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CHAPTER 1

Introduction

The development of a statistical theory of fluid turbulence has been a long sought-
after goal of modern physics. As a subject fraught with difficulties, simplified models
have played a important role in isolating essential features or motivating the discov-
ery of new mathematical tools. Often, they have proven useful for a broader class
of problems in statistical physics. Our work focuses on one such model-—Burgers

turbulence—the study of Burgers equation
Ly
oyu + 0, §u = 10U (1.1)

with random initial data or forcing.

Burgers proposed his model in the 1940s to study the critical interaction of dissi-
pative and nonlinear inertial terms in hydrodynamic turbulence [12]. Although (1.1)
was already known to have a closed form solution by the Hopf-Cole transformation,
the statistical problem associated with it was, and remains, highly nontrivial. Of
particular importance is the vanishing viscosity limit (v — 0) in which the dynamics
reduce to a system of interacting shocks. Within this regime and using completely
uncorrelated (white noise) data to mimic a fully turbulent initial state, Burgers made
fundamental contributions to the determination of the solution statistics. As we dis-
cuss below, his work established the first steps of an effort that eventually led to the
complete solution for the statistics by Groeneboom [31] and Frachebourg and Martin
[24].

Burgers turbulence has limited applicability in understanding fluid turbulence be-
cause it lacks many of its essential features, particularly vortex motion and stretching.
It has, however, proven useful as a phenomenological model for cluster growth and

has seen a resurgence of physical and mathematical interest over the past two decades
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(see [5] for a broad review). For example, it has been studied in the context of inter-
face deposition and domain coarsening in materials science [36, 37|, the formation
of large-scale cosmological structures in the universe [33, 50|, among others. It also
has well-established connections to the probabilistic literature, most notably with
the standard additive coalescent [1, 11] and universality in nonparametric statistics

(17, 29, 30, 31].

A

u(x,t)

)
//// / ///’ /e //
| //

\

FIGURE 1.1. Typical sawtooth profile of a solution u(x,t) to the invis-
cid Burgers equation. The ramp-like structures have slope ¢! and are

interspersed with shocks that undergo ballistic aggregation.

Burgers turbulence and ballistic aggregation. For an excellent overview
of Burgers equation and its associated statistical problem we direct the reader to

Bertoin’s article in [4]. We start with the inviscid Burgers equation

du+ 0, (3u*) =0
u(z,0) = up(x) '

(1.2)

The velocity profile ug(x) describes the initial velocity of an infinitesimal particle
started at x. Generically, the nonlinearity causes smooth initial data to develop

shocks so (1.2) must be interpreted in a weak sense in order to yield a global solution.
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The physically relevant weak solution can be obtained by considering the explicit
solution u”(x,t) to (1.1) and taking the limit ¥ — 0. This yields the unique entropy

solution
x —a(z,t)

ula, ) = T

(1.3)

given in terms of the inverse Lagrangian function

af,t) = arg* min {/0 (uo(r) I - T) dr} (1.4)

where arg™ minis the largest argument that minimizes the bracketed expression.

a(x,t) is nondecreasing in = and describes the initial position of the infinitesimal
particle arriving at z at time ¢. It can be recovered by a simple visual trick: a(z, 1)
is the last argument at which the parabola —(z — s)?/2t first touches the graph of
Uo(s) = [, uo(r)dr from below. Its inverse x(a,t) = inf{s € R : a(s,t) > a} is called
the Lagrangian function and identifies the position at time ¢ of the infinitesimal par-

ticle started at a. Using this and (1.3) we have that
Ox(a,t) = u(z(a,t),t).

That is, u(x,t) is the velocity field induced by the flow of infinitesimal particles
distributed uniformly at ¢ = 0. The velocity field evolves according to the free
movement and ballistic aggregation of such particles, where collisions are completely

inelastic and conserve mass and momentum. Precisely, define the mass measure
p(dz,t) of the flow by
p((l‘, y]u t) = CL(y+, t) - CL([E+, t)

Then defining u to be
w(x™,t) +u(zt,t)
2

u(z,t) =
at shocks, the mass measure is a weak solution of the set of conservation laws

Op + 0p(pu) =0
O (pu) + 0x(pu*) =0



X é(x,t) S

FIGURE 1.2. The parabola —(x — s)?/2t is placed below the graph of
Uo(s) = [; uo(r)dr and moved upwards until it first hits the graph.

The last argument where the graphs touch is a(x,t).

Now suppose that ug(z) is a random process indexed by z. A prototypical case
is that of ug a one-sided Brownian motion, which received a great deal of attention
during the 1990s. In conjunction with the numerical investigations of She, Aurell,
and Frisch [46], Sinai [47] proved that the solution u is a Devil’s staircase with shock
set dense in the real line for any positive time. Soon thereafter, Carraro and Duchon
[14, 15] demonstrated a closure property for statistical solutions to Lévy process
initial data (see Chapters 2 and 3 for definitions) which, in particular, includes the
Brownian case. They determined the striking fact that the Laplace exponent ®(g, 1)

of (u(x,t) —u(0,t)).>0 also satisfies Burgers equation, in the variables ¢ > 0 and t:

0,® + 9, = 0
®(q,0) = Po(q)-

(1.5)

Bertoin [8] subsequently obtained the same result for entropy solutions with Lévy
process data having only downward jumps through an elegant derivation in terms of

the first passage process of a functional of uy.
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Another well-studied class of initial data is white noise. We say uq is noise if its
corresponding potential Uy(z) = f(f uo(r)dr is a process with independent increments.
Note here that the inverse Lagrangian (1.4) is well-defined since it only depends on
up through the potential Uy. The case of white noise corresponds to Uy a two-sided
Brownian motion. The numerical results of She et. al. [46] predicted that in this
case the shock set is discrete, which was established soon thereafter by Avellaneda
and E [3]. Analogous qualitative results regarding shock structure were obtained for
stable noise initial data in [6, 9, 28].

The Burgers model naturally appears as the continuum limit of an wide array
of sticky particle systems with random initial positions and velocities. Such systems
are prevalent in the statistical physics literature. For example, consider the following
model proposed by Frachebourg, Martin, and Piasecki [25]. As an initial configu-
ration, place identical particles x; with mass m on the lattice {jr};cz with lattice
constant v > 0. Let p = m/k and prescribe the initial momenta p; of the particles
to be uncorrelated and distributed according to the Maxwell-Boltzmann distribution

with inverse temperature 3 > 0:

1/2 9
P(p; € dp)/dp = (%) exp (—ﬂi) :

2m

Suppose that particles interact via ballistic aggregation and conserve mass and mo-
mentum as the system deterministically evolves. Then in the continuum limit m — 0,
k — 0 (keeping p constant), the n-point correlation functions of the discrete system
converge to the n-point functions of Burgers equation with white noise initial data.
For a rigorous statement we refer to [25]. It was in this setting that the complete
solution for the white noise case of Burgers turbulence was obtained by Frachebourg
and Martin [24], who actually rederived a result originally due to Groeneboom [31]
which we discuss below. Interestingly, an exact closure for the 2-point function of
the discrete model was also demonstrated in [25], and in [43] for a related ballistic

annihilation model.
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FiGUurE 1.3. A discrete physical model that limits to Burgers turbu-

lence with white noise initial data as initial particle masses m — 0
with m/k fixed. Particles do not have any spatial extent, and the size

of each particle corresponds its mass for illustrative purposes.

Connections to nonparametric statistics. Quite surprisingly, Burgers tur-
bulence also arises in an entirely unphysical context: universality in nonparametric
statistics with cube root asymptotics [17, 29, 30, 31|. Specifically, it plays a central
role in estimation problems that require some type of monotonicity. We illustrate
this with two example: nonparametric maximum likelihood estimation (NPMLE) of
a monotone density, and estimation of the mode of a unimodal density. Several other
applications—in interval censoring, hazard estimation, deconvolution, estimation of
least median of squares, among others—are discussed in [32].

In the first problem, the relevant quantity to find is maximum likelihood esti-
mator (MLE) (gn(x)).>0 of an unknown, strictly decreasing density (g(z)).>o given
independent samples X1, ..., X,, drawn under g. The MLE can be thought of as the
“most likely” approximation of g that can be constructed from the data. In the 1950s
Grenander [29] proved that g, is the left-derivative of the concave hull of the empiri-
cal distribution function G, () = = 3", 1>, Little was known about the properties
of the g, for several decades until Rao [44] and later Groeneboom [30] demonstrated
its L'-consistency ||, — g|l1 — 0 (an infinite-dimensional analogue of the law of large
numbers). To obtain the corresponding fluctuation result (the analogue of the cen-

tral limit theorem) it is necessary to understand the global structure of §,, which is
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a complicated non-Markovian process. Fortunately, an “inverse”

— argt 5 _f}
Zy(z) = arg rgggc{gn(S) .

of g, is well-behaved: it is an inhomogeneous Markov jump process which converges

(under normalization) to the Markov process

Z(z) = arg” max {W(s) — (z — s)*} (1.6)

seR

with W a two-sided Brownian motion. By (1.4) and the symmetry of Brownian
motion the process Z(x) has the same law as a(x,1/2) with ug a white noise and is
directly connected to Burgers turbulence. Z(0) is known as Chernoff’s distribution
[17]. For fixed x € R such that ¢'(x) # 0 it was shown in [30, 44| that the pointwise

fluctuations of g, satisfy

~1/3
/s {—g<x>g'<x>} (u(2) — g(x)) ™ 22(0).

A subsequent calculation shows that fluctuations of the L'-distance [|g, — g||; can be

expressed in terms of Z(0) as well.

A

\/

G (x)

FIGURE 1.4. Construction of the Grenander MLE g, from the data X;,...,X,,.
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The process Z also appears in the problem of kernel density estimation of the
mode of a unimodal density [17]. Let h(z) be a continuously differentiable, unimodal

density with distribution H (z) and let ¢ be a positive kernel with unit mass. Define

the mode
xr = arg rgleaﬂg(gp x h)(s)
of the convoluted density. Given samples X1, ..., X, drawn independently from H,

we construct the kernel density estimator 2, of z as follows. Let H,(z) = L3 1x,50
be the empirical distribution and h,(z) = %ﬂn(x) = = > 8(X; — x), where the last

expression holds in a distributional sense. Then the kernel density estimator of the

mode is

i, = argmax (i * hy) (s).

We assume for convenience that the x and Z,, are unique (this is obviously untrue but
plays no significant role). The asymptotic behavior of z, varies greatly depending
on the regularity of the kernel . If ¢ is continuous then the fluctuations of z,, — x
are O(n~/2) as in the central limit theorem. However, if we use the step-edge kernel

¢a(2) = 5-1j4)<q then the fluctuations only satisfy an O(n~'/%) bound:
'3 h(z +a)} V3 (&, — 2) = 22(0)
where Z(0) is again Chernoff’s distribution.

An exact solution. Several of the problems discussed above have culminated
with a complete characterization of the process (1.6) by Groeneboom [31], for which
he was awarded the 1985 Rollo Davidson prize. His work completed the effort initiated
by Burgers to compute the statistics of the entropy solution to (1.2) with white noise
initial data. Through a remarkable analysis of Brownian motion killed at parabolic
boundaries, Groeneboom explicitly computed the 1- and 2-point statistics of Z(x) in
terms of Painlevé transcendents. The result is summarized in terms of the generator

Aof u(z,1/2) = 2(x — Z(x)) for n € CL(R):

u ~1/3,,
An(u) = 2n'(u) + / V3R (27V3 (u — v))jgimu;dv (1.7)

—0o0
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with the Laplace transforms of K, J given in terms of the Airy function Ai(g):

_ d? - 1

K(q) = 257 log(Ai(g)),  J(q) = A" (1.8)

Outline of our results. It is clear that Burgers turbulence is a fundamental
model with a number of useful applications. We now consider a generalization of

(1.1) given by the 1-D scalar conservation law

Ou+ Oy f(u) =0
u(z,0) = ug(x)

(1.9)

with f a smooth, strictly convex flux. The Burgers case corresponds to f(u) = u?/2.

As we discuss in Chapter 2, the entropy solution to (1.9) is

e = (7 (24 (1.10)

t

with inverse Lagrangian function

ar. 1) = arg" min {/0 <u0(7~) _ () (”’" - r)) dr} |

Building upon results in the literature, our main contributions are as follows:

e At the level of the 2-point correlation function, 1-D scalar conservation laws with
random initial data are closed: if ug is a Markov process in & with only downward
jumps then the entropy solution (1.10) is also Markov (and has only downward
jumps). The ensemble of spectrally negative Markov processes is thus conserved
under the dynamics (1.9).

e The 2-point closure also holds true if the initial potential Uy(x) = U(z,0) is a
process with independent increments and only downward jumps. The importance
of independent increments for the potential has been recognized by several authors
[3, 12, 24]. This result broadens the closure property to spectrally negative noise
initial data, for which ug a white noise is a special case.

e The evolution of the statistics of v under the 2-point closure can be explicitly
determined, and quite remarkably yields a completely integrable system. This was
shown by Chabanol and Duchon [16] for statistical solutions to Burgers equation,

and we demonstrate that it is in fact true for entropy solutions to 1-D scalar
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conservation laws. Specifically, suppose u is a spectrally negative Feller process
in x with infinitesimal generator A(t):

AlBm(u) = bty @ + [ nudo )~ n(w). 0 e CUR).

