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Abstract of “Achieving High Accuracy with Low Cost: Successful Applications of
Auxiliary Field Quantum Monte Carlo to Weakly-Bound Molecules and Strongly
Correlated Materials”, by Hongxia Hao, Ph.D., Brown University, October 2019

The accurate evaluation of quantum mechanical properties of molecules and
materials becomes more challenging when highly accurate descriptions of electron
correlation are required. Different flavors of theories have been actively developed
and successfully applied to a wide array of physical and chemical problems. However,
the curse of dimensionality caused by the exponential increase of the Hilbert
space limits the scalability and accuracy of most numerical methods. In this
thesis, we provide an alternative to conventional wave function techniques by
using Auxiliary Field Quantum Monte Carlo (AFQMC) methods which are highly
accurate, yet possess a favorable O(N?3) scaling. This thesis mainly describes the
accurate modeling of weakly-bound, yet correlated molecules and strongly-correlated

materials in which complicated electron correlations are involved by using AFQMC.

The first part of this thesis presents the simulation of a fascinating class of weakly-
bound species known as dipole-bound anions. The theoretical description of weakly-
bound anions remains a challenge, due in part to the relatively weak, yet correlated
nature of the dipole interaction (~ tens to hundreds wave numbers). Here, we
demonstrate that a new correlated sampling AFQMC scheme can more successfully
predict and obtain the electron binding energies for molecular dipole bound anions
than standard, uncorrelated Diffusion Monte Carlo and AFQMC simulations. These
results pave the way toward using these approaches for the study of weakly-bound

species that are too large to model using traditional electronic structure methods.

The second part of this thesis describes the development and application of a
theoretical framework for treating the multiband Hubbard Kanamori (HK) model

within AFQMC. We elucidate the feasibility and high accuracy of applying AFQMC



to the HK model and study the low temperature phase diagram of CasRuOy for
a range of layered perovskite structures using AFQMC and DMFT, representing
the first application of AFQMC to 4d materials and the first rigorous comparison
of AFQMC and DMFT phase diagrams. Our many-body simulations explain the

electronic origin of the magnetic and metal-insulator transitions in CayRuOy.

Portions of the work have been published in Hao et al, J. Phys. Chem. Lett. 9,
6185, 2018 and Hao et al, Phys. Rev. B 99, 235142, 2019, which are introduced in
Chapters 3 and 4. The work in Chapter 5 is currently unpublished, but has been

prepared for submission to Phys. Rev. Lett..
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CHAPTER ONE

Introduction



The accurate evaluation of quantum mechanical properties of molecules and
materials has been a long-standing and central goal of quantum chemistry. One
of the major impediments to achieving this goal is the so-called many-body problem,

e., the challenge of accurately describing the electron correlations among many
electrons in complex systems in which electron correlations dominate their interesting
properties. Such problems include but are not limited to weakly-bound anionic
molecules [220, 232], transition metal oxides [119, 120, 134], and high-temperature
superconductors [81, 106, 224]. Thus, a lot of effort has been spent over the past
decades developing new theoretical methods for the accurate evaluation of electron
correlation energies [24, 65, 226, 228, 229]|, and plenty of advanced theoretical
techniques have been applied to a variety of problems of interest helped by the

increase of modern computational power.

A fundamental goal of the quantum community, including the fields of quantum
chemistry, condensed matter physics, and materials science, is to determine the
properties of many interacting electrons and nuclei quantum mechanically by solving

the time-independent Schrodinger equation

HY (7 R) = EV(F, R), (1.1)

where H is the system Hamiltonian, V(7 ﬁ) is the many-body wave function of the
system, and F is the energy eigenvalue. In atomic units, the Hamiltonian is given

by

PR B

m

g, IRm

m,n>m

Z‘n—r”

1,]>1
(1.2)

_frlz|

where Z%m denotes the spatial coordinate of nucleus m, M,, denotes the mass

of nucleus m, and Z,, denotes the charge of nucleus m. 7; denotes the spatial



coordinates of the electrons.

To obtain the total energy, Hartree-Fock self-consistent-field theory is often used
as a mean-field starting point [83], which recovers about ~ 99% of the total energy
of the system. However, in reality, the remaining 1% of the energy is crucial for the
accurate and quantitative description of the system. The energy difference between
the exact nonrelativistic total energy of the system and the Hartree-Fock energy is

defined as the “electron correlation energy” [128].

Explicit calculation of the correlation energy, i.e., the exact solution to the
Schrodinger equation, can quickly become computationally prohibitive due to the
exponential growth of the size of the many-body wave function with the number
of particles [111]. Essentially we are attempting to solve a very high dimensional
partial differential equation, and the curse of dimensionality hasn’t been resolved in
effective ways mathematically. As Paul Dirac said, “The underlying physical laws
necessary for a large part of physics and the whole of chemistry are thus completely
known, and the difficulty is only that the exact applications of these laws lead to

equations much too complicated to be soluble.”

Different levels of approximations are applied to simplify the problem to be
solvable with polynomial scaling. One of the “exact” theories is Density Functional
Theory (DFT), which is based on the Hohenberg-Kohn theorems [92] that the ground
state properties of a many-electron system are only a function of the electron density.
Any quantity you want to calculate can be re-expressed in terms of the electron
density, n(7), including the many-body ground state wavefunction, ¥[n(7)]. The
Kohn-Sham equations [112] thus map a many-body interacting system to a system
of non-interacting particles in an effective potential, which is a good approximation.

Unfortunately, the exact form of the exchange-correlation potential, V,.[n(7)], as it



appears in the Kohn-Sham equations in order to account for many-body effects is
in general not known. Even though there has been tremendous success generating
approximate forms of the exchange-correlation functional with O(N?) scaling and
these have been applied to a wide range of applications such as large-scale molecules
and materials, the approximations can lead to qualitatively incorrect results for
strongly-correlated systems for which an improved treatment of electron correlation is
needed. Other flavors of theories such as perturbation theories (GW approximation,
Mpgller-Plesset perturbation theory), embedding theories (density matrix embedding
theory, self-energy embedding theory) and coupled-cluster theory all aim to provide a
better description of the electron correlations and remain under active development.
However, most of them are deterministic methods and eventually will encounter

computational scaling and memory bottlenecks.

Instead of solving the problem deterministically, quantum Monte Carlo (QMC)
methods try to solve the Schrodinger equation in a stochastic way, by using random
numbers that sample the necessary probability distributions. The term “Monte
Carlo” was first coined by Stanislaw Ulam in 1946, in honor of his uncle who had
a gambling addiction [91]. The technique was later developed by Metropolis as well
[139]. Since Monte Carlo sampling is relatively insensitive to dimensionality, it shed
light on tackling the “dimensionality” problem in an efficient way. Actually, there

are several advantages of using QMC methods, such as:

1. QMC methods are highly parallel, allowing them to take advantage of modern
computational infrastructure such as supercomputers with little modification.

This enables its application to large system sizes.

2. The computational cost for each step of a QMC calculation is small, traditionally

scaling as O(N?3 ~ N*), where N is a measure of system size.



3. The memory cost of QMC methods is small, which enables them to be easily

adapted to graphical processing unit (GPU) architectures.

4. In principle, any high statistical precision can be achieved by adjusting the
sampling time. The random error of QMC calculations decreases in proportion

to the square root of the number of sampling points.

It turns out that QMC methods are able to achieve very high accuracy and have
been among the most accurate methods for studying quantum mechanical properties
of systems. They can provide “exact” solutions to the Schrédinger’s equation
for systems of bosons. Since electron correlation is treated explicitly, including a
natural treatment of both static and dynamic correlation effects, QMC can achieve
an accuracy for fermion systems similar to the gold standard “coupled-cluster
with singles, doubles, and perturbative triples (CCSD(T))” method in quantum
chemistry, and may even be regarded as the “standard” for studying strongly-

correlated materials and large-scale systems.

However, the QMC method also exhibits some disadvantages that make it the

subject of continued research:

1. The infamous “sign” problem exists in most fermion systems. Because of
the anti-symmetry of the fermion wave function, random walks have an
equal probability of sampling the positive or negative portions of the wave
function, which causes an exponential decline in the signal to noise ratio
with projection time and/or increases in system size because the negative and

positive contributions cancel each other.

2. There is a large computational prefactor that accompanies computing observable

averages with a targeted small statistical error, which undercuts QMC’s



advantages on small- to medium-sized systems that other high-accuracy

methods can handle.

3. The accuracy and speed of QMC methods that require trial wave functions to
curb the sign problem depend on the quality of the trial wave function used to

some extent.

4. Tt’s possible, but challenging to target any excited state in QMC.

To tackle the “sign” problem, approximations such as “fixed-node” approximation
[7] in Diffusion Monte Carlo (DMC) and the constrained path approximation [236]
in Auxiliary Field Quantum Monte Carlo (AFQMC) have been adopted to constrain
the sampling space to only portions that have positive overlaps with the trial wave
function. With these approximations, together with other optimization techniques
such as importance sampling and background subtraction, these methods typically
provide high-quality results that have led to many successful applications in various

areas of chemistry, physics, and materials [13, 130, 189].

In this thesis, we will focus on one QMC method - AFQMC. AFQMC is a
wave function based QMC technique that reconstructs a system’s ground state
wave function and related observables through an imaginary time projection that
samples the space of non-orthogonal Slater determinants [235, 236] in second
quantization notation. The method is theoretically and mathematically exact, but
possesses the infamous “sign” problem. Even though the constrained path/phaseless
approximations are employed together with importance sampling and background
subtraction to curb the sign/phase problem and improve sampling efficiency,
AFQMC’s accuracy limits are not yet fully mapped out and a more thorough

exploration of this method in wide range of fields is needed.



The accurate modeling of weakly-bound, yet correlated molecules and strongly-
correlated materials remain two outstanding challenges in quantum chemistry due
to the complexity of the electronic interactions involved in these systems. In this
thesis, I present the further application-driven development of ground state AFQMC

method. The rest of the thesis is organized as follows.

In Chapter 2, I introduce the general theoretical scheme for AFQMC that will

be used in the following method extensions and applications.

In Chapter 3, I present an exploration of the AFQMC method for dealing with
dipole-bound anions, for which weak and long-range interactions require an explicit

description of the many-body effects.

In Chapter 4, I illustrate a detailed theoretical scheme to treat the multiband
Hubbard Kanamori model in AFQMC in order to better explore strongly-correlated

d- and f- electron materials.

In Chapter 5, I demonstrate one possible application of the Hubbard Kanamori
model to the study of 4d layered perovskite ruthenate materials which possess a
Mott insulator phase transition. The success of studying the microscopic origin of
phase transitions at low temperatures using AFQMC opens the door to the study of
a much broader range of 4- and 5d transition metal oxides with unexpected physics

that was not previously possible using less accurate techniques.



CHAPTER TWwWO

The Preliminaries



In this chapter, we will focus on the ground state AFQMC theory and

demonstrate the key features that will be used in the following studies.

2.1 Hamiltonian

In the first quantization, the general formalism of the ground state Hamiltonian

for many-electron fermion system can be written as

By e Yoy oy B
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(2.1)
Under the Born-Oppenheimer approximation where the mass of the nucleus is much
larger than the electron and the motion of the nucleus is much slower than the
electron, the kinetic energy of the nucleus (first term in Equation 2.1) can be
neglected, the nucleus-nucleus interaction (fourth term in Equation 2.1) can be
viewed as a constant. It can be finally divided into the one-body interaction terms
that includes the electron kinetic energy and the electron-nucleus interaction, and
the two-body interaction terms that come from the electron-electron interactions.
The final Hamiltonian under Born-Oppenheimer approximation becomes:

N vn
H=- Z Z‘R Z|T2_T]| (22)

- Tl i,>1

To ease the representation in quantum chemistry, many theories including

AFQMC work under second quantization notaion using some one-particle basis. An
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equivalent form of the ab initio Hamiltonian without spin index can be written as,

H=H+H, =Y Tyle; + % > Viuélelea. (2.3)

ij ijkl
Here, i, j, k, and [ denote different molecular orbitals in a specified one-particle basis.
Viji denotes the two-body and T;; the one-body integrals in this basis. éj represents
a creation operator that creates an electron in molecular orbital i; ¢; represents an
annihilation operator that annihilates an electron in molecular orbital j [208]. For
ease of notation below, we moreover let H, represent the collection of all two-body

operators and H, represent the collection of all one-body operators.

2.2 Projection

AFQMC is a projection-based method that extracts the ground-state wave
function by propagating the Schrodinger equation in imaginary time. It is rooted

from the time dependent Schrodinger equation and its time-independent solution,

d .
(X, 1) = —iHO(X. 1), (24)

O(X,t) = e O(X,t =0), (2.5)

When the potential energy doesn’t change by time, by shifting the Hamiltonian on
the exponential by the ground-state energy', one can easily obtain the ground state
wave function when the imaginary time, 7 = it, becomes large:

lim ®(X,7) = e "HE)H(X, 7 = 0), (2.6)

T—00

Lthis can guarantee the exponential approaches 1 with relative small imaginary time.
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SO

W) o lim (e_ATH )" W), (2.7)

n—oo

where |U) denotes the ground state wave function, A7 is an increment of imaginary
time, H is the system’s many-body Hamiltonian, |¥;) is the initial wave function,
typically composed of one or more determinants, and n is the number of times the

projection operator is applied.

According to the Suzuki-Trotter decomposition [207, 212], the exponential of two
arbitrary operators A and B with some commutation relation [121, é] # 0 can be given

by:

e:t(A+B) _ 6:1:/16:133 + O(l’z), (28)

where the product of the exponential operators on the right-hand side can be treated
as an approximate decomposition of the exponential operator on the left-hand side

with the error scales as the second order of x. A higher order approximation can be

e®A+B) = oB/2paAaB/2 | 0(3)) (2.9)

Assuming A7 is small, the projection operator of Equation (2.7) may be factored

into
efATH ~ 67A7H1/2€7A7'H267ATH1/2’ (210)

According to Thouless’s Theorem [209] that any N-particle Slater determinant &

can be written in the form
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1) = [eap(d | D Cumichci)]|Po)

i=1 m=N+1 (2.11)
= | ®p)

where the operator c;r creates a particle with orbital ;, and the operator c¢;
annihilates a particle with orbital ¢; for a N-particle system, and the coefficients C,,,;
are uniquely determined. The theorem says that the effect of the e operator is to
transform any single determinant into any other non-orthogonal single determinant.
The action of an exponential of a one-body operator on a determinant results in
another determinant, reducing the process of projecting a one-body operator onto

the initial wave function into standard matrix multiplication. However, no such

theorem applies to exponentials of two-body operators.

As derived in Appendix A and B with/without spin symmetry, the ab initio
Hamiltonian may always be rewritten as the sum of squares of one-body operators.
In particular, the two-body matrix elements, Vj;i;, may be expressed in terms of
Cholesky vectors as Viji = >, L§ L [163]. If each one-body operator is expressed
as O = i35 L83, ¢l éry, then V= —L5° 2. The fact that the two-body

potential may be written in terms of the squares of one-body operators makes it

amenable to a continuous Hubbard-Stratonovich (HS) transformation [146, 235]:

. 1 > N
ATH2 /2 / —z2 /2 oV AT

e~ = —— dr,e "o'"e , 2.12

5 (2.12)

where x, is a scalar quantity known as an auxiliary field corresponding to term «.

This transformation is realized by sampling the auxiliary field z, from a Gaussian

distribution and then using that field to construct the one-body operator eTa VAT
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Combining these transformations for all o and inserting into Equation 2.10 yields

the final expression for the propagator

oA o o ATRP2] / P(#) B(Z)dz] e 2. (2.13)

Here, ¥ denotes the vector of all o auxiliary fields, P(Z) denotes the Gaussian
probability of a given set of fields, and B(Z) is a collection of one-body operators.
In a typical AFQMC simulation, walkers are first initialized to a trial wave function.

—A7H are constructed according to Equation

Then, randomly-sampled instances of e
2.13 and iteratively applied to each walker’s trial wave function to realize a random
walk through Slater determinant space. Simulations proceed until the stochastic

error bars on observables averaged across the ensemble of walkers are small enough

to meet a desired target.

Because the v, are typically imaginary, the HS transformation results in complex
operators, and by extension, complex walker weights [237]. Averaging observables
over these complex weights typically results in a phase problem that makes recovering
meaningful observable averages from the noise impossible in a fixed amount of
computational time [237]. In order to mitigate the noise incurred during the
simulations, we perform background subtraction [164], in which we subtract (0,), the
expectation value of 0, with respect to the trial wave function, from v,. We also apply
a force bias [146, 164] which minimizes the fluctuations of our walker weights with
respect to the selected auxiliary fields by subtracting Z, = —V/AT[T, — (04)], where

%, from z,. Combining these modifications, the one-body operator in

1]

«

Equation 2.12 becomes e(@a=2a) VAT(9a—(0a) By reducing the overall magnitude of the

exponent in the propagator, the force bias and background subtraction substantially
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reduce the phase problem. Nevertheless, AFQMC simulations of molecules also
necessitate employing the phaseless approximation. In the phaseless approximation
[237], after each propagation step, walker weights are projected back onto the real
axis by multiplying them by max{0, cos(Af)}, where the phase angle is defined as
Af = {ln %} Combined with background subtraction and importance
sampling, the phaseless approximation has been demonstrated to yield chemically

accurate results on a wide range of benchmarks [2, 3, 4, 5, 162, 203|. The techniques

mentioned above will be described in detail in the following.

2.3 Walkers

2.3.1 Population Control

Several schemes have been invented to control the fluctuations of the walker
population. These population control adjustments changed the walker weights, and
hence introduce bias into propagations and observable estimations. Intuitively,
if the control magnitude is too small, the population fluctuations will be hard
to control, while if the control magnitude is too large, there could be a large
bias on the propagation path and estimators. Here we would list a few types
of population control schemes that include the dynamical population and fixed
population types. These population control bias can be systematically reduced, such
as using importance sampling with a better trial wavefunction [22, 215|, adjusting
the trial energy on the fly [22], and populating with large target population size
[215].
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2.3.1.1 Branching

The branching scheme is essentially a birth-death algorithm with fluctuating
population. Walkers with weight above maz_weight are split into multiple walkers
of weight reset_weight. Walkers with weight below min_weight are killed with
probability (weight/min_weight). However, it may cause load balance issue that
the number of walkers on each processor will differ a lot which will decrease the

computational efficiency.

