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CHAPTER ONE

Introduction



1.1 Brain Connectivity Analysis

Neuroimaging has become a predominant technique in computational neuroscience
[Friston, 2011]. Modern brain imaging techniques — such as diffusion MRI, func-
tional MRI, Electroencephalography (EEG), and Magnetoencephalography (MEG)
have shown increasingly larger datasets for studies on anatomical or functional brain
connection patterns [Bandettini, 2009]. It has been a trend to obtain complemen-
tary information about neural connectivity and to promote a better understanding
of the underlying brain mechanisms of different sensorimotor and cognitive tasks to
be performed. Neurons or neural populations do not function alone. Rather, to
achieve different tasks, they interact with other such populations. The human brain
has about one hundred billion neurons, each establishing connections with several
thousand other neurons in an intricate matrix [Rossini et al., 2019]. The brain is a
complicated network that can be modeled by a set of nodes (anatomical /functional
neuronal aggregates) and interconnecting edges (structural /functional connections).
The brain’s anatomical and functional organization is characterized by the segrega-
tion and integration of processed information. Functional interactions exist in both
local regions and distant brain regions and thus brain networks consist of spatially

distributed but functionally linked regions [Lang et al., 2012].

1.1.1 Functional Connectivity

Functional connectivity (FC) is defined as the functionally integrated relationship
(i.e., the similar patterns of activation) between spatially separated brain regions.
Functional connectivity can be quantified with measures of temporal dependency

(e.g. correlations, coherence, or transfer entropy) of neuronal activation patterns
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from anatomically separated brain regions [Van Den Heuvel and Pol, 2010]. Studying
functional connectivity provides new insights on how the brain communicates and
interacts. A common practice [Li et al., 2009] is to utilize resting-state fMRI to
measure functional connectivity in BOLD (blood oxygenation level dependent) time-

series of activations in distinct brain regions.

In general, some popular methods [Dennis and Thompson, 2014] to extract brain
signals and assess functional connectivity (using the BOLD signal) include the seed-
based approach [Joel et al., 2011], principal component analysis (PCA) [Zhong et al.,
2009], independent components analysis (ICA) [Joel et al., 2011], and graph theory
[Wang et al., 2010]. In the seed-based approach, researchers define a seed (brain
region) by a priori knowledge or from a traditional task-dependent activation map
acquired in a separate fMRI experiment [Van Den Heuvel and Pol, 2010]. The time
series of the chosen seed is tested for correlations with the rest of the brain re-
gions. The simplicity of this method gives it a strong advantage over other methods.
However, the information of a seed-based method is limited to the functional con-
nections of a predefined region and it is difficult to operate it on the whole-brain
scale. Thus PCA or ICA methods are applied to search for underlying components
of latent factors or sources that are orthogonal or statistically independent of each
other. Graph-based brain network analyses of fMRI signals introduce a set of new
metrics including path length, modularity, nodal centrality, which may be calculated

to describe global and local brain network structure [Wang et al., 2010].

1.1.2 Dynamic Functional Connectivity

Functional connectivity has attracted a lot of attention in the last two decades. How-

ever, the dynamic behavior of functional connectivity was discovered recently, and
4
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Figure 1.1: The BOLD response of multiple brain regions due to external stimuli.
The green (red) arrows indicate positive (negative) causal connections.

it has been shown that connectivity between distinct brain regions involves mean-
ingful variations in resting-state fMRI data [Chang and Glover, 2010, Preti et al.,
2017]. Dynamic functional connectivity (dFC) was then proposed. Dynamic func-
tional connectivity refers to the observed phenomenon that functional connectivity
changes over a short time. One common strategy for dynamic functional connectivity
study is to explore the variations of pairwise connectivity from different brain regions
using a set of temporal sliding windows [Sakoglu et al., 2010] (so-called sliding win-
dow method). This basic sliding window approach has been extensively studied and
applied in neuroimaging community [Leonardi and Van De Ville, 2015, Zalesky and
Breakspear, 2015]. Besides its simplicity, the sliding window technique has some
major limitations. For example, it is not clear how the window length should be
chosen. A window with too short length may introduce artificial fluctuations while
too long windows would impede the detection of the temporal variations of interest

[Preti et al., 2017].



1.1.3 Effective Connectivity

Effective connectivity is defined as the causal influences that neural units exert over
another Friston [2011]. Studies of effective connectivity focus on explaining the
observed dependencies (functional connectivity) and estimating parameters of pro-
posed causal models [Friston, 2011]. For instance, one can study the causal relation
between several different regions of subjects under a motor task. See more examples
in our application section 5.6. In other words, effective connectivity investigates
coupling or directed causal influence within different brain regions. Figure 1.1 is a
simple illustration of the process. Some seminal works include [Friston et al., 2003,
Marreiros et al., 2008, Stephan et al., 2010, 2008]. It worth noting that the anal-
ysis of effective connectivity can, in general, be reduced to model comparison, for

example, the comparison of a model with different network structures.

1.1.4 Connectivity and Covariates

The variations in functional connectivity have been found to be associated with
different factors including age and cognitive behaviors (so-called covariates) [Yang
et al., 2015, Hull et al., 2017, Badhwar et al., 2017, Zonneveld et al., 2019] . It has
been an important research area to study the relationship between functional con-
nectivity (correlation matrices) and different subjects’ auxiliary information. One
common approach analyzing this relationship is to do the regression of each correla-
tion coefficient on the external subjects’ information. Although this method is easy
to implement and interpret, it may introduce multiplicity issues and lose the global
network information provided by the correlation matrices [Zhao et al., 2018]. An-

other direction is to model these matrices based on the external covariates [Hoff and



Niu, 2012]. However, estimating these matrices directly is computationally intensive
and usually requires a large number of samples. Recently, Zhao et al. instead aims to
find the projections for covariance matrices that are associated with the covariates,

where the covariance matrix is not estimated.

1.2 Outlines of Thesis

This thesis is organized as follows.

To study and estimate effective brain connectivity more efficiently, section 2
introduces a causal dynamic network (CDN) method to estimate brain activations
and connections simultaneously. Our method links the observed fMRI data with the
latent neuronal states modeled by an ordinary differential equation (ODE) model. In
section 3, we extend CDN and introduce a new optimization problem and an efficient
iterative algorithm that uses a data-driven method to search from a huge number
of ODE models. Different from previous approaches on effective brain connectivity

1.1.3, our method does not require hypothesizing the connections in advance.

To better analyze the coupling temporal dynamics between the two time-varying
data sources, we extend canonical correlation analysis and explore the time-dependent
canonical correlation analysis (TDCCA) in section 4. It is a method for inferring
time-dependent canonical vectors from multilevel time series data and we apply this
method to fMRI data to study the dynamic functional brain connectivity. We are
interested in the application of canonical correlation on dynamic functional brain

connectivity study, while previous works focus on analysis of Pearson correlation.

In section 5, we focus on analyzing the relationship between functional connectiv-
7



ity and subject-level covariates and investigate a Common Vector Projection Regres-
sion (CVPR) model for multiple covariance matrix outcomes. Instead of focusing on
estimating covariances directly in most of the existing works, we are interested in

linking covariances and subject-level covariates or explainable variables.
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2.1 Introduction

In recent years, functional magnetic resonance imaging (fMRI) has become a major
tool to investigate dynamic brain networks. Earlier analysis methods focus on in-
ferring brain regions activated by external experimental stimuli, for example using
a general linear model approach [Friston et al., 1994]. More recently, it becomes
important to model the inter-connections between brain regions, sometimes called

connectivity analysis of fMRI, see for example a review [Smith, 2012].

Generally speaking, there are two types of connectivity modeling: functional
connectivity and effective connectivity. Functional connectivity usually models the
correlations or dependencies between multiple BOLD (blood-oxygen-level depen-
dent) time series from multiple brain regions. It can be estimated using generic
statistical methods, such as correlations, partial correlations [Marrelec et al., 2006],
regularized inverse covariance [Banerjee et al., 2006]. Effective connectivity, on the
other hand, aims to model the neuronal or causal connections between brain re-
gions. Some effective methods can also model the effects of external experimental
stimuli. Three major effective modeling approaches are dynamic causal modeling
[Friston et al., 2003], structural equation modeling [Mclntosh and Gonzalez-Lima,
1994], and Granger causality analysis (GCA) [Goebel et al., 2003, Roebroeck et al.,
2005, Deshpande et al., 2008, Seth, 2010]. In particular, Granger causality utilizes
a data-driven, ”time-lagged” prediction criterion to determine the directionality of
connections. Though GCA is usually employed to analyze BOLD signals, recent
extensions [David et al., 2008, Wheelock et al., 2014, Grant et al., 2015] enable ap-
plications of GCA in the latent neuronal space. A closely related extension of GCA
in the latent space is state-space multivariate dynamical systems (MDS) [Ryali et al.,

2011, 2016a,b]. Dynamic causal modeling (DCM), being the more sophisticated mod-
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eling approach, utilizes ordinary differential equation (ODE) models for the neuronal
dynamics and hemodynamic response, and it is thus an important tool for under-
standing the biophysical (or neuronal) connections in the brain. However, it often
requires prior knowledge or hypotheses of network connections and stimulus pro-
jections to narrow down the model space, and then it resorts to a computationally
expensive approach to select the “best” fit model after computing all the candidate
models. As the number of brain regions under investigation increases, the number of
candidate models which need to be computed increases dramatically. Thus the com-
putational burden of fitting many candidate DCM limits the number of regions (in
the order of 10 regions) that can be considered. Therefore, DCM is considered to be
a hypothesis-validation approach rather than a data-driven approach [Stephan et al.,
2010]. Despite this limitation, DCM [Friston et al., 2003] has become a standard
approach to investigate the brain mechanisms using fMRI, and has been validated
in numerous studies [Penny et al., 2004, Lee et al., 2006, David et al., 2008, Dima

et al., 2010, Reyt et al., 2010, Brodersen et al., 2011, Fréissle et al., 2015] ,

Most recently, some progress has been made to refine and extend the standard
DCM [Friston et al., 2003] described before. Several methods are developed to im-
prove the biophysical interpretation of the DCM neuronal model, including: (1)
two-state DCM [Marreiros et al., 2008] that comprises of excitatory and inhibitory
neuronal populations in each brain region/node; (2) nonlinear DCM [Stephan et al.,
2008] that accounts for nonlinear interactions of neuronal states between nodes; (3)
stochastic DCM [Friston et al., 2011, Li et al., 2011] that allows neuronal fluctuations;
(4) canonical microcircuit DCM [Friston et al., 2017] that models four neuronal layers
per node. These DCMs bring the neuronal mass modeling closer to the underlying
biophysical processes. Extensive validation of these DCMs is less developed, com-

pared with the standard DCM. These extended DCMs also introduce more model
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parameters which can be a computational burden for model inversion, especially for
medium or large networks. These issues are mitigated for analyzing resting-state
fMRI. Spectral DCM [Friston et al., 2014, Razi et al., 2015] reduces the computation
burden using a resting-state formulation of a linear DCM (without the bilinear term
in the standard DCM) in the frequency domain, which essentially avoids computing
the time-variant parameters. This approach allows inverting larger DCM networks
with dozens of nodes [Razi et al., 2017]. For task-related fMRI, a linear DCM in the
frequency domain is also inverted efficiently using regression DCM [Fréssle et al.,
2017], and thus it becomes feasible to compute for hundreds of regions [Frissle et al.,

2018].

In the statistical literature, inferring ODE parameters from data has been studied
separately for general settings, sometimes called dynamic data analysis (DDA) or

functional data analysis of ODE models, mostly for the following observation model

y(ti) = =(t:) + e(ti) (2.1)

where the observed data y(¢;) equals the noise €(¢;) plus the underlying latent signal
x(t;) generated from a set of ODEs. y(¢;) is usually sampled at equally spaced time
points t;, i = 1,...,n. There exist several methods to infer the ODE parameters
of interest, including the nonlinear least-square (NLS) method [Bard, 1974, Domse-
laar and Hemker, 1975, Xue et al., 2010], the two-stage smoothing-based estimation
method [Varah, 1982, Brunel et al., 2008, Gugushvili et al., 2012, Brunel et al., 2014],
the principal differential analysis and iterated principal differential analysis [Ram-
say, 1996, Poyton et al., 2006, Zhang et al., 2015], the generalized profiling method
[Cao and Ramsay, 2009, Qi and Zhao, 2010], the Bayesian approaches [Girolami,
2008, Bhaumik and Ghosal, 2015, Chkrebtii et al., 2016]. This observational model

used in these methods, however, can only hold for specific neuroimaging techniques,
13



such as electrocorticographic [Zhang et al., 2015]. Unfortunately, all these existing
DDA methods under this observational model have limited applications in fMRI,
because the observed BOLD data depend on the current and past neuronal states,
here x(t;). Another complication for applying these DDA methods is that fMRI data
are measured on a different time scale than the neuronal states with moderate or

small signal-to-noise ratios.

One widely used yet simple model for connecting the neuronal states and BOLD

responses is the linear convolution model,

y(t) = / h(s)z(t — s)ds + e(t) (2.2)

where y(t;) is a noise contaminated convolution of (¢;) and a hemodynamic response
function (HRF). Similar convolution formulations were employed before to model
the neuronal states [Karahanoglu et al., 2013, Ryali et al., 2011]. Different forms of
convolution functions have been proposed in the literature, see for example [Friston
et al., 1998] and [Lindquist et al., 2009]. Nonetheless, this general HRF convolution
approach, adopted by many experimental studies, clearly suggests that the DDA
observation model (2.1) is not valid for fMRI. Therefore, these existing statistical

methods for ODE modeling cannot be applied directly.

In this chapter, we introduce a new statistical modeling framework for estimating
effective connectivity and activations simultaneously from fMRI data. We propose a
Causal Dynamic Network (CDN) method using a functional /dynamic data analysis
approach, which jointly models the neuronal states modeled by a DCM-type ODE
model and the observed BOLD responses. Unlike DCM or its extensions (e.g, Mar-
reiros et al. [2008], Friston et al. [2014], Razi et al. [2017]), our optimization-based
method and algorithm compute the ODE parameters efficiently in a data-driven

14



fashion, instead of comparing potentially a huge number of candidate ODE mod-
els. This approach to consider a more general convolution-based observation model
also adds to the vast DDA literature. To the best of our knowledge, this type of
data-driven ODE modeling for fMRI has not been considered before, and no existing
DDA methods can deal with a convolution observation model. We aim to address

both challenges in this chapter.

The remainder of the chapter is organized as follows. We start with a brief
review of DCM and discuss its computational issues. We then introduce our CDN
model and estimation method in section 2.2.2. Section 3.3 illustrates the numerical
performance of our model using extensive simulations, including simulations from

both CDN and DCM. A real fMRI data analysis is presented in section 2.3.2.

2.2 Methods

2.2.1 DCM Revisited

Dynamic causal modeling (DCM) was introduced by Friston et al. [2003]. DCM
provides a general framework to infer the causal activations and connections in brain
networks under experimental stimuli. There are two components in DCM. The first
component is a set of ODEs characterizing the variations of neuronal responses based

on stimuli as

' = f(u(t),z(t),0) (2.3)

where x represents the neuronal states of d regions, u is the input from J stimuli,

and @ is the ODE parameter of interest. It is usually difficult to estimate f in a
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general form, and instead, DCM employs a bilinear approximation for this dynamic

system as follows

J
d“;—i” = Ax(t) + > u;(t)Bjz(t) + Cult). (2.4)
j=1
In this approximation, the entry A,,, in A = (A,n)aq denotes the strength of intrin-
sic causal connection from the n-th region to m-th region. B; = (B,y;;)aq denotes the
influence of the j-th input stimulus u;(¢) on the directional connection between these
two regions. C' = (C},;)as denotes the effects of u; on the m-th region. The parame-
ters A, B and C have important biophysical interpretations. A models the intrinsic
effective connectivity between brain regions, B models how these connections are
influenced by external stimuli, and C' models how brain regions are activated (or
suppressed) by stimuli. The second part of DCM involves a set of hemodynamic
state equations, motivated by the Balloon-Windkessel model [Buxton et al., 1998].
These differential equations describe how neuronal activity induces vasodilatory sig-
nals that lead to changes in blood volume and deoxyhemoglobin content. These

biophysical changes result, in a non-linear form, the fMRI BOLD measures. The

parameters in this set of DCM equations are not usually used or interpreted.

To estimate these parameters, DCM in the first stage employs the expectation
maximization (EM) procedure to fit a candidate model, usually with specific zero
and nonzero patterns in (A, B, C) provided by users. In the second stage, from a
list of user-specified models, DCM uses the Bayes factor to select the “best” model
for a given dataset or experiment. Because of the expensive Bayesian computations
in the first stage, users usually need to restrict the number of candidate models
and the complexity of such models (e.g. by restricting the number of brain regions
considered in the model) [Penny et al., 2010]. Clearly, this DCM approach cannot be

made data-driven without incurring a huge computational cost, because the number
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of all possible models grows at least with the order O(2¢°), where d is the number of

brain regions.

2.2.2 Causal Dynamic Networks

2.2.2.1 Model

We propose the following CDN model

da(t)
=2 = A(t) + ;uj (t)Bjz(t) + Cu(t) (2.5)

y(t) = / h(s)z(t — )ds + e(t) (2.6)

where y(t) is a d x 1 vector of BOLD signals at time ¢ of d regions, €(t) is the
error process, h(s) is a hemodynamic response function. The integration for vectors
above should be understood as component-wise. Like DCM, each component of
y(t) for a brain region depends only on its corresponding neuronal component in
x(t) for the same region. Here, equations (2.5) and (2.6) are fitted separately to
each scan session of each participant, and thus the model parameters should also
be interpreted as for one session of one participant. Section 2.2.2.5 describes the
approaches to combine these parameter estimates across sessions and participants

into group-level (or population-level) estimates.

Equation (2.5) is the same as the neuronal state model in the standard DCM
[Friston et al., 2003]. It uses the same bilinear approximation, and thus the interpre-
tations of the key parameters (A, B, C) are comparable to the standard DCM. Our

goal is to infer the entries in A, B and C' and their significance levels in this chapter.
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It is important to note that our estimation approach does not need to prespecify the
zero/nonzero patterns in these parameters. In this chapter, we will focus on this
standard DCM. Several extensions of this DCM exist to account for more complex
biophysical processes, for example [Marreiros et al., 2008, Stephan et al., 2008, Li
et al., 2011, Friston et al., 2011, 2017]. Without parameter reduction, these exten-
sions can lead to increased computational costs. To reduce the computation burden,
[Fréssle et al., 2017, 2018] employ a linear DCM (by setting the bilinear coefficient
B = 0), and compute only the frequency spectra in order to avoid the estimation of

x(t) in the time domain.

