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Abstract of “New Methods in Theory & Applications of Nonlinear Filtering”

by Andrew Papanicolaou, Ph.D., Brown University, May 2010

Hidden Markov models are used in countless signal processing problems, and the
associated nonlinear filtering algorithms are used to obtain posterior distributions
for the hidden states. One reason why posterior distributions are so important is
because they are used to compute estimates which are optimal given a history of
observed data. However, it is often the case that implementation of these algorithms
is near impossible because of the curse-of-dimensionality which results from testing
every possible hypothesis. This thesis explores new applications of nonlinear filtering

and addresses several issues in algorithm implementation.



CHAPTER 1

Introduction

The concentration of this thesis is the various applications of nonlinear filtering
and the associated challenges in algorithm implementation. There are four main
chapters in this dissertation, each of which presents a self-contained analysis of a
problem that is either a new and novel applications of nonlinear filtering, or a new
method for deriving fast-filtering algorithms for hidden Markov models with multiple
time-scales.

A nonlinear filtering algorithm is a Bayesian method for estimating the state of a
hidden Markov model (HMM). For instance, let k denote a time-step and consider the
Markov chain (6)k=123,.. that takes value in the finite state-space S = {s1, S2, ..., Sm }-
There is an m x m matrix A of transition probabilities such that from time k to k+1

there is the following probability of the event {01 = s;} given {6 = s},
P01 = s:l0k = s5) = Ay

Now suppose that this Markov chain is unobserved or hidden, but there is an observed

process Y) that is a nonlinear function of 6,
Yy = h(6y) + “iid noise”

A nonlinear filtering algorithm uses Bayes rule and the Markov property to formulate

the posterior distribution of 0y given Y., = (Y1, Y5, ..., Y%) in a recursive manner:

W;i = ]P)(ek = Si\Yl:k)

P(0k = s, Yi|Yik-1) _ P(Yy |0k = si, Yia—1)P (0 = 5| Y15-1)
P(Yy|Y1.5-1) P(Y3|Y1k-1)

_ P(Y|0k = s)P(0), = si|Y1.x-1) _ P(Yel0 = s:) Zj P(Or = i, 061 = 5j[Y1:6-1)

P(Yi|Y1ik-1) P(YelYig-1)




IE ()k‘ek = Si) E P(Gk = Si‘ek,1 = Sj, lezkfl)]P(ekfl = 8j|Yv1:k,1)
_ J
IP)<YI<:|Y1:I<:—1)

- P(Yk|9k = 51’) Zj P(Qk = 5i|9k—1 = Sj)P(Qk—1 = Sj|Y1:k—1)
P(Ye|Yik-1)

- Cl—kp(yk\ek =) Y Al

j
where ¢, is a normalizing constant. This simple probabilistic recursion is the main
idea behind all filtering algorithms.

Hidden Markov modeling and filtering algorithms have proven to be extremely
useful in a number of applied areas including speech recognition, automatic target
recognition, computer vision, and molecular biology. This thesis does considerable
work with applications to human-tracking problems in computer vision, and also con-
siders applications to finance which is an area where filtering is relatively undeveloped.

In applications, the methods used to implement the associated algorithms are
often non-trivial. In fact, in many cases it is nearly impossible to implement an
algorithm whose output is at all close to the posterior distribution. In the past,
approximations such as the extended Kalman Filter were used, and more recently
as computer technology has improved it has become more practical to use Monte
Carlo methods such as the Particle filter. One of the main topics of this thesis is
fast-filtering algorithms for HMMs with multiple time-scales, where it is shown by
example how to construct a filter of reduced-dimension when it is not necessary to
compute the distribution for part of the state associated with a fast time-scale. Such
filters are considerably faster because there are fewer dimensions that need to be
integrated over in updating the posterior distributions.

The most famous results in filtering theory are the Kalman Filter for linear Gauss-
ian systems, and its counter-part from from SDE theory called the Kalman-Bucy fil-
ter. For general nonlinear systems, there is the forward Baum-Welch equation which

serves as the work-horse for all nonlinear filtering and Bayesian algorithms. Other
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well-known nonlinear filtering results include the Kushner equation, the Zakai equa-
tion, and the Wonham filter, as well as estimation methods such as the particle filter
and Monte Carlo Markov Chain (MCMC).

The work done in this thesis examines four separate nonlinear filtering problems in
close detail. For each problem, a model is derived, a filtering algorithm is formulated,
and numerical experiments are carried out. Chapters 2, 3, 4, and 5 of this dissertation
are self-contained works each of which focusses on a specific problem in the field of
nonlinear filtering with its own unique contribution.

Chapter 2 is a novel application of filtering theory to finance and stochastic volatil-
ity, but also serves as primer for the basic tools of nonlinear filtering such as the for-
ward Baum-Welch equation, the backward Baum-Welch equation, and the parameter
re-estimation procedure given by the expectation-maximization (EM) algorithm. His-
torically, volatility is negatively correlated with the markets, and therefore is useful
for hedging in times of uncertainty or possible downturn. One type of such hedging
instruments are volatility swaps, whose returns rely on a rather crude time-series es-
timate of the volatility process. As an alternative instrument, swap contracts can be
written for the times series of filtering estimates, and the variance of returns on these
contracts will be lower than the those of a traditional swap. The main results is that
there is parity as swaps that use filtering volatility exhibit a mean/variance trade-off
resulting in lower expected returns.

Chapter 3 discusses a problem related to the identification/prediction of behav-
ioral characteristics of an intelligent agent based on noisy video footage. The problem
is motivated by the growing needs in surveillance for software that is capable of track-
ing human beings. The software is developed with the goal of tracking an array of the
agent’s attributes including patterns of motion (e.g. pose and position ), intentions,
mood swings etc. Some of the attributes, (e.g. intensions) are not directly observable,
and need to be inferred from the other attributes. Others, such as pose and location,

are partially observable but the observations are corrupted by noise.



The approach to identification is based on nonlinear filtering-type algorithms
and optimal change-point detection for partially observable double Markov chains
(DMCs). Generally speaking, nonlinear filtering for partially observable DMCs is
a particular case of the HMM filtering algorithm for vector-valued Markov chains.
However, one of the main obstacles to efficient performance of this filtering algorithm
is the curse of dimensionality. To some degree, this problem could be addressed by the
introduction of particle filters, Rao-Blackwellization, and other methods, but the high
dimensionality still remains a serious problem. Introduction of DMCs is just another
step in the quest for reduction of computational complexity of HMMs. It compliments
other methods (e.g. particle filters and Rao-Blackwellization) when possible. This ap-
plication of DMC-based nonlinear filtering to analysis of video footage demonstrates
the practical potential of the approach.

Chapter 4 considers nonlinear filtering applications to target tracking based on a
vector of multi-scaled models where some of the processes are rapidly mean reverting
to their local equilibria. The algorithms are applicable to target tracking problems
because multi-scaled models with fast mean-reversion (FMR) are a simple way to
model latency in the response of tracking systems. A Kramers-Smoluchowski approx-
imation is applied to the system of hidden states to obtain the main result, which is a
simplified nonlinear filtering algorithms that is derived by exploiting the FMR struc-
tures within the HMM. Specifically, a Baum-Welch recursion of reduced dimension is
derived. The simplified algorithm is implemented in numerical simulations, and its
efficiency and robustness is discussed.

Chapter 5 is the most theoretical chapter in the thesis. The main part is the
derivation of a fast nonlinear filtering algorithm of reduced dimension for a hidden
Markov model with multiple time-scales. It is assumed that the motivation of the
model and the nonlinear filtering algorithm are known, and then the bulk of the
chapter focuses on the analytical/probabilistic details necessary to prove that the

fast filter is optimal as the time-scale parameter increases to infinity. The main result



is a filter of reduced dimension for a particular class of multi-dimensional filtering
problems where the hidden processes have multiple time scales.

As possible future topics of research, each of the four problems in this thesis can
be further analyzed to obtain new and improved results. It is without a doubt that
filtering applications to finance will generate interest and that further data analysis
will be necessary to strengthen the claims made thus far. The application to video
tracking is a good start but to date there has been no serious attempt to construct
filtering algorithms with parallel implementation in mind. It will be a considerable
step forward for HMMSs in computer vision if the rate at which posteriors are computed
is significantly increased by implementing parallel versions of the nonlinear filtering
algorithms. With regard to HMMs with multiple time-scales, there is a lot of analysis
to be done for models with more parameters, as many of the proofs in this thesis
will require extensions by the introduction of concepts such as moving-averages and

heteroskedasticity.



CHAPTER 2

Filtering for Stochastic Volatility Models & Volatility Swap

Contracts

The Black-Scholes Theory says that volatility is positively correlated with the
options market and is the key factor in pricing. Furthermore, since an option is
an instrument whose values increases in times of uncertainty or possible downturn,
volatility should be negatively correlated with the market. Indeed this trend is evi-
dent in the data of volatility resources such as the VIX. However, volatility is not a
process that is directly available for quotes, and so there is demand for things such
as implied volatility, volatility surface estimates, and filtering volatility estimates. In
addition, after an estimate of volatility has been computed there needs to be a correct
interpretation of its meaning in the marketplace.

With an understanding of volatility, an increased understanding of the brand
of financial instruments known as volatility swaps will follow. Traditionally, a
party enters into a volatility swap contract with the understanding that at specified
terminal time they will receive the net difference between historical volatility and a
specified strike price. For the S&P 500, such contracts are ‘fairly’” priced initially by
the VIX which manipulates a portfolio of European call and put options to find the
risk-neutral valuation of the contract’s expected payoff. Thus, the VIX is a form a
implied volatility because it is computed from options data. Generally speaking, the
returns on volatility swap contracts give the edge to the issuer of the contract, which
can be empirically verified by the historically negative returns on volatility swaps.

As an alternative to implied volatility, stochastic volatility and filtering algorithms
deal directly with model parameters and observable data, and therefore return a
form of historical volatility. Therefore, a time-series of filtering estimates for the
volatility of the S&P 500 has fundamental differences from the well-regarded VIX,

6



but can provide a ‘better’ estimate of the average volatility over a time period than
the traditional time-series estimate that is taken to be the sum of the squares on
log-returns. Furthermore, upon examination of the data, one finds that the VIX
and filtering estimates do have a lot in common, and in fact are a close fit if scaled
properly. From this phenomenon of filtering tracking the VIX, it is clear that market
forces are at work in a way that relates stochastic volatility to the VIX, and this
needs to be interpreted in order to further understand the risk associated with the
S&P 500 and other similar assets.

In financial math, there has been a lot of work in stochastic and implied volatility,
which are described in the book by Fouque, Papanicolaou and Sircar [19]. Information
pertaining to the VIX such as its history, the dynamics of variance swaps, and data
analysis, can be found in the paper Carr and Wu [12], and also in the paper by Cont
and Kokholm [13]. Basic filtering theory is covered in the book by Jazwinski [25] and
the paper by Rabiner [32] presents all the algorithms for filtering and parameter re-
estimation. With specific regard to content of this chapter, the previous work done on
this problem is relatively sparse, but the initiating of filtering for stochastic volatility is
made in the paper by Cvitanic, Rozovsky and Zaliapan [15] where stochastic volatility
is modeled with a Cox process.

In this chapter, stochastic volatility modeling, implied volatility and nonlinear fil-
tering come together in a way that is relatively new. A nonlinear filtering algorithm
for a stochastic volatility model on a discrete space is formulated, along with asso-
ciated algorithms for smoothing and parameter re-estimation. It is also shown that
30-day swap contracts offering a return on the average of the time-series of filtered
volatility for S&P 500 volatility have returns with lower variance than the traditional
swap contract, but the net returns have lower expectation.

This chapter thoroughly analyzes volatility swaps for the S&P 500, but future
work would needs to be done such as applying the same experiments to other indices

such as the DOW, the Nasdaq, the S&P 100, and various stocks for which volatility



is traded. Another possibility would be to find a portfolio which replicates the time-

series filtering estimates, but it is uncertain that such an instrument is attainable.

1. Historical Volatility, Variance-Swaps, and the VIX

Let the financial markets be modeled in the probability space (€2, F,P), where the

price of a tradable asset is modeled as a stochastic processes
S; = the price of the stock or index at time ¢ > 0.

A widely accepted stochastic volatility model for S; is the following SDE

(1) dSt = ,utStdt + JtStth

where p; is a process which models annualized growth, o; is a process which models
annualized volatility, and W, is an independent Brownian motion. Quotes on S; are
available throughout the trading day, but the continuum of prices is not observable.
N+1
k=0

For some time T' > 0, there is a discrete set of times () at which quotes are

available,

S;, = the observed quote on the asset at time ¢, € [0, 7]

The solution of (1) on [ty, txiq] is

th+1 1 tht1
Stk-u = Stk €xXp {/ (,UT - 507%) dr + / O'TdWT}
tk tk

which leads to a the following time-series model of log-returns:

41 1 tr4+1
(2) Yy :=10g(Sy,,,/Su) = / (,uT — 503) dr +/ ordW,
173

ti
For simplicity, assume that there is an increment At such that the quotes are given

at equidistant times,

(3) O0=tg<t; < ... <ing1 = T, where o1 — Tk = At, Vk
8



Define the average volatility on [0, 7] as
1 [T

(4) 0[20771] = T/o o2dr
and consider the time-series average of the squared of returns

|
(5) RVio 1) == - Z Y2

k=0

which converges in mean to (4) as the sample size goes to a continuum,

1 N trt+1
= Z (/ oldr + O(At))
T k=0 Ytk

T
E[RVjpr] = E —E {% / UEdT} + O(At)
0

(6) = Elop] + O(At) — Elof) 1] as N / 0o

The average in (5) is commonly referred to as realized or historical volatility, but
in practice it is not possible to obtain a continuum of quotes in the interval [0, 77,
and so historical volatility is only an estimate of the average volatility.

However, historical volatility is often used in a brand of derivative contracts called
variance swaps. Variance swaps are contracts that pay the net difference of histor-
ical volatility and a pre-specified strike. For a strike-price K., a long position in a

swap on volatility pays the difference in historical volatility and the strike price,

variance-swap payoff = RVjo 7] — K 2

vol

1.1. ‘Fair’ Valuation of Volatility Swaps. For a time ¢ > 0, the price of the
swap is dictated by the market. Initially, at time ¢t = 0, by arbitrage arguments, the

‘fair’ price should be the discounted risk-neutral expectation of the expected payoff,

fair swap pricel;—o = e~ (E5[RVio.r] — Koy) = e (Eglofo. ) — Koor)

U U

where 7 > 0 is the risk-free rate of interest and E;[-] is the expectation under the
risk-neutral measure conditioned on the market data to time ¢. The risk free measure

is defined in terms of a Martingale,

dp* R T 2 T —r
= Mr = —— dr — aw,
dpP g exp{ 2 /0 ( o, > ’ /0 o

9




under which dS; = rSidt 4+ 0,5:dW; where W} is P*-Brownian motion and dW; =
K—tdt + dW;, and so the limit in (6) holds under the risk-neutral measure. However,
it is not immediately clear how to obtain an explicit expression for this fair price.
Fortunately, a clever portfolio can be constructed and arbitrate theory can be applied
to obtain this price.

Suppose that at time ¢ = 0 there is the following forward spot rate for S,
F = spot rate for a futures contract in St at time t =0

and there is a risk free rate of return r such that F' = E§Sr = Spe’”. For any strike
price K, let C(T,t; K) and P(T,t; K) denote the risk-neutral arbitrage-free prices
of a European call and put, respectively. Then, for any time ¢ € [0,7] consider the

following portfolios of out-of-the money calls and puts:

portfolio 1 = {1 of each out-of-the-money European call option}

portfolio 2 = {1 of each out-of-the-money European put option}

Letting the prices of these two portfolios be given by ®} and ®? respectively,

(T, t: K Fp(T K
q)i _ er(T—t)/ ( ;{2’ )dK, (I)? _ er(T—t)/ ( l7(27 )dK
F 0

by arbitrage-free pricing theory, ®! can be rewritten as

00 ©¢_ K o0 fs— K
@—a””/ eﬂﬂ/is :MMK—/ 3/ dKds
t . . K2 T t() . Pr t() . K2

where pr_;(s) = LP*(Sr < s[5;). Similarly for ®7, we have

FR_—s
K2

KK _—s

702 dKds

F F
o} = er(T_t)/ e "0 pr—i(s)dsdK :/ pr—1(8)
0 0 0

S
Summing them together and integrating over K, there is the following expression for

the joint portfolio for any time,

> "K-s > s—F
P, 4+ Of = / pr—i(s) e dKds = / pr—i(s) <1Og(p/5) i T) ds

10




E;Sy — F
F

Therefore, a short position in the log-returns on a futures contract can be hedged

— E;[log(F/S7)] +

with a short position in a futures contract and a long position in ®1. and 2.,

Sp—F
F

In particular, at time ¢ = 0, the model for the index price says that Sy =

—log(Sr/F) = — + @ + 7.

SoefoT (r=50})di+ [ ordW; where W/ is Brownian motion under the risk-neutral mea-
sure, as so the expected logarithm of returns can be written as the integral of the

volatility,

. e
@&Hﬁ:—%bg&ﬂﬁ:—mP%Gfﬁ®wﬁﬁwﬂﬂ:5/]mhﬂﬁ
0

where E*[-] denotes the risk neutral expectation. Thus there is the following fair
valuation of the average volatility on [0, T,

Bt = () + 23)
and the fair price of the volatility swap with strike K, is given in terms of these
portfolios:

2
fair price of swapl|,—o = T((I)é +®2) — K2,

1.2. The VIX. The price #(®§ + ®F) with T = 30 days is what the VIX ap-
proximates by using all options data available on the S&P 500 with T-many days to
expiry. In computing the VIX, the continuum of strike prices is approximated with

the set of strike prices (K;);—123 . provided by the market,

K2 ' K2
K;>F ? K;<F 3

2erT Clty + T, ty: K; Pty + T, ty: K;
(7) VIXEk:@T(Z (tx + T ty; )AK'+Z (tr + Tty )AKi>

11



where Ky = max{K; : F'— K; > 0}. The VIX is a form of implied volatility.
Implied volatility is a value of o; that is obtained from options data. For instance, the
VIX, or the volatility smile/skew that is obtained by inverting the Black-Scholes model
on European call and put options. Implied volatility should not be confused with

‘volatility surface estimates’ such as the those obtained through Dupire’s equation.

S&P 500 Index

1600 T T T

—— SP500

200V 1%
1400 |- ,

1200 — -

1000 - oy

index value

800 -

400 y W“‘m _

200 |
1980 1992 1994 1996 1998 2000 2002 2004

FIGURE 1. The S&P 500 from 1990 to 2004 and the VIX during the same time.

A spot-estimate of volatility at time ¢, is an Fj-measurable estimate of afk. As
a spot -estimate, the VIX almost validates the stochastic properties of equation (2).
Plugging the daily S&P 500 data and VIX data from 1990 to 2004 into equation (2),

with p, = NLH Effzo Y), and At = 1/252, there is a sequence of residuals

Yy — (s, — SVIXZ)At

VIX, VAL
12

7y =



from which the empirical moments for Z; can be used to validate the model:

7= 300 % = .0224
n= XN (2~ 2 — 7391

(8)
skewness = + SV (Zy — 2)3 /0P =.0445

kurtosis = &S~ ((Zx — Z)4/n* —3 = .8219

A spot-estimate is considered to have accounted for the risk associated with a Gauss-
ian model if the kurtosis of 7 is zero. If the kurtosis is greater than zero there is
risk that is unaccounted for, and if the kurtosis is less than zero then there is less risk
than the model suggests. In the VIX case, the standard deviation 7 is significantly
less than one, but the kurtosis is not extremely high which means that the VIX data
accounts for much of the risk associated with the S&P 500.

