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This thesis contains three related topics on the multiscale discontinuous Galerkin

(DG) methods and applications.

In the first part, we present a multiscale model for numerical simulation of dy-
namics of crystalline solids. The method couples nonlinear elastodynamics as the
continuum description and molecular dynamics as another component at the atomic
scale. The governing equations on the macroscale are solved by the DG method,
which is built up with an appropriate local curl-free space to produce a coherent

displacement field.

In the second part, we develop a multiscale local discontinuous Galerkin (LDG)
method to simulate the 1-D stationary Schrédinger-Poisson problem. The WKB-
LDG method is proposed for solving the Schrodinger equation and provides a signif-
icant reduction of both the computational cost and memory. It has the advantages
of the DG methods including their flexibility in h-p adaptivity and the allowance of
complete discontinuity at element interfaces compared with a traditional continuous

finite element Galerkin methodology.

In the third part, we develop a multiscale DG method for solving a class of
second order elliptic problems with rough coefficients based on the previous work of
Yuan and Shu [75]. The main ingredient of this method is to use a non-polynomial
multiscale approximation space in the DG method to capture the solutions without
resolving the fine-scale structure of the solution. We generalize the analysis of the
multiscale Babuska-Zldmal DG method to the case of u € H*([0, 1]). We also propose
a multiscale local discontinuous Petrov-Galerkin method and a multiscale interior

penalty DG method in the numerical tests.
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Chapter 1

Introduction

In the recent years, there have been many contributions to the development of dis-
continuous Galerkin (DG) methods for solving partial differential equations (PDEs)
in various areas. The DG method is a finite element method which uses completely
discontinuous piecewise basis functions and relies on an adequate choice of numeri-
cal fluxes to handle effectively the interactions across element boundaries, to achieve
stable and accurate algorithms. Stable and convergent DG methods have been de-
signed for linear and nonlinear PDEs. For example, the Runge Kutta discontinuous
Galerkin method (RKDG) for hyperbolic conservation laws was introduced by Cock-
burn and Shu in [30, 32]. One extension, the local discontinuous Galerkin method
(LDG), was carried out for solving convection-diffusion equations in [31] and disper-
sive wave equations in [73]. An introduction to DG methods for elliptic equations is
given by Arnold, Brezzi, Cockburn and Marini in [9]. A minimal dissipation LDG
(MD-LDG) method has been designed for elliptic equations in [25]. A multiscale
DG method based on non-polynomial approximation spaces has been developed in
[74, 75]. We also refer to the reader to [33] for a review of the DG methods.

DG schemes have several important advantages. Comparing with the finite differ-
ence methods, the DG methods are better suited to handle complicated geometries

and boundary conditions and it is easier to achieve high order accuracy. Compar-



ing with traditional Galerkin methodology (e.g., [45]), the advantages of the DG
methods includes their flexibility in h-p adaptivity and parallel efficiency.
We will present the following three topics in this thesis.

e The discontinuous Galerkin method for the multiscale modeling of dynamics

of crystalline solids.

e The WKB local discontinuous Galerkin method for the simulation of the Schrodinger

equation in a resonant tunneling diode.

e A multiscale DG method for solving a class of second order elliptic problems

with rough coefficients.

These topics concern the applications of the DG method to different areas. We
take advantage of the properties of the DG method to develop special methods to
different problems. For example, in the first topic, we use a locally curl-free function
space for the deformation gradient which can provide a coherent displacement field,
following the local structure preserving DG methodology in [28, 52]. We compare
the DG results with a second order Lax-Friedrichs type central scheme [60]. The
DG methods show their advantage in the ability to resolve sharp wave fronts. In the
second topic, we present a WKB-LDG method to solve the Schrodinger equation,
which is in essence an LDG method based on exponential basis functions in the spirit
of [74]. The method maintains the advantages of the general DG/LDG methods and
saves in computational cost as well as memory when compared with the regular
polynomial-based LDG methods. More importantly, it is feasible to extend the
WKB-LDG method to two-dimensional devices which is impossible for traditional
finite element method. In the third topic, for problems with oscillatory coefficients
involving a small scale, the standard DG methods using polynomial spaces require a
very fine mesh to resolve the small scale in the solution. We proposed a DG method

based on special approximation spaces which are constructed to well approximate



the solution. Then this multiscale DG method allows the use of a coarse mesh and

saves computational cost.



Chapter 2

The Discontinuous Galerkin

Methods

In this chapter, we will review the version of DG methods developed by Cockburn
et al. We will briefly review the DG method for 1-D scalar hyperbolic and the LDG
method for parabolic equations in the first section. For more details, we refer the
reader to the series of papers of Cockburn et al. [30, 29, 26, 32], the lecture notes
[24] and the review paper [33]. The LDG [9] and MD-LDG methods [25] for 1-D

elliptic equations will be briefly discussed in the second section.

2.1 Formulations for 1-D scalar hyperbolic and
parabolic equations

We consider a one-dimensional conservation law on a given interval I = [a, b]:

Uy +f(u)zv =0.



The interval I is divided into N cells as follows,

a=ry <3 <..<zy1=Db (2.1)
We denote
1
I; = (xzflami—}—%)’ Zi = 5(331’7% + xi—|—%) (2.2)
and
Ari=zy1 — a1, h= max Aw;. (2.3)
Next, we define the approximation space as
ViE=A{vy: (w1, € PE(Ly),i=1,...,N}. (2.4)

Here P*(I;) denotes the set of all polynomials of degree at most k in the interval
I;. For simplicity, we will use the notation u and v instead of u,, v, to denote
the numerical solutions whenever this does not cause confusion. We can choose a
basis of P¥(I;) as, for example, {1,&;,...,£F}, where the monomials £ = . For

a function v € V;F, we use U1 and v;:Ll to refer to the left and right limits of v at
2 2
Tiyl, respectively, at the interface where v is discontinuous.
The formulation of the DG method is as follows: find u(.,t) € V¥ such that for

any test functions v € V¥,

—_— —_—

/ uvdx — f(u)vmda:—i—f(u)z.Jr%v;rl — flu);_1v7, =0. (2.5)
I; I; 2 ?

The single-valued flux f, 11 should be taken as a monotone flux depending on both

U1 and u;:L 1 (exact or approximate Riemann solvers in the system case); see, for
2 2

example, [51]. We will choose the numerical fluxes to be the Lax-Friedrichs flux

1 - —
ity §(fi+% + fi_:% N a(“;% + “H%)), (2.6)



where o = max | f'(u)].

Time discretization is done by the nonlinearly stable high order TVD Runge-
Kutta methods developed in [67]. In particular, the second- and third-order TVD
Runge-Kutta methods are used to match the corresponding spatial accuracy in this

thesis. For solving the method of the lines ODE

uy = L(u), (2.7)

where L(u) can be any spatial discretization of u, the second-order TVD Runge-

Kutta method is given by

D = 4+ AtL(u"), (2.8)
1 1 1

n+1 . m =, (1) - (1)

u = Sutt+gutt+ 2AISL(u ),

3 1 1
@ _ Oun Lo XAz
u T g tL(u'"), (2.9)
1 2 2
Wt = U+ gu(” + gAtL(u(2>)

Since the DG method may have oscillations when the solutions contain discontinu-
ities, nonlinear total variation bounded (TVB) limiters are often used. The limiter
we use in this thesis is briefly described below. For more details we refer the readers

to Shu [66], and Cockburn, Lin, and Shu [29], and Cockburn and Shu [32]. Denote

ul =+ g, ul o, =1 — U, (2.10)
2



where u; is the cell average. u; and u; are modified by

@Y = m (@, Ty — Ui, @ — Ui 1), 00D = m (G, Tisr — Wi, B — s 1)
(2.11)
where the minmod function m is given by
S-minj<;<y, |a;| if sign(a;)=...=sign(a,)=s,
m(ay, ag,...,a,) = 1o |9] gn(a) gn(an) (2.12)
0 otherwise,
or by the TVB modified minmod function [66]
m(ay, ag, - .., a,) = (2.13)
m(ai, as, . ..,a,) otherwise,

where M > 0 is a constant. The choice of M depends on the solutions of the problem.
For the scalar case, it is possible to estimate M (M is related to the magnitude of the
second derivatives of the solution at smooth extrema); however, it is more difficult
for systems. In this thesis, we apply the limiter to every component of the system
with a suitable M (which may not necessarily be the optimal M).

In the case where diffusion terms are present, e.g., the convection-diffusion prob-
lems

uy = (a(u, T)Uy) g, (2.14)

where a(u,z) > 0, the idea of the LDG method [31] is to rewrite (2.14) into a first
order system

qg—u; =0, u— (a(u,z)q), =0. (2.15)

We can then formally use the same DG method for the convection equation to solve

(2.15), resulting in the following scheme: find u(.,t),q(.,t) € V¥ such that

/Iv qwdaz—i—/I- Uwdx — U w

3 1

+U;_ 1w, =0, (2.16)

1
2

N[



uwwdr + [ a(u,z)qu.de — ag;, 107, +ag; 1v;
I,L' Il 2 Z+§ 2 11—

(2.17)

for all test functions v, w € V}*. In [31], criteria are given for the numerical fluxes to

guarantee stability, convergence, and a suboptimal error estimate of order £ in the

Lo-norm for piecewise polynomials of degree k. A clever choice of the fluxes in an

alternating way

or

would satisfy these criteria and give a scheme of order & + 1.

2.2 Formulations for 1-D elliptic problems

We consider the following 1-D elliptic problem

_(a(x)uw)w - C(.’IZ’)U = f(.’L'), a<z<b,
u(a) =0, u(b) =0,

where a(z) > 0.

We first rewrite the problem (2.20) as a first order system

qg—u; =0, —(a(r)q); — c(z)u = f.

(2.18)

(2.19)

(2.20)

(2.21)

We use the same notations in Sec. 2.1. The general formulation of the DG method

for the elliptic problem (2.20) is: find u, ¢ € V¥ such that

” - o +
/ qwd:r+/ uwxdx—ujJr%wj 1+ Uws =0,
I: I; 2 2

/ aquzdx — @j+%vj._+1 +ag;_1v” , — [ cuvdz = [ fvdz
I I 1



for all test functions v, w € V}¥.
Different choices of numerical fluxes produce different methods. For example, the

flux formulation of the LDG method [20, 27] is
at the internal cell interfaces,
(2.24)

¢=q"% +afu]
Uy ) at the boundaries;

at the internal cell interfaces,
(2.25)

or
t=u*, §=q +aly
(ul —u(a)) at the boundaries.
2

Here [u] = vt —u~ and a = O(1/h).
The MD-LDG method [25] we will use in this thesis has a flux formulation

4=wu", ¢=gq" atthe internal cell interfaces, (2.26)
~ ~ o+ — — )
=0, qyy1= Oy + a(u(b) — UN+%) at the boundaries;

or
@ =wu", ¢=gq  at the internal cell interfaces,
(2.27)
4=0, §=gqi+a(u] —u(a)) atthe boundaries,
2 2

We get optimal convergence for both u and ¢ in one dimension, and optimal

convergence for u but suboptimal convergence for ¢ in two dimensions.



Chapter 3

The Discontinuous Galerkin
Method for the Multiscale
Modeling of Dynamics of
Crystalline Solids

3.1 Introduction

The conventional computational methods for solid mechanics have been primarily
based on continuum models, where one uses a small number of variables, such as
the strain and stress, to efficiently describe the mechanical properties. The quality
of these continuum models depends heavily on the constitutive assumptions, which
are usually obtained from experimental observations. On the other hand, atomistic
models, such as molecular statistics and molecular dynamics (MD), which account
for detailed crystal structure and atomic configurations, have been proven to be a
useful methodology. However, to model a macroscale process, such atomistic systems
are too large to fit into a realistic computation. Therefore, it is computationally

advantageous to develop a hybrid model that includes both components. Multiscale

10
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methods that aim to bridge different scales have been an active area of interest.
Recently developed methods in this class include, for instance, the quasicontinuum
methods [68, 49], the macro atomistic ab initio dynamics method [6], the bridging
scale method [71], the bridging domain methods [72], the heterogeneous multiscale
method (HMM) [39, 53, 40|, and the pseudo-spectral method [69]. The advantage
of such concurrent methods is that the models can be refined as the computation
proceeds.

This chapter is concerned with the dynamics of elastic solids. We will use the
framework of HMM [39, 53]. The main idea of HMM is to formulate both the
atomistic and continuum models in terms of universal conservation laws, and the
coupling is accomplished by ensemble averaging. The implementation of such a

method consists of three components:
1. a macrosolver for the continuum model,

2. a microsolver to equilibrate the atomistic system locally to the appropriate

ensemble,
3. an averaging procedure to obtain data that are needed in the continuum model.