2.3.1.2 Comb

A better solution to the fluctuating population problem is the fixed-population
algorithm. One solution is the ”comb” technique. It takes a stochastic procedure for
selecting M new walkers from a list of N unevenly weighted walkers from the original
list. More specifically, first, we construct the cumulative sums of the original weights
C; = Zgzl w; where j =0,1,2,..., N, with Cy = 0 and Cy = Wy. Then generate a
random number between (0,1) with uniform distribution 6. Finally find the walker
index j between 1 and N that satisfies Cj_; < (k — 1+ 5)% < C;. Depending on
the weight difference, the walker index j can be selected multiple times. Notice that
this approach only requires one random number generator. Another way to do comb
is to have a normalized original weight summation that W7 = 1. The space of (0,1)
is split into N regions, with N walkers occupied one by one following their index,
and the length of each region is denoted by the normalized weight of each walker.
Then have M generated random numbers uniformly distributed between (0,1), each
of them will correspond to a j that C}_; < < (7, then the j walker will be in the

new list.
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2.4 Sampling in AFQMC

2.4.1 The Sampling Process

One of the most computationally efficient ways of evaluating many dimensional
integrals such as that given by Equation 2.13 is to use Monte Carlo sampling
techniques. As described in more detail in previous publications [89, 234, 235, 236],
if |W;) is represented by a single Slater determinant, after each application of the
projection operator, a new Slater determinant will be produced. Thus, if k instances
(so-called “walkers”) are initialized to |¥;) and the projection operation given by
Equation 2.13 is applied to each of them by independently sampling sets of fields,
then a random walk through the space of non-orthogonal determinants is realized in
which the overall wave function at time slice n, ]\IJ(”)), is represented by an ensemble

of k wave functions |zp,(€”>) with weights w,(gn)

[Ty =3 " w ). (2.14)
k

Here, the w,(g”) consist of the products of scalars accumulated over all time slices by

walker k, which can be complex.

Ground state observables at each time slice, such as the energies reported below,

may then be computed by evaluating the mixed estimator [50] over the ensemble

(U A|w)

(U7 W)
S (W | Al
3w (W ™M)

<A>mw =

(2.15)

where |Ur) denotes a trial wave function that approximates the true ground state
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wave function. To facilitate the evaluation of the mixed estimator, it is common to

introduce the local energy

EL[\I/T,(I)} = %, (216)

such that Equation 2.15 may be simplified to

S w (W | B[O, M)

W S (™) 247

After a sufficiently large number of time slices such that ]\I!(”)) approaches the ground
state, final estimates of (/1) may be obtained by averaging over each time slice

expectation value.

A population control procedure [18] is needed during the random walk. During
this procedure, walkers with larger weights are replicated and those with smaller

weights are eliminated probabilistically. The weight used in population control is
W = wl™ (W), (2.18)

When there is a sign or phase problem, W,C(") may become negative or complex. As
described in Section 2.4.2.3 and Section 2.4.2.4, Wk(n) is always positive or zero if the

constrained path or phaseless approximations are employed.

2.4.2 The Sign and Phase Problems

Unfortunately, the “free” projection process just described is typically beset by
either the sign [23, 127] or phase problems [237]. These problems fundamentally

stem from the fact that observables computed using a single Slater determinant,
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|U), remain invariant to arbitrary rotations, e?|¥), of that determinant, where
0 is a phase angle. Consequently, during the course of an AFQMC simulation
involving complex propagators, walkers may accumulate infinitely many possible
phases (as there are infinitely many possible phase angles, 6 € [0, 27)), resulting in
infinitely many possible determinants. Since these phases are directly multiplied
into the walker weights of Equations 2.15 and 2.17, after many iterations, the
walker weights end up populating the entire complex plane and many of the terms
summed to compute weighted averages of observables cancel one another out. This
cancellation leads to an exponential decline in observable signal to noise ratios that
manifests as infinite variances [192] called the phase problem. If transformations
that preclude propagators from becoming complex are employed as described above,
positive and negative versions of each determinant may still be generated, resulting
in a somewhat less pernicious cancellation of positive and negative weights termed
the sign problem. If left unchecked, the sign and phase problems render obtaining
meaningful observable averages nearly impossible, thwarting AFQMC simulations.
We therefore mitigate these problems using a combination of background subtraction,
importance sampling, and either the constrained path (for the sign problem) or

phaseless (for the phase problem) approximations.

2.4.2.1 Background Subtraction

One of the simplest ways of reducing variances within AFQMC is via background
subtraction [165]. As part of background subtraction, the two-body portion of a
Hamiltonian is rewritten so that a mean field average is subtracted from each one-
body operator. Thus, if the original two-body operator may be written as a square

such that V = —3 >, 07 to make it amenable to a HS transformation, as part of
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background subtraction, it would be re-expressed as

V=3 3 (o) 3 ) + 5 S (219)

i

where (0;) denotes the mean field average of the operator v;. Because the modified
0; — (0;) operator will be smaller in magnitude than the bare 0; operator, background

subtraction reduces the variance involved in AFQMC simulations.

2.4.2.2 Importance Sampling

To further reduce the variance of walker weights and to make our simulations
more amenable to the constrained path and phaseless approximations, we additionally
perform importance sampling, which aims to shift the center of the distribution
from which we sample our auxiliary fields so that the most important fields are
sampled more frequently. The conventional way of performing importance sampling
in AFQMC simulations is by introducing a force bias that shifts each sampled field by
an amount dependent upon the operator being transformed and the current walker
wave function [164, 171, 191, 237]. Because we later will use a mixture of discrete and
continuous transformations and force bias importance sampling is only applicable to
continuous transformations, I present a formally equivalent strategy in which we

shift the propagators instead of the auziliary fields.

For continuous HS transformations, this may be accomplished by shifting the

operator A by (121> in Equation 2.12

—ATA2/2 /d 1 —22/2_x/—ATA
€ = r—F—¢€ €
V2T
_ /dxiemz/2ex\/7AT(A>ex\/7AT(A<A>)
V2T

(2.20)

?
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where z is each auxiliary field and (A) is the mixed estimator of A

(UrlAlgg”)
(Trly”)

(4) (2.21)

If we define the dynamic force as F' = \/—AT<A>, then Equation 2.20 may be re-

expressed as

_ A2 1 2 — A—
e ATAZ/2 :/dl‘ e /2exFem\/ ATA—zF

2w
1 2 12 A
_ dr e—(:r:—F) /2€§F e:(:\/—ATA—xF (222)
V2T

—(ac—F)Q/Qe%FQ—a:Feacx/ —ATA

= [ dv——¢e
2T

To realize this transformation, fields are sampled from the shifted Gaussian

i ‘ on, _Le—(@—F)?/2
probability density function, 752 €

, and the propagator eTV=ATA g applied
with weight e2”~*F, The field distributions are now centered around the dynamic
force, which can be shown to minimize the variance. If the dynamic force F' is
complex, our auxiliary fields will have the same imaginary part to ensure z — F' is

1 —(z—F)%/2

real. Then, the probability function oras will remain real and therefore

amenable to sampling.

2.4.2.3 Constrained Path Approximation

A

To address the sign problem that may emerge when our propagators, B(Z), are
real, we employ the constrained path approximation [236]. Here, we impose this
approximation by requiring that all walkers maintain a positive overlap with the

trial wave function after each propagation step

w™ (W |p™) > 0. (2.23)
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As in typical constrained path implementations, walkers with negative overlaps with
the trial wave function will be killed (have their weights set equal to zero), preventing
them from being propagated further. This condition will select for only walkers with
positive determinants, eliminating the sign problem. It can be shown that if the trial
wave function is the exact ground state wave function, this condition will be exact
[21]; however, since the trial wave function is typically unknown, constraining the
propagation path in this way results in a small, but consequential approximation

25, 192).

2.4.2.4 Phaseless Approximation

In cases in which our propagators are complex, instead of employing the
constrained path approximation, we employ the more general phaseless approximation
[165, 237]. The phaseless approximation controls the phase problem by projecting

complex walker weights onto the positive real axis according to the equation
W,f,n) = |W,§n)| x max(0, cos(Af)), (2.24)

where W,gn) is defined in Equation 2.18 and A#, the phase angle, is defined as

(Ur| B(2)y"”)

AfO = Arg -
(Ul

~ O(Im(zF)). (2.25)

The use of the cosine function to project also ensures that the density of the walkers
will vanish at the origin. Because this cosine projection does not affect walkers with
real weights, in practical implementations, we apply Equation 2.24 to realize both

the constrained path and phaseless approximations.
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Combined with background subtraction and importance sampling, the constrained
path/phaseless approximation has been demonstrated to yield chemically accurate

results on a wide range of benchmarks [2, 3, 4, 5, 162, 203].



CHAPTER THREE

The Modeling of Dipole-Bound
Anion using Quantum Monte

Carlo
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3.1 Introduction

Dipole-bound anions are an intriguing class of molecules that bind electrons not
via their nuclear charge, but via their dipole moments [103, 195]. As the charge-
dipole attraction is governed by a long-range potential that scales as 1/r2, dipole-
bound electrons are typically delicately bound in diffuse orbitals far (one to even
hundreds of angstroms [11, 70, 102]) from the centers of their parent molecules.
Within the Born-Oppenheimer approximation, the critical dipole moment necessary
for binding electrons is 1.625 D [30, 46, 214]. However, when corrections are
made to the Born-Oppenheimer approximation and repulsive effects are included,
the critical dipole moment for binding an electron grows to 2.5 D or larger
(35, 56, 57, 129]. Aside from being the conceptually intriguing counterparts to usual
valence-bound anions, it has been proposed that dipole-bound anions may be key
contributors to the diffuse interstellar bands, a set of absorption peaks emanating
from the interstellar medium whose source has yet to be conclusively identified
[49, 69, 121, 135, 138, 182, 183]. Dipole-bound anions may also play a prominent role
in radiation-induced mutagenesis, as nucleotides such as uracil and adenine have been
observed to bind electrons through their dipoles [38, 85, 86, 93]. Interestingly, dipole-
bound anions have been observed to transform into valence-bound anions and have
therefore been termed the “doorway” to valence-bound molecules [29, 36, 39, 85].
The importance of dipole-bound anions in these settings, combined with the sheer
experimental challenge of resolving the exceedingly small binding energies of such
short-lived states, has motivated experimentalists to produce dipole-bound species
via electron attachment [17, 86] and Rydberg electron transfer [35, 37, 75], and study
them via field detachment and photoelectron spectroscopy [223]. These experiments
have recently led to the discovery of such chemically-fascinating dipole-bound species

as silatrane molecular cages that undergo substantial intramolecular distortions upon
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binding an excess electron [12] and the resolution of the rich vibrational spectra of
the dehydrogenated uracil radical [93] and 2-hydrophenoxide [94]. Moreover, dipole-
bound anions are representative of a much larger class of nonvalence anionic species
[220], including quadrupole-bound [28, 40, 41, 72, 198, 240] and polarization-bound
[1, 48, 218] anions, and dipole-bound dianions [181, 196, 197], that manifest even

more intricate and therefore intriguing binding.

From the theoretical perspective, dipole-bound anions are of particular interest
because they pose a formidable challenge for ab initio methods — only high levels
of theory are capable of accurately predicting dipole-bound anion electron binding
energies [70, 71, 103]. Non-Born-Oppenheimer effects aside!, the energy differences
that discriminate between an anion that binds an electron and one that does not are
often exceedingly small, on the level of tens to hundreds of wave numbers. Moreover,
the magnitude of contributions that difficult-to-model dispersion interactions make
to the binding energy can be comparable or even exceed the magnitude of the
binding energies predicted by a mean field treatment alone [70, 71]. Indeed, a
direct application of Koopman’s Theorem at the Hartree-Fock level of theory can
underestimate the binding energies of species like CH3CN, C3H,, and (H20)2 by 50%
or more [70, 103] and the straightforward application of density functional theory can
fail to predict binding whatsoever [238]. Past work has demonstrated that inclusion
of high-order correlation effects is often required to obtain quantitative predictions of
electron binding energies [70, 71, 73, 158], however methods that capture such effects
typically scale steeply with system size. For example, one of the most frequently used
such methods for dipole-bound anions is CCSD(T), which is limited to only small-

to-medium-sized molecules containing on the order of 20 atoms or less because it

!'Non-Born-Oppenheimer effects are most significant for anions like HCN~ whose rotational
energy level spacings are similar in magnitude to their electron binding energies [10], but play less
of a role in the species we focus on here [57, 58].
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scales as N7, where N is the number of electrons [169]2.

An attractive set of methods to treat such systems that promises accuracy on par
with that offered by coupled cluster techniques are quantum Monte Carlo (QMC)
methods [50, 146]. The primary advantage of QMC methods is that they scale as
only O(N3)—O(N*). The main disadvantage of QMC methods is that they all suffer
from the fermion sign problem — an exponential decline in the signal to noise ratio
with projection time and/or increases in system size. Different QMC methods work
in different representations and therefore employ different approaches to curb the
sign problem. Despite their sign-constraining approximations, QMC methods have
proven to be remarkably successful at achieving chemical accuracy for a variety of
molecules [2, 3, 4, 143, 161, 167, 203], including many non-covalently-bound species
[44, 217, 232]. Even so, QMC has yet to be employed to study molecular dipole-

bound anions.

In this work, we explore the accuracy with which Diffusion Monte Carlo (DMC)
and Auxiliary Field Quantum Monte Carlo (AFQMC) can model dipole-bound
species, with the aim of uncovering a new set of approaches for modeling large
polarization-bound molecules. Interestingly, despite the different approximations
they employ, we find that both methods can reproduce experimental results
and distinguish molecules that bind an extra electron from those that do not.
Furthermore, we find that a newly-developed correlated sampling AFQMC (C-
AFQMC) approach [190] is particularly suited for the task of studying energy
differences involving weakly-bound species, and for the species studied in this work,

converges binding energies orders of magnitude faster than DMC and AFQMC

2Linear scaling techniques have recently emerged [170, 178] that dramatically reduce the cost of
coupled cluster calculations. These techniques cannot be applied to dipole-bound anions, however,
because they rely upon orbital localization schemes that cannot be applied to the diffuse orbitals
that characterize dipole-bound species.



27

calculations that do not employ such sampling. This brings the modeling of the

larger polarization-bound species to which we aspire tantalizingly into reach.

In the following sections, we will first summarize the methods we have employed
in Section 3.2. We will then present and contextualize the binding energies and charge
densities we have obtained for a variety of dipole-bound (and unbound) species in
Section 3.3. Lastly, in Section 3.4, we will discuss the broader significance of our

findings.

3.2 Methods: Calculation of Electron Binding

Energies via Quantum Monte Carlo

In this work, we are primarily concerned with computing vertical electron
affinities for several systems known to form dipole-bound anions. The vertical
electron affinities of a molecule is defined as the difference between the energies of
the neutral and anionic species in the neutral geometry. However, since the dipole-
bound excess electron makes almost no impact on the geometry of the molecule, we
can equate these electron affinities to the electron binding energies (EBEs), which
are typically defined using the geometry of the anion. Computing binding energies
via projector quantum Monte Carlo techniques, such as DMC or AFQMC, is a three
step process: first, molecular geometries are optimized; next, trial wave functions,
which provide the necessary constraints for sign/phase problem-free quantum Monte
Carlo calculations, are generated using either variational Monte Carlo (VMC) or
conventional quantum chemistry methods; and lastly, projector quantum Monte
Carlo calculations are performed. We describe each of these steps and the related

methods in more detail below.
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3.2.1 Molecular Geometry Optimization

Vertical electron affinities are obtained by taking the difference between the
energies of the neutral and anionic species both calculated at the neutral geometry.
However, since the dipole-bound excess electron makes almost no impact on the
geometry of the molecule, we equate these electron affinities to the electron binding
energies (EBEs), which are typically defined using the geometry of the anion.
Previous experimental [42, 76] and theoretical [74] investigations demonstrate that
this approximation leads to errors of, at most, a few wave numbers, which validates
our approach. That said, the geometries of the neutral molecules were first
optimized using the MP2 method [141] together with the aug-cc-pVDZ basis set
[45, 108] in Gaussian 09 [53, 54, 82, 177]. Even though zero-point energy differences
may be as large as 10 cm™! for some of the species studied, we did not include
these contributions in our calculations because they were also not included in the
coupled cluster calculations to which we compare and do not significantly alter our
conclusions regarding the viability of using QMC methods to model dipole-bound

anions.

3.2.2 Trial Wave Function Generation and Basis Sets Employed

Hartree-Fock (HF) wave functions generated in Gaussian 09 [82], GAMESS [187,
61], and NWChem [216] were used as trial wave functions in the DMC and AFQMC
calculations. Spin-restricted Hartree Fock (RHF) wave functions were used for the
neutral species, whereas spin-unrestricted Hartree Fock (UHF) wave functions were
used for all of the anions except for C3Hy, which necessitated the use of a Restricted

Open-Shell Hartree Fock (ROHF) wave function. To obtain stable dipole-bound



29

anions, it is essential to use flexible basis sets with very diffuse basis functions. Here,
we used the aug-cc-pVDZ basis set [45, 108] augmented with a set of diffuse s and
p functions, and in one case, also d functions [70]. This basis set was employed
to facilitate comparisons with previous coupled cluster results performed using the
same basis set. With the exception of C3H503, the diffuse functions were centered
on an atom at the positive end of the molecular dipole, i.e., on the S atom in SO,
on the H atom in HCN, and on the most positive C atom in CH3CN and C3H,.
The exponents of the supplemental s, p and d functions form an even-tempered
sequence, with the ratio between consecutive exponents being 3.2 and the smallest
exponent being 2.2x107° ag? for each angular momentum. Diffuse functions were
added until electron binding energies were observed to converge at the Hartree Fock
level of theory (similar convergence was observed using coupled cluster theory). A
6s6p set of supplemental diffuse functions was used for HCN and C3H,03, a 7s7p
set was used for SO, CH3CN, and CH,CHCN, and a 7s7p7d set was used for C3Hs.
For C3H,03, the diffuse functions were located at a point on the molecule’s twofold
rotational symmetry axis, but outside of the molecular ring. The location of this
point was determined by scanning the line 60 degrees from both carbon atoms for the
location that maximized the electron affinity according to Hartree Fock calculations

(see Figure 3.1).

