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Abstract

This thesis contains two topics on high-order accurate methods for

solving Maxwell’s equations. The first topic is the application of high-

order accurate methods to the modeling/ designs of photonic crystals.

The second topic is the development of thin layer approximations and

implementation in discontinuous Galerkin method. Each topic con-

sists of two parts as described below.

The first part, part I of the first topic, demonstrates the behavior

and sensitivity of the frozen mode phenomenon in finite structures

with anisotropic materials, including both magnetic materials and

non-normal incidence. A discontinuous Galerkin method is used for

solving Maxwell’s equations in the time domain. The existence of the

frozen mode phenomena is confirmed and the impact of finiteness and

perturbations of periodicity is studied.

In the second part, part II of the second topic, PDE constrained

nonlinear optimization techniques are implemented to optimized the

design of electromagnetic crystals for the frozen mode phenomenon.

We investigate both of gyrotropic photonic crystals and degenerate

band edge crystals as well as the more complex case of the oblique

incidence. We extend the investigation to the three-dimensional case

to identify the first three-dimensional crystal exhibiting frozen mode

behavior.

The third part, part I of the second topic, studies high-order accu-

rate thin layer approximations for metal backed coatings in the time-



domain. Isotropic materials and tangentially-oriented anisotropic ma-

terials are considered in one and two dimensions. The implementation

of these models are discussed in the context of discontinuous Galerkin

methods which are particularly well-suited for these approximations.

The range of validity, accuracy, and stability of the resulting schemes

is discussed through one- and two- dimensional examples.

The last part, part II of the second topic, also studies high-order

accurate thin layer approximations, but for transmission layers. The

thin layer formulation of 3rd order and 5th order for curvilinear trans-

mission layers are derived. Also, similar to the previous part, com-

putational results on the range of validity, accuracy, and stability is

demonstrated on one- and two- dimensional cases.
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Chapter 1

Introduction

Maxwell’s equations appeared in 1861 paper by James Clerk Maxwell’s equations

on Physical Lines of Force. This set of four equations describes the relations be-

tween electric field, magnetic field, electric charge, and electric current to model

how an electromagnetic field varies in space and time. Not mentioning their cru-

cial roles in everything from quantum mechanics to relativity theory, they enable

us to understand better nature and the link between electricity, magnetism, ge-

ometry and time, which is God’s blueprint for nature. However, there are some

obstacles. Although Maxwell’s equations are relatively simple, the solutions even

in simple circumstances are not easy to obtain. The phenomena appearing in

fundamental circumstances are often solved by inspired physicists and mathe-

maticians including Maxwell himself, but the solution in realistic and compli-

cated circumstances, which can bring innovative steps on human technologies,

still remains unsolved.

Photonic crystal, the subject of the first two part of this thesis, is an example

of such solutions in complicated circumstances. Photonic crystal has emerged in

an attempt to control the flow of light in materials. As optical analogue to the

crystal, a periodic arrangement of atoms, it consists of periodic array of media

with different dielectric constants. We design and construct photonic crystals

to propagate the light anomalously, i.e., to prevent monochromatic waves from

propagating in certain directions, to confine them in a certain space, and to sig-

nificantly decrease the speed of waves or even completely stop them in periodic

lattices, which will bring an enormous range of technological developments when

1



these photonic crystals are realized. As is common in recent research of science

and engineering, we rely on the numerical solution of Maxwell’s equations for

photonic crystal and considerable efforts on developing efficient computational

methods have been made. The frequency-domain solution from Maxwell eigen-

problems has been popular for designing photonic crystals, while the difficulty

with nonlinear or time-varying media and the perplexity of studying photonic

crystals with partial periodicity lead to a wider attention on the time domain

solution. As one effort to improve the time domain solutions, discontinuous

Galerkin method for time-domain simulation of photonic crystal is introduced

in this thesis as an fast and robust alternative to finite difference method, which

has some computational drawbacks, such as less accuracy and less geometrical

flexibility. Along with this time domain simulation, new sets of parameters of

photonic crystals are obtained by combining this with a nonlinear optimization

technique.

Thin layer approximation, or also known as approximate boundary conditions

are boundary conditions which model a thin layer which is not resolved in real

mesh grid. It was first used for ground wave propagation over the Earth during

World War II although it has been know for more than 80 years. In 1940, S.M.

Rytov [26] at Institute of Physics at Russia, who sought an improvement of

classical boundary condition of perfectly electric conductor (PEC), showed that

the tangential components of the electric field can be expressed as the tangential

components of the magnetic field using the power series in terms of the thickness

of a thin layer. Since then, it has been widely used and further developments are

now studied. For example, Absorbing boundary condition (ABC) to eliminate

the unnecessary reflected waves is a special type of these approximation. Then,

naturally one can say, “what is the objective of thin layer approximation?”. In

general, we know the exterior field of an object considering the interior field of

it. However, we can compute the exterior field using a thin layer approximation

at the boundary values of exterior field only. In other words, the problem with

two different medium can be converted into a problem with a single medium

with a complex boundary conditions. Another important reason comes from the

efforts of eliminating geometrical constraints of the thin layer mesh. Computation

without small grids inside the thin layer significantly reduces the size of the

discrete model and consequently reduces the time of computations, especially
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when the layer is thin compared to the wavelength of the incident wave. In the

latter part of this thesis, high-order thin layer approximations are derived and

studied in the context of discontinuous Galerkin method, which is well-suited for

the implementation of these approximation.

This dissertation is organized as follows. Maxwell’s equations in the time

domain are briefly described in chapter 2. In chapter 3, the time domain modeling

in one dimensional photonic crystals, which displays phenomena such as dramatic

slow down, unidirectional propagation of the wave, and cup-like singularity of

transmittance rate, is demonstrated as well as the sensitivity analysis of periodic

layers of photonic crystals. In chapter 4, a method of nonlinear optimization

for designing photonic crystals is explained with their computational results and

their time domain modeling is displayed to confirm it. Chapter 5 and chapter 6

include the development of thin layer approximations, including the derivation

of the thin layer formulation, and convergence test for one and two dimensional

problems with examples of successful implementations. Chapter 5 investigates the

thin layer approximation for a PEC-backed thin layer while chapter 6 discusses

transmission layers. We conclude with a few remarks and future works in chapter

7.
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Chapter 2

Maxwell’s equations and frozen

mode crystals

Let’s consider the differential time domain Maxwell’s equations in a linear medium,

∇× E = −∂B

∂t

∇×H =
∂D

∂t
+ J

∇ ·D = ρ

∇ ·B = 0

with the charge distribution ρ, the electric field E, the electric flux density D,

and the magnetic field H. Here,

D = ε̂E

B = µ̂H

where, the relativity permittivity tensor ε̂ and permeability tensor µ̂ are in general

anisotropic. The above Maxwell’s equations are recovered by normalizing to

a unit speed of light, or by normalizing the permittivity and permeability of

free space to 1. Note that two divergence equations are redundant as they are

contained within the curl equations and the initial boundary conditions. For the

discontinuous Galerkin (DG) method formulation, the above equations can be
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recast into the following form

∂H

∂t
= −µ̂−1{(∇× E)− σ∗H} (2.1)

∂E

∂t
= ε̂−1{(∇×H)− σE} (2.2)

where σ and σ∗ indicate electric conductivity and magnetic conductivity, respec-

tively. Also, if we let ~n be a unit normal vector of a material boundary, we have

the following boundary conditions

~n× (E1 − E2) = 0, ~n× (H1 −H2) = 0 (2.3)

which indicates the tangential components of E, H are continuous at any bound-

aries. The above equations also can be rewritten with the following expressions

E = Einc + Esct

H = Hinc + Hsct

where superscript inc indicates the incident field which is determined analytically

and superscript sct indicates the scattered field which is determined computation-

ally. When the incident wave represents a solution to Maxwell’s equations in free

space, the scattered field formulation from Eqs. (2.1) and (2.2) can be obtained

as

∂Hs

∂t
= −µ̂−1{(∇× Es)− σ∗Hs − (µ̂− Î)

∂Hi

∂t
− (σ∗ − σ∗i)Hi}

∂Es

∂t
= ε̂−1{(∇×H) + σE− (ε̂− Î)

∂Ei

∂t
+ (σ − σi)Ei}

where, Î is the identity matrix. For the investigation of photonic crystals dis-

playing a distinctive electromagnetic phenomenon, called as the frozen mode (see

chapter 3), two different types of layers are considered. The one array is a gy-

rotropic photonic crystal consisting of two anisotropic materials with different

in-plane misalignments and one magnetic material. Then, we have the following

materials constants of ε̂, µ̂.

ε̂ = ε̂r + iε̂i, ε̂r =

[
εxx εrxy
εrxy εyy

]
, ε̂i =

[
0 εixy
−εixy 0

]

µ̂ = µ̂r + iµ̂i, µ̂r =

[
µxx µrxy
µrxy µyy

]
, µ̂i =

[
0 µixy
−µixy 0

]
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which leads to the explicit Maxwell’s equations on the following form

∇× E = −µ̂r(z)
∂H

∂t
− 2πµ̂i(z)H, ∇×H = ε̂r(z)

∂E

∂t
+ 2πε̂i(z)E

The other type is a nonmagnetic periodic stack with oblique anisotropy dielec-

tric materials with εxy 6= 0 and air-filled gap between them. Considering three

components of elements E and H, we have six equations, but assuming the fol-

lowing tangential consistency of the wave to eliminate the derivatives along x, y

directions,

dE

dx
= ikx,yE =

(
kx,y
ω

)
iωE =

(
kx,y
ω

)(
−dE
dt

)
we have only four explicit equations such as,

nx
εxz
εzz

∂Ex
∂t
− nxny

1

εzz

∂Hx

∂t
+ (n2

x

1

εzz
− 1)

∂Hy

∂t
=
∂Ex
∂z

ny
εxz
εzz

∂Ex
∂t

+ (1− n2
y

1

εzz
)
∂Hx

∂t
+ nxny

1

εzz

∂Hy

∂t
=
∂Ey
∂z

n2
y

∂Ex
∂t

+ (εyy − n2
x)
∂Ey
∂t

=
∂Hx

∂z

(n2
y − εxx +

ε2
xz

εzz
)
∂Ex
∂t
− nxny

∂Ey
∂t
− nx

εxz
εzz

∂Hx

∂t
+ ny

εxz
εzz

∂Hy

∂t
=
∂Hy

∂z

where nx = ckx/ω, ny = cky/ω and kx,y is the wave vector along x, y directions

and ω is the frequency of the incident wave.
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Chapter 3

Modeling of the frozen mode

phenomenon and its sensitivity

In this chapter, we investigate the behavior and sensitivity of the frozen mode phe-

nomenon in finite structures with anisotropic materials, including both magnetic

materials and non-normal incidence. The studies are done by using a high-order

accurate discontinuous Galerkin method for solving Maxwells equations in the

time domain. We confirm the existence of the phenomenon also in the time-

domain and study carefully the impact of the finite crystal on the frozen mode.

This sets the stage for a thorough study of the robustness of the frozen mode phe-

nomenon, resulting in guidelines for which design parameters are most sensitive

and acceptable tolerances.

3.1 Introduction

The use of complex metamaterials for controlling the propagation and manipu-

lation of electromagnetic energy continues to attract significant interest among

engineers. Recently, there has been a flurry of activity in the study and develop-

ment of periodic structures comprising of several different anisotropic materials

after it was shown that such structures could support highly unusual electro-

magnetic phenomena [8, 9, 10] such as a non-reciprocal propagation, very low

transmission loss into the crystal and perhaps a most interesting phenomenon

known as the frozen mode.
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The frozen mode is a distinctive phenomenon related to stationary inflection

points of the dispersion relations ω(k) such as,

∂ω

∂k
= 0;

∂2ω

∂k2
= 0;

∂3ω

∂k3
6= 0 at ω = ω0

When a monochromatic wave with frequency ω0 propagates into a periodic array

of unit cells with this dispersion relation, the wave shows the following striking

features due to the significantly large transmittance rate at inflection points con-

trary to the negligible transmittance rate at band edges [8],

• dramatic slow-down of the waves

• enormously increased field amplitude

• cup-like singularity of the transmittance rate

• unidirectionality of monochromatic waves

Let us briefly explain these features in the following. Fig. 3.1 shows two different

types of dispersion relation for two different layers, but both of them contain the

same kind of inflection point ω0. At each ω0 in Fig. 3.1, we have two eigen-

modes k0 and k1 such that ∂ω
∂k
|k=k0 = 0, ∂ω

∂k
|k=k1 < 0 and only the eigenmode

at k1 transfers the energy. Since we have no eigenmode with a positive group

velocity, the transmitted wave doesn’t transfer the energy in the direction of the

propagation. Physically, it means that the incident electromagnetic wave slows

down with infinitesimal group velocity within the periodic layers. However, if a

wave propagates in the opposite direction, we have ∂ω
∂k
|k=k1 > 0 and the eigen-

mode k1 transfers the energy and consequently the abnormal slow-down vanishes.

Thus, the crystal behaves differently depending on the vector of propagation, a

phenomenon known as electromagnetic unidirectionality.

When the frequency of the wave is close to ω0, a transmitted wave consists

of propagation components and evanescent components. The latter decays as

the wave proceeds along the propagation direction, but the former remains to

propagate. Both components initially increase dramatically, but the magnitude

of them remains almost equal with opposite sign. Thus, the field amplitude at

the interface of the layer and vacuum remain almost the same, but once the

wave precedes into the slab, the evanescent components die out and only the
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Figure 3.1: Dispersion relations for two different types of layer. gyrotropic
photonic crystals (left, ωb = 0.690320778, ω0 = 0.607676756, ωa = 0.502044368)
and oblique anisotropic layers (right, ωb = 9.3160209805, ω0 = 9.164450223, ωa =
9.0569705995). ω and k are expressed in units of c/L and 1/L.

dramatically amplified propagation components remain and contribute to the

increase of the field amplitude. This propagation of amplified extended mode also

explains the abnormal cup-like singularity of transmittance coefficients depending

on the incident wave polarization.

These unique features of the frozen mode have been attractive for numerous

practical applications, but the existence of frozen mode itself was theoretically

based on at least two impractical assumptions: infinity and periodicity. Further-

more, all parameters for the above dispersion relations should be exact up to at

least 3 ∼ 4 digits with an infinite number of unit cells stacked up along z direction

to yield the desired phenomena.

However, in real applications a layer cannot be infinitely long and every unit

cell cannot be exactly the same due to practical limitations in the fabrication.

These issues could prohibit the realization of frozen mode, although Figotin and

Vitebsky suggested in [9] that the phenomena would be robust, since the density

of modes of inflection points is abnormally stronger than that of band edges.

Hence, it is natural to study the impact of finiteness of the crystals as well as

the sensitivity of the phenomenon to variations in some of the parameters, e.g.,

material parameters, degree of anisotropy etc, to gain an improved understanding

of the practicality of utilizing the frozen mode phenomena.
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For this investigation, we use a discontinuous Galerkin method(DG) with a

multi-element formulation for the modeling of the frozen mode in the time do-

main [18, 19]. We have adopted the scattered formulation for Maxwell equation

to ease the boundary conditions concerning scattered objects and we put Absorb-

ing boundary condition (ABC) at the end of z direction to prevent unnecessary

reflected waves.

The remaining part of this chapter is organized as follows. In section 3.2, we

briefly discuss Maxwell’s equations in the time domain. In section 3.3, the details

of the schemes including discontinuous Galerkin Methods, time stepping, filtering

and absorbing boundary condition are described and also several numerical tests

with their results are shown. Section 3.4 discusses the modeling of the frozen

mode with a large number of unit cells and assess the effect of a finite number of

unit cells. In section 3.5, we study the sensitivity of the frozen mode phenomena

to variations in critical parameters while concluding remarks are given in section

3.6.

3.2 Formulation

We model two different types of layers. The one array is referred to as a gyrotropic

photonic crystal and it consists of two anisotropic materials with different in-plane

misalignments (A1,A2) and one strong magnetic material(F)(see the left of Fig.

3.2). When it is in a certain special combination, it shows the strong Faraday

rotation(circular birefringence) of light polarization in the absence of magnetic

field, which results in spectral nonreciprocity(ω(~k) 6= ω(−~k)) [8, 9, 12, 25, 35].

The other configuration is a nonmagnetic periodic stack with oblique anisotropy

dielectric materials with(εxy 6= 0) and air-filled gap between them [12, 22, 35]

(see the right of Fig. 3.2). When an incident wave is propagating into the

layer at an oblique angle, then the axial spectral asymmetry is obtained, i.e.,

ω(~kx, ~ky, ~kz) 6= ω(~kx, ~ky,−~kz).
In the remaining part of this section, we describe the discrete formulations

of Maxwell’s equations for these two different layers. For simplicity, we call the

former case as the magnetic frozen mode and the latter as the oblique frozen

mode.
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Figure 3.2: Periodic structure of gyrotropic photonic crystals consisting of two
different anisotropic materials with one magnetic layer (left) and oblique anisotropic
layers consisting of one anisotropic material with vacuum (right). A: anisotropic
layer, F: magnetic layer, Air: air-filled gap.

3.2.1 The magnetic frozen mode

We consider the following Maxwell’s equations

∇× Ẽ = −dB̃
dt
, ∇× H̃ =

dD̃

dt

where Ẽ and H̃ are the electric field and the magnetic field, respectively while D̃

and B̃ the displacement field and the induction field. If the direction of the wave

propagation z is normal to the layers, these fields are related by linear constitutive

relations as follows.

D̃(z) = ε̂(z)Ẽ(z), B̃(z) = µ̂(z)H̃(z)

where, hat indicates the corresponding quantity is a matrix. These relations yield

the following Maxwell’s equations in the time domain.

∇× Ẽ = −µ̂r(z)
∂H̃

∂t
− ωµ̂i(z)H̃, ∇× H̃ = ε̂r(z)

∂Ẽ

∂t
+ ωε̂i(z)Ẽ (3.1)

The superscript r, i denotes the real part and the imaginary part of the compo-

nents, respectively and ω is the center frequency for which these material param-

eters are given. To simplify the above equations, we introduce the normalized

quantities using

z =
z̃

L̃
, t =

t̃

L̃/c̃0

13



where, L̃ is a reference length and c̃0 = (ε̃0µ̃0)
1
2 is the dimensional speed of light

in vacuum when ε̃0 and µ̃0 refer to the vacuum permittivity and permeability

respectively. Also, Ẽ and H̃ are normalized as

E =

√
ε̃0

µ̃0

Ẽ

H̃0

, H =
H̃

H̃0

where H̃0 is a dimensional reference magnetic field strength. By substituting these

normalized quantities into Eq. (3.1), we obtain the following non-dimensionalized

equations

∇× E = −µ̂r(z)
∂H

∂t
− 2πµ̂i(z)H, ∇×H = ε̂r(z)

∂E

∂t
+ 2πε̂i(z)E (3.2)

which is the most general model for what we shall consider. For the magnetic

frozen mode, we consider the following material constant of ε̂, µ̂.

ε̂ = ε̂r + iε̂i, ε̂r =

[
εxx εrxy
εrxy εyy

]
, ε̂i =

[
0 εixy
−εixy 0

]

µ̂ = µ̂r + iµ̂i, µ̂r =

[
µxx µrxy
µrxy µyy

]
, µ̂i =

[
0 µixy
−µixy 0

]

Then, we obtain the explicit Maxwell’s equations for the modeling of the magnetic

frozen mode on the form

εxx
∂Ex
∂t

+ εrxy
∂Ey
∂t

= −∂Hy

∂z
− 2πεixyEy

εrxy
∂Ex
∂t

+ εyy
∂Ey
∂t

=
∂Hx

∂z
+ 2πεixyEx

µxx
∂Hx

∂t
+ µrxy

∂Hy

∂t
=

∂Ey
∂z
− 2πµixyHy

µrxy
∂Hx

∂t
+ µyy

∂Hy

∂t
= −∂Ex

∂z
+ 2πµixyHx

Note that εixy and µixy are not loss, but responsible for the Faraday rotation of

the electromagnetic waves. Thus, the above equations preserve energy and can

be easily shown to be stable in the sense that dEΩ

dt
= 0 when the energy EΩ is

defined as EΩ =
∫

Ω
~ET ε̂ ~E + ~HT µ̂ ~H.
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When the materials are given as follows [9], we recover the dispersion relation

as shown in Fig. 3.1 (left).

For A layer : ε̂ =

[
13.61 + 12.40 cos(2φ) 12.40 sin(2φ)

12.40 sin(2φ) 13.61− 12.40 cos(2φ)

]
, µ̂ =

[
1 0

0 1

]

For F layer : ε̂ =

[
5.0 0.0

0.0 5.0

]
, µ̂ =

[
60.0 i37.0

−i37.0 60.0

]

where, φ is the misalignment angle of the two anisotropic layers and we let φ1 = 0

for the first anisotropic layer and φ2 = π/4 for the second anisotropic layer. Also,

we take the thickness of the F layer as 0.0047454 (L) and the frequency of incident

wave ω = 0.607676756 (c/L), where L is the thickness of unit cell and c is the

speed of light in vacuum.

3.2.2 The oblique frozen mode

The structure of this crystal seems to be much simpler than the gyrotropic pho-

tonic crystal, but in order to achieve the axial spectral asymmetry (ω(~kx, ~ky, ~kz) 6=
ω(~kx, ~ky,−~kz)), the following two conditions should be satisfied: the oblique

anisotropy should not be in-plane or axial and the Bloch wave ~k has to be oblique

to the layers, i.e.

1) εxz 6= 0 and/or εyz 6= 0, 2) kx 6= 0 and/or ky 6= 0

Assume that their tangential components kx, ky are all the same for the incident,

reflected, and transmitted waves and let only kz be different. In other words, we

seek a solution of the following form

E(x, y, z) = ei(kxx+kyy)E(z), H(x, y, z) = ei(kxx+kyy)H(z)

When this form of the solution is substituted, we have six equations, but consid-

ering only kz components, the last row of each equation in Eq. (3.1) can be used

to complement the other equations. Thus, similar to the magnetic frozen mode,

we have only four equations. The explicit equations for the oblique frozen mode

15



modeling are expressed as

nx
εxz
εzz

∂Ex
∂t
− nxny

1

εzz

∂Hx

∂t
+ (n2

x

1

εzz
− 1)

∂Hy

∂t
=
∂Ex
∂z

ny
εxz
εzz

∂Ex
∂t

+ (1− n2
y

1

εzz
)
∂Hx

∂t
+ nxny

1

εzz

∂Hy

∂t
=
∂Ey
∂z

n2
y

∂Ex
∂t

+ (εyy − n2
x)
∂Ey
∂t

=
∂Hx

∂z

(n2
y − εxx +

ε2
xz

εzz
)
∂Ex
∂t
− nxny

∂Ey
∂t
− nx

εxz
εzz

∂Hx

∂t
+ ny

εxz
εzz

∂Hy

∂t
=
∂Hy

∂z

where nx = ckx/ω, ny = cky/ω.

With the following materials specified as in [22], we obtain the dispersion

relation as shown in Fig. 3.1 (right).

