Large Deviations and Importance Sampling for
Queuing Systems with Discontinuous Service
Policies

by
Kevin Z. Leder

Sc.M., Applied Mathematics, Brown University, 2005
B.E., Applied Mathematics, University of Colorado, 2002

Thesis

Submitted in partial fulfillment of the requirements for
the Degree of Doctor of Philosophy
in the Division of Applied Mathematics at Brown University

May 2008



© Copyright 2008
by
Kevin Z. Leder



This dissertation by Kevin Z. Leder is accepted in its present form by
the Division of Applied Mathematics as satisfying the
dissertation requirement for the degree of
Doctor of Philosophy

Date . .

Hui Wang, Director
Recommended to the Graduate Council

Date . .
Paul Dupuis, Reader

Date . .
Henrik Hult, Reader

Approved by the Graduate Council
Date . .o

Sheila Bonde
Dean of the Graduate School

11



The Vita of Kevin Z. Leder

Born on November 14, 1979 in Denver, Colorado.

Education
e Sc.M. Applied Mathematics, Brown University, 2005

e B.E. Applied Mathematics, University of Colorado, Boulder, Colorado, 2002

Publications

Articles in Refereed Journals:

1. Dupuis, P., Leder, K., Wang, H. ‘Large deviations and importance sampling for

a tandem network with slow-down.” Accepted to QUESTA.

2. Dupuis, P., Leder, K., Wang, H. ‘On the Large Deviations Properties of the
Weighted-Serve-the-Longest Queue Policy.” Accepted to Birkhauser series

“Progress in Probability”.

3. Dupuis, P., Leder, K., Wang, H. ‘Importance sampling for sums of random
variables with regularly varying tails.” ACM Transactions on Machine and

Computer Simulation. Volume 17, No. 14, 2007.

v



Acknowledgments

I would like to begin by thanking my advisors Hui Wang and Paul Dupuis, their
guidance has been essential to the completion of my thesis. I would also like to thank
Henrik Hult for serving on my committee, as well as all of the helpful advice he has
given me during my time at Brown. In addition I would like to thank Carl Nuzman
and Phil Whiting of Bell Labs for all the helpful advice they gave me. My time at
Brown has been greatly improved by the wonderful staff and faculty of the Division
of Applied Math.

As always I thank my family for their loving support. Lastly I would like to thank

my wife Jasmine, whose love and support helped me finish this thesis.



Contents

Acknowledgments A\
1 Introduction 1
1.1 Characterization of Rare Events via Large Deviations . . . . . . . .. 2
1.2 Importance Sampling . . . . . . .. .. ... Lo 4

1.2.1 Importance Sampling for Discrete Markov Processes in Contin-

uous Time . . . . . . ..o 6
1.2.2  History of Importance Sampling . . . . ... .. .. ... ... 8
1.3 Layout of Thesis . . . . . . . . .. .. ... 12

2 A Large Deviations Principle for the Weighted-Serve-the-Longest-

Queue Policy 13
2.1 Imtroduction . . . . . . . ... 13
2.2 Problem Setup . . . . . ... 16
2.3 Themainresult . . . . . .. .. ... 18
2.3.1 The rate function . . . . . . .. ..o 19
2.3.2  The main theorem . . . . . . . .. ... ... .. ... ... 20
2.4 Proof of the main theorem . . . . . .. .. .. ... .. ... ..... 21
2.4.1 An approximation lemma . . . .. ... ... ... ... 21
2.4.2 A stochastic control representation . . . . .. ... .. .. .. 22
2.4.3 Properties of the rate function . . . . . . .. ... ... 23

vi



2.5
2.6

2.4.4 The construction of controls and thecost . . . . . . . . .. .. 26

2.4.5 Weak convergence analysis . . . . . . . ... .. .. ... ... 28
2.4.6 Stability analysis . . . . .. ... Lo 31
2.4.7 Analysisof thecost . . . . . . . ... ... ... L. 40
SUMMATY . . . . o o o o e 41
Proof of Lemma 2.4.1. . . . . . .. .. ..o 42
2.6.1 Dividing the time interval . . . . . .. ... ... 42
2.6.2 Construction of the approximating function . . . . . ... .. 48
2.6.3 The analysis of the rate function . . . ... .. ... ... .. 49

Importance Sampling and Large Deviations Decay Rate for a Buffer

Overflow Event in the WSLQ Policy 55
3.1 Imtroduction . . . . . . . . ... 55
3.2 Problem Formulation . . . . .. .. .. ... ... ... .. ... 56
3.2.1 System Dynamics . . . . .. .. ... 58
3.3 Large Deviations . . . . . ... .. ... ... 59
3.3.1 The exponential decay rate. . . . . . . ... .. ... ... .. 59
3.4 The Isaacs Equation . . . .. ... .. .. ... ... .. ... ..., 61
3.5 Classical Subsolutions . . . .. ... ... ... oL 65
3.5.1 Piecewise affine subsolutions . . . . . ... ... ... ... .. 66
3.5.2 Mollification . . . . . .. ... 67
3.5.3 Importance sampling algorithm . . . . . .. .. .. ... ... 68
3.6 Asymptotic Optimality . . . . . .. .. ... ... ... ... ..... 70
3.7 Numerical Experiments . . . . . .. .. ... ... L. 7
3.8 Proofs of Several Results . . . . .. ... ... ... 0L 79
3.8.1 Proof of Lemma 3.4.1. . .. .. .. ... ... ... ... 79
3.8.2  Proof of Proposition 3.4.2 . . . .. ... ... ... ... ... 81
3.8.3 Proof of Lemma 3.5.2. . . . ... ... 82

vii



3.8.4 Proof of Lemma 3.6.1. . . . . . . . .. ... ... ... .. 85
3.8.5 Proof of Theorem 3.3.2 . . . . . . . . . . .. .. ... ..., 87

4 Importance Sampling and Large Deviations for a Buffer Overflow

Event in a Tandem Queue with Server Slowdown 92
4.1 Introduction . . . . . . . . ... 92
4.2 The model setup . . . . . . . . . . 94
4.3 The system dynamics . . . . . . .. ... 95
4.4 A representation of the exponential decay rate . . . . . . . ... ... 97
4.5 The Isaacs equation . . . . . . . . . ... ... 101
4.6 Subsolutions and an importance sampling algorithm . . . . . . . . .. 104

4.6.1 Piecewise affine subsolutions . . . . . . .. ... ... ... .. 104

4.6.2 The mollification . . . . . . ... ... 0oL 108

4.6.3 The importance sampling algorithm . . . . . . ... .. .. .. 109
4.7 The main results . . . . . .. . ... 111
4.8 Numerical results . . . . . . .. ..o 114
4.9 Proof of Lemma 4.6.1 . . . . . . . . ... 117
4.10 Exponential bounds on Ty . . . . . . . . ... 118

viii



List of Tables

3.1
3.2
3.3

4.1
4.2

Probability of buffer overflow in two dimensional case. . . . . . . . .. 78
Probability of buffer overflow in 4 dimensional case. . . . . . . . . .. 78
Probability of buffer overflow in 6 dimensional case. . . . . . . . . .. 79
Probability of Buffer 2 Overflow, First Example . . . . .. .. .. .. 116
Probability of Buffer 2 Overflow, Second Example . . . . . . . .. .. 116

X



List of Figures

21 WSLQsystem . . . . . . .. 16
2.2 System dynamics ford=2. . . .. .. .. ... 0L 18
4.1 The system dynamics . . . . . . . ... 94
4.2 Notation for the State Space Partition . . . . ... ... ... .. .. 97
4.3 The gradients of the subsolution . . . . . . .. ... ... ... .... 106
4.4 The subsolution . . . . . . .. ..o 108



Chapter 1

Introduction

In many real world systems there are rare but critical events, whose occurrence can
be catastrophic. In order to protect against these events it is necessary to have some
estimate for their likelihood. It is very often the case that the only way to obtain
these estimates is via computer simulation. A naive approach to estimating unknown
probabilities via simulation is the standard Monte Carlo algorithm, however it will
turn out that this approach has some major defects.

The standard Monte Carlo algorithm is best explained via an example. Suppose
for the random variable X we are interested in estimating P(X € A) for some set A in
the range of X. First one chooses a large integer N and then using a pseudo-random
number generator creates a vector (Xi,..., Xy) of independent random variables all
with the same distribution as X. For future reference a sequence of independent

identically distributed random variables will be denoted by i.i.d. Then the quantity
T
pn(A) = N ; 14(X;)

will serve as an estimator of the probability P(X € A). Note that the estimator is
unbiased i.e. F[pn(A)] = P(X € A). Another useful property of the standard Monte

Carlo estimator is that it is strongly consistent, i.e. that py(A) converges almost



surely to P(X € A) as N — oo. Unfortunately the above two properties do not
guarantee good performance when estimating the probability of rare events.

It is obvious that when trying to estimate a small quantity the relative error should
be more important than the absolute error. The relative error of the Monte Carlo

estimator is given by

std. deviation of py(A) \/1 - P(XeA) _ 1

RE(pv(4)) = mean of py(A) N NP(X € A) ~ NP(X € A)

Therefore in order to control the size of the relative error it is necessary that N is
at least as big as, if not bigger than, the inverse of the probability of interest. With
this in mind it is readily apparent that Monte Carlo is not a computationally feasible

approach to estimating the probability of rare events.

1.1 Characterization of Rare Events via Large De-
viations

Before continuing in the discussion of estimation of rare events it is necessary to
establish a mathematical definition of rare events. The work in this thesis is con-
cerned with events {A,,},>1 in a probability space (2, F,P) that satisfy the following
exponential decay for some v > 0

1
lim ——logP(A,) =17. (1.1.1)
n

n—oQ

Thus if we are interested in estimating P(X € A) ~ 0 we can think of the probability
as part of an infinite sequence of probabilities going to 0 exponentially fast. It should
be noted that it is possible for rare events to decay with subexponential decay rates,

see e.g. [10].



Finding the exponential decay rate v requires a fair amount of work in itself. We
say a sequence of random variables {X"} taking values in a Polish space X satisfy
a large deviations principle (LDP) with good rate function I : X — [0, 0] if the

following two conditions hold

1. I has compact level sets;
2. —inf,cq0 I(z) < liminf, P(X" € A) < limsup, P(X" € A) < —inf,c 1 I(z),

where A is any Borel set contained in X, and A° and A respectively denote the interior
and closure of the set A with respect to the metric of the Polish space. The function
I gives information about the exponential rate of decay for sets in the state space of
the random variables {X"}. Thus finding the exponential decay rate is reduced to
minimizing the rate function I over the set of interest A. Of course this can itself
be a serious chore in many cases, e.g. when the random variables X™ take values in
some infinite dimensional space.

Thus before discussing effective rare event estimation algorithms two tasks must
be performed. First it is necessary to find the correct rate function for the rare events
of interest. Second the minimization of the rate function over the relevant region
performed. Solving these issues has a long history going back several decades to
Cramer’s work estimating the probability of ruin for insurance companies receiving

claims according to a stochastic process.

Remark 1.1.1. A very useful piece of qualitative information available from the
LDP is how the rare event occurs. In particular consider a closed set A C X such
that inf,c40 [(2) = inf,eq I(x) € (0,00) and let x* = arginf . ,/(z) be the unique
minimizer, then

lim P (d(X",2*) > 6| X" € A) = 0.

n—oQ

Therefore given that the rare event {X™ € A} occurs, we know that the random

variable is very close to the minimizer x* with high probability. Thus information



about the conditional distribution of X™ given the rare event occurs is available from

the LDP.

1.2 Importance Sampling

As seen earlier the standard Monte Carlo algorithm fails as an estimation algorithm
when dealing with small probabilities. The basic reason for its failure is that it will
take a very large number (order of the inverse of the probability) of replications to
see an occurrence of the rare event. The idea of importance sampling is to sample the
random variable according to a new distribution so that the rare event is no longer
SO rare.

Suppose that were interested in estimating p, = P(X"™ € A) for integer values
of n. The creation of an importance sampling estimator begins with the choice of
a sampling measure Q,, that satisfies the property P < Q,. Then the estimator is

formed by averaging independent replications of

. dP .
Pn = d@nlA(X ), (1.2.1)

where dP/dQ,, is the Radon-Nikodym derivative of the original measure with respect
to the sampling measure. Note that due to the Radon-Nikodym derivative all im-
portance sampling estimators are unbiased. Also when studying the properties of
the importance sampling estimator it suffices to study the properties of the single
replicate p,.

Clearly the problem with the standard Monte Carlo estimator is that its variance
is too large relative to the probability of interest. Thus the goal of importance sam-
pling is to choose a sampling measure QQ,, that creates an estimator with sufficiently
small variance, and since all importance sampling measures are unbiased it suffices

to minimize the second moment. Ideally it would be nice to find the minimizing



argument in the following

min £ [ﬁi} .

In fact the minimizing sampling measure is Q,(-) = P(:|X™ € A), which will produce
an unbiased and zero variance estimator, but unfortunately use of this sampling
measure requires knowledge of the unknown quantity p,. This result does tells us
two things. First searching for the minimizing change of measure for fixed n is not
going to work. Second that if a sampling measure that effectively approximates the
above conditional measure can be constructed then it should work well. Of course
the latter statement will depend on how well the sampling measure approximates the
conditional measure.

From the previous paragraph it is clear that choosing the optimal measure for
each fixed integer n is not a promising approach to the problem of finding importance
sampling changes of measure. Thus the problem is to find a sequence of sampling
measures Q,, that satisfy some asymptotic optimality. As mentioned earlier (1.1.1), we
are interested in probabilities that have a positive exponential decay rate . Therefore,
Jensen’s inequality and the unbiased property show that for any sequence of sampling

measures Q,
.. 1 Q A2 .. 1 Q. \2 .. 1
liminf — log £ [pn} > liminf — log (E n) = 2liminf —log p,, = —27.

In other words the fastest possible exponential decay rate for an importance sampling
estimator is twice the exponential decay rate of the probabilities. From this result
comes the following criteria which will be used throughout much of the rest of the

thesis.

Definition 1.2.1. A sequence of sampling measures Q,, and the associated importance
sampling estimator p, are said to be asymptotically optimal for the sequence of

unknown probabilities p, if



1. lim,,_ % logp, = —7,
2. limsup, = E% [p,] < —27.

When trying to estimate rare event probabilities that decay exponentially fast
using standard Monte Carlo the number of replications needed to achieve a given
level of relative error will grow exponentially with the scaling parameter n. When
performing the same estimation using asymptotically optimal importance sampling
estimators the number of replications needed to achieve a given level of relative error
will now grow subexponentially, which leads to extreme reductions in computation

time.

1.2.1 Importance Sampling for Discrete Markov Processes in

Continuous Time

All of the work in this thesis will look at Markov processes that have a discrete set
of possible jumps that can be made at any time. All the rare events considered in
this thesis can be classified as buffer overflow during a busy cycle. A more abstract
characterization of this event is that there is a Markov process () that starts at the
origin and a set B a positive distance from the origin, and the dynamics of the process
(@ push it back towards the origin. Let T},T5,... be the jump times of ) with the

convention T = 0, and define the hitting times

N°=inf{j > 1:Q(T;) =0} (1.2.2)

N"=inf{j > 1:Q(T;) € nB}. (1.2.3)

Then the rare events probabilities studied in this thesis can be written as

Py (N™ < N?).



In order to discuss importance sampling it is first necessary to give a precise math-
ematical characterization of the Markov jump process (). For each possible jump
direction v and point = in the state space let r(x, v) be the jump rate in the direction

v. Also define the total intensity at the point z by

R(z) =) r(z,v),

veV

where V is the space of possible jumps. Then the process () is characterized by the

stochastic transition kernel

O[dt,v|v] = P{Tj —T; € dt,Q(Tj41) = nx +v|Q(T;) =nz} (1.2.4)

= r(x,v)e Bt

where n € N and z € R? are such that nz € Z%. The idea of importance sampling
in these situations is to consider the process () under a new measure Q such that its

transition kernel now has the form
Q{Tjs1 —T; € dt,Q(Tj+1) = nz +v|Q(T}) = n} = O [dt,v|z].

In order to define the importance sampling estimator it is necessary to define the
sojourn times s; = 7 —Tj_; and the increments v; = Q(7;) — Q(Tj-1). Then a single

sample of the importance sampling estimator is defined as

N™

. © [ds;, v;|Q(Tj-1)/n]
Pn = Linnanoy E on [de,'Uj|Q(Tj_1)/n]‘

(1.2.5)

Remark 1.2.2. The likelihood ratio of p,, is with respect to continuous-time sample
paths. However, most importance sampling literature uses the likelihood ratio de-

fined on the embedded discrete-time sample paths, or more precisely, a conditional



expectation of the continuous-time likelihood ratio. To illustrate, consider the case
where

O"[dt,v|z] = 7z, v)e @'t where R(z) = Zf(:p,v). (1.2.6)

veV

Under this transition kernel, the process () is again a continuous time Markov process
with 7(x,v) as the jump intensity from state nx to nx + v. Then the importance

sampling estimator based on the embedded discrete time Markov chain Z = {Z(i) =

Q(T) i >0} is

26 ) R(ZG) /)
= Vomewn LSz 1o 2l TG oy

j=0

Recalling the definitions of © and © in equations (1.2.4) and (1.2.6)

E%pa|Q(T1), ... Q(Tw)] = Pu. (1.2.7)

This implies that p, is unbiased and its second moment is at most that of p,. It is im-
portant to distinguish these two importance sampling estimators. p,, is more suitable
for analysis, and p, is easier for implementation. We should analyze the change of
measure using p,, and use its discrete-time counterpart p, for implementation. Note
that if one can establish the asymptotic optimality of p,, then p, is automatically

asymptotically optimal.

1.2.2 History of Importance Sampling

The use of importance sampling dates back to at least the 1950’s. The first major
theoretical result in the field was the 1976 paper [26] by David Siegmund. In this

work he considered estimating the probability of ruin via an importance sampling



estimator. More specifically if {Y;} is an i.i.d sequence with negative mean and

is the associated random walk the goal was to find an importance sampling change
of measure for estimating
P (sup Sp > u)
n>1

for large u. Siegmund’s idea was to sample a new random walk whose increments
were an exponential twist of the original increments.

In order to better illustrate the connection with the Large Deviations theory we
will look at the change of measure Siegmund proposed for estimating ruin probabilities
in finite time. Let {Y;} be a sequence of i.i.d random variables which induce the

measure 4 on R. The problem is to estimate the probability

Sh,
pn =P (Z > a) , where E(Y;) <a

for large n. Siegmund’s idea was to sample a random walk S, with increments Y;
whose distribution on R under P is given by an exponential twist of the original

distribution

v(dy) = exp (0uy — H(0a)) p(dy)

where H () = log Ee®. A question that still remains is what does 6, mean? From

Cramer’s Theorem we know that {S, /n} satisfies an LDP with rate function

L(B) = sup [(a, B) — H()] .

a€eR
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Therefore we know that
1 Sh,
lim —logP (— > a) = —inf L(().
n—oo 1 n B>a

A simple result of convex analysis shows that the above infimum is achieved at § = a

and that L(a) = (0,,a) — H(A,) where H'(0,) = a. Note that

E[Y] =e 10 p [yehY] = H'[6,) = a.

The importance sampling estimator for p,, is obtained by averaging indepedent repli-
cations of

P = 145, naye" U1 O eSeln),

Thus Siegmund’s importance sampling change of measure performs an exponential
twist on the increments so that their new mean is a. Note that this point is the
minimizing point for the rate function L on the set [a,00). This is an encouraging
result because we saw earlier in Remark 1.1.1 that if a rare event occurs then the most
likely way for it to occur is via the minimizer of the rate function. So in some sense
this change of measure should be a good approximation to the conditional distribution
P(-|S,, > na). It in fact does turn out that p, is an asymptotically optimal importance
sampling change of measure.

Due to the success and ease of implementation of Siegmund’s approach, a general
heuristic developed in the simulation community that a good method for generating
importance sampling changes of measures is to perform an exponential twist of the
original measure. Furthermore the direction and magnitude of this twist should be
motivated by the exponential decay rate of the probability of interest. It should also
be noted that under the standard heuristic all increments are treated identically, e.g.

under the sampling measure the sequence discussed above {Y;} is an i.i.d. sequence.
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Unfortunately the standard heuristic was seen to be woefully inadequate in the
work [18]. In this work the authors consider the problem of obtaining effective changes

of measure for estimating

P(]S,| > na) where S, = ZYJ
j=1
and {Y;} is an i.i.d. sequence. Under very simple conditions on the increments the
authors of [18] show that an importance sampling estimator based on the standard
heuristic will in fact perform worse than standard Monte Carlo.

