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Chapter One

Motivation: Need for Speed



2

1.1 Overview

Inherent stochastic fluctuations are important in many cellular and subcellular pro-

cesses in biological systems, as well as in physical systems (soft matter, plasma

dynamics, etc.) with timescales across many orders of magnitude. For such sys-

tems, a macroscopic deterministic description built on the continuum hypothesis is

invalid [23], and therefore Lagrangian methods based on detailed atomic and molec-

ular models are required [95]. However, because the atomistic details are explicitly

modeled, the maximum time step is limited by the smallest oscillation period of the

fastest atomic motion, which are typically of the order of several femtoseconds [30].

Consequently, the physical time scales accessible to those simulations are too short

to address interesting long-time dynamics. This huge disparity in temporal scales,

which can also happen at larger values of the smallest timescales, has not been

addressed adequately in the computational literature on multiscale physical and bi-

ological systems.

Consider, for example, the problem of thrombus formation caused by platelet

margination and adhesion to the arterial wall, where the characteristic time for

platelet activation is a few microseconds. Lagrangian platelet models can only simu-

late the platelet dynamics up to a few minutes [98, 130], which is far below the time

scale for those in vivo processes that usually require at least several hours or even

days [56, 110]. With a time step of the order of 10−6 s, a clinically meaningful result

for at least one-day time integration may require about 1011 time steps with explicit

platelet models [32], which is computationally prohibitive.

Another example is the simulation of protein folding dynamics [38]. In an ab initio

molecular dynamics (MD) simulation, the protein molecule and surrounding solvents
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are treated as classical particles interacting through empirical energy functions. The

MD trajectories provide extremely high spatial and temporal resolutions and can

identify key intermediates of the folding processes. However, its computational cost

hampers the study of large proteins due to their large number of degrees of freedom,

greatly increasing the simulation time required to observe a single folding event,

which is on the order of tens of microseconds to milliseconds [102]. For timescale

on the order of milliseconds, MD simulations are challenging even for the specially

designed ASICS machine - the longest continuous-trajectory atomic-scale simulation

is a 2.936 millisecond simulation of NTL9 at 355 K [81]. Major conformational

transitions triggered by enzymatic reactions occur on the millisecond to second time

scale or longer [21]. Without algorithmic improvements, long-time integration of

protein folding via ab initio MD simulations is a formidable problem.

The complexity due to the huge number of spatio-temporal degrees of freedom

needed to resolve atomic or molecular details requires large amounts of computational

resources and simulation time to capture the underlying kinetics and dynamics. A

typical strategy to leverage parallel computing is dividing the spatial domain into

many smaller subdomains so that all subdomains can be processed concurrently by

many computing cores. We will refer to this as “conventional spatial decomposition”

approach hereafter. Although it is relatively easy-to-implement and very effective,

the strong scaling eventually plateaus as the number of unknowns per core becomes

too small [10]. The lack of an efficient and stable numerical method remains a

serious bottleneck for long-time simulations. Time parallel integration methods can

break the bottleneck by decomposing the time domain and solving these subdomains

parallel-in-time. Since the inception of time parallel integration methods over 50

years ago [92], many have improved and proposed new parallel-in-time methods.

Parareal, proposed by Lions et al. [83], is a popular parallel-in-time scheme and has
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demonstrated its versatility in various applications.

To resolve this bottleneck, I proposed a Supervised Parallel-in-time Algorithm

for Stochastic Dynamics (SPASD), which aims to significantly accelerate stochastic

Lagrangian solvers for long-time simulations. SPASD is inspired by bottom-up coarse-

graining projections that yield mean-field hydrodynamic behavior in the continuum

limit. Inspired by Parareal, SPASD is built on the coupling of macroscopic and mi-

croscopic systems. The low-dimensional macroscopic system serves as a predictor to

supervise the high-dimensional Lagrangian simulator, in a predictor-corrector type

algorithm. The results of the Lagrangian simulation then correct the mean-field

prediction and provide the proper microscopic details (e.g., consistent fluctuations,

correlations, etc.). When combined with conventional spatial decomposition, SPASD

can provide further acceleration.

Algorithmic improvements such as spatial and temporal decompsitions are

only part of the answer. The effective use of hardware that run those simula-

tions can provide additional acceleration. General Purpose Graphics Processing

Units (GPGPUs) has improved the capability of many molecular dynamics simu-

lation software by an order of magnitude thanks to its massively parallel nature

[40, 14, 117, 80, 2, 101, 54, 103]. Most all modern super-computers are equipped

with them as a way to boost computational power. In order to run massive simula-

tions, I co-developed a GPU compatible simulator as a part of my PhD work.
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1.2 Outline

Because we are studying the methodology and algorithm related to a Lagrangian

particle solver, I will first give an overview of the statistical mechanics behind the

solver Dissipative Particle Dynamics (DPD) in Chapter 2. The porting of the particle

model to GPUs is described in detail in Chapter 3. There, I will introduce some

algorithmic innovations that maximize scalability across multiple GPU nodes. The

proposed parallel-in-time method for Lagrangian solvers, SPASD, is introduced in

Chapter 4. Quantitative results including accuracy, convergence rate and parallel

efficiency can also be found in that chapter. Lastly, in Chapter 5, I will demonstrate

SPASD on blood flow simulations in realistic geometry of zebrafish hindbrain. For

the demonstration, the simulation is spatially and temporally decomposed by the

conventional spatial decomposition method and SPASD, respectively. On top of that,

the simulation is run on GPUs for maximum acceleration.



Chapter Two

Theoretical Foundations of

Dissipative Particle Dynamics
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Dissipative particle dynamics (DPD) is a particle-based Lagrangian method for sim-

ulating simple and complex fluids at mesoscopic length. Its invention was prompted

by the need to investigate mesoscopic structures of molecules or their collective be-

havior, without explicitly resolve the underlying atomistic details [131]. By directly

working on the scale of interest, the atomistic dynamics is simplified by eliminating

fast degrees of freedom while preserving the behavior of slow entities. It thus can

capture the correct dynamics of complex fluids on larger spatial and temporal scales

beyond the capability of conventional atomistic simulations [86].

Since the governing equations of DPD can be rigorously derived from micro-

scopic and macroscopic dynamics, as I will dive into some details in this chapter,

DPD possesses a solid theoretical foundation. Because of it, it has become a popular

methodology with applications in complex fluids [96], polymer physic [52], compu-

tational biology [65] and more.

In this chapter, I will first consider its theoretical formulation in Section 2.1. Af-

ter a short overview of the statistical mechanics behind DPD, I will then revisit the

details of derivations of its governing equations with both top-down and bottom-up

approaches in Section 2.2. The DPD parameters and their connections to macro-

scopic parameters will also be covered. Given the thesis focus mainly on hydrody-

namics, I will only give a brief overview on the fundamental basis for coarse-graining

underlying system of molecular dynamics, in relation to DPD, in Section 2.3. Finally,

I will review one of many extensions of DPD - transport dissipative particle dynam-

ics (tDPD), which grants the classic DPD the ability to model diffusion-reaction

processes.
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Figure 2.1: DPD’s relation to microscopic and macroscopic methodologies, namely,
molecular dynamics and Navier-stokes equations. Even though SDPD is a La-
grangian discretization of the Landau-Lifshitz-Navier-Stokes equation, there are
strong similarities between the force equations of classic DPD and that of SDPD, as
explain in Chapter 2.2.

2.1 Formulation of Dissipative Particle Dynamics

(DPD)

Dissipative particle dynamics (DPD) was introduced as a way to study hydrodynamic

phenomena at the mesocale by Kolemann and Hoggerbrugee [49, 59]. Español and

Warren further developed the method [27] and proved that the equilibrium invariant

distribution of a DPD system is the canonical ensemble of Gibbs distribution, which

placed DPD on a firm physical ground. By virtue of theories of coarse-graining and

Lagrangian discretization, the correspondence between DPD and microscopic and

macroscopic methodologies were established, as shown in Fig. 2.1. These connections

to well established methodologies solidifies its position as a scientifically sounding

approach.
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Following the approach taken by Español and Warren in [27], the equations of

motion for DPD particles are formulated as continuous stochastic differential equa-

tions

ṙi = ṗi/m,

ṗi = Fi =
∑
j 6=i

Fij =
∑
j 6=i

(
FC
ij + FD

ij + FR
ij

)
,

(2.1)

where ri and pi are position and momentum of particle i. The conservative, dissipa-

tive and random forces are expressed as [27]

FC
ij = awC(rij)eij,

FD
ij = −γwD(rij)(eij · vij)eij,

FR
ij = σwR(rij)ξijeij,

(2.2)

in which a, γ and σ are strengths, respectively. A common choice for the weighting

function is

ωC(r) = 1− r/rc,

ωD(r) = ω2
R(r) = (1− r/rc)s.

(2.3)

for r ≤ rc and zero for r > rc. Because the forces depend only on relative position

rij = ri − rj and relative velocity vij = vi − vj, DPD satisfies Galilean invariance

and preserves angular momentum. In addition, to preserve linear momentum, each

force is antisymmetric Fij = −Fji. ξij is a Gaussian white noise satisfying

< ξij(t) > = 0,

< ξij(t)ξkl(t
′) > =

(
δikδjl + δilδjk

)
δ(t− t′),

(2.4)

where δij and δ(t− t′) are the Kronecker and Dirac delta, respectively. Inserting Eq.
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Figure 2.2: A single coarse-grain particle in DPD represents an entire cluster of
molecules in MD. Similar to MD, the dynamics of DPD particles are computed from
the time integration of Newton’s equations of motion.

(2.2) into Eq. (2.1), we have the Langevin equations

dri =
pi
mi

dt,

dpi =

∑
j 6=i

FC
ij +

∑
j 6=i

FD
ij

 dt+
∑
j 6=i

σwR(rij)eijdWij,

(2.5)

where dWij are independent increments of the Wiener process, i.e. dWijdWkl =(
δikδjl + δilδjk

)
dt.

The conservation law ∂f(x,t)
∂t

+∇ ·
[
ẋf(x, t)

]
= 0, with DPD forces, gives raise to

the Fokker-Planck equation

∂f(x, t)

∂t
= Lf(x, t) = LCf(x, t) + LDf(x, t) + LRf(x, t),

LC ≡ −

∑
i

pi
m
· ∂
∂ri

+
∑
i,j

′FC
ij ·

∂

∂pi

 ,

LD ≡
∑
i,j

′eij ·
∂

∂pi

[
γwD(rij)(eij · vij)

]
,

LR ≡
∑
i,j

′eij ·
∂

∂pi

σ2

2
w2
R(rij)eij ·

(
∂

∂pi
− ∂

∂pj

) ,

(2.6)
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where L denotes the Fokker-Planck operator. In the context of particle meth-

ods, f(x, t) is the probability density function (PDF) in phase space, and x =

(r1, r2, ..., r3N , p1, p2, ..., p3N) is the 6N dimensional coordinate.

The steady state solution to Eq. (2.6) is expected to be the Gibbs canonical

ensemble, f eq(x) = 1
Z

exp
[
−(kBT )−1H(x)

]
. Given the canonical ensemble is the

equilibrium solution for a conservative system, we can obtain LCf eq = 0 trivially.

This forces LDf eq + LRf eq = 0, which can be satisfied by postulating

wD(r) = [wR(r)]2,

σ2 = 2γkBT.

(2.7)

This constraint is the fluctuation-dissipative theorem for DPD, derived by Español

and Warren in [27].

2.2 Correspondence to macroscopic hydrodynamics

As demonstrated in Sec. 2.1, a DPD system respects Galilean invariance and sat-

isfies conservations of mass and momentum. On account of these properties, the

macroscopic equivalence of DPD is the continuum Naviers-Stokes system. The cor-

respondence between those systems has been established by Español [25] using Mori

projection operator. Because the proof is lengthy and cumbersome, I will not re-

visit the derivations here. Instead, I will list the key equations and direct interested

readers to Refs. [41, 89, 107] for technical detail.

The idea behind projection rests on the fact that, given a set of N variables and

we are only interested in a subset of them or a set of a set of functions of the N
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variables. Applying projection operator can leave us with fewer but relevant variables

describing the dynamics. However, the reduced description of the system will have a

memory and a random component that includes the eliminated variables. In short,

projection techniques allows us to only keep relevant variables in a level that we are

interested in.

As a consequence of eliminating variables, the evolution of coarse-grained vari-

ables cannot be predicated with certainty. The appropriate description of the coarse-

grained system is thus in terms of a probability distribution for the relevant variables,

and the evolution equation is the Fokker-Planck equation shown in Eq. (2.6).

The evolution of the relevant variables is described by equations of motion. For

the microscopic description of classical mechanics, every degree of freedom in the

system is included in the Hamiltonian equations. For hydrodynamics, the relevant

variables are the mass, momentum and energy density fields. In thermodynamics,

the relevant variables are the dynamical invariants of the system.

In the hydrodyanmics level of description, one of the relevant variables is the

momentum density field g(r, t). Following through the Fokker-Planck equation, the

time-evolution of the momentum can be described as

∂g(r, t)

∂t
= −c2s∇δρ(r, t) + η∇2v(r, t) +

(
ζ − 2η

3

)
∇∇ · v(r, t), (2.8)

where ρ(r, t) is the deviation from equilibrium mass density field [25]. c is the

isothermal sound speed and determined only by FC
ij. The shear viscosity η = ηC+ηD

and bulk viscosity ζ = ζC + ζD are composed with contributions of conservative and
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dissipative forces:

ηC = β

∫ ∞
0

1

V

 C∑
µν

(τ),Q
C∑
µν

 dτ,

(
ζC − 2

3
ηC
)

= β

∫ ∞
0

1

V

 C∑
µµ

(τ),Q
C∑
µµ

 dτ,

ηD = β

∫ ∞
0

1

V

 D∑
µν

(τ),Q
D∑
µν

 dτ,

(
ζD − 2

3
ηD
)

= β

∫ ∞
0

1

V

 D∑
µµ

(τ),Q
D∑
µµ

 dτ,

(2.9)

with the following shorthand notations:

C∑
,
∑
i

pi
m
pi +

∑
i,j

(
ri − rj

)
FC
ij,

D∑
,
∑
i,j

(
ri − rj

)
FD
ij .

(2.10)

Additionally, the following shorthand notation for a scalar product between two

functions of phase space coordinates are also used in Eq. (2.9):

(φ, ψ) ≡
∫
f eq(x)φ(x)ψ(x)dx ≡ tr [f eqφψ] . (2.11)

The set of equations above is known as the Green-Kubo relations. The dynamic

and kinematic viscosities are given in terms of the stress tensor, which can be cal-

culated from the Virial theorem via DPD forces FC
ij and FD

ij . In other words, the

Green-Kubo relations relate macroscopic transport coefficients to particle methods.

Although Español demonstrated DPD satisfies the hydrodynamic equations at large

spatial-temporal scale, it is not possible to quantify a priori the sound speed and
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viscosities of a DPD system from force parameters in Eq. (2.2).

To avoid the difficulty of specifying those quantities a priori, we can discretize La-

grangian Naiver-Stokes [26]. The discretization approach was borrowed from smooth

particle hydrodynamics (SPH) [88]. The essence of SPH is the re-formulation of an

arbitrary function, denoted by A, with a kernel approximation:

A(r) = lim
h→0

∫
A(r′)W (r′ − r, h)dr′,

∫
W (r′ − r, h)dr = 1, (2.12)

where the kernel W (r′ − r, h) is also known as the normalized smoothing function,

with h has the smoothing length. The gradient of the smoothing function can be

defined as

∇W (r′ − r, h) = −(r′ − r)G(|r′ − r|, h), (2.13)

with G ≥ 0.

Another important concept of SPH is approximating the integral with particle

summation: ∫
W (r′ − r, h)dr <==>

∑
j

W (|ri − rj|). (2.14)

Because the integral of the smoothing function is unity, by summing over particle

j that is within distance h from i, we get a number density di =
∑

jW (|ri − rj|).

With some trivial calculation, the Navier-Stokes in Lagrangian form

dρ

dt
= −ρ∇·v, (2.15a)

ρ
dv

dt
= −∇P + η∇2v +

(
ζ +

η

3

)
∇∇ · v, (2.15b)
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can be discretized as

ρ̇i = −ρi (∇ · v)i , (2.16a)

miv̇i = −(∇P )i
di

+
η(∇2v)i

di
+
η (∇∇ · v)i

3di
. (2.16b)

Using the 1st and 2nd laws of thermodynamics as constraints, the forces between

particles can be represented by the transport coefficients and the derivative of the

smoothing kernel:

FC
ij =

(
Pi
d2i

+
Pj
d2j

)
Gijrij, (2.17)

FD
ij = −

(
5η

3
− ζ
)
Gij

didj
vij − 5

(
ζ +

η

3

)
Gij

didj

(
eij · vijeij

)
, (2.18)

FR
ij =

∑
j

(
AijdWij +

Bij

3
tr[dWij]

)
· eij, (2.19)

with the noise coefficients given by

Aij =

[
4kBT

(
5η

3
− ζ
)
Gij

didj

]1/2
,

Bij =

[
4kBT

(
5η

3
+ 8ζ

)
Gij

didj

]1/2
.

(2.20)

For a detailed derivation, readers are referred to Ref. [26].

From the SPH discretization of the Navier-Stokes equation, we obtain a version

of DPD (namely SDPD), in which the equation of state and transport coefficients

are explicitly specified a priori. Even though SDPD is a Lagrangian discretization

of the Landau-Lifshitz-Navier-Stokes equation, there are strong similarities between

the force equations (2.2) of classic DPD and that of SDPD. However, because of the

top-down discretization approach, SDPD can only exhibit the continuum behavior
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of the system. Small scale behaviors arise from some underlying physical process

might not be captured by SDPD.

2.3 Correspondence to microscopic molecular-dynamics

We used Mori projection formalism in Sec. 2.2 to establish the correspondence be-

tween DPD parameters and thermodynamic response and transport coefficients of

the Navier-Stokes equations. To establish the correspondence between DPD pa-

rameters and microdynamics, a more general projection method, namely Zwanzig

projection, was adopted [46, 58, 64, 70, 134, 107].

Let the microdynamics be described by a Hamiltonian, and the variable of in-

terest be denoted by A. Additionally let the initial state of the Hamiltonian sys-

tem be the point z on the phase space. The evolution of the dynamics of A is
dA(t, z)

dt
= eiLtiLA(0, z), where L is the Liouville operator, and eiLt is the time

evolution operator.

Similar to Mori projection in Sec. 2.2, the goal of Zwanzig projection is to extract

the relevant component from the system. This can be expressed mathematically

with a projection operator P such that P
{
·
}
,

(
·, A
)(

A,A
)A. Furthermore, there is a

complementary operator Q such that Q = 1− P .
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We can re-write the time evolution of a relevant variable A using those operators:

dA(t, z)

dt
= eiLtiLA(0, z)

= eiLti(Q+ P)LA(0, z)

= eiLtiQLA(0, z) + eiLtiPLA(0, z)

= eiLtiPLA(0, z) +

∫ t

0

dτeiQL(t−τ)iPLeiQLτ iQLA(0, z) + eiQLtiQLA(0, z).

