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This dissertation summarizes studies directed at a deeper understanding of the AdS/CFT
correspondence, its origin and its dynamics. First, classical strings in AdS were con-
sidered and a general method for constructing string solutions was developed. The
method is based on the reduction of string sigma models to integrable equations
of sinh-Gordon or more generally Toda type. These equations are characterized by
soliton type solutions from which the string configurations are constructed with a one-
to-one correspondence between solitons of the field theory and spikes of the string.
Through this correspondence the most general class of dynamical string solutions
can be generated. In the case of AdSs, these general spiky strings are characterized
by an arbitrary number n of spikes and two arbitrary holomorphic functions. After
fixing the conformal frame, only the soliton moduli remain, giving a specification of
the string moduli. This moduli space is particle-like and it is shown that the spikes
follow a closed set of equations describing the dynamics of the moduli space providing

a O-brane picture of the AdS string.

In the second part of the dissertation we pursue the direct construction of the AdS
theory from the large N collective dynamics of its moduli. We accomplish this fully in
the simplest sub-sector corresponding to the bi-local system of n = 2 spikes. It is seen
that higher spin massless particles originate from the cusps of the spiky strings. The
large N collective construction establishes the proposal of Klebanov and Polyakov
that higher-spin AdS gravity of Vasiliev’s type appears as a dual to the O(N) vector
model. For this an explicit mapping of the AdS, spacetime (and of higher-spin fields)
was given from collective (bi-local) fields. This construction was deduced through the
identification of isometries of SO(2,3) with the conformal generators of the C'F'T3 in
the light-cone quantization. This mapping gives an explicit derivation of the extra

spatial dimension in the AdS spacetime and reconstruction of the bulk AdS theory.
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Chapter 1

General Introduction

One of the most notable developments in Theoretical Physics in the last several
decades was the realization that some of the most fundamental physical forces, such
as Gravity and String Theory emerge in the large N limit of Conformal Field Theory
(CFT). This scheme known as the AdS/CFT duality is characterized by the fact
that the field theory is defined in d dimensional Minkowski spacetime while the dual
gravitational theory is in the d+1 dimensional curved Anti-de Sitter (AdS) spacetime.
Typical studies of the correspondence were performed in the holographic scheme
where the correlators are evaluated at the boundary of AdS. One would then like to
have a more fundamental understanding of the duality which does not rely on the
projection of the extra dimension and where the emergence of the bulk AdS theory
can be fully established. This dissertation describes research performed towards that

goal.

The presentation in this dissertation is broken down into two major parts. The

first part of the dissertation concerns developing methods to generate classical string



solutions in AdS as well as studying their dynamics. Using a particular reduction, the
nonlinear string sigma model in AdS;5 can be reduced to the sinh-Gordon equation
which possesses solitonic excitations. The inverse scattering technique was employed
to generate string solutions provided the sinh-Gordon soliton profiles. We found that
a soliton configuration with a singularity at its location translates into a spike at the
string level. This leads to a significant simplification, where the use of relevant (collec-
tive) coordinates gives the picture of N-body “partons”. This investigation therefore
identifies the sub-structure of the AdS string itself. The second part of the disser-
tation describes work on reconstructing gravity and spacetime from the established
partonic sub-structure. The manner in which continuum phenomena such as gravity
are reconstructed from the microscopic dynamics is argued to be associated with the
phenomenon of collective motions. Studying the simplest partonic composite, con-
sisting of a bi-local system of two particles, turned out to already produce a striking
result: the appearance of one extra AdS dimension and of a sequence resonance of
growing integer spins. Specifically an explicit mapping of the AdS, spacetime plus
higher-spin fields is established from the (bi-local) collective fields of conformal field

theory.

1.1 The AdS/CFT correspondence

The AdS/CFT correspondence [1, 2, 3] relates type IIB string theory on the curved
background AdSs x S with N' = 4 Super Yang-Mills (SYM) theory in four dimen-
sions (see [4, 5, 6, 7] for a review). It is a strong-weak duality with the precise

correspondence given by

R* 1 dmg
2 o o o S
gyulN =A= o N (1.1)




where gy is the Yang-Mills coupling constant, o/ is the inverse string tension, A
is the effective 't Hooft coupling constant in the large N limit, g5 is the topological

expansion parameter in string theory and R is the radius of the AdSsx S® background.

1.1.1 Maldacena’s conjecture

According to Maldacena [1], the 't Hooft limit of N' = 4 d = 3 +1 SYM theory
at the conformal point contains type IIB strings on AdSs x S°. This is shown by
taking a low-energy limit of D3-branes in string theory, where the field theory on the
brane decouples from the bulk. Starting with type IIB string theory with fixed string
coupling g, and consider N parallel D3-branes separated by some distance r, at low

energies, we take the limit

o — 0, "~ fixed, (1.2)

o
where the second condition is to keep the mass of the stretched strings fixed. At
this decoupling limit, we bring the branes together but the Higgs expectation values
corresponding to this separation remain fixed. The resulting theory on the brane is

four dimensional A" =4 U(N) SYM theory.
In more details, we consider the supergravity solution carrying D3-brane charge
ds® = [712dai + P (dr® + r2d3), (1.3)

where f = 1+ R*/r*, R* = 4ng,No/> and || denotes the four coordinates along
the world-volume of the three-brane. In the near horizon region r < R, we can

approximate f ~ R*'/r! and the geometry becomes AdSs x S°. Now we define the



new variable U = r /o’ and write the metric (1.3) in terms of U as

2

U dU?
d52 = [Wdl'ﬁ + 4/ 47T95NW + 4/ 47TgsNdQ§:| . (14)

This metric describes the radius of AdSs x S° as

2

i/ = \/4mgsN. (1.5)

«

This radius is quantized because the flux of the five-form field strength on the five
sphere is quantized. We can trust the supergravity solution when g;N > 1. When
N is large, we have approximately ten dimensional flat space in the neighborhood of

any point.

Next we consider a near extremal black D3-brane solution in the decoupling limit
(1.2) and keep the energy density on the brane world-volume theory p fixed. We find

the metric

U? VAargs NdU?
2 4 /774N 742 2 s 2
ds” = o [7[—(1 — Uy /U dt* +dx] + 02(1 — 03 /07 + \/47TgsNdQ5}, (1.6)
where Uj = Zm'g?u. Since Up remains finite when we take the o/ — 0 limit, we
should consider fields that propagate on the AdS background. Since the Hawking
temperature is finite, there is a flux of energy from the black hole to the AdS space-
time. Since ' =4 d = 3+1 U(N) SYM is a unitary theory we conclude that, for large

N, it includes in its Hilbert space the states of type IIB supergravity on AdSs x S°.

In summary, we have started with a quantum theory and seen that it includes
gravity as it is natural to think that this correspondence goes beyond the supergravity
approximation. Then we are led to the conjecture that N =4 U(N) Super Yang-Mills

theory in 3+1 dimensions is dual to type IIB superstring theory on AdSs x S°. From



the physics of D-branes, we know that the SYM coupling is given by the (complex)

I1B string coupling through

1 0 1 X
' R 1.7
iy T 47 gs Tl (1.7)

where x is the expectation value of the Ramond-Ramond scalar.

The supersymmetry group of AdSs x S° is known to be the same as the supercon-
formal group in 3+1 dimensional spacetime, so the supersymmetries of both theories
are the same. Notice the correspondence is non-perturbative in g5 and the SL(2, 7)
symmetry of type IIB would follow as a consequence of the SL(2,7) symmetry of
SYM. It is also a strong-weak coupling correspondence in the following sense: when
the effective coupling gs/N becomes large we cannot trust perturbative calculations in

the Yang-Mills theory but we can trust calculations in the supergravity on AdSs x S°.

The nontriviality of Maldacena’s proposal is contained in the fact that the two
theories contain very different field degrees of freedom and are defined in different
spacetime dimensions. A scheme to perform comparisons between the two theories
is defined by Gubser, Klebanov, Polyakov [2] and Witten [3], known as the “holo-
graphic” map according to which one is to project AdS amplitudes to the boundary
of AdS spacetime and find an agreement with the CFT correlation functions. This
holographic scheme was used for establishing and verifying the AdS/CFT correspon-
dence in a number of examples, even though it gives little insight into the mechanism

of the duality, the origin of bulk interactions and of the extra AdS radial dimension.



1.1.2 Correlation functions

The AdS/CF'T gives a precise correspondence between conformal field theory observ-
ables and those of supergravity: correlation functions in conformal field theory are
given by the dependence of the supergravity action on the asymptotic behavior at
infinity. In particular, dimensions of operators in conformal field theory are given
by masses of particles in supergravity. This proposal is effective and gives a prac-
tical recipe for computing large N conformal field theory correlation functions from

supergravity tree diagrams.

The partition function of the AdS theory (with suitably prescribed boundary
conditions for the fields) equals the generating functional of the boundary conformal

field theory. Schematically, one has

Zaaslgo) = | Doexp(—1[¢]) = Zcrr|do] = <exp (/

®o0 o0

ddx[¢00])>. (1.8)

The path integral on the LHS is calculated under the restriction that the field ¢
asymptotically approaches ¢y on the boundary. On the other hand, the function
¢o is considered as a current, which couples to the scalar density operator O in the
boundary conformal field theory. Calculating the LHS thus allows one to explicitly

obtain correlation functions of the boundary conformal field theory.

Consider the Euclidean version of the Poincaré patch of AdS;; with the metric

,  dr® +dz?
=

ds (1.9)

where 2 = (z1,--- ,2%) and we have set the AdS radius to 1. Let ¢(z,z) be a bulk



scalar with mass m and consider the action [3, §]

10) = 5 [ @yl 0,00+ m'e?),
1 2
= 5 [ dadz 0.0 + (B0 + Ty ), (1.10)

the equations of motion are
45{9(V@irwa<¢)—on?¢::0. (1.11)
\/g I
Its asymptotic behavior near the boundary of AdS;y is
(2, ) om0 = 22 ¢o(2) + 254 A(z) (1.12)

where the scaling dimensions

1
Ai:gi§Vﬁ+®ﬂ. (1.13)

The functions ¢o(x) and A(z) are the two necessary boundary data to determine the
solution of the second-order bulk equation of motion for ¢(z,x). Quantizing ¢(z, x)
with boundary condition A(x) = 0 (¢o(x) = 0) would give the generating functional
of the boundary operator O(x) with dimension A (O(z) with dimension A_). The
above ambiguity does not show up in most studied cases of AdS/CFT where the

operator O(z) has dimension below the unitarity bound A_ < d/2 — 1.

Nevertheless, there exist important cases where both Ay are above the unitarity
bound. Then the quantization ambiguity is present even when the asymptotic behav-
ior of ¢(z,x) is determined by one arbitrary boundary data when one requires that

the bulk solution vanishes in the far interior (z — oco) of AdS. In such a case the two



functions appearing in (1.12) are related by

CTAY) [ 1
Ar) = T () /d ym%(y% (1.14)
with v = A —d/2. Then the application of AdS/CFT correspondence yields either a
functional W] of ¢o(x) or a functional J[A] of A(z). The first generates correlation
functions of O(z) and the second of O(z). However, the two functionals are related

by a Legendre transform

W o]
do(x)

Wige] + 2 / d260(z) A(z) = JIA], — 9A(a). (1.15)

Going back to the equations of motion (1.11), explicitly, one has

2

0 0 0
d+1 —d+1 2 2
z . [z ZQS(Z, x)| + 2 3 (z,2) —m“¢(z,z) = 0. (1.16)

Witten [3] has constructed a Green’s function solution which explicitly realizes the
relation between the field ¢(z, z) in the bulk and the boundary configuration ¢g(z’).

The solution to (1.16) is then related to the boundary data by

_ P(A-l—) d, ./ ZA+ ZL’/
o) = Tanr (A, — ) /d P el GO R S

Plugging into the action (1.10), we find

(o) = =

(Ay —d/2)T(A}) / gy 20)P0(2) (1.18)

T2 (AL — d/2) |z — 2|28+

This determines the two-point function of a conformal operator O with dimension

A, . Varying twice of the action (1.18) with respect to ¢y we find that the two-point



function of the corresponding operator is

(O(2)0()) = fd/Az} (—A i)i(dA/;; — i:’lm , (1.19)

This evaluation can be generalized to the n-point functions.

1.2 Giant magnons

Insight into the AdS/CFT correspondence can be gained even at the semiclassical
level. In particular, the semiclassical limit of string theory provides answers for the
strong coupling regime of gauge theory. This has been most successfully demonstrated
for the case of N' = 4 Super Yang-Mills theory where an exact Bethe ansatz solution
is available [9], bridging the weak and strong couplings. The anomalous dimensions
of the N' = 4 SYM operators with large R-charge can be computed using the dilata-
tion operator [10, 11, 12], more efficiently, using a certain spin chain in the planar
limit [13, 14, 15]. These spin chains have fundamental “magnon” excitations which
obey a dispersion relation that is periodic in the momentum of the magnons. Using

supersymmetry, the dispersion relation was found to be [16]

A oD
E—Jz\/l—l—ﬁsm 5 (1.20)

The result is exact, i.e. the one-loop superstring correction vanishes [17]. Note that
the periodicity in p comes from the discreteness of the spin chain. At large 't Hooft

coupling, the energy behaves as

sin 2| (1.21)

SR

™
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Since this is a strong coupling result, it should be possible to reproduce it on
the string theory side. Hofman and Maldacena [18] identified these magnons on the
string theory side and showed how to reconcile a periodic dispersion relation with
the continuum world-sheet description. The crucial idea is that the momentum is
interpreted in the string theory side as a certain geometrical angle. Furthermore,
the dispersion relation (1.21) is reproduced by considering a classical string in the

following limit

J — 00, A=¢’N =fixed, p=fixed, E —J = fixed. (1.22)

This is different from the BMN limit [19] where A was taken to infinity and n = pJ
was kept fixed. One nice feature of this limit is that it decouples quantum effects,
which are characterized by A, from finite J effects or finite volume effects on the string

world-sheet.

1.2.1 Physical gauge

Now we consider the motion of strings in R x S?, the metric is

ds* = —dt* + db? + sin® Odp? (1.23)

where ¢ is the coordinate shifted by the angular momentum J. The string ground
state with £ — J = 0 corresponds to a light-like trajectory that moves along ¢ with
© — t = constant, that sits at § = 7/2 and at the origin of the spatial directions of
AdSs.
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Figure 1.1: Giant magnon solution. The momentum of the state is given by the angular distance
between the endpoints of the string, which are located on the equator and move at the speed of

light.

Fixing the gauge by

(1.24)

and we consider a configuration where 6 is independent of 7. The Nambu-Goto action

becomes

s = \2/—5 drdo[(XX7)2 — (X)2(x7)?

;/—X / dtdy’ Vcos? 0 0 + sin? .
7

One can easily derive the equation of motion

sinfcosf 0" — (1 + cos®6) 0% — sin®§ = 0.

Integrating the equation of motion, we get

where 0 < 0y < 7/2 is an integration constant.

(1.25)

(1.26)

(1.27)



12

The solution is plotted in Figure 1.1, we see that the difference in angle between

the two endpoints of the string at a given time ¢ is
Ay = Ap = 2(% — ). (1.28)

It is easy to compute the energy

A
E—-J= \/—X cos by = \/—Xsin .l (1.29)
m us 2

Identifying Ay = p, we get

By
T

: P‘
— 1.30
sin o (1.30)

in perfect agreement with the large A limit of (1.20). The sign of p is related to the

orientation of the string. In summary, the string solution in physical gauge is

t T
7 sin~*[sin 6/ cos o]

1.2.2 Conformal gauge

We can rewrite the solution (1.31) in a time-like conformal gauge

t T
o | = | 7+ tan™![cot Oy tanh 7] (1.32)
0 cos™!cos by sechd]

o—sinfy T

cos Oy In this case we see that the range of ¢ is infinite. Moreover,

where 0 =

the energy density is a constant £ = g Easily, we can calculate the spacetime
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coordinate
sin 6 cos ¢ tanh o sin 7
X = | sinfsing | = | tanhGcosT | - (1.33)
cosf secha

Using the sine-Gordon connection [20], we get

a = cos [(0,X)* — (0,X)*] = 4tan"[exp(y(c — v7))] (1.34)

-1/2

where v = sinfy and v = (1 — v?)~"2. Notice that a boost on the sine-Gordon side

translates into a non-obvious classical symmetry on the R x S? side. The solution

(1.34) is exactly the one-soliton solution of the sine-Gordon equation with the energy
Esoliton = - (1.35)

Interestingly, if we define the energy of a magnon as E' — J, we have
Emagnon = F — J = — =, (1.36)
which is inversely proportional to the energy of the sine-Gordon soliton. This will

have an interesting effect on the scattering phase shift of giant magnons.

1.2.3 Scattering of giant magnons

Now we consider a soliton anti-soliton pair and compute the time delay for their
scattering. Since x and t coordinates are the same in the two theories, the time delay

is precisely the same for the string theory magnons and for the sine-Gordon solitons.
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The sine-Gordon scattering solution in the center of mass frame is

1 sinh
a=4tan™? {—Ln vvt] . (1.37)
v cosh vz
The time delay is
2
AT, = —Inw. (1.38)
YU

The fact that the sine-Gordon scattering is dispersionless implies that the scatter-
ing of magnons is also dispersionless in the classical limit (we also expect it to be

dispersionless in the quantum theory).

We now boost the configuration (1.37) to a frame where we have a soliton moving
with velocity vy and an anti-soliton with velocity ve, where v; > v5. Then the time

delay that particle 1 experiences as it goes through particle 2 is

2
ATlg =—1In Vem (139)
Mv1

where v, is the velocity in the center of mass frame

1 — cos 522
210 Ve = In {—] (1.40)
1 —cos p—lg‘”z
We can compute the phase shift from the formula
00
% — ATh (1.41)
1
and obtain
\/X P1 P2 1 —cos Z% \/X . D2
012 = — { [— cos = + cos ?} In {W] } —p—_—sin T (1.42)

Note that, even though the time delay is identical to the sine-Gordon one, the phase
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shift is different, due to different expressions for the energy. This implies, in particular,

that the phase shift is not invariant under the sine-Gordon boosts.

1.3 Gluon scattering amplitudes at strong coupling

Classical string solutions in AdS can also be used for evaluation of Yang-Mills scatter-
ing amplitudes. Alday and Maldacena [21, 22, 23] gave a prescription for computing
gluon scattering amplitudes in N' = 4 SYM theory at strong coupling using AdS/CFT
through Wilson loops (see [24] for a review). This prescription is equivalent to find-
ing a classical string solution with boundary conditions determined by the gluon
momenta. The value of the scattering amplitude is then related to the area of this

solution

A o @iSa — =P (Area)y (1.43)

where S,; denotes the classical action of the classical solution of the string world-sheet

equations.

On the gauge theory side, Bern, Dixon and Smirnov (BDS) [25] gave a very
interesting conjecture for the all order form of the n gluon MHV scattering amplitudes.

