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Abstract of “Elliptic Boundary Value Problems on Irregular Domains”, by
Zongyuan Li, Ph.D., Brown University, May 2020

In this thesis, we study the ellipticboundary value problems on irregular domains.

We first obtain the W?? and C? regularity theories for second-order, non-
divergence form elliptic equations with oblique derivative boundary conditions.
In both cases, the boundary smoothness requirements are relaxed by one deriva-
tive. In particular, for the W?? theory, the boundary is allowed to be Lipschitz
with small constant, instead of the C! condition in the classical theory. For the C?

theory, the boundary requirement is relaxed from C*P™i to CPimi,

The second topic is the optimal regularity of second-order, divergence form
elliptic equations with mixed Dirichlet-conormal boundary conditions. The aim
is to find the minimum assumptions on the boundary and the interfacial bound-
ary between the two boundary conditions, such that the “optimal regularity” is
achieved. For this, we first develop the approximation construction to deal with
locally flat domains with locally flat interfacial boundaries. Such local flatness is
commonly called “Reifenberg flat” in the literature. Based on the construction,
we obtain the optimal W'#4~¢ regularity of solutions with homogeneous boundary
conditions. In a subsequent work, we further generalize our method to deal with
interfacial boundaries which are locally close to Lipschitz graphs in m variables
with respect to the Hausdorff distance, where m = 0,--- ,d — 2. In this direction,
we obtain the optimal WL2m+2/(m+)=¢ reoylarity. Furthermore, when the domain
is also Lipschitz, we obtain the unique solvability of the Laplace equation with

L7 + WY boundary data, where g € [1, (m + 2)/(m + 1)).
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CHAPTER ONE

Introduction



For linear elliptic or parabolic equations with smooth coefficients on smooth do-
mains, the regularity theory is well established, for example the Schauder theory
and the Calderon-Zygmund theory. As it was illustrated in classical examples,
such regularity can be false without proper smoothness assumptions. Here a core

question is: to what extend can we weaken these smoothness requirements.

In this thesis, we focus on second-order elliptic equations of divergence form
Di(a;iDju + bu) + b:.Diu + cu = f+ Dif
and non-divergence form
a;iDjju + b;Diu + cu = f.

Throughout this thesis, we adopt Einstein’s summation convention. For the el-
liptic operators, we can ask: what is the minimum smoothness assumptions on
the leading coefficients a;; such that certain interior regularity is achieved. For
example, the Holder continuity, W'#/W?? regularity, and C'*/C** regularity to-
gether with its borderline case C'/C? . Meanwhile, the problem becomes more
complicated as the boundary conditions come into play. Typically we can impose
Dirichlet, conormal, and oblique boundaries conditions for the equations above.
These are

u=g, (a;Dju+buyn;= fn;, piDu+Pou=g.

For boundary value problems, we can ask similar questions as before: what is the
minimum assumptions on the boundary such that the previous interior regularity
can be obtained up to the boundary. The second question is more involved: certain
boundary conditions will put extra restrictions on the best possible regularity level

that we can expect. Typical situations include the appearance of corners and the



meeting of two different type of boundary conditions, etc. Such restrictions do
not only bring us the extra technical difficulty, but also require us to formulate
the problem more carefully. For example, we can assume extra geometric or
compatibility conditions such that the restrictions can be removed. Or, we can ask

for the “optimal” regularity without these extra conditions.

In this thesis, we explore these questions for two particular types of boundary
value problems: the oblique derivative problem and the mixed Dirichlet-conormal

problem.

1.1 Problem setup and main results

In this section, we introduce the basic setup of the two boundary value problems.
Then we will present our main results. For oblique derivative problems, the W2
and C? results can be found in Chapters 2 and 3, which are based on [28] and
[29], respectively. For the mixed problems, we refer to [11] and [30], of which the

contents compromise Chapters 4 and 5 in this thesis.

1.1.1 Oblique derivative problem

On a Lipschitz domain €, we consider the following problem:

Lu := a;iDjju + a;Diu + apu = f in (),

Bu := bou + bDiu = g on dQ).



Here L is assumed to be uniform elliptic with bounded coefficients. “Oblique”
means that the vector field f is uniformly non-tangential at the boundary, which

can be quantified in our setting as
Bini < =0|pl <0, a.e. forsome 6 € (0,1],

where n = (1;), is the unit outer normal. Simple computation shows that in order
to preserve the smoothness requirements of the coefficients, the flattening proce-
dure requires dQ to be C!,C*P" and C** for the W?*?,,C?, and C>“ regularity,

respectively. However, Lieberman in [52] proved that
00 eC” = ueC*,Vae(0,1).

Here the boundary requirement is relaxed by one derivative. We aim to prove
similar results for the W?” and C? theories. Let us mention some progress before us.
In [53], the W'? regularity was proved, assuming Q) € C'* witha > 1-1/p. In[27],
the C%(QQ) regularity was proved under the assumption C'"?"*, where Dini? means
the Dini integral of the modulus of continuity is still a Dini function. Both results
relaxed the boundary smoothness requirement, compared to the smooth setting
2Q € CM! and C>P™M, However, the relaxation has not reached one derivative yet.

We improve these by allowing JQ to be exactly one derivative less regular.

Theorem 1.1.1 (Chapter 2, Theorem 2.2.3 and 2.2.4). For any p € (1, 0), there exist
sufficiently small 6y, €9, such that the following holds. If dQ is 6*0p-Lipschitz, a;; is
00-BMO, B € C*,a > 1 — 1/p, and proper sign condition holds, then we have the WP
well-poseness: for any f € LF(Q) and ¢ € WIVPP(9Q)), there exists a unique W>?
solution u satisfying

llullwer) < NIfllr@) + llgllwi-vpra0)-



Here e-Lipschitz means Lipschitz domain with the Lipschitz constant smaller
than ¢, and 6-BMO means the coefficients locally have BMO semi-norm smaller

than 0. For the C?-theory, we have

Theorem 1.1.2 (Chapter 3, Theorem 3.2.4). Suppose that dQ, B, and g € CLDini, aj, bi, c
and f L'-mean Dini, then any W2?(Q) solution with p > 1 is in C2(Q).

The corresponding results also hold for concave fully nonlinear elliptic equa-

tions. See Theorem 2.6.2 and Theorem 3.2.7.

Besides the relaxation of the boundary requirement, here for the C? theory we
assume the coefficients to be merely of L'-mean Dini, which is weaker than the
usual borderline case Schauder’s theory assumption: COP. Notice that we have

the following inclusion:
COPmi 11 — meanDini C uniform continuous.

Such mean Dini condition was first obtained in [24] for the interior estimate.

1.1.2 Mixed Dirichlet-conormal problem

Consider a domain Q with its boundary divided into two non-intersecting, non-

empty, and connected boundary portions dQ = N U D. Let T = N N D be their



interfacial boundary. We consider the following mixed boundary value problem

Lu := Di(ai]-Dju + bu) + BiDiu +cu= f + lel in Q,

Bu := (ai]'Dju+biu)ni = fini T8N on N, (11)

u=gp on D.

Our goal is to find the minimum assumptions on Q) and I' for the following

regularity problems.

Problem 1(H): for (1.1) with general variable coefficients, but g = g = 0 and

f, fi € L***, we want the solution u € W4~

Problem 2(E): for (1.1) with L = A, B =9/dn, f = f; =0, gy € L**(9Q), and
gp € W7£(0Q)), we want N(Du) € L>¢(0Q).

Both regularity levels above are optimal, due to the classical example u =

Im(x; + ixp)!/2. In 2(E), N is the non-tangential maximal operator.

Definition 1.1.3. For X € dQ and f € L] (Q), we define the non-tangential region

with opening S, the non-tangential maximal function as:

Ty(X):= (Y€ Q: [X =Y < (1-p)dist(Y,0Q)}, N(f)(X):= sup [f(Y)l

YeTp(X)

Since we bound the non-tangential function, the boundary condition in Prob-
lem 2(E) should be understood in the sense of the non-tangential limit. It is worth
mentioning that, the boundary data here lies in L*¢ + W'?~¢, which is typically of
higher regularity than the trace spaces for the usual W weak solution, which is

W-pr 4 W-1pp,



Now we state our first main result regarding problem 1(H). Roughtly speaking,
in order to reach the optimal W'4¢ regularity, we need JQ and T to be locally flat

(small Reifenberg flat).

Theorem 1.1.4 (Chapter 4, Theorem 4.2.4 and 4.2.5). For any p € (4/3,4), there exist
v0,00 > 0, such that, if Q,T are (Ro, yo)-flat, a;; € 6p-BMO, and proper sign condition
holds, then for any f, f; € LF(Q), there exists a unique W'#(Q)-weak solution to (1.1) with

gn = go = 0, satisfying

leellwiry < fillr@ + 11l

Here the (R, I'p)-flatness is commonly called Reifenberg flat or locally flat in
the literature, of which the formal definition is long. Roughly speaking, it means
that at all small scale (R < Ry), the boundary can be trapped between two parallel
disks with distance 2)R. In other words, boundaries of such domains are locally
close to hyperplanes, not in the sense of regularity, but in the sense of Hausdorff
distance. Such domains can be very rough. Typically it can contain a fractal

structure, and typical examples include the “nearly flat” Koch snowflake.

Let us now briefly introduce the history and make some comparison. For
problem 1(H) on rough domains, there are no comparable results on the mixed
problem. Our Theorem 1.1.4 is a generalization of the W'? regularity of purely
Dirichlet or conormal problem in in [20] and [21] on Reifenberg flat domains
with “partial VMO” coefficients—coefficients that are measurable in the “almost
normal” direction and VMO in the others. Noting that neither the Reifenberg flat
domains not the partial VMO structures allow change of variables, hence non-
flattening techniques are needed. Intuitively, on small Reifenberg flat domains,

we can “freeze” the boundary to be a hyperplane at every small scale, by designing



a proper approximation problem on half space. Compared to [20] and [21], the
main difficulty here is the appearance of the “transition region” near I' where the
two boundary conditions meet. For this, we design a cut-off function such that
its gradient is supported on a “L-shaped” domain and then apply a reflection

technique to “freeze” both dQ) and I simultaneously.

The next main result is for problem 2(E). Roughly speaking, if JQ is Lipschitz
and locally flat, and I' is locally flat, then the Laplace equation is solvable for any

L*¢ + W'?~¢ boundary data.

Theorem 1.1.5 (Chapter 5, Theorem 5.2.11). Suppose that ) is a bounded Lipschitz
domain. For any q € (1,2), we can find some small constant y, > 0, such that if Q,T
are (Ro, vo)-flat, then for any gn € LY(N), gp € WHI(D), there exists a unique solution u
satisfying

IN(Du)ramll < Ignllzany + lIgollwrao)-

Following the study of Neumann problems on Lipschitz domains in [36], the
corresponding estimate for the mixed problem was raised as an open problem
in [37], due to the failure of the usual L?>-method. Initiated in [3], one approach
is to assume an additional geometric assumption on the domain, such that the
optimal regularity of N(Du) is above L? so that the previous method still can be
applied. Such geometric assumption clearly excludes smooth domains (due to
the previous counter example). There is another approach starting from the L!
solvability with boundary data in Hardy spaces. In this direction, the best result
so far is in [73], where the unique L solvability with g close to 1 was obtained.
They assumed Q to be any Lipschitz domain and I' to be very rough: merely
Ahlfors regular of Hausdorff dimension close to d — 2, combined with the so-

called “corkscrew conditions” on . Notice that such assumptions are implied



by our small Reifenberg flat condition: we assume stronger conditions such that
the optimal range g < 2 is achieved. Meanwhile, due to simple variation of the
previous example, certain flatness is required for the optimal regularity. In this

sense, our assumptions are sharp.

Actually in [30], we prove a more general result: the separation I is allowed
to be a perturbation (still measured by the Hausdorff distance) of a Lipschitz
graph in m variables, m € [0,d — 2]. The optimal range of g varies with m: when
m = d — 2,we generalize the result in [4] by allowing irregular JQ and I'. For this

result, see Theorem 5.2.11 in Chapter 5.

1.2 A brief overview of ideas

In this section, we present some important ideas and methods used in this thesis.

1.2.1 Distances and decomposition

On smooth enough (at least C?) domains, we have a C>-distance function near the
boundary. Such function is useful, for example, in constructing barrier functions
and in flattening the boundary, etc. While on rough domains, the usual distance
function is not regular enough. In this thesis, two different tools are used to

describe a point near the boundary.

For oblique derivative problems, we use the regularized distance in the same

spirit with [49]. Such distance functions can be constructed for Lipschitz graph
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domains, by properly mollifying the original distance function. They are smooth
inside the domain, have higher derivatives with proper growth rates, and preserve
important properties of the original representation functions (e.g., the smallness
of gradient in Section 2.3 and certain modulus of continuity in Section 3.3.1). For

one construction of such a regularized distance function, see Appendix.

For mixed problems, we are dealing with domains of which the boundaries are
not local graphs—Reifenberg flat domains. For this, we take a different approach:
the Whitney decomposition, i.e. locally decompose the domain into cubes. Each
of these cubes has radius proportional to its distance to the boundary. Such
decomposition is used in two ways. First, in Section 4.7 we use such decomposition
to extend W'? functions beyond certain part of the boundary. The second is
about dealing with the transition region for the mixed problem near the interfacial

boundary in Section 5.5, where a weighted estimate is obtained.

1.2.2 Study of the mean oscillation

One important object in studying elliptic regularity is the mean oscillation:

o) = ﬁm - Jg,(x) Al

In this thesis, we work on the mean oscillation in the following two ways.

An innovated iteration. According to the Campanato’s characterization of
Holder continuous functions,a function is Holder continuous if and only if the
mean oscillation decays like #*. This is done by the celebrated Campanato’s

iteration. In Chapter 3, we prove the C*-regularity by applying an innovated
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Campanato’s type iteration. We adapt the method to deal with mean Dini func-
tions instead of Holder continuous ones. As we have seen before, the mean Dini
assumption is strictly weaker than the uniform Dini, and further strictly weaker
than the Holder continuity. Also, here an L7 version of mean oscillation is studied

with g < 1. The idea of such iteration was first introduced in [16].

Sharp function. In [41], Krylov introduced a new method for the L7 estimate,
which is based on the so-called “sharp function” estimate, the Fefferman- Stein
theorem, and the celebrated Hardy-Littlewood theorem. The sharp function is
simply the function sup, ¢(x,r), and the Fefferman-Stein theorem proves the L7-
equivalence between any L? function and its sharp function. Such method has
many advantages. For example, it gives a unified proof of the L7 estimates for
both parabolic and elliptic equations with VMO-in-x coefficients. Besides, this
method is very suitable for the L7 estimate for fully nonlinear equations: one
could simply “interpolate” the Krylov-Evans C>“ estimate and the W?¢ estimate

in the spirit of [56]. One such estimate is obtained in Section 2.6.

1.2.3 Level set argument and “crawling of the ink spot”

When dealing with the mixed problems in Chapters 4 and 5, one major difficulty is
that the solution which we perturb from is not regular enough. More precisely, the
perturbation argument requires us to “interpolate” between the W'? and W'*¢
spaces. Our strategy is to derive the decay rate for the measure of the level set of

the Hardy-Littlewood maximal function [{ M(Du) > A}|.

The key step in deriving the decay rate is to transform it into a local, scaling

invariant estimate. This is done by using a stopping time argument which was
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introduced by Krylov and Safonov in [44], where they called it “crawling of the
ink spot”. See Section 4.5.2 for a detailed explanation and history. See also the

papers [8, 74].



CHAPTER Two

WP estimate for oblique derivative

problem in Lipschitz domains
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2.1 Introduction

In this chapter, we consider W} estimate for oblique derivative problem. For the
problem

Lu := a;;D;ju + a;Diu + apu = f in Q,
Bu := bou + biDiu = g on dQ),

we aim to prove

Iy < NIl + 1glhgr-1m e + e c):

Here L is uniformly elliptic, and oblique derivative means for some 6 € (0,1]
b-n > 6|b| almost everywhere. Here n is the outer normal direction, which is

defined almost everywhere on JQ.

As the W estimate for elliptic equations with uniformly continuous coefficients
in smooth (say C'!) domains has been well studied for a long time (see e.g., [34,
Theorem 9.13]), people are more interested in the case of discontinuous coefficients

or rough domains.

Concerning discontinuous coefficients, the case when a;; belongs to the class

of vanishing mean oscillation (VMO) is of particular interest. We say a function

f € VMO if
w(p) = sup f VO~ (rioldy = 0asp 0,
B,(x

x,0<r<p

where (f)p, v = ﬁ fB ® f(y)dy is the average of f in B,(x).

The W, estimate for equations with VMO coefficients was first established by

Chiarenza, Frasca, and Longo in [9]. The method is mainly based on the repre-
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sentation formula: the Calderén-Zygmund theorem together with a commutator
estimate. For the oblique derivative problem, we refer the reader to [13, 58]. Later
in [41], based on the so-called “sharp function” estimate and the Fefferman-Stein
theorem, Krylov gave a unified proof of the W; estimate for parabolic/elliptic equa-
tions with VMO-in-x coefficients. Furthermore, using this method, it is possible to
relax the regularity assumptions on a;;. Here we mention the following “partially
VMO” condition for elliptic equations, which is extremely useful in discussing

boundary value problems. Such “partially VMO” can be written as:

o= swp {1 = Doy’ 0, asp >0,

x,0<r<p

where x = (¥, x?) and B.(x’) is (d — 1)-dimension ball. Such theory was developed
in [38] by Kim and Krylov for p > 2, and in [17] by the first author here for all
p € (1,00). It is worth noting that in [17], a more general regularity assumption

called “hierarchically partially VMO” was discussed.

Such results allow us to consider Dirichlet or Neumann problems with VMO
coefficients in the half space IRZ: by simple extension and reflection we get equa-
tions in R? with “partially-VMO” coefficients. Based on this, in [38] a W, estimate
for the oblique derivative problem in R? is also discussed via a perturbation ar-
gument. It turns out that the perturbation argument requires b € C*,a > 1 - 1/p.
For details and history of discussing equations with “partially VMO” coefficients,

one may refer to [18, 42].

In this chapter, we will focus on general bounded domain Q and its regularity
assumptions regarding Wﬁ estimate. First noting that, by flattening the boundary,
the aforementioned W} estimate in the half space will simply lead to corresponding

results in C'! domains. This is because a C'! change of variables will preserve all
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the regularity assumptions on the elliptic operator L and the boundary condition.

Also, W) norms under these two coordinates are comparable.

For the oblique derivative problem, however, the smoothness assumption for
Q can be relaxed. The idea is to consider an extension problem in curved do-
main, which will reduce the boundary condition to be homogeneous. This will
compensate the lack of regularity in our change of variables when flattening the
boundary. In this way, Lieberman reduced the assumptionto Q € C*,a > 1-1/p
in [53, 55]. Here, with the help of Hardy’s inequality, we employ a new idea of
extension. Together with a perturbation argument, we get the W; estimate in any
small Lipschitz domain, i.e., domain with local representation function having

sufficiently small Lipschitz constant.

We would like to mention that, there is also a “Schauder type” C>* estimate for
oblique derivative problems in C* domains. Such result was obtained by Lieber-
man in [52]. One could notice that our result is in the same spirit: the regularity
assumption on d() is one derivative less than the corresponding Dirichlet prob-
lem. Later in [66], Safonov came up with an alternative proof for this problem.
His proof also includes an extension problem, which actually motivates us of this
result. Itis worth noting that our perturbation argument in proving Theorem 2.2.3
can replace Theorem 2.1 in [66], which is to find a C** diffeomorphism mapping

b-Dto %yd. This can also be used to simplify the proof in [66].

The structure of the chapter is as follows. In Section 2.2 we first introduce the
basic setups and notation, and then present our main result of the Wﬁ estimate
in Theorem 2.2.3. We state the corresponding result regarding the existence and
uniqueness of W; solutions in Theorem 2.2.4. Next in Section 2.3 we introduce

the cylindrical neighborhood and a special choice of orthonormal systems which
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we are going to work with for the boundary estimate. Then as a preparation, we
introduce the regularized distance which is a useful tool for rough boundaries.
With all these, the proof of our main result Theorem 2.2.3 is given in Section
2.4. The solvability result Theorem 2.2.4 is proved in Section 2.5. One advantage
of our proof is that it also works for nonlinear equations with proper convexity

conditions. We will prove one such result for Bellman equations in Section 2.6.

2.2 Notation and main result

Let d > 1 be a positive integer. In this chapter, we denote a point x in R? by

1,2

x = (x1,x2,...,x%") = (x',x%). Also, we denote

R? = {x?>0}, By=BgxNRY, andBj={x R :|x| <R}

Besides the usual partial derivative symbol -, we use the following notation:

oxi’
Diu = tyi, Djju = tyiy.

We write W’; for Sobolev spaces, i.e., functions themselves and all derivatives up
toorderkliein L,, and VV; (Q) = C(Q) under the W; norm. For fractional Sobolev
spaces W;,s € (0, 1), the interpolation definition is used. Notice that W;_l/ P (0Q) is
exactly the trace space of W(Q) for C' (or small Lipschitz) domain. For simplicity,

in this chapter sometimes we write

-l =1l 1 oo = 11 e, -l = 11 llw,  ete
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The summation convention, for instance,

b-D = biDi = Xd: bl‘Di,

i=1

is adopted throughout this chapter.

For a Lipschitz continuous function f, denote

lf(x - f)

x;by |x yl

[f]l =S

for its Lipschitz constant. We write C¥! for the class of k-th order continuously

differentiable functions with all k-th order derivatives being Lipschitz continuous.

In this chapter, we will use the following notation for the average:

1
(f)By(x) - B f(y) dy T |B7(X)| fB;(X) f(y) dy

When proving inequalities, we will use N for the absolute constant (to be more
specific, independent of the local radius parameter r or R in this chapter). In the
middle steps, we will omit the dependence of N on Q, 4;;, b;, etc. Also, N may vary

from line to line.
The main purpose of this chapter is to derive the W; estimate in small Lipschitz
domains. Let us first give the formal definition of an ¢y-Lipschitz domain.

Definition 2.2.1 (&o-Lipschitz domain). A bounded domain Q ¢ R? is said to be &p-

Lipschitz if for any x, € dQ), there exist Ry > 0 independent of x(, an orthonormal
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coordinate system x = (x’, x%) centered at xy, and a Lipschitz function ¢y such that

an BRO(XO) = {X (S BRO(O) : Xd < lpo(x/)},

[1Po(x7) — Po(x3)l < eolx] — x5, (2.1)

Since Lipschitz function is almost everywhere differentiable, (2.1) is equivalent to

[Dy(x)] < &9 a.e. (2.2)

Notice that this definition is given in a natural choice of coordinate system,
where the x%-axis is chosen to be close to the normal direction of dQ at x;. In the
next section, we will give a coordinate system adapted to the oblique derivative

boundary condition, which is more convenient to work with.

The next part gives basic conditions which will be assumed throughout this

chapter. For a second-order elliptic equation

Lu := a;;D;ju + a;Diu + apu = f,

we assume

a; € Lo, aj=aj, VIEP <a;&& <vTER, (2.3)

a;,ay € Lo(Q), (2.4)

where v € (0,1] is a constant.

The following small BMO assumption will be assumed for a;;, where 6 is a

constant to be specified later.
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Assumption 2.2.2 (ry, 0). For a constant 0 > 0, there exists some ry > 0, such that

sup ]( lai(y) — (aij)B,wnal dy < 0.
B,(x)NQ

x,0<r<ry

In this paper, we consider the following oblique derivative boundary condition:
Bu :=bou + biDiu = ¢ on dQ. (2.5)

As usual, this is understood in the sense of trace. For the coefficients by, and b;, we

assume

bo,b; € C*(dQ2), wherea >1-— %, (2.6)
b-n>06lb] ae. forsomeod € (0,1]. (2.7)

Here (2.7) represents the obliqueness of the vector field b = (bi)fz and n is the

1
unit outer normal direction. If dQ) locally is represented by a Lipschitz function

¥* = Y(y’), we can write 1 in terms of Dy:

n= M a.e. (2.8)

\JIDYR +1

Now we state our main result.

Theorem 2.2.3 (W estimate in small Lipschitz domain). In a Lipschitz domain Q

(bounded or unbounded), suppose u € W;(Q) solves

Lu = in Q,
u=f in 29)

Bu=g  ondQ.
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Assume assumptions (2.3), (2.4), (2.6), and (2.7) hold, f € L,(Q), and g € W;_l/ 4ce))
There exist 6y = Oo(d,p,v) > 0 and &y = €o(d, p, v, llai, aoll) > 0 small enough, such
that if Assumption 2.2.2(ro, 60y) is satisfied, and the domain Q) is 6*¢-Lipschitz, then we

have,

lhalwzcy < Nl + 1,0 + gy oy ) (2.10)

Here N = N(d,p, v, |lai, aolle, [1bi, bolla, 70, Ro, 6) is a constant. In particular, the result

holds when Q) € C' and a;; € VMO.

As an application we have the corresponding solvability result. For this, we

also need the following conditions:

ap <0, l’)o >0 ae. (211)
ag # 0or bo Z 0, (212)
a>max{l-1/d,1-1/p}, (2.13)

where «a is the Holder exponent of b.

Theorem 2.2.4. Besides assumptions in Theorem 2.2.3 regarding 3, L, and B, we also
assume conditions (2.11)-(2.13) to hold and Q to be bounded. Then there exist 6y =
Oo(d,p,v) > 0and &y = eo(d, p, v, |lai, aolle) > 0 small enough, such that, if Assumption
2.2.2 (ro,66y) is satisfied, and the domain Q is 6*eo-Lipschitz, we have that for any
feLl,(Q)ge€ W;_l/p(Q), there exists a unique solution u € Wg(Q) of (2.9) with

ltllwzoy < Nz, + 18l ag)- (2.14)

Here N is a constant independent of u.

Remark 2.2.5. Our perturbation argument still works if the regularity assumption
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(2.6) is replaced by the following: for 1 <i <d,

W(Q), if p > d,

bi € W (Q) for some g > d, if p = d, (2.15)

WiQ), if p < d,

and

WiQ), ifp > d/2,

bo € YWI(Q) for some g > d/2, if p = d/2, (2.16)

W1 ,(Q), if p < d/2.

Here d > 2 is the space dimension.

The following example in IR? shows that the regularity assumption (2.15)-(2.16)
issharp. Consider Q = {(x, y) : x > [y|'*¢}, u = (x|ylP+y)nr, whereB € (0,1), ¢ > Oare
some constants to be determined later, 1 is some smooth cutoff function supported

in a ball Bg, and equals to 1 in Bg,. Direct calculation shows that if we choose
max{l/2-2+e¢e)/p,1-e+2+e)/p}<Pp=1-(2+¢)/p,

and

b = (_1/ |y|ﬁ)/

then,
u€Ly(Q), AuecLy(Q), Bu=b-DueWyQ), DpuéLy,(Q).

Hence (2.10) cannot be true in this case. Notice that (2.15) is violated since we only

have b € W; for g <2/(1-p) <p.
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Remark 2.2.6. To see the importance of the small Lipschitz condition, we give the
following example which is also in R?. We use the polar coordinates (r,0). Let

0o € (11/2, 1) be a fixed angle. Consider the wedge domain

Q% ={(r,0): =0y < 0 <6y} and T? ={6=-6,,0,).

Define u = Im {e/@~D0z%}ny where z = re'®, a is some constant to be determined
later, and 7y is the cutoff function in Remark 2.2.5. Noting that the opposite of the

x-direction is oblique on I'%, direct computation shows that on T'% N Bg/»,

0 :
a_z = apr® 'sin ((ao —1)(6o + 9))-

Hence, if we choose b = (-1,0) and ay = 7t/(269) + 1 € (3/2,2), we have Bu = 0 on

['% N Brjp. Now u € L, for all p, Au = 0, but for p > 2_2—%,

r*2 < |D?u| ¢ L,

2.3 Cylindrical neighborhood and regularized dis-

tance

In this paper, local properties near the boundary will be intensively studied. Rather
than the coordinate system coming with Definition 2.2.1, it is more convenient
to use the following coordinates y = (y/,y?) which depend on the boundary
condition (2.5). Also, itis more convenient to work with the following “cylindrical”

neighborhood rather than the “half ball” neighborhood in Definition 2.2.1.
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Consider an ¢p-Lipschitz domain Q, xy € dQ where D1, exists, and a vector
field b which satisfies (2.7) at xo. We first take a rotation of the coordinates in
Definition 2.2.1 to make y#-axis lie in b(x,) direction. By (2.7), b(x,) is non-tangential
at the point xo. Taking (2.2) into account, locally dQ is still a graph :y? = (y’). Here
Y can be obtained from 1y by the implicit function theorem. The small Lipschitz
condition (2.2) now can be written in terms of (y’, %) and ) as the smallness of the
oscillation of Di. Notice that due to the rotation we will introduce a constant factor
1/8% in front. To be specific, in Theorem 2.2.3 we assume Q to be 6260-Lipschitz,
ie.

[Dio(x)] < 6%ey ae X € B;io'

Straightforward computation gives us, if ¢y < 1/8, in the new coordinates
IDY(y') — DY(z')| < 3eo ae. ¥,z € By . (2.17)

Now due to the expression of n in terms of D1 (2.8), the obliqueness condition

(2.7) at the point xy = (0, 1(0)) can be written as:
IDY(0)] < V1/62 - 1.
Choosing ¢y < 1/3, we have
IDY| <2/6 ae. inBg . (2.18)

We further shift the y’-coordinate plane so that xo = (0, %R). Here R < 6Ry is a

radius parameter to be chosen small later. Due to (2.18), we have

/ ’ 1 /’ 5
Yy €Bi(0), R<(y) <R (2.19)
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The following is the “cylindrical” neighborhoods in which the local properties will

be studied:

Qr(xo) = {(v, ") : ¥’ € Bx(0),0 < ¥ < (v},
Tr(x0) := {(v, ¥") : v € Bx(0), " = ().
Qr(xo) = {(v/, yd) 1y € Bx(0),0 < yd < gR},

The center x; will be omitted when there is no ambiguity.

