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Cancer is an evolutionary process where cells acquire somatic mutations over time. As a result of this
process, tumors are often highly heterogeneous — containing cell populations with different sets of
mutations. While tumor evolution cannot be directly observed, high-throughput DNA sequencing
provides a measure of tumor heterogeneity. In this thesis, we introduce three algorithms that
leverage tumor heterogeneity to infer the phylogenetic history of cancer. These algorithms account
for specific issues in the two technologies for cancer DNA sequencing — bulk sequencing, where
thousands of cells from a single tumor are sequenced simultaneously, and single-cell sequencing.
First, we introduce an algorithm, PASTRI, that simultaneously deconvolves bulk sequencing data
and constructs a tumor phylogeny based on somatic single-nucleotide variants (SNVs); PASTRI uses
a hybrid probabilistic-combinatorial approach to more accurately model sequencing noise compared
to existing combinatorial approaches. In addition to SNVs, tumors often contain copy-number
aberrations (CNAs), a structural variation where larger regions of the genome are duplicated or
deleted. Most existing phylogenetic inference algorithms use either SNVs or CNAs alone; however
CNAs often overlap SN'Vs and failure to model these interactions between the two types of mutations
can lead to inaccurate phylogenies. We introduce two algorithms, SPRUCE and SCARLET, that
integrate SNVs and CNAs using bulk sequencing data and single-cell sequencing data, respectively.
Finally, we investigate technical biases in single-cell DNA sequencing data and demonstrate how

these biases can be used to phase genomic variants.



Tumor Phylogeny Reconstruction from DNA Sequencing Data

by
Gryte Satas
B.A., Washington University in St. Louis, 2012
Sc.M., Brown University, 2017

A dissertation submitted in partial fulfillment of the
requirements for the Degree of Doctor of Philosophy

in the Department of Computer Science at Brown University

Providence, Rhode Island
February 2020



© Copyright 2020 by Gryte Satas



This dissertation by Gryte Satas is accepted in its present form by
the Department of Computer Science as satisfying the dissertation requirement

for the degree of Doctor of Philosophy.

Date

Benjamin J. Raphael, Director

Recommended to the Graduate Council

Date

Sohini Ramachandran, Reader
Date

Sohrab Shah, Reader
Approved by the Graduate Council

Date

Andrew G. Campbell
Dean of the Graduate School

iii



Acknowledgements

This dissertation has my name on it, but it wouldn’t be possible without a community of people
supporting me. I would like to extend my deepest gratitude to all those who have been there for

the last five years.

First, my advisor, Ben Raphael, who shaped me into the researcher I am today. The co-authors
of the work presented here today: Layla Oesper, Mohammed El-Kebir, Simone Zaccaria, Geoffrey
Mon and Ben Raphael. The current and former Raphael group members for their support and
guidance: Layla Oesper, Max Leiserson, Mohammed El-Kebir, Matt Reyna, Simone Zaccaria,
Fabio Vandin, Hsin-ta Wu, Iman Hajirasouliha, Jonathan Eldridge, Dora Erdos, Sergey Aganezov,
Rebecca Elyanow, Ashley Conard, Matt Myers, Tyler Park, Ron Zeira, Uthsav Chitra. In particular
I’'d like to acknowledge Layla Oesper, who taught me so much when I was just starting, and
whose influence I feel to this day in every page I write, every figure I make, and every talk I give;
Mohammed El-Kebir, collaborating with whom was some of the best fun I had during this whole
process and pushed me to grow as a computer scientist; my office-mate, lab-mate, and house-mate
Rebecca Elyanow, who put up with me and was always there to eat the cookies I stress-baked; and
Simone Zaccaria and Matt Reyna, who could always put a smile on my face when I was having a

long day.

All the administrative staff that made my life easier behind the scenes. In particular, I'd like to

thank Lauren Clarke, Jane Mcllmail, Kathy Kirman Billings, and especially Nathaniel Gill for



always having cookies when I needed them most.
My parents, who worked hard to give me every opportunity possible.

Finally, all of my friends who supported me and brought me joy: Eamon, for giving me the initial
push and convincing me that I was capable; Jon and Rebecca, Ryan and Allison, and everyone in
the Nordic Jedi, Brown GWICS, doggo chat, and the Tuesday afternoon tea group, for keeping
me sane and keeping things lighthearted; Chris, for helping me find the light at the end of the

tunnel.



Contents

|List of Figures| X
1 Introduction| 1
(L1 Somatic Mutations in Cancer| . . . . . .. ... ... . o oL oL 2
I1.2  DNA Sequencing of Cancer Genomes|. . . . . . . .. ... ... .. ... .. .... 4
[1.2.1  Bulk DNA Sequencing] . . . . . . . . . . .. 4

[1.2.2  Single-cell DNA Sequencing| . . . . . . . . . . .. .. L o 4

1.3 Tumor Phylogenetics| . . . . . . . . . . .. ..o 5
11.3.1 Bulk Sequencing Datal . . . . .. ... ... ... ... ... . ..., 5

11.3.2  Phylogeny Interence from Single-Cell Sequencing Datal . . . . . . . ... ... 8

(L4 Contributions . . . . . . . . .. L 9

I1.4.1 A hybrid combinatorial-probabilistic approach to phylogeny inference from |

| bulk sequencing dataf. . . . . . .. .. L L 9

1.4.2  Integrating SN'Vs and CNAs for phylogeny inference from bulk sequencing datal 10

1.4.3  Integrating SNVs and CNAs for phylogeny inference from single-cell data] . . 10

I1.4.4  Leveraging technical biases in single-cell DNA sequencing to phase genomic |

[ variants]. . . . . . o e e e 10
2 Tumor Phylogeny Inference Using Tree-Constrained Importance Sampling| 11
I TIntroductionl. . . . . . . . . . . e 11

vi



2T Modell . .. .. ... 12
222 Probabilistic Modell . . . . ... ... 16
223 Tree Inferencel. . . . . . . . . . . 18
3 Resultd. . . . .. oo 23
2.3.1 Comparison to Phylogeny Reconstruction Algorithms| . . . . . . . ... ... 23
12.3.2  Chronic Lymphocytic Leukemia| . . .. . ... ... ... ... ... ..... 26
RZ DIESCussion] . . .« v v oo 27

13 Inferring the Mutational History of a Tumor using Multi-state Perfect Phylogeny |

30
B.1 TIntroductionl. . . . . . .« . L 30
B2 Resulld. . . .. ..o 35

3.2.1  The Perfect Phylogeny Mixture Deconvolution Problem| . . . . . . ... ... 35
8.2.2 Multi-State Model for the Somatic Mutational Process in Cancer| . . . . . . . 37
13.2.3  Experimental Evaluation on Simulated and Real Data] . . . . ... ... ... 43
B3 DISCussionl . . . .« o oo 49
BA Methodd . . .. . ... ... 53
3.4.1 Mathematical Characterization of Solutions to the PPMDPI .. ... ... .. 54
8.4.2  SPRUCE Algorithm for the Cladistic-PPMDP| . . . .. ... ... ... ... 57

4 Single-cell Tumor Phylogeny Inference with Supported Mutation Losses| 59
4.1 TIntroductionl. . . . . . . . oL 59
M2 Resultd. . . .. oo oo 63

4.2.1 SCARLET algorithm for Loss-supported Phylogeny Model| . . . . . ... .. 63
422 Simulated Datal . . . .. . .. .. 65
4.2.3  Single-cell phylogeny of metastatic colorectal cancer| . . . . . . .. ... ... 67
M3 DISCUSSION - « v v v v e e e e 71
A Methods . . . . ..o oo 72

vii



4.4.1  Loss-supported phylogeny model| . . . . . ... ... ... ... ........ 72

4.4.2  Maximum Likelihood Loss-supported Refinement Problem|. . . . . . . . . .. 78

4.4.3  SCARLET Algorithm for Maximum-Likelihood Loss-Supported Refinement |

[ Probleml . . . . . . . o 79
[5 Haplotype Phasing in Single-Cell DNA Sequencing Datal 81
b1 Introductionl. . . . . . . . ... 81
B2 Methods . . . . . . o oo 83
5.2.1  Quantifying Concurrent Dropout| . . . . . . . . . ... ... ... ... .... 85

5.2.2  Augmenting Haplotype Assembly with Amplification Fragments| . . . . . .. 86

B3 Restulta. . . . oo oo oo e e e e e e 87
5.3.1  Whole-genome Single Cell Sequencing of Neurons|. . . . . ... .. ... ... 87

5.3.2  Whole-exome Single-cell Sequencing of Breast Cancer| . . . .. .. ... ... 90

B4 _DISCUSSIOn . . .« o v v ottt e 92
6 Conclusions| 95
6.1 Future Workl . . . . . . . . . 96

|IA Supplementary Methods and Results for Chapter 2| 119
IA.1 Supplementary Methods| . . . . . . . .. . . oo 119
IA.1.1 Sequential Importance Samplingl . . . . . .. ... ... ... 0000, 119

IA.1.2  Comparison to Other Models| . . . . . . . ... ... ... ... ... .... 120

IA.2 Supplementary Results|. . . . . . . . ... oo 122
1A.2.1 Additional Simulation Resultsl. . . . .. ... ... 000000000 122

IB Supplementary Methods and Results for Chapter 3| 125
IB.1 Supplementary Methods| . . . . . . ... ... o 125
IB.1.1 The Perfect Phylogeny Mixture Deconvolution Problem| . . . . . ... .. .. 126

IB.1.2  Uniqueness of U given Fand [} . . . . ... ... ... ... ... ... ... 131

B.1.3 Combinatorial Characterization of the PPMDPl. . . . .. ... .. ... ... 137



IB.1.4  Problem Complexity] . . . . . . . . . . .

IB.1.5 Cladistic Pertect Phylogeny Mixture Deconvolution Problem| . . . . ... .. 143

IB.1.6  Algorithm for the Cladistic-PPMDP| . . . . . . ... ... ... ... . ... 144

B.1.7  Multi-State Model for the Somatic Mutational Process in Cancerl . . . . . . . 148

IB.2° Supplemental Results| . . . .. ... ... o 152
B.2.1 Simulationsl . . ... ..o 153

IB.2.2  Comparison against PhyloWGS|. . . . .. ... .0 0000000, 154

|IC Supplementary Methods and Results for Chapter 4| 163
|C.1 Supplementary Methods| . . . . . . . . ... .. ... ... ... . .o 163
|C.2 Supplementary Tables and Figures| . . . . . . ... ... ... ... .. ........ 163
IC.3 Supplementary Methods| . . . . . . . . ... .. .. ... . ... . . 163
IC.3.1 Solving ML-LSR Problem: Likelihood modell . . . . . .. .. ... ... ... 163

IC.3.2  Solving ML-LSR Problem: Finding max-likelihood subtree roots] . . . . . . . 164

|C.3.3  Solving ML-LSR Problem: Integer Linear Program (ILP) to solve maximum |

[ likelihood IDP] . . . . . . . . . o . e 167
[C3.4 Simulation Detaild . . . .. ... ... ... ... ... .. .. .. ... ... 169

|IC.3.5 Copy-number analysis of CRC2| . . . . . . . ... .. ... ... ... ..... 170

[C A4 Proofd . . . . . . e 170
IC41 Proofof Theorem 1l . . . . . ... ... . ... ... ... . .. ..., 170

IC42 Proofof Lemma Il . . .. ... ... .. 171

IC4.3 Hardness of MI-LSRI. . . . .. ... ..o oo oo 173

ID Supplementary Methods and Results for Chapter 5| 175
ID.1 Supplementary Methods| . . . . . . ... ... o 175
ID.1.1  Creating Synthetic Diploid Simulations| . . . . ... ... ... .. ...... 175

ID.2 Supplementary Results|. . . . . . . ... .o 176
ID.2.1  Comparison to Reference-Based Phasing|. . . . . .. ... .. ... ... ... 176

ix



List of Figures

2.2 Generative model for mutation allele counts from a tumorl . . . . . . .. .. ... ..
2.3 Overview of PASTRI algorithm| . . . . . . ... ... ... ... ... ...,
2.4 Frequency matrix permutations.| . . . . . ... ... ...
2.5 Comparison of PASTRI to other phylogenetic reconstruction algorithms|. . . . . . .
2.6 PASTRIresultson CLL Patient of . . . . . ... ... oo 0 0 0.
3.1 Overview of multi-state perfect phylogeny problem. . . . . .. ... ... .. ... ..
B2  Cancer cell fraction and state trees]. . . . . . . .. ... o o000
3.3 Overview of SPRUCE algorithm| . . . . .. ... .. ... ... ... .........
B4 SPRUCE results on simulated datal . . ... ... ... ... ... .. ... ...,
8.5 SPRUCE results on CLLOTT. . . . . . . . . . o o e

3.6 Multiple compatible state trees lead to distinct phylogenetic reconstructions.|

4.1 Loss-supported model of tumor evolution| . . . . . . ... ... .. ... ... ...

4.2 Overview of SCARLET algorithm.| . . . . .. ... .. ... . ... ... .. ...

24

64



p.1  Overview of SC-HAP algorithm.| . . .. .. ... ... ... ... ......... 84

5.2 Validating SC-Hap on Whole-genome DNA Sequencing Data. . . . . . ... ... .. 88
5.3 Validating SC-Hap on Whole-genome DNA Sequencing Data. . . . . . ... ... .. 91
|A.1 Comparison of phylogenetic mixture models with binomial observations,| . . . . . . . 121
A2 PASTRIruntimel . . . . . . . . oo 122
IA.3 PASTRI ancestral relationship accuracy] . . . . . . . ... ... ... ... ... . 123
|A.4 PASTRI cluster frequency accuracyl. . . . . . . . . . . .. oo 124
IB.1  Complete pertect phylogeny tree correspondence.| . . . . . . .. ... ... ... ... 127
IB.2 Concepts of the PPMDP|. . . . .. .. ... . oo 128
IB.3  Example of the usage equation| . . . . . .. ... oo 136
IB.4  Example PPMDP instance and solution.| . . . . . .. ... ... ... .. ... ... 141
IB.o PPMDP reduction from Subset Sum.. . . . ... ... ... o000 143
IB.6 Example cladistic PPMDP instance and solution, . . . . . .. ... ... ... .. .. 145
IB.7  SPRUCE results on simulated data for n = 5 instances with noisy VAFs.|. . . . . .. 155
IB.8  SPRUCE results on simulated data for larger instances with noisy VAFs.|. . . . . .. 156
B.9 SPRUCE results on simulated data with ISA violations. . . . . ... ... ... ... 157
IB.10 SPRUCE solution space tor CLLO77.| . . . . . .. .. ... ... ... .... 157
IB.11 A22 tree reported by Gundem et al| . . . . . .. .. ... oL oo 158
IB.12 A22 characters with no compatible state trees.| . . . . .. .. ... ... ... .. .. 159
|IB.13 Maximal cliques in the compatibility graph ot A22.f. . . . .. ... ... ... .. .. 160
IB.14 SPRUCE results on A22.] . . . . . . . . .. . e 161
|IB.15 Relationship between 1" and T-bar.|. . . . . . .. ... ... .. ... ... ...... 162

) JRC Y CARLET Mutation Matrix). . . . .. ... ..o .. 165
ID.1 ScHap comparison to EAGLE2 on whole-exome data.] . . . ... ... ........ 178

xi



Chapter 1

Introduction

Tumors develop through the accumulation of mutations during the lifetime of an individual through
the process of clonal evolution [IT4] (Figure [L.1JA). As a result of this process, many tumors are
heterogeneous, containing multiple populations of cells (or clones), each with its own unique com-
bination of somatic mutations. This intratumor heterogeneity complicates the diagnosis and is
considered to be a significant cause for resistance to treatment and relapse [50] [146]. The field of
cancer phylogenetics aims to reconstruct and analyze the evolutionary history of tumors. Phylo-
genetic analyses of tumors, fueled by advances in high-throughput sequencing, have already been
used to identify mutations that drive cancer progression [72), [I00], analyze the interaction between
the immune system and the evolution of tumors [89} [167] , and identify common evolutionary pat-
terns of tumorigenesis and metastasis [I50, [I51] . In this thesis, we present several algorithms that
expand the field of cancer phylogenetics by using improved models for high-throughput sequencing
data, and modeling the complex interactions between different mutation types. In this introduction,
we present a primer on high-throughput sequencing of cancer genomes, different types of somatic

mutations, and existing algorithms for reconstructing tumor phylogenies.
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Figure 1.1: Tumor Evolution. (A) Cancer is an evolutionary process, during which cells accumu-
late mutations over time. Within a tumor, different cells may contain distinct sets of mutations,
resulting in intratumor heterogeneity. (B) We model the evolutionary process as a phylogenetic
tree. Here, vertices correspond to clones — groups of cells with the same set of mutations. Edges
correspond to direct ancestral relationships between clones. Edges are labeled by sets of mutations
that separate clones.

1.1 Somatic Mutations in Cancer

Cancer is a disease of the genome. Cancer cells have acquired a set of genomic alterations that lead
to abnormal cell growth and the potential to spread to other areas of the body. There are several
classes of somatic mutations that we see in cancer genomes. Here, we focus on two types of variants
(Figure . Single-nucleotide variants (SN'Vs) affect a single base in the genome. Even such a
small change in the genetic code can have a significant impact on cellular function. For example
BRAF V600E, an SNV in codon 600 of exon 15 of the BRAF gene, has been identified in a large
number of tumor samples across multiple cancer types including melanoma, colorectal carcinoma,

papillary thyroid carcinoma, hairy cell leukemia, and Langerhans cell histiocytosis [88].

Copy-number aberrations (CNAs) are a type of variation where larger regions of the genome are
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Figure 1.2: Somatic mutations in cancer. (A) In this thesis, we focus on two types of somatic
variants found in cancer genomes. Single-nucleotide variants (SNVs) are characterized by a change
in a single base of the genome. Here, a T allele changes to a G allele in the tumor genome. Copy-
number aberrations (CNAs) involve changes in larger regions of the genome, where intervals of the
genome are either deleted or amplified. (B) We identify SNVs and CNAs using DNA sequencing
data. SNVs in the sequenced genome appear as variant reads aligning to the locus in the reference
genome. CNVs in the sequenced genome appear as shifts in read depth — the number of reads
aligning to a region. Amplifications result in increases of read depth and deletions result in decreases.

duplicated or deleted. CNAs can range in size from hundreds of base pairs to whole chromosomes
and duplications of the whole genome. Copy-number aberrations are very common in cancers,
particularly in solid tumors, with a recent study across multiple cancer types identifying a median
of 39 aberrations per tumor sample [I62]. Gene copy-number affects the level of gene expression,
and tumors often show patterns of amplification of oncogenes (e.g. in the MYC, EGFR, and RAS
gene families [6]). In addition, deletions may remove functional copies of tumor suppressor genes —
for example, deletion of the p-arm of chromosome 17, which contains tumor suppressor gene TP53,
is seen recurrently across multiple cancer types. When seen in combination with an SNV in the
remaining copy of TP53, this combination of deletion+SNV is strongly associated with decreased
survival times of patients in multiple cancer types including acute myeloid leukemia (AML), acute

lymphoblastic leukemia (ALL), and chronic lymphoblastic leukemia (CLL) [142].



1.2 DNA Sequencing of Cancer Genomes

DNA sequencing of cancer genomes has played a large role in increasing our understanding of the
process of cancer development at the genetic level. The human genome is roughly three billion base
pairs long, and comprises 23 pairs of chromosomes. Currently we lack the technology to sequence
individual chromosomes from end to end. Instead, most cancer sequencing is done using short-read
DNA sequencing, where we measure snippets of the genome, or reads, that are approximately 100
base pairs long. There are two main types of DNA sequencing for cancer genomics that we focus

on in this thesis — bulk and single cell.

1.2.1 Bulk DNA Sequencing

In bulk DNA sequencing, each sample is composed of a mixture of thousands of tumor cells. This
complicates analysis of tumors, as we expect a high level of heterogeneity amongst individual tumor
cells, and we do not observe the mutational profiles of component clones directly. Instead, we observe
a mixed signal of all the genetic material present in the sample. Thus, the analysis of bulk DNA
sequencing requires specialized algorithms that deconvolve the mixed data into constituent clones.
The vast majority of cancer sequencing performed to date, including in large scale projects such
as The Cancer Genome Atlas (TCGA) and the International Cancer Genome Consortium (ICGC),
has use bulk sequencing data. where each sample is composed of a mixture of thousands of tumor

cells.

1.2.2 Single-cell DNA Sequencing

Single-cell DNA (scDNA) sequencing allows researchers to measure the heterogeneity of cancer
genomes at the level of individual cells. While scDNA sequencing avoids the problems of deconvolv-

ing mixed samples, a number of other technical issues and biases complicate data analysis.

Because an individual cell contains only a single copy of the genome, whole-genome amplification



(WGA) is an important step for scDNA-seq in order to obtain sufficient DNA to sequence. Several
WGA methods have been introduced, with the three most common for cancer sequencing being
degenerate oligonucleotide primed PCR (DOP-PCR), multiple displacement amplification (MDA),
and multiple annealing and looping based amplification cycles (MALBAC) [56]. These approaches
present trade-offs in the quality of signal measured for different mutation types. In general, MDA
is able to achieve much more complete coverage of the genome (in one study, ~ 84% covered with
at least one read, versus ~ 72% for MALBAC and ~ 39% for DOP-PCR [70]). This makes MDA
better-suited for identifying single-nucleotide variants than the other technologies. However, MDA
also has highly non-uniform coverage which makes the identification of copy-number aberrations
challenging. DOP-PCR have much higher uniformity and thus have in general been used to profile

cancer cells for copy-number aberrations.

1.3 Tumor Phylogenetics

Like any evolutionary process, the somatic mutational process giving rise to a tumor can be de-
scribed by a phylogenetic tree, whose leaves correspond to present clones, and whose edges describe
the ancestral relationships between clones (Figure ) We typically do not directly observe an
evolutionary process; instead we observe the present day variation that is the result of the evolu-
tionary process. There is a large body of work on phylogenetics for reconstructing the evolutionary
history of species or populations [I56]. However, these algorithms are not readily applicable to can-
cer sequencing data. Bulk sequencing and single-cell DNA sequencing provide different challenges

for the reconstruction of tumor phylogenies.

1.3.1 Bulk Sequencing Data

In traditional phylogenetics, we observe leaves of a phylogeny. For each leaf, we measure the set

of variants present within that leaf. The goal is to reconstruct a tree that relates these leaves. In



tumors, these leaves correspond to extant cells at the time of sampling. However, for bulk sequencing
data, we do not individually observe these cells. Instead a sequencing sample corresponds to a

mixture of cells.

Thus, algorithms from bulk tumor sequencing data must simultaneously deconvolve the mixed

sample and reconstruct a tumor phylogeny.

SNV based phylogenetic reconstruction

In bulk sequencing data, for each mutation, we observe a variant allele frequency (VAF), which is
defined as the proportion of reads at a locus that contains the variant. In the absence of copy-
number aberrations, we expect the VAF to be directly proportional to the fraction of cells in the

mixture that have the mutation.

There are many algorithms that reconstruct the evolutionary history of a tumor based on the SNVs
that are present in a tumor sample. Many of these algorithms rely on the infinite sites assumption
(ISA) [90] which states that mutations occur at most once in the history of a tumor, and never
revert back to the germline state. Under the ISA, there is a nice relationship between the cell
fractions of mutations in a sample and the relationship of mutations in a phylogenetic tree. Let
fas fo be the cell fractions of mutations a and b in a sample. The ancestry rule [38] states that
if mutation a is ancestral to mutation b in a phylogeny, then f, > fp, because all cells that have
mutation b must have mutation a. The sum rule |38, [122] states that the cell fraction of a mutation

a must be equal to or exceed the sum of fractions of child mutations — f, > > (v) f» where

vp € CHILD
v, is the first vertex in a phylogeny that has mutation a. A number of algorithms, including
TrAP [144], Rec-BTP [68], LICHeE [122], AncesTree [38], CITUP [34] 02], MACHINA [42] and

CALDER [I06] have described a combinatorial framework based on properties like the ones above

to infer tumor phylogenies based on mutation cell fraction.

However, mutation cell fractions are derived from sequencing data which has error. Thus, mutations

with similar cell fractions may be indistinguishable. Moreover, in the presence of selection, tumors



often consist of multiple clones distinguished by sets of mutations. We expect these sets of mutations
to have very similar mutation cell fractions. Thus, instead of operating on individual mutations,

many phylogenetic reconstruction algorithms operate on sets of mutations.

We thus divide the task of characterizing the phylogenetic history of a tumor from bulk sequencing
data into two problems: (A) clustering mutations and (B) identifying the tree structure. Methods
such as PyClone [130], SciClone [103], and Clomial [166] focus on (A) and cluster mutations, without
requiring that these clusters are generated by a tree. These algorithms use a probabilistic model for
the data to estimate the number of clones, the assignments of mutations into clones, and the cell
fraction of clusters of mutations. The combinatorial class of methods mentioned above typically

take in clusters of mutations as input.

There is, however, a circular dependence between clustering and identifying the tree. The cell
fractions of mutation clusters are used to construct the tree, but an underlying phylogenetic tree
constrains mutation cell fractions. This constraint is not accounted for in the clustering algorithms
and clustering algorithms may assign cell fractions that do not allow a tree. As such, treating the
two problems sequentially may fail, especially when data is noisy. Methods such as PhyloSub [74]
have been developed to cluster mutations and infer the tree simultaneously. These methods combine
a robust error model for the data, and a tree constraint on the clusters in the generative model.
Thus, the resulting clusters necessarily respect the tree constraint. These algorithms use MCMC
to sample trees, cluster cell fractions and cluster assignments from the posterior to find the most

likely set of parameters.

SNV and CNA-based phylogenetic reconstruction

In the previous section, we describe the relationship between mutation cell fractions and phyloge-
netic structure under the assumption of no CNAs. However, we do not directly observe the cell
fraction of a mutation, we observe the variant allele frequency. When there are no copy-number

aberrations, the variant allele frequency is directly proportional to the cell fraction. However,



copy-number aberrations result in violations of this proportionality. For example, an amplification
of a mutation increases the number of copies of the mutation in the mixture, and thus increases
its variant allele frequency without affecting its cell fraction. Algorithms like PhyloWGS [31] and
Canopy [73] use observed copy-number aberrations to correct variant allele frequency and infer a

joint phylogeny for SNVs and CNAs.

1.3.2 Phylogeny Inference from Single-Cell Sequencing Data

Unlike bulk sequencing, in single-cell sequencing we directly measure individual cells from a tumor.
While this avoids the challenges of deconvolving a tumor mixture, phylogeny reconstruction from
single-cell sequencing faces its own challenges. Because each cell contains a very small amount of

genetic material, scDNA-seq remains prone to errors.

SNV based phylogenetic reconstruction

Due to highly uneven coverage resulting from whole genome amplification, detecting SNVs in
scDNA-seq is challenging. In particular, when detecting SNVs, we see high rates of false nega-
tive errors (observing no reads that contain a variant when one is present in the cell) as well as
total dropout (observing no reads at a locus). In addition, false positive errors (observing reads
that contain a variant when the cell does not contain one) may result from errors introduced during
amplification or sequencing. Single-cell phylogenetic reconstruction algorithm must account for the

high error rates in the data.

Several algorithms tackle the problem of phylogenetic reconstruction from single-cell data, using

the infinite sites model including SCITE [71], Sci¢ [I38] and OncoNEM [129].



SNV and CNA-based phylogenetic reconstruction

There are presently no algorithms that directly integrate SNV and CNA data into a phylogenetic
algorithm based on single-cell data. This has been largely due to the fact that it is challenging to
measure both SNVs and CNAs from the same set of cells (as described in Section . However, a
number of algorithms attempt to model the affect that copy-number aberrations have on observed
SNVs without directly modeling copy-number aberrations. Copy-number aberrations, in particular
deletions, may result in losses of mutations. These algorithms rely on either the Dollo parsimony
model(SPhyR [37] and SASC [27]) in which mutations are gained at most once but may be lost
recurrently, or the finite sites model (SiFit [I63] and SiCloneFit [164]) in which mutations may be

gained and lost recurrently.

1.4 Contributions

1.4.1 A hybrid combinatorial-probabilistic approach to phylogeny infer-

ence from bulk sequencing data

In Chapter 2, we introduce PASTRI (Probablistic Algorithm for Somatic Tree Inference), which per-
forms both clustering and tree inference. It uses a hybrid approach, modeling observed data with
a probabilistic model, and integrating a combinatorial tree enumeration algorithm into inference.
By taking advantage of the combinatorial framework, PASTRI is able to perform inference more
efficiently, and as a result obtains improved accuracy and reduced runtime over probabilistic meth-
ods. Due to the probabilistic model, PASTRI is more robust to noise in data than combinatorial

approaches, and demonstrates improved accuracy on simulated data.
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1.4.2 Integrating SNVs and CNAs for phylogeny inference from bulk

sequencing data

In Chapter 3, we introduce SPRUCE (Somatic Phylogeny Construction Using Combinatorial

Enumeration), an algorithm which integrates both single nucleotide variant (SNV) and CNA in-
formation to reconstruct tumor phylogenetic trees [40]. We show that by explicitly considering the
combinatorial structure of the problem, SPRUCE achieves higher recall values on both small and

large instances compared to existing methods.

1.4.3 Integrating SNVs and CNAs for phylogeny inference from single-

cell data

In Chapter 4, we introduce SCARTLET (Single Cell Alogrithm for Reconstructing the Loss-supported
Evolution of Tumors). SCARLET is a tool to reconstruct phylogenies from single-cell DNA sequenc-
ing data. We introduce a loss-supported model for tumors, where copy-number aberrations may
result in losses of SNVs. We show that integrating these two signals yields a more informed and

consistent phylogenetic reconstruction.

1.4.4 Leveraging technical biases in single-cell DNA sequencing to phase

genomic variants

In Chapter 5, we investigate amplification biases in single-cell data. In particular, we show that

long-range read depth correlation can be used to phase genomic variants.



Chapter 2

Tumor Phylogeny Inference Using
Tree-Constrained Importance

Sampling

2.1 Introduction

In this chapter, we introduce PASTRI (Probabilistic Algorithm for Somatic Tree Inference), a new
algorithm that simultaneously clusters mutations into clones and infers a phylogenetic tree that
relates the clones. PASTRI separates inference into two parts by exploiting the conditional indepen-
dence of the observed allele counts from the latent phylogenetic tree given the cluster cell fractions
and uses an importance sampling approach to infer the most likely tree. First, we sample likely
cluster cell fractions from an informed proposal distribution which comes from a clustering algo-
rithm without the tree constraint [103, [130, [166], and calculate the data likelihood given these

cell fractions. Second, given samples of cancer cell fractions, we use the combinatorial algorithm

11
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described in [38], [122] to exactly enumerate the set of possible trees for the given cell fractions. This
allows us to efficiently compute the likelihood of all trees that respect the tree constraint, under a
realistic noise model for the data. Using clustering estimates allows the algorithm to focus in on
areas of high probability and search the space more efficiently than previous MCMC approaches.
Moreover, PASTRI samples only cell fractions, and forgoes sampling from the space of trees and clus-
ter assignments. As a result, PASTRI is faster and has better convergence properties than previous

MCMC approaches.

We show on simulated data that PASTRI outperforms both combinatorial and probabilistic methods
in accuracy and runtime. We then look at a chronic lymphocytic leukemia (CLL) dataset introduced
in [128] which used PhyloSub to classify patients into those with linear or complex branching
phylogenies. We reanalyze data from a patient that was originally classified as having a complex
branching phylogeny. We show that PASTRI is able to find a better solution that is linear instead

of branching, under both our model and the PhyloSub model.

2.2 Methods

First, in Section [2.2.1] we introduce our model for tumor evolution and sequencing mixtures. We
conclude this section by describing the tree constraint on cell fractions (F igure. In Section
we describe the generative model that we use for trees, clusters of mutations, and observed allele
accounts (Figure . Then, in Section we describe the PASTRI algorithm, and how we

calculate the posterior probability of phylogenetic trees (Figure .

