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An appealing approach to manufacturing future generation nanoscale devices envi-

sioned for electronic, magnetic and photonic applications is to exploit the natural

tendency of small material clusters to self-organize into well-defined patterns. While

strain-driven self-assembly is widely viewed as a promising technique for patterning

at the nanoscale, to follow this approach and create structures in a desired manner, a

reliable means to engineer the characteristic size and shapes that the clusters adopt

during self-assembly is essential. Motivated by a significant potential technological

impact, a systematic elucidation of how long-range elastic interactions couple with

surface and bulk thermodynamics and kinetics to control shape, size and composi-

tional patterns assumes a paramount importance. The work presented here describes

a detailed analysis of evolution of morphological and compositional patterns in vari-

ous strain-driven self-assembled systems. The examples include alloy quantum dots

and 2D patterns such as surface stress domains and epitaxial nanowires. Using a com-

bination of experimental, numerical and analytical techniques, it is shown that the

elastic strain inherent in these systems leads to dramatic transformations the com-

positional and morphological patterns that are not predicted by existing theoretical

models. Many of these systems can remain trapped in a large variety of long-lived

and metastable shapes that arise from an interplay of crystalline anisotropy and re-

laxation of elastic strain. Based on experimental observations coupled with dynamic

growth simulations, we have developed a quantitative understanding of how a self-

assembling system falls out of equilibrium. Further, using a combination of finite

element and optimization methods, a systematic description of the interplay between

the composition variations, temperature, strain and the morphology is developed.
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Chapter 1

Introduction and overview

As the trend goes, future generation computer and electronic systems will require

higher speed, lower power consumption and reduced size. However, the advantages of

further miniaturization of integrated circuits reach beyond increasing the device den-

sity of a chip. When device dimensions become comparable to characteristic lengths

such as the electronic wavelength or magnetic domain width, electron-localization

and size effects can lead to new quantum mechanical phenomena such as Peierls tran-

sition and Luttinger liquid behavior [Datta (2005)]. New generation of electronic,

photonic, and magnetic devices built from these miniaturized structures are expected

to form the functional elements or building blocks for technologies based on quantum

computing and molecular electronics. To realize these new technologies, the sizes of

the devices usually need to be in the single-digit-nanometer scale or even less. His-

torically, the semiconductor industry has been able to meet the increasing demand

for miniaturization by doubling chip density every 18 months, due in large part to

significant advances in lithographic patterning techniques [Moore (1965)]. However,

the current state of the art of 40 nm features has already approached the limits of

UV-light based lithography [Silverman (1998)]. To maintain the current pace of de-

velopment, a fundamental shift from the conventional integrated circuit fabrication

1
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Figure 1.1: Examples of strain-induced self-assembly at the nanoscale. (a) Low en-
ergy electron microscopy images of strain-stabilized surface stress domains on Si(111)
[Hannon et al. (2002)]. (b) Scanning Tunneling Microscopy topograph of ErSi2
nanowires grown on Si(001) [Chen et al. (2002)]. The inset shows a typical ErSi2
nanowire that is 9 atoms wide and 250 nm long. (c) Scanning Tunneling Microscopy
image of a dome-shaped Ge quantum dot on Si(001) [Medeiros-Ribeiro et al. (1998)].

paradigms is required [Williams (2007)].

A particularly appealing approach to manufacturing nanoscale devices is to ex-

ploit the natural tendency of small material clusters to self-organize. A bottom-up

or natural self-assembly approach has become the method of choice, and is being

actively investigated as an alternative to the current top-down lithographic approach

[Whitesides and Grzybowski (2002)]. On semiconductor surfaces, elastic interac-

tions arising from lattice mismatch in heteroepitaxial thin films or due to differences

between atomic structures can give rise to spontaneous formation of self-assembled

nanoscale structures such as surface patterns [Seul and Andelman (1995), Pohl et al.

(1999), Plass et al. (2001), Hannon et al. (2002)], epitaxial nanowires [Sunamura et

al. (1996), Evans and Nogami (1999), Chen et al. (2002), You et al. (2006), Owen

et al. (2006), Sone et al. (2007), Lim et al. (2007), Li et al. (2007)] and quantum

dots [Medeiros-Ribeiro et al. (1998), Ross et al. (1999), Drucker (2002), Stangl et al.

(2004)]. As an example, some of the self-assembled structures are shown in Fig. 1.1.

The nanoscale 2D patterns can serve as templates for growing 3D nanostructures,
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while the nanowires – which can allow the use of a wide range of materials systems

such as Ga, Bi, CaF2 and Pt, Dy and Ho silicides – can be potentially employed as

interconnects in the integrated circuits. Self assembled SiGe [Fig. 1.1(c)] and InGaAs

quantum dots have received wide attention as the former material system can be

readily integrated with the well developed Si integrated circuit technology [Drucker

(2002), Singh et al. (2005)] while the latter has been successfully applied in photo-

voltaic and photonic bandgap applications [Bimberg et al. (1993)].

While strain-driven self-assembly is widely viewed as a promising technique for

patterning at the nanoscale, to follow this approach and create structures in a de-

sired manner, a reliable means to engineer the characteristic size and shapes that

the nanostructures adopt during self-assembly is essential. The tremendous potential

technological impact has therefore attracted a strong scientific interest in past few

years in the physical processes that govern the growth of these structures. Whereas

significant advances have been made regarding the surface science [Pimpinelli and

Villain (1998)] and the mechanics of thin films [Freund and Suresh (2003)], an un-

derstanding of how long-range elastic interactions couple with surface and bulk ther-

modynamics and kinetics to control shape, size and compositional patterns remains

lacking. To this end, a systematic elucidation of the interplay between thermodynam-

ics, mechanics and kinetics of nanoscale self-assembly is of paramount importance.

This essentially is the topic of this thesis in a very broad sense.

In this thesis, using a combination of experimental, numerical and analytical tech-

niques, we have analyzed evolution of morphological and compositional patterns in

various strain-driven self-assembled nanostructures. The work presented here can

be broadly categorized into two subtopics: In the first subtopic (Chapters 2-4), we

study morphological evolution of 2D patterns such as stress domains and epitaxial

nanowires, while the second subtopic (Chapter 5) is concerned with compositional
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patterns in alloy quantum dots. In Chapter 2, the role of long-range elastic interac-

tion in far from equilibrium growth of stress domains on Si(111) is investigated using

numerical phase-field calculations backed by electron microscopy experiments. Chap-

ter 3 describes the metastability in domain shapes that gives rise to a wide variety of

shapes on typical cubic (111) surfaces – the shapes that are not observed in any other

material system. In Chapter 4, we show that when the strain is anisotropic, it can

couple in unique ways with the growth kinetics resulting in shapes that are not pre-

dicted by existing theoretical models. Finally, as described in Chapter 5, we develop

the equilibrium composition maps for strained alloy quantum dots using an efficient

numerical scheme that couples finite element methods with quadratic programming

optimization.

The thesis is organized in a way that the introductory parts of each chapter will

provide the reader with sufficiently detailed background information and references

to the literature. Therefore, any additional remarks of introductory nature are not

included here.



Chapter 2

Self-assembling surface stress

domains far from equilibrium

2.1 Introduction

It is well known that long-range elastic, electrostatic, or magnetic interactions

can induce the spontaneous formation of 2D periodic patterns in two-phase systems

[Seul and Andelman (1995)]. In many cases, the features have nanoscale dimensions,

making them of interest for sub-lithographic surface templating. Theoretical studies

have shown that regular and well-ordered patterns and shapes are favorable from

a thermodynamic point of view as they lower the total free energy of the system.

Therefore, patterning can be easily achieved in systems that can be quickly equili-

brated. Furthermore, their characteristic feature sizes are directly related to surface

thermodynamic parameters [Alerhand et al. (1988), Tersoff and Tromp (1993), Li et

al. (2000), Plass et al. (2001), Hannon et al. (2002), Thayer et al. (2004)], which can

then be extracted from experiments in material systems that are easily equilibrated

[Brongersma et al. (1998), van Gastel et al. (2006)]. While there is generally a ‘down

5
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hill’ path in energy from any non-equilibrium structure towards the stable one in the

absence of long-range interactions, these interactions can give rise to complex energy

landscapes that make equilibration practically impossible in many material systems.

Development of a quantitative understanding of how and if self-assembling systems

reach and fall out of equilibrium is therefore crucial for evaluating the technological

promise of spontaneous self-assembly.

In this chapter, we study the growth of isolated stress domains on Si(111) surfaces

far from equilibrium using in situ electron microscopy. We find that the shapes of large

domains (area > 1 µm2) are fundamentally different from those of smaller domains.

While small domains always adopt compact shapes, large domains have more ramified

shapes, such as the shape with serrated edges in Fig. 2.2(a) and the connected-triangle

morphology in Fig. 2.2(b). Why do large domains develop multiple serrations along

their edges and adopt more ramified shapes? Using dynamic growth simulations,

we show that the formation of serrations, or notches, is driven by elastic relaxation.

Notch formation lowers the formation energy of large domains; however, whether or

not the notches appear during growth is governed by the anisotropy in the free energy

of the domain boundary – large anisotropy leads to notch formation at smaller sizes,

while notches may never form when the anisotropy is small. Once notches form, the

domain evolves towards a ramified shape consisting of connected triangles of similar

size. Since notch formation is very sensitive to the azimuthal dependence of the

boundary energy, this key thermodynamic function that governs self assembly can be

more reliably determined by analyzing the non-equilibrium shapes that the domains

adopt as they grow in size. Similar morphologies, i. e., large domains with serrated

boundaries or the domains formed by connecting small domains, are expected for a

wide range of self-assembling systems with long-range interactions. Our work shows

that the interplay of the anisotropy in bond energetics and strain relaxation leads to
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novel transitions in growth shapes that are not observed in unstrained systems, and

that are distinct from the shape transitions predicted for equilibrium shapes [Tersoff

and Tromp (1993), Brongersma et al. (1998), Li et al. (2000), Thayer et al. (2004),

van Gastel et al. (2006)].

The rest of the chapter is organized as follows: In Sec. 2.2, we briefly outline

the thermodynamics of the surface phase transition on Si(111) and the subsequent

formation of surface stress domains. Sec. 2.3 describes in situ microscopy observations

of morphological evolution of large stress domains during growth and annealing. An

analysis of a continuous transition in the equilibrium shapes of small domains is given

in Sec. 2.4. In Sec. 2.5, we describe the formulation of a dynamic growth model which

accounts for the thermodynamics as well as kinetics of the growth of stress domains.

In Sec. 2.6, we discuss in detail the morphological evolution of stress domains, based

on the dynamic growth simulations. Finally, the conclusions drawn from our analysis

are summarized in Sec. 2.7.

2.2 Surface phase transition and stress domains

on Si(111)

It is well known that Si(111) surface exhibits a classic first order phase transition in

the surface structure. When heated above the critical temperature TC = 862 ◦C, the

surface converts from a complex (7×7) structure to a nearly-disordered (1×1) phase

[Takayanagi et al. (1985)]. Above TC , the (1×1) phase has a lower surface energy

than the (7×7) phase, which would suggest that a (7×7) domain cannot coexist

in thermodynamic equilibrium with the (1×1) surface for T > TC . However, at

temperatures just above TC , the domains of the the low-temperature, reconstructed

(7×7) surface phase coexist with the high-temperature (1×1) phase, as shown in
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(a) (b)

1 µm

Figure 2.1: Surface stress domains on Si(111) [Hannon et al. (2002)]. (a) 10 eV bight-
field LEEM images of self-assembled domains on Si(111). The bright areas correspond
to (7×7) structures, while dark areas indicate (1×1) structures. (b) LEEM images of
an isolated (7×7) domain at four temperatures above TC . Each panel is labeled by the
side length of the domain, as well as by (T −TC). Arrows indicate the orientations of
force monopoles due to the difference in the surface stress in two phases. The domain
shrinks as the temperature is increased, indicating that the temperature can be used
as a means to control their equilibrium size.

Fig. 2.1(a).

This coexistence is attributed to the surface stress in (7×7) and (1×1) phases

[Hannon et al. (2001)]. The surface stress in (7×7) phase is tensile while it is com-

pressive in (1×1) phase. The difference in surface stress ∆σ = (σ7×7−σ1×1) has been

determined to be 30 meV/◦A2 [Twesten and Gibson (1994)]. Due to the long-range

elastic interactions arising from the the difference in surface stress [refer Fig. 2.1(b)],

formation of a (7×7) domain allows for relaxation of surface stress at the domain

boundary. Phase coexistence occurs when the gain in elastic relaxation energy at the

boundary offsets the cost of forming the unfavorable phase. A quantitative analysis of

the competition between these two contributions to the total free energy shows that

coexistence of (7×7) with (1×1) is possible as long as (T − TC) < 5.3 ◦C [Hannon et

al. (2002)]. The surface temperature provides a means for controlling the equilibrium

size of the (7×7) domain – the size of the coexisting domain decreases continuously
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as temperature is raised above TC as depicted clearly in Fig. 2.1(b). Depending on

the rate at which the temperature is varied, domains can be grown near or far from

thermodynamic equilibrium. Thus, an interplay between elastic relaxation, surface

free energy, and the phase boundary creation energy leads to novel and distinct phe-

nomena: isolated (7×7) domains that are stable above TC , and whose equilibrium

size can be tuned by changing the temperature.

2.3 Real time in situ microscopy observations

In our experiments, we have used in situ Low-Energy Electron Microscopy (LEEM)

[Tromp and Reuter (1991)] to image the Si(111) surface near the phase transition tem-

perature, TC = 862 ◦C. We have focused our analysis on isolated (7×7) domains on

large, step-free terraces – a configuration that can be directly modeled theoretically.

These experiments were performed by our collaborator Dr. James Hannon at IBM

T. J. Watson Research Center.1

Typical domain shapes observed during the growth and annealing of large domains

are shown in Fig. 2.2(a) and Fig. 2.2(b), respectively. In the sequence shown in

Fig. 2.2(a), the domain grows as the temperature is lowered by 1.6 ◦C over an interval

of 450 seconds (movie S1), while in the sequence shown in Fig. 2.2(b) the domain is

grown at a very slow rate by lowering the temperature by just 0.5 ◦C over same time

interval (movie S3). Fig. 2.2(c) shows the sequence of images when large domains

with ramified shapes are annealed at fixed temperature (movie S2).

