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CHAPTER ONE

Introduction



In this thesis we discuss the incompressible Navier-Stokes equations in d spatial

dimension with unit viscosity and zero external force:

ou+u-Vu—Au+Vp=0, divu=0 (1.1)

for x € Q and t > 0 with the initial condition

u(0,2) = a(z) in Q. (1.2)

Here wu is the velocity and p is the pressure. We consider several kinds of domains:
the whole space Q := R%, the half space ) := Ri, the unit ball 2 := B, and the half
unit ball Q := BT,

For both cases with flat boundaries, namely 2 = ]Ri and BT, we assume that u

satisfies the zero Dirichlet boundary condition:

u=0 on {zs=0}NoS. (1.3)

For the three dimensional Navier-Stokes equations, the global existence of strong
solutions has long been an outstanding fundamental problem in fluid dynamics and
is still widely open. The local solvability is well known under the assumption that
the initial data a is sufficiently regular (see [25, 17, 51, 28]). The local solution is

indeed unique and smooth in both spatial and time variables.

This dissertation is concerned with two important types of weak solutions. The
first type of weak solutions we are interested in is the so-called suitable weak solu-
tions, which originates from the study of partial regularity by Scheffer in a series of

papers [40, 41, 42]. In three space dimensions, he established various partial regular-



ity results for weak solutions satisfying the so-called local energy inequality. Later in
a celebrated paper [4], Caffarelli, Kohn, and Nirenberg first introduced the notation
of suitable weak solutions. They called a pair (u,p) a suitable weak solution if u
has finite energy norm, p belongs to the Lebesgue space Ls/4, and (u,p) is a pair of
weak solution to the Navier-Stokes equations and satisfies a local energy inequality.
They proved that for any suitable weak solution (u, p), there exists an open subset
in which the velocity field u is Holder continuous, and the complement of it has zero
1D Hausdorff measure. In [34], with zero external force and assuming p € Ls/,, Lin
gave a more direct and concise proof for Caffarelli, Kohn, and Nirenberg’s result. A
detailed treatment was later given by Ladyzhenskaya and Seregin in [31]. Thereafter,
the partial regularity result for the 3D time-dependent Navier-Stokes equations was
extended up to the flat boundary by Seregin [44] and to the C? boundary by Sere-
gin, Shilkin, and Solonnikov [47]. The key step in the proofs of partial regularity
results is to establish certain e-regularity criteria. That is, intuitively speaking, if
some scale invariant quantities are small then the solution is locally regular. Such
results played a crucial part in the proof of [12]. For the higher dimensional bound-
ary partial regularity cases, Dong and Gu [9] studied 4D time-dependent and 6D
stationary incompressible Navier-Stokes equations. They proved that in both cases,
the singular points sets have zero 2D Hausdorff measure up to the boundary. For
the 4D time-dependent case, they obtained two boundary e-regularity criteria [9,
Theorems 1.1 and 1.2]. In Sections 3.3 and 3.4, we will extend [9, Theorem 1.2] to

higher dimensions assuming the boundedness of certain norms of u and p.

In [52] Vasseur proved the following interior e-regularity criterion, which pro-
vided an alternative proof of the well-known partial regularity result for the 3D
incompressible Navier-Stokes equations proved by Caffarelli, Kohn, and Nirenberg

[4]. His proof is based on the De Giorgi iteration argument originally for elliptic



equations in divergence form.

Theorem 1.0.1 (Vasseur [52]). For any ¢ > 1, there exists an €y = €o(G) > 0 such

that if (u,p) is a pair of suitable weak solution to (1.1)-(1.3) in Q and satisfies

0
sup /|u(t,x)]2d:r—l—/\Vu\2dxdt+/ 1% () dt < €0,
B Q 1

te[—1,0]

then w is reqular in Q(1/2).

Choi and Vasseur extended this result up to ¢ = 1 in [6, Proposition 2.1] with
an additional condition on the maximal function of Vu. In [19], Phuc and Guevara
further refined this result to the case with simply ¢ = 1. Their proof exploits
fractional Sobolev spaces of negative order and an inductive argument in [4] and
[54]. In Chapter 2, we extend this result to the half space and use that to prove

another e-regularity criterion not involving the gradient of velocity.

The second type of weak solutions is called Leray-Hopf weak solutions. See
Section 3.2.1 for the notation and definition. In the innovative works of Leray and
Hopf, it is proved that for any divergence-free vector field a € Lo, there exists at
least one Leray-Hopf weak solution of the Cauchy problem (1.1)-(1.2) on (0, 00) x R®.
Nevertheless, the uniqueness and regularity of Leray-Hopf weak solutions remain
open. There have been extensive literatures on conditional results under various
criteria, among which the most well-known condition is the so-called Ladyzhenskaya-

Prodi-Serrin condition: for some 17" > 0,

u € LLLE(RE), (1.4)



where the pair (r, q) satisfies

2/r+d/q<1, qé€(d o). (1.5)

Prodi [39] and Serrin [48] independently proved the uniqueness of Leray-Hopf weak
solutions under the conditions (1.4) and (1.5). Later the smoothness was obtained by
Ladyzhenskaya [30]. For further results, we hereby refer the reader to [16, 49, 50, 5]
and references therein. We are intrigued by the borderline case (7, q¢) = (00, d) which
is not included in (1.5). This subtle case is of much interest since we cannot obtain
a proof from usual methods using the local smallness of certain norms of u, which

are invariant under the natural scaling

u(t,r) — Mu(N’t,\x), p(t,z) — N2p(\’t, \r). (1.6)

For d = 3, this case was studied by Escauriaza, Seregin, and Sverdk in a remarkable

paper [12]. The main result of [12] is the following theorem.

Theorem 1.0.2 (Escauriaza, Seregin, and Sverék). Let d = 3. Suppose that u s
a Leray-Hopf weak solution of the Cauchy problem (1.1)-(1.3) in (0,T) x R? and u
satisfies the condition (1.4) with (r,q) = (00,3). Then u € Ls((0,T) x R3), and

hence it is smooth and unique in (0,T) x R3.

In Chapter 3, we will show results on how to extend this theorem to high dimen-

sions and domains with boundary.

The rest of the dissertation is organized as follows: In Chapter 2, we first extend
an e-regularity criterion by Vasseur [52] to the boundary case and furthermore prove
a regularity criterion without involving the gradient of u. In Chapter 3, we first

establish the e-regularity criteria in both interior and boundary case. Then we prove



the regularity criterion for Leray-Hopf weak solutions in critical Lebesgue spaces. We
will introduce more motivations and details of the e-regularity criteria along with

our main results in the introduction sections of the following chapters.

Throughout the dissertation, various constants are denoted by /N in general,
which may vary from line to line. The expression N = N(---) means that the given

constant N depends only on the contents in the parentheses.



CHAPTER TWwO

Regularity criteria for the
Navier-Stokes equations in three

space dimensions



2.1 Introduction and main results

In this chapter we discuss the 3-dimensional incompressible Navier-Stokes equations

with unit viscosity and zero external force:
u+u-Vu—Au+Vp=0, divu=0,

where u = (u!(t,z),u*(t,z),u3(t, z)) is the velocity field and p = p(t,z) is the
pressure. We consider local problems: (t,z) € Q or QT, where Q and QT denote
the unit cylinder and unit half-cylinder respectively. For the half cylinder case, we

assume that wu satisfies the zero Dirichlet boundary condition:

u=0 on {r3=0}NoQ".

We are concerned with boundary e-regularity criteria for suitable weak solutions
for the 3D Navier-Stokes equations. We first prove a boundary version of Theorem

1.0.1. Namely,

Theorem 2.1.1. For any § > 1, there exists a universal constant eq = £¢(q) > 0 such
that if (u, p) is a pair of suitable weak solution to (1.1)-(1.3) in Q* withp € L;LT(Q™)

and satisfies

0
sup / \u(t,x)\Qd:L’—i-/ |Vu\2d:1:dt—|-/ 1217 (4 dE < o,
B+ Q+ 1

te[—1,0]

then w is regular in Q+(1/2).

The condition ¢ > 1 is required when we apply the coercive estimate for the

linear Stokes system to estimate the pressure term. At the time of this writing, it is



not clear to us whether it is possible to take ¢ = 1 as in the interior case.

Theorem 2.1.1 can be used to give a new proof of the boundary partial regularity
result by Seregin [44]. Another consequence of the theorem is the following boundary

regularity criterion, which does not involve Vu.

Theorem 2.1.2. For any q > 5/2 and ¢ > 1, there ezists a universal constant
g0 = €o(q, q) such that if (u,p) is a pair of suitable weak solution to (1.1)-(1.3) in
Q" with p € LLLT(QT) and satisfies

lullz,@+) + Pty @+ < o,

then u is reqular in Q+(1/2).

The above theorem is a special case of Theorem 2.4.1, which will be proved in
Section 2.4. The corresponding interior result when ¢ > 20/7 was proved recently
in [19] by viewing the “head pressure” |u|?/2 + p as a signed distribution, which
belongs to certain fractional Sobolev spaces of negative order. This answered a
question raised by Kukavica in [29] about whether one can lower the exponent 3 in
the original e-regularity criterion in [4]. See also more recent [22] for an extension
to the case when ¢ > 5/2 with an application to the estimate of box dimensions
of singular sets for the Navier—Stokes equations. We refer the reader to [21, 27]
and references therein for various interior and boundary e-regularity criteria for the

Navier-Stokes equations.

The proofs of both Theorems 2.1.1 and 2.1.2 rely on iteration arguments. Com-
pared to the argument in [52], our proof of Theorem 2.1.1 is much shorter and, in
the conceptual level, closer to the original argument in [4]. Instead of the fractional

Sobolev spaces used in [19], which does not seem to work for the boundary case,
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we consider scale invariant quantities in the usual mixed-norm Lebesgue spaces, and
we apply a decomposition of the pressure due to Seregin [44]. We adopt some ideas
in [11, 9] on showing uniform decay rates of scale invariant quantities by induction.
More precisely, we use different induction step lengths when iterating between dif-
ferent scale invariant quantities associated with the energy norm and the pressure
respectively. In the last step, we use parabolic regularity to further improve the
estimate of mean oscillation of v and conclude the Holder continuity according to
Campanato’s characterization of Holder continuous functions. By a minor modifi-
cation on the proof of Theorem 2.1.1 to transform to the interior case, we also get
a different proof of Theorem 1.0.1 with refined condition ¢ = 1 obtained in [19].
The proof of Theorem 2.1.2 uses a delicate interpolation argument. We treat all the
terms on the right-hand side of the generalized energy inequality in a consistent way
such that they are all interpolated by the energy norms and the mixed-norm which
is assumed to be small in the condition. By fitting the exponents of those energy
norms slightly less than 2, we spare some space that we can borrow to use Young’s

inequality and proceed with an iteration to obtain the desired results.

The remaining part of the chapter is organized as follows. In the next section, we
introduce some notation and the definition of suitable weak solutions to the Navier-
Stokes equations. The proof of Theorem 2.1.1 is given in Section 2.3. In Sections 2.4
and 2.5, we show the proof of regularity criteria not involving Vu for the boundary

case and the interior case, respectively.
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2.2 Preliminaries

2.2.1 Notation

Let T' > 0, Q be a domain in R® T € 99, and Qr := (0,T) x  with the parabolic
boundary
0,Qr =[0,T) x 0Q U {t =0} x Q.

In particular, we denote RE™ = (0,7) x R We denote C5°(Q,T) to be the space
of divergence-free infinitely differentiable vector fields which vanishes near I'. Let
J(Q,T) and J}(Q,T) be the closures of C5°(Q,T') in the spaces Ly(Q) and W (1),

respectively.

We shall use the following notation for balls, half balls, parabolic cylinders, and

half parabolic cylinders:

B(i,p) = {z € B | |z — 3| < p}, B(p) = B(0,p), B=B(1);
BY(z,p) ={x € B(,p) | v = (v1, 9, 73), 3 > T3},

B (p)=B"(0,p), B =B"();

Q(z,p) = (t = p%,1) x B(2,p), Qp) =Q(0,p), Q=Q(1);

~

QT (2,p) = (t—p* 1) x B¥(2,p), Q% (p)=0Q"(0,p), Q" =Q%(1).
where 2 = (£, ).

We denote

1 1
Alp) =esssup_ gy [ liPdn B = [ [VuPd
P JB+(p) P JQ*(p)
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2—2/q—3/r

Cor(p) = P2 |ull 120+ (0)): Danrp) = p 1P = [Plp(O) | ze e @+ ()

where ¢,r € [1,00] and [p],(t) is the average of p with respect to x in B¥(p). Note

that all of them are scale invariant with respect to the natural scaling for (1.1):

ut,z) — (Nt \x),  p(t,x) — Np(\*t, A\r).

2.2.2 Suitable weak solutions

The definition of suitable weak solutions was introduced in [4]. We say a pair (u, p)
is a suitable weak solution of the Navier-Stokes equations on the set () vanishing

on (0,T) x T if
i) u € Loo(0,T;J(Q,T)) N Ly(0,T; JH(Q,T)) and p € L:L5 (Qr) for some ¢ > 1;
ii) u and p satisfy equation (1.1) in the sense of distribution;

iii) For any ¢t € (0,7) and nonnegative function ¢ € C*°(Qr) vanishing in a
neighborhood of the boundary {t = 0} x Q and (0,7") x (022 \ I'), the integrals in

the following local energy inequality are summable and the inequality holds true:

ess SUPg< gy / lu(s, z)[*(s,x)dr +2 [ |Vu|*)dxds
! o (2.1)
< | AP+ Av) + (Jul* + 2p)u - V) de ds.
Q

We will specify the constant ¢ later so that the integrals on the right-hand side of

(2.1) are summable.
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2.3 Proof of Theorem 2.1.1

This section is devoted to the proof of Theorem 2.1.1. We use the abbreviation

1
D(p) = in(/)) = ;HP - [P]p(t)HLng(Qﬂp)),

where G € (1,2), 7 € (3/2,3), 2/G+3/7 = 3. We first prove a few lemmas which will

be used below.

Lemma 2.3.1. For any p > 0 and any pair of exponents (q,r) such that
3
—+_:§7 QSQSOO, 2§T§67

we have

D=

p71/2HuHL§L§9(Q+(p)) < N (A(p) + E(p)=,

where N > 0 1s a universal constant.

Proof. Use the standard interpolation by the Sobolev embedding inequality and

Holder’s inequality. O

Lemma 2.3.2. Let (u,p) be a pair of suitable weak solution of (1.1). For constants

v € (0,1/2], p > 0, we have

N|=

A(ip) + E(1p) < N [72A(p) + 772 ((Alp) + E(p) + (A(p) + E(p))* D(p)) |

where N > 0 1s a universal constant.

