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The mechanics of biological contact are important in many natural processes, motivating

extensive study of biological adhesive systems as well as attempts at biomimickry through

microfabricated adhesive surfaces. Improved understanding of the physical mechanisms of

biological adhesion is essential for further progress in the design of advanced adhesive sys-

tems so that natural systems are not just copied, but are ultimately improved upon. The

work presented here focuses on two broad classes of biological contact problems related to

the key design variables of surface topography and material properties: geometric adhesion

enhancement, where the force and/or work required to separate two surfaces are increased

solely through the surface geometry, and mixed mode adhesive contact, i.e., combined nor-

mal and tangential loading or straining, of viscoelastic or otherwise dissipative adhesive

interfaces. An analytical contact model for axisymmetric concave surfaces is shown to pre-

dict higher adhesive pull-off forces for a range of these geometries than for flat punches of

equal size, and experiments on gelatin validate the predictions of the model. Axisymmetric

sinusoidal wavy surfaces are also studied analytically, and it is shown that low-amplitude

waviness can enhance adhesion through both strengthening and toughening of the interface.

A model is developed for the wavy surface so that the adhesive pull-off forces in the JKR-

DMT transition regime can be studied, and significant adhesion enhancement due to surface

topography is seem to be limited to the JKR regime. Mixed mode adhesive contact is stud-

ied by introducing a phenomenological model for increased effective work of adhesion with

increasing phase angle of mode mixity, allowing the energy dissipation due to viscoelasticity

or irreversible interfacial processes seen in contact experiments of glass spheres on PDMS

to be captured. This phenomenological model is incorporated into an analysis of mixed

mode contact of axisymmetric wavy surfaces, and the mechanisms which enhance adhesion

are shown to be linked to enhanced static sliding resistance. These results highlight the

importance of surface topography and material behavior in adhesive contact.
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Chapter 1

Introduction and overview

From cell adhesion to insect locomotion, the mechanics of biological contact play a

fundamental role in a wide range of essential natural processes, motivating extensive study

of biological adhesive systems by the scientific and engineering community. For example,

review articles of hairy adhesive pads (Federle 2006), smooth adhesive pads (Gorb 2007),

and hierarchical adhesive structures (Autumn 2007) highlight the rich variety of adhesive

materials and geometries which have evolved in nature. Recent efforts at biomimickry of

such structures have generated a host of microfabricated surfaces with enhanced adhesive

properties (e.g. del Campo and Arzt 2007), but much work remains to develop a clear

physical understanding of the range of mechanisms resulting in improved adherence.

Contact mechanics can provide insights into the design and functionality of biologi-

cal adhesive systems. From an engineering perspective, surface topography and material

properties represent the most important design variables in these complex structural mor-

phologies, as both directly influence adhesive strength and toughness (Scherge and Gorb

2001). Surface topography variables can include the size, shape, and orientation of individ-

ual contacts, or the hierarchical structure of arrays of split contacts (del Campo and Arzt

2007). Individual surface contacts are often idealized as isolated elastic hemispheres, but re-

cent work indicates that both the shape of the contact (e.g. Gao and Yao 2004, Spolenak et

1
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al. 2005, del Campo, Greiner and Arzt 2007) and the interactions between neighboring con-

tacts (e.g. Hui et al. 2001, Gao et al. 2006, Guduru 2007) can have significant consequences

for adhesion. Further, uncertainties remain about the proper application of elastic contact

mechanics to the modeling of soft biological material contact. Many biological materials,

including cells and tissues, have viscoelastic properties (Sanjeevi 1982, Flaud and Que-

mada 1988), and viscoelasticity can play a significant role in the functionality of biological

adhesive systems (Brainerd 1994). For example, an essential property of smooth attach-

ment devices is the deformability and softness of the pad material (Gorb 2001). Biological

adhesive systems have been observed to demonstrate rate- or history-dependent material

responses (Gorb et al. 2000, Jiao et al. 2000) and rate-dependent attachment forces (Gorb

and Gorb 2004). Thus, viscoelasticity can play an important role in the physical mecha-

nisms of the adhesion process, but the elastic models often used to study biological contact

cannot capture such effects.

To investigate the above issues, two broad classes of problems relating to biological

contact are studied in this dissertation: geometric adhesion enhancement, where the force

and/or work required to separate two surfaces are increased solely through the surface

geometry, and mixed mode adhesive contact, i.e., combined normal and tangential loading

or straining, of viscoelastic or otherwise dissipative adhesive contact interfaces. Throughout,

the goal is to identify fundamental mechanisms which generate strong adhesion or increase

static sliding resistance. Improved understanding of the mechanisms of biological adhesive

systems can potentially advance the design and engineering of microfabricated adhesive

surfaces beyond biomimickry, so that natural systems are not just copied, but are ultimately

improved upon.

Geometric adhesion enhancement is first considered in Chapter 2, where an adhesion

model for concave shapes is investigated. Gao and Yao (2004) found that the “optimal”

shape of an individual contact is a concave profile defined by an elliptic integral function, and

the analytical results presented here indicate that a range of concave shapes generate higher

adhesive pull-off forces than flat punches of equal size. Experimental results for aluminum
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concave punches on gelatin are shown to validate the predictions of the model, with three-

fold enhancement in adhesive pull-off forces being easily achievable. Next, motivated by

observations of smooth adhesive pads adhering more strongly to slightly rough surfaces than

to perfectly flat surfaces (e.g. Santos et al. 2005), an idealized axisymmetric wavy surface

geometry is studied in Chapter 3 with the goal of understanding the physical mechanisms

of how low-amplitude surface roughness or other topographical modifications may enhance

adhesion. To investigate adhesion enhancement for a range of material properties and

length scales, a Maugis-Dugdale model (Maugis 1992) is developed for the wavy surface so

that the adhesive pull-off forces in the JKR-DMT transition regime (Johnson, Kendall and

Roberts 1971, Derjaguin, Muller and Toporov 1975) can be studied. Significant adhesion

enhancement due to surface topography is seen to only be possible in the JKR adhesion

regime, i.e., for compliant materials with high surface energy.

Next, mixed mode adhesive contact is investigated in Chapter 4. Tangential loading

in the presence of adhesion is highly relevant to biological locomotion, but mixed mode

contact of soft elastomers similar to biological materials is not well-understood. Here, a

generalized phenomenological model of energy dissipation in the form of increased effective

work of adhesion with increasing degree of mode mixity is incorporated into a model for

the combined adhesive and tangential loading of a rigid sphere on a flat half-space, with

the goal of capturing dissipation due to viscoelasticity or irreversible interfacial adhesive

processes. To verify the model, contact experiments are performed on polydimethylsiloxane

(PDMS) samples using a custom-built microtribometer, and measurements of contact area

during mixed normal/tangential loading indicate that the strong dependence of the effective

work of adhesion upon mode mixity can be captured effectively by the phenomenological

model. Contact experiments on stretched PDMS membranes further validate the model

and indicate the importance of accounting for interfacial energy dissipation during mixed

mode adhesive contact of compliant materials.

Finally, Chapter 5 combines the results of Chapters 3 and 4 to study the mixed mode
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loading of axisymmetric wavy surfaces, with the goal of investigating whether the mecha-

nisms which enhance adhesion for these surfaces due to geometric effects may also increase

static sliding resistance. An analytical model is presented which predicts that the maxi-

mum static friction load is amplified for a rigid spherical indenter in intimate contact with

a soft wavy surface, and including a mode-mixity-dependent work of adhesion in the model

leads to an even higher predicted maximum static friction load. Thus, geometric adhesion

enhancement is seen to be linked to enhanced static sliding resistance.

Collectively, the results presented in this dissertation help build a mechanical under-

standing of biological contact, and emphasize the importance of surface topography and

material properties in the functionality of adhesive structures.



Chapter 2

Adhesion enhancement due to

concave surface geometries

2.1 Introduction

A diverse variety of structures and shapes are seen in biological attachment systems.

As illustrated in Fig. 2.1, natural adhesive structures can terminate in spherical, conical,

toroidal, flat, or concave ends (Spolenak et al. 2005). Concave geometries have been shown

numerically (Su et al. 2007) and experimentally (Sirghi et al. 2000) to significantly enhance

adhesion in the presence of capillary forces, and experiments performed on fly seta using

atomic force microscopy indicated that the adhesive pull-off forces were highest in their

wet concave centers (Langer et al. 2004). However, analytical models for dry van der Waals

adhesion have also indicated that concave geometries are favorable for adhesive binding (e.g.

Gao and Yao 2004, Das and Du 2008). Researchers have fabricated geometric structures

designed to mimic the range of attachment geometries seen in nature (del Campo, Greiner

and Arzt 2007), and have found that the concave shapes such as those shown in Fig. 2.2

can outperform the adhesive strengths of other geometries when the applied compressive

preload is high enough to achieve good initial contact (del Campo, Greiner, Álvarez and

Arzt 2007).

5
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Figure 2.1: Diverse shapes of attachment devices in nature, with arrows indicating hypo-
thetical evolution paths. From Spolenak et al. (2005), c© The Royal Society. Reproduced
with permission.

Figure 2.2: Tests on a variety of microfabricated adhesive structures have found that concave
shapes like those shown above at right have higher adhesive strengths than other geometries
when sufficiently high compressive preload is applied to achieve good initial contact. From
del Campo, Greiner, Álvarez and Arzt (2007), c© Wiley-VCH Verlag GmbH & Co. KGaA.
Reproduced with permission.
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Such results indicate that geometry plays a significant role in the strength of dry adhesion

generated by short-range van der Waals forces and prompt further study of the adhesive

mechanics of concave geometries. Of particular interest is the work of Gao and Yao (2004),

who showed that the “optimal” shape for maximizing van der Waals adhesion is a concave

geometry described by an elliptic integral. Such shapes were investigated in more detail

analytically by Yao and Gao (2006) and atomistically by Buehler et al. (2006). Figure

2.3 summarizes the main results of Gao and coworkers. As originally presented in Gao

and Yao (2004), a numerical Lennard-Jones model showed that the pull-off force for a flat-

tipped fiber converges to the optimal pull-off force as the radius of the fiber decreases,

indicating that size reduction is a natural mechanism to allow contacts to achieve their

optimal adhesion. However, the results of Gao and Yao (2004) also indicate that significant

adhesion enhancement is possible by shape optimization for larger radii fibers or more

compliant materials, as highlighted in Fig. 2.3. Understanding such enhancement could

provide insights into the superior performance of concave geometries seen in the adhesion

studies of del Campo, Greiner, Álvarez and Arzt (2007) and provide further insights into

the benefits of the concave structures seen in nature.

The objective of this chapter is to investigate geometric adhesion enhancements by

developing a contact mechanics model to estimate the dry adhesion of general concave

shapes. The model is shown to predict significant adhesion enhancement for a range of

concave geometries, including those with spherical and elliptic integral profiles. (The latter

will henceforth be referred to as “elliptical” profiles.) The predicted pull-off force is seen to

increase initially with the depth of the concavity but decrease for higher depths, leaving an

intermediate concavity depth where the optimal pull-off force can be approached. To verify

the analytical model, contact experiments are performed with elliptical concave aluminum

punches on gelatin. The experimental data qualitatively confirms the trends predicted by

the model, and the measured pull-off forces come within 80% of the predicted optimum

pull-off force. These findings highlight the role of geometry in enhancing dry adhesion

and suggest that concave geometries hold promise for the efficient design of new adhesive
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Figure 2.3: A comparison of the predicted pull-off forces for a flat fiber to those with the
“optimal” geometry found by Gao and Yao (2004) for a fiber radius b, reduced elastic
modulus E∗, work of adhesion w, theoretical strength of adhesion σth. For smaller b, the
numerical results (square dots) for a flat-tipped fiber converge to the analytical solution
for the optimal pull-off force, indicating that size reduction is a mechanism for achieving
optimal adhesion. For lower E∗ or larger b, significant adhesion enhancement is possible
via shape optimization.
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systems.

The rest of the chapter is organized as follows. In Section 2.2, an analytical model is

derived for the adhesive pull-off force of a rigid axisymmetric concave indenter from an

elastic half-space. In Section 2.3, experimental results are presented for the pull-off forces

of a series of elliptical concave punches which verify the qualitative trends predicted by

the analytical model and demonstrate that significant adhesion enhancement is possible

via geometric optimization. Finally, the conclusions drawn from the analytical model and

experiments are summarized in Section 2.4.

2.2 A model for the adhesive contact of axisymmetric con-

cave punch geometries

2.2.1 Formulation of contact model

To investigate possible adhesion enhancements arising from concave punch geometries,

the boundary value problem of a rigid axisymmetric concave punch with radius b indenting

an elastic half-space with elastic modulus E and Poisson’s ratio ν is formulated. The

concave profile is assumed to be continuously differentiable for r ≤ b, with maximum depth

h occurring at radial coordinate r = 0. The goal of this analysis is to obtain relationships

between the rigid indenter displacement d, contact pressure distribution p(r), and applied

load P . The geometry of this problem is illustrated in Fig. 2.4.

Assuming the concave punch is initially subjected to sufficiently high loading such that

intimate contact is achieved with the surface for r < b, for frictionless contact the boundary

value problem becomes equivalent to prescribing an axisymmetric normal displacement on

the surface of an elastic half-space. Following a classical solution method for such problems

outlined in Barber (2002), the harmonic potential representation of Green and Zerna (1968)

can be used to express the prescribed surface displacement beneath the punch, u(r), as

∫ r

0

g1(t)dt√
r2 − t2

= −1
2
E∗u(r) , 0 ≤ r ≤ b , (2.1)
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Figure 2.4: Geometry of the concave punch contact problem. An axisymmetric rigid inden-
ter with radius b and maximum depth of concavity h is pressed into an elastic half-space with
load P , such that the displacement under the indenter is described by u(r) with maximum
displacement d.

where the reduced modulus E∗ is defined as

E∗ =
E

1− ν2
. (2.2)

Equation (2.1) is an Abel integral equation for the unknown function g1(t), which has the

solution

g1(s) = −E
∗

π

d

ds

∫ s

0

ru(r)dr√
s2 − r2

, 0 ≤ s ≤ b (2.3)

in terms of the known surface displacement u(r). As discussed by Barber (2002), the

solution for g1(s) can be used to obtain expressions for the contact pressure,

p(r) = −(σzz)z=0 =
1
r

d

dr

∫ b

r

tg1(t)dt√
t2 − r2

, 0 ≤ r ≤ b (2.4)

and the total indenting force,

P = −2π
∫ b

0
g1(t)dt , (2.5)

where the sign convention is such that P > 0 for compressive loads.

First consider the case of a spherical concave punch, where the prescribed surface dis-

placement u(r) can be expressed in terms of the rigid displacement d of the punch into the



11

half-space as

usph(r) = (d− h) + h
(r
b

)2
, (2.6)

with the spherical surface approximated by a paraboloid. Substituting Eq. (2.6) into

Eqs. (2.3)–(2.5) results in the solutions

g1,sph(s) = −E
∗

π

[
d+ h

(
2s2

b2
− 1
)]

(2.7)

psph(r) =
E∗

π

[
d+ h(4r2/b2 − 3)√

b2 − r2

]
(2.8)

Psph = 2bE∗(d− h/3) (2.9)

Equation (2.9) matches the spherical concave punch solution given by Barber (1976) and

Shibuya (1980), obtained through different methods. Note that if h = 0, the above expres-

sions for displacement, contact pressure and applied load reduce to the classical results for

a flat punch given by Kendall (1971):

uflat(r) = d (2.10)

pflat(r) =
E∗d

π
√
b2 − r2

(2.11)

Pflat = 2bE∗d . (2.12)

Now consider a concave punch with prescribed surface displacement u(r) expressed as

u(r) = (d− h) +
h

4
π − 2

[
4
π
E
(r
b

)
− 2
]
, (2.13)

where E(·) is the complete elliptic integral of the second kind. This geometry will be referred

to as “elliptical” for convenience. [Note that u(0) = d − h since E(0) = π
2 and u(b) = d

since E(1) = 1.] Gao and Yao (2004) found that an elliptical concave profile with maximum



12

depth h given by

h =
σthb

E∗

(
2− 4

π

)
(2.14)

would optimize the punch geometry such that the tensile contact stress sustained by the

interface for all r ≤ b was equal to the theoretical strength of adhesion at the moment of

separation, i.e., p(r) = −σth, resulting in an optimal pull-off force P̂opt = −πb2σth. For

a general non-optimal geometry, substituting Eq. (2.13) into Eqs. (2.3)–(2.5) obtains the

solutions

g1,ell = −E
∗

π

[
d− h

π − 2

(
π

√
1− s2

b2
− 2

)]
(2.15)

pell(r) =
E∗

π

[
1√

b2 − r2

(
d+

2h
π − 2

)
− π2h

2b(π − 2)

]
(2.16)

Pell = 2bE∗
[
d− h(π2 − 8)

4(π − 2)

]
(2.17)

Equations (2.8)–(2.9) and (2.16)–(2.17) allow the investigation of pull-off forces for

spherical and elliptical concave geometries. In general, interface separation will initiate

from either the periphery of contact (r = b) or from the center of contact (r = 0). Both

cases are examined in the following sections.

2.2.2 Punch separation initiating from periphery of contact

For shallow concave profiles, interface separation will initiate from the periphery of

contact at r = b, just as it does for a flat punch. Maugis and Barquins (1978) showed that

a Griffith fracture criterion can be used to describe JKR (Johnson, Kendall and Roberts

1971) adhesive contact, defining the stress intensity factor

KI = lim
r→b−

√
2π(b− r)p(r) (2.18)
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and setting the strain energy release rate G equal to the work of adhesion w of the interface

at equilibrium, or

G =
K2

I

2E∗ = w. (2.19)

Typically, Eq. (2.19) is used to determine the size of the contact radius for a given rigid

indenter displacement d. In this case, however, a solution is desired for the displacement d

for which the stress intensity factor becomes large enough to drive interface failure at the

fixed contact radius b.

For the spherical concave punch, Eq. (2.18) gives the stress intensity factor

KI,sph =
E∗
√
πb

(d+ h) , (2.20)

and hence the equilibrium condition of Eq. (2.19) at r = b determines the displacement d̂

at separation,

d̂G
sph = −

√
2πbw
E∗ − h , (2.21)

where the negative root has been taken so that the flat punch displacement from Kendall

(1971) will be obtained when h → 0. Plugging this into Eq. (2.9), the spherical pull-off

force P̂G
sph is found to be

P̂G
sph = −

√
8πE∗wb3 − 8

3
bE∗h . (2.22)

Note that setting h = 0 in the above expression recovers the classical solution for the pull-

off force of a flat punch, P̂flat = −
√

8πE∗wb3 (Kendall 1971). The second term in the

expression for P̂G
sph increases the magnitude of the tensile pull-off force for any depth of

concavity h. Thus, the Griffith criterion for interface separation at the periphery predicts

that any spherical concave geometry will have a higher pull-off force than a flat punch.

Repeating the above procedure for an elliptical concave punch yields the stress intensity

factor

KI,ell =
E∗
√
πb

(
d+

2h
π − 2

)
, (2.23)

which gives the following solution for displacement when substituted into Eq. (2.19) with
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r = b:

d̂G
ell = −

√
2πbw
E∗ − 2h

π − 2
. (2.24)

Plugging this into Eq. (2.17), the elliptical pull-off force P̂G
ell is found to be

P̂G
ell = −

√
8πE∗wb3 − π2bE∗h

2(π − 2)
. (2.25)

As before, the second term in the expression for P̂ell increases the magnitude of the tensile

pull-off force for any depth of concavity h. The magnitude of this term is approximately

two times greater than the corresponding term in the expression for P̂sph, indicating that an

elliptical geometry is more effective at enhancing pull-off forces than a spherical geometry.

2.2.3 Punch separation initiating from center of contact

As the maximum depth of concavity h increases, it becomes more likely that interface

separation will initiate from the center of contact (r = 0) than at the periphery. In other

words, the contact pressure at r = 0 will reach a critical value, assumed here to equal the

theoretical tensile strength of adhesion (i.e., p(0) = −σth), before the stress intensity factor

at the periphery is large enough to initiate separation. This condition for p(0) allows the

corresponding displacement d̂ and load P̂ at separation to be determined, although fracture

mechanics requires the presence of a flaw and an energy release rate criterion to propose

interface separation. Hence, the strength criterion used here should be viewed in the spirit

of the Gao and Yao (2004) approach to determine the optimal profiles.

