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We define a category of smooth 1-motives with torsion over a locally noetherian base
scheme and prove its Cartier duality. More precisely, we prove that the category of
smooth 1-motives with torsion is equivalent to the category trivializations of par-
ticular G,,-biextensions, and this implies the Cartier duality for smooth 1-motives
with torsion. We also show that this category has realization functors when the base
scheme is a spectrum of a field. Cartier duality theorem was already proved in the
case of 1-motives over a field by Deligne or Ramachandran. We will extend this result
to any locally noetherian base scheme and moreover to 1-motives with torsion. The
category of smooth 1-motives with torsion is not an abelian cateogory, but there are

many realization functors as the category of 1-motives.
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Introduction

Since the category of all mixed motives is complicated, we can think of its subcategory.
Deligne gave in [6] the category of 1-motives over a field and this is the category of
universal H! of all algebraic curves. He defined realization functors of a l1-motive
and showed that these realizations are naturally isomorphic to corresponding first
cohomology groups of complex algebraic curves. He also constructed the dual 1-
motive, combining many Cartier dual group schemes. According to this construction,
it is not hard to show the Cartier duality theorem of 1-motives. For the complete
proof, see [I7]. Since the category of 1-motives is additive but not abelian, Barbieri-
Viale, Rosenschon and Saito extended it by using finite abelian groups to get an
abelian category. This extended category is an abelian category and its object, which
is called a 1-motive with torsion has many realizations as Deligne’s 1-motive does
(see [2] for details). To define its dual, Barbieri-Viale and Kahn in [I] used more
additive categories and showed Cartier duality in the derived category of 1-motives

with torsion.

Recently, Lichtenbaum constructed the Weil-étale cohomology complex of a num-
ber field in [14] and proved the equality between the special value of a Dedekind zeta
function and the Euler characteristic of this cohomology complex. He also suggested
a similar cohomology complex for a 1-motive, assuming that there exists a dual 1-

motive with torsion. A typical example of this object is an embedding of rational



points of an abelian variety into this abelian variety itself. To define the Carier dual
of it, we need an appropriate additive category containing the categoty of smooth

1-motives. This additive category will be introduced in the second chapter and see

Definition [2.1.1] and [2.1.3] for objects and morphisms of it.

Deligne’s proof of the Cartier duality for 1-motives is based on the fact that the
category of 1-motives is equivalent to the category of (X, X', A, ¢), where X and
X' are finitely generated free abelian groups, where A is an abelian variety, and
where ¢ is a biextension morphism from X x X’ to the Poncaré biextension of A.
This equivalence holds in more general cases, for instance, the category of smooth 1-
motives over a locally noetherian base scheme. To define the torsion part of a smooth
1-motives with torsion, we need to take the extension of X by some finite group scheme
over S and this new category is another example of the above equivalence. This is
the statement of Proposition [2.2.6| and the Cartier duality for smooth 1-motives with
torsion follows from it. As Deligne explained in the case of smooth 1-motives, we
can define realization functors of smooth 1-motives with torsion and prove relations

among these functors. See the last chapter for more details.

We can simply see the structure of this article as the following. The first chapter
is the Cartier duality theorem for commutative group schemes which we will use.
The complete proof of Cartier duality is explained in [I6] for finite group schemes
and abelian schemes. For twisted constant groups and groups of multiplicative type,
see [7]. In the next chapter, we define additive categories of two different 1-motives
with torsion and finally show that they are equivalent. Cartier duality is an easy
consequence of this equivalence. In the last chapter, we compare smooth 1-motives
with torsion over a field and 1-motives with torsion or cotorsion given by Barbieri-

Viale in 2] and by Bertapelle in [3]. We also construct Betti, étale, l-adic, and de



Rham realization functors of a smooth 1-motives with torsion over a field and prove

the functorial relations among them.

It is tempting to generalize these results further. For instance, Deligne’s definition
of étale realizations also makes sense in the case of a smooth 1-motive with torsion
over a general base scheme. Next, according to Grothendieck’s discussion about the
canonical prolongation of a Poincaré biextension, we can think of a smooth integral
model of a 1-motive. But we have some difficulty carrying out these works. In the
first example, étale realizations are only group schemes or abelian sheaves but not
abelian groups in general. So we need to find a geometric meaning of these and this is
not quite simple. Defining a smooth integral model is much more complicated, since
we need to prove Cartier duality of Néron models of abelian varieties and we also
have to consider a smooth integral model of a torus which satisfies Cartier duality.
Therefore we will not think of such problems in this article, but they still seem to be

interesting questions.



Chapter 1

Cartier duality of commutative
group schemes

Let S be a locally noetherian scheme. In this chapter we review how to define the
dual of a commutative group scheme which is an ingredient of a smooth 1-motive
with torsion over S. We also see the proof of Cartier duality theorem and the notion

of a biextension that we will use in the next chapter.

1.1 Hom(—,G,,) and Cartier duality

Let S be a locally noetherian scheme. The first part of this section is Cartier duality
of finite group schemes over S and one can read [16] 1.2 for the perfect proof of each
statement. The next one is Cartier duality of locally constant group schemes for the
étale topology and we will follow [7] VIII and IX. In the last part, we will extend these
duality results. A typical example of this general case is the group scheme extension
of a locally constant group scheme by a finite group scheme, and we need to apply it

to define smooth 1-motives with torsion and their duals.

Definition 1.1.1. (Finite group schemes : [16] 1.2.)

N is a finite group scheme over S, if it is a commutative group scheme over S,

4



such that the structural morphism N — S is finite, i.e., one can find an open covering
{Sa} of S such that N xS, = Spec (E,) where E, is finitely generated, as a module,

over I'(S,, Og), the ring of local sections of its structure sheaf.

Let R be a commutative ring with unity. For an R-module E, define EP :=
Homp(E, R) as the set of R-module homomorphisms, then EP is an R-module again.
For another R-module F and h : E — F (in other words, h € Hompg(F, F')), let
hP := Homg(h, R) : FP — EP be a map given by h”(f')(e) = f'(h(e)) for e € E and
f' € FP_ If E is a finitely generated and projective R-module, then E? is also finitely
generated and projective over R. For a finitely generated and projective E and for
any R-module F, define ®z(E, F) : E ®p F — Homp(EP, F) by ((Pr(E, F))(e ®r
f))(g) =g(e).f, wheree € E, f € F, and g € EP. One can show that ®p(E, F) is a
morphism of tri-functors (in R, E, and F'). If F is finitely generated and projective
R-module, then ®g(E, F) is an isomorphism between E ®p F and Homy(E?, F) for
any F'. See Lemma 2.2 in [16] 1.2 for the proof.

If we define kg : E — EPP by (kp(a))(f) = f(a) for a € E and f € EP, then kg
is functorial in . When F is finitely generated and projective R-module, kg is an
isomorphism between two projective modules E and EPP (Corollary 2.3 in [16] 1.2).

We can compose the following maps:

dr(EP EDP) K

Hompg(EPP, EP)

ED ®R ED HOIHR<E, ED)
|

LE |

v
(E ®@r E)P =——=Homg(F ®r E, R) Hompg(F,Homg(E, R))

Since all these maps are isomorphisms and since they are functorial in £, We have
a funtorial isomorphism tp : EP? @r FP — (F @ E)P. Define ¢ : R? — R by
((a') = d/(1g) for ’ € RP and this map is an isomorphism of R-modules.

When S is an affine scheme Spec (R), a finite group scheme N over S is an affine

scheme Spec (F) where E is a finite algebra over R. Since N is a group scheme,



E is an R-bialgebra, i.e., it has 5 homomorphisms (with appropriate compatibility
conditions) mgp : EQr E — FE, sp : F — EQ®grFE,ig: E— FE, eg: R — E, and
¢z : E — R. Now taking their dual homomorphisms (—)” and using ¢z, we have 5

more homomorphisms for EP.

(sm)P

mpgp ED®RED$(E®RE)D*>ED

(mg)P (e)™t

sgp: P — (E ®p E)P ——= EP @y EP
i D

gD ED*>( =) ED
¢t (ep)P

egp: R— RP ——FP

(em)P ¢

€gp : EP RP ——R

These new homomorphisms give a bialgebra structure to E¥ and Spec (E?) is again
a finite group scheme over S. It is called the Cartier dual of N and is denoted by
NP,

Proposition 1.1.1. (Cartier duality of bialgebras)

Let E and E' be finitely generated and projective commutative R-bialgebras and
let f: E — E' be an R-bialgebra homomorphism. Then EP = Hompg(E, R) with
(mgp,Sgp,igp,epp,egp) is an R-bialgebra and (—)P is a contravariant functor.

A canonical map kg g : Homg(E, E') — Hompg(E'P, EP) given by kg p (f) == fP

is a functorial isomorphism in E and E', and (—)PP is isomorphic with the identity
functor.
Proof. See proposition 2.6 of [16] 1.2. O

From the above proposition, the composite of the following maps

1

Homp(EP, EP) 2%~ Homp(E, E) 22 Hom(E, EPP) (1.1.1)



is a bijection and under this map, kg is identified with idgp. This identification
characterizes the duality homomorphism kg : £ — EPP.

If F'is flat over R of finite presentation, then F' is a projective R-module (for its
proof, see corollary 2.8 of [16] 1.2). Therefore what we need to consider is the category

of finite group schemes which is flat over S.

Definition 1.1.2. (The category of finite group schemes)
Let Ng be the category of finite commutative group schemes which is flat over
S. When S is an affine scheme Spec (R), Nz(= N?) is the category of commutative,

finitely generated as a module, flat R-bialgebras.
Now we can state Cartier duality of finite flat group schemes Ns.

Proposition 1.1.2. (Cartier duality of finite group schemes)

There is a contravariant functor (—)Ps : N — Ns and there is a natural iso-
morphism ng : idyy, — (=)PsPs. The functor (—)Ps commutes with base change i.e.,
if T — S is a morphism of (locally noetherian) schemes, and N € N, the natural

homomorphism (N xg T)PT — NPs x g T is an isomorphism.
Proof. See proposition 2.9 of [16] I.2. O

Let Cg be the category of schemes over S and let Cg := Funct(Cg, (Ens)) be
the category of contravariant functors from Cg to sets. For P & EE and P € (/ZE,
Morg (P, P') is defined by a set of morphisms (more precisely, natural transformations)
from P to P’. A functor from Cg to abelian groups is called an abelian S-group. For
two abelian S-groups G and G’, a homomorphism of abelian S-groups h : G — G’
is defined by a natural transformation such that h(S’) : G(S') — G'(5’) is a group
homomorphism for every S” € Cs. A commutative group scheme over S is regarded as

an abelian S-group according to Yoneda’s lemma. We write Homg (G, G') to indicate



a set of S-group homomorphisms (and this is denoted by Homg,, (G, G') in [7]). Define
an abelian S-group Dgs(G — G’) by the functor S’ — Homg (G|s/, G'|s/) for S €
Cs, where G|g is the restriction of G to the category of S’-schemes Cg. In [7],
Hom,, (G, G') means Dg(G — G').

For a commutative ring R with unity, let R* be its multiplicative group of units.
The S-group G,, s given by (G, 5)(5") = I'(S",Og)*, S” € Cs is representable by
Spec Z[t, t 1] Xgpecz S which is also denoted by G, s and is called the multiplicative
linear group over S. If " € Cg, then G,,, s = G, s XgS" and G, 5 is a commutative
affine group scheme over S. Let M be an abelian group and define Mg by a constant
group scheme [] S,, over S associated with M. When G' = G,, g, we will use
D(G) instead of %ZAEIG — Gyn5). We can generalize Mg as the following:
Definition 1.1.3. (Twisted constant groups over .S)

A group scheme over S is called a locally constant group over S when every point
s of S admits a Zariski open neighborhood Uy such that X xg Uy is a constant group
scheme over U;. A group scheme X over S is called a twisted constant group over
S if it is locally isomorphic, for the fppf topology, to a constant group scheme. A
twisted constant group over S is called quasi-isotrivial if it is locally isomorphic, for
the étale topology, to a constant group scheme.

Recall that Grothendieck used the fpqc topology instead of the fppf topology in
Definition 5.1 (twisted constant groups) of [7] X. He also used the big étale topology
to define the quasi-isotriviality, and mentioned this definition is equivalent to: there
is a surjective étale morphism S" — S so that X xg .S’ is a constant group scheme

over 5.

Let G and G’ be S-groups. BiHomg(G x G',G,,s) is defined by the set of bi-

multiplicative natural transformations GxG’ — G, s and it is denoted by Homy; (G x



G',G,,s) in [7]. One can show that
Homg (G, D(G')) = BiHomg(G x G', Gy, 5) (1.1.2)

and that this isomorphism is functorial in G and G’. For the proof, see [7] VIIL.I.
From this isomorphism (1.1.2)), we also get a functorial bijection and replacing G’ by
D(G), one has

Homg (G, D(D(G))) = Homg(D(G), D(G)). (1.1.3)

The last isomorphism ((1.1.3) gives us a canonical S-group morphism Y4 : G —
D(D(G)) corresponding to idp(g). G is called reflexive (w.r.t. G, ) if T is an

S-group isomorphism.

Definition 1.1.4. (Groups of multiplicative type over S)

A group scheme over S is called a diagonalizable group over S when it represents
the functor D(Mg) = Dg(Mg — G, 5) for some abelian group M. A group scheme
T over S is called a group of multiplicative type over S if it is locally isomorphic,
for the fppf topology, to a diagonalizable group, i.e., there is a surjective faithfully
flat morphism S” — S of finite presentation such that G x g .S” represents Dg/ (Mg —
G s) for some abelian group M. A group of multiplicative type over S is called
quasi-isotrivial if it is locally isomorphic, for the étale topology, to a diagonalizable

group.

To show that the above group schemes (X and T') are reflexive, we need to prove

that D(X) and D(T) are representable. The following result guarantees this property.
Proposition 1.1.3. (X and T are reflezive)

(a) If X is a twisted constant group over S, then D(X) is represented by a group
of multiplicative type over S. X is quasi-isotrivial if and only if D(X) is quasi-

1sotrivial.



10

(b) If a group T of multiplicative type over S is quasi-isotrivial, then D(T) is rep-

resented by a quasi-isotrivial twisted constant group over S.

(c) The functors X — D(X) and T — D(T) are anti-equivalences, and quasi-
wnverses to each other between the category of quasi-isotrivial twisted constant
groups over S and the category of quasi-isotrivial groups of multiplicative type

over S.

Proof. See Proposition 5.3 in [7] X for (a). For (b) and (c), see Corollary 5.7 in the
same chapter. The main point of this proof is Lemma 5.4 : Let S — S be a faithfully
flat morphism which is locally of finite presentation and let X’ be a scheme over S’
with the descent datum relative to S’ — S. Suppose that X is separated, locally
of finite presentation and locally quasi-finite over S’. Then the given descent datum
is effective, i.e., there is a scheme X over S, and an S’-isomorphism X xg 5" — X’

compatible to the given descent datum. O]

For quasi-isotrivial X and 7', we call D(X) the Cartier dual of X and D(T") the
Cartier dual of T. Since such X and T are reflexive, we showed Cartier duality of
them. To define a 1-motive over S, it is enough to consider a group of multiplicative
type that is of finite type over S. A twisted constant group over S is called finitely
generated if it is locally (for the fppf topology) isomorphic to the constant group

scheme which is given by a finitely generated abelian group.