The main advantage of this formalism is that one is able to use the macroscale
equations to capture the elastic waves, and the microscale models are employed as
a supplemental component to provide accurate constitutive data, thereby bypassing
any empirical model for the equation of state.

The constitutive relation obtained from the atomistic models is typically non-
linear and temperature dependent. As a result, shock waves may develop, which
give rise to large strain and velocity gradients, posing a great challenge to numerical
simulations. In addition suitable constraints have to be imposed to form a coherent
displacement field. The problem is further complicated by the presence of defects,
causing large local deformations and discontinuities in strain and displacement. To

overcome these difficulties, we will make use of the DG method, a finite element
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method based on piecewise polynomials as basis functions that are completely dis-
continuous across element boundaries. The DG method will be formulated for the
elastodynamics problems in the multiscale setting.

We remark that, in the recent years, there have been many contributions to the
development of DG methods for solving PDEs in solid mechanics. In most cases,
attention has been restricted to linear elasticity problems. For example, Riviére et
al. [65] formulated and analyzed a DG method for linear elasticity based on a gener-
alization of the nonsymmetric interior penalty DG method for the diffusion equation.
Kiser and Dumbser (see [47, 38]) proposed a DG method in space that uses the ar-
bitrary high-order derivatives (ADER) approach for the time integration to solve the
linear elastic wave equation in heterogeneous media on unstructured meshes in two
and three dimensions. Huang and Costanzo (see [44, 35]) proposed a space-time DG
formulation for linear elasticity where stress discontinuities were considered through
jumps in the material properties, see also [48]. Abedi, Petracovici, and Haber [5]
proposed a space-time DG method for linearized elastodynamics that delivered an
exact balance of linear and angular momentum over every space-time element.

In this chapter we are going to present a multiscale methodology for transient
elastodynamics problems based on the DG method as a macrosolver. We will discuss
how the DG method can be used to capture a large scale elastic field and how the MD
can be used at the atomic scale and coupled to the macroscale DG solver to provide
accurate constitutive data. We do recognize, however, that the constitutive behavior
of realistic materials usually results from complicated interactions of local defects,
such as dislocations, cracks, grain boundaries etc. In this case, the stress-strain
relation cannot simply be deduced from the Cauchy-Born rule or thermodynamics of
a single crystal. Nonetheless, the current method is applicable to small systems, e.g.,
micromechanical system, where only a small number of defects are present. There
the DG method, coupled with equilibrium MD, becomes useful in regions away from

the defects, which in the quasicontinuum method [68, 49], has been referred to as the
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local region. On one hand, it offers an accurate solver for the stress waves, providing
loading condition on the material defects. On the other hand, mesh refinement
can easily be done as one approaches the atomistic region. Our next step is to
combine the current method with nonequilibrium MD to describe defect formation

and propagation.

3.2 Macroscopic and microscopic models

Our computation involves models at both macroscopic and microscopic scales: elas-
todynamics on the macroscopic scale, describing the evolution of the elastic field,
and molecular dynamics at the atomic scale, providing the constitutive data based
on detailed atomic interactions. In this section, we briefly present the equations
underlying these models.

On the continuum scale, the governing equations for the elastodynamics are a
set of PDEs. To begin with, we fix a reference coordinate, denoted by x, and after
deformation, the point will be displaced to a new position, x 4+ u(x, t), with u being
the displacement. Let ¢ = Vu be the corresponding deformation gradient. Then the

continuum equations take the form:

%e— Vv = 0,
pge+V-j = 0.

Here v and e are the velocity and specific energy per particle, respectively, pg is the
initial density, P is the first Piola-Kirchhoff stress tensor and j is the energy flux. The
first equation in (3.1) describes the time evolution of the deformation; the second
and third equations reflect conservation of momentum and energy, respectively. In
continuum mechanics, for instance [50], these equations are supplemented by the

empirical constitutive relations for stress and energy fluxes. The purpose of our
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work is to develop multiscale strategies that bypass these empirical constitutive laws
when their accuracy is in doubt.
At the atomic scale, the motion of the atoms constituting the solids is given by
molecular dynamics,
QG = pi/mi,
pi = —VgV,

(3.2)

where m; denotes the mass of the ith atom, q; and p; are the generalized coordinate
and momentum for the ith atom, and V(qi, qs, - - ., qn) is the interatomic potential
that models the interaction among the atoms. In this work, we will only consider

pair potential. Namely,

1
V= 3 ZQS(TU), rij = |rijl, T =di —qj.
7]
Many-body potential models, such as the embedded atom model (EAM) [37] and
Tersoff-Brenner model [70], can be dealt with similarly. The system (3.2) is a Hamil-

tonian system with the Hamiltonian
p2
H(q,p): E 277; +V(q)a q:(qlaq277qN)7p:(p17p277pN) (33)
X )
3

The basic assumption in our current method is scale separation. Namely the relax-
ation time for the microscopic processes is much shorter than the typical time scale
of the continuum. In this case, it suffices to consider the local equilibrium distribu-
tion of the atomistic system. In the case of zero temperature, this is equivalent to
the Cauchy-Born hypothesis, which suggests that the atomic displacement follow the
macroscopic deformation. As a result, the strain energy density and elastic stress can
be computed from the atomistic models. At finite temperature, one has to take into
account the thermal fluctuation and compute elastic properties based on statistical

ensembles. In this work, we consider two statistical equilibrium: the microcanonical
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distribution,

1

p1(q,p) = 35(13 — H), (3.4)

where the volume and the energy of the system are prescribed, and the canonical

distribution,

1

pra,p) = e ", B=(ksT)"! (3.5)

where the volume and the temperature are given. The constant Z, which is the
partition function, normalizes the probability density. Although these statistical
ensembles in principle are equivalent in the infinite volume limit, one might have more
practical convenience than the other. Once the equilibrium distribution is available,
physical observables can be computed via statistical averaging. More specifically, let

w be any observable with a microscopic expression w(q, p). Then

(w) = / w(a, p)p(a, p)dadp. (3.6)

In a MD simulation, we can replace the ensemble average by a time average,

(w) = Jim / w(a(®), p(t))dt, (3.7)

T—00

provided that the system is ergodic.

The remaining step in the atomic/continuum coupling is to define the correspond-
ing macroscopic quantities at the atomic scale. Since the continuum equations (3.1)
are expressed in the Lagrangian coordinate, we first define the reference coordinate
for the atoms as the equilibrium positions, denoted by ;. Next we will mainly focus
on the calculation of the stress tensor. The first approach to define stress from the
atomic scale is from thermodynamics [17]. For the atomistic system, the free energy
is defined as,

F=—kgTlh / e PHdqdp.

Implicit in the integral is the dependence on the deformation gradient e, which
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changes the volume and shape of the entire system. Here periodic boundary condition

is assumed. From the second law of thermodynamics, we have,

10F
2 =P,
Q) Oe
fixing the temperature. Here €2 is the volume of the system in the reference coordi-

nate. This calculation yields,
P= 9 ZW(W)%a Qij = Qi — Qj- (3.8)
i<j ij

A more natural approach to derive the microscopic expressions is based on conserva-
tion laws at the atomic scale [46]. More specifically, we define the local momentum

and energy

qx,t) = Z%’(t)d(x - Qi),
Tt = 5302 3 olat) - ay)]otx - @),

J#i

(3.9)

As a result, the total momentum and energy in a control volume can be easily
computed. Furthermore, one can derive conservation laws for the local momentum

and energy,

) N
2§-V-P = 0,
f’tq~ N (3.10)
pge+V-j = 0.
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where,
( P(x,t) = %Z(bI(Qi - q;) ® (Qi — Q)
1#£]
X / §(x— (Qj + MQi — Q))))dA,
it = 4 > (pi/mi+pj/my) - ' (i — q;) ® (Qi — Qy)
1#£]
k X /0 §(x— (Qj + AQ;i — Qy)))dA.

Averaging (3.11) in space, one also arrives at (3.8).

Equations (3.1) and (3.10) have been the starting point of HMM: the continuum
and atomistic models can be coupled at the level of conservation laws. Such obser-
vation is also reminiscent of the concept of local equilibrium in the kinetic theory for
gas dynamics, where the Maxwellian distribution can be used to provide the equation

of state, and therefore close the continuum equations.

3.3 Numerical methodology

3.3.1 Macroscale solver: the DG method

In this chapter, we solve the continuum equations (3.1) as a one-dimensional system
of conservation laws. We will use the DG method and the LDG method which are

described in Chap. 2 as our macroscale solver.

3.3.2 MD simulation

In computing the elastic stress from the microscopic model, we prepare the atomistic
system as follows. We first arrange the atoms to the equilibrium position, (;, and
then apply a uniform deformation, q; = (I + A)Q;. The major axes of the simu-

lation box are also deformed accordingly. Periodic boundary conditions are applied
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with respect to the deformed box to maintain the deformation gradient throughout
the computation. The initial velocity for the atoms is sampled from a Gaussian
distribution with the variance given by kg7'. In order to maintain the system at a
given temperature, we use the standard Nosé-Hoover thermostat [61, 43]. To ensure
numerical stability, the time step is chosen so that §t < 2/wpez, Where Wy, is the
largest phonon frequency. During the simulation, the stress is sampled every 20 time
steps, and then averaged at the end of the simulation according to (3.7). In addition
the Verlet list method is used to speed up the force calculation. These standard

techniques can be found in [41].

3.3.3 The multiscale method

Having described the methodology for solving the atomistic and continuum equa-
tions, we are now in a position to describe the multiscale method. The coupling
strategy is quite straightforward: we first divide the computational domain into cells
over which the macroscale equations (3.1) are discretized. In computing the numer-
ical fluxes, the stress and heat flux are obtained directly from the atomistic model,
either from a MD simulation, or from a simplified model, also calibrated from atom-
istic simulations beforehand (see next section). This procedure can be demonstrated
in Fig. 3.1. Comparing to the conventional numerical procedure, we have used an
atomistic model as a supplemental component on each cell to supply the constitutive

data.

3.4 One-dimensional shock propagation

In our first example the system is described at the atomistic level by a Lennard-Jones

(r) = de ((%)u _ (;)6> . (3.12)

potential:
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Figure 3.1: Left: conventional numerical methods; Right: the heterogeneous multi-
scale methods. In the multiscale method, an additional component, indicated by the
small boxes, is applied to compute the elastic stress. Here 0 = kgT.

All the particles are assumed to have mass m. In the MD simulation, the parameters
¢ and o are normalized to unit. As a result, all the computational results are ex-
pressed in terms of reduced units, represented by m, € and ¢. The atomistic system
is two-dimensional and it is constrained to a narrow slab so that the macroscopic

dynamics is essentially one-dimensional. The continuum equations then reduce to

O —Opv1 = 0,
poOivy — 0, P11 = 0, (3.13)
,008156 — ax(PH’Ul) = 0.

The initial condition for the macroscale quantities is set up as follows: For the x < 0
half plane, we impose a uniform deformation gradient €;; = —0.01, and for the other
half plane, the deformation gradient is zero. The system starts from zero velocity
and the temperature 7" = 0.1 on the left half plane, and 7" = 0.3 on the right half
plane. From the continuum viewpoint, this is an example of the Riemann problem.

We apply the multiscale procedure described above to this problem with the DG
method as the macroscale solver. The P! and P? (second and third order based on
piecewise linear and quadratic polynomials) DG results are presented. The numerical

results are shown in Fig. 3.2. As a comparison, we also compute the solution with the
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second-order Lax-Friedrichs type central schemes, described in Nessyahu and Tadmor
[60]. At ¢t > 0, one observes two shocks separated by a contact discontinuity. We can
see that the DG method captures the discontinuities very well. This type of results

have also been confirmed by a full atomistic simulation [53].

strain ——&8—— 2nd central scheme Velocity ——&—— 2nd central scheme
DG P1 o DG P1

DG P2 DG P2

0.002

015

01

—8—— 5 0_ o
)

0.05

B o

Figure 3.2: Numerical test on 1-D shock formation and propagation. 100 macrocells
are used. The solutions are displayed at the physical time 7" = 0.01. Solid line with
the square symbol: the second-order central scheme; triangle and circle symbols: DG
P! and P? with TVD limiter. Left: strain, right: velocity.