The neuronal state model (2.5), originally developed for task-related fMRI, is
sometimes referred to as deterministic DCM. An extension of this model, called
stochastic DCM, includes an additive term representing endogenous neuronal fluc-
tuations. Stochastic DCMs have been mostly used for modeling resting-state fMRI
[Friston et al., 2011, Li et al., 2011] , under the following simplified form

dx(t)

— = Ax(t) + w(1) (2.7)

where w(t) represents neuronal fluctuations (and possibly external stimulus input).
Without any assumptions for w(t), there exists a trivial and less meaningful solution
in which w(t) is simply the temporal derivative of x(t), shown by setting A = 0.
Under the smoothness assumption, as pointed out by [Friston et al., 2011, Dau-
nizeau et al., 2012], there exists a mathematical connection between deterministic
and stochastic DCMs. One can replace w(t) = F'¢(t) by a linear combination of a
reasonable number of (cosine) basis functions ¢(t), and thus the random fluctuations
in stochastic DCM are absorbed by the modeling coefficient F' (similar to C) in a
deterministic DCM. In practice, however, this deterministic DCM can yield poor

estimation [Daunizeau et al., 2012], and inverting (2.7) directly is computationally
18



more expensive. Because x(t) in resting-state fMRI does not have immediate in-
terpretation, more recent methods usually transform this equation to the spectral
domain [Friston et al., 2014, Razi et al., 2017]. This transformation essentially avoids
estimating x(t) (and its associated parameters) to reduce computational costs. Our
method introduced later will estimate x(t) because it can be interpreted along with
the stimulus sequences in task-related fMRI. It is possible to apply our model to
resting-state fMRI by setting B and C to zero. This simplification does not account
for resting-state noise and requires estimating x(t). Despite these concerns, this ini-
tial work will provide preliminary validations of our method in resting-state fMRI,
without much modification of our algorithm and incurring excessive computational
costs. Comprehensive modeling of resting-state fMRI is beyond the scope of this

work, and will be discussed as future work in Section 3.4.

Equation (2.6) is the relationship between neuronal states and fMRI BOLD sig-
nals where h is a hemodynamic response function. A similar formulation is used in
[Karahanoglu et al., 2013]. This is an approximation for the Balloon ODE model in
DCM [Henson and Friston, 2007], and it is used here to avoid the heavy computation
in fitting ODESs of less importance. Our method allows any hemodynamic response
functions to be used. For simplicity, we employ the widely used canonical hemody-
namic response function (HRF) [Friston et al., 1998] in this work. The canonical
HRF is mathematically expressed as (16t;6,1/6) — v(16¢;16,1/16)/6, where the
gamma density function y(t;n,v) = v ' exp(—vt)/T'(n), time ¢ is in seconds, and

I'(n) is the gamma function.

Together, equation (2.5) and (2.6) can be interpreted as a latent space model in
statistics. Our use of a two-equation model is similar to MDS [Ryali et al., 2011,
2016a,b]. However, there is an important difference. The first equation in MDS is

for discrete latent signals because it is considered as an extension to GCA, whereas
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ours is an ODE model for continuous neuronal states. Thus, these two models
are fundamentally different in modeling the neuronal states, and thus the model

parameters are not equivalent.

FMRI machines usually sample y(t) at equally spaced time intervals (usually
1-2 seconds): ty, to, ..., t;, ..., ty. When fitting our CDN model to data, we replace
Equation (2.6) in our CDN model with the following observation equation, for i =
1,...,T,

y(ti) = / h(s)z(t: — 5)ds + e(t:) o

= hxx(t;) + €(t;)
where x denotes the convolution operation by the integral above. This observation
model is different from the popular model (2.1) in the statistical literature. This
difference warrants a new estimation approach. For example, under the classic ob-
servation model (2.1), a general strategy in many existing methods is to approximate
x(t) from smoothing y(¢;) before estimating the ODE parameters. However, this is
clearly not applicable to our observation model or fMRI data. As a separate note,
although functional data analysis models (see review [Wang et al., 2016]), especially
functional convolution model [Asencio et al., 2014], may appear in a similar form
as Equation (2.8), their estimation goal is fundamentally different from ours. They
assume y and x are observed in a regression-type setting, mostly with no intention
to estimate the ODE parameters associated with . Here we aim to estimate latent
x(t) and more importantly the ODE parameters that generate it. Due to these many
differences from existing models, we develop a new estimation approach in the next

section.
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2.2.2.2 Estimation

To estimate x, A, B, C, we propose to minimize the following loss

l(2,0) =Y lly(t:) — hxz(t;))]”

=y

2

dx(t) it

7 (Az(t) + Z u; () Bjx(t) + Cu(t))

dt

where 8 = [A B C], A > 0 is a tuning parameter, and || - || is the f, norm. The
first part of the loss function is the data fitting error and the second part is regarded
as the fidelity to our dynamic system. The /5 norm loss was also employed before in

[Karahanoglu et al., 2013], with the same goal to deconvolute the HRF.

Following a functional data analysis technique, we represent () using truncated
basis function expansions. Let x(t) = T'®(t) where ®(t) is a p x 1 vector with entries
denoting the basis function value at ¢ and p is the number of basis functions. We
choose p to be reasonably large to avoid modeling bias. We will use the classical
cubic spline basis to model the neuronal state responses to smooth stimuli and the
piece-wise linear basis for box-car stimuli. Certainly many other choices are possible
here. The derivative da(t)/dt, integrations, solutions for ODE are approximated by
numerical methods (e.g. fourth order Runge-Kutta), following the standard idea of

solving ODEs numerically as also suggested in the textbook [Ramsay, 2006].
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With the basis representation, our loss function becomes

U(T,0) =Y [ly(t:) — T[h* ®(t;)]||?

oy

2

dt.

TP (t) — (AT®(t) + > u,(t)B;,T®(t) + Cu(t))

J

The number of parameters in this loss function is dp + d? + Jd? + dJ, and the sum-
mands are due to estimating x(t), A, B, and C respectively . Here, we will sacrifice
a little mathematical rigor for simplified analysis of the estimation equation. The
parameters (A, B, C) play similar roles as regression coefficients, and thus they are
less identifiable if the predictors in the design matrix (x (), wyx(t), ..., usx(t), u(t))
exhibit higher colinearity. The colinearity can increase as the network size increases,
because the number of predictors included in the model grows quadratically with
the predominant order (J + 1)d?, far exceeding the fMRI data size growing linearly
with d. This is especially problematic for estimating B, which could be understood
as an interaction term in regression. The predictors associated with B are products
of those ones with A and C, and thus they can be highly correlated with them.
Consider a simple box-car task desgin as an example, where u;(t) = 1 during the jth
task and zero otherwise. The colinearity is affected by the task duration. The reason
is that the B predictors (u;(t)x(t)) equal to the corresponding A predictors (x(t))
within the task window and zero otherwise. Thus, extremely long task duration will
make these predictors highly correlated overall because they are identical most of
the time. Similarly, u;(¢)x(t) can also be highly correlated with w;(¢) if the duration

is extremely short and () has small variations within the task window.

Though the loss function {(T", @) is not jointly convex for (T, 8), it is easy to see
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that it is convex in I' given @ and vice versa. We thus propose to minimize the loss
function using iterative block-wise updates for I' and 0 respectively, summarized in
Algorithm 1. Importantly, the iterative updates are given by the explicit form. This
strategy is essentially an application of the alternate convex search algorithm for

biconvex optimization, see the review [Gorski et al., 2007].

Algorithm 1 Estimation for CDN

Input: BOLD signal y, stimulus u, basis function ®, tuning parameter A
Initialize T", @
repeat
Update I of I(T', @) given @ by gradient descent with backtracking line search
Solve for the minimizer 6 of I(T', ) given I', see Section 2.2.2.3
until convergence
Return T',

2.2.2.3 Parameter Updates

We derive the parameter updates in our algorithm. We introduce the following
notations in order to illustrate our updating procedure. ® = (¢1,...,¢,) is our

selected basis for estimating neuronal activity. Let

Al = [ oo Pifn, m] = / a0 (0)0}, (1t
Pl = [ ust0sl, 0 )= [ on06,(0)

Pl = [ on(0n om0 nlia = [ w0o.
P = [ oo @ui Rl = [ ueouo

Py[n,m| = / ' U (), ()t

to
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Combing these into matrix form, we denote

0= [A7 Bl7 BZu %) BJ7 C]a

U, = [[PI, TP, .. . TP/T", TR,

=, = [CPT, TPYT, ... ,TPT T(P])7,
Ve = [PV, BT, ..., BT, Pyl

Y = [P, TR, ..., P/T' T Pj.
Setting the gradient with respect to 6 to zero yields
0([Va,Z1,....,25,Pc]) =Y (2.9)
and thus the update for 6 is given by
0 =YV, Z,....27 V] (2.10)

One can derive the update for I' by taking gradient.

2.2.2.4 Tuning Parameter Selection

To select the tuning parameter A for our model, we use a cross-validation (CV)
procedure as follows. Given two time series y; and y» from the same participant,
generated by the same dynamic system (with potentially different inputs), we com-
pute our estimator 0, by applying Algorithm 1 to y;, using A on a grid. Based
on éA, we generate &5 using the ODE with varying initial conditions that yield the
cross validation (CV) loss, defined as the smallest ||ys — hx @5(t)||*. We then select

the A value that minimizes the CV loss. One can also consider varying p in this
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procedure to minimize the CV loss, but we find that our approach is not sensitive
for a reasonably large p. For example, we use p > 50 in our numerical studies. In
principle, this CV procedure can be applied to each participant’s data to select a
subject-specific tuning parameter A. In this work, for simplicity, we select one A\ that

minimizes the average CV loss across all participants.

2.2.2.5 Group-level Estimation

Based on the fitted CDN parameters (Ayq, Big, Ci,y) from session k of participant g,
we in this chapter average the parameters across sessions and participant to yield a
group-level estimate for (A, B, C). We use this simple averaging approach here be-
cause our simulated and real datasets contain a small fixed number (sometimes, one)
of sessions from a relatively large number of participants. Based on our estimates,
various alternative approaches can also be applied to obtain group-level inference.
For example, when the within-participant dependence/cross-participant variability
is a concern or the number of sessions for each participant varies a lot, one may also
apply a mixed effects model to (Ag,, Big, Ciy) and obtain the population estimate.
This mixed effects approach was used before for the group level (or second stage)

analysis in task activation studies [Worsley et al., 2002].

2.2.2.6 Inference and P-values

Because our model can be computed very efficiently (usually in seconds or a few
minutes), we propose to use bootstrap (across subjects) method to assess the sig-
nificance of each entry in (A, B,C). The resulting p-values can be used to pick

the final model with only statistically significant entries depending on users’ choice

25



of significance levels, without resorting to expensive model selection in DCM. For
addressing the multiple comparison issue, popular p-value correction methods, such
as Bonferroni or false discovery rate (FDR) [Benjamini and Hochberg, 1995] correc-
tion, should be used to select an appropriate threshold. In this chapter, we will use
FDR to correct separately the p-values from each matrix A, B, C, and choose a

conservative threshold of 0.01 to further control the overall false discovery rates.

2.3 Results

2.3.1 Simulations

In this section, we evaluate the numerical performance of our CDN method using
two types of simulation models: DCM and our statistical model CDN. The former
provides a more realistic fMRI data generating model while it is computationally
more expensive. The latter is computationally inexpensive and will serve to validate
the statistical properties of our algorithm. Whenever possible, we compare with

three other methods: GCA, MDS, and DCM.

We use the Python Neuroimaging toolbox (Nitime) for the GCA method, and
the generative DCM model from Smith et al. [2011]. We fit the DCM model using
SPM12. The MDS implementation is included in the work [Ryali et al., 2016b],
and the software code of Patel’s tau is obtained through personal communications
from Professor Stephen Smith, the first author of Smith et al. [2011]. Our CDN
method is implemented in Python package cdn-fmri, publicly available from https:
//pypi.org/project/cdn-fmri/. The grid A = [0.01,0.1, 1,10, 100] is used for our

CV tuning parameter selection.
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2.3.1.1 Simulated Data From CDN

We consider three simulation scenarios regarding the ODE parameters in our CDN

model:

Sl: B=0and C =0
S2: B=0

S3: A#0,B#0and C #0

The first one does not consider either the stimulus activations or the stimulus modi-
fied connections, and the second one only excludes the stimulus modified connections.
Because GCA models neither of these two effects, we include these two scenarios to
provide biased advantages to GCA. The last scenario includes both the stimulus
activations and the stimulus modified connections, and is a more realistic model for

many task-related fMRI experiments.

For these scenarios, we consider a medium-sized network with 10 nodes with
boxcar stimuli and different signal-to-noise (SNR) levels (3, 1, 0.5). We use the
piece-wise linear basis. The simulations are repeated 50 times for each setting to
represent fMRI data from 50 subjects, assuming for simplicity that they have the
same underlying structure of brain connectivity, i.e. 8. We set that repetition time
(TR) to be 0.72 s to demonstrate an ideal setting for GCA, because longer TR usually
leads to low identification accuracy for directionality [Smith et al., 2011]. We also
set the A, B, and C based on the simulation code provided by Smith et al. [2011].
To validate the explanation of the colinearity issue in Section 2.2.2.2, we also reduce

the task duration by 50% in one examplary S3 scenario.
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AUC (area under the ROC curve) is used to evaluate the performance of recov-
ering nonzero entries parameters. The AUC is calculated based on comparing the
estimates against the true zero/non-zero statuses for all the entries of A. We com-
pare the performance of CDN with GCA and MDS in Figure 2.1. We are unable
to compute the results for DCM here because the computation for this medium-
sized network takes more than several days for each replication. It should be noted
that the GCA connectivity estimates are based on the BOLD signals while ours are
based on the estimated neuronal states. As shown in Figure 2.1, one can see that
CDN performs much better than GCA in identifying the true connections for all
SNRs and both stimulus types, partly because CDN models the neuronal states and
stimulus activations instead of modeling the BOLD signals only as in GCA. Further-
more, CDN shows robust estimation results across different simulation scenarios.
The AUCs of MDS increase as the SNRs increase. It has similar performance as
CDN under high SNRs, but has suboptimal performance similar to GCA under low
SNRs. Under low SNRs, it also tends to have high variability in AUCs.

To assess the statistical estimation accuracy of CDN, we use AUC and a scaled
Frobenius norm for the connectivity-related parameters A and B across different

The scaled

scenarios. Because B is a tensor, we define ||Bl||r = />, . Bh.;.

Frobenious norm is defined as

(A~ A)llr

Fro(A, A) = Al

where A is an estimator for the true A. This metric can be interpreted as the relative

deviations from the truth.

For the sake of space. we only report the average performance metrics for box-car
stimuli with varying SNR. (3,1) in Table 2.1. The results are similar for other settings.
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This table shows that our CDN algorithm estimates all the model parameters well,
and the accuracy improves with increasing SNRs. As explained in Section 2.2.2.2

the accuracy for estimation B decreases for a shortened task duration.

2.3.1.2 Simulated Data From DCM

To test the robustness of our proposed model, we also compared the estimation
performance using simulated data from DCM. We used the code and a simulation
setting from Smith et al. [2011]. Due to the heavy computation cost of DCM, we
considered a five node brain network with a shared stimulus input. To make this
network complex enough to penalize the performance of our method, as shown by
the previous simulation study, we let the stimulus input to all nodes, see Figure 2.2.
Due to the high computation cost of DCM, we do not allow the connections to
vary with the stimulus, and set B = 0. We fixed TR=3 s to penalize our method
because our CDN model is based on convolutions. To assess the robustness of using
a canonical HRF in our model, our simulation setup also includes hemodynamic
variability by introducing random perturbations to the ODE model parameters. The
same approach is also used by [Smith et al., 2011]. We simulated 200 subjects with
box-car shape stimuli which include five non-overlapped stimuli. We included one

session for each stimulus which lasted 70 seconds.

Figure 2.3 assesses the performance of estimating & from one representative sub-
ject’s simulated BOLD data. Our CDN estimates capture the main temporal vari-
ations in the neuronal states, even though the data are simulated using a relatively
large TR. This shows that CDN is robust in recovering the neuronal states, even if

the simulation model is different from our CDN model.
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Applying DCM usually requires specifying a candidate model of stimulus activa-
tion and latent/induced connections. Based on the model, only selected entries in
(A, B, C) are estimated while all the others are set to zero. To compare the accuracy
of estimating latent connections A, we specify B and C' to have the same pattern as
the truth, and let DCM estimate all the entries in (A using a fully connected network
model. As before, we use AUC as before to evaluate the estimation accuracy. Table
2.2 compares the average AUC values for estimating A by CDN and DCM. CDN
yields higher AUC values for both A using only a fraction of the computation time
of DCM.

2.3.1.3 Simulated Data for Resting-state fMRI

As a simple extension, we use the modification described in Section 2.2.2.1 to fit our
model to a simulated resting-state fMRI dataset (simulation scenario 4) from [Smith
et al., 2011]. This dataset contains 50 brain nodes from 50 subjects, and the true
network contains 10 subnetworks of size 5. More details on the simulation procedure
and parameters are described in [Smith et al., 2011]. In the same paper, Patel’s 7
[Ramsey et al., 2014], an effective connectivity method, was the top performer for

recovering the directionality of connections, and thus we also compare with it here.

Figure 2.4 compares the simulated and estimated BOLD time series from 4 rep-
resentative nodes. Our model fits the simulated resting-state fMRI data well overall,
though the fitted time series have a slightly smaller variation probably because our
method ignores the neuronal fluctuation term. Based on the ROC evaluation met-
ric described before, our method achieves an AUC value of 0.95 for recovering the
intrinsic connectivity matrix on this simulated dataset. We are unable to fit the

large-scale stochastic DCM method in [Razi et al., 2017] to this dataset because of
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its long algorithmic convergence time. Patel’s 7 achieves an AUC value of 0.55 on

this simulated dataset.

2.3.2 Application

2.3.2.1 Application to Task FMRI with Block Design

In this section, we apply our method to analyze a block-design fMRI dataset from
the Human Connectome Project (HCP). The task is a language processing task
developed by [Binder et al., 2011]. The scan session interleaves 4 blocks of a story
task and 4 blocks of a math task. The length of each block varies with an average
of approximately 30 seconds, and the lengths of the story task and math task are
roughly matched. The story task asks the participants to classify the topic of the
story as revenge or reciprocity for example, after they hear a brief (around 5-9
sentences) story adapted from Aesop’s fables, The math task requires the participants
to do serial addition and subtraction calculations, and then choose the correct answer.
These questions were generated from the same text-to-speech method used in the
story task. The participants were then asked to press a button under the right index
finger to select the first choice, or a button under the right middle finger to select the
second choice. Details about the task design were described in [Binder et al., 2011].
The HCP task fMRI study, including the imaging protocol, was described in [Barch
et al., 2013]. We analyze the data from 100 examplary subjects, and we follow the

suggested HCP preprocessing pipeline [Glasser et al., 2013] to preprocess the data.

We are interested in modeling a language network of regions that were implicated
in a previous study [Turken and Dronkers, 2011] using both functional connectivity

and diffusion tensor imaging. This network consists of four main regions, including
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MTG (posterior middle temporal gyrus, MNI: -50,-38, 2), STG (superior temporal
gyrus, MNI: -49,7-12), STS (posterior superior temporal sulcus, MNI: -45, -62, 21)
and IFG (inferior frontal gyrus, pars orbitalis, MNI: -44, 28, -7). After preprocessing
the data, we extract the average BOLD time series using 8 mm radius balls centered
around these four coordinates. We compute the p-values using 10000 bootstraps.
Statistical significance was assessed using a p-value threshold of 0.01 after the FDR

correction.

