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Abstract of “Vertex Models, Ising Models and Fisher Graphs ” by Zhongyang Li,
Ph.D., Brown University, May 2011

In Chapter 1, we study planar “vertex” models, which are probability measures on
edge subsets of a planar graph, satisfying certain constraints at each vertex, examples
including the dimer model, and the 1-2 model, which we will define. We express the
local statistics of a large class of vertex models on a finite hexagonal lattice as a linear
combination of the local statistics of dimers on the corresponding Fisher graph, with
the help of a generalized holographic algorithm. Using an n xn torus to approximate
the periodic infinite graph, we give an explicit integral formula for the free energy and
local statistics for configurations of the vertex model on an infinite bi-periodic graph.

As an example, we simulate the 1-2 model by the technique of Glauber dynamics.

In Chapter 2, we study the spectral curves of dimer models on periodic Fisher
graphs, defined by the zero locus of the determinant of a modified weighted adjacency
matrix. We prove that either they are disjoint from the unit torus (T? = {(z,w) :
|z| = 1, |w| = 1}) or they intersect T? at a single real point. As an application, we
prove that the single edge probability of dimer models on periodic Fisher graphs is

unique under any translation invariant Gibbs measure.

A periodic Ising model is one endowed with interactions that are invariant under
translations of members of a full-rank sublattice £ of Z2. In Chapter 3, we give an
exact, quantitative description of the critical temperature, defined by the supremum
of the temperatures at which the spontaneous magnetization of a periodic, Ising
ferromagnets is nonzero, as the solution of a certain algebraic equation, namely, the
condition that the spectral curve of the corresponding dimer model on the Fisher
graph has a real node on the unit torus. A simple proof for the exponential decay
of spin-spin correlations above the critical temperature for the symmetric, periodic
Ising ferromagnet, as well as the exponential decay of the edge-edge correlations
for all non-critical edge weights of the dimer model on periodic Fisher graphs, is

obtained by our technique.
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CHAPTER ONE

Local Statistics of Realizable

Vertex Models



1.1 Introduction

A vertex model is a graph G = (V| E') where we associate to each vertex v € V' a
signature r,. A local configuration at a vertex v is a subset of incident edges of
v. A configuration of the graph G is an edge subset of G. The signature r, at a
vertex v is a function which assigns a nonnegative real number (weight) to each local
configuration at v. The partition function of the vertex model is the weighted sum
of configurations X € {0,1}¥, where the weight of a configuration is the product
of weights of local configurations, obtained by restricting the configuration at each
vertex. Dimers, loop models, and random tiling models are some special examples

of vertex models.

Direct computations of the partition function of a general vertex model usually
require exponential time. On the other hand, using the Fisher-Kasteleyn-Temperley
method [13, 14], we can efficiently count the number of perfect matchings (dimer
configurations) of a finite planar graph. The idea of generalized holographic
reduction is to reduce a vertex model on a planar graph to a dimer model on
another planar graph, essentially by a linear base change, see section 3. For an

original version of the holographic reduction (Valiant’s Algorithm), see [29].

However, not all satisfying assignment problems can be reduced to a perfect
matching problem (“realized”) using the holographic algorithm. We study the re-
alizability problem of the generalized algorithm for vertex models on the hexagonal
lattice and prove that the signature of realizable models form a submanifold of pos-
itive codimension of the manifold of all signatures, see Theorem 3.6. An example of
realizable models is the 1-2 model, which is a signature on the honeycomb lattice,

only one or two edges allowed to be present in each local configuration, see Figure



13, 14. The realizability problem of Valiant’s algorithm is studied by Cai [4], and
the realizability problem of uniform 1-2 model (not-all-equal relation), a special

1-2 model which assigns all the configurations weight 1, under Valiant’s algorithm is

studied by Schwartz and Bruck [28].

Realizable vertex models may be reduced to dimer models in more than one
way, that is, using different bases. However, all the dimer models corresponding to
the same vertex model are shown to be gauge equivalent, i.e. obtained from one

another by a trivial reweighting.

One of the simplest vertex configuration models is a graph with the same sig-
nature at all vertices. Using the singular value decomposition, we prove that such
models on a hexagonal lattice are realizable if and only if they are realizable under
orthogonal base change. Moreover, the orthogonal realizability condition takes a

very nice form; see section 3.2.

We compute the local statistics of realizable vertex models on a hexagonal lattice
with the help of the generalized holographic reduction, i.e. for the natural probability
measure, we compute the probabilities of given configurations at finitely many fixed
vertices, which are proved to be computable by sums of finitely many Pfaffians, see

Theorem 5.1 and Theorem 5.2.

The weak limit of probability measures of the vertex model on finite graphs are
of considerable interest. Using an n x n torus to approximate the infinite periodic
graph, we give an explicit integral formula for the probability of a specific local
configuration at a fixed vertex, see section 6. These results follow from a study of
the zeros of the characteristic polynomial, or the spectral curve, on the unit

torus T2. For a more general result about the intersection of the spectral curve with



T?, see [24]. For example, using our method, we compute the probability that a
{001} dimer occurs and for uniform 1-2 model, and the probability that a {011}

configuration occurs at a vertex for critical 1-2 model, see Examples 7.2 and 7.3.

The main result of this paper can be stated in the following theorems

Theorem 1.1. For a periodic, realizable, positive-weight vertex model on a hexagonal
lattice G with period 1 X 1, assume the corresponding Fisher graph has positive edge
weights, then the free energy of G is

1 1 dz d
F = lim —log S(G) //||_1| . logP(z,w),—Z_w

n—00 N " 82 12 1w
where G,, is the quotient graph G/(nZxnZ), P(z,w) is the characteristic polynomial.

Theorem 1.2. Assume the periodic vertex model on hexagonal lattice is realizable to
the dimer model on a Fisher graph with positive, periodic edge weights, and assume
the entries of the corresponding base change matrices are monzero. Let )\, be the
probability measure defined for configurations on toroidal hexagonal lattice G,,. Then

for a configuration ¢ at a vertices v

p

lim A, (c,v) = Z[H wa, [P v (ay)]

n—oo
d; =1

where

1 Cof (K (z,w))y. dz dw
K ((u, 2,91), (0, 29, 4)) = —//2 A (K( D ——
T

472 P(z,w iz fw

d; are local dimer configurations on the gadget of the Fisher graph corresponding to

v. V(d;) is the set of vertices involved in the configuration d;.



1.2 Background

1.2.1 Vertex Models

Let {0,1}* denote the set of all binary sequences of length k. A vertex model is a

graph G = (V, E') where we associate to each vertex v € V' a function
ro {0,140 — RY

r, is called the signature of the vertex model at vertex v. We give a linear ordering
on the edges adjacent to v, and we fix such an ordering around each vertex once
and for all. This way the binary sequences of length deg(v) are in one-to-one cor-
respondence with the local configurations at v. Each edge corresponds to a digit; if
that edge is included in the configuration, the corresponding digit is 1, otherwise the
corresponding digit is 0. Hence we can also consider r, as a column vector indexed

by local configurations at v:

7,(0...00)
74(0...01)
ro=| 1,(0..10)

ro(1...11)

Example 1.3 (signature of the vertex model at a vertex). Assume we have a degree-2



vertex with signature

r4(00) a
R
" | nao) Y

ro(11) 5

that means we give weights to the four different local configurations as in Figure 1:

o B y )

-—— —e ————

Figure 1.1: Relation at a Vertex

Assume G is a finite graph. We define a probability measure with sample space
the set of all configurations, 2 = {0, 1}/¥!. The probability of a specific configuration
R is

AR) = 5 I[I®. (1.1)

The product is over all vertices. 7,(R) is the weight of the local configuration
obtained by restricting R to the vertex v, and S is a normalizing constant called the

partition function for vertex models, defined to be
S=> T]r®R).
ReQueV

The sum is over all possible configurations of G.

Now we consider a vertex model on a Z?-periodic planar graph G. By this we
mean that G is embedded in the plane so that translations in Z? act by signature-

preserving isomorphisms of G. Examples of such graphs are the square and Fisher



lattices, as shown in Figure 7. Let G, be the quotient of G by the action of nZ?2.
It is a finite graph embedded into a torus. Let S, be the partition function of the
vertex model on G,,. The free energy of the infinite periodic vertex model G is

defined to be

1
F = lim — log s,

n—oo N,

1.2.2 Matchgates, Matchgrids

A matchgate I' is a planar local graph including a set X of external vertices, i.e.
vertices located along the boundary of the local graph. The external vertices are
ordered anti-clockwise on the boundary. I' is called an odd(even) matchgate if it
has an odd(even) number of vertices in total(counting both internal and external

vertices). For example, the matchgate in Example 2.2 is an even matchgate.

The signature of the matchgate is a vector indexed by subsets of external
vertices, {0,1}XI. For a subset X, C X, the entry of the signature at X, is the
partition function of dimer configurations on a subgraph of the matchgate. The
subgraph is obtained from the matchgate by removing all the external vertices in

Xop.

Example 1.4 (signature of a matchgate). Assume we have a matchgate with external

vertices 1, 2, 3, and edge weights as illustrated in the following figure:

3

7
‘ 2
1

Figure 1.2: Matchgate



then the signature of the matchgate is

000 ar + by + cz
001 0
010 0
011 T
m =
100 0
101 y
110 z
111 0

A matchgrid M is a weighted planar graph consisting of a collection of match-
gates and connecting edges. Each connecting edge has weight 1 and joins an external
vertex of a matchgate with an external vertex of another matchgate, so that every

external vertex is incident to exactly one connecting edge.



1.3 Generalized Holographic Reduction

In this section we introduce a generalized holographic algorithm to compute the par-
tition function of the vertex model on a finite planar graph in terms of the partition
function for perfect matchings on a matchgrid. The idea is using a matchgate to
replace each vertex, and perform a change of basis, such that after the base change
process, the signature of a vertex becomes the signature of the corresponding match-

gate. We describe the algorithm in detail as follows.

For a finite graph GG, we associate to each oriented edge e a 2-dimensional vector
space V.. To the edge with the reversed orientation, the associated vector space is

the dual space, i.e. V_, = V*. Give a set basis {f°, f1} for each V,, satisfying
FLe(f) = 0.

Let v be a vertex with incident edges e, , ..., €;,, oriented away from v. The signature
of the vertex model at a vertex v, r,, can be considered as an element in W, =
Ve, ® ... ® V, . Hence r, has representations under bases F' = {f, f, }cer and

B = {t°,b!}.ck as follows

ro= Y ryeyra,)bet @ @bet (1.2)
Cly 5-sCly,

= > regley o)t @ @ ok (1.3)
Cly yeesCly,

where B are the set of standard bases for each V,
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a, € {0,1}. ¢, --- ¢, are binary sequences of length k. From the definition of the

signature of vertex models, r,(c;, - - - ¢, ) is the weight of the configuration ¢, - - ¢,

at vertex v.

We construct a matchgrid M as follows. We replace each vertex v by a matchgate
D,, such that the number of external vertices of D, is the same as the degree of v,
and the edges of the vertex model graph G become connecting edges joining different

matchgates in the matchgrid M. Examples of such replacements are illustrated in

-

Figure 1.3: degree-3 vertex and matchgate

+ %

Figure 1.4: degree-4 vertex and matchgate

the following Figure.

If the signature m, of the matchgate D, satisfies

my, = Z T f(Cry - -clk)bgﬁ ®-® b?li, (1.4)

Cly e Cly,

that is, the representation of m, under bases B is the same as the representation of

r, under bases F', then we have the following theorem:
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Theorem 1.5. Under the above base change process, the partition function of the

vertex model of G is equal to the partition function of the dimer model of M.

Proof. There is a natural mapping ¢ from ®,cy W, to C induced by ®ccgo., where
¢, is the natural pairing from V, ® V* to C. Note that in ®,cyW,, each V, and V_,
appear exactly once. Since the representation of m, under bases B is the same as

the representation of 7, under bases F', we have
(I)(®UEmeu) = (I)(®UEVTU)~ (15)

(1.5) follows from the fact that each ¢, : V. ® V.* — C is independent of bases as
long as we choose the dual basis for the dual vector space. However, the left side of
(1.5) is exactly the partition function of the dimer model of M, while the right side

of (1.5) is exactly the partition function of the vertex model of G. [

Define the base change matrix at edge e, T, = ( o ft ) The base

change matrix at vertex v, T, acting on W, by multiplication, is defined to be

T, = ®{e|e is incident to v, and oriented away from U}Te-

In order for a vertex model problem to be reduced to dimer model problem, one
sufficient condition is that at each vertex, the signature of the vertex model r, under
the bases F' is the same as the signature of the matchgate m, under the standard

bases. Namely,

Tomy, = 1,. (1.6)
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(1.6) follows directly from (1.3) and (1.4).

Example 1.6. Consider the graph in Figure 5 with standard dimer signature

-
e/

Figure 1.5: Graph of Example 1.6

t
Tw =Ty = (7“000 ool Toio Toil Ti00 Tio1 T110 7’111)

t
:<01101000)

Define the base change matrix on edges a,b, c to be

By definition, T,, = T,QT,®T.. Note thatT,, = (T%)~' = T,. After the base change,

we have the standard loop signature

Tw:fb:Tw'Tw:Tb"/’b

t
:(00010110>

For instance, after the base change, the dimer configuration 001 with only c-edge
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occupied becomes

T - (bo ® by ® by)

2(00000010)7

which is the configuration 110, the loop configuration with a-edge and b-edge occupied.

However, since the number of vertices in a matchgate is either even or odd,
at a vertex of degree d, the signature of a matchgate must be a 297! dimensional
subspace of C?", with those 297! entries being 0. These are the entries correspond
to the partition function of dimer configurations on a subgraph of the matchgate
with an odd number of vertices, see example 2.1. This is the parity constraint.
As a result, by dimension count we can see that it is not possible to use holographic
algorithm to reduce all vertex models into dimer models. To characterize the special
class of vertex models applicable to holographic reduction, we introduce the following

definition.

Definition 1.7. A network of relations on a finite graph is realizable, if there exists

a system of bases reducing the model to the set of perfect matchings of a matchgrid.

Definition 1.8. A network of relations is bipartite realizable, if it is realizable

and the corresponding matchgrid is a bipartite graph.

Remark. The above generalizes Valiant’s algorithm [29] in the sense that our basis
can be different from edge to edge. As a consequence, our approach results in an
enlargement of the dimension of realizable submanifold, which will be shown in the

next section.
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1.3.1 Realizability

We are interested in periodic vertex models on the honeycomb lattice with period
n x n. The quotient graph can be embedded on a torus T? = S x S1. We classify
all the edges into a-type, b-type and c-type according to their direction, and assume
b-type and c-type edges have the same direction as the two basic homology cycles

(1,0) and (0,1) of torus, respectively, see Figure 6.

v (0,1)

e (1,0)

Figure 1.6: Periodic Honeycomb Lattice

Assume the vertex model is realizable, then each corresponding matchgate may
have either an even or an odd number of vertices. By enlarging the fundamental
domain, we can always assume that there are an even number of matchgates with
an even number of vertices. Then by permuting rows of matrices on a finite number
of edges, we can always have all the matchgates having an odd number of vertices.
For example, assume we have a pair of adjacent matchgates with base change matrix

on the connecting edge e, T, = < fo fi >, as illustrated in Figure 7. Then if we

Figure 1.7: Permutation of Basis Vectors 1
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assume T, = ( i fo ) obtained by permutating two basis vectors of T,, we actually
interchange the roles of 0 and 1 at the corresponding digit of the binary sequences
as indices of signatures of the matchgate. Namely, for given vertex signature r,,
assume T,m, = r,, and Ty, = ry, where T, =T, 2T, ®T.. Then for any
binary sequence cicacs, the entry my (., c,e,) 18 the same as my, 1—¢,)eoeq}, according to
equation (1.6). If originally we have an even matchgate at v, by parity constraint, the
001,010, 100, 111 entries of m,, are zero. After the permutation of basis vectors, m,
will have 101, 110, 000, 011 entries to be zero. Hence m, has to be an odd matchgate,

as illustrate in Figure 8. By finitely many times of such permutations, we can move

Figure 1.8: Permutation of Basis Vectors 2

two even matchgates to adjacent positions. Then we permutate the basis on the

connecting edge, we can decrease the number of even matchgates by 2.

Since we are considering a vertex model with periodic signatures, one period of
which can be embedded into a torus; if for one period, we have an odd number of
vertices whose signatures are realizable to an odd matchgate, then after enlarging the
fundamental domain by 2, we can always have an even number of even matchgates
in the bigger torus. Hence if we repeat the process described above, in the end, all

matchgates will be odd.

Assumption 1.9. From now on, we make the following assumption:

e All entries of base change matrices are nonzero.

o All entries of the matchgate signature are nonzero.
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Since the honeycomb lattice is a bipartite graph, we can color all the vertices in
black and white such that black vertices are adjacent only to white vertices and vice

versa. Assume vertex signatures at black and white vertices are as follows:

t

i — ij ij ij ij ij ij ij ij

T < Tooo Loor Lo Loir Lioo Tior Lrio Ti11 ) (1.7)
t

N - SN NN K /NN Y ¥

Ty ( Yooo Yoor Yoo Yoiur Yioo Yior Y10 Yina (1‘8)

where (4,7),1 < i < n,1 < j < n is the row and column index of white and
black vertices. Assume 000 = 1, then entries of signatures are indexed from 1 to
8. Associate to an a-edge, b-edge and c-edge incident to a white or black vertices, a

basis

(6.4.k)  (:4,k)

TR _ Nog Poa _ ( (k) p(i,j,k) >
@ i,k i,k e @
Gl
(4,5.k)  (i,5,k)
qGak) _ | Mo Poy _ [ i @R
b (igk)  (i.5k) b Py
ST Py
(4,5.k)  (i,5.k)
T3 _ Mo Poc _ ( (9K p(i,j,k) >
C 7:, .’k 'i, ‘,k C C
ngca ) pgcj )

where k£ = 1 for white vertices and k = 0 for black vertices.

By the realizability equation (1.6), and the fact that all matchgates are odd, the
1st, 4th, 6th, 7th entries of the matchgate signatures m, are 0, so we have a system

of 4 algebraic equations at each vertex v. For example, at each black vertex, we have

.. — /L'vj’o ihj’o i:jvo . Z]
mlzjzo - Ta ® Tb ® TC rb (1'9>
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and the fact that the 1st entry of m; ;o is 0 gives the following equation

N0aN0obT0cY1 + MoaM0bPocY2 + NoaPobM0cY3 + M0aPobPocy4

+Poan0bN0cY5 + PoaTobPocYs + PoaPosT0cY7 + PoaPosPocys = 0

That the 4th, 6th, 7th entries of m; ;o are 0 give three other similar equations.

Similarly at each white vertex, we have

mige = (T @ T @ T r (1.10)

w

the same process gives a system of 4 equations at the white vertex.

. (4,3,1) .. (4,3,0)
Let o) = ZZ{LTU, = ZZ?TO), 1 €{0,1},m € {a,b,c}. Then the equations we get
lm lm
are linear with respect to «,, at,, B¢, 515, which can be solved explicitly.

- LY i . 4t
o = 0 (1.11)

rtd .t q - v

T VL

i _ _

Yo = Gi i~ pii i (1.12)
3 gii . 4ii ki . i
vy — —
Oa =" gij i Kid i (1.13)
) ij . 4ij \iJ . 4
== (1.14)

oW i A\ . qtd
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where

PV =\ aod o, ap 1) 07 =| ageil o, or 1
= anag ofy af 1) sY={ ajjoil oy ol 1
oo mom) o-(a o)
Ni = gigu gl gi 1) W=\ b B B 1 |
U = xij —xéj —x;j x?) V¥ = :L‘éj —x? _xéj :E?)
Wi — ( T Y yij) ti — ( g iy y;j>

\

Since g, # Q1 and By, # Bim as a consequence of the invertibility of the
base change matrices, after clearing denominators and some reducing, for any (i, j),

equations (1.11)-(1.14) are equivalent to

2y2ys — 2y6ys + (Bic + Poc) (W1Ys + Y2yr — YsYs — Yeys) + 2(v1yr — YsYs) B1cboe =(0.16)
—2.1711‘7 + 21‘51[’3 -+ (alc -+ Oéoc)(l'2$7 + T1Tg — T4T5 — ZE6I3) + 2(1’61‘4 - I'Ql'g)(llc&oc :((])17)
2ysys — 2ysy7 + (B1s + Bov) (Y1Ys + YsYs — YaYs — Yry2) + 261680 (Ysr — Y2ys) =(0.18)

21’51‘2 — 21’1976 + ([L’lflfg — Loy — T5Ty4 + {23'31‘6)((1/1[, + Oé()b) + 2(1’71‘4 - :vgxg)agbozlb :((])19)

If we solve agp, 1p, Bop, S1p explicitly, a similar process yields
2w3wy — 22124 + (X524 + X128 — ToX7 — T3%6) (0 + 1a) + 2(TeT7 — T5T8) a1, =(0.20)

2ysyr — 2y5Ys + (Ys¥s + Yoyr — Y1Ys — Ya¥s) (Boa + Bia) + 2(Y2y3 — y19a) Boa 1o =(0.21)

We get two equations per edge, one involving the a-variables, the other involving

the b-variables. But a-variables and b-variables are actually the same thing for each
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single edge. From equation (1.16),(1.17), we can solve basis entries o)’ = £/
from equation (1.18),(1.19), we can solve basis entries oy = 81,7, Finally from

L _ pLJ
la — Mla>

(1.11)-(1.14), we can solve «y, and f,, the only constraint left will be «
which is two polynomial equations with respect to relation signature at each a-edge.

Together with Theorem 2 in appendix, we have the following theorem

Theorem 1.10. Under assumption 3.5, the realizable signatures on the n X n peri-
odic honeycomb lattice form a 14n? dimensional submanifold of the 16n? dimensional
manifold of all positive signatures; the bipartite realizable signatures on the nxn peri-
odic honeycomb lattice form a 12n? dimensional submanifold of the 16n* dimensional

manifold of all positive signatures.

For the exact realizability condition, see the appendix.

Under assumption 3.5, the weight {111} is non-vanishing at each matchgate.
Since the probability measure will not change if all entries of the signature at one
vertex are multiplied by a constant, we can assume at each matchgate, the weight

of {111} is 1. Therefore, we have

Theorem 1.11. A realizable vertex model on a finite hexagonal lattice G can always
be transformed to dimers on M, a Fisher graph as shown in Figure 9, with the
partition function of the vertex model of G equal to the partition function of the

dimer model of M, up to multiplication of a constant.

It is possible to construct a matchgrid with different weights to produce the same
vertex model. Since the holographic reduction is an invertible process, by which
we mean that because the base change matrices are nonsingular, we can always
achieve the matchgate signature from the vertex signature and vice versa, there is

an equivalence relation on dimer models producing the same vertex model.
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Figure 1.9: Matchgrid with 3x 3 Fundamental Domain

Definition 1.12. A wvertex model is holographically equivalent to a dimer model on
a matchgrid, if it can be reduced to the dimer model on the matchgrid using the
holographic algorithm, in such a way that partition function of the vertex model cor-
responds to perfect matchings of the matchgrid. Two matchgrids are holographically

equivalent, if they are holographically equivalent to the same vertex model.

Proposition 1.13. Holographically equivalent matchgrids give rise to gauge equiva-

lent dimer models. Therefore, they have the same probability measure.

Proof. See the appendix. n

1.4 Orthogonal Realizability

Definition 1.14. A vertex model is orthogonally realizable if it is realizable by an

orthonormal base change matrix on each edge.
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Consider a single vertex. To the incident edges of the vertex, associate matri-
ces Uy, Uy, Us. Without loss of generality, we can assume Uy, Uy, Uz € SO(2). In
fact, if det U; = —1, we multiply the first row of U; by —1. The new signature of
the matchgate will be multiplied by —1. This change does not violate the parity

constraint.

cosq;  sino;
Assume U; = . Assume U = ®2_,U;, then U € SO(8), each

—sino; coso;

term of which is product of three of cosa;,sina;. Moreover, the eigenvalues are
e(tartaztas)v=1 " {Jging trigonometric identities, each entry is a linear combination

of cos(£ag £ ay £ a3) and sin(+ag £ ay £ ag). If we further define

i

92(91 92 93 94 G5 Ys 97 gs>

!

h:(O ho hg 0 h,5 0 0 hg)
Y=a14+as—a3; p=01+az3—ag p=as+a3— o
J1=94+t 96+ 97— g1; J2 = 91+ g6 + g7 — 9a;
J3=911t 94+ 97— ge; Ja = g1+ ga + g6 — gr;

Js =93+t 95+ 98 — go; Jo = g2 + g5 + gs — g3;

Ji=92+t93+t 98— gs; Js = g2+ g3+ g5 — gs
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P = jycos(p) + jrsin(v); Q = jszcos(v) + jesin(v); R = jycos(y) + js sin(7y)
K = jicos(p+ ¢ +7v) — jsgsin(e + ¢ + )
H = jrcos(p) — jasin(p); L = jscos(yh) — jzsin(v); M = jscos(y) — jasin(y)

N = jgcos(p + 1) +7) + jisin(p + ¢ + )

then if Ug = h, we have

0=P=Q=R=K (1.22)
Ahg=H+L—M+N (1.23)
Ahs=H—L+M+N (1.24)
Ahs=N+M+L—H (1.25)
Ahs=H + L+ M — N (1.26)

By (1.22), we have tan ¢ = —;—i,tanqﬂ = —%,tanv = —%,tan(gp+@/z+7) = j—; If

we define
U+ v
t p—
(u,v) vy
tt(a,b,c,d) = a+b+c+d— abe — abd — acd — bed

1 —ab—ac— ad — bc — bd — cd + abed

Then the following theorem holds:

Theorem 1.15. A vertex model on a periodic honeycomb lattice with period n X n

1s orthogonally realizable if and only if its signatures satisfy the following system of



equations

71 71 171 171
where 27" = x4+ T6+ 17— X1, 29 = T3+ T5+ T8 — X, 25 = To+Ts5+x8— T3, 25

23

Zijk Zijk Zijk Zijk
7 6 4 1 o .
tt( ijk ijk ijk > ijk> =0 Vi, j, k
140 190 i gl
t(=%0, =) = t(— %7, — 1)
%3 25 23 %5
Lii=1.0 Li3=1.0 g1 Sid:1 Vi i
_F R\ 4(__E _F
10 Z;jfl,O) = t( RELE z?l) — Vi, ]
z;_l’jo 23—1,3'0 Z’i?jl Zijl
_z;"l’jo’ __Zé—l,m) = t(_zéjl ) _zgﬂ

ijl ijl ijl
[E1—|-.’L'6+ZL‘7—SE4,Z5] :$2+$3+5E8—$5,26j :3314-2344-237—{136,2’7] =21 +T4+

- . 0
Te — T7,28 = To + T3+ x5 — x5, and the same relation for z’" and yy,...,ys. «'s

and y's are defined by (1.7) and (1.8).