For the spherical concave geometry, Eq. (2.8) gives the displacement corresponding to

p(0) = −σth as

d̂C
sph = −σthπb

E∗ + 3h . (2.26)

Substituting into Eq. (2.9) yields the resulting pull-off force

P̂C
sph = −2πb2σth +

16
3
bE∗h . (2.27)
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Similarly, for the elliptical concave geometry, Eq. (2.16) gives the displacement correspond-

ing to p(0) = −σth as

d̂C
ell = −σthπb

E∗ +
π + 2

2
h . (2.28)

Substituting into Eq. (2.17) yields the resulting pull-off force

P̂C
ell = −2πb2σth +

π2bE∗h

2(π − 2)
. (2.29)

The reduction in pull-off force given by the rightmost term in Eq. (2.27) is 1.2 times greater

than the corresponding reduction in pull-off force given by the rightmost term in Eq. (2.29),

indicating once more that elliptical profiles are more effective at amplifying adhesive pull-off

forces than spherical profiles. Note that when h is the optimal depth derived by Gao and

Yao (2004), substituting Eq. (2.14) into Eq. (2.29) results in P̂ell = P̂opt = −πb2σth, as

expected.

2.2.4 Dimensionless parameterization of results

Normalizing the expressions for pull-off forces with respect to that of a flat punch gives

a direct measurement of the adhesion enhancement due to a concave geometry. The optimal

pull-off force can be normalized as

P̂opt

P̂flat

=
−πb2σth

−
√

8πE∗wb3
=

√
πσ2

thb

8E∗w
, (2.30)

which is plotted in Fig. 2.3. From Eq. (2.30) the dimensionless parameters σth/E
∗ and

σthb/w can be identified. These parameters, along with the normalized depth of concav-

ity h/b, allow for the normalization of the pull-off force expressions for the spherical and

elliptical concave punch geometries as follows:

P̂G
sph

P̂flat

= 1 +
4
3π

h

b

√
π

2

(
σthb

w

)(
E∗

σth

)
(2.31)
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P̂C
sph

P̂flat

=

√
π

2

(
σthb

w

)[(σth

E∗

)1/2
− 8

3π
h

b

(σth

E∗

)−1/2
]

(2.32)

P̂G
ell

P̂flat

= 1 +
π

4(π − 2)
h

b

√
π

2

(
σthb

w

)(
E∗

σth

)
(2.33)

P̂C
ell

P̂flat

=

√
π

2

(
σthb

w

)[(σth

E∗

)1/2
− π

4(π − 2)
h

b

(σth

E∗

)−1/2
]

(2.34)

With the above equations, the pull-off forces for an elliptical geometry can be compared

to those for a spherical geometry for the same h/b, σth/E
∗, and σthb/w. If P̂ /P̂flat > 1,

the concave geometry is predicted to enhance adhesion. Figure 2.5a shows the predicted

normalized pull-off forces for the case σth/E
∗ = 0.2 and σthb/w = 115, where P̂opt/P̂flat = 3.

For this combination of parameters, the spherical pull-off forces are below the elliptical pull-

off forces for all h/b, and fall short of reaching the maximum possible pull-off force P̂opt.

On the other hand, for the elliptical geometry, there is a range of h/b where P̂opt is reached;

in fact, this is found to be true for any combination of σth/E
∗ and σthb/w. This apparent

non-uniqueness of the optimal geometry is discussed in more detail below. Figure 2.5b

shows the predicted normalized pull-off forces for the case σth/E
∗ = 0.2 and σthb/w = 29,

where P̂opt/P̂flat = 1.5. Here, the spherical geometry appears to achieve P̂opt; this was

accomplished by reducing σthb/w. Again, P̂sph ≤ P̂ell for all h/b.

The individual effects of σth/E
∗ and σthb/w on the predicted pull-off forces are now

investigated, focusing on the elliptical geometry. The effect of holding σthb/w constant

while changing σth/E
∗ is illustrated in Fig. 2.6a. Here, a higher σth/E

∗ results in a higher

P̂opt and P̂C but a lower P̂G for a given h/b. Alternatively, the effect of holding σth/E
∗

constant while changing σthb/w is illustrated in Fig. 2.6b. Here, a higher σthb/w results in a

higher P̂opt, P̂C , and P̂G for a given h/b. Similar effects are seen for the spherical geometry.

From this analytical model, it appears that the optimal shape of the concave punch for

maximizing adhesive pull-off force is non-unique. Figures 2.5 and 2.6 illustrate that there

are ranges of h/b for both elliptical and spherical geometries for which P̂opt is achieved,

rather than a unique h/b. However, this non-uniqueness is an artifact of the Griffith model,
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Figure 2.5: Comparison of pull-off force predictions for spherical and elliptical concave
geometries. (a) For higher σthb/w, the elliptical geometry achieves the optimal pull-off
force but the spherical geometry falls short for all h/b. (b) For lower σthb/w, the spherical
geometry is also predicted to achieve the optimal pull-off force.
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Figure 2.6: Effects of the dimensionless parameters σth/E
∗ and σthb/w on the pull-off force
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which allows for singular tractions on the interface. A cohesive model which limits the

interface traction to σth would show the elliptical pull-off force gradually approaching P̂opt

as h/b increases and attaining the optimal value at a unique value of h/b, similar to the

atomistic results of Buehler et al. (2006). This optimal value of h/b occurs when the

predicted elliptical pull-off force for interface separation initiating from the center of the

contact area is identical to the optimal pull-off force, e.g., when h/b is given by Eq. (2.14).

The spherical pull-off force is always less than the elliptical pull-off force for a given h/b, and

therefore the spherical geometry remains suboptimal. Thus, the Griffith fracture criterion

results should be interpreted as upper bounds to the true pull-off force for these concave

geometries, which is sufficient for the present purposes of obtaining an estimate of adhesion

enhancement. To better understand the limitations of this model, a set of experiments were

performed on gelatin, as described below.

2.3 Experimental results for concave punch geometries

2.3.1 Experimental setup and procedure

To verify the analytical model presented in Section 2.2, pull-off experiments were per-

formed on soft gelatin blocks. The low elastic modulus of gelatin allowed for these experi-

ments to be performed using macroscale punches with precision-machined elliptical concave

profiles.

To prepare the gelatin blocks, granular gelatin (MP Biomedicals, 100 Bloom) was dis-

solved in water at 60◦C, at a ratio of 1:8 by weight. In order to minimize dehydration of

gelatin during the experiments, glycerol was added to the solution. The final solution con-

tained 10wt% glycerol, 10wt% gelatin and 80wt% water. To obtain a gelatin block with a

smooth and flat surface suitable for the contact experiments, the solution was then poured

into a mold which had a flat glass plate on the bottom, and refrigerated at 4◦C for 24 hours.

When removed from the mold, the top surface of the gelatin block inherited the flatness

and smoothness of the glass plate. The RMS surface roughness of the glass plate and the
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gelatin block were measured with a white light interferometer (Zygo NewView 5000) and

found to be < 10 nm. The size of the gelatin blocks was approximately 10×10×7 cm. The

gelatin blocks were allowed to equilibrate to room temperature for 4 hours before testing.

Aluminum punches with radius b = 12.7 mm were used in these experiments and mod-

eled as rigid in comparison to the gelatin. A series of 17 elliptical concave punches with the

profile of Eq. (2.13) were machined in a CNC lathe for 0 ≤ h/b ≤ 0.2. A convex punch with

spherical radius of 97 mm was also machined for the purposes of determining the material

properties of the gelatin, as discussed in Section 2.3.2. For each of the concave profiles, a

single small hole (0.5 mm diameter) was drilled in the center of the punch to vent trapped

air and allow full contact to be possible for all r < b. Although the machined punch surfaces

were not particularly smooth, hand polishing may have distorted the machined profiles and

thus was not performed. The RMS roughness of the aluminum surface was measured with

a white light interferometer (Zygo NewView 5000) and found to be 350 nm. This roughness

was uniform for all punches.

The details of the experimental setup are illustrated in Fig. 2.7. For each experiment, an

aluminum punch was attached to a high precision miniature load cell (Honeywell Sensotec;

load range ± 10 N, force resolution 10 mN). The applied compressive and adhesive forces

measured during the course of the experiments were of the order of 0.1–1 N. The load

cell was attached to the fixed crosshead of an electro-mechanical universal testing machine

(Instron 5800), which had a displacement resolution of 1 µm. The gelatin block was placed

on a transparent tilt stage which was used to align the gelatin surface normal to the punch

axis. Beneath the tilt stage, a 45◦ mirror was used to view the contact area and measure the

contact radius during the experiment. In order to minimize the loading rate effects caused

by the viscoelastic nature of the gelatin, the crosshead velocity was kept constant at 3

mm/min in all experiments. During the experiment, the load cell output was amplified and

recorded, along with the crosshead displacement, by the Instron data acquisition system at

a sampling rate of 5 Hz.
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Figure 2.7: Schematic of the experimental setup. An aluminum concave punch is pressed
into full contact and then pulled off a gelatin block, with forces P and displacements d
continuously measured by an Instron mechanical testing machine. A tilt stage provides for
alignment of the top gelatin surface normal to the punch, and a mirror allows for observation
of the contact area.
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Figure 2.8: Fitting of E∗ and w to data from an approach and withdrawal cycle for the
97 mm convex spherical punch, using Eq. (2.35) to represent the JKR relationship between
load P and contact radius a. The work of adhesion is higher during the withdrawal cycle
due to adhesion hysteresis.

2.3.2 Measurement of elastic modulus and work of adhesion

To determine the reduced elastic modulus E∗ and work of adhesion w of the gelatin

blocks, an indentation and pull-off cycle was performed using the convex spherical punch

with radius R = 97 mm. Digital images of the contact area were captured every two seconds

with a Nikon D80 digital camera and the resulting data were fit to the JKR (Johnson et al.

1971) adhesion theory using the method of Chaudhury et al. (1996), who rearranged the

JKR relation between load P and contact radius a as

a3/2

R
=

1
K

P

a3/2
+

√
6πw
K

, (2.35)

where the bulk modulus K = 4E∗/3. Thus, a linear relationship is obtained between
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the variables P/a3/2 and a3/2/R, with slope 1/K and intercept
√

6πw/K. Data collected

during both approach and withdrawal from the gelatin blocks is shown in Fig. 2.8. Because

of adhesion hysteresis, the measured work of adhesion during approach (w = 0.04 J/m2), is

much lower than that measured during withdrawal (w = 0.2 J/m2). [The effect of adhesion

hysteresis is discussed in more detail by Chen et al. (1991), Choi et al. (1997), She et al.

(1998), and Silberzan et al. (1994), as well as in Chapter 4.] Since the pull-off forces required

for separation during withdrawal from the gelatin samples are of interest, w = 0.2 J/m2 is

used. The reduced moduli fit from the approach and withdrawal data are virtually identical;

for consistency with the work of adhesion, the modulus fit from withdrawal (E∗ = 17.6 kPa)

is used.

2.3.3 Experimental results and discussion

For each concave aluminum punch, an approach-withdrawal cycle was performed on

gelatin and the maximum tensile force sustained before separation during withdrawal was

recorded as the pull-off force. Three tests were performed for each profile, resulting in

three data points for each value of h/b tested; these data points were then normalized by

the average experimental value of P̂flat. These results are shown in Fig. 2.9. The pull-off

force data qualitatively matches the trends predicted by the analytical model for increasing

h/b. Three distinct regions are seen: for low h/b, separation initiates at the periphery (as

observed during the experiment using the 45◦ mirror); for high h/b, separation initiates at

the center of the contact area; and for intermediate h/b, the initial separation location is

seen to be highly sensitive to the alignment of the punch with the gelatin surface, and can

fluctuate between tests. For this intermediate range h/b, the pull-off force is seen to remain

relatively constant.

To quantitatively compare these results to the analytical model for the elliptical concave

punch, the dimensionless parameters σth/E
∗ and σthb/w must be determined. The values of

E∗ and w were determined independently using the JKR adhesion test described in Section

2.3.2, and b is the fixed radius of the aluminum punches. The value of σth, however, cannot
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Figure 2.9: Experimental results for pull-off forces of aluminum concave punches from
gelatin. For low h/b, separation initated from the periphery, whereas for high h/b, separation
initiated from the center of the punch. The values of σth/E

∗ shown are best fits to the data.
The highest pull-off forces measured are approximately three times greater than the pull-off
force measured for the flat punch.



25

be determined independently and must be fit to the measured pull-off force data. Figure

2.9 shows the analytical results for two choices of σth which best fit the data: σth/E
∗ = 0.18

(dashed-dot line) and σth/E
∗ = 0.19 (dashed line). The Griffith criterion result P̂G

ell/P̂flat

remains unchanged for both values of σth/E
∗ because E∗, w, and b remain fixed; as discussed

in Section 3.1, it overpredicts the measured pull-off force due to integration of physically un-

realistic singular tractions. Both the optimal pull-off force P̂opt/P̂flat and center-separation

pull-off force P̂C
ell/P̂flat increase for the higher value of σth/E

∗ = 0.19. The experimental

results are 75-80% lower than the value of P̂opt/P̂flat predicted by the model for these values

of σth/E
∗. It is likely that the presence of the small central air hole introduces a local flaw

into the contact area which reduces the maximum tensile force sustainable before separation

in the experiments. It is also likely that the surface roughness of the punch interferes with

obtaining a good fit for the strength of adhesion σth; thus, the fitted value of σth should

not be thought of as a molecular-level intrinsic quality, but rather an effective strength of

adhesion modulated by the surface roughness, similar to those obtained from the contact

experiments performed on a micrometer-scale asperity with nanometer-scale roughness by

Li and Kim (2008). Even with the above limitations, however, the analytical model captures

the trends in pull-off behavior of the elliptical concave punches with increasing h/b well.

The experimental data supports the analytical predictions of significant adhesion en-

hancement being possible simply due to a concave geometry. The results show that a

three-fold enhancement in pull-off force over that of a flat punch is seen for a range of h/b,

indicating that enhanced adhesive strength is not tied to a unique geometry. Achieving the

optimal pull-off force, however, would require a flaw-free interface and a precise geometry

tied to a unique h/b. Thus, concave adhesive systems seen in nature may significantly

enhance adhesion but likely do not “optimize” it.

Rather than focusing on adhesion enhancement through shape optimization, Gao and

Yao (2004) used their results to emphasize the concept of achieving robust, flaw-tolerant ad-

hesion through size reduction, and noted that the critical fiber size at which a flat geometry
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has the same pull-off force as the optimal concave geometry is given by

bcr =
8
π

E∗w

σ2
th

. (2.36)

For the ‘dry’ van der Waals adhesion seen in geckos, Gao and Yao (2004) estimated w = 10

mJ/m2, σth = 20 MPa, E∗ = 1 GPa, and hence bcr ≈ 64 nm, indicating that the small size

of the gecko fibrillar spatula (b ≈ 100 nm) may be the result of natural selection to ensure

a shape-insensitive optimum fracture strength. In the present case, the experimentally-

determined values of w = 200 mJ/m2, σth ≈ 3.2 kPa, and E∗ = 17.6 kPa indicate bcr =

0.9 mm for the gelatin-aluminum system. Below this critical size, the pull-off forces for

the flat and concave shapes should converge to the same value; above this critical size,

adhesion enhancement is predicted to be possible through concave geometries. The details of

this predicted transition from shape-sensitive to shape-insensitive adhesion with decreasing

contact size could be investigated with contact experiments on gelatin similar to those

described here. Gelatin is much more compliant than the keratin found in gecko attachment

systems, but other biological adhesive systems have an elastic modulus similar to that of

gelatin, including the adhesive pads of the bush cricket Tettigonia viridissima studied by

Gorb et al. (2000), for which E∗ = 50 kPa.

2.4 Chapter summary

In this chapter, an analytical model was developed for the pull-off forces required to

separate a rigid axisymmetric concave punch from an elastic half-space with the goal of

understanding how concave shapes seen in both biological and man-made adhesive systems

can outperform other geometries. Significant enhancement in adhesive strength compared

to that of a flat punch was predicted for both spherical and elliptical concave punch profiles.

Increasing the depth of the concavity initially increases the resulting pull-off force, but for

higher depths the contact interface will separate before higher pull-off forces than those

for the flat punch are achieved. Experimental results performed with machined aluminum
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elliptical concave punches on gelatin qualitatively verified the trends predicted by the ana-

lytical model, and the maximum pull-off forces measured came within 80% of the predicted

optimum pull-off force. These findings emphasize the benefits of concave geometries for

designing interfaces which enhance adhesion through geometry alone.



Chapter 3

Enhanced adhesion due to surface

waviness: JKR–DMT transition

3.1 Introduction

Traditionally, surface roughness has been viewed as reducing adhesion between elastic

solids. This makes intuitive sense for relatively stiff materials, as roughness prevents in-

timate surface contact. Thus, as most naturally occurring surfaces are somewhat rough,

the vast majority of engineering materials do not appear to adhere to each other at all at

macroscopic length scales.

However, biologists have been aware for some time of instances where surface roughness

is found to enhance adhesion. For example, in studies on the adhesion of marine inver-

tebrates, Walker (1987) observed that adult tubeworms demonstrate significant adhesion

to rough slate but minimal adhesion to smooth surfaces, and that barnacles also show a

significant increase in tenacity to roughened surfaces. More recently, Santos et al. (2005)

investigated the adhesion of echinoderm tube feet and observed higher tenacity on rough-

ened polymer surfaces than on smooth surfaces. In the latter study, scanning electron

microscopy confirmed deformation of the soft tube feet to match the profile of the rough

substrate, and this effective increase in the true area of contact was proposed to explain

28
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the enhanced reversible adhesion to rough surfaces, similar to how roughened surfaces can

increase the performance of irreversible adhesives such as permanent glues due to increased

effective surface area.

Studies of the adhesion of rubbers and other soft elastomeric materials, similar to those

commonly found in biological adhesion mechanisms, have also provided evidence for stronger

adhesion to slightly roughened surfaces than to smooth ones. Experiments by Briggs and

Briscoe (1977), Fuller and Roberts (1981), and Kim and Russell (2001) on elastomers in con-

tact with roughened rigid surfaces showed that the maximum pull-off force and detachment

energy increased with roughness amplitude and reached a maximum before decreasing.

Most mechanical models of rough surface contact and adhesion have not satisfactorily

explained or predicted this phenomenon. Fuller and Tabor (1975) first derived a solution

for the JKR adhesion (Johnson, Kendall and Roberts 1971) of rough surfaces using the

Greenwood and Williamson (1966) model, which assumes a Gaussian height distribution of

noninteracting spherical asperities with uniform radii. Although the JKR theory is well-

suited for modeling the adhesion of the compliant elastic materials which demonstrate the

phenomenon, both the Fuller and Tabor model, and a more detailed derivation presented

by Fuller and Roberts (1981) to attempt to explain their experimental results, did not

predict any increase of adhesion over that on a smooth surface. Fractal surface models have

been used extensively by Persson and Tosatti (2001) and Persson (2002) to study rough

surface adhesion, and these models do in fact predict an increase in net energy required to

separate a unit area of rough interface. As in the case of the biological adhesion study of

Santos et al. (2005), this increase in adhesion is attributed to an effective increase in the

true area of contact for compliant materials in contact with surfaces having small amplitude

roughness. However, the Persson models use an energy balance approach which assumes

that attachment and detachment are completely reversible processes, which is not physically

realistic.

The topic of rough surface adhesion has become increasingly important in the areas

of nano- and micro-tribology, as surface forces become dominant when the size scale of
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contacting bodies becomes small, and surface roughness plays an increasingly large role in

determining the adherence between two bodies. However, below a certain length scale of

contact, the assumptions in the JKR theory of adhesion begin to break down. Thus, to study

nanoscale roughness effects on adhesion, the analytic model proposed by Maugis (1992) to

capture the transition from the JKR regime to the DMT (Derjaguin et al. 1975) adhesion

theory, which is more suitable for stiff materials and small length scales, is often used. The

Maugis model uses a Dugdale cohesive zone formulation to approximate the effect of surface

forces acting outside the area of contact. Recently, this model of the JKR-DMT adhesion

transition has been incorporated into a Greenwood-Williamson rough surface contact model

(Morrow et al. 2003) as an extention of the work of Fuller and Tabor (1975), as well as a

fractal rough surface contact model (Morrow and Lovell 2005), similar to that used in the

work of Persson. Interestingly, in the work of Morrow et al. (2003), the adherence force is

seen to steadily decrease as a function of a dimensionless roughness parameter, but enhanced

adhesion below a critical roughness parameter is observed in the work of Morrow and Lovell

(2005). This disparity in the predictions of the JKR-DMT adhesion transition models, in

addition to the conflicting predictions for rough surfaces in the JKR models mentioned

above, demonstrates the need for a more thorough understanding of how slightly rough

surfaces can generate the enhanced adherence which is observed experimentally.

One method of developing such an understanding is to study rough surface contact me-

chanics using simplified surface geometries. Sinusoidal wavy surfaces lend themselves to

exact analytic solutions, and have been used in several previous studies to approximate

rough surfaces. Johnson (1995) first considered the planar wavy surface problem with JKR

adhesion and derived the pressure necessary for surfaces to come into full contact. Hui et al.

