10−8 and matrix dimensions n = 70, 130, 190.
Hit index distributions are centered as in 7.63 with same meaning of
ai, bi, ci. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

7.70 Empirical deflation index distributions of Toda algorithm for Wigner
initial data with ε = 10−8 and matrix dimensions n = 70, 130, 190.
Hit index distributions are centered as in 7.63 with same meaning of
ai, bi, ci. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

7.71 Empirical deflation index distributions of Toda algorithm for Bernoulli
initial data with ε = 10−8 and matrix dimensions n = 70, 130, 190. Hit
index distributions are centered as in 7.63 with same meaning of ai,
bi, ci. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

7.72 Empirical deflation index distributions of Toda algorithm for uniform
doubly stochastic Jacobi initial data with ε = 10−8 and matrix dimen-
sions n = 70, 130, 190. Hit index distributions are centered as in 7.63
with same meaning of ai, bi, ci. . . . . . . . . . . . . . . . . . . . . . 228

7.73 Empirical deflation index distributions of Toda algorithm for Bernoulli
initial data with ε = 10−8 and matrix dimensions n = 50, 90, 130. Hit
index distributions are centered as in 7.63 with same meaning of ai,
bi, ci. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

7.74 Scatter plot of deflation index Iε (on x–axis) agains Tε (on y–axis) for
ε = 10−8 and n = 190 with Hermite–1 initial data. . . . . . . . . . . . 230

7.75 ‘Conditional’ histogram of all the deflation time Tε samples where
deflation occured in the bottom half of the matrix ε = 10−8 and
n = 190 with Hermite–1 initial data. . . . . . . . . . . . . . . . . . . 231

7.76 ‘Conditional’ histogram of all the deflation time Tε samples where
deflation occured in the top half of the matrix ε = 10−8 and n = 190
with Hermite–1 initial data. . . . . . . . . . . . . . . . . . . . . . . . 232

7.77 Scatter plot of deflation index Iε (on x–axis) against Tε (on y–axis)
for ε = 10−2 and n = 190 with Hermite–1 initial data. . . . . . . . . . 233

7.78 ‘Conditional’ histogram of all the deflation time Tε samples where
deflation occured in the bottom half of the matrix ε = 10−2 and
n = 190 with Hermite–1 initial data. . . . . . . . . . . . . . . . . . . 234

7.79 ‘Conditional’ histogram of all the deflation time Tε samples where
deflation occured in the top half of the matrix ε = 10−2 and n = 170
with Hermite–1 initial data. . . . . . . . . . . . . . . . . . . . . . . . 235

7.80 Scatter plot of deflation index Iε (on x–axis) agains Tε (on y–axis) for
ε = 10−8 and n = 190 with GOE initial data. . . . . . . . . . . . . . . 236

7.81 ‘Conditional’ histogram of all the deflation time Tε samples where
deflation occured in the bottom half of the matrix ε = 10−8 and
n = 190 with GOE initial data. . . . . . . . . . . . . . . . . . . . . . 237

7.82 ‘Conditional’ histogram of all the deflation time Tε samples where
deflation occured in the top half of the matrix ε = 10−8 and n = 190
with GOE initial data. . . . . . . . . . . . . . . . . . . . . . . . . . . 238

7.83 Empirical distribution of deflation positions for Hermite–1 initial data
under the DLNT algorithm resulting from the Hamiltonian (7.22) on
a log scale. Deflation tolerance was chosen as ε = 10−8, matrix dimen-
sion n = 90, 130, 170 and we used 2000 samples for each dimension to
create this figure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241

xvi



7.84 Histogram of deflation times for Hermite–1 initial data under the
DLNT algorithm resulting from the Hamiltonian (7.22). Deflation tol-
erance was chosen as ε = 10−2, matrix dimension n = 90, 110, 130, 150, 170
and we used 2000 samples for each dimension to create this figure. The
dimensions correspond to the histograms in order from left to right.
Note the ‘residual’ early deflation at the lower left. . . . . . . . . . . 242

7.85 Histogram of deflation times for Hermite–1 initial data under the
DLNT algorithm resulting from the Hamiltonian (7.22). Deflation tol-
erance was chosen as ε = 10−8, matrix dimension n = 90, 110, 130, 150, 170
and we used 2000 samples for each dimension to create this figure. The
dimensions correspond to the histograms in order from left to right.
Note the absence of ‘residual’ early deflation. . . . . . . . . . . . . . . 243

7.86 Means of the runtime histograms of the DLNT algorithm correspond-
ing to equation (7.22). Each line corresponds to one of the deflation
tolerances (from bottom to top) ε = 10−k, k = 2, 4, 6, 8. Dots corre-
spond to regression predictions for ε < .01. . . . . . . . . . . . . . . . 244

7.87 Standard deviations of the runtime histograms of the DLNT algorithm
corresponding to equation (7.22). Each line corresponds to one of the
deflation tolerances (from top to bottom) ε = 10−k, k = 2, 4, 6, 8.
The lines for the two smallest standard deviations overlap and the
comparatively large standard deviation corresponding to the tolerance
ε = 10−2 is due to the residual early deflation visible in 7.84. Dots
correspond to regression predictions for ε < .01. . . . . . . . . . . . . 245

7.88 Pictorial representation of the statistical validation methodology. The
upper row shows the estimation of the ‘cutoff Gaussian’ parameters
from the data set. The lower row shows a resampled data set used to
generate a KS–statistic sample for the p–value computation. . . . . . 267

8.1 Evolution of the spectral coordinate q under the ‘splitting the atom’
regime. q0 is distributed uniformly on the positive orthant of the
sphere Sn−1 and λ is distributed iid uniform in [−2

√
n, 2
√
n], where

n = 90. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278
8.2 Evolution of the spectral coordinate q under the Toda flow. q0 is

distributed uniformly on the positive orthant of the sphere Sn−1 and
λ is distributed iid uniform in [−2

√
n, 2
√
n], where n = 90. . . . . . . 279

8.3 Evolution of the absolute value of the spectral coordinate q under the
QR flow. q0 is distributed uniformly on the positive orthant of the
sphere Sn−1 and λ is distributed iid uniform in [−2

√
n, 2
√
n], where

n = 90. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280

B.1 QQ plot of the normalized runtime of the QR algorithm on GOE
initial data of dimension n = 190 and deflation tolerance ε = 10−k

against the corresponding data for the Toda algorithm on uniform
double stochastic Jacobi initial data. . . . . . . . . . . . . . . . . . . 288

B.2 Combination of all the QR runtime histograms for GOE initial data
and all the Toda runtime histograms for uniform doubly stochastic
Jacobi initial data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289

xvii



Chapter One

Introduction



2

1.1 Motivation and Summary

In this thesis we present, among other empirical results, a study of the distributions

of runtimes of certain deterministic eigenvalue algorithms when applied to random

initial matrices. Computing eigenvalues is one of the core problems in modern applied

mathematics and we currently possess versatile numerical libraries which implement

a universe of ideas that serve to address this purpose in a wide range of circumstances

[2]. The availability of these practical implementations can mask the fact that the

current state of the art in eigenvalue algorithms still leaves room for practical im-

provements as well as for results that increase our theoretical understanding.

An example for recent progress in the design of eigenvalue algorithms is the creation

of randomized algorithms for computing eigenvalues and eigenvectors which are very

well adapted to the types of problems that the data mining community is interested

in solving [30]. Another example of important work from the recent period is the

development of communication minimizing eigenvalue algorithms [4]. The creation

of these algorithms is a reaction to the shift in the type of computational bottleneck

that modern high performance computing is facing: No longer is the speed with

which individual processors in a computing cluster can execute an instruction the

constraining factor. CPUs have become so fast that the real limit on computational

speed is imposed by the bandwith of the information exchange between the pro-

cessors of a cluster – in order to get the most out of current hardware, eigenvalue

computations have to be set up so that to the largest extent possible processors can

act indepently of one another, ie. minimize communication.

On the other hand some fundamental questions about even the oldest eigenvalue

algorithms remain: Shifting strategies are used in the practical implementation of

the QR algorithm (cf. section 2.4) because they can raise the speed of convergence

from linear in the standard QR algorithm to cubic in some shifted variants. Un-
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fortunately, the dynamics of these shifting strategies are poorly understood and for

the well known ones we know of matrices that lead to slower convergence or no

convergence at all. In practice, this problem is countered by patching the latest

implementation to deal with the newly discovered special cases [17]. It would be

very desirable to get a better understanding of shifting and possibly come up with a

universally efficient strategy.

The title of this thesis already hints at three areas of applied mathematics at whose

intersection the current work is situated: We will draw on ideas and results from Nu-

merical Linear Algebra, Hamiltonian Dynamics and Random Matrices to elucidate

what may be called ‘typical’ behavior of a certain class of eigenvalue algorithms,

which includes the most popular (the QR algorithm), but not its most practical

variants (shifted QR algorithms).

The idea of studying the typical behavior of numerical algorithms goes back to the

1970s and and 1980s (see [16] and the references therein). Numerical analysts re-

alized that the algorithms they were using were working remarkably well on ‘most’

matrix problems they needed to solve. In some sense, they realized, ‘typical’ prob-

lems avoid the complications associated with specific pathological examples they

knew would create problems for their algorithms. [16] formalizes these thoughts by

noting that the inverse of the condition numbers is a measure for the distance of any

matrix from a pathological set and equipping all matrices with some ‘natural’ prob-

ability distribution. He shows that the probability of small neighbourhoods around

the pathological set in the inverse condition number ‘metric’ is very small, which

corroborates theoretically the observed wellbehavedness. Other important progress

in this vein was made in [20], where the distribution of the condition number was

computed for certain plausible distributions. Another approach to understanding

this phenomenon is called ‘Smoothed Analysis’ [48]. Here the basic idea is that if

we want to take into account numerical error due to floating point arithmetic, then
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we should be computing runtime averages over slight random perturbations of the

initial data rather than concern ourselves with worst case runtime analysis. This

average runtime can be significantly faster than the worst case runtime and provides

a more realistic assessment of the quality of an algorithm.

The concept of combining the study of algorithm complexity with random initial ma-

trices thus has a rather successful history. The obvious problem with the approach

is that it is not clear what distributions should be chosen on matrices so that the re-

sulting class of random matrices represents typical matrices encountered in practice.

In the current work we will be concerned mostly with Wigner type matrices or GOE

and related matrices (like the Hermite–1 ensemble described in [19]), which are very

well studied and natural ensembles. For certain application domains, however, other

matrix distributions are more appropriate, like the Wishart distribution for covari-

ance matrices. How to generate matrix ensembles with even more general spectral

distributions was described for example in [47]. Interesting distributions on Jacobi

matrices which generalize the Hermite–1 ensemble are the β–ensembles studied in

[19]. Our focus on the classical invariant GOE ensemble as well as Wigner type

matrices – which show the same limiting spectral distribution – is due to the fact

that both the eigenvalue algorithms we want to study as well as the distribution of

certain eigenvalue statistics (both in the bulk and on the edge) admit a completely

integrable structure (cf. [15, 31], and section 5.1). The question has been raised in

[3] whether eventually one will be able to analyze the interaction between these two

Hamiltonian structures in a more detailed fashion.

The realization that there is a completely integrable Hamiltonian dynamical system

on Jacobi matrices that is intimately connected with the QR algorithm traces back

to [42, 49, 50]. The sequence of papers [13, 14, 15, 43] generalizes this notion to

a whole class of completely integrable Hamiltonian systems, some of them defined

on full symmetric matrices. Describing the symplectic structure even in the case of
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Jacobi matrices is somewhat technical (cf. sections 4.2 and 4.3), but the differential

equation associated with a Hamiltonian HG : L 7→ trĜ(L) through this is symplectic

structure is simple and elegant:

 L̇ = [G(L)+ −G(L)T+, L]

L(0) = L0

(1.1)

where L(t) denotes a trajectory of Jacobi (or symmetric) matrices, Ĝ can be a

rather general differentiable function on the real line, G = Ĝ′, G(L) = QG(Λ)QT

for L = QΛQT , M+ is the strictly lower triangular part of the matrix M and the

bracket is the standard Lie bracket. The time one map of each of these systems can

be written explicitly in terms of the QR algorithm (cf. section 5.1). Each of the

systems converges to a diagonal matrix with the eigenvalues on the diagonal [42], so

they can be construed as eigenvalue algorithms, which leads to the statement that

“the choice of an algorithm is . . . equivalently a choice of a vectorfield” [43] ie. a

Hamiltonian Ĝ.

Our goal in this thesis is to study empirically through simulation the statistics of key

properties of some of the algorithms contained in the family described by (1.1). The

two properties we’ll study are connected through the concept of deflation: It occurs,

when a complete offdiagonal block of the given matrix becomes so small through the

action of an eigenvalue algorithm that the matrix can be regarded as ‘decoupled’

into its (appropriate) upper and lower principal minors without sacrificing much

accuracy in the further computation of eigenvalues, which is now conducted on the
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two matrices separately:



m11 . . . m1k < ε

...
. . .

...

mk1 . . . mkk

mk+1,k+1 . . . mk+1,n

...
. . .

...

< ε mn,k+1 · · · mnn


=⇒

=⇒


m11 . . . m1k

...
. . .

...

mk1 . . . mkk

 ,


mk+1,k+1 . . . mk+1,n

...
. . .

...

mn,k+1 · · · mnn

 (1.2)

In practical terms this is done to increase the speed of computation by sacrificing

very little accuracy. The speed increases, because the computational procedures

required to compute the eigenvalues are carried out on subsequently smaller and

smaller matrices. In practice, at least for typical implementations of the (shifted)

QR algorithm, matrices are deflated exclusively at the bottom end of the matrix. In

this case the appropriate principal minor is either a scalar (the lower right entry of

the matrix) and thus itself an approximation to an eigenvalue, or a 2 × 2–matrix,

the eigenvalues of which can be easily computed and serve as approximations to two

of the eigenvalues of the larger matrix.

Now after fixing an initial distribution, a Hamiltonian, a ‘deflation tolerance’ ε and a

matrix dimension n, the first quantity that we simulate is what we call the runtime,

deflation time or hitting time Tε(L0), namely the minimal amount of time it takes

an algorithm to advance the initial matrix L0 into a state where it is possible to

deflate the matrix. The second quantity is the deflation or hitting index Iε, namely

the subdiagonal index at which the matrix deflates.

We will see that, depending on the chosen Hamiltonian/ Algorithm, there seems to
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exist a certain scale invariance of the runtime distributions for a given initial ensem-

ble across matrix dimensions and deflation tolerances. If we collect samples of the

runtime distributions for a range of matrix size and deflation tolerance combinations

and scale the resulting empirical distributions to have mean zero and variance one,

then for given algorithm and initial distribution the resulting ‘normalized’ histograms

have the same general shape and in particular, the same tails on the right side.

These normalized histograms are very close to one another across the Wigner–type

initial distributions, which leads us to observe of a form of universality, where the

universality of the spectral distribution carries over to quantities associated with

completely integrable ODEs driven by these matrix ensembles as initial data. We

apply a statistical methodology developed in [8] to show that the tails of the QR

runtimes coincide across all the Wigner–type initial distributions we study as well as

that the tails of the Toda runtimes coincide across all these initial distributions. We

observe exponential tails in the former case and Gaussian tails in the latter. We also

study these algorithms on non Wigner–type initial data and contrast our results in

these cases with the results for the Wigner–type initial data case.

As for the distribution of the deflation indices, we observe that for the types of initial

data that we study, depending on the algorithm chosen, varied patterns occur: For

the QR algorithm the probability of first deflation occuring at a particular subdiag-

onal index is concentrated at the lower end of the matrix, rapidly decreasing from

the lowest subdiagonal entry. For the Toda algorithm we observe that deflations

are highly likely to occur both at the top and the bottom of the matrix, with the

probability of first deflation appearing at a given index decreasing rapidly towards

the middle of the matrix for Wigner–type initial data.

In terms of practical applications it is interesting to note that we succeeded in de-

vising a Hamiltonian which has a extremely high probability of deflating an initial

matrix sampled from one of our initial distributions exactly in the middle. Compare
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this to the recent randomized divide and conquer algorithms mentioned in [4].

1.2 Outline of the Thesis

This thesis is organized in eight chapters. In the current section we give the reader

an overview of the respective contents of the following seven chapters and outline the

narrative of the text. In short, chapters two to five provide background information

about the three areas we discussed in section 1.1. This background information

consists in most cases of elaborations of known facts and statements, but we include

some pertinent results of our own where appropriate.

Chapter six deals with the practicalities of our sampling infrastructure and leads

into the main focus of the current thesis in chapter seven. This chapter presents our

numerical results and the statistical analysis summarized in the last paragraphs of

section 1.1. In chapter eight we formulate some conclusions and possible avenues for

further investigation.

Chapter Two – Numerical Linear Algebra This chapter summarizes the ideas

and concepts behind the well known QR algorithm and its shifted variants. We ex-

plain the QR decomposition and discuss an implementation for symmetric matrices.

We then provide a geometric intuition for understanding the QR algorithm through

simultaneous iterations by paraphrasizing an argument of Watkins [52]. We prove

some basic properties of QR and discuss some practicalities drawn from [17, 26].

Lastly we discuss the shifted QR algorithm.
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Chapter Three – Random Matrices Here we introduce the initial ensembles

that we use in our study. When discussing the Hermite–1 ensemble on tridiagonal

matrices we mention a few properties of Jacobi (ie. tridiagonal symmetric) matrices

and we mention the spectral coordinates for these matrices. Next, we briefly discuss

the Wigner semicircle law and some important results on universality and give some

pointers to literature discussing the connection with complete integrability.

In the second section we state and prove a theorem concerning the minimal subdi-

agonal entry of Hermite–1 distributed Jacobi matrices. This result is crucial for the

design of the sampling procedure later on in the text.

Chapter Four – Hamiltonian Systems We briefly describe the basic abstract

setting for Hamiltonian dynamics on symplectic manifolds after which we move on

to describe the most important source of symplectic manifold for the current text,

namely coadjoint orbits with their Lie–Poisson (also called Kostant–Kirillov) brack-

ets. We specialize to the Jacobi matrices and compute: A coordinate representation

of their Kostant–Kirillov brackets, an explicit formula for the Hamiltonian vector-

field associated with a given Hamiltonian as well as a coordinate representation of

the Poisson bracket associated with the Kostant–Kirillov symplectic structure.

Section four of this chapter recalls the fundamentals of the Toda lattice and Flaschka’s

variables, a coordinate transform that plays a crucial role for the Toda lattice. Next

we investigate the connections between Flaschka’s variables and the Kostant–Kirillov

symplectic structure on Jacobi matrices: First we realize that the pullback of the

standard symplectic structure under Flaschka’s variables is a multiple of the Kostant–

Kirillov form. Then we compute the pullback of the standard matric under Flaschka’s

variables. We can compute gradients using this pulled back metric and plug them

into the pulled back symplectic structure to obtain a Poisson bracket. It turns out

that the Poisson bracket computed in this way is a multiple of the Poisson bracket
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computed using the abstract approach.

Chapter Five – Hamiltonian Eigenvalue Algorithms In this chapter we apply

the theory from chapter four to completely integrable Hamiltonian systems on Jacobi

matrices that are related to eigenvalue algorithms. We recall some basic facts about

the Toda algorithm (the fundamental example for these algorithms) and go on to

introduce what we have come to call the Deift–Li–Nanda–Tomei (DLNT) famework

for eigenvalue algorithms. We prove a proposition about the complete integrability

of all the algorithms contained in this framework in the Jacobi matrix case and

provide representations of the Toda algorithm, the QR algorithm and the shifted

QR algorithm in the DLNT framework.

The second section in this chapter derives an explicit representation of the density of

Jacobi matrices transported using the Toda flow with initial Hermite–1 distribution

and we give the Liouville equation for these densities as they evolve under the Toda

flow. On the way we compute the Jacobian of the time–t map of the Toda flow in

several coordinate systems as well as the Jacobian of Flaschka’s transformation.

Chapter Six – Data Collection Here we discuss the practicalities of setting

up our sampling procedure. We go into details about the numerical procedures

we implemented (most interesting is perhaps the Rutishauser–Kahan–Pal–Walker

algorithm for reconstructing Jacobi matrices from spectral data) and we discuss

some of the software design issues involved in setting up the sampling and the data

handling procedures.

Chapter Seven – Numerical Results As mentioned in section 1.1 this chapter

is the most important one in the current presentation. In the first section we give a
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short description of the data set we generated and discuss how we set up the actual

experiments. We next go into the empirical results for the runtime behavior of the

QR algorithm for the four ‘Wigner type’ ensembles (Hermite–1, GOE, Bernoulli,

Gaussian) and present evidence for the scaling behavior as well as for the claim that

the scalled runtime distributions are insensitive to the choice of initial distribution

from these four.

Then we repeat the presentation for the Toda algorithm. We provide similar corrob-

oration of scale invariance and universality, but it becomes immediately clear that

the shape of the scaled runtime distributions in the Toda case is very different from

the QR case.

The next section discusses the distribution of the deflation positions first in the QR,

then in the Toda case. Again we observe distinct differences between the QR and

the Toda case but similarities across the initial distributions.

After that we study empirically a Hamiltonian that was found to consistently deflate

the matrix in the middle – relevant for modern divide and conquer ideas for eigen-

value computation.

In the last section of this chapter we explain the statistical analysis we carried out

on our data. The statistical analysis supports our pictorial evidence for the Gaussian

(right) tails of the Toda runtime data as well as the exponential right tails of the

QR runtime data.

Chapter Eight – Conclusions and Further Work This concluding chapter

summarizes the findings of the current thesis and discusses some ideas for further

research. We prove a theorem related to the behavior of the inverse spectral for

Jacobi matrices near the boundary and suggest a quantity the study of which could

lead to a better understanding of the phenomena we observed numerically.



Chapter Two

Numerical Linear Algebra
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This chapter explains ideas from numerical linear algebra pertinent to the

current thesis. We discuss the QR decomposition, the QR algorithm with its

shifted variants and provide a geometric intuition for the workings of the QR

algorithm.

2.1 The QR Decomposition

Matrix decompositions, ie. ways to write a given matrix as a product of matrices

belonging to certain classes, play an important role in applied mathematics. A par-

ticular matrix decomposition, the QR decomposition, is often used as a building

block in the eigenvalue algorithms that we want to study below. This procedure

allows a matrix A to be written as the product of an orthogonal matrix Q and an

upper triangular matrix R. Since it is relevant to us only in its simplest special case,

this is what we’ll focus on: The case of symmetric nonsingular matrices.

Lemma 2.1. Let A = (a1, . . . , an) ∈ Rn×n be a symmetric nonsingular matrix with

columns aj ∈ Rn. Then there exist unique matrices Q and R with the property that

Q is orthogonal and R is upper triangular with strictly positive diagonal entries such

that A = QR.

Proof. We recall that the Gram–Schmidt method orthonormalizes a set of k ≤ n

linearly independent vectors in Rn. Existence of the QR decomposition follows from
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applying the Gram–Schmidt procedure to the vectors aj: Iteratively we define:

q̃k = ak −
n−1∑
m=1

〈qm, ak〉qm (2.1)

q̂k =
q̃k
‖q̃k‖

(2.2)

If we augment this procedure by setting

r̂kk = 〈ak, q̂k〉 (2.3)

rkk = |r̂kk| (2.4)

qk = sign(r̂kk) · q̂k (2.5)

Then by non–degeneracy and normalization, the family Q = (q1, . . . , qn) is an or-

thonormal basis of Rn and am is a linear combination of am = r1mq1 + · · ·+rmmqm of

q1, . . . , qm with the property that rmm > 0. This means that we can write A = QR,

where R is upper triangular and strictly positive on the diagonal as required.

Uniqueness follows inductively from the requirements on A, Q and R. In partic-

ular r11 = ‖a1‖ > 0 and q1 = a1/‖a1‖ serves as the base of the induction. Now

assume that (a1, . . . , am) = QmRm uniquely, where Qm ∈ Rn×m with orthonormal

columns and Rm ∈ Rm×m upper triangular with strictly positive entries. Uniqueness

of the decomposition up to this step enforces the direction of qm+1 to be the same

as the direction of the vector ak −
∑k−1

j=1〈ak, qj〉qj (cf. (2.1)). In order to enforce the

other constraints the equations (2.2) to (2.5) have to be satisfied. This proves the

claim.

From a practical point of view the Gram–Schmidt procedure is not very relevant,

because it is unstable [26]. There exist a number of stable and efficient procedures

to compute the QR factorization of a matrix [17, 26]. For the sake of completeness
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we explain how to compute the QR decomposition using Householder reflections (cf.

[26, p.224]). A Householder reflection matrix is a matrix of the form H = id− 2 vvT

‖v‖2 ,

where v ∈ Rn 6= 0. These matrices have the following properties:

1. Householder matrices are symmetric, because V = vvT is: Vij = vivj.

2. Householder matrices are orthogonal: HHT = id.

HHT =

(
id− 2

vvT

‖v‖2

)(
id− 2

vvT

‖v‖2

)T
= id− 4

vvT

‖v‖2
+ 4‖v‖−4vvTvvT = id

3. Geometrically, applying a Householder matrix to a vector x, is equivalent to

reflecting x through the hyperplane which is orthogonal to the vector v. This

is because by the first two steps H is an involution and because every vector

orthogonal to v is mapped to itself under H.

In algorithm 1 the idea is to go through the columns of the input matrix A and

find successive hyperplanes such that the part below the diagonal of a given column

if reflected through the hyperplane has zeros everywhere below the diagonal. As a

first step, for a nonzero vector x ∈ Rk we identify a vector v(x) such that H(v) :=

id− 2 vvT

‖v‖2 has the property that H(v(x))x = e1‖x‖, where e1 ∈ Rk is the unit vector

in Rk with all entries except the first one equal to zero. This is accomplished by

setting:

ṽ = x− ‖x‖e1 (2.6)

v(x) =
ṽ

‖ṽ‖
=: house(x) (2.7)
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Clearly,

H(v(x))x =

[
id− 2

(x− ‖x‖e1)(x− ‖x‖e1)T

‖x− ‖x‖e1‖2

]
x =

= x− 2
(x− ‖x‖e1)

‖x− ‖x‖e1‖2
· (‖x‖2 − |x1|‖x‖) = ‖x‖e1

We use this insight to create a sequence Qj of structured and orthogonal matrices

Algorithm 1 QRDecomp – computes QR decomposition

Require: A ∈ Rn×n, AT = A
1: R0 ← A,Q← idn×n
2: for j=1,. . . ,n do
3: v ← house(Rj−1(j : n, j)) ∈ Rn−j+1

4: Qj ←
[

id(j−1)×(j−1) 0
0 H(v)

]
5: Rj ← QjRj−1

6: Q← QjQ
7: end for
8: R = Rn

9: return Q,R

Qn · · ·Q1A = R, so that we can choose Q = QT
1 · · ·QT

n . For a practical imple-

mentation of this algorithm additional steps are taken: Firstly, one needs to ensure

numerical stability of the subtraction 2.6. Secondly, one uses the special structure

of Qj to speed up the necessary matrix multiplications [26].

2.2 Power Iterations for Matrix Diagonalization

As a first foray into eigenvalue algorithms we present a simple idea called power

iteration and a generalization called simultaneous iteration (also called orthogonal

iteration) [26, 52]. The importance of this technique lies in the fact that it provides a

geometrical basis for the understanding of the well known QR algorithm. This geo-
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metric intuition will also be useful for understanding other, more general, eigenvalue

algorithms encountered later on. This short section will be somewhat impressionistic

to provide intuition.

Simultaneous iteration is a power iteration in the sense that powers of the matrix

A to be diagonalized are successively applied to a subspace S. The simplest in-

stance of a power iteration method computes an eigenvector of A belonging to the

eigenvalue with largest absolute value. In particular, assume that A has eigenval-

ues |λ1| > · · · > |λn| with corresponding (orthonormalized) eigenvectors v1, . . . , vn.

Choose any (eg. random) vector u0 := α1v1 + · · ·+ αnvn with α1 6= 0 and alternate

the instructions

ũn+1 = Aun (2.8)

un+1 =
ũn+1

‖ũn+1‖
(2.9)

Then

‖v1 − uk‖ =

∥∥∥∥v1 −
a1λ

k
1v1 + · · ·+ anλ

k
nvn

‖a1λk1v1 + · · ·+ anλknvn‖

∥∥∥∥ ≤ C ·
∣∣∣∣λ2

λ1

∣∣∣∣n (2.10)

The next step in this hierarchy of algorithms is called subspace iteration and gener-

alizes the basic power iteration. We use the notation of [52] and define the subspaces

T := span(v1, . . . , vm), U := span(vm+1, . . . , vn). Subspace iteration now starts out

with a subspace S in generic position such that S ∩ U = {0} and computes the

subspace AmS (for example by applying powers of A to a basis of S). Based on the

reasoning from 2.10 the following theorem, proven in [44], is plausible:

Theorem 2.2. Let T , U and S be as above. For two subspaces X, and Y define the
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metric

d(X, Y ) := sup
x∈X,‖x‖=1

inf
y∈Y
‖x− y‖ (2.11)

Then

d(AnS, T ) ≤ C

∣∣∣∣λm+1

λm

∣∣∣∣n (2.12)

Note that AmS converges to an invariant subspace of A, which means that for

an orthonormal basis P = [P1, P2] such that P1 is a basis of AmS we should expect

that in

P TAP =

 P T
1 AP1 P T

1 AP2

P T
2 AP1 P T

2 AP2

 (2.13)

the blocks P T
1 AP2 = P T

2 AP1 are small. One practical way of realizing subspace

iteration is given by simultaneous iteration. Assume that S = span(q0
1, . . . , q

0
m) as

above. Then alternate the following instructions:

1. Let q̃k+1
j := Aqkj

2. Orthonormalize q̃k+1
1 , . . . , q̃k+1

m from left to right to obtain qk+1
1 , . . . , qk+1

m , an

orthonormal basis for Ak+1S.

Observe that orthonormalizing in this way from left to right conserves the subspaces

span(Aqk1 , . . . , Aq
k
l ) for all 1 ≤ l ≤ n. This means that by following these instructions

not only do we converge to an invariant subspace of dimension k, but we actually

obtain invariant subspaces of dimensions 1, 2, . . . , k − 1. Let us start out with S =

span(q0
1, . . . , q

0
n) a basis of the full space Rn. By orthonormality and the subspace
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iteration property that span(qn1 , . . . , q
n
l ) converges to Tl = span(v1, . . . , vl) we obtain

that qnj → vj and, hence, for Qk := (qk1 , . . . , q
k
n) we have that QT

nAQn → Λ, where

Λ = diag(λ1, . . . , λn).

2.3 The QR algorithm for Matrix Diagonalization

Over the years variants of the QR algorithm have become the most widely used

strategy to determine the eigenvalues and eigenvectors of small to moderately sized

matrices. Here we will focus exclusively on the symmetric eigenvalue problem as

described for example in [26]. The algorithm was discovered independently in [24,

34] and in its most basic form calls for iteratively reversing the subsequent QR

decompositions of a given matrix:

A0 = Q1R1 (2.14)

An = RnQn = Qn+1Rn+1 (2.15)

Equation 2.15 is called the QR step. Before we delve into establishing finer properties

of the QR algorithm, let us argue that the QR algorithm is ‘neither more nor less

than a clever implementation of simultaneous iteration’ [52]: At the core of this

claim is the idea that emerged in lemma 2.1, that the QR decomposition is a matrix

version of the Gram–Schmidt orthogonalization procedure. Let Q̂0 be the identity

matrix (ie. a basis matrix of Rn). Phrasing simultaneous iteration in terms of the

QR decomposition then implies alternating Dm+1 = AQ̂m and Dm+1 = Q̂m+1Rm+1.

Dm+1 corresponds to the result of the first step of simultaneous iteration, Q̂m+1

corresponds to the result of the second step of simultaneous iteration.

Lemma 2.3. Define A, Dm, Q̂m and Rm as above and denote Am := Q̂T
mAQ̂m.
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Then

Am = RmQm = Qm+1Rm+1 (2.16)

Q̂m = Q1 · · ·Qm (2.17)

for a sequence of orthogonal matrices Qm.

Proof. We proceed by induction. Since Q̂0 = id, we have A0 = A = D1 = Q̂1R1

and A1 = Q̂T
1AQ̂1 = R1Q̂1. Thus we can set Q1 = Q̂1, which shows the basis of the

induction.

For the induction step, assume that Am = RmQm and that Q̂m = Q1 · · ·Qm. Then

by definition let Dm+1 = AQ̂m with QR decomposition Q̂m+1Rm+1 and denote the

QR decomposition of Am by Am = Qm+1R̃m+1. By definition of Am we have that

Am = Q̂T
mAQ̂m, so that Q̂mAm = AQ̂m which implies Dm+1 = AQ̂m = Q̂mAm =

Q̂mQm+1R̃m+1. Using uniqueness of the QR decomposition we obtain Rm+1 = R̃m+1

and Q̂m+1 = Q1 · · ·Qm+1 as necessary to prove the claim.

Thus, the QR algorithm is an implementation of simultaneous iteration, where

the matrices Dm are never explicitly computed. We have argued informally in section

2.2 that Q̂m will converge to the eigenvector matrix with eigenvectors sorted by the

moduli of their eigenvalues and consequently Am = Q̂T
mAQ̂m will converge to the

eigenvalue matrix Λ. It is this sequence of approximations to the eigenvalue matrix

which the QR algorithm deals with explicitly.

The reason for the popularity of this iterative method rests in the following three

observations:

1. The QR step preserves Jacobi (ie. tridiagonal symmetric) matrices.
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2. Any symmetric matrix can be deterministically reduced to a Jacobi (ie. tridi-

agonal symmetric) matrix with the same spectrum.

3. In all variants of the QR algorithm the QR step for Jacobi matrices can be

implemented to run in linear time.

We prove the first observation in the following lemma:

Lemma 2.4. The QR step preserves Jacobi matrices.

Proof. It is sufficient to show that the QR step preserves both symmetric and Hes-

senberg matrices, because Jacobi matrices are symmetric Hessenberg matrices.

Symmetry : Recall that the sequence of matrices Am generated by the QR algorithm

can be interpreted as a sequence of basis transformations of the initial matrix A:

Am = Q̂T
mAQ̂m in the notation of lemma 2.3. Clearly ATm = Q̂T

mA
T Q̂m = Q̂T

mAQ̂m =

Am.

Hessenberg : Derive from equation (2.15) that Am = RmAm−1R
−1
m holds. The upper

triangular matrices form a group, but in our case only the existence of an inverse

upper triangular matrix matters: Using Cramer’s rule we have that (A−1)ij =
detAji
detA

where Aji is the matrix arising from A by deleting the j–th row and the i–th column.

Let i > j. It’s easy to see that detAji = 0 as required. As the last ingredient, we

need to demonstrate that Hessenberg matrices are conserved under left and right

multiplication of upper triangular matrices. Multiplication of a Hessenberg matrix

H with an upper triangular matrix U from the right implies that the j–th column

of the result HU is a linear combination of the first j columns of H – this preserves

the Hessenberg property. Multiplication from the left means that the j–th row of

UH is a combination of the last j columns of H – this also preserves the Hessenberg

property.
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The Jacobi reduction procedure for symmetric matrices mentioned above is very

similar to the Householder reduction strategy for the QR decomposition which was

presented in section 2.1. There are two crucial differences: Firstly, only the sub-

diagonal parts of the columns are reflected onto their first components. Secondly,

the original matrix is multiplied with the Householder reflection matrices on both

sides rather than just the left side. What makes this algorithm work is the following

(block) matrix identity:

Z(b)

 Tk×k
0(k−1)×(n−k)

bT

0(n−k)×(k−1) b Mn−k


︸ ︷︷ ︸

=:X

ZT (b)

=

 Tk×k
0(k−1)×(n−k)

‖b‖eT1

0(n−k)×(k−1) ‖b‖e1 H(b)Mn−kH(b)

 =

=

 T(k+1)×(k+1)

0k×(n−k−1)

b̃T

0(n−k−1)×(k) b̃ Mn−k−1


︸ ︷︷ ︸

=:Y

(2.18)

Z(b) =

 idk×k 0k×(n−k)

0(n−k)×k H(b)

 (2.19)

Here, Tk×k is a Jacobi matrix of size k× k, Mn−k is a (full) symmetric matrix of size

(n − k) × (n − k), 0m×n is a block of zeros of size m × n and b ∈ Rn−k. The index

k ranges from 1 ≤ k ≤ n. The significance of equation (2.18) lies in the fact that

the structured matrix X is multiplied from both sides with a highly structured block

matrix Z which increases the size of the Jacobi block in X by one and decrease the

size of the full symmetric block by one. Algorithm 2 details this procedure.
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Algorithm 2 HouseholderJacobi – Reduce symmetric to Jacobi matrices

Require: A ∈ Rn×n, AT = A
1: A0 ← A
2: for i = 1, . . . , n− 2 do
3: b← Ai−1(i+ 1 : n, i)
4: Zi ← Z(b)
5: Ai ← ZiAi−1Zi
6: end for
7: return An−2

Direct application of the QR step from (2.15) is referred to as the unshifted QR

algorithm for reasons that will become clearer in the next section. We have promised

that it is possible to devise a fast procedure to compute the QR step for a Jacobi

matrix. The first step in designing this procedure is to recall the ‘implicit Q theorem’

from [26], which we’ve simplified here to make it exactly fit our application:

Theorem 2.5. Let Q = (q1, . . . , qn) and V = (v1, . . . , vn) denote orthogonal matrices

such that both QTAQ = H and V TAV = G are unreduced Jacobi matrices (ie. the

subdiagonal contains only strictly non zero entries). If v1 = q1, then vi = ±qi for

i = 1, . . . , n and |hi,i−1| = |gi,i−1|

Proof. Define the orthogonal matrix W = (w1, . . . , wn) = V TQ. Clearly GW =

V TAQ = WH and because of v1 = q1 we have that w1 = e1. For j ≥ 2 we have that

hj,j−1wj = Gwj−1 − hj−2,j−1wj−2 − hj−1,j−1wj−1 (2.20)

This makes the matrix W upper triangular, which together with orthogonality im-

plies that W = diag(±1, . . . ,±1). The claim follows.
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Before detailing the algorithm, we introduce Givens rotations

Gij(θ) = Gij(cos θ, sin θ) = id− (1− cos θ)Eii − (1− cos θ)Ejj + sin θEij − sin θEji

(2.21)

where Emn is a matrix which is zero everywhere except for a one in the m–th row

and the n–th column. Recall that in order for

 c s

−s c


T  a1

b1

 =

 √a2 + b2

0

 (2.22)

to hold and the matrix containing c and s still to be a rotation, we have to set

c(a, b) = a/
√
a2 + b2 and s(a, b) = −b/

√
a2 + b2. Now assume that we would like

to compute the QR step T1 of the unreduced Jacobi matrix T0 = QR, ie. T1 =

RQ = QTT0Q. By properties of the QR decomposition it follows directly that

T0e1 = QRe1 = ‖t10‖q1, where t10 denotes the first column of T0. Thus, q1 = t10/‖t10‖.

