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Adhesion originated from van der Waals interactions becomes predominant over bulk properties

of elastic solids at small length scales. A fundamental understanding of the mechanics of elastic

contact and adhesion of rough surfaces is of paramount importance due to its wide applications in

various engineering and biological fields from avoiding stiction failure of micro-electromechanical

systems to achieving optimal adhesion capability of gecko-inspired micro-fibrillar adhesives. This

dissertation focuses on several critical problems of frictionless adhesive elastic contact with partic-

ular emphasis on the interplay of surface roughness and adhesion. Based on the Maugis-Dugdale

theory and Nayak’s theory of rough surface, we propose a new mechanics model of adhesive elas-

tic contact to study the depth-dependent hysteresis and energy loss during a contact cycle in the

regime of large surface roughness. We develop an effective, nonlinear body force based approach

to simulate adhesive elastic contact using the realistic molecular potential. It is shown that the sur-

face roughness can either enhance or reduce the effective work of adhesion required to separate two

contacting surfaces, depending on the magnitude of roughness. The continuum simulations reveal

that the mechanism of adhesion enhancement and depth-dependent hysteresis observed in adhesive

contact experiments is attributed to the small-scale surface imperfection induced mechanical insta-

bilities. Through analyzing the quasi-static peeling of an elastic thin film from a rough substrate,

we demonstrate that the effective work of adhesion can be significantly improved by surface rough-

ness, resulting in an apparent interface toughening. Moreover, we examine the principle of contact

splitting for biological fibrillar structures and investigate the effects of fibril’s stiffness and surface’s

roughness and correlation length on adhesion of the fibrillar structure. We also present an analytical

model of adhesive elastic contact that accounts for the effect of machine stiffness, which explains

experimentally measured contact force-indentation depth curves better than the Johnson-Kendall-

Roberts theory. These comprehensive results highlight the importance of surface topography and

material properties in adhesive elastic contact and can guide future work on attuning effective adhe-

sive and tribological properties through designing small-scale surface architectures.
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Chapter 1

Introduction

1.1 Motivation and background

Mechanics of adhesion and contact between elastic solids is important to many fields including en-

gineering, physics, and biology. In engineering, for instance, as the design and production of struc-

tures being pushed down to micrometer and nanometer scales (e.g., micro/nano-electromechanical

systems (MEMS/NEMS)), the surface adhesive forces between solids become predominant over the

solid’s bulk elastic properties [1]. These adhesive forces cause MEMS/NEMS devices to fail by hav-

ing their parts inadvertently get stuck together, which limits their developments and applications [2].

Moreover, in the micro- and nano-fabrication of flexible and stretchable inorganic electronics, trans-

fer printing is an emerging assembly technique that enables heterogeneous integration of separately

fabricated objects into functional systems [3, 4]. The successful retrieval and printing of fabricated

objects rely on fundamental understanding of the mechanism of tunable and reversible adhesion.

Adhesion and contact also play a critical role in the physical mechanisms that underlie friction and

wear at the sub-micrometer scale [5, 6]. Contact between hard solids, such as metals and ceramics,

primarily takes place at the surfaces’ asperities. Adhesion firmly welds the asperities, and thus the

two solids. In order to move or slide the solids over one another, significant frictional force must be

generated in order to break the asperities apart or rupture the asperities from their respective solids,

contributing to wear. In biology, the mechanics of biological contact play a fundamental role in

cell adhesion and insect and lizard locomotions. For example, cells interact with their environment

1
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through mechanical forces for their mobility, division, and assembly. These mechanical forces are

transmitted to the underlying substrate through “focal adhesion” sites [7]. Furthermore, it has been

found that many insects and lizards possess fibrillar structures on their foot pads that, through adhe-

sion, allow them to adeptly scale vertical surfaces [8]. Extensive efforts have been made to the study

of biological adhesive systems as well as attempts at design and micro-fabrication of bio-inspired

adhesive surfaces [9–12].

1.1.1 Classical elastic contact theories

Several classical contact theories, such as the Hertz [13], Johnson–Kendall–Roberts (JKR) [14],

Derjaguin–Muller–Toporov (DMT) [15], and Maugis-Dugdale (MD) [16] theories, have been de-

veloped to analyze the contact behavior between elastic solids. It is assumed in those contact models

that the solids’ surfaces are smooth and the roughness effect is ignored. Among them, the Hertz the-

ory does not consider adhesive interaction in the contact model, while the others do. The difference

among the JKR, DMT, and MD theories lies in the way of modeling adhesive interaction in contact.

The frictionless, elastic contact problem was first solved by Hertz [13] in 1882, who consid-

ered the adhesiveless contact between two elastic spheres and approximated the shape of spheres

near contacting point as paraboloid. The resulting indentation depth, h, and contact force, P are,

respectively, given as

h =
a2

R
,

P =
4E∗a3

3R
,

(1.1)

where a is the contact radius, 1/R = 1/R1 + 1/R2, 1/E∗ = (1−ν2
1 )/E1 +(1−ν2

2 )/E2, R1 and R2

are the radii of the contacting spheres, Ei and νi (i = 1,2) are, respectively, the Young’s moduli and

Poisson’s ratios of the contacting spheres. A necessary condition for the Hertz theory to hold is that

the contact radius should be much less than the sphere radius, i.e., a� R. A plot of the contact

force–indentation depth (P–h) curve as per the Hertz theory is shown in Figure 1.1.

The seminal work of including surface adhesive interaction in elastic contact is the analytical

model proposed by Johnson et al. [14] in 1975. In the JKR theory, the adhesive interaction is treated

by including an adhesion energy term in the system’s total potential energy, and the contact region
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Figure 1.1: The contact force–indentation depth curves predict by the Hertz theory (black), the JKR theory (red), and
the DMT theory (blue). The pull-in (A→ B) and pull-off (D→ E) instabilities for the JKR theory are marked along the
curves, where the circle and dot indicate the unstable and stable states, respectively. The adhesive forces for the JKR and
DMT theories are achieved at point C and F , respectively.

is determined by stipulating that the contact radius locally minimizes the total potential energy.

Conceptually, it is identical to Griffith’s theory of fracture. That is, the variation of elastic strain

energy per unit area as the contact region changes is equal to the work of adhesion, w. For the

adhesive contact between two elastic spheres, the indentation depth and contact force predicted by

the JKR theory are

h =
a2

R
−
√

2πaw
E∗

,

P =
4E∗a3

3R
−
√

8πa3wE∗.

(1.2)

As per the JKR theory, the two solids would jump into contact unstably with a pull-in instability

when approaching to each other (loading phase), and would jump out of contact with a pull-off

instability during separation (unloading phase), see Figure 1.1. After the pull-instability, the formed

contact area, indentation depth, and resulting contact force are, respectively,

aB =

(
2πR2w

E∗

)1/3

, hB = 0, PB =−4
3

πwR. (1.3)
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The contact area, indentation depth, and contact force at the pull-off instability are, respectively,

aD =

(
πR2w
8E∗

)1/3

, hD =−
(

27π2Rw2

64E∗2

)1/3

, PD =−5
6

πwR. (1.4)

The adhesive force, defined as the most negative contact force during contact, occurs at point C,

where

aC =

(
9πR2w

8E∗

)1/3

, hC =−
(

3π2Rw2

64E∗2

)1/3

, PC =−3
2

πwR. (1.5)

The measured P–h curves during a contact cycle form a closed loop due to the pull-in and pull-off

instabilities, whose enclosed area indicates the hysteretic energy loss and is equal to

HJKR = 7.092
(

R4w5

E∗2

)1/3

. (1.6)

This energy loss is independent on the maximum indentation depth, which we refer to as depth-

independent hysteresis.

Later on, Derjaguin et al. [15] proposed another adhesive elastic contact model, in which they

assume that the stress and displacement fields remain the same as the Hertz theory but the adhesive

interaction just outside contact region results an additional adhesive force. Derjaguin et al. [15] did

not obtain an analytical P–h relation. However, if one ignores the elastic deformation due to the

adhesive interaction, then the indentation depth of the DMT theory is the same as that of the Hertz

theory, and the contact force of the DMT theory is the sum of the contact force given by Hertz

theory and the adhesive force, i.e.,

h =
a2

R
,

P =
4E∗a3

3R
−2πwR.

(1.7)

A plot of the P–h curve as per the DMT theory is shown in Figure 1.1. The adhesive force predicted

by the DMT theory is −2πwR, which occurs at a = 0.

An apparent contradiction between the JKR and DMT theories is their predictions of adhesive

force. Tabor argued both theories are correct in a sense that the elastic contact with surface adhesive



5

R

2aζ0

δ

Figure 1.2: The comparison of the interatomic equilibrium separation with the localized height on the sphere due to
adhesion within the contact region.

interaction is indeed governed by a dimensionless parameter [17]

µT =

(
Rw2

E∗2ζ 3
0

)1/3

, (1.8)

which is now referred to as Tabor parameter. Here ζ0 is the interatomic equilibrium separation. The

Tabor parameter represents the ratio of the localized height on the sphere due to adhesion within

the contact region, δ [which is in the order of (Rw2/E∗2)1/3], to the adhesive length scale, ζ0, see

Figure 1.2. Muller et al. [18] numerically showed that the JKR and DMT theories, respectively,

hold for large µT (µT > 5) and small µT (µT < 0.1), and observed a smooth transition from DMT

to JKR for 0.1 < µT < 5. By using the Dugdale cohesive zone to model the adhesive interaction

at the contact edge, Maugis [16] obtained an analytical solution for the adhesive elastic contact

and showed the continuous transition from DMT to JKR as the µT-related parameter increases.

In fact, the MD theory [16] assumes a finite range of adhesive interaction, while the JKR theory

and the DMT theory consider the range of adhesive interaction to be infinitesimal short and infinite,

respectively, compared with the length scale of the solid’s elastic deformation. Thus, the JKR theory

and the DMT theory can be derived as two opposite asymptotic limits of the MD theory, see detailed

discussion in Chapter 3.

1.1.2 Effect of roughness on adhesion

The classical contact theories (Hertz, JKR, DMT, and MD) model the contact of solids whose sur-

faces are smooth, and are not applicable for real surfaces that are known to possess roughness—local
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Figure 1.3: Relative pull-off force of a smooth rubber surface in contact with a Perspex surface as a function of the
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Experimental measurements by Briggs and Briscoe [23]. ◦–Rubber modulus: 487 kPa; �–67kPa.

imperfections and deviations from ideal flatness. Therefore, understanding the role of roughness on

adhesive elastic contact is of paramount importance.

Surface roughness has been shown to significantly affect the adhesive contact between elastic

solids. There are several experimental observations in which surface roughness has been typically

shown to reduce the adhesion when separating two contacting surfaces. For example, Fuller and

Tabor [19] measured the adhesive force between a smooth rubber sphere and a hard rough substrate

(Perspex). They found that the small-scale surface roughness of magnitude at a few micrometers

could lead to an extremely large reduction in adhesion, see Figure 1.3a. Similar observations have

also been made by Levins et al. [20], Quon et al. [21], and Rabinovich et al. [22]. The reduction

effect of roughness is often attributed to the decrease in the true contact area because of the fact that

only asperity contacts occur on the contacting interface. In the energy point of view, the decrease in

the total free energy due to the formation of adhesive contacting interface is offset by the relatively

large elastic energy penalty needed to bring the two rough surfaces into contact.

To explain the reduction of adhesion by roughness, Fuller and Tabor [19] developed an adhesive

contact theory of rough surfaces based on the Greenwood and Williamson’s multiple non-interacting

asperity contact model (GW model) [24] and the JKR theory [14]. Figure 1.4a shows the GW

model which considers the adhesiveless contact of an elastic rough surface with an ideally flat rigid

surface. The mean plane of asperity heights is taken as the datum and the distance between the rigid
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flat surface and the datum is referred to as the separation d. All the asperities are assumed to be

spherical shape with a constant radius R. The asperity height is denoted as zs and has a distribution

function φ(zs), which express the probability of finding an asperity of height zs lying in the interval

zs to zs +dzs. The asperity height’s distribution function is often assumed to be Gaussian,

φ(zs) =
1√

2πσrms
e
− z2

s
2σ2

rms , (1.9)

where σrms is standard deviation of asperity heights. If there are N asperities within the nominal

contact area in all, then the number of contacting asperities is

n = N
∫

∞

d
φ(zs)dzs. (1.10)

Fuller and Tabor [19] extended the GW model by using the JKR theory to describe the contact

behavior between the asperities and the rigid flat surface. According to [19], we rewrite the P–h

relation of the JKR theory for the individual asperity contact as

h
ho

=


(3χ−1)

[1
9(1+χ)

]1/3
, χ ≥ 0,

−(3χ +1)
[1

9(1−χ)
]1/3

, 0≤ χ ≤ 2
3 ,

(1.11)

where

χ =

(
1+

P
Po

)1/2

, (1.12)

ho = hD, and Po = PC. The expressions of HD and PC are given in the JKR theory. Hence from (1.11)

we obtain the relation
P
Po

= F
(

h
ho

)
. (1.13)

Let h = zs−d denotes the indentation depth. Then the total contact force can be computed as a sum

of the contact force from each asperity contact,

P(d) = NPo

∫
∞

d
F
(

zs−d
ho

)
φ(zs)dzs = NPo

∫
∞

L
F
(

h
ho

)
φ(h+d)dh. (1.14)

The value of the lower limit of integration in (1.14) is different for the loading and unloading phases.
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Figure 1.4: (a) The GW model showing contact between an elastic rough surface and a rigid flat surface. The asperities
are simply identical spheres with radius R and their heights have a Gaussian distribution. (b) The effect of roughness on
contact force–separation curves as per Fuller and Tabor’s theory.

During the loading phase, L = 0. However, when the unloading phase starts from the minimum

separation dmin, it is necessary to account for the fact that the asperities, which already made contact

with the flat surface during loading, would be extended and not break contact until their extensions

exceed ho. Therefore, during unloading, the value of L is determined by

L =


−ho, d−dmin ≥ ho,

dmin−d, d−dmin ≤ ho.

(1.15)

As per Fuller and Tabor’s theory, the adhesion is reduced as the roughness increases. This can

be clearly seen from Figure 1.4b, which shows the contact force–separation curves for two different

σrms values. It is found that both the adhesive force and the energy loss decrease as σrms increases.



9

Despite the widely observed reduction of adhesion by roughness, experimental evidences show-

ing adhesion enhancement of rough surfaces are not uncommon. For example, Briggs and Briscoe [23]

reported the increase of adhesive force for very small roughness before it decreases as the roughness

becomes larger in the contact of a roughened Perspex and a smooth rubber surface, see Figure 1.3b.

Later on, Fuller and Roberts [25] performed a rolling experiment involving a very soft rubber and

a Perspex surface and confirmed the enhancement effect of surface roughening on adhesion. They

further argued that neither Briggs and Briscoe’s explanation [23] in terms of energy loss at iso-

lated asperities nor the rate-independent and -dependent peel energy models is not able to produce

adhesion enhancement. Instead, they showed that the adhesion enhancement is resulted from the

increase of real contact area, since the viscoelasticity and relaxation of the rubber allows the soft

rubber to conform the Perspex’s rough surface without building up high interfacial stress. Kim

and Russell [26] studied the effect of surface roughness on the adhesion with artificially roughened

surfaces and crosslinked poly(dimethylsiloxane) (PDMS) and found that the work of adhesion in-

creases with the surface roughness before decreasing. Kesari et al. [27] conducted atomic force

microscopy (AFM) contact experiments between a glass bead and PDMS slabs with various root-

mean-square (RMS) roughness (Figure 1.5a). They concluded that the hysteretic energy loss during

a contact cycle initially increases with the RMS roughness, reaches a maximum and then decreases

(Figure 1.5b). More recently, surface wrinkles driven by elastic instabilities and other techniques

provide an approach to form periodic surface roughness with various patterns of tunable surface to-

pography [28]. Many studies demonstrated that the adhesion of a soft material could be controlled

with desirable properties such as on-demand increase and decrease by tuning the dimension and

morphology of wrinkles patterned on the surface [29–33], as shown in Figure 1.5c.

The understanding of the mechanisms of adhesion enhancement due to roughness remains open.

One plausible argument for the enhanced adhesion due to roughness observed in experiments might

be attributed to the increase in real contact area based on the fact that the soft elastic solid can

deform conformably to the rough surface [25, 33]. Another explanation for the enhanced adhesion

due to roughness comes from the theoretical work by Guduru [34], Kesari and Lew [35], and Li

and Kim [36]. Guduru [34] considered the axisymmetric adhesive contact problem between a wavy

elastic half-space and a rigid solid as a model to study to the roughness effect on adhesion. Guduru’s
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Figure 1.5: (a) Representative P–h curves measured in the AFM contact experiments between a glass bead and a PDMS
substrate. The loading and unloading curves during a contact cycle are not overlapped with each other and the size of
the hysteresis loop increases with |hmin|. (b) The variation of total energy loss as a function of the RMS roughness in the
experiments. (a–b) are modified from [27] and see experiment details therein. (c) The adhesion of soft material can be
tuned by controlling the amplitude of the surface wrinkles [33].
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theory predicts enhanced hysteretic energy loss and pull-off force of the wavy surface comparing

with that of the adhesive contact of a flat surface by the JKR theory, which is confirmed by Guduru

and Bull’s experiment [37]. Kesari and Lew [35] generalized Guduru’s wavy adhesive contact

problem by considering the contact between an elastic half-space and an axisymmetric, rigid wavy

punch. They also obtained an effective contact force–indentation depth relation in the limit of small

roughness, i.e., the wavy amplitude is much smaller than the characteristic size of the punch. Li

and Kim [36] considered the adhesive contact problem between two solids using the homogenized

cohesive zone, in which one of them was an elastic half-space and the other was a rigid solid

with two-dimensional sinusoidal undulations on its surface. The theoretical argument for adhesion

enhancement by roughness is attributed to the fact that the surface roughness could create surface

mechanical instabilities and consequently lead to an effective adhesive toughening of the contact

interface [34–36].

1.1.3 Depth-dependent hysteresis in adhesive elastic contact

An important phenomenon associated with the surface roughness dependent adhesion is the depth-

dependent hysteresis (DDH) observed in many adhesive contact experiments involving soft mate-

rials [27, 33, 38–40]. In such experiments, the contact force at a given indentation depth differs

depending on whether the experiment is in a loading or an unloading phase, see Figure 1.5a. More-

over, the force in the unloading phase depends on the maximum indentation depth |hmin|, which

is the indentation depth at the beginning of the unloading phase in a contact cycle. Therefore, the

hysteretic energy loss is different from one contact cycle to another depending on |hmin|. In addi-

tion, the energy loss is found to increase with roughness at small roughness regime but to decrease

as the surface becomes rougher, see Figure 1.5b. It is noted that the DDH phenomenon can not be

captured by the classical adhesive contact theories.

The DDH has traditionally been attributed to various mechanisms including the interdigitation

of tethered chains [38], the meniscus effect of ambient moisture [40], the formation of hydrogen

bonds [41], and the viscoelastic and plastic deformations of materials [42,43], etc. However, Kesari

et al. [27] reported that the DDH persists while the aforementioned mechanisms can be reason-

ably excluded. Furthermore, Kesari and Lew [35] proposed a continuum model of adhesive contact
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involving an elastic half-space and a rigid rough punch, in which the small-scale roughness is rep-

resented by the wavy undulations on the punch’s surface. Based on this model, they suggested an

alternative mechanism for DDH. That is, the DDH is an emergent property from contact between

rough surfaces which originates as the smeared out effect of a series of mechanical instabilities

created by the small-scale surface asperities. The instabilities are similar to the pull-in and pull-off

instabilities as seen in the classical adhesive contact theories, but are at the asperity level and nu-

merous, leading to extensive energy loss. In addition, their model predicts that the energy of DDH

increases with the small-scale surface roughness in the small roughness regime.

1.2 Outline of the dissertation

The main objectives of this dissertation are to develop analytical and computational models for

adhesive elastic contact between rough surfaces and analyze the effects of bulk and surface ma-

terial properties and surface topography on adhesive elastic contacts. The researches carried out

in this dissertation aim to provide fundamental understanding of the mechanics of elastic contact

and adhesion of rough surfaces. The results of this dissertation have direct implications in various

fields including MEMS devices, bio-inspired adhesive structures, and interfacial toughening for soft

material. The dissertation is organized as follows.

In Chapter 2, we study an axisymmetric mechanics problem involving the adhesive, frictionless

contact between an elastic half-space and a rigid tip with general surface profile to investigate the

effect of machine stiffness on interpreting contact force–indentation depth curves in adhesive elastic

contact experiments. The JKR theory has been exceptionally successful in interpreting contact

force–indentation depth measurements and explaining adhesive, elastic contact phenomena, such

as the pull-in and pull-off instabilities. However, in many cases the JKR theory predicts a lower

magnitude for the pull-off force than what is experimentally measured, and it does not capture

the finite changes in the indentation depth that occur during the pull-in and pull-off instabilities.

We believe that these discrepancies occur because the classical JKR theory ignores the machine

stiffness—which, in the case of AFM-type instruments, is the stiffness of the mechanical structure

that connects the tip to the translation stage. Our model explains the experimental data better than
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the JKR theory in the cases where the JKR theory displays the aforementioned discrepancies.

In Chapter 3, we present a randomly rough surface model of adhesive elastic contact to analyze

DDH at large surface roughness. Although Kesari and Lew [35] proposed a mechanics model based

on the occurrence of adhesion and roughness related small-scale instabilities to explain DDH, their

model only applies in the regime of infinitesimally small surface roughness, and consequently it

does not capture the decrease in energy loss with surface roughness at the large roughness regime,

as shown in Figure 1.5b. Our new mechanics model, which is a non-interacting asperity type con-

tact model, applies in the regime of large surface roughness. The primary difference between the

model presented in [35] and the new model herein is that the contact region in the former is simply

connected whereas in the latter it is multiply connected. Our model is based on the MD theory of

adhesive elastic contact and Nayak’s theory of rough surface. In it, the surface asperities come into

and out of contact with the tip through small-scale surface mechanical instabilities. The number of

instabilities depends on the roughness of the contact surface and the maximum indentation depth.

Larger maximum indentation depth results in more surface features participating in the contact pro-

cess, leading to larger hysteretic energy losses. The model captures the trend of decreasing energy

loss with increasing roughness. It also captures the experimentally observed dependencies of energy

loss on the maximum indentation depth, and bulk and surface material properties.

In Chapter 4, we propose an effective, nonlinear body force based approach to simulate adhesive

elastic contact and investigate the effect of surface roughness on adhesion. We specifically study

the contact between an axisymmetric elastic tip and a rigid half-space. The adhesive interaction is

modeled as an effective body force on the tip due to its interaction with the half-space, which is

governed by the generalized Lennard-Jones (LJ) potential. For the contact between a smooth tip

and the half-space, we find the occurrence of contact instabilities is controlled by the Tabor param-

eter. The most notable feature of the study is that it is able to capture the mechanism of DDH and

the adhesion enhancement by surface roughness observed in many adhesive contact experiments.

Our simulations provide a critical evidence to the small-scale contact instability mechanism as a

plausible explanation for DDH. Our simulations reveal that DDH originates from small-scale con-

tact instabilities at the surface asperity level. Both maximum adhesive force and hysteretic energy
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loss first increase then decrease as the surface roughness increases. The adhesion enhancement ef-

fect of rough surfaces is resulted from the increased contact area in the small roughness regime.

Furthermore, our simulations give other interesting insights into the mechanics of adhesive contact

between rough surfaces. It is found that the change in the trend of roughness effect on adhesion

correlates with the transition of contact region from being simply connected to multiply connected.

The interactions between surface asperities become weaker and the contact becomes asperity type

as roughness increases. These new findings cannot be captured by theoretical contact models.

In Chapter 5, we explore the principle of contact splitting for biological fibrillar structures and

investigate their adhesion on rough surfaces through a multiple spring model. Many animals such

insects, spiders, and lizards have developed an alternate strategy—fibrillar structures on their at-

tachment pads—to achieve remarkable adhesion and easy release for locomotion on natural rough

surfaces. The biological fibrillar structures allow individual fibril to deform more easily to conform

with the rough surface, resulting increased contact area, which gives strong adhesion for relative

stiff biological materials. The detachment of a single fibril is unable to trigger the next fibril to de-

tach from the substrate. The additional energy needed for crack re-initiation of each fibril manifests

as a better adhesion of the fibrillar structure. We investigate the effects of fibril stiffness and surface

roughness and correlation length of rough surface on the adhesion of fibrillar structures.

In Chapter 6, we present a model of peeling an elastic soft thin film from a rigid substrate with

a periodic, rough surface. The peeling force is obtained by minimizing the total potential energy of

the system and the equilibrium path is discussed based on stability analysis. It is found that there

exist snap-through instabilities during the peeling of thin film, resulting in an apparent toughening

of the interface between thin film and substrate. Furthermore, it is shown that the effective peeling

force and work of adhesion for rough substrates can be increased significantly compared to that of

the flat case by increasing the aspect ratio of the surface. Asymptotic limits of effective peeling

force and work of adhesion are obtained in the limit of large aspect ratio of the wavy substrate’s

surface. The theoretical results suggest that the adhesion of interface can be enhanced by designing

the interfacial topography.

Finally, in Chapter 7 we conclude the dissertation with a summary of main findings of the work

and a outlook of related future directions.



Chapter 2

Effect of machine stiffness on

interpreting contact force–indentation

depth curves in adhesive elastic contact

experiments
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2.1 Introduction

Van der Waals (dipole-dipole) and Coulombic interactions between molecules can give rise to attrac-

tive forces between solids [44, 45]. These attractive forces can make a pair of contacting surfaces

adhesive even when they are not connected by any liquid bridges. The effect of these attractive

forces, termed dry adhesion, operates at all scales but is dominant at µm–nm lengths (Figure 2.1a).

15
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Dry adhesion has been found to play an important role in many fields, including biology, en-

gineering, and physics. Many insects, spiders, and reptiles, for example, possess fibrillar struc-

tures on their foot pads that, through adhesion, allow these animals to adeptly scale vertical sur-

faces [8,46–50] (Figure 2.1b). In MEMS engineering, adhesion-induced device failure is a pervasive

problem that limits its continued development. In MEMS devices, such as comb drive accelerom-

eters, slender, micrometer-sized structures are aligned in parallel rows in close proximity to one

another (Figure 2.1c). During the device’s fabrication stage or later in its operation, these struc-

tures can unintentionally come into contact with each other or the substrate and remain permanently

adhered, leading to device failure [2]. Adhesion also plays a role in the physical properties that

underlie friction and wear at the sub-micrometer scale [6, 51]. Contact between hard solids, such

as metals and ceramics, primarily takes place at the surfaces’ asperities. Adhesion firmly welds the

asperities, and thus the two solids. In order to move or slide the solids over one another, significant

frictional force must be generated in order to break the asperities apart or rupture the asperities from

their respective solids, contributing to wear (Figure 2.1d).

An important metric for quantifying dry adhesion between two contacting solids is the Dupré’s

work of adhesion,

w := γ1 + γ2− γ12, (2.1)

where γ1 and γ2 are the surface energies of the two solids and γ12 is the contact interface’s energy

per unit area [1]. Adhesion can be measured through a variety of tests and experiments, including

thin film peeling [53–55], blister tests [56,57], and normal contact experiments [27,58–64]. Among

these techniques, normal contact experiments distinguish themselves for two reasons: firstly, they

can provide information about the materials’ elastic properties; and secondly, they can spatially map

out a material’s surface adhesive and bulk elastic properties at the µm–nm length scales, making it

the preferred test for evaluating adhesion and the elasticity of a solid.

Normal contact experiments are typically performed using an AFM [27,58–61] or an instrument

modeled after it. In these experiments, a sample of the material whose properties are to be examined

is prepared in the form of a rectangular or circular slab. This slab is most commonly referred

to as the substrate. The substrate is placed under a rigid tip, which is connected to a stage via

a passive mechanical structure, such as the cantilever in an AFM (Figure 2.2a). The instrument
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Figure 2.1: (a) Adhesion dominates at small scales. Bradley [52] considered the adhesive force between a rigid sphere
and a rigid semi-infinite body. He assumed that the adhesive interaction between two molecules of the solids, with centers
a distance d apart, is proportional to 1/dn where n is an integer. The adhesive force is found to be 2πwR, where w is the
work of adhesion and R is the radius of the sphere. At the same time, the gravitational force on the sphere is 4πρgR3/3
where ρ is the density of the material of which the sphere is composed. For most engineering materials, w and ρ are of
the order of 10 mJ/m2 [1] and 103 kg/m3, respectively. (b) An ant climbs on a plant stem, showcasing that adhesive forces
overcomes the gravitational forces at small length scales. (c) A comb finger of a drive actuator is stuck to the substrate
due to adhesion [2]. (d) Wear debris accumulates on the surface of the gear of a microengine [2] as a result of adhesion.

controls the position of the stage and brings the tip and substrate into and out of contact. Mechanical

properties are measured at a given location on a substrate’s surface by carrying out one or more

contact cycles. Each contact cycle begins with a loading phase, when the stage moves towards the

substrate, followed by an unloading phase, when the stage moves away from the substrate. During

contact cycles, the deformation of the mechanical structure that connects the stage to the tip is

often small, resembling an elastic spring. The stiffness of this spring is referred to as the machine

stiffness. In AFM contact experiments, the mechanical structure that connects the tip to the stage is a

cantilever. The cantilever’s shape, size, and material composition then dictate the machine stiffness.

In the experiments, the contact force that arises between the two solids is measured as a function

of the indentation depth which is the distance from the undeformed substrate’s surface to the tip.

The properties of the substrate are obtained from the contact force–indentation depth data based
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on a classical adhesive contact theory such as the JKR theory [14]. According to the JKR theory,

the tip would jump into contact with the substrate unstably in the loading phase, resulting in an

abrupt decrease in the contact force. Similarly, in the unloading phase, the tip would jump out

of contact with the substrate spontaneously, resulting in a sudden increase in contact force. The

phenomena of the tip jumping into and out of contact with the substrate unstably are called pull-

in and pull-off instabilities, respectively. There are two important experimental results that differ

from the JKR predictions. First, the indentation depth just before and after the pull-in and pull-

off instabilities do not change as per the JKR theory, see Figure 2.2b. However, in many adhesive

contact experiments the indentation depth just before and after the pull-in and pull-off instabilities

are different [27,58,59,61], see Figure 2.2c. Second, the JKR theory predicts the contact force at the

pull-off instability, i.e. the pull-off force, to be −5πwR/6, where R is the radius of curvature of the

tip; whereas the measured pull-off force in experiments is different from that value (see §2.4). The

work of adhesion would be inaccurate if it were calculated using the pull-off force given by the JKR

theory. The reason for this difference is due to the machine stiffness, whose effect is overlooked in

the JKR theory.