(7OO,u)

Then with the associated operator B(t) = B(t; A, f) given by

Blt)n(u) =, 1)1 (u ()
NI C S\ P
vt ( ) o) = nta)

v—u
the evolution equation is

0.A = (B, A (1.11)

The Lax pair implies that there is a rich structure underlying the model. Our work
sets the foundation for an analysis of (1.11) through the classical theory of inverse
scattering.

e The statistical evolution can be given by an equivalent kinetic equation for the shock
number distribution n(u, dv, t) of the generator A(t). This equation is of Boltzmann
type and reduces to a classical model if the initial velocity uy has independent
increments: Smoluchowski’s coagulation equation with additive kernel.

e The evolution (1.11) (or equivalently, the kinetic equation) admits the explicit

solution (1.7) of Groeneboom

J(t/30)

——d
J(t13u) v

Alt() = 74w + [ PR - )

—o0
where the Laplace transforms of K, J are given as before by (1.8).
Our results provide a foundation for a large class of clustering models and demonstrate
that they share a common integrable structure. In the setting of nonparametric
statistics, they give a natural “differential” approach to classifying Z(x) = a(x,1/2)
by exploiting the self-similarity of Brownian motion and using the evolution equation
(1.11). This may provide a way to move beyond the Gaussian case and classify
limiting behavior for estimation problems in which stable processes and other fluxes f

become relevant. Finally, in a broad sense, our exposition highlights a rich interplay
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between probability theory (Markov processes, random fields, first passages) and
classical applied mathematics (complete integrability, inverse scattering, Riemann-
Hilbert problems), one that offers a variety of exciting avenues for future research.
We aim to give a reasonably self-contained discussion of the results presented
above. The remainder of the thesis is as follows. In Chapter 2 we give an overview
of some preliminary topics essential to our work: entropy solutions to 1-D scalar
conservation laws and the theory of Markov and Lévy processes. In Chapter 3 we
discuss and prove the main results: the 2-point closure of the Burgers turbulence
model and its corresponding evolution. The evolution equation is derived by two
independent methods, one using the chain rule for BV functions and the other using
the Hopf functional approach. In Chapter 4 we derive the kinetic interpretation of the
model and show that it describes known solutions, and in particular admits the exact
solution of Groeneboom. In Chapter 5 we present some tangentially related results on
rates of convergence under dynamic scaling to self-similar solutions of Smoluchowski’s

coagulation equation. We conclude with a short discussion.
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CHAPTER 2

Scalar conservation laws and statistical ensembles

1. 1-D scalar conservation laws

For completeness, we provide a short survey of entropy solutions to 1-D scalar
conservation laws. We refer the reader to Dafermos [18] and Evans [21] for details
and proofs of the stated results.

To begin, consider the 1-D scalar conservation law for u(x,t) : R x [0,00) — R:

Ou~+ 0pf(u) =0
u(z,0) = up(x)

(2.1)

where the flux f is smooth and strictly convex. In general, solutions to (2.1) are not

smooth so we must consider the weak form of the equation

/OOO/R {&w(x,t)u(x,t) + 3$<p(x,t)%u2(a:,t)} dxdt +/R<p(a:,0)u0(x)dx =0. (2.2)

In particular, u € L], (R x [0,00)) is a weak solution to (2.1) if (2.2) holds for all
v € CY(R x [0,00)). It can be checked that without any additional constraints there
exist infinitely many weak solutions. To remedy this, we use the notion of an entropy
condition:

¢
t

u(z + h,t) —u(z,t) < —h (2.3)

for some fixed C' > 0 and all x € R and ¢,h > 0. In particular this constrains u to
have only downward jumps. We then say that u(z,t) is an entropy solution to (2.1)
if it is a weak solution and satisfies (2.3). The entropy solution is unique and its form

is given by the Hopf-Lax formula, which we discuss below.

1.1. Burgers equation and the vanishing viscosity method. We first con-

sider Burgers equation (f(u) = u?/2), for which the entropy solution can be recovered
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by the vanishing viscosity method. The viscous Burgers equation is

Ou” + 0, (3u?) = v0,,u”
u’(x,0) = up(z)

(2.4)

This equation can be explicitly solved for by a clever change of variables. With

velocity potential
UY(z,t) = / u”(r, t)dr
0

we can write (2.4) as a Hamilton-Jacobi equation with Hamiltonian H(p) = p?/2:
1
oU” + 5(&CU”)2 = 10, U". (2.5)
The Hopt-Cole transformation
& (1) U (1 1)
x,t) =exp | ——U"(x
? p 2]/ 9 J

transforms this into the heat equation 0,¢” = v0,,¢"” with initial data ¢f(z) =
exp (—5-Ug(x)). It has solution

m/e p(——](r . t))d

where the Hopf-Cole functional I is defined by

¢ (a,1) =

(e —r)*

2t

I(s;x,t) = /OS uo(r)dr +

Reverting back to u we have that
z 1 [yrexp (—il(r'x t)) dr
t ot Jeexp (=1 (r;2,t)) dr
Taking v — 0 we that find the probability measure
exp (—il(r‘ z,t)) dr
Jeexp (=51 (r; @, b)) dr

concentrates on minimizers of the Hopf-Cole functional. This yields the solution

u’(x,t) =

x —a(x,t)

u(z,t) = ;

in terms of inverse Lagrangian function

— *min I(s:
a(x,t) = arg min (s;z,t)

13



where arg™ mindenotes the last argument where the expression is minimized. In order
for a(x, t) to be well-defined we require that the initial data satisfy lim inf 5 uo(s)/s >
0. Note that the inverse Lagrangian function is nondecreasing and continuous every-
where except at a countable number of points. This ensures that u € BVj,.(Rx [0, 00))
and u(x~,t) > u(z™,t) at all such shock points. For a proof that u(z,t) is indeed the

entropy solution, see [21].

1.2. Entropy solutions and the Hopf-Lax functional. Now consider general

fluxes f. As before, define the potential

Uz, t) = /(: w(r, t)dr (2.6)

with U(x,0) = Up(xz). The conservation law (2.1) can be integrated to give a

Hamilton-Jacobi equation with Hamiltonian H(p) = f(p):

U(ZE,O) = U()(I)

(2.7)

The solution to (2.7) is given by the Hopf-Laz formula

Uz, t) :riiél{Uo(s)+tf* <x_s)} (2.8)

t

where f* is the Legendre transform (or convex dual) of f:

[7(p) = sup{pq — f(q)}.

qeR
Precisely, (2.8) is almost everywhere (a.e.) differentiable in R x (0, 00) and solves
(2.7) a.e., as well as in the sense of distributions. Formally, the z-derivative of (2.8)
is a prime candidate for the entropy solution to the conservation law. This is indeed

the case, and is explicitly given as follows. Define the Hopf-Lax functional

I(s;2,1) = Up(s) + tf* (”’" - 3) - /0 (uo(r) — () (”’" - r)) dr (2.9)

and the wnverse Lagrangian function

a(x,t) = sup {s eR:I(s;z,t) = irel]fR[(r;x,t)} : (2.10)

14



If I has no upward jumps it achieves its infimum and we write the inverse Lagrangian
as

a(z,t) = arg® min I(s;m,t).
In particular, note that (2.9) and (2.10) are well-defined if we prescribe an initial

potential Uy instead of an initial velocity ug. The entropy solution to (2.1) is then

u(z,t) = (f71Y (m) . (2.11)

t
As in the Burgers case, a(x,t) is nondecreasing and continuous everywhere except on
a countable set. Therefore, u € BV,.(R x [0,00)). In order for it to be finite, we

require the initial data ugy to satisfy the growth condition

. u(s)
Iiminf ————2— >0 2.12
) (212)
or in terms of the potential,
.. Us(s)
lim inf > 0. 2.13
[sl—o0 f*(s) (2.13)

2. Markov processes

Much of our discussion depends heavily on properties unique to Markov processes,
which we summarize below. Our main references are the monographs of Applebaum
2], Bertoin [7], Feller [22], and Revuz and Yor [45].

We begin with the canonical framework. Let X = (Q, F, F,, X,, 0., P) be a sto-
chastic process. Here, € is the space of cadlag paths (those that are right-continuous
and have left limits) on (—o00, 00) endowed with the Skorohod topology and equipped
with shift operators O,w(z) = w(x + h), and P is the law of the coordinate process
Xz (w) = w(z) on Q. The natural filtration F, = 0(X,,y < ) of X is extended to be
right-continuous and complete. We will denote the expected value under the measure
P by E.

Two processes X and Y that generate the same measure on ) are equal in law
and denoted by X £Y. If X and YV are separable, this is equivalent to saying that
they have the same finite-dimensional distributions. We say that X is a stationary

process if its law is invariant under translations—that is, if 6, X £ X forall h € R.
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2.1. Markov semigroup and the infinitesimal generator. To start, let
Foo = 0 (UxeR ]—"x). X is a Markov process if for any F.-measurable function Y

and for all z € R,
EIY 0 0,|F,] = E[Y|X.].

More simply, the Markov property states that X is conditionally independent of its

past given its present state:
E[Xo o) = BlX,alX,).

This property can be generalized. We define & to be a stopping time with respect to
the filtration F if for every « € R, the event {¢ < z} is F,-measurable. The first
passage time of X at a fixed set is a stopping time, while its last passage time is not.

We say that X is strong Markov if the Markov property holds for any stopping time

€ on the set {{ # oo},
If X is Markov, it is characterized by its 1-point probability

pz(du) = P(X, € du) (2.14)
and transition kernels
Qoarn(u,dv) = P(X, 0 € dv| X, = u), h > 0. (2.15)

To see this, first denote by Cy(R) the space of continuous functions that decay at
infinity. ~ With 23 < -+ < z, and {n;}1<i<n C Co(R), the n-point correlation
function E[X;, X, -+ X,,] can be written in terms of the 1-point probability and

transition kernels by using the Markov property:

E

Hm (Xxi)] :/Rpxl(dul)m(ul)/Qxl,xz(uladu2)772(u2)

=1 R
o / Az 1,20 (unfb dun)nn(un)'
R

If X is stationary, then p, = p and ¢, »n = ¢, are z-independent. In this case, p(du)

is an tnvariant measure for the process. The notion of stationarity is weakened by
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requiring only the transition kernels ¢, ;45 = ¢ (but not p,) to be independent of z,
in which case we call X a homogeneous Markov process.

The same information can be expressed in the following manner. With n € Cy(R),
define the 1- and 2-point operators

Pun = Eln(X.)] = / pa(du)n(u) (2.16)

and
Qi) = En(Xe)Xo =t = [ grusnwdolyfw).  hz0.  (217)
R
As shown above, knowledge of the 1- and 2-point operators is equivalent to that of the
1-point probability and transition kernels. The (Qu ,in)zerp>0 form an inhomoge-
neous L°°-semigroup in the sense that Q, , = I, 9Q,,9, . = Q, . for every v <y < z,
and 0 < 9, ,n <1 whenever 0 <7 < 1. Here, [ is the identity operator.
To define the notion of an infinitesimal generator of the semigroup, we first re-
quire some regularity on the process—mamely, the Feller property. We say that

(Qu.wt+h)zer.n>0 has the Feller property if for every n € Co(R) and x € R,
e Q, .11 € Cy(R) for all h > 0 and
e limy, o Q, .+nn = 1 uniformly (that is, in the Cp-norm).
The process X characterized by this semigroup is called a Feller process, and can be

assumed to be cadlag without any loss of generality. Define the set

D(A) = {n € Cy(R) :for each = € R, there exists ¢ € Cy(R)

s.t. 1}%1 h™Y(Qu2rnm — 1) = ¥ uniformly}.

It can be shown that D(A) is a dense subset of Co(R) [7, 45]. We define the in-
finitesimal generator A, : D(A) — Cy(R) of the Markov process X by the uniform
limit
i AL _
A.n = l}gglh (Qaatnn — 1)
D(A) is referred to as the domain of the generator A,. Formally, A, = 0,9, »1n|n=0-

Now define the adjoint operator AT by duality with A —that is, for all n € D(A) and
17



1 a finite Radon measure

éAwuwmwzégwmmmu

The forward Kolmogorov (or Fokker-Planck) equation then holds in the weak sense

given above:
Oypa(du) = Alp, (du) (2.18)

If p,(du) has a density then the last display holds strongly. In the case where X is
homogeneous, the semigroup (Q, v+n)zerr>0 = (Qn)n>o0 is independent of x and yields
a homogeneous generator A. If, in addition, X is stationary and has an invariant

measure with density p(u), (2.18) reduces to the adjoint equation
Afp(u) = 0. (2.19)

Owing to the fact that the generator of a Feller semigroup satisfies the positive
maximum principle (see [2], and also [35, 45]), we can use a result of Courrege to

give its explicit form. Courrege’s representation of the infinitesimal generator of X is

An(u) = duw) () + 303w ()

+/ I, (11, d0) (7(0) — 7(1) + Lpusper (v — )iy (). (2.20)
R—{u}

The drift, diffusion, and jump measure terms (d,, o2, I1,.) comprise the characteristics

of the generator A,. The Lévy kernel 11, satisfies for every x

/ L, (u, dv)(1 A u — v]?) < oo,
R—{u}

[T, represents the expected number (perhaps infinite) of jumps from w to v in the
infinitesimal interval [x,x + dx), conditional on X, = u and divided by dz. If the
measure 1, (u, dv) is supported on the half-interval (—oo, u) or (u, +00), we say that
X is spectrally negative or spectrally positive, respectively. Additionally, if X has

sample paths of bounded variation then

o, =0 and / I (u, dv) (1A |Ju —v]) < oc. (2.21)
R—{u}
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In this case, the generator can then be written as
Aen() = b+ [ o)) =) 222
R—{u
with the new drift and jump terms (b,, n,). When working with Feller processes with
BV paths, we shall refer to these as the characteristics of the process without any
ambiguity.
To see how the generator changes under certain deterministic transformations of

the underlying process consider the following:

LEMMA 2.1. Let X be a Feller process with bounded variation with generator A,
and characteristics (b, n,). With G € C' invertible, g € C*, and v > 0 define the

transformed process

£ —

X, =G (X)) + g(x).

Then X is a Feller process and its generator A, has characteristics (b, n,) that satisfy
bo(u) =G (Wbye (@) + 9'(x),  1u(u, dv) = Viig(t, dv)
with transformed variable i = G~ (u — g(z)).