In [14] the failure of the standard heuristic is carefully analyzed. In that work it
is shown that in the setting of Cramer’s theorem one can only expect the standard
heuristic to produce usable IS changes of measure if the set the target set A is convex.
Thus it is clear that the standard heuristic will provide good changes of measure for
estimating P(.S,, > na) but not for estimating P(|S,,| > na). In addition the authors
show that it is in general necessary to consider state-dependent changes of measure.
For example if estimating P(.S,, € nA) one should sample the increment Yy, 1 <k <n

according to the state dependent distribution

vi(dy) = f(S;/n,y)p(dy).

The authors of [14] show that it is necessary to consider state dependent changes
of measure by converting the analysis of the second moment of the importance sam-
pling estimator to a differential game. One player of the game is the person creating
a change of measure for the importance sampling estimator. The other player is in-
troduced from a variational representation, see [5]. Therefore using a non-adaptive
change of measure is equivalent to showing your opponent your strategy at the begin-
ning of the game, and then never adjusting the strategy as the game evolves. Clearly

most situations will favor an adaptive strategy that changes with the moves of the



12

opponent.

Most importantly a method for the construction of IS changes of measure is given
in the work [14]. In the work it is shown that asymptotically optimal IS changes of
measure can be built using the gradient of the solution to an Isaacs equation. The
[saacs equation is a PDE that the value of the game should in some sense satisfy.

Unfortunately it is difficult to find solutions to these Isaacs equations. However
in the paper [15] it was shown that efficient changes of measure can be built from the
gradients of subsolutions to Isaacs equations. This result was a significant improve-
ment that allowed for easy creation of efficient and easily implemented IS changes of

measure, the power of these methods is shown in the works [13], [11], [9].

1.3 Layout of Thesis

The first chapter of the thesis is concerned with establishing an LDP for the queue
length process of a single queue following the weighted-serve-the-longest (WSLQ)
policy. The second chapter is interested in two topics. One topic is finding the
explicit form of the exponential decay rate of the probability of a buffer overflow
event for a single server following the WSLQ policy. Showing this result requires
the main result from the first chapter. The other topic of the second chapter is the
construction of asymptotically optimal changes of measure for estimating these buffer
overflow probabilities. The third chapter considers a buffer overflow event in a two
node tandem queuing network, where the downstream server is protected by a server-
slowdown mechanism in the upstream queue. The explicit form of the exponential
decay rate for this buffer overflow is found, and an asymptotically optimal importance

sampling change of measure is constructed.



Chapter 2

A Large Deviations Principle for
the
Weighted-Serve-the-Longest-Queue

Policy

2.1 Introduction

Consider a single server that must serve multiple queues of customers from different
classes. A common service discipline in this situation is the serve-the-longest-queue
policy, in which the longest queue is given priority. In this paper we will consider a
natural generalization of this discipline, namely, the weighted-serve-the-longest-queue
(WSLQ) policy. Under WSLQ), each queue length is multiplied by a constant to de-
termine a “score” for that queue, and the queue with the largest score is granted
priority. Such service policies are more appropriate than serve-the-longest-queue pol-
icy when the different arrival queues or customer classes have different requirements

or statistical properties. For example, if there is a finite queueing capacity to be split

13
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among the different classes, one may want to choose the partition and the weighting
constants in order to optimize a certain performance measure.

Because WSLQ is a frequently proposed discipline for queueing models in commu-
nication problems, a large deviations analysis of this protocol is useful [28]. However,
service policies such as WSLQ are not smooth functions of the system state and
lead to multidimensional stochastic processes with discontinuous statistics. In gen-
eral, large deviation properties of processes with discontinuous statistics are hard to
analyze [1,17,19,21]. This is especially true when the discontinuities appear on the
interior of the state space, rather than the boundary. In fact, very general results with
an explicit identification of the rate function only exist for the case where two regions
of smooth statistical behavior are separated by an interface of codimension one [4].
For the WSLQ policy, the large deviation analysis has been limited to special, two-
dimensional cases [25]. Large deviations for a weighted-serve-the-largest-workload
policy are treated in [24], but [24] considers a different class of stochastic processes.

An important contribution of the results in this chapter is that they show that
a complete large deviation analysis of WSLQ) is possible without any symmetry or
dimensional assumptions. Given the intrinsic difficulties in models with discontinuous
statistics, it is worthwhile to explain what makes such an analysis possible for WSLQ.
To this end, we recall the main difficulty in the large deviation analysis of systems
with discontinuous statistics. A large deviation upper bound can often be established
using the results in [7], which assumes little regularity on the statistical behavior of
the underlying processes. However, this upper bound is generally not tight, even for
the very simple situation of two regions of constant statistical behavior separated by
a hyperplane of codimension one [6].

The reason for this gap is most easily identified by considering the corresponding
lower bound. When proving a large deviation lower bound, it is necessary to analyze

the probability that the process closely follows or tracks a constant velocity trajectory
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that lies on the interface of two or more regions of smooth statistical behavior. For
this one has to consider all changes of measure in these different regions that lead to
the desired tracking behavior. The thorny issue is how to characterize such changes
of measure. In the case of two regions [6], this can be done in a satisfactory fashion
and it turns out that the large deviation rate function is a modified version of the
upper bound in [7]. The modification is made to explicitly include certain “stability
about the interface” conditions, and part of the reason that everything works out
nicely in the setup of [6] is that these stability conditions can be easily characterized.
However, the analogous characterization of stability is not known for more elaborate
settings such as WSLQ, where the regions of constant statistical behavior are defined
according to the partition of the state space by a finite number of hyperplanes of
codimension one. Therefore, at present there is no general theory that subsumes
WSLQ as a special case.

However, a key observation that makes possible a large deviations analysis for
WSLQ is that for this model, the required stability conditions are implicitly and
automatically built into the upper bound rate function of [7]. More precisely, it
can be shown that in the lower bound analysis one can restrict, a priori, to a class
of changes of measure for which the stability conditions are automatically implied.
Thus while it is true that the upper bound of [7] is not tight in general, it is so in
this case due to the structural properties of WSLQ policy.

The study of the large deviation properties of WSLQ is partly motivated by the
problem of estimating buffer overflow (rare event) probabilities for stable WSLQ
systems using importance sampling. It turns out that the simple form of the large
deviation local rate function as exhibited in (2.3.1) and (2.3.2) is essential toward
constructing simple and asymptotically optimal importance sampling schemes using
a game theoretic approach. These results will be discussed in great detail in the next

chapter.
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This chapter is organized as follows. In Section 2, we introduce the single server
system with WSLQ policy. In Section 3, we state the main result, whose proof is
presented in Section 4. Collected in the appendices are a lengthy technical part
of the proof that involves the approximation of continuous trajectories, as well as

miscellaneous results.

2.2 Problem Setup

Consider a server with d customer classes, where customers of class ¢ arrive according
to a Poisson process with rate )\; and are buffered at queue ¢ for i = 1,...,d. The

service time for a customer of class 7 is exponentially distributed with rate ;.

Figure 2.1: WSLQ system

The service policy is determined according to the WSLQ discipline that can be
described as follows. Let ¢; be the weight associated with class i. If the size of queue ¢
is ¢;, then the “score” of queue i is defined as ¢;¢; and service priority will be given to
the queue with the maximal score. When there are multiple queues with the maximal
score, the assignment of priority among these queues can be arbitrary — the choice is
indeed non-essential and will lead to the same rate function. We adopt the convention
that when there are ties, the priority will be given to the queue with the largest index.

The system state at time t is the vector of queue lengths and is denoted by

Q(t) = (Q1(t),...,Qqu(t)). Then @ is a continuous time pure jump Markov process



17

whose possible jumps belong to the set
V= {:f:€1, :f:62, ey :f:€d},

where e; represents the jth unit vector. For v € V, let r(x;v) denote the jump
intensity of process ) from state z to state z +wv. Under the WSLQ discipline, these
jump intensities are as follows. For z = (z1,...,z4) € RL and x # 0, let 7(x) denote

the indices of queues that have the maximal score, that is,
m(x) = {1 <i<d:cz; = maxcj:rj} :
j

Then
Ni, ifv=eandi=1,...,d,

r(z;v) =4, if v = —e; where i = maxn(x),
0, otherwise.

For x = 0, there is no service and the jump intensities are

Ni, ifv=eandi=1,...,d,
r(0;v) =
0, otherwise.

We also set

w(0) ={0,1,2,...,d}.
An illustrative figure for the case of two queues in given below.

Remark 2.2.1. It is not difficult to see that the system dynamics have constant
statistical behavior in the regions where 7(-) is constant. Discontinuity occurs when
7(-) changes, and every z with |w(z)| > 2 (i.e., when there is a tie) is indeed a
discontinuous point. Therefore, we have various discontinuity interfaces with different

dimensions. For example, for every subset A C {1,2,...,d} with |[A| > 2 or A =
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xr2

1/C2 /

ol

[~ C1T1 = C2X2

P
N \ ,

1/01 xr1
Figure 2.2: System dynamics for d = 2.

{0,1,2,...,d}, the set {z € RL : m(z) = A} defines an interface with dimension

d—|A|+ 1.

Remark 2.2.2. The definition of 7(0) is introduced to cope with the discontinuous
dynamics at the origin. Note that with this definition, 7(z) can only be {0, 1,2, ..., d}

if x = 0 and a subset of {1,2,... d} if z # 0.

Remark 2.2.3. A useful observation is that 7 is upper semicontinuous as a set-valued
function. That is, for any z € R, m(y) C n(z) for all y in a small neighborhood of

x.

2.3 The main result

In order to state a large deviation principle on path space, we fix arbitrarily T" > 0,

and for each n € N let {X"(¢) : ¢t € [0,T]} be the scaled process defined by

X(t) = Q).
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Then X™ is a continuous time Markov process with generator

Lrf(x)=n) r(z;v) [f (x+v/n) — f(x)].

veV

The processes {X"} live in the space of cadlag functions D([0,7] : R?), which is

endowed with the Skorohod metric and thus a Polish space.

2.3.1 The rate function

For each i =1,...,d, let H® be the convex function given by
d

HO(a) = pi(e™ = 1)+ (e ~ 1),

=1
for all @ = (ay,...,aq) € RL We also define for i = 0,
HO®a) = N(e™ — 1)
=1
for a € R
For each non-empty subset A C {1,...,d} or A = {0,1,...,d}, let L be the
Legendre transform of max;c4 H®, that is,

LA(ﬁ) = sup [{(«, ) — maXH(i)(a)

acRd i€A

for each 3 € R?. Clearly, L* is convex and non-negative. When A is a singleton {i},

we simply write L* as L. A useful representation of L* [5, Corollary D.4.3] is

LA(B) = inf Y p LI (59), (23.1)

i€A
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where the infimum is taken over all {(p®, 3%)) : i € A} such that
W20, Y =1, Y000 =g 232
icA i€A

Furthermore, for x € R? let L(x, ) = L™@(3).
Now we can define the process level rate function. For x € R?, define I, : D([0, T :
R?) — [0, o0] by
L) = [ p. i 2.3

if ¥(0) = x, v is absolutely continuous, and ¢ (t) € R% for all ¢ € [0,7]. Otherwise
set I;(1)) = oo. The family of rate functions {I, : z € R} has compact level sets on

compacts in the sense that, for every M > 0 and every compact set C € ]Ri, the set
Urec {9 € D([0,T]: RY) : L(¢) < M}
is compact [7, Theorem 1.1].

2.3.2 The main theorem

The main result of this paper can be stated as follows. Let E,, denote the expectation

conditioned on X"(0) = z,.

Theorem 2.3.1. The process {X"(t):t € [0,T]} satisfies the uniform Laplace prin-
ciple with rate functions {I, : x € RL}. That is, for any sequence {z,} C RL such
that x, — = and any bounded continuous function h : D([0,T] : RY) — R, we have

1
M =2 log By, {exp [-nh(XP)]} = inf - L)+ A(0))

In particular, {X"(t) : t € [0,T]} satisfies the large deviation principle with rate

function {I, : v € R},
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2.4 Proof of the main theorem

Throughout the rest of the paper, we will assume without loss of generality that
T = 1. We only need to show the uniform Laplace principle which automatically
implies the large deviation principle [5, Theorem 1.2.3]. The uniform Laplace principle
upper bound is implied by the large deviation upper bound [7, Theorem 1.1] and an
argument similar to [5, Theorem 1.2.1]. Therefore, it is only necessary to prove the

uniform Laplace principle lower bound. That is,

1
limsup — log By, {exp[-nh(X")} < inf (L) +h@). (241

One can a priori restrict to ¢ such that I,(1)) < oo since the inequality holds trivially
otherwise. Note that such v’s are necessarily absolutely continuous by the definition

of I,.

2.4.1 An approximation lemma

A very important step in the proof of (2.4.1) is the following approximation lemma. A
function ¥* has property P if there existsak € Nand 0 =ty < t; < -+ < tp_1 <t =
1 such that on each interval (¢;_,t;),i = 1,...,k, ¥* and m(1)*) are both constant.

Then define N be the collection of functions ¢* € €([0,1] : R%) that have property P.

Lemma 2.4.1. Given any ¢ € D([0,1] : RY) such that I,(¢)) < oo and any § > 0,

there exists * € N such that |[¢p — ¢*|| <& and I,(¢¥*) < I,(¢) + 6.

The proof of Lemma 2.4.1 is lengthy and technical, and is deferred to Appendix
2.6.

We claim that, in order to show inequality (2.4.1), it suffices to show that for any
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T, — v and Y* € N,

lim sup —% log B, {exp [-nh(X")]} < L(¢7) + k(7). (2.4.2)

n—oQ

This reduction follows easily from Lemma 2.4.1 and the continuity of h. We omit the

details.

2.4.2 A stochastic control representation

The proof of (2.4.2) uses the weak convergence approach, and is based on the following
formula. Define the function ¢ by
rloger —x+1, ifxz>0,
l(z) =
00 , ifx <0,
with the convention 0£(0/0) = 0. Let 7(x,t;v) be non-negative, uniformly bounded,
and piecewise constant in t, and also satisfy 7(x,t;v) = 0 whenever r(z;v) = 0. Let

X" be the non-stationary jump Markov process with generator

£ f(a,t) = n S #a i) [fo +v/n) — F@)].

Then
—% log E,; {exp [-nh(X")]} (2.4.3)
< inf, /0 S (X0 ()00 (%) dt+h(X")].

In this inequality # can be viewed as a control and X™ a controlled process.
The proof of (2.4.3) follows from the relative entropy representation formula for

exponential integrals. Let P be a probability measure and let h be a bounded contin-
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uous function on D([0, 1] : RY). For another probability measure @ on D([0, 1] : RY)

let R(Q || P) denote the relative entropy of @ with respect to P. Then [5]

1 1
——log/ e "dP = inf {—R(Q | P) +/ th] ,
n D([0,1]:R) n D([0,1]:R9)

where the infimum is over all ). If one restricts ) to the probability measures
induced by the class of Markov processes described above, one obtains an inequality.
Finally, we substitute the explicit form of the Radon-Nikodym derivative dQ/dP (as
in [25, Theorem B.6]) into the definition of R(Q ||P) to arrive at the inequality in
(2.4.3).

Thanks to the control representation (2.4.3), the Laplace principle lower bound
(2.4.2) for ¢* € N follows if one can, for an arbitrarily fixed ¢ > 0, construct a control

(abusing the notation) 7 = 7 such that

limsup E,,,

n—oQ

S~

(X (t);v)
L")+ h(y™) + €.

0

1 Z r(X"(t);v)l (w) dt + h(X")] (2.4.4)

IN

The details of the construction will be carried out in the next section.

2.4.3 Properties of the rate function
We give some useful representation formulae for the local rate functions L4.
Lemma 2.4.2. Given 3 € R%, the following representation for L™ (/3) holds.

1. For eachi=1,2,...,d,

_ d d
LY(B) = inf {me (Z—) +) oAl (%) e+ Y Ajej = ﬁ} .
i j=1 J j=1
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2. Fori =0,
d d_
LO(B) = inf {Z (A—J) ZAjej = 5} .
In every case the infimum is attained.

Note that for every A > 0 and v € R?, the Legendre transform of the convex

function

is
. . M(N/N), if 8= Av for some X € R,
h*(3) =

00 , otherwise

for every 3 € R?. The proof of this claim is straightforward computation and we omit
the details. Now the representation for L follows directly from [5, Corollary D.4.2].

The attainability of the infimum is elementary. |
Lemma 2.4.3. Given 3 € R?, we have the following representation for LA(f3).

1. Assume A € {1,2,...,d} is non-empty. Then

o[ (2) S (2]

€A

where the infimum is taken over all collections of (p'¥, [is, \j) such that

Z Pl = Z P e + Z \jej = (2.4.5)

€A €A

2. For A=1{0,1,2,...,d}, we have

vo=[Sne () (3)]
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where the infimum is taken over all collections of (p¥, [is, \j) such that
d

d d
PP =0, > PV =1, = e+ Nej =5
i=1 j=1

=0

We only present the proof for Part 1. The proof for Part 2 is similar and thus

omitted. Thanks to Lemma 2.4.2 and equations (2.3.1)-(2.3.2), we have

. il d A
LA(B) =inf Y p® {me <’L ) +) oAt <A¢> } :
i J

icA j=1

where the infimum is taken over all (p(®, ,&Z(-i), Xg»i)) such that

d

P >0, Zp(i) =1, Zp(i) [—,ul(-l)ei + Z )\gl)ej] = 0. (2.4.6)
icA icA j=1

Abusing the notation a bit, write j; = ,&Z(-i) for i € A, and let \; = Yoica p(i)jxy) for

j=1,2,...,d. Thanks to (2.4.6), the collection (p¥, i;, \;) satisfies the constraints

(2.4.5). Observing that, by convexity of ¢,

RS A Nt 5,
DD IRL </\Lj> = Z/\j > e </\Lj> > Nt (/\—j) :

i€A j=1

with equality if )\g»i) = )\,(f) for every j, k. The first part of Lemma 2.4.3 now follows
readily. H

Remark 2.4.4. The representation of L# in Lemma 2.4.3 remains valid if we further
constrain p¥, fi;, and \; to be strictly positive for every i € A. This is an easy
consequence of the fact that ¢ is finite and continuous on the interval [0,00). We

omit the details.

Remark 2.4.5. Given a non-empty subset A C {1,2,...,d} and 5= (f1,...,04) €
RY, LA(B3) is finite if and only if 3; > 0 for all j & A. For A = {1,2,...,d} or
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{0,1,2,...,d}, LA(B) is finite for every 3 € R%.

2.4.4 The construction of controls and the cost

Fix ¢ > 0. We will use ©* to construct a control 7 = 7 based on the representation
of the local rate function as in Lemma 2.4.3. For notational simplicity, we drop the
superscript €.

Since ¥* € N, there exist 0 =ty < t; < --- < tg = 1 such that for every k there
are B and Ay such that ¢*(t) = B, and w(*(t)) = A for all t € (tg, tps1). We
start by defining a suitable collection of {(,0,(;),,&@-71@, M) 0<i<d1<j<d} We

consider the following two cases.

CASE 1. Suppose Ay = {0,1,2,...,d}. Lemma 2.4.3 and Remark 2.4.4 imply the
existence of a collection {(,og),ﬁ@k,;\j,k) :0<1i<d,1<j<d} such that f; 5, > 0,

Aix > 0 for all 7 and

d d d
) >0, sz(f) =1 - Zpg)ﬂi,kei + > Nikes = B, (2.4.7)
i=0 i=1 j=1

d d 3

i fli Aj
> o it (’Lk) 2N (Aﬁ) < LA (By) + e (2.4.8)
i=1 ‘ j=1 J

CASE 2. Suppose Ay C {1,2,...,d}. According to Lemma 2.4.3 and Remark 2.4.4,
for each k there exist a collection {(,og),ﬂ@k,;\j,k) ci € A, 1 < j < d} such that

ik >0, E\M > ( for all 7+ € A and

d
) >0, > =1, - > P i ke + > Aike; = B, (2.4.9)
1
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> ot (“’“) +Z>\ e( ) < LA (B) + (2.4.10)

1€ AL
We extend the definition by letting ,0,(;) =0, i, = p; for i ¢ Ay and @ # 0, and

letting ,0,20) = 0.
The control 7 is defined as follows. For t € [t, tr41), let

j‘jJﬁ if’l}:é’j andj: 1,...,d,
P, t;v) = [ijx, if v = —e; where j = maxn(x) and z # 0,

0 , otherwise.

