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4.1 Deep learning methods to solve inverse problems in depth-sensing in-

strumented sharp indentation. (A) Schematic illustration of the power-

law elastoplastic stress-strain behavior used in the present study (left)

and a typical load (%) versus displacement (ℎ) response of an elasto-

plastic material to instrumented sharp indentation (right). (B to D)

Flowcharts of the neural networks for solving (B) single-fidelity inverse

problems, e.g., single indentation, and dual/multiple indentation, and

(C and D) multi-fidelity inverse problems involving datasets of differ-

ent fidelity and accuracy. Input variables such as G1 and G2 represent

parameters such as �, 3%/3ℎ,,?/,C , and output variable H represents
material properties such as �∗ or �H . We only show two variables as

the neural network inputs for clarity, but the number of inputs could

be three or four for single indentation or dual/multiple indentation

problems. The NN inputs of all cases and training datasets used are

summarized in Appendix C, Tables C.1 and C.2. (C) The original

multi-fidelity NN in ref. [146]. (D) The new multi-fidelity NN pro-

posed in this chapter involves a residual connection (red line) from the

low-fidelity output H! to the high-fidelity output H� . � and � are the

nonlinear and linear activation functions, respectively. . . . . . . . . . 76

4.2 Results of mean absolute percentage error (MAPE) as a function of

the Training Dataset Size for dual and multiple indenters. Results of

training NNs for (A) �∗ and (B) �H using computational simulations of

sharp conical indentation using FEMwith 1, 2 or 4 different indenter tip

geometries. The black dotted line and the red dash-dotted line show

the average error of directly applying the single-indentation fitting

functions in ref. [50] and dual-indentation fitting functions in ref. [46],

respectively. The 1-indenter data are obtained using conical tip with

70.3° half-included tip angle; the 2-indenters data are obtained using

conical tips with 70.3° and 60° half-included tip angles; and the 4-

indenters data are obtained using conical tips with 70.3°, 50°, 60° and
80° half-included tip angles. . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.3 Mean average percentage error as a function of training dataset size for

multi-fidelity NNs trained by 2D and 3D FEM simulations of inverse

indentation. (A and B) Results of multi-fidelity NNs trained by inte-

grating low-cost low-fidelity data using fitting functions [50] together

with limited number of high-fidelity FEM data for (A) �∗ and (B) �H . In
(A) and (B), the low-fidelity data use 10,000 (for �∗) or 100,000 (for �H)
data points from the formulas in ref. [50]. All 2D axisymmetric FEM

data are assuming a conical indenter with a half-included tip angle

of 70.3°. (C and D) Results of multi-fidelity NNs trained by integrat-

ing 2D axisymmetric FEM results (low fidelity) together with 3D FEM

simulation data (high fidelity) for (C) �∗ and (D) �H . The low-fidelity

2D FEM data in (C) and (D) include 97 axisymmetric FEM simulations

with different elastoplastic parameters. All 3D FEM data are using a

3D Berkovich indenter, which has a three-sided pyramid sharp tip that

can maintain its self-similar geometry to very small indentation depth.

The Berkovich indenter has a half angle of 65.3°, measured from the tip

axis to one of the pyramid surfaces. . . . . . . . . . . . . . . . . . . . . . 81
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4.4 Inverse analysis results of mean average percentage error (MAPE) of

(A) �∗ and �H , and (B) �3.3%, �6.6% and �10% for two aluminum alloys

Al6061-T6511 andAl7075-T651 (here the subscripts 3.3%, 6.6% and 10%

for � represent plastic strains). The results labeled as “fitting functions”

are obtained directly using previously established equations in ref.

[50]. The results labeled as “NN (2D+3D FEM)” are obtained using

NNs trained by integrating 2D axisymmetric FEM data (low fidelity)

with 3D Berkovich FEM data (high fidelity), and the results labeled

“NN (2D+3D FEM+EXP)” are obtained using NNs trained by adding

experimental results as high-fidelity training data in addition to the 2D

and 3D FEM training data. . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.5 Inverse analysis results of hardening exponent for two aluminumalloys

Al6061-T6511 and Al7075-T651. The hardening exponent is obtained

by least squares fitting of �H , �3.3%, �6.6% and �10% predicted by NNs

trained by (A) 2D and 3D FEM data, and (B) 2D, 3D FEM data and 3

experimental data points. Here the subscripts 3.3%, 6.6% and 10% for

� represent plastic strains. . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.6 Inverse analysis results of (A) �∗ and (B) �H for two 3D-printed Ti-6Al-

4V alloys B3067 and B3090. The results labeled as “NN (raw)” and

“NN (tip)” are obtained by applyingNNs trained by integrating 2D ax-

isymmetric FEM data (low fidelity) with 3D Berkovich FEM data (high

fidelity), using directly the raw indentation % − ℎ data and using the

tip-radius-effect corrected indentationdata, respectively. The results la-

beled “NN self (raw, 5)” and “NN self (tip, 5)” are obtained by applying

NNs trained by adding 5 randomly picked experimental indentation

curves as high-fidelity training data in addition to the 2D and 3D FEM

training data, using directly the raw indentation data and using the

tip-radius-effect corrected indentation data, respectively. Full details

of the experimental data on instrumented indentation and stress-strain

response for both B3067 and B3090, along with the conditions for 3D

printing and depth-sensing indentation, and microstructure evolution

can be found in ref. [116]; a brief summary of these literature data is

provided in the Appendix C. . . . . . . . . . . . . . . . . . . . . . . . . 88

4.7 Inverse analysis of a 3D printed Ti-6Al-4V alloy B3090. (A) �∗ and (B)
�H versus the number of randomly selected experimental training data

either from B3090 (denoted as “Self”) or from B3067 indentation exper-

iments (“Peer”). The notion of “(raw)” and “(tip)” in the labels indicate

all experimental data used are from the uncorrected raw indentation

data and the tip-radius-effect corrected indentation data, respectively. 91

4.8 Inverse analysis of three 3D-printed Ti-6Al-4V alloys. (A) �∗ and (B) �H
for 3D-printed Ti-6Al-4V alloys (B3067, B6067, and S6067) versus the

number of randomly selected experimental training data from B3067

indentation experiments. All experimental data used are from the

uncorrected raw indentation data. See also Appendix C Fig. C.4 for

additional comparisons. . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
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4.9 Inverse analysis results of hardening exponent for two 3D-printed Ti-

6Al-4V alloys B3067 and B3090. (A) Mean average percentage error

of �H , �0.8%, �1.5% and �3.3% for B3090 predicted by NNs trained by

2D axisymmetric FEM data (low fidelity) with 3D Berkovich FEM data

and 5 randomly picked “self” and “peer” experimental indentation

curves (high fidelity). (B and C) The hardening exponent is obtained

by least squares fitting of �H , �0.8%, �1.5% and �3.3% for (B) “self” and (C)

“peer” experimental indentation curves. The experimentally extracted

best fit hardening exponent is = = 0.068 for both B3090 and B3067

uniaxial experiments, i.e. near zero low hardening. With additional

experimental data added for training, the NNs predicts accurately the

yield strength and low hardening behaviors. Here the subscripts 0.8%,

1.5% and 3.3% for � represent plastic strains. . . . . . . . . . . . . . . . 94

4.10 Inverse analysis results of (A) �∗ and (B) �H for neural networks via

transfer learning for two aluminum alloys Al6061-T6511 and Al7075-

T651 and two 3D-printed Ti-6Al-4V alloys B3067 and B3090. A multi-

fidelity neural network is first trained on the dataset of the 2D FEM

as the low-fidelity data and 3D FEM as the high-fidelity data (the

results labeled as “2D+3D FEM”). Next the high-fidelity sub-network

is continued to be trained using 3 and 5 experiment data for aluminum

alloys and 3D-printed Ti-6Al-4V alloys, respectively, which the low-

fidelity sub-network does not change (the results labeled “Transfer

learning”). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.1 Schematic of a PINN for solving the diffusion equation
%D
%C = � %2D

%G2
with

mixed boundary conditions (BC) D(G, C) = 6�(G, C) on Γ� ⊂ %Ω and

%D
%n (G, C) = 6'(D, G, C) on Γ' ⊂ %Ω. The initial condition (IC) is treated

as a special type of boundary conditions. T5 and T1 denote the two sets

of residual points for the equation and BC/IC. . . . . . . . . . . . . . . 114

5.2 Convergence of the amplitude for each frequency during the training

process. (A) A neural network is trained to approximate the function

5 (G) = ∑
5

:=1
sin(2:G)/(2:). The color represents amplitude values with

the maximum amplitude for each frequency normalized to 1. (B) A
PINN is used to solve the Poisson equation − 5GG =

∑
5

:=1
2: sin(2:G)

with zero boundary conditions. We use a neural network of 4 hidden

layers and 20 neurons per layer. The learning rate is chosen as 10
−4
,

and 500 random points are sampled for training. . . . . . . . . . . . . . 119

5.3 Illustration of errors of a PINN. The total error consists of the approxi-

mation error, the optimization error, and the generalization error. Here,

D is the PDE solution, Dℱ is the best function close to D in the function

space ℱ , DT is the neural network whose loss is at a global minimum,

and D̃T is the function obtained by training a neural network. . . . . . 120

5.4 Schematic illustrating the modificaiton of the PINN algorithm for solv-

ing integro-differential equations. We employ the automatic differenti-

ation technique to analytically derive the integer-order derivatives, and

we approximate integral operators numerically using standard meth-

ods. (The figure is reproduced from [170].) . . . . . . . . . . . . . . . . 123
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5.5 Flowchart of DeepXDE corresponding to Procedure 3. The white boxes

define the PDE problem and the training hyperparameters. The blue

boxes combine the PDE problem and training hyperparameters in the

white boxes. The orange boxes are the three steps (from right to left) to

solve the PDE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.6 Examples of constructive solid geometry (CSG) in 2D. (left) A and B

represent the rectangle and circle, respectively. The union �|�, differ-
ence �−�, and intersection �&� are constructed fromA and B. (right)
A complex geometry (top) is constructed from a polygon, a rectangle

and two circles (bottom) through the union, difference, and intersec-

tion operations. This capability is included in the module geometry of
DeepXDE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.7 Example 5.4.1. Comparison of the PINN solution with the solution

obtainedbyusing spectral elementmethod (SEM). (A) the SEMsolution

D(�" , (B) the PINN solution D## , (C) the absolute error |D(�" − D## |. 132

5.8 Example 5.4.2. Comparisons of the PINN solutions of (A, B, C and D)

1D and (E and F) 2D Burgers equations with andwithout RAR. (A) The

cyan, green and red lines represent the reference solution of D from

[181], PINN solutionwithout RAR, PINN solutionwith RAR at C = 0.9,
respectively. For the finite difference (FD) method, 200 × 100 = 20000

spatial-temporal grid points are used to achieve a good solution (blue

line). If only 60 × 40 = 2400 points are used, the FD solution has large

oscillations around the discontinuity (brown line). (B) !2
relative error

versus the number of residual points. The red solid line and shaded

region correspond to the mean and one-standard-deviation band for

the !2
relative error of PINN with RAR, respectively. The blue dashed

line is the mean and one-standard-deviation for the error of PINN

using 2540 random residual points. The mean and standard deviation

are obtained from 10 runs with random initial residual points. (C and

D) Two representative examples for the residual points added via RAR.

Black dots: initial residual points; green cross: added residual points;

6 and 11 residual points are added in C and D, respectively. (E and

F) Comparison of the velocity profiles at H = 2

3
from the PINNs with

and without RAR for the 2D Burgers equation. The profiles at three

different times (C = 0.2, 0.5 and 1) are presentedwith C increasing along

the direction of the arrow. . . . . . . . . . . . . . . . . . . . . . . . . . . 134

5.9 Examples 5.4.3 and 5.4.4. The identifiedvalues of (A) the Lorenz system

and (B) diffusion-reaction system converge to the true values during

the training process. The parameter values are scaled for plotting. . . . 135

5.10 Example 5.4.5. The PINN algorithm for solving Volterra IDE. The blue

solid line is the exact solution, and the red dash line is the numerical

solution from PINN. 12 equispaced residual points (black dots) are used.137
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6.1 A proposal for new architectures that lead to good generalization. Il-

lustrations of the problem setup and architectures of DeepONets. (A)

For the network to learn an operator � : D ↦→ �(D) it takes two inputs

[D(G1), D(G2), . . . , D(G<)] and H. (B) Illustration of the training data. For

each input function D, we require that we have the same number of

evaluations at the same scattered sensors G1, G2, . . . , G< . However, we

do not enforce any constraints on the number or locations for the evalu-

ation of output functions. (C) The stacked DeepONet in Theorem 6.2.1

has one trunk network and ? stacked branch networks. (D) The un-

stacked DeepONet has one trunk network and one branch network. . . 145

6.2 Learning explicit Operators using different + spaces and different ar-

chitectures. Top row: Effect of architectures. Errors of DeepONets

trained to learn the antiderivative operator (linear case). (A) The train-

ing/test errors of stacked/unstacked DeepONets with/without bias

compared to the best test error and the corresponding training error of

FNNs and ResNets. The error bars are the one-standard-derivation

from 10 runs with different training/test data and network initial-

ization. (B) The training trajectory of an unstacked DeepONet with

bias. Lower row: Effect of space + . (C) learning the Caputo fractional

derivative: poly-fractonomials vs Legendre vs GRF. (D) Learning the

fractional Laplacian on a disk. The + space consists of the Zernike

polynomials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

6.3 Fast learning of implicit operators – a nonlinear pendulum. Initial ex-

ponential decay of test/generalization error. The range of exponential

convergence increases with the size of the neural network. The test and

generalization errors have exponential convergence for small training

datasets, and then convergewith polynomial rates. The transition point

from exponential to polynomial (indicated by the arrow) convergence

depends on the width, and a bigger network has a later transition point. 157

6.4 Fast Learning of implicit operators – a diffusion-reaction system. Top-

row: Comparison of training and testing errors. Learning a diffusion-

reaction system. (A) Training error (blue) and test error (red) for dif-

ferent values of the number of random points % when 100 random D
samples are used. (B) Training error (blue) and test error (red) for dif-

ferent number of D samples when % = 100. The shaded regions denote

one-standard-derivation. Lower row: Learning a reaction-diffusion

system. The initial decay is exponential (%, D < 50) and the int transi-

tions to algebraic decay in terms of the % sampling point in G−C domain

and the excitation function D(G, C). Error convergence rates for differ-

ent number of training data points. (C) Convergence of test error with

respect to % for different number of D samples. (D) Convergence of test

error with respect to the number of D samples for different values of %. 158

6.5 DeepONet prediction for a stochastic ODE. The DeepONet prediction

(dots) is very close to the reference solution for 10 different random

samples from :(G;$)with ; = 1.5. . . . . . . . . . . . . . . . . . . . . . 161

6.6 DeepONet prediction for a stochastic elliptic equation. The DeepONet

prediction (dots) is very close to the reference solution for 10 different

random samples from 1(G;$)with ; = 1.5. . . . . . . . . . . . . . . . . 162
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C.1 Single-fidelity NNs for inverse indentation problems. (A) Results ob-

tained using training data generated from previously established di-

mensionless fitting functions in ref. [50]. The dotted lines show the

average error of directly applying the equations for �∗ and �H . The

solid red and blue lines show the NN errors of �∗ and �H , respectively,
versus the different training data set size. (B) Results obtained using 2D

axisymmetric finite element conical indentation data for training. The

dotted lines show the average error of directly applying the previous

established dimensionless fitting functions in [50]. The solid red and

blue lines show the NN errors of �∗ and �H , respectively, versus the

different training data set size. All data in (A) and (B) are assuming a

conical indenter with a half-included tip angle of 70.3°. . . . . . . . . . 219

C.2 Comparisonbetween theproposedmulti-fidelityneural network (MFNN)

based on the residual connection with the original MFNN. The blue

and green lines represent the mean and median of errors of the origi-

nal MFNN for (A) �∗ and (B) �H , and the red line represents the mean

MAPE of the residual MFNN. By adding the residual connection, the

training process becomesmore stable, and the error is also significantly

reduced. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220

C.3 The non-linear correlation between low-fidelity formulas and high-

fidelity FEM data for (A) �∗ and (B) �H . �∗;>F and �∗
ℎ86ℎ

of each point

represent the values of �∗ obtained from fitting functions and from the

FEM data for the same (�, 3%3ℎ ,
,?

,C
) in (A). Same for �H in (B). . . . . . . 220

C.4 Inverse analysis of four 3D printed Ti-6Al-4V alloys. (A) �∗ and (B)
�H for 3D printed Ti-6Al-4V alloys (B3067, B3090, B6090, and S3067)

versus the number of randomly selected experimental training data

from B3067 indentation experiments. All experimental data used are
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One of the most amazing developments across scientific disciplines in the last

three centuries has been the genesis of mathematical models that can be employed

to predict and interpret physical and biological phenomena related to fundamen-

tal laws of classical physics and beyond. From Archimedes’s law, to Newton’s

law, to the Navier-Stokes equations, to the relativity theories, or the uncertainty

principle, the description of linear and nonlinear systems has followed the math-

ematics prevalent at the time or prior of these developments. While such models

have served science well, new fundamental developments are slow and have not

established any governing principles in some fields, e.g., in the emerging field of

social dynamics. In the era of complexity and big data, the question is then if there

are any alternative, simpler, and more compact representations that can be em-

ployed to further promote scientific inquiry in established fields where unsolved

problems remain, e.g., turbulence in classical physics, or discover new laws in new

fields, e.g., in systems dominated by social and behavioral interactions.

Recent developments of deep learning (DL), i.e., deep neural networks (NNs),

provide us with opportunities that cannot be tackled solely through traditional

methods for scientific applications. In addition to well-known applications of

machine learning (ML) algorithms in such fields as image/video analysis [106,

200] and natural language processing [228], ML has also been used for various

engineering problems, such as in the discovery of new materials [190] and in

healthcare [63]. However, DL usually requires a large amount of data to train the

neural network model, and in many engineering problems, it is often difficult to

obtain the necessary data of high accuracy.

To address this challenge, there is a significant opportunity for DL to com-

plement and also augment significantly traditional scientific domain knowledge,

including physical principles, constraints, symmetries, conservation laws, com-
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putational simulations, etc. By incorporating such scientific domain knowledge

in DL, it is expected to improve accuracy, interpretability, and robustness of DL

models, while simultaneously reducing data requirements and accelerating DL

model training and prediction. Progress in this research direction requires the

answer to the following question, which we will address in Chapters 4, 5 and 6:

• How should domain knowledge be incorporated into deep learning?

Building the mathematical, statistical, and information-theoretic foundations

of deep learning is especially vital to establishing assurance and thus realizing the

potential of DL for science and engineering, where DL models would otherwise

fail to be adopted. However, despite the remarkable success in the last 15 years, our

theoretical understanding of deep learning is lagging behind, which is currently

a serious bottleneck of DL for scientific discovery. We will address the following

question of assurance and also provide theoretical insights to guide the practical

applications in Chapters 2 and 3:

• Whether a deep learning model is appropriately trained and used for the

task for which it is intended, including whether prediction errors can be

meaningfully bounded?

In what follows, we provide a summary of how the content of this dissertation

has been organized.
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Part I: Theoretical analysis of deep learning

DyingReLU. ThedyingReLU refers to the problemwhenReLUneurons become

inactive and only output 0 for any input. There are many empirical and heuristic

explanations of why ReLU neurons die. However, little is known about its the-

oretical analysis. In Chapter 2, we rigorously prove that a deep ReLU network

will eventually die in probability as the depth goes to infinite. Several methods

have been proposed to alleviate the dying ReLU. Perhaps, one of the simplest

treatments is to modify the initialization procedure. One common way of initial-

izing weights and biases uses symmetric probability distributions, which suffers

from the dying ReLU. We thus propose a new initialization procedure, namely,

a randomized asymmetric initialization. We show that the new initialization can

effectively prevent the dying ReLU. All parameters required for the new initializa-

tion are theoretically designed. Numerical examples are provided to demonstrate

the effectiveness of the new initialization procedure.

Generalization. The accuracy of deep learning, i.e., deep neural networks, can

be characterized by dividing the total error into three main types: approxima-

tion error, optimization error, and generalization error. Whereas there are some

satisfactory answers to the problems of approximation and optimization, much

less is known about the theory of generalization. Most existing theoretical works

for generalization fail to explain the performance of neural networks in practice.

To derive a meaningful bound, In Chapter 3 we study the generalization error

of neural networks for classification problems in terms of data distribution and

neural network smoothness. We introduce the cover complexity (CC) to measure

the difficulty of learning a data set and the inverse of the modulus of continuity to
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quantify neural network smoothness. A quantitative bound for expected accura-

cy/error is derived by considering both the CC and neural network smoothness.

We validate our theoretical results by several data sets of images. The numerical

results confirm that the expected error of trained networks scaled with the square

root of the number of classes has a linear relationship with respect to the CC. We

also observe a clear consistency between test loss and neural network smoothness

during the training process. In addition, we show that neural network smoothness

decreases when the network size increases, while the smoothness is insensitive to

training dataset size.

Part II: Algorithms for physics-informed deep learning

Multi-fidelity neural networks. Instrumented indentation has been developed

and widely utilized as one of the most versatile and practical means of extract-

ing mechanical properties of materials. This method is particularly desirable for

those applications where it is difficult to experimentally determine themechanical

properties using stress–strain data obtained from coupon specimens. Such ap-

plications include material processing and manufacturing of small and large en-

gineering components and structures involving the following: three-dimensional

(3D) printing, thin-film and multilayered structures, and integrated manufac-

turing of materials for coupled mechanical and functional properties. Here, in

Chapter 4 we utilize the latest developments in neural networks, including a mul-

tifidelity approachwhereby deep-learning algorithms are trained to extract elasto-

plastic properties ofmetals and alloys from instrumented indentation results using

multiple datasets for desired levels of improved accuracy. We have established

algorithms for solving inverse problems by recourse to single, dual, and multi-
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ple indentation and demonstrate that these algorithms significantly outperform

traditional brute force computations and function-fitting methods. Moreover, we

present several multifidelity approaches specifically for solving the inverse inden-

tation problem which 1) significantly reduce the number of high-fidelity datasets

required to achieve a given level of accuracy, 2) utilize known physical and scaling

laws to improve training efficiency and accuracy, and 3) integrate simulation and

experimental data for training disparate datasets to learn andminimize systematic

errors. The predictive capabilities and advantages of these multifidelity methods

have been assessed by direct comparisons with experimental results for indenta-

tion for different commercial alloys, including two wrought aluminum alloys and

several 3D printed titanium alloys.

Physics-informed neural networks. Deep learning has achieved remarkable

success in diverse applications; however, its use in solving partial differential

equations (PDEs) has emerged only recently. In Chapter 5 we present an overview

of physics-informed neural networks (PINNs), which embed a PDE into the loss of

the neural network using automatic differentiation. The PINN algorithm is sim-

ple, and it can be applied to different types of PDEs, including integro-differential

equations, fractional PDEs, and stochastic PDEs. Moreover, from the implemen-

tation point of view, PINNs solve inverse problems as easily as forward problems.

We propose a new residual-based adaptive refinement (RAR) method to improve

the training efficiency of PINNs. For pedagogical reasons, we compare the PINN

algorithm to a standard finite element method.

DeepONet: Learning nonlinear operators. It is widely known that neural net-

works (NNs) are universal approximators of continuous functions, however, a less
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known but powerful result is that a NN with a single hidden layer can approxi-

mate accurately any nonlinear continuous operator. This universal approximation

theorem of operators is suggestive of the potential of NNs in learning from scat-

tered data any continuous operator or complex system. To realize this theorem, in

Chapter 6 we design a new NNwith small generalization error, the deep operator

network (DeepONet), consisting of a NN for encoding the discrete input func-

tion space (branch net) and another NN for encoding the domain of the output

functions (trunk net). We demonstrate that DeepONet can learn various explicit

operators, e.g., integrals and fractional Laplacians, as well as implicit operators

that represent deterministic and stochastic differential equations. We study, in

particular, different formulations of the input function space and its effect on the

generalization error.

Part III: Open-source software

In Chapter 5, we also present a Python library for PINNs, DeepXDE, which is

designed to serve both as an education tool to be used in the classroom as well

as a research tool for solving problems in computational science and engineering.

Specifically, DeepXDE can solve forward problems given initial and boundary

conditions, as well as inverse problems given some extra measurements. Deep-

XDE supports complex-geometry domains based on the technique of constructive

solid geometry, and enables the user code to be compact, resembling closely the

mathematical formulation. We introduce the usage of DeepXDE and its customiz-

ability, and we also demonstrate the capability of PINNs and the user-friendliness

of DeepXDE for five different examples. More broadly, DeepXDE contributes to

the more rapid development of the emerging Scientific Machine Learning field.
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2.1 Introduction

The rectified linear unit (ReLU), max{G, 0}, is one of the most successful and

widely-used activation functions in deep learning [123, 183, 154]. The success of

ReLU is based on its superior training performance [72, 204] over other activa-

tion functions such as the logistic sigmoid and the hyperbolic tangent [71, 125].

The ReLU has been used in various applications including image classification

[115, 209], natural language processes [140], speech recognition [90], and game

intelligence [195], to name a few.

The use of gradient-based optimization is inevitable in training deep neural

networks. It has beenwidely known that the deeper a neural network is, the harder

it is to train [203, 55]. A fundamental difficulty in training deep neural networks is

the vanishing and exploding gradient problem [177, 81, 34]. The dying ReLU is a
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kind of vanishing gradient, which refers to a problemwhen ReLUneurons become

inactive and only output 0 for any input. It has been known as one of the obstacles

in training deep ReLU neural networks [215, 2]. To overcome this problem, a num-

ber of methods have been proposed. Broadly speaking, these can be categorized

into three general approaches. One approach modifies the network architectures.

This includes but not limited to the changes in the number of layers, the number

of neurons, network connections, and activation functions. In particular, many

activation functions have been proposed to replace the ReLU [140, 86, 48, 113].

However, the performance of other activation functions varies on different tasks

and data sets [183] and it typically requires a parameter to be turned. Thus, the

ReLU remains one of the popular activation functions due to its simplicity and

reliability. Another approach introduces additional training steps. This includes

several normalization techniques [95, 189, 217, 10, 225] and dropout [202]. One

of the most successful normalization techniques is the batch normalization [95].

It is a technique that inserts layers into the deep neural network that transform

the output for the batch to be zero mean unit variance. However, batch normal-

ization increases by 30% the computational overhead to each iteration [149]. The

third approach modifies only weights and biases initialization procedure with-

out changing any network architectures or introducing additional training steps

[125, 71, 86, 192, 149]. The third approach is the topic of our work presented in

this chapter.

The intriguing ability of gradient-based optimization is perhaps one of the

major contributors to the success of deep learning. Training deep neural networks

using gradient-based optimization fall into the noncovex nonsmooth optimization.

Since a gradient-basedmethod is either a first- or a second-ordermethod, and once

converged, the optimizer is either a local minimum or a saddle point. The authors
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of [67] proved that the existence of local minima poses a serious problem in

training neural networks. Many researchers have been putting immense efforts to

mathematically understand the gradientmethod and its ability to solve nonconvex

nonsmooth problems. Under various assumptions, especially on the landscape,

many results claim that the gradient method can find a global minimum, can

escape saddle points, and can avoid spurious local minima [126, 6, 68, 69, 242,

224, 229, 54, 56, 55, 100]. However, these assumptions do not always hold and

are provably false for deep neural networks [187, 107, 7]. This further limits our

understanding on what contributes to the success of the deep neural networks.

Often, theoretical conditions are impossible to be met in practice.

Where to start the optimization process plays a critical role in training and has

a significant effect on the trained result [158]. This chapter focuses on a particular

kind of bad local minima due to a bad initialization. Such a bad local minimum

causes the dying ReLU. Specifically, we consider the worst case of dying ReLU,

where the entire network dies, i.e., the network becomes a constant function. We

refer this as the dying ReLU neural networks (NNs). This phenomenon could be well

illustrated by a simple example. Suppose 5 (G) = |G | is a target function we want

to approximate using a ReLU network. Since |G | = ReLU(G) + ReLU(−G), a 2-layer

ReLU network of width 2 can exactly represent |G |. However, when we train a

deep ReLU network, we frequently observe that the network is collapsed. This

trained result is shown in Fig. 2.1. Our 1,000 independent simulations show that

there is a high probability (more than 90%) for the deep ReLU network to collapse

to a constant function. In this example, we employ a 10-layer ReLU network of

width 2 which should perfectly recover 5 (G) = |G |.

Almost all common initialization schemes in training deep neural networks use

symmetric probability distributions around 0. For example, zero mean uniform
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Figure 2.1: An approximation result for 5 (G) = |G | using a 10-layer ReLU neural network of width

2. Among 1,000 independent simulations, this trained result is obtained with more than 90%

probability. One of the most popular initialization procedures [86] is employed.

distributions and zero mean normal distributions were proposed and used in

[125, 71, 86]. We show thatwhenweights and biases are initialized from symmetric

probability distributions around 0, the dying ReLU NNs occurs in probability as

the number of depth goes to infinite. To the best of our knowledge, this is the first

theoretical work on the dying ReLU. This result partially explains why training

extremely deep networks is challenging. Furthermore, it says that the dying ReLU

is inevitable as long as the network is deep enough. Also, our result implies that

it is the network architecture that decides whether an initialization procedure is

good or bad. Our analysis reveals that a specific network architecture can avoid the

dying ReLU NNs with high probability. That is, for any � > 0, when a symmetric

initialization is used and ! = Ω(log
2
(#/�)) is satisfied where ! is the number of

depth and # is the number of width at each layer, with probability 1− �, the dying

ReLUNNs will not happen. This explains why wide networks are popularly used

in practice. Furthermore, it explains why deep and narrow networks have not

been successfully used in practice, despite of its representational power [82].

Although there are other approaches to avoid the dying ReLU, we aim to

overcome itwithout changing any network architectures or introducing additional

training steps like normalizations. Perhaps, changing the initialization procedure
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might be one of the simplest treatments among others. We thus propose a new

initialization procedure, namely, a randomized asymmetric initialization (RAI).

The new initialization is designed to directly overcome the dying ReLU, while

having similar generalization performance to the He initialization [86]. We show

that our initialization has a smaller upper bound of the probability of the dying

ReLU NNs. All parameters used in our initialization are theoretically chosen to

avoid the explodinggradient problem. This is doneby the secondmoment analysis

where we derive the expected length map relations between layers [86, 81, 177].

The rest of the chapter is organized as follows. After setting up notation and

terminology in Section 2.2, we present themain theoretical results in Section 2.3. In

Section 2.4, upon introducing a randomized asymmetric initialization, we discuss

its theoretical properties. Numerical examples are provided in Section 2.5, before

the conclusion in Section 2.6.

2.2 Mathematical setup

Let N!
: R3in → R3out be a feed-forward neural network with ! layers and #ℓ

neurons in the ℓ -th layer (#0 = 3in, #! = 3out). Let us denote the weight matrix

and bias vector in the ℓ -th layer by W ℓ ∈ R#ℓ×#ℓ−1
and bℓ ∈ R#ℓ , respectively.

Given an activation function ) which is applied element-wise, the feed-forward

neural network is recursively defined as follows: N1(x) =W 1x + b1
and

Nℓ (x) =W ℓ)(Nℓ−1(x)) + bℓ ∈ R#ℓ , for 2 ≤ ℓ ≤ !. (2.1)
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HereN!
is called a !-layer neural network or a (!−1)-hidden layer neural network.

In this chapter, the rectified linear unit (ReLU) activation function is employed,

i.e.,

)(x) = ReLU(x) := (max{G1, 0}, · · · ,max{Gfan-in, 0}) , where x = (G1, · · · , Gfan-in).

Let θ! = {W ℓ , bℓ }1≤ℓ≤! be the set of all weight matrices and bias vectors. Let

T< = {x8 , H8}1≤8≤< be the set of < training data and letD = {x8}<8=1
be the training

input data. We assume that D ⊂ �A(0) for some A > 0. Given T< , in order to train

θ!, we consider the standard loss function ℒ(θ! ,T<):

ℒ(θ! ,T<) =
1

<

∑
(x,H)∈T<

ℓ (N!(x;θ!), H), (2.2)

where ℓ : R3out × R3out ↦→ R is a loss criterion. In training neural networks, the

gradient-basedoptimization is typically employed tominimize the lossℒ. Thefirst

step for training would be to initialize weight matrices and bias vectors. Typically,

they are initialized according to certain probability distributions. For example,

uniform distributions around 0 or zero-mean normal distributions are common

choices.

In this chapter, we focus on the worst case of dying ReLU, where the entire

network dies, i.e., the network becomes a constant function. We refer this as the

dying ReLU neural networks. We then define two phases: (1) a network is dead

before training, and (2) a network is dead after training. The phase 1 implies the

phase 2, but not vice versa. When the phase 1 happens, we say the network is born

dead (BD).
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2.3 Theoretical analysis

In this section,wepresent a theoretical analysis of thedyingReLUneural networks.

We show that a deep ReLU network will eventually be BD in probability as the

number of depth ! goes to infinity.

Theorem 2.3.1. Let N!(x) be a ReLU neural network with ! layers, each having #

neurons. Suppose that all weights and biases are randomly initialized from probability

distributions, which satisfy

%
(
W ℓ

9 ∈ R
#
− , b

ℓ
9 < 0

)
≥ ? > 0, ∀1 ≤ 9 ≤ #, (2.3)

for some constant ? > 0, whereW ℓ
9
is the 9-th row of the ℓ -th layer weight matrix and bℓ

9

is the 9-th component of the ℓ -th layer bias vector. Then

lim

!→∞
%

(
N!(x;θ!) is born dead inD

)
= 1,

whereD is the training input data.

Proof. The proof can be found in Appendix A.1. �

We remark that Equation 2.3 is a very mild condition and it can be satisfied

in many cases. For example, when symmetric probability distributions around 0

are employed, the condition is met with ? = 2
−#−1

. Theorem 2.3.1 implies that

the fully connected ReLU network will be dead at the initialization as long as the

network is deep enough. This explains theoretically why training a very deep

network is hard.
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Theorem 2.3.1 shows that the ReLUnetwork asymptoticallywill be dead. Thus,

we are now concerned with the convergence behavior of the probability of NNs

being BD. Since almost all common initialization procedures use symmetric prob-

ability distributions around 0, we derive an upper bound of the born dead proba-

bility (BDP) for symmetric initialization.

Theorem 2.3.2. Let N!(x) be a ReLU neural network with ! layers, each having

#1, · · · , #! neurons. Suppose that all weights are independently initialized from sym-

metric probability distributions around 0 and all biases are either drawn from a symmetric

distribution or set to zero. Then

%
(
N!(x;θ!) is born dead inD

)
≤ 1 −

!−1∏
ℓ=1

(1 − (1/2)#ℓ ), (2.4)

whereD is the training input data. Furthermore, assuming #ℓ = # for all ℓ ,

lim

!→∞
%

(
N!(x;θ!) is born dead inD

)
= 1,

lim

#→∞
%

(
N!(x;θ!) is born dead inD

)
= 0.

Proof. The proof can be found in Appendix A.2. �

Theorem 2.3.2 provides an upper bound of the BDP. It shows that at a fixed

depth !, the network will not be BD in probability as the number of width # goes

to infinite. In order to understand how this probability behaves with respect to the

number of width and depth, a lower bound is needed. We thus provide a lower

bound of the BDP of ReLU NNs at 3in = 1.

Theorem 2.3.3. Let N!(x) be a bias-free ReLU neural network with ! ≥ 2 layers, each

having # neurons at 3in = 1. Suppose that all weights are independently initialized from
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continuous symmetric probability distributions around 0, which satisfies

%(〈W ℓ
9 , v1〉 > 0, 〈W ℓ

9 , v2〉 < 0|v1, v2) ≤
1

4

, 0 ≠ v1, v2 ∈ R#+ , ∀1 ≤ 9 ≤ #,

whereW ℓ
9
is the 9-th row of the ℓ -th layer weight matrix. Then

?low(!, #) ≤ %
(
N!(x;θ!) is born dead inD

)
≤ 1 −

!−1∏
ℓ=1

(1 − (1/2)# ),

where 01 = 1 − (1/2)# , 02 = 1 − (1/2)#−1 − (# − 1)(1/4)# , and

?low(!, #) = 1 − 0!−2

1
+ (1 − 2

−#+1)(1 − 2
−# )

1 + (# − 1)2−# (−0!−2

1
+ 0!−2

2
).

Proof. The proof can be found in Appendix A.3. �

Theorem 2.3.3 reveals that the BDP behavior depends on the network architec-

ture. In Fig. 2.2, we plot the BDP with respect to increasing the number of layers

at varying width from # = 2 to # = 5. A bias-free ReLU feed-forward NN with

3in = 1 is employed with weights randomly initialized from symmetric distribu-

tions. The results of one million independent simulations are used to calculate

each probability estimation. Numerical estimations are shown as symbols. The

upper and lower bounds from Theorem 2.3.3 are also plotted with dash and dash-

dot lines, respectively. We see that when the NN gets narrower, the probability of

NN being BD grows faster as the depth increases. Also, at a fixed width # , the

BDP grows as the number of layer increases. This is expected by Theorems 2.3.1

and 2.3.3.

Once the network is BD, we have no hope to train the network successfully.

Here we provide a formal statement of the consequence of the network being BD.
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Figure 2.2: Probability of a ReLU NN to be born dead as a function of the number of layers for

different widths. The dash lines represent the upper and lower bounds from Theorem 2.3.3. The

symbols represent our numerical estimations. Similar colors correspond to the same width.

Theorem 2.3.4. Suppose that the feed-forward ReLU neural network is BD. Then, for any

loss function ℒ, and for any gradient based method, the ReLU network is optimized to be

a constant function, which minimizes the loss.

Proof. The proof can be found in Appendix A.4. �

Theorem 2.3.4 implies that no matter what gradient-based optimizers are em-

ployed including stochastic gradient desecent (SGD), SGD-Nesterov [208], Ada-

Grad [57], AdaDelta [231], RMSProp [89], Adam [112], BFGS [167], L-BFGS [29],

the network is trained to be a constant function which minimizes the loss.

If the online-learning or the stochastic gradient method is employed, where

the training data are independently drawn from a probability distribution %D , the

optimized network is

N!(x;θ∗) = c∗ = arg min

c∈R#!
E

[
ℓ (c, 5 (x)))

]
,
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where the expectation E is taken with respect to x ∼ %D . For example, if !2
-loss is

employed, i.e., ℓ (N!(x), 5 (x)) = (N!(x) − 5 (x))2, the resulting network is E[ 5 (x)].

If !1
loss is employed, i.e., ℓ (N!(x), 5 (x)) = |N!(x) − 5 (x))|, the resulting network

is the median of 5 (x) with respect to x ∼ %D . Note that the mean absolute error

(MAE) and the mean squared error (MSE) used in practice are discrete versions of

!1
and !2

loss, respectively, if the size of minibatch is large.

When we design a neural network, we want the BDP to be small, say, less than

1% or 10%. Then, the upper bound (Equation 2.4) of Theorem 2.3.2 can be used for

designing a specific network architecture, which has a small probability of NNs

being born dead.

Corollary 2.3.5. Suppose #ℓ = # for all ℓ . For fixed depth ! and � > 0, if the width #

is # = log
2
!/�, with probability exceeding 1 − �, the ReLU neural network will not be

initialized to be dead inD.

Proof. This readily follows from

%
(
N!(x;θ!) is born dead inD

)
≤ 1 − (1 − 2

−# )!−1

≤ 1 − (1 − (! − 1)2−# ) ≤ !2
−# = �.

�

As a practical guide, we constructed a diagram shown in Fig. 2.3 that includes

both theoretical predictions and our numerical tests. We see that as the number of

layers increases, the numerical tests match closer the theoretical results. It is clear

from the diagram that a 10-layer NN of width 10 has a probability of dying less

than 1% whereas a 10-layer NN of width 5 has a probability of dying greater than
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10%; for width of three the probability is about 60%. Note that the growth rate of

themaximumnumber of layers is exponentialwhich is expected byCorollary 2.3.5.
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Figure 2.3: Diagram indicating safe operating regions for a ReLU NN. The dash lines represent

Corollary 2.3.5 while the symbols represent our numerical tests. The maximum number of layers

of a neural network can be used at different width to keep the probability of collapse less than 1%

or 10%. The region below the blue line is the safe region when we design a neural network. As the

width increases the theoretical predictions match closer with our numerical simulations.

Our results explain why deep and narrow networks have not been popularly

employed in practice and reveal a limitation of training extremely deep networks.

We remark that modern practical networks happen to be sufficiently wide enough

to have small BDPs. We believe that the born dead network problem is a major

impediment for one to explore a potential use of deep and narrow networks.

2.4 Randomized asymmetric initialization

The so-called ‘He initialization’ [86] is perhaps one of the most popular initializa-

tion schemes in deep learning community, especially when the ReLU activation

function is concerned. The effectiveness of the He initialization has been shown in

manymachine learning applications. TheHe initialization usesmean zero normal
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distributions. Thus, as we discussed earlier, it suffers from the dying ReLU. We

thus propose a new initialization procedure, namely, a randomized asymmetric

initialization. Themotivation is in twofolds. One is to mimics the He initialization

so that the new scheme can produce similar generalization performance. The

other is to alleviate the problem of dying ReLU neural networks. We hope that the

proposed initialization opens a new way to explore the potential use of deep and

narrow networks in practice.

For ease of discussion, we introduce some notation. For any vector v ∈ R=+1

and : ∈ {1, · · · , = + 1}, we define

v−: = (E1, · · · , E:−1, E:+1, · · · , E=+1)) ∈ R= . (2.5)

In order to train a !-layer neural network, we need to initialize θ! = {W ℓ , bℓ }1≤ℓ≤!.

At each layer, let Vℓ = [W ℓ , bℓ ] ∈ R#ℓ×(#ℓ−1+1)
. We denote the 9-th row of Vℓ

by

Vℓ
9 = [W ℓ

9
, bℓ

9
] ∈ R#ℓ−1+1

, 9 = 1, · · · , #ℓ where #0 = 3in and #! = 3out.

2.4.1 Proposed initialization

We propose to initializeVℓ
as follows. Let Pℓ be a probability distribution defined

on [0, "ℓ ] for some "ℓ > 0 or [0,∞). Note that Pℓ is asymmetric around 0. At

the first layer of ℓ = 1, we employ the ‘He initialization’ [86], i.e.,W1

8 9 ∼ #(0, 2/3in)

and b1

= 0. For ℓ ≥ 2, and each 1 ≤ 9 ≤ #ℓ , we initialize V ℓ
9
as follows:

1. Randomly choose :ℓ
9
in {1, 2, · · · , #ℓ−1, #ℓ−1 + 1}.

2. Initialize (Vℓ
9 )−:ℓ9 ∼ N(0, �

2

ℓ
I) and (Vℓ

9 ):ℓ9 ∼ Pℓ .
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Since an index is randomly chosen at each ℓ and 9 and a positive number is

randomly drawn from an asymmetric probability distribution around 0, we name

this new initialization a randomized asymmetric initialization. Only for the first

layer, the He initialization is employed. This is because since an input could have

a negative value, if the weight which corresponds to the negative input were to

be initialized from Pℓ , this could cause the dying ReLU. We note that the new

initialization requires us to choose �2

ℓ
and Pℓ . In Subsection 2.4.2, these will be

theoretically determined. One could choose multiple indices in the step 1 of the

new initialization. However, for simplicity, we constraint ourselves to a single

index case.