In general, the VIX is popular because it moves upward as the S&P 500 goes
down. The VIX moved opposite the S&P 500 on approximately 59% of the days from
1990 to 2004, and even more between 2003 and 2009.

2. Filtering and Smoothing Estimates of Stochastic Volatility

Stochastic volatility models introduce more precision in the understanding of the
volatility process. Several models assume that o; is a Markov process, such as an
Ornstein-Uhlenbeck or Cox-Ingersol-Ross model [19]. In this chapter, o} is taken to
be a Markov chain on a finite state-space S = {sq, ....., $,, } with a matrix @) € R™*™
of transition rates such that

(9) ]P)(O-tk+1 = Si‘o-tk = 8]) = (eQ*At)]l

where Q* denotes matrix transpose. In general, stochastic volatility modeling intro-

duces an interesting aspect to historical volatility estimation because the process o;

13



can be treated as a Hidden Markov Model (HMM), from which filtering and smooth-
ing estimates can be computed.
There are properties of a discrete-time/discrete-space Markov chain that are par-

ticularly nice for modeling a process that is not fully understood.

e The discrete model can be used to approximate a continuous process (such
as a diffusion), but can also incorporate jumps. Both of these phenomenon
are incorporated into the transition kernel e? 4.

e Data is not available in continuum, so it is more natural to model discretely.

e Numerics need to be performed on a discrete model regardless of the model.

In general, a stream of volatility validates the stochastic properties of the model
if the noised implied by emprical data is consistent with certain sample statistics
such as mean, variance, skew and excess kurtosis. As will be seen in Section 2.4, a
discrete Hidden Markov chain model for the stochastic volatility model of equation

(2) is validated by the S&P 500 data.

2.1. Filtering. Suppose that o; is an unobserved Markov Chain in the probabil-
ity space (Q, F,IP). For t € [0,T] let o; take value in the state-space S = {s1, ...., S }
and make transitions according the rate-matrix () € R™*™. For the discrete data
points (t;)7 " given in (3), the observable data is the sequence (Y;)N_, given by (2).
For each k let Fj denote the filtration on Yj.,. Given the data Y, for any £ < N,

the filtering distribution of oy, is denoted with 7y,

T = P(or, = 5i|Y1)

The filtering estimate of o7 is defined as follows:

(10) 0A2k|k = Elo} |F] = Z S; Wklk, filtering estimate

Through simple manipulation of the expectation operator, it can be shown that (10)
is the optimal estimate of Jfk among all Fj-measurable functions in terms of mean-

squared error (MSE),
14
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E (o2 —0l) <E(0—02)"  forall F-measurable 6.

Filtering without EM Compared to the VIX
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FIGURE 2. Given the S&P 500 data from 1990 to 2004, this plot show the filtering
estimate ,/E[o7 |Fx] compared with 7 - VIX;, where 7 is the standard deviation from
table (8). Although the VIX is not a true spot-estimate of volatility, it is still worthwhile

to observe how it relates to filtering.

Filtering is popular because it provides online estimates and does not require any
backtracking or recalibration to obtain an updated distribution as new data arrives.
Instead, simple linear algebra operations are used to update the filtering distribution
at each time ¢;. Given the matrix @) of transition rates for o, the posterior distribution

is obtained recursively though the forward Baum-Welch equation:

(11) Tht1lk+1 = ?HP(YHHU%H =5;) Z (eQ At)ji 7Ti|k

where ¢, is a normalizing constant, and

N (USSP
\/2ms? At 257 At

For the daily S&P 500, a filtering algorithm can be written to track volatility.

P(Yi|ot, = si) =

Assume that there are 252 trading-days per year, and let A € R™*™ be the exponential
of @ for At =1/252,
A =9 At

15



The filtering algorithm is

i _
Tt 1|k+1 =
Cr41

1 ;
_P(Yk+1‘atk+1 = Si) Z Aj’ﬂri\k
J

In order to implement the algorithm there needs to some some estimates of the
parameters p, A and the state-space §. Some possible estimates are p = .08,
S ={.01,....,.5}, and Aj;; taken to be the frequency of jumps from s; to s; in the VIX

data:
N-1 1
k=0 {U'VIth+1=Sj, 'l’]'VIth:Sj}

-
Jt
5 i numerator

where 7 is the sample standard deviation from table (8). As is seen in Figure 2, the
filtering estimates with parameters estimated by frequencies of VIX jumps and the

VIX itself are quite similar for the sequence of S&P 500 quotes from 1990 to 2004.

2.2. Smoothing. Given all the data Y.y on [0, T}, estimates of o for t < T are
referred to as smoothing estimates. If the modeling of the processes is correct, the
smoothing estimate will be better than filtering because it is made with knowledge
of how future events will unfold.

The smoothing distribution for o; given Yi.y is

Ty =P(oy = s|Yiy)  forany t € [0, 7]

and the smoothing estimate of o2 is

(12) O/'\2t|N = E[o}|Fn] = Z s?ﬂw, smoothing estimate

Through simple manipulation of the expectation operator (in a similar fashion to
filtering), the estimate in (12) can be used to obtain a better estimate of the average

volatility in (4) than the estimate provided by the historical volatility in (5),

17 ’ 2
E (T | Eiotiar - afm) < E (Vi) — oz

16



For any t € [ty,tx11), the smoothing distribution for o, is obtained through the
duality of g, with a function a; which weights the future events given the state of

o:. This is written as
7Té|N = o Zﬂ'i\k (eQ (t_tk))jz'
J
with o4 given by the backward Baum-Welch equation

. 1 i -
(13) ap=——> PYipiloy,, =s;) (eQ (tr41 t))

Ck+1 =
o

YVt € [tk, tk-i—l)

J
ij Yt

where ¢x41 is the normalizing constant from the forward Baum-Welch equation (11),
and the terminal condition is ar = 1. Intuitively, a; can be thought of as the

probability of all future data conditioned on the current state of o;:
ot o< P(Yiprn|or = s4) for t € [ty, tgi1)
but equation (13) scales the sequence appropriately so that 7y sums to one.

2.3. Parameter Re-Estimation. From Sections 2.1 and 2.2 it is clear that the
HMM’s transition rates need to be known or well-estimated. In general, parameter
estimation for HMMs needs to be something that is researched and applied with a
certain degree of confidence based on a training set. However, if there is an estimate
and a fairly large amount of data from the process Yj, a parameter re-estimation
method given by the EM algorithm can improve the initial parameter estimates to fit
the data.

For the data points given by (3) with At constant, let

Ay = (eQ*At) ,J<m

ji
Given the collected data Yi.y and an initial parameter estimate A°, the goal is to

construct a parameter re-estimation algorithm that refines the likelihood ratio of the

data with each iteration:

for £ =0,1,2,3,...., choose A“*Y such that W =

17



Let ¢ denote the discrete path of the volatility process,
o= (O—toa Oty eeens UtN) € SN+1

In terms of logarithms, a Jensen inequality (logEX > Elog(X)) leads to a lower

bound written in terms of an expectation,

log P(Yo.n|A) — log ]P(YO:NlA(Z))

Fn, A9 —log P(Yo.n|A©)

=K

lo ]P)(Y[]:Na 5|A)
S\ P(You, 6| A)

The EM algorithm chooses A“+Y) which maximizes M,

fN,A“)] = M(A,AY)

14 AT = arg max M(A, A© for ¢=0,1,2,3.....
A
and since M(A®) A®) = 0 it follows that
P(Yon|AY) < P(Yon|A“D)  we>0

which implies that M(A,A®)) < —logP(Yyn|A®) < oo, V£ > 0. Therefore, the
EM algorithm produces a monotone and bounded sequence, and so it will converge.
However, the limit may only be a [ocal maximum.

When maximizing the function M(A, A1), it is subject to the constraints >, A, =

1 for all 7 < m. The first order conditions are then,

18



Filteting with EM Compared to the VIX
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FIGURE 3. Given the S&P 500 data from 1990 to 2004, this plot shows the filtering
estimate of , /IE[U,?IC |F] with parameters re-estimated by the EM algorithm, compared to

n - VIX,, where 7 is the standard deviation from table (8).

M(A7 A©) = ;=0 (%)

]Z

0
71

Multiplying by A;; and summing over i the expression in (*) becomes

0 0
— I Oy _~. ) = 2 0y _
0= ZAJ, (aAﬂM(A,A ) %) = Zi:AJZaAjiM(A,A ) =,
which means v; = ). Aﬂaf M(A,A®). By multiplying (x) by Aj; and then rear-
ranging terms it is found that the optimal A%H) must be chosen among the set of

A’s such that

Njiga; M(A,A)
> N M(A,A)

Now, the joint log-probability of any path 7 € S¥*! and the data Yj.y can be written
as

logP<}/O:N> o= 17’/\) = lOgP(Yb’ato = 770) + lOg IP>(O't0 = UO)

N-1
-+ Z log ]P)(Y;H_1|O'tk+l = 17k+1) + log ]P)<O-tk+1 = ﬁk+1 O'tk = 'Uk, A)
k=0
19



from which, the derivative of M(A, A®)) with respect to Aj; can be computed as

follows:
0
M(A, AP
é 7 ® 0 214 (0) ©
- E [logP(%;N,a]A)‘}“N,A } - —F [bgP(Yo:N,GIA ))}"N,A ]
ON;i dA;
-0
N-1
=F I log P(Yo.n, @A) [Fn, AD | =E Z Aj.l{ﬂtkH:smtk:sJ'} Fn, AO
‘ k=0 t
1 -1 1 N-1
- Aj‘ Z E 1{Utk+1:5i"7tk:sj} fN’ A(é) - Aj' P(Utk+1 = 5;, 04, = Sj‘%:N; A(e))
v k=0 i o

and by plugging this into equation (15), it is easily seen that the solution to (14) is

k=0 P<Utk+1 - Sivatk - S]|YE):NaA( ))

16 AT =
(16) " >, numerator
where P(o}, = = si,07, = 5o, AY) can be computed using o, and myy, from

sections 2.1 and 2.2. It also happens that equation (16) enforces non-negativity of

Aj;, which is required for well-posedness of the algorithm. Figure 3 shows the VIX

Jty
overlaid by the filtering estimate of afk with parameters re-estimated by the EM

algorithm.

2.4. Comparison of Spot-Estimates. Figures 2 and 3 show plots of various
spot-estimates of volatility. For any spot-estimate &\th, the residual noise of the data
process (2) can be recovered in a similar fashion as was done for the VIX and S&P

500 data in Section 1.2,
_ Yy — (ue, — 502, At

\/ o2, At

The following table shows the empirical moments obtained from recovering the noise

Ly,

after filtering with parameters estimated by binning the jump-frequencies of theVIX
20



(no EM), re-estimating with EM (with EM), and those of the VIX:

moment and formula no EM | with EM | VIX
7= 5300 % 0021 | 0020 | .0224
(17)  std(Z) = \/ LS (2 — Z)? 9313 | 0.8770 |.7391(=1n)
skewness = L3SV (Zy — 2)3/std(Z)? —.1172 | —0.0875 | .0445
kurtosis = L S (2, — Z)*/std(Z)* — 3 | —.0946 | —0.2214 | .8219

From table (17) it is clear that filtering with parameters estimated by the jump
frequencies of the VIX has kurtosis closest to zero, and filtering with parameters re-
estimated by the EM has kurtosis that is more negative. This is interesting because it
suggests that filtering with the EM over-fits the data compared to the filter that uses
parameter estimates derived from the VIX. However, it is ad-hoc to use the VIX as
a spot-estimate of volatility because it is a prediction of the 30-day average to come.

A more appropriate study of filtering and the VIX is the subject of the next section.

3. Comparative Analysis of Filtering to VIX

This sections uses the methods from Sections 1 and 2 to begin a careful study
of the relationship between filtering, volatility swaps and the VIX. In particular, the
experiments in this section use the algorithms of Sections 2.1, 2.2, and 2.3 to obtain
estimates of the average volatility of (4). Then it is argued that the VIX is the fair
price of swap contracts based on these estimates, and using the S&P 500 data and
the VIX data from 1990 to 2004, it is shown that such contracts would have been of

lower variance than two other realized volatility swaps.

3.1. Filtering and Smoothing Estimates of Averaged Volatility. Recall

from Section 1 the partition 0 =ty < ... < ty41 = T of the interval [0,7] and

1 & 17
. ~ 2
(18) FV, ._T;:()E[afkm] A f/o o2dr
1 & 17
(19) SVo ::TE Elo} |Fn] = f/ o2dr
k=0 0
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The estimate F'V in (18) is referred to as the discrete average of filtering volatil-
ity. Similarly, the estimate SV in (19) is referred to as the discrete average of
smoothing volatility. Using the fact that o?dt = 2 (% — dlog St>, tt is easily
shown that as the partition of [0,7] gets infinitesimally fine, the filtration Fy fills

in with data on S;, and the limit in the mean of the estimate in (19) is the average

volatility:
1 & (N +1)At
* 2 — &
55 | ey 2 Bl | = B |y 2 ZE tkifzd]
N N t
N +1 L1 k+1
ZOE ol |Fn]At| = E; 7 ;0 </ (02| Fnldr + o(Aﬂ)
1 T
=E; |E T/ oZdr|Fn| | + O(A?)
0
2 ([T dS;
=Ej |E | = (/ log(ST/So)) + O(At)
T \Jo S
c 2 ( [TdS;
<, By {— (/ — log(ST/SO))} as AL\, 0
T \Jo S:
= E; [o01]
where ‘det’ stands for ‘dominated convergence theorem’, and Ef[-] = E[Mr - | where

My is the same Martingale change of measure that was used in Section 1.1. Similarly,

the same limit holds for the estimate in (18),

N

1
N1l > Elo}, | 7]
k=0

but the proof of this convergence is significantly more complicated than the former

*

—>E*|: [OT]:| aSAt\O

case.
As an example, the S&P 500 data can be taken with the assumption that there are
252 trading-days per year and At= 1 day. For each k = 0,1, ...., N — 29, let F; denote

the filtration on the S&P 500 data up to time ¢, and consider estimate (18) and (19)
22



with 7= 30 days. In this case, the VIX? equals the risk-neutral expectation of (18)
and (19) plus a term of O(At). Therefore, it makes sense to compare the time-series’
of FV;, and SV;, to VIX,,. Figure 4 plots these three time-series for both types of
parameter estimates, (i.e. both when A is re-estimated with the EM algorithm and

when A is estimated with the jump-frequencies of the VIX.)
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FIGURE 4. Estimates (18) and (19) compared to n- VIX. The parameter n ~ .73 is
the empirical standard deviation of the recovered noise under the VIX data, as was shown

in tables (8) and (17).

There are noticeable differences between the plots in Figure 4 but neither estimate
seems to suggest a drastically different volatility average than -V I X had predicted.
It is important to note that the VIX needed to be scaled to fit closely with F'V and
SV, but this is not so alarming because it is often the case that implied volatility
is 1.25 to 1.35 times historical estimates. Regardless, it is clear from Figure 4 that

filtering and smoothing averages of volatility are synchronized with the VIX.
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3.2. Filtering and Smoothing Volatility Swaps. An appropriate way to
compare the VIX and filtering is to consider swap contract based on the 30-day dis-
crete average of filtering and smoothing volatility, called filtering volatility swap
contracts and smoothing volatility swap contract, respectively. For a strike

price K,,, these swap contracts are defined as the net difference of F'V and SV,

respectively:
k+29
L 2 2 : "
(20) 30 Z Eloy |Fn] = Ko, filtering volatility swap contract
n=~k
k+29
1 2 2 . .
(21) 0 Z Elo} |Frr20] — Ko smoothing volatility swap contract
n=k

Under the same risk neutral measure which swaps on 30-day historical volatility
were priced, the 30-day filtering swap is priced by its risk-neutral expectation for
an infinitesimally small partition, which means that the ‘fair’ value of the swap is

initially given as follows:

1 k+29
oo OBl |F] - K2
n=k

*

fair price of filtering vol swap|;—o = 6—7’30/252Etk

1 30/252
~ »—130/2527p* 2 2
~ e / Etk % /0 O.tk+7'd7— — Kvol

] — 677’30/252 (V[XtQk . Kgol)

and the same idea applies to smoothing volatility swaps.

The data on the S&P 500 shows that returns on both 30-day filtering and 30-
day smoothing volatility swaps have lower variance than returns on swaps based
on historical volatility and priced either by the VIX or mark-to-market (a mark-to-
market price for a swap is simply last month’s historical volatility as the fair price
for the historical volatility of the coming month.) However, filtering and smoothing
swaps are sufficiently more complex because the outcome depends heavily on the
parameter choice of A = e? 2, In fact, if A is estimated on the S&P 500 data from
1990 to 2004 and then outcomes of filtering and variance swaps are computed over

the same time period, it turns out that there is higher returns and less variance for
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these contracts than there is for the historical volatility swap. Such an occurrence
is rather alarming because it indicates a major shift in the mean-variance frontier
for attainable portfolios, but since the parameters where computed in hindsight, the
phenomenon can most likely by regarded as over-fitting of the data. The mean and
variance of returns for the different swap contracts with time to maturity of 30-days

and at-the-money strikes (i.e. return = historical vol - VIX) are shown in table (22).

Mean and Variance of Returns on 30-day

at-the-money Volatility Swaps on the S&P 500

swap type: mean: variance:
realized vol. —1.7092% 0.0533%
(22) mark-to-market —.0050% .0626%
smoothing (with EM) | —1.5955% .0433%
filtering (with EM) —1.6069% .0343%
smoothing (no EM) | —1.8193% 0372%
filtering (no EM) —1.8565% .0318%

It is well-known that swap contracts favor the writer, and this is corroborated by
Table (22) where empirical data suggests that returns on any of these four swap
contracts is expected to be negative. With regard to the hypothesis of this chapter,
the important thing to notice in Table 22 is parity in the form of a mean/variance
trade-off (this parity does not hold for output that is corrupted by the over-fitting
caused by using the EM algorithm.) For instance, it is obvious that the mark-to-
market swap contract can be expected to have the least net-loss, but is clearly the
most risky of all four contracts. Another example of the parity is seen by comparing
filtering with EM to smoothing with EM, where it is clear that the higher expected

returns of the smoothing volatility contract comes at a cost in variance.

3.3. Statistical Fitting of Swap Returns as a function of the VIX. In this

last section, a statistical analysis of the VIX’s ability to predict the 30-day historical
25
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FIGURE 5. Top Left: RVjo, 1) plotted as a function of VIX. Top Right: RV|y r] for the
current month plotted as a function of RV|o 1) for the previous month, which shows the
returns on the mark-to-market swap contracts. Bottom Left: SV plotted as a function
of the VIX with A estimated by the jump frequencies of the VIX. Bottom Right: FV

plotted as a function of the VIX also with A estimated by the jump frequencies of the

VIX.

volatility (RV), the 30-day discrete average of filtering volatility (F'V'), and the 30-

day discrete average of smoothing volatility (SV'). The analysis considers each time

series as a linear function of the VIX time-series.

Consider a linear interpolation of an estimate O/'\th with its domain taken to be

the VIX:

R N ~ 2
(23) (= arg Izréiﬂg Z ’6 VIXE — 0%,
k=0
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The amount of variance in the sequence (UAZtk)fCVZO that is accounted for by the linear

fit in (23) can be summarized by the projection error,

2

1 -
SN VIXE —o?
——
2 k=0 1020 ]?