In this work, we show that machine stiffness is an important factor in adhesive contact. Our

problem is a model for a class of contact experiments that are conducted using an AFM-type in-

strument. We consider an axisymmetric mechanics problem involving the adhesive, frictionless

contact between two solids to study the effect of machine stiffness. Both the tip’s symmetry axis

and the stage’s translational directions are normal to the substrate’s surface that faces the tip. We

assume that the contact region is simply connected and hence is a disk that has its center on the

tip’s symmetry axis. Just as in the JKR model [14], adhesion in our problem is modeled as an

infinitesimal interaction—albeit its origins from the van der Waals and Coulombic interactions are

finite-ranged. More specifically, Johnson et al. [14] treated adhesive elastic contact by including

an adhesion energy term in the system’s total potential energy, and then determined the contact re-

gion by stipulating that the contact radius locally minimizes the potential energy. We adopt the same

methodology as Johnson et al. [14], and additionally include an elastic energy term that results from

the deformation of the instrument’s mechanical structure into the total potential energy calculation

of our model. We use a variational approach in the study of our adhesive contact problem and derive
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Figure 2.2: (a) A schematic of an AFM contact experiment. The instrument brings the tip and substrate into and out of
contact by controlling the position of the stage, which is connected to the tip by an elastic cantilever. (b) The contact
force–indentation depth curve according to the JKR theory. The pull-in instability (B→C) and pull-off instability (D→A)
are marked along with corresponding contact configurations. (c) The measured contact force–indentation depth data from
the contact experiments between a glass bead and a Polydimethylsiloxane (PDMS) substrate [58].

the necessary and sufficient conditions on the solutions to our problem. We remark that Takahashi

et al. [65] and Yang [66] analyzed the effect of machine stiffness on the adhesive contact between

a paraboloidal tip and an elastic half-space. They too use a variational approach. However, our

approach is different from that of Takahashi et al. and Yang in that they only consider the first order

necessary conditions on the solutions to their problems, while in our model we further consider the

second order sufficiency conditions on the solutions. Second order sufficiency conditions have pre-

viously been used to study the stability of the equilibrium configurations in adhesive elastic contact

problems by Kesari and Lew [35], Argatov et al. [67], Willert et al. [68], and Popov et al. [69],

among others.

The outline of the work is as follows. First, we formulate our contact problem using the varia-

tional approach and derive the solutions in §2.2. In §2.3 we consider two tip geometries, spherical

and conical, as examples to illustrate the results derived in §2.2. In this section, we also study

the dependence of the pull-in and pull-off instabilities and the resulted hysteretic energy loss on the

machine stiffness. We compare the theoretical predictions of our model with experimental measure-

ments and discuss some potential sources for the discrepancies between our model and experiments

in §2.4.
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2.2 Adhesive elastic contact model

2.2.1 Geometry

Figure 2.3 shows the geometry of our contact mechanics problem. Our problem has the three-

dimensional Euclidean point space E3 as its backdrop. We identify points in E3 using the set of

Cartesian coordinates {x,y,z} that correspond to a fixed, orthonormal set of vectors {êx, êy, êz} that

span the vector space V associated with E3.

The tip in the class of experiments that we model in this work is usually composed of materials

that are much stiffer than that of the substrate. Thus, we model the tip as a rigid solid. Recall that in

the experiments we model, the tip’s geometry has continuous rotational symmetry. Therefore, we

take the tip to be a solid of revolution whose symmetry axis is a fixed line that is parallel to êz and

passes through the fixed point O, which is the origin of E3. In the reference configuration of our

problem (Figure 2.3a), the tip’s surface facing the substrate is the region

∂T0 := {Pt = O + rêr(θ)+ f (r)êz ∈ E3 | θ ∈ [0,2π) and r ∈ [0,∞)},

where the tip’s radial profile f : [0,∞)→ (−∞,0] is a sufficiently smooth function such that f (0)= 0,

the vector êr(θ) := cosθ êx+ sinθ êy, and r and θ are, respectively, the radial and polar coordinates

of Pt .

We model the instrument’s stage as a material point and the structure connecting the tip and

the stage as a linear elastic spring. In the reference configuration of Figure 2.3a, the spring is

unstretched. In the class of experiments we model, the size of the contact region is typically much

smaller than the dimensions of the substrate. In the reference configuration, the substrate occupies

the region z ≥ 0, which we refer to as the half-space S0. We refer to the surface of S0 that faces

the tip as ∂S0. In the reference configuration, there is no contact between the tip and substrate and

the substrate is stress-free. We discuss in more detail what it means for the tip and substrate to be in

contact later in this section.

Figure 2.3b shows the deformed configuration of our problem. In it, the stage and tip have been

moved by amounts of ∆êz and hêz, respectively, from where they were located in the reference
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configuration. We call ∆ the stage displacement and h ∈ (−∞,+∞) the indentation depth. In the

deformed configuration, the tip’s surface facing the substrate occupies the region

∂Tt := {O + rêr(θ)+ ũz(r;h)êz ∈ E3 | θ ∈ [0,2π) and r ∈ [0,∞)},

where ũz(·,h) : [0,∞)→ (−∞,+∞) is defined as

ũz(r;h) := h+ f (r). (2.2)

As is standard in continuum mechanics, we identify material particles that belong to the tip or

substrate by the spatial points in the reference configuration E3 where they originate. We say that

a substrate’s surface material particle S ∈ ∂S0 is a contact particle if there exists a tip material

particle Q ∈ ∂T0 such that S and Q occupy the same spatial point in the deformed configuration.

We refer to the set of all contact particles as the contact region Γc and to the measure of Γc as the

contact area. We define the tip and substrate to be in contact if the contact area is strictly positive.

As previously noted, our problem is axisymmetric and the contact region in it is simply connected.

Therefore, we can always write Γc = {S ∈ ∂S0 | r ≤ a}, where r is S’s radial coordinate and a≥ 0

is Γc’s contact radius.

Let P ∈S0 be a substrate material particle. The displacement of P is the vector u(P) that

is defined such that P +u(P) = p, where p is P’s location in the deformed configuration. In our

problem we only consider displacement fields u : S0→ V for which p has the same θ coordinate

as P . Therefore, u(P) can be expressed as ur(r,z)êr(θ)+ uz(r,z)êz, where r, θ , and z are P’s

cylindrical coordinates and ur(·, ·), uz(·, ·) : [0,∞)× [0,∞)→ (−∞,∞).

Let S ∈ ∂S0 be a contact particle that is in contact with a tip particle Q ∈ ∂T0. Because S and

Q occupy the same spatial point in the deformed configuration, it follows that

(rS +ur(rS ,0))êr(θS )+uz(rS ,0)êz = rQ êr(θQ )+ ũz(rQ ;h)êz, (2.3)

where rS , θS and rQ , θQ are the radial and polar coordinates of S and Q , respectively. It follows
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Figure 2.3: (a) and (b), respectively, show the reference and a deformed configuration of the contacting solids in our
problem, see §2.2.1.

from (2.3) that θS = θQ , rS +ur(rS ,0) = rQ , and

uz(rS ,0) = ũz(rS +ur(rS ,0);h). (2.4)

Imposing the boundary condition (2.4) on the substrate’s displacement field leads to a problem for

which obtaining an analytical solution is quite challenging. In our problem, we impose the boundary

condition

uz(rS ,0) = ũz(rS ;h), (2.5)

which is an approximation of (2.4) on the substrate’s displacement field.

2.2.2 Variational formulation of the adhesive elastic contact problem

We use a variational perspective in the study of our contact mechanics problem. That is, for a given

stage displacement ∆, we posit that the experimentally observed configuration of the spring, tip, and

half-space is one in which the system’s total energy is locally minimized with respect to a, h, and u.

Thus, we allow for the possibility of there being more than one configuration that is experimentally

observable at a given ∆. We assume that the type of solutions we seek can be obtained by first

minimizing the potential energy with respect to u alone, while holding a and h fixed, and then

minimizing this partially minimized potential energy with respect to a and h.

The potential energy in our problem consists of three terms: the energy stored in the spring

because of its stretching, the energy stored in the contact region due to the adhesive interactions
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between the tip and the substrate, and the energy stored in the substrate due to its deformation.

The potential energy stored in the spring that connects the tip to the stage is ks(∆− h)2/2, where

ks ∈ (0,∞) is the spring’s stiffness. As previously noted, we model adhesion between the tip and

the substrate using the JKR theory. According to this theory, the potential energy from the adhesive

interactions between the tip and substrate is −πwa2. We model the substrate as a homogeneous,

isotropic, linear elastic material with Young’s modulus E and Poisson’s ratio ν . Therefore, the

potential energy stored in the substrate is

1
2

∫
S0

σ : εdS0, (2.6)

where

σ =
E

(1+ν)

[
ε+

ν

(1−2ν)
Tr(ε) I

]
(2.7)

is the Cauchy stress tensor and

ε=
1
2

(
∇u+ ∇uT

)
(2.8)

is the small strain tensor. The symbol : in (2.6) denotes double contraction. In (2.7), the symbol I

denotes the second rank identity tensor and Tr(·) denotes the trace operator. In (2.8) the operators

∇(·) and (·)T denote the gradient and transpose operators, respectively.

It follows from (2.5) that the displacement field always needs to satisfy the essential boundary

condition

uz(r,0) = ũz(r;h) on Γc. (2.9)

When ∆, a, and h are held fixed, it can be shown that among the displacement fields that sat-

isfy (2.9), the one that minimizes the system’s potential energy is the one that satisfies the equation

and boundary conditions

Div(σ) = o in S0, (2.10a)

σêz = o on ∂ S0\Γc, (2.10b)

(I− êz⊗ êz)σêz = o on Γc, (2.10c)
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where Div(·) is the divergence operator, o is the null vector in V , and êz⊗ êz is the tensor product

of êz and itself. It is also required that the components of u and σ, respectively, be asymptotic to

(r2 + z2)−1/2 and (r2 + z2)−1 as (r2 + z2)1/2→ ∞.

The solution to the mixed boundary value problem defined by (2.9)–(2.10) was given by Sned-

don [70]. (For a concise derivation of this solution using Betti’s reciprocity theorem, see [71].)

Using that solution, it can be shown that for any given ∆ and h and a positive a, the partially mini-

mized potential energy of the system is

π2E
4(1−ν2)

∫ a

0
χ(ã;h)2 dã+

1
2

ks(∆−h)2−πwa2, (2.11)

where

χ(ã;h) =
2
π

[
h+ ã

∫ ã

0

ũ′z(r;h)√
ã2− r2

dr
]

for ã > 0. (2.12)

Because of the boundary condition (2.9), the mixed boundary value problem defined by is not

well posed when a = 0 and h 6= 0. The value of the expression (2.11) equals the system’s partially

minimized potential energy only when a > 0 or when a = 0 and h = 0. When a = 0 and h ≤ 0,

the tip and the half-space are not in contact. In this case, the partially minimized potential energy

only results from the stretching or compression of the spring. It is not possible for a = 0 and h > 0

because the tip cannot move into the region that is occupied by the unstressed half-space without

forming any contact area with the half-space. Therefore, we conclude that the variational solution

we seek will remain unaltered if we take the partially minimized potential energy of the system to

be given by the value of the function Π(·, ·;∆) : D ⊂ R2→ R∪+∞, where

Π(a,h;∆) :=



π2E
4
∫ a

0 χ(ã;h)2 dã+ 1
2 ks(∆−h)2−πwa2, a > 0, h ∈ (−∞,+∞),

1
2 ks(∆−h)2, a = 0, h≤ 0,

+∞, a = 0, h > 0,

(2.13)

with the domain

D := [0,∞)× (−∞,+∞), (2.14)

and the plane strain Young’s modulus E := E/(1− ν2). We next locally minimize Π(·, ·;∆) with
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respect to a and h. More precisely, we seek the solution point (a∗,h∗) ∈ D for which there exists a

positive number δ such that

Π(a∗,h∗;∆)≤Π(a,h;∆), ∀(a,h) ∈ B(a∗,h∗,δ ), (2.15)

where B(a∗;h∗;δ ) := {(a,h) ∈R2| ‖(a∗,h∗)− (a,h)‖< δ}. The solution point is also said to be the

stable equilibrium configuration of the adhesive elastic contact.

2.2.3 Solutions

Contact radius and indentation depth

The solutions defined by (2.15) can lie either in the interior of the domain or on its boundary. We

name the points in the interior of D interior points and on the boundary of D boundary points. We

denote the boundary of D as int(D) and the interior of D as ∂ D. It follows from the definition of

D that the interior and boundary points are simply the points (a,h) ∈ R2 with a > 0 and a = 0,

respectively. We show in Appendix A.1 that the boundary contains solutions only when ∆ < 0,

and that those solutions are of the form (0,∆). In the remainder of this section, we only discuss

solution points that lie in int(D). We begin by defining and characterizing the stationary points that

are relevant for our discussion of interior solution points.

Stationary points A stationary point (a◦,h◦) is an interior point that satisfies the first order con-

ditions

∂Π

∂h
(a◦,h◦;∆) = 0, (2.16a)

∂Π

∂a
(a◦,h◦;∆) = 0. (2.16b)
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The stationary point is also referred to as the equilibrium configuration of the adhesive elastic con-

tact. At all interior points (a,h) it follows from (2.13) that

∂Π

∂h
(a,h;∆) =

π2E
2

∫ a

0
χ(ã;h)

∂ χ(ã;h)
∂h

dã− ks(∆−h), (2.17a)

∂Π

∂a
(a,h;∆) =

π2E
4

χ(a;h)2−2πaw. (2.17b)

At any interior point (a,h) it follows from (2.12) that ∂ χ(a;h)/∂h = 2/π. Thus, after substitut-

ing ∂ χ(ã;h)/∂h with 2/π in (2.17a) and simplifying, we find that

∂Π

∂h
(a,h;∆) = πE

∫ a

0
χ(ã;h)dã− ks(∆−h). (2.18)

Equations (2.16a) and (2.18) imply that

πE
∫ a◦

0
χ(ã;h◦)dã− ks(∆−h◦) = 0. (2.19)

Equations (2.16b) and (2.17b) imply that χ(a◦;h◦) is equal to ±
√

8a◦w/(πE). However, we show

in Appendix A.2 that only the negative square root is physically meaningful, i.e.,

χ(a◦;h◦) =−
√

8a◦w
πE

. (2.20)

Equivalently, the stationary point (a◦,h◦) is a root of the function

(a,h) 7→ χ(a;h)+

√
8aw
πE

. (2.21)

It follows from (2.12) and (2.21) and the implicit function theorem that there exists a function h that

is defined on a neighborhood of a◦ such that

h◦ = h(a◦). (2.22)

We derive h for contact experiments involving a spherical and conical tip in §2.3.1 and §2.3.2,

respectively.
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First order necessary condition It can be shown that Π(·, ·;∆) is continuously differentiable on

int(D). Consequently, if (a∗,h∗) is an interior solution point, then it must also be a stationary point.

Therefore, an interior solution point (a∗,h∗) is also a root of the function (2.21) and it satisfies the

equation h∗ = h(a∗).

Second order necessary condition We discuss the second order conditions in Appendix A.3. A

consequence of those conditions is that the value of the function g : [0,∞)→ R, where

g(a) := h ′(a)−
√

8πaEw
2aE + ks

(2.23)

at an interior solution point’s abscissa should be non-negative. The derivative of h is denoted as h ′.

Second order sufficient condition We show in Appendix A.3.3 that a stationary point (a◦,h◦) is

a solution point if

g(a◦)> 0. (2.24)

Equation (2.24) is the second order sufficiency condition (A.3.12) written in terms of the function

g, which we introduced in (2.23).

Contact force

In our contact problem, the contact force between the tip and the substrate can be written as Pêz.

When P in non-negative (resp. non-positive), we say that the contact force is compressive (resp.

attractive). The contact force corresponding to the solution point (a∗,h∗) is denoted as P∗.

As we discussed in §2.2.3, the solution points (a∗,h∗) belonging to ∂ D are of the form (0,∆),

where ∆ < 0. In the solutions corresponding to those points, the spring is unstretched, the substrate

is undeformed, and the tip and the substrate are not in physical contact. (See Appendix A.1 for

details.) Therefore, the contact force P∗ = 0 in those solutions.

When (a∗,h∗) belongs to the int(D) it follows from the results presented by Snedddon [70]
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and [71, 5.10] that the contact force P∗ is

P∗ = P (a∗,h∗), (2.25a)

where P : D → R and

P (a,h) := πE
∫ a

0
χ(r;h)dr. (2.25b)

As we discussed in §2.2.3, by necessity an interior solution point is also a stationary point. Thus,

we can replace a◦ and h◦ with, respectively, a∗ and h∗ in (2.19) and (2.20), and then, from (2.25),

substitute πE
∫ a∗

0 χ(ã;h∗)dã with P∗ in the first of the resulting equations to get

∆ =
P∗

ks
+h∗ (2.26)

and

χ(a∗;h∗) =−
√

8a∗w
πE

. (2.27)

We determine the solution contact radius, indentation depth, and contact force, i.e., a∗, h∗, and P∗,

through simultaneously solving the equations (2.25a)–(2.27). We illustrate this in §2.3.1 and §2.3.2,

respectively, where we consider tips having spherical and conical shapes.

2.3 Applications

2.3.1 Spherical tip

Theory

In AFM-type contact experiments involving a substrate that is especially delicate, such as a gel or a

biological tissue, it is customary to use a spherical glass or polystyrene bead as the tip [27, 58–60].

The radial profile of the spherical tip can be written as

f (r) = R(1− r2/R2)1/2,
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where 0≤ r < R and R is the sphere’s radius, see Figure 2.4a. For this particular f on calculating ũz

from (2.2) and substituting it into (2.12), we get

χ(ã;h) =
2
π

[
h− ã tanh−1

(
ã
R

)]
. (2.28)

From (2.28), it follows that in the limit ã/R→ 0

χ(ã;h)
R

=
2
π

[
h
R
−
(

ã
R

)2
]
+O

(
ã4

R4

)
. (2.29)

Generally, when measuring compliant materials, the contact radius must be made large enough that

the contact force is measurable. Because of this, during some stages of the experiments the contact

radius a is not substantially smaller than the bead radius R. Despite that, in order to simplify some

of the ensuing calculations in this section, we assume that the contact radius during the experiment

is much smaller than R. That is, we ignore the fourth order term in (2.29) and simply take

χ(ã;h) =
2
π

(
h− ã2

R

)
. (2.30)

Substituting (2.30) in (2.19) and (2.20), we find that the points (a◦,h◦) satisfy the equations

h◦ = h(a◦), (2.31a)

where

h(a◦) =
a◦2

R
−
√

2πa◦w
E

(2.31b)

and

∆ =
P (a◦,h◦)

ks
+h◦, (2.32a)
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where

P (a◦,h◦) = 2a◦h◦E− 2a◦3E
3R

. (2.32b)

Recall from §2.2.3 that a stationary point (a◦,h◦) is a solution point if it satisfies the condi-

tion (2.24). We can compute the derivative of the function h given in (2.31b) and substitute it

into (2.23) to determine the function g, and then substitute g in (2.24). In doing this, we find that

(a◦,h◦) is a solution point if

g(a◦) =
2a◦

R
−
√

πw
2a◦E

−
√

8πa◦Ew
2a◦E + ks

(2.33)

is positive.

The non-dimensional variables and parameters P̄ (ā◦, h̄◦) := P (a◦,h◦)/P̂, h̄(ā◦) := h(a◦)/ĥ, and

∆̄ = ∆/ĥ, where ā◦ = a◦/â, h̄◦ = h◦/ĥ, P̂ := 3πwR/2, â :=
(
9πwR2/8E

)1/3, and ĥ := (â2/R) allow

equations (2.31)–(2.32) to be written as, respectively,

h̄◦ = h̄(ā◦), (2.34a)

where

h̄(ā◦) = ā◦2− 4
3

ā◦1/2 (2.34b)

and

∆̄ =
4

3α
P̄
(
ā◦, h̄◦

)
+ h̄◦, (2.35a)

where

P̄
(
ā◦, h̄◦

)
=

3
2

ā◦h̄◦− 1
2

ā◦3. (2.35b)

Defining ḡ(ā◦) := ā◦1/2g(ā◦â)/(3πw/(8ER))1/3 and with the non-dimensional parameters â and α ,
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Figure 2.4: (a) Geometry of the spherical-tip contact problem. In (b)–(d) we denote the different tip-substrate config-
urations as points. A configuration’s abscissa gives its prescribed state displacement ∆̄. In (b) and (c) the ordinate of
each configuration gives its contact radius and indentation depth, respectively. The configurations whose contact radii
and indentation depths corresponding to stationary points are marked as circles, while those corresponding to solution
points are marked as dots. In (d) the ordinate of a configuration gives its contact force P̄∗. The configurations just after
the occurrence of the pull-in instability are marked by triangles, while the configurations just before the occurrence of the
pull-off instability are marked by squares.

we get from (2.33) that

ḡ(ā◦) = 3ā◦3/2− 4ā◦

2ā◦+α
−1. (2.36)

The parameter α in (2.35a) and (2.36) is the ratio of the machine stiffness ks to the contact interface’s

characteristic stiffness k̂s :=
(
9πwE2R2/8

)1/3.
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Numerical calculation of pull-in and pull-off forces and hysteretic energy loss

We numerically computed the stationary points for a range of ∆̄ values using (2.34)–(2.35). The

results from these calculations are shown in Figure 2.4b–c. It follows from the discussion in Ap-

pendix A.1 that the pull-in instability occurs when ∆̄ = 0. The contact radius just after the pull-in

instability, āi, is the abscissa of the stationary point that satisfies (2.34)–(2.35) for ∆̄=0. We define

the pull-off contact radius āo to be arg inf {ā◦ | ḡ(ā◦)> 0}. The indentation depths just prior to the

pull-in instability and pull-off instability are, respectively, h̄i = h̄(āi) and h̄o = h̄(āo), where h̄ for the

spherical tip is given in (2.34b). We marked āi and āo in Figure 2.4b, and h̄i and h̄o in Figure 2.4c.

We define a non-dimensional solution point to be (ā∗, h̄∗) := (a∗/â,h∗/ĥ). A stationary point

(ā◦, h̄◦) qualifies as a non-dimensional solution point if its abscissa satisfies the sufficiency condition

that ḡ(ā◦) in (2.36) is positive. We show the abscissa and ordinate of several of these solution points

in Figure 2.4a and b, respectively, using solid symbols. In addition to the solution points that we

have from the set of stationary points, it follows from the discussion of §2.2.3 that when ∆̄ < 0 we

have additional solution points on the boundary ∂ D that are of the form (0, ∆̄). The abscissa and

ordinate of these points are also marked in Figure 2.4b and c, respectively.

For each of the solution points (ā∗, h̄∗) shown in Figure 2.4b–c, we computed the non-dimensional

contact force P̄∗ := P∗/P̂ as P̄ (ā∗, h̄∗), where P̄ for the spherical tip is given in (2.35b). We show

these force values in Figure 2.4d. The contact forces corresponding to the solution points of the

form (0, ∆̄), which are actually all zero, are also shown in that figure.

We denote the contact force and the stage displacement just prior to the occurrence of the pull-

in (resp. pull-off) instability as P̄∗i (resp. P̄∗o ) and ∆̄i (resp. ∆̄o). Recall that ∆̄i = 0. It follows

from (2.35a) that

∆̄o =
4

3α
P̄ (āo, h̄o)+ h̄o.

The pull-in and pull-off contact forces, i.e. P̄∗i and P̄∗o , can be calculated as P̄ (āi, h̄i) and P̄ (āo, h̄o),

respectively, where P̄ for the spherical tip is given in (2.35b). We have marked the points (∆̄i, P̄∗i )

and (∆̄o, P̄∗o ) in Figure 2.4d.

We show the contact forces P̄∗i and P̄∗o as a function of α in Figure 2.5a. Through an analysis

of (2.34) and (2.35), we found that as α → 0 the contact forces P̄∗i and P̄∗o tend to 0 and −1,
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respectively. And as α→∞, the contact forces P̄∗i and P̄∗o tend to−8/9 and−5/9, respectively. With

the aid of these asymptotic results we were able to construct the functions P̄ ∗i , P̄ ∗o : (0,∞)→ (−∞,0),

where

P̄ ∗i (α) =−8
9

(
1− 1

1+0.83α1.12

)
(2.37a)

and

P̄ ∗o (α) =−1
9

(
5+

4
1+0.21α1.32

)
. (2.37b)

These provide excellent approximations for P̄∗i and P̄∗o for a wide range of α values. (See Fig-

ure 2.5a.)

As can be noted from Figure 2.4b and c, there exist two solution points for some ∆̄ values. For

those same values, unsurprisingly, there are also two force values. Which of these two force values

are actually measured in an experiment depends on the contact cycle employed in that experiment.

For example, for the typical contact cycle discussed in §2.1, the experiment will measure the force

values that we have marked using right and left arrows in Figure 2.4d during the loading and the

unloading phases, respectively.

The hysteretic energy loss during a contact cycle can be computed as

(R4w5/E2)1/3H̄, where

H̄ =
4

3α

∫ āi

āo

P̄ (ā∗, h̄(ā∗))
[

P̄,1(ā∗, h̄(ā∗))+ P̄,2(ā∗, h̄(ā∗))h̄ ′(ā∗)+
3α

4
h̄ ′(ā∗)

]
dā∗, (2.38)

in which P̄,1 and P̄,2 are the partial derivatives of P̄ with respect to its first and second arguments,

respectively. It can be shown that as α → 0 the hysteretic energy loss H̄ → ∞, and as α → ∞

the hysteretic energy loss H̄ → (π5/3 + 3(2π)5/3)/10(≈ 7.092). With the aid of these asymptotic

results, we constructed the function H̄ : (0,∞)→ (0,∞), where

H̄ (α) = 7.092+
7.657
α0.99 . (2.39)
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Figure 2.5: The spherical-tip case. (a) The exact (circles) and approximate (solid line) values of |P̄i| and |P̄o| as a function
of α . The exact values are computed using the procedure outlined in §2.3.1. The approximate values are given by the
functions P̄i and P̄o defined in (2.37). (b) The exact (circles) and approximate (solid line) values of H̄ as a function of α .
The exact values are computed using (2.38), while the approximate values are given by the function H̄ defined in (2.39).

The values of H̄ are very close to H̄ for a wide range of α values, see Figure 2.5b.

2.3.2 Conical tip

Theory

In this section, we consider a conical tip whose radial profile f (r) = −r tanθ , where θ ∈ (0,π/2)

is shown marked in Figure 2.6a. Calculating ũz from (2.2) for this radial profile and substituting it

into (2.12) results in

χ(ã;h) =
2
π

(
h− π

2
ã tanθ

)
. (2.40)

As we did in the case of the spherical tip (§2.3.1), by substituting (2.40) in (2.19)–(2.20) we obtain

that the points (a◦,h◦) satisfy the equations

h◦ = h(a◦), (2.41a)

where

h(a◦) = 2a◦h◦E− 1
2

πa◦2E tanθ (2.41b)
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Figure 2.6: (a) Geometry of the conical-tip contact problem. In (b)–(d) we denote the different tip-substrate config-
urations as points. A configuration’s abscissa gives its prescribed state displacement ∆̄. In (b) and (c) the ordinate of
each configuration gives its contact radius and indentation depth. The configurations whose contact radii and indentation
depths corresponding to stationary points are marked as circles, while those that corresponding to solution points are
marked as dots. In (d) the ordinate of a configuration gives its contact force P̄∗. The configurations just after the occur-
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and

∆ =
P (a◦,h◦)

ks
+h◦, (2.42a)

where

P (a◦,h◦) = 2a◦h◦E− 1
2

πa◦2E tanθ . (2.42b)
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From (2.23) and (2.41b), it follows that the function g for the case of conical tip is

g(a◦) =
π

2
tanθ −

√
πw

2a◦E
−
√

8πa◦Ew
2a◦E + ks

. (2.43)

The functions with non-dimensional values and non-dimensional variables P̄ (ā◦, h̄◦) := P (a◦,h◦)/P̂,

h̄(ā◦) := h(a◦)/ĥ, and ∆̄ :=∆/ĥ, where ā◦ := a◦/â, h̄◦ := h◦/ĥ, P̂ :=w2/(πE tan3 θ), â :=w/(πE tan2 θ),

and ĥ := w/(E tanθ), allow (2.41)–(2.42) to be written as, respectively,

h̄◦ = h̄(ā◦), (2.44a)

where

h̄(ā◦) =
ā◦

2
− (2ā◦)1/2 (2.44b)

and

∆̄ =
1
α

P̄
(
ā◦, h̄◦

)
+ h̄◦, (2.45a)

where

P̄
(
ā◦, h̄◦

)
= 2ā◦h̄◦− 1

2
ā◦2. (2.45b)

The parameter α in (2.45a) is the ratio of the machine stiffness ks to the contact interface’s character-

istic stiffness k̂s := w/(π tan2 θ). Defining ḡ(ā◦) := (2ā◦)1/2g(ā◦â)/(π tanθ), we find from (2.43)

and the definitions of α and â that

ḡ(ā◦) =

√
2ā◦

2
− 4ā◦

2ā◦+α
−1. (2.46)
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Numerical calculation of the pull-in and pull-off forces and the hysteretic energy loss

We numerically computed the stationary points (ā◦, h̄◦) for a range of ∆̄ values using (2.44)–(2.45).

The solution points (ā∗, h̄∗) are those stationary points (ā◦, h̄◦) for which ḡ(ā◦) > 0, with ḡ being

given in (2.46). When ā∗ > 0 then P̄∗ = P̄ (ā∗, h̄∗), where P̄ is given in (2.45b). When ā∗ = 0, then

P∗ = 0. We show the abscissa (resp. ordinate) of the stationary and solution points as a function of

∆̄ in Figure 2.6b (resp. c), and show P̄∗ in Figure 2.6d.

We employed the same procedure that we used in §2.3.1 to identify the contact radii āi and āo,

indentation depths h̄i and h̄o, and contact forces P̄i and P̄o to identify those quantities in the case

of conical tip (Figure 2.6b–d). We found that as α → 0 the contact forces P̄∗i and P̄∗o approach

0 and −54, respectively. And as α → ∞, the contact forces P̄∗i and P̄∗o approach −32 and −6,

respectively. With the aid of these asymptotic results, we were able to construct the functions P̄ ∗i

and P̄ ∗o : (0,∞)→ (−∞,0), where

P̄ ∗i (α) =−32
(
1− e−0.12α

)(
1+2.05e−0.123α0.665

)
(2.47a)

and

P̄ ∗o (α) =−6− 48
1+0.00158α2.285 (2.47b)

whose values approximate, respectively, P̄∗i and P̄∗o very closely for a wide range of α (Figure 2.7a).

