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Abstract of “State-space Models and Gaussian Processes in Paleoceanography and Paleoclimatology”, by
Taehee Lee, Ph.D., Brown University, May 2020.

For the recent decades, statistical (machine) learning and Bayesian modelling have emerged as popular
frameworks for various fields of area, regardless of academy or industry. The statistical learning theory has
many applicable branches that include state-space models and the Gaussian process. State-space models are
designed to deal with latent series under the Markov assumption. The hidden Markov model is applied for
the case that each hidden state is defined on a finite set, whereas the Kalman filter, particle filter and
Markov-chain Monte Carlo algorithms can treat the continuous cases. The Gaussian process gives a
nonparametric prior on the functions. Its flexibility allows various applications including the regression,

classification, state-space models and dimensionality reduction.

Paleoceanography and paleoclimatology are the fields of geoscience that discover the past ocean and
climate events from the relevant preserved physical characteristics, proxies, as well as their ages.
Interdisciplinary research encompassing physics, chemistry and biology has investigated the relationship
between ocean and climate events and proxies, and more recently statistical learning is also making
progresses. The scarce and agnostic characteristics of data need particular modelling that are more

dependent on the data than certain parametric structures.

In this thesis, three applications of the state-space models and Gaussian process to the field of
paleoceanography and paleoclimatology are presented. Dual proxy stack construction algorithm addresses
the age assignments problem with the radiocarbon (**C) and benthic §'30 proxies by adopting a state-space
model and the Gaussian process regression. The heteroscedastic Gaussian process regression constructs
nonparametric calibration models of alkenone and TEXss proxies for restoring past sea surface
temperatures and a novel multimodal Gaussian process regression model is also considered. Two state-
space models are applied for reconstructing past atmospheric CO, pressures with the boron isotope and
benthic §'30 proxies: one is a parametric state-space model based on the particle smoother and the other is
a nonparametric Gaussian process state-space model. Our study certifies the effectiveness of giving
correlation to the hidden states and considering nonparametric data-driven models in paleoceanography and

paleoclimatology.
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Introduction

Since the dawn of the era of big data, statistical learning (machine learning) has been indispens-
able to any areas involved with large datasets thus played a crucial role in the innovation and ad-
vancement by taking advantage of the fast computer breakthroughs and Bayesian methodologies.
As an example, computational biology has shown a remarkable progress in efficiently processing
high-throughput data over the past few decades. Computer vision, speech recognition, compu-
tational linguistics, robotics, bioinformatics, and marketing are the other good examples.
Geoscience is not an exception. Various subfields including geophysics are actively adopting
machine learning tools to analyze the relevant data, such as seismic waves, streamflow, and geo-

magnetic data. Paleoceanography and paleoclimatology to infer ancient events from proxies are



also depending much on statistical learning a lot in interpreting data. This dissertation aims at

broadening such research with state-space models and Gaussian process applications.

1.1 PALEOCEANOGRAPHY AND PALEOCLIMATOLOGY

Geoscience is a branch of science that addresses the physical and chemical constitution of the
Earth and its atmosphere. It consists of the following four studies: lithosphere, hydrosphere, at-
mosphere and biosphere. Paleoclimatology studies various types of environmental evidence to
understand the past climate of Earth. Scientists utilize the relevant recorders to infer past condi-
tions: such records are called proxies. Such studies have figured out that the Earth’s climate sys-
tem can shift between extremely different states abruptly and examined the causes of past climate
changes to unravel how much the recent climate changes can be explained by natural causes and

human influences. Paleoceanography is the same sort of studies but related more to the oceans.

I.1.I AGE INFERENCE PROBLEMS

To reconstruct the past oceanic and climate events, one firstly needs to obtain their age informa-
tion. The problem is that ages are also not measurable as well. In the field of geochronology, age
inference is dependent on the proxies, just as the oceanic and climate events.

Age proxies are classified into two categories. Firstly, direct age proxies are allowing to date
records for themselves. For example, 4C determinations are assumed to follow the models based
on radiocarbon ages, and such radiocarbon ages are translated into calendar ages by calibration
curves [Reimer etal. (2013); Hogg et al. (2013)], thus one can access calendar ages via '*C proxies.
We call ages inferred by direct age proxies direct ages. Utilizing direct age proxies is dependent on
their relationship with ages. If one wants to infer the ages of a sediment core, then the inference
is also relevant to the relationship between ages and the associated layer depths.

Direct age proxies are often limited in quantity in each record and only available up to certain
age ranges, thus we need complementary methods. Indirect age proxies are the global climate

parameters (e.g., benthic 9"*O) that can be utilized as reference for aligning records which have



Figure 1.1: An example of how the indirect proxy is utilized for the age inference. Here, five sediment cores are aligned based
on their fossil records.

direct proxies. Once records are aligned, direct ages at each record are shared with the others.
Figure 1.1 shows an example. Utilizing indirect age proxies can be thus understood as the multiple
sequence alignment problem. The dynamic time warping (DTW) [Munich & Perona (1999)] is
not sufficient to address this problem because it does not exclude the extreme alignments based on
thelayer depths and the level of sedimentation rates. Also, pairwise alignment cannot be extended
straightforwardly to the multiple sequence alignment because it does not guarantee consistency
of the alignments and the time complexity is quadratic of the number of sequences.

Both direct and indirect age proxies can be utilized in the Bayesian framework. The likelihood
is consisting of the proxy models given ages, while the prior on ages reflects the prior knowledge
from the relationship between ages and secondary information, such as layer depths and sedi-
mentation rates. From the likelihood and prior, one can derive the posterior distribution of ages
by the Bayes’ theorem. One can simultaneously use the multiple kinds of age proxies straightfor-
wardly from their proxy models if they are conditionally independent given ages. We will further

discuss about this topic in chapter 2.

I1.I.2 RECONSTRUCTION PROBLEMS

Paleoceanography and paleoclimatology investigate the ocean events and past climate, respec-

tively. We have no way of measuring them directly. Instead, the inference can be done by the



proxy methods that utilize the causality or correlation between some particular preserved physi-
cal characteristics and those events. There are various types of proxies.

Mountain glaciers and the polar ice caps and sheets are good sources for the data. The trapped
air is a source for direct measurement of the composition of air. Changes in the layering thick-
ness are connected to those in precipitation or temperature. M0 in ice layers represent changes
in average sea surface temperature. Sediments contain remnants of preserved vegetation, animals,
plankton, or pollen that characterize certain climate zones. Biomarker molecules, chemical sig-
nature and isotopic ratios carry further information. Coral rings respond to water temperature,
freshwater influx, pH changes and wave action.

Climate and ocean events are highly correlated one another. Proxies could be correlated with
multiple events. Statistical inference on them without assuming the underlying theory would
be unreliable, especially if only a small amount of data is given. Instead, the theory gives a set
of equations that represent the relationships: for example, [Dickson (2010)] characterizes the
ocean carbon system with several equilibrium equations. Deriving the explicit calibration model
for the climate events to infer given proxies is done by solving the system of those equations. If
itis hard to derive such an explicit model, sample-based methods by Markov-chain Monte Carlo
algorithm can be considered to be an alternative.

If such a theory is unavailable, then the data-driven methods would be the second-best choice.
Here, to avoid overfitting that comes from the curse of dimensionality, either simple parametric
models or nonparametric methods applied on only one or two kinds of proxies and events are
considered. For example, [Epstein et al. (1953)] formulates the relationship between ice volumes
and 0"®Oasa quadratic extrapolation. Though this approach would seem to be limited and igno-
rant of the other events and proxies at first glance, it gives another way of utilizing multiple proxies
by adopting those models as observation distributions in the framework of Bayesian inference.

In either case, the proxy methods depend on the present-day environmental conditions to
make statements about past conditions, which is called “uniformitarianism principle” [Scott

(1963)]. If the relationships can be explained theoretically based on the fields of physics and/or



chemistry, then itis not too much a stretch to assume it; if the proxies are involved with biological
processes, however, then nonstationary issues that stem from the evolution can be problematic.
Each proxy has its own span and resolution that characterize its availability: for example, the *C
proxy is limited up to SO kiloyears and tends to have a low resolution in a record.

This dissertation also contributes to the reconstruction of sea surface temperatures (chapter 3)
with alkenone and TEXg¢ proxies and atmospheric CO, concentrations (chapter 4) with benthic

M0 and boron proxies.

1.1.3 CHARACTERISTICS OF THE DATA

For the last decades, machine learning (or statistical learning) has become very popular in vari-
ous research areas, as long as analyzing data gives more opportunity. Bayesian analysis and, more
recently, deep neural networks [Goodfellow et al. (2016)] have led to innovations. This disser-
tation also aims at such a purpose in paleoceanography and paleoclimatology. Before applying a
model, it is useful to discuss about the characteristics of our data.

Data in paleoceanography and paleoclimatology are consisting of various proxies that have
been imprinted for the geological time, from a few thousands to hundreds of millions of years. It
means that generating such data is usually infeasible in laboratories: even if one somehow knows
how to accelerate the processes, they are also affected by the past environmental conditions (such
as salinity, temperatures, acidity, ocean circulations, etc.) that are not known a priori. Thus, data
are limited in the observations from the existing records.

It is also difficult to gather such data as much as we want. Firstly, some records are expensive
to process. For example, ocean sediment cores are extracted from the thousands of meter deep
oceans. Secondly, processing proxies in a record could be either expensive or mostly infeasible due
to the tiny amounts thus only a limited number of observations are made in practice. Thirdly,
records of high quality are rare: contamination by non-climatic influences could be an issue.

For such reasons, data in paleoceanography and paleoclimatology are often limited in quantity.

Also, some proxies have not been fully investigated yet so there is no accurate model to describe



the relationship between them and the associated past climate events. These limitations make
the inference more loyal to the data and bring more cautious analysis to the outliers: if data are
many, discarding any suspicious data in the preprocessing would not lose information much.
However, if data are scarce and likely to include outliers, one needs to classify them more carefully

for minimizing information loss.

1.2  STATISTICAL LEARNING THEORY

Statistical learning is a framework for the inference and prediction drawing from statistics and
functional analysis [Hastie et al. (2009)]. Nowadays the term ‘machine learning’ is used more
widely: it usually aims at accurate predictions so all about the results, while statistical learning
tends to focus more on the relationship between variables. The blurred boundary between those
two fields comes from the modern trend that machine learning algorithms are often highly de-
pending on the statistical theory and statistical learning is not only limited to understanding the
data but also prediction based on it.

However, they are not identical. Suppose that we have a huge amount of high-dimensional
data to be exploited for the prediction. A typical approach of machine learning is to search the
most predictive and/or robust model to the data, usually at the cost of interpretability. Some data-
driven methods such as deep neural network models sometimes outright ignore the underlying
data-specific theories that have been studied by experts. This approach could be good if we do not
know much about the data and have urgent demands in engineering, while the deviation from
the existing theory might make the experts hesitate to take it instead of the original models that
could be suboptimal but are highly interpretable in theory.

In contrast, statistical learning is first pursuing the understanding of data probabilistically:
it focuses on determining the causality and correlation between variables. Once a probabilistic
model on the given data is settled, it is then utilized for deriving the prediction. Though statistical
learning can be suboptimal, especially if the model for the data is misspecified, it facilitates the

use of previously reported theory germane to the data. Thus, this approach might be better if the



reliability of models is determined by how much they reflect data-specific characteristics.
Because this dissertation research has the purpose in giving more efficient and effective models
on the scientific data in paleoceanography and paleoclimatology, the methodology is inevitably
more faithful to the theory. For example, it could be fancy to align two sediment records over ages
by utilizing the proxy pattern only, but the model will never attract the experts if it does not count
on the sedimentation rate models: extreme alignments based on the depths lead to concluding
extreme accumulation in past that could be extremely unrealistic. We will discuss more about the

methodology in the following subsections.

1.2.1 FREQUENTIST VS. BAYESIAN INFERENCE

Statistics is the academic field involved with the collection, organization, analysis, interpretation,
and presentation of data. Furthermore, it deals with the uncertainty that stems from the data.
Though the modern statistics is intensively written in the language of mathematics, regarding
statistics as a branch of mathematics is deceptive. While mathematics is building a theory with
definitions and theorems that can be applied to explain the phenomena, statistics aims at con-
structing processes for comparing and measuring hypotheses and models to deal with uncer-
tainty. While mathematicians design an ideal setting and wish that it is close enough to explain
the reality, statisticians are engrossed in creating models that can encompass its uncertain aspects.

Debates on the frequentist vs. Bayesian reasoning have a long history. Suppose that we have
a model that addresses the given data. Frequentists consider that the model is certain but un-
known and the associated data can be generated given the model. Thus, they consider that data
are random whereas the model is not. Bayesians have a different point of view: they consider
that the given data are themselves certain so not random. Instead, they consider models to be
random (prior). Data are just explained given models (likelihood). By applying Bayes’ theorem
[Stuart & Ord (1994)], they measure the models given data (posterior). To be more abstract, the
frequentists regard an event’s probability as the limit of the relative frequency in multiple trials

thus objective while the Bayesian consider it to be the degree of belief so subjective. Figure 1.2



’ H Frequentists ‘ Bayesians ‘

parameters unknown constants random variables
data randomly generated from models not random but given
probability limit of the relative frequency reasonable expectation or belief
source observations observations and prior belief
decision hypothetical test model selection via posteriors
goal explaining the data uncertainty updating the belief from data

Figure 1.2: A comparison of the frequentist and Bayesian perspectives.

gives a table to compare two reasonings. Note that the modern frequentists use Bayes estimators
frequently because they have good frequentist properties: see [Wasserman (2004)]. Here we just
discuss the underlying perceptions and philosophies of the frequentists and Bayesians.

One obstacle from the frequentist philosophy in the field of statistical learning is that the in-
ference and prediction become more unrealistic and overfitting to the data as the number of
parameters increases. Because they consider parameters to be unknown but certain values, pa-
rameter estimation implicitly assumes that the model is true. This approach could be eftective if
the model has been physically justified but what we do not know are just its parameters. How-
ever, it becomes less robust if the model itself is misspecified. To deal with it, frequentists often
distinguish the term ‘parameter’ and ‘hidden variable’, where the latter is a random variable that
hide in the model as a latent state. Bayesians, however, can treat parameters as random variables
so are conceptually free to integrate them out without introducing additional concepts: model
uncertainty can be addressed consistently by doing so.

Bayesians have been continuously criticized for their unscientific aspects: if probability is es-
sentially subjective, then how can we achieve consensus on the inference and prediction given
data? More technically, all results are depending on the choice of priors. If one set a strong prior,
then the data will be dominated by our prior belief; if a weak or flat prior is given, then the model is
just bothersome without any particular advantages [Gelman (2008)]. Without depending on the
conjugate priors, the posteriors are often not possible to be expressed in closed forms. Moreover,
posteriors as the conjugate distributions can usually be replicated by the frequentist approach

with pseudo-counts on the data, thus not that exclusive to Bayesian, just as it circumvents the



certainty of parameters by introducing hidden variables.

Despite such shortcomings and criticism of Bayesian statistics, it is often both meaningful and
practical in the statistical learning. Firstly, it is quite common that data are given a lot whereas
their characteristics are mostly unknown in practical problems. If so, the models that are applied
to the data are either misspecified or involved with too many parameters, thus the overfitting rises
asanissue: this can be avoided by assigning particular values to the parameters, and Bayesian infer-
ence that justifies the marginalization of parameters is thus practical. In addition, here the models
themselves are assumed not to be justified but somehow selected by the solver so “subjective be-
liefs” in the Bayesian literature would not more be conceptually problematic. Also, data-driven
approach is for deriving models from the given data, thus it is more natural to assume that data
are not random (as what frequentists say) but given (as Bayesians say) in that case.

Secondly, suppose that we somehow know the characteristics of data, but not sure, then hav-
ing some candidates instead of a single model is desirable. Frequentist statistics deal with such a
problem by the (statistical) hypothesis test. It starts with selecting the most probable and sensible
model as the null hypothesis and defines the others to be the alternative hypothesis. Then it either
accepts or rejects the null hypothesis based on the relevant test statistic obtained under the null
hypothesis and a significant level (or p-value). This approach is quite annoying for the multiple
model selection and implies that the tester already has a certain belief on the models: why is one
supposed to be null and the other alternative? Bayesian model selection gives a succinct and ex-
plicit solution to this problem: it just computes the posteriors of models given their prior beliefs.
Moreover, marginalizing models out to get the posterior predictive model is another option for
reducing uncertainty.

Thirdly, in some real problems, it is probable that partial information of the parameters and
variables to learn is available independent of the data. Bayesian framework gives clear means to
deal with this: priors on the parameters and variables are interpreting such information. If so,
the priors are not representing the subjective beliefs on the values to estimate anymore: they are

now objective in some sense. Furthermore, Bayesian framework is more intuitive in this case:



researchers are always going forward from the prior knowledge of the objectives to study and
supplementing the knowledge with the new findings from the research. This is equivalent to
calculating the posterior of the unknown from the prior and likelihood.

Lastly, Bayesian approach could be more robust and stable in practice, especially if the data
are scarce. In discrete problems, (a strict form of) frequentist approach might assign zero proba-
bilities to some states: if no observation at a state is made, then it is estimated to never happens.
If such possibilities are open, some useful and powerful results in the probability theory cannot
be applied. For example, the Hammersley-Clifford theorem [Clifford (1990)] works under the
assumption that probability distributions are strictly positive. Giving a nonzero prior can resolve
such singularity at once. Also, Bayesian framework prevents the estimation from being sensitive
to the initial conditions that might lead estimations to local optima, especially if the algorithm
consists of iterations such as Gibbs sampling [Geman & Geman (1984)]. Here, priors are work-
ing as “anchors” so that the estimate or sampled parameters or hidden variables are not deviated
much from the “probable” ranges.

For the above reasons, I have been working on my research topics as a Bayesian statistician,
and this dissertation is also written in the Bayesian language. As discussed in section 1.1.3, datain
paleoceanography and paleoclimatology are often lacking an underlying physical dynamics model
compared to the other fields that statistical/machine learning are applied to. It is impossible or
expensive to generate or gather such data. Thus, Bayesian philosophy that assumes data to be

given is practical for this problem.

1.2.2 PARAMETRIC VvS. NONPARAMETRIC MODEL

A statistical model is a set of distributions, densities, or regression functions [Wasserman (2004)].
Statistical models can be classified into the following two categories: parametric and nonparamet-
ric models. A parametric model can be parametrized by a finite number of parameters that take
values in a certain parametric space, which is given independently from the data. A nonparamet-

ric model assumes that the data cannot be explained in terms of such a finite set of parameters
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Figure 1.3: A diagram of the parametric inference. The relationship between two variables X and Y are explained by the

parametric model /( -|6) (left). The parameter @ is learned from the training data (X, Y) colored green (middle). The un-
known Y is explained by the query X colored red and learned parameter & (right).

only. More intuitively, parametric models are described by the functions that are defined by the
parameters only, where nonparametric ones are those by not only parameters (often called hyper-
parameters) but also data themselves to depend on the structural assumptions as few as possible
[Wasserman (2006)].

Statistical learning with parametric models can be understood as inferring parameters from the
data. Frequentists have some criteria for this procedure, such as the maximum likelihood estima-
tor and (expected) loss, based on the training and validating data. Bayesians consider parameters
to be random, so have other criteria for inferring parameters, such as maximum a posteriori prob-
ability estimator and Bayesian expected loss. Once a set of parameters are learned, the model is
fixed because it is dependent on the parameters only. One more thing that Bayesians can do is to
marginalize out those parameters over their posterior distributions to obtain a posterior predic-
tive model: here the model is controlled by the prior hyperparameters. Though fast inference is
possible once the parameters are learned, the model complexity is bounded so less flexible in this
approach: it is not problematic if the model is investigated to describe the data exactly thus pa-
rameters are themselves meaningful, but could be problematic if the model is misspecified. If so,
either overfitting or suboptimality could be an issue to deal with. Polynomial regression, logistic
regression, finite mixture models, hidden Markov models, K-means, neural networks are exam-
ples of the parametric model. Figure 1.3 shows a diagram of the procedure for the parametric
inference.

Though the nonparametric models are more data-dependent and free from the structural
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Figure 1.4: Two nonparametric Gaussian process regressions on the same dataset but with different hyperparameters.

models, they are controlled by hyperparameters: see figure 1.4. Thus, nonparametric learning
is about tuning hyperparameters, such as bandwidths and number of clusters. One major dif-
ference from the parametric learning is that such hyperparameters can often not be estimated
by maximizing likelihoods or minimizing losses: such attempts lead the model to be ignorantly
loyal to the training data. Instead, they are “tuned” by optimizing objective functions that are
regulated for avoiding the overfitting to the training data. Because the tuned model is still a func-
tion of data, inference could be done slowly if the time complexity is super-linear and data size is
large. A nonparametric model is structural-free so more flexible than the parametric ones, thus
useful if any parametric model is hypothetical. Moreover, it is controlled by a small number of
hyperparameters thus can avoid overfitting from the lack of data compared to the number of pa-
rameters in the parametric models. However, nonparametric models could be more susceptible
to suffer from the curse of dimensionality [Geenens (2011)] that means the number of training
data to guarantee reliable inference increases tremendously as the dimension of predictors grows.
Dirichlet process, Gaussian process, kernel density estimation, K-nearest neighbors and support
vector machine with a positive definite kernel are examples of the nonparametric model. Figure
1.5 shows a diagram of the procedure for the nonparametric inference.

This dissertation mainly depends on the following two models: state-space models and the
Gaussian process. The formers are mostly parametric whereas the latter is nonparametric. If reli-

able or justifiable models are given by the data-experts, then adopting parametric models is more
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Figure 1.5: A diagram of the nonparametric inference. The relationship between two variables X and Y is not explained by
any parametric model but is indirectly controlled by the hyperparameter & (left). The hyperparameter & is tuned from the
training data (X, Y) colored green (middle). The unknown Y'is explained by the query X colored red, tuned hyperparameter
6, and training data colored green (right).

advantageous in the data analysis and learning procedure. Otherwise, data-driven agnostic mod-
els could be considered. If the amount of available training data is large, then models based on the
deep neural network have been reported to work well in practice. However, due to their excessive
number of parameters, it would lead to overfitting to apply such models to the moderate number
of data. In such cases, nonparametric models that are depending directly on the training data can

be chosen for the data-driven purpose. Note that there is no panacea in statistical learning: the

choice of models should be made based on the characteristics of data.

1.2.3 GENERATIVE VS. DISCRIMINATIVE MODEL

Statistical learning is a statistical attempt to find the relationship between variables. There are two
types of variables: independentand dependent variables that can be understood as the observable
inputs (predictors) and target outcomes resulting from varying inputs, respectively. Practically,
what the statistical learning results in are the distribution function of the dependent variable (out-
put) given independent one (input) from the training data. From now on the terms observations
and rargets will be used for expressing independent and dependent variables, respectively. Note
that this classification is a bit hypothetical and goal-oriented: variables needs not to be the result
of other variables.

A generative model starts with investigating the variables without such classification: in math-

ematical words, it aims at constructing the joint distribution of observations and targets that can
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be utilized for deriving the conditional distribution of targets given observations by the Bayes
rule. The definition is equivalent to the construction of conditional distribution of observations
given targets if a prior on the targets is given in Bayesian terminology: “a target generates the asso-
ciated observation”. This approach is appropriate if 1) the structure of the relationship between
the observations and targets are given a priori by experts so only the parameters are needed to be
learned or 2) the conditional distribution of observations given targets is easy to deal with — for
example, a hidden Markov model assumes that observations are conditionally independent given
targets (hidden states). Generative models also give a way of generating pseudo-observations ar-
tificially. Mixture models, hidden Markov models, Bayesian networks, latent Dirichlet alloca-
tion, Boltzmann machines, variational autoencoders, and energy based-models are the examples
of generative models.

A discriminative model is more pragmatic: it directly approximates the conditional distribu-
tion (or estimates, if the model is deterministic) of targets given observations. Such distributions
are usually hypothetical and independent from the data-specific characteristics because observa-
tions are not actually generating the targets. This approach is usually effective if the training data
are plentiful and targets are defined in a small finite set or continuous but low-dimensional. How-
ever, it either becomes intractable or suffers the curse of dimensionality especially if the targets are
defined in a high-dimensional space and expected to be highly correlated one another. K-nearest
neighbors, logistic regression, support vector machines, maximum-entropy Markov models and
neural networks are the typical examples. Figure 1.6 gives the graphical representations of gener-
ative and discriminative models.

In paleoceanography and paleoclimatology, proxies are the raw observations and past climate
events or ages are the targets to infer. Here it is reasonable to perceive that past climate events
have been imprinting the proxies. Also, it is quite common that multidisciplinary research gives
ameaningful prior on the past climate events. Some events, such as ages, are highly correlated one

another. Thus, inferences in this dissertation are done in the framework of generative models.
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Figure 1.6: Graphical representations of the generative model (left) and discriminative model (right). Here, fis a parameter
and X is a hidden variable that explains the observation Y.

1.3 CONTENTS

As discussed so far, chapter 1 covers the basic concepts and knowledge to give a departure point
of the dissertation. It mainly consists of two parts. One is related to the application field, paleo-
ceanography and paleoclimatology, about their issues to be addressed and characteristics distinc-
tive from the other scientific fields. The other briefly introduces the statistical learning theory
with some discussions on the methodologies that fit for the application area. Notation and sym-
bols that continuously appear in the rest of the dissertation are covered in the latter part of this
chapter.

Chapters 2, 3 and 4 present the applications to paleoceanography and paleoclimatology. Chap-
ter 2 covers how an indirect age proxy, benthic M0, is utilized together with a direct age proxy,
¢, for inferring ages by the multiple sequence alignment algorithm. After briefly introducing
the related work, it firstly shows the multiple core alignment algorithm given a reference (or mo-
tif/profile), based on the hybrid of particle smoother and Markov-chain Monte Carlo algorithm.
Then it presents how to construct a stack that is used as the reference of the multiple core align-
ment algorithm given core alignments, based on the Gaussian process regression. How these two
algorithms form a complete core alignment algorithm and related future work will be covered

lastly.
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Alkenone and TEXg, are proxies for reconstructing sea surface temperatures. Chapter 3 is
about the calibration model construction for utilizing alkenone and TEXs4 based on the het-
eroscedastic Gaussian process regression. Firstly, an extended version of the heteroscedastic Gaus-
sian process regression from my published work is covered briefly. Then the detailed formulation
of novel multimodal Gaussian process regression method is discussed. Lastly, we compare and
analyze the constructed calibration models according to the introduced methodologies.

Some climate events are correlated so can be inferred simultaneously from the associated prox-
ies. For example, atmospheric CO, pressure and ice volumes are correlated thus can be inferred
together from the boron isotopes and benthic M80. Chapter 4 suggests two different models for
this work. The first model uses the particle smoother to design the model based on the dynamic
system, while the second one is derived by the Gaussian process state-space model. The compar-
ison between the models and relevant future work will be discussed at the end of the chapter.

Finally, the dissertation ends with chapter 5 that covers the conclusion. In Appendix, two ad-
ditional chapters cover the theoretical background used throughout this dissertation and contain
detailed computations that are omitted in the main body to emphasize on our novel works. To be
specific, several topics about state-space models are presented in Appendix A. It starts with dis-
crete models such as the hidden Markov model and then deals with continuous but exact models
such as the Kalman filter and smoother. Because such exact models are quite limited in some
specific cases, approximation methods based on the sampling such as particle filter and smoother
and Markov-chain Monte Carlo algorithm follow.