Figure 2.5 and 2.6 show the statistically significant activations and connections
estimated by CDN. Our results show that these four ROIs are activated by the story
task, but not the math task. This finding is consistent with the previous fMRI
activation study [Binder et al., 2011]. The non-activation result of the math task fits
prior evidence that math calculations do not engage the temporal lobe [Cappelletti
et al., 2001, Crutch and Warrington, 2002]. Without considering directionality, the
recovered intrinsic connections match the functional connectivity findings in [Turken
and Dronkers, 2011]. This result showing a well-connected network is consistent
with the notion that language comprehension engages a complex network of multiple

regions interacting via multiple pathways [Mesulam, 1998, Dronkers et al., 2000].

The directionality recovered by CDN help better elucidate the roles of these ROIs.
One key region highlighted by our results is MTG, because it is the converging point
of various directional pathways in this network. MTG is regarded as a high-level
region contributing to language comprehension. The key role of MTG is supported
by various types of prior evidence. For example, MTG was a shared node of six
different networks analyzed by a conjunction analysis [Koyama et al., 2010], and it
was also found to be also among the most connected node in a resting-state fMRI
network analysis of the cerebral cortex [Buckner et al., 2009]. A lesion analysis also

showed that patients with MTG-lesions perform worse in various language tasks
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[Dronkers et al., 2004], highlighting its critical role in the language comprehension
process. In our CDN results, STG has directional connections pointing to all other
three ROIs, suggesting that it may serve as one entry point of this network. Thus it
is likely to be involved in the upstream of the language comprehension process. This
implication fits the role of STG in basic morphosyntactic processing [Turken and
Dronkers, 2011]. Another prior functional imaging evidence supporting this finding
is that both speech and complex nonspeech sound activated STG [Wise et al., 1991,
Binder et al., 1997].

Comparison of the task-dependent connections (Figure 2.6) shows that the story
task modifies more network connections than the math task. In fact, almost all
of the connections are impacted by the story task. This is again consistent with
prior evidence that language comprehension engages multiple routes of the language

comprehension network [Mesulam, 1998, Dronkers et al., 2000].

2.3.2.2 Application to Task FMRI with Event-related Design

We apply our CDN approach to a publicly available event-related fMRI dataset,
downloaded from OpenfMRI.org under the access number ds000030. In the experi-
ment, healthy subjects perform the stop-go response inhibition task inside the fMRI
scanner. This task consists of two types of trials: go and stop. Specifically, on a go
trial, subjects were instructed to press a button quickly when a go stimulus was pre-
sented on a computer screen; on a stop trial, subjects were to withhold from pressing
when a go stimulus is followed shortly by a stop signal. We preprocess data using a
suggested preprocessing pipeline based on FSL, a standard fMRI analysis software.
See [Poldrack et al., 2016] for a detailed description of the experiment, dataset and

preprocessing steps.

33



We are interested in studying the regions and their interconnections under either
the go or stop stimuli. We select six brain regions implicated in prior publications,
which are also validated by the meta-analysis tool from neurosynth.org. These six
regions include M1 (primary motor cortex, MNI coordinate: -41, -20, 62), pos-
preSMA (posterior presupplementary motor area, MNI: -4, -8 60), ant-preSMA
(anterior presupplementary motor area, MNI: -4, 36, 56) , SMA (supplementary
motor area, MNI: -3, 6, 50), Thalamus (MNI: -12, -13, 7) , and STN (subthalamic
nucleus, MNI: 6, -18, -2). The exact brain MNI coordinates for these regions are
taken from Aron and Poldrack [2006], [Yeo et al., 2011], and Luo et al. [2013].
From the data of 100 healthy subjects, we extracted the average BOLD time series
using 8 mm radius balls centered around these 6 coordinates. Each time series was
standardized to mean zero and unit variance. We selected the tuning parameters
using the approach described in Section 2.2.2.4, and computed the p-values using
10000 bootstraps as described in Section 2.2.2.6. Statistical significance was assessed

using a threshold level of 0.01.

Figure 2.7 shows the statistically significant intrinsic connections and stimulus
inputs estimated by CDN. These results identify different connectivity patterns be-
tween the anterior and posterior preSMAs. The posterior preSMA is closely con-
nected to Thalamus, STN, and two motor regions (M1 and SMA), while the anterior
preSMA is only connected to Thalamus and STN, but not the two motor regions.
This finding corroborates the functional connectivity result based on resting-state
fMRI in [Zhang et al., 2011]. Such finding supports the notion that the anterior
preSMA is responsible for response inhibition [Haggard, 2008] while the posterior
preSMA, along with the SMA, are involved in error detection [Li et al., 2006]. Un-
like those results from functional connectivity analysis, CDN also infers connectivity

directions and stimulus effects, and this leads to a more detailed understanding of
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these connections and task inputs. For example, M1 receives input from the go
stimulus only, while Thalamus and STN receive input from the stop stimulus only.
This is well expected from the roles of these regions. M1 is responsible for button
pressing under the go stimulus. Thalamus and STN are important regions implicated
for response inhibition in several previous fMRI studies, see a review [Aron, 2007].
Based the directional connections, CDN recovers a pathway STN—Thalamus—M1.

This pathway is consonant with the existing theory and previous fMRI results [Aron,

2007].

Figure 2.8 shows the connections induced by the go and stop stimuli respectively.
Overall, the stop stimulus induces more connectivity strength changes across all the
six regions, while go modifies a smaller number of connections. The results on task-
induced connections also help better understand the network connection changes
under different tasks. For example, CDN identifies a positive connection from the
posterior preSMA to the anterior preSMA under stop, while the corresponding in-
trinsic and go-task dependent connections are not statistically significant. The latter
negative finding on effective connectivity replicates the functional connectivity find-
ing in a resting-state fMRI analysis [Zhang et al., 2011]. Importantly, the recovered
connection from the posterior to anterior preSMA under stop provides an fMRI ev-
idence for the theory that the posterior preSMA detects response conflicts and then
projects to the anterior preSMA engaged in response inhibition, see a meta analysis

of human neuroimaging studies on the preSMA [Ridderinkhof et al., 2004].

To check the model fit of CDN, we plot the representative BOLD signal and
neuronal state time series from all the six regions in Figure 2.9. The BOLD time
series constructed from CDN closely track the variation in the measured BOLD time

series. This demonstrates that our CDN model fits the actual data well.
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2.3.2.3 Application to Resting-state fMRI

In this section, we test the applicability of our method for recovering a medium-sized
network using resting-state fMRI. The dataset is collected by the Human Connec-
tome Project [Smith et al., 2013], and is preprocessed using a minimal pipeline
[Glasser et al., 2013]. For the sake of manageable computation time, we analyze one
scan session from each of 50 selected healthy subjects in this cohort. Each session
contains 1200 scans with a temporal resolution of 0.72s. We adopt the same 36 ROI
coordinates used in a recent large-scale resting-state DCM study [Razi et al., 2017].
For each ROI, the average BOLD time series from an 8 mm sphere are extracted for
analysis. The MNI coordinates and network annotations of these ROIs are listed in

Table 2.3.

To assess the validity of our method, Figure 2.10 compares our CDN estimate
with the functional connectivity estimate based on correlations and a large-scale
resting-state DCM (IrDCM) [Razi et al., 2017]. By visual comparison, our CDN
estimate is close to rDCM, especially those connections with large magnitude. Both
CDN and IrDCM estimates contain both positive and negative connections, while the
correlation estimate shows mostly positive connections. Those strongest connections
(in magnitude) are identified by all methods, for example between left and right
V1. Our CDN and IrDCM also identify the asymmetry of brain connections while

correlations cannot do so.

Because the values of correlation, CDN, IrDCM estimates are not directly compa-
rable, as they are fitted from different models, we use the following binarization step
to convert all the numerical estimates to network connections before the comparison.
The rationale is that larger estimated values (in magnitude) in all the models are

typically interpreted as stronger connections, and neuroscientists usually resort to
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these connectivity methods to investigate if connections between certain brain nodes
exist or not. Our binarization step converts the largest 100 x ¢% (in magnitude) of
off-diagonal entries to 1, and sets the rest to 0, where ¢ is a parameter. After con-
verting to binary matrices, we then compute the percentages of network connections
found by both methods or one method only. When ¢ = 20%, the resulting binary
matrices of CDN and IrDCM overlap by 80.09%, while 9.95% of the CDN matrix
entries are nonzero while the corresponding IrDCM entries are zero. This shows that
CDN and IrDCM yield very similar estimates. It is worth mentioning that our CDN
algorithm takes about 10 minutes in total while IrDCM takes about 19 hours with
more memory use. The percentages for comparing CDN and correlations are 83.87%
and 8.10% respectively. Figure 2.11 show the similar comparison results when ¢
varies. Overall, there are large overlaps between the connections recovered by CDN

and those by other methods.

2.4 Discussion

We develop a novel causal dynamic method to study brain activations and causal
connections simultaneously from fMRI. Driven by the data nature of fMRI, CDN uses
a functional data analysis approach to fit ODEs of neuronal states from BOLD time
series. Unlike DCM, our model is estimated by an optimization algorithm, and this
allows data-driven estimation of the ODE parameters, without DCM’s requirement
for hypothesizing the connections and stimulus inputs. The high computational

efficiency of our algorithm also reduces the computation time.

Based on the task fMRI simulation studies, we show that our CDN approach is

robust and accurate for recovering the ODE parameters for modeling dynamic brain
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networks. Compared with other effective connectivity methods, including GCA,
DCM and MDS, CDN performs the best in terms of parameter estimation and net-
work identification across a wide range of scenarios. In the low SNR settings, CDN
has the least variability followed by MDS, suggesting the robustness of our method.
In the high SNR settings, both CDN and MDS achieve close to perfect network
identification, while CDN yields a smaller parameter estimation loss in a realistic
DCM simulation. GCA is relatively sensitive to SNRs, and its performance usu-
ally has substantial variability. Regarding the computational speed, CDN requires
only a small fraction of the computation times of DCM and MDS. This makes it a
very competitive approach for inferring effective connectivity. Patel’s tau was a top
method for recovering directional connectivity in a previous large-scale simulation
study [Smith et al., 2011]. However, it only yields a mediocre recovery accuracy on
our simulated resting-state dataset. A previous experimental validation [Wang et al.,
2017] also found that its accuracy for estimating directionality was not better than
chance. Thus, further research is needed to investigate the settings that impact the
accuracy of Patel’s tau. On the same simulated dataset, CDN achieves much higher
network recovery accuracy than Patel’s tau. All these comparisons suggest that
CDN is an accurate and computationally tractable method for modeling effective

connectivity and task activation.

For the analysis of the story /math task fMRI data, our activation and connectiv-
ity results are consistent with prior evidence on the language comprehension process
and network. Our effective connectivity finding complements the structural and func-
tional connectivity findings [Turken and Dronkers, 2011]. Notably, the directional
connections in our results help identify the critical regions involved in the process.
As we select only a few regions well supported by prior evidence in our analysis, the

resulting network is relatively small and may omit other regions and pathways in-
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volved. In order to obtain a more comprehensive view of the process, future analysis
will need to target a larger number of candidate areas. For the analysis of the stop/go
task fMRI, our effective connectivity results corroborate the functional connectivity
findings using resting-state fMRI [Zhang et al., 2011], and these findings provide
additional support for the existing theory and fMRI results on response inhibition
[Ridderinkhof et al., 2004, Aron, 2007]. Our CDN results for both activation and
connectivity also enhance the understanding of the distinct roles of the anterior and
posterior preSMAs, and delineate the pathways involved in response inhibition under
different tasks. The network size studied here may also be a limitation because we
omit several other regions, including insula, caudate, and the inferior frontal cortex.
These regions may mediate or contribute to the response inhibition process [Zhang

et al., 2011, Aron, 2007].

CDN in this work is presented as a purely data-driven method. Other data-
driven methods for effective connectivity were proposed in the literature, including
latent-space GCA [David et al., 2008, Wheelock et al., 2014, Grant et al., 2015] and
state-space multivariate dynamical systems [Ryali et al., 2011, 2016a,b]. In order to
extend these data-driven methods, it is possible to constrain the network structures
and input nodes based on prior knowledge or integrating with other sources of data.
For example, one can restrict CDN to fit only those CDN connection parameters
between nodes that correspond to significant resting-state functional connectivities

[Razi et al., 2017] or anatomical connections [Sotero et al., 2010].

The number of parameters in CDN grows with the numbers of stimuli and nodes.
This can be a potential issue to scale our model to large-scale networks with multiple
stimuli, especially when the number of parameters exceeds the sample size. This rel-
atively small sample size setting yields a so-called under-determined system, because

there might exist multiple sets of parameters that yield the same fit of data. This
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is further complicated by the colinearity issue introduced by the fMRI task designs.
One possible direction is to introduce informative Bayesian priors to help invert such
large systems with colinearity. We leave to future research on extending our model

for large-scale networks.

The bilinear approximation used in this initial work is a simplified model for the
biophysical mechanisms. It neglects several micro and macro neurophysicological
processes, see a review [Daunizeau et al., 2011]. Therefore, the effective connectivity
estimates may be distinct from anatomical connections or synaptic connections, be-
cause they fail to model several critical processes, such as gated connections [Stephan
et al., 2008], extrinsic and intrinsic connections [Marreiros et al., 2008, Friston et al.,
2017], and neuronal fluctuations [Li et al., 2011, Friston et al., 2011]. For example,
the physiological noise could represent neuronal input from other regions not included
in the model or resting-state fluctuations. Without modeling the neuronal noise, the
resulting estimated connections between two regions may be indirect ones due to the
shared input from other regions. It may also lead to higher estimation errors and
over confidence [Daunizeau et al., 2012]. Without accounting for these biophysical
processes, this bilinear approximation also limits the possibility of combining data
from multiple modalities or understanding the nature of the BOLD response [Friston
et al., 2017]. Though this approximation has been validated before for identifying the
existence of effective connections, it may introduce estimation bias on the magnitude

of these connections [Friston et al., 2011].

To extend our method to biophysically more realistic models, there remain several
challenges for future research. More model parameters associated with these more
sophisticated models will increase the computation burden. One should also be aware
of the overfitting issue, especially for task-related fMRI where the recording sessions

tend to be relatively short with limited repetitions of certain stimuli of interest. There
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is clearly a trade-off between model complexity and data evidence, in addition to the
concern of computation time. Bayesian priors, for example based on anatomical
evidence, could be helpful for constraining the model complexity and computation
time. However, these priors should be chosen carefully to ensure reliability and
robustness [Fréssle et al., 2015]. We should also note that another direction is to
trade biophysical plausibility with large network sizes. For example, [Fréssle et al.,
2017, 2018] replace the bilinear approximation by a linear one in order to estimate

large networks from task-related fMRI.

Another limitation of this first work is its canonical model for HRF. Though
our model with the canonical HRF yields relatively robust results for one dataset
simulated with HRF variations [Smith et al., 2011], this approach in general may
lead to modeling bias. For example, the directionality of connections is determined
from the temporal ordering of the neuronal states, as in the ODE model. Such tem-
poral ordering may be reconstructed incorrectly from the observed BOLD signals,
if the model does not account for the HRF variations across regions and subjects.
Modeling HRF variations remains a challenging topic for various connectivity mod-
els as well, including DCM [Handwerker et al., 2012a] and functional connectivity
[Rangaprakash et al., 2018]. In order to mitigate this issue, there are two possible
extensions of our approach. One approach is to replace the canonical HRF used in
our model by empirically estimated HRF for each region and each subject. A simi-
lar approach has been successful in resting-state functional connectivity estimation
[Wu et al., 2013]. This step serves as data-driven deconvolution of the HRF, in the
spirit of those latent-space GCA methods [David et al., 2008, Wheelock et al., 2014,
Grant et al., 2015]. Because we treat the estimated HRF as given, one can easily
adapt our algorithm to fit this extended model. However, to avoid double dipping

of the same data, one may need to include a separate scan session to estimate HRF
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[Aguirre et al., 1998]. A natural alternative without extra scanning sessions is to
split out one part of the existing time series of each individual, and use that part to
estimate the HRF. Either way can be challenging for task fMRI experiment designs,
especially when the scanning time may be limited for task fMRI. Further research
is also needed to study the optimal allocation of the splits in order to optimally
balance the sample sizes available for two estimation steps. Another direction is
to treat the HRF as unknown in our model. One will then need to add additional
steps in our algorithm to estimate the HRF, for example using flexible functional
bases. One may build on the joint estimation framework for detecting brain acti-
vation and estimating HRF simultaneously, see [Vincent et al., 2010, Chaari et al.,
2013, Vincent et al., 2014]. Future research is needed to extend this framework to
incorporate the ODE connectivity model. It is also important to note the possible
challenges along this direction. First, though DCM also takes this direction and
estimates the HRF empirically, one cannot assume the estimated HRF is accurate
[Handwerker et al., 2012a]. Moreover, these additional parameters may introduce
potential estimation issues related to collinearity and identifiability [Vincent et al.,
2010]. More development, such as introducing regularization [Karahanoglu et al.,
2013] or Bayesian priors [Ryali et al., 2011], may be needed to ensure robust and
stable estimation. With these two possible directions and potential issues, we will

leave to future research to develop and compare these two possible extensions.

Our method here is mainly developed for task-related fMRI. It shows some
promising results on analyzing resting-state fMRI with medium sized networks. How-
ever, our method, like others based on the deterministic DCM principal, can be
computationally challenging for inverting large-scale networks, partly because our
method needs to estimate the hidden neuronal states. For resting-state fMRI, the

neuronal states recovered by CDN may serve as input data to other connectivity
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methods, in order to minimize the confounding effect of HRF variability [Handw-
erker et al., 2004, Rangaprakash et al., 2018]. In the mean time, many large-scale
resting-state DCM methods use the spectral domain characterization to avoid the
estimation of the neuronal states and associated time-variant parameters [Friston
et al., 2014, Razi et al., 2015, 2017, Fréissle et al., 2017]. One future direction is
to develop the spectral domain extension of our method, for analyzing large-scale

resting-state fMRI data.