We first show that this new initialization procedure results in a smaller upper

bound of the BDP.

Theorem 2.4.1. If a ReLU feed-forward neural network N! with ! layers, each having

width #1, · · · , #!, is initialized by the randomized asymmetric initialization, then

%
(
N!(x;θ!) is born dead inD

)
≤ 1 −

!−1∏
ℓ=1

(
1 − (1/2 − �ℓ )#ℓ

)
,

where �1 = 0 and �9’s are some constants in (0, 0.5], which depend on {#ℓ }!−1

ℓ=1
and the

training input dataD.

Proof. The proof can be found in Appendix A.5. �

When a symmetric initialization is employed, �9 = 0 for all 1 ≤ 9 < #!,

which results in Equation 2.4 of Theorem 2.3.2. Although the new initialization

has a smaller upper bound compared to those by symmetric initialization, as

Theorem 2.3.1 suggests, it also asymptotically suffers from the dying ReLU.
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Corollary 2.4.2. Assuming the same conditions in Theorem 2.4.1, and #ℓ = # for all ℓ .

Then, there exists 2 < �, which depends on #, ! and the training input dataD, such that

%
(
N!(x;θ!) is born dead inD

)
≤ 1 −

!−1∏
ℓ=1

(
1 − (1/�)#

)
.

For fixed depth ! and � > 0, if the width # is # = log� !/�, with probability exceeding

1 − �, the ReLU neural network will not be initialized to be dead. Furthermore,

lim

!→∞
%

(
N!(x;θ!) is born dead inD

)
= 1,

lim

#→∞
%

(
N!(x;θ!) is born dead inD

)
= 0.

Proof. The proof is readily followed from Theorem 2.3.1, 2.4.1 and Corollary 2.3.5.

�

2.4.2 Second moment analysis

The proposed randomized asymmetric initialization described in Subsection 2.4.1

requires us to determine �2

ℓ
and Pℓ . Similar to the He initialization [87], we

aim to properly choose initialization parameters from the length map analysis.

Following the work of [177], we present the analysis of a single input propagation

through the deep ReLU network. To be more precise, we track the expectation of

the normalized squared length of the input vector at each layer, E[@ℓ (x)], where

@ℓ (x) = ‖N
ℓ (x)‖2
#ℓ

. The expectation E is taken with respect to all weights and biases.

Theorem 2.4.3. Let Pℓ be a probability distribution whose support is [0, "ℓ ] ⊂ R+. Let

-ℓ ∼ Pℓ have finite first and second moments, i.e., �′
ℓ ,8
= �[- 8

ℓ
] < ∞, for 8 = 1, 2, and

�′
ℓ ,1
≥ "ℓ/2. Suppose the ℓ -th layer weights and biases are initialized by the randomized
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asymmetric initialization described in Subsection 2.4.1. Then for any input x ∈ R38= , we

have

A;>F,ℓ

2

E[@ℓ (x)] + �2

1,ℓ
≤ E[@ℓ+1(x)] ≤

AD??,ℓ

2

E[@ℓ (x)] + �2

1,ℓ
,

where �2

1,ℓ
=

�′
ℓ+1,2
+�2

ℓ+1
#ℓ+1

#ℓ+1+1
,A;>F,ℓ =

�2

1,ℓ+1

�2

1,ℓ

(
#ℓ�′ℓ ,2+#ℓ−1�2

F

#ℓ−1+1

)
, and

AD??,ℓ =
�2

1,ℓ+1

�2

1,ℓ

(
#ℓ−1�2

F + 2

√
2/�#ℓ�′ℓ ,1�F + 2#ℓ�′ℓ ,2
#ℓ−1 + 1

)
.

Proof. The proof can be found in Appendix A.6. �

Corollary 2.4.4. Under the same conditions of Theroem 2.4.3, if #ℓ = # , "ℓ = ",

�[- 8
ℓ
] = �′

8
, 8 = 1, 2 for all ℓ , and �′

1
≥ "/2, we have

A;>F,ℓ

2

�[@ℓ (x)] + �2

1,ℓ
≤ �[@ℓ+1(x)] ≤

AD??,ℓ

2

�[@ℓ (x)] + �2

1,ℓ
,

where �2

1,ℓ
=

�′
2
+�2

F

#+1
,A;>F,ℓ =

#(�′
2
+�2

F)
#+1

, andAD??,ℓ =
#(�2

F+2

√
2/��′

1
�F+2�′

2
)

#+1
.

Since �2

1,ℓ
> 0, limℓ→∞ �[@ℓ (x)] cannot be zero. In order for limℓ→∞ �[@ℓ (x)] <

∞, the initialization parameters (�2

F , �
′
ℓ ,1
, �′

ℓ ,2
) have to be chosen to satisfyAD??,ℓ <

2. Assuming �′
2
< 1, if �F is chosen to be

�F =
√

2

©­«−
�′

1√
�
+

√
�′2

1

�
+ 1 − �′

2

ª®¬ , (2.6)

we have

AD??,ℓ

2
= #

#+1
which satisfies the condition.
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Figure 2.4: The BDPs are plotted with respect to increasing the number of depth ! at varying

width # = 2 (top left), # = 3 (top right), # = 4 (bottom left), and # = 5 (bottom right). The ReLU

neural networks in 3in = 1 are employed. The square, diamond and circle symbols correspond

to the He initialization [86] with constant bias 0, 10 and 100, respectively. The inverted triangle

symbols correspond to the orthogonal initialization [192]. The asterisk symbols correspond to the

proposed randomized asymmetric initialization (RAI).
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Figure 2.5: Comparison of the safe operating regions for a ReLU NN between RAI and He initial-

izations. The maximum number of layers of a neural network can be used at different width to

keep the probability of collapse less than 1%.
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2.4.3 Comparison against other initialization procedures

In Fig. 2.4, we demonstrate the probability that the network is BD by the pro-

posed randomized asymmetric initialization (RAI) method. Here we employ

P = Beta(2, 1) and �F = − 2

√
2

3

√
�
+

√
1 + 8

9� ≈ 0.6007 from Equation 2.6 (see Ap-

pendix A.7 for the Python code). To compare against other procedures, we

present the results by the He initialization [86]. We also present the results of

existing asymmetric initialization procedures; the orthogonal [192] and the layer-

sequential unit-variance (LSUV) [149] initializations. The LSUV is the orthogonal

initialization combinedwith rescaling ofweights such that the output of each layer

has unit variance. Because weight rescaling cannot make the output escape from

the negative part of ReLU, it is sufficient to consider the orthogonal initialization.

We see that the BDPs by the orthogonal initialization are very close to and a little

lower than those by the He initialization. This implies that the orthogonal initial-

ization cannot prevent the dying ReLUnetwork. Furthermore, we show the results

by the He initialization with positive constant bias of 10 and 100. Naively speak-

ing, having a big positive bias will help in preventing dying ReLU neurons, as the

input of each layer is pushed to be positive, although this might cause the explod-

ing gradient problem in training. We see that the BDPs by the He with bias 10 and

100 are lower than those by the He with bias 0 and the orthogonal initialization.

However, it is clearly observed that our proposed initialization (RAI) drastically

drops the BDPs compared to all others. This is implied by Theorem 2.4.1.

As a practical guide, we constructed a diagram shown in Fig. 2.5 to demonstrate

the 1% safe operation region by the RAI. It is clear from the diagram that the RAI

drastically expands its 1% safe region compared to those by the He initialization.

Note that the growth rate of the maximum number of layers is exponential which
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is expected by Corollary 2.4.2.

2.5 Numerical examples

We demonstrate the effectiveness of the proposed randomized asymmetric initial-

ization (RAI) in training deep ReLU networks.

Test functions include one- and two-dimensional functions of different regu-

larities. The following test functions are employed as unknown target functions.

For one dimensional cases,

51(G) = |G |, 52(G) = G sin(5G), 53(G) = 1{G>0}(G) + 0.2 sin(5G). (2.7)

For two dimensional case,

54(G1, G2) =

|G1 + G2 |

|G1 − G2 |

 . (2.8)

We employ the network architecture having the width of 3in + 3out at all layers.

Here 3in and 3out are the dimensions of the input and output, respectively. It

was shown in [82] that the minimum number of width required for the universal

approximation is less than or equal to 3in + 3out. We thus choose this specific

network architecture. as it theoretically guarantees to approximate any continuous

function. In all numerical examples, we employ one of the most popular first-

order gradient-based optimization, Adam [112] with the default parameters. The

minibatch size is chosen to be either 64 or 128. The standard !2-loss function

ℓ (N!(x, θ), (x, H)) = (N!(x;θ) − H)2 is used on 3,000 training data. The training
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data are randomly uniformly drawn from [−
√

3,
√

3]3in . Without changing any

setups described above, we present the approximation results based on different

initialization procedures. The results by our proposed randomized asymmetric

initialization are referred to ‘Rand. Asymmetric’ or ‘RAI’. Specifically, we use

P = Beta(2, 1)with �F defined in Equation 2.6. To compare against other methods,

we also show the results by the He initialization [86]. We present the ensemble of

1,000 independent training simulations.

In one dimensional examples, we employ a 10-layer ReLU network of width

2. It follows from Fig. 2.4 that we expect to observe at least 88% training results

by the symmetric initialization and 22% training results by the RAI are collapsed.

In the two dimensional example, we employ a 20-layer ReLU network of width

4. According to Fig. 2.4, we expect to see at least 63% training results by the

symmetric initialization and 3.7% training results by the RAI are collapsed.

Fig. 2.6 shows all training outcomes of our 1,000 simulations for approximat-

ing 51(G) and its corresponding empirical probabilities by different initialization

schemes. For this specific test function, we observe only 3 trained results shown

in A, B, C. In fact, 51(G) can be represented exactly by a 2-layer ReLU network

with width 2, 51(G) = |G | = ReLU(G) + ReLU(−G). It can clearly be seen that the

He initialization results in the collapse with probability more than 90%. However,

this probability is drastically reduced to 40% by the RAI. These probabilities are

different from the probability that the network is BD. This implies that even though

the network wasn’t BD, there are cases that after training, the network dies. In this

example, 5.6% and 18.3%of results by the symmetric and ourmethod, respectively,

are not dead at the initialization, however, they are ended up with collapsing after

training. The 37.3% of training results by the RAI perfectly recover the target

function 51(G), however, only 2.2% of results by the He initialization achieve this
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success. Also, 22.4% of the RAI and 4.2% of the He initialization produce the half-

trained results which correspond to Fig. 2.6 (B).We remark that the only difference

in training is the initialization. This implies that our new initialization does not

only prevent the dying ReLU network but also improves the quality of the training

in this case.
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Figure 2.6: The approximation results for 51(G) using a 10-layer ReLU network of width 2. For

this specific test function, we observe only 3 trained results shown in A, B, C. The table shows the

corresponding empirical probabilities from 1,000 independent simulations. The only difference is

the initialization.

The approximation results for 52(G) are shown in Fig. 2.7. Note that 52 is a �
∞

function. It canbe seen that 91.9%of training results by the symmetric initialization

and 29.2% of training results by the RAI are collapsedwhich correspond to Fig. 2.7

(A). This indicates that the RAI can effectively alleviate the dying ReLU. In this

example, 3.9% and 7.2% of results by the symmetric and our method, respectively,

are not dead at the initialization, however, they are ended up with collapsing

after training. Except for the collapse, other training outcomes are not easy to be

classified. Fig. 2.7 (B,C,D) show three training results among many others. We

observe that the behavior and result of training are not easily predictable in general.

However, we consistently observe partially collapsed results after training. Such
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partial collapses are also observed in Fig. 2.7 (B,C,D). We believe that this requires

more attention and postpone the study of this partial collapse to future work.
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-0.5

 0

 0.5

 1

 1.5

-1  0  1

A

y

x

f3(x)
NN

-1  0  1

B

x

f3(x)
NN

-1  0  1

C

x

f3(x)
NN

-1  0  1

D

x

f3(x)
NN

f3x Collapsed (A) Not collapsed (B,C,D)
Symmetric (He init.) 93.8% 6.2%

Rand. Asymmetric 32.6% 67.4%

Figure 2.8: The approximation results for 53(G) using a 10-layer ReLU network of width 2. Among

many trained results, four are shown. The table shows the corresponding empirical probabilities

from 1,000 independent simulations. The only difference is the initialization.

Similar behavior is observed for approximating a discontinuous function 53(G).

The approximation results for 53(G) and its corresponding empirical probabilities

are shown in Fig. 2.8. We see that 93.8% of training results by the He initialization

and 32.6% of training results by the RAI are collapsedwhich correspond to Fig. 2.8

(A). In this example, the RAI drops the probability of collapsing by 60.3 percentage
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point. Again, this implies that the RAI can effectively avoid the dying ReLU, espe-

cially when deep and narrow ReLU networks are employed. Fig. 2.8 (B,C,D) show

three trained results among many others. Again, we observe partially collapsed

results.

Nextwe show the approximation result for amulti-dimensional inputs andout-

puts function 54(x) defined in Equation 2.8. We observe similar behavior. Fig. 2.9

shows some of approximation results for 54 and its corresponding probabilities.

Among 1,000 independent simulations, the collapsed results are obtained by the

He initialization with 76.8% probability and by the RAI with 9.6% probability.

From Fig. 2.4, we expect to observe at least 63% and 3.7% of results by the symmet-

ric and the RAI to be collapsed. Thus, in this example, 13.8% and 5.9% of results

by the symmetric and our method, respectively, are not dead at the initialization,

however, they are ended up with Fig. 2.9 (A) after training. This indicates that

the RAI can also effectively overcome the dying ReLU inmulti-dimensional inputs

and outputs tasks.
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Figure 2.9: The approximation results for 54(x) using a 20-layer ReLU network of width 4. Among

many trained results, two are shown. The table shows the corresponding empirical probabilities

from 1,000 independent simulations. The only difference is the initialization.

As a last example, we demonstrate the performance of the RAI on the MNIST
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dataset. For the training, we employ the cross-entropy loss and the mini-batch

size of 100. The networks are trained using Adam [112] with its default values.

In Fig. 2.10, the convergence of the test accuracy is shown with respect to the

number of epochs. On the left and right, we employ the ReLU network of depth 2

and width 1024 and of depth 50 and with 10, respectively. We see that when the

shallow and wide network is employed, the RAI and the He initialization show

similar generalization performance (test accuracy). However, when the deep and

narrow network is employed, the RAI performs better than the He initialization.

This indicates that the proposed RAI not only reduces the BDP of deep networks,

but also has good generalization performance.
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Figure 2.10: The test accuracy on the MNIST of five independent simulations are shown with re-

spect to the number of epochs by theHe initialization and the RAI. (Left) A shallow (depth 2, width

1024) ReLU network is employed. The He initialization and the RAI have similar performance.

(Right) A deep (depth 50, width 10) ReLU network is employed. The RAI results in higher test

accuracy than the He initialization.

2.6 Conclusion

In this chapter, we establish, to the best of our knowledge, the first theoretical

analysis on the dying ReLU. By focusing on the worst case of dying ReLU, we

define ‘the dying ReLU network’ which refers to the problem when the ReLU
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network is dead. We categorize the dying process into two phases. One phase is

the event where the ReLU network is initialized to be a constant function. We refer

to this event as ‘the network is born dead’. The other phase is the event where

the ReLU network is collapsed after training. Certainly, the first phase implies

the second, but not vice versa. We show that the probability that the network is

born dead goes to 1 as the depth goes infinite. Also, we provide an upper and

a lower bound of the dying probability in 3in = 1 when the standard symmetric

initialization is used.

Furthermore, in order to overcome the dying ReLU networks, we propose

a new initialization procedure, namely, a randomized asymmetric initialization

(RAI). We show that the RAI has a smaller upper bound of the probability of

NNs being born dead. By establishing the expected length map relation (second

moment analysis), all parameters needed for the new method are theoretically

designed. Numerical examples are provided to demonstrate the performance of

our method. We observe that the RAI does not only overcome the dying ReLU but

also improves the training and generalization performance.
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3.1 Introduction

In the last 15 years, deep learning, i.e., deep neural networks (NNs), has been used

very effectively in diverse applications, such as image classification [115], natu-

ral language processing [140], and game playing [195]. Despite this remarkable

success, our theoretical understanding of deep learning is lagging behind. The

accuracy of NNs can be characterized by dividing the expected error into three

main types: approximation (also called expressivity), optimization, and general-

ization [26, 25], see Fig. 3.1. The well-known universal approximation theorem

was obtained by [49] and [91] almost three decades ago stating that feed-forward

neural nets can approximate essentially any function if their size is sufficiently

large. In the past several years, there have been numerous studies that analyze the

landscape of the non-convex objective functions, and the optimization process by

stochastic gradient descent (SGD) [126, 131, 5, 55, 137]. Whereas there are some

satisfactory answers to the problems of approximation and optimization, much
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less is known about the theory of generalization, which is the focus of this study.

Hypothesis Space

Optimization Error Generalization Error Approximation Error

Expected Error

freal f f* ftag

Loss Network Size

Figure 3.1: Illustration of approximation error, optimization error, and generalization error. The

total error consists of these three errors. 5C06 is the target true function, 5 ∗ is the function closest

to 5C06 in the hypothesis space, 5̂ is a neural network whose loss is at a global minimum of the

empirical loss, and 5A40; is the function returned by the training algorithm. Thus, the optimization

error is correlated with the value of the empirical loss, while the approximation error depends on

the network size. In addition, a small loss requires a large network size, which in turn leads to a

small approximation error. Assuming a sufficiently small empirical loss, the expected error mainly

depends on the generalization error.

The classical analysis of generalization is based on controlling the complex-

ity of the function class, i.e., model complexity, by managing the bias-variance

trade-off [66]. However, this type of analysis is not able to explain the small gener-

alization gap between training and test performance of neural networks learned by

SGD in practice, considering the fact that deep neural networks often have farmore

model parameters than the number of samples they are trained on, and have suffi-

cient capacity to memorize random labels [164, 232]. To explain this phenomenon,

several approaches have been recently developed by many researchers. The first

approach is characterizing neural networks with some other low “complexity” in-

stead of the traditional Vapnik-Chervonenkis (VC) dimension [14] or Rademacher

complexity [15], such as path-norm [163], margin-based bounds [198, 13, 161],

Fisher-Rao norm [130], and more [162, 221]. The second approach is to analyze
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some good properties of SGD or its variants, including its stability [84, 117, 73, 39],

robustness [197, 198], implicit biases/regularization [175, 199, 77, 153], and the

structural properties (e.g., sharpness) of the obtained minimizers [110, 52, 233].

The third approach relies on overparameterization, e.g., sufficiently overparam-

eterized networks can learn the ground truth with a small generalization error

using SGD from random initialization [128, 4, 8, 30]. There are also other ap-

proaches, such as compression [9, 17, 241, 41], Fourier analysis [179, 226], “double

descent” risk curve [19], PAC-Bayesian framework [161, 152], and information

bottleneck [194, 191].

However, most theoretical bounds fail to explain the performance of neural

networks in practice [160, 9]. To get non-vacuous and tight enough bounds to

be practically meaningful, some problem-specific factors should be taken into

consideration, such as the low complexity (i.e., data-dependent analysis) [60, 108],

or properties of the trained neural networks [198, 9, 221]. In this study, to achieve

a practically meaningful bound, our analysis relies on the data distribution and

the smoothness of the trained neural network. The analysis proposed in this study

provides guarantees on the generalization error, and theoretical insights to guide

the practical application.

As shown in Fig. 3.1, the optimization error is correlated with the loss value

(for notation simplicity, the term “loss" indicates “empirical loss"), while the ap-

proximation error depends on the network size. In addition, a small loss requires

a sufficient approximation ability, i.e., a large network size, which in turn leads to

a small approximation error. If we assume a sufficiently small loss, which usually

holds in practice, then the expected error mainly depends on the generalization

error. Hence, we study the expected error/accuracy directly. In particular, we

propose a mathematical framework to analyze the expected accuracy of neural
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networks for classification problems. We introduce the concepts of total cover (TC),

self cover (SC), mutual cover (MC) and cover difference (CD) to represent the data

distribution, and then we use the concept of cover complexity (CC) as a measure

of the complexity of classification problems. On the other hand, the smoothness

of a neural network 5 is characterized by the inverse of the modulus of continuity

� 5 . Because computing � 5 is not tractable in general, we propose an estimation

using the spectral norm of the weight matrices of the neural network. The main

terminologies are illustrated in Fig 3.2. By combining the properties of the data

distribution and the smoothness of neural networks, we derive a lower bound for

the expected accuracy, i.e., an upper bound for the expected classification error.

Subsequently, we test our theoretical bounds on several data sets, including

MNIST [124], CIFAR-10 [114], CIFAR-100 [114], COIL-20 [156], COIL-100 [155], and

SVHN [159]. Our numerical results not only confirm our theoretical bounds, but

also provide insights into the optimization process and the learnability of neural

networks. In particular, we find that:

• The best accuracy that can be achieved in practice (i.e., optimized by stochas-

tic gradient descent) by fully-connected networks is approximately linear

with respect to the cover complexity of the data set.

• The trend of the expected accuracy is consistent with the smoothness of

the neural network, which provides a new “early stopping” strategy by

monitoring the smoothness of the neural network.

• The neural network smoothness decreases when the network depth and

width increases, with the effects of depthmore significant than that of width.

• The neural network smoothness is insensitive to the training dataset size, and
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is bounded by a lower positive constant. This point makes our theoretical

result (Theorem 3.3.5) specifically pertinent to deep neural networks.

The chapter is organized as follows. After setting up notation and terminology

in Section 3.2, we present the main theoretical bounds for the accuracy based on

the data distribution and the smoothness of neural networks in Section 3.3. In

Section 3.4, we provide the numerical results for several data sets. In Section 3.5

we include a discussion, and in Section 3.6 we summarize our findings.
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Figure 3.2: Illustrations of the main definitions and terminologies. (A) ℎ
�
T (A) in Eq. (3.2): the

probability of the neighborhood of the training set with radius of A. (B) �T in Definition 3.2.5: total

cover of training setT . (C) �(T8 , �8) inDefinition 3.2.5: self cover of training setT , which intuitively

represents the aggregation of the data points of the same class. The red dots denote the probability

distribution of the class “red”, and the two disks are the probability of the neighbourhood of two

“red” data points with respect to the distribution of the class“red” itself. (D) �(T8 , �9) in Definition

3.2.5: mutual cover of training set T , which intuitively represents the overlapping between the

data points of two different classes. The blue dots denote the probability distribution of the class

“blue”, and the two disks are the probability of the neighbourhood of the two “red” data points

with respect to the distribution of the class “blue”. (E) �0 in Proposition 3.2.3: separation gap; �T
in Theorem 3.3.4: empirical separation gap. (F) � 5 in Definition 3.2.16: the inverse of the modulus

of continuity.
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3.2 Preliminaries

Before giving the main results, we introduce the necessary notation and termi-

nology. Without loss of generality, we assume that the space we need to classify

is

� = [0, 1]3 ,

where 3 is the dimensionality, and the points in this space are classified into  

categories, i.e., there are  labels {1, 2, · · · ,  }. We denote the probabilitymeasure

on � by �, i.e., for a measurable set � ⊆ �, �(�) is the probability of a random

sample belonging to �.

3.2.1 Ideal label function

For the problem setup, we assume that every sample has at least one true label,

and one sample may have multiple true labels. Taking image classification as an

example, each image has at least one correct label. A fuzzy image or an imagewith

more than one object in it may have multiple possible correct labels, and as long

as the prediction is one of these labels, we consider the prediction to be correct.

It is intuitive thatwhen two samples are close enough, they should have similar

labels, which means that the ideal label function should be continuous. The

continuity of a mapping depends on the topology of both domain and image

space. For the domain of the ideal label function, we choose the standard topology

induced by the Euclideanmetric. As for the topology of the image space, we define

it as follows. We first define the label set and the topology on it.
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Definition 3.2.1 (Topology). Let

) = 2
{1,2,··· , }\{∅}

be the label set. Define the topology on ) to be

�) =

{⋃
:∈�

*:

������ ⊆ )
}
,

where*: = {+ ∈ ) |+ ⊇ :} for : ∈ ), and thus (), �)) constitutes a topological space.

Analogous to the Euclidean metric topology, *: is viewed as the open ball

centered at :, and the union of some *: is defined as the open set, see B.1 for an

example. With this choice of the topology, a function 5 : � → ) is continuous if

and only if

∀G ∈ �∀: ∈ 5 (G)∃� > 0 B.C. : ∈ 5 (H) 8 5 ‖H − G‖ < �.

Next we give the definition of the ideal label function according to this topological

space.

Definition 3.2.2 (Ideal label function). An idea label function is a continuous function

C06 : � → )

where � is equipped with the Euclidean metric topology and ) with the topology �) from

Definition 3.2.1. This continuity holds if and only if

∀G ∈ �∀: ∈ C06(G)∃� > 0 B.C. : ∈ C06(H) 8 5 ‖H − G‖ < �. (3.1)
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Eq. (3.1) means that two neighboring points would have some common labels.

Based on the topological space defined above, it is easy to show that Eq. (3.1)

is equivalent to continuity. The reason why we consider a multi-label setup for

classification problems is that it allows for the continuity property in Eq. (3.1),

which is impossible in the setup of a single label set, unless the label function is

constant. In addition, the multi-label setup introduces a smooth transition, i.e.,

a buffer domain, between two domains of different labels, while the transition is

sharp in the single label setup. In the following proposition, we show that if two

samples are close enough, they must share at least one common label.

Proposition 3.2.3 (Separation gap). ∃� > 0, B.C. C06(G)∩C06(H) ≠ ∅Fℎ4= ‖G−H‖ <

�.We denote the supremum of � as the separation gap �0, which is used in the sequel.

Proof. The proof can be found in B.2. �

To understand the geometric interpretation of �0, we consider the following

special case: the label of each sample is either a single label set, such as {1}, or the

full label set {1, 2, · · · ,  } if it is not uniquely identifiable.

Proposition 3.2.4 (Geometric interpretation of separation gap). If the label of each

sample is either a single label set or the full label set {1, 2, · · · ,  }, then �0 is the smallest

distance between two different single label points, i.e.,

�0 = inf{ ‖G − H‖ | C06(G) ≠ C06(H), 0=3

C06(G), C06(H) ∈ {{1}, {2}, · · · , { }} }.

Proof. The proof can be found in B.3. �
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3.2.2 Cover complexity of data set

In this subsection, we introduce a quantity to measure the difficulty of learning a

training data set

T = {G1, G2, . . . , G=} ⊆ �.

First, we give some notations and propositions.

With the measure �, the probability of the neighborhood of the training set

with radius of A is defined as

ℎ
�
T (A) := �

(
� ∩

⋃
G8∈T

�(G8 , A)
)
, (3.2)

where �(G8 , A) is the open ball centered at G8 with radius of A, see Fig. 3.2A.

Obviously, ℎ
�
T (A) is a monotone non-decreasing function, ℎ

�
T (0) = 0, and ℎ

�
T (A) = 1

when A >
√
3, see Fig. 3.2B. To represent the global behavior of ℎ

�
T (A), we use the

integral of ℎ
�
T (A)with respect to A:

�(T , �) :=
1√
3

∫ √
3

0

ℎ
�
T (A)3A.

Hence, �(T , �) considers both the number and location of the data points, and

also the probability distribution of the space. The value �(T , �) is larger if the

number of data points is increased and also if the probability distribution is more

concentrated around T , which we call the “coverability” of T . We can increase

�(T , �) by adding more data points or redistribute their locations. Next, we

introduce the formal definition for the “coverability”.

Definition 3.2.5 (Coverability). Let T be a data set from a domain � with probability
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measure �. We define the following for the coverability of T .

(i) The total cover (TC) is

�T := �(T , �).

Thus, 0 ≤ �T ≤ 1.

(ii) The cover difference (CD) is

��(T ) :=
1

 

∑
8

�(T8 , �8) −
1

 ( − 1)
∑
8≠9

�(T8 , �9),

where  is the number of categories, and T8 ⊂ T and �8 represent the subset and

probability measure of the label 8 respectively, i.e.,

T8 := {G ∈ T |8 ∈ C06(G)}, �8(�) :=
�(� ∩ �8)
�(�8)

with �8 := {G ∈ � |8 ∈ C06(G)}. Here, �(T8 , �8) is called self cover (SC), and

�(T8 , �9) is called mutual cover (MC).

(iii) The cover complexity (CC) is

��(T ) :=
1 − �T
��(T )

for ��(T ) ≠ 0.

Remark 3.2.6. CD is defined as the difference between the mean of SC and the mean of

MC, since each category occurs with the same probability (∼ 1/ ) in the data sets mostly

used in practice. If there are some categories occurring more frequently than others, then it

is straightforward to extend this definition by using the mean weighted by the probability

of each category.



45

In image classification, the dimension of the image space is very high, and thus

the data points are quite sparse. However, due to the fact that images actually

live on a manifold of low dimension, the probability density around T is actually

high, which makes the TC to be meaningful. In our next result, we derive a lower

bound of ℎ
�
T (A) by �T .

Proposition 3.2.7. Let T be a data set. ℎ�T (A) and �T are defined as above. Then we have

ℎ
�
T (A) ≥ 1 −

√
3

A
(1 − �T ), 0 < A ≤

√
3.

Proof. The proof can be found in B.4. �

From this proposition, we know that for a fixed A, ℎ
�
T (A) is close to 1 if �T is

large enough. However, the probability distribution is usually given in practice,

and we can only control the number of samples. The following theorem shows

that �T can be arbitrary close to 1 when enough samples are available.

Theorem 3.2.8. Let T be a data set of size = drawn according to �. Then there exists

a non-increasing function *(&) satisfying lim

&→0

*(&) = 1, and for any 0 < �, & ≤ 1

2
, there

exists an

< = $

(
3 + 1

&
ln

3 + 1

&
+ 1

&
ln

1

�

)
,

such that

�T ≥ *(&)

holds with probability at least 1 − � when = ≥ <.

Proof. The proof and some other results regarding TC can be found in B.5. �
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The reason why CD is introduced is that TC does not consider the labels of the

data points. However, data points of the same label should be clustered in a good

data set. ��(T ) is the difference of self cover and mutual cover, which considers

the distributions of each label. By normalizing TC with CD, the cover complexity

��(T ) is able to measure the difficulty of learning a data set. The difficulty of

a problem should be translation-independent and scale-independent. It is easy

to see that ��(T ) is independence of translation, and the following proposition

shows that it is also scale-independent.

Proposition 3.2.9 (Scale independence). ��(T ) is scale-independent, i.e., if all the

data points are scaled by the same factor less than 1, then ��(T ) is unchanged.

Proof. The proof can be found in B.6. �

3.2.3 Setup for accuracy analysis

The setup for accuracy analysis is as follows.

Definition 3.2.10. If 5 : � → R is a continuous mapping, then the mapping

5̂ : G ↦→ 4 5 (G)∑
8 4

58(G)

is still continuous, where 58(G) represents the i-th component of 5 (G), and 4 5 (G) ∈ R is the

componentwise exponent of 5 (G). We have 5̂8(G) > 0, and
∑
8 5̂8(G) = 1. For convenience,

we directly consider the case that 58(G) > 0 and
∑
58(G) = 1, and we call such mapping

the normalized continuous positive mapping.

Remark 3.2.11. A neural network with softmax nonlinearity is a normalized continuous

positive mapping.
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Different from the accuracy usually used in classification problems, we define

a stronger accuracy called 2-accuracy as follows.

Definition 3.2.12 (2-accuracy at G). Let 5 be a normalized continuous positive mapping.

For 0.5 ≤ 2 < 1, we say that 5 is 2-accurate at point G if

∃8<0G ∈ C06(G), B.C. 58<0G (G) > 2.

Definition 3.2.13 (2-accuracy on �). Let 5 be a normalized continuous positive map-

ping. The 2-accuracy of 5 on a sample space � is defined as

?2( 5 ) :=
�(� 5

2 )
�(�) = �(� 5

2 ),

where � 5
2 := {G ∈ � | 5 is 2-accurate at G}.

Definition 3.2.14 (2-accuracy on T ). Let 5 be a normalized continuous positive map-

ping. The 2-accuracy of 5 on a data set T is defined as

?T2 :=
�T̃
�T

,

where T̃ := {G ∈ T | 5 is 2-accurate at G}, and �T̃ and �T are the TC of T̃ and T ,

respectively.

Definition 3.2.15 (Expected accuracy). Let 5 be a normalized continuous positive

mapping. The expected accuracy of 5 on a sample space � is defined as

?( 5 ) :=
�(� 5 )
�(�) = �(� 5 ),

where � 5
:= {G ∈ � |∃8<0G ∈ C06(G), B.C. 58<0G (G) > 58(G) ∀1 ≤ 8 ≤  , 8 ≠ 8<0G}.

We note that the 2-accuracy of 5 on � represents the expected 2-accuracy, and
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the 2-accuracy of 5 on T represents the empirical 2-accuracy.

Finally, we define a non-decreasing function � 5 to describe the smoothness of

5 .

Definition 3.2.16 (Smoothness). Let 5 : � → R be a continuous mapping. Then 5 is

uniformly continuous due to the compactness of �, i.e.

∀& > 0, ∃� > 0, B.C. ‖ 5 (G) − 5 (H)‖∞ < & Fℎ4= ‖G − H‖ < �.

We denote the supremum of � satisfying the above requirement by � 5 (&). It is easy to see

that � 5 (&) is equal to the inverse of the modulus of continuity of 5 .

For low dimensional problems, we can directly compute � 5 by brute force.

However, for high dimensional problems, it is intractable to compute � 5 , and thus

we give the following lower bound of � 5 for a fully-connected neural network 5

with softmax, which is also the main network structure considered through this

work.

A fully-connected neural network is defined as follows:

)8(G) = �(,8G + 18), 1 ≤ 8 ≤ ; − 1,

5 (G) = B> 5 C<0G(,;();−1 ◦ · · · ◦ )1(G)) + 1;),

,8 ∈ R=8×=8−1 , 18 ∈ R=8 , 1 ≤ 8 ≤ ; ,

where =8 is the number of neurons in the layer 8 (=0 = 3 and =; =  ), and � is the
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activation function. Then for the ReLU activation function, we have

� 5 (&) ≥
&

!8?( 5 ) ≥
&

‖,1‖2 · · · ‖,; ‖2 · !8?(B> 5 C<0G)
, (3.3)

where ‖ · ‖2 is the spectral norm, !8?( 5 ) and !8?(B> 5 C<0G) represent the Lipschitz

coefficients of 5 and B> 5 C<0G, respectively. !8?(B> 5 C<0G) is a constant less than

1/2, and thus is ignored in our numerical examples. We note that although the

lower bound of � 5 (&) depends exponentially on the neural net depth, � 5 (&) itself

does not necessarily scale exponentially with the network depth.

3.3 Lower bounds for the expected accuracy

In this section, wepresent a theoretical analysis of the lower bound for the expected

accuracy as well as an upper bound for the expected error.

Proposition 3.3.1. Let 5 be a normalized continuous positive mapping. Suppose that T

is a single label training set, i.e. C06(T ) ⊆ {{1}, {2}, · · · , { }}. For any 0.5 ≤ 22 <

21 ≤ 1, we have

?22
( 5 ) ≥ 1 −

√
3

�
(1 − ?T21

�T ),

where � = min(�0, � 5 (21 − 22)).

Proof. The proof can be found in B.7. �

Proposition 3.3.1 shows that the expected 22-accuracy of 5 can be bounded by

the empirical 21-accuracy and the TC of the training set. We can see that ?22
( 5 )

tends to 1 when �T and ?T21

tend to 1. Next we derive a bound for the accuracy by
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taking into account the loss function.

Theorem3.3.2 (Lower boundof 2-accuracy). Let 5 be a normalized continuous positive

mapping. Suppose that T = {G1, · · · , G=} is a single label training set, and C06(G8) =

{:8}. For any 0.5 ≤ 2 < 1, if the maximum cross entropy loss

!<0G
5

:= max

1≤8≤=
ℓ ( 5 (G8), :8) = − min

1≤8≤=
ln( 5:8 (G8)) < − ln 2,

then we have

?2( 5 ) ≥ 1 −
√
3

�
(1 − �T ),

where ℓ is the cross entropy loss that ℓ ( 5 (G), :) = − ln( 5:(G)), � = min(�0, � 5 (4−!
<0G
5

−2)), and �0 is defined in Proposition 3.2.3.

Proof. The proof can be found in B.8. �

Corollary 3.3.3. Let 5 be a normalized continuous positive mapping. Suppose that

T = {G1, · · · , G=} is a single label training set, and C06(G8) = {:8}. For any 0.5 ≤ 2 < 1,

if the loss function

! 5 :=
1

=

∑
1≤8≤=

ℓ ( 5 (G8), :8) = −
1

=

∑
1≤8≤=

ln( 5:8 (G8)) < −
1

=
ln 2,

then we have

?2( 5 ) ≥ 1 −
√
3

�
(1 − �T ),

where ℓ is the cross entropy loss, and � = min(�0, � 5 (4−=! 5 − 2)).

Proof. The corollary can be obtained from Theorem 3.3.2 based on the fact !<0G
5
≤

=! 5 < − ln 2. �
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Theorem 3.3.2 reveals that the expected accuracy is related to the total cover

�T , separation gap �0, neural network smoothness � 5 , and loss value !<0G
5

. We

will show numerically in Section 3.4 that � 5 (4−!
<0G
5 − 2) increases first and then

decreases during the training of neural networks. The following theorem states

that the maximum value of � 5 (4−!
<0G
5 − 2) is bounded by the empirical separation

gap.

Theorem 3.3.4 (Empirical separation gap). Let 5 be a normalized continuous positive

mapping. Suppose that T = {G1, · · · , G=} is a single label training set. For any 0.5 ≤

2 < 1, if !<0G
5

< − ln 2, then we have

� 5 (4−!
<0G
5 − 2) ≤ �T /2,

where

�T := min

C06(G8)≠C06(G 9)
‖G8 − G 9 ‖ ≥ �0

is called the empirical separation gap, i.e., the smallest distance between two differently

labeled training points.

Proof. The proof can be found in B.9. �

Besides the upper bound, the lower bound of � 5 is also important to the

accuracy. We have observed that in practice the low bound of � 5 exists (Figs. 3.5,

3.6, 3.7 and 3.8), which indicates the existence of � in the following theorem. Based

on this observation, we have the following theorem for the accuracy.

Theorem 3.3.5 (Lower bound of accuracy). Assume that there exists a constant � > 0,

such that

��0 ≤ ��T ≤ � 5 (4−!
<0G
5 − 0.5) ≤ �T /2 (3.4)
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holds for any single label training set T and any trained network 5 on T such that

!<0G
5
(T ) < ln 2, then we have the following conclusions for the expected accuracy ?( 5 )

and the expected error ℰ( 5 ) = 1 − ?( 5 ):

(i) with the same condition of Theorem 3.3.2,

?( 5 ) ≥ 1 −
√
3
� (1 − �T ),

(ii) ℰ( 5 ) ≤ 
(T ) · ��(T ),

(iii) lim

�T→1

?( 5 ) = 1,

where � = min(�0, � 5 (4−!
<0G
5 − 2)), and 
(T ) =

√
3·��(T )

min(�0 ,��T ) .

Proof. (i) is the conclusion of Theorem 3.3.2. The proof of (ii) and (iii) can be found

in B.10. �

Here, the cover complexity ��(T ) consists of two parts, one represents the

richness of the whole training set while the other part describes the degree of

separation between different labeled subsets. As for 
(T ), both the denominator

and numerator seem to have a positive correlation with respect to separation level.

What we wish is that 
(T ) is almost close to a constant with high probability and

the expected error ℰ( 5 ) is mainly determined by ��(T ), which approximately

represents the complexity level of the data set. We will provide more information

in detail in the section concerning the numerical results.
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3.4 Numerical results

In this section, we use numerical simulations to test the accuracy of neural

networks in terms of the data distribution (cover complexity), and neural net-

work smoothness. In addition, we study the effects of the network size and

training dataset size on the smoothness. The codes are published in GitHub

(https://github.com/jpzxshi/generalization).

3.4.1 Data distribution

Table 3.1: Cover complexity ��(T ), best error ℰ( 5 ), and normalized error

ℰ( 5 )√
 

of different data

sets. Different variants of data sets are used, including the original RGB or grey images (Original),

grey images (Grey), and images extracted from a CNN (Conv). Images in CIFAR-100 have two

variants: 100 categories (fine) and 20 categories (coarse). See B.11 for details.

Data Set Variants Input dim (3) Output dim ( ) �T ��(T ) ��(T ) ℰ( 5 ) ℰ( 5 )√
 

MNIST Original 784 10 .8480 .1053 1.442 .01 .0032

CIFAR-10 Original 3072 10 .8332 .0163 10.23 .45 .1423

CIFAR-10 Grey 1024 10 .8486 .0125 12.11 .53 .1676

CIFAR-10 Conv 1024 10 .9505 .0094 5.280 .18 .0569

SVHN Original 3072 10 .9034 .0076 12.68 .49 .1550

SVHN Grey 1024 10 .9117 .0084 10.48 .56 .1771

SVHN Conv 1024 10 .9632 .0123 2.995 .23 .0727

CIFAR-100 Original (coarse) 3072 20 .8337 .0185 9.012 .62 .1386

CIFAR-100 Grey (coarse) 1024 20 .8541 .0132 11.08 .72 .1610

CIFAR-100 Conv (coarse) 1024 20 .9626 .0070 5.326 .40 .0894

COIL-20 Original 16384 20 .9176 .2385 .3453 .03 .0067

CIFAR-100 Original (fine) 3072 100 .8337 .0270 6.149 .73 .0730

CIFAR-100 Grey (fine) 1024 100 .8541 .0198 7.380 .81 .0810

CIFAR-100 Conv (fine) 1024 100 .9457 .0136 4.000 .52 .0520

COIL-100 Original 49152 100 .9430 .1944 .2930 .01 .0010

In this subsection, we explore how ��(T ) affects the expected error ℰ( 5 ). In

our experiments, we test several data sets, includingMNIST [124], CIFAR-10 [114],

CIFAR-100 [114], COIL-20 [156], COIL-100 [155], SVHN [159]. In addition to the

original data set, we also create some variants: (1) the images of grey color, (2)

the images extracted from a convolutional layer after training the original data set

using a convolutional neural network (CNN), (3) combine several categories into

https://github.com/jpzxshi/generalization
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one category to reduce the number of total categories, see Table 3.1 and details

in B.11.

For a training data set T , we estimate ℎ
�
T (A) by the proportion of the test data

points within the balls with radius A centered at training data points, i.e.,

ℎ
�
T (A) ≈

# Test points within radius-A balls of training points

# Test data points

,

and then �T is obtained by Definition 3.2.5. Similarly, we estimate ��(T ) and

then compute ��(T ). Next for each data set, we train fully-connected neural

networks with different hyperparameters, and record the best error we observed,

see the details in B.11. The cover complexity and the best error for each data set

are shown in Table 3.1.