Proof. The proof is more or less standard. We give the details for the sake of com-

pleteness. By scaling, we may assume p = 1. Define the backward heat kernel
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as
I(t 1 a <|mI2 )
— 4(v2-1)
0 = Gt -

In the energy inequality (2.1), we choose 1 = I'¢, where ¢ € C3°((—1,1) x B(1)) is

a suitable smooth cut-off function satisfying
0<¢p<1 ImnRxR* ¢=1 1inQ(1/2),

IVo| < N, |V*| <N, |0¢|<NinR xR

By using the equation
Al' + T, =0,

we have

ess SUP_ ;<4< lu(s, 2)|*T (s, 2)¢(s, x) dx + 2/ |Vul*T'¢ dz
- JBt Q+

(2.2)
< | {lu*(Te; + TAS + 2VoVT) + (|u]* + 2|p — [phi])u - (TVe + ¢VI'} dz.
Q+

The test function has the following properties:

(i) For some constant ¢ > 0, on QT (~) it holds that
I'p=T>cy 3
(ii) For any z € Q% (1), we have

D()6(2)] < Ny™2,  [VD(2)6(2)| + [T()V(2)] < Ny ™,
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(iii) For any z € Q7 (1), we have

IP(2)o1(2)] + [T(2)A¢(2)] + [VI(2)Vo(2)] < N.

Therefore, (2.2) and Lemma 2.3.1 yield

A) + B) = less sup e [

BT(v)

fu(t, )2 da + /

(Vul?dz
QT()

<N [ JuPde Ny [+ 2p = (i lal dz
QT Qt
< NY2A(1) + Ny~2(A(1) + B(1))*? + N(AQ1) + E(1))Y2D(1).
The lemma is proved. O
Lemma 2.3.3. Let (u,p) be a pair of suitable weak solution of (1.1)-(1.3). For

v €(0,1/2], p >0, and &1 € (0,3/F — 1), we have

D(yp) < N [v““(Dq,l(p) + (A(p) + B(p)?) + 77 (A(p) + E(p))] 7 (2.3)

and

N|=

D(vp) < N |¥*1(D(p) + (A(p) + E(p))2) + 7 (A(p) + E(p)) | , (2.4)

where N is a constant independent of u, p, v, and p, but may depend on q, 7, and

1.

Proof. By the scale-invariant property, we may also assume p = 1. We fix a domain

B C R? with smooth boundary so that

B*(1/2) c B ¢ B*,
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and denote Q = (—1,0) x B. Define r* by 1/r* = 1/7 +1/3 > 1. Using Holder’s

inequality, we get

| - VUHLZL%(Q*) < IVullzszgonllullz:, 2z @+

a1 "1

where
L1, +
qg 2 q@ v 2 r
Because of the conditions on (§,7), we have ¢, € (2,00) and 2/q; +3/r1 = 3/2. Thus

by Lemma 2.3.1, we get
- Vullgre, vy < N(AQL) + E(1)). (2.5)

By the solvability of the linear Stokes system with the zero Dirichlet boundary con-

dition [35, Theorem 1.1] (see Lemma 2.4.4 below), there is a unique solution
veWA(Q) and pr € WL (Q)

to the following initial boundary value problem:

;

O —Av+Vp = —u-Vu in Q,

) V-v=0 in Q,
[p]p(t) =0 for a.e. t € [—1,0],
v=_0 on GPQ.

Moreover, we have

ol + Vo] + o] + VPl e e gy < Nl Vall e, ) < N(AQD) + E(1)), (26)
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where in the last inequality we used (2.5). By the Sobolev-Poincaré inequality, we

have
Ip1llrerz@t) < IVPLlleee. @+ < N(A(L) + E(1)). (2.7)
We set w =u — v and ps = p — p;. Then w and p, satisfy

.

Oyw — Aw + Vpy =0 in Q,

V-w=0 in Q,

w =0 on [—1,0) x (0B N {x3 = 0}).

\

By the Sobolev-Poincaré inequality, Holder’s inequality, and an improved integrabil-
ity result for the Stokes system [46, Theorem 1.2] (see also Lemma 2.4.5 below), we

have

%sz ~ b llegrzeran < NlIVe2llzszzor oy

< NNV bl @ < NV NIV Rl o+ so

< Ny (sz — [p2hlleeryon + Hw”L’éLT(Qﬂ)

< N43G—) (Dq,1(1> + ”PlHLgL”f(Qﬂ + HUHL%L?(Qﬂ + HUHL%LQIC(QJrO

< NG9 (Dga(1) + A1) + B(1) + A3(1)) (2.8)

where 77 > 7 is any large number and we also used (2.6) in the last inequality. From

(2.7) and (2.8), we obtain

=

S
2
A
=
2
<
Sl
|
ﬁ\‘,_.

) (Da(1) + (AQ) + B(1)) +97(A(1) + E(1)]

Because 7 < 3 and r’ can be arbitrarily large, ¢; may range in (0,3/7 — 1). Finally,

(2.4) follows from Hélder’s inequality. The lemma is proved. ]
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The following is the key lemma for the proof of Theorem 2.1.1.

Lemma 2.3.4. There exists a constant €5 = e9(¢) > 0 satisfying the following

property. If
A(l) + E(l) + Dq71<1) S £9,

then there exist sufficiently small 6 > 0 and py > 0 such that
Ap) + E(p) < p*°, D(p) < p**, (2.9)
for any p € (0, po].

Proof. Let pr = p(()H’B)k where py € (0,1) and 8 € (0,0) are small constants to be
specified later. To prove (2.9) for any p € (0,1/2] (with a slightly smaller §), it

suffices to show that, for every k£ we have
Alpr) + Blpr) < pi %, Dipr) < 9" (2.10)

We will assume the initial step for induction later by specify some conditions on p
and €5. Now suppose (2.10) is true for 0 to k > [ where [ is an integer to be specified

later. For E(pyy1), we set v = pg and p = pg in Lemma 2.3.2 to obtain

- - -5 — 5+(2—6
A(prs1) + E(prs1) < [PiBH *+ Pk 26+332-0)/2 + Py BoIOTE )/2]

N
N

IN

[piﬁ+2,5 + p;25+3*35/2 + p;2ﬁ+2+6/2:| . (211)

For 0 < 1, when g < 2(2—56), it holds that

min {28 +2—6,—28+3—36/2,-28+2+6/2} > (2-0)(1+8).  (2.12)

For D(pii1), we let 3 = (1 + B)*1 — 1. We set v = p’f_l and p = pr_; in (2.3) to
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have

Dipra) < N [P 0000 4 pllisiitesa g piesl, (2.13)

To satisfy
min{(l be)B+148,(1+e)B+1-06/2,—F+2— 5} > (1+0)(1+5), (2.14)

we require (g, — )3 > 36/2. Indeed we can choose § = €2, f = £2/4, and take a
sufficiently large integer [ of order 1/e; so that B ~ 3e;. A direct calculation shows
that both (2.12) and (2.14) are satisfied. From (2.11) and (2.13) we can find some

& > 0 such that
A(pri1) + E(prsa) < Npi:iﬁ’ D(pr41) < NﬂilcﬁJrE,
where N is a constant independent of k£ and &. We choose pg small enough such that
Npj,, < Npj <1
to get (2.10) for k > .
Finally, by using (2.3) in lemma 2.3.3 with v = 1/2 and p = 1, we have
A(1/2) + E(1/2) + D(1/2) < Ney*.

Then by choosing e5 sufficiently small, we can make (2.10) to be true for k£ =
0,1,2,...,l. Therefore, by induction we conclude (2.10) is true for any integer

kE > 0. [l

Next we present a useful lemma in handling the iterations.
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Lemma 2.3.5. Suppose f(py) < Cy. If there exist « > 5 > 0 and Cy,Cy > 0 such

that for any 0 <r < p < po, it holds that

f(r) < Ci(r/p)® f(p) + Cap”,

then there exist constants Cs, Cy > 0 depending on Cy, C, Cy, o, B, such that

F(r) < Cs(r/po)’ flpo) + Cur?

for 0 <r < py.
Proof. See, for instance, [15, Chapter III, Lemma 2.1]. m
Now we are ready to give the proof of our first main result in the chapter.

Proof of Theorem 2.1.1. By Lemma 2.3.4 we have the following estimates for p €
(07 P0]3

1P = [l e L@+ (o)) < P, |HU|2||L3L§(Q+(,))) <p* (2.15)

Let w be the unique weak solution to the heat equation

Ohw; — Aw; = _8j(uiuj) —0i(p— [P]p) n Q+<P)

with the zero boundary condition. By the classical L, estimate for the heat equation,

we have

2
IVellzgz@een < N1l eigr i + N 1P = Plollierz@r o »
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which together with (2.15) yields
vaHLfiL;E(Q*(p)) S NIO2+6. (216)
By the Poincaré inequality with zero boundary condition, we get from (2.16) that

||wHLgL;f(Q+(p)) < Np**. (2.17)

Denote v = u — w, which satisfies the homogeneous heat equation
O —Av=0 in Q" (p)

with the boundary condition v = u on 9,Q%*(p). Let 0 < v < p. By the Poincaré
inequality with zero mean value and using the fact that any Holder norm of a caloric
function in a smaller half cylinder is controlled by any L, norm of it in a larger half

cylinder. We have

HU - (U) HLf.L”E, Qt < N74||UH01/2,1 +
YlLg FH@T(M) (Q@*T() (218)

< N(v/p)*fv — (Woll ez @+ ()

where (u), is the average of u in Q*(p).

Using (2.18), (2.17), and the triangle inequality, we have

||U - (u)’y”Lng(Q+(7)) SHU - (U)’Y||L3L§(Q+(»y)) + 2||w||L%L$(Q+('y))
<N(v/p)*|v - (u)p”L%Lg(Q-&-(p)) + Np**°
<N(/p)* (Il = @l sz + Il szzaen ) + No™

SN(V/P)4”U - (u)pHLng(Qﬂp)) + Np3+5.
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Applying Lemma 2.3.5 we obtain
|u — (U)wHLng(Qﬂ»y)) < NA»#H0

for any v € (0, pp). By Holder’s inequality, we have

lu = (W@ < N2 llw — (Wl iz i@t ) < NV

Similar estimates can be derived for interior points using same techniques. We
conclude that w is Holder continuous in Q*(py) by Campanato’s characterization of

Holder continuity. The theorem then follows by a covering argument. O]

2.4 A boundary regularity criterion without in-

volving Vu

In this section, we shall prove the following theorem, which is more general than

Theorem 2.1.2.

Theorem 2.4.1. For each triple of exponents (q,r,q) satisfying

2 3 3
-+ -<2, 2<g<o0, —<r<oo, (2.19)
q 2
and
1 1 (1/r—1/2)
- < F =1--. 4t 2.20

there exists a universal constant ey = €o(q,7,q) such that if (u,p) is a pair of suitable
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weak solution to (1.1)-(1.3) in Q* with p € LELT(Q™) and satisfies
Cqﬂ«(l) -+ D(j,l(l) < €, (221)

then u is reqular in Q+(1/2).

Remark 2.4.2. The restriction (2.20) arises in the estimates for the pressure term
below by using the coercive estimate for the linear Stokes system. It is not clear to
us if this restriction can be dropped. A straightforward calculation shows that under
the constraints

2 3 3
-+ -<2, 2<qg< o0, §<r<oo,

the function F(g,r) attains its minimum 1 — (v/3 — v/2)?/4 when 1/r = 1//6+1/6
and 1/q = 3/4 — \/6/4. Therefore, if

G> (1 — M) _ ~ 1.02591,

then (2.20) is trivial for any (¢, ) satisfying (2.19). Moreover, it is easily seen that
max{1 —1/¢,1/24+1/q} < F(q,r).
Therefore, by decreasing ¢ if necessary, we may assume that
max{1l —1/¢,1/24+1/q,7/8} <1/ < F(q,r). (2.22)

Remark 2.4.3. By a slight modification of the proof below, we have the following

result. Under the conditions of Theorem 2.4.1, if instead of (2.21) we assume

Cor(1) + Dga(1) < Cy
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for some constant Cy > 0, then

A(1/2)+ E(1/2) < N(q,r,q,Cp) < o0.

We first set up some notation and state a few lemmas that will be useful in the
proof of Theorem 2.4.1. Let p, = 1 — 27%. Denote Q; = Q" (px) and B = BT (py)
for integer £ > 1. Again we denote A, = A(py) and Ey = E(py). For each integer

k >0, We fix a domain B;, C R? with smooth boundary so that
Blj+1 C Bk C Bl;:-Q

such that the C? norm of 9B, is bounded by N2¥. We also denote Qj, = (—p7,,,0) x

By.

Lemma 2.4.4. Let m,n € (1,00) be two fized numbers. Assume that g € an(Qk)

Then there exists a unique function pair (v, p), which satisfies the following equations:

(

ov—Av+Vp=yg in Q,

V-v=0 in Qp,

g, (£) = 0 for ae. t € [~s1,0),
v=0 on 8,Qx.

Moreover, v and p satisfy the following estimate:

ollwaz 6, + 1Plwor o < €295, @0

where the constants C' and b only depend on m and n.
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We refer the reader to [35, Theorem 1.1] for the proof of Lemma 2.4.4. The factor

2°% can be obtained by keeping track of the constants in the localization argument

in [35, Sect. 3.

n

Lemma 2.4.5. Let n,s € (1,00) be constants and g € LLLY(Q} ). Assume that

the functions v € W1 (Qf,,) and p € LY LI(Q},,) satisfy the equations:

ov—Av+Vp=yg mn Q,Ll,

V-v=0 n Q.1
and the boundary condition
v=0 on{yly=(,0),ly| < prr} x [=pi,0).

Then we have v € W;f(@:), pE WS;(QQ; and

bk
||U||W,{;§(Qg) + ||p||w,?;;(Q;) < C2 (||9||L;Lg(c2;+l) + ||U||L§LL“1“(QZT+1) + ||p||L;L§(Qk+,H)> :
(2.23)

where the constants C' and b only depend on n and s.

Proof. We use a mollification argument. Denote 2/ = (z1,23) and Qp = Q* ((pr +
pr+1)/2). By the Sobolev embedding theorem, we have v € L L% (Q}, ) for some
m € (1,min(n,s)). Let v¢, p?, and ¢° be the standard mollifications with respect
to (t,2'), which satisfy the same equations as v, p, and ¢g. By the properties of

mollifications, it is clear that for sufficiently small ¢,
Dyv°, D2t 8 € LLLE(Qr), Dyp® € LY L¥(Qr), j=1,2. (2.24)

Then from the equations for v and v5, we get Dyq,05 € LU L%(Qy) for j = 1,2.
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By applying the Sobolev embedding theorem in the 3 direction, we get D, 05 €
LY L7 (Q), which together with (2.24) implies that Dvs € LULE (Q) for j = 1,2.
Since D,/v° satisfies the same equation, we see that D, Dv§ € LY LE (Qy) for j =1,2.

Now owing to V - v* = 0, we have
Dﬂfs”i? Dmsxsvg € L;Lfn(Qk)a

which together with the equation for v§ further implies D,,p° € LZL%(Q;C) Using
the Sobolev embedding theorem, we then get p* € L’;L%(Qk) By [46, Theorem 1.2]
(see also [43]), we have v € Wﬁ?(@k)a JalS W,?Sl(@k), and

W llwrzgr + 1P lwor @y < €2 (197 s e + 10 hwae ) + 107N 2g g 00)

2bk

where C'is independent of € and k. Again the factor can be obtained by keeping

track of the constants in the proofs in [43]. Taking the limit as ¢ — 0, we get

[vllwrzgry + Ipllwe o) < €2 (19l s 1o + 10w o 0 + 1P e 2s 61))-

By interpolation inequalities, for any 6 € (0,1) we have

[Vl + IPlwer o) < 0(Ivllwrze, + IPlwore,)

+C2%Ngll g 150 + Co2" (Wl g ean + IPIg 2560

Finally, (2.23) follows by using a standard iteration argument. O
We now give the proof of Theorem 2.4.1.