2.5 Data Availability

The stop/go task dataset was provided by the Consortium for Neuropsychiatric Phe-
nomics LA Study from University of California, Los Angeles. The language/math
task and resting-state fMRI datasets were provided by the Human Connectome
Project (HCP; Principal Investigators: Bruce Rosen, M.D., Ph.D.; Arthur W. Toga,
Ph.D., Van J. Weeden, MD). The HCP was funded by the National Institute of
Dental and Craniofacial Research (NIDCR), the National Institute of Mental Health
(NIMH), and the National Institute of Neurological Disorders and Stroke (NINDS).
HCP is the result of efforts of researchers from the University of Southern Cali-
fornia, Martinos Center for Biomedical Imaging at Massachusetts General Hospi-
tal (MGH), Washington University, and the University of Minnesota. The HCP
data are disseminated by the Laboratory of Neuro Imaging at the University of
Southern California. These studies that provided the data have been approved
by their governing institutional review boards. The stop/go task-related fMRI
dataset analyzed for this study can be found on openfmri.org under accession num-
ber ds000030 (https://openfmri.org/dataset/ds000030/). The language/math task

and resting-state datasets can be found on the Human Connectome Project at
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https://www.humanconnectome.org.
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Figure 2.1: Comparison of AUCs by GCA and CDN for recovering nonzero intrin-
sic network connections under three simulation scenarios (S1-S3 described in Sec-
tion 2.3.1.1) and varying signal-to-noise ratios (SNRs). For better visualization, we
subtract random uniform jitters (between 0 to 0.05) for those cases when all points
equal to 1.

Table 2.1: Estimation accuracy of CDN under the simulation scenarios described in
Section 2.3.1.1. Box-car stimuli are used as a representative example. The accuracy
metrics are averaged over 50 replications.

Scenario J SNR AUCof A AUCof B AUCof C Fro(A) Fro(B) Fro(C)
+1 10 0.5 1.00 - - 0.52 - -

+1 10 1 1.00 - - 0.11 - -

+2 10 0.5 1.00 - 0.98 0.38 - 0.56
+2 10 1 1.00 - 0.98 0.26 - 0.44
+3 1 0.5 0.95 0.71 - 0.55 0.92 0.56
+3 1 1 1.00 0.74 - 0.36 0.88 0.54
+3 1 1 (50% duration)  1.00 0.70 - 0.25 1.07 0.55
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Figure 2.2: The network structure used to simulate DCM data in Section 2.3.1.2.
All nodes are influenced by the same stimulus.

Table 2.2: Comparison of the AUCs, Frobenius losses, computation times of CDN
and DCM, All computations are conducted in a computer with 8 Intel CPU cores (at
2.6 GHz) and sufficient memory for both algorithms. The best performance under
each comparison criterion is highlighted in bold.

Method AUC (A) Fro loss Computation cost

CDN 0.77 1.29 18.95 seconds
DCM 0.56 1.42 24 hours and 15 minutes
MDS 0.77 1.57 580 seconds
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Figure 2.3: A representative example of the neuronal state time series of five nodes
(A-E), simulated by DCM and their estimates by CDN . The DCM network model
is plotted in Figure 2.2 . Because neuronal states have arbitrary units, all curves are
scaled to have the same minimum and maximum values to illustrate the differences.
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Figure 2.4: Simulated (y) and fitted (g, by CDN) BOLD time series from four rep-
resentative regions using a simulated resting-state fMRI dataset from [Smith et al.,
2011].
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Figure 2.5: Estimated intrinsic connections in the math-story task experiment. Blue
solid lines denote the positive causal connections, and red ashed lines denote negative
connections. All connections and positive stimulus projections drawn are statistically
significant at level 0.01, FDR corrected.
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Figure 2.6: Connections induced by the (A) Math and (B) Story stimuli estimated by
CDN in the math-story task experiment. Blue solid lines denote positive connections
All connections drawn are

and red dashed arrows denote negative connections.
statistically significant at level 0.01, FDR corrected.
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Figure 2.7: Estimated intrinsic connections in the stop-go task experiment. Blue
solid lines denote the positive causal connections, and red ashed lines denote negative
connections. All connections and positive stimulus projections drawn are statistically
significant at level 0.01, FDR corrected.
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Figure 2.8: Connections induced by the (A) Go and (B) Stop stimuli estimated by
CDN in the stop-go task experiment. Blue solid lines denote positive connections
and red dashed arrows denote negative connections. All connections drawn are
statistically significant at level 0.01, FDR corrected.
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Figure 2.9: Real BOLD signals (y), estimated BOLD signals (¢) and neuronal acti-
vations (&) from the STOP/GO experiment. Green/red vertical lines represent the
GO and STOP stimuli respectively.
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Figure 2.10: Averaged effective (A by CDN, C by [Razi et al., 2017]), functional (B,
by correlations) connectivity estimates over 50 subjects. The diagonal elements are
plotted as zeros in the figure to better illustrate the inter-regional connections.
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Figure 2.11: Comparison of identified connections recovered by different methods:
(A) CDN vs correlations; (B) CDN vs IrDCM [Razi et al., 2017]. Varying thresholds
in magnitude are shown on the x axis, blue lines show the percentages of connections
shared by both methods compared, and red lines show the percentages of nonzero
connections in CDN but not in the other method.
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Table 2.3: Brain region names and MNI coordinates of the 36 ROIs used in Sec-

tion 2.3.2.3.

Default mode network

0 ~J O U W N

9

Dorsal attention network
10

11

12

13

14

15

16

17

Control executive network
18

19

20

21

22

Salience network
23

24

25

26

27

28

29

Sensorimotor network
30

31

32

Visual network
33

34

Auditory network
35

36

Name

Posterior cingulate/Precuneus

Medial Prefrontal

Left lateral parietal
Right lateral parietal
Left inferior temporal
Right inferior temporal
Medial dorsal thalamus
Left posterior cerebellum

Right posterior cerebellum

Left frontal eye field
Right frontal eye field
Left posterior IPS
Right posterior IPS
Left anterior IPS
Right anterior IPS
Left MT

Right MT

Dorsal medial PFC
Left anterior PFC
Right anterior PFC
Left superior parietal
Right superior parietal

Dorsal anterior cingulate
Left anterior PFC

Right anterior PFC

Left insula

Right insula

Left lateral parietal
Right lateral parietal

Left motor cortex
Right motor cortex

Supplementary motor area

Left V1
Right V1

54
Left Al
Right A1l

Coordinates (in mm)

0-527

-1 54 27
-46 -66 30
49 -63 33
-61 -24 -9
58 -24 -9
0-129
-25 -81 -33
25 -81 -33

-29 -9 54
29 -9 54
-26 -66 48
26 -66 48
-44 -39 45
41 -39 45
-20 -66 -6
23 -63 -6

024 46
-44 450
44 450
-00 -51 45
20 -51 45

021 36
-35 45 30
32 45 30
-41 36
41 3 6
-62 -45 30
62 -45 30

-39 -26 51
38 -26 48
0-21 48

-7 -83 2
7-83 2

-62 -30 12
59 -27 15



CHAPTER THREE

Estimating High Dimensional
ODE Models from Convoluted

Observations with an Application

to IMRI



3.1 Introduction

We have introduced a general model for effective brain connectivity analysis using
functional magnetic resonance imaging (fMRI) in chapter 2. In this chapter, we
are interested in extending this model to the high dimensional case. The brain
connectivity has been usually categorized into well-known complex networks such
as small-world topology which includes small dense clustering between neighboring
nodes but lack of long-range connections [Bassett and Bullmore, 2006]. This feature
makes it reasonable to assume sparse connections for the brain network. Further-
more, for large-scale networks, the number of model parameters quickly outweighs
the number of observations as the number of brain regions increases. Thus a reg-
ularization approach is adopted. Least Absolute Shrinkage and Selection Operator
(Lasso) was first introduced by Tibshirani [1996]. Lasso is widely used to do variable
selection and regularization. There has been some work on sparse brain network
modeling with lasso penalty [Lee et al., 2011, Seghouane and Khalid, 2012], group
lasso penalty [Bolstad et al., 2011], Potts-based penalty [Zhang et al., 2015]. How-
ever, their works either consider only BOLD signal without experimentally-induced
stimuli or use different types of data, e.g. electrocorticographic (ECoG) time series

which has a high temporal and spatial resolution.

In this work, we propose a method to estimate causal connections of convoluted
signals, in particular for our interest, neuronal activities that can be modeled with
ordinary differential equations (3.2). We introduce a new optimization problem that
combines the data fitting errors, fitting errors of the dynamic system and regular-
ization term. This work proposes iterative algorithms to optimize the loss function
to compute efficiently the parameters of differential equations, instead of comparing

potentially a huge number of candidate ODE models or adding prior information to
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parameters. Our method for a more general convolution-based observation model

also adds to the vast statistical literature on ODE parameter estimation.

In section 3.2, we introduce our optimization problem for analyzing brain con-
nectivity. Two algorithms are proposed in section 3.2.1. We will then compare their
performances in different settings. Section 3.3 illustrates the numerical performance
of our algorithm using extensive simulations. In particular, we will compare our

method with DCM in section 3.3.2 with the data generated from DCM.

3.2 Sparse Causal Dynamic Network (SCDN)

Before introducing our optimization problem, we first elaborate the motivation of

our formulation. Dynamic systems (3.1)

o' = f(u(t),(t),0) (3.1)

model output change directly by linking the output derivatives &’ to x(t) itself, as
well as to inputs w. For example, Dynamic Causal Modeling models the change of
neuronal activities @ in time, where each region is represented by a single hidden
state. « is the neuronal activities of d regions, w is the input from J stimuli, and 6
is the ODE parameter of interest. It is usually difficult to estimate f in a general
form, and instead, we can use a bilinear approximation for this dynamic system as
follows
dx(t)

o AT Z u;(t) Bja(t) + Cul?). (3.2)

which was introduced in [Friston et al., 2003]. In equation 3.2, the entry A,,, in

A = (Apn)aa denotes the strength of intrinsic causal connection from n-th variable
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to m-th variable. B; = (By;)da denotes the influence of the j-th input w;(¢) on
the directional connection between these two variables. C = (C,;)as with C;
denotes the effects of u; on m-th variable. The signal of interest, which we want to
analyze is fMRI. In this setting, different variables come from different brain regions
and uw are experimental stimuli. The parameters A, B and C' have important
biophysical interpretations. A represents the intrinsic effective connectivity between
brain regions, B models how these connections are influenced by external stimuli,

and C models how brain regions are activated (or suppressed) by stimuli.

In general, equation (3.2) can also model other variations of a system with exter-
nal influence u when dynamic connections among different variables of the system

are of interest. According to equation (3.2), it is natural to add

JIEE — a2+ 3 w0B(0 + Culo)|Pa

1<5<Jd
to our objective function.

As we mentioned before, instead of creating another set of differential equations,

we will use the observational model (2.2). This leads us to add

Y lly(ts) = Bxa(t))|?

t,1<i<T

to our loss function. t; for 1 < ¢ < T are discrete time points where the data is
obtained. For fMRI data discussed in our work, $(s) = h(s) where h is canonical

hemodynamic function.

In summary, our model (3.3) is different than DCM: we use a simple linear
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convolution mapping instead of another set of differential equations.

d:fi—z(tt) = Ax(t) + Zj:uj (t)Bjx(t) + Cu(t) (3.3a)

y(t) = / h(s)z(t — s)ds + €(t) (3.3b)

where y(t) is a d x 1 vector of BOLD signal at time ¢ of d regions (y = (1, ..., a)),
€(t) is the error process, h(s) is a hemodynamic response function. The integration
for vectors above should be understood as component-wise. Each dimension of y(t)
for a brain region depends only on its corresponding neuronal component in x(t)

(x = (21, ...,24)) for the same region.

The mapping from neuronal states to BOLD signals is represented in equa-
tion 3.3b, where h is a hemodynamic response function. It is an approximation
[Henson and Friston, 2007, Friston et al., 2003] for the differential equation model
of DCM which we did not discuss in detail. This approximation is crucial to sim-
ply computation when we optimize the loss function. Our approach works for any
hemodynamic response functions of fMRI. For simplicity, the canonical hemody-

namic response function is employed [Friston et al., 1998] in this work.

From a purely mathematical point of view, without considering the noise (or
equivalently €(t) = 0), we are able to show by the following lemma that the latent
states x(t) are uniquely identifiable from Equation 3.3b. The proof follows from

Titchmarsh’s convolution theorem [Titchmarsh, 1926].

Lemma 1. Given two functions x1(t) and x5(t), if hxx,(t) = hxxo(t) fort € [0,tr],
and h is a hemodynamic response function where h(t) = 0 for t < 0 and h(t) # 0

a.e. fort € |0,tr], then x1 = x9 a.e. fort € [0, tr].
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Proof. To prove this lemma, we simply use Titchmarsh’s convolution theorem [Titch-
marsh, 1926]: if ¢() and ¥ (t) are integrable functions, such that [ ¢(t)y(z—t)dt =0
almost everywhere in the interval 0 < x < k, then there exists a; > 0 and ay > 0
satisfying a; + as > k such that ¢(t) = 0 almost everywhere in (0,a;) and 9 (t) =0

almost everywhere in (0, ay). From this theorem, we can see if we have

/o h(s)(x1(t —s) —x2(t — s))ds =0

for 0 <t < tp, xr1 — 9 must be equal to zero a.e. for the entire interval because

there is no such interval [0,¢;] in which A is equal to zero a.e.. O

Now we are ready to introduce our optimization problem. By adopting regularity

approach, we get our objective function, the one we want to minimize,

l(2,0) = > lylt) —hxa(t)|*+

t;,1<i<T

/HT — (Az(t) + Z u;(t)Bjz(t) + Cu(t))|*dt

1<j<J

d d d J d
+ 2O Y Mwiklla Al + )Y 0> llwsjell, | Bjiel+
i=1 k=1 i=1 j=1 k=1
d J
D> lwsellz. Cik])

=1 k=1

where 0 includes A, B and C, A > 0 and p > 0 are tuning parameters, and || - || is
the /5 norm if not mentioned otherwise. We use Ay as the tuning parameter of the
regularization term for the ease of notation. wi, = g, wejr = ujx, and ws, = uy
The first part of the loss function is the data fitting error and the second part is
regarded as the fidelity to our dynamic system. The third part is essentially the

lasso penalty with different normalization weights corresponding to their “features”
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(e.g. A corresponding to x).

3.2.1 Estimation

It is common to represent a function with a set of basis. This idea comes from
both finite difference methods of solving partial differential equations and functional
data analysis [Ramsay, 2006]. We represent @(t) using truncated basis function
expansions. This technique allows us to reduce the original problem to a finite-
dimensional optimization problem. Let x(t) = I'®(t) where ®(¢) is a p x 1 vector
with entries denoting the basis function value at ¢ and p is the number of basis
functions. We choose p to be reasonably large. Usually, we should select a large p if
there exists stimulus changing rapidly so the approximation of x is capable to catch
the variations of stimuli. We will use a piece-wise linear basis for box-car stimuli (a
popular one in fMRI experiments). There exist many other possible choices such as
a cubic spline basis. As stimuli are generally not continuous or smooth, it will be

more reasonable if & is approximated by piece-wise linear bases.
With the basis representation, our loss function becomes

Z!Iy L[hx @ (t:)][*+

/Hrcp’ (AT®(¢ +Zuj )B;T®(t) + Cu(t))|?

+ A ZZ ik || A| + ZZZ w1 B |+
DD lwalliCil)
) k
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where wy, = I'(k)®(t), wejr, = u,;T'(k)®(t) and I'(k) is the k-th row of I

The loss function /(T @) is not jointly convex for (I", @) which makes it impossible
to find a global minimum for the problem. This motivates us to introduce our first
algorithm SCDN-1 to minimize the loss function using iterative block-wise updates

for I' and each column of 8 respectively, summarized in Algorithm 2.

Instead of using popular coordinate descent method for lasso penalty update
[Wu and Lange, 2008], we use block coordinate descent to update #. By observing
every column of @ = [A, B,C| can be optimized together with explicit form, we
update every column of 8 which is much faster than traditional coordinate descent,
i.e. updating one entry every time. This estimation method allows us to estimate
the brain network with hundreds of nodes and hundreds of subjects. As solving the
minimum for the separate matrix A, B and C' involves inversing high dimensional
matrix, which might be numerically unstable, we choose not to go further to speed

up our estimation by updating whole matrix A, B and C.

Algorithm 2 SCDN-1

Input: BOLD signal y, stimulus u, basis function ®, tuning parameter A
Initialize T, @ = [A, By, .., By, C]
repeat

Update I of I(T', 8) given 6 by gradient descent with backtracking line search

repeat

Randomly select one column of parameters from 6 and update the param-

eters by block coordinate descent method with Gauss Seidel style

until convergence
until convergence
Return I', @

As we did simulations with Algorithm 2, we found it was really difficult to get an
estimation of the parameter B with high accuracy. The first reason for this problem

is that the duration of each stimulus is relatively shorter than the duration of the
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experiment which limits the relevant data to calculate B; for i-th stimulus. Another
reason is neuronal activities & are highly correlated. To conquer these problems, we
propose another algorithm: SCDN-2. In this algorithm, we provide a simple remedy
to improve our estimation. We first estimate A and C with B = 0 fixed. Then we
update A, C and B together with B, = 0 if A;; = 0. The motivation behind this
approach is if we fix B = 0, the influence of u, the stimuli can be reflected on A.

The SCDN-2 algorithm is summarized in Algorithm 3.

Algorithm 3 SCDN-2

Input: BOLD signal y, stimulus u, basis function ®, tuning parameter A
(6,T') = SCDN-1(Input)
Initialize F, 0= [A, Bl, ey BJ, C], Ainit =A
repeat
Update T of [(T, 8) given 6 by gradient descent with backtracking line search
repeat
Randomly select one column of parameters from @ and update the param-
eters by block coordinate descent method with Gauss Seidel style. If the column
in B is chosen, update the entry if the corresponding value in A, is nonzero.
until convergence
until convergence
Return T, 6

3.2.2 Algorithm updates and analysis

As mentioned before, the iterative algorithm has an explicit form which we will state
in this section. First we introduce the following notations in order to illustrate our
updating procedure. In the following definition, P; is a matrix with entry P;[m,n]

or Pim,n,j|. P’ is the transpose of P. ® = (¢y,...,¢,) is our selected basis for
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estimating neuronal activity and ¢} is the first order derivative.

tr

P, m] / S dt Pl = | on(t) (t)dt

to

Pin.m, j /;mz@ <>tmum=£%wwmw

Pifnm. gl = [ 6u(®u,(O06n(t)dt Pofn,m) :/tT¢n(t)¢m(t)dt

to

Bumj[%NMNW<MM=/%%ﬁ

to
:[%mw,mmﬂ:[%wmmw

* O (t — s)ds  Piy[n,m] = / U () () dt

to

Poolt,n] = /t hs)
Pull,n,j] = /T<wm><> a%m=/3MWt

to

Plo n m, J, k / ¢n u] ¢m< )uk( )

Theorem 1. Given I', A[:, —n|, B and C, the minimizer of l is given by

A[, n] _ SlgH(TlA) ma);STlA| — TQA, 0)

A

where —n represents the matriz without n-th column.

T,, = P)l[n,] — ATPRI| ZB [Py, T[n,] — CPT[n,] + A[,n]l[n,]PsC[n
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Theorem 2. Given I', A, B and C[:, —j|, the minimizer of | is given by

N ign (7} T, —T5.,0
015} = BT (T~ To

C

where —j represents the matriz without j-th column.