Proposition 1.1.4. (Groups of multiplicative type over S of finite type)

FEvery group T' of multiplicative type which is finite type over S is quasi-isotrivial.
The functors D(—) in Proposition[1.1.3 induce anti-equivalences (and quasi-inverses
to each other) between the category of groups of multiplicative type and of finite type
over S and the category of finitely generated twisted constant groups over S. FEvery

finitely generated twisted constant group over S becomes quasi-isotrivial.
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Proof. See Corollary 4.5 and Corollary 5.9 in [7] X. O

A torus over S is defined by a quasi-isotrivial group of multiplicative type over

r
m?

S which is locally isomorphic to a G, where r is a finite number and is called the
dimension of this torus (and note that a torus is not necessarily quasi-isotrivial in
Definition 1.3 of [7] IX). Proposition shows that the Cartier dual of a torus
T of dimg(T") = r is a quasi-isotrivial twisted constant group over S that is locally
isomorphic to Z".

The Cartier dual NP of a finite group scheme N was not defined by D(N), but
we can prove that N = D(N) and this result is called Cartier-Shatz formula.

The notation N”s means Cartier dual of N as in Proposition [1.1.2]

Proposition 1.1.5. (Cartier-Shatz formula)

Let N be a flat finite group scheme over S. There exists an isomorphism
U(S,N) : Homg(N, G,, s) — Mor(S, NPs) (1.1.4)

which is functorial in S and N. In other words, for a morphism f : S — S" of
schemes over S and for a homomorphism g : N — N’ of such group schemes, we

have two commutative diagrams:

HOIIlS/(N Xg S/, Gmygl) V(S Nxs5) MOI"S/(S/, (N Xg S/)Dsl)
B P
HOHIS//(N Xs Sﬂa Gm,S”) VLN X5 MOrS//(S,/a (N Xg S//)DSN)u
‘I/(SI,NXss/)

HOIHS/(N Xg S/, ijsl) MOI‘S/(S/, (N Xg S/)DS/>

TQ* T(QDS’)*

HOII]S/(N/ Xg Sl, Gmysl) YE N xs5) MOI"S/(S/, (N/ Xg S,)DS'>.

Proof. See theorem 16.1 of [16] III. O
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Therefore we have a group scheme isomorphism D(N) — NPs. Using this iden-
tification, we can see that Yy = ns(N) where 7g is the duality natural isomorphism
in Proposition [1.1.2l Thus we will use the notation 7 instead of ng and Y. We
summarize our discussion as the following. Let S be a locally noetherian scheme
and let G be a commutative group scheme over S. If G is finite and flat over S
or finitely generated quasi-isotrivial twisted constant for the étale topology, then its
Cartier dual is defined by G” := D(G, Gy, s) and the Cartier duality homomorphism
n(G) : G — GPP is an isomorphism. A representable contravariant functor from Cg
to sets becomes a fppf (also étale and Zariski) sheaf. See Proposition 8.1 in [4] for
the proof. Let Hom s(G, G, s) be the fppf-sheaf associated to the functor (presheaf)
U +— Homy(G xs U,G,,rr). When G is a finite group scheme or a quasi-isotrivial
twisted constant group scheme, D(G) is representable and D(G) = Hom s(G, G,y ).
Therefore, for these group schemes, Hom s(—, G,,.s) gives their Cartier dual group
schemes.

For any commutative group schemes, we can also define (—)? and n(—) as the
above. But n(—) is not always an isomorphism and to show that it is an isomorphism,
we need to use an extension group scheme of two group schemes satisfying Cartier
duality. Let C}, C5 and (3 be commutative group schemes over S. We say that the
sequence

is exact, f and p being homomorphisms, if C; = Ker(p) and if

mCQO(f7idCQ)

C1 x5 Cy Cs (1.1.6)

Cy

p2

is exact in the category of schemes over S where meg, : Cy xg Cy — Cy is the

multiplication of Cy and py : C7 x5 Cy — (s is a projection. To find the definition of

exactness of ([1.1.6)), see p.16 of [I5].
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Definition 1.1.5. (Extensions of group schemes)
For commutative group schemes C; and C5 over S, a commutative group scheme

Cy over S is called an extension of C3 by C} if we can find an exact sequence (|1.1.5)).

Let C5 be an extension of C3 by (] as in the above definition. Assume that C}

and Cj satisfy Cartier duality, i.e. n(C}) and n(Cs) are isomorphisms. Since (—)? is a

functor and since n(—) is a natural transformation, we have a commutative diagram:

0 o—r o —2 oy 0 (1.1.7)
in(cl) J/n(cz) J{n(Cs)
pp 77 pp _P°7 DD

0 C! C! C! 0

but to show that 1(Cy) is an isomorphism we have to prove that the bottom sequence
1s exact.

Let me call a sheaf of abelian groups just abelian sheaf, briefly. It is known that
for any abelian sheaf Z over S, Hom s(—,Z) is a left exact contravariant functor and
we can define its derived functors £zt (—,Z). If we have a short exact sequence of

abelian sheaves 0 — F — G — H — 0, then there is a long exact sequence

0 — Homg(H,Z) — Homgs(G,IT) — Hom s(F,I) (1.1.8)

— Exts(H,I) — Ext (G, T) — Ext x(F,I) — -+ .

Since Cy, Cy, C5 and Gy, ¢ become abelian sheaves over S, if Ext §(CY, Gms) =
Ext 5(C3,G,n5) = 0, then the second row of (1.1.8) shows Ext §(Cy, G,y 5) = 0 and
the first line of ((1.1.8]) becomes a short exact sequence of abelian sheaves

0—>C’£—>C’2D—>C'1D—>0. (1.1.9)

But we can not say that C¥ is representable and we need more assumptions about

Ch and Cs.
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Proposition 1.1.6. (Representability of the extension of group schemes)

(a) Let 0 = F — G — H — 0 be an ezact sequence of sheaves of abelian groups
on Sippt- If H is represented by a scheme of finite type over S and if F is
represented by an affine scheme of finite type over S, then G is also represented

by a commutative group scheme over S.

(b) Let Cy and Cs be commutative group schemes of finite type over S. Extg., (Cs, Cy)
is defined by the set of isomorphism classes of exact sequences of commutative

group schemes over S

0—C—C 5 Cy—0 (1.1.10)
where p is faithfully flat and of finite presentation.

If Cy s flat and affine over S then the sequence of sheaves corresponding to
1.1.10) is an element in Ext}gfppf(C’g, Ch) of fppf abelian sheaves and this map

Extg., (Cs, C) — Ethfppf(Cg, Ch) is an isomorphism of groups.
Proof. See Proposition (17.4) and Corollary (17.5) in [16] III. O
If we apply (—)? to (1.1.9)), we get an exact sequence
0— CPP — CPP — CPP — Ext 5(CP,G,5) (1.1.11)
and when Ext ¢(CP,G,,s) = 0 again, we have another short exact sequence
0—CPP — PP - CPP 0.

This is the second sequence in [1.1.7| whose exactness we want to prove. We need to

use the following result.

Proposition 1.1.7. (Vanishing of Ext g{ppf(C, Gms)=0)

C' is a commutative group scheme and it is
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(a) a finite flat group scheme,
(b) a finitely generated twisted constant group scheme, or
(c) a group of multiplicative type and of finite type.
Then Ext 4(C, G, 5) = 0.

Proof. For (a) and (b), see Theorem 1 of [18]. For (c), see Proposition 3.3.1 of [12]
VIII. O

When C and Cj are finite group schemes or quasi-isotrivial twisted constant group
schemes, we can apply Proposition to CP and CPP. Hence we conclude that
Ext'(CP G,,5) = 0 and that 1(Cy) is an isomorphism. The following two categories

will be used to define smooth 1-motives with torsion.

Definition 1.1.6. (Group schemes with Cartier duality)

Let GCg be the category of commutative group schemes G over S such that GPs
is an affine group scheme of finite type over S, n5(G) : G — GPsPs is an isomorphism
and Ext §(G, G, 5) = Ext 5(GP5,G,pn5) = 0.

GCP is defined by the category of group schemes given by the Cartier dual GPs

of G € GCs. These categories GCs and chD 5 have the Cartier duality isomorphisms

ns.

GCys is nonempty, because any finite flat commutative group scheme satisfies the
above conditions. Since Sxt}g(Zs,Gmﬁ) = gxté(Gm7S,Gm7S) =0, Zs € GCg is also
true. Likewise, any finitely generated twisted constant group over S is also contained
in GCg. Moreover, a group scheme extension of them is still an object of GCg. This
shows that GCg is bigger than the category of finite flat commutative group schemes,

and the category of finitely generated twisted constant groups.
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1.2 Ext'(—,G,,) and Cartier duality

Let S be a locally noetherian scheme and let @ be a fixed scheme over S. Only in this
section, T" means any scheme over S, not necessarily a group of multiplicative type.
The isomorphism classes of invertible sheaves on () form an abelian group. It is called
the absolute Picard group of X and denoted by P(Q). This group is isomorphic
to Hy,.(Q,0F). We define a contravariant functor Pg /g from the category of schemes
over S to the category of abelian groups by Pg,s(T) := P(Q xsT). For any set of
schemes {T;} over S, we can show that Py ,s([[7;) = [[Pg/s(7;) and we can regard
this functor as a presheaf of abelian groups on the category of schemes over S. This

presheaf P, s is called the absolute Picard functor of @) over S.

Definition 1.2.1. (Relative Picard functors)
The fppf-sheaf associated to the functor Pg,g is called the relative Picard functor
of Q over S and it is denoted by Picg/s. For any scheme T' over S, the abelian group

Picg/s(T') is called the relative Picard group of Q) xg T over T

An abelian scheme over S is a smooth proper group scheme f4 : A — S
whose geometric fibers are connected. It is a commutative group scheme of finite
presentation over S (Remark 1.2 in [§] I). Since an abelian scheme is a group scheme,

it has the unit section e4 of its structure morphism f4.

Proposition 1.2.1. (Cohomological flatness)

Let f : Q — S be proper and flat. For a point s € S, k(s) means the residue
class field of s. If H°(Q xg Spec (k(s)), Ogxsspec (k(s))) = k(s) for all s € S, then
[«(Og) = Og holds universally, i.e., (fs)«(Ogxss) = Og for every scheme S" over

S. In this case, f is called cohomologically flat.

Proof. See Proposition (7.8.6) and Corollary (7.8.8) of [10]. O
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Since f4 : A — S is proper and flat and since every geometric fibre of f4 is an
abelian variety (therefore a projective variety), f.(Oa) = Og holds universally. For
a quasi-compact and quasi-separated f : Q@ — S, if f.(Og) = Os holds universally
and if there is a section of f, then Picg,s(T") = P(Q xsT)/P(T) for any scheme T'
over S (and see Proposition 4 of [4] 8.1 for the proof). Since an abelian scheme A is
of finite presentation and proper over S, it is quasi-compact and separated. Thus we
can conclude that Pica/g(T) = P(A xs T)/P(T).

Assume that f : Q — S has a section e. Let T be a scheme over S, and L a
sheaf on X xg7T. An e-rigidification of L is the choice of an isomorphism v : Op —
(e x idr)*L, assuming one exists. In this case (£, u) is called a rigidified invertible
sheaf. The set (P,e)(Q xsT') of isomorphism classes of rigidified invertible sheaves
has a group structure ((L1, u1)(L2,u2) = (L1 ®0q, .» L2, w1 @0y u2)) and there is an
isomorphism p : (P,e)(Q xsT) — P(Q xsT)/P(T) induced by the map (L, u) — L.

(See Lemma 2.9 of [I3] or p.204 of [4] for the proof).

Definition 1.2.2. (Rigidified Picard Functors)

Let f: Q) — S has a section e and assume that f,(Og) = Og holds universally.
(Pgs,e)(T) is defined by the isomorphism classes of rigidified invertible sheaves on
Q x5 T, where T is a scheme over S. (Pg/g,e) becomes a functor and isomorphic to
the relative Picard functor of ) over S. This functor (Pg/s,e) is called the rigidified

Picard functor of ) over S.

From now, assume that A is a projective abelian scheme over S. The following

theorem shows that Pics,g = (Payg, €) is representable.

Proposition 1.2.2. (Grothendieck’s representability Theorem)
Let f : Q — S be projective and of finitely presentation. Assume that f is flat, and

that the geometric fibres of f are reduced and irreducible. Then Picg,g is representable
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by a separated scheme which is locally of finite presentation over S.
Proof. See Theorem 3.1 in [I1] n°232 or Theorem 1 in of [4] 8.2. O

Remark 1.2.1. (Abelian algebraic spaces)

An abelian scheme is not necessarily projective and to represent it by a geometric
object, we need to use an algebraic space which are more general than a scheme. This
case was considered in Theorem 1.9 of [§] I, and this theorem implies that for any
abelian scheme A over S, Picy,g is representable by a scheme and we can remove the

projectiveness assumption of A to define its Picard scheme.

Therefore the relative Picard functor of A over S is represented by a scheme
over S and this representing scheme is unique up to isomorphism. It is called the
Picard scheme and denoted by Pic(A/S). Since Pic,,g is a sheaf of abelian groups,
Pic(A/S) is a commutative group scheme over S. The rigidified Picard functor of A

is also represented by the same group scheme Pic(A/S).

Proposition 1.2.3. (Universal rigidified invertible sheaves)
Let f : Q — S be flat of finite presentation and let e be a section of f. As-
sume that f.Oqg = Og holds universally. If Pic(Q/S) is representable by a scheme

Pic(Q/S), there exists a rigidified invertible sheaf (Pgxspic(q/s), on

€Pq s spie@/s))
Pic(Q/S) which has the following property: For any scheme T over S, and for any
rigidified invertible sheaf (L,u : Or — (e xgidy)*L) on Q xg T, there exists a
unique morphism g : T — Pic(Q/S) such that (L, u) is isomorphic to the pull-back
of this sheaf ('PQXSpiC(Q/S),GPQXSPic@/S)) under the morphism idg Xg g : @ xgT —

Q x5 Pic(Q/S).

Proof. See Proposition 4 in [4] 8.2. O
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Such a rigidified invertible sheaf (Pgx ¢pic(Q/s); is unique up to the

€Pox sPic0/5))
isomorphism class of rigidified invertible sheaves. Pgy spic(q/s) is called the universal
invertible sheaf for (Pg/g,e) and P spic(ass) 1S called the universal rigidifica-
tion. A projective (or proper) abelian scheme A over S is a special case of the above
proposition because we know the existence of the Picard scheme f : Pic(A4/S) — S
of A and A has the unit section ey : S — A.

Suppose that S = Speck where k is a field. The group scheme Pic(A/S) over
S = Spec k has the identity (connected) component which is denoted by Pic”(A/S).
We define Pic”(A/S) by

Pic™(4/8) == | Jor! (Pic’(4/S))

n>0

where ¢,, : Pic(A/S) — Pic(A/S) is the multiplication by n. Since ¢, is continuous,
Pic"(A/S) is an open subscheme of Pic(A/S). We can see that Pic’(4/S) and
Pic™(A/S) are group subschemes of Pic(A/S).

For a general base scheme S, we define

Pic’(A/S) == | J(Pic(A/S) xs Spec (k(s)))°

seSs

and

Pic"(A/S) = U(Pic(A/S) X g Spec (k(s)))"
sesS
as subsets of Pic,/g, where k(s) is the residue class field of s. If these two sets are

open in Pic% /s, then we can regard them as open subschemes. When A is a projective

abelian scheme, they are equal and open group subschemes of Pic(A/S).

Proposition 1.2.4. (Dual abelian schemes)

Let A be a projective abelian scheme over S.

(a) Pic"(A/S) is a projective abelian scheme over S and is equal to Pic’(A/S). In

this case, Pic"(A/S) is called the dual abelian scheme of A and denoted by A*.
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(b) The restriction of Paxgpicass) to A xg A" gives rise to a unique (canonical)

group scheme isomorphism na : A — A" where A" := (A")".