PROOF. Since G is invertible it is easy to verify the Feller property. Now with
h > 0, let Q%Hh and Q.45 be the Markov semigroup of X and X, respectively.
Denoting

() = 0(G(u) + gl + 1))
we have that

Q$,x+h77(u) = E[W(Xa:Jrh)‘Xx = U] = E[ﬁh(Xervh)‘Xw = a] = mewﬂhﬁh@)‘
Therefore,

Aun(u) = On Qa ot n=o(u)

- ah(Qvacn/w-l—whﬁh)‘h:O(a) - 7-’4'\/957_]0(@) + ahﬁh|h:0(a)‘
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Writing out the last expression explicitly we find

Aen(u) =~ {G’(ﬂ)%(ﬂ)n’(u) + /R Ny (W, d0) (n(v) — n(U))} +g'(2)n' (u).

Comparing this to (2.22) gives the desired result.
O

2.2. Lévy processes. Lévy processes play a special role in the theory of Markov
processes, simplifying their study while preserving many of their important features.
In particular, they form the subclass of homogeneous Markov process with indepen-
dent increments. We summarize their most basic properties, referring the reader to
7] for further details.

We call (X,),>0 a Lévy process started at 0 if Xq = 0 P-a.s. and for every z, h > 0:

e X, — X, is independent of F, and

o Xoin — Xo = Xp.
If the second condition (which guarantees homogeneity of the process) is dropped,
we refer to X as an additive process. Additive processes are exactly those that have
independent increments. For Lévy processes, the transition kernels (2.15) with dv a
Borel neighborhood of v simplify to ¢, ,4n(u, dv) = gn(u — dv). Thus the transitions
only depend on the initial state u through the difference s = u — v, illustrating
the state-space invariance of Lévy processes. The law of X is characterized by its

characteristic exponent W(§) : R — C which satisfies
Ele*] = exp(-2¥(€)).

Owing to the fact that the distribution of X; is infinitely divisible, the characteristic

exponent takes the Lévy-Khintchine form

1 .

U(6) = id¢ - 50°¢? +/ I(ds)(1 — € +i¢sl<1), E€R (2.23)
R—{0}

where [II(ds)(1 A |s]*) < oco. This decomposes the process into three parts: a

2

Brownian motion with variance ¢° and drift —d, a compound Poisson process with

jump measure 1j,>;11(ds), and a pure jump martingale accounting for small jumps.
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The triple (d, o, 1) constitutes the characteristics of X. The characteristic exponent
is simply the symbol of the generator A of the Lévy process

1

An(u) = d(u)' (w) + 50 ()" (u)

b I ) ) L) 221
R—{u
That is, in terms of the Fourier transform Fn(&) = [°°_ e®“n(u)du, ¥ satisfies

F(An)(€) = =W (=) Fn(§). (2.25)

As before, X has sample paths of bounded variation if and only if
o=0 and /H(ds)(l/\|3\) < 00.
R

In this case,

V() =ib€ + / n(ds)(1 — e*)

R—{0}

An(u) = by (u) + / n(ds) (1 + 5) — n(u)) (2.26)

R—{0}
with characteristics b and n(ds).

If X is monotone increasing it is called a subordinator. In particular, it is of
bounded variation. In this case, it is easier to work with the Laplace exponent ®(q) :
[0, 00) — [0, 00) of X, which satisfies

Ele” "] = exp(—a®(q)).
In terms of characteristics,
O(q) = W(—iq) = bg + / n(ds)(1 — e %) (2.27)

(0,00)

and with Laplace transform £n(q) = fooo e~ "n(u)du, we have

L(An)(q) = 2(q)Ln(q). (2.28)

To finish, we define X to be a stable process with index o € (0, 2] if for every k > 0
and £ € R its characteristic exponent has the scaling property ¥ (k) = k*W(€). Then,
X is self-similar:

(K;_I/O(XKJIB)IBZO é (X:B):BZO'
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Stable processes play a central role in the generalized invariance principle as limiting

distributions in Skorohod space.

2.3. Splitting times. We now provide a brief survey of the decomposition of
Markov processes at splitting times. Significant effort has been devoted to classifying
those random times L for which the Markov property holds, the simplest one being
the set of stopping times. Remarkably, the Markov property remains intact for a
much broader class of random times. In particular it holds at the time of last passage
at a fixed set. We refer the interested reader to [41] for further discussion and an
excellent survey of the probabilistic literature.

Two results will be particularly useful for our purposes, which we give without
proof. They hold in much greater generality than we present here. The first theorem
is due to Millar [42] and concerns splitting at the ultimate minimum of a functional

of the process:

THEOREM 2.2 (Millar, 1978). Let X be a cadlag strong Markov process and
g: R xR — R continuous. Let L be the last time the process g(X,_, X,) hits its
ultimate minimum. Then {X}s>1 is conditionally independent of { X}s<r given X,

and the auxiliary variable m = inf, (X, , X,) = (X, X1).

The second result is given in Getoor [26] and includes Millar’s theorem as a special

case:

THEOREM 2.3 (Getoor, 1979). Let M C R be a fized set and let L = sup{z € R :
x € M} be the end of M. Then given a cadlag strong Markov process X, the post-L

process { X, }o>1 is independent of { X, }acr, given Xp.

We remark that in both theorems, the transition semigroup of the pre- and post-L
processes can be explicitly determined from that of X. It is an interesting and subtle

fact that these transition semigroups are typically different from each other.
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CHAPTER 3

Integrability in statistical closures of Burgers turbulence

1. Closure for the 2-point correlation function

In this section we demonstrate that 1-D scalar conservation laws with random
initial data are closed at the level of the 2-point function. More precisely, we show
that the entropy solution to

Ou+ Op f(u) =0
u(z,0) = up(x)

(3.1)

with f a smooth, strictly convex flux and wug(z) a spectrally negative Feller process in
x is also of this type. Note that x plays here the role of “time” as it is traditionally
used in theory of stochastic processes. The time parameter ¢ essentially acts as a
constant in the following discussion.

Recall the canonical framework. Let uy = (2, F, Fs, uo(s), o) be a spectrally
negative Markov process on the space  of cadlag paths on (—o0, 00) endowed with
the Skorohod topology. Here, 1 is the law of the coordinate process ug(w; s) = w(s)
on 2 and F(s) = o(ug(r),r < s) is the natural filtration of uy extended to be right-
continuous and complete.

Recall the Hopf-Lax functional and inverse Lagrangian function

I(s:2,1) = /0 (uo(r) _ () (‘”;T)) dr (3.2)

a(z,t) = arg® min I(s;x,t). (3.3)
EIS

To ensure that (3.3) is well-defined and finite, we assume that the mild condition
(2.12) holds a.s. for ug. This condition is automatically satisfied if ug is a stationary
random process. Since wu(z,t) is an isomorphism of a(xz,t) for ¢ > 0, to obtain the
closure property we only need to show that a(x,t) is a (strong) Markov process. We

prove the following:
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THEOREM 3.1. Let ug be a spectrally negative Markov process that satisfies (2.12)
a.s. Under the law ug and for any fized t > 0, the inverse Lagrangian process a(x,t)

is Markov. Thus u(x,t) is a spectrally negative Markov process.

Proor. Fix € R. Without loss of generality it suffices to take ¢ = 1. The
proof consists of three steps, the first two of which are entirely deterministic. The
first uses that the inverse Lagrangian function is increasing to show that for any
s, (a(x — h) — a(z))n>0 and (a(z + h) — a(z))n>0 depend only on (ug(S))s<a(z) and
(10(8))s>a(z), respectively. The second step demonstrates that the presence of only
downward jumps in ug uniquely identifies the value of ug(a(x)). Finally, the last
step demonstrates that the Markov property of ug holds at a(x): (uo(S))s<a(z) and
(10(8))s>a(z) are statistically independent given a(z). Together these give the desired
result.

1. Dependence structure of (a(x))zer: In the following we will make frequent use
of (3.2), which is well-defined since the inverse Lagrangian (3.3) is finite almost surely.

Since a(z) is increasing, for A > 0
a(zx +h) = arg” min I(s;x+h)
s€

= arg” min){](a(x); 4+ h)+ (I(s;z+h) —I(a(z);x+h))}

s>a(x

a(z)+s
= a(x) + arg’ min {/ (uo(r) = (f) "z —1)) dr} . (3.4)

20 a(@)
(a(z + h) — a(x))n>o therefore depends on wg only through (ug(s))ssq(z). The same
argument gives that (a(z — h) — a(z))p>0 depends only on (uy($))s<a(x)-

2. Spectral negativity determines ug(a(z)): The restriction to only downward
jumps in the initial velocity ug severely constrains its behavior at minimizers of the
Hopf-Lax functional (3.2). Specifically, it implies that 9,1 (a(z);z) = 0, or equiva-
lently,

uo(a(z)) = (f)~'(x — a()). (3.5)
Alternatively, it can be said that a(x) is required to be a Lagrangian regular point—

that is, it is not a Lagrangian shock point. This only occurs for ug spectrally negative.
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Uo(s) U(s)

Uy(s) Up(s)

Lagrangian shock point Lagrangian shock point
cannot be touched can be touched

FI1GURE 3.1. Spectral negativity of ug from the perspective of the po-
tential Uy. This condition is equivalent to requiring that a(z) be a

Lagrangian regular point.

3. Markov property of ug at a(x): That a(z) constitutes a Markov time for w
is not obvious. It is certainly not a stopping time since the event {a(x) < s} is not
Fs-measurable (this is seen by noting that a(x) is the last time (3.2) is minimized and
hence depends on (ug(r)),>s as well). a(x) is, however, a splitting time for a certain
functional of ug. To see this, first define

m(s;x) = min I(r; x), D(s;z) = (I —m)(s;x).

r<s

Dropping the explicit dependence on x from the notation, consider the bivariate
process (ug, D). Since D(s) is entirely dependent on (ug(r)),<s, (ug, D)(s) is Fs-
measurable. For any F-stopping time &

i+ =m(€) A (min 10)) = 1(6)+ {~D(€) A i 1€+ 1)~ 166) )

E<r<{+s 0<r<s

and

D(e+5) = (I(€ + ) — I()) — {—D(&) A min (16 +7) — f(g))} |

0<r<s
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For s > 0 the increment I(§ 4+ s) — I(§) depends on F¢ only through ug(§) by the
strong Markov property of ug. Therefore, (ug, D) is also a cadlag, strong Markov
process.

We now show that a(z) is a splitting time for (ug, D). By definition (3.3) and step

a(z) =sup {s € R: (ug, D)(s) = () "(xz —s),0)}.

Thus, a(z) is the last time (ug, D) hits the fixed set {((f')"'(z —s),0): s € R} and

we can use Theorem 2.3 to split uy at a(x):

(u07 D)s<a(x) and (u07 D)s>a(x)>

and consequently,
(UO(S))S<a(x) and (UO(S))s>a(x)

are conditionally independent given (f')~!(x — a(x)) —that is, given a(x).
Putting together the first and third steps of the proof we find that a(z) is Markov,
noting that the law of the increments of the process varies with x. Therefore, u(x) =

(f) " (x — a(x)) is a spectrally negative Markov process. O

An additional class of initial data that we would like to consider is noise (the
generalized derivative of a process with independent increments). Noise initial data
naturally arises in the context of renormalized ug, for which short-range correlations
of the velocity profile vanish. As we shall see, the closure result also extends to this

case. Here we prescribe the law of the data at the level of the potential

Up(z) = /0 " uo(r)dr.

Let
X, x>0
UO(‘T) - ~ ) (36)
—X_,- <0

where X, X are independent copies of a one-sided spectrally negative additive process

starting at 0. If the process has stationary increments this reduces to the Lévy case.
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E'I'(x,t) a(EX,t)

w

FIGURE 3.2. Splitting of uy at the last hitting time a(z) of (ug, D) in
the case of Burgers flux. In this case, a(x) is the last time the integral
Jo (uo(r) + r — x)dr is minimized. This cannot occur at a downward
jump of ug, so we necessarily have that ug(a(z)) = z—a(x). Also shown

is the first passage time T'(x) of ug at x.

In addition, assume Uy satisfies the growth condition (2.13) almost surely. Then we

have the following:

THEOREM 3.2. Suppose Uy = (Q,G, G, Uy(s), My) is a two-sided spectrally neg-
ative process with independent increments and satisfies (2.13) a.s. Then under M,

and for all t > 0, u(x,t) is a spectrally negative Markov process.

PROOF. Again we fix z € R, and take ¢t = 1 without loss of generality.
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1. Dependence structure of (a(x))qer: As before, for h > 0
a(z +h) = arg” min I(s;x+h)
s€
= afa) + arg" min {Z(a(z) + s + h) — I{a();z+ b))
= a(x) + arg™® min {Uv(a(x) + s) — Up(a(x)) (3.7)
+f (x+h—(alz)+s) = f(r+h—alx))}
Given a(x), the increment a(z + h) — a(z) therefore depends on Uy only through the
increment Uy (a(z)+s)—Up(a(z)). The same argument gives that (a(x—h) —a(z))r>o
depends only on (Uy(s))s<a()-

2. Spectral negativity of Uy: If Uy is spectrally negative, Up(s) < Up(s™). In

particular
Uo(a(x)™) A Up(a(x)) = Up(a(x)).

Without spectral negativity, Up(a(z)~) A Up(a(z)) cannot be reduced to any simpler
form.

3. Markov property of Uy at a(x): We use Theorem 2.2. Consider the functional
g(s) = (Uo(s7) + f*(z = 5)) A (U(s) + f*(z = 5))
= (Up(s7) ANUp(s)) + f*(z — s).