3.5 Two-dimensional case

In our next simulation, the atomistic model is a three-dimensional Lennard-Jones
solid with the face-centered cubic (FCC) structure. The major axes of the system
are along the (100), (010), (001) directions. We consider a system in a state of plain

strain so that the macro scale behavior is essentially two-dimensional.
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3.5.1 Atomistic-based constitutive models

The energy flux j in the continuum equations (3.1) can be written as

j=—-("P+q), (3.14)

with q being the heat flux.

In principle the heat flux can be computed from an atomistic simulation with a
consistent temperature gradient [53]. However such simulations typically take much
longer time to relax, making the computation rather expensive. Other models, such
as the kinetic equation for phonons [62], are available. But it is not yet clear how
those models can be coupled with MD or elastodynamics. For simplicity, we model

the heat flux by the Fourier law,
q=kVT, (3.15)

which has been confirmed via numerous numerical studies [18]. The heat conductiv-
ity has been precomputed from the atomistic model. In the following computations,
we will consider both the case with the heat flux as well as the one without the heat
flux.

In the case of small deformations and a low temperature, a linear approximation

can be made to provide an explicit stress strain relation:

]Dij = Cijki€rl + O,/T(Sij 1,7, k,l =1,2 (316)

where c;;i; are elastic parameters. They can be computed directly from the atomistic
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model [10]. In particular, we have

f

Py = Chien + Ciacg + T,

< P12 = 044(612 + 621)7 (317)
P21 = P12a

Py = Chigg + Craenn +aT.

\

In terms of the reduced units, these parameters have been obtained from the atom-

istic model,
C11 = 97.56753, (9 = 55.56524, (4y = 55.55364,

o= —-991139, & =0.1925353265.

It has been calibrated such that under the condition,
lells < 0.004 and T < 0.2, (3.18)

the error of this linear approximation (3.17) is within one percent. However this
model cannot be directly used because in the PDEs the temperature is not a derived
quantity and needs to be obtained from the atomistic models. For this purpose we

make another approximation for the temperature,
1
Po€ = E(S, T) = FEy+ §Cijkl5kl5ij + 37. (319)

Here the first term is the cohesive energy of the crystalline, EFy = —7.4591 per atom,
the second term is the familiar form of the strain energy for linear elasticity. In the

case of low energy, namely,

|E — Ey| < 1.2, (3.20)

the modeling error for this approximation (3.19) is also within one percent.
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The equations (3.17) and (3.19) provide an efficient constitutive model in the
regime of small strain and low temperature. We will show that with these constitutive
equations, the system of PDEs is hyperbolic. With the heat flux q present, the system
is of parabolic type.

3.5.2 The hyperbolicity of the constitutive model without
the heat flux

When the deformation is small and the temperature is low, we can use the linearized
stress strain relation (3.17) and the linearized temperature relation (3.19) to solve
for the temperature 7', to obtain a closed system of equations. For the case without
the heat flux, this system of equations can be written in the form of a system of

conservation laws:

U, +F,+G, =0,

where

A S A N A

€12 0 —U1
€21 —g 0
U= €22 , F = 0 , G= —Vg
Pov1 —Py —Py
PoV2 —Py — Py
\ po€ + %PO(U% + v3) / \ —v1 Py — vy Py ) \ —v1 Py; — 03Py /
(3.21)

with the relations (3.17) and (3.19).
It is known ([36] p.55), that the system (3.21) is hyperbolic on a certain region of
the state space if, for every (¢,7) lying in that region, the following two conditions

hold,

A

OE (e, n)

3.22
o >0, (3.22)



0%E (e, n)

0z4;0ex vivi&i& >0, for all v and ¢,
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(3.23)

where 7 is the entropy and E(e,n) = E(e,T). The first condition ensures that the

temperature is positive, and the second condition, often referred to as the rank-one

convexity condition, implies that the local thermal equilibrium is stable.

To compute the entropy 7 = n(e,T’), using the Helmholtz free energy ([36], p.41)

1[}(6, T) = 6(57 T) - T77a

we obtain

oy  0E(e,T) on on
i = o aeij 3% Po a&'j Cijkl€kl — Po a&'j

The last equality comes from the expression of E(e,T') given by (3.19).
Applying the definition of P in (3.16) to (3.25) , we get

on

T
Po 361'9'

= —ozT5,~j.

Thus

(0]
n= —p—(€11 +e2) + ¢(T).
0

To determine the function ¢(T'), we know from (3.24),
oy de—Tn) de on 3 on

——— = tn+T=——+n+T

Ty = %Y _ on
(1) = —r a7 a7 ar aT’

which then reduces to

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Together with (3.27), we finally obtain the entropy for the system (3.21),

3
0(e,T) = — 2 (e1) + e99) + — log T (3.30)
Po Po

up to a constant.

A

Next , 7 = T'(e,n) can be solved by (3.30),
T(e,n) = elpontaleute))/3, (3.31)

Then
~ 1
E(e,n) = Eo + 5 CigkiEriij + 3elpontalerten)/s, (3.32)

For the first condition given by (3.22),

oF
% = poelrortelenten))/s 5 (3.33)

The second condition (3.23), called the Legendre-Hadamard condition, means that E
is rank-one convex in €. It is equivalent to the condition that the matrix (M)
OgijOcy; 44

is positive definite.

It is easy to check that the matrix

(m) —

Deij0ek ) 4oy

Cy1 + %a2€(ﬂon+a(€11+622))/3 0 0 Cp+ %a%(ﬂoﬂ-#a(gnﬂm))/?’
0 Cu Cu 0 (3.34)
0 Cu Cu 0

Cis + %a26(90n+a(611+622))/3 0 0 Cpy+ %QZG(PO’TI-I-Q(EH-FEM))/?»

is positive definite.

Therefore, the system (3.21) is hyperbolic.
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3.5.3 Implementation of the constitutive models

While the equilibrium MD in principle offers the correct constitutive equation, such
a procedure is typically computationally intensive, making the overall computation
rather expensive. On the other hand, the simplified models in Sec. 3.5.1 are efficient,
but the accuracy can only be guaranteed under small deformation and low tempera-
ture. Therefore it is computationally attractive to include both these models in the
simulation: we use the constitutive relation (3.17) if the criterion (3.18) is met, and
(3.19) if the condition (3.20) is satisfied; otherwise the data are obtained directly
from a MD simulation. This resembles a Domain Decomposition Method (DDM)
[21]. The main idea of the DDM is to solve the relatively inexpensive macroscopic
model in most part of the computational domain, and only solve the micro problems
in the sub-domains where the macroscopic model is not valid.

More specifically, our computational domain can be decomposed into four types of
sub-domains. These sub-domains are distinguished by whether the conditions (3.18)
and/or (3.20) are satisfied. For example, the first type of sub-domains can be the one
satisfying both (3.18) and (3.20). In this case, a computationally inexpensive macro
model is sufficient, and we no longer need to do MD. The procedure of using the DDM
is: at each time step and in each cell, if the energy is low, namely, if the condition
(3.20) is satisfied, we will compute the temperature from (3.19) instead of the MD
procedure. After the temperature is obtained, we compute the stress and energy flux
from the atomistic model via a canonical ensemble. For small deformation and low
temperature, i.e. when (3.18) holds, we use (3.17) to bypass the MD procedure.

In practice, we use parallel computing to speed up our program. At the macro-
scopic computational domain, for each time step, we first need to get the information
of the temperature. We label the L cells to be those which satisfy the condition (3.20),
and the H cells to be those in which this condition is not satisfied. Then we use the
macro relation (3.19) to get the temperature in the L cells. This requires only a

negligible cost comparing to MD. For the H cells, we do need to use MD with the
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canonical ensemble (3.5), which are computationally expensive. To efficiently use all
the processors, we collect all the H cells and distribute them to available processors
evenly. Next, we need to get the information of the stress tensor. The procedure
is the same as above, except that now the condition (3.18) and the relation (3.17)
are used to distinguish different types of cells. This procedure is repeated for every

macro time step.

3.5.4 Curl-free DG method

In the finite volume representation of the elastic field, it is important to ensure the
kinematic compatibility at the cell interface. This issue has been recognized in [5].

In fact the macro scale PDEs are equipped with a natural constraint:
V xe=0,

which leads to two pairs of curl-free variables, (€11,€12) and (91,€9). In order to
fulfill the constraints, we choose a curl-free basis for our DG method instead of the
standard polynomial basis. The original idea of using curl-free basis is from [28],
in which the locally divergence-free DG method is designed to solve the Maxwell
equations, and from [52], in which the locally curl-free DG method is designed to
solve the Hamilton-Jacobi equations.

In the standard RKDG method, we seek the solution in the finite dimensional

polynomial space
V;’k = {v = (v1,v9, V3, Vs, Vs, Vs, V7) : V| € PTF(K), K € IC} (3.35)

where K is the element and K is the collection of the elements, P"F(K) = (P*(K))",

and P¥(K) denotes the space of polynomials in K of degree at most k. Now we are
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looking for the solution space which basis satisfies the curl-free condition, i.e.

Vi = {veVit oo on gn_ ul
= {v = (v1,v2) € PP*(K) : %—7;1 = %L;}
{v = (v, v1) € PH(K) : 2 = %_;} (3.36)

& &

{v = (vs,v6,v7) : v € P (K)}
Vitevite vyt

That is, the vectors (v, v,) and (vs, v4) are curl-free polynomial vectors. Notice that
the dimension of the space V2* is (k4 1)(k+4)/2, only about half as the dimension
of V2* which is (k + 1)(k 4 2). Thus the total dimension of the curl free space V¥
is (k? 4+ k) less than the standard piecewise polynomial space V;’k, and we can save
a lot of computational cost by using the curl free space.

It is very easy to obtain the local bases for V,Ql’k. We can take the gradient of the
standard bases of (P**!(K)), since we know V x V f = 0 for any scalar function f.
For example, if K is the rectangle, with the center (z;,y,) and width Az;, Ay,, if

we denote
T =T Yy—Yy;

then one set of bases of V,zl”C would be, when k£ =1,

1 Ay; 0 0
)2, , . (3.37)
0 0 Ax;€ 1 n
For k£ = 2, we need to add
2 2y, Ay.in? 0
§ | y;én (0 , _ (3.38)

0 Azg? )\ 28men U
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And for £ = 3, we need to add

3 3Ay;€? Ay;én? Ny’ 0
§ ’ Y& ’ yién | Yin , (3.39)

0 Ax; &3 Az;&n 3NAxEn? n®
3.5.5 Numerical results

Comparison of RKDG methods using curl-free P¥ and standard P* bases

In the following example, we consider a system under an external force h(x,y,t).

The macroscale equations take the form of:

%6 —Vv = 0,
poev—V-P = hi(z,y,t), (3.40)
pooe— V- (VIP) = hy(z,y,t).

We choose the source terms as

hl(.??, Y, t) = 001(p0 — 011 — 012 — 2044) COS(t —+x + y),

ho(z,y,t) = 0.01*(py — C11 — Crg — 2Cu) sin(2(t + z + y)).
The initial conditions are given by,

€ij = 0.01 sin(x + y)
v; = 0.01lsin(z +y) ,j=1,2 (3.41)
Po€ — E() + 0.012(011 + 012 + 2044) sin2(x + y)

and with periodic boundary conditions the exact solutions are

€ij = 0.01 sin(t +x+ y)
v; = 0.01sin(t+z +y) i,j=1,2 (3.42)
pPo€ = E() + 0.012(011 + 012 + 2044) sin2(t + x4+ y)
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We use this set of exact solutions to test the accuracy and efficiency of the curl-
free DG method comparing to the standard DG method. We list the L? errors and
orders of accuracy using P! and P? DG methods in Tables 3.1, 3.2 and 3.3. The
solutions are run to 7' = 27. We can observe the optimal (k+ 1)-th order of accuracy
both for the standard DG method and the curl-free DG method. The magnitudes

of the errors for the same mesh are comparable for the two DG methods.