ε̂A =

 4.62 cos θ2 + 3.78 sin θ2 0 0.84 cos θ sin θ

0 4.62 0

0.84 cos θ sin θ 0 3.78 cos θ2 + 4.62 sin θ2


θ=π/4

ε̂B =

 1 0 0

0 1 0

0 0 1

 , µ̂A = µ̂B = I

We let the thickness of A layer be the same as that of vacuum. Also, the tangen-

tial components of the incident wave vector are nx = ny = −0.493489 and the

frequency of the wave is 9.164450223 (c/L).

3.3 Numerical scheme

Let q = [Ex Ey Hx Hy]. Then, the two equations with different material coeffi-

cients are reduced to one general problem on the form

∂q

∂t
+
∂q

∂z
Â + qB̂ = 0 (3.3)
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For the magnetic frozen mode,

Â = AQ−1, B̂ = BQ−1

Q =

[
Q11 0

0 Q22

]
, Q11 =

[
εxx εrxy
εrxy εyy

]
,Q22 =

[
µxx µrxy
µrxy µyy

]

A =

[
0 A12

A21 0

]
, A12 =

[
0 −1

1 0

]
,A21 =

[
0 1

−1 0

]

B =

[
B11 0

0 B22

]
, B11 =

[
0 −εixy
εixy 0

]
,B22 =

[
0 −µixy
µixy 0

]

and for the oblique frozen mode,

Â = Q−1, B̂ = 0

Q =

[
Q11 Q12

Q21 Q22

]

Q11 =

[
nx(εxz/εzz) 0

ny(εxz/εzz) 0

]
,Q12 =

[
−nxny(1/εzz) n2

x(1/εzz)− 1

1− n2
y(1/εzz) nxny(1/εzz)

]

Q21 =

[
nxny εyy − n2

x

n2
y − εxx + ε2

xz/εzz −nxny

]
,Q22 =

[
0 0

−ny(εxz/εzz) nx(εxz/εzz)

]

Suppose that the domain Ω can be segmented into K non-overlapping layers.

In each elements, we assume that the approximated solution qkN(z, t) can be

represented as an N ’th order polynomial, i.e.,

qkN(z, t) =
N∑
i=0

q̂ki φi(z
k) =

N∑
i=0

qki (t)`
k
i (z

k) (3.4)

where, zk is in the element [zk−, z
k
+] which is linearly mapped satisfying zk(−1) =

zk−, z
k(1) = zk+. Also note that `ki is Lagrange polynomial based on grid points

zki . There are many ways in choosing φn and segmentation of the domain Ω,

but for easy implementation with high accuracy and efficiency, we use Legendre

polynomials Pn(z) [31] for φ(z). Then φ and `i have the following relation

V̂T ~̀k(zk) = ~φ(zk), V̂ = [Vij] = [Pj(zi)] (3.5)
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where,

~̀k = [`k0 `
k
1 · · · `kN ], ~φk = [φk0 φ

k
1 · · ·φkN ]

The semi-discrete scheme is derived by requiring that∫ zk+

zk−

(
∂qN
∂t

+
∂qN
∂z

Â + qNB̂)`ki (z)dz = 0, 0 ≤ i ≤ N

Executing two integrations by parts, we have the following form,∫ zk+

zk−

(
∂qN
∂t

+
∂qN
∂z

Â + qNB̂)`ki (z)dz =

∫ zk+

zk−

n̂[(qNÂ)− − (qNÂ)∗]`ki (z)dz (3.6)

where, n̂ is an outward normal vector. Here, we use a numerical flux (qNÂ)∗

such that

[qNÂ]∗ = (q−N ,q
+
N)Â

where, q− is a local solution and q+ a solution in the neighboring element. The

reason we need a flux in the above equation is that there are two different solutions

on the same interface, since zk+ = zk+1
− . Among many possible fluxes, upwind flux

[2] or a simpler central flux [19] are often preferred. We shall use the central flux

for our semi-discrete scheme as following.

(q−N ,q
+
N)Â =

1

2
(q+

N + q−N)Â (3.7)

Let’s define the following mass matrix and stiff matrix(hk = zk+ − zk−)

Mij =

∫ zk+

zk−

`ki (z
k)`kj (z

k)dzk =
hk

2

∫ 1

−1

`i(r)`j(r)dr

Sij =

∫ zk+

zk−

`ki (z
k)
d`j
dz
dzk =

∫ 1

−1

`i(r)
d`j
dr
dr, 0 ≤ i, j ≤ N

Then, using the Eq. (3.5) we obtain the following relation

M = (V−1)TV−1, S = (VT )−1WV−1, Wij =

∫ 1

−1

φi(r)φ
′

j(r)dr
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With the definition of the above matrix and the central flux, Eq. (3.7), we have

the following local semi-discrete scheme.

hk

2
M̂
dqN
dt

+ ŜqNÂ +
hk

2
M̂qNB̂ (3.8)

=
e0

2
[(−q−N + q+

N)Â]zk− +
eN
2

[(q−N − q+
N)Â]zk+

where ei is a N+1 long zero vector with 1 only for its i’th component and [ ]a

refers to the evaluation of [ ] at x = a. We see that the inverse of M̂ exists

and can be easily computed because it is only a local matrix, thus by multiplying

M̂−1, we finally obtain our semi-discrete scheme

dqN
dt

+
2

hk
(M̂−1Ŝ)qNÂ + qNB̂

=
e0

hk
[M̂−1(−q−N + q+

N)Â]zk− +
eN
hk

[M̂−1(q−N − q+
N)Â]zk+

which reads in the scattered field formulation,

dqscatN

dt
= − 2

hk
((M̂−1Ŝ)qscatN Â− qscatN B̂ + (Q̂−1 − I)

dqincN
dt
− qincN B̂ (3.9)

+
e0

hk
[M̂−1(−(qscatN )− + (qscatN )+)Â]zk− +

eN
hk

[M̂−1(qscatN )− − (qscatN )+)Â]zk+

where, qinc represents the incident field and qscat the scattered field. Note that for

the scattered field formulation, only the scattered field is computed in the problem

space and the incident field is specified analytically throughout the problem space.

The consistency of this scheme can be easily proved from general polyno-

mial approximation theorem. Furthermore, stability can be shown using energy

methods as discussed in detail in [16].

3.3.1 Time stepping

For the time marching, we can use the classical 4th order Runge-Kutta scheme.

However, for explicit time-integration schemes the stable time step will scale as

∆t ∝ h

N2

with N being the order of approximation and h being the length of the smallest

interval. In the particular applications being considered the very thin magnetic

F layers will prove explicit time-integration prohibitive.
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To overcome the long time integration due to a excessively small time step,

we use a Diagonally Implicit-Runge-Kutta(DIRK) 3rd order method [3]. The L-

stability of this DIRK 3rd order enables us to choose ∆t independent of the size

of the elements to the extend of acceptable accuracy. Considering the linearity

of the equations, we can rewrite Eq. (3.9) as following by introducing matrices

T̂s,T̂i,

dqscatN

dt
= T̂sqscatN (t) + T̂iqincN (t)

Then, applying the DIRK 3rd order yields

(I − γ∆tT̂s)Yscat
1 = qscatN (t) + ∆t [γT̂iqincN (t+ c1∆t)]

(I − γ∆tT̂s)Yscat
2 = qscatN (t) + ∆t [a21(T̂sY1 + T̂iqincN (t+ c1∆t)) + γT̂iqincN (t+ c2∆t)]

(I − γ∆tT̂s)Yscat
3 = qscatN (t) + ∆t [a31(T̂sY1 + T̂iqincN (t+ c1∆t))

+a32(T̂sY2 + T̂iqincN (t+ c2∆t)) + γT̂iqincN (t+ c3∆t)]

qscatN = qscatN + ∆t [b1(T̂sY1 + T̂iqincN (t+ c1∆t))

+b2(T̂sY2 + T̂iqincN (t+ c2∆t)) + b3(T̂sY3 + T̂iqincN (t+ c3∆t))]

The Butcher tableau for the considered DIRK scheme is given as

c1 γ 0 0 0.4358665215 0.4358665215 0 0

c2 a21 γ 0 0.7179332608 0.2820667392 0.4358665215 0

c3 a31 a32 γ 1 1.208496649 -0.644363171 0.4358665215

b1 b2 b3 1.208496649 -0.644363171 0.4358665215

For the 3rd order DIRK method, the most critical issue is to invert (I − γ∆tT̂s)

efficiently. However, for the one dimensional DG method, (I − γ∆tT̂s) is very

sparse and well distributed along the diagonal elements. Therefore, it is easily

solved by simple LU decomposition without deteriorating the speed or accuracy

of the scheme.
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3.3.2 Filtering

Usually DG schemes using central flux with sufficient resolutions are accurate

and stable for linear problems. However, due to the vastly separate scales in this

problem with very small domains or some domains with high material coefficients,

we observe that the use of a weak exponential filter can be beneficial at moderate

resolution points to improve the stability. The detailed discussion on this filtering

of spectral method is shown earlier by Hesthaven and Kirby [17]. Here, we briefly

present the formulation of a weak exponential filter used in our scheme.

Let FN be the filter operator for the polynomial of order N. Then, it can be

written as

FNq
k(x, t) =

N∑
i=0

σE(
i

N
)q̂ki (t)Pi(x)

where,

σE(η) = exp(−αηp), α = − ln(εM), εM = machine precision, p ≥ 16

Now we define the following matrix.

Vij = Pj(xi), 0 ≤ i, j ≤ N

F = [Fii] = [σE(
i

N
)], 0 ≤ i ≤ N

where, xi is the Legendre Gauss Lobatto quadrature point. Then, by substitution,

we obtain

FNqkN = VF q̂kN = VFV−1 qkN

where, qkN = [qk0 , · · · , qkN ]T , q̂kN = [q̂k0 , · · · , q̂kN ]T .

3.3.3 Absorbing boundary conditions

To attenuate the scattering waves at outer boundaries, we use an absorbing

boundary condition(ABC) at each ends of whole domain to suppress reflections

of the waves to an acceptable level. This permits the solution to remain valid

even for long time intervals [32]. The ABC is to introduce a simple sponge layer

with loss in both the magnetic and electromagnetic tensors such as,
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∇×H(r) = −iω
c
ε̂(z)

[
sz 0

0 sz

]
E(r)

Substituting sz = 1 + cσz
iω
ε̂−1(z), we have

∇×H(r) = −iω
c
ε̂(z)E(r) + σzE(r)

where, σz(z) = ( z
d
)mσmax, m = 2, 3, 4, σmax = 1

∆t
.

3.3.4 Numerical tests

To verify the convergence and the accuracy of the scheme, we now discuss a cou-

ple of numerical convergence tests. The first test concerns the convergence to

an analytically known solution and the second one the convergence of transmis-

sion/reflection coefficients for simple isotropic materials.

3.3.4.1 Convergence test: isotropic/anisotropic materials

This first test can be found in the paper [1]. Here we extend it to a slightly

more general case including anisotropic materials. Let’s consider the following

Maxwell’s equations[
εxx εxy

εxy εyy

]
∂

∂t

[
Ex

Ey

]
=

[
0 −1

1 0

]
∂

∂z

[
Hx

Hy

]
∂

∂t

[
Hx

Hy

]
= −

[
0 −1

1 0

]
∂

∂z

[
Ex

Ey

]
(3.10)

and a one-dimensional electromagnetic resonator with perfectly conducting walls

located at z(1) = −1 and z(2) = 1. The interior of the resonator is filled with

two dielectric media with the material interface at z=0. We impose the following

boundary conditions at z = ±1 and z = 0

i) E = 0 or
∂H

∂z
= 0, at z = ±1

and

ii) E(1) = E(2), H(1) = H(2), at z = ±0
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The solution of Maxwell’s equations (Eq. (3.10)) satisfying the above boundary

conditions can be expressed as

Ex = [A(k)ein
(k)ωz −B(k)e−in

(k)ωz]

Ey = [A(k)ein
(k)ωz −B(k)e−in

(k)ωz]

Hx = n(k)[A(k)ein
(k)ωz +B(k)e−in

(k)ωz]

Hy = −n(k)[A(k)ein
(k)ωz +B(k)e−in

(k)ωz]

where,

A(1) =
n(2) cos (n(2)ω)

n(1) cos (n(1)ω)
, A(2) = e−iω(n(1)+n(2))

B(1) = A(1)e−i2n
(1)ω, B(2) = A(2)ei2n

(2)ω

n(k) =

√
ε

(k)
xx + ε

(k)
xy =

√
ε

(k)
yy + ε

(k)
xy , where ε(k)

xx = ε(k)
yy is required.

Here n(k) =
√
ε(k) is the index of refraction in kth material and ω is the solution

of the equation

−n(2) tan (n(1)ω) = n(1) tan (n(2)ω)

and we consider the following two cases.

Case 1 : εxx = εyy = 1.0, εxy = 0, −1 ≤ z ≤ 0

εxx = εyy = 2.25, εxy = 0, 0 ≤ z ≤ 1

Case 2 : εxx = εyy = 1.0, εxy = 0, −1 ≤ z ≤ 0

εxx = εyy = 4.0, εxy = 1.5, 0 ≤ z ≤ 1

Using a very small time step, we show the spectral convergence as in the right in

Fig. 3.3. Also, with ∆t = CFL ∗ (2/N), CFL < 1, we can see the third order

temporal convergence of the scheme in the following two tables

1. N is the number of grid points

N=8 N=16 N=32 N=64 N=128

L2Error 2.1088e-002 2.8870e-003 3.7544e-004 4.7073e-005 5.9164e-006

Ratio - 7.3045 7.6896 7.9757 7.9564

Order - 2.8688 2.9429 2.9956 2.9921

23



−1 −0.5 0 0.5 1
−5

−4

−3

−2

−1

0

1

2

3

4

5
When t=0

z

Hy(0)

Hx(0)

Ex(0)
=Ey(0)

10
0

10
1

10
2

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

Spectral convergence of DG scheme

Number of subdomain

L2
 e

rro
r

N=3

N=4

N=5

h−6

Figure 3.3: The solution Ex, Ey, Hx, Hy of the numerical test 1 at t=0 for case 2
(left) and its spectral convergence (right)

2. N is the number of grid points

N=8 N=16 N=32 N=64 N=128

L2Error 3.9821e-001 4.3088e-003 6.3444e-004 7.8858e-005 1.0164e-005

Ratio - 92.4178 6.7915 8.0453 7.7586

Order - 6.5301 2.7637 3.0082 2.9558

3.3.4.2 Transmission test

Given the seminal importance of correct transmission and reflection behavior at

material interfaces, it is important to confirm this behaviour correctly. Moreover,

it is of significance in DG schemes, since the behavior of electromagnetic waves

on the interfaces is mainly dealt through the flux terms in DG schemes. In other

words, if the transmission rate or the reflection rate does not converge to the

known value, it is highly likely to reflect an improper use of the flux and violation

of necessary boundary conditions (n1 · ε1E1 = n2 · ε2E2, n × H1 = n × H2) on

the interfaces. Let’s consider the following Maxwell’s equations[
n2 0

0 n2

]
∂

∂t

[
Ex

Ey

]
=

[
0 −1

1 0

]
∂

∂z

[
Hx

Hy

]
∂

∂t

[
Hx

Hy

]
= −

[
0 −1

1 0

]
∂

∂z

[
Ex

Ey

]

The following results confirm the convergence of transmission/reflection rates
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1. When n1 = 1.0, n2 = 1.5

N=6 N=12

Exact value(T/R) 0.96 / 0.04 0.96 / 0.04

By computation(T/R) 0.9593 / 0.0398 0.9599 / 0.04

2. When n1 = 1.5, n2 = 1.0

N=6 N=12

Exact value(T/R) 0.8889 / 0.1111 0.8889 / 0.1111

By computation(T/R) 0.8908 / 0.1092 0.8888 / 0.1112

3.4 Modeling of the frozen mode

In the following, we discuss a number of computational studies to confirm the

predicted behavior and the appearance of the frozen mode. We focus on a direct

validation of the theory as well as an attempt to understand the limitations of

the phenomenon in crystals of finite extent.

3.4.1 Modeling with a large number of unit cells

In this section, we model two different types of the frozen modes with as large

number of unit cells as possible to observe distinctive features of the phenom-

ena. 200 unit cells for gyrotropic photonic crystals and 100 unit cells for oblique

anisotropic layers are used in each modelings. This can be viewed an an attempt

to directly validate the theories as laid out in [8, 9, 10].

3.4.1.1 The magnetic frozen mode

The infinite gyrotropic material is modeled with 200 unit cells of the type as shown

in Fig. 3.2. As soon as the electromagnetic plane wave enters the slab, the wave

gets amplified, it slows down and the field amplitude(|Ψ|2 = |E2
x+E2

y+H2
x+H2

y |2)

increases dramatically inside the slab as shown in Figs. 3.4-3.5. If we consider

the maximum peak of the field amplitude as the forefront of the energy density,

the average group velocity of the wave, which approximately coincides with the

velocity of energy density transfer [5], is around 0.0015c and the average signal

velocity, which is defined from the position of half-maximum intensity of the wave
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Figure 3.4: Electric field at the frozen mode frequency. Ncell: Number of unit
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T = 500 (right). The incident field is E‖x polarized. The dotted lines indicate the
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10 15 20 25 30
0

10

20

30

40

50

60

70

80

90

100

110
Ψ2 at t = 200

z

Ψ
2

10 15 20 25 30
0

10

20

30

40

50

60

70

80

90

100

110
Ψ2 at t = 500

z

Ψ
2

0 100 200 300 400 500
0

20

40

60

80

100

120
Maximum magnitude of |Ψ2| inside the layer

time

|Ψ
2
|

Figure 3.5: Field amplitude(|ψ|2) at the frozen mode frequency. Ncell = 200, N=
8. T = 200 (left), T = 500 (center). The rightmost graph shows that the maximum
magnitude of field amplitude increases linearly with time. The incident field is E‖x
polarized. The dotted lines indicate the outer boundaries of the crystal.

[5], is around 0.01c, with c being the speed of light in vacuum. Also, from the

right of Fig. 3.5, we observe that the maximum height of field amplitude increases

almost linearly and is proportional to the amount of the transmitted wave into

the layer. This is in accordance with the predictions [8, 9, 10].

Generally, the energy density flux can be expressed as < S >=< u > ·v,

where < u > is the energy density and v is the group velocity. While the energy

density flux remains approximately constant, the energy density inside the slab

grows enormously in proportion to the amount of the transmitted wave. The

group velocity is inversely proportional to the energy density, so the wave gets

slowed down accordingly (Fig. 3.6).
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Figure 3.6: Energy density flux (left), Energy density (center), group velocity
(right) at the frozen mode frequency in the gyrotropic photonic crystals when
T=500.0. Energy density is different between magnetic material and anisotropic
material, so this is why we see two separate lines of groups in energy density and
group velocity. The incident wave is with constant amplitude and E‖x polarized.
The dotted line indicates the outer boundaries of the crystal.

Also note that energy density flux is almost the same for these two materials,

but the energy density in the magnetic material is much higher than that in

anisotropic material. Consequently, the group velocity of the wave is much slower

in the magnetic materials. This is why we see two lines in group velocity and

energy density in Fig. 3.6.

If an electromagnetic wave at the frozen mode frequency propagates in the

opposite direction, we clearly see that abnormality of the frozen mode has disap-

peared (left in Fig. 3.7). The electromagnetic wave reaches the other end with

normal speed and there is no amplification of the field amplitude. Similarly, if the

thickness ratio of F or the frequency of the incident wave is changed a little bit,

none of the distinctive features of the frozen mode is observed, as also illustrated

in Fig. 3.7.

3.4.1.2 The oblique frozen mode

We repeat the computational experiment for the purely dielectric case using 100

unit cells of the type shown in Fig. 3.2. We display the electromagnetic wave in

Fig. 3.8 and the field amplitude in Fig. 3.9 inside the oblique anisotropic layers

along the z direction.

The features of the oblique frozen mode are similar to those of the magnetic
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Figure 3.7: Field amplitude for the backward direction (left), 1
3 larger ρ0 (center)

and 5% larger frequency (right). Other configurations are the same as in the
modeling of the frozen mode.
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Figure 3.8: Electric field along x direction of the oblique frozen mode at T=500
(left), T=2000 (right bottom). N: Number of grid points per each cell = 16.
∆t=0.02, Number of cell=100. TM polarization. The dotted lines indicate the
outer boundaries of the layer.

frozen mode, although the shape of the wave and value of the field amplitude are

quite different. At T=500.0, the highest amplification of the field amplitude is

around 5.9 which is much smaller than that of the magnetic frozen mode where

it was exceeding 90. The average group velocity inside the layer is approximately

0.03c, which is significantly faster than the magnetic case (0.0015c). Different

from the magnetic frozen mode, the average signal velocity is 0.03c, which is the

same as the average group velocity for the oblique frozen mode.

The energy density flux is similar to that of the magnetic froze mode. However,

since the larger energy density flux leaves the layer, the energy density is much

smaller, e.g., the energy density flux out of the last cell of gyrotropic photonic

crystal is around 10−3, but that of oblique anisotropic layer is around 10−2, 10
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Figure 3.9: Field amplitude |Ψ|2 of the oblique frozen mode at T=500 (left),
T=2000 (right). N=16, Number of cell=100. TM polarization. The dotted lines
indicate the outer boundaries of the slab.
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times larger. Thus, the group velocity of the wave is much faster than that of

the wave in the gyrotropic photonic crystals. Similar to the magnetic crystal,

changes in direction of propagation or frequency dramatically alter the behavior

of the frozen mode as illustrated in Fig. 3.11.

3.4.2 Modeling with small number of unit cells

The existence of the frozen mode is theoretically based on the assumption that

the layer is semi-infinite, but less is known about the phenomena for crystals with

a finite small number of unit cells. In this section, we first determine the smallest

number of unit cells required for the frozen mode, then study how the finiteness

of layer changes the features of the frozen mode.

3.4.2.1 Compressibility condition

If we take a careful look at the phenomena, we note that the phenomena can

be characterized by the compressibility of the electromagnetic waves. In other

words, the energy density flux (ef ) should satisfy the following compressibility

condition for the occurrence of the frozen mode.∫
S

ef · nds =

∫
V

∇efdV > 0

If the above integral is zero, no energy density stacks up inside the layer as what

enters the crystal also leaves it. However, if the integral is positive, the amount

of the influx wave is larger than that of outflow wave and consequently energy

stacks up inside the layer and gets compressed, reflecting a slow-down of the wave

and sharp increase of the field amplitude. This compressibility condition is thus

a measure of the energy density flux for the frozen mode. If a layer is finite, the

compressibility condition holds only for a finite time Tc, but it is significantly

longer than time T0 when a wave propagates and reaches the same distance in

the similar material without showing the frozen mode.

In a one-dimensional finite case, we have only two fluxes, inflow and outflow

in z direction. Thus, the compressibility condition can be simply expressed as

ef |zin − ef |zout > 0, while t < Tc, Tc � T0
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Figure 3.12: The magnetic frozen mode for E||x polarization (left), E||y polar-
ization (right): EDFD vs. number of cells (Ncell). Ncell=8 (solid low flat line),
Ncell=16 (decreasing solid line), Ncell=32 (dotted line), Ncell=50 (dashed line),
Ncell=64 (dotted-dashed lines). T=300.0.

If we refer to the left quantity as Energy Density Flux difference(EDFD), it is

clear that as this EDFD gets larger, this reflects more distinctive features of the

frozen mode inside the layer.

