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Abstract of “ Initial Boundary Value Problem of the Boltzmann Equation
Ph.D., Brown University, May 2011

"’ by Chanwoo Kim,

In this thesis, we study some boundary problems of the Boltzmann equation and the Boltzmann

equation with the large external potential.

If the gas is contained in a bounded domain or flows past a solid bodies, the Boltzmann equation
must be accompanied by boundary conditions, which describe the interaction of the gas with the
solid walls. The basic boundary conditions are in-flow injection, diffuse reflection, bounce-back,

and specular reflection boundary conditions.

First, we demonstrate that discontinuity of the Boltzmann solution is created at the non-convex
part of the grazing boundary, then propagate only along the forward characteristics inside the
domain before it hits on the boundary again with the in-flow injection, diffuse reflection and bounce-

back boundary conditions. The main ingredient is the new regularizing effect of the gain term.

Second, we prove the global well-posedness of the Boltzmann equation with the specular re-
flection boundary condition when the domain is the cylindrical shape. The main ingredients are
introducing collision-pair map to show the transversality and developing the graph comparison

method to characterize grazing velocities for the non-convex domains.

If the gas particles are charged and there is background electonic potential, the Boltzmann
equation is accompanied by the field term V,® - V, F' in the equation. The global well-posedness
in the presence of the large external potential is an important open problem. We use Asano’s
work, showing the transversality in the presence of potentials, in LP — L*> framework to resolve

this problem.
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CHAPTER ONE

Introduction



In this thesis, we study some mathematical properties of the Boltzmann equation with several

boundary conditions and with large external potentials.

1.1 Brief Introduction

A density of a dilute gas is governed by the Boltzmann equation
OF +v- -V, F=Q(FF), (1.1)

where F'(t,z,v) is a distribution function for the gas particles at a time ¢ > 0, a position z € Q C

R? and a velocity v € R3. Throughout this paper, the collision operator takes the form

Q(F, F») = /RS ., B — u,w)Fy (u") Fy (v dwdu — /RS . B(v — u,w) Fy (u)Fy(v)dwdu

Q+(F1, Fy) — Q- (I, Fy), (1.2)

where ' =u+ [(v —u) - w]w, v =v — [(v—u) - w]w and

B(v —u,w) = v — u|"qo( |Z : Z| ‘W),
with 0 < v <1 (hard potential) and
/ qo(4 - w)dw < 400 (angular cutoff), (1.3)
SQ

for all & € S2.

If the gas is contained in a bounded region or flows past a solid bodies, the Boltzmann equation
must be accompanied by boundary conditions, which describe the interaction of the gas molecules
with the solid walls. The mathematical study of the boundary value problem of the Boltz-
mann equation : particle-boundary interaction in a bounded domain and its effect on the global

dynamics is one of the fundamental problems in the Boltzmann theory.

Let the domain €2 be a smooth bounded domain. We consider three basic types of boundary

conditions([27],[63]) for F(t,z,v) at (x,v) € 0Q x R3 with v - n(z) < 0, where n(z) is an outward



unit normal vector at x :

1. In-flow injection boundary condition : the incoming particles are prescribed ;

F(t,z,v) = G(t,x,v). (1.4)

2. Diffuse reflection boundary condition : the incoming particles are a probability average of

the outgoing particles ;

Fit.a0) = cunto) | oy ) ) ot (1.5)

v 2
with a normalized Maxwellian p = e’%, a normalized constant ¢, > 0 such that

Cu/ p()|n(x) - v'|dv" = 1. (1.6)
"n(@)>0

3. Bounce-back reflection boundary condition : the particles bounce back at the reverse the
velocity ;
F(t,z,v) = F(t,xz,—v). (1.7)
4. Specular reflection boundary condition : the particles bounce specularly ;
F(t,z,v) = F(z,v,v — 2(n(x) - v)n(z)) = F(z,v, R(x)v). (1.8)
On the other hand, if the particle is charged then the dynamics of charged particles interact

with the back-ground potential ®. For this case, a density of a dilute charged gas is governed by

the Boltzmann equation

OF +v -V, F=V,0(z) -V, F=Q(F,F) , F(0,z,v) = Fy(z,v). (1.9)

Recently, Yan Guo develop a robust mathematical LP — L* to study the time decay and



continuity of Boltzmann solutions for the four basic boundary condition ([27]). In ([43]), we study
the continuity and discontinuity of such Boltzmann solutions in a non-convex domains for in-flow,
bounce-back and diffuse reflection boundary conditions. In ([42]), we establish the well-posedness
and the exponential decay of the Boltzmann solution for the specular reflection boundary condition
in 2D analytic non-convex domains. In ([44]), we use the LP — L* framework to establish the

stability of the local Maxwellian in the presences of large potentials.

1.2 Main Results

1.2.1 Formation and Propagation of Singularity

We assume the domain Q C R? is open and bounded and connected. For simplicity, We assume
that the boundary 0f is smooth i.e. for each point g € 0f2, there exists » > 0 and a smooth
function ®,, : R? — R such that - upon relabeling and reorienting the coordinates axes if necessary
- we have

QN B(xg,r) ={z € B(xg,7) : 3 > Py (21, 22)}. (1.10)
The outward normal vector at 0f) is given by

1
V1 VLB (ay, 22)]?

n(xlva) (811@10(x17x2)7 812@10(1'17‘%2); -1 )

Given (t,z,v), let [X(s),V(s)] = [X(s;t,x,v),V(s;t,z,v)] = [x — (t — s)v,v] be a trajectory (or a
characteristics) for the Boltzmann equation (3.1) :
dv(s)

=V(s), o =0, (1.11)

with the initial condition: [X(¢;t,z,v), V(¢;t, z,v)] = [z,v].

Definition 1. For (z,v) € Q x R?, we define the backward exit time ty(z,v) > 0 to be the last
moment at which the back-time straight line [X(s;0,z,v),V (s;0,x,v)] remains in the interior of
Q:

to(x,v) =sup({0}U{r >0:x—sv €Q forall 0 <s<T}).



We also define the backward exit position in OS2

Tp(x,v) =z — tp(z,v)v € 09,

and we always have v - n(zp(z,v)) < 0.

We denote the phase boundary in the phase space  x R? as v = 09 x R3, and split it into

outgoing boundary 4, the incoming boundary «_, and the grazing boundary -y :

vy = {(z,v) €A xR3: n(x) v>0},
vo = {(z,v) € xR>: n(x) v <0},
v = {(z,v) €02 xR>: n(z)-v=0}

We need to study the grazing boundary o more carefully.

Definition 2. We define the concave(singular) grazing boundary which is a subset of the

grazing boundary o :

’Yg ={(z,v) € y0 : to(z,v) # 0 and tp(x, —v) # 0},

and the outward inflection grazing boundary in the grazing boundary o :

W = {(x,v) €70 : tu(z,v) 0, tp(r,—v) =0,36 >0 s.t. 2+ 710 € Q° for 7€ (0,8)},

and the inward inflection grazing boundary in the grazing boundary o :

’yé_ ={(z,v) €Y : tp(2,v) =0, tp(z,—v) #0,30 >0 s.t. z — v € Q° for 7€ (0,8)},

and the convex grazing boundary in the grazing boundary 7o :

Y = {(x,v) €70 : tw(2,v) =0 and ty(x, —v) = 0}.

It turns out that the concave(singular) grazing boundary ~§ is the only part at which discon-

tinuity can be created and propagates into the interior of the phase space Q x R3.



Definition 3. Define the discontinuity set in [0,00) x Q x R as

D = {000 x[+§ Ual U1} (1.12)

u{ (t,2,v) € (0,00) x {QAx R3 Uy} t > tp(z,0) and (zp(z,v),v) €45 },(1.13)
and the continuity set in [0,00) x Q x R3 as

¢ = {{0} XQXR3}U{(O,OO) x [y U™ }}

U{ (t,z,v) € (0,00) x {QAxR3U~,}: t <tp(x,v) or (p(z,v),v) €y U™ }(1.14)

For bounce-back reflection boundary condition case (1.7) we need slightly different definitions : the

bounce-back discontinuity set and the bounce-back continuity set are

Dy = D U {(t,x,v)e(o,oo) % QX R3¢ > 2y (x,0) + ty(z, —v) and (xb(x,—v),—v)efyg},
T = {{O}XQxRS}u{(o,oo)x[y,u%{*]}
U {(t,x,v)e[0,oo)><{Q><R3U'y+}: t < ty(z,0)
or [ (zp(z,v),v) €7_ U~y and t < 2ty(z,v) + tu(z, —v) |

or [ (xp(z, —v), —v) € y- U'yé_ and (wp(z,v),v) € 7- U'Yé_ ] }’

respectively.

The discontinuity set © consists of two sets : The first set of (3.90) is the grazing boundary
part 7o of . This set mainly consists of the phase boundary where the backward exit time tp, (x, v)
is not continuous (Lemma 2). The second set of (3.90) is mainly the interior phase space part of
D ie. DN[0,00) x Q x R? which is a subset of a union of all forward trajectories in the phase
space emanating from ~5. Notice that ® does not include the forward trajectories emanating from
WU 'yéJr because those forward trajectories are not in the interior phase space [0,00) x € x R3.
We also exclude the case t < ty(x,v) from ©. In fact, considering the pure transport equation,
t < tp(z,v) implies the transport solution at (¢, z,v) equals the initial data at (z — tv,v) and if the
initial data is continuous, we expect the transport solution is continuous around (¢, z,v). Notice
that we exclude the initial plane {0} x © x R3 from D because we assume that the Boltzmann

solution at t = 0 is continuous.



The continuity set € consists of points either emanating from the initial plane or from y_ U ’yé -,

but not ~§.

Furthermore we define a set including the grazing boundary =y and all forward trajectories ema-

nating from the whole grazing boundary ~g.

Definition 4. The grazing set is defined as
& = {(z,v) € AxR®:n(wp(r,v)) v=n(z—ty(z,v)v) v=0} (1.15)
and the grazing section is

G, ={veR?: (z,v) € &} = {v € R®: n(wp(z,v)) - v =0}

Obviously the grazing set & includes the discontinuity set ®. In order to study the continuity

property of the Boltzmann solution we define :

Definition 5. For a function ¢(t,z,v) defined on [0,00) x {QxR3\&} we define the discontinuity

jump in space and velocity

[¢(t)]x,’u = hm Sup |¢<t’ xla UI) - (b(ta x/l7 ’U”)‘,
N0 (27 01 (2" ') E{QXRINGIN{ B((2,0);6)\(2,v)}

and the discontinuity jump in time and space and velocity

[¢]t,ryv = %HBI sup ‘¢(t/a xlv v/) - ¢(t//’ 1'”7 'U//)|v
v t',t" € B(t;6)
(', v), (@",0") € {2 x R\&} N {B((z,v); 6)\(z,v)}

where & is defined in Definition 4. We say a function ¢ is discontinuous in space and velocity (in
time and space and velocity) at (t,z,v) if and only if [@(t)]zw # 0 ([@lt.e0 # 0) and continuous in
space and velocity (in time and space and velocity) at (t,z,v) if and only if [¢(t)]s.0 =0 ([Hlt,n,0 =
0).

Notice that the function ¢ is only defined away from the grazing set &. Once the discontinuity
jump of given function ¢ is zero at (f,z,v) then the function ¢ can be extended to [0, 00) x Q x R?

near (¢,z,v). Because of those definitions we can consider a function which has a removable



discontinuity as a continuous function. And a non-zero discontinuity jump [¢]; .. # 0 means ¢ has

a "real” discontinuity which is not removable.

Now we are ready to state the main theorems of Chapter 2. In order to state theorems in the

unified way we use a weight function
w(v) = {1+ p?v[*}7,

such that w=2(v){1 + |v|}® € L.

Theorem 1 (Formation of Discontinuity). Let Q be an open subset of R® with a smooth boundary
0. Assume Q is non-convex, v§ # 0. Choose any (zo,vo) € V5 with vo # 0. For any small § > 0,
1. there exist to € (0, min{d, tp(zo, —v0)}) and an initial datum Fy(x,v) which is continuous on
QxR3U{y_UAS}, and an in-flow boundary datum G(t,x,v) which is continuous on [0,00) x {y_ U
7S}, satisfying

Fo(z,v) = G(0,z,v) for (x,v) €~v_UAS, (1.16)

and

sup (1.17)

Fy — G(t) —
o 22 e 2 o S e, <
VI L= (@QxR3)  4e(0,00) VI Loo(v-)
such that if F on [0,00) x Q x R3 is Boltzmann solution of (3.1) with the in-flow boundary condition
(1.4) then F' is discontinuous in space and velocity at (to, o, vo), t.e. [F(t0)]zg,0 7# O

2. there exist to € (0, min{0, tp(zo, —vo)}) and an initial datum Fo(x,v) which is continuous on

Q x R3U {y_ U~S}, satisfying

Fo(z,v) = cupu(v) //. o Fo(z,v){n(z) - v'}dv' for (x,v)€~y_UAS, (1.18)

and

H w T H s, (1.19)

<
VI HL&(an@)
such that if F on [0,00) x Q x R3 is Boltzmann solution of (3.1) with the diffuse boundary condi-

tion (1.5) with the compatibility condition (1.18) then F is discontinuous in space and velocity at

(to,Io,’Uo), i.€. [F(t())}xo,vg 7é 0.

3. there exist to € (0, min{d, tn(xo, —vo), tw(x0,v0)}) and an initial datum Fo(x,v) which is contin-



uous on Q x R3U {y_ U4S}, satisfying (1.19) and
Fo(x,v) = Fo(x, —v) for (z,v) € v_U~S, (1.20)

such that if F' on [0,00) x Q x R® 4s Boltzmann solution of (3.1) with the bounce-back boundary

condition (1.7) then F is discontinuous in space and velocity at (to, o, vo), i-€. [F(t0)]ze.ve 7 O-

The smallness of given data (1.17), (1.19) ensures the global existence of Boltmzann solution for
all boundary conditions [27]. Notice that we can observe the formation of discontinuity for any point
of the concave(singular) grazing boundary ~§ of any generic non-convex domain €. If we assume
that Fy(x,v) is continuous on Q x R3U{y_ U435} and G(t,z,v) is continuous on [0, 00) x {y_ U},
and that the compatibility conditions (1.16), (1.18) and (1.20) are valid up to yv_ U~§, then The-
orem 1 implies the continuity breaks down at the concave(singular) grazing boundary ~§ after
a short time ¢y € (0, min{d, tn(zo, —vo)}) for in-flow (1.4), diffuse (1.5) boundary condition and
to € (0, min{d, tn(zo, —v0), tb(z0,v0)}) for bounce-back (1.7) boundary condition. For this generic
cases, we said the Boltzmann solution F' has a local-in-time formation of discontinuity at

(to,.’bo,vo).

Once we have the formation of discontinuity at (tg,zq,v0) € 7§, we further establish that the

discontinuity propagates along the forward characteristics.

Theorem 2 (Propagation of Discontinuity). Let € be an open bounded subset of R3 with a smooth
boundary 0. Let F(t,x,v) be the Boltzmann solution of (3.1) with the initial datum Fy which is
continuous on Q x R® U {y_ U}, and with one of the following boundary conditions :

1. For in-flow boundary condition (1.4), let (1.16) and (1.17) be valid and G(t,z,v) be continuous
on [0,00) x {y- U~§},

2. For diffuse boundary condition (1.5), assume (1.19) and (1.18),

3. For bounce-back boundary condition (1.7), assume (1.19) and (1.20).

Then for all t € [to,to + tb(x0, —vo)) we have

[F]t,fﬂo-i-(t—to)vovﬂo < 6_01(1+|v0|)’y(t_t0)[F(to)]lo,vov (121)

where C1 > 0 only depends on ||wF—J;||Lm([O7w)XﬁxR3),
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On the other hand, assume [F(to)]zgwe # 0, and to € (0,tn(x0, —vg)) for in-flow and diffuse
boundary conditions and to € (0, min{ty(xg, —vo), tb(x0,v0)}) for bounce-back boundary condition,

and a strict concavity of 0Q at xg along vy, i.e.

Z(vo)i&;i&w@(axo)(vo)j < —CQ;O)UO. (1.22)
,J
Then for all t € [tg,to + tw(To, —v0)), the Boltzmann solution F is discontinuous in time and space

and velocity at (t,xo + (t — to)vo, v0), i.€. [Flizot(t—to)vo,vo 7 0 and
CeicZ(IJrlvo‘)W(titO)[F(to)}moﬂ-)o S [F]t,wo-i-(t—to)vo,voa (123)

where 0 < C < 1, and Cy = Cz(| |wF—\;;HLm) € R which is positive for sufficiently small
||w%||Lw([0,oo)xQxR3)'

The strict concavity condition (1.22) rules out some technical issue of the backward exit time ty,.
Our theorem characterize the propagation of discontinuity before the forward trajectory reaches the
boundary. In the case that the forward trajectory reaches the boundary, i.e. t > to + tp (20, — o),
the situation is much more complicated. Denote 1 = xg + tp(x0, —v0)vo,t1 = to + tu(To, —vo)-
If the trajectory his on the boundary non-tangentially, i.e. (z1,v9) € v+, for in-flow and diffuse
boundary cases, the discontinuity disappears because of the continuity of the in-flow datum and the
average property of diffuse boundary operator. For bounce-back case the discontinuity is reflected
and continues to propagate along the trajectory. If the trajectory hits on the boundary tangentially,
i.e.(21,v0) € Yo, there are three possibilities. Firstly if (z1,v9) € 74" then the situation is same as
the case (x1,v9) € v+ above. Secondly, if the trajectory is contained in the boundary for awhile,
i.e. there exists § > 0 so that x1 + svy € 9 for s € (0,0) then it is hard to predict the propagation
of discontinuity in general. Assuming certain condition on ) for example Definition 6, we can rule

such a unlikely case.

The last case is that (z1,v9) € 75. Assume we have a sequence of {t,, = t,_1 + tp(Tn_1, —v0)}
and {z, = T,_1 + tu(Tn_1, —v0)vo} € 0N so that (z,,v9) € 7§, and a directional strict concavity
(1.22) is valid for each (z,,vp). We can show the propagation of discontinuity also between the
first and the second intersections, i.e. [Fl¢ 4 (t—to)vo,uo 7 O for t € [t1,t2). For t > o, if we have

very simple geometry, for example the first picture of Figure 2, we can show the propagation of
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discontinuity, i.e. [F;zo@¢—to)vo,ve 7 0 for t € [tn,tny1) even for n = 2,3. But in general, for
example the second domain of Figure 2, we cannot show [FJ; 4o (t—t¢)vg,vo 7 0 for t € [tn,tnq1) for
n > 2.

Thanks to Theorem 1 and Theorem 2, for any (¢,z,v) € D N {(0,00) x Q x R3} we can construct
continuous initial datum Fy and continuous boundary datum G(for in-flow boundary condition) so
that F has a local-in-time formation of discontinuity at (t — tp(z,v), Tp(z,v),v) € (0,00) X 7§ and

F is discontinuous at (¢, z,v).

The next result states that Theorem 1 and Theorem 2 capture all possible singularitie s(discontinuities),
despite nonlinearity in the Boltzmann equation. In other words the singularity of the Boltzmann
solution is propagating as the linear Boltzmann equation and no new singularities created from the

nonlinearity of Boltzmann equation.

Theorem 3 (Continuity away from D). Let Q be an open bounded subset of R® with a smooth
boundary 0Q. Let F(t,z,v) be a Boltzmann solution of (3.1) with the initial datum Fy which is
continuous on Q x R3 U {y_ U~y U~{™} and with one of

1. In-flow boundary condition (1.4). Assume (1.17) is valid and the compatibility condition
Fo(l’,l)) :G(O,l‘7’U) fO?” (J?,U) €7- U’Yé_, (124)

and G(t,2,v) is continuous on [0,00) x {y_ U~{~}.

2. Diffuse boundary condition (1.5). Assume (1.19) is valid and the compatibility condition

Fo(z,v) = cuu(v)/ Fo(z,v'){n(x) -v'}dv" for (x,v) €~y_U~{™. (1.25)

v’ -n(x)>0

3. Bounce-back boundary condition (1.7). Assume (1.19) is valid and the compatibility condition
Fy(z,v) = Fy(x, —v) for (z,v) € v_ U~ (1.26)

Then F(t,x,v) is a continuous function on € for 1,2 and a continuous function on €y, for 3. If the
domain Q does not include a line segment (Definition 6) then the continuity set € and €y, are the
complementary of © and Dy, respectively. Therefore F(t,z,v) is continuous on (D) for 1,2 and

continuous on (Dyp)¢ for 3.
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Definition 6. Assume Q € R3 be open and the boundary OS2 be smooth. We say the boundary O
does not include a line segment if and only if for each o € OQ and for all (ui,us) € S* there
is no 6 > 0 such that

D, (Tuy, TU)

is a linear function for v € (=6,0) where ®,, from (1.10).

The last theorem is a qualitative property of the gain term in (3.2). This theorem is crucial to

prove Theorem 2 and Theorem 3.

Theorem 4 (Continuity of Q). Assume that F(t,x,v) is a function defined on (t,z,v) € [0,T] x

Q x R? and is continuous away from the grazing set in (4), i.e.
F e C'[0,T] x (2 x R*)\&),

and

Hw_lFHLOO([O,T]xQxR?’) < 400,

[v]?

wherew:(ljgzwwithpGRandﬂ>O.

Then the gain term Q4 (F, F)(t,z,v) is continuous, i.e.

Q+(F7F) € CO([()?T] x 2 x RB)’

and

sup v o tQ(F, F)(t,z,v)| < cc. (1.27)
[0,T]xQxR3

Notice that the function F' in Theorem 4 need not be a solution of the Boltzmann equation.

1.3 Specular Reflection Boundary Condition in 2D Domains

In Chapter 3, we assume the domain (2 is cylinderical, i.e. let 2 C R? be connected and bounded
and

0= QxT.
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Moreover the boundary 0f2 is locally an image of unit-speed curve, i.e. for each z, € 92, there

exists r, 1,02 > 0 and a curve « : (d1,2) — R? such that &(7) = 1 with 2o = «(0) and
QN B(wg,r) = {a(r) €R*: 7 € (61,8)}. (1.28)

Moreover we always assume that © is on the left side of a. For plane curve o(1) = (a!(7),a?(1)) €

R? we define the signed curvature of a at 7

() = BT — (1))
(@) + @ (PP

(1.29)

We define two categories of domains in R? :

Definition 7. If Q@ = Q x T! C R3 where the periodic interval T' = [0,1]/ ~ with 0 ~ 1, and
Q is an open connected bounded subset of R% and the boundary 09 is an image of unit-speed curve
o with

K(T) >0 forall T, (1.30)
then we say the domain () is the smooth strictly convex cylinderical domain.

Definition 8. If Q = QxT! C R? and Q is an open connected bounded subset of R? such that
there exists the family of open bounded simply connected subsets Q, C R? for i =0,1,2,.... M < oo
such that

Q=0,\{Q, UQU..UQ}, (1.31)

and satisfying

e QD cl(8;) forall i=1,2,...,M and cl(Q;) Ncl(Q;) =0 for all i # j (€ {1,2,..., M}),

o there exists, for each ;, a closed unit-speed analytic curve «; : [a;, b;] — R? such that 09Q; is

an image of o; and §2; is always on the left side of ;.

Then we say the domain Q = Q x T is the analytic non-convex cylinderical domain.

We explain the meaning of underlined L in the second condition of Definition 11. It means

when you walk on the a; with ¢&; direction Q = Qp\{Q1 UQa U ...UQys} is always the left side of
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you. Precisely L means the outer normal direction at o;(79) € 99 is always

0 1
n(ai(7)) = &i(70). (1.32)
-1 0

In terms of the standard perturbation f such that F' = u+ ,/uf, the Boltzmann equation can

be rewritten as

{8t+UV+L}f:F(f7f)’ f(O,x,v)zfo(x,v),

where the standard linear Boltzmann operator see [27] is given by

Li=vf-Kf- —;E{Q(u, VAR + QL) =vf — [Ko)fwa (13)

with the collision frequency v(v) = [ |v — u|"pu(u)qo(0)dudd «~ {1 + |v|}? for 0 <~ < 1; and

iﬂ@(ﬁfl, Vif2) = T4 (fi. f2) — T_(fu. f2). (1.34)

L(f1, f2) = NG

In terms of f, the specular reflection is

ft,z,v)|ly. = f(z,v,v—2(n(z) - v)n(z)) = f(z,v, R(x)v) (1.35)

For specular reflection conditions, it is well-known that both mass and energy are conserved.
Without loss of generality, we may always assume that the mass-energy conservation laws hold for

t > 0, in terms of the perturbation f:

/ f(t,z,v)y/pdzdo =0, (1.36)

OxR3

/ |2 f(t, ,v)/udzdv = 0. (1.37)
QxR3

Moreover, if the domain 2 has any axis of rotation symmetry (3.12), then we further assume the

corresponding conservation of angular momentum is valid for all £ > 0 :

/ {(x — zo) x w} - vf(t, x,v)y/ndxdv = 0. (1.38)
OxR3
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Theorem 5. Assume w=2{1 + |v|}® € L' in (3.20). Assume that the domain is either Smooth
Convex Domain (Definition 10) or Analytic Non-Convexr Domain (Definition 11) and the mass
(3.17) and energy (3.18) are conserved for fo. In the case of Q has any rotational symmetry
(3.12), we require that the corresponding angular momentum (3.19) is conserved for fo. Then there
exists 6 > 0 such that if Fo(x,v) = p+ /pfo(x,v) > 0 and [|wfollee < 6, there exists a unique
solution F(t,x,v) = p+ /uf(t,z,v) > 0 to the specular boundary value problem (3.16) for the

Boltzmann equation (3.1) such that

sup  eMwf(t)]|oe < C||wfol]oo-
0<t<oo

1.4 Stability of Maxwellian with a Large external Potential

In the presence of a potential ®, a density of a dilute charged gas is governed by the Boltzmann
equation

OF +v -V F =V, 0(z) -V, F=Q(F,F) , F(0,z,v) = Fy(z,v), (1.39)

where F(t,x,v) is a distribution function for the gas particles at a time ¢ > 0, a position 2 € T¢ and
a velocity v € R for d > 3. Here the external potential ®(z) is a given function only depends on

the spatial variable 2 in a periodic box T¢.
Throughout Chapter 4, we study the stability of a local Maxwellian for given potential ® :

o]

pp(e,v) = exp{—g— <x>} = u()e @ (1.40)

where p(v) = exp {—%} is the standard global Maxwellian in the no potential case, ® = 0 ([26]).

Define a perturbation distribution f = f(t,z,v) by
F(t,2,v) = pp(a,v) + /s (@, 0)f(t 2, v). (1.41)
Then the equation for the perturbation f is

Of+0-Vof —VO- Vo fhe P@Lf = e 32@D(F, f) | £(0,2,0) = fo(z,v) = FO\}M“E (1.42)
E
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where the standard operators of the linearized Boltzmann theory ([25]) are

Lf=vf—Kf= —\jﬁ{Qw VD) + QWA )} = vf - / (v, o) f (),

with the collision frequency v(v) = [ |v — u|"p(u)godudw ~ {1 + |v|}7 for 0 <~ <1 ; and

1

F(flafZ): 7

Q(ifi,Vinfa) =Ty (f1, f2) = T—(f1, f2)-

3

Let F' be a solution of the Boltzmann equation (1.39) with an external potential ®. As the no

potential case (® = 0), we have the (excess) conservations of mass and energy :

//deRd{F(t,x,v) — pptdvdr = //TdXRd{Fo(x,v) — ppYdvde = My, (1.43)

2 2
// (ﬂ + O(2)){F(t,z,v) — ppldvdex = // (li + ®(z)){Fo(z,v) — pp}dvdz
TdxRd 2 TdxRd 2
= B, (1.44)
as well as the excess entropy inequality :
HOF(1)) — H(up) < H(Fy) — H{yug), (1.45)

where H(g) = [[ g Ing dvdz.

However, in the presence of an external potential ®, the momentum conservation law is delicate.
In general, the momentum is not conserved : multiplying the Boltzmann equation (1.39) by v; and

integrating over T¢ x R?, we have

%// v F(t)dxdv — // v,V ®(x) - Vo, F(t)dzdv = 0.

Applying the integration by part to the second term, we have

% / / v (t)dzdy + / 0,(x)F (t)dzdv = 0.

If the potential ® does not depend on x;, then the second integration of the above equation vanishes.

Therefore we have the conservation of momentum for v;. Otherwise, in general, we do not have
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such a conservation law of momentum.

More precisely, define a map
A:T? — {Linear Subspaces of R} | A(z) =span{V®(z)} = {v € RY: v =7V®(z) ,7 € R}.

Define
AT = | A@), (1.46)

zeTd
which is a linear subspace of R?. Further we can decompose R? = A(T4) @ A(T9)*. More precisely

we define a degenerate subspace of V& by

ATH = [ A=), (1.47)

z€eTe
which is a linear subspace of R%. Let n = dim A(T?)*. Notice that generically the degenerate
subspace of V@ is a zero space {0} and n = dim A(T9)* = 0. Upon relabeling and reorienting the

coordinates axes, we may assume that A(T9)" is spanned by {ey,...,e,}, i.e.
A(TH* = span{ey, ...,en} n = dim A(T%)*. (1.48)

If @ is differentiable then 0, ® = -+- = 9,, ® = 0 and ® = ®(x 41, - ,xq). Further we assume
® € C3(T?) and satisfies the periodic boundary condition in T¢ and 1 < ®(z) < |®|.. Then we

have the (excess) conservation of momentum for degenerate {vy,...,v,} :

//TdXRd{F(t’ z,0) — p} (v, ... on)" doda

= // {Fo(z,v) — p} (v, ...v0)T dvde = Jo € R™ (1.49)
Td x R4

Notice that generically A(T?)+ ,the degenerate subspace of V®, is a zero space {0} and n =

dim A(T?)+ = 0 so that we do not have such a momentum conservation law as (1.49).

It is important to point out that the momentum conservation law (1.49) is necessary in order
to get decay (1.52) in Theorem 1. In particular the condition (1.49) is used in (4.48) in order to
show the crucial positivity of L in (4.23). Without the condition (1.49), we have the stability result

(1.55) in Theorem 2 but not a decay.
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We introduce the weight function for 8 > d/2,

w(z,v) = {2 + @(x)}ﬁ/g . (1.50)

Theorem 6. Assume that an external potential ® is a periodic C>-function on T® and ® =
D(xpy1,- - ,xq) for some n < d. Assume the conservations of mass (1.43), energy (1.44) and

momentum for degenerate {vy,--- ,vn} (1.49) are valid for Fy = ug + /g fo with
(M(),Eo,JQ):(O7O,O)€RXRXRn. (151)

Then there exists 6 > 0 such that if Fo(x,v) = pg + /pefo(z,v) and ||wfolle < 0, there exists a

unique solution F(t,x,v) = ug + Juef(t,x,v) > 0 for the Boltzmann equation (1.39) such that

sup e [[wf(t)]|oo < Clwfolloe (1.52)
0<t<o0o
Without the conservation of momentum for degenerate {vy,- - ,v,} (1.49), we are not able to

prove the L>°—decay (1.52). The reason is that such a momentum conservation law is crucial to
show the positivity of L in Proposition 4. However, we have the L°—stability using the natural

excess entropy inequality (1.45).

Theorem 7. Assume that an external potential ® is a periodic C®-function on T®. Assume the

excess conservation of mass (1.43), energy (1.44) and the excess entropy inequality (1.45) are valid

Jor Fo = pp + \/pe fo with

|Mo|, |Eol, |H(Fo) —H(ur)| < ooc. (1.53)

Then there exists § > 0 such that if Fo(z,v) = pg + /pEfo(z,v) and

llwfolloo + VH(Eo) = H(pr) + [Mo| +[Eo| < 6, (1.54)

then there exists a unique solution F(t,x,v) = ug + Jugpf(t,z,v) > 0 for the Boltzmann equation
(1.39) such that

swp Jwf@lle < C{ 1wolloe + VHFo) — Hlpr) + Mo +1Bo] } . (155)

0<t<oo
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Notice that we do not need any smallness assumption for the external potential ® in both

theorems.



CHAPTER TwoO

Formation and Propagation of
Singularity in Non-Convex

Domains
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Abstract The formation and propagation of singularities for Boltzmann equation in bounded
domains has been an important question in numerical studies as well as in theoretical studies.
Consider the nonlinear Boltzmann solution near Maxwellians under in-flow, diffuse, or bounce-
back boundary conditions. We demonstrate that discontinuity is created at the non-convex part
of the grazing boundary, then propagates only along the forward characteristics inside the domain

before it hits on the boundary again.

2.1 Comments

2.1.1 Previous Works and Significance of This Work

There are many references for the mathematical study of different aspects of the boundary value
problem of the Boltzmann equation, for example [35][27][47] and the references therein. In [27],
an unified L? — L™ theory in the near Maxwellian regime is developed to establish the existence,
uniqueness and exponential decay toward a Maxwellian, for all four basic types of the boundary

conditions and rather general domains.

The qualitative study of the particle-boundary interaction in a bounded domain and its effects
on the global dynamics is a fundamental problem in the Boltzmann theory and the Vlasov theory.
One of challenging questions is the regularity theory of kinetic equations in bounded domain. This
problem is very hard because even for simplest kinetic equations with the differential operator v-V,,
the phase boundary 9 x R3 is always characteristic but not uniformly characteristic at the grazing
set vo = {(z,v) : x € 09, and v-n(z) = 0}. In a convex domain Holder estimates of boundary
problem of Vlasov equation for specular reflection boundary condition is solved recently [38][39]
but Sobolev-type estimate is still widely open. In a convex domain a continuity of the Boltzmann
solution away from g is established in [27] for all four basic boundary conditions. The convexity
of boundary is crucial for certain regularities of both Vlasov equation and Boltzmann equation. In
a convex domains, backward trajectories starting at interior points of the phase space cannot reach
points of the grazing boundary 7y, due to Velocity Lemma([30][38]), where possible singularities

may exist.

In general, on the other hand, in a non-convex domain, backward trajectories starting at interior
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points of the phase space can reach the grazing boundary. Therefore we expect singularities will be
created at some part of grazing boundary -y and propagate inside of the phase space. This question
has been attracting a lot of attentions from early '90s, see references in pp.91-92 in Sone’s book [49].
For Boltzmann equation, most of works are numerical studies [49][50][54] and few mathematical

studies.

Once we enlarge our survey to propagation of singularities which already exist on initial data
or boundary data, there are some mathematical works [2][9][10][16][17] as well as numerical works
[3][49]. In [2], for linear BGK model, a propagation of discontinuity ,which exists already in the
boundary data, is studied mathematically and also numerically. In [9], for the full Boltzmann
equation in the near vacuum regime, a propagation of Sobolev H'/?5 singularity, which exists
already in the initial data, is studied and same effect has been recently shown in the near Maxwellian

regime [10][17].

In Vlasov theory, we refer to [7][34][64] for the boundary value problem. Singular solutions
were studied in [30] extensively. In [30], the non-convexity condition of boundary is replaced by
the inward electric field which has a similar effect with non-convexity of the boundary. In convex
domains, Holder estimates of Vlasov solution with specular reflection boundary is solved recently

[38][39], but Sovolev-type estimate is still widely open.

Our results give a rather complete characterization of formation and propagation of singularity
for the full Boltzmann equation near Maxwellian in general domain under in-flow, diffuse, bounce-
back boundary conditions. There is no restriction of the time interval. More precisely we show that
for any non-convex point x of the boundary and velocity tangent to 92 at x, there exists an initial
datum (and in-flow datum, for in-flow boundary condition case) such that the Boltzmann solution
has a jump discontinuity at (z,v). Once the discontinuity occurs at the grazing boundary, this
discontinuity propagates inside along the forward trajectory until it hits the boundary again. And
except those points, the grazing boundary and forward trajectories emanating from the grazing

boundary, we can show that the Boltzmann solution is continuous.(Continuity away from ©)
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2.1.2 Main Ingredients of the Proofs

1. The Equality induced by Non-Convex Domain

We consider near Maxwellian regime and linearized Boltzmann equation (2.9). The formation of
discontinuity is a consequence of following estimate. Assume (z,v) € 7o as below picture so that
for sufficiently small ¢t > 0 the backward trajectory x — tv is in an interior of the phase space. For
simplicity we impose the trivial in-flow boundary condition G(t,z,v) = p(v) which corresponds
g(t,z,v) =0 (2.12). Consider points (z},,v},) in v— and (z//,v]/) missing the non-convex part near
(z,v) and both sequences converge (z,v) as n — 0o.

Now suppose the solution f of the linearized Boltzmann equation be continuous around (z,v).

Then the Boltzmann solution f at (x,,v?)

n»-n

[, 0,) = g(t,2,,0,) =0,

and at (a7, ),

t
2" vy = e "t fo (! — tol! vl +/ e VWD LK F L T(f, )} (s, 2 — (t — s)!! 0!!)ds
0
converges each other as n — oo. Then we have the following equality

fo(x —tv,v) = 7/0 eOSIKf+T(f, f)}(s,x — (t — s)v,v)ds. (2.1)

Thanks to [27], the pointwise estimate of f, with some standard estimates of K,I" (Lemma 25)
the right hand side of above equality has magnitude O(%)|]folloo(1 + ||follcc)- If you choose
folx — tv,v) = ||folloo then the above equality (2.1) cannot be true for sufficiently small ¢ un-
less the trivial case fo = O(F = p). Therefore the Boltzmann solution f cannot be continuous at
(x,v). For diffuse (1.5), bounce-back (1.7) boundary conditions we also obtain the equality induced

by non-convex domain similar as (2.1).

This argument bases on the idea that free transport effect is dominant to collision effect if time

t > 0 and the perturbation F—\;ﬁ” is small.

2. Continuity of the Gain Term @
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The smoothing effect of the gain term @, is one of the fundamental features of the Boltzmann

theory. There are lots of results about the smoothing effect in Sobolev regularity, for example

1Q+ (&, V|, v < Clio L[] 2,

H =2

with some assumption on various collision kernels [45][66][67]. To study the propagation of sin-
gularity and regularity, in the case of angular cutoff kernel (3.3), it is standard to use Duhamel
formulas and combine the Velocity average lemma and the regularity of Q4 [9]. For detail, see

Villani’s survey note [63] especially pp. 77-79.

In order to study the propagation of discontinuity and continuity we need a totally different smooth
effect of Q4. For the discontinuity induced by the non-convex domain, we need following : Recall
the grazing set & in Definition 4. A test function ¢(t,x,v) is continuous on [0,7] x (Q x R?)\&

and bounded on [0, T] x  x R3. Then
Q+(6,¢)(t,x,v) € C°([0,T] x @ x R?). (2.2)

Recall that the grazing set & = {(z,v) € Q x R: v € &,}. The grazing section &, = {7u € R? :
t >0, u € &, NS?} is a union of straight lines in velocity space R and two dimensional Lebesque
measure of &, NS? is zero (Hongjie Dong’s Lemma, Lemma 17 of [27]). Moreover, using continuous
behavior of &, in x, one can invent a very effective covering of &, (Guo’s covering, Lemma 18 of
[27]). Because of those geometric and size restriction on &, even the gain term @ is an integration
operator in v alone, we can prove the smoothing effect of @, in C°([0,T] x 2 x R?) for ¢,z and v,
see Theorem 8. Notice that those smoothing effect on C’?’m’v has been believed to be true for long

time without a mathematical proof in numerical communities [1], p1587 of [2], p502 of [50].

The main idea to prove the smoothing effect in Cz?,m,'u is to use the Carleman’s representation

for Q4 (o, ¢)(t,x,v) which has been a very effective tool [31][66][67].

1 ! !
o(t, z, U/)m /E o(t, z,v1)B(2v — v — vy, fiyl)dvidv/a (2.3)

RS v —vi|

with the hyperplane E,, = {v] € R3: (v] —v) - (v/ —v) = 0}. We will show the smallness of

|Q+(¢7¢>(ﬂ‘f7@) - QJr((ba Qﬁ)(tﬂl),’l})‘,
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for |(¢,x,v) — ({,Z,0)| < §. Assume we have sufficient decay of ¢ for large v. Replace the integrable

kernel %lg by smooth compactly supported function and cut off the singular part of B(2v — v’ —

[lv—v

vy, ﬁ::g;‘) to control the above difference as
1
014l + C 6(t,2,0") — ¢(t, 7, U")|/ (¢, @, v))|dvy dv’
[v'|[<N E;, nn{|vy|<N}

+C |¢(t,$,?}/)| / (;5(t,$7vi)d1)/1 - / ¢(7,T,.T,U/1/)d’l}i/ av’,
[v'|<N E, ., n{lvi|<N} Eg,nn{|vy|<N}

where v”/(v') is chosen to be v/ — (v — ©), (2.21) for convenience.

One can easily control the integration at the first line. Because for the first term, integrating
over v’, we can cut off a small neighborhood of &, from |[v'| < N. Away from that neighborhood,

using the continuity of ¢ away from &, we can control the integrand pointwisely.

In order to control the second line integration we have to control the difference in big braces.
To do that we choose a special change of variables for v{ ,(2.22). Under this change of variables

the second line is bounded by

c[ et [ [ 6(t,2.01) = 0(0,2.07)] dofd
[v'|<N E, n{lvi|<N}

The second integration term above is a function of ¢, z, %,z and v. Unfortunately one cannot expect
a pointwise control(smallness) of the second integration for all v : even the grazing section &,,
where ¢(t, z,v]) might have discontinuity, is small i.e. 2 dimensional Lebesque measure of &, NS,
is zero, the measure on the plane E,, could be large(even infinite). However, in Section 3.3, we
can show that those bad situation happen for very rare v’ in {v/ € R? : [v/| < N} and use the

integration over v’ to control the above integration.

3. New Proof of Continuity of Boltzmann solution with Diffuse Boundary Condi-
tion

In Section 5.2 we prove a continuity away from ® of Boltzmann solution with diffuse boundary
condition using simple iteration scheme (3.221) with iteration diffuse boundary condition (2.120).
This iteration scheme has several advantages. First it preserves a continuity away from © as m
increasing, that is, if ™ is continuous away from © then A™*! is also continuous away from D.

Second, the sequence {h™} has uniform L* bound and moreover it is Cauchy in L* for in-flow
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boundary condition ™|, = wg. To show the second fact for the iteration diffuse boundary con-
dition we use Guo’s idea [27] : a norm of the diffuse boundary operator is less than 1 effectively, if
we trace back several bounces. This approach gives simpler proof for the continuity of Boltzmann

equation with diffuse boundary condition with convex domain ( see Lemma 26 of [27]).

2.2 Preliminary

In this section we study continuity properties of the backward exit time ty(x,v) and, a measure
theoretic property and geometric covering of the grazing set &, and estimates of Boltzmann oper-

ators and the Carleman’s representation.

We use Lemma 1 of [27], basic properties of the backward exist time ty(x,v) :

Lemma 1. [27] Let 2 be an open bounded subset of R with a smooth boundary 0. Let (t,z,v)
be connected with (t — tp(z,v), xu(x,v),v) backward in time through a trajectory of (3.13).

1. The backward exit time ty,(x,v) is lower semicontinuous.

2 If

v-n(zp(z,v)) <0, (2.4)

then (tn(z,v), zp(z,v)) are smooth functions of (xz,v) so that

t
V.t G N G
v-n(Tp) v-n(zp)
Verp = T4+ Vitp®v, Vyzp =tpl + Vytp @v.

For a convex domain, if a point (z,v) is in the interior of the phase space, i.e. (z,v) € QxR? then
the condition (3.169) is always satisfied and hence ty, (x, v) is smooth due to Lemma 24. However for
a non-convex domain, there is a point (z,v) in Q x R3 but (xp(z,v,),v) € 70, i.e. v-n(zp(z,v)) = 0.
We further investigate a continuity property of ¢}, for that case. Indeed, discontinuity behavior of

tp(x,v) for (zp(z,v),v)75 is a main ingredient of the formation of discontinuity.