2.2.1 Model

As a first step, we model tumor evolution using single-nucleotide variants (SNVs), leaving the
extension to copy-number aberrations as future work. As in previous work [311 [38], 68| [73] [74] 92

122] [145], we assume that each locus mutates at most once during the lifetime of the tumor, an
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Figure 2.1: Tree Constraint on Cluster Cell Fractions. (a) We model the evolution of a tumor
as a clone tree T, with k vertices corresponding to clones in the tumor. A mutation is assigned to
the clone in which it originates. Under the infinite sites assumption, a mutation occurs once, and is
never lost. Thus, if a mutation occurs in clone v;, all descendent clones of v; will also contain that
mutation. A clone tree T can be described by a binary perfect phylogeny matrix Br. (b) From
a heterogeneous tumor, we take m samples. Each sample is made up of a mixture of clones. The
usage matrix U describes the proportion of each clone in each sample. The cell fraction F' describes
the proportion of cells that contain a given cluster of mutations. For example, here the clone vy
occurs in u1 1 = 40% of sample S7, but the red mutation from clone vy occurs in fq1 = 100% of all
cells. (c) As the usage matrix U describes mixture proportions, the columns of U are constrained
to be non-negative and on the (k — 1)-simplex. For a tree T, we relate F' and U as F = BrU.
The set of allowed cell fractions for a tree T is a linear transformation of the (k — 1)-simplex and
is unique for every distinct tree T. This set can be described by the Sum Condition.

assumption known as the infinite-sites assumption (ISA). As such, we encode the state of a locus
as a binary character, with a 0 indicating the germline state and a 1 indicating a mutation. If
n loci are affected by mutations, we model the genome g of a cell as a binary string of length
n. We model cancer evolution as a clone tree T = (V(T), E(T)), a directed tree with |V(T)| = k
vertices (Figure[2.1{(a)). Vertex v; corresponds to a clone i in the tumor, and a directed edge (v, v;)
encodes the evolutionary relationship that clone j is a direct descendant of clone i. Alternatively
we can represent a tree t as a k x k perfect-phylogeny matrix By [62]. Column i of matrix Brp

corresponds to vertex v;, such that b;; = 1 if vertex v; is on the unique path from v; to the root
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and 0 otherwise.

We use cluster to refer to the set of mutations that occur in a particular clone. Then, let cluster
assignment vector ¢ = (¢1,...,¢,) be a vector mapping each mutation j to a clone v, such that
¢; = v indicates that v is the first clone in which mutation j occurs. By the ISA, the genomes of
all descendant clones of v; also contain mutation j. The genome of a clone v; is then defined by the

set of mutations assigned to vertices on the path from the root of the tree to v;.

We obtain one or more DNA sequencing samples from a tumor, separated spatially or temporally
(Figure b)) Each of these samples contain mixtures of the &k clones in different proportions.
Let usage matriz U be the k x m matrix of clone proportions across m samples, such that w; ,
is the proportion of cells in sample p belonging to clone i¢. For all clones ¢ and samples p, the
entries of U are non-negative, i.e. u;, > 0 for all 4, p, and the columns of U are on the (k — 1)-
simplex, Zle u;p = 1 for all p. Let clone 1 correspond to normal (non-tumor) cells, such that u p
correspond to the proportion of normal admixture in each sample p. For a vertex v; and sample
p, the cell fraction f;, of the mutations assigned to v; is the proportion of the cells in the sample
that contain those mutation. As a result of the ISA, all descendants of v; will also contain any
mutation that occurred at v;. Thus, we relate the clone usage matrix U to the cluster cell fraction
matrix F' = f; , as follows. Let 6(v;) be the set of children of v; in T', and let A(v;) be the set of
all descendants of v;. Then, in sample p, fi , = u;p, + ZvjeA(vi) Ujp = Ujp + Zvj@;(vi) fj.p- Thus,
we have the following constraint of cell fractions given a tree T', described in previous works as the

Sum Condition [38|, [74, 1], 122} [145].

fip > Z feop for all vertices ¢ and samples p. (Sum Condition)
ve€4(v;)

As clone 1 corresponds to normal cells and all tumor cells are descendants of a normal cell, we also

have the constraint that f; , = 1 for all samples p.

We can equivalently relate F' to U and a tree T as F' = BpU, where Brp is the binary perfect

phylogeny matrix corresponding to 7. As By is invertible, we also have that U = B, LF. Allowed
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cell fractions F' for a tree 1" are then those for which U = B, 1F is a valid usage matrix, i.e.
the entries are non-negative and the columns are on the (k — 1)-simplex. As described in [38], a
necessary and sufficient condition for this is that F' respects the Sum Condition, and the normal

clone has a frequency of f; , =1 for all samples p (Figure (c))

For each detected mutation j in sample p, we measure the number of variant reads a;;, and the
total number of reads d; , that align to the locus. Suppose we observe data for n mutations across
all samples. Let A and D be n x m matrices corresponding to the observed number of variant and
total reads for each mutation. The variant-allele frequency a;,/d;, of a mutation j in sample p
is proportional to amount of genomic material containing the variant in the mixture. Under the
infinite sites assumption with a diploid genome, this is % fe;.p> as each cell containing the mutation

has one mutated and one unmutated copy.



16

2.2.2 Probabilistic Model

Finite Tree-Constrained Mixture Model

Tree and Cell Fraction Model
T ~ Categorical(y)
F ~ By - Dirichlet(u)
Cluster Model
C; ~ Categorical(w)
G Observed Data Model
Ajp ~ Pa(Fc, 5, Djp, ©)
@ @ Dj, ~ Pp(©)
1,...,n

Figure 2.2: Generative model for mutation allele counts from a tumor. A latent clone tree
T generates m samples consisting of mixtures of cells with different mutations, where cluster i of
mutations in sample p is found found in cell fraction F;,. Each mutation is assigned to a cluster
C;. Variant read counts A are generated for each mutation with a binomial likelihood model, given
an observed total read counts D.

We model the data using a finite tree-constrained mixture model (Figure[2.2)). We divide the model
into three components: the tree and cell fraction model (highlighted in blue), the cluster assignment

model (orange), and the observed data model (green).

We first describe the tree and cell fraction model. Let T be the random variable corresponding
to the latent true clone tree. T follows a categorical distribution which selects tree T' with weight
~r. For the results in this paper, we set v such that the probability of all trees is uniform. As
the columns of a usage matrix lie on the (k — 1)-simplex, i.e. Zle u;p = 1 for all samples p,
we model the usages for sample p, U, ~ Dirichlet(p1,. .., 1) with vector of hyperparameters p of
length k. In terms of F), this is F,, ~ By - Dirichlet(p1, . . ., ftx), where By is the perfect phylogeny
matrix corresponding to tree T. As described in Section 2:2.1] F = BpU will respect the Sum
Condition for tree T for valid usage matrix U (i.e. a usage matrix where all columns are on the
(k — 1)-simplex). Any usage matrix U whose columns are not on the (k — 1)-simplex will have a
probability of 0 under the Dirichlet model. Thus, a cell fraction matrix F' will only have non-zero

probability if it respects the Sum Condition across all samples.



17

As in a standard mixture model, the observed data is composed of mixtures of k clusters. Let
C = (Cy,...,C,) be the random variable corresponding to cluster assignments where C; follows
a categorical distribution parameterized by weights w. Under this model, the cluster assignments
are conditionally independent given the fixed hyperparameter w. This choice allows us to easily
marginalize over possible cluster assignments during inference, described below. This model con-
trasts with Dirichlet Process clustering approaches, where the number of clusters is not fixed, and

the cluster assignments have a complex dependence on each other.

Let A and D be the random variables corresponding to the number of variant and total reads
across n mutations and p samples. Under the ISA, we expect the variant-allele frequency A; ,/D; ,,
of a mutation j in sample p to be proportional to the cell fraction of the cluster containing the
mutation, F¢, ,. That is E[A,,/D;,] = %chr A simple model for allele counts is A, ~
Binomial(D; ,, %ch p), and we use this model in the Section However, we allow for more
sophisticated observation models, involving additional parameters ©, that can model sequencing
error, over-dispersion, or copy-number aberrations. The key feature of this model is that the
observed allele counts do not depend directly on the tree T, only on the cell fractions F. This

allows us to sample cell fractions and compute the data likelihood and model parameter likelihoods

separately.

In summary, the complete data likelihood of our model is

Pr(A,C,F, T |D,w,vy,u) =Pr(A | C,F,D)Pr(F | T, ) Pr(T | v) Pr(C | w)

m n

n
= H Dirichlet(B; 'F, | 1) H Binomial(A;, | F¢; »,Djp) | v H wey. (2.1)
j=1

p=1 j=1
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Figure 2.3: Overview of Pastri Algorithm. (a) We observe variant-allele and total read counts
for n mutations m samples of the tumor. (b) A clustering algorithm that does not require that the
data is generated by a phylogenetic tree gives an estimate of the posterior distribution Q(F) over
cluster cell fractions. (c) PASTRI draws samples F from Q(F). For each sample, we enumerate the
set T5 of trees T and cell fraction assignments (permutations) 7 that respect the Sum Condition
across all samples. All trees/permutation pairs not in Tz have a probability of 0 due to the tree
constraint. We estimate the posterior probability of each tree with importance sampling, thus
giving us a ranking of which trees are most likely to have generated the data.

2.2.3 Tree Inference

Given variant-allele counts A = A and total read counts D = D, we want to compute posterior

probability of a tree T =T given the observed data and hyperparameters,

Pr(T=T|A=AD=D,w,v,u) x Pr(A=A|T=T,D=D,w,u)Pr(T=T | v) (2.2)
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In order to calculate this posterior probability from the complete data likelihood given in Equa-

tion we must marginalize over latent cluster assignments C and cluster cell fractions F,

Pr(A=A|T=T,D=D,wpu)Pr(T =Ty = /ZPrA A|C=¢F=FD=D)

XxPr(C=¢|w)Pr(F=F|T=T,u)Pr(T =T|y)dF (2.3)

We first show how we analytically marginalize over cluster assignments C. Marginalizing over cell
fractions is more complicated as F' is continuous, high-dimensional, and the entries of matrix F are
not independent. In Section we demonstrate how we numerically integrate over cell fractions

using importance sampling.

In Equation the terms that depend on C are Pr(A | C,F,D)Pr(C | w). We marginalize over
all vector assignments C = ¢ such that ¢; € {1,...,k} to obtain a variant-allele count likelihood
Pr(A | F,D,w) that does not depend on C. Because the cluster assignments are conditionally

independent given w, A, F', we can marginalize over them independently for each mutation.

Pr(A=A|F=FD=Dw)=) Pr(A=A|C=¢F=F,D=D)Pr(C=¢|w) (2.4)
=> Pr(C=¢|w) ][] ] Binomial(A;, | Fe, , D;,) (2.5)
Z j=1p=1
n k m
=11>: <Pr(cj =i | w) ]| Binomial(A,, | Fch,,,Dj,,,)) (2.6)
j=1i=1 p=1
n k m
H Z < wj H Binomial(A; , | ch’p,D]-’p)) (2.7)
j=1i=1 p=1

We refer to this term, Pr(A = A | F = F,D = D,w), as the unconstrained data likelihood, as it

does not depend on the tree T'. Thus we have

Pr(T=T|A=AD=D,w,v,u) (2.8)

oc'yT/Pr(A:A\F:F,D:D,w)Pr(F:F\T:T,u)dF. (2.9)
F
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In the following section, we describe how we integrate over cell fractions F.

Importance Sampling

We cannot analytically calculate the posterior probability (Equation [2.9) due to the integral over
cell fractions F. In this section, we describe how to we calculate this distribution using importance

sampling [149] in combination with a combinatorial tree enumeration algorithm.

Importance sampling uses a proposal distribution Q(X) over a random variable or set of random
variables X which approximates distribution of interest P(X). We numerically calculate an integral

[P(X)dX as follows. Let X1,..., Xy be samples from Q(X). Then,

N
/P(X)dX = /ngQ(X)dX = Eq [gg?)} ~ %Z P(X"_). (2.10)

In our case, the distribution of interest is P(F) = Pr(A = A | D = D,F = F,w)Pr(F = F |
T = T,7). We use a clustering method such as SciClone [103] or PyClone [I30] which gives an
estimate of the posterior probability over F, without the tree constraint, Q(F) = Prq(F =F | D =
D,A =A0) xPrg(A=A|D =S5,F = F,e)Prq(F = F,e) where we use Prq(X) to denote the
probability under model used by the clustering method and where e indicates the distribution may
depend on a number of hyperparameters. Different clustering methods may use slightly different
likelihoods for observed allele counts, such as parameters that describe the rate of sequencing errors.
However, we assume that Pr(A = A | D = D,F = F,w) ~ Prq(A = A | D = D,F = F,e). This
assumption should hold as long as sequencing error is not a significant factor. Thus, Q(F) and P(F)
differ primarily in the generative model for cell fractions: a tree constraint, Pr(F = F | T =T, u)
versus no constraint Prq(F = F,e). However, as there is an underlying tree that generated the
data, we expect that the true F' respects a tree constraint on cell fractions. Thus, for the true tree
T, we expect a significant portion of posterior probability mass respects the tree constraint and

using the unconstrained Q(F) is an effective approximation of constrained P(F).
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Sampling from the unconstrained posterior Q(F'), cell fractions are not yet assigned to vertices of
the tree. A permutation 7 of the rows of a sample F correspond to assignments of cell fractions to

(" permutation of the rows of F. All permutations

vertices of the tree. We denote by m; o F' the
result in the same data likelihood Pr(A = A | F = F,D = D,w). However, not all permutations
respect the Sum Condition (Figure . In general, the number of cell fraction assignments that
respect the Sum Condition is small relative to the total number of permutations. For example,
consider a linear tree T', as in Figure If there are k vertices, there is a single permutation
(a descending order of frequencies) that respects the Sum Condition out of k! total permutations.
Remember, cell fraction samples F that do not respect the Sum Condition for a tree T have a

probability Pr(F = F|T,u) = 0. Thus, if we enumerate all k! permutations for each sample F,

most permutations would have a probability of 0.

Here we introduce an approach where, given a sample F, we can enumerate exactly the set of
trees T and permutations 7 for which 7 o F respects the Sum Condition. Indeed, this problem —
given a set of cell fractions F, find a tree T and an assignment 7 of cell fractions to vertices which
respect the Sum Condition — is the exact problem described by combinatorial methods. [38][92] [122]
describe the solutions to this problem as finding a constrained set of spanning trees of a particular
graph. [40] [122] use a specialized version of the Gabow-Myers algorithm [53] to enumerate only

this specific set of trees.

We then calculate the posterior probability of a tree T as follows. First, generate N samples

FO_ . FN) ~ Q(F). For each sample F(), enumerate the set Tz of tree/permutation pairs
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(T, m) that respect the Sum Condition across all vertices. Then,

Pr(T=T[|A=AD=D,w,v,pn)

OCVT/Pr(A:A|F:F,D:D,w)Pr(F:F|T:T,,u)dF (2.11)
F

N k! — . — .
“Pr(A=A|D=DF=F® w)Pr(F = FO|T=T1
~ gy A A= DS L BE S me FEIT=T0) (5 19
N - k! = Q(F(z))
N _ _
Pr(A=A|D=D,F=F® y)Pr(F = FO|T=T
DD 4 | ’ ) Pr(F =m0 F77 | 1) (2.13)
N -kl Q(F ()
=1 (T, 70) €T 13y
s.t. T=T'

Note that any pair (T,7;) ¢ Tz will have a probability Pr(T | F = 7 0 F® u) = 0. Thus,
summing over just (T,m¢) € T (Equation is equivalent to summing over all permutations
(Equation . In practice, instead of calculating the likelihood for each tree T separately, we
can use the same set of samples. Thus, for each sample F(Y) we only need to enumerate )

once.

In Section we report optimal cluster cell fractions F* and cluster assignments ¢* as follows.
Let T* be the optimal tree, the one with the highest posterior probability.
F* =argmax max_ Pr(A=A|D=D,F= F,u)Pr(F=7o0F | T =T*p) (2.14)

F (T*,m)eT 5

As cluster assignments are conditionally independent given w, F’* and allele counts, we can optimize

them independently.

cj = argmax w; Pr(A = A|D = D,F = F*,C; =) (2.15)
ie{l,....k}

In Supplementary Methods A.1, we describe how we generalize importance sampling to use multi-
ple proposal distributions. This allows us to sequentially adjust the proposal distribution to find

more samples that respect the Sum Condition, using the unconstrained posterior as a starting
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Figure 2.4: Importance Sampling. The data likelihood Pr(A = A |D = D,F =7;0 F,w) is the
same for all permutations 7 of F' for this tree T". However, 71 o F' satisfies the Sum Condition, and
72 o F' does not. Thus 7 o F' has a probability Pr(F =m0 F' | T =T, u) = 0.

2.3 Results

2.3.1 Comparison to Phylogeny Reconstruction Algorithms

We compare PASTRI to three other methods for constructing tumor phylogenies: PhyloSub [74],
Canopy [73] and AncesTree [38]. PhyloSub and Canopy both employ a Bayesian non-parametric
model to simultaneously infer the number of clones, the most likely clusters and cluster cell fractions,
and the phylogeny. AncesTree is a combinatorial method which takes as input clusters of SNVS
and infers the largest tree with the set of clusters. We use the same set of SciClone results as input

to both PASTRI and AncesTree.

We generate 50 instances each of 3, 4 and 5 vertex trees with 20 SNVs. In all instances, we use 5
samples with a read depth of 200X. PhyloSub and Canopy were both run using default parameters.
PASTRI was run with hyperparameters w,y, and u set to be uniform for model parameters, and

10,000 samples. We compare the methods on three metrics — accuracy in recovering ancestral
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relationships, accuracy in cluster cell fractions and runtime.

PASTRI °-
PASTRI SciClone + PASTRI
PhyloSub -’-
Canopy
AncesTree SciClone + AncesTree
0.0 0.2 0.4 0.6 08 1.0

Metric 1

PhyloSub
PASTRI *—

PhyloSub 0
Canopy Canopy
Canopy ’

0.0 0.2 04 0.6 08 1.0 0.0 0.2 0.4 0.6 08 1.0 0 10000 20000 30000 40000 50000
Proportion of Ancestral Relationships Correctly Inferred Metric 2 Runtime (s)

PhyloSub

(a) Ancestral Relationships (b) Cell Fraction (¢) Runtime

Figure 2.5: Comparison to phylogenetic reconstruction algorithms. We simulate 50 trees
with 5 nodes, 5 samples, and 20 mutations. (a) To quantify the accuracy of the tree inference,
we measure for what proportion of pairs of mutations ¢, d did the algorithms correctly recover the
ancestral relationship — ¢ is ancestral to d, d is ancestral to ¢, ¢ and d are in the same cluster,
or ¢ and d are on separate branches. (b) To measure how accurately the algorithms recover the
true cell fractions, we report two metrics, given by Equations [2.16] and to measure accuracy
in recovering cluster cell fractions. Both metrics measure the average distance between entries the
true cell fraction matrix and the reported. Metric 1 penalizes for overestimating the number of
clusters, and Metric 2 penalizes for underestimating. (¢) We report the runtime in seconds of each
method.

Recovering the Phylogeny

To assess the methods’ abilities to recover the true phylogeny, we measured the proportion of
ancestral relationships between SNVs that were correctly reported in the best reported tree by
each method. A pair of SNVs ¢ and d can have one of four relationships in a tree: ¢ and d may
be in the same cluster, ¢ may be ancestral to d, d may be ancestral to ¢, or ¢ and d may be
on distinct branches of the tree. For all pairs of distinct SNVs in each sample, we measure th
whether the reported relationship matched the relationship in the true tree. The results for 5
vertex trees are shown in Figure (a), with 3 and 4 vertex trees in Supplementary Figure 3. We
see that PASTRI outperforms all three methods. Indeed on three vertex trees, PASTRI correctly
infers all ancestral relationships on 58% of instances, while neither PhyloSub nor Canopy have a

single instance on which this happens.
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Recovering Cluster Frequencies

To assess the methods’ ability to recover true cluster frequencies, we compare the reported clone
frequencies Fpp, Fpg and Fgp — for PASTRI, PhyloSub and Canopy respectively — to the true
values F. We do not report AncesTree in this section as AncesTree does not perform its own
clustering. As the algorithms may return a different number of clusters than the true model, we use
two different metrics to measure accuracy. Let 6(f;, f;) = %22;1 | fi.e — fj¢|, the average per-entry

distance between two rows.

1. Metric 1 — A measure of sensitivity, matches the true clones to the nearest reported clones.

k
My(F,F*) =" argmin ;. 0(£,£7) (2.16)

i=1

2. Metric 2 — A measure of specificity, matches the reported clones to the nearest true clones.

kx
My(F,F*) = argmin;c;y 4 6(F;, £}) (2.17)
j=1

Results using both metrics for 5 vertex trees are shown in Figure b). Results with 3 and 4
vertex trees in Supplementary Figure 4. PASTRI consistently outperforms both methods. Note that
in all cases, the median PASTRI result is below the first quartile of results for both PhyloSub and

Canopy.

Runtime

We measure the runtime for all three algorithms. For PASTRI and AncesTree, the combined runtime
of clustering and inference is used The results for 5 vertex trees are shown in Figure c). Results
for 3 and 4 vertex trees in Supplementary Figure 2. Note that both PhyloSub and Canopy are sam-
pling methods and the runtime is determined by how many samples each method uses within their

default parameters. As such, we expect increasing the number of samples improves the accuracy
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of the methods. However, we see that PASTRI achieves improved accuracy with significantly lower
runtimes than either PhyloSub or Canopy. In general, we found runtimes ranged from on the order
of seconds for SciClone and AncesTree, less than a minute for PASTRI , hours for PhyloSub, and

days for Canopy.

2.3.2 Chronic Lymphocytic Leukemia

Rose-Zerilli et al [128] presents a dataset from a cohort of 13 patients with chronic lymphocytic
leukemia (CLL). Each patient had 2-5 samples taken longitudinally over the course of their disease
and these were subject to a number of analyses including targeted deep sequencing. The authors
classify the patients into those with linear phylogenies (4/13 patients) and those with complex
branching phylogenies (9/13 patients) on the basis of PhyloSub [74] analysis. Branching phylogenies

are used as evidence of sub-clonal competition prior to therapy.

Here we investigate Patient 5 in the study. In [128], this patient was classified as having a complex
branching phylogeny (Figure using PhyloSub analysis. Running PASTRI results in an optimal
tree with 8 nodes that is mostly linear. The fully linear tree was ranked 3/115. We calculate the
likelihood of the data under both the PASTRI allele count observation model, and the PhyloSub
observation model, which allows for sequencing error in observations. Under both models, the like-
lihood for both trees found by PASTRI are better than the branching phylogeny reported in [128].
There are two possible explanations for the discrepancy. First, it is possible that PhyloSub’s sam-
pling procedure never found either the optimal tree or the linear tree. Second, the tree-structured
stick breaking prior over trees used by PhyloSub has hyperparameters that influence the width and
the depth of the trees. As a result, the branching phylogeny presented may have been preferred to
a linear phylogeny. However, if an intention of a study is to classify patients by phylogenetic tree

structure, one should keep the priors over trees as neutral as possible.
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Figure 2.6: Patient 5 from Rose-Zerilli et al [I28]. This patient was classified as having a complex
branching phylogeny using PhyloSub analysis (right). Running PASTRI finds an optimal phylogeny
that is mostly linear (left). Restricting to linear phylogenies results in the center tree, which was the
third most likely phylogeny out of 115 possible. We calculate the likelihood of the data under both
the PASTRI allele count observation model, and the PhyloSub observation model, which allows
for sequencing error in observations. Under both models, the likelihood under both trees found by
PASTRI are better than the branching phylogeny reported in [128].

2.4 Discussion

We introduced PASTRI, a new method that simultaneously clusters mutations and infers tumor
phylogenies from bulk-sequencing data. PASTRI exploits the conditional independence of the ob-
served allele counts from the latent phylogenetic tree given the cluster cell fractions. Because of this
conditional independence, we are able to exploit combinatorial constraints [38)], [74] 911 [122], T45] to
efficiently marginalize over cluster cell fractions, using a combinatorial tree enumeration algorithm.
At the same time, we utilize a probabilistic model for the observed allele counts that models errors
in sequencing data. By leveraging combinatorial structure into the probabilistic inference, we obtain

improved accuracy over prior combinatorial algorithms — due to better modeling of noise in sequence
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data — and improved runtime over probabilistic methods — due to more efficient inference.

By using importance sampling, we direct the computation toward regions of the sample space with
highest probability. As a result, PASTRI will more precisely calculate the posterior probability of the
trees that have the highest probability as compared to low probability trees. In our application, this
is an acceptable tradeoff, as we are most interested in recovering the highest probability trees, and
generally are not concerned with the exact ordering of very unlikely trees. Note that our importance
sampling approach can use any algorithm that computes a posterior distribution over clusters; we
have used SciClone [I03] in this work, but PyClone [130], Clomial [166] or other algorithms can

also be used.

In Section we examined data from a study that aimed to classify patients as having either
a linear of a complex branching phylogeny. We showed a case where an existing algorithm failed
to find a linear phylogeny that had higher likelihood than the reported branching phylogeny. In
cases with few samples or low coverage, there is significant ambiguity in the tree structure, and
many trees may have similar likelihood. Thus, reporting a single solution with highest likelihood
not accurately recover the underlying phylogeny. In particular, when distinguishing between linear
and branching phylogenies, there may be many branching trees, but only a single linear tree. Thus,
it is easy to overfit phylogeny reconstruction, and select a branching phylogeny when a linear is

nearly as likely, in the presence of noisy data.

There are a number of directions for future work. First, is to improve the model selection problem
of choosing the number of clones/clusters. In this work, we relied on the model selection procedure
performed by the clustering algorithm. However, it is plausible that in some scenarios the phylo-
genetic tree constraint would shift cluster cell fractions in such a way to affect the choice of the
number of clones. Second, while we have demonstrated PASTRI using single-nucleotide mutations,
the hybrid combinatorial-probabilistic approach generalizes to the analysis of copy-number aberra-
tions (CNAs), which are widespread in solid tumors. As CNAs affect the observed allele counts of
single-nucleotide mutations in a predictable way (as described in [3T}, [40]), the interaction between

observed CNAs and allele counts can be accounted for in the observation model. Finally, the hybrid



29

inference algorithm presented here could generalize to other problems where there is conditional

independence between a combinatorial structure (here a tree) and a probabilistic model.



Chapter 3

Inferring the Mutational History
of a Tumor using Multi-state

Perfect Phylogeny Mixtures

1. Joint work with Mohammed El-Kebir

3.1 Introduction

Cancer is an evolutionary process, where somatic mutations accumulate in a population of cells [114].
Accumulation and selection of somatic mutations means that tumors are a heterogeneous mixture of
cells with different complements of somatic mutations. In the past few years, researchers have begun
to quantify this intra-tumor heterogeneity using DNA sequencing from one or multiple samples from
the same tumor. Recent studies have demonstrated the importance of intra-tumor heterogeneity in
cancer treatment and resistance [49] [T0I]. A simple characterization of intra-tumor heterogeneity
classifies mutations as clonal (present in all tumor cells) vs. subclonal (present in a subset of tumor

cells). However, one can obtain more information more information about the relationship between

30
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tumor clones by applying phylogenetic techniques to reconstruct the evolutionary history of the

tumor [31) 38, 57) 74, 02] (113} (122} 144], [160].

Importantly, the process of clonal evolution in a tumor occurs at the level of single cells. In
phylogenetic terminology, the somatic evolutionary process is modeled by a phylogenetic tree, whose
leaves correspond to extant entities called taza, and whose edges describe the ancestral relationships
between the taxa. The taxa are the individual cells in a tumor. Yet, due to technical and financial
constraints, the majority of cancer sequencing projects do not sequence individual cells [I07HI09]
1541, [168], but rather bulk tumor samples containing thousands to millions of cells. All of the datasets
from The Cancer Genome Atlas (TCGA) [20] and nearly all datasets from the International Cancer
Genome Consortium (ICGC) [I70] measure mutations in a single tumor sample. More recently,
sequencing of multiple bulk samples from the same tumor have been undertaken [12] 14}, 57, 6T} [85]
112) 131}, [133]. In some of these studies, researchers have used phylogenetic trees to represent the
relationships between these individual samples. However, the underlying data in these sequencing
studies is not the presence/absence of a mutation in an individual cell, but rather the fraction of
sequence reads that indicate a mutation, a quantity that is proportional to the fraction of cells
that contain the mutation. In phylogenetic terminology, we do not measure the individual taxa,
but rather miztures of taxa. Thus, proper phylogenetic analysis of bulk cancer sequencing data

demands specialized techniques that handle such mixtures.

Since the goal of cancer phylogenetic studies is to understand ancestral relationships between mu-
tations, character-based phylogenies are desirable. In a character-based phylogeny, taxa are repre-
sented by a collection of characters, each of which have one of several distinct states. The basic
problem of character-based phylogenetic tree reconstruction is the following: given the states for n
characters on m taxa, find a vertex-labeled tree whose leaf labels are the taxa and whose internal
nodes are labeled by an ancestral state for each character such that the resulting tree maximizes an
objective function (e.g. maximum parsimony or maximum likelihood) over all such labeled trees.
Motivated by bulk cancer sequencing data, we consider a phylogenetic tree mixture problem, where

the input is not the set of states for each taxon, but rather miztures of these states. The goal
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is to explain these given mixtures as a mixing of the leaves of an unknown phylogenetic tree in
unknown proportions (Figure[3.1)). Stated another way: if one is given m mixtures of the leaves of

a phylogenetic tree, can one reconstruct the tree and the mixing proportions?

The difficulty of the phylogenetic tree mixture problem depends on the evolutionary model. The
simplest such model assumes that characters have only two states and that characters change state
at most once; i.e. the characters evolve with no homoplasy. The latter condition is called the
infinite sites assumption and gives rise to a perfect phylogeny. Driven by the application to cancer
sequencing, there has been a surge of interest in solving the phylogenetic tree mixture problem for
a two-state perfect phylogeny, relying on the idea that the infinite sites assumption is a reasonable

model for somatic single nucleotide variants (SNVs) [38|, 68|, [74], 92], 113, 122} 144, [160].

While the two-state perfect phylogeny model might be reasonable for somatic SNVs, it is fairly
restrictive for modeling the somatic mutational process in cancer. For instance, somatic copy-
number aberrations (CNAs) are ubiquitous in solid tumors [162], and these mutations generally
have more than two states. Moreover, the observed frequency of an SNV is confounded by CNAs
affecting the locus [36]. Thus far, most analysis methods have either excluded genomic regions with
CNAs from tree reconstruction [38 [74], [92] 22| 144] or have made restrictive assumptions on the
mutational process. Based on these assumptions, methods estimate the cancer cell fraction (CCF),
the proportion of tumor cells containing an SNV from the observed SNV frequencies [12] 611, TT3].
However, these restrictions are not necessarily true for all tumors and relying on these restrictions
may result in incomplete reconstructions or rule out alternative valid phylogenies. An alternative
desirable approach is to use a multi-state model for cancer phylogenies. The difficulty of the general
multi-state phylogenetic mixture problem is unknown. However, as in the two-state case, we can
make the simplifying assumption of no homoplasy. For multi-state characters, the no-homoplasy
assumption is referred to as the infinite alleles assumption in population genetics, or the multi-state
perfect phylogeny [A7, [65]. In this model, a character may change state more than once on the tree,

but changes to the same state at most once.

Here, we introduce a perfect phylogeny mixture problem in the case of multi-state characters that
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evolve without homoplasy under the infinite alleles assumption. We define this problem formally
as the Multi-State Perfect Phylogeny Mixture Deconvolution Problem (PPMDP) and derive a
mathematical characterization of its solutions as a restricted class of spanning trees of a labeled
multi-graph. We specialize the PPMDP to analyze bulk-sequencing data from multiple samples
of a tumor by introducing a multi-state model that captures the interplay between SNVs and
CNAs. We apply the resulting algorithm SPRUCE (Somatic Phylogeny Reconstruction Using Com-
binatorial Enumeration) to simulated data. We find that there is considerable ambiguity in the
solution with sequencing data from few samples, but that the number of phylogenetic trees de-
creases dramatically as the number of samples increases. We show that by explicitly considering
the combinatorial structure of the problem, SPRUCE achieves higher recall values on both small and
large instances compared to existing methods [31]. On two cancer datasets, a chronic lymphocytic
leukemia [I33] and a prostate tumor [61], we infer phylogenetic trees that contain CNAs and SN'Vs.
On the latter dataset, we demonstrate the importance of jointly inferring cancer cell fractions and

phylogenies.
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Figure 3.1: Overview: (A) In the multi-state perfect phylogeny problem, we are given a matrix
A composed of state vectors for each taxon. We seek to find a tree T" whose leaves correspond
to the taxa that satisfies the infinite alleles assumption. (B) In the Perfect Phylogeny Mixture
Deconvolution Problem (PPMDP), we do not observe the taxa directly. Instead, our measurements
F correspond to mixtures of the taxa of a tree T' according to proportions U. The goal is to infer
T and U given F. (C) Tumors consist of mixtures of distinct cellular populations (clones). From
bulk DNA sequencing data of one or more samples of a tumor we obtain: variant allele frequencies
(VAFs) of single-nucleotide variants (SN'Vs), and read depth ratios and B-allele frequencies (BAFs)
from copy number aberrations (CNAs). These measurements are superpositions of the mutational
signals from the clones present in each sample, mixed according to the prevalence. We show that
with a few simplifying assumptions one can obtain F from these measurements. The evolution of
the clones is described by a clonal tree, which we model as a multi-state perfect phylogeny.
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3.2 Results

Below, we formulate the Perfect Phylogeny Mixture Deconvolution Problem (PPMDP) (Section
, a general problem of constructing phylogenetic trees from mixtures, under the infinite alleles
model. We then show how measurements of SNVs and CNAs in bulk tumor sequencing data
yield instances of the PPMDP, which we solve using an algorithm that we call SPRUCE (Section
. We demonstrate the performance of SPRUCE on simulated and real cancer sequencing data
(Section [3.2.3]). Throughout this section taxa correspond to distinct tumor populations, characters
correspond to genomic loci, and the state of a character encodes the mutational state and copy

number of the corresponding locus.