Thus, on time interval [t;,txy1), the system has arrival rates {\i4,..., gz} and

service rates {fi1 k, - - ., fla,x } under this control 7. The corresponding running cost for

te [tk,tk+1) 18
> r(Xn(t);v)l (%) (2.4.11)

veV
d i d A
ir ] ) ik
Z ( ) L (S (0)= 5700} D A’[( Aj )

J=1

d _
Hi k —)\ L

= ,ulf ( % ) 1{max7r(X”(t)) =i, X" (t)#£0} + Z )\JE ( ){ ) )
2 j=1 !

i€ Ay, i#0 v

here the last equality holds since fi;j = p; for j ¢ Ay and ((1) =

For future use, we also define for each i =1,...,d,
ﬁk - Mz k€q + Z )\_] k€g> (2412)
J=1

which is the law of large number limit of the velocity of the controlled process if queue

of class i is served. Analogously, we also define (when none of the queues are being



28

served)

d
D=3 Nwes. (2.4.13)
j=1

2.4.5 Weak convergence analysis

In this section we characterize the limit processes. Below are a few definitions. For

each j, define random measures {77} on [0, 1] by

vi{B} = /B1{maxW(X”(t)):j,)_(”(t);é(]}dt) J=12....d,
YWiB} = / Lign()=0ydt,
B
for Borel subsets B C [0, 1], and denote v = (v§,71,...,7}). We also define the
stochastic processes
d K(t)—
=, + Z Z ﬁk ’}/j tkatk—l—l)} + ﬁ,{(t 7] {[tli(t)7t)} )
where £(t) = max{0 < k < K : t, < t}.

Proposition 2.4.6. Given any subsequence of (Y, S™, X"), there exist a subsubse-
quence, a collection of random measures v = (Yo, 71, ---,7%a) on [0,1], and a continu-

ous process X such that
(a) The subsubsequence converges in distribution to (v, X, X).

(b) With probability one, vy, is absolutely continuous with respect to the Lebesgue

measure on [0,1], and its density, denoted by h;, satisfies

dohity= ) hit)=

j=0 jem(X(t))

for almost every t.
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(c) With probability one, the process X satisfies
d K(t)—

- _|_Z Z ﬁk Vj tk,tk+1)}‘|‘ﬁ,€(t%{[H(t)’t)}

for every t. Therefore, X is absolutely continuous with derivative

X

'M&

/-z(t

The family of random measures {7}'} is contained in the compact set of sub-
probability measures on [0, 1] and therefore tight. Furthermore, since {S™} is uni-
formly Lipschitz continuous, it takes values in a compact subset of €([0, 1] : R?), and

therefore is also tight. We also observe that for every € > 0,
lim P(| X" — 8| >€) =0, (2.4.14)

which in turn implies that { X"} is tight. Equation (2.4.14) is trivial since X" — S"
is a martingale (e.g., [25, Appendix B.2]), whence the process || X" — S"||? is a sub-
martingale. Therefore, by the submartingale inequality and the uniform boundedness

of the jump intensity 7

P (s, 1570 = 801 > <) < ZE 1K) = "] — 0

0<t<1

It follows that there exists a subsubsequence that converges weakly to say (7, .5, .9),
with v = (Y0,71,- - -,74). By the Skorohod representation theorem, we assume with-
out loss of generality that the convergence is almost sure convergence, and everything
is defined on some probability space, say (Q, T, P).

Since the {%"} are absolutely continuous with respect to Lebesgue measure on

[0, 1] with uniformly bounded densities (i.e., Radon-Nikodym derivatives) in both n
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and ¢, the limit v; is also absolutely continuous. Furthermore, if we define the process
X as in (c), the above consideration yields that, for every ¢t € [0,1], S™(t) converges
to X(t) almost surely. Therefore, with probability one, S(t) = X(t) for all these
rational ¢ € [0,1]. Since both S and X are continuous, S = X with probability one.

It remains to show the two equalities of (b). Since Z;l:o 7} equals Lebesgue
measure for every n, we have Z;l:o h;(t) = 1 for almost every t. The proof of the
second equality is similar to that of [5, Theorem 7.4.4(c)]. Consider an w € Q such that
X (t,w) is a continuous function of ¢ € [0,1], ¥"(w) = ~(w), and such that X"(-,w)
converges to X (-,w) in the Skorohod metric (whence also in sup-norm since X (-, w) is
continuous [5, Theorem A.6.5]). By the upper semicontinuity of 7(-) [Remark 2.2.3],
it follows that for any ¢t € (0,1) and A C {0,1,...,d} such that 7(X(t,w)) C A, there
exist an open interval (a,b) containing t and N € N such that 7(X"(s,w)) C A for
all n > N and s € (a,b). Therefore 3,7} (w){(a,;b)} = 0 for all n > N. Taking

the limit as n — oo we have 3., vj(w){(a,b)} = 0, which in turn implies that

> yi){t € (0,1) s w(X(t,w)) C A} =0,

JEA

or equivalently,

/ Zh tw 1{7r(X(tw CA}dt—O

JEA

We claim that this implies the desired equality at w. Otherwise, there exists a subset

D c (0,1) with positive Lebesgue measure such that for every ¢t € D,

> hi(tw) >0

JET(X (tw))

Since 7(X(t,w)) can only take finitely many possible values, there exists a subset
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(abusing the notation) A C {0,1,...,d} such that the set
D={teD:n(X(t,w))=A}

has positive Lebesgue measure. It follows that

1
/Zhj(t>w)1{w(X(t,w))CA}dt > /DZhj(t>w)1{7r()‘<(t,w))cA}dt
0

JEA JEA

= /_ hj(t,(U) dt
D
0

jEn(X(tw))
> U

a contradiction. This completes the proof. |

2.4.6 Stability analysis

In this section we prove a key lemma in the analysis that identifies the weak limit X
as ¥*. The proof uses the implied “stability about the interface” in a crucial way.

We discuss the main idea behind this stability property before giving the detailed
proof. For the large deviation analysis, it is important to analyze the probability that
the process tracks a segment of trajectory that lies on an interface, say {z : 7(z) = A},
with a constant velocity, say 3. To this end, it is natural to use the change of measure
induced by (3 through the local rate function L as described in Section 4.4. However,
for general systems, this very natural construction does not guarantee that X will
follow or track 1, and certain “stability about the interface” conditions have to be
added for this to happen.

For the WSLQ system, a stability condition is not explicitly needed since it is
implicitly and automatically built into the upper bound local rate function L. To be

more precise, denote the arrival and service rates under the change of measure by \;
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and [i; respectively. Then for the tracking behavior to take place it is required that
the proportion of time that the process X spent in the region {z : maxw(x) = i}

equals p?, where {p®} is the (strictly positive) solution to the system of equations

Cz(j\z - p(l)ﬂl) = Cj(j‘j - p(j)laj)> Z>] € A> and Zp(l) = L.
i€A

Thanks to Proposition 2.4.6, such proportions are characterized by {h;(t)} where

> hi(t)=1
ien(X(t))
Therefore, we would like to show that 7(X(t)) = A and h,(t) = p® for i € A. This
can be shown, and the argument is based on the simple fact that for any non-empty
subset B C {1,2,...,d} and any b, the solution {z; : i € B} to the system of

equations

CZ(S\Z - l’zﬂz) = Cj(j\j — l’jﬂj), Z,] c B, and Zl’z = b, (2415)
i€B

is unique and component-wise strictly increasing with respect to b.
For example, suppose on some time interval (a,b) that 7(X(¢)) = B where B is
a strict subset of A. It is not difficult to see that {h;(t) : ¢ € B} is a solution to

equation (2.4.15) because, thanks to Proposition 2.4.6,

(X(t))z =\ — hz(t)ﬂz, for ¢ € B.

S

Since

Zp(i)zl_ Z p(i)<1’

ieB i€ A\B

the monotonicity implies h;(t) > p® for all i € B. This in turn yields [see the proof
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of (2.4.25) for details] that for i € B and j € A\ B,

CTel(X )~ (X)) <0 (2.4.16)

Thus the differences between weighted queue lengths grows smaller, and the state is
“pushed” towards the interface A. This derivation can be used to prove by contra-
diction that A C m(X(t)). The other direction (X (t)) C A can be shown similarly.
Once m(X(t)) = A is shown, h;(t) = p follows immediately from the uniqueness of
the solution to equation (2.4.15).

We want to point out that in general such stability conditions are equivalent to the

existence of certain Lyapunov functions, and for the case of WSLQ), inequality (2.4.16)

indicates that the difference of weighted queue lengths is a Lyapunov function.

Lemma 2.4.7. Let (v,X,X) be a limit of any weakly converging subsubsequence
(v, 8™, X™) as in Proposition 2.4.6. Then with probability one, X(t) = *(t) for

every t € [0,1], and for each j,

K-1
h;(t) = Z pl(cj)l(tkikﬂ)(t)
k=0

for almost every t € [0, 1].

The proof is by induction. By definition X (0) = 2 = ¢*(0). Assume that X (t) =
Y*(t) for all t € [0,t;]. The goal is to show that X (t) = ¢*(t) for all t € [0, tx41].
Define Ay = w(¢*(t)), t € (tg,try1) and A = w(1p*(tx)). Note that A; C A thanks to

the continuity of 1* and the upper semicontinuity of 7. Define the random time
e =inf {t > t; : (X (1)) ¢ A}.

Since m(X (t)) = w(¥*(t)) = A and X is continuous, the upper semicontinuity of 7

implies that 7, > t; and 7(X (7)) ¢ A. We claim that it suffices to show X (¢) = ¢*(¢)
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and h;(t) = p,ij) for all ¢t € (tx,tg+1 A k). Indeed, if this is the case, we must have

Tk > try1 with probability one, since otherwise by continuity X (7.) = 1*(7) and

thus 7(X (7)) = Ar C A, a contradiction.
The proof of X (t) = ¥*(t) and h;(t) = p,ij) for all t € (ty,tg+1 A 7) proceeds in

three steps.

Step 1 For every t € (ty,tri1 A Tx), either Ay, C w(X(t)) or m(X(¢)) is a strict subset
of Ak

Step 2 For every t € (tx, tkr1 A Tg), W(X(t)) = Ag.
Step 3 For every t € (tg, tie1 A i), X () = ¢*(¢) and h;(t) = pl(cj)'

Note that, for ¢t € (tg,trs1 A7), the definition of 7 implies 7(X(¢)) € A. It

follows from (2.4.12), (2.4.13), and Proposition 2.4.6 that,

d i s i
j=1

iem(X(t)) iem(X(t)), i#0

To verify Step 1, we assume that Ay is a strict subset of A and a strict subset of
{1,2,...,d} as well, since otherwise the claim is trivial. It follows from the definitions

of m, A, and Ay that for every i € Ay and j € A\ Ay such that j # 0,

ci (Y7 (tk)); — ¢ (V7 (t)); = 0

and for ¢t € (tk, tk+1)

& (07 (1)); — ¢ (W (1), > 0.

Since 1)*(t) = Sy for t € (t, trs), the last display and (2.4.9) yield

0 < ci(B)i — ¢;(Br); = cilhin — pVFuik) — e M. (2.4.18)
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Note that Step 1 amounts to claiming that

7(X(t)) cannot be written as B U C, where B is a strict

subset of Ay and C' C A\ Ag is non-empty. (2.4.19)

Indeed, note that 7(X(t)) can always be written as 7(X(¢)) = BU C where B C Ay

and C'N A, = 0. The sets B, C are uniquely determined by

B=n(X(t)NAw C=na(X(®)N(A\A).

Then Step 1 amounts to claiming that either B = A;, or B is a strict subset of Ay
and C' = (). This is clearly equivalent to (2.4.19).

We will prove (2.4.19) by contradiction and assume that there exists an s €
(tk,tes1 A 71) such that (X (s)) can be written as such a union B U C. Note that C
must contain at least one non-zero element, since otherwise C' = {0} and by Remark

222 BUC={0,1,2,...,d} or B={1,2,...,d}, which contradicts the assumption

that B is a strict subset of A;. Let

t=sup {t <s:m(X(t))N (A \ B) #0}.

We claim that t € [t;,s) and 7(X(#)) N (A \ B) # 0. Indeed, > t; is trivial since
7(X(tr)) = A D Ay, and A\ B is non-empty. Thanks to the upper semicontinuity of
7 and the continuity of X, there exists a small neighborhood of s such that for any ¢
in this small neighborhood (X (¢)) C 7(X(s)) = BUC. It follows readily that £ < s.
An analogous use of upper semicontinuity shows that 7(X(f)) N (A \ B) # 0.

Fix i € m(X(t)) N (A \ B). Note that i € 7(X(¢)) for t € (¢,s). Thus, for every

j € C such that j # 0 and t € (¢, s), it follows from equations (2.4.17) and (2.4.18)



36

that
d _ _ - - _
o [ei(X()i — c;(X(®);] = eidiw — ¢;(Nj — Bjghy(t))
= [ei(Nig — Pi(j)ﬂi,k) — Nk
+ [ep i + cifignhy (1))
> 0
Therefore,

0> ci((X(5))i — ¢;((X(5)); > ci((X(5)i — ¢;(X(B)); 2 0,

here the first inequality holds since 7 € C' C 7(X(s)) and the last inequality is due
to i € m(X (). This is a contradiction. Thus (2.4.19) holds and Step 1 is completed.
We now show Step 2. Thanks to Step 1, it suffices to show that |7(X(t))| > | A

for t € (tg,tge1 A 7). Let t* € (tx, tkr1 A T) be such that

|7 (X ()| = min{|x (X ()] : ¢ € (tr, tesr A7)},

and assume that |7(X(t*))| < |Ag| for the purpose of getting a contradiction. It
follows from Step 1 that B = m(X(t*)) is a strict subset of A;. Note that B C
{1,2,...,d} (otherwise B = {0,1,...,d} by Remark 2.2.2, a clear contradiction).
Thanks to the upper semicontinuity of = and the continuity of X, there exists an
open interval containing t* such that 7(X(s)) C 7(X(¢*)) for all s in this interval.
We will assume (a,b) to be the largest of such intervals. By the definition of ¢*
7(X(s)) = n(X(t*)) = B for every s € (a,b) N (ty, tis1 A 7). Obviously a > ¢, and

7(X(a)) contains B as a strict subset by the upper semicontinuity of 7. Therefore,
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for s € (a,b), c;(X(s))i = ¢;(X(s)); if i,7 € B. However, (2.4.17) yields

;i if je Ap\ B, j#0,
7.k J k\ J7# (2‘4‘20)

d
E(X(S))j =9 _
Nk — hy(8) [ if j € B.

It follows that

Ci(j\@k — hl(s)ﬂuk) = Cj(j\j,k — hj(S)ﬂij) for 7, j € B. (2.4.21)
In addition, thanks to Proposition 2.4.6(b),
> hi(s) = 1. (2.4.22)

i€EB

Solving the system of equations (2.4.21)-(2.4.22), we obtain the unique solution

— -1 —

ik 1 1 Aok
h(s) =22 - —— (N —— ) 1 D2,
) < Cj#y;k) < Mmk)

17 C.i.
Hi k i,k jeB jeB

On the other hand, since 7(¢*(s)) = Ay D B and ¢*(s) = B for s € (a,b), we have

¢i(Br)i = ¢;(Br), for every i, j € B. Invoking (2.4.7) and (2.4.9), we arrive at

ik — o i) = ¢; (N — i fjx) for i, j € B, (2.4.23)

and that

b=>"p)=1- > <1 (2.4.24)

i€B ZEAk\B

Similarly, one can solve (2.4.23)-(2.4.24) to uniquely determine {,0,(;)} for i € B:

—_ -1 —
@ _ Ak 1 ! Ak
Pr = - : - | =0+ -— |-
: <Z Cj#y;k) < Z ik

17 - C.i.
Hi k i,k jeB jeB
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Since b < 1 it follows that h;(s) > pk for all i € B and s € (a,b).
Assume for now that there exists j € Ax \ B such that j # 0. Then for ¢ € B and

s € (a,b) we have, thanks to (2.4.20) and (2.4.23),

% [CZ(X(S))Z — Cj(X(S))j} = ( [5\1714 — hz(s),az,k} — ij\mk (2425)

< ¢ [j\i,k — p,(f)ﬂi,k} — ij\j,k

= —c;p

However, since (X (a)) # B, Step 1 implies that m(X(a)) N (Ag \ B) # (. Pick any

J in this set. It follows from (2.4.25) that for any i € B,
0> ci(X(a))i — ¢;(X(a); > ai(X ()i — ¢;(X(t7));.

This contradicts that i € B = m(X(t*)). Therefore, we have |7(X(¢))| > |Ax|. It
follows from Step 1 that Ay C w(X(¢)), for t € (tg, trs1 A Tk)-

It remains to consider the case where A, \ B = {0}. In this case we necessarily
have B = {1,2,...,d} and Ay = {0,1,...,d} = A. It follows that ¥*(¢) = 0 for
t € (tg,try1) and thus By = 0. Then for any i € B and s € (a,b) we have, thanks to
(2.4.20) and (2.4.7),

js [ei(X ()] = ¢ [Mig = hi() k] < e [)\zk — ik = (Br)i =

However, since (X (a)) contains B as a strict subset, we must have 7(X(a)) =

{0,1,...,d} or X(a) =0. It follows then
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This contradicts the non-negativity of X, and again we have |m(X(t))] > |Ax|. It
follows from Step 1 that Ay C w(X(¢)), for t € (tg, trs1 A Tk)-

If A = Ay then we finish the proof of Step 2 since m(X(t)) C A. Consider the
case when Ay is a strict subset of A, which in turn implies that Ay C {1,2,...,d}.
Following an argument analogous to that leading to equations (2.4.21)—(2.4.22) and

(2.4.23)—(2.4.24), we have, for every i, j € Ay and almost every t € (tx, tgr1 A Tx),

e = hi(®) k) = ¢ (N = hy(®)iizn), Y hy(t) < 1. (2.4.26)
JEAL
ik — o i) = ¢; Nk — o Tin), D o) = 1. (2.4.27)
1€ AL

One can solve these two equations like before to obtain h;(t) < p,ii) for every v € Ay

and t € (tg,tg+1 A Tk), whence

d

o (X0 = e )] = O — hi(O)ing) = ek = 0 i) 2 0.

It follows that for any ¢ € Ay,
(X (1)) — ci(W™ ()i = (X (t)i — (¥ (t))i = 0, (2.4.28)

or (X(t)); > (¥*(t));. However, since 7((1)*(t)) = Ax C {1,2,...,d}, we must have
X (t) # 0 and thus 7(X(t)) C {1,2,...,d}.
On the other hand, for any j € A\ Ay and j # 0, since (¥*(t)); = (Br); = M

thanks to (2.4.9), we have

d

7 [ (X (1)) — ¢;(0*(1));] = ;Mg — By (D) aj) — ¢jhjn < 0.

It follows, since X (t;) = ¥*(tx) and (2.4.28), that for every t € (t,tr1 A7) and



40

1 € Ayg,

¢ (X()); = ¢;(7(1); < 0 < ei(X(1))i — (@™ (t))i-

But (¢*(t)); > (¥*(t)); by definition of A, and therefore (X (t)); > (X (t));. It follows
that j & m(X(t)). Therefore (X (t)) = Ay and we finish Step 2.

The proof of Step 3 is simple. Assume first Ay C {1,2,...,d}. Since 7(X(t)) =
Ag we know that {h;(t)} satisfies the equation (2.4.26) except now > .., h;(t) =
1. Compared with equation (2.4.27), it follows easily that h;(t) = ,0,(3). Note that

equations (2.4.9) and (2.4.12) imply

Z ﬁk Pk = DBk,

ZeAk

whence

=Y Bty =D 806 = Be =47 (0),

1€ AL i€ AL
which implies X (t) = w*(t) for all t € (tg, tgr1 A Tx).
For the case where Ay = {0,1,...,d}, we must have X (t) = ¢*(t) = 0. It is not

difficult to see that equations (2.4.26) and (2.4.27) reduce to
Ci(j\@k — hz(t)ﬂuk) =0= Ci(j\@k — p,(j)ﬂ@k), 1=1,2,...,d.

Thus h;(t) = pk for all i = 1,2,...,d, and also ho(t) = p,io) since Z?:o hi(t) =

d i
Zz Op](f) =1

2.4.7 Analysis of the cost

In this section, we prove the Laplace lower bound, or inequality (2.4.4).
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Thanks to (2.4.11) and (2.4.10),

Kas . F(X"(t),t;0)
lim E, X"t); o)l | ——=—1L ) dt
Jim £ | [ 27X 030 (o)
bt ik a Ak
= lim E,, / Z il ( : ) yi(dt) + Z Al ()\L) dt
e te i€ Ay,i0 Hi j=1 J
tet1 o d ).
= / STl (B hat) + 3 A Ak | gy
t . . Hi T )\j
k 1€ Ay,i#£0 j=1
fii ) d .
= (tpp1 — tr) [ Z il ( Z" ) ,0,(;) + Z Al ()\L’k)]
i€ A, i#0 Hi j=1 J

< (trer —te) - [L*(Be) + €]

trt1 .
= [ L )t + b~ )
23
Summing over k and observing

lim E,, h(X") = E,h(X) = h(*),

n—oQ

(2.4.4) follows readily. This completes the proof of inequality (2.4.4) and also the
proof of Theorem 2.3.1. H

2.5 Summary

In this chapter we analyze the large deviation properties for a class of systems with
discontinuous dynamics, namely, the WSLQ policy for a network with multiple queues
and a single server. A key observation that allows us to derive explicitly the large
deviation rate function on path space is that the stability condition about the interface
is automatically implied in the formulation of a general large deviation upper bound.