Table 3.1: L? error and order of accuracy for the stress strain e

mesh standard P* local curl-free P*
L? error order L%error order

Pl
10 x 10 2.12E-03 - 2.12E-03 -
20 x 20  5.28E-04 2.01 5.27E-04 2.00
40 x 40 1.31E-04 2.00 1.31E-04 2.00
80x 80 3.32E-05 1.98 3.32E-05 1.98
160 x 160 8.35E-06 1.99 8.35E-06 1.99
P2
10 x 10  2.35E-03 - 1.92E-03 -
20 x 20 3.25E-04 286 2.62E-04 2.87
40 x 40 4.41E-05 2.88 3.39E-05 2.95
80 x 80 5.71E-06 2.95 4.33E-06 2.97
160 x 160 6.93E-07 3.04 547E-07 2.98

Thermal expansion

In this example, we study the effect of thermal expansion due to the temperature
dependence of the stress. Initially the material is at rest with a homogeneous temper-
ature distribution 7" = 0.1. Our computational domain is a square [—1,1] x [—1,1].
We then increase the temperature in the middle [—0.4,0.4] x [—0.4,0.4] instanta-
neously to 7" = 0.4. This results in a thermal expansion that propagates outwards.
We solve the macro equations (3.1) by the DG methods described above, and com-

pare the results with those obtained with the two-dimensional central scheme [60].
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Table 3.2: L? error and order of accuracy for the velocity

mesh standard P* local curl-free P*
L? error order [L%error order
Pl
10 x 10 2.29E-02 - 2.28E-03 —

20x 20 T7.88E-03 1.54 T7.88E-03 1.53
40 x 40  1.96E-03 2.01 1.96E-03 2.01
80 x 80 4.70E-04 2.06 4.69E-04 2.06
160 x 160 1.14E-04 2.04 1.14E-04 2.04
P2
10 x 10 2.56E-03 - 2.49E-03 -
20 x 20 3.03E-04 3.08 2.95E-04 3.08
40 x 40  3.74E-05 3.02 3.68E-05 3.00
80 x 80 4.65E-06 3.01 4.63E-06 2.99
160 x 160 5.77E-07 3.01 5.82E-07 2.99

We present results in the following two cases: one is without the heat flux, the
other is with the heat flux. Without the heat flux, the system is hyperbolic. There-
fore it will have discontinuities in the solution under discontinuous initial conditions.
In the presence of the heat flux, the system is parabolic. Therefore, the solution
becomes smooth at £ > 0 even if the initial condition is discontinuous. We will
demonstrate the numerical results for the temperature distribution as well as the

velocity field below.

The simplified constitutive model

We first run the simulation using the linear constitutive model (3.17) and (3.19)

everywhere.

Without the heat flux: The results of the temperature distribution at £ = 0.01
are shown in Fig. 3.3. The macro solver from left to right in Fig. 3.3 is the DG P!,
DG P? and the second-order central scheme, respectively. We can see that the
DG scheme captures the shocks much better than the second-order central scheme

using the same mesh. We can also see this from the cross section view of the two-
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Table 3.3: L? error and order of accuracy for the energy

mesh standard P* local curl-free P*
L? error order [L%error order
Pl
10 x 10  3.38E-02 - 3.38E-02 -

20 x 20 T797E-03 2.08 T7.98E-03 2.08
40 x 40 7.42E-04 3.43 T.42E-04 3.43
80 x 80 1.75E-04 2.08 1.75E-04 2.08
160 x 160 4.42E-05 1.98 4.42E-05 1.98
P2
10 x 10 1.34E-01 - 1.12E-01 -
20 x 20 1.78E-02 291 1.54E-02 2.87
40 x40  2.29E-03 296 1.99E-03 2.95
80x 80 2.92E-04 297 254E-04 2097
160 x 160 3.68E-05 2.99 3.21E-05 2.98

dimensional temperature distribution by the DG and the second-order central scheme
in Fig. 3.4. Since we have not used any limiter for the results in the left picture of
Fig. 3.4, there are some oscillations near the shocks. The application of limiters
can eliminate these oscillations, see Fig. 3.4 right. For both figures, the shocks are

sharper for the DG method than for the second-order central scheme.

With the heat flux: Adding the heat flux in our model is adding a diffusion
term to the right side of PDEs. The LDG methods can easily deal with the diffusion
term. The results of the temperature distribution using both DG P! and P? at
t = 0.01 with a 80 x 80 mesh are shown in Fig. 3.5.

The full MD-based constitutive model

In this case, we compute the stress from MD in every cell. We first compute
the temperature from the atomistic models. After the temperature is obtained,
we compute the stress and energy flux from the atomistic model via a canonical

ensemble.
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Figure 3.3: Temperature distribution without the heat flux (by the simplified con-
stitutive model) at ¢ = 0.01 with 80 x 80 cells. Left: DG P! with the TVD limiter;
middle: DG P? with the TVB limiter M = 10; right: the second-order central
scheme.

Without the heat flux. The results of the temperature distribution at ¢t = 0.01
are shown in Fig. 3.6. We again compare our DG method with the second order
central scheme. Using four times as many cells for the second-order central scheme
as that for the DG P! method, we can still see the advantage of the DG method
in capturing shocks. A clearer view in Fig. 3.7 shows the cross section of the two-
dimensional temperature distribution computed by the DG P! and the second-order
central scheme. The results of the velocity field at ¢ = 0.01 are shown in Fig. 3.8. The
direction of the velocity is pointing outward since the temperature is propagating

outward.

With the heat flux. The results of the temperature distribution and the ve-
locity field at ¢ = 0.01 are shown in Fig. 3.9.

The domain decomposition model

Here we use the DDM procedure, as described in Sec. 3.5.3.

Without the heat flux: The results of the temperature distribution and the
velocity fields using DG P! at ¢t = 0.01 by the DDM model are shown in Fig. 3.10.

The results by the DDM are almost the same as the one we obtained by the full
MD-based model (see Fig. 3.6 left and 3.8 left). This is more clearly seen from the

temperature
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Figure 3.4: Cross section of the 2-D temperature distribution without the heat flux
(by the simplified constitutive model) at ¢ = 0.01 with 80 x 80 cells. Left: DG P*,
P? without limiters and the second-order central scheme; Right: DG P! with the
TVD limiter and P? with the TVB limiter M = 10.

cross section of the two-dimensional temperature distribution by the DDM and the
MD (see Fig. 3.13): they overlap almost completely.

The results of the temperature distribution and the velocity fields using the DG
P! at t = 0.03 by the DDM model are shown in Fig. 3.11. As the time evolves, the

heating is expanding outwards.

With the heat flux: The results of the temperature distribution and the veloc-
ity fields at t = 0.01 are shown in Fig. 3.12. Fig. 3.14 shows the results at ¢ = 0.03.

We can clearly see a thermal expansion propagating outwards.

The domain decomposition method (DDM) saves lots of computational cost. For
example, we need 18 hours using 36 processors to evolve 1 time step with 30 x 30
cells for the MD DG P! method, while we only need less than 3 hours to do the same
thing for the DDM. Actually, we only need to run the MD for the high temperature
region in the middle. Initially, this part is only 16% of the whole domain. As time

evolves, the high heat will propagate outwards and the area becomes even smaller.
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Figure 3.5: Temperature distribution with the heat flux (by the simplified constitu-
tive model) at ¢ = 0.01 with 80 x 80 cells. Left: DG P'; right: DG P2,

Wave propagation

As the last example, we simulate elastic wave propagation in a two dimensions un-
bounded medium. The experiment we present is described in [14]. The major dif-
ference is: their governing equations are based on linear elastodynamics, but ours
are based on the domain decomposition model. We apply perfectly matched layers
(PML) as described in [34] to simulate the propagation of waves in this open domain.
See Appendix 3.7 for a brief description of the PML method.

Our computational domain is 2 = [—5, 5] X [—5, 5] in two-dimensional, occupied
by an elastic material, and we suppose that the initial condition (or the source) is
supported in D = [—3.5,3.5] x [—3.5,3.5] C Q2. We are solving this elastodynamics
problem with absorbing layers (PML) with width 6 = 1.5 on all four boundaries.

The initial data of the velocity and the stress are taken to be equal to zero.
Initially, the material is of constant temperature T = 0.167 everywhere, and it is
assumed to stay in the same temperature environment. An explosive source located

at the point (z4,ys) = (—3.15,3.15) is introduced in the right side of the equations
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Figure 3.6: Temperature distribution without the heat flux (by the full MD-based
model) at ¢t = 0.01. Left: DG P! with 30 x 30 cells with the TVD limiter; right: the
second-order central scheme with 60 x 60 cells.

of conservation of velocity,

f((z, ), 1) = h(t)g(r)é:. (3.43)

where €, = (x — 25,y —ys), 7 = ||€:||. The function h(t) is the so-called second-order

Ricker signal with central frequency equal to fo = 10Hz (see Fig. 3.15 left):
h(t) = [272(fot — 1)? — 1]e™ Uot=1)7 (3.44)

and the function g(r) is the Gaussian function defined by (see Fig. 3.15 right)

10¢=7(r/70)"

o) = = (3.45)

which is concentrated in a small disk of radius r¢ = 0.3.
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Figure 3.7: Cross section of the 2-D temperature distribution without the heat flux
(by the full MD-based model) at ¢ = 0.01. DG P! with 30 x 30 cells and the
second-order central scheme with 60 x 60 cells.

The damping factor we use in the PML is as follows:
3c 1\ ,
d(z) = 253 log (R) x”, (3.46)

where R = 1073 is the theoretical reflection coefficient from the terminating reflection
boundaries, i.e., the reflection coefficient is about 0.1%. ¢ is an upper bound of the
wave velocities, chosen as ¢ = 1 here.

We show the snapshots of the velocity module using DG P! by the macro model
in Fig. 3.16 and by the DDM model in Fig. 3.17. The PML works very well. The
wave fronts are not circles because of the anisotropy of the medium. The waves are
propagating outwards. At ¢t = 0.34 (see Fig. 3.16, 3.17 upper right), some waves
disappear in the upper left corner. The lower right waves are moving downwards as
the time goes. At ¢t = 1.0 (see Fig. 3.16, 3.17 bottom middle), these waves arrive at
the lower right corner. At ¢ = 1.5 (see Fig. 3.16, 3.17 bottom right), the amplitude

of the velocity is already below 5 x 107%.
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Figure 3.8: The velocity field without the heat flux (by the full MD-based model)
at t = 0.01. Left: DG P! with 30 x 30 cells with the TVD limiter; right: the
second-order central scheme with 60 x 60 cells.

3.6 Concluding remarks

We have developed a multiscale solver based on the DG method. The ability of
the DG method to treat sharp wave fronts makes it particularly suitable for this
problem. This has been demonstrated by a few test problems. More importantly it
allows us to conveniently use atomistic models to provide constitutive data within
the computation. The bottleneck of the method has been the atomistic component
where MD is performed to calculate the elastic stress. This has been alleviated to
some extent by first obtaining a simplified model in the case of small strain and low
energy /temperature. More efficient methods are needed here to completely bypass
MD. This is our current work in progress. Finally even though the numerical tests
have been performed using rectangular elements, the DG methodology allows the
use of arbitrary unstructured meshes with a full h-p adaptivity capability.

In the current framework, we have assumed that the material is a single perfect
crystal. The next step is to model the dynamics of isolated defects, such as dislo-

cations, phase boundaries, or crack tips. These problems bring up many interesting
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Figure 3.9: With the heat flux at ¢ = 0.01. DG P! with 30 x 30 cells (by the full
MD-based model). Left: the temperature distribution; right: the velocity field.

issues, such as the boundary conditions at the atomistic/continuum interface (e.g.,
see [54, 55]), adaptive mesh refinement, thermal fluctuations, etc. These issues will

be addressed in future work.

3.7 Appendix: PML methods

The idea of the PML is to surround the computational domain with an absorb-
ing layer (the PML region) such that the coupled system possesses the property of
generating no reflection at the interface between the free medium and the artificial
absorbing medium. The principle ideas of PML has been first introduced by Bérenger
[15]. In [14], Bécache et al. have shown that it is possible to write in a systematic
way of designing a PML model for a general first-order hyperbolic system. In this

section, we will briefly describe the general construction.
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Figure 3.10: Without the heat flux at t = 0.01. DG P! with 30 x 30 cells (by the
DDM). Left: the temperature distribution; right: the velocity field.

Consider a general two-dimensional first-order hyperbolic system

U, + AU, + BU, = 0,

i) - o (3.47)

where U is a m—vector, A and B are m x m matrices. To simplify the presentation,
we assume our physical domain is in the left half plane i.e. [z1 < 0,29 = 0] X [y1, ya].
The initial condition Uj is zero on the right half plane. The main idea of the PML
model is to couple the equation in the left half-space with an equation in the right
half-space such that there is no reflection at the interface y = 0.

The construction of the PML in the z-direction is to split U = UM + U® | such
that the unknown U is only associated to the derivatives with respect to z, and

U@ to the derivatives with respect to y. Then we introduce a damping factor d(x)
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Figure 3.11: Without the heat flux at ¢ = 0.03. DG P! with 30 x 30 cells (by the
DDM). Left: the temperature distribution; right: the velocity field.

only on U, We obtain the system in the following:

U +d(@)U® + AU, = o,
U® + BU, = 0, (3.48)
Ut=0) = U,

where d(z) = 0 for z < 0, d(z) < 0, for x < 0. It is easy to see that U satisfies
the same system of equations in the physical domain. The analysis [15] shows that
there will be no reflection at the interface between the physical domain and the
absorbing layers. Furthermore, the transmitted wave decreases exponentially during
its propagation inside the layer.

