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CHAPTER 1

Introduction and Background
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1. Conformal Shape Representation

Representation and comparison of shapes is a central problem in computer vision.

In the past several decades, many approaches to represent, compare, and classify

shapes have been presented (See [47], [34] for review and discussion). The space of

2D shapes is inherently nonlinear; this poses fundamental difficulties in computer vi-

sion when attempting object recognition and statistics. We follow Mumford, Miller,

Michor, and others by constructing metric spaces of 2D shapes in which one can

compute distances between any two shapes. In this dissertation, we continue investi-

gation of a relatively recent approach, based on conformal mapping, which was first

introduced by Mumford and Sharon in [40].

Mumford and Sharon represent shapes using a construction from complex analysis

and Teichmüller theory. Given a simply-connected planar region Ω bounded by a

smooth Jordan curve (this is our definition of a “shape”), one constructs a pair

of conformal maps Φ+ : ∆ → Ω+ and Φ− : ∆ → Ω−, which map the interior

and exterior of the unit disk to the interior and exterior of Ω, respectively. These

maps extend continuously to the boundary S1, and their composition Φ−1
+ ◦ Φ−,

restricted to the boundary, is a map Ψ : S1 → S1. This construction is almost

an isomorphism: the space of shapes, modulo translation and scale, is isomorphic

to the group Diff(S1), modulo conformal self-maps of the disk. This provides an

elegant way of making the space of shapes into a metric space; we take an equivalence

class of diffeomorphisms of the circle as a representation of a shape. In [40] these

diffeomorphisms are called “fingerprints”; in the mathematical literature, elements of

the broader class of quasisymmetric homeomorphisms of S1 are commonly known as

“welding maps”.

An important part of this dissertation is a study of the way this representation

encodes the geometry. One perceptually salient attribute of a shape is its medial axis

[8]; there is a large body of work which uses the medial axis to represent and classify

shapes [42, 48, 49, 41]. By careful study of the boundary derivatives of conformal

maps, we demonstrate how our representation encodes a sort of continuous version
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of the medial axis. In addition, we obtain explicit estimates showing that conformal

maps encode the local Euclidean curvature of the boundary. The machinery involved

in making our geometric estimates comes both from classical function theory and

hyperbolic geometry.

Another problem of great interest, both theoretical and applied, is data compres-

sion. Given a point in some metric space, one may wish to find a nearby point with

the shortest possible description length. We approach this problem by developing

an adaptive compressor for plane curves based on the “fingerprint” construction ex-

plored by Sharon and Mumford. To discuss the worth of any such scheme, one needs

some criterion for optimality. We appeal to Kolmogorov’s notion of ε-entropy (see

[14, 15, 27, 38]) to provide this, and we demonstrate that our compressor is optimal

on certain classes of functions.

Before we give a detailed summary of our results, we pause to present the necessary

background material.

2. Two Classical Models For Teich(∆)

The isomorphism between shapes and welding maps is the fundamental link be-

tween complex analysis and the study of 2D shape. This isomorphism arises in

Teichmüller theory, where we have two models for the universal Teichmüller space

Teich(∆) (the Teichmüller space of the unit disk). The first model is given by a

set of normalized quasicircles; our smooth shapes are a subset of these. The second

model is given by normalized elements of HomeoQS(S1), the group of quasisymmetric

homeomorphisms of the circle; our fingerprints live in the subgroup Diff(S1).

2.1. Notation.

∆ – The unit disk {|z| < 1}

L∞(∆) – The space of bounded Beltrami differentials on ∆

L∞(∆)1 – The open unit ball in L∞(∆)
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There are two classical models for the universal Teichmüller space: one given

by equivalence classes of homeomorphisms of the circle, another given by equiv-

alence classes of quasicircles. Both models depend holomorphically on a param-

eter µ ∈ L∞(∆)1. Here we construct the two models and describe how to pass

between them. We are interested in the differential of this isomorphism between

HomeoQS(S1)/SL2(R) and quasicircles/(translation,scale). At an arbitrary point

in Teichmüller space, the differential of the map between the two models is compli-

cated. However, the differential at the origin admits an explicit formula which we

will develop in chapter 4.

2.2. The Measurable Mapping Theorem. Suppose µ(z) is a measurable

function defined on some domain Ω, and ‖µ‖∞ < 1. The existence of solutions

to the Beltrami differential equation

fz̄(z) = µ(z)fz(z)(1)

is guaranteed by the “Measurable Mapping Theorem”, which may be stated as follows.

Theorem 1.1 (Measurable Mapping Theorem). Equation (1) gives a one-to-one

correspondence between the set of quasiconformal homeomorphisms of Ĉ that fix the

points 0, 1, and ∞ and the set of measurable complex-valued functions µ on Ĉ for

which ‖µ‖∞ < 1. Furthermore, the normalized solution fµ to the Beltrami equation

depends holomorphically on µ and for any R > 0 there exists δ > 0 and C(R) > 0

such that

|f tµ(z)− z − tV (Z)| ≤ C(R)t2

for |z| < R and |t| < δ, where

V (z) = −z(z − 1)

π

∫∫
C

µ(ξ)

ξ(ξ − 1)(ξ − z)
|dξ|2

We make a pair of remarks regarding normalizations of the maps.
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Remark. The essential feature of the integral defining V (z) is the convolution

µ ∗ 1
πz

. The role of the other terms becomes more clear if we expand the integrand in

partial fractions and rewrite it as convolutions evaluated at z, 0, and 1:

− 1

π

z(z − 1)µ(ξ)

ξ(ξ − 1)(ξ − z)
= −µ(ξ)

π

(
1

ξ − z −
1− z
ξ
− z

ξ − 1

)
=

1

π

(
µ(ξ)

z − ξ + (z − 1)
µ(ξ)

−ξ − z
µ(ξ)

1− ξ
)

Thus if we let W be the (non-normalized) vector field W (z) = µ∗ 1
πz

, we can write

V (z) = W (z) + (W (0)−W (1)) z −W (0)

In other words, a vector field V fixing infinity is of the form V (z) = µ ∗ 1
πz

, modulo

vector fields of the form bz + c whose coefficients may be chosen so V fixes 0 and 1,

as per our statement of the mapping theorem. More generally, we can set

V (z) =

(
µ ∗ 1

πz

)
+ az2 + bz + c

to achieve any normalization desired.

Remark. Let µ ∈ L∞(U) satify ‖µ‖∞ < 1 and have compact support in some

region Ω. In this case the map f tµ is conformal in the exterior Ω∗, hence it suffices

to normalize the exterior map. If f tµ the unique solution which can be written at

infinity as f tµ(z) = z +O
(

1
|z|

)
, then we have

V (z) = µ ∗ 1

πz

That f tµ tends to the identity near infinity follows from the fact the V vanishes at

infinity like O(1/|z|).
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2.3. Two Models for the Universal Teichmüller Space. Solving the welding

problem amounts to passing between two models of the universal Teichmuller space.

In both cases, let µ ∈ L∞(∆)1. We now define the two models.

(1) Homeoqs(S
1)

Extend µ into Ĉ by the reflection

µ

(
1

z̄

)
= µ̄(z)

z2

z̄2

Denote by fµ the unique solution to the Beltrami equation

(fµ)z̄ = µ(fµ)z

normalized to preserve (−1,−i, 1). Then due to the reflection symmetry,

1

fµ(z)
= f̄µ

(
1

z̄

)
and fµ preserves the unit circle. Given two µ, ν ∈ L∞(∆)1, set µ ∼ ν if

fµ|S1 = fν |S1 . The universal Teichmuller space is the set of equivalence

classes of mappings fµ,

Teich(∆) = L∞(∆)1/ ∼

One may equally well consider normalized homeomorphisms of the circle:

the restriction of fµ to S1 is a quasisymmetric homeomorphism of the circle,

unique up to elements of PSL2(R). Define

Teich(∆) = Homeoqs(S
1)/PSL2(R)

(2) Quasicircles
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Extend µ into Ĉ by setting µ(z) = 0 outside the unit disk. Denote by fµ

the solution to the Beltrami equation

fµz̄ = µfµz

normalized so fµ(z) = z + O
(

1
|z|

)
near infinity. On the exterior of the unit

disk ∆∗, fµ is a conformal map onto its image Dµ; set µ ∼ ν if fµ|∆∗ = f ν∆∗ .

The universal Teichmuller space is the set of equivalence classes of mappings

fµ,

Teich(∆) = L∞(∆)1/ ∼

As the normalized exterior maps are in one-to-one correspondence with the

quasicircles ∂Dµ, this construction is equivalent to one in terms of equivalence

classes of quasicircles.

The two definitions of universal Teichmuller space are equivalent, since fµ|S1 =

fν |S1 ⇐⇒ fµ|∆∗ = f ν |∆∗

2.4. Passing Between the Two Models. We now observe how to pass from

one model to the other.

(1) From welding maps to quasicircles

Given a quasisymmetric φ : S1 → S1, extend φ to the interior to produce

any quasiconformal map F : ∆ → ∆. This map has an associated Beltrami

differential µ. Extend µ to be 0 on ∆∗ and solve the Beltrami equation to

produce fµ. Then Q = fµ(S1) is a quasicircle. It is a short proof to show

that Q depends only on the equivalence class of φ; i.e. Q is independent of

the choice of extension F .

(2) From quasicircles to welding maps
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Observe that on ∆, the map g− = fµ ◦ f−1
µ is a normalized conformal

map to the interior of Q = fµ(S1). Let g+ = fµ|∆∗ , which is a normalized

conformal map of the exterior of the disk to the exterior of Q. To recover

the quasisymmetric map φ = fµ|S1 , compose the two Riemann maps:

g−1
+ ◦ g−

∣∣
S1 =

(
fµ ◦ f−1

µ

)−1 ◦ fµ∣∣
S1 = fµ

∣∣
S1

3. Hyperbolic 3-Space

We are interested in conformal structures on a domain Ω lying on the Riemann

sphere Ĉ. In chapter 3, we will see that conformal structures can be approximated

very well using constructions from hyperbolic geometry. These hyperbolic construc-

tions have the advantage of being entirely local, unlike the global nature of the Rie-

mann map. To make the link, one regards Ĉ as the “boundary at infinity” of hyper-

bolic 3-space H3. In this section we describe the constructions we’ll need to relate

hyperbolic and conformal geometries.

3.1. Models of Hyperbolic Space. Equipping the open unit ball in Rn with

the Poincaré metric ds2 =
(

2
1−|z|2

)2

|dz|2, where |z| is the distance to the origin and

|dz| is the Euclidean distance element, gives a model of hyperbolic space Hn. With

this metric, the space is normalized so all sectional curvatures are a constant −1. The

isometries of Hn act on the boundary Sn−1 as conformal automorphisms.

We are particularly interested in the case n = 3. We regard Ĉ as the boundary at

infinity of hyperbolic 3-space H3. In this Poincaré model, arcs of circles orthogonal

to Ĉ are geodesics in the half-space or ball models. The isometries of H3 act on

the boundary as the group of linear fractional maps SL2(C). Denote the closed unit

ball, with the hyperbolic structure on the interior and conformal structure on the

boundary by Bn.

One may also realize the same geometry in the half-space model (see figure 1.1);

the two models are related by a conformal self-map of R3. In this model, hyperbolic

3-space is the set {(x1, x2, x3) : x3 > 0} with the metric ds2 =
dx2

1+dx2
2+dx2

3

x2
3

. Geodesics
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Figure 1.1. The half-space model of H3: Arcs of circles orthogonal to
Ĉ are geodesics. A planar domain lies in Ĉ, the boundary of H3.

are again arcs of circles orthogonal to the (x1, x2) plane Ĉ, and isometries again extend

to the boundary and act conformally on Ĉ.

3.2. Convex Hulls and the Dome.

Definition 1.1 (Convex). A non-empty subset F ⊂ Bn is said to be convex if,

given any two points in F , the geodesic arc joining them is also contained in F .

A supporting half-space for a convex set E ⊂ Bn is a closed half-space containing

E whose boundary meets E. A support plane for E at some point z ∈ E ∩Hn is the

boundary of a supporting half-space which meets E at z. It can be shown (see [9])

that support planes exist for all points in the boundary of E.

Given a closed nonempty convex subset E ⊂ Bn, there is a canonical retraction

r : Bn → E. We define it as follows:

Definition 1.2 (Nearest-point retraction map r : Bn → E). Let E ⊂ Hn be a

convex set. For z ∈ Hn we define the map r : HSn → ∂E as follows.

r(z) = arg min
w∈E

dh(z, w)

For z ∈ ∂Hn, we define r(z) by inflating a horoball tangent at z until it makes contact

with some point w ∈ E and set r(z) = w.
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One may also construct the map r by inflating balls centered at z until they make

contact with E. By convexity of E, the ball will have a unique first point of contact

in ∂E; this unique point is r(z). This geometric construction makes it clear that the

extension of r to the boundary of hyperbolic space is natural.

The nearest-point retraction map is both continuous and distance-decreasing; for

details and proof, see e.g. [9].

Definition 1.3 (Hyperbolic convex hull). The convex hull of a set F ⊂ Bn is the

smallest convex subset of Bn containing F .

We will use the notation C(F ) for the convex hull of F ⊂ Bn. The notation ∂C(F )

refers to the part of the boundary of C(F ) which lies in Hn.

Definition 1.4 (The Dome of a planar domain). Let Ω ⊂ ∂H3 be a proper subset

of the plane and C(Ωc) be the convex hull of its complement. The “dome” SΩ is the

boundary ∂C(Ωc).

We can equip the dome with a natural path metric by restricting the Poincaré

metric in H3 to paths contained in the dome. In fact, this metric makes the dome

into a surface of constant negative curvature. There is an explicit construction for

the Riemann map ι : SΩ → D, due to Thurston, which we will describe in more

detail in chapter 2. Throughout this thesis we will only need to consider domes of

simply-connected regions Ω.

3.3. Bending. If Ω ⊂ Ĉ is a simply-connected region which is a union of N

disks, the dome SΩ has a particularly simple form. If we consider all support planes

P for SΩ, we see that P ∩SΩ is either a line or a piece of a hyperbolic plane. If P ∩SΩ

is a line, we call it a bending line; otherwise P ∩SΩ is called a flat piece. We say that

such a dome is finitely-bent. Note that if z ∈ SΩ lies in a bending line it has a set

of support planes; if z lies in a flat piece it has only one support plane. The bending

angle associated with a bending line is angle between the extremal support planes

for the line, that is, it is the angle at which the associated flat pieces meet (the angle

between their normal vectors).
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Figure 1.2. Above: Ω is a union of disks, shown in the half-space
model. The faces of the dome meet at geodesic “bending lines”, each
with some bending angle β.

θ

θ
2

w

r(w)

Figure 1.3. The nearest-point retraction r : Ω → SΩ agrees with
stereographic projection in the half-space model of H3 when Ω is a
single disk.

The bending at each intersection induces a transverse measure on the dome, called

the bending measure, constructed as follows. For z ∈ SΩ, let β(z) be the bending

angle at z. This is zero unless z lies on a bending line. If SΩ is finitely-bent, we define

a measure on embedded intervals γ in SΩ by setting β(γ) to be the sum of the bending

encountered along γ. For more general domains, we define β(γ) as an infimum over

finitely-bent approximations between the endpoints of γ (see [9] for details). Here,

we are interested in the case where ∂Ω is smooth. In this case, the bending measure
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has a Radon-Nikodym derivative with respect to arc length on transverse intervals

on the dome; we will work with this explicitly in chapters 2 and 3.

Figure 1.4. For finitely-bent domains, preimages of flat pieces under
r are called “gaps”, preimages of bending lines are “crescents”.