During fast growth, domain boundaries that are initially straight, gradually bend

inward until two notches appear at a size of 3 µm2 as shown in Fig. 2.2(a). As the

domain grows still larger (i.e. temperature decreased further), more notches appear

1The real time movies of LEEM observations showing out-of-equilibrium growth and annealing
of large stress domains can be down-loaded from the http://nikhil.medhekar.googlepages.com/
movies

http://nikhil.medhekar.googlepages.com/movies
http://nikhil.medhekar.googlepages.com/movies
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450 s232 s

0 s

3 µm

(a)

3 µm

0 s 180 s

340 s 800 s

88 s

(b)
84 s

179 s 443 s

0 s
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Figure 2.2: Sequence of 10 eV bight-field LEEM images of an isolated (7×7) stress
domains during (a) fast growth, (b) slow growth and (c) annealing. Growth sequence
in part (a) and (b) is achieved by lowering the surface temperature in the duration
of 450 sec from 865.6 ◦C to 864.3 ◦C and 865.6 ◦C to 865.1 ◦C, respectively. The
sequence in part (c) is obtained by annealing the surface at 864 ◦C for 800 seconds.
The images are labeled by acquisition time in seconds.
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on the boundary, resulting in a roughly triangular shape, but one with serrated sides.

Domains that are grown to large size more slowly [Fig. 2.2(b)], or ones that are held at

constant temperature for a long time [Fig. 2.2(c)], have qualitatively different shapes.

Rather than serrated sides, these domains more closely resemble a group of connected

triangular domains of similar area.

It is evident from Fig. 2.2(a) and Fig. 2.2(c) that the shapes with serrated edges

are far from equilibrium as they eventually evolve to connected-triangle morphology

when held at constant temperature. In distinct contrast, small compact domains ob-

tained during early stages of growth do not undergo significant shape transformation

when held at fixed temperature. Clearly, while the shapes of small domains can be

changed in a reversible manner, large domains show significant hysteresis in their

shape evolution indicating that the shape has not equilibrated.

Why are the shapes of large domains so characteristically different than the shapes

of small domains? Why do large domains develop serrations along the boundaries

when grown at a fast rate while slower growth leads to connected-triangle morphol-

ogy? Before analyzing the details of how large domains grow out of equilibrium, we

consider the evolution of equilibrium shapes of small domains in the following section.

2.4 Continuous transitions in equilibrium domain

shapes

In a recent study, Thayer et al. [Thayer et al. (2004)] investigated the orientation-

dependence of the free energy of the domain boundary by analyzing how the equi-

librium shape of small domains changes with size. They found that domains smaller

than 0.3 µm2 have sides that are bent outward [i.e. convex, as seen in Fig. 2.3(a)]

while the sides of larger domains were bent inward [i.e. concave, refer Fig. 2.3(c)].
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(a) (b) (c)

Figure 2.3: Continuous transition in the equilibrium shapes of stress domains on
Si(111) [Thayer et al. (2004)]. LEEM images of isolated equilibrium domain shapes.
As the size increases, the domain undergoes a continuous shape transition from convex
to concave. The size of the domain shown in panels (a-c) are 0.01, 0.27 and 1.10 µm2,
respectively.

This magnitude of ‘bend’ can be characterized by defining the ratio b/L as shown

in Fig. 2.4(a). By analyzing the magnitude of bend during the continuous covex to

concave transition in the equilibrium domain shapes, Thayer et. al. were able to

estimate the degree of anisotropy in the boundary energy [Thayer et al. (2004)].

Since the bend is a rather coarse characterization of the shape, it is important to

see if it can be used to unambiguously determine the boundary energy. To see how

sensitive the measured bend is to the anisotropy in the edge energy, we have computed

the equilibrium shapes of domains for a simple parameterization of the three-fold

symmetric boundary energy, β(θ) = β0 + β1(1 − cos 3θ), θ being the orientation of

the boundary [or, the angle made by the normal to boundary with x1 axis, refer

inset in Fig. 2.4(a)]. Here β0 is the cost of creating the boundary along low-energy

directions on Si(111) surface and the parameter β1 controls the degree of anisotropy

in the boundary energy. Specifically, we minimize the total energy of a domain at

constant area,

E =

∫
s

β(θ) ds− 1

2
∆σ

∫
s

n(s) · u(s) ds , (2.1)

where the integrals are taken over the perimeter of the domain. The first term in

Eq. 2.1 represents the cost of creation of domain boundary, which is now characterized
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Figure 2.4: (a) Bend (b/L, where b and L are defined in the inset) in the equilibrium
shapes of strained domains plotted as a function of their area, A. The red circles
represent experimental measurements [Thayer et al. (2004)] and computed bends for
the boundary energies characterized by parameters (β0, β1) (indicated in the figure)
are given by green and blue curves. (b-c) The equilibrium shapes for the cases (β0, β1)
= (15.5,1.6) and (14.65,4.13) meV/nm are given in (b) and (c), respectively. The
arrows in the shapes corresponding to A = 1.77 µm2 indicate the points of inflection.

by two parameters (β0, β1). The second term is the elastic energy due to the difference

in the surface stress in the (7×7) phase and the (1×1) phase, ∆σ = (σ7×7 − σ1×1) =

30 meV/◦A2 [Twesten and Gibson (1994)]. n(s) denotes the outward normal to

the domain, while u(s) is the displacement field due to elastic relaxation. We have

used isotropic linear elastic Green’s functions to obtain the elastic displacement fields

[Landau and Lifshitz (1986)]. Any unphysical divergences that are encountered in

computing the elastic fields are avoided by using a cut-off length of 0.1 nm. The

minimization is carried out using the a sequential quadratic programming method

[Schittkowski (1986)].

The results for the optimized shapes obtained from two sets of parameters (β0, β1)

= (15.5,1.6) and (14.65,4.13) meV/nm are given in Fig. 2.4. Thayer et al. [Thayer

et al. (2004)] found that the measured bends approximately fit the former set of
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parameters with smaller anisotropy in the boundary energy. However, we find that

both sets of parameters provide reasonable fits to the experimental data, although

the set with larger anisotropy is seen to be in better overall agreement with the mea-

surements. In the range of sizes from 0.4 to 0.7 µm2, where the error bars on the

measurements are small, the shapes obtained for both cases are virtually indistin-

guishable. We have found that the measured data can also be fit with other pairs of

parameters (β0, β1), but since the measured bends in the equilibrium shapes are small

(few %), such a fit cannot unequivocally be used to determine the orientation depen-

dence of the boundary energy. Note, however, that for large domain size (e.g. A > 1

µm2), the equilibrium shapes are very different for the two sets of parameters [refer to

Fig. 2.4(b) and 2.4(c)]. In principle, a measurement of the equilibrium shape at large

size would greatly constrain the model parameters; however, a comparison between

measured and calculated equilibrium shapes at large size is meaningless because these

equilibrium shapes are never observed in experiments.

However, in what follows, we show that by analyzing the evolution of large domains

far from equilibrium, we can more accurately determine the parameters (β0, β1). As

we discuss next, we have implemented a dynamic model that allows us to predict how

domains evolve with time for a given set of thermodynamic and kinetic parameters.

2.5 Phase field model for the shape evolution of

surface domains on Si(111) surface

2.5.1 Formulation of the model

Consider a strained (7×7) reconstructed surface stress domain on a (1×1) recon-

structed Si(111) surface as shown in Fig. 2.5. We model the dynamics of the shape

evolution of the domain using Cahn-Hilliard phase-field equations [Eggleston et al.
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Figure 2.5: Schematic of the phase-field model for the growth of a strained (7×7)
reconstructed surface domain on (1×1) reconstructed Si(111) surface. The phase-field
order parameter φ takes the values φ = 0 and φ = 1 in the (1×1) and (7×7) phases,
respectively, while varying smoothly from 0 to 1 in the narrow boundary region. ∆σ
is the difference between the surface stresses of the (7×7) and the (1×1) phases. A,
the combined area of the terrace and the domain is taken to be 92.16 µm2 in the
simulations.

(2001), Lu and Suo (2001)]. A conserved phase-field parameter φ(x, t) is used to de-

fine the different surface ‘phases’ : φ = 0 corresponds to the (1×1) phase and φ = 1

for the (7×7) phase, while varying smoothly from 0 to 1 in the narrow boundary

region. The difference in surface stress between the two phases, ∆σ, results in force

monopoles at the domain boundaries, which give rise to the elastic deformation field

u(x, t) on the surface and in the bulk substrate. The total free energy of the system

of in Fig. 2.5 can be written as

E =

∫
A

(
g(φ) + ε(θ)2|∇φ|2

)
dA− ∆σ

2

∫
A

u · ∇φ dA . (2.2)

The first term is the energy density of the domain and the terrace given by a double-

well potential g(φ) (determined by the parameter K) with minima at φ ≈ 0 and φ ≈ 1

as,

g(φ) = Kφ2(1− φ)2 −∆γ(1− φ)2 (2.3)
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where ∆γ denotes the difference in surface energy between the (7×7) phase and the

(1×1) phase. The second term in Eq. 2.2 involving the surface gradients of phase-field

parameter φ denotes the energy of the domain boundary, where ε is the function of

θ = tan−1(φx2/φx1), the angle made by the outward normal to the domain boundary

with x1 direction as shown in Fig. 2.5. The connection between ε(θ) and the boundary

energy β(θ) can be obtained by demanding that the first two terms in Eq. 2.2 should

reduce to the first term in Eq. 2.1 in the limit of a sharp-interface when ∆γ = 0. This

yields the relation [Eggleston et al. (2001)]

ε(θ) =
3√
K

β(θ) . (2.4)

The third term in Eq. 2.2, which denotes the elastic energy of the system, reduces

to the second term in Eq. 2.1 when the interface is sharp. It was shown that the

evolution of domain shape during growth is diffusion-limited – material transport via

the diffusion of adatoms created on the surface by thermal generation is required for

the movement of the domain boundaries [Hannon et al. (2000)]. Using M to denote

the mobility for surface diffusion of adatoms, the equation governing the evolution of

the phase-field order parameter (and hence the domain shape) can be written as

∂φ

∂t
= M∇2µ + f (2.5)

where µ = δE/δφ is the local chemical potential on the surface and f is the rate

of creation of vacancy/adatom pairs (in ML/sec). Here we have assumed that the

adatom concentration at the domain boundary is in local thermodynamic equilibrium,

so that kinetics of motion of the domain boundary is essentially limited by the surface

diffusion of the adatoms. An explicit expression for the chemical potential µ can be
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written using linear elastic Green’s functions [Landau and Lifshitz (1986)] as

µ =
∂g

∂φ
+

δ

δφ
(ε2(θ)|∇φ|2)− F0

∫
A

(x− x′) · ∇′φ

|x− x′|3
dx′ , (2.6)

where F0 = (1−ν2)∆σ2/(πY ), ν and Y being the Poissons ratio and Youngs modulus,

respectively.

As noted above, all the parameters in the phase-field model can be related to

their sharp-interface counterparts [Eggleston et al. (2001)]. Numerical evolution of

the phase-field equation (Eq. 2.5), however, is carried out much more efficiently than

the time evolution of the corresponding sharp interface equation, particularly for the

highly-branched shapes shown in Fig. 2.2. We have solved the governing phase-field

equation using a semi-implicit Fourier spectral method in a periodic domain [Zhu et

al. (1999)]. We now turn to a discussion of the numerical parameters chosen to model

the dynamics of strained (7×7) domains.

2.5.2 Numerical parameters in the phase-field model

The key numerical parameters in the phase field formulation, K, M and ε(0),

provide definitions for the following length and time scales:

l∗ = ε(0)/
√

K and t∗ = l∗ 2/(KM) . (2.7)

The relation of the length scale l∗ to the elastic cut-off δ in the sharp-interface can

be obtained by comparing the ratio of the elastic energy to the boundary energy of

a strained domain of a simple shape. When the boundary energy is isotropic with

value β, this ratio in the sharp interface model for a circular domain of radius R can
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Figure 2.6: Area vs. time for the growth of (7×7) domains: experiments (red) and
simulations (green). With time scale t∗ = 0.0066 s, the rate of growth in simulations
is in excellent agreement with the experiments.

be written in closed form as

r = −F0

β
log[(8R/δ)− 2] . (2.8)

By computing the ratio r for circular domains of different radii using phase-field

calculations, we obtain the relation δ = 0.01067l∗. For δ = 0.1 nm, we have l∗ = 9.375

nm. For estimating the time scale t∗, we compare the area of a growing (7×7) domain

from phase-field simulations with the area observed in experiments [Fig. 2.2(a)] as

a function of time [refer to Fig. 2.6]. We find that excellent agreement between

experiments and simulations is obtained when t∗ = 0.0066 secs. Once the estimates

for the length and time scale are obtained, other parameters in the simulation can be

readily evaluated. The rate of adatom-vacancy pair creation f = 0.2×10−5 ML/time

(in t∗ units) used in the simulations corresponds to 3 × 10−4 ML/s, which is close

to 2 × 10−4 ML/s as reported in [Hannon et al. (2000)]. The parameter K, which
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characterizes the energy densities of (7×7) and (1×1) phases can be obtained using

Eq. 2.4 and Eq. 2.7 as K = 3β(0)/l∗. For β(0) = 14.65 nm, K = 4.7 meV/nm2.

The difference between the free energy density of (7×7) phase and (1×1) phase is

∆γ = (γ7×7 − γ1×1) = ∆S(T − TC) with ∆S = 0.01 kB per (1×1) cell [Hannon et al.

(2002)] and using ∆σ = 30 meV/A2 [Twesten and Gibson (1994)], the parameter F0

in Eq. 2.6 is found to be 4.9 meV/nm. Finally, an estimate of the mobility for surface

diffusion of adatoms can be obtained as M = l∗ 2/(Kt∗) = 2.83× 103 nm4/meV/s.