In our example, the macroequations are a two-dimensional nonlinear system of

parabolic equations. We will apply the PML to all the boundaries. So our macro
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Figure 3.12: With the heat flux at ¢ = 0.01. DG P! with 30 x 30 cells (by the DDM).
Left: the temperature distribution; right: the velocity field.

equations can be rewritten in the following form:

U +d(z)U® + F,
U® +d(y)U® + G,

where F' and G are in (3.21), d(z) and d(y) are

positive in the absorbing layers.

U(t = 0)

(3.49)

zeros in the physical domain and
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Figure 3.13: Comparison of DDM and full MD-based models: cross section of the
2-D temperature distribution at ¢ = 0.01. DG P! with 30 x 30 cells. Left: without
the heat flux; Right: with the heat flux.

DDM DG P1 N=30 T=0.03 with heat flux

DDM DG P1 N=30 T=0.03 with heat flux

oo WtLrrs,,.
\\\\\\\\i ‘tr’//////
NN W1r777777
05 SSNNNNNN A B2
: SNNNNNNNN AN LA
RN W /S S S SSS
SOONNNNNNN A N s
EECN NN \\ // LSS S
RN\ N \T /
ISR N\ N N O A

==z |\

temperature
V2
o

ST
s I AR
//////7/? J( | %\\Q\\\\\
LSS /ﬁ NARNRRRNRS
RSB BN
sl PEENNNNNNNNS

i S L TN

AR EIINNS
A PV
L1 L1 L1 Ll
0.5 OV 0.5 1
1

Figure 3.14: With the heat flux at ¢ = 0.03. DG P! with 30 x 30 cells (by the DDM).
Left: the temperature distribution; right: the velocity field.
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Figure 3.15: Left: the Ricker signal h(t); right: the Gaussian function g(r).

Figure 3.16: Snapshots of the velocity module at different times (by the simplified
constitutive model): DG P! with 80 x 80 cells.
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Figure 3.17: Snapshots of the velocity module at different times (by the DDM model):
DG P! with 80 x 80 cells.



Chapter 4

The WKB Local Discontinuous
(Galerkin Method for the
Simulation of Schrodinger

Equation in a Resonant Tunneling

Diode

4.1 Introduction

In recent studies of nanoscale semiconductor structures, quantum effects arise and
have to be taken into account in the modeling by means of the Schrodinger equation.
There are computational difficulties in solving the Schrodinger equations. On one
hand, the oscillatory behavior of the solutions requires a refined spacial grid. On the
other hand, a large number of Schrodinger equations need to be solved in order to
simulate an electronic device. For example, in the resonant tunneling diode (RTD)
[4, 63, 3], only the electrons having an energy extremely close to the resonant energy

are transmitted from the source to the drain. To collect the resonances, there are

46
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thousands of Schrédinger equations to solve.

In [3], Ben Abdallah and Pinaud have proposed a WKB approach using tradi-
tional continuous finite element method for the one-dimensional model. They obtain
an explicit formula for the phase factor of wave functions from WKB asymptotics
[16] and then use this phase factor to interpolate the nodal values of the wave func-
tion. Therefore, a much coarser grid is allowed comparing with the method based
on polynomials. A convergence analysis for this method is presented in [58]. In
[2], this method is generalized to a special two-dimensional device in which the
two-dimensional Schrodinger equation is approximated by a one-dimensional non-
diagonal Schrédinger system [64] for which a WKB type approach can be derived
(see [59]). One limitation of the method in these works is, however, that it is difficult
to generalize it to two-dimensional devices for which the two-dimensional Schrédinger
equation cannot be easily converted to one-dimensional systems and must be solved
in two-dimensional elements, as it is very difficult to have continuity at the element
interface with such multiscale basis functions in two dimensions.

Comparing with traditional continuous finite element Galerkin methodology, the
advantage of the DG and LDG methods includes their flexibility in h-p adaptivity
and their allowance of complete discontinuity at element interfaces. It is computa-
tionally advantageous to combine the WKB approach with the LDG method, which
is the main purpose of this chapter: we present a WKB-LDG method to solve the
Schrodinger equation, which is in essence an LDG method based on exponential basis
functions in the spirit of [74]. The method maintains the advantages of the general
DG/LDG methods and saves in computational cost as well as memory when com-
pared with the regular polynomial-based LDG methods. To conveniently compare
our results to those obtained with the traditional continuous finite element WKB
method, we mostly consider the same examples as in [3]. The results in this chapter
are only one-dimensional, however it is feasible to extend the WKB-LDG method to

two-dimensional devices, because there is no continuity requirement for the solution
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across element interfaces. The extension to two-dimensional devices does involve the
non-trivial task of constructing suitable multiscale basis functions, which involves an
accurate estimate of the local oscillation direction and is left for future work. We
remark that, in recent years, there have been many contributions in developing DG
methods for solving PDEs in semi-conductor device simulations, such as those in
[22, 23, 56, 57]. Comparing with these earlier works, our work is the first example
of using the DG method to solve the RTD model with the Schrodinger equation and
also the first time exponential approximation spaces are appeared in the DG method

for solving the Schrédinger equation.

4.1.1 The Schrodinger-Poisson problem

We consider the RTD model (see [3]) on the interval [a,b] with a < a; < as <
az < b3 < by < by < b along the growth direction z. Its conduction band profile
consists of two barriers of height v located at [as, a3] and [bs, by]. A bias energy Av is
applied between the source (z < a1) and the collector (z > b;) regions. The regions
[a,a1] and [by, b] are highly doped with doping density n}, and [a1, as] and [bs, b1] are
doped with n2. The transport is assumed to be ballistic and one-dimensional. The
wave function of the electrons injected at r = a with momentum p > 0 satisfies a

stationary effective-mass Schrédinger equation with open boundary conditions [1]:

2
— Il — gV, = Elgp, (p>0)

h,,(a) + ippy(a) = 2ip; Ry, (b) = ipppy(D),

(4.1)

where m is the effective mass (assumed to be constant in the device), ¢ is the ele-
mentary positive charge of the electron, V' is the total electrostatic potential in the

device and
2
po= P +2qm(Vy = Vo), Ej =2 —aqVa.
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Similarly, the wave function of electrons injected at x = b with momentum p < 0

satisfies the equation:

2
_g_m(pg —qVp = ze(ppa (r<0)

(4.2)
hupy(b) + ippp(b) = 2ip;  —Tigy(a) = ipapp(a),
where
2
Pa = VP +2qm(Ve = Vo), Eb=——qVh
The transmission coefficients are defined by
p% + 2gm(Vy, — V)t
() = VORI o (13
p? —2qm(Vy — V,))t
T(p) = \/( (V ) lpp(a)]? for p <0, (4.4)

p|
where (a)™ = max(a, 0).

The electrons are assumed to be in a mixed state so that the electronic density
is given by

@)= [ glepto)a, (45)

where g(p) := ga(p) for p > 0 and ¢(p) := gs(p) for p < 0. g, and g, are the statistics
of the electrons injected at x = a and = = b respectively. In our case, g(p) is a

Fermi-Dirac integral given by

9(p) = 727;’2”;; log (1 + exp ((—% + EF> /k,,T)) , (4.6)

where Ef is the Fermi energy defined implicitly by the neutrality condition for the

doping density in the source and drain regions (see [4]):

ng = /_OO 9(p)dp. (4.7)



a0

The current density is given by

J = % /_ N 9(p)pT (p)dp. (4.8)

The electrostatic potential V' = V., + V,. V, is the external potential including
double barriers and applied bias and Vj is the self-consistent potential modeling the

electron-electron interaction

Vi'(z) = {(n(z) —np(z))
Vs(a) = Vy(b) =0

where € is the dielectric constant and np is the doping density.
Since the equations (4.1), (4.2), (4.5) and (4.9) are coupled together, the Gummel
method [42] is used to accelerate the iterating speed (see [63]). We solve

d2vnew
T = % [n(V') exp (V" = V') [Vies) — np] (4.10)

instead of Eq. (4.9), where the potential reference V;.; is adjusted to decrease the

number of iterations. The linear version of the Gummel method is given by

d2v*snew q o (Vsnew _ V;old)
) = E |:’I'L(V; ld) <1 + T) — ’I’LD:| . (411)

When no bias is applied, the Gummel method converges with zero as an initial guess
for the self-consistent potential. When the bias is not zero, the obtained potential

from the no-bias case is used to initialize the algorithm.

4.1.2 The WKB approach

In [3], the authors have presented a WKB scheme using the continuous finite el-

ement method. The motivation of their basis construction comes from the WKB
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asymptotics [16], i.e. for E + ¢V (z) > 0 and when & — 0,

~ e e 5(@) .
/2m(E + qV (z)) * /2m(E + qV (1)) ’ (4.12)

o(z)

where A and B are constants, S(z) is the dimensionless action,

S(z) = @ / " JE+qV(5)ds (4.13)

and xy is an integration constant. Therefore, their WKB-interpolated function in

the continuous finite element case for the cell I; is given by

A @) + B; e W@ zel,. (4.14)

O e mE e

The constants A; and B, are determined by the nodal values at the cell boundaries.
We will introduce a similar idea but based on the LDG methodology, which is
called the WKB-LDG method in next section.

4.2 Numerical methods

In this section, we are going to first introduce the regular LDG solver for the
Schrodinger equations (4.1) and (4.2) and then define the WKB-LDG method. We

will use the same notations as in Chap. 2.

4.2.1 Traditional LDG methods for the Schrodinger equa-

tions

For simplicity, we first write the stationary Schrodinger equation (4.1) as follows

—py —a(z)p, =0, (p>0)
hipr,(a) + ippy(a) = 2ip; Tig(b) = ipppy(D),

(4.15)
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where

Since the equation is linear, we can first solve for ¢, on a boundary condition ¢,(a) =
1 and @,(b) = ipyPp(b) and then normalize ¢, by 2ip/[hu,(a) + ipuy(a)] to recover
oy (see [63]).

Therefore, we apply the LDG method on the PDE

—u" —a(x)u =0,

u(a) = 1; u'(b) = cpu(b),

(4.16)

where ¢, = ipy/Fh is a constant for fixed p. Notice that we have used u to denote @,.
The numerical fluxes u, and ¢, are chosen to be the alternate fluxes: %, = u, and
¢n = g . At the two boundary points, ﬂﬁé = u(a) and Ghnyt = C”(“h)f_w%‘ In this
one-dimensional case, this LDG scheme is guaranteed to give an optimal convergence
rate of h**! in the L?-norm for both u and gq.
Similarly, we can solve the Schrédinger equation with p < 0. We solve the

following PDE for w first, then normalize it by 2ip/[hus,(b) + ipu, (b)]:

—u" — a(z)u =0,

u(b) = 1; v'(a) = cqu(a),

(4.17)

where ¢, = —ip,/h. Since the boundary conditions are opposite to the p > 0 case,
the numerical fluxes should also be opposite, i.e. we take uy = u,J{ and ¢, = ¢, . At

the two boundary points, EZNJF% = u(b) and gp1 = calup)t.

4.2.2 The WKB-LDG scheme

The WKB-LDG scheme is a WKB scheme based on the LDG method. More precisely,

if we consider a “constant form” of the WKB asymptotics, the finite element space
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for our WKB-LDG method is
E*(a) = {vp, : (va)], € span{l, eiai(@=aj) gmiajle—e)l i — 1 N},  (4.18)

where
V2
a; = Tm,/E+qV(xj), j=1,...,N. (4.19)

The approximation space E?() is actually an exponential space. In [74], the authors
have proved the L? stability and error estimates of the DG method based on non-
polynomial approximation spaces including exponential spaces for time-dependent
PDEs. The similar proof can also be obtained for stationary problems. In particular,
E?(a) has a third order approximation convergence rate. The proof is simple: we

write

1 1 0 0 1
el (z=2;) = 1 da —%”2' (z — z;)
e—iaj(w—w;) 1 —iaq, —%JQ' (z — z;)?
0
+| % | @)+ oA
io?

for z € I;, and denote

1 0 0 0
A=|1 ia; % |, b=| -2 (4.20)

2 s 3

1 —ia; —3 ot

It is easy to verify that A is invertible and A and b are independent of Az;. By Prop.
3.1 in [74], E?(c) is a third order approximation space. Therefore, even when the

solution of the PDE is not close to the asymptotic functions in this approximation
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space, we should still obtain comparable accuracy to the regular polynomial-based
DG method using the same number of degrees of freedom.