3.2.3 Diffusion Monte Carlo

DMC is a real-space projector quantum Monte Carlo method that has found
great success in modeling a wide range of molecules and solids, and has therefore
been extensively reviewed in the literature [50, 153, 210]. Here, we summarize the

algorithm for completeness. In DMC, a walker (sample) population representative
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Figure 3.1: Visualization of the singly-occupied orbital of the C3H,O3 anion as
described by a UHF wave function. The isosurface value is taken as 0.003 e/A%.

of a trial wave function is propagated according to the imaginary time-dependent

Schrodinger Equation

_8%\1,(}?,7) _ (H(ﬁ)—ET> W(R,7) (3.1)

where R denotes the real space coordinates of the system’s electrons, 7 denotes an
imaginary time, \I/(é, 7) denotes the time-dependent wave function, H is the real
space Hamiltonian, and Er is an arbitrary offset known as the reference energy.
Solving this equation for large 7 produces a distribution of walkers representative
of the boson ground state wave function. To determine the fermion ground state
wave function, the fixed-node approximation [7, 23] must be employed. Equation
3.1 is first recast into an integral equation that makes it amenable to Monte Carlo

sampling
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f(R,7) = / G(R«+ R,7—7)f(R,7)dR. (3.2)

Here, f(R,7) = Up(R)¥(R, 1) is the product of a trial wave function, ¥y (R), and
the sampled wave function, and G(R « R',7 — 7') is a Green’s function describing
the probability of moving from configuration R at time 7 to a new configuration R
at time 7’. In the short-time approximation, the Green’s function may be broken

into

— — ]_ o [ﬁ,—ﬁ,/—ATU(ﬁ,/)]Q
G(R < R/, T — 7—/) ~ W@ 2AT (33)
e

— &7 EL(R)+EL(R')—2E7)]

l

X

Y

where A7 = 7 — 7/ and Ej, is the local energy. The first exponential is the drift-
diffusion Green’s function, while the second exponential is the branching factor. In
a typical DMC simulation, walkers sample the drift-diffusion Green’s function for
a new configuration and are then weighted by the branching term. In order to
obtain a fermion ground state while preventing the walker weights from becoming
negative and producing a sign problem, the fixed node approximation is invoked
which precludes any walkers from crossing the nodal surface imposed by Wr. Initial

walker configurations are normally taken from VMC simulations [153, 175, 210].

All VMC and DMC simulations in this work were conducted using the CASINO
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Figure 3.2: Extrapolation to zero time step of the DMC energy of CH3CN. The
calculations were preformed using an aug-cc-pvdz basis supplemented with diffuse
7s7Tp orbitals. RHF wave functions were provided as input into VMC calculations
whose resulting Slater-Jastrow wave functions were employed as trial wave
functions in the DMC calculations of the energies presented here.
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Figure 3.3: Extrapolation to zero time step of the DMC energy of CH3CN anion.
The calculations were preformed using an aug-cc-pvdz basis supplemented with
diffuse 7s7p orbitals. UHF wave functions were provided as input into VMC
calculations whose resulting Slater-Jastrow wave functions were employed as trial
wave functions in the DMC calculations of the energies presented here.
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Table 3.1: DMC values of the ground state energies (Hartree) of the neutral
species at different time steps sizes (Hartree ') used in the energy extrapolation.

A1 = 0.005 A1 = 0.003 A1 = 0.001
CH,CHCN  -170.761627+/-0.000099 -170.764939+/-0.000090 -170.7705374/-0.000192
CH3CN  -132.702747+/-0.000107 -132.705155+/-0.000110 -132.709749+ /-0.000092
CsH, -115.272672+/-0.000187 -115.2750854-/-0.000178 -115.2780964-/-0.000169
C3H,05  -341.0560164-/-0.000241  -341.0595744-/-0.000249 -341.0712004-/-0.000328

AT =0.005 AT =0.001 A1 = 0.0007

HCN -93.3951074/-0.000093  -93.3991814-/-0.000173  -93.399520+/-0.000180
AT =0.01 AT = 0.005 A1 = 0.003

SO -473.365793+/-0.000113 -473.321900+/-0.000123 -473.302764+/-0.000309

package [153]. VMC calculations were performed in four sequential steps [43].
During the first step, the electron-electron (U) Jastrow parameters and cutoffs
were optimized via variance minimization holding all electron-nuclear (X) terms
constant. In the second step, X parameters and cutoffs were optimized holding the
optimal U parameters and cutoffs from the previous step constant. The electron-
nuclear and electron-electron parameters were then optimized simultaneously using
variance minimization. Lastly, during the fourth and final step, the linear (i.e.,
not cutoffs) electron-nucleus and electron-electron parameters were optimized using
energy-minimization. All VMC Jastrow optimization simulations were run for at
least 240,000 time steps with 2350 walkers. For the DMC simulations, averages
were obtained by sampling the configurations of 4650 walkers for 500,000 or more
production steps, depending upon the magnitude of the error bars we aimed to
achieve. In order to obtain DMC energies in the A7 — 0 limit, DMC simulations
were conducted with three different time step sizes (see Tables 3.1 and 3.2 for exact
values) and then linearly extrapolated to yield the final values reported (see Figure
3.2 and 3.3 as an example). Charge density plots, as in Figure 3.4, were constructed
from samples taken from the smallest time slice simulations of each species and

visualized using the VESTA package [142].
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Table 3.2: DMC values of the ground state energies (Hartree) of the anions (or
neutral species plus an electron in the case of SO) at different time steps sizes
(Hartree™!) used in the energy extrapolation.

A1 =0.005 AT =0.003 AT =0.001
CH,CHCN  -170.762150+/-0.000093 -170.765430+/-0.000118 -170.770631+/-0.000180
CH3CN  -132.703381+/-0.000103 -132.705742+/-0.000107 -132.710259+/-0.000097
CsH, -115.274067+/-0.000193  -115.2761344-/-0.000172 -115.278942+/-0.000168
C3Hy03  -341.0574064/-0.000248 -341.061047+/-0.000267 -341.071938+/-0.000332

AT = 0.005 AT =0.001 AT = 0.0007

HCN -93.395480+/-0.000084  -93.399462+/-0.000144  -93.399702+/-0.000188
AT =0.01 AT =0.005 AT =0.003

SO -473.373628+/-0.000093  -473.325033+/-0.000119 -473.304499+/-0.000287

3.2.4 Auxiliary Field Quantum Monte Carlo

Like DMC, AFQMC is a projector quantum Monte Carlo technique that applies
a projection operator onto a trial wave function to obtain an approximation to the
ground state wave function. What fundamentally distinguishes AFQMC from DMC
is the fact that its imaginary time projection results in a random walk through
a space of non-orthogonal Slater determinants [146, 235]. Because of its reliance
upon Slater determinants, AFQMC shares many commonalities with conventional
quantum chemistry methods, such as configuration interaction and coupled cluster
methods, in many ways making it easier to apply to chemical systems. In particular,
AFQMC trial wave functions may readily be constructed from Hartree Fock and
Multiconfigurational Self-Consistent Field wave functions and makes use of the same
one- and two-body integrals produced by standard quantum chemistry software
packages [2, 3, 4, 5|. These benefits have made AFQMC an increasingly popular
approach for modeling the electronic structure of a variety of atoms and molecules
2, 3, 4, 5, 104, 167, 203]. Because the details that underlie AFQMC have been

presented mainly in Chapter 2, here we will only outline the ab initio Hamiltonian
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we used for molecules.

H=T+V
N
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where N is the number of the one-particle basis functions. As we can see here,
spin symmetries were adopted when constructing the Hamiltonian and later we
can break this symmetry by using trial wave functions. More detailes about
how this Hamiltonian can be transformed to carry out the Hubbard-Stratonovich

transformation can be found in Appendix A.

3.2.5 Correlated Sampling Auxiliary Field Quantum Monte

Carlo

Correlated sampling has long been used in Variational, Diffusion, and Green’s
Function Monte Carlo methods [47, 55, 211, 221]. 1In all of these approaches,
differences between two quantities normally computed separately using independently
generated configurations are instead computed using the same set of configurations.
For sufficiently similar systems, this can result in a systematic cancellation of error,
which markedly reduces the variance associated with measured observables. The

calculation of dipole-bound anion vertical binding energies involves energy differences
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between two species with identical molecular geometries, and thus is an ideal chemical

application for correlated sampling.

In AFQMC, the sampling recovers integrals over gaussian-type distributed
auxiliary fields which are the source of statistical fluctuation. Thus correlated
sampling in the context of AFQMC involves using the same set of auxiliary fields to
propagate both the neutral and anionic species, while each species’ respective trial
wave function is utilized to independently implement the phaseless constraint. That
said, the auxiliary fields z, in Equation 2.12 will be generated for system one for
each walker at each time step independently, but they will be copied to the paired
walkers in system two at each time step. The two similar systems become correlated
through this way, which preserves the similarity of sampling paths for two similar

systems.

To preserve the maximal correlation between the walkers of the two species,
we do not employ any standard population control techniques. And if the weight
of one walker in system one becomes zero or negative, this walker and its paired
walker in system two will both be killed to keep the optimal pairing between the
two systems. Due to the statistical noise induced by the divergent walkers through
propagation, simulations with a shorter propagation time but more simulation
repeats are conducted to accumulate the observable averages. This eliminates
another possible source of bias due to a finite walker population, and is feasible
when sufficiently small statistical error bars can be achieved at short imaginary
times. Correlated sampling will be most efficient when the Hamiltonian between
two systems are the same. More detailed discussions of the method and treatments

for various situations can be found in Reference [190].

In this work, auxiliary fields are correlated from the start of the simulations, and
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measurements are performed following the protocol detailed in Reference [190]. In
brief, a set of independent simulations are initialized, each with a unique random
number seed, and after an initial equilibration period, the mean and standard error
of the cumulative averages are computed among the repeats. Convergence is attained
when this mean is visually observed to plateau, and when the statistical error falls
below a target threshold. The A7 — 0 limit is estimated via linear extrapolations

using simulations performed at A7 = .01 and A7 = .005.

3.3 Results and Discussion

3.3.1 DMC Binding Energies

While DMC has been successfully employed to obtain valence and a handful
of cluster [222, 227] dipole binding energies®, here we analyze its performance on
much more weakly-bound dipole-bound molecular anions. As an initial test, we
examined whether DMC could faithfully predict whether a given species binds an
extra electron or not. To this end, in addition to considering several species known
to form dipole-bound anions, we also consider SO, a molecule with a dipole moment
of 1.55 D, which is below the threshold required for binding. Our primary results
are summarized in Table 3.3. Indeed, DMC calculations correctly predicted that all

of the species studied, except SO, would form dipole-bound anions.

3The binding energies of the clusters previously studied were over an order of magnitude larger
than those of the species analyzed in this work.
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Table 3.3: EBEs and dipole moments of selected species from experiment and
Self-Consistent Field [HF], Coupled Cluster [CCSD(T)], DMC, and C-AFQMC

simulations.
normalsize
Electron Binding Energy (cm™')

Dipole Moment (D) Experiment ASCF*® | CCSD(T)“ DMC? C-AFQMC*©

SO 1.55 [154 NOT-BOUND -3.84 -4.13 -308.20 +70.82 -4.54 + 0.64
HCN 2.98 [154 13 [10] 11.00 7.44 46.17 £+ 45.30 10.80 £+ 2.95
CH,;CHCN 3.87 [154 56 - 87 [35, 34] 43.30 61.87 106.63 £ 58.12 65.70 £ 11.03
CH;CN 3.92 [154 93 - 145 [35, 34] 50.83 103.00 93.83 + 36.21 95.85 + 9.73
C3H, 4.14 [63] 170 + 50 [231] 54.61 162.08 151.22+64.25¢ 132.45 + 9.43¢
C3H-,04 4.55 [154] 194 + 24 [76] 103.13 163.31 213.98 4+ 116.15 | 157.70 £+ 17.96

¢ HF and CCSD(T) calculations were preformed using Gaussian09. * DMC calculations are based
on UHF trial wave functions obtained from Gaussian 09 or GAMESS. ¢ AFQMC calculations
were based on UHF trial wave functions obtained from NWChem. ¢ The DMC calculations on
the C3Hy dipole-bound anion used a restricted open-shell Hartree Fock (ROHF) trial wave
function. ¢ To be consistent, the C-AFQMC calculations on the C3Hy dipole-bound anion were
also based on an ROHF trial wave function.

- -

Figure 3.4: DMC charge densities of (a) neutral CH3CN, (b) the CH3CN anion,
and (c) SO plus an extra electron. The isosurface values taken for each of these
plots are 4 x 10714 e/A3, 4 x 1074 e/A3, and 1 x 10720 e/Ag, respectively. While
the charge distribution of CH3CN plus an excess electron given in (b) is
characteristic of a dipole-bound anion, the distribution for SO plus its excess
electron given in (c) is consistent with a neutral molecule and an unbound electron.

This is also borne out by DMC charge density plots. In Figure 3.4, the charge
densities of neutral CH3CN, the CH3CN anion, and the SO molecule plus an extra

electron are compared. While the DMC charge density for the neutral CH3CN
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molecule is highly localized in the molecular region, that of the anion is far more
diffuse and protrudes out from the positive side of the dipole without any significant
discontinuities, as expected for a dipole-bound species. The charge density plots
of the other dipole-bound anions considered in this work manifest similar features
and here I showed another example of C3H5O3 in Figure 3.5. In stark contrast, the
charge density of SO plus an extra electron consists of two disjoint contributions —
one associated with the neutral molecule and a second representative of an additional
unbound electron positioned more than 50 A from the nucleus. These charge densities
require roughly an order of magnitude less time to converge than the corresponding

energies with error bars of the size given in Table 3.3.

——
— <

i

a b

Figure 3.5: Charge density plots of the C3H,O3 anion calculated using the (a) HF
and (b) DMC methodologies. The isosurface value is taken as 3 x 10-% ¢/A? for HF
and 1 x 1073 ¢/A? for DMC. Both methods showed a continuous and diffuse extra
electron distribution.
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Figure 3.6: The time evolution of the DMC energy and walker population for the
CH3CN anion using 7 = 0.01 with 4650 walkers. Walkers were initialized with a
UHF /aug-cc-pVDZ trial wave function with extra 7s7p orbitals. In the Figure,
reference energy refers to Er in Equation 3.1, the average local energy refers to the
local energy averaged over walkers at a given imaginary time, and best estimate of
the energy refers to the energy averaged over all equilibrium samples taken up to a
certain imaginary time. The dramatic population increase at the beginning of the
DMC calculations can be attributed to the difference between the VMC and DMC
results. Note that, to achieve the error bars given in Table 3.3, the projection
process continued for hundreds of thousands of iterations beyond the maximum
imaginary time depicted here.
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Interestingly, even though the fixed node error in the energies of the neutral and
anion are greater in magnitude than the binding energy itself, DMC calculations
using a single Slater determinant trial wave function appear to be able to provide
semi-qualitatively accurate EBEs of dipole-bound anions. Obtaining quantitatively
accurate EBEs with the DMC approach employed here would be too computationally
demanding to be practical. As presented in Table 3.3, achieving DMC statistical
error bars smaller than the binding energies can require hundreds of thousands to
millions of DMC iterations, even starting from a well-optimized variational wave
function. For example, as depicted in Figure 3.6, statistical fluctuations in the
energy of the CH3CN anion simulated with 4650 walkers hover around .3 Ha, or
65000 cm ™!, meaning that over 500,000 samples must be taken to achieve on the
order of 100 cm ™! error bars. Thus, while DMC EBEs that agree with experimental
and CCSD(T) calculations® can be retrieved from the noise, it is only with error bars
that are still too large to make definitive statements and at great expense. More
accurate trial wave functions [143, 161] and more efficient sampling would certainly
improve matters, however, this inherent noise motivated us to consider other less

noisy approaches.

3.3.2 Correlated Sampling AFQMC Binding Energies

One stochastic technique capable of not only scaling to the large dipole-bound
anions to which we aspire, but doing so with a substantial reduction in statistical
noise is correlated-sampling AFQMC. Given its success predicting atomization,
ionization, and other differential energies, we applied C-AFQMC to each of the

species studied using DMC.

4Here, we deem coupled cluster theory to be sufficiently accurate to serve as a benchmark against
which we can compare our results.
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Figure 3.7: Comparison of C-AFQMC with a calculation in which the auxiliary
fields are uncorrelated, for CH3CN in the aug-cc-pvdz+7s7p basis. We use an HF
reference wave function, A7 = 0.01, 384 walkers per simulation and 17 repeated
simulations. (a) Mean values of the electron binding energies (circles) among the
repeats at each 7 along the imaginary-time propagation; (b) Mean values of the
cumulative averages taken for 7 > 8. The error bars give the corresponding
standard errors (the standard deviation times \/%7’ where N, is the number of

simulation repeats), and are plotted in the insets for clarity.

As shown in Table 3.3, C-AFQMC error bars are at least an order of magnitude
smaller than DMC error bars using a similar number of samples (4650 walkers
were used to obtain CH3CN results in DMC and 384 walkers with 17 repeats
were used in C-AFQMC), but using two orders of magnitude shorter projection
time (2000 a.u. was used to obtain most of the DMC results presented, while
only 20 a.u. was used to obtain the C-AFQMC results). The C-AFQMC results
presented were moreover obtained starting from just Hartree Fock wave functions.
One might question whether the source of this improvement stems from the AFQMC
algorithm, given its high accuracy for other systems [3, 5, 203], or from the use of

correlated sampling. Figure 3.7, which depicts the energy as a function of imaginary

projection time for the CH3CN molecule, demonstrates that the improvement may be
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attributed to both sources. The uncorrelated AFQMC simulations are accompanied
by statistical fluctuations on the order of 10* ecm™?!, which are smaller than the 10°
cm~! fluctuations that accompany DMC (see Figure 3.6). Better yet, C-AFQMC
calculations are accompanied by almost imperceptible statistical fluctuations on the
order of 107* Ha ( 22 cm™!). Thus, AFQMC’s sampling innovations within the
space of Slater determinants yield meaningful gains above DMC, yet it is the use of

correlated sampling that yields, by far, the most significant improvements.

As shown in Table 3.3, C-AFQMC yields energies with sufficiently small error bars
that meaningful comparisons can now be made against coupled cluster calculations
and experiment. In general, the EBEs predicted by C-AFQMC are within error bars
of both experimental and previous coupled cluster singles, doubles, and perturbative
triples (CCSD(T)) calculations. This demonstrates that phaseless approximation
errors are mild and that for dipole-bound anions AFQMC is as accurate as CCSD(T).
The C3Hs anion, however, stands as one cautionary tale. For the C3Hy anion, we
located two different UHF solutions as illustrated in Figure 3.8, neither of which
proved suitable for trial functions in QMC calculations. For the two UHF solutions,
one of which had sizable spin contamination, and the other of which, while displaying
no spin contamination, had an unphysical charge distribution, with the charge
density of the neutral core shifting in an unphysical manner in response to the excess
electron. DMC calculations using the unphysical UHF trial wave function (i.e., that
without spin contamination) encountered convergence issues. Using the same trial
wave function, C-AFQMC calculations converged, but gave an EBE of 113.31 +
16.76 cm™!, significantly smaller than the CCSD(T) value of 162 cm™!. For this

reason, we employed a spin-restricted HF trial function for the anion (Figure 3.8).
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Figure 3.8: Change density differences between the C3Hy anion and the neutral
excluding charge density representative of the excess electron from UHF and
ROHF calculations performed in GAMESS and NWChem. Molecules in the left
column are depicted from a side view; those in the right column are depicted from
a front view. (a) Molecular geometries. Charge density differences between: (b)
ROHF wave functions computed in GAMESS, (¢) UHF wave functions computed
in GAMESS, (d) ROHF wave functions computed in NWChem, and (e) UHF wave
functions computed in NWChem. The isosurface value used in all cases is 0.0001
e/A3. Tmages are plotted using ORBKIT [87], cclib [159], and VMD [97].
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These calculations gave a DMC EBE of 151.22 4 64.25 cm™! and a C-AFQMC
EBE of 132.45 + 9.43 cm™, in closer agreement with the CCSD(T) value. This
example suggests that care must be taken when selecting trial wave functions for
and ultimately simulating larger molecules that may have many competing low-
lying states. It should also be noted that our simulations could do a better job
of capturing dynamic correlation. While we currently use carefully selected diffuse
functions tailored to describe the extended orbitals of the dipole-bound anions, a
more accurate description of the electron cusp regions can be attained through the
use of larger basis sets which contain functions of higher angular momentum. For
small molecules, one could also use explicitly correlated methods like R12/F12 [14]

and canonical transcorrelation [155] techniques.