We computed the hysteretic energy loss during a contact cycle as

w3H̄/(πE2 tan4 θ), where

H̄ =
1
α

∫ āi

āo

P̄ (ā∗, h̄(ā∗))
[
P̄,1(ā∗, h̄(ā∗))+ P̄,2(ā∗, h̄(ā∗))h̄ ′(ā∗)+α h̄ ′(ā∗)

]
dā∗, (2.48)

in which h̄ and P̄ are given in (2.44b) and (2.45b), respectively. We found that as α → 0 the

hysteretic energy loss H̄ → ∞, and as α → ∞ the hysteretic energy loss H̄ → 22. With the aid of
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Figure 2.7: The conical-tip case. (a) The exact (circles) and approximate (solid line) values of |P̄i| and |P̄o| as a function
of α . The exact values are computed using the procedure outlined in §2.3.2. The approximate values are given by the
functions P̄i and P̄o defined in (2.47). (b) The exact (circles) and approximate (solid line) values of H̄ as a function of α .
The exact values are computed using (2.48), while the approximate values are given by the function H̄ defined in (2.49).

these asymptotic results we were able to construct the function H̄ : (0,∞)→ (0,∞), where

H̄ (α) = 22+
4383.87
α1.4478 , (2.49)

whose value is very close to H̄ for a wide range of α (Figure 2.7b).

2.4 Experimental comparison and discussion

2.4.1 Experimental comparison

In this section, we compare our model to the experiments reported by Sun et al. [58] and Notbohm et

al. [59]. Both experiments involved adhesive elastic contact between a PDMS slab and an AFM tip.

The AFM tip in Sun et al.’s experiments was a Si3N4 bead of radius R = 58 nm. In Notbohm et al.’s

experiments the AFM tip was a glass bead with R = 2.5 µm.

In Figure 2.8a we show the contact force–indentation depth data from a representative contact

cycle in Sun et al.’s experiments as gray dots. In that same figure, we show the best fit of our model,

specifically (2.31b) and (2.32b), as blue curves and the JKR model as red curves. For both models,

we use E and w as the fitting parameters. (See Appendix A.4 for details.) These parameters come

out to be 6.39 MPa and 63.2 mJ/m2, respectively, in the best fit of both our model and the JKR
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Figure 2.8: Comparison of the contact force–indentation depth curves predicted by our (blue lines) and the JKR (red
lines) models with experimental data (gray dots). The data in (a) and (b) are, respectively, from the experiments performed
by Sun et al. [58] and Notbohm et al. [59]. In each of the curves and data sets, the configuration just before the occurrence
of the pull-off instability is marked with a square.

model. Sun et al. [58] report the stiffness of the AFM cantilever in their experiments to be ks = 0.66

N/m. Using this value, the best fit of our model predicts the pull-off force to be−14.73 nN, whereas

the best fit of the JKR model predicts it to be−5πwR/6 =−9.59 nN. As can be seen in Figure 2.8a,

the experimental pull-off force is −14.8 nN. Thus, the prediction of the pull-off force from our

model is much closer to the experimental value than the prediction of the JKR model.

An important experimental feature that is uniquely captured by our model is that in the experi-

ments, the indentation depth changes by a finite amount during the pull-in and pull-off instabilities.

For example, in the data shown in Figure 2.8a, the indentation depth changes by 26.7 nm and 26.9

nm during the pull-in and pull-off instabilities, respectively. In alignment with these observations,

the best fit of our model predicts the indentation depth during the instabilities to change by 27.4 nm

and 26 nm, respectively. In distinct contrast, the JKR model always predicts there to be no change

in the indentation depth during either of the instabilities.

Figure 2.8b shows the contact force–indentation depth data from a representative contact cycle

in Notbohmet al.’s experiments as gray dots. The best fits of our model and the JKR model are

shown in Figure 2.8b as blue and red curves, respectively. In the best fits of both our model and the

JKR model, E and w come out to be 0.65MPa and 25.7J/m2, respectively. The AFM cantilever’s

stiffness in Notbohm et al.’s experiments was ks = 0.642 N/m. Using this value for the machine

stiffness, we find the pull-off contact force in the best fit of our model to be −281.5 nN. This value

is remarkably close to the experimental pull-off force value, which is −281.6 nN. In contrast, the
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pull-off force in the best fit of the JKR theory is −5πwR/6 = −167.5 nN, which is significantly

greater than the experimental value. The changes in the indentation depth during the occurrence

of the pull-in and pull-off instabilities in the experiments are 0.17 µm and 0.41 µm, respectively.

These changes in the best fit of our model are, respectively, 0.19 µm and 0.42 µm, which are very

close to the experimental values.

2.4.2 Discussion

There is a significant discrepancy between the best fits of our model, the JKR model, and the ex-

periments towards the end of the unloading phase. (See Figure 2.8b.) Notbohm et al. [59] argue

that the discrepancy between their data and the JKR model towards the end of the unloading phase

was due to the nonlinear deformation behavior of the AFM cantilever. We believe this discrepancy

requires further investigation.

There is also a discrepancy between the best fits of our model, the JKR model, and Notbohm et

al.’s experimental data just prior to the occurrence of the pull-in instability. Prior to the occurrence

of the pull-in instability, there is no contact force in either our model or the JKR model. However,

as can be noted in Figure 2.8b, in Notbohm et al.’s experiments there are some small, but non-

negligible, negative contact forces prior to the occurrence of the pull-in instability. We believe

that this discrepancy is due to the assumption in our model that the interbody adhesive interactions

are infinitesimally short ranged. As we discussed in §2.1, dry adhesion mostly originates from

van der Waals and Coulombic type interactions, which have a finite interaction range. The finite

ranged interactions can give rise to negative forces between the tip and the substrate even prior to

the occurrence of the pull-in instability. This view is supported by molecular statics simulations of

adhesive elastic contact [72], in which the interbody interactions are taken to have a finite range and

the contact forces in them are seen to be non-zero prior to the occurrence of the pull-in instability.

A further implication of our assumption that the interbody adhesive interactions are infinitesi-

mally short ranged is that our model’s prediction that the pull-in instability occurs when ∆ = 0 is

also quite likely to be inconsistent with experiments. In experiments, the pull-in instability is likely

to occur when ∆ < 0, although it might be difficult to experimentally demonstrate this fact since

identifying the datum of ∆ is quite challenging in adhesive elastic contact experiments.



Chapter 3

Depth-dependent hysteresis in adhesive

elastic contacts at large surface

roughness

Note: A version of this chapter is published in Scientific Reports. Data and figures have been used

with all co-authors’ consent.

Deng WL and Kesari H. Depth-dependent hysteresis in adhesive elastic contacts at large surface

roughness. Scientific Reports 9(1): 1639, 2019.

3.1 Introduction

A clear understanding of adhesive contact mechanics is critical for spatially mapping out a ma-

terial’s mechanical properties using, for example, nanoindentation- and contact mode AFM-based

techniques [63, 73]. Typically, material properties are measured by fitting contact force vs. inden-

tation depth (P–h) measurements to a contact mechanics theory. Some of the most popular theories

for modeling adhesive elastic contact include the JKR [14], the DMT [15], and the MD [16] theo-

ries. These classical contact theories predict that when the solids are in physical contact, the force

is uniquely determined by the indentation depth and is independent of the history of the contact

41
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Figure 3.1: (a) The schematic of the P–h curve as per the JKR theory. The “pull-in” (i→ ii) and “pull-off” (iii→ iv)
instabilities are marked along with the corresponding contact configurations. Closed and open symbols (circles) mark
stable and unstable states on the P-h curve, respectively. A contact cycle includes the loading (red arrows) and unloading
(blue arrows) phases. The size of the hysteresis loop formed in a contact cycle due to the instabilities (i.e., the shaded
area ∆EI) denotes the hysteretic energy loss, which is depth independent. (b) The schematic of the P-h curve observed
in some experiments [e.g., see Figure 3.2a] which shows that the contact forces differ between the loading and unloading
phases. The total hysteretic energy loss includes depth-independent part ∆EI and depth-dependent part ∆ED.

process [see Figure 3.1a]. However, in many experiments it is found that the contact forces depend

on the contact process history. A typical contact experiment consists of one or more contact cycles,

each of which consisting of a loading and an unloading phase. In those phases the solids are, respec-

tively, being moved towards and away from each other [Figures 3.1a–b and 3.2a]. It is found that,

at a given indentation depth, the contact force differs depending on whether the experiment is in a

loading or an unloading phase [see Figures 3.1b and 3.2a]. For example, Kesari et al. [27] reported

AFM-based contact experiments between a glass bead and a PDMS substrate, which shows that

the contact forces differ between the loading and unloading phases [Figure 3.2a]. The force during

the unloading phase was also observed to depend on the maximum indentation depth |hmin| [Fig-

ure 3.2a]. Kesari et al. termed this phenomenon depth-dependent hysteresis (DDH). The maximum

indentation depth in a contact experiment is the indentation depth at the beginning of its unloading

phase.

Depth-dependent hysteresis has also been observed in a number of other contact experiments,

which span various length scales from µm to cm and involve different soft materials such as gelatin,

PDMS, and poly(n-butyl acrylate) (PNBA) [40, 62, 74]. When the solids are in contact, the classi-

cal contact theories predict a single P–h curve [Figure 3.1a], whereas in the presence of DDH the

experimental measurements display a different P–h branch for the loading and unloading phases
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[Figures 3.1b and 3.2a], respectively. The estimates for the material properties are different depend-

ing on which branch is chosen to be fitted to a classical contact theory. For example, fitting the

unloading and loading branches of the P–h curves shown in Figure 3.2a to the JKR theory yields

values of 20 and 30 mJ/m2, respectively, for the Dupré’s work of adhesion w. Here w= γ1+γ2−γ12,

where γ1 and γ2 are the surface energies of the two solids, respectively, and γ12 is the interfacial en-

ergy [1]. In some experiments, the ambiguity in the estimated values for w can be quite dramatic.

For example, the P–h measurements reported by Guduru et al. [37] for contact between a poly-

carbonate punch and a gelatin slab display significant DDH, with the measurements falling into

distinct loading and unloading branches. Fitting the loading branch of those measurements to the

JKR theory yields a value of 8 mJ/m2 for w, whereas fitting the unloading branch yields a value of

220 mJ/m2.

Depth-dependent hysteresis has been attributed to various mechanisms, such as the meniscus

effect of ambient moisture [40], the entanglement and interdigitation of tethered chains [41], the

formation of hydrogen bonds [38], and the inelastic behaviors of materials (viscoelasticity [42]

and plasticity [43]). However, Kesari et al. [27] showed that DDH persists even when the afore-

mentioned mechanisms can be reasonably excluded. Motivated by the observation of overlapping

hysteresis loops during consecutive load-unload cycles both in air and underwater, they hypothe-

sized that DDH was due to the occurrence of a series of small-scale surface, mechanical instabilities

that are created due to surface roughness, adhesion, and the large compliance of the soft materials

involved [35]. Our recent static molecular simulations showed that this mechanism can operate

in adhesive elastic contacts [72]. The surface instabilities through which small-scale roughness

gives rise to DDH in the work of Kesari et al. [27] and Kesari and Lew [35] are the same as those

through which surface undulations cause adhesive toughening in the work of Li and Kim [36] and

Guduru [34].

The area enclosed by the P-h curves in a contact cycle, ∆E, is a measure of the energy lost during

that cycle. It was found experimentally that ∆E initially increases and then later decreases with the

surface roughness [23, 27], e.g., see Figure 3.2b. Kesari et al. [27, 35] presented a model for DDH

that captures many of the salient features of DDH, including the initial increase of ∆E with the RMS

roughness σrms. However, that model does not capture the later decreases of ∆E with σrms. Kesari
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Figure 3.2: (a) Representative P–h curves measured in AFM contact experiments between a glass bead and a PDMS
substrate [27]. The glass bead was of diameter ≈ 50 µm. The PDMS sample was cast on a silicon wafer having a RMS
roughness ≈ 1.3 nm. As can be noted, the measured P–h curves for the loading and unloading phases of the experiment
are different. The size of the hysteresis loop increases with the maximum indentation depth, |hmin|. The gray dashed
curves are the fit of the loading and unloading branches of the measured P–h data to the JKR theory. (b) A plot showing
the variation of total energy loss as function of the RMS roughness in the experiments. The RMS roughness refers to the
surface roughness of the silicon wafer on which the PDMS substrates were cast. The indenting rate in the experiments
corresponding to all data points shown in the plot was 1000 nm/s. See Ref. [27] for experimental details.

et al. and we believe that this fact is due to the model’s assumption that the contact region is simply

connected [top inset, Figure 3.2b]. The contact region between two flat, perfectly smooth surfaces

would be simply connected. It is likely to remain so even if infinitesimally small undulations were

superimposed onto the flat surfaces. This would be especially true if the solids were composed of

compliant materials, such as hydrogels or nonmineralized, biological tissues. However, irrespective

of the compliance of the materials, as the height of the undulations is increased and the surface

becomes rougher, the contact region will eventually become multiply connected [bottom inset in

Figure 3.2b].

In this work, we focus on the regime of large surface roughness where the contact region is

multiply connected, and present a new model that captures the trend of ∆E decreasing with σrms.

This model is based on the MD theory of adhesive elastic contacts (Figures 3.3–3.5) and Nayak’s

theory of rough surfaces [75]. The mechanism of energy loss in this model is similar to the one in

the model presented by Kesari and Lew et al. [35], in which the energy loss arises as a consequence

of small-scale surface mechanical instabilities. The primary difference between the model presented

in [35] and the new model herein is that the contact region in the former is simply connected whereas

in the latter it is multiply connected.
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Our new model involves adhesive elastic contact between a smooth, rigid paraboloid (tip) and a

rough, semi-infinite, deformable solid (substrate) [see Figure 3.6a]. The substrate’s surface facing

the tip is nominally flat but contains a random distribution of asperities. There are two major types

of models used for studying contact between rough surfaces. The first type is based on the non-

interacting asperity contact model pioneered by Greenwood and Williamson [24], which is widely

used for studying the effect of roughness on adhesion [19,76], particle adhesion [77], elasto-plastic

contact [78], and friction [79]. The second type is related to the self-affine fractal contact model put

forward by Persson [80]. Ours is a non-interacting asperity type contact model, in which we assume

that each substrate asperity interacts with the tip as though it were the only one interacting with it.

The energy loss ∆E was found experimentally to scale affinely with |hmin|, with its minimum

value corresponding to the case |hmin| = 0. Furthermore, it was found that ∆E can be partitioned

into two parts: a fixed part ∆EI that only depends on the geometry and mechanical properties of the

contacting solids and not on |hmin| and a variable part ∆ED that in addition to the solids’ geometric

and mechanical properties also depends on |hmin| [see Figure 3.1b]. The depth-independent part

∆EI is a consequence of two surface mechanical instabilities that occur at the large-scale. These

large-scale instabilities correspond to the initial sudden drop in the contact force [i.e., the transition

from state (i) to (ii) in Figure 3.1b] and the final abrupt increase in contact force [i.e., the transition

from state (iii) to (iv) in Figure 3.1b]. These instabilities are generally referred to as “pull-in”

and “pull-off” instabilities. It was observed in the experiments [27] that each of these large-scale

instabilities always occurred once and only once in a contact cycle. Therefore, ∆EI is the fixed,

minimum amount of energy that gets dissipated in every contact cycle. Consequently, ∆EI can be

computed as the total energy dissipated in the contact cycle with |hmin|= 0.

After the occurrence of the large-scale “pull-in” instability, as the solids are moved towards one

another, more and more surface asperities will come into contact. We assume that those surface

asperities will come into contact through small-scale surface mechanical instabilities, as done in

Ref [27, 35]. Consequently, we refer to the asperities that come into contact during the loading

phase after the occurrence of the large-scale “pull-in” instability as the depth-dependent asperities.

Classical contact theories, which ignore roughness, predict that the contact radius prior to the occur-

rence of the large-scale “pull-off” instability is smaller than after the occurrence of the large-scale
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“pull-in” instability. We assume that that prediction holds true even in the presence of roughness

and therefore that during the unloading phase there will be a point when the contact region has

receded back—in a nominal (large-scale) sense—to the one formed just after the occurrence of

the large-scale “pull-in” instability. This implies that all the depth-dependent asperities would go

out of contact before the occurrence of the large-scale “pull-off” instability. We assume that the

detachment of the depth-dependent asperities takes place through the occurrence of small-scale in-

stabilities, too. Thus, the energy loss ∆ED consists of the energy lost during the instabilities through

which the depth-dependent asperities come into and go out of contact. Since the larger the |hmin|

the larger will be the number of depth-dependent asperities, the loss ∆ED increases with |hmin|.

This work is organized as follows. First, we evaluate the energy loss corresponding to the pair of

small-scale “pull-in” and “pull-off” instabilities by using the MD theory. Second, based on Nayak’s

theory of rough surfaces, we estimate the number of depth-dependent asperities and the depth-

dependent energy loss ∆ED during a contact cycle. Furthermore, we discuss the comparisons of the

theoretical prediction of ∆ED based on our model with the experimental measurements. Finally, we

conclude by discussing the limitations of our model.

3.2 Theory

3.2.1 Energy loss per asperity using the Maugis-Dugdale theory

The MD theory describes the axisymmetric contact between two isotropic, homogeneous, linear

elastic solids of Young’s moduli and Poisson’s ratios Ei and νi (i = 1, 2), respectively [see Fig-

ure 3.3a]. The adhesive interactions are introduced using the Dugdale cohesive zone model [81].

As per this model, a surface material point experiences a traction only if its distance from the other

solid in the direction normal to the surface is less than Z0. Thus Z0 denotes the range of the inter-

body adhesive forces, which are thought to arise from van der Waals-type interactions between the

surfaces. When the normal distance of the material point is less than Z0 but non-zero, then the

traction it experiences is purely tensile and of a fixed magnitude of σ0 [see Figure 3.3b–c].
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Figure 3.3: The MD model of adhesive elastic contact. (a) Geometry of the contacting solids. (b) The Dugdale cohesive
zone, which is assumed to be present at the contact periphery (marked by the dashed box in (a)) as per the MD theory.
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contacting solids. (c) A schematic diagram showing the traction distribution t3 as a function of the separation [u3]. The
traction t3 = ê3 · (σê3), where σ is the Cauchy stress tensor. The parameters Z0 and σ0 are defined in the text.

The contact process is governed by the two dimensionless parameters

`=
πw
E∗R

(3.1)

and

χ =
w

E∗Z0
, (3.2)

where 1/R = 1/R1+1/R2 is the sum of the mean curvatures of the contacting solids at their respec-

tive points of contact, and 1/E∗ = (1−ν2
1 )/E1 +(1−ν2

2 )/E2. In terms of these non-dimensional

parameters, the magnitude of the contact force P and the indentation depth h at equilibrium are

related as

P̄ =


2
3 ā3−χ ā2

(√
m2−1+m2 tan−1

√
m2−1

)
, ā > 0,

−π

2 χ c̄2, ā = 0,

h̄ =

 −ā2 +2χ ā
√

m2−1, ā > 0,

2χ c̄+ h̄g, ā = 0,

`=


ā2
[√

m2−1+(m2−2) tan−1
√

m2−1
]

+4āχ
2
[√

m2−1tan−1
√

m2−1−m+1
]
,

ā > 0,

π

2 χ c̄2 +2(π−2)χ2c̄+πχ h̄g, ā = 0,

(3.3)

where P̄ = P/(2E∗R2), h̄ = h/R, h̄g = hg/R, ā = a/R, c̄ = c/R and m = c/a. The parameter c

is defined such that all surface points whose radial coordinate in the undeformed configuration r

is less than or equal to c experience a non-zero traction force [see Figure 3.3b]. The coordinate
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system corresponding to r is defined in Figure 3.3. The parameter a is defined such that there is no

separation, [u3], between the solids’ surfaces in the region r ≤ a. The separation [u3] is defined in

Figure 3.3b and is usually referred to as the crack opening displacement [1]. The parameter hg is

the separation between the solids’ surface points at r = 0 when a = 0. Due to the finite range of the

inter-body surface adhesive interactions, the surface tractions in the MD theory do not vanish when

ā→ 0, which is the case in the JKR and Hertz theories. For this reason we refer to c as the contact

radius. The cases ā > 0 and ā = 0 in (3.3) were, respectively, derived by Maugis [16] and Kim et

al. [82]

Figure 3.4 shows the representative equilibrium P–h curves for different combinations of pa-

rameters χ and ` according to (3.3). When ` > 0, the MD theory asymptotes to the JKR and DMT

theories, respectively, as χ→∞ and 0 [Figure 3.4a]. The JKR theory applies to compliant materials

having a large work of adhesion, while the DMT theory applies to stiff materials having a small

work of adhesion. When χ is any finite, fixed value, then as `→ 0 the MD theory asymptotes to the

Hertz theory [Figure 3.4b].

When ` > 0, the MD theory predicts that the solids will come into and go out of contact through

the well-known mechanical instabilities termed the “pull-in” and “pull-off” instabilities during a

contact cycle. The schematic of a typical equilibrium P–h curve predicted by the MD theory is

shown in Figure 3.1a. In that schematic, the “pull-in” and “pull-off” instabilities, respectively, cor-

respond to the initial sudden drop in the contact force [state (i) to (ii)] and the final sudden increase

in the contact force [state (iii) to (iv)]. In a displacement controlled experiment, the measured P–h

curve will be the envelope of the equilibrium P–h curve. The energy lost during a contact cycle,

∆Emd, due to the “pull-in” and “pull-off” instabilities, is equal to the area enclosed by the P–h curves

measured during that cycle. It is denoted as the shaded area in Figure 3.4.

The energy loss can be computed from the P̄–h̄ curves, which are defined by (3.3) as

∆Emd = (2E∗R3)∆Ēmd, (3.4a)
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Figure 3.4: (a) The equilibrium P-h curves predicted by the MD theory for different χ values, with ` being held fixed at
0.1. The JKR and DMT limits are achieved when χ → ∞ and χ → 0, respectively. (b) The curves for different ` values,
with χ being held fixed at 0.2. The Hertz limit is achieved when `→ 0. In both plots, the solid and dashed segments
denote stable and unstable equilibrium states, respectively. The shaded area indicates the energy loss of the hysteresis
loop.

where

∆Ēmd =
∫ ro

ri

P̄(r)
∂ h̄(r)

∂ r
dr. (3.4b)

The limits of integration ri and ro in (3.4b) are the contact radii at the instances just after and prior

to the occurrence of the “pull-in” and “pull-off” instabilities, respectively. We refer to ∆Ēmd as the

normalized energy loss. Since the P̄–h̄ curves are completely defined by χ and `, the energy loss

∆Ēmd only depends on these two parameters, too. We could not find a closed form expression for

∆Ēmd by evaluating the integral in (3.4b) analytically for arbitrary values of χ and `. However, we

were able to obtain closed form expressions in three special cases. When χ → ∞, with ` held fixed,

we find that

∆Ēmd ∼ 0.5262`5/3. (3.5a)

On the other hand, when χ → 0 with ` held fixed we obtain that

∆Ēmd ∼ 5.8483χ
5, (3.5b)

as shown in Figure 3.5a. Finally, when `→ 0 with χ held fixed, the energy loss ∆Ēmd→ 0.

We numerically compute ∆Ēmd for a wide range of χ and ` values (see Figure 3.5). As can
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Figure 3.5: (a) The plot of the (3.5b) and the numerically computed ∆Ēmd for different ` when χ is very small. (b) The
comparison of exact dashed line with symbols) with approximate (solid line) values of ∆Ēmd for different χ and `. The
exact values are computed numerically using eqs. (3.3)–(3.4b). The approximate values are computed from (3.6).

be seen, ∆Ēmd increases with both χ and `. By analyzing the numerical data shown in Figure 3.5,

we find that the dependence of ∆Ēmd on χ and ` can be well approximated by the values of the

empirical function

∆Ẽmd(χ, `) =
c1χ5

[c2 (χ3/`)+1]5/3 , (3.6)

where c1 = 5.8483 and c2 = 4.2415. A comparison of the approximate values of ∆Ēmd given by (3.6)

with its exact values computed numerically is shown in Figure 3.5b. A notable aspect of the empir-

ical function ∆Ẽmd is that it gives the exact values of ∆Ēmd in the limit χ → 0 and χ → ∞, while

holding ` fixed, and also in the limit `→ 0, while holding χ fixed. The differences between ∆Ēmd

and ∆Ẽmd are more noticeable at intermediate values of χ . However, we found those differences to

be less than 15% for the data shown in Figure 3.5. Therefore, we will approximate ∆Ēmd with ∆Ẽmd

in our remaining analysis.

3.2.2 Depth-dependent energy loss due to the asperity level instabilities

In this section we present a rough surface contact model, and use that model to compute the depth-

dependent part of the energy loss, ∆ED, as the product of the total number of depth-dependent

asperities and the mean energy loss per asperity.

In our rough surface contact model, the tip is a paraboloid with the radial profile ũ3 = h+r2/2Rt ,

r ∈ [0,Rt ]. We describe the geometry of our model using the Cartesian coordinates xi, i = 1, 2, 3,
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whose corresponding basis vectors, êi, are shown in Figure 3.6a.We describe the substrate’s surface

topography using the function z : R2→ R, which gives the height (x3 coordinate) of the substrate’s

surface points as a function of their x1, x2 coordinates. The datum of the ê3 direction is chosen

such that
∫
R2 z(x1,x2)dx1dx2 = 0. That is, the set of points x3 = 0 form the mean plane of the

substrate’s rough surface [see Figure 3.6c]. The datums of the ê1, ê2 directions are chosen such that

the coordinate system’s origin is the point where the tip’s rotational symmetry axis intersects the

mean plane.

Consider a region in the mean plane having an area of unit magnitude. We say that this unit

region contains an asperity whose apex has the coordinates (x1,x2,z(x1,x2)), if it contains the point

(x1,x2,0). The unit region will, in general, contain a large number of asperities. A number of

surface topography measurements have shown that the variation of a rough surface’s geometric

features can be well described using stochastic models [83, 84]. Motivated by those results, we

model the variation of the different geometric characteristics of the asperities belonging to the unit

region using the probability density functions (PDFs) given by Nayak [75]. In our current model, we

assume that, in a statistical sense, the substrate’s surface roughness is homogeneous and isotropic.

That is, the PDFs characterizing the different geometric features of the asperities do not depend on

the location or the orientation of the unit region. For this special case, Nayak [75] gives the joint

PDF of the heights and curvatures of the asperities belonging to the unit region to be

p(ξ , t) =
√

3C1

2π
e−C1ξ 2

(
t2−2+2e−

t2
2

)
e−

C1t2+C2tξ
2 , (3.7)

where ξ ∈ (−∞,∞) is the asperity height normalized by the surface’s RMS roughness σrms [see

Figure 3.6c], t =−
√

3/m4km, and the asperity curvature km ∈ (0,∞) is the surface’s mean curvature

at the apex of an asperity [see Figures 3.6c–d]. The constants C1, C2 in (3.7) are defined as C1 :=

α/(2α − 3) and C2 := C1
√

12/α , where α is an important parameter called Nayak’s parameter.

It is defined as α := m0m4/m2
2, where m0, m2, and m4 are the surface’s spectral moments. These

moments can be computed from the equation

mn =
2
√

πΓ((1+n)/2)
Γ(1+n/2)

∫
∞

0
qn+1Ciso(q)dq (3.8)
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Figure 3.6: (a) The schematic of contact between a smooth rigid tip and a rough elastic substrate. (b) The schematic of
nominal and real contact areas. (c) The section-view of the rough contact model shown in (a). (d) An asperity with radius
of curvature 1/km at its apex as indicated by the dashed box in (c).

by setting n = 0, 2 and 4, respectively, where Γ is the gamma function, the function Ciso : R→ R is

the isotropic surface’s power spectral density (PSD). It is determined by the surface’s topography z.

See Appendix B for its complete definition.

We assume in our model that the contact between the tip and the substrate takes place only at the

asperities. Consequently, in our model the real contact region is smaller than the nominal contact

region. We define the nominal contact region to be a circular region in the mean plane that contains

all the contacting asperities [Figure 3.6b]. The nominal contact region is also referred to as the

apparent contact region in the literature, since at the large-scale it is the region over which the solids

appear to be in contact. The nominal contact region grows and recedes during the loading and the

unloading phases of the contact cycle, respectively. The evolution of the real contact region is much

more complicated. The definition of the nominal contact region, by itself, does not imply that all

asperities contained within it are in contact with the tip. Indeed, it is possible that many asperities

never make contact despite belonging to the nominal contact region during some instance of the

contact cycle. However, as part of our model, we assume that all asperities within a nominal contact

region make and break contact with the tip as that region forms and unforms. As a consequence of

this assumption, the total number of depth-dependent asperities can be computed as the product of

the asperity density and the area of the nominal contact region that forms after the occurrence of

the large-scale “pull-in” instability during the remainder of the contact cycle’s loading phase. The

asperity density is the total number of asperities contained in a nominal contact region of unit area.

Nayak [75] gives the total number of asperities contained in a region of the mean plane of unit area

to be

η =
m4

6π
√

3m2
. (3.9)
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Recall that the nominal contact region is part of the mean plane. Therefore, η is in fact equal to the

asperity density. We compute the area of the nominal contact region formed after the occurrence of

the large scale “pull-in” instability as

∆Ac = Ahmin
c −A0

c , (3.10)

where A0
c and Ahmin

c are areas of the nominal contact region at the large-scale “pull-in” instability

point (i.e., h = 0, marked as state ii in Figure 3.1b) and at the maximum indentation depth (i.e., h =

hmin, see Figure 3.1b), respectively. Our rough contact does not provide predictions for the nominal

contact region. In many contact experiments the nominal contact region is measured as part of the

experiment (e.g., see Guduru and Bull [37]). In such cases, the total number of depth-dependent

asperities can be estimated by using the measured nominal contact area values in conjunction with

eqs. (3.9) and (3.10). In other situations, where such measurements are unavailable we believe that

the best alternative is to estimate the nominal contact region using a classical adhesive elastic contact

theory. For example, in the next section, we estimate the nominal contact region in the experiments

of Kesari et al. using the JKR theory.

We estimated the energy loss for a single depth-dependent asperity, ∆Emd, using the MD theory.

That energy loss is not constant between the asperities, but varies between them depending on their

curvature. Using (3.7), we find that the variation of curvatures in the population of all asperities

contained in any unit region of the mean plane to be

pκ(t) =

√
3

4π

(
t2−2+2e−

t2
2

)
e−

(8C2
1−C2

2 )t
2

16C1 . (3.11)

Recall that the nominal contact region belongs to the mean plane. Therefore, the PDF (3.11) also

applies to the population of all the asperities contained in any nominal contact region of unit area.