(2.21)

In the last step, Duhamel-Dyson identity eiLt = eiLtP +
∫ t
0
dτeiLτ iPLeiQL(t−τ) +

eiQLtQ was substituted. The three terms in Eq. (2.21) represent the conservative,

dissipative and random components, respectively. When Eq. (2.21) was used to

derive equations of motion of mesoscopic particles, Lei et al. [64] found the equations

of motion has the same form as DPD’s.

2.4 Parameterization

To accurately simulate a fluid with a particular set of transport coefficient, we need an

appropriate set of input parameters. The typical approach is to solve an inversion

problem: running trial simulations and tuning input parameters until the desired

transport coefficients were achieved. Although this trial and error approach is very

straight-forward and accurate, it might require many trials to find the optimal set if

our initial guesses were faraway. Luckily, kinetic equations can provides a guideline

for tuning the DPD parameters, albeit not accurately. For the sake of brevity I will

only summary the key result and reiterate the implications here. Interested readers

are referred to Ref. [84].
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The main result in Ref. [84] is as follow:

mkBT =
A3

A1(2− A1n∆t)− A2∆t
, (2.22)

where

A1 =
γ

md
[wD] , A2 =

2γ2

m2d

[
w2
D

]
, A3 =

σ2

d

[
w2
R

]
. (2.23)

Eq. 2.22 provides a relationship between temperature kBT and time step ∆T will

the following ramifications:

• When ∆t = 0, we recover the fluctuation-dissipation theorem in Eq. 2.7, which

was obtained from the equilibrium solutions of Fokker-Planck equation on the

stochastic differential equation interpretation of DPD formulation.

• The temperature of the system is inversely and monotonically proportional to

the time step (i.e. kBT ∝ ∆t−1).

• If ∆t > ∆tc = (2A1)/(nA
2
1 + A2), the denominator of 2.22 will negative. This

cause the system to be unstable.

• For a stable simulation, the density can not exceed a critical density

nc = (2A1 − A2∆t)/(A
2
1∆t) (2.24)

The fluctuation of a DPD system is determined by the compressibility of the

liquid [43]. To model a liquid with a correct thermodynamics state, the repulsive

parameter (i.e. a) of a DPD system must be carefully tuned to recover the com-

pressibility of the fluid [42]. From the virial theorem, the pressure of a DPD system

can be written as

p = ρkBT +
2π

3
ρ2
∫ rc

0

rf(r)g(r)r2dr, (2.25)
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where g(r) denotes the radial distribution function, and rho the particle number

density. As always, rc is the cutoff radius beyond which f(r) vanishes. As a sim-

plification, we can approximate the integral, and the pressure can be approximated

as

p = ρkBT + αaρ2(with α = 0.101± 0.001). (2.26)

Given the dimensionless compressiblity is computed by κ−1c = (∂p/∂ρ)T/kBT , we

can readily express the repulsive force parameters a in terms κc and others as

a = kBT (κ−1c − 1.0)/2αρ. (2.27)

To match the compressibility of a realistic fluid, the dimensionless compressibil-

ity can be computed from κ−1c = [L]3

ρkBTβT
, where βT is the isothermal compressibility

of the fluid, and [L] is the length scale of the DPD system. Using the known com-

pressibility of water, κc ≈ 1/16 when a length scale of [L] = 0.448 nm is assumed.

This leads to the approximation a = 75.0kBT/ρ that are used widely for the DPD

repulsive parameter. An overestimated κc would lower the DPD fluid’s sound speed

(∂p/∂ρ)T .

The viscosity and particle self-diffusion coefficient of a DPD fluid can be expressed

as a function of the the dissipative coefficient γ from Eq.2.2. As demonstrated by

the Irving-Kirkwood formula [124], the disspative contribution to the stress is due to

the explicit friction force between particles moving on different streamlines, which is

the viscosity. On the other hand, the kinetic contribution is due to particles diffusing

across streamlines, which is related to the particle self-diffusion. Assuming a uniform

particle density, i.e. g(r) = 1, Groot and Warren derived both contributions in Ref.



20

[42]:

ηD =
2πγρ2

15

∫ ∞
0

drr4wD(r), (2.28)

ηK = ρ
〈
v2
〉
τ/3, (2.29)

where 1
τ

= 4πγρ
3

∫∞
0
drr2wD(r) is the mean time between collisions. For any specific

wight function ωD(r), one can compute ηD and ηK easily. In general, the integrals can

be approximated by polynomials, and the viscosity contributions can be expressed

as [72]

ηD =
16πγρr5C

5(s+ 1)(s+ 2)(s+ 3)(s+ 4)(s+ 5)
, (2.30)

ηK =
3kBT (s+ 1)(s+ 2)(s+ 3)

16πγr3C
. (2.31)

where s is the exponent in the force weighting function 2.3. The total viscosity is

simply the sum of ηD and ηK . Therefore, the viscosity and particle self-diffusion

coefficient of a DPD system can be tuned with dissipative coefficient γ.

Since
〈
v2
〉

= 3kBT and νK = ρD/2, the diffusion coefficient can be approximated

as well:

D =
1

3

∫ ∞
0

dt
〈
vi(0) · vi(t)

〉
= τkBT

=
3kBT (s+ 1)(s+ 2)(s+ 3)

8πγρr3C

(2.32)



Chapter Three

Acceleration with Spatial

Decomposition and Graphical

Processing Units
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Blood carries nutrients, hormones, and waste products around the body. Roughly

35 − 45% of its volume is occupied by red blood cells (RBCs) that are responsible

for vital biological tasks such as circulating oxygen and carbon dioxide throughout

the body. As illustrated in Figure 3.1, the exchange of materials between blood and

its surrounding tissues occurs primarily in the microvascular beds where arterioles

and venules meet. The capillaries connecting the arterioles and venules are ideal

for chemical diffusion due to their large surface-to-volume ratio and single-layered

fenestrated vessel wall. However, this seemingly simple process is underpinned by

intricate and detailed mechanisms. In the example of oxygen release from RBCs, the

amount of oxygen discharged depends on the detailed chemical balancing between

compounds such as hemoglobin and carbon dioxide, as well as ambient parameters

such as plasma solubility and tissue permeability. Simulating the chemical-exchange

process and capturing important details of blood flow can improve our understanding

of the biological mechanisms. Such technology can be used to further our investiga-

tions into totally unexplored mechanisms linking quantitatively metabolomics with

blood flow in a very precise way for the first time.

Simulations of chemical exchange in the microvascular beds with an explicit de-

scription of the source RBCs involve many biological phenomena at length scales

from nanometers to micrometers. This is difficult to accomplish with either contin-

uum descriptions based on partial differential equations or atomistic models based on

classical Hamiltonian mechanics. Mesoscopic simulation methods such as Dissipative

Particle Dynamics (DPD) [68] are gaining momentum as a promising approach to

capture these phenomena at this intermediate scale. In contrast to Brownian dynam-

ics and generalized Langevin dynamics, the pairwise force in DPD depends on the

relative position and velocity between each pair of interacting particles. This ensures

Galilean invariance and momentum conservation that allow the statistical recovery
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Venule Arteriole

Capillary

Red Blood Cells

Figure 3.1: An illustration of oxygen release in the microvascular bed. RBCs trans-
verse from oxygen-rich arterioles to oxygen-scarce venules through the connecting
capillary beds. In each segment of the fenestrated capillary, oxygen and other nu-
trients diffuse into the surrounding tissue through the porous wall. The oxygen is
carried and released almost exclusively by hemoglobin contained in RBCs. Our long-
term goal is to simulate the chemical exchange process with explicit modeling of the
RBCs as sources at the mesoscopic level. The package presented in this chapter
serves as an enabling technology to this objective.
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of the Navier-Stokes equation [42]. Consequently, DPD can correctly reproduce hy-

drodynamic behavior at the mesoscale. The versatility of DPD has been successfully

demonstrated for many interesting biological applications, e.g., blood rheology [67],

platelet aggregation [100], cell sickling [66], and polymer self-assembly [68, 74, 123].

The newly developed transport DPD (tDPD) [75] can model the diffusion, advection,

and reaction of the chemical transport process on top of the classic DPD framework

at the molecular level using a Lagrangian framework.

Developing a realistic RBC membrane model is crucial because the RBC mechan-

ical and rheological state influences how a RBC performs its biological function. A

coarse-grained DPD membrane model for RBC was pioneered by Pivkin et al. [99].

It takes bending energy, in-plane shear energy, and area and volume constraints into

consideration to recover the correct bending stiffness and shear modulus. Fedosov et

al. [29] later extended the aforementioned model to capture the correct non-linear

deformation of RBC under stress as measured from optical tweezers experiments.

Although the membrane model has been carefully calibrated, large-scale RBC simu-

lations using the DPD model remain rare while existing works are primarily limited

to use a few tens of RBCs at a time. The large computational overhead has severely

limited the possibility for blood-flow studies in vascular networks using the DPD-

based RBC model.

The effective use of General Purpose Graphics Processing Units (GPGPUs) has

improved the capability of many molecular dynamics simulation software by an order

of magnitude thanks to its massively parallel nature [40, 14, 117, 80, 2, 101, 54,

103]. Pushing for the peak performance on each of the 18,688 GPUs on the Titan

supercomputer, Tang et al. [108] were able to simulate billions of RBCs flowing

through a cancer cell filtering device. Despite the inclusion of GPUs to accelerate

the simulation and to broaden the accessible time and length scale, the code was a
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fixed-purpose solver based on the classic DPD model.

For the spatial acceleration, a generalized GPU-accelerated implementation of

the RBC model with tDPD adaptation is developed to simulate RBCs with realistic

physiological properties. The software features a tight integration of our earlier work

on RBC membrane model, transport behavior simulations, and GPU-accelerated

DPD simulators. With the new ability to track chemical concentrations, the pro-

gram can be used to investigate chemical-driven or chemical-sensitive phenomena

or disorders with unprecedented time and length scales. The rest of the chapter is

structured as follows: In Section 3.1 and 3.2, we review the classic DPD and tDPD

frameworks and present a short summary of the RBC membrane model. In Section

3.4, we present model implementations and algorithmic innovations. In Section 3.5,

we validate the code with verification cases. In Sections 3.6, we demonstrate the

efficiency of the code by running benchmarks cases simulating pure tDPD fluids and

RBC suspensions. In Section 3.7, we further demonstrate the capability of the soft-

ware with a realistic microfluidic channel simulation. We summary the chapter in

Section 3.8.

3.1 Formulation of Transport Dissipative Particle

Dynamics

As explained in Section 2.1, the classic DPD framework describes the evolution of

density and velocity fields through Newton’s laws. In addition to the conservation of

momentum inherited from the classic DPD, tDPD also conserves the concentrations

of species. Aside from its position and velocity, each particle explicitly tracts the

concentrations of all species in the volume represented by this particle. A concen-
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tration gradient induces the flux of chemicals between pairs of particles, in a similar

fashion to heat transfer.

As a reminder, the movements of particles can be described by the following set

of stochastic ordinary differential equations (ODEs) [49]:

dri
dr

= vi, (3.1)

dvi
dt

= Fi =
∑
j 6=i

(FC
ij + FD

ij + FR
ij), (3.2)

where t, ri, vi and Fi denote time, position, velocity, and force, respectively. The

net force imposed on particle i is the sum of conservative force FC
ij, dissipative force

FD
ij , and corresponding random force FR

ij via interactions with every particle j within

a radial cutoff rc of i. Those forces are given as [42]:

FC
ij = αij ωC(rij) eij, (3.3)

FD
ij = −γij ωD(rij) (eij · vij) eij, (3.4)

FR
ij = σij ωR(rij) ξij ∆t−1/2 eij, (3.5)

where eij = rij/rij is the unit vector between particles i and j. ∆t is the time step of

the simulation, and ξ is a symmetric Gaussian random variable with zero mean and

unit variance [42]. αij, γij, and σij are conservative, dissipative, and random force

coefficients, respectively. ωC(rij), ωD(rij), and ωR(rij) are the corresponding weight-

ing functions. The relationship between dissipative and random effects is dictated

by the fluctuation-dissipation theorem which imposes the following constraints [27]:

σ2
ij = 2 kB T γij, ωD(rij) = ω2

R(rij), (3.6)

where kB is the Boltzmann constant, and T is temperature.
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The tDPD model enables us to capture reaction kinetics at the mesoscopic level.

It essentially solves the advection-diffusion-reaction equation dC
dt

= D∇2C + QS,

where the transport of concentration is modeled by a Fickian flux and a random flux

[129, 61]. It can be described by the following equation:

dCi
dt

= Qi =
∑
j 6=i

(QD
ij +QR

ij) +QS
i , (3.7)

where Ci denotes the concentration of a species carried by particle i, and Qi is the net

flux. There are three flux components that can potentially alter the concentration.

QD
ij and QR

ij denotes Fickian and random fluxes, respectively, and are given by [75]

QD
ij = −κij ωDC(rij) (Ci − Cj), (3.8)

QR
ij = εij ωRC(rij) ∆t−1/2 ζij, (3.9)

where κij and εij adjust the strengths. The corresponding weights ωDC(rij) and

ωRC(rij) are given as ωDC = (1 − r/rcc)
sc1 and ωRC = (1 − r/rcc)

sc2 with a cutoff

radius rcc, analogous to the weights in force calculations. Taking the same idea from

the fluctuation-dissipation theorem in the classic DPD, the transport version requires

[93]

ε2ij = m2
s κij ρ (Ci + Cj), ωDC(rij) = ω2

RC(rij), (3.10)

where ρ is the tDPD particle density.

It is easy to see the parallel between equations (3.6) and (3.10). In particular,

parameter κ adjusts the strength of chemical transfer, as the dissipative coefficient γ

adjusts the strength of momentum dissipation. It is worth noting that each species

typically has a distinct κ value because diffusion coefficients for different chemical

species are generally different. Since the mass of a single solute molecule ms is
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much smaller than the mass of a tDPD particle m which is usually chosen to be

one (normalized value), the magnitude of εij is insignificant. This translates to a

negligible contribution from QR
ij to the diffusion coefficient. In this work, QR

ij can

be safely ignored considering the simplification ms � m [75]. Finally, the source

term QS
i represents the external contributions e.g., external concentration source

and boundary conditions.

The random force component in the classic DPD is stochastic by definition. The

stochastic behavior of particle movement yields an additional contribution to diffu-

sion reflected in the diffusion coefficient. This additional diffusion component Dζ

and the Fickian diffusion component DF compose the effective diffusion coefficient

D. Because the random flux QR is insignificant, Dζ is due to random movement of

particles solely and can be calculated by [42]

Dζ =
3kBT

4πγρ ·
∫ rc
0
r2ωD(r)g(r)dr

. (3.11)

The Fickian concentration flux QD
ij depends on DF entirely, which can be calculated

by [75]

DF =
2πκρ

3

∫ rcc

0

r4ωDC(r)g(r)dr. (3.12)

The physical diffusion coefficients are mapped to those of the particle simulation

through parameter κ. The mapping relation can be extracted from matching simu-

lation results with known analytical solutions as described in [75].
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3.2 Red Blood Cell Model

RBC membrane comprises a lipid bilayer supported by an inner cytoskeleton. Com-

posed of spectrin proteins and actins in a compact network, the cytoskeleton provides

structural stability. Membrane viscosity and elasticity, as well as bending stiffness,

are physical properties derived from these biological components. The same physical

properties can be recovered with a spring-network model that resembles a triangular

mesh on a 2D surface as described in Reference [29].

The shape of the viscoelastic membrane is maintained by a potential derived from

a combination of bond, angle and dihedral interactions. The bonds, also referred to

as springs, experience both an attractive and a repulsive component. The attractive

potential adopts the form of the wormlike chain potential and is given by

UWLC =
kBThm

4p

h
hm

2
(3− 2 h

hm
)

1− h
hm

, (3.13)

where kBT is the energy per unit mass, hm is the maximum spring extension, and p is

the persistence length. The repulsive potential adopts the form of a power function

given by

UPOW =


kp

(m−1)hm−1 , m 6= 1,

−kp log(h), m = 1,

(3.14)

where m is positive exponent, and kp is force coefficient. In addition to those conser-

vative potentials, a viscous component is needed to damp the springs. It is realized
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by a dissipative force, as well as the corresponding random force, given as

FD
ij = −γTvij − γC(vij · eij)eij, (3.15)

FR
ij =

√
2kBT

(√
2γT (dWS

ij − tr[dWS
ij]I/3) +

√
3γC − γT

3
tr[dWij]I

)
, (3.16)

where γT and γC are dissipative coefficients, and vij is the relative velocity. dWS
ij

is the symmetric component of a random matrix of independent Wiener increments

dWij.

The angle interaction is facilitated by area and volume constraints given by

Varea =
kg(A

t − At0)2

2At0
+
∑
j

kl(Aj − A0,j)
2

2A0,j

, (3.17)

Vvolume =
kv(V

t − V t
0 )2

2V t
0

, (3.18)

where j is triangle index. kg, kl, and kv are global area, local area, and global

volume constraints coefficients, respectively. The instantaneous area and volume of

a RBC are denoted by At and V t, whereas At0 and V t
0 represents the equilibrium

area and volume. At0 is calculated by summing the area of each triangle. V t
0 is found

according to scaling relationship V t
0 /(A

t
0)

3/2 = V R/(AR)3/2, where V R and AR are

the experimental measurements.

The dihedral interaction is described by the bending potential given by

Vbending =
∑
j

kb

(
1− cos(θj − θ0)

)
, (3.19)

where kb is the bending constant, and θj is the angle between two neighboring trian-

gles with the common edge j. More detailed information regarding RBC membrane

model can be found in Reference [29].
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3.3 Terminology

The research project described in this chapter lies in the intersection of computational

biophysics and computer science. To be more specific, high performance computing

(HPC) techniques are implemented to provide a more efficient method of solving a

biophysical problem. For readers who are not familiar with particle solvers or lacks

basic computer science background, this section will explain some essential HPC

concepts and GPU terminologies that are relevant to the chapter.

Walltime is the actual time taken from the start of a computer simulation to

the end, measured in physical time. It is conceptually similar to time measured via

a stopwatch. CPU time is different from walltime; CPU time measures only the time

during which the CPU is actively processing instructions.

MPI is short for Message Passing Interface. It is a communication protocol for

programming parallel programs. Those programs are intended to run on distributed

memory supercomputers such as compute clusters. OpenMP, short for Open Multi-

Processing, is an API that supports shared memory multiprocessing programming.

An application built with OpenMP and MPI can effectively utilize a computer clus-

ter; OpenMP is used for parallelism within a node while MPI is used for parallelism

between nodes.

Radix sort is a sorting algorithm that sorts integers. It has a low compute

complexity which makes it better than most comparison-based sorting algorithms.

"Stride of an array" refers to the number of locations in memory between

successive accesses of array elements. For array [0,1,2,3,4,5,6,7,8,9], a stride access

with stride size of 2 will return array [0,2,4,6,8]. A stride access with unit stride will
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return the full array [0,1,2,3,4,5,6,7,8,9].