Ty, = TPj,) — ATP:[j, ) ZB T Pis;[j,] — CPulj,]
To = 5V/Pulj.j]
T3, = Pulj, j]
Theorem 3. Gien I', A, By, ...,B;[;,—n] , ..., By and C, the minimizer of | is
gien by
B[, n,j] = sign(TlB)ma>;§|TlB\ —T5,,0)
3B

where —n and —j indicates B; without n-th column.

Ty, =TP;yT[n,]— AT P, T[n ZBIFPN,] '—C'Pys,;U[n, '+ B[, n]T[n, | Poj; T[n, |’

TQB = g\/F[n,]Ploij[n,]’

Ts, = Tn, Py T n, ]

3.3 Simulations

We use two different sets of simulated data to study our method.

e Data simulated from convolution model 3.3
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e Data simulated from DCM

3.3.1 Simulations with model 3.3

We first investigate the accuracy of our estimation method by using extensive simu-
lations from the convolution model. We randomly simulate A, B, C of the dynamic
system. These parameters are also chosen to ensure that the solution of the system
will not blow up, which means we add the constraints to the eigenvalues of A and B.
These constraints are reasonable as the brain connectivity will not diverge to infinity
during any time period. In all simulation settings, stimuli are box-car type, 7" = 300
and T'R = 0.72s. They are similar settings as those in our real data examples ana-
lyzed in section 2.3.2. The form of A is chosen to be similar to those employed in
Smith et al. [2011] in which for large brain networks, all nodes form several small

clusters and there exist some sparse connections between different clusters.

We study our estimation under the case that experimental stimuli have an influ-
ence on brain connectivity (B # 0). For each simulation, we randomly generate data
with 50 independent subjects, given the same parameters 8. We should notice that
by studying the brain network with 50 or more brain regions, we essentially need
to estimate thousands of parameters. We conducted our simulation with different
numbers of stimuli (1, 3) and different SNRs (1, 3) to test the stability and accuracy
of our estimation method. AUC is chosen as our evaluation and comparison criteria.
The score of one causal connection is evaluated by the frequency of corresponding

edge presence across different trails/subjects.

To compare our two algorithms SCDN-1 and SCDN-2, we introduce two exper-

imental settings: (i) nonzero entries of B are included in those of A, (ii) nonzero
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Table 3.1: Simulation settings for task-related Brain Network of 50 nodes

Index of Simulations SNR # of Stimuli # of Nodes

sim_0 1 1 50
sim_1 3 1 50
sim_2 1 3 50
sim_3 3 3 50

A(SCDN2) B(SCDN2) C(SCDN2) A(SCDN1) B(SCDN1) C(SCDN1)

sim_0 sim_1 sim_2 sim_3 sim_0 sim_1 sim_2 sim_3

Figure 3.1: Two figures show the comparison of two algorithms SCDN-1 and SCDN-
2. Left panel shows the case that nonzero entries of B are included in those of A
while right panel shows the other case. See Table 3.1 for setting of simulations

entries of B are not included in those of A. Other simulation settings are sum-
marized in Table 3.1. A comparison of our algorithms are shown in Figure 3.1.
Figure 3.1 shows that SCDN-2 performs better than or similar to SCDN-1. Even in
the setting (ii), nonzero entries of B are not included in those of A, the advantages
of SCDN-2 can still be recognized. Furthermore, in general, our algorithms show a
better estimation accuracy for setting (i) comparing to the setting (ii). This can be
explained by that in setting (1), B can be treated as an enhancement of A when

corresponding stimuli are created and thus the information of A can be passed to

B.

Figure 3.1 shows our estimation is very robust to different SNRs. It is critical
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to the real-world application of our model and method. However, we can see the
estimation for B is much more difficult than that for other parameters due to the
number of entries in B. Another possible solution to this problem is to add some
constraints of the non-zero pattern of parameter B. In real-world applications, B
is usually much more sparse than A and C which makes it easier to specify the
prior pattern of B. It is shown in the figure that an increasing number of stimuli
will decrease the estimation accuracy, which is as expected because the number of

parameters of B increases dramatically as we include more stimuli.

For these simulations, we use tuning parameters: A = [0.1,0.01, 1,10, 100] and
w=[1,3,5,10,30,50,100]. It is also possible to include different u for A, B and C
because they may have different sparsity. The formula can be derived similarly as
in our derivation in 3.2.2. However, this can potentially increase the computation
time for tuning parameter selection. Tuning parameter selection usually costs most

of the computation time.

3.3.2 Simulations with DCM

To test the robustness of our proposed convolution model, we also generate data from
DCM. The detailed simulation setting and code are provided by Smith et al. [2011].
Similar to the previous chapter, we only consider a five-node brain network with
shared inputs. To make this network complicated enough to penalize the performance
of our method, we create a network with inputs to all nodes with the setting of B = 0
and 5 different box-car stimuli. To make the simulation close to common fMRI
experiments, we fix TR = 3s, SNR = 3 and simulate 100 independent subjects
with the same stimuli and underlying dynamic system. Although our convolution

model 3.3 is a different model than DCM, we expect that our estimates from SCDN
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for  and 0 should share the same patterns with their counterparts in DCM because

of their biophysical interpretations.

Table 3.2: Comparison between estimation results of SCDN and DCM, Both com-
putations are conducted in a cluster with 16 Intel CPU cores (at 2.6 GHz)

Method # of Nodes SNR # of Stimuli AUC (A) Computation cost
SCDN 5 3 5 0.81 2 minutes
DCM 5 3 5 0.25 6 hours

We compute the estimation with both SCDN and DCM methods. To com-
pare these two methods with the same conditions, we provide no additional in-
formation for the prior of A. The experiment was conducted in SPM12 software
(http://www.fil.ion.ucl.ac.uk/spm/). As the estimation of DCM does not provide a
sparse estimation as our method, we use the mean magnitude of estimated A across
different subjects/trials to compute our evaluation criteria. Summary of computa-
tion time and estimation results are listed in Table 3.2. It is clear that our method
provides a more accurate estimation and without any prior information, estimation

of DCM is no better than a random guess.

In summary, the estimation of our algorithm achieves high accuracy with varying
factors including different SNRs and number of stimuli using data simulated from
convolution model 3.3. Estimation for B is much harder considering large number
of entries in B and other reasons mentioned previously. Combining dimension re-
duction technique and our method is a potential way to further address the issue of
relative low estimation accuracy of B. According to section 3.3.1, we show our es-
timation method is reliable for our own convolution model. Moreover, we simulated
data from DCM, a different but well-accepted model. Based on the comparison with
DCM in 3.3.2, our model estimation still performs well without any prior information
which shows our convolution model for BOLD signals is reasonable and realistic.
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3.4 DISCUSSION

We have developed a novel and simple sparse causal dynamic model to study brain ac-
tivations and causal connections simultaneously from fMRI. SCDN is the first model
that combines an ordinary differential equation model with a functional convolution
observation model. Unlike DCM, our model is estimated by an optimization method
and overcomes the requirements for prior knowledge and the size of networks. We
show that our SCDN approach can recover most of the causal interaction parame-
ters from large-scale brain networks efficiently. Moreover, because SCDN models the
neuronal level connectivity, it provides a better biophysical interpretation than GCA
and many other functional connectivity methods, without expensive computational
cost. We illustrate that our estimation method is robust to varying factors, including

model specification, SNR and the scale of brain networks.

It should be noted that it is still a challenging problem to estimate the influence
of stimuli on the directional connection between these two regions, i.e. B in our
model. It is thus an interesting future research question about how to address the
issue of estimation of B. Furthermore, We hope our model and estimation method
will open up new avenues for research of large-scale brain causal connections which

potentially help researchers to understand the underlying mechanism of the brain.
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4.1 Introduction

Canonical Correlation Analysis (CCA) [Hotelling, 1936] is a powerful tool to an-
alyze the relationship between two sets of variables. CCA can be regarded as an
extension of ordinary correlation analysis, the difference being that CCA deals with
multidimensional variables. It finds two linear transformations, one for each set
of variables, that are optimal based on their correlations. It is an especially use-
ful technique in data analysis as a dimensional reduction strategy that reduces the
complexity of model space by calculating the combinations of variables that are
maximally correlated. In an attempt to increase the flexibility for large dimensional
date, several extensions of CCA have been proposed, including kernel Canonical
Correlation Analysis (KCCA) [Akaho, 2001, Melzer et al., 2001], Sparse Canonical
Correlation Analysis (SCCA) [Waaijenborg et al., 2008, Witten et al., 2009, Witten
and Tibshirani, 2009, Hardoon and Shawe-Taylor, 2011, Chu et al., 2013]. Together,
CCA-type methods have various applications including analysis of neuroimage, ge-
nomic data and information retrieval [Friman et al., 2001, Witten and Tibshirani,

2009, Hardoon et al., 2004].

For multilevel data, CCA has been studied extensively by multi-view CCA [Rup-
nik and Shawe-Taylor, 2010] and tensor CCA [Kim et al., 2007]. However, canonical
correlation analysis of multivariate longitudinal data with multiple observations has
received considerably less attention, despite its importance for practical data anal-
ysis. This setting arises from a wide range of applications, for instance, functional
magnetic resonance imaging (fMRI) and the financial market contain multivariate
time-varying observations. To understand the coupling dynamics of two sets of vari-
ables with time-stamped observations or to incorporate temporal structures, a few

methods have been proposed. For instance, [Friman et al., 2002], maximized the
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auto-correlation of fMRI time series, and [BieBmann et al., 2010] proposed to use
KCCA to maximize the correlation between the two data sources over a certain time
window. Although these approaches do incorporate the temporal dependencies to
some extent, the temporal dynamics of consecutive linear transformations (vectors)
have not been considered explicitly. Furthermore, these studies focus on performing

canonical correlation analysis on two sets of variables with time lags.

A simple method to obtain the dynamic coupling between two sets of variables
with time-stamped observation is to apply sparse CCA (for high dimensional data)
or KCCA for each timestamp and then compare the vectors. However, in this way,
we will lose temporal information and possibly reach the wrong conclusion about
temporal dynamics. One such example will be discussed in detail later in this pa-
per. Although one can adopt fused lasso penalty [Tibshirani et al., 2005] directly,
more challenges will be raised in this case. First, CCA for high dimensional data
with multiple time-varying observations will become computational expensive (with
hundreds of non-convex constraints and many possible local optimums). Temporal
incoherence [Biefimann et al., 2010] is another severe problem. For example, if we
have w; and ws as our two canonical vectors, according to the definition of CCA
problem, the correlation is also maximized by another two vectors —w; and —ws.
There is no guarantee that we get the same absolute sign for canonical vectors of
two adjacent timestamps even if the data from these two timestamps are the same,
especially when optimizing non-convex and non-smooth objective functions for these

problems.

In order to solve the aforementioned problems, we propose a novel method for
inferring the dynamic dependence between two sets of variables. This method inte-
grates the SVD characterized formulation of all solutions of CCA [Chu et al., 2013]

and the fused lasso regularization [Tibshirani et al., 2005] in a unified optimization
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framework. We introduce a convex optimization problem which can be solved effi-
ciently. There still exists a time incoherence problem in this formulation which we
will discuss how to solve later in this paper. We note that since the focus of the paper
is on introducing temporal structure in the CCA framework, we will only consider
experiments of the first pair of canonical vectors. TDCCA and our algorithm can

also be applied in the situations of multiple pairs of canonical vectors.

We summarize our contributions as follows:

e We incorporate temporal dependencies with (sparse) canonical correlation anal-

ysis using a convex formulation.

e We propose a fast parallelizable algorithm (Alternating Direction Method of
Multipliers) and derive a closed-form ADMM updates to solve the non-smooth

objective function.

e Our proposal provides a heuristic method to solve the time incoherence problem

that exists in canonical vectors of adjacent timestamps.

e Experimental results on both two different simulated datasets show the effec-
tiveness and accuracy of our method compared with static CCA. The exper-
iments on the real dataset illustrate potential applications of our method for

analyzing longitudinal data [Verbeke et al., 2014].
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4.2 Canonical Correlation Analysis

We first review the standard canonical correlation analysis problem as

minimize || XW, — YW,
subject to WEXTXWQ; =1 (4.1)
WJYTYWZ, =1

where X € R4 Y € R W, € R"* and W, € R2X. Let r = rank(X),
s = rank(Y') and t = min(r,s). [ is the number of pairs of canonical vectors we
attempt to compute. d; and dy are the dimension of features for X and Y. n is the
number of observations. We assume both X and Y are column centered. Under our
temporal setting, X and Y are the observations at the same time point, see more

details later.

Theorem 4 characterizes the solution of (4.1) by a SVD approach. Let us consider
the SVD of X and Y,

X = Qu[%1,0][U, Us]" = Q15U

Y = Qa[, 0][V1, Vo] " = Qa5 VT

where Uy € RM" Uy € Rix*(=n 33 ¢ R™" Q; € R, Vi € R®2* V, €
Ri2x(d2=5) '3 ¢ R** and @y € R™*. Furthermore, we consider the SVD of QTQ,
as QTQy = PXP] where P, € R™" P, € R and ¥ € R™*. Denote the
distinct eigenvalues of QT Qs as o1 > 09 > ... > ¢, > 0 with multiplicity for these q

. : k
eigenvalues being my, ..., mg. o = > ., my.

The following theorem from [Chu et al., 2013] shows the conditions for (W,, W)
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which will be used later.

Theorem 4. [Chu et al., 2013] If | = Y5 m; for some 1 < k < q, then (W,, W,)

is a solution of optimization problem (4.1) if and only if

W, =US P, 1 DW + Us By

W, =ViSy ' Po(s, 1 DWW + Vo Fy

where W € R is orthogonal, Fy € R4 and Fy € R~ gre arbitrary.

4.3 Methodology

Before we introduce our proposed method TDCCA, we provide some motivation for
our framework, which is related to sparse CCA. If [ = Zle m; for some 1 < k <
¢, the sparse canonical correlation analysis can be stated as solving the following

problem,

minimize  [[We[[s, + [|Wy i
subject to W, = U1 X7 Pi(;, 1 : D)W + Us Iy (4.3)
Wy == Viz;lpg(:, 1: l)W + ‘/QFQ
where || *||;, is defined with element-wise {; penalty. This formulation is non-convex.

A simplified formulation of the above is

minimize  |[|Wy|;, + ||[Wylli,
subject to UTW, =7 'Pi(:,1:1) (4.4)
VIW, =35 Py(:,1:1)

There is a connection between the simplified formulation of sparse CCA problem

(4.4) and (4.3). Denote the optimal value (feasible region) of problem (4.3) and
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(4.4) as M(Qs) and M (Q) respectively.

=1

Theorem 5. If | = Zk m; for some 1 <k <gq, let C'= %, then CM < My < M

Proof. First it is easy to see

W, =US P, 1 DW + Us By
W, =ViSy ' Po(s, 1 DWW + Vo Fy
is equivalent to
UW, =3P, 1: D)W
VIiW, =3 Py, 1 D)W

By taking W = I, we get M, < M.
On the other hand, for W; and W which satisfy (4.5),

UIwW! =S P, 1 DWWy

VEWS =S5 Py (s, 1: )Wy

)
we get
UYWIW ' =S P, 10 0)
VIWIW =S Py(:,1:10)

because Wy is orthogonal. This implies (W] W, Y Wyf W, ) € Q. Furthermore, for

all W, W, €  and W orthogonal,

UiW, =27 P11 1)

VIiW, =35 Py(:,1 1)
78



UIW,W =3P, 1: )W

VIW,W =3Py (1 W

This means (W, W, W,W, W) € Q,. Specifically, we can take W, = W/ Wy LW, =
VVJVV]T1 and W = Wy for all (W, W], Wy) € Q. This implies {(W, W, W, W, W)|(W,,W,) €

), W is orthogonal} = Q4 and thus problem (4.3) is equivalent to (4.6)

minimize ||W, W, + ||W, W],

subject to UTW, =7 Pi(:,1:1
J 1 P ) (4.6)

VIW, =3 Py(:,1 1)
W € R orthogonal

Based on the equivalences of norm of finite dimensional spaces and the orthogonality

of W, we have

1 1 - —_— -
W\!Wtzl =7 Z W (i, )l < Z W (i, ) [z = Z W (i, )W [l
< Z W (i, )W L, = [WaW |1,
(4.7)

We can get similar result for W,. Inequality (4.7) implies CM < M, and we already

knowMSSM,thusC'MSMSSMWhereC’:% O

<
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4.3.1 Problem Formulation

Let’s now consider time-dependent views of column centered data X, € R™*% and
Y; € R™*% for t € [1,2,...,T]. We attempt to analyze dynamic coupling canonical
vectors W, € R1*! and Wy € R%>Vin a CCA framework which incorporate tempo-
ral information of these time-stamped observations. It is worth mentioning that our
data X; or Y; does not have to be the observations from the same time point. They
can be selected using a sliding window approach. In particular, a temporal window
with length W, is chosen, and within the temporal interval that it spans (from time
t=1 to time t=W), the first set of data are selected as X; and Y;. Then, the window
is shifted by a step T, and the same data extraction procedure is repeated over the
time interval [1+ 7T, W +T1]. This process is iterated until the window spans the end
part of the time series. Motivated by Theorem 4 and Theorem 5, we can formulate

the problem as

minimize 2, ([[Waallin + [[Wyelli) + A2 (1War = Wap il + Wy = Wy flin)

subject to ULW,, = X7, Pi(:,1:1)

V$Wyt = E;Pgt(:, 1:1)
(4.8)

where

Xt = Qlt[zlb 0] [Ult; Uzt]T = QltzltUlj;
Y = Qai[Xar, 0][Var, Var]' = Qar i Vih
Q1,Qa = PuX Py,

are SVDs for each ¢.

By allowing the relaxation of the constraints, we propose the TDCCA by opti-
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mizing the following objective function (4.9).

1
2 Z(HUtTWxt = X Pu(s 1 D5 + )‘Z [Wtllin + MZ Wt = Wep—alln+
t t t

1 _
3 > UV Wyr = S5 Por (s, 1 DG 4+ XY IWaell + 1 Wt = Wyaalln - (4.9)
t t t

It is clear that the problem we formulate is a convex problem, which avoids the

constraints W X X, Wy, = I and W, Y;"Y,W,, = I in CCA framework.

4.3.2 Optimization

We present an algorithm to optimize the objective function of TDCCA in (4.9).
The estimation of W, and W, can be separated which makes it possible for parallel
computing. In addition, the estimation of different pairs of canonical vectors can
also be computed in parallel. For the ease of notation, we will ignore the dimension
number inside of P, which represents Pi(:,ll) if we try to estimate ll-th pair of
canonical vectors. Without loss of generality, we will only discuss the algorithm for

W, € R“*T the first pair of canonical vectors.
By separating (4.9), we get

D UIWalet) = S Pl + AIWellu + plWe Dl (4.10)

t

N —
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where D is the time differencing operator, i.e.

1 00 ... 0

po |0 0y
. . . . 1
0 00 ~1

Replacing W, with W, and W,, (4.10) is equivalent to (4.11)

1 — - —~
L= 5 D (U Walest) = 53 Pl + AWall + W Dl (4.11)

t

— —~

subject to Wy, = Wy and Wy, = Wo,.