Since the depth-dependent asperities are the total number of asperities contained in the nominal

contact region formed after the occurrence of the large scale “pull-in” instability, the PDF (3.11)

also applies to the population of all depth-dependent asperities. Thus, the mean energy loss per
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depth-dependent asperity can be computed as

〈∆Emd〉=
∫ 0

−∞

∆Emd pκ(t)dt. (3.12)

Writing ∆Emd in (3.12) in terms of ∆Ēmd using (3.4a), and then approximating ∆Ēmd with ∆Ẽmd

defined in (3.6), we get

〈∆Emd〉 ≈ 2E∗
∫ 0

−∞

∆Ẽmd(χ, `(t))pκ(t)R3(t)dt, (3.13)

where

`(t) =
πw

E∗R(t)
, (3.14a)

R(t) =
(

1
Rt
−
√

m4

3
t
)−1

. (3.14b)

Equation (3.14a) follows from noting that in (3.1) the second argument, `, of the function ∆Ẽmd

depends on the effective mean curvature 1/R, which is the sum of mean curvatures of the solids

at their respective points of contact. We assume that at all contact points the tip’s curvature equals

1/Rt and that the asperity’s curvature at the contact point is the same as its curvatures km at its apex.

The (3.14b) follows these assumptions and the fact that km =−
√

m4/3t.

Multiplying the mean energy loss per depth-dependent asperity with the total number of those

asperities we get

∆ED = η∆Ac〈∆Emd〉, (3.15)

where η , ∆Ac, and 〈∆Emd〉 are, respectively, given by (3.9), (3.10), and (3.13).

3.3 Comparison with experiments

In this section, we use (3.15) to estimate ∆ED in the glass bead–PDMS contact experiments reported

by Kesari et al. [27] and compare the estimates with measured values. The experiments involved

contact between a spherical glass bead and PDMS substrates. The geometry of the contacting solids
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in the experiments is shown in the insets of Figure 3.2a. In the experiments, both the substrate

and the tip are rough [see Figures 3.7a–c]. However, in our model only the substrate is rough. This

makes the quantitative comparison of our model with the experiments challenging. Nevertheless, we

still attempt to compare our model’s predictions with the experiments by taking our model’s surface

topography function to be a scalar multiple of that of the substrate so that the substrate’s roughness

in our model stands in for the roughness of both the tip and the substrate in the experiments. Despite

its crude nature, we hope that some knowledge can yet be gained about the utility of our model from

this comparison.

To calculate ∆ED from (3.15), we need to know the asperity density η , the mean energy loss per

asperity 〈∆Emd〉, and the nominal contact area ∆Ac in the context of the experiments. To calculate the

first two of these quantities we need to know the Ciso function. Given a substrate surface topography

function, we are able to numerically compute Ciso(q), where q is the wavenumber magnitude, using

the method presented in Ref. [85], see §1 of Appendix B for details. We take the surface topography

function in our model to be a scaled version of the surface topography function of the substrate in

the experiments.

Kesari et al. reported that it was difficult to measure the PDMS substrates’ surface topography

directly because of their low stiffness. As an alternative, they assumed that a substrate’s topography

function was the same as that of the Si mold on which it was cast. For the purposes of the current

comparison, we make the same assumption. However, as we discuss in §Conclusion, the validity of

this assumption needs further investigation.

The PDMS substrates were cast on four different Si molds having different surface topogra-

phies. The RMS roughness of those topographies ranged between 0.65 nm and 1.52 nm [see, e.g.,

Figure 3.2b]. Since our model applies to the large surface roughness regime, we only consider the

experiments on the substrate with the largest roughness, namely 1.52 nm. Figure 3.7c shows the

surface topography of the Si mold corresponding to this substrate. We use that topography data to

construct the surface topography function for the substrate in the experiments. The values of Ciso

corresponding to this surface topography function are shown in Figure 3.7d. As can be seen, the

values of Ciso are approximately constant at small wavenumber magnitudes, and fall off rapidly at

large wavenumber magnitudes. This behavior is similar to that of a power-law PSD function. To be
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specific, consider the PSD function

q 7→ 1
C0

e−q/q0L2
cσ2

rms

(1+L2
cq2)n , (3.16)

where

C0 = 2π

∫
∞

0

e−q/q0L2
cq

(1+L2
cq2)n dq,

and Lc, q0, and n are parameters referred to as the correlation length, cut-off wavenumber, and the

power-law index, respectively. The PSD function (3.16) is a modified version of the k-correlation,

or ABC model, which has been shown to be applicable to a large variety of surface topographies [86,

87]. We found that the PSD function (3.16) matches the Ciso function whose values are shown in

Figure 3.7d remarkably well for the parameter values

σrms = 1.45 nm, Lc = 20.1 nm, n = 3.28, and q0 = 1.0×108 m−1. (3.17)

(The values for σrms, Lc, and n were obtained by minimizing a measure of the difference between

the Ciso values shown in Figure 3.7d and the values given by the PSD function (3.16). The value

for q0 was chosen independently before performing the minimization.) Therefore, we take the

PSD function (3.16) with the values for the parameters in it given by (3.17) to be an analytical

representation of the Ciso function that corresponds to the surface topography of the substrate in the

experiments.

To account for the roughness of the tip in the experiments in our model, in which the tip is

always smooth, we take the surface topography function of the substrate in our model to be a scaled

version of that of the substrate in the experiments. Specifically, if in the experiments the height

of a substrate surface point is z(x1,x2) then in our model we take the height of that point to be

kz(x1,x2), where k ≥ 1. Taking k = 1 would amount to simply ignoring the roughness of the tip-in-

the-experiments in our model. We perform our comparison for a range of k values, which—as we

shall discuss shortly—we selected by taking into consideration the measured roughness of the tip-in-

the-experiments. It follows from §1 of Appendix B that if the isotropic PSD function corresponding

to z is Ciso, then that corresponding to kz is k2Ciso. Therefore, we take the Ciso function in our

model to be k2 times the PSD function (3.16) with the values for the parameters in it still being
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given by (3.17).

Knowing the Ciso function in our model, we numerically evaluate the integrals in (3.8) for the

cases n = 0, 2 and 4 to get

m0 ≈ 2.1k2 nm2, m2 ≈ 1.3k2×10−3, and m4 ≈ 4.3k2 µm−2. (3.18)

Substituting the values for the spectral moments given in (3.18) in (3.9) we get the asperity density

η ≈ 101.4 µm−2.

The mean energy loss 〈∆Emd〉 can be computed from (3.13)–(3.14) on knowing the values of

R, `, and pκ for any given t < 0 and the parameter χ . We calculate the values of R from (3.14b),

in which we take Rt to be 25 µm, as that was the radius of the glass bead (tip) in the experi-

ments, and m4’s value to be that which was given in (3.18). Knowing R, we calculate the values

of ` from (3.14a). In (3.14a), as well as in the remainder of this comparison, we take the mate-

rial properties E∗ and w to be, respectively, 0.75 MPa and 26 mJ/m2, since these were the values

measured for them in the experiments. We calculate α from the values for the spectral moments

given in (3.18) and then use it to calculate the parameters C1 and C2. Knowing these parameters,

we calculate the values of pκ from (3.11). Having knowledge of E∗ and w the parameter χ can be

computed from (3.2) once we have knowledge of Z0. However, we could not find a clear way to

identify Z0 in the experiments. Therefore, we treat Z0 as a fitting parameter in our comparison.

Unfortunately, neither Kesari et al. reported measurements of ∆Ac in their experiments nor does

our model give predictions for it. For a lack of a better alternative, we use the JKR theory to esti-

mate ∆Ac in the experiments. The JKR theory is the most widely used model for adhesive elastic

contact, which only applies to contact between smooth surfaces. Kesari and Lew [35] presented a

generalization of the JKR theory that applies to contact between rough surfaces and gives a predic-

tion for the nominal contact area. However, as we discussed in the introduction, that model only

applies in the regime of small surface roughness. Employing the JKR theory we find that ∆Ac in the

experiments is approximately equal to 4Rt |hmin|. See §2 of Appendix B for details.

The experimentally measured ∆ED values reported by Kesari et al. are shown in Figure 3.8a. As

the final step for making the comparison, we need to choose appropriate values for k. Recall that we
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Figure 3.7: (a) The curved shape of the tip (which is a glass bead) and (b) its surface topography after subtracting the
curvature effect. The RMS roughness of this bead is 12.14 nm. See Table 1 in Appendix B for details about the glass
bead roughness. (c) The surface topography of the Si mold scanned over a area of 2 µm × 2 µm with a total of 256
points in each direction. The measured RMS roughness σrms is 1.52 nm. (d) The power spectrum of the Si mold’s
surface topography, and the corresponding fitting to the PSD function (3.16) with best fitting parameters σrms = 1.45 nm,
Lc = 20.1 nm and n = 3.28.

introduced the scaling parameter k to account for the roughness of the tip in the experiments in our

model, in which the tip is smooth. The tip in the experiments was a spherical glass bead. Table 1 in

Appendix B gives the RMS roughness of four glass beads that were sampled from the same source

as the glass bead used in the experiments. As can be noted from the table, the RMS roughness of

these beads ranges from 2.59 nm to 12.14 nm. Since the roughnesses of the tip and the substrate are

not expected to be correlated, it is reasonable to require that the substrate’s roughness in our model

be equal to the value obtained by adding together the squares of the RMS roughnesses of the tip and

the substrate in the experiment and then taking the square root of that sum. As per this criteria, an

appropriate range for the roughness of the substrate in our model is 3 nm to 12.2 nm, which implies

that a reasonable range for k is (1.97, 8.03). We show the estimates for ∆ED from our model for the

cases when k = 1.97 (σrms = 3 nm) and k = 8.03 (σrms = 12.2 nm) in Figure 3.8a. While making

these estimates we used Z0 as a fitting parameter. For the cases k = 1.97 and 8.03 we got the best

fit values for Z0 to be 96 nm and 24 nm, respectively. As can be seen in Figure 3.8a, the estimates

from our model for the two cases k = 1.97 and 8.03 are almost indistinguishable. In fact, we found

that the estimates for other cases in which k (resp. σrms) varied between 1.97 (resp. 3 nm) and 8.03

(resp. 12.2 nm) were also indistinguishable from the ones shown in Figure 3.8a. In each of those

Table 3.1: Estimates for the range of Z0 from literature

Materials Geometry Range
Silica–Silica [88] Sphere (of radius 3.8 µm)–Plate 10 nm
Polystyrene–Glass [89] Sphere (of radius 6 µm)–Plate 20–100 nm
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cases we again used Z0 as a fitting parameter. The best fit values for Z0 in these other cases varied

between 96 nm and 24 nm [Figure 3.8c]. Recall that the parameter Z0 is a measure of the distance

of the inter-body cohesive forces and that we were unable to clearly identify it in the experiments

of Kesari et al. [27]. However, the parameter Z0 has been found in other experiments to range from

10 nm to 100 nm (see Table 3.1). Thus, the best fit values for Z0 in our comparison lie well within

the experimentally reasonable range.

Consider the quantity

∆ED =
∆ED

∆Ac
≈ ∆ED

4Rt |hmin|
, (3.19)

which is the depth-dependent energy loss per unit nominal contact area. This quantity is a constant

in our model, since in it ∆ED depends linearly on |hmin| on account of ∆ED depending linearly on

∆Ac, and ∆Ac depending linearly on |hmin|. Figure 3.8b shows the values of ∆ED in the experiments

at different |hmin|. We computed these values using the data shown in Figure 3.8a. As can be seen,

∆ED is essentially a constant equal to 0.0241 J/m2 in the experiments. Thus, our model’s prediction

that ∆ED varies linearly with |hmin| is in good agreement with experimental measurements.

3.4 Effect of roughness and adhesive interaction range on energy loss

Figure 3.8c shows the contour plot ∆ED of as a function of Z0 and σrms based on our model’s

prediction. It can be noted from the figure that at a fixed Z0, ∆ED and hence ∆ED decreases and

approaches zero as σrms increases. This behavior is in agreement with the trend of ∆E decreasing

with roughness at large surface roughness regime reported by Kesari et al. and others, as discussed

in the Introduction. Also can be seen in Figure 3.8c is the trend that, for a fixed σrms, ∆ED and

hence ∆ED decrease as the adhesive interaction length-scale Z0 increases. We are unaware of any

experimental data that can be used to check the validity of this theoretical prediction of our model.

However, this trend is consistent with the numerical results reported by Song et al. [76], in which

the strength of adhesion decreases as the adhesive interaction length-scale increases.
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Figure 3.8: (a) The comparison of the depth-dependent energy loss ∆ED measured in the experiment [27] (squares) with
the estimations based on the theoretical model according to (3.15) with Z0 = 24 nm, σrms = 12.2 nm (thick, solid line)
and Z0 = 96 nm, σrms = 3 nm (thin, dashed line). The error bars indicate the standard deviation of the measurements of
hysteretic energy loss taken at five locations on the PDMS substrates in the experiments. (b) The plot of depth-dependent
energy loss per unit nominal contact area ∆ED with |hmin|. It is essentially a constant equal to 0.0241 J/m2 (dashed line).
(c) The contour plot of ∆ED as a function of Z0 and σrms. The contour of the experimental value of ∆ED is shown as a
solid blue line. Also, while making the comparison if we choose the value of k (equivalently σrms) to be the ordinate of a
point lying on the blue line then the best fit value for Z0 in the comparison is the abscissa of that point.

3.5 Concluding remarks

We generated predictions from our model in the context of the experiments reported by Kesari et al.

In general, however, it is challenging to determine a priori whether or not it is reasonable to apply

our model to a particular contact scenario. The reason is that we assumed in our model that the

contact region is multiply connected and that there is no interaction between neighboring asperities.

These are reasonable assumptions only if the size of the contact region formed at each asperity is

much smaller than the separation between neighboring asperities. However, we are not aware of any

general criteria/models that can be used to gather information in this regard without actually solving

for the complex stress and displacement fields at the contact interface. Therefore, a general theory

of the type developed by Johnson [90] that yields information about the topology of the contact

region would form a valuable supplement to our model.

Kesari et al. [27] and we assume that the PDMS substrates’ RMS roughness is proportional

to that of their respective Si molds. Kesari et al. used the soft-lithography technique developed

by Hua et al. [91] to cast their PDMS substrates. Hua et al. demonstrated that their technique

was capable of copying surface features as small as 3 nm from a Si mold onto a PDMS substrate.

However, it has been argued that in soft-lithography it can be challenging to replicate features due

to surface stress flattening out features having high curvature [92–94]. This raises the question of

how justified it is to assume that the PDMS substrates’ RMS roughness is proportional to that of
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their respective Si molds. Some preliminary insight into addressing this question can be obtained by

considering the model presented by Style et al. [94] in which the surface topography of a compliant

solid is taken to have a sinusoidal profile with wavelength λ in a single direction. As per their

model, the surface stress would flatten out the sinusoidal surface if λ � `ec, where `ec := γ/E is

the elasto-capillarity length, and γ and E are, respectively, the surface stress and Young’s modulus

of the complaint solid. Assuming that PDMS’ Poisson’s ratio is 0.5 we get that E in Kesari et al.’s

experiments is ≈ 0.6 MPa. Kesari et al. do not report the surface stress of the PDMS they use in

their experiments [27]. In other experiments, however, the surface stress of PDMS was found to

lie in the 15 to 50 mN/m range [95–97]. If we assume that PDMS’ surface stress in Kesari et al.’s

experiments too lies in this range then we get that in their experiments `ec lies in the 25–80 nm

range. We found that the average distance between each asperity and its nearest neighbor on the Si

mold surface shown in Figure 3.7b is ≈ 17 nm (See §4 of Appendix B for details). Thus, at least

as per the sinusoidal surface stress model, it is justified to question the validity of the assumption

that a Si mold’s topography is faithfully reproduced in the PDMS substrate cast on it in Kesari et

al.’s experiments. Thus, this preliminary analysis of the flattening effect of surface stress adds to the

importance of using direct measurements of the substrate’s topography in any future comparisons

of our model with experiments.

We conclude by noting that our model bears some similarities with the models presented in

Ref [98, 99]. In particular, following Fuller and Tabor’s [19] approach, Wei et al. [98] investigated

the effect of roughness on adhesion hysteresis. However, there are significant differences between

their models and ours. For example, Wei et al. assumed the asperities’ radii of curvatures to be a

constant, whereas in our model the asperities have different radii of curvatures depending on their

heights. In Wei et al.’s model the asperity level contact is modeled using the JKR theory, whereas

we model that interaction using the MD theory. Finally, Wei et al ’s model does not capture the

depth-dependent nature of the hysteretic energy loss. Our model provides a semi-analytical formula

to estimate the depth-dependent energy loss.
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Chapter 4

Surface roughness enhanced adhesion in

adhesive elastic contact: Finite element

simulation and analysis

4.1 Introduction

Adhesion has attracted significant attention due to its critical applications in the engineering field,

such as sliding and rolling friction [100–102], wear and lubrication [103, 104], stiction failure in

micro-electromechanical systems [105], head-disk interface of magnetic storage [106], and soft

robotics [107]. Moreover, biological materials and tissues including gecko and spider’s feet [108,

109], frog toe pad [110], and marine mussel [111] used for locomotion have aroused strong interest

of the researchers to uncover the physical mechanisms of their fascinating adhesion properties.

Many efforts have been devoted to create bio-inspired structures and materials with controllable,

repeatable, and directional adhesion to a variety of surfaces [112–114]. For these reasons, there is a

growing body of literatures to study the effect of surface roughness on adhesion and adhesive elastic

contacts during the recent decades.

In this work, we propose an effective nonlinear body force field based finite element (FE)

method to simulate the adhesive elastic contact and numerically investigate the effect of surface
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roughness and adhesive interaction range on adhesion. In our simulations, the roughness is repre-

sented by the periodic undulations on the surface as in [34, 35]. The adhesive interaction between

solids is modeled as an effective body force field using the generalized LJ potential. Our simula-

tions capture the main features of the small-scale roughness induced elastic instability mechanism

for the adhesion enhancement reported in [34–36, 72]. Moreover, it also captures the decreasing

trend of adhesion as the surface roughness increases beyond a critical value. The decreasing trend

can not be predicted by the analytical models proposed in [34–36], where the surface roughness

is assumed to be small enough such that the solids are remained in full contact during a contact

cycle. This assumption is no longer valid as the surface roughness becomes relatively large. Our

simulations provide a critical evidence to the small-scale contact instability mechanism as a plausi-

ble explanation for DDH and reveal the underlying mechanism for the surface roughness enhanced

adhesion.

It is noted that there exist several numerical approaches to model adhesive elastic contact, such

as the cohesive zone modeling [115] and the surface traction formulation [18, 116–118]. Even

though the two approaches have been widely used in modelling adhesive interaction, both have

limitations. For example, the cohesive zone modeling needs a priori knowledge of the contact

region, which is not suitable to model the entire contact process of two initially separated solids. On

the other hand, the surface traction formulation is based on the Derjaguin approximation that the

interaction energy per unit area between two solids with slightly curved surfaces is approximately

equal to that between two parallel half-spaces [45,119,120]. This approximation holds only for the

case that the curvature of the surface is very small and the distance between two surfaces is also

small. By contrast, the nonlinear body force field employed here is an exact formulation based on

the molecular potential of adhesive interaction, which does not rely on the Derjaguin approximation

or need any predefined contact region as a priori knowledge. Therefore, it can be extended to model

the adhesive elastic contact between a rigid half-space and an elastic solid with arbitrary surface

topography.

This work is organized as follows. First, we present the adhesive elastic contact model and FE

simulation setup based on the generalized LJ potential in §4.2. Next we analyze the effect of Tabor

parameter on the pull-in and pull-off instabilities and determine the critical separation at which the
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instability occurs in §4.3. Then we benchmark the simulations of adhesive contact between a rigid

substrate and an elastic solid with smooth surface against the MD theory in §4.4. We discuss the

effects of surface roughness and adhesive interaction range on adhesion and study the mechanisms

of DDH and surface roughness dependent adhesion through the simulation results in §4.5. Finally,

we conclude our work in §4.6.

4.2 Continuum model of adhesive elastic contact

4.2.1 Adhesion due to the generalized LJ potential

Considering that adhesion between solids origins from the intermolecular interactions [45], we as-

sume the interaction between a pair of particles in two different solids can be described by the

generalized LJ potential

V (r) = 4ε

[
−C6

(
σ

r

)6
+C12

(
σ

r

)12
]
, (4.1)

where ε and σ are the characteristic energy and distance, respectively, r is the distance between

the two particles, and the constants C6,C12 ∈ R+. Then we can derive the Depré work of adhesion

between two solids based on the generalized LJ potential as follows.

Let us consider the interaction between two parallel half-spaces, which are separated at a dis-

tance ζ in the êz direction, see Figure 4.1a. The interaction energy between a typical particle a in

the top half-space and the infinitesimal volume dV around a typical particle b in the bottom half-

space is V (r)ρ1dV , where the distance between the particles a and b is r =
√

ξ 2 +η2, and ρ1 is

the number of particles per unit volume of the bottom half-space. Then, with the assumption of

additivity, the interaction energy between the particle a and the bottom half-space will be the sum

of its interactions with all the particles in the bottom half-space. That is,

U (d) =
∫

∞

d

∫
∞

0

∫ 2π

0
V (r)ρ1ξ dθdξ dη = 4περ1σ

3
[
−C6

6

(
σ

d

)3
+

C12

45

(
σ

d

)9
]
. (4.2)

Here d is the distance from the particle a to the bottom half-space’s surface. Consequently, the force
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on the particle a due to its interaction with the bottom half-space is

Foh(d) =
dU (d)

dd
= 4περ1σ

2
[

C6

2

(
σ

d

)4
−C12

5

(
σ

d

)10
]
. (4.3)

Moreover, the interaction energy per unit area between two parallel half-spaces is

E (ζ ) =
∫

∞

ζ

U (d)ρ2dd = 4περ1ρ2σ
4

[
−C6

12

(
σ

ζ

)2

+
C12

360

(
σ

ζ

)8
]
, (4.4)

where ρ2 is the number of particles per unit volume of the top half-space. Thus, the force per unit

area between the two half-spaces is

Fhh(ζ ) =
dE (ζ )

dζ
= 4περ1ρ2σ

3

[
C6

6

(
σ

ζ

)3

−C12

45

(
σ

ζ

)9
]
. (4.5)

Due to the symmetry, both the forces Foh and Fhh are in the êz direction. The equilibrium distance

between the two half-spaces, ζ0, is determined by setting Fhh(ζ0) = 0. Thus, we obtain

ζ0 =

(
2C12

15C6

)1/6

σ , (4.6)

which denotes a characteristic length scale of adhesive interaction. The Dupré work of adhesion

between two solids, w, is defined as the work done per unit area in order to separate them from their

equilibrium distance to infinity [1, chap. 1]. Therefore, according to (4.4), we obtain the Dupré

work of adhesion as

w = E (∞)−E (ζ0) =
C6

4

(
2C12

15C6

)1/6

περ1ρ2σ
4. (4.7a)

In terms of the adhesive length scale ζ0 and the Hamaker constant AH = 4π2ερ1ρ2σ6, (4.7a) can be

rewritten as

w = κAH/ζ
2
0 , (4.7b)

where κ =C6/(16π).
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4.2.2 Contact model and finite element simulation setup

Our model consists of the axisymmetric, adhesive contact between a linear elastic tip and a rigid,

semi-infinite substrate. The (4.3) implies that the effect of adhesion between two solids is equivalent

to exerting an effective body force on one solid induced by the other. Therefore, we model the

contact interactions to be an effective body force given in (4.15) on the tip due to its interaction

with the semi-infinite substrate. The equilibrium configuration of our contact problem is obtained

by solving the governing equation (4.13) along with the constitutive law (4.12) and the contact

law (4.15) through finite element method.

Geometry

Figure 4.1b shows the axisymmetric contact between the tip and substrate. We adopt a cylindrical

coordinate system (êr, êθ , êz) in which the z-axis coincides with the symmetry axis of the tip. The

substrate is a rigid body. It is fixed and occupies the region Ω := {(r,θ ,z) ∈ R3|r ≥ 0,0 ≤ θ ≤

2π,z≤ 0}. The tip is a linear, elastic material with Young’s modulus E and Poisson’s ratio ν . The

reference configuration of the tip is the region B0 ⊂ E3, which is defined as

B0 := {(r,θ ,z) ∈ R3|r ≤ r0,0≤ θ ≤ 2π,zs(r)≤ z≤ zs(r)+h0}. (4.8)

Here r0 and h0 are, respectively, the half-width and height of the tip; its radial profile

zs(r) = z0 + f (r)+Aρ

( r
λ

)
, (4.9)

where z0 is the gap between the tip and the substrate, f (r) describes the large-scale surface topog-

raphy of the tip, and the function ρ and parameters A and λ characterize its small-scale surface

roughness. There are various models to describe the rough surface, including the random rough

surface [24] and self-affine fractal rough surface [80]. For those models, the computational cost

would be very high due to the extremely refined mesh to represent the surface features with a decent

quality. For that reason, we idealize the rough surface profile to be a periodic undulation on the

top of a smooth surface profile. Another merit of this periodic undulation model is that it will also
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Figure 4.1: (a) The schematic of the interaction between two particles a and b in two parallel half-spaces. The distance
between the two half-spaces is ζ . (b) The model setup of FE simulations of the axisymmetric adhesive contact between
a linear elastic tip and a rigid, semi-infinite substrate. The elastic tip is subject to the body force Bzêz due to its adhesive
interaction with the rigid substrate.

allow us to compare our numerical results to analytical solutions of the adhesive contact problem

in [34, 35]. For concreteness, we choose the tip’s surface profile to be

zs = z0 +
r2

2R
+A

[
1− cos

(
2πr
λ

)]
, (4.10)

in which the second term on the right side describes a parabola shape with a radius of curvature R

at its apex, and the third term is a sinusoidal undulation with an amplitude A and a wave-length λ .

To represent the small-scale roughness, we choose the parameters A and λ such that A,λ � R. We

note that for the tip’s surface given by (4.10) its RMS roughness is equal to its wavy amplitude A.

Material behavior

We use linear elastic and small deformation theory in our adhesive contact problem. Let X =

(r,θ ,z) be the position of a material point of the tip in the reference configuration B0, and u =

(ur,uθ ,uz) be the corresponding displacement field. Note that uθ = 0 for the axisymmetric contact

problem. The infinitesimal strain tensor is

ε=
1
2
(∇u+(∇u)T). (4.11)
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Since we take the material of the tip to be linear elastic, the Cauchy stress tensor is

σ =
E

1+ν

[
ε+

ν

1−2ν
Tr(ε)I

]
, (4.12)

where I is the second-order identity tensor. The equilibrium configuration of the tip is obtained by

solving the governing equation

Div(σ)+B = 0, ∀X ∈B0 (4.13)

with boundary conditions

u= u∗ on Γu, (4.14a)

σn= t∗ on Γs, (4.14b)

where B is the body force, n is the surface normal, u∗ is the specified displacement on boundary

Γu, and t∗ is the specified traction on boundary Γs. Due to the adhesive interaction of the tip with

the substrate, the effect body force on the tip is Bzêz, where

Bz(z,uz) =
AH

πσ4

[
C6

2

(
σ

z+uz

)4

−C12

5

(
σ

z+uz

)10
]
. (4.15)

It can be seen from (4.15) that because of the nonlinear dependence of Bz on the displacement uz,

our adhesive contact problem (4.13)–(4.14) is highly nonlinear in nature.

Finite element simulation

The weak form for the approximation of the problem (4.13)–(4.14) by the FE formulation reads:

Find u ∈ V such that

a(u,v)+b(u,v)+L(v) = 0, ∀v ∈ V̂ , (4.16)
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where the vector-valued trial and test function spaces V and V̂ are defined as

V = {u ∈ H1(B0) : u= u∗ on Γu}, (4.17a)

V̂ = {v ∈ H1(B0) : v = o on Γu}, (4.17b)

where H1(B0) is the Sobolev space and o is the null vector. The bilinear form a, nonlinear form b,

and linear form L in (4.16) are

a(u,v) =
∫

Ω

σ(u) : ∇vdV, b(u,v) =−
∫

Ω

B(u) ·vdV, L(v) =−
∫

Γs

t∗ ·vdA. (4.18)

In the FE discretization, the mesh of the tip is constructed with 2D linear, triangular elements,

and the substrate is modeled as a fixed, rigid half-space. In order to resolve the rapid change of the

nonlinear body force field near the substrate, the mesh at the bottom of the tip should be very fine.

Therefore, the mesh size in that region should be much smaller than the adhesive length scale ζ0.

In the simulations, the boundary conditions are that the displacement of the tip’s top surface

is zero in the êr direction, while the displacement in the êz direction is prescribed and denoted

as ht . The top surface is moved towards the substrate up to a given distance |hmin| in a series of

steps with small increments (loading phase), and then it is retracted back to its original position

(unloading phase). The indentation depth h is defined as the top surface’s displacement ht plus a

constant z0. At a given indentation depth, we solve the nonlinear adhesive contact problem using

the Newton-Raphson method. The initial guess for the first Newton-Raphson iteration in solving the

nonlinear equation is taken to be the solution from the last converged loading step. After obtaining

the equilibrium configuration, the contact force P is computed by integrating the stress σzz over

the top surface of the tip. We remark that the definition of the contact radius a is not well-defined

in the simulations, since the surfaces of the two solids can never make physical contact with each

other. This is because the body force would go to infinity as the distance between the two surfaces

becomes zero, which is not allowed physically. Therefore, we define an effective contact radius for

the simulations as the width within which the distance between the two surfaces is smaller than σ .
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Figure 4.2: (a) The contact configurations of the tip during the contact with the substrate, where i is the reference
configuration, ii and iii are the configurations just before and after the pull-in instability, respectively. (b) The surface
displacement of the tip induced by the surface traction p(zs(r)) due to its interaction with the substrate.

4.3 Effect of Tabor parameter on contact instabilities

As discussed in §4.1, during the loading phase of adhesive contact the tip is moved close to the

substrate (Figure 4.2a.i–ii), and at a critical separation zc, they would be brought into contact with

the occurrence of a pull-in instability (Figure 4.2a.ii–iii). Similarly, during the unloading phase the

tip would jump out of contact with the occurrence of a pull-off instability. In the following, we try

to estimate the critical separation zc at which the instability occurs in our adhesive contact model.

Consider that a smooth tip with a radial profile zs(r) = z0 + r2/(2R) is initially separated from

the substrate at a distance z0. With the Derjaguin approximation, we find from (4.5)–(4.7b) that the

force per unit area on the tip surface (or surface traction) is p(zs(r))êz, where

p(zs(r)) =
8w

3(C6C12)1/3ζ0

[
C6

(
ζ0

zs(r)

)3

−C12

(
ζ0

zs(r)

)9
]
. (4.19)

To estimate zc, we make the following two additional approximations. First, although the radial

profile of the deformed tip before the occurrence of pull-in instability (Figure 4.2a.ii) is deviated

from a perfect parabola, we still approximate it as a parabolic shape since the deformation is very

small before the pull-in instability. Second, the curvature effect is negligible at the vicinity of the

tip’s bottom such that we can use the Boussinesq solution [121, chap. 5] of the surface displacement

of a half-space due to a concentrated normal force to compute the surface displacement of the tip at

r = 0 due to p(zs(r)). Base on these three approximations, for a given separation z0, we can obtain
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Figure 4.3: (a) The plot of the dimensionless critical separation z̄c as a function of the Tabor parameter µT. The critical
separations at the occurrences of pull-in and pull-off instabilities are marked using the red and blue colors, respectively,
in which the solid lines denote the solutions of (4.23) and the circles are the results from FE simulations. (b) The relative
error between the deformed radial profile of the tip just before the occurrence of an pull-in instability and its parabola
approximation for µ = 5.

the surface displacement of the tip at r = 0 as

∆z =
∫

∞

0

(1−ν2)

πEr
p(zs(r))2πr dr. (4.20)

After substituting the expression of zs(r) and (4.19) into (4.20) and evaluating the integration we

have

∆z =
π(1−ν2)√
2(C6C12)1/3

R1/2wζ 2
0

Ez5/2
0

[
2C6−

2145C12

2048

(
ζ0

z0

)6
]
. (4.21)

At the critical separation zc, an infinitesimal change of the displacement of the tip’s top surface

would result in a finite change of the separation ∆z such that the tip and the substrate come into or

jump out of contact. And that change of ∆z is equal to the negative change of the separation z0.