The second part of this section is a useful tool for rough boundaries (say, worse
than C?). This is the regularized distance introduced by Lieberman in [49]. For

our problem, we modify Theorem 2.1 in [49] to adapt to small Lipschitz domains.

Theorem 2.3.1 (Local regularized distance for small Lipschitz domain). Let Q be
a bounded Lipschitz domain with local representation 1 satisfying (2.17) and (2.18) on
Qur(x0), xo € dQ. Then there exists py € C*(Qr \ I'r) N C*1(QR), such that:

Po

there exists a constant M > 0, |Dpo| < M, M1 < I <Min Qr\ Tk, (2.20)
y

dist(y,dQ) ye€ Qg
where d, = ,

~dist(y,9Q) v € Qr N (Qr)"

|Dp0(y) — DpO(Z)l < 1280 in QR/ (221)
&0 .
|D2p0(x)| < Nm in Qr \ T'k. (2.22)

Here N > 0 is an absolute constant, and M = M(0).

Proof. We follow the steps in [49] for proving Theorems 1.1, 1.3, and 2.1. A sketch

of the proof can be found in the appendix. ]
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In the above theorem, (2.20) means py is a local distance function. “Regular-
ized” refers to the fact that this distance is C* in the interior. The expression (2.21)

is the small Lipschitz condition for py. The ¢y in (2.22) is important in our proof.

Regularized distance can work as a suitable function to flatten the boundary,
since it is smooth in the interior with a suitable growth rate of higher order
derivatives near the boundary. Besides, one could also use it for mollification:

- _ po(®)
g(x) =: o g(x M, Yy dy.

The advantage is: besides ||§||w; < gIIW;, we have also nice control of D?g. Details

will be given in Lemma 2.4.3 and in the proof of Theorem 2.4.5.

2.4 Proof of Theorem 2.2.3

Now we are going to prove Theorem 2.2.3. Our proof is divided into three steps.

First we deal with the following model problem with a simple boundary condition.

Lemma 2.4.1. Consider a cylindrical neighborhood together with its top boundary Qg, I'g,

and the representation function  as in Theorem 2.3.1. Here we take R < 54&. Assume

u € W;(Qg) solves

Lu=f inQg,
g—;,:O on Tk.

There exist Oy = Oo(d, p,v) > 0and &y = eo(d, p, v, |lai, aolls) > 0 small enough, such that
if Assumption 2.2.2 holds with (ry, 60,), and (2.17) holds with 3¢, then for any r < R,

we have



27

2 -2
ID%ully0,, < N lullpo, + 11 fll,o,)-

Here N = N(d, p, v, llai, aolle, 70, ) is a constant.

Proof. In Qpg, we flatten the boundary using the regularized distance in Theorem
2.3.1. In other words, we take the change of variables z = ®(y): 2’ = v/, z% = py(y).

This maps curved boundary Ik to a flat portion of {z? = 0}.

Write u(z) = u(y(z)). In the z variables, the equation can be written as

— e —— . p
aiijju +a;Diu+aou = f in ®(Qg) C R%,

i _ ) on ®(TR) C {z¢ = 0},

oz

where

i ou

f=f- aijDijPOﬁ;
and a;(z) = ak(y)g—;;,a}(z) = ap(y) € Le. Noting Dp, has small Le-oscillation (2.21),
we can choose ¢y and 0, small enough, to make E{j = aklg—;;g—j have as small BMO

semi-norm as we want.

Now we apply the Wz% estimate for second-order elliptic equations with small
BMO coefficient in half space and zero Neumann boundary condition. For this,
first one could find in [17] such result in R?. To deal with the Neumann boundary
condition, we just take even extension for # and f, and correspondingly for g;j as in
[38]. Noting that the extended equation has small partially BMO coefficients, this
gives us the global W; estimate for small BMO coefficient in half space with zero
Neumann data. One last thing to mention is that here the small BMO assumption

is given in terms of the z variables, when translating back to the y variables we
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will have a 6 factor in front due to the stretching in the change of variables that

map balls to ellipses.
Localizing and using a dilation argument, we have for any £/2 <s <t < R:
D%« < N((t = )21l + 11l ), (2.23)
where N = N(d, p, v, la;, aoll, o). Here we used the abbreviation |||, := |- ||Lp(cI)(QS)).

We are left to estimate || ]F”TILV. For this, we use the property of regularized

distance (2.22):

D? <N
Pl < N

Combining this and Hardy’s inequality, we obtain

1 du
I, < Nl 2, <

: < Ney| dg —||, < NeolDZml,.  (2.24)

Here we used z? < dist(y, [r) < po. Substituting into (2.23), we get
1020, < N((t = )2l + 1 lle) + Neollay Lol D27 (2.25)

Choosing ¢ small enough, such that Neglla;jll < z, we can use iteration argument

to absorb ||D§u||p. Indeed, consider a sequence of balls {B,, : rx = r — 251y k =

0,1,...}. Using (2.25) with s = 1, t = 1341 and summing in k, we have

[ee]

(o]
—k1171277] k+2 —k,=21177] -k —k-1 277
Y 5D, < Y (N 452 5752l + 5 fll,, + 57D, )
k=0

This gives us:

IDZully 0, < NO 2l + 1l e@))-
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Now we get the desired estimate, but in the z variables. If we change back to our

original y variables, we get similar singular terms, i.e., the term with D?py:

y 09 9 9Fadd . Ppo

0= ayay i ayay T ayay T ayay

As in (2.24), we can prove

] _
ID5ullL, @) < Nlllwz i, .)-

ou

Notice that again the boundary condition £

= 0 is used when applying Hardy’s

inequality. |

The next part deals with an extension theorem. Our construction uses similar
idea to [66]. Before we start, let us first formally introduce the mollification which

we have mentioned in the previous section.

Consider g € W;_l/ P(9Q)). First we extend g to the interior in the usual way,
E:ge W, "(dQ) - E(g) € W(Q) (2.26)

with [|E( g)IIW; @ S gl 00" For simplicity, we will not distinguish E(g) from g
P
in the following.
Now we can give the definition of our mollification.

Definition 2.4.2 (Mollification using regularized distance). Suppose () is a

bounded domain with small Lipschitz property (2.17). If the regularized distance
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pPo is defined on (,r, we can define in (g:

) = f 8- P&_(l%)qb(w) .

Here,

¢ € C*(By) with ¢ > 0,fq§ =1,

M = max{%M,leDP0||Lm}-

Recall in (2.20), M is a constant such that po(y) < Md,, where d, is the distance to

the boundary.

Clearly, ¢ € C*(Qg). We also have the following,

Lemma 2.4.3. Let g € W;(Q). Consider Q, Qr with R < % and g defined as above.

Then we have,

1811z, < NIIGIlL, ) (2.27)

IDgIIL, ) < NIDgIIL,(0sr)- (2.28)

Here N = N(p) is a constant.

Proof. See Appendix. Note that because of (2.20), our choice of M; guarantees

y—pf/[—(ly)WEQzRforanyyeQRandweBl. .

For the extension problem, we need the following inequality which is dual to

Hardy’s inequality.
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Lemma 2.4.4. For any h € L,(0, 1) where p € [1, 00), we have

I =

Aguain the constant N only depends on p.

o < NIkl ©,)-

Proof. We prove by a duality argument. For any [Inllr, o1 = 1 where p’ satisfies

=1, we have

1 X 1 1 1 1
fo n(x) fo T (B dtdx = j; h(t)m( ft n(x) dx) dt (2.29)

< IIhIILp<o,1>||% fo na=-pdyl, o, @30

< NIl ol ©1)- (2.31)

+

~'c:|H

1
p

Here we used Fubini’s theorem in (2.29), Holder’s inequality in (2.30), and Hardy’s

inequality in (2.31) noting that p’ > 1. [

Now we can state our extension theorem.

Theorem 2.4.5. Let (3, Qg defined as before, R < ORO ,8 € W1 YP(9Q2). Then we can find
ve Wg(QR), such that

= =g onlyg,

Iollwgc < NOIgllgrmey + R 28l ),

where N = N(, p) is a constant.
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Proof. Let ¢ defined as in Definition 2.4.2. We define our extension as

yd
V= f gy, tydt fory € By, 0 <y’ <u(y).
0

Since g|. =g, we have on I'z. We first estimate [[o]|L,:
=& =8

I9llL, ) < H% j;ydg‘

Here to get the last inequality, we used (2.19), Hardy’s inequality, and (2.27).

R
< — . 2.
L) 6||g||L,,(QZR) (2.32)

Similarly,

d
Y
1Dl 0 < 131l 0 + | f D3
0

R
S gl ) + 5||Dy'g||L,,(QZR)-

Ly(Qr)

Now we estimate D?*v. Noting that =%~v = ,-§, we have

8y 9y

IDD9l|L, ) < IIDSIL,(0x) < IDEIIL,20)-

We are left to estimat

3y

Ay fo Fyay sV %

;o Py D)
8y'8yf fg (y,t)— O—w)qb(w) dw dt

f oy f GRII(U t)‘—w) s v -Dipo)(D8)((¥ t)——w)]¢(w)dwdt.

Now we make a change of variables w  z:

/’t
po(y )w

zZ= (]/'/t)— M1
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In the following, for simplicity we omit the dependence of p, on (i, t) and Dg on

z since there will be no ambiguity. Then we have

) ) ( ,/t)_ M
8yl8y1 f 8yf Dig(z) - ]PoDkg(Z))ﬂb(% ) 1) dzdt

Po

- zk Wy D pOD]PO Wk
:f f DjpoDyig + M, —Dkg— ATDijpoDkg)qb(w)dwdt

Po

f f 18—— ;PoDkg)( z¢——Dk¢ wkﬁpo)d wdt
ah f Dig - yEDipoDig)(e)| - =)

< 1
ay ay/ S o (no smallness

From Theorem 2.3.1 we know that Dp is bounded, and =2

is needed here). Also noting that ¢ has compact support in B;, we have,

ooz v >
|j0‘ 8];8}/](?(]/’, t) dt| < N(j; %leg((]//, £ — pO](\:Zl )w)|(|¢)| + DG dwdt).

Now, using properties of the regularized distance po, noting that po(y’, t), d(y s,

and ¢ (y’) — t all characterize the distance to the boundary, we have:

1 1
< .
po(y’, 1) = Y(y) —t

Then,

H]iaya]ﬂyt)lh@)

<thfy)f MW ‘gi y ”W )Wm+mwMMt@dy

<Nf |Dg Po(y )

dy’ (2.33)
Lp((0,9(v"))

Wm+mmm



34

<N | IDg(, )N

5 Ly WY (2.34)
2R

= NIIDgIr,ur)-

The inequality (2.33) follows from Lemma 2.4.4 and a dilation argument with the
help of (2.19). We used the Minkowski inequality to prove (2.34), which is similar
to the proof of (2.27) in Appendix.

Finally, to get the estimate with only local boundary norms as in our lemma, we
use a localization argument. Consider € C°(Qsr) with 7 = 1in Qur, D < 1/R.

We have

”E(ng)”W;(QZR) = N””g”w;‘””(ag) < N(”g”W;_UP(FM) + R_Hl/p”g”Lp(rsR))'

Here E is the extension operator defined in (2.26). Replacing g by E(1g) in the

proof above, we reach the desired inequality. The theorem is proved. |
Now, we have all the required ingredients for proving Theorem 2.2.3.

Proof of Theorem 2.2.3. By interpolation, we only need to prove

ID*ullL, ) < N(IfllL, ) + 181111790y + ellwyc)-

We first give a boundary estimate in Qsg,/5(x0), Xo € dQ2. We apply Theorem 2.4.5

oy

with R replaced by r < =

,and g replaced by

d

h .= g- Z(bl - bi(xo))D,-u - bou.

i=1
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We find v € W;(Qr) such that ;—y’{, = h on I', with the following:

||U||w§(Q,) SN(”h”W;fl/p(rw) + 1’_1+1/p||h||Lp(r3,))
sN((l + r_1+1/p)||g||w;,1/p(r3r) +(1+ r_lﬂ/p)'|b0””w};””(r3,)
+I(b; = bi(xo))Diu”W;*W(rsy) + 7P - bi(xo))Diu”L,,(Fgr))
SN(r)(”g”W;—l/p(r:ﬂ) + ||bo||ca(r3,)||u||w;fl/v(r37)) + NlIbillce@olIDullL,ry)  (2-35)
+ [1bi — bi(xO)”Lw(l"g,)”Du”W;*UP(rSr) + N(r)l|bi||Lm(Q)||Du”Lp(l"3r))

<NO) (I8l + i) + NP Il (2.36)

Here we only write down the dependence N = N(r) explicitly, and omit the

dependence on d, p, v, ||billc, etc. In (2.35) we used the inequality

1f &l v N Alcelgle, + 1A Igly s

provided that @ > 1 —1/p. From (2.32) we also have the following estimate for

lower order terms:

T
9l < 5||h||L,,(er) < Mgl @z + 7’1+a||DU||LP(sz) + HlullL,y)- (2.37)

Now, u — v solves
Lu-v)=f-Lv inQ,

d(u—v) -0

oy onl,.

We apply Lemma 2.4.1 to obtain

ID*( = 0)llp0,, < NO2llu = ollp0, +IIf = Loll,o,).
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Then,

ID%ull,0, <ID?0llpg, + NG 2litllg, + 1 2ell0, + Ifllg, + 1Loll,0)
<NO(lullg, +1fllp, +lollp0) + Nl
<NO) (g + 10+ Il ) (2.38)

+ Nri(lullwe )

Here we applied (2.36) and (2.37) to get (2.38). This gives us a local boundary
estimate. Combining this and the interior W’% estimate in [9, 17], we get the global
estimate (2.10) using a standard partition of unity argument. For this, we cover
Q) with one interior portion and finitely many boundary ”half balls” Q,,. Finally,

we get

llwz iy < Nilllelle, @) + 1 flly@) + 18l o0) + NaNarlullwz - (2.39)

Here N;, N, are both constants depending on d, p, v, lla;, ao||w, Vi, bollce, 70, 6, and Ny

., covering times by a, ,,
covering times by o,

also depends on r. The constant N3 depends on the ratio
which can be bounded regardless of ». Now we are left to choose r small enough

a ORo

such that r < min{(53z;)"/*, 552} to absorb the last term in (2.39) into the left-hand

side. -

2.5 Application: solvability

In this section, we give the proof of Theorem 2.2.4. For this we first remove |[u|lL,
from the right-hand side of (2.10) for the operator L — A with A large enough.

We use a classical argument which can be found in [34] and [55]. As a result, in
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Corollary 2.5.2 we get the Wﬁ well-posedness for large A.

Lemma 2.5.1. Under the assumptions of Theorem 2.2.3, we can find Ay depending on

d,p,v,llai, aolleo, 11bi, bolla, 70, Ro, 6 large enough, such that for any A > Ag and u € W;(Q)

solving
L-MANu=f in Q,
(2.40)
Bu=g on dQ,
we have
Il + Ml < NIl + gl on, + VAllgl,@).  (241)

Here N = N(d, p, v, llai, aollo, 1Ibi, bolla, 70, Ro, ) is a constant.

Proof. First, notice that when proving Theorem 2.2.3, actually we have proved a
slightly stronger result:
Suppose Q is a bounded domain with a “small Lipschitz” portion T C JQ, and

QY c QwithQ’ c QUT. Then

bz cry < NIl + 1Ll ) + Bl ) (2.42)

n+1

Introduce a new space variable x"**, and let v := u(x)cos( VAx™). On ¥ :=

Qx(-1,1), T := IQ x (-1, 1), v satisfies

L0 := (L + Dyy1,051)0 = cos( VAX™1) f(x) inX,

Bo = cos( VAx"1)Bu = cos( VAx")g(x)  onT.

Applying (2.42) with &, T, and X’ := QO x [-1/2,1/2], we get

Iollwgeery < N(Iolty ) + 1Loll ey + 1Bl p-ver))
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< N(llully 0 + I = Aull e + 1Bully-si ey, + VBl )

Notice that D;41,,+10 = —Av, and we can find some C > 0 independent of A such
that
C <l cos( ‘/X‘)”L,,(—uz,l/z) < || cos( \/X')”Lp(—l,l) <27, VA,

Then,

||U||w§(2') 2 C(||u||w§(g) + AMullL,@)-
Substituting back and choosing A large enough such that CA > N, we get(2.41). =

Corollary 2.5.2. Under the assumptions of Theorem 2.2.3 with & being further smaller

and A > Ag as in Lemma 2.5.1, there exists a unique Wf, solution to (2.40).

Proof. Uniqueness is clear from the coercive estimate (2.41). We will focus on the

existence.

First, noting that if dQ is smooth (say, C'!), the a priori estimate (2.41) imme-

diately gives us the solvability: one can first solve

(A-MNu=f inQ,

ou _
u+gt=g on JQ),

where 7 is the outer normal direction, then use the method of continuity. Such

argument and results can be found in [59].

For () with the small Lipschitz property, we approximate from the interior
by {Q € C}; T Q. Moreover, we can require that all the Oy are C5?¢y-Lipschitz,
where Cis a universal constant. Due to this and the continuity of b, we may further

require that b - ny > [b|6/2 for all k, where 7 is the unit outer normal direction of
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Q. Now solve in W(C)) for

(L - A)uk = f in Qk,

Buy=g on dQ).

Here to make sense of the boundary condition, we need to extend g which is only
given on the boundary to W,(Q) as the operator E defined in Section 2.4. Notice
that since the constant N in (2.41) depends on the regularity of { only through its
Lipschitz bound and the radius in the small Lipschitz property, then {IIukllwg(Qk)}k
are uniform bounded. We can use the following argument to get a subsequence

u, — u weakly in W2 (Q).

For €);, noting that {IIukIIW;(Ql)}k are uniformly bounded, we can find a subse-
quence {u1}; which converges weakly in W;(Ql). Similarly, we can find a further
]
subsequence {“kﬁ} j converges weakly in Wg(Qz). Repeating this process, we find
{u)i}i ;. Now a diagonal argument will give us the required converging weakly in
]

W;(Q) subsequence. Denote this limit function by u.

Clearly (L — A)u = f in QO, we are left to check the boundary condition Bu = g.

This is equivalent to say Bu — g € W;(Q).

Since Buy — g € W;(Qk), we can take zero extension to W;(Q). Notice that
W;(Q) is closed under the weak-W, topology, we infer that the limit u has to

satisfy Bu — g € W;(Q). |

Now we are in the position of proving Theorem 2.2.4.
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Proof of Theorem 2.2.4. We aim to prove a uniform a priori estimate:

allwz ey < N(IL = Al i) + 118yt ) (2.43)

where A € [0, Ao], Ao is the constant given in Lemma 2.5.1, and the constant N is
chosen to be independent of A. Once we have this, the uniqueness and (2.14) can
be obtained by letting A = 0. For the existence, one only need to use the method

of continuity and the large A existence result in Corollary 2.5.2.

Now we are left to prove (2.43). Actually this can be further reduced to (2.14).
First (2.14) gives us (2.43) with N = N(A). Then we only need to find an upper
bound of N(A), A € [0, Ap]. This upper bound can be found using a compactness

argument: for ¢ sufficiently small,

alluzicy < NOOY(IL = Al @) + 1gllyp-1 o)

< NOY(IIL = A + )l @) + gl ) + NDeltle, 0

implies
N(A)

lllwz ) < T-N(e

(I = 2 = )l @) + gyt oy )

Then for every A > 0, we can find a neighborhood (A — ¢, A + €) on which (2.43)
holds with a uniform constant N. Since [0, A¢] is compact, a finite upper bound of

N is attained.

Now we only need to prove (2.14) under additional conditions (2.11)-(2.13).
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We first prove the following uniqueness result:

u € WXQ),
Lu=0 inQ, has only zero solution. (2.44)
Bu=0 on dQ),

When p > d, this uniqueness result is of Aleksandrov-Bakelman-Pucci type. Such
result for the oblique derivative problem can be found in [51, Corollary 2.5]: under
the assumptions of Theorem 2.2.4, u must be a constant. Then we obtain u = 0

from (2.12). Note in this step, the boundedness of (2 is needed.

Now, for general p € (1,0), we need to use large A well-posedness from
Lemma 2.5.1 to improve regularity, i.e., to show that u € W3, . From Sobolev
embedding and u € W3, we getu € L;,p < g < df—gp. Now rewrite the equation as
(L—A)u = —Au, and take A large enough. The W-existence and the W>-uniqueness
will tell us u € W;. Repeating if needed, we finally get u € W7, , where ¢ satisfies

1

— —— < a and a is the Holder exponent of the boundary data as in (2.13). Then

d+e¢

we can apply the result in [51] to get u = 0.

Passing from (2.44) to (2.14) is a standard contradiction argument. Suppose

(2.14) were not true. With help of (2.10), for allk = 1,2, .., there exist uy such that
lletellz, ) > k(ILuellL, @) + ”Bukllw;’l/l’(ag))' (2.45)
Without loss of generality, we take ||ukll, ) = 1. By (2.10) and (2.45),

llurllwzy < NUILu I, ) + ||Buk||W;’l/P(QQ) + [lukl L)

<N(z +1)llud,
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< 2N.

Now, since uy is uniformly bounded in W2, passing to a subsequence we have
ur, — u weakly in Wf,(Q), and uy, — u strongly in L,(Q). Using (2.45), we obtain
ILugl, — 0, and IIBukiIIW;_up — 0. We can deduce that Lu = 0, Bu = 0, and hence
u = 0 by the uniqueness. We have reached a contradiction, since 1, — u strongly

in L,(Q) implies |||, ) = 1. [ |

2.6 Fully nonlinear equations

Similar to the Schauder estimate in [66], our method also works for fully nonlinear
equations with proper convexity conditions. In this section, we show this for

Bellman equations which can be written as follows:

sup{L“u + f(w, x)} := sup{a;j(w, x)D;ju + ai(w, x)Dju + ag(w, x)u + f(w, x)} = 0.

@

Compared to the linear case, we have the following assumptions which are uni-

form in w: a;;(w, x) are measurable in x, symmetric, and satisfy
Vlélz < aij(a), X)éiéj < V_llélz, \/x, w. (246)

3K > 0, such that ||a;(w, *), a0(w, e < K, V. (2.47)

In contrast to Assumption 2.2.2, we state the following uniformly small BMO

condition.
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Assumption 2.6.1 (7, 0). For a constant 0 > 0, there exists an ry > 0 such that

sup f sup |a(w, y) — (@)p,wna(@)ldy < 6,

x€Q,0<r<rgd B, (x)NQ @

where 0 is a positive constant to be specified later.

Under these settings, we have the following result which is analogous to The-

orem 2.2.3.

Theorem 2.6.2. Assume that Q) is a Lipschitz domain and p > d. Let u € W;(Q) be a

solution to the Bellman equation:

sup, {L“u + f(w,x)} =0 in (),
(2.48)

Bu=bou+bDiu=g on Q.

Assume that (2.6), (2.7), (2.46) and (2.47) hold. Also, f(x) := sup,, |f(w, )| € L,(Q), g€
w;‘””(aQ). Then there exist 6y = Oo(d,p,v) > 0 and &y = &o(d,p,v,K) > 0 small
enough, such that if the domain Q is 5*¢-Lipschitz and Assumption 2.6.1 (ry, 50,) holds,

then we have,

lalwzcy < NIl + 1l 0 + gl ory ) (2.49)

Here N = N(d, p, v, K, ||bo, bolla, 0, Ro, 0) is a constant.

For the proof, we follow the scheme in Section 2.4 which is given for the linear

case there. Recall for the linear case we prove the theorem in 3 steps: proving

under the homogeneous boundary condition ;—;‘d = 0; constructing an extension;
the perturbation argument. The latter two steps still work since they only deal
with dQ and the boundary operator B, and have nothing to do with the elliptic

operator. Hence, we only need to give the proof of the first step.
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Recall that in Section 2.4, we use the regularized distance to flatten the bound-
ary, then apply Hardy’s inequality and the half space result. This argument still
works except that we need to prove the corresponding W} estimate for the Bellman
equation in half space with the Neumann boundary condition. In the following
lemma, we adopt the assumptions in Theorem 2.6.2, but in all places we replace

Qby R?.

Lemma 2.6.3. Assume that u € W>(R?) solves

sup, {Lu+ f(w,x)} =0  inR%,

i =) on JRY.

oxd

There exists a constant 6y = Oy(d,p,v) > 0, such that if Assumption 2.6.1 is satisfied

with (ry, 6y), then we have

”Dzu”LP(JRi) < N(”]C_HLP(RID + ”u”Lp(]Rfi))- (2.50)

Again f(x) := sup, |f(w, x)|. Here the constant N depends on d, p, v, K, and r,.

Before we start the proof, we would like to mention that there are similar results
in [43, 26]. In [43], an interior W; estimate for Bellman equations with small BMO
coefficients was established. The corresponding boundary estimate under the
Dirichlet boundary condition was proved in [26]. Our proof here follows similar

steps in these two papers.

Proof. Using localization techniques, we may assume u has compact support in
B; (z). Here 1y is the radius in Assumption 2.6.1 and z € R?. For such u, we aim to

prove
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J( J[ ID*u(x) — D*u(y)” dxdy < NKd(J[ (f + |Dul + [ul)? dx)y/d
B} (x0)v/ By (x0) r(x0)

BK
_ y/(Bd) . /d
+ Nx?61 1/ﬂ)7/d(J[ |D2u|ﬂddx) M N 7’“(‘]( IDZuIddxy )
B;r(xﬂ)

B;V(XO)

(2.51)

Here r € (0,0), € (1, 0), x > 16 are parameters which can be chosen arbitrarily,
anda = a(d,v) € (0,1),N = N(d,v),y = y(d,v) € (0,1] are all determined constants.

The center x( can be any fixed point in R%.

When B,,(x9) C R?, this is the interior estimate in [43]. Hence we only need to
prove for x close to the boundary. For simplicity, here we only prove for xy € JR%,

+

and write By, for B},(xo). For general x, with B,,(xo) ¢ R?, the proof is similar.

We shall use the frozen coefficient argument. Define

(a;‘]’.)3+ if kr <1y,

Kr

(a;‘]?)B;O(Z) if xr > 7.

Then we decompose u = v + w, where v solves the boundary value problem, i.e.,

sup{a;j(w)D;jv} =0 in B,
5a=0 onT :=JR?NB", (2.52)

v=1:=u— YL, x(Du)s;, — (s,  ondB:\T.

Such 71 has properties: D?1i = D?u, and by even extension and Sobolev and Poincaré
inequalities,

~ 2
sup |u| < KT’”D u”Ld(B;r)'

+
BKV

See [26, Lemma 2.1]. For the equation (2.52), we can find a Krylov-Evans type
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existence result for mixed boundary conditions in [65, Theorem 8.1]: there exists

ve Cif( + UT)NCY(B;,) solving (2.52), where & = a(d, v) is some constant between

Kr

0 and 1. The strong maximum principle tells us:

sup [0 < sup [d].
BY, BT

From the equation of v, the Krylov-Evans estimate in [65, Theorem 8.1] and a

dilation argument, we have: for all x, y € B; (xo),

ID*v(x) — D*0(y)| < |x — yI*ID*v]cogs: )

< Nlx — y|*(xr — r)" % sup 9|

+
BKV

< Nlx — y|*(kr) > sup ||
IBEAT

< Nlx = yI*(kr) ™ ID*ullL a5, -
Integrating x, y in B}, we obtain

_ v/d
J( J[ ID?0(x) - D*o(y)l’ dx dy < Nx7%( |D2u|d)” , ¥ye(0,1]. (2.53)
B} (o) B} (xo) B},

Now let us consider D*w. Since D?*l = D?u, it is equivalent to discuss @ := 71 — v

instead of w (= u —v). From the equation of w, one can simply show that @ satisfies

sup{a;(w)D;j® + f(w, x) + ai(w, x)Diu + ap(w, X)u + (a;j(w, x) — a;;(w))D;ju} > 0,

inf{a;/(w)D;iw + f(w, x) + aiw, x)Diu + ay(w, X)u + (a;j(w, x) — a;j(w))D;u} < 0.

One important observation here is that, we can rewrite the equation for @ as
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follows,

PN

L = d;i(x)D;jd(x) = f(x) in B*

Kr’

;9;4; =0 onT, (254)
=0 on dB}, \T.

Here 4;; are measurable and symmetric with v|&]* < 4;;&:&; < vTIE, and f is also

measurable, with
Iﬁ < f_+ K(|Du| + [u]) + sup |a;j(w, x) — ﬁij(a))llDzul.

From [56], we have the following estimate for uniform elliptic operators with only

measurable coefficients:
”Dzh”L,/(B]) < NIIL,AllL,a,)- (2.55)

Here h € Wﬁ(Bl),h = 0 on 0By, L, is any bounded and uniform elliptic operator
(i.e. (2.3) holds with constant v) of which the coefficients are only measurable,
and y = y(d,v) € (0,1]. For our equation (2.54) which is in half ball with the
Neumann boundary condition, to apply (2.55), we take even extension for @, f,

and correspondingly for 4;;. We derive that for some y = y(d,v) € (0,1],

1
(f D2 dx) " < (3 IDPweor dx)
B} (xo) p

BKV

N 1/d
<Ni(1 L) dx)
BY,

< NK‘W()( (F+ K(Du| + lul) + sup |a;j(w, x) - aij(w)||D2u|)d)
BY, @

1/d

_ 1/d 1/(Bd)
<N (4 (F+ Dul + [u))  + N7 @O-VP/d(L - D2yft)
B, B,

Here > 1 is any constant satisfying fd < p. In the last step, we use the fact that u
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has compact support in B; (z), Holder’s inequality, and Assumption 2.6.1:

| sup la;j(w, x)—a;/(w)| D*ullL 5z,
w
. 2
<lIsup |aij(w, x) = &ij(@)15; @) llLgy o BID UllLyy82)
w

<N(ro, d)Q(l_l/ﬁ)/d||D2M||Lﬁd(3;,)-

Then we have

J[ J( ID*®(x) — D*W(y)” dx dy
B (xo)v/ Bf (x0)

< NKd(J{;;,(xg)(f+ IDul + [ul)? t:lx)y/d + NKdQ(l'l/ﬁ)y/d( " |D*ul dx)y/(ﬁd). 20
Combining (2.53) and (2.56), and noticing that D*® = D?w, we obtain (2.51).
Once we have (2.51), take supreme in r, we have for any « > 16,
(D*u)f <Nx"IMY(f) + N MY (|ul”) + Nx¥"M"Y(IDul?) 05

+ N7 gU= VP ED (D)) + N MM (ID?ul?).