As a simple example, we assume V' is constant and solve the simple PDE

" —4u=0, z€l0,2n]

u(0) = 0; u'(27) = 2. 421

The exact solution for this problem is u = sin(2x). The numerical results obtained
by the WKB-LDG method using the space E?(«) with different values of «, and
the regular polynomial-based DG method, are shown in Table 4.1. If we choose
a = 2 which corresponds to the correct asymptotic value, we can obtain basically
the round-off error (in quadruple precision). If, however, we choose a different value
for «, either smaller (o = 1), or bigger (o = 3), we will not have any advantage
over the regular, polynomial-based LDG method, as the exact solution is not closer
to E%(c) than to P%(I;). However, even in these cases we still obtain the expected
third order convergence and the error levels for the same mesh are comparable with

that of the regular, polynomial-based LDG method.

Table 4.1: L? errors and orders of accuracy for the WKB-LDG method using the
space E%(a) with different values of c, and the regular polynomial-based DG method

N L?error L?error Order L?error Order L? error Order
a=2 a=1 a=3 LDG P?

10 4.42E-29 1.31E-2 - 2.38E-2 - 1.73E-2 -

20 6.30E-27 1.61E-3 3.03 2.71E-3 3.14 2.15E-3 3.01

40 1.45E-25 2.01E-4 3.00 3.36E-4 3.01 2.68E-4 3.00

80 1.56E-23 2.51E-5 3.00 4.19E-5 3.00 3.35E-5 3.00

160 1.33E-21 3.14E-6 3.00 5.24E-6  3.00 4.19E-6 3.00

If we would like to have higher order convergence, we can consider the higher
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order exponential space

E*(a) = {v: (vn), € span{1, ' (#=%j) g=iaj(2-2;)

. . (4.22)
emi(z—mﬁ)(aj —xj), e‘mﬁ(m_zi)(x —-z;)}, j=1,...,N},

and so on.

Remark 4.1. To make sure the basis functions are well defined, it is necessary to
require that o is not a multiple of 7, otherwise the basis functions will be linearly
dependent. This is the so-called non-resonance condition (see [3]). Typically, the
point z; satisfying a; = 0 (i.e. |[E+ ¢V (z;)| = 0) is called a turning point. In this
case, we define a threshold § > 0. When |E + ¢V (z;)| > 9, the space E?(a) will be
used; when |E + ¢V (z;)| < 6, we simply use E?(ay), where oy = */%T”\/S

4.3 Numerical results

In this section, we demonstrate our WKB-LDG method by some numerical sim-
ulations of the RTD model. First, we concentrate on the WKB-LDG scheme for
the linear Schrodinger equations. By ‘linear’, we mean that we solve the Schrodinger
equation (4.1) only without coupling it to the equations for density and self-consistent
potential. The energy and total potential are given in advance. Here the total po-
tential is precomputed by a reference solution which is obtained using the regular,
polynomial-based LDG P? method with 1350 cells. Next, our WKB-LDG scheme is
tested on fully nonlinear problems. It will couple the integration (4.5) for the density
and the Poisson potential equation (4.11) for the self-consistent potential.

In all the numerical simulations, we use the same parameters as those used in
[3], see Table 4.2. As mentioned before, the reference solution is obtained with the

regular, polynomial-based LDG P? method with 1350 cells.
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Table 4.2: RTD parameters

a aq a9 as bg bg bl b Meyf Vi

Onm H50nm 60nm 65nm 70nm 75nm 85 nm 135 nm 0.067m, -0.3V

4.3.1 The Schrodinger equation

In this section, we concentrate on the efficiency and accuracy of the WKB-LDG
scheme for the linear Schrodinger equation. First, we test our WKB-LDG scheme on
a simple case where the exact solutions are available. Next, we will add a non-zero
potential bias and consider the self-consistent potential in the simulation, which will

introduce turning points.

A simple case

If there is no bias applied to the RTD model and we do not consider the self-consistent
potential, the total potential V is piecewise constant and the Schrodinger equation
has an analytical solution. Therefore it is easy to use this simple case to test the
accuracy of the schemes. We use the same examples as those in [3]. One example has
the energy very close to the double-barrier first resonant energy E; = 0.0895¢V and
the other has the energy far from this value EJ = 0.046072eV. The total potential

V=1V,
0, z<a

Vi, as <z <as
Ve(r) =9 0, az3<z<bs . (4.23)

Vi, b3<$<b2

\0’ by < x

We solve the linear Schrédinger equation (4.1) under these two energies. The errors

are listed in Table 4.3. We list the results of the WKB-LDG scheme with 13 cells and
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with 23 cells. The mesh with 13 cells contains 2 cells each in [a, a1], [a1, az], [az, as],
[b3, ba], [ba, b1], [b1,b], and one cell in [ag, bs]. The mesh with 23 cells contains 6 cells
each in [a, a1], [b1, 0], 2 cells each in [aq, as], [be, b1],[az, as] and [bs, be], and 3 cells each
in [as, b3]. We can see that the WKB-LDG method presents only a round-off error
in the linear case. As a comparison, the polynomial-based LDG P! method has a
second order convergence and the LDG P? method has a third order convergence.
Notice that LDG P? with 1350 cells has a comparable accuracy as the WKB-LDG
method. That is the reason we choose the LDG P? with 1350 cells to produce the
reference solution in all the simulations in this work.

We can also see the perfect match between the WKB-LDG solution and the
exact solution from the figures. Fig. 4.1 shows the wave function modulus at the
resonant energy EJ = 0.0895¢V and Fig. 4.2 shows the case of an non-resonant

energy E = 0.046072eV. Both of the figures use a WKB mesh of 13 cells.

Table 4.3: Results in the linear case with exact solution

N L? error N L? error

E =0.0895¢V E = 0.046072eV
WKB-LDG 13 4.63E-14 13 1.57E-16
23 2.63E-12 23 6.78E-16
LDG P! 135 2.66E-4 135 2.00E-5
1350 1.76E-6 1350 1.84E-7
LDG P? 135 6.00E-6 135 4.90E-7
1350 6.13E-9 1350 4.94E-10

A case with turning points

We add a bias of 0.08V at the edges of the device and a precomputed self-consistent
potential into the Schrédinger equation (4.1). This time we do not have an analytical
solution any more, hence we use a reference solution obtained with the polynomial-
based LDG P? method of 1350 cells. In the case of turning points, we use a threshold
of 6 =0.001eV.
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Figure 4.1: Comparison among the exact solution, the WKB-LDG solution and
the LDG P! solution: resonant case with £ = 0.0895¢V. 13 cells are used in the
WEKB-LDG method. 135 cells are used in the LDG P! method.

o WKB-LDG
exact
— — — — LDGP1135

wavefunction modulus

Figure 4.2: Comparison among the exact solution, the WKB-LDG solution and the
LDG P! solution: non-resonant case with E = 0.046072eV. 13 cells are used in the
WEKB-LDG method. 135 cells are used in the LDG P! method.
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We consider 4 different energies, a very low energy E = 0.0039¢V, a low energy
E =0.059¢V, a higher energy E = 0.17eV and a very high energy £ = 1.11eV. The
errors are listed in Table 4.4. We only test the WKB-LDG scheme with 23 cells this
time. The errors of the WKB-LDG method with 23 cells and the LDG P? method
with 135 cells have similar magnitude of errors. That is, the WKB-LDG method
uses only 17% of the cells used by the LDG P? method and much less computational

time to reach the same resolution.

Table 4.4: Results in the linear case with turning points

N L? error N L? error
E =0.0039%V E=0.17eV
WKB-LDG 23 1.42E-4 23 5.96E-5
LDG P? 135 2.07E-5 135 6.92E-6
E =0.059%V E=1.11eV
WKB-LDG 23 2.69E-4 23 4.56E-5
LDG P? 135 1.80E-5 135 5.23E-5

We also show the figures of the wave function modulus at the energy F = 0.0039¢V/,
E =0.059V, E =0.17¢V and E = 1.11eV in Figures 4.3, 4.4, 4.5 and 4.6 respec-
tively. All of them are using a mesh size of 23 cells. We can see that the WKB-LDG
solutions overlap very well with the lines of the reference solutions. Especially, in Fig-
ures 4.3 and 4.4, we plot the WKB-LDG solution completely as a function, not just
a sample point in each cell, and we can see that the WKB-LDG solution reproduces

the reference solution very well.

4.3.2 The fully non-linear problem

In this section, the WKB-LDG scheme is illustrated on the fully non-linear RTD
model. The electronic density is computed using (4.5) with an integration between
—kmax and kpa, where k& = 2mE/h is used instead of the energy FE (see [3]).

We use the trapezoidal rule (which is spectrally accurate for compactly supported
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Figure 4.3: Comparison between the reference solution and the WKB-LDG solution:
E = 0.0039¢V. 23 cells are used in the WKB-LDG method. In each cell, the
WKB-LDG solution is plotted as a function using 9 points.
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Figure 4.4: Comparison between the reference solution and the WKB-LDG solution:
E =0.17eV. 23 cells are used in the WKB-LDG method. In each cell, the WKB-
LDG solution is plotted as a function using 27 points.
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Figure 4.5: Comparison between the reference solution and the WKB-LDG solution:
E =0.059¢V. 23 cells are used in the WKB-LDG method.
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Figure 4.6: Comparison between the reference solution and the WKB-LDG solution:
E =1.11eV. 23 cells are used in the WKB-LDG method.
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analytical functions) to evaluate the integral and take a mesh size Ak for the integral.
The self-consistent potential is computed using the Gummel iteration described in

Section 4.1.1. The parameters we use are listed in Table 4.5.

Table 4.5: Parameters used for the density and the self-consistent potential compu-
tation
T n;l "ﬁ K max Ak V;"ef Er
300K 108cm 3 10%em 3 0.0626A 1 5x 10541 0.03V 11.44

We still use the polynomial-based LDG P? method with 1350 cells to produce a
reference solution and use the same 23 cells for the WKB-LDG method. In [3], it is
remarked that a WKB mesh with these few cells might be too coarse for computing
the density and the self-consistent potential, and an interpolation could be used to
obtain a finer mesh for the purpose of density or self-consistent potential computa-
tion. Our numerical results using the WKB-LDG method turn out to be very good
if we use the same 23 cells throughout the simulation. Therefore, we have kept the
same mesh for the wave function computation as well as for the computation of the
density and the self-consistent potential.

Table 4.6 lists the errors of the density in both the zero bias case and the 0.08eV
bias case. We can see that the WKB-LDG method gives a pretty good result here.
Also it saves around 70% computational time comparing to similar results obtained

by the regular polynomial-based LDG method.

Table 4.6: Results in the fully non-linear problem: L? errors of density and CPU
time (seconds/iteration).

N L? error CPU time L? error CPU time
bias=0eV bias=0.08eV
WKB-LDG 23 3.57E-4 2.43 9.72E-4 2.53
LDG P? 135 1.15E-4 10.29 1.15E-4 10.38
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Figure 4.7: Comparison between the reference solution and the WKB-LDG solution:
density for the full non-linear case. 23 cells are used in the WKB-LDG method.

We present the figures of the density and the self-consistent potential under 0.08eV
bias in Fig. 4.7 and Fig. 4.8. The WKB-LDG results and the reference solutions
overlap very well.

An important curve, the I-V curve, is the function of current in (4.8) versus
the applied voltage bias. The obtained curve is shown in Fig. 4.9. The results
obtained by the WKB-LDG method with 23 cells are almost indistinguishable from
the reference results. For the purpose of verification, we also compare our reference
solution with the reference solution reported in Fig. 20 of [3], see Fig. 4.10. We
observe that the two reference solutions overlap well. By comparing Fig. 4.9 with
Fig. 20 of [3], we conclude that our WKB-LDG method with 23 cells produces a
solution which is much closer to the reference solution than the continuous finite

element WKB result with 34 points.