Graphics processing unit (GPU) is a specialized computer hardware that

contains up to thousands of concurrent threads. Each of those threads is much less

powerful than that of a CPU, but a GPU can offer greater parallelism for specific

tasks such as image processing.

A texture (mapping) unit is a component in GPUs. It is used in conjunction

with pixel and shader units to apply texture operations to pixels. Because of its role,

the memory for texture units is designed for rapid reading when reads have certain

access patterns. This property makes texture memory valuable for other tasks such

as scientific computing. However, the texture memory is a limited resource. Smart

allocation and reuse are essential for retaining its advantage.

A stream is a sequence of operations that execute in issue-order on the GPU.

CUDA operations in different streams may run concurrently, and those operations

from different streams may be interleaved. However, the computing resource (i.e.

threads) on a GPU is limited. So running multiple streams may not be efficient or

technically possible.

3.4 Parallel Implementation

USER MESO

The software package developed for our purpose is based on USER MESO. USER MESO[122]

is a GPU-accelerated extension package to LAMMPS [101] for dissipative particle
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dynamics and smoothed particle hydrodynamics simulations. It migrates all compu-

tation workload, except inter-rank communications, onto GPUs and achieves more

than twenty times speedup on a single GPU over 8-16 CPU cores. It utilizes MPI for

the inter-node communication and can scale to at least 1, 024 nodes. The list below

summarizes the major technical innovations involved in implementing the package:

• An atomics-free warp-synchronous neighbor list construction algorithm;

• A 2-level particle reordering scheme, which aligns with the cell list lattice

boundaries for generating strictly monotonic neighbor list;

• A locally transposed neighbor list;

• Redesigned non-branching transcendental functions (sin, cos, pow, log, exp,

etc.);

• Overlapping pairwise force evaluation with halo exchange using CUDA streams

for hiding the communication and the kernel launch latency;

• Radix sort with GPU stream support;

• Pairwise random number generation based on per-timestep binary particle sig-

natures and the Tiny Encryption Algorithm;

Data layout

Data in LAMMPS are stored in array of structure layout. To avoid strided access

on the GPU, USER MESO employs structure of array layout on GPU instead. A pair of

interleave/deinterleave kernels facilitates the conversion between array of structure

and structure of array at runtime. Meanwhile, the concentration and flux arrays



34

of a particle must be able to hold an arbitrary number of species. Accessing this

information is more efficient when the data are coalesced. Structure of Array layout is

therefore chosen for storing concentrations and fluxes in CPU and Array of Structure

layout in GPU.

Another attempt in speeding up the program was to reduce concentration access-

time on the GPU. Layered textures are commonly used due to their optimization on

accessing data with spatial locality. Because 1D layered texture has a valid extent

upper limit of 16, 384 for Maxwell GPU architecture, 2D layered texture illustrated

in Figure 3.2 must be used to hold a reasonable number of particles. Unexpectedly,

the layered texture memory implementation performs worse than the non-texture

version revealed by benchmarks. Nvidia GPU profiling pinpoints “data request"

as the main stall reason. The much diminished texture hit rate indicates that the

limited texture cache resources are experiencing cache depletion. The data locality in

coordinates and velocity texture cache are strategically optimized for cache hit rate.

The concentration texture data deplete the cache and thus disrupt the data locality

optimization. The overall texture cache hit rate is therefore reduced significantly, and

this translates directly to worse performance. Therefore, this data storage strategy

was not implemented.
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Figure 3.2: Schematic representation of 2D layered texture. Each layer holds the
concentration of all particles for a particular species. The particles then wrap around
to form a 2D array within each layer.
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RBC

Three bonds form a triangle in the 2-D triangulated surface. Each triangle is associ-

ated with an area and a “quasi”-volume that is calculated from the absolute distances

of three vertexes. Because thread-to-thread communication is expensive, it is advan-

tageous to compute area and volume three times, one by each thread. The excessive

computation outweighs thread-to-thread communication overhead.

The angle term demands the most computational resources because the total

area and volume for each RBC need to be calculated before enforcing the area and

volume constraints. This is time-consuming especially when a RBC is split between

two MPI ranks. Although the areas and volumes are accumulated in a rank-basis for

the portion of a RBC in that rank, the total areas and volumes must be known for

each and every rank that contain any portion of that RBC. This procedure can be

accomplished with an MPI-allreduce between two kernel calls for each time step. The

first kernel, K-Gather, computes the total area and volume of each RBC pertaining

to that particular rank. The second kernel, K-Apply, then enforces the area and

volume constraints.

This sequential procedure offers no computation overlap between those two GPU

kernels because K-Apply awaits the result of K-Gather. However, when the time

step is very small, the variation in area and volume between two consecutive steps

is insignificant. Adopting area and volume from the previous time step in K-Apply

for the current time step permits concurrency between K-Apply and MPI communi-

cation, thus overlapping CPU and GPU tasks for efficiency. A comparison with the

sequential version shows visually identical results in Figure 3.3.
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(a) (b)

Figure 3.3: A RBC stretching test was devised to show feasibility of adopting area
and volume of previous time step for current time step. (a) A graphical representa-
tion of RBC stretching is shown. DT and DA denote transversal and axial diameters,
respectively. (b) The time evolutions of DT (top curve) and axial diameter DA (bot-
tom curve) are shown. The simulation results from the concurrent version matches
those of the sequential version.

Since K-Gather and K-Apply are independent procedures in the concurrent ver-

sion, computing K-Gather and K-Apply simultaneously is possible due to CUDA

stream functionality. Instead of occupying the default stream exclusively, they are

assigned to two streams as demonstrated in Figure 3.4. CUDA-events are placed

accordingly for synchronization. Opposite to what we expect, this setup produces

worse performance. This can be explained by streaming multiprocessor saturation -

two kernels competing for computing resources. The resulting higher cache refresh

rate is detrimental to efficiency. Our hypothesis is validated by the fact that each

kernel takes longer than its sequential counterpart to complete.
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MPI

K-Gather
Stream A

Stream B

Prior Subsequent

CPU

K-Apply

Figure 3.4: The multi-stream scheduling schematic drawing. The arrows denote
dependency. K-Apply has to wait until the CUDA-event marking the completion of
K-Gather is recorded. The same applies to the MPI communication.

Even though concurrent kernels setup produces undesirable performance, it

prompts the possibility of simultaneous data transfer and kernel execution, as well

as the possibility of non-blocking MPI communications. MPI communications are

blocking by default. An imbalanced workload on each device exacerbates the latency

because blocking MPI communications can only initiate when all devices synchro-

nize with the CPUs. The more ranks there are, the bigger potential latency there is.

Non-blocking MPI communication is generally preferred for this reason. The pseu-

docode of an improved implementation is depicted in Algorithm 1, and a graphical

representation is illustrated in Figure 3.5. In the improved version, MPI-Wait trig-

gers Memcpy-HtD that uploads area and volume from the previous time step from

CPU to GPU. Because the upload and K-Gather execution share no dependency,

Memcpy-HtD can be implemented in a different stream for efficiency. K-Apply ex-

ecution starts as soon as the result, area and volume from current time step, from

K-Gather are downloaded to CPU via Memcpy-DtH. The completion of Memcpy-

DtH also triggers the non-blocking MPI communication as a concurrent process. The

non-blocking MPI allows the subsequent kernel or CPU processes to continue prior

to the K-Apply completion. Communication overhead is thus greatly reduced. This

setup maximizes GPU efficiency by eliminating SM un-occupancy and hiding default

MPI communication overhead.



38

Algorithm 1 Pseudocode to the concurrent implementation.
1: Wait for the completion of MPI-Iallreduce from last time step.
2: Upload data to device with asynchronous Memcpy-HtD.
3: Compute the total area and volume of each RBC in K-Gather.
4: Place asynchronous Memcpy-DtH in execution queue.
5: Download data to host with asynchronous Memcpy-HtD.
6: Enforce the area and volume constraints in K-Apply.
7: Wait for the completion of Memcpy-DtH.
8: Sum total area and volume with non-blocking MPI-Iallreduce.

Non-Blocking MPI

K-Gather
Stream A

Stream B

Prior Subsequent

CPU

MPI
Wait

K-Apply

Non-Blocking MPI

K-GatherPrior Subsequent

MPI
Wait

K-Apply

Memcpy
HtD

Memcpy
DtH

Memcpy
DtH

Memcpy
HtD

Figure 3.5: The solid arrows denote dependency within a time step, and the dashed
arrows denote dependency across one time step. Async-Memcpys and Kernels are
set up concurrently whenever possible to engage compute and copy engines simul-
taneously. Non-Blocking MPI eliminates the need for an additional device synchro-
nization.

3.5 Code Validation

Flow

Force accuracy over long-time integration is validated by simulating a transient dou-

ble Poiseuille flow. The parallel flow is driven by a body force f on tDPD particles.

The system consists of 256, 000 particles in a 40× 40× 40 box with periodic bound-

ary conditions in all directions, mimicing an infinitely long channel. The simulation

parameters were chosen as α = 18.75, γ = 4.5, rc = 1.58, and s = 0.41. Results

shown in Figure 3.6 are in good agreement with the analytical solution in [116].
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Figure 3.6: Transient velocity profile in a double Poiseuille flow. A body force f was
imposed from 0 to d, and a body force −f was imposed from d to 2d. The boundary
in z direction is thus zero by periodicity. Snapshots are taken at t = 3, 6, 12, 24 and
48, corresponding to the curves from bottom to top, to show the evolution of velocity
profiles.

Transport

The diffusive property is validated by solving a one-dimensional diffusion equation in

a infinitely long cylinder with circular cross-section. The cylinder with radius R = 20

is composed of 402, 073 particles in a 80×40×40 domain. The simulation parameters

associated with force calculation were chosen as α = 18.75, γ = 4.5, rc = 1.58, and

s = 0.41. For flux calculations, the simulation parameters were chosen as s2 = 2.0,

κ = 5.0, and rcc = 1.58. An initial uniform concentration C0 and constant Dirichlet

boundary CD were implemented. The Dirichlet boundary condition is realized with

the effective boundary method demonstrated in [75]. This method also satisfies the

no-slip boundary condition [66, 72].

The exact solution C(t) to the diffusion equation ∂C
∂t

= 1
r
∂
∂r

(rD ∂C
∂r

) is given as

[20]
C(t)− C0

CD − C0

= 1− 2

R

∞∑ J0(λnr)

λJ1(λnR)
· exp(−Dλ2t), (3.20)
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where R is the radius, and λn are the positive roots of Bessel functions of the first

kind J0(Rλn) = 0. The simulation result matches the analytical solution as shown

in Figure 3.7.

Figure 3.7: Time evolution of concentration profiles in an axial symmetric infinitely
long tube. Initially the system has concentration C0 everywhere. The boundary is
kept at C0 + 0.1 for t > 0. Snapshots are taken at t = 1, 5, 15, 30 and 100 to show
the evolution, from the bottom curve to the top.

RBC elasticity

For validation, the RBC implementation was compared with experimental data [119]

from a RBC stretching experiment via optical tweezers. The stretching was simu-

lated by applying a constant force on few particles in opposing ends of a RBC [29].

By varying the stretching force, the axial diameter DA and transverse diameter DT

adjust according to the membrane elasticity. Excellent matching between the sim-

ulation and the experiment was obtained, as shown in Figure 3.8. The result is

identical to the one obtained using a different code by Fedosov et al. [29].
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Figure 3.8: RBC elasticity validation. The top curve represents axial diameter DA,
and the bottom curve represents transverse diameter DT . As Fedosov et al. [29]
pointed out, the small discrepancy in transverse diameter between simulation and
experiment is probably due to the optical measurement being performed from only
one angle.

3.6 Benchmark

Method

The benchmarks were run on Titan at the Oak Ridge National Laboratory. Titan is

a Cray XK7 system employing 18,688 nodes, each containing an AMD Opteron 6274

CPU and a NVIDIA Tesla K20X GPU. Every CPU contains 16 integer cores and

8 floating point cores clocked at 2.2GHz. The Kepler architecture GPU has 2,688

CUDA cores with a peak double-precision performance of 1.31 TFLOPS. The CPU

solver is compiled with GCC, −O3 optimization. The GPU version uses NVIDIA

NVCC compiler with −O3 optimization.

Two system setups, pure tDPD fluid and RBC suspension, were tested. The

pure tDPD fluid system consists of simple tDPD particles with pair-interaction only,

whereas the system of RBC suspension contains a combination of pure tDPD fluid
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and coarse-grained RBCs. For a fair comparison, only the main execution loop was

timed.

Single node speedup

Pure tDPD fluid The key performance metric used in this work is speedup,

defined as a the ratio of time elapsed between the CPU and GPU implementations.

The benchmark reveals significant speedup up to 10.3 times over the CPU solver for

different parameter values as shown in Figure 3.9. When a large number of species

is included, the performance declines because the computation becomes memory-

bound. Although Nspec is an impacting factor, the GPU version still delivers up to

7.2 times speedup even at Nspec = 10. Solutions such as reduced precision or data

compression are viable to alleviate the bottleneck.

Figure 3.9: Speedup of pure tDPD fluid simulation over the CPU solver. Two
different neighbor list cutoff values, rc = 1.0 and 1.5, as well as two different numbers
of chemical species, Nspec = 1 and 10, were considered. Neighbor lists were updated
every 5 steps.

RBC suspension Systems with two different Hematocrit (Hct), 7 and 35, were

benchmarked. Each RBC is represented by 500 tDPD particles. The number of

total tDPD particles is the sum of tDPD solvent particles and RBC particles (Table
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3.1). In this case, only one species was included. The speedup is comparable to pure

tDPD fluid of similar total particle count.

Hct System Solvent RBC Total Particle Speedup
Volume Particles Count Count

7% 8, 192 32, 768 6 35, 768 3.8
16, 384 65, 536 12 71, 536 5.1
32, 768 131, 072 24 143, 072 5.4
65, 536 262, 144 49 286, 644 5.7

35% 8, 192 32, 768 30 47, 768 4.5
16, 384 65, 536 61 96, 036 5.3
32, 768 131, 072 123 192, 572 5.9
65, 536 262, 144 246 385, 144 6.7

Table 3.1: Speedup of RBC suspension simulation over the CPU solver. The particle
count in a domain depends on Hct. For example, Hct = 7 for the system volume
of 8, 192 translates to six RBCs. Combining with 32, 768 pure fluid particles, this
RBCs in fluid system has 35, 768 tDPD particles total.

We also tested the performance of the code on newer GPU architectures, namely

Maxwell and Pascal (Table 3.2). The workstation used for benchmark is equipped

with two Intel Xeon E5-2630L CPUs at 2.0 GHz, one GeForce TITAN X Maxwell

GPU, and one GeForce TITAN X Pascal GPU. The speedup is measured as the ratio

between the simulation wall time with 1 GPU or 8 CPU cores in the workstation.

System Total Particle TITAN X Maxwell TITAN X Pascal
Volume Count Speedup Speedup

8, 192 47, 768 4.8 6.5
16, 384 96, 036 5.8 9.2
32, 768 192, 572 7.2 9.9
65, 536 385, 144 7.2 10.1

Table 3.2: Speedup of RBC suspension simulation on TITAN X Maxwell and Pascal
over the CPU solver. Under the same simulation domain setup with Hct 35%, the
GPUs with newer architectures outperform the K20X (Kepler) that is currently
employed at Oak Ridge National Laboratory. The larger speedup is contributed by
the increased bandwidth and higher top speed.
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Weak & Strong Scalings

The same neighbor list update frequency and rc from the single node benchmarks

were used to establish the weak scaling and strong scaling benchmarks. The metric

(million particles) · (steps per second), or MPS/second, is used for absolute perfor-

mance characterization and comparison across different systems.

Pure tDPD fluid Weak and strong scalings were benchmarked on up to 1, 024

nodes. With 524, 288 particles per node, weak scaling demonstrates nearly linear

scaling. Strong scaling with a fixed system size of 2, 097, 152 particles is also pre-

sented in Figure 3.10. Absolute performance plateaus around 512 nodes, where the

parallel overhead cancels any extra computational resources. At 1, 024 nodes, the

parallel overhead and data transfer completely dominate the computation.

Figure 3.10: Weak scaling and strong scaling of pure tDPD fluid particles in a log-log
plot.

RBC suspension Strong scaling with a system volume of 2, 097, 152 is shown in

Figure 3.11. It is clearly seen that the non-blocking implementation of the angle term

is more efficient at large node counts. The slowly diverging absolute performance

plots reveal the increasing penalty caused by blocking MPI communications. Switch-
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ing to non-blocking reduces the execution time by approximately 25% in the case of

1, 024 nodes. Weak scaling of system volume of 32, 768 per node also shows nearly

linear scalability. The non-blocking version clearly delivers a better scalability.

(a) (b)

(c) (d)

Figure 3.11: Log-log plots of (a) strong scaling and (c) weak scaling of the RBC
suspension system. The speedup between non-blocking and blocking implementa-
tions for (b) strong and (d) weak scalings. Compared to the blocking versions, the
non-blocking counterparts show scalability at high node counts.

3.7 Capability Demonstration

The role of RBCs in microcirculation has been investigated using microfluidic devices

[48, 53, 8]. However, certain properties such as chemical concentrations are difficult
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to capture experimentally with high spatial and temporal resolution.

To demonstrate its versatility, chemical diffusion from a RBC suspension flowing

in a microfluidic device was simulated. As the chemical diffuses from the RBCs,

it reacts with the solvent and dissipates. In reality, the dissipation can be induced

by a number of causes, such as chemical reaction, disintegration and evaporation.

The white-red intensity field shown in Figure 3.12 represents concentration gradient

qualitatively. The redish tone surrounding RBCs indicates abundant presence of the

chemical near the sources.

Among the 720, 778 tDPD particles in the simulation, roughly 95% represent

the fluid and the solid channel wall at a density of 4 particles/volume. For each

RBC, the membrane is composed of 500 particles connected by a network of springs,

and the cytoplasm is portrayed by 372 particles enclosed by the membrane. The

cytoplasm and fluid particles reside in their respective sides, enforced by a novel

boundary resolving technique [77]. This technique is also applied on the fluid-wall

interface to prevent penetration of fluid particles. The same simulation setup will

take approximately 12 times as long on the CPU, deduced from the benchmark

results.

Figure 3.12: An example simulation combining RBC model and tDPD formulation is
shown here. The RBC-fluid mixture flows through a microfluidic device from left to
right. The white-red intensity field represents concentration gradient qualitatively.
The chemical released by RBCs diffuses and dissipates in the fluid. The snapshots
were taken at time 0, 200, and 400.
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3.8 Summary

In this chapter, a GPU-accelerated RBC simulation package based on a tDPD adap-

tation of the RBC model [29] is presented. With the ability to model chemical trans-

port in tDPD, RBC dynamics and the advection-diffusion-reaction processes can be

simulated simultaneously. The effective use of GPUs improves the code performance

dramatically as revealed by the benchmarks done on Titan at Oak Ridge National

Lab. With some novel algorithms in streamlining the RBC computation, the code

was able to produce up to 10.1 times speedup when compared with its CPU coun-

terpart on a single-node. The weak scaling benchmarks show almost linear scaling,

while further speedup is possible even beyond 1, 024 nodes as indicated by strong

scaling benchmarks. Furthermore, we demonstrated the software’s capability by

simulating chemical diffusion in a RBC suspension traversing inside a microfluidic

device. Incorporating the boundary resolving technique that deals with arbitrary

shapes [77], the software can easily reconstruct complex experimental apparatuses

and perform realistic RBC simulations.