These data sets are divided into three groups according to their output dimen-

sions. For each group of the same output dimension, the error is almost linearly

correlated with ��(T ), see Fig. 3.3A, regardless of the input dimension. In ad-

dition, we find that all the cases collapse into a single line when normalizing the

error ℰ( 5 ) by a factor of 1/
√
 , see Fig. 3.3B.

It is noteworthy that the ��(T ) of convolutional variants of data sets is much

smaller than the original data sets, and hence the expected accuracy increases.

The results confirm the importance of data distribution.

Next, we consider the most difficult data set, i.e., data with random labels.

We choose MNIST and then assign each image a random label. We repeat this

process 50 times, and compute each ��(T ). The distribution of |��(T )| is shown

in Fig. 3.4. The smallest |��(T )| is ∼300, which is much larger than that of the



55

0 2 4 6 8 10 12 14
CC( )

0.0

0.2

0.4

0.6

0.8

(A)
K=10
K=20
K=100

0 2 4 6 8 10 12 14
CC( )

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

/
K

(B)
K=10
K=20
K=100

Figure 3.3: Relationship between cover complexity and error achieved by fully-connected neural

networks. (A) Linear relationship between cover complexity ��(T ) and error ℰ( 5 ) for different
data sets with different category number  . The coefficients of determination of the linear re-

gression (with the constraint that the line must pass through the origin) are '2 ≈ 0.89, 0.99, 0.98

for  = 10, 20, 100, respectively. (B) Linear relationship between cover complexity ��(T ) and
normalized error

ℰ( 5 )√
 

for different data sets. Red, green and blue points represent data sets with

output dimension of 10, 20 and 100, respectively. The line is fitted as

ℰ( 5 )√
 
≈ 0.014��(T ), and the

coefficient of determination is '2 ≈ 0.92.
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original data sets with ��(T ) < 20. This extreme example again confirms that

��(T ) is a proper measure of the difficulty of classifying a data set.

<2.5 2.5~2.9 2.9~3.3 3.3~3.7 3.7~4.1 >4.1
lg|CC( )|
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Figure 3.4: Distribution of ��(T ) of labeled MNIST data set. We assign each image in MNIST a

random label and compute its ��(T ). The smallest |��(T )| is ∼300. The distribution is obtained

from 50 random data sets.

3.4.2 Neural network smoothness

In this subsection, we will investigate the relationship between the neural network

smoothness � 5 (4−!
<0G
5 − 2) and the accuracy, and the effects of network size (depth

andwidth) on the smoothness. Wefirst show results for one- and two-dimensional

problems, where � 5 (4−!
<0G
5 − 2) can be computed accurately by brute force. Sub-

sequently, we consider the high dimensional setting of the MNIST data set, where

we estimate � 5 (4−!
<0G
5 − 2) by Eq. (3.3).
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One- and two-dimensional problems

We first consider a one-dimensional case and a two-dimensional case. For the

one-dimensional case, we choose the sample space � = [0, 1],  = 2, and the ideal

label function as

C06(G) =


{1} if G ∈ [0, 0.5 − �0

2
]

{1, 2} if G ∈ (0.5 − �0

2
, 0.5 + �0

2
)

{2} if G ∈ [0.5 + �0

2
, 1]

,

with separation gap �0 = 0.1. We use = equispaced points (= ≥ 4 is an even

number) on � \ (0.5 − �0

2
, 0.5 + �0

2
) as the training set, i.e., T = T1 ∪ T2, where

T1 =
{
0,

1 − �0

= − 2

,
1 − �0

= − 2

· 2, . . . , 1

2

− �0

2

}
,

T2 =
{

1

2

+ �0

2

, . . . , 1 − 1 − �0

= − 2

, 1

}
.

We choose 10000 equispaced points on � as the test data.

For the two-dimensional case, we choose the sample space � = [0, 1]2,  = 2,

and the ideal label function as

C06(x) =


{1} if ‖x − (0.5, 0.5)‖ ≤ 0.4 − �0

2

{2} if ‖x − (0.5, 0.5)‖ ≥ 0.4 + �0

2

{1, 2} otherwise

,

with �0 = 0.1. For the training set, we first choose = = <2
equispaced points,

i.e., T = {0, 1

<−1
, 2

<−1
, . . . , <−2

<−1
, 1}2, and then remove the points with label {1, 2} to

ensure that all samples are of single label. We choose 1000
2
equispaced points on
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� as the test data.

In our experiments, we use a 3-layer fully-connected NNwith ReLU activation

and 30 neurons per layer. The neural network is trained for 1000 iterations by the

Adam optimizer [112] for the one-dimensional problem, and 2000 iterations for

the two-dimensional problem. For the one-dimensional problem, the 2-accuracy

?2( 5 ) with 2 = 0.5 and lower bounds for different numbers of training points are

listed in Table 3.2. We can see that the bounds become tighter when = is larger.

Table 3.2: Comparison between 2-accuracy ?2( 5 ) with 2 = 0.5 and the lower bounds for different

training set sizes for the one-dimensional problem. Here � is indicated in Theorem 3.3.2. The

neural network is trained for 1000 iterations by the Adam optimizer.

= !<0G
5

�T � ?2( 5 ) ℎT (�) 1 −
√
3
� (1 − �T )

10 .285 .972 .045 1.0 0.80 0.38

20 .246 .988 .041 1.0 1.00 0.69

40 .182 .994 .041 1.0 1.00 0.85

80 .127 .997 .038 1.0 1.00 0.92

During the training process of the neural network, the test loss first decreases

and then increases, while � 5 first increases and then decreases, see Fig. 3.5A for the

one-dimensional problem (= = 20) and Fig. 3.5B for the two-dimensional problem

(= = 400). � 5 is bounded by �T /2, as proved in Theorem 3.3.4. We also observe

that the trends of test loss and � 5 coincide, and thus we should stop the training

when � 5 begins to decrease to prevent overfitting.

High-dimensional problem

In thehigh-dimensional problemofMNIST,we consider the average loss ! 5 instead

of the maximum loss !<0G
5

, which is very sensitive to extreme points. As shown
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Figure 3.5: Consistency between the test loss and neural network smoothness � 5 (4−!
<0G
5 − 1

2
) during

the training process of the neural network. (A) One-dimensional problem of = = 20. (B) Two-

dimensional problem of = = 400. � 5 is bounded by �T /2. The arrows indicate the minimum of

the test loss and the maximum of � 5 .
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in Eq. (3.3), we use the following quantity to bound � 5 (4−! 5 − 2):

Δ 5 =
4−! 5 − 2

‖,1‖2 · · · ‖,; ‖2
.

Because we use the 2-accuracy to approximate the true accuracy, for the classifi-

cation problems with two categories, ?0.5( 5 ) and ?( 5 ) are equivalent. However,

they are not equal for problems with more than two categories, where the best

2 depends on the properties of the data set, such as the easiness of learning to

classify the data set. If the data set is easy to classify, such as MNIST, the best 2

should be close to 1. In our example, we choose 2 = 0.9. We train MNIST using

a 3-layer fully-connected NN with ReLU activation and 100 neurons per layer for

100 epochs. In Fig. 3.6, we can also see the consistency between the test loss and

neural network smoothness, as we observed in the low-dimensional problems.
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0.00
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0.04

0.06

0.08

0.10

0.12

0.14

0.16

Test loss
50 f

Figure 3.6: Consistency between test loss and neural network smoothness during the training of

the neural network forMNIST. The arrows indicate theminimum of the test loss and themaximum

of Δ 5 .



61

Effects of the network size and training dataset size on the smoothness

We have demonstrated that network smoothness � 5 (4−!
<0G
5 − 2) is an important

factor to the accuracy. Next, we investigate the effects of network size (depth and

width) on the smoothness for binary classification problems, which are explained

as follows. We consider the one-dimensional sample space � = [0, 1], and choose

= equispaced points on � as the training data locations. To avoid the effects of

the choice of target true functions, we always repeat experiments with different

target functions, and in each experiment we generate a random target function.

Specifically, to generate a random target function, we first sample two random

functions 61(G) and 62(G) from a Gaussian process with the radial basis function

kernel of a length scale 0.2, and then assign a point G as category 1 if 61(G) > 62(G),

otherwise assign this point as category 2. When training neural networks, we

monitor the value of � 5 (4−!
<0G
5 − 2) and stop the training once � 5 begins to decrease

as shown in Figs. 3.5 and 3.6. We first choose the dataset size = = 10, and we show

that the normalized smoothness � 5 /�) decreases as the network depth or width

increases (Fig. 3.7). We also show that the effects of depth is more significant than

that of width.

Our main theorem (Theorem 3.3.5) requires the assumption (Eq. 3.4), which

would not be true for any machine learning algorithms. Here, we verify this

assumption for neural networks by numerical experiments. Specifically, we train

a fully-connected neural networks using training datasets of different size =. We

show that � 5 /�T is insensitive to training dataset size, and is always bounded by

a lower positive constant � (Fig. 3.8). This result reveals that the neural networks

would fit a dataset in a relatively smooth way during the training process.
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Figure 3.7: Effects of network depth and width on the normalized smoothness � 5 /�T . (A) The

� 5 /�T decreases fast when the network depth increases. (B) The � 5 /�T decreases relatively slow

when the network width increases. The results are averaged from 50 independent experiments.
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Figure 3.8: Effects of the number of the training data on the normalized � 5 /�T . The � 5 /�T is

insensitive to the number of the training data, and is bounded by a lower positive constant. The

results are averaged from 50 independent experiments.

3.5 Discussion

When neural networks are used to solve classification problems, we expect that the

accuracy is dependent on some properties of the data set. It is still quite surprising,

however, that there is a linear relationship between the accuracy and the cover

complexity of the data set, as we have seen in Section 3.4.1. Theorem 3.3.5(ii)

provides an upper bound of the error, but a lower bound is missing. To fully

explain this observation, two conjectures of the learnability of fully-connected

neural networks are proposed: when a neural network 5 is trained on a data set

T in such a way that !<0G
5
(T ) < ln 2 and � 5 (4−! − 2) � �T , then we have

• ℰ( 5 ) ≈ 2( ) · ��(T ), where 2( ) is a constant depending only on  .

• ℰ( 5 )√
 
≈ 2 · ��(T ), where 2 ≈ 0.014 is a constant.

On the other hand, the theoretical and numerical results provide a better un-

derstanding of the generalization of neural network from the training procedure.
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The smoothness � 5 (4−! − 2) of neural networks plays a key role, where ! is the

maximum loss !<0G
5

or the average loss ! 5 . We can see that:

• � 5 (4−! − 2) depends on both the regularity of 5 and the loss value ! (which

also depends on 5 ). Large � 5 (4−! − 2) requires good regularity and large

4−! − 2, i.e., small !. However, small ! could correspond to bad regularity of

5 . Thus, there is a trade-off between the loss value ! and the regularity of 5 .

• Due to this trade-off, � 5 (4−! − 2) increases first and then decrease during the

trainingprocess. Hence,we shouldnot optimizeneural networks excessively.

Instead,we should stop the training earlywhen � 5 (4−!−2) begins to decrease,

which leads to another “early stopping” strategy to prevent overfitting.

We also note that the lower bound of � 5 (4−! − 2) in Eq. (3.3) relates to the norm

of weight matrices of neural networks:

� 5 (4−! − 2) &
4−! − 2

‖,1‖2 · · · ‖,; ‖2
.

There have been some works to study the norm-based complexity of neural net-

works (see the Introduction), and these bounds typically scale with the product of

the norms of the weight matrices, e.g., [160]

1

�2

<0A68=

;∏
8=1

ℎ8 ‖,8 ‖2
2
,

where ℎ8 and ,8 are the number of nodes and the weight matrix in layer 8 of a

network with ;-layers, and �<0A68= is the margin quantity, which describes the

goodness of fit of the trained network to the data. The product of the matrix

norms depends exponentially on the depth, while some recent works show that
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the generalization bound could scale polynomially in depth under some assump-

tions [152, 221]. The exploration of the dependence of � 5 (4−! − 2) on depth is left

for future work.

3.6 Conclusion

In this chapter, we study the generalization error of neural networks for classifica-

tion problems in terms of the data distribution and neural network smoothness.

We first establish a new framework for classification problems. We introduce the

cover complexity (CC) to measure the difficulty of learning a data set, an accu-

racy measure called 2-accuracy which is stronger than the standard classification

accuracy, and the inverse of the modulus of continuity to quantify neural network

smoothness. Subsequently, we derive a quantitative bound for the expected ac-

curacy/error in Theorem 3.3.5, which considers both the cover complexity and

neural network smoothness.

We validate our theoretical results by several data sets of images. Our numeri-

cal results demonstrate that CC is a reliablemeasure for the difficulty of learning to

classify a data set. On the other hand, we observe a clear consistency between test

loss and neural network smoothness during the training process. We also show

that neural network smoothness decreases when the network depth and width

increases, and the effects of depth is more significant than that of width, while the

smoothness is insensitive to training dataset size.
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4.1 Introduction

4.1.1 Instrumented indentation for extracting mechanical prop-

erties of materials

Instrumented indentation has been a research topic for scientific investigations as

well as industrial applications during the past several decades [168, 207, 42, 70, 50,

46, 169, 74, 121]. Here, the loading force (%) of the indenter tip and the resultant

depth of penetration (ℎ) of the tip into thematerial are continuously recorded both

during loading and unloading. Such depth-sensing or instrumented indentation

has, in recent years, emerged as an appealing means of probing the mechanical

properties of hard and soft materials, devices, components and structures over
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a wide spectrum of size scales, from nanometers to meters, with sufficient res-

olution to measure forces over the range of micronewtons to kilonewtons, and

displacements over the range of nanometers to centimeters [169]. Some key ad-

vantages of instrumented indentation as a method to extract properties include

the need to test only a relatively small volume of the material (in relation to its

overall volume), which for many applications would render it an essentially non-

destructive probe. Furthermore, it offers the potential to determine processing-

induced residual stresses [207], anisotropic properties [104], property gradients

arising from compositional, microstructural or residual-stress gradients in mate-

rials [206, 44], as well as coupled electrical-mechanical responses of integrated

systems such as those involving piezoelectric materials [201, 188]. It is especially

suited for extractingmaterial properties in awide variety of applications involving

additive manufacturing, near-net-shape manufacturing, and integrated manufac-

turing (e.g., load-bearing mechanical structures and components embedded with

electronic, optical, magnetic or biological components). Indeed, in some cases it

may be the only viable and practical method for determining local and volume-

averaged properties, as, for example, in the context of evaluating in-situ thin-

film mechanical properties or mapping the local mechanical property variations

across grain/phase boundaries or along gradients in structures [74]. Similarly,

in order to evaluate detailed layer-by-layer mechanical characteristics of a three-

dimensionally (3D) printed material, instrumented indentation appears to be the

only practically viable method to probe how processing conditions lead to evo-

lution of properties and structural integrity. With the commercial availability of

sophisticated and inexpensive robotic tools, depth-sensing indentation measure-

ments can readily be incorporated into the processing and fabrication of materials

and components by such means as layer-by-layer additive manufacturing.
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In general, a forward indentation algorithm for a metallic material provides

indentation response (i.e., force vs displacement [% vs. ℎ] curve during indentation

loading and retraction of the indenter) for a given set of elastoplastic properties

(elastic modulus, Poisson’s ratio, yield strength, strain-hardening exponent and

tensile strength). The inverse indentation problem, on the other hand, should lead

to the uniquedetermination of the elastoplastic properties froma set of indentation

% − ℎ data.

The hardness (�) of a material has long been used as a property from which

yield strength (�H) can be estimated [169, 74, 210, 236], although their connec-

tion is known to be only highly approximate [50, 236]. In order to address this

limitation of simple hardness measures, dimensional analyses and scaling func-

tions have been developed [50, 74, 43] and explicit universal scaling functions

have been established for solving the forward and inverse problems in depth-

sensing indentation by recourse to single [50] and multiple sharp indenter tip

geometries [46, 28, 31, 220]. Additionally, studies have also focused on efforts to

extract elastoplastic properties from load-displacement curves for spherical inden-

ters [139, 32, 166, 122, 129]. Due to the inherent difficulties in accurately accounting

for the contact area and the initial contact depth involved with spherical indenta-

tion, and given that spherical indentation introduces an additional dimension (i.e.,

the indenter diameter), which needs to be properly reconciled with the various

structural dimensions of the material being tested, sharp indentation has become

the more preferred method. We therefore focus our present study on sharp in-

dentation, with the full recognition that the tip radius effects of nominally “sharp”

indenters need to be carefully accounted for in relation to the depth of penetration

of the indenter into the material and the characteristic structural dimensions of

the material, so as to avoid the effects of the radius of the sharp indenter tip on the
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estimated properties of the materials.

The high sensitivity of traditional brute-force calculations to solve the inverse

indentation problem and the uncertainty inherent in such calculations in uniquely

extracting elastoplastic properties from indentation responses are known to arise

from functional nonlinearity [50, 46, 121]. Furthermore, there are presently no

general methods available that can accurately account for tip radius effects on

the elastoplastic properties extracted from indentation analyses. This situation

is further compounded by the fact that within a portion of the parametric space

for the wide spectrum of engineering materials for which instrumented inden-

tation could serve as a useful property assessment tool, the inverse indentation

problem may not provide a unique set of predictions for mechanical properties

from the indentation data. Therefore, there exists a critical need to explore new

ways of determining the elastoplastic properties of materials from depth-sensing

instrumented indentation with a greater degree of confidence in their uniqueness,

accuracy and fidelity before the potential for the broad adoption of the method

for many emerging areas of technology can be fully realized. Furthermore, to

establish a scalable method for a wide-variety of applications, and to minimize

errors in extracting mechanical properties, it becomes inevitable to assess ways in

which the latest developments in deep learning (DL) can be employed to harvest

significant improvements for solving the inverse indentation problem.
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4.1.2 Recent advances in deep learning and multi-fidelity meth-

ods

Recent developments of data-driven methods, such as deep neural networks

(NNs), provide us with opportunities that cannot be tackled solely through tradi-

tional methods. In addition to well-known applications of machine learning (ML)

algorithms in such fields as image/video analysis [106, 200] and natural language

processing [228], ML has also been used for various engineering problems, such

as in the discovery of new materials [190] and in healthcare [63]. However, data-

driven methods usually require a large amount of data to train the neural network

model, and in many engineering problems, it is often difficult to obtain necessary

data of high accuracy. In these situations, it may be advantageous to complement

the dataset of expensive experimental measurements by employing synthetic data

derived from simulations of physical models. An example of such an approach

entails the use of density functional theory calculations to train neural networks

so that DL algorithms can be developed to determine the least energetically ex-

pensive means of modulating the bandgap of a semiconductor material through

elastic strain engineering [193].

Multi-fidelity methods [109] using Bayesian modeling to integrate high and

low resolution simulations can serve as one possible means for training data. This

type of data fusion could help to train DL models when limited experimental

data that lead only to insufficient levels of accuracy are available. The training

data could come from different sources, e.g., from instruments with different

resolutions and/or fromsimulationsusingdifferent levels of accuracy inpredictive

capabilities. The multi-fidelity method [109] is hierarchical so that high-fidelity

and low-fidelity data can be identified and assigned to train DL algorithms. This
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Bayesian multi-fidelity modeling based on Gaussian process regression (GPR)

[65] can also alleviate the extreme computational cost of training. However, the

GPR method suffers from two critical short-comings: 1) it is computationally

prohibitive to manage big datasets, and 2) it is not sufficiently accurate when

dealing with nonlinear correlations. To overcome some of these limitations, it is

possible to resort to a scalable multi-fidelity approach based on neural networks

[146], although the efficacy of such an approach has not yet been tested and

validated for applications. In this work, we present a multi-fidelity NN (MFNN)

method that is capable of fusing together different sets of data with different

fidelity levels, arising from different experimental measurement accuracy or from

different levels of sophistication of computationalmodeling (e.g., two-dimensional

[2D] vs. 3D computational simulation and different levels of finite element mesh

refinement).

4.1.3 Prior work onML for computational mechanics and inverse

indentation problems

Some prior work has explored use of ML to solve both forward and inverse prob-

lems in computational mechanics, and in particular, have trained NNs to extract

material properties from instrumented indentation data. The training process in

these cases usually involved fitting a numerical simulation dataset. For example,

based on data points of spherical indentation load-displacement curves fromfinite

element simulations, a trained NN was established to estimate material param-

eters [92, 93, 216, 141]. Trained NNs were generated to reproduce the loading

portion of sharp nanoindentation load-displacement curves [78]. A NN-based

surrogate model was used in order to reduce the number of finite element method
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(FEM) conical indentation simulations to extract material properties [127]. Be-

sides NNs, other machine learning approaches have also been employed to solve

the indentation problems, such as identification of plastic properties from conical

indentation using Bayesian-type analysis [237]. These methods, however, were

generally cumbersome to use in practice as they required fitting of the indentation

loading (and/or unloading) curves or extensive iterations with finite element sim-

ulations. In addition, they were not systematically tested throughout the broad

parameter space for a wide variety of engineering materials to establish their pre-

dictive capabilities and levels of accuracy. They have also not been extensively

validated by comparisons with experimental observations. In summary, the latest

advances in deep learning have not yet been fully utilized for solving a highly

nonlinear inverse problem, such as that involving an inverse indentation problem.

4.1.4 Objectives of the present study

In the present study, we present a unique combination of the latest developments

in deep learning andmulti-fidelitymethods for datasets with the specific objective

of significantly enhancing the accuracy, reliability and predictability of mechan-

ical properties of elastoplastic materials from inverse analyses of depth-sensing

instrumented indentation results. Specifically, this study is aimed at achieving the

following objectives:

1. Establish new algorithms for solving the inverse problem in instrumented in-

dentation for single, dual andmultiple indentation,whereby the elastoplastic

properties of the indented material can be predicted with much greater ac-

curacy than currently feasible through traditional brute-force computation
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and function-fitting methods that rely on the same set of available training

data.

2. Establish a scalable and stable multi-fidelity NN that can

(a) significantly reduce the required number of high-fidelity data for in-

strumented indentation to achieve a desired level of accuracy in the

prediction of mechanical properties;

(b) utilize known physical and scaling laws to improve prediction accuracy;

and

(c) integrate simulation data and experimental data for training in order to

significantly reduce systematic errors, in indentation analyses, arising

from material variability or experimental conditions.

3. Validate the methods presented here through direct comparisons with in-

dentation experiments for several different materials, including two tradi-

tionally made (wrought) 6061 and 7075 aluminum alloys and six 3D-printed

Ti-6Al-4V alloys.

4.2 Results

We begin here with a graphical illustration of problem statement in Fig. 4.1,

showing the forward and reverse analysis of sharp instrumented indentation (Fig.

4.1A), in order to connect our results to the relevant parameters and nomenclature.

Representations of theNN architecture are shown for the single-fidelity (Fig. 4.1B)

datasets, the multi-fidelity datasets (Fig. 4.1C) without residual connection [146],

and themulti-fidelity datasets proposed in thisworkwith residual connection (Fig.
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4.1D). In this section, we first show the results using the single-fidelity NN archi-

tecture (Fig. 4.1B), to demonstrate how they improve the estimation of mechanical

properties of elastoplastic materials compared to those extracted solely from pre-

viously established dimensionless fitting functions for inverse analysis of conical

indentation [50]. These fitting functions were obtained based on brute-force fi-

nite element simulations covering the commonly observed elastic and power-law

plastic parameter space for engineering metals [50] and the dimensional analy-

sis of indentation process [42, 50, 43]. This is followed by training the datasets

on results from 2D and 3D finite simulations of sharp conical indentation using

the finite element method (FEM). Subsequently, we extend the scope of the deep

learning analyses to include results from different multi-fidelity approaches. For

all these results, we compare them with experimental results involving using the

Berkovich indentation on Al-6061, Al-7075 and 3D-printed Ti alloys. More de-

tails of the method and nomenclature used in the present study can be found in

Methods 4.4 and Appendix C.

4.2.1 Improving inverse analysis results for sharp indentation

using single-fidelity NN architecture

Training NNs using data generated from dimensionless fitting functions

To demonstrate that NNs are capable of representing the correlation between (�,

3%/3ℎ,,?/,C) and �∗ (or �H), where �, 3%/3ℎ and,?/,C are loading curvature,

initial unloading slope, and the ratio of residual plastic work and total work,

respectively (see more details in Appendix C), we first generate a dataset using

the previously established dimensionless fitting functions. The data points used
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Figure 4.1: Deep learningmethods to solve inverse problems in depth-sensing instrumented sharp

indentation. (A) Schematic illustration of the power-law elastoplastic stress-strain behavior used in

the present study (left) and a typical load (%) versus displacement (ℎ) response of an elastoplastic

material to instrumented sharp indentation (right). (B to D) Flowcharts of the neural networks

for solving (B) single-fidelity inverse problems, e.g., single indentation, and dual/multiple inden-

tation, and (C and D) multi-fidelity inverse problems involving datasets of different fidelity and

accuracy. Input variables such as G1 and G2 represent parameters such as �, 3%/3ℎ, ,?/,C , and

output variable H represents material properties such as �∗ or �H . We only show two variables as

the neural network inputs for clarity, but the number of inputs could be three or four for single in-

dentation or dual/multiple indentation problems. TheNN inputs of all cases and training datasets

used are summarized in Appendix C, Tables C.1 and C.2. (C) The original multi-fidelity NN in

ref. [146]. (D) The new multi-fidelity NN proposed in this chapter involves a residual connection

(red line) from the low-fidelity output H! to the high-fidelity output H� . � and � are the nonlinear
and linear activation functions, respectively.
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for fitting were obtained through finite element simulations covering commonly

observed elastic and power-law plastic parameter space for engineering metals in

ref. [50] for conical indentation with a half included-tip-angle of 70.3°. We then

train NNs using these data points (Appendix C, Fig. C.1A). The mean absolute

percentage error (MAPE) defined as

MAPE =
1

#

#∑
8=1

�����8 − �8�8

���� ,
is calculated against the samedataset, where# is the number of data points,�8 and

�8 are the true andprediction values of the 8-th data point, respectively. Weobserve

fromFig. C.1A that the errors associatedwith the extracted values of yield strength

�H (∼ 50% or higher) aremuch larger than those for the effective indentation elastic

modulus, �∗ (∼10%). This is an illustration of the inherently high sensitivity of the

inverse problem, especially for plastic properties. As expected, when only data

generated from the fitting functions for training are used, the trained NNs do not

perform any better than the fitting functions, and only reach the same performance

with a high number of training data points.

Training NNs using data obtained from 2D FEM simulations

Next we consider a dataset generated by conical (2D axisymmetric) FEM sim-

ulations (see [50] for model setup). The FEM dataset involved simulations for

100 different elastoplastic parameter combinations, and we removed 3 data points

with = > 0.3 and �H/�∗ ≥ 0.03, where the inverse problem may have non-unique

solutions. The possible non-uniqueness comes from the fact that increasing elas-

tic modulus, plastic yield strength or strain-hardening exponent can all result in

an increased loading curvature, with the consequence there may exist multiple
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elastoplastic parameter sets in achieving nearly identical indentation loading/un-

loading curves (see more detailed discussions in ref. [50]). The green curves with

solid square symbols in Fig. 4.2A and B (also see Fig. C.1B) show the results of

training NNs for �∗ and �H using different numbers of conical indentation FEM

simulation data points. By using merely 20 training points for �∗, the trained NN

already performs better than the previously established fitting functions in ref.

[50]. For �H , 50 or more data points are required to achieve better accuracy than

the previous algorithmestablished bydirect fitting of the finite element data points

[50]. With 80 data points for training, the average error for �∗ can be improved

to ∼5% significantly lower than ∼8% from using the algorithm established in ref.

[50].

Training NNs using FEM data obtained from multiple indenter geometries

Fig. 4.2 shows the results of training NNs for �∗ and �H using 2 or 4 indenters with

different tip geometries. The trained2-indenter and4-indenterNNsperformbetter

than the single-indention NNs shown in Fig. C.1B. More indenter geometries

improve accuracy. With a large enough size of training datasets (≥ 20 for �∗, ≥ 90

for �H with 2 indenters; and ≥ 60 for �H with 4 indenters), the trainedNNs begin to

outperform the dual indentation algorithm [46]. For the trained 2-indenter NNs,

the average error for �∗ is about 2% — much better than that achieved in ref. [50]

or ref. [46] using traditional fitting functions. For the trained 4-indenter NNs, the

average error for �∗ is < 2%, and for �H , the average error becomes < 7%. Note

that with traditional algorithms, it is not straightforward to utilize “redundant”

information for solving unknown variables, while in the case of training the 2-

indenter or 4-indenter NNsmore/redundant input variables can be easily utilized

to improve accuracy in the estimation of elastic and plastic properties.
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Figure 4.2: Results of mean absolute percentage error (MAPE) as a function of the Training

Dataset Size for dual and multiple indenters. Results of training NNs for (A) �∗ and (B) �H using
computational simulations of sharp conical indentation using FEMwith 1, 2 or 4 different indenter

tip geometries. The black dotted line and the red dash-dotted line show the average error of

directly applying the single-indentation fitting functions in ref. [50] and dual-indentation fitting

functions in ref. [46], respectively. The 1-indenter data are obtained using conical tip with 70.3°
half-included tip angle; the 2-indenters data are obtained using conical tips with 70.3° and 60°
half-included tip angles; and the 4-indenters data are obtained using conical tips with 70.3°, 50°,
60° and 80° half-included tip angles.
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4.2.2 Inverse analysis using multi-fidelity NNs

Approach 1: Integrating data generated from fitting functions (low fidelity) and

FEM simulation data (high fidelity)

In this example, we test the multi-fidelity approach for the conical single inden-

tation data using only materials with = ≤ 0.3 (which still covers the material

parameter space for a wide spectrum of engineering metals and alloys), as shown

in Figs. 4.3A and B. The low-fidelity data use 10,000 (for �∗) or 100,000 (for �H)

data points from the formulas in ref. [50], and the high-fidelity data are from

the finite element simulations. All data in Figs. 4.3A and B pertain to a conical

(2D axisymmetric) indenter with a half-included tip angle of 70.3°. By using the

multi-fidelity approach, (i) higher accuracy is achieved compared to using only

high-fidelity data, and (ii) the number of high-fidelity data points required for

achieving high accuracy is also significantly reduced. Only 10 high-fidelity data

points are needed to achieve 5% average error for �∗, and only 40 high-fidelity data

needed to achieve better accuracy for �H than the traditional fitting functions [50].

Here we compare our multi-fidelity neural network (MFNN) method using

the residual connection technique introduced in this chapter (Fig. 4.1C, see more

details in Methods) with the MFNN used in ref. [146] without the residual con-

nection (Fig. 4.1B). We test the performance of these twomethods on the property

predictions based on multi-fidelity datasets as described in Section 4.4. Note that

low fidelity refers to data obtained using the fitting functions and high fidelity

refers to 2D FEM data. Appendix Fig. C.2A (blue line) shows that the training

of the original MFNN is quite unstable with a large standard derivation. When

comparing the mean error of �∗ in Appendix Fig. C.2A (blue and red lines), note
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that the error becomes more stable, i.e., the training of NNs becomes more stable

with the addition of residual connection. For those well-trained networks, the

error in �∗ is similar. Furthermore, as shown in Appendix Fig. C.2B, our proposed

MFNNwith the residual connection also achieves higher accuracy than the fitting

functions for the case of �H , in addition to being more stable.
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Figure 4.3: Mean average percentage error as a function of training dataset size for multi-fidelity

NNs trained by 2D and 3D FEM simulations of inverse indentation. (A and B) Results of multi-

fidelity NNs trained by integrating low-cost low-fidelity data using fitting functions [50] together

with limited number of high-fidelity FEM data for (A) �∗ and (B) �H . In (A) and (B), the low-

fidelity data use 10,000 (for �∗) or 100,000 (for �H) data points from the formulas in ref. [50]. All

2D axisymmetric FEM data are assuming a conical indenter with a half-included tip angle of 70.3°.
(C and D) Results of multi-fidelity NNs trained by integrating 2D axisymmetric FEM results (low

fidelity) togetherwith 3DFEMsimulation data (high fidelity) for (C)�∗ and (D) �H . The low-fidelity

2D FEM data in (C) and (D) include 97 axisymmetric FEM simulations with different elastoplastic

parameters. All 3D FEM data are using a 3D Berkovich indenter, which has a three-sided pyramid

sharp tip that canmaintain its self-similar geometry to very small indentationdepth. TheBerkovich

indenter has a half angle of 65.3°, measured from the tip axis to one of the pyramid surfaces.
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Approach 2: Integrating 2D axisymmetric FEM data (low fidelity) and 3D FEM

data (high fidelity)

Figs. 4.3C andD show the results ofMFNNs trained by integrating 2D axisymmet-

ric FEM simulation results (low fidelity) together with 3D FEM simulation data for

a Berkovich indenter (high fidelity) to estimate�∗ and �H . HereMAPE is calculated

with respect to the 3D FEM data, which have higher fidelity than the 2D axisym-

metric FEM data. Although conical indentation finite element results with a 70.3°
included half-angle are considered good approximations of the actual indentation

results from a 3D Berkovich or Vickers indenter tip [50, 46, 121, 28, 31, 220], sig-

nificant errors can still occur due to the inherent high sensitivity of the inverse

problem, especially for extracting plastic properties, as shown in Figs. 4.3C and

D. The foregoing results illustrate that the multi-fidelity approach leads to much

more accurate estimates of mechanical properties from instrumented sharp in-

dentation data with a smaller number of high-fidelity data points than both the

single-fidelity approach and the fitting functions.

Approach 3: High-fidelity training datasets for error correction

Here we first test the trained NNs obtained above (Approach 2) for the Berkovich

indenter tip for two indentation experimental datasets from traditional (wrought)

Al alloys Al6061-T6511 (6 experiments) and Al7075-T651 (6 experiments) with the

indentation characteristics summarized in Appendix, Table C.3. The indentation

raw datasets used are the same as those used in ref. [50], and
3%
3ℎ |ℎ< is evaluated

by the best linear fitting within 5% of each unloading curve. The elastoplastic

properties of Al6061-T6511 are Young’s modulus E = 66.8 GPa (�∗ = 70.2 GPa),
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yield strength �H = 284 MPa and strain-hardening exponent = = 0.08; and the

properties of Al7075-T651 are � = 70.1 GPa (�∗ = 73.4 GPa), �H = 500 MPa and

= = 0.122. In addition, to reduce the incurred systematic experimental errors we

use NNs to learn from three randomly selected experimental data points added

as high-fidelity data in the NN training process in multi-fidelity Approach 2.

Specifically, the low-cost 2D axisymmetric finite element datasets are still used

as low-fidelity data, and the limited number of 3D Berkovich indentation finite

element data are used togetherwith 3 additional experimental data points as high-

fidelity data for the case of Al6061-T6511 or Al7075-T651 alloy. There are up to 20

unique combinations for randomly selecting 3 out of 6 experiments in each case.

Here the results are obtained by exhausting all 20 possibilities.

Fig. 4.4A summarizes the inverse analysis results using different approaches.

The NNs trained by 2D axisymmetric FEM results (low fidelity) together with 3D

FEM simulation data (high fidelity) perform better than the previous established

equations in ref. [50]. The NNs trained by adding experimental results as high-

fidelity training data to the 2D and 3D FEMdata perform verywell for both �∗ and

�H with MAPE less than 4% for both Al6061-T6511 and Al7075-T651, leading to

significantly improved accuracy for �H with this “hybrid” multi-fidelity approach.

Assuming power-law strain-hardening behavior, our proposed method can also

be used to extract strain-hardening characteristics from instrumented indentation.

To achieve that, we first train NNs to predict stresses at different plastic strains,

and then compute the strain-hardening exponent by least-squares fitting of the

power-law hardening function.

Fig. 4.4B shows the inverse analysis results of using multi-fidelity NNs to

extract additional data points from the stress-strain curve (i.e. to determine strain-

hardening behavior), where selected stress values at 3.3%, 6.6% and 10% plastic
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Figure 4.4: Inverse analysis results of mean average percentage error (MAPE) of (A) �∗ and �H ,
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subscripts 3.3%, 6.6% and 10% for � represent plastic strains). The results labeled as “fitting

functions” are obtained directly using previously established equations in ref. [50]. The results

labeled as “NN (2D+3D FEM)” are obtained using NNs trained by integrating 2D axisymmetric

FEM data (low fidelity) with 3D Berkovich FEM data (high fidelity), and the results labeled “NN

(2D+3D FEM+EXP)” are obtained using NNs trained by adding experimental results as high-

fidelity training data in addition to the 2D and 3D FEM training data.
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strains are obtained. The NNs trained by adding experimental results as part of

the high-fidelity training data also perform very well for �3.3%, �6.6% and �10%

with MAPE less than 4% for both Al6061-T6511 and Al7075-T651, significantly

improving the accuracy for evaluating stresses at different plastic strain using

the “hybrid” multi-fidelity approach. Fig. 4.5 shows the corresponding stress-

strain curves obtained by least-square fitting of the power-law hardening behavior,

exhibiting goodmatching of the experimental data (with experimentally extracted

hardening exponent = = 0.08 and 0.122), whereas = = 0.073 and 0.127 for Al6061-

T6511 and Al7075-T651, respectively, estimated using the “hybrid” multi-fidelity

approach. Note that when hardening is low (i.e. = → 0), directly estimated errors

of = can be misleading because very small variations in hardening response can

lead to large fractional errors for elastic-perfectly plastic metal alloys. Comparing

errors in stresses at different plastic stains is a more objective way in evaluating

the accuracy with respect to the stress-strain behavior or the hardening behavior.

Next we test the NN algorithms on an extensive set of experiments performed

on six different, 3D-printed, Ti-6Al-4V alloys. Full details of the 3D-printing condi-

tions, the ensuing microstructures of the six Ti alloys, and the tensile stress-strain

characteristics are all available in ref. [116]. The six 3D-printed Ti alloys with

different microstructures are designated as B3067, B3090, B6067, B6090, S3067 and

S6067 [116]. We carried out depth-sensing instrumented nanoindentation experi-

ments of these 3D-printed Ti alloys using themethod described inMethods. There

are 144 repeated indentations conducted for each 3D-printed Ti alloy. We perform

inverse analyses of these six alloys and estimate their elastoplastic properties using

the variousmachine learning approaches introduced in this chapter. We then com-

pare these predictions with direct and independent experimental assessments of

the elastoplastic properties of the six alloys from the tensile stress-strain responses
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87

obtained in ref. [116]. Appendix Table C.4A summarizes the indentation charac-

teristics of six 3D-printed Ti-6Al-4V alloys extracted directly from raw indentation

curves. Appendix TableC.4B lists the indentation characteristics of two 3D-printed

titanium alloys from indentation curves corrected with an estimated indenter tip

radius of 0.6µm (see details of the tip radius estimation and tip-radius-effect cor-

rection method in Appendix C, based on the method suggested in ref. [45]), all

using the same experimental setup with a maximum indentation load of 9 mN

for each indentation experiment. The yield strength values, �H , of B3067, B3090,

B6067, B6090, S3067 and S6067 are 1121, 1168, 1102, 1151, 1121 and 1063 MPa,

respectively, and the nominal Young’s modulus of these 3D-printed Ti alloys is �

= 110 GPa (�∗ = 109.6 GPa).

For indentations made on Ti-6Al-4V (B3067), Fig. 4.6 summarizes the inverse

analysis results using the different approaches introduced in this chapter for both

�∗ and �H . The results labeled as “NN (raw)” and “NN (tip)” are obtained by

applying NNs trained by integrating 2D axisymmetric FEM data (low fidelity)

with 3D Berkovich FEM data (high fidelity), either by directly applying the raw

indentation data or by using the indentation data after correcting the raw data for

the indenter tip radius effects, respectively. NNs trained using only FEM data,

when operating directly on raw indentation data, exhibit medium accuracy of

24.2 ± 4.6% MAPE in estimating the elastic modulus, but an unacceptably high

MAPEof 105.5±16.7% in evaluating �H . However, when tip-radius-effect corrected

indentation data are used in the analyses, we observe significantly reduced inverse

analyses errors for both �∗ (MAPE = 5.4 ± 3.1%) and �H (MAPE = 40.3 ± 8.3%).

With tip-radius-effect correction, we find that the extracted values of �∗ and �H are

much closer to the uniaxial test results shown in Fig. C.1 in ref. [116]. When using

the “NN (raw)” results, it is evident that systematic bias occurs in the extraction
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Figure 4.6: Inverse analysis results of (A) �∗ and (B) �H for two 3D-printed Ti-6Al-4V alloys B3067

and B3090. The results labeled as “NN (raw)” and “NN (tip)” are obtained by applying NNs

trained by integrating 2D axisymmetric FEM data (low fidelity) with 3D Berkovich FEM data (high

fidelity), using directly the raw indentation % − ℎ data and using the tip-radius-effect corrected

indentation data, respectively. The results labeled “NN self (raw, 5)” and “NN self (tip, 5)” are

obtained by applying NNs trained by adding 5 randomly picked experimental indentation curves

as high-fidelity training data in addition to the 2D and 3D FEM training data, using directly the

raw indentation data and using the tip-radius-effect corrected indentation data, respectively. Full

details of the experimental data on instrumented indentation and stress-strain response for both

B3067 and B3090, along with the conditions for 3D printing and depth-sensing indentation, and

microstructure evolution can be found in ref. [116]; a brief summary of these literature data is

provided in the Appendix C.
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of both �∗ and �H ; from the “NN (tip)” results, there appears to be systematic bias

for �H , even after the significant improvement in predictive capability by applying

tip-radius-effect correction.

We now apply our multi-fidelity Approach 3 described earlier in an attempt

to further reduce systematic errors in the inverse analyses. For this purpose, we

randomly select five experimental data points out of 144 as additional input to

high-fidelity data in the NN training process. Specifically, the low-cost 2D ax-

isymmetric finite element datasets are still used as low-fidelity data, while the

limited number of 3D Berkovich indentation finite element data are used together

with 3 additional experimental data points as high-fidelity data. The results are

pooled together by exploring the full spectrum involving 10 uniquely different

ways of random selection of such data. In Fig. 4.6, the results labeled “NN self

(raw, 5)” and “NN self (tip, 5)” are obtained by applying NNs (trained by adding

the 5 randomly selected B3067 experimental indentation curves as high-fidelity

training data in addition to the 2D and 3D FEM training data) to the raw inden-

tation data and to the tip-radius-effect corrected indentation data, respectively.

NNs, trained using the “hybrid” multi-fidelity approach that included the added

experimental training data now significantly reduce errors when operating di-

rectly on raw indentation data and when operating on tip-radius-effect corrected

indentation data. Specifically, for �∗ MAPE drops to 3.0 ± 3.3% and 2.3 ± 2.4%

for raw indentation data and tip-radius corrected data, respectively, and for �H

MAPE drops to 5.1 ± 7.0% and 3.9 ± 4.8% respectively. Although NNs operating

on tip-radius-effect corrected data still perform better, the “hybrid” multi-fidelity

approach introduced here is found to be substantially more effective in learning

from the data and in correcting errors from tip radius effects and other systematic

biases arising from uncorrected raw data. Similar results are shown for indenta-
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tions made on another 3D-printed Ti-6Al-4V alloy (B3090) in Fig. 4.6 for both �∗

and �H .