Here M is the classical centered maximal function

Mf£(xp) := sup |f(x)| dx

r>0 J B (xp)

and (D*u)j, is the following sharp function

r>0

17y
(Dzu)i(xo) = sup ()[ J( ID*u(x) — D*u(y)|” dx dy) .
B (xo)/ Bf (x0)

Now, taking the L, norm for both sides of (2.57), applying the Hardy-Littlewood

theorem and a Fefferman-Stein type sharp function theorem which can be found
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in the appendix of [43], we get for p > f3d,
ID?ull, < N&"7 (I fll, + IDully + llull,) + N(x™? 0UVP/ 4 k=) |D2ull,,

where || - ||, is the abbreviation for || - || L (RY)- We are left to choose « sufficient large
and then 0 sufficient small to absorb IIDZuII,, into the left-hand side, and then use

the interpolation inequality to obtain (2.50).

Noting that in the above computation, we require u to have compact support

H +
in B},

(z). We may reduce our original problem to this, by using partition of unity
&i for the covering {B; (z;)}; of half space. In (2.51), we substitute u by u¢; and f
by f& + sup {I[&;, L”]ul}, and then sum over all i. Here [+, -] is the usual notation
for commutators. Noting that all the extra terms are of lower order, this will only

add [[Dull, and ||u||, to the right-hand side of our estimate. To get (2.50) we use the

interpolation inequality ||Du]|, < EIIDzuIIP + N(&)|full,. [ |

In a subsequent work, we will consider the W} estimate and solvability for more

general fully nonlinear operators with the oblique derivative boundary condition.



CHAPTER THREE

Classical solutions of oblique
derivative problem in nonsmooth

domains with mean Dini coefficients
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3.1 Introduction

In this chapter, we consider strong solutions to the oblique derivative problem in

a bounded domain Q c R%,d > 2:

Lu := —ai]'Dl']‘u + biDiu +cu = f inQ),
(3.1)

Bu := Bou + piDju = g on dQ).

For simplicity, the notation

A= @), b=0), B=E)

are used for matrices and vectors. We also denote 5™ to be the set of d X d
real-valued constant symmetric matrices. The following conditions regarding
the elliptic operator and boundary condition will be assumed throughout this
chapter. All the coefficients in the elliptic operators are assumed to be bounded
and measurable, and the leading coefficients are assumed to be symmetric and

uniformly elliptic with elliptic constant A > 0:
AICP < aGC < AU, VCERY, bl Il <K, a; = ay,

where K > 0 is a constant. We also assume that the boundary operator is oblique,
i.e., for some 6 € (0, 1),

Bini < =0Ipl <0 ondQ, (3.2)

where n = (ni)‘f:1 is the unit outward normal direction.

Continuing [28], we discuss the minimum regularity assumptions on a;; and

dQ regarding the regularity of strong solutions to the oblique derivative problems.
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It was proved in [13, 58] that (3.1) is uniquely solvable in W; for any p € (1, ),
given that a;; has vanishing mean oscillation (VMO), JQ € C 11, B e C%, and proper
sign conditions hold. See also [14] for a result of quasilinear equations. Later in
[28], the current authors proved the following results with relaxed assumptions
on JQ and f. A Lipschitz domain Q is called ¢-Lipschitz, if near each boundary
point the local representation function has Lipschitz constant no greater than e. A

measurable and locally integrable function A is called 6-BMO, if for some 7y > 0,

sup JC
r<rp,x «J B,(x)

Theorem 3.1.1 ([28] Theorem 2.4). Consider (3.1) in a bounded Lipschitz domain ()

Ay~ ( Ji,m A)|dy < 6.

with B € C* for some o € (1 —1/d, 1) and the usual sign condition (3.3). Then for any
p € (1,1/(1 — a)), we can find constants Oy and &, sufficiently small, such that if Q is
6%eo-Lipschitz and a;; is 56p-BMO, then for any f € L,(Q) and g € W;_l/ P(9Q)), there

exists a unique solution u € W;(Q) satisfying

Ity < 1100 + lglhyp vy

In particular, this result shows that if a;; € VMO, dQ € C!, B € C*, f € Lo, and

g € C', then any W7, -strong solution to (3.1) is in W}, for any p < co.

In this chapter, we give minimal regularity assumptions on these objects such

that any strong solution is C2(Q).

Due to an example given in [31, Theorem 4], D>u might not be bounded or even
BMO if we merely assume the continuity of a;;. Hence certain conditions on its
modulus of continuity are needed. For divergence form equations it is well known

that any weak solution is C' if a;; satisfies the so-called a-increasing Dini condition,



53

i.e., the modulus of continuity of 4;; is bounded by a Dini function (see definition
below) ¢ satisfying that ¢(r)/r* is non-increasing for some a € (0,1]. This is the
borderline case of the classical Campanato-type results, see [50, Section 5]. In this

direction, later Li in [47] obtained the interior C'-regularity, if

1/2
@a(r) := sup ( Ji ( )|ﬂz‘j(y) — a;j(x)P dy)

is a Dini function. Recently, in [24] the first named author and Kim generalized

this result by assuming that

wa(r) = sup Jg “ ‘ai]-(y) —( Jg “ ﬂif)|dy

is a Dini function, noting wa(r) < 2¢pa(r). In the same paper, under the same type of
regularity assumptions, interior C? estimate was also proved for equations in non-
divergence form. The corresponding boundary estimate for Dirichlet problem in

C?Pini Jomain can be found in [19].

Back to the oblique derivative problem, besides the same assumptions on a;; as
the interior case, certain regularity assumptions on JQ and the boundary operator
are also needed in order to obtain a global result. Direct computation shows that
similar to Dirichlet problem, if dQ € C*P, we can reduce the problem to the
half space case by simply flattening the boundary. However, in the same spirit of
[52, 50] and [28], we expect JQ to be one derivative less regular, i.e., we expect
the result still holds when dQ € C'Pini, In this regard, a global C? estimate was
proved in [27] given that 0Q, By, € CLPin \which means, e.g., the Dini integrals
of their moduli of continuity Ip, (see definition below) are still Dini functions. The
proof was based on an extension idea introduced in [50], which was also used

in [28]. In this chapter, using the W estimate in [28], the regularized distance,
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and a delicate decomposition of solutions, we relax the regularity assumption to
2Q, By, B € C'Pni which seems to be optimal for the global C? estimate. To the best

of our knowledge, such result is new even when the coefficients are smooth.

We also extend our results to fully nonlinear equations with linear oblique
boundary conditions, including the so-called Bellman equations (see (3.4)). Bell-
man equations with oblique derivative boundary condition arise naturally in the
study of optimal stochastic control in domain Q with reflecting boundary condi-
tions. In [57], Lions and Trudinger first studied the C'(Q) N Clch(Q) solvability of
Bellman equations, assuming that all the coefficients, d(), and the boundary op-
erators are sufficiently smooth. Later in [50], Safonov proved the unique C>*(Q)

solvability under the relaxed conditions
[ai]ce + [bf e + [c“]ee < K, Vo,  9Q, By, f € CH.

See also [65]. Recently, there are also study of similar problems using the viscosity
solution approach. For its framework and the solvability, we refer the reader to
[35]. In this direction, Milakis and Silvestre in [60] studied the fully nonlinear,
uniformly elliptic equation F(D?u) = 0 with Neumann boundary condition on
half balls. They showed the C% C' regularity of viscosity solutions, and the
C*® regularity when F is convex. Later in [46], Li and Zhang proved a similar
result for F(D?u) = 0 with oblique derivative boundary condition in domain Q. In
particular, when dQ € C and F is convex, they showed that any viscosity solution
is in C*>2. The key step there is to prove a boundary Harnack inequality based on
an Aleksandrov-Bakel’'man-Pucci type estimate, and then design approximating
problems. Here, due to the usage of the Campanato-type iteration, we are able to
deal with the Dini case. Moreover, our operator F are more general depending on

lower-order terms and the variable x. For fully nonlinear elliptic equations with
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Dini dependence, we also refer the reader to Kovats [39] for interior C? estimates

and Lieberman [54] for boundary weighted C! and C? estimates.

The remaining part of the chapter is organized as follows. The main results
of our chapter are stated in the next section. In 3.3, we introduce some notation,
recall the definitions of the regularized distance and L,-mean oscillations, and state
some auxiliary results. In Section 3.3.1, we give the mean oscillation estimates for
D?*u when the lower-order terms are not presented. Section 3.5 is devoted to the
proof of Theorem 3.2.4. Finally, in Section 3.6 we consider concave fully nonlinear

equations and give the proof of Theorem 3.2.7.

3.2 Main results

In this section, we formally give the assumptions related to Dini conditions, and

then state our main results. A function 6 : (0,1] — [0, ) is called a Dini function

1
f @dr<oo.
0 r

if

We write its Dini integral as

_ [0
10(r) := fo .

Both of the following notation are used for the average

(f)Q=J€)f-
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We also denote

0Q,(x) := QN By(x),

where the center x will be omitted when it is the origin.

Definition 3.2.1. For a function f defined on (), we consider two types of its

oscillations:

ws(r) == supJC If = (Nawl  prr):= sup [f(x) = fy)l
Q,(x)

xeQ [x—yl<rx,yeQ

We say that f is of L;-mean Dini oscillation (uniform Dini) if ws (pf, respectively)

is a Dini function.

Clearly, any uniform Dini function is L;-mean Dini. On the other hand, accord-
ing to a result by Spanne in [70], on a domain Q) with exterior measure condition,
any Li-mean Dini function f is uniformly continuous with modulus of continuity
given by Iw;. Simple calculation shows that if both f and ¢ are L;-mean Dini

functions defined on a bounded domain ), then fg is L;-mean Dini.

Remark 3.2.2. It is worth mentioning that, the mean oscillation w; defined above
is “almost increasing” given certain “doubling condition” on [€2,(x)|. See Lemma
3.3.4. The following “increasing modification” is also commonly used in litera-

tures:

ws(r) == sup wy(t).

t<r
Clearly the Dini condition on @ ¢ implies that f is L;-mean Dini in our sense. The

following example shows that the contrary is not always true:

f=1+ Z k‘zgk(x), Sk = (200(x — ax)/ax), where g(x) = (1 — |x|)* and a; = ek

k=1

Then wy is a Dini function, while @ 7 is not. Indeed, a simple calculation reveals
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that
wi(r) 1= g, (r) ~ a—’;{ when r € (0,ar], wi(r) ~ a—rk when 7 € (a,1].

Thus,

1
f a)k(r)ﬂ ~ 1.
0

wr() < Y K 2wn(n),
k=1

By the triangle inequality,

which implies that @y is a Dini function. On the other hand, because g has disjoint
support,
wf(ak/100) ~ k2 wi(ax/100) ~

Therefore,

[[@0% 2 Y s 1 togsmn 2 Y1 =
k=1 k=1

A function ¢ is said to be C"PMl if it is continuous with Dy being uniform Dini.

Below we give the formal definition of C'P™ domains.

Definition 3.2.3. A bounded domain Q c R? is said to have C'P" boundary if

there exists some CP function ¢ : R? — R, such that

Q={yPo >0}, [Dyg|=1ondQ.

Now we state our main result of this chapter.

Theorem 3.2.4. Consider the problem (3.1) in a C¥P™" domain Q. Assume that By, B €

C'P™i and A, b, ¢ are of Li-mean Dini oscillation. Suppose for some ¢ >0, u € W2_(Q)
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is a strong solution to (3.1) with g € CYP™ and f being of Ly-mean Dini oscillation. Then

u e CXQ).

Noting the solvability in Theorem 3.1.1, we immediately obtain the following.

Corollary 3.2.5. Besides the assumptions of Theorem 3.2.4, if we further assume
>0, Bo<0, Ic+IBol* 0, (3.3)

then there exists a unique C2(Q) solution to (3.1).

Our approach is also applicable to concave fully nonlinear elliptic equations
Flu] := F(D*u, Du,u,y) = 0

with linear oblique boundary condition Bu = g.

Assumption 3.2.6. The function F(M, p, u, y) defined on $™ x R? x R x Q satisfies

(1) F(-,p,u,y) is concave.

(2) There exists a constant A > 0 such that
MMl < FM + N, p,u,y) = E(N, p,u, y) < A IM]|

forany N € ™, p e R, u € R,y € Q,and M € $*, M > 0.

(3) IF(0,0,0,y)| + [F(M,-,,y)l1 < K for any M € $*? and y € Q, where [ - |;

represents the Lipschitz semi-norm.

(4) (Lg-mean Dini) There exist Ry > 0 and a Dini function wr, such that for any

x € Q,r € (0,Ry], we can find some function Fy : $*¢ x R? x R — R satisfying
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(1)-(3), such that

1/d
(JC IF(M, p, u, y) = Fo(M, p, )l dy) < (Ml + [pl + [ul + D)wr(r).
r(x)

It is worth noting that this class includes the Bellman equations

sup{a?]?Diju +bDiu+ c“u - f} =0, (3.4)
WweA

where all the coefficients as well as f* are uniformly bounded satisfying the L;-

mean Dini conditions of the following type:

1/d
(JC supla (y) — (”1]) dy) < w(r).

Qix) w

We also impose the sign conditions
F(M,p, -, y) is non-increasing and f, < -y <0, (3.5)

where y > 0is a constant. Now we present the regularity result for fully nonlinear

equations.

Theorem 3.2.7. In a bounded domain Q, consider the problem F[u] = O with the oblique
derivative boundary condition Bu = ¢ on dQ. Under the conditions 9Q), By, B € CHP™,
Assumption 3.2.6, and (3.5), for any CP™ boundary data g, there exists a unique C*(Q)

solution.
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3.3 Preliminary

3.3.1 Regularized distance and coordinate system

In Definition 3.2.3, a representation function ¢y is given for the C"P™ domain Q.
Here for studying problems with rough boundaries, we mollify iy properly to
obtain a more suitable representation. This is the regularized distance introduced
by Lieberman in [49]. Here we refer to a modified version in [27, Lemma 5.1]:

there exists some function ¢ € C'P(IRY) N C*(Q), satisfying
Q={Y>0}, N'Y®) <dist(x,dQ) < Ni(x), ¥x € Q,

DYl <1 inQ, ppy(t) < Nppy,(ct), (3.6)

and for any multi-index [ with |I| = m > 2,

ID'Y(x)| < CP(x) " ppy, (P(x), VYx € Q. (3.7)

Here C = C(d, m,||IDYolli.)), and N,c € [2,00) are positive constants depending

on (d, IDWoll.)-

Next, we introduce the coordinate system adapted to our oblique derivative
problem. For any x; € JdQ, we choose an orthonormal coordinate system y =
(y1,-..,Yya) centered at xy such that the y;-axis is in the B(xy) direction. Now,
noting that D1 is a inward normal on the boundary, due to the obliqueness (3.2),
continuity of Dy, and compactness, we can choose some R, € (0, 1) independent
of xy, such that

B(xo) Y

o ,
|ﬁ(x0)|D¢ - (9_%1 > =|Dy|  in Qg,(xo)- (3.8)
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Direct computation shows that there exists some constant c(6, d) > 0, such that for
any r € (0,Ro],
c(6,d) < 1€ (xo)l/1By(x0)l < 1. (3.9)

3.3.2 Estimates on the half space

We will use the notation
Bf:=B,N{x:x;>0}, X, :={x:|x[<rx;=0}, o0,:=dB,N{x:x;>0}

throughout this chapter. The first result is a weak-type (1, 1) estimate given in [27,
Lemma 2.13].

Lemma 3.3.1. Let A = (aij) be a constant symmetric matrix with elliptic constant A.

Assuming that f € L,, u € W3(BY) satisfy
—a;Djju=finB], Dju=0o0nY%L;, u=0ono,
then for any t > 0, we have
2 + C
{IDu| > t} N Bf| < ?JC If1, (3.10)
By

where C = C(d, A) > 0 is a constant.

As a corollary, we have the following strong-type (1, p) estimate.

Corollary 3.3.2. Under the assumptions of Lemma 3.3.1, for any p € (0, 1) we have

2, w\P
( ngJD ar)” < C Jirlfl,
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where C = C(d, A, p) > 0 is a constant.

Proof. By using (3.10), for any T € (0, ),

|D*uff = f pt" Y{|D*u| > t} N B} | dt
0

B
T 00
f pt?~!B|dt + C f pt'( JC 1) dt
By
< T'B{|+Cr— TP ! f If1.
Minimizing in T, we obtain the desired estimate. |

We also need the following C® estimate.

Lemma 3.3.3. Let p € (0,1). Assume that u € W%(Bf) is a strong solution to

—a;Diju=f inBf, Dju=0 onk,

where a;; is a constant matrix as before and f is a constant. Then we have u € C3(B1 P

satisfying
Dl 5 ) < CAD*u — qP),” (3.11)

+ 7
Bl

where q € $™@ can be any constant symmetric matrix and C = C(d,p, A) > 0.

Proof. First, note that for x” = (xy,...,x4-1), formally U := Di,u — ¢ is a solution to
—(JI_ZJDZ]U =0 in BI—, DdU =0 on 21.

By using the argument of finite-difference quotients, as a corollary of the Schauder

estimate for elliptic equations with the Neumann boundary condition, we have
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the Lipschitz estimate

IDD2 ullp ) < D2 u — qllras2),

C
(R _ 7‘)1+d/2

for any 0 < r < R < 1. From this, we first differentiate the equation in the x’
direction to obtain the corresponding estimate for D3D,.1. Then we differentiate

in the x; direction for Dzu. Combining these, we have

3 2
1D ullr 8y < m”l) u— q||L2(BE).

From this we can obtain (3.11) using interpolation and an iteration argument which

can be found, for instance, in [33, Proposition 8.19]. [ ]

3.3.3 L,-mean oscillation and more on Dini functions

In this chapter, the following L,-mean oscillation of D*1 will be intensively studied.

For any x € Qand p € (0,1),

o) = inf Jg ( )IDZu —qr)". (3.12)

qegdxd

We note a few properties of such L,-mean oscillation:

(@) If D*u € L, joc, for each x, r we can find at least one minimizer. In this chapter,

we write g, for such a minimizer.
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(b) If D?u is continuous at x, then g, , — D?u(x) as r — 0. Indeed,

ID*u(x) - q, SJC

ID*u(z) - g, dz + JE |D*u(z) — D*u(x))P dz
Q(x)

Q(x)

< 2JC |D?u(z) — D*u(x)lPdz — 0 as r — 0.
Q(x)

Here in the last inequality, we used the fact that g, , is a minimizer.

Later in the proof we will see, many steps in the classical Campanato’s iteration

for Lr-mean oscillation still work if we replace (D?u)q, () with g,

The following property of Dini functions is useful in our iteration argument.
This iteration was introduced in [16], and was also used in [24, 19, 27] for studying
equations with Li-mean Dini coefficients. A nonnegative function w is called

comparable if there exists some constant x € (0, 1), such that
w(s)/w(t) < C(x), Vs, te(0,1] ands/t € [x, k'] (3.13)
Lemma 3.3.4. Assume that w is a Dini function satisfying the almost increasing condition
w(r) > Cw(s), Vr/2<s<r<oo (3.14)
for some constant C > 0. Then
a(r) = i(l/z)f(w(x—irnk-m + @()leis) (3.15)
i=0

is also a Dini function satisfying (3.13). Furthermore, up to a constant depending only

on x, we have

Io(r) = i w(x'r).

j=0
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In particular, w(r) = 0asr — 0.

The proof is by direct computation which can be found in [16, Lemma 1] and

[24, Lemma 2.7].

Clearly, pr given in Definition 3.2.1 is a non-decreasing function. One can sim-
ply check that wy satisfies (3.14) provided that the doubling property is satisfied,

i, forany x € Qandr >0, Qs (x)] < ColQ,(x)| for some constant Cy > 0.

34 L,-Mean oscillation estimate

In this section, we focus on the equation without lower-order terms

a;Diju = f inQ),
Y (3.16)
,BiDiu =9 on dQ.

For any x € Q and p € (0,1), recall the L,-mean oscillation of D?*u in (3.12). For

simplicity, we also denote

w(r) := rIDBllro) + Pop(r) + Pouy () + wa(r),

W@ (r) := 1IDgll ) + pg(r) + wp(r).
Due to our assumptions, they are both Dini functions. The next proposition plays
a key role in proving Theorem 3.2.4.

Proposition 3.4.1. Assume that u € C2(Q) solves (3.16) in a bounded domain Q). If A
and f are Li-mean Dini, and 0Q, 8, g € C*P", then for any x € Q,p € (0,1),x € (0,1),
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and r < Ry, we have

P(x, k1) < Cxp(x, 1)

+C(k™" + K)((HDZMHLOO(Q,(x)) + DUl 0,0 + IDglE @)™ (r) + 60(2)(7))/ (3.17)

where C = C(d,p, A, 6, IBllcyy, IDYollrw)r PDY,)-

The rest of this section will be devoted to its proof.

3.4.1 Homogeneous case

We first consider the equation with constant coefficients and homogeneous bound-
ary condition. Let (4;;) be a constant symmetric matrix with elliptic constant A. For
x € dQ, we choose the coordinate system y = (v, ..., y4) centered at x as before.
Recall that in Qg,, we have

%W > 6|Dy|/2
o'?yd - !

i.e., the y;-direction is oblique. For r < Ry, denote I, := dQ N B,.

Lemma 3.4.2. Assume that v € W3(Q,) and f € L»(Q,) satisfy

—a_z-]-DZ-jv = f in Qr,

(3.18)
v _
a—yd =0 on Fr.
Then for each x € (0, 1), we can find some constant matrix V., € ™4 sych that
1/ 1/
( J[ D%~ V') " <Cx( f D% — qf) "
Qir Qr (3.19)

+C 4 10((f - (Ao, + pos(DRL)
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Proof. Clearly we only need to prove (3.19) for small k. Here we consider k¥ <

6/(4M) where M := max{cd, 2c/ infyo|D|} with c given as in (3.6).

In Q,, we flatten the boundary by taking the change of variables

yeQUL, > zeR, z(y) =y, i<d, zy) =)

In the z-variables, (3.18) becomes

_79% 921 — — & Y d
i3y, 3y Tmm © T f+aij5—- Ty, ozg D z(Q),) c RY%,
5 =0 on =(I') € fz; = 0}.

3zd

In the sequel, we denote

_8zk 821
= (am)es = (@55~

Due to (3.6) and our choice of M, A is uniform Dini with

PA(%”) C(d, A, IDY L) P, ()

Since g—yﬁ > $|Dy| in Q,, for any two points zV, 2z € z(Q,) we have

12 — @2 = Zly(l) y§2)|2 +|¢(y(1))_¢(y(2))|2

i<d
> Zly(l) 2)|2 |Dl,b|) |y(1) y‘(12)|2
i<d

> (2|D¢|)2|y(1) _ ]/(2)|2 > (%)ZW(D _ y(2)|2,

(3.20)

(3.21)
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and similarly

20 - ZOP < 2py® — O,

From these and x < 6/(4M), we know

2(Qyr) € B3, € Bisjonye € Bisyanyr € 2(C2yc) € 2(C2y). (3.22)
In B, ,,, we decompose v = 0 + &, where 0 € W%(BE;j /my) 1 @ strong solution to

~ P (T (o P — Y 9 R
_(akl)B(;/M)rme = (au — (akz)B(;/M)y)mU + bij 3y, é +f=(f)o, in B(é/M),,

20 —
8_zd =0on Z((S/M)rr

6 =0 on O(5/M)r-
(3.23)

Recall that the notation (f)q, stands for the average. Due to (3.7), a% =0onz; =0,

and Hardy’s inequality, we have

. 82¢ v 1 |dv
gy, 72| < P07 [z, € LBl
with
7V v
g < Cppy (D0l , ). (3.24)
] a]/i ayj 0z a2 PDyy RICHY

Such solution 0 € W%(Bz:3 /M)r) exists. Indeed, we first reduce (3.23) to a Dirichlet

problem in Bs/m) by taking the even extension in z; for 0 and the source term, and

the following extension for the leading coefficients

(a)s:, 24 >0, +1 when k # d,
(O/M)r _
where ¢ =

24 <0, —1 when k =d.

Ay =

exei(@)sy, ,,

Note that the extended problem has measurable coefficients only depending on z,,
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which are also continuous (actually equal to constants) near z; = +1. Then the W3

solvability follows from [25, Theorem 2.8]. See also the example on [25, pp. 6483].

Using Corollary 3.3.2, (3.24), and Holder’s inequality, we obtain

(©/M)r

(ID*00)5! SpA( r)IDZP)2  + pouADZE) 4+ (f = (alls;
wr (3.25)

S pou(MIDZP)E =+ (f = (Do,

where in the last inequality, we used (3.21). Here the implicit constant depends

ond, p, A, and ||DYollr )

Now &:=v—-0 € Wz( ) satisfies

6/M)r

: +
—(a kl)B(b/M)y &zkaz; =(fla, inBj,
ad
8_254 =0 on Z(é/M)r.

Noting (3.22), a rescaled version of Lemma 3.3.3 leads to

(+ D% - 0%, )" < ClrID?ell oz,

B+

2xr

< C(dADE |z < C(d,p, V)x(D*¢E - q|P)1/5/ .

(6/2M)r )=

with g € $™ to be chosen later.

Combining this and (3.24), we obtain

(f, Dto- o)

2xkr

<2 (£ D% - (D0 P) " + (1 ID261)")
BY Bt

2kr 2xr
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sx(DE-any! + (1 ipzor)”

+
BZM

S k(D2 =GP)Y o+ () p2ep)”
q 2

Bz@/M)V

< (Do —W);i + 0 4 10) g (N(IDZ0P) 5 22+ (f = (Habs, ) (326)
(@ M)r (/M)

with the constant depending on (d, p, A, [IDYyll1 ). Now we translate back to the

y-coordinates. Combining

”b <1VyeQ,

dz = '8y )dy, |D1p| <

Fo _ Fo dmdu 80 Py
dyidy;  0zdz dy; Jy; == Y9y,

together with (3.22), Hardy’s inequality, and Holder’s inequality, we can continue

the computation from (3.26):

9 1y %Y 2 p 1\ /P
(ngl(g) Dyv5~ = (D), | dy)

<(1 D20 - (D) P dz)" + pog(NIDZP ey

B+

2kr

S k(D20 —gP);! )+(1< W+ 1)y, VIDZPYE  +(f = (o, )
<x( f (5 )TD ~qrdy)"” + 6+ 10(pou(NID2RL + (f = (HoDo,).

(3.27)

Here besides (d,p, A, |[DYoll.. ), the constant also depends on 6. This is almost

(3.19), except that we also need to deal with dz/dy coming from the change of
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variables. By (3.6) and the (generalized) triangular inequality,

0 y _ 1/
( f (D3 -G ay)”

< 31/p- 1(2PD¢(7’/C)|| ”LOO(Q,/C)(|D2’U|2)1/2

PR 0, f [P~ (F0) 75 0] @)")
r/c

< C(d,p, 5, ||D¢o||Lm<Q>>(pD¢O<r>(|D2v|2 o+ Jg 2o - gf’ dy)"),

if we take

q= 75-0).

If we also take (3.8) into consideration, similar computation leads to

(f () Dot - oo p )"

(3.28)
1/
> c<d,p,6,||D¢||Lm(Q>)(( f D20 = V| dy) " = k2 ppy, (N(ID20P)Y),
where
= (—( ) (%), 2 5 “(0).
Now combining (3.27)-(3.28), we immediately obtain (3.19). [

3.4.2 Mean oscillation estimate for D?u

Proof of Proposition 3.4.1. First, for x satisfying B,(x) C Q, in which case only the

interior estimates are concerned, the decay of L,-mean oscillation can be found in
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[24, pp. 427]. Actually we have
P(x, k1) < Nxg(x, 7) + NP + €)(ID?ullr.o. 0,0 + @ (1))

By a standard argument, it suffices to consider the case when x € JdQ). Choose the
coordinate system y centered at x as in Section 3.3.1. We now reduce the original
problem to the homogeneous case (3.18). For this, we introduce two auxiliary

functions. From Theorem 3.1.1, we can find w € W3(Q) solving

-Aw+w=0 inQ,

npO)-Dw+ (1 —n)p-Dw = —E -Du —n(y - DB(0))(Du — Du(0)) + g ondQ.
(3.29)

where

B :=nB-PO) - (y-D)BO), T :=n(g-_g0) - (y D)g(0)).

In the above, n € C(B,) is taken to be a usual cut-off function satisfying n = 1
on B,/; and |Dn| < 1/r. Due to our previous choice of Ry, we know the boundary

condition is uniform oblique because

ABO0)- D+ (1 = ) - D= n=H{BO) + (1~ oI = Smin(IBO)I/M, 1)

Applying the Aleksandrov-Bakelman-Pucci estimate and the W3-a priori estimate

in [28, Theorem 2.3], we obtain

ity < C(IIB - Dullyy ey + Iy - DBO)Du = DuO)llwrcy + I8lhwyy),  (3:30)
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where C is a constant depending on (d, 6, ||Bllct, [IDyollr..), PDy,)- From this, we

obtain

2 .1d\1/d
(1Dl

< C((HIDBlIL.. + posUID?ull. ) + IDullr () + DS, + pog())-  (3.31)

Next, we consider the parabola

y5(Dap(0)) - Du(0) — y3D.ag(0)
2

h := ~(y-DB(O))Du(O)ya+8(O)ya+y-Dg(0)ya+ , (332)

which satisfies

Jh

S0 ~(v - DB(0))Du(0) + g(0) + y - Dg(0).