Let J1 = G12(c(a1, b1), s(a1, b1)). Then by definition of Givens rotations, the first

column of J1 is exactly equal to the first column of Q. Multiplying T0 with J1 left

and right creates a ‘bulge’, which means that this procedure ‘nearly’ preserves the

tridiagonal structure:

JT1 T0J1 =



x x + 0 0 0 · · ·

x x x 0 0 0

+ x x x 0 0

0 0 x x x 0

0 0 0 x x x

0 0 0 0
. . . . . . . . .


(2.23)

Here the +–sign indicates where the tridiagonal structure is destroyed. In order to



25

‘fix’ this situation we engage in what’s called ‘bulge chasing’ – again using Givens

rotations: We successively push the bulges towards the lower end of the matrix by

multiplying from left and right with Givens rotations of appropriate angles. For

example, in (2.23) we would choose rotations that eliminate the +, but in doing so

they would introduce a new bulge in the next rows and columns from the current

bulge. Consider algorithm 3: It is clear by design that An−1 is a Jacobi matrix, but

how can we be sure that it is actually related to the QR step Ã = RQ of A = QR?

This is where the ‘implicit Q theorem’ comes in. Clearly Ã = QTAQ is Jacobi by

lemma 2.4. The matrix An−1 returned by algorithm 3 is also Jacobi and it’s also

conjugate to A, because

An−1 = (J1 · · · Jn−1)TAJ1 · · · Jn−1 (2.24)

Note that, by design of the Givens matrices Jj for J ≥ 2 we have Jje1 = e1, so that

V e1 := J1 · · · Jn−1e1 = J1e1 = Qe1, so that the first column of V is the same as the

first column of Q. Theorem 2.5 now implies that Â and An−1 are ‘essentially’ the

same, ie. the same up to signs of the off diagonal terms

Algorithm 3 QRStep – Efficient QR Step for Jacobi matrices

Require: A ∈ Rn×n, Jacobi
1: J1 = G12(c(a1, b1), s(a1, b1))
2: A1 = JT1 AJ1

3: for j = 2, . . . , n− 1 do
4: a← Aj−1(j, j − 1))
5: b← Aj−1(j + 1, j − 1)
6: Jj = Gj,j+1(c(a, b), s(a, b))
7: Aj = JTj Aj−1Jj
8: end for
9: return An−1

In section 2.2 we have already argued intuitively that simultaneous iteration con-

verges linearly, the speed depending on ratios of neighbouring eigenvalues. We cite

[26, pp. 330–339] where it is shown that the QR algorithm in this basic form exhibits
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linear convergence speed as well:

Theorem 2.6. Let T0 ∈ Rn×n be a Jacobi matrix with spectral decomposition T0 =

QTΛQ, where Λ = diag[λ1, · · · , λn] so that |λ1| > |λ2| > · · · > |λn|. Let Tn denote

the nth iterate of T in the QR algorithm and let

Qk, Rk ← QRDecomp(Tk) (2.25)

λ
(k)
i := rk,ii (2.26)

Q̂k := Q0 · · ·Qk =:
[
q̂

(k)
1 , . . . , q̂(k)

n

]
(2.27)

Then the following estimates are satisfied:

∣∣∣λi − λ(k)
i

∣∣∣ ≤ C1 ·
∣∣∣∣λi+1

λi

∣∣∣∣k (2.28)

dist
(

span{q̂(k)
1 , . . . , q̂

(k)
i }, span{q1, . . . , qi}

)
≤ C2

∣∣∣∣λi+1

λi

∣∣∣∣k (2.29)

so that in particular, Q̂k
n→∞−→ Q, Rk

n→∞−→ Λ as well as Q̂T
k T0Q̂k

n→∞−→ Λ.

2.4 The Shifted QR Algorithm

Consider the inequalities (2.28) and (2.29) from theorem 2.6. The eigenvalues of a

matrix scale with the matrix itself:

det(T0 − λid) = α−n · det(αT0 − αλid) (2.30)

so that λ is an eigenvalue of T0 if and only if αλ is an eigenvalue of αT0. It is thus

clear that the estimates (2.28) and (2.29) of the speed of convergence for the QR

procedure remain unaffected by scaling the initial matrix T0.
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On the other hand, shifting all eigenvalues along the real axis can significantly in-

crease the speed of convergence, because if µ ≈ λk+1, then

∣∣∣∣λk+1

λk

∣∣∣∣� ∣∣∣∣λk+1 − µ
λk − µ

∣∣∣∣ (2.31)

The theoretical usefulness of this idea is illustrated by the following proposition (cf.

[26], pp. 353):

Proposition 2.7. Let µ be an eigenvalue of an n × n unreduced Jacobi matrix T .

If T̄ := RQ+ µid, where T − µid = QR, then b̄n−1 = 0 and ān = µ, where b̄j denote

the subdiagonal and āj denote the diagonal entries of T̄ .

Proof. Clearly the first n−1 columns of T are linearly independent, regardless of the

choice of µ, because each pair of columns contains at least a row where one of them

is zero and the other one is non zero. This implies that rii 6= 0 for 1 ≤ i ≤ n − 1

(compare algorithm QR). Since T − µid is singular by assumption we have:

0 = det(T − µid) = det(QR) = detR = r11 · · · rnn (2.32)

which implies rnn = 0. This implies that

b̄n−1 =
n∑
j=1

rn,j · qj,n−1 = 0 (2.33)

ān =
n∑
j=1

rn,j · qj,nn + µ = µ (2.34)

Note how the exact shift allows for deflating the exact eigenspace corresponding

to the eigenvalue µ in the last row and column of the matrix T̄ . Two ideas come
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with this realization:

1. We can shift adaptively, ie choose an improved approximation µ to an eigen-

value at each QR step.

2. We should always try to approximate the eigenvalue corresponding to the last

row and column of T . Otherwise it follows from proposition 2.7 that the

corresponding eigenspace will continually change, rather than converge.

Algorithmically, this leads to the shifted QR algorithm:

An − µnid = QnRn (2.35)

An+1 = RnQn + µid (2.36)

Before we discuss the speed increase that is gained from a shifting strategy, let us

first note that shifting is compatible with the logic behind the efficient QR step for

Jacobi matrices discussed in algorithm 3. It follows from (2.35) and (2.36) that

An+1 = QT
n (An − µid)Qn + µid = QT

nAnQn (2.37)

So that again the sequence An is a sequence of conjugate matrices. Assume we want

to apply one shifted QR step to the matrix A. We compute A − µid = QR and by

the same argument as the one given in section 2.3 it follows that the first column of

Q is equal to the first column of the Givens matrix

J1 := G12(c(a1 − µ, b1), s(a1 − µ, b1)) (2.38)

Now the exact same arguments about bulge chasing apply to yield the result that the

matrix returned from algorithm 3 with J1 chosen as in 2.38 is ‘essentially the same’
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as the one returned from the QR step QTAQ. Thus shifted QR can be implemented

for Jacobi matrices with no extra cost as compared to the standard QR algorithm.

Time tested choices for the shifts µn are the so called Francis ([26], p. 385) and

Wilkinson ([26], p.418) shifts. In many cases these shifting strategies lead to cubic

convergence to zero of the lowest subdiagonal entry. However, examples have been

discovered that exhibit failures of cubic converge:

1. The Francis shift can fail to converge at all for certain matrices [5, 17]

2. The Wilkinson shift has been shown to be only quadratically convergent for

certain small sets of matrices [37]

In light of these concerns it is not surprising that “it is still an open problem to find

a shift strategy that guarantees fast convergence for all matrices [17].”



Chapter Three

Random Matrices
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The goal of this chapter is to introduce the initial distributions that were used

in our numerical simulations along with some properties of their spectra. We

also recall some well known facts about Jacobi matrices. The last section

of this chapter is devoted to a theorem regarding the scale of the minimum

subdiagonal entry of Hermite–1 distributed Jacobi matrices.

3.1 Background on Random Matrices

Our goal is to study aspects of the behavior of eigenvalue algorithms when the

initial matrix is assumed to be chosen from some distribution. In the following we

will introduce the distributions that we are using in this thesis and elucidate some

of their properties.

3.1.1 Symmetric Matrix Distributions

The Gaussian Orthogonal Ensemble is a widely used matrix model in Random

Matrix Theory (RMT) (cf. [11, 39]). This distribution on symmetric, R–valued

matrices is completely characterized by the requirements that:

1. The distribution is invariant under conjugation with orthogonal matrices U :

Pβ=1(UTMU)dM = Pβ=1(M)dM (3.1)

2. The entries mij for 1 ≤ j ≤ i ≤ n are statistically independent of each other.
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In particular, these two requirements are sufficient to derive that for Q(x) = −ax2 +

bx+ c (a, b, c ∈ R and a > 0), the density of Pβ=1 is given by:

P (M) =
1

Z
exp{trQ(M)} (3.2)

where Q(M) is to be read as an expression in the Functional Calculus. A proof of

this statement can be found on pp. 43 in [39]. The standard Gaussian Orthogonal

Ensemble GOEn is defined by setting Q(x) = −x2

2
. We thus obtain:

P (M) ∝ exp

{
−1

2
trM2

}
= exp

{
−1

2

n∑
i,k=1

m2
ik

}
=

= exp

−1

2

n∑
i=1

m2
ii −

n∑
1≤i≤n
j<i

m2
ij

 (3.3)

so that

P (M) =
n∏
i=1

[
exp{−m2

ii

2√
2π

]
·

n∏
1≤i≤n
j<i

exp
{
−m2

ij

2· 1
2

}
√
π

 (3.4)

Let ηµ,σ2 ∼ N (µ, σ2). Then we can represent GOEn schematically by

M ∼



η0,1 ∗ · · · ∗

η0, 1
2

η0,1
. . .

...

...
. . . . . . ∗

η0, 1
2
· · · η0, 1

2
η0,1


(3.5)
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Wigner Matrices are probably the simplest symmetric ensemble imaginable. We

will use this term to denote symmetric matrices with iid standard Gaussian entries:

M ∼



η0,1 ∗ · · · ∗

η0,1 η0,1
. . .

...

...
. . . . . . ∗

η0,1 · · · η0,1 η0,1


(3.6)

sometimes the term is used more generally as for example in [29]

The Bernoulli Ensemble is a symmetric Matrix ensemble similar to the Wigner

ensemble, where the individual matrix entries are iid Bernoulli with values ±1 with

equal probability 1
2
.

3.1.2 Distributions on Tridiagonal Matrices

The Hermite–1 Ensemble We have already alluded to the importance of Jacobi

matrices for the practical implementation of eigenvalue algorithms in section 2.3 (cf.

algorithm 2. It is therefore natural to experiment with distributions on the Jacobi

matrices as initial data. One natural distribution to consider is the so called Hermite–

1 distribution that was introduced in [19]. It is a distribution on Jacobi matrices

where all entries on the diagonal and the subdiagonal are mutually independent

and the diagonal entries are distributed normally, the subdiagonal entries are χ–

distributed with decreasing degrees of freedom. Schematically we can represent the
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1–Hermite distribution by

M ∼ 1√
2



η0,2 ∗ · · · · · · ∗

χn−1 η0,2
. . . . . .

...

0 χn−2
. . . . . .

...

...
. . . . . . . . . ∗

0 · · · 0 χ1 η0,2


(3.7)

where χk denotes the χ distribution with k degrees of freedom. If a = (a1, . . . , an)

denotes the diagonal entries of M and b = (b1, . . . , bn−1) denotes the subdiagonal

entries of M , then we can write the Hermite–1 distribution in formulas by:

f1(a, b)dadb =
22n−1

(2π)n/2 ·
∏n

j=1 Γ(j/2)︸ ︷︷ ︸
=:ca,b

·
n−1∏
j=1

bn−j−1
j e−b

2
j ·

n∏
k=1

e−a
2
j/2 =

= ca,b · e−trM2/2 ·
n−1∏
j=1

bn−j−1
j (3.8)

The constant ca,b is the product of the normalization constants of all the χ and normal

random variables, where we have incorporated the scaling 1√
2
. Before delving into

finer details of the Hermite–1 distribution of Jacobi matrices we mention their well

known spectral representation, which goes back at least to Stieltjes [41]. It is used

extensively in [15, 19, 41]. In the following theorem we combine formulations from

[15, 19]:

Theorem 3.1. Let T be a Jacobi matrix with diagonal entries a1, . . . , an and off-

diagonal entries b1, . . . , bn−1, such that bi > 0 for all i. Let T = QΛQT , q =

(|q11|, . . . , |q1n|) as well as Λ = diag(λ), λ = (λ1 < · · · < λn) then the so called
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spectral map

S : (a1, . . . , an, b1, . . . , bn−1) 7→ (λ, q) (3.9)

is a diffeomorphism on the set of Jacobi matrices with strictly positive entries on the

offdiagonal. Its Jacobian is given by:

Jac S =

∏n
j=1 qj∏n−1
i=1 bi

=

∏n−1
i=1 b

i−1
i

∆(λ)
(3.10)

where ∆(λ) is the Vandermonde determinant ∆(λ) =
∏

i<j |λi − λj|

As Deift says in [3] it is out of serendipity that the GOE turns out to be eminently

compatible with the well known tridiagonalization procedure for symmetric matrices

using Householder Reflections. This connection was observed before in [19] (cf.

theorem 2.1). We collect the following theorem mainly from [19]:

Theorem 3.2. Let M ∼ GOEn and let T = HouseholderJacobi(M) (cf. algorithm

2). Then

1. T is distributed as a random variable drawn from the 1–Hermite ensemble.

2. The distribution of eigenvalues of T is the same as the distribution of eigen-

values of M .

3. Let M = UΛUT and T = V ΛV T . Then UT e1 = V T e1, ie the Householder

tridiagonalization procedure leaves the first row of the eigenvector matrix un-

changed.

4. Let M ∼ GOEn and M = QΛQT with the convention that the first row q of Q

is positive. Then the distribution of q is uniform on the positive orthant of the

sphere Sn−1.
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Proof. 1. Let M1 ∼ GOEn. The HouseholderJacobi procedure produces a se-

quence of matrices M1,M1, . . . ,Mn−1 with the property that

Mk+1 = GkMkG
T
k (3.11)

Gk =

 idk 0

0 Qk

 (3.12)

where idk is a k × k–identity matrix and Qk is a (n− k)× (n− k) orthogonal

matrix. Qk is chosen such that the vector vk := (m
(k)
k+1,k, . . . ,m

(k)
n,k)

T ∈ Rn−k gets

mapped to Qkvk = (‖vk‖, 0, . . . , 0)T ∈ Rn−k, where m
(k)
ij are the entries of the

matrix Mk. Recall that the χ distribution with n degrees of freedom is defined

as the distribution of the norm of a random n dimensional Gaussian vector.

Note that any block around the diagonal of a GOE matrix is again a GOE

matrix and recall that the GOE is invariant under orthogonal transformations.

Then we conclude using induction that Mk has the structure

Mk =

 Tk XT
k

Xk M̃k

 (3.13)

Xk =

 0 χn−k+1

0 0

 ∈ R(n−k+1)×(k−1) (3.14)

where Tk is a (k − 1) × (k − 1)–dimensional Jacobi matrix whose diagonal

is distributed like a k − 1–dimensional standard Gaussian vector with covari-

ance matrix equal to the identity and whose subdiagonal is distributed like

(χn−1, . . . , χn−k+2). The block M̃k is GOEn−k+1. The claim follows by letting

k range from 1 to n− 1.

2. This is true, because each step in the HouseholderJacobi procedure is a con-

jugation by an orthogonal matrix and thus leaves the eigenvalues untouched.
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3. Note that V T e1 = UTGT
1 · · ·GT

n−1. Because of the fact that the first rows of all

of the G1 have the form (1, 0, . . . , 0) we have that UTGT
1 · · ·GT

n−1e1 = UT e1,

this proves the claim.

4. This claim is a special case of theorem 2.12 in [19]: We need to transform the

Hermite–1 distribution on (a, b)–space into a distribution on (q, λ)–space:

f1(a, b)dadb = ca,b · e−trM2/2 ·
n−1∏
j=1

bn−j−1
j dadb =

= ca,b · e−trΛ2/2 ·
n−1∏
j=1

bn−j−1
j ·

∏n−1
i=1 bi∏n
j=1 qj

dλdq = ca,b · e−trΛ2/2 ·∆(λ)dλdq

=
(
s−1
n dq

)
·
(
c1
He
−trΛ2/2 ·∆(λ)dλ

)
(3.15)

Here we have defined

c1
H = (2π)−n/2

∏
j = 1n

Γ(3/2)

Γ(1 + j/2)
(3.16)

s−1
n = n! · 22n−1Γ(n/2)

πn/2
(3.17)

It is a simple exercise to see that ca,b = c1
H · s−1

n . Since sn is the surface area of

the positive orthant of the n− 1–dimensional sphere, the claim follows.

Theorem 3.2 states that the distribution of the random variable q := UT e1 is the

uniform distribution on the positive quadrant of the sphere Sn−1. Consider the map

Ψ : (q1, . . . , qn) 7→ (q2
1, . . . , q

2
n). This is a bijective map taking this quadrant into the

n− 1–dimensional probability Simplex Σn. We compute the pushforward under this

map of the uniform distribution on the positive quadrant of Sn−1.

Proposition 3.3. Let µ denote the uniform probability measure on the positive quad-
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rant on Sn−1. Then the pushforward measure Ψ∗µ onto the simplex Σn is the Dirichlet

distribution Dir(1
2
, . . . , 1

2
)

For a proof we ask to consult the appendix. Note that the uniform measure on

the complex sphere is pushed forward to the uniform measure on Σn by the same

“squaring map.” This result is stated on p. 115 in the famous chapter 31
2

in Gromov’s

[28].

Uniform Doubly Stochastic Jacobi Matrices These matrices were introduced

and studied recently in [18]. They provide an example of initial data whose spectral

limit is not the Wigner semicircle law, as opposed to all the ensembles studied so

far. When generating these initial matrices we use the Gibbs sampler described in

[18] to generate matrices of the form:



1− c1 c1 0 · · · 0

c1 1− c2 − c1
. . .

...

0
. . . . . . cn−1

0 · · · cn−1 1− cn−1


(3.18)

where (c1, . . . , cn−1) is distributed (approximately) uniformly on the polytope {ci ≥

0, ci + ci+1 ≤ 1}.

Jacobi Matrices with Uniform Eigenvalues To generate matrices of size n×n

we sample λi ∼ iid Unif(−2
√
n, 2
√
n) as well as q uniformly on the positive orthant

of the sphere Sn−1. We use the inverse spectral map S−1 to obtain a Jacobi matrix

T .
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3.1.3 Spectra of large Random Matrices

Theorem 2.6, equation (5.13), equation (5.26) in theorem 5.1 and equation (5.39) all

clearly demonstrate the importance of the eigenvalues in determining the behavior

of the classical QR algorithm as well as the general DLNT algorithms as described

in theorem 5.1.

Understanding the distributional aspects of the eigenvalues for elements of the ini-

tial matrix ensembles described in sections 3.1.1 and 3.1.2 is thus a task of prime

importance. This subject has, after initial results by Wigner [54], become a large

field and we’ll describe in the following a few of the results pertaining to our study.

Let

σ(dx) :=
1

2π

√
4− x21[−2,2](x)dx (3.19)

Wigners Semicircle Law

The modern result most similar in spirit to Wigners original theorem can be found

for example on p.16 of [29]:

Theorem 3.4. Consider a real or complex self adjoint N × N–matrix AN with

independent lower triangular entries. Assume that

 EANij = 0, 1 ≤ i ≤ j ≤ N

limN→∞
1
N2

∑
1≤i,j≤N

∣∣∣N · E ∣∣ANij ∣∣2 − 1
∣∣∣ = 0

(3.20)

and, additionally, that for all k ∈ N:

Bk := sup
N∈N

sup
i,j∈{1,...,N}

E
∣∣∣√NANij ∣∣∣k <∞ (3.21)
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Then

lim
N→∞

1

N
tr
[
(AN)k

]
=

 0 if k is odd

C k
2

otherwise
(3.22)

where Cn is the nth Catalan number Ck =
(

2k
k

)
/(k + 1) and the limit holds both in

expectation and almost surely.

From this theorem the limit of the spectral density LAN of random matrices AN

LAN :=
1

N

N∑
j=1

δλj(AN ) (3.23)

where λj are the eigenvalues of AN is quickly derived, because the moments of the

semicircle law σ are related to the Catalan numbers:

Theorem 3.5. Under the assumptions of theorem 3.4, if f is any bounded, contin-

uous function defined on the reals, then almost surely:

∫
f(x)LAN (dx)

N→∞−→
∫
f(x)σ(dx) (3.24)

In other words: LAN
a.s.⇒ σ.

Remarks:

• Theorem 3.4 is proved using an elegant combinatorial argument whereby the

highest order contributions to trAk are seen to come from products of entries of

A whose indices form trees on the vertex set {1, . . . , N}. The Catalan number

Ck is exactly the number of rooted oriented trees with k edges.
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• Theorem 3.5 follows from theorem 3.4 because the 2nth moment of σ is exactly

Cn.

• Note that both theorems apply to the full symmetric matrix ensembles which

we have called Wigner Matrices and the Bernoulli Ensemble in section 3.1.1

if we scale each matrix with the factor 1/
√
n. This is the so called Wigner

scaling.

The standard GOE

Because of the Normality of the entries and the imposed symmetry of the distribu-

tion, it is possible to compute the eigenvalue density for the GOEn exactly. Doing

this involves deriving an explicit expression for the Jacobian of the spectral map

A 7→ (Λ, Q) where A = QTΛQ (for details, see [11, pp. 19], [23, pp. 5]). Mimicking

the notation in [9, chapter 5], the eigenvalue distribution for GOEn–matrices is given

by:

P
(n)
β=1(dλ) =

1

n!Ẑn
· e−

1
2

Pn
j=1 λ

2
n

∏
1≤i<j≤n

|λi − λj| dλ (3.25)

Here the factorial divisor n! is introduced because we don’t assume the eigenvalues

to be ordered [11, p. 33].

In this case the convergence of the spectral measure to the semicircle law can be

proved by establishing a large deviations principle as is done in [6] (for the GUE

a similar approach is followed in [9, chapter 6]). Note, however, that the variance

of the overwhelming majority (all off–diagonal entries) of the GOEn entries (3.5) is

exactly half of the variance of the entries of the Wigner matrices (3.6). Thus we end

up with the following convergence theorem:
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Theorem 3.6. Let LN be the empirical spectral measure of a Wigner scaled matrix

M/
√
N , where M ∼ GOEN . Then

LN(x)dx
a.s.
=⇒ σ(

√
2x)dx (3.26)

Remarks

• This means that for large N the rescaled eigenvalues will be concentrated

around the interval [−
√

2,
√

2].

• Theorem 3.6 is one of the main results in [6].

It turns out that for the Gaussian ensembles much finer properties of the spectrum

can be computed explicitly and their limits evaluated than just the average number

of eigenvalues in an interval, divided by the size of the matrix (the spectral measure

LN gives us exactly this information). The reason for this lies in two facts:

1. For functions f of the form

f(M) = det(id + g(M)) =
N∏
j=1

[1 + g(λj)] (3.27)

the expected value Eβ=1,Nf(M) has an explicit formula [11, p. 85]:

Eβ=1,Nf(M) =
√

det
2

(
id[L2(R)]2 +KN,1χg

)
(3.28)

where det2 is defined in [11, p. 83], the correlation kernel KN,1 is independent

of g and the operator χg : L2(R)→ L2(R) is defined by: χg : f 7→ g · f .



43

2. Interesting quantities about the distribution of eigenvalues can be cast into the

form f [11, pp. 86]:

• Gap probabilities: Let Ω ⊂ R, then

Pβ=1,N (No eigenvalue in Ω) = Eβ=1,Nf(M) (3.29)

for g = −1Ω.

• Occupational probabilities (level spacing distributions): This is a gener-

alization of the gap probabilities. It turns out that for {Ωj}1≤j≤k a set of

k disjoint subsets of R

Pβ=1,N (Exactly nj eigenvalues in Ωj : 1 ≤ j ≤ k) =

=
1

n1! · · ·nk!
∂n1+···+nk

∂n1
η1 · · · ∂nkηk

∣∣∣∣
ηi=−1

[
det

2

(
id[L2(R)]2 +KN,1

k∑
j=1

ηj1Ωj

)] 1
2

(3.30)

Note that

1

N
Eβ=1,N{# eigenvalues in A} = LN(A) =

1

N

N∑
j=1

j · Pβ=1,N (Exactly j eigenvalues in A : 1 ≤ j ≤ k) (3.31)

There is a second class of quantities for which asymptotics can be computed using

explicit formulae [11, p. 111]. These are the so called correlation functions:

Rn(x1, . . . , xn) :=
N !

(N − n)!

∫
· · ·
∫
P

(N)
β=1(x1, . . . , xN)dxn+1 · · · dxN (3.32)
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Note that

∫
A

R1(x)dx =

∫
R
1A(x)R1(x)dx =

=
N !

(N − 1)!

∫
RN

1A(x1)P
(N)
β=1(x1, . . . , xN)dx1 · · · dxN =

= N

∫
RN

1A(x1)P
(N)
β=1(x1, . . . , xN)dx1 · · · dxN =

=

∫
RN

N∑
j=1

1A(xj)P
(N)
β=1(x1, . . . , xN)dx1 · · · dxN =

= Eβ=1,N{# eigenvalues in A} (3.33)

It is well known [11, p. 111], that actually

Rk(a1, . . . , ak) = Pf
(
K#
N,1(ai, aj)

)
1≤i,j≤k

(3.34)

where K#
N,1 is strongly related to KN,1 appearing in (3.28). So that the limiting

behavior of LN (its convergence to σ) can be construed as one facet of the limiting

behavior of the correlation kernel KN,1.

Remarks on Universality

The question of universality for various eigenvalue statistics, that is the independence

of the limiting behavior of these statistics of the details of the distributions of the

matrix entries, apart maybe from their first few moments is a very important issue

and progress has been made in recent times in several directions:

1. [51] gives an overview of the proof of the so called Circular Law conjecture,

which establishes the analog of the Wigner semicircle law for general complex

matrices with iid centered entries of unit variance.
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2. Universality for the finer spectral properties of the Gaussian Ensembles usually

means establishing that within a symmetry class (ie orthogonal, unitary, sym-

plectic) the specific asymptotic behavior for a spectral quantity is independent

of the second order polynomial Q in (3.2). The most famous result in this

direction is the so called sine kernel limit [9, theorem 8.16, p. 253] in the bulk

scaling of GUE:

lim
n→∞

1

Kn,2(x, x)
Kn,2

(
ξ

Kn,2(x, x)
+ x,

η

Kn,2(x, x)
+ x,

)
=

=
sin π(ξ − η)

ξ − η
(3.35)

For the so called edge scaling convergence to the Airy Kernel

KAiry =
Ai(ξ)Ai′(η)− Ai′(ξ)Ai(η)

ξ − η
(3.36)

implies universality [10, theorem 1.1]

3.2 Minimum Subdiagonal Entry of Hermite–1 Ja-

cobi Matrices

In the introductory section we already outlined the goal of this thesis: Eventually we

want to conduct numerical experiments regarding the amount of time it takes for a

diagonalization procedure to reach a state where a complete off diagonal block is very

small. In the case of Jacobi matrices this translates to a state where the minimum

of the absolute values of the subdiagonal entries is small (cf. section 6.2.1).

Clearly the minimum absolute value of the subdiagonal entries of the initial matrix

distribution is a random variable. If the scale of this random variable were to become
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more and more concentrated around zero as the number of dimensions of the initial

matrix increases, we could run into a problem: In this case any sampling procedure

would come up with many very small deflation times, because our initial distribution

would already put a lot of mass on ‘near deflated’ matrices – it would hardly be

necessary to run the diagonalization procedure anymore. In the following proposition

we establish that the minimum subdiagonal entry has a fixed scale as n→∞.

This means that if we choose our deflation tolerance small enough we will not run

into the problem that was just described.

Proposition 3.7. Consider χ1, . . . , χn a sequence of n independent random vari-

ables, where χj is distributed as a χ distribution with j degrees of freedom. Then for

r > 0 small enough we have that:

lim
n→∞

P
(

min
1≤j≤n

χj ≥ r

)
= p(r) > 0 (3.37)

Proof. By independence of the individual variables we have that:

P
(

min
1≤j≤n

χj ≥ r

)
=

n∏
k=1

∫ ∞
r

fk(s)ds (3.38)

where the χk–density fk is given by:

fk(x) = D−1
k γk(x) (3.39)

Dk = 2k/2−1Γ

(
k

2

)
(3.40)

γk(x) =

 xk−1e−x
2/2 k ≥ 1

0 k < 1
(3.41)
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Thus, by analyticity of (the antiderivative f̂k(x) = 1− P(χk ≥ x) of) fk:

P
(

min
1≤j≤n

χj ≥ r

)
=

n∏
k=1

[
1− f̂k(r)

]
=

n∏
k=1

[
1−

∞∑
j=0

rj

j!
f̂

(j)
k (0)

]
=

=
n∏
k=1

[
1−

∞∑
j=1

rj

j!
f

(j−1)
k (0)

]
=

n∏
k=1

[
1−D−1

k

∞∑
j=1

rj

j!
γ

(j−1)
k (0)

]
(3.42)

The first goal of this proof is to bring (3.42) into a more manageable form. In

particular, what can we say about the derivatives γ
(j)
k (0)? We notice immediately

the following recursive structure:

γ
(1)
k = (k − 1)γk−1 − γk+1 (3.43)

γ
(2)
k = (k − 1)(k − 2)γk−2 − (2k − 1)γk + γk+2 (3.44)

Induction allows us to show that:

γ
(j)
k (x) =

j∑
m=0

C(j,k)
m γk−j+2m(x) (3.45)

Here, because γ
(0)
k = C

(0,k)
0 γk = γk, we derive

C0,k
m =

 1 m = 0

0 m 6= 0
(3.46)

take the x–derivative on both sides of the equation (3.45) and use (3.43) to yield:

γ
(j+1)
k =

j∑
m=0

C(j,k)
m γ′k−j+2m =

=

j∑
m=0

C(j,k)
m · [(k − j + 2m− 1)γk−j+2m−1 − γk−j+2m+1] (3.47)
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Now, because of

k − j + 2m− 1 = k − (j + 1) + 2m = k − j + 2(m− 1) + 1 (3.48)

(3.47) means that

γ
(j+1)
k =

j+1∑
m=0

[
(k − (j + 1) + 2m) · C(j,k)

m − C(j,k)
m−1

]
︸ ︷︷ ︸

=:C
(j+1,k)
m

·γk−(j+1)+2m (3.49)

This shows that for k, j ≥ 1 the following recursion holds for the coefficients:

C(j,k)
m =

=

 −C
(j−1,k)
m−1 + (k − j + 2m)C

(j−1,k)
m 1 ≤ k − j + 2m ≤ k + j

0 0 ≤ 2m < j − k + 1 or m > j
(3.50)

Equation (3.41) demonstrates that γk(0) ≡ 0 for all k > 1 and γ1(0) = 1. This allows

us to conclude that

γ
(j)
k (0) =


0 j − k + 1 < 0

0 j − k + 1 > 0 and odd

C
(j,k)
1
2

(j−k+1)
j − k + 1 ≥ 0 and even

(3.51)

The explanation goes as follows: The sum in (3.41) evaluated at zero has contribu-

tions only from the term γ1(0). We separate three cases:

1. The first case in (3.51) covers the first few derivatives 0 ≤ j < k − 1, where

the term γ1 can not show up in the expansion (3.45).

2. The second case in (3.51) covers the cases where γ1 can not show up in the

expansion (3.45), because the “starting point” k − j of the expansion is even.



49

3. The third case in (3.51) covers the only situation where γ
(j)
k can actually be

different from zero, ie when γ1 is contained in the sum (3.45). For that to

happen, the derivative j has to be high enough that the “starting point” k− j

of the sum lies at or to the left of 1. In addition k − j has to be odd, because

otherwise we could not reach 1 by adding m multiples of 2 to k − j. If all this

is satisfied, summand m1(j, k) which contains γ1 as a factor is given by:

m1(j, k) =
j − k + 1

2
(3.52)

Summarizing, (3.42) leads to:

P
(

min
1≤j≤n

χj ≥ r

)
=

n∏
k=1

[
1−D−1

k

∞∑
α=0

C
(k−1+2α,k)
α

(k + 2α)!
rk+2α

]
=

=
n∏
k=1

[
1− rk

Dk

∞∑
α=0

C
(k−1+2α,k)
α

(k + 2α)!
· r2α

]
(3.53)

We can now turn to the second part of the proof: Deriving growth estimates for the

terms

κ(k, α) :=
|C(k−1+2α,k)

α |
(k + 2α)!

(3.54)

Therefore, note that C
(k−1,k)
0 = (k − 1)!, so that κ(k, 0) = 1/k. Moreover it is true

that

|C(k−1+2(α+1),k)
α+1 | ≤ (k + α− 1)! + |C(k−1+2α,k)

α | ·
k−2+α∑
j=0

(j + 1)!

j!
=

= (k + α− 1)! + |C(k−1+2α,k)
α | ·

k−1+α∑
j=1

j =

= (k + α− 1)! + |C(k−1+2α,k)
α | · (k − 1 + α)(k + α)

2
(3.55)
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as can be read off of figure ... Overall we have the estimate:

κ(k, α) ≤ (5/8)α, α ≥ 0, k ≥ 1 (3.56)

which we establish by induction:

1. Consider the base case α = 0. Clearly κ(k, 0) = 1/k ≤ 1 = (5/8)0 holds for all

k ≥ 1.

2. Consider α = 1. Compare with figure ... to obtain

|C(k+1,k)
1 | = k! + (k − 1)! ·

k−2∑
j=0

(j + 1)!

j!
=

= k! + (k − 1)! · k(k − 1)

2
=

(k + 1)!

2
(3.57)

Consequently κ(k, 1) = [2(k + 2)]−1 ≤ 1/6 ≤ (5/8)3

3. Now assume that (3.56) holds, let α ≥ 1 and consider

κ(k, α + 1) =
C

(k+2α+1,k)
α+1

(k + 2α + 2)!
≤

≤ (k + α− 1)!

(k + 2α + 2)!
+

(k − 1 + α)(k + α)|C(k−1+2α,k)
α |

2(k + 2α + 2)!
≤

≤ 1

(k + α)α+3
+
|C(k−1+2α,k)

α |
(k + 2α)!

· (k − 1 + α)(k + α)

2(k + 2α + 1)(k + 2α + 2)
≤

≤ 2−α−3 +
1

2
(5/8)α ≤ (5/8)α

(
1

2
+

1

8

)
≤ (5/8)α+1 (3.58)

This proves the claim.
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Going back to equation (3.53) the estimate (3.56) implies:

P
(

min
j≤1≤n

χj ≥ r

)
=

n∏
k=1

[
1− rk

Dk

∞∑
α=0

κ(k, α)r2α

]
≥

≥
n∏
k=1

[
1− rk

Dk

∞∑
α=0

(5/8)αr2α

]
=: Sn(r) (3.59)

In the third and last part of the proof we will show that for small enough r, S(r) :=

limn→∞ Sn(r) exists and is greater than zero. The idea is to rewrite:

Sn(r) = 1−
∞∑
k=1

A
(n)
k rk (3.60)

The following statements follow immediately from (3.59):

1. A
(n)
1 ≡ D−1

1 > 0 for all n.

2. A
(n)
m ≡ A

(m)
m for all n ≥ k + 1. This is because all the monomials showing up

in the factors of Sn(r) with k > m are of degree at least rm+1, so that their

coefficients can’t contribute to the coefficient Anm of the monomial rm.

We will now estimate the growth of |A(k)
k |. Firstly, note that D−1

k ≤ (5/8)k for k ≥ 8.

Thus, for c1, . . . with cn = 1 for n ≥ 8 we have that

Sn(r) ≥
n∏
k=1

[
1−

∞∑
j=k

(5/8)j/2rj

]
=

n∏
k=1

1− (1− 5r/8)−1

(√
5

8
r

)k
 ≥

≥
n∏
k=1

1−

(√
5

8
r

)k
 = exp


n∑
k=1

log

1−

(√
5

8
r

)k
 ≥

≥ exp

−C ·
n∑
k=1

(√
5

8
r

)k
 (3.61)

The last term in this expression clearly converges for r small enough as n→∞, call
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this limit s(r) > 0. Note that Sn(r) is a monotonously decreasing sequence in n,

which is bounded from below by s(r). This means that S(r) = limn→∞ Sn(r) exists

by standard Real Analysis and is strictly larger than zero.

The fact that P (min1≤j≤n χj ≥ r) converges follows, because min1≤j≤n χj is a mono-

tonously decreasing sequence of random variables, so that the sequence of probabil-

ities is itself monotonously decreasing in n. On the other hand we have that

P
(

min
1≤j≤n

χj ≥ r

)
≥ S(r) (3.62)

This proves the claim.

We make the following remarks:

• This proof is inspired by the limit law for the maximum of iid random variables

of regular variation by Fisher and Gnedenko as presented on pp. 277 in [21]

• The proposition shows that the scale of the minimum of a sequence (χj)1≤j≤n

of χj–distributed random variables stabilizes as n→∞. This makes intuitive

sense, as the mass of the χj–distribution keeps shifting to the right as j becomes

larger.



Chapter Four

Hamiltonian Systems
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This chapter contains background information about Hamiltonian systems and

symplectic manifolds. In particular we discuss properties of Jacobi matrices

as coadjoint orbits. We also highlight connections to Flaschka’s variables.

4.1 General Setting

In this section we briefly outline the abstract setting for the systems we investigate.

General references for this chapter are [12, 42]. In our discussion we will assume that

the reader is comfortable with the notions of elementary differential geometry like

manifolds, tangent spaces and differential forms.