Lemma 2. Let Q € R3 be an open set with a smooth boundary 0. Assume (z9,v0) € Q x R with
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vo £ 0 and tp(xo,v0) < 00. Consider (xg,vo) € &, i.e. (xp(zo,v0),v0) € Y0-

If (xp(x0,v0),v0) € fyé_ then tp(z,v) is continuous around (xg,vp).

If (xp(z0,0),v0) €5 then ty(z,v) is not continuous around (2o, o).

Recall ’yé_ and S in Definition 12.

Proof. Throughout this proof, without loss of generality we assume that 0f is a graph of ® locally
and ®(0,0) = 0 and (9, ®, 0,,P)(0,0) = (0,0). Moreover assume g = (|zol,0,0),v0 = (Jvgl,0,0)

and tp(zo,v0) = % so that zp(zo,v0) = (0,0,0) = (0,0, P(0,0)).

First, let (zp(zq,v0),v0) € 757. By the definition of véf, we have ®(—7,0) > 0 and &(7,0) <0
for 0 < 7 << 1. Using the continuity of ®, choose sufficiently small ¢ > 0, § > 0 such that

®(—0,y) > 5 and ®(0,y) < —5 for 0 < |y| <. Fix x = (x1,22,23) ~ 29 and v = (v1,v2,v3) ~ V0.

We define

U(z,v,t) = x3 — tvg — ®(z1 — tvy, x2 — tva).
Fort' = %, U(x,v,t,) = —D(J, xza—v2 mi}:6)+x3—v3mi}:6 > & for (w1, 22, 73) ~ (|20],0,0), (v1,v2,v3) ~
(lvol,0,0). For ¢ = x;—f‘s, U(z,v,t") = —®(—5,x2 — ‘”1};"602)—#333 - xi}—f‘svg < =5 for (z1, 22, 23) ~

(|zo|,0,0), (v1,va,v3) ~ (Jvo|,0,0). Using the continuity of ® and ¥, there exists t, € (2t — 2 214

v v’ v

v%) so that W(z,v,t.) = 0, Le. tp(z,v) =t If 2 ~ 29 and v ~ vo then T+ — vil ~ ﬁ—g‘l - ﬁ =

tb(ﬂco,vo)—‘j—ol and %—i—% ~ %—&—ﬁ ~ tb(xo,vo)—I—ll%‘ so that t, € (tb(xo,vo)—ﬁ,tb(mo,vo)—l—
5

o)

Next, let (zp(z,v),v) € 7§. By the definition of the concave grazing boundary ~§, we have
®(—7,0) > 0 and ®(7,0) < 0 for 0 < 7 << 1. Choose a sequence z,, = (|2o|,0,1). There exists
€ > 0 such that ty(z,,v0) > tb(xo,v0) + € for sufficiently large n. This implies that (x,,vg) —

(20, v0) but tp(xn,v0) = tu(xo,ve) as n — oco. O

In the next two lemmas, we consider the grazing set & (Definition 4) including the discontinuity
set ©. The next lemma, Lemma 17 of [27] due to Hongjie Dong, is important to control a size of &.
We denote ms as a standard 2-dimensional Lebesque measure and m3 as a standard 3-dimensional

measure. Recall that the grazing section &, in Definition 4.
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Lemma 3. [27] If 0 is C* then the grazing section &, restricted to S* has zero 2 dimensional
Lebesque measure i.e.

ma(B, NS?*) =0,

for all z € €.

With condition mq(&,NS?) = 0, we can construct the Guo’s covering which is little bit stronger

than the original one in Lemma 18 in [27].

Lemma 4 (Guo’s covering). [27] Assume ma(®, N'S?) = 0 is valid for all x € Q. Let By =
{veR3: |v] < N}. Then for any € > 0 and N, > 0 there ezist 6. yn, > 0, and l. n N, o balls
B(z1;71), B(x2;72)..., B(z157) C Q, as well as open sets Oy, Oy, .0, of By which are radial
symmetric, i.e.

O, ={th eR3:t>0, 0 € O,, NS?},
with m3(O0y,) < ~- and ma(Oy, NS?) < yon- for all 1 <i <. n N, ., such that for any x € Q,
there exists x; so that x € B(x;;1;) and for v ¢ O,
[v-n(zp(2,v))] > 0e,nn. >0,

or equivalently

Oz, D U {ve By :|v-n(zp(z,v))| <denn,} D U &, N By.
z€B(zi;7;) z€B(xi;7:)

Combining Lemma 3 and Lemma 4, we have following lemma, which is useful to prove Theorem
8. Namely, a function which is continuous away from the grazing set & is uniformly continuous

except arbitrary small open set containing &.

Lemma 5. Assume ¢ is continuous on [0,T] x (2 x {v € R®: &; < |[v| < N})\&. For fizred x € Q

and € > 0 and N, > 0, there exist

1
6:6(¢,Q,E,N*,m,M7N)>0, (2.5)

and an open set U, C {v € R®: - < |v| < N} which is radial symmetric, i.e. U, = {td € R® : ¢t >
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0, o€ U, NS%} with ms3(U,) < ~ and mo (U, NS?) < ~on= such that

ol 2.v) — 6(1.2.5)| < 5

*

forve{veR?: & < |v| < NWNU, and |(t,z,v) — (¢, %,7)] <.

Proof. Let x ~ Z. Due to Guo’s covering [27], Lemma 4, we can choose B(x;;r;) including « and

z, as well as O,, C R3 so that

0.,> |J ¢6,nBy> [J &,nBy,
YEB(irs) yEB(x;0)

with m3(0y,) < - Notice that m3(0O,,) = m3(0Oy,;). We can choose an open set Uy, so that
m3(Uy,) < 2m3(O,,) and O,, C U,,. Since both of O,, and By\U,, are compact subsets of By,

we have a positive distance between two sets, i.e.
0<o=inf{|¢ —¢|: (€0, and & € By\U,,}

Assume 6 < 9/2. Fixz € Qand v € {v € R* : L < [v] < NN\U,. Then |(z,0) — (z,v)| < &
implies that 7 € {v € R®: §; < |v| < N}\O,,. For such z, v, Z and  consider the function ¢ as it’s
restriction on a compact set [0,7] x B(x;8) x BN\Ox,. Therefore ¢|y 1 x B(x:5)x By\O,,, 18 uniformly
continuous. Hence |¢(t,z,v) — ¢(¢,Z,v)| can be controlled small uniformly if 6 > 0 is sufficiently

small. O

We will use the Carleman’s representation [31][66], which is a powerful tool to study the gain
term @, in the proof of Theorem 8 crucially. Let Q (¢, 1) be defined by (3.2) and let ¢ = 1(v) and
¢ = ¢(v), v € R? make Q4 (¢, ¢) < oo almost everywhere. Then the Carleman’s representation

is
1 1 i / / "= ’ gl
Qo)) =2 [ W) [ deBEe— e i, 26

where E,,, is a hyperplane containing v € R3 and perpendicular to vou o S?, ie.

o —o]

Eppy = {v] € R®: (v] —v) - (v —v) = 0}. (2.7)
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In the proof of Theorem 8 we need to control the integration over E,, in (2.6) frequently :
Lemma 6. For a rapidly decreasing function ¢ : Ry — R4, we have

!/ _ /
Bl DB (20 = ', (o b’ < Cof1 [0 =7, (2.8)

E,

where Cy only depends on ¢.

Proof. For fixed v’ and v, let us denote {&;, &5, €3}, with &3 = Iv’ivﬁ be the orthonormal basis of R3
such that any v{ € F,, can be written as v{ = v+, +12€2. Since v/ —v L E,, from (2.7), there
is 3 such that v’ —v = n3€3 where |n3| = |[v—v’|. Then we can write 2v—v' —v] = v—v'+v—2v] =
—n181 — 1283 —m3€3 and |20 —v' — v} |2 = n? +n3 +|v' —v|?. Moreover v/ — v} = —11&; — 1282 +13€3.

We can write the left hand side of (2.8) as

- y - -
o0 o0 1
o(ms +m3+ P | — x - o - dmdn
/_oo/_oo AR " R PR "

N3 -3 3

s/'/ S +m3) (i + 3 + [0 — o)L + 0 — o — v[2)dmdinp

< / / (i +n3) (i + 13 + o' — v]?) 2 dnrdny

< Cp(1+ o' = o).

In terms of the standard perturbation f such that F' = u + ,/uf, the Boltzmann equation can

be rewritten as

{6t+UV+L}f:F(f7f)’ f(O,Z,U)Zfo(I,U), (29)

where the standard linear Boltzmann operator, see [31], is given by

Lf=vf-Kf,
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with the collision frequency v(v) = [ |v — u|”f,u(u)q0(ﬁ - w)dwdu for 0 < v <1 and

(14 o) < v(v) < C(1+ o),

Cy
K = [ oa)rha = ;ﬁwu, Vif) + \/lﬁQ+(\/ﬁf, ) — ;ﬁQ-(\/ﬁf, W),
1 1

i f) = Q+(Vit, i) Q-(Vuf,vuf) =T (f, ) =T-(f, f)-

Vi Vi

In order to write theorems in the unified way [27] for all boundary condition cases, we use the

weight function

w(v) = {1+ p*[o]2}?, (2.10)

and define

In terms of h, the Boltzmann equation (3.1) is equivalent to

h h
O +0-Vy+v— Kyth=uwl(2, 1, 2.11
Bt 0 Ve v Kudh = (1) (211)
where K,,h = wK (%) with boundary conditions :
1. In-flow boundary condition :  h(t,z,v) = w(v)g(t,z,v)  for (x,v) € vy_. (2.12)

2. Diffuse boundary condition : with a normalized constant ¢, in (1.6),

1
h(t, z,v) = w(v)\/p(v) h(t,z,v") —————=c u(v'){n, - v'}dv’  for (x,v) € ~2.17
v n(x)>0 w(vl) M(U/)
3. Bounce-back boundary condition :  h(t,z,v) = h(t,z,—v) for (z,v) €y_. (2.14)

We recall two estimates of operators K and I' from [27] : The Grad estimate for hard potentials :

Ljy—yf|2—1 R o o
8 8 |u—v’\2

[k(v,v)] < Cie{lo =V + v =T e

Recall w in (3.20). Let 0 < 6 < 1. Then there exists 0 < £(f) < 1 and Cp > 0 such that for

0<e<e(d),

2
1t ! 2= g2 L2 ap(v) el Cx

[v—2]

o VIR R I <
/{|v V| +jv—v|""te W) dv' < T (2.15)
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For the nonlinear collision operator

[wl'(g1, g2)(v)] < Cr(1 + [v])7[[wgs||oo|[wgal |- (2.16)

Also we recall a standard estimate

/ B —v'[de’ ~ (1 + o))", (2.17)
RS

for ¢ € L*(R3).

2.3 Continuity of the Collision Operators

In this section we mainly prove the following Theorem :

Theorem 8 (Continuity of Q). Assume F(t,z,v) is continuous on [0,T] x (2 x R*)\& and

||1D71F||L°°([O,T]><Q><R3) < o0,

2
[v]

where W = uj;ﬁw with p € R and 8> 0. Then Q1 (F, F)(t,z,v) is continuous in [0,T]x Q x R3
and
sup v o tQo(F, F)(t,z,v)| < cc. (2.18)
[0,T]xQxR3

Theorem 8, a smooth effect in C?

t .0 15 the crucial ingredient to prove Theorem 2 and Theorem

3. This smooth effect of the gain term ensures that there is no singularity created by the nonlin-

earity of Botlzmann equation.



33

Proof of (2.18). 1t is easy to show the boundedness (2.18) from

v o QL (F F)(tz,v) < — / B(v — u,w)w(u)w(v")dwdu x |0 F||2,
'lU R3 JS2
— w2
< B(v dwdu x ||[w ™" F|3
- / B~ s < 197 I
=102 -1
< C ) WOl FIZ < Cllo FIR o 11 ooy
where we used (2.17) and [u/|? + |[v/|? = |u|? + |v|%. O

Next we will show the continuity part of Theorem 8. The goal of following three subsections is

to show

For fixed ¢ > 0 and (t,z,v) € [0,T] x Q x R3, thereis § >0 such that

|Q+(wh, wh)(t,Z,0) — Q4 (wWh, wh)(t,z,v)| <e for |(t,Z,0)— (t,z,v)] <4 (2.19)

2.3.1 Decomposition and Change of Variables

In this subsection, we use the Carleman’s representation to split Q4 (wh, wh)(t, z,v)—Q4 (wh, wh)(t, z,v)

in a natural way (2.20), and introduce two change of variables (2.21) and (2.22).

It is convenient to define

h=w 'F

where ||A][oo = [[B]] Lo (j0,71x @xr2)) = 1@ Fll Lo 0, 17x (2xR2))- Choose (£, F,9) ~ (t,z,v). Using

the Carleman’s Representation (Lemma 6) we have
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B _ 1 B o B "
= 2 /R3 w(v")h(t, z, v")m /E w(v})h(t,z,v{)B(20 — v" — v, M) dvy dv”

‘U'U,/

A B

v — v

1
-2 (v h ) P — o(v! "\B(2v —v — ¢, ———%_
/Raw(v) (t’z’v)\v—v’P/ @ (v})h(t, z,v])B(2v — v U1’|U’—U1\)d vidv’

A
= g/{A—A}
R3 E

vl

’ B’

B dvydv" + 2/3 A / {B—B'} dvidv (2.20)
R By

In order to control the first term of (2.20), we need to compare arguments of A and A’. For that

purpose, we introduce the following change of variables :

Lemma 7. For fized v and v in R we define
v =0"(v5v,0) =0 — (v—1). (2.21)

Then two planes Fgyr and Fy,, have same normal direction. The distance between to planes is

@) =y,

Proof. Assume (2.21). Clearly a“ (“ ) = [ where I is 3 x 3 identity matrix. The normal direction

. ,/_7 ,_ . . . . .
of Egyr 18 15—2 = ”775‘ which is also the normal direction of E,,. To measure a distance

r=al T/

. . . . . ,_ . .
between two planes E,, and Ej,, we consider the line passing v and directing H, which is

v(s) = ﬁ,_z‘s + v. The solution of v(s.) € Eg,~ is a solution of 0 = (v — v) - (v(s) — ¥) =
(W' —=v)-(v(s) —0) = |v/ —v|s+ (v —v) - (v — 7). Easily we have s, = WW# Since v(s) is
unit-speed line we know that |v(s.) — v(0)] is the distance between Eg,» and E,,. O

An important property of (2.21) is that two planes Ey,» and E,, have the same normal di-
rections. In order to control the second term of (2.20), we need to compare arguments of B and
B’ especially v} € Fy,, and v{ € Eg,». For that purpose, we introduce the following change of

variables :

Lemma 8. For fized v,v' and v in R3, we define a unit Jacobian change of variables

v —v v —v

ol . (2.22)

v = v (vi;v,0",0) = v] + o —of

In this change of variables vi € Egyr if and only if v] € Eyyr.
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Proof. Assume (2.21) and (2.22). Clearly avgv(fi) = I. We can check following equality :

(v —0)- (0" —v) = (v1’77+v:_v{(17v)'z:_z})'(v’v)

= (0 =) (v =)+ —o{(®—v) -

}

= (@ =) (@ =)+ =) (=) + (= 0) ()

[v" =2

= (1 —0)- ('~ ).

By definition, v{ € Eg,» is equivalent to (v] — v) - IZ;:ZI = 0. Then, from the above equality, we

conclude (v{ — ) - ﬁ;%g‘ = 0 which is equivalent to v] € E,,r. O

Under the first change of variables (2.21), we can rewrite the first term of (2.20) as

1 B B "oon
2 / 7{w(v”)h(t,f,v") - ﬂ;(v’)h(t,x,fu')} / w(v] ), 2, v))B (20 — v — v, ﬁ) v dv(2.23)

Under the second change of variables (2.22), we can rewrite the second term of (2.20) as

1
2 - !/ !/
/R3 w(v)h(t, z,v )7“) —

&

"o_n I
X / {ﬁ)(vi’)h(ﬂ z, ’Ulll)B(Ql_} - 'U// - U/1/7 ﬁ) - ’LTJ(’Ull)h(t, x, Ull)B(QU - U/ - ’Ulla ﬁ) } d’Ulld’Ul(224)
vv’ 1 1
(F)

We will estimate (2.23) and (2.24) separately in following two sections.

2.3.2 Estimate of (2.23)

We divide into several cases :
Case 1: |[v| > N. From Lemma 6, for N > 0 we can estimate

1 1
Clltny [ o) (= + )a

Q+(1Dh7wh)(tv$av)1|v\>1\7 |'U*’Ul‘2 |’U*’U"277

IN

1 1 C
2 < 2

IN
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Hence we have

C
(2.23)1pzn < IRl (2.25)
Case 2: [v| < N and |[v'| > 2N, or |v| < N and |v'| < 7. Also assume 0 < § << 1.

2% Ljen [ © / (D) !
{Io/[>2N or [v/]< 4} E,

oo’

1 1 o' |2 52
< C1, ~s o dv'eT||h|? 2.26
= | |<N/|1;'|22N{”_v/2 + U_U/QW}G sodv'e T ||R[|5 ( )
1 1 v |2 52
+C { +}e‘8dv'e4hgo
ey \E P el
o(a7)

1 1 9 5

S Olyzt 3= ) s +0( RIS (2.27)

_ L2 _ W2 52
where we have used w(v/) <e 71 and w(v") <e s e7 and Lemma 6.

Case 3: |[v| < N and 37 < [v'| < 2N.

vv’!

1
el ()
[[A] 1 Crj<an [v|<N /|2 v —v'|2=7
x|lw(@W)h(E, z,v") — o )h(t,z,v")|dv (2.28)

2 x 1|v\<N/ (C) / (D) d’UllldU/
- & <|v'|<2N E

Since (Iv oz s U,‘z 7) is integrable we can choose a smooth function z(v,v’) with compact

support such that

Joreal (= + s ) ~ 000
sup —z(v,v
lol<N Jjr<en [\ v = V|2 Ju —2'[2Y

Therefore we can bound (4.1) by two parts

1 1
ClE~ [ Tpen ( + )—z(uv’)
2 Jocon =N\ oo T o

+ C  supz(v, o) < [[B]|~
ol <N, o' <2N

X / Ly <y |@(@” (') h(t, 2, 0" (V")) — (V" )h(t, z,v")|dv’. (2.31)
<|v'|<2N

dv' < (2.29)

1
N

e (2.30)
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From (2.29), it is easy to control the first term
C
(230) < 1Al (2.32)

Now we are going to estimate the second term (2.31). Applying Lemma 5 to @w(v')h(t, ,v"), we can

choose § = 5(1Dh,Q,57N*7m,$,2N) > 0 and an open set U, C {% < Jv] < 2N} with |U,| < ~

such that

3

[@(v" (W)L, 0" (V') = @ (0 )h(t, 2, 0] < 7

forv' € {v e R®: ; < |v| < N}\U, and |(£,Z,0) — (t,x,v)| < d. Therefore we can split the second

part (2.31) as integration over U, and U¢ and control as

C  sup a(v,v)] x |[hl1Z x ma(Us)
[v]<N,|v'|<2N
+C||h||w/ [w(” (v')h(E, 2, 0" (V') — w(v)h(t, z,v")|d’ (2.33)
{ & <|v'|<2N}NUS
<O sup |z )| x BA— + O||hl|sN3—=. (2.34)
[v] <N, v’ |<2N * N,
In summary, combinig (2.25), (2.27), (2.32) and (2.34), we have established
(2.23) < CJ|h|A e +0(i) + sup \z(1171)’)|i + C||h|[so N3 °
N My <n o <eN N, N,
Choosing sufficiently large N, M > 0 and N, > 0 then
€
(223) < <. (2.35)

2.3.3 Estimate of (2.24)

The estimate of (2.24) is much more delicate. The reason is that we cannot expect |, B, ..dvf in
(2.24) is small for all v’ € R3. We know that h(t, z,v]) may not be continuous on v} € &,. Even &,
is radial symmetric and has a small measure by Lemma 3, a bad situation, the intersection of &,
and F,, could have large (even infinite) 2-dimensional Lebesque measure, can happen. However
we can show that such bad situations only happen for very rare v’s in R3. Using the integration

over v/ € R3, we are able to control (2.24) small.
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Case 1 : |v| > N. Follow exactly same proof of Case 1 of the previous subsection, we conclude

c
(221> < IRl

(2.36)

Case 2 : |v| < N and |v'| > 2N. We go back to original formula, the second term of (2.20), and

use Lemma 6 to estimate

2/ (5)/ ('F)dv/ldvlllv\SN
|[v'|>2N ’

vv
1

s4wm;/° D) (14 o — | d0' Ly <y
[v/|>2N v — /|

1 1
< 4|h|[% (J\72 + NM) :

(2.37)

Case 3 : [v| < N, |[v/| < 2N, and |[v}| < % or |[v}| > N. In the case of |[v]| < 4, we have

2 X 1|U\§N/ (5)/ (.7:) d’U’ld’U/
[v/|>2N {lviI<S ¥ INE

— !
szwma/‘4ﬂﬂldw
o ]

v—|?

_E 2 1 B
T e v
{lW IS FINE, N

TS
N2=

2
vl

<cC

In the case of |[v]| > N we have

2 X 1‘U|SN/ (5)/ (f) d’Ulld’U,
[o'|>2N {lvi IS FINE

’UU/

- ! \1/\2 2 1
§2||h||§o/ Mdu’/ e eTAN+ — 46
Rs [V — V|2 ([t |>N}NE,, N

2 lvil? 2 ,
< Ol / e T d' x Ne™ i < Cl|h e 5w
R3

Case 4 : [v]| < N,[v'| <2N, and & < [v}| < N. In order to remove the unboundedness of | L

T (

1
4N + N)'y} d’U;

(2.38)

lv] 12

1
) e 7 (4N+)7}dvi

N

(2.39)

v—o'|?
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in (2.24), we choose a positive smooth function Z(v,v’) with compact support such that

1 1

— Z(v,0") N

sup /
[l <N JJvr|<2N

Splitting 2 X 1jyj<n [,/ <on (€) fﬁgwg\gN(]:) dvidv’ into two parts

1
2 x 1‘U|<N/ w(v)|h(t, z,v")]| ‘,2 — Z(v,v") / (F) dvydv’
© Jpr|<enN v — '] By, % <[] <N}
1
< ClhIE g V7 (241)
C 170 sup |Z(v,v’)|/ (F) dvidv, (2.42)
[v/|<2N [v|<N,|v'|[<2N E,, {7 <[v{|<N}

where we used (3.253) for the first line. From now we will focus to estimate (2.42).
Case 5: [v| < N,[v/| <2N,+ <|vj| £ N and [2v — v’ —v}| < & or [v/ —v{| < £. This region
included the part where the collision kernel B(-,-) has a singular behavior.
¢ Ihlloe  sup  [Z(v,0")]
v/ |<2N [o| <N, v’ |<2N

!/ !/ !/ /!
X/ (]:) 1{|(2v7v’)7v“<ﬁ or v’fvi|<ﬁ}(v 7v1) d’l)ldU
B, 0{ % <[vi| <N}

< O sup|Z(v, )] x [[A]1% (2.43)
[v] <N, v’ |<2N
7‘1}/‘2
X /|v’<2N dv'e” /E dvi{1{\(2U—v’)—vi|<ﬁ}(vi) + 1{\v’—v1|<ﬁ}(vl1)} x N7
/ 2 N7
< C sup |Z(v,v")| x ||h||°°M2 (2.44)
0| <N, o' | <2N
Case 6 : [v] < N,[v/| < 2N, % < |vj| < N and [2v — v/ —0}| > & and [v/ — vj| > & and

0<d< ﬁ. We estimate

2 % 1|U|<N/ dv'w(v"h(t, z,v")Z (v, V)
- J|<2N

B o —
y / (@) h(E, 2, 0)B(20 — o — o, Y1)
B, <o} <N} 0" — |
_ / / / U/ B U/l /
—w(vy)h(t, z, v)B(2v — v — vy, m)}l{mv—v’—vi|>ﬁ}1{|v’—v“>ﬁ}dvl (2.45)
1

We need this step because of the singular behavior of

u u
Bluy, u) = |ug[Yqo(— - —=) = |us|"(qo o F) (w1, ua),
ur]  [ugl
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where § : R3 x R? — R with §(u1,uz) = "1 . ﬁ The function §(u1,us) is not continuous at

lua]
(u1,uz) = (0,0) and continuous away from (0,0) i.e. the restriction of § on a compact set,

1 1

is uniformly continuous. From [2v — v’ —v{| > 4 and |v — 0| < § < 1357 we have lower bound of

! !/
- 7 " / / _ vV —=v v —w 1
|20 — v —v1|>’|2v—v—v1|—|v—v—|v,_v|{(v—v)-|U/_U|}|‘>W.

Similarly from v/ — v{| > 4 and |v — 9| < § < 155 We have a lower bound of

! /
, , _ v = ., _ v —v 1
— | —y — ——— ) —— Y >
o = vil o — v {o-v) |v,_v|}|]_2M

[o" — )| > o — o]

Therefore for any € > 0, we can choose § > 0 so that

B o — v =
‘B(Z’U—’UH—U¥7M)—B(QU_U/_U/17M)‘
_ _ €
= ‘|2v — 0" =0 (qo 0 F) (20 — v — v, 0" —v}) — |20 — V" = V] ["(qo 0 F)(2v — v — v}, —v])| < A
k
(2.46)

for |20 —v' —v{| > 47 and [v/ —v{| > 77 and 0 < 6 < 1357

Now we split (2.45) by two parts

2 X 1‘U|§N/ dv’../ w(v])h(t, z,v]) (2.47)

lv'|<2N By N{ R <[v]|<N}
B(y_//_//M)_B(Q_/_/u) «1 1 dv’
v—v vy, 7 — o v—20 — ], o — | {120—v" =0} |> &} H{ v —o} |> & 1 V1

! /

—+ 2 X 1‘U|<N/ d’l}l..
 Jp|<2enN
v — v

X / {’LI}(’U/{)h(f, :f7 U/ll) - ’lz)(’l}i)h(t, Zz, Ull)}B(2v - U, - Ull? 7
Euv'm{%S‘U“SN}

v — v

).
(2.48)

Using (2.46), the continuity of B(-,-) away from (0,0), the first term is bounded by

*

g
Csup|Z(v,0")] x |l %7 (2.49)
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In the remainder of this section we will focus on (2.48) :
Estimate of (2.48)

(248) < CN?|[h]| o sup |Z(v, v'))| w( [@(W)h(t, 2, v7) — w(vr)h(E, z, v1)|dvydv’,

U/ /
|o'|<2N B, {4 <[vj|<N}
(2.50)

’ ’
v —Uy

W) < 00. Recall our choice of v and v
1

where we used Sup|,|<n,jv|<an, o)<y B(20 — v — vy,
from (2.21) and (2.22) to have
—v v

o — ol < [ 2= - ) L0 < ol <
vy vﬂfm v—v P <|lv—w

We will use the followin strategy : separate f P ..dv} into two parts

o F <fISN} -

/ .dv —|—/ .dvl.
UzNE, . N{#%<|v]|<N} UENE, . N{#%<|vi|<N}

The first part is the integration over U,, a neighborhood of &, that contains possible discontinuity
of h. Moreover we expect the measure of the neighborhood U, is small so we can control the first
term. For the second term, we will use the continuity of the integrand wh. However if v = 0 then &,
could be a large measure set in E, N{3 < |[v}| < N}. For example if &, NS? = {u € §? : u3 = 0}
then &, is xy—plane and Epe, is also xy—plane. Therefore we have to divide two cases v # 0 and

v = 0 and study separately.

Case of v#0
In the case of v # 0, assume g < |v|?/2 for sufficiently small ¢ > 0. We will divide the velocity

space R? into

B=1{vcR: |7£§v'~£§|v|+£ and B ={v €R®:
|v] |v] 0]

v/~v|v|‘ >Q}.
[l [l
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The important property of 8 is that if v € 8¢ then E,, does not contain zero. We can split the

integration part of (2.50) into
/ w(v) / VR T, 0!) — )bt o) |dvldy (2.51)
v’ €BanNB E,Uv/ﬁ{%gh)'l‘SN}
+f o) [ (@ R(E, 7, o)) — Dbt e, dv e, (2.52)
'U/EBQN\% Em}/ﬂ{%S‘UHSN}
Notice that B N Byn has a small measure :

ms(B N Bay) < 21(2N)? x 2% < 27(2N)? x 2

< 2v271(2N)2/e.

s}

Therefore we have

(2.51)] < CN*|Ihll = V. (2.53)
Now we are going to estimate (2.52). Here we use a property of B¢ : for v’ € B¢ we have

v —wv v v — |v]?
B Ul R T 'S

dist(0, By ) — :
ist(0, ) ] v/ —v| = 2N +|v| = 3N

v -

il

where we also have used |v'| < 2N and |v]| < N. From Lemma 5 we use U,, an open radial
symmetric subset of {% < |[v}| < N} with a small measure and wh is uniformly continuous on U,
to split (2.52) into
/ w(v) / (! T, 0!) — ()t o)) |dvldy (2.54)
v/ €Ban\B E,,n{% <[v}|<N}NU,

—|—/ u’)(u')/ [w(v])h(t, Z,v]) — w(v])h(t, z,v})|dvidv. (2.55)
v’ €Ban\B B, N{&<|v)|<N}INUE

For the last line, we use Lemma 5 to know estimate [w(vY)h(t,z,v)) — w(v})h(t, =, v})| < 5, for
v} € Eyy N{% < |vi| < NN\U, and v} —v}| < |v — 5| < §. Therefore
(2.55)] < czv?zf; 1] oo (2.56)

In order to show that (2.54) is small, we introduce following projection :

Lemma 9. Assume 0 < o < @ Let Eyy = {v] € R3: (v; —v) - (v —v) = 0} . We define a
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projection

P:S? — Eu

/ j—
west m {UUZUL € B
. ’U)
Forv' € {v/ e R3: |v/| < 2N}\B, define the restricted projection
P' = Plp-1(g,, n{1/N<loi|<n}) @ PTH(Evw N{1/N < |vj| < N}) = By N{1/N < 1| < N}

Then for v' € Ban\B the Jacobian of P’ is bounded :

P! ’_ 2 N4
Jac(P') = . I |sec? A tan f| < 3—,
ou [/ — v 0
where 0 is defined by cos = u - ﬁ

Proof. Without loss of generality, we may assume ﬁ = (0,0,1)T. Using spherical coordinate,

, , sin 0 cos ¢ tan 6 cos ¢
v —v) UV e v -
P (u) = u = / u = : : [ : ,
(u) w- (v —v) - o= cosf sin 0 sin ¢ o — o tan 6 sin ¢
cos 1
and a Jacobian matrix of P/,
P’ o —v | sec2fcos¢ —tan@sing
=70 -
9(0,9) v — v

sec?fsing  tanfcos

Therefore a Jacobian of P is

P ’r 2
Jac(P') = ‘8?9 ¢)‘ = <v . |U,U|> sec? 0| tan 0] < dist(0, Eyyr)?| sec 3.
) v =
Notice that
Isec O] = 1 1 _|Ju (v —v) " 1 _ [P’ (w)]
| cos 6] ’ o' —v u- (v —v) ’v " dist(0, By )

[v"—v]
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Because P'(u) € {4 < |v{| < N} and dist(0, Eyv) > 5% we have

Pu)f 3N
Jac(P) < | < .
) < a0, Bor)] = o0

Assume we choose ms (U, NS?) < fo\m. By definition we know that P'(U, NS?) = E,, N {% <

lvi| < N} N U, and the 2-dimension Lebesque measure of E,,» N {4 < [v{| < N} N U, is bounded

by
1 3N € 3N?
ma(Euw 07 < [of] < NJNUL) = ma(P'(U2N82) < JaeP) x U207 < *ox 5 = e,
Therefore we have an upper bound of (2.54) :
(2.54)] < ONZe[|h[ oo, (2.57)
where C' = [, w(v')dv’. In case of v # 0, from (2.53), (2.56) and (2.57), we have
2 / 4017112 ! 2 3N?. €
(2.48) < CN?||h||sc sup |Z(v,v")|x(2.50) < CN*||h||5 sup |Z(v, v ){N*\/o+(1+—)—1}
v’ [v]<N,|v"|<2N o N,
(2.58)

Case of v=0
In this case, we do not have a upper bound of the Jacobian of P’. Instead we will use the structure

of &, of Lemma 4 crucially. In case of v = 0, we split (2.50)

/ B(') / B@!R(E, E,0}) — B )h(t, 2, )| dvld
[v'|<2N EoN{%<|vf|<N} .

_ / o) / &) 1o, (v])dv, o’ (2.59)
[v/|<2N Eg {7 <|v]|<N}

o

+/ w(vl)/ & X 15 A2 < <npv, (V1)dvidy’ (2.60)
[v'|<2N EorN{#%<|v]|<N}




For v’, we use a spherical polar coordinates (r',6’,¢') so that

v = (r'sin® cos @', r' sin@ sin¢’, 1’ cos ).
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(2.61)

By definition, Fy, is a plane containing the origin and normal to v’. We know that Ey,- is generated

by two unit vectors

cos 6’ cos ¢’ —sin ¢’
Eoyr = cos@ sing’ | cos ¢’ >
—sin @’ 0

We will use a polar coordinate (], 67) for v| € Ey,, i.e.

(vi)1 cost cos¢’ —sing’ sinf’ cos ¢’ cos 6]
/ roplopl N — o . . . .
vi= | (v))y | (r1,01;0,0") =71 | cos@sing’  cos¢’  sinf'sin g’ sin 6]
(v1)s3 —sin 6 0 cos 6’ 0
Direct computation gives det (=20 ) =
p & a(r,00.07)
cos b’ cos ¢’ cos @) —sin @’ sin 0] — cos @’ cos ¢’ sin @y — sin ¢’ cos 0]
/\2 / . . . .
(r1)"cos @y det | cos@ sin¢’ cos) 4+ cos¢’sinf;, —cos# sin¢’ sinb, + cos ¢’ cos @)

sin 0’ cos 0} sin 0’ sin 6]

= (r})*cos ;.

Therefore we have following identity

0o 27 T
/RB cd) = /0 /0 /0 < ()% cos 0,dO’' dO’ dr.

Recall the standard 3 dimensional polar coordinates and 2 dimensional polar coordinates :

2N  r27 7
/ e — / / / () sin6'de'de dr,
[v/|<2N 0 0 0

N 27
/ / / /
/ st dvl == / / st TldaldTl,
o {4 <Ivi|<N} + Jo

. (2.62)

sin 6’ cos ¢’
sin & sin ¢/’

cos &’

(2.63)
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and use above identities to control (2.59) by

2N 2m ™ N )2 2m
ar' (2 (r") /O a' /0 asin®’ [~ drivie [ dbi1, (01(01.63:8', ) bl 26)

0 0

®

We focus on the inner integration () and divide it into

T N )2 27
[ arsing [ i [ g1 0 e 0 (269)

N

T N ,,,/1)2 2T
+/ del sin 9// d’l"g_?"ie_ 8 de;_].Ul (’Ui)19£E[O,%7Q]U[%+Q737”7,Q]U[37ﬂ'+g72ﬂ']' (266)
0 * 0

Easily (2.65) < 29(67ﬁ - e_NTZ) < 4p. For (2.66), we use 1 < % and 1 < Nrj on 0] €

0,5 =0 U[5 + 0,5 — o] U + 0,27] and 7] € [, N] to have
T N 27 1

(2.66) < Q*IN/ dH’/ dr’l(rll)Q/ df) cos 011y, (v, (r}),0,:60",¢") = 07 'N x mz(U, N {N < vi| < N},
0 Y 0

where we used (2.63). To sum we have

(2.59) < (3.218) < C||hl| {4g + o IN x ]\6[} . (2.67)

On the other hand for (2.60) we can use Lemma 5 to have

3

. <
(2:60) < O

(2.68)
From (2.67) and (2.68) we have

(2.48) < ON?||h||oo sup |Z(v,v")| x (2.50) = CN?||h||s sup |Z(v,v")| x {(2.59) + (2.60)}

19 _ 13
< ON? |l sup 200 { - + il a0+ 07 x -} 209

To summarize, from (2.36), (2.37), (2.38), (2.39), (2.41), (2.44), (2.49), (2.58) and (2.69), we have



47

established

1 2 N7
(2.24) < Olh|)2 < +e T+ COlhlZ,  sup  |Z(v,v))| (2.70)
N o] <N, v |<2N M

+OIRIE, sup  |Z(v,0)|(N®y/E +4N0)
[v|[<N,|v'[<2N

6

3N
+Ollhllee sup  |Z(v,0)| {N2+||h||oo(1+ +N4+N3g)}(2.71)
N, [o| <N, |v'|<2N 0

We choose N, M, N, > 0 sufficiently large and ¢ > 0 sufficiently small we can control (2.24) < 5.

Combining with the result of previous subsection (2.35), we conclude (2.19) and and prove Theorem

8.

2.3.4 Continuity of Collision Operators K f and I'(f, f)

The following is a direct consequence of Theorem 8.

Corollary 9. Assume f(t,z,v) is continuous on [0,T] x (Q x R*)\& and
w(v) f(t,,0) = (L4 p*[v])7 f(t,2,0) € L2([0,T] x (Q x R?)).
Then K f(t,z,v) and Ty (f, f)(t,7,v) are continuous in [0,T] x Q x R® and

sup  r M (w)w()K(f)] <oo,  sup T (w)w(v)l(f, f)] < co.
[0, T]xQ2xR3 [0,T]xQxR3

Proof. The above boundedness is a direct consequence of (3.174) and (2.16). Thanks to Theorem

8, we already established the continuity of I'. Therefore we only need to show the continuity of

L
NG

Q- (it = [ [ Bo—uww)ft.aue " dun
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Choose (t,Z,0) ~ (t,x,v) so that |(¢,Z,0) — (t,z,v)] < . We will estimate

_ 1
7@—(\/ﬁfa M)(t,l‘,’l)) - ﬁ@—(\/ﬁ.ﬂ ,u)(t,x,v)
1

T /R /S B - w,w) [t 2,0) - B0 — u,w) f(5,5,u) }dwdu

= 1# /}R3 /sz B(” - va)e_%f(t,x,v)dwdu (2.72)
L] ot r S -y

: /E]R%/ w)lle™ ™ — e BT = (1 — (0= 0) o | dwdu (2.73)
1

+ﬁ . |B(v — u,w)|67$|f(t,x, u) — f(t,z,u— (v —0))|dwdu, (2.74)

where we used a change of variables v’ = u + (v — ¥) for the underlined term. Using the Taylor’s

expansion we control

|ul?

2
(\u|+5)e%6_ X |v—1,

_lu—(v—9)|? ul
4

1 _lusl? —
=e 4 —|—§|u*|e T v —17| <

DO =

where u. = s.{u — (v — )} + (1 — s,)u for some s, € (0,1) and |v — ¥| < d. Therefore we control

lv|? \2 V—U
e 4 / |v—u|’7 (\u|—|—6)e4e duxsup/ qo(i-

R3 vu J§2 v —ul
C(1+ |U|)76%||wf||oo, (2.75)

[(2.73)]

IN

w)dw|v — 0| X ||lwf||oo

IN

where we have used the the angular cutoff assumption (3.3). Now we estimate (2.74) with following

steps :
. _luf? _ N2 u| .
Case1: |u/> N. Sincee 2 <e s e s ,we estimate

/ / (2.74) dwdu < Ce_NTQ/ e_%m—vwdu X wf]]oo < Ce_NTzu(v)waHoo. (2.76)
lul>N Js2 R3

Case 2 : |u| < N. A function f is continuous on [0,7] x (Q x B(0; N))\®. By the Lemma

5, we can choose U, C B(0;N) with |U,| < & with |f(t,z,u) — f(t,Z,u — (v — 0))| < & for

|(t,z,u) — (£, Z,u — (v —"2))| < & with u € B(0; N)\U,. Therefore f <N Jsz (2.74) dwdu <

/ /(2.74) dwdu+/ /(2.74) dwdu < CEv@)|wfllw.  (2.77)
weB(0;N)NU, Js2 weB(0;N)\U, /52 N
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From (4.61), (4.62) and (4.63), we summarize

1 _ _n2 e v(v)
7@— /J/f,/.l/ y Ly U _Q— ,LLf,,U/ t7xav < o(d) +e v +=)—= U}f [eS)
\/ﬁl (Vif, ) (¢, z,0) Vi, )t @, v)] < (o(6) N)\/EH |
which is less than ¢ for sufficiently large N and sufficiently small §. O

2.4 In-Flow Boundary Condition

In this section we consider the Boltzmann solution with the in-flow boundary condition. First we
will show the formation of discontinuity using L bound for the Boltzmann solution. Then we use
the continuity of collision operators, Theorem 8, to show a continuity of solution on the continuity

set € and the propagation of discontinuity on the discontinuity set ©.

2.4.1 Formation of Discontinuity

We will prove 1 of Theorem 1. Without loss of generality we may assume x = (0,0,0) and v =
(1,0,0) and (z,v) € 7§. Locally the boundary is a graph i.e. QN B(0;8) = {(z1,72,23) € B(0;0) :
x3 > ®(x1,72)}. The condition (z,v) € 45 implies tp(x,v) # 0 and t,(z, —v) # 0 which means

B(€,0) < 0 for € € (=4, ).

For simplicity we put the boundary data g = 0. From Theorem 1 of [27] we have global existence
of (2.9) with zero in-flow boundary condition : For sufficiently small ||ho||c < § we have a solution

of (2.9) with zero in-flow boundary condition on [0, 7] x Q x R3 with

sup [[A(t)]|ee < C'e™ [ Ro]| oo
t€[0,00)

for some A > 0. In the proof we do not use decay estimate but just boundedness

sup [1h(#)]los < C]IRolloo (2.78)

te[0,00

Recall the constants Cx and Cr from (3.174) and (2.16). Choose ¢, € (0, 3) sufficiently small
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so that
< (efv<1>t* .Gk — (1 — e*vﬂ)t*)cp(c’)?) . (2.79)

N | =

where v(1) = v(v) for any v € R? with |v| = 1. This choice is possible because the right hand side
of (2.79) is a continuous function of ¢, and it has a value 1 when ¢, = 0. Assume a condition for

our initial data hg : there is sufficiently small §' = ¢’(€, t.) > 0 such that B((—t4,0,0);¢") C £ and
ho(x,v) = ||hollec >0 for (z,v) € B((—t.,0,0);48") x B((1,0,0);4"). (2.80)

We claim the Boltzmann solution h with such an initial datum hy and zero in-flow boundary

condition is not continuous at (¢, (0, 0,0), (1,0,0)). We will use a contradiction argument : suppose
[h(t*)]z,v =0 (2.81)

Choose sequences of points (z/,,v,,) = ((0,0,1),(1,0,0)) and (z,,,v,) = ((£,0,®(%,0)),(1,0,1)).

Because of our choice, for sufficiently large n € N we have

n»vn

(x], — tevh,vh) = ((—t«, 0, %), (1,0,0)) € B((—t4,0,0);8") x B((1,0,0);45)

we have
oo ’ 1oy, —v(vh)t t* —v(v))(te—T) h h / /
h(te, 20, v,) = ho(x, — tav,, v, )e " Un)t 4 e~V \n )t Kyh+wl(—, =) ¢ (1,2, — v(te — 7),v,,)dT
0 w w
, b , h h
= ||h0|\oo€_”(v”)t* +/ eV (vn) (e —T) {Kwh + wl'(—, )} (1, — v;(t* _ T),v;)dT,
0 w w

h(t*7a:na Un) = w(vn)g(t*, l‘n,’Un) = 0.

From (2.81) we know that h(t.,zn,v,) = 0 as n — 0.