(2001), Carbone and Mangialardi (2004), and Zilberman and Persson (2002) also studied

sinusoidal planar surfaces using various approaches. Each of these papers focuses primarily

on partial contact and the conditions necessary for the two surfaces to jump into full contact

during approach. However, recently the work of Li and Kim (2005), Guduru (2007) and

Guduru and Bull (2007) has shown that the detachment process is more relevant in terms of
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understanding how small amplitude surface waviness can enhance adhesion. Guduru (2007)

studied the mechanics of detachment of a rigid sphere from an elastic axisymmetric wavy

surface in the presence of JKR adhesion and demonstrated how the presence of waviness

introduces oscillations in the equilibrium force-penetration curves which amplify the tensile

force required to separate the surfaces, causing interface strengthening. Further, these same

oscillations introduce instabilities into the detachment process which dissipate mechanical

energy, resulting in interface toughening. Detachment experiments performed on gelatin

by Guduru and Bull (2007) demonstrated these phenomena and confirmed the theoretical

model. Thus, the force amplifications and irreversible dissipation of energy during the sep-

aration process suggest that the adhesion enhancement seen for soft elastomers on slightly

rough surfaces is not due solely to the increase in effective contact area as proposed by

other authors. As noted by Hui et al. (2001), most real surfaces have asperities which

are in close enough proximity to interact elastically, and thus do not behave like surfaces

comprised of isolated JKR spherical asperities, as is commonly assumed in most models.

The significance of asperity interaction was also seen in the study of elastic-perfectly plastic

sinusoidal surfaces by Gao et al. (2006), as contact models for isolated asperities did not

accurately predict the behavior of many sinusoidal surface geometries. Allowing for asperity

interaction in rough surface adhesion models appears to be critical for properly capturing

the instabilities and energy dissipation seen in the work of Guduru (2007).

In this chapter, the mechanisms for interface toughening and strengthening of adhesive

wavy surfaces are further explored, with the goal of providing physical insights into how

existing models for more realistic rough surfaces might be improved to better capture such

phenomena. Canonical exact solutions for axisymmetric contact problems are built upon to

highlight the phenomena of interface toughening and strengthening for both the JKR and

JKR-DMT adhesion transition solutions. Significant enhancement in adhesion due to the

presence of a slightly wavy surface is observed, and it is seen that most of this enhancement

is limited to the JKR adhesion regime. Thus, adhesion enhancement due to wavy surface

geometries is found to be limited to compliant materials with high surface energy.
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The chapter is organized as follows. In Section 3.2.1, the JKR solution for the axisym-

metric wavy surface contact problem is discussed, and presented in a new dimensionless

form which allows comprehensive adhesion maps to be drawn. In Section 3.3, the JKR-

DMT transition solution is derived using a Maugis-Dugdale cohesive zone formulation, and

the enhancement in adhesion due to surface waviness is mapped. The conclusions of the

chapter are summarized in Section 3.4.

3.2 Axisymmetric wavy surface adhesion: JKR theory

3.2.1 Wavy surface geometry

As a simple approximation to the rough surface contact problem, contact between a

rigid spherical indenter and the axisymmetric wavy surface of a linearly elastic half-space

is considered. The wavy surface is described as a sinusoidal function of radial coordinate r,

z = −A
(

1− cos
2πr
λ

)
, (3.1)

where A is the amplitude of the waviness and λ is its wavelength. In the analysis of Guduru

(2007), only surfaces with positive values of A were considered, such that initial contact

with the rigid sphere was made at a central convex asperity on the elastic wavy surface (i.e.,

the wavy surface has a peak at r = 0). Here the analysis is extended to include negative

values of A, which will also allow for the consideration of axisymmetric wavy surfaces which

have a central concave trough. The differences in the contact geometry between a sphere

and two wavy surfaces with amplitudes of opposite sign are illustrated in Fig. 3.1.

As in the classical Hertz contact analysis, the rigid spherical surface is approximated as

a paraboloid,

z =
r2

2R
, (3.2)

which is valid for small values of r/R, where R is the radius of the sphere. Thus, the gap
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Figure 3.1: The geometry of the axisymmetric contact problem. A sphere of radius R
contacts an elastic half space with a single wavelength cosine surface. The amplitude A
and wavelength λhave been exaggerated in the diagram for visual clarity; in this model;
λ � R so that contact with multiple waves is achieved. (a)A < 0, central concave trough.
(b)A > 0, central convex asperity.

between the sphere and the wavy surface is given by

f(r) =
r2

2R
+A

(
1− cos

2πr
λ

)
. (3.3)

It is clear that as the rigid sphere is brought into contact, the contact area will not be simply

connected for most wavy surface geometries. Guduru (2007) derived conditions for the gap

given by Eq. (3.3) to be monotonically increasing with radius, which guarantees a simply

connected contact area, but is overly restrictive as the presence of adhesion allows for a wavy

surface to spontaneously achieve full adhesion in the absence of normal load, as shown by

Johnson (1995) and others. Further, many soft elastomers such as polydimethylsiloxane

(PDMS) allow for rapid air diffusion (Hui et al. 2001), such that it is possible for trapped

air bubbles to disperse with time under external loading. For these reasons, detachment of

the sphere from the wavy surface is focused upon, with the assumption that the sphere has

been pressed sufficiently such that any partial contacts have coalesced and intimate contact
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is established throughout the contact area before detachment begins. The conditions for

spontaneous jump-to-contact are examined further in a subsequent section.

3.2.2 Sneddon theorems for axisymmetric contact problems

Following the procedure presented by Maugis (2000), it is helpful to begin study of

the contact problem by reviewing theorems derived by Sneddon (1965) for solving the

axisymmetric indentation problem of a rigid punch of arbitrary profile in contact with a

flat elastic half space. For a given contact radius a, the wavy surface problem can be made

equivalent to the flat surface formulation by making the profile of the rigid indenter, f(ρ),

equal to that of the gap given in Eq. (3.3), where ρ = r/a. In the solution procedure

which follows, ∆ is the penetration of the punch; P is the applied load (P > 0 indicating

compression); σz(r, 0) is the stress inside the area of contact; and uz(r, 0) is the displacement

of surface points outside the area of contact. Sneddon (1965) showed that by defining the

function

χ(t) =
2
π

(
∆− t

∫ t

0

f ′(ρ)dρ√
t2 − ρ2

)
, (3.4)

the contact parameters for an arbitary punch profile f(ρ) can easily be expressed as:

∆ =
∫ 1

0

f ′(x)dx√
1− x2

+
π

2
χ(1) (3.5)

P = πaE∗
∫ 1

0
χ(t)dt = 2aE∗

[
∆−

∫ 1

0

xf(x)√
1− x2

dx

]
(3.6)

σz(ρ, 0) = −E
∗

2a

[
χ(1)√
1− ρ2

−
∫ 1

ρ

χ′(t)dt√
t2 − ρ2

]
, ρ < 1 (3.7)

uz(ρ, 0) =
∫ 1

0

χ(t)dt√
ρ2 − t2

, ρ > 1 (3.8)

Here, E∗ = E/(1−ν2) is the plane strain modulus of the elastic solid, which is characterized

by the elastic modulus E and the Poisson’s ratio ν. Physically, the function χ(t) determines

the nature of the stresses at the periphery of contact. For Hertzian contact, the requirement
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that no stress singularity be present at ρ = 1 is enforced by defining χ(1) = 0, and this

condition determines the contact radius a. When adhesion is present, χ(1) can be nonzero

(Barquins and Maugis 1982), implying that singular contact stresses are admissible within

the linear elasticity treatment of adhesion problems.

3.2.3 Non-adhesive contact of axisymmetric wavy surfaces

The solution of the axisymmetric wavy contact problem is begun by considering the

Hertzian case where no adhesion is present. First note that, from Eq. (3.3),

f ′(ρ) =
a2ρ

R
+

2πaA
λ

sin
2πaρ
λ

, (3.9)

and thus χ(t) can be solved for using Eq. (3.4):

χ(t) =
2
π

[
∆1 −

a2t2

R
− π2Aat

λ
H0

(
2πat
λ

)]
, (3.10)

where ∆1 is the penetration in the absence of adhesion and Hn(·) is the Struve function of

order n (c.f. Abramowitz and Stegun 1965). To ensure nonsingular stresses at the periphery

of contact it is required that χ(1) = 0, and using this condition to solve Eq. (3.10) for ∆1

gives

∆1 =
a2

R
+
π2Aa

λ
H0

(
2πa
λ

)
. (3.11)

Substituting this expression into Eq. (3.10) and using Eq. (3.8) to solve for the Hertzian

displacement uz,1 results in

uz,1(ρ, 0) =
a2

πR

[
(2− ρ2) sin−1 1

ρ
+
√
ρ2 − 1

]
+

2πAa
λ

[
H0

(
2πa
λ

)
sin−1 1

ρ
−
∫ 1

0

tH0(2πat/λ)√
ρ2 − t2

dt

]
. (3.12)
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Using Eq. (3.7) to solve for the contact pressure, p1(r) = −σz(r), for a given radius a in

the absence of adhesion yields the expression

p1(r) =
E∗

π

[(
2
R

+
4π2A

λ2

)√
a2 − r2 +

π2A

λ

∫ a

r

H0(2πα
λ )

√
α2 − r2

dα

−2π3A

λ2

∫ a

r

H1(2πα
λ )

√
α2 − r2

dα

]
. (3.13)

Finally, the total applied load can be found by using Eq. (3.6):

P1(a) = 2E∗
[(

2
R

+
4π2A

λ2

)
a3

3
+
πAa

2
H1

(
2πa
λ

)
− π2Aa2

λ
H2

(
2πa
λ

)]
(3.14)

Note that although Guduru (2007) used a different solution procedure (the method of

cumulative superposition, e.g. Hill and Storakers (1990)), the results of both solution

techniques for p1, P1, and ∆1 are are identical. The Sneddon procedure is better suited

for the purposes of this analysis in that it gives a simple formula for obtaining uz, which is

necessary later for studying the influence of adhesive tractions outside the contact area.

3.2.4 JKR-type adhesive contact of axisymmetric wavy surfaces

As demonstrated by Guduru (2007), the adhesion problem between the rigid sphere

and the wavy surface can be solved in several ways. In the JKR model of two adhering

surfaces, it is assumed that adhesive forces only act within the area of contact and that the

interaction between the surfaces outside the contact area is negligible. Either the original

JKR potential energy approach (Johnson et al. 1971) or the equivalent energy release rate

approach of linear elastic fracture mechanics (Maugis 2000) can be used. In both cases,

the final adhered state can be obtained by superposing the Hertzian wavy surface contact

solution presented above, for a given contact radius a and load P1 in the absence of adhesion

given by Eq. (3.14), and the solution for a rigid circular punch of the same radius a on a

half space with an applied load of P1−P , where P is the applied load required to maintain

the contact radius a on the wavy surface in the presence of adhesion. The contact pressure
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resulting from such a superposition is

p(r) = p1(r)−
P1 − P

2πa2
√

1− r2/a2
, (3.15)

where p1(r) is given by Eq. (3.13). The mode I stress intensity factor at the contact

boundary, defined as

KI = lim
r→a−

√
2π(a− r)p(r) =

P1 − P
2a
√
πa
, (3.16)

and the corresponding energy release rate can be evaluated as

G =
K2

I

2E∗ =
(P1 − P )2

8πE∗a3
. (3.17)

(The energy release rate is half that in fracture mechanics because the punch is not de-

formable). At equilibrium, the energy release rate is equal to the work of adhesion,

w = ∆γ = γ1 + γ2 − γ12 , (3.18)

where γ1 and γ2 are the surface energies of the contacting solids and γ12 is interaction

energy between the two materials. Thus, the equilibrium condition G = w determines the

JKR solution for the applied load, from Eq. (3.17), to be

P (a) = P1(a)−
√

8πE∗wa3. (3.19)

Similarly, the JKR penetration and displacement can be obtained by superposing the flat

punch results (Maugis 2000):

∆ = ∆1 −
√
πa

E∗ KI = ∆1 −
√

2πwa
E∗ (3.20)

uz(ρ, 0) = uz,1(ρ, 0)− 2
πE∗KI

√
πa sin−1 1

ρ
, ρ > 1 (3.21)



38

Hence, for a given contact radius a, the corresponding load P and penetration ∆ can be

represented in a parametric plot using Eqs. (3.19) and (3.20). Guduru (2007) has investi-

gated the JKR adhesion model for axisymmetric surfaces in detail. Here, new dimensionless

parameters are introduced which permit a comprehensive mapping of the Guduru (2007)

results.

3.2.5 Dimensionless JKR theory for axisymmetric wavy surface contact

The JKR theory presented above can be represented in dimensionless form with the

introduction of the following parameters:

α =
AR

λ2
, β =

(
λ

R

)3 E∗R

2πw
=

λ3E∗

2πwR2
(3.22)

Physically, α represents the degree of surface waviness. Larger values of α correspond

to surfaces with high amplitude, short wavelength waviness, whereas smaller values of α

correspond to surfaces with shallow, long wavelength waviness. β is a measure of the relative

stiffness of the material to the surface energy; small β values correspond to more compliant

materials where surface energy effects are more dominant, whereas large β values correspond

to stiffer materials where surface energy is less dominant. Using these parameters, and

defining the normalized load, penetration, and contact radius as

P̄ =
P

πwR
, ∆̄ =

∆R
λ2

, ā =
a

λ
, (3.23)

respectively, dimensionless expressions for the Hertzian contact load P̄1, JKR contact load

P̄ , and JKR penetration ∆̄ are obtained from Eqs. (3.14), (3.19), and (3.20):

P̄1 = 4β
[
2ā
3

+ α

(
4π2ā3

3
+
πā

2
H1(2πā)− ā2H2(2πā)

)]
(3.24)

P̄ = P̄1 − 4
√
βā3 (3.25)

∆̄ = ā2 + απ2āH0(2πā)−
√
ā

β
(3.26)
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As α → 0, the solution for JKR adhesion of a rigid sphere on a flat elastic surface is

recovered.

Graphs of the load P̄ versus the penetration ∆̄ illustrate how the presence of of surface

waviness introduce oscillations onto the equilibrium load curves, as seen in Fig. 3.2a. Here,

the dashed line represents the equilibrium path for this particular combination of α and

β. However, during detachment, the equilibrium path cannot be followed, and there will

be unstable jumps to the next physically achievable point on the curve, shown by the solid

arrows which follow the detachment path for the case of displacement-controlled separation.

Such instabilities dissipate energy, illustrated by the shaded portion of the graph, and cause

toughening of the contact interface. This phenomenon of energy dissipation is not captured

by most existing models of rough or wavy surface adhesion, and indicates that models

which assume that the contact approach and separation are perfectly reversible processes

are neglecing a fundamental mechanism for interface toughening.

The separation or pull-off force, P̄c, is the maximum tensile load supported during

detachment. In a load-controlled experiment, the two surfaces will spontaneously separate

once P̄c is reached. With the sign convention adopted here, the maximum tensile load

corresponds to the minimum point on the P̄ -∆̄ curves. From the classical JKR analysis for

a rigid sphere detaching from a flat elastic surface, (P̄c)flat = −3
2 . The location of P̄c on

the P̄ -∆̄ curves is illustrated in Fig. 3.2b.

3.2.6 Discussion

The results of Section 3.2.5 allow for comprehensive plots of the pull-off force enhance-

ment P̂c = (P̄c)wavy/(P̄c)flat using only the parameters α and β. Such a map of the predicted

adhesion enhancement for a range of wavy surfaces is presented in Fig. 3.3. A significant en-

hancement in the normalized pull-off force is seen for the majority of combinations of α and

β, including both α > 0 (central convex asperity) and α < 0 (central concave trough). The

general trend is that the force amplification P̂c tends to increase as β increases, although

there are some combinations of α and β for which P̂c < 1, meaning that the pull-off force
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Figure 3.2: Variation of the compressive normal load P̄ as a function of the penetration ∆̄,
for JKR adhesion. (a) Energy dissipation (shaded areas) due to unstable detachment results
in interface toughening. (b) The minimum point on the load-penetration curve corresponds
to the pull-off force P̄c, and is generally larger in magnitude for the wavy geometry than
the pull-off force for the sphere on a flat surface, resulting in interface strengthening.
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for the wavy surface characterized by those parameters is less than that for the flat surface.

However, significant enhancement in adherence is clearly attainable for most geometries.

The adhesion map in Fig. 3.3 shows that fivefold increase in pull-off force is predicted for

several combinations of |α| < 0.5, 1 ≤ β ≤ 10. Even greater increases in pull-off force are

predicted by this model for higher values of α, β. The experimental work of Guduru and

Bull (2007) showed that 5 ≤ P̂c ≤ 15 was easily attainable for rigid wavy surfaces separating

from soft gelatin, with 0.25 ≤ α ≤ 1.25 and 0.2 ≤ β ≤ 20. Using the data from Fig. 3.3 for

the specific case of PDMS, with typical modulus E∗ ≈ 1 MPa and work of adhesion w ≈ 50

mJ/m2, in contact with a rigid sphere of radius 5 mm, choosing α = 0.15 and β = 1 re-

sults in pull-off force amplification P̂c ≈ 2, and corresponds to waviness amplitude A = 1.2

µm and wavelength λ = 0.2 mm. Choosing α = 0.15 and β = 10 results in pull-off force

amplification P̂c ≈ 6, and corresponds to waviness amplitude A = 5.5 µm and wavelength

λ = 0.43 mm. These examples illustrate the potential for significant increases in adhesive

tenacity resulting from the presence of shallow waviness on soft elastic surfaces.

In the construction of Fig. 3.3, it is assumed that full intimate contact has been reached

within a sufficiently large radius ā such that the maximum pull-off force predicted by the

P̄ -∆̄ curves can be achieved in the detachment problem. To better understand the validity

of such an assumption, the conditions for spontaneous jump-to-contact during approach

can be studied (e.g. Johnson 1995, Persson 2002). Using the Persson global energy balance

concept, the energy necessary to deform an elastic block so that the material fills a substrate

cavity of height A and width λ is estimated as

Uel ≈
1
2

∫
V
σε d3x , (3.27)

where the stress σ ≈ Eε, and the strain ε ≈ A/λ is mainly localized to a volume ≈ λ3.

Hence, an approximation for the elastic energy is Uel ≈ λ3E
(

A
λ

)2 = EλA2. The gain in the

adhesion energy upon contact is Uad ≈ −wλ2. Setting Uel = −Uad gives

A

λ
≈
( w

Eλ

)1/2
. (3.28)
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Making the approximation E ≈ E∗ for the purposes of this qualitative analysis, and dividing

both sides by λ/R, Eq. (3.28) can be rewritten as

α ≈
(

1
2πβ

)1/2

. (3.29)

Thus, the surfaces will spontaneously jump to contact in the absence of applied load if

α ≤ αc ≈ (2πβ)−1/2. Combinations of α and β where this condition is met are illustrated

within the shaded area in Fig. 3.4. For geometries where α > αc, the curves for the

amplification in pull-off force P̂c seen during detachment are only valid after full contact

has first been obtained by external compressive loading.

In Fig. 3.4, it can be seen that beyond a critical β, there is actually a reduction in

pull-off force for the wavy surface compared to the flat surface, i.e., P̂c < 1. (As noted

previously, this effect is also seen in Fig. 3.3). This corresponds to the case where locally

the wavelength becomes large enough that the contact problem becomes one of two isolated

spherical asperities in contact, rather than a wavy surface. In such a case, the effective

radius is smaller than the radius R, and thus the apparent pull-off force decreases, so that

P̂c < 1.

Thus far, the analysis only allows for interface separation originating at the periphery.

However, intuitively it can be seen that above a critical amplitude of waviness, interface

separation is likely to occur at the local minima of the surface waves, where tensile interface

stresses will be highest. Other authors (e.g. Johnson 1995) have allowed for this possibility

by seeding these local minima with small flaws, since introducing local imperfections is the

only way to initiate crack growth along a perfect interface in the Griffith model of fracture

mechanics. Unlike the case of planar wavy surface model studied by Johnson (1995), the

local minima found for the axisymmetric gap profile of Eq. (3.3) are not radially periodic or

ordered for general α and β, and this significantly complicates such an analysis. Therefore,

while considering the case of crack initiation at interface flaws is necessary to fully complete

the wavy surface adhesion model, it is not considered in the current analysis. Instead it is

simply noted that in practice there is a critical value of α beyond which interface separation
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will initiate within the contact region, and this will significantly reduce any adherence of

the two solids, as typically seen for rough surfaces.

3.3 Axisymmetric wavy surface adhesion: JKR-DMT tran-

sition

3.3.1 Background on major theories of adhesion

The analytical formulation presented above is based on the JKR (Johnson et al. 1971)

theory, in which the key assumption is the absence of surface interactions between the sphere

and the wavy surface outside the area of intimate contact. Such a model is well-suited for

modeling soft, compliant materials with high surface energy. However, attractive forces

outside the edge of contact become more important for stiffer materials with low surface

energy which do not deform as significantly when placed into contact. These conditions are

better captured by the DMT (Derjaguin et al. 1975) model, which assumes that molecular

forces act only in a ring-shaped zone of noncontact adhesion, and are assumed not to change

the shape of the profile outside the contact area from the Hertzian solution (as the materials

are stiff). Muller et al. (1983) later presented a revised DMT model, using a more correct

method to sum up the interactions in the Hertzian gap. Note that while (P̄c)flat = −3
2 for

the JKR model, (P̄c)flat = −2 for the DMT model.