Hamiltonian systems are defined on symplectic manifolds, ie. a 2n–dimensional

manifolds equipped with a symplectic structure.

Definition 4.1. A symplectic structure ω on an even dimensional manifold M is a

2–form with the following properties.

1. ω is closed, ie. dω = 0.

2. ω is nowhere degenerate, ie. for every x ∈M and X ∈ TxM with X 6= 0 there

is a vector Y ∈ TxM with ωx(X, Y ) 6= 0.

If these requirements are satisfied we call the pair (M,ω) a symplectic manifold.

Recall, that a 2–form in differential geometry is antisymmetric: ωx(u, v) =

−ω(v, u).

Functions H : M → R can be used to generate vector fields on M using the sym-

plectic structure ω. Clearly at any point x ∈M , the differential dHx is a 1–form, ie.
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TxM 3 v 7→ dHx(v) ∈ R is a linear map. The following lemma tells us how to turn

this 1–form into a vectorfield:

Lemma 4.2. Let (M,ω) denote a symplectic manifold and let α denote a 1–form

on M . Then there exists a vector field Xα such that α = v 7→ ω(Xα, ·).

Proof. The map Ψ : v 7→ ωx(v, ·) is an isomorphism from TxM to (TxM)∗, because

TxM it is finite dimensional and Ψ is linear and bijective. The first two properties

are clear, the third property follows, because

1. It is injective: Assume that Ψ(v) = Ψ(u) with u 6= v. Then 0 = Ψ(u − v) =

ωx(u− v, ·), which contradicts nondegeneracy.

2. Injectivity implies that the dimension of the kernel of Ψ is zero, so that by the

rank–nullity–theorem from Linear Algebra, the map is surjective (cf. [36, p.

20]).

The claim follows by setting vx := Ψ−1(αx). Thus for every point m ∈ M let

Xα(m) := vm. This proves the claim.

In the following we will denote the vectorfield generated from the Hamiltonian

function H using lemma (4.1) by vH . Lemma 4.1 demonstrates the role the non

degeneracy condition for ω plays.

The next notion we introduce here is the notion of a Poisson bracket on a symplectic

manifold. For two Hamiltonian functions H and K we define their Poisson bracket

at x ∈M by:

{H,K}(x) = ωx(vH , vK) (4.1)
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Note that by definition:

{H,K}(x) = dHx(vK) = vK(H) (4.2)

ie. {H,K}(x) equals the derivative of H in the direction of vK(x). Consider the

commutator [·, ·] of Hamiltonian vector fields:

[vH , vK ](L) = vH(vK(L))− vK(vH(L)) (4.3)

which is the difference between the mixed directional derivatives of L. In order to

elucidate the role which the closedness property of ω plays for the theory, we prove

the following lemma (cf. [42, p. 76])

Lemma 4.3. For a nondegenerate 2–form on M the following conditions are equiv-

alent: dω = 0 ⇔ [vF , vG] = v{F,G} ⇔ The Jacobi identity

{{H,K}, L}+ {{K,L}, H}+ {{L,H}, K} = 0 (4.4)

holds

Proof. Note that by a well known formula from exterior calculus:

dω(vH , vK , vL) = vH(ω(vK , vL))− vK(ω(vH , vL) + vL(ω(vH , vK))−

− ω([vH , vK ], vL) + ω([vH , vL], vK)− ω([vK , vL], vH) =

= vH(ω(vK , vL)) + vK(ω(vL, vH) + vL(ω(vH , vK))−

− ω([vH , vK ], vL)− ω([vL, vH ], vK)− ω([vK , vL], vH) (4.5)
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Note also that from equation 4.2

ω([vH , vK ], vL) = −dL([vH , vK ]) = −[vH , vK ](L) =

= −vH(vK(L)) + vK(vH(L)) = −vH({L,K}) + vK({L,H}) =

= −{{L,K}, H}+ {{L,H}, K} (4.6)

Putting everything together we obtain that

dω(vH , vK , vL) = 3 [{{H,K}, L}+ {{K,L}, H}+ {{L,H}, K}] (4.7)

On the other hand, from the computation in 4.6 it is clear that

[vH , vK ](L) = −{{K,L}, H} − {{L,H}, K} =

= −{{K,L}, H} − {{L,H}, K}+ {L, {H,K}}+ v{H,K}(L) =

= −3dω(vH , vK , vL) + v{H,K}(L) (4.8)

This proves the claim.

Let us summarize:

1. We have set the stage for the abstract consideration of Hamiltonian ODEs on

symplectic manifolds. In particular: Let (M,ω) denote a symplectic manifold,

H : M → R a smooth function (the ‘Hamiltonian’). Then we can consider the

ODE

ẋ = vH(x) (4.9)

where vH is the vectorfield defined using the symplectic structure ω.
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2. We have introduced the commutator of vectorfields and the Poisson bracket of

Hamiltonian functions and proved some elementary connections between the

two.

We are still missing an example of these ideas in action. For all the examples that

we’ll be considering only one symplectic manifold will be playing a role. This sym-

plectic manifold falls into a class of standard examples of symplectic manifolds gen-

erated from coadjoint orbits of groups on their dual Lie Algebras. The following

section develops abstractly the example of the coadjoint orbits with their natural

symplectic structure, the Kostant–Kirillov bracket.

4.2 Coadjoint Orbits as Symplectic Manifolds

A group that is also a differentiable manifold is called a Lie Group. Let (G, ◦) a Lie

group. The tangent space g of TeG at the group identity e equipped with the Lie

bracket [·, ·]G corresponding to the group G (to be defined below in equation (4.14))

is called the group’s Lie algebra. Now define the left and right actions of the group

on itself as usual:

LAB = A ◦B (4.10)

RAB = B ◦ A (4.11)

Let L(X) denote the set of linear maps from X to X. The adjoint representation

Ad : G→ L(g) of G on g is defined by

AdA(ξ) =
d

dt
A ◦ etξ ◦ A−1

∣∣∣∣
t=0

= dLAdRA−1ξ (4.12)
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and there is an infinitesimal representation ad : g→ L(g) of g on g of the form

adξ(η) :=
d

dt

[
Adetξ

]
(η)

∣∣∣∣
t=0

(4.13)

This infinitesimal adjoint representation is what’s denoted with [·, ·]G. More suc-

cinctly, for ξ, η ∈ g we define

[ξ, η]G := adξ(η) ∈ g (4.14)

Lemma 4.4. The bracket [·, ·]G is bilinear, antisymmetric and satisfies the Jacobi

identity

[[ξ, η]G, ζ]G + [[η, ζ]G, ξ]G + [[ζ, ξ]G, η]G = 0 (4.15)

Proof. We prove the three properties one after the other:

1. Bilinearity follows from the following computation:

ad(aξ1 + bξ2)(η) =
d

ds

∣∣∣∣
s=0

d

dt

∣∣∣∣
t=0

es(aξ1+bξ2)etηe−s(aξ1+bξ2) =

= (aξ1 + bξ2)η − η(aξ1 + bξ2) = aadξ1(η) + badξ2(η) (4.16)

Linearity for the second argument follows similarly.

2. Antisymmetry follows from a computation similar to the one in (4.16).

3. Jacobi identity : Based on equation (4.16) we conclude:

[[ξ, η]G, ζ]G = ξηζ − ηξζ − ζξη + ζηξ (4.17)
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Now expand the other two brackets in (4.15) and collect terms to yield the

desired result.

Mediated by the duality pairing 〈·, ·〉 : g∗ × g → R we define the coadjoint

representations Ad′ : G → L(g∗) and its infinitesimal version ad′ : g → L(g∗) by

adjointness:

〈Ad′A(α), ξ〉 =
〈
α,AdA−1(ξ)

〉
〈ad′ξ(α), η〉 = 〈α,−adξ(η)〉

Note – in spite of this definition – that by linearity:

〈
d

dt

∣∣∣∣
t=0

Ad′etξ(α), η

〉
=

d

dt

∣∣∣∣
t=0

〈
α,Ade−tξ(η)

〉
=

=

〈
α,

d

dt

∣∣∣∣
t=0

Ade−tξ(η)

〉
= 〈α,−adξ(η)〉 = 〈ad′ξ(α), η〉 (4.18)

In this sense the infitesimal coadjoint representation is the derivative of the coadjoint

representation. Coadjoint orbits are defined on the dual g∗ of the Lie algebra as

follows:

Oα = {Ad′A(α) : A ∈ G} ⊂ g∗ (4.19)

What can we say about the tangent space at β = Ad′A(α) ∈ g∗ for some A ∈ G to

Oα? Clearly all trajectories through β in Oα have the form Ad′etξ(β) for some ξ ∈ g.
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The tangent space is thus given by all vectors of the form:

d

dt

∣∣∣∣
t=0

Ad′etξ(β)
(4.18)
= ad′ξ(β) (4.20)

Summarizing we find that at any given element of Oα the tangent space is equal to

TβOα = {(β, ad′ξβ) : ξ ∈ g}

that is to say that the map ξ 7→ (β, ad′ξβ) is surjective from g to TβOα. We can now

define a skew symmetric bilinear form, the Kostant–Kirillov bracket, ω which makes

(Oα, ω) a symplectic manifold:

ωβ
(
(β, ad′ξβ), (β, ad′ηβ)

)
:= 〈β, [ξ, η]G〉 (4.21)

From the definition it is clear that ω is bilinear and skew symmetric. It remains to

be shown that it is well defined (due to the possibility of non–injectivity) and that

it is non–degenerate.

Lemma 4.5. The form ω defined in equation (4.21) is a symplectic form on Oα.

Proof. We check that ω is well defined, non–degenerate and closed.

1. ω is well defined: Let (β, u), (β, v) ∈ TβOα and assume that v = ad′ξβ = ad′
ξ̃
β

and u = ad′ηβ = ad′η̃β. We have to show that 〈β, [ξ, η]〉 = 〈β, [ξ̃, η̃]〉. By

linearity it is clear that ξ − ξ̃ and η − η̃ are contained in Ker(ad′·β).

For ζ ∈ Ker(ad′·β) we have that for all θ ∈ g: 〈ad′ζβ, θ〉 = 〈β, [ζ, θ]〉 = 0. It

remains to do the following computation:

〈β, [ξ, η]〉 = 〈β, [ξ̃ + (ξ − ξ̃), η̃ + (η − η̃)]〉 = 〈β, [ξ̃, η̃]〉
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where the last equation holds due to bilinearity.

2. ω is non–degenerate: We have to show that if ωβ(u, v) = 0 for all (β, v) ∈ TβOα,

then u = 0. Assume u = ad′ξβ and v = ad′ηβ, then our assumption translates

to 〈β, [ξ, η]〉 = 0 for all η, but this (see above) means that ξ ∈ Ker(ad′·β) which

proves the claim.

3. ω is closed: Fix ξ, η ∈ g and consider the function

H : β 7→ ωβ((β, ad′ξ(β), (β, ad′η(β)) = 〈β, [ξ, η]G〉 (4.22)

Then by linearity:

〈dHβ, ad′ζ(β)〉 = 〈ad′ξ(β), [ξ, η]G〉 = 〈β,−[ζ, [ξ, η]G]G〉 =

= 〈β, [[ξ, η]G, ζ]G〉 = ωβ((β, ad′[ξ, η]G(β), (β, ad′ζ(β)) (4.23)

This computation implies that for the Hamiltonian H from equation 4.22 we

have vH(β) = ad′[ξ, η]G(β). Now let us try to show the Jacobi identity (4.4),

which is equivalent to closedness of ω by lemma 4.3. Choose three Hamiltonian

functions Fi, 1 ≤ i ≤ 3, and choose ξi such that vFi(β) = ad′ξi(β). Then

{F1, F2} = ωβ(vF1 , vF2) = 〈β, [ξ1, ξ2]G〉 (4.24)

{{F1, F2}, F3} = ωβ(ad′[ξ1, ξ2]G(β), ad′ξ3(β)) = 〈β, [[ξ1, ξ2]G, ξ3]G〉 (4.25)

Now the Jacobi identity follows from the Jacobi identity for [·, ·]G in lemma

4.4.
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Again, let us summarize: We defined the coadjoint orbit Oα, a subset of the dual

g∗ of the Lie algebra g, and we have defined a natural symplectic form ω (called the

Kostant–Kirillov bracket) on the manifold Oα. Hamiltonian vectorfields on Oα are

defined as usual: Assume that we’re given a Hamiltonian function H defined on Oα.

dH is a one form on Oα and the Hamiltonian vectorfield vH is given by

〈dH, u〉 = ωβ(vH , u) (4.26)

then we can consider flows given by by α̇ = vH(α).

In this section we introduced a class of symplectic manifolds arising from equipping

coadjoint Lie Group orbits with a natural symplectic structure, the Kostant–Kirillov

bracket. The next section discusses an actual hands on example for a symplectic

manifold that is a coadjoint Lie Group orbit: The zero trace Jacobi Matrices.

4.3 Jacobi Matrices and their Bracket

Eventually we will use the Kostant–Kirillov form to define Hamiltonian vectorfields

on trace free Jacobi matrices, because the Hamiltonian flows arising in this way all

have connections to eigenvalue algorithms. The realization that trace free Jacobi

matrices are a coadjoint orbit of the lower triangular matrices is due independently

to [1, 33] In this section we will use this realization and explicitly compute the forms

and brackets introduced in section 4.2. In particular we will:

1. Compute a coordinate representation of the Kostant–Kirillov bracket associ-

ated with this coadjoint orbit (cf. lemma 4.6).

2. For a Hamiltonian on the coadjoint orbit, compute its Hamiltonian vectorfield
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(cf. lemma 4.7).

3. Compute a coordinate representation of the Poisson bracket corresponding to

the Kostant–Kirillov bracket (cf. lemma 4.9).

To accomplish the above tasks, we have to first specialize the ideas in section 4.2

to the case of real matrix groups. In particular here (G, ◦) denotes a matrix group,

its Lie algebra g is endowed with the usual Lie bracket of matrices: [ξ, η] = ξη − ηξ

and we introduce an inner product (ξ, η)g×g = tr(ξη) (the same inner product can be

used on g∗). This inner product will allow us to identify g∗ with some vector space

of matrices.

Let L denote the group of lower triangular matrices with positive diagonal entries and

let l denote its Lie algebra (all lower triangular matrices). Using the inner product

(·, ·)l×l we identify l∗ with the space of symmetric matrices s. We will compute all

the representations defined in 4.2: Clearly LAB = AB, RAB = BA. Since we’re

concerned with linear spaces, the tangent space TAL at any matrix A ∈ L is the

same so that TL = L× l. The differentials of left and right multiplication are thus

given by:

dLA : TL→ TL (4.27)

dLA : (B, ξ)→ (AB,Aξ) (4.28)

dRA : TL→ TL (4.29)

dRA : (B, ξ)→ (BA, ξA) (4.30)
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This implies that

Ad : L→ L(l) (4.31)

AdA : ξ 7→ AξA−1 (4.32)

ad : l→ L(l) (4.33)

adξ : η 7→ d

dt
etξηe−tξ

∣∣∣∣
t=0

= [ξ, η] (4.34)

The coadjoint representations are defined by duality. We have Ad′ : L → L(l∗), i.e.

Ad′Aα : l→ R, namely:

〈Ad′Aα, ξ〉 = 〈α,AdA−1ξ〉 (4.35)

after having identified l∗ ' s we can assume that α is a symmetric matrix, so that

in particular:

〈Ad′Aα, ξ〉 = tr
(
αA−1ξA

)
= tr

(
AαA−1ξ

)
= tr

((
AαA−1

)
ξ
)

(4.36)

We define the following projection:

prsM := M+ +MT
+ +M0 (4.37)

which symmetrizes any matrix M by reflecting the strictly upper diagonal part along

the diagonal. Then, because ξ is lower triangular we have that

〈Ad′Aα, ξ〉 = tr
((

prsAαA
−1
)
ξ
)

(4.38)
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and, hence:

Ad′Aα = prsAαA
−1 ∈ s ' l∗ (4.39)

With regards to the infinitesimal representation we have ad′ : l → L(l∗), i.e. ad′ξα :

l→ R. In particular:

〈ad′ξα, η〉 = 〈α,−adξη〉 = 〈α,−[ξ, η]〉 (4.40)

Again we can assume that α is a symmetric matrix, so that

〈ad′ξα, η〉 = 〈α,−adξη〉 = −〈α, adξη〉 = −〈adξα, η〉 =

= 〈−adξα, η〉 = 〈[α, ξ], η〉 = 〈prs[α, ξ], η〉 (4.41)

As above we convince ourselves that

ad′ξα = prs[α, ξ] ∈ s ' l∗ (4.42)

Let j := Oα ⊂ s denote the coadjoint orbit of the trace free Jacobi matrices. For

β ∈ j we want to determine an explicit form for the Kostant–Kirillov from ωβ. In

particular, let u, v ∈ Tβj(= j), then we know that u = ad′ξβ, v = ad′ηβ for matrices

ξ, η ∈ l. By definition:

ωβ(u, v) = ωβ(ad′ξβ, ad′ηβ) = trβ[ξ, η] (4.43)

So that an explicit formula for the Kostant–Kirillov form can be obtained, if we’re

able to invert the mapping ξ 7→ ad′ξβ. This we will do now. First of all we have

to evaluate the expression prs[α, ξ] for a trace free Jacobi matrix α and a lower

triangular matrix ξ. Clearly the relevant entries are the diagonal and the super
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diagonal of [α, ξ], since the projection equates the superdiagonal to the subdiagonal.

Because of well definedness of the Kostant–Kirillov form any ξ ∈ l will do the job,

so in order to solve the ensuing linear equations we impose the artificial conditions

that ξ be trace free and zero except for the diagonal and the first sub diagonal. We

compute

[α, ξ]ii = (αξT )ii − (ξTα)ii =

= αi+1,iξi+1,i − αi,i−1ξi,i−1 (4.44)

[α, ξ]i,i+1 = (αξ)i,i+1 − (ξα)i,i+1 =

= αi,i,i+1(ξi+1,i+1 − ξii) (4.45)

For any trace free Jacobi matrix

u =



u11 u21 0 · · · 0

u21 u11 u31
. . . 0

0
. . . . . . . . . 0

0
. . . un−1,n−2 un−1,n−1 un,n−1

0 · · · 0 un,n−1 unn


(4.46)

Let ua = (u11, . . . , unn), ub = (u21, . . . , un,n−1) (same notation for lower triangular

matrices of width one!) and define the following (n− 1)× n–matrix

A(α) :=



α21 −α21 0 · · · 0

0 α32 −α32 · · · 0

0 · · · . . . . . .
...

0 · · · 0 αn,n−1 −αn,n−1


(4.47)
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Then finding ξ such that u = ad′ξα is the same as finding ξ such that

 ua

ub

 =

 0 AT (α)

−A(α) 0


 ξa

ξb

 (4.48)

Just by naively solving ua = AT (α)ξb we obtain:

ξl+1,l =
1

αl+1,l

l∑
j=1

ujj (4.49)

for 1 ≤ l ≤ n− 1. This solution is compatible with ξn,n−1 = −α−1
n,n−1unn, because u

is assumed trace free. On the other hand the equation ub = −A(α)ξa implies that

ul+1,l

αl+1,l

= ξl+1,l+1 − ξll (4.50)

and hence:

ξll = ξ11 +
l−1∑
j=1

uj+1,j

αj+1,j

(4.51)

Since we’re looking for ξ with trξ = 0 we have

0 =
n∑
k=1

(
ξ11 +

k−1∑
j=1

uj+1,j

αj+1,j

)
= nξ11 +

n−1∑
j=1

n− j
αj+1,j

· uj+1,j (4.52)

From which we obtain

ξ11 = − 1

n

n−1∑
j=1

n− j
αj+1,j

· uj+1,j (4.53)

ξll = − 1

n

n−1∑
j=1

n− j
αj+1,j

· uj+1,j +
l−1∑
j=1

uj+1,j

αj+1,j

=

= −
n−1∑
j=l

n− j
nαj+1,j

uj+1,j +
l−1∑
j=1

j

nαj+1,j

· uj+1,j (4.54)
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Now define the n× (n− 1) matrix Bn(α) as follows:

Bn(α) = B̂nDα−1
b

(4.55)

(B̂n,ij) 1≤i≤n
1≤j≤n−1

=


n−j
n

, i ≤ j

− j
n

, i > j
, Dα−1

b
= diag(α−1

21 , . . . , α
−1
n,n−1) (4.56)

Then ξa = −Bn(α)ub and ξb = BT
n (α)ua (because trace free u allows adding con-

stants to all elements of a column of Bn(α)). One sees this is true by checking that

A(α)Bn(α) = idn−1. Let Cn(α) = A(α)Bn(α), an (n− 1)× (n− 1)–matrix, then:

cn,ij =
n∑
k=1

aik(α) · bn,kj(α) =


αi+1,i

(
n−j

αj+1,jn
− n−j

αj+1,jn

)
= 0 if i < j

αi+1,i

(
n−i

αi+1,in
− −i

αi+1,in

)
= 1 if i = j

αi+1,i

(
−j

αj+1,jn
− −j

αj+1,jn

)
= 0 if i > j

(4.57)

On the other hand let’s evaluate Dn(α) = AT (α) ·BT
n (α), an n× n matrix:

dn,ij =
n∑
k=1

aTik(α) · bTn,kj(α) = −αi,i−1 · bn,(j,i−1) + αi+1,i · bn,ji

α21 · n−1
α21n

= n−1
n

if i = j = 1

− α21

α21n
= − 1

n
if i = 1, j > 1

−αi,i−1 · n−i+1
αi,i−1n

+ αi+1,i · n−i
αi+1,in

= − 1
n

if 1 < i < n, i > j

−αi,i−1 · −i+1
αi,i−1n

+ αi+1,i · n−i
αi+1,in

= n−1
n

if 1 < i < n, i = j

−αi,i−1 · −i+1
αi,i−1n

+ αi+1,i · −i
αi+1,in

= − 1
n

if 1 < i < n, i < j

−αn−1,n
1

αn−1,nn
= − 1

n
if i = n, j < n

αn−1,n
n−1

αn−1,nn
= n−1

n
if i = j = n

(4.58)
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In short, Dn(α) = Dn is a matrix of the form:

Dn =



n−1
n
− 1
n
· · · − 1

n

− 1
n

n−1
n

. . .
...

...
. . . . . .

...

− 1
n
· · · − 1

n
n−1
n


(4.59)

Because of the fact that u is trace free we have that ua = Dnua which settles the

issue. We have thus proved the lemma

Lemma 4.6. Let u be a trace free Jacobi matrix whose diagonal is denoted ua and

whose off diagonal is denoted ub. Then by setting ξb := BT
n (α)ua and ξa := −Bn(α)ub,

where Bn(α) is the matrix defined in equation (4.55) we can form a Jacobi matrix ξ

with diagonal ξa and off diagonal ξb. This matrix satisfies:

ad′ξ(α) = u (4.60)

If we define the matrix Mn(α):

Mn(α) =

 0 −Bn(α)

BT
n (α) 0

 (4.61)

then we have found, for given u and v in the tangent space of the coadjoint orbit,

elements (ξa, ξb)
T = Mn(α)(ua, ub)

T and (ηa, ηb)
T = Mn(α)v such that ad′ξα = u and

ad′ηα = v.

It is now a simple computational task to find out an explicit formulation of the

Kostant–Kirillov form:

ωα(u, v) = ωα(ad′ξα, ad′ηα) = trα[ξ, η] (4.62)
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We first expand the trace to obtain

trα[ξ, η] =
n∑
j=1

(α[ξ, η])ii (4.63)

where

(α[ξ, η])ii = αi,i−1[ξ, η]i−1,i + αi,i[ξ, η]ii + αi,i+1[ξ, η]i+1,i =

= αi,i[ξ, η]ii + αi,i+1[ξ, η]i+1,i (4.64)

and

[ξ, η]i+1,i = (ξη)i+1,i − (ηξ)i+1,i =

= ξi+1,iηii + ξi+1,i+1ηi+1,i − ηi+1,iξii − ηi+1,i+1ξi+1,i =

= ξi+1,i (ηii − ηi+1,i+1)− ηi+1,i (ξii − ξi+1,i+1) (4.65)

[ξ, η]i,i = (ξη)ii − (ηξ)ii =

= ξi,i−1ηi−1,i + ξi,iηi,i − ηi,i−1ξi−1,i − ηi,iξi,i = 0 (4.66)

Based on our definition of ξ and η we obtain

[ξ, η]i+1,i = − 1

α2
i+1,i

(
vi+1,i

i∑
l=1

ull − ui+1,i

i∑
l=1

vll

)
(4.67)
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So that altogether we get:

trα[ξ, η] = −
n∑
j=1

1

αj+1,j

(
vj+1,j

j∑
l=1

ull − ui+1,i

j∑
l=1

vll

)
=

= −

{
n−1∑
j=1

j∑
l=1

uj+1,j

αj+1,j

vll −
n−1∑
j=1

j∑
l=1

vj+1,j

αj+1,j

ull

}
=

=

{
n−1∑
j=1

n∑
l=j+1

uj+1,j

αj+1,j

vll −
n−1∑
j=1

n∑
l=j+1

vj+1,j

αj+1,j

ull

}
(4.68)

or, more concisely:

Lemma 4.7. For two matrices u, v their Kostant–Kirillov bracket is given as

ωα(u, v) = uTbKn(α)va − vTb Kn(α)ua (4.69)

where the (n− 1)× n–matrix Kn(α) is given by

kn,ij(α) =

 0 if i ≥ j

α−1
i+1,i if i < j

(4.70)

The Hamiltonian vectorfield vH is contained in the tangent space T j = j. We will

now show that

〈dH, ad′ηβ〉 = trβ[∂H, η] = ωβ(ad′prl∂H
β, ad′ηβ) (4.71)

Where ∂H denotes the matrix

(∂H)ij =
∂H

∂ξij
(ξ), |i− j| ≤ 1 (4.72)
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and

prlL = L− + L0 + LT+ ∈ l (4.73)

This implies that vH(β) = ad′prl∂H(β)β. First of all, how do we evaluate 〈dH, u〉 for

u = ad′ηβ? Recall for intuition that j and hence tangent and cotangent space at any

β ∈ j are 2(n − 1)–dimensional if we’re talking about n × n matrix groups. This is

because of the trace zero condition. Let

M (u11, . . . , un−1,n−1, u21, . . . , un,n−1) =

u11 u21 0 · · · 0

u21 u22 u23 · · · ...

...
. . . . . . . . . 0

0
. . . un−1,n−2 un−1,n−1 un,n−1

0 · · · 0 un,n−1 −
∑n−1

j=1 ujj


(4.74)

Then the infinitesimal change in H along the element u of the tangent space of j at

β is surely exactly the infinitesimal change of H ◦M along ũ at β̃ where

ũ := (u11, . . . , un−1,n−1, u21, . . . , un,n−1) (4.75)

β̃ := (β11, . . . , βn−1,n−1, β21, . . . , βn,n−1) (4.76)

The formal expression for this reads

〈dHβ, u〉s∗×s = 〈d[H ◦M]β̃, ũ〉R2(n−1),∗×R2(n−1) =

=
n−1∑
j=1

∂H ◦M
∂β̃jj

· ũjj +
n∑
j=2

∂H ◦M
∂β̃j,j−1

· ũj,j−1 (4.77)
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Note that for i = 1, . . . , n− 1:

∂H ◦M
∂β̃ii

=
∂H

∂βii
− ∂H

∂βnn
(4.78)

∂H ◦M
∂β̃i+1,i

= 2
∂H

∂βi+1,i

(4.79)

and that unn = −
∑n−1

j=1 ũjj. This implies:

〈dHβ, u〉s∗×s =
n−1∑
j=1

(
∂H

∂βjj
− ∂H

∂βnn

)
· ũjj +

n∑
j=2

∂H

∂βj,j−1

· ũj,j−1 =

=
n∑
j=1

∂H

∂βjj
· ujj + 2

n∑
j=2

∂H

∂βj,j−1

· uj,j−1 = tr (∂Hu) (4.80)

Clearly ∂H is a Jacobi matrix (not necessarily trace free!). We will now show that

〈dHβ, ad′ηβ〉s∗×s = tr
(
∂Had′ηβ

)
= tr (β[prl∂H, η]) (4.81)

This directly implies the claim that vHβ = ad′prl∂H(β)β. (note that this expression fits

nicely into our discussion so far: According to our definition prl∂H ∈ l as required

by the infinitesimal coadjoint representation). To proceed we compute

〈dHβ, ad′ηβ〉s∗×s = tr
(
∂Had′ηβ

)
= tr (∂Hprs[β, η]) (4.82)

We need to evaluate the diagonal terms mii (1 ≤ i ≤ n) of the matrix M :=

∂Hprs[β, η]:

mii = (∂H)i,i−1(prs[β, η])i−1,i + (∂H)ii(prs[β, η])ii + (∂H)i,i+1(prs[β, η])i+1,i =

= (∂H)i+1,i[β, η]i−1,i + (∂H)ii[β, η]ii + (∂H)i+1,i[β, η]i,i+1 (4.83)
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Evaluating the bracket yields

[β, η]ii = (βη)ii − (ηβ)ii =

= βi,i+1ηi+1,i − βi−1,iηi,i−1 (4.84)

[β, η]i,i+1 = (βη)i,i+1 − (ηβ)i,i+1 =

= βi,i+1 (ηi+1,i+1 − ηii) (4.85)

So that overall

tr (∂Hprs[β, η]) =
n∑
j=1

mjj =

= −
n∑
i=1

(∂H)i−1,iβi,i−1 (ηi−1,i−1 − ηi,i) +

−
n∑
i=1

(∂H)ii [βi−1,iηi,i−1 − βi,i+1ηi+1,i] +

−
n∑
i=1

(∂H)i+1,iβi+1,i (ηii − ηi+1,i+1) =

= −
n∑
i=2

(∂H)i,i−1βi,i−1 (ηi−1,i−1 − ηi,i) +

−
n∑
i=1

(∂H)ii [βi−1,iηi,i−1 − βi,i+1ηi+1,i] +

−
n∑
i=1

(∂H)i+1,iβi+1,i (ηii − ηi+1,i+1) =

= −
n∑
i=1

(∂H)ii [βi−1,iηi,i−1 − βi,i+1ηi+1,i] +

− 2
n−1∑
i=1

(∂H)i+1,iβi+1,i (ηii − ηi+1,i+1) (4.86)

where in all expressions like this we assume that terms which by their indices would

lie outside the matrix are equal to zero. We have to compare this with the expression
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that we obtain for tr (β[prl∂H, η]). Here lii := (β[prl∂H, η])ii. Thus:

lii = βi−1,i[prl∂H, η]i−1,i + βii[prl∂H, η]ii + βi+1,i[prl∂H, η]i,i+1

Now we evaluate the bracket expressions:

[prl∂H, η]i−1,i = (prl∂Hη)i−1,i − (ηprl∂H)i−1,i =

= (prl∂H)i−1,i−2ηi−2,i + (prl∂H)i−1,i−1ηi−1,i−

− ηi−1,i−2(prl∂H)i−2,i − ηi−1,i−1(prl∂H)i−1,i =

= (prl∂H)i−1,i−1ηi−1,i − (prl∂H)i−1,iηi−1,i−1 = 0 (4.87)

[prl∂H, η]ii = (prl∂Hη)ii − (ηprl∂H)ii

= (prl∂H)i,i−1ηi−1,i + (prl∂H)iiηii−

− ηi,i−1(prl∂H)i−1,i − ηii(prl∂H)ii =

= (prl∂H)i−1,i−1ηi−1,i − (prl∂H)i−1,iηi−1,i−1 = 0 (4.88)

[prl∂H, η]i+1,i = (prl∂Hη)i+1,i − (ηprl∂H)i+1,i

= (prl∂H)i+1,iηii + (prl∂H)i+1,i+1ηi+1,i−

− ηi+1,i(prl∂H)i,i − ηi+1,i+1(prl∂H)i+1,i =

= (prl∂H)i+1,i [ηii − ηi+1,i+1]−

− ηi+1,i [(prl∂H)ii − (prl∂H)i+1,i+1] (4.89)

After noticing that due to symmetry we have (prl∂H)i+1,i = 2(∂H)i,i+1 we combine

everything and obtain:

tr (β[prl∂H, η]) =
n∑
j=1

ljj =

=
n∑
i=1

βi+1,i {(∂H)i+1,i [ηii − ηi+1,i+1]− ηi+1,i((∂H)ii − (∂H)i+1,i+1)} =
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= −
n∑
i=1

(∂H)iiβi+1,iηi+1,i +
n∑
i=1

(∂H)i+1,i+1βi+1,iηi+1,i +

+ 2
n∑
i=1

(∂H)i+1,iβi+1,i [ηii − ηi+1,i+1] =

= −
n∑
i=1

(∂H)iiβi+1,iηi+1,i +
n∑
i=2

(∂H)iiβi,i−1ηi,i−1 +

+ 2
n∑
i=1

(∂H)i+1,iβi+1,i [ηii − ηi+1,i+1] =

= −
n∑
i=1

(∂H)iiβi+1,iηi+1,i +
n∑
i=1

(∂H)iiβi,i−1ηi,i−1 +

+ 2
n∑
i=1

(∂H)i+1,iβi+1,i [ηii − ηi+1,i+1] =

=
n∑
i=1

(∂H)ii [βi,i−1ηi,i−1 − βi+1,iηi+1,i] +

+ 2
n∑
i=1

(∂H)i+1,iβi+1,i [ηii − ηi+1,i+1] =

= −tr(∂HTprs[β, η
T ]) (4.90)

Thus we have proved:

Lemma 4.8. For a Hamiltonian function H on the coadjoint orbit of trace free

Jacobi matrices, the Hamiltonian vectorfield vH is given by vH = −ad′prl∂H(β)(β)

As always in Hamiltonian systems we want to define a Poisson bracket on our

symplectic manifold (j, ω). The standard definition is

{H,G}(β) = ωβ(vH , vG) = trβT [prl∂H, prl∂G] (4.91)

Evaluating the last expression we obtain:

{H,G}(β) =
n∑
j=1

{
βj,j+1

[
2(∂H)j+1,j((∂G)jj − (∂G)j+1,j+1)−
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(∂G)j+1,j((∂H)jj − (∂H)j+1,j+1)
]}

=

= 2
n∑
j=1

βj,j+1(∂H)j+1,j(∂G)jj − 2
n∑
j=1

βj,j+1(∂H)j+1,j(∂G)j+1,j+1−

− 2
n∑
j=1

βj,j+1(∂G)j+1,j(∂H)jj + 2
n∑
j=1

βj,j+1(∂G)j+1,j(∂H)j+1,j+1 =

= 2
n∑
j=1

βj,j+1(∂H)j+1,j(∂G)jj − 2
n∑
j=2

βj−1,j(∂H)j,j−1(∂G)j,j−

− 2

(
n∑
j=1

βj,j+1(∂G)j+1,j(∂H)jj −
n∑
j=2

βj−1,j(∂G)j,j−1(∂H)jj

)
=

= 2
n∑
j=1

(βj,j+1(∂H)j+1,j − βj−1,j(∂H)j,j−1) (∂G)jj−

− 2
n∑
j=1

(βj,j+1(∂G)j+1,j − βj−1,j(∂G)j,j−1) (∂H)jj (4.92)

written in more familiar notation this becomes:

Lemma 4.9. The Kostant–Kirillov-Poisson bracket for two Hamiltonian functions

on the Jacobi matrices is given by

{H,G}(β) = 2
n∑
j=1

(
βj+1,j

∂H

∂αj+1,j

− βj,j−1
∂H

∂αj,j−1

)
∂G

∂αjj
−

−
(
βj+1,j

∂G

∂αj+1,j

− βj,j−1
∂G

∂αj,j−1

)
∂H

∂αjj
(4.93)

4.4 The Toda Lattice and Flaschka’s Variables

The Toda Lattice is a Hamiltonian system on R2n equipped with the standard sym-

plectic form ω =
∑n

i=1 dxi ∧ dyi. It is defined as the flow generated by the following
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Toda Hamiltonian (cf. [12, 41, 42]):

HT =
1

2

n∑
i=1

y2
i +

n∑
i=1

exi−xi+1 (4.94)

The resulting equations, called the Toda lattice equations, are of the form:

ẍi = exi−1−xi − exi−xi+1 , 1 ≤ i ≤ n (4.95)

where xx0−x1 = exn−xn+1=0. Setting yi := ẋi we note that in addition to conserving

HT

d

dt
H(x(t), y(t)) =

n∑
j=1

∂HT

∂xi
ẋi +

n∑
j=1

∂HT

∂yi
ẏi = 0 (4.96)

the Toda flow also conserves total momentum
∑n

i=1 yi

d

dt

n∑
i=1

yi = 0 (4.97)

The following coordinates are called Flaschka’s variables after their discoverer [22]

ak = −yk/2, 1 ≤ k ≤ n (4.98)

bk =
1

2
e

1
2

(xk−xk+1), 1 ≤ k ≤ n− 1 (4.99)

Now compute:

ȧk = −1

2
ẏk

(4.95)
= 2(b2

k − b2
k−1) (4.100)

ḃk =
1

4
(ẋk − ẋk+1) · e

1
2

(xk−xk+1) = bk(ak+1 − ak) (4.101)
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If we set the matrix L equal to

L0 =



a1 b1 0 · · · 0

b1 a2 b2
. . .

...

0
. . . . . . . . . 0

...
. . . bn−2 an−1 bn−1

0 · · · 0 bn−1 an


(4.102)

then the relations (4.100), (4.101) translate into the matrix ODE

L̇ = [L+ − LT+, L] (4.103)

where L+ refers to the strictly upper triangular part of L. We will now proceed

to show that equation (4.103) is a Hamiltonian equation on the Jacobi matrices,

viewed as a coadjoint orbit of the lower triangular matrices and equipped with the

corresponding Kostant–Kirillov form from equation (4.69). Let H(L) := 1
2
trL2,

where L is a trace free Jacobi matrix. In lemma 4.8 we established that the associated

Kostant–Kirillov vectorfield is given by:

vH(L) = −ad′prl∂H
(L) = −prs[L, (prl∂H(L))] (4.104)

Clearly ∂H(L) = L. We will now show that in fact:

−prs[L, (prlL)T ] = [prkL,L] (4.105)

where the skew symmetric projection prk is defined by:

prkL = L+ − LT+ (4.106)
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Because of the fact that prl + prk = id we can conclude

−prs[L, (prlL)T ] = −prs[L, ([prl + prk − prk]L)T ] = −prs[L, prkL] = [prkL,L]

(4.107)

So that equation (4.103) is exactly the Hamiltonian system arising from H under

the Kostant–Kirillov symplectic structure on the Jacobi matrices.