The dotted red line in Figure 5 show this linear interpolation for estimates made using

2%
r?=1-

the jump frequencies of the VIX, and the dotted red line in Figure 6 shows the linear
fit for estimates made with the EM re-estimation algorithm. What is important to
notice in the plots is that 1 goes down as 72 goes up, except for the cases when there
is over-fitting of the EM algorithm. Loosely put, this inverse relation between ¢ and
r? suggests that the expected returns on a swap contract will go down as the amount
of variance in returns that is accounted for by the VIX goes up. This trend can be

related to Table (22) where a mean/variance trade-off was evident.

4. Chapter Summary

To summarize, this chapter applied the nonlinear filtering algorithms in Section
2 to the daily S&P 500 and VIX data from 1990 to 2004. It was then shown that
the filtering and smoothing estimates could track the VIX to some extent, either in
the sense of spot-estimates or as a 30-day average. The main result was in Section
3 where it was also shown that there could possibly be a lower variance investment
if one were to enter into a swap contract that pays the net difference of the 30-day
filtering volatility minus the strike price. Future work would need to explore different
indices and different time periods, and if those experiments produce similar results as
were found in this chapter it would on an empirical basis strengthen the claim that

these are lower variance investments.
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FIGURE 6. Top Left: RVjo,1 plotted as a function of VIX. Top Right: RV|o 1 for the
current month plotted as a function of RV|o 1 for the previous month. Bottom Left: SV
plotted as a function of the VIX with A re-estimated by EM. Bottom Right: F'V plotted
as a function of the VIX also with A re-estimated by EM.
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CHAPTER 3

Tracking Intentions from Streaming Video: A Double HMM

Approach

In this chapter we discuss problems related to the identification/prediction of
behavioral characteristics of an intelligent agent (e.g. a human, or a robot) based on
noisy video footage. The attributes of interest include: patterns of motion (e.g. pose
and position ), intentions, mood swings etc. Some of the attributes, (e.g. intensions)
are not directly observable, and need to be inferred from the other attributes. Others,
such as pose and location, are partially observable but the observations are corrupted
by noise.

The problem is that the only observations available are visual, which means inten-
tions are not directly observable and need to be inferred from the other attributes. In
addition, visibility is poor making the observations very noisy which in turn makes it
difficult to observe attributes such as pose and location. An agent’s attributes can be
modeled as a stochastic process with values in a suitable state-space, and whose tem-
poral dynamics and observations are described by a Hidden Markov Model (HMM).
In particular, a hierarchical structure for the state-space can be modeled by a Dou-
ble Markov Chain (DMC) whose structure allows for an iterative conditioning of the
distribution of circumstantial attributes on the values taken by more basic ones. For
instance, a person’s pose is a random variable selected from a set of possible poses,
but the distribution with which he/she takes a particular pose depends on their in-
tentions, which can be modeled as components of the DMC at another level in the
hierarchy.

Any approach to this problem will include an algorithm which returns the “best”
estimate of the attributes as information arrives. We interpret “best” to mean op-
timal in the sense of minimal posterior expected loss where the optimal estimate is
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selected from the set of parameters that are measurable with respect to the o-algebra
generated by the observed data. In other-words, given the DMC parameters and a
set of observations, the optimal estimate minimizes the posterior expectation of some
loss function of the state-vector. The posterior distribution is needed to compute
the posterior expectation. The computation of the posterior can be done with the
Forward Baum-Welch Equations of nonlinear filtering [25, 32].

The use of DMCs for tracking intentions and other attributes is useful not only
in modeling but also in computations. The iterative conditioning of the distribution
of the state-space vector allows for samples to be drawn from the distribution of a
high-dimensional state-process. For instance, if the vector of attributes is very long,
the probability mass at each state-space element may be well below the threshold
of machine precision, thereby causing sampling algorithms to return an error. How-
ever, the iterative structure of the DMC allows for sampling algorithms to iteratively
determine the elements of a high-dimensional vector on a component-wise schedule,
thereby avoiding densities or mass functions that are too small to be relevant to a
machine.

Given all the necessary priors such as the parameters of the DMC, there are still
several issues that make implementation of the nonlinear filter difficult. For instance
it is well-known that, in general, the number of computations required to update with
the forward Baum-Welch Equations is of the order of the square of the number of
elements in the state-space, which is often very time-consuming to compute. This
issue can be addressed with sparse vector/matrix toolboxes. In particular, by a
truncation technique known as stochastic domain pursuit (SDP) [31], and also by
particle filters [2, 9]. Another difficulty arises when observations are of high enough
dimension (e.g. observations are 2-D images) so that the likelihood of any state-space
element is below the machine precision threshold. For such cases it helps to have an
observation model whose noise is of an exponential form with a statistic that is within

a range that can be measured by a machine. Then, the forward Baum-Welch equation
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can be rewritten in logarithmic form so that the output is significantly greater than
Zero.

Past work that is relevant to this paper dates back to the early 1970’s when
speech recognition software was developed. The algorithms present in the Hearsay
IT software from 1977 [26] are all based on hierarchical models. The 1989 paper by
Rabiner [32] gives an overview of HMMs in speech recognition and serves as a good
primer for HMMs and filtering.

Target tracking is an area closely related to the research presented in this chapter.
The 1993 book by Bar-Shalom and Li [3] presents an introduction to interactive
multiple models (IMMs), which are closely related to the DMCs. The notion of
DMCs is similar to the layering of hidden parameters in the target tracking papers by
Rozovsky, Tartakovsky and Yaralov [34] and Rozovsky and Petrov [31, 6]. Another
important set of references from target tracking are those by Gustafsson et al [22, 36],
in which they formulate and implement Rao-Blackwellized particle filters in tracking
nautical, ground and aerial vehicles.

Computer vision is another area that is closely related to the work in this chapter,
primarily through works that have sought ways to recognize pose from 2-D image
data. The tracking of people in sequences of 2-D images was analyzed in the works
of Black [38, 29] and Cremers [14], and in [21] a person’s 3-D pose was shown to be
recoverable from a single 2-D image. Variations in observation models such as Osher’s
multiplicative noise model [37] are also a critical part of the vision component of this
work.

This chapter presents a detailed analysis of a class of nonlinear filtering problems
from beginning to end. The model and filtering algorithm are presented in Sec-
tion 1. DMCs for tracking intentions are introduced in Section 1.2 by hierarchically
building a description of an agent’s behavior, poses and actions conditioned on their
intentions. In Section 1.1 a nonlinear filtering algorithm is formulated using a set of
forward Baum-Welch equations that are specialized to DMCs. In Section 2 some of

the numerical difficulties in computing a nonlinear filter are discussed. Section 2.1
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introduces some implementation techniques that are specific to problems where the
observable data is a sequence of images, and Section 2.2 discussed some techniques,
such as sparse vector/matrices and stochastic domain pursuit, which save memory
and processing-time when there are a lot of elements in the state-space of the DMC.
Section 2.3 describes a setting in which the algorithm may be written for parallel
processing, for which a particle filter is formulated. Section 2.5 explains how the iter-
ative conditioning property of DMCs may allow for sampling from a high-dimensional
state-space. Finally, Section 3 presents a detailed example with modeling, algorithm
formulation, and computational results so that it can be assessed how well the algo-

rithm works.

1. Models and Algorithms for Tracking Intentions from Image Data

As noted in the Introduction, double Markov Chains (DMCs) can be used to es-
timate and track the unobservable intentions of a robotic agent or person. In this
setting intentions, pose, location and observations are modeled as a DMC in which
the top level is observable and each lower level is an attribute that is slightly less
observable. Throughout this chapter, let £ be a non-negative integer that denotes

time. A DMC is a stochastic process constructed in the following way:

For any integer N > 0 consider the set of finite spaces {S"}1_o, and let (61),_o ;. .

be a stochastic process

where 07 € 8" for all n < N. We say that 6, is a double Markov Chain (DMC)

if forany k > 0and n < N,

POy = s|{00 Y00, Or1,oe Oo) = P(OF = 50771, 07_))
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Such a process can be illustrated by the following directed graph:
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DEFINITION 1. Homogeneous Double Markov Chain. Let 6, = (09, .....6Y)
be a DMC. We say that 0y is a homogenous DMC' if there is a set of transition kernels
{A"}N_ such that

(1) P(6) = 5102, = ') = A%(s]s), Vs, s' € §°
(2) PO = s|0p |, = 8,077 = 1) = A"(s|s',7), Vs, 8" € 8", Vr € S""! and for

alln > 0.

An advantage of DMCs as compared to ordinary vector-valued Markov chains are
the iterative structure that the double Markov property yields in computing forward

probabilities:

PROPOSITION 2. Let 0y = (69, ....,0Y) be a homogeneous DMC with the set of

transition kernels {A"}_,. For all0 < n < N, define a partially-updated distribution

as
up(5) = POy = 80, ..., 00 = s", 00t = s oY | = sN)
where § = (s',...,s). Then there is the following iterative update scheme for each

component of O.:



o ul(3) =3, con A(s™r, s (81 s s L 8Y)) for 1 <in <

N

)

PROOF. (see appendix.) O

The Markov chain 6, = (6,.....0Y) € 8° x ... x SN is defined by its initial

distribution my where
m0(3) =Pl =35), V5e8"x...xS8N
and the transition probability kernel I' where
L3 =P (9} — 50, = F) . forallk=1,2,3,4, ...

Some obvious relations are
e 0 < I'(3]7) <1, V5, 7e S x ... x SN
« SIEN =1, W

and any 5,7 € 8% x .... x SV the transition kernel of a DMC is defined as

(24) L(517) = A (s° )T A (s™ ], 5™
so that
(25) POk = 5:) = > _T(5]5)P(01 = 5;)

In practice, forward computations of the distribution of a DMC will be more effi-
ciently computed using the iterative form from proposition 2 rather than the explicit
representation from equation (25). This is because the DMC structure allows for a
minimization of the intra-dependence of the vector components, whereas for vector-
valued Markov chains there will be an exponentially growing amount of conditioning
needed with the addition of new dimensions. We use here the compact notation of
I’ because it is convenient for further understanding of how these processes work.
Indeed, letting uy(3) = P(6, = 5) for all § € S° x ... x SN we have the following

equation matrix/vector notation the forward Kolmogorov equation:

u, = 'u,
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where uy, = (ug(81), ..., up(Sn))* with {51, ...., S, } is the finite set of all vectors in the
space S x ... x SV,

Joint distributions of ), at different times can be evaluated using only the initial
distribution 7y and the matrix of transition probabilities I'. Specifically, T is an
n X n matrix whose entries are associated with pairs of state-space elements, and the

probability of any path (50, ..... , 9;) = (Siy, ---» 53, ) can be written as a product of I,

(26) P (o = Figs oo Bl = 55, ) = T3 5o ) D5 3570 (55,)

This formula follows from the forward Kolmogorov equation.
In addition to the state process given by the Markov chain <§k> we will
k=0,1,...
consider the observation process (Y3),_, . taking values either in a finite set F or

in R?. Often we will consider the observation process of the form

where £ (+) is a function on 8 x ...... x SN and (Z1);— 1 .. is a discrete time “white
noise” (sequence of independent identically distributed random variables.)

Suppose that 7, takes values in discrete set F, the the likelihood function of
{0p = s;} given {Y}, = .} is

Vs (yr) = P (Yk = |0k = §> .

Assuming that (Zx),_g o . and (0k),_g o . are independent, for any yo, ..., yx € F,

we have
(27) P (Yo = o o Vi = elflo = Figs s O = 5, ) = Mg, (9e)
Indeed, given (50 = Sigy - 0, = 3, ) , the random variables (Yp, ..., Y}) are indepen-

dent. Therefore,
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P (3/0 = Yo, 7Yk = yk|§() = §io> 70_;4: = gzk) =
HIZ:OIP) <Y£ = yf|§0 = '972;07 7§k = §;1€> -
H?:OP (YZ = ye@ = gie) = ngzows?z (e) -

If (Zk)1—o 10 1 an sequence iid sequence of mean-zero Gaussian random variables

in R? with covariance matrix R, it is readily checked that a similar relation holds.

Specifically,
(28) P (0r s k10 = i e B = 53, ) = Tyt ()
where p (yo, o yk\@) = Sigy .., O = §; ) is a joint probability density of random vari-

—

ables Yy, ..., Y; given 50 = Sig, .- 5 5i,- Note, that in the latter case

1 1 ¥ 1
elon) = Gy P {3 = ) B (= 19 }.

Indeed,
P(Ye <ylfh=5) =P(h(5) + Ze <y).
Obviously, h (5) + Zi is Gaussian random variable with mean h (5) and covariance

matrix R. Therefore, the probability density function of P (Yk < y|§k = §> is the

Gaussian density

W Xp {—% (yx —h ()" R (yp — h(g’))} .

Relations (27), (28) hold for many types of observation processes. Moreover, as
we will see below, these relations are the only properties of the observation process
that matter. Therefore it is convenient to assume that (27) or (28) holds without
specifying the exact structure of the observation process.

The relation (27) and (28) are often referred to as the memoryless channel prop-
erty. This term is used to indicate that it is characteristic for an observation processes
to depend only on the state and the noise at the current time and not on its own

history. For example, (27),(28) do not hold if the observation process is of the form
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Y = h (0, Yi_1) + Zg. In general, let W(y,) be the n x n diagonal matrix with the
non-zero entries v; (yx) = ¥z (yr) where {31, ...., 8.} is the finite set of all vectors on
the space S° x ..... x SN. We will see that the triplet (mo, {A"})_, ¥) is sufficient
for description of the state and observation processes 5}4 and Y} in the same way as

(m0, {A"};) defines the double Markov chain 6.

1.1. Forward Baum-Welch Equation. To further reduce computational com-
plexity as it is usually done in the theory of HMMSs, we introduce a recursive linear
equation known as the Forward Baum-Welch Equation. Write the joint probability

of the observations and the state:
p (yo, o U O = 87) = 0P (Yo < Yos oo Vi < Y O = §> [Oyy...0Ys

and define

P (YO = Yo, s Y& = Yk, 0, = 5) in discrete case,
¢ (5) =

D (yo, ooy Yty O = §> in continuous case.

PROPOSITION 3. Let ®,= (¢ (51) ;.- @k (5n))” . The sequence (¢r);_q 1 ... verifies

the following equation
(29) Dr+1 (5) = Vs (Yrt1) Z L(817) . (7)

or, in the matriz notation, ®r 1 = W(yrs1)T'Pr. The posterior distribution of the

current state given the past can be written in terms of ¢:
7 (3) = PGl = 1Yo = o Vi = pr | = 00 (3) / S (7).

PROOF. (see appendix.) O

Remark: The theory presented so far has been for DMCs, but could be generalized
for hierarchical Markov chains of the telescoping form (i.e. intra-dependence of vector
components is a function of all states that are higher in the hierarchy and not just

the one state that is immediately above.) However, the telescoping structure will
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exponentially increase the parameterization of the matrices {A"}_, and will put an

enormous strain on the memory resources of the machine used to compute the filter.

1.2. A Tracking Intentions Example. A three-layered DMC (6°, 60", 6%) can
be used to model a person’s intentions, actions and location. The least observable
component of the double Markov model are the intentions, §° € {0, ..., M} with initial
distribution p = {po, ...., par} and 0" not changing for k& > 0, that is, there are no
transitions in time and so it is a static component. For example, #° can be in one
of two states: either benign (6° = 0) or hostile (#° = 1) with initial probabilities
p = (po; p1)-

The next component, 0}, is the pose of the person at time k. This component
takes values in a finite set of poses, 0i € {si, sa, 53, ....., S, } Wwhere m < oo. Changes
in pose are controlled by a Markov chain whose transition laws depend on the person’s

intentions:

P(0) = 5,08, = s;,0° = 0) = A(i]j,0),  for £=0,1,2.... M

The third component of the DMC, 62, is the spatial location of the person in a
two dimensional set. We could also have a more elaborate model that tracks not
only position, but also the dilation and rotation of the pose (this is discussed more in
Section 2). To adhere to the conventions of target tracking, we denote 67 with X to
indicate the tracking of spatial location. The evolution of X is dependent on 6} and

an independent noise:

Xk = A(@;,Xk_l) + O'Wk

where Wy, are iid standard normal random variables.
A 2-D snap-shot is the observable data based on the person’s visual appearance.
It is denoted with Y} and is a matrix of pixel data that is either 2-D (black and white

observations) or 3-D (color observations). The observation fits a model of the form:

Yi = H(O}, Xi) + Zy
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TABLE 1. Tracking Intentions Example

intentions: 0° labels the intent of the per-
son (e.g. {0° = 0} if benign, or {#° = 1} if
hostile)
P(#° = ()= py, for £ =0,... M

!

pose: 6} labels the pose taken by the per-
son (e.g. waiving, nodding, walking, run-
ning, jumping,.....)

POy = il = s;,0" = £) = A(ilj, 0)

for s;, s; in the space of poses.

!

spatial location: X is the spatial location
of the person; changes to X occur depending
on 0 (e.g. person moves faster if in running

pose, doesn’t move in waiving pose)
Xk = A(@i, Xk—l) + O'Wk

where W is an iid random variable in R?

|

visual observation: Y is a snapshot of the
person at time k. It depends only on the
visual appearance of the person, so intentions
do not have a direct effect.
Ye = H(03, X)) + Zy,
where Z is a matrix of iid standard normal

noise.
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where H is a known function, and Zj, is a matrix of iid Gaussian noise with covariance

structure R. This example is summarized in Table 1.2.

The kernel for the forward operator semi-group for this example can be written

explicitly as

g x— Asiy, 2|3
[(z, 4y, i0l2’, 17, 1g) o exp (— | 2(021 )HQ) A(in]dy,i0) Lig=in)

where z, 7’ € R?, iy,4] are indices labeling the set of poses, and 4,1, € {0,... M}.
The exponential arises because X is conditionally Gaussian and the indicator arises

because 0, is constant over time. The likelihood can be written explicitly as

i) = 050 (=50 — Hls02) R o = Hs ) )

where R is the covariance matrix of Zy. Letting the posterior distribution of

(6°, 6}, Xi) be written as
(1) = 0,P(Xy < 2]6° =ig, 04 = i1, Y1, ..., Yi)P(0° = ig, 0} = i1|Y7, ..., Yz)

we can then write the Baum-Welch filtering recursion explicitly as

11,8 1 i
Tt (#) = S Yina (Vi) (Im)" (@)

. (—%(Ym — H(si,,2)) R~ (Y1 — H(sil,x))>

Ck+1

||.T B A(Sinx/)“% YA 0, g /
i A 1 d
X E/ /]R2 exp ( 52 (t1]d},90)m " (2)dx
5

where ci41 is a normalizing constant.
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2. Filtering Techniques for Image Data Applications

In this section we present some numerical techniques that allow an effective com-
putation of the nonlinear filtering algorithm. It is well-known that the nonlinear fil-
tering algorithm becomes difficult to implement as the size of the state-space grows.
However, there are some good ways to implement the algorithm that are not obvious
from the theoretical derivation of the filter and will reduce computational cost. In
addition, we address the issues that arise when the likelihood functions ¢ take values
below machine precision, which indeed happens when our observation process Y} is a

2-D image.

2.1. Scaling Procedure for Small Likelihoods. Consider the tracking inten-
tions model that has been presented in the examples to this point, with R = 21, .
A pressing issue when applying the filtering algorithm to image data is the exponen-
tially small likelihood probabilities. For instance, when each observation is an n x m
image, we can compute the likelihood of the event {(}, X;) = (s;,x)} given any

individual value of Y} at a given pixel:

P(Y;Ilmwk = S, Xk = (L’)

L1 - B )
c 2 ~?