Then the inverse Lagrangian satisfies

a(z) = sup {s eR:g(s) = miﬂrglg(r)} :
re
Since Uy is Markov, Theorem 2.2 implies that (Uy(s))s>a(x) is independent of (Uy(5))s<a()

given (Up(a(x)), g(a(x))) —that is, given

(Us(alx)). {Un(a(z)") A Us(alx))} + f*(x — a(x)) (35)

Now we use the spectral negativity of Uy. Since Uy(a(z)”) AUp(a(x)) = Uy(a(x)), we
have that the information in (3.8) is equivalent to that of (Uy(a(z)), a(z)). Note that

if we did not have spectral negativity then we would have to be given g(a(x)).
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Putting together steps 1 and 3, we have that the increment a(x + h) — a(x) is
independent of (a(z —h) —a(x))n>o given (Up(a(x)), a(z)). Since a(z+ h) —a(z) only
depends on Uy through the increment Up(a(z) + s) — Up(a(x)), it is independent of
Uop(a(z)) as well. Therefore, a(z) is a Markov process and u(z) is spectrally negative
Markov. Notice that if Uy was not spectrally negative or did not have independent
increments, then a(x + h) — a(x) would depend on g(a(z)) or Uy(a(z)) in addition to

a(x), hence destroying the Markov property. O

REMARK 3.1. For symmetric fluxes f(u) = f(—u), the condition of spectral neg-
ativity of Uy is somewhat artificial since it is entirely dependent on the continuity
properties of the potential. If we switch from cadlag paths to those that are left-
continuous with right limits, then the closure argument holds true for U, spectrally
positive. In essence, given a fixed coordinate framework we will inevitably be re-
stricted to a condition of spectral monotonicity for the potential. Deterministically,
this arises due to the invariance of the conservation law under the change of variables
r — —x, u — —u. Probabilistically, it is needed for the statistics of U, to split

without requiring an auxiliary variable aside from a(z).

We would ideally like to extend the closure theorems to include the Feller property
in order to be able to define an infinitesimal generator for the solution process for
any fixed ¢ > 0. Essentially, this corresponds to the propagation in time of a certain
spatial regularity of the initial data ug. In the case of noise initial data, an analogous
result must be shown. At the present time we do not have a proof of this, although

we strongly believe it to be true. For now we shall make the assumption that it holds:

ASSUMPTION 3.1. In addition to the conditions of Theorem 3.1, suppose ug sat-

isfies the Feller property. Then a(x,t) and u(zx,t) are Feller processes as well.

To conclude the section, we make several remarks contrasting the given results to

those available in the literature.

REMARK 3.2. Theorem 3.1 is similar to previous results by Bertoin [8] (with

Burgers flux and ug a one-sided Lévy process) and Winkel [49] (in the case where the
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Hopf-Lax functional is modified and ug is a one-sided, spectrally negative, Markov
process). Our result reduces to that of [8] if f(u) = u?/2 (Burgers flux) and u is a
one-sided Lévy process. To see this, use (3.5) in (3.4):

a(z)+s
a(z + h) — a(r) = arg’ min {/ (uo(r) —upla(x)) +r —a(x)) dr}

20 (Vaw)

s>0

_ arg* min { /0 (uola(z) + 1) — uola(x)) + 1) dr} |

Since ug has independent increments, the integrand is independent of (ug(s))s<q(z) and
has the same law as uo(r) — uo(0) + . So, the law of a(z + h) — a(x) is independent
of a(x — h) — a(x))n>0 and does not vary with z. Note that it is necessary to use the
Burgers flux to obtain this result, and to show the increments of a(x) are identical in

law to those of the first hitting process T'(z) = inf{s > 0 : ug(s) + s > z}.

REMARK 3.3. The two-point closure for Burgers equation with white noise initial
data was implicitly derived by Burgers himself [12]. An explicit proof was given in [3].
The exact computation of the statistics was first given in Groeneboom [31], followed
by [24]. Theorem 3.2 extends the closure proof to general fluxes and a large class of

noise initial data using the same methods.

2. Evolution equation for the 2-point statistics

The closure property of 1-D scalar conservation laws with spectrally negative,
Feller initial data allows us to develop an evolution (or master) equation describing
how the statistics of the entropy solution wu(z,t) evolve in time. Since Feller processes
are completely characterized by their infinitesimal generator, the evolution is given in
terms of the generator of the process. We now derive this result by two independent
methods—BYV calculus and the Hopf functional approach—which are detailed below.
The main result is as follows.

Recall from Section 2 that the Markov process u(x,t) is characterized by its 1-
and 2-point (inhomogeneous) operators (P(t)).cr and (Q, ., (t))zernz0. If up is a

stationary process it is easy to see that u is as well, and these reduce to P(t) and
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(Q,(t))n=0 with Qp = Qg . We will consider this case throughout the remainder of
the section.
Since wu(z,t) is Feller, for t > 0 there exists a generator A(t) of the semigroup

(Q,,(t))n>0. By the representation (2.20), for all test functions n € CZ(R)

A(t)n(u) = blu, 1 (u) + / n(u, dv, £)(n(v) — n(u)). (3.9)

(7007'“)
b(u,t) is the drift and n(u,dv,t) the jump measure of the process. Since sample
paths are solutions to (3.1), they are of bounded variation and the diffusion and
compensation terms of A(f) have vanished. In addition, nontrivial solutions have

non-negative drift and the jump measure satisfies (2.21):
b(u,t) >0 and / n(u, dv, t)(1A |u —v|) < 0. (3.10)
(7OO,u)

The integrability condition restricts the number of vanishingly small jumps of the
process. Note that n(u,dw,t) is supported on (—oo,u) due to the entropy condition
of the solution.

To find an evolution equation for the generator we need only determine the evo-

lution of the 1- and 2-point correlation functions with 7,1 € C!(R)and o > 0:

P(t)n = Eln(u(z, 1)),  P)nQa(t)y = Eln(u(z,t))¢(u(z +a,1))].  (3.11)

Define the operator B(t) associated to A(t) and flux f for n € C}(R) by
fw) — f(u)

V—Uu

B(t)n) (u) = blu, 1) f'(wpf (u) + / n(u, do, )

(7OO,u)

(n(v) = n(u)). (3.12)

Then the evolution satisfies the following:

THEOREM 3.3. Let ug be a spectrally negative, stationary Feller process for which

(2.12) holds a.s. For all n,¢» € CY(R) and o > 0 the 1- and 2-point functions of

(u(-,t))i=0 satisfy

0yPn(u) = —PBn(u) (3.13)
O (PnQaty) = —P(BnQat) — nBQuth +nQuBY). (3.14)

Therefore, one has that
oP =—-PB (3.15)
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09 = B, Qu| (3.16)

0.A = (B, A (3.17)

The Lax pair in (3.17) implies that Burgers turbulence under the 2-point closure
naturally leads to a completely integrable system. It is therefore a Hamiltonian
system with an infinite number of conserved quantities. This integrable structure
is quite remarkable and indicates that classical techniques such as inverse scattering
analysis can be used to derive solutions for the evolution equation. As we shall see in
Chapter 4, hints of this structure again appear when considering an explicitly known
exact solution to (3.17). We will not pursue this direction any further in the present

work.

REMARK 3.4. Understanding the ¢ | 0 limit for the statistics of u(x,t) poses
an interesting and difficult challenge. Here we would like to classify the form of all
generators A(0) that can arise in the singular limit, particularly those corresponding
to ug of unbounded variation (such as an Ornstein-Uhlenbeck process) or ug a noise. In
the noise case, this problem would also provide valuable insight on the corresponding
Hamilton-Jacobi equation (for the potential) with random initial data. The only
result we know of in this direction is the determination of eternal solutions to Burgers
equation with Lévy process initial data, as discussed in Bertoin [10]. A relevant result

for the white noise case is given in [27].

We now give two derivations of Theorem 3.3, the first using a chain rule for
functions of bounded variation originally given by Vol'pert [48] and the second using

a functional approach pioneered by Hopf [34].

2.1. BV calculus derivation. Recall the canonical framework presented in Sec-
tions 2 and 1. Let ' = QN BVj,.(R) be the space of cadlag paths of locally bounded
variation. Starting with random initial data uy with law pg, consider the evolu-
tion of the probability measures (1);~0 on € C Q induced by the entropy solution

(u(-, t;up))e=0. Here, ug is assumed to satisfy the conditions of Theorem (3.1) so that
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u is a spectrally negative Feller process. We will derive the equations (3.13-3.14)
for the 1- and 2-point functions in the following manner. In the case of the 1-point
function, we seek to evaluate the quantity 0,Pn(u) = 0, E[n(u)]. Naively, if the pro-
cess u were a classical solution to (3.1) we would bring the time derivative inside the

expected value and use the conservation law to obtain

OEm(u)] = —E (u)0:f(u)] = —E[f'(u)0en(u)].

Approximating the spatial derivative in the last expression by finite differences, we

could then express this using the Markov semigroup of w:

—E[f' ()0 (u)] = lim b E[f'(u(x)){n(u(z)) — n(u(z — h))}]

h|0
= 1}1{8 h*1P{—thf/ + Qh(nf/)}

This limit can be expressed in terms of the generator A of the process. A similar
formal analysis can also be given for the 2-point function. It should be obvious that
these calculations do not hold since they completely disregard the most important
part of the structure of u, namely, the shocks. As we shall see, however, since u is of
bounded variation we can use an argument of the same flavor to obtain the proper
evolution equations. See [20] for a related approach in the derivation of kinetic
hierarchies for forced Burgers turbulence.

To begin, fix t > 0. We will make frequent use of the chain rule for BV functions

introduced in [48]. To be explicit, let A > 0 and define the functions

U_h(l',t) = U(ZE - hv t)7 u_(x,t) = l}iLﬁ)lu—h(xv t)

where the pointwise limit is taken. Note that this is well-defined and that we need not
define an analogous quantity for the right limit since v is cadlag. Then for n € C'(R),

the z-component [1/](u(z,t)) of [V ynl(u(x,t)) and the averaged quantity 7 equal

1 nwW=n(u=) £ £y
) = [+ Bl ) = P ’
0 "' (u it u=mu_
() = 5 n(u) + ().
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We will make use of natural approximations of these quantities, defined by

' nw-n(u_n) i i
[nl]h(u) - /0 U’(Ufh + ﬁ(u — U,h))dﬁ = u—u_p L 7é U_p

n'(u) if u=mwu_

() = 3 n(u) + (o1,

With ¢ € C'(R), the following chain rules hold in the sense of equality of measures

on Borel sets:

9.n = [1]0xu (3.18)

0x () = 104 + Qe = 7([']0,u) + ([0] Oz ). (3.19)

The proof of Theorem 3.3 is now given, wherein the closure theorem and the

previous lemma are used to compute the evolution of P, Q,, and the generator A.

PRrOOF. (of Theorem 3.3)
1. Derivation for the 1-point function: As before, for n € C1(R)

P(tn = Eln(ula 1)) = | nfute.tu0)uofdu)

/

where dug is a Borel set in " and we have made the dependence of u on ug explicit.
The above integral makes sense since for fixed = and ¢, u(x,t;ug) : ' — R. Given
this interpretation we could ask for an evolution equation for E[n(u(x,t))] by testing

its time derivative against p € CH(R x [0, 00)):

/R 0 )Sp(x’t)atE[U(u(ﬂf,t))]dxdt

= /Rx[o,oo)(p(x’t)at (/,n(u(x,t;uo))uo(duo)) dxdt
-[(/ o Sl w))dzdt) o). (320

Here we have used integration by parts and Fubini’s theorem for the second equality.
Since u € BV,.(Rx [0, 00)), we can use the BV chain rule (3.18) and Radon-Nikodym
theorem with (3.1) to get

Om = [0 = —[')0xf = = [ |[f'|0us = —[f']Oan
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in the sense of equality of measures on Borel sets in R x [0, 00). The last expression

in (3.20) is then

_// </RX[O7OO)go(x,t)[f’(u(a:,t;uo))]agm(u(x,t;uo))dxdt) po(duyg). (3.21)

In order to write this in terms of finite differences of the process u, we make the
following assumption which remains unproven at the present time. It is a statement

about the product of two weakly converging sequences and is therefore nontrivial:

AssumPTION 3.2. With ¢ € CHR x [0,00)), n € CL(R), f strictly convex and
u € BVje(R x [0,00)),

/, (/RX[O,OO)@(xat)[f/(u(%t;UO))]aw(u(a:,t; uo))dxdt) fio(dug)

-[(] el L0l = )t ) i)

R0 h

Now using Assumption 3.2 in (3.21) with another application of the Fubini and
dominated convergence theorems gives that
N R
- e lim —{[f]n(n(w) — n(u-p))}tdzdt | po(duo)
' \JRx[0,00) PO R
1

== [ e (tm g [t a0t ) e

1 ,
-/ o Pl I ) — )

Therefore we have

O Eln(u(z,t))] = —lim %E[[f’]h(n(U) — n(u-p)] (3.22)

in the sense of measures (or strongly, if the above expression is smooth enough). We

show now that

1

1}}{{)1 EE[[f/]h(n(u) —n(u_p))] = PBn (3.23)

which then yields the weak form of (3.15).
It is enough to prove (3.23) for a monomial f(u) = «™. Since B depends linearly

on f, (3.23) also holds for polynomials and by approximation for C'' fluxes. Thus,
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assume f(u) = u™ and expand the jump term

f(u) = flup) — —1—j_ j
/ — m Jad
= LI ) S s,
7=0
The limit in (3.23) is a sum of terms of the form
(n(w) = n(u—p))uy o = u" 7 (n(uye’ = n(u_p)uly, —n(u-p) (@ —’,)).

(3.24)

Using the Markov semigroup, each of these terms have the corresponding limit

Hn LB [(n(u) —n(u_n)u™s ]

= lim %77 (u™ 7 (Qu(uwin) — wn —n (Quu? — u?)))

h—0

=P (u" 7 (A(u'n) — nA(u’))) . (3.25)
The term A(u/n) — nA(u’) can be computed using (3.9). The drift term is
umI (b(ujn)/ — nb(uj)/) = bu™ 1.
Similarly, the jump term simplifies to
w1 [ . dw) ) = w).

Summing over all the terms in the expansion of (3.23) and using the definition (3.12)

for B, we obtain (3.13), which is the weak form of (3.15):

i B[ (1) = n(u-1)]

= PBn. (3.26)
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2. Derivation for the 2-point function: Let o > 0 and consider the correlation of
w at (z,t) and (x + a,t). As before, take  and v to be arbitrary test functions in

Cl(R). The 2-point function is given by

P(t)(nQa(t)y) = E [n(u(x, )y (u(z + o, t))].