Appendix B discusses Gaussian processes and their applications in statistical learning. After
defining some relevant concepts, it classifies kernel functions that determine the performance.
Then the applications of regression, classification, state-space models, and dimensionality reduc-
tion follow. Lastly, the deep Gaussian process and variational inference are covered to handle the

drawbacks of Gaussian processes that stem from the suboptimality and time complexity.
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1.4 DICTIONARY

This section lists the notation, symbols and acronyms that are used in the rest of my dissertation.

Acronyms are redefined at every chapter.

I1.4.1 NOTATION

A Gaussian process needs the mean and kernel covariance functions with data input X that could
be multidimensional, i.e., it has multiple features. We assume that each row of X represents the
input datum. For example, if X is given as a N X D matrix, then it has N data and each datum is
D-dimensional. To reflectits consistent extensibility, this dissertation abuses some notations. Let
 be the mean function. Then, for any N x D matrix X, x (X) is the N x 1 vector where its nth
entry is ¢ (X,,). Similarly, for a kernel covariance function K and matrices X and X) that have
sizes Ny X D and N, x D, respectively, K (X(l), X(Z)) represents the kernel covariance matrix
where its entry at the 7th row and jth column is K <Xl(1) , XJ(2)> . To save the space, let £, = 1 (X)
and Ky xo» = K (X(l) , X(z)) . In the regression models, the observational variance function A

is additionally required. For any N x D matrix X, A (X) is the N x N diagonal matrix where its

nth diagonal entry is A (X,,). Similarly, let Ax = A (X).

1.4.2 SYMBOLS

x proportional to
~ distributed by
R the set of real numbers
R, the set of nonnegative real numbers
0 the zero vector
I the identity matrix
v = vy a T-dimensional (column) vector
v; the 7th entry of a vector v
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Ul'j

diag (v)
A=A

ij=1

T'(yle.8)

the truncated vector of a vector v by selecting the entries from 7 to ;
the transpose of a vector v
the diagonal matrix where the diagonal entries are from a vector v
aM x N matrix
the entry from the 7th row and jth column of a matrix A
the 7th row of a matrix A
the jth column of a matrix A
the transpose of a matrix A
the inverse of a matrix A
the determinant of a matrix A
the (column) vector consisting of the diagonal entries of a matrix A
the conditional distribution of y given ©
the (multivariate) normal probability density at y with a mean vector
w and covariance matrix =
the Gaussian process on 4 with an input X, mean function ¢ and
covariance kernel function K
the Gamma probability density at y with a shape parameter 2 and
rate parameter /3

the generalized Student’s t-distribution at y with a location

T Olg, o, »)
parameter , scale parameter o and degree of freedom »
the expectation of /(X) over the random variable X that follows a
oo [F(X)] probability distribution
Die. (4]1p) the Kullback-Leibler divergence from p to g
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1.4.3

ACRONYMS

AR
BIC
CO,
MB
M0
DGP

DNN
DTW
ELBO
EM
EP
FITC
GP
GPC
GPLVM
GPR
GPST
HMC
HMM
KL
LOO-CV
MAP
MCMC
ML
NN

autoregressive
Bayesian information criterion

carbon dioxide

a variation derived from the boron isotopes UB and 1°B

a measure of the ratio of stable isotopes '*O and 'O

deep Gaussian process
deep neural network
dynamic time warping
evidence lower bound
expectation-maximization
expectation propagation
fully independent training conditional
Gaussian process
Gaussian process classification
Gaussian process latent variable model
Gaussian process regression
Gaussian process state-space model
Hamiltonian Monte Carlo
hidden Markov model
Kullback-Leibler
leave-one-out cross-validation
maximum a posteriori
Markov-chain Monte Carlo
maximum likelihood

neural network
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NWR
ODE
Oou
PPCA
RNN
SE
SSM
SST
TEXg6
U

VFE

Nadaraya-Watson kernel regression
ordinary differential equation
Ornstein-Uhlenbeck
probabilistic principal component analysis
recurrent neural network
squared exponential
state-space model
sea surface temperature
tetraether index of 86 carbon atoms
unsaturation index of di- versus tri- unsaturated Cs, alkenones

variational free energy
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Benthic 9180 Stack Construction

This chapter is based on the paper in preparation [Lee et al. (2019)] (The previous title is ’Dual
Proxy Gaussian Process Stack: Integrating Benthic "0 and Radiocarbon Proxies for Inferring
Ages on Ocean Sediment Cores’). Thus, some expressions and figures are the same with those
in that paper. This work has been done with the collaboration of Dr. Lorraine Lisiecki, Devin
Rand, Dr. Geoftrey Gebbie and my advisor, Dr. Charles Lawrence.

3% 0 is the ratio of stable isotopes "*O and O relative to the laboratory standard. It is used as
a proxy for inferring the past water temperatures, salinity and global ice volumes in paleoceanog-
raphy. The 3®O of benthic foraminifera (benthic 9'*O) live on the seafloor and it is regarded

as a global climate parameter because about half of its variance through time is explained by the
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global ice volume [Spratt & Lisiecki (2016)] while deep-water temperature and salinity are rela-
tively similar over space.

The characteristic that benthic 8" is a global parameter has been utilized for the alignment
of ocean sediment cores. Once cores are aligned, direct age information obtained by the direct
age proxies separately stored in each core is transferred from one to another, thus more complete
and comprehensive age inferences to all aligned cores are yielded.

The multiple core alignment problem is not straightforwardly resolved by the pairwise align-
ment algorithms for the following reasons: 1) The number of pairs is quadratic to the number of
cores thus considering all such pairwise alignments becomes intractable as the number of cores in-
creases, and 2) Pairwise alignments do not guarantee the consistency of the multiple alignments,
i.e., the pairwise alignment between A and C indirectly obtained by those of core A and B and of
B and C would not be consistent to the direct pairwise alignment of A and C.

Inspired by the profile hidden Markov models (HMMs) in computational biology [Durbin
etal. (1998)], iterating the step of aligning each core to a profile (or a reference in more common
terminology) and that of constructing (updating) the profile from the alignments is an alternative
solution for the multiple core alignment problem. For benthic 080, the term ‘stack’ [Lisiecki &
Raymo (2005)] is instead used as ‘profile’ that is more prevalent in computational biology.

Thus, the multiple core alignment with stacks is involved with the following two algorithms:
the core alignment algorithm and the stack construction algorithm. In this section, we design
a continuous core alignment algorithm that simultaneously utilizes '*C as the direct proxy and
benthic §"*O as the indirect one and a continuous stack construction algorithm based on the

homoscedastic Gaussian process regression (GPR) in section B.2.1.

2.1 RELATED WORK

For the direct age inference, radiocarbon (**C) is frequently used as a proxy by allowing to ac-
cess calendar ages associated to the sampled core depth based on the age models and calibration

curves [Reimer et al. (2013); Hogg et al. (2013)]. [Christen & Sergio (2009)] designed an algo-
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rithm for constructing sediment core age models from '*C data based on a generalized Student’s
t-distribution: it addresses the uncertainties from *C measurements and reservoir effects.

Moreover, various studies have been developing dynamic models that also reflect the vary-
ing sediment accumulation rates over time. [Blaauw & Christen (2005)] adopt a piecewise lin-
ear approach with automatic section selection and impose constraints on accumulation rates.
[Haslett & Parnell (2008)] choose a bivariate monotone Markov process with gamma increments.
[Blaauw & Christen (2011)] develop a software which is called Bacon (Bayesian Accumulation)
that adopts an autoregressive gamma process for accumulation rates, a generalized Student’s t-
distribution for radiocarbon data and an adaptive Markov-chain Monte Carlo algorithm for sam-
pling ages.

The benthic 3"*O utilization for indirect age inferences has the following history. [Lisiecki
& Lisiecki (2002)] developed a deterministic alignment algorithm, Match, that uses dynamic
programming. [Lisiecki & Raymo (2005)] ran Match on benthic 00O data from 57 globally dis-
tributed deep-sea sediment cores for aligning them and calculating a stack, LR 04: it is commonly
used as a standard reference for benthic 8" O change over the past 5.3 Myr.

[Lin et al. (2014)] designed an algorithm HMM-Match based on a probabilistic alignment
model to the stack. Its emission model for 8"®O data is based on Gaussian distribution with time
varying mean 3'°O values from LR 04 and a constant core-dependent standard deviation learned
by the Baum-Welch algorithm. The transition model explains the probability distribution of
accumulation rates based on a log-normal mixture learned by radiocarbon observations from 37
cores. [Ahn (2016)] constructed a new Prob-stack from 180 globally distributed benthic §**O
records with an algorithm HMM-Stack that is based on HMM-Match. Prob-stack allows the
change of variances over time.

HMM-based models cannot avoid assuming inferred ages on discrete spaces, thus ages must be
discretized. This is problematic for the alignments when the cores have higher resolution than the
target stack or when a proportional accumulation rate model is chosen as the above-mentioned

algorithms. Increasing the resolution of the target stack becomes intractable since the time com-
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plexity of HMM:s is quadratic to the size of hidden spaces. Stack construction algorithms based
on the expectation-maximization (EM) algorithm [Dempster et al. (1977)] such as Baum-Welch
(section A.1.3) also have a structural problem that stems from the relationship between the res-
olution and coverage of the cores: stack construction requires a number of cores that have M0
data enough to cover its query ages. Simple interpolation is not a good solution because it does
not account for the increasing uncertainty from missing observations.

The following subsections demonstrate the core alignment algorithm and stack construction
algorithm that are based on the Signal Alignment algorithm with Gaussian Process Regression
profiles (SA-GPR) [Lee et al. (2019)]. Ages are sampled from continuous spaces in the align-
ment algorithm based on the particle smoother (section A.3.2) and Metropolis-Hastings (section
A.4.2), thus the model does not suffer from the resolution-relevant drawbacks as the HMM-
based ones. The stack is constructed from the sample-specific GPR models (section B.2.1), so

the construction can be done regardless of the resolutions and number of cores.

2.2 RESEARCH MOTIVE AND DATA

The model assumes that benthic 8O data in the input cores show the same pattern over ages: it is
roughly true for all ocean sediment cores because benthic 0 is considered as a global parameter,
but the local variability between core locations might cause discordance in millennial scale events.
[Skinner & Shackleton (2005); Stern & Lisiecki (2014)] report that local effects could result in
age model errors up to 4 kiloyears. Such local variability possibly stems from the asynchronous
temperature changes and ocean circulation rates by ice melt after the Last Glacial Maximum (19-
23 kiloyears ago) [Adkins et al. (2002); McManus et al. (2004); Waelbroeck et al. (2011); Gebbie
& Huybers (2012)].

The purpose of our research is for capturing such local variability by constructing a stack for
each set of records that share the same local variability: we define such a set to be homogeneous
and the associated stack is called a local stack. To validate our stack construction method, we ran

six ocean sediment cores, GeoB7920-2, GeoB9508-5, GeoB9526-5, MD95-2042, MD99-2334

24



Depth (km)

-40 -20 0 20

°E
Core Latitude Longitude Depth (m) Citation

Tjallingii et al. (2008),
Collins et al. (2011)
GeoB9508-5 14.5 —17.95 2384 Mulitza et al. (2008)

Zarriess & Mackensen (2011),

GeoB7920-2  20.75 —18.58 2278

GeoB9526-5 12.44 —18.06 3223 Zarriess et al. (2011)
GIK13289-2 18.07 —18.01 2485 Sarnthein et al. (1994)
Bard et al. (2004),
MD95-2042 37.8 —10.17 3146 Shackleton et al. (2000),
Shackleton et al. (2004)
Skinner et al. (2003),
MD99-2334 37:8 —10.17 3146 Skinner & Shackleton (2004)
ODP658C 20.75 —18.58 2273 Demenocal et al. (2000)
Paterne et al. (1999),
SU90-08 43.35 —30.41 3080 Grousset (1993)

Figure 2.1: Locations of cores GeoB7920-2, GeoB9508-5, GeoB9526-5, MD95-2042, MD99-2334, ODP658C, GIK13289-2
and SU90-08.
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Figure 2.2: A graphical representation of our core alignment model.

and ODP658C, to construct a dual proxy local stack, Deep Northeastern Atlantic (DNEA) stack.
We then use this local stack to infer dual proxy ages of two records which are homogeneous but
not used in constructing the local stack, GIK13289-2 and SU90-08. Details of the data are given

in figure 2.1.

2.3 CORE ALIGNMENT ALGORITHM

The core alignment algorithm aims at inferring ages at the query depths in the input cores: i.e.,
cores to be aligned are synchronized by their age assignments. Our probabilistic model does not
return the ages as their estimates but samples, thus the results are given as a set of sampled age

paths for each input core. Before giving the detailed demonstration, the following notations are

defined:

« DM — {d&m) }nN;"I: depths of core 7, shallower to deeper, at which the observations are

made.
o A = LA™ }f;: hidden ages of core 7 that are assigned to D).
e Y = {y(m) }nNzl: benthic 8O observations at D™ of core . If no value is assigned,
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leave it ().

o Ym) — { ynm) }Nm . C measurements at D™ of core m. If no value is assigned, leave it

n=1"
0.

The accumulation (sedimentation) rate model controls the ages given depths. Once ages are
given to the depths, the models that associated benthic MO observations or *C measurements
follow are determined by the stack (for benthic 3'*O) or the calibration model (for **C). Because
the vehicles that contains benthic #"*0 and “C are different, it does not go too far assuming
that they are conditionally independent given ages. Thus, this core alignment problem can be
interpreted as a state-space model. A graphical representation of our core alignment model is

described in figure 2.2.

2.3.1 TRANSITION MODEL

To define the transition model on the ages given depths, we utilize the dynamics of the accumu-

lation rates. An accumulation rate from di@l to A is defined as follows:

(m) A (m)

y(m) (di’_';)l - d&m))

, where 7™ is a depth-scale constant parameter for standardizing the accumulation rates.

While ages are still defined continuously, the accumulation rates are discretized into the fol-
lowing three states: {C, A, E} that stand for contraction, average and expansion, respectively.
Let S0 be the discretization of SU). Once S is given, the transition model on the age is deter-

mined as follows:

(A |alm, 86) oo | AEAD ) .

, where I¢ £ (m,0.9220), 1, = [0.9220,1.0850) and Iz = [1.0850, M) for some thresholds
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0.9220 > m > 0and M > 1.0850 to prevent extreme events.
We also give a dependency on the discretized accumulation rates for a state-transition matrix

@ as follows:

» (g(m

A m)
Sn+1) @ (m) 50m (2.3)

n+17

From (2.2) and (2.3), we have the following transition model:

pi (A, 807 |A 80 ) 2 p (A | AT, 80) p (80

S (2.4)

Thus, our transition model is of two layers and not continuous. Also, note that it is defined
backwards: it follows the way how layers are accumulated — from deeper to shallower. By def-
initions, the transition model guarantees the monotonicity of ages: the deeper the layer is, the
older it is. The shape and rate hyperparameters @ and 8 of the gamma distribution in (2.2) are
fixed in learning to avoid overfitting: their values are learned a priori from the same 4C dataset
for learning the log-normal mixture model in [Lin et al. (2014)]. A gamma distribution fits into
the data better than the log-normal mixture and shows thicker tails between the thresholds, thus

more robust on the semi-extreme changes in the accumulation rates.

2.3.2  EMISSION MODEL

Here we specify the emission model p, (vﬁlm) , yflm) |A£lm)) =p (vﬁl’”) ‘Aﬁlm)) p ('yﬁlm) ‘AS]")) by defin-
ing each observational model p ({") ]AS;”)) and p (y{" |A,([”)).

For benthic §"0, we basically accept the assumption that each 3O observation follows a
Gaussian distribution with the mean g, and variance 3 defined in the target stack at the given
age, as [Ahn (2016)] does. However, this assumption is not robust on the real data that might be
contaminated by the noninformative outliers. To reflect it we also add another set of the hidden

. . NWI . . .
indicator states, O = {O,([”) }nzl, that determines whether or not the associated y{") is an
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outlier.

N (vi’”) “us (Anm)) +3(=1) oy (A m)) + b 2 (A ”‘))>

(2.5)
, where0 5 is a core-specific shift parameter that synchronizes the 180 observations vertically.
As (2.5), 00" = 1lif and only if y{") is an outlier.

From (2.5), ( " ’A 1s obtained by marginalizing O\ as follows:
(0 [AL) = 0.05p (0| AT, O = 1) +0.95p (4]|AT, 00" =0)  (2.6)

For "*C, we adopt the generalized Student’s t-distribution in [Christen & Sergio (2009)] with

the calibration curve that consists of the mean . and variance o¢, defined over the calendar ages:

pO1AL) =T (of

() 4, (2 () 4 ) 20) )

, where p{”) and ¢{"™) are the input variables (assumed to be fixed) that are given with 3" a priori,
and 2 = 3 and b = 4 are fixed hyperparameters to control the model variability: we assume the
same values that [Christen & Sergio (2009)] suggested.

Note that the above equalities hold if and only if o) and y(™) are assigned by the real values:
if () is assigned instead, then the values are identical to 1, which implies ”no information”.

The reason why we do not model p (v \Af;")) based on the Student’s t-distribution just as
P ()/EL’”) ‘AEL’”)) is because eventually the outliers in the sampled age paths are discarded before the
stack construction algorithm. Note that (2.5) derives the posterior p ol) |A ) v(m)) once both

A (as a sample) and (™) are given.
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2.3.3 DETAILS ON THE INFERENCE

Now we are prepared: a state-space model is fully specified by its transition and emission models.
However, model formulation does not tell anything about the tractable algorithm for inference.
Here, we adopt a hybrid of the particle smoother (section A.3.2) for initializing sampled age paths
and Metropolis-Hastings algorithm (section A.4.2) for refining those paths. Because each A"
is one-dimensional, the proposal distribution can be localized: i.e., after running a few iterations,
fix the region at each depth and draw particles in those regions only. Parameters are learned by
the EM algorithm from the sampled age paths. Algorithm 1 summarizes the inference procedure

of our core alignment algorithm.

Algorithm 1: Core Alignment Algorithm

1 initialize parameters
2 for each core do

3 while converging do
4 run particle smoother on the data to draw sampled age paths
5 run Metropolis-Hastings algorithm on the data with the sampled age paths
6 estimate parameters given the sampled and refined age paths
7 end
8 for cach sampled and refined age path do
9 | estimate outliers
10 end
1 end

12 return sampled and refined age paths with their outliers and parameters

A natural question arises as follows: why do we not use (mixture) Kalman smoother against
all the odds of the particle smoother described in section A.3.2? Ages are supposed not to be re-
versible and the accumulation rate model is a bit skewed, thus any Gaussian model cannot replace
the gamma distribution in (2.2). The following doubt may stem from our choice of Metropolis-
Hastings: section A.4.3 suggests the Hamiltonian Monte Carlo (HMC) as a better MCMC al-
gorithm. Because the transition model is not differentiable, it is not possible to apply HMC here.

Dynamic time warping (DT'W) [Munich & Perona (1999); Petitjean etal. (2011, 2014)] is fre-

quently used for the alignment problems, but not adopted here because of the following reasons:
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Figure 2.3: Three steps for the stack construction algorithm.

1) DTW has trouble in reflecting the dynamics of the latent series properly if the profile is not
of high resolution, 2) results can be strongly dependent on the user-specific pairs and are often
forced to match outputs that are apparently asynchronous, 3) the performance is sensitive to the
penalties and loss functions in the transition and emission models, 4) the method is determinis-
tic and does not reflect alignment uncertainty (which is beneficial if there are sub-optimal paths)
and 5) DTW has a difficulty in addressing signals with heteroscedastic noises by the limitations
on the loss function which is defined on the outputs directly.

We also sample outliers after drawing sampled and refined age paths that uses the marginal-
ized observational model for benthic 3'®O: this is called the Rao-Blackwellized sampling that

efficiently reduces the sampling variance of the estimation.

2.4 STACK CONSTRUCTION ALGORITHM

In this section, we assume to have obtained a set of sampled age paths for each core (record)
by running the hybrid algorithm in section 2.3. The stack construction algorithm consists of
the following three steps: 1) constructing sample-specific models, 2) averaging sample-specific

models to obtain record-specific models and 3) getting the local stack from the record-specific
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models. Figure 2.3 visualizes these steps.

2.4.1 SAMPLE-SPECIFIC MODELS

This step focuses on each sampled and refined age path (the kth one) of the core 7 with the
associated benthic 8"®O observations (/T(m’k), ]N)(m’k)> after classifying and discarding outliers
and synchronizing the benthic 8O observations vertically by the core-specific shift parameter
hU™) . Firstly, we applied homoscedastic Gaussian process regression (GPR) in section B.2.1 to the
pair by regarding A8 and POmk) 5 inputs and output, respectively, and derived the following

posterior predictive model as the sample-specific one:

e

The Ornstein-Uhlenbeck (OU) kernel was selected, and kernel hyperparameters are tuned and

Hon e (a) >Ufn7k (ﬂ)> (2.8)

2, JZ(m,k),V(m)) —» <U

A0 500 2

shared by the sampled age paths of the same core. We adopted the exact GPR model without
variational extension for dealing with large dataset because each core has less than 1000 benthic

MO observations thus such extension was not needed.

2.4.2 RECORD-SPECIFIC MODELS

A record-specific model is designed to represent the corresponding record. Because ages are latent
thus random, we define the record-specific model as the marginalized posterior predictive model
that does not depend on the choice of ages. Because each AR s an independent and identically
distributed samples drawn from p (A‘ V(”’)) by the core alignment algorithm in section 2.3, the

following approximation is obtained:

7 (v]a, V) = /p (v|a, A, V) p (A]V) dA
| X | & (2.9)
~ = > p (e]a A0 V) = SN (o () 2 ()
" k=1 " k=1
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If there is only one record 7 in the homogeneous set, p (v’a, V(™) is then supposed to be a
local stack that represents the set. Because we want to define the local stack as a Gaussian model,
by the model reduction method based on the moment-matching [Murphy (2012)], we have the
following Gaussian approximation (2.10) for the Gaussian mixture (2.9) as the record-specific

model:

Km

2 V) 2 =S N (1]t (@), 7 @) %N (ol (@), (@)
k=1

p(o

m

1 &
(@) = 1= )t (a) (2.10)
k=1

>

m

ACEFDY (Ufm CRCHERE (“)>2)

2.4.3 LocaL StAack

Now we have a set of record-specific models obtained in the previous section. Let us recall the
assumption that the input cores are homogeneous, i.e., they share the same local variability of
the global parameter benthic M0 thus are supposed to follow the same Gaussian model, a local

stack:

p(0)a,V) =N (v|us (a) , o5 (a)) (2.11)

Let us assume that we have drawn M independent and identically distributed observations
{0, }2_, from p (v]a, V). Here, our variational method assumes that the joint distribution of
(01,02, -+ ,v\m) is approximated by the product of the record-specific models p (Uld, Vi) e,

v _ . is also considered as a set of samples where each v,, was drawn from the correspondin
m § m=1 p m p g
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P (v{a, V(’”)), respectively. The objective function to minimize is given as follows:
M

Hp<-|a,v<m>>) S D (p Ca )

m=1

=D Do (N (g5 (@), 55 (@) [V (s, (2) .77, (2))) (2.12)

i (4@ (@ -p,@) 2
_ZZ(WW %, (@) l“gag(a))

Dxr P('|47V)M ﬂ’y(’”)))

The minimizer (u () , 6% (4)) of the KL divergence (2.12) are given by the following closed

forms:

m=1 " m=1
M (2.13)

Theoretically, one can analytically compute g (2) and o3 () for an arbitrary query age a by
computing the sample-specific models in (2.8), the record-specific models in (2.10) and finally
the local stack in (2.13), thus the stack is continuously defined. In practice, however, computing
the mean and variance in (2.13) for a fine discrete set of ages and interpolating them for arbi-
trary query inputs is more efficient than the theoretic method: note that (2.13) implies that the

constructed stack has continuous mean and variance functions.

2.5 REsurLTs AND DiscussioN

The steps described in section 2.3 and 2.4 present the core idea of SA-GPR [Lee et al. (2019)]:
note that the same framework is working for any transition and emission models. Figure 2.4
shows a diagram of SA-GPR: here we use the words ‘motif’ instead of ‘profile’ or ‘stack’ and
‘signal’ instead of ‘sequence’ or ‘core’, as the more general terms, i.e., both core alignments and
stacks are obtained by iterating the core alignment algorithm in section 2.3 and stack construction
algorithm in section 2.4 until convergence.

We constructed a dual proxy (that means both direct and indirect proxies were utilized) local
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Input: Signals and an initial motif

Initializing parameters |:> Aligning signals to the motif

iz O ¢

Updating the motif C:I Updating parameters

O

Output: Alignments and the motif

Figure 2.4: A simple diagram of the SA-GPR. Each box is iterated until convergence.

DNEA stack for the deep northeast Atlantic by assuming that two cores from the Iberian mar-
gin (MD95-2042 and MD99-2334) and four cores from the northwest African continental slope
(GeoB7920-2, GeoB9508-5, GeoB9526-5 and ODP658C) are synchronous enough to be con-
sidered homogeneous. The availability of *C allows direct access to the calendar ages to enhance
the age inferences: this is especially useful in the Holocene (after 11.7 ka) where the §"*O signal-
to-noise is low. We used the regional Deep North Atlantic (DNA) stack from [Lisiecki & Stern
(2016)] to initialize the iterative algorithm. The open-source software for the stack construction
and core alignment algorithms is available at http://github.com/eilion/DPGP-Stack, runs on
MATLAB.

The upper and middle panels of figure 2.5 shows the alignments of the six cores to DNA stack
and to DNEA stack. Variability in benthic §"*O in the DNA stack is considerably larger than
that in the DNEA stack: note that most of the medians are inside the 1-sigma of the DNA stack,
which is only supposed to contain 68% of them. Higher variances in the DNA stack compared
to the DNEA stack may stem from benthic 8O differences within the broader north Atlantic
region, record-specific mean shifts applied to the DNEA stack but not the DNA stack, and/or
the discrete nature of the algorithm used to construct the DNA stack. Another contributing
factor to the tighter DNEA stack variance is the automatic detection and removal of outliers.
The tighter variance will contribute to less uncertainty in ages inferred from this stack.

The smoothness of the local stack stems from the fact that the GP model captures correlations
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Figure 2.5: Core alignments to stacks. The upper panel (a) shows those to the DNA stack, while the middle panel (b) is our
dual proxy local DNEA stack. Stars indicate medians of 5‘180 data classified as inliers and dots represent outliers, after shift-
ing them vertically by the core-specific shift parameters. The darker and brighter gray regions are the 1-sigma and 2-sigma
of the stacks, respectively. The dot-dash line indicates their boundary. The lower panel (c) is a portion of the DNEA stack at
10-50 kiloyears.
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Figure 2.6: A part of the DNEA stack constructed with the SE kernel.
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Figure 2.7: Histograms of 3"°O to our dual proxy DNEA stack. Each 9"°O is standardized by the mean and standard deviation
of the stack at the median of its sampled ages.

between all the data points with a heavier weight placed on near neighbors, thus limiting sudden
large changes. Although our dual proxy stack is smoother than the DNA stack, it still captures
well-known millennial-scale climate events. For example, the bottom panel of figure 2.5 shows
four peaks at 24, 29, 38 and 46 kiloyears, which correspond to the Heinrich events H2 to HS
[Skinner et al. (2013); Lisiecki & Stern (2016)]. The ability to resolve such short-lived features
will improve the accuracy of age estimates for cores with high-resolution 3O records. We also
tried the squared-exponential (SE) kernel but the results failed to reflect H2 and H3 at 24 and 29

kiloyears respectively, as figure 2.6.
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Dual Proxy Ages vs. 14C Ages Differences
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Figure 2.8: The comparison between inferred dual proxy ages and '*C ages of records. Shaded regions indicate 95% confi-
dence regions and the black dashed line is just a diagonal.