It is trivial to verify these equations in any given situation.

Definition 1.16. A vertex model on a periodic honeycomb lattice with period n X n

18 positively orthogonally realizable if it is orthogonal realizable and for each vertex

(1,4, k), there exists angles % )% ~iik = sych that

Proposition 1.17.

If a vertex model on a bi-periodic hexagonal lattice is orthogo-
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nally realizable, then the corresponding dimer configuration has positive edge weights.

Proof. Under the assumption that the vertex model have nonnegative signature, we

have

<zt tien <z +zzta <z tztz < z4+ 26+ 27

2o L 23t 25+ 28 23 < 29+ 25+ 287 25 < 29+ 23+ 28 28 < 290+ 23+ 25

at all vertices. Since at least three of 21, 24, 26, 27 are nonnegative, similarly for
29, 23, 25, 28, if we take absolute value for all z;, the above inequalities also hold.

therefore

VATZ g fE 2 2220
\/zi—kzg—l—\/zgjtzg—l—\/z%—i—zg—\/234—2320
\/zi+z§+\/zf+z§+\/z§+z$—\/z§+z§20
\/zf+z§+\/z§+z§+\/z§+z$—\/z§+z§20

Under the assumption that both the vertex model are positively orthogonal realiz-
able, the left side of the above inequalities are exactly edge weights of corresponding

matchgates. O]

Theorem 1.18. If all matchgates have the same signature, for a generic choice
of signature, a vertex model on a hexagonal lattice is realizable if and only iof it is

orthogonal realizable.

Proof. Obviously orthogonal realizability implies realizability, we only need to show

that realizability implies orthogonal realizability.
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t
Assume r = ($1 Ty Ty Ty Ty Tg Tr ggg) is a realizable signature for

the vertex model. By lemma 4.1, we can assume the corresponding bases on all

edges have real entries.

Consider the singular value decomposition for the base

change matrix on each edge. Since T_, = (7. 1)!, multiplying the matrices T' by a

e

scalar does not change anything, we can assume that of of the entries of the diagonal

matrix is 1. Namely,

0 N

Vi i=1,2,3

where U;, V; € O(2), and ); is a nonnegative real number. Assume

t
3
U:(®¢:1W)T:(U1 Vg U3 Vg Us Vg Uz Us)

0 1 0
Then we can consider (®3_, Jv and (®3_,
0 N 0 +

Ju to be signatures

of black and white vertices that are orthogonal realizable. Then by the conditions

of orthogonal realizability, we have

V1 + /\1>\3U6 + )\1)\21)7 - >\2)\3U4 .

1 1 1
v+ A1A3 Vs + A1) v7 A2)3 U4

)\31}2 + )\2’03 + )\1)\2/\3’08 — )\11}5 N

V1 + /\1)\31}6 - )\1)\21)7 + )\2)\37)4

1 1 1 1
>\_3U2 + A_2U3 + A1A2A3 Us A_1U5

1 1 1
v+ A1A3 U6 A12 U7 + A2)3 U4

—)\31}2 + /\2U3 + )\1)\2)\3’08 + )\11]5 -
V1 — )\1/\32)6 + )\1)\21)7 + /\2)\31)4 o

1 1 1 1
>\_3U2 + EU3 + A1A2A3 Us + )\—1’05

1 1 1
U1 — 3 Ve T vt t Xahg V4

)\31}2 — /\2U3 + )\1)\2)\31)8 + )\11}5

—V1 + M A3Us + A1 A2v7 + AaA3vy o

L

1 1 1
MV2 T Ut o Us TR Us

1 1 1
Ul + )\1A3IU6 + )\1)\2 U7 _'_ )\2)\31}4

A3U2 + AgU3z — A Ao Azvg + A1vs

1 1 1 1
Ml2 T30 — oo Us TR, Us

(1.27)

(1.28)

(1.29)

(1.30)

If we transform fractions into polynomials, and consider (1.27)+(1.28)—(1.29)—(1.30),



(1.27)+(1.29)—(1.28)—(1.30), and (1.27)+(1.30)—(1.28)—(1.29), then

()\1 + 1)(}\1 — 1)(1)4’08 + VU5 + v3U7 + UQU(;) =0
(/\2 + 1)()\2 — 1)(1)31]4 + UsvVg + V1V + U7U8) =0

(/\3 -+ 1)()\3 — 1)(1)4’02 + V7Us -+ V3U1 + Ug’Uﬁ) = 0

Then for a generic choice of signature, we must have \; = Ay = A3 = 1.

26
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1.5 Characteristic Polynomial

Assume all entries of the vertex signatures are strictly positive. In this section we

prove some interesting properties of the characteristic polynomial.

Lemma 1.19. For realizable vertex model with positive signature and period 1 X 1,
there exists a realization of base change over GLy(R), (i. e. one can take base change

matrices to be real), with the property that, at each edge e, apeare < O(% <0).

Proof. For 1 x 1 fundamental domain, ay = by, ¥ [, k. By (1.11)-(1.14), we have

N __p-t__s-t_r q-u

T hw T scw rev qev

N :_q_-t:_r-t:s-u:p-u

ta q-w r-w  s-v  p-v

From which we derive

(p-t)(r-v)+ (- w)r-u)—=(r-t)(p-v)—(r-w)(p-u) =0 (1.31)
(s-t)(g-v)+(s-w)(g-u)—(g-)(s-v) = (¢-w)(s-u) =0 (1.32)
(p-t)(q-v)+(p-w)qg-u)—=(q-t)(p-v) = (¢-w)(p-u) =0 (1.33)
(s-t)r-v)+ (s-w)(r-u)—(r-t)(s-v)—(r-w)(s-u) =0. (1.34)

Since each base change matrix is invertible, we have ag; # a;. Plugging (1.15) into
(1.31)-(1.34), and factor out (g, — a1p), or (. — 1), we obtain that ag., o, are

two roots of quadratic polynomial

(x6ys + YrTs + Y122 + 93954)»22 + (—yrx7r — Y3x3 + Yoa + YaTa + TeYs — T5Ys + YsTs — Y121)2

—Ye's — T3Ys — Yo'y — Trys = 0,
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and aqp, a1y are two roots of quadratic polynomial

(x3y1 + yexrs + Yoy + y5x7)22 + (ysrs — TeYs — TsYs + Y7y — YoTo + YsT3 + Yaly — Y121)2

—YsTe — Y75 — T1Y3 — Yar2 =0

Under the assumption that x;,y; are positive, these polynomials have real roots, since

the products of two roots are always negative. Then the lemma follows. O

By definition, the characteristic polynomial P(z,w) is the determinant of an 6 x 6
matrix K (z,w) whose rows and columns are indexed by the 6 vertices in a 1 x 1

fundamental domain, see Figure 8:

Figure 1.10: Weighted 1 x 1 Fundamental Domain
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1
P(z,w) = det v

:(z+%)(ab—c)+(w+a)(ac—b)+(£+%)(bc—a)+a2+b2+1+02

where
a = a0y b= bby Cc=ciCy (1.35)

and we consider the non-degenerate case, which means ac — b # 0, bc — a # 0,

ab — ¢ # 0. We have the following lemma:

Lemma 1.20. For realizable vertex model with period 1x 1, let a,b, ¢, d be the product
of dimer weights (1.35) after holographic reduction, under assumption 3.4, we have

the following inequalities:

(a+b—c—d)(a+c—b—d)(la+d—b—c) >0

a+b+c+1>0.

Here d = dyds. dy and dy are original edge weights in the {111} position of the white
and the black matchgates obtained from equation (6). When we only care about the
underlying probability measure, we can multiply all the edge weights by a constant

and assume d = 1.
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Proof. For generic choice of vertex signature, we can assume quotients of basis entries

n

Q;j = Zj are finite. Apply the realizability equation (1.6) to a 1 x 1 quotient graph,

we have 8 equations for each black vertex, and 8 equations for each white vertex.
At each black vertex, 4 equations has 0 on the right side, and 4 equations with
ay, b1, c1,dy on the right side. We divide the 8 equations into 4 groups, each of which
has 1 equation with 0 on the right, 1 equation with a non-vanishing edge weight on
the right. We take the difference of the two equations in each group, and we get
4 new equations with a non-vanishing edge weight on the right. We perform the

same procedure for each white vertex. Then we multiply and add those equations

correspondingly, we obtain

a+d—b—c=(—aop+ o) (yszs + xsYr + Teys + y122)
a+c—b—d= (o — aw)(yi1rs + Yoy + Ysrs + Ys7)

a+b—c—d= (e — a1a) (175 + YaTs + Yos + Ysx7)
Moreover, since holographic reduction leaves the partition function invariant,
a+b+c+d=mzy + Toyo + T3y3 + Tays + TsYs + TeYs + Tryr + TsYs

where the left side is the partition function of dimers of the 1 x 1 quotient graph, and
the right side is the partition function of the vertex model, see Figure 10. According
to lemma 5.1, agr and ay, are two real numbers with opposite sign. Among the
three terms ag,, oy, oe, two of them have the same sign, that can be made positive
by properly changing the signs of 1. Without loss of generality, we can assume
agy and ag,. are both positive. At the black vertices, the {000} entry of matchgate
signature corresponds to partition functions of perfect matchings of the generator

with all output vertices kept. Since there are odd number of vertices, no perfect
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matching exists, therefore

 QpQiocls + QopYe + Qocyt + Ys
QopQoclY1 + QopYe + QocYs + Ya

Qo = < 0,

hence we have

_(aOa — Oéla)(OéOb - Oélb)(Oé(Jc - Oé1c) >0

The lemma follows from the assumption that entries of relation signatures are posi-

tive. ]

The expression of the characteristic polynomial shows that P(z,w) is a smooth
function on T? = {(z,w)||z| = 1, |w| = 1}. We are interested in the intersection of
spectral curve P(z,w) = 0 with unit torus T?, because it has implications on the
convergence rate of correlations. Theorem 4.4 describes the behavior of P(z,w) on

T?2. Before stating the theorem, we mention an elementary lemma:

Lemma 1.21. Let f(¢) = Asing + Bceos¢ + C, where A, B,C are real. If C' > 0
and A% + B? — C? <0, then f(¢) >0 for any ¢ € R.

Theorem 1.22. Under assumption 3.5, either the spectral curve after holographic
reduction is disjoint from T?, or intersects T? at a single real node, that is, for some

(Z(), ’lU()) = (:l:l, :l:l),

P(z,w) = a(z = 20)° + B(z — 20)(w — wo) + y(w — wo)* + ..,

where 2 — 4ary < 0.



Proof. Let

Q(6,¢) = P(e"”, w'")
= [2(ac — b) + 2(bc — a) cos 0] cos ¢ + 2(bc — a) sin O sin ¢

+2(ab — ¢) cos§ + a* + b* + & + 1.

Consider Q(6, ¢) as a trigonometric polynomial with respect to ¢,

Q0,¢9) = Asing+ Bceoso + C

where
A =2(ac —b) + 2(bc — a) cos
B =2(bc —a)sinf
C=a*+b"+c+1+2(ab—c)cosd > 0.
Define

g(cosh) = C? — A% — B?
= 4(ab — ¢)*cos® O + 4(ab + ¢)(a® + b* — * — 1) cos

—4(be — a)* — 4(ac — b)* + (a®> + b* + * + 1)?,

then g is a quadratic polynomial with respect to cos§ with discriminant

A =64abc(a+b—c—1)(a+b+c+1)la+1—-b—c)la+c—b—1).
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The minimal value of ¢(t) is attained at

(ab+c)(a® +b* — * — 1)
2(ab — ¢)? ’

t():—

where

A
9lto) = = 16(ab — ¢)?

If abc > 0,
g(cos @) = [2(ab + c) cos O + a® + b* — ¢ — 1]* + 16abesin® § > 0
therefore Q(0,¢) > 0, and Q(0, ) = 0 only if sinf = sin ¢ = 0.

If abc < 0, lemma 4.2 implies that A < 0, then g(cosf) > 0, therefore Q(0, ¢) > 0.

ab+c
ab—c

If abc = 0, we have | | = 1. Moreover,

(a®+b*—c—1)*~4(ab—c)* = (a+1+b+c)(a—1—b+c)(a+1-b—c)(a—1+b—c) > 0,

which implies
a2+ —c2—-1
2(ab — ¢)

B

then g(cos#) > 0, and Q(6, ¢) > 0.

Therefore the only possible intersection of the spectral curve with T? is real point.
It is trivial to check that 2C @1z = 0 o8 (x121) — 0, and Hessian[P(z,w)] is
positive definite wherever a real intersection of P(z,w) = 0 and T? exists, then the

theorem follows. ]
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1.6 Local Statistics

1.6.1 Configuration at Single Vertex

We are interested in the probability of a specified configuration at a single vertex.
Consider a realizable vertex model on a planar finite hexagonal lattice, whose parti-
tion function is S. Assume both the vertex with specified signature and its neighbors
lie in the interior of the graph. We work out an explicit example here; other cases
are very similar. If only the configuration {011} is allowed at a black vertex v, we
get a new vertex model, assume partition function is Sp;;. Then the probability that

the local configuration {011} appear at v is

Y
Pr{011},v) = =21,
S
Hence the local statistics problem reduces to the problem of how to compute Syiq
efficiently. We will show that Sp;; can also be computed by the dimer technique with

the help of the holographic algorithm.

Let us denote the adjacent vertices of v by v,, vy, V., according to the direction
of the connecting edges, as illustrated in Figure 11.
Ve
Vg

Up

Figure 1.11: Configuration 011 at a Black Vertex

Let r,, rq, 1, 7. denote the signatures of relations at vertices v, v,, v, v, then



we have

T'v{000}
Tv{001}
Tv{010}
Tv{011}
T'v{100}
Tv{101}

Tv{110}

Tv{111}

Tb{000}
Tb{001}
Tb{010}
Tb{011}
Tb{100}
Tb{101}

Tb{110}

{111}

Ta{000}
Ta{001}
Ta{010}
Ta{011}
Ta{100}
Ta{101}
Ta{110}

Ta{111}

T'c{000}
T'e{001}
T'c{010}
Te{o11}
T'c{100}
T'c{101}
Tc{110}

Te{111}
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Here x means the entry at the position can be arbitrary. This is because we only

allow the configuration {011} at v, therefore the only configurations which actually

affect the partition function of the vertex model will be those who do not occupy

the a-edge of v,, and occupy both the b-edge for v, and the c-edge for v.. We will

split each of r,, 7y, 7. into 2 parts, namely, 7,

=7(0) + (1), Il = a,b,c, below. By

definition, the partition function of the vertex model with signature r,r,,rp, 7. is

a sum of 8 terms, each of which is the partition function of a vertex model with
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signature r,,7,(2), 7(j), re(k) 7,7,k € {0,1}. That is,

So11 = Sproraryre} = Z Srora () (G)ire(k)} (1.36)
i,5,k€{0,1}

For each Sf;, 1o (i) (j)re(k)}, We give new bases on edges adjacent to v, such that
S{rora(i) (i) e (k) Decome the partition function of certain local dimer configurations.

Namely

base change

Strora@mG)re®Y = Lfmu(igk)ma(@)m () me(k)} (1.37)

where Zg, i,j.k)ma(i)my(j)me(k)} 1S the partition function of the dimer model on a
matchgrid with signature m,(, 7, k), mq (i), mp(7), m.(k). Assume the original match-

gates u,, Up, U, have weights
t
ml:(o ab b, 0 ¢, 00 dg), l=abc

see Figure 12. We require

Figure 1.12: Weighted Matchgate
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t

ma(l):<0 000 ¢ 00 dg) (1.38)
t

mdmz(o al b 0 0 0 00) (1.39)
t

mb(1)=(o 0 0000 dg) (1.40)
t

my(0) = ( 0ab 00 000 ) (1.41)
t

mdwz(o ag 00 000 @) (1.42)
t

me(0) = ( 000 0c¢& 000 ) : (1.43)

Notice that for any I € {a,b,c}, m(0) corresponds to configurations with an
unoccupied [-edge; and m;(1) corresponds to configurations with an occupied l-edge.
We are trying to determine the new base change matrices on incident edges of v, for
each 7,,74(7),7(j), re(k), such that (1.36),(1.37), (1.38)-(1.43) are satisfied simulta-

neously.
Assume on the adjacent edges of v,, v, v. we have original base change matrix

. nj le
Ti=| % " k=1,2,3 j=a,b,c
p{)k pjuc

On an a-type edge adjacent to v, we consider 2 possible base change matrices



On a b-type edge adjacent to v, we consider 2 possible base change matrices

0 0 1 1
g0 _ Moy My gl _ My My
2 = o 2 = .

do2 0 0 ¢

On a c-type edge adjacent to v, we consider 2 possible base change matrices

38

For signatures r,,74(i), 75(), 7¢(k), we choose basis S?, 53, S¥ on edges a, b, c. By

the realizability condition at vertex v, we have
my (i, 4, k) = (5] © S3 ® S3)" - 1y = eqigiywi,

where

ot o J ok
Wijk = Mi14599k3Y4,

and ey is the 8 dimensional vector with entry 1 at the position labeled by the

binary sequence {ijk}, and 0 elsewhere. Obviously the choice of new base change

matrices, namely, the position of zeros in the new base change matrices, results in the

single configuration {ijk} at the matchgate corresponding to v. Now the problem is

to determine the entries of the base change matrices satisfying the equations.

According to realizability conditions at vertices v, vy, v,

re = Yira(i) = XL,81 @ T3 @ T3 - my(i)
ro= Y2_re()) = T TT ®@ S5 @ Ty - my(j)

re = Yi_ro(k) =X Tf@T® S5 -me(k).

(1.44)
(1.45)

(1.46)
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For the original basis, we have the realizability condition as follows:

r=T®Ty®T; m. (1.47)

Substituting r,, ry, 7. by (1.47) in (1.46) we have the following system of linear equa-

tions with respect to entries of S

1 ,a a a .a
my Gy Ty n116o
2 a a a a
ma a T n& a
0142 2 0132
T3 @ T3 = =Ty TF
2 1a a a 1a
mp, b5 T3 ng1b3
1 Ja a a Ja
myds Ty ni;d;
1 1b b b 1b
Q1205 T3 P1abs
2 b b b b
dp20a2 Ty DPo2@o
e Ty = =TT @ T%
2 b b b b
qp2C2 L7 Pp2C2
1 b b b b
Q1o Tg Plady
1 CLC xc c &C
41309 2 Pi13as
2 1.c c (8 X
Qo35 Ly Posbs
Y @ Ty = =TT Ty
2 b c c b
dp3C2 g Po3Ca
1 b c c b
713 T Piady

Under the assumption that original base change matrices are invertible, we have

1 _ .a 2 _ . a
My = Ny, Mg = Ny
1 _ b 2 _ b
d12 = P12 do2 = Po2

1 _ ,c 2 _ . c
13 = P13> do3 = Po3

Therefore, we only need to choose the nonzero entries of the new base change matrices

to be the same as the original ones.
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For the other seven configurations at vertex v, we can use the same method to
achieve a similar result. By splitting each one of r,, 13, r. into 2 parts, we express the
partition function of the satisfying assignments as the sum of 8 terms, each one of
which is the partition function of the relations with signature r,, r,(7), r5(j), rc(k),
i,7,k € {0,1}. We apply the holographic reduction to each part separately, and we
derive that the partition function of the relations with signature r,,, 7,(2), 7(j), rc(k),
i,7,k € {0,1} is equal to the partition function of the dimer configurations on
the corresponding matchgrids with signature m, (1, j, k), mq (i), my(j), m.(k), which
corresponds to the local configuration {ijk}. This may not be a dimer config-
uration; to make it a dimer configuration, let us divide those 8 terms into two
groups: one consists of all {7, j, k} satisfying i + 7 + k& = 0( mod 2), namely
{000}, {011}, {101}, {110}; the other consists of all {i, j, k} satisfying i + j + k = 1(
mod 2). The sum of partition functions in the first group is equal to the partition
function of dimer configurations in a matchgrid with weights illustrated in the left
graph of Figure 13, where ¢ = m; the sum of partition functions corre-
sponding to {001}, {010}, {100}, {111} is equal to the partition function of dimer
configurations in a matchgrid with weights as illustrated in the right graph of Figure

13, up to a multiplication constant wy;.

Figure 1.13: Even and Odd Matchgates

However, in the left graph we change the parity of the total number of vertices,
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as a result, there is no dimer. Therefore we have the following theorem

Theorem 1.23. Assume we have a vertexr model Hy on a finite hexagonal lattice,
which is holographic equivalent to the dimer model on a Fisher graph Fo. If at a fized
interior vertex v of Hy, only one local configuration is allowed, then the partition
function of the new vertex model Hq can be computed by the partition function of the
dimer model on a Fisher graph Fi, multiplied by a non-zero constant. Fy and F;

have the same edge weights except for the matchgate corresponding to v.

1.6.2 Configuration at Finitely Many Vertices

We are interested in the probability that one specified configuration is allowed at
each of the given finitely many vertices for a realizable vertex model on a hexagonal
lattice. For simplicity, assume all of them are black. Let V be the set of all black
vertices with specified configuration. To compute the probability, we first give a cri-
terion to construct the new base change matrices on incident edges of V according

to whether the edge is present in the dimer configuration and in the vertex model

NnNg N1
configuration. Assume is the original base change matrix on the edge,

Po P
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Base Change Matrices | Presence in Vertex Configuration | Presence in Dimer

0 ni

No Yes
Po 1
no 0

No No
Po P1
nog ni

Yes Yes
0 m
nog mni

Yes No
po 0

whether the edges incident to vertices in V{ are present in the configuration of the

vertex model is known, given all the specified configurations at V. As before, we

are going to split the signature of each adjacent white vertex into several parts, and

we apply the holographic reduction to each parts separately. Our expectation is that

after the reduction process, each part will be equivalent to the partition function of a

single local dimer configuration. The new base change matrix on each edge is chosen

according to whether we want the edge to be present in the dimer configuration or

not after the reduction. As before, all the non-vanishing entries of the new bases

change matrices are equal to the original ones; we will see how it works below.

Consider an arbitrary white vertex w € T'(V?), the neighbors of V. Assume r,, is

the vertex signature at w, and m,, is the original dimer signature at the corresponding

matchgate. Assume

t
mw:<0 y by 0 ¢, 0 O dw>
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Let D(w) denote the number of adjacent vertices of w with specified configuration.

We classify T'(V) according to D.

If D(w) =1, we split 7, = ry(1) +7,(2). Without loss of generality, assume the
left-digit edge(a-type edge, horizontal edge) connects w with b € V?, and the edge
wb is present in the configuration of the vertex model. Assume

nor Ni1 No2 Ni2 Np3 113
T1 - T2 - T3 —

Po1 P11 Po2 P12 Pos P13
are original base change matrices on the edges adjacent to w. According to the table,
the presence of wb in the vertex model configuration implies two possible choices of

the new basis on the horizontal edge, namely,

np1r N11 np1 Ni1

s! = $2 =

por O 0 pu

while on the two other incident edges of w we have the original bases T5, T5. Assume

mw(l)z(o ay by 0 0 0 0 0)

mw(2)=(o 000¢c¢ 00 dw)

Notice that the nonzero entries m,(1) have indices {001} and {010}, which corre-
sponds to configurations without the a-edge present; the non-vanishing entries of
m.(2) have indices {100} and {111}, which corresponds to configurations with the

a-edge present. Choose

Tw(1) = ST @ Ty @ Ty - my,(1)

rw(2) = 512 ®T2 ®T3 . mw(2)



44

Then we can check

70w<1) + Tw(2) = ®?:1Ti CMy = Ty

If D(w) = 2, we split 7, = 3.+, 7,(i). Without loss of generality, assume the
middle-digit(b-type edge) and right-digit(c-type edge) edges connects w to be,bs €
V2, wby is present while wbs is not present in the configuration of the vertex model.
According to our criteria listed in the table, on wby we have two different base change

matrices

No2 N2 Nop2 N2
s1= 58 =
po2 0 0 pi2
On wbz we have two different base change matrices
To3 0 0 13
51— 52 =
Po3s P13 Po3 D13

while on the left-digit edge, we keep original basis T}, the original basis on the middle

and right digit edge are Ty, T3, as in the D(w) = 1 case. Assume

mw(l)—(o ay, 00 0 00 o>

by 0 0 0 0 O

(s |
s=(souveono)
o |

00 0000 0 dy
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Obviously, m,(4) corresponds to both edge being present, m,(3) corresponds to
neither being present, m,(2) corresponds to b-edge being present and c-edge not,
and m,,(1) corresponds to b-edge not present and c-edge present. Again according

to the table, choose

rw(1) =T1 ® 83 ® S5 - my(1)
rw(2) =T1 @ S5 ® S5 - my(2)
Tw(3) =T1 ® Sy ® S5 - my(3)

rw(4) =Ty ® S5 ® S5 - my(4)

we can check

If D(w) = 3, we split 7, = Y.+, 7(i), and assume my(i),i = 1,..,4 as in
D(w) = 2. Without loss of generality, assume S}, S? as in D(w) = 1, S3, 5%, 53,52

as in D(w) = 2; that is, we have vertex-model signature {110} at w. Choose

ru(l) = 5] ® S5 ® S5 - mu(1)
ry(2) = S} ® S ® S5 - my(2)
7w(3) = SF ® Sy ® S5 - my(3)

rw(4) = 57 ® S; ® S5 - my,(4)

again we can check r, = Zle rw(7) as in D(w) = 2.
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For all the other local configurations, the same technique works, and we will have

a similar result. Assume V? = {vy,...,v,}, T(V®) = {wy, ..., w;.}, then

S(fvl, ceey fvp) = [®§:17awj ® ®w§2F(VOb)Tw] : [®§:1qu & ®b§éV0brb]

- Z [®§:1rwj (ZJ) ® ®w§ZF(VOb)Tw] : [®§:1qu ® ®b§éV0brb]

11500k

where 7,, is the specified configuration at the vertex v,. The first equality follows
from the definition of the partition function of satisfying assignments. When we
compute the tensor product of relation signatures of all black (white) vertices, we get
a vector of dimension 2P where |E(G)| is the number of edges in the planar finite
graph G. This vector can be indexed by binary sequences of length |E(G)|. Each
binary sequence corresponds to a configuration, and the entry there is the product
of weights of the local configurations obtained from the configuration restricted to
each black (white) vertices. Obviously the inner product of the vector at black
vertices and the vector at white vertices are exactly the partition function of the
satisfying assignments. The second equality follows from the multi-linearity of the
tensor product. For 1 < j < k, if D(w;) = 1, i; € {1,2}; if D(w;) = 2,3, i; €
{1,2,3,4}. For each summand, we choose a basis on incident edges of vertices in
V¥ according to whether the edge is present in the dimer configuration and relation
configuration, and keep the original bases on all the other edges. as described above.
This is realizable because for each b € V', whether its incident edges are occupied
by dimers are completely determined in each part of the sum. In other words, each
term on the right side of the second equality corresponds to a configuration on all
the edges incident to vertices in Vi, which is a local dimer configuration at each odd
matchgate corresponding to white vertices w’s with D(w) = 3, and can be extended
to local dimer configurations at each odd matchgate corresponding to white vertices

w’s with D(w) = 1 and D(w) = 2. To make them be dimer configurations at
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each black matchgate, we divide those configurations into groups according to the
following criterion: two configurations are in the same group if and only if the parity
of the number of occupied incident edges at each black vertex in V is the same.
If zero or two incident edges are occupied, we construct an even matchgate with
modified weights at the black vertex; if one or three incident edges are occupied, we
construct an odd matchgate with modified weights. Notice that the modified weights
depend only on the local configuration on the incident edges of the vertex. Since
V2| = p, we have 27 different constructions in total, but only 2P~! of them admit

dimer cover, each of which has even number of even matchgates. Therefore we have

Theorem 1.24. Assume we have a realizable vertex model Hy on a finite hexagonal
lattice, which is holographic equivalent to the dimer model on a Fisher graph Fy.
Let V¥ be a subset of black vertices. If for each v € V{, we only allow one local
configuration, this way we obtain a new vertex model Hi. The partition function of
H, is equal to the sum of partition functions of 2P~ dimer models on matchgrids
Fi, ..., Fop—1, each of which has an even number of even matchgates. F;(1 <1i < 2P71)

are the same JFy, except for the matchgates corresponding to vertices in V.