Proof. For (a), see Theorem 5 in [4] 8.4 or Property 5.3 in [16] I. For (b), see Theorem
(20.2) in [16] III or Remark 5.24 in [13]. The key point of (b) is that we can find a
rigidified invertible sheaf on A* xg A (depending on P4 sPic(4/s)) by using the short

exact sequences

0 (1.2.1)

]

Denote the unit section of A by e4 : S — A and the unit section of A! by
eqt 1 S — A'. We restrict the universal invertible sheaf P4 sPic(4/s) to the subscheme
AxgAt. This sheaf is denoted by Pax 44+ and is called the Poincaré invertible sheaf
of A xg A’ The inclusion t4r : A" — Pic(A/S) and the rigidification ep,, p. 4/
of Py give the rigidification € : Ot — (ea Xgidat)*Paxgar of Paxear = (ea Xg
1at)*Paxspic(4/s) along the section e X gidar 1 S xg A" — A xg A'. Using Gy, axgat-
torsor structure of Py at, we will find another rigidification €.

Let G be a flat commutative group scheme over ) of finite presentation and let
X be a sheaf of sets on Qgpe. An action of G (or G-action) on X is a morphism (of

sheaves of sets on Qgppr) G XX — X that induces an action of the group Morg (T, G)
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on the set Morg (7, X) for any scheme T over (). For example, the multiplication
morphism G Xg G — G defines an action of G' on its representing sheaf. A sheaf
X on Qgpr With an action of G is called a torsor under G or G-torsor if there is
a covering {U; — Q} for the fppf topology on @ such that, for each i, Xy, with its
Guy,- action is isomorphic to Gy, with the Gy,-action induced by the multiplication
morphism of G where Gy, = G xXqU; and Xy, is the sheaf on U; which is the restriction
of X.

When the base scheme () is locally noetherian, for any affine group scheme G
over ), a G-torsor is representable (and see Theorem 4.3(a) in [15] III for its proof).
Hence every G,, o-torsor X is representable because G,, ¢ is affine over Q. It is
known that there is a canonical bijection between the set of (isomorphism classes of)
invertible sheaves over ) and the set of (isomorphism classes of) G, o-torsors. This
bijection is defined by £ — Zso(Og, L) where Zso(Og, L) is the sheafification of the
presheaf U +— the isomorphisms of invertible sheaves Og|y and L|y. Therefore, for
an invertible sheaf £ on @), we will use the same notation £ for its corresponding
G g-torsor Zso(Oq, L).

For an abelian scheme A over S and for a locally noetherian scheme T over S,
let £ be a commutative group scheme of finite presentation over T which is given
by the extension 0 — G, r LEDL A Xg T — 0, where p is faithfully flat. Such
an F is briefly called an extension of Ay by G,,r. We can show that £ is a
G axgr-torsor as the following (or see the proof of Proposition (17.4) in [16] III).
Since E is of finite type over T, p is of finite type. This means that E is faithfully
flat of finite presentation over A xg T because A xg T is locally noetherian. A
scheme U over A xg T has an S-scheme structure ug : U — (A xg T —)S, A-
scheme structure uy : U — (A xg T —)A and T-scheme structure up : U — (A x5

T —)T. Thus ug Xg ur is the (A xg T)-structure morphism of U and ug,, ,, .. €
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Mor ax o7(U, Gy axor) is given by ug X gua X gup where ug,  is the composite of

m,Ax gT
Ug,, 4 r and AXgT — S. For a U-valued point u € Morax,r(U, E) C Morg(U, E)
of E, the action Act(U) of Morax r(U, Gy axgr) on Moray r(U, E) is defined by
(Act(U))(ug,, 4y yr> u) == mp(i o ug,, ¢, u), where mg is the multiplication morphism
of E. One can check that Act(U) is functorial in U and that the map (Act(U))(—, u) :
Mor ax 47(U, Gy ax o) — Morax o1 (U, E) is bijective for any fixed u € Morx (U, E)
(because of Ker(i : G, — E) = 0). Therefore we defined a G,,, ax r-action Act :
Gmaxsr XaxsrE — E on E (over AxgT) and showed that (Act(U), idMorAxST(U7E)) :
Morax o7 (U, Gimoaxsr Xaxsr E) — Morax (U, E Xaxor E) is bijective. We can
conclude that Act X 4x ridg : Gpaxsr Xaxer £ — E Xax r E is an isomorphism of
(A xg T')-schemes and that E is a G, axr-torsor. (See Proposition 4.1 in [I5] III :
If E is faithfully flat and locally of finite type over A x ¢ 7" and if Act X g4x 7 idg is an
isomorphism, then E is a G, ax r-torsor.) Let Lgr be the corresponding invertible
sheaf on A xg T

Since (e4 Xgidr)*Lg is the same as the pullback (G, r-torsor) e E = (ea Xg
idr)*E of the E and since € FE is a trivial G, r-torsor, (e4 X idr)*Lg is a trivial
invertible sheaf. The injective T-group scheme homomorphism i : G,, 7 — E gives
rise to the isomorphism * : G, r — eu B of G, r-torsors. The isomorphism Op —
(ea xs id7)*Lpg corresponding to i* is a rigidification of Lg along e4 Xg idy and
is denoted by wug. Therefore for any extension F € Extleppf(AT,Gm,T), we get a
unique rigidified invertible sheaf (Lg,ug) on Ay = A xXg T and a unique T-valued
point gg € Morg(T,Pic(A/S)) so that (Lp,up) = (ida Xs gg)*Paxspic(ass)- This
construction defines a map 4,5(7T") : Ext%pfppf(AT,ijT) — Morg(T,Pic(A/S)) and
ea/s(T) is functorial in A and T" over S. See Proposition (17.6) and (18.4) in [16] I1I
for more details. The important property of €4, is that it is injective and its image

of Extflpfppf(AT,GmT) is equal to Morg (T, A*). This property is called generalized
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Weil-Barsotti formula and here is the precise statement.

Proposition 1.2.5. (Generalized Weil-Barsotti formula)

Let A be a projective abelian scheme over S. There exist a presheaf homomorphism
e=cas: Ext (A_,G,,_) — Morg(—, Pic(A4/S)) and a presheaf (of ableian groups)
isomorphism 3 = Bas : Morg(—, A") — Ext!' (A_,G,, ) such that the following
diagram
Morg (T, A*) o
14t (T)

Morg(T, Pic(A/S))

Extr(Ar, Gr) (1.2.2)

e(T)

is commutative, where 1t is the embedding of A into Pic(A/S) and T is a locally

noetherian scheme over S. Ar means a base extension A xgT by T'.

Proof. See Proposition (17.6) in [16] III for the construction of € and see Theorem

(18.1) in [16] III for the construction of 3. O

In fact, Ext%pfppf(AT, Gn.r) is an abelian group and we will see this group structure
in the next chapter. Since the presheaf Ext! (A_, Gyn,—) is represented by a commu-
tative group scheme A?| it is a fppf sheaf £zt §(A, G,,s). Note that the sheafification
of Ext’ (A_,G,,_) is equal to Ext'y(A, G, 5) (Remark 1.24 in [15] III).

Proposition has many useful consequences. The Poincaré (rigidified) in-

vertible sheaf (Paxgat,€1) gives the extension £ E., of Aat by Gy, at

Paxgat€l) —
corresponding to the morphism ida: € Morg(A*, A"). For any locally noetherian
T over S and for every extension E of Ap by G,,r, there is a unique morphism
gr € Morg(T, A*) such that E = (ids X5 gg)*Ee, = E¢, X at T. This means that E,
is the universal extension of A by G,,.

When T'= S and g = ey, the pullback extension E, X 4+ S is trivial because this

. . . . . S
extension is corresponding to the unit section ey € Morg(T, A") L Extg(A, G,5)
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and as an element of Exty(A,G,, ), ea: (and its corresponding extension) is trivial.
Therefore the corresponding invertible sheaf (id4 Xg €4t)*Pax 4t is trivial, i.e., iso-
morphic to O4 and there is a rigidification of P4y 4¢ along the section idg X g ea: :
A — AxgAt. In the proof of Proposition[1.2.4] we see that this rigidification is unique
if it exists. More explicitly, the diagram ([1.2.1)) shows that we have a unique (canoni-
cal) section Picat/g(A) — P(A" xg A) defined by (L,u: Oy — (ida Xgear)* L) — L.
This new rigidification of Pa.g 4+ is denoted by €, and the canonical isomorphism
na € Morg(A, A") is the A-valued point of Pic(A?/S) (in fact, of A™) such that
(Paxgats €2) = 04 (Ppic(at/s)x s At GPPiC(At/S)XSAt)-

Therefore the Poincaré invertible sheaf has two different rigidifications €; and e,.
Such an invertible sheaf is called a birigidfied invertible sheaf. This property
plays an important role in making a biextension of A xg A" by G,, s that will be
defined. We can also make the Poincaré invertible sheaf of A xg A (or A' xg A",
using the biduality theorem of abelian schemes), and it is easy to check that
Paxsar = Patxga via the interchanging map A xg A" — A" xg A. Since (Paxgat, €2)

=I

is coming from (Pastx ¢, €id e x e 0 )» it gives Tise to the extension Ep, o

x g At:€2)
of A% = A" xg A by G,, 4 with the following universal property. For any locally
noetherian 7' over S and for every extension E’ of A% by G,,r, there is a unique
morphism gg € Morg(T, A) such that E' = (idat Xg gp/)*Fe, = Fe, Xa T

Now we will consider another description of the Poincaré birigidified invertible
sheaf (Paxgat,€1,€2) over S. This description is called a biextension whose general
definition requires some property of topos (for instance, the category of fppf-sheaves
on S in our case). Since we need a trivial biextension or the Poincaré biextension of
A and A’ by Gy, ¢, we can use a simpler definition.

For a locally noetherian commutative group schemes P and () over S, let B be

a Gy, pxgg-torsor. Since Gy, pxyq is affine over P X g (), we see that if this torsor
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is trivial or if P and @) are of finite type over S, then B is representable. Thus we
assume that B is a scheme over P xg(@). B can be regarded as a (G, p) X p Q) p-torsor
and can be regarded as a (G,, g) X¢g Po-torsor.

Assume that B is an extension of Qp by G, p (i.e., it is a commutative group
scheme of finite presentation over P which is given by the extension 0 — G, p &R
B % Qp — 0, where p is faithfully flat) which is compatible with the structure of
(Gm,p) X p (Qp)-torsor and assume that B is an extension of Py by G, o compatible
with the structure of (G,, g) X Pg-torsor. For example, the G,;, 4x4at-torsor Bp A gat
(corresponding to the invertible sheaf Py 4t) is an extension (group scheme over A)
of A% by G, 4 and is an extension (over A?) of Aae by Gy, a:. The first extension
structure i.e., the (partial) multiplication + of B (of Qp by G, p) gives rise to the
following torsor isomorphism ¢, ), for all p,p € Morg(T, P) and for every ¢ €

Morg(T, @), where T is a scheme locally of finite type over S, and where

Pwp)a * Bpg Gﬂ;\vT By g = Bpy g (1.2.3)
is an isomorphism of G,, r-torsors satisfying associativity and commutativity. Here,
By 4(= B XpyxyqT) is the G,, p-torsor which is the pull back of (a G,, px4q-torsor)
B by (p,q) : T — P x5 Q and B,, GT/YL\VT B, 4 is a contracted product of G,, -
torsors which is defined by the sheafification (for the fppf topology) of the presheaf
U — (Moryp(U, By4) X Morr(U, By )/ ~ (for any U over T') where (b, 0}) ~ (b, b))
if and only if there is ¢ € Mory (U, Gy, 1) so that by = g(by) and by, = g(b}). ¢ in
is functorial for the base change 7" — T and the associativity of ¢ means that



26

the following diagram

Gm,T Gm,T
Bp,q N Bp’,q A Bp”,q (1'2'4)
¢(p,p’),q/\id id/\d)(plypll)’q
Gm,T Gm,T
Bpp’,q A Bp”,q Bp,q A Bp’p’ﬂq
Bpp’p”,q

is commutative, where p” € Morg (7T, P). The commutativity of ¢ is the commutativ-

ity of the following diagram

G, ¢(p7p’),q
Bpy Byg—~ = Bwa (1.2.5)
Symiz 2‘id
Gm,1 ¢(p’,p),q
Bp’,q A Bp,q ~ Bp'p,q

where sym is an isomorphism switching the position of components.

Remark 1.2.2. (The relation between B and the isomorphism (1.2.3)

Conversely, if B satisfies the above commutative diagrams , and
for p,p’,p" € Morg, (7, P) and for ¢ € Mors, . (7,Q), where T is any fppf
sheaf of sets, B is an extension of Q)p by G,, p. For the definition of a sheaf torsor,
see Definition 1.4.1 in [9] III. For the definition of a contracted product, see Definition
1.3.1 in [9] III.

The other partial multiplication 4 of B (as an extension of Py by G, ) gives rise
1
to an isomorphism of G, p-torsors

Gm,T

¢p,(q,q’) :Bpqy N Bpy = By g (1.2.6)

for all T, p € Morg(T, P) and ¢q,¢' € Morg(T,Q), where ¢ is functorial for the

base change T — T. The associativity and the commutativity of 1) mean that the
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following diagrams are commutative for any ¢, ¢, ¢".
Gm,T Gm,T
B,y N Byy N By (1.2.7)

Gm,T Gm,T
Bp,q” Bp,q N Bp,q’q”

@Q

ﬂ
<
=
2
:Q\

By ——~— Bpay (1.2.8)

G, Yo, 0)
Byy N Bpy——~ = Bpaq

Definition 1.2.3. (Biextensions of commutative group schemes by G, s)
Let P and @ be locally noetherian commutative group schemes over S. Assume
that B is a scheme and is a G,, pxg-torsor with the structure of an extension of

Qp = Q xXs P by G,, p gives rise to the isomorphisms (1.2.3) (functorial in S, with

the commutativity of (1.2.4) and (1.2.5)) and with the structure of an extension of

Py = P x5 Q by G, gives rise to the isomorphisms ([1.2.6|) (functorial for 7', with

the commutativity of ((1.2.7)) and (1.2.8)).
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These extension structures are called compatible if the following diagram

. BxqB (1.2.9)
/ +
(B xp B) Xqgxsq (B xp B) '

1R
Sy

(B xg B) Xpxysp (B xg B) ¥
BXPB

is commutative. This means that for every T (locally of finite type) over S and for

all p,p’ € Morg(T, P) and q,¢" € Morg(T, @), the following diagram

p,qq’ /\, Bp/,qq/ (1210)

Gm,T Gm,T Gm,T Pp,p')ad’

£l m) k)
Bp,q A Bp,q’ A Bp’,q N Bp/,q/
idAsymAid Bpp’,qq’

G'm,T G7n T G‘"L,T

Bpﬁq N Bp’,q Bp,q’ N Bp’,q’

gz’(p,p’),m
Gm,T

Bpp’ »q A Bpp’,q’

Yoy (a,0")

is commutative. If the above two extensions are compatible, B is called a biextension
of P and @ by G,, 5. (See Definition 2.1 in [12] VII for the biextension of abelian
sheaves.)

We will use two examples of G, g-biextensions. The first one is G, pxsq as a

trivial torsor and this biextension is called the trivial biextension of P and () by
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G.s- The next one is called the Poincaré biextension of A and A’ by G,, s and

this is defined by the G 4, at-torsor BpAXS corresponding to the Poincaré invertible

At
sheaf Py at with extension structures (and partial multiplications 4+ and +) coming
1 2

from two rigidifications €; and e;. We see that BpAXS is an extension F., of At

At
by G,, 4+ because this is the very statement of the generalized Weil-Barsotti formula
in the case when id : A* — A", Since A is canonically isomorphic to (A*)* due to
Proposition , we can apply the generalized Weil-Barsotti formula tony : A — A",
Therefore B has the structure of an extension E., of A} by G,, 4. To show that E,
and E., are compatible as in (1.2.10]), see Corollary 2.9.4 and Example 2.9.5 in [I2]
VIIL.