This is not an unprecedented situation, and indeed analogous results are proved

in [2] for processes that model Jackson networks and head-of-the-line processor shar-
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ing. These problems also feature discontinuous statistics, though the discontinuities
appear on the boundary of the state space rather than the interior, and whence al-
ternative techniques based on Skorohod mapping can be used. With the inclusion of
the WSLQ policy there are now a number of physically meaningful models with dis-
continuous statistics for which the upper bound of [7] is tight. An intriguing question
that will be investigated elsewhere is whether there is a common property of these

models that can be easily identified and recognized.

2.6 Proof of Lemma 2.4.1.

Before getting into the details of the construction, it is worth pointing out that the
main difficulty in the proof is dealing with the situation where the function ¢ may
spiral into (or away from) a low dimensional interface while hitting higher dimensional
interfaces infinitely many times in the process. More precisely, there can be a time
t and a sequence t,, T t (or t, | t) such that |7(¢(t,))| < |7((¢t))], but with the
sets {m(¥(t,))} different for successive n. The problem is how to approximate 1) on
a small neighborhood of ¢t with a small cost, which is made difficult by the fact that
the domain of finiteness of L(x,-) is not continuous in z.

Throughout this section we assume that v is Lipschitz continuous. This is without
loss of generality, since for a given continuous function ¢ and any ¢ > 0, there exists
a Lipschitz continuous function ¢ such that ||[( — Y|l < 6 and I,.(¢) < 1.(v) + 0.
The proof of this claim is based on a time-rescaling argument very much analogous

to that of [5, Lemma 6.5.3], and we omit the details.

2.6.1 Dividing the time interval

The approximation requires a suitable division of the time interval [0, 1]. The following

results are useful in proving the main result of this section, namely, Lemma 2.6.4.
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Note that whenever we say two intervals are “non-overlapping”, it means that the

two intervals cannot have common interiors but may have a same endpoint.

Lemma 2.6.1. Consider a non-empty closed interval [a,b] and assume
k =max{|7(¢(t))|: t € [a,b]} > 2.
Then for arbitrary o > 0, there exists a finite collection of non-overlapping intervals
{leyj, Bj]} such that
1. aj,B; € la,b]l and 0 < B; — a; < o for every j.
2. w((t))] <k —1 for every t € [a,b] \ Uj[a;, B;].

Lemma 2.6.2. Consider a non-empty interval (a,b) such that for some k > 2,
|m((t))] < Kk fort € (a,b) and |w(¢(a))| A |7(¢(b))| > k + 1. Then for arbitrary
o >0 and e > 0, there exist a finite collection of non-overlapping intervals {|c;, 5;]}

and £1, 25 € [0,€) such that
1. a;,3; € la+er,b—ey] and 0 < B; — a; < o for each j,
2. fort € (a5, 5;), m(1h(t)) C m(ih(a;)) = m(¥(5;)),
3. |m((ey))| = |m(¥(8;))| = k for each j,

4. foranyt € (a,a+e1], m(¥(t)) is a strict subset of w((a)) and |w(¢¥(t))] < k <
7 (y(a+e1))l,

5. for any t € [b—e2,b), m(Y(t)) is a strict subset of w(1p(b)) and |w(p(t))| < k <
|7 (1 (b — €2))],

6. |m(¢(t))| <k —1 for every t & Uj[aj, Bj] U (a,a+ 1] U[b—e2,b).
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Lemma 2.6.3. Consider a non-empty interval |a,b) such that for some 2 < k < d,
|m((t))| < k fort € [a,b) and |m((b))| > k+1. Then for arbitrary c > 0 and € > 0,

there ezist a finite collection of non-overlapping intervals {[a;, 8]} and g2 € [0,¢€) such

that
1. aj,0; € [a,b—¢e3] and 0 < B; — a; < o for each j,
2. fort € (a;, 8;), m(4(t)) C 7(P(ay)) = w((6;)),

3. ()| = 7 (W (8))| = k for each j,

R

. for every t € [b— e2,b), w((t)) is a strict subset of w(Y(b)) and |w(P(t))] <
k< |m(p(b—e2))l,

5. ()| <k —1 for every t & U;[a;, B;] U [b— e2,b).

Symmetric results hold for a non-empty interval (a,b] such that for some k > 2,

[m(p(E)| <k fort € (a,b] and [w(¢(a))] = k + 1.

We will only provide the details of the proof for Lemma 2.6.2. The proofs for
Lemma 2.6.1 and Lemma 2.6.3 are very similar (indeed, simpler versions of the proof

for Lemma 2.6.2), and thus omitted.

If the set {t € (a,b) : |7 (¢(t))| = k} is empty, then the claim holds trivially since
we can let e; = g2 = 0 and {[ay, G;]} = 0. Assume from now on that this set is

non-empty. We first define €; and €5. Let

G =inf{t € (a,b): |r((®)| =k}, b=sup{te (ab):|r(()] =k}

If @ = a, then the upper semicontinuity of 7 implies that there exists 0 < e; < € such
that |7(¢¥(a +€1))| = k and 7(¢(t)) is a subset (whence a strict subset) of 7 (1 (a))

for every t € (a,a + e1]. If @ > a then we let e = 0. ¢35 is defined in a completely
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analogous fashion. It is easy to see that parts 4 and 5 of the claim are satisfied. We

will define o; and f3; recursively.

1. Let @y = a+¢e;ifa =aand oy = a if a > a. Clearly, in either case a; €
l[a + 1,0 — e3]. Moreover, we have |7(¢(a1))| = k. Indeed, when a = a it
follows from the definition, and when a > a, it follows from a simple argument
by contradiction, thanks to the upper semicontinuity of 7 and the assumption

that |7 (v (t))| < k for every t € (a,b).

2. Suppose now «; € [a+¢€1,b— 9] is given such that |7(¢(e;))| = k. We wish to
define 3;. Let

t; = inf{t € (a;,b):7(¥()) Z 7(¥(ay))},
sj = sup{t € [a;,t; A (oj+0)):7(Y(t)) = 7(¢Y(j))},

Bi = siN(b—e2).

It is easy to check that w(¢(s;)) = w(¢(a;)). We claim that w(¢(5;)) =
(¢ (a;)). This is trivial when 3; = s;. Assume for now that 5; < s;. Then
we must have s; > b — 9 and 3; = b — 2. This could happen only if €5 > 0,
in which case [w(¢(b — €2))| =k, or [7(¢(85;))] = k. But w(¢(5;)) C m(i(a;))
since 3; < s; < t;. Thus we must have (¢ (a;)) = 7(¥(5;)). It is clear now

that parts 1, 2, and 3 of the lemma holds.

3. If 3 = b (when b < b) or 8; = b— ey (when b = b), we stop. Otherwise,
define aj1 = inf{t € (5;,0) : |7(¢(t))| = k}. Then ajy1 € [a+€1,b — e2] and

|7(¢(j+1))| = k. Now repeat step 2.

Note that part 6 holds by the construction. It only remains to show that the construc-
tion will terminate in finitely many steps. Observe that a1 > t; A (o +0), since by

definition, for every t € (3;,t; A (aj + 0)), m(¢(t)) is a strict subset of 7(¢(c;)) and



46

whence |7(¢(t))| < k. Therefore, a1 — a; > (t; — o) A o, and it suffices to show
that t; — «; is uniformly bounded away from 0.
We should first consider the case & < d — 1. Observe that in the construction we

indeed have a, 8; € I = [(a +¢&1) V @, (b — &2) A b] C (a,b). Define

¢ = inf {igll,é?{,dq(w(t))i — igrﬁzﬁ))ci(w(t))i tel,|n(p(t)] = k:} .

We claim that ¢ > 0. If this is not the case, there exists a sequence of {t,} C I such

that

max ci(Y(tn))i — g ci((tn))i 1 0.

One can find a subsequence of {t,}, still denoted by {t,}, such that ¢, — t* € [
and 7(¢(t,)) = B for some B C {1,2,...,d} with |B| = k. Thanks to the upper
semicontinuity of w, B C w(¢(t*)). But |7(¢(t"))| < k, thus B = 7(¢)(t*)). However,

for every j € B,

0 = lim |iiirll?.}fd6i(w(tn))i_iggﬁi(n))q(w(tn))i}

= lim {Cj(w(tn))j — I%E}BX Cz(w(tn))z]
= (U7); — maxc(v(t)):

> 0,

a contradiction. Therefore ¢ > 0.
Now, by the definition of ¢;, there exists [ ¢ m(¢(a;)) such that [ € 7(¢(t;)).

Therefore, for every ¢ € (¢ (ay)),

ci(P(t5))i — a((t;)) < 0.

But ¢;(¢(¢))i — c1(¥(ej)); > ¢ and ¢ is Lipschitz continuous. It follows readily that
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t; — a; is uniformly bounded away from 0.

The case k = d can be treated in a completely analogous fashion with
o= nt { e e(0(0) € T pn((0)] =

We omit the details. .

The next lemma is the main result of this section, from which one can construct the
approximating function in N. The intervals {F;} in the lemma are indeed introduced

to take care of the “spiraling” problem.

Lemma 2.6.4. Consider the interval [0,1]. Given o > 0, there exist two finite

collections of non-overlapping intervals {I1;} and {E;} such that
1. I; C [0,1] is of the form [a;,b;] with 0 < b; —a; < o for each j,
2. E; C [0,1] is either of the form [z;,d;) or (z;,d;], and Y (d; — z;) < o,
3. |w(p(t)| =1 for all t & (U;1;) U (U E;),

4. for every j and every t € (a;,b;), 7(¢Y(t)) C w(¥(a;)) = 7(¢(b;)),

0. for every j, |w(¥(az))| = |m(¥(b)))| = 2,

6. for all t € E; = (z,di], m(1(t)) is a strict subset of 7(¢(z1)) and |7 (1(t))| <
(¥ (di))l,

7. for all t € E; = [z, d;), m(¥(t)) is a strict subset of w(¥(di)) and |7 (1(t))| <

(¥ (2:))]-
Let N = max{|m(¢(t))| : t € [0,1]}. If N = 1 then the claim holds trivially.
Assume from now on that N > 2. The construction can be done in N steps.

Step 1. Apply Lemma 2.6.1 to the interval [0,1] with k& = N. This will produce a

collection of closed intervals {Ij(l)}. Let Uy = [0,1] \ UjIJ(I).
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Step 2. Note that U is the union of finitely many non-overlapping intervals. These
intervals are of two types. They are either open intervals that satisfy the con-
ditions of Lemma 2.6.2 with £ = N — 1, or intervals of type [0,a) or (b, 1] that
satisfy the conditions of Lemma 2.6.3. Apply the corresponding lemma to these
intervals to generate a collection of closed intervals {1 3(2)} and intervals {Ei(z)}
of type [a,b) or (b, a]. Since the number of intervals in {Ei@)} is at most twice
the number of intervals in U;, one can choose € in Lemma 2.6.2 and Lemma
2.6.3 so small that the total Lebesgue measure of UZ-EZ@) is bounded from above

by o/N. Define Uy = U, \ ((Uj]J@)) U (UiEi(z)))-

Step m. For 3 < m < N — 1, the procedure of Step m is just like Step 2, except U,

is replaced by U,,_1.

Step N. Note that Ux_; consists of intervals on which 7(¢(+)) is a singleton. We stop

the construction.

Let {[;} = Ul{Ij(»l)} and {E;} = Ul{Ej(l)}, and it is not difficult to see that {I,} and

{E;} have the required properties. H

2.6.2 Construction of the approximating function

In this section we construct an approximating function of 1 parameterized by o. Note
that the set [0,1] \ ((U;I;) U (U;E;)) is the union of finitely many non-overlapping
intervals, and we will denote these intervals by {Gx}. Without loss of generality
assume that the length of each interval Gy is bounded above by o (if necessary, we
can divide G}, into the union of several smaller intervals each with a length less than
o).

Define a piece-wise constant function «” on interval [0,1] as follows. Given any
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interval D € {I;} U{E;} U{G}} with positive length, define for every t € D,

o KN 1 i
u(t) = length of D /DQ/J(S) ds.

Then the candidate approximating function will be

WY (t) = 1(0) +/0 u?(s)ds.

Note that ¢7(t) coincides with ¢(t) at those ¢ that are end points of intervals {1},
{E;}, and {G}}. Furthermore, 97 is affine on each of these intervals.

We claim that 7 € N. All we need is to show is that m(¢?(¢)) remain unchanged
in the interior of each interval. This is immediate from the following result, whose

proof is simple and straightforward, and thus omitted.

Lemma 2.6.5. Let ¢ be an affine function on interval [a,b]. If 7(¢(a))Nm(p(b)) # 0,
then for every t € (a,b) we have m(p(t)) = w(p(a)) N7 (p(b)).

2.6.3 The analysis of the rate function

Since the length of any interval in {/;}, {E;}, and {G}} is bounded from above by o,
limy_ || — ¥||oc = 0. Therefore it only remains to show that given § > 0 we have
I, (¢v7) < I.(¢) + § for o small enough. Clearly we can assume I,(1) < oo hereafter.

The analysis for intervals in {/;} and {G}} is simple. Consider an interval D €
{I;} U {Gy}, and denote the interior of D by (a,b) [D itself could be [a,b], (a,b),
(a,b], or [a,b)]. Since (a) = 17 (a) and ¥ (b) = ¥7(b) by construction, it follows from

Lemma 2.6.4 and Lemma 2.6.5 that

m(¥(t)) C m(¥(a) N7 (P (b)) = m(¢¥7(a)) N7 (7(b)) = (Y7(t)) = B.

for every t € (a,b). Note that LZ(3) < LA(3) for every 3 whenever A C B, thanks
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to Lemma 2.4.3. Therefore,

/ L(t), (1)) di = / L7 (2 dt > / LB @) dt.

a a

Furthermore, for ¢ € (a,b), the construction of 17 implies that

Thanks to the convexity of L? and Jensen’s inequality, we arrive at

/ LBW(0)) dt > (b— a)LP(v) = / L (1), 47 (1)),

whence

/L(w(t)>¢(t))dt2/ L7 (t),¢7(t))dt. (2.6.1)

for any o.

Now we turn to analyze the intervals in {£;}. The next two lemmas claim that
over any interval, say D € {FE;}, ¢ will always be in the domain of finiteness of the
local rate function L. The first lemma considers the case where D = (a,b] and the

second considers the case where D is of form [a, b).

Lemma 2.6.6. Suppose that I,(v) < oo and there ezists an interval (a,b] C [0,1]
such that w(1(t)) is a strict subset of w(v(a)) fort € (a,b]. Then (¢ (a)); < (¥(b));
forall j € {1,....d}.

For notational simplicity, we assume ¢; = ¢; = --- = ¢4. The case of general
(¢1,...,cq) is shown in exactly the same fashion with (¢(t)); replaced by ¢;(¢(t));,
and whence omitted.

Let B = 7(¢(a)). For j ¢ B, we have j & w(1(t)) and thus () > 0 for almost

every t € (a,b], thanks to Remark 2.4.5 and the assumption that [,(3) is finite.
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Therefore for j ¢ B the claim holds. Now we consider those j € B. Fix arbitrarily

e >0 and let

t* =inf{t > a: (Y(t)); < (¥(a)); — ¢ for some j € B} Ab.

It suffices to show that t* = b always holds. Indeed, if this is the case, we have
((b)); > (¢(a)); — € for every j € B. Since ¢ is arbitrary, we arrive at the desired
inequality for 5 € B.

We will argue by contradiction and assume t* < b. It follows that (i (t*)); >

(¢(a)); — € for every j € B, and there exist j* € B and a sequence t,, | t* such that

(¥ (tn));+ < (¥(a)); —e. (2.6.2)

In particular, (¢(t%)); = (¢¥(a));- —e.
We claim that (¢(t*)); = (¢(a)); — € holds for every j € B. If this is not the case,

then there exists (abusing the notation) j € B such that

W (t7)); > (Y(a)); —e.

Since j,j* € B = w(y(a)) we have (¢(a)); = (¥(a));«, and whence (¢(t*)); >
(¢(t*))+. Therefore we can find a small interval, say [t*,¢* 4+ ) such that for any
t in this interval we have (¢(t)); > (¢(t));«, which in turn implies j* & 7w(¢(t)).
Thanks to the finiteness of I,(¢)) and Remark 2.4.5, (¥(t));- > 0 for almost every
t € [t*,t*49). In particular, (¢(t));« > (Y(t*));» = (¢¥(a));« —e for all t € [t*,t*+9),
which contradicts equation (2.6.2) for large n. Therefore (¢(¢*)); = (¥(a)); — € holds
for every j € B.

Since B = m(¢(a)), it follows that (¢ (t*)); takes the same value for every j € B.

This contradicts the assumption that m(i(t*)) is a strict subset of B. We complete
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the proof. B

Lemma 2.6.7. Suppose that I,(v) < oo and there ezists an interval [a,b) C [0,1]
such that w(1(t)) is a strict subset of w(1(b)) for every t € [a,b). Let B = m(¢(a)).
If [w(¥(t)] < |B| for every t € [a,b), then ((a)); < (¥(b)); for all j & B and j # 0.

As in the proof of Lemma 2.6.6 we assume without loss of generality that ¢; =
¢y =---=cqg=1. Let A=m(p(b)). For j & A, (¥(t)); > 0 for almost every t € [a, D)
since j & w(¢(t)). Thus the claim holds for j ¢ A. It remains to show for those
j € A\ B such that j # 0. We will argue by contradiction and assume that there is
a j* € A\ B such that (¢(a));« > ((b)) ;.

For each i € B let t; = inf{t >a: (¢¥(t)); < (¢(a));+}. Note that (¢(a)); >
(¢(a))- since i € B = w(¢(a)) and j* ¢ B, whence t; > a. Similarly, since j* €
A=7(()), (¥(b)): < (¢(b)); < (¥(a));, whence t; < b. It follows that ((t;)); =
(¥(a));e-

We claim that i € 7(¢(t;)) for all : € B. Otherwise, there exists a small positive
number ¢ such that i € 7w(y(t)) for t € (¢; — d,¢; + ). Thanks to the assumption
that I,(¢) is finite, (¢(t)); > 0 for almost every t € (t; — 6,t; + 6). In particular,
((ti —0))i < (¥(t;))i = (¢Y(a));~, which contradicts the definition of ¢;. Therefore,
i € w(¢¥(t;)) for all i € B. An immediate consequence is that for any i,k € B,
() < (¥(t:))i = (¥(a)),+, whence ty < t; by definition. Therefore, for alli, k € B,
t; =t =t* and B C 7(¢(t*)). However, since |w(1(t*))] < |B| by assumption, we
have necessarily B = 7(¢(t*)).

Since j* ¢ B = w(¢(t*)), we have (¢(t*));+ < (¢(a)),+. Define

s =sup {t € [a,t") : ((1));» = (¥(a));-} AT

Clearly s € [a,t*) and (¢(s));+ = (¢(a));. By the definitions of s and ¢; and that
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t* =t,; for all i € B, we have, for any t € (s,t*) and any i € B,

(W(8));+ < ((a))j= < (¥(F))s

Therefore, j* ¢ w(1(t)) and whence (¢(t));+ > 0 for almost every ¢t € (s,t*). In
particular, (¢(a)); = (¥(s)); < (¥(t));+ < (¥(a));+, a contradiction. We complete
the proof. B
We are now ready to show that I,.(17) < I,(1) 4+ for o small enough. Let M be the
Lipschitz constant for ¢, and define

C = Acr{nlz,l.?id} sup{LA(B) : B € dom(L™), || 8| < M}.

That C' is finite follows easily from Lemma 2.4.3 and the definition of /.
We now analyze the intervals in {E;}. If E; = [z;,d;), then by Lemma 2.6.5 and
Lemma 2.6.4, m(¢7(t)) = 7(¢(2;)) = B for all t € (z;,d;). Since

¢g(t) — ¢(di) - w(zz) =,

di—Zi

it follows from Lemma 2.6.7 and Remark 2.4.5 that v € dom(L?). Therefore

/ C L0, 97(0) dt = (6~ 2)LP(0) < Ol — =) (2.6.3)

The same inequality holds for the case F; = (z;, d;], where Lemma 2.6.6 is invoked in
place of Lemma 2.6.7.

By (2.6.1), (2.6.3), the non-negativity of L, and Lemma 2.6.4, we have

/0 L (), 97(1) dt < / L), 9(8)) dt +C 3 (d: — =)

< /OL(w(t),W))dHoa.



Choose 0 < §/C and we complete the proof.
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Chapter 3

Importance Sampling and Large

Deviations Decay Rate for a Buffer
Overflow Event in the WSLQ

Policy

3.1 Introduction

In the previous chapter it was shown that the queue length process in a weighted-
serve-the-longest system satisfies a large deviations principle with the local rate func-
tion L(-,-) (see section 2.3.1). The focus in this section will be on estimating the
probability of one particular event.