As for the four point amplitude, the conjecture takes the form
tree : f()\) S 2
Ay = A7 exp | (IR divergent) + o (ln Z) + (constant) (1.44)

where s,t are the Mandelstam variables, f(\) is the cusp anomalous dimension and

the IR divergent terms are well characterized by Sudakov-like factors. At strong
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coupling, the anomalous dimension reads

. (1.45)

1.3.1 Four gluon scattering amplitude

Consider the Lorentzian AdSs metric in Poincaré coordinates

- (1.46)

4s — R {dzgﬂ + dzz}

we place a D-brane at a large value z;z as the cutoff. In order to state most simply
the boundary conditions for the world-sheet it is convenient to describe the solution
in terms of T-dual coordinates y* defined in the following way. Starting with a metric

that contains

ds® = w?(2)dx,da" + - - - (1.47)

where w is the wrap factor, we define T-dual variables y* by
Oyt = iw?(2)€apdprt. (1.48)

In the regime under consideration the T-dual coordinates are real and the world-
sheet is Euclidean. In addition, the boundary condition for the original coordinates
x#, which carry momentum k*, translates into the condition that y* has “winding”

Ay* = 21k*. The T-dual metric is again AdSs after defining r = R?/z,

(1.49)

132 — R? {dyudy“ _|__dr2} .

r2
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Notice now the boundary is located at r;p = R?/zrr. As we take the limit 275 — oo,
we find that the boundary of the worldsheet moves to the boundary of the T-dual

metric (1.49) at r = 0.

For four gluons, we label the momenta as k;, ¢ = 1,--- ,4, where the subindex
indicates the color ordering. We consider the region where particles 1 and 3 are
incoming and particles 2 and 4 are outgoing. We label by k the center of mass energy
or momentum of each incoming particles and we denote by ¢ the scattering angle in

the center of mass frame; then the usual Mandelstam variables are

s = —(ki + k2)? = —2k; - ky = —4k? sin? g, (1.50)
t= —(ky + ka)? = —2k; - ky = —4k? cos? g. (1.51)

We will focus on the region where s,¢ < 0 which corresponds to space-like momentum

transfer.

Figure 1.2: Wilson loop with four light-like boundaries. This figure lives at » = 0.

Next we consider a Wilson loop containing four light-like edges (see Figure 1.2).
In order to write the Nambu-Goto action it is convenient to consider the Poincaré
coordinates (7,yo, y1,y2) while setting y3 = 0, and parametrize the surface by its

projection to the (yi,y2) plane. We consider first the case with s = t where the
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projection of the Wilson lines is a square. The solution reads

volyrove) = e, rlynye) = /(L — 4D (1 — 4). (1.52)

In terms of embedding coordinates, the surface is given by the equations
Y3 =0, Y, =0, YoV = 1Ys. (1.53)

In fact, this solution is related to the single cusp solution [26] by a SO(2,4) trans-
formation. The solution for general s and ¢ can be obtained by a simple boost, for

example, in the 04 plane

Yi—oYy=0, Yoy(Yo—oY) =7 VoY =YiYe,  Ya=0. (154

Let us now write the solutions in terms of worldsheet coordinates in conformal

gauge. The induced metric on the world-sheet can be computed as

dy? N dy3
(1—=w)? (1—y)

ds® = 5 = du? + du3, (1.55)

where y; = tanh u; and the metric is Euclidean. The solution with s =t becomes

1
cosh uq cosh uy’

y1 = tanhwuy, 1y =tanhu,, 7= Yo = tanh uy tanh uy.  (1.56)

Performing the boost (1.54) and a simple rescaling we find the solution for s # ¢

a

_ 1.57

" cosh 1y cosh uy + bsinh u; sinh uy’ ( )
v/1 4 b2 sinh inh

v = a -+ 0 s1nh g sInnh ug (1.58)

cosh 1y cosh uy + bsinh u; sinh uy’
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a sinh v cosh us
Y= . . ; (1.59)
cosh u1 cosh ug + bsinh u; sinh us

a cosh uy sinh us
Y2 = . . ; (1.60)
cosh u1 cosh ug + bsinh u; sinh us

where b = vy < 1. The parameter a sets the overall scale of the momentum. Here a

and b encode the kinematical information of the scattering as follows

A common regularization scheme for computing minimal areas in AdS is to intro-
duce a cutoff in the radial direction. The correct procedure is to impose the boundary
conditions at some small r = r.. It turns out, however, that in order to compute the
finite piece as r. — 0 it suffices to use the original solution and cut the integral giving

the area at r = r. defined by

a

— 1.62
cosh uq cosh us + bsinh uq sinh us " ( )

The resulting integral simplifies when using the light-cone variables uy = uy 4 uo.
By expanding the integrand in power series of r./a and integrating term by term, we

arrive at the final expression for the area

2

iS:—QA, Azier( re )+31n2( Te )—31n2<f)—”— (1.63)

2 —8m2s 4 —8m2t

which agrees perfectly with the BDS ansatz [25] including the finite constant piece.

The planar gluon scattering amplitudes at strong coupling has a dual conformal
symmetry which is enough for determining the four and five gluon scattering ampli-

tudes. The BDS ansatz fails for more gluons (n > 6) amplitudes. For more recent
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developments of calculating gluon scattering amplitudes using classical strings, please
refer to [27]. These calculations employ the same inverse scattering technique that

we will develop in the next chapter.



Chapter 2

String Dynamics in AdS

To generate classical string solutions in AdS spacetime, we use a Pohlmeyer type
reduction. In this framework we find a correspondence between spikes of strings in
AdSs5 and soliton profiles of the sinh-Gordon equation. This connection turns out to
be most fruitful for the construction of dynamical multi-spike solutions. The inverse
scattering technique was employed to generate string solutions provided the sinh-
Gordon soliton profiles. We constructed the most general set of string solutions with
arbitrary number of spikes using the n-soliton solution of the sinh-Gordon equation.
These general spiky strings are characterized by two arbitrary holomorphic functions
and a discrete set of moduli representing the soliton singularities. After fixing the
conformal frame, only the soliton moduli remain, giving a specification of the string

moduli.

21
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2.1 Introduction

For states of Super Yang-Mills theory given by single trace operators with insertions
of (covariant) derivatives the relevant string configurations were identified by Gubser,
Klebanov and Polyakov (GKP) [28] as rotating folded strings.! Kruczenski gave the
extension to regular n-spike configurations in [31]. These configurations in some sense
represent the ground state configurations of the theory and it is of definite relevance
to construct (and understand the dynamics) of more general non-static solutions
(32, 33]. Ultimately one has the goal of formulating a complete dynamical picture of

the moduli of strings moving in AdS x S spacetimes.

We approach the classical problem of constructing string solutions in AdS space-
time through a conformal gauge and the Pohlmeyer reduction [34] of the associated
classical nonlinear sigma model. This technique was applied previously to the con-
struction of solutions in de Sitter spacetime [35] and extended to soliton and spiky
Minkowski worldsheet solutions in a series of papers [36, 37]. For the case of minimal
surfaces with Euclidean worldsheet extension is applicable [38, 39]. The Pohlmeyer
reduction reduces the nonlinear sigma model equations to a coupled system consisting
of integrable Toda type equations and a conformal pair obeying the Cauchy-Riemann

conditions.

In the Minkowski case, the integrability of the (Toda type) theories provides
(singular) soliton type solutions which were identified with spikes in [36, 37| (see
also [40]). Integrability of string theory on AdSs x S° allows the use of algebraic
methods to construct solutions of the nonlinear equations of motion. We use the

inverse scattering method to construct string solutions corresponding to sinh-Gordon

LA semiclassical treatment of quantum fluctuations around this solution has been performed by
Frolov and Tseytlin [29]. See [30] for a review of spinning strings.
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solitons, antisolitons, breathers and soliton scattering solutions. We also show that the
spikes of the long GKP string can be mapped to sinh-Gordon solitons at the boundary
of AdS. The sigma model solutions can be constructed in terms of wavefunctions of

the Pohlmeyer reduced model [41].

The advantage of this method is that it allows us to construct a string solution
starting from any sinh-Gordon solution. All one has to do is to solve a linear system
with coefficients depending on the chosen sinh-Gordon solution. Notice that in the
dressing method [42] one is also solving a linear system, but the difference is that
in the dressing method the coefficients of the system depend on the chosen vacuum
solution of the string equations, whereas in this method the coefficients depend only on
the sinh-Gordon or reduced system solution. This is advantageous because any sinh-

Gordon solution is generally simpler than the corresponding sigma model solution.

2.1.1 AdS string as a o-model

We will concentrate in what follows on string dynamics in purely AdS spacetime. In
general, string equations in AdSy1 spacetime (in conformal gauge) are described by
the non-compact nonlinear sigma model on SO(2,d). Defining the AdSs+1 space as

Y2=-Y? — Y2+ Y2+ - +Y} = —1, the action reads

A= 21/_5 deU(@Y Y + Ao, 7)Y -V + 1)), (2.1)

where 7,0 are the Minkowski worldsheet coordinates, the equations of motion are

20Y — (3Y - 9Y)Y =0, (2.2)
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with 2 = (60 = 7)/2, 2 = (0 +7)/2 and 0 = O, — Oy, O = O, + O,. In addition to

guarantee the conformal gauge we have to impose the Virasoro conditions

oY - 9Y = 9Y - 9Y = 0. (2.3)

It was demonstrated a number of years ago (by Pohlmeyer [34]) that nonlinear
sigma models subject to Virasoro type constraints can be reduced to integrable field
equations of sine-Gordon or more generally Toda type. This reduction is accomplished
by concentrating on SO(2,d) invariant sub-dynamics of the sigma model. The steps
of the reduction were well described in [35, 36] and consist in the following. One

starts by identifying first an appropriate set of basis vectors for the string coordinates

e; = (Y,0Y,0Y, By, -+, Baya), i=1,2,---,d+2, (2.4)

where B; form an orthonormal set B; - B; = 6,5, B; - Y = B, - 0Y = B, - Y = 0.

Defining the scalar field o and two sets of auxiliary fields

a(z,z) = In[dY -9Y], (2.5)
u; = B;-0%, (2.6)
v = B0, (2.7)

one can derive the equations of motion

d+1

D0 — e* — e~ Zuivi =0, (2.8)
=4
J#

JF#i
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In the case of AdSs, there is only one vector By so that Ou = 0, Ov = 0. Therefore,

the equation of motion for the scalar field « is simplified to be

90a — e* — e “u(z)v(z) = 0. (2.11)

This is the generalized sinh-Gordon equation with two (anti)-holomorphic functions
u(z) and v(z). In order to get the standard sinh-Gordon equation, we first shift the
field

a(z,z) = a(z,2) + In/—u(2)v(z), (2.12)

and then do a (conformal) change of variables

dz' = +/2u(z)dz, dz' =/ —2v(2)dz, (2.13)

such that the equation of motion for & satisfies

9'0'a(',7') —sinha(2, z') = 0. (2.14)

2.1.2 Spikes vs Solitons

The classical motion describing a rigid rotation of a folded closed string is given by

the ansatz t = ¢ 7,0 = cw 7 and p = p(o). The Virasoro constraints give

p? = *(cosh? p — w? sinh? p) (2.15)
where the scaling constant c¢ is adjusted to define the period of 0. We can set ¢ = 1
and denote the position of the fold (spike) as oy. To demonstrate the stated corre-

spondence with solitons we expand the solution (2.15) near the spike with w = 1+2n,
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where 7 < 1, one finds

P~ e (e — ). (2.16)

. _ 2 . . _
Denoting u = e, we have u’* ~ u? — . Consider the boundary condition uy = e=*°

at o = 09, one finds

p(o) = —In(y/n cosh(o — 09)), (2.17)

so that the sinh-Gordon field becomes
a =1n(dY - 9Y) = In(2p”) = In(2 tanh® 7). (2.18)

This is exactly the one-soliton solution to the generalized sinh-Gordon equation (2.11)
with uv = —4. Therefore, we conclude that the finite GKP solution is a two-soliton
configuration of sinh-Gordon system in which the solitons are located near the bound-
ary of AdS. We will next describe its construction starting from the solutions of the

sinh-Gordon system.

2.2 Constructing string solutions from sinh-Gordon

solutions

One can next work out the equations obeyed by the elements of the basis, the deriva-

tives of the vectors (2.4) can be expressed in terms of the basis itself

56i = Aij(Z, 2)6j, 8ei = Bij (Z, 2)6j, (219)
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where the matrices are

0 1 0 0 0 0 1 0
0 O 0 u e 0 0 0
A= , B= . (2.20)
e 0 0 0 0 0 Ja v
0O 0 —wue ™ 0 0 —wve™ 0 O

One finds therefore a linear system of differential equations for the vectors. The
integrability condition 4 — OB + [A, B] = 0 is then seen to generate the equations of
motion corresponding to a generalized sinh-Gordon theory. The vector equations on
the other hand define the motion (and coordinates) of the string itself, they have to
be solved, which leads to a scattering problem of Dirac type. These equations exhibit
SO(2,2) symmetry, and can be further simplified by redefining an orthonormal basis

as

B Y +9Y oY — oY

€1 = 9 €= —F="", €3 = —F7—=—"77
! 2 V/2e2/2 ’ V/2ie/2

One now exploits the fact that SO(2,2) = SO(2,1) x SO(2, 1), expanding the A, B

ey =Y. (2.21)

matrices in terms of two commuting sets of SO(2,1) generators
A= wi,(—l—)‘]l + 'LU?(_)KZ', B = ’LUQ(_HJZ + 'LUQ(_)KZ', (222)

with ¢ = 1,2, 3 and the coefficient vectors are found to be

1= —1 —1
w = (=0a, —=(ue*?* F e*?), — (ue"*/* + 6(1/2)’ 2.23
= (500 ) 51 (223
—1 1 —1
w = (—da, —(ve /% £ e™/?), — (ve™/? F 6(1/2). 2.24
s = (5005 ) 51 (224
Remembering SO(2,1) = SU(1,1), we can rewrite this problem in terms of the

spinor representation of the SU(1, 1) group. Defining two spinors ¢ and v satisfying
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W (0id = Ay,

wy (o) = Biip,

¢ = wé,(+)0i¢ = As¢,

oY = wé,(_)aiw = Bat),
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(2.25)

(2.26)

where o; are the anti-Hermitian generators of the SU(1,1) group. The spinors ¢ and

1 are normalized ¢T¢p = @i
Ay, As, By, By become

4 = %(u«e_a/2 + e/?) ﬁga — ﬁ(u«e_a/2 — e/?)
—10a 2—12(ue /2 _ ea/2) 2\1/5( e~/? 4 e2/?)
4 — sos(ve 2 —e/?) —j0a+ iz (ve? 4 e/?)
0o+ zlﬁ(ve /2 1 eo/2) 2\1'/5(216“1/2 — e/?)
B 27§(ue /2 _ ea/2) 0o — ﬁ( —a/2 4 eo/2)
Lo — ﬁi(u«e_a/2 + e/?) 2\1'/5 ue=? — e/?)
B s5(ve /2 4 ea/2) —10o + 2\/—(216_0‘/2 — e/2)
Lo+ 21%(216_0‘/2 e/?) 2\1'/5(216“1/2 + /)

— ¢3¢0z = 1, YT = iy

Y

Y

Y

— Y319 = 1. The matrices

(2.27)

(2.28)

(2.29)

(2.30)

In other words, given a solution «(z, z), u(z) and v(z) of the sinh-Gordon equation,

we can find ¢ and v such that they solve the above linear system. Then the string

solution is constructed through

ZlE

ZQE

Y_1 + Yo = @11 — dy1ba,

Yy 40 = ¢3U7 — 1.

(2.31)

(2.32)



29

2.3 Special string solutions

Next let us see some explicit examples. Starting with soliton solutions of the sinh-
Gordon, we construct open string solutions which touch the boundary of AdS and the
spikes are located in the bulk of AdS. A one-to-one correspondence between solitons
of sinh-Gordon and spikes of AdS string is established which turns out to be useful

for the construction of general n-spike string solutions.

2.3.1 Vacuum

The first example is the sinh-Gordon vacuum v = 2, v = —2, ay = In 2, the results of

solving the linear system (2.25, 2.26) are
=€, ¢y=0, 1y =cosho, 1y =—sinho. (2.33)
Then the Minkowski worldsheet solution is given by (see Figure 2.1)

Z, = ¢ cosho, (2.34)

Zy = ¢ sinho. (2.35)
This is the infinite string limit of the spinning string [28].

The Euclidean worldsheet solution is obtained by making a wick rotation 7 — —i7.

Then Yy and Y5 become imaginary, thus effectively exchanging places. Therefore the
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b

(a) (b) (c)

Figure 2.1: The vacuum solution in (a) Minkowskian and (b) Euclidean worldsheet plotted in
AdSs coordinates. (¢) Top view of Minkowskian vacuum solution. The boundary of the worldsheet
touches the boundary of AdS space.

Euclidean vacuum solution reads

cosh o cosh 7

- sinh o sinh 7
Y = ) (2.36)

sinh o cosh 7

cosh o sinh 7

This is the solution found in [26] and used by the authors of [21] to calculate the

scattering amplitude for four gluons.

Introducing the global coordinates

cosh pcost

cosh psint
Y = , (2.37)

sinh pcos 6

sinh psin 0
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the metric of AdS; can be written as
ds® = — cosh? p dt* + dp* + sinh? p db>. (2.38)

If we denote ¢' = (¢, p,0), the Lagrangian density becomes

_ VAl

[ — 3 b - O, (2.39)

so that the energy and angular momentum (densities) can be easily derived as

PZ— = E = g COSh2 1% i, (240)
Py = % = ;/—jsinth 0, (2.41)

E = /da Pl = ;/—E/dacosthi, (2.42)

S = /da Py = ;/—E/dasinthé. (2.43)

For the vacuum solution, we set t = 7, § = 7, p = 0, and the angular momenta are

P = \2/—5 cosh? o, Py = \2/—5 sinh? 0. (2.44)

The energy and angular momentum are divergent, introducing a ultraviolet cutoff

A > 0, we have

va A 2 VA1 Lo VAo

E = — /_A do cosh” o = 7(1 sinh(20) + 50)|_A R~ Eﬁ’ ) (2.45)
A VAL L VA

S = — /_A do sinh? o = 7(1 sinh(20) — §a)|[_‘A ~ Eem. (2.46)
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The dispersion relation becomes

~ Y2 s (2.47)

A
E—S:\/—X/ do = YAgp o VA, A
T J_a v (VAN

which agrees with the GKP solution [28].

The n-static spike solution can also be obtained by exploiting a free parameter
during the process of solving the Dirac wave-equations. The more general wave-

functions are

1T

¢ = coshpg €™, ¢y =sinhpy e, 1 = cosho, 1y = —sinho. (2.48)

The string solution becomes

cosh o cos T cosh pg 4 sinh o cos 7 sinh py

cosh o sin 7 cosh pg — sinh o sin 7 sinh
v Po Pt (2.49)

sinh o cos 7 cosh py + cosh o cos 7 sinh py

sinh o sin 7 cosh py — cosh o sin 7 sinh py

Here pg has the physical meaning of the number of spikes n through the formula
: T
sinh pg = cot —, (2.50)
n
where n = 2 corresponds to the GKP case. The dispersion relation becomes
o)

E—-S~n—I1 ,
S no ns, (2.51)

which agrees with the n-spike solution by Kruczenski [31].
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The solutions obtained in the previous subsection are static in the rotating frame.