Proof of Theorem 2.4.1. By replacing p with p — [p];(¢) without loss of generality,
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we may assume that [p];(¢) =0 for ¢t € (—1,0). Let 7 > 0 be such that

It is easily seen that we can find 7 € (3/2,7) such that

1 2 1
=2-1 <2, -+=->1 -+
q T q

2
> —. 2.25
. (2.25)

Q| N
+
< W
< =

In the sequel, we will choose 71 sufficiently small by reducing 7.

Let pp =1—27% B, = B(py), and Q) = Q(py) for integer k > 1. For each k, we

choose a cut-off function 1, satisfying

supp ¥ C Qpy1,  Yr =1 on Q,

00k] < N22F | Dy | < N2F, | D%y < N22F,

By (2.1), we have

ess sup_ngsgo/ lu(s,z)?de+2 | |Vul*dzds
By Q

<N [P 2l 2lplul) dods
QKH

where N is independent of k. For simplicity, we denote Ay = A(py) and Ey, = E(py,).

Thus we can rewrite the above inequality as

Ak+Ek§waf/ {lul® + [u]* + |pul} d-. (2.26)
+

kE+1
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We have the following interpolation using Holder’s inequality

1 2-671 1 2—67)

3 1—-27 1-27 1—-27 1—-27

d 1 1 < 1 1
/QlH—l’u‘ z < Hu”LtL%(Q;:Jrl)HuHLZlL%l(Q:JrI) — HuHLéL;‘(Qerl)HuH b +

where

q1 € [2, OO], r € [2,6] (227)
need to satisfy 2/q; + 3/r; = 3/2. A simple calculation shows that

(2—6711)q (2 —67m)7

N0 oy -1 T a—2n)i— 1

Indeed (2.27) holds because of (2.25). We then apply Lemma 2.3.1 to get

1 1-37
|l e <l g, (e + Buet) 750, (229)

Qk+1

Again by Hélder’s inequality, we have

/.

k+1

2(1—37;

2/3
)
jufdz < N (/+ |“|3d2) < Nllu ||2§1sz3+ (Aps1 + Epyr) 30727 (2.29)
At

To deal with the last term in (2.26), we make the following decomposition. For

some suitable (¢/, s*) which we will specify later, there exists a pair of unique solution

ve € W2 (Qr) and  pr € WL (Qp)
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to the following initial boundary value problem:

.
Oy — Avy + Vpr = —u - Vu in Qk,
Vv =0 in Qr,
(2.30)
pil 5, () = 0 for ace. t € [~k 0],

\

We set wr, = u — v, and hy = p — pr.. Then wy and hy, satisfy

(

oywy, — Awy, + Vhy, =0 in Qk,
V- Wp = 0 in Qku

wy, =0 on [—p,1,0) x (OB N {x3 = 0}).

\

We choose 75 € (3/2,1) satisfying

2 3
-+ — =27 <2

~

q T2

In the sequel, we will choose 7, sufficiently small by reducing 5.

FEstimates for py: For ay € (0,1) which we will specify later, by Holder’s inequal-

ity,
aq

< 11— . )
[ s <l oo ol gr Il iser,y 23D

Qi1

where the exponents need to satisfy

2 3 3 1 ].—Oél (03] 1 ].—Oél aq
+ + +—== + + ==

q2 T2 2’ q q2 q s T2 T2
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The system above implies that

2 3 3
?+§:5—((1—041).54—051(2—7'2)). (2.32)

To make use of Lemma 2.3.1, we need 2 < ¢y < 0o, which is equivalent to

aq 1—041

+ <1<+
q 2

1 1
qg q q

+ (2.33)

We are going to check this condition later.

Next we estimate the nonlinear term u - Vu. Define another exponent s* by

Using Holder’s inequality, we get

- quLfl,Lf*(Qk) < ”VU”L;L;:(Qk)”UHZE%(Q,C)Hqusz%(Qk)a (2.34)
where
1 1 1- 1 1 1-
L2 e S . (2.35)
¢ 2 q g st 2 T2 3
2 3 3
q3 € |2,00|, r3€2,6|, —+—=-.
v ol re8, 4o =
In particular, we take g3 = 2 and r3 = 6 so that
1/ —1/2 -1
_1Yd-1/2-1/q (2.36)
1/2—-1/q
By (2.35) we have
2 3 3
7 5 (1—042)(2—Tz)+(1+a2)-§. (2.37)
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From (2.32), (2.36), and (2.37), we get

21, 1/ —1/2—-1/q 279

. 1/2—1/q 1— 27

a1 =

Since we have solved for a;, we can now go back to verify (2.33). A simple calculation

gives that it indeed holds when ¢’ > and 7y is sufficiently small. We note that

q2
)
there is an implicit restriction ¢ > 2 contained in the conditions above. We can
observe it by adding up the first inequality in (2.33) and the first equality in (2.35)

and using the fact oy > as.

To make use of Lemma 2.4.4, we need to check that s* > 1, which is equivalent

to
1-— (6%) (6D) 1
g 6 2
In the special case when ¢ = qu—;Q , we have ap =1 —2/q € (0,1) and the above

inequality becomes

2 (1 2\ 1 - 1
?”qu q 6 2 ’
which clearly holds true because

6 2 3
— < -+ —<2
Tr2q q T2

2

and thus 79 > 6. By continuity, when ¢’ is sufficiently close to qu—zH, we still have

s*>1and ay € (0,1).

Now by Lemma 2.4.4, we have the existence of the unique solution pair (v, px)
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o0 (2.30) and

||px| + ’kamLZ,Lg*(Qk) < N2%|ju - VUHLZILZE*(QIC)

< N2Vl 1 5,0 N1l 2;25 ylu ‘Li Lz, (Qr)’

where in the last inequality we used (2.34). Here and in the sequel, b is a positive
constant which is independent of k£ and may vary from line to line. Together with

the Sobolev-Poincaré inequality and Holder’s inequality, we obtain

bk 1—
HpkHLZ/L:,(Qk) < N2 HVUHLEL%(QHHuHng;zz(Qk)HquZsL%(Qk)'

Combining with (2.31) we have

/Q |'U/pk‘d2 < N2kauHita£z QZ_ )HUHEFS; 224— ”quLng(Qk+2 || HLt Lz Qk+2)
k1
< NPFITE (A + Eiyo) 9 2
(Apyo + Epyo) 272, (2.38)

FEstimates for hy: For some a3 € (0, 1] which we will specify later, analogous to

(2.31) by Hélder’s inequality,

l—«
[ el de <l g Il g Ilisar e (239)

@t

where the exponents satisfy
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To make use of Lemma 2.3.1, we require 2 < ¢4 < oo, which is equivalent to

Qa3 1—063

«
q 2

<1<
q

+ +

| =
2| =

We simply choose a3 = ¢(1—1/q) € (0,1) and use (2.22) to verify this condition. By

Lemma 2.4.5 and the triangle inequality, we have hy € W; ! (Qf,,) and the following

S

estimate:

Hh’“HL%Lﬁ(QLJ = N2bk|||wk| * |hk|HLngf(Qz+2)

< N2 [[[ul + Iplll e 3ot + N2 Mokl + Pl e 12 oz, ) (2.40)

k+2 k42

By Holder’s inequality, (2.22), and (2.21), we have
[[|ul + |p|||LZLﬂf(Q+ ) < €o- (2.41)

k+2

For any 5* > 1, by Lemma 2.4.4, we have

[ox] + |pk’|||LfiL“f(Qk+1) < |[|ox| + |pk|||LgL§*(Qk+1) < N2bk”u ' VU’HL%LE*(QHJ (2.42)

Next analogous to (2.34) by Holder’s inequality,

1-a a
- VUHL%Lg*(QkH) < HVUHLng(QkH)HU”LéLg(QkH)HW LZ5L$5(Qk+1)’ (2.43)
where the exponents satisfy
2 3 3 1 1-a«a 1 1 1-« o} 1
G rs 2 2 q G g 2 r rs TS

To justify the use of Lemma 2.4.4 in (2.42), we need to check that §* > 1, which is
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equivalent to
11—« « 1
N P
T s 2

For later purpose, we also want az = ¢(1 — 1/§) > a4. To satisfy all of the three

conditions above, we discuss two cases:

i) If r > 2, we simply choose ay = 0. Then such §* > 1 exists, and in view of

(2.22), all the conditions are satisfied.

ii) If r € (3/2,2], then ¢ > 4. We set g5 = 2,75 = 6. To ensure §* > 1 and

az > ay, we take
1/r—1/2

U176 << min{1/2,¢(1 —1/4)},

which is possible because of (2.20) and r > 3/2. Moreover, we have

1 1- 1 1-
oy a4 a4+% z<
2 q 2 4 2 78

»QzIH

where we used (2.22) in the last inequality.

Now plugging (2.41), (2.42), and (2.43) into (2.40), we obtain

l1—a
Hhk”Lng(QjH) < N2bk <50 + |‘VUHL5L§(Qk+3 H HLtL;l Q+ Hu“Lt Lg (Qk 3)) :
Together with (2.39) we have
b ||, ||l—
[ E A T N T My

k+1

11—«
st IO s cry) - 2
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Note we have consistently chosen (g, r,) such that
—F+ —==, 2<¢, <00, 2<7r,<6, forn=1,23,45.
Thus by Lemma 2.3.1, we know

HUHLgnLgn(Qz) < (Ap + Ep)Y? forn=1,2,3,4,5.

Substituting (2.21), (2.28), (2.29), (2.38), and (2.44) into (2.26), we obtain

2
1 1-37; 2 2(1-371)

1-27; .r] 3(1—277) 7
T(Apss + Brps) ' g (Agss + Biys) 307200

Ak—i-EkSN?bk(

j=1

o az3—o 2-agtag
" (Apys + Eiys) 7+ e Apys + Bpy) 4) -
By Young’s inequality, for any § > 0 we have
A+ By, < 0°(Apss + Epas) + N2%el, (2.45)

where N = N(8,q,r,b) > 0 and 3 = B(g,r) € (0,1). We multiply both sides of
(2.45) by 6% and sum over integer k from 1 to infinity. By setting 6 = 37°, we make

sure the second term on the right-hand side is summable and get

D (At Br) <6 (Arys + Erys) + Neg Y (2/3)™
k=1 k=1 k=1

k=3

Therefore, we have

A+ B < N€'g,
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where N = N(6,q,7,b) > 0and 3 = 3(¢,7) € (0,1). Together with Dg; < &¢, we can

use Theorem 2.1.1 to conclude that there exists a universal ¢y = ¢¢(g, r) sufficiently

small such that u is regular in Q*(1/2). O

2.5 An interior regularity criterion without in-

volving Vu

In this section, we show how to adapt our proof to the interior case where ¢ is allowed
to be 1. We note that Theorem 2.5.1 was also obtained recently in [22] by using a

different proof.

For p > 0, we define the quantities A(p), E(p), Cyr(p), and D, ,(p) with B(p)

and Q(p) in place of BT (p) and Q*(p) as following:

1 1
Alp) = ess sy [ NP o) = [ VP
P JB(p) P JQ(p)

2—2/q—3/r

Cor(p) = P2 |ull s 2@()s Danrlp) = p 12 = [plo(Dl 2y 22 (@00 -

Theorem 2.5.1. For each pair of exponents (q,r) satisfying

3 3
-4+ -<2, 1<g<oo, =—<r<oo,
q T 2

there exists a universal constant g = €o(q,r) such that if (u,p) is a pair of suitable

weak solution to (1.1) in Q with p € L1(Q) and satisfies

Cor(1) + D11(1) < &, (2.46)
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then w is reqular in Q(1/2).

Lemma 2.5.2. For any p > 0 and a pair of exponents (q,r) such that

we have

=

p~ Pl iz @y < N (Alp) + E(p))

Proof. Use the standard interpolation by the Sobolev embedding inequality and

Holder’s inequality. O]

Proof of Theorem 2.5.1. As before we may assume that [p];(t) = 0 for t € (—1,0).

Also we can find 7 € (3/2,r) such that

1 2 1
=2-1 <2, -+=->1 -+
q T q

2

> . 2.47
+ - (247

Q| BN
< W
| =

As before, we choose 77 sufficiently small by reducing 7. Following the beginning

part of proof of Theorem 2.4.1, we have

Ah+Ekgjwff/ {|ul? + |ul® + [pul} d=. (2.48)

Qr+1

The estimates for the first two terms on the right remain the same. For the third
term, we decompose it in the following way. For each k, let n(z) be a smooth cut-off

function supported in By, 0 <m <1 and 7, =1 on B(W

). In the sense of

distribution, for a.e. t € (—1,0), it holds that
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We consider the decomposition p = py + hy, where py is the Newtonian potential of

D;j(uzujng). Then hy, is harmonic in B(Z+122542),

Estimates for py: Let ¢ = %fl € (1,00), and ¢ € (1,00) and oy € (0,1) be

constants which we will specify later. By Holder’s inequality,

1_
/k lupy| dz < HUHL;;:LII Qk+1)H HLth Qk+1)HpkHLZ/Lf/(Qk+1)’ (2.49)
+1

where the exponents satisfy

2 3 3 1 1—041 (03] 1 1—041+Oé1

242 = - 21 =

Y

— =1. 2.50
q2 T2 2’ q q2 q s ) T ( )

To make use of Lemma 2.5.2, we require 2 < ¢, < oo, which is equivalent to

é+%§1§é+% 1_2a1 (2.51)
We will come back to check this condition later. By (2.50) we also have
%4—;:5—((1—0[1)-2—1-@1(2—7'1)). (2.52)
Using the Calderon-Zygmund estimate, we have
Il 0 < el 0000 < NIl e (259)

By Holder’s inequality, we have

el iz @i < Nullngrz@ien lullog, o2, @i, (2.54)
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where
2q 6q 2 3 3
:—627007 r3s = —3 s V) —+ = =7,
BTg (2,00), 3 q+2 (2.6) g r3 2
and
1_1+1_1 1 1
s F rs 7 6 3¢

Plugging this into (2.52) and using (2.47), we get

27’1
1-— 27'1'

o) =

Since we have solved for a;, we can now go back to verify (2.51), which is equivalent
to
1 1 1 Qo

4+ — —<1<1 g
2+2q+q +2q+q 2

This indeed is satisfied when 7 is sufficiently small. Thus by Lemma 2.5.2, (2.49),
(2.53), and (2.54), we have

1

[ e <N+ B S,y (2.5%)
k+1

Estimates for hy: By Holder’s inequality, we have

/Q |ubi| dz < |lullce g @) 1nll 2t g @1y (2.56)
k41

Recall that hy is harmonic in B (p’““Tﬂ)k“). By the fact that any Sobolev norm
of a harmonic function in a smaller ball can be estimated by any of its L, norm in

a greater ball, we know

1|l g (Briny < N2% ([ hicll e (512
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where b > 0 is a constant. Integrating in ¢t € (—pj,,0) we have
1l e rg ey < N2 Mhll ez ey < N2kl e (@ueo) TP £t 12 (0rn))s (2:57)

where the second term is small by condition (2.46). By the Calder6n-Zygmund

estimate and Holder’s inequality, for any 7 > 1 we have

1Pkl Lt 22 Qusa) < NPl Lt L2(Qpra) < NHUH%L;(QM)- (2.58)

For ¢ > 1, we claim the following interpolation holds for some a;, g4, 74 > 0:

2 2—a a
”uHL’iLg;(Qk_,_Q) < N““HLZL,@(QHQ)Hu|‘Lg4L$4(Qk+2)> (2.59)
where
2 3 3
qs € |2,00|, 14€|2,6], —+—=—,
pe oo meR6, Z4= =3

and they need to satisfy

Indeed, we can choose (a,qy,74) in the following way: when 1 < ¢ < 2, we set
gy = 00, 74 =2, and a = 2 — ¢; when ¢ > 2, we set ¢4 = 2, r4, = 6, and a = 6/7.