3.2.1 The Perfect Phylogeny Mixture Deconvolution Problem

In the multi-state perfect phylogeny model, one is given a state vector for each of m taxa; the
entries of this vector give the state of each of n characters. We label each of the k£ states by an
integer from 0 to k — 1. Equivalently, we can represent the input by a matrix A whose rows are the
state vectors of the taxa (Figure ) The goal is to infer a tree T' whose leaves are labeled by
the rows of A and whose internal nodes are labeled by state vectors satisfying the infinite alleles
assumption. That is, a character may change state multiple times on the tree but changes to the
same state at most once. Throughout this paper, we restrict our attention to the case of rooted,
or directed, perfect phylogenies, where the state vector for the root vertex is the zero vector. This
restricted version is consistent with the assumptions for our cancer sequencing application below.
Moreover, perfect phylogeny algorithms can generally be extended to the non-zero rooted case or

unrooted case with some additional work [65].

In the case of bulk-sequencing data, we do not measure A, or equivalently the leaves of T' directly,
but rather we are given m samples that are miztures of the rows (taxa) of A, or equivalently
mixtures of the leaves of T', in unknown proportions (Figure [3.1|B). Formally, for each sample p,

character ¢, and state i € {0,...,k — 1} we are given the frequency f, (), which is the proportion
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of taxa in sample p that have state i for character c. Note that frequencies f, (. ;) are non-negative
and sum up to 1 across all states. Our input measurements are thus described by a kK x m x n
frequency tensor T = [[fp (c,)]]. While the frequencies J are obtained by mixing the leaves of T,
the number of leaves in T is typically unknown. We define a complete perfect phylogeny tree as
having exactly n(k — 1) + 1 vertices such that each edge is labeled by a unique character-state pair.
Thus each vertex of a complete perfect phylogeny tree is a taxon, instead of just the leaves. We
can assume without loss of generality that &F is obtained by mixing all the vertices of this complete
perfect phylogeny tree (Figure , and in the following we restrict our attention to complete

perfect phylogeny trees T'.

We denote the root vertex of T' by v(, ) and the remaining vertices by v(. ;) where i is the new state
of character ¢ that occurs on the incoming edge. For each vertex v(. ;) and each sample p, we define
the usage u, (. to be the proportion of v ;) in sample p. The usages u, ;) are non-negative
and that the usages of all taxa in a sample sum to 1. Note that f, . ; denotes the frequency of
character-state pair (¢,i) in sample p, whereas Up,(c,iy denotes the proportion of the taxon v ;) in
sample p. The usage matriz U = [u, ()] represents the usages of all taxa across all samples. It
follows that the frequency of a character-state pair is the sum of the usages of taxa that have state
i for character c¢. That is, f) (i) = Z(d,j)eT@,i) Up,(d,j), Where T( ;) is the subtree consisting of
vertices whose corresponding state vectors have state ¢ for character ¢. Thus, given a tree T and
usage matrix U, the frequencies f, ;) for each sample, character, and state are determined. Our

problem is the converse.

Perfect Phylogeny Mixture Deconvolution Problem (PPMDP). Given an k x m X n frequency tensor
F = [[fp,(c,i)]], find a complete perfect phylogeny tree T" and a usage matrix U = [u,(c,)] such that

ci) = . Uy (q.4) or all character-state pairs (c,¢) and all samples p.
fpy( 1) (d,5)ET e,y Upi( ,J)f 1l ch i ' d all !

In Section [3.4.1] we derive a mathematical characterization of solutions to PPMDP and show that
these correspond to constrained spanning trees in a directed multi-graph Gg5. We say that a
tree T' generates F if there exists a usage matrix U such that f, ;) = Z(d,j)eT(ci) Up,(d,j)- See

Supplemental Methods for further details and formal definitions of T and A.
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For our application to cancer genomes described below, we consider a special case of the PPMDP
where in addition to the frequencies JF, we are given a set 8 = {S. | ¢ = 1,...,n} of state trees,
one for each character. The state trees describe the order of states for a character; such an order-
constrained character is called a cladistic character [47]. Formally, the vertex set of a state tree S, is
the set {0,...,k—1} of states, and the edges describe the relationships of the states of character c.
A perfect phylogeny T is consistent with § if the states for each character ¢ occur in the same order
as prescribed by the state tree S. € 8. That is, for all characters c and states i, j, (¢, %) is ancestral to
(¢,7) in T if and only if 4 is ancestral to j in S.. In the Cladistic-PPMDP, we are given frequencies
J and state trees § and seek to find a complete perfect phylogeny tree T that generates F and is
consistent with 8. In Section we introduce an enumeration algorithm that exploits the specific
combinatorial structure of solutions to the Cladistic-PPMDP. See Supplemental Methods |B.1.5))

for further details.

3.2.2 Multi-State Model for the Somatic Mutational Process in Can-

cer

Our motivating application for the PPMPD is to analyze multi-sample cancer sequencing data. A
tumor is a collection of cells that have evolved from the normal, founder cell by a series of somatic
mutations. Here, m distinct samples from a tumor have been sequenced, each such sample being
a mixture of cells with different somatic mutations. Our aim is to reconstruct the phylogenetic
tree describing the evolutionary relationships between subpopulations of cells (or clones) within
the tumor (Figure ) Earlier work on this problem|[38] [68], [74, [92] has focused on the problem of
single-nucleotide variants (SN'Vs) that have changed at most once in the progression from normal
to tumor, and thus the phylogenetic tree is a two-state perfect phylogeny. Other approaches have
considered SNVs in regions of copy number aberrations by scaling VAFs into cancer cell fractions
(CCFs), which is the proportion of tumor cells in a sample that have the variant. This quantity

has been broadly used in analyzing intra-tumor heterogeneity [0l T2HI4) [61) [99] [1T3], I3T]. Here,
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we consider copy number aberrations by modeling positions in the genome as multi-state charac-

ters.

More specifically, the characters in our model are positions in the genome whose states we model
with a triple (x,y, z) of integers. Here, x and y are the number of maternal and paternal copies of
the position respectively and z is the number of mutated copies. We call (z,y) the copy-number
state. In general, we lack information to phase mutations to the maternal or paternal chromosome.
Thus, we assume without loss of generality that x > y. Unfortunately, for a character ¢ and sample
p, we cannot derive the frequencies f, ) for states (z;,y;,2;) directly from DNA sequencing
data. Instead, alignment of DNA sequence reads from a tumor and matched normal genome
gives us measurements of three quantities: wvariant allele frequencies (VAFs) for SNVs, which is
the proportion of sequence reads that contain the mutant allele; B-allele frequencies for germline
single-nucleotide polymorphisms which reveal loss of heterozygosity events; read-depth ratios for
larger regions, which are the total number of the reads of the region in the tumor sample divided
by the total number of reads in the same region of a matched normal [I126]. We will show that
with a few simplifying assumptions about the allowed state transitions, we can derive frequencies
F = [[fp.(c,]] and the state trees 8 for each character directly from DNA sequencing data. This
gives us input to the Cladistic-PPMDP.

We define the matrix H = [h, ] of variant allele frequencies, where hy, . is the VAF of character
¢ in sample p. By running a copy-number caller [48] [67, 113] [IT5] 117] on the B-allele frequencies
and the read-depth ratios, we obtain the tensor M = [[tip ¢ (z,4)]] Where pi, ¢ (5. is the mizing
proportion of the copy-number state (z,y) of character ¢ in sample p (Figure [3.2]A). Note that
> (e.y) M. (zy) = 1. The following linear system relates mixing proportions M and variant allele

frequencies H to state frequencies I = [[f, (c,(z,y.2))]]-

Z Toi(es(@y.2)) = Hpe, () for all copy-number states (x,y) (3.1)

Z N fp,(c,(w,y,z)) = hp,c : Z (l‘ + y) *Mpie,(z,y) (32)

(z,y,2) (z,y)
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Importantly, this system of equations is under-determined, i.e. given M and H there are many
possible I = [[f}, (¢,(z,y,2))]] that satisfy and (3.2)). We resolve the ambiguity in F by imposing
biologically-motivated restrictions on the set of state trees 8. We define a state graph to be a
directed graph whose nodes are character states, and whose edges are allowed transitions between
states. Figure [3.2]B shows a partial representation of this graph including the three types of edges:
mutation edges (incrementing z), amplification edges (incrementing either x or y) and deletion
edges (decrementing either x or y). We define a wvalid state tree S as a rooted subtree of the state
graph such that (i) S is rooted at (1,1, 0); (ii) S has at most one mutation edge; and (iii) vertices of
S with identical copy-number state form a connected subtree of S. Intuitively, the first condition
requires that the root state is the non-mutated heterozygous diploid state (assuming autosomes),
the second condition is the infinite sites assumption on SNVs and the third condition is the infinite
alleles assumption on copy-number states. Using these constraints, the system and ,
restricted to the states in S, is fully determined (Supplemental Methods . Note that the
conditions above do allow for SNVs to be affected by multiple copy-number events as long as the

same copy-number state does not recur.

A valid state tree S. is compatible with character ¢ provided that the solution to the system consists
of non-negative frequencies f, (.;) (Figure[3.2). There may be several compatible state trees, which
has implications for calculating the CCF. Formally, given a sample p with purity p (proportion of

tumor cells in the sample), the CCF of an SNV c¢ is given by

1
CCF(p,e) = 7 Y ot (3.3)

(%,y,2)
2>0

Note that the CCF is not uniquely determined from the VAF and the copy-number mixing pro-
portions (Figure ) To overcome this ambiguity, previous work [12] [61] makes the simplifying
assumption that all tumor cells have a fixed number n.y,, of copies carrying the SNV. The quantity
Nenr 18 computed as the maximum likelihood estimate under a binomial model, resulting in a single

CCF choice for each SNV. In contrast, we do not fix the number of mutated copies in distinct
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tumor populations. By considering all compatible state trees, we allow for multiple alternative

explanations with possibly distinct CCFs.

While the above discussion considered a single VAF h, . for each mutation in each sample, in
practice VAFs are measured with uncertainty. In Supplemental Methods [B1.7] we describe how to
extend the approach using a confidence interval [h,, ., b, ] to account for noise in VAFs. Given VAF
confidence intervals and copy-number mixing proportions, our algorithm SPRUCE (Figure solves

the Cladistic-PPMDP by enumerating combinations of state trees. Instead of naively considering

all such combinations, we examine only those state trees that are compatible or pairwise compatible

with the input (Section [3.4.2).
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Figure 3.2: The cancer cell fraction (CCF) of an SNV depends on its copy-number
states, variant allele frequency and state tree. (A) For each character in each sample, we
observe copy-number states (z,y) with mixing proportions ji(, ,y as well as a VAF h. (B) Our
multi-state model encodes the somatic mutational process in cancer in the form of a state graph
whose vertices (z,y,2) denote x maternal copies, y paternal copies and z mutated copies of the
locus. The edges of the state graph correspond to mutation events, amplifications and deletions. A
state tree of a character models the evolutionary history of its mutational states and corresponds
to a constrained subtree of the state graph. (C) The observed data of an SNV and the state graph
determine a set of compatible state trees, which have non-negative frequencies for each state. Here,
states trees S1, So and S3 are compatible with the input, whereas state tree .S; is incompatible
because it has a negative frequency for state (2,1,0). The CCF of state trees Sy and Ss3 is 0.66/p,
where p is the purity of the sample. State tree S; has different numbers of copies of the mutation
resulting in a distinct CCF of 0.46/p.
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Figure 3.3: Overview of SPRUCE: (A) Input is derived from VAFs of SNVs, and copy numbers

and mixing proportions determined from analysis of read depth and B-allele frequencies.

(B)

Combining the input with our multi-state model for the somatic mutational process in cancer results
in compatible state trees for every character. (C) Two character-state tree pairs are compatible if
there exists a perfect phylogeny tree that contains both. We construct the pairwise compatibility
graph by considering all such pairs. (D) A maximal clique in the compatibility graph yields a
frequency tensor F and collection 8 of state trees that are an input to Cladistic-PPMDP. (E) For
each instance, we construct the multi-state ancestry graph G, which encodes potential ancestral
relationships between character-state pairs. We then enumerate all multi-state perfect phylogeny
trees with maximum size in this graph and obtain their corresponding usage matrices U.
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3.2.3 Experimental Evaluation on Simulated and Real Data

We start by running our method SPRUCE on simulated data and analyze its performance, study
the effect of violations of the infinite alleles assumption, and compare against PhyloWGS [31].
We then analyze a chronic lymphocytic leukemia tumor from [I33] and a prostate cancer tumor

from [61].

Simulated data

We construct simulated instances by randomly generating a tree on n = 5 characters, from which
we obtain m € {2,5,10} samples. This process yields VAFs and copy-number mixing proportions
for each character in each sample. For each value of m € {2,5,10} we generate 20 instances with
different simulated tree topologies, resulting in a total of 60 instances. In addition to considering
error-free VAFs, we introduce noise using sequencing coverage values ranging from 50x to 10,000x.

We refer to Supplemental Results[B.2.1] for more details on the generation of simulated data.

We run SPRUCE on each instance, in each case recording trees that contain the largest subset of
characters. Figure shows the number of solutions of the PPMDP, i.e. the number of trees
for all 60 instances, as the sequencing coverage is varied. Not surprisingly, we see that increased
coverage results in a decrease in the number of solutions, as the uncertainty in the VAFs of each
SNV decreases as coverage increases. In fact, a coverage of 10,000x approaches the error-free data.
Correspondingly, we see a drop in running time (Figures [B.7b). However, we find that a more
efficient way to deal with ambiguity (and running time) is to increase the number of samples. For
instance, a target coverage of 50x with m = 5 samples has a similar number of solutions as a coverage
of 10,000x with m = 2 samples. This demonstrates how the combinatorial constraints (specifically
the Multi-State Sum condition below) become stronger with increasing numbers of samples,
and constrain the number of possible trees. We note that in the case of error-free VAFSs, the true

tree is always contained in the solution space (Figure shows one such solution space).

Without further prior knowledge about tree topologies, all enumerated trees are equally likely to be
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the true tree under a uniform prior. We define the representative tree as the tree whose edges occur
most frequently across all enumerated trees. Thus, in expectation, the representative tree has the
largest set of correct parental relationships given the uniform prior. The recall of a reported tree T’
is the fraction of edges in the simulated tree T™* that are recovered in 7. Note that the precision of
a tree T', which is the fraction of edges in the tree T' that occur in T, is a constant multiple of the
recall in this case. We thus only report recall values. The recall of the representative tree increases

with increasing number of samples and coverage (Figure and is higher than the median recall

value (Figure [B.7d]).

Next, we test the effect of the presence of violations of the infinite alleles assumption in the data. In
our setting, violations correspond to a copy-number state occurring more than once on the tree. We
simulate 20 instances (n = 5; m = 10; 1,000x) with varying numbers of violations, each violation
corresponding to a repeated edge label. Figure shows that the recall of the representative
tree decreases with an increasing number of violations. However, for small numbers of violations,
recall remains high. In moderately-rearranged tumors with few or no overlapping copy-number

aberrations, the number of violations is likely to be small.

As the number of characters increases, exhaustive enumeration of the space of solutions becomes
infeasible. Thus, we analyzed how well we reconstruct the true tree by limiting the running time
for each combination of compatible state trees to N seconds. We considered 20 simulated instances
with n = 15 characters, m = 10 samples and a target coverage of 1,000x. Figure[3.4d|shows that the
recall of the representative tree increases with increasing values of N, but that the gains are modest.

Thus, SPRUCE obtains good solutions within a reasonable amount of computation time.

Comparison to Existing Methods

There has been a recent explosion of interest in methods for reconstructing phylogenetic trees
on SNVs given mixed bulk measurements [38], [68) [74, 02| 113, 122, 144]. Yet, only recently has

the attention shifted to modeling both SNVs and CNAs simultaneously. A probabilistic model
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Figure 3.4: Simulation results. (A) Number of solutions (log-scale) for instances with n = 5
characters, m € {2, 5,10} samples and varying sequencing coverages. A coverage of ‘inf’ corresponds
to error-free VAFs. (B) Solution space of an n = 5, m = 5 instance with error-free VAFs. Vertices
are from the solution trees and each edge is labeled by the number of solutions in which it occurs.
Red edges indicate the simulated tree. (C) Recall of SPRUCE’s representative trees compared to
PhyloWGS’s maximum likelihood trees on 60 instances with n = 5 and error-free VAFs (shown in
Figure[B.7a)). (D) Recall values on 20 instances with noisy VAFs (1,000x), n = 15 and m = 10. We
run SPRUCE with varying running time limit (V) per state tree combination in seconds.

introduced by Li and Li [84] considers SNVs and CNAs to infer the genomic composition of tumor
populations but does so without inferring a tree describing their evolutionary relationships. In
another line of work, Chowdhury et al. [24] have developed rich phylogenetic models for copy-
number aberrations, but these are for single-cell data and do not address the phylogenetic tree

mixture problem. In the following, we compare our method against PhyloWGS [31], a method
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based on a probabilistic graphical model, which to our knowledge is currently the only method that

jointly infers a phylogenetic tree on SNVs and CNAs from bulk-sequencing data.

Unlike our multi-state model, PhyloWGS has a two-state perfect phylogeny model where characters
correspond to either CNA events or SNV events. The vertices of the returned trees contain clusters
of the two-state characters. To assess their trees, we remap the multi-state characters of the
simulated trees to two-state characters as used by PhyloWGS. We use an adjusted measure of
recall that accounts for clustering (Supplemental Results [B.2.2). We run PhyloWGS with default
parameters on the 60 simulated n = 5 instances and 20 simulated n = 15 instances described above
and compare the recall of the representative tree found by our method to the maximum likelihood
tree reported by PhyloWGS. Our method achieves higher recall across varying number of samples
m € {2,5,10} on error-free VAFs with n = 5 characters (Figure [3.4¢), and on noisy VAFs with
n = 15 characters (Figure [3.4d]). We believe that the lower recall values of PhyloWGS, especially
those from the larger n = 15 instances, indicate difficulties in MCMC sampling from the complicated
space of possible trees. In contrast, because SPRUCE explicitly models the combinatorial structure

of the problem, it is able to effectively find good solutions.

Results on chronic lymphocytic leukemia

We applied SPRUCE to a liquid chronic lymphocytic leukemia tumor (sample CLLO77 from [133])
that has previously been analyzed by other phylogenetic tree reconstruction methods [31], [38], [74]
92]. Four time-separated samples (b, ¢, d, e) were sequenced using targeted and whole-genome
sequencing technology. The targeted data includes 14 SNVs, one of which (SAMHD1) is classified
as an copy-neutral loss of heterozygosity (CN-LOH) in all four samples. Two SNVs (in genes
BCL2CB and NAMPTL) were classified as being unaffected by CNAs, but in some of the samples
the lower bound of the VAF confidence interval was greater than 0.5. As such these SNVs were
incompatible with all state trees. The twelve remaining characters each had only one compatible
state tree associated with them. We run SPRUCE until completion. The entire solution space

consisted of 20 trees of 9 vertices (Figure|B.10). Figure shows one tree from the solution space.



47

Samples
b c d e
* 7070 0.06 037 1.00
" LRRC16A 0.52 0.5 0.38 0.09 0.80
2 EXOC6B 0.27 0.28 0.25 0.13 0.60
S Nobp1 0.11 0.26 0.40
SAMHD1,(2,0,2) 0.13 0.130.05 0.20
SAMHD1,(1,1,1) 0.1
(a) Tree for CLLOT7 (b) Usage matrix for CLLO77

Figure 3.5: CLLO77 results. (A) The tree computed by SPRUCE for CLLO77 with a CN-LOH
event in red. (B) Usage matrix for CLL077 shows that the samples (columns) are mixed and consist
of many clones (rows) as indicated by the coloring.

A similar tree with two branches is also reported by PhyloSub [74], PhyloWGS [31], CITUP [92]
and AncesTree [38] for this dataset. However, the tree reported here and the one reported by
AncesTree predict the order of all the mutations on each branch, while PhyloSub, PhyloWGS and
CITUP group some mutations together. Additionally, AncesTree did not consider the SNV in
gene SAMHDI1, as its VAF > 0.5. Here, we reconstruct a tree containing the CN-LOH event on

SAMHDI.

By enumerating the entire search space, we can detect ambiguities in the input data. For instance,
in our tree LRRC16A is a child of EXOC6B whereas there are solutions which assign LRRC16A
as a child of either OCA2 or DAZAPI (which is absent in the shown tree). Without additional
data or further assumptions, there is not enough information to distinguish between these ancestral
relationships. In contrast, by only providing one solution, AncesTree and CITUP give an incomplete

picture that does not reflect the true uncertainty inherent to the data.

Results on prostate cancer

Next, we analyzed a solid prostate cancer tumor (sample A22 from [61]) where 11 spatial samples

were taken from the primary tumor and different metastases. Ten of these samples underwent
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whole-genome sequencing followed by targeted sequencing resulting in a set of 114 SNVs. The
authors construct a phylogeny for this sample as follows: First, they assume that all tumor cells
have a fixed number of mutated copies of each variant and rescale the VAF of each SNV to a CCF
accordingly. Next, they cluster SNVs according to the calculated CCFs using a Dirichlet process.
The reported tree (Figure is obtained by manually applying the Pigeon-Hole Principle [IT3],
a special case of the Sum Condition (described below in Section. This principle requires that
the sum of CCFs of the children of each vertex in the tree does not exceed 1. Finally, copy-number

aberrations are manually placed on the tree.

We apply SPRUCE to the same dataset. We consider only SNVs on autosomes that have a VAF
greater than 0.05 in at least one sample. This results in a set of 89 SNVs. We use the copy-
number calls and mixing proportions reported in [61], which were obtained using the Battenberg
algorithm [I13]. For each SNV in each sample, we obtain 99.9% confidence interval on the VAF using
a binomial model. Thirteen characters admit no compatible state tree (Figure . This may be
a result of violations of the infinite alleles model or errors in the input data. We then cluster SNVs
that are compatible with a single, shared state tree, and whose VAF confidence intervals overlapped
in all samples. This yields 68 characters, four of which correspond to four clusters containing a total
of 12 SNVs (Supplemental Table 1). The compatibility graph (see Section for a description)
consists of 5183 edges, which encode pairwise compatibility between character and state tree pairs.
There are 310,029 maximal cliques, with a maximum size of 30 (Figure . Thus, the largest
possible tree we can recover has at most 30 characters. The reason why the maximum cliques do
not contain all characters is likely for the same reasons outlined above: errors in the input data or

violations of the infinite alleles model.

As described in Section the cancer cell fraction (CCF) of an SNV depends on the assigned state
tree. For each compatible state tree, we compute the CCF interval using the purity values reported
in [6I]. Figure shows that there are characters with multiple compatible state trees that
yield distinct CCF intervals. Notably, PPFIA1 admits two compatible state trees with distinct

CCF intervals for four samples (Figure ) PPFIA1 is reported as undergoing a single-copy
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amplification. The two state trees (S; and S3) for this character both have the SNV occur prior
to the amplification, but in S; the non-mutated copy is amplified whereas in Sy the mutated copy
is amplified (Figure[3.6)C). Gundem et al. [61] assume that the number of copies of the mutation is
constant across all cells that have the mutation, and report a single CCF for this mutation. Since
their assumption rules out So, it is not surprising that we observe that their reported CCFs are
more consistent with the CCFs resulting from S; than those from S5. However, we emphasize that
there is no signal in the data that requires one to assume that the number of copies of the mutation

is constant across all cells that have the mutation.

We run SPRUCE on all maximal cliques that contain either S; or Ss for PPFIAL. Figure shows
two resulting trees: one using state tree S; and the other using state tree S3. The topology of the
two trees is largely similar, except for the location of the cluster containing ELMOD2 (colored
blue). In the first tree, PPFIA1 (colored red) is the parent of the blue cluster. This is the same
relationship reported by the authors (Figure . In contrast, in the second tree PPFIA1 and the
blue cluster are siblings. As the second tree allows for significantly lower CCF values across samples
(Figure[3.6B), RB1 (colored gray) can accommodate both PPFIA1 and the blue cluster as children.
In summary, we have shown that different state trees lead to different CCFs and ultimately different
phylogenetic reconstruction of the observed data. There is increasing evidence of the importance
of intra-tumor heterogeneity in informing treatment [49] including immunotherapy [101]. Thus, it
is essential to have methods to reconstruct phylogenetic trees as accurately as possible from data,

and to eliminate unnecessary assumptions about the evolutionary process.

3.3 Discussion

We introduce SPRUCE, a method that reconstructs phylogenetic trees using both SNVs and CNAs
measured in bulk-sequencing data from multiple samples of a tumor. In contrast to existing ap-
proaches, SPRUCE is grounded in an explicit phylogenetic model. Specifically, we formulate the

Perfect Phylogeny Mixture Deconvolution Problem (PPMDP) that follows from the no homoplasy,
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PPFIA1 is compatible with two statd'igrees3.teading to distinct CCF intervals, which
in turn lead to two different phylogenetic reconstructions. (A) For the set of compatible
state trees of each character, we show the number of samples in which different state trees lead to
distinct CCFs. Sizes of circles correspond to the number of characters. PPFIA1 has distinct CCF
intervals in four samples. (B) PFFIA1 is compatible with two state trees Sy and S;. We show for
each sample the CCF interval for Sy (blue intervals), S (red intervals), and the cluster CCF
(marked x) reported in [61]. The Gundem et al. cluster CCFs are largely consistent with S;. (C)
We zoom in on sample D. Given the 99.9% VAF confidence interval and the mixing proportions
for sample D (purity p = 0.772), we observe that the two compatible state trees S7 and Ss lead to
different CCF intervals. Note that S; adheres to the Gundem et al. assumption of a fixed number
of mutated copies. (D) Condensed representation of the resulting perfect phylogeny trees using S
(left) and Sy (right). Vertices are labeled by the introduced character-state pairs, and colors
correspond to clusters reported in [6I]. In the left tree the blue cluster is a child of PFFIA1,
whereas in the right tree it is a sibling of PFFIA1. See Figure [B:14] for the complete trees.

or infinite alleles, assumption for multi-state characters. We derive a combinatorial characterization
of the solutions to this problem, and develop an enumeration algorithm to solve it in the presence of

measurement errors. This theoretical framework allows us to evaluate whether a dataset (in whole
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or in part) satisfies the phylogenetic model. We applied SPRUCE to both real and simulated cancer
sequencing datasets. In all cases, we find that there is substantial ambiguity in bulk-sequencing
data, with many alternative phylogenetic reconstructions that are consistent with the data. This

observation has several important implications.

First, the ambiguity in phylogenetic reconstructions that we observe in real data suggests caution in
deriving strong conclusions about the somatic mutation process for a single solution. On a prostate
cancer tumor [61], we find that only a subset of characters are compatible with a perfect phylogeny
tree. The observed incompatibilities could be a result of inaccuracies in the input data — including
uncertainties in VAFs or incorrect copy-number calls and mixing proportions — or violation of the
infinite alleles model. We attempted to account for uncertainties in the VAFs using a binomial model
with wide 99.9% confidence intervals. In general, a binomial model underestimates the variance as it
does not account for biases introduced in PCR, amplification, sequencing, or read mapping. A more
tailored error-model that accounts for these biases may lead to better VAF estimates. Copy-number
callers make restrictions and assumptions about the number of copy states present in the sample.
For example, Battenberg [I13] and THetA [I16] allow for at most two tumor copy-number states
for each interval in each sample. This may be too restrictive of an assumption. In fact, looking
at multiple samples from A22 we observe intervals that exhibit up to six copy-number states (e.g.
chromosome 8q). Better copy-number callers that allow for more than two copy-number states per

interval in a sample, and simultaneously consider all samples would improve our results.

The multiple sources of uncertainty in each step of tumor phylogenetic inference — including SNV
calling, copy number segmentation, and estimation of CCFs — strongly argues against treating these
steps independently, which is the current practice. One specific example of an issue that can arise
in analysis pipelines is the computation of the cancer cell fraction (CCF). This quantity has been
used extensively in analysis of intra-tumor heterogeneity, such as the inference of developmental
patterns of metastases [I3] [14], the timing and fitness effects of cancer driver mutations [5], Q9]
and the reconstruction of tumor phylogenies [12] [61), I13]. Many of these studies compute CCFs

using single values for tumor purity and mutation copy number. However, the presence of multiple
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clones (i.e. intra-tumor heterogeneity) implies that the data may not unambiguously identify a
single CCF value for an SNV. Instead, one must consider the composition of each tumor sample, as
revealed by the phylogenetic tree and usages, to derive the CCF. By jointly deriving CCFs and a
phylogeny, SPRUCE is able to report alternative explanations of the input data, explanations that we
proved are solutions to the PPMDP. We demonstrated one such example of two trees with distinct
topologies that include different CCFs for PPFIA1 mutations in the prostate cancer dataset from
[61]. Extending such ideas further, one could incorporate the determination of copy-number states
into the process of phylogenetic tree reconstruction; for example, one could select copy number

states to maximize pairwise compatibility between SNVs.

A second implication of the large space of possible phylogenetic trees is the difficulty it may present
for probabilistic approaches that sample from this space. We showed that SPRUCE outperforms
PhyloWGS [31] on simulated datasets. We attribute this success to the difficulty of sampling the
huge solution space directly, as PhyloWGS does, instead of exploiting the combinatorial structure, as
SPRUCE does. We envision that the combinatorial characterization of the PPMDP that we derived
could be useful for the development of better probabilistic models, which have proved useful both
in clustering mutations [IT3] and in simultaneous clustering and tree inference [, [31, [74] [160].
For example, rather than considering generic tree-structured priors, one could use priors that are

informed by the combinatorial structure of the multi-state ancestry graph.

A third implication of the large number of possible solutions to the PPMDP from bulk-sequencing
data is the design of tumor sequencing strategies. In any sequencing approach, one is faced with a
tradeoff in cost vs. information gain. In tumor sequencing, two parameters that can be varied are
the number of spatial or temporal samples [57, [85] [IT1] and the sequencing depth per sample [60].
Several papers have noted that a linear phylogeny can often be fit to data from a single tumor sample
[38, 68, 74, [92], 113], 144], and that multiple samples are needed to accurately recover branching
phylogenies. Our simulations show that increasing the number of samples is far more effective
than increasing coverage per sample to reduce the number of possible phylogenies as well as to

increase the accuracy of the inferred phylogenies. Indeed, low-coverage data with many samples
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can yield orders of magnitude fewer solutions than even perfectly noise-free data with a small
number of samples. Multi-sample sequencing has other benefits, including the ability to assess
spatial heterogeneity [57, 85, [I41] and decrease the likelihood that sample-specific batch effects
affect conclusions of studies. While single-cell genome sequencing sequencing provides the highest
resolution for studies of intratumor heterogeneity [T07HI0Y9], technical and financial considerations
have limited its use in large-scale studies. In this work, we have shown that the combination of
multi-sample sequencing and phylogenetic mixture algorithms can provide high-fidelity phylogenetic

trees.

Importantly, SPRUCE relies on the infinite alleles, or no homoplasy, assumption, which is a reason-
able simplifying assumption, but may be violated in some tumors, particularly those with extensive
copy number aberrations. It is an interesting question whether more permissive phylogenetic mod-
els such as the maximum parsimony model [51] [52] may more accurately model the evolutionary
process. Extending maximum parsimony to the case of phylogenetic mixtures is an intriguing open
computational problem. Finally, while we focused here on applications to cancer genome sequenc-
ing, the introduced methodology and framework have applications in other cases of mixed samples,
including metagenomics [77, [135] and studying the process of somatic hypermutation in the immune

system, as explored by [144] using a single-sample, two-state perfect phylogeny model.

In summary, we have derived the first theoretical results for a phylogenetic tree mixture problem
under the infinite alleles models, and used these results to obtain new insights into intra-tumor

heterogeneity.