Finally, we test a more practically useful variation of “hybrid” multi-fidelity

approach. Here we aim to reduce systematic errors by randomly selecting inden-

tation experimental data points from a different calibration material (while using

the same experimental/post-processing setup) as added high-fidelity data in the

NN training process in multi-fidelity Approach 3. Specifically, the low-cost 2D

axisymmetric finite element datasets are still used as low-fidelity data while the

limited number of 3D Berkovich indentation finite element data are used together

with some additional experimental data points from a different calibration ma-

terial B3067 (with 1 to 20 data points randomly selected from a total of 144 data

points) as high-fidelity training data; the trained NNs are used to analyze B3090

indentation data.

Fig. 4.7 summarizes the indentation inverse analysis results for B3090 using

this approach (denoted as “Peer”) as compared to the results where the added

high-fidelity training data are from the same material (B3090) with the same

experimental conditions (denoted as “Self”). Here MAPE (log scale) is plotted

against the number of randomly selected experimental training data, =4G? (linear

scale) from either the same material (“Self”) or from another Ti alloy (“Peer”).

Except when no experimental data are added for training (at 0), each data point

in Fig. 4.7 represents the results pooled together from 10 uniquely different ways

of random selection. The notion of “(raw)” and “(tip)” in the labels indicate

all experimental data used are either the uncorrected raw indentation data or

those corrected for tip radius effects, respectively. It is clear from Fig. 4.7 that

adding experimental training data from the same material (“Self”) or from a

different calibration material (“Peer”) under the same experimental conditions
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Figure 4.7: Inverse analysis of a 3D printed Ti-6Al-4V alloy B3090. (A) �∗ and (B) �H versus the

number of randomly selected experimental training data either from B3090 (denoted as “Self”)

or from B3067 indentation experiments (“Peer”). The notion of “(raw)” and “(tip)” in the labels

indicate all experimental data used are from the uncorrected raw indentation data and the tip-

radius-effect corrected indentation data, respectively.
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can significantly reduce systematic errors for both �∗ (MAPE < 4%) and �H (MAPE

< 5%). However, we note that the benefits of adding experimental training data

begins to saturate when =4G? ≥ 5. With sufficient training data, the “hybrid”

multi-fidelity approach shows remarkable ability to learn and correct from the

raw data any systematic errors from tip radius effects and other factors directly.

As expected, adding experimental training data from the same material (“Self”

cases) normally performs better than adding from a different calibration material

(“Peer” cases) under the same experimental conditions; in particular, we observe

error reduction at =4G? = 20 by as much as one and two orders of magnitude for

estimating �∗ and �H , respectively, from the inverse analysis.

Fig. 4.8 and Appendix C Fig. C.4 summarize the inverse analysis results

of MAPE for �∗ and �H for 3D-printed Ti-6Al-4V alloys (B3067, B3090, B6067,

B6090, S3067 and S6067) as a function of =4G? for randomly selected experimental

training data from B3067 indentation experiments. Except when no experimental

data are added for training (at 0), each data point represents the results pooled

together from10uniquelydifferentways of such randomselection. All indentation

experimental data used are from the uncorrected raw indentation data. The black

dashed line is the “Self” training case for B3067, while the curves representing

other colors are the “Peer” training cases using B3067 indentation data for training.

Again, all the trends noted in Fig. 4.7 are also observed here in Fig. 4.8 and

Appendix C Fig. C.4, showing the general applicability of this “hybrid” multi-

fidelity approach by adding “Peer” experimental data as high-fidelity training

data for improved inverse analysis accuracy.

Assuming, once again, power-law strain-hardening behavior, we can evaluate

stresses at different plastic strain values, and then compute the strain-hardening

exponent by least-squares fitting of the power-law hardening function for 3D-
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printed titanium alloys. Fig. 4.9 shows the inverse analysis results of selected

stresses at 0% (i.e. �H), 0.8%, 1.5% and 3.3% plastic strains and the fitted stress-

strain curves for two 3D-printed Ti-6Al-4V alloys using the “hybrid”multi-fidelity

approach. Analogous to evaluating the yield strength (stress at zero plastic strain),

our predicted stress-strain curves are close to the experimental curves when a few

experimental data points are added as part of the high-fidelity data for the training

of NNs.
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Figure 4.9: Inverse analysis results of hardening exponent for two 3D-printed Ti-6Al-4V alloys

B3067 and B3090. (A) Mean average percentage error of �H , �0.8%, �1.5% and �3.3% for B3090

predicted by NNs trained by 2D axisymmetric FEM data (low fidelity) with 3D Berkovich FEM

data and 5 randomly picked “self” and “peer” experimental indentation curves (high fidelity). (B
and C) The hardening exponent is obtained by least squares fitting of �H , �0.8%, �1.5% and �3.3%

for (B) “self” and (C) “peer” experimental indentation curves. The experimentally extracted best

fit hardening exponent is = = 0.068 for both B3090 and B3067 uniaxial experiments, i.e. near zero

low hardening. With additional experimental data added for training, the NNs predicts accurately

the yield strength and low hardening behaviors. Here the subscripts 0.8%, 1.5% and 3.3% for �
represent plastic strains.
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4.2.3 Transfer learning

In the results presented so far, the “hybrid” training of neural networks for each

aluminum alloy and each 3D-printed titanium alloy is conducted with a fresh

start without any direct connections to the other trained neural networks. On the

other hand, to speed up the training of neural networks, we have also developed

a transfer learning technique, where the whole multi-fidelity network (both low-

and high-fidelity sub-networks) is first trained using all the 2D and 3D FEM data

as baseline training. Next given the additional new experimental data, only the

high-fidelity sub-network is further trained using these additional experimental

data points. The errors from the networks before and after transfer learning are

shown in Fig. 4.10. This figure indicates thatwe canfirst establish a comprehensive

baseline training and then add additional case-specific training later for improved

training efficiency and accumulated learning.

4.3 Discussion and concluding remarks

We have demonstrated in this work a general framework for extracting elastic

and plastic properties of engineering alloys through a suite of unique approaches

that combine the latest advances in depth-sensing instrumented indentation with

computational simulations of themechanical properties of materials and the latest

developments in deep learning using neural networks. We have shown how dif-

ferent single-fidelity and multi-fidelity approaches can be customized to extract

different levels of accuracy, evenwhen only a small set of training data is available.

Furthermore, our method establishes how long-recognized and hitherto unad-

dressed limitations of extracting plastic properties of materials from indentation
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Figure 4.10: Inverse analysis results of (A)�∗ and (B) �H for neural networks via transfer learning for

two aluminum alloys Al6061-T6511 and Al7075-T651 and two 3D-printed Ti-6Al-4V alloys B3067

and B3090. Amulti-fidelity neural network is first trained on the dataset of the 2D FEM as the low-

fidelity data and 3D FEM as the high-fidelity data (the results labeled as “2D+3D FEM”). Next the

high-fidelity sub-network is continued to be trained using 3 and 5 experiment data for aluminum

alloys and 3D-printed Ti-6Al-4V alloys, respectively, which the low-fidelity sub-network does not

change (the results labeled “Transfer learning”).
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data, such as uniqueness of the estimated property values, systematic errors and

uncertainties arising from the effects of tip radius of nominally “sharp” indenters,

can be overcome to produce a significantly higher level of accuracy and fidelity in

the inverse analysis approach.

We have introduced in this work three multi-fidelity approaches, along with

single, dual andmulti-indenter analyses,with thegoal of significantly reducing the

required number of high-fidelity datasets to achieve a chosen level of accuracy, and

to significantly improve the accuracy and reliability of the mechanical properties

extracted from depth-sensing instrumented indentation. Specifically, themethods

outlined here, are shown to:

1. significantly reduce the number of high-fidelity datasets needed to achieve

a chosen level of accuracy;

2. utilize previously established physical and scaling laws to improve the accu-

racy and training efficiency; and

3. integrate simulation data and experimental data (i.e., data fusion) for train-

ing and significantly reducing material and/or experimental setup related

systematic errors.

Our results are validated with independent experimental data and sources for

different types of wrought aluminum and 3D-printed titanium alloys.

In order to expedite the training of NNs, we have also developed a transfer

learning technique, where the entire multi-fidelity network (both low- and high-

fidelity sub-networks) is first trained using all the 2D and 3D FEM data as the

baseline training. This baseline training covers the material parameter space for
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the majority of engineering metals under an idealized testing condition. When

given the additional experimental data for materials under a specific experimental

setup, only the high-fidelity sub-network needs to be further trained. The results

in Fig. 4.10 show that we can first establish a comprehensive baseline training and

then add additional case-specific training later for improved training efficiency

and accumulated learning. With a small number of high-fidelity experimental

data points added for training, significant improvements are achieved. This is due

to that fact that, for a nominally homogeneous material, instrumented indentation

experiments are known to produce highly repeatable force vs penetration depth

curves when using the same indenter instrument and the same setup. When we

have a reliable method that can effectively learn and correct systematic errors,

we can then use the method to calibrate the indenter and obtain reliable inverse

analyses results. Additional discussion on the sensitivity of the inverse indentation

problem in extracting plastic properties can be found in Appendix C and Fig. C.5.

There are several potentially appealing consequences of the results obtained in

this work.

1. The approach described here provides unique pathways to extract critically

needed information on mechanical properties, which cannot be easily ob-

tained by other means, in a wide variety of engineering applications in-

volving both structural and functional materials of different types and size

scales.

2. With the cost-effectiveness and sophistication of instrumented indentation,

robotics and computing tools, the present approaches can readily be incor-

porated in a wide variety of manufacturing settings (such as those involving

3D printing) for in situ and real-time estimation of material properties.
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3. The approach is also highly adaptable and dynamic in that refinements in

the choice of a particular deep learning approach can be made “on-the-

fly” depending on the processing conditions, specimen geometry, material

characteristics, speed of manufacturing, and the level of accuracy sought in

the extracted values of properties.

4. The approaches described here can also be further enhanced, with appropri-

ate modifications, to account for such factors as (a) the build-up of residual

stresses during the processing of the material, (b) level of anisotropy in

material properties, (c) multi-component architectures involving particle-

reinforced, fiber-reinforced or layered composite materials, and (d) tailoring

of surface and bulk properties through the deliberate introduction of struc-

tural, compositional, geometrical and property gradients.

4.4 Methods

4.4.1 General considerations

We implicitly utilize physically-based scaling laws such as Kick’s law [103] to sim-

plify the problem and reduce data noise. For this purpose, instead of the common

practice of directly using data points within the individual indentation curves

for training, we choose key indentation parameters such as loading curvature �,

initial unloading slope,
3%
3ℎ |ℎ< , plastic work ratio, ,?/,C , etc., for indentation in-

verse problem input and the power-law elastoplastic material parameters Young’s

modulus, � (or reduced modulus, �∗), yield strength, �H , hardening exponent, =,

etc., (defined in eqns (C.1)-(C.4) in Appendix C) as the output.
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On the other hand, since different datasets are obtained for different maximum

depth of indenter penetration into the substrate, ℎ< , we apply the scaling law

(established through dimensional analysis in ref. [50]) between
3%
3ℎ |ℎ< and ℎ< :

3%

3ℎ
|ℎ< ∝ ℎ<

to scale all the datasets with different ℎ< , thereby reducing the required amount

of training data.

4.4.2 NN architecture for single indentation and dual/multiple

indentation inverse problems

Single indenter inverse problem

For solving the single indentation inverse problem, two fully-connected NNs are

trained separately to represent the mapping from (�, 3%/3ℎ,,?/,C) to �∗ and �H ,

respectively. Each NN has three layers with 32 neurons per layer (Fig. 4.1B). The

nonlinear activation function is chosen as the scaled exponential linear unit (SELU)

[113]. To avoid over-fitting, regularization can be applied to limit the freedom of

the model by adding a penalty on the involved model parameters. Here we use

the standard !2 regularization [165] with a strength of 0.01. Throughout our work,

the level of accuracy in estimating any mechanical property is quantified by the

mean absolute percentage error (MAPE) [51]. The NNs are optimized using the

Adam optimizer [112] with learning rate 0.0001 for 30000 steps.
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Dual/multiple indenter inverse problem

For solving the dual/multiple indentation inverse problem, there exist different

possibilities for selecting the input parameters. In the present study, we choose

(�, 3%/3ℎ, ,?/,C) extracted from indentation curves using the 70.3° conical tip
and � from indentation curves using the 60° conical tip as the inputs of NNs. For

solving the multiple indentation inverse problem, we choose (�, 3%/3ℎ,,?/,C)

extracted from indentation curves using the 70.3° conical tip and loading curva-

tures (�) from indentation curves using 50°, 60° and 80° conical tips as the inputs
of NNs. For the dual/multiple indentation problem, the same NN architecture is

applied as that is utilized in solving the single indentation inverse problem (Fig.

4.1B), except that a faster learning rate of 0.001 is taken.

4.4.3 Experimental method for obtaining indentation datasets

from 3D-printed Ti alloys

Nanoindentation experiments were performed on samples (5 mm by 5mm square

cross-section and 10mmheight) thatwere electro-discharge-machined from larger

3D-printed coupons with selected printing (laser melting) conditions (see ref.

[116] for details on the printing conditions and post-printing heat treatment for

B3067, B3090, B6067, B6090, S3067 and S6067 samples). The cut samples were first

polished using emery paper (particle size = 9µm) and then electro-polished before

indented using a Hysitron Triboindeter (Hysitron, Minneapolis, USA) equipped

with a Berkovich diamond indenter tip in load control mode, under the following

experimental conditions: peak load = 9 mN, loading rate = 0.9 mN/s, hold time

at the peak load = 5 s, unloading rate = 1.8 mN/s. A total of 144 nanoindentations
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were performed on each sample over a 360 × 360 µm
2
area, with a distance of

30µm (in both x and y directions) between two adjacent indents. Before each set

of nanoindentation experiments, the tip was calibrated using a standard reference

sample of fused quartz. Load, %, versus depth of penetration, ℎ, data were

recorded.

4.4.4 Multi-fidelity NN and unique inverse problem setups

Residual-based Multi-fidelity NN

For the multi-fidelity neural network (MFNN), we propose a new residual-based

MFNN (Fig. 4.1D), extending the method first developed by Meng and Karni-

adakis [146] (Fig. 4.1C). As shown in Figs. 4.1C and D, the low fidelity function

H! is the output of a neural network NNL with input G. In ref. [146], the high

fidelity H� is a weighted summation of a linear function and a nonlinear function

(Fig. 4.1C):

H�(G) = 
1 5;8=40A(G, H!(G)) + 
2 5=>=;8=40A(G, H!(G)),

where 5;8=40A(G, H!) and 5=>=;8=40A(G, H!) are linear andnonlinear functions of inputs

(G, H!), respectively. In particular, 5=>=;8=40A(G, H!) is another NN, represented by

NNH in Fig. 4.1C,while 5;8=40A(G, H!) is a single neuronwith no activation function.

In addition to the parameters in 5;8=40A(G, H!) and 5=>=;8=40A(G, H!), 
1 and 
1 are

also two additional parameters to be trained.

We extended this method by adding an extra connection from H! to H� , and

adopting a specific form of 
1 and 
2 to correlate the high- and low-fidelity data
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(Fig. 4.1D):

H� = 
!H! + &(tanh 
1 · 5;8=40A(G, H!) + tanh 
2 · 5=>=;8=40A(G, H!)),

where 
1 and 
2 are two parameters to be learned. The coefficient 
! represents

the ratio of the high-fidelity to low-fidelity outputs, and & represents the ratio of

the residual to the high-fidelity output. In principle, 
! can also be a learnable

parameter as 
1 and 
2, but here we choose 
! to be 1, because in the indentation

problems we considered H! is usually of the same order of H� , i.e., the residual

H� − H! is much smaller than H! and H� . For the same reason, we choose & as

a small positive number to be 0.1. The network prediction is not very sensitive

to the values of 
! and &, if their magnitudes are chosen correctly. However, the

network may be trained to a wrong state if the values are incorrectly selected. In

addition, at the beginning of training, we initialize 
1 and 
2 to be 0, such that the

learning of H� starts from H!.

Our proposedMFNNmakes the training process more stable and yields better

accuracy compared to the original MFNN. The reason is that it is much easier

for 5;8=40A(G, H!) and 5=>=;8=40A(G, H!) to learn the residual H� − H! than to learn H�

directly. This residual approach was first proposed with the name “ResNet” [87],

and since then it has been widely used in many computer vision tasks.

We follow three multi-fidelity machine learning approaches in the present

study. All versions ofmulti-fidelity neural networks are implemented inDeepXDE

[136], a user-friendly Python library designed for scientific machine learning.
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Approach 1: Integrating data generated from fitting functions (low fidelity) and

FEM simulation data (high fidelity)

We first test the proposed multi-fidelity approach using the conical single inden-

tation data for materials with = ≤ 0.3 (covering the material parameter space for

majority of engineering metals). The low-fidelity dataset is generated by using the

fitting functions from ref. [50] while the high-fidelity dataset is based on the 2D

axisymmetric finite element simulations.

Approach 2: Solving inverse 3D indentation problems (e.g., with Berkovich tip)

by integrating 2D axisymmetric FEMdata (low fidelity) with 3D FEMdata (high

fidelity)

Traditionally, algorithms based on conical indentation finite element results were

used for obtaining approximate solutions of Vickers or Berkovich 3D indentation

problems [50, 46, 121, 28, 31, 220]. Here, we integrate the low-cost 2D axisymmetric

finite element data (low fidelity) with a limited number of 3D finite element

simulation data (high fidelity) to solve the Berkovich indentation inverse problem.

Approach 3: Learning and correcting material and/or setup specific systematic

errors by including a few experimental data as part of the high-fidelity training

data

In instrumented-indentation experiments, material-specific (e.g., for a material

that is not well-represented by power-law hardening) and/or equipment-specific

(e.g., nonlinear machine compliance) systematic errors can be significantly en-
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larged when performing inverse analyses. We attempt to overcome this issue by

adding a few experimental data as part of the high-fidelity training data in Ap-

proach 2. Specifically, the experimental data added for training can come from the

same material using the same experimental setup or from a different calibration

material tested under the same experimental conditions.

4.4.5 Data availability

The code and related input data have been deposited in GitHub at https://

github.com/lululxvi/deep-learning-for-indentation. All other data are in-

cluded in the manuscript and Appendix C.

https://github.com/lululxvi/deep-learning-for-indentation
https://github.com/lululxvi/deep-learning-for-indentation
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5.1 Introduction

In the last 15 years, deep learning in the form of deep neural networks (NNs), has

been used very effectively in diverse applications [123], such as computer vision

and natural language processing. Despite the remarkable success in these and

related areas, deep learning has not yet been widely used in the field of scientific

computing. However, more recently, solving partial differential equations (PDEs),

e.g., in the standard differential form or in the integral form, via deep learning

has emerged as a potentially new sub-field under the name of Scientific Machine

Learning (SciML) [12]. In particular, we can replace traditional numerical dis-

cretization methods with a neural network that approximates the solution to a

PDE.

To obtain the approximate solution of a PDE via deep learning, a key step is
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to constrain the neural network to minimize the PDE residual, and several ap-

proaches have been proposed to accomplish this. Compared to the traditional

mesh-based methods, such as the finite difference method (FDM) and the finite

element method (FEM), deep learning could be a mesh-free approach by taking

advantage of the automatic differentiation [181], and could break the curse of

dimensionality [176, 75]. Among these approaches, some can only be applied to

particular types of problems, such as image-like input domain [111, 133, 243] or

parabolic PDEs [18, 79]. Some researchers adopt the variational form of PDEs and

minimize the corresponding energy functional [61, 85]. However, not all PDEs

can be derived from a known functional, and thus Galerkin type projections have

also been considered [144]. Alternatively, one could use the PDE in strong form

directly [53, 218, 119, 120, 20, 196, 181]; in this form, automatic differentiation could

be used directly to avoid truncation errors and the numerical quadrature errors of

variational forms. This strong form approach was introduced in [181] coining the

term physics-informed neural networks (PINNs). An attractive feature of PINNs

is that it can be used to solve inverse problems with minimum change of the code

for forward problems [181, 182, 212, 88, 40]. In addition, PINNs have been further

extended to solve integro-differential equations (IDEs), fractional differential equa-

tions (FDEs) [170], and stochastic differential equations (SDEs) [235, 227, 151, 234].

However, unlike traditional numerical methods, PINN solutions are obtained by

solving highly nonlinear and non-convex optimization problems. In practice, to

achieve a good level of accuracy, we need to tune all the hyperparameters, e.g.,

network size and learning rate. We also note that PINNsmay converge to different

solutions from different network initial values.

In this chapter, we present various PINN algorithms implemented in a Python

library DeepXDE1, which is designed to serve both as an education tool to be

1Source code is published under the Apache License, Version 2.0 on GitHub. https://github.

https://github.com/lululxvi/deepxde
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used in the classroom as well as a research tool for solving problems in computa-

tional science and engineering (CSE). DeepXDE can be used to solvemulti-physics

problems, and supports complex-geometry domains based on the technique of

constructive solid geometry (CSG), hence avoiding tedious and time-consuming

computational geometry tasks. By using DeepXDE, from the implementation

point of view, time-dependent PDEs can be solved as easily as steady states by

only defining the initial conditions. In addition to themainworkflowofDeepXDE,

users can readilymonitor andmodify the solution process via callback functions,

e.g., monitoring the Fourier spectrum of the neural network solution, which can

reveal the learning mode of the NN Fig. 5.2. Last but not least, DeepXDE is

designed to make the user code stay compact and manageable, resembling closely

the mathematical formulation.

The chapter is organized as follows. In Section 5.2, after briefly introducing

deep neural networks and automatic differentiation, we present the algorithm, ap-

proximation theory, and error analysis of PINNs, andmake a comparison between

PINNs and FEM. We then discuss how to use PINNs to solve integro-differential

equations and inverse problems. In addition, we propose the residual-based

adaptive refinement (RAR) method to improve the training efficiency of PINNs.

In Section 5.3, we introduce the usage of our library, DeepXDE, and its customiz-

ability. In Section 5.4, we demonstrate the capability of PINNs and friendly use of

DeepXDE for five different examples. Finally, we conclude the chapter in Section

5.5.

com/lululxvi/deepxde

https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
https://github.com/lululxvi/deepxde
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5.2 Algorithm and theory of physics-informed neural

networks

In this section, we first provide a brief overview of deep neural networks and

automatic differentiation, and present the algorithm and theory of PINNs for

solving PDEs. We thenmake a comparison between PINNs and FEM, and discuss

how to use PINNs to solve integro-differential equations and inverse problems.

Next we propose RAR, an efficient way to select the residual points adaptively

during the training process.

5.2.1 Deep neural networks

Mathematically, a deep neural network is a particular choice of a compositional

function. The simplest neural network is the feed-forward neural network (FNN),

also calledmultilayer perceptron (MLP), which applies linear and nonlinear trans-

formations to the inputs recursively. Although many different types of neural

networks have been developed in the past decades, such as the convolutional neu-

ral network and the recurrent neural network. In this chapter we consider FNN,

which is sufficient for most PDE problems, and residual neural network (ResNet),

which is easier to train for deep networks. However, it is straightforward to employ

other types of neural networks.

Let N!(x) : R3in → R3out be a !-layer neural network, or a (! − 1)-hidden layer

neural network, with #ℓ neurons in the ℓ -th layer (#0 = 3in, #! = 3out). Let us

denote the weight matrix and bias vector in the ℓ -th layer byW ℓ ∈ R#ℓ×#ℓ−1
and

bℓ ∈ R#ℓ , respectively. Given a nonlinear activation function �, which is applied



111

element-wisely, the FNN is recursively defined as follows:

input layer: N0(x) = x ∈ R3in ,

hidden layers: Nℓ (x) = �(W ℓNℓ−1(x) + bℓ ) ∈ R#ℓ , for 1 ≤ ℓ ≤ ! − 1,

output layer: N!(x) =W !N!−1(x) + b! ∈ R3out ;

see also a visualization of a neural network in Fig. 5.1. Commonly used activation

functions include the logistic sigmoid 1/(1 + 4−G), the hyperbolic tangent (tanh),

and the rectified linear unit (ReLU, max{G, 0}).

5.2.2 Automatic differentiation

In PINNs, it is required to compute the derivatives of the network outputs with

respect to the network inputs. There are four possible methods for computing

the derivatives [16, 143]: (1) hand-coded analytical derivative; (2) finite difference

or other numerical approximations; (3) symbolic differentiation (used in soft-

ware programs such as Mathematica, Maxima, and Maple); and (4) automatic

differentiation (AD, also called algorithmic differentiation). In deep learning, the

derivatives are evaluated using backpropagation [186], a specialized technique of

AD.

Considering the fact that the neural network represents a compositional func-

tion, then AD applies the chain rule repeatedly to compute the derivatives. There

are two steps in AD: one forward pass to compute the values of all variables, and

one backward pass to compute the derivatives. To demonstrate AD, we consider
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a FNN of only one hidden layer with two inputs G1 and G2 and one output H:

E = −2G1 + 3G2 + 0.5,

ℎ = tanh E,

H = 2ℎ − 1.

The forward pass and backward pass of AD for computing the partial derivatives

%H
%G1

and

%H
%G2

at (G1, G2) = (2, 1) are shown in Table 5.1.

We can see that AD only requires one forward pass and one backward pass

to compute all the partial derivatives, no matter what the input dimension is. In

contrast, using finite differences computing each partial derivative

%H
%G8

requires two

function valuations H(G1, . . . , G8 , . . . , G3in) and H(G1, . . . , G8 +ΔG8 , . . . , G3in) for some

small number ΔG8 , and thus in total 3in+1 forward passes are required to evaluate

all the partial derivatives. Hence, AD is much more efficient than finite difference

when the input dimension is high (see [16, 143] for more details of the comparison

between AD and the other three methods). To compute =Cℎ-order derivatives, AD

can be applied recursively = times. However, this nested approach may lead to

inefficiency and numerical instability, and hence other methods, e.g., Taylor-Mode

AD, have been developed for this purpose [21, 22]. Finally we note that with AD

we differentiate the NN and therefore we can deal with noisy data [170].
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Table 5.1: Example of AD to compute the partial derivatives

%H
%G1

and

%H
%G2

at (G1 , G2) = (2, 1).

Forward pass Backward pass

G1 = 2

%H
%H = 1

G2 = 1

E = −2G1 + 3G2 + 0.5 = −0.5
%H
%ℎ =

%(2ℎ−1)
%ℎ = 2

ℎ = tanh E ≈ −0.462

%H
%E =

%H
%ℎ

%ℎ
%E =

%H
%ℎ sech

2(E) ≈ 1.573

H = 2ℎ − 1 = −1.924

%H
%G1

=
%H
%E

%E
%G1

=
%H
%E × (−2) = −3.146

%H
%G2

=
%H
%E

%E
%G2

=
%H
%E × 3 = 4.719

5.2.3 Physics-informedneuralnetworks (PINNs) for solvingPDEs

We consider the following PDE parameterized by λ for the solution D(x) with

x = (G1, . . . , G3) defined on a domain Ω ⊂ R3:

5

(
x;

%D

%G1

, . . . ,
%D

%G3
;

%2D

%G1%G1

, . . . ,
%2D

%G1%G3
; . . . ;λ

)
= 0, x ∈ Ω, (5.1)

with suitable boundary conditions

ℬ(D, x) = 0 on %Ω,

where ℬ(D, x) could be Dirichlet, Neumann, Robin, or periodic boundary condi-

tions. For time-dependent problems, we consider time C as a special component

of x, and Ω contains the temporal domain. The initial condition can be simply

treated as a special type of Dirichlet boundary condition on the spatio-temporal

domain.

The algorithm of PINN [120, 181] is shown in Procedure 1, and visually in

the schematic of Fig. 5.1 solving a diffusion equation
%D
%C = � %2D

%G2
with mixed

boundary conditions D(G, C) = 6�(G, C) on Γ� ⊂ %Ω and
%D
%n(G, C) = 6'(D, G, C)
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x

t

σ

σ

...

σ

σ

σ

...

σ

û

NN(x, t;θ)
∂
∂t

∂2

∂x2

∂û
∂t − λ∂2û

∂x2

PDE(λ)

I

∂
∂n

û(x, t)− gD(x, t)

∂û
∂n (x, t)− gR(u, x, t)

BC & IC

Loss θ∗

Tf

Tb

Minimize

Figure 5.1: Schematic of a PINN for solving the diffusion equation
%D
%C = � %2D

%G2
withmixed boundary

conditions (BC) D(G, C) = 6�(G, C) on Γ� ⊂ %Ω and
%D
%n (G, C) = 6'(D, G, C) on Γ' ⊂ %Ω. The initial

condition (IC) is treated as a special type of boundary conditions. T5 and T1 denote the two sets of

residual points for the equation and BC/IC.

Procedure 1: The PINN algorithm for solving differential equations.

Step 1 Construct a neural network D̂(x;θ)with parameters θ.

Step 2 Specify the two training sets T5 and T1 for the equation and bound-

ary/initial conditions.

Step 3 Specify a loss function by summing the weighted !2
norm of both the

PDE equation and boundary condition residuals.

Step 4 Train the neural network to find the best parameters θ∗ byminimizing

the loss function ℒ(θ;T ).
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on Γ' ⊂ %Ω. We explain each step as follows. In a PINN, we first construct a

neural network D̂(x;θ) as a surrogate of the solution D(x), which takes the input

x and outputs a vector with the same dimension as D. Here, θ = {W ℓ , bℓ }1≤ℓ≤!
is the set of all weight matrices and bias vectors in the neural network D̂. One

advantage of PINNs by choosing neural networks as the surrogate of D is that we

can take the derivatives of D̂ with respect to its input x by applying the chain rule

for differentiating compositions of functions using the automatic differentiation

(AD), which is conveniently integrated in machine learning packages, such as

TensorFlow [1] and PyTorch [171].

In the next step, we need to restrict the neural network D̂ to satisfy the physics

imposed by the PDE and boundary conditions. In practice, we restrict D̂ on

some scattered points (e.g., randomly distributed points, or clustered points in

the domain [142]), i.e., the training data T = {x1, x2, . . . , x|T |} of size |T |. In

addition, T is comprised of two sets T5 ⊂ Ω and T1 ⊂ %Ω, which are the points in

the domain and on the boundary, respectively. We refer T5 and T1 as the sets of

“residual points”.

To measure the discrepancy between the neural network D̂ and the constraints,

we consider the loss function defined as the weighted summation of the !2
norm

of residuals for the equation and boundary conditions:

ℒ(θ;T ) = F 5ℒ 5 (θ;T5 ) + F1ℒ1(θ;T1), (5.2)
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where

ℒ 5 (θ;T5 ) =
1

|T5 |
∑
x∈T5





 5 (
x;

%D̂

%G1

, . . . ,
%D̂

%G3
;

%2D̂

%G1%G1

, . . . ,
%2D̂

%G1%G3
; . . . ;λ

)



2

2

,

ℒ1(θ;T1) =
1

|T1 |
∑
x∈T1
‖ℬ(D̂ , x)‖2

2
,

and F 5 and F1 are the weights. The loss involves derivatives, such as the partial

derivative %D̂/%G1 or the normal derivative at the boundary %D̂/%n = ∇D̂ ·n, which

are handled via AD.

In the last step, the procedure of searching for a good θ by minimizing the

loss ℒ(θ;T ) is called “training”. Considering the fact that the loss is highly

nonlinear and non-convex with respect to θ [23], we usually minimize the loss

function by gradient-based optimizers, such as gradient descent, Adam [112], and

L-BFGS [29]. We remark that based on our experience, for smooth PDE solutions

L-BFGS can find a good solution with less iterations than Adam, because L-BFGS

uses second-order derivatives of the loss function, while Adam only relies on first-

order derivatives. However, for stiff solutions L-BFGS is more likely to be stuck at

a bad local minimum. The required number of iterations highly depends on the

problem (e.g., the smoothness of the solution), and to check whether the network

converges or not, we can monitor the loss function or the PDE residual using

callback functions. We also note that acceleration of training can be achieved by

using adaptive activation function that may remove bad local minima, see [98, 97].

Unlike traditional numerical methods, for PINNs there is no guarantee of

unique solutions, because PINN solutions are obtained by solving non-convex

optimizationproblems,which ingeneral donot have aunique solution. Inpractice,

to achieve a good level of accuracy, we need to tune all the hyperparameters, e.g.,
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network size, learning rate, and the number of residual points. The required

network size depends highly on the smoothness of the PDE solution. For example,

a small network (e.g., a few layers and twenty neurons per layer) is sufficient for

solving the 1D Poisson equation, but a deeper and wider network is required for

the 1D Burgers equation to achieve a similar level of accuracy. We also note that

PINNs may converge to different solutions from different network initial values

[170, 212, 88], and thus a common strategy is that we train PINNs from random

initialization for a few times (e.g., 10 independent runs) and choose the network

with the smallest training loss as the final solution.

In the algorithm of PINN introduced above, we enforce soft constraints of

boundary/initial conditions through the loss ℒ1 . This approach can be used for

complex domains and any type of boundary conditions. On the other hand, it

is possible to enforce hard constraints for simple cases [119]. For example, when

the boundary condition is D(0) = D(1) = 0 with Ω = [0, 1], we can simply choose

the surrogate model as D̂(G) = G(G − 1)N(G) to satisfy the boundary condition

automatically, whereN(G) is a neural network.

We note that we have great flexibility in choosing the residual points T , and

here we provide three possible strategies:

1. We can specify the residual points at the beginning of training, which could

be grid points on a lattice or random points, and never change them during

the training process.

2. In each optimization iteration, we could select randomly different residual

points.

3. We could improve the location of the residual points adaptively during
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training, e.g., the method proposed in Section 5.2.8.

When the number of residual points required is very large, e.g., in multiscale

problems, it is computationally expensive to calculate the loss and gradient in

every iteration. Instead of using all residual points, we can split the residual

points into small batches, and in each iteration we only use one batch to calculate

the loss and update model parameters; this is the so-called “mini-batch” gradient

descent. The aforementioned strategy (2), i.e., re-sampling in each step, is a special

case of mini-batch gradient descent by choosing T = Ωwith |T | = ∞.

Recent studies show that for function approximation, neural networks learn

target functions from low to high frequencies [179, 226], but here we show that

the learning mode of PINNs is different due to the existence of high-order deriva-

tives. For example, when we approximate the function 5 (G) = ∑
5

:=1
sin(2:G)/(2:)

in [−�,�] by a NN, the function is learned from low to high frequency (Fig.

5.2A). However, when we employ a PINN to solve the Poisson equation − 5GG =∑
5

:=1
2: sin(2:G) with zero boundary conditions in the same domain, all frequen-

cies are learned almost simultaneously (Fig. 5.2B). Interestingly, by comparing

Fig. 5.2A and B we can see that at least in this case solving the PDE using a PINN

is faster than approximating a function using a NN. We can monitor this training

process using the callback functions in our library DeepXDE as discussed later.

5.2.4 Approximation theory and error analysis for PINNs

One fundamental question related to PINNs is whether there exists a neural net-

work satisfying both the PDE equation and the boundary conditions, i.e., whether

there exists a neural network that can simultaneously and uniformly approximate
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Figure 5.2: Convergence of the amplitude for each frequency during the training process. (A)

A neural network is trained to approximate the function 5 (G) = ∑
5

:=1
sin(2:G)/(2:). The color

represents amplitude values with the maximum amplitude for each frequency normalized to 1.

(B) A PINN is used to solve the Poisson equation − 5GG =
∑

5

:=1
2: sin(2:G) with zero boundary

conditions. We use a neural network of 4 hidden layers and 20 neurons per layer. The learning

rate is chosen as 10
−4
, and 500 random points are sampled for training.

a function and its partial derivatives. To address this question, we first introduce

some notation. Let Z3+ be the set of 3-dimensional nonnegative integers. For

m = (<1, . . . , <3) ∈ Z3+, we set |m| B <1 + · · · + <3, and

�m B
%|m|

%G<1

1
. . . %G<3

3

.

We say 5 ∈ �m(R3) if �k 5 ∈ �(R3) for all k ≤ m, k ∈ Z3+, where �(R3) = { 5 :

R3 → R| 5 is continuous} is the space of continuous functions. Then, we recall the

following theorem of derivative approximation using single hidden layer neural

networks due to Pinkus [173].

Theorem 5.2.1. Let m8 ∈ Z3+, 8 = 1, . . . , B, and set < = max8=1,...,B |m8 |. Assume

� ∈ �<(R) and � is not a polynomial. Then the space of single hidden layer neural nets

ℳ(�) B B?0={�(w · x + 1) : w ∈ R3 , 1 ∈ R}
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Figure 5.3: Illustration of errors of a PINN. The total error consists of the approximation error,

the optimization error, and the generalization error. Here, D is the PDE solution, Dℱ is the best

function close to D in the function space ℱ , DT is the neural network whose loss is at a global

minimum, and D̃T is the function obtained by training a neural network.

is dense in

�m1 ,...,mB (R3) B ∩B8=1
�m8 (R3),

i.e., for any 5 ∈ �m1 ,...,mB (R3), any compact  ⊂ R3, and any � > 0, there exists a

6 ∈ ℳ(�) satisfying

max

x∈ 
|�k 5 (x) − �k6(x)| < �,

for all k ∈ Z3+ for which k ≤ m8 for some 8.

Theorem 5.2.1 shows that feed-forward neural nets with enough neurons can

simultaneously and uniformly approximate any function and its partial deriva-

tives. However, neural networks in practice have limited size. Let ℱ denote

the family of all the functions that can be represented by our chosen neural net-

work architecture. The solution D is unlikely to belong to the family ℱ , and

we define Dℱ = arg min 5 ∈ℱ ‖ 5 − D‖ as the best function in ℱ close to D (Fig.

5.3). Because we only train the neural network on the training set T , we define

DT = arg min 5 ∈ℱ ℒ( 5 ;T ) as the neural network whose loss is at global minimum.

For simplicity, we assume that D, Dℱ and DT are well defined and unique. Find-

ing DT by minimizing the loss is often computationally intractable [23], and our

optimizer returns an approximate solution D̃T .
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We can then decompose the total error ℰ as [26]

ℰ B ‖D̃T − D‖ ≤ ‖D̃T − DT ‖︸       ︷︷       ︸
ℰopt

+ ‖DT − Dℱ ‖︸       ︷︷       ︸
ℰgen

+ ‖Dℱ − D‖︸     ︷︷     ︸
ℰapp

.

The approximation error ℰapp measures how closely Dℱ can approximate D. The

generalization errorℰgen is determined by the number/locations of residual points

in T and the capacity of the family ℱ . Neural networks of larger size have smaller

approximation errors but could lead to higher generalization errors, which is

called bias-variance tradeoff. Overfitting occurs when the generalization error

dominates. In addition, the optimization error ℰopt stems from the loss function

complexity and the optimization setup, such as learning rate and number of

iterations. However, currently there is no error estimation for PINNs yet, and

even quantifying the three errors for supervised learning is still an open research

problem [138, 137, 101].

5.2.5 Comparison between PINNs and FEM

To further explain the ideas of PINNs and to help those with the knowledge of

FEM understand PINNs more easily, we make a comparison between PINNs and

FEM point by point (Table 5.2):

• In FEMwe approximate the solution D by a piecewise polynomial with point

values to be determined, while in PINNs we construct a neural network as

the surrogate model parameterized by weights and biases.

• FEM typically requires a mesh generation, while PINN is totally mesh-free,

and we can use either a grid or random points.



122

• FEM converts a PDE to an algebraic system, using the stiffness matrix and

massmatrix, while PINN embeds the PDE and boundary conditions into the

loss function.

• In the last step, the algebraic system in FEM is solved exactly by a linear

solver, but the network in PINN is learned by a gradient-based optimizer.

At a more fundamental level, PINNs provide a nonlinear approximation to the

function and its derivatives whereas FEM represent a linear approximation.

Table 5.2: Comparison between PINN and FEM.

PINN FEM

Basis function Neural network (nonlinear) Piecewise polynomial (linear)

Parameters Weights and biases Point values

Training points Scattered points (mesh-free) Mesh points

PDE embedding Loss function Algebraic system

Parameter solver Gradient-based optimizer Linear solver

Errors ℰapp, ℰgen and ℰopt (Section 5.2.4) Approximation/quadrature errors

Error bounds Not available yet Partially available [47, 102]

5.2.6 PINNs for solving integro-differential equations

When solving integro-differential equations (IDEs), we still employ the auto-

matic differentiation technique to analytically derive the integer-order derivatives,

whilewe approximate integral operators numerically using classicalmethods (Fig.

5.4) [170], such as Gaussian quadrature. Therefore, we introduce a fourth error

component, the discretization error ℰdis, due to the approximation of the integral

by Gaussian quadrature.
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For example, when solving

3H

3G
+ H(G) =

∫ G

0

4 C−GH(C)3C,

we first use Gaussian quadrature of degree = to approximate the integral

∫ G

0

4 C−GH(C)3C ≈
=∑
8=1

F84
C8(G)−GH(C8(G)),

and thenwe use a PINN to solve the following PDE instead of the original equation

3H

3G
+ H(G) ≈

=∑
8=1

F84
C8(G)−GH(C8(G)).

PINNs can also be easily extended to solve FDEs [170] and SDEs [235, 227, 151, 234],

but we do not discuss here such cases due to the page limit.

f
(
∂
∂t ,

∂
∂x ,

∂2

∂x2 ,
∫
·dx,

(
∂
∂t

)γ
, (−∆)

α
2 , . . .

)
u = 0PDE

∫
·dx,

(
∂
∂t

)γ
, (−∆)

α
2 , . . . ∂

∂t ,
∂
∂x ,

∂2

∂x2 , . . .

Quadrature,
FDM, FEM, ...

Discrete schemes

AD

Analytical expression

Representation via neural network
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Figure 5.4: Schematic illustrating the modificaiton of the PINN algorithm for solving integro-

differential equations. We employ the automatic differentiation technique to analytically derive

the integer-order derivatives, and we approximate integral operators numerically using standard

methods. (The figure is reproduced from [170].)
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5.2.7 PINNs for solving inverse problems

In inverse problems, there are some unknown parameters λ in Eq. (5.1), but

we have some extra information on some points T8 ⊂ Ω besides the differential

equation and boundary conditions:

ℐ(D, x) = 0, for x ∈ T8 .

From the implementation point of view, PINNs solve inverse problems as easily

as forward problems [181, 170]. The only difference between solving forward and

inverse problems is that we add an extra loss term to Eq. (5.2):

ℒ(θ,λ;T ) = F 5ℒ 5 (θ,λ;T5 ) + F1ℒ1(θ,λ;T1) + F8ℒ8(θ,λ;T8),

where

ℒ8(θ,λ;T8) =
1

|T8 |
∑
x∈T8
‖ℐ(D̂ , x)‖2

2
.

We then optimize θ and λ together, and our solution is

θ∗,λ∗ = arg min

θ,λ
ℒ(θ,λ;T ).

5.2.8 Residual-based adaptive refinement (RAR)

As we discussed in Section 5.2.3, the residual points T are usually randomly

distributed in the domain. This works well for most cases, but it may not be

efficient for certain PDEs that exhibit solutions with steep gradients. Take the

Burgers equation as an example, intuitively we should put more points near the
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sharp front to capture the discontinuitywell. However, it is challenging, in general,

to design a good distribution of residual points for problems whose solution is

unknown. To overcome this challenge, we propose a residual-based adaptive

refinement (RAR) method to improve the distribution of residual points during

training process (Procedure 2), conceptually similar to FEM refinement methods

[3]. The idea of RAR is that we will add more residual points in the locations

where the PDE residual
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is smaller than a threshold ℰ0, where + is the volume of Ω.