It should be stressed that the software presented in this study is highly cus-

tomizable, as opposed to the fixed-purpose program by Rossinelli et al. [108]. We

encourage researchers to adopt the user-friendly USER MESO in their research. The

software is freely available on Github, following the link https://github.com/

AnselGitAccount/USERMESO-2.0

https://github.com/AnselGitAccount/USERMESO-2.0
https://github.com/AnselGitAccount/USERMESO-2.0
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Supplementary

For interested readers, example simulations are included in the program source code

package which can be downloaded from the Github repository https://github.

com/AnselGitAccount/USERMESO-2.0 . The instruction for compilation and ex-

ecution is detailed in the top-level README file. A simple simulation of single

RBC can be found under directory <working_copy>/examples/simple. Both the

flow and transport validations described in section 4.1 and 4.2 are also included

under directory <working_copy>/examples/validations, along with the optical

tweezers simulation described in section 4.3. A single-node benchmark described

in section 5.2 can be conducted by interested readers with files under directory

<working_copy>/examples/single_node_benchmark.

https://github.com/AnselGitAccount/USERMESO-2.0
https://github.com/AnselGitAccount/USERMESO-2.0
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4.1 Introduction

The lack of an efficient and stable numerical method remains a serious bottleneck

for long-time simulations. Time parallel integration methods can break the bot-

tleneck by decomposing the time domain and solving these subdomains parallel-in-

time. Since the inception of time parallel integration methods over 50 years ago [92],

many have improved and proposed new parallel-in-time methods. Parareal, pro-

posed by Lions et al. [83], is a popular parallel-in-time scheme and has demonstrated

its versatility in various applications. It follows a predictor-corrector paradigm in

which the prediction is carried out with an inexpensive solver while the correction

is performed with an expensive but parallelizable solver. The prediction is then cor-

rected over iterations, resulting in a refined solution, which then acts as an initial

condition in time for the next iteration. The traditional Parareal scheme has been

applied to a wide range of problems, including fluid-structure interactions [28], reser-

voir simulation[39], approximation to Navier-Stokes equations [34], turbulent plasma

flow [109], and even to fractional partial differential equations [128]. While most ap-

plications employ continuum solvers, a few utilize other methods such as particle

solvers [6, 15, 3, 118, 37, 63]. Nevertheless, in most published works the fine and

coarse propagators solve the same governing equation in an umbrella model, but with

different spatial-temporal discretizations. There are a few exceptions in which the

coarse propagator operates on a simplified mathematical model [9, 22, 45, 3]. How-

ever, the acceleration of Lagrangian stochastic particle solvers employing parallel-in-

time strategy has yet to be developed.

We propose a Supervised Parallel-in-time Algorithm for Stochastic Dynamics

(SPASD), which aims to significantly accelerate stochastic Lagrangian solvers for long-

time simulations. Based on the bottom-up coarse-graining philosophy, stochastic
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particle models such as dissipative particle dynamics (DPD) converge to continuum

macroscopic models in the scale limit [24, 135]. The macroscopic system can then

serve as a predictor to supervise the high-dimensional stochastic Lagrangian simu-

lation. Even though the governing equations of the macroscopic model, generally in

the form of partial differential equations, are different from those of the microscopic

model, the macroscopic model can capture the correct mean-field behavior of the

microscopic system in the continuum limit. In particular, an inexpensive contin-

uum solver, also known as the coarse propagator, solves the macroscopic model in

serial, and an expensive but parallelizable solver, also known as the fine propagator,

resolves the molecular details by performing stochastic microscopic simulations. In

the examples, we will show how the coarse propagator can provide a rough predic-

tion of the mean-field hydrodynamics that supervises the fine propagator in the time

domain, as well as how the fine propagator corrects the prediction iteratively. For

demonstration, we employ DPD to model the stochastic microscopic dynamics and

the Navier-Stokes equations to obtain mean-field behavior in the continuum [24, 135].

It is worth noting that SPASD is a scalable and stable parallel-in-time algorithm ap-

plicable to many popular stochastic Lagrangian solvers, e.g., MD, DPD, smoothed

DPD and Langevin dynamics. Most importantly, the strong scaling of SPASD does

not plateau like conventional spatial decomposition methods, and SPASD can be im-

plemented in conjunction with spatial decomposition methods to achieve further

speedup.

Considering SPASD as a multiscale method, one could argue that SPASD resem-

bles methods such as multigrid, heterogeneous multiscale method, and equation-free

approach. However, there are clear distinctions. Categorically, SPASD belongs to

the class of concurrent multiscale modeling, for which the macro- and micro-model

are solved concurrently. Structurally, SPASD echoes the extended multigrid methods
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(EMGM) [13], in which the effective problems are solved with different types of mod-

els corresponding to different levels of physical representation. To bridge the scales,

EMGM employs techniques that are similar to SPASD - interpolation, relaxation and

restriction, and relies on iterative refinement for convergence. However, in contrast

with SPASD , EMGM is strictly serial in time. There have been some attempts for

developing parallel-in-time multigrid methods [50], but the extension to EMGM has

yet to be properly explored to the best of our knowledge.

The heterogeneous multiscale method (HMM) views the connection between the

micro- and macro-model from a different perspective. In HMM, one has to first guess

the form of the macro-model, which can be incomplete [125], e.g. missing the true

constitutive law in complex materials. The key is to extract the required information

from the micro-model to solve the incomplete macro-model. As expected, the macro-

state provides the constraints for setting up the micro-state. In this regard, the

difference between HMM and SPASD is easy to spot: the macro-model is complete

and serves as a predictor in SPASD . In particular, guessing the wrong values of the

macro-model parameters in SPASD is acceptable because the ramification is corrected

by the algorithm, whereas guessing the wrong form of the macro-model is likely going

to lead to wrong results in HMM [125].

Another well-known multiscale methodology is the equation-free approach (EFA).

EFA is intended to be used when a macroscopic description is unavailable in closed

form [55]. In EFA, microscopic simulations are performed only in small spatial

domains over a short time period, commonly known as patches. The evolution of

the macroscopic fields is then macroscopically interpolated across the patches. In

contrast, microscopic simulations in SPASD are performed concurrently on the entire

temporal domain. Furthermore, we use a macro-model to best describe the complex

microscopic dynamics at a coarse level. Due to the reduced representation of the
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true dynamics, the macro-model has a closed-form, and it is solvable with a fast

solver.

In conclusion, treating the macro-model merely as a predictor is unique to SPASD .

That is to say, the macro-model can be inaccurate and inconsistent with the mi-

croscale description. Because the parallel-in-time algorithm anticipates the devia-

tion from the true (microscopic) dynamics, SPASD can recover the true dynamics, as

demonstrated in this work.

The remainder of this chapter is organized as follows. In section 4.2 we describe

SPASD and provide an analysis of its theoretical speedup. In Section 4.3 we demon-

strate the implementation of SPASD for a stochastic Lagrangian simulation super-

vised by its mean-field approximation. Subsequently, we present quantitative results

including accuracy, convergence rate and parallel efficiency for an one-dimensional

time-dependent problem. Furthermore, we apply SPASD in a two-dimensional cavity

flow and analyzed the results. Lastly, the chapter ends with a brief summary and

discussion in Section 4.4.

4.2 Algorithm

Given that SPASD is inspired by the traditional Parareal algorithm [83], we will first

briefly summarize the traditional Parareal and then introduce the proposed algo-

rithm, SPASD. The speedup offered by SPASD is determined by the complexity of

projection, mapping and filtering operations as described below. In order to retain

generality, we present a theoretical speedup in which the walltimes of those opera-

tions are represented symbolically. The theoretical speedup is then compared to the
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speedup of conventional spatial decomposition method in the context of distributed

computing.

4.2.1 Traditional Parareal Algorithm

For the sake of clarity, let us assume that we have reduced the original problem to

the following ordinary differential equation (ODE): du/dt = f(u), t ∈ [0, Tfinal];

see Table 4.1 for the notation. Let Un
k be an approximation to the exact solution

u(n∆T ) at time n∆T in kth iteration, where ∆T denotes the length of a time sub-

domain. N = Tfinal/∆T is the number of time subdomains. Let F be the expensive

fine propagator that accurately approximates u(t), and G be a less accurate but in-

expensive coarse propagator. ∆tf and ∆tc represent the time step of the fine and

coarse propagators, respectively. We note that, although ∆tc is usually equal to the

length of a time subdomain ∆T , it can be less than ∆T as demonstrated in later

sections, i.e., ∆tc ≤ ∆T . Summarized in Algorithm 2, the traditional Parareal al-

gorithm [83] places few constraints on the fine and coarse propagators. Typically,

the coarse propagator employs the same numerical scheme as the fine solver, but

with a coarser spatio-temporal discretization. Alternatively, they can be different

numerical schemes with distinct convergence properties [22, 87]. Nevertheless, both

the fine and coarse propagators operate on the same underlying governing equations

in most applications.
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Algorithm 2 Traditional Parareal algorithm
1: Initialization:

Compute initial iteration with Coarse propagator: Un+1
0 = G(Un

0 ) for all
0 ≤ n ≤ N .

2: Assume sequence {Un
k } is known for some 0 ≤ n ≤ N and k ≥ 0:

Correction:
(a) Advance with Coarse propagator in serial: G(Un

k ) for all 0 ≤ n ≤
N − 1.

(b) Advance with Fine propagator in parallel: F(Un
k ) for all 0 ≤ n ≤

N − 1.
(c) Compute correction: δnk = F(Un

k )− G(Un
k ) for all 0 ≤ n ≤ N − 1.

Prediction:
Advance with Coarse propagator in serial: G(Un

k+1) for all 0 ≤ n ≤ N−1.
Refinement:

Combine the correction and prediction terms: Un+1
k+1 = G(Un

k+1) +
F(Un

k )− G(Un
k )

3: Repeat Step 2 to compute Un
k+2 for all 1 ≤ n ≤ N until a termination-condition

is satisfied.

4.2.2 Supervised Parallel-in-time Algorithm for Stochastic

Dynamics (SPASD)

In order to accelerate particle simulations, we use a mean-field approximation as the

macroscopic model whose underlying governing equations are different from those of

the microscopic model. Summarized in Algorithm 3 and represented graphically in

Fig. 4.1, propagators in SPASD solve their respective sets of governing equations re-

flecting the model. As a consequence, a solution representing the macroscopic state

is different from the one representing the microscopic state. A macroscopic solution

from a coarse propagation can be mapped to a microscopic state via a mapping oper-

ation (denoted by the mapping operator R). Conversely, a macroscopic solution can

be obtained from a microscopic state via a projection operation (denoted by the pro-

jection operator P). The projection and mapping processes are the core challenges
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Table 4.1: Notation for selected variables.

∆T Length of a time subdomain
∆tc Time step of a coarse propagator
∆tf Time step of a fine propagator
K Number of iterations
N Number of time subdomains
F Fine propagator
G Coarse propagator
F Filtering operator
R Mapping operator
P Projection operator
Tserial
SD Total walltime of a serial simulation using conventional SD

TSPASD Total walltime of a simulation using SPASD
Tf Walltime taken by fine propagations per iteration
Tc Walltime taken by coarse propagations per iteration
TF Walltime taken by filtering operations per iteration
TR Walltime taken by mapping operations per iteration
TP Walltime taken by projection operations per iteration
τ f Walltime of one fine propagation
τ c Walltime of one coarse propagation
τF Walltime of one filtering operation
τR Walltime of one mapping operation
τP Walltime of one projection operation
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for virtually all types of multiscale algorithms. There is no universal method bridg-

ing the scales, and the realization of those processes should be problem-dependent.

During our numerical experiments, we tested some commonly implemented methods

in multiscale such as weighted kernel sampling, linearly interpolation, and nearest

neighbor interpolation. For our purpose, we found that the choice of method does

not impact the refined results, which is partially due to the fact that the information

lost in those processes can be regained by the fine propagator.

Noise filtering, denoted by operator F , is crucial to the success of SPASD because

in stochastic simulations the noise would accumulate with time if left unattended.

The accumulation of noise will cause the refined solution to diverge from the true

solution, as demonstrated in Section 4.3.1.1.

Algorithm 3 SPASD
1: Initialization:

Compute initial iteration with Coarse propagator: Un+1
0 = G(U0

0 ) for all
0 ≤ n ≤ N .

2: Assume sequence {Un
k } is known for some 0 ≤ n ≤ N and k ≥ 0:

Correction:
(a) Filter solution to remove noise: F{Un

k }
(b) Advance with Coarse propagator in serial: G(F{Un

k }) for all 0 ≤
n ≤ N − 1.

(c) Map the macroscopic state to microscopic space: R{Un
k }

(d) Advance with Fine propagator in parallel: F(R{Un
k }) for all 0 ≤

n ≤ N − 1.
(e) Project the microscopic state to macroscopic state: P{F(R{Un

k })}
(f) Compute the correction: δnk ≡P{F(R{Un

k })} − G(F{Un
k }) for all

0 ≤ n ≤ N − 1.
Prediction:

Advance with Coarse propagator in serial: G(F{Un
k+1}) for all 0 ≤ n ≤

N − 1
Refinement:

Combine the correction and the prediction terms:
Un+1
k+1 = G(F{Un

k+1}) + P{F(R{Un
k })} − G(F{Un

k }) for all 0 ≤ n ≤
N − 1.

3: Repeat Step 2 to compute Un
k+2 for all 1 ≤ n ≤ N until a termination-condition

is satisfied.
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Figure 4.1: A graphical representation of our proposed algorithm SPASD. Unlike fine
F and coarse G propagations in the traditional Parareal algorithm, F and G in
SPASD encompass other operations, i.e., mapping, projection, filtering. The mapping
and projection operators in F ≡ P{F(R{Un

k })} serve to link the two scales in
the multiscale context, while the filtering operator in G ≡ G(F{Un

k }) is designed
to suppress the stochastic noise in the model. In Iteration 1, U1

1 , U2
1 and U3

1 are
computed from their respective Fnk and Gnk . Because the initial state is fixed, F0

0 and
F0

1 are identical. Consequentially, U1
1 is equivalent to U1

2 in Iteration 2.
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Figure 4.2: (a) A schematic representation of the temporal decomposition in SPASD.
The entire time domain is divided into N subdomains, each of which is represented
by a segment. As described in Algorithm 3, the first iteration is the initialization
stage, which involves only the coarse propagation. (b) Each fine propagator per-
forms computation on each subdomain, and only one coarse propagator is used for
the entire time domain. Let τ c and τ f denote the walltime taken by each coarse
and fine propagation, respectively. For the sequential coarse propagation, the to-
tal walltime spent on one iteration is N · τ c. Since the fine propagators can be
executed concurrently, the walltime taken by fine propagation is simply τ f for one
iteration. In summary, the total walltime spent on each iteration is thus N · τ c + τ f

and K · (N · τ c + τ f ) for K iterations.

As with all iterative schemes, the refinement process stops when a termination-

condition is satisfied. Because the magnitude of the stochastic noise varies from

application to application, the idea of a universal condition is imprudent. We thus

propose a practical condition that can be tuned based on the application:

∥∥∥G(F{Un
k+1})− G(F{Un

k })
∥∥∥
l1∥∥∥G(F{Un

k+1})
∥∥∥
l1

≡ CTC < CTolerance, (4.1)

where CTolerance is a user-defined tolerance, which should be determined by consider-

ing the magnitude of the intrinsic stochastic noise in the system.

4.2.3 Theoretical Speedup

The total walltime can be expressed as TSPASD = K ·(Tf+Tc+TF +TR +TP), where

K is the number of iterations to convergence. The walltimes taken by the coarse and

fine propagators per iteration are denoted by Tc and Tf , respectively. The rest of
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the terms TF , TR and TP denote walltime spent on noise-filtering, up-scaling and

down-scaling, respectively. In accordance with the notation in Fig. 4.2, let N be the

number of concurrent fine propagations. Tc and Tf can therefore be expressed as

Tc = N · τ c; (4.2)

Tf = τ f, (4.3)

where τ f is the walltime taken by the fine solver for one time-subdomain, and τ c is

the walltime taken by the coarse solver for the same time-subdomain. TF , TR and

TP can also be expressed similarly as TF = N · τF , TR = N · τR and TP = N · τP

respectively, where τ is the walltime taken by each corresponding operation. The

total walltime can thus be written as

TSPASD = K ·
[
τ f +N · (τ c + τF + τR + τP)

]
. (4.4)

In contrast, the same simulation with only the fine solver running in serial would

take Tserial = N · τ f. When conventional domain decomposition is applied using the

same number of cores, the walltime is reduced to

Tserial
SD = β ·N · τ f , (4.5)

where N−1 ≤ β ≤ 1. For methods that scale perfectly linearly, β is equal to N−1.

In the case that additional resources do not result in speedup, β is equal to 1. Com-

paring the walltime of SPASD in Eq. (4.4) with conventional domain decomposition

in Eq. (4.5), SPASD offers better speedup when

β >
K ·

[
τ f +N · (τ c + τF + τR + τP)

]
N · τ f

. (4.6)
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Typically, τ f >> τ c, and both τ f and τ c are much larger than τF , τR and τP .

Therefore, Eq. (4.6) can be reduced to

β ' K
[ 1

N
+
τ c

τ f

]
. (4.7)

We note that in order to select the number of time subdomains, we must care-

fully consider the physics of the underlying stochastic dynamics. In particular, each

particle model is associated with a set of dynamical properties, which describe the

way collective behavior leads to macroscopic observables. For hydrodynamics, this is

given by the characteristic time for momentum decorrelation, which can be quantified

by the temporal correlation function of momentum, defined as C(t) = 〈p(t+τ)p(τ)〉,

where p(t) = mass · v(t) represents the instantaneous momentum. The computed

C(t) of simple isothermal DPD fluid is shown in Fig. 4.3, normalized by the value

of C(0). The decay of C(t) signifies momentum decorrelation over time, and corre-

spondingly we should use a suitable ∆T in our Parareal algorithm so that momen-

tum is sufficiently decorrelated. From our benchmark tests, C(t) = 10−4 provides

a sufficient decorrelation of momentum and leads to accurate results. Therefore, in

the present work, we use ∆T = 10, where the value of C(t) is approximately 10−4

according to Fig. 4.3.

4.2.4 Methods

SPASD offers great versatility and robustness in terms of propagator choices. As

a framework targeting particle methods, SPASD does not limit the type of particle

solvers; that is to say, any particle solver can be accelerated with SPASD. For demon-

stration, we model mesoscale hydrodynamics with DPD, a stochastic Lagrangian
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Figure 4.3: Normalized temporal correlation function of momentum, C(t) =
〈p(t)p(0)〉, computed from a simple DPD fluid is plotted against time. The de-
cay of C(t) signifies momentum decorrelation over time for simple isothermal DPD
fluid. From our benchmark tests, C(t) = 10−4 provides a sufficient decorrelation of
momentum and leads to accurate results. Therefore, in the present work, we use
∆T = 10, where the value of C(t) is approximately 10−4.

method. DPD can be derived rigorously from coarse-graining of atomistic dynam-

ics [69, 73] and can recover macroscopic hydrodynamics in the continuum limit [76].