Figure 2.7 shows the histograms of standardized 8'*O from the six cores to the DNA and
DNEA stacks, respectively. The fact that there is only a small departure from the standard nor-
mal distribution to the DNEA stack supports the validity of the Gaussian assumption. Figure 2.8
compares inferred ages by using both benthic 3O and **C (dual proxy) to those using **C only.
Overall agreement between cores (to within uncertainty) supports our assumption that benthic
3"®0 is synchronous and homogeneous among sites included in constructing DNEA stack. Some
departures from the diagonal are expected, considering influences from their MO data.

We also present the alignments of two ocean sediment cores from the same region, GIK13289-
2and SU90-08. We infer ages for these cores from their proxies and alignment to the DNEA stack
based on the assumption that the aligned cores share the same local 8" O effect as the stack. Figure
2.9 and 2.10 show the alignment results. The upper panels show that the shifted and aligned
3'®0 data mainly fall within the stack’s confidence intervals. The lower left panels show that the
inferred ages mainly pass through the confidence intervals from individual *C proxies (SU90-
08 has "C only between 10-40 kiloyears and beyond that ages are inferred only based on §'*O
alignment to the stack). Because stacks with dual proxy ages have narrower confidence intervals
than single proxy stacks, they are more informative for stack alignment and produce smaller age

uncertainties.
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Figure 2.9: Dual proxy age inferences and alignments of GIK13289-2 to DNEA stack. In the upper figure, the darker and
brighter areas show the 1-sigma and 2-sigma of the stacks, red points and blue dotted bars indicate medians and 95% confi-
dence intervals of inlier age samples for 5180 data, blue points and red dotted bars are the outliers. In the left below figures,
cyan bars indicate 95% confidence intervals obtained independently from 4c data, and blue and red areas show the 95%
confidence bands of age inferences from 4c only and both proxies, respectively. In the right below figures, medians (dashed
lines) and 95% confidence intervals of relative ages to the medians of dual proxy ages are shown.
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SU90-08 (both)
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Figure 2.10: Dual proxy age inferences and alignments of SU90-08 to DNEA stack, similar to figure 2.9. This figure also

shows how multiple observations at the same depths are dealt with in the alignment algorithm.
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Our core alignment and stack construction algorithms share the advantages of the other stack-
dependent alignment algorithms. Aligning cores does not only focus on finding the best matches
between cores but also integrates the fragmented information stored in each core into the stack.
Once the stack is constructed from a set of cores, it can be used as an alignment target for new
cores.

Even if continuous sampling is available, it soon becomes insignificant without a continuously
defined stack. Our stack construction algorithm depending on GPR is superior to the interpo-
lation algorithms because it is theoretically clearer to exploit data to fill in unobserved outputs:
the closer the query age is to the data, the higher the associated benthic 30 is correlated with
them, based on the kernel covariance functions. Moreover, our method is nonparametric thus
more robust on the general data.

There are several advantages of the new dual proxy method compared to using 0 or “C
only. First, it gives a direct method for age inferences in a 9"°O stack. The dual proxy method
can also be applied for other types of direct age constraints that can be expressed as distributions
given their ages, such as dated magnetic reversals or volcanic ash layers. Second, YC determina-
tions act as “anchor” which stabilizes the learning of transition parameters. Radiocarbon ages
effectively protect the parameter learning procedure during the first EM iteration from ill-posed
initial values. Third, the integration of both proxies should give more accurate age estimates by
using more data. High resolution 980 measurements complement low-resolution 4C data and
substantial uncertainty bounds on 14C-only inferences where *C data are sparse.

In addition, our stack construction algorithm can construct a stack with a limited number of
cores because it uses all of the data from every core for inference of every age in the stack: previ-
ous methods such as HMM-Stack [Ahn (2016)] require a sufficient number of high-resolution
records to estimate the mean and variance separately for each point in the stack. In addition, this
dual proxy method returns means and variances in continuous time at arbitrary ages. Previous
methods rely on less reliable interpolations between discrete ages.

While the state-transition matrix in section 2.3.1 can be learned either core-specifically or set-
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Training Data vs. Empirical Data
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rescaled sedimentation rates

Figure 2.11: Histograms of the standardized accumulation rates. The blue histogram comes from the training %C dataset and
the red one from the sampled age paths in constructing the DNEA stack. Thick lines indicate the inferred gamma distribu-
tions from the histograms, respectively.
specifically, the underlying accumulation model based on the gamma distribution is pre-trained
and fixed. Gamma distributions tend to have thicker tails than log-normal mixtures learned from
the same data, so alignments are more dependent on the emission model than the transition
model, which makes the model more faithful to the observations. The comparison of our gamma
distribution inferred from the training data and that from the empirical accumulation rates of
cores in constructing the DNEA stack is in figure 2.11.

Here we avoid using the heteroscedastic GPR in section B.2.2 (instead of the homoscedastic

GPR that we used) for regularization. However, if 08O observations of the cores have higher

resolution, this method will model more properly.

2.6 FuUuTUrRE WORK

As mentioned at the end of section 2.3.3, the reason why we did not consider HMC instead of
Metropolis-Hastings is because the transition model is not differentiable. By giving two-layer
hidden states, we could assume the second-order dependency of the ages given depth. Ifit is pos-
sible to alter this transition model to be differentiable, then the full model becomes differentiable
with respect to the hidden states thus the core alignment algorithm will run faster by replacing
the Metropolis-Hastings with HMC: note that the main bottleneck is the Metropolis-Hastings

step. However, this cannot be done without the experts because sedimentation rate model itself
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is geological thus must be consistent with the real data and theories certified by the community
of paleoceanography.

The next step of local stack construction for each of the homogeneous sets one-by-one is,
clearly, designing a more comprehensive construction algorithm that deal with multiple homo-
geneous sets simultaneously, i.e., considering how to allow homogeneous sets to communicate
one another. With interdisciplinary collaborators, I am currently working on the hierarchical
stack construction algorithm that automatically differentiate the dependency of M0 observa-
tions over cores with respect to their similarity. Here we cannot avoid considering variational
extension because all data must be processed together while our stack construction algorithm in
section 2.4 deviates the drawback of the GP models relevant to the size of data by constructing
record-specific models and then merging them into a local stack, which depends on the assump-
tion that the input cores are homogeneous.

Utilizing more age-relevant proxies, such as magnetic reversals or volcanic ash layers, is also an
interesting topic. As discussed in section 2.5, the comprehensive framework of our method is
flexible in processing age proxies, either direct or indirect. It could be utilized for constructing
multiple stacks for indirect proxies other than 90 and utilizing more proxies at once gives an

opportunity to exploit the more complete age information.
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Alkenone/TEXgs Calibration Models

This section shows some extra works from the conference paper [Lee & Lawrence (2019)] that
constructs a nonparametric alkenone calibration model based on the heteroscedastic Gaussian
process regression.

The alkenone is a widely used proxy for inferring sea surface temperatures (SSTs) in paleo-
ceanography and paleoclimatology. It is a long-chain unsaturated methyl and ethyl n-ketones
produced by some phytoplankton species. Species that produce alkenone respond to environ-
mental changes such as water temperatures by modifying the relative proportions of the saturated

and unsaturated alkenones: more saturated alkenones are produced at higher temperatures. The
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realization depends on the following indices UX and U, [Tierney & Tingley (2018)]:

K _ Cs72 — Cs74

7 Csrp + Cars + Carg (3.1)
UK _ Cs7

7 Cspa + Cars

, where Cs7.5, Cs7.3 and Cs7.4 are the di-, tri- and tetra-unsaturated Cs; alkenones. Though Cs7.4
might be beneficial in prediction [Bard (2001); Bendle & Rosell-Mele (2004)], it does not exist
in many marine sediment profiles, thus UI3<7I is preferred.

The tetracther index of 86 carbons, TEXg, shortly, is another proxy that are utilized for re-
constructing SSTs in paleoceanography and paleoclimatology. It is an index based on the relative
cyclization of glycerol dialkyl glycerol tetraethers (GDGTs) that contain 0 to 3 cyclopentane moi-
eties. The degree of cyclization is affected by the growth temperature [Wuchter et al. (2004)].
There are two ways of defining this index [Schouten et al. (2002); Kim et al. (2010)]:

[GDGT — 2] + [GDGT — 3] + [Cren’]
[GDGT — 1] 4+ [GDGT — 2] + [GDGT — 3] + [Cren/]

[GDGT — 2]
[GDGT — 1] + [GDGT — 2] + [GDGT — 3]

TEX% -

(3.2)

TEX§, =

, where Cren’ denotes the regioiomer of crenarchaeol that is a diagnostic biomarker for the Thau-
marchaeota, the main producers of GDGTs [Sinninghe Damsté et al. (2002); Tierney & Tingley
(2014)].

By definition, both UY and TEXg, lie in the unit interval [0, 1]. Their underlying character-
istics bring opportunities to utilize them for reconstructing past SSTs. A calibration model gives
a relationship between the observations (known) and what we want to infer (unknown), either
deterministic or probabilistic. Probabilistic calibration models aim at constructing distributions
of the known given unknown, thus regarded as generative models (section 1.2.3): if additional
information of the unknown independent of the known is available, then more reasonable infer-
ence on the unknown can be done in the framework of Bayesian statistics.

This chapter presents our ongoing work on the construction of probabilistic calibration mod-
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elsin various ways based on the Gaussian process regression (GPR) and their comparison. A novel
multimodal GPR based on the Gibbs sampling (section A.4.1) and expectation-maximization

(EM) algorithm [Dempster et al. (1977)] is also formulated in section 3.3.2.

3.1 RELATED WORK

For the past years, both alkenone and TEXg4 proxies have been gathered and calibrated, and thus
consequently validated as effective proxies for SSTs. This subsection briefly introduces the pre-

vious works in modelling.

3.1.1 ALKENONE CALIBRATION MODELS

In response to the apparent linearity of the U, observations over SSTs, several works have been
focusing on constructing simple or region-specific linear regression models from their available
data. For examples, [Prahl et al. (1988)] used S observations in range of 8 to 25 °C and resulted
in UX = 0.034 - SST0.039; [Miiller et al. (1998)] obtained UY, = 0.033 - SST + 0.044 from
370 observations from 0 to 29 °C; [Sonzogni et al. (1997)] suggested UI3<7I = 0.023-SST+0.316
for 40 observations from 24 to 29 °C in Indian ocean.

More recently, [Conte et al. (2006)] suspected the nonlinearity relationship above 26 °C and
constructed a set of region-specific nonlinear models: U, = —1.004 - 107 - SST® + 5.744 -
1073 - SST? — 6.207 - 1072 - SST + 0.407 for 451 observations from Atlantic, U3K7/ = 0.0391 -
SST — 0.1364 for 131 observations from Pacific. Among all data sources including Indian and
Southern Ocean, the global model for 629 observations is given as U3K7/ = —5.256-107°-SST° +
2.884 1073 - SST? — 8.4933 - 10 - SST + 9.898.

[Tierney & Tingley (2018)] developed a Bayesian B-spline regression model, BAYSPLINE,
with the treatment of data seasonality, from 1344 globally-gathered observations. The spline
transformation is simply a linear combination of B-splines, so the regression model becomes a
multiple linear regression. B-spline coeflicients and model variance have priors and inferred in

the Bayesian framework. The resulted model is linear below 23.4 °C with slope 0.034 that is
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indistinguishable from [Prahl etal. (1988)], but the slope declines steadily to a minimum of 0.011
at the highest temperature 29.4 °C.

[Lee & Lawrence (2019)] constructed a GPR model as the calibration model from the same
dataset of [ Tierney & Tingley (2018)], after discarding those in the locations excluded from their
analysis. The result of data with 1274 observations were used. After preprocessing on the remain-
ing SST and UY to be standardized, they applied the heteroscedastic GPR to them with a neural
network kernel (section B.1.2) and constant mean prior function. Confirming the heteroscedas-

ticity of data is one of their achievements.

3.1.2 TEXg; CALIBRATION MODELS

Various simple models under certain conditions have been made so far. [Kim et al. (2008)] con-
structed a linear model SST = 56.2 - TEXg, — 10.78 from 223 observations without data from
Red Sea, those with SST < 5 °C and those with residuals bigger than 1 sigma; [Liu et al. (2009)]
resulted in SST = —16.332/ TEXg + 50.475 from 287 observations that include all their avail-
able data; [Kim et al. (2010)] gives two models: one is SST = 67.5 - log,, TEXj, + 49.9 without
Red Sea data and the other is SST = 68.4 - log,; TEX¢s + 38.6 without data from Red Sea and
those with SST < 5 °C.

As a more complicated model, [Tierney & Tingley (2014)] developed a Bayesian regression
model, BAYSPAR, with the Gaussian process (GP) priors. Their region-specific linear models
assume GP priors on the slope and intercept parameters over locations. They tested BAYSPAR
under different conditions defined by either or some of Arctic data with SST < 3 °C, Red Sea
data, or Antarctic data with SST < 3 °C were excluded. In either case, regional differences of

slopes and intercepts were identified.

3.2 RESEARCH MOTIVE AND DATA

The goal is to construct robust calibration models from the training data that consist of pairs

of present (known) SSTs and either UX, or TEXg, and then apply the models for inferring past
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Figure 3.1: UI3(7’ and TEXg¢ data. Each left panel shows the data locations while right plots data values over SSTs.

SSTs given the ancient proxy observations. In more mathematical terminology, what we want to

do is:

1. Constructing a calibration model p (Proxy|SST).

2. Applying it for p (SSTs|Proxies) o< p (Proxies|SSTs) p (SSTs|IK).

Here, IK stands for the independent knowledge of the SSTs from their locations or ages. Note
that this simple framework could turn out to be a complicated probabilistic graphical model if
2 (SSTs|IK) forms a Markov chain (over ages), a spherical grid (over locations), or a more high-
dimensional structure.

Figure 3.1 visualizes the dataset of U3K7, and TEXg, respectively. We use the same dataset of
[Tierney & Tingley (2018)] and [Tierney & Tingley (2014)]. The U3K7/ dataset is comprised of
[Arz et al. (2003); Bard et al. (2000); Barron et al. (2003); Barrows et al. (2007); Becker et al.
(2015); Bendle & Rosell-Melé (2007); Cacho etal. (1999, 2001); Calvo et al. (2001, 2007); Cani-

updn et al. (2011); Chen et al. (2014); Conte et al. (2006); Benthien & Miiller (2000); Chapman
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etal. (1996); Doose et al. (1997); Dubois et al. (2009); Emeis et al. (2000); Fallet et al. (2012); Fil-
ippovaetal. (2016); Fraser et al. (2014); Gutiérrezetal. (2011); Harada et al. (2006); Herbert et al.
(1998,2001); Ho etal. (2012); Horikawa et al. (2006); Huang et al. (1997); Ikehara et al. (1997);
Jaeschke et al. (2007, 2017); Kaiser et al. (2005, 2008, 2014); Kennedy & Brassell (1992); Kien-
ast & McKay (2001); Kienast et al. (2006, 2012); Kim et al. (2002a,b, 2003, 2004, 2007, 2015);
Koutavas & Sachs (2008); Kudrass et al. (2001); Lamy et al. (2002); Leduc et al. (2007, 2010);
Lee et al. (2001, 2008b,a); Leider et al. (2010); Liu & Herbert (2004); Lopes dos Santos et al.
(2010); Liickge et al. (2009); Madureira et al. (1995); Marchal et al. (2002); Martrat et al. (2007);
Max et al. (2012); McCaftrey et al. (1990); Mohtadi et al. (2011); Miiller et al. (1998); Ohkouchi
et al. (1999); Ostertag-Henning & Stax (2000); Pahnke & Sachs (2006); Pahnke et al. (2007);
Pailler & Bard (2002); Pelejero & Grimalt (1997); Pelejero et al. (1999); Prahl et al. (1989, 2006,
2010); Rein et al. (2005); Rodrigo-Gdmiz et al. (2015); Rodrigues et al. (2009, 2010); Romero
etal. (2008); Rosell-Melé et al. (1995); Rosell-Melé (1998); Rosell-Melé et al. (2000); Rithlemann
etal. (1999); Sachs (2007); Sawada et al. (1996); Sawada & Handa (1998); Schefuss et al. (2005);
Schulz et al. (2002); Seki et al. (2004); Sepulveda et al. (2009); Sikes et al. (1991); Sikes & Keigwin
(1994, 1996); Sikes et al. (1997, 2009); Sonzogni et al. (1997, 1998); Sperling et al. (2003); Tao
et al. (2012); Ternois et al. (2000); Tierney & Tingley (2018); Weldeab et al. (2007); Zhao et al.
(1995); Zhao et al. (2006)], whereas the TEX 4 dataset is consisting of [Castafieda et al. (2010);
Chazen (2011); Chen et al. (2014); Fallet et al. (2012); Herndndez-Sdnchez et al. (2014); Ho et al.
(2011,2014); Hu etal. (2012); Jia et al. (2012); Kaiser et al. (2014); Kim et al. (2010); Leider et al.
(2010); Lengger et al. (2014); Lii et al. (2014); Nieto-Moreno et al. (2013); Park et al. (2014);
Richey etal. (2011); Seki et al. (2009, 2014); Shevenell et al. (2011); Shintani et al. (2011); Smith
etal. (2013); Tierney & Tingley (2014); Trommer et al. (2009); Verleye (2011); Wei et al. (2011);
Wu etal. (2012); Zell et al. (2014); Zhou et al. (2014)].

In either case, there are more than 1000 observations but less than 1500, thus the amounts of
dataare moderate. Though somewhatarbitrary linear regressions have been mostly applied so far,

such relationships are not justified by theory, thus in fact there is no parametric model that not
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only describes but also explains the relationship of SSTs and either U or TEXg. As discussed
in section 1.2.2, these characteristics fit well for the nonparametric approaches, such as GPR.
As shown in figure 3.1, both proxies show apparent heteroscedasticity over SSTs, thus it is
reasonable that heteroscedastic GPR models tackle the problem. Though some of the previous
research tend to either discard or adjust some observations based on their data-specific character-
istics, here the full and raw dataset are used. To avoid the misspecification of GPR that assumes

the monomodality of the data, we also apply a multimodal GPR model to the proxy datasets.

3.3 MODELS

As mentioned earlier, the GPR is a nonparametric regression model. However, it has a margin to
reflect the parametric aspect in its structure: the mean prior function x as discussed in Appendix
B. For extending the previous works that are based on simple polynomial regressions (mostly
linear), here we assume that # is a cubic polynomial with unknown coefficient parameters to
infer. Though the sizes of two datasets are between 1000 and 1500, a variational free energy (VFE)
extension in section B.7 is applied in modelling. In this section, X = {X,}  and Y = {Y, })|

are the sets of SSTs and proxy (either UX or TEX,) observations, respectively.

331 HOMOSCEDASTIC AND HETEROSCEDASTIC GAUSSIAN PROCESS REGRESSION

Here we extend the heteroscedastic GPR model in [Lee & Lawrence (2019)]. Detailed deriva-

tions can be found in section B.2. In either proxy, the observational model is given as follows:

pIB.X) =N (VI8 Ax) = HN

) (3.3)

, where £8 is a latent state that represents the regression of ) on X'. Recall that the GPR is ho-
moscedastic if the variance function A is given as a constant function and heteroscedastic if not

(section B.2). The prior on £ is given as follows:

P (BlX) =GP (Ble (X) &, Kax) (3.4)
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, where K is a neural network kernel (section B.1.2) with erf as the activation function, « =

T . . . .
(20, 1,22, 23) € R*is a coeficient parameter and ¢ is a feature function defined as follows:

1 X X X3

1 X X2 X

1 Xy X X3

An exact GPR is specified by (3.3) and (3.4). However, we also consider the VFE extension
(section B.7) here: recall that it returns a closed-form posterior predictive model in regression.

Let A} be the set of pseudo-inputs. Then, the regression model is given as follows:

PO, X, Y, %) =N (le(x)a+m(x), A+ 5 (x))
m (x) = Kor, (Kot + Kayx A Kuz) KAy (Y — ¢ (X)a) (3.6)

s (x) = Kxx - KxXOK.;(éXOKXOX + KxXo (KX()X() + KXOXA}IKXX()) B KX()JC

Thus, the resulting model p (y|x, X', Y, &)) in (3.6) can be understood as an extended poly-
nomial regression: @ (x) « is the parametric regression of y and 7 (x) is a nonparametric bias
function, and the regression function is given by their sum @ (x) & + m (x).

Here, not only the kernel hyperparameters but also the coefficient « are unknown, so to be
tuned and learned. The objective function is the evidence lower bound (ELBO) L given by the

following closed form:

logp (V| X) > L £ logN (V|p (X) 2, Ax + Kax, Ky y, Kxyv) 6

1
— ztrace (A;/l (KXX — KXXOK;%XOKXO/Y))

By the Woodbury matrix identity [Rasmussen & Williams (2006)], one can derive the follow-
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ing:

(AX + KXXOK;(; ;(O]K/'\_/())‘.f)i1 = A;(l — A;_(IKXXO (KXOXO + ]K;\_/O)(A/\;_(lKXXO)71 KXOXA)_(I
(3.8)
Because Ay is a diagonal matrix, (3.8) is efficiently computed, so as £. Moreover, the partial

derivative of £ with respect to « is given explicitly as follows:

oL

4 ()T (Ax + Ky Ky Kaux) (V=2 (X)a) (3.9)

Thus, one can learn « with a gradient descent using the partial derivative (3.9). Note that gra-
dient descent on L for kernel hyperparameters is not a good idea: it is possible to express the par-
tial derivatives in closed forms, but the time complexity increases so that the exact computation
becomes intractable. The Markov-chain Monte Carlo (MCMC) algorithm on the Boltzmann
distribution [Landau & Lifshitz (2013)] with £ as the energy is a practical alternative.

The last issue is about the outlier classification: here the same kind of Bayesian modeling with
that for benthic 3'*O in section 2.3.2 is applied.

Now we are prepared. Algorithm 2 summarizes the inference procedure.

Algorithm 2: GPR

1 initialize coefficient parameters and kernel hyperparameters
2 set all data to be inliers

3 while converging do

4 tune kernel hyperparameters with inliers

5 learn coefficient parameters with inliers

6 update the variance function with inliers

7 classify inliers and outliers

end

compute the posterior predictive as the regression model

10 return parameters, outliers and the regression model

o ®
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3.3.2 MULTIMODAL GAUSSIAN PROCESS REGRESSION

As discussed in section B.2.3, a GPR is misspecified if the data has multiple modes over inputs.
To deal with such a drawback, several works have been presented. [Tresp (2001); Rasmussen &
Ghahramani (2002)] consider multiple generative processes based on the input space separation
and local expert models. [Ldzaro-Gredilla et al. (2012); Kaiser et al. (2018)] depend on a set of
GP priors on the multiple hidden states that stand for different generative processes and more
flexible probabilistic association models. [Bodin et al. (2017)] extends the input domain with
continuous latent inputs to be paired with inputs and eventually marginalized out.

Inspired by the idea of [Bodin et al. (2017)], here we present a new multimodal GPR that
extends the input domain with discrete latent inputs to be sampled by the Gibbs sampling (sec-
tion A.4.1) or estimated by the EM algorithm with an explicit M-step. Let £ = {L,}_, C
{0,1,2,--- ,C} and L, be the latent and fzxed pseudo-latent inputs that are coupled with the
real and pseudo-inputs X' = {X, }I;IZI and A, respectively. Then, the extended kernel K is de-

fined as follows:

K ((x1,41) , (%2, 15)) 2 K (w1,%) - exp (=0 - Ly ) (3.10)

, where 0 is a hyperparameter that controls the cluster similarity. Note that K is a well-defined
kernel because d (/1, ,) = 1y} is a metric over {0,1,2,--- ,C}.

Now, the full extended model is specified by the following observational model (3.11), GP
prior (3.12) and cluster prior (3.13): note that assigning a far smaller value to w, than the other

w.’s implies that the cluster 0 is for outliers.

PVl X,0) =N (Ve a) 2 e (v]e.a0)™" e
pBIX. L) =GP (ﬂ‘#(;f ) KXﬁ,XL) (3.12)
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HH (=3 (3.13)

n=1 ¢=0

Once the label £ is given, one can compute the corresponding posterior predictive distribution
similarly with (3.6). If £ is given as a set of samples, then the associated posterior predictive is
obtained as the approximation that marginalizes £ out by averaging them over samples.

What we are interested in is how to update L. Suppose that all the unknowns are given. One

would like to directly access to the posterior of L as follows:

P(LIX. D) x p(V, L]X) = /}ywxmmm¥mﬂ
(3.14)
(HH . }> ,N<y‘#g§>’KMM +A§f)>

The problem is that (3.14) is hard to deal with for £ because the latter term is indecomposable
with respect to £. Instead, let us think about the following: recall that y is assumed to be a

sufficient statistic in section B.7.

N
p(y|77X7£) ~ H/P (Yﬂ’b7Xn7Ln)P(b|Xn7Ln777 Xo,ﬁo) db
n=1

N
— [V (V.JE (X, Lo7) .7 (X, L)
n=1

(3.15)
~ L, - Lo ~
“ (X”’ L., 7> = #g(n ) + KXanXOEOKX;Eo,XoCO (7 o lug(o )) = o
’;(X”’ L”) - Ag_:) + KXanXnLn - KXnLn7X0LOK;(;£07XOLOKXOEO7XnLn £ ’77;1
Therefore, one can approximate p (L|y, X, )) with following:
p Ly X Y)o<p Yy, X, L)p (L)
N (3.16)

C
an:[
~||< (Va2 (X, L )7 (X, L) [ [ & }>
=0

Note that (3.16) is decomposable with respect to £, thus sampling £ can be done efficiently
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given X', ) and the latent sufficient statistic y. Together with p (¥|X, ), L) ~ ¢ (y|L) in sec-
tion B.7, Gibbs sampling (section A.4.1) efficiently samples y given £ and £ given y iteratively.
Furthermore, one can estimate £ by the following EM algorithm that marginalizes y out:

E-step: Compute the following expectation:

Y (,C‘/;(f)) L Ey|X,y,£(’) logp (Vy, X, L) +logp (¥| Xy, Lo) +logp (L)] (3.17)

M-step: Find L) & argmax . ¥ (ﬁ’ﬁ(t)).

With the approximation p (y|X, Y, £) = ¢ (y|L£), we have:

¥ (£]£9) Z/P (7], 2, £9) [logp (V]y. X, L) + logp (y| X, Lo) + logp (L)] dy

~ logp (L /§D (y|£9) logp Yy, X, L) 47+/§D (7|£9) logp (71Xo, Lo)dy
(3.18)

Because the last term in (3.18) is irrelevant to £, we just need to find the maximizer of the sum

of the first and second terms. Note that p (Y|y, X, L) is approximated with (3.15), thus:

Y (ﬁ‘g(f)) - / P (V‘E(t)) logp (y|Xo, Lo)dy

~logp (L)

/gp }/‘ﬁ logH./\/(
_IOgH Ha) {Ln=c}

n=1 ¢=0

+ Z/@ (71£9) 1o (¥,
_Z [Z i, logw, — = (AZ B, +logvn>]

n=1 | =0 Vn

+ KXnLn XOEOKXOEO XoLo (7/ {u.()([:oo > ’;”>d}/

(3.19)

L, — L ~
(n : + KXnLﬂvX()ﬂOKXiEo,XOEo <7 - luEVo))> ) V”>d7/
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, where:

ALY (L) K s1K A(ﬁ(r)) -1 (Em)
n— tn lan - XuLu, X0 Lo Xoﬁo,Xﬁ(t) X y - luX

2 -1 3.20
B, = KXn LY X0 Lo > KXoﬁo X LY ( )
£©

—1
s (£0)
Z - K-XOLO:X()ﬁ() + KXQLQ,X[:O) <AX ) KXL(’),X(][:()

Thus, ¥ ([, ‘ [,(I)) is decomposable with respect to L. Thus, the M-step can be efficiently run

by following:

1 (A2+B ~
L+ = argmax [loga)Ln —3 ( ”j_ ~ + log Vn>:| (3.21)
L, n

What remains is to deal with the unknown label / for the query input x. In the learning proce-
dure, all labels for the inputs are learned by the EM algorithm as described above. After learning,

we have a pair of inputs and the learned labels (X , ﬁ) Any classifier p (Z x; X, ﬁ) including

Gaussian process classifier (section B.3) that is learned from <X ) /j) can be the association dis-
tribution of the label / given the query input «.