3.4.2.2 How many cells are needed for the phenomena?

Fig. 3.12 shows EDFD of the magnetic frozen mode for various numbers of

unit cells. With 8 unit cells, we hardly see any significant values of EDFD,

reflecting an inability to sustain the frozen mode. However, with only 16 unit

cells, the EDFD reaches around 0.5 and linearly decreases to zero up to T=300.0.

For 32, 50, or 64 unit cells, we observe a relatively high EDFD, although all

eventually approaches to zero after a long time integration. Thus, it appears that

approximately 16 unit cells are sufficient for the magnetic frozen mode. The field

amplitude, energy density flux, and group velocity with 16 unit cells at T=150

are shown in Fig. 3.13 where we recognize the characteristics of the phenomena,

although the intensity is rather small.

In Fig. 3.14, we show EDFDs for various numbers of unit cells in the oblique

anisotropic layers. We notice that at least 32 cells are required for a distinctive

frozen mode, i.e., twice as many as the number of the magnetic frozen mode.

Also, the field amplitude, energy density flux, and group velocity with 32 unit

cells at T=150 are shown in Fig. 3.15.
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(left), energy density flux (center), and group velocity (right) at T=150. The
incident wave is E‖x polarized.
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Figure 3.14: The oblique frozen mode for each polarizations at T=300.0. TM
polarization (left), TE polarization (right): Ncell=8 (lowest solid line), Ncell=16
(second lowest solid line), Ncell=32 (dotted line), Ncell=50 (dashed line), Ncell=64
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(left), Energy density (center), and group velocity (right) at T=150. The incident
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Figure 3.16: Predicted transmittance rate for a finite number of cells = 32 (left),
100 (right). The dotted line denotes the frozen mode frequency. The difference
between the frozen mode frequency and the peak is 5 × 10−5 for 32 unit cells,
1× 2−6 for 100 unit cells.

3.4.2.3 Transmittance rate

Even with a small number of unit cells, we observe that there are still amplifi-

cations of the field amplitude and slow-down of waves. What happens, however,

with the transmittance rate?

In the paper [9], it is shown that the transmittance rate displays its cup-like

singularity at the frozen mode frequency ω0 when the layer is infinite. On the

other hand, when the layer consists of finite number of unit cells, the singularity

shifts a little bit from ω0, but as the number of unit cells increases, the singularity

approaches to ω0 as shown in Fig. 3.16.

Fig. 3.17 shows the computed values of the transmittance rate in the time

domain for two different polarization E||x and E||y of the magnetic crystal with

16 unit cells. As predicted, there are shifts of the peak of the transmittance rate

curve by the difference of 0.0912 and 0.0304 for E||x, E||y respectively. However,

we also observe highly oscillatory transmittance rates for both polarizations due

to the finiteness of the slab and recognize them as the Fabry-Pérot peaks.

For the oblique frozen mode with 32 unit cells, there are also shifts of the

peak by 0.0458, 0.0367 for TM and TE polarization, as illustrated in Fig. 3.18,

but no Fabry-Pérot peaks are observed.
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Figure 3.17: Computed values of the transmittance rate for the magnetic frozen
mode with 16 unit cells for each polarization E‖x (left), E‖y (right). The lowest
peak for E‖x is at 0.6988 with 0.0912 difference and the highest peak for E‖y is at
0.5773 with 0.0304 difference.
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Figure 3.18: Computed values of transmittance rate for the oblique frozen mode
with 32 unit cells for each polarization TM (left), TE (right). The lowest peak of
TM polarization is at 9.1186 with 0.0458 difference and the highest peak of TE
polarization is at 9.1278 with 0.0367 difference.
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Figure 3.19: EDFD of the magnetic frozen mode for the thickness of F layer
(square) and the misalignment of A layer (circle). The vertical line is the percent-
age value of parameters for the frozen mode. E‖x (left), E‖ y (right). T=150.0.
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3.5 Sensitivity of frozen mode

As we have seen in the previous section, the frozen mode phenomenon, predicted

under ideal and impractical assumptions, appears to also exist under more realis-

tic conditions such as finite length crystals. However, the results also emphasize

that changes in the various parameters such as frequency or layer length could

destroy the phenomenon. In fact, the material properties of layers (thickness

of each layer, misalignment angle for anisotropic layer, material constants) and

characteristics of wave propagation(incident angle, frequency) should be exact

up to 3∼4 digits to generate a stationary inflection point obtained by analytic

methods. However, even with current state-of-the-art technology, it seems to be

very hard to meet such standards. Thus, it is very likely one faces some errors in

the fabrication of the crystal layers and in propagating an electromagnetic wave

with the exact frequency.

In this section, we study how such errors in the parameters of the layers

or illuminating wave will impact the frozen mode with the goal of providing

guidelines on how much error is allowable without destroying the frozen mode.

For this purpose, we perform two different tests: One is to observe EDFD for

the same amount of errors in each parameters and the other is to observe the

independently randomized errors on each parameters within a certain range. The

former represents a systematic error while the latter reflects randomized errors

during fabrication or operation. The thickness of the magnetic layer F and the

misalignment of the anisotropic A layers are considered in the magnetic frozen

mode, while the thickness of the anisotropic A layer and the incident angle of the

wave are used for the oblique frozen mode.(see Fig. 3.2)

3.5.1 Correlated uncertainty

In Fig. 3.19, we show EDFD for variations in the thickness of F layer or different

misalignment angle of A layer for each polarization E‖x(left) and E‖y(right).

We observe that the maximum of EDFD is shifted from 100 % to a value around

98% ∼ 99% of the frozen mode frequency due to the finiteness of the layer. If we

set 25% of the maximum of EDFD as the limit of EDFD for the frozen mode,

then an allowable error is [95.5, 101.0] for the thickness of the F layer and [96.5,

100.5] for the misalignment angle. This analysis indicates that the misalignment
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Figure 3.20: EDFD of the oblique frozen mode for the incident angle of the
wave(square) and the thickness of A layer(circle) at T=150.0. The horizontal line
is the percentage value of parameters for the frozen mode and the dotted vertical
line is the exact frozen frequency. TM (left), TE (right).

angle of A layer is a little more sensitive than the thickness of F layer.

For the oblique frozen mode, EDFD for TE polarization is similar to that of

the magnetic frozen mode, but EDFD for TM seems to be unexpected as shown

in Fig. 3.20. As mentioned in the previous section, the energy density in the

oblique anisotropic layer is not sufficiently large since the energy density flux

leaving out of the slab remains significant even at the frozen mode frequency.

For TE polarization, as the frequency of the incident wave approaches to the

frozen mode frequency, the transmittance rate increases and the energy density

flux leaving out of the layer decreases. Consequently, EDFD increases as we

see on the right of Fig. 3.20. On the other hand, for TM polarization, as we

approach to the frozen mode, the energy flux leaving out of the layer decreases,

but the transmittance rate also decreases. Thus, EDFD doesn’t drop sharply

even though it is not in the frozen mode. However, it is still true that energy flux

density leaving out of the layer is the smallest at the frozen mode frequency for

both polarizations. For this reason, let’s only consider TE polarization for the

analysis.

Similar to the magnetic frozen mode, there are shifts of the maximum of the

EDFD and the allowable error with the same cutoff as for the magnetic frozen

mode is [99.0, 100.5] for the incident angle of the wave and [99.5, 101.5] for the

thickness of A layer, which is significantly smaller than that of the magnetic

frozen mode which appears as a much more robust phenomenon.
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3.5.2 Uncorrelated uncertainty

In this section, we assume that each parameter in the crystal can vary indepen-

dently and has own i.i.d. random variable within a given uncertainty associated,

which implies we shall study the expectation and what amount of uncertainty

will be sufficient to destroy the frozen mode.

First, we let the parameter be the incident angle of the wave. We have one

input(incident angle) and one output(EDFD). Using Gauss quadrature, we obtain

the expectation as follows:

Ē(n) =

∫
EDFD(n, z)ρ(z)dz =

M∑
k=1

EDFD(n, zk)ωk

assuming that the random variables are uniformly distributed. Here, zk is the

Legendre-Gauss-Lobatto point and ωk the weight. But, for other parameters,

we need different ways of estimation. Let the number of cells for the magnetic

frozen mode and the oblique frozen mode be 16 and 32, respectively. Then, we

have 32 input parameters for the thickness of A layer for the oblique frozen mode

and 16 input parameters for the thickness of F layer and the misalignment of A

layer for the magnetic frozen mode. Several numerical methods can be applied to

these problems, such as Monte Carlo Method and Stochastic Galerkin Method,

but we use Stochastic collocation method which combines the accuracy of the

Stochastic Galerkin Method and easy implementation of Monte Carlo Method

[34]. We use Stroud’s cubature points of degree 2 as collocation points which

provide high efficiency with minimal (Ncell+1) number of nodal point sets [27].

The brief procedure takes the following steps:

1. Generate i.i.d. random variables according to Stroud-2 method

Y 2r−1
k =

√
2

3
cos

2rkπ

N + 1
, Y 2r

k =

√
2

3
sin

2rkπ

N + 1
, r = 1, 2, · · · , [N/2]

where, [N/2] is the greatest integer not exceeding N/2, and if N is odd

Y N
k = (−1)k/

√
3

2. Solve for each k = 0, · · · ,Ncell with {Y 1
k , · · · , Y Ncell

k } and obtain each EDFD
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Figure 3.21: The magnetic frozen mode: Expectation for uncorrelated uncertain-
ties of misalignment angle of A layer(MA), E‖x (1st)/E‖y (2nd) and thickness of
F layer(FW), E‖x (3rd)/E‖y (4th). The above dotted line is E(x)+δ and the be-
low one is E(x)-δ. E(x):expectation, δ: is one standard deviation. The horizontal
dashed line is a cutoff amount of EDFD for the frozen mode.

3. Post-process the result to evaluate the expectation

E =
1

Ncell + 1

Ncell∑
k=0

EDFD(k)

For the magnetic frozen mode, Fig. 3.21 shows that if we allow one standard

deviation of uncertainty, then approximately 5 % uncertainty in the misalignment

angle of A layers and as much as 15 % uncertainty of thickness of F layer are

allowable without the EDFD being reduced below 25 % maximum value. These

numbers are 2∼ 5 times larger than those for the correlated uncertainty, reflecting

significant robustness of the magnetic crystal to randomized small uncertainties.

Similarly, for the oblique frozen mode, as shown in Fig. 3.22, the thickness of

the A layer can vary with about 2% and the incident angle up to 5% to main-

tain the frozen mode characteristics within one standard deviation. Although

these numbers are considerably smaller than those for the magnetic crystal, the

numbers are still 2 ∼ 10 times larger than those found in the correlated case.
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Figure 3.22: The oblique frozen mode: Expectation for uncorrelated uncertainties
of the incident angle of the wave (IA), TM (1st)/TE (2nd) and the thickness of A
layer (AW), TM (3rd)/TE (4th). The above dotted line is E(x)+δ and the below
one is E(x)-δ. E(x):expectation, δ:standard deviation. The horizontal dashed line
is a cutoff amount of EDFD for the frozen mode.

3.6 Concluding remarks

In this chapter, we addressed a number of central questions regarding the re-

cently proposed periodic structures, utilizing anisotropic materials [8, 9, 10] and

expected to display a number of highly unusual and interesting phenomena such

as very low propagation velocity, very high localized field intensity and also per-

fect transmission into crystals comprising of high-index materials.

Our first task has been to develope an accurate and efficient means, by which

to model these new crystals in the time-domain with the aim of confirming the

predicted behavior and further understanding the nature and limits of the theo-

retical predictions. We developed and validated a discontinuous Galerkin method

for this purpose. As we have seen before, we are able to qualitatively and quan-

titatively confirm all essential predictions and further show that many of these

effects can be reproduced in crystals with even moderate length.

As predicted by the theory, the finiteness of the crystal implies a slight shift

in the frozen mode frequency. Furthermore, we have compared the behavior of

crystals with magnetic layers as well as purely dielectric crystals with the incident

wave entering at an oblique angle. While the behaviors of the two crystals are

qualitatively comparable, the details are very different and the magnetic material
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leads to much stronger effects. Indeed, the computational results show that the

amplification of the oblique frozen mode is more than 20 times lower than that

of the magnetic frozen mode and the velocity of energy transfer of the oblique

frozen mode is also approximately 20 times faster than that of the magnetic frozen

mode. Hence, the purely dielectric crystal has to be longer to achieve similar

effects. Unfortunately, even the very thin magnetic layers are problematic from

a production perspective as magnetic materials with sufficient Faraday rotation

and low enough loss is difficult to manufacture in the right frequency regime

(microwaves).

By studying the sensitivity of the frozen mode phenomenon, we have been able

to establish bounds for how large uncertainties can be without impacting the es-

sential behavior of the crystals. These studies also confirm that the magnetic

crystals are considerably more stable to variations in the crystal parameters as

compared to the oblique crystal. Surprisingly, we find in both cases that system-

atic variations are considerably worse than uncorrelated variations in the param-

eters, confirming that the frozen mode phenomenon is a robust phenomenon with

excellent chances of being verified experimentally, provided appropriate materials

can be identified.
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Chapter 4

Optimization and design of

frozen mode crystals

In this chapter, we explore the use of PDE constrained nonlinear optimization

techniques to optimize and design electromagnetic crystals which exhibit frozen

mode behavior. This is characterized by the association with Van Hove singu-

larities in the dispersion relation, e.g., stationary reflection points and degener-

ate band edge points. Hence, the optimization process modifies the dispersion

relation by adjusting the geometries and material parameters. The resulting al-

gorithm is found to be capable of recovering all known crystal configurations as

well as many new configurations, some of which display dramatically improved

properties over previously used configuration. We investigate both gyrotropic

photonic crystals and degenerate band edge crystals as well as the more complex

case of the oblique incidence where we extend the investigation to the three-

dimensional case to identify the first three-dimensional crystal exhibiting frozen

mode behavior.

4.1 Introduction

Controlling the flow of electromagnetic waves in materials has been the frontier

of our technologies in the last decade. Along with prohibiting wave propagation

or localizing wave in certain areas, decreasing the speed of waves with a signif-

icant rate has grabbed broad attentions. Recent studies of periodic structures
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of several different anisotripic materials show that when a monochromatic wave

with a certain frequency propagates in such structures, it shows abnormal elec-

tromagnetic phenomena such as dramatic slow-down of the wave, the significant

increase of field amplitude and singularities of the trasmittance rate, which are

classified as the frozen mode. These unique features of the frozen mode are at-

tractive for numerous practical applications and recent studies [6] have confirmed

the robustness of these phonomena. In the beginning, the frozen mode was re-

garded as a distinctive phenomenon only related to stationary inflection points

of the dispersion relations ω(k) such as,

∂ω

∂k
= 0;

∂2ω

∂k2
= 0;

∂3ω

∂k3
6= 0 at ω = ω0

However, it is worth mentioning that these properties of the dispersion relation

are special cases of what are known as Van Hove singularities [20] as points where

the first derivative of the dispersion relation ω(k) vanishes, i.e.,

∂ω

∂k
= 0, at ω = ω0

This nomenclature is related to density of state (DOS), since it is well-known

that DOS is inversely proportional to ∂ω/∂k [21].

However, all previous studies have focused on the analysis of crystal config-

urations found by a trial-and-error technique which tends to limit the number

of parameters one can freely vary. This limits the flexibility in the design of

such crystals and leaves an open question of whether it is generally possible to

achieve the sought-after properties in the dispersion relation, e.g., when given

some specific materials, one can modify the geometric properties of the crystal as

needed.

To address this problem in a more systematic way, we consider the implemen-

tatioin of a PDE constrained optimization approach where we use the dispersion

relation, given by the transfer matrix method or by solving the Maxwell eigen-

problem, in combination with the algorithm of Method of Moving Asymptote

(MMA) [28, 29, 30, 36, 37] to recreate and to optimize known configurations as

well as to design entire crystal arrangements.

In this study, we consider the optimization and the design of three different

types of crystals all of which exhibit the frozen mode phenomena. The first one is
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a gyrotropic photonic crystal consisting of two misaligned anisotropic layers and

one magnetic layer. Its dispersion relation has a stationary inflection point ω0 on

the 2nd band. The second class of crystals consists of two misaligned anisotropic

layers and vacuum between them. Its dispersion relation has a degenerate band

edge ωd in the first band. The final structure consists of only one anisotropic layer

with εxz 6= 0 and vacuum between them. However, the frozen mode phenomenon

only emerges when the incident wave propagates into this layer at an oblique

angle. This latter case is quite different from the previous two cases. The disper-

sion relation where a stationary inflection point ω0 lies was originally computed

by a one-dimensional transfer matrix method with the assumption of tangential

consistency of wave vector. To verify the existence of a stationary inflection point

in general three dimensional setting which was previously unascertained, we first

solve the general Maxwell eigenproblem to get the dispersion relation with ini-

tial parameter sets and apply the optimization techniques to seek a stationary

inflection point in the dispersion relation of three dimension.

The remaining part of this chapter is organized as follows. In section. 4.2, we

briefly recall the physical model, Maxwell’s equations and how one recovers the

dispersion relation from these equations. This sets the stage for section. 4.2 where

we explain the implementation of the optimization method based on Method of

Moving Asymptote (MMA). In sections 4.3 and 4.4, we display the methods and

results of optimizing the magnetic frozen mode and degenerate band edge for

previously known designs as well as new configurations, respectively. Section 4.5

is devoted to the design of crystals for the oblique case and its modeling in the

time domain. We conclude with a few remarks and future works in section. 4.6.

4.2 Physical model

We consider Maxwell’s equations

∇× Ẽ = −dB̃
dt
, ∇× H̃ =

dD̃

dt

where Ẽ and H̃ is the electric field and magnetic field, respectively, D̃ and B̃

the displacement field and the induction field. These fields are related by linear
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constitutive relations as follows.

D̃(z) = ε̂(z)Ẽ(z), B̃(z) = µ̂(z)H̃(z)

where we have assumed that (ε̂, µ̂) are homogeneous in the (x, y)-plane. If we

consider harmonic solutions with frequency ω, we recover the Maxwell’s equations

in the frequency domain.

∇× Ẽ = iωµ̂(z)H̃ , ∇× H̃ = −iωε̂(z)Ẽ (4.1)

To simplify the above equations, we introduce the normalized quantities using

z =
z̃

L̃
, t =

t̃

L̃/c̃0

where, L̃ is a reference length and c̃0 = (ε̃0µ̃0)−
1
2 is the dimensional speed of light

in vacuum. Also, Ẽ and H̃ are normalized as

E =

√
ε̃0

µ̃0

Ẽ

H̃0

, H =
H̃

H̃0

where H̃0 is a dimensional reference magnetic field strength. By substituting these

normalized quantities into Eq. (4.1), we obtain the following non-dimensionalized

equations

∇× E = iωµ̂(z)H , ∇×H = −iωε̂(z)E

where (ε̂, µ̂) now represent the relative permittivity and permeability, respectively.

Let’s assume the solution is periodic with the following form[
~E(~x)
~H(~x)

]
=

[
~Ek
~Hk

]
exp(i~k · ~x) , ~k = wave vector

Then, we recover the modal equation

(∇+ i~k)× Ek = iωµ̂(z)Hk , (∇+ i~k)×Hk = −iωε̂(z)Ek

which simplifies as

(∇+ i~k)× 1

µ̂(z)
(∇+ i~k)× Ek = ω2ε̂(z)Ek

44



For a given value of the wave vector ~k, the above problem is recognized as an

eigenvalue problem for (ω2,Ek), from which we recover the dispersion relation

(~k, ω(~k)).

Hence, when optimizing the crystals, we must ensure that all considered so-

lutions satisfy the above eigenvalue problem which emerges as the constraints in

the optimization process.

The goal of the optimization is to identify one type of Van Hove singularities

[20] in the dispersion relation, leading to a very strong divergence of the density

of states(DOS) near the corresponding frequency. There are several types of

singularities, but we are specially interested in finding singularities where the

first and second derivative are both zero, i.e.

∂ω

∂k
= 0,

∂2ω

∂k2
= 0, at ω = ω0

We state this equivalently as the following minimization problem.

minimize λ

∣∣∣∣dωdk (~x)

∣∣∣∣ +

∣∣∣∣d2ω

dk2
(~x)

∣∣∣∣ , at ~k = ~k0 (4.2)

xminj ≤ xj ≤ xmaxj , 1 ≤ j ≤ n, n = number of variables

where ~x is a n-variable vector and | · | means the absolute value of the scalar dω
dk

,
d2ω
dk2 . Also, note that λ is a weight constant which is dependent on the type of

singularities. The objective function dω
dk

(~x) and d2ω
dk2 (~x) can be obtained directly

from the dispersion relation with optimization variable ~x by solving the eigen-

value problem discussed above. Once the dispersion relation is obtained, the

derivatives of the objective functions can be computed easily. For example, the

fourth order approximation of its first and second derivatives are computed by

difference approximations such as,

d

dxj

{
dω

dk
(~x)

}
=

1

12∆xpj

{
−
dωpj+2

dk
+ 8

dωpj+1

dk
− 8

dωpj−1

dk
+
dωpj−2

dk

}
d2

dx2
j

{
dω

dk
(~x)

}
=

1

12(∆xpj)
2

{
−
dωpj+2

dk
+ 16

dωpj+1

dk
− 30

dωpj
dk

+ 16
dωpj−1

dk
−
dωpj−2

dk

}
where

dωpj
dk

=
dω

dk
(~xj + p∆~xj), 1 ≤ j ≤ n

In fact, this fourth order approximation is preferred in the computation of the

derivatives to increase the accuracy and to make the fast convergence. Further-

more, it is required to obtain an initial guess ~k0 or at least a group of possible
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candidates of ~k0s. Identifying suitable ~k0 is one of most critical and significant

factors of convergence of the optimization solution. We have identified that the

following approach is working well.

1. Divide the dispersion relation into several sections such that each section

contains only one wave vector with |dωp
dk

(~x)| < ε� 1.

2. For each section, find one wave vector ~k0 such that

D12(~k0) = min
p

∣∣∣∣∣
p+2∑
`=p−2

dωp

dk
(~k`)

∣∣∣∣∣ , p ∈ section I (4.3)

Note that the function inside the bars is a way of indicating the amount of

the first and the second derivative at the same time

3. Optimize the objective function at ~k0.

Since the objective function is generally not convex, we use the algorithm of

Method of Moving Asymptote (MMA). The application of MMA to find singular-

ity points of dispersion relation can be stated briefly as follows. First, Eq. (2.2)

can be changed into the following equivalent problem.

minimize f0(x) = z +
4∑
i=1

ciyi (4.4)

subject to f1(x) = λ
dω

dk
(~x)− y1 ≤ 0, f2(x) =

d2ω

dk2
(~x)− y2 ≤ 0

f3(x) = −λdω
dk

(~x)− y3 ≤ 0, f4(x) = −d
2ω

dk2
(~x)− y4 ≤ 0

z ≥ 0, yi ≥ 0, 1 ≤ i ≤ 4,

xminj ≤ xj ≤ xmaxj , 1 ≤ j ≤ n

where, y1, · · · , yn and z are artificial optimization variables. Note that z is zero

and yi is given as the maximum of each constraint function at the optimized

solution ~x. Now, we have the non-linear optimization problem with several con-
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straints. For these fi(~x)s, let’s define gi(x) in the following way,

gi(x) = ri +
n∑
j=1

(
pij

Uj − xj
+

qij
xj − Lj

) (4.5)

pij = max{0, (Uj − xj)2 ∂fi
∂xj
}, qij = max{0,−(xj − Lj)2 ∂fi

∂xj
}

ri = fi(x)−
n∑
j=1

(
pij

Uj − xj
+

qij
xj − Lj

), 1 ≤ i ≤ 4, 1 ≤ j ≤ n

The parameters Lj and Uj (known as moving asymptotes) are chosen as Lj <

xj < Uj and play a critical role in the convergence of the optimization scheme.