4. Boundary Derivatives and Harmonic Measure

It is clear from looking at a few examples that the derivatives of a welding map

encode the geometry of a domain. Since the derivatives of the welding map are

determined by the derivatives of conformal maps, we wish to obtain estimates on

the boundary derivatives of conformal maps which relate the geometry of a domain

to the modulus of the derivative. An intuitive understanding is given by classical

physics: we know that the derivative 1
|f ′| of the Riemann map describes heat flow or

electrostatic flux through the boundary in a simple model where a point source of

heat or charge is placed at f(0) and the boundary is packed with ice or connected to

ground. Thus |f ′| is largest at points of convexity far from f(0)and |f ′| is smallest

at points of concavity near to f(0), like a lightning rod. To make this concrete, we

use some techniques from geometric function theory which provide invariant ways of

getting at the question of boundary derivatives.

4.1. Harmonic Measure. Let Ω be a simply-connected planar domain whose

boundary is a Jordan curve in Ĉ, and let E ⊂ ∂Ω. Choose some z ∈ Ω. The harmonic

measure of E in Ω as seen from z, denoted ω(z, E,Ω), is a sort of conformally invariant
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← →

Figure 1.5. Images of circles and radial lines under the Riemann map
from the the disk to two domains. The behavior of the derivatives is
apparent in the spacing.

way of asking how large the arc E is, as seen from the point z. There are 3 equivalent

ways of viewing the harmonic measure:

(1) Solutions to the Dirichlet problem.

Let u : Ω→ R solve the Dirichlet problem in Ω with boundary conditions

χE(w) =

 1 , w ∈ E
0 , otherwise

Then ω(z, E,Ω) = u(z).

(2) Exit probabilities of Brownian motion.

Let Bz(t) be a standard 2-dimensional Brownian motion starting from z.

Define the stopping time

τ = inf{t > 0 : Bz(t) ∈ ∂Ω}

Then ω(z, E,Ω) = Pr{Bz(τ) ∈ E}.
(3) Arclength on the disk.

Let f : ∆→ Ω be conformal with f(0) = z. Then ω(z, E,Ω) = 1
2π
L[f−1(E)].

Rigorous proof is somewhat lengthy. Consider (1) ⇐⇒ (3). This follows from

two facts: first, that harmonic functions are equal to their average taken on concentric

circles, and second, that the solution u(z) is a harmonic function, and hence u ◦ f is
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also harmonic (the composition of an analytic function and a harmonic function is

again harmonic).

To see (1) ⇐⇒ (2), we need to show that Pr{Bz(τ) ∈ E} is harmonic in z.

The basic idea is a conditioning argument. Before arriving at the boundary, Bz must

pass through any circle Cz,r centered at z and contained in Ω. Let σ = inf{t > 0 :

Bz(t) ∈ Cz,r}. Using the radial symmetry of Brownian motion, we observe that Bz(σ)

is distributed uniformly on Cz,r. Thus our conditioning argument is

Pr{Bz(τ) ∈ E} =

∫
Cz,r

Pr{Bw(τ) ∈ E}Pr{Bz(σ) ∈ dw}

=
1

2πr

∫
Cz,r

Pr{Bw(τ) ∈ E}|dw|

Since Pr{Bz(τ) ∈ E} is equal to its own average on circles Cz,r, it is a harmonic

function. Further, it satisfies the same boundary conditions as u, and hence the two

agree.

Interpretation (3) gives us the connection with boundary derivatives. If s is ar-

clength on ∂Ω, θ is the angular coordinate on the circle (with s, θ related by the

conformal map f), and ω is harmonic measure (for some Ω and basepoint z = f(0)),

we can consider the Radon-Nikodym derivative dω
ds

and we have

dω

ds
=
dθ

ds
=

1

|f ′ ◦ f−1|

4.1.1. Extension of Domain. Interpretation (2) has an immediate and useful con-

sequence known as the principle of extension of domain.

Proposition 1.1 (Extension of Domain). Let Ω1 ⊂ Ω2 be Jordan domains allow-

ing a nontrivial shared boundary arc E ⊂ ∂Ω1 ∩ ∂Ω2 6= ∅. Then

ω(z, E,Ω1) ≤ ω(z, E,Ω2)

Consider that some of the random walks which were stopped when they hit ∂Ω1

are no longer stopped since Ω1 ⊂ Ω2. Thus, some of them may return and hit E. On

the other hand, every trajectory which stops at E in Ω1 still does so in Ω2.
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Thus boundary derivatives along common boundary arcs will decrease as a domain

grows.

4.2. Extremal Distance. Let Γ be a path family in a domain Ω, that is, a set of

countable unions of rectifiable arcs contained in Ω. We wish to create a conformally-

invariant notion of the length of a path family. We will consider metrics on Ω of the

form

ds2 = ρ2(dx2 + dy2)

where ρ : Ω → R is any non-negative Borel measurable function which assigns finite

nonzero area to Ω, i.e.

0 < A(Ω, ρ) ≡
∫

Ω

ρ2dxdy <∞

We define the length of a path family Γ with respect to ρ as

L(Γ, ρ) ≡ inf
γ∈Γ

∫
γ

ρ|dz|

Definition 1.5 (Extremal Length). The extremal length of a path family Γ is

λΩ(Γ) = sup
ρ

L(Γ, ρ)2

A(Ω, ρ)

It is often useful to normalize the problem so one considers only metrics such

that either L(Γ, ρ) = 1 or A(Ω, ρ) = 1; since the ratio L2/A is unchanged when ρ is

multiplied by a scalar, either normalization is of course fine.

λΩ(Γ) is a conformal invariant. Indeed, pulling back the metric defined by ρ(w)

through a conformal map w = f(z) results in a metric defined on f−1(Ω) by the scalar

ρ(f(z))|f ′(z)|

This is also an allowable metric, and hence our definition is invariant with respect to

conformal transformations.
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Definition 1.6 (Extremal Distance). Let E,F ⊂ Ω. The extremal distance

dΩ(E,F ) between E and F is

dΩ(E,F ) ≡ λΩ(Γ)

where Γ is the set of connected arcs in Ω which join E and F .

The conjugate extremal distance d∗(E,F ) is the extremal length of the family of

curves which separate E and F . In this case, we do not require that the curves be

connected – they may be a finite union of disjoint arcs in Ω.

For the case of a rectangle, we can obtain the extremal length between two op-

posing sides explicitly. We have

Proposition 1.2. Let Ω be a rectangle with side lengths l and h. If E and F are

the two opposing sides of length h, then

dΩ(E,F ) =
l

h

and

d∗(E,F ) =
h

l

This suggests an alternate characterization of extremal distance when E, F are

two disjoint subarcs of ∂Ω. Let ξ1, ξ2, ξ3, ξ4 be the endpoints of E and F listed in

standard orientation. One can show that there is a unique conformal map f taking

Ω to a rectangle of height 1 such that the ξi lie on the vertices. Let l be the length of

this rectangle. Then by conformal invariance,

dΩ(E,F ) = l

and the extremal metrics are the scalar multiples of |f ′|.
Extremal distance has several properties which make it a useful tool. First is the

fact that it is defined as a supremum over a famiy of metrics, so any choice of metric

provides an estimate for extremal distance. (Further, note that we have dd∗ = 1.
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Thus, lower bounds on d∗ give upper bounds on d.) Some other key properties, no

less practical, are summarized here.

(1) The extension rule.

Let Ω1 ⊂ Ω2 be domains and let Γ a path family in Ω. Then

λΩ2(Γ) = λΩ1(Γ)

and if Γ2 is a path family in Ω2 such that every γ ∈ Γ2 contains some path

in Γ then

λΩ2(Γ2) ≥ λΩ(Γ)

(2) The serial rule.

Consider two path families Γ1,Γ2 contained in disjoint open sets Ω1,Ω2. Let

Γ be a third path family contained in Ω ⊇ Ω1 ∪ Ω2 such that every γ ∈ Γ

contains a path in Γ1 and a path in Γ2. Then

λ(Γ) ≥ λ(Γ1) + λ(Γ2)

(3) The parallel rule.

Consider two path families Γ1,Γ2 contained in disjoint open sets Ω1,Ω2. Let

Γ be a third path family contained in Ω ⊇ Ω1∪Ω2 such that every γ ∈ Γ1∪Γ2

contains a path in Γ . Then

1

λ(Γ)
≥ 1

λ(Γ1)
+

1

λ(Γ2)

(4) The symmetry rule.

Let T : Ω → Ω satisfy T ◦ T (z) = z with either T or T analytic. If Γ is a

path family in Ω such that T (Γ) = Γ, then

λ(Γ) = sup

{
L2(Γ, ρ)

A(Ω, ρ)
: ρ = (ρ ◦ T )|JT |

}
where |JT | = |T ′| when T is analytic and |T ′| when T is analytic.
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The serial rule suggests an estimate for extremal distances in strip domains, i.e

domains of the form:

Ω = {(x, y) : |y −m(x)| < θ(x)/2, a < x < b}

To see why this should be true, choose a partition of [a, b] by choosing some integer

n > 0 and setting

xk =
k

n
(b− a)

for 0 ≤ k ≤ n.

Let Ik = Ω ∩ {(x, y) : x = xk}. By the serial rule,

dΩ(I0, In) ≥
n∑
1

d(Ik−1, Ik)

As n→∞, the regions between successive Ik become approximately rectangular, so

d(Ik−1, Ik) ≈ ∆x
θ(xk)

, where ∆x = (b− a)/n. Thus

dΩ(I0, In) ≥
∫ b

a

dx

θ(x)

After proper proof, this result is sometimes known as the Ahlfors Distortion Theorem.

There is a method, due to Beurling, for estimating harmonic measures of boundary

arcs in terms of extremal distances between particular arcs in a domain. We will

describe this in more detail in chapter three, where we apply the method to obtain

results in domains with smooth boundaries.

5. Summary of Results

We can now describe the main results in this thesis.

In chapter 2, we develop the differential geometry of convex hull boundaries in

the case when Ω has a smooth boundary. In the context of 3-manifolds, convex

hull boundaries are typically studied when the planar domain Ω has a highly non-

smooth boundary, typically with dimension > 1. In the smooth case, it emerges that

Thurston’s bending measure is essentially the principal hyperbolic curvature of the
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dome SΩ. In the smooth case, the nearest-point retraction map is a bijection and

piecewise C1; we obtain explicit formulas for the Jacobian and the quasiconformal

factor. Finally, we develop a differential equation for the conformal map from the

convex hull boundary to the disk. The flow generated by this ODE acts on the

domain as a retraction along the medial axis; this is one demonstration of how the

conformal structure of the hyperbolic convex hull can be understood in terms of the

medial axis.

In chapter 3, we obtain estimates on the modulus of boundary derivatives in

smooth domains. The main theme is that given a conformal map f : ∆ → Ω and

some point ξ ∈ ∂Ω, the boundary derivative |f ′ ◦ f−1(ξ)| factors into two terms: the

first term accounts for the local geometry of ∂Ω near ξ and is stated in terms of κ,

the boundary curvature at ξ, and R, the radius of the medial circle tangent at ξ. The

second term says that boundary derivatives increase exponentially with hyperbolic

distance. Thus, one can think of the boundary derivatives as factoring into the form

|f ′ ◦ f−1(ξ)| ≈ R

2−Rκe
d

The R
2−Rκ is an application of Beurling’s method (see [25]) to the case of a smooth

boundary. The exponential term is obtained using constructions from hyperbolic

geometry.

It is a famous theorem of Sullivan that the conformal structure of the convex hull

boundary approximates the conformal structure of the domain; one might state the

theorem as follows: “Given any domain Ω, there is a universal K > 1 such that there

exists a K-quasiconformal map σ : Ω → SΩ which is the identity on the common

boundary”. In chapter 3, we develop explicit estimates that allow us to approximate

hyperbolic distances and extremal distances in Ω in terms of the same quantities on

SΩ. These explain the exponential dependence of boundary derivatives on hyperbolic

distance, and also connect hyperbolic distance to the geometry of the domain. Using

the material in chapter 2, we show that these estimates have natural interpretations

in terms of the medial axis. In particular, we have a medial-axis based analog of the
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Ahlfors distortion theorem. The famous estimate
∫

dx
θ

is exchanged for an analogous

integral taken along the medial axis. We also produce a new method of proof, and

a refinement of, a conjecture due to Thurston that the nearest-point retraction is

2-Lipschitz in the hyperbolic metrics.

Chapter 4 begins to pave the way for data compression. Our eventual goal in chap-

ter 5 is to develop a compressor for simple closed plane curves; rather than working

directly with the curves we work with the associated welding maps. This means we

need to understand how perturbations in welding maps will affect the corresponding

quasicircles. In chapter 4 we study the differential of the isomorphism between the

two models of the universal Teichmüller space. We develop explicit formulas, given

in terms of Hilbert transforms, for the differential. The formula simplifies greatly at

the identity. We also develop estimates showing how Weil-Petersson norms of tan-

gent vectors can be used to obtain bounds in the Hausdorff metric on distortion of

quasicircles. However, even when the tangent vector is too irregular to admit a finite

WP norm, we can still obtain good bounds on distortion.

In chapter 5, we develop our compressor. We introduce Kolmogorov’s ε-entropy

and describe some results on ε-entropy of Lipschitz functions. We then introduce

a compressor which produces piecewise linear ε-approximations to a more general

class of functions in the uniform norm. We demonstrate that it gives optimal results

when one restricts the functions under consideration to be Lipschitz. The final task

is developing a compressor for shapes. Uniform approximations to welding maps are

not sufficient; we show that quasisymmetry is the essential feature. That is, consider

a welding map h and an approximation h̃ with associated quasicircles Q and Q̃ such

that

Kqc(h ◦ h̃−1) ≤ 1 + ε

where Kqc(h ◦ h̃−1) is the constant of quasisymmetry of the composition. We obtain

bounds on the Hausdorff distance between the quasicirclesQ and Q̃ which depend only
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on ε. Finally, we develop a heuristic for constructing quasisymmetric approximations

h̃, and provide some experimental results showing the effectiveness of the compressor.



CHAPTER 2

Differential Geometry of Smooth Convex Hull Boundaries

22
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0.1. Notation.

Ω – a domain

SΩ – hyperbolic convex hull boundary (dome) of Ω

β – bending measure on SΩ

L[γ], Lh[γ], Lρ[γ] – length of an arc γ in the Euclidean, hyperbolic, or other metric ρ

dh(p, q) – hyperbolic distance between points p and q.

κ(γ, h), κ(γ, e) – curvature of a curve γ in hyperbolic or Euclidean space

κn(v, h), κn(v, e) – hyperbolic or Euclidean normal curvature of a surface in direction v

On a smooth branch of the medial axis we adopt the following notation. See figure

2.1.

m(t) – an arc-length parametrization of the medial axis.

a(t), b(t) – points of tangency of the medial circle at time t.

Bt ⊂ SΩ – bending line whose endpoints at infinity are a(t), b(t).

Ft ⊂ Ω – the arc r−1(Bt)

c(t) – center of the arc Ft

R(t) – radius of the medial circle at time t.

κm, κa, κb – Euclidean curvatures of a(t), b(t),m(t)

τa, τb, τm – tangent angle of a(t), b(t),m(t)

νa, νb, νm – angle of normal to a(t), b(t),m(t)

φ – the angle arg(b−m)− τm = τm − arg(a−m)
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F
t

m(t)

a(t)

b(t)

φ
φ

Figure 2.1. Notation for the medial axis. The axis is shown in blue;
m(t) is a parametrization of the medial axis. a(t), b(t) are points of
tangency. The red arc Ft = r−1(Bt) is the foliating arc connecting a(t)
and b(t). φ = arg(b−m)− τm is the angle between one of the dashed
lines and the tangent to the medial axis at m.