Tabor (1977) compared the two theories and showed they were related by a dimensionless

transition parameter µ which evaluates the ratio of elastic deformation to the range of

the surface forces. Muller et al. (1980) implemented a numerical Lennard-Jones surface

interaction potential and confirmed a continuous transition between the DMT and JKR

regimes, governed by a parameter proportional to Tabor’s adhesive transition parameter.

The DMT regime corresponds to µ� 1, for stiff materials, small spherical indenter radius R,

and low surface energy w. The JKR regime corresponds to µ� 1, for compliant materials,

large R, and high w. (In their adhesion map for the contact of elastic spheres, Johnson and

Greenwood (1997) show that the JKR theory is strictly valid for µ > 5 but that it works
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well for µ > 0.3 in practice.)

For contact problems in the transition region between the two adhesion theories, Maugis

(1992) introduced a solution based on a Dugdale (1960) model for the surface interactions

rather than the more realistic Lennard-Jones model, which makes the problem tractable

analytically. In the Dugdale assumption for the interaction potential, the adhesive traction

is constant at a value of σ0 until the critical crack opening separation δc is reached, and

the adhesive traction immediately drops to zero for larger separations. Although this is an

approximation to the actual nature of the adhesive potential, Barthel (1998) showed that

the Dugdale model is adequate in most cases. The transition parameter used by Maugis is

commonly referred to as λ, but will be called µm here to avoid confusion with the wavelength

of surface waviness, and is defined as

µm =
σ0

E∗

(
9RE∗

2πw

)1/3

. (3.30)

If the Dugdale adhesive traction σ0 is chosen to match the maximum adhesive traction

given by the Lennard-Jones interaction potential, then it has been demonstrated that µm =

1.16µ (Johnson and Greenwood 1997). In the derivation that follows, the Maugis-Dugdale

transition model is extended to the axisymmetric wavy surface adhesive contact problem.

3.3.2 Maugis-Dugdale cohesive zone model for axisymmetric wavy sur-

faces

In the Maugis-Dugdale model for axisymmetric problems (Maugis 1992, 2000), the adhe-

sive stress is assumed to reach a constant tensile value σ0 on an annulus outside the contact

zone. At the outer edge of this annulus, a critical separation δc between the two contacting

surfaces is reached, and the adhesive stress drops to zero, as illustrated in Fig. 3.5a. The size

of this annular cohesive zone is determined such that the stress singularity at the edge of the

contact area in the JKR model is canceled, so that the crack profile closes smoothly without

a discontinuity in slope. The condition governing the cancellation of stress singularites can
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Figure 3.5: Illustrations of the assumptions of the Maugis-Dugdale model for the JKR-
DMT transition. (a) Dugdale model for adhesion outside the area of intimate contact,
with constant adhesive traction σ0 acting over a cohesive zone length δc. (b) Schematic of
the contact radius a and cohesive zone a ≤ r ≤ c, where adhesive surface interactions are
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be expressed as

KI +Km = 0 , (3.31)

where KI is the stress intensity factor found from the JKR analysis due to the external

loading, and Km is the stress intensity factor resulting from the introduction of the tensile

adhesive tractions at the contact periphery. Recall from Eq. (3.15) that the singular contact

stress in the JKR adhesion problem is defined as

σz(r, 0) =
KI√
πa

1√
1− ρ2

− p1(r) , (3.32)

where KI is defined by Eq. (3.16). The stress distribution due to constant adhesive traction

σ0 on an annulus (a < r < c) is given by Maugis (2000) as

σz(r, 0) =
Km√
πa

1√
1− ρ2

+
2σ0

π
tan−1

√
m2 − 1
1− ρ2

(3.33)

where the stress intensity factor from the presence of the cohesive zone is

Km = − σ0a√
πa

[√
m2 − 1 +m2 tan−1

√
m2 − 1

]
(3.34)

and the parameter m = c/a defines the size of the cohesive zone outside the contact area,

as shown in Fig. 3.5b. Thus, substituting Eqs. (3.16) and (3.34) into Eq. (3.31) and solving

for the external load in the presence of Dugdale cohesive zones, Pm gives

Pm = P1 − 2σ0a
2
[√

m2 − 1 +m2 tan−1
√
m2 − 1

]
. (3.35)

The contact stresses are additive:

σz,m(r, 0) = −p1(r) +
2σ0

π
tan−1

√
m2 − 1
1− ρ2

. (3.36)

Hence the outcome of the stress analysis is the relationship between load Pm and contact

radius a in terms of the cohesive strength σ0 and cohesive zone size m. The penetration
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Figure 3.6: Illustration of the gap [uz] between the rigid sphere and the deformed surface,
outside the area of contact.

∆m for the Maugis-Dugdale model is given by Maugis (2000) as the sum of ∆, the JKR

penetration, and the approach due to the adhesive forces outside the contact:

∆m = ∆ +
σ0a

E∗

[
m2 tan−1

√
m2 − 1−

√
m2 − 1

]
. (3.37)

Substituting for ∆ from Eq. (3.20) and using KI = −Km, as defined by Eqs. (3.31) and

(3.34), the penetration ∆m is found to be

∆m =
a2

R
+
π2Aa

λ
H0

(
2πa
λ

)
− 2σ0a

E∗

√
m2 − 1. (3.38)

In order to use these equations, the cohesive zone size m must be found. The equilibrium

energy release rate G at the crack tip, which is simply G = w = σ0δc in the Dugdale model,

determines the value of m for a given value of contact radius a. In order to proceed, an

expression for the crack opening displacement δc, which is the gap [uz] between the rigid

punch and the deformed surface at the end of the cohesive zone (r = c), must be found.

The gap [uz] can be obtained once the displacement profile uz(r, 0) is determined, as shown

in Fig. 3.6:

δc = [uz(c, 0)] = f(c)−∆ + uz(c, 0) , (3.39)

where ∆ is the penetration of the punch and the shape function f(r) is given by Eq. (3.3).

To find [uz(ρ, 0)] in the presence of cohesive stresses, the procedure of Maugis (2000) is
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followed by first substituting Eqs. (3.3), (3.20), and (3.21) into Eq. (3.39) to express the

gap for the JKR problem:

[uz(ρ, 0)]JKR =
2

πE∗KI

√
πa cos−1 1

ρ

+
a2

πR

[√
ρ2 − 1− (2− ρ2) cos−1 1

ρ

]
+A

[
1− cos

2πaρ
λ

− π2a

λ
H0

(
2πa
λ

)
+

2πa
λ
H0

(
2πa
λ

)
sin−1 1

ρ
− 2πa

λ

∫ 1

0

tH0(2πat/λ)√
ρ2 − t2

dt

]
. (3.40)

The reduction in the gap [uz] due to the presence of the tensile traction σ0 acting outside

the contact area within the Dugdale cohesive zone must be accounted for. From Maugis

(2000), this change in displacement is:

uT (ρ) = −4σ0a

πE∗

[√
m2 − 1

(√
ρ2 − 1− cos−1 1

ρ

)
.

−m2

∫ min(ρ,m)

1

√
ρ2 − t2

t2
√
m2 − t2

dt

]
+

2Km

πE∗
√
πa cos−1 1

ρ
(3.41)

Adding uT to [uz]JKR and recalling that KI +Km = 0, the crack opening δc = [uz(m, 0)]

at the edge of the cohesive zone (ρ = m) can be expressed as:

δc =
a2

πR

[√
m2 − 1 + (m2 − 2) tan−1

√
m2 − 1

]
+

4σ0a

πE∗

[√
m2 − 1 tan−1

√
m2 − 1−m+ 1

]
+A

[
1− cos

2πam
λ

− π2a

λ
H0

(
2πa
λ

)
+

2πa
λ
H0

(
2πa
λ

)
sin−1 1

m
− 2πa

λ

∫ 1

0

tH0(2πat/λ)√
m2 − t2

dt

]
(3.42)

Here, the identity cos−1(1/x) = tan−1
√
x2 − 1 if x > 0 has been used to simplify the

expression. Recall that G = σ0δc = w at onset of crack initiation. By multiplying the

expression for δc by σ0 and equating this to w, an expression is obtained to solve for
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cohesive zone size m. (Solving for m must be done numerically as a closed form analytical

solution for m does not exist).

3.3.3 Noncontact cohesive zone solution

The above Maugis solution procedure assumes the presence of a region of intimate

contact within the radius a > 0. Kim et al. (1998) presented an important extension of the

Maugis solution for the case where the surfaces are not within intimate contact (a = 0) but

are within the range of adhesive interaction (c > 0). Such a case is illustrated in Fig. 3.5c.

Following the Kim et al. (1998) procedure, the gap between the surfaces at r = c in this

“noncontact” regime is defined as

δc − uz(r = c) = δ0 − uz(r = 0) +
c2

2R
+A

(
1− cos

2πc
λ

)
, (3.43)

where the surface displacement due to the presence of the adhesive tractions is approximated

by the solution for the vertical displacement of a half-space under constant stress σ0 within

a radius c (Johnson 1985):

uz(r = 0) = −2σ0c

E∗ (3.44)

uz(r = c) = −4σ0c

πE∗ (3.45)

Defining ξ = δ0/δc, and noting that δc = w/σ0, Eq. (3.43) yields

ξ +
2σ2

0c(π − 2)
πE∗w

+
c2

2R
σ0

w
+A

σ0

w

(
1− cos

2πc
λ

)
= 1. (3.46)

For a given ξ ≤ 1, Eq. (3.46) can be solved numerically for c. In doing so, it is implicitly

assumed that the gap within the region of noncontact adhesion increases monotonically

with radius, such that the gap at r = c is always larger than the gap at all r < c. This

assumption will only be valid for the case of α > 0 where the slope of the separation gap

f ′(r) > 0. Guduru (2007) noted that these conditions are met when α < 0.117. Hence, the

results of this noncontact analysis are only valid for such conditions.
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Once c is known, the normal load is found by integrating the cohesive traction within

the adhesive contact radius,

P = −σ0πc
2 , (3.47)

and the normal approach is defined as

∆ = −δ0 + uz(r = 0) = −δ0 −
2σ0c

E∗ . (3.48)

Eqs. (3.46)-(3.48) completely define the contact problem for the Kim et al. (1998) model

of the noncontact regime. In a recent paper, Shi and Polycarpou (2005) demonstrated

that the assumption of a constant cohesive traction σ0 in the Kim et al. model tends

to overestimate the adhesive stress under noncontacting conditions and artificially limits

the effective separation range of adhesive stress, δc, to a very small value. Although the

noncontact model proposed by Shi and Polycarpou is more physically accurate than the

model described here, the primary interest of this analysis is the detachment problem for

wavy surface contact rather than the approach problem, so the less numerically-intensive

Kim et al. model described above is adequate.

3.3.4 Dimensionless form of the Maugis-Dugdale wavy surface contact

problem

The Maugis transition solution presented above can be summarized using dimensionless

parameters as follows. In the contact regime where a > 0, writing σ0δc = w, and simplifying

the above expressions using α, β, and the following definition for µm,

µm =
σ0

E∗

(
9RE∗

2πw

)1/3

=
σ0

E∗
R

λ
(9β)1/3 , (3.49)
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it is found that the governing equation for the cohesive zone size m can be written as

1 = 2µmā
2

(
β

3

)2/3 [√
m2 − 1 + (m2 − 2) tan−1

√
m2 − 1

]
+

8
3
µ2

mā

(
β

3

)1/3 [√
m2 − 1 tan−1

√
m2 − 1−m+ 1

]
+2πµmα

(
β

3

)2/3 [
1− cos 2πām− π2āH0(2πā)

+ 2πāH0(2πā) sin−1 1
m
− 2πā

∫ 1

0

tH0(2πāt)√
m2 − t2

dt

]
(3.50)

and the dimensionless normal load and approach can be expressed as

P̄m(ā) = P̄1(ā)− 4µmā
2

(
β

3

)2/3 [√
m2 − 1 +m2 tan−1

√
m2 − 1

]
, (3.51)

∆̄m = ā2 + ā

[
π2αH0(2πā)− 2µm

(
1
9β

)1/3√
m2 − 1

]
. (3.52)

Also, the contact stress for the case a > 0, ρ < 1 can be expressed as

σz(ρ, 0)
σ0

µm = (9β)1/3

{
ā

[
2πα

∫ 1

ρ

ξH1(2πāξ)√
ξ2 − ρ2

dξ −
(

2
π

+ 4πα
)√

1− ρ2

]

−πα
∫ 1

ρ

H0(2πāξ)√
ξ2 − ρ2

dξ

}
+

2
π
µm tan−1

√
m2 − 1
1− ρ2

. (3.53)

Similarly, the equation for the cohesive zone size c̄ = c/λ in the noncontact regime can be

expressed as

ξ +
4
3
(π − 2)µ2

mc̄

(
β

3

)1/3

+ πµm

(
β

3

)2/3 [
c̄2 + 2α (1− cos 2πc̄)

]
= 1 (3.54)

and the dimensionless normal load and approach are found to be

P̄ = −2πc̄2µm

(
β

3

)2/3

(3.55)
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∆̄ = − ξ

2πµm

(
3
β

)2/3

− 2c̄µm

3

(
3
β

)1/3

(3.56)

Eqs. (3.50)-(3.52) and (3.54)-(3.56) fully describe the Maugis-Dugdale contact problem.

Just as for the case of JKR adhesion, plots of load P̄m versus normal approach ∆̄m can

be obtained. Fig. 3.7a shows a representative P̄m, ∆̄m plot for a range of µm for the case

α = 0.1, β = 1. For µm → 0, the wavy surface pull-off force (the minimum point on the load

curve) P̄c → −2, the same limiting pull-off force seen the DMT regime for a flat surface.

As µm increases, |P̄c| is seen to decrease slightly, and then increases again as µm begins to

approach the JKR limit (solid line). Similar trends are seen for the case of α = 0.1, β = 1,

where there is a much more significant increase in pull-off force in the JKR regime, as seen

in Fig. 3.7b. Enhancement in adhesion is not seen for low values of µm near the DMT

regime, which seems to be a general trend, as discussed below.

Using the dimensionless Maugis-Dugdale transition results, an adhesion map can be

constructed of the wavy surface pull-off force P̄c for a range of µm, similar to the adhesion

map shown by Johnson and Greenwood (1997) for a sphere detaching from a flat surface.

Such a map is shown for 0 ≤ α ≤ 0.1 in Fig. 3.8a (β = 1) and Fig. 3.8b (β = 10), where

the α = 0 curve corresponds to the Johnson-Greenwood solution. It is seen that adhesion

enhancement (as evidenced by |P̄c| increasing) is not present for values of µm approaching

the DMT regime. As µm increases, however, there is a clear transition point (µm ≈ 0.4 for

these particular combinations of α, β) beyond which adhesion enhancement is evident. The

magnitude of the adhesion enhancement increases with increasing α.

To understand why adhesion enhancement is not seen in the DMT regime, recall that

the main assumptions of the DMT adhesion theory are that the elastic material is stiff and

does not deform significantly when brought into contact; the molecular forces act only in a

ring-shaped zone of noncontact adhesion; and these forces are assumed not to change the

displacement outside the contact region from the Hertzian solution. Essentially, in the DMT

regime the wavy surface is too rigid for the adhesive forces to cause significant deformation

of the surface profile. In the JKR regime, the compliance of soft elastomers allows for
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Figure 3.7: Representative plot of normal load P̄ versus ∆̄ for the Maugis-Dugdale wavy
surface adhesion problem, for a range of µm within the JKR-DMT transition regime. (a)
α = 0.1, β = 1 (b) α = 0.1, β = 10
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significant deformation within the contact area to match the rigid indenter profile, and it is

such deformation, and the energy dissipated during separation in unstable jumps back to

less-deformed states, which generates significant adhesion enhancement.

For ‘dry’ biological attachment systems which rely on van der Waals forces (with δc ≈ 0.5

nm), Spolenak et al. (2005) estimated that w ≈ 50 mJ/m2, and hence σ0 ≈ 100 MPa

in the Maugis-Dugdale model. Thus, for a soft cuticle material with E∗ ≈ 1 MPa, the

JKR condition µm > 5 is satisfied for R > 4 pm (using Eq. (3.49)), and hence adhesion

enhancement due to surface waviness is possible for all practical length scales with such

a material. On the other hand, for the stiffer biological material keratin found in gecko

attachment systems (E∗ ≈ 1 GPa), the contact radius must satisfy R > 4.4 µm to achieve

µm > 5. Individual gecko fibrillar spatula typically are of the size R ≈ 100 nm, for which

µm = 1.4 for the above parameters. Figure 3.8 shows that adhesion enhancement due to

waviness is still possible for this near-JKR value of µm, but for this stiffer material, the

waviness amplitude must satisfy A < 1.25 nm to achieve spontaneous full contact during

approach (using Eq. (3.29) and assuming β < 10, such that λ < 32 nm). Since most natural

surfaces have higher amplitude roughness, adhesion enhancement due to surface waviness

does not seem feasible for the gecko attachment system.

3.4 Chapter summary

In this chapter, the mechanics of detachment of a rigid sphere from an axisymmetric

wavy surface were analyzed in various adhesion regimes. The JKR solution for the ax-

isymmetric wavy surface contact problem was presented in a new dimensionless form which

allowed comprehensive adhesion maps to be drawn. It was shown that, if the contact is

complete initially over a finite area, then waviness can cause interface toughening via energy

dissipation due to instabilities in the detachment load curve, and interface strengthening

in the form of higher pull-off forces due to oscillations on the load curves is also observed.

These effects can be significant for the soft elastomers where the JKR theory of adhesion is
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most applicable. To study the effect of surface waviness on stiffer elastic solids, the JKR-

DMT transition solution was derived using a Maugis-Dugdale cohesive zone formulation,

and the enhancement in adhesion was mapped. It was seen that the presence of surface

waviness does not enhance adhesion in the DMT regime, where the surfaces are too rigid to

deform significantly enough to generate the instabilities and energy dissipation upon sepa-

ration that characterizes the adhesion enhancement during detachment in the JKR regime.

These analytical results for an idealized wavy surface provide important insights into cur-

rent models of rough surface adhesion. There is much potential for further experimental

work at a variety of length scales to investigate the phenomenon of enhanced adhesion to

slightly rough surfaces in the context of the JKR-DMT transition model presented above,

with applications including the optimization of biological adhesion mechanisms and the

design of nano- and micro-mechanical devices.



Chapter 4

Mode–mixity–dependent adhesive

contact of a sphere on a plane

surface

4.1 Introduction

The coupling between adhesion and friction forces is of increasing significance for con-

tact problems involving compliant materials or small length scales. For example, several

experimental studies of cell adhesion on cyclically-stretched substrates, including those by

Neidlinger-Wilke et al. (2001) and Moretti et al. (2004), have found that randomly–oriented

cells tend to align perpendicular to the direction of stretching, and models by Chen and

Gao (2006a,b,c, 2007) indicated that such alignment could be mechanically driven. In addi-

tion, experimental investigations of smooth biological adhesive pads have found significant

shear resistance when tangential loading is applied to the contact interface. Gorb et al.

(2002) found that the frictional component of attachment forces in insects can range from

5-11× higher than the magnitude of the adhesive pull-off force, and a study of weaver ant

pads by Federle et al. (2004) found that static friction loads equivalent to 180× the body

weight of an ant were supported. A separate study of tree frog adhesive pads by Federle

58
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et al. (2006) also demonstrated significant buildup of shear force in the form of static fric-

tion before tangential sliding began. As noted by Federle et al. (2004, 2006) and Barnes

(2007), the magnitude of such shear resistance is much higher than what would be expected

to be supported by the wet fluid layer generally thought responsible for adhesion in the

smooth adhesive pads of both species, suggesting that rubber–like friction effects in these

soft viscoelastic biological materials may play a significant role.

Both of the above cases can be studied analytically to a first approximation using a

simple mechanics model of a sphere contacting an elastic half–space (or two contacting

elastic spheres) in the presence of tangential loads or mismatch strains, as is done in the

models of Chen and Gao (2006a,b,c, 2007). However, it is unclear whether the assumptions

of linear elasticity and reversible adhesion provide good approximations to the behavior

of inherently viscoelastic biological materials subjected to combined normal and tangential

loading. In fact, models for such viscoelastic contact problems are not well-developed at

present. For pure normal loading, it is well-established that the amount of energy dissi-

pation in bulk viscoelastic materials can far exceed the intrinsic work of adhesion between

two surfaces (e.g. Gent and Schultz 1972, Andrews and Kinloch 1973, Kendall 1971, 1975b,

Barquins 1984a, Maugis 1987). Thus, viscoelasticity can cause the adhesive pull-off forces to

be highly rate–dependent (e.g. Maugis and Barquins 1978, Greenwood and Johnson 1981)

and/or introduce significant adhesion hysteresis (e.g. Roberts and Thomas 1975, Meitl et

al. 2006). As noted by Lin and Hui (2002), the amount of energy available to make or break

contact in viscoelastic materials is dependent upon the details of the bonding, debonding,

and loading history, and is not uniquely determined by the thermodynamic work of adhe-

sion. This history–dependence makes rigorous analytical modeling of viscoelastic fracture

or contact quite cumbersome, as seen in the work of Schapery (1975a,b, 1989), Barber et

al. (1989), Hui et al. (1998), Baney and Hui (1999), Lin et al. (1999), Lin and Hui (2002),

Barthel and Haiat (2002), Haiat et al. (2003), and Greenwood (2004). Further complicating

the issue, interfacial processes can also cause significant dissipation, even for elastic mate-

rials (Silberzan et al. 1994, Perutz et al. 1998). Kendall (1973) first proposed that interface
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kinetics can contribute significantly to adhesion hysteresis, and this hypothesis has been

verified by several experimental studies (e.g. Chaudhury and Whitesides 1991, Brown 1993,

Silberzan et al. 1994, Deruelle et al. 1995, She et al. 1998, Chaudhury 1999). Ghatak et al.