In this subsection, we will describe dynamical string solutions corresponding to one-

soliton solution of the sinh-Gordon equation.

Starting with the one-soliton solution

o, = In2 + In(tanh’ o).

The matrices entering into the linear system (2.25, 2.26) are given by

—icoth 20 (1 — 1)esch20
A = ,
—(i + 1)csch20 i coth 20
icoth 20 —(i 4 1)csch2o0
Ay = ,
(1 — 1)esch 20 —icoth 20
—icsch20 icsch20 — coth 20
B = ,
—icsch20 — coth 20 icsch2o
icsch 20 —icsch20 — coth 20
By, =
icsch20 — coth 20 —icsch20

The spinors that solve the linear system are

, 1
O = e_”cosh(ilntanha),
- 1
P2 = —e_”sinh(§lntanha),

1
v = (T+1) COSh(§ Insinh 20) — Tsinh(% In sinh 20),

1 1
e = —(7+41) sinh(§ Insinh 20) + 7 cosh(§ Insinh 20).

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)
(2.58)
(2.59)

(2.60)
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(b)

Figure 2.2: The one-soliton solution in (a) Minkowskian worldsheet plotted in AdSs5 coordinates.
(b) Top view of the Minkowskian one-soliton solution. Please note the curvature of the string changes
with the evolution of time.

Then we use (2.31, 2.32) to find the corresponding string solution (see Figure 2.2)

e’LT

78 = —— (27 +i(cosh 20 +2)), 2.61

! 2\/§cosha( ( )) ( )
e’iT

75 = ———— (=27 —1cosh20). 2.62

2 2\/§cosha( ) ( )

One can easily compute the energy and angular momentum

E - /A da\/X(l-l-STQ+4cosh20+cosh40) N@
A 167 cosh® & ™

A 2
1 — 4 cosh 2 h4 1
g _ / da\/X( + 87 cos 2 o + cosh4o) %\/—X(—eQA—l-TQ). (2.64)
_A 167 cosh” o T 8

1
(ge2A +72),  (2.63)

If we neglect the 7 dependence since the exponential term is much larger than the

square term, we have

A
E-S= / Q cosh 20 sech® odo ~ Q In 8—7TS. (2.65)
_A 2w VAN
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The energy is not conserved because there is momentum flow at the asymptotic ends

of the string and the string itself is not closed.

Similarly, the one-antisoliton string solution corresponding to aj is given by

T

5 e

75 = —— (27 —icosh20), 2.66
B 2\/§sinha( T — i CoS a) (2.66)
~ 6i7’

Zs = ——(—27 +i(cosh20 — 2)). 2.67
2 Qﬂsinha( ( )) ( )

Notice this solution is singular at the point o = 0.

2.3.3 Two-spike solutions

The two-soliton solutions of the sinh-Gordon equation can be obtained via the Backlund
transformation: Let ¢ be a solution of the sinh-Gordon model (here p = («—1n2)/2),
its image under a Backlund transformation with spectral parameter p is the field

¢ = B, - ¢ implicitly defined by the following differential equations

de+¢) = 2u sinh(¢ — o) (2.68)

d(p—) = 2u " sinh(p+¢) (2.69)

If ¢ solves the sinh-Gordon equation, so does the transformed field ¢. A remarkable
property of the Backlund transformation is that the four solutions ¢g, @1, @2, @3 are

linked by a purely algebraic relation

¥3 — ¢ H1+ P2 — P
tanh 32 0):(M1_Mz)tanh( 22 1). (2.70)

This is called the tangent rule.
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Starting with following two one-soliton solutions

mT V2T

o— o—
a1 = In(2tanh? —=), as = In(2 coth? ——= 2.71
and let v; = v, vy = —v, we get the two-soliton solution

vcosh X — cosh 172
ss§§:l 2+1 [ :| 2.72
s, " " vcosh X + cosh T ( )
where X = 2yo, T = 2vy7. For ay,, the spinors are
-1 . .

i+ 7 coshT 4 dvsinh T
1 o= e > — (2.73)

\/cosh T —v?cosh” X

i vsinh X

P2 = e > — (2.74)

\/cosh T —v?cosh” X
" (y~!cosh X + isinh T') cosh o — sinh X sinh & (2.75)

\/ cosh® T — v2 cosh? X
s (—y~! cosh X + isinh T') sinh o + sinh X cosh o (2.76)
\/ cosh® T — v2 cosh? X
The two-soliton string solution is
_.wvchT'cho + chXcho — vy 'shXsho + iy~ !shTcho
VAR 7 2.77
! c chT + vchX ’ (2:77)
_._wvchT'sho + chXsho — v~ 'shXcho + iy 'shTsho
VAR 7 . 2.78

2 ¢ chT + vchX ( )

Figure 2.3 shows the shape of the two-soliton string at two different global time

instants. In Figure 2.3(a), the string is folded along the z axis, whereas in Figure

2.3(b), we find the usual bulk spikes.

The two-antisoliton string solution can be constructed in the same way and it

only differs from the two-soliton solution by three signs: the second and third terms
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Figure 2.3: The Minkowskian two-soliton solution with v = % at different global time (a) t = 0,

(b) t = 7/4.

in the numerator and the second term in the denominator which makes the solution

singular.

Secondly, choose the other two one-soliton solutions

a; = In(2tanh? 7 ), s = In(2tanh? 7 ) (2.79)
1—0? 1—wv3
and let v; = v, vy = —v, we get the soliton-antisoliton solution

vsinh X — sinhT}2

s§§s:l 241 [ s N
Ys3, t 1 vsinh X 4 sinh T

(2.80)

For the soliton-antisoliton solution, the string solution is

755 _ it vshT'cho + shXcho F V1 — v2chXsho + iv/1 — v2chT'cho (2.81)
= e shT + vshX T

P vshT'sho + shXsho F v1 — v2chXcho + iv1 — v2chT'sho (2.82)
2 = € shT + vshX S

Similarly, the above solutions are singular.
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In (2.80), take v to be imaginary: v = tw, we get the breather solution to the

sinh-Gordon equation

wsinh Xp — sinTg72
wsinh Xg +sinTxg

aps=In2+ ln[ (2.83)

where Xp = \/%, Tp = \/% The string solutions corresponding to the breathers
are
6—i7’
Z{B = {—w sin Tgsho £+ sh X gsho

sinTy + wshXp
FvV 1+ w2chXpcho +iv1 + w? cosTBsha}, (2.84)

6—@7’
VA - —w sin Tgcho + shX gch
5 sinTBj:wshXB{ wsin 1/ pcho = shXpcho

FV1 + w?chXpsho + ivV1 + w? cos Tpcho }. (2.85)

All these solutions are singular.

2.4 General n-spike construction

We now turn to the general construction of the AdSs case. We had the fact that the
classical strings in AdSs can be reduced to a generalized sinh-Gordon model coupled
to two arbitrary functions u(Z) and v(z) which together represent a free scalar field.
These functions are central to the string theory interpretation of the sinh-Gordon
equation, they represent the freedom of performing general conformal transforma-
tions which are the symmetry of the conformal gauge string. In the system of cou-
pled equations describing the Lax pair they can be transformed by a combination of

conformal and gauge transformations.

After the conformal change of variables (2.13) and omitting the primes of the new
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fields, we can write down the two Lax pairs as

00(z,2) = A1¢(z,2), o(z,2) = Bi(z, 2), (2.86)
00(z,2) = Asp(z,2), oU(z,2) = Ba(z, 2), (2.87)

where the matrices are given by

i\t 94 L 1@y -
4 — i ) z)\/cl_ 104 + 3 w5 A | (2.89)
—10& — %"u((;) — A\ef ixe]
1+ o A_iv’(z)_l_
4 - 1 ixCh 00— 5305 — 36 (2.80)
iva+ 22— 1g —ite}
B — 1 —iAc] 106 + %"u((:)) — ey (2.00)
P\ —ida - 1v8 e i
1 iTcy —ifa — 1vE Lot
B, = - A2 2 v(2) A2 : (291)
4\ ioa + 32'((5)) —3cf —ixcy
with definitions for simpler expressions
o = ¢ B L _—Ue%d, g =4 St SR _—Ue%d, (2.92)
—v u —v u
g = 4 “lete o of Dend G =4 L LY (2.93)
u —v u —v

Here we introduced the spectral parameter by rescaling z — Az, Z — %2, which is

the standard way of introducing the spectral parameter in the Lax formulation.

Our next task is to establish a relationship between the Lax pairs (2.88-2.91)
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found in the sigma model and the standard Lax pair of the sinh-Gordon theory

—i¢ 10a i [cosha —sinha
U = B 5 V = 4— 5 (294)
ou i€ ¢ sinhu  — coshu

which satisfies the Dirac equations

0p(2,2) = Up(z, %), 0p(z,2) =Vp(z,2). (2.95)
Here ( is the spectral parameter and the sinh-Gordon field @ satisfies the equation
90i(z,z) — sinhi(z, z) = 0. (2.96)
Defining the gauge transformation as

Al = gAfl(U —0)ga, Ay = gAfl(V —0)ga, (2.97)

for the A matrices, the transformation matrix is found to be

La 1a 1A 1~
) Z( 3 _iv6_za — 8 —T”eza) < 8 _Lve—za + 8/—71)6104)
ga = ﬁ (2.98)

)
. 1, ., 14 14 [ 14
2 z(S ie_za_l_ 3 _veza) <8 i6_4a _ 8 _’U64Q)
—v u —v u

with the identification « = —&, A = —2(. Similarly, for the B matrices, we find

: 14, -8/ —w 14 14 -s/—0 la
i z(ﬁ/_ive A T”e”) (8 ——e 1% —iy/=ren )
= 2 il /e 16 _ j8/=ve1d s/ =1 4 8/ =vo1d ’
—v u —v u

with the identification = —a&, A = —2i(.

The general solution to the sinh-Gordon equation (2.96) with n solitons can be
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obtained using the inverse scattering method [43] (see appendix A for details)

A -t [4 Olpip)
U(z,z) = sinh™ [z o — (oa)2) (2.100)

where the components of spinor ¢ are

1) ) i¢z—iz/AC (2.101)

¢1(¢,2,2) = (Z

7,l=1

C+<}
_ D VD Y

22 = (1 I (1 — A)t, ) eieEiEAC 2.102
pl627) = +j§1<+<jcj+g( Dl 2a0)

with the definitions

A\ o
Ay = a;ag;, ay = ————, e = v/ (0)eRZ 712/ 40k 2.103
J ; 11 o b #(0) (2.103)

Here ¢, (0) and (j are two sets of constants related to the initial positions and momenta

of the n solitons.

Starting with the simplest case with n = 1, we have the spinor ¢

c1(0) (24“1)262@'@2“2/2Cl i(CE—iz/AC

T (C + Cl)(C%(O)e‘liCﬁ _ 4(’126@'2/@‘1) e’ ) (2104)
- - A(0)(2C)e™er iCZ—iz/4¢
P2 = {1 (C + 1) (2(0)etihz — 4<126iZ/C1)] e 4 (2.105)

Plugging into (2.100), we get the sinh-Gordon field

(2.106)

@(z,2) = —sinh™! {801(0)@(0% 0)et? 4 4<12€iz/C1)62iC15+iz/2C1] |

(
(O —AZeTay

where ¢1(0) and (; are purely imaginary in order to make the field real.
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Next we proceed to write down the first spinor ¢

¢ = gA?lQ0> U= _da C = _)‘/2> (2107)

and find

o = L9 g zzm{\/—_”eia@l( (261 + N)eH97 — 26, (2¢ — N)ei#/ )
u

7 e 8 T
s/ U _la (c1(0)(2¢1 + A)e* % 4+ 2¢1(2¢1 — N)e'*/*)
+ _—Ué’ (2¢1 — M) (c1(0)e2iCz — 2¢; ei/2%1) }> (2.108)
by = (1 —4) —yare—iz/n {_ o/ 70 2a (€1(0)(2G + N)e™ ™ — 2G,(2G — Ne iz/21)
Y~ w G (a0 26 et
o U 15 (c1(0)(2G1 + A)eFeF +2G (26 — AJe'/)
+ _—,U€ (2C1 )( ( )621g1z 2C16iz/2C1) } (2109)

For real A\, the components of the spinor ¢ are normalized to be ¢jp; — P52 = 1.

Similarly, for the second spinor v, we find

‘ ~

b = [6—%0\2—1—2/)\)&1 _I_eé(AE—l—z/)\)bl} , (2.110)

[\
HS
[\

Q/)Q — [6—%()\54-2/)\)@2 _ 6%(>\2+z/)\)62:| (2111)

Y

S

where

4 (c1(0)(2i¢ + N)e29% — 2¢,(2i¢; — N)e'/ %)
(2i¢; — N)(c1(0)e26% 4 2¢; i=/20r)

14 (c1(0)(2iG1 + X)€% +2¢(2iG — N)e'™/*)
—v (2i¢; — N)(c1(0)e?ir= — cheiz/zgl)

s/ TV 16 ( (0) (%Cl - )\)€2iC12 —2G (%Cl + )\)eiz/2C1)

{ (2iC 4+ N)(c1(0)e? 0z 4 cheiz/zgl)

14, (1(0) (206 — N)e® % + 2, (2i¢; + A)ei/%)
(201 4 N)(c1(0)e2i6iz — 2( ei=/201)

o (c1(0)(20C + Ne 20z 201 (2i¢; — Ne Z'2/2C1)
(2i¢1 — A)(c1(0)e2i6r% 4 2¢; ei2/%)

a1

11l
—
o
2|
IS <
)
=

}, (2.112)

by

}, (2.113)

Il
=
.

o

a2
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s/ Y —la (c1(0)(2i¢, + N)e¥0% 4 2¢1(2i¢, — N)et*/*)
+ ¢ (2iC, — A)(e1(0)e2i0z — 21 ei#/201) }, (2.114)

{ i/ﬁeid (c1(0)(2i1 — N)e*'% — 2G:(2i¢y + N)e'™/*)
u (2iG1 + A)(e1(0)e07 + 2 ei=/20)
o 10 (@ (0) (206 = N)eBE 4 26 (20G, + N)et#/2)
= (20C1 + A)(er(0)e20% — 2Ger=/20)

ba

}. (2.115)

For real A\, the components of the spinor ¢ are normalized to be ¥jin — Y3109 = 1.
Recalling the change of variables (2.13), the one-spike string solution is then found
to be

6%(@\5’—5/,\)

7 = _ : {2 i /2¢1 (1 A2 A
! 2(61 (O)ezZClz’ — chezz’/zgl) Gie ( +e )

(260 — N)((2i¢ + N)? + TN 200 —

o N?)
et } 2.116
+c1(0)e (2¢1 + \)(4¢2 + )2) o ( )
1+Z(Z>\2/—2//>\)
12 g o
Zy = - {2 i2'/2C1 (] _ AT+ /A
i 2(c1(0)e2irz" — 2¢ iz’ /%) Gie (I—e )

2i¢1 7 (2¢ = N)((2i¢ + )\) S //\(2ZC1
(2¢ + A (4¢E +A%)

+er(0)e M) } (2.117)

It is interesting to note that u(z) and v(z) only come into z’ and 2’ respectively.
This is the residual conformal symmetry which can be further used to fix the time-

like conformal gauge.

Now we consider the general case with arbitrary number n solitons. The first

spinor ¢ is solved to be

1 +Z INZ—12 —U l u ~
(1 - Z) —L(irz—iz/N) —U 1,4 U .
A S INZ—12 { — el 8/~ o1 +
P2 Wi et (@2 = 1) — ¢ (@2t o)

where

, PO
+ =1+ (1—A) N+ 1— A . (2.118
(P2 £ 1) :I: Zl A jl ! Zﬂ:’\+CJCJ+Cl( Dk Ak ( )

2 J
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The subscript + corresponds to the 4 before the spectral parameter A\. The second

spinor 1 is solved to be

1 — Ui T2 . laz42 ~ ~
A b i N R e Ry
. u 1 T . .
478 __Ue_ia[ z(Az+z/>\)(§02+S01) —Ze%(k + /A)(wz_l_gpl)q’ (2.119)

{ —v -
e _ﬁ{\g/ et | eTHOTIN Gy — )2 4B Gy — 1)
(

_Z 8 ie_la [6 2(>‘Z+Z/>‘) ((p _I_ (pl) zeZ(AZ—"—Z/)\) ((p —I— (pl) :| 5 2 120)
v —v

where

, PYDY
+5)2 =1+ 1 AN 1— A . (2,121
(SDQ Spl Z :tz)\ jl l_l_z j:z)\ ‘I‘CJ Cj _I'Cl( )lk k ( )

YAN

Similar to (2.118), the subscript £ corresponds to the + before the spectral parameter

A. The n-spike string solution is given by

1_2.11'2/12/ ) S .
Zy = Tez“ /A){ (2 — o)L [ FOFHN Gy 1 31)2 — 13O Gy 1 51)?
+(S52 +S51) e 2()\2’+z’/>\)(¢2 _@1)3_ _l_z'eé()\f +2' /A)(Q52 _@1)2_ }’ (2122)
1+i—i2’—zz’ .~ ~ Z' 42 . 1 ;" z ~ ~ |
Zy = Teé“ /A){Z(w—s@l) ST (G + G1)% +ier TN Gy + 5y )?
(B2 + GUL e TEOTE N (g — 1)t — eI gy — )2 | (2.123)

Let us summarize the properties of the general solution we just constructed. This
general string configuration is characterized by two arbitrary functions u(z), v(z) and
a discrete set of moduli representing the soliton singularities (coordinates). After
fixing the conformal frame only the soliton moduli remain giving a specification of
the dynamical string moduli. These represent general motions of the spikes and their

locations.
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2.5 Summary

We have introduced a picture where the soliton solutions are seen to be in a one-
to-one correspondence with the spike solutions of the AdS string. This picture leads
to some simple classical solutions for strings moving in AdS spacetime. We have
studied in depth the so-called spiky string configurations and their properties. The
identification of string spikes with soliton configurations explains the usefulness of
the inverse scattering technique in constructing string configurations. We present the
construction of general (spiky) string solutions associated with the most general n-
soliton configurations on an infinite line. Our general solution is given in terms of two
arbitrary functions representing the conformal frame and a discrete set of (collective)

coordinates representing the solitons.



Chapter 3

Intermezzo

The investigation of classical string dynamics in AdS spacetime revealed the following
structure. General classical motions can be characterized by the number of spikes, this
number does not change under perturbations and remains conserved. As such it has
the characteristics of a topological quantum number for solitons, where the number of
solitons remains conserved in classical and quantum dynamics. The existence of this
conservation number leads to the existence of superselection sectors with fixed number
of spikes. This leads to great simplification of the nonlinear string dynamics in AdS
spacetime. One can concentrate on a particular sector with fixed (and conserved)
number of spikes, where the dynamical variables characterizing the motion are the
locations of the spikes. This moduli space is particle-like and in the sector with n-
spikes the moduli space becomes that of n-particles characterizing the spike locations.
It is these moduli (or collective coordinates) that follow a closed set of equations
describing the dynamics of the moduli space. This dynamical system provides a 0-
brane picture of the AdS string and it is then expected that the full string can be

reconstructed from the collective dynamics of its moduli.