Finally, the posterior predictive distribution is given by the following Gaussian mixture:

C

pOlx, X, Y, X) = Zp <l’x; X, ﬁ) N (J}‘uff) +om(x,0) , AY + 5 (x,0)) (3.22)

=0

p) Where: let le,() = le,XQ,CQJ KO,XZ = KXQE(),XZ) KOO = KXQ[,Q,XQ,C[)! KOI = K-X()[:();Xé and

KIO = KXf,,Xoﬁo fOI' Short.

m (1) 2 Ko (Koo + Ko ( Aﬁf)) B Km> ; Ko (AE})) B (y — #Eff))

-1

. (3.23)
_ £)\
s (x,2) £ Ky — sz,oKoolKo,xz + Ko (Koo + Ko (Agg )) Km) Ko,

Now we are again prepared. Algorithm 3 summarizes the inference procedure: note that this

algorithm can be reduced to an unsupervised classifier by discarding last two steps before the last
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line and not returning the association distribution and regression model (removable steps).

Algorithm 3: Multimodal GPR

initialize coefficient parameters and kernel hyperparameters

randomize the labels

while converging do

update labels by the EM algorithm

tune kernel hyperparameters

for each label do
learn the label-specific mean prior function with the classified data if needed
update the label-specific variance function with the classified data

o 0 I & N e W N -

end
end
learn association distribution given the learned labels (removable)

T
N = O

compute the posterior predictive as the regression model (removable)
return parameters, labels, association distribution (removable) and the regression
model (removable)

—
w

Figure 3.2 visualizes the results obtained by running the reduced version of algorithm 2 on
some examples. We could check that similar result was obtained with that of [Kaiser etal. (2018)]
to classify outliers in the last panel of the figure. Though [Bodin et al. (2017)] deals with a more
general setting that the extended inputs are continuous and to be marginalized out, our model
so far is not only mathematically but also practically interesting because it efficiently updates
the labels by the EM algorithm with an explicit M-step or samples them by the Gibbs sampling

algorithm.

3.4 RESULTS AND DiscussION

For each proxy, we tried the following three models: homoscedastic GPR, heteroscedastic GPR
and the reduced multimodal GPR for finding multiple clusters of the data if exist. Each set of
results are visualized in the corresponding figure that consists of six panels. The first panel shows
the resulting calibration model of the proxy over SST; the second panel presents the nonparamet-
ric bias function over SST; the third panel indicates the locations of inliers (green) and outliers

(red) on the world map; the fourth panel gives the inferred standard deviation function over SST;
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Figure 3.2: Some example results from our multimodal GPR.
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the fifth and sixth panels are about the standardized residuals that are obtained by subtracting the
proxy observations by their regressions and then dividing them by their inferred standard devia-

tions.

3.4 ALKENONE CALIBRATION MODELS

Figure 3.3 visualizes the homoscedastic GPR results for the alkenone proxy data. As shown in
the first and second panels, too many observations are classified as outliers, which implies that the
model is not correctly specified. It is also supported by the histogram of the standardized resid-
uals: inferred standard deviation function seems to be too narrow to encompeass all the observa-
tions, but also too broad for the classified inliers. The classified outliers show somehow but not
certain regional pattern in the world map. Even though the model was homoscedastic GPR, the
inferred standard deviation function over SST is heteroscedastic: because observational variance
is constant, this inconsistency stems from the model uncertainty. The unstable nonparametric
bias function also supports the existence of extensive model uncertainty.

The heteroscedastic GPR results are visualized in figure 3.4. In contrast to the homoscedastic
case, the nonparametric bias function is stable and not many outliers are classified. The inferred
standard deviation function over SST clearly shows the heteroscedastic characteristic of the proxy
data: U3K7, observations at higher temperatures are more certain than those at lower temperatures.
The histogram that fits well for the standard normal distribution also supports that the classi-
fied inliers follow a single Gaussian model. However, there is one doubtful aspect that leads to
the further investigation: outliers under the regression function seem to form another cluster,
though they do not show a vivid regional pattern.

Some multimodal GRP clustering results are shown in figure 3.5: those results are preliminary
because the label uncertainty was not considered. Here the cluster-specific mean prior functions
are defined by different constant functions. The outlier cluster mentioned in the above paragraph
gets absorbed into inliers as the number of clusters increases. Note that the analysis for 1 cluster

(the top panel) suggests a nonparametric way of classifying outliers.
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Calibration Model Nonparametric Bias
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Figure 3.3: Homoscedastic Gaussian process regression of U3K7, on SST. In each panel, red crosses are the outliers and shaded
region indicates the 95% confidence band.
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Calibration Model Nonparametric Bias
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Figure 3.4: Heteroscedastic Gaussian process regression of U3K7l on SST.
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Figure 3.5: Multimodal Gaussian process regressions of UI3(7, on SST.
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Calibration Model Nonparametric Bias
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Figure 3.6: Homoscedastic Gaussian process regression of TEXg; on SST.

3.4.2 TEXg; CALIBRATION MODELS

Figure 3.6 visualizes the homoscedastic GPR results for the TEXg, proxy data. In the world
map, the outliers show a vivid regional pattern: they are mainly from the Red Sea and the Arctic
Ocean. Itsupports that the data are commonly follow the same calibration model. Unlike the ho-
moscedastic GPR of the alkenone in section 3.4.1, the nonparametric bias function is stable over
SST, so here the regression and the parametric regression of a cubic polynomial are almost identi-
cal. However, this calibration model is still not correctly specified: the shape of the histogram of
standardized residuals implies that the inliers are more likely following a Gaussian mixture rather
than a single Gaussian.

The heteroscedastic GPR results are visualized in figure 3.7. The calibration model gives a
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Figure 3.7: Heteroscedastic Gaussian process regression of TEXgs on SST.

more flexible variance function over SST to classify less observations as outliers. Thus, the re-
gional pattern of the outliers become more vivid than the homoscedastic case. Unlike alkenone
that show the diminishing pattern, the inferred standard deviation function of TEXg, over SST
does not have a certain pattern here. Though outliers are addressed more carefully and sensitively,
the histogram of standardized residuals still implies that the observations tend to follow a mixture
of Gaussian distributions.

Some preliminary multimodal GRP clustering results are shown in figure 3.8. Histograms of
the standardized residuals tend to fit well for the standard normal distribution as the number of

clusters increases.
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Figure 3.8: Multimodal Gaussian process regressions of TEXg, on SST.
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3.5 FuTurRe WoORK

Many previous works of the calibration model construction have discarded or adjusted the proxy
observations or SSTs based on the data-specific characteristics. This can be understood in the
following framework: there are two categories of outliers. Outliers of the first category are just
meaningless noises without any information. Thus, such outliers should be discarded in learning
procedure, especially for the nonparametric models that are directly depending on the data. Out-
liers of the second category are, however, originally informative but structurally contaminated for
some data-specific reasons. Classification into these two categories cannot be done without the
aid of relevant experts in paleoceanography and/or paleoclimatology. Thus, to reflect such sub-
tle differences of outliers, in future our work must be collaborated with the relevant experts to
construct not only mathematically but also practically meaningful calibration models.

In relation to the previous criticism, an interdisciplinary work to deal with the lab-specific
biases in alkenone is ongoing. One of the collaborators, Dr. Timothy Herbert, suspects that lab-
specific biases exist and affect the pattern of data for the reason that the proxy dataset is a collection
of the observations from multiple laboratories and each lab has its own procedure. This problem
is similar to the multimodal GPR in section 3.3.2 but could be easier because it is supervised: lab
associations are given a priori to be paired with the data.

As BAYSPAR of [Tierney & Tingley (2014)], including spatial information of the data to the
inputs brings another interesting goal. GP models are easily extensible to take more inputs, such
as spherical coordinates in this problem. In fact, we already have some preliminary results that are
shown in figure 3.9: whereas BAYSPAR gives GP priors on the slope and intercept coefficients
that are defined regionally with grids, our model is more nonparametric and returns the exact
posterior predictive distributions instead of the slopes and intercepts. The site-specific regression
model at each site tends to follow the observations near to the site over the SSTs that are in range
of where those observations are made, but soon gets deviated to the general data as going outside

of the range. One major problem of this approach is regularization by the guidance of experts
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Figure 3.9: Some preliminary results from the site-specific GPR calibration model.

relevant to data: models that are too faithful to the data could lose something important such as
its applicability or practicability by overfitting.

More abstract GP-based models, such as deep GP (section B.6), could be applied to the datasets
as one of the future research directions. Like what deep neural network models do, deep GPs
are simultaneously doing inference and extracting features. As discussed in section B.6, deep
GPs contribute to overcoming the suboptimality of GP models, at the cost of interpretability:
shallow GPR models are given explicitly and mean and variance terms of the posterior predictive
distributions can be decomposed into either parametric regression and nonparametric bias or

observational uncertainty and model uncertainty, as discussed earlier, but a deep GP regression
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cannot be expressed in a closed form thus loses such a decomposable aspect.

This project ends at the calibration model construction: the obvious work to be followed is
constructing a model for reconstructing SSTs given ancient proxy data. It could be done inde-
pendently on the proxies, i.e., restoring an SST for each proxy one-by-one, but a better approach
would be connecting SSTs over ages or locations, as discussed in section 3.2. If we define a GP
state-space model over ages and locations, then the choice of kernels or their hyperparameters
could be suggested by the relevant experts, based on their physical models from other related

data.
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Atmospheric CO, Reconstruction Using

Boron Proxy

Carbon dioxide (CO5,) is a colorless gas in Earth’s atmosphere, consists of a carbon atom cova-
lently double bonded to two oxygen atoms. The current concentration is about 0.04% (412
ppm) by volume, having risen from pre-industrial levels of 280 ppm [Eggleton (2012)]. Though
CO, gas occupies only a small portion of the atmosphere, its variations are key factors of climate
change that has recently been a serious issue threatening all mankind.

The boron isotope, which is also a proxy for pH reconstruction, is one of the main marine

proxies used for the atmospheric CO, reconstruction. Boron has two stable isotopes, ''B and
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1B, in the forms of boric acid B(OH), and borate ion B (OH); . Because boric acid has a higher
"B /!B ratio than borate ion by 1.0272 [Klochko et al. (2006)], the boron isotopic composition
in marine carbonate is affected by the pH of the seawater in which the carbonate grows: the boron
proxy is based on the observation that predominantly only borate ion is incorporated into marine
calcium carbonate, such as the shells of foraminifera [Hemming & Hanson (1992)].

The composition of total dissolved carbon (DIC) to total alkalinity (ALK) is linked to the sea-
water pH that is closely related to CO,. Seawater CO, content is estimated by the nature of the
CO;,-system (with additional parameters) in seawater that considers the boron isotope compo-
sition [Lemarchand et al. (2002)] and minor vital effects relating to well-preserved foraminiferal
physiology [Henehan et al. (2016)]. Atmospheric CO; is then reconstructed from the seawater
CO, by taking the air-sea disequilibrium that should be accounted for as well".

This chapter covers our preliminary work on the reconstruction of atmospheric CO, with
boron proxy. In contrast to the previous work that accesses each proxy observation one-by-one,
we apply various state-space models such as the particle smoother (section A.3.2) and Gaussian

process state-space (GPST) model (section B.4).

4.1 RELATED WORK

While [Honisch et al. (2009)] estimated a 2.1-million-year-long sea surface partial pressure of
CO; (pCO,) from boron isotopes in planktic foraminifer shells and could confirm that their es-
timates are consistent with the ice core records, [Foster & Rae (2016)] more carefully described
how CO, is reconstructed from the boron isotopic composition (9" B) of marine calcium car-
bonate. They reviewed the chemical principles underlying the proxy, summarized the available
calibration data, and gave details of how boron isotopes can be utilized for estimating ocean pH
and ultimately past atmospheric CO,.

While the above works have been focusing on the pointwise inference, [Garcia-Olivares & Her-

rero (2013)] constructed Local Stratification (LS) model, a dynamic model of global ice volume,

"I refer to http://www.p-co2.org/boron for the first three paragraphs in this chapter.
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extent of the Antarctic ice sheet and atmospheric CO, over time. The LS model connects a set of
different past events by the system of first-order ordinary differential equations (ODE:s), just as
PP04 models of [Paillard & Parrenin (2004); Garcia-Olivares & Herrero (2012)] that were fitted

with the experimental time series of 20 and CO, for the last 800 kiloyears.

4.2 RESEARCH MOTIVE AND DATA

Asdiscussed at the beginning of chapter A, the inference on the linked hidden states (past climate
events over time) given the paired observations (proxy observations) can be effectively processed
in the framework of state-space models. Thus, our goal is to design and run various state-space
models for inferring the atmospheric CO, using boron proxy and verifying the results with the
Antarctic ice core records [Monnin et al. (2001); Petit et al. (1999); Raynaud et al. (2005); Inder-
mihle etal. (2000); Siegenthaler et al. (2005); Liithi et al. (2008)] that have trapped air composed
with CO, thus to be used as the “true” values. Because such “true” values are limited up to 800
kiloyears, our inference is also done up to at most that point. Let us call them “experimental time
series”.

A transition model of the state-space model can be either parametric or nonparametric. In this
section we consider both of the cases. Firstly, we construct a parametric state-space model with
the transition model based on the dynamic model on multiple climate events including atmo-
spheric CO, of the LS model [Garcia-Olivares & Herrero (2013)]: its parametric form is justified
scientifically thus itself meaningful. This work was collaborated with my advisor Dr. Charles E.
Lawrence and one of his students, Andrew Kaluzny and presented to the attendees of the 2nd
Workshop on Cenozoic pCO, Reconstruction by my advisor on May 30th, 2018.

However, the state-space model with a parametric transition model would be problematic for
the following reasons: 1) the inference highly depends on the estimated parameters of the transi-
tion model, but the underlying dynamics could be nonstationary due to the change of the other
surrounding conditions over time, and 2) the transition of the hidden states is usually assumed

to be made regularly (for example, for every kiloyear), but the boron proxy is not regularly spaced
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over ages and too scarce to be properly rearranged regularly. The GPST is a nonparametric state-
space model that deals with such irregularly-spaced inputs, thus could be perfect for this purpose.
Therefore, we also try the GPST on the dataset.

However, the state-space model with a parametric transition model would be problematic for
the following reasons: 1) the inference highly depends on the estimated parameters of the transi-
tion model, but the underlying dynamics could be nonstationary due to the change of the other
surrounding conditions over time, and 2) the transition of the hidden states is usually assumed
to be made regularly (for example, for every kiloyear), but the boron proxy is not regularly spaced
over ages and too scarce to be properly rearranged regularly. The GPST is a nonparametric state-
space model that deals with such irregularly-spaced inputs, thus could be perfect for this purpose.
Therefore, we also try the GPST on the dataset.

We use the boron proxy data in ODP668 and ODP999 [Dyez et al. (2018)]. Our sea level data
are referred to [Spratt & Lisiecki (2016)]. Benthic 8"*O proxy are from the ocean sediment cores
MD95-2042 [Bard et al. (2004); Shackleton et al. (2000, 2004)], MD02-2575 [Nirnberg et al.
(2008)] and MD02-2589 [Molyneux et al. (2007); Diz et al. (2007)].

Our work here is, however, strictly limited for the following reasons: 1) our emission (observa-
tion) models for proxies are just simple and fixed parametric models that are pre-trained based on
the samples from other datasets, 2) some uncertain values such as ages of the proxies are regarded
as the fixed ones according to the datasets, and 3) the number of boron proxy observations up to
800 kiloyears is only 86. Thus, the work is preliminary rather than complete, just for drawing the

interdisciplinary experts’ interests in future research opportunities.

4.3 MODELS

Two models are applied separately. The first model uses the particle smoother and the second one
is GPST. In each model, its emission model is defined by a set of fixed observational models that
are pre-trained by the data. However, the parametric transition model of the first model based is

trained during the inference, and so as the kernel hyperparameters in the second model.
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The first model is depending on the proxies of benthic 20 and the boron proxy, B, which

is a variation derived from the boron isotopes as follows [Foster & Rae (2016)]:

A 11B/IOBsam le
MBE || ) —1 | x 1000 4.1
11 10
B/ Bstandard

, where "B/'°B = 4.04367 is the boron isotopic composition of National Institute of

standard
Standards and Technology Standard Reference Material 951 boric acid [Catanzaro et al. (1970)].
We assume that any proxy observation is paired with a given age. Unevenly gathered observations
are adjusted to the grid of every 1 kiloyear. Here we limit the inference up to 260 kiloyears ago,
where both benthic 8O and 8" B observations in the cores exist.

Whereas the first model assumes that the ice volume is another hidden state to infer, it is given
a priori as the values derived from the sea level data in [Spratt & Lisiecki (2016)] and the following

relationship

AV - dice = _Ab “A - dseawater (42)

, where V is the ice volume, A = 3.618 x 10*(km”) is how much area the oceans cover, 4
is the height, and densities of ice and sea water are die = 0.9167(Gz/ km3) and degwater =
1.027(Gt/km?), respectively.

The same emission model of 3''B given atmospheric CO, is used, whereas that of ice volume
given atmospheric CO, is pre-trained by the paired values of the given ice volumes and given CO,
of the Antarctic ice core records: this aspect makes the inference of this model preliminary. Here
we try four kernels: squared-exponential (SE), Ornstein-Uhlenbeck (OU) and two other Matérn
kernels with d = 3/2 and 5/2 (section B.1.1) that correspond to the continuous autoregressive
(AR) models AR (c0), AR (1), AR (2) and AR (3), respectively. The inference is done up to

800 kiloyears ago.
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Figure 4.1: A graphical representation of our particle smoother for the CO, reconstruction.

4.3.1

PARTICLE SMOOTHER

First of all, we define the notations as follows: a graphical representation of our particle smoother

is in figure 4.1.

T | 5 : o :
V = {V,},_,: dimensionless indices of ice volumes.

T | 4 . o .
A = {A,;},_,: dimensionless indices of extents of the Antarctic ice sheet.
C= {C[}tT:l: dimensionless indices of atmospheric CO,.

S = {St};: tuples of above dimensionless indices, where each S, £ (V,, A,, c)".
T
0= {O(”‘) }1\7:01: set of observed 9O proxies, where each o = {OE”’) } from core

= t=1

m is the set of either interpolated values to be paired with S or () (we do not extrapolate

the data).

T
B = {B(m) }MBI: set of observed "' B proxies, where each B0 = {B,(m) } from core m
m =1

is the set of either interpolated values to be paired with S or () (we do not extrapolate the

data).

Thttp ://www.antarcticglaciers.org/glaciers-and-climate/estimating-glacier-contribution-to-sea-level-rise/
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Best Model - Linear Regression (d = 2)
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Figure 4.2: Ice volume and 5180 pairs (red) and the chosen model with the 95% confidence band (green).

From the datasets, we first learn the following parametric observational model of 8O (O)

given the dimensionless indices of ice volume (V):
pey (OIV) =N (O|180 TEV A+ +zgdvd7 cXp (7’0 VAt ?/[V[)) (4.3)

Based on the Bayesian information criterion (BIC) [Schwarz (1978)], we choose the degree
d = 2and ¢ = 0. The pre-trained emission model is given as follows: see figure 4.2 for its

visualization with training data.
pe, (O[V) = N (O]4.21 + 0.407V — 0.0429V?>,0.197%) (4.4)

Also, we choose the observational model of "B (B) given the dimensionless indices of atmo-
spheric CO, (C) among the following two parametric models: these models with training sam-

ples were suggested and gathered by Andrew Kaluzny.

a— \/b—l—clog(C—l—d),exp (90+51C+---+3ch)>

pes (BIC) = N (B
(4.5)

pes (BIC) =N (Blﬂ +bC + clog (C+d),exp (9 + HC + - - - + 9,C7))

By applying the BIC again, we choose the following model: see figure 4.3 for its visualization
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Best Model - Case 2
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Figure 4.3: Atmospheric CO; and MB pairs (red) and the chosen model with the 95% confidence band (green).

with training data.
Pes (B|C) = N (B|30.3 4+ 0.0552C — 3.80 log (C+8.76), exp (—3.324+0.0392C)) (4.6)

To apply the observational models (4.4) and (4.6) for the proxy observations, just as what we
did in section 2.3.2, core-specific adjustments are necessary: we linearly adjust the models by core-
specific coefficient parameters.

The emission model p, (O,, B,|S;) is obtained as follows:

1 m
Vi o)) 7 e (B
st>

The transition model is originated by the LS model in [Garcia-Olivares & Herrero (2013)]

that is defined as the system of the following first-order ODE:s: T‘(,l), T‘(,Z ), Ta, T(Cl) and T(Cz) are

Cs; 6(’”))1{35”)¢ﬁ}

St) é])gv (Ogm)

M
p(0,BJs) = [T - (0, B
m=1

(4.7)
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parameters.

av v, -V

At P lyevy + 7 vy,

an _—C-A (4.8)
dt TA

dc C,—C

dr

©cccy + 70N (csc)
, where, for the mean daily insolation I¢s at 65°N on June 21st and parameters x, y, 2, , 8, y and

9,

V, 2 —xC — ylgs + 2
(4.9)

Cr £ 05165 — {BV + 71{bA+chd>0} +9
By dX/dt ~ (X,4+1 — X,,)/(t4+1 — 2,), one can convert (4.8) to the probabilistic transition

model as follows:

P (St+1‘st7 zz) = N (St+1 ‘W[,St + B;“,a Z) (4-10)

, where X is a covariance matrix addressing errors and:

_ _E_ _xe_ _JE 165 4 =z
== 0 @ ol e
2 c c 2
W, = 0 1-= - |, B= 0
fe 3 ac 165 4 e 4 J° .
) 0 1-= it o T om Heasc—as0)
C C C C C

1, V,<—xC,—yI® 42z C, <al® — BV, + Y pa4ec,—asop + 9

2, V[ < —th —ylfs +z Ct Z 061?5 — ﬂV[ + 71{bA[+cC,—d>0} + 5

lI>

4
3, V,>—xC,—yI® +z C,<al® — BV, + yyatec—asop + 9

4, Vt Z —th —ylfs +z Ct Z aIfS — ﬂVt + 71{bAt+cC,—d>0} + 3

TV -_
rs,z), {,=3or4
()
¢ a ) 7T f=1or3
TC -

rg), {,=2o0r4
\

(4.11)
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Note that {; is defined by the given parameters, I*> and S,.
The particle smoother in section A.3.2 is completely specified by its transition (4.11) and

~ L
emission (4.7) models. Suppose that we have drawn a bunch of sampled paths {S g }1 =
=1

Y~~~ 3L
{V(l), AW ¢ }1 . On the one hand, the covariance matrix X is easily updated by the follow-
=1

ing form:

M>
I
=

B

i(m WSt Bk) <§ St Bk)Tl{z,,):k} (4.12)

N 4
1 n n T o1 (% n ol
f( ) = ) Z Z Z <S§+1 Wks( B/e) x (S§+)1 - W/eSE g Bk) 1{2& )_k}
b—1
(4.13)
We do not have any closed form for updating any of the parameters with (4.13): instead, we

can adopt gradient descent methods, after regularizing the only nondifferentiable term: foralarge

A > 0(weuse A = 1000),

1

) . ~ 4.14
{bA+cC,—d>0} 1+ exp (—bAA; — cAC, +dA) ( )

Note that each partial derivative of (4.13) is given as follows:

(8% - wis Bk)Ti_l (aggk§5”’+%ik)1{? 2

(4.15)

T-1 4

Y (50)-3

n=1 t=1 k=1

By plugging the approximation (4.14) in the objective function (4.13), parameters are updated.
Now we are prepared. Algorithm 4 summarizes the inference procedure.
4.3.2 GAUSSIAN PROCESS STATE-SPACE MODEL

Although we already covered the GPST briefly in section B.4, here we give a more detailed infer-

ence procedure. Let us first define the notations as follows:
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Algorithm 4: Particle Smoother Atmospheric CO, Reconstruction

initialize parameters and covariance matrix

while converging do
sample dimensionless index paths by the particle smoother algorithm
update the covariance matrix given parameters and sampled paths

IS N S

update the parameters given covariance matrix and sampled paths
end
restore atmospheric CO, from the associated dimensionless indices
return a set of sampled paths of CO,

0 N &

* T = Ti.n: ages of observations.

* X = X;.n: atmospheric CO, at T to infer.

* Y=Y 9'BatT.

* V = VNt ice volumes at 7 somehow correlated with &'.

Then, we have the following models on them. First, what we model as a GP is the latent state

X over T recall that Matérn kernels are corresponding to the continuous AR models (sections

B.1.1and B.4).

p(X|T) =N (X ‘ﬁw KTT) (4.16)

Secondly, to deal with outliers, we consider a Student’s t-distribution with 6 as the degree of
freedom for the emission model of 0"'B given X’ and 7 the mean « and variance 7 are the same

as those of (4.6).

PVIX,T) = HTY@ ,7(X,),6)

(4.17)
2 (X,) = 30.3 + 0.0552X, — 3.80 log (X, + 8.76)

7(X,) = exp (—3.32 4+ 0.0392X,,)

Lastly, a Gaussian mixture model [Murphy (2012)] is considered for the emission model of ice
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Figure 4.4: (Left) The BIC curve that selects 3 as the number of clusters and (Right) atmospheric CO, and ice volume index
pairs (green) and the regressions of the clusters (in each color).

volumes given X': figure 4.4 visualizes the training data and learned model.

N K

pVIX) =D 2N (Va|aiX, + by, ) (4.18)

n=1 k=1

In the GP regression model, the goal is to obtain the marginalized distribution of the proxy
given the associated input. Here, the model aims to infer X" given 7, V and ). Note that the
likelihoods (4.17) and (4.18) are not Gaussian, thus the posterior of X’ cannot be given as a known
distribution.

A plausible approach is sampling X" from the posterior p (X7, 1V, ) which is proporational
op (VIX,T)p(V|X)p(X|T) by a Markov chain Monte Carlo (MCMC) (section A.4). It is,
however, limited because 1) X’ tends to be highly correlated one another so it would require a lot
of iteration until reaching a burn-in period and 2) computing p (X'|T") (or p (X,| X \ X,,, T))
becomes intractable quickly as the size of data N grows.