Procedure 2: RAR for improving the distribution of residual points for

training.

Step 1 Select the initial residual points T , and train the neural network for

a limited number of iterations.

Step 2 Estimate the mean PDE residual ℰA in Eq. (5.3) by Monte Carlo

integration, i.e., by the average of values at a set of randomly sampled

dense locations S = {x1, x2, . . . , x|S|}:

ℰA ≈
1

|S|
∑
x∈S
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 .
Step 3 Stop if ℰA < ℰ0. Otherwise, add < new points with the largest

residuals in S to T , retrain the network, and then go to Step 2.

5.3 DeepXDE usage and customization

In this section, we introduce the usage of DeepXDE and how to customize Deep-

XDE to meet new problem requirements.



126

5.3.1 Usage

Compared to traditional numerical methods, the code written with DeepXDE is

much shorter and more comprehensive, resembling closely the mathematical for-

mulation. Solving differential equations in DeepXDE is no more than specifying

the problem using the build-in modules, including computational domain (geom-

etry and time), PDE equations, boundary/initial conditions, constraints, training

data, neural network architecture, and training hyperparameters. The workflow

is shown in Procedure 3 and Fig. 5.5.

Procedure 3: Usage of DeepXDE for solving differential equations.

Step 1 Specify the computational domain using the geometrymodule.

Step 2 Specify the PDE using the grammar of TensorFlow.

Step 3 Specify the boundary and initial conditions.

Step 4 Combine the geometry, PDE and boundary/initial conditions to-

gether into data.PDE or data.TimePDE for time-independent prob-

lems or for time-dependent problems, respectively. To specify train-

ing data, we can either set the specific point locations, or only set

the number of points and then DeepXDE will sample the required

number of points on a grid or randomly.

Step 5 Construct a neural network using the mapsmodule.

Step 6 Define a Model by combining the PDE problem in Step 4 and the

neural net in Step 5.

Step 7 Call Model.compile to set the optimization hyperparameters, such

as optimizer and learning rate. The weights in Eq. (5.2) can be set

here by loss_weights.

Step 8 Call Model.train to train the network from random initialization or

a pre-trained model using the argument model_restore_path. It is
extremely flexible to monitor andmodify the training behavior using

callbacks.

Step 9 Call Model.predict to predict the PDE solution at different locations.

In DeepXDE, the built-in primitive geometries include interval, triangle,
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Geometry Differential
equations

Boundary/initial
conditions Neural net

Training data data.PDE or
data.TimePDE Model

Model.compile(...)Model.train(...,
callbacks=...)Model.predict(...)

Figure 5.5: Flowchart of DeepXDE corresponding to Procedure 3. The white boxes define the

PDE problem and the training hyperparameters. The blue boxes combine the PDE problem and

training hyperparameters in the white boxes. The orange boxes are the three steps (from right to

left) to solve the PDE.

rectangle, polygon, disk, cuboid and sphere. Other geometries can be con-

structed from these primitive geometries using three boolean operations: union

(|), difference (-) and intersection (&). This technique is called construc-

tive solid geometry (CSG), see Fig. 5.6 for examples. CSG supports both two-

dimensional and three-dimensional geometries.

A B

A | B

A - B

A & B

| &

-

Figure 5.6: Examples of constructive solid geometry (CSG) in 2D. (left) A and B represent the

rectangle and circle, respectively. The union �|�, difference � − �, and intersection �&� are

constructed from A and B. (right) A complex geometry (top) is constructed from a polygon, a

rectangle and two circles (bottom) through the union, difference, and intersection operations. This

capability is included in the module geometry of DeepXDE.

DeepXDE supports four standard boundary conditions, including Dirichlet

(DirichletBC),Neumann (NeumannBC), Robin (RobinBC), andperiodic (PeriodicBC),

and a more general BC can be defined using OperatorBC. The initial condition

can be defined using IC. There are two types of neural networks available in
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DeepXDE: feed-forward neural network (maps.FNN) and residual neural network

(maps.ResNet). It is also convenient to choose different training hyperparameters,

such as loss types, metrics, optimizers, learning rate schedules, initializations and

regularizations.

In addition to solving differential equations, DeepXDE can also be used to ap-

proximate functions from multi-fidelity data [146], and learn nonlinear operators

[135].

5.3.2 Customizability

All the components of DeepXDE are loosely coupled, and thus DeepXDE is well-

structured and highly configurable. In this subsection, we discuss how to cus-

tomize DeepXDE to address new problem requirements, e.g., new geometry or

network architecture.

Geometry

As we introduced above, DeepXDE has already supported 7 basic geometries and

theCSG technique. However, it is still possible that the user needs a newgeometry,

which cannot be constructed in DeepXDE. In this situation, a new geometry can be

defined as shown in Procedure 4. CurrentlyDeepXDEdoes not support accurately

descriptions of complex curvilinear boundaries; however, a future extension could

be incorporation of the non-uniform rational basis spline (NURBS) [94] for such

representations.
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Procedure 4: Customization of the new geometry module MyGeometry.
The class methods should only be implemented as needed.

1 class MyGeometry(Geometry):
2 def inside(self, x):
3 """Check if x is inside the geometry."""
4 def on_boundary(self, x):
5 """Check if x is on the geometry boundary."""
6 def boundary_normal(self, x):
7 """Compute the unit normal at x for Neumann or Robin boundary conditions.

"""
8 def periodic_point(self, x, component):
9 """Compute the periodic image of x for periodic boundary condition."""

10 def uniform_points(self, n, boundary=True):
11 """Compute the equispaced point locations in the geometry."""
12 def random_points(self, n, random="pseudo"):
13 """Compute the random point locations in the geometry."""
14 def uniform_boundary_points(self, n):
15 """Compute the equispaced point locations on the boundary."""
16 def random_boundary_points(self, n, random="pseudo"):
17 """Compute the random point locations on the boundary."""

Neural networks

DeepXDE currently supports two neural networks: feed-forward neural network

(maps.FNN) and residual neural network (maps.ResNet). A new network can be

added as shown in Procedure 5.

Procedure 5: Customization of the neural network MyNet.

1 class MyNet(Map):
2 @property
3 def inputs(self):
4 """Return the net inputs."""
5 @property
6 def outputs(self):
7 """Return the net outputs."""
8 @property
9 def targets(self):

10 """Return the targets of the net outputs."""
11 def build(self):
12 """Construct the network."""

Callbacks

It is usually a good strategy to monitor the training process of the neural network,

and then make modifications in real time, e.g., change the learning rate. In
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DeepXDE, this can be implemented by adding a callback function, and here we

only list a few commonly used ones already implemented in DeepXDE:

• ModelCheckpoint, which saves the model after certain epochs or when a

better model is found.

• OperatorPredictor, which calculates the values of the operator applying

on the outputs.

• FirstDerivative, which calculates the first derivative of the outpus with

respect to the inputs. This is a special case of OperatorPredictor with the

operator being the first derivative.

• MovieDumper, which dumps the movie of the function during the training

progress, and/or the movie of the spectrum of its Fourier transform.

It is very convenient to add other callback functions, which will be called at

different stages of the training process, see Procedure 6.

Procedure 6: Customization of the callback MyCallback. Here, we only

show how to add functions to be called at the beginning/end of every

epoch. Similarly, we can call functions at the other training stages, such

as at the beginning of training.

1 class MyCallback(Callback):
2 def on_epoch_begin(self):
3 """Called at the beginning of every epoch."""
4 def on_epoch_end(self):
5 """Called at the end of every epoch."""
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5.4 Demonstration examples

In this section, we use PINNs and DeepXDE to solve different problems. In all ex-

amples, we use the tanh as the activation function, and the other hyperparameters

are listed in Table 5.3. The weights F 5 , F1 and F8 in the loss function are set as 1.

The codes of all examples are published in GitHub.

Table 5.3: Hyperparameters used for the following 5 examples. “Adam, L-BFGS” represents that

we first use Adam for a certain number of iterations, and then switch to L-BFGS. The optimizer

L-BFGS does not require learning rate, and the neural network is trained until convergence, so the

number of iterations is also ignored for L-BFGS.

Example NN Depth NNWidth Optimizer Learning rate # Iterations

1 4 50 Adam, L-BFGS 0.001 50000

2 3 20 Adam, L-BFGS 0.001 10000

3 3 40 Adam 0.001 60000

4 3 20 Adam 0.001 80000

5 4 20 L-BFGS - -

5.4.1 Poisson equation over an L-shaped domain

Consider the following two-dimensional Poisson equation over an L-shaped do-

main Ω = [−1, 1]2 \ [0, 1]2:

−ΔD(G, H) = 1, (G, H) ∈ Ω,

D(G, H) = 0, (G, H) ∈ %Ω.

We choose 1200 and 120 random points drawn from a uniform distribution as T5
and T1 , respectively. The PINN solution is given in Fig. 5.7B. For comparison, we

also present the numerical solution obtained by using the spectral elementmethod
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(SEM) [105] (Fig. 5.7A). The result of the absolute error is shown in Fig. 5.7C.

A B C

Figure 5.7: Example 5.4.1. Comparison of the PINN solution with the solution obtained by using

spectral element method (SEM). (A) the SEM solution D(�" , (B) the PINN solution D## , (C) the
absolute error |D(�" − D## |.

5.4.2 RAR for Burgers equation

We first consider the 1D Burgers equation:

%D

%C
+ D %D

%G
= �

%2D

%G2

, G ∈ [−1, 1], C ∈ [0, 1],

D(G, 0) = − sin(�G), D(−1, C) = D(1, C) = 0.

Let � = 0.01/�. Initially, we randomly select 2500 points (spatio-temporal domain)

as the residual points, and then 40 more residual points are added adaptively via

RAR developed in Section 5.2.8 with < = 1, |S| = 100000 and ℰ0 = 0.005. The

training procedure after adding new points is shown in Table 5.3. We compare the

PINN solution with RAR and the PINN solution based on 2540 randomly selected

training data (Fig. 5.8 A and B), and demonstrate that PINNwith RAR can capture

the discontinuity much better. For a comparison, the finite difference solutions

using central difference scheme for space discretization and forward Euler scheme

for time discretization for the Burgers equation in the conservative form are also

shown in Fig. 5.8A. Here, we also present two examples for the residual points

added via the RARmethod. As shown in Fig. 5.8 C andD, the added points (green
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crosses) are quite close to the sharp interface, which indicates the effectiveness of

RAR.

We further solve the following two-dimensional Burgers equation using the

RAR:

%CD + D%GD + E%HD =
1

Re

(%2

GD + %2

HD),

%CE + D%GE + E%HE =
1

Re

(%2

GE + %2

HE),

G, H ∈ [0, 1], and C ∈ [0, 1],

where D and E are the velocities along the G and H directions, respectively. In

addition, Re is a non-dimensional number (Reynolds number) defined as Re =

*!/�, in which * and ! are respectively the characteristic velocity and length,

and � is the kinematic viscosity of fluid. The exact solution can be obtained [11] as

D(G, H, C) = 3

4

− 1

4

[
1 + exp((−4G + 4H − C)Re/32)

] ,
E(G, H, C) = 3

4

+ 1

4

[
1 + exp((−4G + 4H − C)Re/32)

] ,
using theDirichlet boundary conditions on all boundaries. In the present study, Re

is set to be 5000, which is quite challenging due to the fact that the high Reynolds

number leads to steep gradient in the solution. Initially, 200 residual points are

randomly sampled in the spatio-temporal domain, and 5000 and 1000 random

points are used for each initial and boundary conditions, respectively. We only

add 10 extra residual points usingRAR, and the total number of the residual points

is 210 after convergence. For comparison, we also test the case without the RAR

using 210 randomly sampled residual points. The results are displayed in Fig. 5.8

E and F, demonstrating the effectiveness of RAR.
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Figure 5.8: Example 5.4.2. Comparisons of the PINN solutions of (A, B, C and D) 1D and (E

and F) 2D Burgers equations with and without RAR. (A) The cyan, green and red lines represent

the reference solution of D from [181], PINN solution without RAR, PINN solution with RAR at

C = 0.9, respectively. For the finite difference (FD) method, 200×100 = 20000 spatial-temporal grid

points are used to achieve a good solution (blue line). If only 60×40 = 2400 points are used, the FD

solution has large oscillations around the discontinuity (brown line). (B) !2
relative error versus

the number of residual points. The red solid line and shaded region correspond to the mean and

one-standard-deviation band for the !2
relative error of PINN with RAR, respectively. The blue

dashed line is the mean and one-standard-deviation for the error of PINN using 2540 random

residual points. The mean and standard deviation are obtained from 10 runs with random initial

residual points. (C and D) Two representative examples for the residual points added via RAR.

Black dots: initial residual points; green cross: added residual points; 6 and 11 residual points are

added in C and D, respectively. (E and F) Comparison of the velocity profiles at H = 2

3
from the

PINNs with and without RAR for the 2D Burgers equation. The profiles at three different times

(C = 0.2, 0.5 and 1) are presented with C increasing along the direction of the arrow.
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5.4.3 Inverse problem for the Lorenz system

Consider the parameter identification problem of the following Lorenz system

3G

3C
= �(H − G),

3H

3C
= G(� − I) − H, 3I

3C
= GH − �I,

with the initial condition (G(0), H(0), I(0)) = (−8, 7, 27), where �, � and � are the

three parameters to be identified from the observations at certain times. The

observations are produced by solving the above system to C = 3 using Runge-

Kutta (4,5) with the underlying true parameters (�, �, �) = (10, 15, 8/3). We choose

400 uniformly distributed random points and 25 equispaced points as the residual

pointsT5 andT8 , respectively. The evolution trajectories of �, � and � are presented

in Fig. 5.9A, with the final identified values of (�, �, �) = (10.002, 14.999, 2.668).
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Figure 5.9: Examples 5.4.3 and 5.4.4. The identified values of (A) the Lorenz system and (B)
diffusion-reaction system converge to the true values during the training process. The parameter

values are scaled for plotting.
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5.4.4 Inverse problem for diffusion-reaction systems

A diffusion-reaction system in porous media for the solute concentrations ��, ��

and �� (� + 2�→ �) is described by

%��
%C

= �
%2��

%G2

− : 5���2

� ,
%��
%C

= �
%2��

%G2

− 2: 5���
2

� , G ∈ [0, 1], C ∈ [0, 10],

��(G, 0) = ��(G, 0) = 4−20G , ��(0, C) = ��(0, C) = 1, ��(1, C) = ��(1, C) = 0,

where � = 2 × 10
−3

is the effective diffusion coefficient, and : 5 = 0.1 is the

effective reaction rate. Because � and : 5 depend on the pore structure and are

difficult to measure directly, we estimate � and : 5 based on 40000 observations

of the concentrations �� and �� in the spatio-temporal domain. The identified �

(1.98×10
−3
) and : 5 (0.0971) are displayed in Fig. 5.9B, which agree well with their

true values.

5.4.5 Volterra IDE

Here, we consider the first-order integro-differential equation of the Volterra type

in the domain [0, 5]:

3H

3G
+ H(G) =

∫ G

0

4 C−GH(C)3C, H(0) = 1,

with the exact solution H(G) = 4−G cosh G. We solve this IDE using the method in

Section 5.2.6, and approximate the integral using Gaussian-Legendre quadrature

of degree 20. The !2
relative error is 2 × 10

−3
, and the solution is shown in Fig.

5.10.
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Figure 5.10: Example 5.4.5. The PINN algorithm for solving Volterra IDE. The blue solid line is the

exact solution, and the red dash line is the numerical solution from PINN. 12 equispaced residual

points (black dots) are used.

5.5 Concluding remarks

In this chapter, we present the algorithm, approximation theory, and error anal-

ysis of the physics-informed neural networks (PINNs) for solving different types

of partial differential equations (PDEs). Compared to the traditional numerical

methods, PINNs employ automatic differentiation to handle differential operators,

and thus they are mesh-free. Unlike numerical differentiation, automatic differ-

entiation does not differentiate the data and hence it can tolerate noisy data for

training. We also discuss how to extend PINNs to solve other types of differential

equations, such as integro-differential equations, and also how to solve inverse

problems. In addition, we propose a residual-based adaptive refinement (RAR)

method to improve the distribution of residual points during the training process,

and thus increase the training efficiency.

To benefit both the education and the computational science communities, we

have developed the Python library DeepXDE, an implementation of PINNs. By

introducing the usage of DeepXDE, we show that DeepXDE enables user codes to

be compact and follow closely themathematical formulation. We also demonstrate



138

how to customize DeepXDE to meet new problem requirements. Our numerical

examples for forward and inverse problems verify the effectiveness of PINNs

and the capability of DeepXDE. Scientific machine learning is emerging as a new

and potentially powerful alternative to classical scientific computing, so we hope

that libraries such as DeepXDE will accelerate this development and will make it

accessible to the classroom but also to other researchers who may find the need to

adopt PINN-like methods in their research, which can be very effective especially

for inverse problems.

Despite the aforementioned advantages, PINNs still have some limitations.

For forward problems, PINNs are currently slower than finite elements but this

can be alleviated via offline training [243, 223]. For long time integration, one can

also use time-parallel methods to simultaneously compute on multiple GPUs for

shorter time domains [147]. Another limitation is the search for effective neural

network architectures, which is currently done empirically by users; however,

emerging meta-learning techniques can be used to automate this search, see [244,

64]. Moreover, while here we enforce the strong form of PDEs, which is easy to

be implemented by automatic differentiation, alternative weak/variational forms

may also be effective, although they require the use of quadrature grids.
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6.1 Introduction

Over the last three centuries, mathematical models based on calculus have been

employed to both predict and interpret physical phenomena around us, estab-

lishing fundamental laws that generalize well. Reflecting on the 25 centuries of
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mathematics, from the Pythagoreans, to Newton’s law, and relativity theories or

the uncertainty principle, new descriptions of physical phenomena have followed

the mathematics prevalent at that time together with prior knowledge. While

calculus has served science well, new fundamental developments are slow and

have not established any governing principles in some fields, e.g., in the emerging

field of social dynamics. In the era of artificial intelligence and data analytics, the

question is then if there are any more expressive representations that can be em-

ployed to accelerate scientific discovery. Classical calculus and partial differential

equations (PDEs) or their stochastic variants, taught diligently in colleges around

the globe, have been effective in the era of the “pursuit of simplicity” [213], but

they may be inefficient or even inadequate to represent complex inter-connected

systems or systems of systems with non-local interactions [222]. There is nothing

unique about the calculus we use currently, and a concrete example is offered

in [76], where the same set of data can be represented with the same accuracy

by either an integer-order three-term PDE (in the form of the familiar advection-

diffusion system) or by an unfamiliar two-term fractional order PDE, hence using

the more expressive fractional calculus for discovering a new more compact PDE

for time-dependent advection-diffusion systems.

Here, we investigate the possibility of formulating an alternative calculus-

agnostic simple and fast way of describing an operator and its dynamics implicitly

based on a give data set. More broadly, with the anticipated frequent human-robot

interactions in the not too distant future, we address the question on how to best

educate the new generations on quantitative inference and how to endow new

robots with the required intelligence. Following the current paradigm, one ap-

proach would be to teach robots calculus, i.e., one integral or differential operator

at a time, and train them to synthesize and solve such PDEs at blazing speeds to
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make quantitative decisions, sense their environment, and communicate with hu-

mans; however, this seems computationally prohibitive. An alternative direction

is to train them using new means in learning nonlinear operators and functionals

that compactly express very complex dynamics without the need for resorting to

prior knowledge of 17th-century calculus. A similar paradigm for discovering

new physics concepts with no prior knowledge was provided in [96] using NNs

and representation learning.

Towards the aforementioned high level goal, we will need to develop new

types ofNNs that go beyond the universal function approximation and supervised

data [49, 91], and approximate functionals and nonlinear operators instead. As a

first step, we resort to a little known but powerful theorem, the universal operator

approximation theorem [37], which states that a NN with a single hidden layer can

approximate accurately any nonlinear continuous functional (a mapping from a

space of functions into the real numbers) [35, 148, 184] or (nonlinear) operator (a

mapping from a space of functions into another space of functions) [37, 36]. To

wit, let � be an operator taking an input function D with �(D) the corresponding

output function. For any point H in the domain of �(D), the output �(D)(H) is a

real number. Hence, the network takes inputs composed of two parts: D and H,

and outputs �(D)(H) (Fig. 6.1A). Although our goal is to learn operators, which

take a function as input, we have to represent these input functions discretely,

so that network approximations can be applied. We envision that in the future

such functions will be represented by other NNs. Here, we explore different

representations of the input function, with the simplest one based on the function

values at a sufficient but finite number of locations {G1, G2, . . . , G<}, which we call

“sensors” (Fig. 6.1A). There are other ways to represent a function, e.g. with

spectral expansions or as an image, and we demonstrate these in the examples
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below. In particular, we demonstrate that we can design NNs that can represent

accurately both explicit known operators, e.g., integrals, transforms, fractional

derivatives and fractional Laplacians, as well as implicit operators known from

classical calculus such as nonlinear, deterministic and stochastic ordinary and

partial differential equations. The proposedNNsgeneralizeswell, so given unseen

functions they predict the action of the operator or predict the solution of the

dynamical system accurately.

6.2 Materials and Methods

Next, we state the theorem due to Chen & Chen [37] (see Section D.1 for more

details), based on which we propose the new NN, and subsequently we present

data generation and a new theorem that relates the number and type of data with

the accuracy of the input functions.

Theorem 6.2.1 (Universal Approximation Theorem for Operator). Suppose that

� is a continuous non-polynomial function, - is a Banach Space,  1 ⊂ -,  2 ⊂ R3

are two compact sets in - and R3, respectively, + is a compact set in �( 1), � is a

nonlinear continuous operator, which maps + into �( 2). Then for any & > 0, there are

positive integers =, ?, <, constants 2:
8
, �:

89
, �:

8
, �: ∈ R, F: ∈ R3, G 9 ∈  1, 8 = 1, . . . , =,

: = 1, . . . , ?, 9 = 1, . . . , <, such that�����������
�(D)(H) −

?∑
:=1

=∑
8=1

2:8 �
©­«
<∑
9=1

�:89D(G 9) + �:8
ª®¬︸                            ︷︷                            ︸

1A0=2ℎ

�(F: · H + �:)︸           ︷︷           ︸
CAD=:

�����������
< & (6.1)

holds for all D ∈ + and H ∈  2.
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This approximation theorem is indicative of the potential application of neural

networks to learnnonlinear operators fromdata, i.e., similar to standardNNwhere

we learn functions from data. However, this theorem does not inform us how to

learn operators efficiently. The overall accuracy of NNs can be characterized by

dividing the total error into three main types: approximation, optimization, and

generalization errors [26, 138, 101, 137]. The universal approximation theorem only

guarantees a small approximation error for a sufficiently large network, but it does

not consider the important optimization and generalization errors at all, which

are often dominant contributions to the total error in practice. Useful networks

should be easy to train, i.e., to exhibit small optimization error, and generalize well

to unseen data, i.e., to exhibit small generalization error.

To demonstrate the capability and effectiveness of learning nonlinear operators

by neural networks, we set up the problem as general as possible by using the

weakest possible constraints on the sensors and training dataset. Specifically, the

only condition required is that the sensor locations {G1, G2, . . . , G<} are the same

but not necessarily on a lattice for all input functions D, while we do not enforce

any constraints on the output locations H (Fig. 6.1B). However, even this constraint

can be lifted and it is only used here for computational expediency. We propose

a specific new network architecture, the deep operator network (DeepONet), to

achieve small total errors. We will demonstrate that unlike fully-connected neural

networks (FNNs), DeepONet significantly improves generalization based on a

design of two sub-networks, the branch net for the input function and the trunk-net

for the locations to evaluate the output function. The key point is that we discover

a newoperator� as aNN,which is able tomake inferences for quantities of interest

given new and unseen data. If we wish to further interpret the type of operator

� using the familiar classical calculus, we can project the results of �(D)(H) onto a
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dictionary containing first- or higher-order derivatives, gradients, Laplacians, etc.,

as it is done currently with existing regression techniques [27, 185]. Returning to

the aforementioned example put forward by Gulian et al. [76], using the initial

conditions as the function D(G)we can train the operator � offline and then we can

predict the dynamics for new unseen boundary conditions with error 10
−4

or less

at a fraction of a second.

A Inputs & Output
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u(x1)
u(x2)
· · ·
u(xm)
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Network G(u)(y) ∈ R
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at random location y

...
...
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C Stacked DeepONet
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Figure 6.1: A proposal for new architectures that lead to good generalization. Illustrations of

the problem setup and architectures of DeepONets. (A) For the network to learn an operator

� : D ↦→ �(D) it takes two inputs [D(G1), D(G2), . . . , D(G<)] and H. (B) Illustration of the training

data. For each input function D, we require that we have the same number of evaluations at the

same scattered sensors G1 , G2 , . . . , G< . However, we do not enforce any constraints on the number

or locations for the evaluation of output functions. (C) The stacked DeepONet in Theorem 6.2.1

has one trunk network and ? stacked branch networks. (D) The unstacked DeepONet has one

trunk network and one branch network.

We consider two types of implicit operators, i.e., dynamical systems (e.g., in the

form of ordinary differential equations, ODEs) and partial differential equations

(PDEs). Some works [172, 240] used standard NNs to identify dynamical sys-

tems, but they only considered systems described by difference equations. Some

other works [157, 180, 178, 62] predict the evolution of a specific dynamical system



146

rather than identifying the system behavior for new unseen input signals. The

network architectures they employed includes FNNs [180], recurrent neural net-

works (RNNs) [157], reservoir computing [157], residual networks [178], autoen-

coder [62], neural ordinary differential equations [38], and neural jump stochastic

differential equations [99]. For identifying PDEs, some works treat the input and

output function as an image, and then use convolutional neural networks (CNNs)

to learn the image-to-image mapping [223, 243], but this approach can be only

applied to the particular type of problems, where the sensors of the input function

D are distributed on an equispaced grid, and the training data must include all the

�(D)(H) values with H also on an equispaced grid. In another approach without

this restriction, PDEs are parameterized by unknown coefficients, and then only

the coefficient values are identified fromdata [27, 185, 235, 170, 136]. Alternatively,

a generalized CNN based on generalized moving least squares [214] can be used

for unstructured data, but it can only approximate local operators and is not able to

learn other operators like an integral operator. In the examples we present below

we will explore other representations of the discrete function input space.

DeepONet architecture. We focus on learning operators in a more general set-

ting, where the only requirement for the training dataset is the consistency of the

sensors {G1, G2, . . . , G<} for input functions. In this general setting, the network

inputs consist of two separate components: [D(G1), D(G2), . . . , D(G<)]) and H (Fig.

6.1A), and the goal is to achieve good performance by designing the network ar-

chitecture. One straightforward solution is to directly employ a classical network,

such as FNN, CNN or RNN, and concatenate two inputs together as the network

input, i.e., [D(G1), D(G2), . . . , D(G<), H]) . However, the input does not have any

specific structure, and thus it is not meaningful to choose networks like CNN or

RNN; here we use a FNN as the baseline model.
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In high dimensional problems, H is a vector with 3 components, so the di-

mension of H does not match the dimension of D(G8) for 8 = 1, 2, . . . , < any more.

This also prevents us from treating D(G8) and H equally, and thus at least two

sub-networks are needed to handle [D(G1), D(G2), . . . , D(G<)]) and H separately.

Although the universal approximation theorem (Theorem 6.2.1) does not have

any guarantee on the total error, it still provides us with a network structure in

Eq. (6.1). Theorem 6.2.1 only considers a shallow network with one hidden layer,

so we extend it to deep networks to gain expressivity. The architecture we pro-

pose is shown in Fig. 6.1C. First there is a “trunk” network, which takes H as the

input and outputs [C1, C2, . . . , C?]) ∈ R? . In addition to the trunk network, there

are ? “branch” networks, and each of them takes [D(G1), D(G2), . . . , D(G<)]) as the

input and outputs a scalar 1: ∈ R for : = 1, 2, . . . , ?. We merge them together

as in Eq. (6.1): �(D)(H) ≈ ∑?

:=1
1:C: . We note that the trunk network also applies

activation functions in the last layer, i.e., C: = �(·) for : = 1, 2, . . . , ?, and thus this

trunk-branch network can also be seen as a trunk network with each weight in the

last layer parameterized by another branch network instead of the classical single

variable. We also note that in Eq. (6.1) the last layer of each 1: branch network

does not have bias. Although bias is not included in Theorem 6.2.1, adding bias

may increase the performance by reducing the generalization error (Fig. 6.2). In

addition to adding bias to the branch networks, we also add a bias 10 ∈ R in the

last stage: �(D)(H) ≈ ∑?

:=1
1:C: + 10.

In practice, ? is at least of the order of 10, andusing lots of branchnetworks is in-

efficient. Hence, wemerge all the branch networks into one single branch network

(Fig. 6.1D), i.e., a single branch network outputs a vector [11, 12, . . . , 1?]) ∈ R? . In

the first DeepONet (Fig. 6.1C), there are ? branch networks stacked parallel, so we

name it “stacked DeepONet”, while we refer to the second DeepONet (Fig. 6.1D)
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as “unstacked DeepONet”. All versions of DeepONets are implemented in Deep-

XDE [136], a user-friendly Python library designed for scientificmachine learning.

The loss function we used is the mean squared error (MSE) between the true value

of �(D)(H) and the network prediction for the input ([D(G1), D(G2), . . . , D(G<)], H).

DeepONet is a high-level network architecture without defining the architec-

tures of its inner trunk and branch networks. To demonstrate the capability and

good performance of DeepONet alone, we choose the simplest FNN as the archi-

tectures of the sub-networks in this study. It is possible that using convolutional

layers we could further improve accuracy. However, convolutional layers usu-

ally work for square domains with {G1, G2, . . . , G<} on a equispaced grid, so as

alternative and for a more general setting we may use the “attention” mechanism

[219].

Embodying some prior knowledge into neural network architectures usually

induces good generalization. This inductive bias has been reflected in many

networks, such as CNN for images and RNN for sequential data. The success of

DeepONet even using FNN as its sub-networks is also due to its strong inductive

bias. The output �(D)(H) has two independent inputs D and H, and thus using

the trunk and branch networks explicitly is consistent with this prior knowledge.

More broadly, �(D)(H) can be viewed as a function of H conditioning on D. Finding

an effective way to represent the conditioning input is still an open question, and

different approaches have been proposed, such as feature-wise transformations

[59].

Data generation. The input function D(G) plays an important role in operator

identification; in this study, we mainly consider the following function spaces:
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Gaussian randomfields (GRF), spectral representations, and formulating the input

functions as images; more details are given in Section D.2.

In order to estimate how many sensors are required to achieve accuracy �, we

consider the following ODE system:

Problem 1


3
3Gs(G) = g(s(G), D(G), G)

s(0) = s0
, (6.2)

where D ∈ + (a compact subset of �[0, 1]) is the input signal, and s : [0, 1] → R 

is the solution of system (6.2) serving as the output signal.

Let � be the operator mapping the input D to the output s, i.e., �(D) satisfies

�(D)(G) = s0 +
∫ G

0

g(�(D)(C), D(C), C)3C.

Now, we choose uniformly < + 1 points G 9 = 0 + 9(1 − 0)/<, 9 = 0, 1, · · · , < from

[0, 1], and define the function D<(G) as follows:

D<(G) = D(G 9) +
D(G 9+1) − D(G 9)
G 9+1 − G 9

(G − G 9), G 9 ≤ G ≤ G 9+1, 9 = 0, 1, · · · , < − 1.

Denote the operator mapping D to D< by ℒ< , and let*< = {ℒ<(D)|D ∈ +}, which

is a compact subset of �[0, 1], since + is compact and continuous operator ℒ<
keeps the compactness. Obviously, ,< B + ∪ *< as the union of two compact

sets is also compact. Then, set , B
⋃∞
8=1
,8 , and the Lemma in Section D.4

points out that , is still a compact set. Since � is a continuous operator, �(,)

is compact in �([0, 1];R ). Let ℬ[�(,)] and ℬ[,] be the unions of the ranges

of the functions in �(,) and , , respectively, and then ℬ[�(,)] and ℬ[,] are

compact due to the compactness of �(,) and, . For convenience of analysis, we
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assume that g(s, D, G) satisfies the Lipschitz condition with respect to s and D on

ℬ[�(,)] × ℬ[,], i.e., there is a constant 2 > 0 such that

‖g(s1, D, G) − g(s2, D, G)‖2 ≤ 2‖s1 − s2‖2
‖g(s, D1, G) − g(s, D2, G)‖2 ≤ 2 |D1 − D2 |

.

Note that this condition is easy to achieve, for instance, as long as g is differentiable

with respect to s and D on ℬ[�(,)] × ℬ[,].

For D ∈ +, D< ∈ *< , there exists a constant �(<,+) depending on < and

compact space + , such that

max

G∈[0,1]
|D(G) − D<(G)| ≤ �(<,+), �(<,+) → 0 0B < →∞. (6.3)

When+ is GRF with the Gaussian kernel, we have �(<,+) ∼ 1

<2 ;2
, see Section D.3

for the proof. Based on the these concepts, we have the following theorem.

Theorem 6.2.2. Suppose that < is a positive integer making 2(1 − 0)�(<,+)4 2(1−0) less

than �, then for any 3 ∈ [0, 1], there existW1 ∈ R=×(<+1), 11 ∈ R<+1,W2 ∈ R ×= , 12 ∈

R , such that

‖�(D)(3) − (W2 · �(W1 · [D(G0) · · · D(G<)]) + 11) + 12)‖2 < �

holds for all D ∈ + .

Proof. The proof can be found in Section D.4. �
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6.3 Results and Discussion

We first show how to learn explicit operators, e.g., integration, fractional deriva-

tive and the 2D fractional Laplacian, and demonstrate small generalization error

for different representations of the discrete input space + . We then present how

to learn implicit operators, including a deterministic PDE and two stochastic dif-

ferential equations. The parameter values for all examples are listed in Section

D.5, and the verification of the Hölder continuity of all the explicit and implicit

operators considered in this study is shown in Section D.13.

6.3.1 Learning explicit operators

First, we consider a pedagogical example described by

3B(G)
3G

= 6(B(G), D(G), G), G ∈ (0, 1],

with an initial condition (IC) B(0) = 0. Our goal is to predict B(G) over the

whole domain [0, 1] for any D(G). We first consider a linear problem by choosing

6(B(G), D(G), G) = D(G), which is equivalent to learning the antiderivative operator.

That is,

Problem 1.A
3B(G)
3G

= D(G), and � : D(G) ↦→ B(G) = B0+
∫ G

0

D(�)3�, G ∈ [0, 1].

(6.4)

We train FNNs and residual neural networks (ResNets) [87] to learn the antideriva-

tive operator. To obtain the best performance of FNNs, we grid search the three

hyperparameters: depth from 2 to 4, width from 10 to 2560, and learning rate from

0.0001 to 0.01. The mean squared errors (MSE) of the test dataset with learning
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rate 0.01, 0.001, and 0.0001 are shown in Fig. D.1. Although we only choose depth

up to 4, the results show that increasing the depth further does not improve the

test error. Among all these hyperparameters, the smallest test error ∼ 7 × 10
−5

is

obtained for the network with depth 2, width 2560, and learning rate 0.001. We

observe that when the network is small, the training error is large and the general-

ization error (the difference between test error and training error) is small, due to

small expressivity. When the network size increases, the training error decreases,

but the generalization error increases. We stop the training before FNNs reach the

overfitting region, where the test error increases. Similarly, for ResNets, we grid

search the two hyperparameters: the number of residual blocks from 1 to 5, and

width from 10 to 320. We note that one residual block includes two dense layers

with a shortcut connection, and each ResNet has one hidden layer before the first

residual bock and one hidden layer after the last residual block [87], and thus a

ResNet has in total (3+2# residual block) layers. We choose the learning rate as

0.001 based on the previous results of FNNs. Among all these hyperparameters,

the smallest test error ∼ 1 × 10
−4

is obtained for the ResNet with 1 residual block

and width 20.

Compared to FNNs and ResNets, DeepONets have much smaller general-

ization error and thus smaller test error. Here we do not aim to find the best

hyperparameters, and only test the performance of the two DeepONets listed Ta-

ble D.3. The training trajectory of an unstacked DeepONet with bias is shown

in Fig. 6.2B, and the generalization error is negligible. We observe that for both

stacked and unstacked DeepONets, adding bias to branch networks reduces both

training and test errors (Fig. 6.2A); DeepONets with bias also have smaller un-

certainty, i.e., they are more stable for training from random initialization (Fig.

6.2A). Compared to stacked DeepONets, although unstacked DeepONets have
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larger training error, the test error is smaller, due to the smaller generalization

error. Therefore, unstacked DeepONets with bias achieve the best performance.

In addition, unstacked DeepONets have fewer number of parameters than stacked

DeepONets, and thus can be trained faster using much less memory. We also

provide the examples of Legendre transform in Section D.6 and nonlinear ODE in

Section D.7 with more details on the accuracy and architecture. In the following

study, we will use unstacked DeepONets.
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Figure 6.2: Learning explicit Operators using different + spaces and different architectures. Top

row: Effect of architectures. Errors ofDeepONets trained to learn the antiderivative operator (linear

case). (A) The training/test errors of stacked/unstacked DeepONets with/without bias compared

to the best test error and the corresponding training error of FNNs and ResNets. The error

bars are the one-standard-derivation from 10 runs with different training/test data and network

initialization. (B) The training trajectory of an unstacked DeepONet with bias. Lower row: Effect

of space + . (C) learning the Caputo fractional derivative: poly-fractonomials vs Legendre vs GRF.

(D) Learning the fractional Laplacian on a disk. The + space consists of the Zernike polynomials.

In addition to the aforementioned integral operator, we consider integro-

differential operators, namely, fractional differential operators, in order to demon-
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strate the flexibility of DeepONets to learn more complicated operators. The first

fractional differential operator we learn is the 1D Caputo fractional derivative

[174]:

Problem 2

�(D)(H, 
) : D(G) ↦→ B(H, 
) = 1

Γ(1 − 
)

∫ H

0

(H − �)−
D′(�)3�, H ∈ [0, 1], 
 ∈ (0, 1),

where 
 and D′(·) are the fractional order and first derivative of D, respectively. The

domain of output function now includes two variables H and 
. We concatenate

H and 
 to form an augmented Ĥ = [H, 
]) and then feed Ĥ to the trunk net.

We consider the influence of different + spaces on the generalization error of

DeepONets. These spaces include two orthogonal polynomial spaces spanned

by poly-factonomials [230] and Legendre polynomials, as well as the GRF. More

details can be found in Section D.12. Fig. 6.2C shows the generalization errors for

the three different + spaces. We see that small generalization errors are achieved

for all of the cases. The generalization error for GRF is slightly larger than those

for orthogonal polynomial spaces, since for GPR we select different characteristic

lengths ;’s in the RBF kernel for training and test sets.

The second fractional differential operator we learn is the 2D Riesz fractional

Laplacian [132]:

Problem 3

�(D)(H, 
) : D(G) ↦→ B(H, 
) =
2

Γ(1 + 


2
)

�|Γ(−

2
)| × p.v.

∫
R2

D(H) − D(�)
‖H − �‖2+


2

3�, 
 ∈ (0, 2),

where “p.v.” means principle value. The input andout functions are both assumed

to be identically zero outside of a unit disk centered at the origin. The 2D fractional
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Laplacian reduces to standard Laplacian Δ as the fractional order 
 goes to two.

For learning this operator, we specify the + space to be the orthogonal space

spanned by the Zernike polynomials [24], which are commonly used to generate or

approximate functions defined on a unit disk. Fig. 6.2D (inset) displays the first 21

Zernikepolynomials; see amoredetaileddescriptionof thepolynomial expansions

in SectionD.2. Importantly, we consider twodifferentNNarchitectures: trunk and

unstacked branch nets versus CNNs. For the first architecture, in a similar manner

for handling the 1D Caputo derivative case, we feed the augmented Ĥ = [H, 
] to

the trunk net. For the CNN architecture, we rearrange the values of input and

output functions to 2D images inwhich “pixel” (or function) values are attached to

a lattice in the polar coordinate. We first utilize a CNN as an encoder to extract the

features of the input image, which reduces the high-dimensional input space to a

low-dimensional latent space, and then we employ another CNN as a decoder to

map the vector in the latent space to the output space. To accommodate the extra

parameter 
, we set the image consisting of values of �(H, 
:) for :-th 
 as the :-th

channel of the output image. As such,weobtain amulti-channel output image. We

observe from Fig. 6.2D that both architectures yield small generalization errors.

Moreover, the CNN architecture gains slightly higher operator approximation

accuracy than the branch-trunk nets. This is because the former sufficiently takes

advantage of the spatial structure of the training data. Nevertheless, DeepONet

is more flexible than CNN for unstructed data as we commented in preceding

paragraphs. More details are shown in Section D.12.
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6.3.2 DeepONet learns fast

An important question for the effectiveness of DeepONet is how fast it learns

new operators. We investigate this question by learning a system of ODEs first

and subsequently a nonlinear PDE. First, we consider the motion of a gravity

pendulum with an external force described by

Problem 1.B 3B1

3C
= B2,

3B2

3C
= −: sin B1 + D(C),

with an initial condition s(0) = 0, and : determined by the acceleration due to

gravity and the length of the pendulum. This problem is characterized by three

factors: (1) :, (2) maximum prediction time ), and (3) input function space. The

accuracy of learned networks is determined by four factors: (1) the number of

sensor points <; (2) training dataset size; (3) network architecture, (4) optimizer.

We investigate the effects of all these factors on the accuracy of DeepONet in

Section D.8 and verify our analysis on the number of sensors, but here we focus

on the convergence rate of the training process.

The test and generalization errors of networks with different width are shown

in Fig. 6.3. It is surprising that the test and generalization errors have exponential

convergence for small trainingdataset size. Even for a largedataset, thepolynomial

convergence rates are still higher than the classical G−0.5
in the learning theory [150].

This fast convergence reveals that DeepONets learn exponentially fast, especially

in the region of small dataset. Moreover, the transition point from exponential to

polynomial convergence depends on the network size, and a larger exponential

regime can be accomplished with a sufficiently large network.

Next, we learn an implicit operator in the form of a nonlinear diffusion-reaction
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Figure 6.3: Fast learning of implicit operators – a nonlinear pendulum. Initial exponential decay

of test/generalization error. The range of exponential convergence increases with the size of

the neural network. The test and generalization errors have exponential convergence for small

training datasets, and then converge with polynomial rates. The transition point from exponential

to polynomial (indicated by the arrow) convergence depends on the width, and a bigger network

has a later transition point.

PDE with a source term D(G) described by

Problem 4 %B

%C
= �

%2B

%G2

+ :B2 + D(G), G ∈ (0, 1), C ∈ (0, 1],

with zero initial/boundary conditions, where� = 0.01 is the diffusion coefficient,

and : = 0.01 is the reaction rate. We useDeepONets to learn the operatormapping

from D(G) to the PDE solution B(G, C). In the previous examples, for each input D,

we only use one random point of B(G) for training, and instead we may also use

multiple points of B(G). To generate the training dataset, we solve the diffusion-

reaction system using a second-order implicit finite difference method on a 100 by

100 grid, and then for each B we randomly select % points out of these 10000 (=

100× 100) grid points (Fig. D.8). Hence, the dataset size is equal to the product of

% by the number of D samples. We confirm that the training and test datasets do

not include the data from the same B.