1.6.3 Ising Model and Vertex Model

Consider the Ising model on a finite Kagome lattice, embedded into a torus, as

illustrated in the following figure.

The associated honeycomb lattice is illustrated in the Figure by the dashed line.
Each vertex of the Kagome lattice corresponds to an edge of the honeycomb lattice;
hence each Ising spin configuration on the Kagome lattice corresponds to an edge

subset of the honeycomb lattice. If the spin is "+”, then the corresponding edge is
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Figure 1.14: Kagome Lattice and Honeycomb Lattice

included in the subset; otherwise the edge is not included. Assume the bonds of the

Kagome lattice have interactions Ji, Js, J3, as illustrated in Figure 14. We define a

vertex model on the honeycomb lattice with signature at all vertices as follows.

T'v,000
7,001
Tv,010
T'v,011
7,100
T'v,101

T'y,110

Ty,111

e2(J1+Ja+J3)

€2J3

62J2

62J1

€2J1

€2J2

62J3

e2(J1+J2+J3)

This way the probability measure of the Ising model on the Kagome lattice is equiv-

alent to the probability measure of the vertex model on the honeycomb lattice. It is

trivial to check that this vertex model is orthogonally realizable.
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1.7 Asymptotic Behavior

In this section, we prove the main theorems concerning the asymptotic behavior of
realizable vertex models on the periodic hexagonal lattice, as stated in the introduc-
tion. Consider an infinite periodic graph G, with period 1 x 1, see Figure 9. Our
technique to deal with such a graph is to consider a graph G,, with n? 1 x 1 fundamen-
tal domains, embed G, into a torus, and consider the limit when n — oo, see Page

5. Our first theorem is about the free energy of the infinite periodic hexagonal lattice.

Proof of Theorem 1.1 Assume M, is the corresponding matchgrid with respect to
G, and P,(z,w) is the characteristic polynomial. Obviously M, is also a quotient
graph of a periodic infinite graph modulo a subgraph of Z? generated by (n,0) and
(0,n). The corresponding Kasteleyn matrices here are defined given the orientation
of Figure 9. For even n, the crossing orientation can be obtained from the orientation
of Figure 9 by reversing all the z-edges and w-edges. By Theorem 3.6, M, is a Fisher
graph, and the partition of the vertex model can be expressed as follows according

to the principle of holographic reduction:

max |PfP,(u,v)| < Z(M,) <2 max |PfP,(u,v)]

u,ve{—1,1} u,ve{—1,1}
On the other hand, according to the formula of enlarging fundamental domains,

1
ﬁlogwrer}{aa( 5 |PIK, (u,v)| = uve{ o 2n2 Z Z log |P(z,w)

2=y w"=v



50

By Theorem 4.4, either P(z,w) has no zeros on T?, or it has a single real node,

in which case any sample point in max, ,e{—1,1} # Yonu D

wn=v

least % from the real node, for some constant C' > 0. Therefore

lim —S(G,) =

n—oo TL2

. 1
lim max —
n—oo uwe{-1,1} 2n

log |P(z,w)| is at

> D log|P(z,w)

2=y w"=v

1 dz dw
871'2 //|Z|17U71 08 <Z’w) 12 W

For each G,,, a measure )\, is defined as in (1.1). Assume at a fixed vertices v,

we only allow configuration c¢,. Let u, be the Boltzmann measure of dimer configu-

rations on M,. Let M, be the matchgrid corresponding to the vertex model which

only allows ¢, at v, as described in Theorem 5.1. Let m, be the matchgate of Mn,

corresponding to v, and d; be a local dimer configuration at m,, wg; be product of

weights of matchgate edges included in d;, and V;; be the set of external vertices of

matchgates m, occupied by dimer configuration d;. In our graph, every matchgate

has 3 external vertices. Our second theorem is about the asymptotic behavior of the

measure \,,.

Proof of Theorem 1.2 According to Theorem 5.1

)\n(Cl, vy Cp)

where the sum is over all local dimer configurations d;. Since the number of local
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configurations is finite, it suffices to consider lim,, . W Note that ]\Zln
differs from M, only on edge weights of m,, hence M, \ V(d;) and M, \ V(d;) are

the same.

Given dj, let W, 4, = M, \ V(d;) be the subgraph of M, by removing all vertices

occupied by the configuration (d;), as well as their incident edges. Then

. 1
S = | = PG (W) + PR (W)

HPE(K ™ (Waa,)) + PR (W)

First of all, let us assume P(z,w) has no zeros on T?. According to the formula of

enlarging fundamental domains, for any (0,7) € {—1,1}, Pf(K%7) # 0. Then

[PE(RGT) pe| = [PEKT) 5 [PE(ET)]

In [6, 16], it was proved that given two vertices (u,z1,y;) and (v, 22, y2)

_ 1 _ _, Cof (K (z,w))
0,7\—1 - T1—x2,,Y1—Y2 ) u,v
(K7) " ((u, 21, 01), (0, 22, 42)) n2 anzangz w Plew
Since P(z,w) has no zeros on T?, we have
lim (K27 (0, 0,0), (0,00,1) = — // poran g SN W)uy d2 dw
n—oo’ " P T AT R T2 A2 [ Jpo P(z,w) iz fw

_ KM (u,z1,31), (v, 22, 92))

As n — oo, each entry of (K?7)~! is convergent, so is the Pfaffian of a finite order

sub-matrix (KzT)‘_/% a,)» and we have

o 200\ V()

= [PE(K vy



52

If P(z,w) has a real node on T?, without loss of generality, we can assume the
real node is (1,1). It was proved in [3] that if P(z,w) = 0 has a node at (1, 1), then

for any fixed finite subset E

[Pf(K, "N pe + PE(KY Y pe + PEK YY) pe] = PR(K g

i 1
11m
n—oo 2/,

and

Pf(KYY) ge
lim —( w )

=0
n—oo 27,

If we take £ =V(d, ;, ..., d,;), our theorem follows. O
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1.8 Simulations of 1-2 Model

t
Assume we have 1-2 model with signature ry = ( 0 ¢cbaaldc0 ) at all
vertices. In other words, at each vertex, either one or two edges are allowed to

be present in a local configuration. By Section 3.2, the signature is orthogonally

3T 1 3T
COS 2 Sin 1

realizable with base change matrix 7' = on all edges.

_gip 37 3
SID4 COS4

We define a discrete-time, time-homogeneous Markov chain 9, with state space
the set of all configurations of the 1-2 model. For an n x n honeycomb lattice
embedded into a torus, the state space is finite, and let us denote it by {i; }* ;. Let
['(ix) be the set of configurations that can be obtained from configuration i;, by adding
or deleting a single edge. Assume p, ¢, r are edge variables, namely p, q,r € {a,b, ¢},
and {p,q,r} = {a,b,c}. Define I', ;,(ix) be the set of configurations of 1-2 model
which can be obtained from 7; by adding a single g-edge uv; before adding uwv, only
a p-edge is present at both w and v. Define I', _,(ix) be the set of configurations
of 1-2 model which can be obtained from 7, by deleting a single g-edge uv; after
deleting uv, only a p-edge is present at both w and v. Define I'g(ix) = (i) \

{Upgeabeptal ptq(in) Upgeabeptq Ip—q(in)}. Define entries of transition matrix for
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I, as follows:

(
# if 4, € Fo(Zk)
7 if 4, € 'y 14(ix) and 7 > p
3%2;_3 if 4 € I'p 1q(ix) and r < p
P(ijliy) = oz it iy e, _4(ix) and r <p
2 . . .
5 if 4 € 'y _4(ix) and 7 > p
L-X, L Pl i = iy
0 else

Obviously, M, is aperiodic. For more information on Markov chain, see [18, 23].

Moreover, we have

Proposition 1.25. 9, s irreducible.

Proof. By definition, we only need to prove that any two configurations communicate
to each other. We claim that any two dimer configuration can be obtained from each
other by finite steps. In fact, the symmetric difference of any two dimer configurations
is a union of finitely many loops. Obviously one dimer configuration can be obtained
from any other dimer configuration by first adding finitely many edges to achieve
their union, then deleting alternating edges of loops. Notice that we have a 1-2
configuration at each step. Hence we only need to prove that any configuration of
1-2 model can reach a dimer by finite steps, each of which is adding or deleting one

single edge.

Let us start with an arbitrary configuration of 1-2 model. There are 3 types of
connected local configurations: loops with even number of edges; zigzag paths with
odd number of edges; zigzag paths with even number of edges. For the first and

second types, we can always achieve dimers by deleting alternating edges. Hence
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we can assume that all the zigzag paths with even number of edges are of length 2,
and all the other connected local configurations are dimers. There are two types of
length-2 paths. One has vertices black-white-black (BWB), and the other has vertices
white-black-white (WBW). For each fixed configuration, the number of BWB paths
is the same as the number of WBW paths; otherwise the complement graph cannot
be covered by dimers. Consider an arbitrary WBW path in a fixed configuration, as

illustrated in Figure 15.

Figure 1.15: WBW Path

One can easily check that no matter what the configuration is, it communicates
with a configuration satisfying one of the following two conditions: 1. the number
of length-2 edges is equal to the current number of length-2 edges minus 2; 2. it can
be moved to each of a WBW configurations containing B;, for all 1 < < 6. Where
B; is the nearest black vertices to B, as in Figure 15. Hence if the number of length-
2 paths does not decrease, one can transverse all black vertices without meeting a
BWB path, because our graph is finite. However, this is impossible because a BWB

path always exists as long as a WBW path exists. O]

For an irreducible, aperiodic Markov chain 9, with transition matrix P and

stationary distribution 7, let xy be an arbitrary initial distribution. Then

lim o P" = 7.
n—o0
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Therefore, in order to sample a configuration, we can approximately sample accord-
ing to the distribution zoP", with large N. To that end, first we choose a fixed
dimer configuration with probability 1 as the initial distribution xg, then we ran-
domly change the configuration by adding or deleting a single edge according to
the conditional probability specified by the transition matrix P. If neither adding
nor deleting uus ends up with a satisfying configuration, we just keep the previous
configuration; else we get a new configuration by adding or deleting uyus. Then we
repeat the process for N steps. This way we get a sample for distribution zoP",
if N is sufficiently large, this is approximately a sample for distribution 7, which is

exactly the distribution given by 1-2 model.
Example 1.26. (Uniform 1-2 Model) Consider the 1-2 model with a = b = ¢ = 1.
After the holographic reduction, the signature of each matchgate is

!/
<0§ﬁ0§00—%§)

2

It 1s gauge equivalent to a positive-weight dimer model on Fisher graph, whose spectral
curve does not intersect T2. We are interested in the probability that a {001} dimer
occurs, that is, at a pair of adjacent vertices vy, vy connected by an a-edge, only the
configuration {001} is allowed. By the technique described in section 5 and section
6, the partition function of the configurations in which a dimer is present at v1vy s
equal to the sum of two partition functions, one corresponds to both vy and ve are
replaced by an odd matchgate with signatures

V2 V2 vz o).
(0—%%0%00—%)

the other corresponds to both vy and vy are replaced by an even matchgate with
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signatures

) ) V2
(7200—720——2720)

Both of them have the same partition function as a graph with positive weights.

0 1
Moreover, if we give a base change matrix on v1ve edge, and apply holo-

10

graphic reduction, we see that the two graphs with positive weights are holographic
equivalent. Hence it suffices to consider the one with a pair of odd matchgates with

modified weights. Then

Z
Pr(a dimer is present at viv;) = —=

where Zyoy is the partition function of dimer configurations with weight 1 on triangles
corresponding to vy and vy and weight % on all the other triangles, and Z 1is the

partition function with weight % on all the triangles. Moreover

2001 — ZOOlOOl 4 ZOOllll + ZOIOOIO + ZOIOIOO + ZlOOlOO 4 ZlOOOlO 4 lelOOl 4 lellll

— ZOOlOOl + 22001111 4 2Z010010 + 22010100 + lellll

where Z9Rik g the partition function of dimer configurations with fixed configuration
ijk,ijk on triangles corresponding to vy and vo. The second equality follows from

symmetry. Meanwhile

éZOOlOOl + 22001111 + 32010010 + meOlOO =+ Z111111 — Z,

then

1
Pr(a dimer is present at vjvy) = — (1 +

8 97 37 97 97

Q7001001 47001111 167010010 {01010
1 + + + )
1 4 _ 4 _ 16 ~

- 18 (1 + g‘Pf(Kool)Zi’)‘ + §’Pf<Kool)2356’ + Ele(Kool)lg\)
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where
_ + 1+ 2z —9w) dz dw _
K 1 — (ZU} =77 (K 1
(o Jas 1672 //1r2 22 +w?) +2(z + w) + 2zw(z + w) — 21zw iz iw (o Jss
(K=Y = B w(w + z + 2% — 9zw) dz dw
oo J13 167r2 12 2(22 +w?) + 2(2z + w) + 2zw(z + w) — 212w iz iw
(K= )y — // 8z + 82w — 82w + 9w? + 9 dzdw _ (K=Y
oo /25 167‘(’2 2 2(22 + w?) + 2(z + w) + 2z2w(z + w) — 2lzw iz iw 2P
—z—zw—w+9 dz dw
K—l _ D, K—l
(Fc Jes 1672 //Tz 2(22 4+ w?) 4+ 2(z + w) + 2zw(z + w) — 212w iz iw (B Jss

The entries of the inverse matrix can be expressed as elliptic functions. The proba-
bility that a {001} dimer occurs is approximately 6%. A sample of the uniform 1-2

model is illustrated in Figure 16.

Example 1.27. (Critical 1-2 Model) Consider the 1-2 model with a = 4,b = ¢ = 1.
After the holographic reduction, it has the same partition function as a positive-

weight dimer model on Fisher graph, whose spectral curve has a single real node on

T2. The probability of the configuration {011}

ozl + (K 23] + [(K 2 hsl) + [PE(K L 123456])

Zo11 s the partition function on a Fisher graph with weights 1,1,1 on one triangle,

on all the other triangles. Z is the partition function with weights

: 2 2 1
and weights £, %, 3
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.5 on all the triangles. By symmetry |(KJ)12| = [(K3')as]. Then

r< SMERE oM

QDI[\D

oolr—\oolr—\

// w(dwz +4 + 2z — Jw) dz dw
12 — (w2 + 22) + 32wz(w + 2) + 32(w + 2) — 114wz iz w

67r2

// 2(Ywz — 4z — w? — 4w) dz dw
T2 — w2 + 22) 4+ 32wz(w + 2) + 32(w + z) — 114wz iz iw

+32

L1 / 8 162% — 852 + 29 dz'
30127 | Jim 322 —7  2(32z-7)  2(32:—T)WAz2 — 172+ 4
9 4 22w? — 35w + 8
/|w| L (32w —T7)  w(32w —7) - w(32w — 7)V4w? — 17w + 4

23 % o oy
I n— — I n—«
A8 1127 AR Z T g A Ty 0

For \/- we choose a branch with positive real part. This integral can be evaluated

explicitly because the graph has critical edge weights. A sample of the critical 1-2

model s illustrated in Figure 17.

Question: How large should N be as a function of the size of the graph?

dw‘
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1.9 Realizability Condition

In this section we give explicit realizability conditions for periodic honeycomb lattice
embedded on a n x n domain. Let us consider an arbitrary vertex x with adjacent

vertices y, z, w. Assume relations have following signatures:

According to the realizability equation (1), after a lengthy computation, we have

Theorem 1.28. A periodic network of relation on nxn honeycomb lattice is relizable
if and only if at each vertex x with adjacent vertices y, z,w connected by a,b, c edge,

respectively, the signatures satisfy the following equation:

> XinYiZiWi =0

i,j,k€{0,1,2}
where
Yo = v1y1 — v2y3 Y1 = y1Ys + Ya¥s — YoY7 — Y3Ys Yo = ysys — yeyr
2o = 2126 — %275 J1 = 2178 + 2326 — 2425 — 2227 Lo = 2378 — 2477

WO = W1W7 — W3Ws W1 = WWg + W7 — W5Wy4 — W3Weg W2 = WaWg — WeW4



and

21 (2326 + ToT7 + T4T5 — T178) — 271 TrT3 T
2} (2624 — Toxs) + 15 (2127 — T3T5)

13 (ToT7 — T1X8 — T3l — T4Ts) + 21 ToT4Tg
23(2126 — T2x5) + 27 (2724 — T3T8)

1T (T4x7 — T378) + 324 (X106 — T2X5)

25 (2427 — T328) + 25(T126 — T2T5)

23 (1376 — ToTy — T4Ts — T1T8) + 201 T4T3T7
T3 (1177 — 2375) + 13 (TeTy — ToTs)

2
x4 (Toxr + 2178 + T3Tg — T4T5) — 2T9X3T4 T8

23 (2124 — Tox3) + T (TeT7 — T5T8)
x12o(TeT7 — T5s) + T5Te(T124 — ToT3)
23 (2124 — Tox3) + 15 (TeT7 — T5T8)
r1x3(2706 — T5Ts) + Tyr7(T124 — T2T3)
T1T4TeT7 — ToT3T5Tg

2428(T126 — T2%5) + Toke(Tal7 — T3T8)
22 (2174 — Tox3) + 25 (T6T7 — T5T8)
T327(24T6 — Toxg) + Ta23(T 107 — T3T5)

T2 (2174 — Tox3) + 25 (T6T7 — T5T8)

63
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X0 = 22 (2475 — L1028 — T3Le — TaT7) + 201 T5T67
Xoo1 = T3 (2624 — Tox8) + (1177 — T3T5)
Xooz = T2 (2128 + ToTy + T4Ts — T3Tg) — 2T5T6TaTs
X210 = ZE?)($4I7 — .ngxg) + x?(a:lxﬁ — l’2$5)
Xon = T8 (11207 — T3%5) + T507(T4T6 — Toxg)
X212 = JI§($1$6 - CL’Q$5) + $§($4I7 - l’gxg)
X220 = (L’?(xll’g + 2326 + TaTs — I2$7) - 2.%'3[E8I5ZL'7
X221 = $§(I1$7 — I3$5) + $$($6J]4 — Ig[L’g)
Xogo = 23 (2178 — T3Tg — Toly — TaT5) + 2T7T8TET

Theorem 1.29. A periodic network of relation with n x n fundamental domain is
bipartite realizable if and only if it is realizable and at any vertex v, the signature

satisfy

U%vg + v%v? + v%v?j + vivg — 2U1UgV9U7 — 2V1UgV3Vg — 2V VgVU4Vs5

—2V9U7U3Vg — 2U9U704V5 — 2U3VgUaVs + 401040607 + 4dv9v30508 = 0

Proof. Without loss of generality, we assume at each matchgate, the signature {111}
is 0, and assume v is a black vertex. The {111} entry of the signature of a black

vertex is 0 gives us

Q1401p0 V1 F Q1aQpU2 + Q1O U3 + QUs + Qp U5 + QpUs + Q107 + vg = (1.48)

The parity constraint implies that the {110} entry is also 0, namely

Q1001p00cU1 + Q1a01pV2 + Q1a00cU3 + Q1aUs + Q1pQocUs + Q1pts + Qoct7 + vs = (1.49)
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From (A.1)(A.2), we can solve a;a, and solution has following form

NN
D D

(51

Then N1Dy — NoDy = 0. Under the assumption that ag. # aq., we have

(—vous + vgv1)ad, + (VsU1 + VU3 — V4Us — Va7 )any + VgV — vy =0 (1.50)

From (12), we have

2(v1vg — VU5 ) aprrp + (V105 + V36 — V4V — Vav7) (Qp + a1p) + 2(v3vs — v4v7) =(0.51)

2x(A.3)—(A.4), under the assumption that ag, # aup, we have

V1Vg + V3Vg — V4V5 — VUt

a1y = —
! 2(1}11)6 — UQ’U5)

which implies that equation (A.3) has double real roots, and its discriminant is 0.

That is exactly the statement of the theorem. O]

Proof of Proposition 3.9 Since holographic reduction is an invertible process,
two matchgrids M and M are holographically equivalent if and only if there exists a
basis for each edge, such that one can be transformed to the other using holographic

reduction. Obviously holographic equivalent matchgrids have the same dimer parti-
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tion function. Assume weights my, m,, of M and m,, m,, of M are as follows:

mi={(0c v 0a 00 d

ij ij 14 ij ij

)t
t
mg =10 ¢ b7 0 a7 0 0 d?’)
.. t
iy =0 ¢ b 0 a 00 cZ;j>

Then by equations (1.16)-(1.21), and the uniqueness of the basis on each edge, we

have

ijpij i,j—1 d,j—1
ay by o ds’ " cy — g pd g1 (1.52)
JIGd T piili1 03%13 = Y3 Y13 .
161 2 Qo

ij ij i—1,j,i—1,j

arcy dy by — G g — i Lipicli (1 53)
bijdij - i—1,7 i—1,7 — 702%12 7 Y02 12 .

1 a9 Ay "Gy

b i d9 ¢ o o

171 272 Ui pl (1.54)
ad dv b o 01%11 01%11

1 a1 2 Co

Plugging in (A.5)-(A.7) to (1.9)-(1.10), we have

(& = uifouig "oy
B = it i O
i = ol gy 7

| df = i

. ij ..
N ¢ ij
¢r = —grgrr - Oy

n, n
oi To2 P13
n.. ij ..
b/ = by - O
1 = 51 050 i1 2
No1 P12 Mp3
i a¥ ij
a7 = “iFT, T, gt -0
P11 Moz Mo3

. ij .
df = 5 irr - CF

1 = Tl gl o1 2

\ P11 P12 P13



67

To prove that probability measures of M and M are identical, we only need to prove
that for any dimer configuration, the products of weights differ by the same constant
factor. Each dimer configuration corresponds to a binary sequence of length N,
where N = 3n? is the number of connecting edges. Choose an arbitrary edge with
basis o . If the edge is occupied, then from M to M , adjacent generator

Po P1
weight is divided by p;, while adjacent recognizer weight is multiplied by p;. If the

edge is unoccupied, then from M to M, adjacent generator weight is divided by ny,
while the adjacent recognizer weight is multiplied by ng. Therefore, the total effect

is for any particular dimer configuration w

Partition(w on M ) o
- O 1
Partition(w on M) H 1 ~2

.3

which is a constant independent of configuration w. O



CHAPTER TWwO
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2.1 Introduction

The Fisher graph we consider in this paper is a graph with each vertex of the

honeycomb lattice replaced by a triangle, see Figure 1.

Figure 2.1: Fisher graph

We also discuss periodic graph on a strip in this paper. Assume we have a Fisher
graph, periodic in the z direction, finite in the w direction, by removing all w-edges

and i edges. An example of such a graph is shown in Figure 2. Assume it is m X n,

A Yo

Figure 2.2: Fisher graph on a cylinder
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meaning that it has width m with respect to z, but period n with respect to w. We
embed this graph into a cylinder. Let K(z) be the corresponding weighted adjacency
matrix with an orientation shown in Figure 2. K(z) is obtained from K(z,w) by

giving all edges crossed by ~, weight 0. Let P(z) = det K(z).

Kenyon and Okounkov ([15]) proved that the spectral curves of any periodic
bipartite graph with positive edge weights are Harnack curves [26, 27], whose
intersection with T, , = {(z,w) : |2] = €*,|w| = e} can only be: i. no intersection;
1. a pair of conjugate points, each of which is of multiplicity 1; #ii. a single real node.
Since the Fisher graph we consider in this paper is non-bipartite, no previous result

is known. We prove the following theorems

Theorem 2.1. Consider the dimer model on a banded graph, which is periodic in one
direction, and finite on the other direction. Its quotient graph under the translation
can be embedded into a cylinder, as illustrated in Figure 2. The intersection of

P(z) =0 and T is either empty or a single real point.

Theorem 2.2. Consider the dimer model on a bi-periodic Fisher Graph, given edge-
orientations as illustrated in Figure 1. Assume all the edge weights are strictly posi-
tive, the only possible intersection of P(z,w) = 0 with the unit torus T? = {(z,w) :
|z| = 1, |w| = 1} is a single real point. If the real zero exists on T2, for generic choice

of edge weights, the zero is of multiplicity 2.

Our result is very general. Firstly, it leads to important properties of the dimer
model on cylindrical graphs, such as weak convergence of Boltzmann measures and
convergence rate of correlations for an infinite, periodic graph with finite width along
one direction, see Proposition 3.4. Secondly, since the dimer model on the Fisher
graph is closely related to the Ising model [25] and the vertex model [?], our result

gives a quantitative way to understand the phase transition for those important



physical models [24].
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2.2 Combinatorial and Analytic Properties

To compute the characteristic polynomial P(z,w) of the Fisher graph, we give an

orientation to the edges as illustrated in Figure 1.

Lemma 2.3. The characteristic polynomial P(z,w) for a periodic Fisher graph with

period (m,0) and (0,n) is a Laurent polynomial of the following form:

Plew) = 3 Pyl + )

wi zt

where (i, j) are integral points of the Newton polygon with vertices (£m, 0), (0, £n), (£m, Fn):

(_m7 n)

(—m,0) (m,0) ¥
(0,—n

(m’ _n)

Figure 2.3: Newton polygon

Proof. Let p = 6mn. By definition,

P(z,w) =det K(z,w) = Z (= 1))y e X Ky
11 5eenylp
Here o is the number of even cycles of the permutation (i1, ...,7,). The sum is over
all possible permutations of p elements. Each term of P(z,w) corresponds to an
oriented loop configuration occupying each vertex exactly twice. For the graph G

with m z-edges and n w-edges, P(z,w) is a Laurent polynomial with leading terms
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m _1 n 1 z™m w™

) m S Y ) Zgm "

Z'w’ corresponds to loops of homology class (i,7). P(z,w) is

1
wl 2z

symmetric with respect to z‘w’ and That is because for each term of ziw/, if

we reverse the orientation of all loops, we get a term of ﬁ with coefficients of the

J
same absolute value, corresponding to the product of weights of edges included in

the configuration. The sign of the term is multiplied by (—1)? = 1.