From our construction, v := u — w — h satisfies

_(aij)Qr/zDijv = f:=—((@ij)q,, —ai)Diju + f + (ai]')Qr/z(Di]'h + Djw)  in €,

»

ya =0 on Fr/z.

Clearly jTE L>(€),/2). By the triangular inequality and Holder’s inequality,
(f = (PaaDas £ 0a(/2IDl 0, + @(r/2) + (D*0l)" . (3:33)

Now we apply Lemma 3.4.2 with %, v, and f replaced by 2x, r/2, and fto obtain

that there exists some V,, € 5 such that for any g € $™,

2 1p 20 m\/P
(ngle lep) SC(K(meIDv ql”)

+ (7 + (1 = (Do + poe(r/2(DRL)).
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Noting u = v + w + h, we can further estimate the mean oscillation of D?u by
2 20 )P
(JC D% = (V. + D))
QKV

< Cx( JC D%~ (g + DWP) "+ CO + 1)((1F ~ (P aD o + (DD
Q;pp

+ oy, (r/2)(ID* |1 (@) + DBl IDUll 0, ) + ”Dg”Lm(Q)))
(3.34)

by applying the (generalized) triangular inequality and Holder’s inequality. Here,

we also used the fact that D*h € $™ is a constant matrix and the inequality

ID?h| < ClIDBIIr..@IDull ) + IDGl -

Now substituting the w and fterms in (3.34) by the corresponding estimates (3.31)

and (3.33), taking infimum in g, we obtain (3.17). The proposition is proved. =&

3.5 Proof of Theorem 3.2.4

With all these preparations, we are ready to give the proof of our main results. To

begin with, we make some reductions. Rewrite (3.1) as

—a;;Diju+u = f —bDu—(c—1u inQ,

BiDiu = g — Bou on Q).
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From [70], fol ws(r)/rdr < oo implies that f is uniformly continuous, hence, is

bounded. Also, by the Sobolev embedding, we have

biDiu + (c — D)u, Bou € L4y (Q),

where
1+e)d/(d-—1—-¢) whend>1+e¢,
(1+¢) =
d+1 whend <1 +e.
By Theorem 3.1.1, we have u € W(2l 1oy Repeating if needed, in finite steps we
obtain that

2 1,1/(d+1)
ueW;,ccC :

Since the coefficients b and ¢ have L;-mean Dini oscillations, and By € C'P™, we
can deduce that b;D;u and cu are of Li-mean Dini, and Bou € C'P. Now, by
moving all the lower-order terms to the right-hand side we only need to consider
the equation (3.16). Also, due to the approximation given at the end of this section,
we only need to prove an a priori estimate. In other words, we will estimate the
modulus of continuity of D?u assuming that u € C2(Q). Under all these reductions,

Proposition 3.4.1 applies.

First we will derive the decay of L,-mean oscillation ¢(x, r) from (3.17). From
now on, we fix some p € (0, 1) and then choose « € (0,1) small enough such that

Ck <1/21in (3.17) to get, for any r < Ry,

1
b, kr) < S, 1) + C(K)((”DZMHLDO(Q) + IDullLc + DSl ) (1) + a)(z)(”))-
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Applying this j times, we have

O(x, kr) < (1/2) p(x, )

+ C((ID?ulloq0y + DUl + ID8Il @)@V (7 r) + @D (), (3.35)
where @' and @® are Dini functions derived from ¥ and ©® as in (3.15).

Second, we estimate ||D?u|;._ ). For any point x € Q, we take g, ,asaminimizer

in ¢(x,r), which exists as explained in Section 3.3.3. By the triangular inequality,
19, ey = Gl <G, — D*u(z)F + |D*u(z) - [/
holds for any integer j > 0. Taking the average for z € Q,.1,(x), we obtain
1 vty = ] < 27, 17717 + CA P b, 1r) ).
Now taking summation in j, and using the property
q. ., = D’u(x) asj— oo
as noted in Section 3.3.3, we have

|D?u(x) — qg.,l< Zquﬂd“r — 4, < Cd,p,x) Z o(x, x/r)
j=0 j=0
< Cild, p, ) (x, ) + Co((ID?ulle ) + DUl + D8l (1) + 0 (r)),

where C, = Cy(d, p, A, 6, |IBllct, [IDYollr. ), PDyo, k). The last inequality follows from
(3.35) and Lemma 3.3.4, noting that both @ and @@ satisfy (3.14). Using the
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interpolation inequality, we can further deduce that

|D2M(X) - qx,rl

< C1p(x, 1) + Co( (10Ul + IDullye) + D8l @)@®() + 1().  (3.36)
By the definition of ¢(x, r), Holder’s inequality, and (3.9), we get

1/p _
swn<(f D)< 0kl s iDL, (337)
Qr(x) Q,(x)

Similarly,
lg,.,| < 21/p‘1((1)(x, r) + (JC
Q

where the first inequality follows by taking the average for z € £3,(x) on both sides

1/p _
IDul’) ") < r DUl @, (3.38)
)

(X

of

a,," <, - D*u@)l" + D*u(z)P".

Using the triangular inequality, (3.37), and (3.38), we can derive from (3.36) that

ID*u(x)| < CrID*ull, )

+ CZ((”DZu”Lm(Q) + IDullL, @) + 1Dl (r) + 1(7)(2)@))-
Because Q is bounded and D?u € C(Q), we can find some point x € Q such that
ID*u(x)| = ID*ullL...-

Since @ is a Dini function, we can choose r small enough (denoted by 7) such
that
CloW(@) <1/2
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to absorb ||D?u|. ) term. Finally we reach
ID?ull) < Cllllwz iy + DSl + I0P(F)). (3.39)
Next for any x,y € Q, x # y, we estimate D?u(x) — D*u(y). Let r = |x — yl.

Due to (3.39), we only need to focus on the case r < Ry/2. As before, we take the

minimizers q,,, and g, for ¢(x, 2r) and ¢(y, ). By the triangular inequality

ID*u(x) = D*u(y)l

< |D*u(x) — g0l + ID*u(y) — qWI” +19,0, — D*uz)l + Iqw — D*u(z)P.
Taking the average for z € Q),(y), noting that Q,(y) C (,(x), we have

IDu(x) = D*u(y)F

< ID*u(x) = q,,,F +1D*u(y) - q,,FF + Cd, 6/M)P*(x, 2r) + ¢ (y, 7).
Now we apply (3.36), (3.39), and the generalized triangular inequality to obtain

ID*u(x) - D*u(y)|

< &, 28) + Py, 1) + ((||u||W%(Q) + D8Il + 0P H)@V(r) + [0P(r).  (3.40)
Let j be the integer such that
2r € (kKM Ry, K/Ro].
From (3.35), interpolation inequalities, (3.39), and (3.9), we obtain

P(x,2r)
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1. » ) _ — _
< (5P, 2177r) + Clllullwe oy + 1D i) + [P @)V (2x'r) + Co®(2x'r)
r o —_— —_\ — —~ —
S (R—O)“°<P(x, 2x77) + (lullwaey + 1Dl ) + 0P ()@ (2x7'r) + 0P (2x7'r)
r - ~(2) =\~ -
< (R—O)aoRod”DzMHLl(o) + ([[llwzgq) + 1Dglle @) + Io® (@)™ 2 'r)
+ 0P 2x7'r),
where ay = log(2)/log(1/«x) > 0. Similarly, we can obtain the decay rate of ¢(y, ).

Substituting these into (3.40) and using Lemma 3.3.4 to bound w by Iw, we obtain

that for any |x — y| < Ro/2,

ID*u(x) — D*u(y)| S ID*ullL, @lx — y|*
(3.41)
+ ([ullwzq) + 1DgllLw@ + [P @)W (1x = yl) + [P (|x — yl).

Clearly, the right-hand-side goes to zero as r goes to zero, which gives us the

desired estimate for the modulus of continuity of D?u.

Now it remains to remove the assumption u € C3(Q). For u € W2 (Q), we

consider the mollified problem:

—al(.?)Dijun +u, = fPD+u inQW,

%) . Du, = g on Q"
where for some fixed a € (0, 1),
(n) ) pm) n) La () ¢(n) 04
Qv 70, QW% ¢"eCH, ai].,f eC

with corresponding moduli of continuity (either in the L; or L. sense), which
are uniform with respect to n. According to [50], we can find a unique solution

u, € C>*(QM) for each n. Due to the same reason for (3.30), {u,} are uniformly
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bounded in Wﬁ, hence in Wf. Now, using (3.39), (3.41), the Arzela-Ascoli theorem,
and a diagonal argument, we can obtain a subsequence which converges in C (Q®)
for every k. Clearly the limit u., € C2(Q) and satisfies the equation. To see that 1,

satisfies the boundary condition, we extend
G .= B . Du, — ¢ € WHQ®)

to be zero outside Q", so that G € Wi(Q). Since the W}(Q) norm of G is
uniformly bounded, by passing to a further subsequence and noting that VOV; Q)
is weakly closed in W}(Q) , we obtain 8 - Dite, — ¢ = 0. Due to the uniqueness part

of Theorem 3.1.1, u,, = u. This finishes the proof of Theorem 3.2.4.

3.6 Fully nonlinear equations

Our method can also be applied to derive the C2(Q) regularity for fully nonlinear
equations. In this section, we prove Theorem 3.2.7. As preparation, we first
introduce two lemmas, which can be viewed as the nonlinear version of Lemma
3.3.3 and Corollary 3.3.2, as well as an interpolation inequality. The first lemma

ded

deals with the function F : — IR, satisfying

F is concave, A|M|| < F(M + N) — E(N) < A7 M|, VM, N € $™¢ and M > 0.

Lemma 3.6.1. For any continuous function ¢ and constant C, there exists a unique
solution u in C*(Bf U X;) N C(B_;r) to
du

F(D*u) = C inB?, Vi OonkZ;, u=qono;. (3.42)
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Furthermore, there exists some constant a = a(d, A) € (0,1), such that u € Clzo’f(B{r UXy),

and

[D*uleswy ) < N, A, p)(ID*u — g, (3.43)
holds for any p € (0,1) and any constant matrix q € 3.

Proof. The unique solvability of (3.42) and the following boundary estimate of the

Evans-Krylov type for Neumann problem are classical:
[DZu]CE(B;’ﬂ) < N(d, Mlulle, @) (3.44)
See, for example, [65, Theorem 8.1]. Now we prove

[Dzu]@%z) < N(d, N(D*u — gP)Y?, Vg e$™, (3.45)

B’
For this, consider

_ ~ - |19 0
o(x) == u(x) —(x,qx)/2 = 1(x"), q:= .
0 qu
where g’ € $@D*@-D jg the first (d — 1) X (d — 1) submatrix of g, x" = (x1,...,%-1),
and /(x’) is the affine function chosen suitably to make (v) B, = (Dy0) B, = 0. Then

D?*v = D*u — ¢, and v satisfies

0
_vd =0on;.

G(D*v) := F(D*v +q) = C inBj, o=

From a rescaled version of (3.44) for v, the Sobolev-Poincaré inequality, and the
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boundary Poincaré inequality, we obtain

[DZU]CE(B+ (|U|2)1/2

s<|Dx/v|2);/3 + (D4 v|2)”2 < (DD, vl )“2 +(ID? vlz)”z- (3.46)

B+ ~

We can remove the D,-D,;v term from the right-hand side. Indeed, by applying the

boundary W) estimate of the Dirichlet problem
—A(Dyv) = div(—(0,...,Av)) inBf, D,v=0onX,,
we have

(lDdelz);{rZ < |AU|2)1/2 + (|DdU|2);/+2 < |AU|2)1/2 + (lD;vlz)ny/

where in the last inequality, again we use the boundary Poincaré inequality. Sub-

stituting this into (3.46), we obtain (3.45):

[D*ulcrs; ) = [D*0)cray,) < (D30l + (DjoP)g2

= (D%u - gl )”2+(|D§u—qdd|2 ;/E_ ID?u — ql2)1/2-

From (3.45), we obtain (3.43) using standard scaling and iteration argument as
mentioned in the proof of Lemma 3.3.3. Notice that the corresponding interior
version of (3.45) can be obtained by a similar technique by applying the interior

Evans-Krylov estimate and the Sobolev-Poincaré inequality to the function
o) := u(x) - (x,q%)/2 — 1(x),

where [(x) is the affine function such that (v)p,, = (Dv)p,, = 0. The lemma is

proved. ]
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The second lemma is a boundary W2-estimate in the spirit of [56]. See, for

example, [28, pp. 19].

Lemma 3.6.2. Suppose that u € W3(B) and f € Ly(BY) satisfy

0
—b; =0onXxy, u=0onoy, (3.47)

— fi,R
Cli]'Di]‘u = f m Bl’ ox

where a;; is symmetric, bounded measurable, and uniformly elliptic with constant A. Then

there exists some ¢ = e(d, A) € (0,1), such that

||D2M||L€(Bl+) < N, Ml fllLy)-

Recall the notation ppz,(r) := sup;,_,, . .cq |D?u(x) — D?u(y)|. Proceeding as in

[40, Lemma 3.1.4, Theorem 3.2.1], we have the following interpolation inequality.

Lemma 3.6.3. Let Q be a domain in R? satisfying the interior cone condition with opening

0(Q) > 0 and height h(€Q)) > 0. Then for any u € C2(Q) and t € (0, e(eé?ﬁnh(())),

”Dzu”Lm(Q) < C(d, 6(Q))(pp2u(T) + T_2||u||Lm(Q))-

Now we turn to the proof of Theorem 3.2.7. This is similar to that of Theorem

3.2.4, which we will sketch here.

Proof of Theorem 3.2.7. The proof is spitted into several steps. We first derive the
a priori estimates for pp, corresponding to (3.41), assuming u € C*(Q). Then
we use the interpolation and the Aleksandrov-Bakel’'man-Pucci (ABP) maximum
principle in [55, Theorem 6.1] to obtain the estimate for ||D?ul|, ) and remove

all the u terms on the right-hand side of the estimates. Lastly, we construct a
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C**-approximating sequence. Using the uniform estimates, we can show that the

limit exists, solves the problem, and is in C3(Q).

Step 1: The a priori estimate. The key step is to derive the L.-mean oscillation

estimate corresponding to (3.17): for any x € Q,x € (0,1),and r € (0, Ro],

P (x, xr)
< Nip(x,7) + N(K)((||D2M||Lm(o) + IDullr o + [l )@@ (r) + CU(4)(”))- (3.48)

Here ¢ is defined in (3.12) with p replaced by ¢ which is given in Lemma 3.6.2,
and @ is introduced in Lemma 3.6.1. The Dini functions ©® and o are defined

as follows

w®(r) := r(IDBlIr., + 1) + ppp(r) + ppyy () + wr(r),

w®(r) :=7lIDglli.. + ppg(r) + ppue(MIIDGIIL., + wp(r).

Clearly, it suffices to prove (3.48) for two cases: x € JdQ or B,(x) c Q. We only
focus on the first one, since the same argument below dealing with the Neumann
problem in half balls will still work for the interior case. As before, we take the

coordinates y centered at x.

For r < Ry, as in Section 3.4.2 we find w € Wfl(Q) solving (3.29) satisfying the
estimate (3.31), as well as the parabola & defined in (3.32). Now v := u —w —h

satisfies

Go(D*0(y)) = f(y) = Fo(D?h, (Du)q,, (u)a,) inQ,,
(3.49)

dv/dys; =0 onl,,
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where F is the function chosen in Assumption 3.2.6 and

Go(M) := Fo(M + D*,(Du)q,, ()o,) = Fo(D*h, (Du)o,, (4)a,),

f(y) := Fo(D*u(y) — D*w(y), (Du)a,, (4)o,)-

As in the linear case, we first prove the mean oscillation estimate for D?v,

( |D27J - erlg)l/g < KE( |D2,0 - qlf)l/(S
O Q, (3.50)
+ C(x) (0 )(ID?ull, + IDulle,, + lule.) + 0¥()),

which can be compared to (3.19). To prove this, we flatten the boundary for the

problem (3.49) using the change of variables (3.20). For z € B the equation

©/Myr
becomes
-~ 0z, 7o 0Z ~ )
Go(D3v) = GO((@(O)) Dzva_y(o)) = f = Fo(D°h, (Du)q,, (4)q,), (3.51)
where
82
fi= Go<(—<0>)TD2 —(0>> : Go<<—>TD§ 5" 2002y + f
We decompose v = 6 + &, where & € CZ(B((3 e Y Zemy) N C(B(é /) SOLves
Go(D2E) = =Fo(D?h, (Du)q,, (w)o,) inBf
85/8211 =0 on Z(é/M)r, (352)
é =0 on o s/myr-

Such ¢ exists and satisfies the boundary C>? estimate according to Lemma 3.6.1.

Recalling (3.22), we can further deduce from a rescaled version of (3.43) that for
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1/¢ — — —
(T D% - (D)5 ) s @xrf D*E] e, < K (D - q|rf);g’/M) . (353)

Taking the difference between (3.51) and the first line of (3.52), noting that 50(0) =
Go(0) = 0, we see that 0 satisfies (3.47) with A, f, and B} replaced by A/d, j}j and

B+

5/M" By Lemma 3.6.2,

(D61 < (fIHLE (3.54)
(O/M)r ©/M)r

Using F[u] = 0, Assumption 3.2.6, Hardy’s inequality, and (3.31), we can estimate

fas follows

B(;/M)r

~ 0z 0z 0z Jdz dvu
aN1/d 0Z  \\W\T1y2,, 9% _ OZ 1o 0Z 00U 55\ aN1/d
USG5, 0D D203 0) = Gol(5 ) Do+ Z=D2lY)

+ (Fo(D?u — D%, (D), (1)) ~ Fo(D?1, (D, (w)a )N

+ (Fo(Du, (Du)a,, ()a,) = F(D*u, (Du)a,, (o, Y1)y,

+ (F(D*u, (Du)a,, (w)a,, y) — F(D*u, Du, u, y)|)g”

$poye(N(ID*0Y)" + (ID*wl)g”
+ wp(r(ID?ulle., + IDulle,, + e, + 1) + r(ID?ulle., + IDullz..)

<o (r(ID*ullr., + IDulle,, + llulle) + @@ ().

Combining (3.53) and (3.54), and following the proof of Lemma 3.4.2, we obtain
(3.50). Then, the same steps as in the proof of Proposition 3.4.1 leads to (3.48). The

iteration argument in the proof of Theorem 3.2.4 gives, for any r € (0, Ro/2),
pou(r) < C(IDullL 7™ + (1Dl + Il @)@®() + [9(r),  (3.55)

where as before, oy = log(2)/log(1/x) > 0.
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Step 2: Interpolation and maximum principle. In this step, we aim to bound
ID?ull;... ) and remove all the u terms from the right-hand side of (3.55). Noting

(3.8), we can choose the parameters
0(Q) = 2arcsin(6/2), h(Q) = V3Ry/2

for the interior cone at each point. Using Lemma 3.6.3 and (3.55), we obtain, for

0<7< \/§R02 arcsin(6/2)

arcsin(6/2)+m’

”DZuHLw(Q) < C(d, 6)(pp2u(T) + T_ZHuHLw(Q))

< C((r% + I (D) ID?ull ) + (172 + [0 (D))|ullp 0y + T0(7)).

Now, choose T > 0 sufficiently small to absorb the first term on the right-hand
side. Then, noting the sign condition (3.5), we can use the ABP estimate in [55,

Theorem 6.1] to bound [|u|l;.(q). This leads to
ID*ullr..) S IF(0, 0,0, ey + gl + 10“(1). (3.56)
Substituting back into (3.55) and using the ABP estimate again, we conclude

po2u(r) < (IF(0,0,0, )l 0 + lgll..(Q) + [P () + [0 () + [¥(r).  (3.57)

Step 3: Approximation. We fix some constant a € (0, &), and take the mollification
Q" 70, QW g7, BY, ¢ e C, [FUM,p,u,)]a < Kyl + Jpl + ] + 1),

with corresponding moduli of continuity (in the sense of L., or Assumption 3.2.6),

which are uniform with respect to n. According to [65, Theorem 3.3], for each n,
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there exists a unique solution u, € C>*(Q™) to
F(D?u, Du,u,y) =0 inQ"™, B™y = ¢ ongQ™.

Notice that (3.56) and (3.57) give us the CZ(@) pre-compactness of the family
{u™},5¢. Similar compactness argument as in the linear case gives us the unique

C2(Q) solution to the original problem. [



CHAPTER Four

Optimal regularity of a
Dirichlet-Neumann problem in

Reifenberg flat domain
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41 Introduction

In this chapter, we discuss the mixed boundary value problem for second-order
elliptic operators:

Lu=f+Dif inQ,

Bu = fn; on N, (4.1)

u=>0 on D,

where Q is a domain (not necessarily bounded) in R?, d > 2 with the boundary
divided into two non-intersecting portions 9 and N. The differential operator L

is in divergence form acting on real valued functions u as follows:
Lu = Dj(a;j(x)Dju + b;j(x)u) + bi(x)Diu + c(x)u.

Here, all the coefficients are assumed to be bounded measurable, and the
leading coefficients a;; are symmetric and uniformly elliptic. We denote by
Bu = (a;;Dju+Db;u)n; the conormal derivative of u on N associated with the operator
L. Dirichlet and conormal boundary conditions are prescribed on the portions D
and N respectively, which are separated by their relative boundary I' c JQ). Both
the equation and the boundary conditions are understood in the weak sense. For

precise definition, see Definition 4.2.1.

Asis well known, solutions to purely Dirichlet/conormal boundary value prob-
lems are smooth when coefficients, data, and boundaries of domains are smooth.
However, for mixed boundary value problems, such a regularity result does not
hold near the interface I', and the regularity of solutions depends also on that of
I' and the way two boundary conditions meet (e.g., the meeting angle and certain

compatibility conditions). For instance, the best possible regularity of derivatives
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of solutions to (4.1) is

DuelL, forp<4

when the two boundary portions meet tangentially (the angle between O and
N is m); see Example 4.2.6 for a classical counterexample. In this chapter, we
investigate minimal regularity assumptions of a;;, dQ3, and I', which guarantee the

above optimal regularity as well as the solvability of the mixed problem (4.1).

Regularity theory for mixed problems has been studied for a long time. For
the case when the two boundary portions © and N meet tangentially, we refer the
reader to Shamir [68] and Savaré [67]. In [68], the author proved W'4~¢ regularity
for non-divergence form elliptic equations with smooth coefficients in half space.
He also obtained W*” regularity on a smooth bounded domain with the indices
p>4ands < 1/2+2/p. Atone end, the optimal C'/?*~¢-Holder regularity can be
obtained by passing p ,”* co, which improved a general Holder regularity result of
De Giorgi’s type by Stamppachia in [71]. It is also worth mentioning that in [67],
the author proved optimal regularity in Besov space Bg/fo for the divergence form

elliptic equations with Lipschitz coefficients on a C'"! domain.

For the case when D and N do not meet tangentially, we refer the reader to
I. Mitrea-M. Mitrea [61], where the authors studied the mixed problem (4.1) with
Lu = Au. They proved the W!# solvability with

3 <p<
2+¢ P 1-¢

for some ¢ = ¢(Q, D,N) € (0,1) (4.2)

on the so-called creased domains in R?, d > 3, which means that 9 and N are
separated by a Lipschitz interface and the angle between O and N is less than 7.

This class of domains was introduced by Brown in [3] to answer a question raised
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by Kenig in [37] regarding the non-tangential maximal function estimate

(V) I, 00) < C(”vtanu”Lz(D) + ||5u/9n||L2(N))

of harmonic functions. As mentioned in [37], the above regularity result can be
false when () is smooth so that O and N meet tangentially, whereas it holds for
purely Dirichlet/Neumann problem. For further work in this direction, see [5, 62]

and the references therein.

In this chapter, we work on the so-called “Reifenberg flat” domain, which is,
roughly speaking, at every small scale the boundary is close to certain hyperplane.
A Reifenberg flat domain is much more general than a Lipschitz domain with small
Lipschitz constant: locally it is not given by a graph, and typically it contains
fractal structures. The Reifenberg flat domain was introduced by Reifenberg in
[63] when he worked on the Plateau problem. Since then, there has been a lot of
work on Reifenberg flat domains regarding minimal surfaces, harmonic measures,
regularity of free boundaries, and divergence form elliptic/parabolic equations.
An important fact for studying divergence form equation in such domains is that
any small Reifenberg flat domain is a W'”-extension domain for every p € [1, ].
Hence we have all the Sobolev inequalities up to the first order. For this result and

the history of studying Reifenberg flat domains, one may refer to [45].

Notice that although on Reifenberg flat domain, neither the outer normal nor
the trace operator of W'7 is defined, the weak formulation in Definition 4.2.1 still
makes sense due to the fact that no boundary integral term appears when Q is

smooth enough so that the outer normal and the trace operator are well defined.

We prove the solvability in Sobolev spaces W'# and the L,-estimates with p
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being in the optimal range 4/3 < p < 4 for the mixed problem (4.1) with BMO
coefficients on Reifenberg flat domains. The two boundary portions D and N are
assumed to meet almost tangentially, which means O and N are separated by some
Reifenberg flat set of co-dimension 2 on the boundary. We note that our result
holds for both bounded and unbounded domains. For the bounded domain case,
we can further relax the assumptions on the source term. As mentioned before,
since Lipschitz domains with small Lipschitz constant are Reifenberg flat, our
results can be applied also on creased domains. Therefore, we see that in the
restriction (4.2), the best possible range of ¢ is 0 < ¢ < 1/4 for creased domains

with small Lipschitz constant.

This chapter is a continuation of [20, 21], in which elliptic systems on Reifen-
berg flat domains with rough coefficients and purely Dirichlet/conormal boundary
conditions were studied. See also the series [6, 7] regarding second-order equa-
tions on bounded domains. Our proof is mainly based on a perturbation argument
suggested in [8] by Caffarelli and Peral, by studying the level sets of maximal func-
tions. The key step in our proof is to carefully design an approximation function
near I', which combines the cut-off and reflection techniques in [20, 21]. Compared
to the purely Dirichlet or purely conormal problems, the approximation function
in our problem is less regular, which is only W'4~¢, not Lipschitz. This situation is

similar to [23], where dedicated decay rates of the level sets are required.

The chapter is organized as follows. In Section 2, we introduce the basic nota-
tion, definitions, and assumptions. Our main results are given in Theorem 4.2.4
for both bounded and unbounded domains and in Theorem 4.2.5 for bounded
domains. In Section 3, we prove two useful tools for our problem: the local
Sobolev-Poincaré inequality and the reverse Holder inequality. Then in Section 4,

we study a model problem, which is the W'4~¢ regularity of harmonic functions
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on the upper half space with mixed boundary conditions. With all these prepara-
tion, the proof of the main theorem including the approximation via cut-off and
reflection, and the level set argument is presented in Section 5. In Section 6, we
relax the regularity assumptions on the source term for the bounded domain case,

mainly by solving a divergence form equation.

4.2 Notation and main Results

Let d be the space dimension. We write a typical point x € R? as x = (x’,x”), where
X' =(x, %) €R?E, ¥ =(x3-,x5) € R

In the same spirit, for a domain Q ¢ R? and p,q > 1, we define the anisotropic

space L, L, ,»(2) as the set of all measurable functions u on (2 having a finite norm

1/p

plq
lulle, ,or, ) =(f (f Iulq]Ide”) dx’) ,
R2 Rd-2

where I is the usual indicator function. We abbreviate L, /L, (Q) = L,(2). We

will also use the notation
RY = {x = (x1,-+,x) € R : x; >0}, Bj =R% N BR0), (4.3)

By ={¥ e R*:|x'| <R}, (BR)" =RinNBg,

and Qg(x) = QN Bg(x) for all x € RY and R > 0.

Now we formulate our mixed boundary value problem. We consider domain



95

Q c RY with boundary divided into two non-intersecting portions, and T being

the boundary of D relative to JQ:
IQ=DUN, DNN=0, T=0dxD.

We need the following notation for Sobolev spaces with boundary conditions
prescribed on the whole or part of the boundary. For 1 < p < oo, we denote
by WP(Q) the usual Sobolev space and by W(.l)’p(Q) the completion of C;(Q) in
W'7(Q)), where C(Q) is the set of all smooth, compactly supported functions in
Q. Similarly, we let W;;p (Q) be the completion of C35(QQ) in W'7(Q), where C3(Q)

is the set of all smooth functions on Q which vanish in a neighborhood of D.

Let L be a second-order elliptic operator in divergence form
Lu = Di(a;j(x)Dju + bi(x)u) + bi(x)Diut + c(x)u,

where the coefficients A = (az-j)’zjzl, b = (by,...,by), b = (151,...,15d), and c are
bounded measurable functions defined on Q: for some positive constants A and
K, we have

Al <A™, bl + 1]+ < K.

Note that the summation convention is adopted throughout this chapter. The lead-
ing coefficients A = (a;;) are also assumed to be symmetric, satisfy the uniformly
ellipticity condition:

d
Y ai@)eiEi = AP, VEeR!, vxeQ.

ij=1

We denote by
Bu = (ADu + bu) - n = (a;;Dju + bju) n;



96

the conormal derivative operator on the boundary of ) associated with the oper-
ator L, where n = (1, ...,1n,) is the outward unit normal to dQ. We will see that in
the weak formulation, this boundary condition is still well defined even when the
outer unit normal is not defined point-wise. Now we give the formal definition of

weak solutions. Let p € (1, o).