3.4 Methods

In this section, we describe the combinatorial structure of solutions to the PPMDP and Cladistic-
PPMDP by generalizing previous results on the two-state case. We then present our algorithm
SPRUCE (Somatic Phylogeny Reconstruction Using Combinatorial Enumeration), which is outlined

in Figure [3:3] Further details and proofs are presented in Supplemental Methods.
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3.4.1 Mathematical Characterization of Solutions to the PPMDP

We first review results for the perfect phylogeny reconstruction problem with unmixed samples. Let
Ae€{0,...,k—1}"™*" be a matrix whose rows correspond to m taxa and whose columns represent
n characters, each of which has at most k states. If kK = 2 then deciding whether A admits a perfect
phylogeny is solvable in polynomial time [44] [62]. In contrast, if k& > 2, the reconstruction of a
multi-state perfect phylogeny is NP-complete in general [I0], but is fixed-parameter tractable in the
number of states per character [2| [76]. There is an elegant connection between multi-state perfect
phylogeny and restricted triangulations of chordal graphs [18], which was recently exploited by
Gusfield and collaborators to obtain combinatorial conditions for the multi-state perfect phylogeny

64, [66].

In the case of mixed samples, the perfect phylogeny reconstruction problem becomes more com-
plicated. In a two-state perfect phylogeny a character changes to state 1 only once, and thus the
mutated state persists in the tree. Therefore, the subtree T(CJ) rooted at vertex v(., 1) is equal to the
subtree T{., 1) consisting of all vertices with state 1 for character c (Figure ) This observation
provides strong constraints on the possible ancestral relationships between any pair of characters,
given their observed frequencies across all samples. Previously, [38] [122] showed that the phylo-
genetic trees that produce the observed frequencies correspond to constrained spanning trees of a
certain graph. In [38], we defined the ancestry graph, which has a vertex for every character-state
pair (¢, 1) and its edges relate two character-state pairs that are in a potential ancestral relationship

as captured by the Ancestry Condition (AC):

Ioie) = fp,an) for all samples p and pairs of characters satisfying (¢, 1) <7 (d,1). (AC)
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We proved in [38] that solutions to the two-state problem with mixed samples correspond to con-

strained spanning trees of the ancestry graph that satisfy the Sum Condition (SC):

Ioe) = Z Ip,(d,1) for all samples p and characters c, (SC)
(d,1)€6(c,1)
where 0(c,i) denotes the children of v(. ;. Note that this condition is a generalization of the

Pigeon-Hole-Principle [I13] and appeared in other forms elsewhere [74], [92] 122 [144].

In a multi-state perfect phylogeny the state of a character ¢ can change more than once on the tree,
but never changes back to a previous state. Thus, in general T\ ;) is not equal to T(C,i) as a character
can change state again in T(c,i) (Figure ) This makes the situation much more complicated,
since we must consider not only the children of v(.;), but also the relationships between T{. ;) and
subtrees T\, ;) for j # i. We capture these relationships using the notion of a descendant set for
each character-state pair (c,i). We write (c,7) <7 (d, j) if v, is ancestral to v ;) in T. Note
that <7 is a reflexive relation, i.e. a vertex v ;) is ancestral to itself. Formally, given a complete
perfect phylogeny tree T', we define the descendant set D(.;y = {j | (¢,i) <7 (c,j)} as the set
of states for character ¢ that are descendants of character-state pair (¢,¢) in 7. The descendant
set of a character precisely determines the relationship between T(C’i) and 7. ; namely we have
T(c)i) = UleD(cﬂ T,y (Figure ) Hence, to obtain the usages of all vertices in T(m) we must
consider cumulative frequencies f’j" (Dieiy) = 2 1e Dot Ip.(e,)> 1-e. the sum of the frequencies of all
descendant states of the character-state pair. It turns out at that the positivity of values w, (i
is a necessary and sufficient condition for T to generate F as captured by the Multi-State Sum
Condition in the following theorem.

Theorem 1. A complete perfect phylogeny tree T generates F if and only if

f (Dieiy) > Z fi (Dea ) for all character-state pairs (c,i) and samples p. (MSSC)
(d,j)€d(c,i)

Note that (MSSC]) is a generalization of (SC|). In the two-state case, D(.,1) = {1} for all characters
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¢, and thus the cumulative frequencies f; (D(c,1)) are equal to the input frequencies fi, (c,1). Thus,
in the two-state case, the relative order of the frequencies of the mutated (=1) states of characters
constrain the ancestral relationships between characters, as described above. In contrast, in the
multi-state case, we must consider the relative order of cumulative frequencies f; (D(c,iy), but these
depend on descendant sets which are a priori unknown. Thus, we must consider all combinations of
descendant sets D(. ;) and D4 ;) that satisfy the Multi-State Ancestry Condition .

Proposition 1. Let T be a complete perfect phylogeny tree that generates F. If (c,i) <7 (d, j) then

there exist a valid descendant set pair (D), D(q,;)) such that

f;(D(c)i)) > f;(D(dﬂ-)) for all p, (c,i), (d,j) and descendant sets D(.;y, D(q;). (MSAC)

Note that is a generalization of . For two character-state pairs there are potentially
many descendant set pairs satisfying . As such, the multi-state ancestry graph Gg is a
multi-graph whose vertices correspond to character-state pairs and whose multi-edges are labeled
by pairs of descendant sets that respect . In the Cladistic-PPMDP, the descendant sets
D(.; are determined by the input set 8 of state trees. Thus, the cladistic multi-state ancestry
graph G(gs) is a simple graph, similarly to the k = 2 case. Solutions to a PPMDP instance F
correspond to threaded spanning trees of the multi-state ancestry graph G that satisfy
and that respect the descendant sets of the edges, as shown in the following theorem.

Theorem 2. A complete perfect phylogeny tree T generates F if and only if T' is a threaded spanning
tree of the ancestry graph G such that (MSSC) holds.

Similarly, we show in Supplemental Proposition [2| that solutions to a Cladistic-PPMDP instance

(F,8) correspond to threaded spanning trees of the cladistic multi-state ancestry graph Gz ).

We have previously shown a hardness result for the PPMDP in the case with & = 2 states and
m = O(n) samples [38]. In Supplemental Methods we prove a stronger hardness result with

m = 2 samples.
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3.4.2 SPRUCE Algorithm for the Cladistic-PPMDP

The SPRUCE algorithm (Figure takes as input VAF confidence intervals and copy-number
mixing proportions for each character per sample, and outputs multi-state perfect phylogeny trees.
The algorithm consists of the following steps: (1) Computing a collection of compatible state trees
{S.} for each character c¢. (2) Deriving a compatibility graph whose edges are pairs (S., Sq) of
pairwise compatible state trees for pairs (¢, d) of characters. (3) Computing the set of maximal
cliques in the compatibility graph. Each maximal clique corresponds to an instance (F,8) of the
Cladistic-PPMDP where 8 is the set of state trees encoded by the vertices of the clique and JF is
the corresponding frequency tensor. (4) Solving the instance by enumerating all multi-state perfect

phylogeny trees on the largest subset of characters. We briefly describe these steps.

We described step (1) in Section[3.2.2] In order to obtain instances (F,8) of the Cladistic-PPMDP,
one could naively consider all combinations of state tree to character assignments. Instead in step
(2), we restrict the combinations that we need to consider by introducing the compatibility graph.
We denote by F[X] the subtensor of F that is restricted to characters X C [n]. A set of state trees
on characters X C [n] is compatible if there exists a tree that generates F[X]. Now consider an
instance (F,8) and let T be a tree that generates F and is consistent with 8. Then, for any pair
of characters ¢, d, it holds that there exists a smaller tree that generates F[{c, d}] and is consistent
with S. and S;. We say that S. and S; are pairwise compatible. We restrict the combinations
we consider to those that consist of pairwise compatible state trees. More precisely, we define a
compatibility graph with edges between two vertices (¢, S.) and (d, S4) if and only if S. and Sy are

pairwise compatible.

In step (3), we use the compatibility graph to obtain instances of the Cladistic-PPMDP. Following
the discussion above, each instance (F,8) that admits a consistent tree T and generates F must
be composed of a set of pairwise compatible state tree and character pairs. Such sets correspond
to cliques in the compatibility graph. In our application, we are not guaranteed to find trees that

contain all the characters. Instead, we aim to find trees on the largest subset of characters that
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form a maximal clique in the compatibility graph. We enumerate all maximal cliques using the

Bron-Kerbosch algorithm [15], 43].

Finally, for step (4), we describe an algorithm to find all threaded spanning trees that satisfy
in G(g5) by adapting the Gabow-Myers algorithm [53] for enumerating spanning trees.
We extend the approach used in [122] for the two-state problem with noisy frequencies. The
crucial observation is that any subtree of a solution 7" must also be a consistent, threaded tree and
satisfy (MSSC). Here, a subtree T” is consistent if it is rooted at v(, o), and for each character ¢
the set of states {i | v(.;) € V(T")} induces a connected subtree in S.. Since the Gabow-Myers
algorithm constructively grows spanning trees, we can arrive at the desired threaded spanning trees
by maintaining the following invariant: The partial tree 7" must be consistent with 8, and
must hold for each vertex v(. ;) € V(T"). In addition, we maintain a subset of edges H C E(G 5s))
called the frontier that can be used to extend the partial tree T'. More precisely, the second
invariant requires that any edge (v(c),v(q,;)) € H can be used to extend 7" without introducing a
cycle or violating the first invariant. Supplemental Algorithm [I| maintains the two invariants and
reports all solutions of a Cladistic-PPMDP instance (F,8). The running time is the same as the
original Gabow-Myers algorithm: O(|V| + |E| 4 |E| - K) where K is the number of spanning trees
in G55y = (V,E) (disregarding ) Further details describing the enumeration algorithm

as well as an extension to noisy frequencies are in Supplemental Methods

SPRUCE is available for download at http://compbio.cs.brown.edu/projects/sprucel


http://compbio.cs.brown.edu/projects/spruce

Chapter 4

Single-cell Tumor Phylogeny
Inference with Supported

Mutation Losses

4.1 Introduction

Cancer arises from an evolutionary process during which somatic mutations accumulate in a pop-
ulation of cells. Different cells within a tumor acquire distinct complements of somatic mutations,
resulting in a heterogeneous tumor. Quantifying this intra-tumor heterogeneity and reconstructing
the evolutionary history of a tumor is crucial for diagnosis and treatment of cancer [19, [146]. The
evolution of a tumor is typically described by a phylogenetic tree, or phylogeny, whose leaves repre-
sent the cells observed at the present time and whose internal nodes represent ancestral cells. Tumor
phylogenies are challenging to reconstruct using DNA sequencing data from bulk tumor samples,

since this data contains mixtures of mutations from thousands—millions of heterogeneous cells in the

99
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sample[4], 32], [39] 40}, [73, [75] (93] (105}, [106], [123], [125] 132} [161]. Recently, single-cell DNA sequencing
(scDNA-seq) of tumors has become more common, and new technologies such as those from 10X
Genomics [I], Mission Bio [104], and others [56, [110} [I65] are improving the efficiency and lowering
the costs of isolating, labeling, and sequencing individual cells. While scDNA-seq overcomes the
difficulties of phylogeny reconstruction from bulk samples, it introduces a new challenge of higher
rates of missing data and errors due to DNA amplification errors, undersampling, and sequencing

errors [50).

Early work in phylogeny inference from scDNA-seq data uses single-nucleotide variants (SN'Vs) as
phylogenetic markers. A particular challenge for SNV-based analysis is high rates (up to 30% for
high-depth scDNA-seq [56]) of allele dropout errors, where only one of two alleles is observed at
a heterozygous site. Methods address this challenge by using an evolutionary model to infer a
phylogeny while simultaneously imputing missing data and correcting errors in the observed SNVs.
Algorithms such as SCITE [71], OncoNEM [129], Sci® [I38], and B-SCITE [94] use the simplest
phylogenetic model for SN'Vs, the infinite sites model. In this model, a locus in a cell has one of two
states: an SNV (or mutation) iseither present at the locus (state 1) or absent (state 0). Transitions
between states are constrained in the phylogeny such that each mutation is gained (0 — 1) at
most once during evolution, and never subsequently lost (1 — 0). A phylogeny that respects the
infinite sites model is known as a perfect phylogeny and the state of mutations in the leaves of the
phylogeny is summarized by a mutation matriz whose binary entries indicate the presence (state
1) or absence (state 0) of every mutation in each observed cell (Figure [l.I[A)). On error-free data,
the perfect phylogeny is unique [63]. However, on typical scDNA-seq data, errors in the mutation
matrix must be corrected to yield a perfect phylogeny model. Because many such corrections are

possible, multiple phylogenies are typically equally consistent with the data (Figure (B))

An additional challenge in inferring phylogenies from cancer sequencing data is that somatic mu-
tations in tumors occur across all genomic scales from SNVs to copy-number aberrations (CNAs),
which amplify or delete larger genomic regions. CNAs may overlap SNVs and affect the state of

SNVs in cells; e.g., a deletion that overlaps an SNV may result in a mutation loss (1 — 0). The
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infinite sites model does not allow mutation losses and therefore may yield incorrect phylogenies
when applied to SNVs in regions containing CNAs. One solution is to exclude regions containing
CNAs and build phylogenies from SNVs in diploid, or copy-neutral, regions. However, ~90% of
solid tumors are highly aneuploid [I47], containing extensive CNAs, and ~30% of solid tumors have
whole-genome duplications [9]. Identifying collections of SNVs with no possibility of overlapping

CNAs during evolution of such tumors may be challenging.

Recently, several methods [27, 37, [95] [102] 163}, [164] have been introduced for single-cell phylogeny
inference that allow loss of mutations. SPhyr [37], SASC [27], and PyDollo [102] use the Dollo
model [33], which relaxes the infinite sites model. In the Dollo model, a mutation may be gained
(0 — 1) at most once, but may be lost (1 — 0) multiple times. SiFit [163], SiCloneFit [164],
and PhiSCS [95] use the finite sites model, a further relaxation that allows mutation to be gained
more than once. A challenge in using these less stringent evolutionary models is that they increase
the ambiguity in phylogenetic reconstruction (Figure C)) Even in simple cases with no error,
multiple phylogenies are consistent with the data and the number of phylogenies further increases
when there are errors and uncertainty in the mutation matrix. Both the errors in scDNA-seq data
and the mutation losses in the phylogeny conspire to yield considerable challenges and ambiguity
in the single-cell phylogeny inference problem. This ambiguity is further amplified because both
sequencing errors and losses result in the same signal in the observed data: an observed ‘0’ in the
mutation matrix instead of a ‘1’. Thus, it is particularly difficult to distinguish between errors in

the data and potential mutation losses.

A major limitation in using the Dollo or finite sites models to allow mutation losses is that neither of
these models consider evidence from CNAs that support or refute a mutation loss at a locus. While
more general multi-state models of tumor evolution have been used to infer phylogenies from bulk
tumor sequencing data [32], 40, [73], these approaches neither model the errors in scDNA-seq data
nor scale to hundreds—thousands of observed cells. Since mutation losses are the major complication
in SNV evolution and responsible for most of the violations of the infinite sites model in scDNA-seq

data [79, [102], the full generality of a multi-state model may not be necessary to obtain accurate
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Figure 4.1: Loss-supported model reduces ambiguity in inference of phylogeny from
single-cell sequencing data. (A) A mutation matrix with two mutations in three cells does not
admit a perfect phylogeny. This may be due to either errors or mutation losses. (B) Under the
infinite sites model, existing methods correct errors in the observed matrix to yield a perfect phy-
logeny. (C) Under the Dollo model, existing methods identify mutation losses to explain violations
of the infinite sites model. Both the infinite sites and Dollo models yield multiple equally-plausible
phylogenies. (D) The loss-supported model overcomes this ambiguity by using copy-number data
to constrain mutation losses.

phylogenies from scDNA-seq data. Rather, we describe an approach that constrains mutation losses

by using copy-number data from the same cells.

We introduce SCARLET (Single-Cell Algorithm for Reconstructing the Loss-supported Evolution
of Tumors), an algorithm that infers phylogenies from scDNA-seq data by integrating SNVs and
copy-number data. SCARLET is based a novel evolutionary model, the loss-supported phylogeny,
that constrains mutation losses to loci where the copy-number data has evidence of a deletion (Fig-
ure (D)) The loss-supported phylogeny generalizes the infinite sites and Dollo models. SCARLET
also relies on a probabilistic model of the read counts for each SNV to address errors and missing
data that are common in scDNA-seq. On simulated data, we show that SCARLET infers more
accurate phylogenies compared to existing methods. We then use SCARLET to analyze scDNA-seq
data from a metastatic colorectal cancer patient from Leung et al. (2017) [83]. We find that the
published phylogeny — constructed from SNVs under the infinite sites model — has the implausible
conclusion that genome-wide copy-number profiles evolved twice independently during the evolu-
tion of this tumor. In contrast, SCARLET infers a loss-supported phylogeny that has three mutation
losses, with each loss supported by a copy-number change at the locus. Moreover, the SCARLET
phylogeny supports the hypothesis of a single migration between the colon primary tumor and liver
metastasis (monoclonal seeding). In contrast, previous published phylogenies [83, [164] reported a

more complex origin of the metastasis with multiple migrations (polyclonal seeding). By integrating
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information from both SNVs and CNAs, SCARLET obtains more accurate reconstructions of tumor

evolution at single-cell resolution.

4.2 Results

4.2.1 SCARLET algorithm for Loss-supported Phylogeny Model

We developed a new algorithm, SCARLET (Single-Cell Algorithm for Reconstructing the Loss-
supported Evolution of Tumors) to infer phylogenetic trees from single-cell DNA sequencing (scDNA-
seq) data by integrating data from both single-nucleotide variants (SNVs) and copy-number aberra-
tions (CNAs). SCARLET has three important features (Figure[{.2)): (1) a novel evolutionary model,
the loss-supported phylogeny, which constrains mutation losses to loci where there is a corresponding
decrease in copy number; (2) an algorithm to compute a loss-supported phylogeny by refinement of
a coarse phylogenetic tree derived from copy-number data alone; (3) maximum-likelihood inference
of SNVs using a probabilistic model of observed read counts in scDNA-seq data. We describe each

of these key features below.

The loss-supported model is a model of SNV evolution where mutation gains (0 — 1) occur at most
once, but mutation losses (1 — 0) are constrained by sets £ of supported losses that are defined
by CNAs in the same cells (Figure D)) Specifically, we assume that for each cell we measure
both a mutation profile b of SNVs and a copy-number profile c. For each pair (¢, ¢') of copy-number
profiles, we define the supported loss set L(c,c’) as the set of SNVs at loci where there is a decrease
in copy number (e.g., due to a deletion or loss-of-heterozygosity (LOH) event) between profiles ¢
and ¢’. In the loss-supported phylogeny, a mutation loss at an SNV loci a is allowed between cells v
and w only if a is in £(¢y, ¢y). The loss-supported model can thus be viewed as a generalization of
other models for SNV evolution: the perfect phylogeny model is the special case where £ = (3, while
the Dollo model and finite sites model corresponds to £ being the complete set of all mutations.

In contrast to these extremes, the loss-supported model allows for intermediate values of £ derived
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Figure 4.2: Scarlet algorithm for the Maximum Likelihood Loss-Supported Refinement
problem. SCARLET integrates single-nucleotide variants (SNVs) and copy-number aberrations
(CNAs) for tumor phylogeny inference. For CNAs, observed copy-number profiles indicate amplified
(red) or deleted (blue) genomic regions along the entire genome and are used to obtain two inputs
for SCARLET. First, supported loss sets L(c, ') for pairs of copy-number profiles (empty sets are
not shown) indicate mutations that are affected by deletions. Second, a copy-number tree T' which
describes the ancestral relationships between observed cells (leaves) as determined by copy-number
profiles. For SNVs, variant X and total Y read counts are provided to SCARLET for every cell and
every mutation. SCARLET computes a joint tree 7" on the observed cells and a maximum-likelihood
mutation matrix B* by constraining mutation losses to the supported loss sets £, computing a
refinement T” of T, and selecting the maximum-likelihood B* using a probabilistic model for the
presence (b; ; = 1) or absence (b; ; = 0) of each SNV in each cell.

from copy-number data.

The loss-supported model depends on the copy-number profiles of both the observed and ancestral
cells. However, we do not directly measure the copy-number profiles of the ancestral cells. To
overcome this limitation, SCARLET uses a copy-number tree T which is derived from the copy-number
profiles of the observed cells [25] 41, [134] [161] (Figure |4.2). SCARLET computes the supported loss
sets £ from the copy-number profiles of the observed cells (leaves of T') and the copy-number
profiles of the ancestral cells (internal vertices of T'). Typically, scDNA-seq data of SNVs (e.g.,

from targeted sequencing) measures copy-number profiles with low resolution, and thus tumor cells
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Figure 4.3: Scarlet outperforms existing methods for phylogeny inference on simulated
single-cell data. (A) Mutation matrix error, (B) Pairwise ancestral relationship error, and (C)
Runtime for each method. SCARLET was run either knowing (‘True CN Tree’) or not knowing
(‘Optimal CN Tree’) the true copy number tree.

share a limited number of distinct copy-number profiles. Consequently, the copy-number tree T’
has many multifurcations, or unresolved ancestral vertices with more than two children. SCARLET
finds a joint tree T” that is a loss-supported phylogeny and a refinement[I53]Jof T' by resolving

multifurcations in 7" using the mutation profiles of the observed cells (Figure [4.2]).

Data from scDNA-seq typically has high error rates in identifying SN'Vs, and particularly high rates
of false negatives and missing data due to amplification bias and allele dropout [56]. SCARLET
models these errors using a beta-binominal distribution [I38] of the observed read counts. As such,
SCARLET computes the loss-supported refinement 7" that maximizes the likelihood of the observed

sequencing data under this probabilistic model (Figure .

4.2.2 Simulated Data

We compared SCARLET to four existing algorithms that build phylogenies from single-cell sequenc-
ing data, SCITE [71], Sci® [138], SPhyR [37], and SiFit [163], on simulated data. We simulated
50 trees, each with 20 mutations, 4 copy-number profiles, and 1-8 mutation losses per tree. From
these trees, we simulated 100 observed cells with each cell having equal probability of being a child
of any vertex in the simulated tree, and simulated sequencing data with an expected sequencing

depth of 100x and allelic dropout rate of 0.15.Additional details of simulated data and parameters
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of each method are in Section

We evaluated the phylogenies output by the methods by two measures that have been previously
used in tumor evolution studies [27, 37, (9, 106, 132, 138]. First, the mutation matriz error
M(B,B) = Ly, > by — bi j| is the normalized Hamming distance between the inferred
binary mutation matrix B and the true binary mutation matrix B and assesses the accuracy of the
error-corrected mutation profiles for each observed cell. Second, the pairwise ancestral relationship
error E(T, T) is the proportion of pairwise ancestral relationships between mutations in the inferred
tree 1" that differ from the ancestral relationships in the true tree T'. Specifically, every pair a,a’ of
mutations has one of four possible ancestral relationships in 7' and in 7" (1) @ and @’ occur on the
same branch; (2) a is ancestral to a'; (3) a’ is ancestral to a; (4) a and o’ are incomparable. Note
that we do not calculate the tree error for SiFit because it uses a finite sites model which allows

mutations to recur and consequently pairs of mutations may not have a unique relationship.

SCARLET outperforms all other methods on both mutation matrix error and ancestral relationship
error (Figure [1.3(A)-(B)). The high errors of SCITE and Sci® were expected since these methods
use an infinite sites model while the simulations include mutation losses which violates the model
assumptions. However, the methods that do allow mutation losses, SPhyR (based on the k-Dollo
model) and SiFit (based on the finite sites model), do not exhibit improvement over the other
methods and perform worse than SCARLET. These results confirm that models that include un-
constrained mutation losses have significant ambiguity as it is difficult to distinguish between true
mutation losses and false positives/negatives in the data (Figure . By using copy-number infor-
mation to constrain mutation losses, SCARLET overcomes the ambiguity in phylogeny reconstruction

and obtains lower error in the inferred mutation matrix and phylogeny.

We evaluated the effect of the input copy number tree on SCARLET’s accuracy by running SCARLET
in two modes: when the true copy-number tree is either known (‘SCARLET True CN Tree’) or
unknown (‘SCARLET Optimal CN Tree’). In this latter case, we enumerated all copy-number trees,
ran SCARLET once for each copy-number tree, and output the solution with the highest likelihood.

In both cases, we provided SCARLET with the true copy-number profiles of each cell and the true set
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L of supported losses. SCARLET exhibited comparable performance when running with or without
knowledge of the copy-number tree (Figure [1.3[A)-(B)). Notably, in 46/50 simulated instances, the
maximum likelihood solution obtained when running SCARLET with unknown copy-number tree
was identical to the solution found when providing the true copy-number tree. Clearly, running
SCARLET with all possible copy-number trees (16 copy-number trees in this simulation) increases
the runtime (Figure C)), but the runtime remains reasonable when the number of copy-number

profiles is small, which is the case for many real datasets (see below).

4.2.3 Single-cell phylogeny of metastatic colorectal cancer

We used SCARLET to analyze single-cell DNA sequencing of a metastatic colorectal cancer patient
CRC2 from Leung et al [83]. This data set included targeted sequencing of 1000 genes in 141
cells from a primary colon tumor and 45 cells from a matched liver metastasis (Figure [C.I[A)).
The authors identified 36 single-nucleotide variants (SNVs) and used SCITE [71] to derive a perfect
phylogeny from these SN'Vs (Figure (A)) This perfect phylogeny tree shows two distinct branches
of metastatic cells, and Leung et al. [83] concluded that this was evidence of polyclonal seeding
of the liver metastasis; i.e., two distinct cells (or groups of cells) with different complements of
mutations migrated from the primary colon tumor to the liver metastasis. Examining the copy-
number data, one finds a curious discrepancy between the SCITE tree and the single-cell copy-
number profiles. Whole-genome sequencing of 42 single cells from the same patient reveals that all
metastatic cells share losses of chromosomes 2, 3p, 4, 7, 9, 16, 22 relative to the cells in the primary
tumor (Figure B)) According to the SCITE tree, all of these large copy-number aberrations
(CNAs) would had to have occurred twice independently in the two distinct branches of metastatic
cells. Although CNAs can exhibit homoplasy, this high rate of occurrence of the exact same events
seems highly unlikely. Thus, we observe an inconsistency between the copy-number data and the
SCITE tree constructed using only SNV data. Notably, this same dataset was recently analyzed
by SiCloneFit [I64] using a finite sites model. The SiCloneFit tree also showed two branches

of metastastic cells and concluded that there was polyclonal seeding of the metastases. Thus, the
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Figure 4.4: Scarlet infers a loss-supported phylogeny consistent with copy-number pro-
files from a metastatic colorectal cancer patient. (A) Published perfect phylogeny tree [83]
of 141 single cells from the primary colon tumor (blue) and 45 single-cells from the liver metas-
tasis (green) of patient CRC2. Two distinct branches of metastatic cells — suggesting polyclonal
seeding of the liver metastasis — are separated by four “bridge mutations” occurring in cells of the
primary tumor. (B) Published copy-number profiles from DOP-PCR whole-genome sequencing of
42 single cells from both the primary tumor and metastasis of CRC2 (figure adapted from Leung
et al. [83]). All metastatic cells share deletions of six chromosomes (black boxes), but are separated
into two groups (light and dark green) by a small number of additional CNAs. (C) SCARLET infers
a loss-supported phylogeny from the same data. The SCARLET tree has a single branch containing
all metastatic cells — suggesting monoclonal seeding of the liver metastasis and consistent with the
similar copy-number profiles of all metastatic cells. SCARLET identifies mutation losses (red) in
LINGO2, LRP1B, and FHIT. (D) Significant decreases in read depths are observed at the loci of the
three mutation losses identified by SCARLET.

SiCloneFit phylogeny also has the same inconsistency between the SNV phylogeny and copy-number

data.

We analyzed this dataset using SCARLET to see whether joint analysis of SNVs and CNAs data
could help resolve the inconsistency between the tree derived from SNVs and the observed copy
number profiles. We first derived four distinct copy-number profiles by hierarchical clustering

of ploidy-corrected read-depth ratios from the targeted single-cell sequencing data. These copy-

number profiles included an aneuploid profile for all primary cells (P), two different aneuploid
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profiles for metastatic cells (M1 and M2), and the profile of diploid cells (D); Leung et al. [83]
similarly derived four copy-number profiles from whole-genome sequencing of a different set of 42
cells from the same patient. Since four copy-number profiles is a small number to infer a tree using
a copy-number evolution model, we instead ran SCARLET in the ‘Optimal CN Tree’ setting selecting
the copy-number tree that produced the highest likelihood. Specifically, we ran SCARLET on all nine
possible rooted copy-number trees with the root having the diploid profile (D), and internal vertices
labeled by one of the three aneuploid copy profiles (P, M1, M2). For each copy-number tree, we
derived the set £ of supported losses as the mutation loci that exhibited significant decreases in read

depth (i.e., number of aligned sequencing reads). Additional details are in Section §C.3.4

SCARLET constructed a tree (Figure [£.4(C) and Figure B)) with a single clade containing all
metastatic cells. This is consistent with the copy-number data, since the shared chromosomal losses
could have have occurred once in a common ancestor of all metastatic cells. Moreover, this tree
suggests that the liver metastasis was the product of monoclonal seeding; i.e., a single cell (or small
group of cells) with the same somatic mutations migrated from the primary colon tumor to the
metastasis and all metastatic cells descended from the founder cells present in this single migration.
This result contradicts previous results [83] [I64] of a more complicated polyclonal seeding of the
metastasis. The SCARLET tree contains three mutation losses: in genes FHIT, LRP1B, and LINGO2.
Each of these losses is supported by a significant decrease in read depth (Figure D))7 providing
evidence that the loci containing these mutation were likely affected by deletions. Notably FHIT
and LRP1B are located in fragile sites in the genome [I40], which are known regions of genomic
instability. In addition, the loss of the mutation LING02:1 in LINGO2 is further supported by a shift
in the variant allele frequency of another mutation, LING02:2, in the same gene. Specifically, the
variant allele frequency of LING02:2 is ~1 in the metastatic cells (Figure A)), suggesting that
this mutant allele is homozygous, consistent with a deletion or loss of heterozygosity event where

the LINGO2:1 mutations was lost.

We examined further the evidence for polyclonal seeding in the initial study of this patient. Leung

et al.[83] included a statistical analysis of the variant read counts of the four “bridge mutations”,
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ATP7B, FHIT, APC and CHN1 that occurred between the first and second metastatic branches in the
SCITE tree. This analysis showed that mutations in ATP7B and FHIT were present in a subset
of primary tumor cells and in the second metastatic branch (detected in 10/13 and 13/13 cells
respectively) while being absent in the second metastatic branch (detected in 1/15 and 1/15 cells
respectively). Under the infinite sites model used by SCITE, mutation loss is not allowed and thus
polyclonal seeding is necessary to explain the absence of these mutations. The same analysis found
high uncertainty regarding the placement of mutations in APC and CHN1 and thus these were not

cited as evidence for polyclonal seeding.

The loss-supported model used by SCARLET provides an alternate explanation for the absence
of FHIT and ATP7B. SCARLET identifies a supported mutation loss to explain the presence of the
mutation in FHIT only in a subset of metastatic cells (M1). This loss is supported by a shift in read
depth (p = 0.005) in the 10Mb region containing the locus (Fig[£.4D). SCARLET does not identify
a supported mutation loss to similarly explain ATP7B as we did not observe a significant decrease
in read depth for the corresponding locus (p = 0.34). However, this lack of a significant decrease
in read depth at the ATP7B locus does not necessarily imply that there was no mutation loss. In
particular, because targeted sequencing was performed for only 1000 genes, the copy number data is
fairly low resolution and we calculated read depth in 10Mb bins. Thus, we may lack the statistical
power to identify a shorter deletion, especially a deletion present in only the 10 metastatic cells
with copy number profile M2. In summary, we argue that the sequencing data provides stronger
evidence for the phylogeny constructed by SCARLET, which is consistent with both SNV and copy-
number data, and supports a more parsimonious explanation of monoclonal seeding of the liver

metastasis.
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4.3 Discussion

Somatic mutations in tumors range across all genomic scales, from single-nucleotide variants (SNVs)
through large copy-number aberrations (CNAs). To date, most methods for constructing phyloge-
nies from single-cell DNA sequencing (scDNA-seq) data [27 37, [7T], 94}, [95], 102}, 129, 138 163, 164]
used only SNVs, ignoring CNAs and thus throwing out important information for phylogenetic
inference. Here, we introduced SCARLET, the first algorithm — to our knowledge — that uses
measurements of both SNVs and CNAs to reconstruct tumor phylogenies from scDNA-seq data.
SCARLET is based on a novel loss-supported evolutionary model, which constrains mutation losses
to loci containing evidence of a CNA. By using the information about CNAs that is readily available
in scDNA-seq data, the loss-supported model has less ambiguity in the phylogeny inference than
the Dollo and finite sites models which allow mutation losses to occur anywhere on the tree. In
scDNA-seq data, where there is often considerable uncertainty in the mutations present in each cell,
this reduction in ambiguity enables more accurate phylogeny inference. On simulated scDNA-seq
data, we find that SCARLET outperforms existing methods that do not utilize copy-number data.
On targeted scDNA-seq data from a metastatic colorectal cancer patient, we showed that SCAR-
LET found a phylogeny containing three mutation losses. Notably, SCARLET’s tree was both more
consistent with the copy-number data and provided a simpler explanation of monoclonal seeding
of the liver metastasis, compared to the more complex phylogenies reported previously [83, [164].
Thus, accurate modeling of mutations losses results in different conclusions regarding the migration

patterns of metastasis.