(2000) noted that a kinetic theory of interface bond failure precludes adhesion reversibility,

which has a basis in the so–called Lake–Thomas effect, where the energy required to fracture

an elastomeric interface is amplified due to the stretching and relaxation of polymer chains

(Lake and Thomas 1967). Because of the variety and inherent complexity of such dissipa-

tion mechanisms, phenomenological models are often used to capture the dependence of the

effective work of adhesion upon the rate of change of contact radius, which is analogous to a

crack front velocity (e.g. Maugis and Barquins 1978, Maugis 1987, Barthel and Roux 2000,

Meitl et al. 2006). Such models typically take the form of a power law dependence upon

velocity, and a theoretical basis for such phenomenological modeling has been developed

by Greenwood and Johnson (1981), Hui et al. (1992), de Gennes (1996), Muller (1996),

Saulnier et al. (2004), and Persson and Brener (2005), among others.

In addition to the above dissipative phenomena seen in both elastic and viscoelastic

materials under pure normal loading, classical studies of interface fracture (Cao and Evans

1989, Evans and Hutchinson 1989, Jensen et al. 1990, Evans et al. 1990, Liechti and Chai

1992, Hutchinson and Suo 1992) indicate that under combined normal and tangential load-

ing (often referred to as “mixed mode” fracture), dissipative effects are also seen to signif-

icantly increase the interface toughness, which is analogous to the work of adhesion in a

contact problem. Because of the range of dissipative mechanisms present in such fracture

problems, phenomenological models are used to capture the dependence of interface tough-

ness upon the mode mixity of loading. Due to the similarities between fracture mechanics

and contact mechanics, it is likely that such phenomenological mixed mode models can also

capture intrinsic mechanics of adhesive interfaces; however, to date, little work has been

done to investigate mixed mode fracture in the context of adhesive interfaces. Seminal

work on the combined normal and tangential loading of a sphere on an adhesive elastic

half–space by Savkoor and Briggs (1977) and Savkoor (1987, 1992) assumed that the work
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of adhesion was independent of the degree of mode mixity and thus remained constant.

Johnson (1996, 1997) introduced an empirical model for mode-mixity-dependent work of

adhesion into his analysis of the contact problem, and later Kim et al. (1998) showed that

such empirical models are only valid in the limit where small-scale-yielding applies to the

contact problem. Few quantitative experimental results are available for such mixed mode

contact problems. The model of Savkoor and Briggs (1977) underpredicted the area of con-

tact and maximum static tangential loading observed in their experiments, but introducing

a mode-mix-dependent work of adhesion was not considered. Felder and Barquins (1992)

performed contact experiments on biaxially–stretched rubber sheets and fit an empirical

model for mode mixity to the extracted values of the work of adhesion; however, experi-

ments of this type do not seem to have been pursued further in the literature. Relevant

computational work on mixed mode viscoelastic fracture includes the study by Tang et al.

(2008), who found that the computed interface toughness is strongly dependent upon mode

mixity and is a monotonically increasing function of crack velocity for a fixed mode mixity,

reminscent of the results for pure normal loading of viscoelastic materials cited above.

The objective of this chapter is to further develop contact mechanics models for mixed

mode adhesive contact. An analytical framework is developed which includes a general-

ized phenomenological model of energy dissipation in the form of increased effective work

of adhesion with increasing degree of mode mixity. Although the physical mechanisms

of energy dissipation are left unspecified, the goal of such modeling is to capture the ef-

fects of viscoelasticity or rate–dependent nonequilibrium processes during interfacial sepa-

ration. To verify the model, mixed mode experiments are performed on polydimethylsilox-

ane (PDMS), a compliant elastomer with mechanical properties similar to many biological

materials. In the experiments, PDMS demonstrates both adhesion hysteresis and rate–

dependent behavior during normal loading, and measurements of contact area during mixed

normal/tangential loading indicate a strong dependence of the effective work of adhesion

upon mode mixity, which can captured effectively by the phenomenological model.

The rest of this chapter is organized as follows. In Section 4.2, a model is developed for
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the adhesive and tangential contact of a rigid sphere on a plane surface, and experimental

results are presented which demonstrate the mode–mixity–dependence of the effective work

of adhesion. The rate dependence of the measured interfacial dissipation is also investigated.

In Section 4.3, biaxial stretching experiments for adhesive contact are preformed which

further verify the effectiveness of the phenomenological mixed mode model. A summary of

the chapter is provided in Section 4.4.

4.2 Tangential loading and adhesive contact

4.2.1 Analytical model for a rigid sphere in contact with a plane surface

The starting point for the analytical model is contact between an elastic half-space and

a rigid spherical indenter subjected to both normal and tangential loading in the presence

of adhesion. Before proceeding, it is important to note that the classical JKR (Johnson,

Kendall and Roberts 1971) adhesion formulation assumes the contact interface is friction-

less so that the normal and tangential tractions are uncoupled. However, to capture static

friction response under a tangential load, the interface can no longer be modeled as friction-

less. In general, when slip is prevented within the contact area, the normal and tangential

tractions become coupled and the JKR formulation is no longer valid. However, for the

special case where one contacting material is rigid and the other is incompressible, the work

of Chen and Gao (2006a,b,c) and Chen and Wang (2006) showed that even when no slip is

allowed in the interface, the normal and tangential tractions decouple and the resulting so-

lution for the normal traction is identical to the frictionless case. Thus, the model presented

here will superpose the frictionless JKR solution with a classical no-slip tangential traction

solution, providing an exact solution for incompressible half-spaces and an approximate so-

lution if the Poisson’s ratio ν < 0.5. Details and justification for the no-slip condition will

be discussed below.

In the contact problem, the profile of the rigid sphere of radius R is approximated by
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Figure 4.1: Schematic illustration of the geometry of the contact problem. A rigid sphere
of radius R is subjected to external applied normal load P and tangential load T while in
contact with a half-space over the contact radius a.

the paraboloid

z =
r2

2R
, (4.1)

where r is the radial coordinate and z is normal to the surface of the half-space, as illustrated

in Fig. 4.1. From Section 3.2.4, recall that the relationship between the applied normal load

P and contact radius a for the contact problem in the presence of JKR adhesion is

P (a) = P1(a)−
√

8πE∗wa3 , (4.2)

where the work of adhesion is given by w and the Hertz contact load P1(a) for the sphere

in contact with the half-space is

P1(a) =
4E∗a3

3R
. (4.3)

Here, E∗ = E/(1−ν2) is the plane strain modulus of the elastic solid, which is characterized

by the elastic modulus E and the Poisson’s ratio ν. For this geometry, the normal contact

pressure p(r) is given by

p(r) =
2E∗

πR

√
a2 − r2 − P1 − P

2πa2
√

1− r2

a2

(4.4)
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and the mode I stress intensity factor at the contact boundary, following Maugis and Bar-

quins (1978), is defined as

KI =
P1 − P
2a
√
πa
. (4.5)

To consider the effect of an applied tangential load T , it is assumed that no slip occurs

during the static friction stage of tangential loading. For such a case, the tangential traction

distribution within the area of contact is given by Johnson (1985) as

q(r) =
T

2πa2
√

1− r2

a2

. (4.6)

The singular nature of q(r) at the periphery of contact (r = a) is problematic for contact

in the absence of adhesion. To remove this singularity, traditionally slip is presumed at the

periphery and a local Coulomb friction limit is imposed upon the tangential traction dis-

tribution (e.g. Cattaneo 1938, Mindlin 1949, Johnson 1985). Historically, the first attempt

to study tangential loading in the context of the adhesive contact of soft rubbers was that

of Savkoor and Briggs (1977), who used an energy balance approach similar to the JKR

method and assumed no slip within the contact area. Later, Johnson (1997) presented a

model allowing for slip at the periphery within the context of the Maugis-Dugdale model of

adhesion (Maugis 1992), where cohesive zones are introduced to eliminate singularities in

the normal and tangential traction distributions. Experiments reported by Savkoor showed

an initial “peeling” phase of contact, during which reduction of the contact area occurred

with increasing load T without evidence of slip (Savkoor 1987, 1992). Savkoor thus hy-

pothesized that the singularity in tangential traction should be interpreted using fracture

mechanics, as is done for the singular normal traction distribution obtained for the JKR

adhesion solution. Kim et al. (1998) showed that a classical fracture criterion could be used

in contact problems to equate an effective work of adhesion which includes all dissipative

processes to the strain energy release rate evaluated exterior to a process region containing

slip zones, as long as this region is sufficiently small. Hence, the present model imposes

a no-slip condition within the contact area, with the caveat that there is a small process
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region at the location of tangential traction singularity where the exact details of slip are

unknown, just as the exact details of the normal surface displacement at the location of the

normal traction singularity are unknown in the JKR adhesion model.

To proceed, Johnson (1997) is followed in using Eq. (4.6) to write the mode II and mode

III stress intensity factors as

KIIθ =
T

2a
√
πa

cos θ and KIIIθ =
T

2a
√
πa

sin θ , (4.7)

where θ is the angle between the radius vector and the direction of T . The strain energy

release rate can then be expressed as

G =
1

2E∗

[
K2

I +K2
IIθ +

1
1− ν

K2
IIIθ

]
. (4.8)

To remove the cumbersome θ–dependence of the above equation, averaging the stress in-

tensity factors around the periphery of the contact area results in the expression

G =
1

2E∗

[
K2

I +
2− ν
2− 2ν

K2
II

]
, (4.9)

with effective stress intensity factor

KII =
T

2a
√
πa
. (4.10)

To find a relation between the contact radius a and the applied loads P and T , the strain en-

ergy release rate is set equal to the work of adhesion. Hence, setting G = w and substituting

Eqs. (4.5), (4.9), and (4.10) results in

w =
1

8πE∗a3

[
(P1 − P )2 +

2− ν
2− 2ν

T 2

]
. (4.11)

If the applied normal load P is held constant during the tangential loading, Eq. (4.11)

can be rearranged to obtain an expression for the relationship between tangential load and
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contact radius,

T =
[
2− 2ν
2− ν

(
8πE∗wa3 − (P1 − P )2

)]1/2

, (4.12)

where P1 is dependent upon a through Eq. (4.3). This expression is equivalent to the result

of Savkoor and Briggs (1977), obtained through energy balance.

Another important variable is the uniform tangential displacement δ for the case of no

slip, commonly referred to as the “lateral shift”. For tangential loading of a rigid sphere in

contact with a flat elastic half-space resulting in the tangential traction distribution given

in Eq. (4.6), Mindlin (1949) derived the expression

δ =
T (2− ν)

8µa
, (4.13)

where µ in this context is the shear modulus, related to the elastic modulus through E =

2(1+ ν)µ, or to the reduced modulus through E∗ = 2µ/(1− ν). Hence, the lateral shift can

be expressed in terms of the reduced modulus as

δ =
1
2

(
2− ν
2− 2ν

)
T

E∗a
. (4.14)

Eqs. (5.9) and (5.10) together provide relationships between the tangential load T , contact

radius a, and lateral shift δ for a known normal load P .

Mode–mixity–dependent work of adhesion

For the case of pure normal loading presented in Chapter 3, it was assumed the work

of adhesion w remained constant throughout the loading, which is the case for a perfectly

elastic material with reversible adhesion. However, as discussed in Section 4.1, experimental

evidence shows that in general, the effective w can increase during contact due to dissipation

from interfacial processes and mode mixity in both elastic and viscoelastic materials. Thus,

the goal is to capture such dissipative effects within a mode–mixity–dependent w which can

then be compared to the strain energy release rate evaluated external to any dissipative

process zones, in accordance with the results of Kim et al. (1998). The parameterization of
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Hutchinson and Suo (1992) is chosen so that the mode–mixity–dependent work of adhesion

is expressed as

w(ψ) = w0ξ(ψ) = w0

(
1 +

2− ν
2− 2ν

tan2 [(1− λ)ψ]
)

(4.15)

where w0 is the work of adhesion for pure mode I loading and ψ is the phase angle of mode

mixity, defined as

ψ = tan−1

(
KII

KI

)
. (4.16)

The parameter λ in Eq. (4.15) determines the influence of mode mixity and is bounded by

0 ≤ λ ≤ 1. Figure 4.2 shows the variation of w/w0 with ψ for a range of λ. If λ = 1,

ξ(ψ) = 0 and hence w(ψ) = w0 for all ψ, which is the classical surface energy criterion. If

λ = 0, the crack is “fully shielded” from any effects of mode II and crack advance depends

only upon the mode I component. The λ = 0 case is thus often referred to as being

“KII–independent”, as rearranging Eq. (4.9) with w defined as in Eq. (4.15) results in an

expression which only depends upon the KI term; in other words, Eq. (4.15) is purposefully

constructed in such a way that the KII term drops out of Eq. (4.9) when λ = 0.

Dimensionless parameterization of model

Similar to the normalization traditionally done for the JKR problem, the following

dimensionless parameters can be used:

P̄ =
P

πw0R
, T̄ =

T

πw0R
, ā =

a

(πw0R2/K)1/3
, δ̄ =

δ

π2w2
0R/K

2
(4.17)

where the bulk modulus K = 4E∗/3. Thus, Eq. (4.12) can be expressed in dimensionless

form for the incompressible case (ν = 1/2) as

T̄ =
[
2
3
(
6ξ(ψ)ā3 − (ā3 − P̄ )2

)]1/2

(4.18)
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Figure 4.2: Phenomenological model for the effective work of adhesion w increasing with
phase angle of mode mixity ψ. λ = 1 corresponds to w remaining constant, similar to
“ideally brittle” fracture, while λ = 0 corresponds to a “fully shielded” case.
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where the identity P̄1 = ā3 has been used. Similarly, for ν = 1/2, Eq. (4.14) becomes

δ̄ =
T̄

ā
. (4.19)

This formulation allows T̄ versus ā and δ̄ to be plotted for a given P̄ and λ. Figure

4.3 shows theoretical curves for P̄ = 0; results are qualitatively similar for all P̄ . In

Fig. 4.3a, the initial contact radius ā ≈ 1.8 and decreases until a maximum T̄ is reached.

Similarly, in Fig. 4.3b, tangential loading increases with δ̄ until a maximum is reached. The

portions of the solution curves below these critical ā and δ̄ are inaccessible. For higher

tangential loading, an equilibrium no-slip solution does not exist; physically, sliding may

commence or the interface may separate, depending upon the applied normal load. The

exact details are beyond the scope of this model. Increasing λ is seen to increase the

maximum sustainable static tangential load. The λ = 0 case is not shown; because of the

form of the parameterization in Eq. (4.15), T̄ →∞ as the phase angle ψ → 90◦, so a finite

maximum tangential load does not exist for λ = 0.

4.2.2 Experimental testing of adhesion and tangential loading using a

microtribometer

Microtribometer setup

To test the validity of the above model, a microtribometer was designed and built in-

house to study the adhesive and tangential forces on polydimethylsiloxane (PDMS) samples.

A brief description will be given here; full details and specifications are available in Appendix

A. A high-strength aluminum (7075) cantilever with four arms acts as a two-dimensional

force transducer, with normal and lateral spring constants of 1690 and 3760 N/m, respec-

tively. Fiber optic displacement sensors (Philtec D20) are used to measure the deflection

of a pair of perpendicular mirrors located on the cantilever, as illustrated in Fig. 4.4. The

voltage signals from the displacement sensors are digitized, acquired, and converted to force
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Figure 4.3: Predictions of (a) variation of contact radius ā with applied tangential load T̄ ;
(b) variation of lateral shift δ̄ with T̄ . The predicted ā decreases with increasing T̄ until
the maximum T̄ is reached; beyond this point, the solutions for smaller ā are inaccessible.
Similarly, T̄ increases with δ̄ until either the maximum load (load-control) or displacement
(displacement-control) is reached; beyond this point, the solutions are inaccessible.
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Figure 4.4: Schematic illustration of the contact experiments performed on PDMS with
a custom-built microtribometer. Left: The PDMS sample is translated laterally via a
motorized stage at a velocity v and the changing contact area is imaged. Right: The
resultant normal and lateral forces during the experiments are measured using a four-
armed cantilever which acts as a two-dimensional force transducer. Fiber optic displacement
sensors are used to measure the deflection of a pair of mirrors located on the cantilever
assembly, and these displacements are converted to forces using LabVIEW software after
appropriate calibration.

measurements using LabVIEW (National Instruments) software routines. The smallest dis-

placement which could be resolved unambiguously by the fiber optic sensors was 60 nm and

thus the smallest measurable forces were 0.1 mN in the normal direction and 0.2 mN in

the lateral direction. The crosstalk between the normal and lateral force measurements was

determined during calibration to be ∼1.5% and corrected for using the procedure described

in Appendix A.

The spherical probe used for the experiments is a convex borosilicate glass lens of radius

15.5 mm, which is attached to the cantilever end as shown in Fig. 4.4 so that its bottom

plane lies in the mid-plane of the cantilever, helping to minimize crosstalk. The contact

area is observed through the glass probe using a digital camera (Hitachi K20B) attached

to a variable-zoom microscope objective lens (Edmund Optics VZM 1000i). Samples are

mounted on a motorized XYZ stage (Thorlabs T25 XYZ-E/M; displacement resolution 50
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nm), allowing for controlled three-dimensional motion to be synchronized with data and

image acquisition using LabVIEW.

PDMS sample preparation

PDMS (Sylgard 184, Dow Corning) samples were prepared on clean 25 mm × 76 mm

glass slides which were peripherally lined with Scotch (3M) tape in order to create walls

for a mold. The resulting PDMS rectangular blocks were approximately 8 mm thick. The

elastomer base and curing agent were mixed in a 10:1 ratio by weight and degassed in a

vacuum chamber for 1 hour. The mixture was then poured into the mold, degassed again

for approximately 30 mins to remove any air bubbles introduced during pouring, and cured

in an oven at 150◦C for 20 mins. The PDMS block was then carefully peeled off the glass

slide, flipped over, and glued to another glass slide using a thin layer of wet degassed PDMS

mixture. This thin layer was cured by placing the sample on a hot plate at 150◦C for 15

mins. Permanently mounting the PDMS blocks on glass slides in such a manner allowed for

the samples to be held more securely during subsequent experimental testing. The exposed

top layer of the PDMS blocks inherited the flatness and smoothness of a glass slide, making

it ideal for contact experiments.

Sylgard 184 is a PDMS resin which has been shown to demonstrate viscoelastic behavior

(VanLandingham et al. 2005, White et al. 2005, Lin et al. 2008, Choi et al. 2008, Schneider

et al. 2008, e.g.). However, Perutz et al. (1998) noted that PDMS networks at room tem-

perature are well above their glass transition temperature (Tg ∼ −120◦C), so for sufficiently

low rates of loading/unloading, bulk viscoelastic losses could be minimal.