Note that in both cases we have o < 1.

Now we plug (2.57), (2.58), and (2.59) into (2.56) to obtain

1
/Q luhg| dz <N2% ((Ak+2 + Er2) 2|l ct 22 (@py)
k+1

Ha -«
+ (Arsz + Bra) T ulf o)) - (2.60)
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By (2.48), (2.28), (2.29), (2.55), (2.60), and condition (2.46) we conclude that

1-37 N 2(1-377)

1
Ak + Ek S N2bk <€0127'1 (Ak+2 + Ek+2) 1—271 + 803(1*27'1) (Ak+2 + Ek+2)3(1—2rl)

1+«

1 —a 1t+a
+eo(Arsz + Brya)? + 5 “(Apga + Epyo) 2 ) :
Now similar to the proof in Section 2.4, we obtain
Al + El S N€€

Together with Dy ; < &y, we can apply [19, Theorem 1.5] to conclude that there

exists a universal eg = ¢¢(g, r) sufficiently small such that u is regular in Q(1/2). O



CHAPTER THREE

Regularity criteria for the
Navier-Stokes equations in high

space dimensions
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3.1 Introduction and main results

Before present our main results in this chapter, we would like to revisit Theorem
1.0.2 to see the motivation and difficulties we have when moving to higher space
dimensions and domains with boundary. The proofs in [12] are highly nontrivial and
rely on the e-regularity criteria in the light of [4], [34], and [31]. These regularity
criteria may break down when the dimension increases, which inspires us to search
for a way to modify and generalize the argument. Another main ingredient of the
proof is a backward uniqueness theorem of heat equations with bounded lower order
coefficients in the half space (see [13]). We will also use this part of argument in the
proof of our theorems. Under an additional assumption on the pressure, there are
some extensions of Theorem 1.0.2 to the half space case and the bounded domain
case; we refer the reader to [45] and [37] for some results in this direction. See also
26, 14, 55, 3, 1, 38, 2] and the references therein for other related results. It is worth

mentioning that the e-regularity criteria are crucially used in all these references.

As for the extension to the higher dimensional Navier-Stokes equations, in [8],
Dong and Du used Schoen’s trick to establish another regularity criterion similar to
Theorem 1.0.2 and extended this result to R? for d > 3. Unfortunately, there is a
gap in the proof of [8, Lemma 3.2]. We borrow the idea from [8], that is, to find
a priori Lo, bound only depends on the L’ L% norm and the dimension. Instead of
using Schoen’s trick, we prove two e-regularity criteria adapted from [9, Theorem
1.2] to provide a unified approach to obtain results in the spirit of Theorem 1.0.2 for

both whole space R? and half space R% for d > 4.

We now state the main results in this chapter. The notation in Theorems 3.1.1,

3.1.2, and 3.1.3 is introduced in Section 3.2. A remark is that though we state and
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prove the following theorems for d > 4, with a minor modification of the exponents in
the scale invariant quantities we defined in Section 3.2.3, we can give an alternative

proof of the case when d = 3 which has been proved before in [12, 45].

Theorem 3.1.1. Let d > 4 be an integer. Suppose (u,p) is a pair of Leray-Hopf weak
solution to the Cauchy problem in (0,7) x R and u satisfies the following condition

for some K > 0,

lullze, 2o (0,m) xRy < K.

Then u € Lqy2((0,T) x RY), hence the solution is smooth and unique in (0,T) x R,

Moreover, if T = oo, we have

tim [u(t, )5, = 0.

t—o00

Theorem 3.1.2. Let d > 4 be an integer. Let R := {z € R? : z; > 0} and
T € (0,00]. Suppose (u,p) is a pair of Leray-Hopf weak solution to the Cauchy

problem in (0,T) x RL and u satisfies the following condition for some K > 0,

||U||L3,OL3((0,T)><R1) < K. (3.1)
Let u satisfy the vanishing boundary condition
u(t,z) =0 onzy=0, 0<t<T.
We consider two types of local conditions on the pressure term p:

i) If we assume

P € La_1/4,0c(]0, T] x @), (3.2)

' ' d
then w is reqular up to the boundary in (0,T) x RY.
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it) If we assume a stronger uniform local condition on p: for any zo € (0,T") xR‘i,

HPHL2_1 2(Q(z0,)NO,T)xRE) = K, (3.3)
/ +

then u € Lgy2((0,T) x RL), hence the solution is smooth and unique. In this case,
if T = oo, we have

tim [, )5 et = 0. (3.4)

t—o00

Theorem 3.1.3. Let d > 4 be an integer. Suppose (u,p) is a pair of Leray-Hopf
weak solution to the Navier-Stokes problem (1.1) in (—1,0)xRL. Let Q* := {z =

(t,z):z € R4 |z| < 1,24 > 0,—1 <t < 0}. Assume (u,p) satisfies the conditions:

u€ L Ly(QT), p € La1ja(QF),
and the boundary condition
u(t,z) =0 onzy=0, |z <1, =1 <t<0.
Then u is Holder continuous in the closure of the set

QT(1/4) :={z=(t,x): 2 €RY, |z| <1/4, 24>0, —(1/4)* <t < 0}.

Theorem 3.1.1 provides an alternative approach to prove the main result in [8].
As for Theorem 3.1.2, we consider two different types of local integrability conditions
on the pressure, which we believe that are necessary for the half-space and also for
local problems in Theorem 3.1.3. In fact, stronger assumptions such as assuming
the pressure belongs to certain Sobolev spaces have been made in previous papers

[45, 37, 44, 47]. To justify the generalized energy inequality in the definition of
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suitable weak solutions, it also requires the local integrability conditions. We note
that by using the argument in the proofs of [4, Sec. 2C], [7, Lemma 2.9], or [20,
Lemma 4.2], it is possible to slightly relax such integrability conditions. However, in
order not to overburden the proof we do not pursue to find an optimal condition for

the pressure here.

Next we give a brief description of our argument for Theorems 3.1.1 and 3.1.2. By
adding conditions (3.1)-(3.3), we extend [9, Theorem 1.2] to an e-regularity criterion
which reads that if certain scale invariant quantities are small then the solution is
locally Hélder continuous. As in [12], we start with proof by contradiction and blow
up the solution (u, p) near a singular point at the first blow-up time. We can show the
scale invariant quantities are uniformly bounded along a blow-up sequence (ug, p),
hence this implies there exists a pair of limiting suitable weak solution (s, Poo) tO
the Navier-Stokes equations. Furthermore, outside of a large cylinder, we can show
the scale invariant quantities are indeed uniformly small for all (ug, pg)’s. Thus we
can use the e-regularity criterion to get local Holder continuity and uniform local L,
bound for w;’s. Together with L,-convergence, we can show the local boundedness
of Uy as well as 1y (0, -) = 0 by reversing the blow-up procedure. Then by applying
the backward uniqueness theorem proved in [13] to the vorticity equation, we can see
that curl u, = 0 in the outside region for all time, which further implies that u.,, = 0
by using the spatial analyticity of strong solutions and the weak-strong uniqueness
of the Navier-Stokes equations. The rest part of the proof follows the approach in
[8]. Utilizing the e-regularity criteria proved in Sections 3.3 and 3.4, we first show
there exists a uy, that is regular around the origin, hence this contradicts with the
assumption that v blows up near a singular point. Next we bound the sup norm of
u to conclude u € Ly2((0,7) x Q). For T = oo, a key observation is that u is in

L4((0,00) x R?), which implies the smallness of its Ly norm in (7', 00) x R? for large



47

T and furthermore the smallness of the scale invariant quantities on any cylinder
beyond time 7. Again we can apply the e-criteria to get a uniform L., bound on
the scaled solutions beyond time T'. We finally prove the decay with respect to the

time by scaling back to the original u.

The remaining part of the chapter is organized as follows. We introduce notation
and terminologies in Section 3.2. Sections 3.3 and 3.4 are devoted to e-regularity
criteria in the whole space and half space, respectively. We use a three-step approach
to obtain the e-regularity criteria for both the whole space and the half space. In
the first step, we give some estimates of the scale invariant quantities, which are by
now standard and essentially follow the arguments in [34, 7]. In the second step, we
establish a decay estimate of certain scale invariant quantities by using an iteration
argument based on the estimates we proved in the first step. In the third step,
we apply parabolic regularity to get an estimate of L,_ 1-mean oscillations of w,
which yields the Holder continuity of u according to Campanato’s characterization
of Holder continuous functions. The main difference between the two cases lies in the
treatment of the pressure term. In the interior case, the pressure can be decomposed
into a sum of a harmonic function and a term controlled by u using the Calderén-
Zygmund estimate. In the boundary case, we need the additional assumption (3.3)
on the pressure to use classical L, estimates for linear Stokes system to get a more
subtle control of the pressure. In Section 3.5, we present the proof of Theorem 3.1.2
via the blow-up procedure mentioned previously. Theorem 3.1.1 follows a similar
argument of 3.1.2 so we omit the details. Theorem 3.1.3 is another application of
the e-regularity criteria we proved in Sections 3.3 and 3.4. We briefly describe the

proof of Theorem 3.1.3 in Section 3.6.
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3.2 Preliminaries

3.2.1 Leray-Hopf weak solutions.

By a Leray-Hopf weak solution of (1.1)-(1.2) in Q7, we mean a vector field u such

that:
i) u € Lo(0,T;.J(2)) N Ly(0,T; J3());
ii) the function t — [, u(t, x) - w(z) dx is continuous on [0, T for any w € Ly(Q);
iii) the equation (1.1) holds weakly in the sense that for any w € C°(Qy),

/ (—u- 0w —u®@u:Vw+ Vu: Vw)dzdt =0;
Qr

iv) The energy inequality:
1 2 2 1 2
— [ |u(t,x)|"de+ | |Vu(s,z)]"dxds < = [ |a(x)|" dx
2 Jo o) 2 Ja
holds for any t € [0, 7], and we have

llu(t, ) —a(-)|[zz =0 ast—0.

When Q = R? or R?, for any a € J(Q), there exists at least one Leray-Hopf weak

solution to the Cauchy problem (1.1)-(1.2) on (0,00) x Q. See [32] and [23].
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3.2.2 Suitable weak solutions

We revisit the definition of suitable weak solutions. Here we make a slightly different
condition on the pressure term compared with that in Section 2.2.2. We say a pair

(u,p) is a suitable weak solution of the Navier-Stokes equations on the set Q7 if
i) u € Loo(0,T;J(2,1)) N Ly(0,T; J3(,T)) and p € Ly_1a(r);
ii) u and p satisfy equation (1.1) in the sense of distribution;

iii) For any ¢t € (0,7) and nonnegative function 1 € C*(Qr) vanishing in a
neighborhood of the boundary {t = 0} x Q and (0,7") x (02 \ I'), the integrals in

the following local energy inequality are summable and the inequality holds true:

ess sup0<5<t/g\u(s,x)|2w(s,x) dx%—Z/Q |Vul*y dz ds
' (3.5)
< [ AP+ AY) + (Jul* + 2p)u - Vi } o ds.
Q

3.2.3 Scale invariant quantities

In this chapter, we write a point in [0,7] x R? as z = (t,7) = (t, 21,7, ...,74) =
(t,2',zq4), where 2’ = (1, X2, ...,x4_1). We shall use the following notation for balls,
half balls, spheres, half spheres, parabolic cylinders, half parabolic cylinders, and

parabolic boundaries:

Bli.r) = {r € B |[r— | <1}, B.=B(r)=B0.r), B=B(1)
Bt (&,r) ={x € B(&,r) | x = (', 24), xq > %4},

Bf = B*(r) = B*(0,r), B* = B*(1);
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S(@,r)=f{zeR||lt—&| =r}, S, =S(r)=50,r), S§==5(1);
S*(#,r) = {z € S(&,1) | & = (¢, 24), 24 > Ea},

SH=8%(r) = SH(0,r), ST =5H(1);

Q(z,r) = (=11 x B(z,7), Q. =Q(r)=0Q(0,r), Q=Q(1);
QF(zr) = —r* ) x B (,r), QF=Q"(r)=Q%(0,r), QF=Q"(1);

0,Q(2,7) = [t —r* 1) x S(2,r) U {t =t —r*} x B(&,7),

where 2 = (£,2) and &4 is the d-th coordinate of &. Moreover,

Q(z,r) = B(z,r)NQ, w(z,r)=Q(,7r)NQr.

We denote mean values of summable functions as follows:

1 1
arlt) = T e 205 s = oy [ )

where |A| as usual denotes the Lebesgue measure of the set A.

Now we introduce the following important quantities:

i) When Q = R?,

1
A(r, zg) = ess Supto_rz<t<t0ﬂ/ u|? de,
r B(zo,r)

1
E(r,z0) = — |Vul|? dz,
r Q(z0,7)
1
Clv20) = mgrgrs | P00z,
22 fo
1
D - — [Plagr (£)| 2D/ g
(T’, ZO) rd+2/d—2 /Q(zo,r) |p [p] 0, ( >| z
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ii) When Q =R? or Q,

1
n . 2
A7 (r, 20) = ess SUDyo—r2<t<to —g_2 |ul” dz,
r Q(zo0,7)

1

E+(Ta ZO) = 15 |VU|2dZ,
rd=2 w(zo,r)
1 _
C™(r,z) = m/ |u[?241/4 gz,
r w(zo,T)

1

D020) = gz [ 1o a0
w(zo,r)

We notice that these quantities are all invariant under the natural scaling (1.6).

In the later part of the chapter, we use notation A*) to represent either A or
A" depending on Q2 = R? or = R? when there is no confusion and similarly for
EW® CcH D QW) ete. We omit 2y, the argument for center, from the above

expressions and write A(r), E(r), C(r), and D(r) when there is no ambiguity.

3.2.4 Strong solutions and spatial analyticity.

We recall the following local solvability of (1.1)-(1.2) (see, for instance, [25, 17, 51,

28, 56]), and spatial analyticity of strong solutions (see, for instance, [18, 10, 24, 36]).