3.4 Conclusions

In this work, we have demonstrated that low-scaling QMC methods, and in
particular, C-AFQMC, are capable of resolving the fine energy differences required to
accurately predict electron binding energies of dipole-bound anions. Electron binding
energies within wave numbers of previous coupled cluster and experimental results
were obtained for the HCN, CH,CHCN, CH3CN, CsH,, and C3H,O3 molecules
studied here. Given these methods’ inherent approximations for controlling the
sign problem, the calculations performed in this work lie just within the realm of
applicability of QMC methods, and therefore attest to the fundamental accuracies
attainable using modern stochastic approaches. Our results demonstrate that while
uncorrelated DMC and AFQMC methods can qualitatively describe dipole-bound
species, only correlated sampling techniques such as C-AFQMC are capable of

achieving quantitative accuracy.
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These findings moreover pave the way toward using stochastic methods to study
the much larger polycyclic aromatic hydrocarbons (PAH) [219] and carbon chain
anions [213] thought to contribute to the diffuse interstellar bands, as well as other
weakly-bound species, including correlation-bound anions [218, 220] and weakly
bound clusters [232], whose size puts them beyond reach of most high accuracy
methods. These larger species may contain a mixture of valence- and dipole-
bound states of different symmetries, which posed problems for this initial work.
However, both recent DMC and AFQMC studies have suggested paths forward based
upon incorporating key symmetries into the trial wave function [166, 185, 186], the
propagators [192], or both. These techniques may also enable studies of excited
electronic and vibrational states of similar species, which are of central importance
to experimental explorations that typically obtain full spectra, not just single energy

differences [240].

The success of C-AFQMC in this work [190] along with the many possibilities
our efforts open up beckons for the further development of correlated DMC methods
capable of resolving the molecular energy differences that lie at the heart of all
chemical processes within modern DMC packages. If stochastic methods are to
truly attain their long aspirational and recently more practicable goal of making
meaningful chemical predictions, correlated sampling should be high on the list of

development priorities.
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4.1 Introduction

Since the unanticipated discovery of high-temperature superconductivity in the
cuprates, the single-band Hubbard model [96] has been the focus of an unparalleled
level of theoretical scrutiny and associated algorithmic development [67, 122, 124,
184]. Nevertheless, most materials exhibiting strong correlation, including most
transition metal oxides [119, 120, 134] as well as the pnictides [81, 194, 230], fullerides
[156, 157], and chalcogenides [194, 205, 230] possess multiple bands that cross their
Fermi levels and are therefore fundamentally multi-band in nature [60]. In recent
years, it has become increasingly evident that some of the most significant effects in
such multi-band materials stem from Hund’s coupling [81, 101, 230]. According to
Hund’s rules, electrons favor maximizing their total spin by first occupying different,
degenerate orbitals with parallel spins; only after the parallel spins fill all available
orbitals do electrons then begin to doubly occupy the same orbitals [60]. As such,
the effective Coulomb repulsion among electrons in a half-filled shell is increased due
to Hund’s rules, while that at any other filling is decreased. Hund’s effects therefore
drive half-filled d- and f-electron materials closer to a Mott transition for a given
Coulomb repulsion, yet drive non-half-filled materials away from a Mott transition
while also increasing the correlation within their metallic phases. The consequences
of these effects are perhaps best illustrated in 4d transition metal oxides that have
more than a single electron or hole in their 4d shells [33, 51, 78, 113]. Unlike their
rhodate counterparts, which possess a single hole in their shells, many ruthenates
and molybdenates exhibit substantial mass enhancements [98], unexpected Mott
Insulator transitions [62, 125, 206], novel quantum phase transitions [64], and even

superconducting phases [132] — all of which may be attributed to Hund’s physics.

Despite both the prevalence and importance of Hund’s effects, they remain
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a challenge to model. Most analytical and numerical treatments revolve around
solving a multi-band Hubbard model, most often the Hubbard-Kanamori (HK) model
[107], containing a mixture of kinetic, Coulomb U, and Hund’s J terms. Although
analytical studies have been performed [100, 109, 110, 131, 174], just as in the case
of the single-band Hubbard model containing a repulsive U term [122, 239], accurate
treatments of these models necessitate methods capable of treating strong correlation
non-perturbatively. However, because these models possess significantly larger state
spaces and involve additional pair-hopping and Hund’s exchange terms, they are

often even more difficult to treat than the Hubbard model.

Due to the complicated interactions involved, there is no general analytical
solution for these problems. Thus, numerical treatments are in high demand. To
date, most numerical studies of multi-band models have employed Dynamical Mean
Field Theory (DMFT) [59, 140] either on its own or in combination with Density
Functional Theory (DFT) [8] because of DMFT’s ability to treat band and atomic
effects on equal footing by self-consistently solving an impurity problem within a
larger bath. DMFT has been very successful at mapping out multi-band phase
diagrams at finite temperatures [32, 33, 62, 78, 79, 99, 225]. Nevertheless, DMFT
is fundamentally limited by the accuracy and scaling of its impurity model solver.
Some DMFT studies rely upon exact diagonalization (ED) to solve their impurity
models, yet the computational cost of ED grows exponentially with the number of
bands involved, thus thwarting its application to many-band models. Some DMFT
algorithms employ continuous-time quantum Monte Carlo (CTQMC) [176] to solve
their impurity models. CTQMC can solve larger impurity models than ED, but is
still hampered by the sign problem, an exponential decrease in the signal to noise
ratio observed in stochastic simulations [127], in certain parameter regimes and

low temperature calculations remain difficult [68]. A method that can accurately
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simulate larger system sizes at lower temperatures is thus in need.

One suite of techniques particularly well-suited for studying the large state spaces
inherent to multi-band models are quantum Monte Carlo (QMC) techniques [50, 146].
Both finite temperature QMC methods, including the CTQMC [68] and Hirsch-Fye
QMC [90] algorithms that have been employed as impurity solvers within DMFT,
and ground state [144, 145] QMC algorithms have been developed and applied to the
multi-band Hubbard model. Nonetheless, the Hund’s terms of the HK Hamiltonian
have posed challenges for all of these methods. This is because Hund’s terms are
not readily expressed as products of density operators and are therefore not readily
amenable to standard QMC transformations. Straightforward decoupling of the
exchange and pair hopping terms leads to a severe sign problem [84]. Attempts
have therefore been made to simplify the Hund’s contribution to the Hamiltonian to
make it more palatable to QMC methods by constraining its direction to the z-axis
[77, 84], but such treatments often fail to properly capture the model’s expected
physics. Several Hund’s-specific transformations have been proposed, including a
discrete transformation by Aoki [179, 180] and a continuous transformation by Imada
(144, 145]. Nevertheless, these transformations ultimately do not eliminate the sign
problem and are limited to parameter regimes with only high signal to noise ratios.
These algorithmic constraints obscure our fundamental understanding of multi-band

physics.

In this paper, we present an Auxiliary Field Quantum Monte Carlo (AFQMC)
framework especially suited for the study of ground state multi-band Hubbard
models and demonstrate its accuracy over a range of realistic parameters using
different signal-preserving approximations and trial wave functions. Key to our
approach is the strategic use of two forms of both the continuous and discrete

Hubbard-Stratonovich (HS) Transformations to decouple the Hund’s term: a charge
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decomposition for negative values of the Hund’s coupling parameter, and a spin
decomposition for positive values of the Hund’s coupling parameter. We also employ
an unconventional form of importance sampling in which we shift propagators instead
of auxiliary fields so as to enable importance sampling of discrete transformed
propagators. This enables us to combine importance sampling with both discrete
and continuously transformed propagators. Unlike previous works, we furthermore
utilize flexible Generalized Hartree-Fock (GHF) trial wave functions which enable us
to calculate highly accurate background subtraction terms and apply highly accurate
sign/phase constraints. Altogether, we find that these improvements yield promising
results for a variety of HK model benchmarks. Although the algorithm presented is
designed for the ground state, it can easily be adapted for use in finite temperature
methods [126, 233]. Our algorithm therefore paves the way to high accuracy modeling
of the low temperature physics of a wide range of multi-band models and materials

over a dramatically larger portion of the phase diagram.

The remainder of the paper is organized as follows. In Section 4.2, we outline the
HK model, summarize the key features of the AFQMC method, and describe how the
conventional AFQMC technique may be modified to best treat the HK Hamiltonian.
In Section 4.3, we then present benchmarks of our method’s performance within
different parameter regimes, using different trial wave functions and employing
different approximations on two- and three-band HK models for which ED results
may be obtained. Towards the end of this section, we also demonstrate the accuracy
with which our techniques can predict the charge gaps and magnetic ordering of two-
dimensional lattice models beyond the reach of most other techniques. We conclude
with a discussion of the broader implications of this work and future directions in

Section 4.4.
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4.2 Methods

4.2.1 Hubbard Kanamori Model Hamiltonian

The HK model is a multi-band version of the Hubbard model designed to account
for the competition between the spin and orbital degrees of freedom observed in the
physics of d- and f- electron material [60, 107]. In order to accomplish this, the
model includes not only standard Hubbard on-site density-density interactions, but
also inter-orbital (band) density, exchange, and pair hopping terms. The full HK

Hamiltonian, written as generally as possible, reads

Hyk = Hy + Hy = H, + Hy + H,, (4.1)
where
Z Z tzm gm’ zmacjm’a” (4.2)
imo jm’o’
[:[U = Z Uzmnzm']*nlmi + Z me’nimTﬁ’im’l,
i,m#m’
+ Z (Uz/mm - Jimm’)nimaﬁim’aa (43)
i,m<m/,o
and

Hy= " Jimw (el CimyCimn
i,m#m’ (44)

+ éImTéjmJ,éim’iéz’m’T + H.c.).

In the above, & (émo) creates (annihilates) an electron with spin o in band m at

site 7. i denotes the number operator and 7, for example, represents the number
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of spin-up electrons at site ¢ in band m. H; contains all one-body contributions
to the Hamiltonian, including terms parameterized by the constants t%jjm, that
describe the hopping of electrons in different bands between sites ¢ and j and the
spin-orbit coupling common within realistic materials. H, denotes the collection
of all two-body operators. Hy contains all density-density interactions, including
the intraband (U) and interband (U’) Coulomb interactions, and the z- (or Ising)
component of the Hund’s coupling. In contrast, H; contains all of the terms that
cannot be written as density-density interactions, which consist of the x- and y-
components (spin-exchange) of the Hund’s coupling, (é;rmTész, (Cim | Cimt + H.c.), as
well as the pair-hopping interaction (éjmTéjm 1Cimr ) Cimr + H .c.), in which two electrons
in a given band transfer as a pair to another band. J denotes the Hund’s coupling

constant. Note that our formalism is general and allows for band- and site-dependent

U, U’, and J constants.

4.2.2 Modified Hubbard Kanamori Model Hamiltonian

In order to facilitate programming and the generalization of this HK Hamiltonian
into a form in which all coupling constants are independent, we map the Hamiltonian
given by Equations 4.1 - 4.4 into a one-band model whose terms only depend upon

their band indices. If we now let ¢ and 7 denote superindices that combine both
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lattice site and band information, then

H - ﬁl -+ I:[Q
- Z tzglé;raéjo’
ij,o0’
+ Y Ul
A
+ U (g + iy fogy) (4.5)
1<j

+ UG (R + i o))

1<j

(st at a4 alal a4
+ ) JIehe enep + el éen
1<j

ot o o s
+ €56, Gi1Cit + €548 GiyCit).

iy " describes the hopping and spin-orbit coupling between different sites and bands.
In keeping with the sz <y and Zi’m 4y SUMMations in Equations 4.3 and 4.4,
Y oic ; only sums over index combinations that reference different bands on the same
site. In this modified HK Model, the U term describes density-density interactions
only between electrons with opposite spins in the same band, the U; term describes
interactions between electrons with opposite spins in different bands on the same site,
the U, term describes interactions between electrons with parallel spins in different
bands on the same site, and the J term describes spin-exchange and pair hopping
interactions on the same site. Thus, in going from Equations 4.3 and 4.4 to Equation
4.5, the original U’ term has become the U; term, the original (U’ — J) term has
become the Us term, and the J term has been re-expressed. Using Equation 4.5, we
map a multi-band model into a single-band model in which the number of lattice
sites has been enlarged into the number of bands. Since there is no explicit band
index in our model, we can deal with any number of bands as long as the mapping

is done correctly.
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4.2.3 Overview of AFQMC

In the remainder of this work, AFQMC will be employed to obtain accurate
numerical solutions to the HK Model. AFQMC is a quantum many-body method
that solves the ground state Schrodinger Equation by randomly sampling an
overcomplete space of non-orthogonal Slater determinants [234, 235, 236] and has
consistently been demonstrated to be among the most accurate of modern many-
body methods for modeling the Hubbard model over a wide range of parameter
regimes [26, 27, 122, 192, 239]. At its heart, AFQMC is an imaginary-time projection
quantum Monte Carlo technique that applies a projection operator, e—PH , onto an
initial wave function, |¥y),

o) o Jim (e W), (4.6)

In the limit of infinite imaginary projection time (5 — o0), it converges to the ground
state wave function, |Wy), as long as the initial wave function is not orthogonal to the
ground state wave function. Because the projection operator cannot be evaluated
for large values of 3, it is discretized into n = /A7 smaller time slices for which it

can be evaluated

W) o lim (e*Mf )“ 0y, (4.7)

n—oo

and the projection is carried out iteratively as follows

|\I/(n+1)> _ e—ATH|\II(TL)>‘ (48)
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For sufficiently small A7, the projection operator may be factored into one- and

two-body pieces via Suzuki-Trotter Factorization [207, 212]

e—ATH ~ G_ATHl/QG_ATHQG_ATHl/Q. (49)

The two-body propagator may be further decomposed into the four terms given in

Equation 4.5

6—ATH2 ~ e—ATHUe—ATHUl e—ATHU2 G—ATHJ

—AT S Ulhygig, —AT 5 UY (Aarivy 47, 01)
i 1<J

=c €

g 4.1
7AT Z U;J (ﬁzTﬁgT+ﬁ1¢ﬁj¢) ( 0>
e 1<g

—Ar Y U (elel e egpveliel e e+ Hee)
e i<j
A time step extrapolation is needed to make sure the Trotter error is negligible in

the Monte Carlo simulation.

4.2.4 Hubbard-Stratonovich Transformation of the Modified

Hubbard Kanamori Hamiltonian

According to Thouless’s Theorem [209], acting the exponential of a one-body
operator on a determinant results in another determinant, reducing the process
of projecting a one-body operator onto the wave function into standard matrix
multiplication. Nevertheless, no such theorem applies to exponentials of two-body
operators, which necessitates re-expressing these operators into integrals over one-

body operators using the so-called Hubbard-Stratonovich transformation [95].

In order to transform the two-body propagator given by Equation 4.10, both
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discrete [66, 88] and continuous [16] HS transformations need to be performed.
The U, Uy, and U, terms are products of density operators, much like the single-
band Hubbard model U term, and may therefore be decomposed using discrete
transformations. For a < 0, where a may denote U, Uy, or Us, it is usually better

to use the discrete charge decomposition

e~ Aramify _ —Ata(fntiz—1)/2 Z lew(ﬁﬁrﬁz—l)’ (4.11)
r==%1
where cosh(y) = e 27%/2 while for o > 0, it is usually better to use the spin
decomposition
efATafnﬁQ — e*A"'a(ﬁl+ﬁ2)/2 Z leWx(ﬁ1*ﬁ2)’ (412)
r==+1

where cosh(y) = e27%/2, In both Equations 4.11 and 4.12, x represents the namesake
auxiliary field that may assume the discrete values of +1 or —1. For the subsequent
discussion, note that the charge decomposition is so named because it produces a
one-body propagator involving the sum of 1y + no, which would be equivalent to the
charge on a site if 1 represented an up and 2 a down spin on that site. Along similar
lines, the spin decomposition is so named because it involves the difference between

n1 and ns, which would represent the spin on a site under the same assumptions.