Determination of elastic modulus using JKR experiments

In order to apply the analytical model derived in Section 4.2.1, first the reduced elastic

modulus E∗ of the PDMS samples was determined. An indentation and pull-off cycle was

performed with a normal displacement rate of 0.5 µm/s and digital images of the contact

area were captured once every 10 seconds. The resulting data were fit to the JKR (Johnson
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Figure 4.5: Experimental data for a normal loading/unloading cycle on PDMS. The value
of E∗ is obtained from a linear fit to the normalized loading data using Eq. (4.20). In the
absence of adhesion hysteresis, the loading and unloading data would be identical; instead,
hysteresis causes the unloading data to be offset from the loading data, and rate-dependent
interfacial processes cause nonlinearity in the normalized unloading data.

et al. 1971) adhesion theory using the method of Chaudhury et al. (1996), who rearranged

the JKR relation between load P and contact radius a as

a3/2

R
=

1
K

P

a3/2
+

√
6πw
K

, (4.20)

where the bulk modulus K = 4E∗/3. Thus, a linear relationship is obtained between the

variables P/a3/2 and a3/2/R, with slope 1/K and intercept
√

6πw/K. Data collected dur-

ing both approach (loading) and withdrawal (unloading) from the PDMS sample is shown

in Fig. 4.5. The approach data is linear, so Eq. (4.20) can be used to find E∗ = 2.3 MPa

from the slope of a linear fit. The work of adhesion during loading can then be obtained

from the intercept of the linear fit and is computed to be wl = 25 mJ/m2. The offset
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between the approach and withdrawal data is evidence of adhesion hysteresis, and the non-

linear withdrawal data, with increasingly different slope than the approach data, is evidence

of rate–dependent behavior, as the contact area shrinks increasingly rapidly as pull-off is

approached. This nonlinearity means that Eq. (4.20) cannot be applied, as the work of

adhesion does not remain constant during unloading. Perutz et al. (1998) noted that if

viscoelastic losses were due to bulk viscoelasticity, then both the loading and unloading w

should show evidence of rate dependence. The linearity of the loading data indicates that

bulk viscoelastic losses are negligable for this low displacement rate; thus, interfacial dissipa-

tion is responsible for the observed adhesion hysteresis and rate–dependent work of adhesion

upon unloading. Qualitatively similar results for the loading/unloading behavior of PDMS

were obtained in microtribometer experiments by Galliano et al. (2003) and Vaenkatesan

et al. (2006). This interfacial dissipation may or may not be viscoelastic in nature. Ghatak

et al. (2000) noted that even for elastic materials, the work of adhesion measured during

unloading is often significantly higher than what is measured during loading, signifying

nonequilibrium interfacial processes.

Tangential loading experiments at constant normal load

Using the microtribometer, tangential loading experiments were performed on PDMS for

a range of normal loads. For each test, the PDMS sample was first loaded in compression

to 80 mN at a normal displacement rate of 0.5 µm/s and then unloaded at the same

displacement rate, until the desired normal load was reached. Then, a feedback loop was

initiated within the LabVIEW software to adjust the z-position of the sample as necessary

to maintain the normal load. Before application of a tangential load, the sample was held

at the normal load setpoint for 5 minutes to allow the contact area to equilibrate. This

step proved crucial, as the contact area tended to shrink significantly during this hold time.

At the end of the hold time, with the contact area having stabilized to a constant value, a

tangential load was applied by translating the sample in the x-direction at a displacement

rate of 0.5 µm/s. The feedback loop continued to maintain the normal load setpoint during
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Figure 4.6: Experimental data for tangential force versus time at various constant normal
loads. Oscillations in T are seen for compressive P , corresponding to cycles of slip instability
and reattachment. Contact area images corresponding to labels 1-4 are shown in Fig. 4.7
for P = −5.5 mN and images corresponding to labels A-D are shown in Fig. 4.8 for P = 9.5
mN.

this lateral motion. Images of the contact area were recorded throughout the experiment

once every 10 seconds.

Figure 4.6 shows the results for tangential loading T versus time for a range of normal

loads. For tensile normal loading, the contact area shrinks symmetrically in a manner

analogous to peeling, and remains circular before separation occurs at a critical tangential

load. This behavior is similar to what is predicted by the theory presented in Section

4.2.1. A series of images of this symmetric peeling is shown in Fig. 4.7 corresponding to

labels 1-4 in Fig. 4.6 for P = −5.5 mN. When T = 0, the contact area is circular (1), and

remains symmetric with increasing tangential loading (2) before fluctuations appear around

the periphery (3) immediately preceding separation (4). For neutral or compressive normal
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Figure 4.7: Contact images for tensile normal loading (P = −5.5 mN), corresponding to
labels 1-4 in Fig. 4.6. When T = 0, the contact area is circular (1), and remains symmetric
with increasing tangential loading (2) before fluctuations appear around the periphery (3)
immediately preceding separation (4). In the images, sample motion is from left to right.
The scale bar holds for all images.

Figure 4.8: Contact images for compressive normal loading (P = 9.5 mN), corresponding to
labels A-D in Fig. 4.6. The distinct regimes seen during testing are symmetric contact (A),
asymmetric contact (B), and slip instabilities propagating around the periphery of contact,
followed by reattachment (C, immediately prior to the instability; D, immediately following
reattachment). In the images, sample motion is from left to right. The scale bar holds for
all images.
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loading, however, there are three distinct regimes seen during the tangential loading. These

are illustrated in Fig. 4.8 for the P = 9.5 mN case in the images A through D. In the images,

the direction of sample motion is from left to right, which is equivalent to an indenter moving

on a fixed sample from right to left. First, the contact area shrinks symmetrically, as for

the tensile case (A). Then, the contact area becomes asymmetric, with significantly more

peeling occurring at the trailing edge of contact than at the leading edge, and continues

shrinking as T continues to increase (B). Finally, at the peak T , a slip instability propagates

around the periphery of contact (C), and partial reattachment occurs at the trailing edge of

contact (D). This cycle of asymmetric shrinking → slip instability → partial reattachment

persists for continued lateral displacement of the PDMS sample. The amplitude of the

tangential force oscillations during this cycle is approximately twice as high for the P = 9.5

mN case as it is for the other compressive loads tested. It is speculated that the inherent

instabilities in the system are enhanced for this near-neutral normal loading. Although

reattachment cycles for the tensile cases are not seen in these experiments, they may be

possible under dead loading; for this setup, the feedback loop could not correct the normal

loading fast enough to maintain contact as the instability was approached.

To better visualize any slip processes occurring within the contact area during tangential

loading, a narrow line approximately 10 µm wide was scored on the surface by gently

pressing a straight razor blade against the PDMS sample, similar to the method first used

by Barquins et al. (1975). The PDMS sample was then positioned so that the initial circular

contact area would be centered over the line, and the tangential loading experiments were

repeated as before. A representative series of images from the experiments are shown in

Fig. 4.9 for P = 0.5 mN; results were qualitatively similar for all compressive normal loads.

Again, the direction of sample motion in the images is from left to right. Figure 4.9a shows

the contact area before the initiation of tangential loading, and Fig. 4.9b shows the contact

area right before the onset of asymmetry. The results showed that there was no slip visible

within the contact area while it remained symmetric, as the line appeared to remain straight

inside the entire contact area. This verifies that the initial shrinkage in contact area during
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Figure 4.9: Experiments performed with a narrow line scored on the PDMS surface for
visualization of slip within the contact area (P = 0.5 mN). (a) Symmetric contact with
T = 0. (b) Contact immediately prior to the onset of asymmetry. Within the contact area,
the scored line remains straight near the periphery, indicating slip within the contact area
is negligible. (c) Asymmetric contact, with curved line at periphery indicating slip within
the contact area. The presence of the scored line is seen to affect the contact shape in the
latter case.
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application of a tangential load is due to peeling and is not due to slip propagation. The

absence of measureable slip at the onset of tangential loading is in contrast to results for

Hertzian contact from Cattaneo (1938) and Mindlin (1949). As soon as the tangential load

was sufficiently high such that slip began to propagate from the periphery, the kink in the

line smoothed out and the contact became asymmetric, as seen in Fig. 4.9c. The presence

of the line affected the resulting contact shape after the initiation of slip. However, the line

did not affect the data collected during the symmetric peeling phase, as discussed below in

Section 4.2.3.

Because of the circular symmetry and negligible slip, data from the initial peeling regime

will be used for the purposes of comparison to the analytical model. However, behavior seen

in the subsequent regimes merits further comment. Observations of asymmetric contact

during tangential loading and the cycle of instability and reattachment have precedence

in classical studies of rubber friction. Barquins et al. (1975) and Barquins (1985, 1992)

observed that slip propagated within the contact area at the onset of tangential loading,

leaving a circular no-slip region inside the asymmetric contact area. In their experiments,

the size of this no-slip region was found to be greater than that predicted by the Hertzian

contact theory of Mindlin (1949). In contrast, experiments reported by Savkoor (1987)

showed an initial peeling phase prior to the onset of asymmetric contact and slip. In all of the

above cases, instabilities and reattachment folds were seen when indenters with sufficiently

large radii of curvature were used, even at low tangential speeds. These instabilities differ

from Schallamach waves, which are surface waves which ripple through the contact area

like wrinkles in a carpet, transmitting slip (Schallamach 1971). Instead, Barquins (1984b)

described the reattachment phenomenon seen in his experiments on soft rubbers as being

caused by a sudden slip event at the trailing edge of contact, which leads to the formation

of a “viscoelastic bulge” located just behind the trailing edge of contact. The height of this

bulge is sufficient to cause reattachment. As in the present experiments, the tangential force

was seen to increase during the asymmetric peeling phase and suddenly drop as soon as the

sudden slip occurs; then the tangential force began increasing again, peeling of the contact
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Figure 4.10: Measurements of symmetric contact radius with increasing tangential load
from experiments performed on the scored surface.

area resumed, and the cycle continued. The tangential load corresponding to the initiation

of detachment waves was found to depend upon both tangential velocity v and radius R

by Barquins and Courtel (1975) and Barquins and Roberts (1986). More recent studies on

the friction of elastomers using microtribometers have reported a wide range of behavior;

contact area reduction due to tangential loading is universally seen for bulk elastomers,

but some authors report steady-state sliding (Galliano et al. 2003, Varenberg et al. 2006,

Vaenkatesan et al. 2006) while others report instabilities and reattachment folds in advance

of the contact (Rand and Crosby 2006, 2007) or, as in the present case, trailing the contact

(Shen, Glassmaker, Jagota and Hui 2008). Thus, the full range of rubber friction behavior

appears to be specific to the experimental testing apparatus, method, and materials used.

A thorough investigation of such behavior is outside the scope of the present study.
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4.2.3 Measuring the mode–mixity–dependence of w

Data from the symmetric peeling, negligible measured slip regime is used to measure

the work of adhesion seen during the tangential loading experiments. Specifically, data for

tangential load T versus contact radius a at the prescribed constant load P is used, as

shown in Fig. 4.10 for the experiments performed on the scored PDMS surface. With this

data, Eq. (4.11) can be used to find the effective work of adhesion from the experimental

data:

w =
1

8πE∗a3

[(
4E∗a3

3R
− P

)2

+
2− ν
2− 2ν

T 2

]
. (4.21)

The initial work of adhesion w0 is found from Eq. (4.21) using the equilibrated a0 measured

before the initiation of tangential loading, when T = 0. Note that this w0 will be higher

than the value of wl measured during the loading portion of the JKR experiments, because

the tangential loading is applied after unloading has occurred and thus adhesion hysteresis is

included in this work of adhesion. Thus, w0 should not be thought of as the thermodynamic

work of adhesion. As T increases, the effective value of w corresponding to a measured value

of a can also be found from Eq. (4.21).

The results for the measured w/w0 for a series of normal loads at a tangential velocity

v = 0.5 µm/s are shown in Fig. 4.11 as a function of the measured phase angle ψ during the

experiments, defined in Eq. (4.16). The measured w/w0 is independent of normal load and is

seen to increase significantly with ψ, clearly indicating that dissipation increases with mode

mixity. Using the phenomenological model developed in Section 4.2.1, theoretical results are

shown in Fig. 4.11 for λ = 0.15, which provides an acceptable fit to the experimental data.

Results from the smooth surface, shown in Fig. 4.11a, are seen to be virtually identical to

results obtained from the cut surface, show in Fig. 4.11b. Thus, the presence of the scored

line does not affect the observed behavior during the symmetric peeling phase of contact.

To investigate potential rate effects on the effective work of adhesion, experiments were

performed for a series of tangential PDMS sample velocities at a fixed normal load P = 0.05

mN. The measured w/w0 for these experiments are shown in Fig. 4.12a. With increasing
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Figure 4.11: Meaurements of the effective work of adhesion w/w0 extracted from the sym-
metric experimental contact data, with tangential velocity v = 0.5 µm/s. (a) Smooth
surface; (b) Scored surface. Results are identical for both cases, are independent of normal
load P , and can be approximately fit to λ = 0.15 using the phenomenological model.
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tangential velocity, w/w0 is seen to increase. It is postulated that for the quasi-static

limiting case of v → 0, w/w0 → 1 or λ → 1. As v increases, it appears to asymptotically

approach the limiting case of λ→ 0. This is illustrated in Fig. 4.12b by the best fit values

of λ to the w/w0 data at each tested velocity. The dashed line in the figure is a visual guide

for the approximate trend, assuming λ = 1 at v = 0. Clearly, the interfacial dissipation is

highly dependent upon tangential velocity. To connect to previous work on rate–dependent–

dissipation, the dependence of w/w0 on the rate of change of the contact radius (i.e. a crack

front velocity) is investigated.

4.2.4 Rate dependence of measured dissipation

As discussed in Section 4.1, phenomenological models have been used extensively to

model the dependence of the measured work of adhesion on crack velocity in viscoelastic

materials. Whether the dissipation mechanism is linked to the bulk viscoelasticity of the

sample or is instead an interfacial process, the dissipation itself must be localized to the

crack front so that gross displacements are elastic for the definition of strain energy release

rate defined in Eq. (4.8) to be valid.

A general form of the velocity–dependent work of adhesion w for viscoelastic contact

problems was first introduced by Gent and Schultz (1972) and Andrews and Kinloch (1973):

w = w0 [1 + ϕ(aTV )] (4.22)

where V is the crack front velocity and aT is the WLF shift factor (Ferry 1980), which allows

for viscoelastic data taken at different temperatures to be compared. ϕ(aTV ) is characteris-

tic of the material and independent of the geometry or loading system and knowing ϕ(aTV )

allows one to predict the kinetics of detachment, provided the viscoelastic losses are limited

to the crack tip. In their classic study of polyurethane contact, Maugis and Barquins (1978)

found that the function ϕ(aTV ) had the form

ϕ(aTV ) = (aTV )0.6 . (4.23)
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Figure 4.12: Rate dependence of fit to phenomenological model. (a) Experiments performed
at various tangential velocities showed that the measured w/w0 approached the λ = 0 case
for increasing v. (b) Fit of λ to data for the range of v tested. Dashed line is a visual aid
for the approximate trend, assuming λ = 1 corresponds to the quasi-static v = 0 case. Data
shown is for P = 0.5 mN; rate dependence is qualitatively similar for other normal loads.
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Muller (1996) summarized the power law dependence seen in several experiments as

w = w0 [1 +KV n] (4.24)

where K = kan
T and typical values of n fall in the range 0.1 < n < 0.8. Greenwood and

Johnson (1981) showed analytically that n = 0.5 for a simple linear viscoelastic model,

while the analysis of Persson and Brener (2005) found n = 1/3. Such results for the power

law dependence of w upon V have their origin in the assumption of bulk viscoelasticity.

Barthel and Roux (2000) showed that a power law of the form

w = w0

[
1 +

(
1
V0

da

dt

)β
]

(4.25)

can effectively capture experimental trends for interfacial dissipation, where da/dt is the

rate of change of the radius of contact (da/dt = V ), and V0 is a “characteristic velocity”

for the onset of dissipation.

Such power law dependence of w upon da/dt for viscoelastic materials has previously

only been studied in the context of traditional JKR-type experiments with pure normal

loading. Here, it is investigated whether a power law dependence also holds for combined

normal/tangential loading by using Eq. (4.25) to fit the experimental data from the tan-

gential displacement rate experiments described in Section 4.2.3. Using data from multiple

tangential displacement rates allows a wider range of da/dt to be measured, as da/dt gen-

erally increases as tangential velocity v increases.

The power law exponent β in Eq. (4.25) can be obtained from performing a linear fit to

data presented on a plot of log10(w/w0 − 1) vs log10 |da/dt|, as shown in Fig. 4.13a. (The

absolute value |da/dt| is used because the contact area is shrinking. Note that some of the

scatter in the data is due to the pixel resolution of the digital camera used to record images;

often, displacements of less than one pixel occurred between recorded frames, leading to

round-off error when the corresponding |da/dt| was computed.) The power law exponent

is found to be β = 0.39 for the present experiments, which falls well within the range of
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values reported in the literature. Expressing Eq. (4.25) as

log10

(
w

w0
− 1
)

= n log10

∣∣∣∣dadt
∣∣∣∣− n log10 V0 (4.26)

gives v0 = 1.4 µm/s for the present experiments from the intercept of the linear fit. The

computed values of β and V0 give a good fit to the experimental data, as shown in Fig. 4.13b.

This indicates that the dissipation for mixed-mode contact problems can be described by

a power law dependence upon crack velocity, just as for the case of adhesion under pure

normal loading.

Limitations of model and experiments

The above results indicate that phenomenological models can be used to describe mixed

mode adhesive contact problems. However, the full range of applicability cannot be de-

termined from these tangential loading experiments, since a symmetric contact area with

negligible slip is only seen during the initial stages of loading, up to a phase angle of

∼ ψ = 60◦. Thus, one significant limitation of the model is an inability to accurately

predict the maximum tangential loads seen in the experiments before the onset of slip in-

stabilities. Figure 4.14 shows the peak tangential loads predicted by the model for the cases

λ = 1 and λ = 0.15, normalized by the actual peak tangential loads seen in the experiments

at the tangential displacement rate v = 0.5 µm/s. Both values of λ underpredict the peak

experimental tangential loads, and the prediction worsens for increasing compressive nor-

mal load. The λ = 1 case is equivalent to the classical Savkoor and Briggs (1977) result

which assumes w remains constant throughout the loading; such a model would predict the

maximum T̄ to be only 15-35% of what is observed in the experiments. The empirical fit

of λ = 0.15 is an improvement, but still only predicts the maximum T̄ to be 55-85% of the

experimental values. This indicates that significant energy dissipation is occurring during

the asymmetric phase of contact which is not being captured by the symmetric contact

model.

A key limitation of the experiments is that the lateral shift of the scored line could not be
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Figure 4.13: Power law dependence of energy dissipation upon rate of change of contact
radius |da/dt|. (a) Linear fit to data on log scale finds the power law exponent β = 0.39.
(b) Resulting power law fit to w/w0 data.
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accurately measured for the symmetric contact regime because it was small in comparison

to the pixel resolution of the digital camera. The displacement of both the cantilever and

the bottom surface of the PDMS sample (i.e. the stage motion) were recorded during the

experiments, but some bulk shearing of the top surface of the sample occurred due to finite

size effects, making it difficult to extract a meaningful measurement of lateral shift.

To further investigate the validity of the phenomenological mixed mode model, it is help-

ful to study a contact problem for which the contact area remains circular and symmetric

throughout the full range of loading, as discussed in the next section.

4.3 Biaxial stretching and adhesive contact

4.3.1 Analytical model for adhesive mismatch strains

As discussed in Section 4.1, several studies of cell adhesion on cyclically-stretched sub-

strates (e.g. Neidlinger-Wilke et al. 2001, Moretti et al. 2004) have found that randomly-

oriented cells tend to align perpendicular to the direction of stretching. Thus, this combina-

tion of adhesion and substrate stretching represents another important class of mixed mode

biological contact problems, in addition to the mixed normal/tangential external loading

problem considered above. Searching for insights into possible mechanisms for cell align-

ment behavior, Chen and Gao (2006a,b,c, 2007) studied this cell adhesion problem using the

idealized model of contacting cylinders or spheres. The model for the spherical geometry

(Chen and Gao 2006b), where contact areas remain circular with increasing biaxial strain,

offers another method for experimental investigation of the mode-mixity-dependence of the

work of adhesion.

A sphere placed in no-slip contact with a surface which is subsequently biaxially stretched

is illustrated in Fig. 4.15. For the limiting case of a rigid sphere in contact with a stretched

incompressible elastic half-space, Chen and Gao (2006b) found that the stress intensity

factors are given by
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Figure 4.15: Schematic illustration of the geometry of the biaxial stretching contact problem.
A rigid sphere of radius R is initially in no-slip contact with a half-space under external
normal loading P . Biaxial stretching induces a mismatch strain εm within the contact
radius a.

KI =
2E∗a3/2

3
√
πR

− P

2
√
πa3/2

(4.27)

and

KII = −2E∗εm

√
a

π
, (4.28)

where, as before, E∗ = E/(1 − ν2) is the reduced elastic modulus, R is the radius of the

sphere, a is the radius of contact, and P is the applied load (P > 0 for compression). For

this specific case, the stress intensity factors are decoupled; KI is dependent upon P only,

while KII is dependent upon the mismatch strain εm only.

To incorporate the phenomenological model for mixed-mode energy dissipation discussed

above, the Griffith criterion is modified so that the strain energy release rate G is now equal

to the effective work of adhesion w(ψ):

G =
K2

I +K2
II

2E∗ = w(ψ) (4.29)

where the phase angle ψ was defined in Eq. (4.16), and w(ψ) is defined as

w(ψ) = w0ξ(ψ) = w0

(
1 + tan2 [(1− λ)ψ]

)
. (4.30)
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Note that Eq. (4.30) is a slight modification of the definition of w(ψ) from the parameter-

ization used in Eq. (4.15); this is the appropriate version to use for mode I and II loading

where G is defined as in Eq. (4.29), so that the KII–dependent terms drop out for λ = 0,

as desired.