1. Overview: Domes over Smooth Domains

Throughout this paper we will work on a domain whose medial axis consists of one

smooth branch with smooth boundary arcs. The dome SΩ of such a domain is also

smooth (as we will show), unlike the case when the medial axis has branch points.

At branch points, the dome will generally be no more than C1 no matter how smooth

the boundary arcs are.

A few remarks are in order on the geometry of SΩ. First, there is a natural

“transverse” coordinate system S(t, v) on SΩ (see figure 2.2: for fixed t, St(v) = S(t, v)

is a parametrization of Bt and for fixed v, Sv(t) = S(t, v) is a transverse arc, i.e. an

arc orthogonal to all bending lines Bt. Call the t and v directions “transverse” and

“parallel” respectively.
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Figure 2.2. Transverse coordinates on a smooth section of SΩ are
constructed from bending lines and the family of arcs transverse to the
bending lines. Under the nearest-point retraction, these coordinates
retract to a transverse coordinate system on the domain Ω.

These coordinates also give principal coordinates at each point of SΩ. The dome

is a hyperbolic developable surface with zero hyperbolic principal curvature along

each geodesic Bt and hence maximal hyperbolic principal curvature in the transverse

direction. Each transverse arc is thus a line of hyperbolic principal curvature.

Let r : Ω → SΩ be the hyperbolic nearest-point retraction map. In the situation

we are considering, it is a bijection. Transverse coordinates retract under r−1 to an

orthogonal coordinate system on Ω. This is obvious when the point of interest is the

midpoint of a bending line whose endpoints at infinity are diametrically opposed on

the relevant medial circle, and it follows in general by conjugation with a conformal

self-map of H3. Hence the Jacobian is diagonal in transverse coordinates. In the

parallel direction, r agrees with stereographic projection onto any bending line.

2. Preliminaries

In this section we define the basic quantities we need to develop the theory.

Definition 2.1 (Cross-ratio). Let (a, b, c, d) be 4 points in the complex plane.

Their cross-ratio is defined to be

χ(a, b, c, d) =
(b− a)

(d− a)

(d− c)
(b− c)
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Definition 2.2 (Path of nearest points). Define the path of “nearest points”

p∗(t) = lim
ε↘t

arg min
p∈Bt

dh(p,Bt+ε)

and the infinitesimal distance between them

d∗(t) = lim
ε→0

1

ε
dh(Bt, Bt+ε)

We would like geometric estimates for d∗. Our first step is a formula for the

infinitesimal cross-ratio of endpoints of adjacent bending lines.

Proposition 2.1 (Cross-ratio of Endpoints). Let a, b be the endpoints of some

bending line at t = 0. Then the infinitesimal cross-ratio χinf (t) satisfies

χinf (t) ≡ lim
ε↘0

1

t2
χ(at, at+ε, bt+ε, bt) = − |ȧḃ|

|b− a|2

where ȧ = da
dt

∣∣
t
, similar for ḃ.

Proof. We lose nothing by considering χinf (0). Then

χ(a, at, bt, b) =
at − a
b− a ·

b− bt
at − bt

=
tȧ+O(t2)

b− a · −tḃ+O(t2)

(a− b) + t(ȧ− ḃ) +O(t3)

=
t2ȧḃ+O(t3)

(b− a)2 + t(ȧ− ḃ)(b− a) +O(t3)

From the geometry of the medial axis one sees that arg ȧḃ = 2 arg(b− a)− π, and it

is then straightforward to verify that the right-hand-side becomes real and negative

in the limit. �

The next lemma is stated in non-invariant terms; it connects the Euclidean ge-

ometry of Ω to invariant quantities. We make the following definition:

Definition 2.3 (Midpoint of Bt). Fix a chart for the half-space model of H3.

Then the midpoint of a bending line Bt for a given domain Ω ⊂ Ĉ is the midpoint of

Bt viewed a Euclidean semicircle in this chart.
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Lemma 2.1 (Location of p∗). Let a, b ∈ ∂Ω be the endpoints of some bending line

B0. Then p∗ lies at hyperbolic distance 1
2

log
∣∣∣ ȧ
ḃ

∣∣∣ from the midpoint of B0. Positive

distances indicate motion towards b.

Proof. First, conjugate with a hyperbolic φ with fixed points a, b to create a

domain Ω̃ where | ˙̃a| = | ˙̃b| (see figure 2.3). This will imply that κã = κb̃, and hence φ

→

Figure 2.3. Endpoints of nearby bending lines are almost cocircular.
This figure shows the action of the map φ in lemma 2.1 on the retracts
of a nearby pair of bending lines. The arc joins the retracts of the
nearest points on each bending line.

takes p∗ to the midpoint of B0. We claim that that φ satisfies

|φ′(a)| = ed

|φ′(b)| = e−d

where d is the hyperbolic translation distance along B0 towards b. Indeed, assume

for the moment that a = −1 and b = 1 and our medial circle is the unit circle. Then

a hyperbolic taking some point r ∈ (−1, 1) to 0 has the form

σ(z) =
z − r
1− rz

with

σ′(z) =
1− r2

(1− rz)2
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and thus σ′(1) = 1+r
1−r and σ′(−1) = 1−r

1+r
. But dh(0, r) = log 1+r

1−r , so our claim holds

in this case. If a and b are arbitrary points, we can always consider the composition

φ = ψ ◦ σ ◦ ψ−1 where ψ ∈ SL2(C) normalizes things to the situation just described.

But φ′(a) = σ′(−1) and φ′(b) = σ′(1) since σ fixes 0 and 1. The claim is proven.

Now by our claim, we have | ˙̃a| = ed|ȧ| and | ˙̃b| = e−d|ḃ|, and since we chose d so

that | ˙̃a| = | ˙̃b|, we have:

ed|ȧ| = e−d|ḃ|

ed =

√√√√∣∣∣∣∣ ḃȧ
∣∣∣∣∣

and the conclusion follows, since p∗ lies at distance −d from the midpoint.

�

Lemma 2.2 (Infinitesimal distance between bending lines).

d∗(t) = 2

√
|ȧḃ|

|b− a|

Proof. Let Bt and Bt+ε be two bending lines. Normalize so their endpoints at

infinity form a rectangle of some height h and width w. By definition, the cross-ratio

|χ| of their endpoints is w2/h2.

Further, we already showed that

lim
ε→0

1

ε2
|χ(at, at+ε, bt+ε, bt)| = |χinf (t)| = |ȧḃ|

|b− a|2

That is, as ε→ 0, we have

w2

h2
→ ε2

|ȧḃ|
|b− a|2

After normalization, the nearest points on Bt and Bt+ε are clearly their midpoints.

The metric at the midpoints tends to 2/h, so

dh(Bt, Bt+ε)→ w · 2

h
= 2ε

√
|ȧḃ|

|b− a|
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Therefore

d∗(t) ≡ lim
ε→0

1

ε
dh(Bt, Bt+ε) = 2

√
|ȧḃ|

|b− a|

�

This next invariant is useful when understanding how Euclidean curvatures trans-

form under linear fractional maps. It is also closely related to the curvature of SΩ, as

we will show later.

Lemma 2.3. The quantity

χκ = sin2 φ (1−Rκa) (1−Rκb)

is invariant under linear fractional maps.

Proof. Let C(t) be a medial circle and let A and B be the circles of curvature

at a(t) and b(t). If we extend the arc Ft to a circle, it will intersect A and B at 2

additional points p and q. χκ is the cross-ratio b−p
a−p

a−q
b−q . �

We now show that the bending measure, in the smooth case, is given by the

nonzero hyperbolic principal curvature of SΩ which we will denote by κ1.

Lemma 2.4. Let τ : [0, T ] → SΩ be an arclength parametrization of a transverse

path. Then

dβ

dh

∣∣∣
τ

= κ1

∣∣
τ

where dβ
dh

is the density of β with respect to hyperbolic length along τ and κ1 is the

principal hyperbolic normal curvature at point τ(t).

Proof. Along a transverse arc τ , β is a measure which gives the total turning of

the normal to SΩ along a segment of τ . Consider a finitely-bent approximation to SΩ.

When τ crosses a bending line, the unit normal changes discontinuously according to

the bending angle. The change has no component parallel to the bending line. In the
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smooth limit, the analogous construction is the turning of the normal along a path

without geodesic torsion. In fact, τ is a line of principal curvature (hence geodesic

torsion vanishes) and

Dτ̇ (n̂) =

 dβ
dh

0


in principal coordinates. Thus

dβ

dh
= 〈Dτ̇ n̂, τ̇〉

≡ κ1

Remark. Note that lemma 2.4 only holds along transverse paths. Along an

arbitrary path σ,

dβ

dh
= 〈Dτ̇ n̂, τ̇〉 cosφ = κ1 cosφ

where φ is the angle between σ̇ and the normal to the bending lines. However, this

is no longer the normal hyperbolic curvature: by the Euler formula, the hyperbolic

normal curvature κn(σ̇) is

κn(σ̇) = κ1 cos2 φ

�

We also have a formula for the area element in transverse coordinates.

Lemma 2.5 (Area Element). Let (t, θ) be transverse coordinates on SΩ where t is

hyperbolic arclength along p∗ and θ ∈ (−π/2, π/2) is the angular coordinate on each

Bt. Then the hyperbolic area element is

dAhyp =
1

y2
3

(
dθdt

|φ′|
)

where φ ∈ PSL2(C) fixes a(t), b(t) and takes p∗(t) to the midpoint of Bt.
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Proof. θ is the angular coordinate on Bt, which is a semicircular arc of radius

|b− a|, so clearly the hyperbolic length of dθ is dθ
|b−a|y3

.

Now let γp(t) be the transverse coordinate arc through p ∈ Bt and let γ̃p(t) =

φ(γp(t)). Since γp∗(t) is hyperbolic unit-speed, we have | ∂
∂t
γ̃p∗(t)| = |b − a|. In fact,

by symmetry of the situation after applying the normalizing map φ, all | ∂
∂t
γ̃p(t)|

are equal. Since | ∂
∂t
γ̃p(t)| = |φ′(p)| · | ∂

∂t
γp(t)|, we have | ∂

∂t
γp(t)| = |b−a|

|φ′| . Hence the

hyperbolic length of the coordinate vector dt is |b−a|dt
y3|φ′| .

The lemma follows by multiplying the two hyperbolic lengths, since the coordinate

system is orthogonal.

�

Finally, we address the smoothness of the dome. This is a corollary of known

results relating smoothness properties of the medial axis to smoothness properties of

the boundary curves.

Lemma 2.6 (Smoothness of SΩ). If (m(t), R(t)) be a Cp, p ≥ 2 branch of the

medial axis satisfying R > 0, |Ṙ| < 1 and |κm| < 1−Ṙ2−RR̈
R(1−Ṙ2)

, then SΩ is also Cp.

Proof. Fix a chart for H3 and parametrize SΩ in transverse (t, θ) coordinates

where the θ coordinate indicates distance along Bt, measured in radians from the

midpoint of the circular arc Bt . These coordinates can be written

y1 = Re

(
a+ b

2
+
b− a

2
sin θ

)
y2 = Im

(
a+ b

2
+
b− a

2
sin θ

)
y3 =

|a− b|
2

cos θ

These depend analytically on the boundary curves a(t), b(t), which are known to be

Cp given the assumptions [31].

�
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3. The Jacobian of r, the Nearest-Point Retraction Map

We first compute the Jacobian in a simple situation and then derive the general

formula by conjugation. We’ll work in terms of r−1, which is a bijection in our

situation, and has the advantage that the differential geometry of the dome is very

simple.

Throughout this section we’ll work in transverse coordinates (see figure 2.2) and

adopt the notations

κ1, κ2 – principal hyperbolic normal curvatures of SΩ in the transverse and parallel

directions, respectively. (κ2 ≡ 0)

Jij – i, j-th component of the Jacobian of r

J−1
ij – i, j-th component of the Jacobian of r−1

Lemma 2.7. At the midpoint of a bending line Bt0 whose endpoints at infinity are

diametrically opposed on Ct0,

J−1
11 =

1 + κ1

2

where J−1
11 is the transverse component of J−1.

Proof. Normalize so the endpoints of Bt are ±R(t0). Let q(t) be the path of

midpoints of bending lines, parametrized by “Euclidean” distance in the half-space

chart. At t = t0, this path is transverse to Bt0 . We have (see figure 2.4)

r−1(q(t)) = m(t) +R(t) tan
θ

2
eiτm

where θ(t) is the angle between the normal to SΩ and the vertical axis, and τm is the

tangent to the medial axis. Thus

d

dt
r−1(q(t)) = ṁ+ Ṙ tan

θ

2
eiτm +R

θ̇

2
sec2 θ

2
eiτm +R tan

θ

2
ieiτm τ̇m
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m( t)

θ

θ
2

c( t)

b( t)

a( t)

R(t )

m( t)

θ

θ

c( t)

q( t)

Figure 2.4. Overhead and cross-section views of the setup of lemma
2.7. The circle on the left is the medial circle tangent at a(t), b(t); the
circle on the right is part of the support plane of SΩ tangent at q. The
point r−1(q(t)) lies at c(t) = m(t) +R(t) tan θ

2
eiτm

.

At time t = t0, we have θ = 0, Ṙ = 0, and τm = 0, so

d

dt
r−1(q(t)) = ṁ+

Rθ̇

2

= 1 +
Rθ̇

2

where we assumed a unit-speed parametrization of m(t), so ṁ = 1. Further, at t = t0

we have |ȧ| =
√

1−Ṙ2

1−Rκa = 1 and |ḃ| =
√

1−Ṙ2

1−Rκb
= 1, so q̇ = 1 as well. Hence

J−1
11 =

∣∣∣∣d(r−1(q))

dq

∣∣∣∣ = 1 +
Rθ̇

2

= 1 +
Rκn(q̇, e)

2

=
1 + κ1

2

since κ1 ≡ κn(q̇, h) = 1 +Rκn(q̇, e) by lemma 2.8. �
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Theorem 2.1 (Jacobian of r−1). At a point p = (y1, y2, y3) ∈ SΩ, the Jacobian of

the inverse of the nearest-point retraction is

J−1 =

 1+κ1

1+y3/R
0

0 1
1+y3/R


in transverse coordinates on SΩ and Ω. κ1 is the principal curvature of the dome in

the transverse direction.

Proof. The proof is by conjugation to the situation in lemma 2.7. Let p =

(y1, y2, y3) be any point on some bending line Bt. Apply a Möbius map φ to normalize

so that the endpoints of Bt are diametrically opposed on a circle of radius R(t) and

φ(p) lies at the midpoint. Then

r−1 = φ−1 ◦ r−1 ◦ φ

Hence

J−1
∣∣
p

= |φ−1′(r−1 ◦ φ(p))|
 1+κ1

2
0

0 1
2

 |φ′(p)|
The entry J−1

22 is equal to 1/2 since r agrees with stereographic projection along

bending lines; 1/2 is simply the derivative of stereographic projection at the origin.

We now compute the derivatives of our map φ. Since φ is an isometry of H3 we

have 1
R
|φ′(p)| = 1

y3
hence

|φ′(p)| = R

y3

On Bt, r
−1 agrees with stereographic projection in the disk of radius R. From the for-

mulas for stereographic projection, we compute that r−1(p) lies at distance R
√

1−y3/R
1+y3/R

from the center of the disk. Since φ−1 acts isometrically on the disk of radius R taking

the center to r−1(p), we have

|φ−1′| = 2
y3/R

1 + y3/R
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and the lemma follows. �

Remark. The quantity 1+y3/R
2

which appears in the lemma is the spherical metric

at r−1(p) in the disk of radius R:

1 + y3/R

2
=

1 + 1−(s/R)2

1+(s/R)2

2
=

1

1 + (s/R)2

where we used the fact that r−1(p) lies at some distance s = R
√

1−y3/R
1+y3/R

, or equiv-

alently y3

R
= 1−(s/R)2

1+(s/R)2 . Thus the Jacobian is a product of two terms: the spherical

metric and a correction given in terms of bending.