As before we combine the chain rule (3.18) and the conservation law to obtain

Om(u) = =[f10en(u),  O(u) = =[f0:(u).

The product rule (3.19) then yields

3t(77(u(957 t))qu)(u(x +a, t))) - (atn) (ZE, t)&(f +a, t) + ﬁ(xv t) (aﬂ/})(l‘ +a, t)

= —([f0un) (=, )¢ (x + o, t) = 7([f10u) (x + @, 1),
(3.27)

We can compute the expected value of these expressions exactly as we did for the
I-point function. Consider the first term on the r.h.s. of the (3.27). Again using

Assumption 3.2

E|([10m) (. 00 (x + . )
— tim 2 2 [ () (n(0) — mlus)) (W““) - W“““)} C(328)

h—0 2

where O,u = u(z,t;0pug) = u(x + h,t;ug) is the shift operator on path space. The
mean value plays no role in the limit as it simply converges to 1¥(6,u). We therefore
replace it in the expression above and use the Markov semigroup and (3.26) to find

that (3.28) is

lim %E (L Tn(w) (n(u) = n(u_n)) Qat)(u)]

h—0

= tim B [ 0) ({(1Qut)) (1) — (7Qutf) (1)}

—n(u_n){(Qa¥)(u) — (Qu¥)(u_p)})]
= P(B(nQath) — nBQa1). (3.29)
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We now compute the second term on the right hand side of (3.27):
E[n(z, )([f]0:4)(x + a,1)]
h—0 2

= tim 1 | (M) 1 o) 06,00 - vl (330)

Again we can do away with the mean value and use a derivation nearly identical to

(3.26) to obtain

lim + 2 (1) Qo ([ (1) (1) — (1)) = P(1QalBV). (3.31)

h—0 h

Combining (3.29) and (3.31), we obtain (3.14):

3t(77(77Qa¢)) = —P(B(UQaw) —nBQatY + nQan)'

3. Derivation for the generator: The left hand side of the evolution equation for

the 2-point function (3.14) is simply

(0:P)(nQat) + P(1(9:Qa)¥),

and by (3.13),
@7))(77@11/)) = —PB(ﬁQa¢)~

Thus, by substituting into (3.14) yields

P1(0:Qa)t) = P(n(BLa — QaB)y)).
This equation holds for all n and ¢, so it can be written as
01Qa = (BQs — QuB) = [B, Qu,
Now take the limit o — 0 to get the main result:

&A — [B, ./4]
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Lastly, we rederive the equation for the generator without the unnecessary as-
sumption of stationarity of the underlying process. The equations will depend on x
in addition to . It is easy to show that a nearly identical derivation holds for the 1-
and 2-point (inhomogeneous) operators P, Q, .+, using the (now inhomogeneous)

generator A, and associated generator

fw) = fu)

v—Uu

Bo(t)n(u) = ba(u, 1) (u)r (u) + / na(u, do, )

(_Oo’u)

Therefore, we give the following general result without proof:

THEOREM 3.4. Let ug be a spectrally negative Feller process. For alln,v € CH(R)

and o > 0 the 1- and 2-point functions satisfy

(@Pac)ﬁ = _Pa:Bzrn (332)

at(Panx,eraw) == _Px{Bx (an,eraw) - anQx,eraw + an,eranJraw} (333)

so that the following relations hold:

0,P, = —P,B, (3.34)
ath,era = Bx@x,era - Qx,eranJra (335)
OA, + 0,8, — [Ba, Adl. (3.36)

REMARK 3.5. To find the equation for A,, the only additional step is to use that
Qx,eraaanJra ‘a:O = Qx,eraaxBera‘a:O = 0,B,.

REMARK 3.6. The transport equation (3.36) is easily seen to be true for the trivial

flux f(u) = cu. In this case, B, = c¢A, and (3.36) is
Op A, + 0, A, =0

with solution A, (t) = A,_(0). This simply corresponds to translation of the sta-
tistics with speed ¢, corresponding to sample paths of the solution being translated

without modification.
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2.2. Hopf functional derivation. An alternative, formal derivation of Theo-
rem 3.3 can be given via the Hopf functional approach originally proposed by Hopf
[34] and discussed in [23]. This method was used in [16] in the context of so-called
statistical solutions to Burgers equation. It should be emphasized that the notion of
a statistical solution is considerably weaker than that of the entropy solution, as we
shall see below. Despite this, combined with the rigorous closure of Section (1) this
method leads to the correct evolution equation.

Again we start the canonical framework as presented in the previous subsection.
As before, we drop notational dependence of x or ¢ whenever possible. Recall that
the initial data ug has law gy on €. Let u(t;ug) : [0,00) — € be a weak solution of
(3.1) with initial data ug, which induces a sequence of probability measures (f4);~0 on
Q). To derive an equation for the flow of measures (y4);~0, make the assumption that
u is differentiable in ¢ so that the conservation law can be written for all ¢ € C°(R)

Ae(u(t; uo), p) — (f(u(t;uo)), ') = 0. (3.37)

Here, ' = 0, and (-, -) is the standard duality pairing. This is of course incorrect since
the solution has shocks, and (3.37) should technically be replaced by a continuous
dynamical system with a suitable weak topology.

Define the Hopf characteristic functional fi; of the law p;,

i) = /Q &) 1, (du) (3.38)

which evolves according to

Ouin(9) = 01 [ ) = 3, [ 09 (o)
Q Q
= / i (f (u(t; ug), @) B0 o (dug)
Q

= [t e ). (3.39)

Any set of probability measures (p):~o on §2 that satisfies (3.39) for all p € C(R) is
defined to be a statistical solution of the scalar conservation law—in particular, the

flow of measures generated by the entropy solution is a statistical solution. Assuming
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that all moments of p; are finite, the exponential can be expanded in series (denoting

dx, = 1I7_,dx;) as

eilue) — Z E/R Hu(xj)cp(xj)dxn.
n=0 = JR" ;1

Let

E,,

11 m(U(%i))] = /Q [T mi(u(w))pe(du).
i=1 i=1
Substituting the expansion for the exponential into (3.39) yields the infinite hierarchy

>t Lok

]

S [f<u><,o'<x> Hu<xj>so<wj>] dadx, (340)

HU(%)@(%’)] dx,

n!

n=0 j=1

We will need the following calculus trick:

LEMMA 3.5. If g(x1,...,2n) = §(To(1)s - - - To(m)) for all permutations o of {1,...,n}
then

/ g(xy, ..., xp)dx, = n!/ g(x1, ... xy)dx,. (3.41)
n r1<x2<--<Tnp

PROOF. Proceed by induction. For n = 2 one has

/ g(xl,xg)darldxgz/ g(xl,xg)dxldxg—i—/ g(x1, z9)drodry
R2 r1<T2

xro<x]

=2 / g(x1, 9)drydy
r1<x2

by exchanging x; and x5 in the second integral and using g(z2, z1) = g(x1, 22). As-

sume the proposition holds for the case n — 1 and consider the case n:

/ g(x1, s wrn)dxn - / / g(xlu R b ZEn)an_leEn
n R JRn—1
=(n—1)! / / g(x1, .o g, ) dXy1dy,
RJzi<zo<-<xpn—1
n

= (n—1)! [Z

j=1 \/x1<---<xj1<xn<xj<---<zn_1

= n!/ g(xy, ..., xy)dx,
1 <2< <Tn

41

g(xh -y Tn—1, xn)dxn



where the last line follows from exchanging indices in each term of the sum (with

Tg = —00). O

Resuming the derivation, use

n+1

g(xb .. anrl ZEM

1))@ (k) Hu(ﬂfj)@(%)] ,

itk

n (3.41) and substitute into (3.40) to obtain

[ee]
E z"/ oK, Hu x)p dx,,

n+1

e S

n—0 1< < Tyt 1 1

"(y, Hu (x)p ] dx,,. (3.42)

J#k

Re-indexing the Lh.s. of (3.42) and subtracting the r.h.s. gives that

z:l in /m<...<:cn {O,E,, H u(x])] li[l o(z;)

_ Z " u(zy) Hu T, ] )| @ (zr) Hgo(xj)} dx, =0. (3.43)
k=1 J#k J#k

Finally, the statistical hierarchy (3.43) can be considerably simplified upon making
the closure assumption that (p);~0 is the law of a stationary Feller process with 1- and
2-point operators P and (Q,)a~0- Recall that in terms of the 1-point and transition

measures these are

Py = / plduwn(u),  [Qunl(u) = / an (u, dv)n(u).

With hi:xi—xi_l and Qz: th fori:2,...,n

Hﬂi(u(ﬂ?i))]
= /Rp(dul,t)ﬁl(ul)/Rth(ul,dUQ,t)Th(M)'"/Rth(Un—hdUmt)nn(Un)

= Pm Q27]2 ce Qnﬁn-

E,,
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Assume the transition measures g are differentiable in h. Transferring the derivative
on the test function ¢'(xy) onto gp, (ur—1,duy) in (3.42) and using integration by

parts, the statistical hierarchy is

Zlin /xlo% {8,E,, Hlu(xj)]
flu(zr)) HU(%‘)] } [ etz)dx, = 0.

J#k i=1

+)0u B,
k=1

Note that the boundary terms in the previous equation vanish due to cancellation
of terms and the fact that ¢ € C2°(R) has compact support. The density of tensor
products of the form ¢(xy,...,z,) = [[;_, ¢(z;) in the space of test functions on
{r =(z1,...,2,) € R" : 1y < --- < x,} implies that forn € Nand 21 < x9 < -+ <
Zn, the following infinite set of equations hold:

n

H u(x])] = Z Oy Loy,

j=1

O, f(ulay) Huw] . (3.44)

itk

In terms of the operators Q) = 05, Q; (denoting hy = x1, Q@ = P, Q.41 = I) this is

n

H “(%)] = Z{PUQ2U' - Qkf(“)Q§c+1U - Quu
k=1

j=1

atE#t

— PuQau- -+ Q f(u) Qpru - - - Quul,

or equivalently, in terms of the generator A (using Q; = .AQ;)

n

Hu(xj)] = Z PuQou - Qp [f(u), Al Qpr1u- - - Quu.

J=1

atEHt

One obtains the evolution equation for the 1-point function by taking h; — 0 for all
i (i.e., @Q; = I for all i), or the equation for the 2-point function by taking h;y; = «
forle{l,....n—1}and h; = 0 foralli A1+ 1 (i.e.,, Q1 = Q, and Q; = [ for all
i # 1+ 1):

OBy, [(w(x1))") =D Pub" [f(u), AJu"~* (3.45)
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l

Oy, [(u(@))! (u(zr + )" =) Pub [f(u), AJu'~F Quur™!

k=1

+ z”: Pul Quuf U [F(u), Alu™F (3.46)

k=141
Using the expression (3.9) for the generator A, (3.45) and (3.46) simplify:

OPu" = — ipuk_l {b(u)f’(u)u”_k + /
k=1

R

n(u, dv) (f(v) - f(U))v”"“}

vo—Uu
v—1Uu

—_P {b(U)f/(U)(Un)/+An(u7dv)

Oy (Pul Qu”_l)
l
= =3P b)) Qa4 [ mlu, dv)(f(v) — f(w))o' Q!
] I }
= > P {uu @t + [l () - fw)er
— P {b(u) £ () (ul) Quum " + /R n(u, dv) =1 (“U) — 5 W)yt - ul)gaw—l}

— PulQ, {b(u)f’(u)(u”_l)' + / n(u, dv)if(v) —fw) (o™t — ).
R v—u
In terms of the operator B given in (3.12) the above expressions read

oPu" = —PBu",  0,(Pu'Quu"") = —P(B(u' Quu™ ) —u!'BQ u" -l Q, Bu™ ).

Approximating n,¢ € C2°(R) by polynomials and using that B is a linear operator,

this yields the evolution equation for the 1- and 2-point operators as before:

OPn=—PBn,  %(PnQay) = —PBnQuv) — nBQut +nQuB).

Therefore we have the evolution 0, A = [B, A] exactly as in the proof of Theorem 3.3.
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CHAPTER 4

Kinetic equation and self-similar solutions

1. Derivation of kinetic equation

In this section we demonstrate that the evolution equation 9,4 = [B,.A] has a
natural kinetic description in terms of the drift and jump components of the generator.
To be precise, recall that in the stationary case the generator of the solution process
u(z, t) is characterized by its drift b(u, t) and jump measure n(u, dv,t). The restriction
to stationary processes is, as before, for convenience and can be dropped. Using the

notation

we have the following:

REMARK 4.1. The evolution (3.17) of the generator (3.9) is given in terms of its

characteristics by

Oib(u,t) = —b*(u, t) f" (u) (4.1)
on(u,dv,t) = Ds(b,n) + Qf(n,n). (4.2)

The free-streaming and collision operators in (4.2) are
Dy (b,n) =0u{n(u, dv)b(w) (f'(u) = [f'Juw)} + 00 {n(u, dv)b(v) (f (v) = [f'ou)}
— n(u, dv) {b(u) f"(u) + 0 (u) (f'(w) = [fun)} (4.3)
n,n) = n(w, dw)n(w, dv) ([ fluw — [ we
Qs = [t dwmn () (7 s = o)
—n(u, dv n(v, dw) ([ lus — [ ow
() [ o) (= ()

~ ) [ ) (F o = ) (1.4
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The above result yields a partial differential equation for the family of measures
(n(u,dv,t))uer, which are coupled through the collision term (4.4). Since (4.1-4.2)
are equivalent to (3.17), given initial data (bo(u),no(u,dv)) that satisfy (3.10) we
automatically have existence of weak (measure-valued) solutions to these equations.
This is seen as follows. The characteristics (by,ng) uniquely define (up to a ppg-
measure zero set on 2) a Feller process ug(w;z). Each sample path admits a unique
entropy solution u(w;x,t), and the closure theorem implies that the process u(z,1)
is also Feller. Finally, the evolution equation ensures that u(x,t) has characteristics
(b(t),n(t)), which must therefore satisfy (4.1-4.2).