2.6 Morphological evolution of stress domains on

Si(111)

2.6.1 Comparison of simulations and experiments during

growth

The shape evolution of domains with large and small anisotropies in β(θ) con-

sidered in the analysis of equilibrium shapes (Sec. 2.4), computed with the dy-

namic phase-field model for identical growth conditions, is shown in Fig. 2.7(b) and

Fig. 2.7(c) and in movies S4 and S5,2 respectively. For small size, the shapes of the

domains are similar for both sets of parameters; however, when the domains are large,

the shapes are remarkably different. If the anisotropy in β(θ) is large, the domain

develops notches, leading to a serrated boundary [refer to Fig. 2.7(b)]. When β(θ) is

more isotropic, the domain adopts a highly-curved triangular shape with three nar-

row arms [refer to Fig. 2.7(c)]. Clearly, the anisotropy in the boundary energy plays

a crucial role in how the domain shape develops: when the anisotropy is small, the

domains remain compact for larger sizes, whereas when the anisotropy is large, the

2Movies showing simulations of morphological evolution during growth can be down-loaded from
http://nikhil.medhekar.googlepages.com/movies

http://nikhil.medhekar.googlepages.com/movies
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Figure 2.7: Growth of stress domains on Si(111): Comparison of experiments and
phase-field simulations. (a) Sequence of 10 eV bright-field LEEM images. (b-c)
Growth shapes of strained domains calculated using the dynamic growth model with
large [given in (b)] and small [given in (c)] anisotropy in the boundary energy, β(θ).
Note that the domain with larger anisotropy in boundary energy [given in (b)] devel-
ops serrations similar to the ones seen in experiments. Also, the side-branches in (a)
and (b) first originate at the points of inflection, located nearly midway between the
corners and the center of a side (marked by arrows).
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domains can change their shape by formation of many small notches. The simula-

tions show that larger anisotropy gives a better description of the growth observed in

experiments.

To understand the conditions under which serrated boundaries form, it is useful

to study the stability of the domain boundaries against the formation of a notch.

Of particular interest is the location of the points along the boundary where such

perturbations can grow. In the absence of strain, growth of a small perturbation on

the boundary is determined by the boundary stiffness, β̃(θ) = β(θ) + β′′(θ); orienta-

tions for which β̃(θ) > 0 are stable, whereas unstable growth of the notch is possible

when β̃(θ) < 0 [Wulff (1901)]. In the presence of strain, an appropriate stability

condition can be obtained by considering the critical wavelength for the growth of

small amplitude sinusoidal perturbations applied to the boundary. A straightforward

generalization of the result for boundaries with isotropic boundary energy shows that

in the anisotropic case, only those perturbations whose wavelength is larger than the

critical value,

λc = δ exp(β̃(θ)/F0) (2.9)

grow in amplitude, while others decay [Leonard and Tersoff (2003)]. In Eq. 2.9, δ

is the elastic cut-off length and F0 = (1 − ν2)∆σ2/(πY ), where Y and ν are the

Youngs modulus and Poissons ratio, respectively. This result shows that for the

orientations for which β̃(θ) < 0, the critical wavelength is of the order of, or smaller

than the elastic-cutoff length, which in turn is comparable to an atomic spacing. Since

this length scale represents a lower bound on the wavelengths of the perturbations

accessible to the boundary, orientations for which β̃(θ) < 0, are unstable to the

growth of a small notch. In this regard, the instability criterion for strained domains

is similar to the corresponding criterion for the unstrained case.

The key difference between the two forms of boundary energies considered in the
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analysis of equilibrium shapes relates to the behavior of stiffness β̃(θ) – in the case of

the boundary energy with smaller anisotropy, β̃(θ) > 0 for all orientations, while for

the case with larger anisotropy, β̃(θ) < 0 for orientations in the range 41◦ < |θ| < 60◦.

Furthermore, in the latter case, orientations in the range 24◦ < |θ| < 60◦ are absent

from the classic Wulff shape which minimizes the boundary energy of the domain in

the absence of strain [Wulff (1901)]. In a thermodynamic sense [Williams and Bartelt

(1991)], the total free energy of the domain can then be lowered by eliminating these

‘unstable’ orientations in favor of stable orientations that fall outside this range.

The presence of unstable orientations leads to very different growth shapes for the

two parameter sets. For the low-anisotropy parameter set, the boundary stiffness

is always positive, and the boundaries can acquire very large concave curvatures

without encountering any unstable orientations. This is indeed what is seen in both

the growth and equilibrium shapes in this case, where large domains develop highly

curved and elongated arms [refer to Fig. 2.4(b) and Fig. 2.7(c)]. The elongated shape

in Fig. 2.4(b) has been observed by Grutter and Durig [Grutter and Durig (1995)] for

epitaxially strained monolayer Co islands grown on Pt(111).

In contrast to shape evolution in the case of the low-anisotropy parameter set, for

domains with large anisotropy in β(θ), there is a limit to the strain-induced concave

bending that can be accommodated without encountering unstable orientations. As

the domains grow in size, these orientations are first expected to appear at the points

of inflection. At these points, the boundary orientation, θ(s), attains a local maximum

at these points since curvature = dθ/ds = 0. For shapes with concave bends, these

points are located nearly midway between the corners and the center of the sides of

a domain (marked by arrows in Fig. 2.4 and Fig. 2.7). In our growth simulations,

notches form when the domain area reaches 2.7 µm2, which is close to the size 3.0

µm2, where serrations first appear in experiments. The locations where the notches
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appear in experiments also coincide with points of inflection [refer to Fig. 2.7(a)].

Thus the growth simulations show that shapes with smaller anisotropy can remain

unserrated even when their sizes are very large, whereas notches appear in domains

with larger anisotropy at a critical size. The parameter set with large anisotropy

in β(θ) therefore provides an excellent description of both the equilibrium shapes at

small sizes and the serrated shapes observed during growth.

The side-branches do not appear on all the edges at the same time due to small

thermal fluctuations in experiments. A similar effect is observed in our simulations

due to unavoidable noise associated with finite precision numerics. Faster growth

leads to pine-tree like morphology with many side-branches [Fig. 2.7(a,b) and movie

S1], whereas slower growth results in the formation of fewer side branches [Fig. 2.2(b)

and movie S3]. We can understand this by noting that during surface diffusion medi-

ated growth, regions with high convex curvatures grow at a faster rate due to larger

adatom concentration gradients in their vicinity [Mullins and Sekerka (1963)]. In the

present case, large growth rates lead to faster growth of the corners, particularly after

the formation of the first side-branch. The rapid outward movement of the corners

and simultaneous strain-induced bending of the boundaries results in the appearance

of unstable orientations, which in turn give rise to formation of serrations in rapid

succession as seen in experiment [Fig. 2.7(a)] and simulation [Fig. 2.7(b)]. Annealing

of highly serrated pine-tree like shapes or very slow growth from compact shape, on

the other hand, leads to the connected-triangle morphology, as we discuss next.

2.6.2 Comparison of simulations and experiments during

annealing

In Fig. 2.8(a) (also refer to movie S2), we show the shape evolution of three

domains that are equilibrated at nearly fixed temperature for 800 seconds. As the
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Figure 2.8: Annealing of stress domains on Si(111): Comparison of experiments with
phase-field simulations. (a) Sequence of 10 eV bright-field LEEM images. The inset
shows an enlarged view of a 0.5 µm × 0.5 µm area in the vicinity of the isthmus
connecting two triangles. (b) The sequence of images from numerical simulations
shows the equilibration of a branched shape with large anisotropy in β(θ). Note
that the shape of the branched domain evolves to the assembly of connected triangles
observed in experiment. (c) To contrast the shapes in (a) and (b) with the equilibrium
shapes in an unstrained system, we have equilibrated the branched domain in (b) at
constant area, by setting the surface stress difference, ∆σ = 0. Unlike the shape
evolution in (a) and (b), the concave corners move in an outward direction due to the
Gibbs-Thomson effect, which eventually leads to the convex Wulff shape.
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equilibration proceeds, the concave corners move inward towards the centers of the

domains, so that the serrated shape is transformed into an assembly of connected

triangles. Here, after a rapid shape transformation during a period of 100 sec, the

equilibration is very slow with little change in area from 300 sec and 800 sec. Our

simulations [Fig. 2.8(b)] also predict similar shape transformations during the equili-

bration of a large branched domain. As in the experiments, the inward movement of

the corners can be attributed to strain – in the absence of strain, the Gibbs-Thomson

effect would lead to an outward movement of these corners, which then results in a

single compact island seen in Fig. 2.8(c).

A similar morphology of connected triangles is also obtained by very slow growth

starting with a small, compact domain as shown in Fig. 2.2(b). This connected-

triangle morphology cannot break-up into smaller domains because of the large energy

barrier involved in pinching-off the isthmus [shown in the inset in Fig. 2.8(a-b)] that

connect the nearly-triangular sub-domains at their vertices. The energy barrier arises

from the large repulsive elastic interactions between the two sides of the isthmus,

particularly at its neck. Typically, the distance between the tip of the V-groove and

the straight edge in the inset in Fig. 2.8(a) is between 20 and 60 nm. Since the

energy cost of reducing the width of the isthmus from 20 nm to 1 nm is 500 meV,

thermal fluctuations of the boundaries (which are about 1-5 nm) cannot lead to the

pinching of the isthmus. Since long-range interactions always hinder pinching, the

observed behavior should be generic in the self-assembling systems where the thermal

fluctuations of boundaries are small.

The key to understand why large domains eventually adopt the morphology of

connected triangles with approximately equal area during slow growth [Fig. 2.2(b)]

or annealing [Fig. 2.2(c)] is the notion of metastability in the domain shapes. In the

next chapter (Chapter 3), we will discuss how an interplay between long-range elastic
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interactions and crystalline anisotropy can give rise to a variety of long-lived and

metastable domain shapes on cubic (111) surfaces.

2.7 Chapter summary

In summary, we have used real-time electron microscopy to image the growth of

stress domains far from equilibrium. By comparing the observed domain shapes with

a dynamic model, we have developed a quantitative understanding of the growth

conditions that lead to notch formation. We have shown that although the formation

of notches or serrations can lead to a lowering of elastic energy, this process is not

‘universal’, in the sense that it is observed only for a restricted class of boundary

energies. When the anisotropy in the boundary energy is small, notches do not form

since unstable boundary orientations are not encountered during growth. On the

other hand, concave bending of domain boundaries can be considered to be universal

as it is seen in strained domains with and without unstable orientations.

Furthermore, the arguments presented in this chapter show that conclusions solely

drawn from the analysis of equilibrium shapes can be erroneous – consideration of

growth shapes that show spontaneous formation of side-branches was essential to es-

tablish the presence of unstable boundary orientations. The features critical for these

mechanisms, namely, anisotropy and long-range interactions (electrostatic, magnetic

or elastic) are always present in any self-assembling system on crystal surfaces (for

example, epitaxial nanowires, alloy films, strained quantum dots, ferromagnetic and

ferroelectric memories/domains and stripe phases in superconductors). Our results

should therefore be generic and find broad applicability in a variety of material sys-

tems.



Chapter 3

Metastability in 2D

self-assembling systems

3.1 Introduction

The study of shapes of crystals has received considerable attention since the early

work of Wulff [Wulff (1901)] as it provides quantitative information on the energet-

ics and kinetics of surface processes. Shapes of crystalline nanostructures can also

strongly influence their functional (e.g., electrical and optical) properties. According

to the classic construction of Wulff [Wulff (1901)], the shapes of unstrained crystals

in equilibrium are (1) independent of size, (2) always convex, and (3) unique, in the

sense that for a given azimuthal dependence of the surface energy, there is a unique

shape that minimizes the free energy of the crystal. More recent work has shown that

long-range interactions due to elastic, electrostatic, or magnetic effects can compli-

cate this simple picture. In particular, detailed studies of the shapes of 3D crystalline

inclusions and quantum dots, 2D surface-stress domains and nanoislands, and epi-

taxial nanowires have clearly established the size dependence of equilibrium shapes

27
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Figure 3.1: (a) LEEM images of (7×7) reconstructed domains on a (1×1) recon-
structed Si(111) surface. The domain boundaries are oriented along 〈110〉. The areas
of the domain marked 1, 2, 2’, 3, 4, 4’ are 0.76, 0.78, 1.33, 0.72, 1.31, and 1.32 µm2,
respectively. (b) STM image of Co islands on Pt(111), with epitaxial mismatch strain
of 9% [Grutter and Durig (1995)]. The three arms of Co islands are 3-5 nm wide and
up to 250 nm long. They run perpendicular to the close-packed 〈110〉 orientations.

in strained systems.

In case of 2D self-assembling systems, two types of strain-induced shape transitions

have been identified:

1. first-order transitions that involve elongation of initially symmetric shapes (squares

or circles) along low-energy crystalline directions beyond a critical size [Tersoff

and Tromp (1993), Brongersma et al. (1998), Li et al. (2000), van Gastel et al.

(2006)] and

2. continuous evolution of stress domains from convex Wulff-like shapes at small

sizes to shapes with concave boundaries at large sizes [Thayer et al. (2004)].

However, more intriguing shape transitions that do not fall under the two classes

described above have also been reported on cubic (111) surfaces widely employed in

epitaxial growth. Examples include the connected domain configuration of surface

stress domains on Si(111) [Fig. 3.1(a)] and elongated shapes of Co islands on Pt(111)
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with arms that run along high energy crystallographic orientations [Fig. 3.1(b)] [Grut-

ter and Durig (1995)]. Furthermore, as seen in the previous chapter (Chapter 2), large

annealed stress domains on Si(111) have always been found to adopt a peculiar mor-

phology of connected triangles of approximately equal size (refer to Fig. 3.2).

Motivated by experimental observations of domain shapes on cubic (111) surfaces,

we develop a unified description that elucidates and systematically classifies all the

possible strain-stabilized shapes in this system. We find that the interplay between

elastic relaxation and crystalline anisotropy on these material surfaces gives rise to

a large variety of novel shapes not found on their (001) counterparts [Tersoff and

Tromp (1993), Brongersma et al. (1998), Li et al. (2000)]. A key result of this work

is the observation that almost all the shapes observed in experiments are not true

equilibrium shapes, in the sense of being the global minimizers of the total energy, but

are configurations trapped in shallow metastable minima. Subsequently, for a given

size, a unique equilibrium shape will not always be obtained in the presence of strain.

The organization of the rest of the chapter is as follows. Sec. 3.2 briefly describes

the wide variety of shapes that are observed in experiments on (111) surfaces. In

Sec. 3.3, we revisit the analysis of equilibrium shapes of compact domains with dif-

ferent degrees of anisotropy in the boundary energy. Sec. 3.4 introduces the notion of

metastability of equilibrium shapes based on the energy per unit area of these shapes.

In Sec. 3.5, we explicitly map out the energy landscape for strain-induced shapes and

present a phase diagram that shows all the possible metastable configurations as a

function of the size of the self-assembled domains. Finally, the conclusions drawn

from our analysis are presented in Sec. 3.6.
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782 s800 s

(a) (b)

Figure 3.2: Connected-triangle morphology of annealed stress domains on Si(111).
(a) 10 eV bright-field LEEM image and (b) Phase-field simulation. All connected
triangles have approximately equal size.