3.1. Explicit Formulas for the Jacobian. We now develop some formulas for

κ1 in terms of the geometry of Ω.

Calculating curvatures generally involves taking second derivatives of curves in

some chart. This next lemma may be viewed as a shortcut for taking some second

derivatives of curves in H3 when their “Euclidean” curvatures, i.e. their curvatures

as curves in some chart with the Euclidean metric, are easy to come by. For ex-

ample, in the standard half-space model for hyperbolic 3-space H3, a circular arc of

radius R orthogonal to the boundary has Euclidean curvature 1/R in the chart, but

0 hyperbolic curvature.

Let γ(t) be a hyperbolic unit-speed parametrization of a smooth curve in H3. We

will use these notations; the subscript ′e′ implies a fixed choice of chart.

nh principal hyperbolic unit normal to the curve in H3

ne principal “Euclidean” unit normal to the curve in chart coordinates

κn(γ, h) = 〈Dtγ̇,nh〉h curvature of γ in H3

κn(γ, e) =
〈γ̈,ne〉e
|γ̇|2e

curvature of γ in the chart, as E3

We remark that nh and ne are identical up to a factor of length. If 1/y3 is the

hyperbolic metric in the half-space model {(y1, y2, y3) : y3 > 0} for H3, then nh =

y3ne.
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Lemma 2.8. Let γ(t) be a hyperbolic unit-speed parametrization of a curve in H3

and let α(t) = exp(tγ̇(t0)). Then

κ(γ, h) = y3 (κ(γ, e)− κ(α, e) cos θ)

at time t0, where θ is the angle between the acceleration vector α̈ and ne.

Proof. We need a formula for the covariant acceleration.

Dtγ̇ = (γ̈k + γ̇iγ̇jΓkij)∂k

= (γ̈k + α̇iα̇jΓkij)∂k at time t0

= (γ̈k − α̈k)∂k by the geodesic equation

The h- and e- normals and inner products agree up to a scalar factor. We compute

the h-curvature of γ in terms of the e-curvatures:

〈Dtγ̇,nh〉h = 〈γ̈ − α̈,nh〉h

= 〈γ̈ − α̈, y3ne〉h since ne =
1

y3

nh

=
1

y3

〈γ̈ − α̈,ne〉e since 〈〉h =

(
1

y3

)2

〈〉e

=
1

y3

(〈γ̈,ne〉e − 〈α̈,ne〉e)

=
1

y3

(
κ(γ, e)|γ̇|2 − κ(α, e)|α̇|2 cos θ

)
= y3 (κ(γ, e)− κ(α, e) cos θ) since |γ̇| = |α̇| = y2

3

as claimed. �

A similar calculation relates “Euclidean” and hyperbolic normal curvatures of a

surface S ⊂ H3:

Lemma 2.9. The normal curvature to S in direction v satisfies

κn(v, h) = y3 (κn(v, e)− κ(α, e) cos θ)
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where θ is now the angle between α̈ and the surface normal.

Proof. Apply the method of lemma 2.8 to a geodesic in S with initial velocity

v and project the result onto the surface normal. �

Applying our corollary yields an explicit expression for the principal curvature of

the dome.

Proposition 2.2.

κ1(q) =
sinφ

cosh(d)

√
(1−Rκa)(1−Rκb)

where d = dh(q, p
∗) is hyperbolic distance between q and p∗.

Proof. Apply a normalizing map so the endpoints of Bt are diametrically op-

posed on Ct and κa = κb = κ for some κ. Let u be a transverse-pointing vector at

some q = (y1, y2, y3) ∈ Bt. In this chart, the Euclidean transverse principal curvature

κn(u, e) of SΩ satisfies

κn(u, e) = −κ , ∀q ∈ Bt

The difference in sign is due to the choice of inward-pointing normals both on the

convex hull boundary and on the boundary of Ω. By corollary 2.9,

κ1(q) = κn(u, h)

= y3 (κn(u, e)− κ(α, e) cos θ)

= −y3

(
κ+

1

y3

cos θ

)
In this chart, p∗ is at the midpoint of Bt and q lies at some angular distance α from

p∗, measured in radians along the circular arc Bt. If θ is the angle between the normal

to SΩ and the vector α̈, we have

cosα = − cos θ =
y3

R
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Hence

κ1(q) = cosα (1−Rκ)

= cosα
√
χκ

Now we need to express cosα in terms of hyperbolic distance. It is a standard

calculation in hyperbolic geometry that

dh(p
∗, q) = tanh−1 sinα

Indeed, to compute dh(p
∗, q), change coordinates so Bt has endpoints lying on the unit

circle at infinity and p∗ lies at (0, 0, 1). Then integration along the geodesic joining

p∗ and q gives

dh(p
∗, q) =

∫ α

0

1

y3
dθ =

∫ α

0

dθ

cos θ

Direct evaluation of the integral gives the result. Hence

sinα = tanh d

=⇒ cosα =
√

1− tanh2 d

= sech d

So combining,

κ1(q) =
sinφ

cosh d

√
χκ

This completes the proof. �

We state two corollaries; both follow immediately from the formulas for the Jaco-

bian and κ1.

Corollary 2.2. Let κ∗1(t) = maxq∈Bt κ1(q). Then

κ∗1 = sinφ
√

(1−Rκa)(1−Rκb)
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achieved at p∗.

Corollary 2.3. The quasiconformal factor of the map r : Ω→ SΩ is

K = 1 + κ1

with a maximum on each Bt of

K∗(t) = 1 + sinφ
√

(1−Rκa)(1−Rκb)

achieved at p∗. The infimum, K∗(t) = 1, is attained at the endpoints at infinity.

4. An ODE for the Isometry ι : SΩ → D

Thurston gave an explicit construction for the Riemann map ι : SΩ → D. Here we

work out an ODE for the boundary values of ι along a smooth branch of the medial

axis. We review the construction in the finitely-bent case and then construct the map

in the smooth case.

4.1. The Finitely-Bent Case. Let Ω ⊂ C be a domain with smooth boundary;

further assume its medial axis has only a single branch. Let O =
⋃K

1 Dj be a finite

union of discs approximating Ω, say by choosing a connected subset of the discs whose

centers form the medial axis (See figure 2.5). Let {D1, D2, ..., DK} be an enumeration

of the discs along the medial axis starting at one leaf D1 and ending at the last disc

DK . We take DK as the final disc for our map ι : ∂O → ∂DK .

Each disc Dk contains a gap, on which the nearest-point retraction is a bijection,

and this gap is bounded by two circular arcs orthogonal to ∂Dk. Let F−k be the arc

whose endpoints intersect ∂Dk−1 and let F+
k be the arc which intersects ∂Dk+1. Let

Ek be the closure of the gap, minus F+
k .

The dome of the approximation is finitely-bent, and in the finitely-bent case, the

map ι can be realized as a composition of elliptic mobius maps {η(k)}K−1
1 , where ηk

has fixed points at Dk ∩ Dk+1 and rotation angle equal to the bending angle at the

intersection of Dk and Dk+1.
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Figure 2.5. Notation for the discrete flow

We can imagine this process evolving in stages given by a family of maps f(w, k) :

O → ⋃K
k+1 for 0 ≤ k < K with the property that

(2) f(w, k) =

 ηk ◦ ηk−1 ◦ ... ◦ η1 , w ∈ ⋃k
1 Ej

Id , otherwise

and f(w, 0) is taken to be the identity.

4.2. The Smooth Case. By successively refining our approximation O we ob-

tain in the limit a smooth flow ψ(w, t) : Ω → Ωt for 0 ≤ t ≤ T , where m(t) is some

parametrization of the medial axis of Ω, {D0, DT} are the interiors of the medial

circles at t = 0 and t = T , and {Ωt}T0 is a decreasing family of subsets of Ω. Using

standard orientation, we let Ωt ⊂ Ω be the region bounded by ∂Dt between a(t), b(t)

and ∂Ω between b(t), a(t).

By considering the limit of the finitely-bent case we see that the derivatives of our

flow must be 0 for x ∈ Fs, s ≥ t. For x ∈ Fs, s < t, the flow must be given by a vector

field vt ∈ sl(2,C): the generator of an elliptic rotation with fixed points a(t), b(t) and

rotation velocity corresponding to the infinitesimal change in bending angle at time
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t, namely the Radon-Nikodym derivative dβ
dt

. Such a vector field has the form

vt = −idβ
dt

(w − at)(w − bt)
at − bt

Thus we can write

vt(ψ(w)) =

 Id w ∈ Fs, s ≥ t

−idβ
dt

(ψ(w)−at)(ψ(w)−bt)
at−bt w ∈ Fs, s < t

We obtain the flow at time t by integration:

ψ(w, t) =

∫ t

0

vs(ψ(w, s))ds

The next task is working out the bending along the medial axis.

Theorem 2.4. Along a smooth branch of the medial axis,

dβ

dt
=

√
1− Ṙ2

R

Proof. Along the path p∗(t) we have

dβ

dh
= κ1 = sinφ

√
(1−Rκa)(1−Rκb)

and

dh

dt
≡ d∗ = 2

√
|ȧḃ|

|b− a|

=
2

|b− a|

√
1− Ṙ2

(1−Rκa)(1−Rκb)

=
1

R sinφ

√
1− Ṙ2

(1−Rκa)(1−Rκb)
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where we used identities for ȧ, ḃ from the geometry of the medial axis and the fact

that |a−b|
2R

= sinφ. Combining,

dβ

dt
=
dβ

dh

dh

dt

=

√
1− Ṙ2

R

as claimed.

�

We can now present the flow equations.

Theorem 2.5 (The ι flow equations). The flow ψ : Ω× [0, T ]→ Ω given by

ψ(w, t) =

∫ t

0

vs(ψ(w, s))ds

where

vt(ψ(w)) =

 Id w ∈ Fs, s ≥ t

−i
√

1−Ṙ2

R
(ψ(w)−at)(ψ(w)−bt)

at−bt w ∈ Fs, s < t

satisfies

ψ0 = Id

ψT = ι

We point out that these equations are now expressed in terms of Ω, without appeal

to the convex hull boundary SΩ or its bending.

In a particular moving frame, this vector field is seen as a hyperbolic element of

psl2(R).

Proposition 2.3 (ι in a moving rotational frame). In coordinate z(w) = w−m(t)
R(t)

e−iθm(t)

the vector field generating the ι flow is the hyperbolic

ṽt(z) =
1

2R

(
z2 − i

(
|ȧ| − |ḃ|

)
− 1
)
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and the hyperbolic fixed points lie on the unit circle.

Proof. Taking ∂
∂t

of z(w) leads to

ż = −Ṙ
R
z +

1

R
(ẇ − ṁ) e−iθm − izκm

= −Ṙ
R
z +

1

R

(√
1− Ṙ2

R

(w − a)(w − b)
a− b − eiθm

)
e−iθm − izκm

Writing ã = z(a), etc. and using e−iθm = −i |a−b|
a−b and

√
1− Ṙ2 = |b−a|

2R
we find

ż = −Ṙ
R
z +

1

R

(
(z − ã)(z − b̃)

2
− 1

)
e−iθm − izκm

=
1

2R

(
z2 − (2Ṙ + (ã+ b̃) + 2iRκm)z + ãb̃− 2

)
Since ãb̃ = 1 and ã+ b̃ = 2 cosφ = −2Ṙ, we have

ż =
1

2R

(
z2 − 2iRκmz − 1

)
and since κm = |ȧ|−|ḃ|

2R
, the formula follows.

Further, ṽt is a polynomial of the form z2−iλz−1, whose zeros are 1
2

(
iλ±√4− λ2

)
.

Such points lie on the unit circle and the theorem is proven. �

From the hyperbolic formula above, it is not difficult to work out the vector field

in angular coordinates. Computationally, angular coordinates are far more convenient

to work with. We present the resulting formulas in the next proposition.

Proposition 2.4 (The vector field in angular coordinates). In a moving, non-

rotational polar coordinate frame (r, θ) centered at m(t), the restriction of the vector

field vt to the boundary of Ωt is tangential to ∂Ωt and satisfies

vt(r, θ) =


sin(θ−θm)

R
θ̂ (r, θ) ∈ (R, (θb, θa))

0 otherwise

where θ̂ is the unit tangent vector to ∂Dt ∩ ∂Ωt in radians. In a rotating frame where

angular coordinate θ = 0 corresponds to the direction of the tangent to the medial
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axis, we have

vt(r, θ) =


(

sin θ
R
− κm

)
θ̂ (r, θ) ∈ (R, (θb, θa))

0 otherwise

Figure 2.6. Boundary points flow back to a disk under the ι flow.
The light red circles inside the domain Ω indicate the boundary of the
domains Ωt for times 0 < t < T .

4.3. Boundary Derivatives of ι. The boundary derivatives of the map ι :

∂Ω→ DT are particularly simple. This next proposition may be viewed as essentially

the observation that ι is just an infinitesimal rotation near its fixed points.

Proposition 2.5. Let ι : ∂Ω→ ∂DT map ∂Ω to some medial circle ∂DT . Then

ι is differentiable with ∣∣∣∣dιds

∣∣∣∣ = 1

at iota’s fixed points a(T ) and b(T ), where s is the arclength parameter along ∂Ω.
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Proof. This follows from basic ODE theory. The flow ψ satisfies an equation of

the form

∂ψ

∂t
= f(w, t)

where f(x, t) = v(ψ(w, t), t) is C0 and piecewise C1 in w, and hence uniformly Lips-

chitz for all t. It follows that our solution ψ is C1, and since v vanishes at the fixed

points for all t, the arclength derivative of ι at the fixed points is 1.

�

Remark. It is worth noting that smoothness of ∂Ω is not used in the proposition.

Indeed, the conclusion still holds as a limiting case in, for example, the case of a

domain with a cusp.

Away from the fixed points, the flow acts by linear fractional maps. That is,

ψtT = ψT ◦ψ−1
t acts on ∂Dt∩∂Ωt as a linear fractional map σt which takes ∂Dt∩∂Ωt

into ∂DT . Thus the derivatives at any point a(t), b(t) are given by the map σt.
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0.4. Notation.

Ω – a domain

f : D→ Ω – a conformal map

L[γ], Lh[γ], Lρ[γ] – length of an arc γ in the Euclidean, hyperbolic, or other metric ρ

ω(w,E,Ω) – harmonic measure of E ⊂ ∂Ω w.r.t. the basepoint w ∈ Ω

dΩ(E,F ) – extremal distance between E,F ⊂ ∂Ω w.r.t. paths in Ω

dh(p, q) – hyperbolic distance between points p and q

1. Background: Extremal Length and Harmonic Measure

We recall the main theorems relating extremal distance and harmonic measures

in this section. For details and proof, see the excellent book [25] of Garnett and

Marshall (2005) for a careful exposition.