Because H; contains terms that are not simple products of density operators,
decomposing it is a much more challenging task. Past attempts have either neglected
or simplified H, [77, 84]. Several techniques have employed exact decompositions
(144, 179, 180], but all such decompositions are accompanied by a sign problem
that thwarts explorations of wide swaths of the phase diagram. Unlike these
past attempts, in the following, we define a unique decomposition that can be
employed in both continuous and discrete transformations, and accompany it by

importance sampling that first mitigates and the constrained path and phaseless
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approximations that subsequently eliminate the sign and phase problems. As part

—ATHj

of our decomposition of e , we first re-expressed H; in terms of squares of

one-body operators. Let

pii =Y (eltjo + & e). (4.13)
Then,
pAZZj - Z(é;rcréja + é;o-éid)(é;‘rgléja’ + éj'axéig/), (414)

and H, may be re-expressed as (see Supplemental Materials Section at IA for more

details about the deduction)

7o Gt ot A A st st s a
H;= Z J”(cichicucﬁ + ¢1Ci GjiCir + H.c.)

i<j
J9 . . . .
=> 7[p12j > (i + fojo — Nighje — Prjg )] (4.15)
i<j o
Ji Ji ) iin  a
= Z 7p12] - Z 7( ic T njcr) + Z Jjnionjo”
1<j 1<j,o0 1<j,0

The second term of Equation 4.15 consists of one-body operators and can be
combined with the other one-body operators into H,. The third term consists of
a product of density operators and can therefore be transformed according to either
Equations 4.11 or 4.12. The first term, however, consists of a square that cannot
be resolved into products of density operators. In general, the two-body term can
be decoupled via either a discrete [173] or a continuous [95] Hubbard Stratonovich
transformation. A continuous HS transformation was employed based on previous
experience [192] that the statistical errors that accompany transformations with near
optimal background subtraction terms have substantially smaller slopes as a function
of projection time than the errors that accompany discrete transformations without

any background subtraction. In general, the continuous HS transformation may be
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written as

~ 1 ~
e ATAZ/2 _ / 5 e 2tV EATA (4.16)
T

where A represents any one-body operator and x denotes an auxiliary field, as before.
Letting A= pij, it follows that the most obvious way to transform the exponential

formed from the first term of Equation 4.15 is using the charge decomposition

—Ar Y L [z:(cwcja-l—cwcw)]2

(& i<j o
H / dz; —a2,/2,%4 VEATTTS (@l e0 5010 )] (4.17)
- i |
Z<] V

As long as J¥ < 0 for all 4, j, all of the propagators produced by this transformation
will be real, as is desirable within AFQMC simulations. However, if any of the J¥ are
greater than 0, v/—A7J% will be complex resulting in a complex propagator that
immediately introduces a complex phase into simulations. To prevent complexity
from being introduced into the operators, in certain cases, we take a cue from the
discrete case and define a continuous spin decomposition that involves the difference

between spin up and down operators. Let

pij = Zd cwcjg—i—c »Cio ) (4.18)

where 6 = 1 and §; = —1, then (see Supplemental Materials at Section IA for

further details)

= Zaa cwc]g—l—c cw)<éjo,ejg/+eja,éw,). (4.19)
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Using this to re-express H J, we have

Hy=> J9(chél s +elel ¢jen + He)

i<j
Jz'j o N R A N ~
- _T[Pz‘j - Z(nia + jo — ioTjo — MjoTlic)] (4.20)
1<)
J
= _J_ 075+ Z (Mo + Njo) — Z S g Mo
i<j i<jo <ge

Employing this form for the decomposition, the exponential that stems from the first

term of Equation 4.20 may now be transformed to yield

ij At A oA
AT S LI 6o (el jotel 602

(& i<j o
= H/da: *ﬁﬂ%“jm[;50(6Igéja+éjoaw)] (4.21)
Z] :
1<) V

which is real for J¥ > 0. Using the charge decomposition (Equation 4.44) when
J% < 0 and the spin decomposition (Equation 4.43) when J% > 0 thus completely
eliminates complex propagators, easing simulation. In Section 4.3.1, we compare the
merits of using this mixed decomposition approach to exclusively relying upon the

complex charge decomposition on the accuracy of our overall results.

Inserting the HS transformations defined by Equations 4.11, 4.12, 4.44, and 4.43
into Equations 4.9 and 4.10 and combining terms, one arrives at the final AFQMC

expression for the projection operator

e AH /dxp(x)B(x), (4.22)

where x = {x1, o, ..., xn, } denotes the set of Ng total normally distributed auxiliary
fields sampled at a given time slice, E(X) represents the amalgamation of all one-body

operators, and p(x) is a combination of all scalar functions of the fields. Example
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expressions for B(x) and p(x) are given in the Supplemental Material at Section
IB. As is clear from Equation 4.22, the series of HS transformations described
ultimately maps the original two-body propagator into a weighted integral over one-

body propagators that are functions of external auxiliary fields.

4.2.5 Sampling in AFQMC

The sampling process together with the constrained path/phaseless approximations
that are used to control the sign/phase problem in this work are introduced in
Chapter 2 and won’t be discussed here. Within the HK Hamiltonian framework, we
here present the more detailed implementation of the background subtraction which
is a static force and importance sampling where a dynamic force is conducted and

show a clearer picture how these two techiniques are combined.

4.2.5.1 Background Subtraction

One of the simplest ways of reducing variances within AFQMC is via background
subtraction [165]. As mentioned before, the two-body portion of a Hamiltonian is
rewritten so that a mean field average is subtracted from each one-body operator.
With a two-body operator written in the form of V = —% >, 02, together with

background subtraction, it would be re-expressed as

V= =3 30— () = i + 5 e (4.23)

i

where (7;) denotes the mean field average of the operator v; (see Supplemental

Materials at Section IT for more details on how this mean field average is obtained).
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Because the modified 0; — (0;) operator will be smaller in magnitude than the
bare ¥; operator, background subtraction reduces the variance involved in AFQMC
simulations. In this work, we perform background subtraction on the only term in
the Hamiltonian that is not a product of on-site densities, the % ﬁ?j term of Equation

4.15 or the —%ﬁfj term of Equation 4.20, yielding

> ?ﬁ?j =y ?(ﬁz‘j — i) = %<ﬁij>2

1<j 1<j 1<j

+ Z J9pii) pij (4.24)

1<j

and
Jid Jii . Ji
Z —TP?J- = Z —T(Pu’ — {pij))* + Z 7(/)1-]-)2
i<j i<j 1<j
— Z NEIRY (4.25)
i<j
respectively.

4.2.5.2 Importance Sampling

In order to further reduce the variance of walker weights and to make our
simulations more amenable to the constrained path and phaseless approximations,
here perform importance sampling, which aims to shift the center of the distribution
from which we sample our auxiliary fields so that the most important fields are
sampled more frequently. Because we utilize a mixture of discrete and continuous
transformations and force bias importance sampling is only applicable to continuous
transformations, in this work, we employ a formally equivalent strategy in which we

shift the propagators instead of the auxiliary fields.
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For continuous HS transformations, the details have been introduces in Chapter
2. Shifting the propagator within a discrete transformation proceeds in exactly the
same fashion. Comparing Equations 4.16 and 4.12, the dynamic force needed to

shift the propagator in Equation 4.12; for example, would be F' = ~({n1) — (ng)),

resulting in the transformation

e—ATaﬁl’nge—ATa(ﬁl—i-ﬁz)/Q E 167$(ﬁ1_ﬁ2)

r==+1
_ emAratintin)/2 § 1 (e T (i —hz)—aF (4.26)
2\ W

r=%+1

As in the continuous case, in order to realize this transformation, fields are now

sampled from a shifted probability density function, e**'/W, where W is the

zF (—ATa/2+~yz)hy 6(7Ara/27'y:p)ﬁ2

normalization factor, W = e*¥'+e~%F and the propagator e

—oF A shifted transformation may similarly be

is applied with weight %We
constructed for the discrete charge decomposition given by Equation 4.11. Propagators
that include background subtraction may be shifted by simply replacing A with
A — (A) in Equations 2.20 and 2.22 above (see the Supplemental Materials Section

III for detailed formula).

It can readily be proven that shifting auxiliary fields is equivalent to shifting
propagators [171, 172, 191]. Shifting propagators therefore entails a convenient
way of combining importance sampling with discrete transformations, whose discrete
fields cannot be shifted by the continuous force bias terms of conventional importance
sampling techniques. Overall, the importance sampled propagation produces
the same observable averages as free propagation, but favors the sampling of
determinants with larger overlaps with the trial wave function and suppresses the

sampling of determinants with no overlap.



65

4.2.6 Trial and Initial Wave Functions

Although AFQMC can readily accommodate multi-determinant trial wave
functions, we restrict ourselves to employing single determinant trial wave functions
that satisfy certain symmetries [192] such as the free electron (FE), restricted
Hartree-Fock (RHF), unrestricted Hartree-Fock (UHF), and generalized Hartree-
Fock (GHF) wave functions. RHF wave functions preserve spin symmetry. While
RHF and UHF wave functions separately conserve the number of spin up and down
electrons, GHF wave functions only conserve the total number of electrons. See
Supplemental Materials at Section IV for details about how these wave functions are

generated.

As illustrated in what follows, because GHF wave functions do not impose
any spin symmetries and are therefore the most flexible of these wave function
ansatzes, they enable the fastest AFQMC wave function relaxation to the global
energy minimum. Nevertheless, when the number of up and down electrons must be
fixed, UHF /RHF wave functions were employed instead. Even though our formalism
permits our initial wave functions to differ from our trial wave functions, we take

our initial and trial wave functions to be the same, except where otherwise noted.

4.3 Results and Discussion

4.3.1 Two-Band Hubbard Kanamori Model Benchmarks

In order to test the accuracy of our theoretical framework, we began by

benchmarking our method against ED results for the one-dimensional, two-band HK
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Table 4.1: The ground state energy of the two-band, 6x1 HK model with
N; = Ny = 6 over a range of parameters using ED and AFQMC. All energies and
parameters are reported in units of ¢.

U U, U, J ED  AFQMC
20 15 1.0 05 -3.773268 -3.774(3)
20 15 1.0 1.0 -4.234037 -4.230(6)
20 1.5 3.0 0.5 0.758540 0.755(4)
30 50 1.0 0.5 2460374 2.466(5)
60 1.5 1.0 0.5 1.496509 1.503(6)

Model on 5 x 1 and 6 x 1 lattices with periodic boundary conditions small enough to
diagonalize. For these benchmarks, we simplify the Hamiltonian given by Equations
4.1 and 4.2 so that hopping can only occur between adjacent sites within the same

bands and may be described by a single site- and spin-invariant constant ¢, such that

[:[1 =—t Z Z éjmoéjma- (427)

We moreover assume that the parameters are site-invariant, such that U? = U,

U7 =Uy, UY = Us, and J9 = J.

Table 4.1 presents our results for a 6 x 1 HK model over a representative set
of parameters at half filling. All of the calculations presented were initialized
using 560 walkers and employed FE trial and initial wave functions, except for the
U=3.0, U;=5.0, Uy=1.0, J=0.5 case. In this case, it was found that an RHF trial
wave function yielded a lower trial energy and manifested a different spin order
(antiferromagnetic (AFM) order between two bands) than the FE solution. Thus,
an RHF trial wave function was employed instead. This demonstrates that trial wave
functions should first be analyzed to determine whether their global minima exhibit
the correct order before using them to guide propagation within AFQMC. Unless
otherwise noted, all of the results presented in this section were obtained using a

charge decomposition for J and the phaseless approximation to tame the related
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phase problem that emerges.

As is clear from the table, AFQMC results are within 0.01¢ or less of the exact
results, with the smallest discrepancy occurring for the U = 2.0, U; = 1.5 case and
the largest occurring for the U = 6.0 case. In all of these cases, exact results are
within two standard derivations of the Monte Carlo results, despite the use of the

phaseless approximation.

To pinpoint AFQMC’s systematic bias, as well as to better understand which
regions of the phase diagram are the most challenging for AFQMC, we independently
scanned through each of the U, Uy, Us,, and J parameters holding the others fixed
for a 5 x 1 HK model. In Figures 4.1 and 4.2, we present our scans over U and J;

See Supplemental Materials at Section V for figures of our U; and U, scans.

As shown in Figure 4.1, although the magnitude of the error bars on our energies
grows with U, the relative error remains within 0.1% to 1% throughout this range.
Similar trends are observed for U; and Us,, and using RHF, UHF, or GHF wave
functions. This gives us reason to believe that our method can readily accommodate
some of the even larger U values used in studies of strongly correlated materials.
Nevertheless, much larger relative errors are observed as J is varied, as depicted in
Figure 4.2. This is consistent with previous work, which also implicates the J terms
as being most conducive to QMC errors [84]. Fortunately, for most real materials, .J
is usually a small fraction of U. For small J values, the relative errors are observed

to remain less than 1% and are therefore controllable.

What may also be gleaned from Figure 4.2 is that the quality of the J > 1.5
energies depends upon the type of trial wave function employed. While free

propagation calculations yield results that are independent of the trial wave function,
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Figure 4.1: AFQMC ground state energy vs. the density-density parameter U for
the two-band, 5x1 HK model using the charge decomposition and FE trial wave
functions. Here, all of the other Hamiltonian parameters are held fixed at ¢t = 1,
U1=0, Uy=0, and J = 0 with Ny = N, = 6. Relative errors, AE, taken with respect
to ED results are plotted in the inset for clarity.
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Figure 4.2: AFQMC ground state energy vs. the Hund’s coupling parameter J for
the two-band, 5x1 HK model using the charge decomposition and FE/RHF trial
wave functions (WF). Here, all of the other Hamiltonian parameters are held fixed
att =1, U =0, U;=0, and Uy=0 with Ny = N; = 6. Relative errors, AE, taken
with respect to ED results are plotted in the inset for clarity.
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the quality of the constrained path and phaseless approximations fundamentally
depend on the accuracy of the trial wave function. As depicted in Figure 4.2, the
relative errors in the energies produced by FE trial wave functions surpass 10%
and increase with increasing J; in contrast, the relative errors produced by RHF
trial wave functions not only remain less than 10%, but plateau as a function of
J. As J increases, the RHF electron density becomes non-uniform, yielding a lower
variational energy than the FE wave function. Figure 4.2 thus demonstrates that
AFQMC becomes more accurate as trial wave functions better describe the ground
state. Note that we also tested UHF and GHF wave functions, which all converged

to the same states as RHF wave functions.
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Figure 4.3: Comparison of phaseless and constrained path AFQMC energy errors
as a function of J for a two-band, 5x1 HK model. Open circles denote parameters
at which the constrained path approximation was employed, while closed circles
denote parameters at which the phaseless approximation was employed. Here, we
set Ny= N;=6,t=1,U =0, U; =0, and Uy = 0. FE trial wave functions were
used for both the initial and trial wave functions, and 560 walkers were employed in
each calculation.
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The accuracy of AFQMC predictions are also influenced by the constrained
path and phaseless approximations employed. In Figure 4.3, we compare the errors
produced by these approximations. As discussed in Section 4.2.4, for J > 0, the spin
decomposition will yield real propagators that we constrain using the constrained
path approximation, while for J < 0, the spin decomposition will yield complex
propagators that we constrain using the phaseless approximation. The charge
decomposition behaves in the opposite fashion with respect to J. As shown in
Figure 4.3, the constrained path approximation behaves significantly better than
the phaseless approximation, which appreciably differs from the exact results for
|J| > 1.5. Indeed, the constrained path approximation nearly reproduces the exact
results for J < 0, only manifesting a slight deviation for larger positive values of
J. These results attest to the fact that using the transformations we describe to
prevent the phase problem from emerging is key to maintaining AFQMC accuracy.
They also underscore that our method is capable of simulating -.J values, which have
been unattainable in previous QMC simulations. We expect these trends in accuracy

to generalize to models with more bands and higher dimensionality.

4.3.2 Application to Three-Band Hubbard Kanamori Models

In order to understand how our techniques generalize to models that approximate
more realistic materials and their magnetic phase transitions, we constructed a three-
band model with an adjustable band gap. As illustrated in Figure 4.4, in this model,
three bands are located at each site, one band of which is lower in energy by a ‘band
gap’ parameter, A, than the other two degenerate bands. When A = 0, all three
bands are completely degenerate. Similar to the two-band model, the hopping occurs

between adjacent sites within the same bands, with hopping constant ¢;; = 1. While
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the band gap would be fixed in any given material, creating a separate A parameter
enables us to sample a range of band gaps and, by extension, to drive magnetic
ordering transitions. We moreover assume that U* = U and J¥ = J = 0.15U with
U =U, =U—-2J and UY = Uy = U—3.J, which are appropriate for the description
of transition-metal oxides with a partially occupied ¢y, shell [204]. In the following
discussion, we fix our filling such that an average of four electrons occupy the three

bands at each lattice site.

-

Figure 4.4: Schematic of our three-band model on a 4x4 lattice. At each site, there
is one atom with three bands, one of which is lower in energy by A than the other
two degenerate bands. The top right box illustrates a situation in which AFM
order is present between adjacent lattice sites.

As an initial step, we benchmarked our AFQMC method against ED results.
Diverging from our previous two-band analysis, as part of our three-band benchmarks,
we studied our model on two-dimensional lattices with periodic boundary conditions,
only varying A and U while keeping the other parameter relationships fixed in order
to preserve realism. Our simulations were initialized with 560 walkers and GHF
initial and trial wave functions for all of the benchmarks described below. The
charge decomposition with the phaseless approximation was employed throughout

this section.
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Figure 4.5: AFQMC ground state energy as a function of the band gap magnitude,
A, for the three-band, 2x2 HK model using the charge decomposition and GHF
trial wave functions. Here, all of the other Hamiltonian parameters are held fixed
att=1,U=6,U,=U—-2J,U;=U —3J, and J = 0.15U with N; = N, = 8.
Relative errors, AFE, taken with respect to ED results are plotted in the inset for
clarity.
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In Figure 4.5, we illustrate how the energy and relative errors change as A is
varied from 0 to 1 with U = 6 on a 2x2 lattice. At fixed U, the relative error remains
fairly stable and less than 0.1% throughout this range. This may be anticipated since
the band gap only modifies the magnitude of the one-body terms and does not change
the phase of the model, which do not directly contribute to our method’s stochastic

CITors.
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Figure 4.6: AFQMC ground state energy vs. U for the three-band, 2x2 HK model
using the charge decomposition and GHF trial wave functions. Here, all of the
other Hamiltonian parameters are held fixed at t =1, A =0.8, U; = U — 2J,

Uy =U —3J, and J = 0.15U with N; = N, = 8. Relative errors, AL, are taken
with respect to ED results are plotted in the inset for clarity.

In Figure 4.6, instead of scanning A, we scan U with A = 0.8. As shown in
Figure 4.6, the relative errors are larger in this case, but still range from 0.1% for
U <6 to 1% for U > 6. Errors would be expected to grow in this manner as the
system becomes more correlated. Overall, the magnitudes of these relative errors

suggest that AFQMC’s performance is promising.
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The rationale for introducing the band gap A parameter is to enable tuning of
the magnetic order of the model system. Intuitively, when the band gap is small, the
three bands are nearly degenerate and the four electrons have the largest freedom
to move among the bands. Such a situation would favor ferromagnetic (FM) order.
However, when the band gap becomes sufficiently large, two electrons will populate
the lower band, forcing the other two electrons to reside among the higher energy

bands. Such a situation would favor AFM order.

This intuition was confirmed by comparing the AFQMC energies attained
using trial wave functions with FM and AFM order, respectively (see Figure 4.7).
Typically, GHF calculations converge to the lowest state with the same magnetic
order as the initial state. Thus, in order to construct wave functions with FM
order, a randomly initialized density matrix was supplied to the GHF self-consistent
equations; to construct wave functions with AFM order, an AFM-ordered initial
density matrix was supplied. Several independent GHF calculations were conducted
for each system studied to guarantee that the final GHF wave functions produced
attained their global minima. For large A (A 2 1.1) values at which ferromagnetic
order is disfavored, GHF calculations initialized with random density matrices often
developed order. In these situations, FM wave functions produced at smaller values
of A were used as trial wave functions in “FM” AFQMC calculations performed at
larger A values. Figure 4.7 depicts the energies of AFQMC simulations performed
with AFM and FM trial wave functions, respectively, as a function of band gap. All of
the AFQMC energies presented here are the lowest energies we can obtain at each A.
At smaller As, trial wave functions with FM order led to the lowest AFQMC energies,
while at larger As, AFM trial wave functions did so. This confirms that our model
undergoes a ferromagnetic to antiferromagnetic transition at roughly A = 1.15. In

contrast, Hartree-Fock theory predicts the transition to occur at A = 0.5, which is
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reasonable since Hartree-Fock theory tends to favor AFM order. An illustration of

the AFM order exhibited by our model is depicted in Figure 4.4.
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Figure 4.7: AFQMC ground state energy vs. band gap magnitude, A, for the
three-band, 4x4 HK model using the charge decomposition. GHF trial wave
functions with both FM order and AFM order are used. QMC predicted a phase
transition to occur at around A = 1.15, as illustrated by the orange dotted line.
Hartree-Fock predicted a phase transition to occur at A = 0.5, as illustrated by the

green dotted line. Here, all of the other Hamiltonian parameters are held fixed at
t=1,U=6,U,=U—-2J,U;=U—-3J, and J=0.15U with Ny = N, = 32.