In fact, Lj and Uj are adjusted for each iteration according to the convergence of

the solution. Note that the second derivatives of gi are given as

∂2gi
∂xjx`

= δj`

(
2pij

(Uj − xj)3
+

2qij
(xj − Lj)3

)
, 1 ≤ j, ` ≤ n

Since pij ≥ 0, qij ≥ 0, gi is a convex function. In fact, as long as Lj and Uj are

finite, gi is strictly convex in all variables except for ∂gi
∂xj

(x) = 0, 1 ≤ j ≤ n. With

gis as shown in the Eq. (4.5), we have the following subproblem.

P : minimize
n∑
j=1

(
pij

Uj − xj
+

qij
xj − Lj

)
+ r0 (4.6)

subject to

(
pij

Uj − xj
+

qij
xj − Lj

)
+ ri ≤ fi, 1 ≤ i ≤ 4

xminj ≤ xj ≤ xmaxj , 1 ≤ j ≤ n

Then, the Lagrangian function corresponding to this problem is given by

W (x, y) = ~r0 − ~yT~r +
n∑
j=1

(
p0j + ~yT~pj
Uj − xj(~y)

+
q0j + ~yT~qj
xj(~y)− Lj

)
In fact, W (x, y) is differentiable, smooth and concave. Finally, the Lagrangian

dual problem with this Lagrangian function is

D : maximize W (x, y) = ~r0 − ~yT~r +
n∑
j=1

(
p0j + ~yT~pj
Uj − xj(~y)

+
q0j + ~yT~qj
xj(~y)− Lj

)
(4.7)

subject to y ≥ 0

This yields a nice convex optimization problem and it can be solved by a primal-

dual Newton method. The details for this primal-dual method are given in [29]
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Figure 4.1: Periodic structure of gyrotropic photonic crystals consisting of two
different anisotropic materials (A1,A2) with one magnetic layer (F) (left) and its
dispersion relation (right).

4.3 Optimization and design of magnetic crys-

tals

The frozen mode in the gyrotropic crystal occurs when a monochromatic wave

with frequency ω0 propagates into a periodic array consisting of two misaligned

anisotropic layers and one magnetic layer (Fig. 4.1). In the dispersion relation,

this ω0 is a stationary inflection point with the following properties

∂ω

∂k
= 0,

∂2ω

∂k2
= 0,

∂3ω

∂k3
6= 0, at ω = ω0 (4.8)

As shown in [9], one set of parameters resulting in an inflection point at ω0 is

For A layer : ε̂ =

[
13.61 + 12.40 cos(2φ) 12.40 sin(2φ)

12.40 sin(2φ) 13.61− 12.40 cos(2φ)

]
, µ̂ = Î

For F layer : ε̂ =

[
5.0 0.0

0.0 5.0

]
, µ̂ =

[
60.0 i37.0

−i37.0 60.0

]
φ1 = 0, φ2 = −π/4, LF = 0.0047454, LA = 0.5(1.0− LF)

k0 = 2.6329, ω0 = 0.607676756(c/L)

where φ1 and φ2 are the misalignment angle of the first and second anisotropic

layer, respectively. Also, LF is the thickness of F layer and LA1, LA2 are thickness

of the first and second anisotropic layer, respectively.
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The first task is to recover this set of parameters by the aforementioned opti-

mization technique and, subsequently, seek sets of parameters if possible. Since

the periodicity is along z direction only, the dispersion relation of the magnetic

frozen mode can be obtained by the transfer matrix method rather than solving

the full Maxwell eigenvalue problem.

The transfer matrix method is a way of finding the dispersion relation from

Bloch solutions of Maxwell’s equations in planar structures. The transfer matrix

(TL(ω)) can be obtained with bases of tangential components of electrical and

magnetic fields. Then, it is used for Bloch solutions of the Maxwell’s equations

in a periodic media such as

qk(z + L) = eikLqk(z), qk = [Ex Ey Hx Hy]
T
k

Also, using the property of transfer matrix TL(ω)qk(z) = qk(z + L), we get the

following charicteristic equation.

(TL(ω)− eikL)qk(L) = 0 =⇒ det(TL(ω)− eikL) = 0

which yields the dispersion relation between ω and the wave vector k. The transfer

matrix of an anisotropic layer with misalignment angle φ (TA) and a magnetic

layer (TF ) are given as

TA(φ, LA) = W (φ, LA)W−1(φ, 0), TF (LF ) = W (LF )W−1(0)

W (φ, LA) =


(cosφ)ein1a (cosφ)e−in1a −(sinφ)ein2a −(sinφ)e−in2a

(sinφ)ein1a (sinφ)e−in1a (cosφ)ein2a (cosφ)e−in2a

−η1(sinφ)ein1a η1(sinφ)e−in1a −η2(cosφ)ein2a η2(cosφ)e−in2a

η1(cosφ)ein1a −η1(cosφ)e−in1a −η2(sinφ)ein2a η2(sinφ)e−in2a



W (LF ) =


ein1f e−in1f −iein2f −ie−in2f

−iein1f −ie−in1f ein2f e−in2f

iη1e
in1f −iηe−in1f −η2e

in2f η2e
−in2f

η1e
in1f −ηe−in1f −iη2e

in2f iη2e
−in2f


where, a = ω

c
LA and f = ω

c
LF . Then, the transfer matrix of three-cell layer is

TL(φ1, φ2, LA1, LA2, LF ) = TF (LF )TA(φ2, LA2)TA(φ1, LA1)

and the dispersion relation of this layer is obtained by solving

det(TL − ξI) = 0, ξ = eikL, L = LA1 + LA2 + LF .
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Figure 4.2: Scenes from optimization process with one variable LF (left to right).
Let ρ0 = LA/LF . ρ0=0.05(left), 0.0.018924 (center), 0.0.0095342 (right) after 6
iterations, dω

dx= 3.97e-13, d2ω
dx2 = 0.007907 with λ = 10000.

The left hand side is a fourth order polynomial and we can compute the roots of

it by simple root-finding method.

As for choosing wave vector k0 corresponding to ω0, we first find the wave

vector kb corresponding to a band edge ωb(the highest peak such that dω
dk
|ω=ωb = 0)

and seek k less than kb where the minimum of D12 occurs as discussed in Eq. (4.3).

However, this may still miss the true candidates of wave vector k0 for optimized

solution ω0. To address this issue, we change the initial values if the converged

solution in the sense of ‖x− xold‖ < ε0 does not satisfy

dω

dk
< ε1,

d2ω

dk2
< ε2 for sufficiently small ε1, ε2

In general, we shall allow the thickness of the magnetic layer (LF ), the thick-

ness of the first anisotropic layer (LA1) and material constants of the anisotropic

layer(εA, δA) to vary during the optimization, although this could be extended

as needed. In Fig. 4.2, we show the sequence of convergence of the dispersion

relation for a stationary inflection point using optimization with just one variable

LF .

We note that the optimized solution for LF is accurate up to 5.0e-06 with the

analytically derived LF [9] and the difference is negligible in the sense of sensitiv-

ity. Other optimized solutions with different number of variables(n) are shown in

Table 4.1. We observe that the thickness of F layer is approximately the same for

all sets, but the thickness of A layer varies depending on the misalignment angle

or the material constants. The absolute values of the first and second derivative
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Set1 Set2 Set3 Set4

Input n 1 2 2 4

variables LF (LA1 = LA2) LF , LA1 LF , LA1 LF , LA1, εA, δA

φ2 −π/4 −π/4 −π/3 −π/4
Solution LF 0.00474 0.00480 0.00490 0.00470

LA1 0.49763 0.44555 0.22056 0.45001

εA 5.1 5.1 5.1 5.0

δA 1.1 1.1 1.1 1.18189

ω0 0.60769 0.60950 0.67177 0.62171

k0 2.63894 2.63894 2.70177 2.63894
dω
dk
|ω=ω0 3.9666e-13 2.41590e-16 6.5758e-16 1.80310e-12

d2ω
dk2 |ω=ω0 0.007907 0.00898 0.00917 0.00191

TR rate 0.3388 0.4081 0.7786 0.3109

Table 4.1: Optimized solutions with different number of variables (n) or dif-
ferent initial values for magnetic frozen mode. φ2=misalignment angle of second
anisotropic layer(we let φ1 = 0). LF= thickness of magnetic layer, LA1=thickness
of the first anisotropic layer. TR (Transmittance) rate = IT /II , I ≡ 1

µ0
< E×B >

, <> = time average over a cycle. εA and δA are used in the permittivity of
anisotropic layer as follows.

ε̂ =

[
εA + δA cos(2φ) δA sin(2φ)

δA sin(2φ) εA − δA cos(2φ)

]
.
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Figure 4.3: Maximum of the field amplitude(left) and the Energy Density flux
difference(ef of the first cell - ef of the last cell, ef=energy density flux) (right)
for set 1 (solid line), set 2 (dashed line), set 3 (dot-dashed line) and set 4 (dotted
line) of Table 4.1. Number of cell = 16. E‖x polarization.
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Figure 4.4: Periodic crystal structure allowing a degenerate band edge. The
crystal consists of two misaligned anisotropic layers (A1,A2) with vacuum (V)
between them (left) and its dispersion relation (right)

at each ω0 are sufficiently close to zero, so all sets show every characteristics of

the frozen mode.

However, the closer to zero the first derivative is, the slower the group velocity

(velocity of energy transfer) of the wave is. Also, the intensity of the field ampli-

tude inside the layer and the amount of energy density stacked inside the layer

indicated by energy density flux difference (EDFD) [6] are closely related to the

transmittance rate. If a larger amount of energy enters into layer, the growth of

the field amplitude gets higher and energy density inside the layer gets stronger

(Fig. 4.3).

4.4 Optimization and design of degenerate band

edge crystals

Different from the stationary inflection points in the gyrotropic crystals, the third

derivative of the dispersion relation also needs to be zero in the degenerate band

edge crystals, i.e.

∂ω

∂k
= 0,

∂2ω

∂k2
= 0,

∂3ω

∂k3
= 0 at ω = ω0

According to the paper [11], the following set of parameters generates a degen-
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erate band edge point at k0 = π.

For A layer : ε̂ =

[
13.61 + 12.40 cos(2φ) 12.40 sin(2φ)

12.40 sin(2φ) 13.61− 12.40 cos(2φ)

]
, µ̂ = I

φ1 = 0, φ2 = π/4, LV = 0.45891, LA = 0.5(1.0− LV), L = 2LA + LV

k0 = π, ω0 = 1.0094052895(c/L)

where LA and LV are the thickness of anisotropic layer and vacuum, respectively.

One of main advantages of this configuration is the absence of magnetic compo-

nent which is both complicated and difficult to manufacture with a sufficiently low

loss. As shown in Fig. 4.4, the dispersion relation is indeed flat at the degenerate

band edge point which increases the speed of convergence when minimizing

J = λ

∣∣∣∣dωdk
∣∣∣∣ +

∣∣∣∣d2ω

dk2

∣∣∣∣ at k0 = π

Similar to the previous magnetic case, the one-dimensional nature of the problem

enables the use of the transfer matrix method, which is expressed as follows.

TL(φ1, φ2, LA1, LA2, LV ) = TA(φ2, LA2)TV (LV )TA(φ1, LA1)

where

TV (LV ) = W (LV )W−1(0), W (LV ) =


eiv e−iv −eivf −e−iv

eiv e−iv eiv e−iv

−eiv e−iv −eiv e−iv

eiv −e−iv −eiv e−iv


and v = ω

c
LV . The structure of the periodic array shown in Fig. 4.4 always

displays a degenerate band edge at k0 = π independent of input parameters,

so we don’t need to find another candidates sets of k0. As for the parameters

of optimization, similar to magnetic frozen mode, we consider the thickness of

the vacuum layer (LV ), the thickness of the first anisotropic layer (LA1) and the

material constants of the anisotropic layer (εA, δA).

Fig. 4.5 shows the sequence of convergence of the dispersion relation for a

degenerate band edge point for optimization using one variable LV to recover

the known solution, confirming the robustness of the method and the computed

solution.
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Figure 4.5: Scenes from optimization process with one variable LV (left to right).
LV =0.3029 (left), 0.3994 (center), 0.4589 (right) after 6 iterations, dω

dx= 2.6258e-
015, d2ω

dx2 = 1.3466e-013 with λ = 100.

In Table 4.2, we show other solutions found by using different parameters(n)

for optimizations. We observe that the thickness of vacuum is approximately the

same for all sets, but the thickness of anisotropic layer varies. The first derivative

and the second derivative of all sets are less than 1.0e-10, which is sufficiently

small to make the phenomena distinctive in the time domain.

However, one big difference is that the transmittance rate of set 4 is signif-

icantly larger than those for the other sets in some contrast to the widely held

belief that total reflectance or negligible amount of transmittance rate at degen-

erate band edge is inevitable.
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Figure 4.6: Field amplitude(left) and Maximum of field amplitude (right) of
Degenerate band edge with set 1 of Table 4.2. Number of unit cell=32. Number
of grid points per each domain=12. One unit cell = A1+V+A2 as shown in Fig.
4.4. E‖x polarization.
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Figure 4.7: Field amplitude(left) and maximum of field amplitude (right) of
degenerate band edge with parameter set 4 of Table 4.2. Number of unit cell=32.
Number of grid points per each domain=12. One unit cell = A1+V+A2 as shown
in Fig. 4.4, E‖x polarization.

Set1 Set2 Set3 Set4

Input n 1 2 2 4

variables LV (LA1 = LA2) LV , LA1 LV , LA1 LV , LA1, εA, δA

φ2 π/4 π/4 π/3 π/4

Solution LV 0.45890 0.46000 0.45005 0.45005

LA1 0.27055 0.29190 0.43633 0.45050

εA 5.1 5.1 5.1 7.0

δA 1.1 1.1 1.1 3.92

ω0 1.00940 1.01331 1.11726 0.88645

k0 π π π π
dω
dk
|ω=ω0 2.9175e-16 2.9063e-16 0* 4.3189e-15

d2ω
dk2 |ω=ω0 6.0364e-14 1.3414e-13 1.5102e-013 3.8326e-10

TR rate 0.0064 0.0070 0.0440 0.3474

Table 4.2: Optimized solutions with different number of variables(n) or differ-
ent initial values for degenerate band edge. φ2=misalignment angle of second
anisotropic layer(we let φ1 = 0). LV = thickness of vacuum, LA1=thickness of the
first anisotropic layer. TR (Transmittance) rate = IT /II , I ≡ 1

µ0
< E × B >

, <>= time average over one cycle. * = the value is less than machine accuracy.
εA and δA are used in the permittivity of anisotropic layer as follows.

ε̂ =

[
εA + δA cos(2φ) δA sin(2φ)

δA sin(2φ) εA − δA cos(2φ)

]
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When it was believed so, as one of way to increase the transmittance rate,

Figotin and Vitebsky suggested to use Fabry-Pérot peak cavity resonance in the

paper [11]. In other words, instead of sending a monochromatic wave with the

exact degenerate band edge frequency ω0, we send a monochromatic wave with

ω1 which is slightly different from ω0 but with a transmittance rate which is

significantly higher because of the finiteness of the slab.

One of optimized solutions shows a transmittance rate of 0.3474 approxi-

mately, which is more than 50 times larger than those of the other sets. This

result seems to be encouraging, since we don’t need to blur the distinctive fea-

tures of the frozen mode by using ω1 different from ω0. Figs. 4.6 and 4.7 show

the field amplitude at T=300.0 and the increase of the maximum field amplitude

with set 1 and set 4 of Table 4.2. These figures clearly display the significance of

large transmittance rate at the degenerate band edge.

4.5 Optimization and design of oblique frozen

mode crystals

As proposed by Figotin and Vitebsky [10, 22], stationary inflection points can

be also generated without magnetic layers and with structures even simpler as

the degenerate band gap structures. To achieve this goal, one needs to break

the symmetry and consider incident waves at oblique angles. When an oblique

incident waves propagates into a periodic layer consisting of one anisotropic layer

with εxz 6= 0 (εxz = xz component of permittivity tensor ε̂) and vacuum, we

can observe similar, but weaker frozen mode inside the layer as compared to the

gyrotropic crystal.

However, the crystal parameters in [10, 22] were computed by one dimensional

transfer matrix method based on the following tangential consistency of the wave

to eliminate the derivatives along x, y directions, i.e.,

dÊ

dx
= ikx,yÊ =

(
kx,y
ω

)
iωÊ =

(
kx,y
ω

)(
−dÊ
dt

)
where kx,y is the component of the wave vector ~k along x, y direction and ω

is the frequency of the incident plane wave. The frozen mode was shown to
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Figure 4.8: Array of crystals displaying the oblique frozen mode. The periodic
structure consists of one anisotropic layer (A) with εxz 6= 0 and vacuum (V) between
them. The incident waves need to propagate into the layer at an oblique angle.

Figure 4.9: Dispersion relation for the three-dimensional Maxwell eigenvalue
problem with material parameters from paper [22] (left), and with the optimized
solution for the 8th band(right). A stationary inflection point ω0 is observed in the
dispersion relation only with the optimized solution

exist by Chun and Hesthaven [6], after applying the above consistency into the

Maxwell’s equations. However, the existence of the oblique frozen mode in real

three dimension remains in question since the above condition is artificial. To

model this general case where the transfer matrix method is not applicable, we

must solve the full Maxwell eigenvalue problems for the dispersion relation.

The solution of this more complicated problem can be computed with a freely

available frequency-domain solver [23]. In addition to choosing a wave vector ~k0

for the stationary inflection point ω0, we need to choose a band containing ω0.

For example, ω0 exists on the second band and the first band for the magnetic

frozen mode and degenerate band edge respectively, but for the oblique frozen

mode, no such information is known in advance. To identify the band where ω0
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exist, we search whole bands for a wave vector ~k0 such as

D12(~k0) = min
p

∣∣∣∣∣
p+2∑
j=p−2

dω

dk
(~kj)

∣∣∣∣∣ < δ, δ = small number

To increase the speed of the search process, we choose several bands in advance

which seem to have ~k0 satisfying the above inequality. As for parameters for

optimization, we use the oblique angle of incident wave (kx = ky), the thickness

of vacuum (LV ) and material constants of anisotropic layer (ε11, ε33) with which

material constant matrix is given as

ε̂A =

 ε11 cos θ2 + ε33 sin θ2 0 (ε11 − ε33) cos θ sin θ

0 ε22 0

(ε11 − ε33) cos θ sin θ 0 ε33 cos θ2 + ε11 sin θ2


Among several stationary inflection points found by optimization, one of them

with the lowest frequency ω0 is given as follows (also see Fig. 4.9):

θ = π/4

ε11 = ε22 = 4.66812966, ε33 = 3.9656, LV = 0.5711535

~k = (−0.4800309,−0.4800309,−0.008982), ω0 = 1.295439 (c/L)

dω

dk

∣∣∣∣
ω=ω0

= 0.00048279,
d2ω

dk2

∣∣∣∣
ω=ω0

= 0.004393

The dispersion relation resulting from the new parameters clearly show the correct

properties for the three-dimensional crystal.

4.5.1 Time-domain modeling of the 3D crystal

To observe the phenomena in three dimension, the new set of optimized parame-

ters is solved in a time-domain wave propagation model with periodic boundary

condition along x, y direction [32]. The periodic boundaries are x and y sides

and absorbing boundary condition (ABC) is added at the end of z-direction to

truncate unnecessary reflection of the outgoing waves (Fig. 4.10). Let only εxz

be non-zero off-diagonal element for permittivity tensor ε̂,
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Figure 4.10: Wave propagation problem with periodic boundary condition along
x and y direction with ABC at the end of z direction. The incident wave propagates
into the layer with an oblique angle


∂Ẽz
∂y
− ∂Ẽy

∂z
∂Ẽx
∂z
− ∂Ẽz

∂x
∂Ẽy
∂x
− ∂Ẽx

∂y

 = − ∂

∂t

 H̃x

H̃y

H̃z

 ,


∂H̃z
∂y
− ∂H̃y

∂z
∂H̃x
∂z
− ∂H̃z

∂x
∂H̃y
∂x
− ∂H̃x

∂y

 =

 εxx 0 εxz

0 εyy 0

εxz 0 εzz

 ∂

∂t

 Ẽx

Ẽy

Ẽz


Assuming periodicity along x, y direction, we can express Ẽ and H̃ as two

dimensional Fourier series as follows.

Ẽ(x, y, z, t) =

Ny/2∑
my=−Ny/2

Nx/2∑
mx=−Nx/2

E(mx,my, z, t)e
imx

2π
Lx
xe
imy

2π
Ly
y

H̃(x, y, z, t) =

Ny/2∑
my=−Ny/2

Nx/2∑
mx=−Nx/2

H(mx,my, z, t)e
imx

2π
Lx
xe
imy

2π
Ly
y

where Nx, Ny are number of points along x, y direction and Lx, Ly are length

of domain along x and y direction, respectively. Note that Lx and Ly depend on

the angle of incidence of plane wave. By substituting these expansions into the

above Maxwell’s equations after implementing ABC, we have (imy)Ez − ∂Ey
∂z

∂Ex
∂z
− (imx)Ez

(imx)Ey − (imy)Ex

 = iω

 sz 0 0

0 sz 0

0 0 1/sz


 Hx

Hy

Hz


 (imy)Hz − ∂Hy

∂z
∂Hx
∂z
− (imx)Hz

(imx)Hy − (imy)Hx

 = −iω

 εxx 0 εxz

0 εyy 0

εxz 0 εzz


 sz 0 0

0 sz 0

0 0 1/sz


 Ex

Ey

Ez


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Figure 4.11: Results of testing the code for 3D time domain modeling with
periodicity along x,y direction. Transmittance rate vs. incidence angle (left),
transmittance angle vs. incidence angle (right). Solid line indicates the exact value
and circles indicate computed values.

where ω is the frequency of the incident plane wave and by substituting PML

parameter sz such as sz = 1+σz/(iω), we have the following Maxwell’s equations

in the time domain( ∀ mx ≤ |Nx/2|, ∀ my ≤ |Ny/2|, Dε = εxxεzz − ε2
xz)

∂Hx

∂t
=

∂Ey
∂z
− (imy)Ez − σzHx

∂Hy

∂t
= −∂Ex

∂z
+ (imx)Ez − σzHy

∂Bz

∂t
= −(imx)Ey + (imy)Ex

∂Hz

∂t
=

∂Bz

∂t
+ σzBz

Dε
∂Ex
∂t

= −εzz{
∂Hy

∂z
− (imy)Hz}+ εxz{(imy)Hx − (imx)Hy} − σzEx

εyy
∂Ey
∂t

=
∂Hx

∂z
− (imx)Hz − σzEy

Dε
∂Dz

∂t
= εxz{

∂Hy

∂z
− (imy)Hz} − εxx{(imy)Hx − (imx)Hy}

∂Ez
∂t

=
∂Dz

dt
+ σzDz

A Discontinuous Galerkin Method is used for differentiation along z-direction

as in the paper [18, 19]. As for time marching, we implement implicit scheme

for the linear derivatives along z direction and explicit scheme for the remainder

[4, 24]. To validate the code, the transmittance rate and transmittance angle are

computed when a plane incident wave propagating from vacuum to a dielectric
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Figure 4.12: Energy density flux (left) and the field amplitude with optimized
parameters at T=100 (center) and at T=200 (right), Nx = Ny = 6, Nz = 12,
Nx, Ny, Nz=number of grid points along x, y, z. Number of unit cell=100.

material with various oblique angles. As shown in Fig. 4.11, it demonstrates the

excellent performance of the scheme

In Fig. 4.12, we show the energy density flux
[

1
µ0

(E×B)
]

and the field

amplitude [|E|2 + |H|2] with the optimized parameter values and observe several

features of the frozen mode. In behalf of analysis, let’s define energy density flux

difference(EDFD) as shown in [6]

EDFD =

∫
S

ef · nds =

∫
V

∇efdV , ef = energy density flux

Note that this EDFD indicates the amount of energy density stacked inside

the layer per unit time. Then, we observe that there are significant amounts

of EDFD along the z direction between the first cell and the last cell(see the

right figure of Fig. 4.13). This leads to an increased field amplitude, compressed

energy density and the slow-down of waves. However, each of these phenomena

are weaker than that of magnetic frozen mode as expected [6]. The maximum

of the field amplitude is increasing very slowly and the average velocity of the

energy transfer is approximately 0.4c.