Definition 4.2.1 (Weak Solution). For f,fi € L,(Q), i € {1,...,d}, we say that

ue Wg’ (Q)) is a weak solution to the mixed boundary value problem

Lu=f+D;f inQ,

Bu = fmn; on N, (4.4)

u=20 on D,
if
f (—a;Dju — ba)Dip + (h:Dju + cu)p dx = f fodx — f fiD;¢ dx
Q Q Q

holds for any ¢ € W,2""™(Q).

In this chapter, we will work on the so-called Reifenberg flat domains, which
is defined below in (i). In (ii), we assume that locally the two types of boundary

conditions are almost separated: the relative boundary I is also Reifenberg flat.

Assumption 4.2.2 (). There exists a positive constant R; such that the following

hold.

(i) Forany xy € dQ and R € (0, R4], there is a coordinate system depending on x
and R such that in this new coordinate system (called the coordinate system

associated with (xp, R)), we have

{y: x01 + YR < y1} N Br(xo) C Qr(x0) € {y : x01 = YR < y1} N Br(xo).
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(if) Let I be the boundary (relative to dQ) of D. If x, € I' and R € (0, R;], we can

turther require that the coordinate system defined in (i) satisfy
"N Br(xo) € {y : Iy’ — x| < yR} N Br(xo),

(8() N Br(xo) N {y : y2 > xp2 + )/R}) cD,

(&Q N BR(X()) N {y Yo < Xp2 — yR}) C N.

In this chapter, we always assume that D, N # (), since otherwise the boundary
condition becomes purely conormal or Dirichlet. Corresponding results have been

included in [20, 21]. See also [6, 7].

We consider the equations with small “BMO” leading coefficients with a small

parameter O € (0, 1) to be specified later.

Assumption 4.2.3 (0). There exists R, € (0, 1] such thatforanyx € Qandr € (0,R5],

we have

f la;j(y) — (@ij)o,wldy < 6.
Q(x)

In the following, we denote R := min{R;, Ry}.

Now we can present our main result. First, in ) (bounded or unbounded)
we consider the existence and uniqueness of Wg’ weak solution to the following
equation:

Lu—Au=f+D;f; in Q,
Bu = fmn; on N, (4.5)

u=0 on D.

Compared to (4.4), here we introduce the —Au term to create the required decay at
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infinity for the unbounded domain case. For simplicity, we will use the following

notation with A > 0:

d
1
U:=|Dul+ VAlul, F:=Y |fil+—Ifl.
LI+

Theorem 4.2.4. For any p € (4/3,4), we can find positive constants

(70, 60) = (0, 00)d,p, N), Ao = Ao(d,p, A, Ro, K),

such that the following holds. If Assumptions 4.2.2 (y) and 4.2.3 (0y) are satisfied, and

A > Ao, then for any ()L, € (L,(Q))", f € L,(Q) there exists a unique weak solution

ue Wg? (Q) to (4.5) satisfying
Ul < NIIFllL, ), (4.6)

where N = N(d,p, \) is a constant.

When Q is bounded, we have better results: instead of taking large A, we can

assume the usual sign condition L1 < 0, which is understood in the weak sense:

f(—biDi(P + C(P) dx <0
Q

for any ¢ € W,/""(Q) satisfying ¢ > 0. Also, the integrability of the non-

divergence form source term f can be generalized to L,,, where

pd/(p +d) when p>d/(d-1),
pe = 4.7)
1+¢ when p <d/(d—-1)

for any € > 0.
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Theorem 4.2.5. Let Q be a bounded domain in R®. For any p € (4/3,4), we can
find positive constants y,, 0y depending on (d,p, A), such that the following holds. If
Assumptions 4.2.2 (yo) and 4.2.3 (0y) are satisfied, and L1 < 0 in the weak sense, then
for any (f; ?:1 € (LP(Q))d, f € L,.(Q) there exists a unique weak solution u € W;;p (Q) to
(4.4) satisfying

d
lallwrsr < N(Z 1fill ) + | f||L,7,(Q)), (48)
i=1

where N is a constant independent of u, fi and f.

In the above theorems, we always assume that
pe4/3,4), A= (ai]-);szl is symmetric. (4.9)

Indeed, by the Lax-Milgram Lemma and the reverse Holder’s inequality, when
p is close to 2, the symmetry of A is not needed. Otherwise, by the following
two examples, we see that the restrictions in (4.9) are optimal for the solvability
of mixed boundary value problems. Precisely, based on a duality argument,
Example 4.2.6 shows the restriction p € (4/3,4) is optimal, and Example 4.2.7
shows the symmetry of A is required for the solvability in W'?(Q2) when p is away

from 2. Here, for the reader’s convenience, we temporarily set
]R_2F ={x=(x;,x) € R?: x, > 0},
which is different from that in (4.3). Note that the examples below are applicable

to higher dimensional cases by a trivial extension.

Example 4.2.6. In IR, let u(x;, x2) = Im(x; + ix2)!/?. One can simply check that

o _

Au=0inRR2, u=0o0ndR:N{x; >0}
(9x2

0 on dR? N {x; < 0}.
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Since Du is of order r~'/2, one could also check that near the origin Du € L, for any

p €[1,4), but Du ¢ L,.

Example 4.2.7. In R?, let u(x;, x,) = Im(x; + ixy)* with s € (0,1/2). We have
Di@;Dju) =00onR}, u=00ndR;N{x; >0}, a;Dun;=00ndR:N{x; <0},

where

1 cot(7s)
(aij)l%jﬂ =
— cot(ms) 1

Since Du is of order *~!, near the origin we only have Du € L, only if p < 7=. Note

P

that % <4and % \,2ass \ 0.

4.3 Local Poincaré inequality and reverse Holder’s in-

equality

In this section, we introduce two useful tools for our problem. The first one
is the local Sobolev-Poincaré inequality. Notice that a Reifenberg flat domain
intersecting with a ball might no longer be Reifenberg flat. We cannot simply
localize to obtain the required local version, although Sobolev inequalities of W'?

hold for the Reifenberg flat domain since it is an extension domain.

Theorem 4.3.1 (Local Sobolev-Poincaré inequality). Let y € [0,1/48] and Q c R?
be a Reifenberg flat domain satisfying Assumption 4.2.2 (y) (i). Let xo € dQ and
R € (0,R1/4]. Then, for any p € (1,d) and u € W (Qur(xy)), we have

It — () apeo)ILyy iy @r o)) < NIDUIL (0p(x0))s
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where N = N(d, p).

Proof. See [10, Theorem 3.5]. [

Corollary 4.3.2. Let y € [0,1/48] and Q C RY be a Reifenberg flat domain satisfying
Assumption 4.2.2 () (i). Let xo € Q, R € (0,R/4], and D c 9Q with D N Bg(xy) # 0.
If there exist zy € D N Br(xo) and a € (0, 1) such that

Bar(z0) € Br(xo), (9N Bar(20)) € (D N Br(x0)), (4.10)

then the following hold.

1,
(a) Foranyp € (1,d) and u € W (Q), we have

||u||Ldp/(d—p)(QR(x0)) < N”Du”Lp(QZR(xO))’

where N = N(d, p, ).

(b) Foranyu € W%Z(Q), we have

el r o) < NRIDully (0 (x0))s

where N = N(d, a).

Proof. The assertion (b) is a simple consequence of the assertion (2). Indeed, by

taking p € (d%, 2), and using Holder’s inequality and the assertion (a), we have

d/2—d 1
llullLyroy < NRYZP ]y, oy

d/2—d
< NRYZP DullL, oy < NRIDUILy@ax0))-
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To prove the assertion (a), we extend u by zero on B,r(zp) \ Q2 so that u €
WP (B,r(z0))- Since |B4r(zo) \ Q| > N(d)(aR)?, by the boundary Poincaré inequality,
we have

etllLy, 0 @Qurizoy < N@, PIDUL oy (z0))- (4.11)

Notice from the triangle inequality and Holder’s inequality that

| |u| |Ldp/(d—p) (Qr(x0))
<|lu-— (u)QR(XO)||Ldp/(d—P)(QR(x0)) + 1)) — (u)Q“’R(ZO)||Ld”/(d"’)(QR(x0))
+ [1(#) Qr(z0)] |Ldp/(d—p>(QR(x0))

1-d
< Na /p(”u - (u)QR(XO)||Ldp/(d—p)(QR(x0)) + ||u||Ldp/(d—p)(QaR(ZU))>'

This combined with Theorem 4.3.1 and (4.11) gives the desired estimate. [

In the rest of the section, we shall prove the reverse Holder’s inequality for the

following mixed boundary value problem without lower order terms

Di(aiiju) —Au = f + lel in Q,
a;iDun; = fn; on N, (4.12)

u=0 on D.

Here, we do not impose any regularity assumption (including the symmetry

condition) on the coefficients 4;;. Recall the notation that for A > 0,
4 1
U:=|Dul+ VAul, F:=Y |fil+—Ifl.

L5

Lemma 4.3.3. Let y € (0,1/48], 2 < p < 2, and Q C R be a Reifenberg flat

/o d+2

domain satisfying Assumption 4.2.2 (y). Suppose that u € W%Z(Q) satisfies (4.12) with
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fi, f € Ly(Q)). Let xp € QandR € (0, Ry], satisfying either
BR/]é(xo) cQ or Xg € 0Q.
Then, when A > 0, we have

2/p
f U? dx < NRd(l‘Z/F’)( f ur dx) +N f 2 dx.
Qgr/32(x0) Qg (x0) Qg (x0)

When A = 0and f = 0, we have

2/p
f |Duf? dx < NRd(l_z/f’)(f |DulP dx) + Nf Ifz-l2 dx.
Qgy32(x0) Qg (x0) Qr(x0)

In the above, the constant N depends only on d, p, and A.

Proof. Here we only prove for the case A > 0. When A = 0, the proof still works if
we replace U by |Du|and F by ) ; |fi|. Also, we prove only the case x; € Q2 because
the proof for the interior case is similar to the one in case (ii) for purely conormal
boundary conditions. Without loss of generality, we assume that xy = 0. Let us fix

R € (0, R;]. We consider the following two cases:

BR/16 NT #0, BR/16 NT=0.

i) Brjie NT # 0. We take y, € I' such that dist(0,I') = |yo|, and observe that

Bry16 € Brys(y0) C Bry2(yo) C Br. (4.13)

Since u € Wg(()), as a test function to (4.12), we can use 1°u € W;;Z(Q), where
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1 is a smooth function on R? satisfying
0<n<1, 7n=1on Brs(yo), suppnCBruly), [Vn<NR™.
Now, using Holder’s inequality and Young’s inequality, we have

N
f U dx < — lul> dx + N F*dx, (4.14)
Qr/4(yo) R Qry4(yo) Qr/4(yo)

where N = N(d, A). We fix a coordinate system associated with (y, R/4,T)

satisfying the properties in Assumption 4.2.2 (y) (ii). Since we have

(0N Brya(yo) N {y : y2 > YR/4}) € D,

there exists zy € D satisfying

Bgr/16(z0) C Brja(yo), (39 N BR/16(ZO)) C (D N BR/4(]/0))-

Note that because 2% < p < 2, we have i—pp > 2. Then by Holder’s inequality
and Corollary 4.3.2 (1), we see that
1 2(d—p)/dp
= f |uf? dx < NRd(l‘Z/P)( f || /) dx)
R Qry4(vo) Qry4(yo)
2/p
< NRd<1—2/P>( f |Dul? dx) , (4.15)
Qg/2(yo)

where N = N(d, p). Combining this inequality and (4.14), and using (4.13), we

obtain the desired estimate.

Brpie NT = 0. Then dQ N Bg16 is contained in either D or N. When it is
in O, the proof for the previous case still works if we simply choose any

Yo € dQ N Brj1. When it is contained in N, as a test function to (4.4), we can
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use C®(u—c) € W;;Z(Q), where ¢ = (u)q,,, and C is a smooth function on R4

satisfying
0<C<1, C=1onBgam, suppCCBgrue [V{I<NR

By testing (4.12) with C*(u — ¢), we have

2
N 2 N
f (CU)?dx < ﬁf |u—(u)QR/16| dx+ ﬁ(f VAIuIdx) +Nf F?dx,
Qr/16 Qr/16 Qr/16 Qr/16

where N = N(d, A). Similar to (4.15), we get from Theorem 4.3.1 that

2/p
1
R f Iu—(ummlzdxSNRd“‘Z/P)( f |Du|*’dx) ,
Q16 Qgys

where N = N(d, p). By Holder’s inequality, we also have

2

2/p
id( \/Xluldx) sNRd(l‘z/’”)(f (\/Xlul)pdx) .
R Qr/16 Qr/16

Combining these together, we obtain the desired estimate.
The lemma is proved. |

Based on Lemma 4.3.3 and Gehring’s lemma, we get the following reverse

Holder’s inequality.

Lemma 4.3.4 (Reverse Holder’s inequality). Let v € (0,1/48], p > 2, and Q c R*
be a Reifenberg flat domain satisfying Assumption 4.2.2 (y). Suppose that u € Wg(Q)
satisfies (4.12) with f;, f € L,(Q) N Ly(Q2). Then there exist constants py € (2,p) and

N > 0, depending only on d, p, and A, such that for any x, € R? and R € (0,Ry], the
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following hold. When A > 0, we have

— 1/ —\1/2 —po\1/
@),” <N@)" +NE)"
BRry2(x0) Br(xo) Br(xo)
When A = 0and f = 0, we have

1/2 1/po

tiro < N(lDHF)BR(XO) * N(lj_cilpo)BR(xo)'

(lDﬂlpO )BR/z(xo)

where U, F, Du, and J_ﬂ are the extensions of U, F, Du, and f; to R? so that they are zero

on R%\ Q.

Proof. Again, we only prove for the case A > 0. Let us fix a constant p; € (%, ),

and set

o=U0', W=F.

Then by Lemma 4.3.3, we have
2/;m
f ¥ dx < NRd(l‘z/Pl)( f (Ddx) +N W2/r gy (4.16)
Bgr/112(x0) Br(x0) Br(x0)

for any xy € R? and R € (0,R;], where N = N(d,A,p) = N, A). Indeed, if
Brse(x0) C €, then (4.16) follows from Lemma 4.3.3. In the case when Bg/s6(x0) N

dQ # 0, there exists v, € JQ such that |xy — yo| = dist(x, JQ) and

Bry112(x0) C Bsrj112(0) € Bery7(yo) € Br(xo).

Using this together with Lemma 4.3.3, we get (4.16). If Bryss(xo) € R? \ Q, by the
definition of U, (4.16) holds.
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By (4.16) and a covering argument, we have

2/p
J[ @1 dx < N(]( 0] dx) +N WPt gy
Bgr/2(xo) Br(x0) Bgr(x0)

for any xy € R? and R € (0,R;], where N = N(d,A). Therefore, by Gehring’s
lemma (see, for instance, [32, Ch. V]), we get the desired estimate. The lemma is

proved. ]

4.4 Harmonic functions in half space with mixed

boundary condition

In this section, we prove a regularity result for harmonic functions with mixed

Dirichlet-Neumann boundary conditions on half space. We denote
Bgr = BR(O), r; :=Br N {xl =0,x > 0}, FI_{ = Br N {xl =0,x < 0}

Theorem 4.4.1. Suppose u € W%’f(B;g) is a weak solution to
R

Au—Au=0 inBj,

du _ -
= 0 only,
u=0 onTy,

where A > 0. Then for any p € [2,4), we have u € W' (B}, 1) With

(W)Y < N@,p)(UP).

By
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In the case when A = 0, the same estimate holds with |Du| in place of U.

Remark 4.4.2. In Theorem 4.4.1, the boundary condition is only prescribed on
the flat part of the boundary. Hence the meaning of “weak solution” is slightly
different. In the theorem and throughout the chapter, a W12(B+) weak solution

means: for any ¢ € W'?(B;) satisfying ¢ = 0 on dB} \ Ty,
(Vu-Vo + Aug)dx =0
By
It is clear that, as a test function, one can use nu, where 1 € CZ(Bg).

For the proof of Theorem 4.4.1, we will use the following two dimensional

regularity result.

Lemma 4.4.3. In the half ball B}, C R?, consider u € W 2(BJ“) which solves

Au=f inBg,

Ju —
ol =0 only,

— +
u=20 only,

where f € Ly(B}). Then for any p € [2,4), we have u € W'#(B, 2 with

(1DuP),y < N(p)((Duf)? + ROFP)E) (4.17)

From the proof below, it is clear that in Lemma 4.4.3, R/2 can be replaced with

any r € (0,R). In this case, the constant N also depends on r and R.

Proof of Lemma 4.4.3. By a scaling argument, we may assume R = 1. We consider
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the following change of variable: (y1,2) € B1 N {y; > 0,y2 > 0} = (x1,x2) € B} :
X1 =21Y2, X2 =Y Y5,
or in complex variables:

Xp +ix] = (yz + iyl)z.

Write ﬁ(yl, Y2) = u(xq,x2) and ﬂyl, Y2) = f(x1,x2). Then we can rewrite the equation

as

A= 4lyRf in B,

,53—;;=0 on By N{y; >0,y =0},
u=0 on B N {y1 =0,, >0},

where B]™ := BiN{y; > 0,y, > 0}. Next, we take an even extension of u and fwith
respect to y,-variable. Still denote the extended functions on B} by u and jr Then

the following equation is satisfied:

A= 4yPf inBf,
u=0 on By N{y; = 0}.

Note that

|D,u| < %'Dyul’ dx = 4ly* dy.

By the local W3 estimate for elliptic equations and the Sobolev embedding theorem,

we obtain

— —~— — 2 -
Dl < Willwagee ) < N(IDy il + I419F fllaep)

< N(IIDy ooy + I41yP Fllaier),
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where N = N(p) > 0 and g = g(p) is a constant with
1> 1> > p. (4.18)

Here we used the fact that u and ]7 are both even functions in y,. Translating back

to x-variables, we obtain

E
)= Dyt sy ) < N(IDstlliyqos) + 62 fllss))

1/2
< N(IDsulliyqe) + 1 fllaces) )- (4.19)

By Holder’s inequality and (4.18), we get from (4.19) that

q-2

s X

-2 72
IDxlle, 7,y < [l1x12 Dl sy, 2 1L - (B,

-2
< Nlllx| > Dutllr a7, ,)-

Combining these together, we obtain

IDstll, 6,y < N(IDsttlsp) + | fllacss))s

which is exactly (4.17). The lemma is proved. u
We are now ready to present the proof of Theorem 4.4.1.

Proof of Theorem 4.4.1. We first prove the theorem for A = 0. By a scaling argument
and Lemma 4.4.3, we may assume R = 1 and d > 3. Noting that we can differen-

tiate both the equation and the boundary condition in x”’-direction, the following
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Caccioppoli type inequality holds:

N(d, k)
|t — s|F

ID(D% )l < IDullL, 5+

forO0<s<t<landke€{0,1,2,...}. Thus by anisotropic Sobolev embedding, we

can increase the integrability in x”’-variables so that
Dyu € LywL,w(B)), Dyu, Diu€L,Bf) Vr<1,
with the estimate
IDxulle, 1,8 + 1Dl ) + D% ulle, @) < N, p, IDU||Ly5:).- (4.20)
It remains to estimate D, u. From (4.20), for almost every |x”| < 1/2, we have
D2,u(,x") € Ly((By;3)")
Now we rewrite the equation as a 2-dimension problem in x’-variables:

Ax'u('/ .XH) = _Ax"u('/ x//) in (Bé/g)+/

a=0 on B} . N {x; = 0,x, <0},
u=20 onB£/3ﬁ{x1:O,x2>O}.

We apply a properly rescaled version of Lemma 4.4.3 to see that for almost every

x| < 1/2,

D1, x5, < NI 2 Moy ) + 1At 6l )

1/2

Taking L, norm in {x” € R%2: |x”| < 1/2} for both sides, and using the Minkowskii
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inequality and (4.20) with r = V3/2, we obtain Dyu € L,(By /2) and
IDxullL,s;,,) < N(d, p)llDullL, ;).
This gives the desired estimate for A = 0.
For a general A > 0, we use an idea by S. Agmon. We define
o(x, 7) = u(x) cos( VAT + 11/4),
and observe that v satisfies

Awmv =0 inBf,

0 _ S
a—;’l =0 onl7, (4.21)
v=0 on [+

where

Bi={(x, 1) e R* :|(x, 1)l <1}, B =Binix >0}

A

f’fzf%lﬂ{x1=0,x2>0}, fIZBlm{X1=O,Xz<O}.
By applying the result for A = 0 to (4.21), we have
(Dol < N(Dg,ool), 2, (4.22)
1/2 1
where N = N(d, p). Note that the function @ given by

1/4
D) = f |Cos( VAt + 71/4)|p dt
0

has a positive lower bound depending only on p. Thus by using (4.22) and the fact
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that

IDu(x) cos( VAT + 71/4)| < |Dugyv(x, 1)l < U(x),

we have

1/4
f |Dulf dx < Nf f |Du|”| cos( VAT + 71/4)|p dxdt
Bt 0 B!,

1/4

p/2
<N | |Dgool dxdr < N( f U2 dx) )
Br BF

1/2 1

where N = N(d, p). Similarly, from the fact that
| VAu(x) sin( VAT + 1/4)| < IDge,0(x, 7)) < U(x),

we obtain

p/2
Vaul dx < N U?dx| .
| VAul
BF BF

1/4 1

Combining these together we get the desired estimate. The theorem is proved. m

4.5 Regularity of W;;z weak solutions

The crucial step in proving unique W'# solvability is the following improved
regularity result. As in Theorem 4.2.4, we consider a domain Q c RY which can
be bounded or unbounded, together with nonempty boundary portions D, N.

Again, recall the notation that for A > 0,

d
1
U:=|Dul+ VAlul, F:=Y |fil+—=Ifl
Zl‘ VA

Proposition 4.5.1 (Regularity of Wg weak solutions). Forany p € (2,4), we can find
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positive constants v, 0y depending on (d,p, \), such that if Assumptions 4.2.2 (y,) and
4.2.3 (Oo) are satisfied, the following holds. For any Wg(Q) weak solution u to (4.12)
with A > 0 and f,, f € L,(Q) N Ly(Q), we have u € W, (Q) and

Ul @ < NRY 2N Ully0 + IFNL @)- (4.23)

Furthermore, if we also have f = 0, then we can take A = 0, and the following estimate
holds:
IDulle, ) < NGRS IIDulliycy + 11 il ) (4.24)

In the above, the constant N only depends on d, p, and A.

Based on Proposition 4.5.1, we obtain the following a priori estimate for the
equations with lower order terms and large A, which will be useful for the unique

solvability in Theorem 4.2.4.

Corollary 4.5.2. Let p € (2,4) and y, O, be the constants from Proposition 4.5.1. Under
Assumptions 4.2.2 (yo) and 4.2.3 (0y), there exists a positive constant A1 depending on
(d,p, A\, Ro, K) such that ifuisa Wg’ weak solution to the equation (4.5) with f;, f € L,(Q)
and A > A4, then we have

IUll,) < NIIFllL, ), (4.25)

where N = N(d, p, \).

The rest of this section is devoted to the proofs of Proposition 4.5.1 and Corol-

lary 4.5.2.
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4.5.1 Decomposition of Du

We will use an interpolation argument to prove Proposition 4.5.1. The key step is

the following decomposition (approximation).

Proposition 4.5.3. Suppose that u € W;;Z(Q) satisfies (4.12) with A > 0 and f;, f €
L,(Q) N (), where p > 2. Then under Assumptions 4.2.2 (y) and 4.2.3 (0) with
y < 1/(32Vd +3) and 6 € (0,1), for any xo € Q and R < Ry, there exist positive
functions W,V € Ly(Qg/32(x0)) such that

U<W+V in QR/gz(xO).

Moreover, we have for any q < 4,

2yL/2 ; 1/2 12
W )QR/sz(xo) = ((92‘ + ‘)/2# )(UZ)Q o) T (F* )éR(xO ) (4.26)
7\1/4 2y1/2 2u\ 20
(v )QR/32 () S ((U )QR(x y t (F y)éR(xo ) (4.27)

Here  is a constant satisfying 2u = po, where py = po(d, p, A) > 2 comes from Lemma

4.3.4, and u’ satisfies 1/u + 1/u’ = 1. The constant N only depends on d, p, q, and A.

The rest of Section 4.5.1 will be devoted to the proof of this proposition.

Proof. According to the relative position of x; to D, N, we will discuss the following

3 cases.

Case 1: dist(xy, dQ2) > R/32.

In this case, our decomposition is only concerned with the interior of ). We

can do the usual “freezing coefficient” approximation. The existence of such W, V
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can be found in [20, Lemma 8.3 (i)] or [21, Lemma 5.1 (i)].

In the next two cases, we also need to approximate the Reifenberg flat boundary

by hyperplane and deal with corresponding boundary conditions.

Case 2: dist(xy, dQ2) < R/32, dist(xo, ') > R/24.

In this case, either we have Bg,24(xo) N N = 0 or Bg24(xp) N D = 0. Correspond-
ingly, we only deal with purely Dirichlet or purely conormal boundary condition.
The functions W and V are constructed in Qg 24(xg). Then for the estimates, we
need to shrink the radius to R/32. Such construction and estimates can be found
in [20, Lemma 8.3 (ii)] and [21, Lemma 5.1 (ii)]. Briefly, we approximate the neigh-
borhood of Qg/24(x¢) by a half ball thanks to the small Reifenberg flat assumption.
Then we apply a cutoff technique for the Dirichlet case, or a reflection technique

for the conormal case. All these two techniques will be introduced in Case 3 below.

In both Cases 1 and 2, actually we can take g = oo in (4.27).

Case 3: dist(xy, dQQ) < R/32, dist(xo,I') < R/24.

In this case, we deal with the “mixed” boundary condition. Take y, € I with
dist(yo, x0) < R/24. Consider the coordinate system associated with (1, R/4) as in
Assumption 4.2.2 (y). For simplicity, we shift the originin x” = (x4, x;)—hyperplane,
such that

QN BR/4(]/Q) C {—)/R/Z <x < O},

I'n BR/4(yO) C {—'}/R/Z < Xy < 0} (428)
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In the following, we will omit the center when it is yy. For example,
QR/4 =0nN BR/4(y0), QEM = QR/4 N ]Ri, QI_Q/AL = QR/4 N ]Ri,

where R? = {x € R? : x; < 0}. Note that this is slightly different from the usual
convention that we omit the center when it is the coordinate origin. The following

inclusion relation will be useful:

Qr/32(x0) € Qprss € Qgrj € Qr(x). (4.29)

Now we start to construct the decomposition. First, we introduce a cut-off

function x € C*(R?) with Dy supported in a “L-shaped” domain, satisfying

x=0, onf{x;>-yRjNn{x; <yR},
x=1, on{x; <-2yR}U{x; >2yR},

2

The following two lemmas should be read as parts of the proof of Proposition
4.5.3. The first one is an important estimate of a typical term in our proof. Both the

inequality itself and the decomposition technique in the proof will be used later.

Lemma 4.5.4. We have

2\1/2 1/@Qu’) 2\1/2 2u\1/p)
(lDXul )QR/4 = N)/ ((U Qr(x0) + (F )QR(XO)>’

where N = N(d, p, \).
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Proof. From the construction of x, we have

2
D x|y (g 0) < y_R”]Isupp{D)(}u”Lz(QRM)-

Now we decompose the set supp{Dx} N Qg4 to obtain the required smallness.

Consider the following grid points on JR?:
Dyrig = {z € R?:z = (0, kyR) fork = (ky, ..., ks) € 77k, > -1} N Qg/a.
Clearly U.cp,, Qyz3,r(2) covers supp{Dx} N Qg;s, and because y < 1/(32 Vd + 3)

U Q«/Kw{(z) C QR/g,

zeDgrid

with each point covered by at most N(d) of such neighborhoods. Due to (4.28), we

know that in each Q MVR(Z)' (4.10) is satisfied with
(zo,) = (z+(c, (=1 + Vd +3)yR/2,0,---,0),1/4),

where c € (—yR/2,0) is chosen carefully to guarantee z, € d2. Hence we can apply

the Poincaré inequality stated in Corollary 4.3.2 and Holder’s inequality to obtain

2 2 2
||]ISHPP{DX}u||L2(QR/4) S N ||u||L2(QWVR(Z))
ZEZ)gn‘d /

2 2
<NGR? ) IDUIL @, s )

4 EZ)g,,‘d

< N(yR)||I DUl (4.30)

lxq|<2 \/tmyl{

< NOR)* - (YR IDul, ) (4.31)

To obtain (4.31), we used Holder’s inequality. Now we rewrite this using the



119

notation of average and use a properly rescaled version of Lemma 4.3.4 as well as

(4.29) to obtain
’ N1/
(lDXmZ);)/:M < N,}/l/(ZH )(lDu|2L )Q/Ii:)
1/u") 2\1/2 2u\1/2p)
= N)/ ‘ ((U Qr(x0) + (F H)QR(XO)>'
The lemma is proved. ]

The second lemma shows how we “freeze” the boundary to be a hyperplane

using a cut-off technique together with a reflection.

Lemma 4.5.5. The function yu € W"*(Q 14) satisfies the following equation in the weak

serise

Di(a;;Di(xu)) — Axu = Dz-gf-” + Digfz) + gf’)Di)( + g§4)Dl-f+ g inQy,,
a;D;(xuyn; = gVn; + ¢Pn; onl-, (432
xu=0 onTT,

where

1 2 LXDL+ X f;

85 "= auDix + fix, gl(- )= (—eie XD + EX il ey,
3 4 5Dl - eif;

g = aDju—f, & = (ere;@Dil = & f)lxypmeny,

&9 = xf+xf T oaneag, + AN ey,

= 80;/4 N {X1 =0,x > 0}, I = 8();;/4 N {X1 =0,x < 0}

Here we denote f~(x1, X2, x") := f(=x1,%,x”), and similarly for a;j, x, and u. We also use
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the following notation

“1 ifi=1,

1 ifi#l

Proof. Take any test function 1 € W;é A (Qz,y). We extend ¢ to R? by setting

¥ =0onR%\ Q7 ,, and then, we again extend evenly to IR?. Denote this extended

R/4
function by &y, and note that x&y € Wgz(Q). Testing (4.12) with &Y and

rearranging terms will give us (4.32). |

We continue the proof of Proposition 4.5.3. Solve the following equation

D(@;D;) — A = Di((@;; — a;})D;(xu)) + D;g\" + D;g"® o
. in R/4/
+ g§3)Di)( + g§4)Di)( + g®
: (4.33)
@D - n; = (@; — a;)D;(cwyn; + ¢Vn; + ¢Pn; onT-,
w=0 0n8Q+/4\F‘

for @ e W;é/ - Qg by 4), Where a;; = (a;))q,, are constants. Due to the Lax-Milgram

lemma, such @ exists. For simplicity, we denote
= |D@| + VA@.