The present chapter concentrates on a class of individual buffer overflow proba-
bilities and resolves two questions: (1) the explicit identification of the exponential
decay rate of such overflow probabilities; (2) the construction of asymptotically op-
timal importance sampling schemes for fast simulation of such rare events. These

two questions turn out to be intimately connected in the following sense. To build
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efficient importance sampling schemes, we use the game/subsolution approach [15]
and construct suitable subsolutions to the associated Isaacs equations. Not only do
these subsolutions lead to asymptotically optimal importance sampling schemes, they
also play an essential role in explicitly identifying the exponential decay rate of the
overflow probabilities via a verification argument.

The serve-the-longest policy has been studied in the context of wireless commu-
nications, see for example [3,28] and their references. There are differences between
the stochastic processes used in the wireless literature and the processes used in our
work, the most significant of which is that the dynamics in the wireless context are
not Markovian, but rather modulated by an exogenous Markov process. However the
methods used to deal with the discontinuous interfaces in this thesis can be combined
with those presented in [15] for Markov modulated rates to analyze such models.

This chapter is organized as follows. In Section 2 the model dynamics and problem
formulation are described. Section 3 presents the large deviations result regarding the
overflow probabilities. A brief review of importance sampling is conducted in section
4, and the associated Isaacs equation is formally derived in Section 5. A classical
subsolution to the Isaacs equation and the corresponding importance sampling scheme
are constructed in Section 8. In Section 7 we derive the exponential decay rate of the
overflow probabilities and establish the asymptotic optimality of the said importance
sampling scheme. Numerical results are presented in Section 8. Many technical proofs

are collected in section 9.

3.2 Problem Formulation

The system model consists of a single server and d classes of customers. Customers
of class 7, buffered at queue 7, arrive according to a Poisson process with rate A\;. The

service time for a class ¢ customer is exponentially distributed with rate p;. Upon
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the completion of service, the customer leaves the system. We will assume that the

system satisfies the stability condition

d

> Ao, (3.2.1)

= 1

The service policy is determined according to the following WSLQ discipline. Let
¢; be the weight associated with class ¢. If the size of queue 7 is ¢;, then the weighted
length for queue ¢ is defined as ¢;q;. Under the WSLQ policy, the queue with the
maximal weighted length is assigned the service priority. When there are multiple
queues with the maximal weighted length, the assignment of priority among these
queues is non-essential and can be arbitrary. We adopt the convention that when
there are ties, the priority will be given to the queue with the largest index.

Denote the system state at time t by Q(t) = (Q1(¢),...,Qa(t)), where Q; is the
size of queue 7. The process @) is a continuous time Markov jump process defined
on some probability space, say (€2, F,P). The quantities of interest are the buffer

overflow probabilities

pn = PP{the process @ exits domain nD before returning

to the origin, starting from the origin}, (3.2.2)
where n is a large integer and D is the domain
D={x=(z1,...,24) € ]Ri s < 1 forall i}. (3.2.3)
We also define the vector

c=1/cr,1/ea, ... 1/cq), (3.2.4)
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which is a corner of D, and denote the boundary of D in R% by
0=0D = {:EE]Ri::BED,ci:BZ-: 1 for some i}.

See Figure 2 for illustration of the case of dimension d = 2.

Throughout the analysis, it is often convenient to consider the scaled process

X"(t) = Q(nt)/n.
Note that we can now rewrite the overflow probability as

pn = P{X™ exits domain D before returning to the origin,

starting at the origin}.

3.2.1 System Dynamics

Of course the queue length process () will be identical to the queue length process
described in the previous chapter. However for the analysis of importance sampling
changes of measure it is more useful to characterize the process by its stochastic

transition kernel ©[dt, v|x]. To be more precise, define the total intensity by
R(z) = Zr(z,v), (3.2.1)
veV

and let 17,75, ... be the random times at which the process ) jumps with convention

Ty = 0. Then for any € RZ and n € N such that nz € Z4,

Oldt,v|z] = P{T;+1 —T; € dt,Q(T}+1) = nx +v|Q(Tj) = nx}

= r(z,v)e B@dt, (3.2.2)
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3.3 Large Deviations

One goal of this paper is to explicitly identify the exponential decay rate of p,. Our
approach is to reduce it to a calculus of variation problem using the sample path
large deviations principle established in the previous chapter. In order to explicitly
solve the calculus of variation problem, we will use a verification argument based
on essentially the same subsolution that we will use to build asymptotically optimal
importance sampling schemes.

To ease notation, we will also denote by A the collection of non-empty subsets of

{1,2,...,d}. That is
A={A:AcC{1,2...,d}, Ais non-empty} . (3.3.1)

It was seen in chapter 2 that the scaled queue length process satisfies an LDP with
local rate function L(-,-). With this knowledge it is possible to find the explicit form

of the exponential decay rate for the buffer overflow probabilities.

3.3.1 The exponential decay rate

In this section we first identify a collection of important roots associated with the
Hamiltonians H®, i = 1,...,d. The motivation for such roots will be discussed in
Remark 3.3.4. These roots will be used to construct subsolutions and identify the
large deviation rate for p,.

For each A € A, thanks to the stability condition (3.2.1), there exists a unique

constant, say z*, such that

s
A : ) J _
0<z2% < min g, E — A= 1. (3.3.2)
jea Hi
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Define the vector a? € R? by

ZA
og (1-2°)  itiea
at = i (3.3.3)

0 otherwise.

We have the following result, whose proof is elementary and thus omitted.
Lemma 3.3.1. For each A € A, a? is the unique vector that satisfies

1. o =0 fori g A,

2. ot <0 fori€ A,

3. HO(—a) =0 for all i € A.

4. HO(—a™) >0 for alli g A.

Recall the definition of ¢ as in (3.2.4) and define
v=min{(—a®,¢): A€ A}. (3.3.4)

The following result identifies v as the value of the calculus of variation problem that
is associated with the large deviations of {p,}. The proof is technical and deferred

to the appendix.

Theorem 3.3.2. We have the representation

~v = inf /0 L(¢(t), (t)) dt,

where the infimum is taken over all absolutely continuous functions ¢ : Ry — R4

such that $(0) =0 and 7 =1inf{t > 0: ¢(t) € 0} < 0.
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Remark 3.3.3. It will be shown later on that 7 is the exponential decay rate of {p, }
[Theorem 3.6.3], that is,

1
v = — lim — log p,,.
non

Remark 3.3.4. Large deviations rate functions are closely related to control problems
and thus are also related to the solutions of appropriate Hamiltonian-Jacobi-Bellman
(HJB) equations [5]. Due to the homogeneity of the state dynamics, it is natural to
conjecture that the large deviation optimal trajectory leaving the domain will be a
straight line, and the solution to the HJB equation is piecewise affine. If the optimal
trajectory leaves the domain through interface {x : w(x) = A}, then it corresponds
to an affine piece whose gradient, say v, should satisfy the HJB equation H® (v) =0
for all i € A. Furthermore, v should satisfy (v,e;) = 0 for all i ¢ A since the value
function to the corresponding control problem will take the same value 0 on the

boundary {z : 7(x) = A} N 9. Solving these equations about v yields v = —a”.

3.4 The Isaacs Equation

The connection between importance sampling and differential games/Isaacs equations
was explored in [15]. Since we are now dealing with continuous time processes as
opposed to the discrete time setup in [15], we will formally derive the associated Isaacs
equation in some detail. While the derivation is formal, the analysis of importance
sampling schemes that are based on subsolutions to the equation will be rigorous.
Let R be the collection of functions mapping V to [0, 00) that are not identically
zero. Each element in R represents a set of jump intensities. We will restrict our

attention to those alternative stochastic transition kernels that take the form

Orldt,v|z] = F(z,v)e R dt, F(z,) € R, R(z) =Y 7(z,0). (3.4.1)

veV
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Consider the stochastic control problem of minimizing the second moment of p,, (see
equation (1.2.5) in the introduction) among such transition kernels, and define the
value function

Va(w) = inf E¥[p,|Q(0) = na]. (3.4.2)

Clearly V,,(x) satisfies the boundary condition V,,(z) =1 for all x € D.
Note that for O™ defined as in (3.4.1), one can rewrite the likelihood ratio term

in the importance sampling estimator p,, recall (1.2.5) from the introduction, as

Tyn L QT /n,vy)
exp {/0 [R(Q(s)/n) — R(Q(s)/n)]ds + ; log H(Q(Tj-1)/n,v;) } |

Therefore, by the dynamic programming principle, the value function V,, should satisfy
the dynamic programming equation (DPE)
V. (2) = inf R-r@) TV ( E) @l ()t
() =in /0 Ze —_ T+ e r(x,v)

FER — 7(v) n

Here instead of the fixed state dependent rates we minimize over #(v) and let R =
Y wey T(v). In order to write down a limit partial differential equation, we introduce
the following result, which is indeed a special case of the relative entropy representa-
tion for exponential integrals [5]. The proof is deferred to the appendix. Note that

the function ¢ : R — R, U {oc} is defined as

rloge —x+ 1, if x >0,
l(z) =

00 otherwise.

with convention 0¢(0/0) = 0 and 04(x/0) = oo if = # 0.
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Lemma 3.4.1. For any 6 € R let

s[0] =) " 6(v).

veV

Then for any 6 € R, any constant ¢ and function h : V — R

_ log/ Z 6_[Ct+h(v)]€_s[9]t9(v)dt
0

= in 1 c ’UA’U v @
_ éeﬂfzs[é] +vezvh( )4( )+UGZV9( )E(e(v)”.

We combine Lemma 3.4.1 with the DPE of V,, and a transform motivated by the large

deviation scaling

to obtain
nWa(z) = igg Tlggfz % R(z) — R+ UGZV 7(v) log 7’?:&?21)
+ Zan (5!7 + %) r(v) + Zr(a:,v)f (rgvz;))] .

To formally obtain a limit PDE, we assume that

Wy(x) = W(z), n[Wy(z+v/n)—W,(x)] — (DW(zx),v). (3.4.3)

Observing that

R(z)— R+ % #(v) log Tg”i) R CR)Y (Tg”i)) =Y Fw)e (%) ,

veV
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the limit function W satisfies the equation

0 = Tewem[l] [Z(DW () +2) r(x,v) (f(,i))

; o (:(Z)] (3.4.4)

veV

Define for every z € R, and o € R?

H(z,a) = supinf [Z (,0) +23 1, 0) ( ())

reR
TER eV vV

— % ( )] . (3.4.5)

It is not difficult to argue by the existence of saddle points for H [Proposition 3.4.2]

that the equation (3.4.4) for W can be reduced to
H(x, DW(z)) = 0.

This is the Isaacs equation associated with a differential game of two players. It
should be mentioned that the 7-player chooses the change of measure used in the
importance sampling scheme and the 7-player is an artificial player introduced by the

representation formula.
Proposition 3.4.2. For any x € RL \ {0} and a € R,
1. H(z,a) = Hj(a) = —2HY) (—a/2), where j = max{i : i € 7(z)}.

2. The saddle point is given by

—%

7 (x,)[v] = 7 (x, a)[v] = r(z,v)e @2

Remark 3.4.3. The Isaacs equation H(z, DW(x)) = 0 should not be interpreted
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literally at the points of discontinuities, that is, points = such that |7(x)| > 1. This
is easy to understand from the above formal analysis since the second part of the
approximation (3.4.3) will not hold at such x. Instead, a natural interpretation at
such points is [4]

lim inf H(y, DW(x)) =0,

10 {yeR¢:|ly—z[<e}

which amounts to

min H;(DW (x)) = 0. (3.4.6)

jen(x)
The intuition for this interpretation is that the behavior of the controlled state pro-
cess on a discontinuity interface is the asymptotic characterization for the collective
behavior of the process around the neighborhood of x. This observation is also es-
sential in the construction of classical subsolutions to the Isaacs equation [that is,
replace H(z, DW) = 0 by H(x, DW) > 0], since, owing to the infimum operation in
(3.4.6), the subsolution property at x will imply that it holds, at least approximately,

for all nearby points of x in the prelimit. See Lemma 3.5.3 for the precise statement.

3.5 Classical Subsolutions

A continuously differentiable function W : RY — R is a classical subsolution to the

[saacs equation if

1. H(x, DW(x)) > 0 for all z € D

2. W(x) <0 forallz¢D.

(Classical subsolutions are the means by which the explicit representation for v in
Theorem 3.3.2 is shown and asymptotically efficient importance sampling schemes are
built. We will construct the subsolutions by mollifying piecewise affine subsolutions
as in [15]. In order to achieve asymptotic optimality it is necessary that the value of

the subsolutions at the origin is maximal, i.e., W (0) = 2v.
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3.5.1 Piecewise affine subsolutions

Recall that A is the collection of all non-empty subsets of {1,2,...,d}, the definition
of the roots {4} in (3.3.2) and (3.3.3), and the definition of ~ in (3.3.4). For each
A € A define

at=—T .44 (3.5.1)

Note that v < (—a?,¢) for all A € A. Thanks to Lemma 3.3.1, the convexity of H®,

and that H@(0) = 0, we have
Lemma 3.5.1. For every A € A,
1. at =0 fori g A,
2. alt <0 fori€ A,

3. HO(—a*) <0 for alli € A,

Also define a sequence of positive constants {C}, Cs, ..., Cy} by
Ci =0, Cryq = CLZ . (1 + Ck), (352)

where

~B
aZzl\/max{a—lA:z'EACB,|A|:k:,|B|:k:—|—1} (3.5.3)
a

i

for 1 <k <d-—1. Fix an arbitrary 0 > 0. Define the affine function
Wi(z) = (2a*, x) + 27 — C|4/6. (3.5.4)
for each A € A. Their pointwise minimum is denoted by

WO (z) = min{W4(z) : A € A}. (3.5.5)
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Note that WW?° is a continuous piecewise affine function.

Lemma 3.5.2. The function W?° satisfies Wo(x) < 0 for all z ¢ D. Furthermore,

given any x € RL\ {0}, if W4 (z) — Wo(z) < 6 then w(z) C A.

The proof of Lemma 3.5.2 is deferred to the appendix. This lemma implies that
W7 is a piecewise affine subsolution, i.e., H(x, DW?(z)) > 0 at all those z where
DW?(z) is well defined. Indeed, for any such x, there is a unique A* € A that attains
the minimum in (3.5.5) and whence DW?(x) = 2a*". Let j = max{i : i € n(z)}.
It follows from Lemma 3.5.2 that j € m(z) C A*. It is now immediate from Lemma

3.5.2 and Proposition 3.4.2 that

H(z, DW°(x)) = H;(2a") = —2HY (—a") > 0.

3.5.2 Mollification

The construction of asymptotically optimal importance sampling schemes requires
smooth subsolutions with bounded second derivatives. To this end, we consider a
mollified version of W?° using exponential weighting [13,15]. Let € be an arbitrary

small positive number, and define

Wed(z) = —clog 3 exp {—éwj(x)} |

AeA

The function We? is smooth with

€, _ €,0 _ €,0 . eXp {_Wz (l’)/g}
Do) = L2t o) = et

Furthermore, for every x,

—elog |[A] < W& (z) — Wo(z) < 0. (3.5.6)
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The following Lemma 3.5.3 shows that W¢?° is approximately a subsolution.

Lemma 3.5.3. The function W& satisfies We°(z) < 0 for all x &€ D. Furthermore,

for any every x € R\ {0} and j € 7 (x),

H; (DW= (2)) > > p5 (2 at) > —Ke 9/,
AcA

where K s a positive constant that only depends on the system parameters. In par-

ticular,

H(z, DW=°(x)) > —Ke /.

Proof. We first note that W=°(x) < 0 for all ¢ D is trivial from Lemma 3.5.2 and
inequality (3.5.6). Now let z € R% \ {0} and j € 7(x). Thanks to Proposition 3.4.2

and the concavity of H,

H; (DW= (x)) > > p5°(x) - Hj(2a*).
Aech
For all those A € A such that W{(z) — W?(x) < §, Lemma 3.5.2 implies 7(z) C A,
in particular j € A, and therefore H;(2a*) = —2HU)(—a*) > 0 by Lemma 3.5.1. On
the other hand, for those A € A such that W§(x) — W?(x) > 4, it is not difficult to
see that p5°(z) < exp{—d/c}. |

Remark 3.5.4. In general, the parameters € and ¢ can depend on n, and we will

write them as ¢,, and §,,.

3.5.3 Importance sampling algorithm

For each A € A, the vector 2a” through Proposition 3.4.2 defines a new set of jump
intensities of form

7 (x, 2a)[v] = r(z, v)e_<aA’”>.
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The change of measure used in our state-dependent importance sampling scheme

corresponds to a stochastic transition kernel of form
O"[dt, v|z] = 7" (z,v)e R @z,
where for x # 0

(w,v) = p7 (@) (@, 2at)[v],  RY(xz) =) (x,v).

AcA veV

The values at = 0 are unimportant, and for simplicity we use the original jump

intensities, that is,

7(0,0) =7(0,v),  R"(0) =) _r(0,v).

veV

The corresponding importance sampling estimator p, is just as defined in equation
(1.2.5) in the introduction. Under this change of measure, the state process () is again
a continuous time Markov jump process with jump intensity 7 (z,v) from state nx
€n,0n

to nz + v whenever nx € Z%. Note that the calculation of ©" is simple since p5

and 7* can be easily obtained.

Remark 3.5.5. The estimator p,, described here is not exactly the one that will be
used in the numerical experiments. Indeed, we will use a closely related, easier-to-
implement, discrete time version of p,, say p,. The precise definition of p, can be
found in Section 3.7. It turns out that p, is the expectation of p, conditioned on
a suitable o-algebra, and therefore p, is unbiased and has smaller second moment
than p,. The motivation for focusing so far on p, is that it is more suitable for the

asymptotic analysis.
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3.6 Asymptotic Optimality

In this section we show that the importance sampling estimator p, is asymptotically
optimal under suitable conditions. We will need the following result, which essen-
tially says that the return time to the origin is exponentially bounded. Recall that
{11, T, ...} are the random jump times of the process @) and T'yo [recall the definition

of N° from the introduction (1.2.2)] is the first time the process returns to origin.

Lemma 3.6.1. There exist positive constants ¢ and k such that for every q € Zi

log E" [exp{cTyo }|Q(0) = ¢] < k(1 + |lq])-

The proof is deferred to the appendix.

Proposition 3.6.2. Suppose that 6,, — 0, €,/6, — 0, and ne,, — co. Then for any
sequence {q,} C Z% such that g,/n — 0, we have the upper bound on the second

moment of the importance sampling estimator

1
lim sup - log E*[pn|Q(0) = ¢qn] < —27.

n

Proof. Let z, = ¢,/n. Then x, — 0. Throughout the proof, to ease notation,
we denote W (x) = Werdn(z), pa(x) = p % (), and EE[] = EF}|Q(0) = na,).
Furthermore, note that all we need to show is that the upper bound holds for x,, # 0

since we can write

d
by
Eﬂ“nz§ — " E¥[p,|Q(0) = ej].
o [Pn] 2N Tt [Pn|Q(0) = 4]
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Let J(t) =min{j : T; > t} and define the following process

Jn(t)

)= expq [ (R@)/m) - RS + 3 log o=

(Q(Tj-1)/n,v5) |

which is in fact a generalization of the Radon-Nikodym derivative i.e., p, = pn(Tnn).

The next step in the proof will be to show that the process
M"(t) = et WQI/M/2p571 (1) (3.6.1)

is a supermartingale. The term [, is a positive constant that will be defined later.
Note that since the process M"(-) is non-negative it suffices to show that the process is
a local supermartingale. In order to show that the process is a local supermartingale
it suffices to show that

¢ i EO MM (1)]Q(0) = na] — M"(0)

t—0 t

(3.6.2)
is non-positive for z and n such that nz € Z4. A simple calculation shows

L = M™0)[(s—1)(R"(z) — R(z)) — Bn — R(z)]
+Zr(:v,v) (;L(Z’;UU))) e sPW(z+3)2,

veV

It will in fact be easier to analyze the quantity £ = £/M™(0), which can be written

L = (s—1)(R"(z) — R(z)) — Bn
(o) | emsn (Wt - w@)/2 r(z,0) V7
F i )[ (F65) 1]

veV

Note that by construction the function W has a bounded second derivative. In

particular there exists a constant C' < oo such that the entries of the Hessian matrix
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D*W (z) are bounded by C/g,, for every x. A Taylor expansion then gives

<

(DW (z),0) —n (W(a: + ) - W(:v)) ’ < -

n

where C is a positive constant that only depends on the system parameters. Using
the fact that |DW| and r(x,v)/7"(x,v) are uniformly bounded the above inequality

can be combined with the equation for £ to get the inequality

L < (s—1)(R"(2) = R(z)) — Bn + K(e&/m — 1) (3.6.3)
r(z, v s(DW (z),v)/2 r(z,v) ! .
2 [ (7o) 1] |

where K is a positive constant that only depends on the system parameters.