Proposition 3.2.1. For any divergence-free initial data a € L,(2) with p > d,
where Q0 = RY or R%, the Cauchy problem (1.1)-(1.2) has a unique strong solution
u € C([0,9); L,()) for some 6 > 0. Moreover, u is infinitely differentiable and

spatial analytic for t € (0,0).

In the following two sections, we will show the Holder continuity of u given

the scale invariant quantities defined previously are sufficiently small. The main
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difference between the interior estimate and the boundary estimate results from the

different estimates of quantities D and D™.

3.3 Interior Holder continuity estimate

In this section, we consider 2 = R?. We take a three-step approach to prove the

following e-regularity criterion in the whole space.

Theorem 3.3.1. Let (u,p) be a pair of suitable weak solution of (1.1)-(1.2) in
(0,T) x R satisfying (3.1). There exists a universal constant €, satisfying the fol-

lowing property. Assume that for a point zy € Rgfl we have
A(po, 20) + E(po, 20) + D(po, 20) < €0

for some small pg > 0. Then u is Holder continuous near zy.

3.3.1 Step1

We present several inequalities of the scale invariant quantities. We will make use of

the following interpolation inequality from [8, Lemma 2.1] substantially.

Lemma 3.3.2. For any function w € W3 (B,), r > 0, and q € [2,2d/(d — 2)], we

have

9

/T [ul? dz <N(g, d) (/Brwul?dx)z(gl) (/BT|U|2d:p)gg(gl)
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Proof. Without loss of generality, we assume r = 1. For g € [2,2d/(d — 2)], we use

Holder’s inequality inside the unit ball B,

q

Q
[ullL,m) < IIUIILQ(B Vullz ; )
df

which together with Sobolev embedding theorem gives (3.6). The lemma is proved.
]

The next lemma is an application of the interpolation inequality proved in Lemma

3.3.2.

Lemma 3.3.3. For a € [0,1] and p € [2 + 2, d + (4 — d)a], suppose r > 0,

Q(z0,7) C RE™, and u satisfies the condition (3. 1). Then we have

1 d—p+2a

s [l ds < N (A( ) + Bl )
Q(ZUJ')

In particular, taking o =1 and p = 4 — 2/d we have

d—2+2/d

C(r,20) < N (A(r, z0) + E(r,29)) 22

Proof. Without loss of generality, we assume r = 1. Because p € [242%, d+(4—d)al,

we know

By using Holder’s inequality and (3.6) with this ¢, we have

apaey N\ L\ e
/|u|pdx< /|u| 2 —dptia dx /|u| dx
B
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(1—a)d+4a—p d—p+2a

§N</3|Vu|2da:) (/ |u|2dm) +N</B|u|2dx) o

where we used (3.1) in the last inequality. Integrating in time yields the desired

result. O

Lemma 3.3.4. Let (u,p) be a pair of suitable weak solution of (1.1). For p >0 and

Q(z0, p) C RE! we have
A(p/2) + E(p/2) < N (C(p)TT + C(p) T + C(p) ™70 D(p)77 )

where N 1is independent of zy and p.

Proof. By a scaling argument, we may assume p = 1. In the energy inequality (3.5),

we put t =ty and choose a suitable smooth cut-off function  such that
Y =0in RE™\ Q(2,1), 0<¢ <1inRET,

=110 Q(20,1/2), |VY|+ 0| + V| < N in REH,

By using (3.5), we get
A(1/2) + 2B(1)2) < N/ 2 ds + N (ul? + 2lp — [play 1]) 1] d=.
Q(z0,1)

Q(z0,1)

Due to Holder’s inequality, we can obtain

/‘|ww3Nwmw% / uf? dz < N(C(1))7,
Q(z0,1) (z0,1)
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and
d—1 _d
2d—1 2d—1 2d—1
|plul dz < ul = dz P = [Plaga| @ dz
Q(z0,1) Q 20,1) Q(z0,1)
C 2(2d 1)D( )Qdd—l.
The conclusion of Lemma 3.3.4 follows immediately. O

Lemma 3.3.5. Let (u,p) be a pair of suitable weak solution of (1.1) when d > 4.

For constants v € (0,1/2], p > 0, and Q(z, p) C RE we have

A(vp) + E(vp)

N [P A(p) + 77 ((Ap) + E(p) T + (Alp) + E(p))

SIS

D], (37)

Proof. Assume p = 1. Define the backward heat kernel as

1 __le—=g|?
T(t.x) = A+ Z+t9—0)
b0 = e — et

In the energy inequality (3.5), we choose ¢ = I'¢, where ¢ € C§°((tg — 1,t0 + 1) X

B(xg,1)) is a suitable smooth cut-off function satisfying

0<¢p<1 imRxRY ¢=1 inQ(z,1/2),

Vo] <N, |V?| <N, [0,6| <N inR xR%

By using the equation
Al'+ T, =0,
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we have

lu(t, ) 2T (t, 2)(t, 2) dr + 2 / VT d-

€ss SUP; _1<p<yy /
Q(20,1)

B(zo,1)

< [ {JuP(6+ TG+ 2VOVE) 4 (Juf + 2p = [l (V6 + 6VT}
Q(z0,1)

(3.8)
The test function has the following properties:
(i) For some constant ¢ > 0, on Q(zg,7) it holds that

I'op=T2>cy

(ii) For any z € Q(2p,1), we have

ID(2)6(2)| < Ny~ [VI(2)(2)| + [D(2)Ve(2)] < Ny~

(iii) For any z € Q(zo,1), we have

IP(2)or(2)] + [T(2)A¢(2)| + VI (2)Vo(2)] < N.

Therefore (3.8) yields

A() + E(7) = 7 ess supy, rcice, /
B(zo,7)

|u(t,x)|2d:v+7_d+2/ |Vu|? dz
Q(20,7)

< Ny / [uf? dz + Ny~ / (luf? +21p = [Plag 1]} u] d=
Q(20,1) Q(z0,1)

Recall that d > 4. Applying Lemma 3.3.3 with o = 1 and p = 3 we have

/ |u|3dz < N (A(1, z) + E(l,zo))% ,
Q(ZO’I)
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and again applying Lemma 3.3.3 with o = ﬁ and p = 25%11’ we have

[ o= el a:
Q(z0,1)

d—1 d
2d—1 2d—1 2d—1 2d—1
< (/ Juf =T dz) (/ P = [Plagal dz)
Q(20,1) Q(z0,1)

< N (A(1, 20) + E(1, 20))

N

D(1, z)%7.

The lemma is proved. O

Lemma 3.3.6. Let (u,p) be a pair of Leray-Hopf weak solution of (1.1). For con-

stants v € (0,1/2], p > 0, and Q(z0,p) C RE!, we have

D(vp) < N(d)[y~"*/**2C(p) ++**/"D(p)]. (3.9)

Proof. Let r = ~p and n(z) be a smooth cut-off function supported in B(1), 0 <n <

1 and n =1 on B(2/3). In the sense of distribution, for a.e. t € (t; — p?, ty), one has
Ap = D;;(uu;).
We consider the decomposition
P = Dag.p + g s
where p,, , is the Newtonian potential of
Dyj(uiun((x — x0)/p))-

Then hy, , is harmonic in B(xg,2p/3).



o8

By using the Calderén-Zygmund estimate, we have

2(2d—1)

/ ‘pxo,p’%;l dz S / ’pxo,p|2%%1 dz S N/ ’u‘ d dz. (310)
Q(z0,7) Q(z0,p) Q(z0,p)

From the fact that any Sobolev norm of harmonic function hy,, — [hag plzer D &

smaller ball can be estimated by any of its L, norm in B(zg,2p/3), one obtains

2d—1 2d—1 2d—1
./< Tz = [t laorl dr < Nr & sup |Vhy, |
B(xg,r

B(zo,r)
r d+
= (3)
p

201 (3.11)
Integrating (3.11) in ¢ € (to — 7%, tp), we obtain

d 2d—1
[ e = ol 7
B(zo,p)

2d—1
/ ‘hxoyp_[hro,ﬁ]xo,rl < dz
Q(zo0,7)
r d+%;1 2d—1 2d—1
<N{- (Ip—[p]m,pl T+ [Pagpl )dz (3.12)
p Q(z0,p)

2d—1

d 2d—1 2(2d—1)
[ (= Bl ™7+ )
Q(z0,p)

d+
<N (—T)
P

where we used (3.10) in the last inequality. We combine (3.12), (3.10), and use the

triangle inequality to have

2d—1
t/ 1P — [Plan |7 dz
Q(zo,r

)
<N ’p - [hwo,p]ﬂfoﬂ"
Q(zo0,7)

2d—1

dz

2d—1 2d-1
<N [ (Vo= Bl 5 + i )
Q(z()vr)

a2zt
T 2d—1 2(2d—1)
SN(—) / (1P = [Plaos “7 + [ul 0 d2.
P Q(z0,p)

The lemma is proved. O
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Corollary 3.3.7. Let (u,p) be a pair of suitable weak solution of (1.1). For some
20 € R%H, suppose there exist pg > 0 and Cy; > 0, such that Q(zo,po) C ]R%Jrl
and C(p,z0) < Cy for all p € (0,p0] and D(po,20) < Ci. Then we can find C' =
C(Ch,d) > 0 such that D(p,z) < C for all z € Q(z0,1/2) and p € (0, py/2].

Proof. Note that Q(z,p0/2) C Q(z0,p0) for z € Q(z0,1/2), hence D(py/2,2) <
ND(po, z). By fixing v small enough that N+4=3/? < 1/2 and using (3.9), we have

D(po/2, z) + Cs,

N | —

D(ypo/2,2) <

where Cy = Ny~42/4420; . Inductively, for any integer k& we have

k-1
1 1
D(v*po/2,2) < @D(PO/Q;Z) + G E 0 % S NCy +2Cy := Cs.
]:

Now for any v**1py < p < 7v¥pg, we can control D(p/2, 2) by

gy \ A2
D(p/2,z) < <7k+1; ) D(vpo/2,2) <y 20y = C.
0

The corollary is proved because C' is independent of k. n

3.3.2 Step 2

We will find some decay rates for the scale invariant quantities with respect to the

radius assuming the quantities are initially small.

Lemma 3.3.8. There exists a universal constant €y > 0 satisfying the following

property. Suppose that for some zy = (to,xg) and py > 0, it holds that Q(zo, po) C
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RE and

A(pg, Z()) + E(pg, Zo) + D(pg, Zo) S €o0- (313)

Then fizing any og € (0,2), there exists N > 0 such that for any p € (0, p0/2) and

2 € Q(z0, po/2), the following estimate holds uniformly

2 @0
A(p,z)+ E(p, z) + C(p, z)d—g“/d + D(p,z) < ng‘)/z (ﬁ) : (3.14)
Po

where N s a positive constant depending on o, but independent of g, po, p, and z.

Proof. For any z € Q(29, po/2), by (3.13) and

Q(z,p0/2) C Q(z0, po) C R,

we get

A(p1,2) + E(p1,2) + D(p1, z) < Ney, (3.15)

where p; = po/2. By Lemma 3.3.3,
C(p1,2) < (Neg) a2 . (3.16)
Next we fix an auxiliary parameter a € (ap,2). By a scaling argument, we first

discuss a special case when p{ = Neg < 1. In this case, we can prove the following

decay rates inductively:

d—2
Alpr) + E(pr) < pit, Clow) =727 < pi, - D(pr) < (3.17)
where pp.q1 = p,ffﬂ = ngB)k and f is a small number to be specified. For k = 1, the

statement follows from (3.15), (3.16), and our assumption that p§ = Ney. Next by
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choosing v = pf and p = pi in (3.7) and (3.9), we have

1 d

@ —d Lila 5ts57)c
A(pri1) + E(pr1) <N [pi[” +py TP (p;? ’ +p£2 7i7) >]

(—d—242)B+(14 5755 )a 4-3)B4a
D(pg+1) < N [pk d (i) +p,£ 2) } .

We choose ( satisfying

) « « 2c0
B<mm{(d—2)(d+a—1)’2(2d—1)(d+a—1)’d(a+d+§—2>(2d_2)}'

Then all the exponents on the right-hand sides are greater than (1 + 3)a.
Now we can find £ > 0 depending on 3 such that
Alprr1) + E(prsr) < Nppits, Dlprsr) < Nppis,

where NV is a constant independent of k and £. By taking €5 small enough such that

Npi, ., < Npi < N(Neo)¥/2 < 1, we obtain
A(pre1) + E(prr1) < phyrs D(pre1) < pryr-
By induction, we have justified (3.17) for the case when p{ = Ney.
For convenience, we additionally assume that the parameter g satisfying

a0<min{1iﬁ(a—(d—2)ﬁ),ﬁ<a— (d+§—2> 5)}

There always exists feasible 3 because o > .

Now for any p € (0, pp/2), we can find a positive integer k such that ppi; < p <
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pr- Then
_ o (d— Lla-(d-2p) _
A(p) + E(p) < (o)1) (Alpr) + Bpr)) < pp 27 = pii7 < po,
2_ a-(d+2-2)8  ti(a—(a+2-2)8) _
D(p) < (p/pec)™ T2 Dp) <pyp 1 = plh T < .

Hence we have proved (3.14) when p{ = Ngy. For the general case, we use the scale

invariant property of the quantities and apply the previous results with an additional

scaling factor N 530/ “po®° on the right-hand side. O

3.3.3 Step 3

In this final step, we first use parabolic L, estimates to further improve the decay
rate and then conclude the result by using Campanoto’s characterization of Holder

continuity.

By Lemma 3.3.8 we know, for any small d; > 0, the following estimates are true

for all p € (0, po/2) sufficiently small and z; := (t1,21) € Q(20, p0/2):

/ |u|4_% dz < Np(”ﬁ*al, (3.18)
Q(ZLP)

/Q( ) D= [Pler 77 dz < Nptta, (3.19)
21,pP
Let v be the unique weak solution to the heat equation

Oww—Av=0 in Q(z,p),

with the boundary condition v = w on 9,Q(z1,p). Let 0 < r < p. By the Poincaré

inequality with zero mean value and using the fact that the C'/*! semi-norm of a
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caloric function in a smaller cylinder is controlled by any L, norm of it in a larger

cylinder. We have

2-1 d+a—1 2-3
/Qul ) [v = ()T dz < 1T 0 = (Warllen o g

d+4—1
T 91
v (5) [ e ks
P Q(z1,p)

Denote w = u — v. Then w satisfies the inhomogeneous heat equation

(3.20)

Ow; — Aw; = —0;(uiuy) — 0i(p — [Pley,p) 10 Q(21,p)

with the zero boundary condition. By the classical L, estimate for the heat equation,

we have

2
||Vw||L27%(Q(Z1,P)) <N H|U| HL27%(Q( +Nlp-— [p]xlvaLQ_%(Q(zl,p))’

#1,p))
which together with (3.18) and (3.19) yields
/ IVw[>~ 2 dz < Np*ta—or, (3.21)
Q(Zl,P)
By the Poincaré inequality with zero boundary condition, we get from (3.21) that

/ w77 dz < NpHta=t2a = Nptzra-h (3.22)
Q(zl7p)

Using (3.20), (3.22), and the triangle inequality, we have

/ i — (), P H dz

Q(ZlfT)

< / v — (V) [ dz / w — (w)er P4 d
Q(Zl,’l”)

Q(err)
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IN

#\ 1 |
" <_) / v — (u),, | 2dz + Np*t2ra—
p Q(z1,p)

P\ ) 1 1
(5) ([ @i [ qupias) g
P Q(z1,p) Q(z1,p)

IA
=

r d+4_% 1 1
SN(J [ u @ P e Nt
P Q(z1,p)
Applying Lemma 2.3.5 and choosing d; = 2—1d, we obtain

/ lu — (u)zl’rﬁfé dz < Nrd+2+i,
Q(Zl7 )

for any r € (0,p9/4) and 21 € Q(20,p0/4). We then conclude that u is Holder

continuous near zy by Campanato’s characterization of Holder continuity.