= —e&xXp| —3 >7vrlgn>r2§m
where H™"2(s;, ) is the (r1,r2)™ pixel of the image H (s;, z) and Y™ is the (rq, 7)™
pixel of the observation Y}, and c¢ is a normalizing constant.
The scalability issue arises when we try to compute the likelihood given the entire
image. To get a sense of the size of these likelihoods, consider the log of the likelihood

function for any (s;, z):

1 1
—log ¥; »(Yx) = — log P(Yk|9,i =84, Xy = )
nm nm
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1 1 /Y — Hire(s; )\
=] N Gl ’

1,72

(e,
 2nm ol
71,72
1 (Y — HPTR(9, X) + HO (6L, Xo) — HY75 (s ”)2
2nm o ol
- _ _1 (Zﬁm + H”’"?(Qi’Xk) — Hrlw(sia x>>2
= k
2nm el Y
e S (ZE = ST 2 (H 6 X) — T (s1,3)
2nm k ynm k ’ v
1,72 1,72

1 (H (0, X3,) — H™™ (s, x))2

2nm
1,72 ”}/

Now let’s define the energy of any image produced by a state-space element (s;, z) as:

1
Enm(si,x) = — Z H”’”(si,x)2

nm
1,72

If we assume that the energy of any possible image remains bounded by a positive
constant o < 1 as we increase the resolution, we have &,,(s;,x) < « for all (s;, z)

and nm > 0. Then we have the following decomposition:

1 1 1

—1 zxY = — 3 —WVix — Cix
o logb1a(4) = 5 — L) — 1ulh)

(1) For any (s;,z), ¢;.(k) is the random variable defined as

1 HT‘17"2 01 X _ HTITQ i 2
k) = Z( (05, Xe) <S’“f>) >0,

2nm 0%

1,72
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(2) For any (s;, ) the middle term is the random variable defined as
1 T17T ™17 1T
Pin(h) = — >z (HD2 (04, Xy,) — H™™ (51, )
1,72

and its second moment approaches zero as follows:

2
1
Eg?, (k) =E (-nm >z (H™™ (604, X) — H””(si,x))>

1,72

2 rir 1 riT 2 r172)2

= am)? ZE [(H 172 (0, X)) — H''"2(s4, ) ] E[(Z;")]
71,72 -1
where we have applied the independence of each Z;'"* from all other random

variables,

2 172 r17r2 2
= G 22 B 0L X0 — 1)
4 4 S

Now applying the Chebyshev Inequality with some small § > 0, we have

2 K 2 8«
~—nm Znm
where k 1s a constant such that
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2

]. 2 ]_ K

E|l —— AR — = —
( 2nmz( k ) +2> nm

1,72

Since the bound on the probability is very small for large nm, we have

2 k+ 8«
) 6—1/2)nm ) 0—1/2)nm—c; o (k)nm “
P (1hi o (Vi) > eC72mm) <P (3 ,(Ye) > 7Y B <

So if we choose § = 1/4, we have exponentially small likelihoods:

C
P(¢);0(Ys) > e "™/*) < P
where C is some fixed constant.

Indeed, even low resolution images may have tens of thousands of pixels which
will make the likelihood of any state (including the most likely state) extremely small.
Therefore, a program that directly applies the recursive formula from Section 1 will
return an error:

b (Vo) (Tm)i(2) 0

T = S W) i () 0

which is undefined. Therefore, models involving such likelihoods should use the scaled

nonlinear filtering algorithm presented in the table on page (45).

2.2. Filtering With Limited Computing Resources. The nonlinear filtering
algorithm can be very slow, even on the most modern processors. The fact is that the
algorithm has so many operations to carry out in order to update the posterior, and
even though the recursion from Section 1 is easy to comprehend, the programming
involved can be quite intricate.

Considering again the tracking intentions example, let the hidden states (0}, X3)
take values in a state-space {2 = 8! x R?, and let || denote the number of elements
in the state-space. In general, the application of the forward operator I' to the
prior distribution of (0}, X;) will require at least O(|Q2|*) operations. In addition,

if the number of operations needed to compute the likelihood of each state-space
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TABLE 2. Scaled Nonlinear Filtering Algorithm

step 1: input data and the old posterior, Y;,; and

Tk

step 2: predict and correct the distribution of (0, X),
Yk — H(si, )13

202

T (2) = log (Tme)' ()

step 3: normalize the distribution of (6, X),
define: 8 = max 7}, ()
set: 1 (v) = Ty (2) — B, Vi o

and then take exponentials and normalize:

_ (T ())
225 J exp(#y . (2))da’

7Tlichl(ilU)

step 4: return the updated posterior, 7,1, and any

estimates such as the MAP or posterior mean.

element is O(|Q2]) or greater, then the total machine cost for computing likelihoods
for every state-space element will also be greater or equal to O(]Q2]?). Often times
a computational cost of order squared can be too much for a machine to handle.
Therefore, the implementation of the nonlinear filtering algorithm depends heavily
on our ability to interpret I' as a sparse (or banded) matrix and then only evaluate
the likelihoods of the state-space elements which have significant probability. These
ideas are what is referred to as stochastic domain pursuit (SDP) [31], and can be

written explicitly as the following recursive updating formula:

Fha(@) = Y T(i,zlj2)wl(a’),  where A= {j 2’ : T(i,z|j,2') > § and 7} (2') > 5}
jx’eA
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1

71'/Yim—l(x) = { o

Vi (Vi) T (2), i Ty (2) > loge

0, otherwise

where € > 0 and § > 0 are two relatively small thresholds, and ¢ is a normalizing
constant. Obviously the choice of thresholds is non-trivial, but there are numerous
examples of DMCs where SDP can be readily implemented. For instance, when
observations are scalar and X} is conditionally Gaussian, its conditional transition
probability matrix takes a banded form and the whole recursion will require only
O(|€?]) operations. The results of Petrov and Rozovsky [31] implemented SDP in
HMM models for tracking aircraft in a noisy medium.

Aside from SDP, another fast way to implement the algorithm is to use particles.
A particle filter consists of two parts: Sequential Monte Carlo (SMC) and Sampling
Importance Resampling (SIR). In Section 2.4 a particle algorithm will be developed
in more detail. For more on SMC and SIR see the book by Asmussen and Glynn [2]
or the book by Cappe, Moulines and Ryden [9], .
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FIGURE 1. The flow diagram for a bank of nonlinear filters. At each time step the
input is the previous bank of posterior distributions and the latest observation, from which

a bank of updated posteriors is returned.
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2.3. Banks of Filters for Parallel Computing. When the lowest states of
the double process are static in time, there is the option to compute banks of filters
for several hypotheses. For instance, recall from the tracking intentions example
in Section 1.2 where 6, did not change over time and had initial distribution p =
{po, ...par}. For the tracking intentions example, we define a set of hypotheses {®,}7,

where for each ¢
(I)g : {90 = E}

then for each ® we have a forward operator I'? from which we can compute a posterior

given each hypothesis:

Wi’i(aj) = ax]P’(Q;lg - Sian: S .Z"Yi, s a}/;weo = €>

- %wi,m(yk) (Feﬁﬁfl)i (2)

where 1 is the likelihood function and ¢, is a normalizing constant,

d=3 / G (V) (Thrl_ )i (2)da = P(Yilfy = £, Va, -, Y1)

Reusing the sequence of normalizing constants we can compute the log-likelihood of

the person’s intentions:

LY =logP(Yy,...,Yi|0h =€) = logct +logch + ... + log ¢,

A posterior on 6, can then be computed using this likelihood, p, and Bayes rule:

exp(Ly)pe
POy =Y, ... Vi) = =57y
> vr—oexp(Ly, ) pe

Figure 1 shows a flow chart of such an algorithm and how it divides the labor
associated with each recursive step. The division of labor opens up the possibility of
running the code in parallel on a cluster. These banks of filters will be used later in
the example of Section 3, and in the next sub-section where we formulate a particle

filtering algorithm.
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2.4. Particle Filtering Algorithm. Particle filters were mentioned in Section
2.2 as a fast way of computing the posteriors. The particle filter is an approximation
of the nonlinear filter and only returns an optimal estimate as the number of samples
grows to infinity. However it is a consistent estimator because it does not make any
assumptions which may introduce bias into the model. In this section we formulate
a bank of particle filters for the tracking intentions example. The example can serve
as a template for general particle filtering algorithms regardless of how many banks
are used.

The intentions example fits the description given in Figure 1 where we split
the algorithm into banks of filters based on 6, which is constant in time. When
0 € {0,1,2,...., M}, we can split the filter into (M + 1)-many banks, one filter for

each hypothesis on 6y. A bank of particle filters can then be constructed as follows:

For the ¢ hypothesis at time k, the n'™ sample is a vector (6},, Xo.x)!(n) where

(9(1):k7 X02/€)Z(n> = {(93, XO)%”)? (9%7 Xl)g(n)a """ ) (9;7 Xk)%”)}

and has been independently sampled sequentially from I'. Letting the k™ likelihood

of the n* particle under I'¥ be written as

Yo (Vi) = P(Yil (04, Xi) = (03, Xp)(n)),

we can sequentially define an importance weight wf(n) which is proportional to the

likelihood of the sequence of particles given the data:

_ @Zjé,n(Yk) X ... X @/ngn(yvl) . @/ng(Yk)wﬁfl(n)

¢
i) >, [numerator] ~ ) [numerator]

A particle filter produces an empirical distribution from the importance weights
and invokes SIR to speed up the convergence of the empirical distribution to the
true distribution (see [2] and [9]). Specifically, the particle filter can be used to

approximate the log-likelihood function because it is a consistent estimator of the
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TABLE 3. Bank of Particle Filters

step 1: input data, particles, particle weights and log-
likelihoods, Yii1, {(0%, Xp)(n)}em, {wi(n)}en, and {L:}, for

¢ < M and n <(sample size).

step 2: for each hypothesis, sequentially sample each particle

and update the likelihood:
(O Xaa1) () ~ T+ (0, Xi) (n)

L o (z w,nwwam) v

step 3: perform SIR for each hypothesis independently if at least
one empirical distribution has too few important weights, i.e. if
(Zn(w,‘;(n))2)fl < 7 for at least one pair (7, j) where 0 < 7 <(#
of particles) is some threshold; otherwise for each hypothesis,

update and normalize the importance weights:

é U (Y)wh(n)
Wk+1(”) - Zn[numerator] ’

step 4: output the updated particles and weights, and the pos-

terior on the hypotheses:

exp (L) p
Bl = (%, .., ¥;) = oD LR 2
> - /—o[numerator]

true log-likelihood. We see this in the limit as the number of samples approaches

infinity:
k—1 k—1
> log (Z w&n(Yk)wf(n)) 5N Cog PV [V, ... Y, 00 =€) = L.
r=0 n r=0

2.5. Sampling on a High-Dimensional State-Space. The iterative construc-

tion of DMCs allows us to sample from distributions of a very large dimension. In the
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last section a particle filter was formulated, but it was assumed that sampling from I'
was always possible. This will not be the case, particularly when N (the number of
components in the the DMC) is large. Recall in Section 1 where the kernel of I" was
written as the product of N + 1 many transition probabilities. In such a situation I"
will be extremely small and computers will effectively consider it to be zero.

Recall the definitions and notations from Section 1, and consider a DMC 67,5 =
(69,...,0)) with transition matrices {A"}\_, where 67 € 8" for all n < N. When
0;, has very large dimension, the probability of any state-space element may be below

the threshold of machine precision:
D(§|7) < €machine Vs,

which means it will not be possible to sample particles the in the manner suggested
in Section 2.4.

However, it is possible to sample from a high-dimensional DMC if the set of tran-

N
n=0

sition matrices {A" individually lend themselves to sampling. In other-words, if
it is possible to conditionally sample from each individual A", then there is an itera-
tive procedure that samples the vector 9_;9 component by component. Given 94#1 =7

there is the following iterative sampling algorithm for O:

(1) sample s° from Ag( - |r?) and set 69 = s° € §°
(2) forn=1,2,...,.N
sample s™ from A™( - |r", s"71) and set 67 = s" € S™.
This iterative scheme is analogous to the iterative form of the forward Baum-Welch

equation given in proposition (2).

3. Numerical Simulation

In this section numerical simulations of the nonlinear filtering algorithm for track-
ing intentions are presented. The model and algorithm are those described in Section

1 and the example of Section 1.2. In the following sections the model is described in
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detail, there is some discussion of the computational techniques for implementation,

and then the simulated tracking results are presented.

3.1. Pinocchio Example. Pinocchio was overheard bragging that he has a gun
and he will shoot out the only street lamp in the city. A hidden video camera and
an ATR&D (automatic threat recognition and defense) system was installed by the
concerned citizens in a hiding place with a good view of the lamp. The ATR&D is
capable of analyzing the behavior of Pinocchio if he approaches the lamp and can
neutralize him if the system decides that Pinocchio indeed has malicious intentions
and the danger to the lamp becomes credible. The system is “all weather” in that it

could function even in very bad weather with extremely low visibility.

FIGURE 2. The only street lamp in the city which Pinocchio may or may not intend

to shoot out.
The decision making algorithm is based on a 3-leveled DMC model. In our setting
0y is simply a two dimensional r.v. (65", 65""). The states for 65" are:

{6irt =0} = {just kidding}

{0t =1} = {hostile}
The states for 65" are:

{65"" =0} = {doesn’t have a gun}

{65"" =1} = {has a gun}
In addition, a statistical research firm has provided the city with the following a priori

information on 6y:

51



PO =06 =0)=1 PO =06"=1) <1/2
0 0 0 0

PO =00 =0)>1/2 PO =0/ =1)=0
The second component of the DMC, 6; € {1,2,3,....,m}, is Pinocchio’s pose at
time k. Some poses are shooting poses and some are not. The set of poses that

Pinocchio can take is shown in Figure 3.

FIGURE 3. The alphabet of poses which Pinocchio can take.

The third component, X}, is a vector containing a translation, rotation and dila-

tion of Pinocchio’s pose:

Pinocchio’s position relative to the center of the camera’s view is given by the
translation (¢,(k),t,(k)), and his distance from the camera is given by the dilation
(dy(k),d,(k)). If the camera perceives any shear or rotation in Pinocchio’s pose then
(ry(k),ry(k)) would account for it, but for simplicity we will assume that neither
occurs and keep r,(k) =0 =r,(k) for £k > 0.

If Pinocchio is in a standing pose then X, = Xj; if he is a walking pose then

the dynamics are given by a recursive structure:
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dp(k + 1) 1.3ty (k+1)

dy(k+1) = 1.3k

r.(k+1) = 0

ry(k+1) = 0

t:(k+1) = dy(k)+ 13vBAX(G) + WE

ty(k+1) = rty(k)+ W, 0<r<1
where AX (i) is the distance Pinocchio travels on the z-axis during one time step
if 0, =4, and Wy, = (W, W/)* are iid mean-zero Gaussian random vectors with

covariance matrix

o2 0
Q= ,
0 o,

What is actually visible from the DMC is the function H(i,x) which is a 2-D
image of the street lamp with Pinocchio taking the i*" pose and translated by z from
the center of the scene. Figure 4 shows some examples of some possible mappings

which move Pinocchio around the street lamp.

FIGURE 4. We see here how the spatial location is a mapping of a pose from the center
of the street lamp scene. The Pinocchio in the center illustrates H(i,0), and each arrow

represents a possible value of X and how it will spatially relocate Pinocchio within the

scene.

The observed visual data obtained by the ATR&D’s camera is denoted by Y.

The observation Y}, is an n X m-pixeled snap shot of the street lamp at time k:

Yy, = H (0, X3) + v Zk,
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where 7, is a frame of standard normal Gaussian noises with zero covariance between
different pixels. The magnitude of v depends on conditions such as lighting, fog,
haze, etc. In Figure 5 there are some fairly low noise observation frames of Pinocchio
walking around near the street lamp, and it does not appear that he has a gun, but

it is not entirely clear.

FIGURE 5. Low-noise observations of Pinocchio walking around near the street lamp.

3.2. Filtering Algorithm for Pinocchio. Pinocchio appears at the street lamp
around midnight and hangs around while the ATR&D system attempts to determine
whether his earlier statements are indeed true. To make matters worse there is heavy
fog on this particular night and so there is an increase in 7.

The nonlinear filter computes the posterior probability for each of the following
four hypotheses:

{00} = {0 =0,05" =0}
{01} ={0" =0,05" =1}
{10} ={0" =1,03"" =0}
{11} ={0" =1,03" =1}

The posterior distribution is then:
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7 2) =P(Xy, = 2,08 =iv1, ... Y5, {})

where {-} contains one of the four initial hypotheses. The Baum-Welch equation gives

the following recursive form of the posterior distribution:

k ( ) }wzz Yk Z/F{} i ZU|j, 7Tk 1(]7 )dilj'/

where I't} is the forward operator semi-group conditioned on the hypothesis {-} and

¥;.»(Yz) is the likelihood of the i pose and spatial coordinates = given Y}:

F{'}(i,x]j, ) =P(X,=2z,0l =i|Xp_1=2,0,_, =7,{})

Via(Ye) =Pl Xy = 2,0, = i)

with C,g} being a normalizing constant.

Given a set of observations Y7, ..., Y}, there is a log-likelihood function for any of

the four initial hypotheses:

LY =logP(V;,...,Y;|{00}
LY =logP(V;,...,Y;|{01}
LY =logP(V,...,Y;|{10}

(
(
(
LI =logP(Yy,...,Yi|{11}

)
)
)
)
for which there is a recursive formula:
LY = 1ogP(Vi|vi,.... Y, L
k og P(Yi|Y1, ..., Y1, {}) +
= logZ/IP’(Yk,Xk — 2,0, =i|Yy,... Yy, {}de+ L,

logZ/ww Yz) (Z/F{} i, xlj, 2wl (G« )dx’) dx + L7,
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The posterior of each hypothesis is
i = PO =i, 69" = Y4, ..., YR)

and can be computed through as

exp(LE7) x (O = 1,69 = j)
i je{o,1} numerator]

from which there is a maximum aposteriori (MAP) estimate:

pit = , Vi, j €{0,1}

(éé”t, égun) = arg max; je{o,1} exp(L,Eij}) x POt = 4,09"" = j)

Finally, a decision whether or not to arrest Pinocchio must be made. Rather than
arrest Pinocchio as soon as p{'} crosses some threshold, multiple observations are al-
lowed to arrive in order to see how a series of lag-weighted posteriors grows or shrinks.
Such a decision-making criterion will minimize false arrests. The decision-making cri-

terion is based on a statistic S, defined as follows:
Let Sy = 0, and then recursively update:

Sp=(1—a)pi'V + aSi-s
k
=(1- a)p,gll} + (1 — a)ap,{cl_ll} +a®Sp_g = coonn. =(l—a) Z akiépl}{n}
=1
where 0 < a < 1 is the lag coefficient. The decision to arrest Pinocchio is made if
S, >1—«

where a > 0 is a small threshold; otherwise Pinocchio remains free but is still being
watched and will be arrested at a later time if the lag posteriors exceed the threshold.
The lag coefficient a and the threshold « should be chosen with respect to the set of
transition laws {A{¥}},; and the “distance” between elements in the set. For instance,
consider the setting where there are multiple transition laws that are very likely to
have generated the observed data. Such a situation would occur if the “distance”

between two or more transition laws was very small. In such a case it would be a
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good idea to take a closer to 1 and « closer to zero in order to avoid false alarms.
The example in Section 3.3.3 explores this idea further. For more on such decision
making criteria (and change-point detection in general) see the book by Basseville

and Nikiforov [4].