3.2 What is an equilibrium shape?

Some of the intriguing shapes of strained domains and islands found on (111) sur-

faces are given in Fig. 3.1. Figure 3.1(a) is an image of an array of (7×7) reconstructed

domains on a (1×1) reconstructed Si(111) held in equilibrium at 864 ◦C. As discussed

in the previous chapter (Chapter 2), a difference in surface stress between the two

reconstructions (∆σ = σ7×7 − σ1×1) plays an important role in the formation and

stability of the (7×7) domains [Hannon et al. (2002)]. While earlier studies [Thayer

et al. (2004)] have considered the equilibrium shape of isolated compact domains [1

in Fig. 3.1(a)], other extended shapes with smaller triangular domains connected at

their corners [refer to Fig. 3.1(a) and Fig. 3.2] can also be held without any noticeable

change in shape for over 20 min. Furthermore, the sizes of many of these topologically

distinct shapes with different numbers of connected triangles are nearly equal. This

raises the question as to whether there is a unique ‘equilibrium’ shape for a given

domain size.

Unlike the domains on Si(111) surfaces, strained Co islands on Pt(111) [Grutter

and Durig (1995)] adopt an entirely different shape. While the domain boundaries in

the former case are oriented along the close-packed 〈110〉 directions, highly elongated
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arms of the Co islands run perpendicular to these low-energy orientations [refer to

Fig. 3.1(b)]. How can we understand these distinct shapes within a unified framework?

In what follows, we show that all these shapes are obtained from a simple functional

form of the boundary energy as the degree of anisotropy in boundary energy is allowed

to vary.

3.3 Analysis of equilibrium shapes of islands on

(111) surfaces

First, we revisit the equilibrium shapes of compact domains on (111) surfaces with

three-fold symmetric boundary energy of the form, β(θ) = β0[1 + α(1 − cos(3θ))],

where θ denotes the angle made by the outward normal to the boundary with the

horizontal axis and α is the parameter that determines the degree of anisotropy. The

total energy of a strained domain can be written as

E(A) =

∫
s

β(θ) ds− 1

2
∆σ

∫
s

n(s) · u(s) ds , (3.1)

where the integrals are taken over the perimeter of the domain, ∆σ is the difference in

the surface stresses or the product of the mismatch stress and the height of the islands

in the case of coexisting domains or strained monolayer islands, respectively, and u

denotes the elastic displacement fields. Using typical values β0 = 15.48 meV/nm,

F0 = (1− ν2)∆σ2/(πY ) = 2.853 meV/nm (where ν is Poissons ratio and Y is Youngs

modulus) and an elastic cutoff parameter δ = 0.1 nm [Hannon et al. (2002)], we have

obtained the equilibrium shapes by minimizing the total energy using a sequential

quadratic programming method [Schittkowski (1986)]. The displacement fields u are

computed using surface elastic Green’s functions [Landau and Lifshitz (1986)]. The

computed shapes for three different values of α are shown in Fig. 3.3.
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Figure 3.3: Equilibrium shapes of domains on (111) surfaces given for three different
values of the anisotropy parameter, α. For large anisotropy in boundary energy, do-
main boundaries are nearly straight, while for smaller anisotropy, boundaries assume
large concave curvatures. The domains marked with the asterisk(*) are in metastable
equilibrium. The width of the side-arms is independent of domain size. The inset
in (b) shows the plot of β(θ) with three minima and three maxima labeled A-C and
D-F, respectively, and six intermediate orientations labeled 1-6. These orientations
are also shown in the equilibrium shapes in (b).

With increasing domain size, the domain boundaries continuously bend towards

the center, so that large domains acquire concave boundaries as reported in [Thayer

et al. (2004)]. When the anisotropy becomes smaller, it becomes easier for the bound-

aries to bend as this leads to efficient relaxation of strain. For the case α = 0.025,

even at small sizes, the boundaries curve inward to the fullest possible extent until

they acquire straight and narrow arms shown in Fig. 3.3(b). Unlike the shapes for

large anisotropy in Fig. 3.3(a), with increasing size, domains in this case show shape
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invariant growth with constant widths of the side arms. By analytical minimization

of the total energy, the width w can be written in a closed form as

w = 2a exp

(
αβ0

F0

+
1

1− ν

)
, (3.2)

where a = δ exp(β0/F0). The widths of the numerically computed shapes in Fig. 3.3(b)

closely agree with this expression.

On a (111) surface the orientations of the six sides of the long arms in Fig. 3.3(b)

correspond to 〈112〉 directions – the boundary energy of these orientations is inter-

mediate between the three low-energy 〈110〉 orientations (A-C) and the other 〈110〉

orientations (D-F) which have the largest boundary energy. The elongated shape

therefore involves a significant compromise between the boundary energy (which in-

creases by over 200% relative to the classic Wulff shape) and the relaxation of the

elastic energy. This shape predicted by our analysis agrees well with the observed

elongation of the arms (that run along 〈112〉) for strained monolayer Co islands on

Pt(111) in Fig. 3.1(b). Since the mismatch strain in this material system is large

(9.7%), other strain relaxation mechanisms such as defect or dislocation formation

have also been observed at very large domain sizes [Grutter and Durig (1995)]; fur-

ther quantitative work is needed to obtain the relative importance of the different

relaxation mechanisms.

3.4 Metastability – energy per unit area of do-

mains

It is evident from Fig. 3.3 that a wider range of shapes are obtained on (111)

surfaces compared to (001) surfaces [Tersoff and Tromp (1993), Brongersma et al.

(1998), Li et al. (2000)]. However, the most significant difference between the two
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Figure 3.4: Energy per unit area for: (a) domain shapes on a cubic (111) surface
given in Fig. 3.3, and (b) square and rectangular domains on a (001) surface [Li et al.
(2000)]. This quantity attains minimum for the compact domain of size 0.2 µm2 on
the (111) surfaces, while the elongated nanowire shape has smaller minimum energy
per unit area on the (001) surface. Material parameters used in this calculation are
β0 = 15.48 meV/nm and F0 = 2.853 meV/nm.

cases relates to the behavior of energy per unit area of the strain-stabilized shapes as

plotted in Fig. 3.4. This quantity is minimum for the infinitely long nanowire shape

for (001) surfaces but the minimum is located at a finite size ≈ 0.2 µm2 for domains

on (111) surfaces. Since the optimum size is nearly independent of anisotropy in β(θ),

it can be estimated using the closed form expression for the total energy of a triangle

as

A0 = a2µ2 exp(2) , (3.3)

where µ = 1.97 exp[1/(1 − ν)]. For the parameters used in our analysis A0 = 0.18

µm2, which is close to the values obtained for all the three cases plotted in Fig. 3.4.

This analysis shows that on (111) surfaces, any domain larger than the optimum size

A0 is metastable – the total energy of this domain can be lowered by breaking it up

into N ≈ A/A0 smaller domains. As we show below, this process, however, involves

a large energy barrier and therefore the shapes marked by the * in Fig. 3.3 remain
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trapped in metastable wells. In distinct contrast, the elongated nanowire shape on

(001) surfaces corresponds to the global minimum of the total energy.

3.5 Energy barriers and morphological phase di-

agrams

If an isolated domain has to break up into smaller domains, notches on the bound-

ary have to first nucleate and grow. Here we focus attention on the energy landscapes

(Fig. 3.5) for the growth of notches on straight triangles since the key features ap-

ply equally well to domains with curved boundaries. For small domains (A < 2A0),

notches never grow as this always leads to an increase in the total energy of the

domain. However, for larger domains, it becomes favorable for a notch to grow

[Fig. 3.5(a)], but only after the notch has reached a critical size. In other words, the

notch has to overcome a barrier before it can access a new minimum with two con-

nected triangles. The evolution of the domain shapes along the ‘saddle path’ for this

case is shown in Fig. 3.5(a). When the domains become even larger, two notches can

grow and lead to a new minimum consisting of three connected triangles as shown in

Fig. 3.5(b). However, the domain in this case can also adopt a metastable configura-

tion with two connected triangles. The saddle paths for moving between the different

wells in the energy landscape are given in the inset in Fig. 3.5(b).

Although the total free energy of the connected domains can be further lowered

by breaking them into a number of widely separated domains of area A0, the domains

in experiments [Fig. 3.1(a) and Fig. 3.2] as well as in our calculations (Fig. 3.5) al-

ways stay connected at the corners. The strong repulsive elastic interactions between

the approaching groove and the straight edge prevents the individual domains from

pinching off from the larger connected structure. The equilibrium distance between
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Figure 3.5: Energy landscapes for the growth of notches plotted as a function of their
location (s1) and lengths (s2): (a) One notch on a domain with area 0.6 µm2, and (b)
Two notches on a domain with area 1.0 µm2. Insets show the evolution of domain
shapes and the corresponding energies along saddle paths. Material parameters used
in the calculations, β0 = 15.48 meV/nm, C0 = 2.853 meV/nm correspond to the
(7×7) domains on Si(111).
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the V groove and the straight edges obtained from our calculations (50 nm) compares

favorably with distances (∼ 20-60 nm) found in experiments. Since repulsive long-

range interactions between the approaching boundaries will always prevent pinching,

the observed behavior should be generic [for example, see Plass et al. (2002)], but is

particularly exaggerated in our experiments because of the small thermal fluctuation

amplitudes.

A phase diagram that enumerates the most favorable shapes as a function of the

normalized domain size and anisotropy is given in Fig. 3.6(a). We have obtained

this phase diagram by comparing the total energy of shapes with different numbers

of notches. This diagram, therefore, is a generalization of the landscapes in Fig. 3.5

for shapes with finite anisotropy in β(θ). Also, as in Fig. 3.5, while the shapes with

N ≈ A/A0 connected domains is most favorable for a given area, A, other shapes with

fewer connected-domains also remain metastable at all sizes. Transitions between

the optimal shapes and the metastable shapes involves energy barriers, which are

of the order of 0.3-0.7 eV for typical parameters used in our calculations. Clearly,

these barriers can never be overcome by thermal fluctuations (< 0.12 eV in most

experiments). Thus, the final shape adopted by a domain will depend on the number

of notches it possessed prior to equilibration. In particular, if there are no notches

in the shape, very large isolated domains can remain trapped in metastable shapes

given in the phase diagram in Fig. 3.6(b). Next, we show that these predictions are

in agreement with experimental observations on Si(111).

In the case of in Fig. 3.1(a), the domains were first grown under non-equilibrium

conditions that lead to the formation of different number of notches on each domain

[Medhekar et al. (2007a)]. The final shapes in Fig. 3.1(a) were obtained by annealing

the non-equilibrium shapes at 864 ◦C. According to our analysis, during annealing,

depending on the number of notches in the initial shape, the domain should evolve
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Figure 3.6: Morphological phase diagrams for strained domains on (111) surface
as a function of normalized area A/Ao and anisotropy factor α. Part (a) shows
optimum connected-domain shapes while part (b) shows the optimum shapes of an
isolated compact domain. While energy barriers are encountered in crossing the
phase boundaries in (a), the phase boundaries in (b) involve continuous transitions
without any barriers. The energy difference between the different shapes with 3 and
4 connected domains is very small (< 5%). Points marked 1 and 3 correspond to
the Si (7 × 7) domains of nearly identical size in Fig. 1(a). Note that although the
total energy of domain 3 is lower, the domain 1 is trapped in a metastable state. The
anisotropy parameter for this material system is α = 0.28 [Medhekar et al. (2007b)].
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to the closest well in the energy landscape and remain trapped there irrespective

of its size. This is indeed what is seen in experiment: while the domains marked

1, 2, and 3 in Fig. 3.1(a) are all of the same size, A ≈ 0.75 µm2, they correspond

to a compact, two-connected and three-connected shapes, respectively. Similarly for

A ≈ 1.3 µm2, we find a shape with two connected domains (2’) as well as two shapes

with four-connected domains (4 and 4’). These observations are therefore in complete

agreement with the energy landscapes and phase diagrams shown in Figs. 3.5 and 3.6,

respectively.

3.6 Chapter summary

In summary, we have shown that crystal symmetry plays a very important role

in determining the energy landscapes for strained domains. We find significant quali-

tative differences in the equilibrium shapes on commonly used cubic (001) and (111)

surfaces. While the global minimizer in the former case for a given area is a nanowire,

in the latter case, it is an array of isolated domains of an optimum size that are widely

separated from each other. We have shown here that this configuration is never

achieved due to metastability induced by strain. We have presented morphological

phase diagrams that predict the size dependence of various metastable shapes that

have been observed in experiments. More insights into the interplay between strain

and crystalline anisotropy can be gained by extending our analysis to equilibrium

shapes on low-symmetry, high-index crystal surfaces.



Chapter 4

Shape dynamics in anisotropically

strained 2D self-assembling

systems

4.1 Introduction

Atomic and molecular self-assembly has attracted significant attention due to

potential applications in non-lithographic fabrication [Whitesides and Grzybowski

(2002)]. Of particular interest is the role of long-range elastic interactions which can

induce spontaneous formation of structures like quantum dots [Ross et al. (1999),

Drucker (2002)], two-dimensional (2D) periodic patterns and surface domains [Seul

and Andelman (1995), Plass et al. (2001), Hannon et al. (2002)] and epitaxial nanowires

[Sunamura et al. (1996), Evans and Nogami (1999), Chen et al. (2002), You et al.

(2006), Owen et al. (2006), Sone et al. (2007), Lim et al. (2007), Li et al. (2007)].

Many such structures and patterns have nanoscale dimensions, making them suitable

for application in photonic and memory devices and as nanoscale surface templates.

40
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(a) (b)

200 nm

Figure 4.1: STM topographs of ErSi2 nanowires grown on Si(001) Chen et al. (2002).
A typical ErSi2 nanowire is 9 atoms wide and 250 nm long. ErSi2 has lattice mismatch
of 6% and 1.5% along the two perpendicular 〈110〉 directions on Si(001) surface.

Further, as discussed in previous chapters (Chapters 2-3), elastic interactions control

not only the long-range spatial arrangement, but also the shape of individual struc-

tures, which influences their functional (for example, electrical and optical) properties

[Gangopadhyay and Nag (1997)]. For better control over the morphology and spatial

patterning during processing and fabrication, it is therefore vital to understand key

thermodynamic and kinetic mechanisms that govern strain-induced self-assembly in

these systems.

The objective of this study is to analyze the shape evolution of strained 2D self-

assembled nanostructures. In particular, we consider systems where the anisotropy in

basic thermodynamic quantities like boundary free energy or mismatch strain results

in intriguing shapes. Excellent examples of material systems where the mismatch

strain is anisotropic are rare earth silicides (ScSi2, ErSi2, DySi2 and GdSi2) deposited

on Si(001), where the magnitude of the lattice mismatch between epitaxial layer and

substrate is large (6%-8%) along one of the crystallographic axes and small along the

perpendicular direction (1%-2%) [Chen et al. (2002), You et al. (2006), Sone et al.