Using (2.78) we can estimate lim inf, o0 [h(tx, 20, 0]) — h(tx, Tny V)|

*r%ny Yn

ty ta
> timint [hollce ™" — [ G folldr + [ vl e ORTICHC P ol ]
n—00 0 0
> lollooe™ " — .Gl follso — (1 = ™" D)Cr(C)| ol 5
—v —v h oo
= ol (70 £ - (1 - e op(ery?) 2 Mol g

which is contradiction to (2.81).
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2.4.2 Continuity away from

We aim to prove Part 1 of Theorem 3 in this section. First we recall Lemma 19 of [27] the
representation for solution operator G(t,0) for the homogeneous transport equation with in-flow

boundary condition.

Lemma 10. [27] Let ho(z,v) € L* and wg € L. Let {G(t,0)ho} be the solution to the transport
equation

{0, +v-V,}G(t,00hg =0,  G(0,0)ho = ho, {G(t,0)ho},_ = wg.

For (x,v) ¢ vo N7y—,

{G(t,0)ho}(t,z,v) = 144 <oho(x —tv,v) + L1y, s0{wg}(t — tb,x — tpv,v).

Next we prove a generalized version of Lemma 20 in [27].

Lemma 11 (Continuity away from ® : Transport Equation). Let © be an open subset of R® with
a smooth boundary OQ and an initial data ho(z,v) be continuous in Q x R3U{y_ Uy, U~L} and a
boundary data g be continuous in [0, T)x{y_Uyt}. Also assume q(t,z,v) and ¢(t, z,v) be continuous
in the interior of [0,T] x Q x R3 and SUP[, 7] x QxRS lq(t,z,v)| < oo and SUP[o, 1) x p(-,,v)| < o0

for allv € R3. Let h(t,x,v) be the solution of
{0 +v-Vy+oth=q, h(0,z,v)=ho, h|l, =uwg.
Assume the compatibility condition on y_ U ’yé_
ho(z,v) = w(v)g(0, x,v). (2.82)

Then the Boltzmann solution h(t,x,v) is continuous on €. Further, if the boundary 02 does not
include a line segment (6) then h(t,x,v) is continuous on a complementary set of the discontinuity

setd.e. [0,T] x {Q x R3}\D
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Proof. Fix (t,z,v) € €. Notice that

{25006 X0 V) J oK OO g5, X(5) V() H ATV oy 6) =0
(2.83)

along the characteristics X (s;t,2,v) = z—v(t—s), V(s;t,x,v) = v until the characteristics hits the

boundary. Choose (,Z,v) ~ (t,x,v) and use a change of variables § = s — (f — t) with 5 € [t — ¢, {]

to have

d B _ _ , ~ o
{f{h(g +(F—t), X(3), V(5))e Ji #r+E=0,X(n),V(r)dry
S
—q(5+ (F—1),X(5),V(5))e /s ¢<r+<t:t),x<f),vm)d7}1Htlmmax{o’tltb(M)}’t] (s)=0

(2.84)

where X (5) = X(5+ (f —t);¢,2,0) and V(5) = V(5 + (t — t);1,7,9).

1]

By the definition € we can separate two cases : t < tp(z,v) , (zp(z,v),v) € 7— U~{.

Case of t — tp(z,v) <0 From the assumption ¢ — ¢p(z,v) < 0 we know that (2.83) holds for 0 <

s < t. Now we choose (%, Z, ¥) near (t,z,v) so that {—tp(Z,7) < 0 and X (8) = X (5+(t—1t);t,7,) is
in the interior of  for all § € [t —¢,¢]. Taking the integration over [min{0,¢—t},t] of (2.83) — (2.84)

to have

h(t,z,v) — h(t, Z,0)
— ho(X(O), V(O))C_ fot ¢(7, X (7),V(1))dr _ ho(X(t _ E), V(t _ f))e_ fttig¢(T+(f—t)7X(T)7V(T))dT
t
+ / {l[max{O,t—tb(z,v)},t] (S)Q(Sv X(S)7 V(S))67 Js en X (@) Vir)dr

min{0,t—%}

L pmax(0—to (a0 ()45 + (= ), X (5), V(5))e™ o0+ E0XCLV NI g

Since hg and ¢ is continuous it is easy to see that the first line goes to zero when (£, z,v) — (¢, z,v).
For the remainder we separate cases : t—% > 0 and t —¢ < 0. If £ —# > 0 the remainder is bounded

by
t t t iy
/ lq(s)els ?I7 —g(s + (rt —1))e™ S 2TTED |t — 7] sup [|q(s)||oce! Posese 19l (2.85)
- 0<s<t

where the first term is small using continuity of g and ¢ and the second term is small as (£, Z,7) —
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(t,x,v). The case t —t < 0 is similar.

Case of (zp(7,v),v) €7_ U~~ We only have to consider cases of t > t,(x,v) and t = tp(z,v).

By definition (xp(x,v),v) € 7_ Ur{. From Lemma 2 we know that t,(z, v) is a continuous function
on (z,v) ¢ &. In the case of t > ty(x,v) for (£,7,0) ~ (t,z,v) we have t > t,,(Z,v). Taking the

integration over [min{0,¢ — t}, ] of (2.83) — (2.84) to have

h(t,z,0) — MET,D) = wg(t — to(z,v), X (tp(x, ), V(ts(x, v))e” -t AmX OV )dr
7’[1)9(1? - tb(jﬂ 1_])7 X(tb(i‘7 1_))7 V(tb(‘i‘7 6))))6_ f{t_tb(i'ﬁ) $(r+(E=1), X (1), V(n)dr

t
F[ gl X () Vgpe F XV
t

—tp(x,v)
t o
s 0, X V(s OOV g,
t—ty(Z,0)
where using the continuity of ¢y, and ¢ and ¢ it is easy to show that |h(t,z,v) — h(f,Z,v)| — 0 as
(t,z,0) — (t,z,v). In the case of t = tp(x,v) we can choose (¢,Z,0) ~ (t,z,v) so that tp(Z,0) €
(t — €,t + €). Taking the integration over [min{0,¢ —¢,¢}] of (2.83) — (2.84) to have
h(t,2,0) = h(F. 2, )] < wglt = t(@,v), X (tn(2,0)), V (b (@, v)))e” ot S0 XORVENE

oy w9 (E — to(E, ), X (b (3, 0), V(tp (7, 0))))e Ji-tmien ATHE=D.XD.V()dr

iy @ayho(X(t = 1), V(¢ = D)e” e ot =0 X O T r

t
+ / a(s, X (5), V(s))e™ [ 6rX @V ()dr
t

—tb(z,v)+e

—q(s + (F— 1), X (s), V(s))e~ Jo =0 XV (g

+2e sup ||q(8)|‘ooetsup0§s§t||¢(5)Hoc
0<s<t

where the first three terms can be small using the compatibility condition and continuity of hg in
{Qx R3\{y_ U~y Und) and g on {[0,T] x {09 x R3}\{y_ U~{¢}} and continuity of ¢. For the
fourth term we will use the continuity of ¢ and ¢.

If the boundary 92 does not include a line segment (6) we have € = [0, T] x {QxR*}\{DU4Y'}. O

Proof of Part 1 of Theorem 3
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We will use the following iteration scheme

hm pm hm hm+1
{8t + v - V;E + U}hm+1 = Kwhm + U)F+ ( w s w) — U}F_ (w, w ) (286)

with A= = ho and K1 (t, x,v) = wg(t, =, v) with (t,z,v) € v_ U~{™.
Step 1 : We claim

h' is a continuous function in €r (2.87)

for all ¢ € N and for any 7" > 0 where

Cr=C¢n{0,7] x Qx R3} = {(t,2,v) € [0,T] x Q@ x R : t < tp(x,v) or (xp(z,v),v) € - U~s"}.
(2.88)
We will use mathematical induction to show (2.87). We choose h® = 0 then (2.87) is satisfied for

hvn hm+1

¢t = 0. Assume (2.87) for all ¢ = 0,1,2,...,m. Rewrite wI'_ ( e ) =v (\/ﬁ%) h™t! then

the equation of h™ ! is

h™ h™ h™
{0y +v-Vy+rvv)+v <\/ﬁw> PR = K, h™ Dy <w’ w) . (2.89)

From Theorem 8 and Corollary 9 we know that v (\/ﬁ%) and wl'y (%, %) is continuous in
[0,7] x © x R3. Apply Lemma 11 and ¢(¢,x,v) corresponds to v(v) + u(ﬁ%) and q(t,z,v)
corresponds to the right hand side of (2.89). Then we check (2.87) for i = m + 1.

Step 2 : We claim that there exist C' > 0 and § > 0 such that if C{|[ho]|cc+8UPg<s< o0 [[wg(5)]|o0 } <

§ and C||hp||ce < 0 then there exists T'= T(C,4) > 0 so that

sup [|h™(5)]]oo < Cllhol oo (2.90)
0<s<T

for all m € N and {h™}2°_ is Cauchy in L>°([0,7] x Q x R3).

First we will show a boundedness (2.90) for all m € N. We use mathematical induction on m.
Assume supg< <7 [|A™(8)||cc < Cl|ho|loc where T' > 0 will be determined later. Integrating along

the trajectory we have

h’erl (tv xZ, ’U) = 1t<tb($,v)eil’(v)th0 (I - t’U, U) + ltth(Lv)eiu(v)tb(x’v)w(v)g(t - tb('ra ’U), l‘b(I7 U)7 U)
t hm pm hm hnz+1
+/ e_”(”)(t_s){Kwhm +wly (, ) —wl'_ (, )}(s, x— (t—s)v,v)ds
max{t—tp(z,v),0} wo w w w
< lhollos + sup [Jwg(s)lleo +tCk sup [[2™(8)]loc + Cr sup [[h™(s)llsc sup ([[2™(5)]oc + [IF™ 1 (5)]]oc)
0<s<t 0<s<t 0<s<t 0<s<t




%)

and

14110 + CrC{lolloe + sup, [[wg(s)]loc)
hm+1 o S
o IRl < = G E Tl s + sup, Twg(s) o}

c{||ho|oo+ sup |wg<s>|oo}.
0<s<t

{|h0|oo+ sup ||wg<s>|oo}
0<s<t

IN

where we can choose C' > 4 then {||ho||os + supPy< <y [[0g(s)||oo} < 3o and then T = 2%—;%

Newt we will show the sequence is Cauchy in L>([0,T] x Q x R?). For simplicity we define

hm pm L hm+1
" = K,h™ +wly ( ) —wl_ < > (2.91)
w w w w

The equation of A+ — h™ is

{0y +v -V, +v}h™H — ™) =¢™ (2.92)

(A" =B =0 =0, (A" = h™)],. =0

where

B pm o pm—1 pm=1 _ pm pm-1 pm pmtl _pm pm—1 _ pm pm
§" = Ky (B —h™ " 4wl (— 7)—10114_ <7 —wl_ [ —, —48M 4wl [ —m————, —
w

(2.93)
From Lemma 3.15 and (3.20) we have a bound of supg<s<; /" (5) /[0
Cic sup [[{h™ = h" 1} (s)lloo + Cro(v){ sup [{A™ — h™ "1 }(s)l|
0<s<t 0<s<t
+ sup [[{R" T = W™} (5|0} % Cllhollo (2.94)

0<s<t

Integrating (2.92) along the trajectory, we have

t
[{R™ = B (1) < / e Vg7 (5,2 — (t = 5)v,)|[oods < Cict sup [[{R™ — 1"} (5)]]oo
0 0<s<t

w

w

e (|ho||oo+ sup ||wg<s>||m) { sup [[{A™ — A 13()lloe + sup |{hm“hm}<s>||oo}
0<s<t 0<s<t 0<s<t

If we choose CCr||ho||s < § and CxT < % then

m m 1 m m—
sup [[{A" T = W7} (s)llee < 5 sup [[{RT = AT TIH(8)] oo
0<s<T 0<s<T

) .
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Then we have

sup [[{h™ =B }H(8) oo < sup [[{A™ =BT TH()]loo + -+ sup [{A"T = B"}H(8)]|oo
0<s<T 0<s<T 0<s<T

1

1 n " 2
<Aoo+ + 35} sup [{A"T = 2"} (s)lloo < == sup [[{A' —hO}(5)||o
2 297 o<o<T 2" g<s<T

4
< 5 Clllholloc + sup_{|wg(s)l[oc}
0<s<T

which means that the sequence {h™} is Cauchy in L>([0,T] x Q x R?).

Step 3 : From previous steps we obtain that h with lim,,_,. A™ is continuous function on &r. Now
we claim that & is continuous in €. Notice that 7" only depends on ||hg||oc and supg< <7 |[wg(s)|]co-
Using unform bound of supg<, . ||7(s)]|cc(Theorem 1 of [27]) we can obtain the continuity for A
for all time by repeating [0, T, [T, 271, .... If the boundary 92 does not include a line segment (6)
then every step is valid with [0, 00) x {Q x R*}\{D U~ } instead of € and [0, 7] x {Qx R3P\{D U~}

instead of Cr.

2.4.3 Propagation of Discontinuity

Proof of 1 of Theorem 2
Proof of (1.21)

In order to show the upper bound of discontinuity jump (1.21) we will show

[ (8)] 21 (¢t Y00 00 < [h]to,zo’voe—(c%}-i-gfw||ho||oo)(1+|vo|)“’(t—to) (2.95)

when (29, v9) € 75 and t € (0,tg+tp (70, —v0)). Choose two points (2/,v'), (z”,v"”) € {QAxR3\&}N
B((x,v);0)\(x,v) and compare the representation

|h(t, ', v") — h(t, ", v")| (2.96)
—v( )ty (2! )=t v By(ra! —(t—7)v v')d
< llt—tOth(m’,v’)h(t_tb(mlvvl)vxb(mlvvl)»’l)l)e BTy (o vy YV (T = (v e (2.97)
—v(v’ - —ft h T,z’— —7m)v’ v )dr
1y ctp @f 0y RE0s & = (= t0)v' v )e (D=to)=Jig v (VE)( (t=m)wheh)
oyt ("l gt V(B (! — (= !y
—1t7t02tb(1//’v//)h(t—tb(ml/7U,/)7$b(m,/7’l}/l)7’u//)e ( ) b(‘z ) ft*tb(itl/,’b'//) (\/ELU ( x ( ) ) (2498)
oY (t—tn)— [t W h S (p— 7
_1t—t0<tb(z”,v”)h(t07 2 _ (t — to)v”, v”)e (") (t—tg) jfo (Ve (T2 (t—7)v"" vydr
t h h / 1N —w () (=)= [ u(VEL) (ra! — (t—T)v! v ydr
+ {Kwh+wli(—, —)}s, 2" — (t—s)v',v)e s w ) (T : ds
max{0,t—tg—tp (z/,v/)} wow
t h h " 1oy —v@!") (=)= [E u(VEL) (e = (=)0 0! Y dr
- {Kwh+wly(—, —)}(s,z" — (t—s)v", v )e Js w /T ) ds|.
max{0,t—tg—ty (z//,v"")} wow
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It is easy to see that if ¢ — tg > tp(2',v’) then as § — 0 we have
t—tp(z',v") =t , wp(x’,v) = o,
and if ¢ — tg < tp(2’,v’) then as § — 0 we have

' — (t —to)v" — wp.
Therefore the first |....| converges to [hlt, 20,0 X ¢~V (o) (t=t0) =i (V) (mzo—(to=m)vo,00)dT g i
second |....| using the continuity of K,,h, F(%, %), I/(\/ﬁg) we conclude that |....| — 0. Therefore
we

[h(t)]:l)()Jr(t*tU)’U(],’Uo < [h]toJO’UOB*’/(UO)(t*tO)*Lﬁ]V(\//j%)(vaEO*(to*T)vo,vo)dT

< [Aleg.wow o o= (B =CuC'llholloe) (1+v0]) (t—t0)
- 0,20,Y0

where we used

u\2

Vo (0) = /R /S B — u,w)e— " v (u)dwdu (2.99)
1

with O—(l + [v])7 < vy (v) < Cyp(1 +|v])7. (2.100)

w

Remark that Proof of (1.21) is valid for in-flow, diffuse and bounce-back cases.

Proof of (1.23) for a Local in time Formation of Discontinuity

Now suppose the Boltzmann solution F has a local in time formation of discontinuity at (¢, zg, vo) €
[0,00) x 7§. Recall that the Boltzmann solution F is continuous initially because of the continuity

of the initial datum F and the in-flow datum G with the compatibility condition (1.16) but F is
discontinuous after a short time . € (0,¢p(x0, —vp)). Further assume that the boundary 9 is
strictly concave at xg along vg direction (1.22).

Step 1 We can choose sequences (£, 2, v},), (t1, x01,v)l) € [0,00)x UxR3NB((to, 2o, v0); =)\(to, 0, vo)

such that lim, e [h(t), 2/, v!)) — h(t, 2, 0")] > 3[A(to)]sgwy £ 0 ¢

ny%no ny»*nr Yn

From [h(t0)]zy,0o 7 0 We may assume

sup |h(to, xy, v4) — h(to, g, vg)| >
(@h,v4),(zg v )EB((w0,v0); %) \(0,v0)

[h(t0)]zo,v0 7 O (2.101)

=~ w
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for all n € N. And for each n € N we can choose a desired sequences.

Step 2 For given € > 0 up to subsequence we may assume that
(zp(x,,v),),v) € B((xo,v0);€)\® , (zwn(zh,vi),vh) ¢ B((zo,v0);e) US for allm € N :(2.102)
We remark that a continuity G(t,z,v) = w(v)g(t,z,v) on [0,00) x {y_ U~§} ie.

[ G|[0,oo)><’yf]toyroyvo = U/(UQ)[ g|[0,oo)><'yf}to,foyvo =0

for all (t,z0,v0) € [0,00) x {y_ U~5} (2.103)

is crucially used in this step. In order to show the final goal (2.102) of this step, we need to prove

following statement :

Assume (zg,vp) € fyg and tp(xo,v0) > to. Then for sufficiently small £ > 0 there exists N > 0 such that

1
if (x,v) € B((xo,v0); E) for n > N and zp(z,v) ¢ B((xo,vo); €) then we have ty(x,v) > to. (2.104)

We will prove (2.104) later and show (2.102) using (2.104). It suffices to show that there are only

finite n € N such that

NG (2.105)

(@b (27, v),v,) € B((0, v0); %)\(’57 (@b (27, vn), vy) € B((o, vo);
U

or (wn(},e),0) # Bl(o,00)i ) U® , (el i), ) ¢ Bl(wo,w0)

Us  (2.106)

S|

Suppose there are infinitely many n’ € N satisfying (2.105). If ¢ > 0 is sufficiently small then (2.105)

implies that tg > tn(a),,v),) and to > tp(z),, v),). The Boltzmann solution h at (to,z),,vl,,) is
h(thx/n’a 'In’) = (2107)
v ,)(t —tp(x],,,v), ,)) o Y % T,w;/— t —T)U;,,U;,)dT
it — (@) (), v TR O T MV T 00 g

Vs, 2l — (to — sVl vl e v Wa)to=s)= [0 w(F)(mal, —(to—T)vy, v )dr g g

S\b
gl=

to
+/ {Kuh+T(
t

o—to(a’, 0" ,)
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and a similar representation for h(to,x,,v)/,). Compare representations of h(to,z,,,v},) and

7y Up 7y Un

h(to,x],,vl,) to conclude
hm |h(t0, Tty Uy ) - h(tO’ Z ’Un’)|
n — 00
_ nh_l;noo|h(t07tb( iy U n) mb( n/vv;) ”U;L/)fh(to*tb( /,Un) xb(x/é,,vx,),v;{,)‘
Xe_V(UO)(to_tb(x[)’vo))_ft(?*tb(z()v“o) v(VEL) (20— (to—T)vo,v0)dT
< [h|[0 00) Xy ]t b (20,v0),%b (20,00),v0 X eiu(yo)(to7tb(x0’vo))7ftt;*fb(zo=“0)V(\/ﬁ%)(ﬂmo7(t07‘r)v0700)d7—
< , —lto—tb(z0,v0),26(x0,v0),v0

where we used the continuity of y(ﬁ%) and F+(%, %) Further using the in-flow boundary con-

dition k|, = wg, we have

lim |h(t0, Tty Uy ) _h(tO’ Ly ’Un’)|

n’—o0

<[ 9l0,00) %7t w(vg)e P00 E00 =g g gy VW) (Ts0—(to=TIvow0)dT _ g

— ,00) Xy—1to,%0,Vo =
where we used (2.103) the continuity of g on [0,00) x {7v— U~} at the last line. This is con-
tradict because we choose the sequences (x}.,v).),(zl,, v}!,) satistying lim, . |h(to, )., v],,) —

h(to, zl, vll)| > [h(t0)]zo,0o # 0 in Step 1.

Now suppose there are infinitely many n” € N satisfying (2.106). Because of (2.104) we have

to < tu(xl,,v),) and to < ty(z!,,v/,). The Boltzmann solution h at (to, )., v.,.) is
h(t07 nu 'U;L//) = hO( " — tO/UTL//7v’I/’L ),v;,,)e_’/(v;//)to to V(\/ﬁ )(Tx 1n—(to— T)U ,/,U H)dT
fo h h , , . to . p
0 {KwhﬂLFJr(E E)}(s,xnu — (to — 8) vl vl e~ ) =)= [0 VI (s =(to =)0 v )T g

and same representation for h(to,z,,, v/, ). Using the continuity of hy we see that
llm |h(t07 ’I’L”7 ’:l ) h(to, ’I’L ) Un//>|
= lim |h0( Ty — t()'Un//7 n//) h()( Ty — t()'Un//, n//)|'LU('UO)

n— oo

Xe—V(UO)(to—tb(ImUO))—ftéLtb(zo,UO) v(VEL)(r,m0—(to—T)vo,v0)dT

=0

which is also contradiction.
Now we prove (2.104). We can choose £ > 0 sufficiently small so that 9QNB(xg; e) = {(x1, z2, P(x1,22)) €

B(zg;e)}. From tp(zo,v9) > to we have xg,zg — tovg N 9N = {x} and can choose ¢ > 0 so
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large that (J,e(4,) B(zo — svo;0) N 92 C B(xo;e). Choose N € N sufficiently large so that
2,2 —tov C Usepo,15) B@o — svo; o) for all (z,v) € B((xo, vo); L) If 2y (2, v) ¢ B((20,v0);€) then

z,z — tov N OQ = () and this implies tp (z,v) > to.

Step 3 Choose t > 0 so that t —tg € [0, tp(zg, —vo)) and denote x = xg + (t —to)vg, v = vo. Then
there exists N € N so that ¢t — tg < tp(z),, —v),) for alln > N :

Using (2.104) we only have to prove zp(z),, —v.,) ¢ B((xo, —vp);€). From (2.102) we know that
xp(al,vl) € B(xp;e). We assume that Q N B(xzg;e) = { € B(xg;e) : x3 > P(x1,22)} and

n(xo) = (0,0, —1) and vy = |vg|(1,0,0). Let’s define
U(s) = ((wp)1 + s(vp)1, (2)2 + s(vn)2) = ((2,)s + s(v7)2). (2.109)

Since z, € Q we have ¥(0) < 0 and ¥ (¢tp(x), —v),)) = 0 = U(—tp(z),,v))). Because of the strict

n»-n

concavity along vg direction at xg (1.22) for sufficiently large n so that («!,,v!,) ~ (xg,v0) we have

agl(p 89618962(1) (1}' )1 1
U (s) = ((vn)1, (v),)2) < —=Caoo (2.110)
02y 0z, © 822@ (W!)s 2

where the Hessian of ® is evaluated at ((z,)1 + s(v),)1, («})2 + s(v},)2). Since {a], + sv), : s €
(—tp(zh,v}), tu(z),, —v),))} C  we have U(s) < 0 for s € (—tp(x),v)), to(x),, —v),)). Therefore

O (—tp (2, v))) <0 and @' (tp(z), —v),)) > 0. This is contradiction because

tb(aj:w_v;z) 1
0 < &' (tn (), —vy,)) = ‘I’/(*tb(fﬂ/mvé))*/ ©"(s)ds < 0= 5 Cap,uo {tn (2, =) +tb (a7, v)} < 0.

—tb (wil 7’”%)

The consequence of this step is that for n > N we have a representation of h at (¢,z,v)

h(t, )+ (t — to)ol, ) = hlto, @, o) )e "m0 =iy VIS (m (r=to)vi e

n’“n
t

h
+ {Kw +U}F+(

By 5 a4 (5 — to)l,, 0 e =)= V) (ol (r—to)vl ol ) g
to ww

n»-n

(2.111)

Step 4 For given € > 0 there exists § > 0 so that if |(y,u) — (zo,v0)| < ¢ and |(x,v) — (zo,v0)| < &
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and tg < tp(y,u) and to < tp(z,v) then
|h(to, y,u) — h(to, z,v)| <€ : (2.112)
We have h(to,y,u) = ho(y — tou, u)e‘”(“)to_foto v(VE) (Ty=(to—T)u,u)dr
hoh
w’w

t
+ v T - ) o v ’ S
/ O{K haT ( )}(S y (tO S)U u) —v(u)(to—s)— [} f )my—(to—7)u, u)de

and similarly h(to,z,v) = ho(z — tov,v)e ?(V)to— Jo® v(VEE) (ra—(to—T)v,0)dT

)}(S, . (tO _ S)’U, ’U)B_V(U)(to_s)_fsto u(\/ﬁg)(f,z—(to—ﬂv,v)d‘rds

gl

/ {Kwh+ T4 ( g

Let’s compare the arguments of two representations :

|(y — tou, u) — (x — tov,v)| < 2(1+19)d for hg

(7, y — (to — Tu,u) — (1,2 — (b0 — T)v, )| < 2(1 +19)d for v(/p—)
h h

[(s,y — (to — S)u,u) — (8,2 — (to — s)v,v)| < 2(1 +tg)0  for Kyh+T4( ).

Using the continuity of ho, v(,/i2), K,h and I'y (2, 2) we can choose desired £ > 0 to conclude

(2.112).

Step 5 Choose t > 0 so that t — tg € [0, tp(z0, —v0)) and denote x = x¢ + (t — t9)vg, v = vg. Let

£ < & [h(t0)]zg.0o and & > 0 in the Step 4. Then we can choose v/, € Q so that |u!, —v”| < § and

=10
t0<tb( ;; x) andt—t0<tb( —u )
If there are infinitely many u!' so that tg < tp(z),ur) and ¢t — to < tp(x), —u!l) then up to sub-

"

sequence we can define u]! = v//. Therefore we may assume t — to > tp(z), —v)) for all n € N.

We assume that Q N B(zg;e) = {x € B(zo;e) : x3 > ®(x1,22)} and n(zg) = (0,0,—1) and
vo = |v9](1,0,0). Now we illustrate how to choose such a u//. Denote z, = x = (x1,z2,x3) and

vl = (v, v2,v3). First we will choose (u1,u2,uz) and s > 0 so that

n(xp(z,—u)) - u=0 (2.113)
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L2 O(z) + s—F—2—,x2 + s—==2=)). The condition

_ — (151
and zp (I, u) (xl TS u?4uj T2+ S u%-i—u% u?4u3 u?+u3
(2.113) implies that
d(x1 + s —x
s ) (2.114)

d U2
——=—0(z1 + s———,22+ =
NorEaT NG E=T e =il ;

In order to use the implicit function theorem we define

V(z1, w2, 35 u1,u2; 8) = 931+5\/7 +u2)7 3
2
U
—s{——=0, <I>(x1+5721 2,302—1—5722 =)
m uj + up uy +uy
U U U
+%8@¢(x1+3 21 52t s 22 7))
\ ui + uj uy + u3 uy + u3
2@ 0,0, e
and compute 9,¥ = 75(\/%’ \/% 1 1Yo \/m < 7%6}0,”0 for
R R 811812@ 832(P \/%
upTU;

~ ~ P o i Uy
x ~ xg and v ~ vp using (1.22) and the Hessian is evaluated at (x; + s e 02 +s \/Tuz)

2

Hence s = s(x1,x2, r3; w1, ws) is a smooth function near x ~ x¢ and (u1,u2) ~ (v1,v2). In order

to study the behavior of s we use the Taylor’s expansion : from ¥ (xz1, zs, x3;u1,us;s) = 0 we have

1 02D 0,0, w
q)(xlamZ)_xS = M{(Uhl@) ) -
T+ 00,0, 02,0 s
()
1 2D 0,0, u ,
§(U17U2) }s
8116352‘1) 6%2CI) U9

(%)

) and the Hessian (k) is

where the Hessian (x) is evaluated at (z1 + s, ——5—=, %2 + 5«
Vuitu? \u? +u§

evaluated at (z; + s**\/ﬁ,zg + Sux u’;’:_uz) with sy, s, € (0,5). For @ ~ z¢ and (u1,us) ~
1 2

1 2
(v1,v2) we know that the right hand side of the above equation converges to

2 Zo)1,(To)2 21 Oz Zo)1,(Lo)2 U1
1 )(%UQ) 9, 2((@o)1, (0)2) 02,00, ®((w0)1, (w0)2) 40

20+ 03 Oy 0us® ()1, (z0)2) 02, 0((z0)1, (20)2) v
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hence we have a control of s i.e

1
Sleten ) —23]7 < s < O|®(2y,20) — 232 (2.115)
From (2.114) ug = \/u? + u3 £ ®(z1 + S\/ﬁ,l'g +s U%Jrug) is equivalent to
. 8w1c1)('r17x2) + \/%agfp(x/lvxé)s + \/ﬁamaﬂuz(b(xll’ x/Q)S

L2 02, ®(21,22) + Oz, 0z, @ (2, ) s + 2+ =02, ® (2, xh)s

o
(2.116)

U1 /

/ /
where 2} = 21 + s Th =19+ 5
1 \/U%"[‘Ug’ 2

2+ = for some 0 < s’ < 5 < C|P(x1,22) — z3|2. Using

the smoothness of ® we can bound (2.116) upper and lower by

Cl(ur,uz)| (w1, 22)| + (a1, 22) — w5/} (2.117)

To sum for fixed z and direction (u1,u2) we can choose ug such that n(ay(x, —(uy, ug, us)))-

1
Vi +ud
(uy,uz,u3) = 0 and wug is controlled by (2.117). Finally we choose (u1,us) = "2132
. (u1,u2,u3)

[(u1,uz2,u3)|

(v1,v2) and

find the corresponding us so that |v| = |(u1, u2, u3)|. Define u)! = —v+2(v ) (w1, ug, ug).

Then we have desired u!! for sufficiently large n € N.

Step 6 To sum for (¢, z! + (t — to)ull,ul) we have t — tg < tp(zll, —ul') and to < tp(xl,ul)

and |h(to, zll, ull) — h(to, z},,v}l)| < 15[A(to)]z0,vo- Hence the representation of the Boltzmann solu-

n’vn

tion h at (¢, + (t — to)u,, ur) is given by

n

h(t, 2t + (8 — to)ull,ult) = h(to, alt, ull)e 1) ig VIV (7 —to)l e

¢ h h " t b //
*/ {Kuh+ wT (5, 2} s, 0l + (5 — to)uly, wip)e D=9~V (ot g

to
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Using (2.111) we have

llm |h(t7m{n + (t — tO)’U:“ U’:I) — h(t, x;: + (t _ to)u// //)|

Uu
)
n—oo ny o

= lim [h(to, 7y, ,) — Bt 2l !~ )Ly Mok r—to)un o)

n— oo
2 {nh_{%o |h(t0,l‘;, 1};1) - h(t0a$;§7v;{)| - nh_{go ‘h(th JJ;:, Uﬁ{) - h(t07x;£7ux)|}
Xe—l’(vo)(t—to)—ftto V(ALY (1,204 (T—t0)vo,v0)dT
1 —v(vo)(t—to)— [t v Ly (o4 (T—t0)vo,v0 ) dT
> Z[h(to)ho,vo (vo)(t—to) fto (VR (T,mo+( 0)v0,v0)
which implies that
[h(t)]z0 > i[h(to)]mv0 x e~ (CutC Cullholloe) A+10)7(t—t0) £ o, (2.118)

Remark Through Step 1 to Step 6, we only used the in-flow boundary datum g explicitely in Step
2. All the other steps are valid for diffuse and bounce-back boundary condition cases. In Step 2,
we only used (2.103) the continuity of G = wg on [0,00) X {y— U~o}. Therefore once we have a

continuity of the Boltmzann solution F restricted on

2.5 Diffuse Reflection Boundary Condition

In spite of the averaging effect of diffuse reflection operator we can observe same phenomena of

in-flow boundary case.

2.5.1 Formation of Discontinuity

The idea of proof is similar to in-flow case but we also use |v| not only ¢, as a parameter. We will
prove Part 2 of Theorem 1. Without loss of generality we may assume 2 = (0,0,0) and v = (|v|,0,0)
and (x,v) € 4. Locally the boundary is a graph i.e. QN B(0;0) = {(x1,72,23) € B(0;0) : 23 >
®(z1,22)} and (£,0) < 0 for £ € (—4,0).

Assume that ||hollec < 0 so that the global-in-time solution h(¢,z,v) has uniform bound
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(2.78)[27]. Choose t. € (0, 3) sufficiently small and |v| > 0 sufficiently large so that

1
S <e—u(v|)t* _ t*CkC/ _ (1 _ e—V(‘UDt*)CF(C/)Q _ C/ / ’lI)(’U/)dO'(UI)> (2119)
%

w(v)

NN

where v(|v]) = v(v) and V = V(z) for any = € 9. First we choose |v| large enough to have

1 (1+ p*v]?)? 1

w(v) R - 100"
Then we choose sufficiently small ¢, > 0 as
. 0 1 1 1 100 (C")?
0<t,= —, , , 1
mm{m 100(Jo])” 10CkC" v([o]) 2 10Cr(C7)2 — 1

Because of our choice t,|v| < 4. Denote 7, = t.|v|. Assume a condition for our initial data hg :

there is sufficiently small ¢’ = §'(Q, 7)) > 0 such that B((—74,0,0),d") C Q and (2.140).

We claim that the Boltzmann solution A with such initial data hg is not continuous at (7, (0,0, 0), (Jv],0,0)).
We will use a contradiction argument : Assume that (2.81) is valid. Choose sequences of points

(@7, v7)

n»-n

(0,0, ), (101,0,0)) and (20 vn) = ((£,0,8(2,0)), —===(|o],0,12)). Because of our
"2

n

choice, for sufficiently large n € N, we have

(x5, = tevp, vy)

((_t*‘vlvov %)7 (‘UL0,0)) € B((_T*7070);5/) X B((|U‘,0,0);5/).

Therefore,
' / ro =)t ) (ta—r) h h / /
h(te,x),v)) = ho(z, —tv),,v))e n)te e n) (b Kyh+wl(—, =) (1,2, —v(te — 7),v,,)dT
0 w w
b h h
_ ||h0|\ooe*”(|“‘)t*+/ e~ v(IvD) (=) {Kwh+wf(,)}(T,z—v;(t*—r),v;)dr,
0 w’ w
1
h(ts, T, V) - / h(ts, xn, v )0 (V" )do(v").
w(|v|) V(zn)
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Using (2.78) and ||ho||eo < 1, we can estimate |h(t«, 2], v),) — h(ts, Tn,vn)|

Ty
> \Ilholloce‘”(‘”'”*—/ CxC"[[hol| oo + v(v],)e™ =T O (C”)?||ho| |2, dr
0
1
ST — / &' )do!
hollee 0D J, |
1
> |hollece UPDE — 1,01 C'|ho| oo — (1 — eV IPDENCH(CM)2 | ho| % — C'||hol| oo /w(v’)do—u
%

[|ho]|oo (eV(UI)t* — 00" — (1 — 6*”(\v|)t*)cr(c/)2 _C'— 1 / 1I)(1/)d01/> > |[7o]| o £0
w(lv]) Jy

which is contradiction to (2.81).

2.5.2 Continuity away from

Instead of using the argument of [27] to show continuity in the case of diffuse reflection boundary
condition we will use the sequence (3.221) with the boundary condition (2.120) and Lemma 11.
This argument also gives a new proof of the continuity of Boltzmann solution in a strictly convex
domain with simpler way than [27].

Proof of 2 of Theorem 3

We will use the sequence (3.221) with A" |;_y = ho with following boundary condition

1
Rtz v) = — / K (t, z, v ) (v')do 2.120
(o) = g [ e (2.120)
with (¢, z,v) € v_.
Step 1 : We claim that
1 / .

— ft,z, "W )do (' 2.121
157 Jo Jm ) (2.121)

is continuous function on [0, 7] x 7 even if f € L>([0,T] x Q x R?) is only continuous on [0, 7] x

Q x R3\&. We will show as (£,Z,v) — (¢, z,v),

1
w(v)

m AP / / 1 m(r == N\, / /
/v(x) A" (t, x, v )w(v)do(v') — @) /v(m) K" (t, &, 0" ) (v )do (V). (2.122)
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Using the fact |V(2)\V(Z)], |V(x)\V(Z)| — 0 as T — = and the exponentially decay weight function
of wdo it suffices to show that

/ {w) " h™ (t, 2,0 ) (V) — () T A™(E, 2, 0" )b (V) Yo (v) (2.123)

V(@)nv(@)n{|v’|[<M}

for sufficiently large M > 0. Using Lemma 5 we can choose open set U, C {v/ € R3 : [v/| < M}
so that |U,| is small and A™ is uniformly continuous on {|v'| < M}\U,. Therefore we can make
f\)(z)mV(;z)m{\quM}mUm small using the smallness of U, and make fV(J;)ﬂV(i‘)ﬁ{\vﬂSM}\Uz small using
the uniformly continuity of A™ on {|v'| < M }\U,. Hence (2.122) is valid.

Step 2 : We claim

h' is a continuous function in € (2.124)

for all i € N. By induction choose A’ = 0 and (2.124) is satisfied for i = 0. Assume (2.124) for all

w? w w

i=0,1,2,...,m. Let wl'_ (hm hmH) =v (ﬂ) h™*L. Then the equation of h™*! is

h™ ™ h™
{0 +v-Vie+vw)+v <> P = K, h™ 4wl (, ) .
w w’ w
pm o pm

From Theorem 8 and Corollary 9 we know that v (£-) and wI'y (£-, 2) are both continuous in

[0, 7] x Q x R3. Because of Step 1 we know that ﬁv) fV(m) h™(t, x,v" )w(v")do(v') is also continuous
function on [0,7] x . So we can apply Lemma 11 to conclude (2.124) is valid for i = m + 1.
Step 3 : We claim h™ is a Cauchy sequence in €7 for some small T > 0. First we will compute some
_l'?

constants explicitly. From (1.6) the normalized constant ¢, is Un(z)~v’>oe 2 {n(z) ~v/}dvl]

Choose n(z) = (1,0,0) and then we can compute the right hand side of above term :

o0 ERNES W3 [ w3 o g w2 227
/ dvy 016_7/ dvs 6_7/ dvs e” 2 :/ —_— (—e‘?) dvy X (\/27r)2 =27 |:—€_2:|
0 —0co —00 0 dvy 0

Therefore we have ¢, = i Next we want to estimate

1
w(v)

/ " Ow(v')da(v’) < Cgp*Pt (2.125)
v n(x)>

L)
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v 2
where w(v) ™! = (1 +p2|v|2)ﬂef%. We will follow the computation of Lemma 25 in [27]. For ﬁ,

in the case of Bp? > 1 we can see that @(v)~! has a maximum value at [v] = 45’;22_1 which is

[v|? 1
L+ plof)em ] \/mzﬂﬁﬁe—ﬂempm (2.126)
vl=y ) =

and

1 ! 2 ! 2
& < / w(v)do(v'") = —/ (1 +p2|v’|2)_5e‘ el vidv'
v’ -n(x)>0 27 v, >0
1 —2|u|? 1 1
= — (1+u®)Pe 3 pturdu < p=* x — ——du
27 u1>0 2 u1>0 (1 + ‘u|2)5_%
= Cﬁpizla

where 8 > 2 and combining with (2.126) we conclude (2.125).

First we will show a boundedness (2.90).

Lemma 12. Let h™ be a solution of (3.221) with h;’:gl = hg and the boundary condition (2.120).

Then there exist Ty, C,6 > 0 such that if ||ho||leco < J then

sup |2 (9)|lco < Cllhollee for all m € N.

0<s<T,
Proof. We will use mathematical induction. Choose h® = hy and assume ||hg||o < & and

sup ||h*(5)]oc < Cllho] o (2.127)
0<s<T,

for i« = 0,1,2,...,m, where 6,C, T, > 0 will be determined later. From Lemma 24 of [27] the
representation of h™*1 which is a solution of (3.221) with the boundary condition (2.120) is given

by

¢
R (¢ 2, v) = 14, <o(t, =, v){ ho(z — tv,v)e ") +/ e VW= gm (s 1 — (t — s)v,v)ds ](2.128)
0

[initial data] Y

1 ‘ 7V(U)(t7$) m d 67U(7j)(t7tl) H 2129
+ O<t1(t7xvv){/;le q (S,J)—(t—S)U,U) S+W/k v k : )

II

j=1"i
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where ¢ was defined (2.91) and

k
H =) 14, <o<t ho(ar — tvr, vr) d5i(0) (2.130)
=1 [initial data]
k t
+ Z/ 1tl+1§0<thmil($, xr; — (tl — S)Ul, vl)dEl(s)ds (2131)
=19
I1I
k t
+ Z/ Loct, @™ (s, — (4 — s)vp, v1)dZ(s)ds (2.132)
=1 Y ti+1
v
+ 10<tk+1hmik+1(tk+1, Thoil, ’L}k)dzk(tk+1) . (2133)

[many bounces]

Here d%(ty11) is evaluated at s = g1 of

> (s) = {H;?:Hldgj}{efu(vz)(tz7s)w(vl)dgl}Hé;ll{efu(vj)(tjftjﬂ)daj}'

First we can estimate [initial data] in (2.128) and (2.131)

k
1 -
/ {1t1§0|h0(x —tv,v)| + o) Z 14, <o<t;|ho(zr — tyvr, vl)|w(vl)} doy...doy,

Mh_, v =1

IA

1 -
max {1, m lrglagxk /1_[51 o w(vl)dal...dak}||ho||OC

{1+ Car® =} linollc

IN

where we used (2.125).
Next we estimate [many bounces] term in (2.133) which is crucial estimate in this proof. We use

Lemma 38 in [27] to bound a contribution of [many bounces] term in (2.133) in the last term of

(2.129) by

1{tk+1(t’x’v,vl71,2““7%)>0}u~)(vk)dakdak,1...dol X sup Hhm_kH(S)HOO
kv 0<s<t

IN
o— 5

w(vk)dak/ l{tk(t,x,v,vl,...,1}k,1)>0}d0k71~~~d01 X sup ||hm_k+1(s)||oo
i Iz vy 0<s<t

Cap / ~ C2P5/4
s s el <G {5 Clltole

0<s<t

IN
~
hsY

)

T

S
—N

where we used (2.125) at the last step. The remainders I, IT, III and IV are contributions of
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q™, ..., *. We introduce a notation

Hi = tCx sup [[h'(s)]|

0<s<t

e sup [|(S)] ( sup [IR(8)]loe + sup |hi+l<s>|oo)
0<s<t 0<s<t 0<s<t

IN

Cllholloo (Ck T + 2CCr|[R/134)
where the above inequality holds for 0 <¢ < T, and i1 =0,1,2,...,m — 1 and
Hu < (T2Cic + CrC|lholloc ) Cl[Ro||oo + CrCllhollso S 17 ()]l oo (2.135)

where we used the induction hypothesis (2.127) for (2.134) and (2.135). Easily we have

LIl <
t
IILIV < doy.. do_1 / doyys.. / doy, / / Hy_ e VOO (1)) dsdo,
Vl Vz 1 VL+1 vk Vl
< ZHm z~ / w(v)doy < Cgp®P~ 4ZHm7Z'
Vi

=1

To summarize, we can estimate all terms of representation of A1 (¢, z,v) in (2.128) to obtain

[P (@, v)]

1 Capd/4 }
2

< litolloo{ C |27 Cic + 26t Cllo loe + kCap™ ~*(CT. + 2CCrholle) + Cp* 4 {

1+ G ) 4 CrClolloe sup (A7 (9)] |
0<s<T,

- 5/4
Choose k = p°/*. Choose p > 0 sufficiently large so that Cgpw’4 {%}Czp

< 4 35 and then choose
T, > 0 sufficiently small so that T, x Cpr(1+ C’Bp5/4p2574) <3 i and then choose C' > 0 sufficiently

large C' > 10(1+Csp*°~*) and choose § = min { 3065 3OCF (CCyp®/1p?P=4)~ } Finally assume
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[|ho]loo < 0. Then we have

sup || (5)|]oo
0<s<T,

1
1 —CrC|hollso

IN

C2p5/4
. S ) _
Hh‘)”m{HC"pw 4+C{Cﬂpw 4{2} +t0p (1 + Cpp®/1p?P~)
+CrCllholloo + 2Orégp5/4p25*40\|h0|\oo} }

20 C 1 1 1 1
B iollo { 5+ Cla5+ 55+ 35+ 15 b < ol

IN

0 %30 0 20" 15

Next we will show that h™ is a Cauchy sequence in L*°.