46
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3.1 Sinh-Gordon soliton dynamics

The sinh-Gordon soliton dynamics can be summarized by an associated n-body prob-
lem [44]. One way to deduce the dynamics of sinh-Gordon solitons is to follow the
poles of the Hamiltonian density [45]. Here we denote the sinh-Gordon field as ¢ and
use the variables ¢, x, the general solution to the sinh-Gordon equation can be written

in the form

¢ =In(f/g)*. (3.1)
Plugging the above ansatz into the Hamiltonian density, we find

2
f?9?

[(F0 — 07+ e — 0 + 17— 77, 3.2

One has the poles of the Hamiltonian density located at

fg=0. (3.3)

Firstly, let us consider the one-soliton solution to the sinh-Gordon equation

(x — ) — vt72
2 )

¢ss = *In [tanh (3.4)

1—w

where xg is the initial position of the soliton and v is the velocity of the soliton.
The motion of poles are easily determined by (3.3) and we get z(t) = x¢ + vt, which
represents a free motion of the pole. The rest mass of the soliton diverges at z = 0.
However, in this whole analysis of dynamics, the rest mass turns out to be an overall

multiplier and we can set m = 1.
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Secondly, for the two-soliton solution in the center-of-mass frame

v cosh(yz) — cosh(ywvt)72

%Zﬂ : (3.5)

v cosh(yx) + cosh(yvt)

where v = (1 —v?)~'/2 and v is the relative velocity of the two solitons, the poles are
located at

fg = v*cosh®(yz) — cosh?(yvt) = 0, (3.6)
so that the trajectories are

1 1
z(t) = £ = cosh™ [— cosh(vvt)} : (3.7)
Y v
These trajectories are the same as the sine-Gordon solitons [45]. Similarly, the time

delay of two-soliton scattering can be easily worked out as

1 2L 2
At = lim { — cosh™'[vcosh L,——)=—Io. 3.8
A (WU cosh™ [v cosh(yx)]|Z ” ) o nov (3.8)

A classical relativistic particle is most conveniently described not with its custom-
ary momentum p and position z, but rather with is rapidity # and the canonically

conjugate generalized position ¢, which are defined by
p = sinh 6, x = q/cosh@. (3.9)

We see that the trajectories and time delays are the same with those of the sine-
Gordon theory. The dynamics therefore can be summarized by a n-body Hamiltonian

of Ruijsenaars and Schneider [46] form

N
H= Zcosh g, H (g — ar)- (3.10)
=1 o



In the case of two particles, one defines the center-of-mass variables

s=q+ q, @ = 3(01 + 62),
0 (91 _92)7

N[

q4=aq1— Q2
the soliton dynamics is governed by the reduced Hamiltonian
H, = cosh @ W(q).

The potential for soliton-soliton scattering is given by

W(q) = ‘coth <%)‘ .
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(3.11)

(3.12)

(3.13)

(3.14)

A quick way to see the above potential gives the time delay (3.8) is to note first that

(3.13) implies
"+ W?(q) = H.

(3.15)

Now H, is a constant of motion, so that we may plug in the potential (3.14) and get

@ + 1/ sinh’(¢/2) = E,

where E = H? — 1 = sinh? . Then the time delay is calculated as

L
At = lim / dq - 2[}19 = % In[tanh 6],
bmee \J-L \/sinh2 0 — 1/sinh?[q/2) tan St

which agrees with (3.8) by noticing v = tanh 6.

(3.16)

(3.17)
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The generators

H = P° = 2cosh pcosh§ W(q), (3.18)
P = P! = 2sinh ¢ cosh § W(q), (3.19)
J=—(q+q@)=-s, (3.20)

closes the 2D Poincaré algebra. A manifestly relativistic description of this system

can be given as follows. Consider the coordinates :Eff), 1= 1,2 and the constraints

pi— M?[(z1 — 22)°] = 0, (3.21)

Py — M?[(z1 — 22)°] = 0. (3.22)

Here M(2?) is a function of relative distance to be specified later. In the center-of-
mass frame, defining the variables P = %(pl +p2), p = %(pl —p2), X = x1 + w9,

T = x1 — X9, the constraints become

P? 4+ p* — M*(z*) = 0, (3.23)

P-p = O (3.24)
The commutation of (3.23) and (3.24) leads to an extra constraint

P-z=0 (3.25)

This description involves two times: :E((]l) and I((]z). The second class constraints (3.24)

and (3.25) can be used for elimination of :E((]l) —:E((]z) and the corresponding momentum
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and allow a single time xg = %(at(()l) + :B((]z)) description. Specifically,

x, = Pa+bu, (3.26)
P

with b- P = 0 reduces the constraints (3.24, 3.25) to « = 7 = 0. What remains is the
center-of-mass variables X, P, and the relative {m,u} = 1 degrees of freedom plus

the equation

2 | 2 2/ 2
P+ 7" — M*(u”) = 0. (3.28)

To deduce the function M (u?) just take the Ruijsenaars-Schneider Hamiltonian and

find
cosh? @
P? — P? = cosh® 0 + 7 (3.29)
Identifying 7 = sinh #, u = %, this has the form of (3.28) with
M) =14 3.30
(W) =1+ (3.30)

This shows how the two-body sine-Gordon system is described in manifestly relativis-

tic terms with constraints (3.23, 3.24, 3.25).

3.2 String dynamics in flat spacetime

It is useful to summarize the construction of a much simpler case of flat three dimen-
sional string representing the R — oo limit of the AdS spacetime. In this case the
reduced theory is given by the Liouville equation [47, 48] whose general solutions are

explicitly given.
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The conformal gauge equations of motion for strings in flat spacetime are

0.0_X =0, (3.31)

as well as the Virasoro constraints

(04X)? = (0_X)* =0, (3.32)

where X* = (X° X' X?) with the flat metric 7, = {—1,1,1}. Here we follow
the notation 0= = 7 4 o so that 93 = (0, + 9,)/2, where 7,0 are the Minkowski

worldsheet coordinates of the string. Defining the scalar field

a(ct,07)=—In[0, X - 0_X], (3.33)

we find the equation of motion for o to be

0,0_alc™,07) —u(c)v(c7)e* =0, (3.34)

where u(o%) and v(0~) are two arbitrary functions. The general solution to the

Liouville equation (3.34) reads

2 f'(e™)g'(o7)
u(oF)v(o™) [f(oF) +g(o7)*)

o= 1n[ (3.35)

In order to understand the most general form of the string solution we note that in
the conformal gauge one still has a residual symmetry. Both the equations of motion
(3.31) and the Virasoro constraints (3.32) are invariant with respect to the conformal

transformations o™ — f(o™), 07 — g(07). We can, without loss of generality, specify
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the conformal frame by the following conditions
X% =u?(o"), X2 =v*(07). (3.36)

The general solution to the equations of motion (3.31) satisfying the Virasoro con-

straints (3.32) is now constructed following [47] as
Xto™,07) =g (o") + 41 (o7), (3.37)
where w;ﬁ‘ and w/_“ being the isotropic vectors
(¥y)* =0. (3.38)

The prime implies the differentiation with respect to the function argument. Substi-

tuting (3.37) into (3.36), we obtain one more condition on 1/

W) =u*(oh), (@) =v*0). (3.39)

The conditions (3.38) and (3.39) can easily be satisfied by expanding the vectors w/i“

in a special basis. In the case of three dimensions, we choose the basis

1 1 0
1 1
e = 75 11, e= ﬁ —11, es=10]- (340)
0 0 1

S u(o™) Loy o +
Uho") = tgeglet 3 e+ 10 )e]. (3.41)
/ — U(U_) 1 2/ _— —
Vo) =~ sla 500 e o)) (3.42)
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The spikes are located at (X’)? = —2e¢~* = 0, which generates the condition

fle™)+g(c™)=0. (3.43)

As an example, take the spiky string solution in [31], we have

An —1)o* An —1)o~
Yi(o®) = | Acos((n—1)ot) | s ¢-(07) = | A(n—1)cos(c™) | ; (3.44)
Asin((n —1)o™) Aln — 1)sin(o™)
so that
u=\n—1)>% v=An-—1). (3.45)

Using the representation (3.41) and (3.42), we find

floT) = V2 cot %, glo™) = —v2cot 02—_. (3.46)

The condition (3.43) generates the locations of spikes
(n—1)o" —0o~ =2mm, (3.47)
which of course agrees with [31].

As we have understood that spikes in the string configuration are associated with
locations of solitons (singularities) in the scalar field solution. For the Liouville theory
a detailed study of the dynamics of singularities was given in [48]. They are deter-
mined by the equation (3.43) giving a description of the world lines of dynamical
particles. This interpretation is suggested by the time-like nature of the singularity
lines and the fact that each line is characterized by the initial data of and v;. Ex-

plicitly, if o;(7) is the equation of the j-th singularity line, then we have 0;(0) = a?,
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7;(0) = vj.

To summarize the discussion of [48], one starts with arbitrary functions f(o™)

with N4 singularities and g(o~) with Np singularities

foh =Y —9 gy =Y (3.48)

yj—ot’ zj—o0~

j=1 7=1

where ¢;,d;, y;, z; are constants. The number of singularities determined by (3.43) is
N = Na+ N — 1, which we denote by oi(7), where 7 is the variable parameterizing
the lines, and for convenience we assume that

o (0) = +0? 6F0)=14v;, i=1,2,---,N. (3.49)

(R (2

cj d; ,
Do) j =0, =12 ,N. (3.50)
Jj=

The constants c¢;, d;, y;, z; in this system must be determined from the initial data
of the Liouville field. Here, this can be seen directly. We differentiate (3.50) with

respect to T,

Na c Np d
ot L B P ——] 1=1,2,---,N. 3.51
D s A D 320

Setting now 7 = 0 in (3.50) and (3.51) and using (3.49), we obtain a system of
2N = 2(Na+ Np)—2 equations for determining the 2(N4+ Np) constants c;, d;, y;, ;.
The remaining two-parameter arbitrariness exactly coincides with the arbitrariness

of the restricted Bianchi transformation.
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To obtain the dynamical equations of motion whose solutions are to be these
singularities lines, we can differentiate further (3.51) with respect to 7. These really

are the equations of motion, since the constants c;,d;,y;,2; can be expressed in

accordance with (3.50) and (3.51) in terms of o}, 5,7, 0, ,; not only for 7 = 0 but
also at any time 7, in particular the time at which we consider the system equations

of motion.

Turning now to the string solution, it was given generally by (3.41, 3.42) with two
arbitrary functions f(o™1) and g(o~) and the functions u(c™) and v(o~) representing
the conformal frame. After fixing these, one can in principle integrate (3.41, 3.42)
to determine the string solution. A particular interesting class of these functions
are those with singularities described above. These singularities in field theory will
translate to spikes in string theory. To exemplify this connection, we will describe

the simplest cases with one and two singularities, i.e., one and two spikes.

In the case of one singularity, set N = Ngy = Np = 1 in (3.48), using the initial

data (3.49), we can solve for the constants

1‘|"U1 20’? 1—|—’U1

) = z
11—’111 4 1—’Ul+

C1 = —d (352)

1 .
1—’111

so that the trajectory of the singularity is

o1(1) = o) + v (3.53)
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By integrating (3.41) and (3.42), we get the string solution

1 1 v o1 1
X0 = (2(E)? et + —(67) 4 =25, (3.54
T (5O gt ) + o (567 gdieT), (359

1 _ u l~+3_l2~2~+ v l~—3_l2~—
X! = \/§d1?71<3(0 )= sdivte )+—\/§d1<3(0 ) - 5dia ) (3.55)
x? = g(5+)2+%(5—)2, (3.56)

where, for simplicity, u and v are chosen to be constants and the redefinitions

209 1 1
Gr=ogt - 20 _, + Ul, G- =0 — 2, 0= T (3.57)
1—v 1—v 1—v

We can generalize the above case to the ‘periodic’ case with the identity

e e}

x 2
Z = 3.58
cot 2 n:z—oo x+2mn’ (3:58)
and find
dUq ot _ dy o~
+y 9 st
fle™) = 5 cot 5 g(o™) 5 cot 5 (3.59)
After the integration, the string solution is found to be
2 d2~2
X0 = — dﬁ: ((5+ —sing ™) + 1Tvl(aJ’ + sin &+))
2 d3
—\dfl” ((5— —sing”) + (6 +sin a——)), (3.60)
2 d2~2
Xt = —O\Z/I;Z ((5+ —sing™) — 18 L(6T + sin 0+))
2 d3
- dlv ((5— —sing”) = (G +sin &—)), (3.61)
X? = wucosét +vcosd. (3.62)

It is interesting to notice the special case where

n=0 o1=1 d =2V2 (3.63)
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the string solution (3.60-3.62) reduces to the spiky strings in [31] with two spikes

(n = 2) if we identify

ot =——o04, o =——o0_, u =M\, v=\ (3.64)

3.3 AdS space dynamics

Here we focus on two simple examples where the energies can be explicitly evaluated.

First, for one soliton, we choose the parameters to be

u(z) =2, wv(z)=-2, c1(0)=-2¢0 = —ivy, (3.65)

where o1 = /(1 —v1)/(1+v1) and v; is the velocity of soliton on the worldsheet.!

This will correspond to the one-soliton solution of the sinh-Gordon equation
a=In [2 tanh® [ ——— (3.66)

In terms of the worldsheet coordinates 7 and o, the string solution is given by

T

6 ~
= (o—T)/1
2= elo—T)/t + e—(o+7)01 {6 cosh o
(o (L= @01 ((1 + 07) C‘fih o + 20y sinh o) } (3.67)
1—0
= (o—7) /11
Z2 - (0' T)/vl + e~ (o+7) vl € sinh o
_l_e—(O'—l-T 01 ( Z'Ul ((1 + 'Ull) Slnj]_ o+ 2'[}1 COSh 0-) } (368)
— 0]

!Notice, in general, the worldsheet time 7 is different from the global time ¢.
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The momenta densities are calculated as

VA VA

P = glm(z‘;zl), PI = glm(Zi*Zl), (3.69)
X ) ,
Py = ;/—;Im(ZSZz), Py = ;/—;Im(Zz*Zz), (3.70)

where A is the coupling constant. One can explicitly check P/ and Pg vanish asymp-
totically at ¢ = 00 as long as the string solution is regular. That is, in the singular
case when v; = 0, we found nonvanishing momentum flow with 7 dependence at the

boundary of the string [36].

By the current conservation 0,P[, — 0,P7, = 0, we can calculate the energy and
angular momentum at any convenient 7. For instance, the energy and momentum

densities at 7 = 0 are simplified to be

VA
277-(60—/{}1 _I_ 6—0’171 )2
. VA

- 20’/{} . 2 —2,
Py = 2%(@0/51 + 6—061)2 {6 lsinh“o + e (

cosh o + €] * sinh 0)2}’ (3.71)

U1

Pl = {62"/ U cosh? o 4 e7270 (

sinho + e cosha)2}’ (3.72)

U1

where €; = (1 —v?)7Y2 is the energy of the soliton. Introduce a cutoff A for the o

integration, up to the subleading term, the energy and angular momentum are

A VA 1
E — T A 2A A 73
/_Aptda o [4(1+e;1)6 * } (3.73)

A VA 1
S = Pido ~ ~— | ————e** — A|. 3.74
/—A ™ [4(1—|—€1_1)6 } (3.74)

Therefore, the difference between £ and S can be calculated as

VA (% cosh[260] VAT, 8rS
E=5=o- ————— do~—|ln—+In(1+¢")— €' 3.75
5 21 J_p 1+ cosh[2¢0] do 27 [n VA +In(l+e7) —€ (3.75)

Measuring the energy from the infinite GKP string, the dispersion relation can be
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written as

\/X 1. 1+¢€t
E—-S—E —[—1 1 —1} 3.76
S=ht oy (3.76)

with the excitation energy

VAT, 14¢!
Egnele) =B~ S —Ey = or [5 In 1 61_1 - 61_1} (3.77)
1

The inverse power in the soliton energy shows a similarity with the case of giant
magnons on R X S? [18] where the excitation energy of the string (and the giant
magnon) is equal to the inverse of the sine-Gordon soliton energy.? Here in the AdS
case we find extra logarithmic terms pointing to a more complicated dynamical system

governing the spike dynamics in AdS as compared with R x S2.

Our next explicit example is for two solitons, where the parameters are chosen to

be

G+ G
G -G’

c2(0) = 2(2%, G = —%61, G = %@51, (3.78)

01(0) =21

where 019 = \/(1 —v12)/(1 +v12) and v are the magnitudes of the velocities of
the two solitons moving towards each other. The exact expressions for the momenta

densities are lengthy to write them down, but the leading terms at 7 = 0 are

VATL /1 — 07\ 2 1 /1 — D9\ 2 1
oo LREEY e R ) e
t o li\13 5,/ ¢ Ta\i5 g, *3 (3.79)
VATL 1= 01N\2 5, 1/l —99\2 1
o : o = —20 _ _ 3.80
P w[4<1+@1)6 +4<1+@2)€ 2} (3.80)

In the special case where vy = vy = v, the dispersion relation is

VAT 818 14+et
-z ] — 2t 4. 81
QW[IH\/X_I_nl—e—l €+ (3.81)

2There one uses a time-like gauge t = 7.

E-S
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For different velocities, using the symmetric p regularization, we obtain the result

E_ s \/X[I@ 1, 14+t 1, 1460

:g ‘l——ln ln

Il\/X 5 ?4'5 ?—61 —62_1. (382)
1 2

Following the definition of spike energy (3.77), the excitation energy of the two-spike

solution is given by the sum of two individual spike energies
Es2piko(€1> 62) = E;pikc(el) + E;piko(€2)‘ (383)
In the center of mass frame vy = vy = v, the energy is E ;. (€) = 2E] ;. (€).

In general the sinh-Gordon singularities behave as particles and follow interacting
particle trajectories. Through our explicit transformations this dynamics translates
into the spike dynamics of the AdSs3 string. Concretely, given the trajectories of N
solitons z;(t),i = 1,2,--- , N, we can in principle by direct substitution (2.122, 2.123)

with o;(7) construct the trajectories of N spikes by
Z{(T) = Zl(7-> Ui(T))> Zé(T) = 22(7-7 Ui(T))> (384)

where 7 acts like the proper time. We therefore have a mapping where on the left
hand side the index ¢ labels the string spikes while on the right side it denotes the
solitons/singularities. This construction is straightforward in principle, with the map

provided by the known wavefunctions of the scattering problem.

Some general features of the dynamics that emerge from the construction can be
deduced. First of all the N-body field theory dynamics being integrable it is automatic
that the corresponding string theory system defined by our inverse scattering map
is also integrable. The soliton N-body interactions have the characteristic that they

are of Calogero type (as compared to the Toda, nearest neighbor interactions). It
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is not obvious, and remains to be established which of these two possible integrable
schemes are associated with the spike dynamics of closed AdS strings. Here we also
have the analogy and lessons from the recent study of N-body description of magnons
on R x S%. In the magnon case the map between the soliton dynamical system and
the “string” system was established in [49]. It involves the multi-Hamiltonian and
multi-Poisson structures of the integrable N-body Ruijsenaars-Schneider system [50].
Our present construction implies that such a correspondence is also expected to hold

in the AdS case.