To further corroborate the phase transition we observe, we estimated the
magnitude of the charge gap at A = 0.2 and A = 1.5. To do so, we computed
the ground state AFQMC energies of 4x4, 6x6, and 8x8-site systems, with three
bands occupied by four electrons situated at each site. The charge gap may be
determined by computing Ex_1 + Eni1 — 2EN, where N denotes the total number
of electrons in the system. To determine the charge gap in the thermodynamic limit,
we fit a 1/L form, where L denotes the total number of lattice sites, to the energies
and extrapolated to the infinite L limit (see Supplemental Materials at Section V for

details about the extrapolation). The energies produced using FM initial trial wave
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functions were used to ascertain the A = 0.2 charge gap, while those produced using
AFM wave functions were employed to ascertain the A = 1.5 charge gap. The charge
gaps obtained are presented in Table 4.2. After extrapolations, the A = 0.2 charge
gap converged to -0.006(47) and the A = 1.5 charge gap converged to 1.201(41). As
one would expect antiferromagnetic, not ferromagnetic, order to be accompanied by

a charge gap, these extrapolations support our previous conclusions.

Table 4.2: The charge gaps of the three-band model at A = 0.2 and A = 1.5 for
different system sizes calculated using AFQMC. GHF trial wave functions with FM
order and AFM order are used at A = 0.2 and A = 1.5, respectively. All of the
other Hamiltonian parameters are held fixed at t =1, U =6, U; = U — 2J,

Us =U —3J, and J = 0.15U. The electron density per band is 4/3.

# of bands Charge Gap (A =0.2) Charge Gap (A = 1.5)
Ax4x3 0.222(29) 1.311(32)
6x6x3 0.103(27) 1.268(35)
8x8x3 0.015(72) 1.225(36)

% -0.006(47) 1.201(41)

The successful determination of the magnetic order and charge gaps in this model

system illustrate our method’s promise for accurately modeling realistic materials.

4.4 Conclusions

In summary, we have presented a ground state AFQMC framework suited for
the study of the HK model, a multi-band model designed to capture the Hund’s
physics of many d- and f-electron materials. Diverging with past QMC studies
of the HK model, we employ a novel set of HS transformations to decouple the
Hund’s coupling terms while preserving the terms’ essential physics. We find that by
carefully combining these transformations with a form of importance sampling that

shifts our propagators, well-optimized GHF wave functions, and the constrained path
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and phaseless approximations, we can accurately predict the energetics of benchmark
lattice models and the magnetic order of much larger models that approximate
realistic materials. Overall, we find that the phaseless version of our method produces
nearly exact energies for small models for —3 < J < 3, a range of J values
which contains those commonly observed in experiment. This bodes well for the

generalization of our method to other systems.

Our method may readily be extended to include spin-orbit coupling effects and
negative J values, which opens the doors to the highly accurate study of exotic, -J
fulleride physics [156, 157]. In order to describe superconducting physics, our method
can be adapted to use superconducting trial wave function forms, including Bardeen-
Cooper-Schrieffer [20, 191] and Hartree-Fock-Bogoliubov [193] wave functions. We
foresee our method having the most immediate impact as a way to delineate low-
temperature phase diagrams currently beyond the reach of DMFT methods. As the
same transformations and importance sampling techniques may readily be adapted
into finite temperature AFQMC formalisms [90, 126, 233|, the same methods may
be used to develop low scaling, sign and phase problem free impurity solvers. We
look forward to employing our methods to more accurately elucidate the complex
many body physics of 4d transition metal oxides such as the ruthenates, rhodates,

and molybedenates in the near future.
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4.5 Supplemental Materials

4.5.1 Hubbard-Stratonovich Transformation Details
4.5.1.1 Decomposition of Hund’s Terms

In the following, we more clearly derive the decomposition of the Hund’s
contribution to the Hamiltonian given by Equation (15). Taking the charge
decomposition as an example, as was mentioned in Equations (13) and (14) in the

main text, we first let

pii = > (Cltje+ & ,00). (4.28)

[

It therefore follows that

Py =D (htio + Eotio) (@l i + ¢l tiar). (4.29)

oo’

This sum consists of three distinct cases:

1. o=1, o'={:
chepel epy + ehepet ey + elencl ey + elienel ey = elel ¢jep + elel e e +
CipelyEislin + 88,

2. o=, o'=":
clepelien + el egelen + el echen + el enelien = elel ¢jepn + el egpen +
ChéyCuntit + Ey) Cadit

3. o=0':

ZU(éT Cjo + é;r-géw)z, the terms of which simplify to:

10
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() el ol b0 = el (0 — ely¢j0)Eje = 0iél 050 = 0(i # j)

Byt e dta ot (5ot o Ve = bdt o = 0% L i

( ) Cj5CioCjsCic ng( i — € Cw)cw ijCjoCio (Z 7&])
At .

(¢) &lytjoctytin = el (1 — ¢l 850)eir = Mo (1 — Rjo) = iy — TigTijo

(d> é}aéiUéjaéjU = ﬁjg(l - ﬁw) = ,ﬁ'jg B ﬁjgﬁio

Note that cases 1 and 2 yield the same result. Thus,

2 _ opatata a L atata s afata o st st s o
Pij = 2(611¢i,6j1Cir + €€ CiCir + Ciu 8 Gy Cip + C34C5 Ciy Gy ) (4.30)

+ Nig — nianja + nja - njania~

As such,
it At A A LAt At A A JY o S
Z J j(CiTcﬂcwcﬁ + Gy GG + h.c.) = Z 7[;%’ - Z(nw + Mo — NigNjo — NjoTis))
1< 1<J o
J9 J9 . o
= Z TP?J — Z T(nw + Njo — annjg),
i<j i<jo

(4.31)
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which is consistent with Equation (15). With this in hand, the overall Hamiltonian
may be re-expressed as
H =) t77¢] ¢ju
13,00/
+ Y Ul
i
+ > U (g, + g ioge)
i<j

+ Y (UF + T9) (Raigr + gy,

i<j

(4.32)

Ji . . .
+ D =5 (ur + gy + gy + 2z)

i<j
TV Nt ot a2
+ Z 7(2 CigCio T CiyCio)”
i<j o

The derivation of Equation (20) follows similarly with Equation (13) simply replaced

by Equation (18).

4.5.1.2 Full Final Propagators

As described in Section IID of the manuscript, after a number of Hubbard-
Stratonovich (HS) transformations, the projection operator may be re-expressed
as an integral over all auxiliary fields, x = {xV,x{" x§" x>+ x>t x71 of the

product of the operators B(x) and constants p(x) as given in Equation (22). If only

charge decompositions are employed,
1 (NU+2NU1+2NU2+J) N, Ny )
p(x) = <—> @2m)~ 7 [Je " (4.33)

2

i<j
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and

N ! ~ ~ ~ ~ ~ ~
B(x) =e A7/ [H e >] [H byt (28 )05 (25 B2 (22 )05 (252 )b (2]
i i<j

e*ATI:I;/Q
(4.34)

where Ny is the number of U transforms and Ny, =Ny,=N; is the number of Uy,

U,, and J transforms. Moreover,

Bg(ng) _ e(w?—ATU/Q)(ﬁme—l)’ (4.35)

B a8 = et s, (430

B, 08) = cOmbmamen i, (47

B (a3 ) = eomili - ar@as it (4.38)
%;J( g’?;ﬁ]) _ e(wg’gjhm((mu)/z)(ﬁmﬁjrl)’ (4.39)

and

—ArT T (e, et i)
g

b)) = e (4.40)

Note that there are two U; and two U, 4+ J propagators since there are two U; and
two U + J two-body terms in Equation 5. As described in the text, ¢ denotes the
superindices that combine band and lattice sites, while © < j denotes the possible
set of i,7 combinations between different pairs of bands on the same lattice site.
H | consists of H, and all one-body terms that stem from the .J transform given by

Equations (15) and (20) of the manuscript.
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4.5.2 Background Subtraction Details

It has been shown that the sign and phase problems may be dramatically reduced
if the Hamiltonian prior to an HS decomposition is rewritten such that an estimate
of the ground state expectation value is subtracted from each squared operator [164,
165, 172]. As an illustration, here, we demonstrate how background subtraction may
be performed on the squared term of the Hund’s coupling portion of the Hamiltonian.

If the spin decomposition is used for the Hund’s coupling contribution as in Equation

(20), the squared term to consider is ZKJ.(—J;)[”)%, where py; = 3 0,(¢] ¢j0 +

é}oéw). In background subtraction, this term is re-expressed as

> _gﬁ?j => —%(ﬁij — (i) + ) %(ﬁzjﬁ = T pigpig, (441)
i<j i<j i<j i<j
where (p;;) is the mean field expectation value of p;;. By re-expressing p7; in this
fashion, the resulting squared term is smaller in magnitude than the original. The
first term of this equation is decomposed via an HS decomposition, the second term
is a constant that can be added to the energy at the end of a calculation, and the

third term can be added to the one-body operator.

Similarly for the charge decomposition, the squared J term of the Hamiltonian
is Zi<j(%j)ﬁ?j, where p; = S (& ¢, + ¢! ¢is). (pij) is the mean field term, which
we denote as b;; to distinguish it from the mean field term in Equation (14) in the
following. In this case, the Hamiltonian may be written as

Z ?ﬁfj - Z g(ﬁ” - bij)2 - Z %b?j + Z Jijbijﬁij. (4,42)

1<j 1<j 1<J 1<J

The squared term in Equation (15) may be transformed using the spin decomposition
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to yield

671_2/2633\/ AT J [; 0o (ézaéjg-‘réj-aéig)—bij]

ij A At
AT 5 LS 00 (6], o] i0)—bis 1
o = dl‘

e 1<j
\ 21
(4.43)

The squared term in Equation (14) may be decomposed using the charge decomposition

to obtain

At J4 éTé- @T_é. b — 77 NP AT oA Y_p
A E ]2 [%:( i JU+ jo za) bz]]2 _ /dx 1 7x2/261‘\/ ATJJ[;(CIUCJU‘FC;UQU) bz]] (444)

e i< e
V2

Note that the formula for the “mean field” value b;; is very similar to the average
operator (fl) introduced in the main text. The difference is that the “mean field” is
a constant, which can be evaluated at the very outset of a simulation. The average

operator <A) is a dynamic value which is calculated at every step on the fly.

4.5.3 Background Subtraction with a Dynamic Force

As described in the main text, the dynamic force is the expectation value of the
operator that is squared in the propagator. Including the background subtraction
described above, the operator becomes [3 0,(él ¢, + é}aéw) — b;;| when the spin

decomposition is applied and [» (éloéjajté;géw) —b;;] when the charge decomposition

is applied. After combining the HS transformation with importance sampling, the

H, propagator transformed using the spin decomposition may be rewritten as

i oA A A
AT Y JT[Z da(czac]-(,—i-c}acw)—bij]Q
o

e 1<j
1 eV ATTI[Y 80 (8] éjo+el &i0)—bis
:/da:\/Q_e_xQ/% 5 0 Cuobir o)t (4.45)
T
V2T 7
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where F’ denotes the dynamic force and becomes vV ATJ4 (> 50(610@04—6;0610) —b;j).

A similar transform may be constructed when the charge decomposition is employed

with F' = V=ATJ7 (3 (e} ¢;6 + ¢lyéin) — byj).

g

4.5.4 Supplemental Data and Figures
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Figure 4.8: The time evolution of the total AFQMC energy using A7=0.005 with

560 walkers for a two-band, 6x1 Hubbard Kanamori model. Ny= N|=6,t =1,
U=2,U; =15,U;=1.0, and J = 0.5. For this case, a free electron (FE) wave

function was employed as both the trial and initial wave functions.



86

0 . , .
[ [e owmc
— Exact
_5—
3 | .
) E—— 1 1~ 1 310
[ = 3
0 : ;
LEJ -10 - : 16°
o - 3
< ¢ Sl 410* |
-15F é_ _é 16°
; T
i 10° 1
01T 2 3
- 1 ] 1 ] 1 ]
205 1 2 3

Figure 4.9: AFQMC ground state energy vs. the density-density parameter U; for
the two-band, 5x1 Hubbard Kanamori model using the charge decomposition and
FE trial wave functions. Here, all of the other Hamiltonian parameters are held
fixed at t =1, U=0, U,=0, and J = 0 with N} = N, = 6. Relative errors, AL,
taken with respect to Exact Diagonalization (ED) results are plotted in the inset
for clarity.
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Figure 4.10: AFQMC ground state energy vs. the density-density parameter U, for
the two-band, 5x1 Hubbard Kanamori model using the charge decomposition and
FE trial wave functions. Here, all of the other Hamiltonian parameters are held
fixed at t =1, U=0, U;=0, and J = 0 with Ny = N| = 6. Relative errors, AE,
taken with respect to ED results are plotted in the inset for clarity.
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Linear Energy Extrapolation at A =0.2
0300 T T T T T T

—- E000613993683309%| ]
¢ & E=-0.006+/-0.047 : : E%x"
: : : H ,,’

0.250 ..

0.200

AL N DL B

T
N

0.100F

T
|
1
AY
LS

\
N
Y
H \
: \
1

T T

AFQMC Energy

N N N N N N B

r P : f : : : ]

C 2T e : : : 5 ]

_0.100;, ]
L ; ;

-0.1504 i i i ]
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07

1
T

Figure 4.11: Charge gap extrapolation for the three-band Hubbard Kanamori
model at A=02,t=1,U=6,U, =U —2J,U,=U —3J, and J = 0.15U with
an electron density of 4/3. 4x4, 6x6 and 8x8 lattices are used for extrapolation. L
denotes the total number of sites. The charge decomposition and GHF trial/initial
wave functions are used in the AFQMC calculations.



89

Linear Energy Extrapolation at A =1.5
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Figure 4.12: Charge gap extrapolation for the three-band Hubbard Kanamori
model at A=15,t=1,U=6,U,=U —2J, U, =U —3J, and J = 0.15U with
an electron density of 4/3. 4x4, 6x6 and 8x8 lattices are used for extrapolation.
The charge decomposition and GHF trial/initial wave functions are used within

AFQMC calculations.
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Metal-Insulator and Magnetic
Phase Transitions Study of
CasRu0, in the Zero-Temperature

Limit
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5.1 Introduction

Ever since the discovery of superconductivity within SroRuOy [133], the first
non-cuprate perovskite superconductor, the layered perovskite ruthenium oxides
have been the subject of intense scrutiny. These explorations have revealed that
ruthenium oxides, including the Sr,,;Ru,03,,1 and Ca,.1Ru,03,,; series and
mixtures thereof, exhibit a wide array of phases and exotic physical properties,
including a variety of magnetic phases [19, 151], unconventional superconductivity
[133], metal-insulator transitions (MIT) [150, 202], and unusual magnetoresistance
[201]. It is believed that strong electron-electron interactions give rise to this diverse
behavior and there are deep connections that can be made to the physics of the

cuprates, which are isostructural with the ruthenates.

The compound CasRuQy is one type of layered perovskite, which is a Mott
insulator with antiferromagnetic (AFM) order at ambient pressure and temperatures
below 112 K [15, 52, 151]. The insulating phase in CagRuQO,, however, is suppressed
upon increasing the temperature or pressure [150]: CasRuQy is metallic at ambient
pressure for temperatures above 357 K [6], and at room temperature for pressures
above ~0.5 GPa [150, 202]. At moderate pressures, CagRuO, remains metallic down
to 0 K [149]. Upon varying either the temperature or pressure, CagRuO4 also
undergoes a structural transition, from a short c-axis layered perovskite (S-Pbca)
to a long c-axis layered perovskite (L-Pbca) structure, which coincides with the MIT
to the metallic phase. The lattice structure of CasRuQy is therefore intimately tied
to its phase behavior in a manner that is difficult to disentangle from experiments

alone, making it a ripe target for computational analyses.



92

5.2 Methods

In this work, we study the phase diagram of CasRuQO, for various lattice
structures in their ground states with the aim of understanding the link between
CasRuQy’s structure and phase behavior free of the complicating effects of temperature
and pressure. We do so by means of Auxiliary Field Quantum Monte Carlo
(AFQMC) and Dynamical Mean Field Theory (DMFT), two state-of-the-art electronic
structure techniques especially capable of accurately treating many-electron correlation
effects in realistic materials. Previous publications have studied the ground state
properties of CapRuQO, using Density Functional Theory (DFT), in some case with
+U terms [9, 105], but such methods often struggle with handling the electron
correlations. This work represents the first effort to apply AFQMC to realistic 4d
materials as well as the first to obtain and compare DMFT and AFQMC phase

diagrams of CasRuQy.

5.2.1 Model Hamiltonian

In order to represent CasRuQO4, we generate a material-based, three-band
Hubbard Hamiltonian from maximally localized Wannier functions (MLWF') using
wannier90 [137, 200], which extracts the Fermi surface to;-derived bands. The
electronic structure for a given lattice structure is calculated using the non-spin-
polarized Generalized Gradient Approximation (GGA) [115, 116, 117, 118]. The
projection from the DFT basis to the Wannier basis describing the t,, manifold,

together with the interaction parameters forms the model Hamiltonian. Our three-
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band Hubbard-Kanamori Hamiltonian [80, 107] may be expressed as

H= 2 e+ U iy,

ijuv'o i

+ (U =2J = J650) Y R Plisor (5.1)

i,v#V o0’
Atoat 4 4 NS
+J Z (Cz’uTCz‘wCiwcm + CipCiy ﬁz‘u@cww)-

IRz 274

In the above, ¢  creates an electron with spin ¢ in Wannier state v at lattice

site ¢ and 7;,, denotes the corresponding number operator. The first term of the
Hamiltonian describes the hopping of electrons from site to site, the second describes
intraorbital Coulomb repulsion, the third describes interorbital Coulomb repulsion,
and the last contains electron pair-hopping and exchange contributions. Here, we
set the direct and exchange screened Coulomb interaction parameters to U = 2.3
eV and J = 0.35 eV, respectively. These parameters were previously found to
produce reliable representations of the properties and phase diagrams of perovskites
including CaRuOj3, StRuOj3, and BaRuOj3 [31, 33, 78]. The ab initio parameters t;’j”'
are hopping integrals that depend on the lattice structure. We use experimentally-
determined atom positions as input structures (denoted by S/L for S-Pbca/L-Pbca
structure) and study the phases of these structures at 295 K and ambient pressure
(S-295K), 400 K at ambient pressure (L-400K) [15, 52], and room temperature at
1 GPa, 3 GPa, and 5 GPa of pressure [202] (L-1GPa, L-3GPa, and L-5GPa). Note

that S-295K possesses an S-Pbca structure, while all of the other structures studied

here possess an L-Pbca structure.
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5.2.2 Auxiliary Field Quantum Monte Carlo

AFQMC is a quantum Monte Carlo technique with a long, successful history
of treating Hubbard models [122, 239] that reconstructs a system’s ground state
wave function and related observables through an imaginary time projection that
samples the space of non-orthogonal Slater determinants [235, 236]. AFQMC works
directly at zero temperature and on finite systems, meaning that extrapolating to
the thermodynamic limit is necessary for estimating bulk properties. In order to
model CayRuQy via the three-band Hubbard model described above, we employ the
transforms, form of importance sampling, and phaseless approximation explicitly
suited to handle three-band models detailed in Chapter 4. The techniques we used

to determine the phases of CasRuQy4 are detailed in the following.