Lemma 13. Let h™ be a solution of (3.221) with h™ ;o = hg and the boundary condition
(2.120). Then there exist Ty, C, 5 > 0 so that if ||ho||eo < & then h™ is Cauchy in L>=([0, Ty] x Q x
R3).

Proof. The equation of h™+! — A™ is

{0y +v-Vy+v}h™Tt —p™) = g
1

with  {p™*1 —h™},—o=0 , {p™F1-n"}, = —
{ }|t 0 { }|’Y w(v) ()

{h™(t,2,0") — K7t 2, 0") ya (v ) do (V)
where ¢ is defined at (2.93). From Lemma 24 of [27] we have the representation

t
(- hm) ) = Lsoltze) [ eI s (¢ sy, v)ds (2.136)
0

i
t —v(v)(t—t1) -
+1o<t, (¢, x, v){ / e*”(”)(tfs)zjm(s7 x — (t— s)v,v)ds +e~7 /1‘[ H}

t1 'LU('U) Vj

II

k
j=1
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where

~ t
H = Z/ 1tl+1§0<tlijm_l(s,xl — (t1 — s)v,v)dE(s)ds
=19

III
k

ty
+ Z/ 10<tl+1cjm71(s,xl — (t; — s)vy,vy)dX,(s)ds

1=1 7 ti+1

v
+ Locty AR = DT (bt Thpr, v Ak (Bt ) -

[[many bounces]]

First using Lemma 24 of [27], we estimate [[many bounces]] term for sufficiently large k > 0 by

1
~ 1, T,0,01,0 v w(vg)dopdop—1...dop X su hm_k+1 _hm_k’ ) loo
“(“)Lz%ﬁ=lvj (b1 (£2,0,01,03,...,05) >0} W (Vi )dORdO)—1 ... doy Ogsth{ Hs)||

1
< — w(vg)do 1 T dog_1...doy X su R ERL R (6)] | oo
S W /vk (k) k/f;—jvj {ti(t,2,0,01,.0005-1) >0} A0k —1.--G01 OSSI;H{ H(s)]|
~ 1 C2p5/4
S A (e A (O]
0<s<t

Easily we have I, TT < 0H,,, IIL, IV < Csp*’~*6H,, ; where

M = tCx sup H{hi*hi’l}(S)Hoo+C||ho||oo0r(oiugtll{hi*hH}(S)Iloo+Oiur<>t||{hi“*hi}(S)lloo)

0<s<t

IN

T s =)l

0<s<
+ sup (R = ()l b
0<s<t
with 7 = 4 max{tCk, C||ho||cCr }
To summarize, we can estimate all terms of representation of A™*1(¢, z,v) — h™(t,2,v) in (2.136)

for any m > k to obtain

sup [[{A" = A" }(s)llo

0<s<t

k
1 T A 23—4 m—I1 m—1—1 m—1+1 m—1

< — S - [ 5 —h oo

< o5 {50 O [ i (ORI )l

<s<t

Cap®/*
T m m— ~ - 1 m— m—
#5107 = Il G {5 sup )

0<s<t 2 0<s<t

which is our starting point. Fix a small number 7 > 0 chosen later. Choose p > 0 sufficiently

. 5/4 ~ N
large so that 2Cp?#~4 {%}CM < 7 and then choose 7 > 0 so small that 17_/; Cpp?P= < 7 and
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. Then we have

—
|
(v}
Ry
A
[

sup =16 < 7{ s 107 = B H o+ s [ = ) 0l |
. - o (2.137)

Using (2.137) for m,j € Nso that m — (i + 1)k > 0 and j = 0,1,...,m — 1 it is easy to show

sup ||{hm—ik+1+j _ hm—z‘k+j}(5)||oo <
0<s<t

f(1+?)j{ sup [[{A" 7 — A TE Y (5)] oo + o+ sup II{hm DR — =GR (5)] oo }
0<s<t

We apply the above inequality term by term in (2.137) to have

sup |[{A"™ 1 — B} (s) |00
0<s<t

<H{@+ )" = sup [{A™F = A" TET I (s)||oo + o S [[{A™ =20 — 2R () oo }

0<s<t

< HE P =1 sup [{A™ 7 = B () |oo + oo+ sup [[{pT DR prem (OB ()] ),
0<s<t 0<s<t

Now we estimate

m—n—1

sup [[{R™ = B} (s)lloo < D sup [[{R™TH = BT H(s) ]
0<s<t =y 0<s<t
m—n—1 ) . )
< Z 7:{(1+7:)k_1}z{ sup Hhmfzkflfl _hmfzk7l72”oo_|_
=0 0<s<t
+ sup ||hmf(i+l)k7l_hmf(iJrl)kflleOO}
0<s<t
m—n—1 l L
< Y AHa+A =TI sup 025 hP Y| e sup IR - O]}
=0 0<s<t 0<s<t
m—n—1
< Ha+F -l S qa -l [ﬂ{sup [h2F = B2Y| 4 ..+ sup [[B' = B%]a}
=0 0<s<t
n 1
< F+A)kF - 1ylel L sup |2 — B+t sup [[hE = R0)|o)
<s<t 0<s<t

2—-(1+7)F
where we choose 1 = | =——| — 1 so that m — (2 + —l—-1¢€|0,k). It 7 > 0 1s chosen sufliciently
h hoose i = [2==1] — 1 so th i+1)k—1—1¢€[0,k). If # > 0is ch fficient]

small so that (1+7)¥ —1 < 1 then {(1+7)* — 1}[%]*1 — 0 as n — oo which implies that

S, [I{A™ = A"} (s)lloo = O (2.138)

as m,n — oo. Thus h™ is Cauchy in L*°. O
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Step 4 : We claim that h is continuous in €. Notice that T only depends on [|hg||s and
supg<s<7 |[wg(s)||oo (Theorem 1 of [27]). Using unform bound of supy<,. o, [|2(5)|[cc We can ob-

tain the continuity for h for all time by repeating [0, T}, [T, 2T, ....

If the boundary 9 does not include a line segment (6) then every step is valid with [0,00) x
{Qx RE\{D U~} instead of € and [0, T] x {Q x R3P\{D U~} instead of €1

2.5.3 Propagation of Discontinuity

Proof of 2 of Theorem 2

Proof of (1.21) : The proof is exactly same as in-flow case in Section 4.3.

Proof of (1.23) for a Local-in-time Formation of Discontinuity The proof is exactly same
as the proof of in-flow case in Section 4.3 except Step 2. As we mentioned in Remark of Step
2, we need to show a continuity of a boundary datum on v_ U~3. In diffuse reflection boundary

condition case, we need

0= [ h [O,oo)X’y_]t,y,v = 161%1 sup |h(t/7y/7’l)/) - h(tll7yll7vl/)|
v t' t" € B(t; )
(y,) ’U/), (y”: v”) €v-nN B((yv U)? 5)\(7:/’ 'U)
1
= lim sup ‘ﬁ/ h(t',y',0)w(v)do(v) —
ou0 t',t" € B(t; ) w(v') V)
(l/lwv/)v (l/”#v//) €v-nN B((y)v)§6)\(y>v)

1 1" 1 ~
ﬁ/(v”)/\;(yn) h(t",y ,n)w(u)da(n)’

for (y,v) € v_ U~S. This is already proven in section 5.2 Continuity away from D.

2.6 Bounce-Back Boundary Condition

2.6.1 Formation of Discontinuity

We will prove part 3 of Theorem 1. Without loss of generality we may assume = = (0,0,0) and

v = (1,0,0) and (x,v) € 75. Locally the boundary is a graph i.e. QN B(0;8) = {(z1,72,73) €



(0]

B(0;0) : 23 > ®(x1,72)}. The condition (x,v) € 4§ implies t,(z,v) # 0 and t,(z, —v) # 0 which
means ®(£,0) < 0 for £ € (—4,0).
Assume ||hp||eo < 9 so that the global-in-time solution A(t, z,v) has uniform bound (2.78).

Recall the constants Cx and Cr from (3.174) and (2.16). Choose t, € (0, 3) sufficiently small

so that

< (e*V“)t* 10O — (1 — e*V<1>f*)cF(c')2) . (2.139)

DN | =

Assume a condition for our initial data hq : there is sufficiently small 6’ = §'(,¢.) > 0 such that

B((~t.,0,0),5"), B((t.,0,0),8) C Q and

ho(z,v) = ||hollec >0 for (z,v) € B((—t4,0,0);8") x B((1,0,0);6"),

ho(z,v) = —||hollee >0 for (x,v) € B((t«,0,0);8") x B((—1,0,0);48).

We will use a contradiction argument : assume (2.81). Choose sequences of points (z,v!,) =

n)» - n

((0,0, %), (1,0,0)) and (2, v,) = ((%,07 @(%,0)), 1~1F —(1,0, %)) Because of our choice, for suffi-
nZ

n

ciently large n € N we have

(x’/ﬂ - t*’l),/n,'l);) = ((_t*vov %)7 (17070)) € B((—t*,0,0);él) X B((l,O,O),(SI)
. 1 . 1 1
! o(L,0)+ —

1
E+,/1+1/n270’ n n\/1+1/n2)’\/1+1/n2(_1’0’_5))
€ B((t,0,0);8') x B((~1,0,0);8")

(2 — t*(_vn)7 —vn) = ((

Using (2.78) we have

Wt al,,v)) > hollece™ M — £,.CkC’||holloo — (1 — e M) Cr(C)?||hol |2,
Wt Tn,vn) < —[lhollsce™ MM + 1,0k || o]0 + (1 — e D) CR(C")? | ho |2

where the second inequality is came from h(t, Ty, vyn) = h(te, Tn, —vp) =

ta h h
ho(@n — ta(—vp), _,Un>e—l/(—vn)t* +/ e—V(—’Un)(t*—T){Kwh +wl ( )}(T’ Ty — (—vp)(te — 7), —vp)dT

—, —
0 w w

Therefore using (2.139) h(t.,z,,,v),) — h(ts, Tn,vn)

*9 n’ - n

> 2lholle (€77~ £.CKC" = (1= W) (C)?) 2 |lhol o 70,
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which is contradiction to (2.81).

2.6.2 Continuity away from D,

We recall some basic facts to study the bounce-back boundary condition from [27].

Definition 9. [27] (Bounce-Back Cycles) Let (t,z,v) ¢ vo U~—. Let (to, zo,v0) = (t,x,v) and

inductively define for k> 1:

(tht1, Tht1, Vet1) = (tk — to(@k, V&), To(Tk, V), —Vk).

We define the back-time cycles as:

Xal(s;t,z,v) Zl[thrhtk) Wk + (s —te)vk}, Val(s;t,z,v) Zl[tk+17tk) . (2.140)

Clearly, we have vy, = (—1)*1o, for k > 1,

1— (=1 14 (=1)k
xk: (2 ) .’1',‘1+ (2 ) ZCQ, (2141)

where 1 = z — tp(z,v)v and x5 = x — [2tp(z,v) + tp(z, —v)](—v) and let d = ¢; — 3, then

ty —tgr1 = d > tp(t,x,v) >0 for £ > 1, and

ti(t,z,v) = t—tp(z,v),
to(t,z,v) = t1 —tp(x1,v1) =t1 — (tu(z,v) + tp(21,v1)) = t1 — 2tp(z,v) + tu(x, —v)) ,
tet1(t,z,0) = t1 — k(2tp(x,v) + tp(z, —v)). (2.142)

Lemma 14. [27] Let hg € L>®(2 x R?) and ¢(t, x,v) with supjy 7xq |[6(,-,v)| < co. There exists

a unique solution G(t)ho of
{0 +v- Vot oH{G(t)ho} =0, {G(0)ho} = ho,

with the bounce-back reflection {G(t)ho}(t,z,v) = {G(t)ho}(t,x, —v) for x € IQ. For almost any
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(z,v) € Q x R3\ v,
{GOho}(t,2,0) =3 L) (0)ho (Xe1(0), Ver(0)) e~ Jo o Xaa (D) Va(m)dr (2.143)
i
where Xe1(7) = Xa(75t, 2,v) and Vo (1) = Va(r; ¢, z,v) in (2.140).

Next we prove a generalized version of Lemma 16 in [27].

Lemma 15 (Continuity away from @y, : Transport Equation). Let Q be an open subset of R3
with a smooth boundary 02 and an initial datum ho(z,v) be continuous in Q x R3 U {y_ U~y U
&Y. Also assume q(t,z,v) and ¢(t,z,v) be continuous in the interior of [0,T] x Q x R® and
SUP( 7yxaxrs [4(t, 2,v)| < 0o and supg 7yxq |[6(-; - v)| < oo for all v € R®. Let h(t,x,v) be the

solution of
{0 +v-Vo+oth=q, h(0,z,v)=ho, hl|,_ (t,z,v)=h(tz, —v).
Assume the compatibility condition on v_ U 'yé*
ho(z,v) = ho(z, —v).

Then the Boltzmann solution h(t,z,v) is continuous on €. Further, if the boundary 0Q) does not

include a line segment (6) then h(t,x,v) is continuous on a complementary set of the discontinuity

set i.e. [0,T] x {Q x R3}\ Dy

Proof. The proof is similar to the proof of Lemma 16 of [27]. Take any point (¢, z,v) € [0,T] x Q2 xR3
and recall its back-time cycle and (2.143). Assume t,+1 < 0 < t,,. Using (2.143), h(¢,z,v) takes
the form

ho (xm — bV, vm)e* Zykn:_ol ftt:_H ¢’(T,wk7(tkf‘r)vk,vk)d7—7f0tm (T — (=T ) Vi, U ) AT

m—1 tr ) .
+ / k q(s,xp — (t, — s)vk, vk )e S50 Sl @i (timr)viw)dr = [1% 6(rak— (tk=T)vk,vn)dr

k=0 7 th+1

bm _sm—1 rt (s —7)vs v )dr— [t (. —
+/ (S, T — (fm — 8)Um, U )€~ 2im0 Jeiy #T@i—(EmDvav)dr= [T $(T@ 0 = (b —=T)Vm U )
0

(2.144)

Take any point (t,7,v) € €. By the definition of € we assume that (z,v) € Q x R3 or
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(z,v) € 7_ U~{™ and we can separate three cases : t — tp(z,v) < 0, (zp(z,v),v) € v_ Url~ with

t < 2ty (x,v) + tp(x, —v), and (zp(z, —v), —v) € v_ U~l~ with (zp(z,v),v) € - U~L™.

Case of t < tp(z,v) Simply we have h(t,z,v) = ho(z — tv,v)e™ Jo ¢(me—(t=rvv)dr 4 fot q(s,x —

(t — s)v,v)els #re—(t=)v)dr 4o and use the continuity of q(¢,z,v) and ¢(t,z,v) to conclude the

continuity of h(t, z,v).

Case of (zp(x,v),v) € y_ U~s~ with t < 2tp(2,v) + tp(2, —v) A representation of h(t,z,v) takes

the form

hO (961 — to1, ’01)67 fttl qb('r,xf(tf'r)v,v)d'rffotl ¢(T,21—(t1—7)v1,01)dT

t
—|—/ (s, — (t — s)v,v)e” Js dme=(t=rvw)dr g g

t1

ty
+/ q(s,r1 — (t1 — s)vi,v1)e i, ¢(ra—(t=—r)vv)dr—[It ¢(rar—(ti—m)vr,v1)dr 5o
0

Thanks to Lemma 24 and Lemma 2, the condition (zp(,v),v) € y_ U~{™ implies continuity of

z1(z,v) =z —xp(z,v) , t1(t,x,v) =t —tp(z,v). Therefore we can show the continuity of h(¢,z,v).

Case of (zp(z, —v), —v) € y_ U~ with (zp(x,v),v) € - U~L™ We have (2.144) for h(t,z,v).

Thanks to (2.141) and (2.142) and Lemma 24 and Lemma 2, the conditions (zy(z, —v),—v) €
Y- U~g~ and (zp(,v),v) € y— Uqd~ imply continuity of zx (2, v), vy (x,v), tx(t, z,v). Therefore we

can show the continuity of h(t, x,v). O

Proof of Part 1 of Theorem 3

Following the in-flow and diffuse cases, we use the iteration scheme (3.221) which is equivalent
to (2.89) with bounce-back boundary condition h™*!|, (¢t,z,v) = h™T!(t,z,—v) and an initial
condition ™ |,_o = hy.

Step 1 : We claim that A’ is a continuous function in €y, 7 for all i € N and for any T > 0 where
Coor = €7 N {[0,T] x Q@ x R*}. Choose h® = 0 and use mathematical induction. Assume A’ is
continuous €, for i = 0,1,2,...,m. Apply Lemma 15 to concluse that ™! is continuous in
Cpp,7-

Step 2 : We claim that there exist C' > 0 and § > 0 such that if C||h¢||cc < ¢ then there exists T =

T(C,8) > 0so that supg< g7 ||h™(5)||oc < C|lhol|oc and {h™}25_ is Cauchy in L>([0, T] x Q@ x R?).
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Fisrt we will show the boundedness using mathematical induction. Assume supg< <7 |2 (8)|[cc <
C|ho||oo where T' > 0 will be chosen later. Applying Lemma 14, ¢ and ¢ correspond with v and

the right hand side of (3.221) respectively to have a representation of h™*1(¢, x,v)

vty [ g G G
ho(Xe1(0), Ver(0))e="t /—I—/ e VWK A+l | —, — | —wl- | —, s, Xa(s), Va(s))ds
0 w’ ow w’'oow
where [XCI(S), Vcl(s)} = [Xcl(s;t,z,v)a Va(s;t, x,v)} is in (2.140). The above term is bounded by

[1hollso + tCi sup || (8)[|oo + Cr sup [ (s)|lsc sup (I[B7(5)|loc + [[2™ " (5)]]o0)
0<s<t 0<s<t 0<s<t

where the constants are coming from basic estimates, Lemma 25. Choose C' > 4 and § < ﬁ and

T = 5% Then we have supy< < [[R" 1 (s)]|oo < C|lho]|co-
Next we will show {h™}2°_, is Cauchy in L>([0,7T] x Q x R3). Recall ¢™(t,z,v) from (2.93). The
equation of A1 —h™ is (2.92) with a zero initial condition (h™ —h™)|,—9 = 0 and a bounce-back
boundary condition (A" —h™)|, (¢, z,v) = (A" —h™)(t,z, —v). Applying Lemma 14 to (2.92)

we have

t
(W™~ Y (2, 0) = / == gm (s X1 (s), Vr(s))ds.
0

Then we have exactly same estimates of in-flow case to conclude {h™} is Cauchy.
Step 3 : Same argument as in-flow case but substitute €y 7, Cop , Do, 7, Dpp for €, €, D, D

respectively.

2.6.3 Propagation of Discontinuity

Proof of 2 of Theorem 2

Proof of (1.21) : The proof is exactly same as in-flow case in Section 4.3.

Proof of (1.23) for a Local-in-time Formation of Discontinuity Recall that we have [h(t0)]zy.00 7
0 for (zg,v0) € 7§ and to € (0, min{tp (w0, —v0), tb(70,v0)}). As diffuse boundary condition case,
the proof is exactly same as the proof of in-flow case in Section 4.3 except Step 2. We need to

show a continuity of a boundary datum on vy_ U~§. In bounce-back reflection boundary condition
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case, we need to show

O = [ h|[0’00)><7—]t0@07’00 = %ﬁ]l sup Ih(t/7 y/a U/) - h(t”7 y/lv ’U”)‘
t',t"" € B(t;6)

(W', v"), (y",v"") € v— N B((z0,v0); §)\ (w0, vo)
Because (y',v’) is in the incoming boundary v_, using the bounce-back boundary condition, we
have h(t',y’,v") = h(t',y’,—v'). Further due to the condition 0 < ¢, < tp(xg, —v9) we have

0 <t <tp(y,—v') and

Rty ') = h(t',y,—v")=ho(y + t’v’,v')e*”(”')t'*fff' v(VA) (T +(t' —7)v" w')dr
t’ ,
+/ {Kwh—s—wl‘+(ﬁ,ﬁ)}(s,y’ F (= s, o )e @O =)= v () (g (= )7 g
0 w w
and similar representation for h(t',y’,v’). Using the continuity of I/(\/ﬁ%), K, h and wI‘Jr(g, %)
we have
[ 2l0,00) x7_to,20,00 = lim sup lho(y' + t'v',v") = ho(y" + "0, 0")]

510
t', t" € B(t;9)

(v',v"), (¥, 0") € v— N B((w0,v0); )\ (20, vo)

Xe—l/('uo)to—foto V(\/,lj%)(‘r,wo-‘r(to—T)Uo,’l}o)d‘l’ =0

where we used the continuity of the initial datum hg in the last equality.
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Abstract We consider the initial-boundary value problem with specular reflection boundary con-
dition in 2 dimensional smooth convex domain and analytic non-convex domain for the Boltzmann
equation. In this paper the global existence and exponential decay in the L°° norm for cut-off hard

potentials near an absolute Maxwellian are established.

3.1 Introduction

The two dimensional Boltzmann equation is
OF(t,x,v) +v- Vo F(t,x,v) = Q(F, F)(t,z,v), (3.1)

for z = (z1,72) € Q C R?, v = (v;v3) = (v1,v2;v3) € R3. The Boltzmann solution F(t,z,v) is a
distribution function for the gas particles at a time ¢ > 0, a position 2 € Q C R? and a velocity

v € R3. Throughout this paper, the collision operator takes the form

Q(F, Fp) = /R3 . B(v — u,w)Fy (v )F>(v")dwdu — /]RS . B(v — u,w) Fy (u) Fy(v)dwdu

Q+(F1, Fy) — Q- (I, Fy), (3.2)

where v’ = u+ [(v —u) - w]w, v =v — [(v—u) - w]w and

B(v—u,w) =|v— u|7q0(|z : Z| ‘W),
with 0 <y <1 (hard potential) and
/ qo(t - w)dw < 400, (angular cutoff) (3.3)
S2

for all 4 € S2.

If the gas is contained in a bounded region or flows past a solid bodies, the Boltzmann equation
must be accompanied by boundary conditions, which describe the interaction of the gas molecules

with the solid walls. Let the domain € be a smooth bounded domain. We consider the specular
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reflection, the most ideal boundary condition :

F(t,z,v)|,_ = F(t,z, Ryv) (3.4)

where R,v = v — 2(n(x) - v)n(x) with n(z) standing the outward unit normal vector at = € 9Q.

The most ideal boundary condition, a wall is very clean and the gas molecule collide a wall
elastically, may be the specular reflection boundary condition. In spite of the natural feature of a
specular reflection boundary condition, the mathematical studies of kinetic equations with specular
boundary condition in curved domain are quite rare. The reason is on the hardness to control the
trajectories in the general domain. The Velocity Lemma which plays a very important role in the
study of continuity for cycles in the specular case was first developed in [30][?], in the study of
Holder regularity of a Vlasov-Poisson (Maxwell) system with flat geometry. The machinery was
generalized in [38] for the study of Holder regularity of a Vlasov-Poisson system in a ball. Finally in
[39] a regular solution of a Vlasov-Poisson system a general convex domain with specular boundary
condition is constructed. Recently in [27] unified L? — L° theory in the near Maxwellian regime
is developed to establish the existence, uniqueness and exponential decay toward a normalized
Maxwellian p = 6_#7 for basic types of the boundary conditions and rather general domains.
However, for specular reflection boundary condition, the theorem is only established when the
domain Q C R? is analytic i.e. for each zg € 9, there exists » > 0 and a analytic function
®,, : R? — R such that - upon relabeling and reorienting the coordinates axes if necessary - we

have

QN B(xg,r) ={z € B(zo,7) : 3 > Py, (v1,22)},

and strictly convex

8;0;® 5 (21, 22)C1C2 > Col¢[,

for all z € O and all ¢ € R2. The interesting open problem is removing either analyticity or

convexity conditions on ).

The purpose of this article is to establish the well-posedness and exponential decay to Maxwellian
for the nonlinear Boltzmann equation (3.1) with specular reflection boundary condition (3.4) in 2

dimensional smooth convex domain and 2 dimensional analytic general(non-convex) domain.
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3.1.1 Domain and Characteristics

Throughout this paper, domains € are connected and bounded in R?. Moreover the boundary 9
is locally an image of unit-speed curve i.e. for each zy € 92, there exists r,d1,d2 > 0 and a curve

a: (61,02) — R? such that &(7) = 1 with 29 = «(0) and
QN B(x,r) = {a(r) € R* : 7 € (61,62)}. (3.5)

Moreover we always assume that €2 is on the left side of . For plane curve a(1) = (al(7),a?(7)) €

R? we define the signed curvature of a at 7

() - BT — (1))
(@) + &P

We define two categories of domains in R? :

Definition 10. If Q C R? is an open connected bounded subset of R? and the boundary 0 is an
image of unit-speed curve o with

k(T) >0 forall T, (3.7)

then we say the domain ) is the smooth convex domain.

Definition 11. If Q C R? is an open connected bounded such that

Q=00xT, (3.8)

where the periodic interval T' = [0,1]/ ~ with 0 ~ 1, and Q C R? such that there exists the family

of open bounded simply connected subsets Q; C R? fori=0,1,2,..., M < oo such that

Q=0,\{Q, U U...UQy}, (3.9)

and satisfying

e Q5 Dcl(8;) forall i=1,2,...,M and cl(Q;) Ncl(Q;) =0 for alli # j (€ {1,2,..., M}),

e there exists, for each §;, a closed unit-speed analytic curve «; : [a;, b;] — R? such that 0Q; is

an image of o; and € is always on the left side of oy .
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e there erists the analytic function & : R? — R such that

Q= {z=(21,2) : &(z) <0} (3.10)

Then we say the domain Q = Q x T is the analytic non-convex cylinderical domain.

We explain the meaning of underlined L in the second condition of Definition 11. It means
when you walk on the a; with ¢; direction Q = Qo\{2; U Qs U... U Qs } is always the left side of

you. Precisely L means the outer normal direction at a;(7p) € 99 is always

0 1
n(ai(7)) = &i (7o) (3.11)
-1 0

We say that 2 has a rotational symmetry, if there are vectors g and w, such that for all x € 99

{(z —x0) x w} - n(z) =0. (3.12)

We denote the phase boundary of the phase space 2 x R3 as v = 90 x R?, and split it

into outgoing boundary v,, the incoming boundary v_, and the singular boundary -y for grazing

velocities:

e = {(z,v) = (2,0) €92 xR*: n(zx)-v >0},
v- = {(x,v) = (z,0) €IV xR*: n(zx)-v <0},
Y% = {(z,v) = (z,v) €N xR*: n(x) v=0}

We need to study the grazing boundary o more carefully.

Definition 12. [?] We define the concave(singular) grazing boundary which is a subset of the

grazing boundary o :

’Yos ={(z,v) € y0 : to(z,v) # 0 and tp(x, —v) # 0},
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and the outward inflection grazing boundary in the grazing boundary o :

T = {(z,v) €70 : th(2,v) # 0 and tp(z, —v) = 0 and there is § > 0 such that = +7v € Q° for 7€ (0,9)},

and the inward inflection grazing boundary in the grazing boundary o :

™ = {(z,v) € o : tp(2,v) = 0 and ty(z, —v) # 0 and there is § > 0 such that = —7v € Q° for T € (0,0)},

and the convex grazing boundary in the grazing boundary vy :

YW = {(x,v) €70 : tp(z,v) =0 and ty(x, —v) = 0}.

Given (t,z,v) € [0,00) x Q@ x R3, let [X(s),V(s)] = [X(s;t,z,v),V(s;t,2,0v)] =[x+ (s —1) v ,v]

be the trajectory (or the characteristics) for the 2D Boltzmann equation (3.1) :

dX(s)
ds

=V (s), d‘;is) —0, (3.13)

with the initial condition: [X(¢;¢,x,v), V(t;t, z,v)] = [z,v] where V = (V1, Va; V3) = (V; V3).

Definition 13. For (z,v) € Q x R3, we define the backward exit time, ty(x,v) > 0 to be the the

last moment at which the back-time straight line X (s;0,x,v) remains in the interior of 1 :

to(z,v) ={0U{r >0,z —sv e forall 0<s<7}.

We also define the backward exit position in OS)

rp(x,v) =z — tp(z,v)v ,

and we always have v - n(xp) <0
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3.1.2 Boundary Condition and Conservation Laws

In terms of the standard perturbation f such that F' = p + ,/nf, the Boltzmann equation can be

rewritten as

{0:+v-V+ L} f=T(f, 1), f(0,z,v) = fo(z,v),

where the standard linear Boltzmann operator see [?] is given by

Lf=vf-Kf= —\;ﬁ{Q(u, VED)+ QL) =vf ~ [ Koo 1w (3.14)

with the collision frequency v(v) = [ |v — u|7pu(u)qo(0)dudd ~ {1+ |v|} for 0 <~ < 1; and

iﬂ@(ﬁfl, Viif2) = T4 (fi. f2) — T_(fu. f2). (3.15)

F(flan): f

In terms of f, the specular reflection is

f(t,m,v)|77 = f(x,v,v - 2(%(3?) ’U)’I’L(l‘)) = f(xava R(JZ)U) (316)

For specular reflection conditions, it is well-known that both mass and energy are conserved.
Without loss of generality, we may always assume that the mass-energy conservation laws hold for

t > 0, in terms of the perturbation f:

/ f(t, z,v)y/udxdv =0, (3.17)
QOxR3

/ |2 f(t, z,v)/udrdv = 0. (3.18)
QxR3

Moreover, if the domain 2 has any axis of rotation symmetry (3.12), then we further assume the

corresponding conservation of angular momentum is valid for all ¢ > 0 :

/ {(x — zo) x w} - vf(t, x,v)y/ndxdv = 0. (3.19)
OxRS3



88

3.1.3 Main Results

We introduce the weight function for p > 0 and 3 € R!.

w(v) = (1+ p*v]*)? (3.20)

Theorem 10. Assume w=2{1 + |v|}? € L in (3.20). Assume that the domain is either Smooth
Convex Domain (Definition 10) or Analytic Non-Convexr Domain (Definition 11) and the mass
(3.17) and energy (3.18) are conserved for fo. In the case of  has any rotational symmetry
(3.12), we require that the corresponding angular momentum (3.19) is conserved for fo. Then there
exists 6 > 0 such that if Fo(x,v) = p+ /pfo(x,v) > 0 and [|wfollee < 6, there exists a unique
solution F(t,x,v) = p+ /uf(t,z,v) > 0 to the specular boundary value problem (3.16) for the

Boltzmann equation (3.1) such that

sup €>\t||wf<t)||oo < Cllw folloo-
0<t<o0

In the case of a smooth convex domain, if fo(x,v) is continuous except on vy and fo(x,v) =
fo(z, Ryv) on 9K then f(t,x,v) is continuous in [0,00) x {Q x R3\ yo}.
In the case of an analytic non-convex domain, if fo(x,v) is continuous except on vy and fo(x,v) =

fo(x, Rgv) on OQ then f(t,x,v) is continuous in

[0,00) x {QxR3\y0} \ {(t,2,v) € [0,00) x AxR3: s € [0,#] s.t. (X(s5t,2,0),V(s;t,2,0)) €.}

3.1.4 L? — L™ Interpolation

We follow L? — L® scheme in [27] to establish the well-posedness and exponential decay to the

Maxwellian. By [27] it suffices to show L exponential decay of weighted linear Boltzmann equation

{0 +v-Vo+v—Kyth=0, h(0,z,v) = ho(z,v) =wfoy (3.21)
with specular reflection boundary condition h(t,z,v),_ = h(t,z, Ryv) where
h
Kyh=wK(—).
w
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The key estimate to obtain desired decay for (3.21) is

t S1
/ dsl/ dy'/ ds/ dv" | f(s, Xer(s; s1, Xer(s1:t,2,0),0"),0")| x Lae(x,0) (3.22)
0 /N[ |IEN 0 1/N<[v"|<N

< (+}V) sup 1F()lloe + / 1£(s)] |12 ds. (3.23)
0<s<t 0
I II

where A, C Q x R? to be determined. Once we have the above estimate, we use L? decay of the

linear Boltzmann solution f to have L decay for (3.21).

In the case of periodic box, the estimate (3.23) is easy to show ([32]) because we have explicit
formula of

XCI(S; 817XC1(81;t7 x7y)7yl) =T — (t - Sl)U - (81 - S)y/>

and we can verify

Xei(s;s1, Xar(s13t,z,0), 0
det{d 1551 dllfflt“)v)}#a (3.24)

for s1 — s # 0. In order to get rid of the case s; — s = 0 we define
B. ={(s1,v',5) € [0,t] x {1I/N < |/| < N} x [0,81] : s€[s1—¢,51] }. (3.25)
Then we split the integrand of (3.22) as
15.(s1,v',s) x Integrand + (1 —1p_(s1,2’,5)) x Integrand
The first integration is bounded by I since
my(B.) <e x (t x N?).

For the second integration, we use (4.3), precisely

det {chl(s; 51, Xei(s13t,@,v),0")

To } =(s1—8)? >¢? (3.26)

for (s1,v',s) € [0,t] x {1/N < |[v/| < N} x [0,51] \ B so that we can apply change of variables
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y = Xa(s:s1, Xe(s15t,2,v),0") to have

! o i " " 1 t|T2| ‘
[ [ an [Cas [ o s —os <l [ 176)lds,
0 R2 0 R3 det (J) € 0

dv’

If the Boltzmann equation is accompanied by the specular reflection boundary condition (3.4),
then showing the essential estimate (3.23) is much more hard. Let k be the bouncing number of
the backward trajectory Xei(s1;t, 2,v) and k&’ be the bouncing number of the backward trajectory

Xei(s; 81, Xer(s1;t,x,v),v"). Then we can write the integration (3.22) by

78 s
E / dsy / dv’ E / ds
[RECA 7S 1/N<|p'|<N L Yt

k/+1

xinty n<jor<nd0" |h(s, Xei(s; 51, Xe(s13t, 2, 0),0"),0")[1e (51,0, 5) X Lac(z, ).

Because of the boundary with specular reflection boundary condition we have two main difficulties :

e The number of bounce k and k' could grow arbitrary large. We need to construct two sets
A. CQxR?and B. C [0,t] x {1/N <’ < N} x [0, s1] so that we have upper bound of bouncing
number k of the billiard trajectory X¢i(s1;t,z,v ) and the bouncing number k' of billiard trajec-
tory Xei(s; s1, Xa(s1;¢, 2,0 ),0") for (s1,v/,s) € BE and (z,v ) € AS. Moreover we require that the

integration over B, is bounded by I in (3.23).

e Verify the condition (4.3) on (s1,2,s) € BS and (z,v) € AS so that we can apply the change of

variables to bound the integration over B¢ by II in (3.23).

The main difficulty is that there is no induction argument to control the number of bounces
and compute (4.3). To obtain uniform bound of the number of collisions in Billiard theory is
an important question ([12],[41]). And the condition (4.3) is much stronger than Thom’s transver-
sality theory ([33]) which assures that (4.3) is valid for almost every y = Xa1(s1;t,2,v). My main

achievement os to introduce new viewpoint of billiard trajectory which leads to proof of (4.3).
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3.1.5 Construct A, and B,

In section 7, We construct two sets A. C QxR2? and B. C [0,¢]x{v € R?: 1/N < |v/| < N} x [0, 51]

such that we have

(A) An upper bound of bouncing number & of the billiard trajectory Xe¢(s1;t, z,v ) and the bounc-

ing number &’ of billiard trajectory Xci(s; s1, Xe1(s1;¢, 2,v ),v") for (x,v ) € AS and (s1,v',s) € BE,

(B) Xa(s;s1.Xal(s1;t,z,v),v") is differentiable with respect to v’ and X¢i(s1;¢,z,v) is continu-

ous for (z,v ) € AS and (s1,v/, s) € BE,

(C) The integration (3.22) over B is bounded by I in (3.23) for all (z,v) € AS. Moreover we
require that the 2 dimensional Lebesque measure mo(A. (7)) =mo( {v €R?: (z, v )€ A} ) <¢

for all z € Q.

The main difficulty of (A) is that there is no induction argument to control the number of
bounces especially in the case of non-convex domain. Notice that uniform bound of the number
of collisions in Billiard theory is an important question ([12]). The main difficulty of (B) is that
the backward trajectory X is not differentiable when X hits tangentially the non-convex part of

boundary.

In the case of non-convex domain, the situation is delicate. In fact, backward trajectory is not
defined after it hits the generic inflection point tangentially. Moreover if the trajectory hits near
inflection points almost tangentially then it is impossible to have an upper bound of the bouncing
number k or k’. Therefore the sets A., B. contain neighborhood of points possibly hitting inflection

points tangentially.

For the second purpose (B), we invent the Graph method to identify the direction that the
backward trajectory grazes the non-convex part of boundary i.e., for fixed x € Q we classify the

grazing directions

&(r) = {u€S':3s€0,t such that Xei(s;t,z,u) € 9Q and Vu(s;t, z,u) -n(Xa(s;t, r,u)) = 0}.
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In order to illustrate the method, we consider a simple case : for fixed x € (2 assume there exists
a direction ug € S such that the backward trajectory hits the boundary non-tangentially at first

but grazes next time, i.e.
ug - n(x1(z,up)) #0 but vi(x,ug) - n(za(z,up)) =0,

where x1(x,u9) = & — tp(x,u0)uo, v1(x,u0) = Ry, (zu,)V1(T,u0) and za(x,up) = 1(w,u0) —
to(z1(z,uo),v1(z,u0)). Let zo(x,ug) be a point on a non-convex part of the boundary which

is parameterized by a unit-speed curve o : (—1,1) — R? and za(z,ug) = «(0) and va(x, ug) = &(0).

We want to classify directions u € St such that vq (2, u)-n(z2(x,u)) = 0 where (v2(z,u), vi(z,u)) =
(a(7),&(7)). For that purpose, we trace back from (a(7), —&(7)) for 7 ~ 0 and consider the image

of the billiard map 7 in (3.29)

(X(r), V(1)) = {(X(a(7), —a()), V(a(r), =é(7))} = {(@p(a(r), =&(7)) , Reya(r),—a(r) (—6(7)) )} C 0QxS!.

Since the billiard map 7 is a diffeomorphism we can show X' (1) # 0 or V(7) # 0. Without loss of
generality we assume V(1) # 0 and use the inverse function theorem to have 7 = 7(V) which is an
analytic function for 7 ~ 0 . Then we can consider the above set as a graph of an analytic function
XorT

{ (Xor(u),u) € 02X S )+ u~ Ry (a(0),—a0) (—c(0))} (3.27)

On the other hand, the backward trajectory at (z,u) for u ~ wuy constructs
{ (zp(z,u),u) €02 xS') 1 u~up}. (3.28)

which is a graph of analytic function zp(z, ). The crucial observation is that the backward tra-

jectory starting from (z,u) will hit the boundary tangentially at the second bounce, i.e.
vi(z,u) - n(xz(x,u)) =0, u~ ug,
if and only if two graphs in (3.27) and (3.28) are intersecting at u, i.e.

Xo7(u) =ap(z,u).
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Therefore we can interpret the grazing direction &(x) by the intersections of two analytic function.
Use the fact that analytic function has discrete zeroes unless it is identically zero, we conclude
that the grazing direction &(z) is a measure zero set unless &(x) forms some open interval, the
continuum grazing case. Fortunately using the analyticity of €2 such a pathological case is only
for finite points = in Q. Hence choose B. cleverly we can further utilize the integration s; in (3.22)

to ignore these continuum grazing case.

The condition (C) is a restriction to construct sets A, and B, in the Step 1. Since we characterize
bad situations that we want to avoid in (A) and (B) in very sharp way, the last condition (C) is

satisfies.

3.1.6 Preliminary

In order to verify the crucial condition (4.3), instead of the standard billiard map
T : 0O xR =90 xR? | (z,0)— (Ti(z,v ), Ta(z,v)) = (zp(z,v ) Ry w2 ) (3.29)

by R, v defined (3.4), we introduce a new collision-pair map

T:00x00 — 00 x 00N

(z,y) = (y,T(z,y)),

where T'(z,y) = zp(y, Ry (ﬁ) ). The collision-pair is well-defined and is a diffeomorphism if and

only if
(z,y) MO and T(z,y) M N

where (z,y) M 0 means that Tg N 9N = {z,y}, a line segment Ty does not have intersection with
the boundary 02 except its end points and the straight line passing x,y intersects the boundary

non-tangentially. We can define inductively

T = ZTo--oe-o o% , (Th-i(z,y), Tr(z,y)) = Tu(z,y)
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whenever (z,y) h 0Q and T; h 9Q for i = 0,1, ..., k. Denote

A‘Ii(x’y) = A(Ti—l(x’y)7n(x7y)) = |Ti—1(mvy) - Tl(x7y)|

and yo = Xeai(s1;t, 2,v) and (Z,7) = (zb(yo, =), Tb(yo,v')). Then we can write X¢1(s; s1, Xa1(s1;t, 2, v),v")

in (4.3) by

"U/| Tk(‘%vg) B TkJrl(‘,Evg)

(1 - (z)(yOa j»?j)) Tk(j, _) + ¢(y0a j,y) Tk+1(f»g) - (51 - 5) A‘Zk+1(i‘ g)

(3.30)
for some given smooth function ¢(yo; Z, 7).

In order to compute explicitly we introduce the coordinate system. According to the chart of
99 we introduce two kinds of coordinate chart of 9Q x 9Q near (z,y) € (9)? with (x,y) th 9Q
: the first one is the radial coordinate R0 for fixed point y" € 7y, where R0 (Z,7) is a pair

of angles between Zy9, 730 and z-axis. The second one is the parallel coordinate P, ,, where

0 1

[Py, (Z,7)]1 is the parameter 7 where Zy intersects with the line z + 7 IZ:; passing
1 :

x and perpendicular to Ty. Similarly [P, ,(Z,7)]2 is the parameter 7 where Ty intersects with the

0

y—x
ly—z|

y—x
ly—z|

line y + 7 passing x + 1 x and perpendicular to Ty. When (z,y) h 092 and

-1 0
Ti(x,y) M oQ for all i = 0,1,2,..., k then (z,y) h 0Q and ¥;(z,y) h 0N for all i = 0,1,2,...,k for

(Z,9) ~ (z,y). Hence using those coordinate charts, we have explicit formula for s € (tgy1,tx)

2

det <6‘Xc1(s;31,y0,v')) A(0) S1=8 B(6

_ )
ov' - ATp1(0,04+7) |v'] (AT411(0,0 + m))2 (s1—9)

where 0 is an angle between 1oZ and z-axis. From the diffeomorphic property of Ty, we can conclude
A(0) # 0 or B(#) # 0 for any 6. Hence we can verify the condition (4.3) except very small measured
set 6 € [0,27], 51 € [0,¢], s € [0,s1], [v| € [I/N, N] with B(0)(s1—s)|v'| +A(0) AT k11(0,0+7) = 0.