3.3. Simulations and Results. If the ATR&D systems does not act fast, Pinoc-
chio will indeed shoot out the light, but it will take a sufficiently long time for Pinoc-
chio to get close enough to shoot out the lamp and so the ATR&D will have ample
time to make a decision. When Pinocchio shoots out the light the ATR&D sees only
darkness and the posterior probability of (1,1) is 1.

The algorithm is implemented as a particle filter in the manner described in Sec-
tion 2.4, and for each hypothesis we have a sample size of 2000 particles. The algo-
rithm used is described in detail in Table 2.4, and the scaling procedure from Section
2.1 is used to update the particle weights.

3.3.1. Likelthood of 6y Under Zero Noise. If it is the case that v = 0 it simulates
no noise, in which case the posterior of (3"", 6}, X;) becomes a point-mass function
of the correct location, pose, and hypothesis on gun-possesion. However, 65" is still
not obvious because it is impossible to visually observe, so the filter’s inference is still
required to make a decision on whether or not Pinocchio has hostile intentions.

A zero-noise example serves to demonstrate why it was a good choice to use a
double model. The example illustrates how inferences of 6, are made based on the
probability of a possible sequence of (', X) given any one of the four hypotheses men-
tioned in Section 3.2. In general, regardless of the amount of noise in the observations,
the path taken by (9, X) through its state-space should be most probable under the
transition laws of the correct hypothesis, otherwise the filter cannot accurately track
Bo.

With v = 0 and assuming H (¢, z) is a one-to-one function in (¢, z), the likelihoods

reveal the pose and location by themselves:

Vea(Yi) = o1 =0 (x=a}
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(where 4 is the Dirac-delta function) and therefore the posterior given 6y = (i, j) also

reveals the pose and location:

T (6 7) = L _g 0w, =)

Furthermore, the log-likelihood of the hypothesis {ij} given the data Yi,...,Yr is
simply the log probability of (61, X) = {0}, X}, }Z_, under the forward operator I'{i7}:

L = log B(Y, .., Yol = (1.3)) =

= log (P(Y7|Ys, ..., Yr_1,00 = (i,5))) + L\

= log (Z/]P)<YT>XT = ZL‘70%~ = €|Y1, PN ,YT_l,HQ = (Z,]))dl’) + Lé«zi}l
L

——

:1{9%:2}6{)(,1,‘:1} :1{9%_1:2/}5{)(1,‘71:95/}

o [ 3 [ g X [t A dvds
P} o M—/
+L)

= log (P} (Xp, 04| Xp_1,0%_))) + L7,

and by induction back to k = 0,

T
........... = " log (T} (X, 04 Xj-1, 6} 1)) + log 787} (65, Xo)
k=1

= log P((6", X)|60 = (i,5))

When 6y = (1,1) and T is large enough, there should be a significant difference

between LZ_{FH} and the other hypotheses:
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log-probability of HMM when {11} is the true state
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FIGURE 6. A zero-noise example: The log-likelihood of the data for a realization
{0}, Xx }+%% generated under Y when v = 0 is simply the log-probability of the real-
ization, L,{Cij} = logP((01, X)|00 = (4,7)). The log-probability Liéé} is significantly larger
than L%{H for (i,7) # (1,1).

0> LM > LI v 5) £ (1,1)

In Figure 6 it is demonstrated that for 7" = 100 there is a clear separation of the
log-probability of the realization of (#1, X) under the correct hypothesis from others.
The intentions are not-directly observable even in the settings of lowest noise, but it
is the inference of the filter that tracks the phenomenon in Figure 6 and returns a
sequence of posteriors on y that suggest the correct hypothesis.

3.3.2. High Noise Example. This example uses almost the same realization of the
DMC as the previous sub-section with (85", 65"") = (1,1), but now the observations
have much more noise (i.e. the highest level of the DMC is different but the lower
levels are all the same). Figure 7 shows some frames from this example. The figure
illustrates how difficult it is to see Pinocchio, but the ATR&D is able to track him
and has marked his location with an ellipse. Figure 8 shows the evolution of Sy when
a =.9 and a = .95. By time k£ = 44 the ATR&D has made the decision to arrest
Pinnochio, but he will shoot out the lamp by time k& = 65 if the simulation continues.
Therefore, this example is a successful application of the nonlinear filtering algorithm
because the ATR&D was confident that Pinocchio has a gun and hostile intentions,

and has given the signal to make the arrest before he shot out the lamp.
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FIGURE 7. High Noise Example. This figure shows a high noise example of Pinoc-
chio when he has a gun and his intentions are hostile. The pictures are the snapshots
taken by the surveillance camera at times k = 1,22, 44, 65, and although this realization of
Pinocchio would have shot out the light, the decision to arrest Pinocchio was made with
plenty of time to spare.

Lag-Weighted Posterior and Arrest Decision
T e — T T T

threshold of .95 -
arrest decisior

made here at —
time k = 32.

S(k)

light shot out at time k=59, =
but it doesn't matter because
he has already been arrested

S(k+1) = Ap(k+1)+.95(K)

FIGURE 8. High Noise Example. This figure shows the lag-weighted posterior statis-
tic Sk as described in Section 3.2. It is plotted against time with a = .9 and a = .95. In
this particular realization of Pinocchio, he shoots out the light at time k = 59, but when

the ATR&D system is working it will arrest him earlier at time k = 32.
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3.3.3. Unsuccessful Tracking FExample. The ability of the filter to track intentions
depends largely on the contrast between the different probability laws. For the pre-
vious example, in Figure 6 it was made clear that A{"} was the correct probability
law, and then later in Figure 8 it was shown how Sj converged to 1, thereby causing
the ATR&D to make the correct decision in a timely manner. That example served
to show how well the filter could work when the set of transition laws {A{¥7}},; has a
significant amount of individuality among its elements. In this example, the filter will
fail to make the decision to arrest because the transition probability laws are such
that it is hard to tell which one generated the data.

The example is constructed in the same way as the example from the previous

section, except for the following difference:

A{Ol} _ A{ll} +e

where € is a perturbation which only makes minor changes in the transition proba-
bilities. For the resulting process, regardless of whether 6y = (0,1) or 6y = (1,1), the
probability of the outcome (6, X) is roughly the same under both A" and AT}, In
Figure 9 there is an example of a realization of (6, X) under the law A{*} which has
roughly the same probability under the law A%}, This type of characterization of the
transition laws can be interpreted as a situation in which the agent being tracked has
the ability to behave benignly even when their true intentions are hostile. Figure 9
shows the log-probability of a realization of (61, X) generated by A"} under all four
hypotheses. In the figure it is seen that log P((01, X)[0y = (1,1)) ~ log P((61, X)|6p =
(0,1)).

In such a situation, regardless of how much noise there is in the observations, it
is hard to make an inference amount 65" because there are multiple possibilities that
are going to be equally likely. Indeed, as seen in Figure 10 the filter is indecisive

and the statistic Sy never exceeds the threshold for making the arrest even though

0y = (1,1).
61



log-probability of HMM when {11} is the true state
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FIGURE 9. Unsuccessful Tracking Example. Suppose that we a have a real-
ization (01, X) = {0}, Xx}:% generated under A}, The figure plots the probability
of the HMM (61, X) under all four possible probability laws, from which we see that
S log DO (0F, X3 108 1, Xi—1) = 30, log T (0], X4 |04 _1, Xi—1). This means that the
ATR&D may be confident that Pinocchio has a gun, but it will have difficulty in deciding

whether his behavior is hostile or benign.

Lag-Weighted Posteriors of Unsuccessful Tracking Example
T T T i T T T

threshold of .95

S(k+1) = . 1p(k+1)+.95(K)

02 | | | | | | | | |
10 20 30 40 50 60 70 80 90 100

time (k)

FIGURE 10. Unsuccessful Tracking Example. The lag-weighted posteriors, Sj.
When At} and AT1%} are very similar it makes it hard for the ATR&D to make a decision.

We see in this figure how Sy never exceeds the 95% threshold.

4. Chapter Summary

Section 1 introduced double Markov processes as a type of Hidden Markov Model
with which to model the intentions, poses and actions of a person or robotic agent,
and Section 1.2 presented an example. Section 1 formulated a filtering algorithm for
double Markov processes for which the necessary priors were available, and then the
filter for a tracking intentions example was written explicitly. Section 2 addressed
in detail the implementation issues for the filter and considered several techniques
for improving algorithm performance. Finally, Section 3 presented an example where
the filtering algorithm was carried out in detail and its performance was accessed.

Section 3.3 showed that there needed to be significant differences in the transition
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probabilities associated with each hypothesis on intentions in order for a filtering-
based decision to be made with confidence.

The main result of this chapter is that for a large class of double Markov processes,
given an accurate description of the state-space and priors, a filtering algorithm has
the potential to track abstract attributes such as intentions and beliefs. The success
of the algorithm depends largely on the contrast between transition rates associated
with different intentions, otherwise the results of the filter will be ambiguous and the

decision-making part of the algorithm will be hampered by uncertainty.
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CHAPTER 4

A Kramers-Smoluchowski Approximation Applied to a

Multi-Scale HMM

The essential tool in filtering problems is the recursive form of the Baum-Welch
equations which are derived from Bayes rule and are used to obtain the posterior dis-
tribution of hidden states given observable data. Filtering for linear Gaussian models
is done with Kalman filters, which are very fast while also yielding fully optimal es-
timates. More general filtering problems, including those that are highly nonlinear,
rely solely on the Baum-Welch equations to obtain posterior distributions. The task
of computing the posterior distribution for every element in the state space often
takes enormous amounts of time and so many algorithms avoid optimal filtering and
use approximations. However, when the hidden states of the model are constructed
in a hierarchical and multi-scaled manner there may be a significant reduction in the
computational complexity of the algorithms. In particular, there is potential for a
fast filtering algorithm when one or more of the hidden states is fast mean-reverting
(FMR) with respect to a local equilibrium state.

Given a vector-valued processe 0; = (62, ....,0Y) where t > 0 is time and N > 0 is
finite, the process is said to be FMR if the relaxation times to local equilibria of some
components are fast compared to the mean time between transitions of the other
components. For instance, there may be a relaxed set of states that buffers the front

components from those in the rear:

FMR states
1 n rn+1 n+m gn+m-+1 N
(O}, coen 0707 07 gL
o o} 07

where law(A!) — p;; relatively fast in ¢ for constant 7 = s; and 62 = s;. In this case

the distribution of 6, can be approximated by a combination of the invariant measure
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of the FMR states and some average measure of the non-FMR states:

Paogig2 (4 €, J) = Daoga (4, J) 14,5 (€)

where p is a joint distribution of GN? and 53 which can be computed without inte-
grating over the FMR field. Depending on the system of hierarchical dependencies
between components of 6;, each model will have a different reduced form and so a
general treatment of algorithms may be rather abstract. However, probability the-
ory and stochastic differential equations can be used to derive a general form for the
distributional approximations for FMR models.

This chapter considers target tracking problems where observations of an envi-
ronment come in the form of images returned from a low resolution camera. The
task is to design an algorithm that tracks a target that may or may not be present
in the observed images. Given the observable data and the necessary priors for the
model, a filter tracks the target by maintaining an up-to-date posterior probability
distribution of some hidden states associated with the target. For instance, filters are
often formulated to track some basic physical attribute, such as the target’s position,
velocity and acceleration, and more elaborate filters are capable of tracking hidden
attributes such as a regime or state with which the target may be identified for a brief
time period.

Given the necessary priors and model parameters, the recursive filtering algorithm
has two steps: (1) predict, which is done by solving the forward Kolmogorov equation
for the hidden states with the previous posterior as the initial conditioning; (2) correct,
which is done by weighting the predicted probability of each state with its likelihood
given the new data. The computational workload associated with nonlinear filtering
algorithms is of the order of the number of hypotheses (usually somewhere between
linear and quadratic order), which is practically impossible to compute in real-time.
This potential curse of dimensionality is what inhibits the implementation of optimal

algorithms in nonlinear problems of high-dimension.
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If some hidden states have the FMR property then the computational complexity
of filtering can be reduced. However, for this to be realized the time between ob-
servations used in the filtering algorithm must be chosen appropriately. If the time
between observations is short compared to the relaxation time to equilibrium of the
FMR states, then observations arrive too fast for a filter to take advantage of the
FMR property. On the other-hand, if the time between observations is so long that
there is relaxation of the distribution of the entire process, then it might be the case
that potentially important transitions of the hidden states are not being tracked by
the filter. Therefore, the observation times need to be well-picked to suit both the
parameters of the FMR and non-FMR states. If these observation times are chosen
correctly then there will be a reduction in the dimension of the filtering problem, and a
reduction in computational cost will follow without reducing the overall performance
of the filter.

The main result of this chapter is the derivation and analysis of a Baum-Welch
equation that is of reduced dimension and thus faster to compute. The result is
applicable to a particular multi-scaled target tracking model, as described in Section
1.4. The mathematical analysis involves the Kramers-Smoluchowski approximation
for mean reverting processes, which is done using stochastic differential equations by
Nelson [28] and Freidlin [20]. In the work presented in this chapter, a jump process
is introduced among the hidden states as described and analyzed in Section 1.3. The
analysis can also be carried out with asymptotic expansions, as is done with stochastic
volatility models [19], but it is more effective and convenient to analyze the tracking
models considered here by using directly the stochastic differential equations.

The conventional methods for filtering are derived in the book by Jazwinski [25],
including Kalman filters for the basic classes of linear problems. Linear estimations
of otherwise nonlinear models, so as to apply Kalman filters, have been tried in
numerous filtering problems, as described in the book by Bar-Shalom and Li [3] and
in the book by Anderson and Moore [1]. The nonlinear filtering algorithm has been

successfully applied by Rozovksy [6, 34] to tracking problems, and by Tartakovsky
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[39, 8] who has also explored its applications to change point detection algorithms
in target tracking. Fast nonlinear filtering algorithms have been considered by many,
including Rozovsky and Lototsky [27], but particle filters are more frequently used at
present [2, 9], in particular the Rao-Blackwellized filters proposed by Gustafsson et al
[22, 36] which look to marginally model nonlinearity with particles and then let the
bulk of the filtering be carried out by multiple Kalman filters. Averaging over FMR
states while still obtaining consistent approximations can be done with a version of
the Kramers-Smoluchowski Theorem, which is presented in general in [28] and [20].
The book by Fouque, Papanicolaou, and Sircar [19] uses similar methods in financial
mathematics to model the unobserved stochastic volatility in equities and elsewhere.

Section 1 introduces the tracking model and explains which processes among the
hidden states need to be inferred with filtering algorithms. In particular, Section 1.2
explains the traditional nonlinear filter algorithm, Section 1.3 introduces the Kramers-
Smoluchowski approximation, and Section 1.4 introduces a filter of reduced dimension
which is derived by exploiting the FMR property through the Kramers-Smoluchowski
approximation. Section 2 proves the Kramers-Smoluchowski for the model introduced
in Section 1, and provides an intuitive analysis and some numerical simulations in
sections 2.2 and 2.3. Section 2.4 shows an example of a problem where the reduced

filter performs well provided that the rate of mean reversion is fast enough.

1. Target Tracking Models with Fast Mean-Reversion

A basic hierarchical model in target tracking is a vector-valued process denoted by
(0, V2, X{). Suppose the target moves in space and observations are noisy pictures
taken by a camera equipped with an algorithm to track the target. At time t > 0,
the target velocity is a given vector-valued function V4, € R? of a hidden state 6,
where d is the dimension of the space and 6; is a positive recurrent continuous-time

Markov chain such that

0, € {1,2,....,m}, with matrix A of transitions rates.
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The transition probabilities of §; are given by

so that the forward and backward Kolomogorov equations are

CLPJZ Z A@z Z A]EPEZ

-~

forward backward

We assume that 6, is a positive and recurrent Markov chain, which means that

0<—Aii<OO, Vi<m

and P(6, = ilfy = 5) > 0, Vi,j<mandt>0

For a pre-specified parameter a > 0, the camera does not track the target per-
fectly, but instead tracks using a biased velocity V;* € R?, which after a short time
interval becomes an unbiased estimate of the correct velocity. In addition, the cam-
era is mounted on a platform that creates a lot of jitter, which is left unresolved
in its pictures. This tracking system can be modeled with the following generalized

Ornstein-Uhlenbeck (O-U) process for the velocity
dVi* = a(Vy, — V) dt + odB;, biased velocity (unobserved)

where a is the rate mean reversion for fixed 6;, and o is the standard deviation of
the jitter. For a sequence of observation times {¢;}32,, the observed data Y} is given
by a nonlinear function of the relative position error, which is denoted with a vector
X € R? and is the integral over the interval [t;_1,%;] of the difference between the

true and the biased velocity scaled by a:

tg
X; =X{ +a / (Vo, — ViH)dt, scaled relative position error (unobserved)

te—1

Y= H(X}) + Z. 2-D pixel image from camera (observed)

Here Z; is an iid sequence of matrices of mean-zero Gaussian noise with spatial

covariance R.
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The vector of hidden states (6, V,*, X{) is an example of a multi-scale model
with an ascending hierarchy of distributional dependencies (i.e. changes in the lower
levels occur regardless of what has happened in the higher levels). Specifically, this
model describes a jittery camera that is following a target based on the output of
an algorithm that tracks the target’s position reasonably well (e.g. a heat-seeking
device), but does not have the capacity to track the more hidden process ;. The
table on page 71 gives a detailed description of the model in a hierarchical format.

The joint distribution of the hidden state is denoted by u and the initial conditions

of the distribution are considered as given:
“ . .
ug (r,v,4) = pxp veo, (T, v,17)

ug(z,v,1) = given
The joint distribution satisfies a forward Kolmogorov equation:

a a alx_ . a
= [M]"u;

(31) aut

where ‘x’ denotes the operator adjoint, and M?* is

Mg 0 0 ... O
0 M¢ 0 ... 0
M*=1 0 0 M§ ... O
o 0 0 ... M¢

with the operators { M}, defined in terms of A given by equation (30), the gradient

with respect to z, and the infinitesimal generator of V,* for fixed 0;:

M =LI+A+a(V;,—v)-V,, for all i <m

where L{ is the infinitesimal generator of V,* for 6, = i given by

1 _
L= §a2Av +a(V;—v)-V,
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Solutions to equation (31) are generated by a forward operator semi-group {I'¢ };>o.

The kernel of this semi-group is the joint transition probability of the three states
F?(.’E, v, ilxla UI) j) = pr,Vta,Gt (l’, v, Z’X((Jl = xlv Vba = Ula 00 = j)

Given the initial condition wug, for any time ¢ > 0 the joint probability distribution of

(X7, V2, 0;) is given by

ul(z,v,1) = Lz, v, 2", v, ) ud(x’ v, j)da'dv’ = (T%ug) (v, v,
t t 0 t
J

For fixed 6, = 7, the generalized O-U process V,* converges in distribution to a normal

random variable as t — oo :

2
V=N (Vi, 2—Idxd) , ast — oo, for 0, =1
a
where ;.4 denotes the d-dimensional identity matrix. For each i < m, we let u?

denote the invariant distribution of V,* for 6, = 4, which we can write explicitly as

a 1 |U _vl|2
i (v) = WGXP —GT

1.1. Observations & Maximum Likelihood. For every observation Y}, the
likelihood of the event {X{ = z} can be computed by considering the conditional
mode of the distribution of Y}, given X¢ . This is expressed by the function 1y, : R —

R* given by
1 -1
32 0ie) = pOAE =) o exp { (Vi — HE) R (Ve - HG) |

where Y, and H(x) denote the image data strung out into vectors, and ‘*’ denotes
vector transpose. The function 9§ is the likelihood function, and the estimate re-

turned from ¢f is called the maximum likelihood estimate (MLE):

——mle

X{ = argmax ()
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Physical Model Mathematical Model

Kinematic Mode (e.g. maneuvers) | #;, a finite state M.C., 6, €
{1, ....,m} with matrix of transition

rates A

Target Velocity Vo, € R?