There are a number of directions for future improvement. First, the current implementation of
SCARLET either requires the copy-number tree in input or enumerates all possible copy-number
trees and selects the maximum likelihood result. This approach is applicable when the number of
distinct copy-number profiles is small; e.g., in the case of targeted scDNA-seq data [82] [104], [159]
where copy-number data typically is lower resolution. However, with higher-quality copy-number
data, extensions to larger numbers of copy-number profiles is needed. One approach is to use

copy-number evolution models |25, [41], (134}, [I61] to identify a modest number of copy-number trees
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that summarize the uncertainty in the copy-number evolutionary history. Second, one could extend
the loss-supported model into a unified evolutionary model for SNVs and CNAs. Indeed, the loss-
supported model provides a natural framework to integrate SN'Vs directly with evolutionary models
of CNAs. As single-cell sequencing technologies continue to improve, higher quality measurements
of both SNVs and CNAs from the same sets of cells will become available. We anticipate that

SCARLET and the loss-supported model will play a crucial role in the analysis of these data.

4.4 Methods

4.4.1 Loss-supported phylogeny model

We model the evolutionary history of a tumor as a rooted, directed phylogenetic tree T' = (V(T'), E(T)),
whose vertex set V(T') = L(T) U I(T') consists of a set L(T') of n leaves corresponding to observed
cells and a set I(T) of inner vertices corresponding to ancestral cells. A directed edge (v, w) € E(T)
indicates that cell v is an ancestor of cell w. We do not directly observe T' but rather we measure
a set of phylogenetic markers for every observed cell v € L(T). In the case where the markers
are somatic single-nucleotide variants (SNV), the measurements correspond to a binary mutation
profile b, € {0,1}" for each observed cell v, where b,, = 1 indicates that cell v has a somatic
mutation at locus a and b, , = 0 indicates that cell v does not have a somatic mutation at locus
a. We assume that the mutation profile b, of the root r is b, = 0 since the root represents the
normal cell that preceded the tumor. We define the mutation matrizv B = [b,],cr(r) to be the

matrix whose rows are the mutation profiles of leaves v € L(T).

The problem of phylogenetic tree inference is to find a tree T and an augmented mutation matriz
B’ = [b}],cv(r) whose rows correspond to binary mutation profiles of the vertices of 7" and where
the submatrix [b)],c (1) is equal to B. Since there are many possible trees that relate the observed
cells, methods for phylogeny inference find T' and B’ that best fit a specific evolutionary model. The

simplest evolutionary model for SN'Vs is the infinite sites, or perfect phylogeny model. In this model,
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each mutation is gained (0 — 1) at most once, and is never subsequently lost. A more general model
the Dollo model allows mutations to be gained (0 — 1) at most once, but lost (1 — 0) multiple
times. Formally, the Dollo model is defined as follows.

Definition 1. A phylogenetic tree T is a Dollo phylogeny with respect to augmented mutation
matriz B’ provided that for every locus a, there is at most one edge (v,w) € E(T) such that

b, =0 andb, , =1

In contrast to the perfect phylogeny model, under the Dollo model there are often multiple phylo-

genies that are consistent with input data (Figure [4.1)).

DNA sequencing data often contains contains additional information about the genomic locations
where mutation losses are possible. Specifically, we assume that for each cell v, we also observe
a copy-number profile p, = [py1,...,Pv,n]| Where p,; indicates the number of copies of genomic
segment ¢ in cell v. For simplicity, we label the unique copy-number profiles observed for all the cells
by integers {1,...,k}, such that the vector ¢ = [¢,] represents the copy-number profile assignment
¢y € {1,...,k} of every cell v. The copy-number profiles of cells provide constraints on mutation
losses. In particular, we allow mutation losses only at loci where an overlapping deletion or loss-of-
heterozygosity (LOH) distinguishes the copy-number profiles. We record the information about the
loci where losses are allowed in a collection £ of supported loss sets. For each pair ¢, ¢’ of distinct
copy-number profiles we define the set L(c,c’) C {1,...,m} of supported losses to be the set of all
the mutation loci located in genomic regions with a decrease in copy number (indicating possible
deletion or LOH) between ¢ and ¢’. We define L(c,c) = @ for all ¢. We denote the collection of
supported losses as L = {L(¢, ) : (¢,) € {1,...,k} x {1,...,k}}. We define a loss-supported
phylogeny as a Dollo phylogeny where all mutation losses are supported.

Definition 2. Given copy number profiles ¢’ = [c,],ev () and supported losses £, a phylogenetic
tree T is a loss-supported phylogeny with respect to augmented mutation matriz B’ provided that:

(1) T is a Dollo phylogeny; (2) If b, , =1 and b, , = 0 for edge (v,w) then a € L(c,,,c,,)-

The loss-supported phylogeny inference problem is to infer a loss-supported phylogeny T given a

mutation matrix B and copy-number profile vector ¢ that label the leaves of T, as well as a set £ of
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supported losses. However, this general problem has a major complication: the copy-number profiles
of the ancestral cells are unknown. Without knowledge of ancestral copy-number profiles, the loss
sets £ cannot be used to constrain mutation losses. Ideally, one might infer copy-number profiles of
ancestral cells (e.g., using a copy-number evolution model [25] [41] [134] [161]) while simultaneously
inferring a loss-supported phylogeny on the SNVs. The derivation of a score/likelihood for such
joint model is not straightforward, and is left for future work. Instead, in the next section, we
describe an algorithm that infers a loss-supported phylogeny by refining a copy-number tree given

in input.

Loss-supported Refinement Problem

In this section, we introduce the Loss-Supported Refinement (LSR) problem, a special case of the
loss-supported phylogeny inference problem, where we have additional information about the evo-
lutionary relationships between copy-number profiles. In particular, we assume that we are given a
copy-number tree T = (V(T'), E(T')) and a copy-number profile vector ¢ = [c,],ev () for all vertices
in T. As single-cell DNA sequencing data of SNVs typically measures copy-number profiles with
low-resolution, this copy-number tree typically has many multifurcations (i.e., unresolved ancestral
vertices with more than two children). We use the mutation matrix B = [b,] for all v € L(T) to
refine vertices in T, which results in a joint tree T’ that reflects the evolutionary history of both
the SNVs and CNAs. This sequential approach is inspired by an asymmetry between SNVs and
CNAs in the loss-supported model: CNAs affect the observed state transitions of SN'Vs as deletions
result in SNV loss, but SNVs do not result in changes in copy-number state. The joint tree T” is
a refinement [I58] of T i.e., L(T") = L(T) and T may be obtained by contracting edges in 7. A
refinement is formalized as a mapping v : V(T) — 2V(T) where for all v € V(T), v(v) is a rooted
subtree T'[y(v)] of T'. Then, tree T” is a refinement of tree T' provided that contracting T"[v(v)]
into a single vertex v for all v € V(T) yields the tree T. We refer to the set of subtrees defined by

v as the refinement subtrees.

We define the LSR problem as the problem of finding a refinement 7" of a copy-number tree T' such
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that T” is a loss-supported phylogeny.
Problem 1. Loss-Supported Refinement (LSR) problem

Given a copy-number tree T, a copy-number profile vector ¢ = [cy|yev (1), a mutation matriz B =

bylvern(m, and supported losses L, find a refinement T' of T, a copy-number profile vector c’

EL(T)

co'loreviTny, and an augmented mutation matriz B’ = [b!, ], cv 1y with by = bl, for all v' €
eV (T") v’ v eV (T") v

L(T"), such that

1. ¢, =c¢y forallve V(T) and v' € v(v), and

2. T is a loss-supported phylogeny with respect to B, ¢’, and L.

We provide four sufficient and necessary conditions for a solution 7”,c¢’,B’ to the LSR problem.
Briefly, these characterize a solution by giving conditions on the set of refinement subtrees defined by
~. The four conditions state that (1) each mutation occurs at most once, (2) mutations are not lost
within refinement subtrees, (3) all mutation losses between refinement subtrees are supported, and
(4) refinement subtree copy-number profiles are preserved. We formally define these four conditions
as follows. Let r(v) be the root of subtree T'[y(v)] and p(r(v)) be the parent of r(v).

Theorem 3. Given copy-number tree T, copy-number profile vector ¢, mutation matriz B, and
supported losses L, a refinement T of T, copy-number profile vector ¢’, and augmented mutation

matriz B’ are a solution to the LSR problem if and only if
1. For all loci a, there exists exactly one edge (v',w') € E(T") with b, , =0 and b, , =1;
And for all v e V(T):

2. There does not exist any edge (v',w') € E(T'[y(v)]) with b, , =1 and ¥, , =0;

S If v =1and?

_ / / .
r(v).a p(r(w).a = 0r then a € L)) € )

4. ¢, = ¢y for allv' € v(v).

Note that, taken together, conditions (1) and (2) imply that each of these subtrees T'[y(v)] is a
perfect phylogeny with respect to submatrix B’[y(v)]. We use this structure to solve the LSR

problem in the next section.
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Solving the Loss-Supported Refinement problem

In this section, we derive an efficient algorithm to solve the LSR problem. This algorithm de-
composes the LSR problem into k = |I(T")| instances — one for each copy-number profile — of the
Incomplete Directed Perfect Phylogeny (IDP) problem [I19], using the characterization of LSR
solutions given in Theorem [3] Specifically, Theorem [3| characterizes LSR solutions by giving a
set of conditions on the set of refinement subtrees of 7. We design an algorithm to find a set
T ={T) :v e V(T)} of subtrees, augmented mutation matrix B’, and copy-number profiles ¢’ that
satisfy Theorem 1. Using T and B’, we then construct a refinement 7" such that 7"[y(v)] = T, and

¢, = ¢, for all vertices v’ € V(T7).

We present a recursive algorithm that refines T' from the leaves to the root. The algorithm relies
on three additional constraints on the solution 7”7, ¢’ and B’ that do not effect the existence of a
solution, described in the following lemma.

Lemma 1. If there exists a solution to the LSR problem for a given T, c, B, £, then there exists

a solution T', ¢/, B’ that satisfies the following conditions.

i For all (v,w) € E(T), p(r(w)) is a leaf of subtree T'[y(v)].

i For allv € V(T)\{r}, if b, , =1 for allv' € L(T"[y(v)]) then V], , = 1.
@i For allv € V(T') and all loci a, by, o = bl.(p) 0

Our recursive algorithm is composed of a base and recursive step.

Base step

The base step determines T, and B’[V(T))] for leaf vertices v € L(T). For any leaf in a refinement
T', v(v) = {v}. Thus the subtree T, € T is composed of a single vertex v, with mutation profile
b/, = b, and copy-number profile ¢/, = ¢,.

Recursive step

The recursive step aims to find 7, and B[V (T})] for internal vertices v € I(T"). We approach this

by first identifying the set of constraints on the leaves L(T)) of T, given by Theorem 1. Given these
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constraints, we find mutation profiles B'[L(T})] for the leaves that respect a perfect phylogeny, as
required by condition (1) and (2). These mutation profiles uniquely determine the structure of T

as T is a perfect phylogeny [63].

By condition (i) of Lemmal] T} has a leaf for every (v, w) € E(T); thus L(T}) = {p(r(w)) : (v,w) €
E(T)}. We first recursively solve for T), and B[V (T},)] for every vertex w such that (v,w) € E(T).
Thus, we know the mutation profile b/ (w) of the root of each child subtree. We do not directly
observe B’[L(T})], but the mutation profile of a vertex is constrained by condition (3) of Theorem
1 and constraint (iii) of Lemma 1 given the mutation profile of a child. Specifically, the parent has
the same mutation profile as the child, except if there is a mutation loss. The mutation profiles
are further constrained by condition (1) of Theorem 1 as each mutation occurs at most once across
all subtrees. We respect this condition by minimizing the number of mutation gains per locus,

by only having a mutation gain at locus a in a subtree if a strict subset of the leaves have the

mutation.

We summarize these leaf constraints on B'[L(T})] as a ternary matrix B/, = [b,],cr(r,) where
b, = [l;iw] € {0,1,7}™. The first constraint fixes the values for some entries of B'[L(T})] such

=1and ¥
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that b p(r(w)),a

p(r(w)).a = 0 when b

r(w),a

= 1 when ¥/

r(w),a

=0 and a € L(cy, ). The
second constraint further sets some of the previously non-fixed entries in B'[L(T7)] to minimize the
total number of mutation gains in 7. To achieve the minimum number of mutation gains, we thus
maximize the number of all-zero and all-one columns of Bq’js we set to 0 any previously undetermined
entries 1_71,/7(1 for columns of B’ that only have ‘0’ (‘1’, resp.) entries (setting of l_)vga =0, 1_7@/7,1 =1

resp.). At last, we set any remaining undetermined entry of B! to be ‘7’

Finally, we aim to find B’[L(T;,)] by filling the ‘?” entries of B!. More specifically, given B!, we seek
B'[L(T,)] such that if b, , € {0,1} then Vy o = B;/’a for all mutations a and B'[L(T,)] is a perfect
phylogeny matrix. This problem is known as the Incomplete Directed Perfect Phylogeny (IDP)
problem and has been shown to be solvable in O(n?m) time [I19]. In our case n = |L(T,)| = d,
where d, is the out-degree of vertex v in T'. Solving an instance of the IDP problem yields a perfect

phylogeny mutation matrix B’[L(T},)], which in turn determines the perfect phylogeny tree T, and
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mutation matrix B'[L(T})].

4.4.2 Maximum Likelihood Loss-supported Refinement Problem

The LSR problem assumes that the mutation matrix B is error-free. In practice, we do not ob-
serve this mutation matrix B, but instead we observe read counts from a sequencing experiment.
Specifically, we measure a variant read count matrix X = [X,],er(r) and a total read count matrix
Y = [yv]q,eL(T), where z,, € N is the number of variant reads at locus a in cell v and y,,, € N
is the total number of reads. Whole-genome amplification [56], which typically precedes single-
cell DNA sequencing, introduces a considerable amount of error into these read count matrices.
Specifically, single-cell sequencing SNV data has high rates of false negative errors (i.e., z,, = 0
when b, , = 1) and missing data (i.e., ¥, o = 0). In addition, sequencing and whole-genome am-
plification introduce false positive errors (i.e., @y, > 0 when b,, = 0) as well. Most existing
methods [37, [71], (94} [95], 129, [163], [164] for single-cell phylogeny inference discretize read counts into
an observed mutation matrix B, using either two or three genotypes in addition to missing data (i.e,
1~)U7a € {0,1,?7} or INJWl € {00,01,11,7}). However, discretizing the mutation data loses information
about the likelihood of errors. For example, a locus with a single variant read is far more likely to
be a false positive error than a locus with hundreds of variant reads, but a discretized mutation

matrix does not distinguish between these cases.

Here, we adopt a maximum-likelihood approach that models the observed variant and total read
counts. A similar approach was used in Sci® [I38] with the infinite sites model for SNVs. Our
approach aims to find the mutation matrix B* = argmax Pr(X | Y, B); i.e., the mutation matrix
that admits a solution 7", B’, ¢’ to the LSR problem and maximizes the likelihood of the observed
variant read counts X given the total read counts Y. This formulation is not specific to a particular
likelihood model for read counts but does assume that variant read counts X are independent of
each other across cells and loci given Y and B — i.e, a likelihood of the form Pr(X | Y,B) =
1 T Pr(zva | Yuasbua). Let Brere be the set of mutation matrices B such that there

exists a solution T”,c¢’, B’ to the LSR problem given T, ¢, and £. We formulate the problem as
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follows.

Problem 2. Mazimum Likelihood Loss-Supported Refinement (ML-LSR) problem
Given variant read counts X = [Xy|per(ry, total read counts Y = [yu]per(r), copy-number tree
T, copy-number profile vector ¢ = [cy]yev (1), and supported losses L, find the mutation matriz

B* € By o that mazimizes Pr(X | Y,B).

We show the ML-LSR is NP-hard by reduction from the Minimum Flip Problem [23] (Section
. Since current datasets have mutation matrices with hundreds—thousands of cells, we derive
an algorithm in the next section that finds an approximate solution to the ML-LSR, problem by
subdividing the ML-LSR problem into k instances of the maximum likelihood Incomplete Directed

Perfect Phylogeny problem.

4.4.3 Scarlet Algorithm for Maximum-Likelihood Loss-Supported Re-

finement Problem

We introduce SCARLET (Single-Cell Algorithm for Reconstructing the Loss-supported Evolution of
Tumors), an algorithm to find a loss-supported phylogeny T" from single-cell DNA sequencing data.
SCARLET aims to solve the ML-LSR problem by finding the maximum likelihood mutation matrix
B* such that there exists a solution 7", ¢’, B’ to the LSR problem where B’ is an augmentation
of B* (i.e.,, B* = B/[L(T)] = B/[L(T")]). We proceed here by finding B’, which gives us B*.
In Section 2.3, we showed that finding B’ for the LSR problem decomposes into a set of IDP
instances if we know the mutation profiles R = [b} \]ver(r) of the roots of subtrees T. Given
B, we inferred R recursively, starting with the leaves L(T) whose mutation profiles are known.
In the ML-LSR, however, we are not given B. Therefore, SCARLET uses a heuristic to find B*
where we first compute maximum likelihood mutation profiles R* of the roots, and then solve
a set of instances of a maximum likelihood IDP (ML-IDP) problem given R*. We compute R*
by marginalizing over possible mutation profiles for each mutation (Section . As ML-IDP

input, we define a ternary matrix B! = [B’w]weL(T,g) for each vertex v € V(T). For v € I(T),
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we define b/, as in Section given the mutation profile b, of the root r(v) of T. For
v € L(T), we have that 5’p(r(v)) = b, but unlike in the LSR problem, we are not given the
mutation profile b, in the ML-LSR problem. Instead, we are able to compute the likelihood of b,
as in Equation As such, finding B* is equivalent to find the maximum likelihood submatrices
{B*[{v: cy = c,}] : v € I(T)} such that B, admits an incomplete directed perfect phylogeny. We
show in Section §C.3.3] how to compute these maximum likelihood submatrices using an integer-

linear programming (ILP) formulation.

This heuristic is not guaranteed to find the overall maximum likelihood solution B* as there may be
cases where B* does not admit a solution with the maximum likelihood set of roots R*. However,
we showed in the Section that SCARLET is both accurate and fast in practice. SCARLET
can be used with any likelihood model that assumes conditional independence between variant read
counts given the mutation matrix and total read counts as described in the previous section. In this
work, we used a beta-binomial model for variant read counts, similar to the one used by Sci® [138],

which accounts for overdispersion due to whole-genome amplification as well as sequencing error.

Additional details are in Section



Chapter 5

Haplotype Phasing in Single-Cell

DNA Sequencing Data

5.1 Introduction

In recent years, single-cell DNA sequencing technologies have enabled the measurement of the
genomic changes in individual cells [56]. This technology has been used to measure somatic muta-
tions in normal tissue [86] 98], to quantify somatic evolution in cancer [IT0, [153], to investigate the

genomes of unculturable microorganisms [97], and for other applications.

Unfortunately, it is not yet possible to directly sequence the DNA molecule(s) present in a single cell.
Rather, current single-cell DNA sequencing technologies first perform whole-genome amplification
(WGA), in order to obtain sufficient DNA to sequence. Several WGA methods have been intro-
duced, with the three most common being degenerate oligonucleotide primed PCR (DOP-PCR),
multiple displacement amplification (MDA), and multiple annealing and looping based amplification

cycles (MALBAC) [56]. The lengths of the amplified genomic fragments, or amplicons, range from

81
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200-300bp for DOP-PCR, to 1-5kb for MALBAC, and up to 10-100kb for MDA [136]. As WGA
uses repeated cycles of amplification, any errors or non-uniformity in coverage obtained during
early cycles of amplification are amplified in later cycles. Thus, WGA results in highly non-uniform
coverage of the genome Figure a), which is apparent in the observed strong correlations between

read depth at genomic loci within the distance of an amplicon [169].

The amplification bias resulting from WGA leads to challenges in identifying genomic variants in
single cells, and thus is a negative of single-cell sequencing technology. Considerable efforts have
been made to develop analysis algorithms that overcome this bias [7l 55] and to design WGA

methods with less bias [22] [120].

In this paper, we demonstrate a positive aspect of amplification bias: since neighboring genomic
loci are often co-amplified, the correlation in sequence coverage between neighboring alleles on the
same chromosome can be used to phase haplotypes in diploid genomes (Figure b)) Diploid
genomes, such as the human genome, consist of pairs of homologous chromosomes, distinguished
by single-nucleotide polymorphisms (SNPs), and other small genomic differences. Current DNA
sequencing technologies yield sequence reads that originate from a mixture of both homologous
chromosomes, losing information about the chromosomal origin of each read. Thus, for any pair of
heterozygous SNPs that are further apart than a read length, the alleles that are present on the

same chromosome are unknown.

Haplotype assembly is the process of reconstructing the haplotypes of an individual — i.e. assigning
the alleles of heterozygous SNPs to the corresponding chromosome of origin — from sequence reads
obtained from an individual. Since each read generally derives from a single chromosome, if a read
spans multiple SNPs, then the observed alleles are presumed from a single haplotype. Haplotype
and SNP phase information has applications in population genetics [148] and clinical and medical
genomics [58) [127] [T52] as well as being used to improve other analyses such as SNP imputation and
genotyping [I6, 96] and somatic variant calling [IT]. Obtaining long continuous haplotype blocks
is a challenge as the distance between adjacent SNPs is longer than reads and read fragments in

most sequencing technologies. Long reads and other technologies that provide long-range phase
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information, such as linked-read and Hi-C data, have been used to improve the length of haplotype
assemblies [35] [TT8], [121], [I71], and there are microfluidic techniques designed to recover haplotypes
of single-cell data [26], 46]. However, none of these techniques can be applied to existing short-read

single-cell data, and may be prohibitively expensive for new experiments.

We describe an algorithm that exploits amplification bias across a collection of sequenced single
cells to assemble haplotypes (Figure|5.1{(c)). This algorithm is based on the observation in [169] that
homologous chromosomes are amplified almost independently during WGA, and thus show similar
rates of amplification bias. Thus, amplicon-scale correlations in read depth provide a signal to phase
heterozygous SNPs across amplicon lengths. Specifically, our model leverages allele dropout, where
one of the two alleles of a heterozygous SNP is not measured in a cell, a common feature of single-cell
sequencing data [56]. Alleles of two nearby SNPs on the same chromosome are likely to drop out
(not be covered by an amplicon) concurrently. We derive a statistical test of concurrent dropout of
alleles of heterozygous SNPs. We validate our approach using both whole-genome and whole-exome
DNA single-cell sequencing data, and show that our approach predicts haplotype phase with high
accuracy, achieving > 90% accuracy on top-ranked 22% of pairs of SNPs within amplicon-length
distances. We use pairs of SNPs exhibiting high rates of concurrent dropout to define amplification
fragments that we input into an existing haplotype assembler [35]. We obtain haplotype blocks
that are 3-4 orders of magnitude larger (10.2kb vs. 312bp on whole-genome data, 9.2kb vs. 41bp
on whole-exome data) than obtained using read information alone, with low increase in assembly

€rrors.

5.2 Methods

Whole-genome amplification (WGA) methods used in single-cell sequencing result in datasets with
high rates of allele dropout, where alleles that are present in the genome are not observed in
a sequenced cell. The primary cause of allele dropout is the failure of amplification of a genomic

region from one of the two homologous chromosomes during whole-genome amplification. Thus, one
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Figure 5.1: (a) Single-cell DNA sequencing typically requires whole-genome amplification (WGA)
to obtain sufficient quantities of DNA, which results in non-uniform read depth with correlation at
scale of amplicons. Since the two homologous chromosomes are amplified independently, read-depth
correlations are strongest between sequence reads originating from the same chromosome /haplotype.
(b) Amplicon-scale read-depth correlations, combined with high rates of allelic dropout result in
increased rates of concurrent allelic dropout for pairs of alleles originating from the same haplotype,
where entries of the dropout vectors d4 and d, indicate whether alleles A and b, respectively, are
measured in each cell. (¢) We derive a phasing score for pairs of nearby SNPs based on the p-values
of concurrent dropout for different phasings of alleles. High or low values of the phasing score
correspond to amplification fragments containing pairs of alleles that are likely to be on the same
haplotype. These amplification fragments are used as input to haplotype assembly algorithms,
augmenting phasing information from read fragments containing alleles found on the same read.
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expects to observe correlations in rates of allele dropout between alleles of SNPs whose distances
are within the length of an amplicon (up to 10-100kb, depending on the WGA method). More
specifically, since an amplicon contains DNA sequence from one homologous chromosome, one

expects to observe a higher rate of concurrent dropout (dropout of both alleles in one cell) for a
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pair of alleles on the same haplotype and within the length of an amplicon, than for two alleles on
different haplotypes. We describe a statistical test to evaluate such concurrent dropout between
alleles for a pair of SNPs. We then use pairs of alleles which show strong evidence of significant

concurrent dropout as input to a haplotype assembly algorithm.

5.2.1 Quantifying Concurrent Dropout

We obtain DNA sequencing data from n single cells from the same individual, and assume that
these cells share m heterozygous SNPs. Consider a pair of heterozygous SNPs with alleles A, a for
the one SNP and alleles B, b for the other SNP. For an allele A, we define the dropout vector d4 to
be a binary vector of length n, where d4 s = 1 if we do not observe any reads containing allele A in
cell s, and da s = 0 otherwise. Thus, d4 indicates the dropout for allele A across cells. For an allele
A, let ng =3 das be the number of dropouts, or cells where A is not measured. Similarly, for a
pair of alleles A and B, let nyp =ds-dg = 22:1 da,s X dp,s be the number of concurrent dropouts
of alleles, i.e. the number of cells where both A and B are not observed. The key idea of our model
is that if the distance between SNPs is less than the length of an amplicon, and if alleles A and B
are on the same haplotype, then concurrent dropout of A and B is more frequent than expected
by chance. Conversely, if SNPs are far apart or A and B are present on different haplotypes, then
we expect that amplification of these alleles is independent, and concurrent dropouts are random

events.

Let Nap be a random variable indicating this number of concurrent dropouts between alleles A and
B across n cells. Under the null model, dropouts between allele A and allele B are independent.
To compute the distribution of N4p under the null, we need to compute the probability wx , =
Pr(dx s = 1) that allele X drops out in cell s for each allele and cell. However, wx ¢ varies by
locus, allele X, and cell s. Locus-specific and allele-specific variability in dropout rates results from
context-specific amplification, sequencing, or alignment biases. Cell-specific variability in dropout
rates results from differences in sequencing depth and uniformity of coverage across cells. Since it

is difficult to model each of these effects directly, we instead compute a weighted exact distribution



86

P(Nusp = nag|na,np,w), where w are cell-specific weights obtained from the observed number
of dropouts across all loci in each cell. See [8I] for details of similar weighted tests used in other

biological applications.

Specifically, let D be the 2m x n matrix whose rows correspond to the 2m dropout vectors for the set
of alleles of m heterozygous SNPs. We compute the p-value Pr(Nag > nap | D1.,... Doy, Dy - D)
of observing ng;, or more concurrent dropouts, conditioned on the observed row sums and column
sums of the matrix D. Computing this p-value is non-trivial. Leiserson et al. [8I] introduced
the WEXT algorithm to compute a saddlepoint approximation of a p-value for the related prob-
lem of mutually exclusive events. We use a recent release of the WExT software that computes a

saddlepoint approximation for the co-occurrence test statistic Nap.

5.2.2 Augmenting Haplotype Assembly with Amplification Fragments

Haplotype assembly is the reconstruction of haplotypes from local information about groups of
alleles that are present on the same chromosome. The input for haplotype assembly is a set of
fragments F, where a fragment f € F defines a phasing over a set of SNPs — e.g., f = ABc|abC,
where | delineates the two chromosomes, indicates alleles A, B, ¢ are on one chromosome and alleles
a, B,C are on the other. Haplotype assembly algorithms aim to find the most likely haplotypes
from the set F. Typically, the set F of fragments is equal to F,, the set of sequenced reads (or
paired-end reads in the case of mate pair libraries). This is because alleles of two SNPs measured

on the same read (or paired-read) are highly likely to reside on the same haplotype.

We extend the fragment set F using a set of amplification fragments defined from pairs of alleles
from neighboring SNPs that demonstrate concurrent dropout, using the statistical test defined in
the previous section. A pair of SNPs, having alleles A, a for one SNP and alleles B, b for the second
SNP, can be phased in two ways: AB|ab or AblaB. As noted by Zhang et al. [I69], during WGA,
homologous chromosomes are amplified independently. Thus, we assume the random variables N 4p

and N, are independent under the null hypothesis, and combine the p-values pap and pgp using
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Fisher’s method to obtain a single p-value pagjqy = Pr(T" > t) where t = —2 (logpap + log pas)
and T follows the x7 distribution, since two p-values are combined. For each pair of SNPs, this
procedures yields two p-values, pap|ap and pap|a, corresponding to the strength of evidence against
the null model of independence for each phasing. Under phasing AB|ab, we expect high dropout
concurrence for allele pair {A, B} and allele pair {a,b} and independent dropout for allele pairs

{A,b} and {a, B}. Thus, we expect to see a low p-value pap|q and a high p-value papjq5-

We summarize the evidence in support of each phasing using a phasing score defined as

h=—log (pAB'“b) . (5.1)

PAblaB

Here, h > 0 indicates stronger evidence for phasing AB|ab, while h < 0 indicates stronger evidence
for phasing AblaB. Large values of |h| suggest that the allele pairs for one phasing have more
concurrent dropout than expected by chance compared to the allele pairs for the other phasing, and
thus are more likely to have come from same haplotypes. We define a set of amplification fragments
F. containing allele pairs whose absolute values of the phasing scoring |h| > ¢, for a non-negative
threshold ¢. We then use a haplotype assembly algorithm, HapCut2 [35] to assemble haplotypes

using the combined set of sequence and amplification fragments F = J,. U JF, as input.

5.3 Results

We tested our model on two single-cell DNA sequencing datasets: whole-genome sequencing of

neurons [86] and whole-exome sequencing of breast cancer cells [I53].

5.3.1 Whole-genome Single Cell Sequencing of Neurons

We first evaluated the performance of our model on synthetic diploid cells constructed from se-

quenced X chromosomes in single-cell DNA sequencing of neurons from a male individual, UMB1465



88

Whole-genome Validation Dataset
UMB1456 (Lodato et al. 2015)
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Figure 5.2: Haplotype Assembly on Whole-Genome DNA Sequencing Data. (a) We form
a validation dataset of seven synthetic diploid cells with known haplotypes from X chromosomes
in whole-genome DNA sequencing data of single neuron cells from a male [86]. (b) (Left) The
accuracy of the predicted phase for the set F. of amplification fragments with the absolute value of
the phasing score |h| > ¢. We observe highly accurate prediction of phase for pairs of SNPs whose
distance is less than the length of amplicons (here 95th percentile of amplicon length is 103kb).
(Right) The proportion of SNP pairs included in the set of amplification fragments F. (¢) The N50
and switch error for haplotype assembly as we vary the phasing score threshold ¢. The N50 and
switch error for the haplotype assembly with no amplification fragments is marked with an ‘x".

[86]. This dataset includes whole-genome sequencing from n = 16 single cells and two bulk samples.

The single cells were amplified using MDA, and a recent analysis [I36] estimates that these samples
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had MDA amplicons lengths up to 200kb, with a median of 19kb and 95th percentile of 103kb.
To create synthetic diploid cells, we extracted the haploid X chromosomes from each sequenced
cell (Figure , excluding the pseudo-autosomal regions PAR1 and PAR2 on chromosome X as
defined in human reference genome assembly GRCh37.p13. To account for variability in dropout
rates between cells, we downsampled all cells to a fixed number of reads, and formed pairs of cells
based on the total number of covered positions in the samples. We generated simulated haplo-
types using population-level allele frequencies acquired from dbSNP, and spiked these alleles into
the sequencing data. We introduced sequencing error into the spiked-in alleles based on the Phred
quality scores of individual reads. Further details on the simulation can be found in Supplementary

Section Al.