Hence we can verify the crucial condition (4.3) whenever X¢1(s1;t, z,v) and Xei(s; s1, Xer(s15t, 2, v),0")

are well-defined and

n(Xei(s; s1, Xar(s1;t,2,0),0")) - Var(s; s1, Xei(s13t,2,0),0") #0 (3.31)

when X¢i(s; 1, Xei(s1;t, z,v),0") € 0Q.
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3.2 Collision-Pair Map and Transversality

In this subsection we introduce the collision-pair map and compare with the standard billiard map.

Definition 14. Let Q C R™ with smooth boundary 0 so that the unit normal direction is well-

defined for all x € Q. The (backward) billiard map T is defined

T:00xR" — 0QxR", (3.32)

(z,v) = (X(z,v),V(x,v)) = (2b(z,v), Rey (2,0)V)

where Ry, (200 = v — 2(n(xp(7,v)) - v)n(zn(z,v)).

Here we compute the jacobian matrix of the standard billiard map 7 (x,v) on (z,v) € {(z,v) €
O x R™ : n(z) -v > 0}. Since we only consider 2D domain 2 we do our computation in that case.
Assume that the boundary 9 is a unit-speed curve a. Let v be an angle between &(7) and z-axis,

6 be an angle between « and v, ;1 be an angle between &(71) and z-axis. By the definition of v

vmtn (25) =t (205)

and vy, we have

Notice that

cos(0 + 0 1 cos sin
v = 0+ , nla(n)) = - " . (3.33)

sin(6 + ) -1 0 sinyq —Cos Y1
From Ry (7, )v = v —2(n(a(r)) - v)n(a(r1)) we have
cos(fy + 1) cos(6 + ) ) sin g cos(0 + ) sinyq
sin(f1 + 71) sin(f + ) —cosYy sin(6 + ) —cosyp

cos(2y1 — 0 — )

sin(2y; — 60 — )

where we used the fact that sin(y; — 6 — v) = sinyy cos(—6 — ) + cos vy sin(—60 — «). In order to
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compute the Jacobian matrix 6&;’33) we use

a1 (m a1 (T cos 0
)| _ ™) — la(r) — a(n), 0 (3.34)

as(T1) as(T) sin(y + 6)

Take T-derivative for the first line above

dy (7'1)6—7_ = &1 (7) + |a(r) — a(r)|sin(y + 6)k(7]3.35)

cos(y +0) . . or ) . or
—m{[al(ﬂ —az(m)]féa(r) - 041(71)5] + [a2(7) — az(71)][d2(T) — 042(71)5]1336)

where we used

oy
52 = #(r) (3.37)

which is from differentiation tany = cia(7)d; (1) ™! to have % = cos® y{d1 (7)da (1) —da(T)é:1 (1)} =

k(7), since « is a unit-speed curve. Therefore we have

87'1 1

T () — cos(y + 0)2D=2m) ()

[a(r)=a(m)[ |
704(7)— (T1)~d7' a(7) — am1)|sin k(T
AT 6() + falr) — a(m)] sy + 0)s(7)).

X (o’zl(r) —cos(y+6)

Notice that cosy; = ¢1(71) and cos(6 + v — 1) U‘(T)_“(Tl)‘ and the dinominator of the above

= Ta(m—a(m)]

term equals

cosy; — cos(y + 6) cos(0 +v — 1) (3.38)

1 1 1
= o8- cos(20 + 2y —y) — 5 co8T = —§{COS(29 +2y—v1) —cosyi}  (3.39)

= sin(6 +v)sin(—y; + 0 + 7). (3.40)

Similarly we have

= sinOsin(y + 0) (3.41)

and hence
o v o4 jalr) — () k(n)} (3.42)
or  sin(y —y +6) 4 TS '
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1
99 y(r) — cos(y + 0)

a(r

)
lee(T)

—a(r)

—a(11)] : C.V(Tl)

From the equality 6; = 71 — v — 0 we have

90y Oy Oy k(71)
or  or o w(T) + sin(y + 0 —
Similarly we have
91 _om Oy _9ndm
80 90 80 90 on

o011

To sum we have a Jacobian matrix aéa’gi) = or
’ 901

or

sinf + |a(7) — a(m)|x(T)

k(1) {sinb + |a(7) — a(m)|k(7)} — &(7) sin(y + 6 —

and

3(71, 01)

det (
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The #-derivative of 71 can be computed via differentiating the equation for oy (7),

<|a(7) — a(m)|sin(y + 9)) — si|na((_7—;__~_a9(7:_)|7) )
(3.43)
o { sinf + |a(7) — 04(7'1)|I<6(T)}. (3.44)
_ la(r) —a(r)|
= K(Tl)sin(—% 6+ 7) (3.45)
o11
00
20,
00
_
sin(y + 60 — )
la(7) — a(r)|
M)

r()|a(r) — a(m)| = sin(=n +6 +7)

a(t,0)

Further we will compute (r2,02)

RGO Use the equality

a(te) = a(r1) — |a(71) — a(72)]

>_Sin(v+9—'y1)'

—siné (3.46)
cos(01 + 1) (3.47)
sin(01 + 1)

Take T-derivative to the first row of the above equality to have

87'2 8’7'1 Oé(Tl) — 04(7'2) . 87'1 . 8’7'2
Oé1(72)87 041(71)87 - m ‘ (04(71)67 - a<T2)(‘37'> cos(61 + )
+la(r1) — a(r)|sin(0; + v1) <%€_1 + %Z_l)
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and

OTo 1 ( a(n) —a(r) . )87'1
- () — —F———F -a(m)cos(b1 +m) | ——
e e e G e e R R N

(1) — a(r2)|sin(b1 + 1) ((?;071 * %’YTl> }

We can compute

& — ! cos(f1 + =sin(f; + 1) sin(—vy2 + 01 + 3.48
1(72) o) —a(n)] (72) cos(f1 + 1) (01 + 1) sin(—y2 + 61 +71) (3.48)
() — 2T =)y 0+ ) = sin 6 sin(ry + 61) (3.49)
|a(71) — a(r)]
Therefore we have
87'2 1 . 87‘1 86‘1 8’7'1
— = 01— — — — .
or  sin(—y2 + 61 +m) {sm Yor T la(m) - a(m)| < or +(m) or >} (3:50)
Similarly we have
(97'2 1 . 87’1 691 (97'1
e _ o - e ek 51
90 sin(—72 + 01 + 1) {Sm b15g T la(n) —alm) ( a0 )5 )} (8:51)
From the specular reflection law we have
92 =27 — ((91 + Y1 — ’72) (352)
and
892 _ 801 87’1 87'2
o or K(71) or K(72) or (3.53)
892 _ 801 87’1 87'2

We first define the admissible pair : For an open subset 2 of R™ we say (z,y) € 092 x 92 with
x # y a admissible pair if and only if

r—Y
b(xa ):y
|z — yl

(3.55)
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These coordinates are defined locally near a transversal pair:

Definition 15. Let Q be a smooth bounded open subset in R™ i.e. there is a smooth function
&:R" = R where Q@ = {z € R" : {(x) < 0}. We say (z,y) € 9N x 0N and x # y is a transversal
pair if (z,y) is an admissible pair and the line segment Ty meets OQ only at x and y transversally

i.€.

xr — Xr —
Y. Vex) 40 and |x_z|.

iz —y] VE(y) # 0. (3.56)

Lemma 16. Assume the same conditions in Definition 15. Suppose (x,y) be a transversal pair.
Then there exists € > 0 such that (2',y") is a transversal pair if |(z,y) — (2',y')| < e and (2',y') €

o0 x 0.

Proof. From (2) of Lemma 24 it is obvious. O

Let (z,y) be a transversal pair. Imagine we have a billiard at z whose velocity is ﬁ Since

Q is the Smooth Convex Domain zp(z, \iiiﬁ) = y. After the trajectory hits y the trajectory

continued with the velocity decided by the specular reflection law R, (ﬁ:iﬁ)‘ We will denote

z=ap(y, Ry (ﬁ)) Then z,y, z satisfy

VTE L ETY o(ETYa(y))nly) = By (L) (3:57)

ly — 2| lz—yl  “\|z—y [z —y|

where (3.57) implies the specular reflection law. Equivalently we have a formula of z :

— o — |y — =Y
z=y—ly z|Ry(|any|) (3.58)

Notice that (3.58) implies z to be a smooth function of (x,y) if |y — 2| is a smooth function. We
will emphasize the importance of |y — z| by using the following notation : We define a distance
function A : 9Q x 9Q — [0, 0]

Aw,y) = o~y (3.59)

where (z,y) € 9Q x 9Q and consider x,y as elements of R™ (D Q).
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Using the distance function and (3.57) we can express z as a function of (z,y):

Z:y_Nz,y)Ry(x—y):y_|y_z|x{|§:y_g(x—y <y>)n<y>}. (3.60)

n
|z —y| Y| |z — yl

Once again z is a smooth function of (z,y) if A(z,y) is a smooth function of (z,y). Comparing

with (13) or (??) we easily know following relations :

2=l By (=) == Ry (i DR (=) (3.61)

|z —y Y |z —yl

and A(z,y) = tb(y,Ry(ﬁ))~

Definition 16. Let Q be a smooth domain in R™. For given a transversal pair (x,y) we define a

collision-point map, T : 002 x 002 — 0N) as

1(wy) = ol By (i ) =y = ol By (L DR (=3 (3.62)

Further we can define a collision-pair map, T as

T(z,y) = (v, T(x,9)). (3.63)

By Lemma 16 we T and T is defined locally near (z,y). For the k*® transversal pair (z,y) we

can construct a family of maps inductively

T, = id (3.64)
Ty = % (3.65)

(3.66)
T, = %0%, 1 =F0T"2=9""" foralln<k-—1. (3.67)

Then k' collision — pair map, ¥ is defined locally near (x,v) by

Tp(x,y) = T (z, ). (3.68)

Let projections m and wy : O x 00 — I ie. mi(z,y) =« and ma(x,y) =y where (z,y) €
o0 x 09.



101

We define k*® collision — point map, T} near (z,v) by

Tii(x,y) = m2 0 Tp(,y). (3.69)
By definition we have
Tetr (2, y) = T (T (2,9), Te(2,9) = (Te(2,y), T(Tir (2, y), Ti(2, y)))- (3.70)
Clearly
™ 0 Thy1(z,y) = 2 0 Ti(w, y) = Th(x,y). (3.71)

Further we define k** collision — distance map, D, by

k
Dy(z,y) = ZAfi(w,y) = [To(z,y) = Ta(z,y)[ + [T (2, y) = To(z, y)| + oo + [T (2, y) = Ti(z, ).

(3.72)

Let Q) be a smooth bounded open subset in R™ i.e. there is a smooth function £ : R™ — R where
Q={rcR":&x) <0} Wesay (x,y) € 0Q x 9Q and x # y is a k** transversal pair if (x,y)

is an admissible pair and

Ti(x,y) is a transversal pair for all i =0,1,....k — 1. (3.73)

The k' collision-distance map Dy (x,%) is a total backward traveling distance of particle which

is located at x and has ﬁ velocity initially until that particle hits the boundary k times.

Now we want to study differentiable properties of k" collision-point map near k" transversal
pair. We assume 02 is a smooth manifold and has a differential structure induced by the coordinate
chart. Therefore 9Q x9S is also a smooth manifold. It is easy to see that the collision space (92)2\ D

is a smooth manifold with boundary D = {(z,z) € 9Q x 9Q}.

Lemma 17. Let Q be an open smooth subset of R™. For any k'™ transversal pair (z,y), T; is a

local diffeomorphism near (z,y) for alli =0,1,2.... k.

Proof. Tt suffices to show that T is a local diffeomorphism near (z,y). Since (z,y) is k' transver-
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sal pair, by Lemma 16 T and Tj are well-defined near (z,y). From Lemma 24 we know that
tn(y, Ry (ﬁ))Ry (ﬁ) is a smooth function near (z,y). Clearly T is a smooth function near

(z,y) from the formula (3.62).

Now we will claim that T is an invertible map and T~*(z,y) = (T(y,z),z) so that

T (2,y) = STy, v),2) = (2, T(T(y, 2), 2)) = (x,y) (3.74)

Tz, y) =T (u, T(x,y) = (T(T(x,9),y),y) = (z,y). (3.75)

It suffices to show that T(T(z,y),y) = x. Recall that T'(z,y) = xu(y, Ry(ﬁ)) By definitions

we have

T(T(w0),) = TCeny, Ry (1)) = ol B () (3.76)

where zn, = b (y, Ry (ﬁ)) Let’s denote ty, = th(y, Ry (%)) From definition we have

Th — Y x—y x—y
— —to(y, R ( )R ( ) 3.77
o=y~ PO ATy )BTy (3:77)
From the positivity of ¢, and |R, <ﬁ>| =1 we have
T — Y z—y
- _R ) 3.78
oy = ooy (3.78)

Now compute Ry< Ly ) =

[zb—yl

s = () (222 i)

|76 — Y| |76 =yl |z =yl

lz =y
Ty =Y ) — 2AE Y e () = — LY
= oy +2(|x_y| (¥))n(y) 2(|x_y| (y))n(y) P

From (3.76) we have

T(T(z,y),y) = zb(y, — ; — ‘;) =z (3.79)

Therefore ¥ is invertible and smooth.
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Proof. We will show that the jacobian of ¥ is non-zero to prove ¥ is a local diffeomorphism. Assume

that
a(r a(r
< (m) ] _ [ ) (3.80)
(1) o(72)
and the jacobian matrix of ¥ is
o0 on 0 1
orT 671 — (3.81)
013 012 Oty O1a
or 0Ty or 0Ty

where % satisfies

@ B a(12) a(T2) . a(r) — a(m
{ ol (72)] { (

or 71) — a(Te la(m) — a(r2)]  |alr) — a(r)|

B a(r) a(r) o) —aln) | afr) -
? (Ia(T)a(ﬁ)l {Ia(T)a(ﬁ)l a(7) — ] |

Directly we can compute that

67'2 1 1
— | ——————|sinfy| = —————— 3.85
or | Tatr) — o] " = ot —atm) 359
and
8’7'2 1
— | =— 3.86
or | sin 65| (3.86)
which is a jacobian of ¥. Similarly for kth collision-pair map we have
x x x x
D%k = DZ(H! ) - DZ(TF2 )---DZ (3.87)
Y Y Y Y
O

Lemma 18. Let 2 be an open smooth subset of R™. For any k'" transversal pair (z,y), D; is a

smooth function near (x,y) for alli=0,1,..., k.

Proof. 1t suffice to represent Dy (x,y) as a function of 7" of T. First we will show the following for
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T (a,y) = (T(T2(2,9)), T(T* (2, y))). (3.88)

We see that for k = 2 (3.88) is hold because
T(w,y) = Ty, T(2,y)) = (T(2,y), T(y, T(z,y))). (3.89)
Assume (3.88) is valid for I =2,3,....k — 1.

Tay) = T ay) =TT (2,9), T(T(2,y)))

= (T(T2(x,y)), T(T(T 7 (2,9), T(T*(2,9)))) = (T(T2(,9)), T(T*(2,9)))

Therefore k" collision-distance map

k-1

Dy(x,y) = o =yl +ly = T(x,y)| + Y IT(T*(x,y)) = (T (x,9))]- (3.90)
i=2
By Velocity Lemma we know that
If ©#y then T(T*2(z,y)) — T(Z*(z,y)) #0 (3.91)
and each term in (3.90) is smooth. Therefore we get the lemma. O

From now let the domain € be a subset of R? and investigate the representation of T with

respect to two special coordinates. These coordinates are defined locally near a transversal pair :

Lemma 19. Let Q2 be a smooth bounded open subset in R%. Let (x,y) € 9Q x 0Q be a transversal
pair. Choose 2° € 7y N Q. Then there exist &1 = £1(Q, x,y,2°) >0, g3 = £2(Q, 2,9,2°) > 0 and a

radial coordinate map

R0 : {00 N B(z;e1)} x {000 Bly; e2)} — [0,27) x [0, 27) (3.92)

which is an injection for sufficiently small €1,e9 > 0.

Proof. First define a family of mappings for given a transversal pair (z,y) € 9Q x 9Q. By Lemma

16 there exists € > 0 such that (z/,y") € 00 x I is also a transversal pair if (2/,y") € {B(z;e) N
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00N} x {B(x;¢) N 9N}, Further we can choose sufficiently small &1 > 0 and 3 > 0 so that

r_ 0 /.0
V@) e A0, VEWY) - L

o =]

£0 (3.93)

ly' — 20|

for all 2’ € B(z;e1) N 0N and ¢’ € B(y;e2) NIN. Then we define a mapping

R0 : {B(z;e1(x,y)) N0} x {B(y;ex(z,y)) N O} — [0,27) x [0, 27) (3.94)
5o an—l x/2 — mg an—l yl2 — 338
N G = =) 399

Fix another transversal pair (Z, ) near (x,y) so that

B(xz;e(x,y)) N B(z;:e(2,5)) N0 # D (3.96)

and B(y;e(z,y)) N B(y;e(z,5)) NOQ # 0. (3.97)

We want to show that R 0 oR_; and Rzo oR ) is differentiable. Choose (X,Y) € {B(x;2(z,y))N
B(z;e(z,9)) N oQ} x {B(y; e(x,y)) N B(y;£(%, §)) N 9N} Denote

R0 (X’ Y) = (07 50) ) Rzo (Xa Y) = (0_, SZ) (398)

Without loss of generality we may assume X = (X1, X5) = (X1, ®(X;)) where ® is a graph of 5.

By definition we have

tan 6§ = (w , tanf = (w. (3.99)
From the first equation we have ¥(X7,6) = 0 where
U(X1,0) = [X; — 29 tan 6 — ®(X;) + 9. (3.100)
We compute
Ox, U(X1,0) = tand — &' (X1) £ 0 (3.101)

since (X,Y) is a transversal pair. By the implicit function theorem we have a differentiable function

X1 = X1(0) which satisfies the first equation of (3.99). Then we have

— 79
0 =0(0) =tan™* (%) (3.102)
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which is a differentiable function. Similarly we have

B0 21 (3,109

@ =o(p) = tan~"! ( Yi(p) — f(lJ

where @ is a local graph of 9. Therefore (Rzo o RJ)(0,0) = (9(9),5(p)) is differentiable.

Similarly we can show (Rgo o Rgol) is differentiable. Therefore the family
({09 x B(a;e1(2,1))} x {09 x B(ysea(w,9))} , Ray) (3.104)

is a coordinate system near any transversal pair (x,y). O

We need another map near a transversal pair.

Lemma 20. Let Q2 be a smooth bounded open subset in R%. Let (x,y) € 9Q x 0Q be a transversal

pair. Then there exist e1 = €1(Q,x,y) > 0,69 = 2(Q, z,y) > 0 and a parallel coordinate map
P, :{0QNB(x;e1)} x {0Q2N B(y;e2)} — R x {0} x R x {1} (3.105)

which is an injection for sufficiently small €1,e9 > 0.

Proof. We define a family of mappings for given a transversal pair (z,y) € 9Q x 092. By Lemma
16 there exists € > 0 such that (z/,3) € 9Q x 9 is also a transversal pair if (z/,y") € {B(z;e) N
00N} x {B(x;¢) N IN}. Therefore we know that

0 0

' —x y —x

V(') - #0 , Ve 70 (3.106)

7= a0 P

for all ' € B(x;e1)NOQ and y' € B(y;e2) NN with 1 = g3 = e. Now we will define the mapping
P, , near the transversal pair on {9Q N B(xz;¢e1)} x {002 N B(y;e2)}. First rotate Ty to parallel to

y—axis and translate z to an origin which is

T 1 —Z2+Y2 T1—Y1 Ty —

o lz =yl

Tl

(3.107)

—T1+Yyr —T2+Y2 Ty — T2
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Denote the matrix

Mgy = R P (3.108)

—T1+Yy1 —T2+ Y2

Then consider a equation of line passing Az’ and Ay’
SX,Y)=Y = [Ar]y — A2 (X — [A2']1) =0 (3.109)

and find out the value X to make Y = 0,1. These are

P y) = [A2)1 — [Aa]s ﬁg: - z:;t (3.110)
PQ(xlvyl) — [Ax’]l +(1- [Ax'b)m (3.111)

so that £(Pi(2’,v'),0) =0 = £(Pa(2',y'),1). Define
P, {0QNB(z;e1)} x {0QN B(y;ea)} — R x {0} xR x {1} (3.112)
P, (" y) = (Pi(a,y),0, P!, y), 1). (3.113)

Fix another transversal pair (Z,y) near (z,y) so that
B(z;e1(z,y)) N B(Z;e1(Z,5)) NOQ # 0 (3.114)
and B(y;ez2(z,y)) N B(y; e2(z, 5)) N O # 0. (3.115)

We want to show that P, ;0P and Pz yoP,  is differentiable. Choose (2',y’) € {B(z;e1(z,y))N
B(z;e1(Z,9)) N 00} x {B(y;e2(x,y)) N B(y;e2(Z, ) NONR}. In order to define the inverse function

P}, temporally we define notations

[Az,y @1 i [Asyy'l1
0 1 [Az,y2']2 [Azyy'l2

where we used A, , emphasizing (z,y) dependency of A. We can write (3.110) and (3.111) in the
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matrix form

Py - 1 [Asyy']2 —[Azy2]2 Ay 3116
5, |~ [Arl:— Ar 2 , , ; (8.116)
P, Y Y -1+ [Az,yy ]2 1- [Az’yl' ]2 Az
Clearly we have
A~1 _ 1-— [Az’yxl]g [Am’yx/]g 151 (3 117)
A~2 1- [Az,yylh [A:z:,yy/]Q p2
ie.
Ag 1! P,y Py, y
Ayl ) (1= [Asy]2) S Ay 2] (1) (3.118)
[Aa:,yx/]2 0 1
Ay oy P .%'/, / P x/’ /
[Asyy' ] — (1= [Anyy)) 1(2',y') ey 5 (2, y') . (3.119)
[Azy¥']2 0 1
From definition of A, , and above equations we have
0=y (z1, P, P) = [Ag a1 (2]) — (1 = [Ag y2']2(21)) Py — [A2"]2(2) Py (3.120)
0= Ty, P, P2) = [Ao ' T1 (1) — (1 = [Ae /' ]2(41) P1 — [Aa gy ]2 (1) P2 (3.121)
Recall that
1
[A2']; = m{(—wz +y2)(2) — 1) + (21 — y1)(P1(2]) — 22)} (3.122)
[A2'] = P {(=21 +y1)(@] — 1) + (=22 + y2)(P1(2]) — 22)} (3.123)

and similar formula for [Ay’]; and [Ay']z. In order to use the implicit function theorem we compute

ov
87’1 = [Azy2']) () + Pi[Asy2']) () — Po[Asy2']5(27)
1
1 1 — Y1 0 -1 1 1 — Y1 1
=T : + (=P + P) :
Y T2 — Yo 10 P (z1) T2 — Y2 P (29)

I

We know that I # 0 because (z,y) and (2/,y’) are transversal pairs. Since we can make (—P; + P)
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small choosing small € > 0 we show that %‘i} # 0. By the implicit function theorem we conclude
1

that x) is a smooth function of (P;, P»). Similarly we conclude that y{ is a smooth function of

(P, P2). To sum we have a smooth inverse function

P;)L i (—e,e) x {0} x (—¢g,e) x {1} = {00 N B(x;e1)} x {002 N B(y;e2)} (3.124)
P, (P1,0,P,1) = ™ , v . (3.125)
Oy () P2 (y1)

We can explicitly compute

- 21 (Pr, P») vy (P, )
PE7Q<P1,11J(P17()’ P27 1)) =P; 7( 5 ) (3126)

@y (21 (P, P2)) o (yy (P1, P2))

[Az5 (v (Pr, o) — 2’ (P, Pz))h) 0

[Az5(y'(PL, P) — o' (Py, P2)))2 (3.127)

- ( ([Af,gx%Pl,Pz)h [ Ap gt (P P

)
Az g2’ (Pr, Po))y + (1 — [A2!(Py, P2)]2) {jjzgzigii’ ij; :i:gii’ iii;i ;1 ) (3.128)

1

Y is smooth. O

Clearly we know that Pz 5 o P

Transversality

In the section we will prove so called the transversality (??) locally. Precisely let y € Q and u €
R2\{0} such that (zp(y, —u), zp(y, u)) is a k" transversal pair and ty1(s1,y,u) < s < t1.(s1,9, u).
For any € > 0 there is §(N,,Tp) > 0 and an open ball B(s1,y, u;7s, ) C [0,Tp] x R? x R? and

an open set Oy, , » C R x R? with |Os, 4| < € such that

Pali i) 2 g (3.129)

J(§;§1,gj,ﬂ)_det{

for all (51,7,%) € B(s1,Y,u;Ts, yu) and (8, ) in

0° . N[0,To] x {|a < 2N}. (3.130)

S1,Y,u

Inthe caseof s € R, 2 € Q and v’ € R? such that X¢i(s;0,z,v") € Qand (zp(z,v), 2p(x, —v')) €

00 x 00 is an transversal pair we will prove the transversality (??) holds . The transversality (?7)
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is very crucial step in L? — L> theory of Boltzmann equation near Maxwellian regime.

The main idea is to write Xe1(s; 51, yo, u) in terms of k" collision-pair map and k*" collision-point
map and k*" collision-distance map. Let yo € Q and u € R?\{0} such that (p(yo, —u), Tb (Yo, u))
is k" transversal pair and tpyq(s1,%0,u) < s < tr(s1,y0,u). For sufficiently small ¢ > 0,
(2w (Yo, —0), 7w (Jo, w)) is also k" transversal pair for |(go, %) — (yo,u)| < e. Define Z = xp (%o, —1)

and § = xp(go, @). Then we have

to = 51
B B o o 11
th = 81—[D1($7y)_|$—y0|]g
_ B o |
ty = slf[Dz(Ly)*Ix*on]g—
_ B o I |
ty, = 51— [Dk(:c,y)—lrf—yol}g-
Now we want to represent vg(go,@) as a function of points. From xyi1(%o, %) = zk(Yo,u) —
to(k (Yo, 1), v (Yo, w) ) vk (Yo, u) we get
Ok (Yo, u) = 2k (90, @) = 241G, W) _ 21 (Ho, ¥) — Tr11 (0, @) 3 (3.131)

to (2 (Yo, @), vi(H0, 1)) |2k (Yo, @) — Trs1 (Yo, )|
_ Tu(Z,9) — Te+1(Z, 9)
AT 11(Z,7)|

€. (3.132)

where & = |u| = |v;(go, )| for all i = 0,1,2, ..., k. Now we can rewrite

Xa(s; 51,90, 0) = @Yo, w) — [tk(51, Yo, @) — S]vk(Yo, 0)
= Ti(z,9)+ [5 — 5+ D’“(E’g)g |z - 370] Tk(vay:z)k;Z(}:;()a?, y) 7
- (1 Jf A@lﬂg’jg’y)) Ti(e.) + A@lﬂg’jg’y) T2 (7,9)
—(51-38) & Tk(z%:;g;gx’y). (3.133)

For fixed (5,351,%0) we know that X is a function of Z,y and £ as (3.133). Since (x,y) is a

transversal pair we can use the radial coordinate. Denote

Rﬂo(‘i‘vg) = (9,@) (3134)
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Use the notation p(Z, §; §o) = % and
p(0,9) = p(0. 2:50) = (o R,')(0, ) (3.135)
Similarly we denote
Ti(0,0) = (Te oR;)(0,8) , Tiy1(0,9) = (Trs1 0 R0, 0). (3.136)

and

XCl(év ®, g) = XCl(gv 51, Yo; év s E) = XCl(ga 51, Yo; Rg_ol (9_7 95)» @) (3137)

(Tk(§7 95) - Tk+1(§7 @)) (3138)

= (1~ p(0, 2))Te(3. ) + p(7. @) T 1 (5, 7) — M

In order to use the parallel coordinate we take a rigid motion

Ag 1 = ATk(fvy)kaH(Ly) = Azk('HO»u)vkarl(yOvu) (3.139)
as (3.107) to have
_ _ 1 — [Tk(9_7 @)]1 - [Tk(ﬁﬂ, y)]l
Ap i Xald,@,6) = (1 =p(0,0)) Ak k1 _
Tk (2, y) — Tiy1(z,y) [T%(6, 8)]l2 — [Tk (z, y)l2

_ [Tiy1(0, @)1 — [Tr(x, y)]1 (5, — 5)¢& [T (0, 0)11 — [Tri1(0,9)
9@, &) A ! Gt W B '
N @ - myl | ARG 10,6, o)l — 1010, 9)10

where Ay k11 = A7, (2,y),Th i1 (2,y)- BY definition of a parallel coordinate map we have

M- . Pi(0.9) . Py(0, )

A k1 Xa(l,9,8) = (1 -p(0,9)) +p(0,9) (3.140)

0 1

_ 3¢ Pi(0,5) — Py(6,5
(& sf)fﬁ 1(0,0) — P2(0,0) (3.141)
ATk 11(0,9) -1
where

1 Py -1 P

Ak,k+1 o Tk ] R@o = 5 Ak,k+1 o Tk+1 o R@o = . (3142)

0 1
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Since T = 1, (o, —1) and § = (Yo, %) we have @ = § + 7. Denote AX1(0, &) = Ay 11X (0,0 +

7,€). By direct computation we have

OAXal1 _ (—p’(e) L (5129) € 95(ATk41(6,0 + 7))

a0 (ATk41(6,0 + m))? I
o 01P(0,0 02 P1(0,0 1
1=y piay | OO RROIED ) (
31P2(0 0+ ) 62P2(679+7I‘) 1
(51_5)5 81P1(9_7§+71') 82P1(0_,0_+’/T) 1
R G )| SR !
A(zk‘-‘rl(eag—"_ﬂ.) 81P2(9_7§+71') 82P2(§,0_+’/T) 1
IAXali 51— 5 _— I
o x rem LU RG]
a[AXCI]Z _ /(é) _ (51 - §) ga@(Ask-‘rl(éaé_'_ ﬂ-))
on " AT (0,0+mP
O[AXal2 51—38
9 ATp(0,0+7)

Clearly every geometric information is in 95(ATy41(6, 0+7)) and ATy 1(d, 6-+7) which is extremely
hard to compute or control. However because of the fact I = —II the jacobian enjoys crucial

cancelation and does not include the geometric information I or II. Precisely we can compute

0A X - NP (0,0 +7) 0oPy(0,0+T 5, —35
det (3(9 5)) = (1-2(0),2(0)) G d 5 3 (A1 (0,0 + 7)1/
’ 81P2(9,0+7T) 82P2(9,9+7T) 1 k+11Y,
1) OLPL(0,0+7) 0:P1(0,0+T) 1 (5, — 5)2 z
7 81P2(§,§+7T) 82P2(§,9_+7T) 1 A‘Ik+1(0’0+w)

W) which equals

Returning to our purpose we want to calculate det (

1 (é f_)) <3AXC1>
- det < det
det (ATI@(Ly)kaJrl(Ivy)) 9 8(97 f)

From direct computation we know that det (ATk(l ¥),Tes1(z, )) =1 and det ( (0 = ) =1/¢
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+7) 0Pi(8,6+7) 1 o8 1 g
OP0.0+7) P0.0+m) )\ 1) ATen@0+me
A(0)
i P00 +7) 0P (0,0+7) 1 (51 — 5) (3.144)
N\ am@0+7) BR@0+7) )\ 1 (ATk41(0,0 4 7))2
B(6)
A(D) -5 B(9)
AT (0,0 +7) €

The essential observation is following :

Lemma 21. Let 2 be an open smooth subset of R%. Suppose (z,y) be k' transversal pair and

20 € Ty N Q. For sufficiently small e > 0 if | — x|+ |y — y| + |Jo — 2°| < € then

Ve@) 20, Ve 2R 20 (3.146)
|Z — ol 1Y — ol
and denote Ry, (z,9) = (0,¢) and
_ . Pl(év Sb)
(ATk(w,y)7Tk+l(x7y) ° Tk o Rgol)(67 SO) — , (3147)
0
B . P2(6_7 @)
(ATk (w,y),Tk+1(I7y) o) Tk‘-‘rl o) Rgol)(a’ sﬁ) = . (3148)
1
Then
81P1(§, (,5) (92P1(é, @) (3 ]_49)
Py (0,8) 02Ps(0, )

s invertible.

Proof. From Lemma 17 we know that Tj is a local diffeomorphism. Since the radial coordinate

map and the parallel coordinate map are coordinate maps by Lemma 19 and Lemma 20 we have

(3.149).

O
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Because of (3.149) we know that

OP1 O,P 1 0
D ” . (3.150)
NPy 0P 1 0
Since

cannot be parallel, we know that .A(6) # 0 or B(f) # 0 for any 6.

If B(A) = 0 for some 6§ then A(f) # 0. Therefore det (%ﬁl’é’@) = 0 only for 57 = 5. If
A(0) = 0 for some 0 then B(#) # 0 and det (%5195)) = 0 only for 5; = 5. In the last case of
A(6) # 0 and B(f) # 0 then det (%}f“m) =0 for 5,51, and & such that

(51 —3)€ = ,7: AT 1(0,0 4 ). (3.152)
Example 11. We will construct one example of the totally grazing point. Assume that
{(=2 +cosf,sinf) € R? : 0 € [0,2n]} C 99.
Fix a point (%, @) € R2. We will construct a function f : (—6,8) — R so that
{(z,f(x)) €R? : z€(—6,0)} € ON

and there exist 61 > 0 so that

xg((g, ?), (cos@,sin)) € {(—2 + cos,sinf) € R? : 0 € [0,27]}
m((g, ?), (cos 0, sin 0)) -n(xg((%, ?), (cos 6, 5in 0))) = 0

for all 0 € (3 — 01, % + 01).

The unknown function f has to satisfy two equations : the first equation due to the specular
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reflection condition

1 —2+cosf —x
[(—2+ cosf — x)% + (sinf — f(x))?]/? sin@ — f(x)

- 2 f(x)
[T+ (fr(x)22 | 4
o 1 f'(z) . 1 —2+4+cosf —x ]
T+ F@A72 |y | 2teost—aP+ Gmo— 722 | gnp_ pay

(3.153)

and the second equation is due to the grazing condition

cos —2+cosf —x 0

sin 0 sinf — f(x)

From the second equation we have a formula for f(z) = sin™! {1 — 2cos@ — x cos§}. Notice that
from this equation if we have a formula of x = z(0) then we have a formula of f(z). In order to
study x = z(0) we take 0-derivative to have :

dx 1 cos 6
i Tl 1t {Q—I—x— 720(1 —2c039—xc059)}

sin 0 Sin

where we derive the formula of f from the other equation. Multiplying the second raw of (3.153)

by
£)2]1/2

[(=2+ €00 — ) + (sin 0 — f(@))) /2w — )2+ (f(a) - %

to have

— \/5)2]1/2(—2 +cos —x) f'(z)

w
S

+2[(@ = 5)* + (f(@) = 57)%*(sinf — f(2)) + A =0
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where
o (1 — 2cos-9 — xcosb B é)[(—Q +cos0 — 2)? + (sinf — 1- 2cos.0 — xc039)2]1/2
sin 6 2 sin 6
Notice that A|,—0p=z = —3. We can solve (3.154) using the formula of the solutions of the

quadratic equation. When we apply the formula we have to choose a ‘proper’ sign. Since we

require that f'(0) = 0 the formula for f'(x) is

fz)y=98 = ﬂ_l{[(x—z)Q—i-(f(ac)—?)2]1/2(—2—1-0059—@

+[[(9€ - %)2 (1 — QCOSSiiQ_ veosth ?)Q](—Q + cos — x)?
3.9 ,1—2cos —zcosf 3 5172, . 3
—2A{2A+2[(z — )" + ( " -5 (smof(z))}} }

Notice that %cho,gzg = 0. Therefore the equation of x = x(0) is

dx
> _F
a0~ F@0),

where

F(z,0) =

0
{2+1’ C,OS (1 2cos€xcos€)}.

B + cosb sin® 0

sin 6

In order to apply the Picard existence theory(Section 1.10 of [11]) we need to check the fact

OF
F(z,0), %(9&,9)

are continuous near (z,¢) = (0, ). Clearly F(x,0) is continuous and

F(O,g) =2V/3 40
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Directly we compute

o2
ox

1—2cos@ — xcos ,1-1/2
—_ [ Y - 2
= {( 2+ cosf — x)* 4 (sinf e }

X{ _ cost [(—Q—I—cos@—x)Q—l—(SinG—

1 —2COS€—1‘C089)2:|
sin 0

sin 6

sin 6 2

3 +(1—2cossifl9—xcosﬁ_§>2}*l/2
_ _ V312
X{COS@[(x3)2+(1 2cosf — x cosb 3)}

sin 0 2 B

+(1—200$9—x0059 \/§)2+x—c0s9}

sin? 6

sin 0 2

(. 9 1—2C080—1’C089>2+.’L‘—COS(9+?COS@SiDQ—;SinQH}
—( sinf —

sin 6 sin”
and
oA

e =2 (3.154)

2
z=0,0=%

Further directly we have

OF 1 242 — 258 (1 - 2cos 0 — xcos ) 9B
ox N sin20 (sB + Cos@) (% + COSG)2 ox

sin ¢ sin 6

(3.155)

where

0B oA (x
e {-2} = e X B+ (—2+ cosb — x)

=3+ (@) = ) @) 312 V3o
—(z—=2)"+(f(zx) — —
37 (f) Bz @2 U@
1—2cosf —xzcosh /3
sin Y
— 2cost — xcos 1/2 -1/2
2o P+ (O 9—“%ﬂ/@me—ﬂwﬂ}

12)(=2 + cos O — x)?

+ -2

sin 0 2

2 1-2 -
x( [23;—3— cos@( cosf —xzcosf 3

V2N (L 0 o2
sin 6 sin 0 2 )]( 2+ cost —2)

—2(—2+cos9—x){( 1—2cosf — xcosb _ @ )2+ (x—§)2}

sin 6 2 2
oA . 3.5 (l—2cosf —xcosh /3\271/2
s [e- re (FR - 9T

Ox {(x—§)2+(Miﬁ)2}

2 sin 6 2

_2%[($_3)2+(12cos92cos0_\/?:)2}1/2} )

sin 0 2
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Using the fact A[;—0p=z = —3 we know that %—f is continuous function near (z,6) = (0, %).
Moreover from the formula of F(x,6) it is clear that F(z,0) is a real analytic function. From the
Picard theory we can solve x = x(0) for 0 € (3 — 6, 5 +0). Moreover from the fact F(0, §) # 0 we
can use the inverse function theorem to solve 8 = 6(x) locally. Further from the formula of f we

have the desired analytic function

1

f(z) = S0 {1 —2cosf(x) —xcosh(x)} (3.156)

Lemma 22. Let & : R? — R be a smooth function with

ko

Tyk(xo’%) #0 (3.157)

for some k € N. Then there exists ¢ > 0 and continuous functions y; : (xo — €,x9 +¢€) = R such

that yi(zo) = yo fori=1,2,...k —1 and
k—1
{(z,y) :x € (xo —€,x0+¢) and ®(x,y) =0} = U {(z,y) 1z € (xo —e,x0+¢), y=y;(x)B.158)

i=1

there are at most k — 1 continuous functions x; = x;(y) for i =1,2,....k — 1 such that

Proof. Without loss of generality we may assume %(wmyo) =0fori=0,1,2,....k — 1. Write

x = x9+ 6z and y = yg + dy and use the Taylor expansion to get

0= Blao + da,go -+ 3) = Blanw) + 5| bok Gy (3159)

2 2 2
%37? - z2 %ZT(S o) y? 4 ;xg)y (101y0)5x5y+ - (3.160)
+(k11)!88;1? (wyo)(éx)’f—l ot (kll)!g’;l? (wc)m)(<5;/)’“—1 (3.161)
%g’% oy 0D l:!gkyf ooy )"+ 000l 13y, (3.162)

By the assumption all underlined terms are zero. Therefore we have 0 = ®(x¢ + dz, yo + dy) =

k i—1

1 0Fd 0'd il
T35 oy O 22D Cried 5 | gy (0 (0™ + O8] 1) + O(10y)**1)(3.163)
s i=1 j—=0 »Yo
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where underlined term can be written as

9 ilk et
1 ) ' TV N(@o.w0) i—j
— = 0x) X Chij == (6y)' (3.164)
| k ( 0 k
(k. 0z (w0,y0) 1|ore )J/
kt| ozt (z0,y0)
Using the Young’s inequality with & we have %g% ( )(61‘)’“ + O(|6z|F+1) <
’ Z0,Y0
ke
Pl e 1 |9k P B %'@_ 7 |( ) - k(i=j)
k41 & 141oe k - 9270y 7 1(20,%0 ey
oty S [+ S5 oo o T L et
i=1 j=0 ’ i=1 j=0 i' 87%’
K| 0z® 1(zo,y0)
. ; . ke
For sufficiently small |[dz] < O( kamyo) |) we have
k-1
1 ! ~ k=) | 1/k
< +1 > =3 } )
o] < PPN ) {WA +ZZC’W g (3.166)
El | 0zF |(z0,y0) i=1 5=0
ke
oia M
where Cy; ; = C(e) Ck,m% . Therefore dx — 0 and dy — 0. O
1[9F®

k| axk |<xo,yo>

Lemma 23. Let Q = ¥ x [0,1]/ ~ be the Smooth Conver Domain defined in (1.22). Define the

. . . dX ¥ av :
functional along the trajectories % =V(s), dgs) =0 in (7?) as:

a(s) = (X (s)) + [V(s) - Va&(X(s))]* = 2{V(s) - VIE(X(5)) - V() }E(X (). (3.167)
Let X(s) € Q' fort; < s <ty. Then there exists constant Ce > 0 such that

ng(IV(tl)l-f—l)tla(tl) g ng(lV(tl)‘+1)t2a(t2); (3.168)

e*C§(|\7(t1)|+1)tla(tl) > 67Cg(|\7(t1)‘+1)t2a(t2).

Proof. Under the convexity assumption (1.22), we notice that a(s) > 0 for t; < s < t5. Since

%ﬁs) = 0 by (3.13), we compute the derivative of a(s) in (3.167) as

da(s)
ds

= 26(X(s)[Va&(X(5)) - V(s)] +2[V () VEE(X () V()] [V (5) - Vi€ (X(5))]
—2{V(s) - VIE(X(5)) - V(s)}[Va€ (X (s)) - V(5)]

—2[V(s) - VRE(X(5))V (s) - V(5)]€(X (5))-
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Note that the second and the third terms on the right hand side cancel exactly. By the convexity

(1.22), there exists C¢ > 0 so that we can further bound the last term by a(s) as:

[2[V(s) - VZE(X(5))V () - V(s)JE(X (9)))]

IN

Ce|V (t1)] x [{=2V (s) - VZE(X(s)) - V(s)}E(X (5))]

IN

Ce|V (t1)las).

We therefore have from the definition (3.167):

da(s - _ _ _
B < (R () + [VaE(X (5) - V() + CelP (1))
< A{CV(t)] + 1ta(s).
Our lemma thus follows from the standard Gronwall inequality. O

Lemma 24. Let (t,z,v) be connected with (t — ty, xw,v) backward in time through a trajectory of

(3.13).

(1) The backward exit time tp(z,v) is lower semicontinuous.

n(x =7v- 7( )

then (tp(z,v), 2 (x,v)) are smooth functions of (x,v) so that

t
V:ctb n(xb) ) V'utb = bn(xb) ’
v-n(Tp) v-n(zp)
Verpy = T4+ Vitp®v, Vyzp =tpl + Vylp @ 0. (3.170)

Furthermore, if € is real analytic, then (tp(z,v),xp(z,v)) are also real analytic.