We will use the Poincaré biextension of A and A’ instead of their birigidified
Poincaré invertible sheaf. Thus P4y ¢ (or simply P) means the biextension BPAstt

from now. The following proposition is the consequence of the generalized Weil-

Barsotti formula and is called the universal property of the Poincaré biextension.

Proposition 1.2.6. (Universal property of P)

Let T be a locally noetherian scheme over S.

(a) For a group scheme G over T which is an extension of the abelian scheme
AXT (over T) by G, r, there is a unique morphism g € Morg(T, A*) such that
s

G = (ida x g)*P where G is the sheaf represented by G.
S

(b) For a group scheme G’ over T which is an extension of the abelian scheme T'x At
5
(over T') by G, 1 then there is a unique morphism g € Morg(T, A) such that

g (g X ida¢)*P where G' is the sheaf represented by G'.

Due to this universal property [1.2.6 for a homomorphism f : A; — As of abelian



schemes over S, there is a biextension By of A; and Al given by
By = (ida, X Y Payxsay, = (f X id )" Payxsay

where f': AL — A} is a dual homomorphism of f.
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(1.2.11)



Chapter 2

Smooth 1-motives with torsion and
Cartier duality

In this chapter we define two different 1-motives with torsion. One is defined by a
2-term complex of commutative group schemes, which is more convenient to consider
realization functors, and the other is defined by a biextension morphism, which is
called a smooth symmetric 1-motive. In the category of smooth symmetric 1-motives,
we can simply define a dual smooth symmetric 1-motive and the Cartier duality
theorem follows from the definition in this case. Showing that categories of two
different 1-motives with torsion are equivalent, we will define a dual smooth 1-motive

with torsion and prove the Cartier duality theorem in this case.

2.1 Smooth 1-motives with torsion and smooth
symmetric 1-motives

Let S be a locally noetherian base scheme and we will consider only schemes locally
of finite type over S. In [6] (10.1.10), Deligne defined a smooth 1-motive over S by
u: X — G a group scheme homomorphism over S, where X is a finitely generated

twisted constant group over S (which is quasi-isotrivial due to Proposition |1.1.4]) and

31
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where (G is an extension of an abelian scheme by a torus over S.

Definition 2.1.1. (Smooth 1-motives with torsion)
A 5-tuple M = (X, T, A, G, u) of commutative group schemes and a group scheme

homomorphism over S is called a smooth 1-motive with torsion over S if
(a) X is an object of GCg in Definition [1.1.6]

(b) G is an extension (group scheme) of an abelian scheme A over S by T € GCL*

in Definition [1.1.6

(¢) u: X — G is a homomorphism of group schemes over S.

Deligne essentially considered 1-motives over a field. But he also mentioned 1-
motives over any base scheme and called them smooth 1-motives. Because we will
generalize smooth 1-motives once again, we need to use this longer name rather than
1-motives with torsion. Some people (for example, [I] or [2]) already extend Deligne’s
1-motive over a field which also has torsion and this will be introduced and compared
with a smooth 1-motive with torsion in the next chapter.

For a smooth 1-motive with torsion M = (X, T, A, G, u), there is an increasing

filtration which is called the fake weight filtration on M.

Definition 2.1.2. (Fake weight filtration of smooth 1-motives with torsion)
Let M = (X,T,A,G,u) be a smooth 1-motive with torsion over S. The fake

weight filtration W, on M is given by

W;(M) = M foreachi >0,
W_ (M) = (0,T,A,G,0),
W_(M) = (0,7,0,T,0),

W;(M) = 0 foreachi< —3.
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A smooth 1-motive with torsion M is denoted by [X - G] or [X — ] if its fake
weight filtration is specified, i.e., we know what T is. We may think of a morphism

of smooth 1-motives with torsion as a commutative diagram

X, —Gy

|

Xo — G

but because of their fake weight filtrations, this morphism has more conditions.

Definition 2.1.3. (Morphisms of smooth 1-motives with torsion)
Let M; = (X;,T;, A;, G, u;) be smooth 1-motives with torsion over S for i = 1,2.
The set of groups scheme homomorphisms (fx, fr, fa, fa) is called a morphism of

smooth 1-motives with torsion if
(a) fx: X1 =Xy, fr:Th = Ts, fa: Ay — Ay, and fo: G1 — Gy

(b) The following two diagrams

o e

0 15 Go Ay 0

and

ul

X1*>G1

lfx lfc
X, A>G2

are commutative.
We denote a morphism of smooth 1-motives with torsion by f : M; — M,.

Let Mgy, be the category of smooth 1-motives with torsion over S with the above

morphisms. Mgy, is an additive category, but even for S = Spec (C), this category
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is not an abelian category because of an isogeny fa : A7 — As. More explicitly, if
we consider a morphism f = (0,0, fa, fa) : (0,0, A1, A1,0) — (0,0, Ay, As,0), we can
not find its kernel as a smooth 1-motive with torsion. The only possible candidate
of its kernel is (0,0, Ker(f4), Ker(f4),0) but the Ker(f4) is not an abelian variety in

general.

Remark 2.1.1. (Smooth 1-motives and smooth 1-motives with torsion)

Let Mpe be the category of smooth 1-motives (without torsion) over S. Mp, is
a subcategory of Mg, and any object of Mp has a unique (and canonical) weight
filtration because every group scheme homomorphism from a torus to an abelian
scheme is trivial. (For the proof, see 1.3.8 of [12] VII : Recall that Morg(A,T) =
Homoy (alg) (P« (Or), p«(O4)) and that p,(O4) = Og for an abelian scheme p : A — S.)
Moreover, due to this property, we have that Mp, is a full subcategory of Mg,,.

To define a Cartier dual functor on Mp,, Deligne introduced another description
of 1-motives over an algebraically closed field in [6] (10.1.12). This description works

in our case.

Definition 2.1.4. (Pullback and morphisms of biextensions)

Let B be a biextension of P and @) by G,, s as in Definition and let P’
and @' be commutative group schemes over S. For group scheme homomorphisms
c:P'— Pandd:Q — @Q, the pullback G,,-torsor (¢,d)*B = B Xpx.q (P x5 Q')
is a biextension of P’ and @’ by G,, s. This biextension is called the pullback of B
via ¢ and d.

Let B’ be a biextension of P’ and Q' by G, s. The set of morphisms (u, v, w, f)

over S is called a biextension morphism if

(a) u: P'— Pandv:@Q — @ are group scheme homomorphisms.

(b) w is a group scheme homomorphism from G,, s to Gy, s.
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¢ : B' — B is a morphism that gives commutative diagrams :
g g

G — B — Py Gmp —= B —= Qi (2.1.1)
l(wm if lm,v) l<w,u> Lf l(v,w
Gng—B—Fq Gpp—B—=Qp

d X ')+ B — B xg @' is a group scheme homomorphism over Q' and
Q \4p Q
f x5 (plg) : B — B xp P'is a group scheme homomorphism over P’ where

Py B'— P and ¢f : B — @)’ are structure morphisms.

P’ x5 @ is called a biextension of P’ and )’ by the trivial group scheme S. The
set of morphisms (u,v,w, f) over S is called a biextension morphism from P’ xg @’

to B if
(a) u: P'— Pand v:@Q — @ are group scheme homomorphisms.
(b) w=-eg,s: 5 — Gpg is the unit section of G, s.

(¢) f: P xg@Q — B isamorphism that gives commutative diagrams :

eP/XidQ/ eQ/XidP/

Q —~ P, —=>P) P Qp —> Q" (2.1.2)
l(ww) lf l(w) l(wu) lf l(v,U)
Gm,Q B PQ Gm,P B QP

where eps is the unit section S — P’ of P’.

(d) f xq (qp) : Py — B xq Q' is a group scheme homomorphism over @' and

[ xp (Pg): Qp — B xp P is a group scheme homomorphism over P’.

When (u, v, w, f) is a biextension morphism from P’ xg @' to B, there is a unique
biextension morphism (idpr,idg, eg,, 5, (¢, d)*f) from P' xg Q" to (c,d)*B. For a

scheme s : §' — 5, (f/(5"))(p.q,g) is defined by (p,q,9).(((c.d)" F)(S")) (p,@)) where
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p € Morg(S", P'), ¢ € Morg(5',Q"), g € Morg(S’, Gy, 5), and (p,q,-).(-) means the
Morpry 4/ (S, G prx s )-action on Morpry o/ (5, (¢,d)*B). One can see that f'(S")
is functorial in S” and this shows that ' : P’ Xxg Q' XsG,, s — (¢, d)*B is a morphism
of presheaves. Since the category of schemes is a full subcategory of the category
of presheaves of sets, f’ is a morphisms of schemes over S. We can also prove that
(idp,idgr,idg,, 5, f') is a biextension morphism and this means that (u,v,w, f) gives
rise to a biextension isomorphism P’ xgQ' xsG,, s — (¢, d)*B. Such an isomorphism
is called a trivialization of (¢,d)*B.

Conversely, for a given trivialization of (¢, d)*B, using the canonical biextension
morphism (¢, d)*B — B, we have a unique biextension morphism P’ xg@Q" — B. Thus
to give a trivialization of the pullback biextension (c¢,d)*B, it is enough to define a
biextension morphism P’ xg @’ — B. We will use this fact to prove the equivalence

of two different definitions of smooth 1-motives with torsion.

Definition 2.1.5. (Smooth symmetric 1-motives)
The 7-tuple (X, X', A, A" v,v' 1) of group schemes and morphisms is called a

smooth symmetric 1-motive if
(a) X and X’ are objects in GCgs ;
(b) A and A’ = A' are abelian schemes over S dual to each other ;
(c) v: X — Aand v : X' — A’ are group scheme homomorphisms ;

(d) ¢ is a trivialization of the pullback (v,v')*Paxsa via (v,v’) of the Poincaré
biextension Pax ar of A xg A" by G,, 5. Due to the above fact, ¢ can be

regarded as a biextension morphism X xg X' — Py ar.

To make the collection of smooth symmetric 1-motives a category, we need to

define a morphism of smooth symmetric 1-motives.
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Definition 2.1.6. (Morphisms of smooth symmetric 1-motives)
Let (X1, X{, A1, A}, v1,v1,¢1) and (Xo, XY, Ag, A), ve, v),109) be smooth symmet-

ric avatars. The 4-tuple f = (fx,, fa,, fx;; fa,) is called a morphism of smooth

symmetric 1-motives if

(a) le : Xl — XQ, fAl : A1 — A27 fxé : Xé — X{, and fA/2 : A/2 — All are

morphisms of group schemes.

(b) The following diagrams are commutative.

X, 2 A X, -2 A,
J/fxl lfAl lfxé ifA’2
X, 2 A, , p ey

(¢) fa, and fy, are dual to each other and in the following diagram via the identi-

fication (ida, Xs fa;) Pa,xsa; = (fa, Xsiday) Payxsay

Y1
X x5 X] Payxsa,

idx, X5 fXéT T

Xy xg X)——>(ida, X5 fa,)"Payxga, = (fa, Xs1day) Payxsa,

fXIXSidXél \L

P2
X2 XsXé PAgsté

we have that (ida, xg fa;)*(¢1 0 (idx, X5 fx3)) = (fa, Xsiday)* (Y20 (fx, Xs
idx;))-

Remark 2.1.2. (Explanation for the condition (c))
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Since we have the following commutative diagram

Xy x5 X1 AL A (2.1.3)
idx1><5 fXéT hy TidAIXS fA/2

X1 x5 Xy —— Ay x5 Aj

we can think of the pull back of Payxsa, to X1 Xg X/ via hy and the pull back of

Pasxsay to X1 Xg X! via hys. Due to the canonical equality

<1dA1 XS fAIQ)*PA1><SA,1 = (fAl XS idA,Q)4{,]3‘/412)(5.4/2

(by the universal property ), these two biextensions are the same. Because
(2.1.3) is commutative, for h;, there is a unique biextension morphism fz c X1 Xg Xy —
Pa,xq AL that is a lifting of h;. The pullback of h; is a biextension morphism from
X1 xg X3 to the pullback biextension on A; Xg Ay of Py,xgar. (c) says that this

pullback morphism of f:l are equal to the pullback of Eg

2.2 Cartier duality theorem of smooth 1-motives
with torsion

Let Mgym be the category of smooth symmetric 1-motives. One can check that

Msym is an additive category. We define a contravariant additive functor on Mggym,.

Definition 2.2.1. (Dual smooth symmetric 1-motives)

Let N = (X, X', A, A, v,v',¢) be a smooth symmetric 1-motive. Its Cartier dual
N* is defined by (X', X, A", A, v/, v,) where 1 : X' xg X — (v/,0)*Parxsa is define
by ¢ (switching X = X" and A = A’).
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Cartier dual 1-motives define a functor Mgym — Msym and this functor is con-
travariant and additive. For any smooth symmetric 1-motive over .S, the dual of its
dual is the original one itself by definition and therefore we immediately get duality
(or biduality, more precisely) for this functor. Thus if we can show the equivalence
of Mgy and Mg, then we can also define a duality functor on M. We will do it,

as in [I7] Chapter I and its proof is based on Proposition 1.1.6 in [17].

Proposition 2.2.1. (The symmetric avatar of a smooth 1-motive)

There is a nontrivial additive functor B from Mgy, to Mggym.

Proof. Let M = (X, T, A,G,u) be a smooth 1-motive with torsion over S. For this
M, we will find a smooth symmetric 1-motive. B(M) = (X, X', A, A’ v, v, 1) in the
following way.

We define X' to be the group scheme representing Hom (T, G,,, ) with respect to
fppf-topology. It is an object in the category GCs. We define A’ by the dual abelian
scheme of A i.e., the group scheme which represents the sheaf Ext'(A, Gp,s) with
respect to fppf-topology.

The map v : X — A is defined by v := powu where v : X — G and p :
G — A are given group scheme homomorphisms. To construct v’ : X’ — A’, apply
RHom (- ,Gs) to0 — T L4 G5 A — 0 and take 9° of the long exact sequence

C = Ext(A, Gpg) — Ext'(G,Crmg) — Exti (T, Gms) B Ext ™ (A, Grg) — ---
Define v' := 9" and this is a group scheme homomorphism because of Yoneda’s lemma.

More explicitly, when @) is a scheme over S, the exact sequence 0 — T — G —

A — 0 gives an exact sequence 0 — T'xg@Q) — GxgQ — Axs(@) — 0, by base change.

A @Q-valued point ¢ € Morg(Q, X') = Homg(T xs Q,G,, ) gives an extension of
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A XSQ by Gm7Q2
OHTXSQHGXSQHAXSQHO (221)
iq/ lql* lidA
OHGm’Q Gq/ AXSQHO

where G is the push-out of G xg @ and G,, o by T xg Q). This extension Gy
is an element of Extb(A Xs Q,Gyq) = Morg(Q, A’) and we have a map v'(Q) :
Morg(Q, X') — Morg(Q), A") defined by (v'(Q))(¢’) := Gy. We can see that v/(Q) is
functorial in () and this means that v : X’ — A’ is a homomorphism of presheaves.
Therefore v' becomes a homomorphism of group schemes over S (Yoneda’s lemma).
Note that v x v/ : X xg X’ — A xg A’ is also a homomorphism of group schemes.