For a simple DPD fluid, a suitable low-dimensional model would be the continuum

representation of fluid, namely the Navier-Stokes equations. Since there is no con-

straint on the discretization of the continuum equations, for simplicity, we chose the

finite difference (FD) scheme as the coarse propagator.

The concurrent coupling of two independent solvers requires robust on-the-fly

data transfer. For the examples shown here, we used a light weight library called

Multiscale Universal Interface [121], or MUI for short, to bridge the solvers.

4.2.4.1 Dissipative Particle Dynamics

The DPD framework is explained in detail in Chapter 2.1. A common choice for

the parameter s in the weighting functions (2.3) is s = 2, which is used for the

simulations shown in this chapter. For simplicity, kBT and the mass of a particle
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are taken as the energy unit and mass unit, and their values are set to one.

4.2.4.2 Model Coupling

By applying a Mori-Zwanzig projection operator technique to a DPD system, Es-

pañol [24] and Marsh et al. [85] formally derived the hydrodynamic equations of

a simple DPD fluid using the Green-Kubo formulas, recovering the continuity and

Navier-Stokes equations. For more details on the mathematical derivations leading

to macroscopic hydrodynamic equation from DPD dynamics, we refer the interested

readers to a paper by Español [24] and a book by Zwanzig [135]. Therefore, the

continuity and Navier-Stokes equations can be considered as a mean-field represen-

tation of the DPD system, and consequently provide macroscopic solution as a rough

prediction of the hydrodynamics that can be used to supervise the DPD simulations

in the time domain.

For coupling the grid-based Navier-Stokes solver with the Lagrangian DPD solver,

we found MUI easy to implement in the sense that codes do not need to be refactored

before application. Adding only a few lines of code to existing solvers is sufficient to

adhere to MUI’s push-fetch workflow - data pushed by one solver is then fetched by

the other. In the context of particle solvers, the relevant data are particle positions

and the associated quantities. For continuum solvers, the quantities of interest are

associated with nodes of the discretization grid. In a data-transfer, the sender pushes

the data into a MUI Interface Layer (IF), which then assists the receiver to fetch

and decode these data based on the topological configuration. Because topological

configuration in the receiver usually do not exactly overlap with these of the particle

solver, a sampler such as Gaussian kernel or nearest neighbor might be used to

calculate an appropriate nodal value in the receiver. As for the linking configuration,
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each of the fine propagators is attached to one IF, and all of those IFs link to the

coarse propagator.

4.3 Numerical Results

In our proposed framework, the macroscopic model is a mean-field approximation

to our microscopic model. As a consequence, the physical parameters in the macro-

scopic model cannot be calculated or deduced precisely from the microscopic model.

However, the macroscopic model in SPASD only requires rough estimations of these

physical parameters, effects of which can be iteratively “corrected” by the correction

term in Algorithm 3. In the example problems below, we also demonstrate empir-

ically that a more accurate parameter estimation in the macroscopic model leads

to faster convergence. In addition, we will analyze the accuracy and convergence of

SPASD on the example problems.

4.3.1 One-dimensional time-dependent flow

As a demonstration, we applied SPASD to the one-dimensional time-dependent plane

Poiseuille flow with DPD and FD as fine and coarse propagators, respectively. Simu-

lating Poiseuille flow is a well-accepted benchmark test for many Lagrangian methods

including DPD because the macroscopic parameter viscosity can be computed empir-

ically from simulations [4]. We refer to the computed viscosity as the true viscosity

νtrue, which is incorporated in the true solution that is used in error analysis.

Macroscopically, the pressure-driven Poiseuille flow can be described by the in-
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compressible Navier-Stokes equations:

Du

Dt
= ν∇2u + F, (4.8)

where ν is the viscosity, F denotes a body-force driven by a constant pressure gra-

dient, and u denotes the velocity field. The exact time-dependent solution to the

Navier-Stokes equation is known analytically [116]:

u(x, t) =
Fd2

8ν

(
1−
(2x

d

2))
−
∞∑
n=0

4(−1)nFd2

νπ3(2n+ 1)3
·cos

((2n+ 1)πx

d

)
·exp

(
−(2n+ 1)2π2νt

d2

)
,

(4.9)

The true solution u(νtrue) can thus be readily calculated according to Eq. (4.9). For

this problem, we use a periodic box with the size of 30 × 20 × 10 in DPD units

containing 24, 000 particles. The DPD parameters α and γ are set to 18.75 and 4.5,

respectively. All particles are subject to a body-force F = 0.1 and a radial cutoff

rc = 1.58. Given these parameters, the true viscosity for this system is approximately

0.841 computed via DPD simulations.

As explained in Section 4.2.3, the momentum is sufficiently decorrelated beyond

10 time units according to the temporal correlation function C(t). The communica-

tion interval between the propagators ∆T , also known as the time step of the coarse

propagator, is thus set to be 10. With the time step ∆tf = 0.01, the fine propagators

march forward for 1000 time steps during the same period. Because the Poiseuille

flow is one-dimensional, we use a simple linear interpolation as the projection op-

eration. To find the velocity profile, the simulation domain is divided into slabs of

uniform width that are also the size of spatial discretization in the coarse propaga-

tor. We then average particle velocities in each slab. The result is a one-dimensional

velocity profile that describes the macroscopic state. On the other hand, the macro-

scopic state is mapped to the particle system with a nearest-neighbor sampler - a
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particle takes on the velocity of the nearest grid node. The coarse propagation and

the filtering of stochastic noise generated by the fine propagator are carried out si-

multaneously in this example. The viscosity of fluid can naturally create a low-pass

filtering effect [44] that damps high-frequency fluctuations as the coarse solver ad-

vances. To take advantage of the filtering effect, one time subdomain ∆T = 10 is

covered by 100 sequential coarse steps with an effective time step ∆tc = 0.1.

4.3.1.1 Impact of Filtering

As an iterative scheme, the convergence of SPASD greatly relies on the notion that,

for a propagation, the stochastic noise in the model should not cause the solution to

deviate far from the ensemble solution. To ensure convergence, a filtering operation

must be incorporated in the algorithm. If the filtering operation is not enforced, the

noise can grow in the temporal space within an iteration and will propagate across

iterations. Unchecked noise growth can eventually drive the propagated solution

away from the true solution. To demonstrate the impact of filtering, we compared

results of the Poiseuille flow simulations without and with partial filtering. For fluids,

the macroscopic model has a filtering mechanism build-in: the viscosity of fluid is

a natural low-pass filter that damps high-frequency fluctuations. To take advantage

of the filtering effect, a time subdomain ∆T is divided into smaller (effective) time

steps ∆tc which the coarse solver uses.

To demonstrate the impact of filtering, we run a simple example without and

with partial-filtering. The same effective time step, subsequently the same Courant-

Friedrichs-Lewy condition, are used in both simulations to isolate the effect of filter-

ing. For a time subdomains of 10 time units, the coarse propagator with an effective

time step of 1 unit filters the solution 10 consecutive times. This approach offers
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better noise reduction than the case with a subdomain size of 1 unit and an effective

time step of 1 unit, which offers no filtering. The impact of filtering is apparent in

this comparison: the solution in the no-filtering case in Fig. 4.4(a) is substantially

nosier than the one in the partial-filtering case in Fig. 4.4(b). To quantify the de-

viation from the reference solution, we compute the normalized l2 error, expressed

as

εl2 ≡

∥∥∥uref − usim∥∥∥
l2∥∥∥uref∥∥∥

l2

, (4.10)

∥∥∥uref − usim∥∥∥
l2

=
(∑

i

∣∣∣urefi − usimi ∣∣∣2 ·∆x)1/2, (4.11)

where ∆x denotes the size of spatial discretization, and i is the nodal index. As shown

in Fig. 4.4(c), the normalized l2 error εl2 for the no-filtering case is monotonically

increasing with time, which signifies the growth of noise in time within an iteration.

The noise also propagates across iterations shown in Fig. 4.4(d). For the partial-

filtering case, the noise accumulates at a much slower rate than the no-filtering case.

4.3.1.2 Accuracy

To demonstrate the flexibility and robustness of SPASD, we purposely estimated the

viscosity in the macroscopic model to be 10× the true viscosity. In other words,

the estimated mean-field solution u(νest) = u(νtrue)/10. To verify the accuracy of

SPASD, we compare the true velocity profiles with the ensemble average obtained

with multiple SPASD runs. Because the microscopic model is stochastic in nature, it

is desirable to obtain an ensemble averaged solution that is less distorted by stochas-

tic noise. In our experiment, the simulated velocity profile is ensemble-averaged from

fifty independent simulations. The resulting transient velocity profiles, as well as the
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Figure 4.4: The impact of filtering is apparent when the simulations (a) without and
(b) with partial filtering are compared. In the partial-filtering case where the length
of a time subdomain is 10 units, the coarse propagator with an effective time step of
1 unit filters the solution 10 consecutive times. The noise is much more prominent
when the length of a time subdomain is reduced to 1 unit while the effective time step
is unchanged. In that case, filtering is not performed. (c) Moreover, quantified as
normalized l2 error, the noise increases monotonically with time within an iteration.
(d) Across iterations, it also builds up and eventually overtakes the solution.
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Figure 4.5: Results of plane Poiseuille flow simulation with SPASD. (a) Evolution
of steady-state velocity profile over iterations. The parameter viscosity in the low-
dimensional model is 10× the true value. In that case, the velocity profile obtained
with SPASD is refined and converges to the true solution iteratively. (b) Transient
velocity profiles obtained with SPASD. On Iteration 20, the profiles obtained with
SPASD are compared with the true velocity profiles. This demonstrates that SPASD is
able to obtain correct transient solutions as well as the steady state solution.

evolution of velocity profile at steady state, match those of the true velocity profiles

visually as shown in Fig. 4.5. To quantify the accuracy of SPASD , we computed the

normalized l2 error εl2 between the reference and simulated solutions. For the one-

dimensional Poiseuille plane-flow, the reference solution is the true solution u(νtrue)

calculated according to Eq. (4.9) because the analytical form is known. We found

that εl2 decreases over iterations as shown in Fig. 4.6(a). Given that the noise cannot

be eliminated by averaging fifty solutions, we accept solutions within 1% error as

a threshold denoted as εThreshold. In this particular example, εl2 falls to εThreshold in

20 iterations. At the threshold, the error has a Gaussian distribution as shown in

Fig. 4.6(b), which matches the noise distribution from the microscopic model [42].

The recovery of the distribution signifies that the SPASD preserved stochastic fluctu-

ations of the microscopic model.
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Figure 4.6: Analyzing the results of plane Poiseuille flow simulation with SPASD. (a)
Normalized l2 error between simulation and true solution, denoted as εl2 . Because of
intrinsic noise from the microscopic model, we accept solutions within 1% difference.
(b) Normalized l2 error histogram. The error histogram eventually recovers Gaussian
distribution for all times, indicating convergence.

4.3.2 Convergence

Inspecting εl2 at Tfinal = 320 for all iterations in Fig. 4.7(a), SPASD achieves expo-

nential convergence. We repeat the experiment with a more accurate macroscopic

viscosity at 2× true viscosity and obtain exponential convergence as well, but only

5 iterations are needed to reach the same threshold. More importantly, εl2 reaches

a minimum level regardless of the estimated viscosity. The minimum error is deter-

mined by many factors; in addition to the error intrinsic to Parareal, operations in

SPASD such as filtering and projection introduce systematic errors that are difficult

to separately quantify.

Lastly, we calculate CTC from Eq. (4.1) and plot it in Fig. 4.7(b). Because of the

stochastic noise, CTC varies between runs. We plot the mean and 95% confidence

interval for CTC generated from fifty independent runs. When the parameter esti-

mation is more accurate as in the case of 2x true viscosity, CTC fluctuates mildly

as indicated by the range of the confidence interval and drops sharply to a level
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Figure 4.7: (a) l2 error. εl2 at Tfinal is plotted against iterations. In addition to
10×, two experiments were performed with estimated viscosities that are 2× and
1× true viscosity. The nearly linear plot on a semi-log scale indicates exponential
convergence. Moreover, when true viscosity is used, it takes one iteration to reach
the error threshold. (b) Termination condition. The termination criterion CTC

from Eq. (4.1) is plotted. Solid navy lines correspond to iterations before the error
threshold, and dotted yellow lines after the error threshold.

that satisfies the termination condition. However, when estimation is rough, the

confidence interval is relatively wide without a clear boundary separating iterations

above and below εThreshold. The resulting consequence is discussed in Section 4.4.

4.3.3 Efficiency

For particle simulations, spatial domain decomposition is the most utilized accel-

eration method because the subdomains can be easily assigned to different proces-

sors. To compare the performance of SPASD with conventional spatial decomposition

(CSD), we apply them separately to the planer Poiseuille flow problem and then

calculate the parallel efficiency.

The same simulation parameters described in Section 4.3.1 are used in this

benchmark test. To avoid implementing no-slip boundaries, we simulated a reverse
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Poiseuille flow [5, 71], in which two planar flows are stacked to create periodic bound-

aries in all directions. At the same time, the z-direction is shrunk by one half to

preserve the total number of particles. For a general comparison, we simulate a sin-

gle iteration, and each core was responsible for 10 time units. When the number of

available cores is doubled, the final time Tfinal is also doubled.

This particular benchmark was run on nodes with AMD Opteron 6274 CPUs.

For this example, the performances of CSD and SPASD are similar when fewer cores

are available as shown in Fig. 4.8(a). As the core-count and Tfinal increase, their

performances start to diverge at approximately 128 cores. From there, the walltime

of CSD grows at a much faster exponential rate than that of SPASD. Two factors

contribute to this: First, the size of a spatial subdomain in CSD is limited by the

average particle distance. Second, the time spent on communication between nodes

grows at a rate that nullifies the benefits of additional cores. SPASD, however, does

not suffer from the same issues. Communication between nodes is only invoked at

the end of temporal subdomain, and the duration of temporal subdomain can be

adjusted at will. This makes SPASD a more scalable algorithm suitable for long-time

simulations. For comparison, we used the speed of a single-core simulation, roughly

39 seconds per time unit, as a basis and computed the speedup of each method. The

efficiencies were then calculated as the speedups per core. As expected, SPASD offers

better parallel efficiency in the cases of large core counts, as shown in Fig. 4.8(b).

The walltime taken by the coarse propagator and associated operations τ c +

τF + τR + τP , as well as the walltime taken by the fine propagator τ f, can be readily

calculated with a simple linear fit to Eq. (4.4). For this benchmark case, the walltime

of the simulation using SPASD is described by TSPASD = 197.8 + 0.08783N where

N = Tfinal/10. Plugging in the numerical value for τ f, the walltime of simulation

using CSD is reduced to Tserial
SD = 197.8βN . The scaling factor β depends on many



73

16 32 64 128 256 512 1024

# of cores

150

200

250

300

350

400

450

W
a
llt

im
e
 (

s)

Spatial Decomposition

SPASD

160 320 640 1280 2560 5120 10240

Tfinal

(a)

16 32 64 128 256 512 1024

# of cores

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

E
ff
ic
ie
n
cy

Spatial Decomposition

SPASD

16 32 64 128 256 5121024
10-3

10-2

10-1

β

βc

(b)

Figure 4.8: Comparison between SPASD and conventional spatial decomposition
(CSD). (a) Walltimes of simulation with CSD and simulation with SPASD. The
performances of CSD and SPASD are similar when fewer cores are available. As
the core-count and Tfinal simultaneously increase, the performance of SPASD starts
to dominate. The walltime of CSD grows exponentially at a much faster rate
than SPASD. (b) Using the walltime of a single-core simulation at different Tfinal
as a basis, the speedup of CSD and SPASD can be computed. The efficiencies
were then calculated as the speedup per core. The higher parallel efficiency at
high core-counts indicates that SPASD is a more scalable algorithm for long-time
simulations. In reference to Eq. (4.6), we also compared β = Tserial

SD /(τ fN) and
βc = [τ f + N · (τ c + τF + τR + τP)]/(N · τ f ). Starting from 128 cores and up, β
begins to flatten out while βc continues to drop. The trend echoes with the efficiency
plot and reaffirms that SPASD starts to dominate as few as 128 cores for this example.
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factors including the number of parallel cores, distribution topology, and parallel-

method efficiency. When few cores are available, β is approximately equal to N−1 as

shown in Fig. 4.8(b), and CSD provides better efficiency and performance. As the

number of cores increases, β decreases proportionally until around 128 cores at which

SPASD and CSD have similar parallel efficiencies. At this core-count, β was calculated

to be 0.0083, which agrees with our prediction βc ≡ K(N−1 + τc/τf ) = 0.0084 given

by Eq. (4.7). From this core-count forward, the flattening of the β curve signifies

the drop of CSD efficiency.

4.3.4 Two-dimensional time-dependent flow

To further demonstrate the applicability of SPASD, we simulated a two-dimensional

cavity flow. Simulating transient cavity flow is much more complicated than the

Poiseuille flow because the convective acceleration and the corner singularity in-

duced by the cavity make it numerically challenging. However, the singularities,

including corner singularity [91], crack propagation [12], and moving contact line sin-

gularity [115], in partial differential equation (PDE) models (in the limit of ∆x→ 0)

represent rich underlying multiscale physics, and can be captured by particle solvers,

e.g., DPD or MD.

In this case, we again use DPD to simulate the lid-driven cavity flow, which is

supervised in the temporal domain by the incompressible Navier-Stokes equations.

These equations are solved with finite difference on a staggered grid: the pressure

is stored at the center of the grid cells, and the velocities are stored at the faces of

the grid cells. The second order spatial derivative is approximated with a centered

difference scheme. This setup allows pressure and velocity to be solved concurrently

in a two-step process. The first step is to compute an intermediate velocity by solving
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Figure 4.9: Stream function of the two-dimensional cavity flow with SPASD. The
dashed and solid contour lines represent the reference and simulation solutions, re-
spectively. In the initial iteration, the center of the vortex matches poorly with the
reference solution. This is expected because the low-dimensional model is solved
with an estimated Reynolds number Reest that is 3× the reference Reynolds number
Reref, and only the predictor is involved computing the flow in the initial iteration.
On the third iteration, the center of the vortex converges to the reference vortex.

the momentum equation, omitting the effect of pressure. The intermediate velocity

is then used to compute new pressure by solving a pressure Poisson equation. The

second step is to solve for the new velocity also using the intermediate velocity and

pressure. For temporal discretization, we use explicit time stepping.