To show that all the powers (i, j) lie in the polygon, we multiply all the b-edges by
z (or 1), and all the c-edges by w(or L), according to their orientation. This way the
corresponding characteristic polynomial becomes P (2", w™). Let (%, j) be a power of
monomial in P(z", w™). At each triangle, all the possible contributions of local con-
figurations to the power of the monomial can only be (0, 0), (0, £1), (£1,0), (1, F1).
Examples are illustrated in the following Figure 4. The left graph has two doubled
edges, and the contribution to the power of the monomial is (0,0), the right graph
has a loop winding from the z-edge to the w-edge, and the contribution to the power

of the monomial is (1, —1).

< <

Figure 2.4: local configurations

Consider all the 2mn triangles. For each edge, we considered its contribution

twice, since we counted it from both triangles it connected. Hence we have

—2mn < 21 < 2mn
—2mn < 25 < 2mn

—2mn < 2(i +j) < 2mn
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Since i = ni, j = mj, and the Newton polygon N(P) is defined to be

N(P) = convex hull{(4, j) € Z*|z'w’ is a monomial in P(z,w)},

the lemma follows O

Lemma 2.4. For configurations with odd loops corresponding to a non-vanishing
term in P(z,w), all odd loops have non-trivial homology, and the total number of

odd loops is even.

Proof. For any loop configuration on the Fisher graph embedded on a torus, the
number of odd loops is always even. That is because the total number of vertices
are even, while odd loops always involve odd number of vertices. Any term in P,
including odd loops can appear only when odd loops have non-trivial homology.
That is because for a contractible odd loop, we can reverse the orientation of that
loop to negate the sign of that term. The term with reversed orientation on the
odd loop cancels with the original term, because the homology class (0,0) of the

configurations is not changed given the odd loop is contractible. O
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2.3 Graph on a Cylinder

2.3.1 Spectral Curve

Proof of Theorem 2.1 Without loss of generality, assume the period n, or the
circumference of the cylinder, is even. Assume P(z) = 0 has a non-real zero zy € T.

Assume
2 = €07 ap € (0,1)U(1,2)
We classify all the real numbers in (0,1) U (1,2) into 3 types
1. ag= g where p, ¢ are positive integers with no common factors, p is odd
2. «p is irrational
3. ag = % where p, ¢ are positive integers with no common factors, p is even
First let us consider Case 1 and Case 2. There exists a sequence £, € N, such that
lim zg’“ =-1
k—o00
In other words, if we assume z* = €™ where oy, € [0,2), then
lim ap =1
k—o00

According to the formula of enlarging the fundamental domain,

P(Zo) =0



76

implies

P (z5)=0  Vk

Since the cylindrical graph is actually planar, if we reverse the orientation of all the

edges crossed by 7., we get a clockwise-odd orientation, given that n is even. Hence

where Z,, is the partition function of dimer configurations of the cylinder with cir-

cumference nf; and height m. Therefore we have

| P (2) = P (—1)
1 | k k 2.1

kb Py, (—1) (2.1)
: ]' 1T 1T

= ]}ggloz—ifpek(e ) — Py (e (2.2)
] 1 | [mlap — 1)]* 0% P, ()

— lm ; . 2.3
e 72 ; (2t)! pea 1 (23)

Since

0 1
Pu(z)= ) P (Zj +g)

0<j<m
where Pj(é’“) is the signed sum of loop configurations winding exactly j times around
the cylinder (see Lemma 2.1), we have

aQt Pék ( eié)

_ 2t t p(lx)
002t lo=r = Z 277 (1) P,

1<j<m



7

and

1 |~ [7(ag — 1) 0% Py, (¥
_Z[( )™ (")

koo Z | (20)! g lo=
< lim Li[wm ak—l 2 Z fk)|
= 2

koo Zl’k t=1 1<j<m

To estimate |Pj(£’“)|, let us divide the m x ¢xn cylinder into xn, m x 1 layers. Con-
necting edges between two layers may be occupied once, unoccupied, or occupied
twice (appear as doubled edges). Choose one layer Lj, we construct an equivalent
class of loop configurations. Two loop configurations are equivalent if they differ
from each other only in L, and coincide on all the other layers and boundary edges

of Lo.

We claim that for any given equivalent class, there is at least one configuration
including only even loops. To see that we choose an arbitrary configuration in that
equivalent class including odd loops. Let T be the set of all triangles in Ly belonging
to some loop crossing Lg. We choose an odd loop s;. Choose an triangle A; € s;N L.
Moving along Ly until we find a triangle A belonging to a different non-planar odd
loop s,. This is always possible because by Lemma 2.2, any loop configuration
including odd loops always has an even number of odd loops, and all the odd loops
are winding once along the cylinder. Change path through A;. Starting from Aj,
we change the doubled edge configuration to alternating edges along a path in Ly,
and change the path through all triangles, belonging to even loops, or s;, between
A; and As, then we change the path through A,. For any even loop between Ay and
Ay, we change paths through an even number of triangles of that even loop, hence
it is still an even loop. However, for s; and sy, we change paths through an odd
number of triangles, then both of them become even. We can continue this process

until we eliminate all the odd loops, because there are always an even number of odd
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loops in the configuration. An example of such an path change process is illustrated

in the following figures.

planar loop

planar loop

Figure 2.5: before path change

planar loop

planar loop

Figure 2.6: after path change

Since we have at most 2" different configurations in each equivalent class, and
each equivalent class has at least one configuration including only even loops, we

have

# of loop configurations including odd loops < om

# of even loop configurations
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We have a finite number of different edge weights, each of which is positive, hence

the quotient of any two weights is bounded by a constant ', then

Z |Pj(é’“)| < Partition function of configurations including nonplanar odd loops
1<j<m
+Partition function of configurations with only even loops

< (2™CY™ + 1)Partition function of even loop configurations < C§*Z7

As a result

— [m(ay, — 1)]* 0% Pi(e™)
(20! 062

1 & e — O
< lim — my
S fm 72 ; oor 2

Since m is a constant, and lim,_,., a, = 1, we have

00 2t
I [mm(ay, — 1)] o
=1

which is a contradiction to (2.3). Hence for all ag in Case 1 and Case 2, P(e**™) # 0.

Now let us consider o in Case 3. From the argument above we derive that as
long as

la — 1] < 4,

where 0 is a small positive number depending on the edge weights and m, but not

on n,

P(e"™) # 0.
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Consider ag = g, where p, ¢ have no common factors and p is even. We claim that

as long as the denominator g is sufficiently large, P(zp) # 0. To see that, if

Q| =
VAN
| a

then there exists an integer k, such that
1 tkaom
— Arg[e"™ 7] — 1] < 4.
™
Hence after enlarging the fundamental domain to an m x kn cylinder, we have
Pk(eikaoﬂ') 7& O,

hence

P(e™™) #£ 0.

Now we consider % > g, only finitely many ¢’s satisfy this condition. Let ¢ be a
prime number satisfying ¢ > [%} + 1, then after enlarging the fundamental domain
to an m x ¢n cylinder, the corresponding ¢ will not change because it depends only

on m. For any

19
1>->—
=723
we have
J - 1
27 g
Let fay( mod 2) = ap. Namely,
_ p+2sq

o1 fors=1,2,....0

lq
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in reduced form. By the previous argument P(e®™) # 0, hence Py(e®™~1) # 0.
Hence when ay is in Case 3, Py(29) # 0 after enlarging the fundamental domain to
m X nl, where ¢ depends only on m, and is independent of ag. If P(z9) = 0, zp is
not real, then we enlarge the fundamental domain to m x nf, where ¢ is a big prime
number depending only on m, we derive that Py(z§) = 0, however this is impossible

since Py(z) = 0 can have only real root on T. O

Proposition 2.5. Enumerations of all terms in P(z) show that when m < 2 (m is
the height of the cylinder), the only possible intersections of P(z) = 0 with T is a

single real point.

Proof. Let P(z) be the characteristic polynomial of the cylindrical graph. We modify
the weighted adjacency matrices in other ways and obtain other polynomials, as
described below. If an edge wv is crossed by ~,, multiply both the entries (u,v) and
(v,u) by z, we get a matrix H(z). If we multiply both the entries (u,v) and (v, u) by
1, we get a matrix J(z). Both J(z) and H(z) are anti-symmetric matrices, hence

we can define

s(z) = PtH(z)

t(z) =PtJ(2)

Obviously s(z) and t(z) are Laurent polynomials with respect to z, and if z € T,

t(z) is the conjugate of s(z). Let us consider

Each monomial of s(z), t(z) corresponds to a dimer configuration, and each monomial

of P(z) corresponds to a loop configuration. Hence terms in 7(z) are configurations
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satisfy one of the following conditions

1. The configuration includes odd loops.

2. All the loops in the configuration are even. Yet there exists a contractible loop
£ passing z-edges twice from opposite directions. However, when decomposing
into dimer configurations D; and D,, let N7 and N5 be the number of z-edges

coming from the loop £ in D; and D, respectively, we have

N7 =2

Ni=0

For case 1, according to Lemma 2.2, all the odd loops are non-contractible and we
have an even number of odd loops in total. Moreover, for loops on the cylindrical
graph, any single non-planar loop has the homology class (1,0), that is, winding
around the cylinder exactly once. Hence when m < 2, if odd loops exist, the total
number of odd loops is 2. Consider an arbitrary fixed configuration of Case 1.
Without loss of generality, we assume that except those odd loops, all the other
parts of the graph are covered by doubled edge configuration. We also assume that
the circumference of the circle, n, is even. Since the cylindrical graph is actually
planar, if we reverse the orientation of all edges crossed by 7., we get a clockwise-
odd orientation for all edges, including the face formed by the circle on top of the
cylinder. Under this orientation, all the even loop configurations have a positive

sign.

Any loop configuration, including odd loops, can always be obtained from an even
loop configuration, by changing the path of loops through triangles, as described in

the proof of Theorem 1.1. Any time we change the path through a pair of triangles,
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we negate the sign of the monomial corresponding to the configuration. Hence the

contribution of odd loops are

[T wne -2 (2.4)

Let z = e¥V~1% (2.4) can be written as

H w22 sin? 6,

e€odd loops

which is nonnegative.

Let £ be a loop as described in case 2. Let ey, -+ ,eq be all the edges involved

in the loop. Since
Nf — N; =2

Then the contribution of £ in r(z) is

2l

1
Hwej(Z — 22— 3)
j=1

22

which is nonnegative given z € T.

Therefore r(z) > 0,if 2 € T, and z ¢ R. When z € T, s(z) and ¢(z) are complex
conjugates to each other, hence s(z)t(z) > 0. As a result P(z) > 0 if z is not real.
Since P(—1) is the square of the dimer partition function, the only possible zero of

P(z) on T is 1, give that the period n is even. O

Corollary 2.6. For any non-real z € T, all eigenvalues of K(z) are of the form

iAj, ] = 1,...,6mn, where i is the imaginary unit. 3mn of the \;’s are positive, the
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other \;’s are negative.

Proof. From the definition of K(z), iK(z) is a Hermitian matrix. We claim that
iK(z) has 3mn positive and 3mn negative eigenvalues for any non-real z € T. In
fact, for a planar graph with no z vertices, Ky is a anti-symmetric real matrix with
eigenvalues £i);, 1 < j < 3mn—m, and det Ky > 0, because |Pf K| is the partition
function of dimer configurations with positive edge weights, and det Ky = (P fKj)?
By the previous theorem, every time we add a pair of boundary vertices connected
by a z edge, we have a anti-Hermitian matrix K, of order 6mn — 2m + 2(r + 1)
with K, as a principal minor. By induction hypothesis ¢K, has the same number
of positive and negative eigenvalues, the interlacing theorem implies that i K, has
at least 3mn — m + r positive and 3mn — m + r negative eigenvalues. By previous

theorem, det K1 > 0 for non-real z, so the other two eigenvalues of ¢ K., can only

be one positive and one negative. -

Lemma 2.7. If P(1) = 0, then 81;8) = 0. Let z = eV~ then %\gﬁm =0.
z=1

For generic choice of edge weights, agzgz) #0, % 40

Proof. We prove the result for derivatives with respect to z, the derivatives with

respect to € are very similar. Since
P(z) =) P+ + i)
— "7 2z
J

we have

oP A

- — C D (1 _

57| = D iR = ) =0
z= j z=

0°P .

922 - ZQJQPJ

z=1 j
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Each monomial in P(1) corresponds to a loop configuration including only even loops.
Consider a configuration including 2k even loops, each of which winding exactly once
around the cylinder. Except those non-contractible even loops, the rest of the graph
is covered by doubled-edge configuration. Consider P(1) as a polynomial of edge

weights. The monomial corresponding to that configuration has a coefficient

Sop = 22

because each single loop can have two different orientations, corresponding to two

terms in the expansion of the determinant. However, the coefficient of the monomial

. . . 2P .
corresponding to the same configuration in &gz)) is
z=1

2k 2k
Sox = (2k)* + 2k(2k — 2)* + (2k —4)* 4+ - + (2k — 4k)*

2 2k
Obviously, % is a number depending on k. Therefor P(1) and 828]:22) cannot
> z=1
divide each other. Let
0?P(z)
Wy = {(we)eer 022 . = 0}

WO = {(we)eEE : P(l) = 0}

The intersection of W5 and W, forms a proper subvariety of W. Hence if P(1) = 0,

and we choose the edge weights generically, 825:&2) # 0. [
z=1

Remark. Lemma 3.3 implies that if P(1) = 0, for generic choice of edge weights,

the intersection is of multiplicity 2.
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Proposition 2.8. Let

1 2 ]
F(r) —/ log P(re'®)df
0

B 2
If P(z) = 0 does not intersect the unit torus T, F(r) is differentiable at r = 1; If

P(2) =0 has a real zero of multiplicity 2 at z =1,

lim _0F(7“) — lim OF(r)

Tl =2
r—14+ a’r’ r—1— a’[“

Proof. Since P(z) is a Laurent polynomial in z, according to the Jensen’s formula

“ r 1 2 »
log |P(0)] = =) log (@) + 5 /0 log | P(re')|d
k=1

where ay,--- ,a, are the zeros of P in the interior of the disk {z : |z| < r}. If P(z)

has no zeros on the circle {z : |z| = r}, then

oF . F(r+Ar)—F(r)
o T A Ar
: 1 & r+ Ar
=t D ()
_n
N T

The proposition follows from substituting » = 1, and the fact that the intersection

of P(z) =0 with T can only be a single real point. O

Remark. Jensen’s formula implies that the curve P(z) = 0 is Harnack if and only

if

ro( lim — lim )8F(7’)

r—ro+ T—ro— 87‘

<2,

for any o > 0. In fact, if the height of the cylinder m < 3, we can always derive

that the corresponding spectral curve is Harnack. To see that, first of all, being
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Harnack is a closed condition, for generic choice of edge weights, the intersection of
P(z) = 0 with |z] =1 is at most two points(counting multiplities). Without loss of
generality, assume for some (0 < r < 1), P(z) = 0 intersects |z| = r at 3 different
points 21, 29, z3, then Zzj, 2o, z3, lie also on the intersection of P(z) = 0 and |z| = r,
given that P(z) is a real-coeffient polynomial. Hence the intersection of P(z) = 0
with |z| = r is at least 4 points. Moreover, by symmetry, the reciprocal of those
points are also roots of P(z) = 0, then P(z) = 0 has at least 8 roots, which is a

contradiction to the fact m < 3.

2.3.2 Limit Measure of Cylindrical Approximation

From the proof we know that all terms in P,,.,(—1) are positive, if n is even. We
can always enlarging the fundamental domain in z direction without changing edge

weights to get

Pm><2n(_1> = men(i)Pan< ) szxn() = ’meXQnK(_l)P

Therefore P, (i) is the partition function of dimer configurations of the m x 2n

cylinder graph. According to the formula of enlarging the fundamental domain,

Pm><2ln H men
S2l
we have
1 1 27
lim 5 log P (1) = lim =2+ Z 108 Prsen (2 (2.5)
1 dz
= log Pyxn(2)= 2.6
= [l P (26)
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The convergence of the Riemann sums to the integral follows from the fact that the
only possible zeros of P(z) on T is a single real node. (2.6) is defined to be the

partition function per fundamental domain.

Any probability measure on the infinite banded graph, with depth m on one
direction, and period n on the other direction, is determined by the probability of
cylindrical sets. Namely, we choose a finite number of edges e, es, - - - , €5 arbitrarily,
and the probabilities

Pr(ei&e& - - - &ey)

that ey, eq, -+ , e, occur in the dimer configuration simultaneously for all finite edge
sets determines the probability measure. We consider the measures on the infinite
graph as weak limits of measures on cylindrical graphs. First of all, we prove a lemma

about the entries of the inverse Kasteleyn matrix using the cylindrical approximation.

Lemma 2.9.

: _ 1 1 cofactor K wn(Sy, Sw)(2) dz
lim K 1 1 5 5 . ky—kw mxn\°2vs 2w
l—>1 oo m><2ln( )(kv’ o)k sw) 27Tp ! /’]TZ men(z) 12

Proof. To that end, we construct a transition matrix S to make S™'K,, x2S block

diagonal, with each block corresponding to a m x n quotient graph. Define

_ 1 6emn 1 6mn 1 6mn
S = (€0 ey €0 €Ly ey €1 ety €y gy ey €9 t)

where

im(2j+1)(2k+1)
4l

e s=t

0 s#t
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then

Kmxn(eéﬁ)

S_leX2lnS - Kmxn<67)

i(4l—D)m

Kmxn(e 2 )

Since S7' = 5%, we have

actor Kpxn(Sy, Sw) @it 0r ko —kw)
e 20

men(e (2j+l1)i7r )

1 2l—1 COf
K7:L1<2ln(_]‘)(kvvsv):(kwrsw) = 2_l Z
7=0

where k, is the index of the fundamental domain for vertex v and s, is the index of

vertex in the fundamental domain.

If Pxn(z) has no zero on T, we have

: _ 1 . cofactor Kpxn(Sy, Suw)(2) dz
1 K 1 -1 s . - ky—kyw mxn\2v, 2w haiad
un m><2ln< )(k’va v)7(k3w7 w) 27-[- T < Pan(Z) )

l— 00

(2.7)

12

If 1 is an order-2 zero of Py, (2), let

ko COfactor Ky n(Sy, Sw)(2)
= Z v w 9
men(z)

Q(2)

Since det K (1) is an anti-symmetric real matrix of even order, and non-invertible, the
dimension of its null space is non-zero and even. Hence AdjK (1) is a zero matrix, and
1 is at least a zero of order 1 for cofactor Ky, xn(sy, Sw)(2). Then in a neighborhood

of 1,

_ Res,—1Q(z)

Q(z)
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where R(z) is analytic at 1.

Hm KL o (= 1) (o) (rss) (2.8)

l—o0

. . 1 (2j+1)ir
= Jmimg| 2o+ 2+ X Je ey

0<j<-1 B_lgjcg 110 g1 D<ol
For the second term,
| 2j+1)im
Jplmy 2 Qe (2:10)
Ro3Si<A—5-3
1 27—0 0
= lim — ! 2.11
6—1>r(1)1+ 27?/5 Qem)do ( )
1 dz
= pU.— — 2.12
pv%rTQ@%Z (2.12)
1 Q=
= §R68311Q(Z) + ZR@S|Z‘<1 i ) (213)

For the first and the third term

o1 2+ 1)
lim lim — g + E Qe =2 )
50+ -0 21

0<j<B-1 21 _Boj<ol

. . 1 Reszle(z) (2j+1)ir
- 51—1>I(§l+zli>rgoﬂ Z + Z (m;lnm 1+R(@ a )

151 1_15_ e
0<j<<—3 2l—§—;<g§2l—1

Since R(z) is analytic in a neighborhood of 1,

1 2j+1)im
m lm o [ Y+ Y R(e™5) =0 (2.14)

§—0+ l—o00 21 = L5
0<j<—35 20-5—2<j<L2l-1
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Moreover,
. o1 1
61—1>%1+ zliglo ﬂReszle(z) Z + Z e (2.15)
0<j<B_1 gl Bojco ) € 2 T 1
. 1 1 1
= 61—1}(?-1- lliglo Q_ZReszle(Z) Z (2j+1)im + _ (2j+1D)im (2'16)
0§j<% % e 2 —1 e 21 —1
o1 v 1
= - 62%1 ZReszle(z) |:; + 5] =0 (2].7)
And the theorem follows from (2.7), (2.9), (2.13),(2.14), (2.17). O

Proposition 2.10. Using a large cylinder to approrimate the infinite periodic banded
graph, we derive that the weak limit of probability measures of the dimer model exists.

The probability of a cylindrical set under this limit measure s

Uy vV - U Uk
mx2ln

k
Pr(ei&es&e - - - &eyp,) = llim H we,; |det K !
—00
j=1

Uy vy - U Vg

where we, is the weight of e;, and uj,v; are the two vertices of e;.

Proof. On a finite cylindrical graph of m x 2in

Ze

1, ,€k

Pr(ei&es&s - - &ey) = 7

where Z is the partition function of dimer configurations on that graph, and Z, ... .,

is the partition function of dimer configurations for which ey, - - - e appear simulta-

neously. Since

72 = det Kpxom(—1) (2.18)

k
Zfl,,l_yek = Hwej cofactor Ky, xaim, (ur o1, yupop) (—1) (2.19)
j=1
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(2.19) follows from the fact that if originally we have a clockwise-odd orientation,
we still have a clockwise-odd orientation when removing edges and ending vertices,
while keeping the orientation on the rest of the graph. The proposition follows from

Jacobi’s formula for the determinant of minor matrices. ]

We consider two edges e; and e; with weight xy and x5 on m X 2In cylinder, and

compute the covariance.

Pmean(€1&€2) - Pme2ln(€1)P7“mx2ln(€2) (2-20)
V1 Wi Vg W
= m [detiL, [ T T T () (2.21)

V1 W1 V2 W2

-1 v W 1
—x122 | det K o (—1)-det K

mx2ln
U1 Wy V2 Ws2

" (—1]2.22)

= 1'1372<|K71 ('Ul,wl)Kil (Ug,'ll)g) +K71 (’Ul,'w2>K71

mx2ln mx2in mx2in mx2in

(w1, v2)(2.23)

_K’;Liﬂn('ul?U2)K;’L£<2ln(w17w2>| - |Kr7£<2m(vlawl)K;zlx%n@%w?)D (2.24)

In order to compute the covariance as [ " co, we only need to compute the entries

of K1, (1) asl 7 oco.

mx2in

Then we have the following proposition

Proposition 2.11. Consider the dimer model on a Fisher graph, embedded into an
m X In cylinder, as illustrated in Figure 4. Let the circumference of the cylinder go
to infinity, i.e. | — oo, and keep the height of the cylinder unchanged. Consider
two edges ey and ey. As ey — es| / o0o: if P(z) = 0 does not intersect T, the edge-
edge correlation decays exponentially ; if P(z) = 0 has a node at 1, the edge-edge

correlation tends to a constant.
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Proof. The theorem follows from formula (3.23), and the estimates of the entries of
inverse Kasteleyn matrix. By (2.13), the second term goes to 0 as |e; — es| — o0,
the first term is 0, if no zero exists on T, the first term is a nonzero constant if the

spectral curve has a real node at 1. O

Example 2.12. (1 x 2 cylindrical graph)Assume we have a dimer model on a Fisher
graph embedded into an infinite cylinder of height 1 and period 2. One period of the

graph is illustrated in Fig 5. The characteristic polynomial of the model is

Figure 2.7: 1 x 2 cylindrical graph

b1b
P(Z) = (bleZ — CLlCLQ)(% — CL16L2>.

The probability that an a,-edge occurs is

a1z 1 dz 1 dz
Pr(a;) = — |pw. +opo.
Am T 1z = bibyz \/—1z T Q102 — % —1z

1 if aias > biby
= 0 if a1y < blbg

if a1 = blbg

N =

P(2) = 0 has a real node at 1 if and only if ajay = biby. At the critical case, the

covariance of an ay edge and a by edge, as their distance goes to infinity, is

Pr(a,&by) — Pr(a;)Pr(by) =0 — % = _411
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2.4 Graph on a Torus

In this section we consider a bi-periodic Fisher lattice whose quotient graph can be

embedded into a torus.

Lemma 2.13. Fir (a,3) € C?, consider P = det K(«, B3) as a polynomial of edge
weights. Assume Sy = {(a,8) : (a, 8) = (£1,£1)}. If (o, 5) ¢ So, Pla,B) is

wrreducible, as a polynomial of edge weights.

Proof. P = det K(a, ) is a quadratic polynomial in each edge weight v(e). Assume
we could write P = P; P,. Each monomial in P corresponds to a configuration which
occupies each vertex exactly twice. Fix a monomial £ in P;. We can divide all the
vertices of G into 3 types: Type A consists of all the vertices appearing in the
monomial twice. Type B consists of all the vertices occupied by the monomial once,
Type C consists of all the vertices that do not appear in the monomial at all. Then
we claim that for all the monomials in P;, they occupy A-vertices twice, B-vertices
once, and do not occupy C-vertices. For all the monomials in P, they do not occupy

A-vertices, occupy B-vertices once and C-vertices twice.

To see that, for the fixed monomial £ in P;, A-vertices are occupied twice. Hence
for all the monomials in P», A-vertices are not occupied. Then for all the monomials
in P, A-vertices are occupied twice. Similarly, we can derive that all the monomials
in P, occupy C-vertices twice, and all the monomials in P; do not occupy C-vertices.
If there exists another monomial A in P;, occupying some B-vertices twice, then by
the argument above, all the monomials in P; should occupy those vertices twice,
which is a contradiction to the fact that & occupies all the B-vertices exactly once.
Similarly, there are no monomials in P; that do not occupy B-vertices. Hence all the

monomials in P; and P, occupy B-vertices exactly once.
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We claim that A-vertices are not connected to B-vertices or C-vertices. To see
that, if there is an edge e connecting an A-vertex and a B-vertex, then any doubled
edge configuration of e can not be written as a product of a monomial in P; and
a monomial in P,. The connectivity of (G; implies that all the vertices are of the
same type. If all of them are of Type A, then P, = 1; if all of them are of Type C,
then P, = 1; if all of them are of Type B, then consider a configuration including
odd loops. No matter how we divide its occupied edges, we always end up with a
factor with a B-vertex occupied twice, which is a contradiction. Under the condition
that (a, 8) ¢ Sp, odd loops cannot completely cancel. Hence P is an irreducible

polynomial in edge weights for each fixed (a, 3) € C?\ S. O

Lemma 2.14. If 2211 ﬁ 18 convergent, then the set of & which satisfy

q

1
ax(q)
for infinitely many q’s is a set of measure 0.