3.4 Spikes and Singletons

A group theoretic description of the spikes was given by Sundell et. al. [51] in terms
of singletons. Singletons are ultra-short unitary irreducible representations (UIR) of
so(2,d) whose weights form single lines in weight space. This phenomena was first
discovered by Dirac [52] in the case of the scalar and spinor singletons in d = 3.
Since SO(2,3) can be realized as the group of the isometries of AdS,, singletons play
a key role in the study of AdS physics. Singletons also play an important role in
higher-spin gauge theory, where the presently known full higher-spin field equations,
due to Vasiliev, are based on gauging higher-spin algebras given by subalgebras of
the enveloping algebra of so(2,d) obtained by factoring out ideals given by singleton

annihilators.

The main characteristic of singletonic particles is that they are unobservable in the
bulk of AdS and, as isolated objects, they can only be observed on the boundary. They
can be naturally described by a conformal particle on the zero radius limit of AdS,

known as Dirac’s hypercone, leading to an sp(2)-gauged sigma model. However, their
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composites are indeed observable in the bulk, since they are the ordinary massless and
massive particles in AdS. In fact, a fundamental result for quantum field theory in
AdS space is the compositeness theorem by Flato and Fronsdal [53] that the product
of two (scalar or spinor) singleton representations decomposes into an infinite sum
over all possible massless representations. This result can be interpreted by saying

that any massless particle in AdS is a composite object made of two singletons.

Writing the generators of the SO(2, 3) group as L,s, an UIR of so(2, 3) is denoted
by D(Ey, s) where Ej is the lowest energy eigenvalue of Lg; and s is the spin eigenvalue
of Lis. (The elements Lgs, L2 generate a compact Cartan subalgebra.) Massless
particles in AdS space are composite: Each state of a massless particle, with arbitrary
spin, may be regarded as a state of two Dirac singletons. The two positive energy

Dirac singletons are called Di and Rac
Di = D(1,1/2), Rac = D(1/2,0). (3.85)
The spectrum of the Cartan subalgebra is given by

35
— = 3.86
5 (3560

. J=0,1,2,... (3.87)

Here J is the total angular momentum defined by L%, + L3; + L3, = J(J + 1). The

dimension of each Lgs-eigenspace is precisely 2.J + 1.

Massless particles are associated with the family D(s+ 1, s) and D(2,0). In these
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representations, the spectra of the Cartan subalgebra are given by

D(s+1,s): E=J+1,J+2,... s>0, (3.88)
D(1,0) : E=J+1,J+3,.. (3.89)
D(2,0) : E=J+2J+4,.. (3.90)

and J = s,s+1, ... in every case. All these representations are unitary and irreducible.

The singletons have the following wonderful properties

Di®Di = ®uia.D(s+1,s)® D(2,0) (3.91)
Di® Rac = @os13..D(s+1,s) (3.92)
Rac ® Rac = @s-012.D(s+1,s) (3.93)

which can be naively proven by calculating the characters.

3.4.1 The Rac and composites

The Rac is the unitary, irreducible representation D(1/2,0). The anti-Rac or Rac is
the corresponding negative-energy representation D(—1/2,0). These representations

are related to the “massless” representations D(s + 1, s) by the formulas

Rac® Rac = @,D(s+1,s), (3.94)

Rac ® Rac = @,D(—s—1,5). (3.95)

The Rac particle is a particle on the cone u? = u2 + u2 — @* = 0, it satisfies the

equations

02 = g7 a0 = 0, (u*0y + %)gb = 0. (3.96)
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Parametrizing the cone as
ug = Usint, wus=Ucost, u=Uu, (3.97)

and use the ansatz ¢(u) = U~Y2¢(t, ), we find the equation of motion in three

dimensional subspace

(02 + L + i)gb(t, ) = 0. (3.98)

This equation can be obtained by variation of the invariant action
A= /SS dtdﬂ% [qsf . Sm%egb; - igzﬂ . (3.99)
The positive energy, stationary solution is
i (t, 1) = (21 + 1)V 272y, (1) (3.100)
where Y}, (@) are the spherical harmonics.

Naively, the 2-Rac field ®(u,v) is a bi-local scalar field satisfying the system of
equations

1
(u-@u—l—%)éz(v-&,—l—i)ézo,

020 = 9°® = 0. (3.101)

A close examination shows adding one more constraint 9, - 0,® = 0 will get rid of
the mixed eigenstates of energy and angular momentum in Rac @& Rac. Therefore,

the 2-Rac field carrying the unitary representation (Rac @ Rac) ® (Rac ® Rac) must
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satisfy the following set of equations

(u-aﬁ%)@: (v-&,—l—%)ézo,
02P = 920 = 0, - 0,® = 0. (3.102)

3.4.2 Two singletons equals massless higher spin particles

To describe a particle in AdS with spin, one can use a two-particle system corre-
sponding to the two-Rac’s. This model possesses two gauge symmetries expressing
strong conservation of the phase-space counterparts of the second- and fourth-order

Casimir operators for so(2,3). We have the generators
JAB = YADE — YBDA + 24DB — ZBD:- (3.103)

where y4 and 24 represent two separate objects and A, B = 0, 1,2, 3, 5 with the metric
nap = diag(—, +,+, +, —). The second- and fourth-order Casimir operators are given

by

o = %JABJAB =y’ — (y-py)? + 2°p7 — (2-p.)?
+2(y - 2)(py - p2) — 2(y - p:) (2 - py), (3.104)
0 = ZJABJ B JCpJPA — —( JABJAB)2
=+ (p2(2py)* + P (2p:)° — 2(pyp:) (2py)
2(p2(ypy)* + vy (yp=)? — 2(pyp=) (ypy) (yp-)
+y2 22 ((pyp2)* — Pyp2) + (y2)* (w3 — (pyp-)?)
—(yp:)*(2py)* — (ypy)*(2p:)" + 2(ypy) (yp-) (2py) (2p-)
+2(pyp=)(ypy) (y2) (2p2) + 2(pyp=) (yp2) (y2) (2py)

—2p5 (yp-) (y2) (2p=) — 203 (ypy) (y2) (2Dy). (3.105)
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They are constrained to

M+ E+s* = 0, (3.106)

Oy + E252 = 0. (3.107)

A solution to the constraints leads to

y-py = —Eo, (3.108)
y-p. = 0, (3.109)
p: = 0, (3.110)
zZ-p, = S, (3.111)
p, = 0, (3.112)
py-p. = 0. (3.113)

The massless case corresponds to Ey = s+ 1. These constraints will be seen to agree
with Fronsdal’s covariant formulation of higher-spin theory that will be explored in

the next chapter.

3.5 Summary

In this middle chapter we have presented a heuristic discussion of various aspects of
the spiky string configuration moduli space. We have mainly concentrated on the
simplest n = 2 (two-body) case describing its Hamiltonian dynamics and also a pos-
sible group theoretic interpretation in terms of “singletons” of Dirac and Fronsdal.
Through this insight one is led to an emerging higher-spin picture that bound single-

tons (or spikes) dynamically generate massless, higher spin degrees of freedom in AdS



68

spacetime. This picture is only heuristic, it is based on the compositeness argument
of Flato and Fronsdal where a direct product of two simple (Rac) representations
generates an infinite sequence of states with growing spins. What is lacking in this
picture is a dynamical mechanism for the formation of bound states. Such dynamical
mechanism will be provided by the large N collective field theory framework intro-
duced in the 80’s for systematically representing field theories with large (N — o0)
degrees of freedom. It will be seen that for a many body problem of large number
of spikes, or a large number of scalar fields, a collective picture results in generation
of a curved AdS spacetime (with one extra dimension) and of the interacting Higher

Spin Gravity.



Chapter 4

Higher Spin Anti-de Sitter Gravity

The second part of the Dissertation describes work on reconstructing gravity and
spacetime from the partonic sub-structure. We will first give a review of the higher
spin gauge theory. The Lagrangian description of free higher-spin fields was found
by Fronsdal. The gauge invariance of the free equation of motion can be shown by
requiring the tensor fields to be symmetric and double traceless. The cubic interaction
was proposed by Fradkin and Vasiliev following by writing the higher-spin fields using
the spinor notation and following the MacDowell-Mansuri action of Einstein gravity.
Extension to the full nonlinear level is a highly nontrival problem. However, the
full set of nonlinear equations of motion was later found by Vasiliev. By taking the

Vasiliev’s equations to linear order, we recover Fronsdal’s free equation of motion.

69
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4.1 Fronsdal’s free higher-spin gravity

The theory of free massless fields of all spins is now developed in full detail. Note
that in d = 3 + 1 flat spacetime, the physical fields of spin s < 2 are part of the
family of the symmetric tensors. Their well know equations of motion and gauge
transformations are reproduced below in a form suitable for the generalization to the

case of higher spin fields

e s =0: ¢(x)-scalar fields, 9,0"¢ = 9*¢ = 0, matter field, no gauge symmetry;
o s =1: A,(x)-Maxwell field, 0" F,,, = 9?4, — 0,0,A* =0, 6A, = 0,&(x);

o s =2 g, (z)-graviton, R, =0, 0G4 = Du &y + D€y, where D), =
9y + T, is the covariant derivative and Ly, = (9,01 — Ougup — Ougpp) is the

Christoffel connection.

Except for the scalar fields, all other massless fields are gauge fields. So it is natural
to assume that all massless higher spin fields are gauge fields. In the case of AdS

space, the partial derivative 0 is replaced by the covariant derivative 3.

The higher spin field with spin s is described using the symmetric tensor field
of rank s: h,, ... The quadratic actions ng) for free higher-spin fields can be fixed
unambiguously (up to an overall factor) by the requirement of gauge invariance under
the transformations 0h,,...,, = Vv, €1,..0,,} With the parameterse,, ., , being traceless

e’ = 0. The final result is [54]

pU3..Vs_1

58 = [ VR[50 (@) - () = 55(v ) (1)
1

(s = D7) (7 ) = 75(s — Vg™ (7,h) - (7H)
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—%s(s ~1)(s = 2T H) (7 )~ B2~ 25~ D
—I—is(s— 1)(s2 = 3) - 1], (4.1)

where p is the curvature parameter of the AdS space, h’ is the single trace of h and
the double trace h” vanishes identically. The gauge invariant free equation of motion

can be deduced from the quadratic action and we get

Dh—ZV(V-h)—I—%ZVZVh'—I—(sz—25—2)ph
1 1 1

FY v T h 0K~ Y ()~ (- 3] =0, (42)

2 1

where [ is the covariant d’Alembertian. The sums are over all unequal orderings of
the indices; thus ) |, contains s terms and ) _, contains %s(s —1) terms, since h and g
are symmetric. A more digestable form of the free equation of motion can be written

as [b]

1
VoV Mg — 8o Ty s + 55(5 — 1) Vs Vs B s s

+2(s —1)(s+d—3)hy..u, =0. (4.3)

4.1.1 Covariant gauge

In covariant formulation, the gauge conditions are

gﬂuhuyw — 0’ g,uz/ v“ hu =0. (44)
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Using the embedding coordinates y*y, = y3 —y7 — y5 — y3 +y2 = 1/p, the new tensor

fields k... are related to hy... by

b () =y, ko (y(z)), (4.5)

where y % = Jy®/0z*. In order to guarantee the same degrees of freedom, the tensor

fields k£ must satisfy the transversality and homogeneity conditions
yYkq... =0, k(Ay) = \WE(y). (4.6)
Furthermore, the gauge condition (4.4) can be written neatly as

0°ky.. = 0. (4.7)

Now we can reformulate the results using h in terms of k. The double traceless
condition h” = 0 directly translates to &/ = 0. The degree of homogeneity of k is
fixed by (4.6) so that

(N =Nk =0, (4.8)

where N =y - 9, = 34(8/dy,). This condition is consistent with the wave equation.

In the case of s = 0, the only non-vanishing Casimir operator is

1 (e}
Q= 5L Lag, (4.9)

where L,g is the symmetry generators of the SO(2,3) group. The wave equation

reads

(@ —(Q))k =0, (4.10)
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where (@) is the value of ) in D(Ep,0)
(@) = Eo(Ep — 3). (4.11)
Then the wave equation (4.10) takes the explicit form
(N + Eo)(N — Eq + 3) — 9%k = 0. (4.12)
In the general case s # 0, it is not enough to fix the values of ) and N. If E,

is large enough, then the representation D(Ey, s) is carried by the subspace of fields

that satisfy

(Q— (Q))k =0, (N = N)k =0, (4.13)
k=0, y-k=0, K =0, (4.14)
where

The other Casimir operators are fixed by these equations and need not to be consid-

ered separately.

In order to describe all integer spins, we introduce another set of variables z,

(o =0,1,2,3,5) and let K(y, z) denote the formal series

K(y,z) = Z 2% 2%k 0l (Y). (4.16)

The complete set of wave equations and subsidiary conditions for all integer spins can
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now be re-expressed in terms of the field K

y-k=0 < y-0,K =0 (transversality), (4.17)
0-k=0 <= 0,-0.K =0 (gauge conditions), (4.18)
=0 <= 0°’K =0 (tracelessness). (4.19)

The Casimir operator (Q)) — @) takes the form
Q) — QK = [y°0} +2y - 20, 0. + 2°0? + (A — N = 2)(h + N + 1)] K,  (4.20)

where 7 = z - 0,. Therefore, the representation @;[D(s + 1,s) & D(—s — 1,s)] is

realized on the space of solutions of

(@ -QK=0, (A+N+1)K =0,
9,0, K =0, y-0.K =0, O?K =0 (4.21)

modulo the space of gauge solutions.

4.1.2 The intertwining map

We shall construct an operator F': K — & that intertwines between the representa-
tion (Rac @ Rac) ® (Rac ® Rac), realized on bi-local fields satisfying (3.102), and the
representation @;[D(s+1,s)@ D(—s—1,s)], realized on a formal series that satisfies

(4.21). Specifically, the map is given by

O(u,v) = (FK)(y, ) (4.22)
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where y = u + v, z = u — v and the kernel is

F=> (407 (z-09)* /(R + 1) (A +2) - (R + k). (4.23)

It is easy to show that
(y-Oy+2-0,+1)K=0= (u-0y+v-0,+1)0=0. (4.24)
Furthermore, by using the identity Fz,y -0, = (u — v)o(u - Oy — v - 0,)F, one finds
y-0.K=0=(u-0,—v-0,)®=0, (4.25)
From (4.24, 4.25), we have
(u-@u—l—%)é = (v-@v—l—%)é =0. (4.26)
The equation of motion, gauge condition and the traceless condition
RK =0, 0.K =9°K =0, (4.27)

together translates into

02P = 8, - 9, = 0P = 0, (4.28)

using the mapping (4.22). In summary, one can show the correspondence

{(ﬁf;f(l):f(ozo}‘:’{((Z:g:i;i:é)}, (4.29)

{ Q- (@)K =0 }{:){8%:83@:0}

4,
2K =0, 0.K =0 Dy 0, =0 (4:30)



76

This finishes the proof of two singletons generate the massless higher spin fields, at

the free level.

4.2 The interaction problem

We have seen that free massless fields of higher spin are gauge fields. In order to
preserve gauge invariance, we need to formulate the dynamics of higher spin fields on
the AdS background in a form which is convenient for finding the symmetry of the
higher spins [56]. In the case of four dimensions, it is convenient to use the formalism
of two-component spinors (see appendix B for the conventions). Lower or upper
indices denoted by a single letter are understood to correspond to symmetrization.
B(m)

Instead of writing Ag,..q,, we shall write A, ). For example, the quantity Ba(n)

denotes the multi-spinor

1
W{Balmanﬁl“ﬂm—l—(n!—l) permutations of a+(m!—1) permutations of 5}. (4.31)

4.2.1 Linearized curvature for physical fields

In general, the Lorentz-covariant curvatures linearized on an AdS background for the

systems of fields corresponding to spin s have the form

L _ L . . ) ) ¥ _
R o iomy = Pr9am) som A M659, 1) s T o s =17 1,
(4.32)
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where A is the inverse of the AdS radius and the spin s is related to the indices by

n+m = 2(s—1), DL is the Lorentz-covariant derivative for the background connection

DEw

7 5
v “pa(n),B(m) +muw, gsw (4.33)

= D a(n) f(m) T MWvarw a(n) B(m—1) °

ﬁ/ .
/vaa(n_l) 76(m)
The gauge transformation corresponding to the curvature (4.32) has the form

L . L ) § . y
5 wy7a(n)76(m) - Dy ga(n)vﬁ(m) _I_ )\(nhl/a(; H7a(n_1)76(m) _I_ mh/l,\/ﬁg 7O[(n) 76'(m_1))- (434)

The action for a free massless field of spin s on the AdS background is

5(2) _ ,y_s Z'n—i-m—i-l
s 2 nlm)!

n,m

d(n+m—2(s—1))e(n —m) /d4zve”“p”RL

) L a(n),8(m)
vpa(n) fm) Fooo )

(4.35)
where 7° is some normalization coefficient and e(n — m) picks up the sign of n — m.

This form of the action follows closely the MacDowell-Mansuri action of Einstein

gravity [85] (see appendix B for more details).

An important property of this quadratic action is that its variation with respect
to w(n, m) with |n — m| > 2 vanishes identically due to the Bianchi identities

vupo L pL ) _ __\ Vupo - pL ) 5 pL ¥
€ DP Rup,a(n)ﬂ(m) = —Ae (nhﬁa5Ruu,a(n—1),6(m) +mhﬁ“/5Ry,u,a(n) ,B(m—l))' (436)

This means the action contains only fields w(n, m) with |[n — m| < 2. In the bosonic
case, these fields are w(s—2, s),w(s,s—2),w(s—1,s—1). The corresponding equations
of motion read

¢oh R ' = 0, (4.37)

pad vp,a(s—1),8(s—2)

vupo . plL Y —
e hﬁ“/ﬁRup,a(s—2) B(s—1) 0’ (438)
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vppo . pL 5 pL v -
€ [hPQ5RVp,a(s—2),B(s—l) hﬁ“{ﬁRy‘u,a(s_l) 75'(5_2)] = 0. (439)
The first two equations are equivalent to the equation
L _
RV,u,a(s—l),B(s—l) - 0’ (440)

which is analogous to the equation of zero curvature in gravitation. The fields w(s, s —
2) and w(s—2, s) are the analogs of the Lorentz connection and the field w(s—1,s—1)
is the analog of the tetrad. Similar to what occurs in gravitation for the Lorentz
connection, the fields w(s,s — 2) and w(s — 2, s) are auxiliary fields up to a purely
gauge piece, which corresponds to the parameters £(s+1,s—3) and £(s—3,s+1) and
drops out of the equations of motion, can be expressed in terms of the first derivatives
of the dynamical fields w(s — 1, s — 1) by solving (4.37, 4.38) or equivalently (4.40).
Plugging into (4.39), one obtains a second-order equation for the dynamical field

w(s — 1,8 — 1) which describes a massless field of spin s.