Fig. 4.13 compares EDFD for all directions for the crystals based on the

original values with the optimized values. With the optimized values, we observe

EDFD along x, y direction are almost zero, but EDFD along the z direction

remains significantly large even after a long time. With original values, EDFD

along the x, y direction remains nontrivial, which seems to explain why no frozen

mode is observed with the original configuration.
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Figure 4.13: Energy Flux Density Difference (EDFD) between the first cell and
the last cell along x (left), y (center), z (right) direction. Solid line is with optimized
parameters, dashed line is with original values. Nx = Ny = 6, Nz = 12, Number
of unit cell=64

4.6 Conclusion

In this chapter, we have explored the use of PDE constrained optimization along

with design and optimization of photonic crystals exhibiting frozen mode be-

havior. This phenomenon is related to the existence of Van Hove singularities

in the dispersion relation. We have demonstrated the ability to recover known

solutions as well as computed several new sets of parameters by optimizing the

geometry and/or the materials of the crystals. For both of the magnetic frozen

mode and degenerate band edge, each sets of parameters obtained by optimiza-

tion with different number of variables show the generally similar phenomena, but

some features are different. Above all, the transmittance rate varies significantly,

which is a crucial element for energy density and field amplitude inside the layer.

In particular one set for the degenerate band edge displays a transmittance rate

around 0.3475, which is more than 50 times larger than those of the others.

For the case with the frozen mode requiring an oblique illumination, we suc-

ceed in finding a stationary inflection point in three dimensions with parameters’

sets derived by nonlinear optimization. The existence of the frozen mode in three

dimension is shown for the first time, but the phenomena themselves are not as

distinctive as the previous two instances. One of the reason can be the intrinsic

property of the oblique array which makes wave vector k0 too close to zero.

The current computational design tool allows one to specify materials and/or

geometries, then seek to design crystals with the sought-after properties, if they

exist. The computations shown here illustrate, however, that the Van Hove sin-
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gularities are found broadly in the dispersion relations, indicating that many

configurations often exist. Future works may include finding stationary inflection

points or degenerate band edge points showing strong frozen mode in two or three

dimensional structures. We also believe that using a more complex geometry, but

employing simpler materials, can be a candidate for exploring similar behavior.
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Chapter 5

Thin layer approximations for

time-domain electromagnetics.

Part I: General metal backed

coatings

In this chapter, we present a family of high-order accurate thin layer approxima-

tions for time-domain electromagnetics. The thin layer approximations are valid

for metal backed coatings of general anisotropic materials on smooth curvilinear

backgrounds and both dielectric and magnetic materials can be considered. The

implementation of these models is non-trivial and we discuss this in the context

of discontinuous Galerkin methods which are particularly well suited for these

approximations. The range of validity, accuracy, and stability of the resulting

schemes is demonstrated through one- and two-dimensional examples.

What remains is structured as follows. In section 5.1 we sketch the derivation

of the general family of effective boundary conditions for thin coatings that we

consider. This sets the stage for section 5.2 where we briefly introduce the dis-

continuous Galerkin methods for time-domain electromagnetics and discuss how

the effective boundary conditions fit very well within this formulation. In section

5.3, we consider the performance of the effective boundary conditions for several

one-dimensional test cases to illustrate the behavior and convergence order of the

thin coating models. This is extended in section 5.4 to general two-dimensional
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Figure 5.1: On the left we summarize the definitions of the domains and the
boundaries and on the right we show the local coordinate system used along the
smooth scatterer boundary.

cases with curvilinear metallic backings and we also consider range of validity for

thick coatings and the extension to problems with non-smooth metal backing.

In section 5.5, we summarize the results and discuss the extension to cases with

multi-layer coatings and other generalizations.

5.1 Formulation of effective time-domain bound-

ary conditions

Let us consider a general but smooth perfectly conducting scatterer in Ω and as-

sume that it is coated with a thin homogeneous material layer of uniform thickness

η as illustrated in Fig. 5.1. Let Ωη represent the thin layer.

Assume that Γv is the interface between the thin layer and the scatterer and

that Γ is the interface between the thin layer and free space. We shall assume

that that all boundaries are smooth but no other restrictions are imposed.

We introduce Eη, Hη as the electric and magnetic fields, respectively, and let

ε̂η, µ̂η be the permittivity and permeability tensor in the thin layer Ωη. Further-

more, in Ωv(≡ Ω\Ωη) we have E, H as the electric and magnetic fields and we

let ε̂, µ̂ be the permittivity and permeability tensors. Outside the scatterer we

typically assume vacuum, although this is not required.
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Consider now the coupled system of Maxwell’s equations

ε̂
∂E

∂t
−∇×H = 0, µ̂

∂H

∂t
+∇× E = 0 x ∈ Ω\Ωη (5.1)

ε̂η
∂Eη

∂t
−∇×Hη = 0, µ̂η

∂Hη

∂t
+∇× Eη = 0 x ∈ Ωη (5.2)

with the boundary conditions

Eη × n = 0, x ∈ Γη (5.3)

E × n = Eη × n, H × n = Hη × n, x ∈ Γ, (5.4)

where n represents the outward pointing normal vector. Under assumption of a

constant layer thickness, n is taken to be the same on Γ and Γv. Assume now

that the layer, Ωη, is thin compared to a characteristic wavelength if the sources.

In this case the two systems of equations, Eqs. (5.1)-(5.2), have very different

scales introduced by the geometry which would cause computational difficulties.

Let us therefore seek to construct an effective boundary conditions on Γ of

the form

E × n = Bk(n× (H × n)), x ∈ Γ.

Here Bk represents the effective conditions and connects the field components at

the interface through a scheme which mimics the presence of the thin coating. The

parameter k reflects a hierarchy of conditions of increasing order of accuracy. If

we are successful in deriving such a model, we can apply these effective boundary

conditions to the exterior system, Eq. (5.1), to model the impact of the thin

coating through the effective boundary condition.

We express the point x inside Ωη as

x = xΓ + sn = xΓ + ηνn, xΓ ∈ Γ, ν ∈ [0, 1]

where we assume that the layer has a constant thickness and is homogeneous.

Note that n can vary along the curve. Under the thin layer assumption we then

make the formal approximation through the expansion of Eη and Hη as

Eη(x, t) = E0(xΓ, ν, t) + ηE1(xΓ, ν, t) + η2E2(xΓ, ν, t) + · · ·
Hη(x, t) = H0(xΓ, ν, t) + ηH1(xΓ, ν, t) + η2H2(xΓ, ν, t) + · · ·

(5.5)
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Note in particular that Ek and Hk are both independent of η and depends only

on the position xΓ along the boundary and the normalized position ν in the layer.

Along the general layer surface xΓ, the differential operator ∇ is

∇ = ∇Γ +
1

η

∂

∂ν
,

and the corresponding curl operator ∇× takes the form (see [13] for a detailed

proof)

∇× V = TsΓV −
1

η

∂

∂ν
(V × n),

for the generic vector field V . Here

TsΓV = [(Rs∇Γ) · (V × n)]n+ [Rs∇Γ(V · n)]× n− (RsCV )× n

and we have the curvature tensor, C = ~∇n and Rs(Π||+sC) = Π|| is the projection

operator along the tangential direction of Γ. Inserting this into Eq. (5.2), we

obtain

ε̂η
∂Eη

∂t
− TsΓH

η +
1

η

∂

∂ν
(Hη × n) = 0, x ∈ Ωη (5.6)

µ̂η
∂Hη

∂t
+ TsΓE

η − 1

η

∂

∂ν
(Eη × n) = 0.

We then assume the validity of the expansion

Rs = Π|| +
∞∑
i=1

(−ηνC)i,

to obtain the expansion of TsΓ as

TsΓ =
∞∑
i=0

(−s)iTiΓ (5.7)

where

TiΓV = [(Ci∇Γ) · (V × n)]n+ [Ci∇Γ(V · n)]× n− (Ci+1V )× n.
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Substituting Eqs. (5.5) and (5.7) into Eq. (5.6), we obtain the following hierarchy

of equations for k = 0, 1, 2, . . .

ε̂η
∂Ek
∂t
−

k∑
i=1

(−ν)iTiΓHk−i +
∂

∂ν
(Hk+1 × n) = 0 x ∈ Ωη (5.8)

µ̂η
∂Hk

∂t
+

k∑
i=1

(−ν)iTiΓEk−i −
∂

∂ν
(Ek+1 × n) = 0.

subject to the boundary conditions

n× Ek+1(xΓ, 1, t) = 0, (5.9)

n×Hk+1(xΓ, 0, t) = n×Hk+1(Γ).

Solving Eqs. (5.8)-(5.9) up to k leads to an effective boundary condition of order

(k+1)’th order of effective boundary conditions(EBC) which can then be used to

supply boundary conditions to the exterior Maxwell’s equations, Eq. (5.1).

The effective boundary condition of order 2 becomes

∂E

∂t
× n = −ηµ̂η ∂

2ϕ

∂t2
− η (ε̂η)−1 ~∇Γ × (∇Γ × ϕ), x ∈ Γ (5.10)

and the third order condition is

∂E

∂t
× n = −ηµ̂η[1− η(C−H)]

∂2ϕ

∂t2

−η (ε̂η)−1 ~∇Γ × [1− ηH](∇Γ × ϕ), x ∈ Γ (5.11)

Here ϕ = Π||H = n× (H × n) and

~∇Γ × V = (∇ΓV )× n, ∇ΓV = ∇Γ · (V × n),

and H = 1
2
trC is the mean Gaussian curvature.

The general approach can be continued although the expressions become in-

creasingly complex. A fourth order effective boundary condition for planar bound-

aries is given as

∂E

∂t
× n = −ηµ̂η ∂

2Ψ

∂t2
− η (ε̂η)−1 ~∇Γ × (∇Γ × Φ) x ∈ Γ (5.12)

Φ +
η2

3
~∇Γ × (∇Γ × Φ) = ϕ

Ψ +
η2

3

(
ε̄ηµ̂η

∂2Ψ

∂t2
− ~4ΓΨ + ~∇× (∇×Ψ)

)
= ϕ,
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where ε̄η = trε̂η − ε̂η and

4ΓV = ∇Γ(∇Γ · V )− ~∇Γ × (∇Γ × V ).

5.2 Time-domain scheme using a discontinuous

Galerkin method

The efficient boundary conditions discussed above have to be solved along with

the free-space Maxwell’s equations, given in Eq. (5.1). Since the main interest

is in problems with geometrically complex coated scatterer illuminated by time-

dependent sources, a body conforming time-domain formulation is most natural

and classic finite-difference time-domain schemes are ruled out. Furthermore,

since the goal here is to demonstrate the high-order accuracy of the efficient

boundary conditions, it is essential that a high-order accurate scheme be consid-

ered.

Based on these observations, it is natural to consider a discontinuous Galerkin

method [15] which has been developed during the last decade and has shown

great promise as a flexible, accurate, and robust way of solving the time-domain

Maxwell’s equations [14].

Let us briefly sketch the derivation of the discontinuous Galerkin scheme for

the time-domain Maxwell’s problem. We begin by assuming that the computa-

tional vacuum domain, Ωv, is approximated by K elements Dk as

Ωv '
K∑
k=1

Dk

where we assume that Dk are d-dimensional simplices.

In each of these elements we assume that E and H can be approximation by

Lagrange polynomials (`j) as

[Eh, Hh] =
N∑
j=1

[E(xj, t), H(xj, t)]`j(x),

where xj are the interpolation points on which the Lagrangian basis is based.

The number of terms N in the expansion is given as
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N =

(
n+ d

n

)
for the n’th order polynomial in d-dimensions. For details of how this local

interpolation is recovered we refer to [15].

To derive the scheme, we insert the approximate solutions into Maxwell’s

equations and require that local residual is orthogonal to all n’th order polyno-

mials. Integration by parts twice this yields the scheme

∫
(ε̂
∂Eh
∂t
−∇×Hh)`i(x) dx = −

∫
∂Dk

nk × (Hh −H∗)`i(x)dx∫
(µ̂
∂Hh

∂t
+∇× Eh)`i(x) dx =

∫
∂Dk

nk × (Eh − E∗)`i(x)dx

where [E∗, H∗] indicates the numerical flux of the corresponding vector quantity

and nk reflects the outward pointing normal vector along ∂Dk. It is the numerical

flux which is responsible for the coupling of the elements, for the stability of the

scheme, and the imposition of boundary conditions.

Enforcing the effective boundary conditions is done though the numerical flux

for those elements sharing a face with Γ as

∫
(ε̂
∂Eh
∂t
−∇×Hh)`i(x) dx = −

∫
∂Dk\Γ

nk × (Hh −H∗)`i(x)dx

−
∮

Γ

nk × (Hh −Hη
ϕ)`i(x)dx∫

(µ̂
∂Hh

∂t
+∇× Eh)`i(x) dx =

∫
∂Dk\Γ

nk × (Eh − E∗)`i(x)dx.

where Hη
ϕ is defined through ϕ = n × (Hη

ϕ × n) and ϕ is obtained form the

effective boundary conditions. Note also that
∫

Γ
(n × (Eh − E∗)`i(x)) dx = 0,

since we assume tangential continuity of E across the coating interface through

Eh = E∗ along Γ.

To connect the elements away from the boundary we use a central flux as

E∗ =
1

2

(
E−h + E+

h

)
, H∗ =

1

2

(
H−h +H+

h

)
,

where E−h refers to the interior solution and E+
h is the exterior solution. Other

flux choices are possible and an extensive discussion can be found in [15].
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5.3 One dimensional coatings

Let us first consider the one-dimensional case and assume that z is the direction

of wave propagation. In this case the three-dimensional Maxwell’s equations

separate into two systems of tangential components with E = [Ex, Ey]
T and

H = [Hx, Hy]
T on the form

ε̂
∂E

∂t
= σ̂

∂H

∂z
, µ̂

∂H

∂t
= −σ̂ ∂E

∂z
, σ̂ =

[
0 −1

1 0

]
.

In this simple case, the 2nd/3rd order effective boundary conditions are the same

due to the planar boundary. They both reduce to

dϕ

dt
=

1

η
σ̂E,

while the 4th/5th order effective boundary condition becomes

dΦ

dt
=

1

η
σ̂E, Φ +

η

3
ε̄η
∂2Φ

∂t2
= ϕ

where, ε̄η = tr ε̂η − ε̂η.
For the 2nd and 3rd order scheme, any explicit or implicit scheme can be used

for the time marching. However, an implicit scheme is needed for the 4th order

scheme, since ϕ is not explicitly expressed as a function of the fields. However,

only the element containing Γ need to be used for the implicit scheme, so the

computational impact of this is minimal.

5.3.1 Internally coated cavity

We consider one-dimensional electromagnetic cavity with perfectly conducting

walls located at z(1) = −1 and z(2) = η as illustrated in Fig. 5.2. The interior of

the cavity is filled with two dielectric media with the material interface at z = 0.

We consider the following general model[
εxx εxy

εyx εyy

]
∂

∂t

[
Ex

Ey

]
=

[
0 −1

1 0

]
∂

∂z

[
Hx

Hy

]
∂

∂t

[
Hx

Hy

]
= −

[
0 −1

1 0

]
∂

∂z

[
Ex

Ey

]
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Figure 5.2: Initial condition for the cavity test case (left) and the convergence
result (right) for the coated cavity problem. The solid line is the 2nd/3rd order ef-
fective boundary condition and the dashed line represents the 4th/5th order approx-
imation. Squares are for an isotropic coating material with εη = 2.25 and circles
represent an anisotropic coating material with εηxx = εηyy = 4.0, εηxy = εηyx = 1.5.
The L2-error is measured at T = π.

reflecting a general anisotropic dielectric material but no magnetic effects. The

boundary conditions are given as

i) E = 0 or
∂H

∂z
= 0, at z = −1, η

for the perfectly electrically conducting walls, and

ii) E(1) = E(2), H(1) = H(2), at z = 0,

to ensure tangential continuity across the material interface.

The solution of Maxwell’s equations in this arrangement can be expressed as

(k = 1, 2)

E(k)
x = [A(k)ein

(k)ωz −B(k)e−in
(k)ωz]eiωt

E(k)
y = [A(k)ein

(k)ωz −B(k)e−in
(k)ωz]eiωt

H(k)
x = n(k)[A(k)ein

(k)ωz +B(k)e−in
(k)ωz]eiωt

H(k)
y = −n(k)[A(k)ein

(k)ωz +B(k)e−in
(k)ωz]eiωt
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where

A(1) =
n(2) cos (ηn(2)ω)

n(1) cos (n(1)ω)
, A(2) = e−iω(n(1)+ηn(2))

B(1) = A(1)e−i2n
(1)ω, B(2) = A(2)ei2ηn

(2)ω

n(k) =

√
ε

(k)
xx + ε

(k)
xy =

√
ε

(k)
yy + ε

(k)
xy ,

and we require ε
(k)
xx = ε

(k)
yy for simplicity. Here ω is the solution to the equation

−n(2) tan (n(1)ω) = n(1) tan (ηn(2)ω)

In Fig. 5.2 and Table 5.1 we illustrate the 2nd/3rd and 4th/5th order convergence

of effective boundary conditions as a function of η, measured in terms of free-space

wave lengths. Both for the isotropic and the more complex anisotropic case do

we recover approximate design order convergence rates.

η 0.16 0.12 0.08 0.04 0.02 0.01

Isotropic material inside thin layer

EBC 2.74e-01 1.42e-01 5.17e-02 8.03e-03 1.11e-03 1.45e-04

2nd/3rd order 2.29 2.48 2.69 2.85 2.94

EBC 1.57e-02 5.07e-03 1.01e-03 7.20e-05 1.70e-06 4.73e-08

4th/5th order 3.93 3.97 3.81 5.41 5.16

Anisotropic material inside thin layer

EBC 5.47e-01 2.94e-01 1.10e-01 1.72e-02 2.39e-03 3.11e-04

2nd/3rd order 2.16 2.43 2.67 2.85 2.94

EBC 5.73e-02 1.67e-02 3.40e-03 2.27e-04 7.69e-06 3.30e-07

4th/5th order 4.29 3.92 3.91 4.88 4.54

Table 5.1: L2-convergence rates for the effective boundary condition (EBC) of
2nd/3rd and 4th/5th order are shown for the test case shown in Fig. 5.2.

5.3.2 Comparison with brute-force computations

We consider the situation shown in Fig. 5.3 in which a general pulse impinges on

a thinly coated metallic wall while on the left is a simple absorbing layer. A pulse

is sent toward the coating and we compare the brute-force results – referred to
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Figure 5.3: The initial condition of Ex (left) and reflected value of Ex (right)
from the brute-force computation with a thin layer of isotropic material (dashed
line), from using a 2nd/3rd order effective boundary conditions (dotted line), and
from using a 4th/5th order effective boundary condition (solid line). The thickness
of the thin layer is η = 0.16 and the isotropic material is assume to have ε̂η = 1.5I.

as the ’exact computation’ – with the results obtained by using the thin coating

effective boundary conditions. In Fig. 5.3, the results obtained by using the

2nd/3rd order and the 4th/5th order effective boundary conditions are displayed.

It is particularly noteworthy how much improvement there is in the accuracy of

the phase error when increasing the order of the approximation. The left of Fig.

5.4 and Table 5.2 also confirms the expected convergence order of the effective

boundary condition.

The real benefit of the effective boundary condition is found in the potential

for a dramatically reduced computational time as compared to the brute-force

computation using an explicit time marching scheme such as Runge Kutta 4th

order. For the brute-force approach, the stable timestep is proportional to η. In

contrast to this, the stable timestep for the effective boundary condition shows no

dependence of η as shown in Fig. 5.4. This yields a reduction in computational

effort proportional to η−1 without compromising the accuracy.

5.4 Two-dimensional coatings

One of the unique features of the effective boundary conditions considered here is

the ability to correctly account for curvature of the metallic backing. To explore
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η 0.20 0.16 0.12 0.08 0.04

Isotropic material inside thin layer

EBC 2.41e-01 1.68e-01 8.48e-02 2.67e-02 3.19e-03

2nd/3rd order 2.37 2.85 3.06 3.06

EBC 4.93e-02 2.43e-02 7.02e-03 9.20e-04 2.51e-05

4th/5th order 4.31 5.01 5.20 5.10

Anisotropic material inside thin layer

EBC 2.32e-01 1.94e-01 1.07e-01 3.21e-02 3.63e-03

2nd/3rd order 2.08 2.97 3.15 3.08

EBC 8.35e-02 4.01e-02 1.42e-02 1.75e-03 4.22e-05

4th/5th order 3.60 5.17 5.37 5.17

Table 5.2: L2-convergence rates for the effective boundary condition (EBC) of
2nd/3rd and 4th/5th order are shown for the test case shown in Fig. 5.3. The
material properties of the isotropic material and the anisotropic materials are given
as ε̂η = 1.5I and εηxx = εηyy = 1.5, εηxy = εηyx = 0.75, respectively. The L2-error is
measured at T = 10.0.

this, let us consider the two-dimensional Maxwell’s equations for TE polarization

in the (x, y)-plane

ε̂
∂E

∂t
= −σ̂∇Hz

µ̂
∂Hz

∂t
= (∇× E) · z

where E = [Ex, Ey]
T and z reflects a unit vector along the z-axis. In this polar-

ization, the effective 2nd order boundary condition becomes

(
∂E

∂t
× n

)
· z = −ηµη ∂

2ϕz
∂t2

+
η

εηr
µη
∂2ϕz
∂x2

Γ

, x ∈ Γ,

where the general case reduces since ϕz = Hz. In the form of a system of equa-

tions,

(E × n) · z = −ηµη ∂ϕz
∂t
− ηµη ∂ζz

∂xΓ

∂ζz
∂t

= − 1

εηr

∂ϕz
∂xΓ
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Figure 5.4: L2 error convergence rate (left) of 2nd/3rd order effective bound-
ary condition for isotropic (solid line with squares) and anisotropic (solid line with
circles) materials, and the results for the 4th/5th order effective boundary con-
dition for isotropic(dashed line with squares), anisotropic (dashed line with cir-
cle) materials. Permittivity constants are ε̂η = 1.5 for isotropic material and
εηxx = εηyy = 1.5, εηxy = εηyx = 0.75 for anisotropic material. On the right we
show the computational time for the brute-force/exact computation (triangles),
for the 2nd/3rd order effective boundary condition (circle), and for the 4th/5th
order effective boundary condition (cross), showing the independence of the work
on thickness of the coating.

and ∂
∂xΓ

refers to differentiation along the surface of the coating Γ.