Now we can adopt ADMM [Boyd et al., 2011] to optimize (4.11). We first write

down the augmented Lagrangian for (4.11),

1 B — — —
le = 5(2 IUE W (:, t) = B35 Puallfe + MWl + pllWeDlli, + tr(©F (W, — W)
t

— v —~ —
+ tT(Q)T(Wx - W:L’)) + E(HWJ? - WIH% + ”Wx - WIH%) (4'12)

It can be solved by alternatively updating the five variables W, Wx, Wz, © and .

1. Fix Wm, Wx, O and ¢, we get

minimize (3 3, (|[ULEW,(:, ) — S5 Pull3 + +5(|We — Wo|13
W, — Wo||2) + tr(®T (W, — W) + tr(0T (W, — W)
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Simply by setting the derivative with respect to W, to zero, we have

W,(:,t) = (UpUL + 20D (=®(:, 1) — O(:,t) + Uy Xy Pt

i

V(W5 () + W (1) (4.13)
. Fix W, Ww, © and &, the problem is transformed to

minimize  A||W, ||y, + tr(0T (W, — W,)) + 4||W, — W,||%

we thus get

— A
W, = sign(W,, + Q)max(]Wx + 9\ ——.,0) (4.14)
v v'ov

. Fix W, Wz, © and P, (4.12) becomes
minimize ,LL||/I/17QUD||11 + tr(®(W, — /Wa:)) + 5[|[We — Wx”%)
which is equivalent to
minimize x| W,Dlly, + (W — We — 2% (4.15)

It is a combination of 1-d fused lasso problems which can be solved exactly
using dynamic programming method [Johnson, 2013] or a taut string principle

[Davies and Kovac, 2001] (both linear time algorithm) in parallel.

The similar process can be applied to © and ®.

0 =0+ u(W, - W,) (4.16)
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Algorithm 4 Algorithm of TDCCA method (TDCCA-1)

Input: X, Uy, Pryy Y, A, p, v

Initialize W,,, W,, W,, © and ®

repeat
Update W, with (4.13)
Update W, with (4.14)
Update W, with (4.15)
Update © with (4.16)
Update ¢ with (4.17)

until convergence

Return W, W, W,

—~

=&+ (W, — W) (4.17)

We summarize our algorithm in Algorithm 4 (TDCCA-1). It is worth noting that
in our proposed algorithm, step 2 and 3 can run in parallel due to that fact that the

computation of Wx and Wx only depends on W,.

4.3.3 Time Incoherence

In (4.8), there exists a problem called time incoherence. The reason for this problem
is that the original constraint in Theorem 4 is U W, = S P(:,1 : )W where W
is orthogonal. For [ = 1, W € RY™! can be either 1 or -1, which causes the sign
ambiguity. In previous section, we ignored the constraint on W i.e the sign for the

case [ = 1. The problem could be tackled by adding integer variable b, € {—1,1}
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and we get a new optimization problem,

1
9 Z(HUtTWxt = X P 1 Db + AZ [Watllin + MZ Wt = Weg—a|ln+
t t t

1
2 D VI Wy = 5 Poy 1 D7+ A I Woalla + 2 [Wye = Wil
t t t

(4.18)

One naive way to solve (4.18) is to compute the optimal value for every choice of
sequence [by, ..., br]. The computational burden will increase exponentially. Problem

(4.18) is a non-convex mixed integer problem which is generally hard to solve.

Instead of diving into the non-convex problem, we propose a three-step approach.
First, we will use Algorithm 4 with a very small (1e-10 chosen in our experiments)
1 and thus the temporal difference is not penalized. This step allows us to obtain
an initial estimation of W,. Then we will change the sign of P, and P, according
to whether the condition (4.19) is satisfied. Finally, we run Algorithm 4 again with
1 chosen by grid search and obtain the final estimations. This method allows us to
detect those SVD results with the incoherent sign and thus the temporal consistency
is achieved. The intuition behind this approach is that the optimal value of (4.9)

continuously depends on p. The final algorithm is summarized in Algorithm 5.

HW:E(:’t - 1) - Ww(zvt)Hh + HWy(:vt - 1) - Wy(:vt>||l1

> ||Wx<:7t - 1) + Wx(:>t)||l1 + ||Wy(:’t - 1) + Wy(:’t)Hh (419)

As the Algorithm 4 is computationally efficient, Algorithm 5 is still efficient,
considering we will fix g in the first step. Deflation method [Witten and Tibshirani,

2009, Shawe-Taylor and Cristianini, 2004, Hardoon and Shawe-Taylor, 2011] can also
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Algorithm 5 Algorithm of TDCCA method

Input: X, Y/;a\Ulp\‘/lta Pry, X4y Py, Yogy A, i, v
First step: W,, W, = TDCCA-1(Input(with p = e~'9))
Second step: Revise the sign of P, and P,
forte€[2,..,7] do

if (4.19) is True then

Py = —Pyy and Py = — Py

end if
end for
Third step: W,, W, = TDCCA-1(Input)

be easily combined with our algorithm after calculating each pair of canonical vectors

to acquire multiple pairs of canonical vectors.

4.3.4 Tuning Parameter Selection

In our method, TDCCA contains two tuning parameters A\ and p which determine
the sparsity and continuity (along temporal dimension) of canonical vectors. We
propose a cross-validation approach as follows: we partition our data as training
and validation data, and then we select the tuning parameters that maximize the
canonical correlation on the validation data, plugging the canonical vectors solved
from the training data. We also apply the grid search to determine the optimal

values of A and pu.

4.3.5 Algorithm Analysis

The convergence of ADMM under certain conditions has been analyzed and proven
in previous papers [He and Yuan, 2012, Chen et al., 2016, Hong and Luo, 2017]. Our

optimization problem satisfies the conditions and thus our algorithm is guaranteed
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to converge to a non-empty solution set if it exists. In each iteration, the major
computation burden is in step 1. One iteration of step 2, 3, 4, 5 is O(dT’) where d
is dimension of feature space. For the first step, the inverse of (U, U, 4+ 2v1) can
be precomputed before the iterations. For each iteration, time complexity of step 1
(matrix multiplication) is O(d*T). Another feature of our algorithm is both step 1

and 3 can run in parallel along the temporal dimension.

4.4 Experiments

In this section, we evaluate the performance of the proposed method on two simulated
datasets and real functional magnetic resonance imaging (fMRI) data. We compare
our method with static sparse CCA [Witten and Tibshirani, 2009]. For the static
sparse CCA, we treat each t as an independent problem. We use the R package
called PMA for SCCA, which is publicly available at https://cran.r-project.
org/web/packages/PMA/index.html. The package for our method is available at

https://github.com/xuefeicao/tdcca.

4.4.1 Simulations

Table 4.1: Simulation 1 results from 50 independent trials

n d T | Method | CDR F1 TDR | Cosine of Angle
100 40 100 TDCCA | 0.0021 | 1.0000 | 97.7767 0.9800
SCCA | 0.0025 | 0.9488 | 5.5884 0.9693
100 100 100 TDCCA | 0.0008 | 1.0000 | 89.8201 0.9730
SCCA ] 0.0021 | 0.8192 | 2.1969 0.8439
100 400 100 TDCCA | 0.0002 | 0.9977 | 67.5984 0.9460
SCCA | 0.0025 | 0.5771 | 1.6001 0.6164
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Table 4.2: Simulation 2 results from 50 independent trials

n d T | Method | CDR F1 TDR | Cosine of Angle

100 40 100 TDCCA | 0.0599 | 0.9896 | 74.8900 0.9297
SCCA ] 0.0398 | 0.8177 | 2.2071 0.9039

100 100 100 TDCCA | 0.0339 | 0.9647 | 53.1478 0.9642
SCCA | 0.0412 | 0.7317 | 1.3389 0.7692

We introduce four metrics to measure the accuracy of our estimates in simula-

tions.

e Correlation Deviation Ratio (CDR): This evaluates the capability of our
method to recover the true correlation between two sets of variables. It is
defined as the ratio of [; distance between estimated correlation and true cor-

relation to the true correlation.

e F'1 score: This measures the ability of our method to capture the true pattern

of related variables.

e Cosine of Angle between estimated and real canonical vectors: This
measures the similarity of our estimation and real canonical vectors. It is

defined as the absolute value of cosine angle between two vectors.

e Temporal Deviation Ratio (TDR): The temporal deviation defined as
IWo(t) — Wo(eot — D))y, + [[Wy(sit) — W, (e, — 1)]|5,, illustrates how much
the estimation changes at each time step. This value is the ratio of temporal
deviation at change point (in our simulation, for simplicity, only one change
point is included) to the average temporal deviation value of all time points.
This metric serves the purpose of testing the ability of our method to detect
temporal dynamics. We notice that SCCA method does not distinguish the
absolute sign of the canonical vectors (—W or W can both be solutions). To

achieve a fair comparison, we alter the canonical vector W, to —W; obtained
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in SCCA method at time ¢ if (4.19) is satisfied.

All the results reported in this section are the averages along temporal dimension.
We denote W,; = W,(:,t) and W, = W,(:,t). X, € R®™ and ¥, € R%2. We fix
T =100 and dy = d, for simplicity. Let d = dy + d»

4.4.1.1 Simulation 1

In this simulation, we generate our data according to the following model.

Xi = (Wat + €10)ur + m1
(4.20)

Y, = (Wi + €x)ur + 1o

where u; ~ N(0,1), €; ~ N(0,0.1%) and n; ~ N(0,0.1?) for i = 1,2. For t < 50

W = (1,..,1,—1,...,—1,0,...,0)
S~
di/4 di/4
Wy =(0,...,0,1,..,1,—1, ..., —1)
——— ——
da /4 do/4
For t > 50,
Wy = (0,...,0,~1,...., —1,1,...,1,0,...,0)
—— ——
di/4 di/4 di/4
Wy =(1,..,1,0,..,0,—1,...,—1)
~—— ——
da/4 da/4

From the model, we can see that for ¢ < 50, the first half variables of X; and

second half variables of Y, are correlated, while for ¢ > 50, variables of X, located in
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[3d1, 2dy] are correlated with variables of Y; located in [1, 1ds] and [3ds, ds]. To test

our algorithm, we conducted the estimation with different settings:

e n =100, d =40
e n =100, d = 100

e n =100, d = 400

where n is the number of samples. We summarize our results of 50 independent

trials in Table 5.1.

4.4.1.2 Simulation 2

In this section, we employ data generated from a more complicated model called the
single canonical pair model [Chen et al., 2013]. The model is described in (4.21).

We used the same W,, and Wy, as in the first simulation.

X, 0 o AT W, WIS,
~ N , (4.21)

Y, 0 AL W, WIS, s

where 0 < A < 1, WIS, W, = 1 and WLS,W,; = 1. Let A = 0.9. We define
Yy = X9 = (04)ij where 0;; = ¢ X 0.3/l which indicates covariance has a certain
rate of decay. The scaling factor ¢ is obtained by normalization. In addition, we add
independent noise (e ~ N(0, 155)) to the generated data. It is easily to verify that for

model (4.21), W,, and Wy, are first pair of canonical vectors, which maximizes the

correlation between XtT W, and YtTWyt. Furthermore, the corresponding correlation
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is A. We note that our method TDCCA does not depend heavily on the Gaussian
covariance assumption. However, in [Chen et al., 2013], their Sparse CCA method
utilizes the model structure (4.21) (X5 = 21WxW5 ¥9) explicitly and then get an
estimation of W, and W, directly where X, is cross-covariance between X and Y.

We used the following settings in this simulation,

e n =100, d =40

e n =100, d = 100

where n is the number of samples. Table 5.2 showed the averaged results of 50

independent trials.

4.4.1.3 Simulation Results

We show results for both models in Table 5.1 and Table 5.2. In terms of F1 score,
Temporal Deviation Ratio and Cosine of Angle between estimated and real canonical
vectors, our TDCCA approach significantly outperforms SCCA method (i.e the CCA
method without considering time series structure). The F1 score of TDCCA stays
above 0.9 in different settings of two simulations while the F1 score of SCCA can
be less than 0.6 when the ratio @ increases. The cosine of the angle of our
approach is close to 1 which indicates the high similarity between estimated and real
canonical vectors. In addition, the temporal deviation ratio of TDCCA is up to 40
times higher than the SCCA method, which shows a big advantage of TDCCA in
detecting change points. Furthermore, our estimated value of correlation is closer to

the true correlation of simulated data than the SCCA method.
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4.4.2 Canonical Correlation Variation for resting-state fMRI

In this section, we apply our method on the resting-state fMRI data and we propose
that the canonical correlation variation (CCV), a new metric obtained from our
method can provide clues for the connectivity patterns that transfer and present
aging features. Canonical correlation variability (CCV) is defined as the standard

deviation of time-dependent canonical correlation from our method.

Recent work has shown that functional connectivity is temporally dynamic and
functional connectivity fluctuates across shorter time-windows for resting-state fMRI
[Chang and Glover, 2010, Handwerker et al., 2012b]. Unlike conventional FC analy-
sis, which assumes static connectivity over several minutes, the dynamic functional
connectivity variation (FCV) is calculated as the standard variation of the dynamic
FC series. In this approach, the stability of the FC fluctuation over time is quan-
titatively measured and compared between brain region pairs. The basic sliding
window framework has been used widely and is repeatedly applied by researchers
to investigate how functional brain dynamics relate to our cognitive abilities [Preti
et al., 2017]. The age-related dynamic pattern of functional connectivity has been

also explored in [Madhyastha and Grabowski, 2014, Chen et al., 2016, 2018].

Canonical correlation is another way to characterize the strength of the functional
connectivity for each region pair which has been used to construct a region-level
functional connectivity network for predicting major depressive disorder [Kang et al.,
2016]. In our experiment, two groups of individuals (N = 156, ages 22-25 for the first
group; N = 226, ages 31-35 for the second group) were recruited from the public data
of the Human Connectome Project (http://www.humanconnectomeproject.org/).
In particular, we are interested in the connectivity patterns inside of the default

mode network (DMN) which contains Precuneus (pC), Posterior cingulate (PCC),
92


http://www.humanconnectomeproject.org/

Ventral anterior cingulate (vACC), and Medial prefrontal cortex (mPFC). For each
subject, we used a fixed-length rectangle window (width = 60 TRs) and the window
was shifted by 2 TRs. These parameters are chosen based on the rule of choosing
parameters for dynamic functional connectivity [Preti et al., 2017]. Thus we can
obtain the time-dependent canonical correlation estimated for each pair of ROIs

from our method for every subject from two groups.

Additionally, we use two popular measurements of connectivity pattern: static
functional connectivity (FC), functional connectivity variation (FCV). As a baseline
method, we compute the sparse canonical correlation for each rectangle window and
calculate its standard deviation which we will call it CCVB in the remaining paper.
The canonical correlation coefficient (CCC) for the entire time series is also included

for each subject. These features are summarized in table 4.3.

Table 4.3: Features of connectivity pattern used in our experiment

Method | Description

CcCv Canonical Correlation Variation calculated
from TDCCA

FC Static Functional Connectivity (Fisher-
transformed correlations) of entire time
series

FCV Functional Connectivity Variation using slid-

ing window approach

CCVB | Canonical Correlation Variation calculated
from SCCA for each sliding window

CCC Canonical Correlation Coefficient (Fisher-
transformed correlations) of entire time series
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Table 4.4: Adjusted p—value for each pair of ROIs chosen from default mode network.
Values in bold represent significant p—value with threshold 0.05.

ROI1l ROI2| CCV FC FCV ~ CCVB CCC

vACC pC 0.5197 0.8092 0.9452 0.9498 0.7419
vACC PCC |0.0138 0.9725 0.9452 0.4273 0.7419
PCC  pC 0.5197 0.8092 0.9452 0.2464 0.7419
mPFC vACC | 0.4224 0.9725 0.9452 0.4273 0.7419
mPFC pC 0.1593 0.8092 0.9452 0.2464 0.7419
mPFC PCC | 0.5197 0.9725 0.9452 0.2464 0.7419

ROIs = vACC_PCC

SEm s

FCV CCVvB CCC
Method

value

Figure 4.1: Group differences of different features for the ROI pair with a significant
p—value.

Table 4.4 shows the p—value of two sample t-test of different features for each pair
of ROIs compared between two different groups. Multiple testing correction can be
performed using the FDR method [Benjamini and Hochberg, 1995, Benjamini and
Yekutieli, 2001]. In this work, we followed the previous work [Zhao et al., 2018] and
applied the method proposed in [Benjamini and Hochberg, 1995]. From table 4.4,
we can see the only one significant difference for metrics calculated based on two
different groups are from our proposed canonical correlation variation measurement.
It is between vACC and PCC. Figure 4.1 illustrates the group differences of different

features for the ROI pair with a significant p—value. The values are scaled for better
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visualization. It shows CCV (between vACC and PCC) in the age group 31-35 is
higher than the age group 22-25. This example shows promising results by applying

CCV as a novel way to measure dynamic functional connectivity patterns using

resting-state fMRI.

4.4.3 Task-based fMRI: motor task detection and feature

extraction

In this section, we apply the TDCCA method to analyze task-related fMRI motor
data obtained from the Human Connectome Project [Van Essen et al., 2013]. This

example will show how our method can spot change points due to different tasks.

This motor task fMRI is composed of five most basic motor tasks including
tapping left /right fingers, squeezing left /right toes and moving tongue. Participants
were presented with visual cues which asked them to either tap their left or right
fingers, or squeeze their left or right toes, or move their tongue to map motor areas.
Each block of a movement type lasted 12 seconds (5 movements), and was preceded

by a 3-second cue.

Based on the prior scientific findings on the motor task experiment [Thomas Yeo
et al., 2011], we select six brain regions corresponding to these different tasks ac-
cording to MNI coordinates: left/right hand coordinates (+41, 20, 62), left/right
foot coordinates(£6, 26, 76), tongue coordinates (£55, 4, 26), thalamus (MNI: -12,
-13, 7). We extracted voxels around these coordinates, depending on the availability
of voxels centered around these coordinates. Thus we combine data from these six
regions as our one set of data. We set the length of the sliding window as 20 TRs

according to the length of each task and the window was shifted by 1 TR (0.72 s).
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Our TDCCA method is applied to a pair of subjects.

We should mention that brain electrical activity is not directly measured, instead,
the human hemodynamic responses to the short period of neural activity are delayed
in time. Thus fMRI measures the subsequent demand for oxygenated blood that

follows about several seconds after the neuronal activations [Liao et al., 2002].

—— our method —CUE = right foot — tongue
—— SCCA m— |eft foot right hand m— resting
—— BOLD == |eft hand

0 20 40 60 80 100 120
Frames(1l frame = 0.72s)

Figure 4.2: Plot of the temporal deviation of TDCCA, SCCA and original BOLD
signal, in which TDCCA detects six significant shift of tasks. The straight line above
the plot uses different colors to indicate the different tasks during the experiment.
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We estimate the leading canonical vectors and elaborate on how the W, varies
with time periods of the different task activation. We also compared the SCCA
(sparse CCA method) with TDCCA. Figure 4.2 shows the scaled temporal deviation
|W(:,t) —=W(: t—1)||;, estimated from two methods as well as the BOLD variations.
Figure 4.2 elaborates the ability of our approach in detecting temporal dynamics.
From the results of SCCA and the original BOLD signal, one can barely see the
dynamic change point for different motor tasks. However, our method detects six
significant shift of tasks and a clear time delay from task commands to the peak of

temporal deviation.