When the interaction is switched on “naively” the variation of the action with
respect to the “extra” fields w(n, m) with |n — m| > 2 is nonzero, so the extra fields
correspond to essentially nonlinear equations. It is desirable that the extra fields
somehow can be expressed in terms of the physical fields already at the linearized
level. This can be done by requiring that the fields w(n,m) satisfy the following

system of motions

Ryoimpomy = 0 n>0m>0n+m=2s-1) (441)
vppo pL ) a
€ Ru,u,a(2s—2),6(0)hp 8 0> (442)
vupo L 8 _
et Ruu,a(o),6(2s—2)hﬁa = 0. (443)

It can be shown that these equations contain the equations for the physical fields
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and express all the extra fields in terms of the physical fields without imposing any
additional constraints on the latter. At the linearized level the role of (4.42-4.43) can

be replaced by the equations

vupo pL ) a
€ Ruu,a(n),ﬁ(m)hp 8 07 m=>n > 1, (444)
vupo L ) 8 _

€ Ruu,a(n),ﬁ(m)hpa - 07 n>m 2> 1 (445)

The solution leads to recurrence relations which express successively all “extra fields”
in terms of the dynamical fields [56]. A consequence of this mechanism is that higher-
spin interactions for the dynamical fields contain higher derivatives. The same mecha-

nism leads to the non-analyticity of the interaction terms in the cosmological constant.

4.2.2 Linearized curvature for auxiliary fields

Consistent linearized curvatures describing auxiliary fields were constructed in [57],
which contain systems of auxiliary fields a,, ..,y gom) With n >0, m >0, n —m =k
where k = 0, £1, +2... is an arbitrary fixed integer
. _pL s , v b , , _
A, fm) = DvGamy sy =IN35 T30, 60 1) om—1) = (< 1)
(4.46)

where DL is the background Lorentz covariant derivative

L ) — , v o s
Dy @y am) fm) = Ovyamy pm) T MW0r0v@, 0 1) iy T D350 am) -y - (4AT)

Linearized (abelian) gauge transformations read

AL _ : , vy b . .
5au,a(n),6(m) - Dz/ na(n),ﬁ(m) - Z)\h'mféna(n) B(m) + Z)\nmhuaﬁna(n—l),ﬁ(m—l)‘ (448)
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The curvatures (4.46) are consistent in the sense that they are invariant under the

gauge transformation (4.48). In addition, they satisfy the Bianchi identities

"P” DR A

‘\ VHpO )
i pa,a(n),ﬁ(m) - Z)\E a4 [h A K _nmh .Apcr,a(n—l),ﬁ.(m—l)]‘ (449)

“«/5 po,a(n) 7ﬁ(m) o

The gauge invariant action takes the form

. (e e}

7 1
— —)
2\ nlm!

n,m=0

Suv - Apcr a(n),ﬁ(m)_l_hc

(n—m—u+v)9(u+v—n—m)/d4a:e”“””AW7a(n)7B(m)
(4.50)
One can see that the action really contains only the fields a(u,v), a(u + 1,v + 1)

and their conjugates b(v,u), b(v + 1,u + 1). The equations of motion for a(u,v) and

a(u+1,v+ 1) are

vpupo Y ) J—
TN s =0, (4.51)
EVHPUAVp,a(u),B(v)h'paﬁ. 0 (452)

For arbitrary integer u > 0, v > 0, the action describes the systems of auxiliary fields,
i.e. that the number of independent functions of three spatial coordinates is reduced
to zero after imposing of full gauge invariance. In order to have a closed system of
equations for the whole set of fields a(n,m) with n > 0, m > 0, n — m = k for any

fixed k, one can impose the following constraints

EVHPUAVM,Q(H),B(m)h'pQB - 0 (453)

We suppose now that the constraints (4.53) are imposed simultaneously with the
dynamic equations (4.51, 4.52) for u = k,v = 0 or u = 0,v = —k. It is clear that for

k # 0 all fields a(n, m) with n —m = k will be auxiliary. Indeed, (4.52) is contained
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among (4.53) and provides no new information. As for (4.51), one can show by virtue

of the Bianchi identity (4.49) that the following equations must be satisfied

Ay o) fom) 0, n>0m>0n—m=k#0, (4.54)
EVHPUAuu,a(k),B(O)hpaB 07 k> 07 (455)
EVHPUAVM,Q(O),B(—k)hpaB 07 k< 07 (456)

which reminds us (4.41-4.43). This is seen most easily by induction. At the linearized
level, for some n = ny > 0, m = my > 0, the roles of last two equations (4.55-4.56)
can be played by

e"HPTh, paBA

= 0, (4.57)

visa(n),B(m)

Y

paf3

0, (4.58)

visa(n),B(m)

which is similar to (4.44-4.45).

4.2.3 The complete description

A complete description of the linearized equations of motion (4.41-4.43) should include
two auxiliary fields C' and C' (which are conjugate to each other) [58]

pr,a(n)ﬂ(m) = 5(m)h;{6huﬁ{ﬁca(n)“/(2) + 5(n)h1/~/5h;:{5€6(m)5(2)‘ (459)

The fields w are assumed to obey the hermiticity conditions (w, 4. B(m))T = Wy,B(m),&(n)-
These gauge fields are assumed to be (anti-) commuting if the number of spinor in-

dices n 4+ m is (odd) even. It follows from the consistency conditions that C' and C
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obey the restrictions

TR h JIDEC oy = O, (4.60)
EVHPUhVa 5h“a5D£Oﬁ(m)5(2) - 0 (461)
It is not difficult to make sure the above two equations are equivalent to
L _
Dp Ca(n),ﬁ(m — 'lh C aln)y, ﬁ(m)é + anhpaﬁca(n 1) ﬁ(m 1 = 0, (462)

Any spin s is described by the fields w(n,m) with n +m = 2(s — 1) when s > 1,
C(n,m) with n — m = 2s and C(n, m) with m —n = 2s. Physical spin-s fields are
identified with the 1-forms w(n,m) at |[n —m| < 1 when s > 1 or with C'(2s,0) and
C(0,2s) when s < 1. All other fields belonging to the chains above can be expressed
algebraically in terms of the physical fields and their derivatives by means of the

equations (4.59,4.62,4.63).

Let us now demonstrate that free equations of motion for the auxiliary fields
Ay o(n),f(m) CaN be dealt with in a quite similar fashion. Linearized curvatures for
these fields satisfy the equation

AL sy = 0(m)0(n —2)h,, sh, Da(n_2)+5(n)9(m 2)h h Eﬁ(m 9y (4.64)

V“va(n)vﬁ(m) vad y'\/ﬁ

Here D(n—2,0) and E(0, m —2) are “auxiliary Weyl O-forms” which can be viewed as
some new independent variables analogous to the higher-spin Weyl 0-forms introduced

previously. Quite similar to the case of massless fields, one can make sure that (4.64)
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leads to the following chains of consistency conditions

S+mh D 7 = 0, (4.65)

L . .
DP Da(n)ﬂ(m) + nhpaép P8 a(n) ,B(m—1)

a(n—1),5(m)

L $ -
Dp Ea(n),ﬁ(m) + nhpqSEa +mh = 0. (466)

. . v
(n—1),8(m) mﬁEa(n) ,B(m—1)

Note that these two equations contain no additional dynamic conditions and merely

express all 0-forms D(n, m) and E(n,m) in terms of D(k,0) and E(0,1).

Next we observe the structure of the equations and find that both 1-forms (w, a)
and Wyel O-forms (C, C, D, E) belong to the adjoint representation of some Lie super-

algebra shsa(1) incorporating both the massless fields and the auxiliary fields. This

B

infinite-dimensional superalgebra gives rise to the set of gauge fields wVA a(n) B(m)

with the indices A, B taking values 0 or 1. The curvatures of shsa(1) read

1
AB o AB . 1 o
R, ey pmy = (8%, a(m),bm) T 3 > o(n—p—q)
p,q,8,k,1,t,CD,F,G

x8(m —k — D6(JA+ C + F|2)8(|B + D + Gls)

Im!
stt—17 1\ F(p+s)+G(k+t) &
xi* T (=1) plqls!klle!

cD FG  ~(s) b)) _
X9y () 800 ale) H0) ) (v p), (4.67)

where |n|y = 0 for n = 2k and |n|; = 1 for n = 2k + 1. The fields w4 (n,m)
with A = 0, 1 are identified with the massless fields, while the fields w?(n, m) with
A+ B = 1 are auxiliary fields. This identification is due to the fact that, after
linearization, the curvature (4.67) leads to (4.59) when A = B and (4.64) when
A+ B = 1. All the Weyl 0-forms introduced above will be assumed to belong to the

adjoint representation of shsa(1) which is described by the quantities C42 a(n) B(m)°

One can now rewrite all the linearized equations for massless and auxiliary fields
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in the following uniform way

R AP L sy T ()| A+ Bly)CHHHEE o(0) 32 oy Oh 20
+m8(m)S(|A+ BR)C M s
—mo(n)m(m — 1)6(JA + B + 1|3 )CBE;(O ) Bme 2)hw6h;:/5’
—id(m)n(n — 1)0(|A + B + 1|,)C44 a(n-2) 30y wasua” =0, (4.68)
DO oy = O (4.69)

where DL includes three terms: the covariant derivative DX plus two background

terms.

4.2.4 The cubic interaction

An extension of the quadratic action (4.35), which will describe the interactions of
massless higher spin fields, does exist at least in the first nontrivial order [59, 60].

The corresponding curvature and infinitesimal gauge transformations with parameter

€ are
Bypompm = O fim) — Ouam) bim)
° 11
jott—1__ o o
DY stk P @)olm =k =1)
p,q,8,k,l,t=0
X)\1—1—%(|n—m|—|P+S—k—t|—|q+s—l—t|)
x6(|(p+ k) g+ D+ (p+k)(s+t)+ (g+D(s+1t)+1]y)
o NERET0
o) BRSO ate) O (4.70)
0wy a(m) bm) = Ov o) fm)
I |
B LU VS A
+ Z stk P @)olm =k =1)
0,q,8,k,l,t=0

L (In—m|—|p+s—k—t|—|q+s—I—
w A3 (In—ml—|p+s—k—t|—|g+s—I—t])
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x6(|(p+ k) g+ D+ (p+k)(s+t)+ (g+D(s+1t)+ 1)

IO 0
Woa(p)r(). 550 agg)  Ba) (4.71)

where we use the notation d(n) = 1 for n = 0, zero otherwise; 8(n) = 1 for n > 0,

zero otherwise. The proposal for the action is

N1 1 —|n—-m 14 Lo} an 3 m
S == Z it HWﬁ(n—l—m)e(n—m))\ | |/d4zve - R, o) pmy R, (n),B(m)
n+m>0
(4.72)
where ([2(s — 1)] is a normalization coefficient for the free action of spin s. This
action is a generalization of the MacDowell-Mansouri action for a (super) gravity with

a cosmological term. The part of the action which depends on only the gravitational

fields w(n, m) with n + m = 2 is the same as the action of the pure gravity.

As we mentioned before, an important property of the action is that in the
quadratic approximation its variation over all the “extra” fields w(n, m) with [n—m/| >
2 vanishes identically. As a result, the free higher spins are described exclusively by
“dynamic” w(n,m) with |n —m| < 2. When the interaction is turned on, however,
the variation of the action in terms of the extra fields is nonzero, so that it cannot
be interpreted in a reasonable way if the extra fields are assumed to be independent
dynamic variables. A way out of this difficulty is to express all the extra fields from
the outset in terms of dynamical fields by means of certain constraints. Constraints
making this possible at a linearized level are (4.44-4.45). Remarkably, even the lin-
earized constraints are sufficient to prove the invariance of the action (4.72) in the
cubic approximation. The extra fields appear only in nonlinear combinations of the
type Rlww, so that it is sufficient to know their linearized expressions in the cubic ap-
proximation. In summary, the action (4.72) supplemented by constraints (4.44-4.45),
gives a non-contradictory description of the dynamics of all massless fields with higher

spins in the cubic approximation.
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4.3 Vasiliev’s full nonlinear theory

The extension of the cubic action to the full nonlinear level is highly nontrivial.
However, the full nonlinear set of equations of motion was found by Vasiliev [61]. To
describe on-shell higher-spin dynamics in d = 3 + 1, we introduce the following set of

generating functions

W = da*W,(zly,y, 2, 2), (4.73)
S = dz*Sa(zly, 9,2, 2) + dz*Ss(xly, ¥, 2, 2), (4.74)
B = B(zly,y,2,2), (4.75)

where Y = (Yo, Ua) and Z = (24, Z4) are two independent sets of auxiliary spinor
variables and = denotes the spacetime coordinates. The Vasiliev’s equation for higher-

spin fields are

AW =W * W, (4.76)
dB =W % B — BxW, (4.77)
dS =W S —S«W, (4.78)

S xS = —i{dz,dz*[1 + F(B) * k| + dZsdz*[1 + F(B) * &}, (4.79)

S«B=DBxS, (4.80)
where the operator d = dx”(0/0x") and the star-product is defined as
fY,2)xg(Y,2) = / AU ANV v 8 f(y L U Z + U)g(Y +V, Z — V), (4.81)

where U = (uq, Us) and V = (v,, U4) are the integration variables.
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The operators k and k takes the form

k= kexp(i(z,v)), k= kexp(i(z,7)). (4.82)

By definition, the Klein operators k and k anticommute with all undotted and dotted

spinors, respectively,

In addition, it is required that

P =k=1 I[kk =0, [kdz"]=Ikdz"]=0. (4.85)

The equations (4.76-4.80) are explicitly invariant under the gauge transformations

W =de —W sxe+exW, (4.86)
dB=¢x B — Bxe, (4.87)
0S=e€exS— Sxe. (4.88)

The field variables W, B, S are assumed to obey the (anti)hermiticity (reality) condi-

tions

wh=—w, B' =B, St=_9, (4.89)

defined by the relations

(za)T = —Za, (dza)T = dzg, (ya)T = U4, (d:vl,)T =dz,, k'=kF. (4.90)
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To complete the explanation of the Vasiliev’s equations, F(B) and F(B) are

arbitrary functions of the form

F(B):Z(]aan*...*B, F(B):Z(]gan*...*B,

(4.91)

where f, are arbitrary complex coefficients. We will mainly study the minimal

Vasiliev’s theory where F(B) = fiB, F(B) = fiB.

4.3.1 Linear approximation

In this subsection, we will expand Vasiliev’s full nonlinear theory to the linearized

order and find agreement with Fronsdal’s free higher-spin theory. First of all, the

vacuum solution is

So = dz%2, + dZ°Zs,

Wo = Zi[woaﬁ(ff)yayﬁ + @0 (@) Fadl + 2h™ ()Y,

where wq, @y, hg describe the background AdS spacetime.

The first-order equations are

AW = Wy « WD + WO 5 Wy,

dBW =W, BY — BM « W,

dSM = Wy % SM — SO« Wy + WM « Sy — Sy W,

Sox SW 4 8M 4 Sy = —i{dzadz® L BWY % k + dzadz® fBY x R},

S(] * B(l) = B(l) * S().

(4.92)
(4.93)

(4.94)

(4.95)
(4.96)
(4.97)
(4.98)

(4.99)



The last equation (4.99) says

Therefore, the first-order B field is independent of Z as we denote it as
BW(Z;Y; Kl|z) = C(Y; K|x),
which satisfy the second equation (4.96) of the first-order equations
dC =Wy xC — C x W,.
The field S is purely auxiliary with the first-order takes the form

SW = gz 4 g4 5 = —dz, M — 4z,504,

89

(4.100)

(4.101)

(4.102)

(4.103)

Notice the anti-commuting of spinorial differentials, the left hand side of the fourth

equation (4.98) can be written as

Sp S 4 §W % 5y = —2i (dzadzaaiasﬂm + dzddzd%b’(l)d),
z z

(4.104)

where we emphasize that the four o or & are the same and summed over 1,2. There-

fore, comparing to the right side of the fourth equation, one gets

0 .
%S(l)a = flc(_Z> ga K)k‘exp(z(z, y>)>

0 swa

PE - f10(y> —2, K)Eexp(z(é,@),

(4.105)

(4.106)

where we used the property of star product that x changes y — —z, 2 — —y, similarly
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for k. Using the formula

%fﬂ(z):g(z): fulz) = /0 dttzag(ts), (4.107)

the first-order S field which can be evaluated in terms of C' as

1
S — / dttldz%zo 1C(—tz,y; K)k exp(it(z,y))+dz°zs f1C (y, —t7; K)k exp(it(Z, n)]-
0
(4.108)

The field W can be splitted into Z-independent part w and the Z-dependent part.

From the third equation (4.97), the Z-dependent part satisfies the equation

[So, WV, = —2i <dzaa;; + dzd%) WO = —ds® 4 (W, SW.,. (4.109)

The general solution to the equation (0/92%)p(z) = xa(z) satisfying the condition
(0/02%)x*(z) =0 is

o(z) :/0 dtz%xa(t2). (4.110)

The integration over dS™ vanishes because 2%z, = 7%z, = 0. Therefore, the first-

order W field can be written as

.
WW(Z,Y; K) Zw(Y;K)Jr%/ dt{z°[Wo, SO (b2, 5 Y K)+25[Wo, SV (2,12 Y K) .
0
(4.111)

Now we are in the position to calculate various star products. It turns out to be
convenient to split the field C(k, k) into even or odd functions of k, k. Consider the
expansion

C(k, k) =C" + kC™ + kC" + kkC™, (4.112)
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we introduce

C(—k,—k) = C" — kC' — kC™ + kKEC™. (4.113)
Therefore, plugging
kCHO 4 RCO = %KX&%)—CX—%,—@L (4.114)
_ 1 _ _
C® 4 kEC" = Z[C(k,F) + C(—k,~P), (4.115)

into (4.108, 4.111) and finally the first equation (4.95), the field w(Y’; K) satisfies the

equation

dw(Y; K) = Wo*w(Y'K) +w(Y; K) W,

(flh 2 ha%aiyﬁaimo, 7k F) — C(0. 5, )

_ (‘) (‘) _
o wr. Y Y L
—flhf A B0 k‘ygya[C(O,y; k, k) + C(0,5; —k, —k)]

— il AP Ryay [C(y, 05k, B) + Oy, 0 —F, @D (4.116)

To make contact with the conventional formulation of the dynamics of massless fields
one should insert the expansions of the fields w and C' (which satisfy the equations

(4.116, 4.102)) in powers of the auxiliary variables

FHI) = 3 3 g o0 s, 100 ),
A,B=0n,m=0

(4.117)

which results in (4.68) and (4.69). Here massless fields are described by the fields w4

and C4 =4 while auxiliary fields are described by w4 =4 and C44. This finishes the

derivation of the free theory from the linear order of the Vasiliev’s nonlinear equations

of motion. For other relevant work, review and recent developments on higher spin

theory, please refer to [62] for more details.



Chapter 5

Collective Field Reconstruction of

Higher-Spin Gravity

In this chapter, we pursue the construction of higher-spin theory in AdS, from CFTj3
in terms of canonical collective fields. In null-plane quantization an exact map is
established between the two spaces. The coordinates of the AdS, space-time are
generated from the collective coordinates of the bi-local field. This, in the light-
cone gauge, provides an exact one-to-one reconstruction of bulk AdS, space-time and

higher-spin fields.