Next note that by definition

(DW —2ZpA a ,U)

AeA

and

ZpA z,2a) r(x,v) ZpA —(av)

AcA AeA

It follows from the definition of 7 (z,v) in the above display that

e sPW()v)/2 ;@’U) N =exp | —s(DW(x),v)/2 — (s — 1)log ZpA(l’)6<_aA’v> '
)

™(x,v =

The convexity of — log and the definition of DW (x) give the following inequality and

equality

o~ S(DW () v) /2 ( r(z,v) ) B < exp [—s(DW(az),v>/2 —(s—1) ZpA(:v)(—aA,v>]

AeA
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Plugging the previous inequality into the inequality (3.6.3), and using the result of

Proposition 3.4.2 and Lemma 3.5.3 we arrive at the following

L < (s—1)(R"(z)— R(z)) — B+ Kle (eC/men — 1 —I—Z r(z,v) [e"PWEI2 _ 1]

veV

(s — 1) (R"(z) — R(z)) — B + K(e%/"» — 1) — H(z, DW (x))/2

IN

< (s—1) (R™(z) — R(x)) — Bo+ K (eC/mn — 1) + %e—én/ﬁn. (3.6.4)

Lemma 3.5.3 can be used again to derive the following result

R'(x) - Rl) = Y or( <ZpA ) —1)

veV A€A
Y e (z (z,0) (e<—aAvv>_1)>
A€cA veV
= =) pale)H;(26") < Ken/o
AeA

Combining the previous inequality with the result in (3.6.4) it follows that setting
Bn = 2Ke /e 4 K <eé/2"5” — 1)

gives £ < 0. Thus the process M"(-) is a supermartingale.

Consequently, the optional sampling theorem implies that, with N = N™ A NY,
E; [M"(Tn)] < M™(0) = e~V

Observing that Q(Tw)/n € D on the set {N™ < N°} while p, = 0 on the set
{N™ > N°} and that the boundary condition W (z) < 0 holds for all z &€ D, it
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follows that w.p.1

M™(Ty) > e Prinps=t,

Therefore,
EE) [ ﬁnTNﬁfL 1:| < 6—an(mn)/2‘

Using Holder’s inequality

s—2

1 - -
- <Efn |:€SBTZTN:[{Nn<NO}:|) '
s—2

< e Wi (E]P’ [e's%TNODH.

E;, [in]

IN
—~
&

=
G:I
»
5
2
3>
)
i
N—

Note that the above inequality is true for all s € (2,3]. In particular, let ¢ be the

constant given by Lemma 3.6.1, and let s = s,, where

Bn ﬁn

= L=24 2L
P c or +

Note that by assumption 3, — 0, thus s, € (2,3] for n large enough. Hence by

Lemma 3.6.1

EE [a] < ¢ T W) (B [T )55 < o mmm V) ER o)
Therefore,
1 ]P) A
- log Emn [pn] < _7W(l’n) + —
n n
Note that s, — 2 and ||z,| — 0 as n — oo, and that

W™0) > 2y —log|A| - &, — Cydp.
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Now letting n — 0 we have

1
lim sup — log Efn [Dn] < —27.
n

n

This completes the proof. H

Theorem 3.6.3. The exponential decay rate of {p,} is vy, that is,
o1
lim — log p, = —7.
non

Proof. It follows [(1.2.5) from the introduction], the unbiasedness of p,, and Jensen’s

inequality that Ej[p,] > p?. Therefore, by Proposition 3.6.2 the upper bound

i 1
limsup —log p, < —v
n

n

holds. It remains to show the lower bound. Thanks to Theorem 3.3.2, it suffices to

show that

1 T .
fiminf ~log p, > /0 L(6(1), d(t)) dt (3.6.5)

for any absolutely continuous ¢ : Ry — R? such that ¢(0) = 0 and 7 = inf{t > 0
¢(t) € 0} < co. Note that due to the non-negativity of L it suffices to consider ¢
such that ¢(t) # 0 for all £ € (0, 7]. For any 7" > 0 denote by D[0, 7] the collection of
cadlag functions on [0, 7] taking values in ]Ri, equipped with the Skorohod topology.

Let 1 =(1,1,...,1) and
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For any €,0 > 0, define
B (¢;0) ={ € D0, 7] : [|[¢(t) —p(t+¢)|| < d forall 0 <t < 7}.

Observing that ¢(t) = 1 for t > 7 and that LA(1) is finite for any A C {1,...,d}, it
follows that

T+e

lim L(p(t), (1)) dt = /0 ' L(¢(t), o(t)) dt. (3.6.6)

N
606

For every ¢, there exists a § = §(g) such that for every b € B*(¢;0), ¥ (t) # 0 for all
t € [0,7] and ¥ (1) € D. Now for each n define

o1
o = —[n6(e)),
where the integer part is applied component-wise. Then
pn > Po(X™ hits x,, before 0)P,, (X™ exits D before hitting 0).

However, note that B°(p;d) is open under the Skorohod topology [25, Appendix A]
since ¢ is continuous, and that 1(t) = ¢(t +¢) for ¢t € [0, 7] is an element of B%(¢; ).
Moreover z,, — ¢(g), and {X"} satisfies the sample path large deviation principle

with local rate function L [12]. It follows that

1
liminf — logP,, (X™ exits D before hitting 0) (3.6.7)
noon

> liminfllogIP’mn(X" € B*(¢;9))
noon

> —inf{/OT L(p(t),(t)) dt - ¢ € B(¢; 5)}

> —/TL(gp(t+5),gb(t+s))dt.
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Furthermore, it is easy to see that

d (nxn)q
i
Py (hitting x,, before 0) > H <Zd )) )

Therefore

1
lim inf — log Py (hitting x,, before 0) (3.6.8)
noon

d

1
> lim —(nx,); log
; n S (N + )
d

Ai
= Z'IO a .
2 (0(e)slos SOt )

Ai

Combining (3.6.6), (3.6.7), and (3.6.8), and letting ¢ — 0, we arrive at the desired
inequality (3.6.5). |

The following result is immediate from Proposition 3.6.2 and Theorem 3.6.3.

Corollary 3.6.4. Suppose that 6, — 0, €,/0, — 0, and ne, — oo. Then the

importance sampling estimator p, is asymptotically optimal. That is,

1
lim — log By [pn] = —27.
non

3.7 Numerical Experiments

For ease of computation the numerical results are obtained using the embedded dis-
crete time Markov chain Z = {Z(j) = Q(1}),j > 0}. This means that given that the

current state Z(j) is nx, the next jump A4 is chosen according to

QA1 = v) = (2, v)/R' (@),
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The actual importance sampling estimator is then

N— .
L I r(Z(J
n:l

Jj=0

[ary

(Z(j)/n)
"(Z(j)/n)’

7Aj+1)
7.1
2 3.7.1)

)/m. Aji)/ R
J)fn. )[R

) j+1)

where

N =inf{k > 1:Q(Ty) € 0 or Q(Ty) = 0}.

By referring to the definition (1.2.5) found in the introduction, a simple calculation

shows that

EQ[ﬁn|Q(T1)> s >Q(TN)] = pn

Therefore the asymptotic optimality of p, follows from the asymptotic optimality of

~

Pn.
In the tables below we present results from three different systems in 2, 4, and 6
dimensions. For each system we consider n = 20, 50, and 80. All results are achieved

using 20,000 samples.

Table 3.1: Probability of buffer overflow in two dimensional case.

n =20 n = 50 n = 80
Theoretical value 1.90 x 107° 4.36 x 10713 8.31 x 1072!
Estimate 1.94 x 10~° 4.36 x 1071 8.18 x 1072t
Std. Err. 0.04 x 107° 0.12 x 10713 0.32 x 1072!
05% C.1. [1.86,2.02] x 105 | [4.12,4.50] x 10 | [7.55,8.81] x 10~

Parameter values: (A1, A2) = (1,2), (u1, p2) = (3,4), and (c1,c2) = (1/2,1)

Table 3.2: Probability of buffer overflow in 4 dimensional case.

n =20 n = 50 n = 80
Theoretical value 5.62 x 1079 1.54 x 10~ 7.01 x 10723
Estimate 5.52 x 107 1.51 x 107 6.91 x 10723
Std. Err. 0.27 x 107 0.09 x 10~ 0.33 x 10723
95% C.I. [1.99,6.04] x 109 | [1.33,1.69] x 10~ | [6.26,7.56] x 102

Parameter values:

()\13 )\23 )\33 )\4) = (L 2a 2a )a (M15M23N35/L4) = (5a 123 10, 15)3 and (Cla C2, C3, 04) = (1/23 1a 1a 1)



Table 3.3: Probability of buffer overflow in 6 dimensional case.

79

n =20 n = 50 n = 80
Theoretical value 2.1 x107® 4.2 x 10713 3.7 x 1072
Estimate 2.21 x 1078 4.21 x 1071 3.75 x 10~
Std. Err. 0.08 x 1078 0.15 x 10713 0.14 x 10~
95% C.1. 2.05,2.37) x 1078 | [3.91,4.50] x 10713 | [3.48,4.02] x 10~%°

Parameter values: ()\15 )\25 )\35 )\45 )\55 )\6) = (15 2,2,3, 138)3 (M15N25N35/L45M55/L6) =
(105 155 165 167 153 24)3 and (Cla C2, C3, C4, Cs, 06) = (1/25 15 17 17 13 1/3)

For all cases the values of the constants C)4 are determined using the formulas in
(3.5.2) and (3.5.3). The constants d,, and &,, are determined by the formulas ¢,, = @
and 9,, = €, log g,,. The results are robust with respect to the choice of the parameters
e, and 0,. For example ¢,, = ¢/4/n yields similar quality results for varying values of
c.

For the two and four dimensional systems the exact values are obtained by solving
the linear system that arises from a first step analysis. This approach is computation-

ally infeasible for the six dimensional system, thus for that system the exact value is

obtained by running the importance sampling algorithm for 2 million iterations.

3.8 Proofs of Several Results

3.8.1 Proof of Lemma 3.4.1

We will consider two cases separately.

Case 1. ¢+ s[] < 0. It is not difficult to see that the integral on the left-hand-side
(LHS) is co. Therefore, it suffices to show that the infimum on the right-hand-side

(RHS) is —oo. Fix an arbitrary e > 0 and consider 0. € R such that

~

0-(v) = e "h(v).
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Then simple algebra yields

c+ sld)
HS = 1 — 1.
RS DR G R

Letting ¢ — 0, since ¢ + s[f] < 0, we conclude that the infimum on the RHS does

equal —oo.

Case 2. ¢+ s[f] > 0. Abusing notation, for each § € R, we define the probability

measure induced by # on R, x V by
Py(dt, v) = e~*1%g(v)dt.
Then we can write

LHS = —log Z e~ lHhOIP, (dt, v).

R+ vev

Further abusing the notation, let P denote the collection of all probability measures
on R; x V. Then by a slight extension of [5, Proposition 1.4.2], namely [15, Lemma

A1}, we have

LHS = inf [/R Z[ct+ h(v)]Q(dt,v) + R(Q||Py) | ,

cP
Q + veVv

with the minimizing Q* given by

d@* _ —ct—h(v)
P, ke ,

where k is the normalizing constant. It is not difficult to see that the minimizing Q*
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is an element of {P; : § € R}. Therefore,

LHS = inf
feR

/ > let + h(v)Py(dt,v) + R(P; ||19>9)] .

+ vev

But it is straightforward to verify that

/&chrh s(dt,v) = 0

veV

and

3.8.2 Proof of Proposition 3.4.2

We will prove a stronger version of Proposition 3.4.2, which will be useful in the
asymptotic analysis of the importance sampling estimators. Fix an arbitrary s > 1.

We define, for any z € R% and 7,7 € R,

Ly(z, ;T F) = Z (o, 0) +5 ) r(x,v) ( (’i))

vEV veV

-0 e (55) (38.1)

veV

and

Hy(z, ) = sup inf Ly(x, o 7, 7).
FeR TER

Note that H is the special case of Hy with s = 2. The following result subsumes

Proposition 3.4.2.
Lemma 3.8.1. Assume that s > 1. For any x € R% \ {0} and o € R?,

1. Hy(z,a) = —sHY(—a/2) = sH;(a)/2 where j = max{i : i € w(x)}. In
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particular, for every x, Hy(x,-) is concave.

2. The saddle point of L is independent of s and takes the form

—%

7 (x,)[v] = 7 (x,a)[v] = r(z,v)e @2,

Proof. We first argue that (7*(x, ), 7*(x, «)) is a saddle point, that is,

Ly(z, 057, 7 (2, ) < Lo(, ;7" (2, ), 7 (0, @) < L(, o057 (2, ), 7)

for all 7,7 € R. The first inequality is trivial due to that s > 1, the non-negativity of
7 and function ¢, and that ¢(z) = 0 if and only if z = 1. As for the second inequality,

straightforward calculation yields that

Ly(z,a;7 (z,a),7) = lZf(v)(a,W—l—Zr(z,v)f o)
2 r(z,v)

veV veV

— (s = 1)HY (—a/2).

By elementary calculus, the right-hand-side is minimized at 7 = 7*(x,v). Therefore,

the second inequality holds, and (7*(z, ), 7*(x, «)) is a saddle point. In particular,
H,(z,a) = Ly(z, oy 7 (, @), 7 (z,0)) = —sHY(—a/2) = sH;(a)/2.
This completes the proof. H

3.8.3 Proof of Lemma 3.5.2.

Fix an arbitrary z € RZ \ {0}. Let w* = max{c;z; :i=1,...,d} and

¥ =w'e= (w/c,wea, ..., w eq) .
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Then z; — 27 < 0 for all i with equality if and only if i € 7(x). Moreover, for any

nonempty subset F' C {1,...,d}, the definition (3.5.1) and Lemma 3.5.1 imply that

(2a",r)y = (2af,2*) + (2", 2 — 2*)

= 207(2a",9) + > 2af (z; — x7)

igm ()
= —2uw*y+ Z 2al (x; — x7).
i€F\n ()
It follows that for any A C {1,...,d}
W) - W) = Y 2at(e—a)— Y 208w —ai)
i€A\r () i€F\r ()
+ (C|F| — C|A|)5. (3.8.2)

Since Wi(z) > W¥(z) for any F, we have by assumption

Wi(z) = Wp(z) < Wiz) = Wo(z) < 6.

In particular, the above inequality holds for F' = 7(x) and ' = AU m(z) and (3.8.2)

then becomes

o > Z 207?(:171' — ZE:) + (C|7r(m)| — C|A|)5, (3.8.3)
ieA\r(z)

0 > Y 2t = @™ ) (@i - 2)) + (Clavs) — Cla)d. (3.84)
i€ A\ (z)

We now argue by contradiction that |A U w(z)| = |A| or m(x) C A. To this end,
assume that |A| =m and |[AUm(z)| = m + j with j > 0. It follows easily from the

definition of {a}} that for everyi € A

a Un(z)
7 ko k *
—A < A Qi1 ° " " am—l—j—l‘
o
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Note that a > 1 for all k, and a#* < 0 and x; — 27 < 0 for alli € A\ w(z). Therefore,

it follows from (3.8.4) and (3.8.3), that

(Clave — Clay — D3 < > 2@ —a)(a; — x7)
i€ A\n(x)

< (anam41 Gpgjor — 1) Z 20 (x; — x7)
€A\ ()
< (a:na:n—i-l T a:n—i-j—l - 1)(CIAI - OIW(%)I +1)é

< (hy sy~ D(Cla + 15,

or
Cintj = Cm =1 < (a1 -~ Gy g — D(C + 1),
or

Contj < Uiy * Ggi 1 (Co + 1),

But this is impossible since

Cnti = Gy (1+Cngja)
> i 1O

= am+j—1am+j—2(1 + Cm—jt2)

_ * ok *
- amam—i-l e am—i—j—l(cm + 1)7

a contradiction. Thus j =0 and |[AU w(z)| = |A|, and whence 7(z) C A.
For every x & D, observe that x; > 1/¢; for all i € 7(x). Therefore, by Lemma

3.5.1 and the definition of W?,

Wo(z) < Wi (x) < (20", 2) + 2y < (247", 8) + 27 = 0.
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We complete the proof. H

3.8.4 Proof of Lemma 3.6.1

Assume for now that Q(0) = ¢ # 0. To ease notation, unless specified, we simply

denote

EF[] = E°[|Q(0) = ql.

We first show that Tlyo is finite with probability one. Define a vector

d= (1/:u171/:u2771/1ud)

and let

t d
/0 [Z Ajld, €5) = Z“j<d> _6j>1{j=max7r(Q(t))} ds = —¢t.

Therefore, Y is a local martingale. Since Y is a non-negative, it is a supermartingale.

In particular, by the optional sampling theorem
B [Tyo] < BF[Y (Tvo)] <Y (0) = (g, d).

This implies that Tyo has finite expectation. In particular, it is finite with probability

one.
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The proof for the exponential bound is based on a similar argument and the

existence of a strict smooth subsolution. Fix an arbitrary v € (0,1) and for ease of
M ={M(t):t >0} with

M(t) = exp{ct — (Q(t),va™)} (3.8.5)

is a supermartingale. Indeed, by the generalized Ito formula the process

t
M(o) - [ ML) ds
0
is a local martingale with

h(z) =c+ Zr(z,v) (exp{—(va*,v)} —1) = ¢+ HY (—va*)

veV

with 4 = max{m(2)}. It follows from Lemma 3.5.1 and the strict convexity of H®
that
HY(—va*) <0

for all i. Therefore there exists a ¢ > 0 such that h(z) < 0, which in turn implies that
M is a local supermartingale. But M is nonnegative, whence a true supermartingale.

By the optional sampling theorem,
exp{—(q,va")} = EF[M(Tyo)] = E¥ [exp{cTyo}].
In particular, this implies that there exists some k; > 0 such that for any ¢ # 0,

log E*[exp{cTiyo }Q(0) = q] < ku[lq]l.
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It remains to show for the case where Q)(0) = 0. By conditioning on the first jump

of @, it follows that

EFexp{cTno}|Q(0) Z i A+ EF[exp{cTno}|Q(0) = ei] < oo,

where A = A\; + -+ + \g. Letting
k = max{ky, log E* [exp{cTno}|Q(0) = 0]},

we complete the proof. H

3.8.5 Proof of Theorem 3.3.2

The proof of Theorem 3.3.2 is essentially a verification argument, utilizing the smooth
subsolution W&?°,
We first argue that, for any absolutely continuous function ¢ : Ry — RY with

¢(0) =0and 7 =inf{t > 0: ¢(t) € I} < oo, the inequality

)< / " L6(), o(1)) dt (3.8.6)

holds. To this end, fix arbitrarily €,6 > 0, and to ease notation denote W = W9,

Then by the definition of L,

L(g(t), 6(t)) = L™ (g(t)) = sup {(a,é(t»— max H"(a)| .

acRd iem(p(t))

In particular, thanks to Lemma 3.5.3 and that H;(a) = —2H®(—a/2),

(~DW(S(1)/2.6()) + min B(DW(0(1))/2

(=DW(4(t))/2,6(1)) — Ke ™% /2.

L(g(t), 6(1))

v

v



88

Integrating both sides from ¢ = 0 to ¢ = 7, it follows that

[W((0)) = W(¢(r)) — Ke 1]

N | —

/0 " L(6(t), (1)) dt >

Observe that the boundary condition W (z) < 0 holds for all z € 9, and that by

inequality (3.5.6)
W(4(0)) = W(0) > W°(0) —clog |A| = 2y — elog |A] — Cud.
Therefore,
/OT L(o(t), (b)) dt >~ — % (elog |A| + Cad + Ke™/7) .

Letting £,6 — 0 but §/¢ — oo, we arrive at the desired inequality (3.8.6).

In order to show the other direction, it suffices to construct an absolutely continu-
ous function ¢* : Ry — R such that ¢*(0) = 0 and 7 = inf{¢t > 0: ¢*(t) € 9} < 00
with )

/OT L(¢*(t), ¢*(t)) dt = . (3.8.7)

This ¢* is actually an optimal trajectory for the calculus of variation problem. To

this end, fix arbitrarily
A* € argmin {(—aA,E> tAeA}.
Consider the set valued function F™ : ]Ri — R? defined by
F*(z) = the convex hull of {DH®(—a") :i € n(x)}

for every € R%. Clearly F* is upper semicontinuous since 7 is so. It follows the
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classical theory of differential inclusions that there exists an absolutely continuous

solution to

o(t) € F*(g(t)),  ¢(0) =0. (3.8.8)
With ¢* denoting this solution, we will argue that ¢* satisfies all the desired proper-

ties. Note that by definition, we can write for almost every ¢

(t)=>_ pi()DHY (—a™) (3.8.9)
iem(¢*(¢))

where pf(t) > 0 and

PENAGES! (3.8.10)

iem(p*(t))
Since

d
DHD(—a™) = —pue®" e; + > Nje ™™ ¢,

j=1
it follows that

d
e —OZA* * QA*
)= Ne ™ e — > pi(te e (3.8.11)

=1 ien(é (1)

Define for each t > 0,

h(t) = min ¢(¢*(t))i,

1<i<d

I(t) = argmin;4ci(¢(1))s.