We now derive the kinetic equation. Let n € C}(R). The Lh.s. of (3.17) is

(0A) n(u) = b, )1 /8tnu dv, 1) (n(v) — n(u)). (4.5)

To evaluate the r.h.s. of (3.17) we first decompose the operators into their differential
and integral parts. That is, let
At) = Aq+ X4, B(t) = A + X5
where
Aan(u) = blu, )dun(u),  Xan(u) = [ n(u,dv,t)(n(v) —n(u))

Apn(u) = b(u, t) f(w)Oun(u),  Lpn(u) = [ n(u, dv, )[f]uu(nv) = n(w)).

—

With this decomposition the bracket splits into
B, Al = [Ap, Aa] + [Ap, L] + [E5, Au] + [X5, X4l

We show that the first term yields the r.h.s. of (4.1), the second and third terms give

(4.3), and the last term yields (4.4). Evaluate each term separately:

[As, Auln(u) = —b*(u, t) f" (u)' (u) (4.6)

A, Saln( / By (1, dw)bl(w) ' (u)(n(v) — (1))
- / (s, d)b(v) £ ()1 (v) (4.7)
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(X5, Aaln /8nudv e (n(v) = n(w))
+ /R"(“vdv)b(v)[f]u,m )
[ o @1 00) ) ",

We combine (4.7) and (4.8) and integrate by parts to get

([Ap, Xal+ [E5, Au]) n(u)

Finally, the remaining term is
S, Sl () = / n(u, dv) / (0, dw) ([ — (o) (0(0) = 0(0)
- / n(u, dv) / (1, dw) ([ Tuw — [ ) (1) — ().

To put this into an appropriate form, split the first term of the r.h.s. into two parts
by writing n(w) —n(v) as (n(w) —n(w)) — (n(v) —n(u)). For the two terms that now
contain n(w) —n(u), switch the labels w and v and exchange the order of integration.

This yields:
s Zaln) = [ nlu dw)ne, o) (s = 1) (0(0) = 1(00)
= [t [ n0.dw) (s = [Fow) () = 1) (210
= [ ntusde) [ . dw) (o = 7)) (00) = ()
Combining (4.5), (4.6), (4.9), and (4.10) we have that
b(u. ) /atnudm ()

= B (u, ) () (0) + / (Dy(b,n) + Qs m)) (n(v) — n(u)). (4.11)
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As this holds true for all test functions 7, the terms corresponding to the drift and
jump measures decouple and we arrive at (4.1) and (4.2).

The drift term is easily solved for using (4.1):
blu,t) = (b(u, to) ™ 4 (t —to) " (u)) " (4.12)

In particular, for the special case of noise initial data (b(u,ty) = +0o0) the drift takes

the form b(u,t) = (t —to) ' f"(u)L.

REMARK 4.2. Fix ty = 0 and consider Burgers equation with noise initial data.

The drift satisfies b(u,t) = t~! and the free streaming and collision terms are

u—v

D(b,n) =t"" < ) (Oyn — Oyn) (4.13)

u—v

Q(n,n) =< ) /R n(u, dw)n(w, dv)

— n(u, dv) /Rn(v,dw) (“ . w) =, do) /Rn(u,dw) (w - “) (414)

Alternatively, we can write an equation for the jump measure n, of the inverse La-

grangian function as follows. By Lemma 2.1, the generator of a(z,t) has characteris-
tics

by(u) = —tb(t (x —u))+1=0

Ne(u, dv, t) = n(t " (z —u),t " (z — dv), ).

Then using (4.13) and (4.14) in (4.2), n,, solves its own kinetic equation:

Oing(u,dv,t) = D(by, 7iy) + Q(ig, Ny)




2. Self-similar solutions for Burgers equation
2.1. Lévy process initial data. Recall from Chapter 1 that the Laplace expo-
nent ®(q,t) of (u(x,t) — u(0,t)),>0 satisfies Burgers equation in ¢ > 0 and ¢:

8P + 9, = 0
D(q,0) = Dy(q).

These results are a prototype of the results of Chapter 3 and have strongly motivated

(4.15)

their development. Since Lévy processes are a subclass of Markov processes, we can
derive (4.15) from (3.17) as follows. A similar analysis is found in [16].
In terms of the Fourier transform Fn(¢) = [*_ e®"n(u)du, the generator A and

o0

characteristic exponent W of (u(z,t) —u(0,t)),>¢ (formally) satisfy:

FADN)(E) = —W(=¢, 1) Fn(&). (4.16)

This simply expresses the relationship between the generator and its symbol (see
Section 2). Now suppose that n € C}(0,00) and consider the Laplace transform for

q > 0:
Ln(q) = / e n(u)du.
0

Since u(x,t) — u(0,t) is spectrally negative, (4.16) can be written in terms of the

Laplace exponent ®(q,t) = —W(—ig,t) for ¢ > 0 as

LA(t)n)(q) = ©(q,t)Ln(q). (4.17)

Differentiating (4.17) in ¢ and using the equation for the generator we shall obtain
the desired result.

For convenience we now drop the explicit dependence on t from the notation. To
begin, recall from (2.26) the generator A of the Lévy process u(z,t) is of the form

An(u) = br (u) + / n(ds) ((u + 5) — n(u))

with drift b(¢) and jump measure n(ds,t) independent of u. Its adjoint is easily shown

to satisty

Aln(u) = —br (u) + / n(ds) (s — 5) — n(u)).
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Then for ¢ > 0, (4.17) implies that the adjoint operator satisfies for u > 0
Ale™ = ®(q)e ™. (4.18)

More precisely, in (4.18) we are actually considering functions of the form e~ (u) €
D(A") where 1) is a smooth positive test function that is supported on (a, o) for
some a < 0 and equals 1 for all w > 0. Since the Laplace transform (4.17) is over
the region u > 0 we are only concerned with (Af(e=94))),>0, which coincides with
(Afe™0"),5o. Clearly, e~ %i(u) € D(AT) since the BV condition [ n(ds)s < oo gives
that

< ||| < 0.

/ n(ds) (e’q(“’s)w(u —s) — e’q“w(u))

/R n(ds)(e® — 1)

We can thus regard e~ to be in D(A") if we restrict ourselves to u > 0, as we will
do throughout the remainder of this section. By explicit calculation, we have

Atemam — (qb + / n(ds)(e%* — 1)) -

— (I)(q)e—qu (4.19)
Since f(u) = su?, the associated generator and its adjoint satisfy

) = burf )+ [ n(ds) (-t o) (-t 5) = ()

Bin(u) = by + [ atds) (w=3s) (ou =) = )

Again we regard =9 € D(B') for u > 0 to get that

Bl = (b<qu —1)+u / n(ds)(e ~ 1)~ 3 / n(ds)s(e — 1>)

= p(u,q)e" ™. (4.20)

Now write p(u, q) = ®(q)u — ¢(q) with



The last step is to evaluate [AT, Bfle=9". Using

AT (ue™ ") = (b(qu — 1)+ / n(ds) ((u — s)e? — u)) e
= (®(g)u — 9y ®(q))e
along with (4.19) and (4.20),

ABle™™ = d(q){®(q)u — 9,P(q) — @(q)}e™™

Bl Ale™® = &(q){®(q)u — p(q)}e ™.
This yields
[AT, Blle™ % = —®(¢)0,®(q)e . (4.21)

Combining (4.17) and (4.21) with the evolution equation, for any n € C2°(0, 00):

2D()Ln(q) = hL(An)(q) = / " (@ Ay (w)du

= [ (0B ™) n(w)du = ~8(0)2,2(0)£n(a)
0
This implies that the Laplace exponent ¢ (formally) satisfies (4.15).

REMARK 4.3. In this case, it can be seen from (4.3-4.4) and the form of the
generator (2.26) that (up to a change of variable and rescaling) the kinetic equation

for the jump density n(s) is Smoluchowski’s coagulation equation with additive kernel:

on(s,t) = % /OS sn(s — s, t)n(s' t)ds — /000(8 + s )n(s, t)n(s', t)ds' (4.22)

There is an abundance of literature on self-similar solutions to (4.22) and their do-
mains of attraction under dynamic scaling (see, e.g. [39, 38]). In Chapter 5 we
present a result that determines rates of convergence to such solutions. For additional
discussion on connections between Burgers turbulence and Smoluchowski’s equation
we refer the reader to [8, 40].
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2.2. Noise initial data and self-similar solutions. In the following we restrict
ourselves to the special case of Burgers equation. We consider the choice of stable
noise initial data, which plays a crucial role in determining the limiting behavior
of a large class of velocity fields u(z,t) under dynamic scaling in time. This case
also arises when studying continuum limits of 1-D discrete aggregation models with
nearest neighbor interactions [25].

As discussed in [40], there is a one-to-one correspondence between (a) stable
Lévy processes, (b) statistically self-similar solutions to Burgers turbulence with in-
dependent increments, and (c) self-similar solutions to Smoluchowski’s coagulation
equation. In direct analogy with the Lévy case, we now show that there is a sim-
ilar correspondence between (a) stable noise, (b) statistically self-similar solutions
to Burgers turbulence with the Markov property, and (c) self-similar solutions to
the kinetic equation (4.2), which can be regarded as a state-dependent coagulation
equation. The relationship is seen as follows.

Suppose ug is a spectrally negative a-stable noise—that is, the potential Uy is a
two-sided spectrally negative stable process. As in [9], we take o € (1/2,2] to ensure
Uo(z) = o(x?) a.s. as |z| — oo so that (2.13) is automatically satisfied. Then Uy has

stationary and independent increments whose distribution scales as
Up(x) v VU (1).

Thus, for all K > 0

(Uo())eer = (U (5™ 7))aca.
Recall by Theorem 3.2 that u(z,t) is Markov. Using the definition (3.3) of the inverse
Lagrangian function we find that

200 — 1
u(z,t) £ /81y, (tP2,1), g = E—— (4.23)

Q

This expresses the statistical self-similarity of the random field evolving under Burgers
flux. We emphasize that (4.23) does not correspond to spatial self-similarity of the

solution at any fixed positive time. That is, u(x,t) is not self-similar in = alone
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since for each t > 0 there is a typical characteristic length scale given by the average
separation between shocks.
Applying Lemma 2.1 to (4.23), the characteristics of the generator A of u(x,t)

scale as

b(u,t) =t"b (£ Pu, 1) (4.24)
n(u,dv,t) =t"Pp (tl’l/ﬁu, =18y, 1). (4.25)

By (4.12) the drift is b(u, t) = t~1. In terms of rescaled variables
n*(t,do) = n(a,do,1), 0=ty

we can write the weak form of the kinetic equation (4.2) with Burgers flux as

1 1 A

~

Here, Q is the same as (4.14) with n and u, v, w replaced by n* and u, v, w,

respectively:

Q(n*,n*) = (“ 5 @) /n(u di)n* (i, do)
R

—n*(a,d@)/n*(@,dw) (“_“’) —n
o 2

To conclude, note that if the jump measure has a density n*(4,v) then (4.26) holds

*
—~
=
=¥
=
—
3
*
=
QU
S5
S~—
7N
<5
Bo| |
S>
N———

pointwise in n*(u, v).

2.3. White noise initial data and Groeneboom’s solution. In [31], Groene-
boom explicitly derived the solution to Burgers equation with white noise initial data
through a detailed analysis of Brownian motion constrained by parabolic barriers. A
similar computation with additional information on shock statistics was later given
by Frachebourg and Martin [24].

We now demonstrate that Groeneboom’s solution verifies the evolution equation

(3.17). To begin, define the density

(4.27)



The functions K and J are defined by their Fourier-Laplace transforms for ¢ € C, in

terms of the Airy function:

_ d? - 1

K(Q):E[K](Q):—Qd—qglog(Ai(Q))a J(q) = LII)(q) = - (4.28)

In terms of the generator of u(x,t), Groeneboom’s solution is

u 1/31)
Al =)+ [ PR 0) S )~ n)de. (429)

— 00

The case of white noise corresponds to solving (4.26) with o = 2 (that is, v = 1/3).
Substituting (4.27) into (4.26) yields:

—(ii — D) (K;K) (6 — ) (4.30)

|
| — |
N
N
<=
*
<
N——
—
>
|
—
>
|
>
N
N
=
<~ %
N
N—
=
N
1

Here, z is a dummy spatial variable. In order to use (4.28) to verify the equation
above, we first derive a set of fundamental identities for convolutions of K, zK, and

J. We obtain these in Fourier-Laplace space by using the Airy equation

Ai"(q) — qAi(q) = 0.

The identities for ¢ € Cy with ' = 9, are

(4.31)



Reverting to the spatial variable z and rearranging terms, these read as

(K« J)(2) = 22J(2) — J'(2)

(zK) x J)(2) = (3% + 2) J(2) — 22J'(2) (4.32)
(K x K)(2) = (32° — 2) K(2) — 32K'(z).

By substituting the identities (4.32) into the r.h.s. of (4.30), we find that the equation
is indeed verified. In other words, (4.29) solves (3.17).
We can also verify the adjoint equation AT(¢)p(u,t) = 0 (see (2.19)) for the 1-point

probability given in [31]. Tt is otherwise known as Chernoff’s distribution:
p(u,t) = J(t3u)J(—tY3u). (4.33)
We only need to check this for ¢ = 1. The adjoint operator is

A (W)() = —n'(u) + / " (v, u)n(v)dv — ( / ' n(u,v)dv) n(w).

Substituting for (4.33) and using (4.32) gives the desire(;ojesult:
Al(1)p(, 1)
st { [ (F)w+ (5) o]+ (557 o= (5 w) =0

REMARK 4.4. Hints of the completely integrable structure appear in the terms

(4.28) of Groeneboom’s solution. The form of K (q) is exactly of the form given by

Dyson’s formula
2

d
_2d—q2 log(D(q))
with D(q) = Ai(q) the Fredholm determinant of an appropriate integral operator. It
is quite likely that a spectral analysis of (3.17) via inverse scattering will lead to an

independent derivation of (4.29).