Now we need to check that v : X — G determines a trivialization v, which is a
biextension morphism X xg X’ — Pay 4 as we checked. Since the category Schg
of S-schemes locally of finite type is a full subcategory of the category Functg of
presheves of sets on S, it is enough to define the map of sets ¥(Q) : Morg(Q, X) x
Morg(Q, X’) — Morg(Q,Paxgar) for all @ € Sch/g and need to show that 1 is
functorial in @) and gives the commutative diagram ([2.1.2)).

Paxqa is a scheme over A and is also a scheme over A’. It is a commutative group

scheme over A which is an extension :
0— Gua— Paxgar — Ay —0 (2.2.2)
and it is also a commutative group scheme over A’ which is an extension :
0 — Gmar — Paxgar — Aar — 0. (2.2.3)
Here is the universal property of Paxsar :

(a) For a scheme U locally of finite type over S and for a group scheme extension

0— Gunu— FE— Ay — 0, (2.2.4)
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there exists a unique S-scheme morphism &’ : U — A’ such that (a’)*(2.2.3) is

isomorphic to the group scheme extension ([2.2.4) and

(b) For a scheme U locally of finite type over S and for a group scheme extension
0— Guy— E — A, —0, (2.2.5)

there exists a unique S-scheme morphism a : U — A such that (a’)*(2.2.2)) is

isomorphic to the group scheme extension ([2.2.5)).

(In fact, a* and (a’)* are the same as fibred products Ux 4 and U 4.)

Let @ be an S-scheme. For ¢ € Morg(Q, X) and for ¢ € Morg(Q, X’), denote
voq € Morg(Q, A) by g and v'o¢' € Morg(Q, A’) by ¢’. The group scheme homomor-
phism u : X — G gives a group homomorphism u(Q) : Morg(Q, X) — Morg(Q, G).
To define (¢(Q))(q, ¢') by using (u(Q))(q), we need another description of Morg(Q, G).
Let L' be a two term complex v/ : X’ — A’ and consider a short exact sequence of
two-term complexes 0 — A" — L' — X'[1] — 0. In other words, it is a commutative

diagram

id

0 0 X =X 0 (2.2.6)

b b

0—=A —"> A 0 0.
The Ext’ long exact sequence (2.2.6)) gives rise to the following short exact sequence

of abelian sheaves :

0—T— Ext'(L,G,5) — A— 0. (2.2.7)

More explicitly, we need to use the exact sequence Hom (A, G,,, s) — Hom (X', G, 5) —
Ext'(L,Gyns) — Ext' (A, G,s) — Ext' (X', Gpns). Now Ext'(X',G,ns) = 0 be-
cause of Definition m For the proof of Hom (A, G,, s) = 0, see Remark or
1.3.8 of [12] VIII. Therefore we can conclude that is exact.



42

Lemma 2.2.2. (The relation between G and Ext' (L', G,,5))

The middle sheaf Ext' (L', G,,s) is represented by G.

Proof. Since T is an affine scheme, the representability theorem [1.1.6] shows that
Ext (L, Gm,s) is a group scheme. For schemes V and @ over S, let me introduce the

notation Vg which means the base extension V' xg @) of V' by ). The fibred product

of ¢ : Q — A’ and the exact sequence (2.2.3) is
0— ijQ — (PAXSA/)/Q — A/Q — 0

where ;o means the base extension x 4@ of an A’-scheme. A/, is isomorphic to
(AxsgA) x4 Q=Axs (A xa Q) =AXgQ = Ag. Since the structure morphism
(Paxgsar) /g — @ depends on the point ¢’ € Morg(Q, X'), we can simply denote it by

Py. From the universal property (a) of Pax s, there is a canonical isomorphism

0 Gm,Q 7)q’ AQ 0

lidG”'Q | lidA

0 G WB(¢) —=Ag—=0

where WB(¢') is the extension determined by ¢’ € Morg(Q, A') = Ext(Ag, Gm,g)-
X"=Hom (T,G,,) and v' : X’ — A’ or equivalently the connecting homomorphism

d°, is determined by the following diagram

o o |

0—=Gno Gy Ag 0

where G is the push-out of G by ¢’ € Homg(Ty, G, ). In other words, v/(Q) :
Morg(Q, X') — Morg(Q, A’) sends ¢ € Homg (T, Gng) to Gy = (¢')(G x5 Q) €
Ext(Ag, Gmg). This extension Gy is the same as WB(¢) from the fact that

W(@)(¢)=(oqd)=4¢q.
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If we can define a homomorphism 7 : G — Ext'(L',G,,s) of abelian sheaves (or

corresponding group schemes) that makes the following diagram

p

0—=T—"—G A—=0 (2.2.9)

b bk

0—=T—=Ext'(L',G5) —= A—=0

commutative then the five lemma shows that G = Ext ' (L', G, s). We will define 1 by
a natural transformation of abelian sheaves (i.e., functors) from G to Ext ' (L', G,,.5).
Let j : @ — S be the structure morphism of @) over S. Since ( - ) is the restric-
tion functor of abelian sheaves, using the spectral sequence H?(Q, Ext*(Lg, Gy q)) =
Ext) (L, Gmq), we have Ext' (L', Gp,s)(Q) = Exté(Ly), Gmg). More precisely,
since j* is an exact functor (R'j* = 0) and since Hom (j*L’, j*G,, s) = j7*Hom (L', G, 5),
their first derived functors £zt (,(j* L', j*Gy,s) (= Ext (L, Gimyg)) and j*Eat §(L', Gy, 5)
are the same.
To define n(Q) : Morg(Q,G) — Extég(L’Q, Gm,), it is enough to determine

n(@)(g) : Xg — E' for every g € Morg(Q,G), where £’ is the extension given

by g:=pog € Morg(Q, A) :
0— G — E' — Ay — 0. (2.2.10)

We define 1(Q)(g) by a homomorphism of Q-abelian sheaves. Let U be a scheme over

Q and 2’ € Morg(U, Xg,). For the exact sequence of U-sheaves
0—Ty — Gy — Ay — 0, (2.2.11)

take the push-out of (2.2.11)) by 2’ € Homy (Ty, G,,,v). The following diagram

0 Ty Gy Ay 0 (2.2.12)

\LI/ lx; \LidAU

0—=Gnu Gy Ay 0
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is commutative and its bottom line is the exact sequence of U-group schemes
0—=Gpy—Gy — Ay —0 (2.2.13)

where G is a group scheme over U and depends on the choice of 2’ € Morg(U, X,).
From the universal property of the Poincaré biextension Paxgas, (2.2.13) is the pull

back of the exact sequence of A’-group schemes
0_>Gm,A’ HPAXSA’ —>AA/ — 0 (2214)

by a unique v € Morg(U, A"). Therefore, G,y = (Paxsa’) X4 U and we have a map
of sets Mory (U, G,) — Mora (U, Paxgar). Let w: U — @ be the Q-structure mor-
phism. We can see that g € Morg(Q, G) = Morg(Q, Gg) and gow € Morg(U, Gg) =
Mory (U, Gy). As an element of Mory (U, Gy ), g o w becomes (g o w) X g idy.

Let 7 : Paxgar — A xg A’ be the projection of this biextension and let &, :
Gyo = Gy xa U =z (Paxgar)pogarosr be the canonical isomorphism of G,,-torsors.
Since (Paxgar)pogarorr 18 the fibred product (Paxgar) Xaxqar U, there is a unique
morphism lpeg . : (Paxgar)pogar — Paxgar. Define (g, U)(2) := lpogsr © kpogar © X ©
gow € Mora(U, Paxsa) and the A-structure morphism of U is given by p o g o w.
Thus (g,U) is a map from Morg(U, X¢)) to Mora(U, Paxsar) = Morg(U, Paxsar Xa
Q). Recall that Paxoar x4 Q € Extb(A’Q,Gm,Q) is given by po g € Morg(Q, A) =
Morg (@, Ag) and p o g becomes pg o g as an element of Morg(Q, Ag).

Define (n(Q)(9))(U)(z') by (g, U)(x), then(n(Q)(¢))(U) is a map from Morq(U, Xg,)
to Morg (U, E'). Since (g, U) is functorial for U, (n(Q)(g))(U) is also functorial for U
over Q. Therefore (7(Q)(g)) is a morphism of schemes from X¢, to E' = (Paxga) xaQ
and it is a lifting of vy, : X¢ — Ap,.

We need to show that (7(Q)(g)) : X — (Paxga) x4 Q is a Q-group scheme ho-

momorphism and thus (7(Q)(g)) € Exty (L, Gm,q)- In other words, g — (n(Q)(9))
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defines a map from Morg(Q,G) to Exty(Lg, Gmg). For @,z € Morg(U, X)),
their push-out of Gy in (2.2.11) are G, and G, in (2.2.12). Since g is fixed,

it is enough to consider Gy, and G,/ instead of G, and G,. Gy, is canoni-
s L s bo 1 2

9%
cally isomorphic t0 (Paxga)pog.vrea; due to the universal property. Using the tor-
sor isomorphism (Paxgar)pogarort N (Paxsar)pogwros, — (Paxsar)pogwio(al +ay) COM-
ing from the partial addition —g : Paxgar Xa Paxgar — Paxgar, We can see that
Q) (x5 + %) = (@)(0)) (1) + (1(Q)(0))(x3) € Morg(U, Py x4 Q). Sinece
Paxgar X4 Q (depending on g) becomes the second term of the extension of Ly by
Gm,, we get a map from Morg(Q, G) to Exté(LQ, Gm,0)-

Now we need to prove that the map 7(Q) : Morg(Q,G) — Exty(Ly, Gngq) is a

group homomorphism which makes the following diagram

0 — Morg(Q,T) Mors(Q, G) — Morg(Q, A) (2.2.15)
lid ln(@) lid

0 —> Morg(Q, T) — Extg (L, Gp,q) — Morg(Q, A)
commutative. For g;, g2 € Morg(Q, G), the corresponding elements 1(Q)(g1), 7(Q)(g2)
Exté (L, G,q) are given by X — E! where E/ is an extension of Afy by G, q as
in (2.2.10)), and Ej is canonically isomorphic to (Paxga’) Xa Q where the structure
morphism of Q) is pog; : Q — (G —)A. As in Remark (or due to (2:2.15)), the
addition of Extég(L’Q,Gm,Q) is explained by that of Morg(Q, A) = Exté?(A’Q,GmyQ)
(coming from Paxga) and that of Morg(Q,T) = Homg(Xg, Gy g). Therefore, to
show that n(Q) is a homomorphism, it is enough to check that (n(Q)(g1 + g2))(2') =
(n(Q)(9))(x}) + (n(Q)(g))(2") for every x" € Morg(U, Xg). This is true because z/,
is a homomorphism, and because l,o4,» and ko, .+ are additive for g. Since n(Q) is
functorial for ), we have the S-group scheme homomorphism 7 : G — Ext ' (L, G, 5)

which makes the diagram ([2.2.9) commutative (and this follows from the definition
of n(Q)(9)(x")). -
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To finish our proof, we need to look at the group scheme structure of the set
Ext (L, G s)(Q).

Remark 2.2.1. (The group structure of Ext (L', G,,.5)(Q))

We checked that Ext (L, Gmq) = Ext §(L', Gp.s)|q in the proof of Lemma
and that means Ext 4(L', Gy, 5)(Q) = Eat (L, Gmg)(Q). The local-global spectral
sequence H'(Q, E:L't]é(L’Q, Gmg)) — Extgrj(L’Q, Gm.g) gives rise to a 5-term exact se-
quence 0 — HY(Q, Hom o(Ljy, Gmq)) — Exty (L, Guq)) — Ext (Lo, Gmg))(Q) —
H?*(Q, Hom o(Lgy, Gpn,s)). Since Hom o(Lgy, Gi,q) = 0 (because of Hom g(A’, G, 5) =
0), we conclude that Ext 5(L', G,,.5))(Q) = Extég(L’Q, Gm.g)) is the set of isomorphism
classes of pairs (E’, ;’C;) where £’ is an extension of Aj by Gy, q and ;’C; is a lifting of

vg to E'. This pair can be visualized as :

id 5/
X, —% X, (2.2.16)
lﬁe} |1
0—=Gno E Ag 0.

We define a morphism of pairs (Ej,w;) and (Fs, ws) using a commutative diagram

of pairs (E; = Fy and w; and wy makes a commutative diagram)

Xcl,g _w E,
idi lz
Xc,g 2 B,
and we can prove that this morphism is always an isomorphism. The set of )-valued
points Ext ' (L', G,,.5)(Q) = Extl(Lb, Gn,g) has a group structure as follows. Let E
be the Baer sum (or the contracted product) of £y and Ej over Aj. It is also an
extension of Ay by Gy, ¢ and is obtained as the following.
If we take the fibred product E; x AL E5 then it is a commutative group scheme

over ( which is an extension of Ay by G g X Gm,g- Let E be the push-out of
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Ey X a7, B via (a homomorphism) m : Gip,g X@ Gm,q — Gmg- E is a (commutative)
group scheme extension of Ay by G, q. We can check that such an FE is also the
contracted product of Fy and E; as a Gy, ay,-torsor.

The morphism w; x Ay Wy € Mor Ay, (Xg, E1 x Ay, E,) is a homomorphism of group
schemes over (). Taking the composite of w; x Ay, W with the morphism E; X AL Ey —
E, we have a homomorphism w : X, — E of group schemes over Af,. w is a lifting of
v'(Q) and (group valued) functor computation shows that Extl(L'Q, Gm,) is a group.

So the sum of (Ey,w;) and (FEs,ws) is defined by this pair (£, w). O

For any ¢ € Mor(Q, X), g := u(Q)(¢q) € Morg(Q,G) = Extl(L/Q,Gm,Q) gives a

pair (E!, v/) € Ext'(L/,G,n5)(Q). From the exact sequence (2.2.7)), the image of

QT q

(u(@))(g) in Mors(Q, A) is ¢ and E; = §*(Paxgas) (the universal property (b) of
Paxsar). The set Morg(Q, E)) becomes

Morg(Q, E;) = Morg(Q, 7 (Paxsar)) = Morg(Q, Paxsar Xa Q)

C Morg(Q, Paxgar)

where Morg(Q, ¢*(Paxox)) is (w(Q))~ ({7} x Mors(@, A')) € Mors(Q, Paxsu).

Since E(Q) : Morg(Q, Xg) — Morg(Q, E)) is a lifting of a group homomor-
phism v, (Q) : Morg(Q, Xg) — Morg(Q, Ap) and since v'(Q) = vy(Q) as a group
homomorphism, one can conclude that (/UV(’J(Q))(q’ ) € m(Q)"Hg,v' o). If we de-
note (v5(Q))(¢) by (¥(@)(¢,¢), ¥(Q) is a map from X(Q) x X'(Q) to Paxsa(Q)
which is a lifting of (v xg v')(Q) and is additive for ¢ (i.e., (W(Q))(q, ¢, + ¢) =
W(Q))(a; 1) + (@) (a: @))-

We can also prove the additivity of ¥(Q)(q,q¢") for ¢, using the Lemma .
More precisely, a Q-valued point g € Morg(Q,G) = Ext' (L', G,,.5)(Q) is the same
as (172;)9 1 Xo — Ej where £/ is an element of Morg(Q, Ag) = Morg(Q, A) and

where (;g)g is the lifting of v, : X — A, Let g be pog € Morg(Q, A) and
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note that E is isomorphic to g*Paxsa. For any gi1,9o € Morg(Q,G), we showed

that (vg)gi+e = (V)g + (1763)92 in Lemma [2.2.2,  More precisely, (vg)g,14,(¢') =

(00) (Q)(@) + (v)(Q)(q) for every ¢’ € Mors(Q, X). Since ¥(Q)(q1 +d2,4) =

(VQ)u(@)(or+02)(d), we see that Y(Q) (a1 + a2,¢') = P(Q)(a1,¢') +¥(Q) (g2, ') because

u: X — G is a group scheme homomorphism.