Therefore, at the instability point, we have the following condition

d∆z
dz0

∣∣∣∣
z0=zc

=−1. (4.22)

With the substitution of (4.21) into (4.22), the dimensionless critical separation z̄c can be obtained

from the roots of the following equation

(
c1z̄−7/2

0 − c2z̄−19/2
0

)
µ

3/2
T = 1, (4.23)



73

where c1 = 109395
√

2πC12/(24576(C6C12)
1/3), c2 = 5

√
2πC6/(2(C6C12)

1/3), z̄0 = z0/ζ0, and µT

is the Tabor parameter given in (1.8).

In the current work, unless otherwise stated, we choose C6 = 3 and C12 = 1. Thus, c1 = 23.1 and

c2 = 13.7. From (4.23) we find that there is no real root for µT < µ∗T, and there exist one real root for

µT = µ∗T and two real roots for µT > µ∗T, where µ∗T = 0.20155. The physical meaning of the solution

of (4.23) is as follows. When µT < µ∗T, there is no occurrence of instability during the loading and

unloading phases. This conclusion is consistent with our previous result in [64] that the instabilities

would disappear as the adhesive interaction range ζ0→ ∞ (or µT→ 0). The reason is because the

material of the tip is relative stiff such that the elastic strain energy of the tip is dominant over the

adhesive interaction energy. Thus, the total energy function is convex and there is an unique energy

minimizer. When µT > µ∗T, the total energy function of the system becomes non-convex and the

energy minimizer is not unique. In this case, there exist two critical separations. The larger and

smaller ones, respectively, correspond to the distance at which the pull-in and pull-off instabilities

occur. Figure 4.3a shows the dependence of z̄c on µT. As can be seen, the two critical separations

approach to each other as µT decreases, and become equal to 1.08258 for µT = µ∗T. Moreover, the

critical separation at the pull-in instability shows a strong dependence on µT while the one at the

pull-off instability only changes slightly as µT varies. For the pull-in instability, z̄c ≈ µT. But for the

pull-off instability, z̄c ≈ 1. The different dependences of z̄c for the pull-in and pull-off instabilities

on µT are not surprising. On the one hand, it can be seen in Figure 4.2a.iii that the deformed

tip after the pull-in instability shows a neck-like surface profile in the contact zone. As a rough

estimation, the height of the “neck” just after the pull-in instability is approximately equal to the

critical separation zc. According to [17], the Tabor parameter µT represents the ratio of the height

of the “neck”, (Rw2/E∗2)1/3, to the length scale of adhesive interaction, ζ0. It implies that the ratio

z̄c/µT at the pull-in instability should be of order unity. On the other hand, once the tip and the

substrate are in contact, the separation between them is approximated to be the equilibrium distance

ζ0. Therefore, the critical separation z̄c at the pull-off instability should be also of order unity and

hardly changes with µT.

The theoretical analysis of the critical separation at the occurrence of contact instabilities have

been verified through the FE simulations, as shown in Figure 4.3a. It can be seen that the analytical
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and numerical results show a good agreement with each other. We find that the difference between

them increases as µT increases. This is because that the approximation of neglecting the curvature

effect at the vicinity of the tip’s bottom surface is less accurate when the critical separation between

the tip and the substrate becomes larger, which is the case for large µT. Moreover, we can examine

the validation of the approximation that the deformed surface of the tip before the pull-in instability

can be treated as a parabola by considering the difference between them. We define the relative

error as

err(r) =
|z0 + r2/(2R)− zFEM(r)|

zFEM(r)
, (4.24)

where zFEM(r) is the deformed radial profile of the tip before the pull-in instability from the FE sim-

ulation. Figure 4.3b shows the plot of the relative error err(r) at the point just before the occurrence

of the pull-in instability for µ = 5. It is found that the maximum error is less than 5% and is at the

center of the tip. Therefore, the parabola approximation to the deformed surface of the tip is well

justified.

4.4 Comparison with the Maguis-Dugdale theory

In this section, we present the results from the FE simulations of the axisymmetric adhesive contact

between a rigid half-space and a paraboloidal tip with a smooth surface (i.e., A = 0). As a bench-

mark, we compare the contact force–indentation depth (P–h) curve and the contact force–contact

radius (P–a) curve from the simulations with that predicted by the MD contact theory.

The MD theory describes the axisymmetric contact between two isotropic, homogeneous, lin-

ear elastic solids of Young’s moduli and Poisson’s ratios Ei and νi (i = 1, 2), respectively, see

Figure 3.3a. The adhesive interactions are introduced using the Dugdale cohesive zone model [81].

As per this model, a surface material point experiences a traction only if its distance from the other

solid in the direction normal to the surface is less than δ0. Thus δ0 denotes the range of the surface

adhesive interaction, which are thought to arise from van der Waals type interactions between the

surfaces. When the normal distance of the material point is less than δ0 but non-zero then the traction

experienced by it is purely tensile and of a fixed magnitude of σ0, see Figures 3.3b–c. By defining

σ0 to be the maximum surface traction of (4.19), then it is related to w and ζ0 as σ0 = w/(c3ζ0),
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Figure 4.4: (a) The comparison of P–h curves and (b) the comparison of P–a curves computed from the adhesiveless
contact simulations (circle) with that from the Hertz contact model (solid line). The theoretical curves are generated with
` = χ = 0 according to (3.3). In the simulation, we set A = 0, R = 10 µm, E = 1.1 MPa, ν = 0.25. The parameters of
the LJ potential are C6 = 0, C12 = 1, σ = 1 nm, and AH = 2×10−21 J.

where c3 = 9
√

3C5/6
12 /(16C7/6

6 ). And it follows that δ0 = c3ζ0. The contact process is governed by

the two dimensionless parameters

`=
πw
E∗R

and χ =
w

E∗δ0
. (4.25)

The classical contact theory can be obtained from the MD theory by considering the different limit

cases of ` and χ [64]. When ` > 0, the MD theory asymptotes to the JKR and DMT theories,

respectively, as χ→∞ and 0. The JKR theory applies to compliant materials having a large work of

adhesion, while the DMT theory applies to stiff materials having a small work of adhesion. When

χ is any finite, fixed value, then as `→ 0 the MD theory asymptotes to the Hertz theory.

We first consider the adhesiveless elastic contact. This is accomplished in the simulations by

only including the repulsive term of the LJ potential and setting C6 = 0 in (4.15) to suppress the

attractive interaction. In this case, the MD theory reduces to the Hertz theory. The relations among

P, h, and a can be obtained by setting χ = 0 in (3.3). Figure 4.4a and b, respectively, show the

P–h and P–a curves that computed from the adhesiveless contact simulations. As a comparison, the

analytical results by the Hertz theory are also shown in that figure. It can be seen that the numerical

and analytical results nearly coincide, showing a good agreement with each other. Clearly there is

no instability during the contact without adhesion.

Next we consider adhesion effect in the contact simulations, in which we choose C6 = 3 in (4.15)
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Figure 4.5: (a) The comparisons of P–h curve computed from the simulations (red lines) with that from the MD contact
model (black lines). The pull-in and pull-off instabilities during the loading and unloading phase are marked as dashed
lines on the curves, respectively. The dot and circle, respectively, indicate the stable and unstable equilibrium config-
urations. (b) The comparison of P–a curve computed from the simulations (red line) with that from the MD contact
model (black lines), where the black dashed segment indicates unstable contact configurations as per the MD theory.
The theoretical curves are generated with `= 4.51×10−5 and χ = 0.124 according to (3.3). In the simulations, we use
A = 0, R = 5 µm, E = 4.4 MPa, ν = 0.25. The parameters of the LJ potential are C6 = 3, C12 = 1, σ = 1 nm, and
AH = 2×10−21 J.

to include the attractive interaction between the two solids. Figure 4.5a shows the P–h curve from a

representative adhesive contact simulation with a smooth tip. It can be seen that a pair of pull-in and

pull-off instabilities occurs during a contact cycle. The contact force after the pull-in instability is

the same for the loading and unloading phases. The curve exhibits a single hysteresis loop induced

by the contact instabilities. The resulted hysteretic energy loss is independent of the maximum

indentation depth |hmin|. This depth independent hysteresis is a consequence of the existence of two

equilibrium configurations at the points between the pull-in and pull-off instabilities. One is that the

solids are in contact and the other is that the solids are out of contact. The P–h curve as per the MD

theory is also shown in Figure 4.5a as a comparison. As can be seen, the two curves match with

each other quite well except at the points of pull-in and pull-off instabilities. The instabilities in the

simulation occur earlier than the prediction of the MD theory. The P–a curve computed from the

simulation also shows a good agreement with that of the MD theory, as shown Figure 4.5b.

The simulation captures some important features of the adhesive contact, such as the neck-like

deformed shape of the tip and the stress concentration at the contact edges. For instance, Figure 4.6a

shows the contour plot of the displacement uz in the tip after the pull-in instability from the adhesive

contact simulation. As can be seen, the deformed tip surface shows a neck-like radial profile in the

contact zone (also see the deformed surface profile shown in Figure 4.2a.iii). Figure 4.6b shows the



77

-5.8

-9.0

-12.2
-0.04 0.02-0.06 0.04 0.06-0.02

0.03

-0.03

0.06

0.09
a b

Figure 4.6: (a) The contour plot of the displacement uz in the tip. (b) The distribution of normal stress σzz along the
contacting interface. Note the stress concentration at the two contact edges. The corresponding P–h and P–a curves of
the simulation are shown in Figure 4.5.

distribution of normal stress σzz along the contacting interface. (Since the tip’s bottom surface is

traction free, we plot the stress distribution at the position where σzz is maximum in tension). It can

be seen that there exists significant stress concentration at two contact edges and the normal stress

σzz is compressive in the center region but tensile near the contact edges due to adhesion, which are

the same as in the classical adhesive contact model.

4.5 Depth-dependent hysteresis and surface roughness dependent ad-

hesion

In this section, we study the effects of surface roughness and adhesive interaction range on adhesion

by analyzing the results of contact simulations involving a paraboloidal tip with periodic undulations

on its surface. The simulations reveal rich and interesting insights into the mechanics of adhesive

contact between rough surfaces, which cannot be predicted by the theoretical models [34, 35]. We

show that our simulations can capture DDH and that both adhesive force and hysteretic energy loss

initially increase then decrease with increasing surface roughness. Furthermore, we discuss the

mechanisms of DDH and surface roughness dependent adhesion.
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at various stages of the contact process corresponding to the points marked as (A)–(D) are shown in Figure 4.8. (b)
The comparison of P–h curves from the simulation (red) and the analytical solution of the wavy contact model (gray).
The gray solid and dashed segments denote stable and unstable sets of equilibrium configurations, respectively. The
measured curves are shown in thin black with solid and dashed segments, where the dashed one represents the contact
instability. The parameters used in the simulation are C6 = 3, C12 = 1, σ = 1 nm, AH = 1.0× 10−21 J, R = 10 µm,
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simulation curves in (b).

4.5.1 Depth-dependent hysteresis

Figure 4.7 shows the representative P-h curves from a simulation having a moderate magnitude of

roughness, A/λ = 10−2, on the tip. As can be seen, there are multiple pull-in and pull-off insta-

bilities (shown as dashed lines) during a contact cycle on the P-h curve. Each instability results

in a sudden change in the contact force value. And after each instability the contact area grows

or recedes across the surface asperities—the surface peaks on the tip’s bottom surface—by a finite

amount. For example, a pair of snapshots of the contact configuration just before and after the

occurrence of an pull-in instability, which is marked as from (A) to (B) on the P-h curve in Fig-

ure 4.7a, is shown in Figure 4.8a and b, respectively. As can be seen, the contact area grows with a

finite amount immediately after the pull-in instability. The pull-off instability leads the contact area

to recede in a similar fashion but in the opposite direction.

We remark that the unstable contact area growth and recession across surface asperities are in

some ways similar to the classical pull-in and pull-off instabilities as in the JKR model. However,
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there are two important differences between them. First, the observed contact instabilities in simula-

tions occur at the length scale of surface asperities, while the classical contact instabilities occur at a

much larger length scale. As per the JKR theory, the radius of the contact area formed after the pull-

in instability is (2πRw/E∗)1/3, where R is the radius of curvature of a smooth tip at its apex. For

example, see the contact area formed shown in Figure 4.2a.iii. In contrast, the radius of the contact

area formed after the pull-in instability across a surface asperity is on the order of (2πRaw/E∗)1/3

by approximating the surface asperity as a sphere, where Ra is the radius of the sphere. According

to (4.10), we have Ra = λ 2/(4π2A). Thus, the ratio of the contact radii for the surface asperity level

contact instability and the classical one is Ra/R = λ 2/(4π2AR), which is 0.0317 for the simulation

shown in Figures 4.7 and 4.8. Second, as per the classical contact theories, there is always only a

single pair of the pull-in and pull-off instabilities in any contact cycle. Whereas the surface asper-

ity level contact instabilities can be multiple, and the number of such instabilities depends on the

maximum indentation depth |hmin|. For instance, the number of instabilities for a small |hmin| is less

than that for a large |hmin|, see Figure 4.7a. In fact, this is the precise mechanism through which

the surface asperity level instabilities give rise to DDH. The total hysteretic energy loss in a contact

cycle is the cumulative energy lost during all the contact instabilities. Therefore, the energy loss

of DDH increases with |hmin| since more surface asperity level contact instabilities occur as |hmin|

increases. Our simulations demonstrate that adhesion and surface roughness alone can induce DDH

through a series of surface asperity level contact instabilities.

In Figure 4.7a, the P-h curves are different for the loading and the unloading phases. The

contact forces are different because there exist many metastable states for the contact configuration

at a given indentation depth due to the roughness and adhesion of the surface. In Figure 4.8c and

d we show a pair of such metastable states, which are correspondingly marked as (C) and (D) on

the P-h curves in Figure 4.7a. These metastable states have the same indentation depth but different

contact regions. The system visits different metastable states during the loading and unloading

phases. Consequently, we observe different contact forces at the same indentation depth during a

contact cycle. Moreover, the states that are visited depend on the history of the contact process and

the loading conditions. For instance, at a given indentation depth, the system visits the metastable

state (D’) during the unloading phase for the contact cycle with a maximum indentation depth
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Figure 4.8: The equilibrium configurations at the points (A)–(D) marked on the P–h curves shown in Figure 4.7a with
one-to-one correspondence. The snapshots (a) and (b) show the configurations of the tip just before and after the occur-
rence of an pull-in instability at h/R = −4× 10−4. The snapshots (c) and (d) are two metastable configurations at the
same indentation depth h/R = 6× 10−5. The state (c) is visited during the loading phase and (d) during the unloading
phase. Note the abrupt change in contact area from (a) to (b) due to the pull-in instability and the difference in the contact
area between (c) and (d) at the same indentation depth.

|hmin,1|, while it visits the metastable state (D) during the unloading phase for the contact cycle with

a maximum indentation depth |hmin,2|, see Figure 4.7a. The contact forces for these two metastable

states are different. As a result, the hysteretic energy losses are also different for the two contact

cycles with different maximum indentation depths—comparing the areas enclosed by the black and

red curves in Figure 4.7a, which shows DDH.

Kesari et al. [35] and Guduru [34] have theoretically studied the axisymmetric, adhesive elastic

contact problem between a half-space and a wavy tip—that has a moderate undulation on its bottom

surface. In their theories, the adhesion was modeled by including an adhesion energy term for the

contacting interface into the system’s total potential energy. Thus, the adhesive interaction range

as per this method is infinitely short. Furthermore, it was assumed in their models that the contact

region remains simply connected during contact—the contact area always grows (resp. recedes)

during the loading (resp. unloading) phase at the contact edge, such that the contact problem is

theoretically attackable. According to [34,35], the non-dimensional contact force P̄ and indentation
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depth h̄ are given as

P̄ =
2ā3

3
−
√

2χ ā2 +
π2Āā2

λ̄
H0

(
2π ā
λ̄

)
− πĀā

2
H1

(
2π ā
λ̄

)
, (4.26a)

h̄ = ā2−
√

2χ ā+
π2Āā

λ̄
H0

(
2π ā
λ̄

)
, (4.26b)

where the definitions of P̄, ā, h̄, and χ are the same as given in §3.2.1, Ā = A/R, λ̄ = λ/R, H0 and

H1 denote Struve functions of zeroth and first oder, respectively.

The comparison of P-h curves of the adhesive contact with rough surface from the simulation

and analytical solution is shown in Figure 4.7b. It can be seen that the simulation captures the mul-

tiple pull-in and pull-off instabilities as predicted by the theory. By closely examining the contact

configurations during a contact cycle, we find that, for the simulation shown in Figure 4.7b, the

contact area always grows and recedes at the contact edge during the loading and unloading phases,

respectively. For example, see the contact area changes shown Figure 4.8. This observation is con-

sistent with the assumption of contact area change made in [34, 35]. Nevertheless, we note that the

adhesive force in the simulation is smaller than that predicted by the theory, and the contact insta-

bilities occur earlier in the simulation. We believe these differences might result from the different

approaches of modeling adhesion employed in them. That is, the adhesion is modeled based on

the intermolecular potential whose adhesive interaction range is finite in the simulation, while the

adhesion is modeled as an interfacial energy and the adhesive interaction range is infinitely short in

the theoretical model.

4.5.2 Effects of surface roughness and adhesive interaction range on adhesion

We first investigated the effect of surface roughness on adhesion by tuning the wavy amplitude

A in simulations. The adhesive force Padh and hysteretic energy loss H are used as two critical

metrics to quantify the effective adhesion, and are referred to as adhesive strength and toughness

of the contacting interface, respectively. Figure 4.9a shows the P–h curves from three different

adhesive contact simulations with |hmin|/R = 6× 10−4. In those simulations, all the parameters

remain unchanged except for the wavy amplitude (or equivalently, the RMS roughness). It can be

seen that surface roughness has an important effect on adhesive contact. As the roughness increases
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(A/λ changes from 0 to 0.0075), the dimensionless adhesive force, Padh/(2E∗R2), increases from

1.54×10−5 to 3.06×10−5. However, for a larger roughness (A/λ = 0.02), it drops to 1.93×10−5.

The dimensionless hysteretic energy loss, H /(2E∗R3), changes from 2.93×10−9 to 12.43×10−9

to 7.7× 10−9 as A/λ increases. Moreover, we performed simulations by varying the adhesive

interaction range σ . The results are shown in Figure 4.9b. For all the simulations, we found that the

effect of surface roughness on adhesion is consistent, and independent with σ . That is, Padh and H

can be increased by introducing a small roughness, but eventually they get reduced as the roughness

becomes larger, which is reported in many adhesive contact experiments. We will discuss the rough

effect on adhesion in detail later in this section.

The effect of adhesive interaction range σ on adhesion is more interesting. Figure 4.9b shows

the plots of Padh and H as a function σ . From (1.8) and (4.6) we know that the Tabor parameter

µT decreases with σ . And we have shown in §4.3 that contact instability would disappear when µT

is smaller than a critical value. Therefore, for the case of smooth surface (i.e., A = 0), Padh and H

decrease monotonically and eventually disappear with increasing σ , see the plots with A/λ = 0 in

Figure 4.9b. For the case of rough surfaces (i.e., A/λ = 0.0075 and 0.02), it is also observed that

Padh and H decrease when σ is in the large regime. The decreasing trend of Padh and H with σ

for both smooth and rough surfaces is consistent with our theoretical result in [64]. However, for

the case of rough surface, our simulations additionally show that Padh and H can be increased for

small values of σ and achieve their maximum values before they drop when σ becomes larger, see

the plots with A/λ = 0.0075 and A/λ = 0.02 in Figure 4.9b. Yet we did not find any experimental

results or theoretical models of rough surface contact that can capture this initial trend of enhanced

adhesion with increasing adhesive interaction range.

We identify two important non-dimensional parameters

α =
A2

λ (w/E∗)
and β =

σ2

λ (w/E∗)
, (4.27)

where α and β represent the ratio of surface roughness and adhesive interaction range to the intrinsic

adhesion length scale w/E∗ of solid, respectively. We performed a systematic study of the effect of

surface roughness and adhesive interaction range on adhesion by considering a wide range of α and
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Figure 4.9: (a) The P–h curves of the contact simulations with three different wavy amplitudes. All the parameters are
the same as those in Figure 4.7a except that σ = 1.5 nm and A changes from 0 to 0.9375 nm to 2.5 nm. (b) The plots of
adhesive force Padh and hysteretic energy loss H as a function of adhesive interaction range σ for different roughnesses.

β values in the simulations. The results are shown in Figure 4.10a and b where the 3D plots of Padh

and H as a function of α and β are presented, respectively. The biphasic dependence of Padh and

H on surface roughness and adhesive interaction range can be seen clearly. It implies that there

exists an optimal combination of α and β such that the contacting interface achieves the maximum

adhesive strength and toughness. The conditions corresponding to maximum adhesive strength and

toughness are the same for the case shown in Figure 4.10, which are at (α,β ) = (0.1741,0.4457).

It is often believed that adhesion is typically reduced when the surface is rough, as detailed in

§4.1. However, our simulations reveal that adhesion can be enhanced for small roughnesses before it

gets reduced by the large roughness. The underlying mechanism of the surface roughness dependent

adhesion can be inferred by examining the topology of the contact region. As an example, we show

the contact configurations corresponding to the adhesive force Padh during a contact cycle for four

different roughness values in Figure 4.11. The corresponding Padh/(2E∗R2) is also given. As A/λ

changes from 0 to 0.03, Padh first increases then decreases, and the maximum Padh is achieved at

A/λ = 0.01. For A/λ ≤ 0.01, the contact region is simply connected and the real contact area

increases with roughness. However, as A/λ > 0.01, the contact region becomes multiply connected

and the real contact area begins to decrease. Therefore, the change in the trend of roughness effect on

adhesion correlates with the transition of contact region from being simply connected to multiply

connected. The maximum adhesive strength and toughness occur just before the contact region

stops being simply connected. Meanwhile, the corresponding real contact area first increases then

decreases with roughness, see Figure 4.11. Hence, our simulations provide a critical evidence for the
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Figure 4.10: (a) The plot of adhesive force Padh and (b) the plot of hysteretic energy loss H as a function of α =
A2/(λw/E∗) and β = σ2/(λw/E∗). The results are from contact simulations carried out with |hmin|/R = 6×10−4. All
the parameters in the simulations are the same as those in Figure 4.7a except that A and σ are varied.

conjecture that the enhanced adhesion by small roughness is resulted from the increase of the real

contact area. In addition to the change in real contact area, we remark that the enhanced adhesion

is also related to the contact instabilities. As can be seen in Figure 4.9a, the multiple asperity level

contact instabilities cause additional energy dissipation during contact as discussed in §4.5.1, giving

rise to an enhanced effective adhesion.

When the tip’s surface is not smooth but shows a certain roughness, it has to be elastically

deformed to form an intimate contact with the substrate. This leads to a competition between the

elastic strain energy penalty with the interfacial energy gained by forming the contacting interface

due to adhesion. For small surface roughness, the elastic penalty is relatively small compared with

the gained interfacial energy if a large contact area forms. However, as surface roughness increases,
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Figure 4.11: Effect of surface roughness on the topology of the contact region. (a–d) show the snapshots of contact
configurations corresponding to the adhesive force Padh during contact for different roughnesses marked along with the
configurations. All the parameters in the simulations are the same as those in Figure 4.7a except that σ = 1.5 nm and in
(a) A = 0, (b) A = 1.25 nm, (c) A = 2.5 nm, and (d) A = 3.75 nm.

a large amount of elastic energy has to be spent to create a full contact between the tip and the

substrate, which is not energetically favorable for large roughness. Since it was assumed that the

contact region is always simply connected during contact in the theoretical models [34, 35], they

predicted the increased adhesion by roughness but cannot capture the decreasing effect of roughness

on adhesion. The contact configuration of Figure 4.11d indicates that the mechanics of contact at

large surface roughness should be better described by the asperity-type contact models.

4.6 Discussions and conclusions

It is noted that there is a significant body of literature discussing the contact splitting for enhanced

adhesion by the fibrillar structures observed in many biological systems such as the gecko and

spider’s feet. Artz et al. [8] put forward contact splitting principle to illustrate the underlying mech-

anism of adhesion of fibrillar structures. They argued that, when a contact with a tip radius R

branches into n sub-contacts, each has a sub-tip radius R/
√

n as per self-similarity or R as per cur-

vature invariance, the adhesive force would increase by a factor of
√

n and n, respectively. Gao and

Yao [122] showed that at the pull-off moment, a theoretical adhesive stress uniformly distributed



86

across the contact interface can be achieved with an optimal tip shape of the fiber when its diameter

is down to nanoscale size. Here, our simulations of rough surface contact provide insights about

another yet important effect of contact splitting—crack arrest and reinitiation. Figure 4.12a–c show

the detachment of the tip with a small roughness from the substrate with two consecutive pull-off

instabilities, while Figure 4.12d–f show the detachment with two consecutive pull-off instabilities

for a large roughness. In the former case, it is found that the detachment of an asperity would trigger

its neighboring asperity to immediately detach from the substrate, e.g., see Figure 4.12a–b and b–c.

The reason behind this observation is that once an asperity detaches the strain energy released is

immediately transfered to its adjacent asperity due to their strong coupling interaction, which favors

the detachment process. However, for the large roughness case the mechanics of contact becomes

asperity type. And the coupling interaction between asperities becomes weaker. The strain energy

stored in the detached asperity is not enough to drive the next asperity to detach. Thus, we observe

a one-by-one fashion of the detachment process in Figure 4.12d–f. In the fracture mechanics point

of view, the interfacial crack gets arrested after propagation crossing an asperity and it needs more

energy to reinitiate the crack. Similar argument can be applied to the adhesion of fibrillar structures,

where the pull-off of a single fibril is unable to trigger the next fibril to detach from the surface. The

additional energy needed for crack reinitiation of each fibril manifests as a better adhesion effect of

the fibril structure.

In this work, we idealized the roughness to be a periodic undulation on the surface. Despite of

the fact that most of the real surfaces in experiments are randomly rough, the simplified rough sur-

face model employed in our simulations allows us to uncover the fundamental mechanisms of DDH

and surface roughness dependent adhesion that are observed in many adhesive contact experiments.

Our simulations provide direct evidences for the operation of the small-scale asperity level contact

instability mechanism in DDH. The results also suggest that a full contact between rough surfaces

is energetically favorable as long as the roughness is small enough, hence an enhanced adhesion can

be obtained due to the increased real contact area.

We note that for the experiment that shows DDH and surface roughness enhanced adhesion, it

often involves soft materials (< 1 MPa) with viscoelastic effect, such as soft rubber and high molec-

ular weight PDMS. The viscoelastic property of the soft material enables it to creep and so confirm
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Figure 4.12: (a-b) and (b-c) show the contact configurations at two consecutive pull-off instabilities during the unloading
phase for a wavy tip with A = 1.25 nm. (d-e) and (e-f) show the contact configurations at two consecutive pull-off
instabilities during the unloading phase for a wavy tip with A = 3.125 nm. The parameters used in the simulations are the
same as in Figure 4.9a.

to the rough surface, which results in a greater real contact area than the apparent one. Moreover,

the stress relaxation around the contact points reduces the strain energy that will be released to as-

sist in separation of surfaces during the unloading phase. However, the material’s viscoelasticity is

not considered in our contact model. We show that the effective adhesion is resulted from elastic

contact instabilities that cause energy dissipation during contact. Although it has been long conjec-

tured in previous studies that the increased adhesion by roughness is related to the increased real

contact area, however, the role of small-scale contact instability is overlooked in them. Our results

suggest that DDH and enhanced adhesion emerging at the large scale are the smeared out effect

of small-scale elastic contact instabilities that take place at the asperity level due to adhesion and

surface roughness.
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Chapter 5

Multiple spring model for adhesion of

biological fibriallar structures

5.1 Introduction

In contrast to the contact between smooth surfaces, it has been experimentally shown that the real

contact area is much less than the apparent contact area for the adhesive elastic contact between

rough surfaces [123, 124], resulting a weak adhesion. Therefore, it is necessary to increase the real

contact area to enhance adhesion between rough surfaces and complete contact would be the most

desirable for adhesion. In 1939, Westergaard [125] showed that a remote compressive pressure

p∗ > πE∗∆/λ is needed to be applied to achieve a complete adhesiveless contact between a wavy

rigid surface and an elastic half-space, where ∆ and λ are the amplitude and wavelength of the wavy

surface, respectively, E∗ is the plane Young’s modulus of the half-space. Based on the Westergaard

solution, Johnson [90] showed that an elastic solid with wavy surface would spontaneously adhere

to a flat surface with complete contact due to adhesion alone without applying remote force as

long as the non-dimensional parameter
√

2λw/(π2∆2E∗)≥ 0.57, where w is the work of adhesion.

Taking w = 50 mJ/m2, E∗ = 2 GPa for a typical biological material composed of relative stiff

components such as keratin [126], it requires that ∆ < 40 nm of a wavy surface with λ = 100 µm

for the biological material to achieve a spontaneously complete contact with the wavy surface.

89
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However, for most real rough surfaces, the roughness is much larger than 40 nm [127], which

makes it difficult for the relatively stiff biological material to form intimate contact with the rough

surface to achieve strong adhesion.

Many animals such insects, spiders, and lizards have developed an alternate strategy—fibrillar

structures on their attachment pads—to achieve remarkable adhesion and easy release for locomo-

tion on natural rough surfaces [8, 11, 12]. The biological fibrillar structures allow individual fibril

to deform more easily to conform with the rough surface, which can give rise to larger contact area

and strong adhesion for relative stiff biological materials, such as β -keratin protein in gecko’s at-

tachment pad that has an elastic Young’s modulus of ≈ 2 GPa [126,128]. Inspired by the biological

fibrillar structures, considerable efforts have been made to create synthetic adhesive structures with

pillar arrays of different terminal geometries through a variety of fabrication methodologies [114].