The 3rd order accurate effective boundary condition becomes(
∂E

∂t
× n

)
· z = −ηµη[1− η(C−H)]

∂2ϕz
∂t2

+
η

εηr
µη

∂

∂xΓ

(
[1− ηH]

∂ϕz
∂xΓ

)
.

In the form of a system of equations,

(E × n) · z = −ηµη[1− η(C−H)]
∂ϕz
∂t
− ηµη ∂ϕz

∂xΓ

∂ζz
∂t

= − 1

εηr
[1− ηH]

∂ζz
∂xΓ

.

Here, C is the curvature tensor and H is the mean curvature of the metallic

backing for the coating. For an isotropic material εη is simply a constant such

that ε̂η = εI and for an anisotropic material it is a constant such that (ε̂ηE) ·n =

εηr(E ·n), where ε̂ indicates the permittivity tensor and I is the 2-identity matrix.

77



As a measure of accuracy, we shall use the radar cross section and generally

compare the brute-force computation of this with the result obtained using the

effective boundary condition. The radar cross section (RCS) is defined as [33]

F (ϕ) ≡ ei(π/4)

√
8πk

∮
Ca

[
ωµ0ẑ

′ · J̆ − kz′ × M̆(r′) · r̂
]
eikr̂·r

′
dC

RCS(ϕ) ≡ 2π
|F (ϕ)|2

|Einc|2

where J̆ = n × H and M̆ = −n × E are the equivalent magnetic and electric

currents on the surface Ca which completely encloses the scatterer. k and ω is

the wave number and the frequency, respectively, of the illuminating plane wave;

r = R cosϕ is the far-field observation point and r′ is the near-field source point

in Ca.

5.4.1 Scattering by smooth coated cylinders

Let us first consider the most straightforward case of scattering by a two-dimensional

cylinder with a smooth cross section. In this case, the derivation and assump-

tions of the effective boundary conditions are fulfilled and we should expect design

order convergence.

5.4.1.1 Circular cylinder

We first consider a thinly-coated circular cylinder which is infinitely long along

the z axis. Let R be the radius of the metallic cylinder and η be the constant

thickness of the thin coating. Then, the curvature tensor is C = − 1
R+η

τ and the

mean curvature is H = − 1
2(R+η)

, where τ is the tangential direction along the

coating surface Γ.

In the right of Fig. 5.5 we show the convergence of the RCS using the 2nd

and 3rd order effective boundary condition. We note in particular the improved

accuracy of the 3rd order condition for this case.

The actual convergence rates for the RCS is shown in Table 5.3 for both the

2nd and 3rd order effective boundary conditions for isotropic and anisotropic

cases, showing close to design order accuracy when decreasing the thickness of

the coating.
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Figure 5.5: Radar cross section (RCS) of the brute force computation(dashed
line), 2nd (dotted line) and 3rd (solid line) order effective boundary conditions for
a circular cylinder with η = 0.12λ are compared (left). λ is the wavelength of the
incident wave. Also, L2-errors of the 2nd (square-solid line) and the 3rd (circle-
solid line) order approximation for isotropic material with εη = 1.5 for anisotropic
materials with εηxx = εηrn2

x + 1, εηxy = εηyx = εηrnxny, ε
η
yy = εηrn2

y + 1, εηr = 1.5 are
shown.

5.4.1.2 Elliptic cylinder

As a sligthly more complex case, we consider a coated elliptic cylinder. Let a and

b be the major and minor axis of the ellipsoid of the contour of Γv with the the

thickness of thin layer being η. Note that the contour of the interface ∂Ω at the

distance of η from Γv in the normal direction is not an ellipsoid.

The curvature tensor is given as

C = − ab

(a2 cos2 t+ b2 sin2 t)3/2
τ,

and the mean curvature is

H = − ab

2(a2 cos2 t+ b2 sin2 t)3/2
,

where t = tan−1
(
a
b
y
x

)
.

In the right of Fig. 5.6 we show the convergence of the RCS when using

the 2nd and 3rd order effective boundary condition. We note in particular the

improved accuracy of the 3rd order condition for this case.
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η 0.20 0.16 0.12 0.08 0.04

Isotropic material inside thin layer

EBC 2nd 1.23e-01 8.24e-02 4.50e-02 1.82e-02 5.14e-03

order 1.27 1.78 2.21 2.37

EBC 3rd 1.12e-01 7.18e-02 3.36e-02 1.12e-02 1.08e-03

order 2.01 2.64 2.71 3.37

Anisotropic material inside thin layer

EBC 2nd 1.22e-01 7.53e-02 3.86e-02 1.83e-02 5.13e-03

order 1.37 2.15 1.71 2.40

EBC 3rd 7.79e-02 5.05e-02 2.42e-02 8.38e-03 9.80e-04

order 1.94 2.56 2.61 3.10

Table 5.3: Convergence rate for the L2-error of the RCS for the 2nd and 3rd order
effective boundary conditions (EBC) for the circular cylinder. Material constants
are the same as given in Fig. 5.5

The actual convergence rates for the RCS is shown in Table 5.4 for both

the 2nd and 3rd order effective boundary conditions for the isotropic and the

anisotropic cases, confirming close to design order accuracy when decreasing the

thickness of the coating.

5.4.2 Frequency dependence of the coating performance

While it is of primary interest to understand the performance of the thin coat-

ing approximation for very thin coatings, it is of practical importance to also

understand when the approximation breaks down as the thickness of the layer

increases.

We consider the same examples as in the above and fix the physical dimensions

of the smooth scatterer while the frequency of the incident wave is changed.

In Fig. 5.7 we show the accuracy of the approximation for both 2nd and 3rd

order effective boundary conditions for the cylindrical and elliptic case. The

generel trends are the same in both cases. For increasing frequency, the layer gets

electrically thicker and the accuracy of the thin layer approximation deteriorates

as one would expect. Extensive numerical tests show that when the coating
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Figure 5.6: Radar cross section (RCS) of the brute force computation(dashed
line), 2nd (dotted line) and 3rd (solid line) order effective boundary conditions for
an elliptic cylinder with η = 0.12λ are compared (left). λ is the wavelength of
the incident wave. Major axis and minor axis of Γ is (0.8 + η)λ and (0.5 + η)λ,
respectively. Also, L2-errors of the 2nd (square-solid line) and the 3rd (circle-
solid line) order approximation for isotropic material with εη = 1.5 for anisotropic
materials with εηxx = εηrn2

x + 1, εηxy = εηyx = εηrnxny, εyy = εηrn2
y + 1, εηr = 1.5 are

shown.

gets close to one wavelength thick, the approximation slowly fails. However,

in that limit, the layer is no longer electrically thin and poses much less of a

computational bottleneck.

Figure 5.7 shows another interesting difference between the two formulations.

Recall that the 3rd order conditions depend on the geometric parameters such

as the curvature tensor (C) and the mean curvature (H), while the 2nd order

condition neglects this information. As we have discussed previously, when the

boundary is plane, the two conditions are equivalent. However, for the examples

considered here, we see a dramatic difference when decreasing the frequency of

the illuminating wave while in the high-frequency limit the two schemes behave

in similar ways. In the latter case, the curvature over a wavelength is very small

and the two schemes behave as if the boundary is approximately plane. In the

other limit, however, the curvature of the boundary over a wavelength is much

more pronounced and including it in the effective boundary condition improves

the accuracy of the results significantly.
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η 0.20 0.16 0.12 0.08 0.04

Isotropic material inside thin layer

EBC 2nd 1.04e-01 6.54e-02 3.51e-02 1.59e-02 4.21e-03

order 1.04 1.32 2.00 2.36

EBC 3rd 9.32e-02 5.43e-02 2.64e-02 7.87e-03 1.20e-03

order 2.41 2.51 2.98 2.72

Anisotropic material inside thin layer

EBC 2nd 9.27e-02 6.31e-02 3.19e-02 1.54e-02 3.88e-03

order 2.46 3.06 0.58 1.99

EBC 3rd 7.70e-02 4.69e-02 2.43e-02 7.13e-03 1.08e-03

order 2.22 2.30 3.02 2.72

Table 5.4: Convergence rate for the L2-error of the RCS for the 2nd and 3rd order
effective boundary conditions (EBC) for the elliptic cylinder. Conditions are the
same as in Fig. 5.6

5.4.3 Extension to objects with a non-smooth boundary

The effective boundary conditions are derived under the assumption that the

metallic backing is smooth, although, in contrast to most alternatives, the for-

mulation does allow for high curvature. However, for most applications, corners

and edges introduce points where the smoothness assumption breaks down and

the rigor of the derivation of the models must be relaxed. Nevertheless, it is of

considerable interest to explore the performance of the effective boundary con-

ditions in this case also to gauge the impact of this violation of the smoothness

assumption.

In Fig. 5.8, we show the difference in the RCS for an infinite cylinder with a

square cross section and a thin coating of isotropic material of thickness. Since

the cylinder has plane sides, the 2nd and 3rd order scheme are equivalent and

the difference between the brute-force computation and the results using the

effective boundary conditions can only be attributed to the difficulty of dealing

with nonsmooth boundaries. Another violation results from the observation that

when the boundary of the object contains singular points, the thickness of the

thin layer has to vary at those points, i.e., the thickness can not be constant on

all of Γ. This is further illustrated in Fig. 5.8 where the difference between the
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Figure 5.7: L2-errors for the RCS versus normalized frequency of incident waves
for the circular cylinder (left) and the elliptic cylinder (right) using 2nd and 3rd
order effective boundary conditions. The material coefficents for the thin coating
are εη = 2.25 and the thickness is 0.08

brute-force computation and the thin layer approximation clearly highlights the

regions with the corners as the main regions of error.

One way to address this problem is to take advantage of the ability of the

effective boundary conditions to handle smooth regions of high curvature and

simply substitute the singular points by geometrically similar, but smooth sur-

faces. For example, for the vertex of rectangles, one can smoothen them out

into small rounded corner. In Figs. 5.9 and 5.10, we illustrate the result of this

approach for the problem consider in Fig. 5.8. As expected, the 3rd order con-

dition is now clearly superior to the 2nd order condition due to the area of high

curvature being introduced. However, the overall improvement in the agreement

of the RCS is rather dramatic and key measures such as the back- and forward

scattering is now in agreement with the brute-force results.

It should be noted that the test in Fig. 5.8 is a severe challenge to the effective

boundary conditions due to the small electric size of the square. For electrically

larger problems where the separation between the non-smooth points is larger,

the impact of these on the performance of the thin layer models is dramatically

reduced.

Also, Fig. 5.11 shows the RCS of thin layer approximation of smoothed rectan-

gular cylinder converges to RCS of the exact computation of rectangular cylinder

as the radius of small circles at the vertex decreases.
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Figure 5.8: Radar cross section of the brute-force computation (dashed line) and
2nd order effective boundary condition(solid line) on a rectangular cylinder on the
left. On the right, we show the distribution of error of E when the thin layer with
thickness η = 0.08λ consists of an isotropic material with εη = 2.25. The brighter
the area is, the higher the local error is. The brightest color corresponds to the
magnitude of 0.8 and the darkest is close to zero.

5.5 Remarks and extensions

We have continued the development of a new family of high-order order accurate

thin layer models, first proposed in [13] for isotropic materials, for time-domain

electromagnetics and discussed its implementation in a discontinuous Galerkin

scheme. This allows us to validate the schemes for both one- and two-dimensional

cases and to extend the‘ formulation to general anisotropic materials. The tests

confirm design order accuracy and the significant advantages in terms of compu-

tational efficiency and overall accuracy of using a high-order effective boundary

conditions. This is found to be particularly true for problem with high curvature.

While the analysis only covers the case of smooth metallic coated objects,

we pursued the extension to non-smooth scatterers by computational means and

showed that it is reasonable, with minor modifications, to expect a good accuracy

also in this case.

In this chapter, we have discussed general anisotropic but homogeneous layers.

However, the extension of the isotropic case to multi-layered coatings is outlined in

[13] and the generalization of the methods discussed here for anisotropic coatings

can be achieved following the same approach as for the isotropic case.
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Figure 5.9: Radar cross section of the brute-force computation (dashed line) and
2nd order (dotted line) and the 3rd order (solid line) effective boundary condition
on a rectangular cylinder with smoothed corners shown on the left. On the right we
show the distribution of the error of E when the thin layer with thickness η = 0.08λ
consists of an isotropic material with εη = 2.25. The same scaling on color as in
Fig. 5.8 is used for comparison

Figure 5.10: Distribution of error of E when the size of rectangular cylinder (left)
and smoothed rectangular cylinder (right) are larger (width and height are 2λ long)
are shown. Material properties and the thickness are the same as the previous case.
The maximum error of rectangular cylinder is around 1.5 and smoothed cylinder
is 0.3 when T = 5π
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Figure 5.11: Construction of smoothed rectangular cylinder (left) and RCS er-
rors between the exact computation of rectangular cylinder and the EBC 2nd (cir-
cle)/EBC 3rd (rectangle) approximation of smoothed rectangular cylinder (right)
are shown. As the radius of circle rc decreases, RCS of smoothed rectangular cylin-
der by thin layer approximation converges to RCS of original rectangular cylinder
by the exact computation.

In the next chapter, we shall discuss a more extensive generalization to include

transission layers and high-order effective boundary conditions for such cases

where both reflection and transmission has to be dealt with accurately.
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Chapter 6

Thin layer approximations for

time-domain electromagnetics:

Part II: Transmission layers

In this chapter, the thin layer formulation of 3rd order and 5th order for curvi-

linear transmission layers are derived by means of an asymptotic expansion.

The implementation of these approximations in the context of discontinuous

Galerkin method are studied for curvilinear transmission layers of isotropic and

tangentially-aligned anisotropic materials. The range of validity, accuracy, and

stability of the resulting schemes are demonstrated through one and two dimen-

sional examples.

The remaining part of this chapter is organized as follows. In section 6.1,

the general formulations of the thin layer approximation for transmission layers

are derived. In section 6.2, we show how these formulations are implemented in

discontinuous Galerkin method. The details of the one dimensional scheme and

computational results are demonstrated in section 6.3 with a realistic application

to the modeling periodic magnetic crystals. The two dimensional scheme and

computational results along with an example of the dramatic improvements for

the computation of curvilinear thin layer objects follows in section 6.4 while

concluding remarks are given in section 6.5.
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Figure 6.1: On the left we summarize the definitions of the domains and the
boundaries and on the right we show the local coordinate system used along the
smooth boundary.

6.1 Formulations of the interface conditions

Let’s consider a thin layer (Ωη) of thickness of η in the domain Ω. Let ∂Ωη
+,

and ∂Ωη
− be the outer and inner boundary of the thin layer, respectively and

Γ be defined as Γ = 1
2
(∂Ωη

+ + ∂Ωη
−), i.e., the parallel interface located half way

between the two boundaries (see Fig. 6.1). Note when normal vector ~n is given

on Γ, the outer and inner boundaries of Ωη can be expressed as Γ ± (η/2)~n.

Let Eη, Hη be the electric, magnetic fields, and ε̂η, µ̂η be the permittivity and

permeability tensor respectively in the thin layer Ωη. Also, let E, H be the

electric, magnetic fields and ε̂, µ̂ be the permittivity and permeability tensor in

the domain Ωv(≡ Ω\Ωη). Then, the problem is described by Maxwell’s equations,

ε̂
∂E

∂t
−∇×H = 0, µ̂

∂H

∂t
+∇× E = 0 on Ω\Ωη (6.1)

ε̂η
∂Eη

∂t
−∇×Hη = 0, µ̂η

∂Hη

∂t
+∇× Eη = 0 on Ωη (6.2)

with boundary conditions

E × ~n = Eη × ~n, H × ~n = Hη × ~n, on ∂Ωη
+ ∪ ∂Ωη

− (6.3)

We aim to construct interface conditions connecting the tangential components

of (E, H) on ∂Ω+ with the tangential components of (E, H) on ∂Ω−. In other
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words, we seek the following interface conditions of order k

E+ × ~n = Bk
E(~n× (H− × ~n))

H+ × ~n = Bk
H(~n× (E− × ~n))

where, (E−, H−) = {(E, H) on ∂Ωη
−} and (E+, H+) = {(E, H) on ∂Ωη

+}. Sim-

ilar to the thin coating approximation discussed in chapter 5, we express the grid

points x in Ωη such as

x = xΓ + s · ~n = xΓ + ην~n, xΓ ∈ Γ, ν ∈
[
−1

2
,
1

2

]
and consider the expansion of Eη, Hη

Eη(x, t) = Eη
0 (xΓ, ν, t) + ηEη

1 (xΓ, ν, t) + η2Eη
2 (xΓ, ν, t) + · · ·

Hη(x, t) = Hη
0 (xΓ, ν, t) + ηEη

1 (xΓ, ν, t) + η2Hη
2 (xΓ, ν, t) + · · ·

, x ∈ Ωη (6.4)

Note Eη
k , H

η
k is independent of η by its construction. Along xΓ, the differential

operator ∇ is

∇ = ∇Γ +
1

η

∂

∂ν

and the curl operator ∇× as

∇× V = TsΓV −
1

η

∂

∂ν
(V × ~n)

where, TsΓV = [(Rs∇Γ) · (V ×~n)]~n+ [Rs∇Γ(V ·~n)]×~n− (RsCV )×~n and C = ~∇~n
is the curvature tensor, while Rs(Π|| + sC) = Π|| is the projection operator along

the tangential direction of Γ (see [13] for detailed proof). By inserting the above

expansion into Eq. (6.2), we obtain

ε̂η
∂Eη

∂t
− TsΓH

η +
1

η

∂

∂ν
(Hη × ~n) = 0 (6.5)

µ̂η
∂Hη

∂t
+ TsΓE

η − 1

η

∂

∂ν
(Eη × ~n) = 0 (6.6)

With the Taylor expansion of Rs, Rs = Π||+
∑∞

i=1(−ηνC)i, we have the following

expansion of TsΓ,

T
ην
Γ =

∞∑
i=0

(−ην)iTiΓ (6.7)
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where, TiΓV = [(Ci∇Γ) · (V ×~n)]~n+ [Ci∇Γ(V ·~n)]×~n− (Ci+1V )×~n. Substituting

Eqs. (6.4) and (6.7) into Eqs. (6.5) and (6.6), we obtain the following equations

for k = 0,

∂

∂ν
(Eη

0 × ~n) = 0,
∂

∂ν
(Hη

0 × ~n) = 0 (6.8)

and for k ≥ 1,

ε̂η
∂Eη

k−1

∂t
−

k−1∑
i=1

(−ν)k−iTk−iΓ Hη
i +

∂

∂ν
(Hη

k × ~n) = 0

µ̂η
∂Hη

k−1

∂t
+

k−1∑
i=0

(−ν)k−1Tk−iΓ Eη
i −

∂

∂ν
(Eη

k × ~n) = 0

Separating the tangential components and the normal components with respect

to Γ in the above equations, we have the tangential components for k ≥ 1.

∂

∂ν
(Hη

k × ~n) = −ε̂η
∂(ET )ηk−1

∂t
+

k−1∑
i=0

(−ν)k−i~∇k−i
Γ × (Hη

i · ~n) (6.9)

−
k−1∑
i=0

(−ν)k−i(Ck−i(HT )ηi )× ~n

∂

∂ν
(Eη

k × ~n) = µ̂η
∂(HT )ηk−1

∂t
+

k−1∑
i=0

(−ν)k−i~∇k−i
Γ × (Eη

i · ~n) (6.10)

−
k−1∑
i=0

(−ν)k−i(Ck−i(ET )ηi )× ~n

and the normal components for k ≥ 1

µηf (H
η
k−1 · ~n) = −

k−1∑
i=0

(−ν)k−i∇(k−i)
Γ × (Eη

i )T (6.11)

εηf (E
η
k−1 · ~n) =

k−1∑
i=0

(−ν)k−i∇(k−i)
Γ × (Hη

i )T (6.12)

where, εηf , µ
η
f is a scalar constant satisfying

(
ε̂ηEη

k−1

)
·~n = εηf (E

η
k−1 ·~n),

(
µ̂ηHη

k−1

)
·

~n = µηf (H
η
k−1·~n) and ~∇i

Γ×v = (Ci∇Γv)×~n, ∇i
ΓV = (Ci∇Γ)·(V ×~n),C = curvature

tensor and VT ≡ ~n× (V × ~n). Effective Interface conditions(EIC) of order k + 1
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are obtained by solving Eqs. (6.8)-(6.12) up to k. For example, the 2nd/3rd

order EIC is given as{
[E × ~n] = η

(
µ̂η ∂〈HT 〉

∂t
+ ~∇Γ × ϕη − (C〈ET 〉)× ~n

)
εηf

∂ϕη

∂t
= ∇Γ × 〈HT 〉

{
[H × ~n] = −η

(
ε̂η ∂〈ET 〉

∂t
− ~∇Γ × ψη + (C〈HT 〉)× ~n

)
µηf

∂ψη

∂t
= −∇Γ × 〈ET 〉

(6.13)

where, [V ] = V+−V−, 〈V 〉 = 1
2
(V+ +V−) and V± = V (xΓ,±1

2
). Also, the 4th/5th

order EIC is expressed as

[E × ~n] = ηAϕ, ϕ+ η2

12
B̃Aϕ = 〈HT 〉

[H × ~n] = −ηBψ, ψ + η2

12
ÃBψ = 〈ET 〉

AV = µ̂η ∂V
∂t

+ ~∇Γ × ( 1
ε̂η ∂
∂t

∇Γ × V ), BV = ε̂∂V
∂t

+ ~∇Γ × ( 1
µ̂η ∂

∂t

∇Γ × V )

ÃV = µ̃η ∂V
∂t
−∇Γ

(
1

ε̂η ∂
∂t

∇Γ · V
)
, B̃V = ε̃η ∂V

∂t
−∇Γ

(
1

µ̂η ∂
∂t

∇Γ · V
)

where ε̃ = trε̂− ε̂, µ̃ = trµ̂− µ̂

6.2 Time-domain scheme using a discontinuous

Galerkin method

Let’s express E and H as a series of Lagrange polynomials (`j) based on Legendre-

Gauss-Lobatto points.