The definition of ¢ show that 1 is a natural transformation for @) (over S), i.e., it
is a morphism of S-schemes. Therefore we get a smooth symmetric 1-motive B(M) =
(X, X', A, A" v, v ) with torsion. It is clear that B(]0 — A]) = (0,0, A, A’,0,0,0) is
not trivial, and showing the next lemma, we can finish the proof of our proposition.

]

Lemma 2.2.3. (Functoriality of B)

M — B(M) is an additive functor Mgn — Masym.

Proof. Let f: M; — Ms be a morphism of smooth 1-motives with torsion. fs : Ay —
Aj gives two homomorphisms f4, = fa and fa; = (fa)". Similarly, fx, = fx and fx;

is given by (fr)”. All of them are group scheme homomorphisms and the following

diagrams :
X, U A, X, A
J/f)ﬁ lfAl lfxé lfAé
Xy —> Ay ’ Xi Lﬁ’ Ay

are commutative. (For the first one, by the definition of f and for the other one,
because of the funtoriality of Ext®.) fa, := fa and fay = (fa)" are dual to each
other.

From the property of a morphism of smooth 1-motives with torsion

X, -G (2.2.17)

e

X2i>G2
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in Definition (2.1.3), we have two (but the same) smooth 1-motives with torsion
us o fx : Xi — Go and fgouy : X; — Go. From the first smooth 1-motive with
torsion, we have a biextension morphism X; Xg X§ — Pa,x A, that is a lifting of
Xi xg Xy — Ay x5 Ay by taking the composite 1, o (fx, X5 idx;) and this lifting
determines a unique biextension morphism ¢y : X; xg X, — (fa, X g id A4,) P ayxay-

In fogouy : Xy — Gs, fo € Hom(G, Gy) gives a commutative diagram

!
)

X, 25 A (2.2.18)

lfxé lfAé

vy
p gy

and by combining this diagram and ¢, o (idx, Xs fx;) we get another lifting 1y of
(v1,v5) + Xy xg X§ — Ay x Al :

Xy xg X —2 o Paon (2.2.19)

idX1><s fXéT T

P . *
X xg X — (ida, Xs fag) Payxgar-

We need to show that v, gives a unique biextension morphism X; xg X, —
P ayxsay,- Since we have to check (ida, X fa,)*Pa,xsa; = (fa, Xsiday)* Payxsay, we
will use the following lemma.
Lemma 2.2.4. (Homological interpretation of biextensions)

Let A, B, and C be fppf abelian sheaves over S and let Biext' (A, B; C) be the set
of isomorphism classes of biextensions of A and B by C.

Biext!(A, B; C) is a group which is isomorphic to Ext'(A é% B,C). This isomor-

phism is functorial for A, B, and C.

Proof. See [12] VIL.3.6.5 and 3.7.6. O
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Next, the following isomorphisms (which are functorial for B and A)

Homg(A ® B,C) = Homg(A, Hom (B, C))

Homg(B ® A, C') = Homg (B, Hom (A, C))

L
show that RHomg(A ® B,C) = RHomg(A, RHom (B,C)) (functorial for B), and
L
RHomg(A® B, C) = RHomg (B, RHom (A, C)) (functorial for A). Spectral sequences

of these derived functors give five term exact sequences

0 — Ext' (A, Hom (B, C)) — Biext'(A, B;C) — Hom(A, Ext (B, C))

— Ext*(A, Hom (B, C)) — Ext*(A, RHom (B, C))
and

0 — Ext'(B, Hom (A, C)) — Biext'(A, B;C) — Hom(B, Ext '(A, C))

— Ext?*(B, Hom (A, C)) — Ext*(B, RHom (A, C)).

When A is an abelian scheme, B = A’ is its dual, and C = G,, s, we have
Homg(A, Ext (A, G,, 5)) = Biext' (4, A'; G,, ) = Homg(A’, Ext (A, G,,5)) and (the
isomorphism class of) Pax 4 becomes idy € Homg(A,Swtl(A’,Gmg)) and idy €
Homg(A', Ext (A, G,, s)) because of its universal property.

If A=A, B =A4, C =G,s, and f : Ay — Ay a homomorphism, then
Homg(Ay, Ext ' (A), G, 5)) = Biext!(Ay, Ay; G, 5) = Homg(A), Ext (A, G, 5)). The
pull back (ida, X5 fay)*Pa,xsa is corresponding to fa, € Homg(A5, A7) and (fa, Xs
ida,)*Payxsay is is corresponding to fa, € Homg(A;, Ay). Since the (functorial)
isomorphism Homg(A;, As) = Homg(A}, A}) sends fa, to its dual homomorphism
fag, (fa, Xsidar)*Payxga, = (ida, Xs fay)*Pa,xga;. The biextension morphism

U1 0 Xy xg Xy — (fa, Xsiday)*Pa,xga, gives a unique biextension morphism

E : X1 X5 Xy — Payxsa, and the commutativity of the diagram (2.2.17) fgou; =




ol

us 0 fx : X1 — G9 implies that E =1y X1 X5 X5 — PAQXSA/Q. Due to the universal
property of the inverse image (or the fibred product of schemes in our case), we have

11 = 1. In other words, the following diagram is commutative.

U1

X1 x5 X Payxsa,

iXm X3 fxéT T

X]_ XS Xé —— (1dA1 XS fA/2>*7)A1><SA/1 == (fAl XS idAlz)*,PAQXSA,Z

fXIXSidXél l

b2
Xy x5 X, Payxsa,

(The additivity of B can be seen by its definition.) O]

Now we need to prove that 9B is an equivalence functor between Mg, and Mgym,.
So we need to define a functor € from Mggym to Mgy, such that €oB : Mg, — Mg,
is idyg and B o € @ Mygym — Mggym is iday,,,,, up to isomorphisms. First, let me

define an additive functor from Mgy to Mgp,.

Proposition 2.2.5. (Construction of B~ ')

There is a nontrivial additive functor € : Mygym — M.

Proof. Let N = (X, X', A, A, v,v', 1) be a symmetric avatar. X and A in the smooth
l-motive u : X — G are given by X and A in N. Let T be the group scheme which
represents the sheaf X'¥ = Hom (X', G,,5). One can show that TP € GCs. We
need to decide G and wu.
To define G, look at L' : X’ Y, A’. Tn this complex, X’ and A’ are regarded as the
abelian sheaves (for the Sg,pe-topology) and then the group scheme homomorphism
/

v+ X' — A’ is a morphism of abelian sheaves. Apply the functor RHom ( - , G, )

to the short exact sequence

0 Al r X' 0, (2.2.20)
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we get a short exact sequence (as a part of the long exact sequence) :
0 — Hom (X',G,5) — Ext (L, G, 5) — Ext (A, G,5) — 0. (2.2.21)

The first sheaf is represented by T that is an affine scheme. The last sheaf is rep-
resented by A (the Weil-Barsotti formula [I.2.5)). Since the first sheaf is represented
by an affine scheme, the representability of the middle sheaf Ext*(L, G s) follows
from Proposition [[.1.6] G is defined by this group scheme which is an extension of A
by T in the sense of the first section (and see equations and for more
details).

Finally we need to determine the lifting v : X — G of v : X — A. We will define
it by a natural transformation (of group functors). Let @ be a scheme over S. Fix
q € Morg(Q, X) and § := v o g € Morg(Q, A). Since A = (A") is the dual of A’ we

have a (Q-group scheme extension :
0— Gpng— Eg— Ag— 0

depending on the Q-valued point § € Morg(Q, A) and thus ¢ € Morg(Q, X). Let me
use the abbreviation P, = (Paxgar) x4 Q for g: Q — A. We get E; = P, because of
the universal property of Py ar.

Since ¢ : X xg X' — Paxga is a biextension morphism (and thus it is additive
for X), ¢, 1 X — Py is a group scheme homomorphism over Q. Since P, is the
extension of Ay by G, g, this lifting Zg = Xg kit Py (of Ly = Xg é Ap) is an
element of Ext g(L', G,,.5)(Q). Since ¥ is a biextension morphism (and thus it is (qlL)—
additive for X), g, 14 = ¥ TQ#QQ for q1, g2 € Morg(Q, X). Define u(Q)(q) := iv’q and
then u(Q) : Morg(Q@, X) — Morg(Q, G) is a homomorphism. Since u(Q) is functorial

for @) over S, we have a group scheme homomorphism v : X — G over S. This

construction gives a smooth 1-motive (X, X’ b A, G, u) with torsion which is denoted

by €<X7 Xl? A’ Al? U? U’? w)'
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To prove € is a functor, we need to check about morphisms of smooth symmetric 1-
motives. When we have a morphism g : N — Nj of two smooth symmetric 1-motives

where Nz = (Xi,XZ{»AuA;WuU;»%) and 9= (le?fXéafAl?fAé)a it giVQS

X, -Gy (2.2.22)
lfx lfc
Xy —25 (G

where fy = fx, and fs is defined by the following way. Regard commutative group

schemes as abelian sheaves and use the notation L] = [X] — A}] as in (2.2.20). In

the following commutative diagram (of group schemes and morphisms)

!
Vg

X, 2 AL (2.2.23)

lfxé lfA’Q

v

/ 1 /
X —A]
3 3 3 . / / . / /
gives homomorphisms of abelian sheaves fx; : Xy — Xi, fa, : Ay — A} and a

morphism of complexes f, : Ly — L}. Therefore the following diagram

0> A — L) —= X4[1] —0 (2.2.24)
ifA,z iny ifxé 1]
0—= Al — I — = X|[1]] —=0

is commutative where C[1] is a left translation by degree 1 for any complex C. Ap-

plying Ext’( -, G,,.5) to (2.2.24), we have a commutative diagram

0—=T—=Ext'(L},G,5) —= A1 —=0 (2.2.25)
igﬁo(fxéaﬁm,s) isxtl(f%,@m,s) lfAl
0—=Ty—=Eaxt (L, G,p5) —= Ay —0
where T; represents the sheaf Hom (X!, G,,.5) = Ext°(X], G,,5) and A4; = Ext ' (A}, G,.5),
fa, = Ext'(fay,Gys) by the Weil-Barsotti formula|1.2.5] Since Hom (Al Gyn,5) = 0

and Ext (X, G,,5) = 0 (see Proposition [1.1.7)), each row of (2.2.25)) is a short exact
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sequence. Ext'(L},G,,s) is represented (because of Proposition by a com-
mutative scheme G; that we already constructed. fg : G; — G5 is defined by the
morphism corresponding the middle map Ext l(fL’Q, G s) in (2.2.25).

To show that the diagram ([2.2.22]) commutes, we need to compare a biextension
morphism induced by ¢ o (idx, X5 fx;) and the other biextension morphism 1), o
(fx; X5 idyy). Since g is a morphism of smooth symmetric 1-motives, they are equal
and we conclude that the diagram (2.2.22)) is commutative.

The functor € is nontrivial (€(0,0, A, A’,0,0,0) = (0,0, A, A,0)) and one can

check that it is additive. O

We need to verify that these functors Band € is in fact an equivalence between
the category of smooth 1-motives with torsion and the category of smooth symmetric

1-motives.

Proposition 2.2.6. (Equivalence of Mgy, and Mgsym)
The additive functor B from Mgy, to Mgym induces an equivalence of additive

categories.

Proof. By Lemma/|2.2.2 we can identify a smooth 1-motive with torsion (X, T, A, G, u)
with the morphism of sheaves Bo(u) : X — Ext'([v/ : TP — A),G,, ), where v is

defined as in the proof of Proposition [2.2.1] In other words, the following diagram

X X
U \L%o(u):z%g(G)ou

G Ext' (v : TP — A'),Gps)

o

Bo(G)
is commutative and B, : Mg, — Mg, is an equivalence functor whose quasi-inverse
is the inclusion tg, (A1) @ Bo(Masm) = M.

For a smooth 1-motive with torsion (X, (X")P, A, Ext' (' : X' — A'],G.5),u)

in Bo(Mgn) and for a locally noetherian scheme @ over S, the group homomorphism
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u(Q) : Morg(Q, X) — (Ext' (v : X' — A, G,,.5))(Q) is given by ¢ +— [17(’] : X' Xg
Q — (Paxgar) X4 Q], where the structure morphism @ — A is v o ¢. Now fix a point
¢ € Morg(Q, X' xs Q) = Morg(Q, X'). At the end of the proof of Proposition ,
»(Q)(q,q') was defined by (@(Q))(q/) and we showed that (Q) : Morg(Q, X Xg
X') — Mory(Q, (Paxgsar) Xa Q) — Morg(Q, Paxgar) is a map of biextension sets
which is functorial for ¢). Therefore we get a biextension morphism B;(u) := ¥ :
X xXg X' — Paxsa and we already proved that By : Bo( M) — Mesym s a functor
in Lemma 2.2.3

Conversely, when (X, X', A, A’ v,v',1) is a smooth symmetric 1-motive and ¢ €
Morg(Q, X) is a @-valued point, the group scheme homomorphism ((&;(4))(Q))(q) :=
Yy X' x5 Q — (Paxgar) X4 Q gives (functorially for Q) an element in (Ext'([v" :
X" — A,G,,5))(Q), where the structure morphism ¢ — A is v o g. This means
that @ (1) : X — Eat'([v/ : X' — A'],G,,.5) is a group scheme homomorphism due
to Lemma and it is also proved that €; : Mgym — Bo(Mgm) is a functor in
Proposition We can see that 28, and €; are quasi-inverses to each other and
thus B := B; 0 By and € := 1pm(Mm,,.) © &1 are also quasi-inverses to each other. In
fact, up to Cartier duality isomorphisms of commutative group schemes, B, is the

same as idpy,,,, and B, is the inverse functor of &;. O

We call B(M) the symmetric avatar of the smooth 1-motive with torsion M

and we can define a dual smooth 1-motive with torsion by using 8 and €.

Definition 2.2.2. (Dual smooth 1-motives with torsion)

Let M be a smooth 1-motive with torsion over S then its Cartier dual M* is

defined by €(B(M)*).

From the definition of Cartier dual of smooth symmetric 1-motives and the equiv-

alence of My, and Mgy, we showed the following statement.



Theorem 2.2.7. (Cartier duality of smooth 1-motives with torsion)
1 Mam — Mg defined by M — M* is a contravariant functor. M*™* = (M*)* =
M wvia the composite of B, €, and the identity map of any 7-tuple in Mggym and thus

*

is (anti)equivalence functor.

Proof. * : Mgsym — Msym 1s an anti-equivalence because it is a contravariant additive
functor and N** = N. Proposition [2.2.6| means that B and € are contravariant
additive functors and equivalences. Since M* is defined by their composite, it is also

an anti-equivalence. O



Chapter 3

Smooth 1-motives with torsion
over a field

In this chapter we consider the category of smooth 1-motives with torsion over a
spectrum of a field. In the first section we will see one more way to define a 1-motive
with torsion. See [I], [2], or [3] for details. But we also see that this category is
different from the category of smooth 1-motives with torsion. Although the category
of smooth 1-motives with torsion over a field is not an abelian category, there are
many realization functors. In the second section we define these realizations and

show the relation between them when the base field is C.

3.1 1-motives with torsion over a field

In this section, we compare M, with the category ‘M of (étale) 1-motives with
torsion defined in [2] and developed for the last few years. To do so, all of definitions
and results in this section are just repetitions of the first section of [2] and sections 2
and 4 of [3].