5.2.2.1 Mapping the Ca;RuO, Unit Cell to the HK Model

CayRuOy is a layered perovskite with the Pbc space group [15, 52]. It is made
of RuO, layers built from corner-sharing RuOg octahedra. The orbital and spin
degrees of freedom of CayRuO, fill 2/3 of a ty;-manifold, which can be represented
by a three-orbital HK model. As depicted in Figure 5.4, there are 4 Ru atoms in
each unit cell, 2 within a top layer and 2 within a bottom layer. In the HK model,
a CagRuOy lattice with a 4x4x1 cell may thus be represented by 64 sites each
containing 3 orbitals, leading to a total of 192 orbitals in AFQMC calculations. In
the following study, we focus on the two-dimensional cell, which only contains two

layers of Ru since the correlation between different layers is weak.
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5.2.2.2 Antiferromagnetic Insulator State of the S-295K Structure

Below its Néel temperature of Ty=113 K, CayRuO, is a Mott insulator that
manifests AFM order [15]. We tested different trial wave functions and found that
GHF wave functions not only accurately capture model energetics, but also naturally
manifest the correct AFM spin order. In all subsequent calculation, we therefore built
AFM order in the X direction (AFMX) for the top two Ru atoms and AFM order in
the Y direction (AFMY) for the bottom two Ru atoms into our Generalized Hartree-
Fock (GHF) wave functions (AFMXY). This results in complex trial wave functions,
so we employ a charge decomposition on our positive J terms and constrain the

phase problem in our simulations using the phaseless approximation.

T - T - T -
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— FETrid WF 1
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| . | . | .
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Figure 5.1: Ground state AFQMC energy obtained with different trial wave
functions (Trial WF) for the 4x4x1, CaaRuO4 model with the S-295K structure.
The FE wave function is used as an initial wave function in call cases.

As an initial test, we compared our AFQMC results for a single 1 x 1 x 1 unit
cell to ED results. AFQMC simulations using an AFMXY trial wave function and a

free electron (FE) initial wave function yielded a ground state energy of 113.484(2)
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eV, which compares favorably with the ED result of 113.484257 e¢V. In comparison,
AFQMC using AFMX-ordered trial wave functions in which AFM order in the X
direction is imposed on all atoms yields an energy of 113.456(7) eV and AFQMC
using AFMZ-ordered trial wave functions in which AFM order in the Z direction is
imposed on all atoms yields an energy of 113.505(1) eV. AFMXY trial wave functions
therefore yield the lowest AFQMC energies, which indicates that spin correlation

between different layers is weak.
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Figure 5.2: Ground state AFQMC energy obtained with different trial wave
functions (Trial WF) for the 4x4x1, CasRuO4 model with the L-400K structure.
The FE wave function is used as an initial wave function in call cases.

To determine the phases, various trial wave functions with different spin orders
are imposed to obtain the AFQMC energy. The trial wave function that yields the
lowest QMC energy is used to define the correct phase. For example, in Figure 5.1,
calculations with free-electron, GHF with ferromagnetic (FM) order, and GHF with
AFMXY order trial wave functions were performed and identified the AFMXY phase
as the lowest energy phase based on the QMC energy procuded using the AFMXY

trial wave function. Thus we concluded that the S-295K structure of CasRuOy
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manifests AFM order. The determination that this phase is insulating is confirmed

by the charge gap calculations that will be discussed later.

5.2.2.3 Ferromagnetic Metal State of the L-Pbca Structures

AFQMC Energy

1 l 1

|
0.6 0.8 1
Effective coefficient a

1 l 1
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Figure 5.3: Ground state AFQMC energy obatined with various effective
coefficients a that adjusts U/J (effective U/J, i.e., o« U/J, where U = 2.3, and

J = 0.35) to generate trial wave functions for the 4x4x1, CagRuO4 model with the
L-400K structure. The FE wave function is used as an initial wave function in call
cases. Here the GHF solution at alpha = 0.2 is PM order. From this figure, we can
determine that CayRuO,4 with L-400K structure possesses FM order instead of PM

order.

Similar calculations were conducted on the L-Pbca structures, and determined
the correct phase for the different structures at high temperatures or pressures. For
example, in the calculations performed on the L-400K structure shown in Figure 5.2,
the AFQMC simulation finds that the trial wave function with FM order possesses
the lowest QMC energy, which leads us to conclude that the L-400K structure has

FM order. The sampling has the smallest energy fluctuation with FM order, which
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is another sign that it captured the correct physics relative to the other trial wave

functions.

Another way of tuning the quality of trial wave functions with FM order is to
tune the effective coefficient « to adjust the effective U/J parameters (i.e., axU/J)
that are used to identify optimal GHF solutions. As illustrated in Figure 5.3, the
lowest AFQMC energy was obtained by tuning effective U/J used in the GHF global
minimum search. At the same time, the difference between FM order and PM

order is determined by checking the magnetic order from both GHF calculations and

AFQMC solutions.

5.2.3 Dynamical Mean Field Theory

DMEFT works by self-consistently mapping a larger lattice model onto a smaller
interacting impurity model embedded within a Fermi sea [59]. Since DMFT operates
directly in the thermodynamic limit, but at finite temperature, an extrapolation
to zero temperature must therefore be performed in order to acquire ground state

information. The techniques used in this work are introduced in the following.

5.2.3.1 Simulation unit

Differing from the AFQMC calculations in which 4 Ru atoms are included in each
unit cell, DMFT assumes the self-energy on each Ru site is symmetric under rotation
of the octahedra following previous work [31, 33, 78|, and therefore simplifies the
impurity model to include a single Ru atom. This DMFT impurity model was solved

using the hybridization expansion variant of Continuous-Time Quantum Monte Carlo
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(CTQMC) [68, 114, 160] implemented in the Toolbox for Research on Interacting
Quantum Systems (TRIQS) library [160, 188].

5.2.3.2 Antiferromagnetic Insulator State of the S-295K Structure

Since DMFT models our system using a single site impurity model, the
assumption that the self-energy on the local axis between two nearest neighbour
sites has AFM symmetry was made to study the AFM phase. Assume that site A
and B are two nearest neighbour sites (for example, (0,0,0) and (0.5,0.5,0)), then we
will have

St A0Ss = SLYE5Ss, (5.2)

where site A has the o spin and site B has the opposite & spin.

Two calculations at 60 K and 300 K were conducted repectively using the S-295K
structure. It turns out that DMFT only shows AFM order at 60 K, which indicates
the existence of a phase transition between 60 K and 300 K. The insulating phase
may further be determined upon the orbital resolved spectral function at 60 K. This

will be further discussed below.

5.2.3.3 Ferromagnetic Metal State of the L-Pbca Structures

In order to determine the metallic or insulating nature of the L-Pbca structures,
orbital resolved spectral functions were calculated to see if there was a finite gap at

the Fermi surface. The critical temperatue T, at which a phase transition occurs was
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estimated based on the mean field equation
H
m?> =A— — B(T - T,), (5.3)
m

where m is magnetic moment, H is magnetic field strength, H/m is the inverse of
magnetic susceptibility, and A, B are the coefficients. If we draw the plot m? vs
%, we can see that when T < T, the intercept with y-axis is positive, and when

T > T, the intercept with the y-axis is negative. Through this analysis we can

directly estimate the T, value by estimating where T' crosses the y-axis.

However, in some instances for which it is hard for DMFT to reach sufficiently

low temperatures, a simplified equation was employed:
=x =—(T-T., (5.4)

where y is the magnetic susceptibility. A plot of x~! vs T can be drawn and linearly

extrpolated to estimate T, at low temperatures using high temperature data.

5.3 Results and Discussion

With the parameterization and extrapolation techiniques in hand, we next turn to
studying the structure-driven antiferromagnetic insulator (AFM-I) to ferromagnetic
metal (FM-M) transition in CagRuQy in the zero temperature limit. Upon distortion,
CayRuOy’s tyg-manifold splits into non-degenerate states. The crystal-field splitting,
A = €,, — €, is generally larger in the S-Pbca structure than in L-Pbca structures.
As can be seen from Table 5.1, for example, A = 0.23 eV for the S-295K structure,

while A = 0.10 eV for the L-400K structure. As pressure is applied, the crystal-field
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Figure 5.4: Crystal structure of CagRuO,4. The primitive vectors da, l;, and ¢ are
defined using orthorhombic notation. Calcium atoms are depicted in blue, oxygen
atoms are depicted in grey, and ruthenium atoms are depicted in red. The lower
left depicts the anti-ferromagnetic order found in this work at 295 K with a S-Pbca
crystal structure where the xy band energy is lower than that of the yz and zz
bands. The lower right depicts the ferromagnetic order found in this work at 5 GPa
with an L-Pbca crystal structure in which the zy band energy is slightly higher
than that of the yz and xz bands.
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splitting decreases to A = 0.06 eV for the L-1GPa structure and even a negative
value of A = —0.02 eV for the L-5GPa structure.

Table 5.1: The orbital spliting of the hopping matrix for various crystal structures.

S5-295K L-400K L-1GPa L-3GPa L-5GPa
Xy 4.665 4.932 4.874 5.260 5.496
yz 4.893 5.029 4.930 5.271 5.478
X7 4.922 5.040 4.980 5.280 5.483
xy-yz -0.228  -0.097  -0.056  -0.011 0.018
xz-yz  0.029 0.011 0.050 0.009 0.005

In the large splitting limit exhibited by the S-Pbca structure, the d,, orbital
is fully occupied and only two electrons occupy the d,./d,. orbitals, which implies
that S-Pbca physics can be described by a half-filled Hubbard model. Experiments
demonstrate that CagRuQOy is an AFM-I with an S-Pbca structure at temperatures
below 112 K [15, 52]. For the S-295K structure simulated in its ground state, both
AFQMC and DMFT find AFM order within the d,, and d,, orbitals on nearest
neighbor Ru atoms. This spin configuration is depicted on the left side of Figure
5.4. Since spontaneous symmetry breaking is not possible within a finite lattice,
a spin-spin correlation function is calculated in AFQMC and indicates near full
polarization (0.982(1)). We notice that the correlation function is negligible between
different layers and only perform calculations on the two-dimensional layer (using up
to a 4 x 4 x 1 supercell) for simplification. DMFT calculations are conducted at 60
K and recover a fully polarized state and a very small imaginary self-energy, which
indicates that the temperature employed was sufficiently small to yield ‘ground state’

quantities.

When the crystal-field splitting is small as for the L-Pbca structures, the ty,-
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manifold becomes partially filled, which can be described by a doped Hubbard model.
Experimentally, CasRuO, adopts an L-Pbca structure under moderate pressure and
becomes a metal with FM order at temperatures below 10 K [149]. We find this same
FM-M state for the L-5GPa structure in both AFQMC and DMFT simulations with
the magnetic moment dominated by the spins on the d,, orbital. Our speculation is
that the d;,-dominant FM-M state arises from the superposition of two degenerate
states as shown on the right side of Figure 5.4. In order to determine the ground state
magnetic order in AFQMC, we break the spin symmetry in the AFQMC trial wave
function and compare the QMC energies of the different symmetry sectors. We find
that the lowest energy state is indeed the d,,-dominant FM-M state. To determine
the order within DMFT, we apply an external magnetic field, H, and calculate the
induced magnetization, m. Based on the mean field equation m? = ¢; H/m — co(T —
T.), an extrapolation is made to determine the spontaneous magnetization. We find

that a d,,-dominant state also emerges at 60 K or below within DMFT.

In order to further examine the FM order underlying the L-5GPa structure, in
Figure 5.6, we depict the magnetic moment distributions and orbital occupancies
in the FM phase. DMFT calculations find 60% of the magnetic moment to be
concentrated on the d,, orbital, while AFQMC calculations find 68% with an
uncertainty of 1.5%. Both algorithms agree that the FM order is dominated by spins
on the d,, orbital. We also checked the orbital-resolved density of state (DOS) from
DFT and MLWF calculations of the L-5GPa structure. The d,, orbital contribution
to the DOS peaks closer to the Fermi level, while the d,./d,. contributions peak
further from it, a fact which explains the large moment on the d,,, orbital. The orbital
occupancy is shifted by an average density of 4/3 in Figure 5.6(c). The density is
slightly lower than average on the d,, orbital and slightly higher than average on

the d,,/d,, orbitals, which is caused by the negative crystal-field splitting. The
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Figure 5.5: Comparison of the charge gap predictions from DMFT and AFQMC for
the L-Pbca and S-Pbca structures. DMFT results are calculated at 60 K and
AFQMC results are calculated at 0 K. (a) Spectral functions per Ru obtained using
DMFT simulations with analytical continuation for the S-295K structure. (b)
Extrapolation of the charge gap to the thermodynamic limit in AFQMC
calculations of the S-295K structure. (c¢) Spectral functions per Ru obtained using
DMFT simulations with analytical continuation for the L-5GPa structure. (d)
Extrapolation of the charge gap to the thermodynamic limit in AFQMC
calculations of the L-5GPa structure. In (b) and (d), the L on the x axis represents
the number of unit cells used in the AFQMC simulations.
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difference between the d,. and d,. occupancies is within the noise level in AFQMC,

which indicates that the two methods give indeed more or less the same results.
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Figure 5.6: Comparison of magnetic moment distributions and orbital occupancies
obtained by DMFT at 60 K and AFQMC at 0 K for the experimentally acquired
L-Pbca L-5GPa structure. (a) Magnetic moment distributions from DMFT: 60% of
the magnetic moment is in the d,, band. (b) Magnetic moment distributions from
AFQMC: 68% of the magnetic moment is in the d,, band. (c) Orbital occupancies
from DMFT and AFQMC: the y axis is shifted by an average density of 4/3. A
smaller d,, band occupancy results from a negative crystal-field splitting.

Having elucidated CasRuQO,4’s magnetic order at low temperatures, we now turn
to elucidating its insulating behavior. As mentioned in the Introduction, according
to experiments, CasRuQ, is an insulator at temperatures below 357 K at ambient
pressure and a metal at pressures above 0.5 GPa at ambient temperature [6, 150, 202].

To determine CayRuQ,’s insulating behavior, we examine its charge gap from DMFT
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and AFQMC in Figure 5.5. The many-body spectral functions per Ru atom from
DMFT plus analytical continuation are shown at 60 K for both the S-295K and
L-5GPa structures. The S-295K structure exhibits a clear charge gap (~0.6-0.8 eV),
while the L-5GPa structure is gapless. For comparison, the charge gap was calculated
in AFQMC using the formula Ey_1 4+ Ex_1 —2Ey, i.e., obtaining the lowest ground
state energies for different numbers of particles, N, and calculating their difference.
The charge gap was calculated for 2 x 2 x 1, 3 x 3 x 1, and 4 x 4 x 1 supercells,
and linear extrapolation was performed with respect to the inverse of the supercell
size. A finite charge gap of 0.86 4+ 0.05 eV was obtained for the S-295K structure,
which confirmed its insulating character, whereas a charge gap of 0.01 £ 0.02 eV
was obtained for the L-5GPa structure, which confirmed its metallic character. Note
that the agreement in charge gaps we find between methods is only qualitative due to
the methods’ inherent approximations, including the influence of finite size effects in
AFQMC and temperature in DMFT. From band structure calculations, the charge
gap is an indirect gap. For a finite lattice, AFQMC is likely to overestimate a gap,
while at finite temperatures, DMFT is likely to underestimate a gap. It was therefore

expected that DMFT would yield a smaller charge gap than AFQMC.

The ground state phase diagram of CasRuQO, at various pressures is depicted
in Figure 5.7. Both AFQMC and DMFT find the S-Pbca, S-295K structure to be
an AFM-I, consistent with experimental findings [15, 52]. Both methods also find
all of the L-Pbca structures studied, including the L-400K, L-1GPa, L-3GPa, and
L-5GPa structures, to possess a metallic ground state and the L-5GPa structure to
be in the FM-M state. Nevertheless, AFQMC and DMFT predict different magnetic
properties for many of the L-Pbca structures. For the L-400K, L-1GPa, and L-
3GPa structures, AFQMC predicts a FM-M state, while DMFT predicts a PM-

M state. Interestingly, CasRuO, was found to be in a mixed AFM-FM state at
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Figure 5.7: (a) Phase diagram of CasRuQO, for different lattice structures. Both
DMFT and AFQMC predict the S-295K structure to be an AFM-I and the L-5GPa
structure to be an FM-M. At intermediate pressures, both DMFT and AFQMC find
CasRuOy to be a metal, while DMFT predicts a PM-M and AFQMC predicts an
FM-M state. (b) The red line depicts the ground state magnetic moments obtained
using AFQMC as a function of pressure. The green line denotes the critical
temperature obtained as a function of pressure with DMFT. Pressures at which
there is no FM order are depicted as having negative critical temperatures. Note
that the structure at P = 6 GPa shown in (b) is obtained by linear extrapolation of
experimentally measured atom positions at P =1 GPa and P = 3 GPa.
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pressures smaller than 3 GPa [123]. The existence of a mixed state indicates small
energy differences between the AFM and FM phases. While AFQMC remains able
to successfully predict the experimentally observed magnetic order, this uncertainty
may explain why DMFT struggles to do the same and instead predicts an unobserved
PM phase. Above 5 GPa, experiments find FM order to be the most stable, in good
agreement with our simulations. The critical temperature exhibits a non-monotonic
behavior with pressure and peaks between 3-5 GPa in experiment [149]. We plot the
critical temperature from DMFT as a function of pressure in Figure 5.7(b), which
is dome-shaped with a peak around 5 GPa. We depict the critical temperature as
being negative when DMFT does not recover a ferromagnetic state. To compare with
DMFT results, we also determine the ground state magnetic moments as a function
of pressure using AFQMC. The magnetic moments also exhibit a non-monotonic
behavior, which indicates that FM order is favored at intermediate pressures.
The maximum critical temperature is shifted to lower pressures in AFQMC, with

AFQMC’s peak instead occurring around 3 GPa.