3.4 Boundary Holder continuity estimate

In this section, we consider the case when 2 = ]Ri. We again use a three-step
approach to prove an e-regularity criterion near boundary. The main difference from

the interior estimate is the iteration dealing with the pressure term.

Theorem 3.4.1. Let (u,p) be a suitable weak solution of (1.1)-(1.2) in (0,T) x R%
satisfying (3.1). There exists a universal constant £y satisfying the following property.
Assume that for a point 2 = (t,2), where & = (2/,0), and for some py > 0 we have

Q" (2,p0) C (0,T) x RL and
A*(po, 2) + E*(po, 2) + D" (po, 2) < &

Then w is Holder continuous near z.
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3.4.1 Step 1

We present several inequalities for the scale invariant quantities.

Lemma 3.4.2. Suppose function u € Wy (B,") with r > 0 vanish on the boundary

xqg=0. For any q € [2,2d/(d — 2)], we have

d(q/4-1/2) q/2—d(q/4-1/2)
/ lu|? dx < N(q,d) (/ |Vu|2dx) (/ |u|2d:p) .
Bt B Bt

Proof. Modify the proof of Lemma 3.3.2 using the Poincaré inequality with odd

extension for functions vanishing on the flat boundary

/ |u|2da:§N7’2/ |Vul? dz
B B

to absorb the second term on the right-hand side. O]

We recall the following two important lemmas which are useful in handling the
estimates for the pressure p and the proofs are essentially the same as those of

Lemmas 2.4.4 and 2.4.5.

Lemma 3.4.3. Let D C R? be a domain with smooth boundary and T > 0 be a
constant. Let 1 < m < 400,1 < n < 400 be two fired numbers. Assume that
g € LL L% (Dr). Then there exists a unique function pair (v,p), which satisfies the

following equation:

Ov—Av+Vp=yg in Dr,
V'U:O ZnDT7

[plp(t) =0 for a.e. t €10,T7,

v=0 on O, Dr.
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Moreover, v and p satisfy the following estimate:

[ollwrz, @ + 1Plwor, o < Cllglicyzy, @0,

where the constant C' only depends on m,n, T, and D.

Lemma 3.4.4. Let 1 <m < 2,1 <n <2, and m < s < +00 be constants and
g € LELI(QT). Assume that the functions v € W (Q) and p € L L% (QF) satisfy
the equations:

ov—Av+Vp=yg in QT,
V-v=0 in QT

and the boundary condition

v=0 on{yly=(y,0)0|y <1} x[-1,0).

Then, we have v € W$7’§(Q+(1/2)), pE Wgﬁ(@*(lﬂ)), and

HUHwﬁﬁ(Q+(uzn *‘HPHmﬂg(Q+u/2» 55Cj(HgHL%L§«Q+)*‘|hﬂhy£$4@+)4‘HPHLzL%(Q+)>>

where the constant C' only depends on m,n, and s.

The following three lemmas are analogous to Lemma 3.3.3, 3.3.4, 3.3.5, and the

proofs are similar.

Lemma 3.4.5. For o € [0,1], p € 2+ 4a/d,d + (4 — d)a], suppose r > 0, & € 09,

w(z,r) = Q1 (2,7), and u satisfies the condition (3.1). Then we have

d—p+2a

1
/ lulPdz < N (A+(r, Z) + E+(7‘, 2)) d-2
QT (z,r)

rd+2—p
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In particular, taking o =1 and p = 4 — 2/d we have

d—2+2/d

CH(r2) < N (A7(1,2) + B (1, 2))

Lemma 3.4.6. Let (u,p) be a pair of suitable weak solution of (1.1). For & € 0S

and w(z,p) = Q1 (2, p), we have

A*(p/2) + E*(p/2) < N (C*(p) 7 + C* (p) 70 + CF (p) 70 D (p) 7 )
(3.23)

where N is independent of Z and p.

Lemma 3.4.7. Let (u,p) be a pair of suitable weak solution of (1.1) with d > 4. For

constant v € (0,1/2], p> 0 and & € 00, w(z,p) = QT (%, p), we have

AT (yp) + E¥(vp)
<N [FPA () + 7 (A (0) + BH(0) T + (A*(p) + E*(0))2D* (0) 77 ) |

(3.24)

At last, we present an estimate for quantity D% (p), which is essentially different

from Lemma 3.3.6 for the interior case.

Lemma 3.4.8. Let (u,p) be a pair of Leray-Hopf weak solution of (1.1) and u
satisfies condition (3.1). Let v € (0,1/4] and p > 0 be constants. Suppose that

T €0 and w(Z,p) = Q1 (2,p). Then given any small 63 > 0, we have

D*(yp) SN [y74 242 4* (5) 4 B* (p)) o
(3.25)

A (DH () + A (o) 4 B () )

where N is a constant independent of 7, p, and Z, but may depend on 5.
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Proof. Without loss of generality, by shifting the coordinate we may assume that
z = (0,0). By the scale-invariant property, we may also assume p = 1. We fix a

domain B C R? with smooth boundary so that

B*(1/2) ¢ B c B,

2d(d+2)

and denote Q = (—1,0)x B. Using Holder’s inequality, Lemma 3.4.2 with ¢ = pEamat

and (3.1), we get

d242d—1

d(2d—1) d2
(/ lu - Vu|?+2d-1 dx)
Bt
1-% _d®4a %
2 2d(d+2) 2d2(d—2) -2
< ( |Vu|2dx) (/ |u| a+a d:c) </ ]u\ddx> (3.26)
B+ B+ B+
e
<N (/ |Vu|2d:v) (/ |u|? dx) :
B+ B+

Integrating in ¢, we have u - Vu € Lby | L%, (Q) By Lemma 3.4.3, there is a

d d2+2d—1

unique solution

(S ngﬁl d(2d—1) (Q) and p; € ngl,l d(2d—1) (Q)

d ’d242d—1 d ’d242d—1

to the following initial boundary value problem:

ov—Av+Vp, = —u-Vu in Q,
V-v=0 in Q,

;) =0 for a.e. t € (0,71,

v=>0 on ap(g.

\
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Moreover, we have

ol + 1900+ bl + Vil ) @0 S Ve Vil i, @
Pr2d-1 Zr2d1
d/(2d—1) (3.27)

gN(/j(/B+|vqudx) </B+|u|2dx>d(d2)dt> ,

where in the last inequality we used (3.26).

We set w = u —v and ps = p — p1 — [plo1/2. Then w and p, satisfy

Ow — Aw + Vpy =0 in Q,

V-w=0 in Q,

w=0 on [—1,0) x {dB N IQ}.

\

By Lemma 3.4.4 and the triangle inequality, fixing some s > 0 large enough to be

specified later, we have p, € WQd ) S(Q+(1/4)) and

IVpal|r:

2d1

2@+ /4 < NlJwl[ +[Vw| + |P2|||L2dd Ly (QF(1/2))

d2+2d—1

< N[l + [Val + Ip — [Plosllzg, ., 17y, @ ct/2)

Sd d2+2d 1

+ NH’U| - ’vv‘ + ‘lelLQd 1 L2a-1) (@*(1/2)

d2+2d—1

Together with (3.27), we obtain

IVpal| e

2d1

+N</(1 (/g+|Vu|2dx> </B+ |u|2d:z:)d(d22) dt)

By making s large such that Ls_l < 09, we finish the proof. m

z@+y) < Nllul +[Vul +p = [Ploaplley, 1o, \ @ a2
T Eraat

d/(2d—1) (3.28)
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Corollary 3.4.9. Let (u,p) be a pair of suitable weak solution of (1.1) with d > 4.
Suppose there exist & € 9Q, C1, > 0, and py > 0 such that w(z,p) = QT (,p),
CH(p,2) < Cy for all p € (0,p0] and Dt (py,2) < Cy. Then we can find C :=
C(C1) > 0 such that D" (p,z*) < C for all z* € Q(Z,p0/2) N {xq = 0} and p €

(07p0/4>

Proof. Because QT (z*, po/2) C QT (2, po) for z* € Q(Z, po/2) N {zy = 0}, we have
D+(p0/2, Z*) < ND+(:007 73)

From (3.23) and (3.25) with d, = 1, we can get an estimation for D7:

2
Dt (E,Z*> <N ,y—d—2/d+2 <A+ <B,Z*> + Bt <£7Z*>)1+d(d2)
4 4 4
p P 1-55 P 1-5
o (o7 (f) e () e (5) 7))
_d 1+m
,y—d—2/d+2 (1 + Dt ([_7’ Z*> 2d1)

))

d
Hy33/d <DJr (g,z*> + (1 + Dt <§,z*> o
—d—2/d+2 + (P _x\2d2=5d+2 3-3/d v+ (P«
¥ 1+ D 5,2 + 7y D 5,2 +1

<N(Ch)

d?—2d+42

<N(Ch)

(3.29)

d2—2d+2

For any ¢ > 0 and 0 := 1 — 575755,

which is positive when d > 4, again by Young’s

inequality we get

1 1—
D¥(p/2,2)' ™" = (eD¥(p/2,2") "' 575 < (1= 6)eD¥ (p/2,2") +0e™ 7.

We can choose v and € small such that N334 < 1/8 and Ny~4=2/+2(1—§)e < 1/8.
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The two inequalities above implies that (3.29) can be written into such form:
+ * 1 + *

The rest of the proof is a handy modification of Corollary 3.3.7. m

3.4.2 Step 2

We will find some decay rates for the scale invariant quantities with respect to the

radius of the cylinder assuming the quantities are initially small.

Lemma 3.4.10. There exists a universal constant £y > 0 satisfying the following
property. Suppose that for some 2 = (&,t), where & = (',0), and for some py > 0,

it holds that w(Z, po) = QT (2, po) and

A*(po, 2) + E*(po, 2) + D™ (po, 2)V7 < &, (3.30)
where 7 =1 — ﬁ +e,e~0 (d—12) Then fixing any oy € (0,2), we can find N > 0
such that for any p € (0,po/4) and z* € QT (2, po/4), the following estimate holds

uniformly

B agT/2
AR () B¥ (. 27) + O (o, 2750 4 DY) < N (£) 7 3
Po

where N is a positive constant depending on «g, but independent of £y, po, p, and

z*.

Proof. We divide the proof into two parts. In the first part, we only consider z*

on the boundary Q(Z,po/2) N {xzy = 0}. In the second part, we use an iteration
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argument to close the proof for general z* € Q' (2, po/4).

i) First we assume z* € Q(Z, po/2)N{xy = 0}. In this case we will prove a slightly

stronger estimate than (3.31):

AR (0, ) 4 B () + CH o )P 4 D < Nl (L) 33
Po
By (3.30) and
Q+<Z*7 00/2) C QJr(éa pO)a
we get
At (p,2") + Et(p1,2") + D (py, 2°)™ < Néy, (3.33)
where p; = po/2. By Lemma 3.4.5,
C*(pr,2") < (N&) 2. (3.34)

Next we fix an auxiliary parameter o € (ap,2). By a scaling argument, we first
discuss a special case when pf = Néy < 1. In this case, we can prove the following

decay rates inductively:

d—2
A (pr) + E(pr) < oy C (o) ™77 < pity D¥(pi) < 9y, (3.35)
where prpi1 = p,ljﬁ = ngﬁ)k, and [ is a small number to be specified. For k = 1,

the statement follows from (3.33) and (3.34). Next by choosing v = pf and p = pg

in (3.24), we have

a —d+1 1o 1y 4 7)o
A (pr41) + E (pre1) <N P%BJF +/)§c w (pg ’ +/)IE2 A )} .
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We choose ( satisfying

. a (2511_%)04 1
B<mm{(d—2)(d+a—1)’ d+a—1 NO(@)'

Then all the exponents on the right-hand sides are greater than (1 + §)a.

To estimate the remaining term D% (py41), we apply Lemma 3.4.8 but with dif-
ferent step size. Let 31 = (1+ )" — 1, where ng is an integer to be specified later.
Instead of plugging in the result of one last previous step, we plug in (3.25) with

v = pfl_no and p = pi_n,, and we have

(=d=2/d+2)B1+(1+ 577 ) —3/d— or a(l-2
D+(pk+l) SN pk—no 1 ( e 2)) + pl(:L—ngo/d 62)ﬁ1 (pk’—no + pk(—n02d)>:| . (336)
Our goal is to choose an appropriate (31 such that all three exponents on right-hand

side of (3.36) are greater than (1 + 8;)ar. We hence obtain an upper bound and a

lower bound for fS;:

(r—(-m))a_ _ ca
b> 4-3_—ar  4-3_q7r

6<<1+d(d2—2)_7>a_(%er(f—m_g)a o 1
'Td+Zo2tar d+i-2+tar )

To ensure such [, exists, we make ¢ ~ O (d%) small such that the upper bound is

greater than the lower bound of 5;. As long as (8 is small enough, there exists an

integer ng such that 8, = (1 + §)"*! — 1 satisfies the conditions above.

Now we can find £ > 0 depending on 3 and that

AT (prs1) + ET (pry1) < szifa D¥(pry1) < Npi‘iﬁ
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where NN is a constant independent of k and £. By taking &5 small enough such that
Npp,, < Np§ < N(N&y)*? < 1,

we obtain

A+(Pk+1) + E+(Pk+1) < Prsts D+(Pk+1) < Pt

By induction, we have justified (3.35) for the case when p{ = Né,.

For convenience, we additionally assume that the parameter g satisfying

a0<min{1iﬁ(a—(d—2)ﬁ),ﬁ(m— (d+§—2)ﬁ)}.

There always exists feasible § because a > «.