A fluid region with a dimension of 30 × 30 × 40 DPD units is surrounded by a

solid wall consisted of fixed particles. At a particle density of 8, we set the DPD

parameter α = 9.375 and γ = 13.5 to counter the effect of compressibility due to the

fast moving wall at a velocity of 1.833. This set of parameters results in a reference

Reynolds number Reref = 200. To create the no-slip cavity lid and wall, we used

an effective dissipative coefficient for liquid–solid interactions [78]. For the cavity

flow, we used the same projection method as in the Poiseuille flow example, with



76

0 2 4 6 8 10 12

Iter

10-3

10-2

10-1

100

ǫ l
2

3×Reref, above ǫThreshold

3×Reref, below ǫThreshold

1×Reref, above ǫThreshold

1×Reref, below ǫThreshold
ǫThreshold

(a)

0 2 4 6 8 10 12

Iter

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

C
C
T

3×Reref, above ǫThreshold

3×Reref, below ǫThreshold

1×Reref, above ǫThreshold

1×Reref, below ǫThreshold

(b)

Figure 4.10: (a) Rate of convergence of a two-dimensional cavity flow with SPASD.
The normalized error εl2 at Tfinal is plotted for two different estimated Reynolds
number. (b) The corresponding termination condition CTC is calculated according
to Eq. (4.1). Solid navy lines represent the iterations before the error threshold, and
dotted yellow lines after the error threshold.

the consideration that the velocity profile consists of two components. As a result,

both x and y components are recorded for each grid node. Because the grid in the

coarse propagator spans in two dimensions, the mapping procedure for this example

is slightly modified from that of plane-flow. The velocity of a particle is the linear

interpolation of two nearest grid values. We used the same filtering techniques as in

the prior examples.

Because an analytical solution does not exist for cavity flow, a reference solution

is constructed by averaging the velocity fields from fifty independent serial DPD

simulations. For the purpose of analysis, instead of particle velocity fields we inspect

the equivalent stream function. The stream function can be easily obtained by

solving the Poisson equation −∇2ψ = (∇×u) · ẑ. We then compute the normalized

l2 error εl2 between simulated and reference stream functions.

To test SPASD’s flexibility, we falsely assume that the fluid is much less viscous

in the macroscopic model with a Reynolds number Reest = 600 which is 3× the

reference Reynolds number Reref. It is important to note that the falsely assumed
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viscosity would lead to an incorrect vortex location and, consequently, vastly different

velocity field. As a result, the vortex from our SPASD simulation does not align with

the reference vortex in early iterations shown in Fig 4.9. The mis-alignment is then

iteratively corrected. We again calculate εl2 at Tfinal and plot it against iterations

in Fig. 4.10(a). The rate of convergence is no longer exponential as it was for the

Poiseuille plane-flow. This is due to the notion that in two-dimensional space the

l2 error might not decay in a shortest path. For this particular case, it took 5

iterations to reach the threshold error εThreshold = 1% as shown in Fig. 4.10(a). We

also repeated the experiment with an estimated Reynolds number Reest that is equal

to the reference Reref. As expected, it required fewer iterations to converge. The

termination criterion was also computed and plotted in Fig. 4.10(b). It exhibits the

same shortcoming as in the Poiseuille flow - no clear separation between iterations

above and below εThreshold. Further discussion on this issue is presented in Section 4.4.

4.4 Summary & Discussion

We have developed a supervised parallel-in-time algorithm for stochastic dynam-

ics (SPASD). As an extension to the Parareal algorithm, SPASD uses heterogeneous

solvers, e.g., a Navier-Stokes solver as a predictor and the DPD method as a cor-

rector, to accelerate stochastic particle simulations by decomposing the temporal

domain. The predictor, also known as the coarse propagator, solves the macroscopic

model, which is generally in the form of partial differential equations, in serial. Be-

cause the microscopic model converges to continuum macroscopic models in the scale

limit, the time evolution of the macroscopic system then serves as an initial condition

for all time subdomains. The corrector, also known as the fine propagator, recovers

the micro-dynamics with expensive stochastic simulations in parallel. While here
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we demonstrated SPASD for hydrodynamics, the same framework can be applied to

other problems, where long-time integration is hampered by the small characteristic

time scale of the micro-dynamics.

To summarize, we first presented the SPASD algorithm and analyzed its theo-

retical speedup. We then discussed the importance of filtering and demonstrated

its effect with an example problem. The accuracy and convergence of SPASD was

subsequently tested. We showed that the transient and final solutions match the

analytical/reference solutions even when our estimations to the system’s mean-field

behavior is far from the true behavior. More importantly, the SPASD algorithm is able

to preserve the stochastic fluctuations of the microscopic model. Lastly, we demon-

strated that SPASD provides better parallel efficiency and thus better scalability than

the conventional domain decomposition method for long-time simulations.

There are three comments and suggestions we would like to make regarding

SPASD. First, although the solution converges regardless the value of estimated vis-

cosity, an overly rough estimation requires a large number of iterations. As for the

Poiseuille flow example, a rough estimate at 10× true viscosity requires 20 iterations,

whereas only 5 iterations are needed for a better estimate at 2× the true viscosity.

In light of this correlation, we strongly encourage using an informed estimate of the

macroscopic parameters in order to maximize the efficiency. Second, if the data from

one microscopic state is insufficient to determine a mean-field quantity, the projection

operation can be performed with data from multiple states with temporal-proximity.

With the additional data, the mean-field quantity can be determined with higher

precision. Lastly, we would like to discuss the issue of the termination condition.

Given that SPASD is a general parallel-in-time algorithm, the termination condition

presented in Section 4.2.2 should be application-dependent. The stochastic noise is

embedded in the refined solution. CTolerance thus should be adjusted according to
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the magnitude of the noise. In the examples, we chose the normalized l2 error as

the quantity of interest CTC. The termination criterion is satisfied when CTC falls

below a threshold (see Eq. (4.1)). For the Poiseuille flow, we computed CTC for all

iterations as shown in Fig. 4.6(b). When the parameter estimation is accurate as in

the case of 2× reference viscosity, CTC fluctuates mildly as indicated by the range of

confidence interval and drops sharply to a level that satisfies the termination condi-

tion. However, when estimation is rough, the confidence interval is relatively large,

which might cause the simulation to stop prematurely. In this case, we recommend

using noise-filtered solution in the error calculation. Another option is to define a

different quantity of interest as the termination criterion with a redefined termina-

tion condition. Finally, it is important to mention that the use of filtering helps to

damp the high-frequency noises in the mean-field quantities, which only acts as a

rough predictor for the fine stochastic solver. Regardless of the choice of filtering

algorithms, the final solution obtained with SPASD contains all the statistics of the

stochastic fluctuations and their correlations, consistent with unsupervised (serial in

time) stochastic dynamics.



Chapter Five
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5.1 Introduction

The efficiency of the vascular network rests on the balance of two opposing require-

ments on network structures [112]. The demand for oxygen and nutrients necessitate

a dense network, such that tissue cells are within the oxygen diffusion distance. A

dense mesh-like network meets the requirement, but at the expense of high resis-

tance to flow. Conversely, a tree-like network can minimize flow resistance but lacks

uniform spatial coverage [112]. The actual vascular networks adapt a combination

of mesh-like and tree-like networks to supply oxygen with approximately uniform

density. Furthermore, it can remodel the existing network to adapt to new demands.

Thus, vascular network formation is a complex problem of biological optimization

[112] in disguise.

Angiogenesis and pruning, along with vessel formation (vasculogenesis), are the

main processes involved in vasculature formation. They are essential for biological

functions including growth, wound healing and aging [132]. Angiogenesis is the

process of new blood vessel formation from existing vascular structure [106]. Vascular

networks formed by sprouting angiogenesis subsequently undergo remodeling (e.g.

vascular pruning and regression of particular vascular branches) to form a mature

and efficient vasculature [106].

Aside from the desire to reveal nature’s design, a deep and thorough understand-

ing of those processes also provide therapeutic value. As an indication of cancer and

various ischaemic and inflammatory diseases, pathological angiogenesis provides new

blood vessels needed to sustain abnormal growth, e.g. tumors [16]. Vessel regression

is an emerging field of research because of its therapeutic implications such as tumor

inhibition. Further improvements will require a better understanding of angiogenesis
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and pruning.

Both angiogenesis and pruning were formerly understood as chemical driven pro-

cesses. However, recent studies suggest that they are both mechanically and chem-

ically driven [106, 7, 51]. Shear stress on vessel wall stimulates vessel regression

through chemical signaling [36, 105], and is induced by red blood cell movements

[127, 47, 94]. A mechanically accurate model of blood with discrete red blood cells

can accurately capture the effects of microcirculation on angiogenesis and pruning.

As an emerging model organism, zebrafish has many advantages over the tra-

ditional mouse model. Most notably, most vertebrate tissue of zebrafish larvae are

transparent, which simplifies the examination of the vasculature in vivo. Because

of this, observations of angiogenesis and pruning, and the subsequent hypothesis

proposal and testing are easily performed [18]. Furthermore, research has shown

mutual translatability of findings between zebrafish and human vascular biology

[19, 79]. Thus, zebrafish as a tool to study human vasculature has been embraced

by the community.

Although discrete models of blood can capture complicated interactions between

blood components and the vessel wall, it is costly to simulate such systems in prac-

ticality. An adult female zebrafish has a body length of 3.87 centimeters and an

average blood volume of 17 microliters [133], which translates to 5.134E7 red blood

cells [90]. A naive simulation (i.e. serial in time and space) with discrete red blood

cells is unfeasible even for a sub-system that is 1% of the volume. A typical strategy

to accelerate a large-scale simulation is spatial decomposition, i.e., decompose the

domain in space and then simulate all sub-domains concurrently with additional com-

puting resources. This approach works very well for Lagrangian methods as they are

highly parallelizable with good strong and weak scalings [11, 101]. As a result, it has
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been incorporated into many well-known particle simulators [101, 17, 103, 80, 117].

Besides the massive spatial coverage, a lengthy physical time scale is another

bottleneck for Lagrangian particle simulations. Since the atomistic details are ex-

plicitly modeled, the maximum time step is limited by the smallest oscillation period

of the fastest atomic motion, typically on the order of several femtoseconds [31].

Consequently, the physical time scales accessible to those simulations are too short

to address interesting long-time dynamics. In the example of thrombus formation

caused by platelet margination and adhesion, the characteristic time for platelet ac-

tivation is a few microseconds, and the formation processes usually require at least

several hours to days [57, 111]. With a time step on the order of one microsec-

ond, a clinically meaningful result for one-day time integration require 1011 time

steps with the explicit platelet models [33], deeming it computationally prohibitive.

To break the bottleneck, a supervised parallel-in-time algorithm for long-time La-

grangian simulations of stochastic dynamics (SPASD) was proposed by Blumers et

al [11]. Inspired by parareal [82], SPASD is a predictor-corrector type algorithm for

which the high-fidelity Lagrangian simulator (aka fine solver) is supervised by a

low-fidelity continuum model (aka coarse solver). The results of the Lagrangian sim-

ulation then correct the mean-field prediction and provide the proper microscopic

details (e.g., consistent fluctuations, correlations, etc.).

In this work, I attempt to accelerate massive Lagrangian simulations of blood

flow in zebrafish. In addition, Spatial Decomposition (SD) method is applied in

conjunction to additional speedup. The reminder of this paper is organized as follows:

I first introduce SPASD for the application of blood flow in section 5.2.1 and 5.2.2.

I then explain in detail the coupling scheme in our implementation in section 5.2.3.

Additionally, the section contains the software architecture that enables real-time

data transfer in massive parallel simulations. In section 5.3, I present quantitative
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results of simulations via our SPASD framework. Finally, section 5.4 contains a brief

summary and lengthy discussion.

Contributions: The one-dimensional model is set up and calibrated by my

collaborator, Minglang Yin. Prof. Yosuke Hasegawa from the university of Tokyo

digitized the scanned images from experiments. He also extracted the centerline

from the 3-dimensional reconstruction of the vascular network.

5.2 Algorithm

5.2.1 Methods

For this application (Table 5.1) of SPASD, the high-fidelity Lagrangian simulator

(aka fine solver) is Dissipative Particle Dynamics (DPD). DPD is commonly used

for simulating fluid. Each DPD particle is represented explicitly by its position

and velocity. This offers a bottom-up approach that resolves motion with Newton’s

equation and provides a detailed representation of various types of fluid. The mixture

of single DPD particles and mesh-based red blood cells has been used to model blood

flow in vessels. The high-fidelity DPD is complemented by the low-dimensional fluid

model that is solved with Discontinuous Galerkin (DG). The reduced-order DG can

provide a rapid estimation of the blood flow, which will be fed into the more expensive

DPD.

The images of zebrafish are provided by our collaborator Dr. Hiroyuki Nakajima

at the National Cerebral and Cardiovascular Center in Japan. To reconstruct the

realistic 3D vasculature, a live zebrafish was scanned under a confocal microscope,
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Coarse Solver (CS) Fine Solver (FS)
Name NEKTAR-1D USER MESO 2.0
Type Continuum solver Particle solver
Method Discontinuous Galerkin Dissipative Particle Dynamics (DPD)
Dimensionality One-dimension Three-dimension
Code Serial Parallel
Hardware support CPU GPU

Table 5.1: Features of the coarse solver and fine solver in SPASD.

resulting in a stack of 2D images. I stitched the resulting images and corrected

confocal distortion, as seen in Figure 5.1. The digital replica was then used to build

a particle system that is identical to the scanned images. Additionally, the centerlines

of these vessels were extracted for NEKTAR-1D.

5.2.1.1 Dissipative Particle Dynamics

Each DPD particle is represented explicitly by its position and velocity. Its motion

is governed by Newton’s equations of motion [49]:

dri
dr

= vi, (5.1)

dvi
dt

= Fi =
∑
i 6=j

(
FC
ij + FD

ij + FR
ij

)
, (5.2)

where t, ri, vi and Fi denote time, position, velocity, and force, respectively. The

force comprises three components: conservative force FC
ij, dissipative force FD

ij , and

corresponding random force FR
ij from particle j within a radial cutoff rc of particle
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Figure 5.1: Geometry reconstruction for the high- and low-dimensional representa-
tions. I choose a zebrafish larva at approximately two days postfertilization (dpf) as
our model. Specifically, I focus on the hindbrain of a living zebrafish. The images
were obtained with confocal microscopy by our collaborators at the National Cere-
bral and Cardiovascular Center in Japan. I convert the scan into a digital replica,
which is then used to construct a particle system that is identical to the real vascula-
ture. Additionally, the centerline of the these vessels is extracted for the continuum
solver.
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i. They are expressed as [42]:

FC
ij = αij ωC(rij) eij, (5.3)

FD
ij = −γij ωD(rij) (eij · vij) eij, (5.4)

FR
ij = σij ωR(rij) ξij ∆t

−1/2
f eij, (5.5)

where eij = rij/rij is the unit vector between particles i and j, and vij is the

velocity difference. ∆tf is the time step of the fine propagator, and ξ is a symmetric

Gaussian random variable with zero mean and unit variance [42]. The strengths of

the conservative, dissipative, and random force are αij, γij and σij, respectively. The

interaction between pairs of particles are regulated by weighting functions ωC(rij),

ωD(rij) and ωR(rij). Most importantly, the balance between dissipation and thermal

fluctuation is maintained by the fluctuation-dissipation theorem [27]:

σ2
ij = 2γijkBT, ωD(rij) = ω2

R(rij), (5.6)

where kBT is the Boltzmann energy unit. A common choice for the weight functions

is ωC(r) = 1− r/rc and ωD(r) = ω2
R(r) = (1− r/rc)2 for r ≤ rc and zero for r > rc.

For simplicity, kBT and the mass of a particle are taken as the energy unit and mass

unit, and their values are set to one.

5.2.1.2 Blood model

The particle-based blood flow model is based on the dissipative particle dynamics

approach [99, 29]. In this model, the blood is composed of solvents and red blood

cells. The solvent is modeled with single-particles subject to only pairwise forces

described in Section 5.2.1.1, and red blood cells are modeled discretely with bonded-
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particles. Membrane viscosity, elasticity and bending stiffness can be recovered with

a spring-network that resembles a triangular mesh on a 2D surface. The shape of

the viscoelastic membrane is maintained by a potential derived from a combination

of bond, angle and dihedral interactions. The bonds between particles have an

attractive and a repulsive component mimicking springs. The attractive potential

adopts the form of the wormlike chain potential and is given by [99, 29]

VWLC =
kBThm

4p

h
hm

2
(3− 2 h

hm
)

1− h
hm

, (5.7)

where kBT is the energy per unit mass, hm is the maximum spring extension, and p is

the persistence length. The repulsive potential adopts the form of a power function

given by

VPOW =


kp

(m−1)hm−1 , m 6= 1,

−kp log(h), m = 1,

(5.8)

where m is a positive coefficient, and kp is force coefficient. Additionally a viscous

component damping the springs is realized by a dissipative force, as well as the

corresponding random force, given as

FD
ij = −γTvij − γC(vij · eij)eij, (5.9)

FR
ij =

√
2kBT

(√
2γT (dWS

ij − tr[dWS
ij]I/3) +

√
3γC − γT

3
tr[dWij]I

)
, (5.10)

where γT and γC are dissipative coefficients, and vij is the relative velocity. dWS
ij

is the symmetric component of a random matrix of independent Wiener increments

dWij.

RBC’s structural stability is maintained by the area and volume constraints given
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by

Varea =
kg(A

t − At0)2

2At0
+
∑
j

kl(Aj − A0,j)
2

2A0,j

, (5.11)

Vvolume =
kv(V

t − V t
0 )2

2V t
0

, (5.12)

where j is the triangle index. kg, kl, and kv are global area, local area, and global

volume constraints coefficients, respectively. The instantaneous area and volume of

a RBC are denoted by At and V t, whereas At0 and V t
0 represent the equilibrium area

and volume. At0 is calculated by summing the area of each triangle. V t
0 is found

according to scaling relationship V t
0 /(A

t
0)

3/2 = V R/(AR)3/2, where V R and AR are

the experimental measurements. Lastly, the bending resistance of the membrane is

modeled by

Vbending =
∑
j

kb

(
1− cos(θj − θ0)

)
, (5.13)

where kb is the bending constant, and θj is the angle between two neighboring tri-

angles with the common edge j. I refer interested readers to references [99, 29] for

more details.

5.2.1.3 1D solver

Under the assumptions of axial symmetry and radial displacement of the vessel wall

(Figure 5.2a) [113][1], the modeling of blood flow in a compliant vessel can be reduced

from full-order Navier-Stokes equations to an one-dimensional (1D) model. The

reduced-order model has been widely used for blood flow simulations at a moderate

[114] and low [97] Reynolds number. In our implementation, it serves as the low-

fidelity model supervising the high-fidelity particle model because of its balance

between its speed and accuracy.
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(a) (b)

Figure 5.2: (a) Blood vessel as an symmetric tube. The assumptions of axial sym-
metry and radial displacements of the vessel wall reduce the full-order Navier-Stokes
equations to an one-dimensional model. This figure is originally illustrated in [114].
(b) Schematic of the RCR boundary condition at outlets for the 1D model.