We investigate the error tendency with respect to the number of D samples and
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Figure 6.4: Fast Learning of implicit operators – a diffusion-reaction system. Top-row: Comparison

of training and testing errors. Learning a diffusion-reaction system. (A) Training error (blue) and

test error (red) for different values of the number of random points % when 100 random D samples

are used. (B) Training error (blue) and test error (red) for different number of D samples when

% = 100. The shaded regions denote one-standard-derivation. Lower row: Learning a reaction-

diffusion system. The initial decay is exponential (%, D < 50) and the int transitions to algebraic

decay in terms of the % sampling point in G − C domain and the excitation function D(G, C). Error
convergence rates for different number of training data points. (C) Convergence of test error with

respect to % for different number of D samples. (D) Convergence of test error with respect to the

number of D samples for different values of %.
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the value of %. When we use 100 random D samples, the test error decreases first

as % increases (Fig. 6.4A), and then saturates due to other factors, such as the finite

number of D samples and fixed neural network size. We observe a similar error

tendency but with less saturation as the number of D samples increases with %

fixed (Fig. 6.4B). In addition, in this PDE problem the DeepONet is able to learn

from a small dataset, e.g., a DeepONet can reach the test error of ∼ 10
−5

when it is

only trained with 100 D samples (% = 1000). We recall that we test on 10000 grid

points, and thus on average each location point only has 100 × 1000/10000 = 10

training data points. For comparison, we train ResNets of different sizes with the

same setup, and the test error is of ∼ 10
−1

due to large generalization error (Table

D.4).

Before the error saturates, the rates of convergence with respect to both % and

the number of D samples obey a polynomial law in most of the range (Figs. 6.4C

and D). The rate of convergence versus % depends on the number of D samples,

and more D samples induce faster convergence until saturation (see the blue line

in Fig. D.9D). Similarly, the rate of convergence versus the number of D samples

depends on the value of % (see, the red line in Fig. D.9D). In addition, in the initial

range of the convergence, we observe an exponential convergence (see Figs. D.9A

and B). The coefficient 1/: in the exponential convergence 4−G/: also depends on

the number of D samples or the value of % (see Fig. D.9C). It is reasonable that

the convergence rate presented in Figs. D.9C and D increases with the number of

D samples or the value of %, because the total number of training data points is

equal to % × #D. However, by fitting the points, it is surprising that there is a clear

tendency in the form of either ln(G) or 4−G (Figs. D.9C and D), which we cannot

fully explain yet, and hence more theoretical and computational investigations are

required. We also provide the examples of advection equation in Section D.10 and
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advection-diffusion equation in Section D.11.

6.3.3 Learning stochastic operators

Next, we demonstrate that we can learn high-dimensional operators, so here we

consider a stochastic ODE and a stochastic PDE and present our main findings.

Consider the population growth model

Problem 5 3H(C;$) = :(C;$)H(C;$)3C, C ∈ (0, 1] and $ ∈ Ω, (6.5)

with H(0) = 1. Here Ω is the random space. The randomness comes from the

coefficient :(C;$); here, :(C;$) is modeled as a Gaussian random process such that

:(C;$) ∼ GP(:0(C),Cov(C1, C2)),

where themean :0(C) = 0 and the covariance function is Cov(C1, C2) = �2
exp(−‖C1−

C2‖2/2;2). We choose � = 1, and the correlation length ; is in the range [1, 2].

We use DeepONet to learn the operator mapping from :(C;$) of different

correlation lengths to the solution H(C;$). The main differences between this

example and the previous examples are that 1) here the input of the branch net is

a random process instead of a function, 2) the input of the trunk net contains both

physical spaces and random spaces. Specifically, to handle the random process as

the input, we employ the Karhunen-Loeve (KL) expansion,

:(C;$) ≈
#∑
8=1

√
�848(C)�8($),
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where # is the number of retained modes, �8 and 48(C) are the 8-th largest eigen-

value and its associated normalized eigenfunction of the covariance function, re-

spectively, and �1, . . . , �# are independent standard Gaussian random variables.

Then the input of the branch net is the # eigenfunctions scaled by the eigenvalues

[
√
�141(C),

√
�242(C), . . . ,

√
�# 4# (C)] ∈ R#×< ,

where

√
�848(C) =

√
�8[(48(C1), 48(C2)), . . . , 48(C<)] ∈ R< , and the input of the trunk

net is [C , �1, �2, . . . , �#] ∈ R#+1
.

We choose # = 5, which is sufficient to conserve 99.9% stochastic energy. We

train aDeepONetwith a dataset of 10000 different :(C;$)with ; randomly sampled

in [1, 2], and for each :(C;$)we use only one realization. The testMSE is 8.0 × 10
−5

± 3.4 × 10
−5
, and as an example the prediction for 10 different random samples

from :(C;$)with ; = 1.5 is in Fig. 6.5.
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Figure 6.5: DeepONet prediction for a stochastic ODE. The DeepONet prediction (dots) is very

close to the reference solution for 10 different random samples from :(G;$)with ; = 1.5.

Next, we consider the following elliptic problem with multiplicative noise

Problem 6 − div(41(G;$)∇D(G;$)) = 5 (G), G ∈ (0, 1) and $ ∈ Ω,
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with Dirichlet boundary conditions D(0) = D(1) = 0. The randomness comes

from the diffusion coefficient 41(G;$)
, and 1(G;$) ∼ GP(10(G),Cov(G1, G2)), where

the mean 10(G) = 0 and the covariance function is Cov(G1, G2) = �2
exp(−‖G1 −

G2‖2/2;2). In this example, we choose a constant forcing term 5 (G) = 10, and we

set the standard deviation � = 0.1 and correlation length in the range [1, 2].

We use DeepONet to learn the operator mapping from 1(G;$) of different

correlation lengths to the solution D(G;$). We train a DeepONet with a dataset of

10000 different 1(G;$) with ; randomly sampled in [1, 2], and for each 1(G, $) we

use only one realization. The testMSE is 2.0 × 10
−3 ± 1.7 × 10

−3
, and as an example

the prediction for 10 different random samples from 1(G;$) with ; = 1.5 is in Fig.

6.6. We have a relative larger error in this stochastic elliptic problem, and to reduce

the error further, we can remove outliers of the random variables {�1, �2, . . . , �# }

by clipping them to a bounded domain. For instance, if the random variables are

clipped to [−3.1, 3.1], which is sufficient large to keep 99% probability space, then

the test MSE is reduced to 9.4 × 10
−4 ± 3.0 × 10

−4
.
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Figure 6.6: DeepONet prediction for a stochastic elliptic equation. TheDeepONet prediction (dots)

is very close to the reference solution for 10 different random samples from 1(G;$)with ; = 1.5.
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6.4 Conclusion

We have formulated, for first time, the problem of learning operators in a gen-

eral setup, and proposed DeepONets to learn linear and nonlinear explicit and

implicit operators. In DeepONets, we first construct two sub-networks to encode

input functions and location variables separately, and thenmerge them together to

compute the output. We test DeepONets on learning explicit operators, including

fractional operators, as well as implicit operators in the form of deterministic and

stochastic ordinary/partial differential equations. Our two main findings are that

the generalization error is small, and that the training and testing errors decay fast

with respect to the training data size. In fact, we observed numerically exponential

fast learning for sufficiently large networks and transition to standard convergence

for large data sets. It is conceivable that a different type of architecture, a much

bigger size or a different type could maintain exponential fast learning for much

bigger data sizes. In our simulations, we studied systematically the effects on

the test error of different factors, including the number of sensors, maximum

prediction time, the complexity of the space of input functions, training dataset

size, and network size. Moreover, we derived theoretically the dependence of ap-

proximation error on different factors, which is consistent with our computational

results.

Despite the reported progress in this chapter, more work should be done both

theoretically and computationally. Training DeepOnet is much more computa-

tionally intensive than training standard NNs for function approximation, and

hence more research is needed in speeding up the training process and in for-

mulating efficient offline training strategies, including perhaps transfer learning

approaches. Here, we have employed known operators in order to evaluate the
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accuracy of DeepONet systematically, however, the real strength of DeepONet is

that it can discover new operators that are trained by multi-fidelity data or by

heterogeneous sources of experimental data and simulation data. We could also

endow the operator � with prior knowledge, e.g. translational and rotational

invariances as in CNN for imaging [211]. On the theoretical side, there have not

been any results on the network size for operator approximation, similar to the

bounds of width and depth for function approximation [80]. We also do not un-

derstand theoretically yet why DeepONets can induce small generalization errors.

On the other hand, in this chapter we use fully-connected neural networks for the

two sub-networks, but as we discussed in Materials and Methods, we can also

employ other network architectures, such as convolutional neural networks or the

“attention” mechanism. These modifications may improve further the accuracy

of DeepONets, and the example of using CNN with encoders and decoders for

learning the fractional Laplacian presented here is a first such indication.

In summary,wehave formulatedanew framework to learn linear andnonlinear

operators implicitly as NNs. In theory, all the operators of the classical integer

calculus but also of fractional calculus can be represented by carefully trainedNNs

as well as other transforms and even theorems, e.g. the Gauss theorem. An even

more exciting prospect is to use the big data available in social media to discover

new operators that will quantify the currently unknown laws of social dynamics.
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7.1 Summary

In this dissertation I have presented the theory, algorithms, and open-source soft-

ware of physics-informed deep learning, as well as the applications to engineering

problems.

Dying ReLU. In Chapter 2, we establish, to the best of our knowledge, the first

theoretical analysis on the dying ReLU. By focusing on the worst case of dying

ReLU, we define ‘the dying ReLU network’ which refers to the problem when

the ReLU network is dead. We categorize the dying process into two phases.

One phase is the event where the ReLU network is initialized to be a constant

function. We refer to this event as ‘the network is born dead’. The other phase

is the event where the ReLU network is collapsed after training. Certainly, the

first phase implies the second, but not vice versa. We show that the probability

that the network is born dead goes to 1 as the depth goes infinite. Also, we

provide an upper and a lower bound of the dying probability in 3in = 1 when

the standard symmetric initialization is used. Furthermore, in order to overcome

the dying ReLU networks, we propose a new initialization procedure, namely, a

randomized asymmetric initialization (RAI). We show that the RAI has a smaller

upper bound of the probability of NNs being born dead. By establishing the

expected length map relation (second moment analysis), all parameters needed

for the newmethod are theoretically designed. Numerical examples are provided

to demonstrate the performance of our method. We observe that the RAI does not

only overcome the dying ReLU but also improves the training and generalization

performance.



167

Generalization. In Chapter 3, we study the generalization error of neural net-

works for classification problems in terms of the data distribution and neural

network smoothness. We first establish a new framework for classification prob-

lems. We introduce the cover complexity (CC) to measure the difficulty of learning

a data set, an accuracy measure called 2-accuracy which is stronger than the stan-

dard classification accuracy, and the inverse of the modulus of continuity to quantify

neural network smoothness. Subsequently, we derive a quantitative bound for

the expected accuracy/error in Theorem 3.3.5, which considers both the cover

complexity and neural network smoothness. We validate our theoretical results

by several data sets of images. Our numerical results demonstrate that CC is a

reliable measure for the difficulty of learning to classify a data set. On the other

hand, we observe a clear consistency between test loss and neural network smooth-

ness during the training process. We also show that neural network smoothness

decreases when the network depth and width increases, and the effects of depth is

more significant than that of width, while the smoothness is insensitive to training

dataset size.

Multi-fidelity neural networks. We have demonstrated in Chapter 4 a gen-

eral framework for extracting elastic and plastic properties of engineering alloys

through a suite of unique approaches that combine the latest advances in depth-

sensing instrumented indentation with computational simulations of themechan-

ical properties of materials and the latest developments in deep learning using

neural networks. We have shown how different single-fidelity and multi-fidelity

approaches can be customized to extract different levels of accuracy, even when

only a small set of training data is available. Furthermore, our method establishes

how long-recognized and hitherto unaddressed limitations of extracting plastic

properties of materials from indentation data, such as uniqueness of the estimated



168

property values, systematic errors and uncertainties arising from the effects of tip

radius of nominally “sharp” indenters, can be overcome to produce a significantly

higher level of accuracy and fidelity in the inverse analysis approach. We have

introduced in this work three multi-fidelity approaches, along with single, dual

and multi-indenter analyses, with the goal of significantly reducing the required

number of high-fidelity datasets to achieve a chosen level of accuracy, and to signif-

icantly improve the accuracy and reliability of themechanical properties extracted

from depth-sensing instrumented indentation. Specifically, the methods outlined

here, are shown to:

1. significantly reduce the number of high-fidelity datasets needed to achieve

a chosen level of accuracy;

2. utilize previously established physical and scaling laws to improve the accu-

racy and training efficiency; and

3. integrate simulation data and experimental data (i.e., data fusion) for train-

ing and significantly reducing material and/or experimental setup related

systematic errors.

Our results are validated with independent experimental data and sources for

different types of wrought aluminum and 3D-printed titanium alloys.

Physics-informed neural networks. In Chapter 5, we present the algorithm, ap-

proximation theory, and error analysis of the physics-informed neural networks

(PINNs) for solving different types of partial differential equations (PDEs). Com-

pared to the traditional numerical methods, PINNs employ automatic differentia-

tion to handle differential operators, and thus they are mesh-free. Unlike numer-
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ical differentiation, automatic differentiation does not differentiate the data and

hence it can tolerate noisy data for training. We also discuss how to extend PINNs

to solve other types of differential equations, such as integro-differential equations,

and also how to solve inverse problems. In addition, we propose a residual-based

adaptive refinement (RAR) method to improve the distribution of residual points

during the training process, and thus increase the training efficiency.

DeepONet: Learning nonlinear operators. In Chapter 6, we have formulated,

for first time, the problem of learning operators in a general setup, and proposed

DeepONets to learn linear and nonlinear explicit and implicit operators. In Deep-

ONets, we first construct two sub-networks to encode input functions and location

variables separately, and thenmerge them together to compute the output. We test

DeepONets on learning explicit operators, including fractional operators, as well

as implicit operators in the form of deterministic and stochastic ordinary/partial

differential equations. Our two main findings are that the generalization error is

small, and that the training and testing errors decay fastwith respect to the training

data size. In fact, we observed exponential fast learning for sufficiently large net-

works and transition to standard convergence for large data sets. It is conceivable

that a different type of architecture, a much bigger size or a different type could

maintain exponential fast learning for much bigger data sizes. In our simulations,

we studied systematically the effects on the test error of different factors, including

the number of sensors, maximum prediction time, the complexity of the space of

input functions, training dataset size, and network size. Moreover, we derived

theoretically the dependence of approximation error on different factors, which is

consistent with our computational results.

In summary,wehave formulatedanew framework to learn linear andnonlinear
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operators implicitly as NNs. In theory, all the operators of the classical integer

calculus but also of fractional calculus can be represented by carefully trainedNNs

as well as other transforms and even theorems, e.g. the Gauss theorem. An even

more exciting prospect is to use the big data available in social media to discover

new operators that will quantify the currently unknown laws of social dynamics.

Open-source software: DeepXDE. To benefit both the education and the com-

putational science communities, we have developed the Python library DeepXDE

in Chapter 5, an implementation of PINNs. By introducing the usage of DeepXDE,

we show that DeepXDE enables user codes to be compact and follow closely the

mathematical formulation. We also demonstrate how to customize DeepXDE to

meet new problem requirements. Our numerical examples for forward and in-

verse problems verify the effectiveness of PINNs and the capability of DeepXDE.

Scientific machine learning is emerging as a new and potentially powerful alter-

native to classical scientific computing, so we hope that libraries such as DeepXDE

will accelerate this development and will make it accessible to the classroom but

also to other researchers who may find the need to adopt PINN-like methods in

their research, which can be very effective especially for inverse problems.

7.2 Future work

The proposed methods shall be further developed and generalized.

Multi-fidelity neural networks. There are several potentially appealing conse-

quences of the results obtained in Chapter 4.
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1. The approach described here provides unique pathways to extract critically

needed information on mechanical properties, which cannot be easily ob-

tained by other means, in a wide variety of engineering applications in-

volving both structural and functional materials of different types and size

scales.

2. With the cost-effectiveness and sophistication of instrumented indentation,

robotics and computing tools, the present approaches can readily be incor-

porated in a wide variety of manufacturing settings (such as those involving

3D printing) for in situ and real-time estimation of material properties.

3. The approach is also highly adaptable and dynamic in that refinements in

the choice of a particular deep learning approach can be made “on-the-

fly” depending on the processing conditions, specimen geometry, material

characteristics, speed of manufacturing, and the level of accuracy sought in

the extracted values of properties.

4. The approaches described here can also be further enhanced, with appropri-

ate modifications, to account for such factors as (a) the build-up of residual

stresses during the processing of the material, (b) level of anisotropy in

material properties, (c) multi-component architectures involving particle-

reinforced, fiber-reinforced or layered composite materials, and (d) tailoring

of surface and bulk properties through the deliberate introduction of struc-

tural, compositional, geometrical and property gradients.

Physics-informed neural networks. Despite the aforementioned advantages in

Chapter 5, PINNs still have some limitations. For forward problems, PINNs are

currently slower than finite elements but this can be alleviated via offline training

[243, 223]. For long time integration, one can also use time-parallel methods
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to simultaneously compute on multiple GPUs for shorter time domains. Another

limitation is the search for effectiveneural networkarchitectures,which is currently

done empirically by users; however, emerging meta-learning techniques can be

used to automate this search, see [244, 64]. Moreover, while here we enforce the

strong formof PDEs, which is easy to be implemented by automatic differentiation,

alternative weak/variational forms may also be effective, although they require

the use of quadrature grids.

DeepONet: Learning nonlinear operators. Despite the reported progress in

Chapter 6, more work should be done both theoretically and computationally.

Training DeepOnet is much more computationally intensive than training stan-

dard NNs for function approximation, and hence more research is needed in

speeding up the training process and in formulating efficient offline training strate-

gies, including perhaps transfer learning approaches. Here, we have employed

known operators in order to evaluate the accuracy of DeepONet systematically,

however, the real strength of DeepONet is that it can discover new operators that

are trained by multi-fidelity data or by heterogeneous sources of experimental

data and simulation data. We could also endow the operator � with prior knowl-

edge, e.g. translational and rotational invariances as in CNN for imaging [211].

On the theoretical side, there have not been any results on the network size for

operator approximation, similar to the bounds of width and depth for function

approximation [80]. We also do not understand theoretically yet why DeepONets

can induce small generalization errors. On the other hand, in this chapter we use

fully-connected neural networks for the two sub-networks, but as we discussed in

Materials and Methods, we can also employ other network architectures, such as

convolutional neural networks or the “attention”mechanism. Thesemodifications

may improve further the accuracy of DeepONets, and the example of using CNN
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with encoders and decoders for learning the fractional Laplacian presented here

is a first such indication.
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A.1 Proof of Theorem 2.3.1

The proof starts with the following lemma.

Lemma A.1.1. Let N!(x) be a !-layer ReLU neural network with #ℓ neurons at the

ℓ -th layer. Suppose all weights are randomly independently generated from probability

distributions satisfying %(W ℓ
9
z = 0) = 0 for any nonzero vector z ∈ R#ℓ−1 and any 9-th

row ofW ℓ . Then

%(N!(x) is born dead inD) = %(∃ ℓ ∈ {1, . . . , ! − 1} s.t. )(Nℓ (x)) = 0 ∀x ∈ D),

whereD ⊂ �A(0) = {x ∈ R3in |‖G‖ < A} for any A > 0.

Proof. Suppose N!(x) = N!(0) for all x ∈ D ⊂ �A(0). Then )(N!−1(x)) =

)(N!−1(0)) for all x ∈ D. If )(N!−1(x)) = )(N!−1(0)) = 0, we are done as

ℓ = !− 1. If it is not the case, there exists 9 in {1, · · · , #!−1} such that for all x ∈ D,

(N!−1(x))9 =W !−1

9 )(N!−2(x)) + b!−1

9 =W !−1

9 )(N!−2(0)) + b!−1

9

= (N!−1(0))9 > 0.

Thus we haveW !−1

9

(
)(N!−2(x)) − )(N!−2(0))

)
= 0 for all x ∈ D. Let consider the

following events:

�!−1 := {W !−1

9 )(N!−2(x)) =W !−1

9 )(N!−2(0)),∀x ∈ D},

'!−2 := {)(N!−2(x)) = )(N!−2(0)),∀x ∈ D}.

Note that %(�!−1 |'!−2) = 1. Also, since %(W ℓz) = 0 for any nonzero vector z, we
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have %(�!−1 |'2!−2
) = 0. Therefore,

%(�!−1) = %(�!−1 |'!−2)%('!−2) + %(�!−1 |'2!−2
)%('2!−2

) = %('!−2).

Thus we can focus on )(N!−2(x)) = )(N!−2(0)),∀x ∈ D. If )(N!−2(x)) =

)(N!−2(0)) = 0, we are done as ℓ = ! − 2. If it is not the case, it follows from

the similar procedure that )(N!−3(x)) = )(N!−3(0)) inD. By repeating these, we

conclude that

%(Nℓ (x) dies inD) = %(∃ ℓ ∈ {1, . . . , ! − 1} such that )(Nℓ (x))) = 0 ∀x ∈ D).

�

Proof. Let D ⊂ �A(0) ⊂ R3in be a training domain where A is any positive real

number. We consider a probability space (Ω, ℱ , %) where all random weight

matrices and bias vectors are defined on. For every ℓ ≥ 1, let ℱℓ be a sub-�-algebra

of ℱ generated by {W 9 , b9}1≤ 9≤ℓ . Since ℱ: ⊂ ℱℓ for : ≤ ℓ , (ℱℓ ) is a filtration. Let

us define the events of our interest {�ℓ }2≤ℓ where

�ℓ = {Nℓ (x) is born dead inD}
0.B.
= {∃ 9 ∈ {1, . . . , ℓ − 1} such that )(N 9(x)) = 0 ∀x ∈ D}

(A.1)

where the second equality is from Lemma A.1.1. Note that �ℓ is measurable in

ℱℓ−1. Here {bℓ }1≤ℓ could be either 0 or random vectors. Since N1(x) =W 1x + b1
,

%(�1) = 0. To calculate %(�ℓ ) for ℓ ≥ 2, let consider another event �ℓ ,: on

which exactly (#ℓ − :)-components of )(Nℓ (x)) are zero on D. For notational

completeness, we set �1,: = ∅ for 0 ≤ : < #1 and �1,#1
= Ω. Then since
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�ℓ−1,0 ⊂ �ℓ , we have

%(�ℓ ) ≥ %(�ℓ−1,0). (A.2)

We want to show limℓ→∞ %(�ℓ ,0) = 1. Since {�ℓ−1,:}0≤:≤#ℓ−1
is a partition of Ω, by

the total law of probability, we have

%(�ℓ ,B) =
#ℓ−1∑
:=0

%(�ℓ ,B |�ℓ−1,:)%(�ℓ−1,:),

where %(�ℓ ,0 |�ℓ−1,0) = 1, and %(�ℓ ,B |�ℓ−1,0) = 0,∀B ≥ 1. Since W ℓ
89
and bℓ

9
are

independently initialized, we have

%(�ℓ ,0 |�ℓ−1,:) =
(
%(〈W ℓ

9 , )(N
ℓ−1(x))〉 + bℓ9 < 0|�ℓ−1,:)

)#ℓ
≥ ?#ℓ

:
> 0,

where the second and the third inequalities hold from the assumption. Here

?: > 0 does not depend on ℓ . IfW ℓ
89
, bℓ

9
are randomly initialized from symmetric

distributions around 0,

%(�ℓ ,0 |�ℓ−1,:) ≥


(2−:)#ℓ if bℓ = 0

(2−(:+1))#ℓ if bℓ is generated from a symmetric distribution

Let define a transition matrix +ℓ of size (#ℓ−1 + 1) × (#ℓ + 1) such that the

(8 + 1, 9 + 1)-component is defined to be

+ℓ (8 + 1, 9 + 1) = %(�ℓ , 9 |�ℓ−1,8), where 0 ≤ 9 ≤ #ℓ and 0 ≤ 8 ≤ #ℓ−1.

Then given

�1 = [%(�1,0), %(�1,1), · · · , %(�1,#1
)] = [0, · · · , 0, 1] ∈ R#1+1,
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we have

�ℓ = �1+2 · · ·+ℓ = [%(�ℓ ,0), %(�ℓ ,1), · · · , %(�ℓ ,#ℓ )], ℓ ≥ 2.

Suppose #ℓ = # for all ℓ ≥ 1. Note that the first row of+ℓ is [1, 0, · · · , 0] for all

ℓ ≥ 2. Thus we have the following strictly increasing sequence {0ℓ }∞ℓ=1
:

0ℓ := (�ℓ )1 = %(�ℓ ,0).

Since 0ℓ ≤ 1, it converges, say, limℓ→∞ 0ℓ = 0 ≤ 1. Suppose 0 ≠ 1, i.e., 0 − 1 < 0

and let ?∗ = min1≤:≤# ?: . Then since 0:+1 = (�:+:+1)1, we have

0:+1 = 0: +
#∑
9=1

%(�:+1,0 |�:,9)(�:)9+1 ≥ 0: + (1 − 0:)(?−(#+1)
∗ )# .

Thus

0 ≤ 0 − 0:+1 ≤ 0 − 0: + (0: − 1)(?−(#+1)
∗ )# .

By taking limit on the both sides, we have

0 ≤ (0 − 1)(?−(#+1)
∗ )# < 0,

which leads a contradiction. Therefore, 0 = limℓ→∞ %(�ℓ ,0) = 1. It then follows

from Equation A.2 that

lim

ℓ→∞
%(Nℓ (x) is born dead inD) ≥ lim

ℓ→∞
%(�ℓ−1,0) = 1,

which completes the proof. �
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A.2 Proof of Theorem 2.3.2

Proof. Based on Lemma A.1.1, let consider

�ℓ = {∃ 9 ∈ {1, . . . , ℓ − 1} such that )(Nℓ (x))) = 0 ∀x ∈ D},

�2ℓ = {∀1 ≤ 9 < ℓ there exists x ∈ D such that )(N 9(x)) ≠ 0},

�̃2ℓ ,x = {∀1 ≤ 9 < ℓ , )(N
9(x)) ≠ 0},

�̃ℓ ,x = {∃ 9 ∈ {1, . . . , ℓ − 1} such that )(N 9(x)) = 0}.

Then if x ∈ D, �̃2
ℓ ,x ⊂ �

2
ℓ
. Thus it suffices to compute %(�̃2

ℓ ,x) as

%(�ℓ ) = 1 − %(�2ℓ ) ≤ 1 − %(�̃2ℓ ,x).

For x ≠ 0, let consider

* 9 ,x = {)(N 9(x)) = 0}, * 2
9,x = {)(N 9(x)) ≠ 0}.

Note that

⋃
1≤ 9<ℓ * 9 ,x = �̃ℓ ,x and �̃

2
ℓ ,x =

⋂
1≤ 9<ℓ *

2
9,x. Since %(�̃29,x |�̃ 9−1,x) = 0 for all

9, we have

%(�̃2ℓ ,x) = %(�̃
2
ℓ ,x |�̃

2
ℓ−1,x)%(�̃

2
ℓ−1,x) = · · · = %(�̃

2
1,x)

ℓ∏
9=2

%(�̃29,x |�̃29−1,x). (A.3)

Note that %(�̃2
1,x) = 1. Also, note that since the rows ofW ℓ

and bℓ
9
are independent,

%(�̃ 9 ,x |�̃29−1,x) =
#9−1∏
B=1

%
(
W

9−1

B )(N 9−2(x)) + b9−1

B ≤ 0|�̃29−1,x

)
. (A.4)
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Since the weight and biases are randomly drawn from symmetry distribution

around 0 and %
(
W

9−1

B )(N 9−2(x)) + b9−1

B = 0|�̃2
9−1,x

)
= 0, we obtain

%
(
W

9
B )(N 9−1(x)) + b9B ≤ 0|�̃29−1,x

)
=

1

2

.

Therefore, %(�̃ 9 ,x |�̃29−1,x) = 2
−#9−1

and thus, %(�̃2
9,x |�̃29−1,x) = 1 − 2

−#9−1
. It then

follows from Equation A.3 that

%(�̃2ℓ ,x) =
ℓ−1∏
9=1

(1 − 2
−#9 ),

which completes the proof. �

A.3 Proof of Theorem 2.3.3

Proof. We now assume 3in = 1, #ℓ = # and without loss of generality let D ⊂

[−A, A] be a training domain for any A > 0. Also we assume that all weights are

initialized from continuous symmetric probability distributions around 0. And

the biases are set to zeros.

Since 3in = 1, for each ℓ , there exist non-negative vectors v± ∈ R#ℓ+ such that

)(Nℓ (G)) = v+)(G) + v−)(−G). (A.5)

Let �ℓ ,0 be the event where )(Nℓ (G)) = 0, and let �ℓ ,1 be the event where

)(Nℓ (G)) = v+)(G), or v−)(−G), or v()(G) + 1)(−G))
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for some v±, v ∈ R#ℓ+ and 1 > 0. Let �ℓ ,2 be the event where

)(Nℓ (G)) = v+)(G) + v−)(−G)

for some linearly independent vectors v±. Then it can be checked that %(�ℓ+1,: |�ℓ ,B)

= 0 for all 2 ≥ : > B ≥ 0. Thus, it suffices to consider %(�ℓ+1,: |�ℓ ,B) where

0 ≤ : ≤ B ≤ 2. At ℓ = 1, since )(N1(x)) = )(W 1x) andD ⊂ [−A, A], we have

%(�1,0) = 0, %(�1,1) = 2
−#+1, %(�1,2) = 1 − 2

−#+1.

For ℓ > 1, it can be checked that %(�ℓ ,0 |�ℓ−1,0) = 1, %(�ℓ ,0 |�ℓ−1,1) = 2
−#

, and

thus %(�ℓ ,1 |�ℓ−1,1) = 1 − 2
−#

. For %(�ℓ ,0 |�ℓ−1,2) and %(�ℓ ,1 |�ℓ−1,2), we observe the

followings. In �ℓ ,2, we have

)(〈w, )(Nℓ (G))〉) = )(〈w, v+〉))(G) + )(〈w, v−〉))(−G), .

Since v± are nonzero vectors in R#ℓ+ and thus satisfy 〈v+, v−〉 ≥ 0, by the assump-

tion, we obtain

%(〈w, v+〉 < 0, 〈w, v−〉 < 0|v±) =
1

2

− ?v± ≥ 1/4,

%(〈w, v+〉 > 0, 〈w, v−〉 > 0|v±) =
1

2

− ?v± ≥ 1/4,

%(〈w, v+〉 > 0, 〈w, v−〉 < 0|v±) = %(〈w, v+〉 < 0, 〈w, v−〉 > 0|v±) = ?v± ≤
1

4

.

Thus we have

%(�ℓ ,0 |�ℓ−1,2) = E
[(

1

2

− ?v±
)# ]
≥ (1/4)#

where the expectation is taken under ?v± . For %(�ℓ ,1 |�ℓ−1,2), there are only three
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ways to move from �ℓ−1,2 to �ℓ ,1. That is

�
(�)
ℓ ,1
|�ℓ−1,2 : )(Nℓ−1(G)) → )(Nℓ (G)) = v+)(G),

�
(�)
ℓ ,1
|�ℓ−1,2 : )(Nℓ−1(G)) → )(Nℓ (G)) = v−)(−G),

�
(�)
ℓ ,1
|�ℓ−1,2 : )(Nℓ−1(G)) → )(Nℓ (G)) = v()(G) + 1)(−G)).

Thus %(�ℓ ,1 |�ℓ−1,2) = %(�(�)ℓ ,1
|�ℓ−1,2) + %(�(�)ℓ ,1 |�ℓ−1,2) + %(�(�)ℓ ,1

|�ℓ−1,2). Note that due

to the symmetry, %(�(�)
ℓ ,1
|�ℓ−1,2) = %(�(�)ℓ ,1 |�ℓ−1,2). Thus we have

%(�ℓ ,1 |�ℓ−1,2) = 2

©­«
#∑
9=1

(
#

9

)
E

[(
1

2

− ?v±
)#−9 (

?v±
) 9]ª®¬ +

(
#

1

)
E

[(
1

2

− ?v±
)# ]

= 2
−#+1 + (# − 2)%(�ℓ ,0 |�ℓ−1,2)

≥ 2
−#+1 + (# − 2)4−# .

Note that

%(�ℓ ,0 |�ℓ−1,2) + %(�ℓ ,1 |�ℓ−1,2) = 2
−#+1 + (# − 1)%(�ℓ ,0 |�ℓ−1,2).

Since %(�ℓ+1) = %(�ℓ ,0) where �ℓ is defined in Equation A.1, we aim to esti-

mate %(�ℓ ,0). Let +ℓ be the transition matrix whose (8 + 1, 9 + 1)-component is

%(�ℓ , 9 |�ℓ−1,8). Then %(�ℓ ,0) = �1+2 · · ·+ℓ where (�1)9 = %(�1, 9−1). By letting

�ℓ = 1 + 2
−# − %(�ℓ ,0 |�ℓ−1,2)

2
−# + (# − 1)%(�ℓ ,0 |�ℓ−1,2)

.
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we obtain

+ℓ = &ℓ�ℓ&
−1

ℓ , &ℓ =


1/
√

3 0 0

1/
√

3
1√

1+�2

ℓ

0

1/
√

3
�ℓ√
1+�2

ℓ

1


, &−1

ℓ =


√

3 0 0

−
√

1 + �2

ℓ

√
1 + �2

ℓ
0

−(1 − �ℓ ) −�ℓ 1


where �ℓ = diag(+ℓ ).

To find a lower bound of %(�ℓ ,0), we consider the following transition matrix

P of size 3 × 3 which is defined to be

P =


1 0 0

(1/2)# 1 − (1/2)# 0

(1/4)# (1/2)#−1 + (# − 2)(1/4)# 1 − (1/2)#−1 − (# − 1)(1/4)#


.

It can be checked that

P = &�&−1, & =


1/
√

3 0 0

1/
√

3
1√

1+�2

0

1/
√

3
�√

1+�2

1


, &−1 =


√

3 0 0

−
√

1 + �2

√
1 + �2

0

−(1 − �) −� 1


where � = P32

P22−P33

=
2
−#+1+(#−2)4−#
2
−#+(#−1)4−# = 1 + 2

−#−4
−#

2
−#+(#−1)4−# and � = diag(P). Thus we

have

Pℓ =


1 0 0

1 − (P22)ℓ (P22)ℓ 0

1 − (P22)ℓ − (� − 1)((P22)ℓ − (P33)ℓ ) �((P22)ℓ − (P33)ℓ ) (P33)ℓ


.
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Similarly, we obtain

+2 · · ·+ℓ+1 =


1 0 0

1 − (P22)ℓ (P22)ℓ 0

�ℓ ,31 �ℓ ,32 �ℓ ,33


where 6(G) = 1 − 2

−#+1 − (# − 1)G, ?ℓ = (+ℓ )31 = %(�ℓ ,0 |�ℓ−1,2), �ℓ ,8 = �8 for

1 ≤ 8 ≤ ℓ , �ℓ ,ℓ+1 = 1,

�ℓ ,31 = (Pℓ )31 − (�ℓ ,1 − 1)(6(?1))ℓ +
ℓ∑
8=1

(�ℓ ,8 − �ℓ ,8+1)(P22)ℓ−8
8∏
9=1

6(? 9),

�ℓ ,33 =

ℓ∏
9=1

6(? 9), �ℓ ,32 = 1 − �ℓ ,31 − �ℓ ,33.

We want to show that

(�1Pℓ )1 ≤ (�1+2 · · ·+ℓ+1)1 = %(�ℓ+1,0)

where

�1 = [%(�1,0), %(�1,1), %(�1,2)] = [0, 2−#+1, 1 − 2
−#+1].

Let denote ¯�ℓ ,8 := �ℓ ,8 − 1 and 68 := 6(?8). It then suffices to show that

J :=

ℓ∑
8=1

( ¯�ℓ ,8 − ¯�ℓ ,8+1)(P22)ℓ−8
8∏
9=1

69 − ¯�ℓ ,1(61)ℓ ≥ 0.

Note that 4
−# = ?1 ≤ ? 9 < 2

−#
, P22 > 6(? 9), and thus Pℓ

22
> (6(?1))ℓ ≥

∏ℓ
9=1

6(? 9).



185

Also,

P22 − 6(?8) = 2
−# + (# − 1)?8 , ¯�ℓ ,8 =

2
−# − ?8

2
−# + (# − 1)?8

=
2
−# − ?8
P22 − 6(?8)

.

Thus we have

J = ¯�ℓ ,1(61Pℓ−1

22
− 6ℓ

1
) −

ℓ∑
8=2

¯�ℓ ,8(P22 − 68)Pℓ−8
22

8−1∏
9=1

69

≥ ¯�ℓ ,1(Pℓ
22
− 6ℓ

1
) −

ℓ∑
8=1

¯�ℓ ,8(P22 − 68)Pℓ−8
22
6 8−1

1

≥ ¯�ℓ ,1(Pℓ
22
− 6ℓ

1
) − ¯�ℓ ,1(P22 − 61)

Pℓ
22
− 6ℓ

1

P22 − 61

= 0.

Therefore,

(Pℓ )31 ≤ (+2 · · ·+ℓ+1)31,

which implies that

(�1Pℓ )1 ≤ (�1+2 · · ·+ℓ+1)1 = %(�ℓ+1,0) = %(�ℓ+2).

Furthermore, it can be checked that

(�Pℓ )1 = 1 − (P22)ℓ −
(
(1 − 2

−# )(1 − 2
−#+1)

1 + (# − 1)2−#

)
((P22)ℓ − (P33)ℓ ).

�
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A.4 Proof of Theorem 2.3.4

Proof. Since N!(x) is a constant function, it follows from Lemma A.1.1 that with

probability 1, there exists ℓ such that )(Nℓ (x)) ≡ 0. Then the gradients of the loss

function with respect to the weights and biases in the 1, · · · , ℓ -th layers vanish.

Hence, the weights and biases in layers 1, . . . , ℓ will not change when a gradient

based optimizer is employed. This implies that N!(x) always remains to be a

constant function as )(Nℓ (x)) ≡ 0. Furthermore, the gradient method changes

only the weights and biases in layers ℓ + 1, . . . , !. Therefore, the ReLU NN can

only be optimized to a constant function, whichminimizes the loss functionℒ. �

A.5 Proof of Theorem 2.4.1

Lemma A.5.1. Let v ∈ R=+1 be a vector such that v: ∼ P and v−: ∼ #(0, �2I=) where

v−: is defined in Equation 2.5. For any nonzero vector x ∈ R=+1 whose :-th element is

positive (i.e., x: > 0), let

‖x̃−: ‖2 =
∑
9≠: x2

9

x2

:

, �̃2 = ‖x̃−: ‖2�2.

Then

% (〈v, x〉 > 0) =


1

2
+

∫ "

0

(1 − �P(C)) 1√
2��̃

4
− C2

2�̃2 3C if �̃2 > 0 and x: > 0

1/2 if ‖x−: ‖2 > 0 and x: = 0

1 if �̃2 = 0 and x: > 0,

(A.6)

where �P(C) is the cdf of P.
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Proof. We first recall some properties of the normal distribution. Let .1, · · · , .=
be i.i.d. random variables from #(0, �2) and let Y= = (.1, · · · , .=). Then for any

vector a ∈ R= ,

〈Y= ,a〉 =
=∑
8=1

a8.8 ∼ #(0, ‖a‖2�2).

Suppose v is a random vector generated in the way described in Subsection 2.4.1.

Then for any x ∈ R=+1
,

〈v,x〉 =
∑
8≠:

v8x8 + v:x: = x: (/ + v:) ,

where �̃2 = ‖x̃−: ‖2�2
and / ∼ #(0, �̃2). If x: > 0 and ‖x−: ‖2 > 0, we have

〈v,x〉 > 0 ⇐⇒ v: > −/
3
= /.

Therefore, it suffices to compute %(v: > /). Let 5/(I) be the pdf of / and 5P(G) be

the pdf of v: ∼ P. Then

%(v: > /) =
∫ ∞

−∞

∫ "

I

5P(G)3G 5/(I)3I

=

∫
0

−∞

∫ "

0

5P(G)3G 5/(I)3I +
∫ "

0

∫ "

I

5P(G)3G 5/(I)3I

=
1

2

+
∫ "

0

(1 − �P(I)) 5/(I)3I,

which completes the proof. �

Proof. For each ℓ and B, let :ℓB be randomly uniformly chosen in {1, · · · , #ℓ−1 + 1}.

Let V ℓ
B = [W ℓ

B , b
ℓ
B] and nℓ (x) =

[
)(Nℓ (x)), 1

]
. Recall that for a vector v ∈ R#+1

,

v−: := [E1, · · · , E:−1, E:+1, · · · , E#+1].
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To emphasize the dependency of :ℓB , we denote V ℓ
B whose :-th component is

generated from P by V ℓ
B (:).

The proof can be started from Equation A.4. It suffices to compute

%(�̃ 9 ,x |�̃29−1,x) =
#9−1∏
B=1

%
(
W

9−1

B )(N 9−2(x)) + b9−1

B ≤ 0|�̃29−1,x

)
.

Note that for each B,

%
(
〈V 9

B , n9−1〉 ≤ 0|�̃29−1,x

)
=

1

#9−1 + 1

#9−1+1∑
:=1

%
(
〈V 9

B (:), n9−1〉 ≤ 0|�̃29−1,x

)
.

Also, from Lemma A.5.1, we have

%
(
〈V 9

B (:), n9−1〉 ≤ 0|�̃29−1,x

)
=

1

2

−
∫ "

0

(1 − �%(I))
1√

2��̃ℓ ,:
4
− I2

2�̃2

ℓ ,: 3I

where

�̃2

ℓ ,:
=
‖nℓ−1

−: (x))‖
2�2

ℓ(
nℓ−1

:
(x)

)
2

.

Note that if nℓ−1

:
(x) = 0, the above probability is simply 1/2. Also, since the event

�̃2
9−1,x is given, we know that )(Nℓ (x)) ≠ 0. Thus,

%
(
〈V 9

B , n9−1〉 ≤ 0|�̃29−1,x

)
<

1

2

.

We thus denote (
1

2

− �ℓ−1,x($)
)#ℓ−1

:= %(�̃ℓ ,x |�̃2ℓ−1,x($)),

where �ℓ−1,x is ℱℓ−2 measurable whose value lies in (0, 0.5] and it depends on x. It
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then follows from Equation A.3 that

%(�̃2ℓ ,x) =
∫ ℓ−1∏

9=1

(
1 −

(
1

2

− � 9 ,x($)
)#9

)
3%($)

where % is the probability distribution with respect to {W 9 , b9}1≤ 9≤ℓ . Note that

since the weight matrix and the bias vector of the first layer is initialized from a

symmetric distribution, �1,x = 0. Let �∗
1,x = 0. By the mean value theorem, there

exists some numbers �∗
2,x, · · · , �∗ℓ−1,x ∈ (0, 0.5] such that

%(�̃2ℓ ,x) =
ℓ−1∏
9=1

(
1 −

(
1

2

− �∗9 ,x
)#9−1

)
.