4.5 Flaschka’s Variables and the Kostant–Kirillov

Bracket

In this section we investigate some connections between Flaschka’s coordinate trans-

form (4.98), (4.99) and the Kostant–Kirillov symplectic structure on the Jacobi ma-

trices. We will present the following results:

1. The pullback under Flaschka’s variables of the standard symplectic structure

on R2n gives rise to a symplectic structure on the symmetric trace free Jacobi

matrices of dimension n × n which is a multiple of the Kostant–Kirillov form

(cf. 4.119).

2. The pullback of the standard metric on R2n gives a metric structure on j and

in particular allows us to compute gradients of functions on j. It will turn out

that these gradients are compatible with the pulled back symplectic form in

the sense that they yield a multiple of the Poisson bracket coming from the

abstract framework (cf. equation (4.133)).
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Denote the Flaschka transformation from (4.98), (4.99) by F : R2n → R2n−1, (a, b) =

F (x, y). Note that the none of the Toda Hamiltonian (4.94), the Toda equations

(4.95) and Flaschka’s variables (4.99) are influenced by parallel translations of the

form xj 7→ xj + s, for 1 ≤ j ≤ n. This and the conservation of momentum allows

us to fix the center of mass and the momentum at zero and restrict domain of F to

the set K = {
∑

j xj =
∑

j yj = 0}. The range of values (a, b) which is of interest is

likewise of dimension 2n− 2, because of the restriction that a sum up to one. With

these restrictions F is invertible and all the computations in this chapter make sense.

Let Mn denote the following matrix:

Mn =



1 1 1 · · · 1

1 −1 0 · · · 0

0 1 −1 · · · 0

...
. . . . . .

...

0 · · · 1 −1 0

0 · · · 0 1 −1


Then

Mnx =



0

2 ln(2b1)

...

2 ln(2bn−1)


(4.108)
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and the inverse of F is given by

F inv(a, b) : R2n−1 → K (4.109)

F inv : (a, b) 7→

 M inv
n,−1 0

0 idn

 g(a, b) = (x, y)T (4.110)

where M inv
n,−1 is a matrix of size n× (n− 1) which results from M inv

n by deleting the

first column. The function g is defined by:

gj(a, b) = 2 ln(2bj), j = 1, . . . , n− 1 (4.111)

gj(a, b) = −2aj−n−1, j = n, . . . , 2n− 1 (4.112)

We have assembled nearly enough information to compute the pull back under F

(same as pushforward under F inv) of the standard symplectic form ω =
∑n

j=1 dxj∧dyj

(restricted to K). For the following computation, choose u, v to be elements of the

tangent space of the Jacobi matrix α = M(a, b) (cf. equation (4.74)). This means

that the diagonals ua and va sum to zero.

[[F ∗ω](a, b)] (u, v) =
[
[F inv
∗ ω](a, b)

]
(u, v) =

=
[
ω(F inv(a, b))

]
(D(a,b)F

invu,D(a,b)F
invv) =[

n∑
j=1

dxj ∧ dyj

]
(D(a,b)F

invu,D(a,b)F
invv) (4.113)

The missing item is thus D(a,b)F
inv. It turns out that there’s an explicit representa-

tion of the inverse of Mn, so that we have

D(a,b)F
inv =

 0 M inv
n,−1

idn 0

 · diag(−2, . . . ,−2, 2b−1
1 , . . . , 2b−1

n−1) (4.114)
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where, finally,

(M inv
n,−1)ij =


n−j
n

if j ≥ i

− j
n

if j < i
(4.115)

(recall that M inv
n,−1 is a n× (n− 1) matrix.) This is exactly the matrix B̂n arising in

equation (4.56). Define R := M invn,−1 · diag(b−1
1 , . . . , 2b−1

n−1). Now, we obtain:

[[F ∗ω](a, b)] (u, v) =
[
[F inv
∗ ω](a, b)

]
(u, v) = −4

(
uTb R

Tva − vTb RTua
)

(4.116)

Based on the fact that the trace of the ’tangent matrices’ is zero, we have that the

sum of the entries in the a-part of u and v is zero. This means that adding the same

constant to all entries in a column of a matrix R does not change the value of RTva.

In particular, if we subtract −j
ajn

from the jth column of R we obtain the matrix

M̂ inv
n,−1 =



b−1
1 b−1

2 · · · b−1
n−1

0 b−1
2 · · · b−1

n−1

0
. . . · · · ...

0 · · · 0 b−1
n−1

0 · · · · · · 0


(4.117)

Let α =M(a, b) (cf. (4.74), but abuse the notation by setting the diagonal of α equal

to a). Then because of
∑l

j=1 ua,j = −
∑n

j=l+1 ua,j we have that -M̂ inv,T
n,−1 ua = Kn(α)ua,

where Kn(α) was defined in (4.69). Overall this means:

[[F ∗ω](a, b)] (u, v) = 4
(
uTbKn(α)va − vTb Kn(α)ua

)
(4.118)
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More concisely:

[[F ∗ω](a, b)] (u, v) = 4 · ωM(a,b)(M(u),M(v)) (4.119)

On the phase space (x, y) the standard Euclidean metric structure is given. The

metric in (a, b)–coordinates is computed as:

g(a,b)((ua, ub), (va, vb)) =

= gF inv(a,b)(D(a,b)F
inv(ua, ub), D(a,b)F

inv(va, vb)) =

= (uα, vα)T (D(a,b)F
invD(a,b))

TF inv(vα, vβ) (4.120)

We evaluate the matrix product in the middle as:

[
(D(a,b)F

inv)TD(a,b)F
inv
]
ij

= 4 · diag
(
1, . . . , 1, b−1

1 , . . . , b−1
n−1

)
·

 idn 0

0 Qn

 ·
· diag

(
1, . . . , 1, b−1

1 , . . . , b−1
n−1

)
(4.121)

where Qn is an (n− 1)× (n− 1)–dimensional matrix of the form:

Qn,ij =


i
n
· (n− j) i ≤ j

j
n
· (n− i) i > j

(4.122)
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It turns out that the inverse of Qn is related to the matrix of the second finite

difference:

Qinv
n =



2 −1 0 · · · 0

−1 2 −1 · · · 0

...
. . . . . . . . .

...

0 · · · −1 2 −1

0 · · · 0 −1 2


(4.123)

Thus the gradient of any function H defined on (a, b) is defined by

d

dt
H((a0, b0) + t · (va, vb)) = g(α0,β0)(∇(α0,β0)H, (vα, vβ)) (4.124)

but clearly:

d

dt
H((a0, b0) + t · (va, vb)) =

〈
∂H

∂a
, va

〉
+

〈
∂H

∂b
, vb

〉
(4.125)

and by our above computation in 4.120:

g(a,b)(∇(a,b)H, (va, vb)) =

4
{

[∇α,βH]Ti=1,...,n va + [∇α,βH]Ti=n+1,...,2n−1Dα−1QnDb−1vb

}
(4.126)

where Db−1 = diag(b−1
1 , . . . , b−1

n ). Taking together equations (4.125) and (4.126) we

obtain

1

4
· ∂H
∂b

= [∇α,βH]Ti=n+1,...,2n−1Dα−1QnDα−1 (4.127)
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Let’s denote ∇aH = [∇α,βH]Ti=1,...,n, and ∇bH = [∇a,bH]Ti=n+1,...,2n−1. By trace free-

ness the sum of the components of va is zero. For x ∈ Rn

prtr=0x = x− 1

n

(
n∑
j=1

xj

)
(1, . . . , 1)T (4.128)

we have that

∇bH =
1

4
DbQ

−1
n Db

(
∂H

∂b

)T
(4.129)

∇aH =
1

4
· prtr=0

(
∂H

∂a

)T
(4.130)

Let us now consider [F ∗ω]α,β(∇α,βH,∇α,βG). This is the Kostant–Kirillov-Poisson

bracket defined using the gradients of the Hamiltonians, where the gradient is with

respect to the pushed forward metric:

[F ∗ω]α,β(∇α,βH,∇α,βG) = 4
(
∇bH

TKn(α)∇aG−∇bG
TKn(α)∇aH

)
=

1

4

(
∂H

∂b
DbQ

−1
n DbKn(α)prtr=0

∂GT

∂a
− ∂G

∂b
DbQ

−1
n DbKn(α)prtr=0

∂GT

∂a

)
(4.131)

where α =M(a, b) and Kn(α)Db−1Kn is defined in (4.69). We have set Kn to equal

an (n − 1) × n–matrix containing ones at positions strictly above the diagonal and

zeros elsewhere. Thus:

[F ∗ω]a,b(∇a,bH,∇a,bG) =
1

4

(
∂H

∂b
DαQ

−1
n Knprtr=0

∂GT

∂a
− ∂G

∂b
DbQ

−1
n Knprtr=0

∂GT

∂a

)
(4.132)
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Evaluating DaQ
−1
n KnP yields exactly the (n− 1)× n–matrix −A(α) from equation

(4.47), so that

[F ∗ω]α,β(∇α,βH,∇α,βG) =
1

4

(
∂H

∂a
A(a)

∂GT

∂b
− ∂G

∂a
A(a)

∂GT

∂b

)
(4.133)

Compare this result with equation (4.93) to see that the Poisson structure derived

using pulling the standard symplectic and the metric structures is a multiple of the

Kostant–Kirillov-Poisson bracket.



Chapter Five

Hamiltonian Eigenvalue

Algorithms
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In the following we apply the theory of Hamiltonian systems on Jacobi matrices

to establish a link between eigenvalue algorithms and the Toda lattice. We will

also introduce the Deift–Li–Nanda–Tomei framework for eigenvalue algorithms

and discuss how standard algorithms fit into the framework. In the last section

we will derive the Liouville equation for the Hermite–1 density under the Toda

flow.

5.1 The Connection between Eigenvalue Algorithms

and Completely Integrable Systems

A lot of the insight in this chapter goes back to the work in [15, 41, 43, 49, 50]. First

of all, let us recall equation (4.103), the Toda equation in its matrix form:

L̇ = [L+ − LT+, L] (5.1)

This is a classical case of a Lax pair equation. It is impossible for someone in

Hamiltonian systems to see this and not to think of [35] and suspect that the matrix

L undergoes an isospectral deformation as time passes. In fact it is said in [42] that

the motivation in [22] for trying to write the Toda system in the form (5.1) was based

on [35]. The following lemma and proof follows the discussion in [43]

Lemma 5.1. Let L(0) be a Jacobi matrix. Then the Toda flow (5.1) preserves the

spectrum. The spectrum of L(t) is the same for all t.

Proof. Recall that prkL = L+−LT+ from equation (4.106) and denote B(t) = prkL(t).
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Let

U̇ = BU (5.2)

and U(0) := id. Then

(UUT ). = BUUT − UUTB = 0 (5.3)

So that U(t) is a family of orthogonal matrices. Now let H(t) := U(t)L(0)UT (t).

Then we have that H(0) = L(0) and

Ḣ = BUL0U
T − UL0U

TB = [B,H] (5.4)

So that H(t) = L(t) for all t. We have thus proved that L(t) is a conjugation of L0

with the orthogonal matrix U(t), ie. the eigenvalues are preserved.

We have established that the Toda matrix equation is a Hamiltonian equation in

section 4.4. The fact that the Toda flow conserves the spectrum of the initial matrix

means that the eigenvalues are n integrals for a matrix of size n. Recall that the

flow is defined on a 2(n− 1)–dimensional submanifold, because it keeps the trace of

L constant at zero. As a consequence of the trace freeness the eigenvalues add up to

zero, too. This means that the first n− 1 eigenvalues are conserved quantities for a

flow on 2(n−1) dimensions, which leads us to suspect that the Toda flow is actually

completely integrable. That this is in fact the case follows from the following lemma

[42, p. 219]:

Lemma 5.2. Let {·, ·}KK denote the Kostant–Kirillov-Poisson bracket on Jacobi

matrices defined in (4.93) and let λi(t) denote the eigenvalues of a Jacobi Matrix L(t)

evolving under the Toda flow. The eigenvalues λi Poisson commute, ie. {λi, λj}KK =
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0.

Proof. As a first step, we need to compute the derivatives of λi with respect to

the matrix entries. For notational convenience, consider two different eigenvalues λ

and µ along with their corresponding (orthonormal) eigenvectors φ and ψ, so that

(L−λ)ψ = (L−µ)φ = 0. We indicate differentiation with respect to a matrix entry

by ′. Then clearly:

(L′ − λ′)φ+ (L− λ)φ′ = 0

〈(L′ − λ′)φ, φ〉+ 〈(L− λ)φ′, φ〉 = 〈(L′ − λ′)φ, φ〉+ 〈φ′, (L− λ)φ〉 =

= 〈(L′ − λ′)φ, φ〉 = 0 (5.5)

Thus, by normalization : λ′ = 〈L′φ, φ〉. More explicitly:

∂λ

∂ai
= φ2

i , 1 ≤ i ≤ n (5.6)

∂λ

∂bi
= 2φjφj+1, 1 ≤ i ≤ n− 1 (5.7)

Now we can compute {λ, µ}KK:

{λ, µ}KK(a, b) = 2
n∑
j=1

(
bj
∂λ

∂bj
− bj−1

∂λ

∂bj−1

)
∂µ

∂aj
−
(
bj
∂µ

∂bj
− bj−1

∂µ

∂bj−1

)
∂λ

∂aj
=

= 4
n∑
j=1

(bjφjφj+1 − bj−1φj−1φj)ψ
2
j − (bjψjψj+1 − bj−1ψj−1ψj))φ

2
j =

4
n∑
j=1

φjψ
2
j (bjφj+1 − bj−1φj−1)− ψjφ2

j (bjψj+1 − bj−1ψj−1)) (5.8)
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Setting Wj := bj[φj+1ψj − φjψj+1], j = 0, . . . , n we have

Wj −Wj−1 = (λ− µ)φj − ψj (5.9)

W 2
j −W 2

j−1 = (λ− µ) [bjφj+1φj − aj−1φj−1φj]ψ
2
j− (5.10)

− (λ− µ) [bjψj+1ψj − aj−1ψj−1ψj]φ
2
j (5.11)

So that overall {λ, µ}KK = 0.

A typical feature of completely integrable Hamiltonian systems is the existence

of a coordinate transform under which the system can be solved explicitly. In the

current case this transform is given by the spectral map described in a section 3.1.2.

Let L = QΛQT and Λ = diag(λ), q = |QT e1|, ie. the absolute value of the entries

in the first row of Q, then the set of Jacobi matrices is parametrized by L 7→ (q, λ).

We have demonstrated above that λ̇ = 0, now we turn to finding an equation for

q̇. We proceed using the method outlined in [43]): Let L0 := U0ΛUT
0 , then L(t) =

U(t)U0ΛUT
0 U

T (t), where U was defined in equation (5.2), and q = QT e1 =. Now,

dq

dt
= UT

0

d

dt
[UT (t)e1] = UT

0 L0U
T (t)e1 − a1(t)UT

0 U
T (t)e1 =

= ΛUT
0 U

T (t)e1 − a1(t)UT
0 U

T (t)e1 = Λq − (Λq, q)q (5.12)

Then it turns out that: 
λ̇ = 0

q̇ = Λq − (q,Λq)q

q(t) = eΛtq0
‖eΛtq0‖

(5.13)

To summarize: The spectral map L 7→ (λ, q) takes a matrix L in the phase space

to its “action–angle” variables. λ corresponds to the actions, q corresponds to the
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angles. Altough the Toda lattice and this result in particular can be generalized to

other matrix manifolds (generalized Toda lattice, see eg [13]), the elegance of this

result in the case of Jacobi matrices is due to the fact that Jacobi matrices are fully

determined by their eigenvalues and the first row of their matrix of eigenvectors

([9, 15, 53]).

From equation (4.101) it is clear that the flow preserves off diagonal zeros, which

means that it preserves the signs of the offdiagonal terms, too. On the other hand,

the proof that for any Jacobi initial matrix the off diagonal terms tend to zero goes

back at least to [41]. And a concise proof of this fact can be found in [43]. The

authors of [15, 50] were able to show exponential decay of the off diagonal entries

with decay rate µ := min1≤k≤n−1 λk − λk−1:

|ak(t)− λk| ≤ ce−2µt (5.14)

b2
k(t) ≤ ce−2µt (5.15)

We thus have a matrix flow that conserves eigenvalues and sends the off diagonal

terms to zero. As a result, we find that the flow sends each Jacobi initial matrix

L0 to a diagonal matrix containing the eigenvalues of L0 on the diagonal. In fact,

the limiting matrix L(t)
t→∞←− Λ actually ‘sorts’ the eigenvalues of L0 in the sense

that Λ = diag(λ1, . . . , λn) where λ1 > · · · > λn (cf. [7, 50]. These results imply

that the Toda flow can be used to solve eigenvalue problems: Feed any initial Jacobi

matrix into a numerical solver for the Toda equation (4.103) solve until deflation

or diagonalization have occured. This and related strategies to compute eigenvalues

are referred to as the Toda algorithm later on.

As opposed to the QR algorithm, the Toda algorithm is completely insensitive to
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shifting. This is easy to see in (5.13), because

q(t) =
eΛtq0

‖eΛtq0‖
=

e(Λ−µid)tq0

‖e(Λ−µid)tq0‖
(5.16)

We have seen that the first order convergence behavior of the QR algorithm is in-

variant under scaling the initial matrix. For the Toda flow, scaling the matrix corre-

sponds to changing time in the ODE (4.103). In particular let t̃ = ct, Then dt̃ = cdt,

ie. d/dt = cd/dt̃, so that

dL

cdt
=

dL

dt̃
(5.17)

and hence:

dL

c2dt
=

dL/c

cdt
=

dL/c

dt̃
(5.18)

dL

c2dt
=

[
(L/c)+ − (L/c)T+,

L

c

]
(5.19)

Thus, setting L̃ := L/c we obtain

dL̃

dt̃
= [L̃+ − L̃T+, L̃] (5.20)

Therefore, the well known Wigner scaling of an n × n–matrix, ie L̃ := L/
√
n cor-

responds to decreasing the speed of (4.103) by a factor of
√
n. It has been said

before, that the key to making this diagonalization method practical might be a

good timestepping procedure [15, 43].

Another point worth emphasizing is the tight connection between the Toda algorithm

and the QR algorithm for matrix diagonalization:

Lemma 5.3. Let L0 be a Jacobi matrix and define M0 = exp{L0}. Then expL(n) =

Mn where Mn is the n–th step in the QR algorithm with initial matrix M0.
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Proof. We define the matrices V and R by setting exp tL0 = V (t)R(t). We first show

that U = V T where U was defined in equation (5.2). Clearly:

d

dt
UT (t) = −UTB = −UT [L+ − LT+] =

= UT [L− − LT−] = UT
[
L− L0 − L+ − LT−

]
= UTL+ UTR1 (5.21)

where R1 is the upper triangular matrix R1 = −L0 − L+ − LT−. Since UTL =

UTUL0U
T we obtain: dUT/dt = L0U

T + UTR1. Variation of constants shows that

UT (t) = exp{tL0}R2, where R2 is the upper triangular matrix with positive entries

solving Ṙ2 = R1R2. Set R = R−1
2 and use uniqueness of the factorization to obtain:

exp{tL0} = UT (t)R(t) as claimed.

Now we prove the lemma using induction: Let exp{L0} = Q0R0. Then R0Q0 =

QT
0 exp{L0}Q0. By the above discussion, Q0 = UT (1), so that we have proved

R0Q0 = exp{U(1)L0U(1)T} = exp{L(1)}. Now assume the result holds true for m.

Clearly

Mm+1 = QT
mMmQm = QT

m exp{L(m)}Qm (5.22)

Now think of L(m) as the new initial condition for the Toda flow, then the result

follows from the same reasoning as above.

It turns out that the Toda flow in matrix form (4.103) is just one instance of a

whole class of matrix ODEs all of which lead to diagonalization procedures, or, in

other words, the solutions of which preserve eigenvalues and converge to diagonal

matrices [15, 43]. We call this class of matrix ODEs the Deift–Li–Nanda–Tomei

(DLNT) framework. The following results are quoted from [43], their proofs aren’t

much different from the proofs in the ordinary Toda case:
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Theorem 5.1. Let L0 ∈ GL(R, n) and choose G analytic on the spectrum of L0.

Consider:  L̇ = [prkG(L), L]

L(0) = L0

(5.23)

where G(L) := QG(Λ)QT , where Q and Λ are an eigenvalue decomposition of L and

prk is the skew symmetric projection. Then

1. L(t) has the same eigenvalues as L0.

2. L(t) = QT (t)L0Q(t) where

exp{t ·G(L0)} = Q(t)R(t) (5.24)

is the unique QR decomposition (cf. section 2.1).

3. For all n ∈ N0

exp{G(L(n))} = Mn (5.25)

where Mk is the nth step in the unshifted QR algorithm (cf. algorithm 3) applied

to M0 = exp{G(L0)}.

4. If L0 is Hermitian, G injective and real on the spectrum of L0, then L∞ =

limt→∞ L(t) exists and equals a diagonal matrix consisting of the eigenvalues

of L0.

5. Assume that L0 is Jacobi. Then in spectral variables L0 7→ (λ, q), where L0 =
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QTΛQ, Λ = diag(λ), q = QT e1, we have that


λ̇ = 0

q̇ = g(Λ)q − (q, g(Λ)q)q

q(t) = exp{tG(Λ)}q0
‖ exp{tG(Λ)}q0‖

(5.26)

Several remarks are in order:

• The injectivity needed in the theorem is extremely weak. We really only need

that for i 6= j: g(λi) 6= g(λj) (cf. [43], p.320).

• Paraphrasing a statement on p. 318 in[43] the result suggests a framework

for generating eigenvalue algorithms. Every function g corresponds to an al-

gorithm, or in Nanda’s own words: “. . . the choice of an algorithm is . . . a

choice of a vectorfield on the set of all symmetric matrices having the same

eigenvalues.”

• The Toda as well as the unshifted QR algorithm fit into this framework. This

will be discussed in the closing paragraphs of this section, after the following

result.

It turns out that all of the flows on Jacobi matrices generated using the DLNT

framework are completely integrable and commute with one another. This result is

simple, but seems not to have been stated elsewhere in the literature:

Proposition 5.4. Let L0 ∈ J , the space of zero trace Jacobi matrices equipped

with the Kostant–Kirillov–form ωKK. Let G be a function defined, real, injective and

analytic on the spectrum of L0 and denote an antiderivative of G by Ĝ. Then the
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flow on (J , ωKK) generated by

HG(L) := trĜ(L) (5.27)

flow described by the ODE (5.23). This flow is completely integrable and Poisson–

commutes under the Kostant–Kirillov–bracket {., .}KK with the flow generated by HF ,

if F denotes a function with the same properties as G.

Proof. A result that can be found in [12, 49] tells us that in the phase space (J , ωKK)

the explicit ODE associated with any Hamiltonian H has the form:

 L̇ = [prk∂H(L), L]

L(0) = L0

(5.28)

where prkL = L+ − LT+ is the skew–symmetric projection, ∂H is the matrix of

entrywise derivatives of the matrix function H:

(∂H)ij(L) =
∂H

∂lij
(L), 1 ≤ i, j ≤ n, |i− j| ≤ 1 (5.29)

It is sufficient for our purposes to show that for Jacobi matrices T

∂Hg

∂ti,i−1

(T ) = [g(T )]i,i−1, 1 ≤ i ≤ n− 1 (5.30)

but

∂Hg

∂lij
(L) = [g(L)]ij, 1 ≤ i, j ≤ n (5.31)

holds true for general symmetric matrices L and implies (5.30). Since L is symmetric

there exists a diagonalizing orthonormal matrix Q of eigenvectors: L = QTΛQ where
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Λ = diag(λ1, . . . , λn). Now consider:

∂Hg

∂lij
=

∂

∂lij
trĝ(L) =

∂

∂lij

n∑
k=1

ĝ(λk) =
n∑
k

g(λk)
∂λk
∂lij

=

=
n∑
k

g(λk)qkiqkj = [QTg(Λ)Q]ij = [g(L)]ij (5.32)

This proves (5.31) and therefore also the first statement of the theorem. The fourth

equality holds, because the eigenvalue equation Lqk = λkqk (qk := Q[:, k]) implies

the following standard computation (eg [26], p. 318) in perturbation theory: Let

˙ = ∂
∂lij

, then

L̇qk + Lq̇k = λ̇kqk + λkq̇k (5.33)

multiplying on both sides with qTk from the left yields:

∂λk
∂lij

= qTk Eijqk = qkiqkj (5.34)

Clearly the λi are conserved quantities and in lemma 5.2 we proved that they com-

mute in the Kostant–Kirillov–Poisson–bracket on J , ie. {λi, λk}KK = 0. Poisson

commutativity of integrals defined on the phase space is independent of the Hamil-

tonian that preserves them. This means in particular that the flow generated by HG

for any G is completely integrable.
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Lastly we note that for G, F satisfying the assumptions of the theorem we have:

{HG, HF}KK =
n∑

i,j=1

{Ĝ(λi), F̂ (λj)}KK =

[42]
=

1

4

n∑
i,j,k=1

[(
akG(λi)

∂λi
∂ak
− ak−1G(λi)

∂λi
∂ak−1

)
F (λj)

∂λj
∂bk
−

−
(
akF (λj)

∂λj
∂ak
− ak−1F (λj)

∂λj
∂ak−1

)
G(λi)

∂λi
∂bk

]
=

=
n∑

i,j=1

g(λi)h(λj) · {λi, λj}KK = 0 (5.35)

This proves that the family of algorithms derived from the DLNT framework is a

family of commuting completely integrable flows on J .

In the last paragraphs of this section we explain how typical eigenvalue algorithms

fit into the DLNT framework.

The Toda algorithm in the DLNT framework. We mentioned this before (cf.

section 4.4), but for clarity we repeat that setting G = id in (5.26) gives exactly

the solution (5.13) of the Toda system in spectral coordinates (λ, q). In the spirit of

proposition 5.4 we set Ĝ(x) := 1
2
x2 and obtain:

HG(L) =
1

2
trL2 = HT (L) (5.36)

Denote the solution to the ODE (4.103) with initial condition L(0) = L0 by L(t),

then using (5.25) we obtain

exp{L(n)} = Mn (5.37)
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where Mn is the nth step of the QR algorithm applied to the initial matrix M0 =

exp{L0}. This will be useful in a later section when we will design algorithms to

sample the run times of the Toda algorithm.

The unshifted QR algorithm in the DLNT framework. Assume that L0 is

a strictly positive definite Jacobi matrix. The Nanda framework allows us to choose

a G such that integer time evaluations of the flow L(t) on (J , ωKK) generated by HG

satisfy:

L(n) = Mn (5.38)

where Mn is the nth step of the unshifted QR algorithm applied to the initial matrix

M0 = L(0) = L0. I know of two ways to prove that G(x) = log(x) is the correct

choice in the Nanda framework:

1. The simplest way is to just read it off equation (5.25).

2. The other, more interesting, way is to show that in spectral coordinates the

action of the QR algorithm is given by:

 λ(m) = λ0

qm = Λmq0
‖Λmq0‖

(5.39)

Compare this with (5.26) to see that any flow which has the desired property

(5.38) has to have g = log(x).

One approach to proving (5.39) is using explicit matrix arithmetic. This is done

in [43]. Another, somewhat more abstract, approach is found on p. 445 in [53]:

Here QR is viewed as an instance of the simultaneous iteration algorithm and
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a version of the spectral theorem for self adjoint operators with cyclic vectors

is invoked.

Now we choose Ĝ(x) = x log(x)− x and define:

HQR(L) := HG = tr(L log(L)− L) (5.40)

Propostion 5.4 tells us now that the ODE corresponding to HQR is given by:

L̇ = [prk log(L), L] (5.41)

this is what [15, 43] present.

The shifted QR algorithm in the DLNT framework. First of all we determine

the impact of a shifted QR Step on the spectral representation. This computation

is very similar to the one in [43] for the unshifted QRStep. Let

T − µ = QR (5.42)

T̂ = RQ+ µ (5.43)

The eigenvalues of T stay unaffected by this step, because:

T̂ = QT (T − µ)Q+ µ = QTTQ (5.44)

The impact on the first row of the eigenvector matrix q = QT e1 is given by:

q̂ =
(Λ− µ)q

‖(Λ− µ)q‖
(5.45)
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This can be derived from T̂ = QTTQ =: QTUΛUTQ, ie q̂ = ÛT e1 = UTQe1. It

follows from the equivalence of the QR method with the Gram–Schmidt process (see

2.1) that

q = Qe1 =
(T − µ)e1

‖(T − µ)e1‖
(5.46)

which implies:

q̂ = UTQe1 =
UT (T − µ)e1

‖(T − µ)e1‖
=

UT (T − µ)e1

‖UT (T − µ)e1‖
=

(Λ− µ)UT e1

‖(Λ− µ)UT e1‖
=

(Λ− µ)q

‖(Λ− µ)q‖
(5.47)

as required. Now assume that Tn (with spectral representation (λ, qn)) is the nth

step in the shifted QR algorithm starting from T0 where the shift µn−1 corresponds

to the QRStep from Tn−1 to Tn. Then it turns out that

qm =
(Λ− µm−1) · · · (Λ− µ0)q0

‖(Λ− µm−1) · · · (Λ− µ0)q0‖
(5.48)

• In the case that µk ≡ µ, set g(x) = log(x− µ), ĝ(x) = (x− µ) log(x− µ)− x,

Hg(L) := trĝ(L). And the flow belonging to this Hamiltonian interpolates

exactly the shifted QR algorithm.

• In the case that µk = µ(L(k)) we can define:

gt(x) = log(x− µ(L(btc)) (5.49)

and

Hgt(L) = tr
(

(L− µ(L(btc)) · log(L− µ(L(btc))− L
)

(5.50)
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this amounts to an equation where the right hand side is discontinuous at every

integer time. More exactly, the Hamiltonian function changes at each integer

time k to a Hamiltonian depending on L(k − 1).

5.2 Liouville Equations for the Toda Flow with

Hermite–1 initial data

We compute the Liouville equations using explicit expressions for the distribution of

the matrices at time t, when transported with the Toda flow. Before we can obtain

this explicit expression, it is necessary to evaluate Jacobians of certain coordinate

transformations. Our computations are similar to the approach in [19] in that we

express the Jacobians as ratios of densities. For example if y = ψ(x) then

f(x)dx = [Jac ψ−1](y)f
(
ψ−1(y)

)
dy = g(y)dy (5.51)

and in particular:

[Jac ψ−1] =
g(y)

f(x)
(5.52)

For notational convenience, let Λ := diag(λ) in the whole section.

Theorem 5.5. Consider the solution Ψt to the Toda flow in the spectral coordinates

(q, λ):

(q̃, λ̃) := Ψt(q, λ) :=

(
etΛq

‖etΛq‖
, λ

)
(5.53)

Then the Jacobian of the inverse of this transformation is given by:

Jac Ψ−1
t (q, λ) =

exp [−t · tr Λ]

‖ exp[−t · Λ]q‖
(5.54)
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We will prove this using a ‘true random matrix calculation’ in the following

way: Choose a distribution on Sn × Rn that we can express in terms of (q, λ) and

whose pushforward under Ψt can be easily computed and expressed in (q̃, λ̃). In the

following we denote by ∆(λ) the Vandermonde determinant defined in theorem 3.1

of section 3.1.2.

Proof. The distribution of choice is given by:

µ := f(q, λ)dqdλ = Z−1 ·∆(λ)e−
1
2

trΛ2

dqdλ (5.55)

Here, we reuse ca,b := c1
H · s−1

n defined in [19] and reused in section 3.1.2, where c1
H is

the normalization constant of the Hermite–1 ensemble (cf. equation (3.16)) and sn is

the surface area of the sphere in the positive orthant (cf. equation 3.17). We want to

compute the pushforward of this measure under Ψt. This task is simplified by taking

into account certain symmetry considerations: Ψt ◦µ is computed by considering the

measure

µ1 = f1(x, λ)dxdλ = n!(2π)−n
n∏
j=1

Γ(3/2)

Γ(1 + j/2)︸ ︷︷ ︸
=:Z−1

1

∆(λ)e−‖x‖
2/2−‖λ‖2/2dλdx (5.56)

on R2n. Now, push µ1 forward using the map Gt(x, λ) = (etΛx, λ) = (x̂, λ̂), this is

easy, because:

f2(x̂, λ̂)dx̂dλ̂ =
e−ttrΛ̂

Z−1
1

∆(λ̂)e−‖λ̂‖
2/2e−‖ exp[−tΛ̂]x̂‖2/2dλ̂dx̂ = f1(x, λ)dxdλ (5.57)
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Now transform x̂ to polar coordinates:

f2(x̂, λ̂)dx̂dλ̂ = Z−1
1 e−ttrΛ∆(λ̂)rn−1 · j(θ)

e−‖λ̂‖
2/2 exp

{
−r

2

2

n∑
j=1

e−2λjtq̃2
j (θ1, . . . , θn)

}
drdθdλ̂ (5.58)

and integrate out the radial component:

∫ ∞
0

exp

{
−αr

2

2

}
rn−1dr

s=r
√
α

= √
α
n

∫ ∞
0

exp

{
−s

2

2

}
sn−1ds =

2
n
2 Γ(n

2
)

α
n
2

(5.59)

Thus we obtain a measure ν on Rn × Sn:

ν = g(q̃, λ̃)dq̃dλ̃ =
e−ttrΛ̃∆(λ̃)

Z‖ exp[−tΛ̃]q̃‖n
e−‖λ̂‖

2/2dq̃dλ̃ (5.60)

This proves:

[Jac Ψ−1
t ](λ̃, q̃) =

e−ttrΛ̃

‖ exp[−tΛ̃]q̃‖n
(5.61)

along with

[Jac Ψt](λ, q) = [Jac Ψ−1
t (λ̃, q̃)]−1 =

‖ exp{−tΛ̃}q̃‖n

e−ttrΛ̃
= (5.62)

=
ettrΛ

‖ exp{tΛ}q‖n
(5.63)

In the following we will compute explicitly the Jacobian of the time–t map of the

Toda flow in (a, b) coordinates:

Theorem 5.6. Let Φt denote the time–t map of the Toda flow in (a, b)–coordinates.
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Then

Jac Φt =

∏n−1
j=1 b

j−1
j∏n−1

j=1 b̃
j−1
j

· ettrL

‖ exp{tL}e1‖n
=

∏n
j=1 b̃i∏n
j=1 bi

(5.64)

and

Jac Φ−1
t =

j−1∏
j=1

b̃j−1

bj−1
· e−t·trL̃

‖ exp{−tL̃}e1‖n
=

∏n
j=1 bi∏n
j=1 b̃i

(5.65)

The idea of the proof is again to write the same distribution in terms of (a, b)

and in terms of (ã, b̃) and then divide the two densities to obtain the Jacobian. We’ll

use the 1–Hermite ensemble for this purpose.

Let S denote the spectral map L 7→ S(L) = (q, λ) (cf. section 3.1.2, theorem 3.1)

and let Φt denote the time t map of the toda flow in (a, b) coordinates. To clarify

the notation used below, consider the following commuting diagram:

(a, b)
S
> (q, λ)

(ã, b̃)

Φt∨
S
> (q̃, λ̃)

Ψt∨

Then

1

Z
e

1
2

trL2 ·
n−1∏
j=1

bj−1
j dadb =

∆(Λ)

Z
e

1
2

trΛ2

dλdq = (5.66)

=
∆(Λ̃)

Z
· e−t·trΛ̃e

1
2

trΛ̃2

‖ exp{−tΛ̃}q̃‖n
dλ̃dq̃ = (5.67)

=
1

Z
e

1
2

trL̃2 ·
n−1∏
j=1

b̃j−1
j · e−t·trL̃

‖ exp{−tL̃}e1‖n
dãdb̃ (5.68)
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Altogether this implies that

Jac Φ−1
t =

j−1∏
j=1

b̃j−1

bj−1
· e−t·trL̃

‖ exp{−tL̃}e1‖n
(5.69)

Proof. From the commuting diagram we obtain:

(ã, b̃) = Φt(a, b) =
[
S−1 ◦Ψt ◦ S

]
(a, b) (5.70)

so that

Jac Φt(a, b) = [Jac S−1](q̃, λ̃)) · [Jac Ψt](q, λ) · [Jac S](a, b) =

=

∏n−1
j=1 b̃i∏n−1
j=1 q̃i

· ettrΛ

‖ exp{tΛ}q‖n
·
∏n

j=1 qi∏n−1
j=1 bi

=

=
∆(Λ)∏n−1
j=1 b̃

j−1
j

· ettrΛ

‖ exp{tΛ}q‖n
·
∏n−1

j=1 b
j−1
j

∆(Λ)
=

=

∏n−1
j=1 b

j−1
j∏n−1

j=1 b̃
j−1
j

· ettrΛ

‖ exp{tΛ}q‖n
=

∏n−1
j=1 b

j−1
j∏n−1

j=1 b̃
j−1
j

· ettrL

‖ exp{tL}e1‖n
(5.71)

For the Jacobian of the inverse we thus obtain:

Jac Φ−1
t =

∏n−1
j=1 b̃

j−1
j∏n−1

j=1 b
j−1
j

· e−ttrL̃

‖ exp{−tL̃}e1‖n
(5.72)

Just as above. Now note that also

Jac Φt(a, b) = [Jac S−1](q̃, λ̃)) · [Jac Ψt](q, λ) · [Jac S](a, b) = (5.73)

=

∏n−1
j=1 b̃i∏n−1
j=1 q̃i

· ettrΛ

‖ exp{tΛ}q‖n
·
∏n

j=1 qi∏n−1
j=1 bi

=

∏n−1
j=1 b̃i∏n−1
j=1 bi

(5.74)

This proves the claim.
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Next we derive the Jacobian of Flaschka’s transformation, which underlies a lot

of the theory of the Toda lattice (cf. section 4.4). In particular, let

 aj = −yj
2
, 1 ≤ j ≤ n

bj = 1
2

exp
{xj−xj+1

2

}
, 1 ≤ j ≤ n− 1

(5.75)

Then F = (x, y) 7→ (a, b) : R2n−1 → R2n−1 and we’re interested in evaluating

Jac F =
∣∣∣ ∂(a,b)
∂(x,y)

∣∣∣. In the same way as above, we can derive an expression for this

Jacobian if we can find a distribution that can be explicitly written in terms of both

(a, b) and (x, y) variables and then dividing one by the other.