Lemma 2.15. If £ is irrational, then there are infinitely many fractions § which

satisfy

1
a2

A
q q

For proof of these two lemmas, see [11].

Lemma 2.16. Let P(z,w) be the characteristic polynomial for the graph embedded

mto an m X n torus, let

1 2T )
I, = — log P(¢?,1)d6 2.25
1 A o 0og (6 ) ) ( )
1 27 0
I, = — log P(e”, —1)do (2.26)

AT J,
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If I} > I, the intersection of P(z,1) = 0 with the unit torus T = {z : |z| = 1} can
only be a real point. If Iy > I, the intersection of P(z,—1) = 0 with the unit torus

T can only be a real point.

Proof. First we prove that if I; > I, for generic choice of edge weights, P(z,1) # 0,
for any z € T. We prove by contradiction. Assume P(z,1) = 0 hasroots zg, 21, - - , 2k
on T. For generic choice of edge weights, we can assume o; = % € [0,2) are irra-
tional. Let P(z,w) be the characteristic polynomial after enlarging the fundamental
domain to m x In without changing edge weights, and Z; the corresponding partition

function. When [ is even, we have
1
7z, = 5(—Ple(17 1)+ PfK;(1,-1) + PIK;(—1,1) + PIK;(—1,—1))
Explicit computations show that

—PfK(1,1) = A +B+C — D
PfK(1,-1) = A+ B, —C+ D,
PfK;(—-1,1) = A — B +C + D,

Ple(—l, —1) = -A+B+C+ D

where A;, B;, C;, D, are sums of dimer configurations. Given that all the edge

weights are strictly positive, each one of A;, B;, C;, D, is strictly positive. Let
{811,512, 53,514} = {-PfK;(1,1), PfK;(—1,1), PfK; (1, —1), PfK;(—1, —1)},

satisfying

Si1 > Si2 > 813 > Sia,
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then

Sia < Z; < 352,

To see that, for example when A; > B, > C; > D,;, we have

Z = A+B+C+ D

5172 = AZ+BZ—|—D1—CI

P(z,41) are Laurent polynomials with respect to z, therefore improper integrals Iy
and I, given by (2.25) and (2.26) are finite. According to the formula of enlarging

the fundamental domain

2mji

P(1,1) = [[PE.1)

P(1,-1) = [[PET.-1)
J
w(2j+1)4
P(-1,1) = [[Pe .1
J

Pl(_la _1) = H P(€W(2jl+1)ia _1)
J
then o log P(£1,1) are Riemann sums for I;, and 4 log P(+1,—1) are Riemann
sums for I,. According to Lemmas 5.2 and 5.3, for generic choice of edge weights,

we have infinitely many [’s satisfying

| =

(2.27)

[N

l
VieN,1<i<k (2.28)

We denote the corresponding subsequence of N by {l,}2°,. Then on that subsequence

1
lim ilogPls(l, 1) = 1.

§—00 s
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That is, the Riemann sum ilog P (1,1) is convergent to the integral ;. Given

I; > I5, when s is sufficiently large, we have

1
VR > 812> 52, >0 (2.29)

Assume z§ = €% where ¢, € [0,27). We claim that lim,_,. 25 = 1. In fact, if
we multiply (2.27) by s, we can see that the distance between ;¢ and an integer
Jou, is less than [, %. According to the formula of enlarging the fundamental domain,
P(zp,1) = 0 implies

P, (e 1) = 0.

Hence we have

821€PZS (610’ 1)
gz lo=0

Pt ) = AL g o
b= P, (1) ' = 2 AT

t=1

In the Taylor series expansion around # = 0, only even order derivatives appear,
because P, (z,1) is symmetric with respect to z and ﬁ, all the odd order derivatives

vanish at 8 = 0. Assume

PL(e” 1) = 37200 cos jo.

Jj=0
using (2.29), we have
5, 2055 S0 207
R, = J J 52t<C JjF J 32tm82t

Each QEES) corresponds to a signed sum of loop configurations with nonzero homology

1 in z-direction. Using the same technique as in the proof of Theorem 1.1, we can



99

derive

Z |Q§ls)

J#0

< C(m)Z,

where C'(m) is a constant depending only on m. As a result,

Rt g O<m> (m(bs)%a

then

. Pl <€i¢sa 1) - Pl (17 1) ‘ . > (md)s)%
lim |[— 2 < (C(m) lim )

The limit is zero because lim,_,, ¢s = 0 and m is fixed. This is a contradiction to
(2.30). Hence when I; > I, for generic choice of edge weights, P(z,1) has no zeros
on T. Since P(1,1) > 0 is the determinant of an anti-symmetric matrix, by taking
limits of edge weights, we derive that when I} > I, z € T P(z,1) > 0 for all positive

edge weights. Moreover, we can derive the following claim

Claim 2.17. If I} > I, then P(z,1) > 0 for all positive edge weights.

Assume P(z,,1) =0, and z, is not real. Fix an edge e, and let w, be its weight.

Fix z,, we have

P(z,, 1) = Di(z., Vu? + D (z., w, + Dy

The first term corresponds to the configurations which have a doubled edge at e, the
second term and the third term corresponds to a configuration for which e is part
of a loop, the third term corresponds to configurations that do not occupy e. if we
consider P(z,,1) as a polynomial of edge weights.

OP(z,,1)

0. 2D5 (24, Vwe + DS (24, 1) =: Pe(z4, 1)

Because z, is not real, P(z,, 1) is irreducible, according to Lemma 2.5.1. The in-
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tersection of the zero set of P. and the zero set of P forms a proper subvariety of
the zero set of P. Under a small perturbation of edge weights along the subvariety
P(z,,1) = 0, we can always make P,(z,, 1) # 0, another small perturbation of w, can
result in P(z,,1) < 0. When the perturbation is small enough, we can keep I; > I5.
But this is a contradiction to the fact that P(z,,1) > 0 for any edge weights given
I, > Is.

Similarly we can prove that if I; < I, the only possible intersection of P(z, —1) =

0 with T is a single real point. O]

Proof of Theorem 2.2 We need to prove that if one of («, 3) is not-real, (a, 8) € T2,
then P(«,5) # 0. We prove by contradiction. Without loss of generality, assume

P(a,8) =0 and « is not real. Fix an edge e with weight w,. As before

P(a, ) = Dj(e, B)w; + Di(ev, B)we + Di(ev, B)
9P(a, B)

Fix (a, #). When « is not real, the intersection of the zero sets of P,(«, 5) and P(«, ()
forms a proper subvariety of the zero set of P(«, ). Under a small perturbation of
edge weights along the variety P(a, ) = 0, we can make P,(«, 5) # 0. Another small
perturbation of w, can result in P(«,3) < 0. Hence there exists a neighborhood

(B —h, B+ h), such that

Pla,B.) <0  YB.€(B—h,B+h). (2.31)

Assume
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Without loss of generality, assume I3 > I. Claim 2.17 implies that P(1,w) > 0, for
all w € T. Since the set {w € T? : P(1,w) = 0} consists of finitely many discrete

points, there exists another open interval (31, 82) C (8 — h, 5 + h), such that

P(1,8)>0 VB € (B, 5) (2.32)

Hence P(z, ) = 0, as a polynomial in z has non-real zeros on T for all 3 € (51, 52),
according to (2.31), (2.32) and the connectivity of T. Namely, if Arga € (0, 7), then
the argument of the root z satisfies 0 < Argz < Arga; if Arga € (m,27), then
the argument of the root z satisfies Arga < Argz < 2w, obviously the root is not
real. Under a small perturbation of edge weights, we can assume I] # I for any
r € N after enlarging the fundamental domain to rm x n, and the statement that
P(z, ) = 0 has non-real zeros in T for all 8 € (81, 32) is still true. Let {r¥} (resp.
{r5}) be the subset of N such that I7 > I (resp. I} < Iy). Then at least one of
{r¥} and {rk} is infinite. Without loss of generality, assume 7} is infinite, then the
r®th root of 1 is dense in T. Hence there exists Be (B1,B2), and ry € {ri}2,, such
that B’"O = 1. Then after enlarging the fundamental domain to rom x n, we have
P, (z,1) = 0, for non-real z. But this is impossible given /]° > I3°, and Lemma 5.4.

O

Example 2.18. Assume the Fisher graph has period 1 X n, and all edge weights are
strictly positive. The intersection of P(z,w) = 0 with T? is either empty or a single
real node. That is, they intersect at one of the point (+1,£1) and the intersection

1s of multiplicity 2.

Proof. Without loss of generality, assume P(z,w) is linear with respect to z and %,
then all terms in P(z,w) fall into two categories

i) occupy z-edge exactly once
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i1) does not occupy z-edge or occupy z-edge twice

1 x n fundamental domain is comprised of n 1 x 1 blocks, for each block, we give
weights a;1, b1, Ci1, Qi2, bio, ¢io for triangle edges, assume a; = a;1a;2, b; = bibio, ¢; =
cinCio, 1 < i < n. See Figure 6. Obviously such an arrangement of edge weights
is gauge equivalent to the arrangement giving all triangle edges weight 1 and non-

triangle edges positive edge weights.

Figure 2.8: Fisher graph on a cylinder

Each configuration in case i) consists of a single even loop and some double edges,

the partition of all configurations in ¢ is

n n

Py =~ [l — bicyw + (ci — aibi)g Tl - bici)% (cs — aibi)]z

i=1 =1

Configurations in case ii) depend on configurations of each 1 x 1 block, which are
determined by configurations of boundary edges. Let V;O’O denote the partition at
1 —th block when both edges in z direction are unoccupied, Vf’o denote the partition
at ¢ — th block when left edge in z direction is occupied twice, while right edge is

unoccupied, similarly for V> and V;**. Then we have

1
Vio’O = a4+ aici(w+ —)
w

1
V¢0’2 = ajcnbip(— —w)
w
1
ViZ’O = bjapci(w——)
w

VA2 = b2 —bi(w+

(2

)+1

S
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Let k; € {0,2}, 1 <i < n, then partition of all configurations in i is

Py = Z Hvk it

Assume w = V=%, then V" > 0, V** > 0. Periodicity implies that V,* and
VZ-Q’O always appear in pairs, then all terms in Fp 2 where sin ¢ appears depend only
on sin? ¢, moreover, given all edge weights are positive, each term with sin ¢ is

nonnegative, therefore

P(z,w) = P1+P02

= — H —bic)w + (¢ zbi)]; - H[(ai - bici)é + (6 — aiby)]z

TTeE e+ o+ 2 TT0 b 5 14 Flw)

=1

where F(w) > 0. Assume G(z,w) = z[P(z,w)— F(w)]. Fix w, G(z,w) is a quadratic

polynomial with respect to z. Assume

Cy = H[(ai - bici)é + (¢ — aib;)]

i=1
@ = E[a? + e+ aici(w+ —)] + E[b? —bi(w+—)+1]

then the root for G(z,w) = 0 will be

—Cy £ (C} - 4|Co|*)?
2C)

212 =
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On the other hand,

C? — 4|Co)* > 4[1_[((112 + ¢ + 2a;¢; cos @) (b7 + 1 — 2b; cos ¢)

i=1
n

- H[(ai — bici)® + (i — aib;)? + 2(a; — bic;)(c; — ab;) cos ¢]]

i=1

(af + cf + 2a,¢; cos qu)(b,L2 +1—2b;cosp) — [(a; — bz-ci)2 + (¢; — aibi)Q + 2(a; — bic;)(¢; — a;b;) c

= dabc;sin?¢ >0

Therefore, C? — 4|Cy|?> > 0. Given a;, b;,¢; > 0, equality holds only if w is real.
If C? — 4|Cy| > 0, then |z15| # 1, G(z,w) has no zeros on T?. Since G(1,1) =
det K(1,1) > 0, P(z,w) — F(w) > 0 on T?, so P(z,w) > 0 on T?. If C? —4|Cy|* = 0,

then w is real, z; = 2y are real, P(z,w) has real node on T?. H
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2.5 Single Edge Probability

Consider a periodic Fisher graph obtained by replacing each vertex of a honeycomb
lattice by a triangle. Assume all the triangle edges have weight 1, and all the other
edges have strictly positive edge weights, not equal to 1. Let F be the partition

function per fundamental domain (free energy). That is

1
F = hm log Zy,
[A] A=

where A is a finite box, |A] is the number of fundamental domains in the finite box,

and Z, is the partition function.

Lemma 2.19. F is independent of boundary conditions as long as

If we raise the weight of a non-triangle edge e to the power (3, and let F.(/3) be the

new free energy, then F.(f) is convez in (3.

Proof. Explicit computations. See the proof of Theorem 3.3. O

Lemma 2.20. 8Fe(ﬁ ) is continuous.

Proof. Since F is independent of boundary conditions, we can impose bi-periodic

boundary condition to compute the free energy explicitly

dz dw
el 8%2// log I Zwﬁ)zzzw

where P,(z,w, ) is the characteristic polynomial. It is proved in theorem 2.2 that
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for bi-periodic Fisher graph with strictly positive weights, either P(z,w, ) = 0 does

not intersect T?, or it intersects T? at a single real node.

Fix By, if P.(z,w, By) does not intersect T2, by continuity there exists 7 > 0, such

that P.(z,w, ) is bounded away from 0 in T? x [y — 7, 8o + n]. Therefore

10gPe<Zaw7B0+Aﬁ) —IOgPe<Z,’UJ,ﬁ0) o 1 a_P
ApS P.(z,w, Bo+ 0AB) 0B (2,w,B0+0AB)

is uniformly bounded in T? x [3y—n, Bo+7]. According to the dominated convergence

theorem, we have

8Fe . lOgP Z, W ﬁ + Aﬁ) log P€<Z,’w,ﬁ0) dz dw
N A,B—>0 8’/T2 //]1‘2 AB Eﬁ

} // i 0B P20, B+ A8) ~ log Pz, w, o) dz du

872 T2 AB—0 AB 2w

dz dw
T
(2w, 12 W

:87r2//w zlwﬁo 5

which is continuous at fy.

If P.(z,w, ) has a real node on T?, without loss of generality, assume the real

node is (1,1). Define

Y {(xyEZQHIK———IyI —_5}
z+1)r 2y+1)7
Us, = ’ ’ s,
> { ( 2n 2n (z,9) € S5,
We have
F(ﬁ) = i li 1 + Z log P ( (szl)m' (2y-2H>m' ﬁ)
¢ T Do smon 8n? 0g e (€ ,€ ,
(z,y)€S (zvy)e[*",nflP\S&n

§
= lim lim .7-"6 s(8) +'Fe2,n,5(6>

n—oo d—0+
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o8  8n?

P, 0B

OF2,.s(0) 1 Z 1 0P,

(2z+1)mi  (2y+1)me
e 2n ,e 2n s

(

(CE,y)G [—TL,TL—I]Q\S(;’,,L

L1 9P
P. 0p
OF?

e,n,d

6,18 = Bo| < n}, therefore —53+* converges uniformly to

there exists > 0, such that is uniformly continuous in {(e”, e?, 8)| max{|6], |¢|} >

1 1 OP.
872 Jo el max{lol 6|25} Fe OB

(%, e B)dOd¢

in [By —n, Bo + ).

afel,n,5(6) 1 Z 1 aPe

08 sn? P, 93

97¢6U5,n (ei9761¢’ﬂ)

In Ué,n X [BO —n, BO + 77]

P.(0,6) = Ao+ 4107 + A0 + Az + O(|0)%, |9]*)
OP.(0, )

5 = By + B0 + Byf¢ + Bs¢?® + O(|0) + |6)

where Ay = P,(0,0) is the determinant of an anti-symmetric matrix, hence Ay(5) is
the perfect square of a function in 8. Since (1,1) is a real node for P.(z,w, fy), we

have

Ao(Bo) = Bo(Bo) =0

Ao(B8) >0 Bo(B)#0 VB € [Bo—nB0+n\{bo}

Moreover,

P.(0, 6, Bo) = A10” + A06 + A3¢” + O(|0]” + [¢]*) >0 V(0,6) # (0,0)
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therefore,
max{Al, Ag} > 0, A% - 4A3A1 <0 Vﬁ € [50 -1, 50 + 77]

the discriminant is negative follows from the fact that P(z,w) > 0 for any (z,w) €

T2\ {1,1}. then

(|Bl\+\le+\le)¢2 if || > |6

2
| 9P, 1A3A5—A2
P. 9 (6,9, 5) < (B |+f§1|+\3 Doz
‘ 14A3A527A£ ; 9 if |¢| < |0|
4A3

in Uy, % [Bo — 1, Bo +n]. We have

1 1 0P,
8n? Z P. OB |1 por 5
<o Z I

0,0€Uy,5,|0|>| 4| (0,0)€U, 5,|0|>10|
< C§,

where C' is a constant. Hence

v€,5>OE|N7 \V/TL>N7 v/BE[/BO_TIaBU—'—TI]
'aFe{n,é(ﬁ) LT 1 9P,
B B 872 J(0.6)c[—m,m]2,max{|6,6]>6} P, 0B

(VT eV B)dOde| < € + CH2,

Then

Ve, 0 >0 dN, Ym,n > N, V3 €[5y — 1, Bo + 1]

‘afe,nw)  OFum(B)
op op

< e+ CH?
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That is, aggn converges uniformly in [5y — 7, Bo + 1], therefore

VB € [Bo — 1, Bo +nl,

and the limit 88/;6 is continuous at [. O

Theorem 2.21. The weak limit of single edge probability for any edge, whose weight

18 strictly positive and not equal to 1, is unique.

Proof. The convexity of F.(/3) with respect to § implies that

Fe(B) = Fe(0) + /logweledu (2.33)

where p is an arbitrary translation invariant Gibbs measure, and 1. is the indicator

that the edge e is present in the dimer configuration. For a proof of 2.33, see [17].

: OFe
Slnce 3_,3

is continuous, and logw,. # 0, the single edge probability under any

translation invariant Gibbs measure is unique. O
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Ising Models
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3.1 Introduction

Phase transitions are among the most interesting and central topics of statistical
mechanics. A system undergoes a first-order phase transition whenever, for some
value of the temperature and other relevant thermodynamic parameters, two or more
phases can coexist in equilibrium. The different properties of the pure phases mani-
fest themselves also as discontinuities in certain observables as a function of the the
appropriate thermodynamic variables, e.g., discontinuity of the magnetization as a
function of the magnetic field in a ferromagnet. Of special interest is the temperature

at which the phase transition first occurs, that is, the critical temperature.

In [21], Lebowitz and Martin-Lof defined a critical temperature, T, for Ising
ferromagnets as the supreme of the temperatures such that the spontaneous mag-
netization is nonzero. In [19], Lebowitz identified 7. with the self-dual point for
a square grid Ising model with the same interactions on all edges. In [1], Aizen-
man, Bursky and Fernandez characterized the phase transition by the exponential
decay of two point spin correlations above T,.. Their technique was based on various

correlation inequalities and differential inequalities.

Another approach to solve the two-dimensional Ising model is to apply the Fisher
correspondence ([7]), which is a measure-preserving bijection between the spin-spin
even correlation functions of the Ising model on a graph GG, and the edge probabilities
of a dimer model on a decorated graph, or the Fisher graph. Since Fisher, dimer
techniques have been a powerful tool for solving pertinent questions about the Ising
model, see for example the paper of Kasteleyn [14], and the book of McCoy and
Wu [25]. However, due to the complexity in computing large matrices, the two-

dimensional Ising model has acquired a notorious reputation for difficulty. On the
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mathematical side, Kenyon has proven numerous spectacular results about the dimer
model on bipartite graphs in recent years. Those results make it possible to look at
the two-dimensional Ising model from a new perspective. In this paper, we follow the
dimer approach to the Ising model, and explicitly identify the critical temperature,
defined as in [21] and [1], with the zero of an algebraic equation, see the following

theorem.

Theorem 3.1. The critical temperature of the periodic Ising model, defined by the
lowest temperature such that the spontaneous magnetization is nonzero, is finite,
nonzero, and can be identified with the condition that the spectral curve of the corre-

sponding dimer model on the Fisher graph has a real node on T2.

Theorem 1.1 actually allows us to compute the critical temperature of arbitrary
periodic Ising ferromagnets accurately, by solving an algebraic equation, see Example

6.14. The proof of Theorem 1.1 is of 3 steps:

Step 1: Applying Lebowitz’s technique [20] and the FKG inequality, we prove
that the weak limit of the spin-spin even correlation functions is independent of the
boundary conditions as the size of the graph goes to infinity. For the uniqueness
theorem about the Gibbs measure of dimer models on a more general class of non-

bipartite graphs, see Corollary 2.14.

Step 2: Using an n x n torus to approximate the infinite bi-periodic graph, we
express the two-point spin correlation functions as the determinants of certain block
Toeplitz matrices. For basics of Toeplitz and Hankel matrices, see the appendix. We
prove that the determinant of the symbol of such block Toeplitz matrices is identically
1. Using the FKG inequality, we derive that there is a unique 7, defined to be the
lowest temperature such that the limit of the two-point spin correlation function is 0.

The analytic property for the limit of two-spin correlation function when the entries
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of the block Toeplitz matrices are analytic with respect to the reciprocal temperature
follows from Widom’s theorem ([30]) and a result from operator analysis [9]. Hence

T, , has to satisfy the condition that the spectral curve has a real node on T?.

Step 3: Identification of T, and the condition that the spectral curve has a real
node on T?(critical dimer weights). Since the two point spin correlation functions
are unique under any translation invariant Gibbs measure, we derive 1., = T. C
{critical dimer weights}. We also prove that as 8 (reciprocal temperature) increases
from 0 to oo, there is a unique 5y (0 < fy < o0), such that the spectral curve has a real
node on T2. The uniqueness of the critical dimer weights implies the identification

of T, with it.

Here is a description of the structure of the paper. Section 2 proves the uniqueness
of spin-spin even correlation functions for periodic ferromagnetic Ising models. In
section 3 we discuss different correspondence between Ising models on square grid
and dimer models on the Fisher graph, and prove that the spectral curve is invariant
under the duality transformation. In Section 4, we complete Step 2 and Step 3
to prove the main theorem. The block Toeplitz technique and the transfer matrix
technique also give a simple proof of exponential decay of the spin-spin correlations in
high temperature for symmetric interactions, see Section 5. For a proof of exponential
decay for general interactions, see [1, 2]. In the appendix, we discuss several basic

facts of Toeplitz and Hankel matrices for the readers’ reference.
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3.2 Translation Invariant Gibbs Measure

3.2.1 FKG Inequality for Periodic Interactions

We consider a Ising spin system with a ferromagnetic pair interaction in a finite box
A embedded on the whole plane, i.e, at each point p of the lattice there is a spin
o, = £1, and the conditional probability of a spin configuration in the box A given

a configuration outside it is proportional to

e—EA(U) — 65(% Zp#qGA,lp—q‘:l JqupUq""ZpeA hoP+ZpeA,quC Jpqopaq) (31)

where J,, > 0 is the pair interaction. Assume .J,, has period (m,n), i.e, for any
1,] € L, Jpg = Jpt(im,jn),q+(@im,jn)- 1 is the uniform external magnetic field, and 3
is the reciprocal temperature. A boundary condition for the box A, is specified by
giving a probability distribution b, for the configurations outside A. Let I' be the
set of all Ising spin configurations on A. Under the partial order relation “—7<“4”
the partial order set I' is a lattice, since any two configurations x and y in I' have
a least upper bound x V y and a greatest lower bound x A y. Moreover, I' is a finite

distributive lattice, see [8] for a definition. We have the following theorem:

Theorem 3.2. Let f be an increasing function with respect to the partial order
relation on I', uy, po be two probability measures, if all the following conditions are

satisfied

e the boundary condition 01 > d;
e the external magnetic field hy > ho;

o the pair interaction J), > J2
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Then the expected values of f satisfy

(P = (Fps

Proof. Since I is a finite distributive lattice, according to [12], if any spin configu-

ration A, B € I satisfy

AV B)uz(A N B) 2 pn(A)pa(B), (3.2)

then

<.f>u1 Z <f>u2

for any increasing functions f on I'.

Let us prove condition (3.2) for d; > ds. If A does not have boundary configu-
ration d; or B does not have boundary configuration dy, condition (3.2) is satisfied
automatically since the right hand side is zero while the left hand side is nonnegative.
Hence to prove condition (3.2), it suffices to prove that for any A with boundary

configuration ¢; and B with boundary configuration 9o,

AV B)u(A A B) = p(A)u(B) (3:3)

where g is the probability measure on I' with free boundary condition. Condition
(3.3) is true if energy for all bonds J, > 0. Notice that J. may be different from
edge to edge. It is trivial to check condition (3.3) for each single bond with 16
different combinations of spin configurations for A,B. If the inequality is true for the
contribution of each edge in the probability, the inequality is true for the probability,

since the probability is the product of contributions of each edge, and the partial
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order relation is defined bond by bond.

The same method can be applied to check condition (3.2) spin by spin or bond

by bond for the cases hy > hy and J}, > J2. . O

Remark. Condition (2) is called the FKG inequality.

3.2.2 Free Energy

As before, let A be a finite box of an infinite periodic square grid. The equilibrium
state of the system in A is the probability distribution for configurations in A de-
fined by (3.1) together with boundary condition by, or equivalently, by the family of

correlation functions

(oadnnsy = ([ op)nren for any AC A

peEA

An equilibrium state of the infinite system is defined to be a family of correlation
functions obtained as the limit of correlation functions for a sequence of finite boxes

with some boundary conditions
(0a)np = lim (Ga)na 0,
A—o0

We say a sequence of boxes {A,,}22, tends to infinity if

1. each A, is connected and A,, C A,41;

2. U, A\ =T
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3. for any [ > 0, let A be the set of points in A with distance at most [ from its

boundary, and |A| denote the number of points in A, then

Al
lim A, =0 (Van Hove convergence)
n=00 | Ay
The letter b indicates some arbitrary boundary condition, and by = “4” or by = “—"

will indicate the boundary conditions defined by putting all spins outside A “+ 7 or
“—7. The statement (04),, does not depend on the boundary condition is equivalent

to the statement that the equilibrium is unique.

For a finite system, the free energy is defined as follows

1
F(hv A7 bA) = W log(z e_EA(U))v

o

where E\(0) is defined in (3.1). We have the following theorem about the free energy

Theorem 3.3. As A — oo, the limit of F(h,\,by) exists and is independent of the

boundary condition. Assume

lim F(h,A,by) = F(h)

A—o0

then F(h) is convez, and analytic for h # 0

Proof. First of all, for each fixed A and by, F'(h,A,by) is a convex function of h.

Assume

B, = Zﬁap

peEA
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then

PF(h A ba) _ (X, A)(, ArBY) = (¥, AdB,) _
Oh2 A2, As)? a

The inequality follows from applying the Cauchy-Schwartz to {\/A, }, and {\/ A, Bs } o

9?F(h,A,by)

oL > 0,

Equality holds only if all the B, are equal, which is impossible, hence

F(h,A,by) is convex.