[EN , HN ] =
N∑
j=0

[Ẽj(t), H̃j(t)]`j(~x), ~xi = Legendre-Gauss-Lobatto points

Substituting the above series into Eq. (6.1) and integrating by parts twice, we

have [14] for 1 ≤ i ≤ N∫
ΩP,Q

(ε̂0
∂EN
∂t
−∇×HN)`i(~x)dx = −

∫
∂ΩP,Q

~n× (H −H∗)`idx∫
ΩP,Q

(µ̂0
∂HN

∂t
+∇× EN)`i(~x)dx =

∫
∂ΩP,Q

~n× (E − E∗)`idx
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Figure 6.2: Definitions of domain/boundaries (left) and field values on the bound-
aries (right) in P and Q element are shown

where * indicates the numerical flux of the corresponding vector quantity. Let’s

choose central flux V ∗ = 1
2
(V + + V −) for simplicity. Then, we obtain

∫
ΩP,Q

(ε̂0
∂EN
∂t
−∇×HN)`i(~x)dx = −1

2

∫
∂ΩP,Q

~n× (H− −H+)`idx∫
ΩP,Q

(µ̂0
∂HN

∂t
+∇× EN)`i(~x)dx =

1

2

∫
∂ΩP,Q

~n× (E− − E+)`idx

where, superscript (-) refers to local values and (+) refers to neighbor values

of the element. Consider two elements P and Q adjacent to a thin layer in the

opposite direction. One side of P and Q element face each other with two vertexes

of them lying on ∂Ωη
− and ∂Ωη

+, respectively. While the domain of P and Q are

defined as ΩP and ΩQ, let’s call this face of P and Q as ∂Ωη
P and ∂Ωη

Q (see Fig.

6.2). Suppose any points of ∂Ωη
Q are normal projections of points in ∂Ωη

Q and

their distance are constant η, i.e., ~xP = η(~n ·~xQ), ~xP ∈ ∂Ωη
P , ~xQ ∈ ∂Ωη

Q. Since η

is relatively small, the mesh can be easily adapted to this condition. Let’s define

the jump term [V ]ηQP such as [V ]ηQP = V +
Q − V −P = V −Q − V +

P , where V −Q {V
−
P }

is a field value on ∂Ωη
Q{∂Ωη

P} approached from the element Q{P} and V +
Q {V

+
P }

is a field value on Qη
f{P

η
f } approached from the thin layer. Note we assumed

V +
Q − V

−
P and V −Q − V

+
P are the same or their difference is negligible. Then, for
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the Q element (1 ≤ i ≤ N)∫
ΩQ

(ε̂0
∂EN
∂t
−∇×HN)`i(~x)dx = −1

2

∫
∂ΩQ/∂ΩηQ

~n× (H− −H+)`idx

−1

2

∫
∂ΩηQ

~n× (H−Q −H
−
P − [H]ηPQ)`idx∫

ΩQ

(µ̂0
∂HN

∂t
+∇× EN)`i(~x)dx =

1

2

∫
∂ΩQ/∂ΩηQ

~n× (E− − E+)`idx

+
1

2

∫
∂ΩηQ

~n× (E−Q − E
−
P − [E]ηPQ)`idx

The EIC conditions indicate that [H]η is a function of ∂EN
∂t

and [E]η is a function

of ∂HN
∂t

, i.e., [H]η = Bk
(
∂EN
∂t

)
and [E]η = Bk

(
∂HN
∂t

)
, thus∫

ΩQ

(ε̂0
∂EN
∂t
−∇×HN)`i(~x)dx− 1

2

∫
∂ΩηQ

~n×Bk

(
∂EN
∂t

)
`idx

= −1

2

∫
∂ΩQ/∂ΩηQ

~n× (H− −H+)`idx−
1

2

∫
∂ΩηQ

~n× (H−Q −H
−
P )`idx

(6.14)∫
ΩQ

(µ̂0
∂HN

∂t
+∇× EN)`i(~x)dx+

1

2

∫
∂ΩηQ

~n×Bk

(
∂HN

∂t

)
`idx

=
1

2

∫
∂ΩQ/∂ΩηQ

~n× (E− − E+)`idx+
1

2

∫
∂ΩηQ

~n× (E−Q − E
−
P )`idx

(6.15)

Similarly for P element (1 ≤ i ≤ N)∫
ΩP

(ε̂0
∂EN
∂t
−∇×HN)`i(~x)dx− 1

2

∫
∂ΩηP

~n×Bk

(
∂EN
∂t

)
`idx

= −1

2

∫
∂ΩP /∂ΩηP

~n× (H− −H+)`idx−
1

2

∫
∂ΩηP

~n× (H−P −H
−
Q)`idx

(6.16)∫
ΩP

(µ̂0
∂HN

∂t
+∇× EN)`i(~x)dx+

1

2

∫
∂ΩηP

~n×Bk

(
∂HN

∂t

)
`idx

=
1

2

∫
∂ΩP /∂ΩηQ

~n× (E− − E+)`idx+
1

2

∫
∂ΩηP

~n× (E−P − E
−
Q)`idx

(6.17)
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Note the right hand side of Eqs. (6.14)-(6.17) can be obtained without using grid

points in the thin layer. The only unknown variables in Eqs. (6.14)-(6.17) are
∂EN
∂t

and ∂HN
∂t

. Solving the system of linear Eqs. (6.14) and (6.16) yields ∂EN
∂t

while solving Eqs. (6.15) and (6.17) yields ∂HN
∂t

. The size of the linear equations

is the same as the number of grid points per point (1D), edge (2D) and face

(3D) of a element, so the computational costs of solving the above equations are

negligible.

6.3 One dimensional transmission layer

6.3.1 Implementation of 3rd order EIC in DG

Figure 6.3: Definitions of domain and field values when an element has a thin
layer at only one end of domain. Note 〈V 〉 = 1

2

{
VL(P ηL) + VR(P ηR)

}
and [V ] =

VR(P ηR)− VL(P ηL).

Let ~z be the direction of wave propagation and E , H have two tangential

component along x and y directions, i.e., E = Ex~x+Ey~y, H = Hx~x+Hy~y. Then,

the corresponding 3rd order EIC is

[E × ~n] = ηµ̂η
∂〈H〉
∂t

, [H × ~n] = −ηε̂η ∂〈E〉
∂t

(6.18)

Consider the following Maxwell’s equations

ε̂0
∂E

∂t
= σ̂

∂H

∂z
, µ̂0

∂H

∂t
= −σ̂ ∂E

∂z
where σ̂ =

[
0 −1

1 0

]
(6.19)
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Let ΩL and ΩR be the domain located at the left and right hand side of the

thin layer, respectively (see Fig 6.3). Then, we get the following semi-discrete

discontinuous Galerkin (DG) scheme. (subscript L, R indicates the element of

ΩL, ΩR)

ε̂0
hL

2
σ̂M1d

∂EL
∂t

+ Sz1d ·HL =
1

2
~eN(H−L −H

−
R + [H]ηLR) (6.20)

ε̂0
hR

2
σ̂M1d

∂ER
∂t

+ Sz1d ·HR =
1

2
~e0(H−R −H

−
L − [H]ηLR) (6.21)

where, M1d, Sz1d is the one dimensional mass matrix, stiff matrix and hL, hR

is the width of domain ΩL, ΩR, respectively and ~ei is a unit vector with only

nonzero element in i’ th component. Substituting 3rd order EIC into the above

equation, we obtain

ε̂0
hL

2
σ̂M1d

∂EL
∂t

+
η

2
~eN σ̂ε̂

η ∂〈E〉
∂t

= −Sz1d ·HP +
1

2
~eN(H−L −H

−
R )

ε̂0
hR

2
σ̂M1d

∂ER
∂t

+
η

2
~e0σ̂ε̂

η ∂〈E〉
∂t

= −Sz1d ·HR +
1

2
~e0(H−R −H

−
L )

Multiply both sides of the first equation by 2
hL
σ̂−1M−1 and the second equation

by 2
hR
σ̂−1M−1 to obtain

ε̂0
∂EL
∂t

+
η

hL
(M−1~eN)ε̂η

∂〈E〉
∂t

= − 2

hL
σ̂−1M−1

{
S ·HL −

1

2
~eN(H−L −H

−
R )

}
=
∂EL
∂t

∣∣∣∣
0

ε̂0
∂ER
∂t

+
η

hR
(M−1~e0)ε̂η

∂〈E〉
∂t

= − 2

hR
σ̂−1M−1

{
S ·HR −

1

2
~e0(H−R −H

−
L )

}
=
∂ER
∂t

∣∣∣∣
0

Note that V |0 indicates the field value when the thickness of the thin layer is zero

(η = 0). Let’s define a matrix R such as R(i, N − i + 1) = 1, 1 ≤ i ≤ N , i.e.,

R is a matrix which exchanges i’th component with (N − i + 1)’th component

of vector with length N . Multiply R to the above second equation and add it to

the first equation, then we have after dividing by 2.

1

2
ε̂0

(
∂EL
∂t

+ R
∂ER
∂t

)
+
η

h̃

(
M−1~eN

)
ε̂η
∂〈E〉
∂t

=
1

2

{
∂EL
∂t

∣∣∣∣
0

+ R
∂ER
∂t

∣∣∣∣
0

}
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where, h̃ = 2hLhR
hL+hR

. Note we used ~e0 = R·~eN . Also, if we let ∂̂〈E〉
∂t

= 1
2

(
∂EL
∂t

+ R∂ER
∂t

)
,

then the N ’ th element of ∂̂〈E〉
∂t

is ∂〈E〉
∂t

, i.e., ∂̂〈E〉
∂t

(N) = ∂〈E〉
∂t

, thus(
ε̂0I +

η

h̃

(
M−1~eN

)
ε̂η
)
∂̂〈E〉
∂t

=
1

2

{
∂EL
∂t

∣∣∣∣
0

+ R
∂ER
∂t

∣∣∣∣
0

}
where, I is the identity matrix with length of N . However, since the last element

of ∂̂〈E〉
∂t

is ∂〈E〉
∂t

, we only need to solve

∂〈E〉
∂t

=
∂̂〈E〉
∂t

(N) =

(
ε̂0 +

η

h̃
M−1(N)ε̂η

)
1

2

{
∂EL
∂t

(N)

∣∣∣∣
0

+
∂ER
∂t

(1)

∣∣∣∣
0

}
(6.22)

Similarly for ∂〈H〉
∂t

, we have

∂〈H〉
∂t

=
∂̂〈H〉
∂t

(N) =

(
µ̂0 +

η

h̃
M−1(N)µ̂η

)
1

2

{
∂HL

∂t
(N)

∣∣∣∣
0

+
∂HR

∂t
(1)

∣∣∣∣
0

}
(6.23)

Solving Eqs. (6.22)-(6.23), we get ∂〈E〉
∂t

, ∂〈H〉
∂t

and consequently [E], [H] by 3rd

order EIC (Eq. (6.13)), which are used in Eq. (6.20) - (6.21) to approximate

thin layers without using grid points inside thin layers. Also, the case with thin

layers at both ends of a domain can be solved in a similar way. Let’s consider grid

elements L, M, R of thickness hL, h
M , hR such that L and M are separated by

a thin layer ΩηL of thickness ηL, while M and R are separated by another thin

layer ΩηR of thickness ηR (see Fig. 6.4). Then, the discrete DG scheme for dE
dt

corresponding to this domain is given as follows

ε̂0
hL

2
σ̂M1d

∂EL
∂t

+ Sz1d ·HL =
1

2
~eN
(
H−L −H

−
M + [H]ηL

)
ε̂0
hM

2
σ̂M1d

∂EM
∂t

+ Sz1d ·HM = −1

2
~e0

(
H−M −H

−
L + [H]ηL

)
+

1

2
~eN
(
H−M −H

−
R + [H]ηR

)
ε̂0
hR

2
σ̂M1d

∂ER
∂t

+ Sz1d ·HR = −1

2
~e0

(
H−R −H

−
M − [H]ηR

)
Note superscript ηL, ηL indicates field value for the left and the right thin layer,

respectively. After the similar algebra as one thin layer case, we have the following

system of equations for ∂̂〈E〉
∂t

ηL

, ∂̂〈E〉
∂t

ηR

(
ε̂0I +

η

h̃L

(
M−1

1d ~eN
)
ε̂η
)
∂̂〈E〉
∂t

ηL

+

(
ε̂0I +

η

h̃R

(
M−1

1d ~e0

)
ε̂η
)
∂̂〈E〉
∂t

ηR

=
1

2

(
∂EL
∂t

∣∣∣∣
0

+ 2R
∂EM
∂t

∣∣∣∣
0

+
∂ER
∂t

∣∣∣∣
0

)
(6.24)
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(
ε̂0I +

η

2hL
(
M−1

1d ~eN
)
ε̂η
) ∂̂〈E〉

∂t

ηL

−
(
ε̂0I +

η

2hR
(
M−1

1d ~e0

)
ε̂η
) ∂̂〈E〉

∂t

ηR

=
1

2

(
∂EL
∂t

∣∣∣∣
0

− ∂ER
∂t

∣∣∣∣
0

)
(6.25)

where, h̃L = hLhM

hM+2hL
, h̃R = hRhM

hM+2hR
. Since we are only interested in evaluating

∂̂〈E〉
∂t

ηL

(N) and ∂̂〈E〉
∂t

ηR

(1), the computational cost of solving Eqs. (6.24)-(6.25) is

equivalent to solving 4× 4 linear system of equations.

Figure 6.4: Definitions of domain and field values when an element has a thin
layer at the both ends of domain. Note 〈V 〉ηL = 1

2

{
VL(P ηLL ) + VM (P ηLM )

}
and

[V ]ηL = VM (P ηLM )−VL(P ηLL ) while 〈V 〉ηR = 1
2

{
VM (P ηRM ) + VR(P ηRM )

}
and [V ]ηR =

VR(P ηRR )− VM (P ηRM )

6.3.2 Implementation of 5th order EIC in DG

The one dimensional 5th order EIC condition can be shown to be{
[E × ~n] = ηµ̂η ∂ϕ

∂t

ϕ+ η2

12
ε̄ηµ̂η ∂

2ϕ
∂t2

= 〈H〉
,

{
[H × ~n] = −ηε̂η ∂ψ

∂t

ψ + η2

12
µ̄ηε̂η ∂

2ψ
∂t2

= 〈E〉
(6.26)
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Figure 6.5: Stable time step ∆t vs. thickness of thin layer η of the exact
computation (circle), 3rd order EIC (square) and 5th order EIC (triangle) in leap
frog (left) and explicit Runge-Kutta 4th order (right) are shown.

Substituting this into the Eqs. (6.20) - (6.21), we have

ε̂0
∂EL
∂t

=
∂EL
∂t

∣∣∣∣
0

− η

hL
(
M−1~eN

)
ε̂ηζ

ε̂0
∂ER
∂t

=
∂ER
∂t

∣∣∣∣
0

− η

hR
(
M−1~e0

)
ε̂ηζ

∂ζ

∂t
=

12

η2
(µ̄ηε̂η)−1 (〈E〉 −Ψ)

∂Ψ

∂t
= ζ

Similarly for the two thin layer case, we have

ε̂0
∂EL
∂t

=
∂EL
∂t

∣∣∣∣
0

− η

hL
(
M−1~eN

)
ε̂ηζL

ε̂0
∂EM
∂t

=
∂EM
∂t

∣∣∣∣
0

− η

hM
(
M−1~e0

)
ε̂ηζL − η

hM
(
M−1~eN

)
ε̂ηζR

ε̂0
∂ER
∂t

=
∂ER
∂t

∣∣∣∣
0

− η

hR
(
M−1~e0

)
ε̂ηζR

∂ζL,R

∂t
=

12

η2
(µ̄ηε̂η)−1

(
〈E〉L,R −ΨL,R

)
∂ΨL,R

∂t
= ζL,R

where, ζ, Ψ is a vector of length 2. Note that the above scheme can be time-

marched with any explicit time stepping scheme such as an explicit 4th order
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Runge-Kutta. However, the time step ∆t doesn’t depend on η since the 3rd

order EIC is implemented in an implicit way. The 5th order EIC cannot be

implemented in the same way as the 3rd order EIC, since [E] and [H] are not an

explicit function of ∂〈H〉
∂t

and ∂〈E〉
∂t

. Thus, the scheme with the 5th order EIC shows

better performance in accuracy compared to that with the 3rd order EIC, but the

stable time step ∆t of 5th order EIC needs to be approximately proportional to η,

which is still much larger than ∆t of the exact computation that is proportional

to η2, though (see Fig. 6.5)

6.3.3 Numerical convergence test
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Figure 6.6: Initial conditions in a domain containing one thin layer (dashed lines)
(left) and its convergence graph (right) where solid line, dashed line indicates 3rd
order EIC, 5th order EIC while square, circle indicates isotropic material with
ε = 2.25, anisotropic material with εxx = εyy = 2.25, εxy = εyx = 1.5, respectively

Consider Maxwell’s equations in one dimension

ε̂
∂E

∂t
= σ̂

∂H

∂t
, µ̂

∂H

∂t
= −σ̂ ∂E

∂t
(6.27)

For the one thin layer case, let a thin layer be located in the middle of the domain

with thickness η with perfectly conducting wall located at z(1) = −1 and a wall

with boundary value E = ER(t) at z = 1, i.e.,

i) E = 0 or
∂H

∂z
= 0 at z = −1, ii) E = ER(t) at z = 1
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Figure 6.7: Initial conditions in a domain containing two thin layers (dashed
lines) (left) and its convergence graph (right) where solid line, dashed line indicates
3rd order EIC, 5th order EIC while square, circle indicates isotropic material with
ε = 2.25, anisotropic material with εxx = εyy = 2.25, εxy = εyx = 1.5, respectively

and

iii) E(1) = E(2), H(1) = H(2) at z = 0, η

Similarly for the two thin layers case, let two thin layers be located in the middle

of the domain with thickness η with boundary value E = EL(t) at z(1) = −2 and

a wall with boundary value E = ER(t) at z = 1, i.e.,

i) E = EL(t) at z = −2, ii) E = ER(t) at z = 1

and

iii) E(1) = E(2), H(1) = H(2) at z = −1− η, −1, 0, η

Then, the solution of Eq. (6.27) satisfying the above boundary conditions can be

expressed as

E = [A(k)ein
(k)ωz −B(k)e−in

(k)ωz]eiωt

H = −n(k)σ̂[A(k)ein
(k)ωz +B(k)e−in

(k)ωz]eiωt

where, for the one thin layer case with 1 ≤ k ≤ 3

A(1) =
n(2) cos (ηn(2)ω)

n(1) cos (n(1)ω)
, A(2) = e−iω(n(1)+ηn(2)), A(3) = n(2)e−2iηω

B(1) = A(1)e−i2n
(1)ω, B(2) = A(2)ei2ηn

(2)ω, B(3) = A(3)e2iηω

ER(t) = A(3)e−iω(e2iω − e2iηω)eiωt
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or for the two thin layers case with 1 ≤ k ≤ 5

A(3) =
n(2) cos (ηn(2)ω)

n(1) cos (n(1)ω)
, A(4) = e−iω(n(1)+ηn(2)), A(2) =

1

n(2)
A(3)e−iω(1−n(2))

A(5) = n(2)A(4)eiηω(n(2)−1), A(1) = A(2)(n(2) cos(n(2)ηω)− i sin(n(2)ηω))e−in
(2)ωeiω(1+η)

B(2) = A(2)e−i2n
(2)ω, B(3) = A(3)e−2iω, B(3) = A(4)e2in(2)ηω

B(5) = A(5)e2iηω, B(1) = (A(1)e−iω(1+η) + 2iA(2) sin(n(2)ηω)e−in
(2)ω)e−iω(1+η)

EL(t) = eiωt(A(1)e−2iω −B(1)e2iω), ER(t) = eiωt(A(5)eiω −B(5)e−iω)

where, n(k) =

√
ε

(k)
xx + ε

(k)
xy =

√
ε

(k)
yy + ε

(k)
xy with ε

(k)
xx = ε

(k)
yy and ω is the solution of

the following equation

−n(2) tan (n(1)ω) = n(1) tan (ηn(2)ω)

Table 6.1 and Figs. (6.6) - (6.7) display their convergence of corresponding order

for both of one thin layer case and two thin layers case.

• One thin layer case

η 0.16 0.12 0.08 0.04 0.02 0.01

Isotropic EIC 3rd - 1.5563 2.1810 2.6391 2.8593 2.9445

EIC 5th - 3.2463 4.0677 4.5394 4.8029 4.7664

Anisotropic EIC 3rd - 1.5289 2.0704 2.6039 2.8519 2.9425

EIC 5th - 3.3801 3.8475 4.5255 4.7949 4.8650

• Two thin layers case

η 0.16 0.12 0.08 0.04 0.02 0.01

Isotropic EIC 3rd - 1.7627 2.2466 2.6566 2.8609 2.9443

EIC 5th - 3.5433 4.0145 4.5667 4.8009 4.8009

Anisotropic EIC 3rd - 1.3512 2.0816 2.6152 2.8567 2.9402

EIC 5th - 3.0590 3.8914 4.5152 4.8209 4.8577

Table 6.1: Orders of L2 error for EIC 3rd vs. EIC 5th for one thin layer and two
thin layers are shown. Conditions are the same as given in Figs. (6.6) - (6.7)
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Figure 6.8: Magnetic photonic crystals (MPC) with 32 unit cells. One unit cell
consists of two anisotropic layers with different misalignment angles (A1, A2) and
one magnetic layer (F ) with thickness η. 3rd order EIC is implemented for thin
strong magnetic layer in DG scheme to model frozen mode phenomena

6.3.4 Application to a realistic problem: Modeling peri-

odic magnetic crystals (MPC) without thin mag-

netic layers

In chapter 3, a periodic Magnetic photonic crystal (MPC) designed by Figotin

and Vitebsky [9] is modeled in the time domain to display a strong unprecedented

phenomena called the frozen mode. This MPC is a periodic array of unit cells

which consist of two anisotropic layers with a different misalignment angle and

one magnetic layer (Fig. 6.8). Accurate modeling of the frozen mode in the

time domain enables us to identify every features of the phenomena, but suf-

fered excessively long computational time due to extremely thin strong magnetic

layer especially when an explicit time marching scheme is used. The thickness of

magnetic layer is less than 5.0e-4 in the unit of wavelength (λ) while the width

of two anisotropic layers are close to 0.5 λ. However, the computation without

magnetic layers leads to totally different phenomena without showing any signs

of the frozen mode. In this section, we model the MPC using 3rd order EIC

with an explicit 4th order Runge Kutta method. Let’s consider one dimensional

Maxwell’s equations again,

ε̂0
∂E

∂t
= σ̂

∂H

∂z
, µ̂0

∂H

∂t
= −σ̂ ∂E

∂z
where σ̂ =

[
0 −1

1 0

]
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However, since the permeability µ̂η of the magnetic material in the thin layer has

imaginary part such as µ̂η = µ̂ηr + iµ̂ηi , the 3rd order EIC is changed such as

[E × ~n] = ηµ̂ηr
∂〈H〉
∂t

+ 2πσ̂µ̂i〈H〉, [H × ~n] = −ηε̂η ∂〈E〉
∂t

(6.28)

Substituting Eq. (6.28) into the above one dimensional Maxwell’s equation and

after similar algebra as before, we have (Note µ̂0 = I for the anisotropic dielectric

materials)(
I +

η

h̃

(
M−1~eN

)
µ̂ηr

)
∂̂〈H〉
∂t

=
1

2

{
∂HL

∂t

∣∣∣∣
0

+ R
∂HR

∂t

∣∣∣∣
0

}
(6.29)

−2πη

h̃

(
M−1~eN

)
µ̂ηi 〈H〉

Before we use scattered field formulation, let’s define incident wave as a predefined

wave when every layers are filled with vacuum, i.e., ε̂0 = ε̂η = I, µ̂0 = µ̂η = I.