(3)

(4) Let x; € 99, for i = 1,2, and let (t1,x1,v) and (t2,z2,v) be connected with the trajectory

dXls) V(s), d‘(/igs) = 0 which lies inside 2. Then there exists a constant C¢ > 0 such that

ds

(3.171)
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(5) Define the boundary mapping
Dy, : (t,x,0) = (t — t, zp(z,v),v) € Rx{yU~_}. (3.172)

Then Py and <I>g1 maps zero measure sets to zero-measure sets between either {t} x QxR? and

Rx{yoUv+} or Rx{v0 U~} = Rx{y Uy}
Lemma 25. Recall (3.14) and the Grad estimate [Gr2] for hard potentials:

120’22

1 ]lv
CaaTE (3.173)

k(v 0)| < Cffo = v/ o — o]~}
Recall w in (3.20). Let 0 < 6 < %. Then there ezists 0 < €() < 1 and Cyp > 0 such that for
0<e<e(d),

_ 21,7122 0)v|?
L-e llv2—lv'?) w(v)e [v] C

1—e 2
o -1, T s [v—v'|"— fo—v’] d I <
/{|U GRS GRS Wt = T ]

Lemma 26. Recall (3.20) and (3.15). We have

[wl[g1,92)(v)] < C(Jv] 4+ 1)7[|wgsloc |[wgaloo-

The following theorem is L? decay theory of the linear Boltzmann equation:

Theorem 12. Let f(t,x,v) € L? be the (unique) solution to the linear Boltzmann equation (?7)
with trace f, € L (Ry; L2(7)). If f satisfy the specular reflection condition (3.16) and the mass
and energy conservation laws (3.17) and (3.18). If Q has any azis of rotational symmetry (3.12) we

further require that the corresponding conservation of the angular momentum (3.19). Then there

exists X > 0 and C > 0 such that supg<,< . {*M[|f(1)|[*} < 2|| fol]?.

The proof of Theorem 14 is same or simpler than Section 3 of [27].

Definition 17. Let Q be conver (1.22). Fix any point (t,z,v) ¢ vo N~y—, and define (to, 2o, v0) =

(t,xz,v), and for k > 1

(tht1, Tht1, Vet1) = (b — to (e, Tk, V), b (Tk, Vi), R(Tk1) Uk ), (3.175)
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where R(xp41)vk = vk — 2(vk - n(@p41))n(Trr1). And we define the specular back-time cycle
Xaa(s) =) L (&) {oe +onls =)}, Vaa(s) =D L) () ok (3.176)
k=1 k=1

Lemma 27. Let Q be convex (1.22). Let hg € L™ and G(t)hg solves
{0 +v- Vi +vH{G{)ho} =0, {G(0)ho} = ho (3.177)

with the specular boundary condition h(t,x,v) = h(t,z, R(x)v) for x € Q. Then for almost all

(l’, U) ¢ 70,

{G(Oho}(t,x,v) = ™" ho(X1(0), Ver (0))

= Z 1[tk+17tk)(0)67V(v)th0($k — tpvg, ’Uk-). (3.178)
k

And €"!||G(t)ho||so < ||0]|oo-

Lemma 28. Let & be convex as in (1.22). Let hg be continuous in Q x R3\ vo and q(t,z,v) be

continuous in the interior of [0,00) x Q x R3 and SUD[0,00) x Ox R? |q(yt’(i’)v)| < 00. Assume that on

~v—, ho(z,v) = ho(x, R(z)v). Then the solution h(t,z,v) to
{0:+v-Vy+vih=gq, h(0,2,v) =hg (3.179)

with h(t,z,v) = h(t,z, R(x)v) , x € O is continuous on [0,00) x {Q x R3\ y0}.

3.3 Smooth Convex Cylinderical Domain

3.3.1 Bad Sets and Properties

near-Boundary Set

We define the near-boundary set, the e—neighborhood of points in the phase space whose position
x is near to the boundary and velocity v is close to the tangential direction of the boundary. For

convenience, we introduce the following notation.
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Notation : For z € R? r > 0, the open cylinder C(x;7) is defined by B(x;r) x T! where B(z;r) =

{2/ eR?: |2’ — x| <7}

Lemma 29 (Near-Boundary Set). Assume that the domain Q@ = Q x T with a smooth boundary
00 = 0Q x T. For e, N > 0, there exist finite points x7P,--- ,gl’fg in Q and open cylinders
C(zB;rpB), - C(zpB 5B, as well as open sets OB, OPB in {v = (v,v3) € R : 1/N <
lo] < N/2, —N/2 < w3 < N/2} with ma(OFP) < ¢ for alli=1,--- ,l,p such that for every x €
cl(Y) there exists i € {1, ,l,g} with x € C(zMP;rB) and satisfies either C(x?B;77B) NN = ()

or [v - n(z')] > e/N* for all 2’ € C(z;;m) NIQ and v € {v = (v,v3) € R® : 1/N < |v| <

N/2, —N/2 < w3 < N/2}\OPB .

Proof. We construct such sets in the projected 2-dimensional setting. Notice that 9Q € R? is a
compact set in R? and a union of the images of finite smooth curves. For z € Q, we define r, > 0
such that B(z;ry) N 0Q = 0. For each z € 992, we can define the outer normal direction n(z) and
define the outer normal angle 6,(x) € [0,27) specified uniquely by n(z) = (cosOn(z), sinfy(x))T.
Using the smoothness of the boundary 02 , for each x € J2 we can choose r; > 0 such that the

outer normal direction in the r,-neighborhood of z is close to the outer normal direction of x :
| On(z') — On(z) | < e/4N® for all 2’ € B(z;r,) NOQ

; and B(z; ;) NOQ has the only one connected component of 9. Further, using the compactness
(extracting finite sub-coverings from the the open coverings), we have finite numbers I; > [ > 0
such that 2-dimensional open balls B(z,;r1),- - B(z;; ) are coverings of the boundary 09; and

2-dimensional open balls B(xz,;71),- - B(z;,;71,) are coverings of the interior Q and | 0n(z') —
On(z;) | < e/AN3 forall 2’ € ﬁ(@i;r&) N 0. Now for each 1 = 1,---,l, we define an open set
O, € R? that is an e—neighborhood of §; =7 /2, the tangential direction of the boundary. Precisely,

denoting 0; = 0, (z;),

0;

™ 3

{U = (\y| cos 6, v sinG)T vl € [N’
0¢ (-5 qm o5t ;

€ 0.4+ T € 4 €
7o) Ui+ g - g b g ) )
From the 2-dimensional setting, we prove the lemma. Define

C(z;;m) = Blz;r) xTH, O = O, x {vs€R: —N/2 < w3 < N/2}.
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We can check that m3(0;) < m2(0;) X N < N?35 x N < e and

v n(z")] > ' n(@)| > ] x )(cose’,sjngf)T ) (COSQn(z/),sinen(g’))T’
= % x |cos (_g + g + _911@')) | = %Isin (+g + 0 —0,,@)) |
> %{\gw’—eil—wi—an(g’ﬂ} Z%x{%_ﬁ}zﬁ’
for 2’ € C(z;;7;) and v’ € {v = (v,v3) € R® : 1/N < Ju| < N/2, —N/2 < w3 < N/2}\O;. O

Infinite-Bounces Set

Definition 18 (Collision Space). Assume @ C R™ be the Smooth Conver Domain as Definition 10.
Then the boundary 0 is (n — 1)—dimensional manifold without boundary and (9Q)* = 9Q x 9Q
is a smooth (2n — 2)—dimensional manifold. The diagonal set D = {(z,x) € (0)?} is (n —

1)—dimensional hyper-surface in (0Q)2. Then we define the collision space

¢ = (00)*\D (3.180)

which is a smooth manifold with boundary.

Lemma 30. Assume Q C R™ be the Smooth Convexr Domain. If (z,y) € € i.e. x,y € I x IN

and x # y then (x,y) is a transversal pair. Moreover for any k € N

Ti(r,y) e (3.181)

and is a transversal pair.

3.3.2 Wellposedness L>*—Decay Estimate

Definition 19. Let Q C R? be the Smooth Convexr Domain. Fiz any point (t,x,v) & vo N7y_, and

define (to,xg,vo) = (t,x,v), and for k > 1

(tht1, Tht1, Vet1) = (b — to(tr, Tk, ), b (Tk, Uk), R(Tki1)Vk), (3.182)
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where R(xp41)vk = vk — 2(vk - n(@p41))n(Trr1). And we define the specular back-time cycle
Xat(8) =) L (8) {oe — (s =90}, Vea(s) = D L) (5)on- (3.183)
k=1 k=1

Lemma 31. Let Q C R? be the Smooth Convex Domain. Let hg € L™ and G(t)ho solves (3.177)
with specular boundary condition h(t,z,v) = h(t,z, R(x)v) for x € Q. Then for almost all (z,v) ¢

Yo,

{G(Oho}(t,z,v) = e ho(X1(0), Vey (0))

= D w00 ho (e — trog, ). (3.184)
k

And et||G(t)ho|oo < ||Pol]co-

Lemma 32. Let Q C R? be the Smooth Conver Domain. Let hy be continuous in Q x R3\ vy and

q(t,z,v) be continuous in the interior of [0,00) x @ x R? and supjy o) xaxrs |%| < 00. Assume

that on v_, ho(z,v) = ho(x, R(z)v). Then the specular solution h(t,x,v) to (3.179) is continuous
on [0,00) x {Q x R3\ 7o}

We now fix any point (¢, z,v) so that (x,v) ¢ vo. Let the back-time specular cycle of (¢, z,v) be
[Xcl(sl)v V.

cl

(s1)]- By (?7), we use twice (3.184) to derive h(t, z,v) =

eiy(v)tho (Xcl (0)7 Vcl (O))

t
+ /0 e~ V(W) (t=s1) / Ko (Vi (s1),0")e ™51 hg (X11(0), V4 (0)) dv'dsy (3.185)

t S1
[ e e (Vi 1), e (Vi (). (5, X () ) o
0o Jo Jr3xms
where the back-time specular cycle from (s1, X(s1),v’) is denoted by
1(s) = Xa(s: 51, Xea(s1), o), VA(s) = Vaals: 51, Xal51), ). (3.187)

More explicitly, let ¢, and t, be the corresponding times for both specular cycles as in (3.182). For

1 < 81 < tg, t;€/+1 <s< t;cl

L(s) = Xal(s;s1, Xa(s1),v) = x) + (s — ) v) (3.188)
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where 2}, = Xci(te; s1, 2k + (81— k) vk, V'), v} = Va(ter; s1, 2, + (51— t) vk, v'). Recall ain (3.167)

and define naturally
a(z,v) = a(t) = (z) + [0 VE@)]? — [0VZE(2)0)¢(2). (3.189)
We define the main set
Ag = {(z,v) 12 € Q, % < |v| <N, and a(z,v) > %}. (3.190)

Lemma 33. Assume ) is a Smooth Convexr Domain. Fiz k and k'. Define for tp1 < s1 <ty ,s €

R

8 // - tl r l/
J = Jyp(t2,v,51,5,0) Edet< {h (af;/ 5)V% }). (3.191)
For any e > 0 sufficiently small, there is §(N,e, Ty, k, k') > 0 and an open covering \J;~, B(t:, zi, vi; 1)
of [0, Ty] x Ay and corresponding open sets (with x; € Q) Oy, 4,0, for [the1+etp+e] x RxR3
with Oy, 4, v; <€, such that

| T (8,0, 81, 8,0')| > 6 > 0, (3.192)

for0<t<Ty, (z,v) € Ay and (s1,8,0") in

Of. i, Ntr1 + &t — €] x [0, Tp] x {Jv’| < 2N} (3.193)
Proof. Fix (t,z,v) such that z,v € A, in (3.190), and fix k, k. Since z,v ¢ 7o, by Velocity Lemma
23, we deduce that a(ty) = {n(zx) - vi}? # 0 so that ¢, — t;41 > 0 from (3.171). We note since
[v'| > % from (3.190), &y, — ty41 < NdiamQ. Since for ty11 4+ 5 < 51 < tp — 5, o — (51— t)vi, € €,
the interior of the domain with e sufficiently small. From (3.189) a(xp + (s1 — tx)vg,v’) > 0
for all v’. This implies that along its back-time specular cycle [X/;(s), Vi (s)], a(t,) > 0 and
vj, - n(z},) # 0 from the Velocity Lemma 23. Clearly, by the Velocity Lemma 23 and part (2) of
Lemma 24, t},x],v; are smooth functions of si,s,v’. Therefore the function Jy i (t,z,v,s1,s,v")

is well-defined, and smooth for all ' € R3, s € R, and t34 +5 < s1 < txg — 5. Also for
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m (Xa(5; 51, Xa (5158, 7,0),0") = m1 (Xa (515, Z,0)) — (51 — 5)m (V) (3.194)
=m(Z) — (t — 51)m1 (V) — (51 — 8§)m (V) , (3.195)

7o (Xe1(5; 51, Xa1(51; 8,7, 0)),0") = mo (Xa(51;¢,Z,0)) — (51 — 5)04 (3.196)
=Z3— (t —51)v3 — (51 — 5)0 (3.197)

Since (4.54) is independent of v5 we have J(t, %, 7, 51,5,0") = det (BX“I(E;EI’

6(771(55)—(5—51)71'1(122—(51—5)7r1(17’)) ]
det o(m (v) ) (3.198)
RT (&3 —(t—51)Vs—(51—5)03)
0 v}
A(m(z)—(t—35 v) — (51 — 85)m (v
= —(5; — 5) x det ( (m(@) = ( Sl)m(zﬂ,) (51 = 9m (@ ))) (3.199)
O(m (v'))
&®
where 0 = . Since Q) = (3.145) from Section 3.2 we obtain that J(¢,%,7,51,5,0') =
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with

P (0(v'), 0(v") + 7)

) = Aick(Xél(s)ﬂ)')yﬂflwrl(Xél(s)ﬂ)/)(TkJFl(R;(il(ﬁ;{,’,f)) (0_(1_)/)’ 0_('17’) + W)))

with X/,(s) = X.,(s;s1,Xa(s1;t,2,v),v"). Clearly from the argument of Section 3.2 for fixed
(t,xz,v) € [0,Ty] x Aq ,

J(t,z,v,51,50) #0 (3.201)

for (51,5,7") € Of ., N [thy1 +&,tp — €] x [0, Tp] x {|v'| < 2N} which is a compact set. Since .J is a

continuous function of (s1,s,v’) on a compact set we have a lower bound :
kak/(t, x,v;81, S, ’l_)/) >4 kvk/yt@yv/Q >0 (3202)

for (51,5,0") € Of . , N[trr1+e,tp —e] x [0, Tp] x {|v'| < 2N}. Since Ji 4+ is continuous with respect

to (t,z,v,s1,s,v") we can choose an open ball B(t, x,v;r¢ 4,) C [0,To] x Ay such that
T (6, 2,05 51,8,0") >0 pgr tww >0 (3.203)

for (t,7,0) € B(t,x,v;712,) and (51,5,0") € Of ., N [tey1 + &, tx — €] x [0,Tp] x {]v'] < 2N}.
Now by a finite covering for the compact set [0,7p] x A, by such B(t,z,v;74.), there are
[t1,21, 1], -, [bm), Tm, U] such that [0,Tp] x Aq C UM B(t;, z,v;;7;). For any point (¢, z,v),

there is i so (¢, x,v) € B(t;, x;,v;;ri()) and

8; ,
| Tk (8, T, 0, 81, 8,0")] > 11<n1<n W >0 (3.204)
for (s1,5,v") € Of, 4, o, N [tk1 + 6,1 — €] X [0, To] x {|v'| < 2N} O

Theorem 13. Assume w=2{1 + |v|} € L'. Assume that Q = Q' x [0,1]/ ~ is the Smooth Convex
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Domain, and the mass (3.17) and energy (5.18) are conserved. In the case of Q has rotational
symmetry (3.12), we also assume conservation of corresponding angular momentum (3.19). Let
ho € L. There exits a unique solution to both the (77) and (?7) with boundary specular condition,

and the exponential decay

MU (#)holloe < Cllhol oo (3.205)

is valid.

For the well-posedness for both problems, we know from the Duhamel principle (?7), there
exists a L solution h(t) = U(t)ho to the weighted linear Boltzamnn equation (?7). By Ukai’s
trace theorem, it follows that h. is also in L>°. Therefore, since w=2{1 + |v|} € L', f = % €L?
and f, = % € L? (L*(v)) is a solution to the original linear Boltzmann equation (??), which is

unique by the standard energy estimate. Based on the L? decay estimate for f, to prove the decay

estimate, it suffices to establish a finite-time estimate (3.206) as [27].

Lemma 34. Assume that there exists X\ > 0 so that the solution f(t,z,v) of (77) satisfies e*||f(t)|| <
Clfoll- Let ho = wfy € L*™ and h(t) = U(t)hg = wf(t) is the solution of (??) where w=2 € L!.

Assume there exist Ty > 0 and Ct, > 0 such that the satisfies
To
1V ol < e hloc + Cor, [ 176, (3.200)
0

Then (3.205) is valid.

Proof. The well-posedness follows from the exact argument in the proof of Theorem ?7. Thanks
to Lemma 34, we only need to establish the finite time estimate (3.206). Recall A, in (3.190).
STEP 1: Estimate of h(t,z,v)14_(x,v). We first express and estimate the main part h(t,z,v)14
through (3.185). The first term of (3.185) is bounded by

e ) ho(Xar(0), Var (0))] < €[l (3.207)
and also the second term is bounded by

t
[ [ eutVatsnodve ool < te ol < e Fholle (3208)
0 R3
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For the third main contribution in (3.185), notice that along the back-time specular cycles
[X1(8), Vi (s)] and [X7,(s), V4 (s)] in (3.187), |V (s1)| = |v| and |V (s1)] = [V'].
CASE 1: For |v| > N. Since from (3.174) with € = 0 in Lemma 25,

Ck Ck
k /k / 12 !/ //< <
// w (v, 0 )ky (v, 0")dv' dv STTp SN

By Lemma 25 again, the double-time integration fot foé ! for [v| > N is controlled by

C t S1

—K/ / e E=9)||U (5,0)ho||sodsds; < (3.209)

N Jo Jo
CKei%t vos tors Vo(t s) CKef%t vgs
————sup{e = [[U(s, 0)holloc } dsds; < ————sup{e > [|[U(s,0)ho||oc},

N s 0 0 N s
where we have split the exponent as
e vo(t=s) — o=t om0 g0 (3.210)

_Vo(f s)

and used the fact fot 0 dsds; < 400 by a direct computation.

CASE 2: For |[v]| < N, |v'| > 2N, or |v/| < 2N, |[v"| > 3N. Notice that we have either [v/ —v| > N

or [v/ —v"”| > N, and either one of the following are valid correspondingly:
e (v,0)] < €5V ey (0,08 ey (0, 07)] < e BV iy (o, 0")eE T (3211

From (3.174) in Lemma 25, both f|kw(v,v’)e§|v’”/‘2\ and f|kw(v’,v”)e§|vl*””|2| are still finite.

By (3.210), we use (3.211) to combine the cases of [v/ —v| > N or |[v/ —v"| > N as:

t S1
o Jo |Jienjeizen,  Ji<on jorzan

t S1
< CK// 11U (s, 0)ho| | / |kw(v,v’)|dv’+sup/ llew (v, ") |d”
[o| <N, v’ |>2N, v J ! |<2N, o |>3N
< Coge iV / / e =9)||U (5, 0)ho | sodsdisy
< Cire” N e sup{62 1U(s,0)hol|oo }- (3.212)

CASE 3: For [v| < N, |v/| < 2N, |[v"| < 3N. This is the last remaining case, because if [v/| > 2N,

it is included in Case 2, while if |v”/| > 3N, either |[v'| < 2N or [v'| > 2N are also included in
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Case 2. We now can bound (3.186) by

t S1
c / / / =003 ke, (Var(s1), 0 Yk (Vi(5), 0"V hls, XLy (s), 0" /o dsdss (3.213)
0 0 B

where B = {|v’| < 2N, |v""| < 3N}. By (3.173) , ky(v,v) has possible integrable singularity of

we can choose ky (v, v') smooth with compact support such that

To—v]®

1
sup / [kn(p,v") — ku(p,v)|dv" < — (3.214)
IpI<3N Jjv'| <3N N

Splitting

ki (0,0 )k (V,0") = {ky(v,0") — ky(v,0") }ky (v, 0")

ke (v, 0") —ky (v, 0") ey (v,0") + ky (v, 0 )k (v, 0"),

we can use such an approximation (3.214) to bound the above s1, s integration by

C’e]:]T sup{e > *||h(s)||oc } X { sup /|k o', 0")|dv" + sup /|kN(v,1/)|dv'}} (3.215)

lv/|<2N lv|<2N

t S1
+C / / / e )k n (Va(s1), v )k (VA (s), ") (s, XLy(s),v") 1A, (2, v)|dv' dv" dsds, .
0 JO B
(3.216)

Since ky (v, v") and ky (v, v") are smooth functions on a compact set B they are bounded :

t
(3.216) < CN// / e =01 4 |h (s, XL (s),0") |dv'dv" dsyds
0 v/ | <2N, |0 |<3N

a(Xe(s1),v)<e +COn /a(Xcl(sl),v/)Zs

[v'|<2N [0 | <3N [v'|<2N, [0 |[<3N

Cn

where we have further spit into a(Xei(s1),v") < € and a(Xei(s1),v") > €.

In the case a(Xe(s1),7") < €, €2(Xa(s1)) + [0 VE(Xa(51))]? < e. Hence for £ small, X¢i(s1)
99, and |VE(Xei(s1))| = 5 . The first part integral is bounded by

—ug(t s)
CN/ / ||h( )HOOdeSl/ (Xear(s1),0")<e

|[v'|<2N,|v""|<3N,

< Cyswe O [ < OnvEsupe ) h(s)] .
t>s |v'~%52\/5,\1;/521\/,@"531\1 t>s
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Finally, from (3.188), we bound the first main term a(Xe1(s1),v’) > € as

t S1
CN/O e_”‘)(t_s)/o /a(Xd(SI),U,)EE 1a,|h (s, X0(s),v") |dv'dv”

[v'|<2N,[v" | <3N

Ly thr
= v Z/ / /G(Xcl(m)w/)z.e 1Aaeil/0(tis) h (s, 'r;c’ +(s— t;c’)véc’v UH) B

’
k,k' tr41 tk’+1 |’U/|§2N,|’U”|S3N

where [t}.,, 2}, v},] is the back-time cycle of (s1,x, + (51 — tg)vg, Vi), for tpp1 < s1 < ty.

We now study x}, + (s — #}.,)v},. By the repeatedly using Velocity Lemma 23, we deduce for
(t,z,v) € A, and (X (s1),v") > ¢, |[v/| < 2N :

alt) = {v-ng}? > e 19N Ton () > Cp e v > 0;
a(ty) = {v - ng}? > e (N0 (X0 (51),0') > Cry g6 > 0.

Therefore, applying (3.171) in Lemma 24 yields t; — t; 41 > CT%Z’N and t] —t),; > CTX’]@’;V& so that

I < ToN? ToN?

<3 =Cryen, K <——=0Cnene (3.217)
To,&,N CTy,6,N€

We therefore further split the s; —integral as

ty (t,z,v) thr (tx,v381,0")
Cn E / dsq / dv’ E / ds / dv”
kSCTO,ny tk+1(t7l7v) IUI‘S2N IC/SCT();&N,E 4 (t,@,v581,0") [v"|<3N

k41

x1a, (z,v) e |h (s, zh + (5 — th )0}, ") |

tr—e tp—e tr41te
- / ’ / ’ / '
tr41te ty th+1

. S . thr o
Since k—summation is finite and ), [} = OS ' the last two terms make small contribution
k1

as

To
CxCrew s o)l [ [
0<s<t 0 |

= eCnCryen sup ¢ 9|h(s)] |0
v'|<2N,|v"|<3N 0<s<t

k—E

For the main contribution fttk’ﬂﬁ, By Lemma 33, on the set (Oigqu)c N [tgt1 + &t — €] X
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[0,T5] x {|]v'| < N}, we can define a change of variable

so that det (52 9y >) > ¢ on the same set. By the Implicit Function Theorem, there are a finite open

covering U, ek Vk  of (OF K YN [tgyr + &tk — €] X [0,Tp] x {|v'| < N}, and smooth function

ti,xi,v;

F; such that v = Fj;(t,z,v,y,s1,s) in ij’k/. We therefore have

tp—e t;c/
Cn Z / dsl/ dv’ Z // ds/ dv'"1 4, e 0= |h(s, y,0")|
tey1+e [v/|<2N K <Cr, t [v"|<3N

E<Crqy,e,~n &N,e K41

tr—e
<on Y / ds) / a / ds / A" a0 s,y 0 Vg (s1,5,0)
tet1+e ’L)/‘<2N ’U”‘SBN ti, T,V

k,k’ k’+1

tr—e
+CNZ/ dsl/ dv'’ / ds/ A1, e |h(s,y,0")|1 0 (s1,5,0)
tpt1+e [v|<2N [v/|<3N J

k,E’ tri
(3.219)

Since k— summation and k’—summation are finite and |O75 w“m' < & we have

(3.218) < eCnCry e NCryene sup e 9 |h(8)]] o (3.220)
0<s<t

The second part (3.219) can be controlled by

tr (t,z,v)—e To , .
CNCTO@N,EZ |_sup /t d31/0 dsﬁ(xd(ﬁ)’v,)zedv /u“|§3N dv

k' <C .
k ~“Ty,§,N,e k+1(t7337v)+5 |U’|S2N

X 1Aa67V0(t78) |h(83 Y, U//)|1Vk,k’ (Sla S, U/)

< ONCryeNeCrye, NSUPZ/ / e 0=\ n(s, 2h, — (th, — s)vj,,0")|dv" dv' dsds,
v K v <3N
< OnNCreneCren SUPZ/ / e h(s, y, ") | ————dydv" dsds,
kok! v’c K o <3N
. . 1/2
< CNCTo,é,N,aCTo,f,N.i/ / e”“’t/ e’ {/ |h(57ya1}”)|2dy} dv”dsds,
ming x 6. Jo Jo [0/’ | <3N Q
t
< Curo [ 15G)reds
0
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where f = % We therefore conclude

C oy
Ih(t 2, 0) a0 < {1+ Crethe™ " Jholloo + {7 + Cnmyetsupe™ * U7 [A(s)] oo

+Cny /0 11£(5)llds. (3.221)

STEP 2: Estimate of h(t, z,v). We now further plug (3.221) back in: h(t,z,v) =

t
G(t, 0)ho + / Glt, s){Kwh(s1)}dsy (3.222)
0
= hO(XCI(07 t? z, U)v V;:I(Ov tu z, ,U))e—l/(v)t (3223)

t
+/ dsy [ dv'e "Wk (0 Vey(s1;t, @, 0))h(st, Xea(siit,z,0),0")  (3.224)
0 R?

to get
t
[17(t)]loe < €[ olloe +/ e | Kyl (51)ds. (3.225)
0

But {K,h}(s1, Xa(s;t, z,v), Va(s;t,z,v)) = f]R3 ki (v, Va(s;t,z,v))h(s1, Xa(s;t,z,v),v)dv" and

we split it as

/ e_y(v)(t_51)kw (Ulv VCI(Sl; t7 €T, U))h(sh Xcl(sl; ta €, 1}), ’Ul){l - 1Aa (Xcl(sl;t,a:,v),v’)}dvl
R3

+ / eiy(v)(tisl)kw ('U/7 Vcl(sl; ta x, U))h(slv Xcl(sl; t7 x, U)a U/)]-A,l (Xcl(sl;t,z,v),v’)dvl-
R3
By the definition of A, in (3.190), the first term is bounded by

( / o (0,0’ + / |kw<v,v'>|> e
[v/|>N, or [v/|<# a(z,v)<+

By (3.174) and (3.214) if necessary, [,/sn. o (<2 [Kw(v,0')|dv" = o(1) as N — oo. From
ZN, SN
oz, V') < %, () + [0/ VE(T)]? < & For N large, z « 9Q and |V&(z)| > 3 so that

as N — co. We apply (3.221) to the second term to bound |[{K,h}(s1)||cc as

—Uos C - 81—S8 o
{1+ Crsite™ |holloo + {o(1) + - + Cn,zpe} supe 2 H R (s)|oo + Cenyro /O [1f(s)l|ds.
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Hence, by (3.225), ||h(t)||cc is bounded by

t
e " |lho | +/ e"{1+ Cresi}||hollo +
0

t s

C Y !

+/ etk o(1) + ~§ T Onme}sup e= 2 L |h(s) oo + Cevry / [1f (s)[[ds}ds:
0 s<t 0

IN

1 Yo g ¢
{1+ Crt®}e " |lholloo + C{o(1) + <= + Cwvmi} sgp{e’ﬂt Hin(s) oo} + Ce vy, / £ (s)llds.
s<t 0

Yo

We choose Ty large such that 2{1+ CxT2}e™* 7o = e=*To_ for some A > 0. We then further choose

N large, and then ¢ sufficiently small such that C{o(1) + % + Cn 1,6} < 3. We there have

t
sup {e%*[1(s)[l} < 21+ Coct?}hol| + Cr, [ [15(5)ds.
0<s<t 0

Choosing s = t = Ty, we deduce the finite-time estimate (3.206), and our theorem follows from

Lemma 34. O

3.4 Analytic Non-Convex Cylinderical Domain

3.4.1 Bad Sets and Properties

Thought this section, we assume the domain €2 is the analytic non-convexr cylinderical domain,
specified in Definition 2. In the presence of the non-convex part of the boundaries, there are
two main difficulties in order to show the crucial condition ( CRUCIAL LEMMA ) : First, there
is no quantitative estimates of the number of bounces. Second, the specular back-time cycle
[Xb(s;t,z,v), Vb(s;t,z,v)] is not differentiable with respect to v, when the cycle hits the boundary
tangentially. We construct the infinite-bounces set (Section 5.1) and the grazing set (Section 5.2)
to characterize the points in the phase space cause such two difficulties. Then we show that two
sets are small enough and the crucial condition ( CRUCIAL LEMMA ) is satisfied on the comple-
mentary of the union of those two sets, the infinite-bounce set and the grazing set. Finally we are

able to show the basic estimate ( BASIC ESTIMATE ) of LP — L* framework works.

We state the main result of Section 4.1. The proof of Lemma 35 will be established in Section

4.1.1-4.1.8.
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Lemma 35. Assume that the domain Q = QxT! is the analytic non-convex cylinderical domain.
Fore > 0,N >0, there exist a finite number K > 0 and finite open coverings Uy, --- U of cl(2),
as well as open sets O1,---,0; in {(g,vg) €ER® : 1/N<|vJ<N/2, —N/2<wv3<N/2 }
with m3(Oy) < e for alli=1,2,---,1 such that, for every x € cl(Q) there evists i € {1,--- 1}
so that x € U;, and forv € { (v,v3) €ER® : 1/N < || < N/2, —N/2<w3 < N/2 } \ O;, the
following properties hold :

o The specular backward trajectory (Xp(s;t, z,v), W(s;t,x,v)) is well-defined for all 0 < s <t <
Ty.

o The specualr backward cycle (t;(x,v), z;(z,v),v;(x,v)) is well-defined for all i =0,1,2,--- | K so
that s € [tiz1(z,v),t;(z,v)) and Xp(s;t,z,0) = zi(z,0) — (t:(x,v) — s)vi(z,v), Vo(s;t,x,v) =
vi(x,v) .

o If Xy (s;t,x,v) € 00N , then n(Xp(s;t,x,v)) - Vu(s;t, z,v) # 0.

Decomposition of Domain

The domain Q = Qx T! is the analytic non-convex cylinderical domain as Definition 11. Notice that

k stands the signed curvature in Definition 3.6 which is a convenient notion to classify convex parts

and concave parts of the boundary 92. Assume unit-speed curve @ = (a1, a) is a part of the bound-

ary 0f) with a(7) € 9. Because of the condition L in Definition 11, it is clear that 0Q is strictly

conve at (r) if and only it [&(r)| £ 0 and (61 (7). ds(1)” = |6 | | (@1 () a(r)T =
1 0

|ci(7)| (—éea(7), 61(7))" . By the definition of the signed curvature, in this case, the signed curvature

has the positive sign :
K(1) = da(r)da(r) — da(T)de(r) = |&(7)] X {d1(7)dn(T) + da(T)da(T)} = la(7)| > 0.

Similarly, dQ is strictly concave at a(r) if and only if |6(7)| # 0 and (&1 (7),de(r))" =
0 -1 T T

—la(7)] (61(7),aa(7))” = —|@(7)| (—éa(7),d1(7))" . In this case, the signed curva-
1 0

ture has the negative sign :

#(1) = dn(7)da(7) — dn(T)de(r) = — [@(7)] x {d1(T)an(T) + da(T)dz(T)} = — |a(r)] < 0.
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Recall that
Q=0 \{Qu---ua"},

where each Q' is an image of an analytic curve o’ : [a?,b'] — R2. Consider a fixed i and Q". Since
the signed curvature  is continuous, the set {T € [a%,b!] : k(7) < 0} is an open subset of the

interval [a?,b'], and it is a countable union of disjoint open intervals, i.e.

{T S [ai’bi] . Ii(T) < 0} |_| bl bZ’j

It is clear that k(a®/) = 0 = x(b"7) for all 4,5 : Suppose not, then there exists ¢ > 0 such that
(@™ — e, b)) € {1 € [a',b'] : k(1) < 0} or (a®™,b" +¢€) € {r € [a’,b'] : k(T) < 0} which is
a contradiction. Since the curve o is analytic, it’s signed curvature & is also analytic. If x is
identically zero then « is a straight line so a cannot be a boundary of a bounded set . Since
the analytic function s on a compact set [a’,b] only allow finite zeroes, there is a finite number

N; < oo such that
N;

{1 €[a",b'] : ) <0} = |_| b i)

which is a finite union of disjoint open intervals. The closure of {7 € [a’,b'] : k() < 0} is a union of
closed intervals and there may exist two closed intervals which have same end point. For example
[ab1,b11] and [a'?,b1?] can have the same end point by ; = aj2. In this case we can rewrite

[abt bt U [ar2,012] = [ab!, bM1] with ab! = ab! and b1! = b2, Then we can rewrite

=

cd({r € [d",b"] : k(1) <0}) U abd, b

j=1

ad b (3.226)

HEE

and N; (> M;) is the number of intervals [a®7,b%7] and cl(A) stands the closure of the set A.

Definition 20. Let Q@ = Q x T! be the analytic non-convex cylinderical domain. We decompose

the boundary OQ into three parts;

M M i Mo
Mg = |_| a' (@™, o) = Uan,l (Concave part),
i=0 j=1
oy = |_| {a’ (@), a’ (™)} (Inflection part),
oYy, = 8@ \ (0Q¢ U 0%) (Convez part),

where ai(&i’j,f)i’j) is an image of &' of an open interval (a* bw). The number Mo = Zi]\io M,;
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and the l-th concave part 0Q¢, forl =1,2,..., Mc is renumbered sequence of at(at, l~)”) We can

further split 0Q; = 0Qr+ U 0Qr- where 007+ = |_|i1\i0 00+ ,; and 09)y- = Uﬁo 08— ; with

O+ s ={a;(1) € 0, : 3 >0 such that k;(t") >0 for 7' € (t —e,7) and k;(7') <0 for 7' € (1,7 +¢)}

OQr- i = {ai(r) € 9} : & > 0 such that k(') <0 for 7' € (1 —e,7) and ki(7') > 0 for 7' € (1,7 + )}

We say the concave part OQ¢, the convex part OQy and the inflection points 0. It is easy to see
a6 M M M
that 0o = Ui:O {t S [ai, bl] : k(t) < O} = Lli:l |_|j:1[a’i,j, b/i,j].

For convenience we abuse the notation as 0Q¢ = |_|?i0 [_|jVI:’1 (a/54,b;) and 0Qp = UZ\; {a’i,bi;}
and 0Qy = |_|i]\io[ai7 bi]\(0QcU0Q;). We also use notations Q¢ ; = 00cNOQ; , 0Q;; = 0Q;NIY;
and 8(2‘/,,» = 0Qy N O9;.

near-Boundary Set

The near-Boundary set for the analytic non-convex cylinderical domain is exactly same as one of

the smooth convex cylinderical domain.

near-Inflection Set

In this section, we define the near-inflection set, the e—neighborhood of points in the phase space
whose specular back-time cycle hits the inflection point of boundaries tangentially. Precisely, we

want to characterize
{(z,v) € cl(Q) xR*: 1/N < |v| < N, (Xp(s; Ty, z,v), Vb (s;Tp, z,v)) €T for some s € [0,Tp]},

and find out it’s e—neighborhood.

Lemma 36 (near-Inflection Set). Assume that the domain Q = Q x T is the analytic non-convex

cylindrical domain. For e, N > 0, there exist finite points g{”, e ,Q&II in Q and open cylinders
Clatsrh), -+, Clzl il ), as well as open sets OF, -+, O in {v = (v,v3) € R* : 1/N < Ju| <

N/2 , —N/2 < vz < N/2} with mz(OM) < e for alli=1,--- 1,1 such that for every x € cl(Q)

there exists i € {1,--+ 1,1} with x € C(zM;r?) and, for v € {v = (v,v3) € R® : 1/N < || <

=1 7
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N/2 , —N/2 < vz < NJ2} \ oM

10

satisfies

Vb(sa TvaaU)

X T _—
( o570, %, 0)s [ T )

) ¢73 foralls€[0,Tp] . (3.227)

Now we are going to establish some preliminary facts in order to prove Lemma 36. In the next
lemma, we show that for each (z,v) € cl(Q) x R3, the number of bounces of the specular cycle

starting at (z,v) is finite for the finite time.

Lemma 37. Assume the domain Q = Q x T! is the analytic non-convex cylinderical domain. For

any z € cl() and © € S, if (w;(x,9),v;(z,0)) ¢TI for alli =0,1,2,---, then

> | wila, ) — wia(z,0) | = +oo . (3.228)
=0

Similarly, if (xf(z,0), v (z,0)) ¢ T foralli=0,1,2,---, then Yoo |l zf(z, ﬁ)—mf+1(g, 0) | = +00.
Proof. We prove the lemma via a contradiction. Notice that we always consider the specular back-
time (or forward) cycle in the projected 2-dimensional setting. Suppose (z;(z, ©),v;(z,0) ¢ T for all
i=0,1,2,...and Y .2 |@i(z, 0) — i1 (z,0)| = M < co. Since there are infinite number of bounces
in a finite time length M, there is an accumulation point ., = lim;_,o ;(z, ¥). Since the boundary
09 is a closed set in R?, we have lim; o z;(z,9) € 0Q. Assume that lim; . z;(z,9) = a(700)-
For sufficiently large ¢ € N, we assume z;(z,0) = a(r;) and 7; € (Too — €, Too] for small & > 0.

Considering the sign of the signed curvature k, there are three cases :

1. k(7o) < 0 : Tt means that o (7o) is on some concave part of the boundary. This case cannot
happen. Suppose £ < 0 0n (Teo —&, Too +€). For 7;, Tit1 € (Too —€, Too +€), the line (1) a(72)
cannot be included in /(). Therefore there is no ¢ € S! such that a(r) = zp(a(n),?).

This is a contradiction.
2. K(Teo) = 0 : There are three cases.

e k < 0on (Too — €,Teo) : This case cannot happen with the same reason of Case 1

K(Too) < 0.

e k=0o0n (Too — &,Teo) : This case cannot happen because of the analyticity of «. If & is

identically zero on (7o — €, Too) then £(7) = 0 for all 7 and the image of « is a straight
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line. But the boundary cannot contain the straight line, because £ is bounded.

e k>0 on (Teo —€,Too)

3. k(7o) >0

The remaining cases are two underlined cases. In order to treat two cases at the same time, from
now, we assume that £ > 0 on (7o — €, Too)-

Step 1 : We show that the curvature x must vanish at 7.

Suppose that the curvature x has a lower bound k¢ > 0 near 7o,. Then by the Velocity Lemma in
[27], the number of bounces is bounded uniformly. For detail see the page 778 of [27].

Step 2 : We use the argument in Chapter 6. The Non-Convex Case, an Example of [58]. The
curvature must vanish to infinite order at 7, i.e. %’g = 0 for all £ € N. This implied that the
curve is straight line which is contradiction because the Zomain is bounded. If this is not the case,

clearly k(7) must decrease monotonically to zero for 7 ~ 7. But for this case lp41 > I which

contradicts convergence of > . O

Definition 21. For z € cl(2) and © € St, we define
t2(z,0) = inf{i € N: (z;(z,8),vi(z,0)) € I} ,

which is the number of bounces before the specular back-time cycle hitting the inflection set J C

00 x R2. We also define
h(z,0) = inf{z‘ €N:i < t3(z,0) and Y |op(z, ) — w4z, 0)] > L} :
k=0

which is the smallest number of bounces that the traveling distance of the specular back-time cycle

exceeds the chosen L > 0. Similarly we define
fr(z,0) = inf{ i€ N: (2f(z,0),0f(2,0) €T},

iz, 0) = inf {z eN:i <z, 0) and i}xi(%@)—xiﬂ(%@ﬂ > L} .

Notice that

gh(z,0) < oo,
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because of Lemma 37. By Definition 21, for z € cl(Q) and © € S', the specular back-time cycle
( zi(z,0), vi(z,0) ) is well-defined for all « = 0,1,--- ,ﬁ%(g, 0). Moreover, if ﬁ%(g, 0) is strictly

bigger than ;% (z, ), then

o " (z,0)

Z |xk(£7@) - xk+1(£7@)‘ > L.
k=0

The same properties hold for the specular forward cycle ( zf(z,9), vf(z,?) ) and #7*(z, 9).

i

Definition 22. For x € Q and © € S', we define the backward L-track

Trky (z,0; L) = {(g,ﬁ) €cd()xS" 1y € ai(z, 0)zipa(z,0) and @ =vi(z,d) for i=0,1,---, iL(g,ﬁ)} ,

and the forward L-track

Trke(z, ;L) = {(Qa @) € cd(Q)xS' 1y € af(z,9)2f, (2,9) and @ =vf(z,4) for i=0,1, -, ?L(g,@)} :
Notice that the unit-velocity projected 2-dimensional inflection set J = {(z,97):i=1,2,--- N7}
is a finite set. Let’s define a union of the whole forward L-tracks with L = NTy from the

unit-velocity projected 2-dimensional inflection set J : Ui]fl Trke( 27, 07 ;NTp ). Now, we fix
(z,v) € c() x {v € R? : 1/N < |v| < N/2}. Suppose (X, (s;To,z,v), Vy(s;To,z,v)) € I for
some s € [0,Ty]. Therefore for K = 7" (z,v/|v]) < oo, we have (7 (z,v), vk (z,v)) € J. Hence we

have (z,v) € Ui]\fl Trke( z7, 07 ; NTp ). To sum, we conclude that

7

{(Ly) €cl(Q) xR*: 1/N < |v| < N, (Xp(s;To,z,0), Vi (s;To,z,v)) € J for some s € [O,To]}

Nj
c|J Trke( 2, 8] ;NTy ).

=1

Now we give the proof of Lemma 36. The basic idea to prove Lemma 36 is to characterize the

e—neighborhood of the whole specular forward cycles starting from the inflection set J :

{(Xf(s;TO,w,v), Vf(s;To,x,v)> € cl(Q) x R : 1/N < || < N, (z, |i|) €7 forse [O,To]} .
v
Proof of Lemma 36. We construct such sets in the projected 2-dimensional setting. Notice that

0Q C R? is a compact set in R? and a union of the image of finite smooth curves. Consider the



142

union of all forward L-tracks starting from the inflection set J : UZ . Trke (z7,97; NTp) which is

7 17

L J AT
ﬁf> (ﬁl sV, )

N
U U  =2i@o) 2, @] 67) x {ve(z], 6))} (3.229)
=1

k=0

Here, we set L = NTy, the longest distance that the specular backward cycle can travel for time

Ty with velocity [v| < N. Denote 0; ;. € [0,27), specified by (cos8; x,sin6; x)T = vi(z7,07).