5.4 Conclusions

In summary, we have employed two state-of-the-art electronic structure methods,
AFQMC and DMFT, to elucidate the origins of the CayRuO4 phase diagram in
the zero-temperature limit. We find that this material’s magnetic and insulating
transitions can overwhelmingly be explained by structural transitions between its
S-Pbca and L-Pbca structures, which in turn influence the crystal-field splittings
between and occupancies of its ¢y, orbitals. Despite the different approximations and
extrapolations used in the two theories described above, we find that both methods

are in qualitative agreement regarding CasRuO,’s structure-induced MIT. Both also
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predict that the L-Pbca structure is accompanied by FM order dominated by the d,,
orbital at high pressures, while the S-Pbca structure is accompanied by AFM order
dominated by the d,. and d,, orbitals at low pressures. Most importantly, despite
their algorithmic limitations, our new multiband AFQMC methodology and DMFT
only differ in their predictions of CayRuQO,’s magnetic ordering for L-Pbca structures
at moderate pressures. For these structures, we find that AFQMC outperforms
DMEFT, correctly predicting the emergence of a ferromagnetic phase between ~1-4
GPa also observed in experiment. Our work therefore paints a coherent picture of
the microscopic, structural origins of CasRuQO,’s phase behavior, while also shedding

light on the relative accuracy of AFQMC and DMFT for multiband materials.

Given our methods’ conflicting results for CagRuO,’s magnetic ordering between
1 and 5 GPa, high pressure diffraction studies that can eliminate any remaining
ambiguity at these pressures would be particularly illuminating and enable methodologists
to further improve their modeling techniques. The modeling employed here is
also directly applicable to Cas_,Sr,RuO, materials, strontium-doped versions of
CaoRuO, that straddle the line between the zero-temperature CasRuQO,, AFM-I
studied here and the SroRuO, superconductor [133]. Past works have shown that
increasing x is analogous to increasing temperature or pressure in this work, leading
to the evolution of a metal for large values of z [52, 152]. Nevertheless, Cay_,Sr,RuOy4
exhibits a number of yet-to-be-explained exotic phases, including a metamagnetic
phase that emerges for 0.2 < x < 0.5 [152]. Beyond these specific applications, the
methodologies employed here are quite general and ripe for application to the many
4- and 5d transition metal oxides whose complex interplay of spin-orbit coupling,
exchange, and crystal-field effects have and continue to reveal unexpected physics.
We look forward to the future use of these techniques to elucidate this perennially

intriguing class of materials.



CHAPTER SIX

Conclusions and Outlook
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6.1 Overview

In this thesis, I have described several application-driven methodological developments
for the ground state AFQMC algorithm, and their applications to weakly-bound, yet

correlated molecules and strongly-correlated materials.

In Chapter 3, I demonstrated the power of AFQMC for capturing long-range,
weak electron interactions. Dipole-bound anions are semi-stabilized by the long-
range potential induced by the dipole moment of their corresponding neutral parent
molecule. However, this interaction is challenging to model using traditional
quantum chemistry theories. 1 demonstrated that QMC methods, here including
DMC and AFQMC, can qualitatively describe this interaction, with the added
advantage of predicting whether molecules can form dipole-bound anions in a cheaper
way. Furthermore, I showed that energy differences can be efficiently obtained using
a so-called correlated sampling scheme in which the auxiliary fields applied to two
similar systems are kept the same to preserve similarities of the sampling paths
between the two similar systems. These findings will enable more applications using
stochastic methods to study much larger dipole-bound species, and shed light on
more challenging systems like quadrupole-bound anions induced by much weaker

long-range potentials.

In Chapter 4, I detailed a novel theoretical framework for treating the multi-
band Hubbard Kanamori model using the AFQMC method. 1 discussed how
to highly accurately capture Hund’s physics by carefully combining discrete and
continuous HS transformations, importance sampling that shifts the propagators,
background subtraction, well-optimized trial wave functions that decrease the

sampling variance, and the constrained path/phaseless approximations that control
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the sign/phase problem. Illustrative results were presented for two-band and three-
band toy models, for which impressive relative errors within 1% of the exact solution
were achieved. These methodological development will provide more insights for
researchers studying strongly correlated models and transition metal-containing
materials, as well as for those seeking to develop more predictive many-body

methods.

In Chapter 5, I presented one application of the Hubbard Kanamori scheme
described in Chapter 4 to study 4d strongly-correlated real materials. [ studied
the low-temperature phase diagram of CasRuQ,4 for a range of layered perovskite
structures at different temperatures and pressures. I determined the phase diagram
by using trial wave functions with different spin orders, which helped me identify a
metal-insulator transition driven by a structural transition from a long c-axis to a
short c-axis perovskite accompanied by a ferromagnetic-antiferromagnetic transition.
I determined the charge gap, orbital occupancy, and magnetic moment for each
structure and showed that these values were consistent between AFQMC and DMFT.
Our many-body simulations explain the electronic origin of the magnetic and metal-
insulator transitions in CasRuQy,, while also shedding light on the relative accuracy
of AFQMC and DMFT. The success of studying the physics of 4d transition metal
oxides at low temperatures using AFQMC enabled us to reach regions of the phase

diagram that are extremely challenging to describe for DMFT.

6.2 Future Directions

In the future, I would like to continue the application-driven development of

AFQMLC.
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A natural deeper exploration is the performance of correlated sampling AFQMC
for treating larger systems. Currently, we only finished the benchmark study
on small dipole-bound anions described here. The extension to much larger
systems, like polycyclic aromatic hydrocarbons and long carbon-chains would be
more appealing. Note that AFQMC is a wave function-based method that requires a
reasonably accurate trial wave function to guarantee its accuracy. Assuming proper
trial wave functions can be generated, there are many interesting weakly-bound
molecules/clusters, such as solvated electron systems [199], that would also benefit

from alternative theoretical treatments.

The methodologies developed for treating Hund’s coupling are quite general and
ripe for application to the many 4- and 5d transition metal oxides whose complex
interplay of spin-orbit coupling, exchange, and crystal-field effects have and continue
to reveal unexpected physics. Future explorations include but are not limited to
negative J Hund’s constant regions that few theoretical methods can describe, high-
temperature superconductors, and a variety of transition metal oxides with Hund’s
physics. A key concern for this current algorithm is the lack of back-propagation to
study the observables that do not commute with the Hamiltonian. Initial tests of
back-propagation technique by Motta et al previously [147] showed poor performance

on our Hubbard Kanamori model and require further investigation.

Besides employing models to study strongly-correlated solids popular in the
condensed matter physics community, ab initio ways of studying heavy molecules
containing lanthanide/actinide family elements with accurate treatment of significant
spin-orbit coupling effects are desirable, have seen limited success so far. Explorations
of such systems in AFQMC with favorable O(NN?) scaling would substantially improve
our understanding of the chemical properties of materials containing elements at the

bottom of the periodic table.



APPENDIX A

Hubbard-Stratonovich
Transformation of the Ab Initio

Hamiltonian with Spin Symmetry
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The most general ab initio Hamiltonian may be written as:

H=T+V
o 58 (A1)
=D D thlabiat g Z Z Vit "t strstia
o i a,fB 1,7,k

where NN is the number of one-particle basis functions, «, 5 denotes the spin of the
electron, and éZT and ¢; are the corresponding creation and annihilation operators for
creating and destroying electrons in orbital i. The one-body matrix elements, 7,
include all the one-body effects from the electron kinetic energy and the electron-
nucleus interactions, while the two-body matrix elements, Vz;kl , account for the

electron-electron interactions.

Here the matrix elements can come from electron integrals expressed in terms of
basis functions with spin symmetry, there would be no spin index in the Hamiltonian,

which means:

tho =t (A.2)

’L]’

and

M AN A A ) e
V]kl ij:l V]kl ij:l : (AS)

? 1, 1, 1,
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The Hamiltonian can be simplified as:

H=T+V
N
= Z Z ij wzcja +35 Z Z ‘/;]k:lcmcj,gckﬁcla
a,B 1,7,k
DHRETIES 2D OTLLLS "
'j B 4kl ’
1 N
= Ztijélaéja =52 > Vimla(0j10as — Calls)us
a i a,B 1,7,k,l
N 1 N 1 N
= Z tijClato — 5 > Z VikiChaCra + 5 > Z Vighi@hatiallgeis
a ij a i,jk a,B 1,7,k

which can be further grouped into general one-body and two-body operators

ﬁ = [:[1 + ﬁQ, (A5>
with
N
=S S i LS i = Y K (A0
a  ij a 1,5,k a i
and
1 N
=3 SN Viudlatiatlatus. (A7)
B 0.4,k

To rewrite Hy as a sum of squares of one-body operators with the form

N.
1 — .
r=1

so that we can use the continuous Hubbard Stratonovich transformation e ATA2 _

fd$\/%7e’m2/2e“’“fi, we recast Vi in Equation A.7 in the form of a Hermitian
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matrix by introducing the two combined indices m = (i,l) and n = (k,j): Vin =

Vi), (kj) = Vijrl, with

A ZAT A
Ay, = cmcla
(67
a :§ el e
n §BkB-

B

(A.9)

To realize this, one needs to make sure Vj;; is Hermitian. With that in mind, we

can prove that the way we grouped the indices m and n guarantees the Hermiticity

Vinn = Vi), k) = Vigii

(A.10)
Vim = Ve = Viiij = Vijht-
With regrouping, the two-body operator becomes:
Hy =Y Vil (A.11)

There are a few ways to manipulate a general H, into the form of Equation A.8.

1. One way is to diagonalize the Hermitian matrix ¥ which can be written in the
form of V = UDU?, where U is a matrix whose columns are the eigenvectors
of V and D is a diagonal matrix containing the corresponding eigenvalues D.,.

Here, we write out it in detail:

Vo = 3 Uy D UL, (A.12)
ol
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and the two-body operator H, can then be written as:

Hy =Y UpylmUl,n

ymn

(A.13)
=0, Ut Y Ui
o' m n
For each eigenvalue D.,, we assign
py =Y Uity = Y _ Ul o (A.14)
m ila

Then, Y, Ul a, becomes

S Ul = S Uiyin = S U5 s = S Ulleins = e (415
n n kjpB kjp

Looking further to the origin of p, and ﬁL, consider the V;; electron repulsion

integrals, which may be expressed as

o S .
‘/ijkl = /drldrﬂ!i (Tl)qjj<7"1)—qfk(7"2>\1/l(7’2). <A16)

T12

If the wave function is real, these integrals have 8-fold symmetries,
Vijkt = Vikgi = Viig = Viae = Vijie = Viigi = Vieig = Vi, (A.17)

where the (i, j) indices for one electron can be freely changed to (j, i), and the

same with the (k, 1) indices. Then, we can easily prove that

ﬁz = Z Ug*é;aéia = Z Ul’zé;aéia = Ia’Y‘ (A18)

ila ila
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With this, we can easily write out that

. 1
_ A Ao
H=>" Kyél,cia+ 5 > " D.ppt
ve ] ! (A.19)
_ A -2
= Z Kijciacja + 5 Z D'YIO’Y'
Pjo ¥
Equation A.19 is the most popular formula we currently applied to quantum
chemical problems. To use this, we have to guarantee that our Hamiltonian
is Hermitian, and the orbitals/wave functions that generate the two-electron

integrals are real.

However, this straightforward approach of diagonalizing the supermatrix
Vinil)ym(k,y) With dimensions N2xN?, where N is the number of molecular
orbitals can exhibit potential computational and storage bottlenecks especially
when applied to large systems. The direct diagonalization leads to a O(N®)
scaling of computer time and O(N*) storage. The storage and transformation
of two-electron integrals from the atomic orbital (AO) to the molecular orbital

(MO) basis could also be a bottleneck.

. The second way to recast H, is to use the modified Cholesky decomposition.
It was found that among all N? eigenvalues, only O(N) eigenvalues have
magnitudes greater than ~ 1078Ej, [163]. Modified Cholesky decomposition
can iteratively find the necessary Cholesky vectors and substantially reduce

the effort involved in two-electron integral manipulation.

However, the regular Cholesky decomposition requires the matrix to be
positive definite, when most of the two-electron integral matrix for quantum
chemistry problems is only positively semidefinite. The decomposition of a
positive semidefinite matrix does not have the stability of a procedure for

strictly positive definite matrices, and the round off errors during the integral
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calculations will increase with the dimension of the matrix.

Here, we write out the modified Cholesky decomposition method introduced

in Reference [163] in a more detailed way.

The Cholesky representation of the two-electron integrals in the AO basis is
given by
Nep
(uv| o) ~ ZL LY (A.20)
where Lil, is the decomposed Cholesky vectors, and N¢p is the number of
Cholesky vectors. A single threshold parameter, §, which determines the

maximum error in the Cholesky-expanded supermatrix was employed to make

sure that

Vi = V0| = AN | < 5 (A21)
N . . . .
where V, P is the new Cholesky matrix, p is the (u,v) group, and ¢ is the
(A, o) group.

To iteratively obtain the Cholesky vectors, we first extract the diagonal
elements X = V), = (uv|ur). Based on the diagonal, we calculate the Cholesky

vector at iteration J
[)‘U] J»P‘a] J Hv, [}\O’} J?

—1/2
LgV:[A“*” } AV (A.22)

where [Ao] is the largest residual diagonal element at the (J — 1)th recursion.

The residual matrix, AZ])\;CD is updated at Jth recursion
J
ANer = A, = (uw|Ao) — Z L% (A.23)

until

max (ANen ) <\ /AL LA, <6, (A.24)

Iz



121

with the Cauchy-Schwarz inequality or the number of Cholesky vectors reaches

the number of AO orbitals.

As we can see above, the prerequisite to use the Cholesky decomposition is that
the Vjji have to be at least positive semidefinite, which may not be guaranteed
for truncated or screened Hamiltonians. The Cholesky decomposition can
dramatically reduce the computational and storage resources in AFQMC.
Other relatively new techniques that further reduce the memory or computational
resources such as interpolative separable density fitting and Hamiltonian
symmetry considerations in AFQMC have been introduced in Reference

[136, 148] and will not be discussed here.
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When spin symmetry is broken and there should be spin information contained

in the ab initio Hamiltonian, which can be expressed as:

A

H=T+

1%

N
ZZ aﬁAT ng + 5 Z Z ‘/z(jlkﬁlﬁa Cia ]5ckﬂcla7

af ij

a,B i,5,k,l

(B.1)

where the T is the one-body electron kinetic energy and V is the two-body electron
potential energy. To enable the Hubbard-Stratonovich (HS) transformation for the

V term, it can be further reformulated as

<>
||

Bfa
5 Z Z Vikr Cza%ckﬁ%

a,p mkl

BB At
5 Z Z Viji acza%ﬁclackﬁ

oc,B 0,9,k,1

N
- %Z Z Vil ~ 35 Z >Vt

B i,k

(B.2)

The second term in Equation B.2 is essentially a one-body operator which can be

moved into the one-body operator. The final expression of the Hamiltonian becomes
H=H, + H,, (B.3)

where

Zzt"ﬁ Chatip — —ZZ Z s elatio = ZZKW Clatis (B.A)

a,f i a,f i
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and

N
'y 1 aBBa At ~ AT A
Hy = 3 E E Vij,flﬁ cjaclac}ﬁckg. (B.5)

a?IB i7j7k7l

Following deductions similar to those presented in Appendix A using direct
diagonalization, we can easily write out that
. 1
_ Bat - 5
H=Y Kl 5+ 5 > " Dyppt
ijo ¥

aBAt A 1 Aot s
= Z Kz‘jﬂcgacjﬁ + 1 Z D'y(ﬂvpjy + Pipv) (B.6)
v

ijo
af st A 1 L L
=D K§elatin+ 2 3 Dyl + ) = (py — 7))
ijo o]
in the form of a square of one-body operators than can be further adapted for HS

transformations.

Writing the Hamiltonian in this most general way and recasting the two-body
supermatrix via direct diagonalization becomes necessary when studying heavy
transition metal elements. In such cases, the wave functions may become complex
that the 8-fold symmetry cannot be guaranteed. Spin-orbit coupling becomes
significant which needs to be included. Truncation or reformulation of the basis
could ease AFQMC sampling since it scales as O(N?) with the number of basis

functions.

One example of the application of this formalism is to the study of actinide
electronic structure and electrochemistry using AFQMC. The long-term storage and
disposal of spent or wasted nuclear fuel present a major problem for the nuclear
industry. Since the waste byproducts of the nuclear fuel cycle have radioactive
half-lives of hundreds to thousands of years, it is important to understand how

radioactive elements will interact with their environments if accidentally released.
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For this purpose, the chemistry of uranium compounds is particularly important to
understand and this is where accurate electronic structure simulations can provide
key insights into transport properties and reaction barriers. Nevertheless, even
the static electronic structure of compounds and materials comprised of f-shell
elements, such as the lanthanides and actinides, remain computationally challenging
to predict. These materials not only contain many strongly correlated electrons,
but also manifest significant spin-orbit coupling (SOC), which complicate their
modeling using conventional electronic structure methods. One potentially promising
technique for handling such systems is AFQMC, which has been demonstrated to
achieve chemical (kcal/mol) accuracy with a O(N?) computational cost. It’s easier

to include SOC using the current theoretical framework. This is ongoing research.
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Generation of Generalized Hartree
Fock Wave Functions for the

Hubbard Kanamori Model
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To find the best single determinant trial wave function, we use the Generalized
Hartree Fock (GHF) method, which breaks spatial and spin symmetries. The GHF
solution allows spin order in the z, y, and z directions, which can significantly reduce
any constrained path approximation biases [122, 168]. The Hamiltonian used within

our GHF calculations for this model is

H = H,+ Hy + Hy, + Hy, + Hy, (C.1)
with
Hy= Y 77 el ¢, (C.2)
ij,o0’

Hy =) (U i)y + Ui (i), —U*(ehéi)el ey — U'elen (el en)], (C3)

Hy, =) (Ui (i) + Uy (i) iy, — UY(eéi) el e — UYele; (el é)
i< (C.4)

+ Uy () + U (Ray) g — UY (el ey elies — UPel e (elien) ],

Hyy =) (U fup(ivge) + Uy’ (ug) gy — Uy’ ehégp(elén) — U (el e
v<d (C.5)

+ Uiy () + Uy (Ray )iy — U el egy(elyeq) — U (el e el ey,

and
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Hy = [J9eles(el ) + T9(ehen)el ey — TIeken (e eir) — T9(ehen) el e

i<j

+ J7e TCJT< ¢CJ¢> + JY < TCJT> Tﬁji — JY CTCJ¢< T¢CJT> J < TTCJ¢> T¢CJT
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