5.1 Introduction

The AdS/CFT correspondence is characterized by the conjectured emerging dimen-
sions of space-time. In N' = 4 Super Yang-Mills theory the D = 10 of the string in

AdSs x S° background emerges. While the main understanding of the duality itself

92
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is provided by 't Hooft’s large N expansion (which establishes 1/N as the string cou-
pling constant) the origin of the extra spatial dimension is less clearly understood,
one speaks of them as being holographic and have a relationship (in the case of radial

AdS dimension) with renormalization group scaling parameters.

One framework for analytical understanding of the large N limit in general intro-
duced several decades ago is based on the notion of collective fields [63]. They capture
the relevant degrees of freedom and a general method for describing their effective dy-
namics both at the Hamiltonian and Lagrangian level was given. This approach has
been successful in analytical treatment as well as in exhibiting the relevant physics
in various model theories. In the ¢ = 1 matrix model collective dynamics naturally
led to (one) extra dimension relevant in establishing the model as a 2D non-critical
string theory [64]. It has re-emerged in the sub-dynamics of the NV = 4 Yang-Mills
problem in the 1/2 BPS sub-sector. Through certain matrix model truncations (of
N = 4 Yang-Mills theory) the construction of dual string theory Hamiltonian was

attempted [65].

For further understanding of this mechanism it is useful to concentrate on ex-
actly solvable theories. The simplest field theory model for which one can build the
AdS/CFT correspondence is that of N-component vector theory. It was originally
pointed out by Klebanov and Polyakov [66] that the conformal fixed points of the
theory are naturally described in four dimensional AdS space-time. In particular, the
expected dual is to be given by Vasiliev’s higher spin theory. (For other relevant work,
see [67].) An impressive comparison of three-point boundary correlators between the

two theories was performed recently by Giombi and Yin [68].

The relevance of collective fields for higher-spin holography was discussed by Das

and Jevicki [69]. There the framework of covariant bi-local collective fields was em-
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ployed and it was shown that they decompose into an infinite sequence of integer spin
fields in one extra dimension. In [70], we sharpened this picture concentrating on
the canonical formulation with the goal of establishing the correspondence directly
at the Hamiltonian level. It will be advantageous to work in null-plane quantization,
since it gives a physical description of higher-spin gauge theory. In this framework,
we produced an exact one-to-one map between (collective) coordinates of the large N
field and the AdS, coordinates of the higher-spin theory. It is shown how collective
fields provide a construction of bulk (rather than boundary) fields of the AdS the-
ory. In particular it is demonstrated that all the bulk AdS space-time transformation

symmetries are recovered from transformations of the bi-local collective field.

5.1.1 Collective vs conformal fields

The basis of the holographic map is in a (complete) set of primary operators of the
SO(2,d) group. They are built as composite operators from the basic fields of the
theory and obey current conservation once the field equations are used. They are used
as sources at the boundary and their correlators are then shown to be in agreement
with the AdS amplitudes projected to the boundary of AdS space. The N-component

vector model field theory with the Lagrangian

L— /ddzvé(a“gba)(@“gba) to(é-6), a=1,.. N (5.1)

possesses two critical points: the UV fixed point at zero value of the coupling and an
IR fixed point at nonzero coupling. For the UV case corresponding to the free theory

where the potential v = 0, a full set of conformal currents is explicitly given by [68]

O(F,&) =¢"(x—€) ) @ (2620, - 0 — A(e- D) (e D))" (@ +¢)  (52)

n=0
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where € is a null polarization vector €2 = 0. These currents are conserved and in
the holographic scheme of GKP-W [2, 3] their correlators are compared with the AdS

boundary amplitudes.

Collective fields for large N theories are introduced in a very different manner.
They are to represent a (complete) set of invariants under the O(N) or U(N) (gauge)
symmetry group. The meaning of completeness is established in two not unrelated
ways. First one has completeness in group theoretic terms, namely that any other
invariant can be expressed in terms of them. Second is the requirement of closure
under (quantum) equations of motion. This leads to the most important fact, namely
that they provide a complete dynamical description [63] of the large N theory where

1/N is seen to emerge as the natural expansion parameter.

In the O(N) vector model one simply has the bi-local collective field

N

Ut gy = ¢"(x) - ¢°(y) (5.3)

a=1

in the covariant formalism [69, 71]. It is the case for the O(N) model, and also more
generally that the set of collective fields is actually over-complete. This property has
significant implications on the emerging space-time, when implemented it naturally

leads to space-time cutoffs and ultimately non-commutativity.

As far as the relationship between the conformal and collective fields we have the
following. Clearly any conformal field is contained in the collective (bi-local) field, one
has a prescription with derivatives given above. But the converse is not true, collective
fields represent a more general set. This property will have important implications on
the bulk vs boundary description of the theory. It has already seen in approximate

manner [69] that the relative coordinate in the bi-local field into angles generating
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a sequence of spins and the radial part which plays the role of an extra dimension.
What prevented a precise identification however was the fact that higher-spin is a
gauge theory, whose dynamical form depends on the gauge chosen. Consequently for
establishing a precise one-to-one map, one has to bring both theories to the same

gauge. This will be accomplished in the present work in a canonical description.

The canonical formalism for collective fields is based (in equal-time quantization)

on the observables
U2, 5) = > ¢t 7) - ¢°(t,9) = Vay (5.4)

which are local in time but bi-local in d — 1 dimensional space. These observables
(collective fields) are characterized by the fact that they represent a complete set of
O(N) invariant canonical variables (obtained through scalar product). To deduce the
dynamics obeyed by these fields, one performs an operator change of variables [63]

from ¢°(t, %) to the bi-local field W (¢; 7, %) using the chain rule

- = — — 5.5
507 00(d) SU(F.5) >
Starting from the canonical Hamiltonian
) ) 1 - S
H = NN 5 Vz * T * . _)7 .
| Cimmmam s e e @ D) 66)

one deduces an equivalent representation in terms of collective variables

N2
H = 2Tr(IIWII) + §Tr\11—1 + / dzv(U(Z, §)|5=g)

+%/df[— V2 U (T, 9)|s=g) + AV (5.7)
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where we have the conjugate momentum denoted by

and AV summarizes ordering terms which are lower order in 1/N

AV = —g( / drs(0) ) T~ + %( / 4rs(0)) Tro (5.9)

The product of two bi-local fields is defined by

AB = / djA(Z,7)B(, 2) (5.10)

and the trace of a bi-local field means
Tr(A) = /de(f, ). (5.11)

For more details on this representation, including the fact that it generates correctly

the large N Schwinger-Dyson equations, the reader should consult Refs. [63, 72].

5.1.2 Expansion

The main feature of the collective representation in terms of the Hamiltonian (5.7) is
that it can be expanded in series of 1/N with an infinite number of polynomial vertices
to generate systematically the 1/N expansion. This is seen by a simple rescaling of
field variables: W — NW Il — II/N whereby N factorizes in front of the action. The
terms in AV are seen to be of lower order, consequently they provide counter-terms

in the systematic 1/N expansion.
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To generate the expansion, one first evaluates the static large N background

¥o(, y) obtained from the time-independent equations of motion

ov

T

where we have set v = 0 and the effective potential reads

1 1
V = gTI'\If_l + 5 /df[— Vi \I](i’, ~)|j:g].
One performs a shift
1
U=1yg+—n II=vVNrw
¢0 \/NU

generating an infinite sequence of vertices

Tro ! = Tryg

Uwo ) ).

The quadratic and cubic terms in the Hamiltonian are seen to be given by

1
H® = 2Tx(mior) + STr(ug nug nug ),

2 1
H® = \/—NTr(WmT)— W (wo by 777/’0 777/’0 )

The higher order vertices are obtained directly from the expansion (5.15).

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

We now discuss the evaluation of the spectrum which follows from diagonalization

of H®. In doing this we follow closely [72]. Using a Fourier transform

w—/%&@y%,

(5.18)



99

with
0 1
P = —, (5.19)
2V k2
and for the fields
Ney = /dEldEge_ilgl'ﬁe”Ez'%klkz, (5.20)
Mgy = /dEldEQeJ’iEl'ﬁe_igz'gﬂklkz, (5.21)

the quadratic Hamiltonian now becomes

- 1 T _ - — -
H(z) :2/dk1dk2wglﬂk1kzﬂk1kz + E/dkldlﬁnhkz (%21 2%32 ' +¢22 2%21 l)nkﬂfz'
(5.22)
Redefining

1 —1/2 +1/2
Thiky = 5%31 / Thike Thkiky — 2%21 / Mkt ko (523)

one has the quadratic Hamiltonian

1 [ = - 1 [ - - . -
1O =5 [ iy, + 5 [ R0+ 00 P, (520)

from which one reads off the frequencies

1 —1 1 -1 -, —
Whiky = 5%31 + 5%32 =\ kf% +\ k‘% (525)

To summarize, the quadratic Hamiltonian and momentum can be written in use of

bi-local fields as

H®? =

Azdgu (7, 5) (V=2 + -3 (@, 9), (5.26)

pP® = / dZdgV (Z, ) (Ve + V)V (T, 7). (5.27)



100
In the light-cone quantization, we have the quadratic Hamiltonian

B I vi V3
P~ = g® L p@ — /da:l dxy didi, U (—ﬁ - ﬁ)\l} (5.28)

Here W (z*; 27, x5 ; 1, 22) is a bi-local field where 1,2 refer to the two space points.

5.2 Conformal transformations of the collective fields

Our goal is to demonstrate that the collective field contains all the necessary infor-
mation and is in a one-to-one map with the physical fields of the higher-spin theory
in AdS,. For this comparison to be done it is advantageous to work in the light-cone
gauge, where the physical degrees of freedom of a gauge theory are most transparent
[73]. Our strategy is to compare directly the action of the conformal group of the
d = 3 field theory with that of the Anti-de Sitter higher spin field. This comparison
is similar to the study in D-brane case and N' = 4 Super Yang-Mills theory per-
formed in [74]. In this direct comparison we will see that as expected we have very
different set of space-time variables and a different realization of SO(2,3). The num-
ber of canonical variables however will be shown to be identical and one can search
for a (canonical) transformation to establish a one-to-one relation between the two

representations.

One can work out the conformal transformations in light-cone notation (x* = t)
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for any dimension d. As for the linear momenta, we have

P~ = Hz/df(-%((%cb)z), (5.29)
Pt = / d(r?), (5.30)
P = / dZ (70i0), (5.31)

where 7 = 0%¢ is the conjugate momentum and i is the transverse index (for the
specific case when d = 3, the index i runs over a single value). Similarly, for Lorentz

transformations, the conserved charges are

M* = tH - / df(wﬁ), (5.32)

MT = / df(m@igb — Iiﬂ'z), (5.33)
M = / df(z‘w@igb — H), (5.34)
MY = / df(IiﬂanS — :Bjﬂaigb). (5.35)
The Dilatation operator takes the form
D=tH+ /df<7r(d¢ + 20 + :mr?), (5.36)

where dy = dg—z is the scaling dimension of the ¢ field. The special conformal gener-

ators are

1 , 1
K—l— _ = 1 — i 2
= tD— dx<§(2tz +2lxj)mw ), (5.38)
) N 1 _ )
K' = /da: <£L’Z D — 5(2t:17 + :B’:Bj)ﬂ&-gb), (5.39)

where D and ‘H are the densities of these two operators.
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The dynamical variables in the light-cone formulation are (z~, z"). The momen-

tum conjugate to = is p*. In the massless case, the energy can be expressed as

_ p'p'
-7 5.40
p o (5.40)

To define the mode expansion, we perform a Fourier transform of the fields ¢(z~, z)
and 7(z~,x") along the x~ direction. The creation and annihilation operators are

defined in terms of

— 0\ > dp+ 1 + g\ ipta~ to+ i\ —ipTa™

¢(£B y L ) - 0 \/ﬁ\/ﬁ(a(p » L )6 +a (p » L )6 )7 (541)
— A\ dp i ipTa™ oo+ iy —ipTaT

m(x ,:B)——Z/O Jon < (pT,z"e —a'(pT,x')e ).(5.42)

The actions of linear momenta now take the form

. 02 .
— . -+ 7 o 1 -+ 7
P~ 5a(p » L ) - %ﬁa(p y L )7 (543)
Pr: da(pt,at) = pta(pt, o), (5.44)
P': da(pt,2’) = ida(pt, ). (5.45)
For the Lorentz generators, one has
+— + i 8 + o
M : Sa(ptal) = ( Vg eV et ), (5.46)
Mt Sa(pt,a’) = <z —z'p ) (p*, 2", (5.47)
—1 . + o J + .0
M™: da(pT,z') = < 818p+ 2p+ )a(p ,x'), (5.48)
M9 Sa(pt,x) = <z:v d; — z:v’@) (p*, z"). (5.49)
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and the Dilatation operator

D: da@pt,zl) = <t8—+z[d¢+:v18 + \/Fa +\/FD 2. (5.50)

Finally, for the special conformal generators

_ TN 0;x'x"0;
K= : Jda(p™,2') = { 4p+ \/7 p+8 +\/ZT— N
dqsr N (5.51)

. 02 . 1 .
+ . + 0 _ 2 Vi . i I SO + 4
K™: oda(pT,z') = {t o (dy + x'0;) 5T TP } (pT,z%), (5.52)
, , 0;x'0; J i ;
i . + 0 — — ] J0).
K': da(p™,z’) {t o +t88p+ 2:17:178+2:B [d¢+:v 0;

—I-\/}Fapﬁ\/];} }a (p*, z"). (5.53)

We next deduce the transformation for the collective fields. In creation-annihilation
form A(z7, x5, 71, T2) = a(z], Z1)a(ry , Z2), we have 0A(1,2) = da(1)a(2) +a(1)da(2)

and any conformal generator
G = /d:vfd:vz_dfldngTQA = /d;rfd:rz_dfldngT(gl + g2)A. (5.54)

Denoting the conjugate momenta as (p;,ps,pi,pb), we can write down the following

generators

pipl Dyl )
4 222 (5.55)
207 2p3

Pt o= pf +p3, (5.56)

p = pf+p5=—<

po= P+ ph, (5.57)
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mtT = tpT —wpl — x5 p;y, (5.58)
m* = tp' —aipf — xhpd, (5.59)
j,J
A —1 zp p Zp p
m = 5”1291“'5”2292"‘5”1 1+1 ‘|'5522—+2> (5.60)
2py 2p,
m? = aipl — xip) + ahp) — wph, (5.61)
d = tp +aip] + a:;p; + 2ipl + zhph + 2d, (5.62)
J,J
Fo= a2 4o ijpf + a7 (a7 pt + i)+ do)
P1
+a5 (5 py + xhph + dy), (5.63)
> A i i i i L L
kT o= 2p + t(alph + abpl + 2d,) — iatlzvlpf — iatzzvzp;’, (5.64)
i P1P1 zp2p2
k' = —t( 2p+ +x 2p+ + a7 +a:2p2)
1 L o
—5171171291 - 5552552]92 + 551(551 PT + ZE{P{ + d¢)
(w5 pg + whp) + dy). (5.65)

5.3 Mapping to AdS,

The correspondence introduced in [66] is specific for C F'T5 < AdSy. We will from now
on consider the case of d = 3 for the vector model. In the light-cone notation, there
is only one transverse dimension ' = x and z* = (2,27, z). The AdS, spacetime

coordinates in the light-cone notation (x* = t) are denoted with the Poincaré metric

2dtdr— + dx® + dz?
22 ’

ds? =

(5.66)

The lowercase transverse index ¢ = 1 denotes x only, while the uppercase transverse
index I = (1,2) denotes (z,z). In AdS, higher-spin theory, the generators were

worked out by Metsaev in [73] which we now summarize.
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5.3.1 Conformal generators from higher-spin theory

The four-dimensional case has the unique property that, after fixing light-cone gauge
[75], the only physical states are the +s helicity states [76]. Let us now explain how

to fix the light-cone gauge. Starting from the covariant notation

e}

) =) ®tal, . af, [0). (5.67)

Ms
s=1

where = (0,1, z,3) in the case of AdSy, one fixes the light-cone gauge in two steps.

+

First, we drop the oscillators a®* = a° & a® and keep only the transverse oscillators

a’,a' including the z component. The oscillators satisfy the commutators

[a’, ]

, ld',a’] = [a™,a'] = 0. (5.68)
The spin matrix of the Lorentz algebra now takes the form
M"Y =ata? —al’al. (5.69)
The next step is to impose a further constraint
T|®) =0, T=add (5.70)
so that only two components will survive. With the complex oscillators

(a1 +ias), of = —(al +idd), (5.71)

(a1 — ias), af = —(al —idl), (5.72)

-l
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we find the simple expansion for |®)

i(% ) + oy (ah) )|0>- (5.73)

A=1

This expansion obviously satisfies the constraint
T|®) =0, T = aa. (5.74)

The spin matrix M = o'a — ala also reduces to (5.69). In four dimensions, the

only non-vanishing spin matrix is M*?. One can represent a = ¢, @ = ¢ . In a
b

coherent basis, the operator M** becomes %. Then we have ®(z*, z,60) or in light-

cone notation ®(x™,x7, x, z;0). The generators can be written as
G = /d;v‘da:dzd@ PyP. (5.75)

Denoting the conjugate momenta as (p*, p*, p*, p’), one has [73]

- PPt 4
_ 5.76
pto= p, (5.77)
pt = p°, (5.78)
mt™ = tp —a pT, (5.79)
mt = tp® —ap", (5.80)
m = ’r (5.81)

pr

d = tp +apt+ap” + 2p7 + d,, (5.82)

1
kw = —§(ZE2 + 220" + a7 (27pT + ap” + 2p” + da)



+%((9pr —2p")p" + (°)?),

k* = t(xp” —x p" —

1
kY o= % +t(ap” 4 2p® +dy) — 5(:52 + 2%)p",

0z
P’p 1 .
- ) + 5(5'32 —2)p

ta(z7p" + 2p° 4+ dy) + 27,

where the scaling dimension d, = 1 in the case of AdS,.

5.3.2 The map: canonical transformation
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(5.83)

(5.84)

(5.85)

We will now show how the two pictures are related by a canonical transformation.

At this point, we will give the classical transformation (it can be specified in its full

quantum version also). So in what follows we do not compare terms with d, which

will receive quantum corrections (due to ordering).

By relating (5.56-5.59) to (5.77-5.80), one can easily solve for

€T —_=

Z Z

xypl +a3ps
pi +p3
Pl +ps,
x1pf + wapy
pi +p3
p1 + Do

Y

Y

(x1 — 2)*pi Py

(pf +p3)?
(p1p3 — papi )?
pipy

Y

Y

(5.86)
(5.87)
(5.88)

(5.89)

(5.90)

(5.91)
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_ + +
= (z1 — @) (P13 pzpl)’ (5.92)

(pi +p3)

i (p)? pT(pz)z), (5.93)

— - + oot _
P = (=)ol ) + - (P - PR

The solution to (5.90-5.93) can be written as

— (1 — x2)\/Pip3 (5.94)

pi +p5

+ +
z p2 pl
P = (=P — (| D2, (5.95)
¢;- ¢;
+ +
_ _ xr1 — T2 Y% p
Fo= \fpiei (e —an) + (1 m+ [ %m). (5.99)
2 P1 Y2

A nontrivial check of the consistency is given by comparing (5.83, 5.85) with (5.63,

5.65). We now turn to the construction of . The condition that # Poisson commutes
with p* implies € is a function of x1 — z2 and the condition that 6 Poisson commutes
with p™ implies that 6 is a function of 7 — x5 . Requiring that 6 Poisson commutes

with 27, , z and p* as well as € and p? Poisson commute to give 1 we obtain

ot
0 = 2arctan [ = (5.97)
Dy

An important consistency check on the correctness of the map that we have con-
structed is that all the Poisson brackets of the derived variables (like z and p* etc.)
take the canonical form with distinct canonical sets commuting with each other. One

can confirm the Poisson brackets {x~,pT} = {z,p*} = {z,p*} = 1 and others vanish.