Camera Velocity (biased velocity) | V* € R? where dV2® = a(Vy, —
‘/;a>dt + UdBt

Position Error (scaled) dX¢ = a(Vy, — V2)dt

Observed noisy image of the target | Y, = H (X ) 4+ Z; where {t}i_; is

taken by a camera with jitter a sequence of observation times.

This is a straight forward way to estimate Xj, , but does not make a fully informed
decision because it does not use all the available data. When there is high signal-to-
noise ratio, the MLE starts to fail and inference needs to be used. More importantly,
for many applications there is no MLE for estimating the hidden processes such as
0,,, but inferences of the hidden processes can still be made if a filtering algorithm is

used.
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FIGURE 1. A sample of the process (6;, V;*, X£) in two dimensions with the horizontal
axis being time. The mean reversion rate a is such that V,* reverts to its mean fairly

quickly with time.

1.2. The Non-Linear Filter. Given the observed data Y., = {Y1,Y5,..., Y%},
the conventional way to track the target is by computing the posterior distribution
of the hidden states, (0, V;*, X{). The posterior of the hidden states at time t; is the

distribution of (0;,, V;¢, X ) given Y., denoted by

tk7

WZ(Ia v, Z) = ngk,ng,Gtk (fL’, v, Z|}/ik)

The forward Baum-Welch Equation recursively updates 7 given Y, and 7_, based
on the likelihood function given in equation (32) and the priors given by equation (31).
The forward Baum-Welch equation recursively computes the posterior distribution as

follows:
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1
(33) mp(z,v,i) = c—wg(x) (Cagmiy) (z,v,4), forward Baum-Welch Equation
k

where At, = t, — t,_1 is the time between observation Y, and Y,_; Vk, and ¢
is a normalizing constant. This filter can be computed “exactly” with numerical
integration or Monte Carlo methods.

Given the posterior distribution, there are several optimal estimates of the target’s

location, including the posterior mean:

)/(\g = Z/xwg(x,v, i)drdv = E[X] [Y1.]

and the maximum aposteriori (MAP) estimate:

fe = argmax//wg(x,v,i)dxdv

However, by using the forward operator semi-group I', the conventional filter indis-
criminately tracks every hidden state which often requires tremendous overhead in
computing power. In the next section we identify a regime where the tracking model
given in Section 1 is fast mean-reverting and allows us to forgo the tracking of the

jittery state V%, and focus on the relevant states, (6;, X?).
J y t t

1.3. Fast Mean Reversion. This is a direct approach to the analysis of the
generalized O-U process for the biased velocity process V,* and the relative position
error X;'. It generalizes the analysis by Nelson [28] to include the Markov chain ;.
We write both X{* and V,* in integral form:

t t
(BWy = e VI + a/ eIV ds + 0'/ et =dB,
0 0
t t
(3X) = Xg—l—a/ (V. —Vs‘l)ds:Xg—l—/ AVl —oB, = X5+ (V2= Vi) — oB;
0 0
We will show that in general

(36) Xt — Xy =Vy, — Vg, —0B; + E!
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where Ef is an error process that tends to zero point-wise (but not uniformly) almost-
surely as a — oo, so that for any ¢ > 0 fixed the relative position error will converge

to a limit X, with probability 1:

(37) X, — Xo = lim (X — X2) =V, — Vg, — 0B,

a—o0
as a — o0o. The limit in (37) is the theorem that covers the generalized Kramers-
Smoluchowski approximation. Note that in this limit the error process makes changes
in the hidden state #, more observable, through the given velocity function V;, and

with additive Gaussian white noise.

1.4. FMR Models & Baum-Welch Equations of Reduced Dimension.
The multi-scale process composed of (0;, V*, X{*) as described in the previous sections

is unobservable and there is an observation of the following form:
Ye=H(X{)+ Z

where H(-) is a known nonlinear function of the error process, and Z is a noise process
with a known distribution. We say that V* is an FMR state if it satisfies the FMR

condition:

Assuming that (6, V,*, X;) is in a regime that agrees with (54), the Kramers-
Smoluchowski approximation from equation (37) can be used to bypass the depen-
dence on V,* so that the algorithm can use an approximation of the Baum-Welch
equations that is of reduced dimension. As noted in the introduction, the time inter-

val between observation At, = ¢, — tr_1 must be chosen so that

1 =1
- < At € min —,
a i Ny

in which case V;* can be ignored and filtering can be carried out only with the limit
process (et,f(t). Such an algorithm is considered a ‘reduced filter’ provided that
(54) is the valid, the filter will be computed faster with very little loss in overall

performance.
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In the limit as a — oo, there is the reduced posterior of (6;,, th), written as

Te(e, 1) = px, o, (€1 Y1)

It is calculated recursively with the reduced Baum-Welch Equation:
. I - = . o= .
(39> 7?/%‘(1:7 2) = —1/%@) Z / FAtk (‘I7 Z|I/, ])Wk—l(x,7 ])dI/
C P

where I is a the forward semi-group operator that generates solutions to the for-
ward Kolmogorov equation for the joint distribution of (6;, X;). From the Kramers-
Smoluchowski theorem, the kernel of the semi-group operator T'as, (z,i|2, j) is given

by

= L —d/2 1|z —2' —(V;=V};) ?
FAtk(x>Z|xl7j) = <27TU Atk) exp {_5 O\/A_tk ’ P]Z(Atk)

with ¢, (z) as the likelihood function as in (32):
Un(e) = p(Yil Xy, = ) = po(Ye — H(2))

Notice that the biased velocity process V,* is absent in (39).

2. Analysis of the Generalized Kramers-Smoluchowski Approximation

This section provides some qualitative methods for understanding the Kramers-
Smoluchowski approximation for the model proposed in Section 1. In Section 2.1 there
is a derivation of the approximation from equation (36) and a proof of the limit from
equation (37). In Sections 2.2 and 2.3 there is analysis in discrete time settings to give
further intuition into the asymptotic behavior, and there is a detailed explanation of
the numerical schemes used to simulate the SDEs and the Kramers-Smoluchowski

limit.

2.1. The Generalized Kramers-Smoluchowski Approximation. The Kramers-
Smoluchowski limit in equation (37) with a jump process is the main analytical result
of this chapter. The first thing to notice is that the limiting process is discontinuous

while for any @ < oo the process X' is continuous with probability 1. Therefore,
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contrary to what occurs in the classical Kramers-Smoluchowski limit [28, 20], con-
vergence in probability under the uniform norm does not hold:

lim P (mmﬁl] | X{ — (X + Ve, =V, —0(Bi— By))| > 6) >0,
for some § > 0. However, we can still show convergence still holds pt.-wise in some
sense.

We now derive an expression for the error in equation (36). The analysis begins
by calculating the time integral of the biased velocity process:

e —aAt
a/ Vids =(1—e k)ViZ

tg

tet1 s’ N 41 s’ ,
+a/ ds/ e_“(S_S)Vgs,ds'+aa/ ds/ e~ = qB,
tr tr ty 12

where Aty = t;11 — tx. The Brownian integral is rewritten by interchanging the two

integrations:

tet1 s’ , tet1 Tt ,
o / ds / e VB, = ¢ / dBy / e~ = s
tk tk tk s’

t
=2 / k+1(1 — e =) qB,

atk

t
= EABtk 9 / o e*a(tmrS)st
a a

tk

where AB;, = By, | — By,. Then, with a similar calculation it becomes

tet1 s S tet1 tet+1 o
a/ ds/ e_a(s_s)Vgs,ds' :/ Vgst—/ e_“(t’““_s)vasds
7% 73 12 12

Putting these expressions together we have the following recursive formula for X"

Xa

tet1

k1
= X{ + a/ (Vo, —Vds

ty

tr4+1 o
=X, —(1- e_a(At’“))V;‘: + a/ G_G(tk+1_s)V93d8
ty
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tet1
—O'ABtk-f—O'/ e—a(tk+1—s)st

123

where At = t;1 — t. This can be rewritten by adding and subtracting terms

tetr
ch-u - ch + a/ (Vas - V:sa>d3
tg
At 1/ 1/ 1/ s t Y/
= Xi + (1—e "2 (Vy, . = Vo, + Vo, — Vi) + / ae” 1=V,
ty

o lkt1
~Vy, )ds — cABy, + o / e~ 1= B

tg
Comparing this with (36) we get the following expression for the error process over

the interval Aty:

(40) Egtk = \_eiaAtk (V9tk+1 - V@zkz—i_gl - eiaAtk)(Vetk - ‘/t(;:)
B2l B2
tht1 o o trt1
(41) +/ Cle_a(tk“_s)(‘/gs - Vetk )dS + J/ e_a(tk“_s)st
NG tk , N tk ,,
E%%k Egk

Using the explicit expression of equations (40) and (41), the limit in equation (36)
can now be proved by showing that each of the four terms on the right-hand side of

(40) and (41) goes to zero in almost-surely.

e The first term goes to zero almost-surely because V, is bounded:
—aAt. [|TF]] 6—00
BRG] < 2e7 T [V]| =0

e The Brownian term, Eﬁk, can be shown to go to zero almost-surely with an
application of stochastic integration by parts:

tet1
[ e

Ly

tr4+1
=By, — e_a(t’““_t’“)Btk — a/ e~ U173 B ds
7%
7



a.s.
— By, — By, =0, as a — 00

where the continuity of B; was applied in order to extract By, , from the
integral as a / co. From this it follows that Eg‘tk 2% 0 as a — oo.
e For the second error term, E%; , we can apply the fact that EX} 220 as

a — oo to the following general formula for V7,

Vi = e e+ (L e )V, +o / e IAB, Vo | asa /oo
ty 0 b

but P(Vgtk #Vy_ ) =0, and so
b

a.s. y-
Vit =V, , as a — 0o

which is sufficient to prove £33 == 0 as a — oo.

e For the third term, EX} , let 7 = max{t € [t tp41] : 6y # 6,-}. With
probability 1 the last jump time happens before the end of the interval,
P(r < tr41) = 1, and so by dividing the integral at 7 on sets of positive

measure we have:

9 ey o .
‘Egtk‘ = / a(Ve, — Vet,cﬂ)e*a( k+175) g
2%
T — tey1 o
== / a(Vgs - Vgthrl )efa(tlwl»lfs)ds + / a(vs _ Vetk+l )efa(tk+lfs)d8
tr ,

=0 a.s.

/ a(Vg, — Vgtkﬂ)e_““_s)ds

tg

§26_“(t’“+1_7)HV\|/ ae" " ds
12

- 26_a(tk+1—T)HVH (1 _ 6—a(T—tk)) a0

This is sufficient for Egik 2%, 0 as @ — oo and completes the proof of
equation (37).

78



2.2. Kramers-Smoluchowski Approximation in Discrete Time. In this
section the Kramers-Smoluchowski approximation is shown to be the limit of a
discrete-time approximation of the multi-scaled system. The integral solutions of
the SDEs are approximated with discrete sums with time-step At, and the analy-
sis shows that the discrete approximations converge almost surely to the Kramers-
Smoluchowski limit as the rate of mean reversion increases. This section is not an
alternative proof to equations (36) or (37), but rather serves as an analytical alter-
native in the understanding of how the limiting behavior arises.

In Section 2.1 it was shown that the integral form of the SDE for X' is

t ¢
X =X§—(1—e "V + a/ Vo.e " =9ds — 0B, + a/ e~ t=9)4B,
0 0

t t
=X —(1—-e "V +/ Vo.d (e_“(t_s)) —o0B; + 0/ e~ =94 B,
0 0
The integrals can be approximated by taking a very small time step At such that
O0=tg<t; < ... <t,=t

where t, = (At for £ =0,1,2,....,n. Letting

g= e—aAt

define the discrete-time process [X]? ~ X[ to be a Riemann approximation of the

integrals:
n—1 n—1

(42) [X]f = X§—(1=g")V5'+ > Vi, (Y =g ") =0oB, +0) g ‘AB,
£=0 =0

where AB;, = B;,,, — By, for all £ and the middle integral is a forward sum. It is
important to approximate the Ito integral with a backward Riemann sum to avoid the
bias introduced by Stratanovich-type integrals (for more on Riemann-type approx-
imations of SDEs see the book by Oxendale [30].) Rearranging terms, a step-wise

recursive formula can be written,

—

n—

n—1
(X)E A Ve + 0B, = X§=g"Vi'+(1—9))> Vi, 9" “D+0> g 'AB,
0 /=0

~
Il
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=g ((X);,_, +V§' + 0By, — Xg) + (1= g)Ve,, +09gAB,_,

tn—1

and then grouping terms correctly, we have a step-wise recursion for [X]{ :

43)  [X]f =glX);  +(Q—-9Xi—0(l—g)B, +(1—g) Vo, — V&)

tn—1

which will converge in probability as At shrinks:

a At—0

[X]tn — Xy

In addition the recursive form of equation (43) reveals the Kramers-Smoluchowski

approximation for fixed At as the rate of mean reversion grows:

[X]tan — [X]gn—l &5 V@tn — Vetn_1 —o0ABy, |, as a — 00

where ABtn,1 = Bt" — Btnfl‘

2.3. Numerical Simulations for the Kramers-Smoluchowski Approxi-
mation. The analysis of the SDEs so far has been theoretical and now needs to be
put in an algorithmic form for numerical simlations. In general, an Euler-Maruyama
or Milstein scheme can be used to generate approximate solutions to an SDE provided
that the SDE’s coefficients allow for certain stability conditions to hold (see [23, 35]
for more on numerical schemes for SDEs). However, the SDE for the biased velocity
has a coefficient with the factor a with a — oo , and so Euler-Maruyama, Milstein
and similar schemes will have several places where division and multiplication by ‘a’
can create numerical error that is not accounted for by the theoretical analysis. The
goal in this section is to find a discrete approximation scheme for the tracking model
(0, V2, X{) that is well-behaved as a — oc.

Generating the process 0, is straight forward. Given 6y = j and any time ¢ > 0, a
sample from P(6;|0y = j) is taken from the exponential of the matrix A of transition
rates. Assuming that A is diagonalizable, its canonical decomposition is written as

A = QDQ! where the D is a diagonal matrix with the eigenvalues of A on the
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diagonal, and () is a matrix whose columns are the eigenvectors of A. The sampling

distribution is then
(44) P(0, =il = j) = (e);i = (Qe”'Q™") ;i

Time-homogeneity of 6; allows this sampling distribution to be used sequentially for
any initial time and any length transition period.

The process V,* on the other-hand is more complicated. A forward Euler approx-
imation for this scheme is not a good choice because for obvious reasons there will be
numerically unstable behavior for a > 1. For instance, for a fixed time step At and

a < 00, the Euler-Maruyama scheme is
Coar =Vt a(Vy, — VYAt + 0 AB,

where AB; = B;ia; — B;. This scheme is clearly not a good discretization of the
processes in an asymptotic setting because the amplification factor is a  oco.

An alternative scheme can be found by looking at V,* in integrated form. Letting

g = e~9At it is easily seen that the process 4 A, conditioned on V;* is given in integral

form as

t+At o t+At
tiAt — efaAt‘/ta + CL/ efa(t+Atfs)VGSdS + O'/ efa(tJrAtfs)st
t t

o t+At t+AL
~ gV + Vo, / d(e™) +o / eI,
t t

t+AL
=gVoi4g(gt =1V, ., +0o e HA=s) B
t t+At
¢

a 17 /1_92
=d gv; + (1 - g)v9t+At +0 20\t ABt
————

—ga

which yields a discrete scheme which is asymptotically stable in the rate of mean

reversion.
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FIGURE 2. This figure displays the convergence of the process X{ to the Kramers-
Smoluchowski approximation as a — oo. The sample processes are generated us-
ing equations (44), (45) and (46). For several realizations of (i, By) the exact solu-

tion is compared to the approximation. The error is the empirical average of MSE,

MSE = /EY, | Xg — Xk|2 where X, denotes the Kramers-Smolushowski approxima-

tion.

Finally, to generate the process X/, we consider the form of X' as was shown in
equation (35):

a o a a a
AL = Xi+ AL T Vi —oAB,

This equation is a scheme for generating realizations of X/ from realizations of V,?,

and it also illustrates how X/ is indeed a velocity. Therefore, for a discretization of
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FIGURE 3. In this figure the log-error of X2 compared with its Kramers-Smoluchowski
approximation is computed as a — oco. The sample processes are generated using equa-

tions (44), (45) and (46). The vertical axis in the plot is an empirical approximation of

log (y/]EZk | X — Xk\2> where X}, denotes the Kramers-Smolushowski approximation.

the time-domain {¢,}}_, where
O=to<t; <...... <t,=t

with ¢, — tp = At for all k£ < n, there is the following discrete scheme:

a a 7 1— 92
() Ve, = Vet (1= Ve, + oy 2L AB,
(46) Xe = Xg Ve~V - oAB,

where AB;, = By, ., — By,

Approximate realizations of (6;,V,”, X/') can be generated with equations (44),
(45) and (46) for any a > 0, and the distribution of the these approximate realizations
will converge to the correct distribution as At \ 0.

The sub-scripts in the time points will be dropped for brevity in the notation,

tr — k, whenever it is appropriate. Given a > 0, (i, V)%, X}), the process By and a
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time step At, the process is recursively updated as follows:

(1) Generate 6;4; from the distribution given by:
PO = il6k = 5) = (),

(2) Generate Vi, given 0541 and V%

Vka+1 = g‘/ka —+ (1 — g)ng_H + 5'aABk

where g = e %% 5 = o4/(1 — ¢2)/(2aAt), and ABy, = By — By ~
§idN (0, VAL).

(3) Generate X, | given V%, |, V|* and X}:

Xy = Xp + Vil — V! —0ABy

Provided that —1/A;; > 1/a, taking the limit as a — oo causes the approximated pro-
cess to converge almost-surely to the Kramers-Smoluchowski approximation, which

can be written recursively in terms of 6.1, 6, and By:
X1 = Xy + Vo, o Ve,) — 0By, Kramers-Smoluchowski approximation

Figures 2 and 3 compare Xj to the process X{ when steps (1), (2) and (3) are used

to generate samples. The error is defined as

err(a, At) = \/IEIZ | X2 — Xy|2
k

which is seen in the figure to approach zero as aAt gets large.

2.4. Simulation of FMR Filtering. In this section a simulated example is
used to demonstrate the performance of the reduced filter in equation (39). The filter
is effective when the parameter a is large enough to make the (54) a valid assumption.
In contrast, the results are not so good when the reduced filter is applied to the same

model but with a smaller so that (54) does not apply.
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Consider the noisy observations shown in figure 4, where the target makes a

FIGURE 4. An example of an observed image from which the filter must infer the

location and state of the target. The dim glow is the true location of the target.

very dim glow in the frame from which the filter must track. Other elements such as
obstructions, correlated noise, or multiple targets can be incorporated into the model,
but for this example the filter is tested in a simple scenario in order to see that it
works. In figure 5 the results are shown for a particular simulation where the target
was well-tracked by the filter.