To infer haplotypes, we applied the statistical test described in Section to all pairs of SNPs
within 50kb of each other. Next, we constructed a set F. of amplification fragments for a phasing
score value |h| = ¢ and input the amplification fragments F. and read fragments F,. into HapCut2

to assemble haplotypes.

We evaluated the ability of the phasing score to accurately phase pairs of SNPs at varying distances
and over a range of values |h| (Figure. We found that the proportion of fragments whose phase
was predicted correctly, increases with the absolute value |h| of the phasing score, indicating that |h|
is correlated with the the accuracy of phasing. With larger amplicon lengths (50kb-1Mb and 1-5Mb)
the fragment accuracy decreases rapidly as the phasing score decreases. In addition, relatively few
fragments have high phasing scores |h|, demonstrating that few SNPs are accurately phased when
the distance between SNPs exceed the length of WGA amplicons. For haplotype assembly, we use
pairs of SNPs whose distance is 50kb or less. Over this set of SNP pairs, we are able to correctly
phase fragments with 77% accuracy overall. However, if we restrict to the set of fragments with

scores |h| > 1, the top 22% of fragments, we obtain an accuracy of 91%.

We assemble haplotypes using amplification fragments F. and read fragments F, as input to Hap-

Cut2 [35] as described in Section We ran HapCut2 with a range of thresholds ¢ for the phasing
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scores, where for each ¢, we supply HapCut2 with F,. U F,, the set of sequence fragments and am-
plification fragments. We also run HapCut2 using only sequence reads F, to get a baseline measure

of results using only short reads. In each case, we ran HapCut2 with default parameters.
We evaluate the resulting haplotype assemblies using the following metrics (Figure [5.2¢]).

1. The N50 is the length of a haplotype block such that half of all phased variants are in a block

at least as long.
2. Switch error is the proportion of phase connections between adjacent SNPs that are incorrect.

Not surprisingly, we observe a trade-off between switch error rate and length of resulting haplotype
blocks, Without any amplification fragments (F. = ), HapCut2 obtains haplotype blocks with
a median (N50) length of 312bp. As the phasing score threshold ¢ decreases, the block lengths
increase by several orders of magnitude with only relatively small corresponding increases in switch
error rate With phasing score threshold ¢ = 2.25, we obtain a block length of N50 = 10.2kb, with a
switch error rate of 0.02. At lower values of phasing score threshold, we see larger increases in error,
which corresponds to the observed decrease fragment accuracy at the same values (Figure .
Depending on the downstream analysis that utilizes the resulting haplotypes, these low thresholds
may prove useful. For example, at a threshold of ¢ = 0, we acquire blocks with an N50 = 9.96Mb,

with 92.6% of blocks containing no switch errors.

5.3.2 Whole-exome Single-cell Sequencing of Breast Cancer

Whole-exome sequencing comprises a significant proportion of available single-cell sequencing data
sets [I10], due to both the lower sequencing costs compared to whole-genome sequencing and because
of interest in measuring variation in coding regions. Assembling haplotypes from short-read whole-
exome sequencing data is challenging as reads (or paired reads) are shorter than the lengths of
most introns. Introns are estimated to have a median length of approximately 1334bp in the

human genome [69], while the median exon size is approximately 122bp [28]. Thus haplotype phase



91

Whole-exome Validation Dataset
TNBC Patient (Wang et al. 2015)
g Inferred Haplot
= = @ nferred Haplotypes 0.200 ) 0
g S [Acece |
£ = mmomam| $ "
g é 0150 (6] 2 o JPSPRR TR T IRE RN
© e ‘ & |e > PRRPRRPARPSEE 8 S
— s = 09 .
2o12s S 4 S .o
- | o |» 5 |° o oist
o @ - istance
" @ 5 0.100 [0) c 5 08 E . ..@- <300bp
£ = = ° ) .0..0% . .g...0...0 ..g- R
D — ; 0.075 ) 3 6 g .“‘ ...v.. e @+ 300bp - 5kb
03T Ground Truth a c Sos| @ --@- 5kb - 25kb
3 2 ° o iy .o "® 25k - 50kb
Yo i = [ TGTGA | 0.050 ° g
c o 8 846 ’
8= @ 0.025 8 <
© @ ®oo o a.,@c)
0.000 05 L=
— 100bp  1kb 10kb  100kb 2 3 4 5 6 7 8 9 10 11 12 13 14 15
N50 Number of Cells
(a) Experimental Setup (b) Haplotype Assembly Results (c¢) Fragment Accuracy

Figure 5.3: Haplotype Assembly on Whole-Exome DNA Sequencing Data. (a) We vali-
date haplotype assemblies on whole-exome DNA sequencing data from an individual breast cancer
patient [I53], by comparing to the haplotype of chromosome 17, whose haplotype we can determine
from the 8 cancer cells that have lost one homolog of this chromosome. (b) Haplotype block length
(N50) as a function of haplotype switch error for varying threshold of phasing score. The N50 and
switch error for the assembly with no amplification fragments is marked with an ‘x’. Amplification
fragments increase the length of haplotype assemblies by orders of magnitude with small increase in
switch error. (c¢) The accuracy of the phasing for the highest scoring 20% of amplification fragments
for varying numbers of cells.

is difficult to determine across exons from short read data.

Since WGA amplicons are typically longer than an intron, we hypothesized that we could use
our model to obtain haplotype blocks from single-cell whole-exome data that were substantially
longer than blocks obtained with short-read sequencing data. To test this hypothesis, we evaluated
our model on single-cell whole-exome data from a triple-negative breast cancer patient [I53]. We
observed that one copy of chromosome 17 was lost in 8 cancer cells in this datasets that were
indicated to be hypodiploid. Using these 8 cells we obtained the true haplotypes for chromosome
17 (Figure . We then applied our model to 14 normal (non-cancerous) diploid cells from the
same individual. We ran the model and constructed amplification fragments as in previous sections.

Figure [5.3D] shows the features of the resulting haplotype assemblies.

Using only read fragments JF,., the haplotype assemblies have a median block length of N50 = 41bp,
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which, as expected, is shorter than the length of a single exon. Using amplification fragments F.
we are able to increase the block length by several orders of magnitude, with only small increases
in switch error (Figure . For example, when the phasing score threshold ¢ = 2.75, we obtain
a median block length N50 = 9.3kb, with a corresponding switch error rate of 0.04. This indicates
that we are able to phase across multiple exons. Indeed this haplotype block length is of the same

order of magnitude of the typical gene length.

While read-based phasing is limited by the length of fragments, reference-based phasing algorithm
are generally able to phase over longer genomic distances. We compared the haplotype assemblies we
obtain to a reference-based phasing algorithm, EAGLE2 [87] (Supplementary Figure 1). We show
that while EAGLE2 was able to provide a phasing over the whole chromosome, our amplification-

fragment based phasing provides lower error rates within the blocks that we obtain.

To investigate the number of single-cells required to obtain accurate amplification fragments, we
ran the model on subsets of cells of size 2 — 15 (Figure [5.3c]). We find that on this data set, the
fragment accuracy levels off after 8-10 cells. Thus, we can obtain accurate amplification fragments

even with relatively few cells.

5.4 Discussion

Single-cell DNA sequencing is increasingly being used to explore the genomic content of individual
cells, but requires analysis algorithms that are robust to the errors and biases in this data. In this
paper, we exploit one bias in single-cell sequencing data, amplification bias, and show how we can

leverage this local information to assemble haplotypes.

Our results demonstrate that concurrent dropout between nearby alleles can provide amplicon-scale
correlations that lead to better haplotype assemblies than using only correlations between alleles on
the same sequence read. However, there are several limitations and avenues for further improvement

of our approach. First, many recent haplotype assembly algorithms, including the HapCut2 [35]
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used here, employ more sophisticated probabilistic models for error in fragments. Extending our
model to estimate error rates for amplification fragments could provide better integration with the
error models in haplotype assemblers, and yield more accurate haplotype predictions. While our
current model does not calculate a likelihood for each phasing, we may be able to estimate the error
rates based on the empirical distribution of phasing scores. Alternatively, an improved probability
model that accounts for several of the features of sequencing data — including sequencing error and
observed read depth — could be developed and would likely outperform the straightforward model
of concurrent dropout introduced here. Additionally, extending the model to consider groups of
SNPs instead of just pairs of SNPs may be useful for identifying phase when pairwise relationships
are weak. This can be particularly useful with the lower sequence coverages that are common in

single-cell sequencing datasets.

If one’s goal is to obtain a high-quality phased diploid genomes, there are a number of good
approaches. These include: the application of high-quality reference-based phasing algorithms
[16, [30], 87, [143] that exploit large populations on genotyped individuals; long-read [58] or linked-
read [I71] sequencing; or specialized techniques such as Strand-Seq [124]. Phasing algorithms also
exist for both bulk [2I] and single-cell RNA-seq data [2I]. We do not expect that researchers will

perform single-cell sequencing if their only goal is to obtain a phased, diploid genome.

Rather, we anticipate that the approach described here will be a useful complement for specific
analyses of single-cell sequencing data. For example, we expect that this model can be broadly
useful in variant calling in single cells, which is typically significantly confounded by amplification
bias. While we validated the model on diploid genomes, the model is readily adaptable to copy-
number aberrations (CNAs), and thus can be applied to cancer genomes which often demonstrate
high levels of aneuploidy. The information derived from our model may be useful for allele-specific
copy number calling in single cells, which to our knowledge is not currently done in any exist-
ing single-cell copy-number caller. Information on haplotype phase will also be useful for calling
retrotranspon insertions [45] or single nucleotide variants. Recently, [II] showed how they were

able to reduce false positive rates in SNV calling in single-cell DNA sequencing by phasing SNVs
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to nearby SNPs. However, many SNVs cannot be phased to SNPs with short reads, especially in
whole-exome data. Our method is able to phase across much larger distances and across exons.
An additional application is phasing of structural variants in single-cells. SNPs on either side of
the breakpoints of a structural variant will also show more dropout concurrence than expected by
chance. An extension of our model might allow for improved phasing of structural variants, which
could be useful in reconstructing highly rearranged cancer genomes. Finally, additional extensions
of dropout concurrence might be applied to single-cell RN A-seq data, e.g. by exploiting correlations

in allele-specific expression or allele-specific alternative splicing.



Chapter 6

Conclusions

Cancer is the second leading cause of death in the United States. The American Cancer Society
projects that in 2019, there will be 1.7 million new cases of cancer and 600,000 cancer deaths in
the United States [I37]. In recent years, doctors and researchers have made meaningful progress to
prevent the incidence and reduce the mortality of cancer. Cancer death rates have dropped by 27%
since 1991 [I37]. However, cancer remains difficult to treat, largely due to its heterogeneity — each
cancer case is unique with different sets of mutations and responses to treatment. Cancer treatment
is further complicated by intratumor heterogeneity, where tumors are composed of genetically dis-
tinct subpopulations of cells. This heterogeneity has been associated with resistance to treatment
and with relapse and metastasis [29]. Characterizing tumor heterogeneity and understanding the

evolutionary process that produced it is a critical step towards effective treatment of cancer.

The broadening availability of DNA sequencing from tumors over the past decade, including multi-
sample, multi-site, and longitudinal sequencing, has given researchers a much more extensive un-
derstanding of heterogeneity and the process of evolution in tumors. Tens of thousands of tumors
across many cancer types have now been sequenced by individual centers and hospitals as well

as large-scale projects, like the International Cancer Genome Consortium (ICGC) [I67] and The

95
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Cancer Genome Atlas (TCGA) [155]. Due to the vast quantity of cancer sequencing data, there is

a need for specialized algorithms to perform accurate analyses.

The work in this thesis describes a set of algorithms for the reconstruction of tumor evolutionary
histories from DNA sequencing data. The focus of this work is on probabilistic modeling of sequenc-
ing data (Chapters 2, 4 and 5), accounting for the complex interactions between different mutation
types (Chapters 3 and 4), and tackling the challenges put forth by different types of sequencing
data (Chapters 2, 3 — bulk; Chapters 4, 5 — single cell).

6.1 Future Work

Throughout this thesis, we observed uncertainty in phylogenetic reconstruction, where sequenc-
ing data admits multiple possible evolutionary histories. Tackling this uncertainty is a challenge
moving forward. First, efforts must be made to reduce possible ambiguity phylogenetic reconstruc-
tion. We already have taken steps towards achieving this. Chapter 3 quantifies how changing the
number of samples and sequencing depth can affect the size of the solution space, and Chapter 4
discusses how introducing copy-number data can constrain the set of mutation losses. In recent
work, we also demonstrated how integrating information about the context of the tumor samples
— for metastatic [42] and longitudinal [106] data — can inform phylogenetic reconstruction. Future
work remains to identify how additional sequencing data or external information can be used to
further reduce ambiguity. Beyond reducing uncertainty, there need to be efforts towards quanti-
fying and communicating the uncertainty. Not doing so may result in incorrect or contradictory
results in downstream applications; for example, we demonstrated recently that not accounting
for possible alternate phylogenies may result in overly complex metastatic seeding histories [42].
We tackled the problem of quantifying uncertainty in Chapter 2 and 3, where in Chapter 2 we
provide a posterior probability over all possible trees, and in Chapter 3 we provide an algorithm to
enumerate all possible solutions. However, while presenting the full solution space is important, it

can also be difficult to interpret. The field of tumor phylogenetics needs new ways to meaningfully
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summarize the uncertainty in solutions. In classic phylogenetics, there is a body of work towards
reconstructing consensus trees [17], and recent efforts have begun to apply these concepts to tu-
mor phylogenetics [3, 59]. These methods have shown promising results but are not yet broadly
applicable to probabilistic models for phylogenetic trees and evolutionary models beyond infinite
sites. Moreover, consideration needs to be made into how downstream analyses should deal with

uncertainty in phylogenetic reconstruction and consensus trees.

One of the focuses of this thesis was integrating copy-number data into phylogenetic reconstruction.
The approach described in Chapters 3 and 4 primarily focused on phylogenetic reconstruction using
SNVs as a marker. This work modeled how copy-number aberrations affect the observed signal
from SNVs. As they do not use a true evolutionary model for CNAs, they do not provide a true
integrated model of SNV and CNA evolution. The choice to focus on SNVs as a marker was made
partially due to limitations of the data. In bulk data (Chapter 3), there is a greater ability to
resolve small subclones distinguished by SNVs than by CNAs. In single-cell data (Chapter 4),
current technologies have a trade-off between quality of SNV data and quality of CNA data [56].
Therefore, it is presently challenging to measure both SNVs and CNAs from the same set of cells.
This limitation may be overcome in the near future thanks to improving sequencing technology.
However, a second motivation to focus on SNVs as a marker was the complexity of copy-number
models. While most models make the assumption that SNVs evolve independently, CNAs often
overlap each other and affect the structure of the genome. Existing algorithms that reconstruct the
evolutionary history of CNAs generally make simplifying assumptions about copy-number events in
order to make the problem computationally tractable. More work must be done to accurately model
phylogenetic reconstruction of CNAs. Moreover, true simultaneous inference of CNA and SNV
evolution remains an open problem. As future work, an integrated approach may help overcome
some of the challenges of reconstructing CNA evolution if SNVs are used to constrain possible

solutions.

In the coming years, emerging sequencing technologies will deepen our understanding of tumor

heterogeneity and evolution. The broadening availability of single-cell DNA sequencing data will
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allow researchers to probe the heterogeneity of tumors at the highest resolution. Moreover, less
invasive non-surgical technologies like blood assays for circulating tumor cells and cell-free DNA
will enable more complete tracking of tumor evolution over time. While these technologies are
promising, they also introduce new computational challenges. As described in this thesis, new
technologies typically require specialized models and algorithms to interpret. In addition to new
DNA sequencing technologies that will allow us to better measure tumor evolution, there are a wide
variety of technologies that measure different properties of tumors, including the transcriptome and
epigenome of cancer cells, the immunological composition of the tumor microenvironment, the
spatial organization of tumor DNA, and interactions between DNA and regulatory proteins. In
general, interpretation of this data presently focuses on quantifying properties of the tumor at
the time of measurement. But tumors are dynamic ecosystems, in which the composition of the
tumor and microenvironment fluctuates, and new mutations disrupt different cellular processes.
Applying an evolutionary framework to these data, or integrating new data with matched DNA
sequencing data, will allow us to reconstruct how these different processes change over the course

of the evolutionary history of a tumor.

Finally, while reconstructing the past gives insight into the development of tumors and may lead
to different preventative approaches, prediction of future evolution is a key open problem for the
utility of phylogenetic approaches in clinical settings. There are already inroads in this direction
with work in RNA velocity [80], measurement of relative fitness of individual clones [139} [I57], and
quantifying the relationship between survival and intratumor heterogeneity [72]. While these are
promising beginnings, there is still a long road towards a predictive model of future tumor evolution,

especially with regards to predicting response to treatment.
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Appendix A

Supplementary Methods and

Results for Chapter 2

A.1 Supplementary Methods

A.1.1 Sequential Importance Sampling

Importance sampling functions well when the number of vertices in the tree k and the number of
samples m are low. However, the number of dimensions we are sampling from for F increases as
k- m. Thus, in the presence of noise, sometimes, for all samples F, T is empty, and thus the
calculated posterior probability of all trees is 0. This occurs when the largest tree that F admits,
T has less than k nodes, |V (T#)| < k. However, some of these samples may in fact be near another
value F’ ~ F such that there exists a (T, 7) for which F” respects the Sum Condition As the number
of nodes in the largest tree admitted by samples increases, we would expect we are nearing such a

value.
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We generalize importance sampling to use multiple proposal distributions, Q1, ..., Qy, where Q; is
the distribution used at step i. As the estimate obtained from each distribution Q; is an unbiased

estimator of [ P(X)dX, the mean is of these values is also an unbiased estimator.

/P(X)dX ~ %Z P(X_’") . (A1)

As such, we propose an MCMC inspired multiple-importance sampling approach. Qg is the proposal

distribution supplied by SciClone as described above. Let Beta(F) be the beta distribution with
the values F' as the means, and matrix ¥ as the variances. At step i + 1,

L let Q41 = Beta([;) if [V(Tf,)| > |[V(T,_,)| or with probability

. (Pr(A:A|D=D,F:F(i>) )
p = min —. 1.
Pr(A=A|D=D,F=F)

2. Let Q;,, = Qg with probability e.
3. Else Q;,; = Q,

This approach uses information from previous samples to find samples which may have finite prob-
ability. Unlike MCMC, this approach is able to use information outside of model likelihood, i.e.

the unconstrained clustering information and the tree size, to guide sampling.

A.1.2 Comparison to Other Models



Finite Tree-Constrained Mixture Model

Tree and Cell Fraction Model
T ~ Categorical(y)
F ~ By - Dirichlet(p)

Observed Data Model
Ajp~ Pa(Fc, 5, ;. 0)

oo
Gf

Dj, ~ Pp(©)

(a) The model used by PASTRI .

Infinite Mixture Model

Cell Fraction
and Cluster Model
G ~ DP(a, H)

F~g

Observed Data Model
Ajp~ Pa(F;p D;,, 0)
Dj, ~ Pp(©)

(b) A mixture model for binomial observations
with a variable number of clusters (e.g. Py-
Clone*). G is a discrete distribution generated
by a Dirichlet Process. F is a n X m matrix,
corresponding to an assignment of vector of fre-
quencies (one per sample) to each mutation.
All mutations with the same frequencies be-
long to the same cluster. Thus F' corresponds
to both F' and C from parts (a) and (b).

Infinite Tree-Constrained Mixture Model

Tree, Cell Fraction,
and Cluster Model
G ~ TSSB(«, v, H)

F~¢

Observed Data Model
Ajp~ PA(FJIP- Dj,, o)
Dj, ~ Pp(0)

©

(c) An infinite mixture model with a tree con-
straint (e.g. PhyloSub). Instead of a Dirichlet
Process, G is generated from a tree-structured
stick breaking prior. This process generates

frequencies F' that are consistent with a tree
constraint.

Figure A.1: Comparison of models for mixtures with binomial observations.

121



122

A.2 Supplementary Results

A.2.1 Additional Simulation Results

PASTRI (+ SciClone) % PASTRI (4 SciClone) }—%‘
AncesTree (+ SciClone) + AncesTree (4 SciClone) *’
PhyloSub # PhyloSub 1 *

Canopy } Canopy |0

10 100 1000 10,000 100,000 10 100 1000 10,000 100,000
Runtime (s) Runtime (s)
(a) 3 nodes (b) 4 nodes

Figure A.2: Runtime.
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PASTRI *» “ ¢ ¢ » PASTRI L] * LR L + ¥
AncesTree -—- 2 L] s ° 8 oo AncesTree LX) % —- - { ee oo
PhyloSub ' $ PhyloSub - "

Canopy Canopy

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Proportion of Ancestral Relationships Correctly Inferred Proportion of Ancestral Relationships Correctly Inferred
(a) 3 nodes (b) 4 nodes

Figure A.3: Accuracy in recovering ancestral relationships.
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A
PhyloSub '—-a%——-i .
Canopy
0.1 0.2

0.0

PASTRI *-l
PhyloSub M%———A .

0.0 0.1 0.2 0.3 0.4 0.5
Metric 2

0.3 0.4 0.5
Metric 1

(a) 3 nodes

PASTRI *—1
PhyloSub »
Canopy F%—l e

0.0 0.1 0.2 0.3 0.4 0.5
Metric 1

PASTRI *{ ¢ ’
PhyloSub - ma — L]

Canopy I—%—I e

0.0 0.1 0.2 0.3 0.4 0.5
Metric 2

(b) 4 nodes

Figure A.4: Accuracy in recovering cluster frequencies.



Appendix B

Supplementary Methods and

Results for Chapter 3

B.1 Supplementary Methods

In this section we present additional definitions and results. We start by introducing the Perfect
Phylogeny Mixture Deconvolution Problem (PPMDP) in Section We show in Section
that there exists a unique matrix U relating a given frequency tensor F and complete perfect
phylogeny tree T. Next, we derive in Section that solutions to the PPMDP correspond
to constrained spanning trees in a directed, edge-labeled multi-graph. In Section we prove
that the problem is NP-complete. We then proceed to consider a restricted version that consider
cladistic characters in Section For this version, we present an enumeration algorithm in
Section Finally, we tie things back to our cancer application in Section where we

introduce a multi-state model that captures the somatic mutational process in cancer.
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B.1.1 The Perfect Phylogeny Mixture Deconvolution Problem

Recall that m is the number of samples, n is the number of characters and k is the number of
states of each character. Our input measurements are given by the k X m x n frequency tensor
T = [F] = [[fp,(c,y]] where f, s is the proportion of taxa of sample p that have state i for
character ¢. We denote by Fj the slice of F where the state of each character is . Formally, J is
defined as follows.

Definition 3. An k xm x n tensor & = [F] = [[fp,(c.i)]] is a frequency tensor provided f, i >0

and Zf;ol Jp.(c,iy = 1 for all characters ¢ and samples p.

As mentioned in Section the goal is to explain the observed frequencies F as m mixtures of
the leaves of a perfect phylogeny tree T', where each mixture corresponds to one sample. We recall
the definition of a perfect phylogeny 47, [65].

Definition 4. A rooted tree T is a perfect phylogeny tree provided that (1) each vertex is labeled
by a state vector in {0,...,k — 1}™, which denotes the state for each character; (2) the root vertex
of T has state 0 for each character; (3) vertices labeled with state i for character ¢ form a connected

subtree T ;) of T

Rather than explaining F as mixtures of the leaves of a perfect phylogeny tree, we aim to explain
F as m mixtures of all vertices of an n,k-complete perfect phylogeny tree, which is defined as
follows.

Definition 5. An edge-labeled rooted tree T on n(k — 1) + 1 wertices is a n, k-complete perfect
phylogeny tree provided each of the n(k — 1) edges is labeled with exactly one character-state pair
from [n] x [k — 1] and no character-state pair appears more than once in T. Let T, 1 be the set of

all n, k-complete perfect phylogeny trees.

We may do this without loss of generality, as each n, k-complete perfect phylogeny 7" can be mapped
to a perfect phylogeny tree T” by extending inner vertices of T' that have non-zero mixing proportions
to leaves of T”. See Figure for an example. In the following we denote by T an n, k-complete

perfect phylogeny tree T', by v(. ;) the vertex of 7" whose incoming edge is labeled by (c, ), and by
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V(x5 the root of T'. Alternatively, v(10),. .., V(n,0) all refer to the root vertex v(, o).

(A) Complete Perfect Phylogeny Tree T (B) Perfect Phylogeny Tree T’

Vi) Vo) Vie 1) Viez) Vie,9 Viaz)

[0.1 0.2 0.7 0.0 0.0} S1
0.0 0.0 0.3 0.1 0.6) S2

Usage matrix U

Mixing —> 0.7 01 02/03 0.1 0.6
proportions

Figure B.1: Each complete perfect phylogeny tree (A) corresponds to a perfect phy-
logeny tree (B)

The observed frequencies F are related to the vertices of T by an m x (n(k — 1) + 1) usage matriz
U = [up,(c,iy] whose rows correspond to samples and columns to vertices of 7" such that each entry
Up,(c,iy indicates the mixing proportion of the vertex v ; of T in sample p. More specifically,
each frequency f, () is the sum of mixing proportions of all vertices of T" that possess state i for
character ¢, i.e. fp (ci) = Z(d,j)6T<c,i) Up,(d,5) (Figure . Formally, we define a usage matrix U
as follows.

Definition 6. An m x (n(k — 1) + 1) matriz U = [up, 4] is an m,n, k-usage matrix provided
Up,(ci) = 0, and uy (4 0) + S Zf:_ll Up,(c,iy = 1 for all samples p. Let Uy, i be the set of all

m,n, k-usage matrices U.

Given F, the goal is to infer a n, k-complete perfect phylogeny T and a usage matrix U such that
mixing the vertices of T according to U results in &, which was stated as Problem [I| in the main
text.

(Main Text) Problem 1 (Perfect Phylogeny Mixture Deconvolution Problem (PPMDP)). Given
an k x m x n frequency tensor I = [[fp c,pll, find a n,k-complete perfect phylogeny tree T and

a m,n, k-usage matriz U = [u, ] such that f, ;) = Z( Uy (a,5) for all character-state

d,5) €T (¢, 1)

pairs (c,i) and all samples p.
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T.  Here fp2 =

Z(d,j)eT(‘LyQ) Up,(d.g) =

Up,(a,2) T Up22) T
Up (2,3) (shaded ver-

mined by T'.

note a spanning tree
rooted at 0000 that cor-
responds to T'.

fect phylogeny matrix
A = 0T). Note
that entries in red cor-
respond to the first
two conditions of Def-
initionm

tices comprise T(4 2))-
Figure B.2: Concepts of the Perfect Phylogeny Mixture Deconvolution Problem

Two-State Perfect Phylogeny Mixtures

We now review and recast the main results for mixtures of a two-state (k = 2) perfect phylogeny
with all-zero root. Here, a character changes state from 0 to 1 at most once. The key insight
is that the relative frequencies of the mutated (= 1) states for a subset of characters constrain
their potential ancestral relationships. This is because the mutated state persists in the tree. In
particular, if (¢, 1) <7 (d, 1) then all vertices in T that have state 1 for character d must also have
state 1 for character c¢. A consequence is the following condition, called the Ancestry Condition

(AC) in [38]:

Io.(e;1) = fp,a,1) for all samples p and characters (c,1) <7 (d,1). (AC)
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In fact, a stronger condition than the ancestry condition can be derived by considering the rela-
tionships between subtrees of T'. Specifically, for each character ¢, the subtree T{. 1), consisting
of all vertices with state 1 for character ¢, is identical to the subtree T(CJ) rooted at a vertex

V(c,1)- Moreover, T(c,l) is the disjoint union of v ;) and the subtrees rooted at its children:

T(CJ) = V(1)U (U(d71)€5(671) T(,Ll)) (Figure|B.15(a)). Combining this fact together with the equa-

tion fp (c,1) = Z(d,neT(c,l) Up,(a,1) yields the key equation fy, (1) = tp,(c,1) + Z(d,l)éé(c,l) IPRCANE
Recalling that w,, (1) > 0, we can relax this equation to the following inequality, referred to as the

Sum Condition (SC) in [3§],

Ioie1) = Z Io.(d1) for all samples p and characters c. (SC)

(d,1)€d(c,1)
The sum condition is both necessary and sufficient for ¥ to be a mixture of 7. The sum and
ancestry conditions provide a combinatorial characterization of solutions as constrained spanning
trees of a directed acyclic graph, which was called the ancestry graph in [38]. This derivation of
the sum condition from the fact that T(CJ) = Tl.,1) in the two-state case is not explicitly stated in
previous work, but this turns out to be the key ingredient in the generalization to the multi-state

case.

Reformulating Problem

In the remainder of this section we show how Problem|[I]can be restated as a linear algebra problem.
We start by observing that each vertex v(. ;) of T defines a state vector a.; € {0,...,k —1}"
indicating the state of each character at that vertex. The root vertex v(, gy has state vector a(, o) =
(0,...,0), ie. a(x,0y,a = 0 for each character d € [n]. The state vector a(.,;) of the remaining vertices
V(e,i) 7 U(x,0) 15 the same as the state vector ar(. ;) of the parent vertex vy (. ;) except at character
¢ where the state is i. The state vectors of all the vertices of an n, k-complete perfect phylogeny

tree T' correspond to an (n(k — 1) + 1) x n matrix A (Figure [B.2d)).

We now define a subset of matrices A € {0, ..., k—1}**=D+Dxn that we call n, k-complete perfect
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phylogeny matrices whose rows encode the state vectors of the vertices of an n, k-complete perfect
phylogeny tree T. Let A € {0,...,k — 1}(n(:=D+D)xn \We define G(A) as the undirected graph
whose vertices correspond to the rows of A, and whose edges set consists of all pairs of vertices
whose corresponding state vectors differ at exactly one position, i.e. have Hamming distance 1. We
require that G(A) is connected (Figure , that every row a(. ;) of A (where i € [k]) introduces
the character-state pair (c,7) and that there is a row a, ) that contains only 0-s (Figure .
Formally, we say that A is an n, k-complete perfect phylogeny matrix if the following holds.

Definition 7. Matriz A = [a(.;)q] € {0, ..., k—1}((k=D+1)xn 45 4 ., k-complete perfect phylogeny
matrix provided a(.0y,q = 0 for all characters d, a(.; . = i for all character-state pairs (c,i) and

G(A) is connected. Let A, 1 be the set of all n, k-complete perfect phylogeny matrices.

Unlike the general multi-state perfect phylogeny problem [78], we can recognize complete perfect
phylogeny matrices in polynomial time, as these matrices form a restricted subset of multi-state
perfect phylogeny matrices whose rows unambiguously encode all the vertices of a corresponding
tree. We relate complete perfect phylogeny trees to complete perfect phylogeny matrices by defining
the following function.

Definition 8. The function 0 : Ty, — A, maps a complete perfect phylogeny tree T' € Ty, 1 to

the complete perfect phylogeny matriz (T) = A = [a(c,:),q] where

0, if (¢,i) = (%,0),

a(c7i)’d = i, Zfd =cC, (B].)

Ar(c,i),d> Zfd 7& C.

Lemma 2. The function 0 : Ty, j; — Ay i is a surjection.

Proof. The set of complete perfect phylogeny trees corresponding to a matrix A € A,, j, is exactly
the set of spanning trees of G(A) rooted at v(, o). This set is nonempty as by Definition 7}, G(A) is

connected and thus has at least one spanning tree for any A € A, j. O O
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We now have the following convenient parameterization of the problem. We define matrix A; =
[{a.j).c] 23
L if agg ). =1,

i
a(d . =
)
0, otherwise.

Note that Ei:ol i1A; = A. Since each sample is a mixture of the vertices of T', captured by the

complete perfect phylogeny matrix A, with proportions defined in the usage matrix U, the observed
frequency tensor F = [F;] satisfies

F,=UA, (B.2)

for all states ¢ € {0,...,k — 1}. Assuming no errors in JF, our goal is thus to find U € U,, ,, x and
A € A, 1, satisfying . We thus may restate Problem [1| as follows.

Problem 1 (Perfect Phylogeny Mixture Deconvolution Problem (PPMDP)). Given an k X m xn
frequency tensor & = [Fi] = [[fp.(c,l], find a n,k-complete perfect phylogeny tree T and a m,n, k-
usage matric U = [up, (cq)| such that F; = UA; for alli € {0,...,k — 1} where A= 0(T).

B.1.2 Uniqueness of U given F and T

Remarkably, F = [F;] and A € A, 1, uniquely define the matrix U such that F; = UA; for all states

1 as we prove in the following.