Instead, we consider the following variational method. Consider ¢ (X'|®) as an approxima-

tion of p (X|7T,V, ) defined as follows: for x = (‘ul, e ,‘uN)T and ¥ = diag (%, e ﬁq),

7(X]©) =N (¥|e.¥) = [V (x,

©,, V) (4.19)
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A subsequent issue is about how to estimate ©® = .y = { 20N %zN}. Let us consider the

following Kullback-Leibler (KL) divergence:

Dxe (7 (1O)]lp ([T, V,3))
= logp (V. VIT) + Dxw (¢ (1©)[p (7)) = E, [logp (V| X, T) +logp (V|X)]

=logp (V, Y|T) +Dxw (7 (:|®)||]p (-|T)) ZE log T (Y, (X,) , 7(X,) , 6)] (4.20)

n=1

N K
— Z E, (log Zpk./\f (VJ@X,Z + by, a)ﬁ)
n=1

k=1

Since KL divergences are nonnegative, we have the following inequality giving the evidence

lower bound (ELBO) to the log-marginal likelihood (log-ML) logp (V, Y| T ):

N

logp (V. V|T) = = Diw (g (1©)llp (1)) + D E, log T (Y|« (X,) . 7(X,.) . 6)]

n=1
N (4.21)
+ K,
n=1

w})

K
Iog Zpk./\/- (V
k=1

Because both p (X'|T) and g (X'|©) are Gaussian, we can represent Dgy, (4 (+|®)|[p (-] 7)) in
a closed form as follows:
Dk (¢ (-1©)[p (-1T))

1 _ e Kr7|
— 5 (trace (KTIT‘I’) + <‘u — &T> KTIT ([u — ﬁT) — 1+ log v

) (4.22)

The last term cannot be explicitly computed. One possible treatment is to use the following

lower bound holds for each 7 by Jensen’s inequality:

K
E, |log Zp/e./\/' (V

k=1

K
=> <logN (V|awe, + by, ) — ﬂm 2%)
k=1

w)| = E,

K
Zpk log N (Vn‘osz,L + by, a)ﬁ)]
k=1

(4.23)
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However, it turns out that the gap in (4.23) is too big to guarantee a good variational approx-
imation after running the real data. Therefore, a Monte Carlo integration should be considered
instead. To reduce the variance, let us consider the reparameterization trick, as discussed in sec-
tions B.2.3 and B.4: for each 7, let ¢, ~ N (0,1%). Then, the expectation can be represented in

the following form:

E,

K
log Zp/e./\f (Vn|a/€Xn + by, a)i)]
= (4.24)

:Egﬂ

K
108> AN’ (Valao (5, + ¥,60) + b >]

k=1

Therefore, its gradient with respect to 8, is given as follows: in practice, we approximate it with

the Monte Carlo integration.

K
VQnEq lOg Zpk./\/‘ (Vn‘aan + bk, w%)]
- (4.25)
. [T 3 (W, + ,5) )
k=1

It is also not possible to express each E, [log T (Y|« (X,) , 7 (X,) , 6)] explicitly. As similar

with above, we have the following:

E, log T (Yala (X,), 7(Xa) ,6)] = B, [log T (Yale (g, + ¥,61) 7 (&, + ¥,6) . 6)]

Vo, B, llog T (Yol (X,) . 7(X,) ,6)] = Ee, [V, log T (Ya|at (1, + ¥,64) 7 (1, + ¥,64) - 6)]
(4.26)

Therefore, we can run a gradientascend on the lower bound in (4.21) to variationally maximize
» (V, Y|T) under mild regularity conditions, including that  and 7 are partially differentiable
with respect to the first coordinates. Note that it also becomes intractable as N grows because
(4.22) is involved in computing K. This can be dealt with by using small batches instead of

the full data in feeding in the gradient ascent or considering another variational approximation

onp (X|T,V,D).
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Suppose that © and K are estimated by so. Then, for an arbitrary age ¢, the associated atmo-

spheric CO; x has the following posterior predictive:

P T V. V) = / P (e, X.T) p (X|T, V. V) d

~ /P (x5, X, T) g (X|©)dX = N (x[p (), 9(2))
(4.27)

£ = KKy (=g )+,

) (l‘) =K, — K“TK;}TKT[ + K, TK;}T YK;—}T K,

However, we can do slightly better than this if ice volumes are given at any ages. Let v be that
value at z. Then, the density of v given x is Z/I;l PN (v|agx + by, w7 ), which can be plugged in

as a likelihood, so we have the following posterior of x, with (4.27) as the prior:

K

Pt o, TV, V) =Y pi(t,0) N (x]g, (2,0) 7% (£, 0))

k=1

K
x p (x[t, T, Y, V) ZP/eN (U‘ﬂkx + by, w})
=1

2N (vlagp (2) + by, 0} + 229 (2)) (4.28)

z, =
Pe8) = K N ol (0) + b ? + 29(9)

7, (t0) = (00 +adwp?) (awp (0= b) +3() 0 (2))

% (o) = (0(0)" + dw)?)

To get the confidence bands with (4.28), note that, for any 7, we have the following:

Px>ylt,0, T, Y,V) = = o) [1-@ —V_ﬁk(t’”)>>
(x> 7|z ) ;P/e(t )< (,/vk(t,v (429)

K p—
P(x<ylt,o, T,V V) =Y pi(t.0)® w
k=1 i, (2,0)

Now we just need to get numerical 7’s to make the upper and lower term in (4.29) /2 for

obtaining the 100 (1 — 2)% confidence level.
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Now we are again prepared. Algorithm S summarizes the inference procedure.

Algorithm 5: Gaussian Process State-space Model for Atmospheric CO, Reconstruc-
tion

1 initialize kernel hyperparameters and variational parameters

2 while converging do

3 tune kernel hyperparameters

4 learn variational parameters

end

compute and return the posterior predictive mean and variance functions

N W

4.4 RESULTS AND DISCUSSION

We tried two models for reconstructing atmospheric CO,, one is the particle smoother and the
other is the GPST. Each set of results are visualized in the corresponding figure that has three fea-
tures. The black dashed curve and shaded region are that of reconstructed atmospheric CO, (the
median of the sampled paths) and its 95% confidence band, respectively. The red curve indicates
the “true” atmospheric CO, (experimental time series) from the Antarctic ice core records. The

blue bars are the lower-upper intervals of the published CO, of [Dyez et al. (2018)].

4.4.1 PARTICLE SMOOTHER

We set the number of particles to be 200 and ran 100 iterations, where only the covariance ma-
trix was supposed to be learned for the first 30 iterations. The learned covariance matrix and

parameters are given in (4.30) and figure 4.5.

0.0464 —0.0322 —0.0298
=] _-00322 17145  0.0511 (4.30)

—0.0298  0.0511 0.1850

Figure 4.6 shows three panels, one for each kind of hidden states. It is clear that the 95% con-

fidence band of the reconstructed extent of the Antarctic ice sheet indices is far broader than
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H Initial Value Learned Parameter

p 0.237 -0.0618
A 0.793 1.0176
y 1.955 0.0072
3 0.146 1.189%
x 0.669 0.4840
y 0.527 0.8121
2 0.761 0.7416
b 0.936 0.8466
¢ 0.533 0.6288
d 0.069 -0.0779

7 2.793 11.5089

rg) 8.414 1.6338
s 10.266 1.9672

2 11.425 10.1024

7 2.325 1.6374

Figure 4.5: Initial and learned values of the parameters in the particle smoother model. The initial values were selected from
[Garcia-Olivares & Herrero (2013)].

the other indices because neither benthic 8"*O or "'B proxy is paired with it. The same logic is
applied to the narrow band of the reconstructed ice volume indices because benthic 0 obser-
vations are plentiful compared to 8"'B. Compared to the lower-upper intervals of the published
ones, our 95% confidence band of the reconstructed atmospheric CO; is narrower thus more
certain: it makes sense because we used not only OB but also benthic 8O for the inference.
Both reconstructions mostly cover the experimental time series as the “true” atmospheric CO,
curve from the Antarctic ice core records, but the deviations appeared at 190-230 kiloyears: this
could imply the model misspecification because the ice volume indices are also deviated from its
experimental time series at the same range of ages.

Note that all the results become plausible under the assumption that the transition model is
correctly specified and stationary over time. In fact, such assumptions are too strong, as criticized
by a few attendees in the 2nd Workshop on Cenozoic pCO, Reconstruction. It means that the
learned parameters cannot be reused for reconstructing the atmospheric CO, in different age
ranges. Also, to make the data fit into the model, we adjusted their ages to the grid of every 1

kiloyear, so that the information loss is structurally inevitable.
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Figure 4.6: Results from the particle smoother. (Top) Reconstructed atmospheric CO, with the experimental time series and
published lower-upper bands. (Middle) Reconstructed extent of the Antarctic ice sheet indices. (Bottom) Reconstructed ice
volume indices with the experimental time series from [Spratt & Lisiecki (2016)].
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4.4.2 GAUSSIAN PROCESS STATE-SPACE MODEL

Figures 4.7 to 4.10 visualize the results for the SE kernel, Matérn kernel with d = 5/2 (M25),
Matérn kernel with d = 3/2 (M15) and OU kernel, respectively. Each figure consists of four
panels: the first and second panel show the inference by the full model and the third and fourth
panels present the results not using ice volumes as the proxy. Definitely the former gives narrower
confidence bands to the latter because of more proxies. The second and fourth panels span up to
800 kiloyears while the first and third ones are up to 260 kiloyears to be coupled with the particle
smoother results in section 4.4.1. The reconstructed atmospheric CO, series is now smoother
and mostly covers the experimental time series, and the sensitiveness to the data is in order of SE,
M25, M15 and OU, as expected by the kernel characteristics.

The nonparametric aspect of GPST means that the transition model is agnostic and depen-
dent on the data directly. Also, it does not need regularly arranged data over ages. Thus, the
model is now free from the strong assumptions on the transition model in the particle smoother
(section 4.4.1). However, the inference is now not exact but variational. It is possible to over-
come such aspect in particle smoother by increasing the number of particles, but GPST needs to
adopt more general (complicated) parametric variational distributions for better approximation,

that potentially leads to overfitting.

4.5 FuTture WoORK

As mentioned earlier, all the results are quite preliminary: each method adopts emission models
that are constructed under very strong assumptions. Published ages and training data are given
as true values and observational models do not reflect any particular data-specific characteristics
but are just reduced to some simple parametric models. The dataset is also too scarce: there are
less than 100 boron proxies up to 800 kiloyears. To overcome the hypothetical aspects stemming
from such limits, the interdisciplinary research should be considered. With a help of the experts

of the related fields, more reasonable transitional and observational models and more objective
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Figure 4.7: Results from the Gaussian process state-space model with the SE kernel.
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Figure 4.8: Results from the Gaussian process state-space model with the M25 kernel.
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Figure 4.9: Results from the Gaussian process state-space model with the M15 kernel.
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Figure 4.10: Results from the Gaussian process state-space model with the OU kernel.
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training data will be available.

We tried four Matérn kernels in GPST modelling. As discussed in chapter B, the suboptimality
can be overcome by adding multiple hidden layers (deep Gaussian process (GP) in section B.6)
or adopting more complicated kernels. Though applying deep GP models to this problem is also
intriguing, using weighted mixtures of kernels with periodic kernels (section B.1.1) would be an
easy solution to deal with this problem, due to the apparently periodic pattern of the atmospheric
CO, over time. More complicated transition models can be chosen in the particle smoother but
the time complexity and curse of dimensionality on the particle smoother may preclude such
attempts.

As discussed in chapter 2 about how the direct and indirect proxies are complementary, us-
ing various proxies that are correlated with the target ocean and climate events would be a good
solution for overcoming the limited data availability. Figures 4.7 to 4.10 show the advantage of
using multiple proxies vividly. Here we used benthic "0 and sea level data (that are transformed
into the ice volumes) as such proxies, but did not use proxies for the other events, such as salinity
and sea surface temperatures (SSTs), that also affect the CO, level. Constructing comprehensive
models could be regarded as another future work, just as [Bowen et al. (2020)] did for recon-

structing SSTs.
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Conclusion

Here we presented some applications of the Bayesian statistical learning in connection with the
fields of geoscience, paleoceanography and paleoclimatology. Various state-space models and
Gaussian process models were chosen to utilize the proxies for reconstructing the relevant past
ocean and climate events and for assigning ages to them. New alignment algorithm, improved
calibration models, novel methodologies and promising preliminary works have been covered
together with the results from the real data throughout the dissertation. The theoretical back-
grounds of state-space models and Gaussian process models are extensively covered in Appendix.

My graduate research topics about paleoceanography and paleoclimatology were mainly cov-

ered through chapters 2 to 4. Chapter 2 is about the benthic MO stack construction method,
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a special case of SA-GPR algorithm for the multiple signal alignments, introduced in a submit-
ted paper of mine, for inferring ages of cores. It is a motif-finding algorithm thus consisting
of the core (signal) alignment algorithm and the stack (motif) construction algorithm. Each
core is aligned to the target stack by a state-space model that is a hybrid of the particle smoother
for initializing sampled age paths and Metropolis-Hastings algorithm for the refinements. The
stack construction algorithm starts with utilizing the homoscedastic Gaussian process regression
method that constructs a sample-specific model for each sampled age path. Then a core-specific
stack is constructed from the affiliated sample-specific models by the model reduction method
based on the moment-matching. Finally, alocal stack is obtained by the variational method. This
algorithm is for the cores in the same homogeneous set, which share the same local effect. In
future, we expect to refine the model with differentiable transition models that allow the Hamil-
tonian Monte Carlo algorithm for efficient sampling, to extend it to the hierarchical stack con-
struction method for handling multiple homogeneous sets simultaneously, and to add more age
proxies for enhancing the age inference.

Chapter 3 covered the calibration model construction algorithms based on the Gaussian pro-
cess regression, that extends the heteroscedastic Gaussian process regression model in a confer-
ence paper of mine. Both homoscedastic and heteroscedastic Gaussian process regression models
with parametric mean prior functions were tried on the alkenone and TEX86 proxy data used for
reconstructing sea surface temperatures individually. To deal with the large datasets, the varia-
tional extension based on the variational free energy was added to the exact models. For verifying
the multimodality of the data, a novel multimodal Gaussian process regression algorithm that
can be learned by the explicit expectation-maximization algorithm was designed and also applied
for the datasets. In future, we will process the outliers more carefully by classifying them into two
categories, one is the set of noninformative noises and the other is for the systematically contami-
nated data. For the latter case, we are working with some experts in the alkenone proxy for dealing
with lab-specific biases. Constructing site-specific calibration models is another intriguing goal:

the regression models are then depending not only on the sea surface temperatures but also on
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the query location. Applying deep Gaussian process models and designing Bayesian inference
models for reconstructing sea surface temperatures from the calibration models will follow.

Chapter 4 was consisting of two preliminary works for reconstructing atmospheric CO, by
using the boron proxy. Two state-space models were considered: one was the particle smoother
with a parametric transition model on multiple correlated climate events and the other was a
nonparametric modelling, the Gaussian process state-space model. By plugging the pre-trained
emission models in those models and using more proxies such as the benthic 90 and historical
sea level, we obtained promising inference results that are mostly consistent with the “true” at-
mospheric CO, from the Antarctic ice core records. Four Matérn kernels that correspond to the
continuous autoregressive models were tried. Due to the data scarcity, using boron proxy only
did not result in a good inference with the Gaussian process state-space model. All inferences
in this chapter were, however, limited due to the plain parametric observational models. More
reliable and reasonable results will be available by collaborating with the experts in the pCO, com-
munity. Designing more detailed kernels for the Gaussian process state-space models is another
way of increasing the opportunity. Clearly, extending the model to taking more proxies is helpful
for the inference, no doubt.

Appendix A and B covered the base knowledge of probabilistic state-space models and Gaus-
sian processes, respectively. The reasons why I organized such knowledge in separate chapters
are not only that some tools were repeatedly appeared throughout my research topics but also
that I wanted my dissertation to be regarded as a manual for the beginners who hope to know
more about the statistical models that can be applied to their data which could be essentially sim-
ilar to ours. Appendix A covered HMMs as the discrete state-space models, Kalman filter and
smoother as the continuous models that can be inferred exactly, particle filter and smoother as
the variational methods for more general settings, mixture Kalman filter as an example of the
Rao-Blackwellized particle filter for reducing variances, and some of the popular Markov-chain
Monte Carlo algorithms as the alternatives for the particle filter and smoother of which perfor-

mance is dependent on the number of particles. Appendix B was designed for introducing Gaus-
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sian process models. The nonparametric characteristic of Gaussian processes leads the affiliated
continuous models more flexible than the parametric models, thus allows us to apply them for
various purposes, such as regression, classification, state-space models and dimensionality reduc-
tion. Gaussian process regression models return the explicit posterior predictive distribution.
Gaussian process classification methods reflect the density of data. Gaussian process state-space
models can handle the inputs that are gathered irregularly without adjustments. The Gaussian
process latent variable model is a nonparametric dimensionality reduction. Gaussian processes
have two drawbacks: one is that the obtained models are usually suboptimal due to the misspeci-
fied kernels. The other is about the time complexity that precludes the exact inference quickly as
the size of training data increases. These two weaknesses can be addressed by the deep Gaussian
process models and variational inference such as variational free energy.

For the last decades, machine learning community has mainly focused on processing and han-
dling large datasets with complicated parametric models such as deep neural networks relying on
the exponential growth in computing power. These innovations are clearly helpful for the re-
searches in certain areas where large data can be easily gathered or generated at cheap prices in the
reality or laboratories. In contrast, some other fields, that are hard, or even impossible, to gather
or generate data as much as being wanted, have been relatively alienated. Parametric models that
are correctly specified by theory are often adopted for dealing with such kinds of datasets, but
what if the dataset is out of any good model as well? State-space models and the Gaussian process
are for dealing with such datasets. Both methods give certain structures to the hidden variables.
While a state-space model depends on the parametric transition model, the Gaussian process as-
sumes a nonparametric prior on the hidden variables. The inference is then done either exactly or
variationally. These Bayesian methods lead to utilize the limited data more efficiently. One more
advantage is that these tools also access to the large datasets as well. State-space models have been
frequently adopted in geosciences, especially (nonlinear) geophysics, but the use of Gaussian pro-
cess models is still limited. I hope that my dissertation will lead the geoscience community to pay

more attention to the Gaussian process modelling.
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State-space Models

Let us begin with a simple example of the Bayesian inference that consists of a set of data ) =
N . T . o
{Y,},_,> parametric model p, a finite-dimensional parameter ¢ and their prior 7. Under the as-

sumption that the data Y,’s are independent and identically distributed in (A.1), we have the

following formulation:
N
P18 =1]r (V.19 (A1)
N
p(0Y) = W x 7 (9) gp (Y,|9) (A.2)

In other words, the posterior of @ given ) in (A.2) is proportional to the product of p (Y,,|6)’s
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Figure A.1: A graphical representation of the typical Bayesian inference example. Here the observations Y,,’s are independent
and identically distributed samples controlled by the parameter 6.
and the prior 7 (), thus intuitively it becomes more dependent on the data as the number of data
N goes to infinity. Theoretically, there are consistency theorems such as the Doob’s consistency
theorem and Bernstein-von Mises theorem [van der Vaart (1998)] that give good asymptotic be-
haviors to (A.2) under regular conditions. Figure A.1 shows the graphical representation of this
example.

Now let us further consider the following example under a different setting. We still have the
same objects in the above example except a set of hidden variables X' = {Xn}:; such that the
parametric model is depending them instead of the parameter: (A.3) is often referred to as the

conditional independence of ) given X.
N
p1X) = [[r(V.[X.) (A3)

n=1

Suppose that the prior on X is of the naive Bayes, i.c.,
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Then, the posterior distribution of & given ) is given as follows:

N

xcp(X)pVIX) = [ (X)p (Y.IX,) (A.5)

n=1

p(X)p VX

p(X|Y) = »0)

(A.S) implies that each posterior of X,, is depending on only the associated observation Y,
thus here we cannot utilize the consistency theorems and the inference is very sensitive to the
choice of prior and potential outliers.

Some practical examples such as time series models give reasonable priors on X to utilize the
dependency on X,,’s that makes each posterior distribution of X,, depend on the full Y. If such
a prior is also conjugate to the model, then the posterior is derived analytically. However, in
general the posterior of X is not given in a closed form. The next best thing would be sampling
the hidden variables from their posterior or doing a maximum a posteriori (MAP) estimation.
Unfortunately, even such goals are usually not tractable straightforwardly because 1) X’ could be
tully correlated (fully connected in the view of the graphical representation) one another over
2 (X]Y) thus Markov-chain Monte Carlo algorithm on it would not make sense in a tractable
number of iterations and 2) Numerical methods for maximizing p (X'|)) could not work if either
X is defined on a finite space or p (X'|)) is not differentiable.

The Markovian assumption on the prior p (X') looks for the balance between the naive Bayes
and fully connected assumptions. It assumes that a subset of X is conditionally independent of
those outside of their boundary given the boundary. This memoryless property could reduce the
time complexity of the algorithm drastically: details can be found in [Barber (2012)]. If the data
Y can be arranged over R, time for instance, then X might be assumed as a Markov chain, i.e., itis
a sequence of events where each of them depends only on the very previous event. The graphical
representation of this case can be found in figure A.2.

Generally speaking, a state-space model (SSM) [Hangos et al. (2001)] is a mathematical model
of a physical system consisting of a set of input, output and state variables that are connected by

differential equations. State variables evolve through time and depend on the output variables.
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Figure A.2: A graphical representation of the typical example of the state-space model. Here the observations Y,,’s are condi-
tionally independent given the hidden states X,,'s.

State-space models can be also understood as a class of probabilistic graphical model [Koller &
Friedman (2009)] that describes the probabilistic dependence between the (latent) state variables
and the output variables. These models are corresponding to the case where X is the set of latent
state variables, ) is that of the output variables and the indices, say, 7 = {Tn}le, are input
variables, in the above example.

This chapter briefly covers the probabilistic state-space models. All models in this chapter are
involved with the Markovian assumption: section B.4 suggests a Gaussian process state-space
model that does not take that assumption. Recurrent neural networks (RNNs) [Goodfellow
et al. (2016)] are practically good choices in state-space modelling especially if data are plentiful,

but this chapter does not deal with it.

A1 HipDEN MARKOV MODEL

The classification of state-space models is depending on the space in which each X, is defined.
Hidden Markov models (HMMs) [Durbin etal. (1998)] assume that each X, is defined in a finite
set while continuous state-space models that will be covered in section A.2 consider X,, to take
continuous values. HMMs have been applied in the fields that are interested in finding latent
states behind the observable sequences: gene prediction, protein folding, DNA motif discovery

and chromatin state discovery are such examples in computational biology.
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Figure A.3: Another type of the graphical representation of the hidden Markov model for the sequence alignment algorithm.
Here, states S, E, |, D and M stand for start, end, insert, delete and match, respectively.

Before going further, let us first define the following notations:
- Y ={Y, }1;1:1: observed sequence.
e X = {X,l}sz1 C &: hidden states defined in a finite set S that are associated with ).

An HMM is exactly specified by the transition and emission models. The transition model
2 (X,41/X,) determines how X is correlated a priori and the emission model p. (Y,|X,) gives
the relationship between ) and X'. Note that those models might be defined nonstationary, i.c.,
depend on the index 7, but here we abuse their notations as if they were stationary. Each X, is
to take values in a finite set, so the transition model can be represented as a transition matrix and
the corresponding graphical representation focuses on the transition between candidates of the
hidden states rather than hidden variables themselves, like figure A.3.

The transition and emission models give the full joint likelihood of the model as follows:

P(XY)=p(X)p(V|X) = Hpt X,[X, 1) Hpe Y,[X,) (A.6)

The inference is involved with finding the MAP estimator of X" and computing the poste-
rior p (X'|)): both goals can be achieved exactly by the Viterbi algorithm (section A.1.1) and

Forward-backward algorithm (section A.1.2), respectively. This HMM framework can be ex-
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tended to a more general setting so that the transition model has an order more than 1 (e.g.,
P (Xo11]X,, X,—1)) and the emission model is autoregressive (e.g., p. (Y,|X,, Y,—1)) for each .
Here, we just focus on the model with the vanilla setting for giving the intuition. Transition and
emission models are either given a priori or to be learned together with X'. Section A.1.3 covers

the latter case where such models are parametric.

A.1.1 VITERBI ALGORITHM

The Viterbi algorithm [Viterbi (1967); Durbin et al. (1998)] is a dynamic programming for find-
ing the MAP sequence of hidden states in the HMM given observations. Because p (X))

2 (X,Y), thus maximizing p (X|Y) is equivalent to maximizing p (X, ), so we have:

argmaxy (XY) = argmax (X)) = argmax [logp (X) +logp (V|X)]
N N (A7)
= arg;nax Z logp. (Y,|X,) + Z log pr (X,|X,-1)

Thus, finding the MAP sequence of p (X'|)) is again equivalent to obtaining the most prob-

able path of £ in (A.8):
N N
LX) 2 logp. (Y,[X,) + ) logp: (X,[X,1) (A.8)
n=1 n=1
Let us define a recursive term v, (s) foreachs € Sandz = 2,3, -+ - , N as follows:

v (5) = logp. (Y1|X1 =) +logp (X; =)

v, (5) £ log p. (Y, |[X, =) + r/:leag( (v,-1 (k) + log p, (X, =sX,-1 = k)
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Then, one can observe that the following holds foreachm =1,2,--- /N — 1:

N N
max Y logpe (Ya[X) + ) logpe (XulXuos) + 0 (Xo)

(A.10)
N N
= max Z logp. (Y,|X,) + Z log pr (X |Xo—1) + Omt1 (Xot1)

X N
i n=m+2 n=m-+2

Thus, maxy £ (X) = maxx, vn (Xn). Note that computing each v, (s) requires the time
complexity O (|S]), so the time complexity of computing maxy £ (X) is of O (|S|* N) and the
algorithm requires the storage of O (|S| N).

The goal s to find the maximizer of £ (X), L., X such that £ (X) — maxy £ (X). Let us

define another recursive term b, (s) foreachs € Sandn = 1,2, -+ ;N — L as follows:
b, (5) £ argmax (v, (k) + logp, (X141 = s|X, = k)) (A.11)
keS

Note that XN = argmaxy N (Xn) and XN_l = bn_1 (XN> because:

max £ (X) = max oy (Xy)
& XN (A.12)
= log p. (YN’XN> + rkr.le%x (vN_l (k) + logp, (XN = XN‘XN_I = /e))

Moreover, one can show that the following holds for each m = 1,2,--- N — 2:

L <?€> = i log p. <Y,Z Xn> + % log p. (XHI Xn>

n=m+1 n=m+1 (A_13)
+ max (vm (k) + logp, (Xm+1 = X1 | X = /e))

Thus, X, = b, (Xn+1> holds forall » = 1,2,--+ N — 1. Since each b, (s) can be stored

in the step for updating v,’s with time complexity O (|S]), the time complexity of computing
argmax . £ (X) = argmax . p (X|Y) is still O <|$|2 N).

So far, we have observed how the MAP estimator of the hidden states given observations is
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obtained by the Viterbi algorithm with time complexity O (|5|2 N), i.e., linear to the length of a
sequence and quadratic to the size of a hidden state space. Though this algorithm is still popular,

it has the following drawbacks:

1. This deterministic algorithm only returns the most probable path, thus is not proper if

multiple probable paths are expected and to be considered one-by-one.

2. Tt assumes that both transition and emission models are given a priori, which is not com-

mon in practice.

The above downside will be addressed in the following subsections.

A.1.2 FORWARD-BACKWARD ALGORITHM

The forward-backward algorithm [Durbin et al. (1998)] is a probabilistic approach to HMM:s.
It focuses on computing the posterior distribution of hidden states and drawing sample paths
from the posterior. As shown in its name, the forward-backward algorithm consists of the for-
ward and backward algorithm. The forward algorithm recursively computes the forward sum
p (Y1.,, X, = s) while the backward algorithm updates p (Y, 4+1.n|X, = 5) foreach zands € S.
Note that the following holds forany 1 </ < m < N: let p (Yn+1:n]X,,) = 1in notation for

saving the space.