Finally, as a consequence of the above map it follows that the wave equation
in the collective picture has a map [77] to the wave equation of higher-spin gravity

in four-dimensional AdS background. This follows from the generators (5.55) and
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(5.76) coinciding after the canonical transformation. The canonical transformation
can be understood as a point transformation in the momentum space (if we interpret
0 as momentum (5.97), the other momenta are given by (5.87, 5.89, 5.95)). Conse-
quently, the transformation between the higher-spin field and bi-local field is simple

in momentum space

O(z7, 2, 2,0) = /dpJ’dpmdpzei(mp++mpz+zp2)

/dedPJdpldpzé(pT +p3 —p")o(p1 + p2 — p°)

5(291\/292*/291* — par/ DT /P35 — pz)
d(2arctan /pj /pi — 0) ¥ (pl,p3,p1,p2) (5.98)

where U(p7, ps, p1, p2) is the Fourier transform of the bi-local field W (a7, 25, @1, 22).

5.4 Origin of the extra dimension

The main contribution here is an explicit one-to-one map between the collective field
(in the case of the O(N) vector model) and the field of higher-spin gravity in 4D AdS
space-time. This map is defined by the canonical transformation which establishes the
relationship between the coordinates of the bi-local collective field and the coordinates
of the AdS, space-time plus spin variables. The map is one to one, in particular the

most telling formula is the one for the extra radial coordinate of AdS space-time z.

Here we have an explicit expression, in terms of the collective coordinates con-
tained in the bi-local field. The physical picture for this extra dimension is much like
the (collective) coordinates of solitons, which are contained in the field itself but are

nontrivial to exhibit. Their origin is again through a canonical map from the existing
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field degrees of freedom. Naturally, if the boundary conditions are too restrictive then
these degrees will be absent. In more recent phenomenological studies of scattering
processes in QCD, a dipole picture [78] was used which can have a relation to the
construction presented. It is interesting to confront this collective mechanism for the
emerging dimension with other viewpoints such as holographic [79], Feynman dia-
grams [80] and stochastic quantization [81]. There is also the important question of

locality in the bulk of AdS [82].

The collective field theory gives a bulk Hamiltonian representation for the higher-
spin gravity which is bi-local in Minkowski spacetime. It specifies an infinite set
of bulk interacting vertices, which can be explicitly evaluated. These can be com-
pared with the higher spin approaches, in particular Vasiliev’s and we expect to find
agreement. Therefore in this construction the complete Higher Spin Gravity (in a
particular gauge) is seen to emerge. The interactions are seen to be given by the
1/N parameter of the O(N) vector theory. This contains definite implications on the

question of loop and quantum corrections in Higher Spin Gravity.

Our collective field construction gives a strong operator representation of AdS
bulk higher spin fields. It contains the extra radial AdS dimension z explicitly and
an important check on the validity of this off-shell construction is the projection of
our formula to z = 0. We now demonstrate that the collective field indeed correctly
reduces to the conformal primary operators of the vector model field theory. In the

light-cone gauge, these primary operators for a particular spin s take the form [83]

I(s+1/2)['(s +1/2) . -
Zk:' (s—k s—k:+1/2) (k+1/2)(3+) ©(04)" 7. (5.99)

On the other hand at z = 0, through the bi-local mapping (5.98), the collective field
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reduces to

O(z~,7,2,0) = /dedm*e”(pm;)f?(@—?tan‘l s /D) e (g, x, @), (5.100)

Expanding the delta function in Fourier series, we find the binomial expansion

(Vo — /)" = e B (5.101)

This expansion agrees with (5.99) up to an overall normalization constant by noticing

the identity

(25)! B sIT(s + 1/2)0(1/2)
(2k)1(25 — 2K)!  kl(s — k)IT(s — k + 1/2)T(k +1/2)

(5.102)

We therefore see that the collective field at z = 0 reduces to the conformal primary

operators.

5.5 A symmetric gauge

To establish the full agreement between higher spin and collective theory, it is useful
to exhibit a symmetric gauge formulation of Vasiliev’s theory. Such a formulation
exists and is given as the W = 0 gauge. Starting with the nonlinear equations of

motion

AW =W % W, (5.103)
dB=W «B—BxW, (5.104)

dS =W xS — S« W, (5.105)
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S xS = dzqdz®(i + B x k) + dz%dza (i + B * K), (5.106)

S«B—BxS=0, (5.107)

where k = e¥%¥" | k = e%¥" and ~ changes a sign of all undotted spinors

f(dz>d2a 2727?/7?]) = .f(_dz>d27 —Z,Z, _y>g) (5108)

Since W is a flat connection in spacetime, at least locally we can always go to a gauge
in which W is set to zero. We will denote by S’ and B’ the corresponding master fields
in this gauge. The equations of motion then states that S” and B’ are independent of

the spacetime coordinate z*, and are functions of Y, Z only. Explicitly, we can write

W(zlY,Z) = g 2|V, Z) *d.g(x|Y, Z), (5.109)
S|Y,Z) = g z|Y,Z2)xS'(Y, Z) % g(x|Y, Z), (5.110)
B(z|Y,Z) = ¢ '(z|Y,2)x B (Y, Z) xn(g(z]Y, Z)). (5.111)

The equations for S’ and B’ now take the form

S' % 8" = dz"dz,(i + B x k) + dz%dz4(i + B' * k), (5.112)

S"x B' = B' xw(9"). (5.113)

This system has the residual gauge symmetry

S, Z) = g Y, 2)xS"(Y,Z)xg(Y, Z), (5.114)

B'(Y,Z) = g Y, 2)«B"(Y,Z)*n(g9(Y,Z)). (5.115)



113

Omitting the primes and shift of the S field as

Sa = Zo + Sa, Sd = Zs + ) (5116)

we find the equations of motion in components

1008% — Sy % S = B x K, (5.117)
1055% — S % 8% = B &, (5.118)
0S5 — 10354 — [Sa, Sgls = 0, (5.119)
i0aB — S, x B— Bx7(S,) =0, (5.120)
i04B — Si * B— B*7(S,) =0, (5.121)

where we omitted the hats and rescaled both fields S, B by a factor of 2. A useful

symmetry property for the bosonic case is

7(Ss) = —7(Sa), 7(Ss) = —7(Ss). (5.122)

The last two equations of the B field is not independent. Using the solution for
the B field from the first two equations, one can verify that the B equations are
automatically satisfied. Therefore, one can totally get rid of the B field and find five

equations for the S field

F,5 =025 — i03Sa — [Sa, Sgls = 0, (5.123)

(1005® — So % S*) % k — (1055 — S4 % S*) x K = 0. (5.124)
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Next we introduce an ansatz

Sp = —iM~t %0, M, Sy = —iM % M1, (5.125)

Sy = —iMx0, M1, Sy = —iM ™ % 0y M, (5.126)

where we used the notation MT = M. This ansatz solves the F|; = F,; = 0 equations

automatically. The other two equations Fj; = Fy; = 0 give a simple form

o(J tx01J) =0, (5.127)

Oo(J 1% 0pJ) =0, (5.128)

where we have defined the gauge invariant quantity J = M * M. The last equation

Fi1xk — Fh x K = 0 gives

Oo(J %1 J) % k4 01(J % 00J) xR =0, (5.129)

where we used the symmetry property M (Y, Z) = M(=Y, —Z) in the bosonic case.

We have presented a completely symmetric reformulation of Vasiliev’s Higher Spin
Gravity in terms of a single (bi-local) scalar field J(Y, Z). This formulation consists
of an equation of motion and two additional constraints. It can be shown that the
additional constraints reduce the dimensionalities of the Y and Z spaces from 4 + 4
to 3 4+ 3. This then agrees with the dimensionality of the bi-local collective field
constructed from C'FT5. Further studies of this nonlinear system of equations can
then establish a full nonlinear map between the two formulations of the theory. This
can be accomplished by a nonlinear field redefinition. Once established the field
correspondence will provide an exact demonstration of the AdS/CFT correspondence

in a particular case of 3D conformal field theory.



Chapter 6

Conclusion

This dissertation presents an in-depth study of the AdS/CFEFT correspondence. In
the first part, a detailed investigation of the classical string and its dynamics in AdS
spacetime was performed. General methods (for construction of classical solutions)
were developed and applied in detail to the case of AdSs. For this the inverse scat-
tering technique was adopted and a useful correspondence with field theoretic soliton
solutions was formulated. As a result a most general set of “spiky” string configura-
tions was obtained. Based on the explicit solutions we were able to discuss the form
of the moduli space and its dynamics. Locations of spikes provided the collective
coordinates for describing the moduli of the general string solutions, it was estab-
lished that there is a one-to-one correspondence with the locations of solitons in the
corresponding reduced field theory of sinh-Gordon type. This produced a “partonic”
picture of the AdS string, where the partons are localized at the locations of “spikes”
and can be described in terms of an n-body dynamics. Through the inverse scattering
construction it was seen that this n-body dynamics is related to the n-body dynamics

of soliton coordinates of the sinh-Gordon field theory.
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The second part of the dissertation describes work on constructing AdS gravity
from the large N partonic system. The manner in which continuum phenomena such
as gravity are reconstructed from the microscopic dynamics is argued to be associated
with the phenomenon of collective motions. Studying the simplest partonic composite,
consisting of a bi-local system of two particles turned out to produce a striking result:
the appearance of one extra AdS dimension and of a sequence resonances of growing
integer spins. Specifically an explicit mapping of the AdS, spacetime plus higher-spin
fields is given from the (bi-local) collective fields of the free conformal theory. Higher
spin massless fields were seen to be associated with the cusps of the spiky strings.
The main result described in the second part is an explicit one-to-one map between
bi-local collective field (of the 3D O(N) vector model) and the fields of higher-spin
gravity in 4D AdS spacetime. This construction is based on equating the isometries
of SO(2,3) with the conformal generators of the CFT3 in the light-cone gauge. The
mapping itself gives a general understanding on the (collective) origin of the extra
spatial dimension in the AdS;;,/CFT, correspondence. It is to be compared with the
“holographic” approaches where the extra spatial dimension of the AdS spacetime is
typically projected out or argued to be related to the renormalization group scale. Our
construction demonstrates explicitly the origin of the extra AdS dimension and the
emergence of Higher-Spin General Relativity in AdS spacetime. It has the potential
for a complete demonstration of the AdS/CFT correspondence in the case of the 3D

vector model.



Appendix A

Inverse scattering and the spinors

In this appendix, we summarize the inverse scattering method [43] to solve the Lax
pair equations (2.95) with the matrices (2.94). Choose the boundary condition of the

field as 4, 0tt — 0 as Z — 400. The spinor ¢ can be written as an integral form
0] . o0 .
0((,2) = ezgz%—/ K(z,s)eds, (A.1)
1 z

where the kernel satisfies the GLM equation

0 0
K(z,y)+ ! F(z+y)+ [ K(z,8)F(s+y)ds =0, (A.2)

with the function F'(z) defined to be

Flz) = % / e gk — Zc i (A.3)
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where r(k) is the reflection coefficient, ¢; and (; are constants. In the case of sinh-

Gordon with real field 4, the kernels are

Kl(é, S)
K: K: ,

Y

Kg(z, S) Kl(é, S)

with K; and K5 real.

(A.4)

Now we try to solve the GLM equation (A.2) by some ansatz. Consider the soliton

solutions to the sinh-Gordon equation which has (k) = 0 and plug in the ansatz

N
Z\/_fw ZC] 1=1,2,

we get

N
fii o= i) (1= AR,

k=1
N
. )\j)\l -1
= =iy 1— A)A
f2J ZlkZICj_l'Cl( )lk k>

where the matrix A is defined as

i

A = a;1Q14 A;] = ——— )\k:\/cktﬁ’iCkE.
? ; o TG+

The wavefunctions are solved to be

Aj
C+G

P1(C2) = (Z (1= AN e,

A L
QOQ(C,E) = ( +Z<—|—CJ Cj—l—lcl —A)l_kl)\k)elCz

(A.5)

(A.8)

(A.9)

(A.10)



Adding the z dependence, we get

01(¢,2,2) = <ZC:\rC (1 —A);ll)\l)eiCE—iz/4C’
J

= ] )‘ A - iCZ—iz
¢2(C?Z7Z) = ( _I_ZC‘I‘C l _‘/él)lkl)\k)eC /4C?
J

CJ + Cl
with ¢;(2) = ¢;(0)e~*/%i. The sinh-Gordon field 4(z, z) is found to be

(s 2) — sinn—1 [46_ 9(p1p2)
i(x,2) =sinh ™! [ 3 om s
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(A.11)

(A.12)

(A.13)



Appendix B

Einstein gravity

In this appendix, we review various formulations of Einstein gravity.
The first order veilbein formulation:

The natural vielbein variables are the 1-forms e® = dx“eﬁ and the Lorentz affinities
w? = da?“wfjb = —w", where a, b denote Lorentz indices running from 0, ...,d — 1 and

1, v are world indices also ranging from 0, ...,d — 1. The torsion tensor is defined as
T, *=Dye, — Dy (B.1)

where covariant Lorentz derivatives are given by

D" = 00" + vbw“b . (B.2)
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Taking two derivatives one obtains
[D,,, D,Jv* = =R, 0" (B.3)
where the Riemann tensor is defined as

b b b b c b c
R,uz/a - auwya - 8V’w,ua — W, Wy, +w, Wha (B4)

Contracting once and twice with the veilbein gives R, = ¢,"R,,,* and R = ¢ R,,

i

respectively. The first order action we start with is [84]

1
2Q ab pv ab pv
K-S = (w0 (ee, ") + Wi CCal ) (B.5)
— a [N TN VRN VN ab __ ac, , b __ be, , a S ot :
where e = detej;, e " = eliey —epey and w,,)” = w "W, —w,w, .. Variations with

respect to e# lead to

i

a 1 a

and variations with respect to w““b yield
D, [ee“b“”] = T = ee“"eb”Tl,p =90 (B.7)
showing that the torsion vanishes.

To make contact with the metric formulation of gravity, one must assume that the
frame e, has maximal rank d so that it gives rise to the non-degenerate metric tensor
G = nabeﬁe{‘,. From the torsion-free equation T, = 0, one solves this constraint and
expresses the Lorentz connection in terms of the frame field w = w(e, de). It can be
checked that the tensor R,y = eﬁe{‘,RPa’ab is then expressed solely in terms of the

metric, and is the Riemann tensor.
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Gravity as a gauge theory:

It is well known that gravity can be interpreted as a gauge theory corresponding to
an appropriate space-time symmetry algebra g. Vierbein h,* and Lorentz connection

w % can be identified with the connection 1-forms of g. For example, in the four-

dimensional space-time one can choose g to be the AdS algebra so(2,3), which gives
rise to the gauge field A 2% = —A b with a,b = 0 + 4, and one can set w,® = A
and h,% = A\"'A ' with a,b = 0 + 3. The so(2,3) Yang-Mills strengths read in these
terms

Ru,uab = ayw,uab +w, " w cb + Azhuah,ub - (V N M)? (B8)

v et

R, = 0h+whS—(vep) (B.9)

From (B.9) one recognizes that R, has a form of the torsion tensor in the vierbein
formulation of gravity. The constraint R, ;" = 0 expresses the Lorentz connection w,
in terms of (derivatives of) the vierbein h,* provided that h,* is a non-degenerate
matrix. Substituting these expressions back into the Lorentz components of the field
strength (B.8), one can make sure that, up to the cosmological-type terms A*hh, RW‘“’
coincides with the Riemann tensor in gravity. Then one observes that the equations
RW‘“’ = 0 and R,," = 0 describe AdS space of radius A~L. In fact, this is the way

how AdS space appears as a vacuum solution of the higher-spin equations considered

below.

A remarkable observation by MacDowell and Mansouri [85] is that Einstein-
Hilbert action with the cosmological term can be formulated in terms of the curvatures

(B.8) in the form

1
SMM = —4/{2)\2 /d4l’€V'upUEadeRyp,abRpcr,cd- (BlO)
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Let us note that the terms proportional to A=2 in S™M | which involve higher deriva-
tives, combine into a topological term and do not affect the equations of motion. The
A-dependent term and the term proportional to A reduce to the scalar curvature and

the cosmological term, respectively.
Gravity in spinor notation:

A useful form of the Einstein gravity which can be generalized to higher-spin
case is summarized in [86] using the formalism of two-component spinors. The spinor
indices are a, 3 = 1,2 and &, § = 1,2. They are raised or lowered using the symplectic

forms
A* = P Ag, Ay = —€apAP, BP = 7B, By = —e3,B%,  (B.11)

where the Levi-Civita symbols are

s 0 1
€ = €45 = P =¥ = . (B.12)

-1 0

The corresponding curvatures can be written as
Ripaz) = Oua2) = Oulya(2) + 2Wparwy,” + 2)\2h'l/a5h'pa57 (B.13)
Do _ = . - . - .~ 6 2 .

Rl//.tﬁ(Q) = 81/(4)“6(2) — 8“(4)”6(2) ‘l’ 2(4)”65(4)“6' ‘l‘ 2)\ h””fﬁhuﬁ/ﬁ.’ (B14)
RV,uaB [&’wuaﬁ + wyawh“ﬁ/ﬁ' + @Vﬁ'gh“aé] — [l/ — ,u]. (B.15)

The fields wyq(2) and W, 4(9) 10 the spinor terms describe the Lorentz connection wy g
and the field A, ! describes the tetrad h,,. The parameter A is inverse of the radius

of the AdS space.
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The action (B.10) can be written in the form

i vupo @ — -
S = _4,{2)\2 /d4$€ a [RVHa(z)RPU @ — RVHB(2)Rp06(2)]> (B16)

0123 — 1. This action is invariant under the Lorentz gauge subgroup of the

where €
original AdS group. The fields w,a(2) and @,4(2) can be expressed in terms of the

tetrad w,,,; using the corresponding equations of motion R = 0. AdS background

vpaf

is described by a tetrad and connection satisfying the equations

Ry =0, Ruu6(2) =0, R 0. (B.17)

vpaf =

One can solve these equations and fix the fields w,, 5, Wua(2), Wy4(2) where we denote
them as %5, Wua(2), wyﬁ-(z).l Treating the fields h,w,w as background fields and
assuming that the deviations of the fields w from them are small, we can expand the
curvatures (B.13-B.15) in powers of these deviations and keep only the linear terms.
The substitution of the corresponding linearized curvatures into the action (B.16)

gives the action for a massless field of spin 2 in the AdS space.

!Please distinguish w and w.
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