Recently Bertapelle revised the definition of ‘M, and gave ‘M over any perfect

field, allowing finite connected k-group schemes in the component of the first term of

27
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I-motives. She also proved that *M™ is an abelian category and the category Mpg
of Deligne’s 1-motives is a full exact subcategory of MM as in [2].

First of all, let k& be a field of characteristic 0, and hence perfect.

Definition 3.1.1. (Definition 1.1.1 in [I])

A commutative group scheme L over k is called discrete if it is locally constant
and finitely generated for the étale topology.

A lattice is a locally constant group scheme over k, isomorphic to a finitely
generated free abelian group, for the étale topology. In other words, A lattice is a

torsion free discrete group scheme.
Before defining 1-motives with torsion, we need to do some work.

Definition 3.1.2. (Effective étale 1-motives with torsion)

An effective étale 1-motive (with torsion) over k is a complex M = [u: X — G|
of k-group schemes where X is a discrete commutative group scheme and where G
is a semi-abelian variety. An effective morphism M — M’ is a map of complexes
(f,9), with f: X — X' g: G — G’ morphisms of group schemes. The abelian group
of effective morphisms of étale 1-motives is denoted by Homeg ¢ (M, M') and the

category of effective étale 1-motives is denoted by ‘t./\/lsz’ét and more briefly, t M€t

We can show that ‘{ M®¢ is an additive category and an effective morphism (£, g)
has a cokernel by defining Cok(f, g) := [Cok(f) — Cok(g)]. Note that Ker(f) and
Cok(f) are discrete commutative group schemes and Cok(g) is a semiabelian variety.
To show the last assertion, we need to use the fact that the category of commutative
group schemes of finite type over any field to be an abelian category (and for the
proof, see [I1], pp 212-217, corollary 7.4). When X = X’ =0, f = 0, and g is an

isogeny, Ker(g) is no longer connected, and therefore the complex [Ker(f) — Ker(g)]



99

can not be an effective étale 1-motives. To make an abelian category from ‘A€t

we need to think of the following morphisms.

Definition 3.1.3. (Quasi-isomorphisms of effective étale 1-motives)
An effective morphism of effective étale 1-motives M — M, here M = [X = G]
and M’ = [X' L (], is a quasi-isomorphism of 1-motives if it yields a pull-back

diagram

X . @ (3.1.1)

where F' and F’ are finite étale group schemes over k and u” is an isomorphism.

We can make a category *M® with the same objects as *M®¢ but taking

Homi e (M, M') = lim Homeg (M, M') (3.1.2)
where the direct limit is taken over isogenies G — G, and M = [)Af — 6’] with

X=X Xa G. To show that ‘M is really a category, we need the following result.

Proposition 3.1.1. (Composition of morphisms)
For any effective morphism w : M — M' and any quasi-isomorphism ¢’ : M —
M', there exists a quasi-isomorphism r : M- M together with a morphism v :

M — M forming a commutative diagram. Furthermore, v is uniquely determined

by the other morphisms and the commutativity. In particular, we have a well-defined
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composition of morphisms of 1-motives
Hom(M, M") x Hom(M', M") — Hom(M, M").
Proof. See lemma 1.2 in [2]. O

In other words, any morphisms M — M’ and M’ — M" are formally represented
by wg™* and w'(¢’)~! as in the following diagram and moreover we can find M , 7 and

v making this diagram :

N% —
M M’
SN N
M M’ M
commutative. Therefore we have the composite of given morphisms wq=! and w'(¢’)~*
and it is represented by (w' o v)(gor)!.

Recall that the cokernel of an effective morphism is stable under quasi-isomorphisms
since any quasi-isomorphism (f, g) is surjective by its definition. Likewise, all of the
axioms, except the existence of kernels, of an abelian category can be proved due to
this stability under quasi-isomorphisms. So the only problem is how to define the

kernel of a morphism in M and we need to use one more result. Before stating it,

let me give a definition.

Definition 3.1.4. (Strict morphisms)
An effective morphism (f,g): M — M’ is strict if g has (smooth) connected

kernel, i.e., the kernel of g is still semiabelian.

The following statement tells us how to define the kernel of a morphism of *M¢
and, as a result, the relation between M and the category of mixed Hodge struc-

tures.
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Proposition 3.1.2. (Kernels in 'M® and the Betti realization)

Let w = (f,g) : M — M’ be an effective morphism of effective étale 1-motives.
Then there exists an effective étale 1-motive M’ and there is a quasi-isomorphism
q : M’ — M’ such that w is lifted to an effective morphism w = (f, g): M — M
such that Ker (§ G — Ef’) is connected. In particular, 'tM® is an abelian category.

If k = C, then Betti realization Hz(M) := X X Lie (G) gives an equivalence
of tM® — MHS,;, where MHS; is the category of mized Hodge structures with Z-
coefficients of type {(0,0), (0, —1),(—1,0), (=1, —1)} such that Gr"(H @z Q) is po-

larizable. For the definition of a polariztion, see definition 2.1.15 in [5].
Proof. See proposition 1.3 and 1.5 in [2]. O

The first part of the above proposition means that, for any effective morphism, if
we fix M, M" and w = (f,g) in the following diagram and moreover g is surjective
(that is enough to decide what the kernel is), we can find a unique M’ such that q
and w are also determined uniquely, and the following

M
@ 7 |

s /
P lq

/\/ w v
M ——=DM'.
is commutative. For the proof of this uniqueness part, see proposition C.4.2 in [1],

but the essential reason is g should be bijective when g is surjective. Even if Ker(g)

is not connected, Ker(g) is connected, and Ker(w) : Ker(f) — Ker(g) is an effective

étale 1-motive. For the well-definedness of Ker(w) € M, the following commutative
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diagram

explains why Ker(w) = Ker(w), and at last, Ker(w) is well defined and it is isomorphic
to Ker(f)Nu=!(Ker(g)°) — Ker(g)? in * M, where M = [X - G] and where Ker(g)°
is the identity connected component of Ker(g).

Therefore, {M® is an abelian category and the authors of [2] could prove the
equvalence between ‘M and the category of any (i.e., not necessarily torsion free)
mixed Hodge structures with Z-coefficients of type {(0,0), (0,—1),(—1,0),(—=1,—-1)}
by extending Betti realizations of Deligne’s 1-motives to those of objects inf M. This
is the other part of the Proposition [3.1.20 To construct this abelian category *AM®
we need the connectedness condition of G in M, but this brings one more difficulty
when we try to extend Cartier dual functor. After giving one more definition, I will

do that.

Definition 3.1.5. (Etale I-motives with torsion)
The category ‘M is called the category of étale 1-motives (with torsion) and its
object is called an étale 1-motive. The morphisms between two étale 1-motives M

and M’ is given as in (3.1.2)).

Although ! M*® is big enough to be abelian category, Cartier dual on the category
Mpe of 1-motives can not be extended to an anti-equivalence on the category of * M
itself. The reason is that we need to consider Cartier dual of étale group scheme, it
can make the second term of its dual 1-motive not connected. Thus we need to define

its dual category and this new category is called the category of 1-motives with
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cotorsion as in [I], 1.8.

Definition 3.1.6. (Effective multiplicative 1-motives with cotorsion)

Let (Memult he the category of complexes M = [u: X — G| where X is a torsion
free, discrete commutative group scheme over k£ and G is a commutative group scheme
which is an extension of an abelian scheme A by a commutative k-group () that is
product of a group scheme of multiplicative type of finite type over k. An effective

morphism w = (f,g) : M — M’ is a morphism of complexes and its kernel is defined

by Ker(f) — Ker(g).

pMEEmUI g an additive category without cokernel, because Cok(f) might have tor-

sion. As MM we can also define (dually) quasi-isomorphisms, Hom, et muc (M, M),

and ;M™ as in Definition [3.1.3] (3.1.2)), and Definition [3.1.5, All dual statements

of Proposition 3.1.1] and [3.1.2] are also true. Let me list (in fact, repeat) all of these

statements without proof.

Definition 3.1.7. (Quasi-isomorphisms of effective multiplicative 1-motives)
An effective morphism of effective multiplicative 1-motives M — M’ here M =
(X % G] and M’ = [X' “, ('], is a quasi-isomorphism of 1-motives if it yields a

pull-back diagram

X v, (3.1.3)
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where F' and F’ are group of multiplicative type which is finite over k and u” is an

isomorphism. Since char(k) = 0, they are of course étale schemes.

We can also make a category ;M™ ! with the same objects as , MeTHmult Hhyt

morphisms are
Hom, g (M, M') = lim Hom, pgeitmuc (M, M') (3.1.4)

where the direct limit is taken over an injection X’ — X', and M = [X’ — G'] with

G is a push out of X’ and G

Proposition 3.1.3. (Composition of morphisms of ;M™¢)

For any effective morphism w' : M’ — M" and any quasi-isomorphism ¢ : M' —
M’, there exists a quasi-isomorphism r : M" — M" together with a morphism v :
M — M" forming a commutative diagram. Furthermore, v is uniquely determined by
the other morphisms and the commutativity. A morphisms M — M' and M’ — M"
are formally represented by (¢')"'w and (¢")"*w' as in the following diagram and we

can find ]\//7”, q" and v making the following diagram

M M’ M
\ y X y
]/\2'// M//

N 7/
NV r s
N v
N ~

_
M

1

commutative. Therefore we have the composite of given morphisms (¢')~'w and

(¢") "'’ and it is represented by (r o q”) " (vow').

Since the kernel of an effective morphism is stable under quasi-isomorphisms and
all of the axioms, except the existence of cokernels, of an abelian category can be

proved due to this stability under quasi-isomorphisms, we only need to define kernels.
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Definition 3.1.8. (Strict morphisms)

An effective morphism (f, g): M — M’ is strict if Cok(f) is torsion free.

Here is a dual statement of Proposition|3.1.2] but we can not say anything about

the Betti realization in this case.

Proposition 3.1.4. (Cokernels in ;M™)

Let w = (f,g) : M — M’ be an effective morphism of effective étale 1-motives.
Then there exists an effective multiplicative 1-motive M and there is a quasi-isomorphism
q: M — M and there is an effective morphism w = (]?, J) : M — M’ such that
w=woq and Cok(f is torsion free.

When an effective morphism w = (f,g) : M — M’ is strict and f is injective (this
is enough to decide what the cokernel is), if w = wogq, then q is an isomorphism. More-
over, in this case, Cok(f) — Cok(g) is stable under taking any quasi-isomorphism
and assigning the strict morphism.

Therefore for a morphism (represented by w = (f,g)) of (JM™U, we can define

cok(w) in (JM™and in particular, M is an abelian category.

Though we can show ;M™! is an abelian category, it shoud be a dual category
to tM® and defining the Betti realization functor is not simple. But we finally get
another abelian category and let me state its definition to construct the Cartier dual

functor.

Definition 3.1.9. (Multiplicative 1-motives with torsion)
The category ;M™ W is called the category of multiplicative 1-motives (with co-
torsion) and its object is called an multiplicative 1-motive. The morphisms between

two étale 1-motives M and M’ is given as in (3.1.4)).

Recall that ‘M€ and (MeEmult can be regarded as subcategories in My, by

restricting their morphisms preserving the fake weight filtration of My, and then
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we can follow Definition [2.2.2 From this definition and Theorem 2.2.7, we know
that a dual of effective étale 1-motive is effective multiplicative and a dual of effective
multiplicative one is effective étale. Of course, morphisms can be sent to morphisms of
duals (contravariantly) and hence taking such a dual gives two contravariant functors
EMeftét o peffmult ang  peffmult ¢ Aqeffét Byt more interesting fact is that these

functors preserve quasi-isomorphisms.

Proposition 3.1.5. (Cartier dual and quasi-isomorphisms)
By the above way, Cartier duality on Mpe extends to contravariant additive func-
tors ()*: tMeEEE o peffmult = gnd ()F Memult st AqeE ynich send quasi-

1somorphisms to quasi-isomorphisms.

Proof. For ()*: tMeEE —  pMefmult "gee lemma 1.8.3 in [I] and the other statement

can be shown dually. O]

So we can get two contravariant functors ( )*: M —  M™U and () Mmult
tM. The only problem is that we need to show that these are anti-equivalence
functors. This is the very statement of proposition 1.8.4 in [I] and we can conclude
the Cartier duality result.

When £ is any perfect field, t M is not enough to be an abelian category, because
there are connected finite flat commutative group schemes but not étale. Moreover,
since they can be the kernel of some isogeny, we need to extend ‘M¢ to a bigger
category containing every finite flat commutative group schemes. Let CE be the
category of commutative k-group schemes extension of a discrete group scheme by a
finite flat commutative connected group scheme. Recall that such connected group
schemes are flat and that the extension is automatically split. Over any perfect field,
the proposition 2.14 in [16] 1.2 tells us that a flat and finite commutative group scheme

is the direct sum of reduced and nipotent group schemes.
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Definition 3.1.10. (Effective flat 1-motives with torsion)

An effective flat 1-motive with torsion, or briefly, an effective 1-motive is a complex
M = [u: X — G] of k-group schemes where X is an object in CE€ and where G is a
semi-abelian variety. An effective morphism M — M’ is a map of complexes (f, g),

with f: X — X', g: G — G morphisms of group schemes.

Denote by *Mf the category of effective flat 1-motives and now ‘M€ is its
full subcategory. One can also check that the category Mpg of Deligne’s 1-motives
is the full subcategory of M€ consisting of those M with X torsion-free.

All terms and results for ‘M also work for M by adding finite flat com-
mutative group schemes. For instance, we can define what the quasi-isomorphism of
t MR i by taking F = F’ finite flat and so what *Mf is. Of course, we can show
tM" is an abelian category and for its proof, see theorem 2.1.9 in [3].

Similarly, we can also define the category ;M of effective flat 1-motive with
cotorsion, their quasi-isomorphisms, and ;M. Finally, we can extend Cartier dual
functors to ‘M —, eea and (MDD — EAMTE and get anti-equivalences ‘M —
M and (M — PME For the proof of anti-equivalence part, see proposition 4.1.4
in [3]. Using derived categories of them, we can show that D(!M™) and D(,M°T1)
are equivalent and for its proof, see lemma 2.3.5 and theorem 4.1.5 in [3].

Let me finish this section by comparing My, (k) with MP(k). First of all, M (k)
is an abelian category but Mgy, (k) is not. But to prove the above result for (M (),
we need to use the fact that the category of commutative group schemes over Spec (k)
is an abelain category. When the base scheme S is not a spectrum of some field, this
category of commutative group schemes over S is no longer an abelian category, and
also t/\/li;ls is not. Therefore, for the purpose to construct the category of 1-motives

with torsion over any base scheme, we need to give up the condition that our category
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is abelian, and Mg, (k) is still good in this point of view.

Second, both categories have Cartier dual functors and Cartier duality isomor-
phisms. But Mgy (k) is closed under this dual functor, and *M%(k) is not. Consid-
ering a couple of derived categories and their equivalence functors, we can make a
triangulated category containing ‘M®(k), closed under this extended dual functor.

Finally, looking at the proof of Proposition [3.1.1] and [3.1.3] to get an abelian
category containing Mp., we have to abandon torsion of one term in the complex
X — G. If we want to think about a 2-term complex F} — F; of étale groups, we
need to consider both terms, and this 2-term complex is a typical example which
shows that Mgy (k) is useful. Of course, M (k) is good enough to understand the 1-
motives of algebraic varieties over k when k is algebraically closed. But if we consider

more arithmetic problems, Mgy, (k) is also useful.

3.2 Realization functors

In this section, I will follow Deligne’s definition in [6] as much as possible, to define
realization functors, i.e., Betti (or Hodge according to Deligne himself), étale (and
l-adic when [ is invertible), and de Rham realizations.