(2007), Lim et al. (2007)]. The relaxation of mismatch strain leads to formation of
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nanowires that have widths and lengths in the range of 5-15 nm and 250-400 nm,

respectively. An example of such elongated nanowires is given in Fig. 4.1.

While most studies to date have focused on obtaining equilibrium shapes of

strained structures [Tersoff and Tromp (1993), Li et al. (2000), Pradhan et al. (2004)],

experiments have shown that kinetics plays an important role in shape evolution dur-

ing growth [Li et al. (2007), Medhekar et al. (2007b)]. The primary mechanism for

growth of these nanostructures is the surface transport of adsorbed or deposited

species by thermally activated diffusion. If f and D denote the rate of deposition

and surface diffusivity, respectively, then the ratio f/D characterizes a competition

between the thermodynamics and kinetics of growth processes in a qualitative sense.

When the deposition is slow compared to diffusion (small values of f/D), the evolu-

tion of the shapes is completely determined by the thermodynamics of the strained

system. However, the shapes of the strained structures are increasingly controlled by

kinetics as they are grown faster at low temperatures (large values of f/D).

In this chapter, based on a kinetic growth model, we study the shape dynam-

ics of anisotropically strained 2D self-assembled structures. Our key results can be

summarized as follows:

1. The aspect ratios of the shapes (defined as the ratio of length to width of the

shape) depend strongly on the anisotropies in boundary energy and strain as

anticipated from thermodynamics, but more importantly, we find that they

depend also very strongly on the rate of growth. When anisotropy in mismatch

strain is large, the aspect ratios of the shapes during growth are considerably

smaller than the predictions of the equilibrium theory.

2. We find that the shapes obtained for the case where the principal components

of the mismatch strain are equal in magnitude but opposite in sign (for exam-

ple, monolayer islands on Si(001) [Zielasek et al. (2001)]) are characteristically
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different from all other cases. In particular, the aspect ratios observed during

growth are found to be larger than the corresponding equilibrium values. We

show that this distinct behavior can be explained by a novel 4-fold symmetry

in the shapes introduced by the relaxation of the anisotropic mismatch strain.

The rest of the chapter is organized as follows. In Sec. 4.2, we present the formu-

lation of a dynamic growth model which accounts for the thermodynamics as well as

kinetics of growth. In Sec. 4.3 and Sec. 4.4, we describe the shape evolution of epi-

taxial nanowires and stress domains on Si(001), respectively, grown under conditions

that are close to and far from equilibrium. Finally, the conclusions drawn from our

simulations are summarized in Sec. 4.5.

4.2 Dynamic Growth Model

4.2.1 Formulation of the model

Consider a planar, epitaxially strained island shown in Fig. 4.2. The equilibrium

shape of this island can be obtained by minimizing its total free energy, E = Eb +Ee,

where Eb is the energy cost of creating the island boundary given by

Eb =

∫
s

β(θ) ds , (4.1)

β(θ) being the orientation-dependent boundary free energy and Ee is the contribution

of elastic energy to the total free energy, which can be written as

Ee =

∫
Ai

Wm dA− 1

2
h

∫
s

σm
ij nj(s)ui(s) ds . (4.2)

The first term in Eq. 4.2 represents the strain energy in the island due to epitaxial

mismatch, where Wm = 1
2
hσm

ij ε
m
ij is the uniform strain energy density, εm

ij and σm
ij
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Figure 4.2: Schematic of a planar, epitaxially strained island. (a) Cross-sectional
view in x1-x3 plane. h is the height of the planar island. (b) Phase-field model of
the strained island. The order parameter φ takes values φ = 0 and φ = 1 on the
terrace and in the island, respectively, while varying smoothly from 0 to 1 in the
narrow boundary region. σm

ij is the in-plane stress due to elastic mismatch between
the island and the substrate. Ai and As is the area of the island, and the terrace,
respectively.

being the mismatch strain and the corresponding mismatch stress, respectively. The

second term is the contribution due to the elastic relaxation at the island boundary,

where ui denotes the elastic displacement field.

In near-equilibrium growth conditions, the shapes are completely determined by

thermodynamics (Eqs. 4.1-4.2). During kinetically limited growth, however, due

to continuous incorporation of deposited adatoms that diffuse towards the island

boundary, large islands have insufficient time to reach minimum-energy configura-

tions, resulting in shapes that are out of equilibrium. To analyze the dynamics of

shape evolution during growth, we have implemented a growth model based on phase-

field equations that takes into account the kinetics of diffusion. As we discuss next,
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this model accounts for the orientation dependence of the boundary energy and the

anisotropy in strain.1

We model the dynamics of shape evolution of the strained island using Cahn-

Hilliard phase-field equations [Cahn (1961), Eggleston et al. (2001), Lu and Suo

(2001)]. A conserved order parameter φ(x, t) is used to define the surface ‘phases’:

φ = 0 corresponds to the terrace phase and φ = 1 to the island phase, while varying

smoothly from 0 to 1 in the narrow boundary region. The expressions for the bound-

ary energy and the elastic energy, which are equivalent to Eqs. 4.1-4.2 in the limit of

a sharp interface, can be written as

Eb =

∫
A

(
g(φ) + ε(θ)2|∇φ|2

)
dA and (4.3)

Ee =

∫
A

(
Wmφ +

1

2
σm

ij φ,j ui

)
dA , (4.4)

where A = Ai + As is the combined area of the island and the terrace. The first term

in Eq. 4.3 is the energy density given by a double well potential g(φ) = Kφ2(1− φ)2,

with minima at φ = 0 and φ = 1. The second term in Eq. 4.3 involving surface

gradients of the order parameter φ denotes the energy of the island boundary, where

the coefficient ε is the function of θ = tan−1(φx2/φx1), the angle made by the outward

normal n to the boundary with x1 direction. By demanding that expression for

surface energy, Eq. 4.3, be equivalent to its sharp interface counterpart (Eq. 4.1), ε(θ)

can be related to the boundary free energy β(θ) as [Eggleston et al. (2001)],

ε(θ) =
3√
K

β(θ) . (4.5)

1The model developed here is similar to the model used to analyze far from equilibrium growth
of stress domains on Si(111) (refer Chapter 2), except with an additional complexity arising due to
the anisotropy in strain.
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The first term in Eq. 4.4 corresponds to the uniform strain energy in the island, while

the second term denotes the contribution due to the elastic relaxation at the island

boundary.

As noted earlier, the shape of the island evolves due to diffusion of adatoms on

the terrace and along the island boundary. The governing equation for the evolution

of the order parameter (and hence the shape) can then be written as

∂φ

∂t
= ∇ · (M∇µ) + f , (4.6)

where M is the mobility, µ = δE/δφ is the local chemical potential on the surface,

and f is the rate of adatom deposition. Here we have assumed that the adatom

concentration at the boundary is in local thermodynamic equilibrium, so that the

kinetics of motion of island boundary is essentially limited by the surface diffusion

of adatoms. The contribution to the chemical potential due to elastic relaxation can

be computed using surface elastic Green’s functions [Landau and Lifshitz (1986)]. In

the case of equi-biaxial mismatch (σm
11 = σm

22 and σm
12 = 0), the chemical potential can

be written in a relatively simple form as

µ = Wm +
∂g

∂φ
+

δ

δφ
(ε2(θ)|∇φ|2)− F0

∫
A

(x− x′) · ∇′φ

|x− x′|3
dx′ , (4.7)

where F0 = (1 − ν2)h2σm 2
11 /(πY ), ν and Y being the Poisson’s ratio and elastic

modulus, respectively. The mobility M in Eq. 4.6 assumes the value Ms for diffusion

on surface and Me diffusion along the island boundary. We solve the governing phase-

field equation (Eq. 4.6) using a semi-implicit Fourier spectral method in a periodic

domain [Zhu et al. (1999)].
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4.2.2 Numerical parameters used in the model

The key numerical parameters in phase-field equations (Eqs. 4.3-4.7) provide the

definitions of the length and time scales in the simulations: l∗ = 3β0/K, and t∗ =

l∗2/D, where D = KMS can be viewed as the surface diffusivity of adatoms. When

the boundary of the island is treated as a sharp interface, the elastic fields become

singular as one approaches the boundary. This singularity is usually regularized by

using a cutoff length, which is typically of the order of 0.1-0.2 nm. By comparing the

characteristic lengths to analytic expressions, a relationship between the length scale

l∗ and the elastic cutoff can be obtained. As discussed in detail later, the estimates for

length and time scales will be obtained separately for nanowires and stress domains

on Si(001).

Next we consider the shape evolution as a function of island size for both near-

equilibrium and out-of equilibrium growth conditions. In particular, the limitations

of slow kinetics are analyzed by varying rate of growth and the mobility for diffusion

along the island boundary, Me.

4.3 Nanowires on cubic (001) surfaces

We first consider the growth of epitaxial nanowires on (001) surfaces (such as

rare-earth silicide nanowires on Si(001) [Chen et al. (2002), You et al. (2006), Sone et

al. (2007), Lim et al. (2007)]) with two-fold symmetric shapes. The boundary energy

β(θ) is modeled with a simple parametric form β(θ) = β0(1 − α cos(2θ), where α is

the anisotropy factor. As noted earlier, the mismatch strain is anisotropic in these

material systems. To analyze the influence of anisotropy in strain on island shapes,

we consider two representative cases:

1. equi-biaxial elastic mismatch, σm
22/σ

m
11 = 1 and σm

12 = 0, and
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10 x 17 13 x 30 16 x 43 20 x 67

11 x 17 17 x 28 22 x 36 29 x 48
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8 x 20 12 x 36 16 x 51 18 x 62

(a) Equilibrium shapes

Growth shapes

(b) Equilibrium shapes

Growth shapes

Figure 4.3: Equilibrium and growth shapes for (a) isotropic stress: σm
22/σ

m
11 = 1 and

(b) anisotropic stress: σm
22/σ

m
11 = 0.5. Growth shapes are computed with f = 0.25

ML/s and Me/Ms = 0. The dimensions marking each shape represent the lengths of
minor and major axes in nm.
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2. anisotropic elastic mismatch, σm
22/σ

m
11 = 0.5 and σm

12 = 0.

It is convenient to discuss the effect of strain on island shapes in terms of a dimension-

less parameter F0/β0, where F0 = (1− ν2)h2σ2
11/(π Y ), ν and Y being the Poisson’s

ratio and the elastic modulus, respectively. For F0/β0 = 0.33 and α = 0.1, equilib-

rium and growth shapes for the two cases of elastic mismatch are given in Fig. 4.3,

while Fig. 4.4 shows evolution of the aspect ratios. For a given island size, equilibrium

shapes are computed by setting f = 0 in Eq. 4.6.

We find that with equi-biaxial as well as anisotropic mismatch strain, the islands

grow in equilibrium primarily along their major axes while their widths quickly ap-

proach a constant level. Subsequently their aspect ratios increase as they grow in

size. This behavior is consistent with theoretical predictions which show that a large

strained island adopts an elongated wire-like shape which allows for efficient relax-

ation of strain [Tersoff and Tromp (1993), Li et al. (2000)]. For the case of equi-biaxial

mismatch, an analytical expression for the width w of an infinitely long wire can be

written as [Medhekar et al. (2007a)]

w = 2 a exp

(
1

1− ν

)
, (4.8)

where a = δ exp((1−α)β0/F0). By comparing the width of wires shown in Fig. 4.3(a)

with this expression, a relationship between the elastic cutoff length δ and the intrinsic

length scale l∗ in the phase-field simulations can be obtained as l∗ ≈ 6.2δ.

The role of strain-driven elongation in nanowires is further evident when the strain

is anisotropic. As seen in Fig. 4.3(b), the island in equilibrium grows preferentially

in the less strained direction resulting in smaller width and larger equilibrium as-

pect ratios [Fig. 4.4(b)] compared to the case of equi-biaxial strain [Pradhan et al.

(2004)]. The width of the nanowire computed with anisotropic epitaxial mismatch

is comparable to the observed widths of silicide nanowires on Si(001). However, in



50

A (nm2)

250 500 750 1000 1250

 f = 0.25 ML/s

 f = 0.025 ML/s

equilibrium

1.0

2.0

1.5

2.5

3.0

3.5

σm

σmAR
(a)

(b)

A (nm2)

1000750 1250500250
1.0

2.0

3.0

4.0

5.0

6.0

7.0

Me/Ms = 1

Me/Ms = 100

equilibrium

AR

σm

σm/2

Figure 4.4: Aspect ratio (AR) vs. size (A) for (a) isotropic stress: σm
22/σ

m
11 = 1

and (b) anisotropic stress: σm
22/σ

m
11 = 0.5. The growth shapes in (a) are computed

with Me/Ms = 1, while in (b) are computed with f = 0.25 ML/s. The shapes
corresponding to the marked symbols are shown in Fig. 4.3.
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low-temperature growth conditions, slow kinetics of growth can result in the shapes

that are different from the predicted equilibrium shapes, as we discuss next.

To understand how shapes fall out of equilibrium, we have computed the shapes

during growth using the dynamic phase-field model. Fig. 4.3(a) and Fig. 4.3(b) show

growth shapes for the case of equi-biaxial mismatch and anisotropic mismatch strain,

respectively. The evolution of aspect ratio for these cases is shown in Fig. 4.4. It can

be observed that equilibrium and growth shapes are similar for small sizes; however,

the shapes of large islands during growth are much less elongated than the equilibrium

shapes. In equilibrium, the widths of the islands are nearly independent of size. On

the other hand, widths are observed to increase with size during growth. Hence,

the aspect ratios during growth (refer to Fig. 4.4) increase initially before saturating

at levels that are much lower than the corresponding equilibrium values. A similar

increase in the width has recently been observed in case of epitaxial germanide islands

on Ge(001) during deposition of Fe [Li et al. (2007)].