Obviously h is absolutely continuous. We claim that there exists a constant a > 0
such that

h(t) > a (3.8.12)

for almost every t. We first assume that I(t) # {1,...,d}. It follows that I(t) N
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m(¢*(t)) = 0. Therefore for any j € I(t) (3.8.11) implies that

A*
J

(¢"(1); = e

Note that there exists a small neighborhood of ¢, say U, such that I(s) C I(t) for

every s € U. The claim (3.8.12) follows readily. It remains to show for the case where
I(t) = {1,...,d}. In this case, I(t) = 7(¢*(t)) = {1,...,d}. Since the Lebesgue

measure of the set

{t >0 w(6*(t) = {1,...,d}, 7(*(t)) # {1,. .. ,d}}

is zero [5, Theorem A.6.3], we can further assume that 7(¢*(t)) = {1,...,d}. In other

words, there a exist constant b such that

Thanks to (3.8.11) and (3.3.3),

Aj b .

A* Lo *
b — = =) — 27 ) it je A
L@y =4
’ N — 5 () if j ¢ A*.
Since the summation of {pj(t) : j = 1,...,d} is one, it is not difficult to solve for b

to obtain that

=[S e ] [y e

Cj s jEA* A Hj JEA*

However, by the definition of 24" of (3.3.2),

P A :ZLA*W.
(py — 24)? =2
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It follows that b > 0 and the claim (3.8.12) again holds.
The inequality (3.8.12) implies that the trajectory ¢* stays in the positive orthant
R? and the corresponding exit time 7* is finite. It remains to show the equality

(3.8.7). Note that by (2.3.1), (3.8.9), and (3.8.10),

L"), 0" (1)) < D pi(LD(DHD (—a™)).
i€n(e (1)

By Lemma 3.3.1 and the conjugacy of —a?” and DH®(—a4"),

LODHD (=) = (=", DHD(—a’")) — HO(=a™)

< (=™, DHY(-a™))

Therefore

L(¢(t), 9" (1)) < (—a™, 6" (t)).
Integrating both sides from 0 to 7* and using ¢*(0) = 0, we have

/oT L(¢"(1), ¢*(1))dt < (=™, ¢7(77)) < (=a™",0) = .

Since the inequality (3.8.6) holds for every ¢, in particular for ¢*, the equality (3.8.7)

follows readily.



Chapter 4

Importance Sampling and Large
Deviations for a Buffer Overflow
Event in a Tandem Queue with

Server Slowdown

4.1 Introduction

The previous two chapters were concerned with a single multiplexed server. However
in most applications one must consider a network of servers. This chapter is con-
cerned with the simplest networks: a two-node tandem network. There is a slight
complication added to this model, we consider a two-node tandem network where the
downstream server is protected in such a way that the upstream server will drop its
service rate whenever the downstream queue size exceeds a prespecified slow-down
threshold. This type of queueing model was introduced in [27], and has potential
applications in manufacturing and Ethernet design. It will be seen shortly that this

slowdown mechanism will introduce discontinuities in the interior of the state space.

92
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This chapter studies the overflow probability of the downstream queue during a
busy cycle, assuming the system is stable. Little is known about the large deviation
properties of this rare event and how to design efficient importance sampling schemes
for simulation. To our best knowledge, the only existing work is [23], where the au-
thors proposed heuristically the exponential decay rate of the overflow probability and
the most likely path leading to overflow. [23] also suggested an importance sampling
scheme based on the most likely path, which turned out to be efficient only in certain
cases.

The goal of this chapter is to provide a construction of asymptotically optimal
importance sampling schemes for general parameter values and also a rigorous analysis
of the variational problem for the large deviations rate. The analysis relies on a
recently developed game/subsolution approach toward importance sampling [13, 15],
and utilizes the techniques in [5,12] to overcome the difficulties introduced by the
discontinuous dynamics at the slow-down threshold. We should remark that the
current paper analyzes only the most relevant case from [23], in which the second
queue is the more likely bottleneck without slowdown, and the first queue is the more
likely bottleneck with slowdown. However, the other cases can be dealt with in an
analogous fashion. The approach can also be extended to networks with Markov
modulated arrival/service rates [15].

This chapter is organized as follows. In Sections 2 and 3 we describe the model
and system dynamics. Section 4 states the large deviations result for the rare event
probability of interest. Sections 5 through 7 are concerned with the Isaacs equation,
construction of subsolutions, and the optimality of the corresponding dynamic impor-
tance sampling algorithms. The main result is stated in Section 8, numerical results

are given in Section 9, and some technical proofs are collected in Section 10.
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4.2 The model setup

We consider a variant of the standard two-node tandem Jackson network. Suppose
that the arrival process is Poisson with rate A, and the downstream service times are
exponentially distributed with rate po. The distribution of the upstream service times
is as follows. Let @ = {(Q1(t),Q=2(t)) : t > 0} denote the system state, that is, Q;(t)
is the length of the upstream queue at time ¢ and Q2(t) is that of the downstream
queue. Let n be the overflow level of the downstream queue, and #n the slow-down
threshold [assuming 6 € (0, 1)] for the upstream queue. Then the upstream service
time distribution is exponential with rate p; if Q2 < fn and exponential with a

smaller rate vy if Q2 > On. The probability of interest is the overflow probability

pn = P{Q2 = n before @ = (0,0), after starting from ¢ = (1,0)}.

V1
\T_)\
2
> H1
A
\ D) v1
V3 r2
A
R

T

da

Q1

Figure 4.1: The system dynamics

To illustrate the main idea of game/subsolution approach, we restrict the analysis
to the case where

A< v < 2 < 1. (421)

Thus the downstream server is more likely to be the bottleneck when the system is
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below the slow-down threshold, while the upstream server becomes the bottleneck
once the slow-down threshold is breached. When the slowdown mechanism is viewed
as a control which tries to protect the downstream buffer from overflow, this is the

most relevant case.

Remark 4.2.1. The paper [23] also considered two-node tandem Jackson networks
without any server slow-down. For such a model the probability of interest p, is a
special case of one that appears in [13, Section 4.3.1] with B; = oo and By = 1. One
can use the subsolution there to build asymptotically optimal importance schemes

for both p; < po and py > po.

4.3 The system dynamics

The state process () is a continuous time pure jump Markov process defined on some
probability space (€2, F,P). In the interior of the state space the possible jumps of @)

belong to the set
V= {'Ul = (170)7 U2 = (_17 1)7 U3 = (07 _1)}

To describe the discontinuous dynamics on the boundary, we allow the process ) to
make fictitious jumps of size v;1; on the boundary {Q; = 0}, but they have to be

accounted for by pushing back the state along the direction of constraints

d; = —Vi+1,
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so that the queue sizes remain non-negative [see Figure 4.1]. For every x = (x1,23) €

R? and v € V let

0, if ; =0 and v = v;;1 for some i = 1, 2,
7-([1" ’U] = (431)
v, otherwise.
The required projection on the boundary of the state space will be handled by 7. We
also define the jump intensity function r(z,v) by
p1, ifxg <6

r(z,v) =\ r(r,ve) = , 1(z,v3) = g,
vy, if ) Z 0

and the total intensity function by

R(z) = Z r(z,v).

veV

Let {T1,T5,...} be the random jump times of the process ) with the convention
To = 0. The dynamics of @) are determined by the stochastic transition kernel O[-|-]

on R, x V given R%, where

Oldt,v|z] = P{T;1 —T; € dt,Q(Tj11) = nx + wlx,v]| Q(T;) = nx}

= r(z,v)e F@igt, (4.3.2)

In other words, the possible jumps of the process @) at state nz are {7[z,v]: v € V}

and the jump intensity from nz to nx + w[z,v] is r(x,v).
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Notation. We collect here some useful notation [see Figure 4.2].

= {(z1,72) 121 > 0,0 < x5 < 1}.
D = {(x1,22) 171 >0,0 < xo < 6}.
O = {(x1,22) : 21 =0,29 > 0}.
Oy = {(x1,m2) : 21 > 0,29 = 0}.

86 = {(1’1,1’2) LT = 1}

T Oe

! r/

L

e

; 21

22

Figure 4.2: Notation for the State Space Partition

4.4 A representation of the exponential decay rate

The approach to be developed below is based on relations between large deviation
properties and certain nonlinear partial differential equations (PDE). It will turn out
that we will not need solutions to these PDE, but only subsolutions, and the PDE
are simple enough that these subsolutions can be explicitly constructed. The PDE
are described in terms of so-called Hamiltonians, with one for each region of different
statistical behavior. As noted in the remark that follows, one can heuristically derive
each Hamiltonian from the corresponding dynamics of the queueing process.

Given an arbitrary a = (ay,az) € R?, the relevant Hamiltonians are defined as
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follows.

1. Below the slow-down threshold [region D],

H(a) = Ae™ — 1) + up (e — 1) 4 pa(e”** — 1).

2. Above the slow-down threshold [region S],

Ho(a) =A™ = 1) + v (€27 — 1) 4+ pg(e™*2 = 1).

3. On the boundary 0y,

Hpy, () = A(e® — 1) + pa(e™ @2 = 1).

4. On the boundary 0,,

Hy, () =M™ — 1) + pup (e —1).

Remark 4.4.1. We will (heuristically) show how the function H occurs in a PDE
characterization of p,. In a similar manner one can relate the Hamiltonians to the

optimal possible performance in importance sampling (see [14]). We introduce the

scaled process X"(t) = Q(nt)/n, and for each x € D define
pn(x) =P, { X exceeds 1 before X" = 0}.

By conditioning on the value of the first jump (given that the process starts at x), it

follows that

(% (% (%
(A 1 + pi2)pa() = Apn (:r + i) + papn (:v + ﬁ) + H2pn (:v + f) :
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If the probabilities p, (x) decay at an exponential rate then one would expect W, (x) =
—% log p,(x) to converge to some function W (z). By rewriting the previous display

in terms of W,, we see

0 = Alexp[—n (Wu(z +vi/n) - Wa(a))] - 1
a1 [exp [=n (Wi(z + va/n) — Wa(2))] — 1]

iz [exp [=n (W(z + vs/n) = Wa(2))] = 1].

For a smooth function W let DW denote its gradient. If each term of the form
n (Wy(z +v;/n) — W,(z)) also converges to (DW (z),v;), then W should satisfy the
PDE

A (6—(DI/V,v1> _ 1) + (6—(DVV,v2> _ 1) + 1o (6—(DWU3> _ 1) = (.

This is just H(—DW (x)) = 0, and the other Hamiltonians can be derived similarly.
The definition in a form similar to a moment generating function is motivated by

standard notation in large deviation theory, and is responsible for the minus sign. H

Denote by L, Ls, Ls,, and Ls, the Legendre transforms of H, H,, Hp,, and Hy,,

respectively. That is, for example,

L(B) = sup [(a, 5) — H(a)].

a€cR2

We continue by defining the so-called local rate function associated with the scaled
processes X"(t) = Q(nt)/n,t > 0. To ease exposition, we use the notation Li®- - -® Ly
to denote the inf-convolution of convex functions {Li, Lo, ..., Lq}, that is, for any

B € R?

d d d
[L1 & - -+ @ Lg|(B) = inf {ZPiLi(ﬁi) 20, =1 pifki= ﬁ} :
=1 =1 =1
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The local rate function, denoted by L(x, 3), is defined as follows.
1. Forz € S, L(z,3) = Ls(0), and for z € D, L(x, 3) = L(J3).

2. For x € Oy, L(x,3) = [L & Ly, | () if f2 > 0 and oo if F2 < 0.

3. For z € 0,
(
[LS D L(%](ﬁ), lf Tg > 9761 2 07
[L D Ls D Lal](ﬁ), if To = 9,61 Z 0,
L(z,3) =
[L@Lal](ﬁ)> ifI2<9>ﬁl 207
o0, if ﬁl < 0.

\

4. For x = (0,0), L(z,3) = [L & Loy, & La,|(B) if (1, P2 > 0 and oo otherwise.
5. For z € {(x1,0) : 21 > 0}, L(x,3) = [L & L4)(B).

Theorem 4.4.2.
1 T .
i~ dogp, = inf | L(6(8). (0)) d,

where the infimum is taken over all absolutely continuous functions ¢ : [0, 00) — R
such that

$0)=0, r=inf{t>0:[p(t)]s=1} < .

The main difficulties in the proof of Theorem 4.4.2 are due to the discontinuous
dynamics of the prelimit process X™. The discontinuities come in two forms: those
along the interface between the region D and the slowdown region S, and those
along the boundary of the state space due to non-negativity constraints on queue
length. The first type of discontinuity is well understood in this particular setting
(two regions of continuous behavior separated by a single smooth interface). See
for example [5, Chapter 7] where the model discussed is a discrete time random

walk, and [12, Theorem 3.1] for an application in a continuous time setting. In a
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very general setting (as in [5, Chapter 7]), the local rate function appears to be
more complicated than it does here, since additional “stability-about-the-interface”
constraints not present in the inf-convolution must be added. However, owing to the
structure of the server slowdown dynamics these constraints are implicitly contained
in the inf-convolution formula.

The discontinuities along the boundary can be dealt with by considering an uncon-
strained process which is mapped to the constrained process via a Skorokhod mapping
I. It is easily shown that the mapping I' is Lipschitz [8]. With the continuity of I'

the proof is now a simple application of the Contraction Principle.

4.5 The Isaacs equation

It has been established that importance sampling is closely related to differential

games and that subsolutions to the corresponding Isaacs equation (a nonlinear PDE)

can be used for constructing efficient importance sampling schemes [13, 15]. The

Isaacs equation can be stated in terms of the Hamiltonians introduced in Section 4.
Define the function ¢ by

rloge —x+1, ifx >0,
l(x) = (4.5.1)

00 , ifx <O0.

Let R be the collection of functions from V to (0, 00), and for every 7 € R define

veV

For each o = (a1, a2) € R?, the direct continuous time analogue of the discrete time
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Hamiltonian used in [13] is

sup inf [(a, F() + 3 (f[v] log (T&[”L)) (e, 0) — r[v])

7 FER
FeER eV

£ (w00 (r(ﬂ))] |

We will find it convenient to rewrite the Hamiltonian in the form

H(z, ) = sup inf [(a, F(7) +2)  r(z,v)l (T&[UL)) =) rfu)e (%)] .

= reR
TER veV veV

Recall that DW denotes the gradient for a smooth function W. A (classical)
solution to the Isaacs equation is a continuously differentiable function W : R, x

0,1] — R satisfying
1. H(z, DW(x)) =0 for x € (0,00) x (0,1),
2. (DW(x),d;) =0 for x € 0;,
3. W(z)=0 for z € 0.

A formal derivation analogous to the one given in Section 4 shows that this PDE
should characterize the optimal decay rate among all importance sampling schemes.
In general one would not expect classical solutions to exist, and thus one should work
with a weaker notion of solution. However, we will not need or use solutions, but
rather only certain subsolutions whose regularity properties will be specified when
they are introduced.

We recall the functions H and H, introduced in Section 4. Abusing the notation,

we define for every «

Hy(a) = —2H(—a/2), H(a) = —-2H(—a/2).
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We have the following result, whose proof is straightforward and thus omitted.

Proposition 4.5.1. Fiz an arbitrary o = (a1, a3) € R%. Then for x = (x1, ) the

Hamiltonian H(x, ) satisfies the following properties.

1. If xo > 0, H(x, a) = Hy(«v) with the saddle point

f*(a) — f’:(a) — ()\6—041/2’ V1€(a1_a2)/2,ugea2/2) .

2. If v < 0, H(z, o) = H(«) with the saddle point

f*(a) — f’*(a) _ ()\e—a1/2’Mle(al—ag)/2’uzea2/2) .

Remark 4.5.2. The Isaacs equation is associated with a differential game where the
r-player represents the choice of change of measure and the 7-player is introduced
through a representation formula for the large deviation rate of decay. The explicit
formula for the 7-component of the saddle point given in Proposition 4.5.1 is particu-
larly useful in the construction of importance sampling schemes. Roughly speaking,
for a given subsolution W, depending on the state of the process, we use 7*(DW) or

7 (DW) as the alternative jump intensity function for simulation.

Remark 4.5.3. In general one should be more careful with the definition of the Isaacs
equation on the interface {(x1,x2) : £ = 0}, and in fact if we were considering a more
general class of rare event estimation problems one would use (Hs; A H)(DW) = 0
on the interface. This observation is crucial for the construction of subsolutions that
lead to asymptotically optimal importance sampling schemes, but only when the most
likely path (i.e. a minimizer to the variational problem in Theorem 4.4.2) leading to
the rare event will spend non-trivial time on the interface (i.e., the Lebesgue measure

of the time the minimizer is on the interface is positive). In the present setting,



104

however, it will turn out that the most likely path does not spend positive time on

the interface.

4.6 Subsolutions and an importance sampling al-
gorithm

A classical subsolution to the Isaacs equation is a continuously differentiable function

W :R, x [0,1] — R such that
1. H(x, DW(x)) > 0 for all x € (0,00) x (0, 1),
2. (DW (z),d;) > 0 for all z € 9;,
3. W(z) <0 for all x € 0.

(Classical subsolutions can often be constructed from a mollification of piecewise affine
subsolutions, see [13,15] and the many examples therein.

We will associate importance sampling schemes to subsolutions. The performance
of the scheme will be measured by the value of the subsolution at 0, with larger
values of W (0) indicating better performance. Note that for any subsolution W (0) is

bounded above by the value of the solution at the origin.

4.6.1 Piecewise affine subsolutions

The goal of this section is to construct a piecewise affine subsolution whose value at
the origin is maximal. Consider the variational problem introduced in the statement

of Theorem 4.4.2, but with a general initial condition x € [0, 1] x Ry:

V(z) = inf {/OT L(o(t), p(t))dt - ¢(0) = z, p(T)]a=1,7> 0} . (4.6.1)
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It can be shown formally by a dynamic programming argument that H(z, 2DV (x)) =
0, which suggests that the large deviations most likely path might be useful in con-
structing subsolutions. In [23, Proposition 10] the authors propose that the most
likely path to overflow will travel along the boundary 0y from (0,0) to (0, #) pushing
against the boundary during this leg of the journey. What is meant by “pushing
against the boundary” is that in the absence of non-negativity constraints on queue
length, the (large deviation) change of jump rates would lead to a trajectory whose
velocity has a negative first component. This velocity is projected back along the
direction d; at no cost. From (0,6) to (0,1) the path will also travel along J; but
this time gliding along the boundary. What is meant here is that the change of rates
produces exactly velocity zero in the first component, and no projection is needed. If
the conjecture of [23] is correct, these statements give important information on the
gradient of the solution in a neighborhood of the optimal trajectory. If the subsolu-
tion we construct is to be close to the solution at x = 0, then it must be close all
along the optimal trajectory. Hence we obtain necessary conditions on the gradient
of the subsolution along the optimal trajectory.

We next formally derive constraints on the gradient of the function V' along the
proposed optimal trajectory. We say “formal” since it is not known if V' is sufficiently
smooth to justify all the calculations. However, our goal is to simply motivate the
construction of a particular subsolution. As noted above, in region D the optimal
trajectory pushes into the boundary and is returned along the direction d; at no cost.
This implies that the value function V' should be constant along this direction. We

thus obtain two constraints on o) = 2DV (z):

H(a!) =0, (dy, oY) =0.

In region S 2DV () should satisfy the corresponding part of the PDE that applies
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on the interior of the domain. At the same time, the linking of the optimal velocity
with the gradient via dynamic programming implies that al” = 2DV (z) should be
dual (in the sense of convex duality) to a point whose first component is zero. Thus

we obtain the constraints

O,

H, (%) =0
(™) =0, Do

(o) = 0. (4.6.2)

There are two roots with this property, and the correct (i.e., useful) root also satisfies
a[lo], a[zo] < 0 [see Lemma 4.6.1].