P (X[:m’YliN) O(P (Xlsma YlzN)

m (A.14)
=p (Ym+1:N|Xm)P (Y1:17 Xl) H V4 (Xn|Xn—1)P (Yn|Xn>
n=I+1
,and, as a special case, p (X, |Yin) o 2 (Yo1n|X) 2 (Y1, X5)-
For the forward algorithm, the following holds foreachz = 2,3, - - - , N to run the algorithm
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recursively:

PV, Xi=5) =p(Vi[Xi =5)p (Xi =5)
(A.15)
P (Yl:rm Xn = 5) :P (Yn’Xn = 5) ZP (Xn = 5’Xn71 = 16)]7 (Yl:nfh anl = /€)

keS

One can compute the marginal likelihood p (Yi:n) = D 52 (Yin, Xn = 5) from the last
forward term.
Similarly, the backward algorithm is iterated based on the following equality for each » =

N-—LN—2,- L

P (Yon|X, = 5) = ZP (X1 = kX, = 5) p (Vo1 X1 = £) p (Yoron| g1 = k)
= (A.16)
Note that computing each forward/backward term has time complexity of O (|S]), thus that
of the algorithm is O (|S|* N) in time and O (|S| N) in storage. Thus, the forward-backward
algorithm gives a way to compute the posterior of each hidden state efficiently.
The backward sampling algorithm is a variant of the forward-backward algorithm. Instead of

computing the backward terms p (Y, 41.n|X,, = 5)’s, the algorithm samples X’ from the posterior

p (X]Y) backwards by utilizing the forward terms with the following relationships:

P (XN = 5’Y1:N) X p (Yl:N>XN = 5)
(A.17)

Xn—l—l = 5/(;1—&-17 Yl:N) O(P (Xn-l—l = Xn—H

P (X =s X, =5) p (Y X, =)

Note that the backward sampling in (A.17) is of time complexity O (|S| N), but the full al-
gorithm is still O (|S ? N) because it uses the forward terms that are obtained in the forward
algorithm.

In practice, the algorithm is usually challenged by the underflow, i.e., the forward and back-
ward terms are too small not to be regarded as 0 in computer if the length of sequence N is large.

One solution is to store the logarithmic values of the forward and backward terms instead of the
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Figure A.4: An example of HMM and the inference by the Viterbi and forward-backward algorithm.

original values. It utilizes the following log-sum-exp trick:

N N
log Z exp (x,) = maxx,, + log Z exp (xn — max xm)

300

(A.18)

Figure A.4 shows an example of the HMM for the time series analysis. The upper panel shows

the true hidden states in colors: blue dots are the observations suffering from the crash, red dots

are those going on soaring, and green dots move sideways. The middle and bottom panels show

the inferred hidden states by the Viterbi and forward-backward algorithms, respectively. One

advantage of the forward-backward algorithm is that the inference is probabilistic so does more

careful analysis: black crosses indicate that the associated MAP probabilities are less than 0.7, i.e.,

less certain than the others.
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A.1.3 BauM-WELCH ALGORITHM

So far, we have assumed that the transition and emission models are given. However, in practice
both transition and emission models are not given a priori. Here those models are assumed to be
parametric.

The Baum-Welch algorithm [Durbin et al. (1998)] is an expectation-maximization (EM) al-
gorithm [Dempster et al. (1977)] that infers unknown parameters of HMMs. Let us formulate
the full joint likelihood of X’ and Y, where transition and emission models are parametrized by

¢ and ¥, respectively.

P(XY.6,9) =7 (6,9)p(X,VI8,y) = =(8,9) Hpt (X, [X,1, Hpe (Y, [X,, )
" (A.19)
, where 7 (0, ¥) is the prior on the parameters.
The EM algorithm is consisting of the expectation step (E-step) and maximization step (M-
step). Here & is the hidden state, so the E-step computes the following expectation for the pre-

viously updated parameters 28 ;W):

J )

Exyy,e“hw

5([),¢(t)> = Eyjy g0 g0 logp (X, 1, 6,9)]

N N
log 7 (6,%) + Y _ logp, (X, X1, 6) + Y _ logpe (Ya[X,, ¥)
n=1 n=1
N (A.20)
=log7 (6,v) + Z Z Z P (X,—1,X,) logp: (X, X,—1,9)

n=1 X,eS X,—1€S

+ Z Z P (X,)logp. (Y, X,, ¥)

n=1 X,€S

, where P (X,,) £ p (Xn

YI:N7 e(t)’ W(Z)) and P (anlv Xn) é]’ (anlzn

n. Note that IP is given by the forward-backward algorithm in section A.1.2.

YN, ﬁ(t), ;k(’)) for each

107



The M-step finds the parameters that maximize Q (5, 1

g, w),

(5(t+1)’ ¢(r+1)> — argmax Q (57 6%, ¢(t)) (A.21)

oy

Both models and hidden states can be inferred by iterating the E-step that computes P from
the forward-backward algorithm and the M-step that optimizes (A.21) until convergence. Note
that, however, the EM algorithm only guarantees the local optimum, thus limited in such a sense.

The optimization of (A.21) can be done by either numerically (e.g., gradient descent) or ana-
lytically, which depends on how transition and emission models are parametrized. For example,
suppose that 7 = 1, the observations ) are also defined in a finite set V, both transition and
emission models are stationary and ¢ and ¢ indicate transition and emission tables, respectively.

Then, one can derive the following updating formulations analytically:

_ ZI::JP (X1 =5, X, = k)

N ZnN:1 P (X1 =5)

Zl;jzl ly,= P (X, =5)
ZnNZI P (X, =5)

(9(t+1) (5, k)

(A.22)

P (s,0) =

, where 6 (s, k) £ p, (X, = k|X,_; = 5) and ¢ (5,0) = p, (Y, = v|X,, = s). The Baum-Welch
algorithm infers both models and hidden states by iterating the E-step that computes P from the
forward-backward algorithm and the M-step that updates the transition and emission models by

(A.22) until convergence.

A.1.4 VARIATIONAL APPROXIMATION

As discussed earlier, the exact inference of a fully connected hidden state model is usually in-
tractable. One detour is to approximate it with a tractable Markovian model. This subsection
briefly introduces the core idea regarding that methodology.

Let us assume that the real joint distribution of (X, ) isp (X, V) = p (V|X) p (X) and let

g (X) = g (X]0) be a tractable Markov chain parametrized by @ for approximating p (X'|)).
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Then, because the Kullback-Leibler (KL) divergence is always nonnegative, we have the follow-

ing:

Dy (g (19)lp (1)) = logp (¥) + Dk (g (-19)||p) — Eqxjg) [logp (Y[ X)] =0 (A.23)

Therefore, the log-marginal likelihood log p ()) has the evidence lower bound (ELBO) £ de-

fined as follows:

logp (V) = Eyxjp) [logp (V| X)] = Dw (¢ (-|9)[Ip) = £ (A.24)

Now the goal is to maximize £ instead of log p () directly: this is the core idea of variational
approximation [Bishop (2006)]. Note thatlogp (Y| X) is easily decomposed into the summation
if ) is assumed to be conditionally independent given X’ and Dy (¢ (+0)||p) can be expressed
analytically as a summation in discrete modelling.

Oncegislearned, one can utilize it for the sampling purpose. Note that the sample paths drawn
from the variational approximation ¢ is not the exact ones but can be used for the initialization
in the Markov-chain Monte Carlo (MCMC) algorithm that will be covered in section A.4. If
obtaining posterior distributions of each X, is interesting only, defining ¢ as a naive Bayes could

be an alternative: it directly approximates the posteriors then.

A2 KarMAN FILTER AND SMOOTHER

In section A.1, we discussed the case that hidden states are defined in a finite set. Briefly speak-
ing, Viterbi and forward-backward algorithms for HMMs give ways of considering all possible
assignments to the hidden states efficiently. However, this cannot be extended to the case that
hidden states are defined continuously: there are infinitely many possible assignments. Nonethe-
less, computing the analogues of forward and backward terms in forms of continuous distribu-
tions is still feasible under some conditions. This section covers Kalman filter (section A.2.1) and

smoother (section A.2.2) for the cases that both transition and emission models are Gaussian.
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In practice, Gaussian assumption could be too strong to model the data: mixture Kalman filter

(section A.2.3) would be an alternative to alleviate such strong conditions.

A.2.1 KarmanN FILTER

The Kalman filter [Kalman (1960); Murphy (2012)] is an algorithm that uses a series of noisy ob-
servations to estimate the underlying hidden states thatare associated to them. Similar to HMMs,
it consists of the transition and emission models: sometimes the model also assumes the control-
input model that intentionally affect the hidden states in each step, but it is not considered in

this dissertation. The following notations are assumed in the rest of section A.2.

X ={X, }I;]:O: a series of hidden states where each X,, € R and X, is an (hypothetical)

initial state.
N : .
« ¥V ={Y,},_,: aseries of observations where each Y, € R".

N . . .
« F = {F,},_,: asetof transition models where a D x D matrix F, affects the transition

fromX,,_; to X,,.

N - . -
* " = {H,},_,: asetof emission models where a L X D matrix H,, affects the emission

fromX, t0Y,,.

N . o . .
* Q= {Q,},_,: asetof covariance matrices in transition models where a D X D matrix Q,

is involved with the transition from X,,_; to X,,.

N . . .
* B = {b,},_,: asetof bias vectors in transition models where each b, € RP affects the

transition from X,,_; to X,,.

N . — - .
* R = {R,},_,: aset of covariance matrices in emission models where a L x L matrix R,

is involved with the emission from X,, to Y,,.

N . : -
* C = {c,} _,: aset of bias vectors in emission models where each ¢, € R affects the

n=1"

emission from X, to Y,,.
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N
The transition p, = { pl(”) } and emission p, = {p" }N_l models are given as follows:
n=1 "=

(A.25)

" (Y,1X,) = N (Y,|H, X, + ¢, R,,)

The Kalman filter aims at computing the prediction term p (X,,|Y;.,—1), forward posterior
2 (X,|Y1.,) and posterior predictive p (Y,,|Y;.,—1) for each n: this approach is more realistic if the

data are being received on real time and one is supposed to make predictions promptly. Suppose

thatp (Xn—1|Y1:n—1) = N (Xn—l

|78 Zn_l). Then, one can derive the following:

P XYi1) =N (Xn #n\n_pzn\nﬂ)

N (X,

/pt X |Xn 1 ( n—1|Y1:n—1)an—1

Y }’Z>

H”lun|n—1 + Cns Ri’l + Hn2n|n71 HE) (A27)

L+ 6, Q. +EX,F)) (A.26)

P(Yn‘Ylsnfl) :N< |
2N (Y,

= /Pgn) (Yn|Xn>P (Xn|Y1n—1) an

P (Xn|Y1:n) =N (Xn|/,cn, z

A1 A1
= N <Xn /'4”|n_1 + Zn\n—l ngn (Yn - l&n) 7zn|n—1 - Z71|;1—1 Hfzn ann\n—l) (A28)

The terms to compute can be recursively updated by iterating (A.26), (A.27) and (A.28). The

initial term p (X;]Y;) = N (X1 | 128 Zl) ox pgl) (Y,|X1) pt(l) (X1]Xo) is given as follows:

u =FXo+ b+ QHJ (R + HIQIHT) (Y, — Hy (FXo + &) — 1) (A29)

3 =Q — QH] (R1+H1QIHT) H,Q
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Not Contaminated Contaminated

Figure A.5: An example of Kalman smoother where the 2-dimensional noisy observations are filtered. For each panel, black
circles are the observations, the green curve is the true denoised observations (hidden states) and red curve is the inferred
hidden states from the noisy observations. The left and right panels use the same observations except for 5% of the contami-
nation in the right panels.

Note that the terms in (A.26), (A.27), (A.28) and (A.29) are expressed in closed forms because
their integrations and proportionality are involved with Gaussian terms, thus not extendable to

the cases with general transition and observation models.

A.2.2 KaALMAN SMOOTHER

The Kalman smoother [Rauch et al. (1965)] is an analogue of the forward-backward algorithm
for HMM, i.e., it computes the posterior distribution p (X,,|Y1.n) for each 7 after observing
all Yi.n. There are two derivations: one updates p (X,|Yi.n) from p (X,41|Y1:n) one-by-one
backwards [Murphy (2012)] and the other is two-filter smoothing [Kitagawa (1994); Briers et al.
(2010)] that recursively computes p (X,,|Y,+1.n) backwards and restores each p (X,|Yi.n) from
2 (X, |Y,11:n) and p (X, |Y,.:n), just as the forward-backward algorithm. This section follows the

former one.
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From (A.25) to (A.28), we have the following:

2 (X, Xt |[Yin) = 27 (X,111%0) p (X | Y1)

— N (Xn+1|Fn+1Xn + bn—‘rh Qn+1) N (Xn [",17 Zn)
(A.30)
X, %, 2, ZnFE_H
XnJrl 1“71+1|n Fn+12n Z;1—|—l|;1
, thus:
]7 (Xn |Xn+17 Yl:n)
(A.31)

— N (X

o + E”‘Ff-l-lz;ﬁl-l\n (X’H‘l - lun+1|n> ’E” - Z”Fg—l-lz;ll-l\nl:”"'lzn)

Suppose that p (X, 1|Yin) = N (Xn+1

Bpi1N Zn+1|N> is given. Then, one can derive the

following with (A.31):

P (Xn‘Yl:N> = N <Xn

lun|N ) Z”lN >

(A.32)
é /P (Xn‘Xn—Ha Yl:n)P (Xn+1|Y1;N) an-H

, where:

Kun‘N - ‘u}'L + ZnFn+lzn+l|n <‘u”+1‘N - #n+1|n> (A-33)

Zun =2+ ZE L E, (SN = Zaga) 24y, B S,

In addition, the initial term p (Xn|Yin) = N (XN ’ NN ZN|N> is given directly from (A.28).
To sum up, the posterior distribution of each X,, given the full observation Yi.y is again a Gaus-
sian distribution with explicit mean vector and covariance matrix that can be computed back-
wards recursively.

Since p (X, |Xo41, Yin) = p (X,|Xo41, Y1), backward sampling is easily done by (A.31): Xn

is drawn from p (Xn|Yin) = N (XN NN ZN|N> and X, from p (Xn

inﬂ, Y1;n> backwards

one-by-one recursively.
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A.2.3 MixTUurRE KALMAN FILTER

So far, we have derived the Kalman filter and smoother that assume Gaussian transition and emis-
sion models. In reality, it is natural that either or both of transition and emission models are non-
Gaussian and figure A.S5 shows that even a small portion of contamination can ruin the inference
by Kalman smoother. There have been a lot of approximation methods for such cases, and here
the mixture Kalman filter [Chen & Liu (2000)], an example of the Rao-Blackwellized particle
filters that reduce the sample variance much, is discussed as one of them.

First of all, let us redefine the notations:

X ={X, }I;I:O: a series of hidden states where each X,, € RP and X, is an (hypothetical)

initial state.

Y = {Y,}.L: aseries of observations where each Y, € R

N . : . .
Z ={Z,},_,: aseries of latent states where Z, € © could be either discrete or continu-

ous.

F = {Fs} e the parametrized transition model where Fyisa D x D matrix.

H = {Hy} e the parametrized emission model where Hgisa L x D matrix.

Q = {Qs}ce: the parametrized covariance matrix in transition models where each Qg is

aD x D matrix.

B = {bs} .o the parametrized bias vector in transition models where each b, € RP.

R = {Ry},cq: the parametrized covariance matrix in emission models where each Ry is a

L x L matrix.

C = {cs}4cq: the parametrized bias vector in emission models where each ¢; € R".

114



The major difference from the vanilla version in section A.2.1 and A.2.2 is that the models are

now parametrized by latent states, as follows:

Pr (anxn—la Zn) = N (Xn|FZ,1Xn—1 + bZna QZn)
(A.34)

pf (Yn|Xn7 Zn) = N (Yﬂ|HZnX7l + (Z,> Rzn)

Note that each Z,, is a latent state thus not given a priori. The intuition comes from the fol-

lowing marginal transition and emission models that are expressed as mixtures of Gaussian:

7o (Xa|Xor) = / N (X,|FeX,o1 + bs, Qo) 7 (6) d6
(A.35)
P (Y,|X,) = /N(Yn|H€Xn +¢s,Rg) 7 (0) d

, where 7 is a prior on ¢. Thus, this model can be applied as an approximation method to non-
Gaussian cases. The goal is to obtain the forward posterior p (X,,|Y1.,) for each 7. Suppose that

2 (X,—1|Y1:,—1) is given as follows:

Yl:n—lazm)A) =N <Xn—1

V4 <X7l—1 {u;(;f)la Z;(;f)1>

M
P (XaYios) = 30 ol (X[, =)
m=1

, where ZYZL is the mth sample path of Z;.,,_;.

Then, one can derive the following approximation to p (X,|Y}.,) by the importance sampling
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with a proposal g:

X X1, 2, Y, | Y10
p(Xn|Y1n)://p( ny <xn—1y Liny n| 1lin 1>danXn_1

P (Yn|Y1:n—1)
M
=D o N (X[l =)
m=1
M
oo [N (Xl =) /wrxn,zwx X1, 2) 7 (Z,) dZ,dX, -

z<m>> » (X
a(2

, where Zg ") is a sample drawn from the proposal ¢ (

X1, z,;w) 7 (zg;w)
an—l

pe( n
{un laz(m ) (m m)
Z,- 17(“;1 172;1 1>

N (X

(A.37)

ln 171% 17Z(M)> and:

2l 2 Fyn ™) + by

5:(m)

nln—1

-1
lunm = ‘u”|n 1 + Z( Hz(im) <Rz(m) + HZW)Zilﬂ nggm)> (Yn - Hzflm)/liw)_l - ngw))

n|ln—1

Qz(m) + Fz(mzi )1F~

m) _ s(m) (m) 14T (m) - (m)
= =0 - Hyo (szo +Hyon 2,00 1HZ§m>) Hyon 2,
) wf:”az( ) (zw 2 a,w)
On X T

(A.38)
Thus, one can approximate each p (X, |Y;.,) with a Gaussian mixture recursively by (A.37).

~ YM
Resampling on {Z%) } with respect to their weights {»{") }M_l is recommended for stability.
1 "=

[Chen & Liu (2000)] alrsﬂc; derive the extended version of the model which is not covered in this
subsection.

There are other variants that deal with nonlinearity or non-Gaussian model aspects, as sug-
gested in [Murphy (2012)]: extended Kalman filter (ENK) [McElhoe (1966)], unscented Kalman
filter (UKF) [Julier & Uhlmann (1997)], assumed density filtering (ADF) [Maybeck (1979)] and
ensemble Kalman filter [Evensen (1994); Houtekamer & Mitchell (1998)]. Note that those mod-

els do not guarantee the optimal inference as well.
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A3 PARTICLE FILTER AND SMOOTHER

Though section A.2.3 introduced an approximation variant of the Kalman filter, it is not enough
to cover all cases: for example, ) is defined on a finite set while &’ still take continuous values.

Let us go back to the forward posterior updating formulation that is analogous to the forward
algorithm of HMMs:

P (Yn-H |Xn+1

) /
X1l Y1, = X,111X, X, |Y1.,) dX, A.39
P (XKor1|Yins) > (YY) P (Xoi1|Xa) p (X[ Yiin) (A.39)

The main obstacle that prevents the exact formulation is that the integration in (A.39) cannot
be done analytically in general. The Monte Carlo methods approximate general integrations and
the importance sampling [Gelman et al. (2013)] reduces the variance that could be very high in
the naive version. The core idea is to bring a proposal distribution g that is believed to get high
density near to the mode of the posterior distribution p (X,,|Y1.,, X,+1) and approximate the

integration as follows:

X (m) X Y,
m=1 n

, where X(")’s are independent and identically distributed samples drawn from g.

The particle filter (section A.3.1) and smoother (section A.3.2) [Doucet et al. (2001); Klaas
et al. (2006)] are variational algorithms based on the sequential importance sampling. While the
particle filter aims at updating the forward posterior p (X,,|Y;.,) at each #, the particle smoother
is for computing the posterior p (X,,|Y;.n) after observing all Yy.y.

A.3.1 PARTICLE FILTER

As section A.2.1, let us first define the following notations that will be used in section A.3.

e X = {Xn}nNZO: a series of hidden states where each X,, and X is an (hypothetical) initial
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state.
N : .
* Y ={Y,},_,: aseries of observations where each Y,,.

One major difference of the above definitions from those in section A.2.1 is that now X,, and
Y, are not restricted to be finite-dimensional vectors. Also, the transition and emission models
pE”) (X,|X,—1) and pg”) (Y,|X,) need not to be Gaussian here. In section A.2.1, each p (X,,|Y1.,)
is expressed as a Gaussian distribution that can be updated one-by-one recursively; section A.2.3
approximates it with a Gaussian mixture. Here, suppose that p (X,|Y1.,) is approximated with a

weighted empirical density [Wasserman (2006)] as follows:
M
2 (X, Y1) Z W) L) (X,) (A.41)
=1

The updating formulation depends on the proposal distribution ¢ to sample X, ;. We have

the following:

”+1 X n+1 X X Y
P (X[ Yins1) = /Pe o nﬂ)pt ( w11X) p (%] 1~n)an

P n+1|Yln)
gn+1 ( n |Xn 1 n
p(n+1)

n+1|Xn+1 n+1
(Yot Yin) Z / " ”+1|Xﬂ)a)£tk)1{Xn=x£/€)} (X

\Y Zw (nH n+1’Xn+1)P£n+1)( n+1|X —x(k))
1:n

P( n+1

N “) % €n+1 n+1|Xn+1)Prn+1 X1 ’X = x(k))
Z q (Xot1)
k=1 9 (XHI)P( n+1|Y1:n)

(A.42)
The core idea is to approximate the proposal distribution ¢ by the following empirical density

estimation:

Xpi1) & — Z {Xn+1—x(’”) (Xot1) (A.43)

, where x! +)1 s are the independent and identically distributed samples drawn from ¢. Here we
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particularly call those samples “particles” that the algorithm is named after.

With (A.43), the below formulation follows:

M
Y4 (Xn+1|Y1:n+1> = Z 50%)11{)( " (m)} n+1

=)
- w;('zk)pt(’n-‘rl) ( +1|X7L+1>Ptn+l ( 7l+1|Xn = xflk)) 1 M

N M l{x =) (Xn+1)
k=1 9 (X”Jrl)p( 7L+1|Y1:n) M — nH1=%,

x> > o L) (o)
m=1 k=1 q (Xn+1 = xn_H)p (Yn+1|Y1:n) nt

(A.44)
(m)

, where the weights w,}}’s satisfy the following:

p£n+1) (Yn-H

q (Xn+1 - anrl

Xn—H

(m)
wn+1 X

n

5;«>)) (A.45)

So far, we have obtained an approximation (A.44) of p (X,,11|Y1.,+1) that has the same form

>n+1> (Z p(n—l—l ( " :xgil

of p (X,|Y1.,) in (A.41). For each #, the particle filter draws particles and computes their weights

to recursively approximate the forward posteriors as above.

A.3.2 PARTICLE SMOOTHER

The particle smoother is analogous to the Kalman smoother in section A.2.2. The main goal
is to approximate the posterior p (X,|Y;.n) with a weighted empirical density, as usual. Note

that the particle filter returns p (Xn|Y1.n). Let us assume that p (X,41|Yi:n) has the following

approximation:
M
P (X1 Yin) = ZAZ”H {Xn+1—xiﬁ)1 (X,) (A.46)
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Then, one can derive the following relationship:

P (Xn|Y1:N) = /P (Xm Xn+1|Y1:N) an—H

— [ PO Vo) (Ko Yin) o (447)
zn 111 %0) p (X Yien
/p +1| ( | : )]7 (XnJrl’Yl:N) erL+1
n+1|Y1 n)

2 (X,41|Y1:n) is from (A.46) and the particle filter returns an approximation of p (X,,| Y., ) for
each 7. For p (X,,41|Y1.0)s

p (Xn+1|Y1:n) - /plgn) (Xn+1|Xﬂ)P(X”|Y1”)dX
M
~ / 27 (Xt |X) Y ol Lz y (Xn)dX, (A.48)
m=1

n+1 |X = x(m))

Il
1[]=
38/-\

m=

Thus, we have the following approximation again for 7:

M
P (XuYin) = ) a0 [X=ef) (X») (A.49)

(m)>

, where the weights @,’s are defined as follows:

X, =)

M (n) (X _ W
20 5 Z@(al Pr ntl n+1
k=1 Z/I\il wSlZ)Pz(n) < N xi/:)_l X, = x,(f)>

(A.50)

Note that particles that were sampled in the particle filter are again used in the approximations.

Thus, weights &{")’s could be of high variance in practice.
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Particle Smoother Mixture Kalman Smoother

50 100 150 200 250 300 50 100 150 200 250 300

Figure A.6: Examples of the particle smoother and mixture Kalman smoother on the same 2-dimensional dataset. Black
circles are the noisy observations and green and red curves are the true and inferred denoised hidden states, respectively.

Backward sampling directly comes from the following:

P (anxn—i—l - 35714—17 YI:N) :P (Xn|Xn+1 - Sén—l—la Yl:n)

o P (Xpr = Tt |X) p (5, Vi) (A.51)
M

~ Z wg’@pf”) (Xn+l = 32n+1|Xn = x;(zm)) 1{Xn:x,§’”>} (Xn)
m=1

Thus, given X, 11 = x,41, X, is drawn from the particles {xﬁl’”) }1\7::1 with probabilities pro-
portional to {w,(i’”)pin) (Xn+1 = 35,1+1|X,l = x,([”)) }1:1
Figure A.6 shows examples of the particle smooth;r and mixture Kalman smoother applied
to the same dataset. The performance of particle filtering (and smoother) is highly dependent
on the choice of the proposal distribution ¢. If most of the particles bring 0 to the weights, the

approximations on the forward posteriors are eventually controlled by only a small number of

particles. Thus, the proposal distribution is often designed as a conditional distribution given
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the particles at the previous indices and the associated observations. The resampling step [Mur-
phy (2012)] supplements the algorithmic efficiency. However, all these attempts become to no
purpose as the dimensionality of hidden states goes higher. Note that increasing the number of
particles soon becomes intractable because the time complexity is quadratic to it, thus is not an
ultimate solution. The Equivalent-weights particle filter [Ades & van Leeuwen (2013)] and local

particle filter [Penny & Miyoshi (2016); Poterjoy (2016)] challenge such drawbacks.

A.4 MARKOV-CHAIN MONTE CARLO ALGORITHM

Section A.3 discussed about variational approximation methods for filtering and smoothing that
can be applied in any transition and emission models. However, the sampling efficiency of particle
smoother is still an unresolved challenge and, moreover, they do not return exact posteriors and
sample paths but their approximation.

One might consider Markov-chain Monte Carlo (MCMC) [Liu (2001); Peters (2008)] algo-
rithms that generate a series of sample paths from the given distributions (that have been either
normalized or not). Under regular conditions, those sample paths converge to the exact ones,
though the convergence is slow in practice especially if the initial sample path is in a region of low
density. Because hidden states in state-space models are usually highly correlated one another,
applying MCMC alone to the state-space models is not enough in general, but instead it can be
utilized to supplement the particle filter and smoother for the refinement purpose: initializing
sample paths by the particle smoother, and then running a MCMC algorithm from them. To
avoid the dependency on the sample paths drawn from the MCMC algorithm, preparing multi-
ple initial sample paths by the particle smoother is recommended.