1.1. The Metric. Extremal distance may be defined as a supremum over a fam-

ily of metrics on Ω; hence constructing metrics is an important method in estimating

extremal distances. Very useful estimates follow from the map and metric defined in

this subsection. Let Ω be a domain containing a point w0 ∈ Ω and ξ ∈ ∂Ω. Writing

d = |w0− ξ|, define Er ⊂ {w ∈ Ω : |w− ξ| = r}, 0 < r < d, to be the shortest circular

crosscut separating w0 from ξ (see figure 3.1). These crosscuts form a region

d⋃
r=0

Er = {ξ + reiφ : 0 < r < d, |φ− µ(r)| < θ(r)}

where µ(r) and θ(r) are the angular midpoint and width of Er. The (non-analytic)

map

ψ(reiφ) = −
∫ d

r

dt

tθ(t)
+ i

φ− µ(r)

θ(r)
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ξ

w0

Er1

Er2

Ed

Figure 3.1. The setup for the local estimates on |f ′|. The circle of
curvature and two of the separating arcs {Er : 0 < r < d}, are shown
dashed; the medial circle is solid black. A maximal disk contained in
Ω surrounds w0 = f(0).

takes
⋃
Er onto the semi-infinite strip {(x, y) : −∞ < x < 0,−1/2 < y < 1/2}.

Taking ds2 = |∇Re(ψ)|2(dx2 + dy2) as a metric on some domain Ω leads to the

following remarkable estimate for extremal distance.

Theorem 3.1. For 0 < r < d,

dΩ(Er, Ed) ≥
∫ d

r

1

tθ(t)
dt(3)

1.2. Lower Bounds on Extremal Length, Upper Bounds on Harmonic

Measure. Take some domain Ω, some point w0 ∈ Ω, and a boundary arc F ⊂ ∂Ω.

Consider all Jordan arcs σ ⊂ Ω which join w0 to ∂Ω \ F and define

λ(w0, F ) = sup
σ
dΩ\σ(σ, F )

where we take the supremum over all such σ.
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The following theorem of Beurling relates extremal distance and harmonic mea-

sure.

Theorem 3.2. Let Ω be a domain. Let w0 ∈ Ω and F ⊂ ∂Ω. Then

e−πλ(w0,Ω) ≤ ω(w0, F,Ω) ≤ 8

π
e−πλ(w0,Ω)

Any choice of the arc σ gives a lower bound on λ and hence an upper bound on

harmonic measure.

In the setup of theorem 3.1, let F be the boundary arc containing ξ which lies

between the endpoints of some arc Es for s < d. Choose Ed as the arc σ; theorems

3.1 and 3.2 together yield

ω(w0, F,Ω ≤ 8

π
exp

{
−π
∫ d

s

dt

tθ(t)

}
1.3. Upper Bounds and Reduced Extremal Distance. While Beurling’s

theorem yields both upper and lower bounds on harmonic measure, we obtain better

lower bounds on harmonic measure by considering reduced extremal distances.

Let F ∈ ∂Ω and w0 ∈ Ω, and denote by δ(w0, F ) the reduced extremal distance

δ(w0, F ) ≡ lim
ε→0

(
dΩ\Bε(∂Bε, F )− dΩ\Bε(∂Bε, ∂Ω)

)
where Bε = {|w − w0| < ε}

We will use the following theorem.

Theorem 3.3. If Ω is a Jordan domain and F ⊂ ∂Ω is a single arc, then

ω(w0, F,Ω) ≥ 2

π
e−πδ(w0,F )

This theorem, along with smoothness assumptions and a metric derived from

|∇Im(ψ)| =
√(

1

rθ

)2

+

(
(φ− µ)θ′ + θµ′

θ2

)2
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yields a lower bound on harmonic measure which complements theorem 3.2. We

develop this in the next section. The smoothness assumptions are not too severe;

one may mollify the domain by shrinking it slightly to produce another domain with

smooth µ, θ. Shrinking the domain will only increase the boundary derivative, so

any upper bound which applies to the smaller mollified domain will also apply to the

larger original domain. See section 2.3 for a particularly convenient way of doing this.

2. Local Estimates and Boundary Curvature

We are interested in explicit estimates for |f ′ ◦ f−1(ξ)| in terms of the local geom-

etry of Ω. Consider the the following situation (See figure 3.1):

Let Ω be a domain containing a medial circle of radius R, tangent at some ξ ∈ ∂Ω.

Assume further that ∂Ω is C2, with boundary curvature κ at ξ. Let f : D→ Ω be a

conformal map with f(0) lying on the separating crosscut Ed.

Let Fr ⊂ {|w− ξ| = r} be the shortest circular arc passing through ξ+ rnξ whose

endpoints lie on the circle of curvature at ξ. We can now state the main theorem:

Theorem 3.4 (Local estimates for |f ′|). Let f : D→ Ω be a conformal map to a

domain Ω containing a medial circle of radius R tangent at ξ ∈ ∂Ω. If f(0) = ξ+dnξ

for d < R, then ∃ constants C2, C3 independent of Ω such that

C2
d

2− κd exp{−A(d)} ≤ |f ′ ◦ f−1(ξ)| ≤ C3
d

2− κd exp

{(
d

d(w0, ∂Ω)

)2

(B(d)− A(d))

}

where

A(d) = π

∫ d

0

L[Er]− L[Fr]

L[Et]L[Ft]
dt

B(d) = π

∫ d

0

µ′(t)2 + 1
12
θ′(t)2

L[Et]
t2dt

and d(w0, ∂Ω) is the Euclidean distance to the boundary. We assume Ω admits µ, θ ∈
C1, by mollification if necessary.

Remark. The method of proof does not yield sharp constants. We obtain con-

stants C2 = .453... and C3 = 1.04....
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The proof will proceed in stages. In the next two subsections we first work out

expressions for the derivative and then apply our geometric assumptions to make

explicit estimates.

2.1. General Expressions for the Derivative. In this section we work out

expressions for the boundary derivative in a domain with smooth boundary. Beurl-

ing’s method allows us to estimate harmonic measures for the separating arcs Er.

This first lemma allows us to pass to the harmonic measure of a boundary arc in the

limit as r → 0.

Lemma 3.1. Let Ir ⊂ ∂Ω be the boundary arc containing ξ which shares its end-

points with some Er. Let Ωr = Ω \Bξ,r. Then

lim
r→0

ω(w0, Ir,Ω)

ω(w0, Er,Ωr)
=

1

2

Proof. Let Bt(y) be a 2-dimensional brownian motion in Ω starting from y ∈ Ω.

Let τ be the first hitting time τ = mint≥0{Bt(y) ∈ ∂Ω}. Since ω(w0, Ir,Ω) =∫
Er

Pr{Bτ (y) ∈ Ir}dω(w0, y,Ωr), the lemma will follow if we can show that limr→0 Pr{Bτ (re
iθ) ∈

Ir} = 1/2 for any reiθ ∈ Er.
Indeed, fix some y and consider the mobius maps βr taking Er to the line segment

[−i, i], normalized to send the midpoint of Er to 0. Then βr(Ir) tends to S1∩{x < 0}
and βr(∂Ω \ Ir) tends to S1 ∩ {x > 0}. Since βr(y) ∈ [−i, i] the claim follows by

symmetry. �

Theorem 3.5. In the setup of theorem 3.4

|f ′ ◦ f−1(ξ)| ≥ 1

4
lim
r→0

exp

{
log r + π

∫ d

r

1

θ(t)

dt

t

}
Proof. Let Ir ⊂ ∂Ω be the boundary arc containing ξ which shares its endpoints

with some Er.
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|f ′ ◦ f−1(ξ) = lim
r→0

L[Ir]

2πω(w0, Ir,Ω)

=
1

π
lim
r→0

r

ω(w0, Ir,Ω)

≥ 1

4
lim
r→0

r exp {πλ(w0, Er,Ωr)}

The last inequality is a consequence of lemma 3.1 and theorem 3.2 combined, i.e.

lim
r→0

ω(w0, Ir,Ω) exp {−πλ(w0, Er,Ωr)} ≤ 4

π

Applying theorem 3.1 completes the proof.

�

Remark. In order to obtain a lower bound on the derivative, the essential assump-

tion on f(0) is that the arcs {Er}d0 separate ξ from f(0); not much other information

was used in the proof. However, the upper bound requires us to use more information

about the location of f(0). In particular, we need to ensure that f(0) is not too near

other points on ∂Ω, since nearby boundary points consume harmonic measure. We’ll

do this now.

Upper bounds follow from a related metric. As before, consider a domain Ω

containing a medial disk D tangent at some ξ ∈ ∂Ω, and also containing the crosscuts

d⋃
r=0

Er = {ξ + reiφ : 0 < r < d, |φ− µ(r)| < θ(r)}

where µ(r) and θ(r) are the angular midpoint and width of Er. The (non-analytic)

map

ψ(reiφ) = −
∫ d

r

dt

tθ(t)
+ i

φ− µ(r)

θ(r)

takes
⋃
Er onto the semi-infinite strip {(x, y) : −∞ < x < 0,−1/2 < y < 1/2}.
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Theorem 3.6. In the setup of theorem 3.4, there exists a constant C1 > 0 such

that

|f ′ ◦ f−1(ξ)| ≤ C1 lim
r→0

exp

{
log r + π

(
d

d(w0, ∂Ω)

)2(∫ d

r

1

θ(t)

dt

t
+

∫ d

r

t
µ′(t)2 + 1

12
θ′(t)2

θ(t)
dt

)}

We may take C1 = 1.

Proof. Let D be the maximal disk contained in Ω with center w0. By extension

of domain, we may assume Ω consists only of the union D
⋃{Es}d0. Indeed, enlarging

the domain will only decrease |f ′ ◦ f−1(ξ)|.
For some arc Es, consider the reduced extremal distance

δ(w0, Es) ≡ lim
ε→0

(
dΩ\Bε(∂Bε, Es)− dΩ\Bε(∂Bε, ∂Ω)

)
Clearly

dΩ\Bε(∂Bε, ∂Ω) ≥ dΩ\Bε(∂Bε, ∂D) =
1

2π
log

d

ε

by the extension rule for extremal distance. An upper bound on dΩ\Bε(∂Bε, Es) will

follow from a lower bound on d∗Ω\Bε(∂Bε, Es): the length of the family of closed curves

in Ω which separate ∂Bε and Es.

Without loss of generality, assume w0 = 0. Let r = r(w) = |w − w0|, φ = φ(w) =

arg(w − w0) and define

ρB(w) =

(
d

d(w0, ∂Ω)

)√(
1

rθ

)2

+

(
(φ− µ)θ′ + θµ′

θ2

)2

Define the metric ds2 = ρ2(w)|dw|2 in Ω \Bε where Bε = {|w0| < ε} and

ρ(w) =


ρB w ∈ ⋃Er \D√
ρ2
B +

(
1

2π|w|

)2

w ∈ ⋃Er ∩D
1

2π|w| w ∈ D \⋃Er

We need to measure the area of Ω and the lengths of closed curves separating ∂Bε

and Es in the metric ρ. We claim that any closed separating curve has length at least
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1. Note that ρ(w) ≥ 1
2π|w| for all w ∈ Ω: indeed, if w ∈ ⋃Er \D,

1

2π|w| ≤
1

2πd(w0, ∂Ω)
≤ d

2πrd(w0, ∂Ω)
≤ d

θrd(w0, ∂Ω)
≤ ρB(w)

and elsewhere it is immediate from the definition of ρ. Hence, any closed arc γ

separating ∂Bε and Es must have length Lρ[γ] ≥ 1.

The area of Ω under the metric ρ is∫
Ω

ρ2dxdy =

∫
S
Er\D

ρ2
Bdxdy +

∫
S
Er∩D

ρ2
B +

(
1

2π|w|
)2

dxdy +

∫
D\

S
Er

(
1

2π|w|
)2

dxdy

=

∫
S
Er

ρ2
Bdxdy +

1

2π
log

d

ε

Hence

dΩ\Bε(∂Bε, Es) =
1

d∗Ω\Bε(∂Bε, Es)
≤
∫

S
Er

ρ2
Bdxdy +

1

2π
log

d

ε

and

δ(w0, Es) ≤
∫

S
Er

ρ2
Bdxdy

Let Is be the boundary arc which lies between the endpoints of Es and contains

ξ. Forming the derivative,

|f ′ ◦ f−1(ξ)| = lim
s→0

L[Is]

2πω(w0, Is,Ω)

= lim
s→0

L[Is]

πω(w0, Es,Ω)
by lemma 3.1

=
2

π
lim
s→0

s

ω(w0, Es,Ω)

≤ lim
s→0

s exp

{
π

∫
Sd
r=s Er

ρ2
Bdxdy

}
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We can compute this explicitly:∫ d

r

∫ µ+θ/2

µ−θ/2
ρ2
Bdxdy =

(
d

d(w0, ∂Ω)

)2 ∫ d

r

∫ µ+θ/2

µ−θ/2

(
1

rθ

)2

+

(
(φ− µ)θ′ + θµ′

θ2

)2

dxdy

=

(
d

d(w0, ∂Ω)

)2 ∫ d

r

1

rθ(r)
+

∫ d

r

µ′(r)2 + 1
12
θ′(r)2

θ(r)
rdr

The proof is complete upon substitution. �

2.2. Proof of Theorem 3.4: Local Estimates for |f ′|. We return to the main

theorem and apply our assumptions. The proof makes use of a calculation and an

estimate which we formulate as lemmas.

Lemma 3.2. Let κ ∈ R, let I be a circular arc of curvature κ, and let Kr be a

circle of radius r < 2/|κ| whose center lies on I. Then I divides Kr into two circular

arcs of lengths 2r arccos± rκ
2
.

Proof. See figure 3.2. Assume κ < 0. Let P be the center of Kr. Extend I to

a circle of radius R = 1/κ whose center lies at some point Q. Let S be one of the

points of intersection of Kr and I and let T be the midpoint of the line joining S to

the other point of intersection. Then QTS is a right triangle.

Let 2rφ be the length of the segment of the circle lying to the left of the arc. Then

QS = R, ST = r sinφ, and QT = R − r cosφ. Apply the Pythagorean theorem to

the right triangle QTS:

(r sinφ)2 + (R− r cosφ)2 = R2

=⇒ φ = arccos
( r

2R

)
φ = arccos

rκ

2

A similar calculation yields the conclusion in the positively curved case. �
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Q

T

S

φ P

K
r

I

Figure 3.2. The setup for lemma 3.2

Lemma 3.3. There exist constants A1, A2 so that for any κ ∈ (−∞,∞) and

0 < ε < d ≤ 1/|κ|,

−A1 ≤ 1

π

∫ d

ε

dr

r
(
1− rκ

2

) − ∫ d

ε

dr

2r arccos rκ
2

≤ A2

We may take A1 = .0411... and A2 = .0987...

Proof. For 0 ≤ x ≤ 1, we have

π

2
(1− x) ≤ arccos(x) ≤ π

2
− x
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Consider the case κ > 0. In this case, it follows immediately that the difference in

the lemma is non-negative. Applying the upper bound,

1

π

∫ d

ε

dr

r
(
1− rκ

2

) − ∫ d

ε

dr

2r arccos rκ
2

≤ 1

π

∫ d

ε

dr

r
(
1− rκ

2

) − 1

π

∫ d

ε

dr

r
(
1− rκ

π

)
=

1

π

(∫ d

ε

1

r
+

κ

2− rκ −
∫ d

ε

1

r
+

κ

π − rκ
)

=
1

π
log

2− κε
2− κd

π − κd
π − κε

This is decreasing in ε and increasing in d. In fact, it is convex in d. The second

derivative in d is

κ2

(
1

(2− κd)2
− 1

(π − κd)2

)
> 0

Under the conditions of the lemma, the maximum is achieved at ε = 0 and d = 1/κ.

Hence

A2 =
1

π
log 2

(
1− 1

π

)
= .0987...

This completes the proof of the lemma in the case κ > 0. A similar argument

handles the case of κ < 0. In this case, the difference in the lemma is nonpositive

and the rest of the proof proceeds similarly to produce the estimate for A1. The case

κ = 0 is trivial. This completes the proof of the lemma.

�

We now prove the main theorem.