Theorem 5.7. With the notation from above we have:

Jac F = 22n−1 ·
n−1∏
j=1

b−1
j (5.76)

Proof. We consider the following distribution on the space of tridiagonal symmetric

matrices:



N (0, 1
4
) ∗ · · · · · · ∗

logN (− ln 2, 1
4
) N (0, 1

4
)

. . . . . .
...

0 logN (− ln 2, 1
4
) N (0, 1

4
)

. . .
...

...
. . . . . . . . . ∗

0 · · · 0 logN (− ln 2, 1
4
) N (0, 1

4
)


(5.77)

with density:

f(a, b) =
n−1∏
j=1

e−
1
2

(2 ln 2bj)
2

bj
√
π/2

·
n∏
j=1

e−2a2
j√

π/2
(5.78)

Using the constraint
∑N

j=1 xj ≡ c we can construct an inverse for Flaschka’ transfor-
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mation. It turns out that in particular:

x =
c

n
·


1

...

1

+ A


2 ln 2b1

...

2 ln 2bn−1

 ∈ Rn (5.79)

where A ∈ Rn×(n−1). Also, observe that yj = −2aj ∼ N (0, 1), xk−xk+1 = 2 ln 2bk ∼

N (0, 1) and that

Aij =


n−j
n
, j ≥ i

− j
n
, j < i

(5.80)

Note that the image of A is perpendicular to (1, . . . , 1)T ∈ Rn and that for

S =


1 −1 0 · · ·
...

. . . . . .
...

1 0 1 −1

 =


1

...

1

, S̃

 (5.81)

we have −AT S̃ = idn−1. Now choose the columns of S as a new basis of Rn: x =

c
n
·


1

...

1

+ S̃x̃. Then it emerges that

x̃ = S−1x, S−1 =

 1
n
· · · 1

n

−AT

 (5.82)

The covariance matrix of x̃ is then given by

Cov(x̃) =

 1
n2 0

0 ATAATA

 (5.83)
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Let Σ := ATAATA. In the new basis given by the columns of S̃, the subdiagonal

distribution thus turns out to be given by the following density:

f(x̃)dx̃ =
n√

(2π)n|Σ|
exp

{
− x̃2

1

2n−2
− 1

2
(x̃2, . . . , x̃n)Σ−1(x̃2, . . . , x̃n)T

}
dx̃

=
det(S−1) · n√

(2π)n|Σ|
exp

−
(∑n

j=1 xj

)2

2
− 1

2
xTAΣ−1ATx

 dx (5.84)

Note that

−AT S̃ = id = ATA(ATA)−1 (5.85)

so that S̃ = A(ATA)−1 and hence AΣ−1AT = S̃S̃T . We can thus express the density

in terms of (x, y) as follows:

g(x, y) =
1√

(2π)n|Σ|
exp

{
−c

2

2
− 1

2
xT S̃S̃Tx

}
·
n∏
j=1

e−
y2
j
2

√
2π

(5.86)

and, finally, the Jacobian Jac F as:

Jac F−1 =
f(a, b, c)

g(x, y)
=

=

e−
c2

2√
2π

(
2
π

) 2n−1
2 ·

∏n−1
j=1 b

−1
j · exp

{
−1

2

[
c2 +

∑n−1
j=1 (2 ln 2bj)

2 +
∑n

j=1 a
2
j/

1
4

]}
(2π)−n exp

{
−1

2

[
c2 +

∑n−1
j=1 (xj+1 − xj)2 +

∑n
j=1 y

2
j

]} =

= 22n−1

n−1∏
j=1

b−1
j (5.87)

We can use the techniques and results mentioned above to show:

Theorem 5.8. In (x, y) coordinates the Jacobian of the time t map of the Toda flow
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Γt is given by:

Jac Γt =

∏n−1
j=1 b

j
j∏n−1

j=1 b̃
j
j

· ettrL

‖ exp{tL}e1‖n
(5.88)

Proof.

Jac Γt = Jac F−1(ã, b̃) · Jac Φt(a, b) · Jac F (x, y) =

=
22n−1∏n−1
j=1 b̃j

∏n−1
j=1 b

j−1
j∏n−1

j=1 b̃
j−1
j

ettrL

‖ exp{tL}e1‖n

∏n−1
j=1 bj

22n−1
(5.89)

Theorem 5.9. The distribution of the matrix entries at time T is given by

fT (a, b) = ca,be
−trL2

n−1∏
j=1

bj−1
j

e−ttrL

‖ exp{−tL}e1‖n
(5.90)

Proof. By Dumitriu and Edelman we have that

f0(a, b) = ca,be
−trL2

0

n−1∏
j=1

bj−1
j,0 (5.91)

Clearly,

fT (ã, b̃) = Jac Φ−1
T · f0(Φ−1

T (ã, b̃)) =

=

∏n−1
j=1 b̃

j−1
j∏n−1

j=1 b
j−1
j

· e−ttrL̃

‖ exp{−tL̃}e1‖n
· ca,be

1
2

trL2
0 ·

n−1∏
j=1

bj−1
j =

= ca,b

n−1∏
j=1

b̃j−1
j

e
1
2

trL̃2−ttrL̃

‖ exp{−tL̃}e1‖n
(5.92)

Theorem 5.10. Let fT denote the distribution of the matrix elements at time T
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when transported by the Toda flow, where the initial distribution f0 is the Hermite–1

distribution. Then the following PDE holds:

∂ft
∂t

(a, b) =

(
−trL+

n〈Le−tLe1, e
−tLe1〉

‖e−tLe1‖2

)
ft +

n−1∑
j=2

bj(aj+1 − aj) ·
∂ft
∂bj

(5.93)

Proof. Consider

∂ft
∂t

(a, b) = ca,be
1
2

trL2
0

e−ttrL

‖e−tLe1‖n
n∏
k=1

bk−1
k

n−1∑
j=2

(j − 1)b−1
j ḃj+

+ ca,be
1
2

trL2
0

n−1∏
j=1

bj−1
j

{
−trL · e−ttrL

‖e−tLe1‖n
+ e−ttrL

n〈Le−tLe1, e
−tLe1〉

‖e−tLe1‖n+2

}
=

(
−trL+

n〈Le−tLe1, e
−tLe1〉

‖e−tLe1‖2

)
ft +

n−1∑
j=2

(j − 1)
ft
bj
ḃj =

(
−trL+

n〈Le−tLe1, e
−tLe1〉

‖e−tLe1‖2

)
ft +

n−1∑
j=2

bj(aj+1 − aj) ·
∂ft
∂bj

(5.94)



Chapter Six

Data Collection
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The first section of this chapter explains which numerical procedures were used

in our simulations. We discuss the Rutishauser–Kahan–Pal–Walker procedure

for the reconstruction of a tridiagonal matrix from its spectral data in detail.

We then concern ourselves with some of the software design issues that came

up during the creation of the sampling infrastructure.

6.1 Numerical Algorithms

As described in the introductory section we are interested in computing the time it

takes one of the diagonalization algorithms to advance a random initial condition

to a matrix which is small enough on the off diagonal to allow deflation. In order

to do this, it is not enough to choose an algorithm, we also have to choose an

implementation. In the following we’ll discuss implementation ideas after discussing

three algorithmic building blocks that we require for these implementations.

6.1.1 Required Procedures

Spectral Reconstruction The explicit solution of the Toda lattice and related

flows in spectral coordinates raises the practical question as to how to reconstruct a

tridiagonal matrix from its spectral data numerically.

The first idea one might have is to reconstruct the matrix of eigenvectors from the

eigenvalues and its first row using standard Lanczos procedures (ie the well known

three term recurrence relation for orthogonal polynomials). Unfortunately, most

implementations of this idea turns out to be manifestly unstable.

An elegant way of getting around this instability issue is described in [27], where the
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Rutishauser–Kahan–Pal–Walker (RKPW) algorithm is developed. The name of the

algorithm comes from its similarity to the efficient QR step using Givens rotations

presented in algorithm 3 (cf. section 2.3), which is called the Kahan–Pal–Walker

algorithm by some authors [27, 45]. First, recall the Definition of Givens rotations

from 2.21:

Gij(θ) = Gij(cos θ, sin θ) = id− (1− cos θ)Eii − (1− cos θ)Ejj + sin θEij − sin θEji

(6.1)

where Eij = En
ij is an n× n–dimensional matrix with all entries zero apart from the

one at row i, column j, which is one. Also assume i < j along and define

c(x, y) =
x√

x2 + y2
(6.2)

s(x, y) = − y√
x2 + y2

(6.3)

with slight abuse of notation we will then speak of Gij(x, y) := Gij(c(x, y), s(x, y)).

Consider a matrix of the form

M =



α0 β0 0∗ δ

β0 α1 β1e
∗
1 δ′

0 β1e1 T 0

δ δ′ 0 λ


(6.4)

where T is a k × k–Jacobi matrix, e1 is a vector in Rk with all zeros except for the

first entry which is equal to one and the blocks denoted by 0 are of the appropriate

size and contain only zeros. All other symbols in (6.4) are numbers. The algorithm
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uses the fact that for an n× n matrix of this form (6.4) the following relations hold:

M̃ := GT
2,n(β0, δ)MG2,n(β0, δ) (6.5)

M̃ =



α0 β̃0 0∗ 0

β̃0 α̃1 β̃1e
∗
1 δ̃

0 β̃1e1 T δ̃′e1

0 δ̃ δ̃′e∗1 λ̃


(6.6)

where

β̃0 =
√
β2

0 + δ2 (6.7)

β̃1 = c(β0, δ)β1 (6.8)

δ̃′ = s(x, y)β1 (6.9)

and  α̃1 δ̃

δ̃ λ̃

 = GT
12(β0, δ)

 α1 δ

δ λ

G12(β0, δ) (6.10)

so that

α̃1 = c2α1 + s2λ (6.11)

δ̃ = cs(α1 − λ) (6.12)

λ̃ = s2α1 + c2λ (6.13)
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Note that this way, the upper principial minor M̃ (n−1) is a Jacobi matrix. Intuitively

it should be clear that iterative application of this strategy to the initial matrix

L0 =

 1 qT

q Λ

 (6.14)

yields the tridiagonalization

 1 1

1 T

 (6.15)

where T denotes the required Jacobi Matrix. We formalize the procedure in algo-

rithm 4 and establish its effectiveness in lemma 6.1.

Algorithm 4 RKPW – Reconstruct Jacobi Matrix from Spectral Data

Require: q ∈ Sn−1, Λ = diag(λ)

1: L←
(

1 qT

q Λ

)
2: for j = 3 to n+ 1 do
3: for i = 2 to j − 1 do
4: L← GT

i,j(li,i−1, lj,i−1)LGi,j(li,i−1, lj,i−1)
5: end for
6: end for

7:

(
1 eT1
e1 T

)
← L

8: return T

Lemma 6.1. Let T denote a Jacobi matrix with strictly positive off diagonal entries

and let T = QΛQT and q := |QT e1| where the absolute value is taken componentwise.

Then applying algorithm 4 to the initial matrix of the form (6.14) yields as a result

the matrix (6.15).

Proof. The above discussion about turing M into M̃ implies that in algorithm 4 in

the j–th outer loop, right after executing the i–th inner loop the L has the following
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structure:

L =



1
(∑i−1

k=1 q
2
k

) 1
2

0 · · · · · · 0 qj · · · qn(∑i−1
k=1 q

2
k

) 1
2

Tij

...

0

0 0

... ∗

...
...

0 · · · 0 ∗ · · · ∗

qj

0

λj
...

. . .

qn λn



(6.16)

Here the zeros shown in the first and last columns of the upper left block are meant

to cover the first i− 1 entries and Tij is a (j− 2)× (j− 2)–dimensional matrix. This

means that ultimately, when the algorithm has finished, the matrix has the predicted

structure, because the lower right entries will conspire with the Jacobi matrix Tn,n+1

to form an n× n–dimensional Jacobi matrix S.

Lastly, we have to prove that S = QΛQT with QT e1 = q. Then we can use the

implicit Q theorem 2.5 to conclude that S = T . By construction the product of the

Givens matrices employed in algorithm 4 has the structure

 1 0

0 U

 (6.17)

where Q is an orthogonal matrix (because Givens rotations are orthogonal and or-

thogonality is preserved under multiplication). Now again by construction S =

UTΛU and UT q = e1, which implies q = Ue1 = QT e1. The claim follows.

The stability of this algorithm is benign because of the fact that only rotations
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are used.

General QR Step We need to invoke a procedure which yields the QR decom-

position of a given matrix and then evaluates the matrix multiplication RQ. An

algorithm that accomplishes the first task can be found in algorithm 1. The time

complexity of these operations under no special assumptions regarding the initial

matrix is given by O(n3).

Fast QR Step for Jacobi Matrices For Jacobi matrices we do not need to eval-

uate the QR decomposition to compute the QR step. Instead we can use algorithm

3 to compute one step in the QR iteration directly. It can be implemented to run in

O(n).

6.1.2 Sampling hitting times for general symmetric matrices

ODE Recall from section 5.1 that any instance of a diagonalization algorithm from

the DLNT framework consists of a flow on tridiagonal matrices, determined by some

Hamiltonian Ĝ. The resulting vector field is in particular autonomous, so that by

elementary ODE theory Lt+s, started at L0 is the same as Lt, started at Ls with ini-

tial value L0. Suppose we are given a procedure RHS which evaluates the right hand

side of the basic DLNT equation along with a generic ODESolver, which requires an

initial value, a final time and a step size and RHS to return an approximation of the

value of the solution of the flow at the final time, then the obvious way to generate

the desired hitting time data is using algorithm 5.

In the general case, this approach is rather time consuming if we want it to yield

good results, because of two reasons: Firstly, in order for the generic ODE solver to
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Algorithm 5 DLNT-ODE – Computes hitting time data for DLNT Flows

Require: A ∈ Rn×n, AT = A, ε > 0, T , h, G
1: X ← A, n← 0
2: while Condition(X) > ε do
3: X ← ODESolver(X,T, h, RHS(G)
4: n← n+ 1
5: end while
6: return n · T

perform accurately, the step size should be rather small. Secondly, computing the

right hand side of the DLNT equation is costly in the case of general matrices and

general Hamiltonians ĝ. Not only do we have to multiply full matrices to evaluate

the Lax pair, we also have to compute the full eigendecomposition, apply G = Ĝ′ to

the eigenvalues and reverse the spectral transformation. In standard implementation

this will cost a number of operations cubic in the size of the matrix.

Note, however that solving the Toda ODE can be accomplished much cheaper, be-

cause the right hand side of the Toda equation has a simple and explicit structure:

For the Toda matrix ODE, each call to RHS only requires a number of operations on

the order of n, the matrix size. In contrast, computing the evolution of the QR flow

using this approach seems much more challenging.

Recursive The recursive approach to generating the hitting data relies on the

fact that the time one map for equations from the DLNT framework can always

be written in terms of the QR step. Here, the procedure QRStep denotes a generic

implementation of the map M = QR 7→ M̃ = RQ.

To start, suppose that a routine Eigh is available which computes an eigenvalue

decomposition along with the eigenvector matrix. Then one way of computing the

time one iterates of the DLNT flows is given by algorithm 6. This routine could seem

less efficient than necessary, since for example the eigenvalues Λ are preserved and
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Algorithm 6 DLNT-Recursive – Computes hitting time data for DLNT Flows

Require: A ∈ Rn×n, AT = A, ε > 0, g(λ)
1: X ← A, n← 0
2: while Condition(X) > ε do
3: [Q,Λ]← Eigh(X)
4: Y ← Qeg(Λ)QT

5: Y ← QRStep(Y ) {Full Matrix!}
6: [Q,Λ]← Eigh(Y )
7: X ← Qg−1[ln(Λ))]QT

8: n← n+ 1
9: end while

10: return n

shouldn’t have to be recomputed at each step. Computing the eigenvalues, however

adds little in terms of complexity since we have to compute the full eigenvectors at

any step. Also, note that for specific instances of the DLNT framework, the proce-

dure simplifies a lot.

Suppose that routines Expm and Logm are available to compute the matrix expo-

nentials and logarithms (in the functional calculus) [40]. Then computing the Toda

evaluation is simple (see algorithm 7).

The classical QR algorithm is just the simplest possible instance in this series, since

Algorithm 7 Toda-Recursive – Computes hitting time data for Toda Flow

Require: A ∈ Rn×n, AT = A, ε > 0, g(λ)
1: X ← A, n← 0
2: while Condition(X) > ε do
3: Y ← Expm(g(X))
4: Y ← QRStep(Y ) {Full Matrix!}
5: X ← Logm(g(Y ))
6: n← n+ 1
7: end while
8: return n

G = ln – consider algorithm 8.

One immediately apparent drawback of this idea as compared to the DLNT-ODE

scheme is that it only allows for integer evaluations of the Toda algorithms, whereas

the TodaODE method allows us to choose the evaluation interval T of any size.
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Algorithm 8 QR-Recursive – Computes hitting time data for QR Flow

Require: A ∈ Rn×n, AT = A, ε > 0, g(λ)
1: X ← A, n← 0
2: while Condition(X) > ε do
3: X ← QRStep(X)
4: n← n+ 1
5: end while
6: return n

Note that even for the simplified cases each loop iteration consists of a number

of rather complex matrix operations, including a full symmetric QRStep which in

general has a cost of O(n3) (as do typical matrix exponential and logarithm sub-

routines). A great advantage is, however, that the evaluations are exact up to the

accuracy properties of the borrowed Expm and Logm routines.

In practice it turns out that this approach yields results faster than the TodaODE

approach. Care must be taken because the QRStep method becomes problematic for

very stiff matrices which are likely to result either from unscaled ensembles or from

ensembles that yield highly asymmetric eigenvalue distributions when the conver-

gence to the Wigner law hasn’t yet set in. For the ensembles that we are studying

this problem does not appear.

6.1.3 Sampling hitting times for Jacobi Matrices

Recursive In the case of Jacobi Matrices, the QR algorithm can be sped up in a

rather standard way that brings down the cost of one call to QRStep to linear in the

size of the matrix (cf. algorithm 3). This trick along with the shifting idea is the

basis of the success of the QR algorithm. Since the change only concerns the QRStep

procedure we don’t give pseudo code for this case.

What we call the recursive implementation of the Toda algorithm can be written in

the same way as the recursive implementation of the Toda algorithm for full sym-
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metric matrices (algorithm 7). Unfortunately, this implementation can not take ad-

vantage of the special sparse structure of the Jacobi matrices, because this structure

is destroyed by the matrix exponential function: In general the result of applying

the matrix exponential to a Jacobi matrix is a full symmetric matrix, so that we

now have to apply a full symmetric QR step. Taking the matrix logarithm returns

a Jacobi matrix.

Spectral In the Jacobi and more general cases, the dynamics of the DLNT family

of equations can be explicitly solved in the spectral variables (cf. theorem 5.1). This

explicit representation is particularly simple in the case of the Jacobi matrices. It is

possible to use this representation to generate samples of hitting times, if we have

procedures to map back and forth between the tridiagonal matrix T and its spectral

representation (λ, q), where T = QΛQT and q = QT e1.

The problematic direction here is going from (q, λ) to T , because the standard Lanc-

zos procedure one would try to use is manifestly unstable. We have already discussed

the RKPW algorithm with has more favorable stability properties. Unfortunately, even

this improved reconstruction procedure is unstable for points on trajectories after

long times. We give pseudo code for the general case of an equation from the DLNT

framework.

Algorithm 9 TodaSpectral – Computes hitting time data for Toda Flow

Require: A ∈ Rn×n, AT = A, ε > 0, h
1: X ← A, t← 0
2: Q,Λ← SpectralDecomp(A)
3: p = q = Q[0, :]
4: while Condition(X) > ε do
5: p = et·G(Λ)q/‖et·G(Λ)q‖
6: X ← RKPW(Λ, p)
7: t← t+ h
8: end while
9: return t
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Table 6.1: Overview of sensible implementation alternatives for various diagonalization procedures
on various types of matrices

Matrix Type
Diagonalization Algorithm Jacobi General Symmetric

Toda
Recursive, Recursive,
Spectral, ODE
ODE

QR
Optimized Recursive, Recursive,
Spectral ODE

General DLNT
Recursive, Recursive,
Spectral ODE

6.2 Implementation Issues

In order to run the hitting time simulations we implemented the numerical procedures

described in section 6.1 for use on a computing cluster. All the algorithms were

implemented in Python except for the RKPW reconstruction scheme which was

implemented in C. Disctributed computing functionality was obtained using the

Python module mpi4py.

The code that was used to generate the numerical results provides the following

functionality:

1. There are classes for general symmetric and Jacobi matrices providing efficient

implementations for typically encountered matrix operations.

2. There are classes that allow for sampling from the initial distributions described

above.

3. There are classes implementing the algorithmic solution procedures for the

DLNT eigenvalue algorithms.
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When running the code to generate runtime simulations in addition to supplying a

list of algorithms and initial distributions one has to input a list of (small) values

that serve as required tolerance for the stopping condition. The code will then take

care to sample a prespecified number of runtimes for each given tolerance (to save

time we follow each trajectory until the smallest tolerance is undercut by a complete

subdiagonal block and save the first time that each of the tolerances is undercut)

and algorithm/ initial distribution pair.

The results are then written to text files and the user can determine the granularity

of the information to be saved. As a last step the textfiles can be parsed and saved

to a database for further processing.

6.2.1 Matrix Classes

The idea behing the design of the matrix classes is that different types of matri-

ces have different requirements on the implementation of the basic which we need

as building blocks for the run time simulation. As a result we provided a ‘Matrix’

interface which provides the general types of operations we expect to exist for all

matrix types. The two matrix types that we implement are the class ‘JacobianMa-

trix’ and ‘FullSymmetricMatrix’ (cf. figure 6.1). We now describe some noteworthy

differences between the implementations of the inherited methods in the two matrix

types:

1. The data in JacobiMatrix is stored in two arrays, one containing the diag-

onal elements, the other one containing the subdiagonal elements. For the

FullSymmetricMatrix type we decide against parsimony of memory for con-

venience of use by storing the data as a full numpy array. Since we are dealing



128

Matrix

diagonal: void
qr: void
qrrq: void
exp_qrrq_log: void
sizeOffDiagonalEntries: void
eigDecomp: void
todaRhs: void
copy: void

JacobiMatrix
diag: double array
offDiag: double array
dim: int

FullSymmetricMatrix
mat: numpy matrix
dim: int

Figure 6.1: Inheritance relations between the matrix classes

with symmetric matrices, this requires twice as much memory as necessary,

but the increase in speed and convenience when using readymade functions is

considerable.

2. The method qrrq() is implemented very differently in the two types. For

JacobiMatrix we use the optimized QR step that was presented in algorithm

3. This algorithm was implented in C for efficiency purposes and was com-

piled as a Python module so that it can be called from Python code. For

FullSymmetricMatrix the QR step was implemented as a (slow and) tradi-

tional QR decomposition (called from an existing numerical library) in combi-

nation with a matrix multiplication.

3. The Toda timestep exp qrrq log() is implemented similarly in both cases, be-

cause matrix exponentiation destroys the Jacobi structure. The only difference

is that before the actual computation the Jacobi matrix needs to be converted

into a full matrix.

4. A very important procedure for the empirical methodology is the function
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sizeOffDiagonalEntries. In the introductory section it was laid out that we

are interested in running the diagonalization algorithms until an off diagonal

block becomes small. This procedure is where the ‘smallness’ is measured. For

the type JacobiMatrix implementation is straightforward: we just return the

absolute values of the subdiagonal terms. For the type FullSymmetricMatrix

the implementation is a bit more complicated and to ensure efficiency we em-

ploy a dynamic programming scheme: Consider a full symmetric matrix A of

size n × n. Let mpq denote the maximum matrix entry by its absolute value

in the (lower left) block {aij : p ≤ i ≤ n, 1 ≤ j ≤ q}. Then we have the three

term recurrence:

mpq = max{mp−1,q,mp,q−1, |apq|} (6.18)

where we set mpq = 0 if the corresponding block would be empty.

6.2.2 Initial Data Classes

For our purposes the initial data for the diagonalization procedures is sampled from

some random matrix ensemble. In this section we describe the sampling procedures

for the ensembles we used in our simulations and how they were implemented.

Since we want to specify initial ensembles for the two different matrix types from

the section 6.2.1 (JacobiMatrix and FullSymmetricMatrix) it makes sense to define

an abstract class Sampler which outlines the functionality required from the actual

initial data samplers, irrespective of the matrix types they return. As seen in figure

6.2 this basic functionality is rather simple. The only thing that might be unexpected

is the existence of the scalingFactor attribute. This is a result of the necessity to

simulate scaled versions of the initial ensembles. The particular scaling employed
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here will be the Wigner scaling (each matrix entry is divided by the square root

of the matrix dimension), so that if the initializer init receives a true in the

WignerScaling argument, then the scalingFactor is set equal to the square root

of dim, otherwise it is set equal to one. In order to achieve the desired scaling before

returning the sample matrix from sample we always divide each entry by the scaling

factor. We now give some detail about the sampling procedures:

Sampler
dim: int
scalingFactor: double
__init__(dim:int, WignerScaling:bool): void
__call__: void
_sample: void

SamplerTE1 SamplerGOE

SamplerIidBernoulli SamplerIidGaussian

Figure 6.2: Inheritance relations between the initial data classes

1. The classes SamplerIidBernoulli and SamplerIidGaussian both return in-

stances of FullSymmetricMatrix. Here, the upper triangular entries (ie. di-

agonal and strictly upper triangular part) are sampled iid from either the

Bernoulli or the Gaussian distribution with mean zero and variance one. The

strictly upper triangular part is then reflected down to obtain the lower trian-

gular part.

2. The class SamplerGOE returns a FullSymmetricMatrix instance where the

entries are sampled from the Gaussian orthogonal ensemble described in section

3.1.1 and then multiply by the square root of two in order to have all off diagonal

variances equal to one.

3. The initial data class called SamplerTE1 returns a random Jacobi matrix sam-
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pled from the Hermite–1 ensemble described in [19], multiplied by a factor

of
√

2 in order to keep the correspondence with the GOE sampler via House-

holder transformations in place. In particular it returns an instance of the class

JacobiMatrix.

4. In addition to the above Wigner–type initial matrix classes we have designed

classes that return samples from the uniform doubly stochastic Jacobi ensem-

ble (SamplerUniformTriDiagonal) as well as the Jacobi matrices with uni-

form eigenvalue distribution (SamplerUniformEig). For simplicity these aren’t

shown in figure 6.2.

6.2.3 Algorithms Classes

In order to facilitate better usability we decided to use the ‘Factory’ design pat-

tern [25] to implement access to the individual diagonalization algorithms. In this

approach a class DiagonalizationAlgoFactory is defined which contains a static

method createAlgo that takes a string argument (the name of an algorithm) and

returns an instance of a class which implements this diagonalization algorithm.

Since all the algorithms are required to possess the same basic functionality we

again chose to implement the algorithms as derived classes from a common interface

DiagonalizationAlgo. This interface possesses several attributes, like tolList and

scaledTolList, which store the tolerance levels up to which the run times will be

computed. The attribute scaledTolList is equal to tolList after division by the

scalingFactor (which can be equal to either one or the square root of the matrix di-

mension, depending on whether or not we were using the Wigner scaling). The type

of attribute mat can be either JacobiMatrix or FullSymmetricMatrix depending

on the initial data used for the current algorithm. This attribute stores the current



132

‘state’ of the algorithm, ie. the current iteration in the QR or Toda algorithm.

The fact that the state of the algorithm can be of different types is important, because

it allows us to implement the eigenvalue algorithms in terms of elementary proce-

dures which are optimized for the current matrix type. For example, the step()

method in the QRAlgo class would be implemented as the qrrq() method which the

mat instance inherits from the class Matrix that was described in section 6.2.1. De-

pending on the actual type that mat has, an appropriate implementation is chosen:

For FullSymmetricMatrix this is the standard and slow O(n3) implementation, for

JacobiMatrix this is the optimized O(n) version.

DiagonalizationAlgo
tolList: array double
scaledTolList: array double
nIter: int
scalingFactor: doubles
mat: Matrix
__init__: void
firstHitTime(Matrix): tuple
initializeAlgo: void
_step: void
_runUntilConditionSatisfied: tuple, array double

QRAlgo

QRAlgoExplicit

TodaAlgoDiscrete

TodaAlgoExplicit

TodaAlgoODE

DiagonalizationAlgoFactory

$createAlgo(String): DiagonalizationAlgo 

creates instances of

Figure 6.3: Inheritance relations between the algorithm classes

The remaining classes implement the numerical algorithms from section 6.1. The ex-

act correspondence can be derived from the table 6.2. In this table, the nomenclature

for the numerical algorithms is the same as the one in 6.1.
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Table 6.2: Correspondence between implemented classes and diagonalization algorithm imple-
mentations

Numerical Algorithm Correspondence
Algorithm Class Jacobi General Symmetric
QRAlgo Optimized Recursive Recursive
QRAlgoExplicit Spectral (not implemented)
TodaDiscrete Recursive Recursive
TodaExplicit Spectral (not implemented)
TodaODE ODE ODE

6.2.4 Data Generation and Handling

In this section we will make some remarks about how the code is used to generated

and handle the data after it has been generated. In particular we will talk about how

the database is organised that contains the simulation results and we will sketch how

functions access this database for purposes of plotting and analyzing the results.

Data Generation Before starting the simulation the following parameters are

supplied: A list of tolerances as well as lists of matrix dimensions and algorithm

types, the initial distribution, whether or not Wigner Scaling is to be applied, cer-

tain output options, a stopping condition (eg. stop when first block has become

small), the overall number of samples as well as the number samplesPerBatch of

samples to be generated during one ‘run’ of one individual processor.

For each individual processor an object of type PerformanceSampler is created which

controls the simulation procedure. At the beginning each PerformanceSampler ob-

ject is initialized with the list of tolerances. Then each processor requests a matrix

size along with an algorithm type and samples samplesPerBatch run times by run-

ning the algorithm until the stopping condition is satisfied. The processors then

write the results of the current ‘run’ into a textfile, request a new matrix size and
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algorithm type from the master processor and the process starts from the beginning.

Data Handling After the simulation has finished, the simulation results are con-

tained in text files which will now be read into a database powered by sqlalchemy,

a popular Python module. The database contains two tables, one table called

Experiments which contains information about which specific experiments were

conducted (eg. dimension, current tolerance, initial distribution, which algorithm

was used) each experiment is also associated with an id. The other table is called

HittingData and contains specific information about the sampling results: The com-

plete initial and final matrix, the subdiagonal index at which the specified stopping

condition was satisfied as well as the value of the final matrix at that subdiagonal

index and – most importantly – the time it took until the stopping condition was

achieved. The rows of the HittingData table are connected to the Experiments

table, because HittingData contains a column which references the corresponding

experiment’s id. All necessary analysis can now be carried out using the data stored

in the database.



Chapter Seven

Numerical Results
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This chapter contains the core results of this thesis as we describe in detail the

experiments we conducted and the data that we obtained from it. We present

empirical runtime distributions for the QR and the Toda algorithms as well

as empirical deflation position distributions for these algorithms. We observe

that initial data from the Wigner universality class shows similar runtime and

deflation position behavior for both algorithms. Other types of initial data

can, however, lead to runtime and deflation position distributions that have

very different properties. We provide a that demonstrates that on Wigner–

type initial data the QR algorithm leads to exponential right tails and the

Toda algorithm leads to Gaussian right tails.

In addition we present an algorithm which reliably deflates Hermite–1 matrices

in the middle. We could thus use it recursively in a divide and conquer type

eigenvalue algorithm.

7.1 Description of the Experiments and the Dataset

In this chapter we summarize our findings on two important statistics associated

with the behavior of certain eigenvalue algorithms. In the introductory chapter we

already described these quantities:

• The runtime Tε: For a given initial matrix, and given tolerance ε, how many

iterations (equivalently, how long in terms of the time parameter of the asso-

ciated ODE) does it take until the matrix iterate deflates at the prescribed

tolerance?

• The deflation index Iε: For given initial matrix and tolerance ε, at which
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subdiagonal index does the first deflation occur?

Standard results from perturbation theory [55] imply that for symmetric matrices A,

every eigenvalue λ(ε) of a perturbed matrix A + εM lies in at least one of the discs

described by:

|λi − λ(ε)| < ε‖M‖2 (7.1)

When deflating Jacobi matrices, the corresponding perturbation matrix has the

structure:

M =

 0 ET
1k

E1k 0

 (7.2)

where E1k = R(n−k)×k has all zero entries except for a one in the upper right corner.

Clearly, ‖M‖2 = 1 in this case. For the deflation of full symmetric matrices, the

perturbation matrix has the structure:

M =

 0 MT
21

M21 0

 (7.3)

where again M ∈ R(n−k)×k, but now all entries of M satisfy |mij| ≤ 1. We can

estimate the norm of M as follows: Let f ∈ Rn and denote f = (f1, f2)T ∈ Rk×Rn−k.

Then

Mf =
k∑
j=1

〈b(j), f2〉ej +
k∑
j=1

〈ej, f1〉b(j) (7.4)
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where b(j) denotes the j–th column of B and ej ∈ Rn is a vector with all zeros except

a one as the j–th coefficient. Now estimate the norm of Mf :

‖Mf‖2 =
k∑
j=1

〈b(j), f2〉2 +

∥∥∥∥∥
k∑
j=1

〈ej, f1〉b(j)

∥∥∥∥∥
2

(7.5)

For the first sum we have:

k∑
j=1

〈b(j), f2〉2 ≤ ε2k(n− k)‖f2‖2 (7.6)

for the second sum we obtain:

∥∥∥∥∥
k∑
j=1

〈ej, f1〉b(j)

∥∥∥∥∥
2

=
n−k∑
i=1

(
k∑
j=1

f1jb
(j)
i

)2

=

=
n−k∑
i=1

(
k∑
j=1

(f1jb
(j)
i )2 + 2

∑
1≤l<m≤k

f1lb
(l)
i f1mb

(m)
i

)
≤

≤ ε2(n− k)‖f1‖2 +
n−k∑
i=1

∑
1≤l<m≤k

[
f 2

1l(b
(l)
i )2 + f 2

1m(b
(m)
i )2

]
≤

≤ ε2(n− k)‖f1‖2 + ε2(n− k)(k − 1)‖f1‖2 = ε2k(n− k)‖f1‖2 (7.7)

so that overall ‖Mf‖2 ≤ ε2k(n − k)‖f‖ and hence ‖M‖ ≤ ε
√
k(n− k). According

to this reasoning we define the criterion for deflation separately for Jacobi and full

matrices. In words, deflation occurs for Jacobi matrices when the first subdiagonal

entry becomes less than the prescribed tolerance, whereas for full matrices deflation

occurs when for the first time the maximum entry of a complete subdiagonal block,

weighted by the square root of the size of this block, becomes smaller than the

prescribed tolerance. To be precise, let

ε̂k = bk (7.8)
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in the case of Jacobi matrices and

ε̂k =
√
k(n− k) max

k<i≤n
1≤j≤k

|mij| (7.9)

Then we define the runtime by

Tε = inf {t |∃1 ≤ k < n : ε̂k(L(t)) < ε} (7.10)

as well as the deflation position by:

Iε = arg min
1≤i<n

ε̂k(L(Tε)) (7.11)

Stripping away the distributed computing issues mentioned in section 6.2.4, the al-

gorithm 10 describes succinctly the experiments that were conducted. In words, for

each matrix size in dimList N samples are drawn from the initial ensemble MatDist.

We then iterate using the algorithm under consideration (expressed here in the Step

procedure) until we undercut each of the tolerances in tolList. Whenever we have

first undercut a certain tolerance, we save the time and the index it happened at

in a text file. The procedure SizeOffDiagonalBlocks refers to the way that the

maximum entry in the off diagonal entries is computed. The procedure is different

for full symmetric matrices than for Jacobi matrices (for a description, refer to sec-

tion 6.2.1). Summarizing, for each (εm, nl)–pair we generate N samples. We use,

however, one initial matrix sample of size ni to generate n deflation time and de-

flation index samples (εr, ni), where 1 ≤ r ≤ n. For an overview of the numer of

samples that we include in our study, refer to tables 7.1 – 7.4. It is apparent

from the above paragraph that for collecting the sample statistics for the Toda and

QR algorithm we need to specify a Step procedure in both cases. In the case of the

QR algorithm there clearly is a natural choice, namely the algorithm 3 from section
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Table 7.1: Summary of the number of samples based on which the empirical results for the QR
algorithm are based.

Initial Distribution
Matrix Size Hermite–1 GOE iid Gaussian iid Bernoulli
10 5000 5000 5000 5000
30 5000 5000 5000 5000
50 5000 5000 5000 5000
70 5000 5000 5000 5000
90 5000 5000 5000 5000
110 5000 5000 5000 5000
130 5000 5000 5000 5000
150 5000 5000 5000 5000
170 5000 5000 5000 5000
190 5000 5000 5000 5000

Table 7.2: Summary of the number of samples based on which the empirical results for the Toda
algorithm are based.

Initial Distribution
Matrix Size Hermite–1 GOE iid Gaussian iid Bernoulli
10 5000 4500 4500 3500
30 5000 3500 4000 5000
50 5000 2000 2000 4000
70 5000 3500 3500 5000
90 5000 3500 3500 5000
110 5000 5000 1500 5000
130 5000 4500 5000 5000
150 5000 2500 2500 5000
170 5000 2500 2500 2500
190 5000 5000 1500 1500
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Table 7.3: Summary of the number of samples on which the empirical results for the QR algorithm
are based.

Initial Distribution
Matrix Size Uniform Jacobi Jacobi Unif. Eig.
10 5000 5000
30 5000 5000
50 5000 5000
70 5000 5000
90 5000 5000
110 5000 5000
130 5000 5000
150 5000 5000
170 5000 5000
190 5000 5000

Table 7.4: Summary of the number of samples based on which the empirical results for the Toda
algorithm are based.

Initial Distribution
Matrix Size Uniform Jacobi Jacobi Unif. Eig.
10 5000 4000
30 5000 7000
50 5000 10000
70 4000 10000
90 2500 10000
110 5000 10000
130 5000 10000
150 4500 6500
170 3000 1500
190 1500



142

Algorithm 10 DataGeneration – samples the required quantities

Require: tolList = [ε1 > · · · > εn], dimList = [n1, . . . , nK ], Initial Distribution
MatDist, number of samples N , Algorithm Step, step size h.