Using Eqs. (4.27)–(4.28) and Eq. (4.30), the equilibrium condition given by Eq. (4.29)

can be expressed as

a3 + 9R2ε2ma−
9πw0ξ(ψ)R2

2E∗ +
9R2P 2

16E∗a3
− 3PR

2E∗ = 0 , (4.31)

determining the relationship between a and εm for a given w0, ξ(ψ), R, and P . Chen and

Gao (2006b) found that, when w = w0, this contact problem could be described by the

dimensionless parameters

â =
a

a0
, R̂ =

R

a0
, F̂ =

−3PR
4E∗a3

0

, (4.32)

where a0 is the contact radius at εm = 0 with w = w0, equivalent to that found for JKR

adhesion. In the present case, with w = w0ξ(ψ) as defined in Eq. (4.30), one can normalize

Eq. (4.31) as

â3 + 9R̂2ε2mâ+ F̂ â−3 − ξ(ψ)
(
1 + F̂ /2 + F̂ 2

)
+ F̂ /2 = 0 , (4.33)

where the phase angle ψ can be expressed in terms of the dimensionless parameters as

ψ = tan−1

(
−3R̂εm
â+ F̂ â−2

)
. (4.34)

Using this expression, Eq. (4.33) can be solved numerically for εm for a given â, R̂, and

F̂ . Sample results from the present model are shown in Fig. 4.16. Increasing εm is seen to

reduce the contact area from its initial value of a0, similar to the reduction in contact area

seen for increased tangential loading in Section 4.2. Of note is that qualitative differences in

behavior are predicted by this model for neutral and finite normal loading. For the case of
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neutral loading (F̂ = 0) shown in Fig. 4.16a, F̂ = 0 and there is a smooth transition down to

a/a0 = 0 for increasing strain. However, for the case of compressive loading (F̂ = −0.025)

shown in Fig. 4.16b, an instability is seen; there is a critical value of εm beyond which

higher mismatch strains cannot be sustained by the interface. Such instabilities are seen for

any finite compressive or tensile normal loading. In the tensile case, the instability initiates

spontaneous separation at a critical value of mismatch strain; in the compressive case,

reaching a critical value of mismatch strain triggers a slip event followed by reattachment.

In both cases, the effect of decreasing λ (i.e., increasing the amount of dissipation) in the

expression for w(ψ) is to increase the critical mismatch strain at which such instabilities

occur.

4.3.2 Biaxial stretching experiments

To investigate the validity of the above model, the effects of biaxial plane strain on

adhesive contact were investigated through a series of experiments performed on PDMS

membranes. Spherical convex glass lenses of various radii were brought into contact with

a PDMS membrane, and the contact area between the lens and the PDMS substrate was

observed and recorded as strain was applied at a controlled rate, as described below.

Sample preparation

PDMS (Sylgard 184, Dow Corning) samples were prepared on a smooth 115 mm diame-

ter borosilicate glass plate lined with Scotch (3M) tape around its circumference to provide

walls for the mold, resulting in circular PDMS discs approximately 4 mm thick. The elas-

tomer base and curing agent were mixed in a 10:1 ratio by weight and degassed in a vacuum

chamber for 1 hour to remove bubbles. The mixture was cured in an oven at 75◦C for 3

hours. The reduced elastic modulus for these samples was estimated to be 2.3 MPa using

the JKR method described in Section 4.2.2. The samples were gently dusted with spray

paint in order to introduce particles on the surface which could be used to track strain.

For most samples, a small (2-3mm) aluminum strip was placed on the surface before spray
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Figure 4.16: Theoretical predictions for the reduction in contact radius a/a0 versus normal-
ized mismatch strain R̂εm. (a) When normalized load F̂ = 0, a smooth transition to zero
contact area is predicted. (b) Under a compressive load F̂ = −0.025, an instability is seen;
there is a critical value of εm beyond which higher mismatch strains cannot by sustained
by the interface without slip occurring. Qualitatively similar instabilities are also seen for
tensile normal loading.
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Figure 4.17: Schematic diagram of biaxial stretching experiment. Circular flanges are used
to secure a PDMS membrane to the moving crosshead of an Instron machine. The motion
of the crosshead stretches the PDMS over an aluminum cylinder. A spherical convex lens is
placed on the surface in the center of the membrane to idealize the biaxial strain condition.
The weight of the lens provides a constant compressive normal load P . Images of the
contact area are observed and recorded during the experiment using a microscope objective
attached to a digital camera.

painting to leave a small area of clean PDMS in the center of the membrane. The PDMS

surface cured against the smooth glass plate was used for all experiments to minimize the

defects, curvature, and particulate collecting on the surface.

Experimental setup

PDMS membranes were clamped flat between aluminum flanges and lowered concentri-

cally over an aluminum cylinder to apply strain in the center of the membrane, in a manner

similar to stretching the head of a drum over its body. The experimental setup is illustrated

in Fig. 4.17. The cylinder was rigidly attached to the lower crosshead of an Instron 5882

materials testing machine while the flanges holding the PDMS were rigidly attached to the
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R (mm) mass (mg) P (mN) w0 (mJ/m2) R̂ F̂

2.55 13.5 0.13 53 19 -0.05
2.55 13.5 0.13 40 21 -0.06
4.25 15.1 0.15 62 22 -0.03
6.2 17.8 0.17 70 24 -0.02

Table 4.1: Experimental parameters for the biaxial stretching tests.

upper crosshead through a 50 kN load cell. Each flange had a 76 mm diameter hole in

the center over which the 115 mm PDMS disc was placed. Two 2.5 mm thick, 1.3 mm

tall circular ridges were placed on each flange to help prevent the clamped membrane from

slipping. The aluminum cylinder had a 32 mm inner diameter and 38 mm outer diameter

and had a rounded, polished top surface, allowing for smooth passage of the membrane.

Dupont Krylox lubricant was applied between the cylinder and the ring of contact on the

PDMS membrane.

Convex glass lenses with spherical radius of curvature R were gently set on the surface

in the center of the membrane to idealize the biaxial strain condition and prevent unwanted

lateral movement as the membrane passed over the cylinder. The weight of the lens thus

provided a constant compressive normal load P . Tests were performed with the lens in place

on the upper surface of the membrane, resulting in compressive loading. A digital camera

and 2.5× microscope objective were located above the glass lens and manually focused so

that the contact area between the lens and the PDMS membrane could be recorded. Paint

particles were kept within the field of view in order to monitor the strain condition of the

membrane. Images taken by the camera were recorded in 5 second intervals using LabVIEW

software.

Experimental procedure

During the experiments, Instron 5800 console software was used to lower the upper

crosshead and aluminum flanges holding the PDMS at a controlled rate. Displacement and

load data were collected at a rate of 1 Hz. Experiments were started by touching the PDMS

membrane flush against the cylinder. Zero displacement was defined at this location. The
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upper crosshead was lowered at a rate of 6 mm/min to a maximum displacement of 40 mm.

This maximum displacement was set to prevent fracture of the membrane.

The Instron displacement ramp and LabVIEW imaging cycle were started simultane-

ously for time synchronization of the data. Strain was measured from the recorded images

by tracking the distance between two small paint particles over the course of the run. Con-

tact area size was determined through the measurement of the diameter of the contact

patch. Figure 4.18 shows typical images recorded during the experiment. The top image

illustrates the typical field of view during the experiment, with the camera positioned such

that both the contact area and particles were visible. The bottom series of images illus-

trates the shrinking contact area with increasing strain, and reattachment following a slip

instability.

4.3.3 Experimental results and discussion

In order to compare the experimental results to the theoretical model, the initial contact

area a0 was used to determine the initial work of adhesion w0 using the JKR theory equation

given by

w =
1

8πE∗a3

(
4E∗a3

3R
− P

)2

. (4.35)

The parameters R̂ and F̂ were then computed. This data is summarized in Table 4.1.

Figure 4.19 compares the experimental data to the theoretical results. It was found that

the theoretical curves for this range of parameters were virtually identical on a logarithmic

scale; thus, only the curves for F̂ = −0.05 and R̂ = 19 are shown. The Chen and Gao

(2006b) model significantly underpredicts the contact radius a/a0 for a given mismatch

strain εm. Adding dissipation to the model by decreasing λ is required to approximate

the experimental results, with λ ∼ 0.05 giving a reasonable match. This small value of λ

indicates substantial dissipation occurs in the interface. The results of Section 4.2 suggest

that experiments performed at a slower crosshead displacement rate (and hence, mismatch

strain rate) would generate less dissipation and thus require a higher value of λ in the model.

The instability predicted by the theoretical model is also seen in the experiments. The



97

Figure 4.18: Representative images of contact area during the biaxial stretching experiments
(R = 6.2 mm). Top: Full field of view. Spray paint particles outside the area of contact
were used for strain measurement. Bottom: Series of images illustrates shrinking contact
area with increased stretching. Final image shows reattachment after slip instability.
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Figure 4.19: Results of the biaxial stretching experiment. Fitting of the phenomenological
mixed mode contact model with λ ∼ 0.5 provides a better fit to the data than the model
of Chen and Gao (2006b) (λ = 1). The critical mismatch strain and contact radius at the
onset of slip instability are also captured well by the phenomenological model.
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data points plotted in Fig. 4.19 are those prior to the onset of the instability, and the values

of a/a0 and εm at which the instability occurs in the experiments is estimated well by the

model. Beyond this point of instability, the contact area spontaneously increases in size

due to reattachment. The presence of this instability indicates that slip is not a gradual

process as seen in Hertzian contact models, but rather that the no-slip condition provides

an accurate description of the adhesive contact of PDMS under these loading conditions.

These results from biaxially strained contact experiments, with symmetric circular con-

tact areas throughout the tests, validate that the model developed using the higher precision

data of the initial symmetric peeling stage of tangential loading from the microtribometer

tests has general utility for a range of contact problems. Use of a mode-mixity-dependent

work of adhesion provides for better agreement with experimental data and will allow for

more accurate predictions of biological contact problems.

4.4 Chapter summary

In this chapter, a phenomenological mixed mode contact mechanics model for adhesive

contact was developed to include the effects of energy dissipation due to viscoelasticity

or non-equilibrium interfacial processes. Mixed mode experiments performed on PDMS

demonstrated the effectiveness of such a model. In mixed normal/tangential loading ex-

periments performed on a microtribometer, measurements of contact area indicated that

the effective work of adhesion strongly depended upon mode mixity, which was effectively

captured by the phenomenological model in the regime where the contact area stayed cir-

cular and the slip was negligible. Rate effects were seen to be described by a power law

dependence upon the crack front velocity, similar to observations of rate–dependent contact

seen for pure normal loading. Biaxial stretching experiments showed that the relationship

between mismatch strain and contact area could also be predicted using the phenomenolog-

ical model. Such a model shows promise for improving quantitative predictions of biological

adhesive contact without resorting to full viscoelastic contact mechanics.



Chapter 5

Enhanced static sliding resistance

due to surface waviness

5.1 Introduction

As scientists and engineers work to design and fabricate adhesive systems as effective

as the biological systems which have evolved naturally, many researchers have found that

surface structures which enhance adhesion also significantly enhance sliding resistance, or

static friction. Examples include the polyurethane fibrillar, spatulate-terminated structures

studied by Kim et al. (2007), who found that such structures sustained a 1.25-2.8× higher

maximum static friction load than that measured on a flat control surface; the vertically-

aligned carbon nanotube arrays studied by Ge et al. (2007), who reported a 6× enhancement

in maximum static friction load; the polypropylene fibrillar structures studied by Majidi et

al. (2006), who reported an order of magnitude enhancement in maximum static friction

load; and the polydimethylsiloxane (PDMS) fibrillar, film-terminated structures studied by

Yao et al. (2008) and Shen, Glassmaker, Jagota and Hui (2008), which showed a 1.8× and

10× enhancement in maximum static friction load, respectively. The energy dissipation

mechanisms which enhance the adhesion of such structures are likely responsible for these

concurrent enhancements in static sliding resistance. Glassmaker et al. (2007), Noderer

100
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et al. (2007), and Shen, Hui and Jagota (2008) demonstrated that the energy dissipation

resulting from crack trapping between fibrils can cause significant adhesion enhancement

for film-terminated fibrillar structures. Surfaces containing patterns of incisions (Ghatak

et al. 2004, Chung and Chaudhury 2005) or step discontinuities in height (Kendall 1975a,

Crosby et al. 2005) have also been shown to increase the fracture toughness of adhesive

films through energy dissipation.

As discussed in Chapter 3 and Waters et al. (2009), the work of Li and Kim (2005),

Guduru (2007) and Guduru and Bull (2007) showed that energy dissipation also leads to

enhanced adhesion for soft elastic wavy surfaces through interface toughening and strength-

ening. The objective of this chapter is to investigate the hypothesis that the mechanisms

responsible for the enhanced adhesion of such wavy surfaces would also cause enhanced

static sliding resistance. To this end, the behavior of axisymmetric wavy surfaces subjected

to tangential loading in the presence of adhesion is studied by extending the analytical

contact mechanics model for pure adhesive normal loading, which was presented in Chapter

3, to include mixed normal and tangential loading, similar to the analysis for flat surfaces

described in Chapter 4. The goal of this investigation is to better understand how surface

geometry plays a role in the mechanism of energy dissipation by using this simplified wavy

geometry as a model system. Alternatively, a plane strain analysis could be performed

based on the solution presented in Guduru (2007); however, the results are expected to

be qualitatively similar. Axisymmetric wavy surfaces are clearly not seen in nature, but

have advantages over three-dimensional wavy geometries for modeling purposes. Tangen-

tial loading can easily be incorporated into such a model, and the use of an axisymmetric

geometry allows the significant body of literature on spherical single asperity adhesion and

sliding to be drawn upon. It is also straightforward to extend the results of Chapter 4

to include a mode–mixity–dependent work of adhesion in the wavy surface contact model,

which allows dissipative effects seen in the contact of soft elastomers or biological mate-

rials to be captured. The resulting analytical model predicts that the maximum static

friction load is amplified for a rigid spherical indenter in intimate contact with a soft wavy
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surface, and the enhancement in static sliding resistance can be mapped for a range of ge-

ometries and material properties using the dimensionless parameters introduced in Chapter

3. Geometry-induced energy dissipation is seen to result from unstable jumps in contact

area during displacement-controlled lateral sliding of the wavy surface. Including a mode–

mixity–dependent work of adhesion in the model can lead to an even higher predicted

maximum static friction load.

The rest of the chapter is organized as follows. In Section 5.2, an analytical model is

derived for the combined normal/tangential loading of an elastic axisymmetric wavy surface

in intimate contact with a rigid spherical punch, and essential dimensionless parameters for

the problem are introduced. In Section 5.3, results for the evolution of contact area and

lateral displacement with applied tangential loading, the enhancement in static friction

for a range of wavy surface geometries, and the effect of a mode–mixity–dependent work

of adhesion are discussed. Finally, the conclusions drawn from the analytical model are

summarized in Section 5.4.

5.2 Axisymmetric wavy surface contact model for combined

normal and tangential loading

5.2.1 Formulation of contact model

In the following derivation, contact between the axisymmetric wavy surface of an elastic

half-space and a rigid spherical indenter subjected to both normal and tangential loading

in the presence of adhesion is modeled by combining the results of Chapters 3 and 4. The

key assumptions are that intimate contact is achieved within the contact area between the

sphere and the wavy surface prior to unloading; the normal and tangential tractions are

uncoupled; and that slip is negligable within the contact area. Details and justifications for

these assumptions are provided in the previous chapters.

The geometry of the wavy surface contact problem is described in Section 3.2.1, where



103

z

2A

λ

r

R

T

P

Figure 5.1: Geometry of the contact problem. A wavy surface with wavelength λ and
amplitude A is indented by a rigid sphere of radius R under applied normal load P and
tangential load T . Amplitude and wavelength are exaggerated in this diagram for visual
clarity; in this model, λ� R so that contact with multiple waves is achieved.

the profile of the rigid sphere of radius R is approximated by the paraboloid

z =
r2

2R
(5.1)

and the height of the wavy surface is described as a sinusoidal function of the radial coor-

dinate r,

z = −A
(

1− cos
2πr
λ

)
, (5.2)

where A and λ are the amplitude and wavelength of waviness, respectively. This geometry

is illustrated in Figure 5.1. When A > 0, the surface is convex at r = 0; when A < 0,

the surface is centrally concave. In this model, it is assumed λ � R so that contact with

multiple surface waves is achieved.

From Section 3.2.4, recall that the relationship between the applied normal load P and

contact radius a for the axisymmetric wavy surface contact problem in the presence of JKR

adhesion is

P (a) = P1(a)−
√

8πE∗wa3 , (5.3)

where the work of adhesion is given by w and the Hertz contact load P1(a) for the wavy
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surface is

P1(a) = 2E∗
[(

2
R

+
4π2A

λ2

)
a3

3
+
πAa

2
H1

(
2πa
λ

)
− π2Aa2

λ
H2

(
2πa
λ

)]
. (5.4)

Here, E∗ = E/(1−ν2) is the plane strain modulus of the elastic solid, which is characterized

by the elastic modulus E and the Poisson’s ratio ν, and Hn(·) is the Struve function of order

n (c.f. Abramowitz and Stegun 1965). [Note that Eq. (5.4) reduces to the Hertz solution

for a sphere in contact with a flat surface, P1 = 4E∗a3/(3R), when A = 0]. Also recall that

the normal contact pressure p(r) for this geometry is given by Eq. (3.15) and the mode I

stress intensity factor at the contact boundary, following Maugis and Barquins (1978), is

defined as

KI =
P1 − P
2a
√
πa
. (5.5)

It is assumed that the amplitude of surface waviness is sufficiently small such that that

the tangential traction distribution within the area of contact can be approximated as being

equivalent to that for a sphere in no-slip contact with a flat half space, given by Eq. (4.6).

As described in Section 4.2.1, averaging the resulting mode II and III stress intensity factors

around the periphery of contact results in the effective mode II stress intensity factor

KII =
T

2a
√
πa

(5.6)

and effective strain energy release rate

G =
1

2E∗

[
K2

I +
2− ν
2− 2ν

K2
II

]
. (5.7)

To find a relation between the contact radius a and the applied loads P and T , this strain

energy release rate is set equal to the work of adhesion. Hence, setting G = w and substi-

tuting Eqs. (5.5), (5.7), and (5.6) results in the solution

w =
1

8πE∗a3

[
(P1 − P )2 +

2− ν
2− 2ν

T 2

]
. (5.8)
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If the applied normal load P is held constant during the tangential loading, Eq. (5.8) can be

rearranged to obtain an expression for the relationship between tangential load and contact

radius,

T =
[
2− 2ν
2− ν

(
8πE∗wa3 − (P1 − P )2

)]1/2

, (5.9)

where P1 is dependent upon a through Eq. (5.4). For A = 0, this expression is equivalent

to the result of Section 4.2.1 for a sphere on a flat surface.

Finally, also recall from Section 4.2.1 that the uniform lateral tangential shift of the

contact area in the presence of negligable slip is given by

δ =
1
2

(
2− ν
2− 2ν

)
T

E∗a
, (5.10)

assuming once again that this classical tangential loading result for a sphere on a flat surface

gives a close approximation for the case of small amplitude surface waviness. Eqs. (5.9) and

(5.10) together provide relationships between the tangential load T , contact radius a, and

lateral shift δ for a known normal load P .

5.2.2 Mode–mixity–dependent work of adhesion

For the case of pure normal loading presented in Chapter 3, it was assumed that the work

of adhesion w remained constant during the detachment process. However, as discussed in

Chapter 4, experimental evidence shows that, under combined normal and tangential load-

ing in the presence of adhesion, w is strongly dependent upon mode mixity for materials

with interfacial dissipation during contact, such as viscoelastic materials. Since many bio-

logical adhesion systems are comprised of viscoelastic materials, it is desirable to allow w

to be dependent upon mode mixity so as to capture some aspects of viscoelastic behavior

within this wavy surface contact model. To incorporate the results of Chapter 4, the param-

eterization of Hutchinson and Suo (1992) is used to express the mode–mixity–dependent
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work of adhesion as

w(ψ) = w0ξ(ψ) = w0

(
1 +

2− ν
2− 2ν

tan2 [(1− Λ)ψ]
)

(5.11)

where w0 is the work of adhesion for pure mode I loading and ψ is the phase angle of mode

mixity, defined as

ψ = tan−1

(
KII

KI

)
. (5.12)

The parameter Λ in Eq. (5.11) determines the influence of mode mixity, and is bounded by

0 ≤ Λ ≤ 1. (Previously λ was used for this parameter, but it is changed to Λ here to avoid

confusion with the geometric wavelength.) If Λ = 1, ξ(ψ) = 0 and hence w(ψ) = w0 for

all ψ, which is the classical surface energy criterion. If Λ = 0, the crack is “fully shielded”

from any effects of mode II and crack advance depends only upon the mode I component.

This parameterization of w(ψ) with Λ is discussed in more detail in Section 4.2.1.