4.5 Conclusions and future work

In this paper, a convex framework for combining temporal structure with canonical
correlation analysis is proposed. The proposed framework incorporates temporal in-
formation explicitly. Furthermore, our algorithm is computationally efficient with
guaranteed convergence and has the advantage of parallel computing. Finally, we
introduce a heuristic method to solve the time incoherence problem without us-
ing a mixed-integer optimization algorithm. The proposed method outperforms the
(static) sparse CCA algorithm both in accuracy and ability to recover temporal vari-
ations. Our proposed canonical correlation variation (CCV) can also provide clues
for brain connectivity patterns. Our method introduces an additional tool to deter-
mine change points and extract critical features in multivariate analysis. In future
work, we will explore the theoretical property of our proposed algorithm. It would be
also promising to apply our method to analyze multivariate longitudinal data from

medical images.
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Part 1V

Covariance Regression Models for

Brain Connectivity Analysis
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CHAPTER FIVE

Common Vector Projection

Regression for Covariance Analysis



5.1 Introduction

Estimating variances has played an important role in many fields, including finance,
risk management and statistics [Chen and Conley, 2001, Xue et al., 2012]. Classic
sample covariance matrix estimator has been used extensively in the statistical lit-
erature and is proven to be consistent when the number of features is fixed and the
number of samples goes to infinity. More recently, some research efforts have been
devoted to reducing the number of parameters to be estimated in the covariance ma-
trix because the number of parameters grows rapidly with the increasing number of
features. One such direction is to add sparse constraints on parameters of the covari-
ance matrix or the inverse of the covariance matrix [Huang et al., 2006, Bickel et al.,
2008, Friedman et al., 2008, Cai and Liu, 2011, Cai et al., 2011]. However, these
methods focus on estimating covariance matrices instead of linking covariance ma-
trices with auxiliary information (a vector of covariates, collected from each subject

in the biostatistics area).

Hence, regression models for covariance matrices have been explored to make
the connection between covariates and covariance matrices. In [Anderson et al.,
1973, Szatrowski et al., 1980, Zwiernik et al., 2017], the covariance matrix has a
linear structure and the resulting estimate of covariance is a function of covari-
ates. Another direction of study connects covariances with covariates using specific
model structures. For example, [Chiu et al., 1996] introduced a model where the
elements of the logarithm of the covariance matrix is a linear combination of co-
variates. [Pourahmadi, 1999] proposed to use the Cholesky decomposition of the
inverse of a covariance matrix to associate covariates. [Hoff and Niu, 2012] intro-
duced a covariance regression model that parameterizes the covariance matrix of a

multivariate response vector as a parsimonious quadratic function of explanatory
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variables. [Fox and Dunson, 2015] reduced dimensionality and induced a flexible
Bayesian nonparametric covariance regression model by using a lower-dimensional
subspace representation. Later, [Franks and Hoff, 2016] proposed to explore a spiked
covariance model for each group while sharing information about the space spanned
by the group-level eigenvectors. However, it is unclear how this model can be ex-
tended to consider continuous covariates. [Zou et al., 2017] integrated the similarity
concept and then explored a covariance regression model to directly quantify the
relationship between the covariance and a linear combination of matrices induced
by corresponding covariates. It is worth noting that to link with covariates, these
methods treat the whole covariance matrix as outcomes. More recently, [Zhao et al.,
2018] instead aims to find the projections for covariance matrices that are associated

with the covariates, where the covariance matrix is not estimated.

Utilizing eigenvectors of the covariance matrix has been a common practice in
different domains. In social networks, if all the entries of a covariance matrix are
positive, its leading eigenvector gives the relative centrality score of the vertex in the
network [Newman, 2016]. This has also been explored in the neuroimaging domain.
[Lohmann et al., 2010] showed that eigenvector centrality is modulated by the state
that the subjects were in and they also demonstrated that eigenvector centrality
is a computationally efficient tool for capturing intrinsic neural architecture on a
voxel-wise level. [Zuo et al., 2011] used resting-state functional magnetic resonance
imaging data from 1003 healthy adults, and investigated multiple network centrality
measures including eigenvector centrality. Another application is principal compo-
nent analysis (PCA), which is usually used to reduce model dimension and create a
more explainable model. PCA constructs relevant features by linearly transforming
correlated variables (e.g. raw voxels in a brain scan) into a smaller number of un-

correlated variables, i.e. principal components. It has been successfully utilized in
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extracting relevant features in neuroimaging domain [Caprihan et al., 2008, Mwangi
et al., 2014]. To incorporate group-level differences, [Flury, 1984, 1986, 1988] intro-
duced common principal components models, where the group-level covariances are
simultaneously diagonalizable. [Boik, 2002] proposed a generalized version of these

models using spectral decompositions.

Modeling the relationship between covariances and covariates is critical in differ-
ent areas. In the financial domain, many researchers have shown that a covariance
matrix of returns of stocks is affected by firms’ fundamentals [Chan et al., 1998],
which suggests that the covariance matrix can be partially explained by its associated
relevant explanatory variables. Modeling the covariate-related covariance matrices
is also an important topic in neuroimaging analysis. The variations in functional
connectivity (correlation matrices after standardization) are associated with various
subject-level explanatory variables (e.g. clinical status, disease information, cogni-
tive behaviors, and mental health capacities) [Grady et al., 2003, Wang et al., 2007,
Finn et al., 2015]. In the context of geostatistics, the influence of local effects in the
correlation structure makes it unreliable to model partially distributed phenomena
through an underlying stationary and isotropic spatial process. Thus it has been of
interest to model nonstationarity in the spatial effects e.g. the latitude, longitude

and altitude of the observation sites [Reich et al., 2011].

In this work, we propose a Common Vector Projection Regression (CVPR) model
for multiple covariance matrix outcomes. Instead of focusing on estimating covari-
ances directly in most of the existing works, we are interested in linking covariances
and subject-level covariates or explainable variables. Similar to the recent Covariate
Assisted Principal (CAP) regression model [Zhao et al., 2018], our model aims to
identify linear projections to connect covariance matrices with auxiliary information.

However, unlike the previous approach, our method targets to find the projection
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that links eigenvectors and covariates directly. We can study the covariates-induced
variations not only in covariance matrices but also in their eigenvectors which are

important features of the overall network structure.

We organize our work as follows. In section 5.2 and 5.3, we introduce our model
and investigate different objective functions. In section 5.4 and 5.5, we discuss
how to optimize our objective function and show accuracy of our proposed method
in different simulation settings. In section 5.6, we apply our method to a resting-
state fMRI to investigate the relationship between brain networks and some common
demographic information. Finally, in section 5.7 and 5.8, we illustrate the algorithmic

and asymptotic properties of our model and optimization method.

5.2 Common Vector Projection Regression Model

Let y;y € RP for t = 1,2,3,...,T;, T = max(Ty,...,T,,) and i = 1,2,3,...,n.
{yit}+=1, 1 are independent and identically distributed random variables with mean
0 and variance ;. {yit};+ are independent. In our application to fMRI, y; =
[Yi1, .., Yir,] 1s the brain response of p regions with length of 7;. X; depends on
x; € R, the covariates, e.g. the age of the subjects through v; € RP, the leading

eigenvectors of 3J;. We assume that there exists a vector e € R? such that

|(vi,e)| = 27 (5.1)

where ||v;|l;2 = 1, |lellie = 1 and we assume z; are bounded such that 1 > ub >
xf3 > Ib > 0. The value of the first dimension of z; is fixed as 1. 3 is the model

coefficient. We show one simple visualization of our model in Figure 5.1. Here we
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give some intuition of our proposed model using an fMRI example. Suppose we have
e =(1,0,...,0) and the leading eigenvectors calculated from the positive adjacency
matrices of BOLD signals from multiple subjects. Then the first dimension of these
eigenvectors [Newman, 2016] indicates the relative centrality (influence) of the first
brain region to the brain network. If the brain network satisfies our model 5.1, the
first brain region’s influence can be represented by a linear model of the covariates of
these subjects. This model is also motivated by previous work [Lin et al., 2012] where
they introduced a projection regression model to assess the relationship between a

multivariate phenotype and a set of covariates.

Figure 5.1: A Geometric Visualization of Our Model

5.3 Method

We propose to estimate the model parameters V' = [vy, ..., v,]T, e and 3 by optimizing

the following loss function,
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minimize, g,, |||[Ve| — XB|2 = A, o7 S

subject to el =1
villz = 1
1=1,..,n

where 3; is the sample covariance of yi for i = 1,2,...,n. However, the absolute
value function used in (5.2) is non-smooth and thus makes it hard to optimize. It is

to see this formulation is equivalent to (5.3).

minimize, 5., |[|[Ve— X[ =AY, vl Siv;

subject to el =1
Ve>0 (5.3)
[Jvillee = 1
1=1,..,n

Although in (5.3), we don’t have |Ve| in the objective function, we are forced to
add another coupled constraint Ve > 0, which contains two variables V' and e. It is

generally hard to optimize. One solution is to solve a relaxed problem (5.4),

minimize, g, ||[Vexb— XB|2 — A3, vl S

subject to el =1
e = 1 (5.4)
bie—1,1
1=1,..,n

The global minimum of this formulation is smaller than that of (5.3) because we
don’t have the condition that Ve > 0. However, this formulation involves an integer

variable and thus the common algorithm has no guaranteed convergence. To conquer
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these problems, we find under the assumption that the global minimum of (5.3)

satisfies X3 > 0, formulation (5.5) is equivalent to (5.3).

minimize, g,, [|[Ve— XB|2 - A3, vl S,

subject to el =1
X8>0 (5.5)
[|vill e =1
1=1,..,n

Thus we will focus on optimizing (5.5). For simplicity, in the rest of our work, we

define £ and F in (5.6) and (5.7).
L=|Ve—XB[> = 2> vl S (5.6)

F = LA Loz, =1.x8>0, vl 2 =1} (5.7)

5.4 Algorithm

Problem (5.5) is non-convex. We propose to solve these optimization problems by
block coordinate updates. In particular, for problem (5.5), we explore block prox-
linear (BPL) method which updates a block of variables at each iteration by mini-

mizing a prox-linear surrogate function [Xu and Yin, 2017].
In general, for an optimization problem (5.8),
minimize, f(z1, %o, ..., zs) + >, () (5.8)

where f is continuously differentiable, functions r;, i = 1, - - - | s, are proximable, At
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each iteration k, a block by is chosen. BPL algorithm updates z¥ by (5.9) if i = by,

v = argmin(Vy, (ol 27h), 2 — i) + Lellaf — 27 [ +r(z)  (5.9)

T

where Ly, is the Lipshitz constant of V,, f(z%- 7&2 ,x;) about z;

The detailed algorithm applied for our problem (5.5) is illustrated in Algorithm

6 where ¥, is the sample covariance of yie forvo=1,2,...,n.

Algorithm 6 Algorithm of CVPR method (5.5)

Input: X, %;, A\
Initialize €, 3°, VO such that X3 > 0
repeat

Update e* with (5.10)

Update 8% with (5.11)

Update vf with (5.12) for i = 1,2,...,n
until convergence

Return V¥, e, gk

e¥ = argmin, <2Vk_1TVk_1ek_1 okt x gkl o eF 1) + Log|le — ef 1|

subject to el =1
(5.10)

where L.y, is the Lipschitz constant of 2V =17 Vk=1e — 28k=1T XTY/k=1 with vespect

to e.

Bk = argming <2XTX6k_1 —2XTyk-lek B — ﬂk_l> + Lngﬁ — Bk_lH2 (5.11)
subject to X6>0

where Lgy, is the Lipschitz constant of 2X7 X8 —2XTV# 1k with respect to 8. More

details on exact solution for solving (5.11) can be found in Rutkowski [2017].
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: T g - -
of = argmin,  (2efe 0f Tt — 22T BFeF — 25 NS 0F T v — 0F ) + Lok

T 7

v — v

subject to [|villz =1

1=1,..,n
(5.12)

where X = [z1,...,2,]T and L., is the Lipschitz constant of 2ekekTvi — QxiTﬁkek —

2 % )\fiivi with respect to v;.

5.5 Simulation Studies

In this simulation study, we generate data from a multivariate normal distribution
with p = 5,10,20, [+ 1 = 3,4, n = 100, T; = T = 600. We repeat our experiment

10 times and report their average.

5.5.1 Implementation

Here we introduce how we simulate our data.

1. Simulate the covariates matrix X € R™*+D. Let X[;,1] = 1 and X[;,2 :

[ 4+ 1] ~ Bernoulli(0.5). z; are iid samples.

2. Simulate e € RP*! from standard normal distribution. A € RUHD*1 from

uniform distribution, e is scaled to have unit norm.

T

3. Simulate independent v; from vle = 273 by utilizing projected normal distri-

bution [Hernandez-Stumpfhauser et al., 2017] for i = 1,2, ..., n.
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4. Simulate >; with v; as the eigenvector corresponding the largest eigenvalue
(we call it leading eigenvectors). We assume the dimension of corresponding

eigenspace is 1.

5. Simulate Y ~ N(0,%;) and calculate the sample covariance 3; for each i.

As our optimization problem is non-convex, the initialization is critical for achieving
low objective value. One option is to set the initial V' with a random perturbation
of sample covariances’ leading eigenvectors. Then we set initial value of e as one of
v; and initialize 5 by minimizing |||Ve|] — X 3| under the constraint X5 > 0. We
use b different initializations (i.e. run 5 times) for each tuning parameter and choose
the one with lowest loss. We use two metrics to measure the accuracy of our model

_ 1B=p? _ lle—er|?
Bnmse - B2 and Enmse — Te|? °

5.5.2 Simple Case

In this section, we show the result of our proposed algorithm using simulation proce-
dure illustrated in section 5.5.1 in Table 5.1. We also run our algorithm with fixed
¥ (p=10,1+1=4) and X. for each T"= 500, 1000, 2000, 4000, 6000, 8000, 10000,
20000, 50000. We show the trend of errors in Figure 5.2.

5.5.3 Multi-dimensional Case

In practice, we may not be able to know which eigenvectors are associated with the
covariates. Here we set ¢ = 3 and [+ 1 = 4. We modify step 4 in the simulation pro-

cedure so we have v; as the eigenvector corresponding to the ¢g-th largest eigenvalue.
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Figure 5.2: With increasing T, e,mse and [,,s obtained have a trend of decreasing.

Table 5.1: Experiments are repeated 10 times for one-dimensional case. We show

the averaged results here.

p + 5nmse Enmse
) 3 0.0146  0.0070
10 3 0.0067 0.0104
20 3 0.0068 0.0601
5 4 0.0185 0.0105
10 4 0.0162 0.0114
20 4 0.0102 0.0420

Besides, we require the eigenspace of the three largest eigenvalues has dimension 1.

After we simulate the data, we run the algorithm 7 with R = 3. where the Deflation

function is defined as Deflate(f]i) =3 — A\ 001 and ) is the largest eigenvalue

of input matrix and v; is the corresponding eigenvector. We list the results in Table

5.2. From the table, we can see the our algorithm obtains good results and we are

able to discover eigenvectors that are associated to the covariates.
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Algorithm 7 Algorithm of CVPR method - multi-dimensional case (5.5)

Input: X, ii, ALy ooy A, R
forr=1,2,...R do
Y, = Deflate(ii)
for A=Ay, ..., \,, do
Run Algorithm 6
Return V. », €., Bra
end for
end for

Select (V. e, B) from {(V.x, e, Bra) }ra based on permutation test.

Table 5.2: Experiments are repeated 10 times for multi-dimensional case. We show
the averaged results here.

p ﬁnmse enmse

5 | 0.0331 0.0065
10 | 0.0134 0.0136
20 | 0.0087 0.0448

5.5.4 Tuning Parameter Selection

Throughout our simulation studies, we choose A from [0.01,0.05,0.1, 0.5, 1] based on

permutation tests [Witten and Tibshirani, 2009].

5.6 Application

We apply our proposed method to Human Connectome Project (HCP) [Smith et al.,
2013] resting-state fMRI (rs-fMRI) data. Our dataset includes n = 97 healthy young
adults (36 with age in 22-25 and 61 in 26-30; 60 male and 37 female). The rs-fMRI
dataset was preprocessed following the minimal preprocessing pipeline in [Glasser
et al., 2013]. The blood-oxygen-level dependent (BOLD) signals were extracted from

the default mode network (DMN) (with p = 20 functional brain regions) [Power et al.,
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Table 5.3: FDR-corrected p-values using our algorithm for two different {MRI ses-
sions

Session | Age  Gender Age-Gender
1 0.0005 0.0119 0.0006
2 0.0000  0.3222 0.0000

2011] and averaged over voxels within the 5 mm radius.

In this work, we include age and gender (both as categorical variables), together
with their interaction (age-gender) as our model covariates. For age, age = 1 rep-
resents age in 22-25 while age = 0 represents age in 26-30; for gender, gender = 1
for male and 0 for female. BOLD time series tend to be correlated across successive,
which means they can no longer be treated as independent. Thus we calculate the
effective sample size (ESS) defined by [Kass et al., 1998], which also follows the pro-
cedure used in [Zhao et al., 2018]. We subsample 424 time points from 7" = 1200,

the original whole sequence.

We compare our method with the element-wise correlation method [Wang et al.,
2007]. For the element-wise correlation regression, each off-diagonal element in the
correlation matrix is Fisher z-transformed and multiple testing adjustment is per-
formed to control the false discovery rate (FDR). See Figure 5.4 for the corrected

p-values. None of the FDR-corrected p-values are significant at level 0.01.

Applying our algorithm 6, we show the FDR-corrected p-values in Table 5.3. Our
method shows the p-values of age and age-gender are significant at level 0.01. We
illustrate the projection vector e in Figure 5.4. Those with high magnitude are the
regions which show a strong connection with the given covariates. We also apply
the estimated projections to the second scanning session of resting-state fMRI data
acquired from the same subjects. From table 5.3, we can see the significance of

two different sessions are very similar, which shows the reliability of our proposed
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Figure 5.3: FDR corrected p-values of regression coefficients from element-wise re-
gression. None of the entries are significant.
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Figure 5.4: Illustrations of e in DMN
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method.

5.7 Algorithmic Properties

Now, let’s discuss the property our proposed algorithm for Problem (5.5). We assume

X is full rank in this section.

Theorem 6. Let S = {Sp} i1 = {ex, Br, V¥, ..., 05 }is1 be a sequence generated from
Algorithm 6, then any limit point {eg, By, Y, ...,v0 i1 of this sequence is a critical

point of (5.5).