Let δ∗x = (�∗1,x, · · · , �∗ℓ−1,x). By setting

δ∗ = δ∗x∗ , where x∗ = arg min

x∈D\{0}

ℓ−1∏
9=1

(
1 −

(
1

2

− �∗9 ,x
)#9−1

)
,

the proof is completed. �

A.6 Proof of Theorem 2.4.3

Let -ℓ ∼ Pℓ whose pdf is denoted by 5%ℓ (G). Suppose 0 < �′
ℓ ,8
= �[- 8

ℓ
] < ∞ for

8 = 1, 2. We then define three probability distribution functions:

5
(2)
%ℓ
(G) = G2

�′
ℓ ,2

5%ℓ (G), 5
(1)
%ℓ
(G) = G

�′
ℓ ,1

5%ℓ (G), 5
(0)
%ℓ
(G) = 5%ℓ (G).
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Also we denote its corresponding cdfs by �
(8)
%ℓ
(C) =

∫ C

0

5
(8)
%ℓ
(G)3G. For notational

convenience, let us assume that Pℓ = P and "ℓ = " for all ℓ and define

nℓ (x) :=
[
)(Nℓ (x)), 1

]
∈ R#ℓ+1

+ .

We denote the pdf of normal distributions by 5 ℓ ,:
.
(H)where

5 ℓ ,:
.
(H) = 1√

2��̃ℓ ,:
4
− H2

2�̃2

ℓ ,: , �̃2

ℓ ,:
=
‖nℓ−1

−: (x))‖
2�2

ℓ(
nℓ−1

:
(x)

)
2

, �2

ℓ =
�2

F

#ℓ−1

where 1 ≤ : ≤ #ℓ−1 + 1. Recall that for a vector v ∈ R#+1
,

v−: := [E1, · · · , E:−1, E:+1, · · · , E#+1].

For any probability distribution P defined on [0, "]whose pdf is denoted by 5%(G),

let

Jℓ ,:
P

:=

∫ "

0

∫ "

H

5%(G)3G 5 ℓ ,:.
(H)3H. (A.7)

Let .ℓ ,: ∼ #(0, �̃2

ℓ ,:
) and - ∼ P. Then

%
(
- > .ℓ ,: |�̃2

ℓ ,:

)
=

∫ ∞

−∞

∫ "

0

1{->.ℓ ,:} 5%(G) 5
ℓ ,:
.
(H)3G3H

=

∫
0

−∞

∫ "

0

5%(G)3G 5 ℓ ,:.
(H)3H +

∫ "

0

∫ "

H

5%(G)3G 5 ℓ ,:.
(H)3H

=
1

2

+ Jℓ ,:
P
.

Therefore, 0 ≤ Jℓ ,:
P
≤ 0.5.

The proof of Theorem 2.4.3 starts with the following lemma.
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Lemma A.6.1. Suppose . ∼ #(0, �̃2

ℓ ,:
), - ∼ Pℓ and �′ℓ ,1 ≥ "/2. Then∫ "

0

∫ "

H

(G − H)2 5%ℓ (G)3G 5
ℓ ,:
.
(H)3H ≤ �′ℓ ,2/2.

Proof. Let �ℓ ,: be the quantity of our interest:

�ℓ ,: :=

∫ "

0

∫ "

H

(G − H)2 5%ℓ (G)3G 5
ℓ ,:
.
(H)3H.

Without loss of generality, we can assume " = 1. This is because

�ℓ ,: =

∫ "

0

∫ "

H

(G − H)2 5%ℓ (G) 5
ℓ ,:
.
(H)3G3H

=

∫ "

0

∫
1

H/"
("D − H)2 5%ℓ ("D) 5 ℓ ,:

.
(H)"3D3H

=

∫
1

0

∫
1

B

"2(D − B)2(" 5%ℓ ("D))(" 5 ℓ ,:
.
("B))3D3B

= "2

∫
1

0

∫
1

B

(D − B)2 5*(D) 5 ℓ ,:(
(B)3D3B

= "2 �̃ℓ ,:

where D = G/" and B = H/". Here "* ∼ Pℓ and ( ∼ #(0, �̃2

ℓ ,:
/"2).

Let us first consider the inner integral. Let �(H) =
∫

1

H
(G2 − 2GH + H2) 5%ℓ (G)3G.
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It then can be written as follow:

�(H) =
∫

1

H

(G2 − 2GH + H2) 5%ℓ (G)3G =
∫

1

H

(G2 5%ℓ (G) − 2HG 5%ℓ (G) + H2 5%ℓ (G))3G

=

∫
1

H

(
�′ℓ ,2 5

(2)
%ℓ
(G) − 2�′ℓ ,1H 5

(1)
%ℓ
(G) + H2 5

(0)
%ℓ
(G)

)
3G

= �′ℓ ,2(1 − �
(2)
%ℓ
(H)) − 2H�′ℓ ,1(1 − �

(1)
%ℓ
(H)) + H2(1 − �(0)

%ℓ
(H))

= −2�′ℓ ,1H + H
2 + �′ℓ ,2

∫
1

H

5
(2)
%ℓ
(G)3G + 2�′ℓ ,1H�

(1)
%ℓ
(H) − H2�

(0)
%ℓ
(H).

Note that since 0 ≤ H ≤ 1, and thus H2 ≤ H, we have

�(H) = H2(1 − �(0)
%ℓ
(H)) − 2�′ℓ ,1H(1 − �

(1)
%ℓ
(H)) + �′ℓ ,2

∫
1

H

5
(2)
%ℓ
(G)3G

≤ H(1 − �(0)
%ℓ
(H)) − 2�′ℓ ,1H(1 − �

(1)
%ℓ
(H)) + �′ℓ ,2

∫
1

H

5
(2)
%ℓ
(G)3G

= −H(2�′ℓ ,1 − 1)
1 − ©­«

2�′
ℓ ,1
�
(1)
%ℓ
(H) − �(0)

%ℓ
(H)

2�′
ℓ ,1
− 1

ª®¬
 + �′ℓ ,2

∫
1

H

5
(2)
%ℓ
(G)3G.

Since 2�′
ℓ ,1
≥ 1 and

1 − ©­«
2�′

ℓ ,1
�
(1)
%ℓ
(H) − �(0)

%ℓ
(H)

2�′
ℓ ,1
− 1

ª®¬ ≥ 0, ∀H ∈ [0, 1],

we have �(H) ≤ �′
ℓ ,2

∫
1

H
5
(2)
%ℓ
(G)3G. Therefore,

�ℓ ,: ≤ �′ℓ ,2

∫
1

0

∫
1

H

5
(2)
%ℓ
(G)3G 5 ℓ ,:

.
(H)3H = �′ℓ ,2J

ℓ ,:

5
(2)
%ℓ

where Jℓ ,:
P

is defined in Equation A.7. Since 0 ≤ Jℓ ,:
P
≤ 0.5, we conlcude that

�ℓ ,: ≤ �′
ℓ ,2
/2. �
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Proof. It follows from

Nℓ
9 (x) =W

ℓ
9 )(N

ℓ−1(x)) + bℓ9 , 1 ≤ 9 ≤ #ℓ

that we have

�
[
Nℓ
9 (x)

2 |Nℓ−1(x)
]
= �2

ℓ

∑
C≠:ℓ

9

)(Nℓ−1

C (x))2 + �′ℓ ,2)(N
ℓ−1

:ℓ
9

(x))2.

Since :ℓ
9
is randomly uniformly selected, by taking the expectation with respect to

:ℓ
9
, we have

E
[
Nℓ
9 (x)

2 |Nℓ−1(x)
]
=
�2

ℓ
#ℓ + �′ℓ ,2
#ℓ + 1

(
1 + ‖)(Nℓ−1(x))‖2

)
.

Since the above is independent of 9, and @ℓ (x) = ‖Nℓ (x)‖2/#ℓ ,

E
[
@ℓ (x)|Nℓ−1(x)

]
=
�2

ℓ
#ℓ + �′ℓ ,2
#ℓ + 1

(
1 + ‖)(Nℓ−1(x))‖2

)
. (A.8)

At a fixed ℓ and for each C = 1, · · · , #ℓ , let vℓ ,C = [Wℓ
C , b

ℓ
C ] ∈ R#ℓ−1+1

be a random

vector such that vℓ ,C−:C ∼ #(0, �2

ℓ
I#ℓ−1
) and vℓ ,C

:C
∼ Pℓ . Then Nℓ

C (x) = 〈vℓ ,C , nℓ (x)〉.

GivenNℓ−1(x), assuming (nℓ−1

:C
(x)) > 0, one can viewNℓ

C (x) as

Nℓ
C (x) = nℓ−1

:C
(x)

(
�ℓ ,:C/ + -ℓ

)
, / ∼ #(0, 1) and -ℓ ∼ Pℓ .
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Thus )(Nℓ
C (x))2 =

(
nℓ−1

:C
(x)

)
2

)
(
�ℓ ,:C/ + -ℓ

)
2

and we obtain

1

(nℓ−1

:C
(x))2

�
[
)(Nℓ

C (x))2 |Nℓ−1(x)
]
= �

[
)

(
�ℓ ,:C/ + -ℓ

)
2 |Nℓ−1(x)

]
=

∫ "

−∞

∫ "

H

(G − H)23�%(G) 5 ℓ ,:C.
(H)3H

=

∫
0

−∞

∫ "

0

(G − H)23�%(G) 5 ℓ ,:C.
(H)3H +

∫ "

0

∫ "

H

(G − H)23�%(G) 5 ℓ ,:C.
(H)3H

=

∫
0

−∞

∫ "

0

(
G2 + H2 − 2GH

)
3�%(G) 5 ℓ ,:C.

(H)3H +
∫ "

0

∫ "

H

(G − H)23�%(G) 5 ℓ ,:C.
(H)3H

=

∫
0

−∞

(
�′ℓ ,2 + H

2 − 2�′ℓ ,1H
)
5
ℓ ,: 9

.
(H)3H +

∫ "

0

∫ "

H

(G − H)23�%(G) 5 ℓ ,:C.
(H)3H

=
1

2

(
�′ℓ ,2 + �̃

2

ℓ ,:C

)
+ �′ℓ ,1

√
2

�
�̃ℓ ,:C +

∫ "

0

∫ "

H

(G − H)23�%(G) 5 ℓ ,:C.
(H)3H.

By multiplying (nℓ−1

:C
(x))2 in the both sides, we have

�[)(Nℓ
C (x))2 |Nℓ−1(x)] = 1

2

(
(�′ℓ ,2 − �

2

ℓ )(n
ℓ−1

:C
(x))2 + (‖)(Nℓ−1(x))‖2 + 1)�2

ℓ

)
+ (nℓ−1

:C
(x))2

∫ "

0

∫ "

H

(G − H)23�%(G) 5 ℓ ,:C.
(H)3H

+ �′ℓ ,1�ℓ
√

2

�
nℓ−1

:C
(x)‖nℓ−1

−:C (x)‖.

Since :C is randomly selected, by taking expectation w.r.t. : 9 , we have

E[)(Nℓ
C (x))2 |Nℓ−1(x)] =

(1 + ‖)(Nℓ−1(x))‖2)
2

(
�′
ℓ ,2
− �2

ℓ

#ℓ−1 + 1

+ �2

ℓ

)
+
#ℓ−1+1∑
:C=1

(nℓ−1

:C
(x))2

#ℓ−1 + 1

∫ "

0

∫ "

H

(G − H)23�%(G) 5 ℓ ,:C.
(H)3H

+ �′ℓ ,1

√
2

�
�ℓ

#ℓ−1+1∑
:C=1

nℓ−1

:C
(x)‖nℓ−1

−:C (x)‖
#ℓ−1 + 1

.

(A.9)
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By the Cauchy-Schwarz inequality, the third term in the right hand side of Equa-

tion A.9 can be bounded by

�′ℓ ,1

√
2

�
�ℓ

#ℓ−1+1∑
:C=1

nℓ−1

:C
(x)‖nℓ−1

−:C (x)‖
#ℓ−1 + 1

≤ �′ℓ ,1

√
2

�

�F(1 + ‖)(Nℓ−1(x))‖2)
#ℓ−1 + 1

.

Let �ℓ ,:C =
∫ "

0

∫ "

H
(G − H)23�%(G) 5 ℓ ,:C.

(H)3H. It then follows from Lemma A.6.1 that

�ℓ ,: ≤ �′
ℓ ,2
/2 for any :. Thus the second term in the right hand side of Equation A.9

can be bounded by

#ℓ−1+1∑
:C=1

(nℓ−1

:C
(x))2

#ℓ−1 + 1

∫ "

0

∫ "

H

(G − H)23�%(G) 5 ℓ ,:C.
(H)3H ≤

�′
ℓ ,2

2

(
1 + ‖)(Nℓ−1(x))‖2

)
#ℓ−1 + 1

Therefore, we obtain

�[)(Nℓ
C (x))2 |Nℓ−1(x)] ≤ Cℓ

(1 + ‖)(Nℓ−1(x))‖2)
2

where

Cℓ =
�′
ℓ ,2
− �2

ℓ

#ℓ−1 + 1

+ �2

ℓ +
2

√
2�′

ℓ ,1
�F

(#ℓ−1 + 1)
√
�
+

�′
ℓ ,2

#ℓ−1 + 1

.

Since Cℓ is independent of C,

�[‖)(Nℓ (x))‖2 |Nℓ−1(x)] ≤ #ℓCℓ
(1 + ‖)(Nℓ−1(x))‖2)

2

.

It then follows from Equation A.8,

1 + ‖)(Nℓ−1(x))‖2 = #ℓ + 1

�2

ℓ
#ℓ + �′ℓ ,2

�
[
@ℓ (x)|Nℓ−1(x)

]
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that

�[‖)(Nℓ (x))‖2 |Nℓ−1(x)] ≤ C#ℓ (#ℓ + 1)
2(�2

ℓ
#ℓ + �′ℓ ,2)

�
[
@ℓ (x)|Nℓ−1(x)

]
.

Thus we have

�
[
@ℓ+1(x)|Nℓ−1(x)

]
=
�2

ℓ+1
#ℓ+1 + �′ℓ+1,2

#ℓ+1 + 1

(
1 + �[‖)(Nℓ (x))‖2 |Nℓ−1(x)]

)
≤ �2

1,ℓ
+
Aℓ ,D??

2

�
[
@ℓ (x)|Nℓ−1(x)

]
where

�2

1,ℓ
=
�2

ℓ+1
#ℓ+1 + �′ℓ+1,2

#ℓ+1 + 1

, Aℓ ,D?? =
�2

1,ℓ
#ℓ (#ℓ + 1)

�2

ℓ
#ℓ + �′ℓ ,2

Cℓ .

By taking expectation with respect toNℓ−1(x), we obtain

�[@ℓ+1(x)] ≤
Aℓ ,D??

2

�[@ℓ (x)] + �2

1,ℓ

The lower bound can be obtained by dropping the second and the third terms in

Equation A.9. Thus

Aℓ ,;>F

2

�[@ℓ (x)] + �2

1,ℓ
≤ �[@ℓ+1(x)] ≤

Aℓ ,D??

2

�[@ℓ (x)] + �2

1,ℓ

where

Aℓ ,;>F =
�2

ℓ+1
#ℓ+1 + �′ℓ+1,2

#ℓ+1 + 1

#ℓ + 1

�2

ℓ
#ℓ + �′ℓ ,2

(
�′
ℓ ,2
#ℓ − �2

F

#ℓ−1 + 1

+ �2

F

)
.

�
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A.7 Randomized asymmetric initialization

1 import numpy as np

2

3

4 def RAI(fan_in, fan_out):

5 """Randomized asymmetric initializer.

6 It draws samples using RAI where fan_in is the number of input units in the weight

tensor and fan_out is the number of output units in the weight tensor.

7 """

8 V = np.random.randn(fan_out, fan_in + 1) * 0.6007 / fan_in ** 0.5

9 for j in range(fan_out):

10 k = np.random.randint(0, high=fan_in + 1)

11 V[j, k] = np.random.beta(2, 1)

12 W = V[:, :-1].T

13 b = V[:, -1]

14 return W.astype(np.float32), b.astype(np.float32)
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B.1 Example of topology

Example B.1.1. Given

) = 2
{1,2,3}\{∅} = { {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3} },

* = { {{1}, {1, 2}, {1, 3}, {1, 2, 3}}, {{2}, {2, 1}, {2, 3}, {1, 2, 3}},

{{3}, {3, 1}, {3, 2}, {1, 2, 3}}, {{1, 2}, {1, 2, 3}},

{{1, 3}, {1, 2, 3}}, {{2, 3}, {1, 2, 3}}, {{1, 2, 3}} },

then �) is the topology generated by* .

In this example, {{1}, {1, 2}, {1, 3}, {1, 2, 3}} is anopen set, since it consists of all

elements containing label {1}, and {{2, 3}, {1, 2, 3}} is also an open set with com-

mon part {2, 3}. Besides open sets from base* , {{1}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

is still an open set as the union of the two shown above.

B.2 Proof of Proposition 3.2.3

Proof. We use the proof by contradiction. Assume that the result does not hold,

then

∃{G=}, {H=} ⊆ �, B.C. ‖G= − H= ‖ → 0(= →∞), and C06(G=) ∩ C06(H=) = ∅.

Because � is compact, there exist G∗ ∈ � and a subsequence {G:= } of {G=} such

that G:= → G∗. As ‖G= − H= ‖ → 0, also H:= → G∗. Choose any 80 ∈ C06(G∗), then
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there exists a sufficient large :=0
such that 80 ∈ C06(G:=

0

), 80 ∈ C06(H:=
0

). Therefore

C06(G:=
0

) ∩ C06(H:=
0

) ≠ ∅, which contradicts the assumption. �

B.3 Proof of Proposition 3.2.4

Proof. Let �0 as defined in this proposition. For any two different points G, H with

distance less than �0, either C06(G) = C06(H), or at least one of the two is a full

label point, in both cases C06(G) ∩ C06(H) ≠ ∅. For any � > �0, according to the

definition of �0, there exist two points G0, H0 satisfying

‖G0 − H0‖ < �, C06(G0) ∩ C06(H0) = ∅.

The two facts imply that �0 is the supremum of � satisfying Proposition 3.2.3. �

B.4 Proof of Proposition 3.2.7

Proof. According to the definition,

√
3�T =

∫ √
3

0

ℎ
�
T (C)3C

=

∫ A

0

ℎ
�
T (C)3C +

∫ √
3

A

ℎ
�
T (C)3C

≤ A · ℎ�T (A) + (
√
3 − A) · 1

=
√
3 − A(1 − ℎ�T (A)),
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thus

ℎ
�
T (A) ≥ 1 −

√
3

A
(1 − �T ).

�

B.5 Estimate of total cover

In this section, we estimate the TC by the number of samples in the training set.

The notations, such as �, 3, %, �, �T , as well as training set

T = {G1, G2, . . . , G=} ⊆ �

are the same as before. Note that samples in T are drawn according to �. Be-

fore presenting the analysis, we first collect the following auxiliary notions and

results (Definitions B.5.1-B.5.4, Theorem B.5.5) which are easily found in [150]

(Definitions 14.1-14.3, Definition 14.5, and Theorem 14.8):

Definition B.5.1. A range space is a pair (-,ℛ) where:

1. - is a (finite or infinite) set of points;

2. ℛ is a family of subsets of -, called ranges.

Definition B.5.2. Let (-,ℛ) be a range space and let. ⊆ -. The projection of ℛ on. is

ℛ. = {' ∩ . |' ∈ ℛ}.

Definition B.5.3. Let (-,ℛ) be a range space. A set . ⊆ - is shattered by ℛ if

|ℛ. | = 2
|. |. The Vapnik-Chervonenkis (VC) dimension of a range space (-,ℛ) is the
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maximum cardinality of a set . ⊆ - that is shattered by ℛ. If there are arbitrarily large

finite sets that are shattered by ℛ, then the VC dimension is infinite.

Definition B.5.4. Let (-,ℛ) be a range space, and let ℱ be a probability distribution on

-. A set # ⊆ - is an & − =4C for - with respect to ℱ if for any set ' ∈ ℛ such that

%Aℱ (') ≥ &, the set ' contains at least one point from # , i.e.,

∀' ∈ ℛ , %Aℱ (') ≥ &⇒ ' ∩ # ≠ ∅.

Theorem B.5.5. Let (-,ℛ) be a range space with VC dimension 3E2 and let ℱ be a

probability distribution on -. For any 0 < �, & ≤ 1/2, there is an

< = $

(
3E2

&
ln

3E2

&
+ 1

&
ln

1

�

)
such that a random sample from ℱ of size greater than or equal to < is an & − =4C for -

with probability at least 1 − �.

Now let

�� = {�(G, A) ∩ � |G ∈ R3 , A > 0},

we first show (�, ��) is a range space with VC dimension 3 + 1.

Lemma B.5.6. The VC dimension of range space (�, ��) is 3 + 1.

Proof. The proof can be found in [58]. �

Set

�&�(A) = {� ∈ �� |� = �(G, B) ∩ �, 0 < B ≤ A, �(�) ≥ &},
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and

*(&) = 1√
3

∫ √
3

0

�
©­­«

⋃
�∈�&

�
( 1

2
A)

�
ª®®¬ 3A,

we have the following lemmas.

Lemma B.5.7.
⋃

�∈�&
�
( 1

2
A)
� ⊆ � ∩ ⋃

G8∈T
�(G8 , A) when T is an & − =4C for (�, ��).

Proof. For any G ∈ ⋃
�∈�&

�
( 1

2
A)
�, assume that G ∈ �∗ = �(G∗, B∗)∩�, B∗ ≤ 1

2
A, �(�∗) ≥ &.

Since T is an &−=4C and �(�∗) ≥ &, we know T ∩�∗ ≠ ∅. Thus there exists GC ∈ T

such that ‖GC − G∗‖ < B∗ ≤ 1

2
A. Therefore

‖G − GC ‖ ≤ ‖G − G∗‖ + ‖G∗ − GC ‖ <
1

2

A + 1

2

A = A.

The above inequality shows that

G ∈ � ∩ �(GC , A) ⊆ � ∩
⋃
G8∈T

�(G8 , A).

�

Lemma B.5.8. lim

&→0

*(&) = 1.

Proof. For any positive decreasing sequence {&8} which satisfies lim8→∞ &8 = 0, it

leads to an incremental chain

©­­«
⋃

�∈�&8
�
( 1

2
A)

�
ª®®¬ ⊆

©­­«
⋃

�∈�&8+1

�
( 1

2
A)

�
ª®®¬ , lim

8→∞

©­­«
⋃

�∈�&8
�
( 1

2
A)

�
ª®®¬ = �̃ ⊆ �,

where �̃ =
⋃
�∈�+

�
( 1

2
A) � for �+

�
(1

2
A) = {� ∈ �� |� = �(G, B) ∩ �, 0 < B ≤ 1

2
A, �(�) >

0}. Let us consider a series of open balls {�8} of radius at most
1

2
A that cover �,
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and we divide them into two parts {�8} = {�+8 } ∪ {�
0

8
} such that �(�+

8
∩ �) > 0

and �(�0

8
∩�) = 0. Then �(�̃) ≥ �(� ∩⋃

8 �
+
8
) ≥ �(�) − �(� ∩⋃

8 �
0

8
) = 1 − 0 = 1,

and thus �(�̃) = 1. Therefore, we have lim&→0 �(
⋃
�∈�&

�
( 1

2
A) �) = �(�̃) = 1.

Since

lim

&→0

�
©­­«

⋃
�∈�&

�
( 1

2
A)

�
ª®®¬ = 1 0=3 �

©­­«
⋃

�∈�&
�
( 1

2
A)

�
ª®®¬ ≤ 1,

by dominated convergence theorem, we have

lim

&→0

*(&) = lim

&→0

1√
3

∫ √
3

0

�
©­­«

⋃
�∈�&

�
( 1

2
A)

�
ª®®¬ 3A

=
1√
3

∫ √
3

0

lim

&→0

�
©­­«

⋃
�∈�&

�
( 1

2
A)

�
ª®®¬ 3A

=
1√
3

∫ √
3

0

13A

= 1.

�

According to the aforementioned lemmas, we deduce the following theorem.

Theorem B.5.9. Let T = {G1, G2, . . . , G=} be the training set drawn according to �, then

for any 0 < �, & ≤ 1

2
, there exists an

< = $

(
3 + 1

&
ln

3 + 1

&
+ 1

&
ln

1

�

)
such that

�T ≥ *(&)

holds with probability at least 1 − � when = ≥ <. Note that *(&) → 1 when &→ 0.
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Proof. Theorem B.5.5 shows that T is an & − =4C for range space (�, ��) with

probability at least 1 − � when = ≥ <. By lemma B.5.7, we have

�T =
1√
3

∫ √
3

0

�

(
� ∩

⋃
G8∈T

�(G8 , A)
)
3A

≥ 1√
3

∫ √
3

0

�
©­­«

⋃
�∈�&

�
( 1

2
A)

�
ª®®¬ 3A

= *(&).

�

From this theorem, we know that a large number of samples lead to a suffi-

ciently large �T with a high probability.

In the previous sections, there is an assumption that our obtained training set

is of single label, so we will naturally consider this special case in the sequel.

Denote

�B8= = {G ∈ � | C06(G) ∈ {{1}, {2}, · · · , { }} },

��B8= = {�(G, A) ∩ �B8= |G ∈ R3 , A > 0},

�B8=(�) =
�(� ∩ �B8=)
�(�B8=)

,

and (�B8= , ��B8= ) is a range space with VC dimension at most 3 + 1. Let

T = {G1, · · · , G=} ⊆ �B8= ,
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that is, the samples in T are drawn according to �B8= . As before, denote

�&�B8=
(A) = {� ∈ �� |� = �(G, B) ∩ �, 0 < B ≤ A, �B8=(�) ≥ &},

* B8=(&) =
1√
3

∫ √
3

0

�
©­­«

⋃
�∈�&

�B8=
( 1

2
A)

�
ª®®¬ 3A.

We have the following lemmas.

Lemma B.5.10.
⋃

�∈�&
�B8=
( 1

2
A)
� ⊆ � ∩ ⋃

G8∈T
�(G8 , A) when T is an &-net for (�B8= , ��B8= ).

Lemma B.5.11. lim

&→0

* B8=(&) = 2B8= , here

2B8= =
1√
3

∫ √
3

0

�
©­­«

⋃
�∈��B8= (

1

2
A)

�
ª®®¬ 3A,

��B8= (A) = {� ∈ �� |� = �(G, B) ∩ �, 0 < B ≤ A, �B8=(�) > 0}.

From these two lemmas we deduce the following theorem.

Theorem B.5.12. Let T = {G1, G2, . . . , G=} be the training set drawn according to �B8= ,

then for any 0 < �, & ≤ 1

2
, there exists an

< = $

(
3 + 1

&
ln

3 + 1

&
+ 1

&
ln

1

�

)
such that

�T ≥ * B8=(&)

holds with probability at least 1 − � when = ≥ <. Note that * B8=(&) → 2B8= when &→ 0.

The proofs for Lemmas B.5.10-B.5.11 and Theorem B.5.12 are very similar to
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those for Lemmas B.5.7-B.5.8 and Theorem B.5.9, respectively. We omit them here.

It is noteworthy that 2B8= is intuitively very close to 1, even equal to 1. At worst,

2B8= is at least greater than �(�B8=) which may be quite large in practice, and the

proof is similar to what we show in B.5.8.

B.6 Proof of Proposition 3.2.9

Proof. Let T be the training set and � be a positive constant greater than 1, T̃ =

T/�, �̃(�) = �(��), then

1 − �T̃ =
1√
3

∫ √
3

0

(1 − ℎ�̃
T̃
(A))3A

=
1√
3

∫ ∞

0

(1 − ℎ�̃
T̃
(A))3A

=
1√
3

∫ ∞

0

(1 − ℎ�T (�A))3A

=
1

�
√
3

∫ ∞

0

(1 − ℎ�T (A))3A

= (1 − �T )/�.

For the same reason,

��(T̃ ) = 1

 ( − 1)
∑
8≠9

(1 − �(T̃8 , �̃9)) −
1

 

∑
8

(1 − �(T̃8 , �̃8))

=
1

� ( − 1)
∑
8≠9

(1 − �(T8 , �9)) −
1

� 

∑
8

(1 − �(T8 , �8))

= ��(T )/�,

therefore

��(T̃ ) = ��(T ).
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�

B.7 Proof of Proposition 3.3.1

Proof. Denote by T̃ = {G8 ∈ T | 5 is 21−accurate at G8}, � = min(�0, � 5 (21− 22)). For

any G8 ∈ T̃ , choose :8 ∈ {1, · · · ,  } such that C06(G8) = {:8}. From the definition

of T̃ we know that 5:8 (G8) > 21.

For any G ∈ �(G8 , �)∩�, fromProposition 3.2.3we know that C06(G)∩C06(G8) ≠

∅, and hence :8 ∈ C06(G). On the other hand, ‖ 5 (G) − 5 (G8)‖∞ < 21− 22, so we have

| 5:8 (G) − 5:8 (G8)| < 21 − 22, therefore

5:8 (G) > 5:8 (G8) − (21 − 22) > 21 − (21 − 22) = 22,

which means that 5 is 22−accurate at G, that is to say

�
5
22

⊇ � ∩
⋃
G8∈T̃

�(G8 , �).

Then

?22
( 5 ) = �(� 5

22

)

≥ �
©­«� ∩

⋃
G8∈T̃

�(G8 , �)
ª®¬

= ℎ
�

T̃
(�)

≥ 1 −
√
3

�
(1 − �T̃ )

= 1 −
√
3

�
(1 − ?T21

�T ).
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The second inequality can be derived from Proposition 3.2.7. �

B.8 Proof of Theorem 3.3.2

Proof. Define � := min(�0, � 5 (4−!
<0G
5 − 2)). Note that if G8 ∈ T , and G ∈ �(G8 , �)∩�,

then ‖G − G8 ‖ < �0, and hence C06(G) ∩ C06(G8) ≠ ∅, so that :8 ∈ C06(G).

Because of

‖G − G8 ‖ < � 5 (4−!
<0G
5 − 2),

we have

‖ 5 (G) − 5 (G8)‖∞ < 4
−!<0G

5 − 2,

so that | 5:8 (G) − 5:8 (G8)| < 4
−!<0G

5 − 2. Therefore

5:8 (G) > 5:8 (G8) − 4
−!<0G

5 + 2 ≥ 4−!
<0G
5 − 4−!

<0G
5 + 2 = 2,

so that 5 is c-accurate at G. Overall we obtain

?2( 5 ) = �(� 5
2 )

≥ �

(
� ∩

⋃
G8∈T

�(G8 , �)
)

= ℎ
�
T (�)

≥ 1 −
√
3

�
(1 − �T ).

The second inequality can be derived from Proposition 3.2.7. �
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B.9 Proof of Theorem 3.3.4

Proof. We will prove it by contradiction. Consider two points G1 and G2 with

different labels, and ‖G1 − G2‖ = �T .

If � 5 (4−!
<0G
5 − 2) > �T /2, then by the definition of � 5 (4−!

<0G
5 − 2), ‖ 5 ( G1+G2

2
) −

5 (G1)‖∞ < 4
−!<0G

5 − 2, since ‖ G1+G2

2
− G1‖ = ‖ G2−G1

2
‖ = �T /2. Similarly, ‖ 5 ( G1+G2

2
) −

5 (G2)‖∞ < 4
−!<0G

5 − 2. Then we have

‖ 5 (G1) − 5 (G2)‖∞ < 2(4−!
<0G
5 − 2) ≤ 24

−!<0G
5 − 1.

On the other hand, by the definition of !<0G
5

, − ln 5:1
(G1) ≤ !<0G5

and − ln 5:2
(G2) ≤

!<0G
5

, so 5:1
(G1) ≥ 4

−!<0G
5

, 5:2
(G2) ≥ 4

−!<0G
5

and 5:1
(G2) ≤ 1 − 5:2

(G2) ≤ 1 − 4−!
<0G
5

,

therefore

‖ 5 (G1) − 5 (G2)‖∞ ≥ 5:1
(G1) − 5:1

(G2)

≥ 4−!
<0G
5 − (1 − 4−!

<0G
5 )

= 24
−!<0G

5 − 1.

�
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B.10 Proof of Theorem 3.3.5

Proof. From Theorem 3.3.2 and assumption we know that

?( 5 ) ≥ ?0.5( 5 ) > 1 −
√
3

min(�0, � 5 (4−!
<0G
5 − 0.5))

(1 − �T )

≥ 1 −
√
3

min(�0, ��T )
(1 − �T )

≥ 1 −
√
3

��0

(1 − �T ),

which implies lim

�T→1

?( 5 ) = 1. Note that � is less than 0.5 and �0 is only determined

by the classification problem itself. The above inequality is easy to convert into

form (ii). �

B.11 Detailed information of data and parameters for

training

First, we list the information concerning the data selection.

1. MNIST: Last 55000 samples of the training set for training and all the 10000

samples of the test set for testing.

2. CIFAR-10: First 49000 samples of the training set for training and all the

10000 samples of the test set for testing.

3. CIFAR-100: First 49000 samples of the training set for training and all the

10000 samples of the test set for testing.
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4. COIL-20: 1200 samples whose end numbers of the figure names are not

multiples of 6 for training and 240 sampleswhose end numbers aremultiples

of 6 for testing.

5. COIL-100: 6000 samples whose end numbers of the figure names are not

multiples of 30 for training and 1200 samples whose end numbers are mul-

tiples of 30 for testing.

6. SVHN: First 50000 samples of the training set for training and first 10000

samples of the test set for testing.

Parameters for networks are listed in Table B.1.

Table B.1: The results in this table were obtained as follows: We used the ReLU as the activation

function and Adam as the optimizer. Furthermore, we chose several different network structures

and learning rates. We then trained the networks for 10000 iterations with a batch size of 300, and

selected the best test error as the final result for each training procedure. Each of the columns 8-G88
stands for a specific choice of network architecture and learning rate, as described in Table B.2

Data Set Version 8 88 888 8E E E8 E88 E888 8G G G8 G88 Best Error

MNIST Original .02 .02 .05 .02 .02 .04 .02 .02 .04 .01 .02 .03 .01

CIFAR-10 Original .47 .46 .52 .48 .46 .51 .47 .45 .50 .47 .45 .49 .45

CIFAR-10 Grey .55 .55 .63 .55 .54 .62 .54 .53 .61 .54 .53 .59 .53

CIFAR-10 Conv .18 .18 .19 .19 .18 .19 .18 .18 .18 .18 .18 .18 .18

SVHN Original .80 .59 .49 .80 .73 .60 .80 .69 .51 .80 .72 .64 .49

SVHN Grey .80 .64 .56 .80 .76 .66 .80 .64 .58 .80 .75 .66 .56

SVHN Conv .27 .23 .23 .31 .24 .23 .31 .24 .23 .69 .25 .24 .23

CIFAR-100 Original(coarse) .64 .64 .69 .64 .63 .68 .63 .62 .67 .63 .62 .66 .62

CIFAR-100 Grey(coarse) .74 .73 .79 .74 .73 .78 .74 .72 .78 .74 .72 .77 .72

CIFAR-100 Conv(coarse) .40 .41 .45 .41 .41 .44 .40 .41 .44 .41 .40 .43 .40

COIL-20 Original .08 .05 .05 .07 .06 .05 .08 .05 .05 .07 .05 .03 .03

CIFAR-100 Original(fine) .75 .75 .82 .75 .74 .81 .74 .73 .80 .75 .73 .79 .73

CIFAR-100 Grey(fine) .83 .83 .90 .83 .83 .90 .82 .81 .88 .83 .81 .87 .81

CIFAR-100 Conv(fine) .53 .54 .64 .53 .54 .63 .52 .52 .61 .53 .52 .59 .52

COIL-100 Original .02 .01 .01 .03 .02 .01 .03 .02 .01 .02 .02 .01 .01
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Table B.2: Detailed setup for each case.

Structure

Learning Rate

10
−3

10
−4

10
−5

[Input 256 256 Output] 8 88 888

[Input 256 256 256 Output] 8E E E8

[Input 512 512 Output] E88 E888 8G

[Input 512 512 512 Output] G G8 G88

For generating convolution data, we choose the following structure

2>=E[128] − A4;D − 10C2ℎ=>A< − 2>=E[256] − A4;D−

10C2ℎ=>A< − ?>>; − 2>=E[512] − A4;D − 10C2ℎ=>A<−

2>=E[256] − A4;D − 10C2ℎ=>A< − 2>=E[64] − A4;D−

10C2ℎ=>A< − ?>>; − (4GCA02C 30C0) − 34=B4[512]−

10C2ℎ=>A< − 3A>?>DC − 34=B4[128] − 10C2ℎ=>A<−

3A>?>DC − 34=B4[>DC?DC]

with kernel size 3 × 3(strides 1) and pool size 2 × 2(strides 2), then train this CNN

with batch size 64, learning rate 0.001 and optimizer RMSProp for 5 epochs. After

that, extract new data at locationmentioned in above structure by feeding the data

to the trained network.
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C.1 Nomenclature for forward and inverse problems

in instrumented sharp indentation

Fig. 4.1A (left side) is a schematic diagram showing a typical stress-strain response

of a power-law strain-hardening material which, to a good approximation, can be

used for many engineering metallic materials with isotropic properties (compris-

ing nearly equi-axed grains). The elastic behavior follows Hook’s law, whereas the

plastic response typically can be represented by the Von Mises yield criterion and

power-law strain hardening. True stress � and true strain � are related as:

� =


��, for � ≤ �H

'�= , for � ≥ �H

(C.1)

where � is the Young’s modulus, ' a strength coefficient, = the strain hardening

exponent and �H the initial yield stress at zero offset strain. In the plastic defor-

mation region, true strain can be further decomposed to strain at yield and true

plastic strain: � = �H + �? . At the yielding point, the following condition must

hold:

�H = ��H = '�
= . (C.2)

Thus, when � > �H , eqs. (C.1)-(C.2) combine to become

� = �H

(
1 + �

�H
�?

)=
. (C.3)
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When an indenter is in contact with a substrate material of different properties,

the reduced modulus, �∗, is often used to simplify the problem. �∗ is defined as

�∗ =

[
1 − �2

�
+

1 − �2

8

�8

]−1

(C.4)

where � is Young’s modulus of the substrate material (the material being in-

dented), and � is its Poisson’s ratio; �8 is Young’s modulus of the indenter, and �8

is its Poisson’s ratio.

Fig. 4.1A (right side) also schematically shows the typical indentation load

versus displacement, i.e., the % − ℎ response, of an elastoplastic material subjected

to sharp indentation. The theoretical loading response for a sharp indenter tip is

governed by Kick’s Law [103],

% = �ℎ2, (C.5)

where � is the loading curvature. (This law is expected to hold when the depth of

penetrationof the indenter tip into the substrate is at least several timesgreater than

the tip radius of the indenter, and the indenter contact diameter is at least on the

order of ten times the depth of penetration into the substrate. In addition, note that

for continuum analyses to hold, all the characteristic dimensions of indentation

discussed here must be at least several times larger than the average structural

dimension of the material with its characteristic microstructural features, such as

particle size, grain size, etc.)

At the maximum depth of penetration ℎ< , the corresponding indentation load

%< makes a projected contact area of �< . The average contact pressure is thus

defined as ?0E4 =
%<
�<

, commonly referred to as the hardness of the indented

material. Upon unloading, the initial unloading slope is defined as
3%
3ℎ |ℎ< . Upon
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complete unloading, the residual depth from the indentation impression is ℎA .

The area under the loading portion is defined as the total work,C ; the area under

the unloading portion is defined as the recovered elastic work ,4 ; and the area

enclosed by the loading and unloading portions is defined as the residual plastic

work,? =,C −,4 . See Fig. 4.1 for graphical representations of these parameters

and more details in ref. [50].

A representative plastic strain �A can be defined as a strain level, which allows

for the construction of a dimensionless description of indentation loading response

for a particular geometry of the sharp indenter tip, independent of the strain

hardening exponent =. A comprehensive framework using dimensional analysis

to extract closed form universal functions for the representative plastic strain has

been developed [50, 46] based on brute force finite element simulations. Values

of �A for different indenter geometries are also available in the literature [50, 46].

Note that particular values of �A depend strongly on how it is defined [50].

We constructed and used universal dimensionless functions for single sharp

indentation [50] and dual/multiple indentation with two indenter tip geometries

[46, 28, 31, 220] to formulate forward and inverse algorithms. Issues of accuracy,

sensitivity and uniqueness have been discussed in [50, 121]. In brief, the forward

algorithms are robust with low sensitivity while the inverse algorithms are more

sensitive to small experimental errors in extracting elastoplastic properties. We

also note that the uniqueness of the inverse solution is not always guaranteed for

certain parameter ranges, especially when solving the single indentation inverse

problem [50, 43]. More details can be found in refs. [50, 46, 74].
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C.2 Inverse analysis using themulti-fidelityGaussian

process

We test the same problem in Section “Inverse Analysis UsingMFNNs” (Approach

1) using the linear multi-fidelity Gaussian process regression (MFGPR), which is a

widely usedmulti-fidelity method despite being only suitable for problemswhere

the correlation between low-fidelity and high-fidelity outputs is almost linear.

Because the computational cost of MFGPR scales as #3
(with # being the number

of training data sets), we only use 1,000 low-fidelity data points for comparison.

When 70 high-fidelity points are used, the errors obtained by using MFGPR for �∗

and �H are 23± 19% and 38± 16%, respectively. These values are much larger than

the errors seen in the present study using MFNN. MFGPR thus fails to do well in

solving the inverse indentation problem because the correlation between low- and

high-fidelity data sets is no longer linear (see Fig. C.3).

C.3 Tip-radius-effect correction and tip radius estima-

tion

In ref. [45], a simplified tip-radius-effect correction method was proposed and

verified to be a good approximation for obtaining the corrected load (%) versus

indenter displacement (ℎ) response with a known tip radius 0C8? . Briefly, the

tip-radius effect towards the load-displacement curve can be approximated by a

corresponding shift, ℎ1 , to the % − ℎ curve. In the present study, we first estimate

the values of ℎ1 corresponding to different tip radii 0C8? in 100 nm intervals. The

corrected % − ℎ curves shifted by different ℎ1 values are then compared with FEM



219

generated theoretical curves. The best match of (�, 3%3ℎ ,
,?

,C
) parameter set gives

the chosen ℎ1 value used for tip-radius-effect correction, which corresponds to an

estimated tip radius of 0.6µm.
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Figure C.1: Single-fidelity NNs for inverse indentation problems. (A) Results obtained using

training data generated from previously established dimensionless fitting functions in ref. [50].

The dotted lines show the average error of directly applying the equations for �∗ and �H . The solid
red and blue lines show the NN errors of �∗ and �H , respectively, versus the different training data

set size. (B) Results obtained using 2D axisymmetric finite element conical indentation data for

training. The dotted lines show the average error of directly applying the previous established

dimensionless fitting functions in [50]. The solid red and blue lines show the NN errors of �∗ and
�H , respectively, versus the different training data set size. All data in (A) and (B) are assuming a

conical indenter with a half-included tip angle of 70.3°.