We claim that if limp_, F'(h,A,by) exists, it is independent of the boundary
condition by. Assume G(h,A) is the free energy for the free boundary conditions,

namely
G(h,A) |A| 10%2 B(3 Xprtqen lp—ql=1 FraopTa+3pen hop)
then

A A
—G(h,A) — %ﬁ max Jpg < —F(h,A,by) < —G(h,A) + ‘|8A|‘ﬁmax Ipg

Under the assumption that A — oo in the sense of Van Hove,

A
lim m

=0
A—o0 ‘A|

Since J,,, has finite period, we have
lim F'(h,A,by) = lim G(h, A)
A—o0 A—oo

which is independent of boundary conditions.
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It is convenient to introduce a new variable

» = 672ﬁh

then
e IAlG — Q(Z>€|A\h6

where

Q(z) =) Quz" (n=0,1,...|A]) (3.4)

The coefficients (),, are the contribution to the partition function of the Ising lattice
in zero external field from configurations with the number of 7 —” spins equal to n.

The following lemma is proved by Lee and Yang [22]

Lemma 3.4. Let x5 = xpo(a # [, , 8 = 1,2, ...,n) be real numbers whose absolute
values are less than or equal to 1. Divide the integers 1,2, ...,n into 2 groups a and
b so that there are vy integers in group a and (n — ) integers in group b. Consider
the product of all x,5 where o belongs to group a and [ belongs to group b. We

shall denote by @), the sum of all such products over all the #lv)' possible ways of

dividing the n integers, in other words

Q= > I II v

aCV,]a|=y a€a BeV\a

Consider the polynomial

Qz)=14+Q1z+ ... + Q2"
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Then all the roots of the equation QQ = 0 are on the unit circle.

Apply the lemma to (3.4), we obtain that the roots of Q(z) = 0 are on the

unit circle. The distribution of roots of Q(z) = 0 as A — oo may be described by

a measure du(6), so that [A|ldu(6) is the number of roots between e and e(?+49).

Since ((z) has real coefficients, we have

Taking the logarithm of (3.4), and taking the limit as A — oo, we have

27
F(h) = h@+/ log(z — ¢)du(9)
0
= hB+ / log(2* — 2z cos® + 1)du(0)
0
The singularities of F'(h) corresponds to zeros of 22 — 2z + 1. Since z = e~ 2% > (),

the only possible singularity of F'(h) happens at h = 0,z = 1. The convexity of F'(h)

follows from the convexity of F(h, A, by). ]

3.2.3 High Temperature

Define the average magnetization as follows

1 1 OF(h, A, b
m(h’ Av b/\) = <W Z 0p>h,A7bA = E%

peEA

We have the following lemma about the average magnetization

Lemma 3.5. As A — oo, the limit of m(h,A,by) exists and is independent of
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boundary conditions. Moreover,

. ~dF(h)

Proof. ‘%' Y pen Op 18 an increasing function on I'y, and the FKG inequality says that
m(h, A, =) < m(h,A,by) < m(h,A,+) (3.5)

For any A’ O A, m(h, A, +) can be obtained from m(h,A’,+) by adding an infinite

positive external magnetic field on A"\ A. By the FKG inequality we have
m(h, ', +) <m(h,A,+)

Hence m(h, A, +) is decreasing as A increases. Therefore limpy o m(h, A, +) exists,
denoted by m(h,+), for all h. Moreover, since |m(h,A,bp)| < 1, according to the

Dominated Convergence Theorem, we have

h h
m(h,+)dh = lim m(h, A, +)dh = F(h) — F(ho)

hU A—oo hU

where h > hg > 0 or 0 > h > hg. Since F'(h) is analytic in h when h # 0, we have

dF(h)
h = —>=
m(h,+) T
Similar process shows that
dF(h)
h,—) = —"

And the lemma follows from 3.5. O
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Since F'(h) is analytic in h when h # 0, we define

g AE ()
o= T an

Applying FKG inequality and follow exactly the same process by Lebowitz and

Martin-Lof [21], we have the following lemma:

Lemma 3.6. When the external magnetic field is zero there is a unique equilibrium

state for the periodic, ferromagnetic infinite system if and only if m* = 0.

ﬁzpe A Op 1s an increasing function on I', according to the FKG inequality,
m(h, A, by) = (ﬁ > pea Op)ap, IS an increasing function in J; ; and h, hence if we
fix J;; and h, it is an increasing function in 5. When S = 0, we have a uniform

distribution for all configurations, therefore
m(hy A7 bA) |ﬁ:0 =0

As a result m(h, A,by) > 0 for any 8. As its limit m* is nonnegative and increasing
in B. The critical temperature (. is uniquely defined by the conditions m*(5) = 0

for 5 < B. and m*(T') > 0 for 8 > f.. Then we have the following theorem

Theorem 3.7. When B < B., there exists a unique probability measure of ferromag-

netic, periodic Ising spin system without external magnetic field.

3.2.4 Uniqueness of Spin-Spin Even Correlations

This section is devoted to the proof of Theorem 2.7. The proof is divided into proving

several lemmas, as specified below.
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Theorem 3.8. Given a bi-periodic, ferromagnetic Ising model, the spin-spin even
correlation functions are unique under any translation invariant Gibbs measure. That
is, fix a finite subset A of the vertices of the graph such that |A| is even, for any

translation invariant Gibbs measure i, (0a), is independent of .

Lemma 3.9. (pa)s = limp_,oo{pa)a+ exists and is translation invariant. That is

(Pa+g)+ = (pa)x, where g is a translation vector.

Proof. The FKG inequality applies to f = pa, because this is an increasing function
in each spin variable. This implies that (pa)ar+ < (pa)a+, if A" D A, by the FKG

inequality. Hence

(pa)s = lim (pa)a+
— 00

exists and (pa)+ < (pa)a+. The translation invariance of the (p4)+ follows from the

uniqueness of taking the limit A — oo. m

Lemma 3.10.

(Ca)apy S (o)A

Proof. Consider

< > Zo’ O-Aezi“‘jﬂ'yje/\o Jijo'igj+zk€3A Jiok
Op) =

Z
/ Z O'A€Zi~j Jij0i05+ keon JkTk
— ag
<UA> = 7

where

7 — E e2ing,injend JiioiTi 2 kean Jkok
o

7 — E :eEiNj,i,jer Jijoioj+3 keon Jiok

o
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then
(o4 — 0_/ eziNj,i,jer Jij(oia'j-FO',/L.O';)—i-ZkeaA(JkO'k-i-J]/CO';C)
<0'A> N <0'A>/ _ Za,a( A A) (36)
A
ACENDS o qe2iniijend Ji (it oioi+ e on (Jette ) ow
where t; = 0;0.. It follows from the ferromagnetic condition that when
Je > | T3 Vk € OA

the right side of (3.7) is nonnegative. O

Let A= B A C =BUC\ BNC be the symmetric difference between the sets

B and C, then t4 = tptc = £1, and

1 —tpte = +(tg — te) (3.8)

Substituting (3.8) on the right of (3.7) and going back to the ¢’ variables, we obtain

our basic inequality for o4 = ogoe:

(opoc) — (opoc) = [(os){oc) — (oB) (oc)] (3.9)

Lemma 3.11.
B,ILI%+<PA>B',+ = (pa)s.+ (3.10)
lim () = (pa)s.- (3.11)

B'—B—
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Proof. Since (pa)s+ < (pa)s.n+

li s < i / =
B’E%+<pA>ﬁ + S 6’erﬁl+<pA>B At = (pa)sa+

Letting A — oo, we have

li iy <
ﬁ/grﬁlJr@A),B + < (pa)s+

But F.K.G inequality implies that

(pa)s+ < {pa)p +

for B < ', so
< 1 /
(pa)s+ < Jim (pa)s o+
Then (3.10) is proved, and (3.11) can be proved analogously. O

Lemma 3.12. g—g is continuous for all the ferromagnetic interactions.

Proof. First of all, notice that (0;0;)4+ = (0;0;)_ by symmetry. Let %((g)ﬁ—}i) be
the right(left) derivative of F' with respect to 5. The assertion will follow if we prove

that

oF ) 1 1
apr A Iy > (oi0i)a = ] Y (o), (3.12)

lN]szEA lN],l,jEAl

where A is the quotient graph of the infinite periodic graph with respect to transla-
tion. Now we prove (3.12). Consider first the boundary condition 4. For any € > 0,
let A. be a box containing all the edges of Ay, such that (0;0;)a. + < (0,0;)+ +¢, for

all i ~ j, 72,5 € Ay. Then for any translation vector g, and A such that A + g C A,
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we have for all i ~ j,i,7 € Ay,

(0i05)+ = (Oitg0itg)+ < (TitgTirg)nt

< AOitgTjrg)Aergs = (0i0j)A., S (0i05)4 F € (3.13)

Using the decomposition

ﬁ Z <0'i0'j>A,:t:|T1| Z Z <Ui+g0j+g>A,i7

iNjaivjeA i:jeAlviNj i+g€A’j+g€A

where the second sum is over g. limp_, o % = 0 and (3.13) implies that

1 !
AT Z (0;0j)+ < liminf Al Z(aiaﬁ,\#
[Ad] i,jEAL invj [A] i~j
) 1 1
< lim sup T Z(Uiaj>/\7+ < N Z (0i0;) + €
i~ i GEAL ]

for any €, which means that

.1 . OF(A,+) 1
Ay 2 (o= fim et =i 2 (o

injyi,JEN 1,jEA1 i~

and similarly for the boundary condition “—”. Since F'is convex with respect to 3,
the discontinuous points of g—g is countably many 3’s, at most. For any finite box A

of a locally finite periodic graph

< maxd
< max deg(v)

1
I > {oio))

i~7,0,jEA

According to the Dominated Convergence Theorem

B1 B1
/ lim Mdﬁ = lim Mdﬁ
Bo A—oo ﬁ A—oo Bo aﬁ

- AIEEO[F(A’&’ +) - F(A’ﬁ(b +)] = F(ﬁl) - F(ﬁo)
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The last equality follows from the fact that F' is independent of boundary conditions.
Let f/ — [ from the right side (5’ > ). We have

OF oF 1
—— = lim — = lim — (0i0j)+ =
pr p=br OB gy B+ A M%m ’
1 1
—_ 0i0j)3 + = T 0i0;)3,
‘Aﬂ iN]%A1< .7>/3 + ’A1| iN]%g/h( ]>ﬁ+

So (3.12) is proved for the boundary condition +, and — is treated analogously. [

Lemma 3.13. (0,0,), = (0,0;)+ for any translation invariant limit probability mea-

sure | and any i ~ j, 1 ‘g—g 1S continuous.

Proof. Let K be an arbitrary translation invariant interaction, define

1
A = — KZ“O'Z‘O"
K |A1| Z J J

in~vgii,j €A

Then for any translation invariant probability measure p
F(J+K) ZF(J)+/AKd,u (3.14)

That is [ Agdp is a tangent vector of F at J along the direction K. In other

words, the expected value of Ak under any translation invariant probability measure

If 2FU+tD)

o1 1S

corresponds to a tangent vector. For the proof of (3.14), see [17].
t=0

continuous, the tangent vector is unique and its slope is equal to the corresponding
derivative, which means the expected values of Ax under any translation invariant

probability measure are the same. Hence if g—g is continuous, we have

Z Jij{0i0j) = Z Jij(0i05)+

invgii,j €A invjii,j €A
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Given Lemma 2.9, under the assumption that J;; > 0, we have (o;;)1 = (0y;), for

all translation invariant limit measure . O

Lemma 3.14. Assume J;; > 0, if (0,0;) = (0,0;) # 0, for all i ~ j, then (op) =

(og), for all sets E containing an even number of sites.

Proof. Any translation invariant Gibbs measure can be considered as the weak limit
of Boltzman measures on finite graphs with given boundary conditions, as the size
of the graph goes to infinity. Any boundary conditions can be transformed to “+ 7
boundary conditions by changing the coupling constant on the edges incident to an
boundary site. If the configuration at the boundary site is “+”, then the new coupling
constant on incident edges is unchanged; otherwise the new coupling constant is —.J,.
Given J;; > 0, we have J;; > |J;;|, we derive that the inequality (3.9) is true. Since

(cpoc) — (opoc) > |(og){(oc) — (0B) (0c)]|, let A= BAC, we have

(04) = (04)" = [{0B)(0408) — (08) (0405)|

Then (o4) = (04), (05) = (o) # 0 implies (c405) = (040p)". The result follows

by induction. O]

Proof of Theorem 2.7 From Lemma 2.13, it suffices to prove that (o;0;) # 0
and is independent of boundary conditions for all ¢ ~ j. From Lemma 2.12, this is

true if and only if g—g is continuous, and ?9_1; is always continuous, given lemma 2.11.0

The uniqueness of the spin-spin even correlation functions can lead to the unique-
ness of translation invariant Gibbs measures of dimer models on a large class of
non-bipartite graphs. Interested readers may look at the appendix for more about

this topic.
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3.3 Fisher Correspondence

Correspondence 1: Measure-Preserving Correspondence

An Ising model on a square grid is associated to closed polygon configurations on
the dual square grid as follows: if two adjacent spins are of the same sign, the dual
edge separating them is not present in the closed polygon configuration, otherwise
the dual edge is present in the closed polygon configuration. An example of this

correspondence is illustrated in Figure 4:

Figure 3.1: Measure-Preserving Correspondence

The dashed line are bonds of the Ising model, and the black line are edges of
the dual grid. If two adjacent spins are of the same sign, the dual edge separating
them is not present in the closed polygon configuration; otherwise the dual edge
is present in the closed polygon configuration. This correspondence is two-to-one
because negating the sign of all spins will end up with the same closed polygon
configuration on the square grid. Combining with the one-to-one correspondence of
closed polygon configurations on the square grid and the dimer configurations on
Fisher graph, by assigning edge weights e=2’¢ to the dual edges, we get a measure-
preserving correspondence between the Ising spin system and the dimer system,

namely,
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Pr(D(o)) = Pr(o) + Pr(—o) = 2Pr(o).

where D(0) is the dimer configuration corresponding to the spin configuration o.

Correspondence 2: Correspondence Based on High-Temperature Expan-

sion

Let G be a finite square grid, the high temperature expansion of the Ising model on

g is

Zagr = Z H exp(Jeoyuoy)

o e=weE(G)

— Z H (cosh J, + 0,0, sinh J,)

o e=wveE(G

= H cosh J,) Z H (1+ 0,0, tanh J,)

e=w€eE(Q) o e=wveE(Q)
= H cosh J) Z H 2" tanh J,,
e=weE(QG) ceSecC

where S is the set of all closed polygon configurations of G. This way, up to a
multiplicative constant, the Ising partition function is the same as the partition
function of the closed polygon configuration of the same square grid. There is no
one-to-one correspondence between configurations in this case, hence although in
this case the partition function is invariant, it is not measure-preserving. Combining
with the correspondence between the closed polygon configurations on the square
grid and the dimer configurations on the Fisher graph, we obtain a correspondence

between Ising models on square grid and dimer models on Fisher graph, by giving
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the corresponding edge of the Fisher graph tanh J..

3.3.1 Duality Transformation

Let G, be the quotient graph of the square grid on the plane, as defined on Page
4. Let G} be the dual graph of GG,,. Define an Ising model on G,, with interactions
{Je}eeE(Gn). Assume the Ising model on G, has partition function Z¢, ;. Then Zg, 1
can be written as, up to a constant multiple, following from the measure-preserving

correspondence, we have

Ze,1 =2 H exp(Je) Z HeXp(—QJE) =2 H exp(Je) ZF, Doy

c€E(Gp) C*eSE, eeC c€E(Gn)

where S, is the set of closed polygon configurations of G}, with an even number of
occupied bonds crossed by both 7, and 7,. The sum is over all configurations in Sg.
Similarly, we can define Sg, (57, S7;) to be the set of closed polygon configurations
of G, with an even(odd,odd) number of occupied bonds crossed by ~,, and an
odd(even,odd) number of occupied bonds crossed by 7,. F, is the Fisher graph
obtained from G by replacing each vertex with a gadget, as described in Figure 3.
2Je

Let Zp, p be the partition function of dimer configurations on F,,, with weights e~

on dual edges of GG,,, and weight 1 on all the other edges. Then
ZFnD = ZF, Doy T ZF,Doy + ZF,,D10 + ZF, Dy

where

Zp,p,, = Y ] exp(=27.).

C*esS;  ecC*
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For example, Zp, p,, is the dimer partition function on F,, with an even number
of occupied edges crossed by 7., and an odd number of occupied edges crossed by
7y- It also corresponds to an Ising model which has the same configuration on the
two boundaries parallel to v,, and the opposite configurations on the two boundaries

parallel to .. Similar results hold for all the Zg, p, , 0,7 € {0,1}.

On the other hand, if we consider the high temperature expansion of the Ising

model on G,,, we have

Za,1=( H cosh J,) Z H 2" tanh J,,

e=wvE€E(Gr) CeSecC

where S is the set of all closed polygon configurations of G,. Let F, be a Fisher
graph embedded into an n x n torus, obtained from G,, by the correspondence in

Figure 3, with weights tanh J, on edges of G,,, and weight 1 on all the other edges.

In other words, the edge with weight tanh J, of F, and the edge with weight e=2/
of F,, are dual edges. Then we have

Za,1 =2 H exp(Je) ZF, Doy = o H cosh J.Zg p

e€E(Gn) e€E(Gr)
where Zj p is the partition function of dimer configurations on E,.
Similarly, we can expand all the Zp, p,  as follows:
1 T
2Dy, = ST H (1+exp(—2Je)) Zp, p((—1)7, (=1)°). (3.15)

eEEGn

Zp (=1,1) is the dimer partition function of F, with weights of edges dual to the
edges crossed by 7, multiplied by —1. let us consider Similarly for Zz (1, —1) and
25

n,

,(=1,=1). To see why (3.15) is true, let us consider, for example Zp, p,,, an
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odd number of present edges are crossed by 7,, and an even number of present edges
are crossed by 7,. The corresponding Ising model has boundary condition such that
winding once along ., the spins change sign, while winding once along -,, the spins
are invariant. This is the same as for a row of edges crossed by v,, we change the
coupling constant from J, to —J., and give the periodic boundary conditions. After
the duality transformation, the edge weights tanh J., if e is crossed by 7, will be the

opposite.

Without loss of generality, assume n is even. Let K (z, w) be the Kasteleyn matrix

of the toroidal graph, as defined on page 4. Given the orientation in Figure 1, we

have
PfKr,(1,1) = Zr, Dy — ZF,,Dor — ZF,,Dio — ZF,,Du1
1
= o [T G+ep(=27))Zz, ,(1,1) = Zp (—1,1) = Zp (1, =1) = Z5 (=1,—1)]
e€E(G,)
1
e€E(Gy)

{[-PfKp (1,1) + PEK (1, 1) + PfKj (~1,1) + PEK; (—1, —1)]
—[=PIKp (=1,1) + PfK (=1, 1) + PfK (1,1) + PIK (1,—1)]
—[PfKj (1,—1) + PfK (1,1) + PEK; (—1,—1) + PIK (—1,1)]
—[=PfK} (=1,—1) + PIK; (—1,1) + PIK (1,—1) + PfK (1,1)]}

1

= 5 [T (0 +exp(—2J.))PEKy (1,1) (3.16)
e€EE(G,)

If we perform the same expansion for all the PfKp, ((—1)?, (=1)7), for 8,7 € {0, 1},

we get

PfKFn((_1>97 <_1)T> - % H (1+6Xp(_2J6))PfKFn((_1)67 (_1)7) if {0’7—} 7é (070)

e€E(Gr)

Proposition 3.15. Consider a Fisher graph F,, embedded into an n x n torus. If

2

an edge e is parallel to ., 7, give e weight w, = e~?’<. For all the other edges give

weight 1. Define the duality transformation of F, to be another Fisher graph F,,
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embedded into an n xn torus. If an edge e is parallel to 7., 7, give e weight tanh J,.
For all the other edges, give weight 1. Let P(z,w) = 0 denote the spectral curve.
Then

Pr,((=1)",(=1)7) = 0 = P, ((-1)",(-1)7) =0



135

3.4 Critical Temperature and Spectral Curve

The purpose of this section is to identify the critical temperature of the periodic Ising
model with the condition that the spectral curve as a single real node on T?. Using
the correspondence based on the high-temperature expansion, we express the spin-
spin correlation of the periodic Ising model as the determinant of a block Toeplitz

matrix. The analysis of the holomorphic properties of the matrix leads to the result.

Lemma 3.16. (Kelly and Sherman/[10]) Given a Hamiltanonian

H:_ZJAUA

with ferromagnetic interactions, that is
Ja >0

for all A C A, then

1 8<UB>
B 9Jc

= (opoc) — (oB)(oc) > 0

The high temperature expansion of the partition function gives

Z = 1_[2cosh(]ez:l_Itathe

C eeC

where the sum is over all closed polygon of the square grid. Assume 7, = tanh J,.

We consider the spin located at (0,0), ogp and the spin located at (0, N), oon. Then

(UOUUON) = (‘700001)(001002)---(UO,N7100N)
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Let ¢; denote the edge connecting (0,1) and (0,7 + 1). Since

00,00,141(1 + T¢,00100,141) = Te,(1 + —00100,141),
€

we have

N-1 N-1
!
(o00oon) = 71 H 2 cosh J, H Te, g H (1+ —00100 l“)H (14 7e0,0,)
e =0 l e

o =0

where H' means the terms corresponding to ¢;, 0 < [ < N — 1 are omitted. This
expression is of the form of a partition function for some Ising counting lattice with
bonds 7, on the straight line connecting sites (0,0) and (0, N), replaced by Til We
transform the square grid G,, to the Fisher Graph, using the technique as described
in Figure 3. Assume the edge weights of the Fisher graph are tanh J, for all edges

corresponding to edges of G,,, and all the other edges have weight 1.

Let v,(7,) denote a path winding horizontally(vertically) once on the torus, mul-
tiply all the edge weights crossed by v;(7,) with z or %, (w or %), according to the

orientation of edges.

Let Kyun(z,w) denote the corresponding weighted adjacency matrix. If both m

and n are even, we have

N-1

(U 000 ON Te
1=0

—PfK!,,(1,1) + PIK/, (-
" Pf Ky (1, 1) 4 PEK i (—

1,1)+ PfK), (1, -1) + PfK], (-1, 1)
1,1) + PIK,,, (1, —1) + P K, (—1, —1)’

where K/ (z,w) denote the corresponding weighted adjacency matrix by changing

the edge weights 7, to Ti
€l

Theorem 3.17. For the Ising model on the infinite periodic square grid, we can

express limy_, o (0o000n)? as the determinant of a block Toeplitz matriz multiplied by
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a function of weights of all edges on the straight line connecting ooy and ogy .

Proof. We consider % where w,v € {1,—1}. Assume 6 = K] (u,v) —

Kpn(u,v), then ¢ is given by

§(0,1;0,1+1) = =67(0,1 4+ 1;0,1) =

[e)
(@)
o
(@)

O T =~ o
o
o
=
o

If 0 <1 < N —1 and zero otherwise. Thus if we define y as the 2N x 2N sub-matrix
of § in the subspace where § does not vanish identically, and if we define () as the
2N x 2N sub-matrix of K.} in the same subspace, we find

PIK!  (u,v)

PER (1, 0) (=1)"PE(S + Ko (u, 0))PEH(E (1, 0)) = (—1)"PiyPi(y ™" + Q(u, v))

where ky, ko are constants depending only on m,n, N, and independent of u, v, and
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y is given by

0,0 0,1 ... ,N—1 0,1 0,2 .. O,N

R R R L L L
0,0 R o~ Ta
O, 1 R O Tl - T62
Y= .
OON—-1 R i Ten
0,1 L Tep — —
el
0,2 L Tey — Ti O
ON L Ten — TelN
so that
N1 1 N(N-1)
Ply = [[(— —7)(-)
€]

Hence we have

mn

Pt K (u,v) Z

Z PfK!  (u,v) (=1)*“IPEK,, ,(u,v)

=0 u,we{—1,1}

where s(u,v) is +1 or —1 depending on u,v. We choose a subsequence m’,n’ — oo

such that ko are always even, then

N—
lim <0'000'0N H 1— 7' det TN

m/ ,n’—oo
=0

._\

If we use K to denote the weighted adjacency matrix of the infinite graph, we can
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express Ty as follows:

0 K1 KoL

0,0,R;0,N—1,R 0,0,R;0,1,L — ﬁef e 0,0,R;0,N,L
1
-1 -1 -1 -1
Kl,l,R;o,o,R KO,I,R;O,N—I,R Ko,l,R;o,l,L KO,I,R;O,N,L
—1 —1 -1 Te
T K4 N-1,R0,0,R 0 Ko N-1,R0,1,L o Ko N_1,Rjo,N,L T TTr2
N — —1 Te _ _
1 1 .. 1
KO,I,L;O,O,R+ 1,,.2 KO,I,L;O,N—I,R 0 : KO,I,L;O,N,L
1
-1 -1 -1 -1
K0,2,L;0,0,R K0,2,L;O,N—1,R Ko,z,L;o,l,L Ko,z,L;o,N,L
K1 N + N K1 0
0,N,L;0,0,R 0,N,L;0,N—1,R " 172 0,N,L;0,1,R
N

It is well-known that T is independent of u,v, since the entries of K~! can be

expressed as follows

1 [ N e L
Kﬁl(j, k,p;j/, k/, q) _ - / / i1 (k=F") id2(i—j )Kil (ez¢>17 ez¢2)p7qd¢1d¢2 (317)
0 0

472

where Kji(z,w) is the weighted adjacency matrix of one fundamental domain em-

bedded into a torus. And

lim (o0000y)* = lim det Ty I a-=) (3.18)
0<I<N—1

Let [y denote the length of one period, assume N is a multiple of [j. We rearrange the
rows and columns of Ty, in such a way that the determinant of T will not change
after this manipulation, neither will the limit as N — oco. Then we group the matrix
after row and column rearrangements, denoted still by T}, into % X % blocks, and
each block is a 2l x 2[y submatrix, such that the (j, ') block of Ty has a row range
from (0, (j — 1)y, R) to (0,5lp — 1, R), from (0, (j — 1)lp + 1.L) to (0, jlo, L), and a
column range from (0, (j* — 1)ly, R) to (0,5'lp — 1, R), from (0, (5" — 1)lp + 1.L) to
(0,500, L).
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If we define v, a matrix-valued function on the unit circle, as follows

K¢, €%)0.0,r:000,r B K¢, €2)0,0,m:0,10—1,R
1 [ K¢, €2)0,10-1,r0,0,R e K¢, €)010-1.R010-1.R
w0 = %/ s b Tey S id
0 K¢, e)o1,L00R + ez K=Y, €%%)0,1,1:0,0-1,R
. . Te
K¢, €%)o0,L:0,0,R s KM €2) 040 050,001, + fig
0
K71¢, €)0,0,m0,1,L — ;67131 T K¢, €%)0,0.m:0.0,L
. ) Te
K¢, €%)040-1,m0.1,.L o KN ) 000-1,R:000,L — 1,;63
. ' o | doy
K¢, e)o1001,L e K¢, €92)01.1.000.1
K¢ €)o40.0:01.L e K¢, €2)0.10,1:0,00,L

Then the (7, j') block of 4 is the (j — j') Fourier coefficient of ¢, given (3.17). Let T

denote the infinite matrix as N — oo. Namely,

1 o d¢
Ty =5 [ CT0OF
g 8
where the integral is evaluated entry by entry. Let T' denote the infinite matrix as

N — o0, then T is a block Toeplitz matrix with symbol . O]

Lemma 3.18. (/24]) Let T* = {z,wl||z| = 1,|w| = 1} be the unit torus, either
det K(z,w) = 0 has no zeros on T2, or it has a single real node on T*. That is,

det K (z,w) = 0 intersect T? at one of the points (+1,=41), and both M%Z(z’w) and

%(sz) vanish at the same point.
w

To study the asymptotic behavior of (ogoo0y) as N — oo, we first introduce the
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following lemmas

Lemma 3.19. (Widom/[30]) Let T,,(v) be a block Toeplitz matriz with symbol 1, and

n X n blocks in total. If

N

Do Ml Y Rllel®)

k=—o00 k=—00

. 1 ;
det (') # 0, %Aogogmr argdet(e”) = 0,

< 00

here ||Yx | denotes the Hilbert-Schmidt norm of the matriz vy, and 5= No<p<or arg det ¢(e™)

is the index of the point 0 with respect to the curve {det(e?) : 0 < 0 < 27}, namely

1/ L 0dety(() o

1 0y _
%AOS@SQW arg det w(e ) |¢|=1 det ¢(<) a(

2w

then

lim det T,, ()

L G B

with

1 o 16
Gl = exply- /0 log det 1/(c)d0}

B[] = detT[]T[~"]

where the last det refers to the determinant defined for operators on Hilbert space

differing from the identity by an operator of trace class.