Analytical models based on adhesive elastic contact mechanics have been proposed to under-

stand adhesion properties of fibrillar structures [8–10, 113, 129, 130]. Among those models, the

critical mechanism is based on the principle of contact splitting—by which splitting contact into

finer subcontacts—put forward by Arzt et al. [8]. According to Arzt et al.’s contact splitting prin-

ciple, the adhesion force can be increased by
√

n times through splitting up the contact with radius

R into n subcontacts with radius R/
√

n (self-similarity), or by n times through splitting up contact

with fixed radius (curvature invariance). Arzt et al.’s contact splitting principle is based on the JKR

theory in which the adhesive interaction range is infinitesimally short; whereas the adhesive inter-

action of biological fibrillar structure originates from the finite-ranged van der Waals forces [131].

Moreover, Arzt et al.’s contact splitting principle only applies to flat surface. Yet, there is a lack of

model to understand adhesion of fibrillar structures on rough surfaces.

The aim of this work is to investigate the adhesion properties of fibrillar structures on rough

surfaces. We consider gecko’s adhesive pad as a paradigm and propose a multiple spring model for

adhesion of biological fibrillar structures. In §5.2, we briefly summarize the hierarchical structures

of a gecko’s adhesive system. In §5.3, we model the adhesive interaction of the fibril structure

using the LJ potential. Then in §5.4, we study the adhesion of individual fibril using a single spring

model. In §5.5, we investigate the adhesion of fibrillar structure based on the multiple spring model

and examine the effects of fibril stiffness and surface roughness and correlation length of rough
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Figure 5.1: Hierarchical structure of the gecko adhesive system. (a) A gecko climbing on glass. (b) The sticky lamellae
on gecko’s toes. (c–e) Scanning electron microscope images of arrays of setae, a single seta, and arrays of branches and
spatulae, respectively. Reproduced from Hansen et al. [135].

surface on adhesion. Finally, we conclude this work by discussing the principle of contact splitting

for adhesion of fibril structures in §5.6.

5.2 Hierarchical structures of a gecko’s toe

The structural hierarchy of the gecko adhesive system is shown in Figure 5.1 and its structural and

mechanical properties are summarized in Table 5.1 [108, 126, 128, 131–136]. The attachment pad

(toe) of a gecko’s foot consist of an intricate hierarchical structure beginning with ≈ 20 rows of

sticky lamellae which are 1–5 mm in length. Each lamella contains many setal arrays consisting of

hundred of thousands of setae. It is estimated that there are 14,400 setae per mm2, or 200,000 setae

per toe. These setae are typically 30–130 µm in length and 5–10 µm in diameter. Each seta further

splits into 100-1000 branches with terminal spatulae at the end. The branches have a length of 1–10

µm and a diameter of 0.1 µm. The spatula has a typical size of 0.2–0.5 µm in diameter and 5–10

nm in thickness.
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5.3 Adhesion based on the Lennard-Jones potential

Autumn et al. [131] discovered that van der Waals forces are the primary mechanism of adhesion

in gecko’s setae. The Lennard-Jones (LJ) potential is often used to describe the van der Waals

interactions between solids and to study adhesion of fibrillar structures [45], which has the form

VLJ(r) = 4ε

[
−
(

σ

r

)6
+
(

σ

r

)12
]
, (5.1)

where ε is the depth of the LJ potential well, σ is the distance at which the potential is zero, r is the

distance between the molecules. The potential reaches its minimum −ε at 21/6σ ≈ 1.122σ .

The interaction energy and force between a molecule and an half-space which interact via the

LJ potential at a distance ζ are

U (ζ ) = 4πρsεσ
3

[
−1

6

(
σ

ζ

)3

+
1
45

(
σ

ζ

)9
]

(5.2)

and

Fmh(ζ ) = 4πρsεσ
2

[
1
2

(
σ

ζ

)4

− 1
5

(
σ

ζ

)10
]
, (5.3)

respectively, where ρs is the molecular density of the half-space. The energy and force per unit area

between two half-spaces separated at a distance d are

Ehh(d) = 4πρsρtεσ
4
[
− 1

12

(
σ

d

)2
+

1
360

(
σ

d

)8
]

(5.4)

and

Fhh(d) = 4πρsρtεσ
3
[

1
6

(
σ

d

)3
− 1

45

(
σ

d

)9
]
, (5.5)

Table 5.1: Hierarchical structure of gecko’s toe and its structural and mechanical properties.

Size
Density Adhesion force

length diameter
lamella 1–5 mm - 20 rows per toe -

seta 30–130 µm 5–10 µm 14,400 per mm2 20–40 µN
branch 1–10 µm 0.1 µm 100–1000 per seta -
spatula 5–10-nm thick 0.2–0.5 µm 1 per branch ≈ 10 nN
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respectively, where ρt is the molecular density of the other half-space. The equilibrium distance

between two half-spaces is found to be Z0 = (2/15)1/6σ by setting Fhh(Z0) = 0. In terms of the

Hamaker constant A = 4π2ρsρtεσ6, (5.4) and (5.5), respectively, become

Ehh(d) =
A

12πZ2
0

[
−
(

Z0

d

)2

+
1
4

(
Z0

d

)8
]

(5.6)

and

Fhh(d) =
A

6πZ3
0

[(
Z0

d

)3

−
(

Z0

d

)9
]
. (5.7)

The Dupré work of adhesion for a pair of solids is defined as the work done per unit area to separate

a pair of surface from their equilibrium separation to infinity. Thus, according to (5.6) we obtain the

Dupré work of adhesion as

w =
A

16πZ2
0
. (5.8)

Estimate the adhesive force of a single spatula Taking the typical value of the Hamaker constant

of β -keratin to A = 10−19 J, the equilibrium distance Z0 = 0.3nm [133], we obtain the work of adhe-

sion as w= 22.1mJ/m2. By assuming the spatula to be a spherical tip with radius of R= 100nm, ac-

cording to the JKR model, we obtain the adhesive force of a single spatula to be 3/2πwR = 10.4nN,

which is very consistent with the experimental measured value [136].

5.4 Single spring model for adhesion of individual fibril

In this section, we derive the effective stiffness of the gecko’s seta and investigate the individual

fibril adhesion using the single spring model based on the LJ potential. We motivate our analy-

sis by noting that gecko’s toes make contact with substrate at a relative small angle between the

seta and the substrate surface for attachment while it peels off at a relative large angle for detach-

ment [128, 137]. We show the tilted angle of setal arrays plays an important role in the adhesion

of the fibrillar structure, since it affects the stiffness of the setae and the stiffness has a significant

effect on adhesion.
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Figure 5.2: (a) An fibril extends away from its backing at an angle θ . (b) The variation of the stiffness of the tilted fibril
as a function of θ . (c) The seta and spatulae can be modeled as a two-level spring system with different stiffnesses, kst
and kbr and (d) it is mechanically equivalent to a single fibril with an effective stiffness ke.

5.4.1 Stiffness of a tilted fibril

We start with computing the stiffness of a single fibril that extends away from its backing at a angle

θ and is subjected to a vertical force F in the −ê2 direction at the end, see Figure 5.2a. The tilted

fibril has a length l f and a circular cross-section with radius R f . The components of the external

force perpendicular and tangential to the direction of the fibril, F cosθ and F sinθ , give rise to

bending and axial compressive deformation, δb and δc, respectively. Note that we do not consider

the buckling of the fibril under the external force. Using the simple beam theory, we have

δb =
F cosθ l3

f

3EI
, δc =

F sinθ l f

EA
, (5.9)

where E is the elastic Young’s modulus, A = πR2
f is the cross-section area, and I = πR4

f /4 is the

moment of inertia of the fibril. Thus, the total displacement of the fibril’s top end in the −ê2
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direction is

δ = δb cosθ +δc sinθ =
F cos2 θ l3

f

3EI
+

F sin2
θ l f

EA
. (5.10)

Substituting the expression of A and I in the (5.10), and from the definition of the fibril’s stiffness

k f := F/δ , we obtain

k f =
πR2

f E

l f sin2
θ

(
1+

4l2
f cot2 θ

3R2
f

) . (5.11)

Figure 5.2b plots the variation of the fibril’s stiffness k f with the tilted angle θ for R f /l f =

1/10. As can be seen, k f increases monotonically from the value for pure bending to that for pure

compression as θ changes from 0 to π/2. Therefore, the fibril is stiffest in compression (θ = 0) and

most compliant in bending (θ = π/2).

5.4.2 Equivalent fibril for the seta-spatula adhesive system

As mentioned in §5.2 and Figure 5.1, the gecko’s toe is characterized by the hierarchical structures.

The seta and its substructure, branches and spatula, can be modeled as a two-level spring system

with different stiffnesses for seta and branch, as shown in Figure 5.2c. According to (5.11), the

stiffnesses of seta and branch, kst and kbr, are given by

kst =
πR2

stE

lst sin2
θ

(
1+ 4l2

st cot2 θ

3R2
st

) , kbr =
πR2

brE

lbr sin2
θ

(
1+ 4l2

br cot2 θ

3R2
br

) , (5.12)

respectively, where Rst and Rbr are the radius of the seta and the branch connected to spatula,

respectively, lst and Rbr are their lengths, θ is the angle between the seta and the substrate, E is

the elastic Young’s modulus of β -keratin protein that composes setae.

We find that the two-level spring system shown in Figure 5.2c is mechanically equivalent to

a single fibril with an effective stiffness ke, as shown in Figure 5.2d. Suppose a seta contains nbr

branches, then we can compute the effective stiffness of the equivalent fibril as

ke =

(
nbr

kst
+

1
kbr

)−1

. (5.13)

which is smaller than the branch’s stiffness kbr.
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5.4.3 Individual fibril adhesion

Let us consider the model shown in Figure 5.2d to study individual fibril adhesion. The fibril, which

is modeled as a spring with stiffness ke, interacts with a fixed, rigid half-space (substrate) below it

via the LJ potential. The contact force between them is denoted as P. The distance from the top

of the spring to the substrate is u, which is the controlled displacement in the model. The distance

between the bottom of the spring and the substrate is d and is greater than zero. The top of the

spring is first moved towards the substrate up to a given distance (loading phase) and then retracted

back to its original position (unloading phase). From (5.4) we obtain the interaction energy between

the fibril and the half-space as

ΠLJ(d) = cwAe

[
− 1

12

(
σ

d

)2
+

1
360

(
σ

d

)8
]
, (5.14)

where c = 16(2/15)1/3 ≈ 8.174, and Ae = πR2
e is the cross-section area of the fibril with Re the

radius. The total potential energy of the system is

Πtot(u,d) =
1
2

ke(u−d)2 + cwAe

[
− 1

12

(
σ

d

)2
+

1
360

(
σ

d

)8
]
, (5.15)

where the first term on the right hand side is the elastic energy of the spring.

Introducing the non-dimensional variables ū= u/σ , d̄ = d/σ , k̄e = keσ2/(cwAe), P̄=Pσ/(cwAe),

and Π̄tot = Πtot/(cwAe), then we can re-write (5.15) as

Π̄tot(ū, d̄) =
1
2

k̄e(ū− d̄)2− 1
12

d̄−2 +
1

360
d̄−8. (5.16)

For a fixed displacement ū, the distance d̄∗ of equilibrium configuration, which minimizes the total

potential energy Π̄tot, is determined by

∂ Π̄tot

∂ d̄

∣∣∣
ū=fixed

= 0. (5.17)
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Then the equilibrium distance d̄∗ is the positive solution of the following equation,

− k̄e(ū− d̄∗)+
1
6

d̄∗−3− 1
45

d̄∗−9 = 0. (5.18)

The non-dimensional equilibrium force

P̄ = k̄e(ū− d̄∗). (5.19)

The stability of the system can be investigated by examining the sign of the second derivative of

Π̄tot given by
∂ 2Π̄tot

∂ d̄2
= k̄e−

1
2

d̄∗−4 +
1
5

d̄∗−10. (5.20)

For stable equilibrium, it requires ∂ 2Π̄tot/∂ d̄2 > 0. We find there exist a critical stiffness k̄cr = 0.3

such that the ∂ 2Π̄tot/∂ d̄2 is always positive for k̄e > k̄cr and hence the system is always stable.

However, if k̄e < k̄cr, the sign of ∂ 2Π̄tot/∂ d̄2 can change from positive to negative and vice versa,

and the system would develop instabilities. We discuss these two cases in the following sections.

Stable case: k̄e > k̄cr

We first consider the stable case by taking k̄e = 2k̄cr as an example. Figure 5.3a–c show the plots

of Π̄tot, ∂ Π̄tot/∂ d̄, and ∂ 2Π̄tot/∂ d̄2 as a function of d̄ for different ū, respectively. As can be seen,

for each ū, there is a unique energy minimizer d̄∗ corresponding to the solution of (5.18). ∂ Π̄tot/∂ d̄

has a unique zero, and the equilibrium is stable since ∂ 2Π̄tot/∂ d̄2 is always positive. Considering a

loading–unloading cycle with the displacement ū first decreasing to a pre-specified value and then

increasing, the equilibrium distance d∗ for each ū can be obtained through (5.18), which we plot

in Figure 5.4a. The equilibrium force P̄ is shown in Figure 5.4b. We find that the d̄∗–ū and P̄–ū

curves for the loading and unloading phases overlap with each other, which indicates that there is

no hysteresis during a loading–unloading cycle. We also plot the d̄∗–ū and P̄–ū curves for the case

of k̄e = k̄cr. As can be seen, the loading and unloading processes are reversible for k̄e ≥ k̄cr.
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Figure 5.3: (a)–(c) show the plots of Π̄tot, ∂ Π̄tot/∂ d̄, and ∂ 2Π̄tot/∂ d̄2 as a function of d̄ for different ū in the case of
k̄e = 2k̄cr, respectively. (d)–(f) show those plots for the case of k̄e = 0.5k̄cr.

Unstable case: k̄e < k̄cr

Next we consider the unstable case by taking k̄e = 0.5k̄cr as an example. Figure 5.3d–f show the

plots of Π̄tot, ∂ Π̄tot/∂ d̄, and ∂ 2Π̄tot/∂ d̄2 as a function of d̄ for different ū, respectively. In the
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loading phase, the displacement ū decreases from a very large value. For example, at ū = 2.08, the

energy minimizer d̄∗ is unique, and the equilibrium is stable. On decreasing ū, the energy mini-

mizer becomes non-unique for some displacements, e.g., 1.791≤ ū≤ 2.043. The larger minimizer

becomes unstable once the second derivative becomes zero at ū = 1.791. This implies that the fibril

would jump into contact with the substrate with the occurrence of a pull-in instability. The energy

minimizer becomes unique again on further decreasing ū for ū < 1.791.

In the unloading phase, with increasing ū from the minimum specified value, the energy min-

imizer is unique and the equilibrium is stable. With further increase of ū, the energy minimizer

becomes non-unique. However, the system will stay in the local minimum corresponding to the

smaller minimizer, since there exists an energy barrier to switch to the other minimum correspond-

ing to the larger minimizer. After the second derivative of Π̄tot at the smaller minimizer becomes

zero at ū = 2.043, the fibril would jump out of contact with the substrate with the occurrence of a

pull-off instability. The energy minimizer becomes unique again on further increasing ū.

Because of the pull-in and pull-off instabilities, the equilibrium distance d̄∗ during the loading

and unloading phases are different for some displacements and the system exhibits hysteresis. This

is clearly seen in Figure 5.4a which shows d̄∗ as a function of the displacement ū for k̄s = 0.5k̄cr.

Outside of the pull-in and pull-off region, the d̄∗–ū curves for loading and unloading phases are

overlapped. The evolution of equilibrium force shows a similar hysteretic behavior for k̄s = 0.5k̄cr,

see Figure 5.4b.
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Effect of k̄e on pull-in and pull-off forces and hysteretic energy loss

The critical forces just after the occurrence of the pull-in instability and before the pull-off instability

are referred to as pull-in and pull-off forces, respectively. We investigate the dependence of pull-

in and pull-off forces on the stiffness k̄e and show the results in Figure 5.5a. As can be seen, the

magnitude of pull-in force initially increases and later then decreases with the stiffness. In contrast,

the magnitude of pull-in force decreases monotonically with the stiffness. Figure 5.5b shows the

variation of hysteretic energy loss, ∆Es, as a function of k̄e for a single fibril adhesion. It can be seen

that ∆Es decreases as k̄e increases. ∆Es becomes zero as k̄e > k̄cr = 0.3 since there is no instability.

As discussed in §5.4.1, the stiffness k̄e of a fibril depends on the tilted angle θ . And it is found

that the gecko’s toe makes contact with substrate at a relative small angle between the seta and the

substrate surface for attachment while it peels off at a relative large angle for detachment [128,137].

The reason is because the equivalent fibril has a lower effective stiffness at a smaller tilted angle,

leading to a higher pull-off force beneficial for attachment; while it has a higher effective stiffness

at a larger tilted angel, leading to a lower pull-off force beneficial for detachment. Since the gecko’s

toe contains hundreds of thousands of setae and the substrate surface is often very rough, we shall

examine the effect of stiffness on pull-off force in a more realistic way, which will be discussed in

the next section.
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5.5 Multiple spring model for adhesion of fibrillar structures

Based on the result of single fibril adhesion in §5.4.3, we discuss the multiple spring model for

adhesive elastic contacts of the fibrillar structures with a rough substrate in this section. To begin

with, we first present a general multiple spring model for adhesive contact of an elastic solid with a

rigid rough substrate, see Figure 5.6. In this model, the elastic solid is represented by an assemble of

elastic springs with identical stiffness ke, and each spring is considered to interact with its neighbors

using a coupled stiffness kµ , which represents the shear deformation of the elastic solid. This model

can be directly applied to investigate the adhesion of fibrillar structures by setting kµ = 0, i.e.,

ignoring the coupling effect between individual fibrils.

5.5.1 Model setup

We consider an ensemble system of N×M elastic springs sitting above a rigid substrate, which has

an isotropic, randomly rough surface. Specifically, we consider that the height of the rough surface

has a Gaussian probability distribution

p(z) =
1√

2πσrms
e−z2/(2σ2

rms) (5.21)

and the surface has a Gaussian auto-correlation function

Rzz(δ ) =
σ2

rms

4π2 e−δ 2/L2
c , (5.22)

where σrms is RMS roughness and Lc is the correlation length. A detailed discussion of the randomly

rough surface and its numerical realizations can be found in Appendix C. The distance between the

top of the springs and the mean plane of the substrate’s rough surface is u, which is the controlled

displacement in the model. Contact is determined by the LJ interaction of each spring with the

substrate and the contact behavior of individual spring is discussed in detail in §5.4.3.

Let d = (d1,d2, ...,dMN) and z = (z1,z2, ...,zMN), where di > 0 is the distance between the ith

spring and the rough substrate and zi is the height of the rough surface against the ith spring. The
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stretch energy of the ith spring is

Π
i
e(u,zi,di) =

1
2

ke(u− zi−di)
2, i ∈I , (5.23)
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where I = {1,2, ...,MN}. The coupling energy is

Π
i
µ =



1
2 kµ(zi+1− zi +di+1−di)

2 + 1
2 kµ(zi+N− zi +di+N−di)

2, i ∈I1,

1
2 kµ(zi+1− zi +di+1−di)

2, i ∈I2,

1
2 kµ(zi+N− zi +di+N−di)

2, i ∈I3,

(5.24)

where I2 = {MN−N +1,MN−N +2, ...,MN−1}, I3 = {N,2N, ...,(M−1)N}, and I1 = I ∩

(I2∪I3∪{MN}). Therefore, the total elastic energy is

ΠEtot(u,z,d) = ∑
i∈I

Π
i
e(u,zi,di)+ ∑

i∈I1

Π
i
µ(u,zi,di,zi+1,di+1,zi+N ,di+N)

+ ∑
i∈I2

Π
i
µ(u,zi,di,zi+1,di+1)+ ∑

i∈I3

Π
i
µ(u,zi,di,zi+N ,di+N).

(5.25)

For the interaction energy, although the substrate surface is non-flat, we assume that the inter-

action energy between the fibril and the substrate per unit area can be approximated by (5.14) to the

first order. Therefore, the interaction energy of the ith spring with the substrate is

Π
i
LJ(di) = cwAe f (di), (5.26)

where

f (di) =−
1

12

(
σ

di

)2

+
1

360

(
σ

di

)8

. (5.27)

The total interaction energy of the system becomes

ΠLJtot(d) = ∑
i∈I

Π
i
LJ(di) = cwAe ∑

i∈I
f (di). (5.28)

Thus, the total potential energy of the system is

Πtot(u,d,z) = ΠEtot(u,d,z)+ΠLJtot(d). (5.29)

For a fixed displacement u, the equilibrium of the system requires that the first variation of the
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Πtot about the equilibrium distance d∗i should be zero, i.e.,

< δΠtot(d∗i ),δd1,δd2, ...,δdMN >=

(
∂ΠEtot

∂di

∣∣∣
di=d∗i

+
∂ΠLJtot

∂di

∣∣∣
di=d∗i

)
δdi = 0, (5.30)

which gives a set of nonlinear equations

∂ΠEtot

∂di
+

∂ΠLJtot

∂di
= 0, (5.31)

to find d∗i for i = 1,2, ...,MN.

We use the Newton-Raphson method to find the equilibrium position d∗i for a given displacement

u. Suppose we have an initial guess dk
i , where k denotes the iteration number, we want to correct this

guess with an increment δdk
i which leads dk

i +δdk
i to satisfy (5.31). The correction δdk

i is obtained

by solving the linear equation system

Ai jδdk
i = b j, (5.32)

with

Ai j = Ki j + cwAe f ′′(dk
i )δi j,

b j =−Ki j(dk
i + zi−u)− cwAe f ′(dk

j ),

(5.33)

where δi j is the Kronecker delta function and

Ki,i = ke +4kµ , Ki,i−1 = Ki,i+1 = Ki,i−N = Ki,i+N =−kµ , i ∈Iin,

Ki,i = ke +3kµ , Ki,i+1 = Ki,i−N = Ki,i+N =−kµ , i ∈Ilf,

Ki,i = ke +3kµ , Ki,i−1 = Ki,i−N = Ki,i+N =−kµ , i ∈Irt,

Ki,i = ke +3kµ , Ki,i−1 = Ki,i+1 = Ki,i+N =−kµ , i ∈Ibt,

Ki,i = ke +3kµ , Ki,i−1 = Ki,i+1 = Ki,i−N =−kµ , i ∈Itp,

K1,1 = ke +2kµ , K1,2 = Ki,N+1 =−kµ ,

KN,N = ke +2kµ , KN,N−1 = KN,2N =−kµ ,

KMN−N+1,MN−N+1 = ke +2kµ , KMN−N+1,MN−N+2 = KMN−N+1,MN−2N+1 =−kµ ,

KMN,MN = ke +2kµ , KMN,MN−1 = KMN,MN−N =−kµ ,

(5.34)
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where Ilf = {N +1,2N +1, ...,(M−2)N +1}, Irt = {2N,3N, ...,(M−1)N}, Ibt = {2,3, ...,N−

1}, Itp = {(M − 1)N + 2,(M − 1)N + 3, ...,MN − 1}, and Iin = I ∩ (Ilf ∪Irt ∪Ibt ∪Itp ∪

{1,N,MN−N +1,MN}). To guarantee that dk
i > 0, we set dk

i always to be positive in the Newton-

Raphson iterations. We then update the guess dk+1
i = dk

i +δdk
i , set dk

i → dk+1
i , and continue to find

the correction δdk
i until it is smaller than a tolerance to meet the convergence criterion.

After obtaining the equilibrium distance d∗i , we calculate the total contact force between the

fibrillar structures and the rough surface as

P =
MN

∑
i=1

ke(u−d∗i ). (5.35)

5.5.2 Numerical results and discussion

We apply the multiple spring model to study adhesion of fibrillar structures with rough surfaces

by setting kµ = 0, which suppresses the coupling interaction between neighboring springs. We use

the gecko’s setae as an example to obtain a reasonable value for ke in the numerical simulations.

We compute the stiffness of the seta’s branch as ke = π N/m from (5.11) by taking E = 2 GPa,

R f = 50 nm, L f = 5 µm, θ = π/2 and the critical stiffness is kcr = 0.3πcwR2
e = 5349.87 N/m by

taking c = 8.174, w = 25 mJ/m2, Re = R f . We obtain ke/kcr = 5.87× 10−4. Thus, we define an

normalized effective stiffness as k̂e := ke/kcr = 2−n and vary n from 6 to 11 in the simulations to

examine the effect of stiffness on adhesion, for which k̂e changes from 1.56×10−2 to 4.88×10−4.

In the simulations, we consider the total cross-section area of the fibrillar structures to be

100 µm× 100 µm, which consists of N = M = 256 branches (springs) in the ê1 and ê2 direc-

tions, respectively. This corresponds to a branch density of ≈ 6 µm−2, which is consistent with

the experimental observation in Figure 5.1e. We generate a series of rough surface samples with

different RMS roughness σrms and correlation length Lc following the procedure in Appendix C.

Some examples of those generated rough surfaces are shown in Figure C.1. The rough surface has

a total area of 100 µm× 100 µm with a total of 256× 256 grid points. We vary the normalized

roughness of the substrate σ̄rms = σrms/σ from 10 to 1500 and the normalized correlation length

L̄c = Lc/(100 µm) from 0.01 to 0.1, which correspond to a RMS roughness σrms from 3 nm to 450
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nm and a correlation length Lc from 1 µm to 10 µm, respectively. To reduce the effect of random-

ness on the results due to the generation of substrate surface samples, we carry out the adhesive

contact simulations of fibrillar structures over a total of 15 randomly rough surface samples for a

given σrms and Lc. Then the results are averaged over the calculations of all samples for each rough

surface.

Typical contact force–displacement curves

Figure 5.7 shows contact force–displacement (P–u) curves for stiffness k̂e = 2−7 (i.e., n = 7)

with various surface roughnesses. The hysteresis of the P–u curves manifests as the accumulation

of hysteresis of individual springs during a loading–unloading cycle. At a large displacement, the

interaction force between springs and the substrate is initially tensile. On further loading, springs

close to the surface jump into contact with pull-in instabilities and are subsequently compressed.

After reaching a minimum displacement, the system is unloaded and the springs remain in contact

with the substrate until they reach their pull-off instability point and jump out of contact. Therefore,

the force during unloading is different from loading, which gives hysteresis and energy loss. With

further increasing u, the contact force decays to zero.

The effect of surface roughness σ̄rms on the contact force–displacement curves can be clearly

seen from Figure 5.7. As σ̄rms increases, the compressive (positive) force increases during the load-

ing phase and the maximum tensile (most negative) during the unloading phase decreases. More-

over, it takes a larger displacement for the contact force to decay to zero as σ̄rms increases.

Effect of stiffness and roughness on adhesion efficiency

We define adhesion efficiency for the contact of fibrillar structures with rough surfaces as

αF =
Pmax

MNPm
(5.36)

where Pmax and Pm are the maximum tensile (most negative) forces for the fibrillar structures and

the individual fiber (spring) during unloading, respectively. Figure 5.8 shows the effect of stiffness

and roughness on adhesion efficiency. As can be seen, αF decreases as σ̄rms increases for a given

stiffness. This trends is consistent with our previous finding that surface roughness is adverse to
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Figure 5.7: Contact force–displacement curves for n = 7 with different surface roughnesses.

adhesion.

The dependence of adhesion efficiency αF on stiffness can shed some light on understanding

the adhesion of gecko’s toe as well as other similar fibrillar structures. As can be seen from Fig-

ure 5.8, for a given roughness surface, αF increases as the stiffness, k̂e = 2−n, becomes smaller (i.e.,

as n increases). Therefore, in order to enhance adhesion, there are two strategies employed in the

design of gecko’s adhesive toe. First, as shown in Figure 5.2b, the fibril’s stiffness is decreased by

tilting it to a lower angle with the substrate. Thus, the toe achieves a higher adhesion for attachment

by making contact with substrate at a relative small angle between the seta and the substrate sur-

face. Second, from (5.11) we find that the fibril’s stiffness is decreased with increasing its length.

However, the fibril’s length cannot be as much longer as desired because of the bunching effect for

the long fibers [138]. Therefore, as an alternative way, the gecko’s toe evolves with a hierarchical

structure, which can equivalently reduce the fibril’s stiffness as seen from (5.13).

We use an empirical equation

αF = e−4σ̄rms/2n
(5.37)

to describe the effect of stiffness and surface roughness on adhesion efficiency. It shows an ex-

ponential decay of αF with σ̄rms and a larger αF for a larger n (i.e., smaller stiffness k̂e). It is

found that (5.37) matches well with the numerical data for n = 6, 7, and 8, but it deviates from the
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Figure 5.8: The effect of stiffness and roughness on adhesion efficiency. The stiffness is k̂e = 2−n. The symbols denote
the data from simulations and the solid lines are from (5.37).

numerical data for n = 9, 10, and 11.

Effect of correlation length on adhesion efficiency

We also studied the effect of correlation length Lc of the rough surface on adhesion efficiency. A

representative result is shown in Figure 5.9, in which we calculate the adhesion efficiency αF as a

function of Lc for two different surface roughnesses, σ̄rms = 10 and 50, with n = 6. The results are

averaged over the calculations from a total of 15 randomly rough surface samples. It can be seen

that there is no appreciable dependence of adhesion efficiency on the correlation length, although

the uncertainty (error bar) increases for larger correlation length.

5.6 Discussion of contact splitting principle

Our multiple spring model can be used to study the contact splitting principle by considering the

coupling between neighboring elastic springs. As a representative example, we show the effect of

coupling stiffness in Figure 5.10–5.11 to discuss the principle of contact splitting for adhesion of

fibrillar structure on rough surface. In the simulations corresponding to those results, we consider a

total of N = 256 and M = 1 springs in the ê1 and ê2 directions, respectively. The contact simulations
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Figure 5.9: The dependence of adhesion efficiency αF on correlation length Lc for surface roughness (a) σ̄rms = 10 and
(b) σ̄rms = 50. The error bars are computed from the results averaged over the calculations from a total of 15 randomly
rough surface samples.

are carried out with k̂e = 2−10 (i.e., n = 10) on a rough surface with σ̄rms = 100 and L̄c = 0.01. The

normalized coupling stiffness k̂µ := kµ/kcr is chosen to be 0, 2k̂e, and 10k̂e, which corresponds to

no coupling, weak coupling, and strong coupling, respectively, between elastic springs.

Figure 5.10 shows the typical contact force–displacement curves for the three different coupling

stiffnesses. As can be seen, both the adhesive (most negative) force and the hysteretic energy loss

(area enclosed by the loading and unloading curves) decrease quickly as the coupling stiffness
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Figure 5.10: Contact force–displacement curves for different coupling stiffnesses.

increase. The results demonstrate that the contact splitting (kµ = 0) can significantly enhance the

adhesion of fibrillar structure on rough surface.