1: for i = 1, . . . , K do
2: for j = 1, . . . , N do
3: t← 0, r ← 1
4: Mt ∼ MatDist(ni)
5: repeat
6: Rni−1 3 vt ← SizeOffDiagonalBlocks(Mt)
7: v̂t ← min1≤l≤ni−1 vt(l)

8: l̂t := arg min1≤l≤ni−1 vt(l)
9: if v̂t < εr then

10: Save to file: Tεr = t and Iεr = l̂t
11: r ← r + 1
12: end if
13: M̃ ← Step(Mt)
14: t← t+ h
15: Mt ← M̃
16: until r > n
17: end for
18: end for

2.3 in the case of Jacobi matrices or the standard, unoptimized version for the case

of full symmetric matrices from equation (2.15) in the same section. These are the

implementations referred to as ‘recursive’ in table 6.1.

Choosing the implementation strategy for the Toda algorithm is not as straightfor-

ward, because the numerical properties of the alternatives aren’t equally well studied.

We see from the table 6.1 that there are three implementation paradigms that play

a role for the Toda algorithm in the case of Jacobi matrices and two paradigms

in the case of full symmetric matrices. Our strategy to validate the choice of an

implementation paradigm is as follows:

• Choose an initial matrix

• Compute the Toda evolution of this initial matrix with each of the applicable

implementation paradigms mentioned in table 6.1.
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• The crucial quantity for the determination of our sample statistics Tε and Iε is

the minimum entry of the off diagonal block sizes (called v̂t in algorithm 10).

We compare the evolution of relative differences

|v̂(a)
t − v̂

(b)
t |

|v̂(a)
t |

(7.12)

(a and b are meant to index the implementation paradigms). This allows us to

come up with ‘trusted intervals’ in which these relative errors are small.

We conducted simulation studies using this idea for many matrix dimensions using

Wigner scaled initial data. A typical result of these simulation is found in figure

(7.1): For matrices sampled from the Wigner–scaled initial distributions the differ-

ence between the recursive and the ODE implementation of the Toda algorithms

stays very small for a large enough region to include all the runtime samples we

obtain below. Since the recursive implementation tends to be faster than the ODE

implementation, we will use it as the Step procedure in algorithm 10.

As a last remark in this section we would like to stress that the numerical experi-

ments are reported with ‘unscaled’ initial data, in the sense that all initial matrices

are sampled directly from the chosen initial ensembles and we apply no scaling (for

example of Wigner type) to them. We have found, however, that the implementation

paradigms for the Toda algorithm work much better with Wigner–scaled initial data

and we believe this to be due to the fact that the difference between the minimal

and the maximal eigenvalues in the ensembles we consider scales with
√
n, where n

is the dimension of the matrix. In order to understand this note that, in contrast to

the TodaODE implementation paradigm, both TodaDiscrete and TodaExplicit rely

on the computation of matrix exponentials of the initial matrix:
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Figure 7.1: Typical result of comparing the relative difference between the Toda trajectory com-
puted using three different algorithms for different matrix sizes. The x–axis corresponds to time,
the y–axis presents the relative error in a log scale. The recursive implementation of the Toda
algorithm’s ‘trusted region’ is large enough to include all the runtime samples we obtain below.

1. TodaDiscrete starts with the initial matrix and then iterates the computations

of a matrix exponential, a QR step and a matrix logarithm

2. TodaExplicit (for Jacobi matrices) computes q(t) = exp{Λt}q0/‖ exp{Λt}q0‖,

the first row of the eigenvector matrix and then reconstructs the whole eigen-

vector matrix from this row.

Due to the
√
n–scaling in both cases we are dealing with rather ‘stiff’ expressions

for higher dimensions. In the TodaDiscrete implementation the QR step leads to

a sequence of matrices with (theoretically) constant eigenvalues, where the ratio of
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the largest to the smallest eigenvalue is of the order:

λmax

λmin

≈ e2
√
n

e−2
√
n

= e4
√
n (7.13)

In practice, the QR step introduces numerical error and subsequent matrices of the

QR algorithm may not actually have the exact same eigenvalues. This is problematic

in particular if the numerical error leads to replacing a very small, but positive,

eigenvalue with a negative eigenvalue. Now taking the matrix logarithm leads to

complex eigenvalues and the scheme is not very useful anymore for computing the

size of the off diagonal terms.

In the case of the TodaExplicit paradigm the unscaled initial data will lead to very

fast convergence to zero of some of the entries of q. For example, the ratio of the

entries q1 to qn where q1 is the first entry of the eigenvector belonging to λ1 and qn

is the first entry of the eigenvector belonging to λn is of the order

q1(t)

qn(t)
≈ C · e

−2
√
nt

e2
√
n

= e−4
√
nt (7.14)

This will introduce numerical error in the spectral reconstruction procedure (cf. al-

gorithm 4) and thus again cause problems for the accurate computation of the off

diagonal terms.

Summarizing the dilemma: We aim to present the numerical results for unscaled ini-

tial data, but our fast implementation strategies (TodaDiscrete and TodaExplicit)

both lead to inaccurate results in this regime due to the tendency for large differences

between the maximal and the minimal eigenvalues of the initial matrix. For scaled

initial data these large differences will tend not to arise, because of the Wigner semi-

circle law which implies λmin → −2 and λmax → 2, ie. the differences are bounded.

Our remedy for this situation is thus to compute the evolution of (Wigner) scaled

initial matrices and use equation (5.20) and the discussion surrounding it to derive
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the runtime of an unscaled matrix: Clearly equation (5.20) implies L̃(t̃) = L(ct)/c.

It thus follows:

Tε(L0) =
1

c
Tε/c(L0/c) (7.15)

Setting c :=
√
n this is exactly the equation necessary to determine the runtime

distribution for unscaled initial data from the Wigner scaled initial data.

7.2 Empirical Results on the Runtime Behavior

In this section we discuss some properties of the empirical runtime distributions for

different initial value distributions and two different eigenvalue algorithms. In the

following sections we present and describe several different types of figures for each

algorithm:

• Type 1: For a given i, we present the empirical hit time histograms T̂i(10−8, n)

where n ranges through all its allowed values. The rationale for choosing this

smallest tolerance value is that we expect that disturbances arising from the

minimal offdiagonal value of the initial matrix are mitigated.

• Type 2: For a given initial distribution and a given dimension, we present the

runtime distribution corresponding to varying values of ε. Clearly choosing

smaller ε should cause the algorithm to run ‘longer’ in some sense.

• Type 3: For a given i we normalize all the empiricial hit time histograms T̂i(ε, n)

where normalization means shifting and scaling the empirical histograms so

that they have mean zero and variance one. These normalized histograms are

then plotted together in one figure.
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• Type 4 and 5: The next two types plot empirical means and standard deviations

of the histograms for all value of ε and n in the range of our simulations. In

these figures we always combine the results for Wigner–type initial data in one

figure and for non Wigner–type initial data in another figure.

• Type 6: When appropriate we pick a ‘base’ initial distribution (GOE) and

choose an (n, ε)–regime for which we normalize the runtime data (ie. center to

mean zero and variance one) for all the initial distributions. We then produce a

QQ (quantile–quantile) plot of the normalized runtimes for ‘base’ distribution

initial data against another initial distribution. If the resulting plot does not

deviate far from the identity line we conclude that the empirical distributions

are close to one another.

• Type 7: In the last type of figure we combine the runtime histograms for several

initial distributions. We center and scale the histogram to have mean zero and

variance one and then extract an (x, y) pair from each histogram bucket by

setting x equal to the midpoint of the bucket and y equal to the height of the

bucket. We will combine all the runtime distributions from Wigner–type initial

data as well as the runtime distributions from a base initial distributions of

Wigner–type (eg GOE) with those of non Wigner–type initial data.

7.2.1 Runtime Behavior for the QR algorithm

Here we present figures associated with properties of Tε, the time to first defla-

tion for the QR algorithm. The initial distributions of Wigner–type we are using

are the Hermite–1 distribution, the GOE, the Wigner and the Matrix Bernoulli–

distribution. We will compare these results to initial distributions not of Wigner

type, namely uniform doubly stochastic Jacobi matrix ensemble and the Jacobi en-
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semble with uniform eigenvalues. In all of the full symmetric Wigner–type matrices

the distributions of the upper triangular entries are iid and chosen so that their mean

equals zero and variance equals one. The tolerance ε was set successively to equal

ε = 10−k, where k = 2, 4, 6, 8 and n = 10, 30, · · · , 190. Subsequently we sampled

empirical hit time distributions T̂i(ε, n) where the index 1 ≤ i ≤ 6 represents the

initial distribution, n represents matrix size in addition to the deflation tolerance ε.

The figures of type 1 for this case are 7.2 to 7.7. For all the initial distributions,

both Wigner and non Wigner–type, the behavior is very similar: The shapes, scales

and locations of the histograms for all the matrix dimensions are roughly the same

with a mode around t = 20 and apparent exponential decay in the right tail. The

roughness of the histograms presented in 7.7 can be explained by the relatively small

number of samples that was used to generate this figure. Fixing an initial matrix

dimension and comparing the runtime distributions for several tolerances, we obtain

the figures 7.8 to 7.13 (type 2). In all of these figures we can see that for smaller

values of ε the empirical runtime distributions ‘diffuse’ to the right. Note that in

all cases, especially in 7.12 the histogram for the largest deflation tolerance ε = .01

shows a high concentration of near ‘immediate’ deflations. The fact that this effect

subsides for smaller ε is – at least for Hermite–1 initial data – related to the result

in section 3.2. Even more interestingly, the shape of the histograms (unimodal, fast

decay on the left tail, seemingly exponential decay on the right tail) for fixed initial

data appears to be largely independent of the tolerance in addition to size of the

matrices that were studied. This claim is substantiated by our figures of type three

(7.14–7.19). Direct comparison of these figures also leads to the observation that the

shape of the renormalized histograms is rather robust with respect to the underlying

initial distribution.

The figures 7.20 to 7.23 combine information about the means and standard de-

viations of the QR runtime distributions for all Wigner–type (7.20, 7.22) and non
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Table 7.5: Regression Parameters for the Means of the QR runtime distributions

Initial Distribution a0 a1 a2 P–value a1

Hermite–1 .802338 -.004554 -1.042907 < 2 · 10−16

Full Sym. Wigner type 1.96824 0.0004690 -1.0263649 0.0095
Uniform doubly stoch. Jacobi 0.7648330 -0.0072921 -1.0916354 4.16 · 10−8

Jacobi Uniform eig. 1.844126 -0.003467 -1.276037 0.0256

Wigner–type (7.21, 7.23) initial data which were removed in the figures of type three.

As expected, we can see that in both cases these statistics are barely influenced by

matrix size, but they seem to increase linearly in the negative logarithm of the defla-

tion tolerance ε. Note that the QR runtime means and variances for the full matrix

Wigner–type initial are more or less identical, while for the Hermite–1 initial data

runtimes both statistics have a slightly larger value. To support the notion of small

dependence on n and linear dependence on log ε we fit a simple linear regression of

the form

µn,ε ≈ a0 + a1n+ a2 log ε (7.16)

σn,ε ≈ b0 + b1n+ b2 log ε (7.17)

The dots in figures 7.20 to 7.23 correspond to the predicted values of means and

variances based on this regression and it is apparent that these values are predicted

rather well by our model (R2 near one). Refer to table 7.5 for the regression parame-

ters of equation (7.16) and to table 7.6 for the parameters of equation (7.17). All the

computations were done using the generalized linear model functionality from [46].

Since for the full matrix Wigner data – at least visually – the means and variances do

not depend on the dimension of the matrix ensemble, we have included the p–values

for the t–test of the hypothesis that the coefficient corresponding to the dimension

is zero. for a summary of the regression parameters.
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Table 7.6: Regression Parameters for the Standard deviations of the QR runtime distributions

Initial Distribution b0 b1 b2 P–value b1

Hermite–1 0.442622 -.003329 -.617517 8 · 10−15

Full Sym. Wigner type 1.2799509 0.0005311 -0.5854859 0.0118
Uniform doubly stoch. Jacobi 1.066713 -0.007584 -0.658920 0.000353
Jacobi Uniform eig. 2.0044243 -0.0026034 -0.7961700 0.000185

To facilitate direct comparison of the rescaled runtime histograms (7.14–7.19) we

present the QQ plots (type 6) of figures 7.24 to 7.28. Here, we pick specific (n, ε)–

combinations and plot the centered data points from GOE data against the centered

data points of all the other initial distributions. We get very good overlap for all

Wigner–type initial distributions, whereas the two non Wigner–type initial distribu-

tions seem to lead to somewhat heavier tails than the GOE runtime distribution.

Lastly we consider the combined histograms plots of type 7, namely figures 7.29 to

7.31 Recall that these figures were generated by combining every single normalized

empirical histogram we sampled, ie. all initial distributions all matrix dimensions

and deflation tolerances. Each bucket of each histogram was used to generate an

(x, y)–tupel, where the x–value corresponds to the midpoint of the bucket bound-

aries and the y–value corresponds to the bucket weight. In these figures the y–axis

is set to a log scale. Consider first the combined histograms of the runtime samples

for all the Wigner–type initial data (figure 7.29): Given the wide range of tolerances,

matrix dimensions and initial conditions we see a good overlap of all the normalized

histograms for the empirical runtime distributions Wigner–type initial data. Note

also, that a gamma distribution with parameters k = 2 and θ = 1 was centered and

scaled to obtain mean zero and variance one and plotted into the same figure. We can

see that the decay of the normalized histograms fits very well with the decay of the

rescaled gamma distribution. The figure 7.30 combines the normalized histograms

of the GOE runtimes with the normalized runtimes generated using uniform doubly
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stochastic Jacobi matrices. Just as in figure 7.31 (normalized GOE runtimes against

normalized Jacobi uniform eigenvalues runtimes) the overlap is worse than when we

were comparing exclusively Wigner–type initial data.

Figure 7.2: Empirical hit time distributions of QR algorithm for Hermite–1 initial data with
ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 1).
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Figure 7.3: Empirical hit time distributions of QR algorithm for GOE initial data with ε = 10−8

and matrix dimension ranging through 10, 30, . . . , 190 (type 1).
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Figure 7.4: Empirical hit time distributions of QR algorithm for Wigner initial data with ε = 10−8

and matrix dimension ranging through 10, 30, . . . , 190 (type 1).
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Figure 7.5: Empirical hit time distributions of QR algorithm for Bernoulli matrix initial data
with ε = 10−8 and matrix dimension ranging through 10, 30, . . . , 190 (type 1).



155

Figure 7.6: Empirical hit time distributions of QR algorithm for uniform doubly stochastic Jacobi
matrix initial data with ε = 10−8 and matrix dimension ranging through 10, 30, . . . , 190 (type 1).
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Figure 7.7: Empirical hit time distributions of QR algorithm for Jacobi uniform eigenvalue initial
data with ε = 10−8 and matrix dimension ranging through 10, 30, . . . , 130 (type 1).
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Figure 7.8: Empirical hit time distributions of QR algorithm for Hermite–1 initial data with
n = 190 and deflation tolerance ranging through ε = 10−k where k = 2, 4, 6, 8 (type 2). Smaller ε
corresponds to heavier tail.
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Figure 7.9: Empirical hit time distributions of QR algorithm for GOE initial data with n = 190
and deflation tolerance ranging through ε = 10−k where k = 2, 4, 6, 8 (type 2). Smaller ε corresponds
to heavier tail.
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Figure 7.10: Empirical hit time distributions of QR algorithm for Wigner initial data with n = 190
and deflation tolerance ranging through ε = 10−k where k = 2, 4, 6, 8 (type 2). Smaller ε corresponds
to heavier tail.
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Figure 7.11: Empirical hit time distributions of QR algorithm for Bernoulli matrix initial data
with n = 190 and deflation tolerance ranging through ε = 10−k where k = 2, 4, 6, 8 (type 2).
Smaller ε corresponds to heavier tail.
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Figure 7.12: Empirical hit time distributions of QR algorithm for uniform doubly stochastic
Jacobi matrix initial data with n = 190 and deflation tolerance ranging through ε = 10−k where
k = 2, 4, 6, 8 (type 2). Smaller ε corresponds to heavier tail.
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Figure 7.13: Empirical hit time distributions of QR algorithm for Jacobi uniform eigenvalue initial
data with n = 130 and deflation tolerance ranging through ε = 10−k where k = 2, 4, 6, 8 (type 2).
Smaller ε corresponds to heavier tail.



163

Figure 7.14: Normalized empirical hit time distributions of QR algorithm for Hermite–1 initial
data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging through 10, 30, . . . , 190 (type 3).
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Figure 7.15: Normalized empirical hit time distributions of QR algorithm for GOE initial data
with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging through 10, 30, . . . , 190 (type 3).
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Figure 7.16: Normalized empirical hit time distributions of QR algorithm for Wigner initial data
with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging through 10, 30, . . . , 190 (type 3).
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Figure 7.17: Normalized empirical hit time distributions of QR algorithm for Bernoulli initial
data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging through 10, 30, . . . , 190 (type 3).
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Figure 7.18: Normalized empirical hit time distributions of QR algorithm for uniform doubly
stochastic Jacobi initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging through
10, 30, . . . , 190 (type 3).
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Figure 7.19: Normalized empirical hit time distributions of QR algorithm for Jacobi uniform
eigenvalue initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging through
10, 30, . . . , 190 (type 2).
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Figure 7.20: Means of the empirical hit time distributions of QR algorithm for all Wigner–type
initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging through 10, 30, . . . , 190 (type
4). Orange corresponds to Hermite–1 and red/ black/ blue to Wigner/ GOE/ Bernoulli. Dots are
the regression predictions described in the text.
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Figure 7.21: Means of the empirical hit time distributions of QR algorithm for non Wigner–type
initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging through 10, 30, . . . , 190
(type 4). Red corresponds to uniform doubly stochastic Jacobi and green to Jacobi with uniform
eigenvalues. Dots correspond to regression predictions.
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Figure 7.22: Standard deviations of the empirical hit time distributions of QR algorithm for
all Wigner–type initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging through
10, 30, . . . , 190 (type 5). Orange corresponds to Hermite–1 and red/ black/ blue to Wigner/ GOE/
Bernoulli. Dots are the regression predictions described in the text.
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Figure 7.23: Standard deviations of the empirical hit time distributions of QR algorithm for
non Wigner–type initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimension ranging through
10, 30, . . . , 190 (type 5). Red corresponds to uniform doubly stochastic Jacobi and green to Jacobi
with uniform eigenvalues. Dots correspond to regression predictions.
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Figure 7.24: QQ plot of the normalized (mean zero, variance one) QR runtime samples of GOE
initial data (n = 190, ε = 10−8) against the normalized runtime samples of Hermite–1 initial data
(same parameters).



174

Figure 7.25: QQ plot of the normalized (mean zero, variance one) QR runtime samples of GOE
initial data (where matrix size is n = 190, ε = 10−8) against the normalized runtime samples of
Wigner initial data (same parameters).



175

Figure 7.26: QQ plot of the normalized (mean zero, variance one) QR runtime sampes of GOE
initial data (n = 190, ε = 10−8) against the normalized runtime samples of Bernoulli initial data
(same parameters).
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Figure 7.27: QQ plot of the normalized (mean zero, variance one) QR runtime sampes of GOE ini-
tial data (n = 190, ε = 10−8) against the normalized runtime samples of uniform doubly stochastic
Jacobi initial data (same parameters).
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Figure 7.28: QQ plot of the normalized (mean zero, variance one) QR runtime sampes of GOE
initial data (n = 190, ε = 10−8) against the normalized runtime samples of Jacobi with uniform
eigenvalues initial data (n = 130 same ε).
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Figure 7.29: Combination of all the QR runtime histograms (type 7), compared with a ‘normal-
ized’ gamma distribution with parameters k = 2 and θ = 1 (red: Bernoulli, green: GOE, orange:
Wigner, purple: Hermite–1). Here normalized refers to shifting and scaling to obtain a distribution
of mean zero and variance one.
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Figure 7.30: Combination of normalized QR runtime histograms (green: GOE initial data, blue:
uniform doubly stochastic Jacobi initial data).
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Figure 7.31: Combination of normalized QR runtime histograms (green: GOE initial data, blue:
Jacobi with uniform eigenvalues initial data).



181

7.2.2 Runtime Behavior for the Toda algorithm

In this section we present the results of our simulations of the Toda algorithm run-

time distributions in a similar way to our presentation of the QR runtimes in 7.2.1.

We present results for initial data of Wigner–type (Hermite–1 distribution, the GOE,

the Wigner and the Matrix Bernoulli–distribution) as well as some results for the

runtimes under non Wigner–type initial conditions (uniform doubly stochastic Jacobi

matrices and Jacobi matrices with uniform eigenvalues). Tolerances ε and matrix

dimension were chosen as in 7.2.1 except where stated otherwise. Refer to figures

7.32 to 7.37 for the type 1 plots in the Toda case. Again for the Wigner–type ini-

tial distributions we note similarities across tolerances ε, matrix dimensions n and

initial distributions, especially in the shape of the runtime distributions. When we

compare with the QR case, however, the matrix size does have some influence on the

shape, scale and location of the empirical runtimes. In particular as the matrix size

becomes larger, the bulk of the runtime distributions seems to shift towards the right

while simultaneously the standard deviation (‘scale’) increases. Considering the non

Wigner–type initial distributions in figures 7.36 and 7.37 we observe that the former

shows remarkable similarities to the runtime distributions of the QR algorithm in-

cluding that apparently for larger dimensions the mean and variances of the runtime

distributions stabilize. Also, the scale of the empirical runtime distributions is much

larger for this set of initial values than the others we considered. We believe this is

due to the fact that the eigenvalues stay bounded (between −1 and 1) for all matrix

sizes (recall that if we were to scale the Wigner–type initial distributions by
√
n so

that the eigenvalues stay roughly concentrated in [−2, 2] we would also slow down

the algorithm).

When we fix an initial matrix dimension and consider the runtime distributions for

several tolerances, we obtain the figures 7.38 to 7.43 (type 2). As in the QR case for
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smaller values of ε the empirical runtime distributions ‘diffuse’ to the right. Also,

from these pictures we can plausibly suspect that the runtime distributions for the

Toda algorithms exhibit Gaussian right tails in the case of Wigner–type initial data.

The non Wigner–type initial distributions we considered for the Toda algorithm can

be seen in figure 7.43 lead to runtime distributions in strong contrast with the ones

derived from Wigner–type initial data. Also, note again the high proportion of ‘near

immediate’ deflations for large values of the deflation tolerance.

The figures of type three for the Toda case are 7.44–7.49. Direct comparison of

these figures lets us again observe a universal shape of the renormalized runtime his-

tograms in case of the Wigner–type initial conditions. For the normalized runtime

distributions the claim of Gaussian right tails becomes even more apparent. Note

that the normalized histograms for the runtimes derived from the non Wigner–type

ensembles (figures 7.48 and 7.49) combine to a different shape than the normalized

histograms of the Wigner–type initial distributions. In particular the normalized

distributions for the uniform doubly stochastic Jacobi initial ensemble show strong

resemblance to the QR runtime distributions from section 7.2.1. In case of 7.49, there

seem to be heavier left tails than in the case of the normalized runtime distributions

for Wigner–type initial matrices.

Type four and type five figures for the current case are to be found in 7.50 to 7.53.

All information about the means and standard deviations of the Toda runtime dis-

tributions for Wigner–type initial matrices is combined in figures 7.50 and 7.52. The

non Wigner–type runtime means and standard deviations are presented in figures

7.51 and 7.53. In the above paragraphs we already alluded to the fact that in the

current case both the deflation tolerance and the matrix size seems to have a strong

impact on the means and variances of the particular runtime distribution. The de-

pendence on n is however nonlinear. This fact makes it hard to come up with an ad

hoc regression model to be fit. We have tried several nonlinearities, but the following
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Table 7.7: Regression Parameters for the Means of the Toda runtime distributions

Initial Distribution a0 a1 a2

Hermite–1 -7.0273 1.6795 -0.7708
Full Sym. Wigner type -6.0669 1.2888 -0.7302
Uniform doubly stoch. Jacobi -34.01514 0.02984 -6.60133
Jacobi Uniform eig. -2.78614 0.05318 -0.74315

model seems as plausible as any other one we tried.

µn,ε ≈ a0 + a1 log n+ a2 log ε (7.18)

σn,ε ≈ b0 + b1 log n+ b2 log ε (7.19)

The dots in figures 7.50 to 7.53 correspond to the predicted values of means and

variances based on this regression, but as expected for a rather ad hoc regression

model we do not obtain a particularly good fit. Refer to table 7.7 for the regression

parameters of equation (7.18) and to table 7.8 for the parameters of equation (7.19).

The behavior of the runtime means and standard deviations for initial data sampled

from non Wigner–type ensembles yields remarkably different behavior from the run-

times corresponding to Wigner–type initial data: For both initial ensembles linear

dependence on both n and log n seems plausible at least for larger matrix dimensions.

This compels us to fit the following model:

µ′n,ε ≈ a0 + a1n+ a2 log ε (7.20)

σ′n,ε ≈ b0 + b1n+ b2 log ε (7.21)

and summarize the coefficients in the corresponding tables 7.7 and 7.8. In order to

compare the data across different initial distributions directly we present QQ plots

(type 6) of (normalized) runtime samples from the GOE initial ensemble against
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Table 7.8: Regression Parameters for the Standard deviations of the Toda runtime distributions

Initial Distribution b0 b1 b2

Hermite–1 -2.1233 0.6324 -0.1727
Full Sym. Wigner type -1.6532 0.3347 -0.1569
Uniform doubly stoch. Jacobi -16.46367 0.04845 -3.10561
Jacobi Uniform eig. 0.97525 0.04068 0.01451

(normalized) runtime samples of other initial distributions in figures 7.54 to 7.58.

Similar to the QR case we get very good overlap for all Wigner–type initial distribu-

tions, whereas the non Wigner–type initial distributions seems to lead to a somewhat

different tail behavior than the GOE runtime distribution (heavier right tail, lighter

left tail for uniform doubly stochastic Jacobi and the other way around for Jacobi

with uniform eigenvalues). Note that for the plot 7.58 resampling was applied to

generate the same number of samples from the non–Wigner initial distribution as

there are samples for the GOE initial ensemble.

The last type in this sequence presents the combined histograms in figures 7.59 and

7.61. The combined histograms of the runtime samples for all the Wigner–type initial

data (figure 7.59): again show a good overlap across all matrix sizes, tolerances and

initial conditions. The normal distribution with mean zero and variance one which

was superimposed on this picture shows a good fit especially in the right tail. The fig-

ures 7.60 and 7.61 combine the normalized histograms of the GOE runtimes with the

normalized runtimes generated using non Wigner–type initial matrices. As expected

the overlap is much worse than when we were comparing exclusively Wigner–type

initial data. We also reconfirm our suggestion from the above paragraph that the

non Wigner–type initial data leads to the described left and right tails. Due to

the fact that the runtime behavior of the uniform doubly stochastic Jacobi initial

data under the Toda flow resembles the runtime behavior of the QR algorithm we

have provided a QQ plot of the normalized runtimes of the QR with GOE initial
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data against the normalized runtimes of the Toda algorithm with uniform doubly

stochastic Jacobi initial data (figure B.1) as well as combined histograms for the two

regimes in appendix two (figure B.2).

Figure 7.32: Empirical hit time distributions of Toda algorithm for Hermite–1 initial data with
ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 1).
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Figure 7.33: Empirical hit time distributions of Toda algorithm for GOE initial data with ε = 10−8

and matrix dimensions 10, 30, . . . , 190 (type 1).
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Figure 7.34: Empirical hit time distributions of Toda algorithm for Wigner initial data with
ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 1).
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Figure 7.35: Empirical hit time distributions of Toda algorithm for Bernoulli matrix initial data
with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 1).
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Figure 7.36: Empirical hit time distributions of Toda algorithm for uniform doubly stochastic
Jacobi initial data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 1).
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Figure 7.37: Empirical hit time distributions of Toda algorithm for Jacobi with uniform eigenvalue
initial data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 1).
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Figure 7.38: Empirical hit time distributions of Toda algorithm for Hermite–1 initial data with
ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 2).
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Figure 7.39: Empirical hit time distributions of Toda algorithm for GOE initial data with ε = 10−8

and matrix dimensions 10, 30, . . . , 190 (type 2).
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Figure 7.40: Empirical hit time distributions of Toda algorithm for Wigner initial data with
ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 2).
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Figure 7.41: Empirical hit time distributions of Toda algorithm for Bernoulli matrix initial data
with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 2).
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Figure 7.42: Empirical hit time distributions of Toda algorithm for uniform doubly stochastic
Jacobi matrix initial data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 2).
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Figure 7.43: Empirical hit time distributions of Toda algorithm for Jacobi with uniform eigenvalue
initial data with ε = 10−8 and matrix dimensions 10, 30, . . . , 190 (type 2).
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Figure 7.44: Normalized empirical hit time distributions of Toda algorithm for Hermite–1 initial
data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimensions 10, 30, . . . , 190 (type 3).
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Figure 7.45: Normalized empirical hit time distributions of Toda algorithm for GOE initial data
with ε = 10−k, k = 2, 4, 6, 8 and matrix dimensions 10, 30, . . . , 190 (type 3).
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Figure 7.46: Normalized empirical hit time distributions of Toda algorithm for Wigner initial
data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimensions 10, 30, . . . , 190 (type 3).
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Figure 7.47: Normalized empirical hit time distributions of Toda algorithm for Bernoulli initial
data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimensions 10, 30, . . . , 190 (type 3).
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Figure 7.48: Normalized empirical hit time distributions of Toda algorithm for uniform doubly
stochastic Jacobi initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimensions 10, 30, . . . , 190
(type 3).
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Figure 7.49: Normalized empirical hit time distributions of Toda algorithm for Jacobi with
uniform eigenvalue initial data with ε = 10−k, k = 2, 4, 6, 8 and matrix dimensions 10, 30, . . . , 190
(type 3).
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Figure 7.50: Means of the empirical hit time distributions of Toda algorithm for Wigner–type
initial data with Orange/ black/ blue/ red correspond to Hermite–1/ GOE/ Bernoulli/ Wigner
initial data (type 4). Dots correspond to regression predictions.
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Figure 7.51: Means of the empirical hit time distributions of Toda algorithm for Wigner–type
initial data with Red/ green correspond to uniform doubly stochastic Jacobi/ Jacobi with uniform
eigenvalue initial data (type 4). Dots correspond to regression predictions.
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Figure 7.52: Standard deviations of the empirical hit time distributions of Toda algorithm for
Wigner–type initial data with Orange/ black/ blue/ red correspond to Hermite–1/ GOE/ Bernoulli/
Wigner initial data (type 5). Dots correspond to regression predictions.
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Figure 7.53: Means of the empirical hit time distributions of Toda algorithm for Wigner–type
initial data with Red/ green correspond to uniform doubly stochastic Jacobi/ Jacobi with uniform
eigenvalue initial data (type 4). Dots correspond to regression predictions.
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Figure 7.54: QQ plot of the normalized (mean zero, variance one) Toda runtime sampes of GOE
initial data (n = 190 and ε = 10−8) against the normalized runtime samples of Hermite–1 initial
data (n = 170, same ε).
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Figure 7.55: QQ plot of the normalized (mean zero, variance one) Toda runtime samples of GOE
initial data (n = 190 and ε = 10−8) against the normalized runtime samples of Wigner initial data
(same parameters).
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Figure 7.56: QQ plot of the normalized (mean zero, variance one) Toda runtime samples of GOE
initial data (n = 190 and ε = 10−8) against the normalized runtime samples of Bernoulli initial
data (same parameters).
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Figure 7.57: QQ plot of the normalized (mean zero, variance one) Toda runtime samples of GOE
initial data (n = 190 and ε = 10−8) against the normalized runtime samples of uniform Jacobi
doubly stochastic initial data (same parameters).
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Figure 7.58: QQ plot of the normalized (mean zero, variance one) Toda runtime samples of GOE
initial data (n = 190, ε = 10−8) against the normalized runtime samples of Jacobi with uniform
eigenvalue initial data (same parameters).
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Figure 7.59: Combination of all the normalized Toda runtime histograms compared with a stan-
dard normal distribution with parameters µ = 0 and σ = 1.
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Figure 7.60: Combination of all the normalized Toda runtime histograms with GOE initial data
compared with all the runtime histograms with uniform doubly stochastic Jacobi initial data.



214

Figure 7.61: Combination of all the Toda runtime histograms with GOE initial data compared
with all the runtime histograms with Jacobi with uniform eigenvalues initial data.
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7.3 Empirical Results on the Deflation Position

In this section we present empirical results on the distribution of Iε(M0), where M0

is distributed according to various initial distributions. Recall that Iε is defined as

the subdiagonal index at which the first deflation occurs. If the matrix M0 is of

dimension n × n then the function Iε can take n − 1 different values. Based on the

array indexing scheme in Python these values range from zero to n − 2. Most of

the figures presented in this section show empirical histograms of the deflation index

position on a log scale in the vertical (y–)direction in order to get a better idea of

the speed of decay.

7.3.1 Deflation Position for the QR algorithm

We present typical results of our empirical study of the distribution of the deflation

position in the QR algorithm for the initial conditions that we have been considering

in the figures 7.62–7.65. It is remarkable that for all cases of initial conditions and

matrix sizes, the distribution of deflation indices seems to have essentially the same

properties: The deflations are concentrated at the lower end of the matrices and the

probability that the first deflation occurs at a given index seems to decay exponen-

tially with decreasing subdiagonal index. These properties are also independent of

the deflation tolerance. For our pictures, however, we have fixed ε = 10−8.
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Figure 7.62: Empirical deflation index distributions of QR algorithm for Hermite–1 initial data
with ε = 10−8 and matrix dimensions 70, 130, 190.
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Figure 7.63: Empirical deflation index distributions of QR algorithm for GOE initial data with
ε = 10−8 and matrix dimensions 70, 130, 190. We have centered the hit index distributions for better
visibility so that the peak at a0 (b0, c0) corresponds to the peak at a190 (b130), c70 respectively).
The subindices correspond to indices on the matrix subdiagonal. Note that the deflation index by
definition takes values from zero to n− 2.
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Figure 7.64: Empirical deflation index distributions of QR algorithm for iid Gaussian initial data
with ε = 10−8 and matrix dimensions 70, 130, 190. Hit index distributions are centered as in 7.63
with same meaning of ai, bi, ci.
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Figure 7.65: Empirical deflation index distributions of QR algorithm for Bernoulli matrix initial
data with ε = 10−8 and matrix dimensions 70, 130, 190. Hit index distributions are centered as in
7.63 with same meaning of ai, bi, ci.
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Figure 7.66: Empirical deflation index distributions of QR algorithm for uniform doubly stochastic
Jacobi matrix initial data with ε = 10−8 and matrix dimensions 70, 130, 190. Hit index distributions
are centered as in 7.63 with same meaning of ai, bi, ci.
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Figure 7.67: Empirical deflation index distributions of QR algorithm for Jacobi matrix with
uniform eigenvalues initial data with ε = 10−8 and matrix dimensions 70, 130, 190. Hit index
distributions are centered as in 7.63 with same meaning of ai, bi, ci.
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7.3.2 Deflation Position for the Toda algorithm

The figures 7.68 – 7.71 present the empirical results for the distribution of the de-

flation position when the Toda algorithm is applied to the four Wigner–type initial

distributions under discussion. Again, the shapes of these distributions are similar

accross various matrix dimensions, initial distributions (and even deflation toler-

ances, although here we only present plots for ε = 10−8): Deflations occur typically

close to the upper and lower end of the matrices – this is a first difference to the

deflation behavior of the QR algorithm. Note that for Hermite–1 initial data (figure

7.68) deflations seem to be more likely to occur at the top end of the matrix (small

subdiagonal indices) than at the bottom end. In the case of full symmetric matrix

ensembles the distribution seems to be more symmetric. Another difference lies in

the fact that deflations occur not only at the extreme positions of the subdiagonal

but also at positions towards the center. In contrast, we conclude from our study of

the QR algorithms that deflation at such ‘central’ positions is much more unlikely

in that case than in the Toda case.

The deflation positions for non Wigner–type initial matrices are represented in fig-

ures 7.72 and 7.73. We can clearly see the contrast in both cases to the Wigner–type

initial data. While in the case of uniform doubly stochastic Jacobi matrices defla-

tions seem to take place exclusively at the bottom of the matrix, the deflation events

are spread much more ‘uniformly’ across the subdiagonal indices for Jacobi matrices

with uniform eigenvalue initial data.

Lastly we conduct a pictorial analysis of the behavior of the runtime of the Toda al-

gorithm in the Wigner–type initial data case when conditioned on deflation occuring

towards the top or the bottom of the matrix. To do this we present scatter plots of

the deflation index against the runtime of the Toda algorithm for a large dimension

n and the deflation tolerance ε = 10−8, along with the corresponding (conditional
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run time histograms). First we consider Hermite–1 initial data (n = 170). In figure

7.74 we can see that in our experiments deflation occurs at the upper end (small

subdiagonal indices) of the matrix before it starts occuring at the lower end of the

matrix. This relationship can reverse for Hermite–1 initial data and larger tolerance

values (cf. figure 7.77). To underline this point we have included figures 7.75 and

7.76 (for ε = 10−8) as well as 7.78 and 7.79 (for ε = 10−2). For these figures we

first fixed a tolerance and then separated our We have centered the hit index distri-

butions for better visibility so that the peak at a0 (b0, c0) corresponds to the peak

at a190 (b130), c70 respectively). The subindices correspond to indices on the matrix

subdiagonal. Note that the deflation index by definition takes values from zero to

n − 2.samples according to whether the first deflation occured above or below the

middle of the matrix. For these groups we then computed the runtime histograms

separately.

This behavior is markedly different from the behavior of the Toda algorithm on full

symmetric matrices. For these matrices we present figure 7.80 as a representative

of their deflation/ runtime behavior: The effect that deflations at the lower end of

the matrix start occuring at earlier times than at the upper end is less pronounced

for full symmetric matrices. Overall the scatter plots look more ‘symmetric’ across

all our experiments with full symmetric matrices than for the ones with Hermite–1

initial data. This symmetry is also supported by conditional histograms 7.81 and

7.82, which were created as in the Jacobi matrix case.
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Figure 7.68: Empirical deflation index distributions of Toda algorithm for Hermite–1 initial data
with ε = 10−8 and matrix dimensions n = 70, 130, 190. Hit index distributions are centered as in
7.63 with same meaning of ai, bi, ci.
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Figure 7.69: Empirical deflation index distributions of Toda algorithm for GOE initial data with
ε = 10−8 and matrix dimensions n = 70, 130, 190. Hit index distributions are centered as in 7.63
with same meaning of ai, bi, ci.
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Figure 7.70: Empirical deflation index distributions of Toda algorithm for Wigner initial data
with ε = 10−8 and matrix dimensions n = 70, 130, 190. Hit index distributions are centered as in
7.63 with same meaning of ai, bi, ci.
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Figure 7.71: Empirical deflation index distributions of Toda algorithm for Bernoulli initial data
with ε = 10−8 and matrix dimensions n = 70, 130, 190. Hit index distributions are centered as in
7.63 with same meaning of ai, bi, ci.