Next, we explain the reasons behind the large differences in the aspect ratios of

islands close to and far from equilibrium. In the regions surrounding the ‘tips’ (i.e., the

regions of large curvature), gradients in the chemical potential – and hence the driving

force for diffusion towards island boundary – are always larger than in the regions of

small curvatures. Therefore, according to classic Mullins-Sekerka kinetic instability in

diffusion-mediated growth, regions with large curvatures are expected to grow faster

than the regions of small curvatures [Mullins and Sekerka (1963)]. This would suggest

that the aspect ratio during growth will be higher than the corresponding equilibrium

value, in contrast to the observations reported here. This apparent discrepancy can

be understood by considering the effect of strain, as the relaxation of strain favors

elongated shapes with constant widths as noted earlier (refer Fig. 4.3). In order

to achieve growth with near-constant widths, the flux of adatoms from the terrace
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towards regions of small curvatures needs to be negligible in comparison with flux

towards the tips of the islands. However, during low-temperature growth conditions

considered here, the small adatom flux towards center of the boundary always results

in a gradual increase in the width and therefore smaller aspect ratios as seen in

Fig. 4.4.

The above argument suggests that if the adatoms attached to the boundary have

greater opportunity to diffuse towards the tips, the resulting growth shapes will be

closer to the corresponding equilibrium shapes. This is indeed what we observed when

the rate of deposition is lowered by a factor 10 [refer Fig. 4.4(a)]. With slower growth,

the effective flux from the terrace towards the island boundaries is reduced leading

to elongated growth shapes with higher aspect ratios. The effect of the competition

between diffusion on the terrace and along the boundary is also clearly evident in

Fig. 4.4(b). Here we consider the evolution of the aspect ratio when the mobility

along the boundary (Me) is enhanced in comparison to the mobility on the terrace

(Ms) by two orders of magnitude. As in the case of growth with low deposition flux

[Fig. 4.4(a)], the aspect ratios in this case are closer to equilibrium values compared

to the case when Me/Ms = 1. Finally, our simulations show that for large sizes the

aspect ratios saturate even when the mobility along the boundary is large, or when

the deposition flux is small. Therefore, as strained wires grow in size, elongation to

the degree predicted by equilibrium models may not be possible.

4.4 Monolayer islands on Si(001)

We next consider homoepitaxial growth of monolayer islands on Si(001) [Zielasek

et al. (2001)] as an example of a material system where relaxation of anisotropic

strain results in shapes that are characteristically different from the cases studied in

the previous section. The dimer rows that run along the 〈110〉 directions of Si(001)
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Figure 4.5: (2×1) surface reconstruction on Si(001). (a) A schematic, and (b) an
STM image showing rotation of dimer rows by 90 ◦across a step [Zandvliet (2000)].

surface lead to a strong anisotropy in the surface stress tensor; the surface is under

compressive stress along the dimer rows while it is under tensile stress in the di-

rection perpendicular to dimer rows [Zandvliet (2000)]. Furthermore, as illustrated

in Fig. 4.5, the orientation of the dimer rows on the monolayer-high islands on this

surface is rotated by 90o relative to the orientation of the dimer rows on the terrace

below. Subsequently, the differences in the surface stress between the island and the

terrace along the two 〈110〉 directions are equal but opposite in sign: σm
11 = −σm

22 with

σm
12 = 0. Since the boundaries of the island are formed by alternating low-energy SA

and high-energy SB steps that are oriented along 〈110〉 directions, the free energy

of the island boundary is also anisotropic with a two-fold symmetry. However, to

analyze the role of strain anisotropy in the shape evolution of islands, it is convenient

to first consider a simple case where the boundary energy is assumed to be isotropic.

Next, we consider the equilibrium shapes for this special case.

In order to determine the equilibrium shape, we start with a square-shaped island

with its sides oriented along 〈110〉 directions and let it evolve in the absence of a flux

(i.e., at a fixed size).2 As shown in Fig. 4.6(a), we find that the island assumes a

2The governing equations for the dynamic growth model – described for the island strained due
to the elastic mismatch with the substrate – are also valid for the homoepitaxially grown monolayer
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Figure 4.6: Effect of Poisson’s ratio on the shapes of a monolayer island on Si(001).
(a) Evolution towards the equilibrium shape for an island with isotropic boundary
energy. (b) Normalized elastic energy Ē(θ, ν) = Ee/(σ

m 2/πY ) of a square-shaped
domain vs. orientation θ, plotted for s = 0.5 µm. The inset shows normal and shear
components of force monopoles on the boundary of the island.

circular shape in the intermediate stages of evolution before finally equilibrating to a

square shape with sides oriented approximately along the 〈100〉 directions. This sug-

gests that elastic relaxation introduces a novel four-fold symmetry in the equilibrium

shapes. As we explain next, the emergence of this symmetry can be explained by con-

sidering the orientation dependence of the elastic relaxation arising from a ‘Poisson

effect’.

The elastic relaxation energy of a monolayer island can be computed by con-

sidering the force monopoles arising from the discontinuity in surface stress at the

islands strained due to the discontinuity in surface stress at the island boundaries. In that case,
σm

ij h is the difference between the surface stress in the island and the surface stress in the terrace,
with Wm = 0.
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island boundaries. For a boundary orientation θ, the force monopoles have nonzero

components acting normal to and along the boundary [refer to inset in Fig. 4.6(b)].

These normal (λn) and shear (λs) components of force monopoles are related to the

orientation of the boundary θ as

λn = σm
11 cos(2θ) and λs = −σm

11 sin(2θ) . (4.9)

The above expression shows that when island boundaries are oriented along 〈110〉

directions (θ = 0o), only normal forces act on the boundary, while for boundaries

that are oriented along 〈100〉 directions (θ = 45o) force monopoles have only shear

components.

In order to understand how the elastic relaxation favors boundaries oriented along

〈100〉 directions, consider the variation of elastic energy of a square-shaped island

oriented at an angle θ as shown in of Fig. 4.6(b). For nonzero Poisson’s ratio ν, the

elastic energy is always minimum for θ ≈ 45o. For ν = 0, however, elastic energy is

independent of the orientation. The reduction in elastic energy due to this Poisson’s

effect is significant – for s = 0.5 µm and a typical value of ν = 0.3 for Si(001), the

elastic energy is reduced by 45% when island boundaries are orienting along 〈100〉

directions compared to 〈110〉 directions. The observation that islands with sides along

〈100〉 are favored over all the other directions indicates that elastic relaxation arising

from the shear component of the monopole is more efficient than the relaxation due

to the normal component. This analysis clearly shows that the unique anisotropy

in the surface stress on Si(001) gives rise to a novel 4-fold symmetry in equilibrium

shapes – a symmetry that is not observed in other anisotropically strained systems.

In the case of the monolayer islands considered here, the relationship between the

intrinsic length scale l∗ in the phase field calculations and the elastic cutoff length δ

in the sharp-interface models can be conveniently obtained by comparing the elastic
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energy of square-shaped islands shown in Fig. 4.6. By computing elastic energy for

domains of different sizes using surface elastic Green’s functions [Landau and Lifshitz

(1986)], we obtain the relation l∗ = 93.72δ. For a typical value of elastic cutoff

δ = 0.15 nm, we obtain l∗= 14 nm. For the surface diffusivity value used in the case

of nanowires, we estimate the time scale as t∗ = 0.0392 s. Next, we consider how

the anisotropy in the boundary energy influences equilibrium and growth shapes of

monolayer islands on Si(001).

The boundary energy of the monolayer islands on Si(001) is two-fold symmetric

due to the anisotropy in the formation energies of SA and SB steps [Zandvliet (2000)].

Therefore, as in the case of nanowires, we use the parametric form for the boundary

energy: β(θ) = β0(1 − α cos(2θ)) where α is the temperature-dependent anisotropy

factor. Figures 4.7(a) and 4.7(b) show the evolution of domain shapes and aspect

ratios, respectively, for typical parameters α = 0.2 and F0/β0 = 0.27. With these

parameters, the aspect ratios of the domains obtained by our simulations are close

to the aspect ratios observed in recent experimental observations of growth of stress

domains on Si(001) [Zielasek et al. (2001)].

As in the case of nanowires, the shapes of small islands obtained during growth

are similar to the equilibrium shapes [refer to Fig. 4.7]. However, the shape evolution

of large islands on Si(001) is different in two aspects:

1. As the islands grow in size, the equilibrium aspect ratios are considerably smaller

than the case of nanowires;

2. More importantly, in contrast to the case of nanowires, the aspect ratios during

growth are larger than the corresponding equilibrium values.

Below, we discuss these aspects in detail starting with the equilibrium shapes.

The shapes of monolayer islands on Si(001) involve a competition between two

effects – the anisotropy in the bond energies favors the formation of 〈110〉 oriented



57

Growth shapes

Equilibrium shapes

0.50 x 0.90 0.69 x 1.22 0.78 x 1.39 0.97 x 1.68

0.49 x 0.92 0.67 x 1.32 0.74 x 1.46 0.95 x 1.88

2.00

1.75

1.50

1.25

1.00

2.25

0.25 1.251.000.750.50

σm

σm

AR

A (μm2)

(a)

(b)

f = 1.3 x 10-3 ML/s
f = 1.3 x 10-4 ML/s
Equilibrium

Figure 4.7: Shape evolution of a monolayer island on Si(001). (a) Equilibrium and
growth shapes. The dimensions marking each shape represent the lengths of the
minor and major axes in µm. (b) Evolution of the aspect ratio (AR) vs. size (A)
during equilibrium and growth. The shapes corresponding to the marked symbols are
shown in (a). The growth shapes are computed with Me/Ms = 1.
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boundaries, whereas the elastic relaxation is more favorable for boundaries oriented

along 〈100〉 directions. The diamond-like equilibrium shapes of islands shown in

Fig. 4.7(a) can therefore be understood as the squares (with sides along 〈100〉 direc-

tions) whose diagonals are stretched along the 〈110〉 directions due to the anisotropy

in the boundary energy. Furthermore, we find that islands maintain a self-similar

shape in equilibrium as they grow in size.

The observation of growth shapes whose aspect ratios are larger than the equi-

librium shapes of similar sizes [Fig. 4.7(b)] can now be explained by invoking the

curvature dependence of the growth speeds. In diffusion controlled growth, regions

of high curvature tend to grow faster as the gradients in the chemical potentials are

large in their vicinity [Mullins and Sekerka (1963)]. For a given flux, the tips along

the long axis of the islands therefore grow at a faster rate leading to an increase in the

aspect ratio of the island during growth. The effect of lowering the rate of deposition

on growth shapes is similar to the previously studied cases – with slower growth, the

aspect ratios are closer to the equilibrium values [refer Fig. 4.7(b)]. A similar behavior

is observed when mobility of adatoms along the boundary (Me) is increased in com-

parison to the mobility on the terrace (Ms). With increasing edge mobility, growth

shapes are similar to the equilibrium shapes. In the experimental study on the shape

evolution of monolayer islands on Si(001) [Zielasek et al. (2001)], the aspect ratios of

islands were observed to increase with the size of the domain. Since our simulations

show that the aspect ratio in equilibrium is nearly independent of size, the shapes of

large islands observed in these experiments are very likely limited by kinetics.

4.5 Chapter summary

Our simulations show that the anisotropy in strain plays a crucial role in the

shape evolution of strained 2D systems during diffusion-limited growth. Though
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thermodynamics of anisotropic strain relaxation favors formation of highly elongated

nanowires, the kinetics of diffusion-limited growth can in many cases result in shapes

that are less elongated. Further, we have shown that the unique anisotropy in surface

stress for domains on Si(001) gives rise to a 4-fold symmetry in the shapes. This

surface stress-induced symmetry, coupled with kinetics of growth results in growth

shapes that are more elongated than the equilibrium shapes. Finally, our study also

provides a means to quantitatively determine various thermodynamic and kinetic

material parameters (for example, boundary free energy and mobility of adatoms) by

comparing the shapes observed under various growth conditions.



Chapter 5

Composition maps in

self-assembled alloy quantum dots

5.1 Introduction

A particularly appealing approach to manufacturing nanoscale devices is to exploit

the natural tendency of small material clusters to self-organize. While strain-driven

self assembly can give rise to nanoscale pattern formation of 2D domains and islands

as discussed in previous chapters (refer Chapters 2-4), it also provides a versatile

means to fabricate nanoscale islands in lattice-mismatched semiconductor alloy sys-

tems which can serve as functional elements in optical, electronic and photo-voltaic

devices [Heiss (2005), Wang (2007)]. The electronic structure of these nanoscale is-

lands or ‘quantum dots’ is strongly influenced by the shape, elastic deformation and

most importantly by their composition, thereby enabling the device properties to be

controlled. A tighter control of these characteristics significantly reduces power con-

sumption and heat generation, while the small dimensions of the devices allow order

of magnitude advances in miniaturization. Self assembled SiGe [Medeiros-Ribeiro et

60
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(a) (b)

Figure 5.1: STM images of Ge quantum dots on Si(001): (a) Pyramid, and (b) Dome.
Pyramid is bounded by {105} facets, while dome is bounded by {113} and {15 3 23}
facets [Medeiros-Ribeiro et al. (1998)].

al. (1998), Drucker (2002)] (refer Fig. 5.1) and InGaAs [Stangl et al. (2004)] quantum

dots have received particular attention as the former material system can be readily

integrated with the well developed Si integrated circuit technology while the latter

has been successfully applied in photovoltaic and photonic bandgap applications.

The past few years have seen tremendous advances in development of processing

and patterning techniques that lead to a uniform array of quantum dots of nearly

identical shapes and sizes [Gray et al. (2004), Grutzmacher et al. (2007)]. However,

key factors that play a role in controlling the variations in composition within the

quantum dots remain poorly understood. A quantitative determination of the com-

position profiles is critical in device applications as variations in composition at the

nanoscale can substantially influence the electronic properties (for example, excitonic

transitions [Shumway et al. (2001)], electron-hole band alignment and band gaps

[Sheng and Leburton (2001)]) and therefore directly influence the performance of de-

vices. While there is a large body of theoretical work on the formation and growth

of quantum dots, almost all of it neglects alloying effects by assuming a uniform

composition distribution within the dots.

In recent years, considerable progress has been made in measuring the composition

profiles within individual quantum dots with nanoscale resolution [Floyd et al. (2003),
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(a) (b)
Ge content

Figure 5.2: (a) Composition profiles in dome-shaped SiGe quantum dot obtained
from x-ray scattering data [Malachias et al. (2003)]. The dimensions are in nm. (b)
3D AFM image showing rosette morphology of dome-shaped SiGe quantum dot after
selective Ge etching [Leite et al. (2007)].

Malachias et al. (2003), Denker et al. (2003, 2005), Leite et al. (2007), Katsaros et

al. (2005), Medeiros-Ribeiro and Williams (2007)]. These experimental studies show

two distinct types of scenarios:

1. The work of Stanley Williams and coworkers using x-ray scattering and inde-

pendent selective etching techniques [Malachias et al. (2003), Leite et al. (2007),

Medeiros-Ribeiro and Williams (2007)] shows a Si-rich core covered by a Ge-rich

shell (Fig. 5.2) for dome shaped SiGe quantum dots at 600 ◦C.