4.4 Concluding remarks

In this chapter, we have developed a multiscale LDG solver for the semiconductor

RTD model. The main ingredient of this scheme is the WKB-LDG method for solving
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Figure 4.8: Comparison between the reference solution and the WKB-LDG solution:

self-consistent potential for the full non-linear case. 23 cells are used in the WKB-
LDG method.
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Figure 4.9: Comparison between the reference solution and the WKB-LDG solution:

the I-V characteristics of a resonant tunneling diode. 23 cells are used in the WKB-
LDG method.
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Figure 4.10: Comparison between the reference solution used in this work and that
used in Fig. 20 of [3]: the I-V characteristics of a resonant tunneling diode. Solid
line with triangle: the reference solution used in this work; dashed line: the reference
solution in Fig. 20 of [3]; thicker solid line: the continuous finite element WKB result
with 34 points in Fig. 20 of [3].

the Schrodinger equations. Numerical experiments indicate that the WKB-LDG
solver has excellent accuracy on very coarse meshes. Comparing with the continuous
finite element based WKB method in [3], the WKB-LDG method allows the full
usage of the potential of this methodology in easy h-p adaptivity and feasibility for
the extension to two-dimensional case. In future work, we will generalize our WKB-
LDG method to two-dimensional devices, starting from those with a strong fixed
directional dependence such as the double gate MOSFETS in [2], and then moving
on to further explore this method to fully two-dimensional problems with changing

and eventually no privileged direction.



Chapter 5

The Multiscale Discontinuous
Galerkin Method for Solving a
Class of Second Order Elliptic
Problems with Rough Coefficients

5.1 Introduction

In this chapter we consider the second order elliptic boundary value problems
-V . (A*(x)Vu) = f(x) inQ (5.1)

with boundary condition

u=0 on 0},

where () is a rectangular domain and f is a function in L*(Q).
. . af(z) 0 .
Specifically, A%(x) = a®(z) in 1-D problems and A®(x) = in

0 ()
2-D problems. a°(z) and b°(y) are oscillatory functions involving a small scale .

66
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We assume that

0<p<a(x),b°(y) <a<oo (5.2)

for any (z,y) € €, where o and (3 are constants.

For simplicity, we will first consider the 1-D problem on the domain Q = [0, 1]

—(a*(2)ug)e = f(z), O0<zx<1,
u(0) = u(1) = 0.

(5.3)

If the coefficient a°(x) is rough, then the solution u to (5.3) will also be rough; to be
specific, u will not in general be in H?([0,1]) and may not be in H'*¢([0, 1]) for any
e >0.

In [12, 11], Babuska and Osborn proposed an approach to this kind of problems
based on continuous finite element methods. Theoretical proofs were provided for
both 1-D and 2-D cases and numerical experiments were presented in the 1-D case.
In [75], Yuan and Shu applied the approach of Babugka and Osborn to the Babuska-
Zlamal DG method [13]. They developed a multiscale Babuska-Zldmal DG method
based on a non-polynomial basis (see [74]) for (5.3). Both theoretical proofs and
numerical tests were presented for the 1-D case. We mention that u is in H2([0, 1])
in the proofs in [75]. In this chapter, we are going to prove the same stability and
error estimate but assume v is only in H'([0,1]). Furthermore, we will generalize
this approach to an ‘LDG method’. The main difficulty here is due to the two spaces
of up and g, (see Chap. 2). We remark that for the uniqueness of the numerical
solution, the approximation space for uy is not the same as the approximation space
for g,. The test function space is not even the same as the approximation space.

Therefore, the method is a local discontinuous Petrov-Galerkin (LDPG) method.
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5.2 Multiscale approximation spaces

In our DG method, we will use the spaces constructed below to approximate the

solution to (5.3) (see [75]):
St ={¢p € H'(0,1) : —(a°(2)¢s)s|1, € P*72(I;) for each j}. (5.4)

Here we define P~!(1;) = {0}.
The multiscale approximation space (5.4) for our model problem (5.3) is explicitly

given by

r . x 1 zg_xj w(§—$j)k_1

J

We have some properties of the spaces S* (see Lemma 4.1 in [12]).

Lemma 5.1. Given a function u € H'([0,1]), there is a unique interpolation wu;

satisfying

U[ESk,
uI(xj—f—%) :’U,(.Tj_'_%), j:O:]-a"'ana (56)
ij(u—uI)(x—xj, Ydo =0, 1=0,....,k—2,,57=1,...,n.

1
2
Then we have the approximation results (see Lemma 4.3 in [12]) as:

Lemma 5.2.

| = urlloo) < Clet, BYR || flk=1,0,1 (5.7)

1017 < Cla, ﬁ)hk||f||k—1,[0,1]; (5.8)

lu — ur

where C(a, 8) is independent of u but depends on «, 3.

Thoughout this chapter, we will use the notations for the norms and seminorms
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in the following:

[[u]

2 — D%y 2’
Loy= [ D107

la|<k

|u

k0,1 :/ > (Dl
0,1

|or|=k
Remark 5.1. There are other ways of proofs in which we do not need to impose the
continuity on the cell boundary and are able to get the same optimal approximation

results as in Lemma 5.2, see [75].

5.2.1 Multiscale LDPG method

We first review the standard LDG scheme for problem (5.3).

We rewrite the Eq. (5.3) as a first order system

g—u, =0, —(a®q)z = Ff. (5.9)

Then the general formulation of the MD-LDG method for the elliptic problem (5.3)
is to find wuy, g, € Vi such that

/ qhwhdx + / uh(wh)xdx — Uﬁj+%(wh).—+% + @j_% (wh)+ =0 (510)

1
J J=3
I I; 2

/1- a®qp(vp)zdr — afth+%(vh);+% + asth_%(vh);% =0 (5.11)
for all test functions v, wy, € V¥ with the flux choice (2.26) or (2.27).

Instead of using V;¥ = P* in the standard MD-LDG method, we use the multiscale
approximation space (5.5) for uy. The motivation of choosing the basis for g is
straightforward: ¢ is the approximation of u,. Therefore, we take the derivatives of

the basis functions in (5.5) and get the approximation space for gp, i.e.

r— T (z — )+t

Sk = {v col, € Span{a;x), @ a0 }} (5.12)
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Having determined the multiscale approximation spaces for u, and ¢, we are
now in a position to choose the test function spaces. The motivation of determining
the test function spaces is from the analysis of the uniqueness of the solution. There
exists only one zero solution to the problem (5.3) when f = 0. If we take w;, = a°q

and vy, = uy, in (5.10) and (5.11) and add them together, then we will obtain

/1 af(z)gidx = 0. (5.13)

j
This can be a way to prove the uniqueness of the problem. Therefore it is natural
to choose wy in the same space as a®qp, and v, in the same space as uj. Notice
that, a®qy, is actually a polynomial. Then our multiscale method now becomes: to
find u;, € S*, a°q, € P* such that (5.10) and (5.11) hold for all test functions
v, € S*, w, € P*. Since the test functions are not in the same spaces as the

approximation functions, this is a multiscale LDPG method.

5.3 Results

In this section, we generalize the proof for the multiscale Babuska-Zlamal DG method
in [75] to the u € H'([0,1]) case. The primal formulation of the Babuska-Zldmal DG
method is to find u, € V¥ such that

Z/ ) (un)z(vn) dx—l—Za Tjpl [uh]]+1[vh 1—Z/fvhdx

for all test functions v, € V¥, where n &~ O(Az?*) and [u] = u* — u~. We denote
the primal form Bp,(uy, vs) as the left-hand-side of the primal formulation. First we
will discuss the boundedness and the stability of B under some appropriate norm,

then we will give the error estimate for the multiscale Babuska-Zlamal DG method.
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Define a new seminorm

lv

10 ::/as\(asvw)w|2dx, (5.14)
Q

and a new space

HL(Q) = {U € HI(Q), ‘U‘L@ < OO}

with the norm

IvllZ0 = vl o + 0] 0 (5.15)

This is the key point of our work. Although the solution v is not in H2([0, 1]), it is
in this new HL space. We will follow the lines of the proofs in [75] but under this
new HL norm.

To consider the boundedness and stability of the primal form By, we let V(h) :=
Sk + HE(Q) N H(Q) and define the following seminorms and norms for v € V (h):

N
0, =S o2, where [uf2, = / lup P,
J

=1

N
ol =) hCEIR, (5.16)
=0

olll* = [vfon + vl (5.17)

Lemma 5.3. (Boundedness) There exists some constant Cj, such that
Bu(w,v) < Gy [l w [ fllv Il Vw,v € V(h). (5.18)

Proof. From the Babuska-Zlamal DG method, we have

By (w,v) = Z/I a (z)wyv.de + Zas(:rﬂé)%[w]ﬂ%[v]ﬂ%. (5.19)

=0
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We can easily obtain

N
Z / 0 (2)wavgdz < C(a)|wlyp|v]im, (5.20)
j=1"1
and
al n
Zaf(:rﬁ%)g[w]ﬁ%[v]ﬁ% < C(a)(supn)h* |wl.|vl.. (5.21)

I
=)

j
where C is a constant only depending on o and supn = O(h~2*). Combining (5.20)
and (5.21), the proof is completed. O

Lemma 5.4. (Stability) There exists some constant C; such that

Bp(v,v) > Ci || v} VYo e V(h). (5.22)
Proof. We have
N N .
Bp(v,v) = Z/I a® (z)vgvpde + Zag(ijr%)E[v]jJr%[v]jJr%. (5.23)
7j=1 J 7=0
It’s easy to see
N
> [ @@ > @k, (524
j=1"1i
and
. n
Za6($j+%)ﬁ[v]§+% > C(B)(inf n)h**|v[3, (5.25)

7=0
where C' is a constant only depending on 3 and we need inf p = O(h~2¥). Therefore,

we prove the stability. O

Lemma 5.5. (Approximation) Let u(x) be the exact solution of (5.3). There exists

some interpolant u; € S¥(k > 1) such that

llw = urlll < CRE|| fllx-10. (5.26)
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Proof. We choose uy to be the interpolant (5.6), then the jumps of v — u; will vanish

on the boundaries. We have

1,0 < Ch*||fllk-1,0- (5.27)

= wurlll = Ju = url,o < flu—u

O

Lemma 5.6. (Regularity) For each f € L?(f2), the solution u of (5.3) is in HJ(2) N
H"(Q). Furthermore, there is a constant C' = C(«, 3), depending on o and 3 but
independent of f, such that

[ullz.e < Cla; B)[| Flo.0- (5.28)

Proof. The proof here mainly follows the lines in [11].
Let u be the unique solution to (5.3) in H}(2). We introduce the change of

variables or mapping

#(z) = /O " s (5.29)

and the notation

w(z(x)) = u(x), =z €. (5.30)
The mapping maps the domain Q = [0,1] onto Q = (O,fo1 %) We see that

@ € H*(Q) ifand only ifu € H'(Q), a*u, € H*(), which is equivalent tou € H*().
The new PDE is

—715;55 = Cflvsf in ﬁ,
. (5.31)
=0 on 0f.

As a consequence of Bernstein Theorem, (5.31) is uniquely solvable in H} (Q)NH?(Q),

and

lillyq < Cla, B)la*flloq- (5.32)
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JowPde + [quidz + [, af|(a7uz),|?dz
fo af@?dz + [5 =|az]*dz + f@ |U35]%dZ

lull7.q

< max(a ,%,1)||a||2~ (5.33)
< max(a, 5, 1)C(a, B)’[la* fII2 4
S ofmax(oz,%,l) (O{, )”f”O,Q

O

Lemma 5.7. (Trace inequality) For any v € HL(K), we have the following revised

form of trace inequality
vz (;,1) " < Cla, B) (W ol p + AlvlL,p,). (5.34)
Proof. If w € H?(K), we have the following trace inequality (see Thm 3.10 in [7])

ow 2
0

where e is an edge of K and C depends only on the minimum angle of K.

C(hMwlt x + hlwl3 ), (5.35)

Applying the same change of variables (5.29),

oe(z )P = 5 0s(35,1)
< ( 1\U| +h|v )
< C(h' [ |U:c|2d$+hf1 |vm|2d:c) (5.36)
< O [, @ lugdx + b [, 0[(a°v,)s| da)
< C(o, B)(h l\v\1,1j+h|v\L’Ij).