228

Figure 7.72: Empirical deflation index distributions of Toda algorithm for uniform doubly stochas-
tic Jacobi initial data with ε = 10−8 and matrix dimensions n = 70, 130, 190. Hit index distributions
are centered as in 7.63 with same meaning of ai, bi, ci.
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Figure 7.73: Empirical deflation index distributions of Toda algorithm for Bernoulli initial data
with ε = 10−8 and matrix dimensions n = 50, 90, 130. Hit index distributions are centered as in
7.63 with same meaning of ai, bi, ci.



230

Figure 7.74: Scatter plot of deflation index Iε (on x–axis) agains Tε (on y–axis) for ε = 10−8 and
n = 190 with Hermite–1 initial data.
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Figure 7.75: ‘Conditional’ histogram of all the deflation time Tε samples where deflation occured
in the bottom half of the matrix ε = 10−8 and n = 190 with Hermite–1 initial data.
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Figure 7.76: ‘Conditional’ histogram of all the deflation time Tε samples where deflation occured
in the top half of the matrix ε = 10−8 and n = 190 with Hermite–1 initial data.
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Figure 7.77: Scatter plot of deflation index Iε (on x–axis) against Tε (on y–axis) for ε = 10−2

and n = 190 with Hermite–1 initial data.
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Figure 7.78: ‘Conditional’ histogram of all the deflation time Tε samples where deflation occured
in the bottom half of the matrix ε = 10−2 and n = 190 with Hermite–1 initial data.
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Figure 7.79: ‘Conditional’ histogram of all the deflation time Tε samples where deflation occured
in the top half of the matrix ε = 10−2 and n = 170 with Hermite–1 initial data.
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Figure 7.80: Scatter plot of deflation index Iε (on x–axis) agains Tε (on y–axis) for ε = 10−8 and
n = 190 with GOE initial data.
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Figure 7.81: ‘Conditional’ histogram of all the deflation time Tε samples where deflation occured
in the bottom half of the matrix ε = 10−8 and n = 190 with GOE initial data.
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Figure 7.82: ‘Conditional’ histogram of all the deflation time Tε samples where deflation occured
in the top half of the matrix ε = 10−8 and n = 190 with GOE initial data.
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7.3.3 Splitting the Atom

Divide and conquer is a time tested strategy in computer science for creating efficient

algorithms in many areas. This general technique has been shown to be useful in

solving dense eigenvalue problems in [4]: The idea is to find a procedure that reduces

a matrix in an isospectral fashion to a near block matrix and then to apply the same

procedure recursively to the blocks that were found in this way. It is interesting in this

context that we have found a Hamiltonian that can be used in the DLNT framework

which leads to a distribution of the deflation position that is concentrated around

the center of the matrix. This is very desirable, because the divide and conquer

strategy heuristically leads to the largest speed ups when the problem is divided into

subproblems of the same size. This Hamiltonian is given by:

H(L) := tr|L| (7.22)

ie. the sum of the absolute values of the eigenvalues of the Jacobi matrix L. This

implies by theorem 5.1 that the first row q of the eigenvector matrix evolves as

q(t) =
et·sign(Λ)q0

‖et·sign(Λ)q0‖
(7.23)

We can thus use the TodaExplicit implementation strategy from section 6.1 to test

our claim. We provide several figures to illuminate the properties of this algorithm:

Firstly, to illustrate our claim that the Hamiltonian 7.22 leads to deflations in the

middle of the matrix we ask to refer to figure 7.83. Here we provide plots of the

empirical deflation position distribution for deflation tolerance ε = 10−8 and three

different matrix sizes (n = 90, 130, 170) in one figure. It is apparent, that for each of

the dimensions n the deflation position concentrates around n/2 as claimed. Next,

we present runtime histograms for two different tolerance values: Figure 7.84 for ε =
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Table 7.9: Regression Parameters for the means and Standard deviations of the runtime distri-
bution corresponding to the ‘splitting the atom’ algorithm with Hermite–1 initial data

Statistic a0 a1 a2

Mean 0.6032 0.5411 -0.5045

b0 b1 b2

Standard deviation 1.854263 0.007012 0.033165

10−2 and figure 7.85 for ε = 10−8. Note that for the relatively large tolerance value

ε = 10−2 all of the matrix dimensions show a nontrivial ‘immediate’ deflation at the

very start of the algorithm, which does not occur for the more realistic tolerance ε =

10−8. For an explanation of this effect we refer to the discussion of the distribution of

the minimum of the subdiagonal entries of the Hermite–1 distribution in section 3.2.

The apparent regularity of this runtime behavior is also represented in the figures

7.86 and 7.87. The former (latter) figure shows the dependence of the empirical

runtime averages (standard deviations) on the deflation tolerance and the matrix

sizes. It is quite interesting that the dependence on the means seems perfectly linear

for fixed tolerance ε. This finding motivates us to estimate a linear regression of the

form

µn,ε ≈ a0 + a1n+ a2 log ε (7.24)

σn,ε ≈ b0 + b1n+ b2 log ε (7.25)

for values of ε < .01. The results of this regression can be found in table 7.9. In the

figure 7.87 the individual lines correspond the tolerance values ε = 10−k, k = 2, 4, 6, 8

from top to bottom. The irregular shape of the topmost graph is explained by the

‘residual’ early deflation for large tolerances that can be seen in the lower left corner

of figure 7.84. The difference in the graphs for the two smallest tolerances is too

small to be noticeable in the figure.
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Figure 7.83: Empirical distribution of deflation positions for Hermite–1 initial data under the
DLNT algorithm resulting from the Hamiltonian (7.22) on a log scale. Deflation tolerance was
chosen as ε = 10−8, matrix dimension n = 90, 130, 170 and we used 2000 samples for each dimension
to create this figure.
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Figure 7.84: Histogram of deflation times for Hermite–1 initial data under the DLNT algorithm
resulting from the Hamiltonian (7.22). Deflation tolerance was chosen as ε = 10−2, matrix dimen-
sion n = 90, 110, 130, 150, 170 and we used 2000 samples for each dimension to create this figure.
The dimensions correspond to the histograms in order from left to right. Note the ‘residual’ early
deflation at the lower left.
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Figure 7.85: Histogram of deflation times for Hermite–1 initial data under the DLNT algorithm
resulting from the Hamiltonian (7.22). Deflation tolerance was chosen as ε = 10−8, matrix dimen-
sion n = 90, 110, 130, 150, 170 and we used 2000 samples for each dimension to create this figure.
The dimensions correspond to the histograms in order from left to right. Note the absence of
‘residual’ early deflation.
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Figure 7.86: Means of the runtime histograms of the DLNT algorithm corresponding to equation
(7.22). Each line corresponds to one of the deflation tolerances (from bottom to top) ε = 10−k,
k = 2, 4, 6, 8. Dots correspond to regression predictions for ε < .01.
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Figure 7.87: Standard deviations of the runtime histograms of the DLNT algorithm corresponding
to equation (7.22). Each line corresponds to one of the deflation tolerances (from top to bottom)
ε = 10−k, k = 2, 4, 6, 8. The lines for the two smallest standard deviations overlap and the
comparatively large standard deviation corresponding to the tolerance ε = 10−2 is due to the
residual early deflation visible in 7.84. Dots correspond to regression predictions for ε < .01.
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7.4 Statistical Analysis of the Runtime Distribu-

tion Tails

In this section we go back to the figures of type 2 for the QR (figures 7.14, 7.15,

7.16, 7.17) and the Toda (figures 7.44, 7.45, 7.46, 7.47). Together with the combined

plots (figures 7.29 and 7.59) these figures have led us to the informal conclusion that

there is a univeral structure in the distribution of the runtime which depends on

the algorithm (cf. sections 7.2.1 and 7.2.2). In this section we will try to provide

statistical evidence underlining its validity. In particular we will provide evidence for

the claim that the right tails for the runtime distributions tend to Gaussian tails for

all distributions sampled from the Toda algorithm and to exponential tails for the

QR algorithm. Estimating the tails of empirical distributions and validating those

estimates is an often encountered problem in many areas of science. However, it is

not straightforward to approach the problem in a principled way. The reference [8]

provides a framework for approaching this estimation/ validation problem which we

adapt to our circumstances. In particular it is suggested to use a hypothesis testing

approach to analyze whether the observations are consistent with our tail–hypothesis

and to rule out competing hypotheses.

We now introduce two families of distributions each for the QR and the Toda runtime

distributions: In the QR case, we suspect that the data shows exponential right tails.

We will thus estimate the parameters of what we call the the cut off exponential as

well as the cut off gamma distribution

fλ,xmin
(x) = Z−1

f (λ, xmin) · e−λx · 1x>xmin
(x) (7.26)

γk,θ,xmin
(x) = Z−1

γ (k, θ, xmin)xk−1e−x/θ · 1x>xmin
(x) (7.27)
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using the data in the right tail of our data to see which of these families explains the

data more plausibly. We take a similar approach in the case of the Toda runtime

data. Our proposal distributions in this case will be the cut off Gaussian as well as

the cut off Weibull distribution with flexible tails:

ησ,xmin
(x) = Z−1

η (σ, xmin)e−
(x−xmin)2

2σ2 · 1x>xmin
(x) (7.28)

wk,λ,xmin
(x) = Z−1

w (k, λ, xmin)xk−1e−(x/λ)k · 1x>xmin
(x) (7.29)

Here the Z terms denote the necessary normalization constants. The following is a

summary of our adaptation of the procedure from [8] which we used to analyze the

goodness of fit of the respective runtime distributions with the proposed right tails:

1. By inspection, in particular of figures 7.29 and 7.59, we determine that for each

histogram the value xmin is set equal to the empirical mean of the corresponding

data set. Both figures indicate that the data to the right of this value seem to

align well with the respective decay hypotheses.

2. Next, compute numerically maximum likelihood estimates of the distribution

parameters using the runtime data, along with an estimate of the variance of

the estimates.

3. Compute a slightly modified Kolmogorov–Smirnov statistic KS∗ for the runtime

data D and its proposed distribution with the maximum likelihood parameters.

We denote the distribution function of the latter distribution by F and the

empirical distribution function derived from the right tail data by FD. In

particular:

KS∗ = sup
t>xmin

|FD(t)− F (t)| (7.30)
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4. Use a semiparametric approach to generate new data sets Di: Here data on

the left tail is (re–)sampled from the runtime data and data on the right tail

is sampled from the distribution with the proposed tail (ie. a Gaussian in

the case of Toda and a Gamma in the case of QR). Use the newly sampled

data to infer maximum likelihood estimates for the parameters of the relevant

distribution family, compute KS∗ for the given data set.

5. This procedure yields samples KS∗(Di) which we can compare to KS∗(D).

Intuitively, if enough of the Kolmogorov-Smirnov values generated from the

artificial data sets are larger than KS∗(D) from our actual runtime data, then

the right tail of the empirical distribution based on D is not atypically far away

from the proposed (Gaussian or exponential) tail. In [8] the authors suggest

to reject the hypothesis of a fit at the right tail, if the fraction of KS∗(Di) that

is larger than KS∗(D) is less than ten percent. We thus reject if ‘there is a

probability of one in ten or less that we would merely by chance get data that

agree as poorly with the model as the data we have’ [8, p. 677].

6. We then compare our models with respect to their goodness of fit with the

data. This will be already enough to choose between the two models for each

algorithm so that an additional likelihood ratio test is not necessary.

This strategy was implemented in the statistical computing language R [46]. Refer

to figure 7.88 for a pictorial summary of the validation procedure for an artificial

example created from sampling uniformly in the interval from −5 to 0 and sampling

from χ1. The mean and the standard deviation of the cutoff Gaussian distribution

model are estimated as the empirical mean of the data and the empirical standard

deviation of the data to the right of the empirical mean, amended by its reflection

to the left of the mean. Based on these parameters we can compute the modified

KS–statistic to the right of the data–mean. In the second row an artificial dataset
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is created (ticks on the x − −axis) by resampling from the part below the empir-

ical mean of the data set and sampling from the estimated ‘one–sided’ Gaussian

distribution to the right of the empirical mean. Now we reestimate the parameters

(mean and standard deviation) for this dataset and compute the respective modified

KS–statistic. Generating many artificial data sets allows for a comparison of the

artificial modified KS–statistics with the one derived from the real dataset and thus

the computation of an empirical p–value.

We summarize all the information arising from the statistical analysis in tables 7.10

to 7.17 (for QR runtimes on Wigner class initial data) as well as 7.18 to 7.25 (for Toda

runtimes on Wigner class initial data). In these tables we list the matrix dimension,

the deflation tolerance value and the number N of right tail samples on which the

estimates are based. Next we give the estimate itself along with a value Iκ for the

parameters κ. This is the coefficient of the inverse of the Hessian corresponding to

the second derivative of the likelihood function with respect to the parameter κ. The

inverse of the Hessian is an approximation to the Fisher information matrix, so that

Iκ/N is an approximation to the variance of the maximum likelihood estimator if

asymptotic normality were to hold for the current size of the data. We then present

the values of KS∗ as well as the ‘Monte–Carlo p–value’ that we determined by the

above description. Note that these tables omit the results for the runtime experi-

ments with deflation tolerance equal to .01. The runtime distributions in these cases

can show features very different from the ones at smaller deflation tolerances which

makes them less valuable for being fitted to the families we discussed.

It emerges from the summary tables that – as expected – the fit with our distribution

families increases with increasing dimension and decreasing deflation tolerance. In

all of the tables we are more likely to find higher KS p–values in the top section.

It turns out that the goodness of fit of individual runtime distributions is better for

the cutoff exponential model than for the cutoff gamma model in the case of QR
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runtimes and the goodness of fit for the cut off Gaussian distribution is much better

than the goodness of fit for the cutoff Weibull distribution. Note however, that ex-

cept for the cases of smallest deflation tolerance, we would typically reject even the

cutoff exponential model for the studied initial data. This situation is very different

from the cut off Gaussian model which can’t be rejected (with very high p–values)

under almost all regimes and which we thus consider a very robust model for the

right tails of our runtime data.
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Table 7.10: Summary of statistical results for QR runtime data of Hermite–1 initial matrices
under cutoff exponential model.

Dim. Tol. N Rate IRate KS∗ KS p-value
30 1.0E-08 1998 0.09 4.00E-06 0.02 0.46
50 1.0E-08 2098 0.09 4.00E-06 0.05 0.00
70 1.0E-08 2149 0.10 4.00E-06 0.06 0.00
90 1.0E-08 2054 0.09 4.00E-06 0.04 0.00
110 1.0E-08 2077 0.09 4.00E-06 0.03 0.04
130 1.0E-08 2049 0.09 4.00E-06 0.02 0.19
150 1.0E-08 2042 0.09 4.00E-06 0.03 0.10
170 1.0E-08 2008 0.09 4.00E-06 0.02 0.18
190 1.0E-08 2015 0.09 4.00E-06 0.02 0.25
30 1.0E-06 1996 0.11 7.00E-06 0.02 0.25
50 1.0E-06 2131 0.13 8.00E-06 0.09 0.00
70 1.0E-06 2199 0.13 8.00E-06 0.10 0.00
90 1.0E-06 2069 0.12 7.00E-06 0.07 0.00
110 1.0E-06 2101 0.13 8.00E-06 0.06 0.00
130 1.0E-06 2068 0.13 8.00E-06 0.04 0.02
150 1.0E-06 2060 0.12 8.00E-06 0.05 0.00
170 1.0E-06 2024 0.12 8.00E-06 0.03 0.09
190 1.0E-06 2046 0.13 8.00E-06 0.03 0.02
30 1.0E-04 1969 0.17 1.40E-05 0.03 0.03
50 1.0E-04 1881 0.17 1.50E-05 0.03 0.34
70 1.0E-04 1942 0.17 1.50E-05 0.04 0.10
90 1.0E-04 2150 0.19 1.70E-05 0.14 0.00
110 1.0E-04 2163 0.20 1.80E-05 0.11 0.00
130 1.0E-04 2107 0.19 1.80E-05 0.09 0.00
150 1.0E-04 2094 0.19 1.70E-05 0.10 0.00
170 1.0E-04 2084 0.19 1.80E-05 0.08 0.00
190 1.0E-04 2085 0.19 1.80E-05 0.08 0.00
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Table 7.11: Summary of statistical results for QR runtime data of Hermite–1 initial matrices
under cutoff gamma model.

Dim. Tol. N Shape Scale IShape IShape KS∗ KS p-value
30 1.0E-08 1998 3.90 6.01 1.89E-01 1.99E-01 0.04 0.37
50 1.0E-08 2098 2.19 7.89 1.51E-01 4.82E-01 0.06 0.00
70 1.0E-08 2149 1.82 8.43 1.47E-01 6.07E-01 0.06 0.00
90 1.0E-08 2054 2.32 7.79 1.51E-01 4.55E-01 0.04 0.00
110 1.0E-08 2077 3.52 6.06 1.84E-01 2.17E-01 0.05 0.00
130 1.0E-08 2049 3.32 6.27 1.78E-01 2.41E-01 0.04 0.03
150 1.0E-08 2042 2.83 6.93 1.66E-01 3.25E-01 0.04 0.01
170 1.0E-08 2008 3.95 5.69 1.91E-01 1.77E-01 0.05 0.03
190 1.0E-08 2015 3.54 6.07 1.81E-01 2.17E-01 0.04 0.13
30 1.0E-06 1996 3.67 4.76 1.81E-01 1.30E-01 0.04 0.03
50 1.0E-06 2131 1.42 7.05 1.34E-01 4.69E-01 0.09 0.00
70 1.0E-06 2199 0.96 7.76 1.29E-01 6.57E-01 0.10 0.00
90 1.0E-06 2069 1.82 6.56 1.39E-01 3.64E-01 0.07 0.00
110 1.0E-06 2101 2.99 4.97 1.73E-01 1.62E-01 0.07 0.00
130 1.0E-06 2068 2.81 5.16 1.66E-01 1.81E-01 0.05 0.00
150 1.0E-06 2060 2.40 5.64 1.56E-01 2.36E-01 0.06 0.00
170 1.0E-06 2024 3.66 4.44 1.85E-01 1.14E-01 0.05 0.00
190 1.0E-06 2046 2.88 5.07 1.67E-01 1.72E-01 0.05 0.00
30 1.0E-04 1969 3.25 3.54 1.68E-01 7.72E-02 0.05 0.00
50 1.0E-04 1881 4.37 2.89 1.95E-01 4.29E-02 0.07 0.16
70 1.0E-04 1942 4.04 2.99 1.92E-01 4.88E-02 0.07 0.09
90 1.0E-04 2150 0.42 6.25 1.12E-01 5.14E-01 0.14 0.00
110 1.0E-04 2163 1.74 4.18 1.50E-01 1.54E-01 0.11 0.00
130 1.0E-04 2107 1.90 4.10 1.48E-01 1.42E-01 0.09 0.00
150 1.0E-04 2094 1.50 4.58 1.35E-01 1.95E-01 0.11 0.00
170 1.0E-04 2084 2.24 3.79 1.55E-01 1.12E-01 0.09 0.00
190 1.0E-04 2085 1.96 4.02 1.49E-01 1.35E-01 0.09 0.00
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Table 7.12: Summary of statistical results for QR runtime data of GOE initial matrices under
cutoff exponential model.

Dim. Tol. N Rate IRate KS∗ KS p-value
30 1.0E-08 2131 0.09 4.00E-06 0.05 0.00
50 1.0E-08 2153 0.09 4.00E-06 0.06 0.00
70 1.0E-08 2003 0.08 4.00E-06 0.03 0.35
90 1.0E-08 2159 0.09 4.00E-06 0.06 0.00
110 1.0E-08 2154 0.09 4.00E-06 0.06 0.00
130 1.0E-08 2119 0.09 4.00E-06 0.06 0.00
150 1.0E-08 2003 0.08 4.00E-06 0.02 0.36
170 1.0E-08 2019 0.08 3.00E-06 0.02 0.36
190 1.0E-08 2054 0.09 4.00E-06 0.04 0.00
30 1.0E-06 2007 0.11 6.00E-06 0.03 0.16
50 1.0E-06 2036 0.11 6.00E-06 0.02 0.17
70 1.0E-06 2015 0.11 6.00E-06 0.02 0.19
90 1.0E-06 2030 0.11 6.00E-06 0.02 0.37
110 1.0E-06 2023 0.11 6.00E-06 0.02 0.17
130 1.0E-06 1988 0.11 6.00E-06 0.02 0.18
150 1.0E-06 2007 0.11 6.00E-06 0.02 0.17
170 1.0E-06 2042 0.11 6.00E-06 0.02 0.41
190 1.0E-06 1933 0.11 6.00E-06 0.03 0.44
30 1.0E-04 2023 0.15 1.20E-05 0.04 0.02
50 1.0E-04 2068 0.16 1.20E-05 0.05 0.00
70 1.0E-04 2050 0.15 1.20E-05 0.05 0.01
90 1.0E-04 2073 0.16 1.20E-05 0.05 0.00
110 1.0E-04 2062 0.16 1.20E-05 0.05 0.00
130 1.0E-04 2023 0.16 1.20E-05 0.04 0.00
150 1.0E-04 2026 0.15 1.20E-05 0.05 0.00
170 1.0E-04 2079 0.15 1.20E-05 0.06 0.00
190 1.0E-04 1968 0.15 1.20E-05 0.03 0.03
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Table 7.13: Summary of statistical results for QR runtime data of GOE initial matrices under
cutoff gamma model.

Dim. Tol. N Shape Scale IShape IShape KS∗ KS p-value
30 1.0E-08 2131 2.81 7.28 1.68E-01 3.58E-01 0.06 0.00
50 1.0E-08 2153 2.62 7.48 1.69E-01 3.97E-01 0.06 0.00
70 1.0E-08 2003 4.97 5.32 2.19E-01 1.33E-01 0.04 0.36
90 1.0E-08 2159 2.66 7.41 1.69E-01 3.86E-01 0.06 0.00
110 1.0E-08 2154 2.10 8.23 1.59E-01 5.49E-01 0.06 0.00
130 1.0E-08 2119 2.41 7.80 1.64E-01 4.58E-01 0.06 0.00
150 1.0E-08 2003 4.29 5.90 1.99E-01 1.81E-01 0.03 0.46
170 1.0E-08 2019 4.34 5.89 1.99E-01 1.77E-01 0.04 0.24
190 1.0E-08 2054 3.42 6.54 1.85E-01 2.61E-01 0.04 0.00
30 1.0E-06 2007 4.56 4.36 2.04E-01 9.37E-02 0.04 0.11
50 1.0E-06 2036 4.18 4.57 2.00E-01 1.11E-01 0.04 0.08
70 1.0E-06 2015 4.44 4.45 2.03E-01 1.00E-01 0.04 0.03
90 1.0E-06 2030 4.56 4.32 2.09E-01 9.30E-02 0.05 0.04
110 1.0E-06 2023 3.92 4.74 1.97E-01 1.26E-01 0.04 0.05
130 1.0E-06 1988 4.26 4.52 2.04E-01 1.08E-01 0.04 0.14
150 1.0E-06 2007 3.98 4.81 1.90E-01 1.25E-01 0.04 0.00
170 1.0E-06 2042 3.70 5.04 1.82E-01 1.43E-01 0.04 0.00
190 1.0E-06 1933 5.09 4.05 2.19E-01 7.64E-02 0.04 0.48
30 1.0E-04 2023 3.91 3.41 1.87E-01 6.34E-02 0.06 0.00
50 1.0E-04 2068 3.17 3.83 1.73E-01 9.21E-02 0.07 0.00
70 1.0E-04 2050 3.44 3.70 1.77E-01 8.11E-02 0.06 0.00
90 1.0E-04 2073 3.53 3.60 1.81E-01 7.57E-02 0.06 0.00
110 1.0E-04 2062 2.98 3.92 1.74E-01 1.02E-01 0.06 0.00
130 1.0E-04 2023 3.28 3.75 1.78E-01 8.79E-02 0.06 0.00
150 1.0E-04 2026 3.28 3.84 1.71E-01 8.99E-02 0.06 0.00
170 1.0E-04 2079 2.66 4.30 1.56E-01 1.26E-01 0.06 0.00
190 1.0E-04 1968 4.05 3.35 1.90E-01 6.02E-02 0.06 0.00
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Table 7.14: Summary of statistical results for QR runtime data of Wigner initial matrices under
cutoff exponential model.

Dim. Tol. N Rate IRate KS∗ KS p-value
30 1.0E-08 2114 0.09 4.00E-06 0.06 0.00
50 1.0E-08 2131 0.09 4.00E-06 0.06 0.00
70 1.0E-08 2120 0.09 4.00E-06 0.06 0.00
90 1.0E-08 2131 0.09 4.00E-06 0.06 0.00
110 1.0E-08 2098 0.09 4.00E-06 0.05 0.00
130 1.0E-08 2168 0.09 4.00E-06 0.07 0.00
150 1.0E-08 1996 0.08 3.00E-06 0.03 0.12
170 1.0E-08 2007 0.08 4.00E-06 0.03 0.34
190 1.0E-08 2095 0.09 4.00E-06 0.05 0.00
30 1.0E-06 1992 0.11 6.00E-06 0.03 0.08
50 1.0E-06 2011 0.11 6.00E-06 0.03 0.11
70 1.0E-06 1993 0.11 6.00E-06 0.02 0.19
90 1.0E-06 2005 0.11 6.00E-06 0.02 0.32
110 1.0E-06 1974 0.11 6.00E-06 0.03 0.23
130 1.0E-06 2027 0.11 6.00E-06 0.03 0.07
150 1.0E-06 2030 0.11 6.00E-06 0.03 0.06
170 1.0E-06 2024 0.11 6.00E-06 0.02 0.16
190 1.0E-06 1968 0.11 6.00E-06 0.02 0.37
30 1.0E-04 2025 0.16 1.20E-05 0.05 0.00
50 1.0E-04 2042 0.16 1.20E-05 0.04 0.01
70 1.0E-04 2016 0.15 1.20E-05 0.04 0.01
90 1.0E-04 2036 0.15 1.20E-05 0.04 0.01
110 1.0E-04 2001 0.15 1.10E-05 0.04 0.02
130 1.0E-04 2052 0.16 1.20E-05 0.05 0.01
150 1.0E-04 2050 0.15 1.20E-05 0.07 0.00
170 1.0E-04 2063 0.16 1.20E-05 0.05 0.00
190 1.0E-04 1996 0.15 1.20E-05 0.04 0.00
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Table 7.15: Summary of statistical results for QR runtime data of Wigner initial matrices under
cutoff gamma model.

Dim. Tol. N Shape Scale IShape IShape KS∗ KS p-value
30 1.0E-08 2114 2.88 7.14 1.76E-01 3.47E-01 0.06 0.00
50 1.0E-08 2131 3.10 6.87 1.80E-01 3.05E-01 0.06 0.00
70 1.0E-08 2120 2.30 8.13 1.54E-01 4.98E-01 0.06 0.00
90 1.0E-08 2131 2.31 8.11 1.54E-01 4.92E-01 0.06 0.00
110 1.0E-08 2098 2.83 7.43 1.61E-01 3.64E-01 0.05 0.00
130 1.0E-08 2168 1.90 8.74 1.49E-01 6.37E-01 0.07 0.00
150 1.0E-08 1996 4.55 5.71 2.07E-01 1.63E-01 0.03 0.25
170 1.0E-08 2007 4.58 5.61 2.11E-01 1.57E-01 0.04 0.33
190 1.0E-08 2095 2.09 8.45 1.52E-01 5.72E-01 0.05 0.00
30 1.0E-06 1992 4.75 4.22 2.15E-01 8.71E-02 0.04 0.04
50 1.0E-06 2011 4.87 4.15 2.17E-01 8.22E-02 0.05 0.07
70 1.0E-06 1993 3.99 4.80 1.88E-01 1.24E-01 0.05 0.13
90 1.0E-06 2005 3.93 4.84 1.86E-01 1.27E-01 0.05 0.12
110 1.0E-06 1974 4.42 4.55 1.93E-01 1.02E-01 0.05 0.16
130 1.0E-06 2027 3.62 5.07 1.82E-01 1.48E-01 0.04 0.04
150 1.0E-06 2030 3.66 5.06 1.84E-01 1.47E-01 0.04 0.01
170 1.0E-06 2024 3.98 4.76 1.94E-01 1.24E-01 0.04 0.00
190 1.0E-06 1968 3.62 5.09 1.81E-01 1.51E-01 0.05 0.30
30 1.0E-04 2025 3.83 3.43 1.90E-01 6.60E-02 0.06 0.00
50 1.0E-04 2042 3.90 3.38 1.91E-01 6.32E-02 0.06 0.00
70 1.0E-04 2016 3.38 3.75 1.72E-01 8.40E-02 0.06 0.00
90 1.0E-04 2036 3.15 3.91 1.66E-01 9.47E-02 0.05 0.00
110 1.0E-04 2001 3.44 3.77 1.68E-01 8.25E-02 0.06 0.00
130 1.0E-04 2052 2.74 4.22 1.59E-01 1.20E-01 0.06 0.00
150 1.0E-04 2050 2.67 4.31 1.58E-01 1.28E-01 0.08 0.00
170 1.0E-04 2063 2.90 4.05 1.67E-01 1.09E-01 0.06 0.00
190 1.0E-04 1996 2.85 4.15 1.59E-01 1.15E-01 0.06 0.00



257

Table 7.16: Summary of statistical results for QR runtime data of Bernoulli initial matrices under
cutoff exponential model.

Dim. Tol. N Rate IRate KS∗ KS p-value
30 1.0E-08 2153 0.09 4.00E-06 0.06 0.00
50 1.0E-08 2116 0.09 4.00E-06 0.04 0.01
70 1.0E-08 2136 0.09 4.00E-06 0.05 0.00
90 1.0E-08 2171 0.09 4.00E-06 0.06 0.00
110 1.0E-08 2176 0.09 4.00E-06 0.08 0.00
130 1.0E-08 2008 0.08 3.00E-06 0.02 0.48
150 1.0E-08 2148 0.09 4.00E-06 0.05 0.00
170 1.0E-08 2165 0.09 4.00E-06 0.06 0.00
190 1.0E-08 2051 0.09 4.00E-06 0.03 0.22
30 1.0E-06 2014 0.11 6.00E-06 0.03 0.10
50 1.0E-06 2176 0.12 7.00E-06 0.09 0.00
70 1.0E-06 2003 0.11 6.00E-06 0.03 0.34
90 1.0E-06 2068 0.11 6.00E-06 0.03 0.03
110 1.0E-06 2027 0.11 6.00E-06 0.03 0.12
130 1.0E-06 2025 0.11 6.00E-06 0.03 0.01
150 1.0E-06 2027 0.11 6.00E-06 0.03 0.24
170 1.0E-06 2029 0.11 6.00E-06 0.03 0.11
190 1.0E-06 2057 0.11 6.00E-06 0.03 0.02
30 1.0E-04 2048 0.16 1.20E-05 0.04 0.01
50 1.0E-04 2006 0.16 1.20E-05 0.03 0.06
70 1.0E-04 2030 0.15 1.20E-05 0.03 0.02
90 1.0E-04 2111 0.16 1.20E-05 0.05 0.00
110 1.0E-04 2063 0.16 1.20E-05 0.05 0.00
130 1.0E-04 2061 0.15 1.20E-05 0.07 0.00
150 1.0E-04 2062 0.16 1.20E-05 0.04 0.00
170 1.0E-04 2048 0.16 1.20E-05 0.05 0.00
190 1.0E-04 2089 0.16 1.20E-05 0.06 0.00
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Table 7.17: Summary of statistical results for QR runtime data of Bernoulli initial matrices under
cutoff gamma model.

Dim. Tol. N Shape Scale IextShape IextShape KS∗ KS p-value
30 1.0E-08 2153 2.88 7.12 1.73E-01 3.39E-01 0.06 0.00
50 1.0E-08 2116 3.03 6.79 1.82E-01 3.07E-01 0.05 0.00
70 1.0E-08 2136 2.68 7.44 1.65E-01 3.83E-01 0.05 0.00
90 1.0E-08 2171 2.88 7.08 1.76E-01 3.38E-01 0.06 0.00
110 1.0E-08 2176 2.37 7.80 1.64E-01 4.57E-01 0.08 0.00
130 1.0E-08 2008 3.45 6.84 1.77E-01 2.79E-01 0.04 0.15
150 1.0E-08 2148 2.60 7.42 1.71E-01 3.97E-01 0.05 0.00
170 1.0E-08 2165 2.12 8.26 1.56E-01 5.41E-01 0.06 0.00
190 1.0E-08 2051 5.15 5.11 2.31E-01 1.21E-01 0.04 0.13
30 1.0E-06 2014 5.09 4.02 2.20E-01 7.42E-02 0.04 0.16
50 1.0E-06 2176 1.96 6.41 1.57E-01 3.44E-01 0.09 0.00
70 1.0E-06 2003 4.39 4.48 1.99E-01 1.01E-01 0.05 0.25
90 1.0E-06 2068 4.48 4.33 2.09E-01 9.48E-02 0.05 0.04
110 1.0E-06 2027 4.54 4.34 2.09E-01 9.46E-02 0.05 0.05
130 1.0E-06 2025 2.96 5.77 1.65E-01 2.17E-01 0.05 0.00
150 1.0E-06 2027 4.29 4.44 2.06E-01 1.04E-01 0.05 0.27
170 1.0E-06 2029 3.80 4.88 1.88E-01 1.34E-01 0.04 0.07
190 1.0E-06 2057 4.78 4.17 2.20E-01 8.45E-02 0.04 0.01
30 1.0E-04 2048 4.09 3.28 1.94E-01 5.72E-02 0.06 0.00
50 1.0E-04 2006 4.25 3.16 2.03E-01 5.27E-02 0.07 0.00
70 1.0E-04 2030 3.60 3.60 1.77E-01 7.40E-02 0.06 0.00
90 1.0E-04 2111 3.54 3.55 1.85E-01 7.37E-02 0.06 0.00
110 1.0E-04 2063 3.68 3.51 1.86E-01 7.03E-02 0.06 0.00
130 1.0E-04 2061 2.13 4.84 1.44E-01 1.82E-01 0.08 0.00
150 1.0E-04 2062 3.31 3.68 1.81E-01 8.37E-02 0.06 0.00
170 1.0E-04 2048 2.86 4.11 1.62E-01 1.12E-01 0.06 0.00
190 1.0E-04 2089 3.80 3.41 1.95E-01 6.59E-02 0.07 0.00
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Table 7.18: Summary of statistical results for Toda runtime data of Hermite–1 initial matrices
under cutoff Gaussian model.

Dim. Tol. N σ Iσ KS∗ KS p-value
30 1.0E-08 2502 2.75 1.52E-03 0.02 0.63
50 1.0E-08 2570 3.20 1.99E-03 0.03 0.00
70 1.0E-08 2484 3.60 2.61E-03 0.01 0.89
90 1.0E-08 2489 3.85 2.98E-03 0.02 0.42
110 1.0E-08 2504 4.08 3.32E-03 0.02 0.09
130 1.0E-08 2487 4.23 3.60E-03 0.02 0.22
150 1.0E-08 2512 4.44 3.92E-03 0.01 0.91
170 1.0E-08 2503 4.60 4.22E-03 0.02 0.10
190 1.0E-08 2474 4.79 4.64E-03 0.02 0.30
30 1.0E-06 2504 2.27 1.03E-03 0.02 0.25
50 1.0E-06 2519 2.67 1.42E-03 0.03 0.07
70 1.0E-06 2457 3.01 1.84E-03 0.01 0.96
90 1.0E-06 2495 3.17 2.02E-03 0.02 0.44
110 1.0E-06 2448 3.40 2.36E-03 0.02 0.57
130 1.0E-06 2428 3.53 2.56E-03 0.02 0.56
150 1.0E-06 2428 3.68 2.79E-03 0.02 0.63
170 1.0E-06 2448 3.81 2.97E-03 0.02 0.72
190 1.0E-06 2451 3.90 3.11E-03 0.02 0.06
30 1.0E-04 2554 1.77 6.14E-04 0.06 0.00
50 1.0E-04 2505 2.08 8.67E-04 0.05 0.00
70 1.0E-04 2415 2.34 1.13E-03 0.02 0.31
90 1.0E-04 2406 2.47 1.27E-03 0.02 0.44
110 1.0E-04 2420 2.58 1.38E-03 0.03 0.01
130 1.0E-04 2347 2.69 1.54E-03 0.02 0.67
150 1.0E-04 2413 2.71 1.53E-03 0.03 0.14
170 1.0E-04 2446 2.82 1.62E-03 0.02 0.13
190 1.0E-04 2441 2.85 1.67E-03 0.03 0.04
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Table 7.19: Summary of statistical results for Toda runtime data of Hermite–1 initial matrices
under cutoff Weibull model.