2. In distinct contrast, the work of Schmidt and coworkers using a combination of

selective wet chemical etching and atomic force microscopy [Denker et al. (2003,

2005)] shows that for pyramid and dome shaped islands, the corners are highly

intermixed, whereas the edges, apex and the center of the pyramids remain Ge

rich at 550 ◦C.

Given the sensitivity of the composition profiles in the quantum dots to growth con-

ditions and the differences between the experimental measurements from different

groups, information from these experiments can only be properly interpreted with

models that can distinguish the differences between composition profiles under differ-

ent growth conditions. To that end, a key question that one is generally faced with
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in these experiments is whether or not a measured profile is close to equilibrium.

In equilibrium, for a given size and shape of the dot, the composition profile is

obtained by minimizing the total free energy that consists of the elastic energy and

entropic and chemical mixing energies. The primary difficulty in obtaining composi-

tion profiles is that the shape, strain and composition are all coupled to each other.

Furthermore, in equilibrium, the total free energy has to be minimized by holding the

overall ratio of the alloy components in the dot at a fixed level, making the optimiza-

tion problem even more difficult. Subsequently, only calculations that adopt a number

of simplifying assumptions such as small slopes of the sidewalls of the quantum dots

[Spencer and Blanariu (2005)] and linear extrapolation of the composition profiles

from the surface to the bulk [Liu et al. (2000)] are available. The approximations

made in the calculations allow only for the analysis of pre-pyramid clusters with very

shallow side-walls. Monte Carlo methods have also been employed to analyze quasi-

equilibrium composition profiles [Hadjisavvas and Kelires (2005), Lang et al. (2005)],

but the long range nature of the elastic interactions makes statistical sampling of the

large configuration space (required to obtain properly averaged composition maps in

realistic structures) a very demanding and tedious task.

In this chapter, we study equilibrium composition maps in quantum dots by em-

ploying the finite element method for rigorous treatment of elastic fields without any

restrictions on their shape and an optimization scheme based on quadratic program-

ming methods. We find that the shapes of the quantum dots play a very important

role in determining the degree of alloy decomposition that can be achieved at a given

temperature. The composition profiles in faceted quantum dots with steep side-walls

are found to be characteristically different from the corresponding case of shallow

dots. In the former case, segregation of the larger alloy component in the tensile

regions of the quantum dot leads to the formation of ‘cusped’ composition profiles
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which manifest in the form of dimpled surface profiles upon selective etching of one

of the alloy components (Fig. 5.4). Shallower islands on the other hand, are less de-

composed and yield surface profiles with large etch pits. Both of these features have

been observed during wet chemical etching of SiGe quantum dots [Malachias et al.

(2003), Denker et al. (2003), Leite et al. (2007)].

In order to guide the interpretation of composition maps measured in experi-

ments, the degree of alloy decomposition in faceted quantum dots is presented in

a phase diagram plotted in the space spanned by the orientation of their side-walls

and temperature. Based on this phase diagram, the effect of decomposition on the

shape transition between quantum dots with different facet orientations is computed

– alloy decomposition is found to significantly decrease the transition volumes for

shape transformation. To further demonstrate the role of shape and strain on alloy

decomposition at the nanoscale, we have considered the composition profiles of dome,

truncated pyramid and unfaceted pre-pyramid or Gaussian shaped quantum dots,

all of which have been observed in SiGe [Medeiros-Ribeiro et al. (1998), Ross et al.

(1999), Vailionis et al. (2000), Costantini et al. (2005)] and InGaAs [Costantini et al.

(2005), Kratzer et al. (2006)] systems. In the case of dome and truncated-pyramid

shaped quantum dots with multiple facets, we find a rich array of compositional pat-

terns with enrichment of the larger alloy component at the corners and edges formed

by the intersection of different facets. In the case of unfaceted quantum dots, both the

slopes and curvatures of the surface are found to influence compositional patterning.

This chapter is organized as follows. In Sec. 5.2, we briefly outline the mathe-

matical model that quantitatively describes the competition between strain-induced

segregation and thermodynamics of mixing in an alloy quantum dot. The equilibrium

composition maps in simple cone-shaped dots obtained using this model are given in

5.3. In Sec. 5.4, we present a compositional phase diagram that shows the degree of
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alloy segregation as a function of temperature and shape of the faceted dot, while the

effect of alloy segregation on the critical size for the transition in shapes of faceted

quantum dots is demonstrated in Sec. 5.5. In Sec. 5.6, we describes the composi-

tion profiles in various dome and pyramid shaped quantum dots that are observed

in SiGe and InGaAs systems. Finally, the conclusions drawn from our analysis are

summarized in Sec. 5.7.

5.2 Mathematical model for equilibrium compo-

sition maps in alloy quantum dots

For an AB alloy quantum dot grown epitaxially on a substrate of species A, the

total free energy E of the quantum dot-substrate system can be written as E =

Ech + Eel + Es, where Ech is the chemical free energy of the alloy components in the

quantum dot, Eel is the elastic strain energy due to the lattice mismatch between

the quantum dot and the substrate, and Es is the surface energy cost involved in the

formation of the quantum dot. While elastic fields tend to favor segregation of the

larger alloy component near more tensile regions in the dot, thermodynamic mixing

free energy (which depends on temperature) can prevent the decomposition of the

alloy. In equilibrium, for a given shape of the quantum dot, the composition profile

is determined by a competition between these two contributions.

In general, the functional form of the thermodynamic mixing free energy of the

alloy, which includes both enthalpic and entropic contributions, can be quite involved,

although the latter contribution dominates at high temperatures, favoring complete

mixing of the alloy components. In order to capture the key aspects of mixing effects,
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Figure 5.3: The finite element mesh used for the computation of the elastic fields
for an axially symmetric quantum dot. The volume of the substrate used in the
calculations is three orders of magnitude larger than the volume of the quantum dot,
so that finite-size effects are negligible.

we write the chemical free energy of the alloy quantum dot as

Ech =

∫
Vd

f(c) dV, (5.1)

where Vd is the volume of the dot, c(x) is the mole fraction (or composition) of the

B-species in the alloy and the free energy density is taken to be f(c) = ∆F (T ) c +

Fm(T ) c(1− c). Here, ∆F (T ) is the free energy difference between the phases A and

B and T is the temperature. The contribution to the total energy of the quantum
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dot from the first term in f(c) is ∆F (T )c̄Vd, where c̄ is the average composition

in the dot. If the average composition is maintained, this term is independent of

the composition profile in the dot, c(x), and therefore does not play a role in the

determination of the equilibrium distribution of alloy components. On the other

hand, the temperature dependent parameter Fm(T ) determines stability of the alloy

to phase separation – for Fm > 0 alloy thermodynamics favors phase separation into

A and B components, while Fm < 0 results in complete mixing of alloy components at

any composition. In what follows, we will consider the composition profiles for both

positive and negative values of Fm, representative of the thermodynamics of mixing

at low and high temperatures, respectively.

The elastic energy of the quantum dot-substrate system can be written as

Eel =
1

2

∫
Vd+Vs

Cijkl(ε
r
ij + ε0

ij)(ε
r
kl + ε0

kl) dV , (5.2)

where εr
ij is the relaxation strain and ε0

ij = εmc(x)δij is the composition-dependent

mismatch strain in the quantum dot, εm being the equi-biaxial mismatch strain aris-

ing due to the difference in the lattice constants between species A and B. In our

calculations, the quantum dot and the substrate are assumed to be isotropic linear

elastic materials with identical elastic constants Cijkl.

For a given shape and size of the quantum dot, the equilibrium composition pro-

files are determined by minimizing the sum of the chemical (Eq. 5.1) and elastic

(Eq. 5.2) energies with respect to local composition c(x). The elastic fields arising

from variations in the local composition are computed using finite element methods

(Fig. 5.3) and the total energy of the quantum dot is optimized using a sequential

quadratic programming method [Schittkowski (1986)]. A combination of these tech-

niques allows us to determine the equilibrium composition profiles for any shape,

without invoking any approximations in computing the elastic fields.
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Figure 5.4: Influence of morphology on the equilibrium composition profiles in alloy
quantum dots. (a) Composition profiles in axially symmetric quantum dots of iden-
tical size, but with shallow (left) and steep side-walls (right). The steeper side-walls
allow for larger strain relaxation resulting in a greater degree of segregation of alloy
components at the apex and in the periphery of the dots. The composition profiles are
obtained for F0 = −0.2 and with average composition c = 0.5. (b) The 3D rendering
of the shapes of the quantum dots in (a) upon etching with a selective chemical agent
that dissolves regions of dot whose composition, c, exceeds 65%. The segregation
indices (Eq. 5.4) for the steep and shallow dots are 0.177 and 0.051, respectively.

5.3 Composition maps in a cone-shaped quantum

dot

The role of shape on the distribution of the alloy components is first considered

for the case of cone-shaped quantum dots shown in Fig. 5.4. The composition profiles

in these dots depend only on three parameters, namely, the average composition

c̄, the sidewall angle θ and the ratio of the chemical and elastic energy densities,

F0 = Fm/(Mε2
m), where M is the biaxial modulus. This observation follows from the

fact that the chemical and the elastic energies (Eqs. 5.1 and 5.2) scale linearly with

the volume of the quantum dot, which allows us to write their sum in the form

Ech + Eel = Mε2
mVd Ŵ (c, θ, F0), (5.3)
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where Ŵ is a dimensionless function. Since this function does not depend on size,

the equilibrium composition profile in a ‘faceted’ quantum dot with a given sidewall

angle θ is independent of its volume, Vd.

The equilibrium composition profiles in 50-50 alloy quantum dots with sidewall

angles of 15◦and 45◦are shown in Fig. 5.4(a). Here, we have taken Fm = −0.2 Mε2
m,

so that alloy thermodynamics favors complete mixing. However, strain leads to segre-

gation of the larger alloy component (B) at the apex while the corners of the dot near

the substrate are enriched in the other component (A). The degree of decomposition

depends on the shape – segregation of the alloy components at the apex and at the

periphery is much larger in the steeper dot. The 50% isocomposition profile in this

case is located nearly half way between the substrate and the apex of the dot, while

this profile in the shallower case lies between the axis of symmetry and the periphery

of the dot. Furthermore, the isocomposition profiles that lie above the substrate in

the steeper dot develop a ‘cusp’ at the axis of symmetry. This feature, which is absent

in the shallower dot, should be observed by etching the structures with a selective

chemical agent that removes material above a threshold level of composition. The

65% isocomposition surface profiles given in Fig. 5.4(b) for the two cases show very

distinct shapes – the steeper dot develops a nearly flat top with a ‘dimple’ along its

symmetry axis, whereas a deep pit is formed in the shallower dot. Similar features of

etched surfaces have been observed in dome and pyramid shapes SiGe quantum dots,

respectively [Malachias et al. (2003), Denker et al. (2003), Leite et al. (2007), Kat-

saros et al. (2005)]. However, kinetic effects, for example, the smaller diffusion length

of Ge compared to Si, can also possibly give similar shapes upon selective etching

[Katsaros et al. (2005)]. Further experiments that consider the surface profile as a

function of annealing time are needed to determine if the measurements correspond

to equilibrium predictions.
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Figure 5.5: Compositional phase diagram showing degree of segregation, Φ as a
function of the parameter F0 and the shape of the quantum dot represented by the
angle of side-walls, θ. Even when the thermodynamic mixing energy favors mixing
(F0 < 0), the relaxation of strain for quantum dots with steep side-walls results in the
alloy segregation within the quantum dot. Similarly, when thermodynamics favors
phase separation (F0 > 0), complete decomposition is not observed. The average
composition c of the quantum dot is 0.5.

5.4 Compositional phase diagram

Strain-induced alloy segregation in the quantum dots can be analyzed in a quan-

titative manner by considering the segregation index Φ, which we define as

Φ(F0, θ) =
4

Vd

∫
Vd

(c(x)− c)2 dV . (5.4)

For a 50-50 alloy quantum dot, the alloy components are completely mixed (i.e.

c(x) = 0.5 everywhere) when Φ = 0, while Φ = 1 corresponds to complete alloy

decomposition. The computed level curves of the segregation index are plotted in

Fig. 5.5 as a function of the ratio F0 and the facet angle, θ and segregation indices for

InGaS and SiGe quantum dots at typical growth temperatures are given in Table 5.1.
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InGaAs/GaAs SiGe/Si

T Mε2
m Fm Φ(30◦) Mε2

m Fm Φ(30◦)

400 ◦C 4.86 -0.80 0.151 2.82 -3.00 0.021

600 ◦C 4.86 -1.91 0.075 2.82 -4.90 0.010

Table 5.1: Segregation index for InGaAs/GaAs and SiGe/Si quantum dots with
side-wall angles of 30◦. The strain energy density, Mε2

m and the coefficient
of the mixing energy Fm are in given units of 108Joules/m3. The coefficient
Fm(T ) is obtained by fitting f(c) to the mixing energy density, Ωc(1 − c) +
(kBT/va) [c log c + (1− c) log(1− c)], where the regular solution interaction parame-
ter Ω is taken to be 3.47 and 4.12 ×108 Joules/m3 for SiGe/Si and InGaAs/GaAs,
respectively [Spencer and Blanariu (2005)] and va is the atomic volume. The table
shows that the degree of decomposition is considerably greater in InGaAs quantum
dots compared to SiGe dots at typical growth temperatures.

As anticipated, the segregation index increases with increasing θ, but complete seg-

regation of the alloy components is not achieved even when alloy thermodynamics

favors phase separation (F0 > 0). Similarly, complete mixing is only seen for very

shallow dots when F0 is sufficiently negative.

To understand why complete segregation is not observed when thermodynamics

favors alloy decomposition (F0 > 0), we consider the elastic energy of a nominally flat

c = 0.5

substrate

c = 0

substrate

c = 1

(a) (b)

Figure 5.6: Schematic of an epitaxial lattice mismatched film of uniform thickness
with (a) uniform composition (c = 0.5) and (b) complete alloy decomposition into
individual components. Elastic energy is lower for the former configuration due to
quadratic scaling of the strain energy density with the composition dependent mis-
match strain, cεm.
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50-50 alloy film in two extreme cases: a) when the composition in the film is uniform

and b) the film is completely phase separated (refer to Fig. 5.6). In the former case,

the elastic energy per unit volume of the film is Mε2
m/4, while in the latter case it is

Mε2
m/2. Clearly, because of the quadratic scaling of the strain energy density with

the composition dependent mismatch strain, cεm, a completely mixed alloy film has

lower elastic energy than a phase separated film. Therefore, in the absence of in-

plane strain relaxation, the elastic contribution to the total free energy always favors

uniform composition even when alloy thermodynamics favors decomposition. Phase

separation cannot occur unless the energetic gain from thermodynamics is sufficiently

large, or when the condition Fm > Mε2
m is satisfied. Extending this argument to

the case of quantum dots whose shapes allow for strain relaxation, one can see that

complete phase separation can only be achieved when the parameter, F0 is sufficiently

large.