We start by defining a set of (n(k—1)+1) X nk binary matrices B, j that are in 1-1 correspondence
to A, k. We do so by defining the undirected graph H(B) for a matrix B € {0, 1}((k=D+1)xnk,
The vertices of H(B) correspond to the rows of B and there is an edge in H(B) if and only if
the two corresponding state vectors differ at exactly two positions, i.e. have Hamming distance 2.
Formally, we define a binary n, k-complete perfect phylogeny matriz as follows.

Definition 9. A matriz B = [ba ), (c.5)] € {0, 1} (= +)xnk 4 atriz s a binary n, k-complete

perfect phylogeny matrix provided

D DD i b(d,j).(ciy = n where (d,j) € [n] x [k — 1],
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o > 1 baj) (i) =1 where (d,j) € [n] x [k —1] and i € {0,..., k—1},
e D(+,0),(c,0) = 1 where ¢ € [n],
e D(c,i),(ciy = 1 for all (c,i) € [k] x [n — 1] and
e H(B) is connected.
Let B, ; be the set of all binary n, k-complete perfect phylogeny matrices.

We now define the following function ¢ that maps a complete perfect phylogeny matrix A to a
binary matrix.

Definition 10. The function ¢ maps a complete perfect phylogeny matrix A € A,, i, to the binary
matriz Y(A) = B =[Ag... Ag—1].

We show that 1 (A) is a binary n, k-complete perfect perfect phylogeny matrix for each A € A, g,
and that ¢ is in fact a bijection.

Lemma 3. The function i is a bijection between A, 1 — By, k.

Proof. Let A € A, ;. We claim that B = ¢¥(A) = [Ao... Ax—1] € By, k. Recall that A; = [afdyj)’c]
where
i 1, if agjy.e =i,

Udog)e =

0, otherwise.

Therefore al@j)’c = b(4,j),(c;i)- We thus have that Y7, Zi:ol bia, ) (ci)y =nand >0 bia ) (eq) = 1
where i € {0,...,k— 1}. Moreover, because a(, o), = 0 for all d € [n], we have that b(, oy,4,0) = 1.
Also, as a(cq),. = i, we have b ) (c,iy = 1. Furthermore, G(A) and H(B) are isomorphic with
Ue,i) € V(e,i) Where u. ) € V(G), v(c,iy € V(H). Thus, H(B) is connected as G(A) is connected.
Hence, A € A, k.

Let B = [b(j),(c.iy] € Bnr. We claim that A = [a(q, ;)] € Anr Where a(q ;). = i such that
bia,j),(ciy = 1. Since b(,0),c,0) = 1 where ¢ € [n], we have that a(, ¢ . = 0. Moreover, as

bc,i),(c,iy = 1 for all (¢, i) € [k] x [n—1], we have that a(c ;. = i. Furthermore, H(B) and G(A) are
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isomorphic with wu(. ;) <> v(c,i) for u(c;y € V(G), v € V(H). Thus, G(A) is connected as H(B)

is connected. Hence, B € B,, ;. O] O

We flatten frequency tensor F = [F;] into the m x nk matrix F' = [Fy... Fx_1] and prove that the
problem is equivalent to factorizing F' into U and B.

Lemma 4. Let F = [F;] be frequency tensor and let U € Uy, n 1 be a usage matriz. There exists a
matriz A € A, such that F; = UA; for all states i € {0,...,k — 1} if and only if there exists a
matriz B € By, ;. such that

F=I[F...Fr1|=UB. (B.3)

Proof. By Lemma let A€ A, and B € B, ;, be corresponding matrices. Note that B = ¢(A) =

[Ag...Ak_1] where A; = [aéd’j)’c] such that
P 1, if a(d,j),c = b
(d.j)c
0, otherwise.

Since asz),c = b(d,j),(c,i)> We have

. n k—1 4 n k—1

Foei) = Up, (s 0)s0)0) T D D Up(d )Wy = Up(20)D05,0),(c) T D D Up(d)Didg), (e
d=1j=1 d=1j=1

forall p € [m], c€ [n] and i € {0,...,k —1}. O O

Hence, we may restate Problem [l| as a matrix factorization problem.

Problem 3 (Perfect Phylogeny Mixture Deconvolution Problem (PPMDP)). Given an k x m xn
frequency tensor I = [Fi] = [[fp.(c,)l], find a n,k-complete perfect phylogeny tree T and a m,n, k-
usage matriz U = [up, (c.i)] such that F = UB where F' = [Fy ... F,_1] and B = ¢(0(T)).

We now have all the ingredients to show that F and T' uniquely define a matrix U. We first show
that any matrix B € B,, , has full row rank.

Lemma 5. Any matric B € B, i, has row rank n(k — 1) + 1.



134

1 0
Proof. By Definition (9, we have that B = where C has dimensions n(k — 1) x n, D has
C D

dimensions n(k — 1) x n(k — 1), 1 is the 1 x n matrix of all 1-s and 0 is the 1 x n(k — 1) matrix of
all 0-s. We show that the square submatrix D = [b(g j,(c,s)], Where (c,4),(d,j) € [n] x [k — 1], has
full rank by performing Gaussian elimination according to a breadth-first search on H(B), starting
from the all-zero ancestor v(, ). Let £(v) denote the breadth-first search (BFS) level of vertex
v € V(H(B)). Note that £(v(,,0)) = 0. We claim that this process results in the n(k —1) x n(k — 1)

identity matrix I where row i ;) corresponds to vertex v(.; € V(H(B)) \ {v(,0)}-

We show this constructively by induction on the BFS level [. The claim is that at BFS level [
all rows i(. ;) where £(v(.;) < [ have been generated from D using elementary row operations.
Initially, at [ = 1, for each vertex vy ;) with BFS level £(v(4 ;)) = [ = 1 it holds that b4 ;)4 = 1
and b(q,5),(c,i) = 0 for all (c,i) € [n] x [k — 1]\ {(d, j)}. Therefore the vertices v(4 ;) at BFS level
1 correspond directly to rows i¢4 ;) of I. At every iteration [ > 1, we generate, using elementary
row operations, the rows i(g ;) of I that correspond to vertices v(q ;) at BFS level £(v(q ;) = [.
In order to obtain row iy ;) of I, we subtract from by ;) the rows i.. ;) where by ) (c,i) = 1 and
(c,i) # (d,j). Observe that by Definition 9] H(B) is connected and that every character-state
pair (c,i) must have been introduced by vertex v(. ;y, which must on a path to the root v(, g from
v(a,j)- Hence, L(v( ;) < I for every (c,i) € [n] x [k — 1]\ {(d,j)} where b(g ;) () = 1. Since the
corresponding vertices v(. ;) are at a BFS level strictly smaller than [, the corresponding rows i ;
have already been generated by the induction hypothesis. Therefore at the final iteration, we obtain

the identity matrix I from D using elementary row operations. It thus follows that D is full rank.

Since D is full rank, the row rank of (C D> equals the rank of D, which is n(k—1). Furthermore,

the first row (1 0) of B cannot be expressed as a linear combination of (C D). This implies
that the row rank of B is n(k — 1) + 1. O O

This means that given the m x nk frequency matrix F and the (n(k — 1)+ 1) x nk binary complete

perfect phylogeny matrix B, there exists a unique m x (n(k—1)41) matrix U such that (B.3) holds,
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i.e. U = FB~! where the nkx (n(k—1)+1) matrix B! is the right inverse of B such that BB~! = I
where [ is the (n(k—1)41) x (n(k—1)41) identity matrix. Given F and T, we now define the unique
matrix U = [uy, ;)] without explicitly computing the right inverse of B. We do this using the notion
of a descendant set of character-state pairs (c,i). The descendant set D . ;) is the set of states for
character ¢ that are descendants of v(. ;) in T. Formally, D ; = {j | (c,i) <7 (c,7)}. Recall
that T(. ;) is the subtree of T' consisting of all vertices that have state i for character ¢, and that
T(C,i) the subtree rooted at vertex v(. ;). The descendant set of a character precisely determines the
relationship between T(c,i) and T{. ;); namely we have T(c,i) = UleD(c,i) T(c,y- In the two-state (k =
2) case, we have that T(.q) = T(CJ) (see Figure . Recall that f, ) = Z(d,j)ET(C,ﬂ Up,(d,5)-
We define the cumulative frequency f;r(D(w-)) = ZleD(c,i) Ip.(e,ny- In the following lemma we show
that given T € Ty, j, the cumulative frequencies f;r (D(c,i)) for the descendant sets defined by T
uniquely determine the usage matrix U. For an intuitive explanation of the usage equation ,
see Figure [B23]

Lemma 6. Let T € Ty, and I = [[fp (c.5)]] be a frequency tensor. For a character-state pair (c,1)

and sample p, let

Up ey = fy Diey) = > ¥ (Diag)- (B.4)
(d.5)€3(c,i)

Then U = [uy (c,)] s the unique matriz whose entries satisfy fp, (c.q) = Z(d DT osy Upi(d,g)-

Proof. Let (c,i) be a character-state pair and p be a sample. Let A = 0(T) and B = ¢)(A). Recall
that T{. ;) is the set of vertices {v(q ;) | b(d,j),(c,iy = 1}. Note that by definition, the vertices of 7|, ;

induce a connected subtree in T. We thus need to show that

n k—1
Fouted) = Up.(e0)Didg) (e + D D Updi)b(diy(ei) = D Up(dj)-
d=1j=1 (d,3)ET(c,5)

We introduce the following shorthand A(e, i) = U(d’j)eT(c R (d, j)\T{c,iy, which is the set of vertices
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Figure B.3: Example of the usage equation (B.4). Recall that f, (. ;) is the sum of the usages of
the vertices that have state i for character c, i.e. f, (c:) = Z(d,j)eT(c o Up.(d.g)- The observation here

is that the cumulative frequency f; (D(c.i)) equals the sum of the usages of all vertices in the subtree
of T'rooted at vertex vc,), i.e. ff (D(c,i)) = ZleD<c,i) Ioe) = ZZED(M) Z(d,j)eT(c,l) Up,(a,5)- Hence,
up 1,1y = fof (D) —(f (D) +ff (D) + 1 (Das)) = (fp.any+p.a.2+ o)~ (foe2+
fo.23) T fp.1.2) + foa3)-

{v(a,j)} that are not in T(. ;) but whose parent v, (4 ;) is in T(. ;). Thus,

fotey = D> Upaj)

(d,§)ET (c,1)

= Y KWy - Y H(Dew)

(d,j)€T(c,i) (e,l)€d(d,5)

Observe that in the equation above, for every (d, j) € T(c,) \{(c,4)}, there are two terms f,f (D(q,;))

and —f; (D(a,5)), which consequently cancel out. The remaining terms are f;r (Dc.iy)s and —f,(Dc.1y)
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for each (c,1) € A(c,4). In addition, we have that the state trees {D(.;)} corresponding to the ele-

ments of (c,!) € A(c,4) are pairwise disjoint. Moreover, D) \ {i} = U . 1yea(e,i) Pien- Thus,

fp,(c,i) = f;(D(c,z)) - Z f;(D(c,l))

(e,l)eA(c,i)
= fp,(c,i) + Z f;(D(c,l)) - Z f;—(D(c,l))
(e,))eA(c,i) (e,l)eA(c,i)

= fp.(c,i)-

By Lemma the equation F' = UB has only one solution given F and B. Thus U = [uy, (.;)] is the
unique matrix such that f, ;) = Z( d.5)ET e.s) Up,(d.g) for all samples p and character-state pairs

(¢, 1). O O

B.1.3 Combinatorial Characterization of the PPMDP

We say that T' generates F if the corresponding matrix U, defined by (B.4)), is a usage matrix. It
turns out that positivity of the values u,, (. ) is a necessary and sufficient condition for 7" to generate
F. We show this in the following theorem.

(Main Text) Theorem 1. A complete perfect phylogeny tree T generates F if and only if

(D)= Y. (D) =0 (MSSC)
(d.5)€8(ci)

for all character-state pairs (c,i) and samples p.
Proof. (=) We start by proving the forward direction. Let F = [Fy...F;_1], T be a tree that

generates F', B = ¢(0(T)) be the corresponding binary matrix of 7" and let U = [u,, ()] be the

corresponding usage matrix. Since T' generates F', we have that w, (. ;) > 0 for all character-state

pairs (c,i) and samples p. By Lemma@ (MSSC)) thus holds.

(<) As for the reverse direction, we need to show that if (MSSC|) is met, the matrix U as defined
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in Lemma@is a usage matrix. Let p € [m]. We prove this direction by showing that (i) u, (.. > 0

for all character-state pairs (c,7), and (i) wup, (+,0) + 2oy Zi-:ll Up,(c,i) = 1.

(i) By Lemma@ and (MSSC)), we have that u,, ;) > 0.

(ii) We now have

n k—1 n k

Up ()T D D Upey = S (Do) = D [F D)+ D)= Y. (D)

—1
c=1i=1 (d,§)€8(*,0) e=1i=1 (d,§)E€8(c,i)

Observe that for each (¢,4) € [n] x [k — 1] there are exactly two terms in the above equation:
+ £ (D(c,iy) when v ;) is considered as a parent and — f, (D(.;)) when v(. ;) is considered as
a child. Hence, all these terms cancel out. Since D, o) = {0,...,k—1} and Ei‘:ol Toeiy =1

)

we have that f,7 (D)) = 1. Thus, u, (0 + S Zf;ll Up,(ci) = 1.

O O

Although the sets D, ;) are a priori unknown, we show that the following condition (MSAC]|) must
hold for any tree T' that generates F where (c,1) <7 (d, 7).
Definition 11. Let (c,i) and (d, j) be distinct character-state pairs and let D . ;, D4 jy € {0, ..., k—

1}. A pair (D(c,iy; D(a,5)) is a valid descendant set pair provided
I (Deiy) = ff (D)) =0 (MSAC)

for all samples p; and additionally if c = d then D jy S D(c)-

It turns out that there are potentially many valid descendant set pairs as shown by the following
lemma.

Lemma 7. Let (D), D)) be a valid descendant set pair. If D(. ;) C DECJ) and Dzd,j) C D4,

then (DEC i) Dy, j)) is a valid descendant set pair.
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Proof. Let D, C DZC,i) and DZd,j) C D ). Let p € [m]. Since f, ;) > 0 (by Defini-
tion , Dy € D; ) and DEd,j) C D(q,j), we have that f;‘(DEC’i)) > fH(D(c,iy) and fF(D(qjy >

(eyi

f;‘(DEd,l)). Moreover, if ¢ = d then D4 ;) C D, and thus DZd,j) - chﬂ.). Hence, (DEC’Z.), DZd,j))

is a valid descendant set pair. O O

Since v(y,gy is the all-zero ancestor, we have the following corollary that describes the extreme valid
descendant set pair.
Corollary 1. Let T be a complete perfect phylogeny tree that generates F. If (¢,i) <7 (d,j) and

(c,i) # (c,0) then Dy = [k —1] and D4 jy = {j} form a valid descendant set pair (D ..y, Da,j))-

The following proposition shows that (MSAC|) is a necessary condition to solutions of the PP-
MDP.
(Main Text) Proposition 1. Let T be a complete perfect phylogeny tree that generates F. If

(c,i) <7 (d,j) then there exist a valid descendant set pair (D(c;y, D(q,j))-

Proof. Let (c,i) <1 (d,7). Let P = v(c, i,)s--+»V(cs,ip) WheTe Ve, iy = V(c,iy and v, i,) = V(d,j)
be the unique path from v ;) to v in T. Assume for a contradiction that there exists no
valid descendant set pair (D), D4,j)). By Corollary |1} we thus have that D ;) = [k — 1] and
D45y = {j} do not form a valid descendant set pair (D), D(q4,5)). Now, if ¢ = d, we would have a
contradiction as {j} C [k —1]. Therefore, ¢ # d and f, (D)) — f,f (D(a,j)) < 0. By Theorem we

have that f;(D(cl,iz))_f; (D(Cl+1;il+1)) Z Oforalll S l <t. Therefore, f;(D(Cl7i1))_f];"_(D(Ct7it)) >

0, which leads to a contradiction. O O

We now define the multi-state ancestry graph G5 whose vertices correspond to character-state pairs
and whose edges correspond to valid descendant state pairs.

Definition 12. The multi-state ancestry graph Gy of the frequency tensor F is an edge-labeled,
directed multi-graph G5 = (V, E) whose vertices v(. ;) correspond to character-state pairs (c,i) and

whose multi-edges are (v(c,q),v(q,j)) for all valid descendant set pairs (D ;y, D(q,j))-

Note that v(10), -, V(n,0) all refer to the same root vertex v(. ). See Figure [B.4 for an example
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multi-state ancestry graph. We use the labels of the multi-edges to restrict the set of allowed
spanning trees by defining a threading as follows.

Definition 13. A rooted subtree T of Gy = (V, E) is a threaded tree provided (1) for every pair
of adjacent edges (V(c.i),V(d,5))s (V(d,j) Vi) € E(T) with corresponding labels (D), D(a,;)) and
(DEdJ)’ DECJ)), it holds that D(q ;) = Dzdyj), and (2) for every pair of vertices vy, v(c ;) € V(T) it
holds that D . ;y C D) if and only if (c,i) <7 (c,j).

We now prove that solutions of an PPMDP instance F correspond to threaded spanning trees of
the ancestry graph G.

(Main Text) Theorem 2. A complete perfect phylogeny tree T generates F if and only if T is a
threaded spanning tree of the ancestry graph G such that holds.

Proof. (=) Let T be a complete perfect phylogeny tree generating F. We claim that 7" is a threaded
spanning tree of the ancestry graph Gg. We start by showing that every edge (v(c),v(4,j)) €
E(T) is an edge of Gy labeled by (D), D)) By Theorem [I, we have that f/(D(.q) —
2 (d,j)es (o) fif (Da,jy) > 0 for all character-state pairs (c,4) and samples p. Let (c,7) be a character-
state pair. By definition, we have that D, ;) C D(c for all (c, j) € d(c, 7). Moreover, i € D, ;) and
J € D(q,5) for all character-state pairs (d, j) € d(c, 7). Thus, (D), D(a,;)) is a valid descendant set
pair for all character-state pairs (d, j) € d(c,i). Hence, every edge (v(c),v(a,)) of T is an edge of
G5 labeled by the valid descendant set pair (D i), D(4,;)). Thus, T is a tree of G. Next, we show

that T is a threaded spanning tree.

1. By definition of D, we have that every pair of adjacent edges (v(c.),V(a,5))s (V(d,j)s V(e,)) €
E(T) is labeled by (Dc,;), D(a,j)) and (D4 ;), D(e,1)), respectively.

2. By definition of D, we have that for every edge (v(cs),v(q,;)) € E(T') labeled by (D iy, D(4,j)),
it holds that D.;) = {l | (¢,4) <7 (¢,1)} and D4 ;) = {l | (d,j) <7 (d,1)}. Hence, (c,i) <r
(¢,7) if and only if D, ;) C D(c -

The conditions of Definition [11| are thus met. Therefore, T is a threaded spanning tree of G .
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Figure B.4: Example PPMDP instance and solution. (A) Frequency tensor F = [Fy Fy Fy]
where m = 2, n = 2 and k = 3. (B) Multi-state ancestry graph Gy. Red edges denote an
n, k-complete perfect phylogeny tree T that generates F.

(<) Let T be a threaded spanning tree of the ancestry graph G such that f;f (D(e,i) =2 (a,j)es(e.i) [ (Dajy) >
0 for all character-state pairs (c,¢) and samples p. Observe that T is a complete perfect phylogeny
tree. By condition (1) of Definition we have that for all character-state pairs (c,0) # (x,0)
and (d,j) € d(c,i), adjacent edges (Vx(c,i)s V(c,i)), (V(c,i)s V(a,5)) are labeled by (Dr(c,iy, D(c,y) and
(D(c,i)» D(a,j))—where 7(c,i) is the parent character-state pair of (c,i). Hence, we may use D)
to unambiguously denote the descendant state set of the character-state pair (c,i). Moreover, by
condition (2) of Definition [11] and the fact that T is a spanning tree of G, we have that D is

defined in the same way as in Theorem [I] By Theorem[I} we thus have that T’ generates ¥. 0O [

Figure shows an example instance F, where k = 3, m = 2 and n = 2, the multi-state ancestry

graph G5 and a solution 7" that generates F.
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B.1.4 Problem Complexity

In previous work, we have shown that the problem is NP-complete for general m [38]. An open
question was the hardness for constant m, which we resolve with the following lemma.

Theorem 4. The PPMDP is NP-complete even for m = 2 and k = 2.

Proof. Clearly, the problem is in NP—given matrices U and A we can check in polynomial time
whether F; = UA; for all i € {0,...,k — 1}. We show NP-hardness by reduction from SUBSET
SUM, which, given non-negative integers B = {by,...,b:} and d, asks whether there exists a subset

B’ C B whose sum equals d. This problem is NP-complete [54].

Let e = Y;_, ci. Without loss of generality assume that e > 0, by < d for all £ € [t] and that
by < bgyq for all £ € [t —1]. The corresponding frequency tensor F = [Fy Fy] is then defined as

follows.

Fozl e—d d e—b; e—by ..o e—b
¢ d e—d e—te e—(t—1)¢ ... e—c¢
Fl:} d e—d b b e by
C\e-d d te (t—1) ... €

Note that F is a kxm xn tensor where k = 2, m = 2 and n = t+2. Also note that the normalization
factor % ensures that each f, ;) € [0,1] and that f,, .0) + fp,(c,1) = 1 for all p € [m] and ¢ € [n].
Clearly J can be obtained in polynomial time from a SUBSET SUM instance. By construction,
the ancestry graph Gy consists of a root vertex v, o) with outgoing edges to all other vertices
{d,e —d,by,...,b}. In addition, these vertices induce a complete bipartite graph with vertex sets

{d,e —d} and {by,...,b;}. See Figure [B.5|for an illustration.

We claim that there exist U € Uz 1422 and A € A;q9 9 such that Fy = UAp and F; = UA, if and
only if there exists a subset B’ C B whose sum is d. Equivalently, by Theorem [2| we claim that
G5 admits a threaded spanning tree T satisfying (MSSC]) if and only if B has a subset B’ whose
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B=1{1,2,3,4,5,6}

= L 13 8 20 19 18 17 16 15
0721 8 13 21—6e 21—5e 21—4e 21—3¢ 21 —2 21 —c¢

8 13 1 2 3 4 5 6
13 8 6e be 4de 3¢ 2 €

Figure B.5: Reduction from SUBSET SUM

sum is d.

We start by proving the forward direction. Since e = 22:1 by and T is a threaded spanning tree,
the sum of the children §(d) equals d and the sum of the children 6(e — d) equals e — d. Therefore
B’ = §(d) is a subset of B whose sum is d. As for the reverse direction, we have that the sum of
B’ equals d and thus that the sum of B\ B’ equals e — d. The corresponding threaded spanning
tree T where 6(,0) = {d,e —d}, 6(d) = B’ and §(e — d) = B\ B’ is therefore a threaded spanning
tree of Gy that satisfies (MSSC]). O

The result above settles the outstanding question posed in [38] of fixed-parameter tractability in
m.

Corollary 2. PPMDP is not fixed-parameter tractable in m.

B.1.5 Cladistic Perfect Phylogeny Mixture Deconvolution Problem

In the case of cladistic characters we are given a set § = {S. | ¢ € [n]} of state trees for each
character. The vertex set of a state tree S, is {0, ...,k —1}, and the edges describe the relationships
of the states of character c¢. A perfect phylogeny 1" is consistent with § provided ¢ <g, j if and
only if (¢,7) <7 (¢, j) for all characters ¢ and states ¢, j. In the cladistic PPMDP we seck to find a
complete perfect phylogeny tree T that generates F and is consistent with 8. The cladistic multi-
state perfect phylogeny problem reduces to the binary case and is polynomial-time decidable [47].

Thus, it is not surprising that the PPMDP also simplifies in the cladistic case. In particular, the
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set 8 of states trees determines the set of descendant sets as D¢ ;) = {j | © <s, j}. Therefore
the cladistic multi-state ancestry graph Gz s) is a simple graph with edges (v(. ), v(a,;)) labeled
by (D(c,iy; D(4,5)) provided ¢ # d and holds. Moreover, for each character ¢ there is an
edge (v(c,i), V(c,j)) Provided state i is the parent of state j in S.. Solutions of the cladistic PPMDP
correspond to threaded spanning trees in G5 sy as shown by the following proposition.

Proposition 2. A complete perfect phylogeny tree T generates F and is consistent with 8 if and
only if T' is a threaded spanning tree of the cladistic ancestry graph G5 sy such that holds.

Proof. Let T be a threaded spanning tree of the ancestry graph G5 s). We claim that 7" is consistent
with 8, i.e. i <g, j if and only if (¢,i) <1 (¢, j) for all characters ¢ and states i, j. By condition (1)
of Definition [11} we have that for all character-state pairs (¢,4) # (x,0) and (d, j) € d(c, 1), adjacent
edges (Vn(c,i)s V(e,i))s (V(e,i)> V(d,j)) are labeled by (Dr(c), Dic,iy) and (D(c, iy, D(a,5)), respectively—
where 7(c, i) is the parent character-state pair of (c,7). By definition, we have D ;) = {l | i <s, [}
for each character-state pair (c,i). By condition (2) of Definition [11| and the fact that T is a

spanning tree of G s), we have D(. ;) = {l | (¢,i) <7 (¢,1)}. The lemma now follows. O O

Figure shows an example instance (F,8), where k = 3, m = 2 and n = 2, the cladistic multi-

state ancestry graph G5 s) and a solution 7' that generates I and is consistent with 8.

B.1.6 Algorithm for the Cladistic-PPMDP

We now describe an algorithm for enumerating all trees T' that are consistent with the given state
trees 8 and generate the given frequencies F. The crucial observation is that any subtree of a
consistent, threaded spanning tree T' that satisfies must itself be satisfy and be
consistent and threaded. A subtree T" is consistent if it is rooted at v(, ¢y, and for each character c
the set of states {i [ v(.; € V(T")} induces a connected subtree in S.. We can thus constructively
grow consistent, threaded trees that satisfy by maintaining the following invariant.

Invariant 1. Let tree T' be the partially constructed tree. It holds that (1) for each v(.; € V(T \

{v(e,00} and parent w(i) of i in S., the verter v (i) is the first vertex labeled by character c on the
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5o (03 02 (0)
= \o4 05
o (06 05 (1)
=103 01

0.1 0.3
B= <0.3 o.4> Sy, S,
(a) (b) (c)

Figure B.6: Example cladistic PPMDP instance and solution. (A) Frequency tensor F =
[Fy Fy Fy] where m = 2, n = 2 and k = 3. (B) State trees 8. (C) Cladistic multi-state ancestry
graph G (g sy, red edges denote n,k-complete perfect phylogeny tree T' that generates F and is
consistent with 8.

unique path from v, gy to v(cq; and (2) for each vertex v ;) € V(T'), (MSSC)) holds for T' and F.

We maintain a subset of edges H C E(G(g,s)) called the frontier that can be used to extend a
partial tree T such that the following invariant holds.

Invariant 2. Let tree T' be the partially constructed tree. For every edge (v(cq),v,j)) € H,
(1) vy € V(T), (2) vy € V(T), and (3) Invariant holds for T' where E(T") = E(T) U

{(”(c,i), U(dﬂ'))}'

Algorithm [1| gives the pseudo code of ENUMERATE described in the main text. The initial call is
ENUMERATE(G, {v(+,0)},9(*,0)). The partial tree containing just the vertex v, o) satisfies Invari-
ant |1} The set d(x,0) corresponds to the set of outgoing edges from vertex v(, o) of G, sy, which by
definition satisfies Invariant 2. Upon the addition of an edge (v(.),v(4,5)) € H (line 5), Invariant
is restored by adding all outgoing edges from v(4 ;) whose addition results in a consistent partial
tree that satisfies (lines 8-9) and by removing all edges from H that introduce a cycle (lines
11-12) or violate (MSSC) (lines 13-14).

In order to extend this algorithm to the general PPMDP, we need to update the descendant sets

D) as we grow the tree. This in turn has implications for how we maintain the frontier: for each
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Algorithm 1: ENUMERATE(G, T, H)

Input: Ancestry graph G(g ), perfect phylogeny tree T, frontier H
Output: All complete perfect phylogeny trees that generate F and are consistent with 8
if H=0 and |V(T)| = |V(G)| then
L Return T
else
while H # () do
('U(c,i)» 'U(d,j)) — POP(H)
E(T) « E(T) U{(v(e,i), v(a,5)}
foreach (v(q,;),v(,)) € E(G) do
if vy € V(T) and v rqy) i the first vertex with character e on path from v, gy to
v,y and ff (D)) = 5 (Dien) + 21084, fo (Dis,s)) then
| PUsH(H, (v(d,5): V(e,1)))

foreach (v(e’l),v(f’s)) € H do

if U(f,s) = U(d,j) then
| Remove (v(e,, v(y,s)) from H

else if
Ve,l) = V(e,iy and Jp € [m] such that [, (Diciy) < f,7 (Digs)) + 2 nvyesie fn (Dinty)
then
| Remove (v(e, v(y,s)) from H

ENUMERATE(G, T, H)
B E(T) «+ BE(T)\ {(U(c,i)vv(d,j))}

potential frontier edge, we need to consider how its addition to T affects the descendant sets of the

existing vertices of T" and thereby (MSSCJ). We leave this extension as future work.

We account for errors by taking as input nonempty intervals [f, (), fp,(cﬂ-)} that contain the true
frequency f, (ci) for character-state pairs (c,7) in samples p. A tree T is valid if there exists a
frequency tensor ¥ = [[f;7(c,i)]} such that f, i < f;7(c7i) < f_p,(c,i) and F’' generates T—i.e.
holds for T and . A valid tree T is mazimal if there exists no valid supertree 77 of T,
i.e. E(T) C E(T'). The task now becomes to find the set of all maximal valid trees. We recursively

define F = pr,(c,i)]] where

foten =max{fpicin D FOup)= X Foen) (B-5)

(d,5)€8(c,1) jeD(ed)\{i}

The intuition here is to satisfy (MSSC]) by assigning the smallest possible values to the children. We
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do this bottom-up from the leaves and set fp,(c,i) = fp.(c,i) for each leaf vertex v ;. It turns out
that f), i) < fp,(cﬂ-) < ?p,(c,i) is a necessary condition for T' to be valid as shown in the following
lemma.

Lemma 8. If tree T' is valid then f, ) < fp,(c,i) < fp,(c,i) for all p and (c,1).

Proof. Let T be a valid tree and let ' = [[f, c,5]] be a frequency tensor that generates T such that

fp,(c,i) < fp7(c,i) < fp,(c,i)~ We claim that fp,(c,i) < fp7(c,i) < fp,(c,i) < f_p,(c,i)' We pI‘OOf this by

structural induction on T' by working our way up to the root.

For the base case, let v(. ;) be a leaf of T'. That is, 0(c,i) = (). Thus by definition, fp,(c,i) = fp.(c,i)-
Therefore, f) (i) < fp,(c,i) < foyei) < fp,(c,i)- For the step, let v(. ;) be an inner vertex of T'. Thus,
d(c,i) # 0. The induction hypothesis (IH) states that f,, 4 ;) < fp7(d7j) < fodi) < fpy(d,j) for all

descendants (d, j) of (¢,4) in T. We distinguish two cases:
1. In case fp,(c,i) = fp,(cj)v we have fp,(c,i) < fp,(c,i) < fp,(c,i) < pr7(c,i)'

2. In case fo i) = Daiestes Ji (D)) = Djeneiniy Joei» We have fo i) > fp e by
definition. By , we have that f, ;) > Z(d,j)eé(c,i) f;(D(dyj)) — ZjGD(CJ)\{i}. By
the TH, we have f, ;) < fp,(dﬁj) < foag) < fp’(d’j) for all (d,j) € d(c,i) and [, (c1) <
Foted) < Foeny < Jp ey for all L€ Diey \ {i}. Therefore, fi, iy = Y ajyesten) fn (Dias) —
> jenteinit foien € Dianesei i (D)= Sieneini fotei) < foen- Hence, fp e <
fp,(c,i) < fores) < fp,(c,i)~ [

O

It may be the case that the frequencies fpﬁ(c’i) of a character ¢ in a sample p do not sum to 1.
Therefore, f, i) < fpy(c’,—) < fp,(c,i) is not a sufficient condition for T to be valid. However, if

1- Zi:ll fp,(cyi) < fp,(c,o) holds, T is valid as it is generated by frequency tensor F’ = || ;,(c’i)]]

where
k-1 3 o
/ 1-30 fp(eiy, £i=0,
Foeiy =4
Ip.(cvi)s otherwise.
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This is the case if fp,(c,o) = 1. By assuming the latter, we are able to enumerate all maximal valid

trees by updating condition (2) of Invariant [1| so that (MSSC|) holds for T and F.