C.4 Sensitivity of the inverse indentation problem to

extracting plastic properties

The inverse indentation problem of extracting plastic properties is inherently sen-

sitive to small experimental errors. Regarding the dependence of yield strength

and strain-hardening exponent to such experimental errors, Fig. C.5 shows results

from using the equations in ref. [50] (Fig. C.5A, B and C) and using NNs trained

using 2D+3D FEM data for estimating errors (Fig. C.5D, E and F) with respect to

�H , �H/� and =, respectively. Note that there is, in general, not a clear dependence
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Figure C.2: Comparison between the proposed multi-fidelity neural network (MFNN) based on

the residual connection with the original MFNN. The blue and green lines represent the mean and

median of errors of the original MFNN for (A) �∗ and (B) �H , and the red line represents the mean

MAPE of the residual MFNN. By adding the residual connection, the training process becomes

more stable, and the error is also significantly reduced.
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Figure C.3: The non-linear correlation between low-fidelity formulas and high-fidelity FEM data

for (A) �∗ and (B) �H . �∗;>F and �∗
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of each point represent the values of �∗ obtained from fitting

functions and from the FEM data for the same (�, 3%3ℎ ,
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) in (A). Same for �H in (B).
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Figure C.4: Inverse analysis of four 3D printed Ti-6Al-4V alloys. (A) �∗ and (B) �H for 3D

printed Ti-6Al-4V alloys (B3067, B3090, B6090, and S3067) versus the number of randomly selected

experimental training data from B3067 indentation experiments. All experimental data used are

from the uncorrected raw indentation data.

of error on either �H/� or = in all cases. For results using the universal equations

in ref. [50], somewhat larger errors are foundwhen �H/� is less than 0.1 or close to

0.4, and when = is close to zero or between 0.15 to 0.25. The 2D+3D FEM trained

NNs show smaller average errors and less scatter in terms of errors across the

entire parameter space than the cases using the equations from ref. [50].

In addition, the proposed method in the present study has been shown to be

very effective in learning and reducing systematic errors in indentation experi-

ments, when a small number of high-fidelity experimental data points is added

for training. These are shown clearly in the presented results for modulus, yield

strength and strain-hardening behavior. This is due to that fact that, with a nom-

inally homogeneous material, instrumented indentation experiments are known

to produce highly repeatable force vs penetration depth curves when using the

same indenter instrument and the same setup. By employing a reliable method

that can effectively learn and correct the involved systematic errors, we can use

the method to calibrate the indenter and obtain reliable inverse analyses results.
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Figure C.5: Mean average percentage error of �H and �10% as a function of �H , �H/� and = using (A,

B andC) fitting functions in ref. [50] and (D, E and F) multi-fidelityNNs trained by 2D and 3D FEM

simulations for solving the inverse indentation problem. Results of multi-fidelity NNs are trained

by integrating 2D axisymmetric FEM results (low fidelity) together with 3D FEM simulation data

(high fidelity). There are totally 14 data points of 3D FEM simulation; 13 randomly selected data

points are used in training, and the remaining one is used for testing; all 14 possible such selections

are studied and summarized using error bars in the figure.

Table C.1: Input parameters for neural network training for different cases. The output for all

cases is either �∗ or �H .

Case Inputs

Single fidelity 1 indenter �, 3%/3ℎ,,?/,C in 70.3°
Single fidelity 2 indenters (�, 3%/3ℎ,,?/,C) in 70.3°, and � in 60°
Single fidelity 4 indenters (�, 3%/3ℎ,,?/,C) in 70.3°, � in 50°, � in 60°, and � in 80°
Multi fidelity �, 3%/3ℎ,,?/,C
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Table C.2: The datasets and the sizes of the datasets used in this study.

Dataset Size

2D FEM in 50° 76

2D FEM in 60° 100

2D FEM in 70.3° 100, including 3 data points with = > 0.3 and �H/�∗ ≥ 0.03

2D FEM in 80° 76

3D Berkovich FEM 14

Al6061-T6511 6

Al7075-T651 6

B3067 144

B3090 144

B6067 144

B6090 144

S3067 144

S6067 144

Table C.3: Indentation characteristics extracted from Berkovich indentation curves of two alu-

minum alloys Al6061-T6511 and Al7075-T651, with a maximum indentation load of 3 N for each

indentation experiment.

Material � (GPa) 3%/3ℎ (kN/m) ,?/,C

Al6061-T6511 27.4 ± 0.4 5086 ± 138 0.896 ± 0.008

Al7075-T651 42.7 ± 1.3 4005 ± 52 0.835 ± 0.003
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Table C.4: Indentation characteristics extracted (A) directly from raw indentation curves of six 3D

printed Ti-6Al-4V alloys (B3067, B3090, B6067, B6090, S3067 and S6067) and (B) from indentation

curves corrected with a indenter tip radius of 0.6µm for two 3D printed Ti-6Al-4V alloys (B3067

and B3090), using the same experimental setup with a maximum indentation load of 9 mN for

each indentation experiment. Here, B and S refer to the build and transverse orientations, the

first two digits refer to the thickness (in µm) of each layer (employed in the layer-by-layer 3D

printing process), and the last two digits indicate the scan rotation between successive layers.

The standard deviations shown in the table are from 144 indentation curves. The corresponding

uniaxial stress-strain curves can be found in ref. [116].

A

Material � (GPa) 3%/3ℎ (kN/m) ,?/,C

B3067 137.7 ± 9.4 202.7 ± 4.2 0.73 ± 0.01

B3090 137.4 ± 9.0 195.9 ± 3.9 0.72 ± 0.01

B6067 141.1 ± 9.8 199.5 ± 3.8 0.72 ± 0.01

B6090 143.0 ± 19.2 197.5 ± 4.3 0.71 ± 0.01

S3067 135.9 ± 8.5 201.4 ± 3.9 0.72 ± 0.01

S6067 135.1 ± 10.5 199.6 ± 3.8 0.73 ± 0.01

B

Material � (GPa) 3%/3ℎ (kN/m) ,?/,C

B3067 96.3 ± 5.4 202.7 ± 4.2 0.73 ± 0.01

B3090 96.2 ± 5.3 195.9 ± 3.9 0.72 ± 0.01
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D.1 Neural networks to approximate nonlinear oper-

ators

We list in Table D.1 the main symbols and notations that are used throughout this

chapter.

Table D.1: Notation.

- a Banach space with norm ‖ · ‖-
R3 Euclidean space of dimension 3

 a compact set in a Banach space

�( ) Banach space of all continuous functions defined on  

with norm ‖ 5 ‖�( ) = maxG∈ | 5 (G)|
+ a compact set in �( )
D(G) an input function/signal

B(G) an output function/signal

5 a function or functional

� an operator

(TW) all the Tauber-Wiener functions

� an activation function

{G1, G2, . . . , G<} < sensor points

=, ? neural network size hyperparameters in Theorems D.1.4

and D.1.5 below

# number of basis functions

" value of some upper bound

Let �( ) denote the Banach space of all continuous functions defined on a

compact set  ⊂ - with sup-norm ‖ 5 ‖�( ) = maxG∈ | 5 (G)|, where - is a Banach

space. We first review the definition and sufficient condition of Tauber-Wiener

(TW) functions [37], and the definition of continuous operator.
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Definition D.1.1 (TW). If a function � : R→ R (continuous or discontinuous) satisfies

that all the linear combinations
∑#
8=1

28�(�8G + �8), �8 ∈ R, �8 ∈ R, 28 ∈ R, 8 =

1, 2, . . . , # , are dense in every �([0, 1]), then � is called a Tauber-Wiener (TW) function.

Theorem D.1.2 (Sufficient condition for TW). Suppose that � is a continuous func-

tion, and � ∈ (′(R) (tempered distributions), then � ∈ (),), if and only if � is not a

polynomial.

It is easy to verify that all the activation functions we used nowadays, such as

sigmoid, tanh and ReLU, are TW functions.

Definition D.1.3 (Continuity). Let � be an operator between topological spaces - and

.. We call � continuous if for every & > 0, there exists a constant � > 0 such that

‖�(G) − �(H)‖. < &

for all G, H ∈ - satisfying ‖G − H‖- < �.

We recall the following two main theorems of approximating nonlinear con-

tinuous functionals and operators due to Chen & Chen [37].

TheoremD.1.4 (Universal Approximation Theorem for Functional). Suppose that

� ∈ (),), - is a Banach Space,  ⊂ - is a compact set, + is a compact set in �( ), 5

is a continuous functional defined on + , then for any & > 0, there are a positive integer =,

< points G1, . . . , G< ∈  , and real constants 28 , �8 , �8 9 , 8 = 1, . . . , =, 9 = 1, . . . , <, such

that ������ 5 (D) − =∑
8=1

28�
©­«
<∑
9=1

�8 9D(G 9) + �8
ª®¬
������ < &

holds for all D ∈ + .
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Theorem D.1.5 (Universal Approximation Theorem for Operator). Suppose that

� ∈ (),), - is a Banach Space,  1 ⊂ -,  2 ⊂ R3 are two compact sets in - and R3,

respectively, + is a compact set in �( 1), � is a nonlinear continuous operator, which

maps + into �( 2), then for any & > 0, there are positive integers =, ?, <, constants

2:
8
, �:

89
, �:

8
, �: ∈ R, F: ∈ R3, G 9 ∈  1, 8 = 1, . . . , =, : = 1, . . . , ?, 9 = 1, . . . , <, such

that �������(D)(H) −
?∑
:=1

=∑
8=1

2:8 �
©­«
<∑
9=1

�:89D(G 9) + �:8
ª®¬ �(F: · H + �:)

������ < &

holds for all D ∈ + and H ∈  2.

The necessary and sufficient conditions of the compactness are given by the

following Arzelà-Ascoli Theorem.

Definition D.1.6 (Uniform Boundedness). Let + be a family of real-valued functions

on the set  . We call + uniformly bounded if there exists a constant " such that

| 5 (G)| ≤ "

for all 5 ∈ + and all G ∈  .

Definition D.1.7 (Equicontinuity). Let + be a family of real-valued functions on the

set  . We call + equicontinuous if for every & > 0, there exists a � > 0 such that

| 5 (G) − 5 (H)| < &

for all 5 ∈ + and all G, H ∈  satisfying |G − H | < �.

Theorem D.1.8 (Arzelà-Ascoli Theorem). Let - be a Banach space, and  ⊂ - be a

compact set. A subset + of �( ) is pre-compact (has compact closure) if and only if + is

uniformly bounded and equicontinuous.
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D.2 Data generation

Here, we list the details of function spaces + and reference solutions.

Gaussian random fields (GRFs). In most examples, we use the mean-zero GRFs

for the input function D(G):

D(G) ∼ GP(0, :;(G1, G2)),

where the covariance kernel :;(G1, G2) = exp(−‖G1 − G2‖2/2;2) is the Gaussian

kernel with a length-scale parameter ; > 0. The length-scale ; determines the

smoothness of the sampled function, and larger ; leads to smoother D.

Orthogonal polynomials. Let" > 0 and %8 be 8-th orthogonal polynomial basis.

We define the #-dimensional orthogonal polynomial space as

+Org =

{
#−1∑
8=0

08%8(G) : |08 | ≤ "
}
.

We generate the samples of input function D(·) from the space +Org by randomly

sampling the expansion coefficient 08 from [−","].

In the chapter, we consider four different bases %8(·):

1. the Chebyshev polynomial of the first kind )8(G);

2. the Legendre polynomial !8(G);

3. the poly-fractonomial polynomial (1 + G)0.5�−0.5,0.5
8

(G), where �

,�
8
(G) is the
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Jacobi polynomial of degree 8;

4. theZernike polynomial/8(A, �), where/8(A, �) is the single indexingZernike

polynomial whose index 8 is linked to the indices of double-indexing one

/<= (A, �) by 8 =
=(=+2)+<

2
.

Reference solutions. The reference solutions of all ODE systems are obtained

by Runge-Kutta (4, 5), and the reference solutions of all deterministic PDEs are

obtained by a second-order finite difference method.

The exact solution of the stochastic ODE is

H = H04
 (C),

where  (C) =
∫ C

0

:(B) 3B is again Gaussian process with mean zero.

The exact solution of the stochastic PDE is

D(G) = �($)
∫ G

0

4−1(H;$) 3H −
∫ G

0

∫ H

0

4−1(H;$) 5 (I) 3I 3H,

where

�($) = (
∫

1

0

4−1(H;$) 3H)−1

∫
1

0

∫ H

0

4−1(H;$) 5 (I) 3I 3H.

Numerical solutions are obtained by approximating :(C;$) or 1(G;$) with their

truncated Karhunen-Loeve expansions.

Remark. We note that one data point is a triplet (D, H, �(D)(H)), and thus one

specific input D may appear in multiple data points with different values of H. For

example, a dataset of size 10000 may only be generated from 100 D trajectories,
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and each evaluates �(D)(H) for 100 H locations.
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D.3 Gaussian random field with the Gaussian kernel

Suppose that-(C) ∼ GP(0, exp(− |G−H |
2

;2
)). Then, by theWiener-Khinchin Theorem,

we have

-(C) =
√

2(�) 14
∫
R+
(;) 12 cos($C) exp(− ;

2$2

8

)3,($)

−
√

2(�) 14
∫
R+
(;) 12 sin($C) exp(− ;

2$2

8

)3�($),

where , and � are independent standard Brownian motions [238]. Apply the

change of variable � = ;$ and write -(C) as

-(C) =
√

2(�) 14
∫
R+

cos(�
;
C) exp(−�

2

8

)3,(�) −
√

2(�) 14
∫
R+

sin(�
;
C) exp(−�

2

8

)3�(�).

Applying a linear interpolation Π1 on the interval [C8 , C8+1], then

E[(-(C) −Π1-(C))2] = 2(�) 12
∫
R+
((� −Π1) cos(�

;
C))2 exp(−�

2

4

)3�

+ 2(�) 12
∫
R+
((� −Π1) sin(�

;
C))2 exp(−�

2

4

)3�

≤ (�) 12 (C8+1 − C8)4
∫
R+
(�
;
)4 exp(−�

2

4

)3�

= 24�
(C8+1 − C8)4

;4
,

wherewe recalled the error estimate of the linear interpolation on [0, 1] (byTaylor’s

expansion)

|(� −Π1)6(C)| =
1

2

(1 − 0)2 |6′′(�)|,

where � lies in between 0 and 1. Then by the fact that -(C) −Π1-(C) is Gaussian,

we have

|-(C) −Π1-(C)| ≤ �
(C8+1 − C8)2

;2
, & > 0, C ∈ [C8 , C8+1],
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where � is an absolute value of a Gaussian random variable with mean zero and

variance

√
24�. In conclusion, taking a piecewise linear interpolation of -(C)with

< points will lead to convergence with order O( 1

<2 ;2
).



234

D.4 Number of sensors for identifying nonlinear dy-

namical systems

This part is the proof of Theorem 6.2.2. All the concepts and notations involved

here are defined in the paragraph of Theorem 6.2.2.

Lemma D.4.1. , B
⋃∞
8=1
,8 is compact.

Proof. At first, we prove that, is pre-compact. For any � > 0, by (6.3), there exists

an <0 such that

‖D − ℒ<(D)‖� <
�
4

, ∀D ∈ +,∀< > <0.

Since,<0
is a compact set subject to equicontinuity, there exists a � > 0 such that

|G − H | < �⇒ |D(G) − D(H)| < �
2

, ∀D ∈,<0
,∀G, H ∈ [0, 1].

Now for all D ∈ , and all G, H ∈ [0, 1], |G − H | < �, if D ∈ ,<0
, naturally we have

|D(G) − D(H)| < �
2
< �, otherwise, D ∈ ⋃∞

8=<0+1
*8 . Suppose that D = ℒ<(E), < >

<0, E ∈ + , then there holds

|D(G) − D(H)| =|D(G) − E(G) + E(G) − E(H) + E(H) − D(H)|

≤|ℒ<(E)(G) − E(G)| + |E(G) − E(H)| + |ℒ<(E)(H) − E(H)|

≤2‖ℒ<(E) − E‖� + |E(G) − E(H)|

<2 · �
4

+ �
2

= �,

which shows the quicontinuity of, . In addition, it is obvious that, is uniformly

bounded, so that we know, is pre-compact by applying the Arzelà-Ascoli Theo-

rem.
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Nextwe show that, is closed. Let {F8}∞8=1
⊂ , be a sequencewhich converges

to a F0 ∈ �[0, 1]. If there exists an < such that {F8} ⊂ ,< , then F0 ∈ ,< ⊂ , .

Otherwise, there is a subsequence {ℒ8= (E8= )} of {F8} such that E8= ∈ + and 8= →∞

as = →∞. Then we have

‖E8= − F0‖� =‖E8= − ℒ8= (E8= ) + ℒ8= (E8= ) − F0‖�

≤‖E8= − ℒ8= (E8= )‖� + ‖ℒ8= (E8= ) − F0‖�

≤�(8= , +) + ‖ℒ8= (E8= ) − F0‖� ,

which implies that F0 = lim=→∞ E8= ∈ + ⊂ , . �

Next we show the proof of Theorem 6.2.2.

Proof. For D ∈ + and D< ∈ *< , according to the bound (6.3) and the Lipschitz

conditions of the right-hand side of the ODE, we can derive that the operator is

Lipschitz continuous.

‖�(D)(3) − �(D<)(3)‖2 ≤ 2

∫ 3

0

‖�(D)(C) − �(D<)(C)‖23C + 2
∫ 3

0

|D(C) − D<(C)|3C

≤ 2

∫ 3

0

‖�(D)(C) − �(D<)(C)‖23C + 2(1 − 0)�(<,+).

Here �(<,+) is defined in (6.3). By Grönwall’s inequality, we have

‖�(D)(3) − �(D<)(3))‖2 ≤ 2(1 − 0)�(<,+)4 2(1−0).

Define (< = {(D(G0), D(G1), · · · , D(G<)) ∈ R<+1 |D ∈ +}. Then (< is a compact set

in R<+1
as it is the image of a continuous map on the compact set + . As there is a

bĳective map between (< and *< , we may define a vector-valued function ϕ on
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(< by

ϕ(D(G0), D(G1), · · · , D(G<)) = �(D<)(3).

Because� is a continuous operator over+ ,ϕ is a continuous function over (< . For

any � > 0, make< large enough so that 2(1−0)�(<,+)4 2(1−0) < �. By the universal

approximation theorem of neural network for high-dimensional functions, there

existW1 ∈ R=×(<+1), 11 ∈ R<+1,W2 ∈ R ×= , 12 ∈ R , such that

‖ϕ(D(G0), · · · , D(G<)) − (W2 · �(W1 · [D(G0) · · · D(G<)]) + 11) + 12)‖2

< � − 2(1 − 0)�(<,+)4 2(1−0)

holds for all (D(G0), · · · , D(G<)) ∈ (< . Hence, we have

‖(�D)(3) − (W2 · �(W1 · [D(G0) · · · D(G<)]) + 11) + 12)‖2

≤‖(�D)(3) − (�D<)(3)‖2

+ ‖(�D<)(3) − (W2 · �(W1 · [D(G0) · · · D(G<)]) + 11) + 12)‖2

<2(1 − 0)�(<,+)4 2(1−0) + � − 2(1 − 0)�(<,+)4 2(1−0) = �.

In summary, by choosing the value of < so that it makes 2(1 − 0)�(<,+)4 2(1−0)

less than � is sufficient to achieve accuracy �. �
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D.5 Parameters

In all problems we use ReLU activation function, except that for fractional dif-

ferential operators we use the hyperbolic tangent. We use the Adam optimizer

[112] with learning rate 0.001, except that for the Legendre transform it is 0.0001.

The other parameters and network sizes are listed in Tables D.2 and D.3, unless

otherwise stated.

Table D.2: Default parameters for each problem, unless otherwise stated. We note that one data

point is a triplet (D, H, �(D)(H)), and thus one specific input D may generate multiple data points

with different values of H.

Case Input function space # Sensors < # Training # Test # Iterations

Antiderivative GRF (; = 0.2) 100 10
4

10
5

5 × 10
4

Legendre transform GRF (; = 0.2) 200 10
4

2 × 10
4

2 × 10
6

Fractional (1D) – 15 10
6

10
6

3 × 10
4

Fractional (2D) Zernike 225 1.125 × 10
7

1.125 × 10
7

5 × 10
3

Nonlinear ODE GRF (; = 0.2) 100 10
4

10
5

10
5

Gravity pendulum GRF (; = 0.2) 100 10
4

10
5

10
5

Diffusion-reaction GRF (; = 0.2) 100 – 10
6

5 × 10
5

Advection GRF 100 5 × 10
4

10
5

5 × 10
5

Advection-diffusion GRF (; = 0.5) 100 5 × 10
4

10
5

5 × 10
5

Stochastic ODE/PDE – 20 10
6

10
6

5 × 10
4
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Figure D.1: Errors of FNNs trained to learn the antiderivative operator (linear case). (A and B)
Learning rate 0.01. (C and D) Learning rate 0.001. (E and F) Learning rate 0.0001. (A, C, E) The

solid and dash lines are the training error and test error during the training process, respectively.

The blue, red and green lines represent FNNs of size (depth 2, width 10), (depth 3, width 160),

and (depth 4, width 2560), respectively. (B, D, F) The blue, red and green lines represent FNNs

of depth 2, 3 and 4, respectively. The shaded regions in (D) are the one-standard-derivation (SD)

from 10 runs with different training/test data and network initialization. For clarity, only the SD

of learning rate 0.001 is shown (Fig. D). The number of sensors for D is < = 100.
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Table D.3: DeepONet size for each problem, unless otherwise stated.

Case Trunk depth Trunk width Branch depth Branch width

Antiderivative 3 40 2 40

Legendre transform 3 100 2 100

Fractional (1D) 3 40 2 40

Fractional (2D) 3 60 2 60

Nonlinear ODE 3 40 2 40

Gravity pendulum 3 40 2 40

Diffusion-reaction 3 100 2 100

Advection 3 100 2 100

Advection-diffusion 3 100 2 100

Stochastic ODE/PDE 3 100 2 100
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D.6 Legendre transform

We consider the Legendre transform of a function 5 (G):

Problem 7 J={ 5 (G)} =
∫

1

−1

%=(G) 5 (G)3G, (D.1)

where %=(G) is a Legendre polynomial of degree =. We use DeepONet to learn the

Legendre transform 5 (G) ↦→ J={ 5 (G)}. Because the Legendre transform decays

fast to zero w.r.t. = for a smooth 5 (G), it is sufficient to consider the first 20

coefficients, i.e., = ∈ {0, 1, 2, . . . , 19}. To generate the dataset, we sampled 500

random 5 (G) from a GRF with the Gaussian kernel of the length scale ; = 0.2, and

computed the Legendre transform at the first 20 coefficients for each 5 (G). Thus

the dataset size is equal to 10000(= 500×20). The testMSE is 3.2 × 10
−7±1.9 × 10

−7
,

and two prediction examples are shown in Fig. D.2.
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Figure D.2: DeepONet prediction of the Legendre transform for two random 5 (G).
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D.7 Nonlinear ODE system

We consider a nonlinear 1D ODE system

Problem 1.C
3B(G)
3G

= 6(B(G), D(G), G), G ∈ (0, 1], where 6(B(G), D(G), G) = −B2(G) + D(G),

with an initial condition B(0) = 0. Because B(G) may explode for certain D, we

compute the test MSE by removing the 1‰ worst predictions. During the net-

work training, the training MSE and test MSE of both stacked and unstacked

DeepONets decrease, but the correlation between training MSE and test MSE of

unstacked DeepONets is tighter (Fig. D.3A), i.e., smaller generalization error.

This tight correlation between training and test MSE of unstacked DeepONets is

also observed across multiple runs with random training dataset and network

initialization (Fig. D.3B). Moreover, the test MSE and training MSE of unstacked

DeepONets follow almost a linear correlation

MSEtest ≈ 10 ×MSEtrain − 10
−4.

Fig. D.3C shows that unstacked DeepONets have smaller test MSE due to smaller

generalization error. DeepONets work even for out-of-distribution predictions,

see three examples of the prediction in Fig. D.4.
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D.8 Gravity pendulum with an external force

D.8.1 Number of sensors

The number of sensors required to distinguish two input functions depends on

the value of :, prediction time ), and the input function space. For the case with

the default parameters : = 1, ) = 1 and ; = 0.2, when the number of sensors <

is small, the error decays exponentially as we increase the number of sensors (Fig.

D.5A):

MSE ∝ 4.6−#sensors.

When < is already large, the effect of increasing < is negligible. The transition

occurs at ∼10 sensors, as indicated by the arrow.

To predict B for a longer time, more sensors are required (Fig. D.5B). For

example, predicting until ) = 5 requires ∼25 sensors. If the function D is less

smooth corresponding to smaller ;, it also requires more sensors (Fig. D.5C).

However, the number of sensors is not sensitive to : (Fig. D.5D). Although it is

hard to quantify the exact dependency of< on) and ;, by fitting the computational

results we show that

< ∝
√
) and < ∝ ;−1.

In Theorem 6.2.2,< should be large enough tomake)4 2)�(<,+) small. In Section

D.3 we show theoretically that < ∝ ;−1
for the GRF function space with the RBF

kernel, which is consistent with our computational result here. )4 2) in the bound

is loose compared to the computational results.
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Figure D.5: Gravity pendulum: required number of sensors for different ), : and ;. (A) Training

MSE (square symbols) and test MSE (circle symbols) decrease as the number of sensors increases

in the case : = 1, ) = 1 and ; = 0.2. Training and testMSE versus the number of sensors in different

conditions of (B) ), (C) ;, and (D) :. For clarity, the standard deviation is not shown. The arrow

indicates where the rate of the error decay diminishes.

D.8.2 Error tendency and convergence

Here, we investigate the error tendency under different conditions, including net-

work size, and training dataset size. We take ) = 3 for the following experiments

in this subsection. By varying the network width, we can observe that there is a

best width to achieve the smallest error (Fig. D.6A). It is reasonable that increas-

ing the width from 1 to 100 would decrease the error, but the error would instead

increase when the width further increases. This could be due to the increased

optimization error, and a better learning rate may be used to find a better network.

To examine the effect of training dataset size, we choose networks of width 100 to

eliminate the network size effect, and the training and test errors using different

dataset size are shown in Fig. D.6B. The test and generalization errors of networks

with width 50 and 200 are shown in Fig. 6.3.
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Figure D.6: Gravity pendulum: error tendency and convergence. (A) Training and test errors first

decrease and then increase, when network width increases. (B) Test error decreases when more

training data are used (width 100).

D.8.3 Input function spaces

Next, we investigate the effect of different function spaces, including GRF with

different length scale ; and the space of Chebyshev polynomials with different

number of bases. For a fixed sensor number, we observe that there exists a critical

length scale, around where the training and test errors change rapidly, see the

arrows in Fig. D.7A. This sharp transition around the critical value is also observed

in the space of Chebyshev polynomials with different number of bases (Fig. D.7B).

The relations between the critical values and the sensor numbers are

; ∝ <−1

and #Bases ∝
√
<.

The inverse relation between ; and < is consistent with the theoretical results in

Section D.3 and the computational results in Section D.8.1. Therefore, when the

function space complexity increases, one may increase < to capture the functions

well.
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D.9 Diffusion-reaction system with a source term
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Figure D.8: Learning a diffusion-reaction system. (left) An example of a random sample of

the input function D(G). (middle) The corresponding output function B(G, C) at % different (G, C)
locations. (right) Pairing of inputs and outputs at the training data points. The total number of

training data points is the product of % times the number of samples of D.

The same convergence behavior is also observed when we use % = #D to

generate the training dataset (Fig. D.10), instead of fixing % or #D.

Table D.4: Learning a diffusion-reaction system. Mean and standard deviation of training error

and test error of ResNets from 10 independent runs.

# Residual block Width Training error Test error

1 20 2.4 × 10
−3 ± 4.8 × 10

−4
9.9 × 10

−2 ± 4.8 × 10
−2

1 50 2.4 × 10
−4 ± 2.6 × 10

−5
4.3 × 10

−1 ± 1.3 × 10
−1

1 100 2.2 × 10
−5 ± 2.0 × 10

−6
1.4 × 10

−1 ± 1.8 × 10
−2

2 20 2.2 × 10
−3 ± 2.3 × 10

−5
6.0 × 10

−1 ± 1.8 × 10
−1

2 50 5.8 × 10
−5 ± 7.3 × 10

−6
2.6 × 10

−1 ± 5.6 × 10
−2

3 20 1.1 × 10
−3 ± 1.3 × 10

−4
6.1 × 10

−1 ± 3.0 × 10
−1

3 50 2.8 × 10
−5 ± 3.6 × 10

−6
2.1 × 10

−1 ± 6.4 × 10
−2
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D.10 Advection equation

Consider the advection equation

Problem 8 %B

%C
+ 0(G) %B

%G
= 0, G ∈ [0, 1], C ∈ [0, 1],

and here we learn four operators mapping from different input functions to the

solution B(G, C). The choices of 0(G), IC/BC and DeepONet input function are

listed in Table D.5. We note that in these four cases, 0(G) is positive. In Cases I and

IV we use a periodic BC, and thus the IC is also chosen to be periodic.

To generate the training dataset, we solve the system using a finite difference

method on a 100 by 100 grid, except for the Case I with the analytical solution

B(G, C) = 5 (sin
2(�(G− C)). Then for each solution B(G, C)we randomly select % = 100

points out of these 10000(= 100 × 100) grid points. The dataset size is equal to the

product of % by the number of input function samples. We sample 5 (G) in Table

D.5 from a GRF with the Gaussian kernel of different length scale ;, and we use

500 random 5 samples for training.

Table D.5: Setup and results of four different cases of the advection equation. Mean and standard

deviation of the test MSE error are obtained from 10 independent runs.

Case 0(G) IC B(G, 0) BC Input Length Test MSE Example

scale ;

I 1 5 (sin
2(�G)) Periodic B(G, 0) 0.5 1.8 × 10

−6±4.2 × 10
−7

Fig. D.11

II 1 G 5 (G) B(0, C) = 0 B(G, 0) 0.2 3.7 × 10
−7±1.8 × 10

−7
Fig. D.12

III 1 + 0.1 · 5 (G) G2 B(0, C) = sin(�C) 5 (G) 0.2 1.6 × 10
−5±6.8 × 10

−6
Fig. D.13

IV 1 + 0.1 · 5 (G)+ 5 (1−G)
2

sin(2�G) Periodic 5 (G) 0.2 3.2 × 10
−5±1.4 × 10

−5
Fig. D.14
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Figure D.11: DeepONet prediction of the advection equation in Case I for a random IC.
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Figure D.12: DeepONet prediction of the advection equation in Case II for a random IC.
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Figure D.13: DeepONet prediction of the advection equation in Case III for a random 5 (G).
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Figure D.14: DeepONet prediction of the advection equation in Case IV for a random 5 (G).
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D.11 Advection-diffusion equation

Consider the advection-diffusion equation

Problem 9 %B

%C
+ %B

%G
− � %2B

%G2

= 0, G ∈ (0, 1), C ∈ (0, 1], (D.2)

with the periodic boundary condition and initial condition B(G, 0) = 5 (sin
2(�G)),

where � = 0.1 is the diffusion coefficient and 5 (G) is sampled from a GRF with

the Gaussian kernel of the length scale ; = 0.5. Here, B(G, 0) is the input function,

and we use DeepONets to learn the operator mapping from B(G, 0) to the solution

B(G, C). Togenerate the trainingdataset,we solve the systemusingafinitedifference

method on a 100 by 100 grid, and then for each solution B(G, C)we randomly select

% = 100 points out of these 10000(= 100 × 100) grid points. The dataset size is

equal to the product of % by the number of B(G, 0) samples which is set to 500 here.

The test MSE is 8.7 × 10
−6±1.1 × 10

−6
and Fig. D.15 is an example for prediction.
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Figure D.15: DeepONet prediction of the advection-diffusion equation for a random IC.
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D.12 Fractional differential operators

Below we detail the data generation and NN architectures for learning the 1D

Caputo fractional derivative and the 2D fractional Laplacian.

D.12.1 1D Caputo derivative operator

The + spaces we consider are Legendre polynomial space, poly-fractonomial

space, and GRF, all of which have been mentioned in Section D.2. For the Leg-

endre and poly-fractonomial spaces, we take " = 2 and # = 11. The expansion

coefficients are taken from Sobol sequence, a quasi-random sequence. For the

GRF, we set ; = 0.1 and ; = 0.3 in the Gaussian kernel for training and test sets,

respectively.

Given the discrete version of the input function D(·), i.e., [D(G1), · · · , D(G<)]) ,

the evaluation point H, and the fractional order 
, the reference solution�(D)(H, 
)

is computed by using the !1 scheme [205], a finite difference scheme for approxi-

mating Caputo fractional derivative. We take 2000 finite difference points in order

to ensure that the computed value of output function is sufficiently accurate.

The training set is determined by the following parameters. The number of

different samples of D(·) is #D = 10000. The number of the equi-spaced “sensors”

for D(·) is < = 15. The numbers of different equi-spaced evaluation points H and 


for the output function �(D)(H, 
) are both #H = #
 = 10. The number of training

points is calculated as #D ×#H ×#
 = 10
6
. The same parameters are taken for the

test set.
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D.12.2 2D fractional Laplacian operator

The + space, where D(A, �) is sampled from, is an orthogonal polynomial space

spannedby theZernikepolynomial/8(A, �), where A and� are the radius andangle

in the polar coordinate, respectively. We take 15 basis functions {/0, /1, · · · , /14},

namely,# = 15, and set" = 2 for sampling the expansion coefficients 08 in Section

D.2.

Given the discrete version of the input function D(·), i.e., [D(G1), · · · , D(G<)]) ,

the evaluation point H, and the fractional order 
, the reference solution�(D)(H, 
)

is computed by using the vectorGrünwald-Letnikov formula [145] for approximat-

ing Riesz fractional Laplacian. We take 16 Gauss quadrature points for evaluating

the integral with respect to differentiation direction and take 2000 finite difference

points to approximate fractional directional derivative along a specific differenti-

ation direction.

For DeepONet and CNN models, the raw data are the same. We choose

#D = 5000, #G = 15 × 15 = 225, #H = 15 × 15 = 225, and #
 = 10. But the raw

data are organized in different ways for the two models. The DeepONet model

organizes the data in a loose way, and thus the size of training set is large, namely,

#D × #H × #
 = 1.125 × 10
7
. In contrast, the CNN model leverages the spatial

structure of the raw data and rearranges the data into a compact form (image).

The size of training set is only #D = 5000. Also, the parameters for the test set are

the same as those for the training one.

For theCNN, thefilter size isfixed tobe3×3, and themaxpoolingwindowsize is

2×2. The input images are shaped tobe a 4Darrayhaving the shape [#D , �G ,,G , 1],

where the height (�G) and width (,G) of the image for contour plot of one sample
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of D(·) are taken to be�G =,G =
√
#G . The output images are arranged to another

4D array having the shape [#D , �H ,,H , #
], where the height (�H) and width

(,H) of the images for contour plots of {�(D)(H, 
1), �(D)(H, 
2), · · · , �(D)(H, 
#
}

are taken to be �H = ,H =
√
#H . We denote by #2ℎ0= the number of channels in

a convolution layer. From the input images to the latent vector, we successively

have a convolutional layer with #2ℎ0= = 32, a maxpooling layer, a convolutional

layer with #2ℎ0= = 64, and a dense layer with width 64. We take zero padding and

stride size 1 for all the above layers. From the latent vector to the output images,

we successively have a dense layer with width 64, a dense layer with width 1024

(then reshaped to the shape [#D , 4, 4, 64]), a convolutional layer with #2ℎ0= = 32,

padding size 2, and stride 1 (then upsampled to the shape [#D , 13, 13, 1]), and a

convolutional layer with #2ℎ0= = #
, padding size 2 and stride size 1. The CNN

architecture we just mentioned are rather similar to encoder and decoder in an

autoencoder. We borrow the idea of latent space in the autoencoder, and link the

two parts in the CNN using the latent space. The dimensionality of the latent

space is set to be 20 in the current example.



260

D.13 Hölder continuity of the operators in this work

For all the explicit and implicit operators in our examples, the operators � are

Hölder continuous.



�( 5 ) − �(6)


-
≤ �



 5 − 6



.
, 0 < 
 ≤ 1.

Here � > 0 depends on 5 and 6 and the operator �. Here we - and . are Banach

spaces and they refers to the space of continuous functions on a compact set unless

otherwise stated.

Let �N be the approximated � using DeepONet. Let 5ℎ be an approximation

of 5 in ., possibly by collocation or neural networks. Then



�( 5 ) − �N( 5ℎ)

- ≤


�( 5 ) − �( 5ℎ)

- + 

�( 5ℎ) − �N( 5ℎ)

- ≤ � 

 5 − 5ℎ


. + �,

where � is the user-defined accuracy as in the universal approximation theorem by

neural networks and thus the key is to verify the operator � is Hölder continuous.

The explicit operators and their Lipschitz continuity (
 = 1) are presented

below.

1. (Simple ODE, Problem 1.A) �(D)(G) = B0 +
∫ G

0

D(B) 3B.

max

G∈[0,1]
|�(D)(G) − �(E)(G)| ≤ 1 max

G∈[0,1]
|D − E | .

2. (Caputo derivative, Problem 2) The operator is Lipschitz continuous with

respect to its argument in weighted Sobolev norms, c.f. [239, Theorem 2.4].
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3. (Integral fractional Laplacian, Problem 3) The operator is Lipschitz con-

tinuous with respect to its argument in weighted Sobolev norms, c.f. [83,

Theorem 3.3].

4. (Legendre transform, Problem 7 in Equation (D.1)). The Lipschitz continuity

of the operator �(D)(=) =
∫

1

−1

%=(G)D(G) 3G can be seen as follows. For any

non-egative integer,

max

=
|�(D)(=) − �(E)(=)| ≤ max

=

∫
1

−1

|%=(G)| 3G max

G∈[−1,1]
|D − E |

≤ � max

G∈[−1,1]
|D − E |

where � = max=

( ∫ 1

−1

3G
)
1/2 ( ∫ 1

−1

|%=(G)|2 3G
)
1/2

= max=(2 2

2=+1
)1/2 ≤ 2.

5. The linear operator from Problem 9 in (D.2) in Lipschitz continuous with

respect to the initial condition in the norm in the space of continuous func-

tions, from he classical theory for linear parabolic equations [118, Chapter

IV],

The implicit operators from dynamic systems and differential equations are

more complicated. The Hölder continuity of these operators are elaborated in the

following text.

The implicit operator from Problem 1. The Lipschitz continuity of the operator

has been shown in the proof of Theorem 6.2.2. For Problem 1.C, the solution is

still bounded as long as the input D is not too large. With a bounded solution B,

the nonlinear term B2
is Lipschitz continuous, and thus, the Lipschitz continuity

of the operator is still valid, as in the proof of Theorem 6.2.2.
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The implicit operator from Problem 4 is Lipschitz with respect to the right-

hand side D of not large values, from the classical theory for quasi-linear parabolic

equations [118, Chapter V].

The implicit operator from Problem 5. 3H(C , $) = :(C , $)H(C , $) 3C, H(0) = H0.

Here :(C) is a Gaussian process with mean zero and a smooth covariance function.

The exact solution is H = H0 exp(
∫ C

0

:(B) 3B). Then the solution operator is Lipschitz

continuous in the pathwise sense. Let :1(C) and :2(C) be the coefficients in Problem

5 and H1(C) and H2(C) are the corresponding solutions. By the mean value theorem,

|4G − 4H | ≤
��G − H�� (4G + 4H) holds for all G, H ∈ R and

��H1(C) − H2(C)
�� =

��H0

�� ����exp(
∫ C

0

:1(B) 3B) − exp(
∫ C

0

:2(B) 3B)
����

≤
��H0

�� (exp(
∫ C

0

:1(B) 3B) + exp(
∫ C

0

:2(B) 3B))
����∫ C

0

:1(B) − :2(B) 3B
����

≤
��H0

��
exp(

∫ C

0

:1(B) 3B) + exp(
∫ C

0

:2(B) 3B) |:1 − :2 |�([0,)])

Then for any C ∈ [0, )],

‖�(:1)(·, $) − �(:2)(·, $)‖�[0,)] ≤ �($, C) |:1(·, $) − :2(·, $)|!∞([0,C]) ,

where �($, )) =
��H0

�� (maxC∈[0,)] exp(
∫ C

0

:1(B, $) 3B)+maxC∈[0,)] exp(
∫ C

0

:2(B, $) 3B))

has moments of any order, according to [33, Proposition 2.3].

The implicit operator from Problem 6. The operator can be written as D = �(1)

and D8 = �(18), 8 = 1, 2 satisfy the following equations:

−div(418(G)∇D8) = 5 (G), G ∈ � = (0, 1), D8(G) = 0, G ∈ %�,
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Then ‖D8($)‖�1 ≤ (minG∈� 4−18 )−1



 5 


�−1

, where�1
and�−1

are standard Sobolev-

Hilbert spaces. The difference D1 − D2 satisfies the following

−div(411(G)∇(D1−D2)) = div((411(G)−412(G))∇D2), G ∈ �, D1−D2 = 0, G ∈ %�.

Then by the stability of the elliptic equation , we have

‖D1($) − D2($)‖�1 ≤ (min

G∈�
418(G))−1



(411 − 412)∇D2




!2

= (min

G∈�
411(G))−1



411 − 412




�(�) ‖D2‖�1

≤ (min

G∈�
411(G))−1(min

G∈�
412(G))−1



411 − 412




�(�)



 5 


�−1

Then by the mean value theorem, |4G − 4H | ≤
��G − H�� (4G + 4H) holds for all G, H ∈ R.

Thus,

‖D1($) − D2($)‖�1

0

≤ (min

G∈�
411(G))−1(min

G∈�
412(G))−1(



411




�(�) +



412




�(�)) ‖11 − 12‖�(�)



 5 


�−1

.

According to [33, Proposition 2.3], all the random variables minG∈� 418(G))−1
and

418



�(�), 8 = 1, 2 have any moments of finite order. Then, we obtain the pathwise

Lipschitz continuity of the operator �

‖G(11)($) − G(12)($)‖�1 ≤ �($) ‖11 − 12‖�(�) .

Here �($) = (minG∈� 411(G))−1(minG∈� 412(G))−1(


411




�(�) +



412




�(�))



 5 


�−1

.

The implicit operator in Problem 8 is also Lipschitz continuous. The solution
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can be represented as B0(-−1(C , G)), where -(C , G) satisfies the following equation

¤-(C , G) = 0(C , -(C , G)), -(0, G) = G.

As there exists 00 > 0 such that 0(C , G) > 00 > 0 in the setting of Problem 8,

-(C , G) > 0 is away from zero. Denote the solution with coefficient 0 and initial

condition D0 by D0(-−1

0 ) and the solution with coefficient 1 and initial condition E0

by E0(-−1

1
). We then can derive the Lipschitz continuity of the operator from the

following facts that

D0(-−1

0 (C , G)) − E0(-−1

1
)(C , G)

=
(
D0(-−1

0 (C , G)) − D0(-−1

1
(C , G))

)
+

(
D0(-−1

1
(C , G)) − E0(-−1

1
)(C , G)

)
and that D0, E0 are Lipschitz and -0 and -

−1

0 (-1 and -
−1

1
) are Lipchitz continuous

with respect to 0 (1).
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