Testing (4.33) by @, and using the ellipticity and Holder’s inequality, we have

||W||L2(Q+ o @i = ai)Di(xnlly o )IDW oy (4.34)
1) A 2)
+ ||gl HLz(Q+ )”Dw”LZ(QEM) + Hgl ||L (Q+ ) ||L2(Q /4) (4:.35)
3) 4)
+ Hsupp {Dx} g1 ”LZ(QE )||D1Xw||L2(Q+/4) + ”gl ”Lz(Q+ 4)||D1XZUI[( x1,%2,X" )EQR/4”L2(Q+/4)

(4.36)
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+ [0 e AP Dl (4.37)

Q+ 0 R/4)

For the term in (4.34), we use Assumption 4.2.3, Holder’s inequality, Lemma 4.3 .4,
and Lemma 4.5.4. Noting that [Q} 1y 41, 1Qr/4| and [Qr(xo)| are all comparable to R4,
we have:

(15 a0, < N(@ =y ), (D), + N(iDxuf)

R/4

< N( - ail) - (IDuP) ™+ N(IDxuf),,  (438)
< N0+ V”Q“")(WZ)XE oo F F Do)

where N = N(d,p, A) is a constant.

For the terms in (4.35), we first estimate ggl). This is simply due to Lemma 4.5.4

and Holder’s inequality:

(' 1)| ) < N(|MD)(|2 1/2 +N(|fi|2)1/2

0
i 1 (4.39)
< NyVEOW) g + NEH) g,
Now we estimate gl@ as follows:
22\ 1/2 2\1/2 2\1/2
|g5 )| - |al]XD u]I( —x1,22,x"")EQ, 4| |Xfl]I( X122, X" )€ 4| +
QR / / QR/4
2\1/2
< N<|HQ§/4Du| )Q + N(|fi|2)glf/4 (4.40)
< NyY/ew )(IDu|2“)1/ 2u) N(|fi|2”)ggf)

1/@u((1712)1/2 2uy1/2u) 2un1/(21)
< Ny ™ ((u )oray T (E “)QR(xo)) + N(fil")qy, -

where in the last line, we used Lemma 4.3.4.

For the terms in (4.36), we first use the same decomposition technique together
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with Poincaré’s inequality as in the proof of Lemma 4.5.4 (until the step (4.30)) to
obtain:

1Dy, < NIDDLy @,

To avoid the problem of increased integrating domain, here we need to modify

the decomposition to be

U (Q73,:@ N Q).

zeD grid

and the same proof still applies. Again, with the help of Holder’s inequality and

Lemma 4.3.4, we can estimate gl(?) as follows:

I

3)
Lsuppipai8; ||L2(Q =N

R

supp(Dy) fi | |LZ(Q;/4)

< Ny PO (U0 + RYCEONFIL, @ ao)-

Hence,

3) A
Lauppio18;” [l D@

(4.41)
< Ny (Ul roy + R HNFIIL@reo D@Lz -

R/4

Using similar techniques as in (4.40), we can deduce that

4) -
H ”DiXW]I(_xlfox")egﬁm ||L2(Q+

i) (4.42)
< Ny (U yan) + Rd/(zy,)”F||L2H(QR(xo)))”Dw”L2(Q

lsi

E/4)'

We are left to estimate the one last term in (4.37):

”A_l/zg(S)”Lz(QI;M)

= HA_l/zXf HLZ(QI*M) + "A_l/szﬂ(—xl,xz,x")eﬂm + ||/\1/2W1[(—x1,xz,x”)6912/4”LZ(Q;{M)

LZ(QEM)
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< 2Pl + Ny (Ul a0r o)) + Il @ro))s (4.43)
where for the last term, we applied similar techniques as we did to estimate ggz)_

Substituting (4.38)-(4.43) back, we obtain

(Wz)g£/4 < N((O3 + 2 ) UL+ (FE ). (4.44)

Now we define

W+ ID((1 = Y)u)l + VAI(1 = x)u| in Qgz(xe) NRY,

IDul + VAlul in Qg/a(x0) N RY.

Using (4.44), Holder’s inequality, Lemma 4.3.4, and Lemma 4.5.4, we can obtain
(4.26).

To construct V, we set

U= xu—w.

Clearly v € W%;Z(Q;g 1)- Simple computation using Lemma 4.5.5 and (4.33) shows
that v satisfies
D;@;Djv) —Av =0 in Qfm,

ll_l‘]'D]"U'Tli =0 onl-,

v=0 onl™.

Now we define

Dol + VAl in Qf,,

0 in Q1_2/4'
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Then we have

U<W+V in QR/32(JC0)

from the fact that
U=0+w+ (1 - )()Ll in QR/gz(Xo) N ]Rf_, W=U in QR/32(XQ) N ]Ri

Using (4.29), we can apply a properly rescaled version of (4.4.1) to obtain that for
any q € [2,4), V € Ly(Qg/32(x0)) satisfying

Ve sy <Vl < NV

Ogryz2(x0) — R/ Qp g

SN(DG)P)g; + VAQxuP)g: + W )
(4.45)

SN(U,Z)l/Z + N((Ql/(Zy’) + 7/1/(2;1’))(1/12)1/2 + (FZy)l/ 2#))

Qg (x0) Qr(xo) Qg (xo)

<SN(UP)L2, + N

Qr(x0) Qr(x0)*

Here we used the estimates for uDy and W in previous steps. Clearly, from (4.45)

we obtain (4.27). This finishes the proof of Proposition 4.5.3. [

4.5.2 Level set argument

In previous steps, we treat the perturbation problem by decomposing U into two
parts, with L, and L, estimates respectively. Now we interpolate using a level set
argument to obtain the required L, estimate for Proposition 4.5.1. Such argument
was suggested by Caffarelli in [8] for a “kernel free” approach to W'# estimate of
divergence form second-order elliptic equations. Note that our estimate is not an

a priori estimate, i.e., we do not need to assume Du € L, in advance.
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Define

A(s) := [x € Q: Mo(UHV? > s},

B(s) := fx € Q: (PP + OYAN) T MG (P + Mo(UPHY? > s),

where p, u” € (1, 00) are the constants from Proposition 4.5.3. Here we denote Mg
to be the Hardy-Littlewood maximal operator restricted on Q, i.e., for f € Lj(€2)

and x € Q:

>0

Ma(H)) = sup fB il

By the Hardy-Littlewood theorem, for any f € L,(Q) with g € [1, o0), we have

1A
{x € Q: Ma(f)(x) > s}| < Ns—q’ (4.46)

where N = N(d, g).

Proposition 4.5.3 leads to the following lemma.

Lemma 4.5.6. Under the same hypothesis of Proposition 4.5.3, for any q € [2,4), there
exists a constant N depending on (d,p,q, ), such that for all k¥ > 242 gnd s > 0, the

following holds: if for some R < Ro, xo € Q,
[Qrj18(x0) N AKS) = N7 + 1720 + 0V)) Qrjias(xo)l,  (4.47)

then QR/lzg(xO) - B(S)

Proof. Without loss of generality, we assume s = 1. We also extend U and F to be

zero outside (). We will prove the contrapositive of the above statement.
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Suppose there exists a point zy, with
zo € Qgy1as(x0), 20 € B(1),
then by the definition of 8, we have
(13 4+ 0V MG () z0) + Mo(UP) A (z0) < 1.
In particular, for any r > 0, we have

1/u’) 1/Qu)\~1 21/ 2uw) 2\1/2
(y +0 ) (F )Br(ZO) + (U )B,(ZO) <1

Using Proposition 4.5.3 with z, in place of xy, we can find W, V defined on Qg/3,(20),

such that for any g € [2,4),

U<LV+W in QR/gz(Zo),

/ (4.48)
2\1/2 1/u’) 1/Qu) 1/q
(W )QR/sz(Zo) < N()/ o )' (Vq)QR/sz(Zo) <N.
Notice that we have the following inclusion
Qrj128(x0) C Qryealzo) C Qry32(20)- (4.49)

Now for any yo € Qg/128(x0) N A(k), by the definition of A, we can find some r > 0

such that
1/2

( JC u? dx) > K.
Br(]/O)

We claim that r < R/64. Otherwise noting vy € Qg64(z0), we have Q,(yo) C (,(2).

Hence we can deduce that

1/2 1/2

( f U? dx) < 2d/2( f U? dx) < 292 Mo (U2 (z0) < 277 < x,
Br(yo) Bay(z0)



127

which is a contradiction.

Now, since r < R/64, the decomposition U < W + V is defined in Q,(yy) C

Qgr/32(20). Extending W and V to be zero outside {2, we have

1/2 1/2 1/2

(JE u? dx) < ( W? dx) + (J[ V? dx)
B (o) B:(yo) B (yo)

S MQ(WZHQR/32(20))1/2(yO) + MQ(VZ]IQR/SZ(ZO))I/Z(:VO)'
Then by (4.46), (4.48) and (4.49), we obtain

|Qr/128(x0) N A1) <IQr/32(20) N A(x)]

S|{MQ(W2]IQR/32(ZO))1/2 > K/2}| + |{MQ(V2]IQR/32(ZO))1/2 > K/2}|
2 q
||W”Lz<QR/sz(zO)) ”V”Lq@mz@o))

N Ny
§N|QR/32(ZO)|(K_2(V1/H, +0') + K_q)

SN(K‘Z()/”“' + OV + K_q)lgR/HS(xO)l-

Here N = N(d,p, q, ) is exactly what we aim to find. ]

Using a lemma in measure theory called “crawling of the ink spot” which was
tirst introduced by Krylov and Safonov in [44, 64], we obtain the following decay

estimate from Lemma 4.5.6.

Corollary 4.5.7 (Decay of A(s)). Under the same hypothesis of Proposition 4.5.3, for
any q € [2,4), there exists a constant N depending on (d,p,q,\), such that for any

x > max{2%/2, x,} and

1/2
i /

L(Q)
, (4.50
Nc2(xc™1 + k=2(y1/e + OV ”’))IBRO/128|) (&.50)

s> SO(d/p/ 4q, A/ K/RUI ”u”Lz(Q)) = (



128

we have

[Als)l < N(x77 + 172 + 0Y9))|B(s)),

where K is the constant satisfying

N(iy" + 152 + 0')) < 1/3, (4.51)

Here we only sketch the proof. The key idea is to use a stopping time argument
(or the Calderén-Zygmund decomposition as in [8]). Different from Krylov and
Safonov’s original version, we cover ) by balls instead of dyadic cubes. For any
xo € A(xs), by (4.46), (4.50), and (4.51), we see that (4.47) does not hold with R, in
place of R. We shrink the “ball” Qg/128(xp) from R = Ry until the first time (4.47)
holds. Due to (4.50), (4.51) and the Lebesgue differentiation theorem, such R exists
and R € (0,R(). We are left to use the Vitali covering lemma to pick a “almost

disjoint” cover.

4.5.3 Proof of Proposition 4.5.1 and Corollary 4.5.2
Now we are ready to give the proof of Proposition 4.5.1.

Proof of Proposition 4.5.1. Let us fix p € (2,4), and let , 0, and « be positive con-

stants to be chosen later, such that
y<1/(32Vd+3), 6<1, x>max{2¥? x),

where xy = xo(d,p, A) is a constant satisfying (4.51) with g = (p + 4)/2. It suffices
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to prove

S
lim f plAs)ls" " ds < N(Rg“"’/z)||un§2@) +|IFIP (Q)) (4.52)
S—o0 0 4

under Assumptions 4.2.2 (y) and 4.2.3 (0). The left-hand side becomes

S/x
;im picP | A(xcs)|sP~ ds.
-

We bound the integrand by using Corollary 4.5.7 with g = (p + 4)/2 when s > s,.

For s < 59, we apply Chebyshev’s inequality. Then we have

S/
f |A(xs)|xPsP L ds
0

%0 ”u”iz((}) 1 1 S/
< Nf(; WKPSp_l ds + N(K_q + K2V + 9#’))\[0 |B(s)|xPs” L ds

~ 5 5 S/x
< NoRg "NUIE. () + Na(77 + 172077 + 07) Jic” fo | A(s/2)ls" ds + NIFII, ),

where N; = Ni(d,p, A) and Ny depends also on k. Here in the last line, we used

the following relationship:
B(s) € Als/2) U (%) + 61C) I Mo (FH)1@) > 5/2)

and the Hardy-Littlewood inequality, noting that 2u < p. Now we choose «
sufficient large such that N;x"~7 < 27772, and then 6 and vy sufficient small such
that Ny (xP2(y /¥ + 6Y+)) < 27772, Then we have

S S/(2x)
_ - p _
f plA(s)Is" " ds < NRg(l P/2)||u||’£2(0) +N||P||’L’p(0) + 5 f |A(s)|s" ds,
0 0

where N = N(d,p, A). This yields (4.52). Hence, we have u € W'?(Q) satisfying
(4.23). Note that all the previous proof including the reverse Holder inequality,

the estimate for harmonic functions, the decomposition lemma, and the level set



130

argument, also work when A = 0 if we substitute U by |Du| and F by ) ;|fil. Thus

we can also obtain (4.24) when A =0 and f = 0. [

To end this section, we give the proof of Corollary 4.5.2.

Proof of Corollary 4.5.2. Consider the usual smooth cut-off function C € CZ°(B,) with

C €[0,1],|DC| < N/e. From (4.5), we can obtain the equation for Cu:

Di(a;;Dj(uC)) — AuC) = Di(fiC +h;)) + (fC+h) in Q,

aiij(uC)ni = (sz + hi)ni on N,

uC=0 on D,

where h; and h are given as follows:

h,‘ = (Zi]'uDjC — biuC,

h:= aiijuDiC + biuDiC - BiDiuC - CI/IC - fZDlC

Hence by (4.23), for any A > 0, we have

ID@OIIr, ) + VAlluCllr,

< NoRY P2 (ID@O) 10 + VAlIClly )
+ Nollfillie + —(1fDCy 0 + 1fCly ) @59

Vi v y .

+ Nl(”uDC”LP(Q) + ||uC||Lp(Q))

+ ﬂ(HDu - DCl|r, ) + [[uDClL, ) + IDuC|lL, ) + ||uC||L,,(Q)),

VA

where Ny = Ny(d, p, A) and N; depends also on K. Using Holder’s inequality, we
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obtain
ID@O)Izy) + VAl < > P(ID@O)IL @ + VAluCll, ).

Thus by taking ¢ = ¢(d, p, A, Ro) > 0 sufficiently small such that No(e/Ro)*?>~P <
1/2, we can absorb the first two terms on the right-hand side of (4.53) to the left-
hand side. Then by using the standard partition of unity technique and choosing

A large enough, we conclude (4.25). The corollary is proved. ]

4.6 Solvability and general p

With the regularity result in hand, we are now going to prove Theorem 4.2.4
concerning the solvability. Note that in this section, we deal with more general
cases p € (4/3,4). We first state the following L, well-posedness result, which is a

direct consequence of the Lax-Milgram lemma.

Lemma 4.6.1. Let Q be a domain with dQ = D U N. Consider the equation (4.5) with
b, b ce Lo(Q). Then for any

fifi €La(@), A > Ay = 4(I61E o)/ A+ IBIE_ /A + liclloio),

there exists a unique W%Z(Q) weak solution u to (4.5), satisfying

Ul ) < NIIFlLy),

where N = N(A) is a constant.

Proof of Theorem 4.2.4. We prove by three cases under Assumptions 4.2.2 () and



132

4.2.3 (0y), where y,, 0y are the constants from Proposition 4.5.1. Assume that

A > Ao, where A is a constant to be chosen below, which satisfies

Ao = max{Ay, Ay}

Here, A and A, are the constants from Corollary 4.5.2 and Lemma 4.6.1, respec-

tively.

Case 1: p = 2. This is Lemma 4.6.1.

Case 2: p € (2,4). Due to the method of continuity and the a priori estimate
(see Corollary 4.5.2), it suffices to prove the theorem when all the lower order

coefficients are zero, i.e., b; = b; 0.

c

Now we approximate f, f;by f, f” strongly in L,(Q), where f®, £ € L,(Q)n
L,(Q). Then by Lemma 4.6.1, there exist W,;(Q) weak solutions 1™ to (4.5)
(without lower order terms) with £, fl.(") in place of f, fi. Moreover, it follows
from Proposition 4.5.1 and Corollary 4.5.2 that {u™} is a Cauchy sequence in
Wg(Q). Denote its limit by u € Wg(Q). Clearly u is a weak solution, and (4.6) is

satisfied.

Case 3: p € (4/3,2). We first use a duality argument to prove the a priori
estimate, i.e. assuming u € Wg’(Q) is a solution to (4.5) with f, f; € L,(Q), we are
to prove the estimate (4.6). For simplicity, we consider the following equivalent

norm for the space L,(Q) X (L,,(Q))d with A > 0:

d
ICE Dl = A fllye + Y M fill o,
i=1
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and its dual space L, (Q) X (L, (Q)):

d
ICE a2 = AP0 + ) il 0,
i=1
where p’ € (2,4) satisfying 1/p+1/p’ = 1.

By duality, to prove (4.6), it suffices to prove

f(Diu(Pi + Aug)dx| < N(”fi”Lp(Q) + /\_1/2||f||Lp(Q))-
Q

sup
PifpeC(Q)
”((Pr((Pi)?:l)”p’,l//\ =1

For this, we solve for v € Wg’ / (Q) to the following adjoint problem:

Di(lljiDjU - BZ‘U) - biDiZ) +cv—Av = /\(P - Di(pl‘ in Q,

ﬂ]‘iD]"UTli — BZ"UTZZ‘ = —Qi-n; on N, (454)

v=0 on D.

Noting that u is a test function for (4.54), and v is a test function for (4.5), we have

f (Diug; + Augp) dx| = ‘ f (-a;DjwDju + b.oDu — b;D;ou + cou — Avu) dx
Q Q

f(—fiDiv + fo)dx
Q
< (Ifilley ) + A2l flly 0 ) (1D, ) + Aol @)

= N(IIfill,@ + A1 fllL@)-

Here, we use the following W'# estimate for the equation (4.54):

IDvllL, ) + \/XHUHL,,/(Q) < N(”(Pi”Lp/(Q) + /\_1/2||A(P||Lp,(0)) =N.
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This gives us the W'#-a priori estimate, i.e., (4.6) when p € (4/3,4).

To see the solvability, we approximate f, f; by
fO " ec(cL), fP - f f" > f inL,

Let u™ be the unique W,;* weak solution associated with f® and f. Due to the
WP-a priori estimate that we just obtained, and the same argument as in case 2, it
is enough to show u™ € Wg’ (Q). Due to Holder’s inequality, this can be further

reduced to showing the following;:

Z ||u”W1’2(Qk+1\Qk) . k(d—l)(l/p—l/Z) < 00, (455)
k

Here, we denoted € := ()(0). For this, we use a classical “hole-filling” technique.

Taken € CZ(B;),n = 1inB;

¢ .- IDn| < 2. Testing the equation by un* and rearranging

terms, we obtain that there exits some Ay = Ao(d, p, A, Ro, ||billo, IIEZ'IIOO, llclle0), such

that for A > A,

f (IDuf* + Aluf?) dx < Nf [ul? dx.
A Qp1\

k+1

Clearly, this leads to
” ”LZ(QiH) ” ”LZ(QiH) N + /\(” ”Lz(Qi) ” ” Z(Qi))'

Hence, [ully12q,,,\0, decays exponentially and in particular, (4.55) holds. This

finishes our proof. |
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4,7 Bounded domain case

In this section, we deal with the bounded domain case, i.e., Theorem 4.2.5. First,
we reduce the problem to the case f = 0 by solving a divergence equation. This
reduction has also been used in [10]. Note that in the following, we use a key fact
that a Reifenberg flat domain is also a so-called John domain, which can be found

in [22, Remark 3.3].

Let us first recall the definition of John domains.

Definition 4.7.1 (John domain, [1]). A bounded set Q) C R? is a John domain, if
there exist xp € Q and A > 0 such that for every x € Q) there exists a continuous

rectifiable curve y : [0,1] + Q, such that y(0) = x, ¥(1) = xo, and
dist(y(H), Q%) > A- [0, ] (4.56)

for all t € [0, 1], where [y[0, t]| represents the arc length.

Lemma 4.7.2. Assume Q) is a bounded Reifenberg flat domain with dQ = DUN, D, N #
0, satisfying Assumption 4.2.2 (y), v < 1/2. Let p > 1 and p. be given as in (4.7). Then
for every f € L, (Q), there exists ¢ = (¢1,+++ ,Pa) € (W}\’f"(Q))d (C (Ly(Q)), by the

Sobolev embedding), such that

Dipi = finQ, |lpill, < NIIfll, (€2), (4.57)

where N = N(d, p, diam(Q), R,) is a constant.

Proof. Noting that O, N' # 0, we can choose a point x; € I'. Taking the coordinate

system in Bg, (xo) from Assumption 4.2.2, we extend Q2 beyond D as follows.
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We first take the Whitney decomposition of the open set
Qg, := Qp,(x0) N {Xo2 + 23/32R; < 2 < X + 25/32R;}
as in [72, Chapter IV], i.e., ﬁRl = UxQx, where the disjoint cubes Oy satisfy
diam(Qy) < dist(Qy, (Q,)°) < 4 diam(Qy).
Denote the center of Qy to be x;. We extend Qx to Qk in the way that
Qk — i = 8(Qi — %)
Let O = QU (UQy). Ttis easy to see that
N cdQ, CRI<|O\Q|<CGRY,

where C;, C, are constants only depending on the space dimension d. Next, we
check that Q is still a John domain, i.e., for any % € O we construct the path

connecting £ and x(, which satisfies the conditions in Definition 4.7.1.

Case1: £ € Q. Noting that any Reifenberg flat domain is also a John domain, we
take the same path as in Definition 4.7.1. Noting that for any x € Q, dist(x, Q°) >
dist(x, €X), (4.56) is satisfied with the same A.

Case 2: £ € Q \ Q. We assume that # lies in the extended cube Qk with center
x; and diam(Qy) = 8r;. Let xo be the point defined in Definition 4.7.1. If xy € Qy,

we can take the straight line path. In this case, (4.56) is satisfied with the constant
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7/9 \/E). Now, if xg ¢ Qx, we first consider the straight line path

71:00,1/2] > Qr, 71(0) =%, 71(1/2) = xi.

Since X ¢ Qk, we have

1
< il0,1/2] < 4 Vdr,.

Noting that x; € (), we consider the re-parametrized path coming from Definition

4.7.1:
Vo [0,1/2] (d Q, 7/2(0) = X, )/2(1/2) = Xp.

Take y = y1 o y, be the path connecting y; and y,. Now, when t € [0,1/2], again
(4.56) is satisfied with the constant 1/ Vd. When t € [1/2,1], we consider the

following two cases: y(t) € Qi or y(t) & Q.

If y(t) € Qk, we have

o _ _o1/2] . ly[1/2,]|
dist(y(t), Q) ~ dist(y(t), Q)  dist(y(t), €2)
4 \/Ei’k -1 _ 8\/3
ST AT

AL
When y(t) ¢ Qk, we have |y[1/2,t]| > r¢/2. Hence,

yo.H WO H - 1y[1/2,1]
dist(y(t), Q) Y[1/2,t]l dist(y(t), )
1+ [0, 17211, Iy[1/2,1]]
IV[1/2,t]17 dist(y(t), Q)
L ANdn, /28]
ne/2 7 dist(y(t), Q)

<(1+8Vd)A.

<@

With all above, we have proved that Q is still a John domain. Now we extend f to
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f:z f in Q,
f=—aglf nQ\Q
Then we have

f £=0, 11l @ < NR, IQ)IflL, -
Q

Since Q is a John domain, we apply the result in [1, Theorem 4.1] to find ¢ =
(@1, , da) € (W," (Q)) satisfying

Dipi=f inQ,  lpillyis ey < N(diam(Q), d, p)IIfll;,, .

Now by Sobolev inequalities and our construction of €, f, we obtain that

¢ € (W"(Q))*, and
il @) < N(diam(€), Ry, 4, P)”fA”L,,*(Q)-

The lemma is proved u
Now we are ready to give the proof of Theorem 4.2.5.

Proof of Theorem 4.2.5. Using Lemma 4.7.2, for every f € L, (Q), we can find

(@)L, € (W (Q) ¢ (L(Q)"
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satisfying (4.57). Now we consider the following problem:

Lu = Dl(ﬁ + (Pl) in Q/

Bu = (fl + (Pl) n; on N, (458)

u=0 on D.

Since ¢ = 0 on N, one can easily check that any solution to (4.58) is also a solution

to (4.4). Hence, without loss of generality, we may assume f = 0.

We aim to use the Fredholm alternative. For this, we first introduce some
operators. From Theorem 4.2.4, for fixed large enough A, we can find a unique

weak solution u € Wg (Q) to (4.5) satisfying (4.6), and hence (4.8).

We write R(A, L) as this solution operator, i.e.,
R(A,L) s (L(Q) X L(Q) » WA(Q), RAL)f, f)=u.
In particular, for any L, function f, we write
Ra(f) := R(A, L)(O, f).

From (4.8), R) is a bounded linear operator from L,({) to Wg (Q). Denote I as the

compact embedding from W;;p (Q) to L,(Q2). Now, we write
T:W/(Q) — WF(Q), T()=Ryol(u).

From our construction, T is a compact operator. Noting that we have assumed
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that f = 0, applying the operator R(A, L) to both sides of
(L-=MNu+ Au=D;f;,

we can rewrite (4.4) as

(Id + AT)u = R(A, L)(f;, 0). (4.59)

By the Fredholm alternative, (4.59) has a unique Wg’(Q) solution satisfying

el ) < Nlfille, ),

if the following homogeneous equation only has zero solution

Lv=0 inQ),
Bv=0 onA\, (4.60)
v=0 onD.

When v € W'2(Q), this is true due to the weak maximum principle, noting that
the proof in [34, Section 8.1] actually shows that supg|v| has to be achieved at the

Dirichlet boundary. Hence the uniqueness of (4.60) is proved for the case p > 2.

When p < 2, we can use Theorem 4.2.4 and a bootstrap argument to improve
the regularity. Suppose v € W'#(Q) is a solution to (4.60). Take A large enough,

noting that v is also a W'# solution to

(L-AN)v=-Av inQ,

Bv=0 on N,

v=0 on D.
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By the Sobolev embedding, —Av € Lyg/y-)(€2). Take p* = min{pd/(d - p),2}. By
the uniqueness of W'#" solutions in Theorem 4.2.4, we obtain v € W!#'. Repeating
this process if needed, in finite steps, we can reach v € W12, Hence we can use the
weak maximum principle to deduce v = 0 as before. This finishes the proof of the

uniqueness. Hence, by the Fredholm alternative, Theorem 4.2.5 is proved. |



CHAPTER FIvE

The Dirichlet-conormal problem with
homogeneous and inhomogeneous

boundary conditions
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5.1 Introduction

In this paper, we continue our discussion in [11] on the mixed Dirichlet-conormal
boundary value problems. On a domain Q c RY, we consider the following
second-order symmetric divergence form elliptic equation, with two types of

boundary conditions prescribed on two different parts of the boundary:

Lu=f+Dif inQ,

Bu= fn+gy on N, (5.1)

u=gp on D.

Here, the boundary is decomposed into two non-empty and non-intersection

portions N and D, separated by their interfacial boundary I":
IQ=NUD, T:=NnD.

The elliptic operator L and the associated conormal derivative operator B are

defined as

Lu := Dy(a;;(x)Dju + bi(x)u) + bi(x)Diut + c(x)u,
(5.2)

Bu = (ai]‘D]'M + biu)n,',

where n = (1;)7, is the outer normal direction and a;; = a;;. We always assume for

some constants A € (0,1] and K > 0,

d
NP < ¥ ay(08& < ATIER, VEER and x€Q, b+ [bi + 1 < K.

i,j=1
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Unlike the purely Dirichlet or conormal boundary value problem, solutions to
(5.1) can be non-smooth near I' even if the domain, coefficients, and boundary data
are all smooth. For example, the function u = Im vz (with z = x + iy) is harmonic
in the upper half-plane with zero Dirichlet data on the positive real axis and zero
Neumann data on the negative real axis, but u is only in C'/? and W'#~¢. Our aim
is to find minimum smoothness assumptions on Q and the separation I = N’ N D,

such that certain “optimal regularity” is achieved.

When 0dQ), T, and all the coefficients are sufficiently smooth, there are quite a
few results in the literature concerning the optimal regularity. See, for example,
the W'4=¢-regularity on half space and the more general result of W*/-regularity
on smooth domains in [68]. In [67], the optimal Bg{i-regularity on C! domains

was obtained. For more details and history, see [11] and the references therein.

On irregular domains, it turns out that the only requirement for reaching the
optimal regularity is certain “flatness” of dQ) and I'. Indeed, for the problem
with homogeneous boundary condition, i.e., (5.1) with g5 = gp = 0, in [11] we
proved the W'*~¢ regularity for weak solutions, assuming both dQ and T to be
Reifenberg flat (see Assumptions 5.2.2 and 5.2.5(a)). The boundaries of Reifenberg
flat domains are only flat in the sense that they are close to hyperplanes in the
Hausdorff distance, not in the sense the regularity. Typically such domains can
have fractal structures. Our result in [11] is a generalization of the W'? regularity
of purely Dirichlet or conormal problem with “partially VMO” coefficients in [20]
and [21]. The first objective of the current paper is to generalize the result in [11]
by allowing I' to be perturbations of Lipschitz graphs, not just hyperplanes. See
Theorem 5.2.8.