Proof of theorem 3.4. We first show the lower bound. By theorem 3.5,

|f ′ ◦ f−1(ξ)| ≥ 1

4
lim
ε→0

exp

{
log ε+ π

∫ d

ε

dr

L[Er]

}
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Define the function η : (0, d] → (−π, π] by rη(r) = L[Er] − L[Fr]. Then by lemma

3.2,

rη(r) ≡ L[Er]− L[Fr]

= L[Er]− 2r arccos
(rκ

2

)
and therefore∫ d

ε

dr

L[Er]
=

∫ d

ε

dr

r(2 arccos( rκ
2

) + η(r))

=

∫ d

ε

1

2r arccos rκ
2

− η(r)

2r arccos rκ
2

(
2 arccos rκ

2
+ η(r)

)dr
=

∫ d

ε

1

2r arccos rκ
2

− rη(r)

L[Fr]L[Er]
dr(4)

Now apply lemma 3.3 to the first term in the integrand.

∫ d

ε

1

2r arccos rκ
2

+ A2 ≥ 1

π

∫ d

ε

1

π
(
1− rκ

2

)dr =
1

π

∫ d

ε

1

r
+

κ

2− rκdr =
1

π
log

d

ε

2− κε
2− κd

(5)

Combining the above expressions,

|f ′ ◦ f−1(ξ)| ≥ 1

4
lim
ε→0

ε exp

{
log ε+ log

d

ε

2− κε
2− κd − π

∫ d

ε

rη(r)

L[Fr]L[Er]
dr − A2

}
= C1

d

2− κd exp

{
−π
∫ d

0

rη(r)

L[Fr]L[Er]
dr

}
where the integral converges under our geometric assumptions and C2 = 1

2
e−A2 =

.453.... This completes the lower bound. The proof of the upper bound is nearly

identical: beginning from theorem 3.6 and applying the lower bound in lemma 3.3

completes the theorem with constant C3 = C1e
A1 = 1.04... �

2.3. Lipschitz Subregions and Upper Bounds. The term

B(d) = π

∫ d

0

µ′(t)2 + 1
12
θ′(t)2

L[Et]
t2dt
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is not as well-behaved as one might hope; in particular, the term θ′(t)2 will increase

without bound as θ′ approaches a delta function. This is particularly unfortunate

since the boundary derivatives will not, in general, blow up simply because θ(t) has

become discontinuous. There is a nice construction 1 which allows us to consider

a logarithmic measure of area, rather than the boundary behavior, of a subregion

in order to obtain upper bounds on extremal distance. We can then convert this

estimate, as before, into an upper bound on the derivative. Our presentation follows

[25].

Assume we’re in a situation where ξ = 0 and f(0) = d. We first normalize by

applying the linear fractional map

φ(z) =
z

1− κz/2

which sends the circle of curvature to the imaginary axis and preserves the reals. φ

fixes 0, has |φ′(0)| = 1, and φ(d) = 2d
2−κd . Taking the logarithm, we map the right

half-plane to the strip. Our domain Ω has been transformed so it now contains the

real axis and is asymptotically strip-like as one approaches −∞.

Let Tr(M) be the set of isoceles triangles T such that

(1) T ⊂ Ω,

(2) T has base on R, and

(3) T has sides of slope ±M ,

and define the subregion

Ω̃ =
⋃
{T : T ∈ Tr(M)}

Ω̃ is the largest subregion of Ω containing the real axis with M -Lipschitz boundary.

Assume that ∂Ω̃ can be written as two curves y+(x) = h1(x) + π/2 and y−(x) =

−h2(x) − π/2, with h1, h2 > −π/2. Under our assumptions, both h1, h2 → 0 as

x→ −∞.

The key lemma is

1See [25]; thanks to Don Marshall for suggesting this method.
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Lemma 3.4 (Sastry). If |hj(x)| ≤ πM2 for s < x < t, then

deΩ(Fs, Ft) ≤ t− s
π

+
4M2 + 2

π2
Area(S \ Ω̃M)s,t − 1

(4M2 + 2)π2
Area(Ω̃M \ S)s,t

where Es,t = E ∩ {z : s < Rez < t}, S = {z = x + iy : −π/2 < y < π/2}, and Fs is

the component of Ω̃M ∩ {z : Rez = s} intersecting the real axis.

Thus we have a bound on extremal distance in terms of logarithmic areas, which

does not involve boundary regularity. In our setup, we find ourselves integrating

from s = ε to t = log 2d
2−κd , leaving us with a similar estimate on extremal distance as

before, but with the error term B(d) now replaced by

B̃(d) =
4M2 + 2

π2
Area(S \ Ω̃M)s,t − 1

(4M2 + 2)π2
Area(Ω̃M \ S)s,t

This estimate is given solely in terms of measures of areas, and does not suffer when

the boundary is irregular. This construction also gives a subregion to which the

existing estimates B(d) could be applied, without losing too much in terms of the

original geometry.

3. Long-Range Estimates and the Dome

We now show that certain extremal and hyperbolic distances in Ω can be approx-

imated by the same quantities on SΩ. This is advantageous as the Riemann map

ι : SΩ → D from the dome to the unit disk admits an explicit construction, easily

understood in terms of the medial axis of Ω. In particular, we exploit the fact that

ι almost immediately gives extremal distances between pairs of bending lines: if Bs

and Bt, together with the arcs of ∂Ω joining their endpoints, bound a generalized

quadrilateral Q ∈ SΩ, then up to a normalization by some map in PSL2(R), the map

log

(
1 + ι

1− ι
)

: SΩ → {(x, y) : −∞ < x <∞,−π/2 < y < π/2}

takes Q to a rectangle in the strip (see figure 3.3).
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→

Figure 3.3. ι takes bending lines in the dome to geodesics in the disk.
After mapping the disk to the strip, we immediately obtain hyperbolic
distance dh and extremal distance dSΩ

between bending lines Bs and
Bt: that is, dSΩ

(Bs, Bt) = 1
π
dh(Bs, Bt)

.

3.1. Notation. Along a smooth branch of the medial axis we adopt the following

notation. See figure 3.4.

m(t) – an arc-length parametrization of the medial axis.

a(t), b(t) – points of tangency of the medial circle at time t.

κm, κa, κb – Euclidean curvatures of a(t), b(t),m(t)

τa, τb, τm – tangent angle of a(t), b(t),m(t)

νa, νb, νm – angle of normal to a(t), b(t),m(t)

φ – the angle arg(b−m)− τm = τm− arg(a−m)

SΩ – the dome of Ω

Bt ⊂ SΩ – the bending line whose endpoints at infinity are a(t), b(t).

Ft ⊂ Ω – r−1(Bt), a foliating arc.

3.2. Geodesic Distances in SΩ. As in the previous chapter, let

p∗(t) = arg min
p∈Bt

lim
ε↘t

d(p,Bt+ε)



62

F
t

m(t)

a(t)

b(t)

φ
φ

Figure 3.4. Notation for the medial axis. The axis is shown in blue;
m(t) is a parametrization of the medial axis. a(t), b(t) are points of
tangency. The red arc Ft = r−1(Bt) is the foliating arc connecting a(t)
and b(t). φ is the angle between the dashed lines and the tangent to
the medial axis at m.

and

d∗(t) = lim
ε→0

1

ε
dh(Bt, Bt+ε)

Lemma 3.5 (χinf invariant under ι).

lim
ε→0

1

ε2
χ(at, at+ε, bt+ε, bt) = lim

ε→0

1

ε2
χ(ι(at), ι(at+ε), ι(bt+ε), ι(bt))

Proof. Assume ι fixes the endpoints of Bt so ι is a retraction into the disk Dt.

In this case

∂

∂t
a(t) =

∂

∂t
ι(a(t))

∂

∂t
b(t) =

∂

∂t
ι(b(t))
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since the tangent to Dt agrees with the tangent to ∂Ω at the fixed points and the

moduli of the derivatives agree by proposition 2.5. In this case the lemma follows as

per the proof of proposition 2.1.

Since any two versions of ι differ only by a Möbius map, the general case follows

from invariance of the cross-ratio.

�

Lemma 3.6 (Length of geodesics in SΩ). Let γ ⊂ SΩ be the shortest geodesic

joining some Bs and Bt, s < t. Then

2

∫ t

s

√
|ȧḃ|

|b− a|du ≤ Lh[γ] ≤ 2

∫ t

s

√√√√ |ȧḃ|
|b− a|2 +

1

4

(
κmṘ√
1− Ṙ2

+
∂

∂m

1

2
log

∣∣∣∣∣ ḃȧ
∣∣∣∣∣
)2

du

whenever the curve p∗ is continuous. ∂m and dot notation both denote differentiation

with respect to the distance along the medial axis.

Proof. Choose any path p(u) joining Bs and Bt. The lower bound is simply the

observation that

||ṗ(u)||h ≡ lim
ε→0

1

ε
||p(u+ ε)− p(u)||h ≥ lim

ε→0

1

ε
dh(Bu, Bu+ε) ≡ d∗(u)

for any choice of path p(u).

The upper bound follows from integrating ||ṗ∗||h along the path p∗(u). Decompose

ṗ∗(u) into components ṗ∗T (u), ṗ∗⊥(u) tangential and orthogonal to the bending line Bu.

Let c(u) be the midpoint of Bu and let {γu(r)}tu=s be a family of geodesics, each

parametrized by hyperbolic distance r such that

c(u) + γu (r)

is a point on Bu at signed distance r from the midpoint. Then

p∗(u) = c(u) + γu

log

√√√√∣∣∣∣∣ ḃȧ
∣∣∣∣∣

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and the tangential component ṗ∗T of ||ṗ∗||h is given by

||ṗ∗T ||h = ||ċT ||h +
∂

∂m
log

√√√√∣∣∣∣∣ ḃȧ
∣∣∣∣∣

= Im
ḃ+ ȧ

2|b− a| +
∂

∂m

1

2
log

∣∣∣∣∣ ḃȧ
∣∣∣∣∣

=
(|ȧ| − |ḃ|) cos θb
|b− a| +

∂

∂m

1

2
log

∣∣∣∣∣ ḃȧ
∣∣∣∣∣

= κm
Ṙ√

1− Ṙ2
+

∂

∂m

1

2
log

∣∣∣∣∣ ḃȧ
∣∣∣∣∣

where κm is the curvature of the medial axis, θb is the angle arg(b−m)− τm, τm

is the angle of the tangent to the medial axis, and m is the center of the medial circle

of radius R, all at time u.

The orthogonal component is simply d∗. Since the metric is conformal we have

||ṗ∗||2h = ||ṗ∗T ||2h + ||ṗ∗⊥||2h

and hence

Lh[p
∗] =

∫ t

s

||ṗ∗(t)||hdu = 2

∫ t

s

√√√√ |ȧḃ|
|b− a|2 +

1

4

(
2κmṘ√
1− Ṙ2

+
∂

∂m

1

2
log

∣∣∣∣∣ ḃȧ
∣∣∣∣∣
)2

du

�

Remark. This estimate is sharp, i.e. the path p∗(u) is the geodesic joining Bs

and Bt, when d
dt

log
√
|ḃ|
|ȧ| = 0 and either κm or Ṙ is zero. The first happens exactly

when |ḃ/ȧ| is constant, and using some facts from the medial axis, this condition is

equivalent to

ḃ

ȧ
=

1−Rκa
1−Rκb = k

Both conditions are satisfied in, for example, a strip-like domain consisting of two

curves symmetric about a straight axis, or a section of an annulus.
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3.3. Extremal Distances in SΩ and Ω.

Theorem 3.7 (Extremal distance comparable). Let Fs, Ft ⊂ Ω be two foliating

arcs. Then

dSΩ
(Bs, Bt) ≤ dΩ(Fs, Ft) ≤ dSΩ

(Bs, Bt) +
2

π2

∫ t

s

dβ(6)

where β(t) is the bending measure associated with SΩ.

Proof. We appeal to the the finitely-bent case. Let ρS be the extremal metric

for SΩ. Observe that the nearest-point retraction r−1 maps each facet of the dome

conformally onto its image in Ω. Define the metric ρΩ on Ω to be r∗ρS (the pullback

under the nearest-point retraction), where this is defined, and let ρΩ = 0 elsewhere.

This metric achieves the lower bound.

We explicitly construct a metric to produce the upper bound. Consider two

bending lines Bj and Bk, k > j. The region of the dome between these lines is

a generalized quadrilateral, and there is some extremal map taking this quadrilateral

to a rectangle. In fact, this map is simply ι followed by the transformation z → log 1+z
1−z

and a normalizing conformal self-map of the strip. Hence we see that the extremal

map takes bending lines to geodesics in the strip model.

Let φn be the restriction of this extremal map to the n-th facet of the dome; φn

takes the facet to a region in the strip bounded by a pair of geodesics. The map φn ◦r
takes a subset of each medial disk in Ω to the strip.

Now let Cn be the crescent between faces n and n + 1 and note that on each

bending line, φn and φn+1 agree. On Cn, define coordinates 0 < r < ∞, 0 < θ < β

by sending the two endpoints of the crescent to 0 and ∞ and the center to (say) 1,

and taking standard polar coordinates in this frame. The map

σn(z) = (φn ◦ r)(z) + θ(z)

takes Cn to a region of the strip bounded by two geodesics; σn agrees with φn and φn+1

on the boundary, up to translation. One may verify that the map σn is equivalent to
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the map

reiθ 7→ θ + i arctan r

taking the crescent to a rectangle of height π and width β, followed by a self-map of

the strip applied separately to each vertical line in the rectangle.

Now let R be a rectangle of height π and width π2dSΩ
(Bs, Bt) +

∑
n β(n), and

define the continuous map Ψ : Ω→ R by gluing together the images of adjacent maps

φ1, σ1, φ2, σ2, ..., φn along the sides of length π.

Define the metric ρΩ on R to be |∇ImΨ|. Clearly the length LρΩ
of any path

joining the top and bottom of the rectangle is at least π. We need an upper bound

on the area. Since this metric is the extremal metric on each face of the dome, we

have that the combined area of all faces is π2dSΩ
(Bj, Bk).

On each crescent Cn, the map Ψ is given by (r, θ) 7→ θ + i arctan r followed by a

self-map of the strip applied to each vertical line. If the self-map is the identity, we

have

AρΩ
(Cn) =

∫ β(n)

0

∫ ∞
0

|∇ImΨ|2rdrdθ

=

∫ β(n)

0

∫ ∞
0

r

(1 + r2)2
drdθ

= −β(n)
1

2(1 + r2)

∣∣∣∞
0

=
β(n)

2

It remains to be shown that area is nonincreasing when the self-map is other than

the identity. This is in fact the case, see appendix C for the calculations.

Therefore the conjugate extremal distance satisfies

d∗Ω(Fj, Fk) ≥ π2

π2dSΩ
(Bj, Bk) + 1

2

∑
n β(n)
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Hence

dΩ(Fj, Fk) ≤ dSΩ
(Bj, Bk) +

2

π2

∑
n

β(n)

This completes the proof in the finitely-bent case; the smooth case follows under

refinement. �

3.4. Hyperbolic Distances in SΩ and Ω. We now obtain a similar result

relating hyperbolic distances in Ω and SΩ. We first bound the hyperbolic metric on

Ω.

Proposition 3.1 (Koebe 1
2
). If f : D→ Ω contains a disc of radius R about f(0)

and the boundary of this disc has two diametrically opposed points of tangency with

∂Ω, then |f ′(0)| ≤ 2R.