5.2.3 Dimensionless parameterization of axisymmetric wavy surface con-

tact problem

The dimensionless parameters presented in Chapter 3 for the axisymmetric wavy surface

contact problem can also be used in the current context of combined normal and tangential

loading. Replacing w with w0 in Eq. (3.22), the parameters α and β are defined as:

α =
AR

λ2
, β =

(
λ

R

)3 E∗R

2πw0
=

λ3E∗

2πw0R2
. (5.13)

As discussed in Section 3.2.5, α represents the degree of surface waviness; larger values of

α correspond to surfaces with high amplitude, short wavelength waviness, whereas smaller

values of α correspond to surfaces with shallow, long wavelength waviness. β provides

a measure of the relative stiffness of the material to the surface energy; small β values

correspond to more compliant materials where surface energy effects are more dominant,

whereas large β values correspond to stiffer materials where surface energy is less dominant.
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In addition to α and β, the dimensionless loads, contact radius, and lateral shift are defined

as

P̄ =
P

πw0R
, T̄ =

T

πw0R
, ā =

a

λ
, δ̄ =

δR

λ2
, (5.14)

respectively. Substituting Eqs. (5.13) and (5.14) into Eqs. (5.9) and (5.10) and plugging in

ν = 0.5 for an incompressible material, the following expressions for dimensionless tangential

load T̄ and lateral shift δ̄ are obtained:

T̄ =
[
2
3
(
16βξ(ψ)ā3 − (P̄1 − P̄ )2

)]1/2

(5.15)

δ̄ =
3
8
T̄

βā
(5.16)

Here, P̄1 is given by Eq. (3.24), ξ(ψ) is defined as in Eq. (5.12), and the phase angle ψ

becomes

ψ = tan−1

(
T̄

P̄1(ā)− P̄

)
(5.17)

in terms of the dimensionless parameters. For Λ = 1, ξ(ψ) = 0 and Eqs. (5.15) and (5.16)

give explicit expressions for T̄ and δ̄ in terms of ā. This allows for the parametric iteration

of ā to obtain a relation between T̄ and δ̄. For all other values of Λ, however, Eq. (5.15) is

no longer an explicit expression for T̄ because of the T̄–dependence of ψ. Hence, T̄ must be

solved for numerically for each value of ā. In both cases, the dimensionless parameterization

presented here allows for a comprehensive mapping of T̄–ā and T̄–δ̄ for a given P̄ in the

parameter space of α and β.

5.3 Results and discussion

5.3.1 Enhancement of static sliding resistance for constant work of ad-

hesion

Before investigating the static friction enhancement predicted from the axisymmetric

wavy surface contact model, it is helpful to walk through an example contact problem for



108

a specific geometry for the classical surface energy criterion case, i.e. Λ = 1 and w = w0.

Figure 5.2a shows the variation of normal load P̄ with normal displacement ∆̄ for β = 0.1,

computed using the results in Section 3.2.5. The α = 0 curve corresponds to the case of

a sphere in contact with a flat geometry, while the α = 0.2 case corresponds to a wavy

geometry. Before applying a tangential load, the normal displacement of the sphere is

controlled so that the surface is loaded in net compression and then unloaded to a fixed

P̄ , as illustrated by the arrows in Fig. 5.2a. In this specific case, unloading is stopped

when P̄ = 0, and this normal loading is held constant for the remainder of the contact

problem. Figure 5.2b shows the corresponding P̄–ā plot for the normal loading; the value of

ā when P̄ is reached during unloading becomes the initial contact radius for the subsequent

tangential loading. Figure 5.2d shows the predicted subsequent variation of ā with the

introduction of an applied tangential load while P̄ is held constant. The initial contact

radius is always a maximum; ā is always seen to decrease initially with increased tangential

loading. Figure 5.2c shows the corresponding T̄–δ̄ plot for variation of applied tangential

loading with lateral displacement shift. Arrows in Fig. 5.2d follow the change in T̄ for

displacement–controlled tangential loading. Sudden jumps in T̄ occur for small changes

in δ̄, causing energy dissipation (illustrated by the shaded area) and corresponding jumps

in contact radius ā, similar to what is seen in the results for normal loading presented in

Chapter 3. The maximum static friction load sustained by the interface is denoted T̄max. If

the maximum sustainable tangential load (T̄max)wavy > (T̄max)flat, the presence of surface

waviness enhances the static sliding resistance. The variable

T̂ =
(T̄max)wavy

(T̄max)flat
(5.18)

quantifies this enhancement in the maximum static friction load.

At the maximum attainable value of δ̄, static friction is no longer sustainable. Beyond

this point, the portions of these equilibrium curves corresponding to solutions for smaller

values of ā are inaccessible. For compressive normal loading (P̄ > 0), the system transitions

to full sliding and a no-slip model no longer applies. For tensile normal loading (P̄ < 0),
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Figure 5.2: Illustration of loading process for α = 0, β = 0.2. Solution for a flat surface
is shown in dashed lines for comparison. (a) Surface is pressed into full contact and then
unloaded to a fixed normal load (in this case, P̄ = 0, denoted by the asterisk). (b) The
contact radius ā at the final value of P̄ determines the initial contact radius at the onset of
tangential loading. (c) Under displacement–controlled tangential loading, jumps in T̄ are
seen, causing energy dissipation. (d) As the tangential loading increases, the contact radius
decreases from its initial value and jumps in correspondence with the instabilities seen in
(c).
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sliding is not permissible when w = w0 and separation occurs, as discussed in more detail

by Johnson (1997). The specific details of slip transition are outside the scope of this

model. The experimental results of Chapter 4 indicate that the no-slip approximation

is reasonable until a phase angle of ψ ≈ 60◦ for flat PDMS which was found to have a

mode mixity parameter Λ ≈ 0.15. For increased tangential loading, the contact area was

no longer described accurately by the analytical model; however, the maximum tangential

load sustainable by the contact interface prior to initiation of a slip event was always under-

predicted by the model, by as much as 50%. Hence, the present analytical model for wavy

surfaces is also expected to under-predict the maximum static friction load. The results

which follow should thus be interpreted as qualitative predictions of trends.

Series of T̄–ā and T̄–δ̄ plots illustrate the effect of varying the dimensionless parameters

α or β. Figure 5.3 shows T̄–δ̄ and T̄–ā plots, respectively, for P̄ = 0, β = 0.1, and four

values of α. For the α = 0 case (flat surface), the curves are continuous and smooth. For

the α = 0.1 case, the curves are still continuous but start to show undulations which, as

noted above, cause energy dissipation during tangential loading. For α = 0.3 and α = 0.5,

not only are there significant undulations, but the T̄–ā curves are no longer continuous;

there are ranges of ā for which no equilibrium load can be supported. In Fig. 5.4, T̄–ā and

T̄–δ̄ plots are shown where all parameters are the same as in Fig. 5.3, but now β = 1. This

increased value of β is seen to increase the undulations in the T̄–δ̄ curves and increase the

severity of the discontinuities in the T̄–ā curves, as well as almost double T̄max.

From a series of plots such as the ones shown in Figs. 5.3 and 5.4, the enhancement

in peak static friction load T̂ can be mapped for the parameters α and β. Figure 5.5a

shows how T̂ varies with α when P̄ = 0 for the cases β = 0.1, β = 0.5, and β = 1. Kinks

in the data curves occur at points where the T̄–ā or T̄–δ̄ solutions transition from being

continuous to having a discontinuity (or when transitioning from one discontinuity to two

discontinuities, etc.). For most combinations of α and β, T̂ increases with increasing |α|,

or higher amplitude, shorter wavelength surfaces. Also, in most cases, T̂ increases with β

for a fixed α. In practice, the maximum enhancement in static sliding resistance would be
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Figure 5.3: Equilibrium solution curves for P̄=0, β = 0.1 and w = w0. (a) Normalized
tangential loading vs. lateral shift. (b) Normalized tangential loading vs. contact area.
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Figure 5.4: Equilibrium solution curves for P̄=0, β = 1 and w = w0. (a) Normalized
tangential loading vs. lateral shift. (b) Normalized tangential loading vs. contact area.
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Figure 5.5: Predicted maximum static friction load enhancement T̂ for (a) fixed P̄ = 0 and
a range of geometries; (b) fixed β = 1 and a range of normal loads.
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limited by the condition that the waviness must be shallow enough for intimate contact to

be possible between the surface and the rigid indenter, while at the same time, λ must be

small enough such that the wavy contact problem does not resemble single-asperity contact.

This is similar to what is seen in Chapter 3 for the enhancement in adhesion.

The dependence of T̂ upon P̄ can also be studied. Figure 5.5b shows how T̂ varies with

α when β = 1 for the cases P̄ = −1, P̄ = 0, and P̄ = 1. As before, in most regions T̂

increases with increasing |α|. T̂ also tends to increase for decreasing P̄ . Physically, this

means that a wavy surface is predicted to enhance static sliding resistance more significantly

under tensile normal loading than under compressive loading.

5.3.2 Enhancement of static sliding resistance for mode–mixity–dependent

work of adhesion

Introducing mode–mixity–dependence into the work of adhesion has significant conse-

quences for the predicted peak tangential static loading. Figure 5.6 displays sample results

for a flat surface (α = 0) for the representative case of P̄ = 0, β = 1. Increasing the

influence of mode mixity upon the work of adhesion by decreasing Λ in Eq. (5.11) has the

effect of expanding the T̄–δ̄ and T̄–ā envelopes, significantly raising the maximum sustain-

able tangential force. The effect becomes increasingly pronounced as Λ approaches zero.

Figures 5.7 and 5.8 show equilibrium solution curves for the cases α = 0.1 and α = 0.3,

respectively. For α = 0.1, the curves remain smooth, but for α = 0.3, the curves begin to

exhibit sharp kinks at local maxima. Again, decreasing Λ is seen to expand the solution

envelopes and significantly amplify the peak tangential loads, enhancing static sliding resis-

tance. Decreasing Λ therefore also increases the amount of available energy to be dissipated

during unstable jumps in T̄ under displacement–controlled loading, further toughening the

contact interface.

The strong influence of the parameter Λ upon the peak sustainable tangential load T̄max

for the representative case P̄ = 0, β = 1 is shown in Fig. 5.9a. As Λ→ 0, T̄max rises sharply.

When Λ = 0, T̄max →∞ for both the wavy and flat surface cases, as w →∞ for ψ = 90◦.



115

δR/λ2

T
/(

πw
0R

)

0 2 4 6
0

2

4

6

8

10

12

Λ = 1
Λ = 0.5
Λ = 0.2
Λ = 0.1

P = 0
α = 0
β = 1

_

(a)

T/(πw0R)

a/
λ

0 2 4 6 8 10 12
0

0.5

1

1.5
Λ = 1
Λ = 0.5
Λ = 0.2
Λ = 0.1

P = 0
α = 0
β = 1

_

(b)

Figure 5.6: Equilibrium solution curves for mode–mixity–dependent work of adhesion with
P̄=0, α = 0 (flat surface) and β = 1. (a) Normalized tangential loading vs. lateral shift.
(b) Normalized tangential loading vs. contact area.
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Figure 5.7: Equilibrium solution curves for mode–mixity–dependent work of adhesion with
P̄=0, α = 0.1 and β = 1. (a) Normalized tangential loading vs. lateral shift. (b) Normalized
tangential loading vs. contact area.
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Figure 5.8: Equilibrium solution curves for mode–mixity–dependent work of adhesion with
P̄=0, α = 0.3 and β = 1. (a) Normalized tangential loading vs. lateral shift. (b) Normalized
tangential loading vs. contact area.
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Figure 5.9: Predicted enhancement of static sliding resistance for mode–mixity–dependent
work of adhesion. (a) Maximum tangential load as a function of Λ. (b) Magnitude of static
friction enhancement T̂ seen for the wavy surface compared to a flat surface, as a function
of Λ. Significant increases in static friction are seen as Λ→ 0.
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The predicted enhancement in static friction T̂ for the wavy surface is shown in Fig. 5.9b

for Λ > 0. At the limit Λ = 1 (w = w0), increasing α generates enhancement in static

sliding resistance through geometry alone, as discussed in 5.3.1 and illustrated in Fig. 5.5.

As Λ → 0, additional enhancement in static friction is seen. Decreasing Λ corresponds

to increasing the effective energy dissipation in the model. The experimental results of

Chapter 4 for a rigid sphere subjected to combined normal and tangential loading on a

flat PDMS surface indicated that Λ = 0.15 provided a good fit to the measured work of

adhesion. For this Λ, the predicted T̂ seen for the range of α presented in Fig. 5.9b for

P̄ = 0, β = 1 falls into the range of peak static friction load enhancement reported by other

researchers. For α = 0.2, this means that, for a rigid sphere of radius 5 mm in contact with

an axysymmetric wavy PDMS surface with E∗ = 1 MPa, w0 = 50 mJ/m2, λ = 0.2 mm,

and A = 1.6 µm, the predicted enhancement in maximum static friction load would be 2

times that of a flat surface. In short, these results indicate that significant enhancement in

static sliding resistance is attainable through the introduction of surface waviness, and the

peak static friction loads are further enhanced for interfaces with mode–mixity–dependent

work of adhesion.

5.4 Chapter summary

In this chapter, a model was developed for an axisymmetric wavy surface in contact with

a rigid sphere subjected to combined normal and tangential loading in the presence of JKR

adhesion. The goal was to understand how surface structures which enhance adhesion may

also enhance static sliding resistance. Wavy surfaces were seen to increase the maximum

sustainable static friction load by strengthening the interface via higher peak sustainable

tangential loads, as well as toughening the interface through energy dissipation. These same

mechanisms were shown in Chapter 3 to be responsible for generating adhesion enhance-

ment, verifying the hypothesis that mechanisms which enhance adhesion also enhance static

sliding resistance.
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A mode–mixity–dependent work of adhesion was used to predict the static sliding re-

sistance of viscoelastic elastomers or biological materials, as indicated by the experimental

results presented in Chapter 4. When the work of adhesion increases with degree of mode

mixity, the maximum static friction loads are predicted to surpass those sustained by the

wavy geometry when the work of adhesion remains constant. Thus, the combination of

geometry and dissipative materials allow significant enhancement in static sliding to be

achieved.

Important future work includes experimental verification of this axisymmetric model

and development of models for more physically realistic surfaces.



Appendix A

Microtribometer details

A.1 Overview of instrument

A microtribometer was designed and built in-house to measure the adhesive and tangen-

tial forces on elastomeric samples. A high-strength aluminum (7075) cantilever with four

arms acts as a two-dimensional force transducer, with normal and lateral spring constants

of 1690 and 3760 N/m, respectively. Fiber optic displacement sensors (Philtec D20) are

used to measure the deflection of a pair of perpendicular mirrors located on the cantilever,

as illustrated in Fig. A.1 (originally presented in Fig. 4.4; reproduced here for convenience).

Pictures of the instrument are shown in Fig. A.2 to aid in visualization.

The spherical probe used for the experiments is a convex borosilicate glass lens of radius

15.5 mm, which is attached to the cantilever end as shown in Fig. A.1 so that its bottom

plane lies in the mid-plane of the cantilever, helping to minimize coupling between normal

and lateral forces. The contact area is observed through the glass probe using a digital

camera (Hitachi K20B) attached to a variable-zoom microscope objective lens (Edmund

Optics VZM 1000i). Samples are mounted on a motorized XYZ stage (Thorlabs T25 XYZ-

E/M), allowing for controlled three-dimensional motion to be synchronized with data and

image acquisition using LabVIEW. The displacement resolution of the motors is 50 nm.

The stage mount includes tilt screws to ensure the top surface of the sample is aligned
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Figure A.1: Schematic illustration of the contact experiments performed on PDMS with
a custom-built microtribometer, as presented in Section 4.2.2. Left: The PDMS sample
is translated laterally via a motorized stage at a velocity v and the changing contact area
is imaged. Right: The resultant normal and lateral forces during the experiments are
measured using a four-armed cantilever which acts as a two-dimensional force transducer.
Fiber optic displacement sensors are used to measure the deflection of a pair of mirrors
located on the cantilever assembly, and these displacements are converted to forces using
LabVIEW software after appropriate calibration.
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Figure A.2: Top: Custom-built microtribometer for adhesion and friction testing. Bottom:
Magnified view of cantilever assembly used to measure normal and tangential forces. Refer
to Fig. A.1 for schematic of cantilever.
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Figure A.3: Flow chart of microtribometer LabVIEW software routine.

properly with the axes of motion.

A.2 Instrument operation

A flow chart of the instrument operation routine is presented in Fig. A.3. During

programmed stage motions, the resultant forces are computed from the deflection of the

cantilever assembly, which is measured from the voltage output of the fiber optic displace-

ment sensors. (Details of the sensor calibration and force computations are given in Section

A.3.) The voltage signals from the displacement sensors are digitized with a 14 bit analog-

to-digital coverter, acquired at 10 Hz, and converted to force measurements using LabVIEW

(National Instruments) software routines. Images of the contact area are simultaneously

recorded at a rate determined by the user, and labeled with a time stamp for synchronization

with the force data.

A proportional feedback loop was used to adjust the z-position of the stage to maintain a

constant normal load on the sample during tangential stage motion. The difference between

the desired and measured normal forces was computed and the stage was then commanded

to move a vertical distance corresponding to the change in cantilever deflection required to

achieve the desired normal load. At a tangential velocity of 0.5 µm/s, this feedback method

was able to maintain a normal force to within ± 0.1 mN during typical testing and to within
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± 0.5 mN near slip instabilities.

A.3 Instrument calibration

A.3.1 Fiber optic displacement sensors

To measure the normal (vertical) and lateral (horizontal) cantilever deflections during

testing, fiber optic sensors were used to monitor the displacement of a pair of perpendicular

mirrors attached to the cantilever. A calibration was performed for both sensors so that

the full range of voltage output (0-5 V) could be correlated to a position. Starting from the

peak voltage, each sensor was manually translated away from its respective mirror in small

increments (20-150 µm) using a micrometer stage, and the voltages corresponding to each

position were tabulated. The resulting voltage calibration curves are shown in Fig. A.4.

During testing, these data sets were used as a lookup table from which the cantilever

position is determined from voltage readings using spline interpolation. The deflection of

the cantilever was thus computed as the difference between the cantilever position measured

at each time step and the initial position of the cantilever measured at the beginning of the

test. Within the optimal range of operation between 2.5-4 V, the output sensitivity of both

sensors is approximately 10 mV/µm. The signal noise is 0.6 mV; hence, displacements as

small as 60 nm can be detected.

A.3.2 Cantilever stiffnesses

The normal (vertical) and lateral (horizontal) stiffnesses of the cantilever were deter-

mined by hanging precise weights from the probe end and recording the resulting deflections.

In the case of the horizontal calibration, the entire microtribometer was rotated 90◦ onto

its side so that a hanging weight would generate a horizontal force. A linear relationship

between deflection and force was obtained in both the vertical and horizontal directions, as

shown in Fig. A.5. Using this data, the vertical stiffness was computed to be SV = 1690

N/m and the horizontal stiffness was computed to be SH = 3760 N/m. Hence, the smallest



126

micrometer position (mm)

ho
ri

zo
nt

al
se

ns
or

vo
lta

ge
(V

)

7 8 9
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5(a)

micrometer position (mm)

ve
rt

ic
al

se
ns

or
vo

lta
ge

(V
)

21 22
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5(b)

Figure A.4: Calibration of (a) horizontal and (b) vertical fiber optic sensor voltage output
to micrometer stage position. During testing, a spline interpolation was used to compute
position from voltage readings from a lookup table of the data points marked as dots above.
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forces which can be measured unambiguously are 0.1 mN in the vertical direction and 0.2

mN in the horizontal direction.

A.3.3 Crosstalk correction

During calibration of the cantilever stiffnesses, a slight coupling between vertical and

horizontal cantilever deflections, or “crosstalk”, was observed. In other words, application

of a pure vertical force via hanging of a weight would result in a small horizontal deflection;

similarly, application of a pure horizontal force would result in a small vertical deflection.

If uncorrected, this would result in false force readings during testing.

The crosstalk in the system was observed to be linear. In this case, the relationship

between the actual forces on the cantilever and the measured forces (obtained by multiplying

the measured deflection by the cantilever stiffness) can be expressed as follows:

FM
H = FA

H + αFA
V (A.1)
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FM
V = βFA

H + FA
V (A.2)

This gives a linear system of equations relating the measured horizontal and vertical forces

(FM
H and FM

V , respectively) to the actual horizontal and vertical forces (FA
H and FA

V , re-

spectively). The constants α and β can be obtained during calibration by noting that, when

weights are hung vertically from the cantilever, FA
H = 0, and hence

α =
FM

H

FA
V

. (A.3)

Similarly, when the system is rotated onto its side so that the hanging weights generate

horizontal forces, FA
V = 0, and hence

β =
FM

V

FA
H

. (A.4)

Thus, Eqs. (A.3) and (A.4) give expressions by which α and β can be determined during

calibration. Figure A.6 shows the results of the crosstalk calibration, which found α =

0.0163 and β = −0.0117. Using these constants, the actual horizontal and vertical forces

were obtained from the forces measured during testing by solving the linear system of

Eqs. (A.1) and (A.2).
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