5.5 Critical size for shape transition in quantum

dots

Next, we show that strain-induced segregation in quantum dots can substantially

reduce the critical size for transition between the shapes with different facets [refer

Fig. 5.1(a)]. It is well known that with increasing size, shallow SiGe and InGaAs

dots transform to steeper domes [Medeiros-Ribeiro et al. (1998), Ross et al. (1999),

Vailionis et al. (2000), Costantini et al. (2005), Kratzer et al. (2006)], as strain can

be more efficiently relaxed in the latter case. The critical volume for shape transition

depends on the surface energies of the facets and the nominally flat film, which,

in general, can all be different from each other. However, the key features of this

transition can be studied by assuming that all the surface energies involved are equal.
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Figure 5.7: Variation of the energy per unit volume for quantum dots with shallow
and steep side-walls (θ = 15◦and θ = 45◦, respectively) as a function of their size
(normalized by the characteristic volume, V0 = [γ/(Mε2

m)]3. The total energy of
the decomposed dots (dotted lines) is lower than the energy of dots with uniform
composition, c = 0.5 (bold lines). However, the reduction in the energy is greater for
the steeper dot, resulting in smaller critical size for transition in shape. The surface
energies for shallow and steep side-walls are assumed to be identical and the mixing
parameter F0 = −0.2.

In this case, for dots with uniform composition, shape transitions occur at a size

when the gain in the elastic energy obtained by the formation of the steeper dots

offsets the cost of forming the sidewall surfaces. However, if the decomposition of the

alloy is permitted, one can see that steeper dots allow for even larger reduction of

the elastic energy as the alloy components can redistribute themselves more readily

to strain-relaxed regions (Fig. 5.4). Using the dimensionless function Ŵ (Eq. 5.3)

obtained from our optimization procedure, the total energy of an alloy dot can then

be expressed as

E = Mε2
mVd Ŵ (c, θ, F0) + γ V

2/3
d Γ̂(θ) , (5.5)
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where the surface energy, γ, is assumed to be independent of the facet angle, θ and

Γ̂(θ) = π

(
3

π tan(θ)

)2/3(√
1 + tan2(θ)− 1

)
. (5.6)

A plot of the energy per unit volume of decomposed dots in Fig. 5.7 (for F0 = −0.2)

shows that the volume to transition from a sidewall angle of 15◦ to 45◦ reduces by

nearly 30% relative to the transformation volume of the dots with uniform composi-

tion.

5.6 Composition maps in faceted and pre-pyramid

quantum dots

In equilibrium, SiGe and InGaAs quantum dots can also adopt shapes that consists

of two or more facet orientations [Medeiros-Ribeiro et al. (1998), Ross et al. (1999),

Vailionis et al. (2000), Costantini et al. (2005), Kratzer et al. (2006)]. The computed

equilibrium composition maps in such dome and truncated-pyramid shaped quantum

dots are shown in Fig. 5.8. A distinguishing feature of these dots is the intricate

pattern of isocomposition profiles that can be attributed to the presence of ‘corners’

formed by the intersection of different facets. Since such corners allow for relaxation

of mismatch strain, the free energy can be lowered by segregation of the larger alloy

component in these regions. The number of extrema in the composition maps can

therefore be directly correlated to the occurrences of facet intersections in the dot

shape. The composition profiles in the regions close to the periphery of the base,

however, are similar to the corresponding profiles in conical dots in Fig. 5.4.

Finally, we consider the equilibrium composition profiles in Gaussian ‘pre-pyramid’

quantum dots whose mean curvature varies in a non-monotonous manner from the

apex to the base. The composition maps in two such dots of identical size but
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Figure 5.8: Equilibrium composition profiles in axially symmetric quantum dots with
(a) ‘dome’ shape, the angles of the side-walls being 30o and 15o, and (b) a truncated-
cone shape with a sidewall angle of 30o. While the composition profiles are similar
near the base, larger strain relaxation in the regions near the corners results in a
greater segregation in the apex of the dome-shaped quantum dot. The composition
profiles are obtained for F0 = −0.2 and the average composition c is 0.5.

with different aspect ratios (the ratio of the height to the base width) are shown in

Fig. 5.9. In both cases, the larger alloy component (B) segregates in the convex regions

near the apex where the lateral strain is tensile, while the smaller alloy component

segregates in the concave regions near the periphery of the dot. As in the case of the

faceted islands (Fig. 5.4), the degree of decomposition is greater in the steeper dot as

evidenced by the location of the 50% isocomposition line – for the steeper dot it is

located above the substrate, whereas it is closer to the axis of symmetry in the case

of the shallower dot. While the composition profiles in the shallow dot [Fig. 5.9(a)]

are qualitatively similar to the profiles obtained by assuming small surface slopes

[Spencer and Blanariu (2005)], the advantages of our approach are evident from the

characteristically different composition profiles for steeper Gaussian dots [Fig. 5.9(b)]

and also from the profiles in the dots with complex shapes such as the dome and the
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Figure 5.9: Equilibrium composition profiles in axially symmetric Gaussian pre-
pyramid quantum dot (a) with aspect ratio (ratio of the height to width) of 0.12, and
(b) with larger aspect ratio of 0.39. In the shape with smaller aspect ratio (part a),
the regions near the base are considerably mixed, while the central region forming
the core is rich in species B. Due to greater strain relaxation in the shape with larger
aspect ratio (part b), species B segregates largely near the apex leaving the core
regions near the base rich in species A. The composition profiles are obtained for
F0 = −0.2 and the average composition c is 0.5.

truncated-cone (Fig. 5.8).

5.7 Chapter summary

In summary, we have developed an efficient method to compute composition maps

in strained alloy quantum dots and have shown that the composition profiles depend

strongly on the slopes and curvatures of the surfaces of the dots as well as the presence

of other geometric features such as corners and edges. Our approach provides a

means to rigorously study the interdependence of the shape, strain and composition

in lattice mismatched systems. The method can therefore be employed to analyze
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compositional patterning in small scale structures such as nanowires [Owen et al.

(2006)], nanorings [Sormunen et al. (2005)], nanotrees [Dick et al. (2006)], quantum

fortresses [Gray et al. (2002)], quantum posts [He et al. (2007)] and quantum dot

molecules [Gray et al. (2004)]. The next step in the analysis of such structures is

to extend our method to include the dynamics of compositional patterns under non-

equilibrium growth conditions. If the composition maps obtained using this approach

are coupled with electronic structure calculations, a complete in silico characterization

of the devices from growth to final performance can be achieved.



Chapter 6

Concluding remarks

It is well known that long-range elastic interactions can induce spontaneous forma-

tion of periodic patterns of 2D domains, nanowires and quantum dots. In many cases,

the features have nanoscale dimensions, making them of interest for surface templat-

ing in non-lithographic, bottom-up fabrication of nanoelectronic devices. Therefore,

a fundamental understanding of mechanics, thermodynamics and kinetics of self-

assembly is necessary for reliable fabrication of ordered patterns of nanostructures

envisioned for future nanoelectronics applications. Furthermore, since the character-

istic features of the strain-induced self-assembled patterns can be directly related to

key surface thermodynamic and kinetic parameters, detailed experimental investiga-

tions of the patterns also allow for a quantitative determination of these parameters.

In the work presented in this thesis, using a combination of experimental observa-

tions and predictions of mathematical models, we have shown that coupling between

long-range elastic interactions, surface thermodynamics and kinetics of material trans-

port gives rise to a wide range of novel morphological and compositional patterns in

2D self-assembling systems and quantum dots. Furthermore, since the functional

form of elastic interactions is similar to magnetic or electrostatic interactions, our

work is of generic nature and therefore should find broad applicability in a variety

78
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of self-assembling systems. The following section briefly summarizes the conclusions

drawn from our studies.

6.1 Summary

Using real-time low-energy electron microscopy to observe the growth and shape

evolution of self-assembled stress domains on Si(111) surfaces, we have shown that

elastic strain leads to dramatic transformations in the shapes of large domains that

are not predicted by existing theoretical models. By comparing the experimental

observations on the formation of the stress domains with dynamic growth simulations,

we have developed a quantitative understanding of how a self-assembling system falls

out of equilibrium. Our work shows the non-equilibrium shapes that a domain adopts

during growth depend very strongly on the azimuthal dependence of its boundary

energy. Further, we have demonstrated that these 2D self-assembled domains can

remain trapped in a large variety of long-lived and metastable shapes that arise from

an interplay of crystalline anisotropy and relaxation of elastic strain. On commonly

used cubic (111) substrates, these shapes include extended or stacked structures made

up of triangular domains connected at their corners, compact shapes with both convex

and concave curvatures and others with narrow and elongated arms. All of these

distinct experimentally observed shapes can be explained within a unified framework

based on a phase diagram that systematically classifies the metastable shapes as a

function of their size.

While the surface stress in 2D domains discussed above is essentially isotropic, we

have also analyzed the evolution of equilibrium and growth shapes of anisotropically

strained 2D self-assembled structures using a dynamic growth model. As examples of

such structures, we have studied the shapes of nanowires grown heteroepitaxially on

cubic (001) surfaces and monolayer islands or stress domains grown homoepitaxially
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on Si(001) surface. In the former case, the anisotropy in the mismatch strain in two

principal directions is large, while in the latter case, the principal components of the

strain are equal in magnitude and opposite in sign. In the case of nanowires, we

find that slow kinetics of growth limits the formation of wire-like shapes with con-

stant widths as predicted by equilibrium models. In particular, the aspect ratios of

nanowires during growth are smaller than the equilibrium aspect ratios. For mono-

layer islands on Si(001), the anisotropy in strain gives rise to a novel 4-fold symmetry

in their equilibrium shapes. This strain-induced symmetry, coupled with kinetics of

growth can result in rich shape dynamics of monolayer islands on Si(001) as seen in

recent experiments.

In the case of self-assembled alloy quantum dots, nanoscale variations in com-

position arising from the competition between chemical mixing effects and elastic

relaxation can substantially influence their electronic and optical properties. Using a

combination of finite element and quadratic programming optimization methods, we

have developed an efficient technique to compute the equilibrium composition pro-

files in strained quantum dots. We have shown that the composition profiles depend

strongly on the morphological features such as the slopes and curvatures of their

surfaces and the presence of corners and edges as well as the ratio of the strain and

chemical mixing energy densities. More generally, our approach provides a means to

quantitatively model the interplay between the composition variations, temperature,

strain and the shapes of small-scale lattice-mismatched structures.

The work presented in this thesis can be further extended to addresses a few

outstanding issues related to strain-induced self assembly in alloyed 2D systems and

quantum dots. In the following section, we briefly discuss some of these issues that

can be handled within the analytical and computational methods developed here. The

list of the topics discussed below, however, is by no means complete and is merely an
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indication of the richness of the possible opportunities in this area.

6.2 Future outlook

6.2.1 Alloying in 2D self-assembling systems

While strain-driven self-assembly is widely viewed as a promising technique for

nanoscale patterning 2D systems such as domains and nanowires, a reliable means to

engineer the characteristic length scales that the patterns adopt during self-assembly

is essential for nanoelectronics applications. Alloying with Ge provides a straightfor-

ward and direct means to achieve control over feature sizes of self-assembled struc-

tures. As it is demonstrated in case of SiGe quantum dots, Ge has an advantage of

cost competitiveness as it can be effectively integrated with existing Si fabrication

techniques [Singh et al. (2005)].

The continuum models for unalloyed 2D domains developed in this work (refer

Chapters 2-4) can be further enhanced to include the effects of alloying with Ge. The

strain in alloyed 2D systems will be dependent on local composition and therefore

will vary within the structures. As shown in our work on the composition maps in

alloy quantum dots (Chapter 5), the strain variations will lead to segregation of alloy

components, thus influencing the shape of individual domains and their distribution

in a large array of patterns. Further, we have shown that an interplay between

strain and crystalline anisotropy can lead to the existence of metastable shapes which

makes it difficult to achieve a regular array of domains of consistent size and shape

(refer Chapter 3). As Ge alloying changes the local thermodynamics, in particular,

surface stress and domain boundary energy, alloying with Ge can provide an effective

means to transform the shapes trapped in local, metastable states. Finally, more

complex and rich kinetic effects, such as significantly different transport properties
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of alloy components, can also be included in modeling the non-equilibrium growth

of alloyed 2D self-assembling systems. Comparison of the predictions of the model

with real-time shape and composition profiles from the experimental work can provide

a fundamental understanding of nanoscale patterning of alloyed 2D self-assembling

systems.

6.2.2 Composition maps in fully-faceted and dislocated quan-

tum dots

We have shown that when there are many facet orientations that an alloy quan-

tum dot can adopt, the transition between shapes with different facets depends on

both the size and composition in the quantum dot (refer Chapter 5). Building upon

this idea, morphological phase diagrams that elucidate the shapes that the faceted

quantum dots adapt (such as pyramids, huts and domes) as a function of their size

and overall composition can be developed to study the effect of alloy segregation on

the shape transition. Since these transformation volumes can be measured in exper-

iments, the predictions of these calculations can be tested and therefore should be

able to determine whether a measured composition profile is close to thermodynamic

equilibrium.

It is well known that for large SiGe and InGaAs quantum dots (base width typ-

ically greater than 100 nm for SiGe dots [Drucker (2002)]), elastic energy is lowered

through the formation of dislocations. Since dislocations produce their own charac-

teristic strain fields, they can significantly influence the strain distribution in the dot

and thereby their composition profiles [Hegadekatte et al. (2008)]. Furthermore, as

the driving force for the motion of a dislocation depends on local strain, its shape and

location is inherently coupled to the composition profiles in the dot. This coupled

problem can be effectively treated by combining the optimization method developed
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in our work to compute the composition profiles with dislocation dynamics [Shenoy

et al. (2000)]. These computations will allow for a quantitative analysis of the com-

position profiles in dislocated quantum dots obtained recently using x-ray scattering

[Liao et al. (2000)] and etching measurements [Merdzhanova et al. (2006)].
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