Algorithm [2] gives the pseudo code of an enumeration procedure of all maximal valid trees given
intervals [l (c,i), Up,(c,iy] for each character-state pair (c,i) in each sample p. The initial call is
NOISYENUMERATE(G, {v(+,0)},d(*,0)). The partial tree containing just the vertex wv(, o) satisfies
Invariant |1l The set ¢(*,0) corresponds to the set of outgoing edges from vertex v, gy of G(g ),
which by definition satisfies Invariant Upon the addition of an edge (v(c,),v(q,j)) € H (line
5), Invariant [2| is restored by adding all outgoing edges from v(4 ;) whose addition results in a
consistent partial tree 7" that satisfies for F (lines 9-10) and by removing all edges from
H that introduce a cycle (lines 12-13) or violate for ¥ (lines 14-15). Note that in line
13 we dropped the condition v(. ;) = v(. ;) as the newly added edge (v(c,i,v(4,j)) may affect the

frequencies F of the vertices of the current partial tree 7.

Since a maximal valid tree T" does not necessarily span all the vertices, it may happen that for a
character ¢ not all states in S, are present. We say that a maximal valid tree T is state complete
if for each vertex v ;) of T', all vertices v ;) where j € V(S.) are also in V(T'). Our goal is to
report all maximal valid and state-complete trees. Therefore, we post-process each maximal valid
tree T' and remove all vertices v(. ;) where there is a j € V(S,.) such that v(. ;) ¢ V(T). The tree
that we report corresponds to the connected component rooted at v(, o). Since each maximal valid
and state-complete tree is a partial valid tree rooted at v(, gy, our enumeration procedure reports

all maximal valid and state-complete trees.

B.1.7 Multi-State Model for the Somatic Mutational Process in Can-

cer

The characters in our model are positions in the genome whose states we model with a 4-tuple
(x,y,%,y) where x and y are the number of maternal and paternal copies of the position, respectively,

and T and y are the number of mutated maternal and paternal copies, respectively. We define
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Algorithm 2: NOISYENUMERATE(G, T, H)

Input: Ancestry graph G(g ), perfect phylogeny tree T, frontier H
Output: All maximal valid perfect phylogenies that are consistent with 8
if H =0 then
Let T” be the subtree of T that only contains state-complete characters
L Return 7"
else
while H # () do
(V(e,), V(d,5)) < POP(H)
E(T) <= E(T) U{(v(c,i)s v(a.5))}
foreach (v(q,;),v(,)) € E(G) do
if ey € V(T) and v rqy) s the first vertex with character e on path from v, gy to
v(a.g) and [ (D) 2 7 (Dien) + X g0e5a.9) fp (Diss)) then
| PUSH(H, (v(d,5): V(e,1)))

foreach (v(c,v(s,s)) € H do
if U(f,s) = V(d,j) then
| Remove (v(e,,v(y,s)) from H

else if Jp € [m], £ (D)) < ff (D(s.)) + 2 (ht)eb(e) £ (D(n,y)) then
| Remove (v(e,, v(y,s)) from H

NoOISYENUMERATE(G, T, H)
E(T) < E(T) \ {(v(c.i), v(a.i))}

z := max{Z,y}. As input we are given H = [h, .| where h,, . is the VAF of character ¢ in sample
p. In addition, we are given M = [[tip c (2.y)]] Where piy, c (24 is the mizing proportion of the
copy-number state (z,y) of character ¢ in sample p. The following linear system relates mixing

proportions M and variant allele frequencies H to state frequencies I = [[fp,(c.(z,y,2))]]-

Z Ioi(e.(@,2)) = Hp.e,(zy) for all copy-number states (z,y) (B.6)
Z Z: fp,(c,(x,y,z)) = hp,C ’ Z (.’L‘ + y) * Mpe,(z,y) (B7>
(z,y,2) (z,y)

Given M and H, we want to arrive at instances (F,8) of the Cladistic-PPMDP. We do this by
defining a state graph G whose vertices correspond to states (z,y,Z,y) and edges are allowed

transitions between states. There are three types of edges:
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1. Mutation edges:

L]
e
Lan )
8l
Il

y =0 and « > 0 then (x,y,2,9) = (z,y,2 + 1,9) € E(G).

o If 2

y=0and y > 0 then (z,y,Z,9) — (x,y, 2,y + 1) € E(G).
2. Amplification edges:
e If z>0and Z < z then (z,y,7,9) — (z + 1,4,Z,9) € E(G).
e If z>0and Z > 0 then (x,y,7,9) = (z+ 1,9, 2+ 1,9) € E(G).
e fx>y,y>0and y <y then (z,y,7,9) — (v,y+ 1,%,y) € E(G).
o If x>y, y>0andy >0 then (z,y,%,9) = (z,y+ 1,Z,5+ 1) € E(G)
e Ifz=y,y>0and § <ythen (z,9,Z,9) = (y+ 1,2,4,%) € E(G).
o fz=y,y>0and g >0 then (z,y,7,9) = (y+ 1,z,5+ 1,7) € E(G).
3. Deletion edges:
e If x >z and © > y then (z,y,z,y) = (x — 1,y,%,y) € E(G).
o If z>0and z >y then (z,v,%,9) — (x — 1,9, — 1,9) € E(G).
o If y >y then (z,y,2,y) — (zv,y — 1,%,y) € E(G).
o If y > 0 then (z,y,z,9) — (x,y — 1,2,y — 1) € E(G).
o If x =y and z > Z then (z,y,z,y) = (y,x — 1,9,z) € E(G).
o If x =y and & > 0 then (z,y,%,y) — (y,z — 1,5, — 1) € E(G).

We define a valid state tree as follows.
Definition 14. A subtree S of G is a valid state tree provided that (1) S is rooted at (1,1,0,0),
(2) there is at most one mutation edge in E(S), and (3) vertices Vi, ,y C V(S) with identical

copy-number states (x,y) form a connected subtree of S.
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We remap each vertex v(g y z.4) € V(G) to vy ) where z = max{z,y}. We denote by S(, , the
subset of vertices that have copy-number state (z,y). We now have the following lemma.

Lemma 9. Let S be a valid state tree and let X = {(x,y) | v(z,y,-) € V(S)}. There exists at
most one pair (z*,y*) € X such that |V (S« )| = 2 and |V (S(g,y))| = 1 for all other (z,y) €
XA\ A"y}

Proof. Since S is a valid state tree, there is at most one mutation edge in E(S). If there is no
mutation edge in S then, by Deﬁnition Sy) = {V(zy,0)} for all (z,y) € X. Now consider the
case where there is a mutation edge in E(.S). There must only be one such edge, which we denote
by (z*,y*,0) = (z*,y*,1). By Deﬁnition it holds that S(z« y=) = {V(z* y=.0), V(z*y=,1)} and that
[V (Sl =1 for all (z,y) € X\ {(=*,y%)}. O O

Corollary 3. The system composed of and (B.7) is fully determined.

Let S be a valid state tree and let (2*,y*,1) be a vertex of S such that [V(Sz« )| = 2. From

and it follows that

Joe@r 1) = hpe Z (T +Y) - tpe oy — Z 2 Ppc,(a,y) (B.8)
(z,y,2)€EV(S) (z,y,2)EV(S)
(@) A (" y")

=hpc- Z (T +Y) - tpe(ay) — Z Z Wpoe,(ay) T Ppeaeys)-  (B9)
(z,y,2)€V(S) (z,y,2)€V(S)

If fp e (zvy=,1) = 0 for all samples p then S, is compatible with character c¢. Given M and H, the

goal is to find all compatible valid state trees for each character c.

It may be the case that there exists two distinct compatible state trees S and S’ such that for

each distinct vertex (z,y,z) ¢ V(5) N V(S’) it holds that f, . (x4 = 0. We do not wish to

Y,
distinguish between such state trees. Therefore, to deal with these degenerate cases, we remove all
non-root vertices (x,y,2) # (1,1,0) where i, ¢ (5,,) = 0 across all samples p through the following

operation. We remove all incoming and outgoing edges of (x,y, z) and introduce edges 7 (z,y, z) —

(a',y, ") for every child (2/,y',2") € §(z,y,z). The order in which we consider the vertices does
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not matter.

Noisy VAFs

We now show how to derive frequency intervals [f}, (c.q), fp,(c,i)] from a valid state tree S, the VAF

confidence interval [Ay, c, by c], and the mixing proportions i, . (z.). We define

Z Z " Hpe,(zy) — Mp,e,(z*,y*) Z Z " Hp,e,(z,y)

7 (Z)y)z) (Ivyvz) 7
[h/p,c’ h;},c] = ) m [b/p,cv hp,c]'
Z (33 + y) *Hpe,(z,y) Z (JZ + y) *Hpc,(x,y)
(z.y) (z,y)
That is, [k}, ., k! ] is the VAF interval for which state tree S, is compatible with character ¢ in

sample p. Character c is compatible with state tree S. (in sample p) only if [h], ., B;,C] is nonempty.

In that case, we have
oot Foteam )] = [ Bpe D (@ +9)  Hpeo) = D 2 Hpes(oy) T Bpesat7);
(z,y) (z,y,2)

}_l;;,c Z (.Z‘ + y) “Hpe,(z,y) — Z 2 Hp,c,(x,y) + Hp,e,(z,y*)
(z,y) (z,y,2)

[fp.en@ 5,00 Jos(er@r 0] = [Hpoe, @) = Foren@®w, 1)) Bpse, (%) — Fpo(en@t 1))

and

[fp,(c,(z,y,z))a f_p,(c,(z,y,z)] = ['UP,C,(I,y)’ 'LLP,Cy(fL”y)] fOI' au (x7y7 Z) Where ('r’ y) 7& (J}*,y*)

B.2 Supplemental Results

We include here additional results on both simulated data and real data not included in the main

text.
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o Figure [B.7] shows simulated data results for n = 5 instances.

o Figure [B.§ shows simulated data results for instances with n = 15, m = 10 and a target

coverage of 1,000x.

o Figure shows the recall of the representative tree in case of violations of the infinite alleles

assumption on 20 simulated instances with n =5, m = 10 and a target coverage of 1,000x.
o Figure shows the solution space of CLLO77 [133].
o Figure shows the reported tree by Gundem et al.[61].

o Figure [B:12shows a summary of the thirteen characters of A22 that had no compatible state

tree.

« Figure shows the distribution of maximal clique sizes in the pairwise compatibility graph
of A22.

o Figure shows the trees referred to in Section [3.2.3

o Figure shows the relationship between T{. ;) and T'(. ;).

B.2.1 Simulations

We generated simulated instances using the following procedure. We create 20 multi-state perfect
phylogeny trees T containing n = 5 characters, using randomly generated state trees that have at
most two copy-number states per character with x < 3 and y < 3. For each simulated tree T, we
generate a frequency tensor F containing m € {2,5, 10} samples, by mixing vertices from T*. This
results in 60 simulated mixtures. Next, we use the entries of the simulated F to compute the input
by calculating for each character c in sample p, the VAF h), . and the mixing proportions p, ¢ (z,y)
as defined in Section [3.2.2] For each character ¢ and sample p, we draw its total read count from
a Poisson distribution parameterized by a target coverage. Next we draw the number of variant

reads from a binomial parameterized by the previously drawn total read count and the true VAF.
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We then consider the posterior distribution of observing the drawn total and variant read counts

from which we compute 0.99 confidence intervals on the VAF [38].

B.2.2 Comparison against PhyloWGS

We run PhyloWGS with default parameters (2500 MCMC samples, 5000 Metropolis-Hastings itera-
tions) on the simulated instances with n = 5 characters and m € {2,5,10} samples. As PhyloWGS
does not have a “perfect data” mode, we provide correct VAF and copy number mixing proportions.
We indicate that these are high-confidence by specifying a coverage of 1,000,000x. We also run

PhyloWGS on larger instances with n = 15 characters and noisy VAFs (1,000x coverage).

PhyloWGS has a two-state perfect phylogeny model where characters correspond to either CNA
events or SNV events, and expected SNV frequencies are adjusted based on associated CNAs. As
the method does not report the number of copies that contain each mutation, we could not directly
map the results onto (x,y, z) states. Instead, for the comparison, we map the states in the true
trees to an (x,y) copy number state, and an indicator w, for the presence of a mutation in character
c. We calculate recall as the fraction of edges (characterized by an ordered pair of states) from the
simulated tree that are recovered in the solution. Some vertices from the output PhyloWGS trees
contained clusters of mutations. In those instances, we include all combinations of pairs from the

parent cluster to a child cluster.
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Figure B.7: Simulated data results for n = 5 instances with noisy VAFs. A coverage of ‘inf’
corresponds to error-free VAFs.
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Figure B.9: Recall of the representative tree in case of violations of infinite alleles: for
20 instances with n = 5, m = 10 and target coverage of 1,000x; z-axis denotes the number of
violations.

(COL24A1(1,1,1))

(DAZAP1(1,1,1))

(LRRC16A(1,1,1))

Figure B.10: Enumerated solution space of tumor CLLO77 (20 trees). Vertices correspond
to the vertices of the solution trees and each edge is labeled by the number of solutions in which it
occurs. We note that GPR158 is not show here as it was not contained in any of the 20 solutions.
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Figure B.11: Tree on A22 reported by Gundem et al.[61]: Vertices and coloring correspond
to the reported clusters on SNVs. Note that we only show the subset of SN'Vs that pass the filtering
criteria described in Section As such, some of the reported clusters are empty.
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Appendix C

Supplementary Methods and

Results for Chapter 4

C.1 Supplementary Methods

C.2 Supplementary Tables and Figures

C.3 Supplementary Methods

C.3.1 Solving ML-LSR Problem: Likelihood model

We use a probabilistic model to evaluate mutation profiles using observed read counts. If mutation

a is absent in cell v (i.e., b, o = 0), then the probability of observing a variant read corresponds to
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Table C.1: Single-cell phylogenetic reconstruction algorithms

Algorithm \ Publication \ Evolutionary Model \ Input Format \ Additional Data ‘

OncoNem [129] Infinite Sites Binary

SCITE [71] Infinite Sites Binary or Ternary

B-SCITE [94] Infinite Sites Binary Bulk Sequencing
SciPhi [138] Infinite Sites Read Counts

SASC 127 Dollo Binary

SPhyR 137 Dollo Binary

SiFit [163] Finite Sites Binary or Ternary

SiCloneFit [164] Finite Sites Binary or Ternary

PhiSCS [95] Finite Sites Binary Bulk Sequencing
SCARLET Loss-Supported Read Counts Copy-number

the per-nucleotide rate of sequencing error €. For Illumina sequencing reads, we use ¢ = 0.001. If
mutation a is present in cell v (i.e., by, = 1), then we model the variant counts at a locus using
a beta-binomial distribution (similarly to the model previously used by Sci® [I38]). We estimate
parameters « and [ empirically from the distribution of heterozygous germline single-nucleotide
polymorphisms (SNPs) in the data. We thus define the data likelihood for observing x, , variant

reads at locus a in cell v as follows,

Beta-Binomial(zy o | 7 = Yy, @, 8) if byq =1,
Pr(zy,a | Yo,a,b0,0) = (C.1)
Binomial(xy,4 | 7 = Yy,0,p = €) if by o = 0.

We assume variant read counts are independent across variants given Y and B. This gives us the
following total likelihood:
n m

PI'(X ‘ Y7B) = H H Pr(x'u,a ‘ yv,aybv,a)~ (Cz)

v=1a=1

C.3.2 Solving ML-LSR Problem: Finding max-likelihood subtree roots

As the first step of SCARLET, we find the maximum likelihood subtree roots R for all internal

subtrees. We must select a set of subtree roots R such that there exists a loss-supported refinement
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Figure C.1: CRC2 Data and SCARLET Mutation Matrix. (A) Variant allele frequencies for
36 single-nucleotide variants detected in CRC2. (B) Maximum likeihood mutation matrix identified
by SCARLET. Loci in which SCARLET detected a mutation loss are marked with an *.
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T’, ¢/, B’ with subtree roots R. This constrains the possible mutation profiles of the roots. Specifi-
cally, by the Definition of a loss-supported phylogeny or each locus a, mutation a is gained at most
once in T”. Let subtree T, of T correspond to the set of vertices v for which which mutation a is
present in subtree T'[y(v)]. R is a valid mutation state assignment for roots R provided for each
locus a, (1) that there exists a subtree S, of T' such that for all v € V(T'), ry o = 1 if v € V(S,)
and v is not the root of S, and r, , = 0 otherwise; and (2) for any edge (v,w) € T such that v € S,
and w ¢ S,, a € L(cy,Cyw). Any valid R uniquely defines a subtree S, for each locus a. Roots R

admit a mutation profile b, provided that b, satisfies the following.
1. If v ¢ S, then mutation a is absent in all cells v’ such that ¢,; = ¢,.

2. If v € S; and v is not the root of S, then mutation a is present in all cells v’ such that

Cy’ = Cy.

3. If v € S, and v is the root of S, then mutation a is either present or absent, as mutation a

occurred in 7T}

Let Br = {b, : R admits b,} be the set of mutation profile for mutation a admitted by roots R.
The likelihood given a root assignment R is computed by marginalizing over admitted mutation

profiles, as follows.

Pr(X|Y,R) =[] ] Pr(xal|vaba) =[] ] Pr@v.al v R) (C.3)
a=1b,€Br a=1v=1
such that
Pr(zy o | Yo' arbor,a = 0) if e,y =c, and v ¢ S,
Pr(zy o | Yo' ,arbora = 1) if ¢y = ¢y,v € S, and v is not root of S,

Pr(xv’,a | yv/,aaR) =
%Pr('xv’,a | Yo' ay bv’,a = 1)

+% Pr(zy.a | Yo’ ,a:bor,a =0) otherwise
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We thus find R* by enumerating valid mutation state assignments for roots for each mutation locus

a, then computing the maximum likelihood as above.

C.3.3 Solving ML-LSR Problem: Integer Linear Program (ILP) to solve

maximum likelihood IDP

We define a cost-function

log Pr(zy,a | Yv,a: b0, =1) —logPr(xy.4 | Yv,a,b0,a =0) if v is observed,
M if v is not observed and vaa =0
Cpa= )
—-M if v is not observed and b, , = 0
0 if v is not observed and 1_71,7,1 =7.
(C.5)

This gives us the following ILP. We introduce a set of auxiliary variables F, G, H to enforce the
three gametes condition, where Fj 1, G4 and H,; indicate that a pair of columns a,b show the

(1,1), (0,1) and (1,0) gametes respectively.
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maximize E Cp,a-Bpa

p,a
subject to
Fap+Gap+ Hap <2 for all a,b
Fpap 2 Bpa+ Bpp — 1 for all a,b,p
Fpab < Bpa for all a,b,p
Fp.ab < Bp,a for all a,b,p
Fap < ZF Ja,b for all a,b
i
Fap > Fpap for all a, b, p
Gpap 2 (1= Bp,a) + By, — 1 for all a,b,p
Gp,ab < (1= Bpa) for all a,b,p
Gp,ab < Bpp for all a,b,p
Gap < Z Gpab for all a,b
i
Gapb 2 Gpap for all a,b,p
Hpab 2 Bpa+(1—Bpp)—1 for all a,b,p
Hp.ab < Bp,a for all a,b,p
Hpap < (1= Bpp) for all a, b, p
Hyp < ZHp,a,b for all a,b
i
Hap > Hpa,b for all a,b,p
Bp,a € {0,1} for all a,p
Fpap €1{0,1} for all a,b,p
Gp,ap €{0,1} for all a,b,p
Hpap €10,1} for all a, b, p
Fop €{0,1} for all a,b
Gap €{0,1} for all a,b

Hyp €{0,1} for all a,b
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C.3.4 Simulation Details

We simulate 50 trees with 20 mutations and 4 copy-states. We do not directly model copy-number
evolution in our simulation. Instead, for each edge between cells p,q with different copy-number
states i, j, we simulate the set of supported losses £; ; by selecting a subset of loci of size |£; ;| ~
Poisson(0.2xm). A mutation loss —a is introduced on an edge with probability 0.5 provided that the
source cell p contains mutation a, a € £; ;. The resulting trees have between 1-8 mutation losses. In
no instances was the same mutation lost multiple times on the same tree. Thus, all 50 trees respect
the k — Dollo model with & = 1. From each tree, we sample 100 cells and simulate sequencing
error as follows. For each locus a in cell p, we generate a variant read count v, , and a total read
count 7, .. We simulate data with an allelic dropout rate of d = 0.15. With probability d?, both
alleles drop out, i.e., v, 4 = rp 4 = 0. Otherwise, the total number of reads is 7, , ~ Poisson(100).
If the variant is absent, v, , ~ Binomial(t, 4, €) where ¢ = 0.001 models the sequencing error rate.
If the variant is present we model the overdispersion in the variant read distribution resulting from
whole-genome amplification using a Beta-Binomial model. Let f,, ~ max{Beta(a,a),¢} (with

a = 0.25 in order to obtain a dropout rate of d ~ 0.15) and v, , ~ Binomial(t, q, fp,a)-

SCITE and SPhyR and SiFit were run with default parameters. In the case where SCITE returned
multiple solutions, we selected the first solution that was returned. SPhyR was run with a maximum
number k = 1 of mutation losses per locus. All algorithms were given the true allelic dropout and
sequencing error rates. As SciPhi is designed for variant calling from a large set of putative variants,
and thus has filters to remove false positives, we found that the default parameters removed a lot
of the variants present in the tree. The parameters for these filters were (1) cwm the number of
cells that show the mutation, (2) nmc the number of cells that must have a minimum alternate read
count of (3) ms. As all variants including in the simulation are present in at least one cell, we set

all three of these parameters to be 0, so as to not pre-filter out any variants.
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C.3.5 Copy-number analysis of CRC2

To assign cells to copy-number states for CRC2, we first binned reads at 10Mb. We next performed
hierarchical clustering on cells. A cut-off for hierarchical clustering was selected to yield 4 clusters,
the observed number of copy-number clones that was identified in the copy-number analysis per-
formed by [83]. Supported losses were inferred by looking for significant shifts in read-depth in the
bin containing the variant of interest using a Wilcoxon rank-sum test and a p-value threshold of

p=0.1.

C.4 Proofs

C.4.1 Proof of Theorem 1

Theorem 5. Given copy-number tree T, copy-number state vector c, mutation matric B and
supported losses £, a phylogeny T', copy-number state vector ¢ and augmented mutation matriz B’

are a solution to the LSR problem if and only if T is a refinement of T and for all v € V(T)

1., d, =c¢y, for allv' € y(v);

v

2. T'[y(v)] is a perfect phylogeny with respect to B'[y(v)];

)

3. Ifb .y, =1 then b;(r(v))}a =1 foralla¢ L(C;(T(v)), C;(U));

(v),

4. For all mutations a, there exists exactly one edge (v',w') € E(T") with b!

v ,a

=0 and béu’,a =1.

Proof. We first show that any solution that meets these constraints is a solution to the LSR, problem.
The constraints about 7’ being a refinement and copy-number consistency (constraint 1 in Problem
1) are explicitly enforced in this theorem. We must show that 7" is also a loss-supported phylogeny.
The requirements for a loss-supported phylogeny is that every mutation occurs only once, which

is enforced by (4) in this theorem, and that every mutation loss is supported. By (2), there are
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no mutation losses between cells that have the same copy-number state, and by (3) between cells
with different copy-number states, mutation losses that are not supported are not allowed. Thus,

(T',B’,c’) is a solution to the LSR.

We next show that any solution to the LSR also meets these constraints. We will do this by showing

that any (7", B’, ¢’) that violates any one of these constraints cannot be a solution to the LSR.

1. T’ being a refinement and copy-number consistency (item (1)) are explicitly required by the

LSR problem statement, and thus cannot be violated by any solution.

2. If T'[v(v)] is not a perfect phylogeny with respect to B’[y(v)], either there exists a mutation
that occurs more than once in subtree T”[y(v)], in which case T” is not a Dollo phylogeny, or
there exists a mutation that is lost in subtree T’[y(v)]. As every vertex in T"[y(v)] has the
same copy-number state (by item (1)), this mutation loss is not supported. In either case it

would mean 7" is not a loss-supported phylogeny and thus not a solution to the LSR problem.

3. If this condition is violated, then there is a mutation loss that is not supported. Thus, T" is

not a loss-supported phylogeny, and consequently not a solution to the LSR problem.

4. This condition must be true for T’ to be a Dollo, and thus a loss-supported phylogeny, and

thus cannot be violated by any solution.

C.4.2 Proof of Lemma 1

Lemma 10. If there exists a solution to the LSR problem for a given T, c, £, B, then there exists

a solution T', ¢, B’ that meets the following conditions.

1. For all (v,w) € E(T), p(r(w)) is a leaf of subtree T'[y(v)].
2. For allv € V(T') such that v is not the root of T, by = 1 if byr = 1 for all v € L(T'[y(v)]).

8. For allv € V(T) and all loci a, by(r(v)),a = br(v),a-
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Proof. We will show by construction that for any solution 77, ¢/, B that violates these constraints,

there exists another solution 7", ¢”, B” that meets these constraints.

(1) For all (v,w) € E(T), p(r(w)) is a leaf of subtree T'[y(v)]. Consider an edge (p(r(w)), r(w))
E(T") such that p(r(w)) is not a leaf of T"[y(v)]. That is, p(r(w)) has another child in T"[y(v)].
We construct T by splitting p(r(w)) into two vertices v and w' such that there is an edge
(u,u’) € E(T"), bl, = b, and ¢ = ¢/, and the only outgoing edge from «’ is (v/,r(w)). Thus,
u’ is now the parent of r(w) and v’ is a leaf. This split preserves the rest of the tree and does not
introduce violations of any of the conditions in Theorem 1 or any of the other assumptions in this

Lemma. Thus 7", B”, ¢’ is a solution to the LSR problem.

(2) For all v € V(T) such that v is not the root of T, b,y = 1 if b,y = 1 for all v' €
L(T'[y(v)]). Assume that 77, c¢’,B’ meet condition 1. If this constraint is violated, this means
that there is some mutation a that is gained in a subtree T"[y(v)] but there are no leaves of T'[y(v)]
that do not contain a. Let T" =1T", ¢" = . Let b, , = 1 if v € T'[y(v)]. This change does
not violate any of the conditions in Theorem 1. Specifically, this change does not introduce new
mutation gains, and as this only alters the mutation profiles of internal vertices of T'[y(v)] so this
cannot introduce new mutation losses. As 7" and ¢ are preserved, refinement and copy-number
consistency conditions are automatically met. This change may introduce violations to Assumption

3 in this Lemma that can subsequently be corrected as below.

(3) For all v € V(T) and all loci a, bp(r(v)),a = br(v),a- This constraint states that there are
no mutation gains on edges between subtrees. We construct 7" by performing a similar split as we
did for constraint (1). Suppose there’s an edge (p(r(v)),r(v)) € E(T") such that by, (y)), = 0 and
by(v),e = 1. Split p(r(v)) into vertices u,u’ such that b, , = 0 and by, = 1, and for all a’ # a,
buar = by o and the only outgoing edge from v’ is (v, r(w)). This split preserves the rest of the
tree and does not introduce violations of any of the conditions in Theorem 1 or any of the other

assumptions in this Lemma. Thus 7", B”, ¢” is a solution to the LSR problem. O
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C.4.3 Hardness of ML-LSR

Lemma 11. The ML-LSR is NP-hard.

Proof. We show this by reduction from the Flip problem which is known to be NP-Complete [23].

Problem 4. Given a binary matriz B € {0,1}™*™ and integer k € N, decide whether there exists
a directed perfect phylogeny matriz B € {0, 1}™*™ such that no more than k entries in B’ differ

from B.

Let (B, x) be an instance of the Flip problem. For the corresponding instance of the ML-LSR

problem, we let k = 1 and define the inputs as follows:
1. T is the star phylogeny, where all leaves v € V(T) are attached to a single internal vertex;
2. c= T;
3. No mutation losses are supported in L;
4. X =B, and Y = [1]™*".

Define a likelihood function Pr(X | Y, B*) that is symmetric when z, , € {0,1} and y, , =1

o ifxy,,=">0y4

log(Pr(zv,q | Yv,a)bv,a)) = (C.6)
B if Ly,a 7é bv,a

such that 8 < a. Thus the log-likelihood of a matrix Bx is

logPr(X |Y,B*) = iilog(Pr(azv’a | Yv.a:b0.0)) (C.7)
v=1a=1
=X+ (mn— o (C.8)
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We claim that there exists a perfect phylogeny matrix B’ with at most x changes if and only if

there exists a solution B* to the ML-LSR

logPr(X |Y,B*) > k-B+ (mn—k)- « (C.10)

(C.11)

We first show the forward direction. If there exists a perfect phylogeny matrix B’ with at most x
changes from B’ = X then the log-likelihood Pr(X | Y,B’) > -+ (mn — k) - @. Thus for the
maximum likelihood solution, B*, Pr(X | Y,B*) > Pr(X | Y,B’).

We next show the reverse direction. If Pr(X | Y,B*) > k- 8 4+ (mn — k) then B* has at most &

changes from X = B. Thus, there exists a B’ = B*.



Appendix D

Supplementary Methods and

Results for Chapter 5

D.1 Supplementary Methods

D.1.1 Creating Synthetic Diploid Simulations

To create artificial haplotypes, we used variant positions from the set of common human variants
from dbSNP build 150. We restrict to the set of single-nucleotide variants. dbSNP reports the
population allele frequencies at each position, [pa, pc,pa,pr]. We generate two haplotypes H JH
for each individual such that H = [hy, Ry, ..., hy)|, H = [h1,ha, ..., hy], where h; € [A,C,G,T),
and Pr(h; = ) = p,. Note that this approach does not maintain linkage disequilibrium between
adjacent SNPs, but the algorithms tested on this data set do not rely on population level informa-

tion.

Single cells were downloaded from SRA accession numbers SRP041470 and SRP061939. For the
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simulation we used 16 cells from patient UMB1465. All cells were downsampled to a target coverage
of 3x using samtools. Cells were separated in to pairs ¢, ¢ based on the total number of positions in
chromosome X that were covered by at least one read, where cell ¢ corresponds to haplotype H and
cell ¢ corresponds to haplotype H. Two cells were excluded due to irregular drop-out rates. This
yields 7 pairs of cells. From a cell ¢, we extract the set of reads that cover at least one position i
in the generated haplotypes H, H. For each read r covering position i, we alter the nucleotide r;

mapped to position ¢ as

h; with probability p, ;
r; =

{r € A,C,G,T|x # h;} with probability (1 — p,;/3)

with p,; is the probability of an incorrect base call implied by the reported Phred score ¢,; =

—10log10p, ;. These cells ¢, ¢ were merged into a single BAM file.

D.2 Supplementary Results

D.2.1 Comparison to Reference-Based Phasing

An alternate approach to determining the haplotype phasing of an individuals genome is statistical
or reference-based phasing with a reference panel [I6] [30, [87, [143]. These methods take advantage
of linkage disequilibrium, the correlation between the occurrence of certain alleles at nearby variants
across a population. They take as input genotype data from of one or more individuals as well as
a panel of phased genomes from a larger population. Here we compare against the performance
of EAGLE2 [87], the current state-of-the-art reference-based phasing approach on the single-cell

breast cancer data from Wang et al. [I53].

We used the Sanger Imputation Server which integrates the Eagle2 software, to perform phasing,

using the 1000 Genomes Phase 3 reference panel. As the service was unable to run on the full set
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of SNPs from chromosome 17, we created an input file which included all heterozygous variants
identified in the sample, in addition to all homozygous variants in which the called allele had a

population frequency of less than 0.95. This yielded a set of 119,990 SNPs.

On this dataset, we found that EAGLE2 had a total switch error of 17.3% over the set of heterozy-
gous variants. As we do not obtain a phasing over the entire chromosome, we measured We evaluate
the switch error of EAGLE2 on the same set of haplotype blocks we recover using amplification
fragments for a range of phasing scores (see Figure 3 in the main text). Figure shows the
resulting switch errors. Note that the EAGLE2 switch error decreases with the cutoff used for
the phasing score. While EAGLE2 does not have access to read information used to calculate the
phasing score, we expect both the phasing score and the performance of EAGLE (based on linkage
disequilibrium) to correlate with the distance between SNPs in the block. We see that for scores
>= 2, using amplification fragments with HAPCUT achieves lower switch-error rates than EA-
GLE2. These results suggest the potential utility of a hybrid approach, combining the accuracy of
phasing from amplification fragments at short distances, with the ability of reference-based phasing

to span pairs of SNPs beyond amplicon length.
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Figure D.1: Comparison to EAGLE2 on whole-exome data. We evaluate the switch error
obtained by EAGLE2 over the set of haplotype blocks recovered using amplification fragments, on
the single-cell breast cancer data from Wang et al. [I53]. The total switch error rate across all the
entire chromosome is shown as the red line.
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