J >
For z € UZ]\LI i O(% 0 )xi(xf,v?) af (z7,97). Then there exists i € {1,2,---,N?} and
ke {0,1, -+, 47" (2], 97)} so that z is on the line segment of af (27, 07) «f | (z7,97). So, there

are corresponding { 6,5, € [0,27) : z € af (2], 97)} and define

—_— J— M T . 1 . — 6 . 75
0, = {u = ({ulcost llsin) "+ bl € [, N] and 0 € (s~ om0+ v T ) )

where §77(3) = max;_; .. o 7% (2], 97) < +00 . Choose

1
0<r min ap(z? 7)) — x I o).
x ].07, 1 Njk 0L, »,ﬁ?L(wI,vj)| k( Ho z) k+1( L, z)‘

We can check that the 2 dimensional Lebesque measure of O, is less than /10 :

: = Txogh) < o

< _—
m2(0,) = 10N

N?x ————— x 3.230
B 40N3NIZH(3) (3:230)

>L - " ~
Forz ¢ UZ 1 Unf (207 af (z7,07) 2f  (x7,9]). Choosery > 0so that B(xz; e )Nzl (x,07) of  (27,07) =

7 ’L T ’L’ 2

Oforalli=1,--- , N> and k=0,1,--- 87" (2},97). And define O, = () in this case.

Therefore, for each z € ¢l(2), we have {B(z;r,) : & € cl( )}, open coverings of ¢l(2) and open

>L
sets O, C R?. Using the compactness of ¢/(€2) and UZ 1 if 0(% o) af (27, 07) b (27,9]), we

extract finite coverings. Therefore we have 2}, -+, 27/ in ¢l(Q) such that B(z]'') is open coverings

of cl(Q) and O} € R? with mo(0}') < 5.

From the 2-dimensional stting, we prove the lemma. Define
CizM) = B! ;rM)xTt, O™ = OM x{vs eR: —-N/2 < w3 < N/2}.

7171

We can check that ms(O?) < my(OM)x N < 15 from (3.230). Now we will prove (3.232). Suppose
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we have z € C(z?!;r™!) and, for v € {v = (v,v3) ER®: 1/N < || < N, =N <wv3 < N} \ O

=1 1

Vi (s;T0,2,v) ; 3
such that (Xb(S;T()vin)’WEi) € J for some s € [0,Ty]. Let j € {1,---,N7} so that

(5:T0,z,v)]
(z7,07) = (Xb(S;TO,LQ), %) Then we can find k € N and k < §7%(J) so that (z,v) =
(zf(23,87),vf(27,97)) so that v € O} which is a contradiction. O

Infinite-Bounces Set

Now, we define the infinite-bounces set and prove it’s crucial properties. The following is direct

consequence of Lemma 29 and Lemma 36.

Lemma 38 (Infinite-Bounces Set). Assume that the domain Q = Q x T! is the analytic non-

convex cylinderical domain. For e, N > 0, there exist finite points 1B, .- 7%153 in cl(Q) and open
cylinders C(z1P;7{P),--- ,C(xfP;r[B), as well as open sets OP,--- ,O{F in {v = (v,v3) € R®:

1/N < |v| < N/2, —N/2 < v3 < N/2} with m3(OfP) < ¢/5 for alli =1,--- ,l;p such that for
every z € cl(Q), there exists i € {1,--- ,l;p} with x € C(x!P;r!B) and, for v € {v = (v,v3) € R®:

1/N < || <N/2, —N/2 < w3 < N/2J\O!B,

[o-n(@)| > 57 - (3.231)
for all z € QN C(z!B;rIP) and
(Xb(s;To,m,v), W) ¢ 3 forallsel0,To] . (3.232)
We denote the infinite-bounces set JB as
3B = { (z,v) € cl(Q) x {(v,v3) R : 1/N < o] < N/2, —N/2 < v3 < N/2} (3.233)

v g OB forall ic{1,2,--,l;p} satisfying xGC(g{B;riIB)}

and simply denote the complementary set of IB as

IBY = () x {(v,v3) €ER®: 1/N < || < N/2, —~N/2 < w3 < N/2}\TB . (3.234)
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The corresponding 2-dimensional setting for above sets are

3B = { (z,0) € () x {v € R2: 1/N < |y < N/2} (3.235)
: y¢Q{B for all i€ {1,2,---,l;5} satisfying QEE(Q{B;T-IB)},

K2

IBY = Q) x {veR?:1/N < |u| < N/2}\IB . (3.236)

The most important property of the infinite-bounces set is that the bouncing number of the specular

backward trajectories on the complementary set of the infinite-bounces is uniformly bounded.

Lemma 39. Assume the assumptions of Lemma 38. Let L = NTy. Then

sup ol (z,v) < 4oo, (3.237)
(z,0)€TBC
where the supremum is taken on I8, the complementary set of 3B, i.e. for alli =1,2,--- 1,

and x € C(z!B;rIB) and v € { (v,v3) €ER3: 1/N < || < N/2 , —N/2 < w3 < N/2 N\OIB.
Proof. Tt suffices to show sup t; L(z,v) < +oo for L = Ty where the supremum is taken for each
i€{1,2,-- ,l;p} and z € cl(B(z!B;7!P)) and v € S}\OE. Notice that both cl(B(z!Z;r!?)) and
SY\OIE are compact sets.

Step 1: Fixi € {1,2,--- ,l;p}. For z € cl(B(z!P;rP)) and v € S'\O!B, there is an open subset

Uy of cl(B(z!B;rP)) x S'\O!P such that

sup chaw) < 4.

{et(B(2]PrP) xS\ O \Us,0
Fix (z,v) € cl(B(z!B;r!P)) x SN\OE. Due to Lemma 37, we have fg”(z,v) < oco. Denote
the specular backward cycle as (z;,v;) for k = 1,2, 7 %(2,v). From (3.232) of Lemma 38,
either vy, - n(z;,) # 0 or y;, - n(x,) = 0 with (z;,v,) ¢ J. We denote the later case using the
superscript *, i.e. the numbering of the specular backward cycle {1,2,--- ,ky — 1, kf, - , k3, ko +
R P o i i . = . = . = i

Lo ko 8y 7 (2, v)} implies that vy - n(zy: ) = v - nlzy;) = U n(gk;) = 0 with
(Zpr s )s (Zay Uy )5 (g vy ) € T3 and g, - n(zy) # 0 for non-superscripted k’s.

Step 2 : Using the compactness of cl(B(z/";7/")) x S"\O/”, we have finite (z;,v;) and Uy, o,
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with (J; Uz, e, = cl(B(a]?;r[P)) x S\O/P. Therefore

sup sup 5 (z,0) < +oo, (3.238)

J Ug

j Y.

J

and we prove the lemma. O

Now we establish an important property of the infinite-bounce set. First, we show there is
a lower bound of the distance between (Xy(s; T, z,v), Vb (s;To,x,v)) and the inflection set J =

{(z7,87)}'=N" in the following sense :

Lemma 40. Assume the same conditions in Lemma 38. Then there exist d1,92 > 0 such that for

(z,v) € 3B,

if  Xp(s;To,x,v) € 0Q and ‘ Vo (s; To, x,v) - n(Xp(s;To, z,v)) ‘ < 01,

then ’ Xp(s;To,x,v) —aj | > 8 foralli=1,--- N7,

if  Xp(s;Tp,x,v) € 0Q and ‘ Xp(8;To, x,0) — ] | < & for some s € [0,Ty] and (z7,9]) € 3,

3

then ’ Vo(s; To, z,v) - n(Xp(s; To, x,v)) ’ > Jo .

Proof. Since the second statement is equivalent to the first one, we are proving the first one. The
proof is via a contradiction. Suppose, for all k € N, there are s € [0, Tp], zx € C(z!B;7IP), v €
{v=(v,v3) €ER3:1/N < |u| < N/2, —N/2 < w3 < N/2} \ OB and i = 1,--- ,N? such that

Xb(sk, To, zk, vg) € 0Q and

1
and | Xp(sk; To, zn,vx) — 27 | < T

x| =

Vi (sk; To, ks, vi) - n( X (sx; To, Tk, vk)) | <

Vi (51370, k Vi

Define y, = Xp(sk; 1o, Tk, vi) € 0Q and ug = |Vb(5k§TO,Ik7’Uk§‘ € S! so that yj, converges to z7 € 9Q

and uy - n(yx) < N/k. Using the compactness of [0, To], cl(C(z}?;r{P)) and {v = (v,v3) € R?:
1/N < |v] < N/2, —N/2 < w3 < N/2} \ OB, we conclude that the sequence (sy,zx,vx) has a
subsequence converging to (Seo, Zoo; Voo) € [0,To] x cl(C(z]7;r1P)) x {v = (v,v3) € R? : 1/N <
lo] < NJ2, —N/2 < w3 < N/2} \ OFB. Moreover, we have o, - n(yso) = 0. Hence uo, should be
either + uj(gjj) or — uj(gjj)

We show that u., = + ug(z]), which is a contradiction to (3.232) in Lemma 38. Suppose

Uso = — U3 (gjj) From the continuity of X} away from the infinite-bounces set, we have yo, =
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Xe1(800; T0, Toos Voo )- From Lemma 39, there is k € N so that (Yoo, teo) = (xk(xoo,voo) M)

> vk (% oo Voo ) |

If Yoo # Too, then the line segment connecting Yoo = Tk (Too, Voo) and xg_1(Teo, Vo) has a direc-
tion —uy (g?) and should be in ¢l(Q2), which is impossible. On the other hand, if Yoo = %o, then

(Too, Voo) € C(xfB;7IB) x OB which is also a contradiction. O

Grazing Set

In this section, we characterize the points of 3%8¢ in (3.234) whose specular backward cycle grazes

the boundary (hits the boundaries tangentially) at some moment. More precisely

Definition 23. For Ty > 0 and (z,v) € cl(Q) x R?, we define the First Grazing Time as
te(To, z,v) = max{ s€[0,To] : Xal(s;To,z,v) € 0N and Val(s;To,x,v)  n(Xal(s;To,z,v)) =0 ]{3-239)

If the above set is empty, let tg(Ty,x,v) = —oo. For the analytic non-convez cylinderical domain,

the Grazing Set on 3%8Y is defined as

6 = {(x,v) € IBY : ty(To,x,v) € [0,To] } (3.240)

According to the decomposition of the boundaries of the domain €2, we have corresponding

decomposition for the grazing set &.
Lemma 41 (Decomposition of &). Assume that the domain € is the analytic non-convezx cylin-
derical domain. Then

6 = &, = { (z,v) € B : Xp(tg(To,z,v);To,z,v) € 0Q¢ },

and further

Mc

. = Jol = U U &, (3.241)

J Jj o 1=1
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where j € N is a finite index and the above unions are disjoint unions and

oL = {(@wv)ebe : tgllo,z,0) = t;(To,z.v)} (3.242)

e = {@v edl : Xalte(Ty,z,0):To,,v) € 02} . (3.243)

We call Qé as j*'— Grazing Set.

Proof. From the decomposition of the boundaries in Definition 20, we have & = &; U &, U &,

where

&, = {(z,v)ed : Xy(tg(To,z,v);To,z,v) € 0Q; },

G, = {(z,v)e€B : Xp(tg(To,z,v);To,z,v) € 0y }.

We claim that the above two sets are empty. Recall that the grazing set & is a subset of
3B, By (3.232) in Lemma 38, we conclude that &; is an empty set. Now we claim &, = 0.
Choose (z,v) € &,,. From Lemma 39, there is k¥ € N so that tg(To,z,v) = tx(To, z,v). Since
X (tg(To, z,v); 1o, z,v), = zx(z,v) € 0Qc and vg(z, v) - n(zk(z,v)) = 0, the line segment connect-

ing xx_1(x,v) and xg(z,v) is not in ¢l(Q), which is a contradiction.

The indices j € N is finite because of the uniform bound for the number of bounces on B¢, in
Lemma 39. Here the index j € N cannot exceed the finite number sup(, ,)cnc ﬁ;L(x, v) < +00

for L =N x Ty in (3.237). O

Remark If (z,v) € Uj le then there exists 7 € (a!,b') such that Xy (tg(To, z,v); To, z,v) =
a! (7). Notice that all Qigl C %B°. Due to Lemma 40 such 7 cannot be close arbitrarily to the end
points a', b' which are inflection points. Lemma 40 implies that there exists a! > a! and b, < V!

such that

{Te(al,bl) D Xy (tg(To, 2,0); To, z,0) = o'(r) for (z,0) € g@l} c [d\, b ].(3.244)
J

Now we will state the abstract and generalized version of Lemma 18 in [27], which is an important

tool for following Lemma 43, 44, 45.

Lemma 42. Let X and Y be compact Euclidian spaces. Denote an element of each set as x € X
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andy € Y. Let

P:XXxY R, (3.245)

be the well-defined function and continuous away from it’s zero set S = {(x,y) € X x Y : ®(x,y) =

0}. Denote my be the Lebesque measure on' Y and [S]x ={y € YV : (x,y) € S}. Suppose
my([Slx) = 0, (3.246)

for all x € X \ F where F = {£1,&2, -+ ,én} C X has finite elements in X. Then for any
e > 0 there exists 6§ > 0 and I € N balls B(x1;71), B(X2;72), -+, B(x;;1) C X with x; € X for
i=1,2,---,1, as well as open sets Ox,,Ox,, - ,Ox, C YV with my(Ox,) < € foralli=1,2,--- 1,
such that for any x € X, there exists x; or §; € F sothatx € B(x;;r;) orx € B(§;;¢) . Further
if x € B(x;;1;) then, fory € Y\ Ox, , |2(x,y)] > § > 0. Denote such an e—neighborhood

of S as
N

l
(S). = |J Bxijri) xOx, U | J B(&5e) x V. (3.247)

i=1 j=1

15*—Grazing Set, Q}J

It is clear from the definition of Qé’l and (3.244),

ey < {(a'(7) +sal(n), lula(n) ¢ T lal B, 1N < ol S NJ2, s € [0, k(o (7), d ()]}

U {(a(7) + s(=al(r)), ~lele!(7) ¢ 7€ lalib), 1N < [ol S N/2, s € [0, kel (7), ~a' ()]}

Denote [@él]i ={veR?: (z,v) € le}. Since the signed curvature s is negative but finite points,

Stn [@é’l]z is at most two points set. Since
Mec <00, S'N [@é]g is a finite points which has 2 x Mg points so that
ma([G4]) = 0. (3.248)

On the other hand,

¢ (z,v) = v - n(wp(z,v)) (3.249)
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is well-defined and smooth if ¢'(z,v) # 0. Since ¢'(z,v) # 0 for (z,v) € IBC \ &, the function

¢! is smooth on IBC \ &L

Now we apply Lemma 42 : cl(Q), {v € R? : 1/N < |v| < N} correspond to X, J and &, ¢
correspond to S, ® and F = () in this case :
Lemma 43. For any € > 0, we have the e—neighborhood of Qlc :
Iy
(®6): = |J B"irh) x 0L, (3.250)
i=1
with mQ(O}cM) <e foralli=1,2,---1; and for any (z,v) € IBY, there exists ' so that

z € B(z';rh") and forve {v e R? : 1/N < |u] < N/2} \ OL,,,

v - n@p(a,v) | > 0. (3.251)

2"d_Grazing Set on {J%C \ (@10)5}, QQC \ (Qé)g

It is clear from the definition of Qé’l and (3.244), the set @?jl (B5). is a subset of

( {lee.am) + siem.dm)em).d) (3252)

T € [a,, b]  1/N <o <N/2, s €[ti(a(r),6!(r)), tS(al(T%O'/(T))]}

u {(935(0/ (7), =& (1)) + svi(a' (1), =a' (7)), |ulvi (o' (1), = (7))

el b YNl SN2, s e ft(el(n),—dl(n), t£<al<7>,al<7m}) \ (88).

In order to apply Lemma 42, we check several delicate facts :

Step 1: 7 € [al, bl ] can be substituded by 7 € [al , by ) U (a2, by ) U -+ U

(am—la bm—l) U (ama bi]
Notice that the above set (3.252) is a subset of IB \ (&).. Therefore if &' (7)-n(zf (ol (1), &l (1)) =

0 or —&!(7)-n(zf(al(r),—a!(7))) = 0, then for such 7 € [al, bL],

(#1(a’(7),6! (7)) + svi(a' (1), 6! (7)), |ulvi (o' (7), &' (7))
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cannot be in ®% \ (B). or (28 (al(7), = (7)) + svf(al(7), —dl (7)), [v|vi(al(T), —&!(7))) cannot

be in 82 \ (&¢).. Hence, it suffices to show that
{r € al,bl]: &'(7) - n(a"(a!(7),d' (1)) # 0} C [al,b1) U (az,b2) U+ U (am—1,bm—1) U (am,bl].

is a union of finite connected open subsets of [al, b.]. For 7 € [a!,b], if &! (1) -n(2f (! (), &l (7)) # 0
then there exists there exists 6_,6, > 0 so that &!(7') - n(zf(a!(7'),d! (7)) # 0 for all 7/ €
(r—6_,7+64). If we choose the maximum of such 6_ and ., then &' (') -n(zf(a! (), d! (7)) =0
for 7/ =7 —46_ and 7/ = 7 — 04 : otherwise we can extend more so 4 64 cannot be maximums.
Therefore we conclude that {r € [al,b!] : &!(7) - n(xf(al(7),d!(7))) # 0} is in a union of countable

open connected intervals.

We only have to show that such union is finite. We prove this claim by the contradiction argu-
ment. Suppose the union is not finite. Then the complementary of such union is also a union of
countable connected closed intervals. We choose one point 7; from each connected closed interval.
We can extract a convergent subsequence and 7; — 7o € [al.bL]. If &} (70 ) n(2f (al (7o), & (7o) #
0 then &!(7') - n(zf(al(7'), & (")) # 0 for 7/ ~ Too. Therefore &!(7o) - n(zf (ol (7s0), i (7)) =
0. Then by Lemma 48, 7., is the sticky grazing or the isolated grazing. If it is sticky graz-
ing then there is an open neighborhood containing 7., and for all 7/ in that interval, &!(7.) -
n(zf(a!(70), & (7)) = 0. Then 7., cannot be an accumulation point of 7; because we choose 7;
for each connected closed interval. On the other hand, if it is the isolated grazing, then there is an
open neighborhood of 7, such that &!(7') - n(zf(a!(7'), &' (")) # 0 for all 7/ in the neighborhood

except Too. Then it couldn’t be an accumulation points of 7; chosen above.
Step 2 : Indeed, &% \ ( B¢ ). is a subset of

{@al(r),a!(r) + sef (@' (7), &1 (7), Jelof (@ (7), &1 (7))
s € [l (7). (7)), th(a' (7). ()] | (3.253)
/N <|o|<N/2, 7 € [a,b1]Ufag s, ba] U+ Ulam—15 bm—1.] U [@m «, bL] }
0{ (&5 (0 (7), = (7)) + sul (o (7), =6 (7)), Jelof (0 (7), —a' (7))
s € [t (! (), —é! (7)), th(a!(r), —d! (7)),

1/N < ‘Ql < N/2 , T € [ai7b1,*] U [a2,*7b2,*] U---u [amfl,mbmfl,*] U [am,*ubi] }>
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and for all 7 € [al,b1 ] U[az.,b2.] U U [@m-145 bm—14] U[am,bL]
(1) -n(af(al(r),a(n)) #0, —a'(7) -n(af(a'(r), (7)) £ 0.
This result is from (3.232).

Step 3 : Construct 2"¢—Sticky Grazing Set &201 corresponding to F C X in Lemma 42.
Consider only the first set of two sets in (3.253). Choose any interval [a; ., b; ] and temporally
define

~—

))

< |v| <

G = { (@5!(7), 6l (n) + sul(al(7), ! (), oo (o) (), 6 (r

s € [t} (a'(7),&! (), t5(al(r),a'(7))] g

, T € [aiv*,biv*}

2=

Notice that for all 7 € [a; ., b; .|, we have &!(7) - n(af(al(7),d(7))) # 0 . Fix z € cl(Q). If there
does not exist 7 € [a; ., bi ] and s € [th(al(7),dl (7)), th(al(7), &l ()] satistying f (ol (7), & (7)) +
svf(al(7) then | Qé’l’i ]z = 0 and mao( | Qéll’i l« ) = 0. Now suppose there exist such 7 and s.
Due to Lemma 48, there are only two cases: sticky grazing : for all 7 € [a; ., b; ] there exists

s € [tE(al(7),d (7)), th(al(7),a!())] so that
z = 2t (al(7),d! (7)) + svf (o (1) (3.254)

or isolated grazing : there exists d_,d+ > 0 so that for 7/ € (7 — 0_,7 + 04)\{7} there is no s
satisfying (3.254).
2nd _sticky grazing set &201 is collection of the sticky grazing case z € cl(£2).

Definition 24. Consider (3.253) and underlined union of intervals [al, b1 ) U- - U[a; «, bi «]U---U

[@m «,b.]. There are finite i € ISQél c{1,2,--- ,m} so that

m 2 (al(7),dl (7)) 2 (al(7),dl(r)) = gg’gl’i is one point. (3.255)

TE[aq,«,bi, «]

The 2™ —sticky grazing set is the collection of such points :

Mc Mc
563 = | 863 = |J (a2 e a@ :iel2ly.
=1 =1
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Step 4 : Show ma( [65\ (84):], ) =0 for all z € cl(Q) \ SG%!

Consider again the set (3.253). For any i € {1,2,--- ,m} \ IZ/, there is no 7 € [a; 4, b; .| satisfying

N o (al(r), 6l (")) 2k (ol (7'), al(7))) # 0, (3.256)

T'e(r—6_,7+04)

for some §_, 4 > 0. Therefore for all z € cl(Q) \ SG%!, [BF' \ (B¢)e]e NS' is a finite set.

Step 5: Apply Lemma 42
Further define
*(z,v) = vi(z,v) - n( z2(z,0)) . (3.257)

Now we can apply Lemma 42 : &2 = &%, \ (85). U (8¢)., &é and ¢? correspond to S, F and ®.
In step 3, we show that &é is finite subset of /(). In step 4, we show that ma ( B2\ (B8):]. )=
0 for all z € cl(Q2) \ &é and combining with (3.248) to conclude mo( | Qél ] ) = 0. By the

definition, ¢?(z,v) is well-defined and continuous and ¢?(z,v) # 0 if (z,v) € IBC \ &2.
Lemma 44. For any e > 0 , we have the e—neighborhood ofgzc :

lo mo

(&%) = |J B@®;r®) x0%: U |J BaZ;e) x {veR*:1/N < |u] < N/2} . (3.258)
i=1 j=1
with ma( (9;2,1; Y < e foralli=1,2--,la, and for any (z,v) € IBC, there exists either

z%t , x € B(z%%r%%) or there exists gggj , xr € B(gg’gj;e). If z € B(z*%r%%) then for

ve{veR? : 1/N <|u] < N/2}\ 0%,

| vi(z,v) - n(za(z,0)) | >0, |v - n(zi(z,v) ]| >0 .

k% —Grazing Set, &%
Now we are going to comstruct, for k& > 2, the k®—Grazing Set and it’s e—neighborhood.
We construct such sets via the mathematical induction. Assume that there exist &}, and their

e—neighborhood, (Q}é)6 forall h =1,2,---,k—1 and satisfy the following especially for h = k—1:
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For any € > 0, wa have the e—neighborhood of @’éfl

li—1 mME—1
(66" = | B@* "5 x0b 2 u | Blabs'ie) x{v e R*: 1/N < |u| < N/2},
i=1 B j=1
(3.259)
with mg_1( (’)k,c i) <e foralli=1,2,--- l;_1, and for any (z,v) € IBY, there exists either
zFb g e B(ah b rR b or there exists kg 1, 2 € B(akgMie) L If z e B(abFTb Aol
then for v € {v € R? : 1/N < |[v| < N/2} \O’;k 1o forallh=1,2,--- k-1,
| vn(z,v) - n(xp(z,v) | > o . (3.260)
Step 1 : Express the j"» —Grazing Set on {IB \ (@gl)s}.
It is clear from the definition of Qé and (3.232), the set Qé:l \ (Qjc_l)g is a subset of
({ @ s @080 + 08 (0 (). o)) (3.261)
T € [ai, bi] 1N <[of SN/2, s € [ti(a(),d!(7)), tﬁ(al(T),dl(T))}}
u {(x§_1(al( ), = (7)) + svi_y (al (), =&/ (7)), [uv]_ (o (), =& (7))
refa W] UNS SN2, s el (al(r),—al(n), #(al(r),—a' ()]} ) \ @5

Step 2: 7 € [al, b ] can be substituded by 7 € [al, b1, ] U [ags, bau] U -+ U

[@m—1 s b1 ] U [@ma, BL ]

Notice that the above set (3.261) is a subset of 3B \ (&% ").. Therefore if vf | (al(r),al(r)) -
n(wh(al(7), (7)) =0 or vi_,(a'(r),d!(r)) n(z}(e/(r),d!(r))) = 0 for some h € {1,2,--- ,j—
1}, then for such 7 € [al,bL], («f_ (ol (7), ! (7)) +s0f_ (o (7),d! (7)), [u]vf_,(a!(7),é (7)) cannot

be in @Jél \ (Qjé_l)g or (x§71(ozl(7'),ézl(7')) +5Uj71(o<l(7'),ézl(7')), \y|v§71(al(7),dl(7))) cannot be in

Qjc’l \ (&%), Hence, it suffices to show that

ﬂ {relas, bl = vhi(al(r), & (7)) - nlaf(al(r),d! (7)) # 0}

[a*, bl,*} [(Z27*7 b27*] U---u [CLm_L*, bm—l,*] U [am7*7 bi} (3262)

which is a union of finite connected closed subsets of [al,b.]. For fixed j € N, we use the mathemati-
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cal induction. For h = 1, (3.262) is true from Step 1 and Step 2 in 2" —Grazing Set. Assume that

(3262) holds up to h = .j_27 Le. ﬂz;i{ o } C [ai, bl,*]u[a&,*y b2,*]U' ' 'U[am—l,*a bm—l,*]u[am,*7 bi]

Now we consider any one interval [a; ., b; ] of the above union. By the induction hypothesis,
vf _(al(7),8!(7)) - n(zf (al(7),al())) # 0 for all T € [a;u,bi] for all h=1,2,---,5—2. If
v]f»_2(al(7),dl(7')) : n(x§_1(al(7),o'zl(7))) # 0 for 7 € [a;«,b; ] then there exists there exists
d_,64 > 0so that vjf»72(al(7’)7o'/(7’)) . n(ngl(al(T/),dl(T’))) # Oforall7 € (1—0_,7+64). If
we choose the maximum of such 6_ and &, then vf_,(a!(7'),a! (7)) - n(zf_, (a!(7'),d! (7)) = 0

for 7 =7—¢_ and 7/ = 7 — 0, : otherwise we can extend more so §_, 0, cannot be maximums.

Therefore we conclude that {7 € [a},b.] : v§72(al(7),dl(7)) . n(:r§71(al(7),dl(7))) # 0 }isin

a union of countable open connected intervals.

Next we show that such union is finite. We prove this claim by the contradiction argu-
ment. Suppose the union is not finite. Then the complementary of such union is also a union

of countable connected closed intervals. We choose one point 7; from each connected closed inter-

520 (7o), & (7)) -

n(zf (ol (10), 4 (750))) # 0 then of ,(a!(7'), &l (7)) - n(zf_, (! (7'), &l (7"))) # 0 for 7/ ~ 7.

val. We can extract a convergent subsequence and 7; — 7o, € [a.bl]. If v
Therefore vf_,(al(r'),d! (")) - n(zf_, (a!(7'),d!(7'))) = 0 . Then by Lemma 48, 7o is the sticky
grazing or the isolated grazing. If it is sticky grazing then there is an open neighborhood containing
Teo and for all 7 in that interval, v§72(al(7m), A (Too)) - n(xil(al(Too),o'zl(Too))) # 0. Then 7o
cannot be an accumulation point of 7; because we choose 7; for each connected closed interval. On
the other hand, if it is the isolated grazing, then there is an open neighborhood of 7., such that
v§72(o¢l(7’), al(r’)) - n(:z:§71(ozl(7"), &l(1"))) # 0 for all 7/ in the neighborhood except To.. Then it
couldn’t be an accumulation points of 7; chosen above.

Finally, from (3.232), we conclude that { € [a},b.] : vf_,(a!(7),&! (7)) - n(zf_, (a!(7),d (7)) #

0 } is in a union of countable closed connected intervals. It is a proof of (3.262).

Step 3 : Construct j**—Sticky Grazing Set &Jcl corresponding to F C X in Lemma 42.

Consider only the first set of two sets in (3.261). Choose any interval [a; ., b; ] and temporally
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define
G = (@), d (1) + sl (0l (), 61 (7)), Lt (o (7), 6 (7))
s € f1(al(r), 6 (), th(a' (), 6] <kl T . 7 e faabi] ).

Notice that for all 7 € [a;«,b;.] and for all h = 1,2,---,j — 2, we have vf_, (al(7),a!(7)) -

n(zf (al(7),d! (7)) #0 . Fix z € cl(£2). If there does not exist 7 € [a; 4, bi ] and

s € [ty (a'(7),6! (7)), t5(a!(7), & (7))

satisfying z = 2f_, (a!(7), a!(7)) + svf_, (a!(), &!(7)) then [ G5 |, = 0 and ma( [ GE' |, ) = 0.
Now suppose there exist such 7 and s and let z = 2f_, (a!(7), &} (7)) + svf_, (a!(7), & (7)) . Due to

Lemma 48, there are only two cases: the point z is the sticky grazing point : for all 7 € [a; ., b; «]

ﬂ af_ (al(7),al(r)) zf(al(7),a!(r)) = z is one point and,
TE[ai,«,bi «]

[Gél’i ns] = {vf-_l(al(r),dl(r)) es' i re (@i, bis] }

x J

or the point z is the isolated grazing point : there exists §_, 5, > 0 so that for 7" € (r—d_, 7+

a4 )\{7}

v ¢ @ (@().a() @), al(T) forall 7€ (r— o7+,

[GEY N ol (dl(7),al (7)) €St T e(r—d,m+04)} ] = vl (dl(r),dl(n)) .

z

jth —sticky grazing set &Jcl is collection of the sticky grazing case z € cl(£2).

Definition 25. Consider (3.261) and underlined union of intervals [al, b1 ) U+ Ula; «, bi «]U---U

[+, bL]. There are finite i € I3} C {1,2,--- ,m} so that

n af_ (al(7),al(r)) af(ad(r),dl(r)) = ggg“ is one point. (3.263)
T€lai,«,bi,+]

The j™h—sticky grazing set is the collection of such points :

Sgl=J 8gl = |J {2l € d@) :ielll}.
=1 =1
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Step 4 : Show my( [Qjc’l \ (&5, ) =0 for all z € cl(Q) \Sgﬂ

Consider again the set (3.261). For any i € {1,2,--- ,m} \ I%],

[ {(30?_1(@1(7)7@1(7))+Sv§_1(al(7)’dl(7))’|Q|U§-1(Oél(7)’0'él(7)))
T € [aiw, bix] , I/N<|y <N/2, s€ [t§_1(al(7'),ézl(7')), t?(al(T),dl(T))]}

U { (10" (r), =6 (7)) + sul_y (o (7), =0 (7)), lelvf_ (ol (7), = (7))

re Lo bl UN SIS N/2. s € (00 a0, '), ~a )]}

x

is finite or empty set for all z € cl(£2).

Step 5: Apply Lemma 42
Further define

¢ (z,v) = vi—i(zv) - n(z(zv)) . (3.264)

Now we can apply Lemma 42 : @]é = Qjé \ (Qjc_l)E U (@jc_l)g7 &]C and ¢’ correspond to
S, F and ®. In step 3, we show that &% is finite subset of cl(2). In step 4, we show that
ma &L\ (&5, ) =0 for all z € cl(Q) \ SG/, and combining with (3.248) to conclude
ma( [ @%l ]z ) = 0. By the definition, ¢’(z,v) is well-defined and continuous and ¢7(z,v) # 0 if
(z,v) €389\ &L

Lemma 45. For any € > 0 , we have the e—neighborhood of@é :

U Bz x 07, U U zllie) x {u e R?: 1/N < |u| < N/2} . (3.265)
i=1
with ma( Oi” ) < e foralli=1,2,---,l; and for any (z,v) € IBC, there emists either

2t x € B(ahhrit) or there exists xggh , T € B(x” ie). If x € B(z?h;rih) then for

ve{veR? : 1/N<\v|<N/2}\(9IM,

| vn-1(z,v) - n(xn(z,v)) | > 0on,

forallh=1,2,--- 7



CHAPTER FoOUR

Stability with a Large Potential
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Abstract The stability of the Maxwellian of the Boltzmann equation with a large amplitude
external potential ® has been an important open problem. In this paper, we resolve this problem
with a large C®—potential in a periodic box T¢, d > 3. We use [5] in LP — L> framework to establish

lv|?

the well-posedness and the L —stability of the Maxwellian pg(z,v) = exp {_T - (a:)}

4.1 Comments

There are some investigations about the dynamical problems of the Boltzmann equation with an
external potential. The local well-posedness was established in [18] and [6]. Near Maxwellian
regime, the global well-posedness was established in [46], [60], [20], [21], [68] and [22] with some
smallness assumptions for the external potential ® using the nonlinear energy method. In [55],
using the semi-group approach, the global well-posedness was established with some smallness
assumptions for the external potential ® in a periodic box. This result was later generalized([57][56])
in the case of an unbounded external potential in R? with a spherically symmetric assumption.
Near vacuum regime, the global well-posedness was established in [24] with a small (self-consistent)
external potential and in [19] with a large external potential ® with some special conditions. In
the case of 1-dimensional Boltzmann equation (z € R, v € R?®) near Maxwellian regime, the

well-posedness and stability are established in [23] with a large amplitude external potential.

In the presence of a large amplitude external potential, the key difficulty is the collapse of
Sobolev estimate in higher order energy norms. The derivatives of the Boltzmann solution can
grow in time unless the potential is small. In order to overcome this difficulty, we use the weighted

L*> formulation without any derivatives([27][28]).

With the conservation of momentum for degenerate {v1, - - - , v, }, we use the L2— L framework([27])
which consists of two parts : First, establish L2-decay for the linear Boltzmann equation(Section
3) ; Second, establish the L*°-decay for the nonlinear Boltzmann solution using the Vidav’s idea

and the L2-decay of the first part(Section 4).

For proving the linear L?—decay (Section 3), the main difficulty is the absence of the momentum
conservation laws for all velocity components {vy,- - ,vg}. The key ingredient to prove the linear

L?—decay is the positivity of the linear Boltzmann operator L (Proposition 3). Following [25],
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we establish such a positivity of L by the contradiction argument. The consequential limiting
function is non-zero and only has the hydrodynamic part which is the null space of L spanned by
the basis { /i, v/, [v]*\/i }. The coefficients of the limiting function satisfy the macroscopic
equation (4.38) — (4.42). Crucially using the conservation of momentum (1.49) for degenerate
{v1,--+ ,v,} and the periodicity in T¢ , we are able to show that all the coefficients are zero, which

is a contradiction.

For nonlinear L> —decay (Section 4), we use Vidav’s idea. We denote X (s;t, z,v) the backward
trajectory at time s, starting at time t € [0, 00), position € T¢ with velocity v € R, Similarly
X(s1;8, X(s;t,2,v),v") is the backward trajectory at time s; starting at time s € [0,t], position
X(s;t,z,v) € T? with velocity v/ € R% The goal is to establish the following estimate for the

solution of the Boltzmann equation :

t s
/ ds/ dv’/ dsl/dv” |f(s1, X (5158, X(s5t,2,0),0"),0")] (4.1)
o Ji<pisn  Jo

1 t
5(5+N> sup [|f(s1)lloo + / 1£(s1)lze dsi | (4.2)

0<s<t

where p = 1 or p = 2. Once we have the estimate (4.2) for p = 2, using the established L?—decay,

we are able to show the L>°—decay. The basic idea to show the desired estimate (4.2) is to establish

. . /
det{dX(shs,Xd(j/,t,x,v),v )} 20, (4.3)

for almost every (s, s,v") € (0,t) x (0,t) x R? for all X(s;t,z,v) € T?. Then we apply the change
of variables

v'o—= X(s158, X(s;t,x,0),0")

for main part of (0,t) x (0,¢) x R? to bound (4.1) by the L?—term in (4.2) and to bound (4.1)
by L*®—term in (4.2) for the small remainder part. In this paper, we use Asano’s result in [5]
to verify the crucial condition (4.3) for smooth external potentials. In [5], using the symplectic
geometric approach, the points that fail to satisfy the condition (4.3) are characterized by the
eigenvalues of some symmetric matrix. Because of this formulation, using the standard min-max
principle, Lemma 46 was established in [5]. The condition (4.3) has been proved in many other
cases. In [27], the condition (4.3) has been shown in the case of bounded domains Q C R? with

several boundary conditions without an external field(V® = 0). Notice that the characteristics
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are determined according to the boundary conditions. In the case of in-flow, bounce-back, diffuse
reflection boundary conditions, the condition (4.3) was proved for bounded domains 2 C R3 with
the smooth boundary 9. For the specular reflection boundary condition case, the condition (4.3)
was established for analytic and strictly convex domains Q C R3. In [42], for the specular reflection
case, the condition (4.3) was established for analytic and non-convex, 2-dimension domains 2 C R2.
Without boundary condition : = R?, in [29], the condition (4.3) was shown for self-consistent
electric fields if the perturbation f is small. In 1-dimensional case 2 = R, the condition is proved

for external potentials with a large amplitude ([23]).

Without the conservation of momentum for degenerate {v1,--- ,v,}, we are not able to prove the
linear L?-decay. Instead, we use the natural excess entropy inequality (1.45) to obtain L!-stability

of the Boltzmann equation([28]). The basic idea is that

//{FlnF—MElnuE}N//(1+IHME)(F—uE)+//QMLE(F_ME)z.

Notice that the first term is controlled via the excess entropy inequality (1.45) and the second term
is controlled via the conservation of mass (1.43) and energy (1.44). Therefore we can control the
third term and the L'—norm of |F — ug|. Indeed, the LP—term in (4.2) with p = 1 is bounded
by the mass and energy and entropy. Therefore, we obtain the L>°—boundedness(stability) of the

Boltzmann solution F'.

Our paper is organized as follows. In section 2, we state the Asano’s result(Lemma 1) and con-
struct an open covering of the points that fail to satisfy (4.3). In section 3, we establish the linear
L2-decay (Theorem 3). In section 4, we use Vidav’s idea to bootstrap the nonlinear L°°-decay
(Theorem 1) from linear L2-decay. In section 5, we use the entropy-energy estimate([28]) to prove

the L*-stability (Theorem 2).
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4.2 Characteristics and Transversality

In this section we study the characteristcs for the Boltzmann equation with an external field (1.39).

The hamiltonian of the system is given by

We consider the Hamilton flow determined by the hamiltonian H ,that is, the characteristic curve

satisfying the differential equation:

dX(r;t,x,v)
dr

=V(rit,z,v) | M = —V,0(X(r;t,2,0)), (4.4)
T

with [X (¢, z,v), V(t;t,z,v)] = [x,v]. Clearly the hamiltonian is constant along the characteristics,
ie.
H(X(r;t,2,v),V(r;t,2,v)) = H(z,v) for all 7. Therefore we have an equality 1|V (s)|>+®(X(s)) =

1|v[? + ®(z) and further we have

V(s)] = Vo] + 2@(2) — 28(X(s)) < V[o2 +2[@[o < [0] + 1/2[P|os -

On the other hand we have

V(s) = VIvP? +28(x) = 28(X () > V]v]2 = 2[@[oc > [v] = v/2[®|x -

Hence we know that

| V(mstao) -~ ol | < 2012, (4.5)

for all (7,t,z,v).

We will use the following geometric result of [5] crucially in this paper.

Lemma 46. (/5]) Assume that ® € C3(RY). Suppose det (W) = 0 for some
(s0;To, o, v0) € RXxR xR xR®. Then there exist § > 0 and an open neighborhood Uy C R? x R? of
(z0,v0), and a family of Lipschitz continuous functions on Uy, {1b; : Uy — R}9_; and ;(0,0) = 0

so that

dX (s; Ty, x,v)
2} = 4.
det ( » ) 0, (4.6)
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if and only if
s =30 +1/’j(17711)7 (47)

in (s,z,v) € (so — do, S0 + o) x Up.

Using Lemma 46 we construct the e-neighborhood of the set of points (s, z,v) satisfying (4.6).

Lemma 47. Assume that ® € C3(TY) is a periodic function. Fiz Ty > 0 and N > 0. There are dis-
joint open interval partitions of the time interval [0,Tp) : D}, C [0,Tp)] for iy € {1,2,--- ,M'} and
disjoint open box partitions of the periodic box T : @2 C T for multi-index I? = (2,43, - - ,ifl) €
{1,2,--- ,Mz}d ; and disjoint open box partitions of {v € R? : v; € [~4N,4N] for all i =
1,2---,d} - s for I3 = (3,43, ,i3) € {1,2,--- , M3} For each i*,I* and I*® we have

tjin 23 € ®i1 forj=1,2,....d so that

d
dX (s;To,x,v) €
{sGQ}lzdet<dv =0 C U1 se(tj,il,12,13—ma g111213+4M1> ;
j=

for all (z,v) € D2, x D3; and
I I

d
dX (s; Ty, x,v) € €
det (dv >0, for s¢ U (tj,z‘l,ﬂ,la TAML tjire e+ 4M1) ’ (4.8)

j=1

if (s,2,v) € Dh x DIy x DYy for all i*, 1% and I3.

Proof. Choose (tg,zo,v0) € [0,Tp] x T¢ x {v € R? : v; € [-4N,4N], fori=1,2,....d}.