Dim. Tol. N Shape Scale IShape IShape KS∗ KS p-value
30 1.0E-08 2502 4.62 12.70 3.13E-02 2.34E-02 0.03 0.11
50 1.0E-08 2570 3.92 13.65 2.92E-02 5.57E-02 0.03 0.00
70 1.0E-08 2484 4.31 15.39 2.82E-02 4.08E-02 0.02 0.09
90 1.0E-08 2489 4.13 16.11 2.64E-02 5.10E-02 0.02 0.02
110 1.0E-08 2504 4.26 17.07 2.69E-02 4.91E-02 0.02 0.02
130 1.0E-08 2487 4.09 17.35 2.57E-02 5.94E-02 0.02 0.05
150 1.0E-08 2512 3.91 17.61 2.46E-02 7.19E-02 0.02 0.08
170 1.0E-08 2503 3.88 18.13 2.44E-02 7.72E-02 0.02 0.08
190 1.0E-08 2474 3.69 18.40 2.45E-02 1.02E-01 0.02 0.01
30 1.0E-06 2504 4.52 10.04 2.89E-02 1.43E-02 0.03 0.05
50 1.0E-06 2519 3.91 10.90 2.66E-02 3.09E-02 0.03 0.02
70 1.0E-06 2457 4.12 12.09 2.57E-02 2.66E-02 0.02 0.14
90 1.0E-06 2495 3.77 12.34 2.38E-02 4.03E-02 0.02 0.11
110 1.0E-06 2448 3.88 13.11 2.40E-02 3.89E-02 0.02 0.13
130 1.0E-06 2428 3.89 13.53 2.33E-02 3.88E-02 0.02 0.08
150 1.0E-06 2428 3.78 13.77 2.29E-02 4.53E-02 0.02 0.13
170 1.0E-06 2448 3.64 13.99 2.21E-02 5.41E-02 0.02 0.12
190 1.0E-06 2451 3.35 13.87 2.22E-02 8.15E-02 0.02 0.03
30 1.0E-04 2554 4.03 7.07 2.53E-02 1.01E-02 0.06 0.00
50 1.0E-04 2505 3.33 7.44 2.22E-02 2.41E-02 0.05 0.00
70 1.0E-04 2415 3.70 8.44 2.18E-02 1.72E-02 0.03 0.02
90 1.0E-04 2406 3.40 8.57 2.03E-02 2.51E-02 0.03 0.04
110 1.0E-04 2420 3.05 8.46 1.98E-02 4.09E-02 0.03 0.00
130 1.0E-04 2347 3.40 9.17 1.97E-02 2.73E-02 0.02 0.27
150 1.0E-04 2413 3.24 9.11 1.99E-02 3.50E-02 0.03 0.02
170 1.0E-04 2446 3.18 9.32 1.90E-02 3.77E-02 0.02 0.02
190 1.0E-04 2441 3.03 9.27 1.89E-02 4.86E-02 0.02 0.02
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Table 7.20: Summary of statistical results for Toda runtime data of GOE initial matrices under
cutoff Gaussian model.

Dim. Tol. N σ Iσ KS∗ KS p-value
30 1.0E-08 1774 2.35 1.56E-03 0.04 0.02
50 1.0E-08 1009 2.81 3.91E-03 0.04 0.15
70 1.0E-08 1732 3.02 2.63E-03 0.02 0.71
90 1.0E-08 1726 3.28 3.12E-03 0.02 0.59
110 1.0E-08 501 3.46 1.20E-02 0.05 0.14
130 1.0E-08 2238 3.51 2.75E-03 0.02 0.42
150 1.0E-08 1207 3.81 6.03E-03 0.03 0.26
170 1.0E-08 1247 3.83 5.90E-03 0.02 0.89
190 1.0E-08 489 4.04 1.67E-02 0.03 0.80
30 1.0E-06 1794 1.81 9.13E-04 0.05 0.00
50 1.0E-06 977 2.22 2.52E-03 0.02 0.85
70 1.0E-06 1697 2.38 1.67E-03 0.02 0.70
90 1.0E-06 1707 2.59 1.97E-03 0.02 0.53
110 1.0E-06 486 2.76 7.82E-03 0.02 0.95
130 1.0E-06 2227 2.75 1.70E-03 0.02 0.53
150 1.0E-06 1226 2.96 3.58E-03 0.01 0.98
170 1.0E-06 1242 3.01 3.65E-03 0.01 0.97
190 1.0E-06 493 3.14 9.99E-03 0.03 0.57
30 1.0E-04 1812 1.28 4.51E-04 0.08 0.00
50 1.0E-04 962 1.60 1.34E-03 0.02 0.87
70 1.0E-04 1734 1.69 8.19E-04 0.03 0.10
90 1.0E-04 1717 1.88 1.03E-03 0.04 0.02
110 1.0E-04 482 2.00 4.15E-03 0.03 0.64
130 1.0E-04 2187 2.01 9.21E-04 0.02 0.71
150 1.0E-04 1245 2.12 1.80E-03 0.03 0.18
170 1.0E-04 1251 2.17 1.88E-03 0.02 0.46
190 1.0E-04 485 2.26 5.28E-03 0.03 0.62
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Table 7.21: Summary of statistical results for Toda runtime data of GOE initial matrices under
cutoff Weibull model.

Dim. Tol. N Shape Scale IShape IShape KS∗ KS p-value
30 1.0E-08 1774 4.56 11.91 5.68E-02 4.54E-02 0.04 0.00
50 1.0E-08 1009 4.49 13.49 8.96E-02 9.25E-02 0.04 0.00
70 1.0E-08 1732 4.75 14.87 5.23E-02 5.03E-02 0.03 0.07
90 1.0E-08 1726 4.01 14.98 4.81E-02 1.06E-01 0.02 0.37
110 1.0E-08 501 3.28 14.23 1.53E-01 8.31E-01 0.04 0.09
130 1.0E-08 2238 4.12 16.29 3.77E-02 8.75E-02 0.02 0.14
150 1.0E-08 1207 4.63 17.80 6.66E-02 9.75E-02 0.01 0.72
170 1.0E-08 1247 4.05 17.26 6.51E-02 1.78E-01 0.02 0.24
190 1.0E-08 489 4.19 17.99 1.58E-01 3.81E-01 0.02 0.64
30 1.0E-06 1794 4.44 9.14 5.70E-02 3.10E-02 0.05 0.00
50 1.0E-06 977 4.93 10.88 8.95E-02 3.73E-02 0.03 0.27
70 1.0E-06 1697 4.98 11.81 5.13E-02 2.44E-02 0.03 0.22
90 1.0E-06 1707 4.06 11.79 4.76E-02 6.10E-02 0.02 0.18
110 1.0E-06 486 3.76 11.98 1.53E-01 2.94E-01 0.02 0.64
130 1.0E-06 2227 4.22 12.86 3.81E-02 4.86E-02 0.02 0.09
150 1.0E-06 1226 4.31 13.57 6.48E-02 7.93E-02 0.02 0.36
170 1.0E-06 1242 4.07 13.54 6.39E-02 1.05E-01 0.02 0.26
190 1.0E-06 493 4.18 14.01 1.63E-01 2.44E-01 0.04 0.07
30 1.0E-04 1812 4.05 6.27 5.55E-02 2.28E-02 0.08 0.00
50 1.0E-04 962 4.92 7.80 8.60E-02 1.85E-02 0.04 0.42
70 1.0E-04 1734 4.71 8.29 5.00E-02 1.57E-02 0.03 0.00
90 1.0E-04 1717 3.83 8.29 4.66E-02 3.91E-02 0.04 0.00
110 1.0E-04 482 3.95 8.83 1.51E-01 1.21E-01 0.03 0.09
130 1.0E-04 2187 4.41 9.44 3.81E-02 2.07E-02 0.02 0.33
150 1.0E-04 1245 4.06 9.52 6.47E-02 5.28E-02 0.03 0.00
170 1.0E-04 1251 3.81 9.49 6.16E-02 6.91E-02 0.02 0.10
190 1.0E-04 485 4.53 10.37 1.68E-01 9.11E-02 0.03 0.50
30 1.0E-02 1788 3.93 3.70 5.20E-02 8.48E-03 0.09 0.00
50 1.0E-02 1055 3.61 4.09 8.55E-02 2.48E-02 0.11 0.00
70 1.0E-02 1760 4.30 4.86 4.89E-02 8.12E-03 0.06 0.00
90 1.0E-02 1700 3.86 5.05 4.43E-02 1.31E-02 0.04 0.00
110 1.0E-02 499 3.90 5.26 1.63E-01 5.01E-02 0.06 0.00
130 1.0E-02 2202 4.16 5.64 3.58E-02 9.26E-03 0.03 0.03
150 1.0E-02 1278 3.65 5.53 6.16E-02 2.91E-02 0.05 0.01
170 1.0E-02 1242 3.91 5.84 6.25E-02 2.32E-02 0.05 0.00
190 1.0E-02 499 4.07 6.10 1.54E-01 4.99E-02 0.04 0.04
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Table 7.22: Summary of statistical results for Toda runtime data of Wigner initial matrices under
cutoff Gaussian model.

Dim. Tol. N σ Iσ KS∗ KS p-value
30 1.0E-08 2002 2.49 1.55E-03 0.03 0.13
50 1.0E-08 989 2.84 4.07E-03 0.03 0.46
70 1.0E-08 1749 3.12 2.79E-03 0.03 0.18
90 1.0E-08 1720 3.34 3.25E-03 0.02 0.56
110 1.0E-08 1216 3.49 5.01E-03 0.03 0.20
130 1.0E-08 2484 3.56 2.56E-03 0.01 0.95
150 1.0E-08 1216 3.62 5.39E-03 0.01 1.00
170 1.0E-08 1253 3.73 5.56E-03 0.02 0.47
190 1.0E-08 737 3.86 1.01E-02 0.03 0.51
30 1.0E-06 2051 1.91 8.93E-04 0.05 0.00
50 1.0E-06 996 2.21 2.45E-03 0.04 0.06
70 1.0E-06 1727 2.45 1.74E-03 0.02 0.38
90 1.0E-06 1729 2.60 1.96E-03 0.02 0.25
110 1.0E-06 1228 2.70 2.96E-03 0.03 0.22
130 1.0E-06 2474 2.79 1.57E-03 0.01 0.87
150 1.0E-06 1199 2.85 3.38E-03 0.02 0.93
170 1.0E-06 1265 2.91 3.34E-03 0.04 0.04
190 1.0E-06 742 3.02 6.16E-03 0.03 0.68
30 1.0E-04 1921 1.41 5.18E-04 0.03 0.29
50 1.0E-04 1004 1.59 1.27E-03 0.05 0.00
70 1.0E-04 1741 1.76 8.90E-04 0.05 0.01
90 1.0E-04 1737 1.88 1.02E-03 0.03 0.04
110 1.0E-04 1222 1.94 1.53E-03 0.03 0.40
130 1.0E-04 2447 2.02 8.38E-04 0.02 0.56
150 1.0E-04 1232 2.02 1.67E-03 0.03 0.22
170 1.0E-04 1253 2.11 1.78E-03 0.02 0.42
190 1.0E-04 738 2.19 3.27E-03 0.02 0.90
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Table 7.23: Summary of statistical results for Toda runtime data of Wigner initial matrices under
cutoff Weibull model.

Dim. Tol. N Shape Scale IShape IShape KS∗ KS p-value
30 1.0E-08 2002 4.62 12.56 4.68E-02 3.83E-02 0.03 0.01
50 1.0E-08 989 4.54 13.96 9.25E-02 9.96E-02 0.03 0.04
70 1.0E-08 1749 4.26 14.72 4.88E-02 7.80E-02 0.03 0.01
90 1.0E-08 1720 4.42 15.76 5.09E-02 7.60E-02 0.03 0.01
110 1.0E-08 1216 4.09 15.93 6.98E-02 1.57E-01 0.03 0.01
130 1.0E-08 2484 4.26 16.72 3.34E-02 6.88E-02 0.02 0.05
150 1.0E-08 1216 4.09 16.70 6.75E-02 1.70E-01 0.01 0.93
170 1.0E-08 1253 4.08 17.28 6.90E-02 1.90E-01 0.02 0.07
190 1.0E-08 737 3.73 16.99 1.07E-01 4.39E-01 0.02 0.29
30 1.0E-06 2051 4.21 9.40 4.64E-02 3.44E-02 0.05 0.00
50 1.0E-06 996 4.38 10.73 9.23E-02 7.02E-02 0.04 0.00
70 1.0E-06 1727 4.48 11.70 4.94E-02 3.85E-02 0.02 0.04
90 1.0E-06 1729 4.31 12.19 5.05E-02 5.11E-02 0.03 0.03
110 1.0E-06 1228 4.04 12.32 6.94E-02 1.01E-01 0.03 0.03
130 1.0E-06 2474 4.28 13.10 3.36E-02 4.14E-02 0.02 0.03
150 1.0E-06 1199 4.40 13.44 6.75E-02 7.59E-02 0.02 0.43
170 1.0E-06 1265 3.97 13.36 6.91E-02 1.29E-01 0.03 0.00
190 1.0E-06 742 3.70 13.25 1.07E-01 2.74E-01 0.02 0.52
30 1.0E-04 1921 5.01 7.18 4.57E-02 8.05E-03 0.05 0.11
50 1.0E-04 1004 4.17 7.55 9.23E-02 4.38E-02 0.05 0.00
70 1.0E-04 1741 4.20 8.19 4.91E-02 2.60E-02 0.05 0.00
90 1.0E-04 1737 4.10 8.60 4.95E-02 3.20E-02 0.03 0.01
110 1.0E-04 1222 4.16 8.95 6.91E-02 4.54E-02 0.03 0.16
130 1.0E-04 2447 4.31 9.47 3.40E-02 2.09E-02 0.02 0.10
150 1.0E-04 1232 4.13 9.41 6.73E-02 5.14E-02 0.03 0.02
170 1.0E-04 1253 4.09 9.77 6.76E-02 5.82E-02 0.02 0.12
190 1.0E-04 738 3.90 9.78 1.05E-01 1.13E-01 0.02 0.66
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Table 7.24: Summary of statistical results for Toda runtime data of Bernoulli initial matrices
under cutoff Gaussian model.

Dim. Tol. N σ Iσ KS∗ KS p-value
30 1.0E-08 2543 2.41 1.14E-03 0.04 0.00
50 1.0E-08 2479 2.85 1.64E-03 0.03 0.60
70 1.0E-08 2471 3.20 2.07E-03 0.02 0.29
90 1.0E-08 2519 3.24 2.09E-03 0.01 0.75
110 1.0E-08 2490 3.48 2.44E-03 0.01 0.97
130 1.0E-08 2445 3.67 2.76E-03 0.01 0.74
150 1.0E-08 2511 3.69 2.72E-03 0.01 0.93
170 1.0E-08 1239 3.71 5.55E-03 0.02 0.82
190 1.0E-08 760 3.92 1.01E-02 0.04 0.25
30 1.0E-06 2486 1.90 7.23E-04 0.03 0.01
50 1.0E-06 2519 2.20 9.65E-04 0.02 0.22
70 1.0E-06 2455 2.51 1.28E-03 0.02 0.31
90 1.0E-06 2525 2.54 1.27E-03 0.02 0.09
110 1.0E-06 2508 2.71 1.46E-03 0.02 0.45
130 1.0E-06 2452 2.88 1.69E-03 0.02 0.23
150 1.0E-06 2512 2.89 1.67E-03 0.01 0.87
170 1.0E-06 1235 2.90 3.40E-03 0.02 0.90
190 1.0E-06 760 3.08 6.26E-03 0.05 0.05
30 1.0E-04 2609 1.32 3.36E-04 0.09 0.00
50 1.0E-04 2565 1.57 4.82E-04 0.05 0.00
70 1.0E-04 2398 1.84 7.03E-04 0.01 0.77
90 1.0E-04 2497 1.84 6.79E-04 0.02 0.24
110 1.0E-04 2531 1.95 7.52E-04 0.04 0.00
130 1.0E-04 2450 2.08 8.85E-04 0.03 0.06
150 1.0E-04 2490 2.09 8.81E-04 0.02 0.50
170 1.0E-04 1248 2.09 1.75E-03 0.03 0.13
190 1.0E-04 748 2.27 3.45E-03 0.03 0.54
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Table 7.25: Summary of statistical results for Toda runtime data of Bernoulli initial matrices
under cutoff Weibull model.

Dim. Tol. N Shape Scale IShape IShape KS∗ KS p-value
30 1.0E-08 2543 4.20 12.40 4.26E-02 5.91E-02 0.04 0.00
50 1.0E-08 2479 5.28 15.00 3.98E-02 2.41E-02 0.03 0.17
70 1.0E-08 2471 4.40 15.38 3.61E-02 5.45E-02 0.02 0.01
90 1.0E-08 2519 4.60 16.19 3.73E-02 5.14E-02 0.02 0.14
110 1.0E-08 2490 4.50 16.80 3.59E-02 5.72E-02 0.02 0.06
130 1.0E-08 2445 4.12 16.93 3.41E-02 8.45E-02 0.02 0.03
150 1.0E-08 2511 4.32 17.57 3.45E-02 7.41E-02 0.02 0.19
170 1.0E-08 1239 4.17 17.52 7.09E-02 1.82E-01 0.02 0.55
190 1.0E-08 760 4.49 18.71 1.17E-01 2.29E-01 0.03 0.06
30 1.0E-06 2486 4.53 9.94 4.24E-02 2.57E-02 0.04 0.00
50 1.0E-06 2519 5.04 11.49 3.96E-02 1.78E-02 0.02 0.03
70 1.0E-06 2455 4.46 12.06 3.63E-02 3.11E-02 0.03 0.03
90 1.0E-06 2525 4.50 12.55 3.69E-02 3.40E-02 0.02 0.04
110 1.0E-06 2508 4.34 12.94 3.55E-02 4.03E-02 0.02 0.06
130 1.0E-06 2452 3.93 12.98 3.37E-02 6.22E-02 0.02 0.21
150 1.0E-06 2512 4.24 13.65 3.44E-02 4.86E-02 0.02 0.09
170 1.0E-06 1235 4.24 13.77 7.09E-02 1.04E-01 0.02 0.27
190 1.0E-06 760 4.55 14.72 1.17E-01 1.33E-01 0.05 0.00
30 1.0E-04 2609 3.84 6.56 4.19E-02 2.57E-02 0.09 0.00
50 1.0E-04 2565 4.63 7.98 3.91E-02 1.29E-02 0.05 0.00
70 1.0E-04 2398 4.65 8.82 3.59E-02 1.30E-02 0.03 0.18
90 1.0E-04 2497 4.59 9.09 3.64E-02 1.57E-02 0.03 0.05
110 1.0E-04 2531 4.04 9.04 3.48E-02 2.76E-02 0.04 0.00
130 1.0E-04 2450 3.88 9.29 3.35E-02 3.34E-02 0.03 0.12
150 1.0E-04 2490 4.31 9.89 3.45E-02 2.36E-02 0.02 0.13
170 1.0E-04 1248 4.07 9.75 7.14E-02 6.43E-02 0.03 0.00
190 1.0E-04 748 4.56 10.69 1.10E-01 6.40E-02 0.02 0.69
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Figure 7.88: Pictorial representation of the statistical validation methodology. The upper row
shows the estimation of the ‘cutoff Gaussian’ parameters from the data set. The lower row shows
a resampled data set used to generate a KS–statistic sample for the p–value computation.



Chapter Eight

Conclusion and Future Work
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Here we first summarize the information we gained from the numerical simu-

lations in the foregoing chapter.

After that we prove a theorem about the behavior of the inverse spectral map

for Jacobi matrices using bidiagonal coordinates and outline some ideas for

further research.

8.1 Summary of the Numerical Results and Open

Questions

The main results of this thesis are found in chapter 7. There we present interesting

numerical observations regarding the behavior of the QR and the Toda algorithms

on random initial data. Our data support the following statements:

• For initial data with spectral distribution converging to a Wigner semicircle

limit the ‘normalized’ runtime distributions of the QR as well as the ‘normal-

ized’ runtime distributions of the Toda algorithm are universal. Here normal-

ized means that the histograms were shifted and scaled to exhibit mean zero

and variance one.

• The runtime distributions of the QR algorithm in the case of Wigner–type

initial data show exponential right tails, the runtime distribution of the Toda

algorithm for these initial distribution shows Gaussian right tails.

• In the case of the QR runtime distributions for Wigner–type initial data, the

means and standard deviations are very insensitive to the matrix dimension

and they increase linearly in the negative log of the deflation tolerance.
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• The same is not true for the Toda algorithm as in this case both means and

standard deviations increase monotonously in the matrix dimension.

• Choosing initial data not of Wigner–type leads to different behavior both of

the means and standard deviations. In addition non Wigner–type runtime

histograms show a worse overlap with Wigner–type runtime histograms than

when comparing Wigner–type runtime histograms with each other. In the

case of the Toda algorithm, the shapes of the runtime histograms are visibly

different in the Wigner and non Wigner–type cases.

• The QR algorithm, for a wide range of initial distributions has the strong

tendency to deflate at the bottom of the matrix, whereas the Toda algorithm

tends to deflate at both ends. With increasing matrix size deflation at the top

end seems to become more likely in the case of Hermite–1 distributed Jacobi

matrices.

• We were able to design an algorithm, that tends to split random matrices of

Wigner type in the middle. Its runtime distributions have low variance and

the means seem to depend linearly on log ε and n.

It would be very interesting to conduct further numerical study of the above algo-

rithms on other types of initial data. One ensemble that suggests itself for further

study is the Wishart ensemble or a tridiagonalized variant of it.
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8.2 Future Work

8.2.1 The Geometry of the Inverse Spectral Map near the

Boundary

Recently a new parametrization, the so called bidiagonal coordinates, of tridiagonal

matrices was found with favorable properties as compared to the standard spectral

map [38]. We will use this parametrization to derive estimates for the standard

spectral map. In short, there is a smooth and bijective map ψ between Jacobi

matrices and bidiagonal matrices (with inverse φ). To define these maps, consider a

bidiagonal matrix

B =



λ1 0 · · · 0

β1 λ2
. . . 0

...
. . . . . .

...

0 · · · βn−1 λn


(8.1)

and set

L = (mij)1≤ij≤n


0 i < j

1 i = j∏i−1
k=1

βk
λπ(i)−λπ(k)

i > j

(8.2)

along with Λ = diag(λ), then T = φ(B) = Q[L]TΛQ[L] is the inverse chart and

B = ψ(T ) = L−1ΛL, where T = QΛQT , is the parametrization. Here Q(A) is the

unique orthogonal matrix in the QR decomposition of A (see section 2.1).

We now fix the following notation: Let w = QT e1 and choose a permutation π such
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that wπ(1) ≥ · · · ≥ wπ(n). Let

M(λ) = (mij)1≤ij≤n =


0 i < j

1 i = j∏j−1
k=1

λπ(i)−λπ(k)

λπ(j)−λπ(k)
i > j

(8.3)

and define D(wπ) = diag(wπ), W = D(wπ)M(λπ), where λπ = (λπ(1), . . . , λπ(n)). We

can use the equation

βπi =

∣∣(λπ(i+1) − λπ(1)) · · · (λπ(i+1) − λπ(i)

∣∣∣∣(λπ(i) − λπ(1)) · · · (λπ(i) − λπ(i−1)

∣∣ wπ(i+1)

wπ(i)

(8.4)

from [38] to show that

L = D(wπ)M(λπ)D(wπ)−1 (8.5)

and as a consequence we obtain that Q[L] = Q[W ]. It is this equality along with

the iterative Gram–Schmidt procedure that we’ll use to show the following theorem:

Theorem 1. Let Q = Q[W ], then the entries follow have the following asymptotics:

qij =


O(wπ(j)/wπ(i)) i < j

O(1) i = j

O(wπ(i)/wπ(j)) i > j

(8.6)

In particular, it follows that the k–th subdiagonal entry in T satisfies the estimate:

bk = O(wπ(k+1)/wπ(k))

Proof. We prove the first statement by induction on j. We denote the columns of

a matrix A by a(j). Then the claim holds for j = 1, because w(1) = wπ. In the

Gram–Schmidt procedure we have q(1) = q̃(1) = wπ and, because of the fact that
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1 ≥ wπ(1)2 ≥ 1/n we have that q
(1)
j = O(q

(1)
j /q

(1)
1 ).

Now assume that the statement is true for all the columns from j = 1 to j = k − 1.

Then by Gram–Schmidt:

q̃
(k)
i = w

(k)
i − 〈q(1), w(k)〉q(1)

i − · · · − 〈q(k−1), w(k)〉q(k−1)
i (8.7)

Due to the lower triangular structure of W we have

〈q(j), w(k)〉 =
n∑
l=k

mlk(λ)q
(j)
l wπ(l) =

n∑
l=k

mlk(λ)O(wπ(l)/wπ(j))wπ(l) =

= O(w2
π(k)/wπ(j)) (8.8)

So we obtain:

q̃
(k)
i = w

(k)
i −

∑
l<i∧k

〈q(l), w(k)〉q(l)
i − 1i<k

(
〈q(i), w(k)〉q(i)

i +
∑
i<l<k

〈q(l), w(k)〉q(l)
i

)
(8.9)

Note that for each individual term in the first sum we have the equation

〈q(l), w(k)〉q(l)
i = O

(
w2
π(k)

wπ(l)

·
wπ(i)

wπ(l)

)
= O

(
w2
π(k)

wπ(l)

·
wπ(i)

wπ(i−1)

)
=

= O

(
w2
π(k)

wπ(i−1)

)
= O

(
w2
π(k)

wπ(i)

)
(8.10)

where the last equality holds because of wπ(l) > wπ(i). For the term between the two

summations we have 〈q(i), w(k)〉q(i)
i = O(w2

π(k)/w
2
π(i)) and for the individual terms in

the last sum we have that

〈q(l), w(k)〉q(l)
i = O

(
w2
π(k)

wπ(l)

·
wπ(l)

wπ(i)

)
= O

(
w2
π(k)

wπ(i)

)
(8.11)
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Summarizing:

q̃
(k)
i =


O
(
w2
π(k)/wπ(i)

)
i < k

wπ(k) −O
(
w2
π(k)/wπ(k−1)

)
i = k

mik(λ)wπ(i) −O
(
w2
π(k)/wπ(i)

)
i < k

(8.12)

This last equation implies that
∥∥q̃(k)

∥∥ /wπ(k) is bounded away from zero and, in

particular:

q
(k)
i =

q̃(k)

‖q̃(k)‖
=


O(wπ(k)/wπ(i)) k > i

O(1) k = i

O(wπ(i)/wπ(k)) k < i

(8.13)

as claimed in the statement of the theorem. The claim about the k–th subdiagonal

entry follows because of the fact that bk =
∑n

j=1 λjq
(k)
j q

(k+1)
j

This theorem predicts the block structure of the matrix Q based on the structure

of the first row of Q. It gives us, in turn, an idea of the behavior of the inverse

spectral map close to the boundary of the positive orthant of the sphere, because

it allows us to predict the structure of the tridiagonal matrix resulting from a first

row w close to this boundary: For example, in order for the matrix T to deflate

at the k–th subdiagonal index and at no other position, we require two ‘blocks’ of

coefficients in w, where the entries in each block are roughly of the same magnitude,

but the difference in magnitudes between the two blocks is of order ε. Similarly we

can give qualitative conditions for the matrix T to deflate at two or more different

subdiagonal positions.

We have thought about going the opposite way: Perturb a reduced (=block) Jacobi

matrix so that it becomes unreduced and estimate the effect on the offdiagonal blocks

of the eigenvector matrix. We believe that a theorem that proves this effect to be
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of order ε is well within reach and we think that we can prove even finer estimates

concerning perturbation of a multiply reduced Jacobi matrix at all its deflation

indices.

8.2.2 Explaining the Deflation Behavior in the Jacobi case

One of the interesting numerical observations is the distinct behavior of the deflation

index distribution in the case of Toda, QR and the algorithm which splits the matrix

in the middle.

The understanding we are beginning to develop of the structure of the inverse spectral

map for Jacobi matrices implies that

• for the QR algorithm with Hermite–1 initial data the evolution of q(t), the

first row of the eigenvector matrix, is such that with high probability a small

number of coefficients becomes very small as compared to the rest.

• for the Toda algorithm with Hermite–1 initial data q(t) two scenarios are highly

likely: Either a small number of coefficients becomes very small compared to

the rest as in the QR case, or a small number of coefficients becomes very large

very quickly (compared to the rest). Recall the perceived asymmetry of the

hitting index distributions: We believe that this asymmetry can be explained

by concentration of measure on the positive orthant of the sphere. This orthant

has most mass close to the vertices, but according to our theorem in section

8.2.1 points close to the vertices correspond to Jacobi matrices ‘nearly deflated’

at the top.

• for the ‘splitting the atom algorithm’ the result in section 8.2.1 implies that q(t)

is highly likely to separate into two groups of coefficients, each group roughly of
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the same size so that within the groups the coefficients are roughly of the same

size whereas one group of coefficients is much smaller relative to the other.

Each of these three behaviors can intuitively be explained based on the Hermite–1

initial distribution and the explicit solution

q(t) =
exp{tG(Λ)}q0

‖ exp{tG(Λ)}q0‖
(8.14)

where G is associated with the respective flow:

• in the QR case q(t) evolves according to the above formula where G = log.

Clearly, the coefficients of q which correspond to eigenvectors of small eigen-

values closest in absolute value to zero will become small much quicker than

the other eigenvalues.

• in the Toda case we have G = id. In this case both the coefficients of q

corresponding to largest and the smallest eigenvalues are the ones that are

most likely to separate from the others in scale.

• in the case of G = sign, the splitting the atom case, clearly all coefficients

corresponding to positive eigenvalues decay with the same speed, as do the

ones corresponding to negative eigenvalues. These two groups are roughly of

the same size and they separate with exponential speed as t becomes large.

Let πt denote a the permutation that orders q(t) by decreasing size and let

maxgap q(t) = max
1≤i≤n−1

qπt(i)
qπt(i+1)

(8.15)

argmaxgap q(t) = arg max
1≤i≤n−1

qπt(i)
qπt(i+1)

(8.16)
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denote For the further study of this problem we believe it would be interesting to

investigate properties of the quantity

pε(t, k) := P
(
argmaxgap q(t) = k,maxgap q(t) ≥ ε−1,∀s < t : maxgap q(s) < ε−1

)
(8.17)

which describes the probability that t was the first time at which the group of largest

coefficients was separated from the group of smallest coefficients by a factor of ε and

that the size of the group of larger coefficients was exactly k. Of course pε(t, k)

could be studied for different initial conditions and different Hamiltonians trĜ, but

a setting that suggests itself would be G = sign with q0 distributed uniformly on

the positive sphere orthant as well as λ iid uniform in [−2
√
n, 2
√
n]. An instances

of this setting is given in figure 8.1 (splitting the atom), figure 8.2 (Toda) and figure

8.3 (QR).
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Figure 8.1: Evolution of the spectral coordinate q under the ‘splitting the atom’ regime. q0 is
distributed uniformly on the positive orthant of the sphere Sn−1 and λ is distributed iid uniform
in [−2

√
n, 2
√
n], where n = 90.
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Figure 8.2: Evolution of the spectral coordinate q under the Toda flow. q0 is distributed uniformly
on the positive orthant of the sphere Sn−1 and λ is distributed iid uniform in [−2

√
n, 2
√
n], where

n = 90.
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Figure 8.3: Evolution of the absolute value of the spectral coordinate q under the QR flow. q0 is
distributed uniformly on the positive orthant of the sphere Sn−1 and λ is distributed iid uniform
in [−2

√
n, 2
√
n], where n = 90.
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Proof of Proposition 3.3

Proof. First we’ll evaluate the uniform measure on the sphere. Let u ∈ Rn be a

point on Sn−1. Then we are looking for a constant f ≡ f(u).

f ·
∫

Sn−1

dA(u) = f

∫ π

0

· · ·
∫ 2π

0

[Jac(φ)] (θ1, . . . , θn−1) dθ1 . . . dθn−1

where φ are the standard spherical coordinates (cf. [32], pp. 326):

φ : R+ × [0, π]n−2 × [0, 2π]→ Sn−1

φ : (r, θ1, . . . , θn−1) 7→



r cos θ1

r sin θ1 cos θ2

· · ·

r sin θ1 · · · sin θn−2 cos θn−1

r sin θ1 · · · sin θn−2 sin θn−1


Its Jacobian is given as:

Jac(φ) = | detDφ| = rn−1

n−2∏
j=1

sinn−1−j(θj)

Clearly f = κn−1 (the surface area of the n–dimensional sphere) and the density that

the uniform distribution on Sn−1 induces on (θ1, . . . , θn−1) ∈ [0, π]n−2 × [0, 2π] (via

φinv) is given by

f(θ1, . . . , θn−1) = κ−1
n−1 ·

n−2∏
j=1

sinn−1−j(θj)
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Consider now the pushforward of this density under

ψ : [0, π]n−2 × [0, 2π]→ Σn−1

ψ :



θ1

θ2

...

θn−1


7→



cos2 θ1

sin2 θ1 cos2 θ2

...∏N−2
j=1 sin2(θj) cos2(θn−1)


where Σk is the probability simplex for k + 1 different possible outcomes. Let us

restrict ψ to ψ|[0,π/2]n−1 (corresponding to the intersection of the unit sphere with the

positive quadrant of Rn. Clearly there are overall 2n quadrants). Due to symmetry

considerations the density on the restricted set is equal to 2n times the original

density.

Let us evaluate the Jacobian of ψ. Clearly the Jacobi matrix is lower triangular, so

it suffices to compute the entries on the diagonal:

∂µi
∂θi

= −2 cos(θi) sin(θi)
i−1∏
j=1

sin2(θj) (A.1)

Thus

Jac(ψ) = 2n−1

n−2∏
j=1

[
sin2(θj)

]n−1−j
n−1∏
j=1

cos(θj)
n−1∏
j=1

sin(θj)

The density of the pushforward onto the simplex will be given by:

2nκ−1
n1

[Jac(φ)](θ1, . . . , θn−1)dθ1 . . . dθn−1 =

2nκ−1
n1

[Jac(φ)](θ1(µ1, . . . , µn−1), . . . , θn−1(µ1, . . . , µn−1))

[Jac(ψinv)](µ1, . . . , µn−1)dµ1 . . . dµn−1 =
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Since

Jac(ψinv) = [Jac−1(ψ)](θ1(µ1, . . . , µn−1), . . . , θn−1(µ1, . . . , µn−1)) (A.2)

we have:

[Jac(φ)](θ1(µ1, . . . , µn−1), . . . , θn−1(µ1, . . . , µn−1))[Jac(ψinv)](µ1, . . . , µn−1) =

=

[
2n−1

n−1∏
j=1

sinn−j(θj(µ))
n−1∏
j=1

cos(θj(µ))

]−1

The following is quite easy to prove:

θi = arccos

√
µi

1−
∑i−1

j=1 µi

cos(θi) =

√
µi

1−
∑i−1

j=1 µi

sin(θi) =

√
1− µi

1−
∑i−1

j=1 µi

We now compute:

n−1∏
j=1

sinn−j(θj(µ))
n−1∏
j=1

cos(θj(µ)) =

=
n−1∏
i=1

√1− µi

1−
∑i−1

j=1 µi

n−i n−1∏
j=1

√
µj

1−
∑j−1

m=1 µm
=

=
√

1− µ1

n−1
n−1∏
i=2

√1− µi

1−
∑i−1

j=1 µi

n−i √
µ1, . . . , µn−1∏n−1

j=2

√
1−

∑j−1
m=1 µm

=

=
√

1− µ1

n−2
n−1∏
i=2

√1− µi

1−
∑i−1

j=1 µi

n−i √
µ1, . . . , µn−1∏n−1

j=3

√
1−

∑j−1
m=1 µm

=
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=
√

1− µ1 − µ2

n−2
n−1∏
i=3

√1− µi

1−
∑i−1

j=1 µi

n−i √
µ1, . . . , µn−1∏n−1

j=3

√
1−

∑j−1
m=1 µm

=

=
√

1− µ1 − µ2

n−3
n−1∏
i=3

√1− µi

1−
∑i−1

j=1 µi

n−i √
µ1, . . . , µn−1∏n−1

j=4

√
1−

∑j−1
m=1 µm

=

=

√√√√1−
l∑

k=1

µk

n−(l+1)
n−1∏
i=l+1

√1− µi

1−
∑i−1

j=1 µi

n−i √
µ1, . . . , µn−1∏n−1

j=l+2

√
1−

∑j−1
m=1 µm

=

l=n−1
=
√
µ1, . . . , µn−1 ·

√√√√1−
n−1∑
k=1

µk

So that overall we obtain the distribution

P(dµ1, . . . , dµ−1) = 2κ−1
n−1µ

− 1
2

1 · · ·µ
− 1

2
n−1 ·

(
1−

n−1∑
j=1

µj

)− 1
2

dµ1 · · · dµn−1

Note that 2κ−1
n−1 =

Γ(n2 )
πn/2

=
Γ(n2 )
Γn( 1

2)
. Thus, what we obtain is exactly the Dirichlet

distribution with parameters α = (1
2
, . . . , 1

2
).

Proof. A simpler computation of this using the Gaussian distribution. We know that

∫
Rn
e−|x|

2/2dx = (2π)n/2 (A.3)

By converting this integral to spherical coordinates we obtain:

(2π)n/2 = κn

∫ ∞
0

e−r
2/2rn−1dr

s=r2/2
= κn

∫ ∞
0

e−s
√

2s
n−1 ds√

2s
=

=
√

2
n−2

κnΓ
(n

2

)
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So that κn = 2πn/2

Γ(n2 )
. Now let’s compute the pushforward: Clearly

(2π)n/2 =

∫
Rn
e−|y|

2/2dy = 2n
∫ ∞

0

· · ·
∫ ∞

0

e−|y|
2/2dy

Now substitute xi = y2
i to obtain

(2π)n/2 =

∫ ∞
0

· · ·
∫ ∞

0

e−
1
2

Pn
j=1 xj

n∏
j=1

x
−1/2
j dxj (A.4)

Apply one last transform of the form xi = pis for 1 ≤ i ≤ n − 1 and s =
∑n

j=1 xj.

The Jacobi matrix of the transformation φ : (p, s) 7→ x is given by:



s · · · 0 p1

...
. . .

...
...

0 · · · s pn−1

−s · · · −s 1−
∑n−1

j=1 pj



the last row holds because xn = s
(

1−
∑n−1

j=1 pj

)
. Overall we obtain Jac(φ) = sn−1

(by adding the initial n − 1 rows to the last row), which after being put together

with (A.4) yields:

(2π)n/2 =

∫ ∞
0

∫
Pn
j=1 pj=1

e−s/2sn/2−1

(
1−

n−1∑
j=1

pj

)−1/2 n−1∏
j=1

p
−1/2
j dpds (A.5)

where pn = 1−
∑n

j=1 pj. This means that overall (by integrating out the s direction)

I obtain the Dirichlet (1/2, . . . , 1/2)–distribution for s = 1 as claimed.
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Additional Figures
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Figure B.1: QQ plot of the normalized runtime of the QR algorithm on GOE initial data of
dimension n = 190 and deflation tolerance ε = 10−k against the corresponding data for the Toda
algorithm on uniform double stochastic Jacobi initial data.
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Figure B.2: Combination of all the QR runtime histograms for GOE initial data and all the Toda
runtime histograms for uniform doubly stochastic Jacobi initial data.
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