In this example, there are four modes of velocity that the target can take, which
we model with the process 0; € {1,2, 3,4} which makes transitions with the following

intensities,

—4 4/3 4/3 4/3
8/3 —8 8/3 8/3
4 4 -12 4

8 8 8§ —24

Indeed, this is a diagonalizable matrix and so the exponential can be easily computed
to form a matrix of transition probabilities for any time-step At > 0 as was shown

in equation (44) of Section 2.3. The actual velocity of the target given 0, is given by
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FIGURE 5. The FMR reduced filter from equation (39) with a = 250 and At = .01.
Both the processes 0, and X} are tracked based on the information provided by a sequence
of frames that look like the one given in figure 4. The significant spots are the changes in

the kinematic mode. The filter is able to catch the changes without tracking the process

17
the discrete function V,

o -2 —.2 2 .2
V= [Vlvv27v3vv4] = ) ’ )
-2 2 —.2 .2

The model parameters for the SDEs for V,* and X} are taken as follows: a = 250,
and o = 4. The discrete schemes from Section 2.3 are used with time-step At = .01
to generate V;* = (V4,V%) € R* and X! = (X, X},) € R% For such a choice of

parameters, the coefficient ¢ is very small,

g=e P =eVx4x10° <1,
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FIGURE 6. The filtering of the processes as seen from the camera’s view-finder. The

red ‘X’ marks the target’s true location, and the blue ‘O’ marks the filtering estimate of

the location.

and so this example agrees with equation (54) and can safely be considered in the
FMR regime.

To approximate the domain of X € R?, the real line is approximated by a pair
of 1000-point lattices {z;}1%° so that

4
xi=—20+(i—1)9—909, for i =1,2,3, ....., 1000

1000

to which the posterior assigns mass to each pair {(z;,7;)}; ;2. Letting m; denote the

posterior probability, the probability mass across the discrete fields is labeled as
=P (X = (2, 25), 0 = (|Yia)

for 4,7 = 1,2, 3...., 1000.
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1000

The observation model generates a 1000 x 1000 pixel image Y; = [V} Jij=) where

for each (7, j) the pixel intensity is given by:
Y = exp (=5l (zi, ;) — X¢|*) + 72

where v = 1, Z; ~ iidN(0,1), and (z;,2;) is an element of the 1000 x 1000 lattice

which divides a 2-D sub-space of R?. For any (i, ), the likelihood function is then

i 1 il 2
77Z)k] = exp —2—2 Z ‘exp (—5||(17,L/7l’]/) — (.ZL’Z', {L'])||2) — Yk J

(¢,3") €nbhy (3.5)

where nbh,(i,j) = {(,7") : |(zs,z;) — (xs,zj)|| <47}, and the averaged Baum-
Welch filtering equation as given by equation (39) yields the following recursive update
formula for the posterior:

Z‘7]‘76

m

L 1 S — 2
= c—k'(ﬁk Z Z exp (—m H(ZL’Z-/,ZL‘]‘/) — (Vg - Vg/)/d + (ZL‘Z,ZL’])H )

=1\ (¥,5")enbhi’ (i,5)

AAt i/7j/7£/
)M Te—1

x (e
where nbh’ (i, j) = {(i’,j’) (i, ) — (Vo= Vi) /o — (x| < 40\/At}. Fig-

ures 5 and 6 show a successful tracking of the pair (6, X}{) in this parameter regime.

Since the number of lattice points in nbh,( - ) and nbh,( - ) is much smaller
than the total number of lattice points, the number of flops required for the recursive

update formula is of linear order:
O(m x (the number of lattice points))

This is significantly less work than is required to recursively update with the full

Baum-Welch equations in (33), which call for an additional discretization of a 2-D
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FIGURE 7. The FMR reduced filter from equation (39) with a = 40 and At = .01.
There is significant error in tracking ©y because the (54) is not valid for this parameteri-
zation of the model.

sub-space of R? for V,*. This second 2-D lattice will be approximately the same size

as the lattice for X}, and therefore the workload will be increased to quadratic order:
O(m x (the number of lattice points)?)

This will require significantly more memory and will take a lot more time to compute
even in problems of moderate dimensions. For instance, in this section’s example,
the number of states is m = 4 and the number of 2-D lattice points is 1000?, which

means the savings in operations for each recursive update is a factor of one million:
4 x 1000* < 4 x 1000* x 1000

Finally, it is important to examine cases when the reduced filter fails. The simplest

way to show the limitations of the reduced filter is to adjust a so that the model
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FIGURE 8. As a decreases, the error increases. This plot shows the proportion of time

that the MAP estimator of the reduced filter is wrong as a function of a. The vertical axis

. _ __ pmap|0 _ N
is the error, err = E|6x — 0,"*"|" = Elgzzap?éek.

—alt js not close

disagrees with equation (54). In other-words, choose a so that g = e
to zero, making significant the time it takes for V* to revert back to its conditional
mean. In the example, if a is made smaller the error increases, as is seen in figure
7 where a = 40. The increase in error as a decreases is further analyzed in figure
8, where the plot shows the expected proportion of time that the MAP estimator is

wrong, which can be written as the expectation of the ‘zero-norm’ or the 0-1 loss-

function,
err(a) = Elf, — 677" = E1,_gnor

For the parameter values 40 < a < 250, the plot illustrates how the reduced filter
cannot track the hidden states for smaller a because it has been applied in setting

where the FMR assumption of (54) is not valid.
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3. Chapter Summary

To summarize, this chapter has proposed a multi-scale tracking model with states
that are fast mean-reverting in such a way that allows for distributional relaxation over
time intervals of a certain length. In particular, the main results was the derivation of
a nonlinear filtering algorithm of reduced dimension with discrete-time observations
which exploits these fast mean-reverting states through a Kramers-Smoluchowski
limit. This filter is faster to compute but will not sacrifice too much in terms of accu-
racy and will be optimal as the rate of mean-reversion approaches infinity. Presented
in the chapter were some numerical schemes which can be used to approximate and
simulate processes both for filtering and to get sense of how much error is associated
with the Kramers-Smoluchowski approximation. Finally, some data was simulated to
demonstrate the capacity of the reduced filter to track, and also the inability of the

reduced filter to track when misapplied.
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CHAPTER 5

Nonlinear Filters of Reduced Dimension for Multi-Scale

Stochastic Models

Nonlinear Filtering problems for multi-scale models are optimally solved with the
recursive form of the Baum-Welch equations. In practice, such filtering algorithms
may be near impossible to implement because of the costly computations associated
with updating the hypotheses of the hidden states. However, the class of multi-scale
models where one or more states is fast-mean reverting (FMR) may permit filters
that are computed on a state-space of reduced dimension. Such filters can be shown
to be asymptotically optimal as the rate of mean-reversion goes to infinity.

A multi-scale nonlinear filtering problem with discrete data is formulated as fol-

lows:
%P(@e(t) =) = S QuXPO (1) = 5),  ©4(t) is hidden,
AXE(t) = % (O°() — X“(t)) dt + %dW(t) hidden,
9 ey = n(xe()) hidden
o ’
Y = I(try1) — I°(t) + Zi, observed

where ©¢(¢) is positive recurrent on a finite space, € > 0 and Z; ~ iidN(0,1). The

posterior distribution of the finite states is

0 0
WZ(S,‘,%,U) = %%P(Ge(tk) = 3i7X6(t/f) < I,]€(tk) < U|}/i€k)

for which it is well-known (see the book by Jazwinski or the 1989 paper by Rabiner,

(25, 32]) that the forward Baum-Welch equation recursively updates the posterior
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distribution given (Y, ..., Y5 1) = (Y1, -, Yrt1):

o 1 e E
Tey1 (4, 2,0) = Kﬂa—yP(YkH < Yrpr [ I (try1) = v)

47 X s, (i, x, ol o' 0)ns(4, 2" v dx' dv'
( ) Z Atk( y |ja ) [AWER
J

where ' is the forward operator semi-group which generates the joint distribution of
(O°(t), X<(1), I(1)).

Analysis of multi-scale models has been done extensively by Yin and Zhang in
[41, 42], in which they also analyzed the asymptotics of the Kalman filter and the
Wonham filter. Filtering algorithms for systems of this type are important in target
tracking [3, 31, 6], and can be implemented with particle filters [2, 9], or for with
Rao-Blackwellized filters in order to exploit the potential for linear filtering [22, 36].
Multi-scale models are also of interest in stochastic volatility models [19].

Of interest in this thesis is the potential for fast nonfiltering algorithms of re-
duced dimension when the parameter € is very small. In this chapter, we address
the nonlinear filtering problem when data arrives discretely in time and is modeled
as a nonlinear function of the hidden states (©¢(t), X(¢), [¢(t)) where X<(¢) is fast-
mean-reverting. The main result is that the nonlinear filter converges point-wise as

a function of the data for any test-function,
Elg(0(te)[Yih = yia) — Elg(©°(tx)) [V, = y14] as e \, 0,Vyr; € R¥

where ©°(¢;,) and Y;? are the weak limits of ©¢(¢;,) and Y} as € \, 0, respectively. This
chapter contains a proof of this result for processes of the OU type, but can easily be

generalized to the class of fast-mean-reverting stochastic differential equations.

1. Definitions, Parameters & the MainResult

Formally, consider the Markov process (©¢(t), X(t), 1¢(t)) for e > 0 and t € [0, 7],

on the probability space (€2, F;, P). Let ©¢(¢) be a jump process taking value in the
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space of finite values & = {s1,....., s, }. The process X¢(¢) is an Ornstein-Uhlenbeck

(OU) process with a shifting-mean,

(O(t) — X<(1)) dt + %th

where W; is Brownian motion and € > 0 is an arbitrarily small parameter. We say

(48) AXE(t) = %

that ‘1/€” is the rate of mean-reversion for X¢(¢). From this, the third process is

defined as
t
I(t) = I —|—/ h(X(7))dT
0
where h : R — R is bounded.
The space € is then defined as

Q=D([0,T];S) x C ([0, T]; R?)

were D ([0, T];S) is the set of right-hand continuous piece-wise constant functions in

S. There is a matrix-operator () where

Q(z) = (Qji(z)) € R™™,
which is a transition rate matrix for all z € R such that for any bounded function
g(0) : S — R,

Q90 = Qs(w)g

The dynamics of the distribution of ©¢(¢) are determined the Martingale,

[ / Q(X(r))g(O(r dr’]—"] — g(O%(s / Q(X*(1))g(O°(r))dr

for s <t and any test function g. For simplicity, we assume that ©¢(¢) communicates
on all possible states of §, and that there are constants 0 < o < 3 < oo which insure
that jumps cannot occur at an infinite rate and there are no cemetery states,
(49) sup(—Qii(x)) < B < oo

x
(50) inf(—=Qu(x)) > a>0

x
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for all 7+ < m. We also impose the initial condition that is independent of e,
(51) P(©(0) = s;) = po(si), for any € > 0 and Vi < m.

It is well-known that the infinitesimal generator of (©¢(t), X(t), I¢(t)) is the op-
erator 1L + Q(z) + h(z)£2 where

Ly 0 0
0 Lo 0
0 0 L
and
0 1 02
Li=(sim2)g 4552

so that for any scalar-valued function g(©¢(t), X¢(¢), I°(t)) with compact support, two
derivatives in x and one in I (both bounded), the dynamics are determined by the
Martingale,

e oo 0.0, 10) - [ (1e+ Q-+t ) o€, X0 I ir| ]

0

5 =o)X - [ (Her Qg ) ) X0 )i

for some test function g. Equation (52) is the weak form of the backward equation
for the Markov process (©¢(t), X(t), I¢(t)).

A filtering problem arises when (O¢(t), X¢(t), I(t)) is only observable through
data that is a noisy function of the pair. Such hidden variables are referred to as a
Hidden Markov Model (HMM). Of particular interest are models in which data is a
function only of X¢(¢) so that prior knowledge of the HMM’s dynamics is a necessary
tool with which to make inferences about ©¢(t).

Let the observed data be collected at time-points (fx)k=123, .. such that

topr — th = Ay, vk > 0
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An observation Y} is a vector-valued function of the unobserved,
tet1
(53) V= / (X)) dr + Z = T(tons) — (b)) + Z ki =1,2,3.4., ...
ty
where h is a known and bounded function and Z, is unobserved but known to be an

iid random variable with mean zero and finite variance. For convenience, take
Zk ~ ZldN(O, R(Atk)), where R(Atk) = EZkZZ

with ||R(At;)|| ~ v/At. Given the model parameters and some data Y, = (Y)e<r,
the posterior distribution of the HMM is denoted as 7}, and is given recursively by
the forward Baum-Welch equation shown in equation (47). The posterior distribution
is sometimes referred to as the ‘optimal filter’ because it is essential for computing
optimal estimators of the hidden processes. For instance, letting " = o(Yy,)
(i.e. the o-algebra generated by the data up to time t;), the following are optimal

estimators for their respective optimization problems:

;= BLC)IA ) = 3 [ ami(os)ds = arg min, B|X(0) - o
: ate]:gfe

Of = arg max / (2, 5;)de = arg min Elfge,).0y
i 9eFy*

1.1. Fast Mean-Reversion and a Fast Filter. In an asymptotic sense, we say

that X€(t) is fast mean-reverting (FMR) relative to ©¢(t) if
(54) sup (—Qui(x)) < 1/, Vi<m

The condition set forth in (54) leads to the construction of fast filtering algorithms
which closely approximate the optimal algorithm in (47) provided that the ratio of

Aty /e is large. For all i, j < m define the following,

(z) = —=e (=5 )i = i(z)pi(x)de  an hs = x)p;(z)dz
i) = = Q= [Qu@@de and. by = [ @t

With this notation, the following filter of reduced dimension is asymptotical optimal

for small e:
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THEOREM 4. Assume (49) is true. Then for any bounded function g : S — R,

point-wise for any yi.x = {y1, Y2, ..., yr } € R¥ the optimal filter has the following limit
as € \, 0,

[ (O(t)) | Y1 = Y1 k] — ZQ(Si)ﬁk(Si) as €\, 0

where

(55) (o) = i) 3 (24) Tl

- Ju
J

_ thtl - 2
with ¥;(yx) = E {\/%6'5(ykftk+l heo(r)r) ‘@O(tk) = si] and ¢, being a normalizing

Y

constant.

One main component of the proof of theorem 4 is the path-wise weak limit of

(©°(), I()),

(56) (©°(), I(:)) = (©°(), I°())

where (6°(:),1°(+)) is a Markov process with generator @ + hy, 2. Section 2 goes
through the steps to prove that the limit in (56) holds given the model construction
of Section 1.

The other component of the proof of theorem 4 is the use of the exponential
Martingale to change measure in calculating the posterior. This approach is used in
deriving the Zakai equation (in the case of continuous-time observations) as was done
by Zakai in 1969 [40] , and is also a part of Rozovsky’s proof of the uniqueness of
solutions to the Zakai equation [33].

Proof of Theorem 4: Consider a change of measure P¢ under which Y is an iid

standard normal Gaussian process. For any vector (yi, ..., yx) € R¥ define the process

Mi(yr; 1 :ﬁ p{=5 (i = (I"(tina) = I(t:)))"}

exp {—34}
Letting My = 1, it is easily checked that My(Y,; I¢(-))""! is a P*-martingale and

provides the change of measure between P and P,




From the Kalianpour-Striebel formula, we have

E [9(6°(t))| ik = 91

B | M (¥ 1()(6" (1)

Yin = yl:k}
}/16143 = yl:k:|

From the weak limit of (©¢(-),/¢(:)) in (56) and by independence of ©¢(-) and I¢(-)

E [ MY 1))

from (Y;%);<x under PP¢, this is equal to a function of yi.; which converges point-wise,

B [Mi(y1; 1°()g(O°(8))] | E [My(y; 1°(-))g(O° (1))

E [M(y1x; 1<(+))] E [Mp(yr; 1°(-))]

Letting Y}? denote the process

tey1 _
Yko = / h@O(T)dT + Zy
tg

it is easily seen that M (Y2, ; 1°(+)) is the Martingale change of measure from P where

(Y,?);<k is independent,

dpP?
Py,

= Mi(Yiy; 1°())

Therefore,

« _ B IMi (g I°())g(O°(t)] 0 o _
Yy, = yl:k] B (M (g 1()] =E [9(@ (tk))‘yik = yl:kz] .

Therefore, in connection with the Baum-Welch equation, the posterior expectation

E [9(6°(t))

converges to
E [9("(t) [V = | = 3 g(s)mi(s)

where the posterior distribution 7 is given recursively as

(o) = o PO < lO0(tx) = 50 3 (44%) (s,

C X Je
EOY F

with %P(Yko < y|®°ty) = s;) = ¥;(y), which proves the theorem.
|
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2. Tightness of Marginal Measures and Weak Convergence to a Unique
Limit
This section contains the lemmas and theorems necessary to prove (56). In doing

s, it is useful to describe a marginal probability space (€, F;, P) for the non-Markov

process (O¢(t), I(t)), where
Q=D ([0,7];8) x C([0,T};R)

and define the measures
P<(6) =P(O°(-) = 60(-))

for all € > 0. It can be shown that the process ©¢(+) is tight in the space D(]0,T];S)
and I¢(+) is tight in the space C(]0,T];R), which therefore makes the family (P¢).
tight in . Furthermore, for any bounded and differentiable g : S x R — R, we can

define the following process for any path (©(-), I(-)) € €,

We will show that

lim E” [Mg(t) . Mg(s))fs} ~0

when s = 0 which is sufficient to conclude that any convergent subsequence of (P¢).~
must have a limit P for which Mg is a P-Martingale. Therefore, from the tightness of

the marginal measures (P¢).¢ it follows that
(O°(-), I°(-) = (©°(-), I°())

where (©°(-), I°(+)) uniquely solves the P-Martingale problem associated with M,

o)

and is a Markov process with generator Q + Bsim-

To summarize, the goal of this section is to prove (56) by showing that the marginal
measures (P€) s are tight in  and that every convergent subsequence must converge
to the measure of a process (©°(-), I°(-)) which is the unique solution to a specific

Martingale problem. This method of proving weak convergence is pointed out in the
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book by Yin and Zhang [41], where in chapter 7 on page 186 they outline the method

in four steps.

2.1. Tightness. General result regarding tightness of measures and weak con-
vergence can be found in the book by Ethier and Kurtz [18], (chapter 3). In fact the
proof of the tightness of ©¢(+) that is shown in this section is a specific case of lemma
6.1 on page 122 of their book.

Tightness of a family of measures means that for all § > 0 there exists a compact
set K5 C Q such that

sup P(K§) < 0

It turns out that because of the bound in (49), the family of measures is tight in Q.

LEMMA 5. Assuming that the initial condition Iy is almost-surely bounded, the

bound in (49) insures that (P€)cq is tight in Q.

Proof of Lemma 5: First, let’s prove that ¢(-) is tight in C([0,7];R). Since
there exists a positive constant x < oo such that P(|/y] < k) = 1 and because h is

bounded, the function I¢(¢) is uniformly bounded,
I11°(t)| < k+ T~ Vt € [0,T],Ve >0
Furthermore, 7¢(¢) is uniformly equicontinuous with modulus of continuity ||A||s,
[1(t) — I°(s)| < [|h]loo|t — $] Vt,s € [0,T],Ve > 0

Therefore, by the Ascoli theorem, any subsequence of 1¢(-) has a further subsequence
that converges uniformly, and therefore the support of all measures P on € is com-

pact. Therefore, there is a set Ks(/) such that

P(Ks(I) >1—4/2 Ve 0.

Next, to prove compactness of ©¢(+), consider any f € D([0,7],S) and define the
switching times {7,(f)}32, for k =1,2,3, ...
) { inf{s € (g1 (f),T): f(s) £ f(s)ors=T} if 1(f) <T
Tk =
T otherwise
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with 79(f) = 0. For any 6 > 0 and any compact set U C R, let the set A(U,J) be
defined as

AU, 8) ={f: f(s) e U for all s <T,7(f) — m6_1(f) > 6,Vk with 7,(f) < T}

The closure of A(U,0) is compact:

Given any sequence f,, € A(U,¢), by a diagonal argument there exists a subse-

quence f,, s.t.