Lemma 3.20. For ferromagnetic, periodic Ising model with nearest neighbor pair

interactions on a square grid, if det K(z,w) has no zeros on T?, then

lo

H(l —72)%detp(e”) =1

=1
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for any 0 € [0, 27)

Proof. Let us consider an m x n torus, where m and n are the numbers of periods
along each direction. The previous technique to compute the spin-spin correlations

implies that

_ n Zn

(g0000n) = 1§11_£0 Tey 7
where Z; s the partition function of dimer configurations on an m x n Fisher graph
with wights 7,(1 < [ < n) changing to %l Since the graph is embedded into an
m X n torus, ooy and oy, are actually the same spin, therefore we have (ogo00,) = 1,

that is

n/_
||TeZ = Zmn

1<I<lo
Let K] . (Kyn) be the corresponding Kasteleyn matrix with respect to Z! (Znn).
We are going to construct a correspondence between monomials in Tezl det K7, (1, w)
and det K, 1 (—1,w), where w is any number on the unit circle. Each term in the
expansion of the determinant corresponds to an oriented loop configuration in the
m X 1 torus, where each vertex is occupied by the configuration exactly twice. The
correspondence is constructed by changing configurations on the first row of the
graph, while keeping the configurations on all the other rows invariant. Consider
the first row. For each pair of nearest components, which are parts of non-doubled
edge loops crossing the first row, there exists a pair of nearest triangles, one on each
component. We change their paths through the pair of nearest triangles. This way, in
the new configuration, all the e; occupied once originally will still be occupied once,
with wieght Ti changed to 7,,. Any e; unoccupied will be a doubled edge, with weight

1 changed to 77, any e; occupied twice will be unoccupied, with Welght Changed to

6[7

1. Hence the corresponding terms in [[, o, 72 det K}, (1, w) and det Kml(—l, w)

have the same absolute value. They are equal if the signs are also the same. For each
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component, which is part of a non-doubled-edge loop crossing the first row of the
torus, if we change the path through a pair of triangles (corresponding to two nearest
components on both sides), the sign will change by a factor of -1. This sign change
will cancel if we change the sign of the z-edge passed by the loop simultaneously.

Hence we have

H 72 det K, 1 (1,w) = det Ky, 1 (—1,w)

1<i<ly

An example of such a path change is illustrated in Figure 5 and Figure 6. Similarly

we have

H 72 det K, 1 (=1, w) = det K1 (1, w)

1<I<lg

An example of such a change of configurations along an n-cycle is illustrated in

Figure 5 and Figure 6.

n fixed

Figure 3.2: Configuration before change
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n fixed

Figure 3.3: Configuration after change

Therefore, we have

o ( fo 72)det K | (1,€")
1 — 72)2 det 0y =1 "¢ ml ’
[g( Tel) } S ’QD(G ) mg};o det Km71(13629)
. det Kml(—l,ew)
= lim .
m—oo det K1 (1, €%)
Let vy, -+, vay, be vertices which are endpoints of those edges changing weights

from 7., to L Let us consider

Tel

det K/, (1,¢e% 2 det K! [ (1,€") gegu, .
o L) S k69, S D,
m—oo det K, 1(1, €?) m—00 7 det K1 (1, €%)

UL, U2nlg Uj~Vj J=1

: 7u2nl0}

2n

. . ! 0 -1 30

N n}g%o Z H Ko (1, €%)0yu; det K7 (1, e )Ec{“h“'v“%lo}
UL, Unlg U~V J=1

where K7, (1, ") gefuy - gy, } 18 the submatrix of K, (1, e”) deleting rows vy, - - -, vau,

U2n]

and columns wuy, - -+, Ugy,. This submatrix is also a submatrix of K,,,(1, eia), be-
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cause all the edges with changed weights have been deleted. K/, (1, ew)vjyuj are edge
weights, which are independent of the first variable - weights of edges crossed by 7,.
As m — oo, the limit of entries of K 1(1,e") is independent of the first variable
too, since lim,, ,o K1 (2,¢?) can always be expressed as the same complex integral
no matter where z is located on the unit circle. As a result,

: (Le?) . det K7, (—1e”)
lim —~ = lim .
m—oo det K1 (1,€%)  m—oo det Ky (—1, €)

Hence we have

o 72 det K (1, ¢') det K,y (—1, ¢?)

lim === . = i .
e300 det K1 (1, €) e300 det K1 (1, €%)
. dethl(l,ew)
= lim

m—oo det K1 (—1, €?)
0 i
_ lim 40:1 TeQZ det K;nl(_1769>
m—00 det K1 (—1,€%)

Therefore

Lo

[T —72)% detw(e”)]* = 1, (3.19)

(=1

When 6 = 0, the quantity is the quotient of two skew-symmetric matrix, hence it

is positive and equal to 1. The lemma follows from the continuity of [ ﬁ(’zl(l —

7'3{)2 det 1 (e®)].
]

Lemma 3.21. (Gohberg,Krein[9]) Let §1 denote the set of all completely continuous

operator A for which

Zsj(A) < 00

j=1
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where s; are singular values of A. Let A(n) be an operator-function with values in §;
and holomorphic in some region. Then the determinant det(I —A(u)) is holomorphic

in the same region.

Lemma 3.22. If we allow complex edge weights, then the spin correlation
hm <00000N>127

N—oo

under toroidal boundary conditions is analytic with respect to edge weights except for

the edge weights tanh J; ; such that the spectral curve has a real node on T?

Proof. Let H[y] denote the semi-infinite Hankel matrices with kernel ¢, namely,

H[Y] = (Yigjr)  0<4,5 <oo

then

where

Since ¢ is an anti-Hermitian matrix on the unit circle, its determinant will always

be real, hence we have
Ag<g<or arg det () = 0

For any edge weights which do not lie on the critical surface, the condition of Theorem
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4.4, and 4.5 will satisfy(Widom|[30]). Then we have

Aim (o00o0n), = lim [T (0 —72)2det Tn[y) = det(I — H[y]H[])
0<I<N—1
Since the entries of H[1))H[{)~"] will be analytic everywhere except on the spectral

curve, so is the spin correlation limy_, (00000 N>]29. O

Lemma 3.23. The weak limit of the Boltzmann measures P, on G,, the quotient
graph defined on page 4, is a translation invariant Gibbs measure P. The proba-
bility of occurrence of a subset of edges e; = uqvy, ..., €y = Unvy, of G in a dimer

configuration of G chose with respect to Gibbs measure P, is

where K~ is the inverse of the infinite Kasteleyn matriz, defined as in (3.17), and
is the sub-matriz of K1, whose lines and columns are defined by the

77777 €m

vertices of the edges eq, ..., ep,.

Proof. The dimer partition function Z,, of the graph G,,, for n even, is

Z, = S[-PEKY) + PEC) + PE(Y) + PE(E)

Let £ = {e1 = wvy,...,em = UnUy} be a subset of edges of Gy, then the
probability P, (e, ..., e,) of these edges occurring in a dimer configuration of G,
chosen with respect to the Boltzmann measure P, for n even, is

H;L Wy,v;

27 [—Pf(K%) ge + PE(K) ge + PE(KY) ge + PE(KM) ge]



148

where E¢ = V(G,) \ {u1v1, ..., UV } and (K97)ge is the sub-matrix of K’ whose
lines and columns are indexed by E°. Let P(z,w) = det K(z,w). By lemma 4.3,
either the spectral curve P(z,w) = 0 does not intersect T2, or it has a single real

node on T2.

If P(z,w) =0 does not intersect T?,

n—1 n—1 im(25+6) im(2k+7)
(Km) ! 1 i@itO)m(e—s!) iChtninu—y) Cof[K(e— n ,e n low
(z,y,0),(¢" ¥ ) T 2 € € in(2j10)  in(2ktT)
§=0 k=0 Plem 7w e n» )

The right side is a Riemann sum in non-critical case, it converges to an integral for

any 0,7 € {—1,1}, that is,

-1 _ 0,7
K(xvyvv)v(zlvylvv/) o 7}1_1;1010([(,” ) ;va) (1‘ y ’U) (320>
_ // gy Cof[K (2, w)]vw dz dw (3.21)
4n? | Joo P(z,w) iz iw
We also have
PfK) e
Pf K@T -1 _ —1 n(n)( n /B

where k : N — {0,1} is a function. We can choose a subsequence {n'} such that

k(n') is a constant rq. Then

Pler,...,em) = lim P (e1,...,em)

n/—o00

—  lim (—1)“0%[—Pf(K29)E1PfK29 + Pf(K) ;! PERY)
n/—o00 n

+PH(K)) ' PEK Y + PE(K)Y) ' PEK ]

m
= I I W,
i=1

Pf(K 1|

Note that the convergence actually holds for all n, because on the complement sub-

sequence N\ {n'}, x is also a constant given that x is a two-valued function. The
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sign does not matter since we take the absolute value in the end.

If P(z,w) = 0 has a single real node on T?, see [3] for a proof. The weak
convergence of P, for n € N follows from the fact that there is a unique translation
invariant Gibbs measure, and the weak limit of P, on any subsequence is translation

invariant. O

Lemma 3.24. Let P be the weak limit of P,, Boltzmann measures defined for graph
G, with periodic boundary conditions. P(z,w) = 0 does not intersect T2, if and only

if the edge-edge correlation
P(@l&eg) — 73(61)73(62)

converges to 0 exponentially fast as |e; — es| — 00.

Proof. By Lemma 4.8,

Uy V1 U2 V2
Per&ey) — P(er)P(e2) = Wy oy Wy, | |PEE — |K;ll’le;21’v2|
Uy Vi Uy Vg
(3.22)

= Wy, W [ K Koy + B K, — Kol K = G K

u1,v1 uz2,v2 u1,v2 v1,u2 u1,u2 u1,v1 uz,v2

(3.23)

If P(z,w) = 0 has no zeros on T?, (3.21) and (3.23) imply that as |e; — es] — o0,

P(e1&es) converges to 0 exponentially. If P(z,w) has a real node on T?, then

Cof(K(z,w))yu
P(z,w

is not an analytic function in edge weights, hence its Fourier coefficients does not
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decay exponentially fast. To see that, if the Fourier coefficients decays exponentially,
then the function is the limit of a locally uniform convergent power series, hence the

function has to be analytic. m

Lemma 3.25. If P(z,w) = 0 has a single real node on T?, and if

BQP(eie,ew) 82P(ei9,ei¢)

dot 062 9006 20
82P(ei9,ei¢) 82P(ei0,ei¢)
2
0009 o0 (6.6)=(0.0)

then the edge-edge correlation

73(61&62) — P(€1>P(€2>

converges to 0 quadratically as |e; — ea| — 00

Proof. Without loss of generality, assume the real node is (1, 1).

0= P(1,1) = (PfK(1,1))?

where PfK (1, 1) is linear with respect to each edge weight. Fix an edge e = uv, and

assume the weight of edge e is w,, then

P(l, 1) = ngg -+ Clwe + Co

where C; is the signed weighted sum of loop configurations in which e is a doubled
edge. C; consists of two parts: C; = Dy 4+ D,. D is the signed weighted sum of loop
configurations in which e is part of a loop oriented from u to v; Dy is the signed
weighted sum of loop configurations in which e is part of a loop oriented from v to
u. When z =w =1, D; = Ds,. Cy is the signed weighted sum of loop configurations

in which e does not appear at all. The determinant of the submatrix of K(1,1) by
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removing the row indexed by u and the column indexed by v is exactly Cow, + D;.
Since P(1,1) is a perfect square
(D1)? = CoCo

As a result,

2

D
P(1,1) = (nge—i-Dl)we—i—(Dlwe—l—C—l)
2

1

= C2 (nge + D1)2

P(1,1) = 0 implies Cow, + D; = 0, hence the determinant of a submatrix of K(1,1)
by removing the row indexed by u and the column indexed by v is 0, if uv is an edge.
Now, let us consider AdjK(1,1), i.e. the adjugate matrix of K(1,1) whose (i, j) entry
is (—1)"™ multiplying the determinant of the submatrix of K(1,1) by removing the
jth row and the ith column. Since det K(1,1) =0, AdjK (1, 1) is a matrix of rank at
most 1. As explained above, the entries of AdjK(1,1) corresponding to an edge is 0.
This implies that AdjK(1,1) has 0 entries on each row and each column. Therefore
AdjK(1,1) is a zero matrix, and any minor of K(1,1) by removing a row and a

column is 0.
In a neighborhood of (6, ¢) = (0,0) P has the expansion
P(e",e"?) = ab? + bOd + c¢® + - - -

where a,b,c € R are real numbers and --- denotes terms of order at least 3. Then
near a node, a point on P = 0 satisfies either § = ¢ + O(¢?) or 6§ = \¢ + O(¢?),

where \, A\, which are necessarily non-real, are the roots of ax? + bz + ¢ = 0, since
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P(z,w) > 0, for any (z,w) € T2\ {(1,1)}([24]), and the assumption that the Hessian
matrix at (6,¢) = (0,0) is invertible. This implies
_O?P 0?P

> 0, c

_ 2 _ =0
2 2
902 | 5,6)=(0,0) 9% | (9,6)=(0.0)

b? — dac < 0, a

Since P(z,w) = det K(z,w), we apply the differentiation rule for the determinant

and obtain

where K, is a matrix which are the same as K except the row indexed by v. For each
entry on the row indexed by v, we take the derivative with respect to 6. The sum is
over all the vertices of the quotient graph. Then we expand det K, with respect to
the row indexed by v. Obviously at most one entry on that row of K, is nonzero.
Hence det K, = 0 or det K, = iieiw(Ade)v,w, where vw is an z-edge or %—edge.

Then we take the second order derivative at § =0, ¢ = 0,

Odet Kv _ —eiw + eﬂ:ie d(Ade)v,w

(A K (1,1))0

00 40 lo.0=00
The first term is 0. However, since %QTE 0.6)—(0.0 # 0, there exists at least one z-edge
,#)=(0,0
vv’ such that % 0.1 (00) # 0. When (0, ¢) lies in a neighborhood of (0,0),
,#)=(0,0
we have
i by
P(e? i) ab? + bl + cg?
1 pPA—q q—pA
_ — O(1
A—A [a(@—)\qb) +a(9—)\¢) +0W)
1 pA—q q— pA
= _ = O(1
A=A [a(z—l)—a)\(w—l) +a(z—1)—a)\(w—1) +o)
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where z = € w = ¢, Tt is proved in [16] that if

R(z,w) = a(z — 20) + Bw — wp) + O(|z — 20)* + |w — wo|?),

then we have the following asymptotic formula for the Fourier coefficients of R~*

1 / w2 dzdw —wEzy Lol 1 )
(2mi)2 Jop2 R(z,w) 2w 2mi(zazy — yBw) 2?2 + y?
Therefore we have
1 / w2V Cof[K (z, W)y dz dw
(2mi)? Jrpo P(z,w) z w
1 — pA A — 1
_ B el S Sl B PO YRL S
A=\ [ 2mi(za +yaX)  2mi(xa + yal) 2 +y

Hence K i, decays linearly as |[v — v'| — oo, as a result, the edge-edge correlation

decays quadratically as |[v — V| — 0. O

Lemma 3.26. Let P; be a Gibbs measure of the ferromagnetic Ising model on the
periodic square grid, P be the induced Gibbs measure of the dimer model by the
Fisher correspondence in Figure 2. If under P; the spin-spin correlation decays

exponentially, then under P, the edge-edge correlation decays exponentially.

Proof. Let p; = "TH be the lattice gas variable. Let A, B be two finite subsets of

the vertices of the square grid. Define

Clearly Sa, pa and Ss — pa are nonnegative, monotone functions of the {p;} and
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thus also of the {o;}. According to the F.K.G inequality, we have
(pp(Sa = pa)) = {pp)(Sa — pa) 2 0 (3.24)

and

(Sa(SB = pB)) = (54)(SB = p) 2 0 (3.25)
Combining (3.24) and (3.25), we have

0< (papn) — (pa)(ps) < (Saps) = (Sa)(pp) < (SaSp) — (Sa)(Ss)

- 3 (i) = (o)) = 3 3 Do (i) = oen)

i€A jeEB 1€EA jJEB

Let e1(eg) be an edge with endpoints g, vy (ug,v2). According to the Fisher corre-

spondence illustrated in Figure 2, we have

P(€1&62) - 73(61)73(62) = <pu1(1 - pv1)pu2(1 - pvQ)) - <10u1(1 - pv1)><pu2(1 - pv2)>
(00 (1= pur ) pon (1 = pus)) = (o (1 = puy)) (oo (1 = puy))
+<pu1(1 - pm)pvz(l - puz)) - <:01L1<1 - pv1)><pv2(1 - puz))

+<pv1(1 - pul)puz(l - pvz)) - <:0v1(1 - pm)><pu2(1 - pvz))
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and

’<pu1(1 - pvl>pu2(1 - pv2>> - <pu1(1 - pv1)><pu2(1 - pv2>>|
= |((Pur Puz) = (Pur) (Puz)) — ((Pus Puz Pra) — (Pus ) {Puz P2))

—({PurPv1 Pus) = (P Pon ) (Puz)) + ((Pus Doy Pus Pra) — (Puus Pon ) {Puz P2))|

IN

4|<:0u1pu2> - <pu1><pu2>’ + 2|<pu1pv2> - <pu1><pv2>|

+2|<pu2pvl> - <pu2><pv1>| + |<pv1pv2> - <pv1><pv2>|

The other terms of P(e1&es) — P(e1)P(eq) can be bounded in a similar way. Hence
if the spin-spin correlation decays exponentially, the edge-edge correlation decays

exponentially after the Fisher correspondence described in Figure 2. O

Lemma 3.27. Given interactions {Jk}ifl, when B increases from 0 to +oo, [
corresponds to the smallest B that the spectral curve for dimer configurations with

weights tanh 8.J;, has a real node on T?

Proof. Consider the weak limit of Boltzmann measures of the Ising model under

periodic boundary conditions,

(gig)p = (0i0j)p — (0i)p(0)p

= A{pipj)p — (Pi)pPs)p) = Hpipj)p — 1

Since p;p; is an increasing function with respect to each single variable o, (0;0;),
is an increasing function with respect to 5. In particular lim,_,..(00000n), 1S in-

creasing in 8. There is a unique critical temperature 5, ,, for any given interactions
P
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{Ji,j }i,j, such that

lim (ogp00n), =0 if 3 < B,

n—oo

lim <UOOUOn>p >0 if 6 > 5c,p

n—oo

Hence at the edge weights tanh £, ,J, lim,, .« (60000n ), fails to be an analytic function
of f(complex value of § are also allowed). By Lemma 4.7, tanh f.,.J is a subset of
the edge weights such that P(z,w) = 0 has a real node on T?. By Theorem 1.1, the
uniqueness of the translation invariant Gibbs measure implies that

nh_{{.lo<00000n>+ = nlglolo<0-000-0n>p

Therefore for § < B,

0< nli_I}olo<<700<70n>Jr — <000>2+ < JEI;O<UOO‘70”> =0,

where the first inequality follows from Lemma 6.1. Hence for 8 < .,, the sponta-

neous magnetization

1
m ZmZ@ﬂ:U

i€
Ay, the quotient graph consisting of one period. Therefore 3., < B.. ., as defined

before, is the reciprocal of the lowest temperature such that m* = 0.

It is proved in [1, 2] that for 5 < f., the spin-spin correlation decays exponen-
tially, therefore after the Fisher correspondence, the edge-edge correlation on a graph
with weights e=2%/ decays exponentially. We derive that 3. < Bep, because at B,
P(z,w) = 0 has a real node on T?, the edge-edge correlation does not decay expo-
nentially, see Lemma 4.9. Combining with the previous argument, we have ., = f..

When 8 < ., the corresponding spectral curve with weights e2%’ does not inter-
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sect T?. By proposition 3.1, the spectral curve of dimer configurations with weights

tanh B8J does not intersect T? either, if 3 < B.. This completes the proof. O

Lemma 3.28. Assume the Ising model has period n X n, n is even. If the weights
of all edges parallel to v,,~, lie in the open interval (0,1), and all the other edges
have weight 1. Given an orientation to the Fisher graph as illustrated in Figure 1,

the only possible real node of the spectral curve P(z,w) =0 on T? is (1,1).

Proof. 1t suffices to prove that under the assumption of the lemma, PfK (1, —1) # 0,

PfK(—1,1) # 0 and PfK(—1,—1) # 0. Given an orientation as in Figure 1,

PtK(—=1,-1) = Zpoo+ Zpor + Zp,o — Zpa1s (3.26)

where Zp o is the partition function of dimer configurations with an even number
of occupied edges crossed by v, and an odd number of occupied edges crossed by ~,.
Zp,o00, Zpao, Zpai1 are defined similarly. The expression of P(—1,—1) follows from
the fact that if we reverse the orientation of all the edges crossed by 7, and 7, the
resulting orientation is an crossing orientation, as defined on Page 4. Similarly, we

have

PIK(1,-1) = Zpow+ Zpo1i — Zpio+ Zpn (3.27)

PfK(-1,1) = Zpoo— Zpo + Zp1o+ Zpn (3.28)

Zpo1 also corresponds to an Ising partition function with the opposite spin config-
urations along the two boundaries parallel to v,, and the same spin configuration
along the two boundaries parallel to «,. After the duality transformation, Zp o1 be-
comes, up to a constant multiple, the partition function of dimer configurations on

the dual Fisher graph F, with weights of edges crossed by -, multiplied by —1, see
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(3.15). Since the duality transformation does not change the partition function, up
to a multiplicative constant, and after the duality transformation Zp g9, Zp o1, Zp,10,
Zp 11 are partition function of the dimer model on the same graph with the same edge
weights except on the boundary edges, and Zp (o is the only one of them such that
all the edge weights are positive, as a result, Zp oo is the biggest of {ZD’97}977-€{07]_},
because all the others are partition function of dimer configurations of the same
graph with negative weights. As a result of (3.26), (3.27) and (3.28), and the fact
that each one of {Zp g, }orc(01} is positive as the partition function of dimer model

on a graph with only positive edge weights,
PfK<<_1)97 (_1)T) > 07 Zf (977-) 7£ (070)

]

Lemma 3.29. Assume n is even. For any given {J,}2%, 0 < J, < 0o, the curve
v(t) = (tanhtJy,--- ,tanht.Jy,2) 0<t<+o0

in the edge weight space(a 2n?-dimensional vector space with coordinates given by

edge weights) intersect P(1,1) =0 at a unique point y(ty), 0 < to < +00

Proof. First of all, we claim that

0P 1) =0} #0.

Note that P(1,1) = (PfK(1,1))?. Given edge weights v(0) = (0,---,0), PfK(1,1) =
1. Consider the edge weights lim; , o y(¢) = (1,---,1). After the duality transfor-
mation, all the edges parallel to ~,, 7, have weight 0. Since Zp o1, Zp10, Zp 11

corresponds to dimer configurations by negating the weights z—(w—,z— and w—)
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edges, and all such edges have weight 0, we obtain
ZD,OO = ZD,Ol = ZD,lO — ZD,ll — 271271

for weights (1,---,1), see (3.15). Hence lim; o PIK(1,1) < 0. There exists 0 <

to < oo, such that y(tg) € {P(1,1) = 0}.

Now we prove the uniqueness of the intersection. Since P(1,1) = 0 is invariant
under the duality transformation, i.e, any edge weights lie on the surface P(1,1) =0
if and only if the images after duality transformation lie on the surface P(1,1) = 0,

it suffices to prove that the image of ()
v (t) = (exp(—2tJy),- - ,exp(—2tJy,2))

intersects P(1,1) = 0 at a unique point. Assume f(¢) is the function obtained
by plugging edge weights (exp(—2t.J;), -+ ,exp(—2t.Jo,2)) into PfK (1, 1), and ¢(t) =
2 HZfl exp(tJi) f(t), it suffices to prove that there is a unique ¢, in (0, +00) such that
g(to) = 0. Given interactions (t.Jy, - - - , tJa,2) on edges of the quotient graph of G,,, let
Zg 1 be the partition function of the Ising model on G\, Let Z¢) ((Z¢, 1. Z¢&) . Z¢), )
be the partition function of an Ising model, with the interactions on edges crossed

by Vz(vy, 72 and 7,) multiplied by —1. Then we have

g(t) = Zgi,l - Zgln,l - Zgi,l - Zéln,l
JW = 28, Y. Joww—Ze, >, JMouwa
e=wveE(Gp) e=uwveE(Gn)
_ZCl;?l,I Z T 0u0w)10 — Z(l;ln,l Z T 0w
e=weE(Gr) e=uveFE(Gn)

where {J%"}.cp(c,) are corresponding interactions for Z¢& ; and (), are the ex-

pected values with respect to Boltzmann measure defined by {J’"}.cp(a,). Let Ep
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be the subset of E(G,,) consisting of edges intersecting neither v, nor ~,, and E,(E,)

be subsets of E(G,,) consisting of edges crossed by v, (7y)-

g/(t) = Z JSO(Zg(ZL,I<0qu>OO - Z(O;ln,l<auav>01 - Z({??L,I<Uu0v>10 - Zé‘ln,l<0u0v>11)
e=uveFEy
+ Z JSO(Z2¥(1J<UUUU>OO - Zgln,l<0u0v>01 + Zg:l,]<0ugv>10 + Zé‘ln,l<0u0v>11)
e=uvekl,
+ Z JSO(Z?;(:L,I<UUUU>OO + Zg‘ln,1<‘7u‘7v>01 - Zéi,[<‘7u‘7v>10 + Zé'ln,1<0u‘7v>11)
e=uveky

We claim that for (6,7) # (0,0)

|<0uav>0T| < <0u0v>00- (329)

First of all,

<Uuav>97 < <Ju0v>00 (330)

by F.K.G inequality. The inequality (3.30) is strict because the graph is finite.