The second objective of the paper is to study the extension problem of the
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inhomogeneous boundary data gy and gp. Stronger than the usual trace spaces,
we consider almost everywhere defined boundary data: gx € L1(N) and gp €
WY(D). We aim to derive an L7 non-tangential maximal function estimate for the
Laplace equation. Such non-tangential maximal function estimate also implies
the unique solvability: for any gy € LI(N) and gp € WH(D), we can find a
unique harmonic function satisfying the boundary conditions in the sense of “non-

tangential limit”.

In this direction, the study of the above problem is an extension of that of
the Neumann problem with L7 data or the Dirichlet problem with W' data on
Lipschitz domains, for which the results were obtained in [36] for 4 = 2 and in
[12] for g < 2 + €. Note that the range g < 2 + ¢ is optimal. Due to the failure
of the usual L>-method, the corresponding estimate for the mixed problem was
raised as an open problem in [37]. Initiated in [3], one approach is to assume an
additional geometric condition on the domain such that the optimal regularity of
the non-tangential maximal function is above L?, hence the classical L*-method
still applies. See also [61]. Such geometric assumption clearly excludes smooth
domains. The other approach started from the L!-solvability with boundary data
in Hardy spaces. In this direction, the best result so far is the unique L'**-solvability
obtained in [73]. For this, they allowed Q) to be any Lipschitz domain and I to
be very rough: merely Ahlfors regular of Hausdorff dimension close to d — 2, in
addition to the so-called “corkscrew conditions” on D. Following [73], recently
an explicit solvability range g < d/(d — 1) was obtained in [4], assuming JQ € C!!

and I' to be a Lipschitz graph.

In the current paper, we prove that for m = 0,...,d — 2, the L7 non-tangential
maximal function estimate holds when g € (1, (m+2)/(m+1)), under the conditions

that JQ is Lipschitz and Reifenberg flat, and I is a perturbation (measured by



146

the Hausdorff distance) of a Lipschitz graph in m variables, m € [0,d — 2]. See
Theorem 5.2.11. In particular, when m = d — 2, our result generalized the one in
[4] by allowing rougher JQ and I'. In another special case when m = 0, i.e., I is

Reifenberg flat of co-dimension 2, the optimal range g < 2 — ¢ is achieved.

In this paper, we only consider the non-tangential maximal function estimate
for the Laplace equation. Inasubsequent work, we plan to discuss the perturbation
theory where elliptic operators with variable coefficients are considered, with the

aim to generalize the corresponding result for the conormal problem in [15].

The rest of the paper is organized as follows. In Section 5.2, we will set up the
problems and then give our main results: Theorem 5.2.8 for W'7-estimate of weak
solutions and Theorem 5.2.11 for the L7 non-tangential maximal function estimate.
In Sections 5.3 and 5.4, we give the proof of Theorem 5.2.8, where Section 5.3 is for
the estimates on the half space and Section 5.4 is for the perturbation argument.
Finally, we prove Theorem 5.2.11 in Section 5.5. In the proof, Corollary 5.4.2 from
the previous homogeneous boundary data part plays a key role in improving the

regularity.

5.2 Problem set up and main results

Tobegin with, let us give all the definitions of domains which we will be discussing

throughout this paper.

Assumption 5.2.1 (M-Lipschitz). There exists some constant R, > 0, such that, for

any xg € dQ, there exists a Lipschitz function ¢y : R*! — R such that in some
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coordinate system (upto rotation and translation),

QRO(X()) =0QnN BRO(XQ) = {X S BRO(O) : xl > lpo(xl)} and |D1P0(x,)| <M a.e.

Assumption 5.2.2 (y-flat). There exists a constant R; > 0, such that, for any x, €
dQ and R € (0,R;], in some coordinate system (upto rotation and translation)

depending on x; and R, we have

{x:xl>x[1)+yR}ﬂBRCQR(xO)C{x:x1>xé—yR}ﬂBR.

Clearly, y-Lipschitz implies y-flat. However, the following example shows that

Lipschitz and Reifenberg-flat do not imply small Lipschitz.

Example 5.2.3. We construct a curve by gluing infinitely many congruent copies
of a “S”-shaped curve, while the k-th copy is of size 27%. The “S”-shaped curve is
designed as follows. We start from a horizontal line segment with length 1/2. Then
on its right end we connect a line segment with slope 1/m and length 1/4. Repeat
this process until we link m + 1 line segments together, where the jth segment has
slope (j — 1)/m and length 27/. The last step is to extend it symmetrically beyond

the right end point.

By choosing m large enough, the curve is e-flat, while the Lipschitz constant is

at least tan(mt/8).

As shown in [45], any small Reifenberg flat domain is a W'?-extension domain
forevery p € [1, o]. Hence we have all the Sobolev inequalities up to the first order.
In the following, we state a local Poincacé inequality for functions vanishing only

on part of the boundary, which can be found in [11, Corollary 3.2 (b)]. Throughout
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the paper, for D C JQ and p € [1, o0), we denote the space Wg to be the closure of
C®(Q \ D) under the usual W'-norm.

Lemma 5.2.4 (Poincaré inequality with mixed boundary condition). Let y €
[0,1/48] and QO c R? be a Reifenberg flat domain satisfying Assumption 5.2.2 (y). Let
xo € Q, R € (0,Ry/4], and D c 9Q with D N Bg(xo) # 0. If there exist zy € D N Br(xo)
and o € (0, 1) such that

Bur(z0) € Br(xo), (9Q N Bar(z0)) € (D N Br(x0)),
then, for any u € Wgz(Q), we have

2|2 p o)) < CRIDUL2(or (o))

where C = C(d, o).

The assumptions for the interfacial boundary I' are given as follows.

Assumption 5.2.5 ((y,m)-flat separation). Let () be a domain satisfying either
Assumption 5.2.1 or 5.2.2, with dQ divided into two non-intersecting portions
D and N. Let I be the boundary (relative to dQ) of D. We call I a (y, m)-flat

separation if for any xy € I and R € (0, R;], the following holds.

(@) When m = 0, the coordinate system given in the previous assumption satis-
fies

(8@ N Br(xo) N {x : 2% > xﬁ + yR}) coD,

(8(2 N Br(xo) N {x : 2% < x5 — yR}) CN.

(b) When 1 < m < d -2, there is a Lipschitz function ¢ : R" — R with Lipschitz
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constant M, such that the coordinate system satisfy
(8() N Br(xo) N {x : 22 > p(x, ..., x"2) + yR}) cD,

(0 N Br(xo) N {x : 6% < (%, ..., x"*2) = yR}) € N.

Now we formulate our first main results. Recall the elliptic operator L and its
associated conormal derivative operator B in (5.2). For any constant A, we denote

Ly := L — A. The following problem will be discussed:

Lyu= f+ D,ﬁ in Q,

Bu = fmn; on N, (5.3)

u=0 on D.

We consider weak solutions to (5.3).

Definition 5.2.6 (ng-weak solution). For O, N, D, T given as before, and p €
[1,00), we call u € Wg’ a weak solution to (5.3), if for any C € CZ(QQ U N) (or

equivalently, W,”/"~(QQ)),

f (—a;Dju — ba)D;C + (b;Du + cu)Cdx = f fCdx — f fiD,Cdx.
Q Q Q

Since there is no boundary term in the integral form, the weak solution is still
well defined for very rough JQ. In particular, we can still discuss weak solution
for Reifenberg flat domains where n is not point-wise defined and there is no

notion of the trace space.

For the leading coefficients, the following small BMO condition will be con-
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sidered.

Assumption 5.2.7 (0-BMO). There exists R; € (0,1] such that for any x € Q and

r € (0,R], we have

)( laij(y) — (@ij)a,mldy < 6.
Q,(x)

In the above assumption and thoughout this paper, we use the following

notation for the average:

1
oin=f, =g [ o

In one of our main results, the following sign condition will be assumed: Ly1 < 0

is satisfied in the weak sense, if
f(—biDiC +c¢() <0, YCeCr(Q), C>0.
Q
We also denote the following index p.:

pd/(p+d) whenp>d/d-1),
P =
1+¢ when p <d/(d-1),

where ¢ can be any positive constant. In this paper, for simplicity, when A > 0 we

use the following notation

1
U:=|Dul+ VAu|, F:= Z Ifil + ﬁ|f|.

Now we state our first main result regarding equations with homogeneous bound-

ary conditions.

Theorem 5.2.8. For any integer m € [0,d —2] and constant p € (2(m+2)/(m+3),2(m +
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2)/(m + 1)), we can find positive constants (yo, 00) = (Vo, 00)(d, p, M, \), such that if
Assumptions 5.2.2 (yo), 5.2.5 (yo, m), and 5.2.7 (0y) are satisfied, the following hold.

(i) There exists Ay = Ao(d, p, M, A, Ry, K) such that for any (f)L, € (LP(Q))* and f €
LP(Q), the problem (5.3) with A > A has a unique solution u € Wg’(Q). The solution
satisfies the estimate

IUllr @) < ClIFllzr ),

where C = C(d, p, M, A\) is a constant.
(ii) On a bounded domain Q), if Ly1 < 0 in the weak sense, then for any ( f,‘)f:1 € (LP(Q))*
and f € LP(Q), (5.3) with A = 0 has a unique solution u € Wg} (Q) satisfying

d
el lwrry < C(Z I fillr ) + ||f||m(0)),
-1

where C is a constant independent of u, f, and f;.

The following example in [11] shows that the symmetry of A is required for

the W'P-regularity when p is away from 2.

Example 5.2.9. In[R? := {(x, y) : y > 0}, let u(x, y) = Im(x +iy)* with s € (0,1/2). We

have
Di@;Dju) =00onR%, u=00ndR:N{x>0}, a;Dun;=0o0ndR:N{x<0},

where
1 cot(rs)
(aij)l%]'ﬂ =
— cot(ms) 1
Since Du is of order 7!, near the origin we have Du € L¥ only for p < . Note

that £ <4and % \,2ass \ 0.
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Next we formulate the problem with inhomogeneous boundary data. To make

sense of the boundary condition, we introduce the following concepts.

Definition 5.2.10. Let f > 0 be a constant. For a domain 2 and a point x € JQ), we

define the non-tangential approach region at x with opening § as

[g(x) :={y € Q:|x -yl < (1 + p)dist(y, 0Q)}.

The corresponding non-tangential maximal function is defined as

N()(x) = sup [u(y)l.

YeTp(x)

In this paper, we will omit the dependence of the opening f.

For some g € [1, ), we consider the following boundary value problem

Au=0 in Q,
M=oy on N,
(5.4)
u= gz) on Z),
N(Du) € L1(dQ).

For gy € L1(N) and ¢ € WY(D), we call u a solution to (5.4), if u € W?(9Q) is
a weak solution in the usual sense, and N(Du) is controlled. For such solution,
the Dirichlet boundary condition is satisfied in the sense of non-tangential limit
and the conormal boundary condition is satisfied in the sense of “L7-weak non-

tangential limit”. See, for instance, [37, Theorem 1.8.1].

The second main result of the paper is the following theorem.

Theorem 5.2.11. Let QO C IRY be a bounded domain satisfying Assumption 5.2.1(M). For
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any q € (1,222, we can find sufficiently small y, = y1(d,q, M) > 0, such that if Q and

7 m+1

I satisfy the Assumptions 5.2.2 (y1) and 5.2.5 (y1,m), then for any g5 € LI(N), gp €

WYI(D), there exists a unique solution u to the problem (5.4) satisfying

IN(Du)l|soq) < Cligallaw + Cligollwiamy,

where C = C(d, M, Ry, Ry, diam(C2), q) is a constant.

5.3 Harmonic function on half space

Let ¢ be a Lipschitz function R” — R with ¢(0) = 0. Let
R? := {x' >0}, B} :=Bg(0)N {x' > 0}.
Throughout this section, for m =0, ...,d — 2, we use the notation
Fi={x'=0,2=¢C>,...,.x"2), D:=x'=02>¢}, N:={'=0x<0¢).

When m = 0, we just set ¢ = 0. The main result in this section is the following

reverse Holder inequality.

Theorem 5.3.1. Let u € W'2(By,) be a weak solution to the following problem with A > 0:

—Au+Au=0 inBg,

i — () on N N Bg,

ox1

u=20 on D N Bg,
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2(m-+2)
m+1 7/

Then for any p < we have u € W (B}, 1) satisfying

(W)Y < CU,?

+ 7
BR

where C = C(d, p, M).

The case m = 0 was proved in [11, Theorem 4.1]. In the following, we first
prove a lemma which contains the result when m = d — 2. From this lemma, we
can derive the case when m is in between. In this section, we do not distinguish

the geometric objects on R"*? or R”.

Lemma 5.3.2. On R"™*?, let u € W'*(B}) be a weak solution to

-Au=f inBj,

M -0 onNNB, (5.5)

oxl

u=20 on DN By,

where f € L*(B). Then for any p € [2 2Am+2) ), we have u € WY (B*,)) and

7 Tl 1/2

IVulles; ) < COm, p)(IVulliagy) + 11 ll2my)-

Proof. The case when m = 0 is proved in [11, Lemma 4.3]. Here we only consider
the case when m > 1. In the following, we construct a problem on the half space

R7*2, which coincides with (5.5) in Bi,,- Hence the Besov space regularity in [4,

Theorem 3.3] applies. For this, first we take zero extension of u on R7*2\ Bf. Then

let

neC’Bi), n=1inBy,, evenin x!.
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Now un € WH(R7+?), and solves

—A(un) = fn—=2Vu-Vn—ulAn in R7™?,

2w — on N,

ox!

un =20 on D.

We have

IVuller@:,) = IV@n)lle;,)
< ”V(un)”B;g(RTﬂ) (56)

S ez + lloellwrzes

N ||f||L2(Bl+) + ||V”||L2(B;)- (5.8)

2(m+2)
m+1

Here, (5.6) is due to the Besov-Sobolev embedding, where p < is required,
[4, Theorem 3.3] is applied to obtain (5.7), and the estimate (5.8) is obtained by ap-
plying the usual Poincaré inequality on Lipschitz domains with the homogeneous

Dirichlet condition imposed on part of the boundary (see Lemma 5.2.4). ]
Now we turn to the proof of the main result of this section.

Proof of Theorem 5.3.1. As mentioned before, we only need to prove when 0 <
m < d — 2. For simplicity, here we introduce the notation x = (X, %), where

x:=(x},...,x"2)and £ := (x"*3,...,x%), and for p,q € [1, 0] we denote

lrllyzs = [flals ]|
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The proof is similar to that of [11, Theorem 4.1]. By applying Agmon’s idea as in

the proof of [11, Theorem 4.1] and scaling, it suffices to prove when A = 0,R = 1.

Also, since the case when p < 2 is trivial, in the following we assume 2 < p < %

We first rewrite (5.5) as an equation in the ¥-variables: for every |%| < 1/2,

AJ'cu('/ 55) = _AJ?M('/ 52) in B;/y
% =0 on NN B2/3,
u=20 onDN Bz/g.

Now, a properly rescaled version of Lemma 5.3.2 leads to
IDzu(, Dlrs;,) S 11Dl D)llasy,) + 1A:uC Dy, VIR <1/2.
Taking L” norm for £ € By, we obtain
”Da’cu”U’(BI'/z) S ||Dxu||L§L%(B;/4) + ||Aﬁu||L;L§(B;/4)- (5.9)

Due to the translation invariance in £, we can differentiate both the equation and
boundary conditions in the £-direction. Hence we obtain the following estimate

by applying the Caccioppoli inequality k times:

C(d, k
||DDI;M||L2(B;) < ﬁ”Du”LZ(BD

for0 <s <t <1landk € {0,1,2,...}. From this and the anisotropic Sobolev

embedding (see, for instance, [2, Sec. 18.12]),

IDsttllzr sy + 1Dsttllrssy + ID3ull sy < C, p,M)lIDullizg:), Y7 € (0,1),
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wherep € (2,2(m+2)/(m+1)). Combining this, (5.9), and the Minkowski inequality,

we reach the desired estimate. ]

5.4 Proof of Theorem 5.2.8: regularity of W'?-weak

solutions

The key step in proving Theorem 5.2.8 is the regularity result Proposition 5.4.1

stated below. The following equation with b; = b; = ¢ = 0 will be discussed:

LE\O)M = Di(aiiju) —Au = f + szz in Q,

a;iDun; = fn; on N, (5.10)
u=20 on D.
Proposition 5.4.1. For any p € (2, 2;’?:12 D), we can find positive constants y, and 0,

depending on (d,p, M, \), such that if Assumptions 5.2.2 (yo), 5.2.5 (yo,m), and 5.2.7
(Oo) are satisfied, the following holds. For any Wg(()) weak solution u to (5.10) with
A>0and f;, f € LP(Q) N L%(Q), we have u € ng(Q) and

Uy < C(RI Ul + il ) (5.11)

Furthermore, if we also assume f = 0, then we can take A = 0. In this case, the following
estimate holds:

d(1/p-1/2
IDulley < C(RI 2 IIDulliz + | filley)-

In the above, the constant C depends on d, p, M, and A.
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We give the following corollary which will be useful for the inhomogeneous

boundary condition case later.

Corollary 5.4.2. Let 0 < r < R < diam(Q)). Consider a harmonic function in Qg with
the corresponding mixed boundary conditions on dQ N Br. Under the assumptions for

p,Q, and T as in Proposition 5.4.1, we have for any r < R,
IDullpa,) < C(R = )™ ||Dullp ),

where p’ satisfies 1/p+1/p’ =1and C = C(d,p, M, A, Ry).

The proof is standard, which we will only sketch here. We may certainly
assume that » > R/2. By using a covering argument (with balls of radius (R —r)/2
centered at, say xy,...,xr € ,), we first localize the result in Proposition 5.4.1 to
obtain an L? — [? estimate: for j=1,...,k,

(Dup)” <UD+ (WP )

Qr-n/alx)) — Q(r-n)/2(x; Q(r-p)/2(x)

To remove the L?-norm of u on the right-hand side, we apply the Poincaré in-

equality. When Q- 2(x;) N D = 0, we replace u with u — (4)q_, ,(x,), Which locally

R-1)/2
satisfies the same equation with the conormal boundary condition, and then apply
the usual Poincaré inequality. Otherwise, we need to apply the Poincaré inequality

in Lemma 5.2.4. Finally, to replace ||Du||;> with ||[Dul|;1, we use Holder’s inequality

and an iteration argument. Summing in j, we get the desired estimate.

The remainder of this section will be mostly devoted to the proof of Proposition
5.4.1. We first sketch the idea. By constructing a cut-off function and applying a
reflection technique, at all small scales we decompose the solution into two parts

(Lemma 5.4.4). One part (up to rotation) solves the problem in Theorem 5.3.1,
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hence can reach the optimal Wlf%‘g-regularity. The other part deals with all the

perturbation terms measured by a W'2-estimate.

Next we “interpolate” these two part to reach the regularity of u in between,
by applying the level set argument introduced in [8]. The key idea is to use a
measure theoretical lemma called “crawling of the ink spots” in [44]: from the
decomposition and a Chebyshev-type inequality, we first deduce a local property
at certain small scales R, regarding the level set of the maximal function (Lemma
5.4.5). Then the “crawling of the ink spots” lemma leads to a global decay estimate
of the measure of the level sets (Corollary 5.4.6). From this decay estimate, the
desired L’-estimate can be obtained by an integral representation of the L” norm

and the Hardy-Littlewood maximal function theorem.

The proof follows similar steps as in [11, Section 5], where detailed computation
can be found. Essentially the new ingredient here is the construction of a cut-off

function when proving Lemma 5.4.4.

5.4.1 A reverse Holder inequalities

Using the local Sobolev-Poincaré inequality in Lemma 5.2.4 and Gehring’s Lemma,

we first improve the regularity of a weak solution from W'? to W2*¢,

Proposition 5.4.3 (Reverse Holder’s inequality). Let y € (0,1/48], p > 2, and the
integer m € [0,d — 2]. Assume on RY, Q, and T satisfy Assumptions 5.2.2 (y) and 5.2.5
(y, m), and the function u € W%Z(Q) satisfies (5.10) with f;, f € LP(Q) N L*(Q). Then

there exist constants py € (2,p) and C > 0, depending only on d, p, M, and A, such that
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for any xy € R? and R € (0, Ry], the following hold. When A > 0, we have
(UPO);ZZW = C(E2)]1322(x0) * C(fpo);f;io)'
When A = 0and f = 0, we have

1/2

Br(x0)

1/po
Bg/2(xo)

1/po
Br(xp)

(1Dwp) <C(paf) " +C(Ifir)

where U, F, Du, and ]_”l are the zero extensions of U, F, Du, and f; to R4.

The proof can be simply adapted from the one of [11, Lemma 3.4], which we

omit here.

5.4.2 Decomposition of solutions

In this subsection, we prove the following lemma.

Lemma 5.4.4. Suppose that u € Wg(()) satisfies (5.10) with A > O and f;, f € LP(QQ) N
L*(Q), where p > 2. Then under Assumptions 5.2.2 (y), 5.2.5 (y, m), and 5.2.7 (0) with
y <1/(32 Vd +3) and 0 € (0,1), for any x, € Q and R < Ry, there exist nonnegative
functions W, V € L?(Qg/32(x0)) such that

U<W+V in QR/32(X()).

Moreover, we have for any q < 2(721:12),
2y1/2 o 77\ (1 72\1/2 2un 2
(W )QR/az(xo) < C((GZ’ +y) (U )QR(xO) +(F H)SR(XO)); (5.12)
1/q 211/2 2uNTE
(Vq)QRﬂZ(xO) < C<(u )QR(XO) +(F F)QHR(XO))' (5.13)
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Here u is a constant satisfying 2u = po, where py = po(d,p, M, A) > 2 comes from
Proposition 5.4.3, and y’ satisfies 1/u + 1/u’ = 1. The constant C only depends on d, p,
g, M, and A.

Proof of Lemma 5.4.4. When dist(x,,I') > R/16, we either only deal with the interior
case or the case with purely Dirichlet/conormal boundary condition (depending
on Br/16(xo) NN = 0 or Br16(x0) N D = 0). The interior W'7-estimates for equations
with VMO coefficients are by now standard, while the corresponding estimates
for purely Dirichlet/conormal problems on Reifenberg flat domains can be found
in [20, 21]. Also, one may refer to [11, page 22]. In the following, we focus on the

case when dist(xy, I') < R/16, where the boundary condition is “mixed”.

Pick a point y, € I' with dist(yo, xo) < R/16. Now we take the coordinate system

associated with yy and R/4 as in Assumptions 5.2.2 and 5.2.5, so that 1y = 0. Denote

Qr/a == QN Bgrya,

QEM := Qgyy N {x' > yR/4}, Qg = Qrpa N {x! < yR/4)},
I*:={x' = yR/4,x> > ¢ — yR/4} N Bra,

I :={x! = yR/4,x* < ¢ — yR/4} N Brys.

We take
W:=IDul+ VAju| and V:=0 on Q. (5.14)

Due to Holder’s inequality, Assumption 5.2.2, and Proposition 5.4.3, we obtain

€%,y N Qg /32 (x0) [V )

2 172 2ur /2w
W ]IQR/4)QR/32(XO) B | QR /32 (x0) [/ 1) (W HQRM)QRBZ(XO)
< C My "),
’ 1/2u)
< Cd, p, M, Ay ((UDL )+ (FH)REE). (5.15)
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+

R4 For this, we

In the following, we mainly focus on constructing W and V on Q

introduce a cut-off function y € C*(IR%):

x=0 on{x*>¢—-yR/2}N{x' <yR/2},

x=1 on{x*<¢$—-yR}U{x! >2yR},

4V1+M?2
0<x<1, |Dylsaat

We have the following two estimates:

2y1/2 1/@u 2y1/2 201/ (2)
(11 = )UP)g,, < Ciyt® ><(u Doroien + (F H)QR(;)), (5.16)
(uDxP)g;, < Coy W) (5.17)

where C; = Ci(d,p,A) and C, = Cy(d,p, M, A). The estimate (5.16) is a direct

consequence of Holder’s inequality and Proposition 5.4.3, by noting that
|Qr/4 N supp(l — x)| < C(d)yR%.

The estimate (5.17) can be obtained as follows: we first decompose

supp{Dx} N Qgys C U szmyR(z),

ZeDgrid

where

Dyig = {z € R : 2= (yR/4,kyR) for k= (ky,..., ki) € Z*7,

where Q\/[mﬂz(z) N{x? > ¢ —3yR/2} N Qgyy # (Z)}.

Note that on each (), myR(Z), the conditions of Lemma 5.2.4 are satisfied with a



163

uniform a > a(d, M) > 0. Hence we can apply Lemma 5.2.4 to obtain

1
||MDX||L2(szyR(z)) < y_R”u”Lz(szyR(z)) < ||Du||L2(Q4mVR(z))-

Using y < 1/(32 Vd + 3) and the definition of D,;;, we have Q, \/myR(z) C Qr(xp).

Since each point is covered by at most N(d) such balls, (5.17) is proved.

A straightforward but tedious calculation gives the following equation for yu

+
on QR/4.

Di(aiij()(u)) - Axu = Dl'ggl) + Dl'gEZ) + gz@DiX + g§4)Di%+ g(S) in QF

R/4’
ﬂiij(Xu)ni = g;l)ni + ggz)ni onT~, (5.18)
xu=0 onT™,

where

gl(»l) = a;uD;x + fix, ggz) = (—eejaxDju + Si)?fi)]IExe%M,

3 4 TDI— e f
gf ) = Lli]'D]'I/l - fi/ gf ) = (€i€]'[1i]'Dju - giﬁ)HExeﬂi/ﬂ

8(5) =xf+ fﬁllsxeglg P /\WHExe% i
Here we denote the reflection operator and reflected function as
E(x', x%,...,x%) = (yR/2 = x},%%,..., %%, f:: foE,
and similarly for a;;, x, and u. We also use the following notation for sign functions

-1 if i=1,

1 if i#1.
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The function yu satisfies (5.18) in the weak sense: the usual integral identity is

satistied if we take any test function ¢ € W;é AT Q3,9

Now we are in position of constructing the decomposition. By the Lax-Milgram

lemma, the following equation has a unique solution w € W1 Op T (Qz,):

Di(a;;Djw) — Aw = Di((@;j — ai;)D;(xu)) + Dlgfl) lgfz) _
in QEM,
+ gﬁg)Di){ + g§4)Di)( + ¢®
_ o P ) (5.19)
aiiDjw - n; = (@;; — ay)Dj(xu)n; + g 'ni + §,7n; onT~,
w=0 on dQ , \ I,

where we take a;; := (4;j)q,,. Taking the difference between (5.18) and (5.19), we

obtain that v := yu — w satisfies

Dj(@;Djv) - Av =0 in QEM,
a;iDiv-n; =0 onl-,

v=0 onl™.

We define
= [Dwl+ VARl +[D((1=x)w)l+ VAI(L=x)ul, V :=[Dol+ VAol on Qf,. (5.20)

By our construction (5.14) and (5.20), clearly we have U < W + V on Qg3 (xp) C
Qg/s. Now we estimate W. By (5.16) and (5.17), we have

(ID(A - w2+ VA - uP)?

Qry3 (xo) QRry32(x0)

< (D1 = P, + VAI( = ul)?,

1/Qu’ 2\1/2 201/ (21)
<y )((u Yy * (F H)QR(;ICJO)). (5.21)
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The estimate for |Dw| + VA|w| requires more work. For simplicity, here we denote
= |Dw| + VAJwl.

Testing (5.19) by w, using the ellipticity condition and Holder’s inequality, and

then rearranging terms, we obtain

(W2)ay

R/4
S(0@; = a)DiGaoPys? + uDxPYE +(XFP)GE, + (e UP)G YN
+ ((HIs.upp(D)()lll2 ;2/3 + (HIs.upp(D)()Fl2 U2 )('Z(JDX'Z)})/;M

+ ((Mevea UPYGE -+ (Meseny FPYGE JloDTP)E

(5.22)

Applying the decomposition argument in the proof of (5.17) and the Poincaré

inequality in Lemma 5.2.4 again, we have
(oDxP)g: + (wDXP); < (DwP)? . (5.23)
R/4

Notice that here we do not need to increase the domain of integration since we can

take zero extension of w outside Q7 ,, which is still a W' function on the upper

R/47

half space.

Substituting (5.23) back into (5.22) and then applying Hoélder’s inequality,

(5.17), and Proposition 5.4.3, we obtain

(W] )“2

s(|<a—z-]-—aij)D]-(xu>|2);{3 +(|qu|2>”2 + (XFP)g2, + (Mweoy UP)g?