O

Lemma 5.8. (Error Estimates) Let u(z) be the exact solution of (5.3) and u; be

the numerical solution computed by the multiscale Babuska-Zlamal method. There
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exists some constant C independent of € such that

00 < CE I Flle 10 (5.37)

[l — un

Proof. We begin with an estimate which will be useful in what follows. For any

v,w € V(h),

o . (gl
Zj‘vﬂ as{vx}j-q-%[w]ﬁ% = Zjvzl h(k+2){a Uz}j+%h (k+2)[w]j+%

. ! (5.38)
<Cllwll (T P aw}2, )" < CRt flwlll ol

L,h >

where {u} = I(u™ 4+ u™). The last inequality comes from the Lemma 5.7. The
Babuska-Zlamal DG method is not consistent, instead of satisfying the consistency

condition, it satisfies

1 N
By (u,v) :/0 fvdx+2a5{uw}j+%[v]j+%, Yol € H'(I;). (5.39)
=0

It is neither adjoint consistent. We have

1 N
Ba(v, ) = /0 vgdz + 3 a (e} alles, Vol € HY(L), (5.40)

J=0

where ¢ is the exact solution of the adjoint problem of (5.3) , which is
—(a*(2)¢s)s = g(z), 0<z <1, (5.41)

with the boundary condition

©(0) = ¢(1) = 0. (5.42)

From the stability of the Babuska-Zldmal method, we obtain

Cy |l ur — unll|® < Bu(ur — u,ur — up) + Bp(u — up, ur — up) =T + Ty (5.43)
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Let u; be the continuous interpolant (5.6) of u in S*  using the approximation

property (5.5), we have
T < Cplllur — ulll llur — uslll < CoCih* [l ur — un [ [1flle-1,0. (5.44)

The term T, arises from the inconsistency of the method, it can be estimated by

using our auxiliary inequality (5.38) and Lemma 5.6:

N ¢
T = Zj:la’ {uw}j+%[u1 - “h]j+% (5.45)
< O |lur —un |l [lulle < CR* || u
Hence, inserting (5.44) and (5.45) into (5.43), we get
llwr = wnlll < CH*|I flls-1.0,
and the optimal order estimate
llw = unlll < CR*|| fllk-1,0- (5.46)
For the L2-error estimate, we have
[l — Uh”o o = Bn(u—un,¢ Z as{%c}ﬁ “h]j+§ = T3 + T (5.47)

Let ¢ be any continuous interpolant of ¢ in S*, then By,(u, ¢7) = fol ferdz. There-

fore,
T3 = Bp(u—un,p=1) < Cplllu—un|[lle=erll < Chlllu—un|[lu—unllog- (5.48)

The term T} arises from the adjoint inconsistency and can be estimated by means of
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the auxiliary inequality (5.38) as follows:
Ti < Ch* llu—un Il ellze < CRE Il — un (I lu = uallo, (5.49)

where again we used elliptic regularity Lemma 5.6. Inserting (5.48) and (5.49) into
(5.47) and using (5.46), we obtain the desired optimal estimate,

00 < CR Il 10 (5.50)

[l — un

5.4 A 1-D numerical example

In this section, we consider the same example as in [75], but we will use the proposed
multiscale LDPG method in Sec. 5.2.1. Comparing with the Babuska-Zldmal DG
method, LDG method is a stable, consistent and conservative method and it has
smaller condition number of the mass matrix (see [19]).

The numerical example we test on is the elliptic multiscale problem (5.3) with

1
N 2+x+sin(2”)’

€

a®(z) f=u, (5.51)

with ¢ = 0.01 and ¢ = 0.001 respectively. The numerical results are shown in
Table 5.1. We can clearly see a (k + 1)th order of accuracy of the results obtained
by multiscale LDPG method. However, the MD-LDG method based on polynomial
basis does not have the expected order of convergence until the mesh is refined enough
relative to €, which is consistent with the error estimates for such DG method based
on regular piecewise polynomials.

We also list the numerical results using multiscale interior penalty (IP [8]) DG

method with ¢ = 0.1 and € = 0.01 in Table 5.2. IP method is also a stable, consistent
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and conservative method with small condition number of the mass matrix. The
multiscale IP-DG method is the IP method based on the multiscale approximation
space S¥. We use a stabilization parameter 7 = 10 in our test. We can clearly see a

(k 4+ 1)th order of accuracy.

Table 5.1: L? errors and orders of accuracy for the multiscale LDPG method: 1-D
case.

e =0.01 e = 0.001
St space P! space St space P! space
N | L? error | Order | L? error | Order | L? error | Order | L? error | Order
10 9.10E-4 - 9.87E-3 - 9.23E-4 - 1.02E-2 -

20 | 2.32E4 | 197 | 9.74E-3 | 0.02 | 2.38E-4 | 1.95 | 1.00E-2 | 0.03
40 | 6.03E-5 | 1.94 | 9.72E-3 | 0.00 | 5.99E-5 | 1.99 | 9.97E-3 | 0.00
80 1.51E-5 | 2.00 | 1.07E-2 | -0.14 | 1.51E-5 | 1.99 | 1.00E-2 | -0.01
160 | 3.70E-6 | 2.03 | 3.80E-3 | 1.49 | 3.78E-6 | 2.00 | 1.03E-2 | -0.03
320 | 9.54E-7 | 195 | 3.72E-4 | 3.35 | 947E-7 | 2.00 | 1.04E-2 | -0.02
640 | 2.42E-7 | 198 | 2.80E-5 | 3.73 | 240E-7 | 1.98 | 887E-3 | 0.23
1280 | 6.08E-8 | 1.99 | 3.01E-6 | 3.21 | 5.77E-8 | 2.05 | 6.71E-3 | 0.40
2560 | 1.52E-8 | 2.00 | 6.29E-7 | 2.26 | 1.48E-8 | 1.96 | 8.25E-4 | 3.02

S? space P? space S? space P? space
N L? error | Order | L? error | Order | L? error | Order | L? error | Order
10 1.20E-5 — 9.98E-3 — 1.22E-5 — 1.03E-2 —

20 1.50E-6 | 3.00 | 9.80E-3 | 0.03 | 1.53E-6 | 3.00 | 1.01E-2 | 0.03
40 1.95E-7 | 2.95 | 9.99E-3 | -0.03 | 1.90E-7 | 3.00 | 1.00E-2 | 0.00
80 | 2.34E-8 | 3.056 | 7.65E-3 | 0.39 | 2.40E-8 | 2.99 | 1.00E-2 | 0.00
160 | 2.92E-9 | 3.01 | 4.79E-4 | 4.00 | 3.00E-9 | 3.00 | 9.71E-3 | 0.04
320 | 3.79E-10 | 2.95 | 1.24E-5 | 5.28 | 3.76E-10 | 3.00 | 9.17E-3 | 0.08
640 | 4.83E-11 | 2.97 | 7.93E-7T | 3.96 | 4.55E-11 | 3.04 | 1.00E-2 | -0.13
1280 | 6.12E-12 | 2.98 | 9.72E-8 | 3.02 | 5.73E-12 | 2.99 | 1.40E-3 | 2.84
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Table 5.2: L? errors and orders of accuracy for the multiscale IP-DG method:1-D

case.
e=0.1 e =0.01
St space S? space St space S? space

N | L? error | Order | L? error | Order | L? error | Order | L? error | Order

10 | 9.19E-4 - 1.17E-5 - 1.03E-3 - 1.16E-5 -

20 | 2.63E-4 | 1.81 1.47E-6 | 2.99 | 2.61E-4 | 1.98 | 1.48E-6 | 2.97

40 | 6.78E-5 | 1.95 | 1.85E-7 | 2.99 | 6.71E-5 | 1.96 | 1.89E-7 | 2.97

80 | 1.73E-5 | 1.97 | 2.34E-8 | 2.98 | 1.68E-5 | 2.00 | 2.29E-8 | 3.04

160 | 4.33E-6 | 2.00 | 2.94E-9 | 2.99 | 3.89E-6 | 2.11 | 2.84E-4 | 3.01
5.5 The 2-D case
We now consider the 2-D elliptic multiscale problem

— (0% (2)tz)e — (°(Y)uy)y = f(z,y), (2,9) €L, (5.52)

with the boundary condition

u(z,y) =0, (z,y) € oK.

The 1-D approach can be easily expanded to the 2-D case, i.e. we construct the 2-D

multiscale approximation space as follows:

S5 ={b € H'(0,1) : —(a°(x)¢a)0 — (b°(y)4y)y|x € P*(K)},

(5.53)

where K is a 2-D element with the barycenter at the point (zk,yx). Especially,

"))

Sy = {v tv|g € span{l,/z a%(g)dg,/

(5.54)
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and for S2, we need to add

UL, e L ate v L, v )

Unfortunately, for S5 with k& > 2, the basis functions may not be available ex-

plicitly and must be computed numerically.

Remark 5.2. The L? approximation property for S is in [75]. However, the conver-
gence proofs to 2-D case are not a trivial expansion of 1-D. The main difficulty is it

is hard to find a continuous u; € S* for triangle or rectangle mesh.

5.5.1 A special 2-D example

Since it is difficult to find an analytical solution of (5.52), we are only able to test

on a very special example. Consider problem (5.52) with

- ) =5
_2+x+sin(2”)’ Y _2+y+sin(2”—y)’

3 &

(5.55)

f=z+y, a(x)

for 7,y € [0,1]>. The exact solution is u;(x) + u1(y), where ui(z) is the exact
solution to 1-D problem (5.3). Therefore, the boundary conditions are u(z,0) =
ur(z), u(0,y) = ui(y), u(z,1) = us(x) and u(1,y) = u1(y). Although the boundary
conditions are not zero, the values at boundaries can be bounded by f (see Lemma
5.6).

We list the approximation results of S¥ spaces in Table 5.3. We can see that S%
spaces have an optimal order of approximation rate, whereas the regular polynomial
spaces p* do not have it until the mesh is refined enough. The errors of accuracy
obtained the multiscale IP-DG method are shown in Table 5.4. We can see the mul-
tiscale IP-DG method gives an optimal (k -+ 1)th order of accuracy for the multiscale
problem (5.55).
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Table 5.3: L? errors and orders of S§ approximation to the solution of (5.55): 2-D
case.

e=0.1 e =0.01
S3 space P* space Sa space P! space
N | L? error | Order | L? error | Order | L? error | Order | L? error | Order
10 | 7.89E-4 — 2.07E-3 - 8.38E-4 - 9.06E-4 -

20 | 2.10E-4 | 1.91 | 3.61E-4 | 2.52 | 2.10E4 | 1.99 | 3.21E-4 | 1.50
40 | 5.24E-5 | 2.00 | 2.18E-4 | 0.73 | 5.28E-5 | 2.00 | 2.45E-4 | 0.39
80 | 1.32E-5 | 1.99 | 5.61E-5 | 1.96 | 1.30E-5 | 2.02 | 2.29E-4 | 0.10
160 | 3.32E-6 | 2.00 | 1.41E-5 | 1.99 | 3.20E-6 | 2.02 | 1.10E-4 | 1.06

S2 space P? space S2 space P? space
N | L? error | Order | L? error | Order | L? error | Order | L? error | Order
5} 8.43E-5 — 2.30E-3 — 8.97E-5 — 3.45E-4 —

10 | 1.11E-5 | 2.93 | 6.57E-4 | 1.81 | 1.12E-5 | 3.00 | 2.41E-4 | 0.52
20 | 1.42E-6 | 2.96 | 2.86E-4 | 1.20 | 1.41E-6 | 2.99 | 2.38E-4 | 0.02
40 | 1.78E-7 | 2.99 | 2.86E-5 | 3.32 | 1.80E-7 | 2.97 | 2.38E-4 | 0.00
80 | 2.56E-8 | 2.98 | 3.65E-6 | 2.97 | 2.13E-8 | 3.07 | 1.71E-4 | 0.49
160 | 2.83E-9 | 2.99 | 4.59E-7 | 2.99 | 2.65E-9 | 3.01 | 3.78E-5 | 2.17

5.6 Concluding remarks

DG methods based on multiscale approximation spaces for solving a class of second
order elliptic equations are presented in this chapter. We generalize and complete
the proofs in [75] for the Babuska-Zldmal DG method in the case that the solution
is not in H2. We develop a multiscale LDPG method based on the multiscale ap-
proximation spaces. Both 1-D and special 2-D examples are presented. In future
work, we will generalize the analysis to 2-D and other DG methods and we will test

on more general 2-D examples.
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Table 5.4: L? errors and orders of accuracy for the multiscale IP-DG method:2-D

case.

e=0.1 e =0.01
Sa space S3 space S, space S3 space
N | L? error | Order | L? error | Order | L? error | Order | L? error | Order
5 | 4.35E-3 - 1.15E-4 - 4.44E-3 - 1.17E-4 -
10 | 1.07E-3 2.03 1.52E-5 2.91 1.17E-3 1.93 1.52E-5 2.94
20 | 3.07E-4 1.80 1.95E-6 | 2.96 | 3.01E-4 1.96 1.94E-6 | 2.97
40 | 7.98E-5 1.94 | 2.46E-7 | 2.99 7.85E-5 1.94 | 2.49E-7 | 2.96
80 | 2.04E-5 | 1.96 | 3.11E-8 | 2.98 | 1.99E-5 | 1.98 | 3.00E-8 | 3.05
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