55



CHAPTER 5

Berry-Esséen theorems for Smoluchowski’s coagulation

equation

In this chapter we take a slight departure from our previous discussion. Here,
we establish near optimal rates of convergence under dynamic scaling to self-similar

solutions of Smoluchowski’s coagulation equation

unlt,a) = 5 [ Ko =it~y — [ K(gntt.an(e.o)dy

with kernels K = 2, x + y, and zy. Recall that the case of K = x 4 y appears
in Burgers turbulence as the kinetic equation (4.22) for the jump density of shocks
with Lévy process initial data. Our method is a simple analogue of the Berry-Esséen
theorem in classical probability and requires minimal assumptions on the initial data,
namely that of an extra finite moment condition. We conjecture that these rates are

actually achieved for monodisperse initial data.

1. Introduction

Smoluchowski’s coagulation equation

nlt,a) =5 [ Ko =it~ iy~ [ Klopn(e oty (5.1)

is a fundamental mean-field model for cluster growth. Here, n(t,z) is the number
density of clusters of mass = per unit volume at time ¢ and K(z,y) is a symmetric

rate kernel. In the spatially discrete case this reads as

8
—

On(t,x) = K(x—y,y)n(t,x —y)n(t,y) — Y K@, y)n(t,x)n(t,y)dy.  (5.2)

1 y=1

N —

<
Il

The continuous and discrete cases can be considered together via the weak formulation

of Smoluchowski’s coagulation equation, given in terms of a moment identity for the
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number distribution n(t, dx):

o [ otwntt.dn) = 5 [ [ @9 =o) - o) Ko ypntt, dyin ds) (53

where ¢ is a suitable test function. We direct the interested reader to [1, 38, 39] for
further discussion. Note that throughout this paper we try to keep the same notation
as in [39].

The present work is restricted to the homogeneous, ‘solvable’ kernels K =
2,z +y,xy (corresponding to K(ax,ay) = oK (z,y) with v = 0,1,2). It has been
shown in [38] that (5.3) admits a one-parameter family of self-similar solutions whose
domains of attraction are characterized by the tails of the initial data. In particular,
there is a unique self-similar solution with finite (y + 1)th moment, which has expo-
nentially decaying tails and attracts all initial data that satisfy this finite moment
condition. In [39], it was shown that with an additional integrability hypothesis on
the Fourier transform of the initial data one has uniform convergence of densities (in
the continuous case) or coefficients (in the discrete case) to a self-similar solution as
t approaches the time horizon T, where T), = oo for v = 0,1 and T, = 1 for v = 2.
The proof of this result is similar to that of uniform convergence of densities in the
central limit theorem (see Feller [22], Section XV.5).

Here we establish a near-optimal rate of convergence to the exponentially decaying
self-similar solution of Smoluchowski’s coagulation equation with K = 2,z + y, zy.
Continuing the analogy with the classical CLT, this result corresponds to the Berry-
Esséen theorem for rates of convergence to the normal law [22], XVL.5. The method
is simple and robust: it holds for all initial distributions, requiring only an additional
finite moment condition beyond those needed for convergence to the self-similar pro-
file. In particular, it is true when the initial distribution has a density or is a lattice
measure. Our work improves upon several recent results of Canizo et. al [13] since it
holds for a large class of initial data and for all of the solvable kernels.

The main results can be stated in a unified framework. With t; = 1 for v = 0,

to = 0 for v = 1,2, and ng(dz) = n(to, dz), define the moments 1; = [, 27no(dz) of
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the initial data. Assume that the yth and (v + 1)th moments are finite, for which we
scale x and ng so that g, = p,41 = 1. Finiteness of the yth moment ensures well-
posedness of (5.3). Finiteness of the (74 1)th moment guarantees that the initial data
are in the domain of attraction of the self-similar solution with exponential decaying
tails:
me(t x

n(t,z) = /\W(Zi)(“filﬁ*” <m) (5.4)

where the profiles 7, ., for 2 > 0 take the form

. 1 .
fuo(@) =2, @1 (2) = 22y o(d) = —=3 V272 (5.5)

V2r

and the time-dependent moments m. and scalings A, are
mo(t) =t mit)=1, me(t)=(1—-1)"" (5.6)

Ao(t) = t, A (t) = e, Ao(t) = (1 —1)72 (5.7)

If, in addition, we assume finiteness of the (y+2)th moment then with time parameter

7, (t) = ftz m.,(s)ds explicitly given by

70(t) = log(t), m(t) =t m(t) = log(1 —t)* (5.8)

we have exponentially fast convergence to self-similar form:

THEOREM 5.1. Let ng be a positive measure with f(o 00) 2'ng(dx) = [, a M ng(dx) =

(0,00)
1. Suppose that the additional finite moment assumption fooo 27 2ng(dr) < oo
holds and let n(t,dz) be the measure-valued solution to Smoluchowski’s equation with

K =2, z+y, or zy and initial data no(dx). With rescaled solution

A(r, di) = )7;;(8;71(15 M (£)d#) (5.9)

define the corresponding cumulative distribution functions
Bird)= [ ilmdi).  Fo@)= [ i (610)
(0,2) (0,2)
Then for 7,(t) € [0, 00),
sup | Fy (7, 2) = Fiy (2)] < Clpy42) (1 + 7)™

>0
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where C(fiy+2) is a constant that depends only on fiyo.

REMARK 5.1. The rates given above are near optimal. Although we do not show
this here, we can demonstrate e is a lower bound for the decay rate in the case of

monodisperse initial data ng(dz) = 6;(dx) for each of the kernels K = 2,z + y, zy.

Since we are primarily concerned with an asymptotic rate of decay to self-
similarity, we make no effort in optimizing the constant in front of the exponential
term. We now present a smoothing argument given in [22], XV.5, that allows us to

consider a broad class of initial data:

LEMMA 5.2. Let F' and F, be probability distribution functions and assume

|Fl(x)| < 1. Consider the Fourier transforms of their corresponding measures,

u(ik) = / e~k P (dg), uy(ik) = / e kT, (d).
(—00,00) (—00,00)

Assume that u'(0) = u!,(0)—that is, equality of the first moment of F(dx) and F.(dx).
With the mollifier

1 — cos(T'x)
o) = e
define
Az) = F(z) = Fi(z),  Ar(z) = ¢r(z) « A
Then
24
sup |A(z)| < 2sup |Ar(z)| + —. (5.11)
T T 7T
In terms of Fourier transforms, (5.11) is
sup F(2) — £l < Low | [ Tl —wmpar + 2 )
up | F(x H(@)] < —sup 7Tsuz w (i T :

We note that the distribution functions (5.10) satisfy the assumptions of the lemma.
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2. Rate of convergence for the constant kernel K = 2

In this section we restate and prove Theorem 5.1 for the constant kernel case.

Explicitly, we prove:

THEOREM b5.3. Let ny be a positive measure, f(O,oo) no(dzr) = f(O,oo) xng(dx) = 1,
and piy = f(O,oo) 2*no(dr) < oco. With T = logt and in terms of the rescaling (5.6-5.7),
let n(T,dz) be the rescaled solution (5.9) to Smoluchowski’s equation with K = 2 and
initial data no(dx). Then for

and T € [0,00),

sup |F(1,2) — Fu(2)] < C(p2)(1 4+ 7)e " (5.13)

>0

where C'(uz) is a constant that depends only on ps.

Proof of rate of convergence for K = 2. The proof of the theorem can be
summarized as follows. Let C; = {z € C : Re(z) > 0} and C, = {z € C : Re(z) >

0}. For s € C, define the Fourier-Laplace transforms

u(r, s) :/ e h(r, di), u(s) :/ e, (dT)
(0,00) (0,00)

and let ug(s) = u(0,s). By (5.12), we have that

1
sup |F (7, &) — F.(#)| < —sup
>0 T >0

24
+ = (5.14)

/iT ij(u(T, o) —u.(o))do —

ir O

The uniform rate of convergence of the distribution function is thus given by conver-
gence rate of u(7,s) to u.(s). As shown in [38, 39], u satisfies a linear first-order
PDE and can be solved for in terms of uy by the method of characteristics in C,.
The finiteness condition on s is a statement about the tail of ng, and therefore,
about the regularity of uy near the origin. Using a Taylor expansion to estimate the
difference ug(s) — u.(s) near s = 0, we can propagate this estimate outward at the
natural growth rate of the characteristics of uy and u,. Combining this with Lemma

5.2 gives us the desired result.
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1. Ewvolution of characteristics: As shown in [38], the Fourier-Laplace transform

u(7, s) by solves the PDE
O-u + sOsu = —u(l — u). (5.15)

This equation can be derived directly from (5.3), or from (5.1) if the initial number
measure has a density as in [39]. Fix an initial time 7 and an initial condition
so € C,. The solution to (5.15) is given in terms of the characteristics s(7; 7o, so),
which satisfy

s(T; 70, 80) = € s € Cy. (5.16)

Note that the equation for the characteristics is independent of ug and therefore holds

for any choice of ug. Along characteristics we have that

d
d—z = —u(l —u),

which can be integrated to yield the solution

_r UO(SO)
1 —wup(so)(1—e7)

We can perform a similar analysis for the Fourier-Laplace transform of the self-

u(r,s) =e (5.17)

similar solution, which satisfies

B 1
C14s

Uy () (5.18)

As noted above, with s € C, the corresponding characteristics for initial data u, to
(5.15) are also

s (1370, 55) = " s € C.
We emphasize here that for fixed oy € C, (0 € C,) the forward (backward) charac-

teristics of u(7, s) and w.(s) are identical
s* (1370, 00) = s(75 70, 00), so(10; T, 0) = So(70, T, 0). (5.19)

Since u.(s) is a stationary solution to (5.15) (or by using (5.18) in (5.17)), we have

that the self-similar solution satisfies

(5.20)



2. FEstimates near the origin: Now we utilize the additional finite moment as-

sumption
(e} (o)
po = / r*ng(de) = / #*g(dx) < o0
0 0

to obtain an approximation for ug near the origin. We use

wl(0) = —up(0) =1, w)(0) =
u.(0) = —u! (0) =1, ul(0) =2

*

and a Taylor expansion about the origin to get the estimate

o (00) — 1. (00)] < (1 + %) ENR (5.21)

3. Propagation of estimates: We now bound the r.h.s. of (5.14) with T' = de7,
where § = 0(u2) > 0 is a length scale characterizing the region about the origin where
the difference between ug and w, is small. We will then propagate the estimate (5.21)

from this region. Explicitly, define

25(112) = \/1 +2 (1 + %)1 1 (5.22)

so that (1+ %) ¢ = 2(1+0)~". Note that if 41, — oo then § — 0. Substituting (5.17),
(5.20) into the r.h.s. of (5.14) and changing variables to the backward characteristics

00(0; 7, 5), where og = 59 = s, we have:

sup |[F(7, &) — F.(2)|

1
< —sup
7r

z

s 5(110,00) (L= m(o0) (L — e (1L — uolon)(1 — 7)) 7" T 6"

(5.23)

/i6 e5(730,00)& (uo(Jo) - U*(JO)) 24

We bound the above integral by splitting it into the two regions 0 < |og| < de™ " and
de T < o] < 6.
4. Bounds for 0 < |og| < de7: In this region we use that |ug|, |u.] < 1 and

estimate the terms in the denominator by the naive lower bound

H—z(1—-eT)|>1—|z[(1—-eT)>e", |z] < 1.
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Using (5.21) for the numerator and the explicit form (5.19) of s(7;0, 0¢) this yields

/ ¢5(7:0,00)% (uo(ao) — u*(go))
0<jool<se— S(T50,00) (1 —u.(o0)(1 — e 7)) (1 — up(op)(1 —e77))

m de T
<2 (1 + _2) eT/ ENEIEN
2 0

dO’o

_ (1.+.%§) 52, (5.24)

5. Bounds for 6e”™ < |og| < 0: In this region, we have by (5.18) and using that

0p is pure imaginary that

1= uog)(1 = e)| =

and by (5.21),

1~ wofou) (1~ €7 2 [1 = wfou) (1 — )] = (14 22) oof? > 7 A7
Therefore,
/ 5(r:0,00)2 (uo(o0) — us(09)) do,
se=<looj<s 5(730,00) (1 = wa(00)(1 = e7))(1 — wo(00)(1 ~ 7))
<4 (1 + %) (L+6)%T /(: ﬁd!ffo!
=4 (1+2) (14 ore, (5.25)

5. Rate of convergence: By combining (5.23), (5.24), and (5.25), we obtain the
desired result (5.13).
3. Rate of convergence for the additive kernel K = x +y
We now consider the case of the additive kernel:
THEOREM 5.4. Let ng be a positive measure, [~ ang(dx) = [;° a*ne(dx) = 1,

and ps = [ *ng(dx) < oo. With n(t,dx) the rescaled solution to Smoluchowski’s

equation with K = x +y and initial data no(dz) let

F(t,3) = / it dy),  F(3) = / G ().
0 0

63



Then fort € [0,00),

sup [F(t, &) — Fu(2)| < C(pus) (1 + t)e™ (5.26)

>0

where C'(us) is a constant that depends only on ps.

Proof of convergence rate for K = x+y. The analysis for the additive kernel
is identical in spirit to that of the constant kernel but is complicated by the fact that
the characteristics of the Fourier-Laplace transform are no longer rays. We use a
contour deformation argument to overcome this difficulty.