First Case : If

X (to: T
det (d (to; 0,3307110)) 20,
dv

then there exist positive numbers {7%;¢7,--- %Y, ---n9} such that

det <dX(t; Ty, x,v)

7o > £0, forall (t;xy, -, Tq;v1,---,0q) € (to —7°,tg +7°) x

x{((w0)1 — &7, (xo)1 + &7) x -+ X ((z0)a — &3, (w0)a + £3) }

x{((vo)1 = mi, (o)1 + 1Y) x -+ ((vo)a — g, (vo)a +ng) }-
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Second Case : If

dX (to; T,
det ( (to; 0,560700)) —0,
dv

then by Lemma 46, there exist positive numbers {7°;¢7, - 752; 7y, 772} and Lipschitz functions

wJQ defined on

{((@o)1 — &, (wo)1 + &) x -+ x ((z0)a — &3, (x0)a + £3) } x {((v0)1 — 1%, (vo)1 + nY)

x - ((vo)a — 19, (vo)a + 772)}

and 1/1?(070) = 0 so that, for (t;x1, - ,2q;v1, -+ ,vq) € (to — 7%t + 79) x {((mo)l — &9 (w0)1 +

€9) x - x ((w0)a — &4, (z0)a + €} x {((vo)1 — 0¥, (vo)1 +717) x -+ x ((v0)a — 13 (vo)a + Q) },

dX (t; Ty, x,v)
det | —— | = 4.
e ( 7o ) 0, (4.9)

if and only if

t=t0+w2(x1,-~- ,Tg; U1, vq) for some j=1,2,--- d. (4.10)

Notice that from the first and second case, we obtain an open covering of [0, Tp] x T¢ x {v € R? :
v; € [-4N,4N]}. Since [0,Tp] x T¢ x {v € R? : v; € [-4N,4N]} is a compact set, we can choose
finite points (t;; (x;)1, -, (%i)a; (vi)1, - - (vi)a) and positive numbers {7% &4, &5t -+ 0t} for

finite index 7 ’s. Notice that

(= ti+7) < { (@ =& @€)< (@)=, @a+er) )

x L (=l @) xex (@a =l (@a+ni) },

forms an open covering for finite ¢ 's. Define a refined grid via relabeling as

{0=a1<ay<---<ay,=To} = {tix7" foral i's}, (4.11)
{-1=bi<by<-<by =1} = {(z)px§ forall i's, k=12, .d}(4.12)
{ AN =& <é<---<éy =4N} = {(v)p=Em;, foral i's, k=1,2---,d}(4.13)

We use the index i' = 1,2,---,M! and Ei =1,2,---,M? and E‘,ﬁ =1,2,---, M3 for all k =

1,2,---,d, and multi-index I* = (i3,43, - ,%3) e {1,2,---, M2} and I? = (3,43, -- ,%Z) €
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{1,2,---, M3}?. Notice that for each (j,i', 1%, 1) we have t;i 255 € (ap,a;41) and a Lipschitz

function ¢; ;1 j2 5. Using the Lipschitz continuity, we choose a constant C' > 0 so that

| T/Jj,il,ﬁjB(xvv) _¢j7i1j2,1~3( v) | < C(x,v)—(2,0) ],

for all j, 4", I2, I3 which are finite indices or finite multi-indices. From the above inequality we have

€
SMt’

| wj,i1j2j3(x,v) - ’1/1]'714171”27[”3(@,?7) | < (4.14)

for [(z,v) — (Z,v)| < g3frg- Therefore we further refine the grid of (4.12) and (4.13) as (if necessary

we may put more points to make the grid finer)

{—1:b1<b2<"'<bM2:1} D) {—1261<62<"'<b]\”42:1}7

{-dN=c1<co<---<eys =4N} D {-AN=¢& <& <---<¢ys =4N},

and denote multi-indices I = (3,43, ,i2) € {1,2,--- ,M?}¥ and I® = (i3,43, - ,i3) € {1,2,--- , M3}

and define
97,1 = (ail,ai1+1), (415)
Df = 92 i = (biz, bz 1) X -+ X (biz, bz 41), (4.16)
Df: = 9%,...,13 = (cizs bz 1) X -0 X (Cigacigﬂ)a (4.17)

so that |bzyq — biz| + -+ [b2 1 — biz| + |y —cs| + -+ ez — 3| < grirg and (4.14) s

valid for all (z,v), (Z,7) € D3, x D3,. From (4.10), for each j,4', I, I® there exist ¢; 1 2 13 € DL
so that

for all (z,v) € D2, x D%s.

¢ 5
i,z s + Vi 2 8(r,v) GU tiit 2 s — s >t + o )
SDY VERRS 2M1

j=1
Therefore

det (dX(t;To,amv)) 40,
dv

holds for ¢t € @}1\( tiit 12,03 — sar s tja2 s + sygr ) and for (z,v) € D2, x D%, . Notice that
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dX (t;To,z, . .
det (%) is continuous and non-zero on a compact set

d
_ € c _ _
{ @%1 \ U( tj_’il,IQ,IS — m ,tj7,;17[2713 + m ) } X @?2 X @?3 . (4.18)
j=1
Hence there exists positive number d;1 2 13 > 0 so that
dX (t; T,
det <(,d0,l’,’u)) > 51-17]27[3 ,
v

on the set (4.18). Define 6, = min;i s 73 6;1 2 3 > 0 where ¢!, I?, I® are finite indices. This proves

the Lemma. O

4.3 Linear L? Decay

In this section, we will show the L?—decay of the solution of the linear Boltzmann equation :
Wf4v-Vof =VO-Vof +e ®@LF =0, f(0,2,0) = fo(z,v), (4.19)

assuming the conservation of mass (1.43) and energy (1.44) and momentum for degenerate {vy,- -+ ,v,}
(1.49) with (Mo, Eo,Jo) = (0,0,0) € RxRxR™. Here, the number n in the degenerate {vy, -+ ,v,}
is a dimension of the degenerate subspace of V® in (1.48) where, in general, the degenerate sub-
space of V® is a zero space {0} and n = 0. Therefore, in this section, we are showing actually the
linear L?—decay only with the conservation of mass and energy for the generic external potential

® in the periodic box T?.

For notational simplicity, we use (-, -) to denote the standard L?—inner product in T x R%. We

also define

(91, 92)v = (¥(v)g1, 92)-
We shall use || - || and || - ||, to denote their corresponding L? norms.

Theorem 14. Assume that the external potential ® is a periodic C°—function on T¢ and & =
O(xpi1, - xa). Let f(t,z,v) € L% be the (unique) solution to the linear Boltzmann equation

(4.19). Assume that [ satisfies the conservations of mass (1.43) and energy (1.44) and momentum
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for degenerate {v1,--- ,vn} (1.49) with (Mo, Ep,Jo) = (0,0,0) € R x R x R™. Then there exists
A >0 and C > 0 such that
sup eM[[f(B)]] < ClIF O] -

0<t<o0

Proof. We will show that Proposition 15 implies Theorem 14, following the proof of Theorem 5
n [27]. Assume Proposition 15 is true. Let 0 < N < ¢ < N + 1, N being an integer. We split
[0,t] = [0, N] U [N,t]. First we establish the L? energy estimate for any solution f to the linear

Boltzmann equation (4.19) on the time interval [N, t] as
t
i@z [ [ @ [ Lfepavdeds= ) (4.20)
N JTé R4
From (4.19), we have the equation for e f(¢) :
{0, +v -V, =V, @ -V, +e P@ LM FL — AN f = 0.

For the time interval [0, N], we multiply the above equation by e*f to derive the L?—energy

estimate on the time interval [0, N] :

N N
VP +2 [ [ @ [ np pads = [ )P = 11O

Divide the time interval [0, N] into Uff;ol [k, k + 1) and define fi(s,z,v) = f(k + s,z,v) for k =

0,1,2,..., N — 1. Then we can rewrite the above equation as

N—-1 1
NP+ / M ktsh / e @ / Lfi(s) - fu(s) dvdzds (4.21)
P T R4
(A)
N-1 1
—FOIP A Y [ 0 g s, (422
k=0 Y0
(B)

Notice that fi(k + s,x,v) satisfies the linear Boltzmann equation (4.19) in the time interval [0, 1].
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By Proposition 15, we have a lower bound for (A) as

=

-1

1 N-1 1
(A) > 3 ePel®ls / (Lf(s), fu(s))ds > Y e IPl=pr / [FABIE
k=0

0

-
I

N-1 1
> ypMe12l= 3 e”k/ 1 £(5)||2ds.
k=0 0

Using the fact e2A(F+5) < 222X for s € [0,1], we have (B) < e Zi\:ol 01 e || fr.(s)])?ds.

Thus, for sufficiently small A > 0, we have a positive lower bound of (A) — (B) as

N-1 1
(&)= (B) = (e = <2 3 [ Wi (s) s 2 0,
k=0 "0
Therefore from (4.22), we have
NP < £
Further we can choose A > 0 small so that e2*(t=N) < 2 for all ¢t € [N, N + 1]. Hence, multiply

(4.20) by €2} and combine with the above inequality to conclude

SOOI < MNP < EXMNIfIP < 21fl

O

Proposition 15. Assume that the external potential ® is a periodic C*-function on T¢ and ® =
D(xpa1,-., xq). Let f(t,x,v) be any solution to the linear Boltzmann equation (4.19) satisfying the
conservations of mass (1.43) and energy (1.44) and momentum for degenerate {vy,--- ,vn} (1.49)

with (Mg, Eo,Jo) = (0,0,0) € R x R x R™. Then there exists M > 0 such that f satisfies

[ ero.fsnds = 1 [ 5) s (4.23
0 0

Proof. We prove the Proposition by the contradiction argument. If the inequality of (4.23) is not

true, then a sequence of solutions fx (¢, z,v) (not identically zero) to (4.19) exists so that

1 1 1 )
/0 (LAu(o). els))ds < + /0 1u(s)|2ds.
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fr(t,z,v)

Vo 1fs()[2ds”

Equivalently, in terms of normalization Z (¢, z,v) = we have

| @z, zionas < 1. (4.24)

and from v(v) > v, we have v fol || Z(s)|]?ds < fol | Z1(s)||2ds = 1. Due to the weak compactness

in L? space, there exists Z(t, z,v) with fol [|Z(s)||,ds <1 such that
1 1
Z — Z weakly in / || -||?ds and / || - ||ds. (4.25)
0 0
On the other hand, since fi(t, z,v) solves (4.19), Z(t, =, v) satisfies the same equation
{0, +v -V, —V®(x)- Vo } Zp(t,z,0) + e @ LZ (¢, 2,0) = 0, (4.26)

and hence Zj(t, z,v) satisfies same conservation laws (1.43), (1.44), and (1.49) with (Mo, Eo,Jo) =
(0,0,0) € R x R x R™ as fi(t,z,v) does. Using the weak convergence in (4.25), we conclude that

for almost every ¢ € [0, 1], the limiting function Z(t, z,v) also satisfies

//deRd Z(t,x,v)\/ pe(z,v)dvde = 0, (4.27)
//MW (@(x) + |U2|2> Z(t,x,0)\/ pp(z, v)dvde = 0, (4.28)
//TdXRd(”l"“ son)" Z(t @, 0)/ pe(e, v)dvde = 0. (4.29)

Step 1: PZ, = PZ weakly in [, [|-[|2ds and [ || - [[*ds.

It suffices to show that

1 1
| ®zioisnioahds [ 261050000, (4.30)
0 0
for any smooth functions ¢ (s, z) on [0,1] x T¢ and ¢2(v) on R? with compact supports.

Temporally denote (mg,my,- -+ ,mq,mgr1) = (1,v1,-- ,vq, [v|?). Then the left-hand side of
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(4.30) is written componentwisely as

/01 / / ( / mi(u)/n(u) Zk<svwvu>du) () /() V(0)1 (5, ) o (v)dvdads
- /Rd (/01 /Td e miy/H Zk‘bld“dde) m; () p(0)r(v)pe(v)dv.  (4.31)

Notice that the underlined integrand of (4.31) is bounded by L' function uniformly in & ’s , i.e.
1 3 1 3
([ tmorvits as) ([ 12l ds) ma(ove)6a(0) ViG] < Comslowe)ono) Vi) € LR
0 : 0 ’

and the underlined integrand of (4.31) converges to (fol Jra Jga miv/R Z¢1dudxds) m;(v) v/ (v)v(v)p2(v)

for almost every v € RZ. By the Lebesque convergence theorem, we conclude the convergence of

(4.30).

Step 2: K(Z,) — K(Z) in L%([0,1] x T¢ x R%).
The proof of this step is same as Step 1 in the proof of Lemma 4.1 in [25] page 1124. Denote k(u, v) as

the kernel of the operator K and define it’s approximation ki, (u,v) = k(u, v)1{(y v):ju—v|> L [v|<m}-

m

Since k,, € L?(R? x R?) we can choose smooth functions with compact supports to satisfy
ke (u,v) = ki(u)ko(v) such that ||k, — ke||* <e.
In order to prove this step, we only need to change (4.8) in [25] by

[at +v- Vﬂc - fol)(x) ! vv] {Kl(v)X(tvx)Zk(t7xvv)}

=[O+ v -V =V, @(x) Vyol{r1(v)x(t, 2)} Zr(t, x,v), (4.32)

where x(t,z) is a smooth cut-off function in (0,1) x R? such that x(t,z) =1 in [e,1 —¢] x T%. It
is strainghforward to verify that the right hand side of (4.32) is uniformly bounded in L?([0, 1] x

R? x R?). From the velocity average lemma([8],[37]), for some a > 0,

/Rd x(t, )k (u) Zp(t, x,u)du € H*([0,1] x RY).
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It follows that, up to a subsequence,

/ k1(w) Zg (s, x, u)du — k1(uw)Z(s,x,v)du,
Rd R

strongly in L?([e, 1 — €] x T?) and this suffices to prove Step 2. For detail, see the proof of Lemma
4.1 in [25].

Step 3 : Z(t,z,v) = {a(t,z) + v-b(t,z) + |[v]%c(t,2) }/pr(zr,v) # 0.

From the definitions of L = v — K and Zj, we have

1

1 1 1
17/0 (KZk(s),Zk(s»ds:/O ||Zk(s)||l,dsf/0 <KZk(s),Zk(s)>ds:/0 (LZy(s), Z1(s))ds(4.33)

Combining the strong convergence in Step 2 with the weak convergence of Zj,, we conclude

lim (KZk(s),Zk(s»:/O (KZ(s), Z(8)).

k—o0 Jq

Combining the above relation with (4.33) and 0 < fol (LZi(s), Z(s))ds < %, we conclude

1
0=1 7/ (KZ(s),Z(s))ds.
0
Using the above equation, with the non-negativity of L and fol [|1Z(s)||lvds < 1, we have
1 1 1 1
0< / (LZ(s), Z(s))ds = / 112(5)||vds —/ (KZ(s), Z(s))ds < 1 —/ (KZ(s), Z(s))ds = 0,
0 0 0 0

to conclude

/ (LZ(s),Z(s))ds =0, / [1Z(s)|],ds = 1. (4.34)
0 0

Now use the standard property of L :

/ LZ(s,xz,v)  Z(s,x,v)dv > C/ v(){I - PYZ(s,x,v)[*dv, (4.35)
R4 Rd
and combine with (4.34) to conclude

{I-P}Z(t,z,v) = 0,
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for almost every (t,z,v) € [0,1] x T4 x R%. Hence Z = PZ = {a(t, ) +v-b(t, =)+ |v]|2&(t, z) }/1(v)
where [a(t, ), b(t, ), &(t, )] is linear combinations of [ [ Z(t, z,)/idv, [vZ(t,z, )\/fdv, [ [v[2Z(t, z,-)\/fdv].

2(x)

Define [a(t, ), b(t,z), c(t, z)] = [a(t,z), b(t,z),(t,z)] x e 2 then we have

Z(t,x,v) = {a(t,z) +v-b(t,z) + |v|*c(t,z)}/iE - (4.36)

From (4.34) we conclude that Z(¢,z,v) is not identically zero.

Step4: Z=0

This leads to a contradiction to Step 3. Notice that from (4.24) and (4.35), we have

1 , 1 !
/0 I{I = P} Zi(s)||5ds < 6/0 (LZk(s), Zr(s))ds — 0,

to conclude {I — P}Z;, — 0 strongly in fol | - ||ods. From LZy = L{I — P}Z;, we have f01<L{I —
P}Z;, p)ds = f01<LZk, @)ds — 0 for all o € C([0,1] x T? x RY). Hence letting k — oo in (4.26),

we have, in the sense of distribution,
WhZ+v-VuZ —VO(x) -V,Z=0.
We plug (4.36) into the above equation and expand as the products of a polynomial in v; :

{a— Vo® - bh/lig + {b+ Vaa — 2V, @} -0 /lig + > _(é+ 0x,bi)vil* Ve
+ Z{axibj}vivj\/ME + Ve v|v* /g = 0. (4.37)

i#]
Since VI Vi1 ViU /e and vvy, vy /i are linearly independent, we deduce that in the sense of
distributions, all the coefficients on the left hand side of (4.37) should be zero. We therefore obtain

the macroscopic equations of a(t, z), b(¢,z) and c(¢,x), which was introduced in [25] :

a(t,x) —Vy®(x) -b(t,z) = 0 (4.38)

b(t,z) + Vea(t,z) — 2¢(t,2)V,®(x) = 0 (4.39)
é(t,x) + 0,0, = 0 forall 4 (4.40)

Op;bi+ 0205 = 0, i#] (4.41)

Vee(t,z) = 0 (4.42)
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We obtain the Laplace equation of b;(¢, x)

Ab;

O

d
D 0;05bi =Y 0;0;bi_+ 0,0, =Y 0;(=ib;) + 0i(—¢)
Jj=1 J#i j#i

—0 | 20, | —Oie=—(d=1)0i(=¢) — D= (d=2)%e = 0. (443)

skok ok
J#i

where we used (4.41) for * = ¢ and used (4.40) for *x = oo and used (4.42) for % x. From (4.36)

we have, for all i = 1,2, ..,d,

o] (@) ) lv]?
/ v Z(t, x,v)do = Z/ vivjbj(t,x)e_Te_q)? dv = b;(t,x)e” %5 / lvg|%e™ 2 dv.
R P R4 Rd

Since Z(t,x,v) is periodic in x, we conclude that b(¢, z) is also periodic in z. Using the periodicity

of b, multiply (4.43) by b; and integrate to yield

0= Abzbzdiﬂ = —/ |Vbi|2dl‘,
Td Td

and

Va.bi(t,z) =0, b(t,z) =b(t) for almost all (¢t,z).
Combining the above equality with (4.40) and (4.42), we conclude that
c(t,z) =c¢o for almost all (¢, ). (4.44)
Further integrate (4.39) on T¢ to have
0= / (4.39) dz =b(t) + [ V,a(t,z)de —2co | V,®(x)dz = b(t),
T4 T4 T4

where we used the periocity in = € T¢ of a(t,z) and ®(x). Therefore we conclude b(t,z) = by.

From (4.38) and (4.39), we have equations of a(t,z):
Vaa(t,x) =20V, ®(x) , alt,x) =bg V().

From the first equation above, we have a(t,z) = 2co®(z) + ¢(t) for some ¢. Plugging this formula
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into the second equation above, we get
o(t) = alt,x) =bg - V().

Since the left hand side of the above equation is a function of ¢ only and the right hand side is a
function of x only, we conclude that both of them are constant. In order to show that the both
sides are zero actually, we utilize the periodicity of the external potential ® : take the integration

over z € T? to yield

/ bg - V@ (z)dx = / Ve {®(z)bg}dz = 0.
’]I‘d ’]I‘d

Therefore we conclude that, for all t € R and 2 € T¢, we have p(t) = ¢o and

a(t,r) = 2c0®(x) + o , (4.45)

by V,®(z) = 0 forall zeT¢.
Recall A(T?), the degenerate subspace of V@ in (1.47). By the definition, we have
by € AT, and hence by = ((bg)1, -, (bg)n,0,---,0). (4.46)

For simplicity we think by as a vector in R™. To sum, we plug (4.44), (4.45) and (4.46) into (4.36)

to conclude

Z(t,z,v) = {po+bo- (v1, -+ ,vn) + 20 (P(z) + g)}\/ubﬂ(x, v). (4.47)

Notice that we obtain the above formula for Z only using the macroscopic equations and periodicity

in z € T<.

In order to conclude Z = 0, we use the conservations of mass (4.27) and energy (4.28) and
momentums for degenerate {vy,--- ,v,} (4.29) crucially. From the conservation of momentum for

degenerate {v1,...,v,}, we have

0:/01 //WXW viZ(s, 2, v)\/ip (@, v)dvdzds = (bo): /01 //TdXRd(vi)QuE(x,v)dvdxds, (4.48)

foralli=1,---,n, so that by =0 € R™.
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From the conservation of mass for Z in (4.27), we have

[v]?

0= o // pp(z,v)dvdr + 2¢ // ((I)(x) + U) pe(z,v)dvdz,
TdxR4 T4 xR4 2

and from the conservation of energy for Z in (4.28), we have

2 2\ 2
0= o //T y <<I>(x) + |U2|) we(x,v)dvdz + 2¢ //Td . <<I>(x) + |v2|> e (x,v)dvde.
d L xRd

Using the notation (,-) for L?(T¢ x R?) inner product, the above two equations are

(VIE; VIiE ) ((@(z) + [v[*/2)y/EE. VEE ) o
(®(x) + PI*/2)yEE, viE ) (2(2)+ [v[*/2)/iE, (®(x)+ |[v[*/2)\/iE ) 2¢o

Once we show that the determinant of the above matrix is not zero :

(Vs Vs (@) + [0*/2) Vi, (@) + [v*/2)ViE ) - (@) + [v*/2)viE, ViE ) #0,
(4.49)

then we conclude ¢y = 0 and ¢y = 0 and hence Z = 0. From the Cauchy-Schwartz inequality

(@) +|oP/2)viE, Vip ) 5 (Vs Vi )(2(@) + [l 2)VaE, (@) + [oP/2)viE ),

if \/pg and (®(z) + |v|*/2)/pE are linearly independent which is obvious. Thus we conclude
(4.49). 0

4.4 Nonlinear L* Decay

In this section, we prove Theorem 1, especially the nonlinear L —decay in (1.52). Recall the weight

function by w(z,v) = {% + ®(2)}%/2 in (3.20) and define a weighted perturbation by

F(t,z,v) — ME(x,v).

h(t,z,v) = w(x,v) X (4.50)
pe(z,v)
Notice that h(t,z,v) = w(z,v)f(t,z,v). Then h satisfies
{0, +v -V, —V®(x) -V, }h(t,z,0) + e *@vh(t,z,0) — e * @K, h = efwwl“(g, g), (4.51)



175

where L,,h = v(v)h— K,,h with K,,h = wK(%) ([27]). Notice that via Lemma 19 in [27], assuming
sUPg< o<1, € |[7(3)|| oo is small, we only have to show that there exist A > 0 and Ty > 0 and C;, > 0

such that

To
R(To)l|oo < €™*0[Ro|oe + CTO/ £ (s)l|z2ds, (4.52)
0

in order to show the nonlinear L°°—decay, i.e.

sup  eM[|A(t)]]oc < C|lhol|oc, (4.53)

0<t<oo

which is equivalent to (1.52). Once we establish (4.53), proving the existence and uniqueness,

positivity of the Boltzmann solution F' were established in [27].

For any (t,z,v), integrating along its backward trajectory d);—is) = V(s), dl;(gs) = —Vo(X(s))

in (4.4), we express

ht,m,v) = e Joe "X TVEdTL Q) X (0), V(0)) (4.54)

t
" / e ¥ X)L e E VO (s X (5), V(s))ds (4.55)
0

t
+ / e~ HEH LT XD (v (m)dr (ZZ) (s, X(s),V(s))ds.  (4.56)
0

Easily we can control the first line above by

—1®loo

(4.54) < e |1 (0)]| e, (4.57)

Next we estimate (4.56). We can bound the loss term in (4.56) :

WX V- (1) (X0, V()
e
= /Rd /Sdl_1 q(w, |u — V(S)DW}L(S,X(S),U)h(S, X(s), V(s))dwdu

2
Ju]

< | el = VD w (XG0 o | I, <AV,
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and for the gain term

WXV () (5, X0 V()

B . e_%h(s,X(s)m)h(s,X(s),v’) odu
/Rd /Sd 1 Vsl w(X(s),uv) w(X(s),v") duod

—B/2 u— S e_Twu S oo v S S 200
//S w Ju = V())e 5 duodu x ()] B, < (V)R B

where v/ = v/(u, V(s)) , v’ = u'(u,V(s)) and we used |u|? + |V (s)|? = |u/|* + |[v'|? so that

w(X(s), u)w(X(s),v)

W vz sy + 121y

2 2

> {<I>(X(s))2 L B(X(s)) (|u/|2 N |v;|2> }6/2

- {q)(X(s))Q PO (|u2|2 N |V(28)|2) }6/2 > {@(X(s)) (<1>(X(s)) T |V<28>|2) }5/2

> ©(X(s))"Pw(X(s), V(s))-

[\

Note that

— L fte Xy (v d —Luge I ®loo (t—s
) VEdr < —bw (t=s),

gdi L L TG
S

Using above relations, we have an upper bound of the integrand of (4.56) as

2(X(s))

= IOV e 00 (v () ()

< MUV (s))e PX 3 Sle Ty (v (r))dr {g%uoe“q"w(tfs)||h(5)‘|oo}2

_ . )2 y Qdi {e_%f: e*i’(X(T))V(V(T))dT} « {6_%1/067‘@‘00(t_s)Hh(S)Hoo}Q-

S

Therefore we have a control of the integration of (4.56) by

1 [t o= (XM V(1)) dr voe~ 1 ®loo (t—s
(456) = o WDy sup {0 T ()l
[P] oo _1, cf‘q)“’o(t—s) 2
< 22 X sup {e" 4" [|R(8)]]oo } - (4.58)

0<s<t

From now, we concentrate to estimate (4.55). Let k(v,v’) be the corresponding kernel associated



with K. Notice that in the integrand of (4.55)

{Kwh}(s,X(s),V(s)):/ ki, (V(s),v")h(s, X(s),v")dv'.

Rd

Now we use the representation of the underlined h(s, X (s),v’) again to evaluate (4.59). We need a

following crucial inequality, Lemma 3 in [27] :

Lemma 48. (/27])

1 1 2 1,,12]|2
[k(v,v")| < C{lv —v'| + |v — v’|1}exp{—8|v - ||v||v||}

8 |v—0v']?

Let 0 <0 < %. Then there exists 0 < g(f) < 1 and Cyp > 0 such that for 0 < e < £(6),
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(4.59)

p C

8

1— 1 2 1.71212 0v]?
/ {|Uv'|+vv’|1}exp{ €|U7’Ul|2f 5””‘ |’U| | } w(xvv)e d
Rd

8 v —v'|? w(x,v')ellv'I?

Proof. We can check

< .
1+ |v]

Jvl? pr2 WP v ) P2 o' | o=’ |
‘w(xw) ;- + o) B P S s > N 5

7|2 — 7|2 — ’2 2P
w(z,v') % + ®(x) d(z) + |v2\ O(z) + |v2| O(z) + \v2|

IA

{1+14Calv —v'P}P2 <O+ v — o252

The remainder of the proof is exactly same as the proof of Lemma 3 in [27].

In order to simplify notations, we define

Uy (t) = fot e"b(x(ﬂt’m’v))y(V(T; t,x,v))dr
Uy(s,t) = (X (s;t,z,v)) + fst e~ *XTLe ) y(V (15t 2, 0))dr > voe | Pl (t — 5)
Us(s,t) = 3®(X(s;t,x,v)) + f; e~ X (TLE )y (V (75t 2, 0))dr

Wi(s) = Jy e P XXy (V (758, X (s),0)dr > voe™ Pl s

Ui(s1,s) = %@(X(sl; s, X(s),v")) + fssl e—‘I’(X(T%SaX(S)av'))z/(V(T; s, X(s),v"))dr

U (s1,5) = (X (s1;8, X(s),v')) + f:l e~ PX (T8 X0y (V (758, X (s),0))dr > voe™ Pl (s — 57)
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We can rewrite h(s, X (s),v’) in (4.59) as

TS (0, X(0), V/(0)  + / e~ Vh(s1.9) / K (V' (1), 0" (51, X' (s1), 0" )dv" dsy
0

h h
+ /67‘1’3(31’5) F(w w) (s1,X'(s1),V'(s1))ds1.

0

We plug the above formula into (4.59) and (4.55) to have

(4.55) (4.60)
= // —W2(t5) e~V (V (), 0 )ho(X(0), V! (0))dv'ds (4.61)
R4
+ / / / / e V2(8) = T3 (510 (V7 (), o Yk (V! (51), 0" V51, X (51), 0" Yo" disy did62)
0 JRdJo JRd
t S , h h
+ // /e%(t’s)eq’3(sl’s)kw(V(s),vl)wF(,) (51, X"(51),V'(51))ds1dv'ds. (4.63)
0 Rd Jo w w
For the first line, we have
t
(4.61) < / e=troe™ M o / kw(V(s),v’)dv'ds (4.64)
0 Rd
g(te—%voe*“‘"”)e—””e =0 < Ce™* (4.65)

and the third line (4.63) is bounded by

/ / / P(X(s)) e~ f: e"b(x("wu(V(‘r))dT (466)
Rd

I

x e BV () L TV O g e (V(s), o) |B(s1) |2 dsydu’ds
11
vo(t—s) N[0 d 1 =XV (1)) dr /
<2 e 2¢lPloo kw(V(3)7v) — e 2Ys1 dsidv'ds (467)
0 dSl
_volt—sq) 2
x sup {e 4l ||h(s1)]|oo }
0<sl<t
<26 2ol ¢ gup {em T (s} (468)
120} 0<s:<t
4 vge~ | ®loo

3% sup {e~ =50 |h(s1)]|oc }2, (4.69)

1) 0<s; <t
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where we used

R L T %emstl))e—% [ e O e Dar, gy

II

IN
N

voye— | ®loo s - "(r
= 2R e (5 o a4 {6_;1;1 e ))”(V/(T))dT}

Now we concentrate on the second term, (4.62).

4.4.1 Estimate of (4.62)

CASE 1: |v| > N with N >> /|®|. Using (4.5), we have |V (s)| > £ so that

C C
Ky (V (), 0 ko (V' (51), 0" d0"dv) < — < =
//Rded (V(5), v )kw(V'(51),0")dv VS ITVE SN

Thus in this case, (4.62) is bounded by

vae \I’|oc
/ / —X0° = (t—s1) // kw(V(s),v/)kw(V'(sl),v”)dv”dv’dslds
R4 xR

times sup e - DA (s1)]]oo
Ofslgt
) 2 C voye— | ®loo
< <¢)> x —x sup e 7 || h(s1) e (4.70)
Ve~ ®leo N o<si<t
C 4 o2 vge~ [ ®loo
< = [l sup e 2 )| A(s1)]| oo, 4.71
S [ (s1)]] (4.71)

where we used the fact

tors L e—1®le
/ / ez (s g ds
0
vge=|®los \%c 2 voe—|®los [T L e IPlo
_ — (t—s1) _ -0 - ¢ s
= @l&/ ds/ dsl{ }dsl 71/06_@‘006 2 /O{e 3 1}ds

2
_Voe—lcwoo e S 2 92
e 2 - 2 S < - .
vpe~ “I>|°° voe~ |‘I"°° voe~I®lee | = \ ppe—I®le

CASE 2 : |v| < N,|v'| > 2N, or [v'| < 2N, |v"| > 3N. Observe that

V(s)=v'| = ' =v[=[V(s)=v| = '] = Jo| = [V(s) =],

<
—
»
=
=
|
e\
vV

" = | = [V (s1) = '] 2 [0"] = | = [V'(s1) = ¢,
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and |V (s)—v|, [V'(s1)—v'| < 2|®[% from (4.5), thus we have either [V (s)—v'| > ¥ or [V/(s1)—v"| >

% and either one of the followings are valid correspondingly for n > 0:

/‘2

kw(V(S),’Ul) < e_%Nzkw(V(S)7,U/)e%\V(s)—v ’

kw(vl(81),’l)ll) < eig]\ﬁkw(vl(sl)vU//)eg“/,(sl)ivnlz.

From Lemma 48, both fkw(V(s),v’)eg‘v(s)*vlwdv’ and fkw(V’(sl),v”)egwl(sl)’”u‘zdv” are still

finite for sufficiently small > 0. Therefore (4.62) is bounded by

vae— | ®loo
/ s / dsie” 7 / dv" dv' ke, (V (5), 0 ko (V! (51),0")

X sup e =) 1(s1)lloo
Ogslgt
92 2 0 N2 vge~®loo
< —=g—) e sup e 7 ()|l (4.72)
vpe~|®le 0<s, <t
1y 4 o0 voePlee
<e sV el gqup em T 7 TS| IR(s1)] oo (4.73)
v 0<s1 <t

where we used the fact

/ / Ko (V(5), 0/ )k (V' (1), 0" Yo do

// (V/(Sl) /){e%‘v(s)—v/‘z _|_ e’ |V (51 ”‘2} < C@_ﬁ]\[?

CASE 3 : |v| < N,|v'| <2N,|v"”| < 3N. This is the last remaining case because if |[v'| > 2N, it
is included in Case 2; while if [v”| > 3N, either |[v'| < 2N or |[v'| > 2N are also included in Case 2.

We can bound (4.62) by

t s
/ / / e—voe "I (t=s1) / Ko (V(5), ')k (V' (51),0") [h(s1, X' (1), 0")|dv" ds1 dv’ d€4.74)
[v/|<2N |v" | <3N s

Since ky, (v, v’) has possible integrable singularity of we can choose a smooth function with

lo— v’\’

compact support ky (v, v’) such that

1
wp [ o) k() <
p|<3N J|v|<3N
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Splitting ke, (V(s), v )k (V' (s1),0") in () by

kn(V(s),v")kn(V'(s1),0") , (4.75)

{ko(V(5),0") = kn(V(s),0") Yk (V/(51),0") + {ku (V' (51),0") — kn(V'(51),v") Ykn (V (5), 0" (4.76)

We can bound (4.74), in the case of (O = (4.76), by

C 4 2‘q>| _Voe_“I’lOO (t—sl)
N2 0<sup<te 2 [1h(51)]]00- (4.77)
0 SS81S

In the case of () = (4.75), we can bound (4.74) by

t s
CN/ ds/ dv’/ dsle_""ef‘@‘&(t_sl)/ |h(s1, X (5158, X (s;t,2,0),0"),0")|dv" (4.78)
0 v/ | <2N 0 [v/| <3N

Recall that we need to show the decay for t = Ty from (4.52). Since the potential is time-independent
we have
X(Sl; 5, X(Sa T07 xz, U)? Ul) = X(Sl — s+ T07 T07 X(TOa 2710 -5, U)? Ul)a
for 0 < 57 < s <Tp. From Lemma 47, we split (4.78) by
MY (M (M gy s
—vpe~ 1 ®loo (Ty—s
CNZ Z Z /0 dS /0 dsll{X(sl7s+TO;TO,z,v)€©§2}(517s) 1@1}1 (51 75+T0)e 0 ( 0 1)

itz I3
Y

X / dv'15s (v’)/ |h(s1, X (s1 — s+ To; To, X (Tp; 2T — s, x,v),v"),v")|dv'(4.79)
[v/|<2N [0 |<3N

13

From Lemma 47, we have

{(s1 — 8+ To, X (To; 2T — 5,7,v),v') € Dh x DI x DY,

0X
: det (W) (51 — S+ TO;T07X(TO; 27"0 - 3,.13,’1}),11/) = 0}

d
C U{(31 — s+ To, X(To; 2T — s,7,v),v") € Dy x DI x D
J

5 3
. 81— S +T0 € (tj,i1,12,13 — m7t]‘,i1712713 + 4M1)}
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For each !, I?, I3 and j, we split &) as

1@:1 (51 —s+ To)l(tj)i1712’13*ﬁ,tj)i1712’13+4;[1)(81 — s+ TO) ) (480)
15031 (81 —s+ TO){]- - l(tj,il712,13_ﬁ7tj,ilyl2,13+4ill)(81 — s+ TO)} (481)

CASE 3a : In the case of Q) = (4.80), the integration (4.79) is bounded by

T

’ ) —vpe~ I Pleo (Ty—s
CNZ > Z /0 ds/o 511X (51— s+ T0iTo 0,002, } (51:8) L1, (51— s 4+ To)e (Toes),

X1 ¢ = _y(s1 —s+Tp)

£
il 12,18 7 Doty 12 3t T

x/ dv' 153 (v')/ |h(s1, X (s1 — s+ Tp; To, X (To; 2T — s, 2,v),v"),v")|dv"”.
[v/|<2N r |v"|<3N
We split

_ - —1®]oo voe— | ®loo
e~ Voe |q)‘°°(t—sl)* — Vo€ ‘q>|°°2(t—s)e—uoef(s—sl) % e—'OE 5 (t—sl).

and rewrite the above integration as

vge—|®loo

CN Z Z Z /0 d51{X(5175+TO;TO,:1:,7J)€CD?2}(517 8)67 Pl (TO*S)

S _,,05*“1"00 _
XA dsie 2 (s—s1) ]_91}1 (31 _3+T0)1(tj,11,12,13— ty0. 02 3 )(81 —S-I-To)

£
aml’ am1
voe— | ®loo
x/ dv'15s (v')/ e o) |h(sy)||sodv”.
[v/|<2N IS v/ |<3N

vpe—®loo

For fixed i', I2, I3, using the fact that e~ = (5751) ig an increasing function of s; € [0, s], the

second line of the above term is bounded by

s 2 d _wge=I®loo 2 _vgeI®loe
/S,L — = {e = 1)}d81 = 41/06_7@'” {1 —€ 0° 4M1}
aMm

. Vot’i_‘(blOo d81

|®foo

2 voe~ € €

voe~ 8l 2 AMY  AM

~
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Therefore we can bound (4.79) by

Ml
s Y o

ge=|¥loo

To
CNA Z1{X(3175+T0;T0,x,v)65‘3?2}(81?8) e

12 . il=1
vge|®loo
/ A’ Los () x BNP sup e = T In(sy)]|
|v’|<2N I3 0<s1<To
To e |4>\o¢ 3 vge~ |l 1
< CN/ e (To=5) s x f/ dv'(3N)? sup e” 7 T n(s))]| 0o
0 lv'|<2N 0<s:<Tp
2 € 3 3 vge~|Ploo .
< On——5= 7 @NP’BN)? sup e = 7| |n(sy)]|
voe 1Pl 4 0<s1<To
Cnel®leo vge—|®loo
< e NC T qup e T @5 ||B(sy) o, (4.82)

Yo 0<s51<Tp

where we used the fact that

(M)
*x* Z L{X (31— ToiTo. . 0) €02, } (51, 5)
I2
= l{X(s175+To;To,a:,v)€Td}(317S) = 1{0SS§TO}(S)1{0§51§5}<51)’
(M
* % % Z 193 1\v’\<2N( ) = 1|v’|§2N(U/)'

CASE 3b : In the case of ) = (4.81), the integration (4.79) is bounded by

Ml (]\/[2)d MS)d

To s
—vge~®loo —S
CN Z Z Z / dS/O dsll{X(sl75+T0;T0,:1:,1))ECD?2}(817 S) 1@1}1 (81 — S+ T())e 0 (To—s1)

3t 12

X {1 — 1(tj,i1,12,13 4Ml 7t3 i )(51 — S+ TQ)} (483)

x/ 1o (v’)/ |h(s1, X (s1 — s + To; To, X (Top; 2Ty — s, z,v),v"),v")|dv'dv”.
[v'|<2N v/’ | <3N

I3

By Lemma 47, we can apply a change of variables :
’U/ — Y= X(sl -5+ TO) T07X(TO; 2T0 - 5,7, v)7vl)7

oX
Jac <8 ) (81 - S+T0’TO’X(TO;2T0 — S,Z',’l}),’()/) > (5*
v’
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Therefore the last line of the above term is bounded by

1 1 2
—/ / w(z,v")|f(s1,z,0")|dv"dx < — / / w(x, v")2dzdv” | || f(s1)]]12
O z€Td J|v”|<3N O [v"”|<3N JTd
1
< KC(N,|‘I’|m)\|f(81)||L2~

Therefore, in the case of Q) = (4.81), we have an upper bound of (4.79) as

To
C(M', M?,M? 6., N, |‘1’|oo,l/o)/ I[f(s1)|[p2ds1. (4.84)
0

To summarize, let A = ¢ and from (4.57), (4.58), (4.65), (4.69), (4.71), (4.73), (4.77), (4.82)
and (4.84) we conclude

_ 1 a2 B s
[h(To)lle < e ATc’\lhollooJrC(N+6+6 SV sup {e MO h(s)] oo }
0<s<Tp

To
+ C sup {efA(T(’*S)\|h(S)||oo}2+CT0/ I1f(s1)|L2ds1.
0<s<Tp 0

Assume supg< <7, {€**||h(s)||s} is sufficiently small. Choose sufficiently large N > 0 and small

e > 0 and small ||hg||oo. Then we conclude (4.52).

4.5 Nonlinear L*° Stability

In this section, we prove Theorem 2 and establish the nonlinear L stability in (1.55). The following
lemma, which has been established in [28], plays a crucial rule in the proof of the nonlinear stability

(1.55) without the conservation of momentum.

Lemma 49. ([28]) Let pug(z,v) = exp{f% —®(x)}. Assume F satisfies the conservation of mass
(1.43), energy (1.44) and the entropy inequality (1.45). For 0 < d < 1, we have

4
J] VP = kel -atsse < 5E = Hluw) + 1Mol + Bl (185)

Proof. The proof is almost same as the argument in Page 147 of [28]. The difference is the fact

that Inug = 7@ — ®(z) is only bounded by the energy @ + ®(x). We now make use of the
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entropy inequality (1.45). Recall from the Taylor expansion,

HF(D) - Hlpp) = /{F Dl F(t MElnuE}://anuEH){F() uE}+/ (F(1)

where F' is a number between F(t) and ug. Notice that the underlined term is bounded by the

mass and energy of F(t). Hence, from the conservation of mass (1.43) and energy (1.44), we get

//W < H(Fo) = H(pe) + [Mo| + |Eo.

The rest of the proof is exactly same as the argument of Page 147 of [28]. O

In order to obtain (1.55), we do estimate a weighted perturbation h in (4.50) satisfying the lin-
earized Boltzmann equation (4.51). The proof is exactly same as Section 4 except CASE 3b. Con-
sider (4.83) in CASE 3b. We introduce the indicator functions 1|p)— . <su, and 1pe)

*#E\Z‘;#E

and split the last line of (4.83) into

/ / 1@33|h(81,X(81 _s+T0)7U/I)‘1|F(t)—ltE|§5/LE
[v/|<2N J|o”|<3N T

+1gs, [h(s1, X (s1 = 5+ T0), ") F(t)— gl >+

The first integration is bounded by

5/ / 1os w(X(s1 —s+Tp),v \/,uE (s1 — s+ Tp),v").
lo'|<2N J]v|<3N P

Using Lemma 4, the second integration is bounded by

o3 —(X(sl —s+1Tp),v")
/7/|<2N /|v”|<3N 13 VHE
X|F(s1, X (s1 — s+ Tp),v") — pp(X(s1 — s+ T0), v")|1|pt)—pp|>epsdv” dv’. (4.86)

By Lemma 2, we apply the change of variables
U/ — Y= X(sl -5+ T07 T07X(TO; 2T0 - S5, 7, U)7U/)7

oX
Jac (81}’) (51 — s+ To; To, X (To; 210 — 8,2, v),0") > ds.

ME}2
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to bound (4.86) by

Cn.o
X [ Loy Pl ) = (1) L0 dad' (4.87)
* |o'|<2N JyeTd 1

Combining these two cases, using Lemma 4, the whole integration (4.83) is bounded by

To S —|o|
CN<I>/ ds/ dsre” ™" OO(TTSI)/
~Jo 0 v/ |[<2N

1
X d{5 + FlF(Shy, V") = pe(s1,y, 0" )1 p@) = | >ous Fdydv'
T *

< Cna [5 4 S M) ~ Hlp) + Mol + |Eo|}]

Cn,00x 2/ H(Fy) — H(ug) + |Mo| + |Eo -

IN

We also have optimized § such that (for sufficiently small |H(Fp) — H(pug)| + |Mo| + |Eol),

1

5= —
0:0

{H(Fo) — H(pr) + [Mo| + [Eol}-
To summarize, from the last part of Section 4, we conclude

_ 1 _n N2 — —
sup [[h(t)lle < eTM[holloc + O +e+ e sup {707 Ih(s)]|oo}
0<t<Tp 0<s<Top

oo, {e M0 h(5)loo} + Cn0ds 2 VH(F)) — H(pe) + Mol + | Eol.
=s>4o

Assume supg< <7, |[1(5)||cc and e > 0 sufficiently small and Tp, N, 7 sufficiently large to conclude

1
[11(To)llee < 5 1ol se + Cry VH(Fo) = H(p) + [ Mo + [ Eol- (4.88)

From this finite time estimate, we use the argument in page 23 of [23] to establish a large time

estimate. Apply (4.88) repeatedly to get

1
[[h(nTo)|[c < §|\h0\|oo + CryVH(Fy) — H(pg) + |Mo| + | Eol

1 1

< 1|\h0\|oo+{1+§}CTo\/7'l(Fo)—H(ME)+\M0|+|E0|

<
1 1 1

< 27\|h0||oo+{1+§+1+---}CT0\/H(F0)—H(ME)+|M0|+|E0\
1

< 27Hh0||oo+20To\/H(F0)—H(UE)+|M0|+|E0|-
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For any ¢t > 0, we can find n such that nTy < ¢ < {n + 1}7Tp and form L estimate on [0, Tp], we

conclude (1.55) by

1(®)llse < O l1ATo)l oo < C { [1hollow + V/HFo) = Hlyuz) + Mol + | Eo |-
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