Now for any p € (0, pp/2), we can find a positive integer k such that pp; < p <

pr- Then

d—2 )
Pk a—(d— 135 (@—(d—2)B) a
ArEt ) < (L) (%) B p) < o = o] <
+

d+2-2
Pk d ar—(d+2-2)8 o (ar—(d+2-2)8) aor
D*(p) < (pkﬂ) Do) <pp 1T =pidh T <

Hence we have proved the statement of the lemma when pf = Né&;. For general
po > 0, we use the scale invariant property of the quantities and yield similar results
with an additional scaling factor N égo/ “po®° on the right-hand side. Hence (3.32) is

true.

ii) To deal with z* € Q" (2, po/4), we need to discuss two cases as comparing z5,

the distance of z* to the boundary, with p, the radius of the cylinder.
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When p > zj;, we denote the projection of z* on the boundary by 2*. Because

w(z*, p) C QT(2*,2p), by definition we have

A¥(p, %) + E¥(p,2") + CF (p, 2*) 725073

d—2
<N <A+(2p, )+ E+(2p, 2+ C’+(2p’ 2*)d72+2/d> ]
By the triangle inequality, we have

/ P = [p]w*,p(t)‘Q_l/d dz < N Ip— [p]g”c*’2p(t)‘2_l/d dz.
=0 Q+ (2 29)

Hence D (p, z*) < ND*(2p, 2*). From part (i) we know

_ @0
At (2p, %)+ ET(2p, 2%) + CT(2p, 73*)d$+22/d + D (2p, 25T < Nego/? (ﬁ) :
Po

The three inequalities above together imply that

_ aQ
A¥(p, %) + E¥(p, 2*) + CH(p, =) P55 4 D*(p,2%)1/7 < Neg? (ﬁ)
Po

When p < zjj, we have w(z*,p) = Q(z*,p) C Q(z*,x3) C Q1 (2*,2z5). By the

proof above, we have

*\ Q0
At (x5, 2") + BT (2, 2°) + CT (x, z*)#ﬁwd + DF (a3, )Y < ]\fég‘O/2 (@) .
Po

*\ Q0
With &, small such that NégO/Q <%> < 5(1)/7 where ¢y is from Lemma 3.3.8, we can

apply the interior result of Lemma 3.3.8 to obtain

3 a37/2
A (p,2%) + ET(p, 2) + CH(p, 2*) 5527 + D*(p, z*) < N&Go™/* (ﬁ) '
Lo
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The proof is complete. O

3.4.3 Step 3

In this final step, we first use parabolic L, estimates to further improve the decay
rate and then conclude the result by using Campanoto’s characterization of Holder
continuity. By (3.31) from the previous step, we know the following estimates are

true for all p > 0 sufficiently small and z* = (¢t*, 2*) € Q(2, po/4) N {xq = 0}:

/ u[*~7 dz < NpTtas—ate, (3.37)
Q(z*,p)

23 dz < Np*tate, (3.38)

/ p— [ple-,
QT (z*,p)

where ¢ ~ O (d%)

Let v be the unique weak solution to the heat equation
Ow—Av=0 1in Q" (2" p)
with the boundary condition v = u on 9,Q" (2%, p).

Let 0 < r < p. By the Poincaré inequality with zero boundary condition and
using the fact that the L., norm of the gradient of a caloric function in a small half

cylinder is controlled by any L, norm of it in a larger half cylinder, we have

/Q+( . )MQ; dz < Nrd+4*éHVUHLOO(Q‘*‘(Z*W))

d+4—1
<N (f) / |v|2_§ dz.
P Q(2*,p)

(3.39)
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Denote w = u — v. Then w satisfies the inhomogeneous heat equation
Ouws — My = ~0,(usuy) — O(p — plor,) 10 Q7 (", p)

with the zero boundary condition. By the classical L, estimate for the heat equation,

we have

IVwllz, @+ em <N [[Tul?]

L, 1(Q*(z%,p)) + Np- [p]:c*m

=

|L2,;(Q+(Z*,P)) ’
d

which together with (3.37) and (3.38) yields
/ IVw|? @ dz < Npttate,
QT (z*,p)
By the Poincaré inequality with zero boundary condition, we get
/ lw|>~7 dz < NpHH2te, (3.40)
QT (2%,p)

Using (3.39), (3.40), and the triangle inequality, we have

/ ud dz < N WP dz+ N w2 d
QF(z*,r) QT (z*,r)

QT (z*,r)
- d+4—1 )
(D) e
P Qt(2%.p)
. d+4—2 ) r d+4—1% .
N (—) / ‘u|2_3 dz+ N (—) / |w|2_3 dz + Nrdt2te
P Q*(2*,p) P Q+(2*,p)

- d+4—1 .
N (_) / ‘u’273 dz + di+2+a‘
p Q7 (20,p)

Applying Lemma 2.3.5, we obtain

IN

IN

/ ul> 7 dz < Nptt2te (3.41)
QT (z*r)
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for any r < pg/4 and z* € Q(Z, po/4) N{z4 = 0}.

Consider any Z = (£,) € Q7 (2,p0/8). Let z* = (,2/,0) be the projection of
Z on the boundary. Note that z* € Q(Z, po/8) N {zy = 0}. We consider two cases

either the radius of the parabolic ball around z* is smaller or larger than z,.

Case 1: Z4 < r. In this case, we have w(Z,7) C Q*(z*,2r). Thus by (3.41), we
have

/ lu — (U)z,r|2_1/d dz < N ‘u|2—1/d dz < Npt2+e,
w(E) Q+(2%,2r)

Case 2: r < T4. For r < p < 24, from the proof of Theorem 3.3.1, we have

d+4—1
/ fu— (u)s, [z < N <C) / [ — (w)z,p 7 dz + N2,
Q(zr) P Q(z)

Z,p

(3.42)

We apply Lemma 2.3.5 to (3.42) to get

r d+2+-¢
/ |U — (U)gﬂa|2_1/d dz S N (~_> / |U — (u)g’jd|2_1/d dz + NTd+2+€.
Q(Zr) Ld Q(3,i4)

(3.43)

By Case 1, we have
/ lu — (U)575;d|2_1/d dz < Ng&t2te,
Q('%:jd)
Plug this into (3.43) to get
/ lu — (u)z, > dz < Npdt2te,
Q(Er)

By Campanato’s characterization of Holder continuity near a flat boundary (see,
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for instance, [33, Lemma 4.11]), we can conclude that u is Holder continuous in a

neighborhood of 2.

3.5 Proofs of Theorems 3.1.1 and 3.1.2

In this section, we start with a construction on a sequence of suitable weak solutions
which converges to a limiting solution. Let (u,p) be a pair of Leray-Hopf weak
solution of the Cauchy problem (1.1)-(1.2) on R? or R%. Because of the local strong
solvability for smooth data and the weak-strong uniqueness (see, for instance, [53]),
we know that u is regular for ¢ € (0,7T}) for some T € (0,7]. Suppose Tj is the first

blowup time of u, and
Zy = (To, Xo) = (To, Xo1, Xo2, - - » Xo.a) = (To, Xg, Xo,4)

is a singular point. We take a decreasing sequence {\;} converging to 0 and rescale

the pair (u,p) at time Ty. Define
wi(t, 2) = Meu(To + Mt Xo + M), pelt, 2) = Xep(To + Ait, Xo + M),

for each k = 1,2,.... We will show that each (ug,pg) is a suitable weak solution of

(1.1)-(1.2) and wuy, is smooth for t € (—\; %7y, 0).

To prove this, the first observation is the property of uniform boundedness of
the scale invariant quantities after rescaling. In this section, we use the ambiguous
notation as we mentioned before in the preliminaries. By R? ) we mean either R? or
R‘i depending on which domain we are talking about: the whole space or the half

space. The same goes for A, EGH) CH) D) ete.
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Lemma 3.5.1. Under the assumptions in Theorem 3.1.2, there exists N > 0 such

that for any zy € (—o00,0] x RY , and 0 <r <1,

()

lim sup C(+) (7”, 20, Uk, pk) < Na (344)
k—o00
and
lim sup D™ (7, 29, g, pr) < N. (3.45)
k—o00

Remark 3.5.2. If we merely assume (3.2), then N may depend on the choice of Zj.

If we assume the stronger condition (3.3), then N is independent the choice of Zj.

Proof. For zy € (—o0,0] x ]R?H, denote
2z = (t5, 25) = (To + A¢to, Xo + Aizo).

For convenience, we first assume = R? to prove (3.44). Since C'and D are invariant,

we have
C(Tu ZO?“kupk) = C(}\]ﬂ”, ’Zg?uup) and D(T, ZOaukapk) = D()\k?“, Zg7u7p>'

Using Holder’s inequality we have

1 2(2d—1) %
C(r 20, 0,9) = g /Q el e < Nl Bty (3.46)

Substituting r with A\;r and z, with 2%, we have

2(2d—1)

C(\r, 25, u,p) < Nljul|, <N,

d
L LE(Q(EAkr)) —

where in the last inequality we used (3.1). This part of proof can easily be adapted
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to the case Q = R%.
To prove (3.45), we need to consider several cases separately:

i) Q = RY, by using the Calderén-Zygmund estimate, one has

1Pl 2z (01 xra) < K.

cotd )2

Since ¢ > 2 — 1 following the same reasoning in (3.46) we can reach (3.45).

i) = R‘i and Xy 4 > 0, that is the half-space case when Z, does not lie on the
boundary. The domain of u;, will expand to the whole space, therefore zy € (—o0, 0] x
R?. When X4 > 1/4, i.e., Zy is away from the boundary, from (3.2) or (3.3) we know
D(1/4, Zy,u,p) < N. When k is large, Q(z8, \er) C Q(Zy, 1/4). By Corollary 3.3.7,
we know D(r, zo, ug, pr) = D(M\r, 28, u, p) is uniformly bounded. When Xy 4 < 1/4,
i.e., Zy is close to the boundary, recall our notation w(Zp, 1) = Q(Zo,1)N(0,7) x R<.
Denote Z, = (X},0,Ty) to be the projection of Zy on the boundary and 2§ to be

projection of z%. Note when k is large, A7 < Xo,4, hence
Q¥ \er) € Q(Zo, Xo.4) € Q1 (Zy,2X04) C QT (Zo,1/2) C w(Zo, 1).
From the proofs of Corollaries 3.3.7 and 3.4.9, we know that
D(r, 20, ug, pr) = D(Ner, 25,4, p) < ND(Xo4, Zo, u, p) + C, (3.47)

D (2Xo.4, Zo,u, p) < ND¥(1/2, Zo,u,p) + C < ND¥(1, Zy,u,p) + C < C. (3.48)
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We use (3.3) in the last inequality. Moreover, we have

/ ’p - (p)Zo,Xo,dPil/d dz < N |p - <p)2072X0’d|271/d dz, (349>
Q(Z0,X0,4)

Q*(Z20,2Xo0,4)
which implies

D(Xo,dy ZO) U,p) S ND+(2XO,da ZO? U,p)

Together with (3.47) and (3.48), we again deduce that D(r, zg, ug, pg) is uniformly
bounded.

iii) 2 = ]Rﬂlr and Xy 4 = 0, that is the half-space case when Z lies on the boundary.
The domain of uj, will expand to the half space, therefore zy € (—o0,0] x R%Z. We
compare the radius of the cylinder against the distance from zy to the boundary.
When r > x4, we have w(z8, \pr) C QT (2F, 2\ir) € QT (Zp, 1) when k is large. By

(3.3), (3.49), and the proof of Corollary 3.4.9, we have

D+(7", 207Ukapk) = D+(>\k7”, zé“,u,p) < NDJF(Q)\M“, ég,u,p)

< ND*(1, Zy,u,p) + C < C.
When r < (4, we have
w(zg, M) = Q(z5, M) C Q26 Meo.a) C Q1 (25,2 0.0) C Q1 (Zo, 1)

when £k is large. From (3.3), (3.49), and the proofs of Corollaries 3.3.7, and 3.4.9, we

know that

D(Ta Z(),Uk7pk:) = D(Akra Zga U,p) S ND()‘k’xO,w Z§7uap) + C

< ND* (20,0, 25, u,p) + C < ND*(1, Zy,u,p) + C < C.
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Therefore, we have proved that D*(r, zo, ug, px) is uniformly bounded by the L! L%

condition in (3.1) and the local pressure condition in (3.3). O

Next we want to show, up to passing to a subsequence, {(ug,pr)}>, converge to
a limiting solution (Ue, Pso). We modify [8, Proposition 3.5] and state the results on
R? in next proposition. These results can be easily extended to Ri. To make the
statement concise, we hereby introduce the following notation: L, wnir(€27), which
means that the L, norm in Q(z,1) N Qr for any zy € Qr are uniformly bounded

independent of the choice of z.

Proposition 3.5.3. i) There is a subsequence of (uy,px), which is still denoted by

(ug, pr), such that
Up — Uso 0 C([tg — 1/4% t0]; Ly, (B(x0,1/4))), (3.50)
P — Poo weakly in Ly_1(Q(z0, 1/4)). (3.51)
for any zy € (—o00,0] x R? and ¢, € [1,d).

i) Furthermore, (Uso,Poo) 18 a suitable weak solution of (1.1) in (—oc,0) x R?,
and

Uoo € L, Li((=T1,0) X RY),  pog € Ly 1 i (=11, 0) x RY).
for any Ty > 0 and ¢; € [1,00).
Proof. First we fix a 29 € (—o0, 0] x R%. By the previous Lemma 3.5.1, p;’s have a
uniform bound of the L, 1 (Q(20,1)) norm, so there is a subsequence, which is still

denoted by {px}, such that (3.51) holds. Similarly,

lurll e zz@eo)) < Nlullze e (to-1.00)xre) < N,
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where N is independent of k. By Lemmas 3.3.4 and 3.5.1, we have
A(1/2, 2o, up, pr) + E(1/2, 20, up, pr) < N.

From (3.1) and the weak continuity of Leray-Hopf weak solutions, we can conclude
that

”uk‘<t’ ')HLd(B(zo,l/Q)) <N, (352)

for each t € [—\;*Ty,0). By using Lemma 3.3.2 with ¢ = 2d/(d — 2) and r = 1/2,
we have

lukllzsrs, 5 @Gots2y <N,

which together with (3.52) and Holder’s inequality yields

‘|UkHL4(Q(zo,1/2)) < N7 ||uk ’ vuk|lL4/3(Q(ZO,1/2)) < N.

Following the coercive estimate for the Stokes system (see, for instance, [35]) we have
Ovug, D*ug, Vpr € Lysz(Q(20,1/4))

with uniform norms. Therefore, we can find a subsequence still denoted by {uy}
such that

U, — Uoo in C([tg — 1/4°, to]; Lay3(B(zo, 1/4))).

This together with (3.52) gives (3.50) by using Holder’s inequality. To finish the proof
of Part i), it suffices to use a Cauchy diagonal argument. Part ii) then follows from
Part i) and the fact that p;’s have a uniform bound of the L, 1 norm in Q(z0, 1),

which is independent of the choice of z. O

Corollary 3.5.4. When d > 4, for anye >0, r >0, and Ty > 1, we can find R > 1
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such that, for any zo € (=11 — 1,0] x (R?Jr) \B](;r)l),

lim sup O™ (7, 2o, up, pr) < €. (3.53)
k—o00
Proof. For simplicity let us assume © = R? as the other case is similar. Due to

Proposition 3.5.3 ii), for any r > 0, and 7} > 1, we can find R large such that

1
—2/ |[too|? dz
" J(~T1-2,0)x (R4\BR)

is sufficiently small. Thus by Holder’s inequality when d > 4, for any zg € (=17 —
17 O] X (Rd \ BR+1)7

1 2(2-1/d)
_ d
rd+2/d—2 /Q( |cc| o

is sufficiently small. This together with Proposition 3.5.3 i) proves (3.53). O

Lemma 3.5.5. When d > 4, for any e; > 0 and T; < 1, we can find R > 1 and

ro > 0 such that, for any zy € (=11 — 1,0] x (R?H \BS;)Q),

lim sup (AH) (70, 20, U, Pr) + E(+)(7,0’ 20, Uk, Dk)
ko0 (3.54)

+C ) (ro, 2o, ur, pi) + D (1o, 20, ur, i) < 1.