There are various MCMC algorithms: this section briefly covers three of them, Gibbs sam-
pling (section A.4.1), Metropolis-Hastings algorithm (section A.4.2) and Hamiltonian Monte

Carlo algorithm (section A.4.3). The whole section A.4 take the notations in section A.3.
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A.4.1 GIBBS SAMPLING

The basic idea of Gibbs sampling algorithm [Geman & Geman (1984)] is to sample each hidden
state given all the others in turn. This algorithm is good if sampling each one given the others can
be done efficiently while drawing together from the full posterior is not tractable. In mathemati-
cal terminology, X,, is drawn from the element-wise posterior p (X,,|X,, Yi:n) for each . Note
that one does not need to compute the full posterior one-by-one by considering the structure of

state-space models as follows:

P (Xn ’erm YI:N) X P (Xna Ym Xn-i—l ’XI:n—b Xn+2:N> Ywn)
(A.52)

= 2 (Y, %) 2 (X1 [X) 27 (X[ Xo1)

The Gibbs sampling algorithm starts with an initial path X =Xx0 = ifolzl Then it iter-

ates the following for multiple times expected to cover all {1,2,-- -, N}: firstly, sample # from

{1,2,--- N} randomly, then sample X,, from p (Xn

/ﬁ,n, Y1:N> given X = X and replace
X, with it. After that, define the next Xt = X and go back to the first step for obtaining
a series {.5(/ ©) X W ... X (T)} of T until the series has “burned in”. Finally, return XD asa
random sample from p (X'|)) and go back to the very previous step with X = XD if another
sample path is needed.

Note that p (X,|X,, Yi.n) in (A.52) is depending only on the adjacent neighborhoods X, 1,
X,—1and Y,. Thus, one can run the blocked Gibbs sampling that draws p (X¢|X.¢, Yi.n) simul-
taneously where £ is a set of either odd or even indices. Though it does not reduce the (theo-
retical) time complexity, some programming languages, such as MATLAB, are designed to run
faster on this blocked version.

However, Gibbs sampling is usually inefficient because (A.52) is not represented explicitly for
general transition and emission models. Besides rejection sampling, a practical variant is to fix a

finite set of candidate assignments to the hidden state (by discretization) a priori and then to com-

pute (A.52) to those candidates one-by-one for assigning weights used for the discrete sampling:
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it is then efficient because storing a table for transition and emission models is now available.

A.4.2 METROPOLIS-HASTINGS ALGORITHM

As mentioned in the previous subsection, Gibbs sampling could be inefficient if exact sampling
from the element-wise posteriors is not expressed explicitly. The Metropolis-Hastings algorithm
[Metropolis et al. (1953); Hastings (1970); Martino et al. (2015)] would be more efficient in such
a case. It additionally requires a proposal distribution 4 for drawing a candidate (proposal state)
that could replace the previous one: defining it to be conditioned on the previously sampled
hidden state makes the algorithm more efficient in practice.

The Metropolis-Hastings algorithm starts with an initial path X = X0 = )Niiog The it-
eration consists of the following steps: it first samples a candidate X from ¢ (X ))? ) given

X = X9, Then compute the following acceptance ratio a:

1’P(/"f*D/) i <X X*> (A.53)

P(¥) 4 (x]7)

Lastly, replace X with X* in probability 2 (“accept” X'* in probability ) and define the next

a = min

X — x,

After repeating the above steps for T times to get a series (chain) {2? ©) xW R XM } until
the series has “burned in”, return X'(7) as the sample drawn from p (X'|)). Multiple samples are
drawn by repeating the above steps.

Under regular conditions on the proposal distribution ¢, the Markov chain constructed by
the Metropolis-Hastings algorithm is irreducible and aperiodic thus has (and converges to) the
unique stationary distribution by the Fundamental Theorem of Markov chains [Norris (1997)].
Note that this theorem does not offer the mixing time that determines the number of iterations
until the series (chain) has burned in. A practical way is to define ¢ to change (at most) only a
small number of hidden states per iteration.

Note that it is not required to compute the ratio of p (X*|)) and p (/? ’y) by computing
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them exactly: if g only replaces at most one state per iteration just like Gibbs sampling, then the

ratio is given as follows: let X,, is the target to sample.

N (n) %\ () ) (1) *
PANY) (1% 21 (Ko X5) o1 (K31 ) (A.54)

p(®Y) A (%) o (X0 A7 (R0fx0)

A similar simplification could also be obtained in computing the ratio of ¢ <?? ‘X *) and

4<X*

only required to compute (A.54) for obtaining the acceptance ratio « in (A.53). Note that Gibbs

X ) . If g is moreover designed to be symmetric, i.e., ¢ (z\? ‘ X *) =g (X *

2?), then it is

sampling is a special case of the Metropolis-Hastings algorithm where g (/\? ‘ X *) =p (A? ‘ y) ,

which results in 2 = 1, i.e., always accept the candidate to replace the previous one.

A.43 HAMILTONIAN MONTE CARLO ALGORITHM

One drawback of the Metropolis-Hastings algorithm is that the proposal distribution g affects
the mixing time. Thus, it is natural to consider about the improvements involved with efficient
sampling, or more comprehensively, better chains. The Hamiltonian (Hybrid) Monte Carlo
(HMC) algorithm [Duane et al. (1987); Neal (1993); MacKay (2003); Neal (2010); Girolami &
Calderhead (2011)] is such an outcome.

An HMC regards the parameters and hidden states as a “particle” and assumes auxiliary vari-
ables that represent the momentum of that particle. It updates not only the hidden states (as
the models in sections A.4.1 and A.4.2) but also the momentum. Thus, the HMC requires the
gradient of the log-posterior density of hidden states, better in the computational efficiency if it
is analytically computable. The following steps are referring to [Gelman et al. (2013)].

Step 0. Initialization:

Step 0.1. Fix a mass covariance matrix = and learning rate ¢ > 0.

Step 0.2. Draw the momentum vector Z(©) from A/ (6 ,%) and the hidden state X'().

Step 1. Repeat the following for T times, until the burn-in status is reached:

Step 1.1. Initialize (2(*%), X*0)) = (Z®), X)) and repeat the following ‘leapfrog’ steps for
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L times:

Step 1.1.1. Update the momentum vector by following:
Z6H05) — Z(h) 4 %g -V logp (X)) (A.55)
Step 1.1.2. Update the hidden states by following:
e — x4 o 571 Z(0H05) (A.56)
Step 1.1.3. Update the momentum vector again by following:
ZEH) _ Z6H05) %5 Valogp (X)) (A57)

Step 1.2. Compute the following acceptance rate 7:

(t,L) &L o
7 = min l,p(X ‘y)N(Z _,O’Z) (A.58)
p(X(f)|y)N(Z(f)|()’z)

Step 1.3. Define (X (), Z6H)) = (x| Z(tD) with probability r.
Otherwise, (X)), Z0H)) = (¥, 20),

Step 2. Return X7 as the sample path drawn from p (X|)).

Step 3. Go back to step 1 until enough sample paths are drawn.

Because logp (X'|Y) = logp (V| X) +1logp (X) —logp (V) and Vy logp (¥V) = 0, one can
compute V y logp (X|Y) as follows:

Valogp (X|Y) = Valogp (V|X) + Vi logp (X)
N N (A.59)
= > Valogp!” (V,[X,) + Y Valoga” (X,[X, )

Thus, it is not required to compute V x logp (X'|)) from p (X'|Y) directly but just enough
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to compute the two sums in the right-hand of (A.59).

If both transition and emission models are analytically differentiable, computing (A.59) can
be done efficiently. Also, giving a diagonal mass covariance matrix allows to compute (A.56) fast.
[Hoffman & Gelman (2014)] suggests a way of choosing the number of steps L and learning rate
¢ which the performance is sensitive to automatically.

However, the HMC is a bit limited in practice. It cannot be applied to the state-space model
when X is defined in a discrete space. Strictly positive posteriors are required because it depends
on the gradient of log-posteriors. Clearly, it is prohibited if either the transition or emission
model is nondifferentiable. For example, the core alignment algorithm in section 2.2 has a non-
differentiable transition model thus the HMC cannot be applied to that problem. Despite of
such limitation, the HMC is a good variant of the Metropolis-Hastings for dealing with high-

dimensional and highly correlated hidden states.
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Gaussian Process Models

The Gaussian Process (GP) [Rasmussen & Williams (2006)] is a stochastic process where any
finite collection of random variables follows a (multivariate) Gaussian distribution. More for-
mally, let X = {X,} .7 be a stochastic process defined over a set of indices 7. Then, & is a

GPifand only if X1 = (X,, )N

n=1

is a multivariate Gaussian random variable for any finite subset
T =1z, }nN:1 C 7T. More constructively, a GP is entirely specified by its mean function ¢ and co-
variance function K that are defined on 7 and 7 x T, respectively: p (Xt) = N (XT } 7 KTT) :
it is sometimes denoted by GP (XT} |2 KTT), to emphasize that X follows a GP. Rest of the
notations are defined in section 1.4.1. The covariance function K should be not only positive

semi-definite and symmetric but also consistently extendable as T varies, thus a set of functions
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that satisfy some certain conditions are considered: those are called ‘kernel’ covariance functions.
Details can be found in section B.1.

In statistical learning, GPs are popular for nonparametric priors on the continuous random
functions. Suppose that we have a set of inputs X" and the associated outputs ) and want to give
a relationship between X’ and V. Instead of constructing a direct function that maps X" to ),
2 (Y|X), here we assume a latent state 8 that might explain ) more directly and then consider
the relationship between X and 8, p (8| X'), and (X, 8) and Y, p (V| X, B). Specifically, 8 follows
a GP with X as an input: p (8|X) = GP ({BLuX, Kxx). The goal is constructing a function
which maps an arbitrary query input x to a distribution of the associated output y given X and

Y by marginalizing the latent variables out, i.e.,

POl Y) = [pOkd) [ p (0l )p (61, ) dpds (5.)

By assumption, (5, b) also follows a GP with (X', x) as an input. Thus, one can easily derive

the following:

P (blB, %, X) = N (blu, + Kir Ky (8 — 1) - Kiw — Ki K3y Kx) (B.2)

2 (ylx, b) is defined by the assumed relationship p (Y| X', 8), and p (8| X, )) is a posterior with
2 (B|X) as the prior and p (V| X, ) as the likelihood. The characteristics of a GP model are
determined by the choice of p (V| X, B), i.e., how outputs are explained by not only the associated
inputs but also the latent state, and the choice of mean and kernel covariance function that define
2 (8] X), which makes the model very flexible. Sections B.2 to B.S cover the specific applications
of the GP models.

Because the latent state is marginalized out, the final model is depending only on the training
data and kernel covariance function, thus overfitting is not caused by the excessive number of
parameters. The nonparametric aspect of GPs gives a structure-free inference. Tuning hyperpa-

rameters is often a convoluted issue in nonparametric modelling because the objective function
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is not given certainly. However, the marginal likelihood (ML) of ) given X, p (V| X), is often
chosen as the objective function to maximize in GP models for tuning kernel covariance func-
tions.

There are two principal drawbacks of the GP models. One is that the model is often sub-
optimal due to the inflexible kernel covariance function [Remes et al. (2017); Blomqvist et al.
(2019)]. The other is about the computational issue: the inference is involved with at least one
matrix inversion Ky, of size | X'| x |X| thus quickly becomes intractable (O (|X |2'373) [Le Gall
(2014)]) as the size of training data | X'| increases. Section B.6 introduces a deep Gaussian process
to deal with the first issue and section B.7 shows a variational approximation method to address

the second one.

B.1 KERNELS

Kernel covariance functions (kernels) play a key role in the inference based on GPs: roughly
speaking, kernels give some prior assumptions on the characteristics such as smoothness, non-
stationary, periodicity, and multiscale or hierarchical structures [Gelman et al. (2013)]. Not
every function can be a kernel. A formal definition is given as follows: a symmetric function
K : 7 x T — Ris called a (positive semi-definite) kernel on a nonempty set 7" if the following

holds forany N € N, {tn}le C T and {cn}f:1 CR:

N

Z Z K (£,2,) >0 (B.3)

m=1

More intuitively, we can say that the kernel function K (#, v) measures how much the asso-
ciated outputs X, and X, are correlated. Each kernel is parametrized by a small set of kernel
hyperparameters thus ‘tuning’ kernels means to tune involved kernel hyperparameters. The mis-
specification problem stems from the facts that there are infinitely many kernels and no perfect
and objective rule exists for the real data that potentially include outliers, though there have been

some publications to deal with it: see [Duvenaud et al. (2013); Ben Abdessalem et al. (2019)] for
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examples. Note that any sums and products of kernels are again kernels: sums are straightforward
whereas products are by the Mercer’s theorem.

Kernels can be defined on any set 7 (e.g. string kernels [Lodhi et al. (2002)] and fisher kernels
[Jaakkola et al. (2000)]), but here we assume that the kernel functions are computed at vector
realizations, i.e, 7 = RP for some D € N. The following subsections cover some popular

kernels [Rasmussen & Williams (2006); Barber (2012); Duvenaud (2014)].

B.1.1 StaTiONARY KERNELS

A stationary kernel is a kernel function K : RP x R — R thatsatisfies K (#, v) = f(« — v) for
some function £ : RP — R. Thus, the functional value depends only on the relative difference
between the inputs: it implies that the prior assumptions on the characteristics are universal in
the domain.

It is natural to start with the most trivial one. A constant kernel Ko, with a kernel hyperpa-

rameter o;, is defined by following:
Kconst (”7 U) = Ué : l{u:v} (B4)

, which implies that Kyy = o5 - [and K,.x = 0, so the p (6|, x, X') in (B.2) is reduced to the
following:

p (b|18,x, X)=N (b‘(ux, 0‘20) (B.5)

Here (B.5) isindependent of and X, s0p (ylx, X, V) = [ p (y|x, 6) N (b|n,, 73) db: anaive
Bayes modelling. Because any sum of kernels is again a kernel, constant kernels are usually added
for the numerical stability and overlapping inputs.

Now let us discuss about less trivial cases. A squared-exponential (SE) kernel K with kernel

hyperparameters 020 and / > 0 has the following form:

e
Ksg (#,0) = a5 - exp (— |%2120| ) (B.6)



Here, o determines the average distance of the GP from its mean and the characteristic length-
scale / scales the distance |# — v|. If D > 1, adopting (B.6) is usually suboptimal: the natural

extension is the following:

Ksg (#,v) = op - exp (—% IL (2 — v)|2> (B.7)

, where Lisa D x D matrix.

The SE kernel makes the associated GP infinitely mean square (MS) differentiable thus the
associated GP becomes very smooth, which makes it the most popular kernel in the field, though
[Stein (1999)] argues that SE kernels are too smooth to model real physical processes. Note that
the SE kernel is also called as the radial basis function (RBF) kernel.

In fact, the above SE kernel is a special case of the Matérn class of kernel functions [Matérn
(1986); Stein (1999); Genton (2002)]. A Matérn kernel with kernel hyperparameters o3, d > 0

and / > 0 has the following form:

d
@ o, 27 (Vod vad
KMatem (14, U) - 0"8 T (d) ( l |% Z)|> Kd ( l |% U|> (B8)

, where K, is a modified Bessel function [Abramowitz & Stegun (1964)]. Each kernel is specified
(@)

Matern

by d, and it can be shown that K (#,v) converges to Kgg (#,v) asd — 0o [Rasmussen &
Williams (2006)].

The form in (B.8) can be simplified if d = » — 1/2 for n € N. The examples are following:

1. d =1/2: (Ornstein-Uhlenbeck (OU))

Koy (#,v) = K{/2) (u,v) = o5 - exp (— i = v|) (B.9)

Matern l
2. d=3/2:

K/2) (u,0) =

Matern

b

- (1 + M) exp (—M) (B.10)
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3.d=5/2

2
KO (40) = 2 <1+\/§\M—U! _|_5|u—v\ )exp (_M) (B.11)

Matern

(5/2)

Matern

(#,v) is quite similar with the SE kernel, thus K (u,0) ford > 5/2

Matern

In practice, K

is often not considered. A GP with the Matérn kernel K

Matern

is k-times MS differentiable if and
onlyifk < d.
As discussed in the SE kernel, a natural extension of the Matérn kernels for D > 1 s given as

follows for a D x D matrix L:

d

()

K@

B 0.0) =3 = (V2 L~ o)) Ky (VAL —0))  (B12)

2
T

One noteworthy characteristic of the Matérn kernels is that each of them is in connection with
a continuous version of the autoregressive (AR) model [Stein (1999); Papoulis & Pillai (2001);

Rasmussen & Williams (2006)] where K

Matern

corresponds to AR (d + 1/2). We will revisit this
characteristic in section B.4.

The SE kernel is also in another family of kernels, the y-exponential (GE) kernels [Schoenberg
(1938); Stein (1999)], that with kernel hyperparameters o5, 0 < < 2 and/ > 0 have the

following form:

n—ovl\’
Kgﬁ(u,v):aﬁ-exp(—o\/ﬂ’)) (B.13)

Note that Kég (#,v) = Kgg (#,v). One limitation of these kernels is that the corresponding

GPs are not MS differentiable unless ¥ = 2. A natural extension for D > 11is given as follows for

K ) =3 p (- (20 w14

The rational quadratic (RQ) kernel [Rasmussen & Williams (2006)] is derived by a scale mix-

aD x D matrix L:

ture of SE kernels with a certain gamma prior on the inverse of the square of characteristic length-
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scales: now o3, 2 > 0and / > 0 are the kernel hyperparameters.

2
K 00) = [ T (e o) exp (_lu—zu| 7> N
Py i
- “ﬁ/ (;é@)) 7 exp (—azzr— « 2”’ T> dr (B.15)

w—of\
aﬁ(1+ 2002

Note that Kg‘gz (#,v) converges to Kgg (#,v) as@ — 00. One advantage of the RQ kernel

over the Matérn and GE kernels shown above is that the corresponding GP is now infinitely MS
differentiable for every «. One can show that the following variant fora D X D matrix L is also a

valid kernel:

R B.19

The kernels that have been covered so far are just stationary. [MacKay (1998)] derives the

following periodic kernel which allows to model functions repeating themselves exactly:

.2 o
Kiphoq (2,0) = % - exp <—zsm (Wlf UW)) (B.17)

Like the SE kernel, still o5 determines the average distance of the GP from its mean and the
characteristic length-scale / scales the distance |# — v|. The period p decides the frequency of
function. Note that the above periodic kernel is defined on R x R only. The extension to the

multidimensional case is straightforwardly given in [Haji Ghassemi (2013)]:

D .2 .
K oa (2, 0) = 7% - exp (- 2ein w?f Ud|/p)) (B.18)
d= d

1

Figure B.1 shows three functions that are drawn from the GP with each kernel described in
this subsection. CONST, SE, OU, M15, M25, GE, RQ and PERIOD stand for the constant

kernel, squared-exponential kernel, Ornstein-Uhlenbeck kernel, Matérn kernel with d = 3/2,
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Figure B.1: Functions sampled from the Gaussian process with different stationary kernels.

Matérn kernel with d = 5/2, y-exponential kernel with y = 1.5, rational quadratic kernel with

a = 0.5 and periodic kernel with p = 1, respectively: we set o5 = 1and / = 1 for each case.

B.1.2 NONSTATIONARY KERNELS

For a given kernel K (#, v) and a feature function ¢ : R — RF, K (#,0) £ K (@ (n),p(v))is
again a kernel function, by definition. This feature function gives the GP models more flexibility.
Nonstationary kernels are often adorned with feature functions because they are not needed to
be dependent only on the input difference as the stationary cases. In this section, we assume that
@ is an arbitrary feature function.

As we did in section B.1.1, let us start again with a trivial case. A linear kernel with X is defined
by following:

Kiinear (#,0) = ¢ (1) =0 (v) (B.19)

, where X is a covariance function. Note that the GP regression with Kjie,r (#, v) results in a
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linear regression with the generalized least squares (GLS) method.
Scaling on the stationary kernels on high-dimensional spaces is done on their input distances.
A similar thing can be done in the nonstationary cases. A Gibbs kernel [Gibbs (1997)] is defined

by following:

D 2 ld 1/2 D %d _ Ud
Keibbs (2, ) H( )> - exp ( E APENAL ) (B.20)
=1

dld

, where each /, is a positive function on RP that scales inputs.
Lastly, neural network kernels are derived as limiting cases of (shallow) neural networks with
infinite hidden units with particular activation functions: o5 and X are the kernel hyperparame-

ters.

1. The erf activation function [Williams (1998)]:

T
K (#,0) = 7 - sin”™ 2p() 2¢ () (B.21)

| (142060720 00) (1420025 ()

2. The step activation function [Cho & Saul (2009)]:

KNy (#,0) = og (7 — £ (u,v)) (B.22)

3. The rectified linear unit (ReLLU) activation function [Cho & Saul (2009)]:

KRV (4, 0) = &2 (sin & (u,0) + (7 — &) cos € (u, v)) (B.23)
, where:
T
£(u,v) = cos™ px) 2o (v) (B.24)

Vo ) e () - ¢ ()" (v)
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Figure B.2: Functions sampled from the Gaussian process with different nonstationary kernels.

In other words, some shallow neural networks that are involved with a lot of parameters can
be converted to the GP models that are controlled by only a few hyperparameters.

Figure B.2 shows three functions that are drawn from the GP with each kernel described in
this subsection. LINEAR, GIBBS, NN-ERF, NN-STEP, NN-RELU stand for the linear, Gibbs,
neural network kernel with the erf activation function, neural network kernel with the step acti-
vation function and neural network kernel with ReLU activation function, respectively: we set
og = 1foreach case. Two panels are assigned to each neural network kernel: the first one assumes
@ (#) = (1, ) and the second one takes ¢ (#) = (1, #, u?).

In applications, kernels are often designed by the combinations of the sums and products of
the above stationary and nonstationary ones: constructing the “best” kernel for the training data
is still an open problem. Choosing a proper feature function is another knotty issue: see [Calan-

draetal. (2016)].
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Figure B.3: A graphical representation of GPR and GPC. Capital X and Y are the training inputs and outputs, respectively, and
ﬂ indicates the latent state, that is either regression (GPR) or log-odd (GPC). Green x and red y are the query input and the
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associated output, respectively, and blue & stands for the associated latent variable.

B.2 GaussiaN PROCESS REGRESSION

Regression aims at finding a simpler model that describes the given data for the explanatory
and/or predictive purposes. In particular, statistical regression constructs probabilistic models
as the regression functions. Gaussian process regression (GPR) [Rasmussen & Williams (2006)]
is a nonparametric regression method that reduces the training data to a probabilistic model: its
graphical representation is given in figure B.3.

Let us recall the general setting at the beginning of this chapter: the GP model is determined
by p (Y| X,5). A GPR assumes that the latent state 4 implies the regression of )V, thus here
p (Y|X,B) is called an observational model. For now, the observational model is assumed to be

Gaussianand each Y,, € R:

N

pOIXB) = N Ve, Ay) = [N (%.[6, Ax,)
n=1 (B.25)

pOlx, 6) = N (3]6, M)
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Figure B.4: Examples of the Gaussian process regression. Panel (a) and (c) are the homoscedastic cases whereas (b) and (d) are
for the heteroscedastic data.

Then, one can show that the posterior p (8| X', )) is analytically given as follows:

PBlIX.Y) =N (Bl (X)), Z(X,)))
Z(X,Y)=uy+Kex (Ax + Kax) ™ (V= uy) (B.26)

By plugging (B.26) together with (B.25) and (B.2) into (B.1), we have the following posterior

predictive:
POl X, V) =N (e (%), Ae + 9 ()
() = u, + Kov (Ax + Kaw) 7 (V= 2y) (B.27)
P () = Ko — Kur (Ax + Kax) ™ Kay
In other words, a GPR returns the posterior predictive distribution as the regression model in

a closed form: we will revisit this form later in section B.7 that discusses the actual tractability of

(B.27) in practice.
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Let us look deeper into (B.27). The variance term A, + K., — Koxv (Ax + Ky X)_l Ky, is
decomposed into A, and K, —K,» (Ax + Ky X)_l Ky,. A, comes from the observational un-
certainty in (B.25) while the rest of them stem from the model uncertainty obtained by marginal-
izing the latent states out: because the latter varies over x unless the kernel is constant (B.4), all
GPR is heteroscedastic over inputs in principle. However, the resulting model is often subop-
timal if the heteroscedasticity is let depend on K, — K.x (Ax + Ky X)fl K. only, thus one
might consider the observational heteroscedasticity as well. Homoscedastic GPR (section B.2.1)
assumes that A is given as a constant function; heteroscedastic GPR (section B.2.2), however,
regards A as a function that could change over the inputs. Figure B.4 gives some examples of the
GPR.

There is one golden rule in modeling based on the Gaussian distributions including GP: they
are very sensitive to the outliers! In the real data, it is often the case that some of them are just
noninformative noises. Because GP is a nonparametric method that depends directly on the data,
classifying (and discarding) outliers is indispensable: see [Kaiser et al. (2018); Lee & Lawrence
(2019)] for more details. Another way of dealing with outliers is to take non-Gaussian observa-

tional models that will be discussed in section B.2.3.

B.2.1 HoMo0sCEDASTIC GAUSSIAN PROCESS REGRESSION

A homoscedastic GPR assumes that A = lg]l for some constant 4y > 0. Thus, the previous

formulations are rewritten as follows:

1. Observational model:

N

pVIX.B) =N (Vg L) = [[V (V.]8,. %)
n=1 (B.28)

pOlx.8) =N (4[4, 25)
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2. Posterior distribution of the latent state:

pBIX.Y) =N (blz (X)), Z(X.)))
p(‘)(ay) :/4)(+KXX (/‘]-(Z)]I‘FKX/\/)il (y—[uX) (B29)

S(X,Y) =Krx — Kea (3L + Kxx)il Kxrx

3. Posterior predictive as a regression model:

l + v ))
p(x) = p, + Koy (R(Z)I[ FRyx) (Y —py) (B.30)

P (%) = K — Ker (214 Kar) " Kay

Here, the objective function to be maximized for tuning the kernel hyperparameters is given

as the following ML:
PO = [pIXDEX) e = N Y BT+ Krr) (B3

Under the assumption that the mean function g has already been identified, the hyperparam-
eters to tune are 4o and those in the kernel K. Gradient descent algorithms on the log-ML are
considered for the optimization, or, if only a few and low-dimensional hyperparameters are given,
picking the most probable tuple among the finite candidates could be an alternative.

The mean prior function  reflects a prior belief on the hidden state (the regression here). It
could be given as a constant vector (including 0) or parametric function that had been either
specified (with known parameters) or not (with parameters to learn). Even if y is a parametric
function to be learned, it can be done by maximizing (B.31).

The leave-one-out cross-validation (LOO-CV) is an alternative to define the tuning procedure.

Instead of maximizing the ML in (B.31), it attempts to optimize the LOO log predictive likeli-
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hood L1 oo as follows: details can be found in [Rasmussen & Williams (2006)].

N
Lioo = ) _logp (Y,|X, Y\ Y,) (B.32)

n=1

The ML uses the likelihood of the observations under the assumption that the GP model is
correctly specified. Thus, there is nothing strange about the argument that LOO-CV is more

robust against model misspecification [Wahba (1990)].

B.2.2 HETEROSCEDASTIC GAUSSIAN PROCESS REGRESSION

Contrary to the homoscedastic GPR, a heteroscedastic GPR assumes the general variance func-
tion A. If A is given a priori, then what remains is to tune kernel hyperparameters with the

following objective function to maximize:

p(VX) = / pVX.B)p (BlX)dB = N (V] Av + Kw)  (B33)

If A is also supposed to be learned, however, the problem becomes more complicated: first of
all, there is no target variance, unlike the observations to be regressed are given. Defining A to be
parametric and learning those parameters by maximizing (B.33) would be an answer, but it could
be inflexible or misspecified.