To start, consider for s € C, the characteristic exponent of the rescaled number

measures

o) = [ -eaed, el = [ - e
(0,00) (0,00)
and let ¢o(s) = ¢(0,s). The Fourier-Laplace transform of the mass measure then
satisfies

u(t,s) = Osp(t,s) = / e an(t, di), us(s) = /(0 )esj:%ﬁ*(di")

(0,00)

with ug(s) = u(0,s). We have by (5.12)

1 T eai 24
sup |F(t,z) — F.(2)] < —su / —(u(t, o) —u(o))do| + —. 5.27
up (1) = F8) < —sup | [ (ut.o) —wlo)do| + =5 (52)
Note that by the definition of ¢ and u we have that for s € C,.
ot s) < s, |u(t,s)] < 1. (5.28)

1. Ewvolution of characteristics: The evolution of ¢ and u are given by
0o+ (25 — )00 = (5.29)

Ou+ (25 — )0su = —u(l — u). (5.30)

As with the constant kernel, these equations can be derived from (5.3), or from (5.1)
if the initial number measure has a density [39]. The solution to these PDE are in

terms of the characteristics s(t; tg, so) for s € C,, which satisfy

2 95— 0. 5.31
a2 (5.31)
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Along these characteristic curves we have that

dy du
PTG E——u(l—u)

so that by integrating:

ts) = et ts)=et to(s0) . 5.32
p(t,s) = €epo(so), u(t,s) =e 1 — up(so)(1 — e 7) ( )
The explicit form for the first set of characteristics sqg +— s is then
s(t;0,50) = €*(s0 — wo(s0)(1 —e7")), (5.33)
which can also be expressed as
gp(t7 S) _ e—t ((100(80)/80) = (534)
s 1= (o(s0)/s0)(1 —€7")
In addition, (5.33) implies that
d
d—s = (1 — up(s0) (1 — e7)). (5.35)
So

Note that the equations for these characteristics depend on ¢g, and thus on ug. We
can perform the same analysis for the Fourier-Laplace transform of the self-similar

solution
1

u(8) = gy

Here we are working with a second pair of characteristics s — s*,

0u(s) =V1+2s—1 (5.36)

s7(£:0,55) = *(s5 — @u(sp)(1 — ™)) (5.37)

corresponding to the limiting self-similar profile. Note that

ds*
dsg

(1 —u,(s5)(1 —e™)). (5.38)

Since u.(s) is a stationary solution along these characteristics, it satisfies

—t AEH
()= e

us(s) =e (5.39)

2. Estimates near the origin: We now use the additional finite moment assumption

s :/ 2o (dx) :/ #3hg(dz) < o0
0 0
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to find an a good approximation for ug near the origin. Since

w0) = —upO)=1,  uf0)=ps
u*(O) = —u;(O) =1, u;’(O) =3

we can use a Taylor expansion about the origin to get

3
luo(00) — w.(00)] < <§ + %) ENE (5.40)
In addition, using that
©o(0) =0, ©p(0) =1, ©p(0) = —1, ©5'(0) = 3
©.(0) =0, ©.(0) =1, ©l(0) = —1, ©!'(0) =3

we can supplement (5.40) with the estimate

po(00) — ps(00)| < (% + %) oo’ (5.41)

This also gives an estimate for the distance between the characteristics s, s* starting

at og:

|5(t;0,00) — 5" (t;0,00)| = €| po(00) — ¢u(00)[(1 — €™")

1
< (=+2) (1 —ehe|ol. (5.42)
2 6
Using (5.28) we have the bound
|5*(t;0,00)| = €* |00 — @.(00)(1 — )| < o] (5.43)

3. Contour deformation: The mappings sy — s and s; — s* no longer form
rays. Consider the images Q; and Q7 of C, under these mappings. Their boundaries
I'; and I'} are images of the imaginary axis. In particular, I'; and I'; are no longer
stationary curves in C_ but instead evolve in time and can be considered graphs
over the imaginary axis (see [39] for further discussion regarding the geometry of
characteristics). To straighten the picture we use a contour deformation argument.

Fix § > 0. We evaluate the r.h.s. of (5.27) as follows. Let

Z0 - {00 eC: 0o = Zy7y S [_57 6]}7
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so that Yy is a piece of the imaginary axis of length 2. Define the image of ¥y under

the mappings sp +— s and s§ — s™:
Sy = s(t;0, %), Sy = s"(t;0,%0).
S, and S; are finite length curves in C_. Finally, define
Y ={o0€C:o=iyyec [-de* se*}. (5.44)
To evaluate the integral (5.27), first split it into its individual components

/Et ﬁ(“(tva) — u.(0))do = /Et iju(t,a)ala — /Et ﬁu*(a)da. (5.45)

o o o
Since the integrands are holomorphic in €, and Q}, respectively, we can deform the

contours and apply Cauchy’s theorem:

/ e—u(t,cr)dcr:/ e—u(t,s)ds—i—/ 6—u(t,s)ols, (5.46)
N St &

o S S

and

o &

/e—u*(a)daz/ ‘ u*(s*)ds*+/ < Uy (s")ds". (5.47)
N s

* *
o . S g S

Here, the error terms are integrals over the contours & and &; that connect S; to
Yy and S} to X, respectively (see Figure 5.1). We choose & and & so that their
backward images

E, =5(0;t,&), E; = s*(0;t, &) (5.48)
are straight lines. Lastly we make the change of variables s — sy and s* — s,
respectively, and use (5.32), (5.35), (5.38), and (5.39) to get:

o5 o
/St ?u(t, s)ds — /5 - u,(s*)ds*

t

2t

2t
— —t S(t;O,Uo);ﬁ € - S*(t;0,0’o):i € d 5 49
e /20 (e 73(15;0,00)%(00) e 73*(15;0,00)%(00)) 0p. (5.49)

4. Propagation of estimates: Upon inspection of (5.33) and (5.37) we see that
the natural growth rate of both sets of characteristics is e! near the origin, and e*
at an O(1) distance away from the origin. We will bound the r.h.s. of (5.27) with

T = 6e®™, where § = §(u2) > 0 is a length scale characterizing the region about the
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FiGURE 5.1. Contour deformation of the imaginary axis under the
maps sg — s and s; — s*. Here, the endpoints of the curves S; and S}

are s(t;0,i0) and s*(¢;0,40), respectively.

origin where the difference between uy and wu, is small. We will then propagate the

estimate (5.40) from this region. To begin, let p3 = max{us, 3} and define

5(us) = \/1 +% (1—12 + %)_ 1 (5.50)

so that (35 4+ £2) 8§ = 2(2+ &)~*. Note that if 3 — oo then § — 0.

Using the basic inequality |a1by — agbs| < |by — ba||aq| + a1 — asl|be|, we can bound

the magnitude of (5.49) by the sum A; + Ag, where

) 62t 2t e
A = e_t/ —ug(0g) — —*u*(ao) le* “|d|o| (5.51)
o | s s
o . .- 62t
Ay — et / 6% — ¢%| |, (00) | dlovl (5.52)
0 S

We now evaluate each of these terms. For A; the analysis is almost exactly as in the
constant kernel case.
5. Bounds for A;: To begin, consider A;. Since s* € C_, we have |e*™®| < 1.

Using the explicit form (5.33), (5.37) of the characteristics, we rearrange terms in the
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integrand of (5.51) to get

1 <e_02ts*uo(00) - %ﬂsu*(UO))
== 2 ’ . (5.53)

o (1 _ %Cgoao)(l _ e*t)> (1 _ <po§go)(1 _ 67t))

Notice that ¢o(09)/o0 and ¢.(0y)/0¢ play the same role here as ug(og) and u.(0op)
do in the constant kernel. Using that |u.| < 1 and the estimates (5.42), (5.43), the

numerator in (5.53) satisfies

e s e “s
uo(og) — u(0p)
0o 0
672t8* 67215 672t8*
< - * — Wy
= 0 |[u(00)| + [uo(00) — us(00)] 0
L ops 2

<7(-=-4+= . 5.54
< (2 + 6 ) loo| ( )

To estimate the denominator, we split the integral in A; into the two regions 0 <
log| < de™t and de™t < |og| < 6.
5a. Bounds for Ay in 0 < |og| < de~*: Here we use that |pg(00)/00|, |¢«(00) /00| <

1 and estimate the terms in the denominator of (5.53) by the naive lower bound

1—z(1—e M) >1—]z|[1—e")>e", 2] < 1.

Substituting this and (5.54) into (5.53) one obtains

€2t 2t

e_t/ —ug(0g) — —*u*(ao) \es*‘%\d|00\
0<|oo|<de—t | S S
<7 1 + H3 et /66_t |oo|d| oo
< 5% ; 0|@|oo
T(L B3\ o
=—(=+=)5%e" )
5 (2 +5 ) e (5.55)
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5b. Bounds for Ay in de™" < |og] < d: In this region we use Taylor expansion, the

fact that o( is pure imaginary, and the value (5.50) of 0 to get

«(09) L 2¢~t + oy 1 3 )
1— 1— > (26 _To (L2
' pat G 1 tg) ol
o] r 3 s 1 oo
> N > . 5.56
> 5 s \atg)lol =555 (6:56)
and
wo(o0) . 2e~t + oy 1 ps )
1— 1— > I
' s LT 2 | 2ra ) ool
|0 L s 2 1 oo
> S > -
o s \ts )l 2555
(5.57)

Therefore, using (5.56-5.57) and (5.54) in (5.53) gives

et /
de~t<|og|<o

62t 2t

—UO(J()) —;u*(Jo)

S
Loy 2 —t °1
<4-7T(=+=](2+9) e‘/ —d|o|
2 6 5

et |JO|

|5 %|d]o]

=47 (% + %) (2+6)*te . (5.58)

6. Bounds for Ay: Now we consider Ay. Using |u,| < 1 and (5.37) we can rewrite

this as
5 | sd ¢
s¥ _ s*% 1
Ay < et/ e — e d|oo|. (5.59)
0 |oo] <1 _ geloo) (] e—t))
g0
Note that
‘esi o s*£| s 67215
— <suplze’*| < = . 5.60
sl S S R TR ea e O
By (5.36), ¢.(09) = v/1+ 207 — 1. From this we obtain the lower bound
1
Re(g.(00)] > 103 (5.61)

Combining (5.42), (5.60), and (5.61) gives

|6s;i o es*i"

L ps
<4 =+ =). 5.62
ool N (2 - 6 ) (5.62)
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For the remaining term in (5.59), we split the integral into the two regions 0 <
log| < de and det < |og| < 0.
6a. Bounds for Ay in 0 < |og| < de~': Using the naive lower bound for the term

in the denominator as we did in Step 4 and (5.62), we get

Se=t | si 3
ST __ 87T 1 1
e_t/ [ — e dlog| < 4 (— + &) de”'. (5.63)
0 EN (1 _ geloo) (g e—t)) 26
[e0]

6b. Bounds for Ay in de™" < |og| < 0: For the term in the denominator, we use

the estimate (5.56). Then,

6
ST ST 1
o '6 | dlov|
se—t ool <1 — exlol(q e’t))

<243+

,u 1
6

_9. 4( ]
6

) 2+5 —d‘O'()‘
5e—i |00|
) 2

+ o)t (5.64)

7. Bounds for Ay + Ay: Putting together (5.55), (5.58), (5.63), and (5.64), we
finally find a bound for (5.51-5.52):

A+ Ay <40 (% ’g’) (24+8)* (1 +t)e (5.65)

8. Error terms: Lastly, we bound the error terms obtained during the contour

deformation argument (5.46-5.47). We need only estimate

es:ﬁ
—u(t, s)d
/et Su(,s) s

since the corresponding integral over & is estimated by an identical argument. First

note that the endpoints of the line segment E; are id and s(0;t,ide*), the latter of

which converges to the point p, € C, that solves

Po — @0(,00) = 10.
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Then we have the estimate

esi
—u(t, s)d
/c} Su(,s) s

t

:67

5(¢;0,80)2 UO(SO) d
e S
/Et s0 — @o(s0)(1 —e) ’

< e™'|E| sup [so — po(so)(1 — e
SoEFE:

S Cle*t

for some constant C that depends only on the initial data wg. This is similar to the
argument for the additive kernel in [39].
9. Rate of convergence: By combining (5.27) with (5.65) and the estimate for the

error terms, we obtain the desired result (5.26).

4. Rate of convergence for the multiplicative kernel K = xy

THEOREM 5.5. Let ng be a positive measure, [~ x*no(dx) = [;° a®ng(dz) = 1,
and pig = [ a*ng(dx) < co. With T =log(1 —1t)~" and a(t,dx) the rescaled solution

to Smoluchowski’s equation with K = xy and initial data no(dz) let

F(r.) = / Pi(rdg),  Fl(@) = / 3 a(di).
0 0
Then for T € [0,00),

sup |[F(7,2) — Fu(2)| < C(pa) (L +T)e™" (5.66)

>0

where C'(py) is a constant that depends only on puy.

Proof of convergence rate for K = xy. The rate for the multiplicative kernel
can be recovered from that of the additive kernel by a change of variable, as discussed
in [19, 39]. The measure-valued solutions ns(t, dx) and ny (¢, dz) to (5.3) with K = zy

and K = z + y, respectively, are related by
ng(t,dz) = (1 —t) " 'ni(7(t), dx).

With the similarity variables
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given by (5.7) and the rescaled number distributions defined by (5.9), we have that
#209(7, dity) = 1A (7, ditr).
Therefore,
Fy(r. &) = /0 " Rg(r, di) = /0 i (r.di) = Fi(r.2).

Since (5.5) implies that F, »(Z) = Fi ;(#), we combine this with the previous equation

to get (5.66)

sup |Fo(7, &) — Fio(2)| = sup |Fi(7,2) — Fi1(2)| < C(pa)(L+7)e 7.

>0 >0
The constant C' here is the same as that obtained in the case K = x 4 y, with us
replaced by 4. The convergence rate is nearly optimal by the near optimality of the

rate for the additive kernel.
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Conclusions

We have demonstrated that at the level of the 2-point correlation function, Burg-
ers turbulence is closed and yields a completely integrable system. This holds true for
all 1-D scalar conservation laws. Additionally, we have shown that the model admits
Groeneboom’s explicit solution and therefore has a rich family of self-similar solutions.
Our work provides some of the initial steps necessary to obtain an full understanding
of this model, but leaves many more questions unanswered. What is the probabilistic
interpretation of the evolution equation? Can it be derived by a first-passage ar-
gument for spectrally negative Markov processes, analogous to Bertoin’s analysis for
Lévy processes? How do we use the integrable structure to rederive Groeneboom’s so-
lution? Are there universal distributions other than Chernoft’s that can be recovered
using this model? These questions, among many others, pose interesting challenges

for future study.
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