The 1D model builds on mass conservation and momentum equations [114]:

∂A

∂t
+
∂AU

∂x
= 0 (5.14)

∂U

∂t
+

1

2

∂U2

∂x
+

1

ρ

∂p

∂x
= −1

ρ
(Kr

U

A
− S), (5.15)

where x is the axial coordinate along the vessel, and A(x, t) and p(x, t) are the

cross-sectional area and intra-luminal pressure, respectively. Kr is the friction loss

coefficient representing the viscous resistance of flow per unit length along the ves-

sel. It can be expressed as Kr = 2αµπ
α−1 , where α = 4/3 assumes a laminar blood

flow with parabolic velocity profile. I assume no tapering effect such as stenosis or

atherosclerosis by setting S = 0.

The system is closed with Laplace’s law on pressure-area:

p = pext + β
(√
A−

√
Ao
)
, (5.16)

β =

√
πhE

(1− ν2)Ao
, (5.17)

The pressure p is the summation of the external pressure pext and pressure varia-

tion, which is characterized by arterial wall compliance β and square root of area
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difference. The Poisson ratio ν is taken to be 0.5, and h and Ao are the vessel wall

thickness and reference cross-sectional area. E is the Young’s modulus of the vessel

wall.

I use the second-order Adams-Bashforth scheme to discretize and compute the

time integration. For spatial discretization, the whole arterial network is decom-

posed into N non-overlapping domains. Each domain can be further subdivided into

elements. Within each element, the solution is formulated as a linear combination

of orthogonal Legendre polynomials. At element interfaces, the solver uses the dis-

continuous Galerkin method to render the discontinuous numerical solutions. I refer

interested readers to [113] for details.

The imposed boundary condition must satisfy conservation of mass, which con-

strains the flow rate at outlets. For the DPD model, I can impose Dirichlet type

boundary conditions at inlets and outlets. However, for the 1D system, this would

lead to a defective boundary condition [35] and a problem with well-posedness [104].

An alternative to the defective boundary condition is the Windkessel model[126],

which is analogous to open-loop circuits. This approach captures the effective resis-

tance (R) and compliance (C) of the neglected downstream vessels. In particular, I

apply a three element "Windkessel" RCR boundary conditions to each of the outlets,

as shown in Fig. 5.2b. The RCR boundary conditions are given as:

qin =
P (A∗)− Pm

Rp

= C
dPc
dt

+
Pout − PA∗

Rd

(5.18)

where Rp, Rd, C, A∗ and qin represent proximal and distal resistance, capacitance,

area and outflow at 1D outlets. I tune the values of each resistor and capacitor so

that the outflow rate and pressure match those of experimental measurements. For

more detail, I refer interested readers to [1].
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5.2.2 Supervised Parallel-in-time Algorithm for Stochastic

Dynamics (SPASD)

Although the coarse and fine solvers (CS and FS) are DPD and DG respectively

in this application, SPASD (Algorithm 4) can be used with any combination of a

stochastic particle-solver and its continuum counterpart [11]. This flexibility is war-

ranted by the deliberate choice of the state-variable, which is the medium between

micro- and macro-scales. An appropriate state-variable must be easy-to-extract, and

it must describe the state of the system in a relevant way. In our temporal multi-grid

approach, I take axial volume-flux as the state-variable between CS and FS. The un-

derlying reason is twofold. First, volume-flux is a state-variable in the 1D model.

Its evolution, along with area, describes the state of blood flow over time. Second,

matching volume-flux can preserve the flow profile in vessels, and the flow profile

is often used to characterize blood flow. In the particle model, the volume-flux at

a cross-sectional plane is calculated from the velocity of adjacent particles. It can

be easily tuned by scaling up or down the component in the centerline direction

while affixing the other components. Beside axial volume-flux, axial velocity is the

other state variable in the one-dimensional model. However, initializing the three-

dimensional DPD system from the one-dimensional axial velocity would not preserve

the flow profile.

The governing equations of the macroscopic model are vastly different from those

of the microscopic model. Consequently the solution representing the macroscopic

state is vastly different from the one representing the microscopic state. The solution

from CS can be mapped to a microscopic state via a mapping operation (denoted

by mapping operator R). Conversely, the solution from FS can be obtained from

a microscopic state via a projection operation (denoted by projection operator P).
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Algorithm 4 SPASD
1: Initialization:

Compute initial iteration with CS : Qn+1
0 = G(Q0

0) for all 0 ≤ n ≤ N .
2: Assume sequence {Qn

k} is known for some 0 ≤ n ≤ N and k ≥ 0:
Correction:

(a) Filter solution to remove noise: F{Qn
k}

(b) Advance with CS in serial: G(F{Qn
k}) for all 0 ≤ n ≤ N − 1.

(c) Map the macroscopic state to microscopic state: R{Qn
k}.

Skip mapping if Qn
k − Qn

k−1 < ∆th where ∆th a user-defined
threshold.

(d) Advance with FS in parallel: F(R{Qn
k}) for all 0 ≤ n ≤ N − 1.

(e) Project the microscopic state to macroscopic state: P{F(R{Qn
k})}

(f) Compute the correction: δnk ≡P{F(R{Qn
k})} − G(F{Qn

k}) for all
0 ≤ n ≤ N − 1.

Prediction:
Advance with CS in serial: G(F{Qn

k+1}) for all 0 ≤ n ≤ N − 1
Refinement:

Combine the correction and the prediction terms:
Qn+1
k+1 = G(F{Qn

k+1}) + P{F(R{Qn
k})} − G(F{Qn

k}) for all 0 ≤ n ≤
N − 1.

3: Repeat Step 2 to compute Qn
k+2 for all 1 ≤ n ≤ N until the solution converges.

Usually methods such as weighted kernel sampling and interpolation are employed

for the mapping and projection operations. In the current application, the volume-

flux is computed at the centerline points, which are shared by both models because

the 1D geometry is reduced from the 3D geometry. Therefore, the mapping the

projection operations are not required here.

Noise filtering, denoted by operator F , is essential to the success of SPASD be-

cause the noise from the FS would accumulate with time. The accumulation will

cause the refined solution to diverge from the true solution if left unattended. In

this application, noise filtering is embedded in the coarse propagation. The gov-

erning equations of CS exhibit strong noise smoothing characteristics as the spatial

derivative on volume-flux is only first order. Coupled with fixed boundary values,

the system can effectively eliminate noise over time.
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I customized SPASD for the application of blood flow in this publication. Al-

gorithm 4 is identical to the original SPASD except one addition – skip mapping if

Qn
k −Qn

k−1 < ∆th where ∆th a user-defined threshold. This modification is intended

to hedge against the non-uniform particle distribution due to the explicit modeling

of RBCs. Since volume-flux is computed using particle density, non-uniform parti-

cle distribution makes the volume-flux slightly inaccurate, as demonstrated in the

Y-bifurcation benchmark example. When the difference between two consecutive

iterations Qn
k − Qn

k−1 is less than 10%, I found that skipping the mapping R{Qn
k}

avoids inaccurate re-initialization of time-subdomains.

5.2.3 Multiscale framework

Coupling two solvers at different scales are common in multiscale frameworks. How-

ever, it can be conceptually challenging for solvers of different classes. In this section,

I will explain in detail the coupling scheme between DPD and DG. For clarity I will

outline the interplay between the solvers in Section 5.2.3.2. Furthermore, I will de-

scribe the implemented software architecture that enables real-time data transfer in

massive parallel simulations.

5.2.3.1 Flux computation

The 1D-model uses a relative linear coordinate system in conjunction with a binary

tree. Because the low- and high-dimensional models describe the same geometry, the

centerline of the 3D vascular network is the coordinate of the reduced 1D system.

As shown in Section 5.2.1.3, volume-flux can be readily computed for each centerline

point in CS.
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On the other hand, the particle system can be down-scaled by decomposing the

3-dimensional space into cells. In this approach, the neighboring particles are lumped

into one cell, and each cell is represented by its center referred to as the cellular node,

as illustrated in Figure 5.3. By averaging the dynamical state of particles in a cell

as a whole, volume-flux for each cell can be approximated as

QD ≈
∑
i

vi · n̂
hρ

, (5.19)

where vi is the velocity of particle i, and n̂ is the direction of the centerline passing

through the cell. Because volume-flux is the rate of flow across a plane, I need to

divide by the cell thickness h and the particle density ρ assuming each particle has

unity mass. The volume-flux at bifurcation cells are not computed since they are

undefined.

Because the coordinate systems in CS and FS overlap, each element in CS cor-

responds to one cell in FS. The centerline connecting those cells runs through all

cellular nodes. This overlap establishes connections between 1D and 3D geometries

in CS and FS, respectively.

5.2.3.2 Coupling scheme

As outlined in Table 5.2, the coupling procedure starts with associating particles

to their respective cells after a fine propagation. The volume-flux QD of each cell

is then computed (as described in section 5.2.3.1) and pushed to CS. CS uses the

fetched QD to compute an updated volume-flux QN . It subsequently pushes QN to

the FS as the initial condition. Particle velocities are adjusted accordingly to match

QN for each cell. This step is commonly referred to as the up-scaling in the context
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DPD particle

Cellular node
(Centerline point) Centerline

Cellular boundary

(a)

Bifurcation cell

(b)

Figure 5.3: Particle-cell association. (a) In our approach, the neighboring particles
are lumped into one cell, and each cell is represented by its center referred to as
the cellular node. Volume-flux is computed on a cellular basis by averaging the
dynamical state of particles the cell. (b) Because of the association scheme, the
volume-flux at a bifurcation cell is undefined and thus not computed.

Continuum solver DPD solver

1 Run the DPD simulation.

2 Down-scaling: Associate particles to their re-
spective cells; compute volume-flux {QD} for
each cell by summing over contributions from
enclosed particles

3 Fetch {Q} on centerline
points

J Push {QD} on cellular nodes

4 Update {Q} with correc-
tions as described in SPASD

5 Push {Q} on centerline
points from the next times-
tamp

I Fetch {QN} on cellular nodes

6 Up-scaling: Tune particle velocity to match
the corresponding cellular volume-flux {QN}
using {QD}.

Repeat from 1 Repeat from 1

Table 5.2: Outline of the coupling scheme between the continuum and DPD systems.
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of multiscale coupling.

Given the particle system can be in any dynamic state prior to the up-scaling

step, I found that a universal mapping cannot effectively match the target volume-

fluxes. Instead, I propose a mapping that is pre-conditioned on the current state:

vNew
i ←


QN

A
n̂ , if 1− α < F < 1 + α (5.20)

vi + (vi · n̂)(
QN

QD
− 1)n̂ , otherwise (5.21)

A is the average area of a cell, which I approximate as the cross-sectional area at

the cellular node. When the current volume-flux QD and the target volume-flux QN

are on the same order of magnitude and non-zero, QN/QD is close to one, and the

particle velocity is modified according to Equation (5.21). The goal is to increase the

velocity in the direction of centerline such that it reflects the new flux QN . On the

other hand, if QD is close to zero and QN is not, QN/QD becomes unreasonably large.

This scenario typically occurs in the first iteration when the particle system (or part

of it) was under initialization. In this case, Equation (5.21) cannot accurately tune

particle velocities. To circumvent this issue, particle velocity is modified according

to Equation (5.20) when 1 − α < F < 1 + α, where F ≡ (QN − QD)/QN , where

α is a pre-determined parameter between 0 and 1 regulating the method selection.

For each combination of the signs of QN and QD, I tabulated the preferred method

given the range of F in Table 5.3.

CS and FS have their respective coordinate systems: linear coordinate system

for the low-dimensional model and full 3D coordinate system for high-dimensional

model. In order to couple, there must be a directional mapping for translating

vectorial quantities between the solvers. n̂ in Equation (5.19) and (5.20) takes on

the role of directional mapping. Since the binary-tree geometry is constructed based
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Case Range Method

QN : − −→ +
QD : − −→ +

0 < QD < αQN ↔ 1− α < F < 1 Equation (5.20)

αQN < QD ↔ F < 1− α Equation (5.21)

QN : − −→ +
QD : − ←− +

−αQN < QD < 0 ↔ 1 < F < 1 + α Equation (5.20)

QD < −αQN ↔ 1 + α < F Equation (5.21)

QN : − ←− +
QD : − ←− +

αQN < QD < 0 ↔ 1− α < F < 1 Equation (5.20)

QD < αQN ↔ F < 1− α Equation (5.21)

QN : − ←− +
QD : − −→ +

0 < QD < −αQN ↔ 1 < F < 1 + α Equation (5.20)

−αQN < QD ↔ 1 + α < F Equation (5.21)

Table 5.3: The mapping to target volume-flux in the up-scaling step is pre-
conditioned on the current step. I tabulated the preferred method for a given com-
bination of QN and QD.

on the 3D vascular network, I can compare the orientation of each branch. The

orientation of a branch is defined as the direction away from the bifurcation point.

If the orientation aligns with the direction of the coordinate system in the full 3D

network, n̂ is positive for the corresponding axis. If the orientation is the opposite,

n̂ is negative.

5.2.3.3 Parallel implementation

The continuum and particle solvers are, by themselves, stand-alone solvers with com-

plex code structures. Injecting codes into the solvers for coupling, while complying

with the structure of the software, is a challenging task. To minimize code refac-

toring, I use Multiscale Universal Interface (MUI). MUI is a library that facilitates

the concurrent coupling of heterogeneous solvers [120]. It integrates MIMD (Multi-

ple instruction streams, multiple data streams) and an asynchronous communication

protocol to handle inter-solver information exchange, irrespective of intra-solver MPI
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implementation. Coupling via MUI does not pollute the MPI communicator space,

and therefore requires less code refactoring.

I illustrate the information-exchange pipeline in Figure 5.4a. In this step, CS

sends the volume-flux at various times to the FSs as initial conditions. Each FS

receives its initial condition and resets its state to match the condition. Because

there is no temporal overlap among the fine-propagations, they can be carried out

concurrently. For each FS, its simulation domain is decomposed into multiple sub-

domains for spatial acceleration, which creates an additional layer of parallelism.

The results are then sent back to the coarse-solver.

The dual level of parallelism (i.e. spatial and temporal) is achieved owing to the

clever arrangement of intra-solver and inter-solver communicators. The inter-solver

communication is managed by MUI through MPI inter-communicators, which estab-

lish links between the CS and each of the FSs, as illustrated in Figure 5.4b. In con-

trast, inter-solver communication is enabled by MPI intra-communicators. The mas-

ter of each propagator shares the incoming information among the associated worker

processes, each of which handles a sub-domain. At the end of a fine-propagation,

the master pools information from the worker processes. The gathered data are then

sent back through the inter-solver communicator.
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Figure 5.4: Pipeline of the parallel implementation. (a) Coarse-solver (i.e. continuum
solver) sends the volume-flux to the fine-solvers as initial conditions. The fine-solvers
then propagate the systems concurrently. For each fine-propagator, its simulation
domain is decomposed into multiple sub-domains for additional layer of parallelism.
(b) The dual level of parallelism (i.e. spatial and temporal) is achieved owing to the
clever arrangement of intra-solver and inter-solver MPI communicators.

5.3 Numerical Results

5.3.1 Benchmark problem – Y bifurcation

The Y-bifurcating channel is composed of one parent pipe and two identical daughter

pipes, with a branch half-angle 26 degrees, as illustrated in Figure 5.5. In this

problem, I prescribe volume-fluxes at the inflow and outflow boundaries by imposing

a velocity profile in the boundary zones. The velocity profiles and shear-stress are

then calculated by sampling particles in the sample zones. The sample zones are

placed away from the bifurcating point and boundaries so that the flow profiles are

steady in the sample zones and can be meaningfully compared.

Results obtained with our framework are compared against the reference results,

which are obtained with identical, but serial, simulations. This allows us to directly

assess the implications of our parallel-in-time framework. The deviation from the
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Figure 5.5: Central cut-plane of the 3-dimensional bifurcating channel. The channel
is composed of one parent pipe and two identical daughter pipes. The inflow and
outflow boundary conditions are enforced in the boundary zones. I sample statistics
of the flow, such as velocity and flux, in sample zones.

reference solution is quantified using l2 relative error norm ε, expressed as

ε ≡
∥∥Qref −Qsim

∥∥
l2∥∥Qref

∥∥
l2

≡
(∑N

i=1(Q
ref
i −Qsim

i )2
)1/2(∑N

i=1(Q
ref
i )2

)1/2 , (5.22)

where Qref and Qsim are the reference and simulated results, respectively. By nor-

malizing against the reference solution, ε represents the deviation.

To discount thermal noise, I average the results of 40 independent simulations.

The averaged results are then compared against those of the reference. Although

the stochastic noise is still present post-averaging, it is reduced to a manageable

magnitude so that the validity of SPASD can be meaningfully inspected.

5.3.1.1 Simple fluid

To drive the time-dependent flow, I specify the volume-flux as a sinusoidal function

of time at the inlet and outlet boundaries. For this simple fluid example, the volume-

flux at the boundaries are prescribed as shown in Figure 5.6. To be more precise,
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velocity of particles in the boundary zones is adjusted to match the desired flux. For

the pipe flow, I use a parabolic velocity profile defined as u(r) = c(R2 − r2) where r

denotes radial distance, and c is the strength. In this example, cinflow and coutflow are

0.02 and 0.0152, respectively.

As illustrated in Figure 5.6, the temporal domain is divided into four sub-

domains, each of which is associated with an independent DPD system. Because

the temporal sub-domains of the four DPD systems do not overlap, the four sys-

tems can evolve in time concurrently. That is, the systems are initialized at

t = {0, T/4, T/2, 3T/4}, and propagate to t = {T/4, T/2, 3T/4, T} respectively.

At those timestamps, I plot the refined volume-flux in Figure 5.7, and calculate l2

relative error norm ε defined in Equation (5.22), which are tabulated in Table 5.4.

I found that ε are less than 1% for all sub-domains, indicating good agreement be-

tween the reference and SPASD. Additionally, I found ε are in the same order across

iterations, signifying convergence.

Additionally, I compared the velocity profiles and shear rates, i.e. the derivative

of velocity profiles in the radial direction, shown in Figure 5.8 for further verification.

Shear rates are obtained by first fitting the velocity profile to a parabolic equation,

and then taking an analytic derivative. Again, I found the reference and SPASD

solutions matches well for all iterations. Most importantly, I observe that the results

and errors stay approximately the same regardless of the number of iterations. This

signifies that one iteration is sufficient for convergence with our implementation.
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Figure 5.6: Time-dependent boundary condition for the simple fluid example. The
volume-fluxes (Q) at the boundaries are prescribed as a sinusoidal function of time.
The peak Q for the parent pipe is 314 as shown here. Since each daughter pipes
has a volume-flux half of that of the parent pipe, its peak Q is 175. The temporal
space, a full sinusoidal period, is divided into four quarters. The end of each quarter
is marked on the plot.
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Figure 5.7: Volume-flux at specific times marked in Figure 5.5 in the simple fluid
example. The refined volume-flux in each pipe is compared against the reference flux
obtained via serial simulations. I see that SPASD is able to produce solutions very
close to the reference.

quarter half three-quarters full

ε
Iteration 1 0.50% 0.51% 0.70% 0.70%
Iteration 2 0.58% 0.37% 0.40% 0.75%
Iteration 3 0.55% 0.36% 0.44% 1.01%

Table 5.4: l2 relative error norm of the volume-flux defined in Equation (5.22), for the
simple fluid example. ε less than 1% for all sub-domains indicates good agreement
between the reference and SPASD.
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Figure 5.8: (a) Velocity profiles and (b) shear rates, i.e. the derivative of velocity, at
specific times marked in Figure 5.5, for the simple fluid example. I plot the results
from three iterations to show convergence, and see that the flow from SPASD is very
close to that from the reference simulation.
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5.3.1.2 Complex fluid

The flow of complex fluid is driven similarly to the simple fluid – volume-flux at the

boundaries are prescribed as a sinusoidal function of time as illustrated in Figure 5.6.