Proof. This lemma is to improve the boundedness property of C' and D we achieved
in Lemma 3.5.1 to smallness. We first prove the interior case. From Lemma 3.5.1,
we have

lim sup D(r, 20, ug, pr) < N,

k—o0
for any zy € (=00, 0] x R%. Now let = 1. From Corollary 3.5.4, for any gy > 0, we

can find R > 0 such that for any 25 € (=T; — 1,0] x (R?\ Bg,s),

lim sup C(1, 2o, ug, pr) < €o.

k—o0
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By Lemma 3.3.6, we immediately know that there exists v > 0 such that

: Ne _
lim sup D(7, 20, ug, pr) < WE_Q + Ny*=3/4 (3.55)
k—o0 Y
Then
. €
limsup C (7, 20, g, i) < —gr37775- (3.56)
k—oo Y
Using Lemma 3.3.4 we can get
. 1/4
. 0
II?SUP(A(’Y/ZZo,Uk’pk) + E(7/2, 20, uk, pr)) < N (W) . (3.57)
—00

We add (3.56), (3.55), and (3.57) together to obtain

lim sup(A(v/2, 20, uk, pr) + E(7/2, 20, ur, pi)

k—o0

+ C(’Y/Za ZOvukapk) + D(’Y/Qa 207uk7pk))

=N (7d+2/d—2) N ~d-+2/d—2 Ny (3.58)

For any £; > 0, fix some v such that Ny*=3/¢ < ¢, /2. Next by choosing R > 0 large

enough, we can make ¢y small such that

1/4
o N€0
N <7d+2/d2) + ~d+2/d=2 <e/2.
Letting ro = v/2, by (3.58) we have proved (3.54) for the interior case.

For the boundary case, we do a similar discussion on different shapes of w(z§, A7)

as we did in the proof of Lemma 3.5.1. We hereby omit the repeated proof. n

Next we show that u., is identically equal to zero. We modify the proof of [8,
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Proposition 5.3] by replacing Schoen’s trick with the Hélder continuity proved in
Sections 3.3 and 3.4. We state and prove the following proposition for {2 = Ri. The

results readily generalize to problem on 2 = R%.

Proposition 3.5.6. Under the assumptions of Theorem 3.1.2, let (U0, Poo) be the

suitable weak solution constructed in this section. Then

Uso(t,") =0 YVt € (—00,0).

Proof. Let €y be the constant in Theorem 3.4.1. Note that we can assume &g is
smaller than £y in Theorem 3.3.1. Fix some 77 > 1. Owing to Lemma 3.5.5, we can

find R > 1 and ry > 0 such that for any zo € [-77 — 1,0] x (RY\ Bf.4) ,
hin Sup(A+(T07 20, U/kupk) + E+(T07 20, ukapk) + D+(T07 20, ukupk)) S éO'
—00
Thus Theorems 3.3.1 and 3.4.1 yields that
lim supluue (20)| < N(d)
k—ro0
for a.e. z € [Ty —1,0) x (RL \ Bj.,). By Proposition 3.5.3, we obtain

|too (20)| < N(d)

for a.e. zg € [-T1 —1,0) x (R% \ Bf,,). Upon using the regularity results for linear

Stokes systems, one can estimate higher derivatives

| D7uce(20)| < N(d, j) (3.59)

for any j > 1 and a.e. 29 € [-T7 —1,0) x (R} \ Bj ).
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We now claim (0, -) = 0 by adapting the argument in the proof of [12, Theorem

1.4]. For any z, € R%, by using (3.50),

/ [uso (0, )| dx
Q(z0,1/4)

< / |ur (0, ) — uso (0, )| dz —i—/ |u (0, x)| dz
Q(z0,1/4) Q(z0,1/4)

< uw — ullo=1/42,0521 (@(@o,1/4))) + N (@) [[ur (0, ) || Lo (2(wo,1/4))

= |lur — ullc-1742,0121 Qo1 /4)) F N (@[T, ) La@rro/a+ Xo.M0/4)) -

The right-hand side of the above inequality goes to zero as k — oo, which proves

the claim.
Because of (3.59), the vorticity w = curl u, satisfies the differential inequality
|0 — Aw| < N(|w| + |[Vw)),

on (—T1,0) x (RL\ Bf,). We apply the half-space backward uniqueness theorem

proved in [12, 13] on the open half space {z4 > R + 3} to reach
w(z) =0 on (=T1,0] x {zq4 > R+ 3}. (3.60)
Now we fix a ty € (—71,0). Take an increasing sequence {t;}32, C (—=11,0)

converging to to. For each k, we consider equation (1.1) with initial data us(tg, ).

By Proposition 3.2.1, one can locally find a strong solution
Vg € C([tk, tr + 6k)7 Ld(Ri))

for some small 0y, and v (¢, -) is spatial analytic for t € (¢, tx + ;). We may assume
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that ¢, + dr < to. By the weak-strong uniqueness, v, = uy for t € [tg,tx + 0k).
Therefore, w(t,-) is also spatial analytic for ¢ € (tg,t; + dx). Because of (3.60), we
get

w(z) =0 on (s, tx + 6) x R,

which implies that u,, = 0 in the same region. In particular, we can take a sequence
{sk} such that t; < sp <ty + 0. Then {s;} converges to ty and us(sk, ) = 0. This
together with the weak continuity of u., yields that us(to, ) = 0. Since to € (—T11,0)

and 77 > 1 are both arbitrary, we complete the proof of the theorem. O

We now show the proof of Theorem 3.1.2 which also works for Theorem 3.1.1.
Again this proof is a modification of [8, Section 5] by replacing Schoen’s trick with

the Holder continuity proved in Sections 3.3 and 3.4.

Proof of Theorem 3.1.2. We prove the theorem in four steps.

Step 1. In this step, we assume condition (3.2) holds. First we show that wu is

regular for ¢t € (0,7]. Owning to Propositions 3.5.3 and 3.5.6,

u, — 0 in C([—1/4%,0]; Loga—1/0) (BT (1/4))).

Hence

lim sup C™ (r, 2o, ug, pi) = 0
k—o0

for r € (0,1/4). Also recall that DT (r, 2, ug, px) has a uniform bound for r € (0, 1).
Following the proof of Lemma 3.5.5 we have: for any € > 0, there is a ry > 0 small

and a positive integer ko such that, for any zo € (—2,0] x BT(2),

A+(7’0, 20, ukmpko) + E+(7“0, 20, ukmpko) + D+<TO> ZOaukoapko) S €.
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We choose ¢ sufficiently small and apply Theorem 3.4.1 to get, for some 7 > 0,

sup [ug, | < o0,
(=72,0)x B+ (7)

which implies that

sup  |u| < oc.
w(Zo, Ak T)

This contradicts the assumption that Zy = (Tp, X) is a blowup point. Therefore, u

is regular up to the boundary for ¢ € (0, 7.

Step 2. From this step on, we assume condition (3.3) holds. We bound the sup

norm of u in this step. Fix some small 6 € (0,7"). Since

HUHLgQLg((o,T)xRi) <N, HPHLQ_I/d,mf((o,T)xRi) <N,

by the same reasoning as at the beginning of the proof of Proposition 3.5.6, we see

that there exists a large R > 1 such that

sup lu| < N. (3.61)
[6,7)x (R \B (R))
Next we estimate the sup norm of u in [0,7T) x BT(R). Fix a zg = (to,z0) in

[6,T] x B¥(R). In the construction of ug, we replace (Ty, Xo) by (to, z0). By the

same reasoning as in the first step, for some 7 = 7(tg, 7o) > 0, we have

sup |u| < N(to, xo)-
w(z0,T)

Utilizing the compactness of [§,T] x B*(R), we see that

sup  |u] < N.
[5,T)x B+(R)
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This together with (3.61) yields

sup |u| < N.
[6,TTxR%

Step 3. Since we can choose the ¢ in step 2 to be arbitrarily small, we can
then utilize the local strong solvability of (1.1) to find some T} > ¢ such that u €
La2((0,77) x R%). From Step 2, for ¢t € [T3,T] the solution is uniformly bounded
and belongs to LL L%((T1,T) x RY), thus u € Ly2((0,T) x RL). The uniqueness

follows from the Ladyzhenskaya-Prodi-Serrin criterion.

Step 4. Now it remains to prove (3.4). We use a scaling argument. Let A > 0 be

a constant to be specified later. We define
up(t,r) = Mu(N’t, \x), pa(t,z) = N2p(\%t, \x).

Then (uy,py) is also a Leray-Hopf weak solution of (1.1) in (0,00) x R, and wu,
satisfies (3.1) with the same constant K due to the scale invariant property. Due to

the weak continuity of Leray-Hopf weak solutions,
Jua(t, ')HLd(Ri) <N, (3.62)
for each t € (0,00). By using Lemma 3.3.2 with ¢ = 2d/(d — 2) and r = oo, we have

HUAHLgL;d/(d_Q)((o,oo)xRi) < N. (3.63)

Putting together (3.62) and (3.63) and using Holder’s inequality yield

||u>\||L4((0,oo)><Rd+) S N
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Thus there exists 7' > 0 such that [ju,||,, 1(Tuoo)xrey 18 sufficiently small, which to-
gether with Holder’s inequality implies the smallness of CT(1, zp, uy, py) for zy €
(T,0) x RY. Again let &y denote the constant in Theorem 3.4.1. Following the

argument in Lemma 3.5.5 we can find a large T'= T\ and ry > 0 such that
AT (ro, 20, un, pr) + ET (10, 20, ux, pr) + D™ (1, 20, ux, pr) < éo
for any zp € [T, 00) x R%. Owing to Theorems 3.3.1 and 3.4.1, we conclude

sup fux(2)| < N,
[T,oo)><IRd+

where N = N(d) is independent of A. Therefore,

sup  |u(z)] < N/
[A2T,00) xRE

Sending A — oo yields the desired result. O]

3.6 Proof of Theorem 3.1.3

In this section, we prove the local result mentioned in Theorem 3.1.3. Most part
of the proof remains the same with last section. We omit some repeated details
in similar proofs from last section. We again start with the blow-up procedure:
Suppose (u,p) is a pair of Leray-Hopf weak solution (1.1)-(1.2) in (—1,0)xR%
and we study the local problem in Q*. Correspondingly, we modify the notation
w(z,r) = Q(z,7) N QT. Suppose Tp is the first blowup time of w in m, and
Zo = (T, Xo) = (To, Xo.1, Xoo, . - -, Xoa) = (T, X}, Xo.a) is a singular point in @

Take a decreasing sequence {)\;} converging to 0 and rescale the pair (u,p) at time
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Ty. By defining
u(t, 2) = Mew(Ty + Ait, Xo + M),  pr(t, ) = Xp(To + Ait, Xo + M),

for each k = 1,2,..., (ug,px) is a suitable weak solution of (1.1)-(1.2) for t €
(—A,;QTO,O). The first observation is the property of uniform boundedness of C'*

and DT after the rescaling.

Lemma 3.6.1. Under the conditions in Theorem 3.1.3, there exists N > 0 such that

for any z € (—o0,0] x RY

() and 0 <r <1,

lim sup C* (7, 29, ug, pr) < N,

k—o00

and
lim sup D™ (r, 29, ug, pr) < N. (3.64)

k—o00

Proof. Following the proof of Lemma 3.5.1, we easily have

CH(Ar, 2§, u,p) < Nllullze, zz @b ary < N

To prove (3.64), we consider three cases on whether Z; is on the flat boundary and

the shape of the w(z%, A\gr):

i) Consider when 7, € Q;FM, i.e., Xoq > 0. Based on the blow-up procedure, u;’s
are defined on a larger and larger domain which eventually expands to the whole
space, so we can always assume uy has definition on @(zp, ) when k is large. Denote

Zy = (X},0,Ty) to be the projection of Zy on the flat boundary and 2} to be the
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projection of z&. Note when k is large, \yr < Xo4, we have
Qzk, \er) € Q(Zo, Xo.4) € QF (Zo,2X0a) C QT (Z,1/2) C QF.
From Corollaries 3.3.7 and 3.4.9, we know that

D(T, 20, uk7pk:) = D()\k'f’, Z(I)€7 uyp) S ND(XO,dv ZO? uuP) + C
< ND*(2Xo.4, Zo, u,p) + C < ND*(1/2, Zy,u,p) + C

2—1/d
< NHpHL2 {/d Q+) +C.

ii) Consider when Z, € QTM, Xoq =0, and r > z94. When k is large, we have
w(zl, \er) € QT(BF, 20r) € QT (Z,1/2) C Q.
From the proof of Corollary 3.4.9, we have

D+(Ta zOvukapk) = D+<)\k’f‘, Zgauap) S ND+(2>‘]€T7 égau7p)

< ND*(1/2, Zy,u,p) + C < Nllpl| 1,/ 1) + C.

iii) Consider when Z, € Qf/ 1 Xo,a =0 and r < x4 When k is large, we have
w(zh, \er) = Q28 \r) C Q(EE, Mwo.a) C QT (Zo,1/2) C Q.
From the proofs of Corollaries 3.3.7 and 3.4.9 we have

D+(T7 ZO)ulmpk) = D()\kra Z(I)Ca U,p) S ND()\kxO,da Zgauap) + C

< ND(2\exo4, 55 u,p) + C < ND'(1/2, Zg, u,p) + C < NHpHiglijd on +C.
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Therefore, D¥(r, 2o, uy, pi) is uniformly bounded by ||p|[z,_, ,,(¢+) Plus some constant.

O

After we proved the boundedness, we can again prove the results of Proposition
3.5.3, Corollary 3.5.4, Lemma 3.5.5 and Proposition 3.5.6 in the same fashion as
previous. Here we show the proof of Theorem 3.1.3 in the boundary case Xg4 = 0.

The interior case is similar.

Proof of Theorem 5.1.3. Owing to Propositions 3.5.3 and 3.5.6, we have

u, — 0 in C([—1/4%,0]; Loga—1/0) (BT (1/4))).

Hence

lim sup C™ (r, 2o, ug, pi) = 0
k—o0

for r € (0,1/4). Also recall that D (r, 29, uy, px) has a uniform bound for r € (0, 1/4).
Following the proof of Lemma 3.5.5 we have: for any € > 0, there is a ry > 0 small

and a positive integer ko such that, for any zy € (—1/4% 0] x B*(1/4),

At (ro, 20, Uky, Pko) + E1 (10, 20, Ukys Do) + DT (70, 20, Uk, Pro) < €,

which implies

AT (Mo, zgo, u,p) + ET (Ao, z(’)““, u,p) + DT (Ao, zé“),u,p) <e.

We choose ¢ sufficiently small and apply Theorem 3.4.1 to deduce that u is Holder
continuous around Zj since zgo is an arbitrary point around Z,. We reach a contra-

diction and finish the proof. n
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