Moreover,
1
(Ouov)or + (0u0u)o0 = T 70 > lowow + ool exp( Y (JI7+ J2)ouoy]
Gn, I 7 Gn,1 o0’ 6€E(Gn)
1
= —w S Z(l + tyty) Z[Uuav exp( Z (JO + T o,0,]
ZGn,IZGn,I t o e€cE(Gn)

where we have introduced the Ising variables o} = +1 and ¢; = o’0;. Since J%+.J7 >

0, the ferromagnetic condition and finiteness of GG,, imply

<0-u0-v>9'r + <ngv>00 >0 (331)
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(3.29) follows from (3.30) and (3.31). Hence

g'(t) > (Zg?“[ - Zg'ln,l - Zé(i,l - Zéln,f) Z J£0<Uu0v>00

e=wve€E(Gr)
Since J > 0, (040,)00 > 0.
PIK(1.1
7%, -7, — 28, 74 = KL
21~ exp(tJy)

We have if PEK(1,1) > 0, ¢/(t) > 0, g(t) is strictly increasing as ¢ increases. Since the
duality transformation changes the sign of PfK(1,1), we have ¢g(0) < 0, see (3.16),
and limy_,, g(t) > 0. When ¢ increases from 0 to oo, originally ¢(¢) is negative, and
there g(t) = 0 is possible for some ¢. Consider the first such ¢ that g(¢) = 0. From
then on, g(t) will always be positive since ¢'(t) > 0. As a result, there is a unique

to, such that g(to) = 0. This proves the lemma. O

Proof of Theorem 1.1 Theorem 1.2 follows directly from Lemmas 4.11, 4.12 and

4.13.

Example 3.30. (1 x 2 Ising model) Consider an Ising model on a square grid whose

interactions have period 1 x 2, as illustrated in Figure 7. The critical reciprocal

Figure 3.4: 1 x 2 Ising model and Fisher graph
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temperature B, is the solution of the following equation:

Pl(z=1w=-1) = detK(1,—1)

= [bQ + CleCQ — blbg + 0162b1b2 -1+ CoC1 + bl + Clb1€2]2 =0

where

b1 = tanh(ﬁcj4) b2 = tanh(ﬂch)

C1 = tanh(ﬁcjl) Cy = taﬂh(ﬁc(]g)

In this case, w = —1, because the size of the period is oddx even.
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3.5 Simple Proof of Exponential Decay of the Spin-

Spin Correlation

The goal of this section is to prove the exponential decay of spin-spin correlations

for symmetric interactions above the critical temperature. Namely

(0s05) < el
where o > 0 is a constant. The symmetric interactions are those who are invariant
under the reflexion by the horizontal axis y = 0 and the vertical axis x = 0, see Figure

8. Lemma 5.1 proves the exponential decay along the lattice direction, and Lemma

I, I,
/A A
I, I,

/3 /2 /3

I I

Figure 3.5: 1 x 2 Ising model and Fisher graph

5.2 proves that the spin-spin correlations along arbitrary directions are dominated

by those along the lattice direction. Hence the result follows.

Lemma 3.31. Under the assumption that det K (z,w) # 0
(goooon)? — lim (ogeoon)® < Ke N
N—o00

where 0 < K, a < 0o are positive constants.

Proof. According to (3.18), it suffices to consider the asymptotic behavior of [ [, y_,(1—
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Tte )2det Tx[¢)], as N large. This is the determinant of a block Toeplitz matrix, ob-
tained from 7Ty by multiplying the jth row (1 < 57 < N) by (1 — 7'62],_1)2. The
determinant of its symbol is 1, according to Lemma 6.5, since 7., changes periodi-
cally. In the proof of this lemma, we denote the new Toeplitz matrix by the same

notation Ty, and the new symbol by the same notation ), which is the original

multiplied by a constant for each row. Assume

o= Pz
Tl = lim T[]

Define A, () K, the Banach algebra under the norm

ol = > llowll +{ > Iklllonl*}?

k=—o0 k=—00

where ¢ is an r x r matrix-valued function. || - || on the right side is any norm for
r X r matrices, and ¢y, is the kth Fourier coefficient of ¢. First consider the case that

the Toeplitz operator T'[¢] is invertible, which is equivalent to the matrix-valued

function 1) has a factorization.

Y =1hypibo

where 14 are invertible in A, () K., and ¢, and ¢_ have Fourier coefficients that
vanish for negative, resp. positive indices. The Hankel operator H[¢)] is Hilbert-

Schmidt, the product of any two such is of trace class.

H] = (Yiyjr1) 0<i,j <00 (3.32)

T[] — T\ T,[¢) = P H[WH[GP, + QuH[Y]H[$)Q, (3.33)
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where P, and @),, are defined by

P.(fo, f1,-) = (fo, -, [0, 0,...,0)
Qn(fO:fb ) = (fn; ---7f0707 70>

If we replace ¢ by ¥~! in 3.33, since H[¢)~'] = 0, we have

T[4] — T[T [ = B H[YH [V P,
Multiply the above equation by T,[¢/7"], we have
T+ Tul0i ) = T T W Ty ] = P HWIH[OZ P [43 ]
Use v, 17" to substitute 1, ¢ in 3.33, we have
Iy = Tul T[] = PuH[JH WY P + QuH [ 1 H 1@
Since H[¢;'] = 0 and H[,] = 0, we have
T+ Tulp'] = In
Therefore

T, T[T, [w] = I, — P,HNH[DZ )P T, w7 "]

= P,(I - HWH[YZ R T[W)Py

Since T,,[1)3'] are block triangular matrices, one sees that the left side has determi-

nant exactly

D, [UIGI= G =
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Moreover, explicit computations show that

HWHWZ T[] = HY H[ ™

Let || - || denote the norm of operators in F;(see Lemma 4.6, and the appendix).
The uniform norm | - | of an operator A is the number
| Al = sup [Ad|
l¢l=1
We have

| P HG H [~ P T [ By — HWH[ |
< ||PHYHWZ P, T Py — P HR H[YZ T Pl

+| P H[WH[ Py = HWH[ || < Kemo"
where 0 < K, o < oo are positive constants. Define

A, = PHRIH[ZP TP,

A = H[WH[™

then

JA, — Al < e

Dy, (p) = det(I — pdy)
Da(p) = det(I —pA)
A(p) = A —pA)™

An(lu) = An(I_MAn)_l
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We shall call the complex number g an F-regular point of the operator A, if the
operator I — A has an inverse. Let I' be a simple rectifiable contour, consisting of
F-regular points of the operator A, which encloses the point 4 = 0 and the point
1 = 1. By virtue of the maximum modulus principle, if we can prove that for any

1A, — All, < Keom,

max|Da(p) — Da, ()] < CKe™e
pel

then

IDA(1) — Dy (1)] < CKe™"

Let us denote by L a simple rectifiable curve consisting of F-regular points of the
operator A, which connects the point ; = 0 with some point of the contour I'. Let
I',(n € T'UL) denote the shortest path along the curves I' and L which connects

the point = 0 to the point p. From the equality
(I = pAn)™ = (I = pA)H I — p(An — A)T = p A7
It follows that when the condition
_ : _ —17-1
4, = Al < min (1al[(7 = pd)™|

is fulfilled, all points p of the curves I'() L are F-regular points of the operator A,
and

I—uA,) Y <C I— At
Mg;@l( pAL) Mg;%&l( pA)~

where C' is a constant depending only on the curves I' and L and the operator A.

Since

A(p) = An(p) = (I — pA) A = A)(T — pA,) ™
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we have

[AQ) = An()lly < [(1 = pA) A = Aull[(F = pAa) ™

for any pp € I'J L Then

/F (A1) — An(p))dp

o

< [ 1AG) = Auli)adie < YA = A,
r

Ho

where C' is another constant depending only on the curves I' and L and the oper-
ator A, and tr(K) is the sum of all eigenvalues of operator K (for details, see the
appendix). I',; is the shortest path along the curves I and L connecting the points

0 and p. Then

D) = D )] = [ Do |1 - )]
and
(25 - 20

= tr(A(p) — An(p))

where r(K) is the dimension of operator K, namely, the dimension of the closure of

the range of K. Hence

[Da(p) = Da, ()] = |Dalpo){1 - eXp[/ tr(A(p) = An(p)} < CllA = Anlly

FHO

where C'is another constant depending only on the curves I' and L and the operator

A, then we have

|Da, (1) — Da(1)] < CKe "
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Now we consider the case T'[¢)] is not invertible. According to [30], there is a
¢ with only finitely many non-vanishing Fourier coefficients such that T[l; + z—:gzg] i
s invertible for all sufficiently small nonzero €. Let 1. = 1 + ¢, then the previous

process shows that

| Pl (] H {132 P T [0e3 | P — Hn | H 7' < Kemon

where K, o are independent of € since ¢ has only finitely many non-vanishing Fourier

coefficients. We consider € on the boundary of a disk D

max Dy, (1) — Da.(1)] < CKe ™"

e€0D

where

A. = HnJH[7"

Ane = PHNJHZPT 0.3 Py
Then the maximal modulus theorem says that
|Da,((1) — Da(l)| < CKe "
Since G[¢] = 1, we have
| det T,,[¢)] — nh_g)lo det T[¢)]| < Ke™®"

where 0 < K, a < oo are constants. ]

Lemma 3.32. Assume each fundamental domain has symmetric edge weights with

respect to a center vertex, as illustrated in Figure 8. Assume (po,qo) is a vertex on
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the boundary of a fundamental domain centered at (0,0). If i is even,

<Jp0q0 Upo+im,qo+jn>p < <‘7poqo‘7po+im,q0>p

Proof. Let W be a layer of cylinder consisting ¢t fundamental domains. In other
words, if we use the number of fundamental domains as a measure for the size of W,
then the circumference of W is ¢, and the width of W is 1. The transfer matrix @), is
defined to be a square matrix whose rows (columns) are labeled by the upper(lower)
boundary configurations of W. Namely, let X be an upper boundary configuration,

and Y be an lower boundary configuration, then

1 1
Qt(Xv Y) = Z eXp[_B(E Z Jabaagb + 5 Z chacad
{or|reW\ow} {a,bla~b,00,0p€X } {c,d|c~d,0c,04€Y }
+ Z Jeou0y)].
e€E(W\OW)

Without the external magnetic field,

<‘7poqo‘7po+im,qo+jn>p = <‘7poqoapo+im,qo+jn>p - <Upoqo>p<‘7po+im,qo+jn>p

= 4(<ppoqoppo+im,qo+jn>p - <ppoqo>p<ppo+im7qo+jn>p)

Hence it suffices to prove that

<Ppoqoppo+im,qo+jn>p - <ppoqo>p<ppo+im,qo+jn>p < <ppoqoppo+im,qo>p - <ppoqo>p<ppo+im,qo>p

Assume we have an s x t torus, where s and ¢ are the number of fundamental domains

along each direction, then

(Ppogo) st = Z{U‘Upotmzl} exp[—f Z{%UWNU} Juv0u0] _ tr(FrQ7)
pogors Zo GXP[—B Z{u,v|u~v} JUUUUUU] tr(Qts)




171
where F; is a diagonal matrix with

1 if opyq, =1in X

F(X,X)=
0 else
Since (), is a symmetric matrix, all its eigenvalues are real, there exists an orthogonal
matrix Sy, such that Q, = S71Q.S, is diagonal, and the modulus of its eigenvalues
decreases along the diagonal. Let F, = S;1F,S,. Moreover, since @, has strict
positive entries, the Perron-Frobenius Theorem says that the largest eigenvalue in

modulus of Q¢, A1, is simple and strictly positive. Hence

Slinoé<pp0q0>5t - SILHOIO tl“( t)

Similarly,

<pp0+im,QO+jn>8t = tr(QiGt f_i)7

and G, is a diagonal matrix with

1 ifoy, timaurin = 1 In X
Gt<X, X) _ po+im,qo+j
0 else

. Assume G, = St_thSt, then

) (ppotim.gosgn)st = Ge(1,1).

5—00



Finally we have

tr(FQ{GQ; ")

Sh_)rgo<ppoqo Ppotimgotin)st = SILOO trQs
FQiGi(1,1)
B AL
Zk Es(la k))‘;c,tét(h 1)
- ALk

therefore

lim (<ppoqoppo+im,qo+jN>st - </0poqo>st<:0po+im,qo+jn>st)

S—00
S BOLRALGLE)
ALk
S PR RN S G2 RN
- Lt
= sli)nolo \/(<:0POQOppo+im,qo>st - <pP0!I0>St<I0P0+im7QO>St)

\/(<Ppo,qo+jn/)po+im,qo+jn>st - <ppo+im,qo+jn>st(Ppo,qurjn)st)

= lim <ppoqoppo+im,q0>st - (ppoqo>st <ppo+im,q0>st
Evdee]
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The inequality follows from the Cauchy-Schwartz, it is an inner product since 7 is

even, and the last equality follows from translation invariance. The result follows by

letting ¢ — oo, and the fact that the limit of the spin-spin correlation is independent

of the order of s — oo and t — oo.

]

Assume we have a finite graph. Let 7,, be a path connecting (0,0) and (z,y),

then

1
_ o1
(0000zy) = Z | | tanh .J. E | | (1+ — Tu0y) | | (1 + tanh J.0,0,)

€Y,y o e€zy ee’yg»y
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The denominator corresponds to the closed polygon configurations while the numer-
ator corresponds to configurations on the graph which have an odd number of present
edges at vertices (0,0) and (z,y), and an even number of present edges at all the
other vertices. Hence (0 ¢0,,) can be expressed as a sum of monomer-monomer cor-
relations the Fisher graph, that is, the partition function of dimer configurations on
a graph with two vertices removed, divided by the partition function of the original

graph. We have the following corollary

Corollary 3.33. Above the critical temperature, the monomer-monomer correlation
on symmetric, periodic, ferromagnetic Fisher graph decays to zero exponentially fast.

The decay rate is rotationally invariant.



APPENDIX A

Realizability Conditions
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In this section we give explicit realizability conditions for periodic honeycomb lattice
embedded on a n x n domain. Let us consider an arbitrary vertex x with adjacent

vertices y, z, w. Assume relations have following signatures:

According to the realizability equation (1), after a lengthy computation, we have

Theorem A.1. A periodic network of relation on nxn honeycomb lattice is relizable
if and only if at each vertex x with adjacent vertices y, z,w connected by a,b, c edge,

respectively, the signatures satisfy the following equation:

> XinYiZiWi =0

i,j,k€{0,1,2}
where
Yo = v1y1 — y2ys3 Y1 = y1ys + Ya¥s — YoY7 — Y3Ys Yo = ysys — yeyr
2o = 2126 — %275 1 = 2128 + 2326 — 2425 — Zo27 Lo = 23728 — 2427

WO = W1 W7 — W3Ws W1 = WWg + W7 — W5Wy4 — W3Weg W2 = WaWg — WeW4



and

21 (2326 + ToT7 + T4T5 — T178) — 271 TrT3 T
2} (2624 — Toxs) + 15 (2127 — T3T5)

13 (ToT7 — T1X8 — T3l — T4Ts) + 21 ToT4Tg
23(2126 — T2x5) + 27 (2724 — T3T8)

1T (T4x7 — T378) + 324 (X106 — T2X5)

25 (2427 — T328) + 25(T126 — T2T5)

23 (1376 — ToTy — T4Ts — T1T8) + 201 T4T3T7
T3 (1177 — 2375) + 13 (TeTy — ToTs)

2
x4 (Toxr + 2178 + T3Tg — T4T5) — 2T9X3T4 T8

23 (2124 — Tox3) + T (TeT7 — T5T8)
x12o(TeT7 — T5s) + T5Te(T124 — ToT3)
23 (2124 — Tox3) + 15 (TeT7 — T5T8)
r1x3(2706 — T5Ts) + Tyr7(T124 — T2T3)
T1T4TeT7 — ToT3T5Tg

2428(T126 — T2%5) + Toke(Tal7 — T3T8)
22 (2174 — Tox3) + 25 (T6T7 — T5T8)
T327(24T6 — Toxg) + Ta23(T 107 — T3T5)

T2 (2174 — Tox3) + 25 (T6T7 — T5T8)

176
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2
Xooo = T5 (45 — XXy — T3Tg — ToX7) + 201XT5X6T7
Xoo1 = T3 (2624 — Tox8) + (1177 — T3T5)
2
Xooz = rg(T128 + Toy + 45 — T3xg) — 2T5T6ToTs
X210 = ZE?)($4I7 — .ngxg) + x?(a:lxﬁ — l’2$5)
Xon = T8 (11207 — T3%5) + T507(T4T6 — Toxg)
2 2
X212 = 138($1I‘6 — (L’QI5) =+ JI6(Z‘4I7 — l’gxg)
2
X220 = $7(ZE1J]8 =+ T3T¢ —+ T4y — I2$7) — 2.%'3[E8I5ZL'7
X221 = $§(I1$7 — I3$5) =+ JI?([E@C&; — Ig[L’g)
2
X222 = ZL‘S(Jfll‘g — 3T — T2X7 — 1’41‘5) —|— 21‘71’81‘6[E4

Theorem A.2. A periodic network of relation with n X n fundamental domain is
bipartite realizable if and only if it is realizable and at any vertex v, the signature

satisfy

U%vg + v%v? + v%v?j + vivg — 2U1UgV9U7 — 2V1UgV3Vg — 2U1VgU4Vs5

—2V9U7V3Vg — 2U9U704V5 — 2U3VgUaVs + 401040607 + 4dv9v3v508 = 0

Proof. Without loss of generality, we assume at each matchgate, the signature {111}
is 0, and assume v is a black vertex. The {111} entry of the signature of a black

vertex is 0 gives us

Q1401p01 V1 F Q1aQpU2 + Q1O U3 + Q1Us + QpQ U5 + QpUs + Q107 + v = (A1)

The parity constraint implies that the {110} entry is also 0, namely

Q1401p00cU1 + Q1a01pV2 + Q1 00U3 + Q1aUs + Q1pQocUs + a1pts + Qo7 + vs = ((A2)



178

From (A.1)(A.2), we can solve a;a, and solution has following form

NN
D D

(51

Then N1Dy — NoDy = 0. Under the assumption that ag. # aq., we have

(—vous + vgv1)ad, + (Vg + Vg3 — V4U5 — Vav7)ayy + VgU3 — v4v7 = 0 (A.3)

From (12), we have

2(v1vg — VU5 ) aprrp + (V105 + V36 — V4V5 — Vav7) (Qp + a1p) + 2(v3vs — vav7) = (A4)

2x(A.3)—(A.4), under the assumption that ag, # aup, we have

V1Vg + V3Vg — V4V5 — VUt

a1y = —
! 2(1}11)6 — UQ’U5)

which implies that equation (A.3) has double real roots, and its discriminant is 0.

That is exactly the statement of the theorem. O]

Proof of Proposition 3.9 Since holographic reduction is an invertible process,
two matchgrids M and M are holographically equivalent if and only if there exists a
basis for each edge, such that one can be transformed to the other using holographic

reduction. Obviously holographic equivalent matchgrids have the same dimer parti-



tion function.

Then by equations (1.16)-(1.21), and the

have

by
dicy
ey
b dy
bij cij

i 71
aj dj

ij i ij
0 ¢ b 0 ay

ij i ij
0 cg by 0 as

ij—1 ij—1
ds’ " cy

_ 0t
pid—Tgia—1 (03013 = b
2 2
L
d'52 7]b'52 5] T
G LT Qpadia =
2 5
ij ij
ds as

IRT
by cs

Plugging in (A.5)-(A.7) to (1.9)-(1.10), we have

00 dv
00 d
00 dv

00 dy

_ i) i pij 3t
= agay; = bgibpy

AZ.] — 7‘] i7.j70 i7j70 iujyo 7'.]
G5 = c3ngi ngy pry - Oy
74§ _ 743, 45,0, 4,5,0, 4,5,0 ij
by = by ngy pry ngy - C}

] 4,7,0,1,5,0

i 1,5,0 ij
as = as pry Ngy Nz - O

©,5,0,%,5,0,_1,5,0 Cﬂ'j
1

dlzj = dgjpu P12 P13

~1] ClJ

P11 Moz Mo3
Ji — v
1

\ P11 P12 P13

7,1 %,7,1 1,7,1
Nl N3’ P13’
e ij
blj _ bl‘7
1 — 51 45,1 1,51
Noi P12 o3
~ij ay
ag (FENCE S NN S|

04,1 %,9,1,3,5,1

) C;'J‘
) C;'J'
. Céj
) C;’j

Assume weights my,, m,, of M and my, m,, of M are as follows:

)
)
|

Q11
03 13

i—1,jpi—1,j
02 b12
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uniqueness of the basis on each edge, we
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To prove that probability measures of M and M are identical, we only need to prove
that for any dimer configuration, the products of weights differ by the same constant
factor. Each dimer configuration corresponds to a binary sequence of length N,
where N = 3n? is the number of connecting edges. Choose an arbitrary edge with
basis o . If the edge is occupied, then from M to M , adjacent generator

Po P1
weight is divided by p;, while adjacent recognizer weight is multiplied by p;. If the

edge is unoccupied, then from M to M, adjacent generator weight is divided by ny,
while the adjacent recognizer weight is multiplied by ng. Therefore, the total effect

is for any particular dimer configuration w

Partition(w on M ) o
- O 1
Partition(w on M) H 1 ~2

.3

which is a constant independent of configuration w. O
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Toeplitz and Hankel Matrices
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If ¢ is a matrix-valued function defined on the unit circle with Fourier coefficients

¢x, then T[¢], H[¢p| are, respectively, the semi-infinite Toeplitz and Hankel matrices,

Tl¢ = (i) 0<ij<oo

H[¢] = (¢irjt1) 0<i,j<oo

¢ is called the symbol of the Toeplitz and Hankel matrices. If ¢ is bounded, these

may be thought as operators from the Hilbert space ¢5 to ¢5. In addition we writie
o) = d(z7")
There is a simply identity relating Toeplitz and Hankel operators

Tlgw] - T[] = H[gIH[)™] (B.1)

Identity (B.1) is trivial. The left side has (i,j) block
00 oo -1 00
Z ik Vr—j — Zﬁbz‘—k%—j = Z Gi—kr—j = Z¢i+k+1¢—k—j—1
k=—00 k=0 k=—o00 k=0

Two applications of the identity (B.1) give (I=identity matrix)

Let X and Y be Banach spaces. A bounded linear operator T : X — Y is
called completely continuous if, for any weakly convergent sequence (x,) from X,

the sequence T'z,, is norm-convergent in Y.
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A compact operator L from X to Y is a linear operator such that the image
under L of any bounded subset of X is a relatively compact subset of Y. Compact

operators on Banach spaces are always completely continuous.

The collection F,(1 < p < 00) consists of all completely continuous operators A

for which

ng?(A) < 00

j=1
where s; are singular values of A. The norm in §, is defined by

e}

A4l = (3 s5(4))»

When p = 1 the operator is called a trace-class operator. Here is an equivalent
definition for the trace-class operator. A bounded linear operator A over a separable
Hilbert space H is said to be in the trace class if for some orthonormal basis {ex}72,

of H, the sum
A =" < (A" A)zey, e >
k

is finite, where A* is the adjoint operator of A under the inner product in H, and

< -, > denote the inner product. In this case

Z < Aek,ek >
k

is absolutely convergent and is independent of the choice of orthonormal basis. This
limit is denoted by tr(A). When A € §, this limit is equal to the sum of all

eigenvalues of the operator A.
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When p = 2, the operator is a Hilbert-Schmidt operator. A trace-class operator is

always a Hilbert-Schmidt operator. A Hilbert-Schmidt operator is always compact.

Given a Hankel matrix with continuous symbol ¢. The Fourier coefficients of ¢

decays exponentially fast. In this case, the Hankel operator is a trace-class operator.



APPENDIX C

Uniqueness of Gibbs Measure on
Dimer Models of Non-bipartite

Graphs
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One correspondence between the Ising spin configurations and dimer configruations
is described in [5]. Consider the dual graph G* of the graph G where the original

Ising model is defined. Replace each vertex of the dual graph by a gadget.

€1

€3 (N €3

Figure C.1: Dual Ising Graph and Decorations

Assume all the edges which do not correspond to the edges of the dual graph
have weight 1. For those edges corresponding to edges of the dual graph, assume an
even number of such edges, surrounding each gadget, have weight less than 1, all the
other dual edges have weights greater than or equal to 1. For example, in Figure 1,
edges e, €9, €3, €4, €5 have corresponding edges in the dual graph(dual edges), while
the edge ey does not correspond to any edge in the dual graph at all. The two-to-one
correspondence between the Ising spin configurations and the dimer configurations

is described as follows:

1. If two adjacent spins have the same sign, and the weight of the edge of G*
separating the two spins is bigger than 1, then the edge is present in the dimer

configuration;

2. If two adjacent spins have the same sign, and the weight of the edge of G*
separating the two spins is less than 1, then the edge in is not present in the

dimer configuration;

3. If two adjacent spins have the opposite sign, and the weight of the edge of G*
separating the two spins is less than 1, then the edge in is present in the dimer

configuration;
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4. If two adjacent spins have the opposite sign, and the weight of the edge of G*
separating the two spins is bigger than 1, then the edge in is not presnet in the

dimer configuration;

Corollary C.1. For a graph obtained from the dual graph of a ferromagnetic Ising
model as described above, there is a unique translation-invariant Gibbs measure de-

fined on dimers.

Proof. Tt suffices to prove the result on any finite cylindrical set. Let p. be the
variable associated to an edge e, that is, if e is present in the dimer configuration,
pe = 1, otherwise p, = 0. If e is not an dual edge, the configuration of e is uniquely

determined by dual edges. For example, in Figure

Pey = pegpe4<1 - pes) + Pe3<1 - Pe4)pes

Hence it suffices to prove the result on an arbitrary cylindrical set consisting of dual
edges. When e is a dual edge let o,, 0, be spins on endpoints of the dual edge e*,
then

g if w, < 1

Pe =

HUT“"” if we > 1
Hence (pe, - - - pe,) depends only on spin-spin even correlation functions. The unique-
ness of spin-spin even correlation functions implies the uniqueness of the translation-

invariant Gibbs measure on dimers. O
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