Proof. After an affine map, we may assume the points of tangency are −1 and

1. Let σ : C→ C be the Möbius map σ(z) = RR+z
R−z . We have:

σ(−1) = 0

σ(0) = R

σ(1) =∞

σ′(z) =
2

(1− z)2

|σ′(0)| = 2R

By the Koebe 1/4 theorem

(7) 4R ≥ |(σ ◦ f)′(0)| = |σ′ ◦ f(0)| · |f ′(0)| = 2|f ′(0)|

�
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Lemma 3.7 (A medial metric). Let Ω be a domain with foliating arcs {Ft}. Then

for z ∈ Ft
1

2
ρDt(z) ≤ ρΩ(z) ≤ ρDt(z)

where ρΩ and ρDt are scalars defining the hyperbolic metric on Ω and the Poincaré

metric on Dt respectively.

Proof. The upper bound follows from extension of domain. To show the lower

bound, assume without loss of generality that Dt is the unit disk and let f : D→ Ω

conformal with f(0) = z ∈ Ft. Apply a Möbius map φ which preserves Dt and sends

z to the center of Dt. Observe that such a map also takes Ft to a diameter of Dt. By

the preceeding proposition,

2 ≥ |(σ ◦ f)′(0)| = |σ′(z)| · |f ′(0)|

And hence

2

|f ′(0)| ≥ |σ
′(z)|

But 2
|f ′(0)| = ρΩ(z) and |σ′(z)| = 1

2
ρDt(z). This completes the proof. �

r(p)
r(q)

p q

Figure 3.5. The situation for theorem 3.8. One imagines the domain
Ω lying in the plane with the dome above; we see this here in cross-
section with the points p, q mapped to the dome via the nearest-point
retraction.
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Theorem 3.8 (Hyperbolic distances comparable). Let γ : [0, T ] → Ω be path in

Ω and σ = r(γ). Then the hyperbolic velocities of γ and σ satisfy

1

2
‖σ̇‖SΩ

1 + κ1

1 + κ1 sin θ
≤ ‖γ̇‖Ω ≤ ‖σ̇‖SΩ

(1 + κ1 cos θ)

where θ is the angle between σ̇ and the bending line on which σ lies, κ1 is the hyperbolic

principal curvature of SΩ, and the norms ‖ · ‖Ω and ‖ · ‖SΩ
denote hyperbolic length

on Ω and SΩ.

Proof. By conformal invariance, we need only consider a single point where

γ = 0 with velocity γ̇ = ∂
∂t
γ, the maximal circle is the unit circle, and the points of

tangency are a = −i, b = i. Hence r(γ) = (0, 0, 1). In this case, we have

1 ≤ ρΩ(γ) ≤ 2

by lemma 3.7, and ρSΩ
(r(γ)) = 1. Let σ̇ = r∗γ̇ and in transverse coordinates on Ω

and SΩ write

γ̇ = (|γ̇| cos θ, |γ̇| sin θ)

σ̇ = (|σ̇| cos θ, |σ̇| sin θ)

We evaluate the upper bound

‖γ̇‖Ω = ρΩ|J−1σ̇|

≤ 2

√(
σ̇1

2

)2

(1 + κ1)2 +

(
σ̇2

2

)2

=
√
|σ̇|2 + σ̇2

1(2κ1 + κ2
1)

= |σ̇|
√

1 + cos2 θ(2κ1 + κ2
1)

We now need the inequality
√

1 + a2(2b+ b2) ≤ 1 + ab, for 0 ≤ a < 1, b > 0. Indeed,

(1 + ab)2 = 1 + 2ab+ a2b2 ≥ 1 + 2a2b+ a2b2
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Hence,

‖γ̇‖Ω ≤ |σ̇|(1 + κ1 cos θ)

= ‖σ̇‖SΩ
(1 + κ1 cos θ)

We now address the lower bound:

‖σ̇‖SΩ
= ρSΩ

|Jγ̇|

=

√(
2γ̇1

1 + κ1

)2

+ (2γ̇2)2

=
2

1 + κ1

√
γ̇2

1 + γ̇2
2(1 + κ1)2

=
2|γ̇|

1 + κ1

√
1 + sin2 θ(2κ1 + κ2

1)

≤ 2‖γ̇‖Ω

1 + κ1

√
1 + sin2 θ(2κ1 + κ2

1)

≤ 2‖γ̇‖Ω
1 + κ1 sin θ

1 + κ1

�

Remark. The lower estimate in theorem 3.8 implies that the nearest-point re-

traction is 2-Lipschitz in the hyperbolic metrics:

‖σ̇‖SΩ
≤ 2‖γ̇‖Ω

1 + κ1 sin θ

1 + κ1

≤ 2‖γ̇‖Ω

This 2-Lipschitz result is sharp in the case of a “folded” surface. For example, take Ω

to be the complement in the complex plane of the negative part of the real axis. The

dome of this domain consists of two half planes, glued together. This dome has only

one bending line. By the Koebe 1/4 theorem, the hyperbolic metric in Ω is exactly

1/2 at z = 1. It is easy to see that in this example the nearest point retraction is

2-Lipschitz.
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Remark. The quantity κ1 cos θ is the amount of bending encountered per unit

hyperbolic length in the direction σ̇. The upper bound can then be rewritten as

‖γ̇‖Ω ≤ ‖σ̇‖SΩ
+ dβ

Or in integrated form, for a path γ, we have

Lh[γ] ≤ Lh[r(γ)] +

∫
r(γ)

dβ

The lower bound admits a similar interpretation; the quantity κ1 sin θ is measuring

how much time the path spends “in the gaps”, so to speak. The next corollary gives

a situation where the bounds simplify.

Corollary 3.9. Let σ : [0, T ]→ SΩ be a transverse arc. Then

1

2

(
Lh[σ] +

∫
σ

dβ

)
≤ Lh[γ] ≤ Lh[σ] +

∫
σ

dβ

where γ = r−1(σ).

Proof. As we remarked, the upper bound holds in general. By theorem 10, we

have

‖γ̇‖Ω ≥ 1

2
‖σ̇‖SΩ

1 + κ1

1 + κ1 sin θ

=
1

2
‖σ̇‖SΩ

(1 + κ1)

=
1

2
(‖σ̇‖SΩ

+ dβ)

Where the first equality uses the fact that σ is a transverse arc implies θ ≡ 0. The

corollary follows by integration. �

Lurking behind the estimates on hyperbolic distances is a nice interpretation of

crescents in the finitely-bent case. The previous corollary showed that up to constants,

hyperbolic lengths of transverse arcs agreed up to the amount of bending encountered

along the path. In the finitely-bent case, one can view the crescents (the preimages
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of bending lines under r) as ideal strips of approximately constant hyperbolic width.

We present a proof in the finitely-bent case.

Lemma 3.8 (Width of crescents). In a finitely-bent domain, let B ⊂ SΩ be a

bending line with bending angle β and let C ⊂ Ω be the associated crescent r−1(B).

Let F− and F+ be the two circular arcs bounding C. Then

1

2
β ≤ dh(F

−, F+) ≤ β

where dh is hyperbolic distance in Ω.

Proof. Let a and b be the two points in ∂C ∩ ∂Ω. We consider C as a disjoint

union of circular arcs Fθ, 0 < θ < β, where Fθ joins a to b and meets F− at angle θ.

By lemma 3.7,

1

2
ρDθ ≤ ρΩ ≤ ρDθ

on Fθ, where ρΩ defines the hyperbolic metric on Ω and Dθ ⊂ Ω is the disk containing

Fθ as an ideal geodesic in the Poincaré metric ρDθ . Let σ be any Möbius map taking

a to 0 and b to ∞. Then σ(C) is a sector of angular width β and σ(F
θ
) is a straight

line extending from 0 to ∞. For any θ, the pushforward under σ of ρDθ is simply the

metric given by 1/r in polar coordinates, and we see that

1

2r
≤ σ∗ρΩ ≤ 1

r

If we show that arcs of circles centered at 0 are geodesic in the metric 1/r, the

conclusion will follow. This is indeed the case: Under the map φ(z) = log(z), the

sector maps to a strip and the metric ρ = 1/r pushes forward to the metric on the

strip given by

(φ∗ρ)(w) ≡ ρ(φ−1(w))

|φ′ ◦ φ−1(w)| =
1

ew
· ew = 1
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Thus any two points on the boundary of the strip are joined by the Euclidean straight

line between them, the shortest such paths have length β, and the conclusion follows.

�

The next result allows us to pass between hyperbolic distances and extremal

distances between bending lines on the dome.

Lemma 3.9 (Extremal and hyperbolic distances coincide for {Bt}). Let Bs, Bt ⊂
SΩ, s < t be two bending lines. Then the extremal distance dSΩ

and the hyperbolic

distance dh satisfy

dSΩ
(Bs, Bt) =

1

π
dh(Bs, Bt)(8)

Proof. The ι map takes Bs and Bt to a pair of geodesics ι(Bs), ι(Bt) in the disk.

Then for some angle 0 < φ < π/2, there is a map σ : D → D taking the endpoints

of ι(Bt) to {e−iφ, eiφ} and the endpoints of ι(Bs) to {ei(π−φ), e−i(π−φ)}. For such a σ,

the map z → log 1+σ(z)
1−σ(z)

takes the disk to the strip {x + iy : −π/2 < y < π/2} and

takes ι(Bs) and ι(Bt) to the vertical sides of a rectangle of height π. Since the map

is an isometry between the hyperbolic metrics on the disk and the strip, the proof is

complete. �

3.4.1. Relation to the Ahlfors Integral. The preceeding sections show that on a

regular branch of the medial axis there is a natural analog for the
∫

dx
θ(x)

estimate for

extremal distances in strip domains. This follows from the geodesic length estimates

of lemma 3.6, combined with the fact that extremal and hyperbolic distances between

bending lines coincide.

Corollary 3.10. Let Bs, Bt, s < t be two bending lines in SΩ. Then

2

π

∫ t

s

√
ȧḃ

|b− a|du ≤ dΩ(Bs, Bt) ≤ 2

π

∫ t

s

√√√√ |ȧḃ|
|b− a|2 +

1

4

(
2κmṘ√
1− Ṙ2

+
∂

∂m

1

2
log

∣∣∣∣∣ ḃȧ
∣∣∣∣∣
)2

du
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Proof.

dSΩ
(Bs, Bt) =

1

π
dh(Bs, Bt)

�

Remark. This estimate is sharp when the geodesic joining Bt and Bs coincides

with the axis of “nearest points”, p∗(u), s ≤ u ≤ t.

The lower estimate applies without modification to the domain Ω; this is our

analog for the integral estimate
∫

dx
θ

in strip domains.

Corollary 3.11. Let Fs, Ft, s < t be two foliating arcs in Ω. Then

dΩ(Fs, Ft) ≥ 2

π

∫ t

s

√
ȧḃ

|b− a|dm

Proof.

dΩ(Fs, Ft) ≥ dSΩ
(Bs, Bt)

�

There is also an upper bound, which requires a correction given in terms of the

bending.

Corollary 3.12. Let Fs, Ft, s < t be two foliating arcs in Ω. Then

dΩ(Fs, Ft) ≤ 2

π

∫ t

s

√√√√ |ȧḃ|
|b− a|2 +

1

4

(
2κmṘ√
1− Ṙ2

+
∂

∂m

1

2
log

∣∣∣∣∣ ḃȧ
∣∣∣∣∣
)2

du+
2

π2

∫ t

s

dβ

Proof. Apply theorem 3.7 �

3.5. Long-range Estimates for |f ′|. We apply the results of the preceding

sections to obtain long-range estimates on the boundary derivative. We state the

results in terms of hyperbolic distance.
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ξ

g(0)

f (0)γ Ed

Figure 3.6. The setup for theorem 3.13. The geodesic arc γ joins g(0)
and f(0) to ξ ∈ ∂Ω. f(0) lies at the intersection of γ and the separating
arc Ed.

Theorem 3.13. Let Ω be a domain with ξ ∈ ∂Ω. Let f : ∆→ Ω and g : ∆→ Ω

be conformal maps with f(0) lying on a separating arc Ed. Let γ be the ideal geodesic

joining ξ and f(0), and let g(0) be a point further along γ (see figure 3.6). Then

|g′ ◦ g−1(ξ)| ≥ C2e
dh(f(0),g(0)) d

2− κd exp {−A(d)}

|g′ ◦ g−1(ξ)| ≤ C3e
dh(f(0),g(0)) d

2− κd exp

{(
d

d(f(0), ∂Ω)

)2

B(d)− A(d)

}

where

A(d) = π

∫ d

0

L[Er]− L[Fr]

L[Et]L[Ft]
dt

B(d) = π

∫ d

r

µ′(t)2 + 1
12
θ′(t)2

L[Et]
t2dt

and C2, C3 are as before.

Proof. Assume without loss of generality that f(1) = g(1) = ξ and write

g(z) = f ◦ φ(z)

for φ : D → D with φ(0) = f−1 ◦ g(0). Since f(0), g(0), and ξ lie on a common

geodesic, their preimages must lie on a common geodesic in the disk. (In fact, the

preimages all lie on the real axis, given our normalization.) Thus φ is a hyperbolic
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whose axis is the common geodesic. It is a simple calculation to verify that |φ′(1)| =
exp{dh(0, f−1 ◦ g(0))}. Thus

|g′ ◦ g−1(ξ)| = |f ′(1)| · |φ′(1)|

= |f ′(1)| exp{dh(0, f−1 ◦ g(0))}

= |f ′(1)| exp{dh(f(0), g(0))}

and the theorem follows from the local estimates.

�

Remark. The estimates of the preceeding sections can be applied to dh(f(0), g(0)).

For example, let r(f(0)) and r(g(0)) lie on the bending lines Bs and Bt respectively.

Then we have immediately

dh(f(0), g(0)) ≥ 1

2
(dh (r(f(0)), r(g(0))))

≥ 1

2
(dh(Bs, Bt))



CHAPTER 4

Passing Between the Two Models of Teich(∆)

77
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1. Notation

∆ – The unit disk {|z| < 1}

L∞(∆) – The space of bounded Beltrami differentials on ∆

L∞(∆)1 – The open unit ball in L∞(∆)

2. Linearizing Welding

In this section we work out the relationship between tangent vectors to Teich(∆)

in the two classical models. We wish to know how small changes in welding maps

affect quasicircles, and vice-versa. We are able to obtain an explicit formula which

has a particularly simple form at the origin.

2.1. The Differential at the Identity. In this section we work on the half

plane rather than the disk. The half-plane is conformal to the disk via a linear

fractional map, and nothing essential is lost.

Let µ ∈ L∞(H)1 be real analytic 1. To construct a homeomorphism of the circle

we form the symmetric extension

σ(z) =

 µ(z) z ∈ H
µ̄(z̄) z ∈ H∗

and to produce a quasicircle we form the ’zero’ extension

β(z) =

 µ(z) z ∈ H
0 z ∈ H∗

In both cases, the real axis is a set of measure zero and the values there are unim-

portant. By the measurable mapping theorem,

∂

∂t
f tµ
∣∣∣
t=0

= µ0 ∗ 1

πz

1We assume µ is real analytic so the maps become differentiable and we can use more convenient
notation; the conclusions carry over to the general case when suitably interpreted.
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when f tµ is normalized so near infinity f tµ(z) = z +O
(

1
|z|

)
. Similarly, we have

∂

∂t
ftµ

∣∣∣
t=0

= µS ∗ 1

πz
+Q(z)

Where Q(z) is a quadratic polynomial with real coefficients achieving a desired nor-

malization (say, fixing 0, 1, and ∞, in which case Q(z) = az + b for a, b ∈ R ). We

can now work out the relationship between the two vector fields ∂
∂t
f tµ and ∂

∂t
ftµ at a

point x ∈ R.