Though there is no perfect answer that addresses this problem, a lot of relevant literatures have
been published. [Goldberg et al. (1998); Le et al. (2005)] consider the noise itself to be a random
variable and estimate it along with the mean of the distribution. [Kersting et al. (2007); Wang &
Chen (2016)] independently infer A from the sampled variances given the regression model, step-
by-step. [Lizaro-Gredilla & Titsias (2011)] parametrizes /A as the exponential function where the
exponent follows a GP prior. [Binois et al. (2018)] assumes a latent variable for constructing an
apparatus to jointly infer a spatial field of simulation variances along with the mean-field GP.

[Lee & Lawrence (2019)] focuses on the structure of the observational model: p (y|x, &) =

N (3|6, A,) implies that the variance function A, is supposed to be the variance of y given b as
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the mean, which is equivalent to the expectation of (y — b)*. Though y and & are not given at
an arbitrary query input , (y — &)* can be regressed given (X', 8, ) by the following Nadaraya-
Watson kernel regression [Nadaraya (1964); Watson (1964); Bierens (1994); Langrené & Warin

(2019)]: ,
> (Yo = 8,) K (x = X,)
ZI;:I Ky (x - Xn)

, where KC and b are the density kernel and bandwidth parameter, respectively.

(B.34)

(=0~

One advantage of the GP regression model is that the posterior p (8| X', V) is explicitly given.

Thus, one can compute the following expectation analytically:

A, N E[@\X,y Zln\]:l (YI:ZI _18;1) Kh( _Xn)
> K (v = X,) (B.35)
ZI;=1 Ky (x - Xn)

The subsequent problem is that computing each A, requires the values of Ay at X' = {X, }I,
aprioriin (B.35). This can be addressed by iterating (B.35) to update A x until convergence. The
performance of the heteroscedastic GPR is substantially dependent on the bandwidth 4: one
suggestion is the K-nearest neighbor bandwidth [Loftsgaarden & Quesenberry (1965); Terrell &
Scott (1992)] with the LOO-CV for choosing K.

As mentioned at the beginning of the section, tuning hyperparameters is straightforward once
Ay is specified. Thus, the heteroscedastic GP regression can be done by iterating the following

steps:
1. Choose hand K given K and A y.
2. Update Ay given b, Kand K.

3. Tune K given Ax.
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B.2.3 NoN-GAUsSIAN OBSERVATIONAL MODELS

So far, observational models have been assumed to be Gaussian. As discussed earlier in this sec-
tion, it could be too strong to assume that the standardized residuals R £ { rn} _, would follow

the standard normal distribution in practice, where:

s Y- i(X)

n

(B.36)

The model misspecification could be from the multimodality of the data [Ldzaro-Gredilla et al.
(2012); Bodin et al. (2017); Kaiser et al. (2018)], but here we just focus on the misspecification
of the observational models.

Let us go back to the posterior predictive in (B.1): p (y|x, X', )) is expressed as a double inte-
gration over the hidden states 8 and 4. If the observational model is assumed to be Gaussian, then
notonly p (y|x, ) butalso p (8| X', )) are also Gaussian, thus computing (B.1) is done explicitly.
If not, it is even not guaranteed to get p (8| X', )) as a known distribution. One of the next best
things is to sample a number of Z from p (8| X', V) x p (B|X) p (V|B, X') and approximate (B.1)

as follows: if p ()V|8, X) is differentiable with respect to 4, then the Hamiltonian Monte Carlo
M

(HMC) algorithm in section A.4.3 can be applied for the sampling. Let {E(M) } be such sam-
m=1
ples, then:
(m) N
20lx, X, V) ~ /p (O, b) N (/,4 + KorK3y (ﬁ —ﬂX) b (x )) db  (B.37)

The other approach corresponds to the approximation of p (8| X, )) with a known distribu-
tion, ¢ (4|6), where 8 is a variational parameter. Similar to the discussion in A.1.4, we might

consider the following Kullback-Leibler (KL) divergence:

Dy (7 (19)lp (14, )
= logp (V|X) + Dxw (g (19)llp (-|X)) — Eqgap) logp (VIB, X)] = 0

(B.38)
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Therefore, the log-ML log p (Y| X') has the ELBO L as follows:

logp (V|X) = Ey(gp) [logp (Y18, X)] — Dxe (g (-19)||p (-1X)) = £ (B.39)

Let us assume further that ¢ (4|6) is given a fully independent Gaussian distribution:

(.5 (B.40)

n

7(619) = N (Bl diag (7)) = TV (6,
Then, the second term Dy, (7 (+|8)[|p (+| X)) in (B.39) is explicitly given as follows:

Dxw (¢ (19)[lp (- X))

1 [~ & T ) N\ (B4
) ZKXX + ey — ) Ky (e —#) — 1+ log [Kaw| — g log 7
n=1 nkn

n=1

The first term is decomposed as follows:

E, i llogp (V|6 X ZE ) [logp (Y.8,.%.)] (B.42)

The reparameterization trick [Kingma & Welling (2013)] gives a way of reducing variances

in computing the numerical gradient of E, 44 [logp (Y|4, X')] with respect to the variational

parameters:

N
Vel eie) logp (Y18, X)) = > Enon [Velogp (Yaliz, + 5.2, X,,)] (B.43)

n=1

Once learning/tuning the variational parameters/kernel hyperparameters with £ as the objec-

tive function are done, we can approximate p (y|x, X', ) by replacing p (8| X', V) with ¢ (8]6) in

(B.1):

POl X, D) ~ / POl b) / 2(b}8. %, X) g (8)8) dpdb

(B.44)
_ /p (O, B) N ([t () , 7 () db
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, where:

E(x) = p, + KKy (& —p
XX ( X) (B4S)

7 (%) = K — K Ky Ku, + Kex K diag (77) Ky K,
Note that the above analytic computation is available if g is a (multivariate) Gaussian. (B.40)

is just the simplest choice for the variational approximation: we will discuss further about the

choice of g in section B.4.

B.3 GAussiaAN PROCESS CLASSIFICATION

Classification is a function that maps each query input to one (or more) of the discrete cate-
gories (labels). Specifically, statistical classification gives a probabilistic model as the classification
function. Gaussian process classification (GPC) [Rasmussen & Williams (2006); Barber (2012)]
is a nonparametric classification method that assigns a discrete probability distribution to each
query input, based on the data. Here we consider the binary classification only (in other words,
each ¥, € {—1,+1}), though multi-class extension is straightforward [Rasmussen & Williams
(2006); Herndndez-Lobato et al. (2011); Murphy (2012); Villacampa-Calvo et al. (2020)]. A
graphical representation is given in figure B.3.

Contrary to the GPR models in section B.2, a GPC regards the latent state 4 as a predictor (log-
odd) function (over X’) that is squashed through the logistic function, so p (V|X, 8) = p (V|f)

in (B.1) is replaced with the following:

N

pVIE) =] (x.8,)

n=1 (B46)

P |b) = (yb)

, whereas we assume the same prior on 3, p (8|X') = GP (ﬂlﬁ, KXX) as usual with y = 0 (note
that 8 now represents a log-odd), and o : R — (0, 1) is a logistic function that is also defined as

follows:
1
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Note that (B.46) that is non-Gaussian prevents from computing both posterior predictive
2 (ylx, X, ) and posteriorp (8| X', V) analytically. Thus, itis inevitable to consider either Monte
Carlo sampling or approximation for accessing p (4| X, )), as discussed in section B.2.3. In ad-
dition, characteristics of the classification bring other approximation methods such as Laplace
approximation (section B.3.1) and expectation propagation (section B.3.2). Moreover, we will
cover one of the most recent variational approach that uses the variable augmentation technique

in section B.3.3.

B.3.1 LAPLACE APPROXIMATION

The Laplace approximation [Williams & Barber (1998)] aims at approximating the posterior
2 (B|X, ) that is non-Gaussian with a Gaussian distribution 4 () that is obtained by doing

a second-order Taylor expansion of log p (8|, V) around its maximizer f:

16 = (8

(- vViogp @Y, ) ) (B.48)

Because logp (B|X, V) = logp (V|B) + logp (81X) — logp (V| X) £ L (8) — logp (V|X),

~

B = argmaxlogp (B|X,Y) = argmax L ()
£ £ (B.49)

VViegp (B|X,Y) =VVL(B)

Since Y2 = 1, we have:

N
1 1
LB =— Z log (1+exp (—Y.,8,)) — EﬁTK;{lxﬁ ~3 log K|
n=1

VL (8) = Vlogp (V[g) — K (5:50)

VVL () = VViogp (VIf) — Ky
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, where:

Viegp (VIB) =

(B.51)

—a(Y2,) (1 — (Y25,
YV logp (V|8) = diag () (=« (¥a8,))

—o (Yngy) (1= (Yngy))

Finding [é can be done numerically by the Newton’s method, i.e., iterating the following until

convergence:

g (vve (61) (2 )

(B.52)
—1
— 6+ (K = VVlogp VB, )  (VIoge (VI8) g — Kih8)

Once f is obtained, 4 (8) = N (ﬁ B, (VVE (ﬁ) > _1) is derived from (B.48) and (B.50),

and the posterior predictive distribution as the classifier is approximated as follows:

POl =~ [ p01) [ (0165 X)q 6 dpas

(B.53)
_/a(yb)/\/(bmx),?(x))db

, where:

E3) = o, + KKy (8- sy)

(B.54)
N —1
3 (x) = K — Kr Kb Kaw + Kor Kzl (vw (ﬂ)) KK

Tuning kernel hyperparameters can be done by maximizing the approximated marginal likeli-

hood with g (8): details are in [Barber (2012)].
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B.3.2 EXPECTATION PROPAGATION

Just as the Laplace approximation in the previous subsection, the expectation propagation (EP)
[Minka (2001)] method also seeks the approximation of p (8| X', J) with a Gaussian g (8). The
difference comes from the form of g (4): it is designed to be proportional to the product of the
GP prior p (8|X') and pointwise inferences on 8.

The core idea starts from approximating each p (Y, |8,) with N (8, |, 7,) up to constant
product of Z, as follows:

p(V.l8,) = ZN (8%, %) (B.55)

Then define g (8) from (B.55) and p (8] X) as follows:

7(8) =N (8|(L+ diag () Kiy) ™ B (K3 +diag 3) ) )

N (B.56)
oxcp (@) [V (8,127

n#n’V”)

The inference on x and ¥ is done by sequential optimization: details can be found in [Ras-
mussen & Williams (2006)]. Note that defining p (|4) with the probit likelihood @ (z) =
[ N (x]0,1) dx gives not only the explicit updating form for z and 7 but also the explicit poste-

rior predictive approximation (that is advantageous over the Laplace approximation) as follows:

Ko (Kyx + diag(7)) "' &
\/1 + Kxx - xX KXX + dlélg (A/>> IKXx

p(y=+1x, X)) = (B.57)

B.3.3 Porva-Gamma DATA AUGMENTATION

The Polya-Gamma data augmentation [Wenzel et al. (2018)] begins with exploiting the following

property of the logistic function:

1 1 2
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,where PG (w|1, ¢) is the Polya-Gamma distribution defined by the following moment generating

function and proportionality:

1

cosh ( t/Z)

PG (w|1,¢) o exp (—§w> PG (w1, 0)

Epc w10y [exp (—wt)] =
(B.59)

From (B.58), we have the following proportionality with an augmented state VW = W.n:

2 (Y, W8, X) x exp (—%y% - %/ﬂdz’ag (W)ﬁ) [IPG (W.[1,0) (B.60)

n=1

The key idea is to approximate p (8, W|X, V) o« p (Y, W|B, X) p (8| X') with the following

g (8, W|u, Z, C) with variational parameters ¢, Z and C = ¢\

g (B W, 2,C) & N (flu.Z) [ [ PG (W1, c.) (B.61)

n=1

The KL divergence Dxy, (¢ (+|¢, 2, C)|[p (| X, Y)) results in the following ELBO L:

logp (V|X) > L

£ Eygwpzo) llogp (VB W, X)] — Dy (q (-|«,=,C)

N
‘P (12) [ [ PG (W1, 0))
" (B.62)
The variational parameters are learned by maximizing £. One advantage of this approach is
that Lis given in a closed form and C = ¢;.n can be updated analytically: see [Wenzel etal. (2018)]
for more details. Once variational parameters g, ¥ and C are learned, (B.61) gives the marginal
g (Blp,Z,C) = N (Blu, =) directly. What remains is to approximate the posterior predictive by
replacing p (8| X, ) with g, as done in section B.3.1.

Figure B.5 presents two examples of the GP classification based on the Polya-Gamma data

augmentation. The left panel uses 10,000 observations whereas the right one has 1,000. Note
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that the right example results in less certain posteriors than the left one: this suggests an advantage
of the nonparametric classification algorithm that the inference directly depends on the quality,

quantity and sparsity of the data.

B.4 GAaUssiIAN PROCESS STATE-SPACE MODELS

State-space models in chapter A assume the Markov property and well-established transition
models. Those are too strong assumptions to cover all real problems: such a ‘memoryless’ prop-
erty has potential of losing too many information from the previously observed states and ob-
servations would not be made regularly. Recurrent neural networks (RNNs) [Goodfellow et al.
(2016)] straightforwardly address the first case, however, usually require too many parameters
thus would not be appropriate if only a small number of observations are given.

Gaussian process state-space models (GPSTs) [Frigola et al. (2014); Eleftheriadis et al. (2017)]
are good alternatives to those models that depend on the Markov assumption. It gives a GP prior
on the series of each predictor: a typical graphical representation is described in figure B.6. In this
section, we follow the same notations in chapter A. Suppose that the hidden states X' = {X,Z}Ij:1
are associated with the pair of indices and outputs (7, V), and each X,, € RP forD € N. Then
we could consider X’ asa N x D matrix where each row indicates X, and the following is assumed

foreachd =1,2,--- ,D:
pX.lT) = 9P ([0 K5 B3

Just as the other state-space models in chapter A, ) is also defined on a high-dimensional space
R and the emission model is given as p, (Y,,| T,,, X,,) for each #: now the possible nonstationary
characteristic is controlled by the associated index (time in common) T,.

Thus, the prior (B.64) and likelihood (B.65) are given as follows:
D D
d) 1r(d
p(IT) =T (%) = [T 6P (Xl K5 ) (B.64)
d=1 d=1
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Figure B.5: Examples of the GP classification. Each panel consists of four sub-panels. The first sub-panel show the artificial
data that are drawn from the distribution depicted in the third sub-panel with 10% contamination. The second and fourth
sub-panels show the posterior distributions of the labels with representing their levels with the brightness and the corre-

sponding estimation, respectively.

152



X1 - x ()
x(2) - x (2
J J 4
Y Y

Figure B.6: A graphical representation of GPST. Capital T and Y are the training indices (time) and outputs, respectively,
and X® and X indicate the latent states, that are hidden states to infer as those of the state-space models in chapter
A. Green ¢ and red y are the query index (time) and the associated output, respectively, and blue 0 and £ stand for the
associated latent variables.

N
pIT, X) =[] 2. (Yl T, X,) (B.65)

n=1

From above, the posterior of X is given as follows:
P(XI|T.Y) o< p(X[T)p(VIT, X) (B.66)

In state-space models, the major concern is to compute the prediction of the hidden state x,

p (], T,Y), at an arbitrary query index «.
Pl T, 2, ) = / P (e, T, ) p (X|T, D) d¥ (B.67)

, where p (x|2, T, X) is derived from the assumption (B.64):

p e, T, X)

- d 4\ d d d H\ (B.68)
=TT (ot + 36 (55) ™ (.0 = f?) 0 P (35" 40)

d=1
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The choice of kernel function K characterizes the underlying dynamics of the hidden states.
As discussed in section B.1.1, Matérn kernels correspond to the continuous version of AR mod-
els. This property is quite useful. Suppose that one wants to design a state-space model for a given
time series under the assumption that the series of hidden states follows AR (2) and in addition
the indices in the time series are not regular: it is quite common in paleoceanography and paleocli-
matology, as discussed in section 1.1.3. Rearrangement of the time series by interpolation would

(3/2)

Matern

be required to fit the data into the parametric framework, but the GPST with a kernel K
is working properly regardless of the index regularity. Moreover, it does not need the Marko-
vian assumption whereas parametric state-space models in chapter A are intractable without it.
Lastly, GPST is nonparametric thus can be called data-driven AR model, i.e., we can easily solve
the problem that would be picky in the parametric setting by moving it to the nonparametric
world.

In most of the cases, however, p (X|T, ) is not given in a closed form. The variational infer-
ence discussed in section A.1.4 is still valid in this case: infer the tractable approximation ¢ (X'|9)

together with kernel hyperparameters that maximize the ELBO L:
logp VIT) = Eyxjp) [logp (VIT, X)] = Dew (¢ (19)p (7)) (B.69)
Once g is learned, p (x|, T, X', V) in (B.67) is approximated by following:
pxle, T, X, Y) = /p (x|t, T, X) q(X|0)dXx (B.70)

This section ends with the discussion about the form of g (X'|f). Because X’ is not a vector

here, roughly we have the following ways of defining it:

1. Markov chain: it is good for sampling paths.
N

g (X16) = g (X&) [ [ = (X,X,m1,6,) (B.71)

n=2
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2. Predictor-wise model: we will see this structure again in section B.6.
D
7(x18)=1]4 <X:,d“9(d)> (B.72)
d=1

3. The full Gaussian model: not practical if p (X |7, V) is multimodal.

X:,l
q(X|0) =N S 17> (B.73)

X:,D

Recently, [Eleftheriadis et al. (2017)] considers the RNN models for modelling 9. With the
reparameterization trick, the gradient of L is efficiently approximated thus variational parameters
can be learned numerically regardless of the parametrization. If ¢ is Gaussian, then the second

term Dy, (9 (+|9)|[p (7)) is expressed in a closed form.

B.s GaussiaN PROCESS LATENT VARIABLE MODELS

Dimensionality reduction is essential for dealing with the curse of dimensionality in the prepro-
cessing step before applying nonparametric models. The Gaussian process latent variable model
(GPLVM) [Lawrence (2005); Damianou et al. (2016)] designs a nonparametric dimensionality
reduction model based on GP: [Titsias & Lawrence (2010)] revisit the GPLVM to show that
a variational inference framework can marginalize the input variables. More extensions can be
foundin [Li & Chen (2016)]. However, in this subsection we just cover the original model which
aims at optimizing the latent inputs. The below formulations are referred to [Lawrence (2005);
Murphy (2012)].

Unlike the settings so far, only outputs ¥ = {Y,}_, C RL are given here. The goal is to
find ¥ = {Xn};lj:l C RP as the low dimension reduction of ) where D < L. Thus, it is an

unsupervised learning. To be specific, we have the following relationship with a L x D matrix W
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and a positive constant oy:

? (Ya|X0, W, 05) = N (Y,|WX,, t1) (B.74)

The probabilistic principal component analysis (PPCA) [Tipping & Bishop (1999)] assumes
apriorp (X,) = NV (X

maximizes the following likelihood:

.|0, ) on X, to get the marginal likelihood p (Y,|W, ¢%) and infer W that

P IW.2) = [ (0 W.2)

n=1
N

:H/p (Y,[X,, W
n=1

N
=[NV (Y.[0, 51 + W'W)

n=1

75) p (X,) dX, (B.75)

The GPLVM starts from the dual problem of PPCA, that is, to assume a prior p (W}T) =
N (W}i |6, a_ll[) witha positive constanta > Oforeach/ =1,2, - - - , Land obtain the marginal
likelihood p (V| X, 75, &) that has the following form: let us regard Y as a N x L matrix where

each row indicates Y, and X as a N x D matrix where each row indicates X,,.

y}X, 0, & /H]) WZ Y ’me70'20)
N
:/H/\/(W}H&a‘lﬂ)ﬂf\/( | WX, 1) dW
I=1 n=1

) (B.76)

L
= [TI (W ) T (L], A
=1 I=1

L
= [V (Y40, 3L + 2XX")

Note that o211+ aXX" = Ky for the sum of constant and linear kernels K = K + Kjinear
in (B.4)and (B.19) with2 = alland ¢ (#) = u: thisapproach is called the kernel trick [Theodor-
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idis & Koutroumbas (2008)]. By perceiving (B.76) as a special case where the linear kernel is

chosen, the GPLVM has the general objective function for an arbitrary kernel K as follows:

L

pI%) =[]V (¥,

/=1

> - 1
0,Kvx) o [Kyx| L/2 exp (—ztrace (KXIXJ)J/T)> (B.77)

Now the goal is to find & and kernel hyperparameters of K that maximize (B.77) as the objec-
tive function: the maximizer X is then regarded as the low dimension reduction of Y. It can be
done by a gradient descent on the logarithm of (B.77) whereas (B.76) is maximized explicitly via

eigenvalue methods.

B.s DEEP GAUSSIAN PROCESS

As discussed at the top of this section, the GP models are often suboptimal from the kernel mis-
specification. Because there is no gold rule for finding the optimal kernel to the given data, one
cannot avoid the following dilemma: making kernels complicated has a potential to make them
more misspecified whereas choosing simple kernels is itself misspecified by their simple structures.

Regression (section B.2) and classification (section B.3) models adopt a column vector (let us
call it as a one-dimensional hidden layer) as 4 while state-space models (section B.4) allow it to
have a matrix form (a multi-dimensional hidden layer). Regardless of the associations, however,
each model covered so far assumes only one hidden state 4 in the model (call them ‘shallow’ DP
models) If the model with one hidden layer is working, why is the model not to have more than
one?

Deep Gaussian process (DGP) [Damianou & Lawrence (2013)] challenges such a drawback
by stacking multiple multi-dimensional hidden layers: figure B.7 shows its example graphical rep-
resentation. Each hidden layer is stacked with the very previous one as the input. For simplicity,
suppose that in the DPG model there are two hidden layers, N x H; and N x H;, matrices 8 and

y, with X = {X, }I;I:l C RPand )y = {Yn}fj:1 C RV as the input and output of the training
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Figure B.7: A graphical representation of DGP. X and Y are the training inputs and outputs, respectively, and /E and y are the
latent states (upper-left). Each column vector of/J] is assumed to follow a GP with X as the input (upper-right). Each column
vector of Y is then assumed to follow another GP with 18 as the input (lower-left). Finally, Y is modelled given Y (lower-right).

data, as usual. Then, the priors on 4 and y are given as follows:

)
?)

With the observational model p ()|y), the posterior of hidden layers and posterior predictive

P (B1%) = ﬂ aP (8.,

p(8) = IIQP(

(B.78)

(B.79) are given as follows:

B AX,Y) x<p(VIy)p(718) p (B]X)

(B.79)
203 = [ 01 [[[ (. 0.000 (0185 2)p (6. A. V) dpdyasae

Due to the nonlinearity of 8 in (B.78), the forms (B.79) cannot be expressed in closed forms.
We instead consider the variational inference. Let 4 (8, 7) = g1 (8) 42 () the variation distribu-

tion to approximate p (4, y|X', V). Then, the following ELBO L is derived from the nonnegative
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KL divergence Dx1., (¢]|p (+| X, Y)):

logp (V|X) = Ey(p) [logp (V)] —Ege) Dxa (221|p (+18))] —Dxe (qu|p (+]X)) = £ (B.80)

Note that the KL divergences in (B.80) can be expressed in closed forms if ¢ and ¢, are given
to be Gaussian. Once KL divergence are given explicitly, the reparameterization trick assists in
computing the numerical gradient of £. The variational distribution ¢ can replace p (8, | X, ))
in (B.79) for the approximation after learning.

Details of the straightforward extension of the above formulations to the cases where the num-
ber of hidden layers is bigger than 2 with more complicated variational distributions can be found
in [Damianou & Lawrence (2013); Salimbeni & Deisenroth (2017)]: they also deal with the cases

where the input X is also assumed to be latent.

B.7 VARIATIONAL INFERENCE

So far, what we have covered are the exact modelling, i.e., all arithmetic operations are assumed
to be feasible. In practice, however, matrix inversion quickly becomes intractable as the size of
the matrix increases, as discussed earlier. Thus, the GP models have been limited and moreover
often misunderstood as an anachronism in the era of big data.

Various attempts have been made to process big data with GP-based models: [Liu etal. (2020)]
reviews them briefly. This subsection summarizes one of them, the variational free energy (VFE)
proposed by [Titsias (2009)], as a variational approach. Note that all GP models that have been
introduced in sections B.2 to B.4 can be supplemented by this VFE technique, thus modifiable
to the tractable models, regardless of the data size: most of the cited publications assign parts to
demonstrate such extensions. The reason why such extensions have been intentionally ignored
in the previous subsections is to avoid the distraction that prevents the readers from grasping the
essence of the GP models.

The core idea of VFE is assuming additional pair of pseudo-inputs Z and the associated latent
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state  that follows a GP with an input Z where y is the sufficient statistic for 4. With that pair,

we have the following extended formulation of the posterior predictive:

POV = [ 20l [[ 90167 2.2)p (87,2, 2)p(AX. 2.9) dyapy
= [ 2010 [[ 20l 2)p @l . 20 (1. 2.3) dyads
= [ 20l5) [ pl0lrs 20 (1, 2. 9) dys
(B.81)
Now the problem is converted to computing p (y|X', Z, ) that is also an uneasy work. One
resolution is to utilize the variational distribution ¢ (8, | X, Z) = p (8ly, X, Z) ¢ (y) that ap-

proximates p (8, y|X', Z,Y). The following ELBO is then derived from the nonnegative KL
divergence D1 (g (+|X, Z)|[p (-|X, 2, 1))

r(2)

0gp 1) 2 [ ) ( [ pl6lr . 2)10gp V1. 01dp - 105 £ ) dy
(B.82)
— [0 [ p(6lrx. 2)108p V1¢.£)ddy ~ D (ol (12))

In the regression setting that assumes p (Y| X, 8) to follow (B.25), [Titsias (2009)] shows that

the optimal @ that maximizes (B.82) can be derived explicitly and is given as follows:

2 (y) =N (7@ 2)

i= s+ Koy (A + KyzKG5Kz0) " (V- gy) (B.83)

>=Kzz — Kzy (AX + KXZKEIZKZX)_I Kxz

Becauseq (¥|X, Z) = [q (B, 7|X, Z) df = ¢ (y) approximatesp (y|X, Z,)), the posterior

predictive (B.81) is given by the following closed form:

POl X, D) =N (ylm (x), Ay +5(x))
m(x) = p + Koz (Kzz + KeaAyKez) KarAy (Y — gy (B.84)

k) (x) = Kxx - KXZKE,IZKZW + K"Z (KZZ + KZXA}IKXZ)?I sz
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Note that A3 is efficiently computed regardless of | X| since here Ay is a diagonal matrix.

If p (V|X, B) is not Gaussian, then ¢ is not optimized in a closed form. Thus, one needs to
consider the reparameterization trick to efficiently approximate the gradient of ELBO in (B.82),
after parameterizing @.

Though [Bauer et al. (2016)] process the comparison and recommend the VFE rather than the
tully independent training conditional (FITC) [Csaté & Opper (2002); Quifionero-Candela &
Rasmussen (2005)] for dealing with huge datasets, VFE has a certain drawback: the performance
is depending on the choice of the pseudo-inputs Z. With an ill-posed Z, ELBO in (B.82) could
be deviated far from the exactlog-MLlog p (Y| X). In principle, optimizing Z is not straightfor-
ward. [Bui et al. (2017)] attempt both of the pseudo-input optimization and the unification of

VFE and FITC by power expectation propagation.
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