This identifies constraints on the gradient of a subsolution in the neighborhood of
the optimal trajectory. In order to satisfy the boundary condition along the boundary
dy we need the gradients o = 2log(uz/\)(—1,0), and ol = (0,0). As we will see,
these choices allow the construction of a function which satisfies the subsolution

property at all points in the domain and with a nearly optimal value at zero. Figure

4.3 shows how these vectors relate to the Hamiltonians.

ol?l

Figure 4.3: The gradients of the subsolution

In terms of the problem data we find

a[l] = 210g(:u2/)‘)(_17 _1)7 a[2] = 210g(,u2/)\)(—1, 0)> anda[g] = (07 0)

The existence of al is dealt with in the following lemma.
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Lemma 4.6.1. There exists a unique z > 1 that satisfies the equation

2/ Az + 2 _ x4 1+ o (4.6.3)
z

Furthermore, the unique solution ol to equation (4.6.2) with a[lo],a[zo] < 0 can be

expressed as

ol = (a[lo],a[zo]) = (—log(v1z/\), —2log z) . (4.6.4)

We also have
H, (o)) =0, a[zo] < a[ll] < a[lo], (ol d) > 0.

The proof is deferred to an appendix. Note that the equation (4.6.3) for z is the

same as equation (31) in [23] with z replaced by z~!. We also let
v=(1—-20)logz+ 0log(ua/N). (4.6.5)

The first term is the cost of the optimal trajectory between (0,60) and (0,1), the
second term is the cost of the trajectory traveling between (0,0) and (0,6). Fix an

arbitrary small ¢ > 0, and define the affine functions

W) = (z,0% +2log 2,
Wi@) = (w,ally+2y,
Wi@) = (z,0%) +2y -3,

Wi(z) = (x,aB) + 2y —26.

Let W0 = WS AW AWS AWZ. Figure 4.4 depicts the gradients of W?° in different
regions of the state space, with W% = W? in region G;.

Lemma 4.6.1 and a simple computation show that W?° indeed defines a piecewise
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Figure 4.4: The subsolution

affine subsolution, that is, W?° satisfies the definition of classical subsolution in the

regions where it is smooth.

Remark 4.6.2. In Remark 4.5.3 it was mentioned that the subsolution would be
more complicated if the optimal trajectory spent significant amount of time on the
interface. In particular this would require that an additional affine function W} be
constructed such that (H A H,)(DW?) > 0. In addition it would be necessary that

W =W} for z in an O(4) strip around the interface.

4.6.2 The mollification

In the proof of asymptotic optimality of the estimator p,, it is essential that the sub-
solutions we work with have a bounded second derivative. As far as the authors know
this boundedness condition is indispensable. Since the function W? is not smooth,
this problem is resolved by mollifying the function. As we will see, the implemen-
tation of the algorithm corresponding to the mollified function is only slightly more
computationally demanding than it would be for the corresponding un-mollified ver-
sion.

A natural mollification technique for this problem is exponential weighting. See

[13,15] for a discussion of the benefits of this method and a comparison with other
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standard mollifications. Let ¢ be a small positive number, and define
’ 1
Wed(z) = —e1 sl
(0)= —<log_ exp { 2177

The function W9 is continuously differentiable, and

DW= (z) = 3 x)all, pf(x) = exp{—Wi5€$)/€} .
() ;Pz () P () ST exp (Vi (2)/<)

Note that for every z, {p°(x) : i = 0,1,2,3} forms a probability vector since
3
p0x) >0, > p(a) =1
i=0

4.6.3 The importance sampling algorithm

For each i = 0,1, 2, 3, let
il = mr(al), 7T = 7 (ald), (4.6.6)

Explicit formulas for {fLi], 71} can be found in Remark 4.6.3. For each 4, also define
the jump intensity functions {7;(z,v) : v € V} and total intensity function R;(x) by

[fLﬂ if 2y > 0
fi($> 'Uk) = k

3
) ’ RZ($) = Zfi($>vk)‘
[f[l]}k if To < 0 k=0
The corresponding stochastic transition kernel on Ry x V given R x [0, 1], denoted
by O, is

ell[at, v|x] = 7(x, v)e B@igy,

That is, the stochastic transition kernel O corresponds to a continuous time Markov

process whose jump intensity from nx to nx + w[z,v] is 7;(z, v).
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The dynamic importance sampling scheme corresponding to W uses a mixture
of {61}
O"[-|z] = 6Lz = Y _ pf* ()] |a],

i=0
and the corresponding importance sampling estimator p, is just as defined in [(1.2.5)
from the introduction|. In other words, the importance sampling simulates the pro-
cess () in the following fashion. Given that the current state of () is nz, the algo-
rithm selects a random index [ taking values in {0, 1, 2,3} according to the weights
{p°(x) :i=0,1,2,3}. Then the algorithm simulates the sojourn time according to
the exponential distribution with rate R;(x) and the jump size 7[x, v] with probability
rr(x,v)/Ri(x).

This algorithm is slightly different from the algorithm presented in the weighted-
serve-the-longest(WSLQ) example (discussed in subsection 3.5.3). In that case the
change of measure used preserves the Markov property of the queue length process.
Using a similar change of measure for this example would change the queue length

process to a Markov process with jump rates and total intensity given by

3
Zp x)Ti(x,v) andR :Z

k=0

The performance of the two methods are nearly identical, but in order to be consistent
with the algorithm used in [13] we will utilize the transition kernel ©"[-]z].

In general one can allow €, § to depend on n, and denote them by &,, d,. The
corresponding stochastic transition kernel will be ©"[-|z] = ©"°[.|z], and the corre-
sponding importance sampling estimator will still be denoted by p,, when no confusion

is incurred.

Remark 4.6.3. Using Proposition 4.5.1, Lemma 4.6.1 and (4.6.6) it follows that

= (Vnz, Vanz m/z), T = (Vz, iy Az v i/ 2),
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P = (o, 01, A, T = (p2, p, M),
fgz] = (p2, Av1/ g, pi2), i = (H2s Apa [ o, o),

f?] = ()‘7 V1>:u2)> f[g] = ()‘nulnu?)'

4.7 The main results

We recall the definition of 7 in (4.6.5).

Theorem 4.7.1. Suppose 6, — 0, €,/6, — 0 and ne,, — 0o. Then the corresponding

importance sampling estimator p,, satisfies
.. 1 .
lim inf —— log [2nd moment of p,] > 2.
n n

This theorem can be shown by a verification argument analogous to [13, Theorem
3.18]. Since by Lemma 4.6.1 H(a!Y) = H,(all) = 0, the subsolution inequality
holds on both sides of the slow-down interface (see Figure 4). Hence the only major
distinction is that in [13] the domain is assumed to be compact so that the exit time
can be shown to have bounded moment generating function in a small neighborhood
of origin. This compactness condition turns out to be unnecessary, and a proof of

this fact is given in Section 4.10.

Theorem 4.7.2. We have the large deviation result
i 1
lim ——log p, = 7.
non

Proof. Since EQ[p?] > (E9[p,])? = p?, Theorem 4.7.1 implies the large deviations
upper bound

1
liminf ——log p, > 7. (4.7.1)
n n
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Note that this upper bound can also be shown by applying a direct verification ar-
gument [16] to the control representation of the large deviations rate function [see
Theorem 4.4.2], using the classical subsolution Wen9n /2.

We now consider the lower bound. By Theorem 4.4.2; we only need to show that

there exists an absolutely continuous function ¢* : Ry — R? such that

/OT L(¢*(t),*(t)) dt <, where 7 =inf{t >0: [¢*(t)]y =1} < 0.

Theorems 4.4.2 and 4.7.1 imply that if such a ¢* exists it will be an optimal path.
The construction of ¢* is based on the change of measure determined by 7% and

71l [see Remark 4.6.3]. In other words, let
3
B2 =3[, 0= (0, Az — i/ 2),
i=1

and

3
B =[] o= (e — s — N).

i=1
Since [B*]; = p2 — 1 < 0, we further define, abusing the notation, 7[3*] to be the

projection of 5* onto 0; along the direction of constraint d; = (1,—1). Thus
T[] =B = [57], di = (0, 2 — A).
To ease exposition, write 3 = (0, us) and 7[3*] = (0, u), where

Us = Az — oz, u =g — A
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Note that ugs > 0 thanks to (4.9.1) and u > 0 since pus > A. Define ¢*(¢) such that

, w3, if0<t<Oul,
9" (t) =
B, ifdutt <t <Out+ (1—0)ul.

s S

Then ¢* is a vertical path passing through (0,0) — (0,0) — (0,1), and by the

definition of L [see Section 4.4],

/oT L(*(t), 0"(t)) dt = Qu™" - [L & Lo, )(m[67]) + (1 = O)u;* - [Ls © Loy} (B)-

However, note that L, and H, are conjugate functions and 3! is conjugate to —al®/2,

since by direct computation

Do Hy(—al%/2) = (0,u,) = 57

Therefore, observing H,(—al”/2) = —H,(al”)/2 = 0, we have
[Ls ® Lo, )(83) < Lo(87) = (—a/2,87) = Hy(=a"/2) = u, log .

The local rate functions L, Ls, Lg,, Ls,, and their inf-convolutions have standard

representations in terms of the ¢ function as defined in (4.5.1) [12,25]. In particular,
. A T T
[L D Lal](ﬁ) = inf {)\f (—) + purl (&) + ol (@) :
A J251 H2
p € [0,1], vy + pliavg + Jigvs = ﬁ}.

Since

7[B*] = Ay + pjigva + Jigvs
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where

ﬁi,u2/:u1€[0>1]> S\ZIU% 1 = fa, la2:)\>

it follows that

L& Lo)(x[57]) < pulf( )+A£(%)+M2f( )

- M(A)%—ugf(%)

= ulog(pa/N).

Therefore,

| 160,60 dt < 01og(ua/3) + (1 - 0)logz =
0
This completes the proof. H

Corollary 4.7.3. Suppose 6,, — 0, €,/6, — 0 and ne,, — oo. Then the corresponding

importance sampling estimator p, 1s asymptotically optimal.

Remark 4.7.4. Analogous to [13, Theorem 3.6], a near asymptotic optimality result
can be shown for the case where ¢, = ¢ and 4, = ¢. It also suggests that a good

strategy is to set 0, = —¢&,, log e, [13, Remark 3.7].

Remark 4.7.5. Our results show that the heuristically derived exponential decay

rate of p, and the limit most likely path to overflow in [23] are indeed correct.

4.8 Numerical results

As discussed in Remark 1.2.2; the numerical implementation in this section is carried
out using the embedded discrete-time Markov chain Z = {Z(j) = Q(Tj) : j > 0}.
That is, given that the current state of Z(j) is nx, the algorithm selects a random

index [ taking values in {0, 1,2,3} according to the weights {pf’é(x) :i=0,1,2,3}.
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Then the algorithm generates Z(j + 1) = Z(j) + 7z, Aj+1] with Q(Aj41 = v) =

71(x,v)/Rr(x). The corresponding importance sampling estimator is

Y

[Z(5)/n, Dja]/R(Z(5)/n)
= l{z,(N)=n R
Pn = 1z }H S0 ( () /)7l Z () /n, Dyl /R Z(5) /)

where

N =inf{k > 0: Zy(k) =n or Z(k) = 0}.

As noted in the introduction

© [ﬁn|Q(T1)> s >Q(TN)] = pn

Therefore, since p,, is asymptotically optimal, it follows that p, is also asymptotically
optimal.

We present simulations for the two cases (A, py, po, 1) = (0.1,0.7,0.2,0.15) and
(0.3,0.36,0.34,0.32), with n = 20,50,100. These cases are distinguished in that,
according to [23], a variant on the standard “open loop” approach to importance
sampling can be expected to be efficient for the first but not the second. Numerical
results are also presented in [23] using such a scheme. A comparison of the numerical
data supports the statements of [23]. Indeed, both algorithms perform well on the data
of Table 1 with the state independent scheme producing slightly smaller confidence
intervals, while only the state dependent algorithm appears to be asymptotically
optimal for the data of Table 2

For each case, we let the mollification parameter take the form ¢, = ¢/\/n for
a constant ¢, and set 0, = —e,loge, as suggested by Remark 4.7.4. Asymptotic
optimality of p, follows from Corollary 4.7.3 and the discussion in the preceding
paragraph.

The constant c¢ is determined so that when n = 20, 6, ~ 0.05y, where 7 is
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the corresponding large deviation rate [see (4.6.5)]. It follows that the value of the
piecewise affine subsolution W at the origin is W (0, 0) = 2y —24,, ~ 0.95-2y when
n = 20. We wish to point out that the algorithm is fairly robust in that different
small values of ¢ yield similar simulation results. As in [23], a sample size of one
million is used for each estimate, and the slowdown threshold 6 = 0.8.

The theoretical values were obtained by finding that for the related question of
what is the probability that either queue 1 has n customers or queue 2 has m customers
before emptying. The theoretical value for the finite state space problem can be
found by a first step analysis, and then solving the resulting numerical system. This
problem is then solved for increasing values of m, until the overflow probability given

is constant for at least 4 significant figures.

Table 4.1: Probability of Buffer 2 Overflow, First Example

n =20 n = 50 n = 100
Theoretical value 3.80 x 1077 1.27 x 10716 3.55 x 10732
Estimate 3.82 x 1077 1.27 x 10716 3.53 x 10732
Std. Err. 0.01 x 1077 0.01 x 10716 0.07 x 10732
95% C.I. [3.80,3.84] x 1077 | [1.25,1.29] x 1076 | [3.36,3.67] x 10732

Parameter values: (A, p1, p2, 1) = (0.1,0.7,0.2,0.15), ¢ = 0.03. Sample size 1 million.

Table 4.2: Probability of Buffer 2 Overflow, Second Example

n =20 n =50 n = 100
Theoretical value 5.63 x 1072 1.19 x 1073 1.63 x 107
Estimate 5.62 x 1072 1.18 x 1073 1.61 x 107
Std. Err. 0.03 x 1072 0.01 x 1073 0.02 x 107
05% C.1. [5.56,5.68] x 102 | [1.16,1.20] x 102 | [L.57, 1.65] x 10~°

Table 2. (A, p1, 2, 1) = (0.3,0.36,0.34,0.32), ¢ = 0.004. Sample size 1 million.
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4.9 Proof of Lemma 4.6.1

We first show the existence and uniqueness of z. Define h : [1,00) — R by

h(y) = 2v/ A1y + % — (A1 + p2).

Let y* = [,u%/()\l/l)]l/s. Note that y* > 1 thanks to (4.2.1). Since

W(y) = % [?J Ay — ,Uz} )

it follows that h'(y) < 0 for 1 <y < y* and h'(y) > 0 for y > y*. Furthermore,
h1) =2/ v — A —1y = —(VA— /i1)2 <0, h(co) = .
Therefore there exists a unique z > 1 such that h(z) = 0. Indeed, we must have
z >y = [,u%/()\l/l)}l/s (4.9.1)

and that h(y) < 0 if and only if 1 <y < z. A discussion of the above material can

also be found in [20]. We now consider equation (4.6.2). Since Hy(a) = —2H (—a/2),

Hy(a) = =2 [A(e_al/z — 1)+ (elme2)/2 1) 4 py(e22/? — 1],

OH,
8@1

(o) = Ne™ /2 — ppelar=a2)/2,

Simple algebra yields that equation (4.6.2) amounts to

h(e—a2/2) =0, ap = — ]og(yle—az/2/)\).

Equation (4.6.4) follows immediately.
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Finally, H,(a!") = 0 is just simple calculation, and thus omitted. It remains to

[0] (1]

show ay,' < ;' < a[lo], from which (a[o],d1> > 0 follows immediately since d; =

(1, —1). Plugging the formulae for a/” and a!', the inequalities reduce to

2
H2 Ha
— < < —.
N S 0w

But h(pz/N) = — (/B2 — /v1)? < 0 and

14 1
h (r) — L= )= 0 > 0,

This completes the proof. H

4.10 Exponential bounds on Ty

We first define the stopping time
N =inf{k >1:Q2(Tx) =n or Q(T;) = (0,0)}. (4.10.1)

In the proof of Theorem 4.7.1 one needs to establish an exponential bound on the

exit time T, namely, there exists a strictly positive constance ¢ such that

1
lim sup — log Eplexp{cTn}]| < oc. (4.10.2)
n

n

The proof in [13, Proposition A.1], which deals with a similar problem for the tandem
queue networks, is not applicable here since it assumes that the domain is compact.
However, this compactness assumption is not necessary and the goal of this appendix
is to show a slightly stronger result, namely, there exists a strictly positive constant
¢ such that

Eylexp{cTn,}] < o0, (4.10.3)
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where Ty, is the first time the process returns to origin, that is,
No =inf{k > 1:Q(Ty) = 0}.

Note that Ny is independent of n and Ty < Tl,. Therefore the exponential bound
(4.10.2) is clearly implied by (4.10.3).

In order to show (4.10.3), we first observe the following. Consider a standard tan-
dem queue network with no server slowdown and with arrival rate A and consecutive
service rates v; and po. For this network, similarly to Tl,, define 7y the first time
the state process return to origin. It is not difficult to show, by a pathwise argument,

that 7y stochastically dominates Th,, that is,
P(ro>1t)> P(Ty, > t) (4.10.4)

for all £ > 0. Indeed, consider a Poisson arrival process with arrival rate A, and sup-
pose that the ¢-th arrival is associated with a random vector U; = (Ui(l), Ui(z), Wi(l)).
The vectors {U;} are iid, and Ui(l), Ui(z), and W are all exponentially distributed

with respective rates vq, o, and py. Furthermore, Ui(l) > Wi(l) and Ui(z) is indepen-
dent of (Ui(l), Wi(l)). Such vectors always exist since exponential distribution with
rate v; stochastically dominates exponential distribution with rate p;. Consider the
following two scenarios: (1) The i-th arrival always uses Ui(l) as the service time at
node 1; (2) The i-the arrival uses Ui(l) as the service time at node 1 if the second
queue is larger than 6n and uses Wi(l) otherwise. In both cases, the service time for
the i-th arrival at node 2 is assumed to be Ui(z). Clearly, the first scenario yields the
standard tandem network with arrival A and service rates 14 and ps, while the sec-
ond scenario yields the tandem queue with server slowdown as studied in this paper.

Since Ui(l) > Wi(l) for every 1, it is clear that the return time to the origin for the

first scenario is pathwise bounded from below by that of the second scenario. This
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implies the stochastic dominance (4.10.4).

Thanks to the stochastic dominance (4.10.4), it suffices to show that there exists a
strictly positive constant ¢ such that Eylexp{cm}] < co. To this end, we consider the
discrete time embedded Markov chain of the standard tandem network and (abusing
notation) let {Z(k) € Z2,k = 0,1,...} denote the queue lengths at the transition
epochs of the network. We also, without loss of generality, assume A\ + v4 4+ o = 1.

Let {Y(k)} be an iid sequence of random vectors taking values in V with
PY(k)=v)=A PY(k)=vy) =11, PY(k)=uv3)= ps.
Then the dynamics of Z can be represented by the evolution
Z(k+1)=Z(k)+n[Z(k),Y(k+1)].
Define

oo =inf{k > 1: Z(k) = 0}.

Note that 75 can be written as
To = ZO S
i=1
where {s;} denote the time elapse between transition epochs in the continuous time
model, and {s;} are iid exponential random variables with rate A4+ 12, independent
of gg. Therefore, it suffices to show that there exists a strictly positive constant ¢

such that

Eplexp{cop}] < 0.
Indeed, we have a stronger result [22].

Lemma 4.10.1. There exist a constant ¢ > 0 such that E,[exp{coo}] is finite for all

2
z € 13.
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Proof. Define the stopping time 6o = inf{k > 0 : Z(k) = 0}. Note that oy = ¢ as
long as Z(0) # 0 and 69 = 0 if Z(0) = 0. Define h(z) = E.[6¢| for each z € Z%. Since
the network is positive recurrent by assumption A < vy < us, h(z) is finite for every
z. Define the process

hZ(k)) if k <ay,

oo—k if k> oy.
There are two key properties of S [13, Lemmas A.2, A.4, and A.5].

(i) Let {Fr =0(Z(0),Y(1),...,Y(k))} be the filtration. Then
E[S(k+1)— S(k)|Fi] = —1

for all z € Zi and all £ > 0.

(ii) The increments of the process S are uniformly bounded, say by M < oc.

Note that there exists a g9 > 0 such that, for all |z| < e,
" <14x+2%

Define £ = min {g9/M, 1/(2M?)}. Then for every k > 0, thanks to property (ii) and

that eM < €0,

EFEED=5E) < 1 4 2(S(k+1) — S(k)) + EX(S(k + 1) — S(k))?

< 1+&(S(k+1)—Sk))+ M.
But by property (i) and that £2M? < £/2, it follows that

This is equivalent to that the process {(1 — &/2)7%¢#5(*) F,} is a supermartingale.
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In particular, given Z(0) = z # 0, the Optional Sampling Theorem, 6y = 0y, and
h(0) = 0 imply that

) = 5O > B, [(1-2/2)7] .

Letting ¢ = —log(1 — £/2) > 0, we have
E.[e”°] < o0

for all z € Z% and z # 0. For Z(0) = 0, we only need to note that since the first

jump away from 0 must be to ey, there is C' < oo such that
Ey [e“°] = CE,, [e°°] < 0.

This completes the proof. H
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