The peak volume-flux at the parent and each daughter boundary is approximately 63

and 31.5, respectively. Because of complex fluid’s non-Newtonian characteristics, a

velocity profile with an exponential form u(r) = aebr+c is imposed at the boundaries

to obtain the desired flux. Volume-flux can be adjusted by changing a and c in this

form. In this example, the blood is a mixture of single particles and discrete RBCs

at a hematocrit of 60%.

With the temporal domain decomposed similarly to the simple fluid’s, I again

compare volume-fluxes, velocity profiles and shear rates to those of the reference in

Figures 5.9, 5.10a and 5.10b. Since shear stress at the wall is of particular interest

owing to its effects on chemical activation, I also compute shear stress τ by binning

the particles radially and averaging in bins. The shear stresses from 50 independent

runs are plotted in Figure 5.10c, in which the error bar denotes one standard devia-

tion from the mean. Because all bins have the same thickness, less data are available

in bins toward the center, and the error bars are thus longer. As r increases, τreference

matches τSPASD much better. I also plotted the refined volume-flux in Figure 5.9,

and tabulated l2 relative error norm ε in Table 5.5. Due to the uniformity of particle

distribution in the complex fluids, the volume-flux and velocity profiles match those

of the reference less precisely. I will discuss and expand on this topic further in

Section 5.4.
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Figure 5.9: Volume-flux at specific times marked in Figure 5.6, for the complex fluid
example. Due to the uniformity of particle distribution in the complex fluids, the
volume-flux and velocity profiles match those of the reference less precisely. I will
discuss and expand on this topic further in Section 5.4.

0 2 4 6 8 10
r

0.0

0.5

1.0

1.5

2.0

2.5

Ve
lo

cit
y

1e 1

Parent

Daughter

quarter
Reference
Simul. iter1
Simul. iter2
Simul. iter3

0 2 4 6 8 10
r

0.0

0.5

1.0

1.5

2.0

2.5 1e 1 half

Reference
Simul. iter1
Simul. iter2
Simul. iter3

0 2 4 6 8 10
r

0.0

0.5

1.0

1.5

2.0

2.5 1e 1 three-quarters

Reference
Simul. iter1
Simul. iter2
Simul. iter3

0 2 4 6 8 10
r

0.0

0.5

1.0

1.5

2.0

2.5 1e 1 full
Reference
Simul. iter1
Simul. iter2
Simul. iter3

(a)

0 2 4 6 8 10
r

0.25

0.00

0.25

0.50

0.75

1.00

1.25

1.50

Sh
ea

r r
at

e

1e 1 quarter
Reference
Simul. iter1
Simul. iter2
Simul. iter3

0 2 4 6 8 10
r

0.25

0.00

0.25

0.50

0.75

1.00

1.25

1.50 1e 1 half
Reference
Simul. iter1
Simul. iter2
Simul. iter3

0 2 4 6 8 10
r

0.25

0.00

0.25

0.50

0.75

1.00

1.25

1.50 1e 1 three-quarters
Reference
Simul. iter1
Simul. iter2
Simul. iter3

0 2 4 6 8 10
r

0.25

0.00

0.25

0.50

0.75

1.00

1.25

1.50 1e 1 full
Reference
Simul. iter1
Simul. iter2
Simul. iter3

(b)

0 2 4 6 8 10
r

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

Sh
ea

r-s
tre

ss

quarter

Simul. iter1
Simul. iter2
Simul. iter3
Reference

0 2 4 6 8 10
r

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0
half

Simul. iter1
Simul. iter2
Simul. iter3
Reference

0 2 4 6 8 10
r

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0
three-quarters

Simul. iter1
Simul. iter2
Simul. iter3
Reference

0 2 4 6 8 10
r

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0
full

Simul. iter1
Simul. iter2
Simul. iter3
Reference

(c)

Figure 5.10: (a) Velocity profiles and (b) shear rates and (c) shear stress at specific
times marked in Figure 5.6, for the complex fluid example. I plot these quantities
and compare them to those of the reference simulations. Shear stress is measured
from 50 independent runs, and the error bar denotes one standard deviation from
the mean.
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Quarter Half Three-quarters Full

ε
Iteration 1 0.93% 5.34% 3.77% 2.35%
Iteration 2 2.60% 2.18% 3.14% 2.61%
Iteration 3 2.01% 1.99% 4.25% 1.58%

Table 5.5: l2 relative error norm of the volume-flux defined in Equation (5.22), for
the complex fluid example.

5.3.2 Realistic vascularture – zebrafish hindbrain

5.3.2.1 Simulation Setup

I chose the zebrafish hindbrain (Figure 5.1) to test our method because of its com-

plex geometry. The three primary vessels, running along the body, carry blood from

the heart to the rest of the body. The secondary vessels, sitting on top the primary

vessels, branch from the primaries and circulate blood circumferentially. Our image

analysis reveals 95 distinctive branches with 57 bifurcating junctions in our region

of interest. At 2 dpf developmental stage, the vessel diameters range from 10 to 20

micrometers, and the region is merely 224x197x160 micrometers in size. The com-

pactness of the region and the complexity of the vascular network make it challenging

for 1D solver to model it accurately, but it is an ideal benchmark for our method.

For computational stability, the 1D and 3D systems use their respective reduced

units, which can be mapped to physical units. For the particle solver, the length

scale is chosen to be [LDPD] = 1×10−6m. By the matching the viscosity of real blood

to that of the DPD fluid, the time scale is calculated to be [TDPD] = 1.2225× 10−3

s. On the continuum solver side, the length and time scales are chosen so that the

volume-flux matches that of the real blood in zebrafish. In this example, I used

[LDG] = 1 × 10−2 and [TDG] = 1 for stability and accuracy reasons. The details on

mapping to physical units can be found in Appendix 5.5.2.
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Our reconstructed 3D particle system contains 17,244,362 particles in total –

5,989,445 fixed particles as walls, 9,477,881 solvent particles and 3554 RBCs, each of

which is made of 500 particles. The hematocrit of our particles system matches the

true hematocrit of 2 dpf larva at 43% [62]. To form a closed system with periodicity,

the inlets and outlets along the spinal direction are connected to a reservoir. As the

outlets push blood into the reservoirs, the inlets take the blood from the reservoirs to

replenish. To keep the implementation simple, I impose a no-flux boundary condition

on the other four sides (i.e. top, bottom, front and back).

5.3.2.2 Boundary & Initial Conditions

I again divide the temporal domain into four sub-domains, as illustrated in Figure

5.11. For the first iteration, FS 1, 2, 3 and 4 propagates the systems concurrently,

one for each sub-domain. At the end of first iteration, the solution in sub-domain

1 is accurate and does not need to be iteratively corrected. If a second iteration is

needed, FS 1 moves down to sub-domain 2. The same applies to FS 2 and 3. The

convergence in the global domain is guaranteed within four iterations.

Because the 1D solver relies on the centerline of the 3D particle system, the lo-

cations of the boundaries are the same for both solvers, illustrated in Figure 5.12.

As expected, I prescribe the same set of fluxes as boundary conditions in both sys-

tems. To mimic the variation in blood flow from heartbeats, the flux at the inlets

and outlets are prescribed as a periodic time-dependent function. Not knowing the

exact rhythm at hindbrain, I simulate the rhythm of human heart for demonstration

purposes, shown in Figure 5.13.

Our collaborators were able to measure the speed of RBCs in vessels by tracking
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Figure 5.11: In the zebrafish hindbrain example, I again divide the temporal domain
into four sub-domains. For the first iteration, FS 1, 2, 3 and 4 propagates the
systems concurrently, one for each sub-domain. At the end of first iteration, the
solution in sub-domain 1 is accurate and does not need to be iteratively corrected. If
a second iteration is needed, FS 1 moves down to sub-domain 2. The same applies
to FS 2 and 3. The convergence in the global domain is guaranteed within four
iterations.

RBCs over time. Based on those statistics, I know the speed and direction of blood

flow near inlets and outlets. For vessels too small for cells to fit in, the flow is

assumed to be 100 µm/sec. Furthermore, I notice that the spread in measured

speed is approximately 1.3 times the mean. With that distribution, the imposed

cardiac rhythm is re-normalized so that the peak and trough match the maximum

and minimum speed respectively for each inlets and outlets. In addition, I assume

that the pulsatile flow is in-phase at inlets and outlets. Although this is not realistic,

the phase difference in vessels of this size is very small and difficult to measure,

according to experimental observations. So I make this assumption to simplify the

implementation.

At 2 dpf, the heart rate is approximately 175 beats per minute [60], which is

equivalent to 0.3429 second per beat. I split the time domain in half for this demon-

stration, and the two sub-domains are run in parallel with the particle solver.
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Figure 5.12: Overlap of the realistic 3D geometry and the 1D centerine. The blue
nodes represent boundaries of the volume, and the red nodes represent bifurcations.
The boundaries are highlighted in red, and the flow direction is marked with arrows.
To mimic the variation in blood flow from heartbeats, the flux at the inlets and
outlets are prescribed as a periodic time-dependent function shown in Figure 5.13.
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Figure 5.13: Not knowing the exact rhythm at hindbrain, I assumed the above
cardiac rhythm for demonstration purposes. From analyzing experimental images, I
extrapolate the distribution of RBC speed in each inlet and outlet. The rhythm is
then re-normalized so that the peak and trough match the maximum and minimum
speed for each boundary. For example, an inlet with an average speed of 612 µm/sec
has a maximum velocity of 795.6 µm/sec (peak) and a minimum of 470.7 µm/sec
(trough). The temporal space of a full cycle is divided into four quarters, with the
end of each quarter marked on the plot.
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Figure 5.14: I present and analyze our results at 12 sites marked in the illustration.
The sites are purposely spread out to sample the volume evenly.

5.3.2.3 Validation

I first simulate the heartbeat rhythm with the fine and the coarse solvers indepen-

dently. The results are then compared at 12 sites. These sites are purposely spread

out to sample the volume evenly, as marked in Figure 5.14. Since I assume the ves-

sels cannot expand circumferentially, the volume-flux is directly related to the axial

speed, which is presented in Figure 5.15.

The results from the standalone coarse solver (labeled as ‘1D solver ’) captures

the flow under the Newtonian assumption. In addition, it ignores the effects of

bifurcating angles in the bifurcating network. The fine solver, however, captures the

vascular flow without those two simplifications. The results from the standalone fine

solver are the reference solution that I consider to be accurate. Because the Non-

Newtonian fluid is a mixture of RBC and plasma, the speed can fluctuate mildly. I

measure the axial speed three times, one for each cardiac cycle, and plot the extreme
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values in Figure 5.15.

From the first glance, I can see that the 1D (coarse) solution is strongly uniform

in motion, as I expect from a non-stochastic coupled ODE solver. That is, the peaks

are approximately in sync with little phase shift and with the inflow boundaries

(Figure 5.13), whereas in reference solution the peak are out of sync at those sites.

As the wave propagates across the domain from the inflow boundaries, the speed and

magnitude depend on factors such as local fluid composition and branching angles.

The fine solver models flow and fluid-solid interaction from the first principles, and

accounts for those factors intrinsically. This would justify the differences at Site 5,

6, 8 and 9.

I then simulate the heartbeat with SPASD, and compare average speed against

reference values at those sites. Here, I employ spatial decomposition (SD) in con-

junction with SPASD for further acceleration. As explained in Section 5.3.2.2, SPASD

solution must converge in less than four iterations to be beneficial. I therefore run

three iterations and plotted the result against the reference solution in Figure 5.16.

For each sub-domain in Iteration 1, the speed is initialized to match that of coarse

(1D) solver. The initial "spikes" in each sub-domain correspond to the gap between

the reference and coarse solution in Figure 5.15. The network flow then normal-

izes to the equilibrium as it recovers from the inaccurate initial value. The speed

of recovery depends on factors such as the amount of deviation from the reference

and magnitude of the reference. I want to remind the reader that the recovery is

not a linear response. As a matter of fact, in complex networks with loops, a small

local perturbation can have cascading reactions across the network and a lengthy

equilibrium timeframe.

Iteration 2 is supposed to be initialized with values calculated via SPASD. Be-
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Figure 5.15: I simulated the heartbeat with CS (labeled as ‘1D solver ’) and FS
(labeled as ‘Reference’) separately. The resulting average speed at 12 sites marked
in Figure 5.14 are shown here. The gap between 1D solver and Reference is expected
because of the difference in fidelity. FS models flow and fluid-solid interaction from
the first principles, and accounts for local fluid composition and branching angles
intrinsically.

cause the new values are within 10% threshold from that of last iteration, no re-

initialization were carried out at those sites. Instead, FSs simply continue to march

in time for the corresponding sub-domains. Iteration 2 skips the first sub-domain

since the solution is obtained via fine solver alone. It continues from where Iteration

1 stops in sub-domain 1. The same goes for the other sub-domains. After only two

iterations, the result is very close to the reference solution. I plot the reference solu-

tion and the result after two iterations in Figure 5.17. For demonstration purposes,

I run a third iteration and plot it on the same figure. The difference after two and

three iterations is less pronounced.
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Figure 5.16: I simulate the heartbeat with SPASD for three iterations. The resulting
average speed at 12 sites marked in Figure 5.14 are shown here. The reference
solution from standalone FS simulation is also plotted for comparison. The initial
"spikes" in each sub-domain correspond to the gap between the reference and coarse
solution in Figure 5.15. The network flow then normalizes to the equilibrium as it
recovers from the inaccurate initial value.
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Figure 5.17: I consolidated the results in Figure 5.16 and re-plotted them here. After
only two iterations, the result is very close to the reference solution. I run a third
iteration for demonstration purposes.
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5.4 Summary & Discussion

In this paper, I accelerated massive Lagrangian simulations of blood flow in zebrafish

by employing the parallel-in-time algorithm SPASD. The framework was first demon-

strated on a simple Y-bifurcation geometry. Physical quantities, i.e. velocity, shear

rate, shear stress and volume-flux, were computed and compared against reference

solutions. Specifically, the l2 relative error on volume-flux is less than 1% for sim-

ple fluid and less than 3% for complex fluid on average. I then demonstrated our

framework on a digital reconstruction of zebrafish hindbrain, which is a complex

vascular network with 95 branches and 57 bifurcations. Comparatively, SPASD is

better suited for simulating simple fluids than for complex fluids. As demonstrated

in Y-bifurcation in Section 5.3.1, the volume-flux and velocity profiles for a simple

fluid match closer to those of the reference, which is largely due to the uniformity of

particle distribution. In contrast, the red blood cells are modeled explicitly in the

complex fluid as a 2D triangular mesh. Particle non-uniformity is thus more pro-

nounced because the local particle density is increased by the presence of the cells.

In addition, the non-uniform scattering of cells causes non-uniform particle distribu-

tion at the network scale, which enlarges the discrepancy between volume-flux from

SPASD and the reference in Figure 5.9. Despite this, the maximum normalized l2

error is only on the order of one percent in our complex fluid example, and it does

not grow over iterations.

When simulating a large system with limited sources, SD offers better efficiency

than SPASD. This does not contradict the limitations of SD listed in Section 5.1.

Instead, this is drawn from our past benchmark on large-scale particle simulations,

where I have demonstrated that SD scales very well with limited computational

resources due to the absence of the coarse solver and the need for a second iteration.
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However, when ample computational resources are available, the combination of

SPASD and SD offers better efficiency than SD alone for long-time simulations.

Lastly, I would like to clarify a misconception about SPASD – SPASD does not

predict the path of individual cells. For example, it cannot predict the location of

an RBC in a future timestamp given its current location. To expand the statement,

SPASD cannot predict the distribution of RBCs in the vescular network across time

sub-domains. Instead, SPASD is more suitable for simulating well-mixed fluids. In the

case of complex fluids such as blood, I are assuming the mixture of plasma and RBCs

are homogeneous in the network scope. However, the homogeneous assumption is

only used when computing volume-flux at the beginning and the end of each sub-

domain, and it does not impact the integration of the fine solver inside a sub-domain.

The inability to track cells across temporal sub-domains is a limitation of SPASD.

In fact, it is a limitation of parallel-in-time methods for dynamical systems in gen-

eral. SPASD is not suitable to simulate processes that depends on the trajectories of

particles. These process usually involves accumulate lasting longer than one tempo-

ral sub-domains. In this case, decreasing the number of sub-domains and redirecting

the compute resources to SD would be more beneficial.

5.5 Appendix

5.5.1 DPD Model Parameters

For the simple fluid example in Section 5.3.1.1, the DPD pair interaction parameters

in Equation (5.3,5.4,5.5) are α = 30, γ = 4.5, σ = 3, s = 2, rc = 1.
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α γ σ s rc
Wall Any 60 45 2.916 2 1

Solvent Solvent 60 45 2.916 2 1
Solvent RBC 4 45 2.916 2 1
RBC RBC 4 30 2.381 0.5 1.5

Table 5.6: DPD parameters of pair interaction in Y-bifurcation example.

α γ σ s rc
Wall Any 20 45 2.916 2 1.5

Solvent Solvent 20 45 2.916 2 1.5
Solvent RBC 4 45 2.916 2 1.5
RBC RBC 4 30 2.381 0.5 1.5

Table 5.7: DPD parameters of pair interaction in zebrafish hindbrain example.

For the complex fluid example in Section 5.3.1.2, the DPD pair interaction pa-

rameters in Equation (5.3,5.4,5.5) are tabulated in Table 5.6. For the simulation of

flow in zebrafish hindbrain (Section 5.3.2), the parameters are tabulated in Table

5.7.

5.5.2 Mapping to Physical Units

For the DPD model, we set the length scale [LDPD] = 1 × 10−6m. This means that

one unit length in the DPD system is equivalent to 10−6 meters of physical length.

By matching the viscosity of real blood to that of the DPD fluid, the time scale

[TDPD] can be evaluated with relation:

[TDPD] = [LDPD]
νP

νM
µM

µP
(s), (5.23)

where µ is the RBC membrane shear modulus, and ν is the viscosity. The super-

scripts M and P denote the model and physical units, respectively. For the blood

simulation, we use the viscosity of plasma νP = 1.2 × 10−3 Pa s, and the RBC
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membrane shear modulus µPs = 4.5× 10−6 Nm−1:

[TDPD] = 10−6
1.2× 10−3

21.8132

100

4.5× 10−6
= 1.2225× 10−3s. (5.24)

Here, we set µM = 100 and measured νM = 21.8132 from running benchmark simu-

lations.
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