Then, Eq. (6.30) for the incident wave is(
I +

η

h̃

(
M−1~eN

)) ̂∂〈H inc〉
∂t

=
1

2

{
∂H inc

L

∂t

∣∣∣∣
0

+ R
∂H inc

R

∂t

∣∣∣∣
0

}
(6.30)

With Eq. (6.30), the scattered formulation of Eq. (6.30) becomes
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Figure 6.9: Field amplitude when the left boundary of thin layer is directly
connected to the right boundary of thin layer (left) and field amplitude when 3rd
order EIC is used (right). T = 200. The number of unit cell = 200. Dashed line
indicates the boundaries of whole MPC. In fact, the L2 error between the exact
computation and 3rd order EIC is 1.5e-3 at T = 200
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(
I +

η

h̃

(
M−1~eN

)
µ̂ηr

)
∂̂〈Hs〉
∂t

=
1

2

{
∂Hs

L

∂t

∣∣∣∣
0

+ R
∂Hs

R

∂t

∣∣∣∣
0

}
+
η

h̃

(
M−1~eN

)
(I− µ̂ηr)

∂〈H inc〉
∂t

− 2πη

h̃

(
M−1~eN

)
µ̂ηi
(
〈Hs〉+ 〈H inc〉

)
where, superscript ‘s‘ and ‘inc‘ indicate the scattered and incident term respec-

tively. Also, similarly,(
I +

η

h̃

(
M−1~eN

)
ε̂M ε̂η

)
∂̂〈Es〉
∂t

=
1

2

{
∂Es

L

∂t

∣∣∣∣
0

+ R
∂Es

R

∂t

∣∣∣∣
0

}
+
η

2

(
M−1~eN

)
ε̂M(I− ε̂η)∂〈E

inc〉
∂t

+
1

2

{
((ε̂L0 )−1 − I)

∂Einc
L

∂t
+ ((ε̂R0 )−1 − I)

∂Einc
R

∂t

}
where, ε̂M = (ε̂L0 )−1/hL + (ε̂R0 )−1/hR and h̃ = 2hLhR

hL+hR
when εL0 , ε

R
0 indicates

permittivity tensor of L, R element and hL hR indicate the width of L, R element,

respectively. In each 32 unit cells, the magnetic layer of thickness 4.5895e-4 with

εη = 5, µη = 60−i37σ̂ is approximated with 3rd order EIC. The left figure of Fig.

(6.9) shows the magnitude of ‖E2 +H2‖, when no EIC is used. Field amplitude

is not increasing inside the layer, which indicates no frozen mode occurs inside

the layer. However, the right figure of Fig. (6.9) which was computed with the

3rd order EIC shows the strikingly increased field amplitude as that of the exact

computation. In fact, the L2 error between the exact computation and 3rd order

EIC is 1.5e-3 at T = 200, but time step ∆t of the code with 3rd order EIC is set

more than 100 times larger than that of exact computation.

6.4 Two dimensional transmission layer

6.4.1 Implementation of 3rd order EIC in DG

Consider the following two dimensional Maxwell’s equations for the TE polariza-

tion

ε0
∂Ex
∂t

=
∂Hz

∂y

ε0
∂Ey
∂t

= −∂Hz

∂x

µ0
∂Hz

∂t
=

∂Ex
∂y
− ∂Ey

∂x
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Figure 6.10: Grid points of P, Q element on edges contingent on a thin layer
Ωη (left), which requires an ordering matrix R for rearranging facial grid points
for connecting P and Q element, Also, definition of map Tf (right) which maps all
the grip points of an element into all the facial grid points. Number of order per
element = 5

Let P and Q element be separated by a thin layer Ωη. Let each edge of P , Q

element touching a thin layer be denoted as ∂Ωη
P , ∂Ωη

Q and xηP , xηQ as grid points

on those edges, respectively (see the left of Fig. 6.10). Also, if we let ~nηP , ~nηQ be

the normal vector for ∂Ωη
P , ∂Ωη

Q, note that by assumption, xηQ = η(~nηQ · x
η
P ) =

−η(~nηP · x
η
P ). Then, the semi-discrete scheme with central flux is given as.

σ̂M̂2d
∂EP
∂t

+ Ŝ2d ·HP = F−1
P ~nηP ·

(
H−P −H

−
Q + RP [H]η

)
(6.31)

σ̂M̂2d
∂EQ
∂t

+ Ŝ2d ·HQ = F−1
Q ~nηQ ·

(
H−Q −H

−
P − RQ[H]η

)
(6.32)

where M̂2d, Ŝ2d is two dimensional mass matrix, stiffness matrix, respectively,

FP , FQ is a Jacobian matrix for P , Q element and RP , RQ is a reordering matrix

such as [V ] = RQHQ − RPHP or 〈H〉 = 1
2

(RQHQ + RPHP ) and RP,Q = R−1
P,Q.

the 3rd order EIC corresponding to the TE polarization is written down as

[Et] = η

(
∂〈Hz〉
∂t

− ∂Φ

∂τ
− C〈Et〉

)
,

∂Φ

∂t
=

1

εηf

∂〈Hz〉
∂τ

(6.33)

[Hz] = ηε̂η
∂〈Et〉
∂t

(6.34)

where, Et = ~n×E, C=curvature tensor, and εηf is a constant such as (ε̂ηE) · ~n =

εηf (E · ~n). Substituting the above 3rd order EIC into Eqs. (6.31) and (6.32) and
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multiplying both sides by M̂−1 with ~n = ~nηQ = −~nηP

∂EP
∂t

+ ηε̂ησ̂F−1
P M̂−1RP

(
~n ·
(
∂〈E〉
∂t
× ~n

))
=
∂EP
∂t

∣∣∣∣
0

∂EQ
∂t

+ ηε̂ησ̂F−1
Q M̂−1RQ

(
~n ·
(
∂〈E〉
∂t
× ~n

))
=
∂EQ
∂t

∣∣∣∣
0

where, subscript 0 indicates the value when η is zero. Let’s multiply both equa-

tions by Tf which maps all the grid points of an element into all the facial points

(see the right of Fig. 6.10) and by RP , RQ, respectively.

RP

(
∂EP
∂t

)f
+ ηε̂ησ̂F−1

P RPTfM̂
−1RP

(
~n ·
(
∂〈E〉
∂t
× ~n

))
= RP

(
∂EP
∂t

)f ∣∣∣∣∣
0

RQ

(
∂EQ
∂t

)f
+ ηε̂ησ̂F−1

Q RQTfM̂
−1RQ

(
~n ·
(
∂〈E〉
∂t
× ~n

))
= RQ

(
∂EQ
∂t

)f ∣∣∣∣∣
0

where, superscript f indicates the values at the facial nodes. Let’s define ∂̂〈E〉
∂t

=

1
2

(
RP

(
∂EP
∂t

)f
+ RQ

(
∂EQ
∂t

)f)
. Similar to the 1D case, we have ∂̂〈E〉

∂t
(1 : Nf ) =

∂〈E〉
∂t

, when Nf is the number of nodes along an edge, so if we take only nodal

points on a ∂Ωη
P , ∂Ωη

Q, we have

∂〈E〉
∂t

+
1

2
ηε̂ησ̂Uη

(
~n ·
(
∂〈E〉
∂t
× ~n

))
=

1

2

{
R
η
P

(
∂EP
∂t

)η∣∣∣∣
0

+ R
η
Q

(
∂EQ
∂t

)η∣∣∣∣
0

}
(6.35)

where, Uη =
(
F−1
P RPTfM̂

−1
2d RP + F−1

Q RQTfM̂
−1RQ

)η
. Similarly, we obtain

(
I +

1

2
ηUη

)
∂〈Hz〉
∂t

=
1

2

{
R
η
P

(
∂Hz

∂t

)η
P

∣∣∣∣
0

+ R
η
Q

(
∂Hz

∂t

)η
Q

∣∣∣∣∣
0

}

+
1

2
ηε̂ηUη

(
∂Φ

∂τ
+ C〈Et〉

)
(6.36)

Solving Eqs. (6.35) and (6.36), we get ∂〈E〉
∂t
, ∂〈E〉

∂t
, and consequently [E], [H]

by 3rd order EIC (Eqs. (6.33) and (6.34)). These [E], [H] can be inserted in

Eqs. (6.31)-(6.32) to approximation E and H without using grid points within
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thin layers. For the study of the convergence of EIC, the following Radar Cross

Section (RCS) [33] is defined as

RCS(ϕ) ≡ 2π
|F (ϕ)|2

|Einc|2
, F (ϕ) ≡ ei(π/4)

√
8πk

∮
Ca

[
ωµ0ẑ

′ · J̆ − kz′ × M̆(r′) · r̂
]
eikr̂·r

′
dC

where, J̆ = ~n×H, M̆ = −~n×E, k and ω is the wave number and the frequency

of the wave, r is the far-field observation point and r′ is the near-field source point

in Ca, which is a virtual surface and sufficiently far from scattering objects. Also,

note the L2 error of RCS is computed by comparing the quantity, 10(RCS/10).

6.4.2 Scattering by smooth cylindrical transmission layer

6.4.2.1 Circular cylindrical layer

Let’s consider a circular thin layer whose cross section lies on the xy plane and

which is infinitely long along z axis. Suppose it consists of two kinds of materials,

which can be isotropic or anisotropic. Since when the radius of inner circle is r,

the radius of the outer circle and the interface Γ is respectively r+η and r+0.5η,

the curvature tensor of the interface Γ is C = − 1
r+0.5η

~τ , where ~τ is the tangential

vector on the interface of Γ. The left figure of Fig. 6.11 compares the RCS [33] of

the exact computation and that of the scheme with 3rd order EIC, which confirms

the accuracy of the scheme. The right figures of Fig. 6.11 and Table 6.2 shows

the corresponding order of convergence.

η 0.20 0.16 0.12 0.08 0.04

Isotropic material inside thin layer

3rd EIC 8.4499e-02 4.6409e-02 2.0431e-02 7.0702e-03 1.0691e-03

order 2.6854 2.8520 2.6171 2.7254

Anisotropic material inside thin layer

3rd EIC 6.1789e-02 4.7078e-02 2.2496e-02 2.0578e-03 1.1676e-03

order 1.2186 2.5670 5.8986 -

Table 6.2: Order of L2 error of field components for 3rd order EIC are shown.
Conditions are the same as given in Fig. 6.11
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Figure 6.11: Radar cross sections(RCS) of the exact computation(dashed line)
and 3rd order EIC (dotted line) for a circular cylinder are compared (left). L2 errors
of field components (right) for isotropic material (square) with εf = 2.25 as well
as for anisotropic materials (triangle) with εxx = εfn

2
x + 1, εxy = εfnxny, εyy =

εfn
2
y+1, εf = 2.25 are shown. For right figure, x axis is reversed, i.e., η is deceasing

along x axis

6.4.2.2 Elliptical cylindrical layer

Similarly, consider a elliptical thin layer which is infinitely long along the z axis.

Let a and b be the major and minor axis of the ellipsoid of the interface Γ. Inner

boundary and outer boundary of the thin layer is generated by projecting each

grids points of Γ in the inward and outward normal direction by η/2, respectively.

Note that inner and outer boundaries are no longer ellipsoid. The curvature of Γ

η 0.20 0.16 0.12 0.08 0.04

Isotropic material inside thin layer

3rd EIC 8.1448e-02 4.6137e-02 1.9662e-02 5.5579e-03 1.1701e-03

order 2.5470 2.9648 3.1161 2.2480

Anisotropic material inside thin layer

3rd EIC 4.2831e-02 2.2876e-02 5.6602e-03 1.7850e-03 6.3051e-04

order 2.8107 4.8547 2.8463 -

Table 6.3: Order of L2 error of field components for 3rd order EIC are shown.
Conditions are the same as given in Fig. 6.12

108



0 50 100 150 200 250 300 350
−30

−25

−20

−15

−10

−5

0

5

10

Angle (deg)
R

C
S

 

 
Exact
EIC 3rd

10
−1

10
−3

10
−2

10
−1

η

L
2

 e
rr

o
r

 

 
Isotropic
Anisotropic

Figure 6.12: Radar Cross sections (RCS) of the exact computation(dashed line)
and 3rd order EIC (dotted line) for a elliptical cylinder are compared (left). Also, L2

errors of field components (right) for isotropic material (square) with εf = 2.25 as
well as for anisotropic materials (triangle) with εxx = εfn

2
x+1, εxy = εfnxny, εyy =

εfn
2
y + 1, εf = 2.25 are shown

is derived as C = − ab
(a2 cos2 t+b2 sin2 t)3/2~τ , where t = tan−1

(
a
b
y
x

)
. The left figure of

Fig. 6.12 displays the accuracy of 3rd order EIC. The center/right figures of Fig.

6.12 and Table 6.3 shows the corresponding order of convergence.

6.4.3 Frequency dependence of 3rd order EIC

Similar to effective boundary conditions (EBC) [7], the formulation of EIC also

depends on the taylor series of a projection operator Rs, Rs(Π|| + sC) = Π||,

which is used for the expansion of the operator T
ην
Γ

Rs = Π|| +
∞∑
i=1

(−ηνC)i

The curvature tensor C, which plays a crucial role for the accuracy of the expan-

sion, is correlated to the frequency of the wave, so the accuracy of EIC depends

on the magnitude of the curvature tensor and the frequency of the incident wave.

As shown in Fig. 6.16, when the frequency of the incident wave decreases, EIC

works more accurately for objects with a smooth boundary such as a circular

cylinder and an elliptical cylinder, but a little perturbation is observed for the

rectangular cylinder and smoothed rectangular cylinder.

109



0 50 100 150 200 250 300 350
−35

−30

−25

−20

−15

−10

−5

0

5

10

η

R
C

S

 

 
Exact
EIC 3rd

Figure 6.13: Radar cross section (RCS)s of the exact computation(dashed line)
and 3rd order EIC (solid line) of rectangular cylinder are compared (left). Distri-
bution of ‖E‖∞ on the cross section of the original rectangular cylinder are shown
(right). The brighter the area is, the higher L∞ error is. For example, the bright-
est color corresponds to the magnitude of 0.53 and the darkest close to zero in L∞
error
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Figure 6.14: Radar cross section(RCS)s of the exact computation(dashed line)
and 3rd order EIC (dotted line) of smoothed rectangular cylinder are compared
(left). Distribution of ‖E‖∞ on the cross section of rectangular cylinder are shown
(right). The brighter an area is, the higher L∞ error is. The same scaling on color
as Fig. 6.13 is used for comparison
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Figure 6.15: Construction of the smoothed rectangular cylinder (left) and RCS
errors between the exact computation of rectangular cylinder and 3rd order EIC
approximation of smoothed rectangular cylinder (right) for incident waves of dif-
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Figure 6.16: L2 errors versus frequency of incident waves for circular cylin-
der/elliptical cylinder (left) and rectangular/smoothed rectangular (right). 3rd
order EIC works better in lower frequency or smaller magnitude of curvature ten-
sor
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Figure 6.17: Mesh generation of curved objects with thin layer: Original mesh
(left) and mesh for thin layer approximation (right)

6.4.4 Extension to objects with non-smooth boundary

When objects have non-smooth boundaries such as vertices of rectangular cylin-

der, the analysis fails and large errors are observed around those singularity points

where the thickness of the thin layer is varied as shown in Fig. 6.13 (brighter ares

means the larger errors). This phenomena is inevitable as there are no projec-

tion of grid points of outer boundary in inward normal direction around vertices,

which leads to large RCS errors especially for 90 and 270 degrees. However, by

the process of smoothing out these singular points as shown in Fig. 6.15 (left),

those errors can be reduced significantly without loosing stability. Fig. 6.14

shows that the accuracy and convergence of 3rd order EIC on a smoothed rect-

angular cylinder has improved significantly and is quite similar to the result of

objects with smooth boundary. Furthermore, as the radius of the small circle rc

of smoothed rectangle decreases, the thin layer approximation of the smoothed

rectangular cylinder converges to the exact computation of original rectangular

cylinder independent of the frequency of the incident waves (Fig. 6.15).

6.4.5 Exemplary Application: Combined with curvilinear

element

For curved objects with a thin layer, there exist two reasons why we face small

elements: The first reason is to resolve the curvature of curved objects and the
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Figure 6.18: Radar cross section for the exact computing and for thin layer
approximation. Solid line indicates the RCS of the exact computaion and dashed
line indicates that of thin layer approximation

second reason is to avoid small elements inside a thin layer. However, curvilin-

ear elements combined with thin layer approximation can eliminate those small

elements without compromising accuracy and stability. A computational experi-

ment with only 4 grid points on the surface of curves (Fig. 6.17) shows that the

thin layer approximation combined with curvilinear elements is accurate up to

5.0e-3 in RCS (Fig. 6.18), but the total computational time is, at least, 10 times

smaller than that of the computation on the original mesh.

6.5 Remarks

In this work, the high-order accurate thin layer approximations have been de-

veloped for transmission layers where both reflection and transmission are dealt

with accurately. This is an extension of the thin layer approximation for effective

boundary conditions in chapter 5 where only reflection is dealt with. The general

formulations for 3rd order and 5th order effective curvilinear interface conditions

are derived and implemented in the context of a discontinuous Galerkin method

(DG), which is well suited for this purpose since the discontinuity of the field

elements is inevitable at the interface of thin layers.

In each of one and two dimensional test cases, the expected order of con-

vergence and stability of the scheme are displayed. Using thin magnetic layer

approximation in one dimensional periodic photonic crystal layers and computa-
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tion of two dimensional curved object with thin layer using curvilinear elements,

we demonstrated the extraordinary efficiency without compromising the overall

accuracy. Since the thin layer approximation is implemented in discontinuous

Galerkin method (DG) in an implicit way, the time step ∆t of the thin layer

approximation is independent of the thickness (η) of the thin layer for 3rd order

or proportional to 1/η for 5th order, which is quite a gain compared to 1/η2 for

the original DG scheme.

Also, similar to the effective boundary condition in chapter 5, we pursued

the extension to non-smooth scatterers by replacing an object with geometrical

singularities by smooth curves.The result shows that eliminating geometrical sin-

gularities of an object confirms the given-order accuracy and stability of thin layer

approximation. As the smoothed geometry converges to the original geometry,

the field values of the former converge to the those of the latter, which inspires

the future works related to this issue.

Future development of a family of thin layer approximation includes the

extension of the isotropic/tangentially-oriented anisotropic materials to general

anisotropic, frequency dependent dispersive materials. Also, contrary to the cur-

rent approximation based on asymptotic expansion of distance, specific material-

oriented thin layer approximations based on asymptotic expansion of materials

constants and distance shall be considered.
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Chapter 7

Conclusions

In the first part of this dissertation, the behavior and sensitivity of the frozen

mode phenomenon are studied with the discontinuous Galerkin method. Two

different kinds of periodic array were studied. One is a gyrotropic photonic crys-

tal consisting of two anisotropic materials with different in-plane misalignments

and one magnetic material. The other is a nonmagnetic periodic stack with

oblique anisotropic dielectric materials with an air-filled gap between them. The

discontinuous Galerkin method is validated and highly unusual phenomena with

a very low propagating velocity, highly localized field intensity, and perfectly

transmission into crystals comprising of high-index materials are demonstrated.

This confirmed the predicted behavior and furthered the understanding of the

nature and the limits of the predictions.

Also, the impact of the finiteness of the crystals as well as the sensitivity of the

phenomenon to variations in parameters such as material properties and degree

of anisotropy was studied to gain an improved understanding of the practicality

of utilizing the frozen mode phenomena. By investigating the sensitivity of the

frozen mode, the study enabled us to establish the parameters without having

any impact on the essential behavior of crystals.

However, determining the appropriate dispersion relation of the frozen mode

relied on the analysis of crystal configurations by a trial-and-error technique,

which limits the number of parameters and complicates the practicality of mod-

ifying the geometric and/or material properties of the crystals. To address this

problem in a more systematic way, a PDE constrained nonlinear optimization
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approach were developed. Here, we used the dispersion relation, given by the

transfer matrix method or by solving the Maxwell’s eigenproblem, in combina-

tion with the algorithm of the Method of Moving Asymptote (MMA).

Using this optimization technique, we demonstrated the ability to recover

known solutions and computed several new design by optimizing the geometry

and/or the material of the crystals. Especially for the case with the frozen mode

requiring an oblique illumination, we found a stationary inflection point in three

dimension using parameter sets derived by nonlinear optimization. Also, the

frozen mode phenomena was observed by inserting this newly optimized set of

parameters in a time-domain wave propagation model with periodic boundary

condition in the (x, y) plane when z is the direction of propagation.

The second part of this dissertation discussed the development of thin layer

approximation and their use in the context of discontinuous Galerkin method.

The superior performance of the thin layer approximation was displayed by one-

dimensional scattering problems for various materials. Several kinds of geometries

in two-dimensions, such as circular, elliptical and a rectangular cylinder were

also considered and their corresponding convergence was displayed. When the

geometry has singular points such as vertices of a rectangular cylinder, it was

demonstrated that the inaccuracy caused by these geometric singular points can

be remedied by smoothing without impacting the global accuracy of the scheme.

Also, we developed a transition condition of thin layers located in arbitrary

positions of a domain, to deal with the reflection and transmission of the electro-

magnetic waves. The work shows how this transition condition can be successfully

implemented in any type of time marching scheme while achieving a remark-

ably low computational cost, but without compromising the stability and main-

taining its high order accuracy. The excellent performance for one-dimensional

and two-dimensional geometries was demonstrated with various materials such

as isotropic, anisotropic and magnetic materials.

The prospective research is inside a butterfly called the Blue Morpho (see

Fig. 7.1). Blue Morpho’s wings can send its specific color miles away and its

color varies with different angles and views, but at the same time, the color

is astonishingly uniform. This unique feature of the color is attained by its

photonic crystal structure on the dorsal side of its wings. They are composed of

simple keratin materials; the wing are sophisticated and have a complicated thin
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two-dimensional structure. Thus, a highly accurate and efficient computational

scheme is required to simulate and analyze a structure such as the Blue Morpho’s

wing.

Specifically, asymptotic expansion containing certain material constants will

be studied thoroughly, which will improve the maximum allowance of the thick-

ness of the thin layer and the accuracy of the transition condition to be deter-

mined. Also, maintaining stability and accuracy for various kinds of geometric

singularities, transition conditions of a thin layer constituting dispersive materials

and initial bounds of moving asymptotes of MMA are open problems.

Figure 7.1: Menelaus Blue Morpho, Morpho menelaus. Iridescent tropical but-
terfly of Central and South America. By courtesy from the Wikimedia Commons
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