We calculate the contact ratio, which is the ratio of the number of contacting springs to the total

number of springs, during a loading and unloading cycle. It is related to contact area during the con-

tact of fibrillar structure with rough surface. Figure 5.11 shows the variations of contact ratio during

loading and unloading phases for the three different coupling stiffnesses, whose corresponding P–u

curves are shown in Figure 5.10. For all three cases, it is found that the contact ratio during un-

loading phase is greater than that during loading phase at the same load step. Moreover, the contact

ratio increases as the coupling stiffness decreases. The case of k̂µ = 0 has the largest contact ratio,

or equivalently, contact area. This indicates that the remarkable adhesion enhancement by contact

splitting is due to the increase of contact area.
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Figure 5.11: The variation of contact ratio during loading and unloading phases for different coupling stiffnesses. The
corresponding contact force–displacement curves are shown in Figure 5.10.
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Chapter 6

Interface toughening of thin film peeling

from wavy substrates

6.1 Introduction

Adhesion between solid surfaces has been attracting a growing attention due to plentiful biomimetic

applications of many biological species’ adhesive pads on their feet, which endow them extraordi-

nary adherence and climbing agility on natural surfaces. For instance, gecko can easily and re-

versibly stick to various rough surfaces, although it is well known that surface roughness is strongly

averse to adhesion [19]. The remarkable attachment ability of geckos has been found to originate

from the hierarchical fibrillar structure on their toe pads—which consists of thousands of elastic

hairs called setae (∼100 µm in length and∼5 µm in diameter), each of which further splits into hun-

dreds of finner fibrils (∼10 µm in length and ∼0.1 µm in diameter) with a terminal 5–10 nm-thick

thin film called spatula at each fibril’s end [9,139]. The spatulae constitute the primary adhesive ele-

ments of attachment pads evolved in gecko, which are shown to adhere to solid surfaces via van der

Waals interactions [128, 131]. The hierarchical fibrillar structures are also commonly seen in many

other biological species such as beetles, flies, and spiders [8, 140–144]. Inspired by those sticky

attachment pads found in nature, a number of biomimetic adhesive structures consisting of arrays

of polymer pillars terminated with spatula-like tips have been fabricated aiming to achieve a unique

113
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combination of adhesion properties such as strength, reversibility, and directionality [112,145,146].

The biological fibrillar structure and its biomimetic counterpart detach from a solid’s surface by

peeling the terminal spatulae off, which is reminiscent of peeling a tape from a substrate. Therefore,

many peeling models have been developed to understand the detachment mechanism and to optimize

the adhesion of the fibrillar structure [128, 129, 147–150]. These models are a generalization of the

Kendall’s peeling model [151], which analyzes the peeling of a thin film from a rigid substrate first

studied by Rivlin [152] and relates the peeling force to peeling angle and the work of adhesion.

For example, Pesika et al. [147] presented a tape-peeling model based on the geometry of the peel

zone that considers the effect of peel angle and friction on adhesion. Chen et al. [148] incorporated

pre-tension effect of the thin film into the Kendall’s peeling model. They found that the pre-tension

significantly increases the peeling force at small peeling angles while decreasing it at large angles

and the peeling force disappears beyond a critical peeling angle. Pugno [150] developed a multiple

peeling model that contains multiple thin films adhered to a substrate with a common hinge when

the peeling force is applied and accounts for large deformations and pre-stretching.

The peeling problem of a thin film from a substrate has been investigated extensively after the

seminal work by Kendall [151]. For instance, Kim et al. [54, 153, 154] and Kinloch et al. [155]

performed elasto-plastic analysis of the thin film peeling and computed the true interface adhesion

based on energy balance approach. Wei and Hutchinson [156] analyzed the steady-state peeling

of an elasto-plastic film bonded to an elastic substrate by using a cohesive zone model. Chen et

al. [157] and Loukis et al. [158] determined the interface adhesion for a viscoelastic strip on a rigid

substrate. Kendall [159] and Ghatak et al. [160] studied the peeling of heterogeneous thin film

and found that the effective adhesion is increased compared with the homogeneous case. Xia et

al. [161,162] recently showed that the macroscale peeling behavior can be significantly affected by

the microscale adhesive and elastic heterogeneities, which suggests a potential way to improve the

interface adhesion.

Most of the previous work on peeling mechanics focused on smooth and flat substrates, but

only a few works have been conducted to investigate the effect of interfacial topography on the

peeling behavior [163, 164]. However, a number of researches demonstrate that the interfacical

waviness has an important effect on the interface adhesion properties. For example, the use of
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controlled interfacial geometry has been shown to be an effective way to enhance the interface

adhesion and fracture toughness in ceramics and composites [165, 166]. Kesari et al. [35] devel-

oped an adhesive elastic contact theory to show that interfacial waviness at microscale can increase

the effective interface adhesion in a sense that the inherent instabilities dissipate more energy dur-

ing the attachment-detachment of contacting bodies. Furthermore, wavy interfaces are also found

in biological materials such as woodpecker beaks [167] and cranial bones of rams [168]. These

kinds of biological materials display outstanding strength and toughness owning to the deflection of

crack propagation by their weak wavy interface and offer a prototype to develop bioinspired com-

posites [169]. Therefore, it is important to study the effect of interface waviness on the peeling

behavior, which could provide insights in improving the interface adhesion.

In this work, we investigate the peeling of an elastic soft thin film from a rigid wavy substrate.

We obtain equilibrium of the peeling process by minimizing total potential energy of the system

and examine stability of the equilibrium. We find that a series of snap-through instabilities occur

during the peeling of thin film from wavy substrate surfaces under load control, resulting an appar-

ent toughening of the thin film-wavy substrate interface. Furthermore, we show that the effective

peeling force and work of adhesion of wavy substrates can be increased by several times compared

to that of the flat substrate.

6.2 Wavy peeling model

In this section, we present our model involving the peeling of an elastic soft thin film from a rigid

wavy substrate which has an arbitrary periodic surface. We derive the equilibrium configuration by

minimizing the system’s total potential energy and analyze its stability condition. Finally, we obtain

the maximum peeling force and the effective work of adhesion during peeling.

6.2.1 Geometry

Figure 6.1 shows the geometry of our wavy peeling model. The substrate’s surface profile is given by

the function y(x) = y0+δ (x), where y0 is a constant and δ (x) =Aλρ(x/λ ) describes the small-scale

topography of the wavy surface, in which A is the aspect ratio of the surface and ρ(x/λ )∈ [−1,1] is
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Figure 6.1: The schematic of peeling off an elastic, soft thin film from an rigid wavy substrate.

a non-constant periodic function with period λ . There is no condition for the function ρ(x/λ ) except

that it is single-valued. The thin film’s length is assumed to be long enough such that we can ignore

the boundary effect. The elastic thin film has Young’s modulus E, width b and thickness h and it

is initially perfectly bonded to the substrate surface. Since we consider the thin film to be very soft

(e.g., E ≤ 1 MPa), we shall neglect the bending energy of the thin film due to its initial conformity

to the wavy substrate. We consider that the peeling process is under load control. A peeling force

F is applied on the left edge of the thin film at a constant angle θ ∈ [0,π] between the force and

the −êx direction. In our model, the peeling angle θ should be chosen to avoid contact between

the peeled film and the substrate during the peeling process, which we refer to as the comparability

condition. More specifically, the peeling angle should satisfy the condition tanθ ≥ |min{y′(x)}| for

θ ∈ [0,π/2] and | tanθ | ≥max{y′(x)} for θ ∈ [π/2,π] , where y′ denotes the first derivative of y(x).

6.2.2 Equilibrium

We find the equilibrium configuration of the peeling process by minimizing the total potential energy

of the system. We denote the coordinate of the peeling front as (xp,y(xp)). Then the peeled length

of the thin film is

lp =
∫ xp

0

√
1+ y′(x)2 dx. (6.1)
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Under the peeling force F , the tensile stress built up in the peeled thin film is σ = F/(bh) and the

elastic strain is ε = σ/E. Thus, the elastic strain energy stored in the peeled thin film is

Eel = bh
∫ lp

0

1
2

σε dl =
F2lp

2Ebh
. (6.2)

Since the deformed length of the peeled thin film is (1+ε)lp, the displacement of the point at which

the force is applied, relative to the origin, to can be obtained as

u= (−(1+ ε)lp cosθ + xp) êx +((1+ ε)lp sinθ + y(xp)) êy. (6.3)

Therefore, the force potential is

Ep = F ·u=−Fxp cosθ +Fy(xp)sinθ +F(1+ ε)lp, (6.4)

where F =−F cosθ êx +F sinθ êy.

We model adhesion between the thin film and the substrate following the approach in the JKR

theory [14], in which the adhesion is modeled as an infinitesimal interaction and the adhesive energy

is included in the system’s total potential energy. According to the JKR theory, the potential energy

from the adhesive interactions between the thin film and the substrate is

Es = lpbw, (6.5)

where w is the Dupré work of adhesion.

Therefore, the total potential energy of the system is

Etot(xp) = Eel−Ep−Es

=−
(

F2

2Ebh
+F +bw

)∫ xp

0

√
1+ y′(x)2 dx+Fxp cosθ −Fy(xp)sinθ .

(6.6)

To obtain the equilibrium configuration, we locally minimize the total potential energy w.r.t. xp. To
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do this, we take the first-order derivative of Etot w.r.t. xp to be zero. Thus we have

dEtot

dxp
=−

(
F2

2Ebh
+F +bw

)√
1+ y′(xp)2 +F cosθ −Fy′(xp)sinθ = 0. (6.7)

Introducing the dimensionless parameter F̄ = F/Ebh and w̄ = w/Eh, then we can rewrite (6.7) as

1
2

F̄2 + F̄

[
1−

cosθ − y′(xp)sinθ√
1+ y′(xp)2

]
+ w̄ = 0. (6.8)

By solving (6.8) we obtain two roots of the equation, of which one is positive and the other is

negative. Since the force to peel the thin film should be tensile (positive), we obtain the non-

dimensional peeling force as

F̄ =

√√√√[cosθ − y′(xp)sinθ√
1+ y′(xp)2

−1

]2

+2w̄+
cosθ − y′(xp)sinθ√

1+ y′(xp)2
−1, (6.9)

which is always positive. Furthermore, by letting φ = tan−1(y′(xp)), where φ ∈ [−π/2,π/2] is the

angle of the surface’s slope at the peeling front (xp,y(xp)), we can rewrite (6.9) as

F̄ =
√

(cosθe−1)2 +2w̄+ cosθe−1, (6.10)

where we define θe = θ + φ as the equivalent peeling angle. It is in the range from 0 to π . The

effect of the wavy surface’s micro-scale topography is can be seen from the angle of the surface’s

slope φ in the equivalent peeling angle θe of (6.10). As can be seen, for a given peeling angle θ , the

peeling force F̄ is not constant since φ changes at different peeling front (xp,y(xp)). We note that

the Kendall’s result [151] can be recovered by setting y′(xp) = 0 or φ = 0, which gives the force of

peeling a thin film from a flat substrate as

F̄flat =

√
(cosθ −1)2 +2w̄+ cosθ −1. (6.11)

The force F̄flat is constant for a given peeling angle θ . It is not surprising that (6.11) and (6.10)

have the similar form, because at each local peeling front on the wavy substrate, the peeling can be

viewed as the one on a flat substrate with an equivalent peeling angle θe.
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6.2.3 Stability

An equilibrium configuration is said to be stable for d2Etot/dx2
p > 0, neutral for d2Etot/dx2

p = 0, and

unstable for d2Etot/dx2
p < 0. Using (6.6) we take second derivative of Etot w.r.t. xp to obtain

d2Etot

dx2
p

=−Ebhy′′(xp)

F̄ sinθ +

(
F̄2

2 + F̄− w̄
)

y′(xp)√
1+ y′(xp)2

 . (6.12)

Recall that φ = tan−1(y′(xp)), we have

dφ

dxp
=

κ(xp)√
1+ y′(xp)2

, (6.13)

where

κ(xp) =
y′′(xp)

[1+ y′(xp)2]3/2 (6.14)

is the curvature of substrate surface. With (6.8) and (6.13), (6.12) can be further simplified as

d2Etot

dx2
p

=−Fκ(xp)[sinθ + y′(xp)cosθ ]
√

1+ y′(xp)2. (6.15)

Since the comparability condition requires that tanθ ≥ |min{y′(xp)}| for θ ∈ [0,π/2] and | tanθ | ≥

max{y′(xp)} for θ ∈ [π/2,π], thus sinθ +y′(xp)cosθ is always non-negative. Moreover, the peeling

force is always positive and 1+ y′(xp)
2 ≥ 1. Therefore, d2Etot/dx2

p is of the opposite sign as the

surface curvature κ(xp).

With (6.13) and from (6.10) we obtain

dF̄
dxp

=−κ(xp)sinθe

√
1+ y′(xp)2

[
1− 1− cosθe√

2w̄+(1− cosθe)2

]
. (6.16)

Note that 1+ y′(xp)
2 ≥ 1, sinθe ≥ 0 for θe ∈ [0,π], and the term inside the square bracket in (6.16)

is positive, therefore, dF̄/dxp is also of the opposite sign as the surface curvature κ(xp). Hence,

from (6.15) and (6.16) we find that d2Etot/dx2
p is of the same sign with dF̄/dxp. Therefore, it

requires that d2Etot/dx2
p, or equivalently, dF̄/dxp, be greater than, equal to, and less than zero,
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respectively, for stable, neutral, and unstable equilibrium configuration, which corresponds to neg-

ative, zero, and positive surface curvature κ(xp), respectively.

We find the maximum peeling force F̄max using (6.9) or (6.10). It can be shown from (6.10) that

F̄ monotonically decreases with increasing the equivalent peeling angle θe for θe ∈ [0,π]. Therefore,

the maximum peeling force is achieved when θe is minimum. (The minimum θe may or may not be

equal to 0 depending on the peeling angle θ and surface slope φ .) Because the minimum equivalent

peeling angle corresponds to the minimum slope of the surface, we have

F̄max =

√√√√[cosθ − y′min(xp)sinθ√
1+ y′min(xp)2

−1

]2

+2w̄+
cosθ − y′min(xp)sinθ√

1+ y′min(xp)2
−1. (6.17)

We define the effective work of adhesion

w̄e =
1
2

[
cos(θ +φmin)− cosθ +

√
(cos(θ +φmin)−1)2 +2w̄

]2

− 1
2
(cosθ −1)2, (6.18)

where φmin = tan−1(y′min(xp)), so that we can rewrite (6.17) as

F̄max =

√
(cosθ −1)2 +2w̄e + cosθ −1, (6.19)

which has a similar form with (6.11). It can be seen from (6.18) that w̄e depends on the peeling

angle θ and the angle of the minimum slope φmin.

6.3 Examples

In this section, we apply the results derived in §6.2 to investigate the peeling of a soft thin film from

wavy substrates with sinusoidal and zigzag surface profiles.

6.3.1 Sinusoidal surface

For the substrate having a sinusoidal surface, the surface profile function is

y(x) = Aλ [1− cos(2πx/λ )]. (6.20)
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Figure 6.2: The plot of the peeling force F̄ as a function of the abscissa of the peeling front x̄p for different aspect
ratio A and peeling angle θ in the case of the substrate with sinusoidal surfaces. For A > 0, the solid and dashed lines
indicate stable and unstable equilibrium configurations, respectively. The thin black lines represent the measured forces
with arrows indicating snap-through instabilities during peeling under load control. For A = 0, the solid line indicates the
neutral equilibrium configuration.

The surface has a root-mean-square (RMS) roughness Aλ/
√

2, which is proportion to the aspect

ratio A of the surface. Let ȳ= y/λ , x̄= x/λ , then ȳ=A[1−cos(2π x̄)]. The minimum and maximum

slope of this surface is −2πA and 2πA, respectively. The comparability condition requires that the

peeling angle θ ∈ [tan−1(2πA),π− tan−1(2πA)] to avoid contact between the peeled thin film and

the substrate.

Figure 6.2 shows the plot of peeling force F̄ as a function of the abscissa of the peeling front x̄p

for different values of aspect ratio A and peeling angle θ . For those plots we choose the normalized

work of adhesion w̄ = 0.005. For the peeling on a flat surface (A = 0), the peeling force is constant

and the equilibrium is neutral. For the peeling on a sinusoidal surface (A > 0), it can be seen that the

variation of the peeling force has the same period with the sinusoidal surface and the peeling force

depends on the local curvature of the surface. According to the stability condition in §6.2, we mark

the stable and unstable equilibrium configurations of peeling on wavy substrates with solid and

dashed lines in Figure 6.2, respectively. For each combination of A and θ , a series of snap-through

instabilities occur during the peeling on sinusoidal surface under load control, as indicated by black

arrows. We define the effective peeling force as the maximum force during peeling. It is interesting

to observe from Figure 6.2 that the maximum peeling force occurs not at the crest of the surface

(where x̄p = 1/2+n with n being an integer), but at the point which has the minimum surface slope
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Figure 6.3: The contour plot of (a) effective peeling force F̄max and (b) effective work of adhesion w̄e/w̄ as a function
of the aspect ratio A and peeling angle θ with w̄ = 0.005 for the peeling on sinusoidal substrate surface. The purple and
yellow dashed lines, respectively, indicate the minimum and maximum values of F̄max and w̄e/w̄ for different θ at a given
A.

(x̄p = 3/4+ n). Moreover, at a given peeling angle, the maximum peeling force increases with

the aspect ratio (or surface roughness). And at a given aspect ratio, the maximum peeling force

decreases with peeling angle.

By taking y′min = −2πA and φmin = − tan−1(2πA), we obtain the maximum peeling force

from (6.17) as

F̄max =

√(
cosθ +2πAsinθ√

1+4π2A2
−1
)2

+2w̄+
cosθ +2πAsinθ√

1+4π2A2
−1 (6.21)

and the effective work of adhesion from (6.18) as

w̄e =
1
2

[
cos(θ − tan−1(2πA))− cosθ +

√
(cos(θ − tan−1(2πA))−1)2 +2w̄

]2

− 1
2
(cosθ −1)2.

(6.22)

The effects of peeling angle θ and aspect ratio A on the maximum peeling force (effective peeling

force) F̄max and the effective work of adhesion w̄e are shown in Figure 6.3a and b, respectively. Note

that in generating the plot of Figure 6.3 we confine θ ∈ [tan−1(2πA),π − tan−1(2πA)], which is

required by the compatibility condition. As can be seen, both F̄max and w̄e increase with the aspect

ratio A, which means that the adhesion can be effectively enhanced by introducing the geometrical

waviness of the substrate surface. For a given aspect ratio, F̄max achieves its smallest value at
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Figure 6.4: The plot of the peeling force F̄ as a function of the abscissa of the peeling front x̄p for different aspect ratio A
and peeling angle θ in the case of the substrate with zigzag surface profile. The solid line indicates the neutral equilibrium
configuration. The thin black lines represent the measured forces with arrows indicating snap-through instabilities during
peeling under load control for A > 0.

θ = π − tan−1(2πA) and largest value at θ = tan−1(2πA), respectively. The effective work of

adhesion w̄e achieves its smallest value at θ = π− tan−1(2πA), whereas its largest value is obtained

at

θ ≈ 0.5π exp[1/(0.635+5.837A+15.998A2)]. (6.23)

6.3.2 Zigzag surface

For the substrate with zigzag surface, the surface profile in one period is

y(x) =

 4Ax, x ∈ [0,λ/2],

4Aλ (1− x/λ ), x ∈ [λ/2,λ ].
(6.24)

In this case, the compatibility condition requires the peeling angle θ ∈ [tan−1(4A),π− tan−1(4A)].

Figure 6.4 shows the plot of peeling force F̄ as a function of the abscissa of the peeling front x̄p for

different values of aspect ratio A and peeling angle θ . For those plots we choose the normalized

work of adhesion w̄ = 0.005. Note that the peeling process is in neutral equilibrium. For each

combination of A and θ , a series of snap-through instabilities occur during the peeling on zigzag

surface under load control, as indicated by black arrows. Moreover, at a given θ , F̄max increases
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Figure 6.5: The contour plot of (a) effective peeling force F̄max and (b) effective work of adhesion w̄e/w̄ as a function of
the aspect ratio A and peeling angle θ with w̄ = 0.005 for the peeling on zigzag substrate surface. The purple and yellow
dashed lines, respectively, indicate the minimum and maximum values of F̄max and w̄e/w̄ for different θ at a given A.

with A. And at a given A, F̄max decreases with θ .

By taking y′min =−4A and φmin =− tan−1(4A), we obtain the maximum peeling force as

F̄max =

√(
cosθ +4Asinθ√

1+16A2
−1
)2

+2w̄+
cosθ +4Asinθ√

1+16A2
−1 (6.25)

and the effective work of adhesion as

w̄e =
1
2

[
cos(θ − tan−1(4A))− cosθ +

√
(cos(θ − tan−1(4A))−1)2 +2w̄

]2

− 1
2
(cosθ −1)2.

(6.26)

The effects of peeling angle θ and aspect ratio A on F̄max and w̄e are shown in Figure 6.5a and

b, respectively. For a given aspect ratio, F̄max achieves its smallest value at θ = π − tan−1(4A)

and largest value at θ = tan−1(4A), respectively; And w̄e achieves its smallest value at θ = π −

tan−1(4A), whereas its largest value is obtained at

θ ≈ 0.5π exp[1/(0.631+3.786A+6.306A2)]. (6.27)
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6.4 Discussions

We find that a series of snap-through instabilities occur during peeling, resulting in an apparent

toughening of the interface between the soft thin film and the substrate. The effective peeling

force and work of adhesion increase significantly with the aspect ratio (or surface roughness) of

substrate surface. The results suggest that interfacial adhesion can be enhanced by designing optimal

interfacial topography.

Equation (6.17) for effective peeling force F̄max and (6.18) for effective work of adhesion w̄e

hold for the substrate with arbitrary periodic wavy surface. It is of interest to know how much of

the enhancement can be achieved by introducing the surface waviness compared with the flat case.

It is noted that the effective peeling force and work of adhesion mainly depend on the y′min under a

given peeling angle. For the surface profile described by y(x) = y0 +Aλρ(x/λ ), we have y′min ∝ A.

Let us consider two limiting cases of the aspect ratio, i.e., A→ 0 and A→ ∞ corresponding to the

substrates with flat and highly oscillated steep surfaces, respectively. Assume that the peeling angle

θ = π/2, which guarantees no contact between the peeled thin film and the substrate. By limit

analysis of (6.17), we obtain the asymptotic limit of the effective peeling force as

F̄max,flat = lim
A→0

F̄max =
√

1+2w̄−1∼ w̄, (6.28a)

F̄max,steep = lim
A→∞

F̄max =
√

2w̄, (6.28b)

and define the enhancing efficiency of peeling force

α =
F̄max,steep

F̄max,flat
=

√
2w̄√

1+2w̄−1
∼
√

2
w̄
. (6.29)

The approximation in (6.28a) and (6.29) is reasonable when w̄� 1, e.g., by taking E = 1 MPa,

h= 100 µm, and w= 10 J/m−2, we have w̄= 0.1. We note that F̄max,steep is equal to the peeling force

for the flat surface under the peeling angle θ = 0, which is equivalent to the peeling on steep wavy

substrate with θ = π/2. Similarly, we obtain the asymptotic limit of effective work of adhesion
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from (6.18) as

w̄e,flat = lim
A→0

w̄e = w̄, (6.30a)

w̄e,steep = lim
A→∞

w̄e = w̄+
√

2w̄, (6.30b)

and define the enhancement efficiency of work of adhesion

β =
w̄e,steep

w̄e,flat
= 1+

√
2
w̄
. (6.31)

For w̄ = 0.1, we have α = 4.68 and β = 5.68, which indicate a large enhancement of the peeling

force and work of adhesion during the peeling on steep wavy surfaces.



Chapter 7

Conclusions and outlook

Fundamental understanding of the mechanics of elastic contact and adhesion of rough surfaces is

important and desirable due to its wide applications in many engineering and biological fields. In

this dissertation, we investigated several critical problems related to adhesive elastic contact with

particular emphasis on the interplay of surface roughness and adhesion. The main findings of this

dissertation are summarized as follows:

mf. i We improved the JKR theory by considering the effect of machine stiffness on interpreting

contact force-indentation depth curves in adhesive elastic contact experiments. We performed

stabilities analysis to investigated pull-in and pull-off instabilities under the influences of finite

machine stiffness and showed that theoretical predictions of our model explain experimental

measurements better than the JKR theory.

mf. ii Based on the MD theory and Nayak’s theory of rough surface, we proposed a randomly rough

surface contact model to study DDH in adhesive elastic contacts at large surface roughness.

The computed energy loss of DDH from our model shows good consistency with the ex-

periment result, which is predicted to decrease with roughness and increase with maximum

indentation depth. Moreover, in the large roughness regime, the energy loss would fall off as

the solids becomes stiffer or the range of adhesive interaction increases.

mf. iii We developed an effective, nonlinear body force based approach to simulate adhesive elastic

contact using the realistic molecular potential. Our simulations provided a critical evidence
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to the small-scale contact instability mechanism due to adhesion and roughness as a plausi-

ble explanation for DDH. An important feature of our nonlinear body force based simulation

is that it shows the existence of two regimes: the small and large roughness regimes. The

energy loss of DDH increases with roughness in the small roughness regime, whereas it de-

creases with roughness in the large roughness regime. These two regimes are demarcated by

the surface topography and the bulk and surface material properties. The primary condition

demarcating these two regimes, as seem from our simulations, is the nature of the contact

region—as to whether it is simply-connected, or multiply-connected. The proposed approach

for simulating adhesive elastic contact can be utilized to guide the design of surface topogra-

phy to achieve reversible optimal adhesion strength.

mf. iv We investigated the principle of contact splitting for biological fibrillar structures and inves-

tigate their adhesion on rough surfaces through a multiple spring model. It is found that the

remarkable adhesion enhancement by contact splitting is resulted from the increase of con-

tact area. Moreover, the detachment of a single fibril is unable to trigger the next fibril to

detach from the substrate. The additional energy needed for crack re-initiation of each fibril

manifests as a better adhesion of the fibrillar structure.

mf. v We considered the quasi-static peeling of an elastic thin film from a rough substrate which it

is perfectly adhering on. It is found that the effective peeling force and work of adhesion are

significantly improved by surface roughness, resulting in an apparent toughening of the inter-

face between thin film and substrate. The result suggests strategies to improve the adhesion of

thin film-substrate systems in many micro- and nano-devices such as flexible and stretchable

inorganic electronics.

Despite the achieved advances in this dissertation, there are several potential research topics that

could be explored in the future. Those topics include:

pr. i In our randomly rough surface contact model, it is assumed that there is no interaction be-

tween surface asperities as in the GW model. This assumption greatly simplifies the calcula-

tion of the total contact force but ignores the fact that all asperities share the same substrate.

Contact at the tallest asperities will deform the substrate and therefore reduce the heights of

all other asperities by an amount that depends on the distance to the contacting asperity and
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the response of the contacting asperity [170–173]. Therefore, the model can be improved

more accurately by accounting for asperity interactions.

pr. ii Our randomly rough surface contact model applies to large surface roughness where the con-

tact region is simply-connected, while the model in [35] applies to infinitesimally small sur-

face roughness such that the contact region remains simply-connected. Our continuum simu-

lations captures the transition of contact region from simply-connected to multiply-connected

as surface roughness increases. Yet, currently there is no single theoretical model that applies

to both small and large surface roughness regimes. Future efforts could be made to fill the

gap in this direction.

pr. iii The proposed approach based on effective, nonlinear body force for simulating adhesive elas-

tic contact can be extended to study the adhesion and roughness induced friction between

two arbitrarily rough surfaces under transverse loading and obtain the effective (macro-scale)

tribological properties, such as their effective friction and adhesion, as functions of the bulk

and surface material properties and surface topography at a much small scale (micro-scale).
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Appendix A

Supplementary Material: Effect of

machine stiffness on interpreting contact

force–indentation depth curves in

adhesive elastic contact experiments

A.1 Solutions on the boundary of the domain D

In this section we study the solutions as defined by (2.15) that lie on the boundary of the domain D

of the function Π(·, ·;∆). Recall that the domain of Π(·, ·;∆) is the set D := {(a,h) ∈ R2 : a≥ 0}.

Therefore, the domain boundary ∂ D is simply the set of points in R2 that are of the form (0,h). As

we will show, the solution points on ∂ D could only exist in the form of (0,∆) when ∆ < 0. At these

points, there is no deformation of the elastic spring and the tip and the substrate are not in physical

contact.

A.1.1 Points of the form (0,h) where h > 0 cannot be solutions

A point of the form (0,h) where h> 0 cannot be a solution to our contact mechanics problem. Given

any δ > 0, the neighborhood B(0,h,δ ) of (0,h) contains the point (δ/2,h). The value of Π(·, ·;∆)
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at (δ/2,h), as given by the first line in (2.13), is finite and smaller than its value at (0,h). As can

be determined by the third line of (2.13), it is also unbounded. That is, we are always able to find

a point in the neighborhood of (0,h), no matter how small the neighborhood’s diameter, where the

value of Π(·, ·;∆) is smaller than at (0,h). Consequently, the point (0,h) cannot be a solution.

A.1.2 A point (a,h) where a = 0 and h < 0 is a solution iff ∆ < 0 and h = ∆

The difference in the value of Π(·, ·;∆) at a point (0,h), where h < 0, and a neighboring point

(δa,h+δh), where δa≥ 0, can be expressed as

Π[δa,h+δh;∆]−Π[0,h;∆] = Eh2
δa+ ksδh(h−∆)+O(‖(δa,δh)‖2) (A.1.1)

in the limit of (δa,δh)→ (0,0). Any sequence of points converging to (0,h) where h < 0 can be

expressed as (δan,h+ δhn)n∈N, where δan ≥ 0 and the sequence (δan,δhn) converges to (0,0).

Consider the case ∆ < 0 and h = ∆. It follows from (A.1.1) that there exists an N ∈ N such that for

all n > N the sign of the difference Π[an,hn;∆]−Π[0,h;∆] is the same as that of the leading order

term Eh2δan. Because both E and δan are positive, the leading order term is positive. This result

implies that when ∆ < 0, the point (0,∆) is always a solution.

Now consider the case h 6= ∆ and the sequence of points (an,hn)n∈N where an = 0 and hn =

h− (h−∆)/n. This sequence of points also converge to (0,h). It follows from (A.1.1) that there

exists an N ∈ N such that for all n > N the sign of the difference Π[an,hn;∆]−Π[0,h;∆] is the as

same that of the term −ks(h−∆)2/n, which is negative because ks > 0. Therefore, when h 6= ∆, the

point (0,h) where h < 0 cannot be a solution. Therefore, it is implied that that a point of the form

(0,h) where h < 0 is a solution iff ∆ < 0 and h = ∆.