Tk(fne) — 1 € [OaT]

and
f(m(fng)) — ar €U

Therefore,

Jne(8) — ay, for s € [ty trs1)

which proves that A(U,¢) is sequentially compact, and since D([0,t];S) is equipped
with the point-wise metric, the subset is therefore compact.
For the Markov process O¢(+), take U s.t. {s1,...., S} C U and recall that
P(AU,0)) <1—eP<ps  Ve>0

which shows that ©¢(+) is compact in D([0, T]; R).
Finally, tightness of (P).-o follows by considering the compact set Kj(I) x
AU, 6/2p),

P (K1) % AU, 0/20))°) < B (Ks(1)%) + B (A(U,5/28)") < 6/2+6/2 =4

In this section it will be show (intheorem 7) that

E™ [My(t) — My(s)|Fs] — 0 ase\,0  Vte[0,T]
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for s = 0. As a consequence of this and lemma 5 it follows that any conver-
gent sequence of (P€)..o must converge to to a measure P for which M, is a P-
Martingale. Therefore, the pair (©¢(-),/¢(-)) must converge weakly to the Markov
process (0°(+), I°(-)) with generator Q + h,.

To prove that the family of marginal measures will converge to the unique solution

to the Martingale problem, the following lemma will be necessary:

LEMMA 6. For any positive At > 0 and any function g such that HgHOO—l—H%gHOO <

C, the expectation of the following terms converge to a term of o(At) as € \, 0

[ ] [ (@) - Q) sl ras| 7| < 2
i & | [ B (HOXC) = Ry ) a(6°(5) I (9|7 | < 2

Proof of lemma 6: Start by proving the first statement. By iteratively conditioning

the o-algebras, the expectation can be separated into two parts,

dl " (QUX () — Q) 9(6%(s). 1()ds

.

<[a| [ (@) - @) o) Fas| Fur {6(5) = 060) s € [0, A1) |
xP(©¢(s) = ©¢(0) for s € [0, At])
HIE | [ (@UX() @) 6 (), 16)ts| o 1 s 6) — €400 > 0}”

X (1 =P(O(s) = ©(0) for s € [0, At]))

Now, it obvious that P(©¢(s) = ©¢(0) for s € [0, At]) < 1, and from the bound in
(49) it follows that

1 —P(O(s) = ©(0) for s € [0, At]) < 1 — e PA!
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On intervals where ©¢() is constant, we have
1
X€<t> =4 @6(0) + eit/E(I _ @6(0)) + N (0, 5 (1 . €2t/e)>

and on these intervals the densities of X¢(t) given X (0) = x can be written as

pase(ylz) € R™™ as

_(y—si—em 2/ (a—s1))?
e 1—e=2t/¢ e 0

1
(1 — e2t/c)

fieye(yl) =
_ <y75m7672t/6(1‘75m>)2
0 ...oe 1-em2t/e

From here, there is the following upper-bound,

‘E {/Om (Q(X(s)) — Q) g(©(s), fe(s))ds‘fo}

< |E Fon{O(s) = ©(0) Vs € [0, At]}

[ @) - @) o) (s

+2BAL(1 — e PR

+ 2BAL(1 — e7FAY)

/OAt (/ 1s/e (Y| X(0)Q(y)dy — Q) g(©°(0), I°(0))ds

< gl /ft (/ us/e (Y1 X(0))Q(y)dy — Q) ds|| + 28At(1 — e 72)

@ vV
N ~~ 4 <2B2At?
goes to zero as € \, 0

+ llglloo sup |Q() - Qe

(.

~
where 0 < a < 1. Now let v(At, €) denote a bound on the under the norm. It is clear

the v(At,e) — 0 as € \, 0 for all At > 0. Therefore, we have

‘E [/ON (Q(X(s)) — Q) g(@ﬁ(s),fe(s))ds‘fo]
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< Aty(Ate) + 26%At2 + C'¢® — 26%AL?
which proves the first statement of the lemma.

Repeating these steps with Q(X¢(s)) replaced by h(X¢(s)) and Q replace by B@e(s),
the second statement in the lemma is proven provided that there is a constant such
that

0
— <C.
ol + 579]_<

[ |
With lemma 6, the key calculation for proving weak convergence of (©¢(-), I¢(-))
can be shown. Namely, from the time-homogeneity and Markov property of the

solution to the Martingale problem associated with M,, it is sufficient to show that

the expectation under P¢ of the function M, (¢) conditioned on Fy converges to zeros

as € \, 0.

THEOREM 7. For any function g(©(t), 1(t)) with ||gll + || &9|.. < C. condition
(49) and the boundedness of h insure that ¥ [M,(t)|Fo] — 0 as € \, 0.

Proof of Theorem 7: For any positive t < T, fix a step-size At > 0 (not the same
as Aty that was described in section 1), and consider the following discretization of

the interval [0, ¢,

O<At<2At < ...--- < NAt=t

For any n < N, let t,, = nAt. We then have a collapsing sum

B [M,(t)|Fo]

= E[g(©(t), I()) — 9(©°(0), 1°(0))|Fo]

-E

[ (@ Rerwy ) oterto,
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—E|Y 9(O (tns1), I (tns1)) — 9(96(%),16(%))\?0]
N=1 g4 9
/t <Q + h@e(s)a) g(©°(s), I(s))ds f0]
Elg(O(tni1), I°(tns1))|Fr,] — 9(O°(tn), ]E(tn))‘fol
N § )

En:| dS fo]

. /

The summand in (%) can be shown to be equal to the summand in (x) plus a

correction term,

[ e[ (0t gy ) s 1| ]
= [ e[ (@ fer g — Qo) - X0 57 ) @6 16 d

= Elg(©(tnt1), I(tns1)) | Fr] — 9(O°(tn), I(En)) + en(e, At)

By lemma 6, the correction term e, (¢, At) can be controlled so that the limit as e \, 0

is o(At). Therefore,

=

P [N, (1) Fo) | < > len(e, At)| — Z_: o(At) = O(At)  ase\, 0

3
I
o
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and the entire sum converges to something of order O(At) as € \, 0, which proves

the theorem since At is arbitrarily small.
|

Theorem 7 confirms that any convergent sequence in the family of tight measure
(P)eso must have a limit P which is the measure for which paths in the space Q
uniquely solve the Martingale problem associated with Mg . Therefore, this proves

(56) and the reduced filter of theorem 4 stands.

3. Numerical Simulations

3.1. Discrete Time Schemes. For the example in this section let ©; be inde-
pendent of X¢(t). Suppose both the jumps of O(t) and the observations of Y, occur

at set of equidistant time-points {t;}_, with

O=to<ti<ta<..<ty=T

and t;41 = t; + At for any 0 < i < N. We use the convention that ©(t) is constant

on the half-open intervals,

@(t) = @(tk), YVt € [tk, tk—i—l)

which makes ©(t) a Markov chain with discrete jump times, and so for each time

k < N there are the following transition probabilities for O(ty),

P(O(trt1) = 5i|O(tk) = s;5) = pjs

Now, because the process O(t) is piece-wise constant on the intervals [t,tx+1), the
solution for an OU process can be applied on each interval. Furthermore, the solution

X¢(t) can be thought of as a distributional equivalent to the process X<(f;) given

_ . 1 — e—2At/e
Xe(tk_H) = X€(tk)6_At/€ + @(tk)(l — B_At/e) + TWk
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where Wy ~ 4idN(0,1). Then, assuming that the function h is sufficiently well-
behaved (for instance Lipshitz) the observed process can be approximated with an
Euler scheme with high probability,

tr4+1
(57) ye - / W(X(7))dr + Z ~ h(XE )AL + 2,

ty

where Z;, ~ N (0, At).
Based on the model we’ve described so far and the approximated observation

process, it is well-known that the Baum-Welch equation for this system is

1 .
Ty (T, 8i) = KHIP’(YJHIXE(%H) = m)Z/FeAt(‘Ta”m,:])Trk(x,vSj)dxl
J

where ci11 is a normalizing constant, and I' is the joint-transition kernel:

L 0 /
aelziile' ) = Zop(X(ten) < 2,0(t) = sil X(t) = 2, O (1) = 55)

e T — .CEIB_At/E o SZ(l _ e—At/e) .
Ji-enmp )P

where G (+) is a standard normal Gaussian kernel.
An essential condition for an averaged filter to work in discrete time is a fast

mean-reverting condition,

1 1
_<<_
€

which insures the relaxation of X in between observations and allows for the following

weak approximation,

Y]: ~q E@(tk)At + ABk

In fast mean-reverting regimes, the optimal filter is approximated by putting the data

into the reduced filter,

1 -
Tht1(si) = a%(yke) ijiﬁk(sj)
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- YeE—he, At
where ¥;(Y)S) x G —= )
3.2. Error Graphs and Plots. There are two posterior estimates of ©,,, an

optimal and an averaged:

%" — arg max/w,i(:c,si) = arg min Elgg,)4
Si geFY*
09 — arg max 7 (s;)
for which the 0-1 error of the averaged estimate should approach the error of the

optimal estimate as € ™\, 0,

0-1 Error of Optimal Filter Compared to Averaged Filter, At= .01

04 -
% | I — Optimal

- —---Averagec

0.35 -

0.25 -

0-1 Error

015 -

o5 L1 L L
1 0 0.0 000

FIGURE 1. The error of the averaged filter decreases to the that of the optimal filter
as € \, 0. Also, the signal-to-noise ratio decreases with ¢, and so the error of the optimal

filters decreases too.

€ e\0
O S E <1@tk#ézvg — l@tk7éézpt> —_— 0

where E€ is the expectation operator of the measure for the specified rate of mean-
reversion. Convergence of the averaged error to the optimal error is shown in Figure

1, where the plots are an approximation of the 0-1 error given by

108



Eele(tk 7&@“ Z 1 O(ty) #0611

for some k greater than the memory length of @, and T very large. It should also be
noted that since the signal-to-noise ratio increases as € decreases, the optimal error

also decreases with e.

3.3. Empirical Estimates of Optimal Sampling Rate. In this section we
analyze the optimal rate at which observations should be sampled relative to a in-
creasing rate of mean reversion. In other-words, we seek At which optimizes the

expected loss with a non-negative penalty term added when sampling is too sparse,

(58) min (B L, gma + (A1)

In other-words, sampling too fast will eliminate any hypothesis regarding a fast mean-
reverting regime, while sampling too slow will be penalized because the target has

not been tracked often enough. For instance, suppose we set,

1
a(At) = §At2

Then, since neither At = 0 or At = oo are optimal, we differentiate and set it equal

to zero:

o (.. At a .
At (E towops ) = aars Lewmzeyr +AL=0

Using empirical data we can approximate the derivatives of the sequence of errors,
and then construct the optimal sequence of time steps. In this case the optimal is a
fixed-point of the expected loss derivative,

a €
At(e) — _@E le(tk);ﬁézvg

At=At(e)
Similarly, for a(At) = log(1 + At), differentiating leads to an optimal sampling rate
that is the fixed-point of the inverse of expected loss derivative,

9 1
Atle) = (aAt 1 tk)¢@““9>

109

—1
At=At(e)




Figure on page 111 shows some empirical analysis of the optimal At.

4. Chapter Summary

In summary, this chapter has proven a series of theorems and lemmas which
confirm that the non-fast-mean-reverting processes marginally converge to a weak
limit and that the nonlinear filter converges point-wise as a function of the data. The
results depended largely on the properties of the OU process, but the proofs could be
generalized to the class of fast-mean-reverting diffusion processes. Displayed in the
later sections were some numerics to show how the filter behaves as a function of the
rate of mean-reversion, and finally presents a more elaborate criterion for evaluating
filter-performance. It is clear that the averaged filter is a good approximation for
e small, but possible future work needs to be done to understand the optimization

problem of Section 3.3.
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FIGURE 2. The penalized error term, E€ + %Atz and E°€ 4 log(1 + At), for

different At and e. Notice how the optimal At increases with e.
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CHAPTER 6

Conclusion

The formulation of a filtering algorithm was the common theme of all four chapters
of this dissertation. In some chapters it was challenging to formulate but easy to
implement, and in other chapters the challenges were reversed.

Chapter 2 introduced the basic tools of nonlinear filtering by demonstrating their
novel application to a hidden Markov model for stochastic volatility. Chapter 3
displayed a nonlinear filtering algorithm for human-tracking from video data, which
is currently a popular way to model targets and human motion in computer vision.
Chapter 4 had a novel use of a Kramers-Smoluchowski approximation to derive a
fast filter of reduced dimension for a tracking model where the input-data consists of
noisy video frames with considerable jitter. Finally, Chapter 5 rigorously derived and
implemented a nonlinear filtering algorithm for a multi-scale model, and thoroughly
exploited the ergodic averaging that happens between discrete observations in order
to show that functions that are parameterized by the fast time-scales can be replaced
by their invariant averages in the approximate nonlinear filter.

Relevant work that will succeed this thesis is the further analysis and applications
of the algorithms to financial data, and further development of the software for human-
tracking. Multi-scale modeling is also a topic with broad applications and there will

undoubtedly be new and improved filtering algorithms that need to be analyzed.
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APPENDIX A

Double Markov Chains

PROOF. (proposition 2) Suppose that ul |(5) has been computed for all 5. For

n = 0, we have

up(3) =D PO =560 =r b =5, ...60, =s")

= ZP<02 = Solelg—l =T, eli—l = 817 ""7eljcv—l = SN)

T

0 1 1 N N
X]];D(ek_l - T, 0]{)—1 =S 7""79]{3—1 =S )

= DAy (' V)

which proves the first part of the proposition. Now, for any n > 0, given u} ' (5), we

have a similar breakdown:

n o 0o_ 0 n—1_ n—-1 pgn _ _n gn o N _ N
up(8) = g PO, =s,.00  =s"",0,=s"0, 1 =r,.. 0" |=5")
T

n n|n0 0 n—1 n—1 gn N N
= g PO, =s"0,=5",..00 =s"",0;_1=r..0,_,=5s")

T

xP(O) =0 .00 ="t =00 = sY)

= ZP(@Q =s"0p =m0 = r)ul ((30, T L LS sN))

T
— Z AP (", s Dup (80 oy s st L sY)
T
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PRrROPOSITION 8. A DMC is a vector-valued Markov chain in time.

PRrRoOOF. A Markov chain is a process whose future does not depend on its history
but depends only on the present. The distribution of 9_;9 given its entire history can

be broken down as follows:

PO = 310k, ... 00) = IN_ PO = 5|69 = s°,.....00 " = s" 1 Gy, ..., 00)

= A0<50|92—1)Hg:1/\n(3n|92—1a Sn_l)

On the other-hand, the distribution of 9} given only the knowledge of 0,1 can be

broken down in a similar fashion,

P(6), = 5105_1) = I P(0F = ™[00 = &%, ....,00 " = 5", G,_y)

= A0(30|92_1)H7]:[:1A”(s”]9};‘_1, Sn_l)
The two of these conditional probabilities are equal, which therefore implies that 9}

satisfies a Markov property over the time index k. 0]

If the state-space of the observation process is discrete, the likelthood is defined

by the probability

L (yo, ..oy yr) =P (Yo =90, .., Y& = Ur) where y, € F.

If the state-space of the observation process is R! the likelihood is defined by the

probability density function

L(yo, -, yk) =1 Yo, -, y) = OP (Yo < yo, .o, Yi < yg) /Oy1...0Y% where 1, € RY.

PROPOSITION 9.

L (y()a 7yk)

= Z 7o (8ig) D(83115ig) oo F(gik|§ik—1)¢§io (¥o) ¢§zk (yr)
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Proor. We will prove the proposition in the case of the observation with discrete

state-space. By the “memoryess channel” assumption and formula (26) we have

F (Yb = Y0s s Y = Yk, 00 = Sy, 79—;‘3 - g’") -
P (Yb = Yo, 7Yk - ?/k|6_’z) - <§io7 79k _;k) P (_»O - gio? 76_;6 - gz;c)

= To (glo) F(§21|§10) """ F(glk|§lk—1)¢§zo (yﬁ) wgzk (yk’)
To conclude the proof it suffices to sum up both sides of the equation over all sets
Sigs ey Sip - O

k

PROOF. (proposition 3) Let us consider the discrete case (i.e. the case when the
state-space of the white noise is F'). The continuous case can be dealt with in a

completely analogous way. We start by considering the following:

SigaerSig_q

P (Yo = o, oo Vi = s B = Figs s Ot = 5o, O = 5)
S P (Y0 = 00 Vi = gelflo = g o O = 5, 01 = 5)

P <90 = Sig» ...,ek,1 = Sikil,ek = S) .

By (27), the conditional term becomes
P (Yo = Yo, o Vi = Uelflo = Figs s Ot = 55y, 0 = 5) =

Vs, (o) Vs, (Yr—1) ¥ (Uk) -
Formula (26) yields the following for the unconditional term:
(59)
P (00 = Sigs s Op—1 = 8iy_y, O = 8) = 70 (8ig) (534 [Sig) oo (5, |55 ,)T (5155, )



Putting these two parts together, we have the result:
(60)
Oi (5) =

= wg’ (yk) Z ¢§20 (yo) "'wé'ik,l (ykfl) o (gio) F(‘§;1 ‘gio) """ F(E;k—l |§;k—2)r(§1§ik—l

SigrsSig_q

= Vs (Yr) 2or O (7) L (8]7)

O
Mini-Corollaries:
(1) The likelihood function L (yo, ..., yn) = Yz Ok(5).
(2) The posterior distribution of the current state given past observations
7, (8) = P{gk = 51Yo = yo, ... ¥y, = yk} = O (5) / 2o 0 (7).
The function ¢ = (¢ (51), -, @k (5n)) >0 I8 @ vector-valued stochastic process.

By definition, ¢ (5) > 0 for all 5. Since, Y .¢ (5) # 1, ¢y is often referred to as
the unnormalized posterior distribution (resp. density) function of the state process
0, given observation Y* = (V1,....,Y}) in discrete (resp. continuous) case. In both
cases we will use the same abbreviation: UPDF. The vector-valued stochastic pro-
cess Ty, = (g (51) , -+, Tk (8n)) > In the discrete (resp.continuous) case will be called

filtering distribution (resp. density) function (FDF).

After the posterior distribution has been computed, an estimate is chosen based
on the optimization criterion deemed suitable for the problem. Essentially, a suitable
criterion comes down to the choice of a loss function M( - ). For any n < N, we seek

an estimate of #} which minimizes the expected posterior loss:

67 = arg min E [./\/l 0y, s)

sES™

)
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=argmin » M(s",r)m(5)
reSn f—
S
When 6} takes values in a discrete state-space, we may take M to be a 0-1 loss

function, M(a, b) = 1{z}, which leads to the maximum aposteriori (MAP) estimator

.

:arggé%%((z: ..... Z Z Z Tk (30,...,s”_l,r,8"+1,...,SN))

s0e80 sn—leSn—lgntlesntl  sNegN

being optimal:

~

- .
p — Argmin E | 1opzs)

= PO = r|Y*"
arg max P(0y = r|Y")

When 6} takes values in a continuum, a possible estimate is the posterior expectation

b =D s"m(3)
g
which is the optimal estimate when M (a,b) = ||a—b||3. In linear Gaussian models the
posterior is known apriori to be Gaussian and so for such models the Kalman filter can
quickly return the posterior mean and posterior covariance matrix. Another special
case is when the posterior distribution of ¢} is known to be unimodal and symmetric,
in which case a 0-1 loss function is the same as any other symmetric loss function. In
general, the choice of a loss function may be a difficult decision, but regardless of the
choice, an optimal estimate will always be returned provided we are able to compute

the posterior distribution.
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