Let S = Spec (C) then any object in GCg = GCgspec(c) becomes a locally étale
schemes. In other words, if X € GCgspec(c), then its Cartier dual (in the sense of
Definition is always a group of multiplicative type over C due to Char(C) = 0.
Moreover, since C is algebraically closed, we can regard X as a finitely generated
ableian group Z"@®(finite torsion part).

Assume that a commutative group scheme G over C is given by an extension of

DSpec (C)

an abelian variety A by T € gCSpeC ©)

,i.e, 0 =T — G — A — 0 as in Definition

1.1.5] where T can be regarded as a group of multiplicative type over C. In this
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case, G(C) has a complex Lie group structure and we can define its exponential map
expg e : Lie(G(C)) — G(C), where Lie(G(C)) is the Lie algebra of G(C).
Now, let M = [u: X — G] be a smooth 1-motive with torsion over C. From the

above argument,we have a diagram of abelian groups

Lie(G(C)) (3.2.1)

X(C)
% expg(c)

Cok(expgc)) Cok(u(C)).
One can easily see that expg(c) @ Lie(G(C)) — G(C)? is surjective where G(C)°
is the identity connected component of G(C). Since G(C) has only finitely many
connected components, Cok(expg(c)) is a finite abelian group and obviously a Lie

group. But Cok(u(C)) is not necessarily a Lie group.

Definition 3.2.1. (Betti realizations)

Let M = [u: X — G] be a smooth 1-motive with torsion over C as above.

(a) The first Betti realization is defined by (as 10.1.10 in [6])

HIM) = X %o Lie(G(O))
= {(z,v) € X x Lie(G(C))[u(C)(x) = expg(c(v)}

(b) The second Betti realization is defined by

H7(M) = Cok(u(C)) +a(c) Cok(expgc))

= ((Cok(u(©)) x Cok(expaey)) /£(G)
where f: G — Cok(u(C)) x Cok(eXpG(C)) is defined by

7o) = (9 -+ u(X), g + expgc)(Lie(G(C)) ).
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In other words, H}(M) is the fibred product of the top part of (3.2.1) and
HZ(M) is the fibred sum of the bottom part of (3.2.1). We can regard H2(M) as
the double quotient u(C)(X(C)) \ G(C)/ expg e (Lie(G(C)).

Assume that there is a short exact sequence in Mgy, (C)

0— My —> My —*> Mz —=0
i.€., the commutative diagram
h k1
0 X, X, X, 0 (3.2.2)
0— G —2> Gy —2> Gy —— 0

where horizontal sequences are exact in the sense of (1.1.6]).

Proposition 3.2.1. (Snake Lemma for Betti realizations)

There is a connecting homomorphism d : H}(Ms) — HZ(M;) which makes a long

exact sequence from
1 1
0 — H)M) % HY(M) % HL(M)
2 2
L HEMy) LB HE(M,) -2 HE(Mg) — 0.
Proof. For simplicity, only in this proof, let me use the following notations: X; means
X;(C), G; means G;(C), Lie(G;) means Lie(G;(C)), u; means u;(C) and exp, means
eXpGi(C).
From the second sequence in (3.2.2)) we can get a short exact sequence
0 — Lie (G1)-5Lie (G2) 25 Lie (G3) — 0

and a commutative diagram

0 —= Lie (Gy) —2> Lie (Ga) —2> Lie (G3) —= 0 (3.2.3)

lcxpl J/CXPZ lcxpg
h k

0 Gy 2 Gs 2 G5 0
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where the map hj, : Hj (M) — Hy(M,) is defined by (hi, h3) | and obviously
injective by the injectivity of h; and k;.

kj : Hyz(Ms) — Hz(Ms) is also defined by (k1, k3) | m, () and because of k;oh; =0
we get kLohl = 0. If (24, g5) € Ker(k}) then k) (wq, gb) = (k1(x2), k3(g5)) = (0,0) tells
that the existence of (z1,¢]) € X; x Lie (G;) such that hy(x1) = x5 and hs(g]) = gj.
By the commutativity of and this (z1,¢}) is contained in H(M;) and
this shows the exactness of the Hj(M,) part.

Now let’s take (3, g5) € HL(Ms) to define d : HL(Ms) — HZ(M,;). We can choose
(w2, 95) € X x Lie (G2) such that ki(x2) = x5 and k3(g)) = g4 up to the elements in

X; x Lie (G7) from the exactness of (3.2.2]) and (3.2.3). Because of the commutativity
of (3.2.2) and (3.2.3), ka(ua(z2)) = ka(expy(gs)) that is

go = (uz(w2) — expy(gh)) € Ker(ky) (3.2.4)

and we can find only one g; € (G; whose image under hy is go. This g; determines
one element gy in H2(M;), the double quotient of Gy by u;(X;) and exp,(Lie (G})).
We define d(x3, g4) = g1. For the well definedness, if we take another representative

(v9,€5) € Xy x Lie (Gy) the difference

g2 —e2 = (uz(w2) — expy(g)) — (u2(v2) — expy(ey))
= ug(my — v3) — expy(gh — €5)
= uy(hi(wy)) — expy(hs(f1))
= ha(ui(wy)) — ha(exp;(f1))
= ha(ui(w1) — exp;(f1))
is in the image of the the subgroup of G; generated by u;(X;) and exp,(Lie (G;)

where (w1, f1) € X1 x Lie(G) is a unique element that goes to (x2 — va, gy — €5).

Therefore this map d is well defined.
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Since (z2, gh) € H(My) means us(xs) = expy(gy) € G2 we can get

d(ké(xg,gé)) = d(kl(ﬂﬁz),k:%(gé))
= Dy ' (ug(w2) — expy(gh))
= hy'(0)

=0
i.e., dok} =0. If (z3,g4) € Ker(d) we can pick (z, gy) € Xy X Lie (G3) such that

hy ' (ug(2) — expy(gh)) = g1 = ur(21) — expy (g7)

as in (3.2.4]). From this equality we can find

() — ho(ui (1)) = expy(gs) — halexp(g7))

and

uz (2 — ha(z1)) = expy(gs — ha(gh)) € Go
where ky(xg — hi(z1)) = z3 and k3(g, — hi(g})) = g5. Hence (z3,45) € Im(k}) and
this proves the exactness at Hj(M3). Since h%(g1) = ha(g91) € H2(Ms), for any

(23, 95) € Hy(Ms)

hz(d((23, 95))) = h7(g1) = ha(g1) = uz(z2) — expy(g5) =0

by definition of d and HZ(M>) and thus h% o d = 0. Let’s assume that g; € Ker(h2).
This implies ho(g1) = ua(x2) — expy(gh) which is contained in the subgroup of G
generated by us(X2) and exp,(Lie (G2)). So if we take (z3, g4) = (k1(z2), k3(g5)) then
it’s clearly in H}(Ms) and d(z3, g5) = g1 by the construction of the map d. Hence we
have checked

Hy(My) — Hj(My) — H;(Ms)
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is exact.
Because G; — Gy — Gy is exact kZohZ = 01is clear. Suppose that g3 € Ker(k2),
in other words
ka(g2) = us(ws) — exps(gs)
for some z3 € X3 and g4 € Lie(G35). There are x5 and ¢} so that ki(x2) = z3 and

ks(gh) = g5 and moreover
ka(g2 — (ua(x2) — expy(g5)))
= ha(g2) — ka(uz(x2)) + ka(expy(g5))

= ug(w3) — expy(gy) — us(k1(z2)) + expy(ks(gs))

= 0.

Since go — (ua(x2) — expy(gh)) = g2 we can choose g; € G such that

ha(g1) = g2 — (u2(w2) — expy(gh))

i.e. h2(g1) = ha(g1) = g2 and we showed the exactness at HZ(M,). Finally k2 is

surjective because ky is surjective and k2 is well defined. This finishes our proof. [

Let k be any field and S = Spec (k), then as in 10.1.5 of [6] we identify M €
M (S) to the complex of S-groups (and so sheaves) [X — G] of degree 0 and 1 and

for an integer n let [Z - Z] be the complex of degree —1 and 0.

Definition 3.2.2. (Etale realizations)
Let K be the complex [X % G| ® [Z 2 Z] of degree —1, 0, and 1. K can be
L
identified with M ® Z/nZ in the derived category of sheaves over S. Define
H%/nZ(M) = h7Y(K)
H%/nZ(M) = hO(K)

H%/nZ(M) = h1<K)
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where h'(K) is the i-th cohomological object of K.

Since h™!(K) is just a kernel of (n,u) : X — X @ @G, it is a subgroup scheme of
X and obviously a group scheme. Let me recall that the category of commutative
group schemes of finite type over k is an abelian category, and therefore h°(K) can
be represented by a commutative group scheme, because n : G — Im(n) = n(G) is
an isogeny of group schemes of finite type. h'(K) is also represented by some group
scheme, since Cok(n) is a finite group scheme over k.

For n = md, we can define transition morphisms

?n,n : Hg/nZ(M) - Hg/mZ(M)

¢571n,n : H%/nZ(M) - H%/mZ(M) (3.2.5)
2

mn - H%/nZ(M) - é/mZ(M)

which are induced from

(m,u)

0— X XG0 —2G—0.

lid i(d,id) J{d
(n,u)

0—>X——>XaG—>G—>0
So for any prime number [ we get projective systems of Hp ., (M), Hy ., (M),
H2 yinz(M). Moreover [ is of course invertible over S = Spec (k), and we can have the

limits of these projective systems as Z;-sheaves over k.

Definition 3.2.3. (l-adic realizations)
Let M € Mgy (k), then its l-adic realizations are given by
HY(M) :=1im H} (M)
H} (M) := lim Hy ynz, (M)

HE (M) := li£1 H%/ZRZ(M)v

where these projective systems are given in ((3.2.5)).
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When we consider M € Mg, (C), we use the notations in the proof of Proposition
and additionally, Hy,,(M), Hy,, (M), and H7,,(M) to denote the sets of

complex points of them.

Proposition 3.2.2. (Comparison between Betti and étale)

We have a long exact sequence

0 — HY, (M) — HA(M) " HY(M) — H},p(M) 526
— HE(M) " H3(M) — HE,,,(M) — 0.

In particular Hz ., (M) = HZ(M)/n(Hz(M)) and moreover if
n: H2(M) — HZ(M)
is injective then it’s also true that Hy (M) = Hy(M)/n(Hyz(M)).

Proof. By definition Hg/nZ(M) = Ker(u) N Ker(n) C Ker(u) and we can view this as
a subset of H}(M) N Ker(u). Thus the first map exists and injective.

Because 17,y C Ker(n) the composite of n : Hz(M) — Hy(M) and the above
map is trivial. Moreover n : Lie (G) — Lie (G) is always injective and this means
(z,9') € Ker(n : HY(M) — HL(M)) should be (z,0) and x € Ker(u) N Ker(n) =
HE/RZ(M). This shows the exactness at the first H(M).

Let me define f': Hz(M) — Hy,,,(M) by

/

fz,q) = ((m,exp %)) = <x,exp (%)) +{(nz,u(z))|x € X},

then we have

flon(e,g) = f'(nz,ng') = (nw,exp (%‘q/» = (nx,exp(g’)) = 0

from the construction of Hl(M). Conversely if (z,g9) € Ker(f!) there is 2/ € X
such that = na’ and exp(¢'/n) = u(z’). Thus (2/,¢'/n) € HL(M) and (z,¢') =

n(a’, ¢’ /n) i.e. this part is exact.
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Now if we define 0 : Hy ), ,(M) — H7(M) by
0(r,9) =7 = g+ (u(X) + exp(Lie (G))

then this map is obviously well defined and

/ /

Do fix,g) = a(x,exp (%)) = exp <%> = 0.

So Im(f') C Ker(d). Suppose (x,g) € Ker(9) then we get g € (u(X) + exp(Lie (G))
i.e. there are 2’ € X and ¢’ € Lie (G) such that g = u(z’) + exp(g’). By definition of

Hy,z (M), of course u(z) — ng = 0, and we have
u(z) = ng = nu(x’) + nexp(q’) = u(nz’) + exp(ng’)

That is (zr —na’,ng’) € Hy(M) and its image under f! is contained in the same class
as (z,g). This shows Ker(9) C Im(f!).
For any (z,g) € H%/HZ(M) we can find n o d(z,g) = n(g) = ng and ng = u(x).

Thus n o d(x,g) = u(z) = 0 and this means nod = 0. If n(g) = 0 there is a pair

(x,¢') so that ng = u(x) + exp(g’). Hence

(x,g — exp (‘%)) € H%/HZ(M)

and

Thus we have Ker(9) = Im(f1).
Finally define f%: HZ(M) — Hé/nZ(M) by

f*(9) = f*(g + (u(X) +exp(Lie (G))) =7 = g + (u(X) + nG)

This map is well defined because the multiplication by n is an isogeny and its restric-
tion to the identity component of G is surjective. By this definition f2on = 0 and f?
is clearly surjective. Now suppose f2(g) = 0. That is g = u(z) + ng; for some z € X

and g1 € G. Thus g = ng; = ng; and we can conclude the exactness of (3.2.6). [
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To make de Rham realizations as in 10.1.7 of [6], let k& be a field of charateristic

0. In this case, for any multiplicative group scheme T,
Ext ' (T,G,) = 0. (3.2.7)

The short exact sequence of Mg, (k)

gives the long exact sequence of sheaves
— Ext N X, Gy,) — Ext (M, G,) — Ext'(G,G,) — Ext (X, G,) —
and because Hom (G, G,) = €xt (X, G,) = 0 we have
0 — Hom (X,G,) — Ext'(M,G,) — Ext*(G,G,) — 0.

First of all, Hom (X, G,) is represented by a vector group over k (and so by an
affine group scheme of finite type). Since Ext'(G,G,) = Ext' (A, G,) is represented
by Lie(A), Ext'(M,G,) is also represented by a commutative group scheme. We can
also get Hom (T, G,) = 0 and hence according to (10.1.7) in [6] there is a universal

extension M = [X — G% of M by a vector group

0 0 X X 0

L

0——= Ext (M, Gy) —= Gf —= G ——=0,

where Ext ' (M, G,)* := Hom o4 (Ext (M, G,), Os).

Definition 3.2.4. (De Rham realizations)

Let M € Mgy(k) and let Char(k) = 0. Its de Rham realization is given by

H}o (M) := Lie (G%).
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Its Hodge filtration is defined by
FOT (M) = Ker(Lie (G*) — Lie (G)) = Ext ' (M, G,)*
and its weight filtration is given by

W_yHyp(M) = Lie(T)
WoiHlp(M) = Lie(E(G))

Wo Hap(M) = Hap(M)
where E(G) is the universal extension of G itself (instead of M).
Now we can get a generalization of (10.1.8) in [6].

Proposition 3.2.3. (Comparison between de Rham and Betti)
If M = [X — G] € Mgu(C), then

(H(%R<M)7F= W) = (H%(M) b2y (C,F, W)

Proof. In fact, this proof is the same as (10.1.8) in [6].
For i = 0 or 1, Ext'((X,G,), Ext'((A,G,), and Ext'((T,G,) are the same in the
algebraic and analytic categories. Taking the composite of H} (M) ® C — Lie(G(C))

and expg(c), we get a diagram

X — (Hz(M) ® C)/Hy(G)

4

X “ G

giving an extension of M € M (C) by the vector group F'T (M), and therefore

tor
an extension of M € My, (C) by this group. To show that this extension is the
universal extension, it is enough to prove that the category of extensions of X —

(H3 (M) ® C)/H(G) by G, is trivial and unique up to automorphisms. This is also
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the category of extensions of (Hz(M)®C)/HL(M) by G,, and one gets Ext((Hz(M)®
C)/HL(M),G,) =0 fori=0or 1. O
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