A.1.3 The point (a,h) = (0,0) cannot be a solution

In this section we show that the point (a,h) = (0,0) cannot be a solution at any given ∆. We

demonstrate this by showing that no matter how small δ is, there will always exist points in B(0,0,δ )

where the value of Π(·, ·;∆) is smaller than its value at (a,h) = (0,0). We begin by deriving an

asymptotic series expansion for Π(·, ·;∆) in the limit (a,h)→ 0, with a > 0. In the limit ã→ 0 we
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know from (2.2) and (2.12) that

χ(ã;h) =
2h
π

+ ã f ′(0)+
2ã2

π
f ′′(0)+O(ã3), (A.1.2)

where O is the Bachmann–Landau “Big-Oh” symbol. We then obtain

χ(ã;h)2 =
4h2

π2 +
4ah f ′(0)

π
+a2

(
8h f ′′(0)

π2 + f ′(0)2
)
+O(ã3). (A.1.3)

After substituting (A.1.3) into (2.13) and simplifying, we determine that

π2E
4

∫ a

0
χ(ã;h)2 dã =Eh2a+

π

2
Eh f ′(0)a2

+E
(

2
3

h f ′′(0)+
π2

12
f ′(0)2

)
a3 +O(a4).

(A.1.4)

It follows that in the limit (a,h)→ (0,0) with a > 0, the potential energy can be written as

Π(a,h;∆) =
1
2

ks∆
2− ks∆h+

1
2

ksh2−πwa2

+Eh2a+
π

2
E f ′(0)ha2 +E

π2

12
f ′(0)2a3 +O(‖(a,h)‖4).

(A.1.5)

When (a,h) = (0,0) the value of Π(·, ·;∆) equals ks∆
2/2. Taking this into account, it follows from

(A.1.5) that in the limit (a,h)→ (0,0) with a > 0,

Π(a,h;∆)−Π(0,0;∆) =−ks∆h+
1
2

ksh2−πwa2 +O(‖(a,h)‖3). (A.1.6)

First consider the case |∆| 6= 0. In this case, using (A.1.6), we can express that

Π(a,h;∆)−Π(0,0;∆) =−ks∆h+O(‖(a,h)‖2) (A.1.7)

in the limit (a,h)→ (0,0) with a > 0. The asymptotic expansion given by (A.1.7) holds for all

sequences (an,hn)n ∈ N converging to (0,0) in which an > 0. An example of such a sequence is

(|∆|/n,∆/n)n ∈ N. In this sequence, it follows from (A.1.7) and the definition of O(·) that there

exists an N ∈ N such that for all n > N the sign of Π(an,hn;∆)−Π(0,0;∆) is the same as that
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of −ks∆
2/n. Since ks > 0, this result implies that no matter how small we choose δ there will

always exist a point in B(0,0,δ ) where the value of Π(·, ·;∆) is smaller than its value at the point

(a,h) = (0,0). This proves that when |∆| 6= 0, the point (a,h) = (0,0) cannot be a solution.

Now let us consider the case |∆|= 0. For this case, using (A.1.6), we can express

Π(a,h;∆)−Π(0,0;∆) =
1
2

ksh2−πwa2 +O(‖(a,h)‖3). (A.1.8)

Consider the sequence (an,hn)n∈N when an = |∆|/n and hn = 0. Note that this is an admissible

sequence since an > 0 for all n. For this sequence, it follows from (A.1.8) and the definition of O(·)

that there exists an N ∈ N such that for all n > N the sign of Π(an,hn;∆)−Π(0,0;∆) is the same as

that of−πw∆2/n2. Since w > 0, this result implies that no matter how small we choose δ there will

always exist a point in B(0,0,δ ) where the value of Π(·, ·;∆) is smaller than its value at the point

(a,h) = (0,0). Hence, even in the case |∆|= 0, the point (a,h) = (0,0) cannot be a solution.

A.2 Sign of χ(a;h)

We take the negative root of χ(a◦;h◦) from (2.16b). This is because a negative sign implies tensile

tractions close to the contact periphery, whereas a positive sign implies a compressive tractions close

to the contact periphery. Adhesion indicates an attractive interaction between the surfaces. Thus,

for the case of adhesive contact, the traction in a region close enough to the contact periphery has to

be tensile when in equilibrium. The proof is as follows. According to [71], the surface traction of

the elastic half-space is

tz(r,z = 0;h) =− E
2r

d
dr

∫ a

r

χ(ã;h)ã√
ã2− r2

dã

=− E
2r

d
dr

[
χ(a;h)

√
a2− r2−

∫ a

r
χ
′(ã;h)

√
ã2− r2 dã

]
=− E

2r

[
−χ(a;h)

r√
a2− r2

+ r
∫ a

r
χ
′(ã;h)

√
ã2− r2 dã

]
=

E
2

[
χ(a;h)√
a2− r2

−
∫ a

r
χ
′(ã;h)

√
ã2− r2 dã

]
,

(A.2.1)
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where χ ′(a;h) = ∂ χ(ã;h)/∂ ã. Let a = a◦, h = h◦, and r = (1− ε)a◦, where ε → 0+. After substi-

tuting, (A.2.1) becomes

tz((1− ε)a◦;h◦) =
E

2a◦

[
χ(a◦;h◦)√

2ε
+O(

√
ε)

]
. (A.2.2)

If the traction close to the contact periphery has to be negative (or tensile traction according to the

convention of [71]), then it requires that χ(a◦;h◦)< 0, i.e.,

χ(a◦;h◦) =−
√

8a◦w
πE

. (A.2.3)

Another reason why χ(a◦;h◦)< 0 is that the surfaces should not intersect with each other out-

side of the contact region. The displacement discontinuity outside the contact region [ũ]z is [1]

[ũz(r;h)] =−
∫ r

a

χ(ã;h)√
r2− ã2

dã. (A.2.4)

Let a = a◦, h = h◦, and r = (1+ ε)a◦, as ε → 0+. Then, (A.2.4) becomes

[ũz((1+ ε)a◦;h◦)] =−
∫ (1+ε)a◦

a◦

χ(ã;h◦)√
((1+ ε)a◦)2− ã2

dã

=−χ(a◦;h◦)
√

2ε +O(ε).

(A.2.5)

Because the surfaces do not intersect, this implies that [ũ]z > 0 outside the contact region. Therefore

it requires that χ(a◦;h◦)< 0.

A.3 Second order necessary and sufficient conditions on interior solu-

tion points

In A.3.1 we present the general form of the second order necessary condition on an interior solution

point (a∗,h∗), and a second order sufficient condition that a stationary point (a◦,h◦) needs to satisfy

in order for it to be an interior solution point. Recall that a stationary point (a◦,h◦) is an interior point

that is also a root of the function (2.21). These conditions are given in terms of the second partial
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derivatives of Π(·, ·;∆). We derive expressions for the second partial derivatives of Π(·, ·;∆) at a

stationary point in A.3.2. In A.3.3 we make use of those expressions to particularize and simplify

the general conditions that we present in A.3.1. In this section we take (a∗,h∗) to denote an interior

solution point.

A.3.1 General second order necessary and sufficient conditions from optimization

theory

It can be shown that Π(·, ·;∆) is twice continuously differentiable on int(D). Therefore, it follows

from standard nonlinear optimization theory that a second order necessary condition on (a∗,h∗)

is that the value of its corresponding quadratic form is always non-negative. The quadratic form

corresponding to a point (a,h) is the function Q(·, ·;a,h) : R2\(0,0)→ R, where

Q(x,y;a,h) := x2 ∂ 2Π

∂a2 (a,h;∆)+2xy
∂ 2Π

∂a∂h
(a,h;∆)+ y2 ∂ 2Π

∂h2 (a,h;∆). (A.3.1)

The quadratic form Q(·, ·;a∗,h∗) is always non-negative iff

∂ 2Π

∂h2 (a
∗,h∗;∆)≥ 0, (A.3.2a)

∂ 2Π

∂a2 (a
∗,h∗;∆)

∂ 2Π

∂h2 (a
∗,h∗;∆)− ∂ 2Π

∂a∂h
(a∗,h∗;∆)2 ≥ 0, (A.3.2b)

∂ 2Π

∂a2 (a
∗,h∗;∆)≥ 0. (A.3.2c)

According to optimization theory, a sufficient condition for a stationary point (a◦,h◦) to be an

interior solution point is that the value of its corresponding quadratic form must always be positive.

The quadratic form corresponding to (a◦,h◦), namely Q(·, ·;a◦,h◦), is always positive iff

∂ 2Π

∂a2 (a
◦,h◦;∆)

∂ 2Π

∂h2 (a
◦,h◦;∆)− ∂ 2Π

∂a∂h
(a◦,h◦;∆)2 > 0, (A.3.3a)

∂ 2Π

∂a2 (a
◦,h◦;∆)> 0. (A.3.3b)
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A.3.2 Second order partial derivatives of Π(·, ·;∆) at an interior solution point

After differentiating (2.17) with respect to a and h, we find that

∂ 2Π

∂a2 (a,h;∆) =
π2E

2
χ(a;h)

∂ χ(a;h)
∂a

−2πw, (A.3.4a)

∂ 2Π

∂a∂h
(a,h;∆) =

π2E
2

χ(a;h)
∂ χ(a;h)

∂h
, (A.3.4b)

∂ 2Π

∂h2 (a,h;∆) =
π2E

2

∫ a

0

{(
∂ χ(ã;h)

∂h

)2

+χ(ã;h)
∂ 2χ(ã;h)

∂h2

}
dã+ ks. (A.3.4c)

It follows from (2.12) that
∂ χ(ã;h)

∂h
=

2
π
. (A.3.5)

In light of (A.3.5), (A.3.4) is reduced to

∂ 2Π

∂a2 (a,h;∆) =
π2E

2
χ(a;h)

∂ χ(a;h)
∂a

−2πw, (A.3.6a)

∂ 2Π

∂a∂h
(a,h;∆) = πEχ(a;h), (A.3.6b)

∂ 2Π

∂h2 (a,h;∆) = 2Ea+ ks. (A.3.6c)

Equation (A.3.6) gives the second partial derivatives of Π(·, ·;∆) at any interior point (a,h). Us-

ing (A.3.6) we next evaluate the second partial derivatives of Π(·, ·;∆) at a stationary point (a◦,h◦).

To simply these derivatives, we first recall an important result discussed in §2.2.3, which is that

χ(a◦;h◦) =−
√

8a◦w
πE

. (A.3.7)

We first substitute (a,h) in (A.3.6) with (a◦,h◦). In the resulting equation, we then substitute

χ(a◦;h◦) with the expression on the right side of (A.3.7). After simplifying, we determine that
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∂ 2Π

∂a2 (a
◦,h◦;∆) =−

√
2π3a◦Ew

∂ χ(a;h)
∂a

∣∣∣∣
(a◦,h◦)

−2πw, (A.3.8a)

∂ 2Π

∂a∂h
(a◦,h◦;∆) =−

√
8πa◦Ew, (A.3.8b)

∂ 2Π

∂h2 (a
◦,h◦;∆) = 2Ea◦+ ks. (A.3.8c)

Recall that by definition (a◦,h◦) is a root of the function (2.21). The application of the Implicit

function theorem to function (2.21) infers the existence of the function h , which is defined in (2.22).

Additionally, it implies that

∂ χ(a;h)
∂a

∣∣∣∣
(a◦,h◦)

=−
√

2w
πa◦E

− 2
π

h ′(a◦). (A.3.9)

We can then simplify (A.3.8a) to

∂ 2Π

∂a2 (a
◦,h◦;∆) = h ′(a◦)

√
8πa◦Ew. (A.3.10)

In summary, the second partial derivatives of Π(·, ·;∆) at an interior solution point are

∂ 2Π

∂a2 (a
◦,h◦;∆) = h ′(a◦)

√
8πa◦Ew, (A.3.11a)

∂ 2Π

∂a∂h
(a◦,h◦;∆) =−

√
8πa◦Ew, (A.3.11b)

∂ 2Π

∂h2 (a
◦,h◦;∆) = 2a◦E + ks. (A.3.11c)

A.3.3 Simplified second order necessary and sufficient conditions

A second order sufficiency condition for stationary points

It follows from (A.3.11c) that ∂ 2Π/∂h2(a◦,h◦;∆)> 0 at all stationary points, since at any stationary

point a◦ > 0 and by construction E and ks are positive. Therefore, if (a◦,h◦) satisfies the inequality

(A.3.3a), then it also satisfies the inequality (A.3.3b). Therefore, in order for a point to be a solution

point, the only non-redundant sufficient condition on (a◦,h◦) is given by (A.3.3a). It follows from
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(A.3.11) that a stationary point (a◦,h◦) satisfies the sufficient condition (A.3.3a) iff

g(a◦) = h ′(a◦)−
√

8πa◦Ew
2a◦E + ks

> 0. (A.3.12)

A second order necessary condition for interior solution points

Since an interior solution point is also a stationary point (§2.2.3), then we obtain from (A.3.11) that

∂ 2Π

∂a2 (a
∗,h∗;∆) = h ′(a∗)

√
8πa∗Ew, (A.3.13a)

∂ 2Π

∂a∂h
(a∗,h∗;∆) =−

√
8πa∗Ew, (A.3.13b)

∂ 2Π

∂h2 (a
∗,h∗;∆) = 2a∗E + ks. (A.3.13c)

The necessary condition (A.3.2a) does not lead to any additional conditions on the interior

solution point (a∗,h∗). This is because it follows from (A.3.13c) that at any interior solution point

∂ 2Π/∂h2(a∗,h∗;∆)> 0, since at any interior solution point a∗ > 0 and by construction E and ks are

positive.

It follows from (A.3.13) that the necessary condition (A.3.2b) holds iff g(a∗)≥ 0. The function

g is defined in (2.23). If (a∗,h∗) satisfies the necessary condition (A.3.2b), then it also satisfies the

necessary condition (A.3.2c). This is because if h ′(a∗) is non-negative, then (A.3.13a) would imply

that the necessary condition (A.3.2c) is satisfied.

If (a∗,h∗) satisfies the necessary condition (A.3.2b), then

g(a∗) = h ′(a∗)−
√

8πa∗Ew
2a∗E + ks

is non-negative and

h ′(a∗)≥
√

8πa∗Ew
2a∗E + ks

. (A.3.14)

At any interior solution point, a∗ is positive. By construction, E and ks are positive and w is non-

negative, thus (A.3.14) implies that h ′(a∗) is non-negative.
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A.4 Fitting contact experimental data to theory

In §2.4 we apply our model given in §2.3.1 to the experiments of Sun at al. [58] and Notbohm et

al. [59]. It follows from (2.31b) and (2.32b) that the measured indentation depth, h, and the contact

force, P, in those experiments should satisfy

h = F(P; â, P̂), (A.4.1)

where

F(P; â, P̂) :=
42/3â2

R


1+

√
1+P/P̂

2

4/3

− 2
3

1+
√

1+P/P̂

2

1/3 ,
and

â := (9πwR2/8E)1/3, (A.4.2a)

P̂ := 3πwR/2. (A.4.2b)

Say (hi,Pi), i = 1,2, ...,n, where n is a positive integer, is a sequence of indentation depth–

contact force measurements. An estimate of the mismatch between the theory and experimental

results can be

S(â, P̂) :=
n

∑
i=1

ri(â, P̂)2, (A.4.3)

where

ri(â, P̂) := hi−F(Pi; â, P̂), (A.4.4)

and i= 1,2, ...,n. We take the best values for the parameters â and P̂ to be those at which S attains its

minimum. Denoting the best fit values of â and P̂ as â∗ and P̂∗, respectively, a necessary condition

that S attains its minimum at (â∗, P̂∗) is that

∂S
∂ â

(â∗, P̂∗) = 0, (A.4.5a)

∂S
∂ P̂

(â∗, P̂∗) = 0. (A.4.5b)
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We obtain â∗ and P̂∗ by numerically solving (A.4.5a)–(A.4.5b), which are a pair of coupled, nonlin-

ear algebraic equations. The best fit values for w and E are then obtained by simultaneously solving

(A.4.2a)–(A.4.2b) for w and E after first replacing in them â and P̂ with their respective best fit

values and R with its experimentally reported value.
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Appendix B

Supplementary Material:

Depth-dependent hysteresis in adhesive

elastic contacts at large surface

roughness

B.1 RMS roughness, PSD function, and spectral moments

For a rough surface whose height is described by the topography function z : R2 → R, its RMS

roughness can be computed as

σrms =

[
1

L1L2

∫ L1

0

∫ L2

0
z(x1,x2)

2 dx1dx2

]1/2

, (B.1.1)

where L1 and L2 are the widths of a rectangular, nominal contact region in the ê1 and ê2 directions,

respectively. The auto-correlation function corresponding to z can be defined as

R(x1,x2) = lim
L1,L2→∞

1
L1L2

∫ L1

0

∫ L2

0
z(x′1,x

′
2)z(x

′
1 + x1,x′2 + x2)dx′1dx′2. (B.1.2)
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The rough surface’s PSD function C : R2→ R is the Fourier transform of R, i.e.,

C(q1,q2) =
∫

∞

−∞

∫
∞

−∞

R(x1,x2)e−i(x1q1+x2q2) dx1dx2, (B.1.3)

where q1, q2 ∈ R are termed the wavevector components and i is the imaginary number
√
−1.

Alternatively, the PSD function can also be computed as

C(q1,q2) = lim
L1,L2→∞

[
1

L1L2

∫ L1

0

∫ L2

0
z(x1,x2)e−i(x1q1+x2q2) dx1dx2

]2

. (B.1.4)

The PSD function’s spectral moments are defined as

mk l =
1

4π2

∫
∞

−∞

∫
∞

−∞

C(q1,q2)qk
1ql

2 dq1dq2, (B.1.5)

where k, l ∈ N. In isotropic surfaces, the PSD function only depends on the wavenumber q =√
q2

1 +q2
2. In this case, the isotropic PSD function Ciso is defined as

Ciso(q) :=
1

2π

∫ 2π

0
C(qcosθ ,qsinθ)dθ . (B.1.6)

Furthermore, for isotropic surfaces mk l = ml k. Therefore, Nayak [75] introduced the spectral mo-

ments mn := mn0 = m0n, n = 0, 2, and 4. These moments can be computed from Ciso as

mn =
∫

∞

0

∫ 2π

0
Ciso(q)(qsinθ)nqdθdq,

=
2
√

πΓ((1+n)/2)
Γ(1+n/2)

∫
∞

0
qn+1Ciso(q)dq,

(B.1.7)

where Γ is the Gamma function.

In practice, the topography function z is measured only at a discrete set of points that are

positioned on a rectangular grid. The points are equally spaced with intervals ∆x1 = L1/N1 and

∆x2 = L2/N2 in the ê1 and ê2 directions, respectively. The positive integers N1 and N2 denote the

total number of points in the two directions, respectively. We denote the values of z measured at the

discrete set of points as z̃(m,n), m = 0, 1, ..., N1− 1 and n = 0, 1, ..., N2− 1. In concurrence with

our definition of z, the datum in the ê3 direction is chosen such that these discrete set of values have
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a zero mean. Assuming that the surface topography is periodic with periodicities L1 and L2 in the

ê1 and ê2 directions, respectively, we compute the discrete Fourier transform of z̃(m,n) as

Z(k, l) = ∆x1∆x2

N1−1

∑
m=0

N2−1

∑
n=0

z̃(m,n)e−i2π(mk/N1+nl/N2), (B.1.8)

where k = 0, 1, ..., N1−1 and l = 0, 1, ..., N2−1. It can be shown using (B.1.4) that

C(qk,ql)≈ C̃(qk,ql) :=
|Z(k, l)|2

L1L2
, (B.1.9)

where qk = 2πk/L1 and ql = 2πl/L2 are termed the discrete wavevector components, and C̃ is called

the discrete PSD function. Similarly, using (B.1.6) it can be shown that

Ciso(q)≈ C̃iso(q), (B.1.10)

where the value C̃iso(q) is obtained by averaging the value of C̃ over all pairs (qk,ql) for which√
q2

k +q2
l = q. The ordinates of the discrete set of points shown in Figure 3.7d of the main text

are the values of the function C̃iso. We assume that the PSD function in the experiments is the

continuous, power-law PSD function given in (3.16) of the main text. We choose the parameters

defining the power law PSD function in such a way so as to make the function’s values as close as

possible to the values of C̃iso.

B.2 Nominal contact area as per the JKR theory

For computing the nominal contact area ∆Ac in Kesari et al.’s experiments, we ignore the roughness

of both the tip and the substrate and model the loading branch of the experiments using the JKR

theory. The indentation depth, h, and the contact radius a, in the loading phase of the experiments

are then related as

h̄ =−ā2 +(2`JKRā)1/2, (B.2.1)

where h̄ = h/Rt , ā = a/Rt , and `JKR = πw/E∗Rt . The parameters w, E∗, and Rt are defined in the

Theory section of the main text. We denote the radii of the contact regions in the loading phase of
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the experiment when h̄ = 0 and h̄min as ā0 and āhmin , respectively, where h̄min := hmin/Rt . In terms

of these radii the contact areas Ahmin
c and A0

c , defined in the section of Theory of the main text, are

π ā2
hmin

R2
t and π ā2

0R2
t , respectively. It follows then from (3.10) of the main text and (B.2.1) that

∆Ac = πR2
t |h̄min|

[
1+

(2`JKRāhmin)
1/2− (2`JKR)

2/3

ā2
hmin
− (2`JKRāhmin)

1/2

]
. (B.2.2)

By fitting the loading branch of the the experimental P–h curves shown in Figure 3.2a of the main

text to the JKR theory we found that w = 20 mJ/m2 and E∗ = 0.75 MPa. Recall that the radius

of the glass bead (tip) in the experiments is Rt = 25 µm. Thus, we have `JKR = 3.35× 10−3. In

the experiments |hmin| ranges from 0 to 1500 nm. For this variation in hmin, we found numeri-

cally from (B.2.1) that ā varies from 0.189 to 0.327. Consequently, the term in the square bracket

in (B.2.2) varies from 1.19 to 1.33, which has a variation of only∼ 10%. Therefore, we approximate

this term as 1.26, and from (B.2.2) we obtain that

∆Ac ≈ 4Rt |hmin|. (B.2.3)

B.3 The RMS roughness of the glass bead

In Table B.1 we report the RMS roughness of four glass beads. As can be noted, the beads’ RMS

roughness ranges from 2.59 nm to 12.14 nm. The RMS roughness of the glass beads is 6.41±4.18

nm (mean ± standard deviation). Figure B.1 shows a microscope image taken during the AFM

topography measurements. The AFM cantilever (white beam in Figure B.1) in those measurements

has an atomically sharp, silicon nitride tip. These beads (dark spheres in Figure B.1) were sampled

from the same population as from which the bead used in the experiments reported by Kesari et

al. [27] was taken. The surface topography of the bead that is labelled as Bead #3 in Table B.1 is

shown in Figures 3.7a–b.

Table B.1: The RMS Roughness of the glass beads.

Bead # 1 2 3 4
RMS roughness (nm) 6.68 2.59 12.14 4.21
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Figure B.1: Silicon cantilever on the top of a 50 µm-diameter bead in double-sided Scotch Tape.
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Figure B.2: The local peaks (red dots) over a partial region of the Si mold’s rough surface. The color denotes the height
of the surface.

B.4 The average of the distance between each asperity and its nearest

neighbor on the Si mold’s surface

Figure B.2 shows a representative region of the Si mold’s surface which is shown in Figure 3.7c.

We identified all the local peaks of the asperities over the Si mold’s rough surface in Figure 3.7c.

The local peak is defined as the highest point around a neighbor region, as shown in red dots of

Figure B.2. We calculate the average of the distance between each asperity and its nearest neighbor
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to be 17nm. This value is very consistent with the correlation length (L = 20.1 nm) of the Si mold’s

rough surface that is obtained from the PSD fitting of the surface power spectrum.



Appendix C

Supplementary Material: Multiple

spring model for adhesion of biological

fibriallar structures

C.1 Generation of randomly rough surfaces

Surface topography measurements using contact methods (stylus instruments, AFM, etc. [174]) and

optical non-contact methods (interferometry, deflectometry, etc. [175]) have shown that a wide range

of natural and synthetic rough surfaces show characteristics of self-affine scaling, called as self-

affine fractal surfaces [85]. As per Archard’s model [176], the underlying picture is that roughness

consists of asperities, which are covered with smaller asperities, which in turn are covered with even

smaller asperities. A self-affine fractal surface has the property that the statistical properties of the

surface are invariant if part of the surface is magnified.

Rough surfaces are also characterized as a stochastic process [75, 177, 178]. In the random

process description of rough surfaces, there are two important statistical functions: the probabil-

ity density function (PDF) of surface height which is typically Gaussian and the auto-correlation

function (ACF) which describes the spatial features of roughness. The ACF is often taken to be an

exponential form or a Gaussian.

149



150

We adopt the stochastic characterization of rough surfaces. Furthermore, we assume that the

rough surface is homogeneous and isotropic. That is, the PDF characterizing the different geometric

features of the asperities does not depend on the location or the orientation of the surface. We only

consider the Gaussian ACF here, which is given as

Rzz(δx,δy) = E{z(x,y)z(x+δx,y+δy)}= σ
2
rmse

−(δ 2
x /L2

cx+δ 2
y /L2

cy), (C.1.1)

where E{·} denotes the expectation, Lcx and Lcy are the correlation lengths in the ê1 and ê2 direc-

tions, respectively. If the surface is isotropic, then its ACF becomes

Rzz(δ ) =
σ2

rms

4π2 e−δ 2/L2
c , (C.1.2)

where δ =
√

δ 2
x +δ 2

y , Lc = Lcx = Lcy. The PSD function is 2π times the zeroth-order Hankel

transform of Rzz(δ ) in the symmetric case, i.e.,

C(q) = 2π

∫
∞

0
Rzz(δ )J0(δq)δdδ =

σ2
rmsL

2
c

4π
e−L2

cq2/4, (C.1.3)

where q is the wave-number and J0 is the zeroth-order Bessel function of the first kind.

In this Appendix, we describe the numerical procedure of generation of randomly rough surfaces

which are used to study adhesive elastic contacts. This procedure is based on the method proposed

by Hu and Tonder [179]. The approach is to first generate a set of uncorrelated Gaussian random

numbers for the surface heights and then apply a linear filter to it. The weights of the linear filter

are chosen such that the final surface heights have the prescribed ACF.

Our purpose is to generate a discrete three-dimension randomly rough surface with a Gaussian

PDF and a Gaussian ACF. Let M and N denotes the total grid points in the ê1 and ê2 directions,

respectively. We consider the surface heights at the grid points to have a Gaussian distribution and

choose the mean surface height as the datum to measure the surface height in the ê3 direction.

For a given RMS roughness, σrms, (i.e., standard deviation) of the surface, we generate a set of
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uncorrelated random numbers for the surface heights, ζ (I,J), with the Gaussian distribution

p(ζ ) =
1√

2πσrms
e
− ζ 2

2σ2
rms . (C.1.4)

The pair (I,J) indicates the indices of the grid points in the êx and êy directions, respectively, where

I = 1,2, ...,M and J = 1,2, ...,N. Then we apply a linear filter to obtain the final surface heights as

z(I,J) =
m−1

∑
k=0

n−1

∑
l=0

h(k, l)ζ (I− k,J− l), (C.1.5)

where h(k, l) is the coefficient of the linear filter with finite response of lengths m and n. If we take

the Fourier transform of the two sides of (C.1.5), we obtain

Z(qx,qy) = H(qx,qy)A(qx,qy), (C.1.6)

where Z(qx,qy) and A(qx,qy) are the discrete Fourier transforms of the input and output sequences,

respectively, and H(qx,qy) is the transfer function or frequency response given by

H(qx,qy) =
m/2−1

∑
k=−m/2+1

n/2−1

∑
l=−n/2+1

h(k, l)e−ikqxe−ilqy . (C.1.7)

where qx = 2πr/m, r =−m/2+1, ...,0, ...,m/2−1, qy = 2πs/n, and s=−n/2+1, ...,0, ...,n/2−1.

In the discrete form, the ACF of a stationary random process z(I,J) is defined as

Rzz(k, l) = E{z(I,J)z(I + k,J+ l)}. (C.1.8)

If the process is assumed to be ergodic, then we have

Rzz(k, l) =
1

MN

M−1

∑
I=0

N−1

∑
J=0

z(I,J)z(I + k,J+ l) (C.1.9)

as M,N → ∞. The PSD function of z(I,J), which is the discrete Fourier transform of R(k, l), is

given by

Czz(qx,qy) =
1

mn

m/2−1

∑
k=−m/2+1

n/2−1

∑
l=−n/2+1

Rzz(k, l)e−ikqxe−ilqy . (C.1.10)
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Let Cζ ζ (qx,qy) be the PSD function of ζ (I,J), then the relation between Czz(qx,qy) and Cζ ζ (qx,qy)

for a linear filter is

Czz(qx,qy) = |H(qx,qy)|2Cζ ζ (qx,qy). (C.1.11)

Since ζ (I,J) is a set of uncorrelated random numbers, its PSD function Cζ ζ (qx,qy) must be a con-

stant. We set this constant to be one. This will change the RMS roughness of the finally generated

surface, which can be fixed later by a proper scaling of the surface heights. Thus, from (C.1.11), we

have

H(qx,qy) =Czz(qx,qy)
1/2. (C.1.12)

The filter coefficient h(k, l) is obtained by taking the inverse Fourier transform of H(qx,qy),

h(k, l) =
1

mn

m/2−1

∑
r=−m/2+1

n/2−1

∑
s=−n/2+1

H(qx,qy)eikqxeilqy . (C.1.13)

Therefore, the generation of a randomly rough surface with a Gaussian PDF and a specified

ACF can be achieved by the following procedures.

1. For a given ACF R(k, l), compute its PSD function Czz(qx,qy) with (C.1.10).

2. Determine the transfer function H(qx,qy) with (C.1.12).

3. Obtain the filter coefficients h(k, l) with (C.1.13).

4. Generate a set of uncorrelated random numbers ζ (I,J) with the Gaussian distribution.

5. Obtain the surface height z(I,J) with (C.1.5).

6. Scale the surface heights to obtain the desired RMS roughness of the surface.

Figure C.1 shows the realization of a series of rough surfaces with a Gaussian PDF and a Gaus-

sian ACF of surface heights. The RMS roughness of the surface is σrms = 10, and the correlation

lengths are Lc = 0.01, 0.02, 0.04, 0.06, 0.08, 0.1 for the generated surfaces shown in Figure C.1a–f,

respectively.

Figure C.2a and b shows the comparison of numerical and analytical PSDs for the generated
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a

d e
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f

Figure C.1: The generated rough surface samples with σrms = 10. The correlation lengths in (a)–(f) are Lc =
0.01, 0.02, 0.04, 0.06, 0.08, 0.1, respectively.
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Figure C.2: The comparison of numerical and analytical PSDs for the generated rough surface with σrms = 10, Lc = 0.01
and σrms = 10, Lc = 0.05, respectively.

rough surface with σrms = 10, Lc = 0.01 and σrms = 10, Lc = 0.05, respectively. The match between

numerical and analytical PSDs demonstrates that the generated surface has the specified ACF.
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