Proof. First, we can see our proposed objective function £ defined in (5.6) is con-
tinuously differentiable. 1), =1 for i = 1,2,...,n, 1) =1 and 1lxg> is lower semi-
continuous. From the constraints, V* and e* are bounded. If ||3*|| goes to infinity,
| X B%|| = oo because X is full rank. Thus F is proper and lower bounded. The value
of objective function F in (5.5) is monotonically decreasing during the optimization.
Each Ly listed in Algorithm 6 is also upper bounded. Applying Theorem 1 [Xu and

Yin, 2017], we get the stated results.

]

Theorem 7. Let S = {Si}i>1 = {en B, ¥, ..., vF st be a sequence generated
from Algorithm 6, Then S has a limit point {eq, Bo,v?, ...,00x>1 and S converge

to {607 /807 U?? ceey Ug}kzl-

Proof. The proposed algorithm satisfies L(Sy) < L(Sk—1) [Xu and Yin, 2017], from
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which we get S are bounded and any limit point of S is finite.
Now let’s introduce the definition of semi-algebraic functions. A set D C R™ is called

semi-algebraic [Bochnak et al., 2013] if it can be represented as
D=y M, {ZE e R" Zpij(l’) = O,Qij(x) > 0} (513)

where p;; ,g;; are real polynomial functions for 1 <7 <'s, 1 < 5 < t. Indicator
functions of semi-algebraic sets are semi-algebraic [Xu and Yin, 2013]. Thus we
get 1y, =1 for i = 1,2,...,n, 1jg=1 and lxgso are semi-algebraic. Finite sums
and products of semi-algebraic functions are semi-algebraic. Therefore, we ob-
tain 1{“6“122:17)(/320“%Hﬂ:l} is semi-algebraic. In addition, £ is polynomial func-
tion and thus is real analytic. The sum of a real analytic function and a semi-
algebraic function satisfies Kurdyka- Lojasiewicz property [Xu and Yin, 2013], so
F satisfies Kurdyka- Lojasiewicz property [Lojasiewicz, 1993]. Lastly, V.L(V e, ),
Vo, LV e, ) fori=1,2,...,nand VgL(V,e, B) is Lipschitz continuous about (V, e, )
on any compact set. Applying Theorem 2 [Xu and Yin, 2017] completes the proof.

O

5.8 Asymptotic Properties

5.8.1 Identifiability

Identifiability is critical for building a well-posed model. Here we provide sufficient
conditions for our model to achieve identifiable projection vectors before establishing
theoretical properties. Let’s review our problem (5.2), from the objective function,

we can easily see the sign of e and V is not determined due to the absolute value
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function in the objectives. One simple fix is to revise the sign according to sum(e) > 0
and (v;,e) > 0 for i = 1,2, ...,n, which can be done after applying our algorithm.
We acknowledge that the above choice is arbitrary and one can utilize other ways to
solve this issue. WLOG, we assume sum(e*) > 0, sum(e) > 0 and (v}, e*) > 0 in the

rest of our work.

Assumption 1. We consider the following problem

minimize. 5 <|||V*e| — X]|?
s wllVeel I (5.14)
subject to  |le]|n =1
where V* is the model ground truth, i.e. V* is the leading eigenvectors for {4, ..., X, }
and V*e* = X B* where e* and B* are true parameters. Then (5.14) has unique global

minimum (e = e*, § = [*).

Before going further to prove the identifiability of our model, we first give one
sufficient condition of V* which makes our model satisfy 1. In the rest of section,
WLOG, we assume e* = (1,0,0,...,0). As vTe* = zI'5*, we can rewrite v} =
zlB*e* + /(1 — (zF 3*)2)r; where r; is perpendicular to e* (r; L e*). Because e* =

(1,0,0,...,0), we can write r; = (0,74) where r;y € RP™!

Theorem 8. Assume x; are iid samples from a distribution with invertible E(z;xT) =
Q. Ifrio is iid random variables sampled from projected normal distribution [Hernandez-
Stumpfhauser et al., 2017] on RP~Y and ry is independent of x;, then P(o € O :

AN,,Vn > N,, Assumption 1 is satisfied) = 1 where O is the sample space.

Proof. First, we note when n — oo, (e*, %) is the unique global minimum of (5.14).

When n — oo, L||[V*e|-XB|* = E(|||v;"e|—2'B]?) if o ¢ O1 where P(O;) = 0. We

know B(|[[v;"e*| = 2'6%[1?) = 0 and E(|[|[vf"e| — 2'B]1?) = BE(E([[|v;"e| — 2:B]*|2:))-
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When z; is fixed, |viTe| must be constant a.s.. From the distribution of 79, we get e*
is the only e that makes |v;”e| = constant a.s provided sum(e) >= 0. Given Ez;z7

is invertible, § is thus uniquely determined.

Let XTTX — Q for 0 ¢ Oy. Now, let’s prove the proposition by contradiction. Fix o ¢

01UQOs. If there (e, fn,) 7 (€%, 5%) such that iH]V*enwl — XB,,1I> = 0 and n,, —

(XTX)AXT\V*enwl)

Nw Nw

0o. Because (e, Bn, =

(enwj,ﬁnwj) such that (enwj,ﬁnwj) — (€o, Bo). Denote f; =

are bounded, we have a subsequence
Vel X Boll2 IV *eny 1= X B, |1

1551 < Cllen, — ol +1Ba, = Bol) (5.15)
where C'is a constant. This gives us lim; ., f; — 0.
Ve, | = X B, II7
E(||lv;"eo = = Boll?) — lim - .
j—oo N,
; V*eol — X Boll?
= E(||[v"eo| — 2°Bo||?) — lim [V7eol = XS0l _ lim f; =0
Jj—00 w; Jj—00
(5.16)
=
E(||lv;"eol — = Boll*) = 0 (5.17)

As we discussed before, when n — oo, (e*,5*) is the unique global minimum of
(5.14). We get (eg, Bo) = (e*, 3*). Because 0 < Ib < XI'3* < ub < 1, we know there
exists Ny such that for any j > Ny, V*enw]_ > 0. This means when j > Ny, (5.18)
has at least two global minimum.

minimize, g %ijV*e — X B2

(5.18)
subject to  |le]|z =1
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To achieve the global minimum, we must have 8 = (X7 X) 1 X7V*e. Thus we can

rewrite the objective function as

vIve yrrx (XTX)_l XTy+

T,

1
— TV TV e—TVTX(XTX)IXTV ) = T(
Ny,

)e

Ny,

Jj Mhw;

Jj T,

J

We denote I'; = vIve | vIX XTX)AXTV*, Q = Ex;x] and Qs =C < 1.

wj wj wj wj

V*Tv* " T 2%)2 Thwj 1 — (27 3%)2
lim = lim ( g Me*e*T—l— 5 Mm{) =Ce*e’"+(1-C)l as
J7700 Ny, Jmree i=1 M i=1 N,

where the second equation comes from r; and x; are independent. I' is a diagonal

matrix with I'[1, 1] = 0 and I'[m, m| > 0 for m # 1. We also have

TX XTX L XTV
lim v ( )

J=00 Ty, Ny,

T
= (Ce*e* a.s

T,
Combining these equations, we get lim; . I'; = (1—-C)I"if o ¢ O3 where P(Os3) = 0.
The rank of I' is p — 1 and thus we get there exists Ny, for any j > Nj, I'; has rank
of p — 1. So we can not have two global minimum with objective value 0 and we

reach a contradiction. Thus we have for any o ¢ O; U O3 U O3, there exists N, such

that for any n > N,, assumption 1 is satisfied. O

Now we are ready to give a sufficient condition for our model to be identifiable.
Note, in the rest of the work, we may omit the constraints of the considered opti-
mization problem for simplicity. First, we give the second assumption on covariances’

eigenvalues.

Assumption 2. g > N where \; = (A, ..., \ip) is the eigenvalues of ¥; with
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descending order.

Theorem 9. Suppose that Assumption 1 and Assumption 2 are satisfied. When
T — oo, ||[Ve| = XB|? =AY, 0TS0 has unique global minimum (V*,e*, 8*) a.s..

Our model s identifiable.

Proof. When T' — oo, the objective function becomes |||Ve| — XB|> = A >", v Siv;
a.s.. We note |||[V*e*| — X5*[|? = 0 and V* achieves the minimum of —\ Y, v] Z;v;.
Because \;j; > A\ fori = 1,2, ..., n, we thus have |||V*e'| — X 81||> = 0 if the objective
function has a second minimum (e!, 81) # (e*, 8*). The result then follows from from

Assumption 1. Note that the sign of V' can be determined by (v;, e) > 0. O

5.8.2 Consistency

In this section, we study the consistency of our proposed model given X. Throughout
this section, we assume Assumption 2 is satisfied. We first rewrite our model using

(5.19).

maximize, g,, 3., 07 L — Ar|||[Ve| — X 3|2

subject to el2 =1
lellz2 (5.19)
[|villiz =1
1=1,..,n

We will discuss the model consistency when T" — oo and Ay — 0. We follow the
sign convention discussed in section 5.8.1 (sum(v;, €) > 0 and sum(é) > 0 where é
can be obtained by optimizing (5.2) with a constraint similar to (5.20)). All ¢;’s

with are assumed to be non-negative constants. Denote Lr(e, 3, V) =Y. v} S0 —
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MVel =X B2, 1.(V,Y) = 3, 0T Sy and 1,(V, y,) = S0 vl yuyhvs. And we assume
T, =T, = ...=T. Suppose we have global maximum (e}, 87, V) for problem (5.19)
where we omit 7' in 3;. We have a sequence of estimations (er, 87, Vi) which satisfies

(5.20).

Lr(er, Br,Vr) > Ly(ey, B3, Vi) — ar (5.20)

where limy_, o ap = 0. We define J(V') = miny¢=1,5 |||Ve| — X B||?, then we get

LT<6§“7 /8;:7 ij) = lt(v’;7 Y) - )‘T‘](V;>

Ly(er, br, Vi) < L,(Vy,Y) — A J(Vr)

Combining these equations, we get (5.21)

L(Vr,Y)=ArJ(Vr) > Lr(er, Br,Vr) > Lr(er, By, Vi) —ar = m‘gx(lt(v, Y)=ArJ(V))—ar
(5.21)

Let In = L,(V*,y) — L(V,y) and K(V*, V) = Ey(la) = p(V*, V) = > v S0 —

Yo vi v > 0. We rewrite v; = (1 % vf 4+ /1 — 72 % 0;) where v} L 0, ||0;]] = 1 and

|r;| < 1. Therefore we get

KWV V) =Y (=) S} — o) Sity)
,Nvi —vf || = v/2(1 —r;) and [V = V*|| = /2> _.(1 — r;). By assumption 2, we get
there exists co, (V1Y — 57 %0;) > ¢o for all i. Recall that sum(v;,é) > 0 and
sum(v;, e*) > 0, by Theorem 9, 1 + r; > ¢; for some ¢; > 0, for large T. We then

have
Cpo * C1
2

K(V*V)>cy*xcy Z(l —r) >

i

v —v®
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Let W(V*, V) = Var(la), then

WV, V) =Y Var((1— ) (0" vyt — v yhyav}) + 2rin/ 1 — 120"yl yany)

7

Following the similar argument as before, we have
e[V = VI =W (V" V) > ol V* = VIJ*

Since, in practice, the observations Y are usually finite, we assume Y are sampled

from some distribution with bounded domain.

Theorem 10. Suppose that Assumption 2 is satisfied. Vi is a sample estimator

satisfying (5.20). Then we have
Plp(Vp,V*) > ep) < Texp (—cT'e2)

_n
where Ay ~ €., ap ~ o(€3), er ~ =771 for any n > 1 and ¢ > 0.

Proof. We first verify several conditions of Corollary 2 in [Shen, 1998]. Let A(ky, ko) =
(ol =1k < p(V5,V) < 2%k, J(V) < ko} and F = {Ia(V]") : V €
Ak, k)Y, We have sup g po) W(V5, V) < aki(l + (K + k2)P) with 8 = 0.
llal = 152 iyt — ol ylyavd)l < 32 i yhyaor — ol ylyavl < alV - V7.
Additionally, sup g, i) IV = V¥ llap < cs(kf + k2)? where 7 = 0 because V is

bounded.

We next verify the assumption on the Hellinger metric entropy. Let

S(€7m) - {gimgi‘v 7g£nvg'rfliz} € ‘62

where ||g* — g!||o < €. Suppose for any function f € F(ki, ko), there exists ¢ such
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that ¢! < f < g* a.s.. Then the Hellinger metric entropy with bracketing is defined
as H(e, F') = log N(e, F) = log(min{m : S(e,m)}). As F(ki,ks) € W5°, according
to Theorem 5.2 in [Birman and Solomyak, 1967], for any n > 1, there exists ¢, such

_1
that H(er, F) < cgep". Define

Uo
(ki ko) = HY?(u, F)du/ Lg

Lo
where Ly = cyAp(k? + k) and Uy = cgep(k? + ky)'/2. Therefore, we have

Uo

Yk, ko) < Cg/ u_%du/Lo

Lo

To satisfy the condition that ¢(ky, ko) < c1o7"? and A ~ c11€%, we have the best

_n
possible rate ey ~ %2’7“ for any n > 1. We note

Plp(Vr, V) Z er) <P*( sup  (L(V.Y) = ApJ(V)) = (b(Vy,Y) = ArJ (V7)) = —ar)

p(VV*)>er

<P sup  (L(V,Y) = A (V) = (V" Y) = ApJ (V7)) = —ar)

p(V,V*)2er

The result then follows. O]

Theorem 11. Suppose that Assumption 1 and 2 are satisfied. er, ar and \p are

defined as in Theorem 10. Then we have er, By — €*, 5% a.s. when T — oo

Proof. Based on Theorem 4 in [Shen, 1998], for any 0 < § < 1/4, if (1—48)c1265 < Ay,
we have

P(J(Vr) > 0()) < 10exp (—c15Te})
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Therefore, J(Vr) — 0 a.s. when 7" — oo. Additionally, from

Ly(er, Br, Vi) +ar > 1,(Vp,Y) — A\pJ (Vr),

we get J(Vr)+5E > [|[|[Vrer| — X Br|. Thus ||[Vrer|—XBr|| — 0as T — oo a.s.. We
note Vp — V* and ep, 1 are bounded a.s.. Therefore, er, Br — e*, " a.s.. This

concludes our proof. O

Remark: Although our results in this section is proved under the condition that
V* corresponds to the largest eigenvalues of {¥;};, it is possible to extend our results
to multi-dimensional case by adding additional model assumptions, and we leave it
to future work. It is worth noting that the consistency for eigenvectors of covariance

matrices has been studies in previous work [Johnstone and Lu, 2009].

5.9 Conclusion

In this work, we introduce a Common Vector Projection Regression Model for mul-
tiple covariance matrix outcomes. It builds a relationship between the global struc-
ture covariance network (eigenvectors) and auxiliary information (covariates). Our
approach allows the identification of a projection direction that is associated with
external variables. Under mild conditions, we show our proposed algorithm has the
property of global convergence. In theory, we demonstrate the estimated parameter
achieves asymptotic consistency. It is also worth noting that we do not require the
knowledge of observations’ distribution in our model and estimation. Lastly, we illus-
trate the application of our algorithm in both simulations and real fMRI datasets.

Our work is an initial attempt to connect eigenvectors and covariates. There are
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several future directions of our work. It is interesting to study how to extend our
framework to large-scale problems with the settings p > n or [ > n. Another direc-
tion to study the convergence rate of e and 5. Our model can also be applied to the
case where we are interested in analyzing a transformed covariance matrices, e.g.,

abs(;).
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CHAPTER SIX

Conclusions



6.1 Dynamic Causal Modeling using Functional

Data Method

Functional MRI (fMRI) is a popular approach to investigate brain connections and
activations when human subjects perform tasks. Because fMRI measures the indirect
and convoluted signals of brain activities at a lower temporal resolution, complex
differential equation modeling methods (e.g. Dynamic Causal Modeling) are usually
employed to infer the neuronal processes and to fit the resulting fMRI signals. How-
ever, this modeling strategy is computationally expensive and remains to be mostly
a confirmatory or hypothesis-driven approach. One major statistical challenge here

is to infer, in a data-driven fashion, the underlying differential equation models from

fMRI data.

In section 2, we propose a causal dynamic network (CDN) method to estimate
brain activations and connections simultaneously. Our method links the observed
fMRI data with the latent neuronal states modeled by an ordinary differential equa-
tion (ODE) model. Using the basis function expansion approach in functional data
analysis, we develop an optimization-based criterion that combines data-fitting errors
and ODE fitting errors. We also develop and implement a block coordinate-descent
algorithm to compute the ODE parameters efficiently. We illustrate the numeri-
cal advantages of our approach using data from realistic simulations and two task-
related fMRI experiments. Comparing with various effective connectivity methods,
our method achieves higher estimation accuracy while improving the computational
speed by from tens to thousands of times. Though our method is developed for
task-related fMRI, we also demonstrate the potential applicability of our method
(with a simple modification) to resting-state fMRI, by analyzing both simulated and

real data from medium-sized networks. In section 3, built on the popular DCM that
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was developed mainly for a hypothesis-validation approach of small-scale data, we
introduce a new optimization problem and an efficient iterative algorithm that uses

data-driven search from a huge number of ODE models.

6.2 Canonical Correlation Analysis for Time Se-

ries

Canonical Correlation Analysis is a technique in multivariate data analysis for find-
ing linear projections that maximize the correlation between two groups of variables.
The correlations are typically defined without accounting for the serial correlations
between observations, a typical setting for time series data. To understand the
coupling dynamics and temporal variations between the two time-varying sources, in
section 4, we introduce the time-dependent canonical correlation analysis (TDCCA),
a method for inferring time-dependent canonical vectors from multilevel time series
data. A convex formulation of the problem is proposed, which leverages the singular
value decomposition (SVD) characterization of all solutions of the CCA problem. We
use simulated datasets to validate the proposed algorithm. Moreover, we propose a
novel measure, canonical correlation variation as another way to assess the dynamic
pattern of brain connections and we apply it to a real resting-state fMRI dataset to
study the aging effects on brain connectivity. Additionally, we explore our proposed
method in a task-related fMRI to detect the temporal dynamics due to different mo-
tor tasks. We show that, compared to extant methods, the TDCCA-based approach
not only detect temporal changes but also improves feature extraction. Together,
this work contributes broadly to new computational methodologies in understanding

multilevel time series.
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6.3 Covariance Regression Models for Brain Con-

nectivity Analysis

Modeling covariances has been an important top in many areas including financial
and neuroimaging analysis. In section 5, we introduce common vector projection
regression, an optimization-based method for identifying the relationship between
covariates and covariances. In the work, we develop an efficient algorithm to jointly
search the common projection direction and regression coefficients of covariates. We
also establish algorithmic property of the introduced algorithm and the asymptotic
properties of our proposed model with certain underlying model assumptions. Our
algorithm shows high accuracy and robustness in coefficient estimation in both single-
dimensional and multi-dimensional analysis. In addition, we explore our method
using a resting-state functional magnetic resonance imaging study. It shows our
approach identifies the human brain network varies associated with external infor-

mation of subjects.
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