201/2 2\1/2 2y1/2
+ (|1[supp(DX)u| Qr4 - (mSuPP(DX)F | Ok, + (|]IEXEQR/4F | )
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1/@2p") 1/Q2u) 1/2 1/2w)
@ — )P (DuP ) + (uDxP)2, + (P

"\1/@p") 1/@2p)
+ (evey, + Hsupp(DX)|2” YL (2w ek

Qr/a QORrya
<(6Y@) 4 VOV ) Q/R(xo) + (PZ“)QR(EO)' (5.24)

Hence we reach (5.12) by combining (5.15), (5.21), and (5.24):

2\1/2
( )QR/sz (x0)

S (W= P2+ (Wi )2

R/4' 7 Qpy32(x0) R/4' 7 Qpy32(x0)

S (Wlog Pei? o+ (WDGE + (D = 0m)P)g2 ) + VAU = 0Py

R/4' 7 Qpy32(x0) Qgy32(x0) Qpy32(x0)

1/Qu’ 1/Qu’ 2\1/2 21/(2)
S(Q/(“)+V/(”))(U)Q/R(x) (F u)QRgo)

The estimate for V follows from a linearly transformed and rescaled version of
Theorem 5.3.1, (5.17), and (5.24). Since V < W + ID(xu)| + VAlxul, for any q €
(2 2(m+2)>

/7 m+1

Qgyza(x0) —

VDot SV S O
SUDGaOPY: + APy + (W)
1/(2
P N4 PO, + 1

1/2 1/(2p)
S0 + NE g,

Hence Lemma 5.4.4 is proved. ]



167

5.4.3 Level set argument and proof of Proposition 5.4.1

In this subsection, we prove Proposition 5.4.1, by deriving a decay estimate of the

following two level sets:

A(s) := [x € Q: Mo(UHV? > s},

B(s) = {x € Q: (YY) 4+ 9N TGPV + Mo(UHV? > s},

Here Mg, is the Hardy-Littlewood maximal operator on €, by taking zero exten-

sion outside: for f € L} (Q)and x € Q,

Ma(f)(x) == sup Flg,.

r>0 JB,(x)

By the Hardy-Littlewood theorem, for any f € L1(Q)) with g € [1, o), we have

q
1A,

s’

Hx € Q: Ma(f)(x) >s})| <C (5.25)

where C = C(d, q).

As mentioned before, we first prove the following local property at certain

small scales.

Lemma 5.4.5. Under the conditions of Lemma 5.4.4, for any q € [2,2(m + 2)/(m + 1)),
there exists a constant C depending on (d,p,q, M, A), such that for all x > 2 and s > 0,
the following holds: if for some R < Ry, xg € Q,

[Qrj125(x0) N Alxes)| = C(x7 + 172 + 07 )| Qs (xo), (5.26)

then QR/lzg(xO) C B(S)
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Proof. It suffices to prove the contrapositive of the statement with s = 1: suppose
that there exists a point zy € Qg/128(x0), 20 ¢ B(1), we aim to prove that there exists

some constant C = C(d, p, 9, M, A), such that
QR 128(x0) N A < C(i77 + k2 + V) ) Q125 (x0)1- (5.27)
We decompose

Qr/12s(x0) N A(x)
= {y S QR/lzg(XO) ‘supr> R/64} U {y € QR/lZB(xO) supr < R/64},

reA{j reAg

where

K o . 271/2
A= {r (U2, > ).

We claim {y € Qgj128(x0) : sup,. a5 7> R/64} = 0. By contradiction, if there exists
one such y, take any r € AY, r > R/64. From B,(y) C B,,(z9) and zy ¢ B(1), we obtain

(U, < 22U < 2P Mo(UP) 2 (z0) < 277 < .

This contradicts the definition of A;. We are left to estimate |[{y € Qg/128(x0) :
SUP, ¢4 T < R/64}|. For any y in this set and r € A}, by noting that B,(y) C Br/32(zo),
we apply Lemma 5.4.4 on Qg/3(z0) to obtain the decomposition U < V + W,
satisfying

(W2 < CY@ 4 giesn, ynpt <C (5.28)

Qpry32(20) — Qgryaalz0) — 7

where the constant C = C(d, p, q, M, A). Here, to reach (5.28) from (5.12) and (5.13),
we used the fact that zo ¢ 8(1). Now, by r € Aj and U < V + W on Bg3:(20), we
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have for any point in {y € Qg/128(x0) : SUP,cax 7 < R/64},

K< (Uz)éi?y) < MQ(|W]IQR/32(ZO)|2)1/2(y) + MQ(|V]IQR/32(ZO)|2)l/2(y)'

Hence, we get

{y €Qrj128(x0) : sup r < R/64}]|

reAg
<MWl 20D > 1/2) + M VI, @0 > /2]

SC((K/ 2) Wz e + (7 2)_q||V||Zﬂ<QR/3z(zo») (5.29)

<ClQr/32(z0)l (k2 + OYF) + x77) (5.30)

SC(K_q + K2 (V4 91/“’))|QR/128(XO)|,

where we applied (5.25) to obtain (5.29), and used (5.28) to reach (5.30). The

constant C = C(d, p, g, M, A). This proves (5.27) and hence the lemma. [ ]

The local property in Lemma 5.4.5 leads to the following global estimate by
using the “crawling of the ink spots” lemma in [44]. For any x; € A(«ks), we shrink
the ball Qg/128(x0) from R = R; until the first time (5.26) holds. By (5.25), (5.31),
(5.32), and the Lebesgue differentiation theorem, such Rexistsand R € (0, R;). Now
we cover A(«xs) by such balls which are almost disjoint (using the Vitali covering
lemma). On each ball Qg/128(x0), by Lemma 5.4.5 we have Qg/125(x0) C B(s). Since

this is an almost disjoint cover of A(«s), the following corollary is proved.

Corollary 5.4.6. Under the same hypothesis of Lemma 5.4.5, for any q € [2,2(m +
2)/(m + 1)), there exists a constant C depending on (d,p,q, M, A), such that for any

x > max{2%/2, x,} and

s> SO(d/ p, q/ M/ A/ Rl/ K, Y, 6/ ||u||L2(Q))
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1/2
- 3l o, / .
T\ Cr2(kT + 1 2(P U + OVE))Bg, j1asl ) .
we have
[ Als)| < C(i™7 + k2 + 0Y))|B(s)l,
where K is a constant satisfying
Cig” + 12y + 1)) < 1. (5.32)

Now we give the proof of Proposition 5.4.1.

Proof of Proposition 5.4.1. For any W'2-solution u, in order to prove u € W'? and
the estimate (5.11), it suffices to prove

S
timp [ 1A ds < C(RI U + I
—00 0

o) (5.33)

lL)”(Q))'

For this, we will apply Corollary 5.4.6 with constants g = p/2 + (m + 2)/(m + 1)(>

p > 2u) and (x, y, 0) to be determined later satisfying
y<1/(32Vd+3), 0¢€(0,1), x>max{2?? ).

Changing the integral variable in (5.33) from s to «s, applying (5.25) and Corollary

5.4.6, we obtain

s S/
p f |A(s)|sP ! ds = px” f | A(xcs)|s" ds
0 0

o [IUIR, e
<Cox? f ———= s + i (7T + 12y + 0V)) f 1B(s)|s"~ ds
0

(ks)? %

<GRM"PPape, .+ IFE

L2(Q) 4 (Q))
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S/(2x)
+ CKP(K_q + k2 (M + 61/“'))f |A(s)|sP L ds,
0

where Cy = Co(d,p), C1 = C1(d,p, 9, M, A, x,y,0),and C = C(d,p,q, M, A). Here for

the last inequality, we used the relation
B(s) € As/2) U (1O + 0VA) T Mo(PH)0 > 5/2)

and the Hardy-Littlewood theorem, then we changed the integral variable from s
to s/2. Now (5.33) is proved if we first choose « large enough and then choose y
and 0 small enough to absorb the last term on the right-hand side involving A(s),

and finally pass S to the infinity. |

5.4.4 Proof of Theorem 5.2.8

We close this section by giving the proof of our first main result Theorem 5.2.8.
First, from Proposition 5.4.1, we can deduce the following a priori estimate for the

original equation (5.3), without the L? norm on the right-hand side.

Corollary 5.4.7. Let p € (2,2(m + 2)/(m + 1)), yo, O be the constants from Proposition
54.1, and u € Wg be a weak solution the equation (5.3) with f;, f € LF(Q). Under
Assumptions 5.2.2 (o), 5.2.5 (yo,m), and 5.2.7 (60y), there exists a positive constant A
depending on (d,p, M, A, Ry, K) such that if A > A4, the following estimate holds:

IUllr ) < CllIFllzr ),

where C = C(d, p, M, A\).

The proof of the above corollary is the same as [11, Corollary 5.2], which we
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will sketch below. We first localize by considering the equation for uC, where
C € Cy(B:(x0)) with xo € Qand ¢/R, sufficiently small. To apply Proposition 5.4.1,
notice that u( still satisfies a mixed Dirichlet-conormal problem in the form of
(5.10), if we move all the lower order terms on both the equation and the conormal
boundary condition to the right-hand side. Now we can absorb the L? norm in
(5.11) by applying Holder’s inequality and choosing ¢ sufficiently small. Then we
use the partition of unity and choose A sufficiently large to remove the cut-off and

absorb the ¥ norms of Du and u on the right-hand side as usual.

Now we are ready to give the proof of Theorem 5.2.8.

Proof of Theorem 5.2.8. We first prove (i).

Case 1: p = 2. This is by applying the Lax-Milgram lemma directly. In this case,
actually we only need to choose A > A,(d, K, A) for a sufficiently large A,, without

imposing any regularity assumptions on the coefficients and domain.

Case 2: p € (2,2(m +2)/(m + 1). For A > Ay := max{A;, A,}, we have both
Wl2-solvability and W'?-a priori estimate Corollary 5.4.7. Hence we only need
to prove the existence of W'? solutions. We first prove the solvabilty for (5.10),
noting that the only problem here is L? ¢ L? since our domain can be unbounded.
This is solved by approximation. We approximate f and f; by £ and fi(") strongly
in L7(Q) with f®, f € L’ N [2. Associated to these right-hand side functions,
we can find solution ™ € W*(Q) . By Proposition 5.4.1, we have u™ € W#(Q)).
Furthermore, by Corollary 5.4.7 {u}, is a Cauchy sequence in the space W'*((Q).

Clearly the limit u € W'#(Q) must be a solution to (5.10).

From this, the original problem (5.3) can be solved by applying the method of
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continuity to the family of operators tLE?) + (1-1t)L, (and the corresponding mixed

boundary condition).

Case 3: p € (2(m + 2)/(m + 3),2). This can be obtained from Case 2 by duality.

Such argument can be found in [11, Proof of Theorem 2.4].

Now we prove (ii). We need to lower the integrability condition for f and
reduce the large A condition to the usual sign condition Ly1 < 0. For the first one,

we solve the follow divergence form equation for f € L/*(Q):
divg = fin Q, where ¢ = (p)’, € W7 (Q).
Such ¢; exists due to [11, Lemma 7.2], and it satisfies

lpillr @ < C(diam(Q2), Ry, d, p, M)I| fllrr()-

Then we solve the equation with right-hand side D;(f; + ¢;). Finally, we apply
the Fredholm alternative to obtain the unique solvability as well as the estimate,

noting that on bounded domain the weak maximum principle holds. |

5.5 Inhomogeneous boundary data

In this section, we consider the inhomogeneous boundary value problem (5.4) and
prove Theorem 5.2.11. For this, we first solve the problem in L'*¢ by applying [73,
Theorem 1.1]. Then we improve the regularity of this solution with the help of the

reverse Holder inequality in Corollary 5.4.2.
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5.5.1 Notation

Let Q be a Lipschitz domain locally represented by x! > ¢(x’). For x = (x!,x’) €

R x R, we denote the lifting up and the projection maps as

\I]O(xl) = (#JO(x,)/ xl)/ ]Pd—l(xllxl) =

By the definition, for any (y, m)-flat I', the projection IP;_;I" locally is also (y, m)-flat,

of co-dimension 1.

We consider two types of neighborhoods on the boundary: surface cubes and
surface balls. We say that Q c dQ is a surface cube if Q = W((Q’), where Q' is a
cube in R*!. For surface cubes, we denote kQ := W (kQ’). We also consider the

“cylinder” over Q:

T(Q) :={y € Q: dist(y, Q) < ro,P(y) € P(Q)}, where rg = diam(Q).

For any point x € JQ), we denote

A (x) := B,(x) N Q2

to be the surface ball and
O(x) := dist(x, T).

In this section, we need the following truncated non-tangential maximal functions:

N.()x):== sup |f(l, N(Hx):= sup [f(y)l (5.34)

YET(x)NB;(x) yEl(x)NB(x)
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5.5.2 An L'*¢-solvability

In this part we check that our assumptions on I' imply those in [73, Theorem 1.1].

As a corollary, the following L'*¢-solvability holds.

Lemma 5.5.1. Let m € {0,1,...,d — 2} and Q c R? be a bounded domain satisfying
Assumption 5.2.1(M). Then we can find y = y(d, M), such that if I is (y, m)-flat, the
following hold.

(a) Foranyp > 1, (5.4) has at most one solution.

(b) There exists some constant gy = qo(d, M) > 1, such that for any gn € LT(N) and

gp € WY(D), the problem (5.4) has a unique solution u satisfying
IN(Du)l|woa0) < ClIgnllnw) + ClIgollwia o),

where C = C(d, M, Ry, Ry, diam(Q)) is a constant.

For this, first we can simply check that if I" is (y, m)-flat, then D satisfies the
corkscrew condition relative to JQ in [73] with the parameter 2/(1 — y). Now fix
any small ¢ > 0, we are going to find the constant y(¢,d), such that (y, m)-flat

implies Ahlfors (d — 2 + ¢)-regular.

For any x € I'and r € (0, R;], due to the definition of (), m)-flatness at radius r,
it can be easily verified that the surface ball A,(x) NT can be covered by C/y?2 balls
of radius yr, with C depending only on (d, M). Iterating k times, we get (C/y“7%)

number of balls of radius ykr, the union of which covers A,(x) N T. Thus,

HIZ (A, (x) NT) < sup(ColC/y* 2 (7)) = sup{Co(Cy*)r2).
k k
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If we take y¢ < 1/C, the above quantity is less than Cyr~2*¢. This means that
I' is Ahlfors (d — 2 + ¢)-regular. Now we have verified the conditions for [73,

Theorem 1.1], and thus Lemma 5.5.1 holds.

5.5.3 A reverse Holder inequality on boundary

On a surface cube Qp lying in a coordinate chart, consider a function v satisfying

Av=0 in Q,
g—z =0 on N N Q,
(5.35)
v=0 on DN Q,,
N(Dv) € L1(dQ)),

where g; € (1,9) is some constant. In this subsection, we prove the following result

which plays a key role in proving Theorem 5.2.11.

Proposition 5.5.2. Suppose that v satisfies (5.35). Then for any q < (m +2)/(m + 1), we
can find sufficiently small y1 > 0, such that if () and T satisfy the Assumptions 5.2.2(y1)
and 5.2.5(y1,m), then for any surface cube with 8Q C Qo, we have N(Dv) € L1(Q)

1/q
()[ N(Dv)q) < )( N(Dv). (5.36)
Q 8Q

We start with the following lemma which relates the boundary norm and the

satisfying

interior norm, for harmonic functions with purely Dirichlet or conormal boundary

data.

Lemma 5.5.3. Suppose that v is a harmonic function in T(2Q) with either dv/dn = 0 or
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v = 0 on 2Q, then we have N,,(Du) € L*(Q) satisfying

2\!/2 2172
(N (Do)),)” < D)5y,

where C = C(d, M) is a constant.

See [62, Lemma 4.4, 4.8]. The proof is by localizing the global L-result in [36],
noting that for any x € Q we have I's(x) N B,,(x) € T(2Q). Using the above lemma,
we can prove the following weighted estimate for harmonic functions with mixed
boundary condition. Notice that N(Dv) € LT guarantees that Dv is an almost

everywhere defined L7 function on Q.

Lemma 5.5.4. Suppose that v satisfies (5.35). In any surface cube Q with 2Q C Qy and
4Q NT # 0, for any €', we have

leU(y)lzé(y)l_e'dysf |Dv(z)[*6(z)~¢ dz.
Q T(2Q)

In this statement, the case +oo0 < +0 is allowed.

Proof. We first construct a non-intersecting decomposition Q \I' = ;i Qj, where

the surface balls {Q;}; satisfy

¢"o(y) < rg, < '0(y), Yy € dQ, (5.37)

Z xreq) < Cld, M, c”), (5.38)

where ¢’ =1/(4 \/E) and c” =1/(16 \/E). This can be done by considering the usual
Whitney decomposition [ J; Q;. of P(4Q) \ IP(T) on the coordinate plane R*"!, then

“lifting up” back to surface cubes by the map W,. Such decomposition can also be
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found in [62, Lemma 4.9].

Now since ¢’ < 1/4, we have 4Q; N I' = (), which means only one type of

boundary condition is prescribed on 4Q);. Then applying Lemma 5.5.3, we obtain

N0 <crg [ e,

Qj T(2Q))

where Ner is the truncated non-tangential maximal operator defined in (5.34).
Using (5.37), the point-wise inequality |Dv(y)| < N o, (Do)(y) for each y € Q;, and
0(y) ~ 6(z) = rq, for each y € Q; and z € T(2Q)), we have

DoRs)' <€ [ IDoRaE)

Qj T(2Q))

The lemma is proved by simply summing over j and using (5.38). [
Now we are in the position of proving Proposition 5.5.2.

Proof of Proposition 5.5.2. We first claim that for any surface cube Q with 4Q C Q,,

1/q
Dol? < N(Dv). 5.39
(](Q| v|) <]€Q (D) (5.39)

Case 1: 4Q N T = 0. Noting that g < (m +2)/(m + 1) < 2, we apply Holder’s
inequality, Lemma 5.5.3, and a rescaled version of Corollary 5.4.2 with p = 2 to

obtain

1/2

1/q 1/q
(]( |Dv|ff) < (f NVQ(DW) < (J( NrQ(Dv)Z) < (]( |Dv|2)
Q Q Q T(2Q)
< f Dol < f IN(Do)!
T(4Q) 40

1/2
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Here in the first and the last inequality, we used the point-wise inequality in the

form

IDo(y)l <IN, (Do(o(y), ¥ < IN(Du(o(y), ¥y, Yy = (', y) € TEQ).

Case 2: 4Q NT # 0. In this case, we estimate as follows, with p € (1,2(m +

2)/(m + 1)) and ¢’ to be chosen later:

1/g 1/2 1/g-1/2
()( |Dv|‘7) < J( |Vv|251—f’) ( f 5@’—”/(2/‘1—1)) (5.40)
Q Q Q

1/2

1/q-1/2
J( |Vv|25—f') (]( 6(5/‘1)/(2”‘1)) (5.41)
T(2Q) Q
p 1/2-1/p 1/g-1/2
J[ |V0|P) (J( 5(—5')ﬁ) ()((5(6’—1)/(2/07—1)) (5.42)
T(2Q) T(2Q) Q

< J( IVo| < J( N(Dv). (5.43)
T(4Q) 4Q

Here, for the inequalities (5.40) and (5.42) we applied Holder’s inequality. In

A

A

(5.41), we applied Lemma 5.5.4. In order to obtain (5.43), we used Corollary 5.4.2.
To make sure the two integrals in (5.42) involving 6 cancel, we only require that

they are both finite. For this, we fix

m+2 ,
p= 7t and &¢=2-1/9-2/p
so that
—&’ ¢ -1
1—2/p>_2’ 2/q—1>_1'

Now we reach (5.39). Note that the only difference between (5.39) and (5.36) is
that we only controlled Dv instead of N(Dv). But for harmonic functions actually

they are equivalent. For t € (1/2,2), since v € WY(9T((1 + #)Q) and T((1 + t)Q) is a
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Lipschitz domain, we can apply the classical L7-estimate of the Dirichlet regularity

problem in [36] to obtain

1/q 1/q 1/q
(f NrQ/z(Dvﬁ) s()( |DTu|q) s(f |Du|Q) ,
0 ITA+HQ ITA+HQ

where Dr is the tangential derivative, and we also used the fact that
[g(x) N Byypo(x) CT(A +HQ, Vx € Q and t > 1/2.

Now we can take the average for t € (1/2,2) and apply Corollary 5.4.2 to obtain

1/q 1/q 1/q
()( NYQ/z(Dv)") S (f IDUI") + (]( IDvlq)
Q T(2Q) 2Q
1/q 1/g
< ()( |DU|) + ()( IDvlq) S)( N(Dv) + (}[ IDUIq) . (5.44)
T(4Q) 2Q 4Q 2Q

The estimate for N'¢/*(Dv) is easier. For z € Q, consider the region
Ag(z) = {y € IQ : z € T(y)}.
Since dQ is Lipschitz, for any z € T'g(x) with x € Q, |z — x| > 7o/2, we have
|As(z) N 2Q1 > C¥' > CIQ|, (5.45)

where C = C(d, M) is a constant. Hence, for any x € Q and z € I'3(X) N BjQ /2(x), we

have

|Do(z)| Sf\ﬁ(z)sz N(Dv) sng N(Dv),

where in the last inequality, we used (5.45). Taking sup in z € I'g(x) N B:Q /2(x), we
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obtain

N"°2(Dv)(x) S)[ N(Dv), Vx € Q.
2Q

Now taking L7-average for x € Q, we have

1/q
(]( N’Q/Z(Dv)q) < )( N(Dw). (5.46)
Q 2Q

Combining (5.44) and (5.46), then applying (5.39) with Q replaced by 2Q, we have

1/q 1/q 1/g
()( N(Dv)") < (}[ NVQ/Z(Dv)q) + ()( N’Q/z(Dv)q)
Q Q Q
1/q
q
SJE‘QN(DU) + (]EQ |Do| ) SJ(;QN(DU).

The proposition is proved. |

5.5.4 Proof of Theorem 5.2.11

We first state an interpolation result that will be useful in our proof. It can be

simply deduced from [69, Theorem 3.2]. See also Remark 3.3 in the same paper.

Theorem 5.5.5 ([69]). Let Qo be a surface cube and F € LY(Qo). Let p1 > 1 and
f € LP2(Qy) for some 1 < p, < p1. Suppose that for each (dyadic) surface cube Q C 1Qo,

there exist two integrable functions Fo and Rg on Q such that |F| < |Fg| + [Rpl| on Q, and

1/p1
()(IRQI’”) SCl(][ |F|+supf Ifl),
Q 16Q QU
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Then F € 1P*(1/4Q,) and

1/p2
()( |F|P2) < C(f IFl + (1 | fl’”)”’”z),
1/4Qo Qo Qo

where C = C(d, M, p1,p2, C1, Cy).

Essentially this is the boundary version of the argument used by us earlier in

Section 5.4.

Before giving the proof of Theorem 5.2.11, we first make some reduction. Since
D is a W"i-extension domain, we can extend gp € WY(D) to g, € WH(9Q).
Also, we can extend gn € L1(N) by zero to g,, € L1(dQ). According to [37,
Corollary 2.12], the following L Dirichlet regularity problem has a unique solution
forany1l<g<2+e:
—-Au=0 in Q,

u=g, on 0dQ,

N(Du) € L(9Q),

with

IN(D)llesocy < I8pllwaea) S lIgollwra)-

Hence, without loss of generality, we can assume g = 0 and gy € L7(dQ)).

Proof of Theorem 5.2.11. From Lemma 5.5.1, we can find some g slightly larger than

1 and a solution to the mixed problem with g5 € L7 C L and gp = 0, satisfying

IN(Du)llrso@o) < lgalliomy- (5.47)

We are left to show that this solution satisties N(Du) € L7 for any q € (1, (m +
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2)/(m + 1)) and

IN(Du)lltsoy < NIgalltaon),

if we choose the parameters y; in the Assumptions 5.2.2 and 5.2.5 sufficiently

small.

For any surface cubes Qp and Q with 16Q C Qy, we take a cutoff function

n € C(16Q) with n = 1 in 8Q, and solve the following equation

Aw =0 in Q,

% =ngn on N,
w=0 on D,
N(Dw) € L1(dQ).

Again by Lemma 5.5.1 such w exists and satisfies the following estimate

1/q0 1/q0
(f N(Dw)%) s(f |gw°) .
8Q 16Q

Then v := u — w satisfies (5.35) with Q replaced by 8Q. Hence from Proposition

5.5.2 with g replaced by some g + ¢ € (g, (m + 2)/(m + 1)), we have

1/(q+¢)
(JQN(DU)"“) sng N(Dv) sng N(Du) +J€Q N(Dw)
1/q0 1/q0
SJQQN(Du) + (ﬁQN(Dw)qo) sng N(Du) + (£6Q IgNIqO) .

Now we apply Theorem 5.5.5 with

F=N(Du)*, Fg=2""'N(Dw)®, Rg=2%"'N(Dv)",
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f=Ign™ pr=@+¢€)/q, p2=49/9

to obtain N(Du) € L1(Qy/4) with

1/q 1/g0 1/q
(J( N(Du)") < (]( N(Du)qo) + (][ |gN|‘7) .
Qo/4 Qo Qo

Since the choice of the surface cube Q is arbitrary, the theorem is proved by using

a covering argument, (5.47), and Holder’s inequality. |



APPENDIX A

Regularized distance on small

Lipschitz domains
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In this appendix, we construct the regularized distances for small Lipschitz do-

mains and state some useful properties.

A.1 Construction

In this section, we sketch the proof for Theorem 2.3.1. In [49, Theorem 1.1], the
construction of regularized distance in Lipschitz domain is given, along with
property (2.20). As for properties (2.21) and (2.22) concerning the derivatives, we

modify the proof of [49, Theorem 1.3], which requires 0Q € C'.

Proof of Theorem 2.3.1. Let ¢(y) = ¥(y’) — y?. Since Q is Lipschitz, as in [49, Sec-
tion 2], if we take M = 2(4/5* + 1)/, then

[gh <M/2, (M/2)7" <g/dy <M/2 inQur(xo) \ Tar-
Here d,, is the distance between y and the boundary.

We construct the regularized distance as the fixed point of the following;:

p(y) = G(y, p(v)), (A.1)

where G is the mollification of g,

Gy, 1) = gy - Al/lw)qb(w) dw.

lw|<1

Here ¢ € C°(B1), ¢ >0, [¢ = 1.
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Clearly [G(-, )] < [¢]i- The key fact of such G is that: [G(y,-)]; < 1/2. From
the contraction mapping theorem, we get the unique fixed point in C%, denoted by

po- We first show py € CO1(Qr) N C*(Qr \ Tr) and (2.20).

Using [G(y, )1 < 1/2, from

lpo(y) — Po(@) < IG(Y, po(y)) — G(¥, po(2))| + IG(Y, po(2)) — G(z, po(2)])
< [G(y, Hilpo(y) = po@)| + [G(, p(2)]1,

we can obtain

[poli < 2[G(-, )] <2[gh <M.

Hence pg € C®Y(Qg). The fact that py € C*(Qr \ T'r) follows from implicit function

theorem and the fact that ¢ € C*.

For (2.20), we write

Ipo(3) ~ Gy, 0) = IG(y, pole) ~ Gy, O < Slpofy).

Noting that G(y,0) = g(y), we have % < % < 2. Since g is a distance function,

(2.20) is proved.

Now we turn to proving (2.21) and (2.22). We modity the proof of [49, The-
orem 1.3], which works for C! domains, to adapt to the case of small Lipschitz

domains. Denote

d ) 0
Gi(y, 1) := &—in(y, 1), i=1,...,d, Gga(y,1):= EG(y, 7).

Differentiating both sides of (A.1) at the fixed point py, and applying the chain
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rule, we get

IDipo(y) — Dipo(2)| < 1Gi(y, po(y)) — Gi(z, po(@)| + IDipo(WIIGar1(y, po(y))—

= Gar1(z, po(@)| + |Gas1(2, po(2))IDipo(y) — Dipo(2)I-

Again, using [G(z, )]s <1/2,[po]i £ M, we have

IDipo(y) — Dipo(z)|
< 2IGi(y, po(y)) — Gi(z, po(2))| + 2MIG a1 (Y, po(y)) — Gar1(z, po(2))l- (A.2)

Now we use the explicit expression for g, i.e., ¢ = ¥(y’)—y*, and the small Lipschitz
property (2.17) given in terms of Dy. Noting that for g Lipschitz continuous, we

can still differentiate under the integral sign in (A.1).

f|w|<1 _¢(w) dw, i=d,

Gi(y, po(y)) =
Jrer DY = B0 )p(w) dw, i < d,
k
Gar1(y, po(y)) = f| y —Dktp(y’ _ P(]J\(/Iy)w,)wﬁ (W) dw.

Substituting back to (A.2) and using (2.17): [DY(y") — DY (z")| < 3¢y, we obtain

IDip(y) — Dip(z)| <2-3&0 +2M - % = 12¢.

The proof for (2.22) is similar. Differentiating both sides of po(y) = G(y, po(y)), we
get

Djipo(y) = Gij + Gigs1Djpo + Gja+1Dipo + Gar1,4+1DipoDjpo + Gav1Dijpo-
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Here G;i(y, 1) = %G(y, 7), and so on. Using [G(z, )i £1/2,[po]: £ M, we have

IDiipo(y)] < 2(1Gijl + MIG;g11] + MIGjas1| + M?|Gasr as1l).-

Thus we only need to estimate D?*G. Here we will only compute G;; with i,j < d,

while the others are similar.

Here in (A.3) we integrated by parts, noticing that

(Y — ') ) )
WD oy )

Since f|w|<1 D;¢(w)dw = 0, we may rewrite (A.4) as follows:
- D¢(y =) = Dap(y'))Dyep(w) dov.
le M )i

Now we can apply (2.17) to deduce

PO(I/)

u%mmwmsf Dy -

wi<1 1P0(Y)l

&o

=N

The theorem is proved.

w') — Dap(y)|ID b (w)| dew

(A.3)

(A.4)
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A.2 Inequalities for regularized mollification

We give the proof of Lemma 2.4.3:

Proof. The proof of (2.27) follows from the Minkowski inequality,

||ff(x,-)dx||psfllf(x,-)npdx.

From the definition of g, we obtain

T = || f gL °()w><z> w)dw|,
f g —pO—()w M () deo

< 27118l oo Il (A.5)

Here (A.5)isdueto y— pO(y)w € og, Yy € Qp, w € By, and the Jacobian of the change

of variables y +— (y — pO(y Jw) has a positive lower bound. One could compute this
Jacobian as follows,
oy - Gt w) _ 1, _ Dpo
8y - M1 w

Po(y) |

Thus we have |I; — frorn our choice of M; in Definition 2.4.2.

The proof of (2.28) is similar, since

DZ(y) = f (Id—M—pfw)Dgw— P jﬁ’)ww(w)dw

and Dpy is bounded. |
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