Proposition 4.1 (The differential along the real line). Let µ ∈ L∞(H)1. Then

at t = 0

∂

∂t
f tµ =

1

2

(
∂

∂t
ftµ −Q− iH

(
∂

∂t
ftµ −Q

))
at any point x ∈ R. H denotes the Hilbert transform.

Proof. At time t=0,

∂

∂t
ftµ(x)−Q(z) =

1

π

∫∫
Ĉ

µS(ξ)

x− ξ |dξ|
2

=
1

π

∫∫
H

µS(ξ)

x− ξ |dξ|
2 +

1

π

∫∫
H∗

µS(ξ)

x− ξ |dξ|
2

=
1

π

∫∫
H

µS(ξ)

x− ξ |dξ|
2 +

1

π

∫∫
H

µ̄S(ξ)

x− ξ̄ |dξ|
2

= 2Re

(
1

π

∫∫
H

µS(ξ)

x− ξ |dξ|
2

)
= 2Re

(
1

π

∫∫
Ĉ

µ0(ξ)

x− ξ |dξ|
2

)
= 2Re

(
∂

∂t
f tµ
)

Further, f tµ is conformal in H∗. Thus the vector field ∂
∂t
f tµ is holomorphic in H∗ and

its imaginary part can be reconstructed as the Hilbert transform of the real part.

�

Remark. On the circle, the analogous conclusion holds: the real and imaginary

parts of ∂
∂t
f tµ become the normal and tangential components, respectively.
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2.2. Examples. The examples in figures 4.1 and 4.2 were produced by choosing

a smooth vector field V ∈ V ec(S1), removing coefficients -1, 0, and 1 from its Fourier

series to obtain the non-Möbius part µ ∗ 1
πz

, and constructing a welding map θ 7→
εV (θ). In this case, we have

∂

∂t
f tµ =

1

2
(V − iHV )

100 points were sampled uniformly on the unit circle and the welding was per-

formed using a variant of the ’Zipper’ algorithm. The resulting vector field was

estimated using the difference between the image of eiθ after the weld and eiθ.

Remark. Small numerical errors in the welding cause distortions of the estimated

vector field. A slight rotation of the curve adds a constant term to the tangential

component of V and a slight translation will add sin(θ) and cos(θ) terms to both

normal and tangential components. This makes the choice of ε somewhat tricky. We

must choose ε small so our linearization is a good approximation for V (and to ensure

the welding map is a homeomorphism). However, if ε is too small the estimated V

is dominated by numerical noise from the welding. To produce the examples, some

trial and error was required on a case-by-case basis.

2.3. The General Form of the Differential. Away from the origin, we can

still obtain a formula which relates tangent vectors in the two models of Teich(∆).

We’ll need the following observation:

Proposition 4.2. If N : ∂Ω→ R is the restriction to the boundary of the normal

part of a holomorphic vector field on Ω, then the tangential part is given by T =

HΩN + v, where HΩ is the Hilbert transform in the domain Ω and v is any vector

field in psl2(R) acting on ∂Ω.

Proof. It suffices to prove this for Ω equal to the unit disk. Parametrize N

by the angular coordinate θ. Then N(θ) + iHN(θ) is the restriction to S1 of some

function F holomorphic in ∆. The function zF (z) is also holomorphic in ∆, and it
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Figure 4.1. The welding map θ 7→ θ + ε sin(4θ) and perturbed circle
(arrows indicate the flow of points) for ε = .2.



82

−1 0 1 2 3 4 5 6 7

0

1

2

3

4

5

6

 

 
Welding Map
Identity

−1 −0.5 0 0.5 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

 

 
Circle
Welding

Figure 4.2. The welding map θ 7→ θ+ εV (θ) and perturbed circle for
ε = .8 and V a normalized version of 1− | θ

π
− 1|3.
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has boundary values

zF (z)
∣∣
z=eiθ

= Neiθ + ieiθHN

The right-hand side may be viewed as a holomorphic vector field with normal part N

and tangential part HN . Clearly adding any vector field v ∈ psl2(R) will not change

the normal part, and since psl2(R) consists of exactly those vector fields holomorphic

on ∆ with no normal part, this completes the proof. �

Now we move towards the general formula. Let Ω be some simply-connected

planar domain, with the interior and exterior conformal maps φ− : ∆ → Ω and

φ+ : ∆∗ → Ω∗. Let h = φ−1
− ◦ φ+

∣∣
S1 be a welding map for Ω. We have the following.

Lemma 4.1. Modulo psl2(R), we have

ḣ ◦ h−1 = φ∗− (H+N −H−N)

where the function N : ∂Ω→ R is the component of φ̇− ◦φ−1
− normal to ∂Ω, φ∗− is the

pullback operator, and H+, H− are the Hilbert transforms on the exterior and interior

domains.

Proof. By direct computation,

∂h

∂t
=

(
∂

∂t
φ−1
−

)
◦ φ+ +Dφ−1

−

(
∂

∂t
φ+

)
= − φ̇−

φ′−

∣∣∣
h

+
φ̇+

φ′− ◦ h
=

1

φ′− ◦ h
(
φ̇+ − φ̇− ◦ h

)
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Adopting the notation φ̇+ = v+ ◦ φ+ and φ̇− = v− ◦ φ− for vector fields v+, v−, we

have

ḣ ◦ h−1 =
1

φ′−

(
φ̇+ ◦ h−1 − φ̇−

)
=

1

φ′−
(v+ ◦ φ− − v− ◦ φ−)

= φ∗− (v+ − v−)

Since h is purely tangent to the unit circle, we see that the normal parts of v+ and

v− must cancel, i.e. the normal parts are identical. So given a function N : ∂Ω→ R

representing a specified normal perturbation of the boundary, we can recover the

tangential parts of the interior and exterior maps via the Hilbert transform on the

interior and exterior domains, which we will denote H− and H+ respectively. That

is,

ḣ ◦ h−1 = φ∗− (H+N −H−N)

�

At the origin, the symmetry of the interior and exterior domains means H+ and

H− agree (up to choice of sign due to orientation). Plugging this in to our formula,

one recovers the earlier formula for the differential at the origin which we worked out

in terms of Beltrami forms.

3. A Bound on Distortion via the Weil-Petersson Metric on Teich(∆)

In this section we introduce the Weil-Petersson Metric and use it to obtain a bound

on distortion of quasicircles in terms of the Weil-Petersson norm of a tangent vector to

Teich(∆). We begin by reviewing the construction of left- and right- invariant metrics

on Lie groups. We construct the Weil-Petersson Riemannian metric on Teich(∆)

by placing an inner product on the tangent space at the identity. Classically, this

inner product is computed in terms of Beltrami differentials; in [35] Nag showed

that this definition agrees with a Kähler metric on Diff(S1) which has a convenient
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representation in terms of Fourier series. Finally, we state and prove our distortion

theorem.

3.1. Lie Algebras. Let G be a Lie group. The Lie algebra of G, denoted g, is

the tangent space to the group at the identity. Given a group element g ∈ G, define

the conjugation map Φg : G→ G

Φg(h) = g−1 ◦ h ◦ g

for any h ∈ G. The differential of Φg at the identity is a Lie algebra automorphism;

this automorphism is called the adjoint action, denoted Adg.

3.1.1. Example: The Lie Algebra psl2(R). We first compute the Lie algebra of

PSL2(R), which acts on the complex plane as the group of linear fractional maps

which preserve the unit disk. The R in the name reflects the isomorphism with the

group of linear fractional maps which preserve the upper half-plane, which have real

coefficients. Elements of PSL2(R) acting on the disk have the form

az + b

b̄z + ā
, with |a|2 − |b|2 = 1

To compute the Lie algebra we take a smooth path through the identity and

differentiate. Let a = a(t), b = b(t) be smooth complex-valued functions of t with

a(0) = b(0) = 1. Then at time t = 0 we have

∂

∂t

az + b

b̄z + ā
=

(ȧz + ḃ)(b̄z + ā)− (˙̄bz + ˙̄a)(az + b)

(b̄z + ā)2

= − ˙̄bz2 + (ȧ− ˙̄a)z − ḃ

=
(
i ˙̄bz + Imȧ+ iḃz−1

)
iz

That is, we have a vector field of the form

v(z) =
(
a−1z

−1 + a0 + a1z
)
iz
∂

∂z
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where a−1 = ā1. For z = eiθ this vector field is tangent to the unit circle. If we write

this in coordinate θ on the circle, we have

v(θ) =
(
a−1z

−1 + a0 + a1z
) ∂
∂θ

since ∂
∂θ

pushes to iz ∂
∂z

under the embedding θ 7→ eiθ. It remains to be shown that

every vector field of this form is in the Lie algebra; this is clear since the integral of

a holomorphic vector field is a holomorphic map, and these vector fields preserve the

unit circle.

The adjoint action can also be computed explicitly. Let ht be a smooth path in

Diff(S1) with h0 = Id and ∂
∂t
ht = v ∈ Vec(S1). Let g ∈ Diff(S1). Then at t = 0,

∂

∂t
g−1 ◦ ht ◦ g = (g−1)′

∣∣∣
ht◦g
· ∂
∂t
ht

∣∣∣
g

=
v ◦ g

g′ ◦ g−1 ◦ ht ◦ g
=
v ◦ g
g′

This is identical to the pullback of v through g.

3.2. The Weil-Petersson Inner Product and Diff(S1). Let v ∈ Vec(S1) be

a smooth vector field on the unit circle with Fourier series representation

v(θ) =
∞∑
−∞

ane
inθ ∂

∂θ

where a−n = ān since the vector field is real. The Weil-Petersson norm on Vec(S1)

is defined by

‖v‖2
WP =

∞∑
2

(n3 − n)|an|2

Note that for any w ∈ psl2(R), we have ‖w‖WP = 0. One may verify that for

g ∈ PSL2(R), we have ‖v‖WP = ‖Adgv‖WP . Thus the WP norm provides a norm

defined on the quotient of Diff(S1) by the Möbius group. One thinks of this norm

as living on the tangent space to G = Diff(S1)/PSL2(R) at the identity, TeG. One
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can extend this to a homogeneous metric on all of G by translating vector fields back

to the identity.

At this point, we may create a homogeneous metric in two ways. One may choose

to translate vector fields back using either right-multiplication

Rgh ≡ h ◦ g

or left-multiplication

Lgh = g ◦ h

From the point of view of putting inner products on tangent vectors, the essential

difference is how one interprets a tangent vector to the group. In the setup of left-

multiplication, we interpret a tangent vector v ∈ ThG as

∂h

∂t
= v

and we pull the tangent vector back to the origin through the differential of left-

multiplication. In one dimension, this amounts to the map

v 7→ v ◦ h
h′

Perhaps more naturally, in the setup of right-multiplication we interpret v ∈ ThG as

∂h

∂t
= v ◦ h

That is, we view v as a vector field defined on the space in which h takes values, and

the pullback map is

v 7→ v ◦ h−1

Explicitly, let Ψ(θ, t) be a smooth path in Diff(S1) and let v(θ, t) ∈ Vec(S1)

satisfy vt ◦ Ψ = ∂Ψ
∂t

. Then we construct a left-invariant metric on TΨDiff(S1) as
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follows. The pullback of v to the identity under Ψ at time t is

(v ◦Ψ) · (Ψ−1)
′ ◦Ψ =

v ◦Ψ

Ψθ

=
Ψt

Ψθ

where Ψt = ∂
∂t

Ψ and Ψθ = ∂
∂θ

Ψ. If we expand the pullback in series we have

Ψt

Ψθ

=
∞∑
−∞

an(t)einθ

again with ∥∥∥∥Ψt

Ψθ

∥∥∥∥2

WP

=
∞∑
2

(n3 − n)|an(t)|2

And the length of the path Ψ(θ, t) is, by definition

L[Ψ] ≡
∫ T

0

(
∞∑
2

(n3 − n)|an(t)|2
) 1

2

Construction of the right-invariant metric is similar, but using the pullback under

right-multiplication we expand

Ψt ◦Ψ−1 =
∞∑
−∞

bn(t)einθ

and evaluate the inner product

∥∥Ψt ◦Ψ−1
∥∥2

WP
=
∞∑
2

(n3 − n)|an(t)|2

In [40], Mumford and Sharon work with left-invariant metrics. In classical Te-

ichmüller theory, the right-invariant version of the WP metric is typically used. We

follow the classical theory and adopt the right-invariant form, which is much more

convenient for our purposes.
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3.3. The WP Inner Product and Beltrami Differentials. Let fµ and fλ

solve the Beltrami equation for µ, λ ∈ L∞(∆)1 and consider the map fω defined by

fω ◦ fλ = fµ

One may compute that

ω =

{
µ− λ
1− λ̄µ

fλ,z
f̄λ,z̄

}
◦ (fλ)

−1

Further, for a bounded measurable function ν : C→ C, we have

lim
t→0

ω(λ+ tν)− ω(λ)

t
=

{
ν

1− |λ|2
fλ,z
f̄λ,z̄

}
◦ (fλ)

−1 ≡ Lλν

This is the definition of Lλν . Lλν is an element of L∞(∆). Let N(∆) denote the

“infinitesimally trivial” Beltrami differentials, i.e. that subset of L∞(∆) satisfying∫∫
∆

ν(z)φ(z)dxdy = 0

for all quadratic differentials φ defined on ∆. We may identify the space L∞(∆)/N(∆)

with the tangent space to Teich(∆) at the origin.

Given two Beltrami differentials µ, ν ∈ L∞(∆)/N(∆), the Weil-Petersson inner

product is defined by

〈µ, ν〉WP ≡
∫∫

∆

µν̄ρ2dxdy

where ρ = 2
1−|z|2 defines the Poincaré metric on the disk. By right translations one

may define an inner product on each tangent space of Teich(∆).

3.4. Distortion of Quasicircles is Bounded Uniformly by Weil-Petersson

Norms of Tangent Vectors. Here we show that the infinitesimal deformation of a

quasicircle in some direction ν is controlled by the WP norm of the tangent vector.

That is, let [λ] be a point in Teich(∆). Then given a vector ν tangent to Teich(∆)

at [λ], we have the following:
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Theorem 4.1. Let v = ν ∗ 1
πz

and set Ω = fλ(∆). Then for any z ∈ ∂Ω,

|v(z)| ≤ 2

π

√
|Supp(ν)|‖ν‖WP

where |Supp(ν)| is the Euclidean area of the support of ν.

Proof. Let S = Supp(ν). By the measurable mapping theorem and normaliza-

tion of fµ, we know that

v = ν ∗ 1

πz

Thus

|v(z)|2 =

∣∣∣∣ 1π
∫∫

C

ν(ξ)

ξ − zdxdy
∣∣∣∣2

=

∣∣∣∣∫∫
S

|S|
π

ν(ξ)

ξ − z
dxdy

|S|
∣∣∣∣2

≤
∫∫

S

∣∣∣∣ |S|π ν(ξ)

ξ − z
∣∣∣∣2 dxdy|S| by Jensen’s inequality

=
|S|
π2

∫∫
S

∣∣∣∣ ν(ξ)

ξ − z
∣∣∣∣2 dxdy

Let Ω = fλ(∆), with hyperbolic metric defined by some scalar ρΩ. At any point

ξ ∈ Ω

1

|ξ − z| ≤
1

d(ξ, ∂Ω)
≤ 2ρΩ(ξ)

where the second inequality follows from the fact that ρΩ ≥ 1
2
ρD on any foliating arc

Ft (see lemma 3.1) and the fact that ρD ≥ 1
d(ξ,∂Ω)

. Combining, we have

|v(z)|2 ≤ 4|S|
π2

∫∫
S

|ν(ξ)|2ρ2
Ωdxdy

=
4|S|
π2
‖ν‖2

WP

This completes the proof. �
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4. Quasisymmetry and Distortion of Quasicircles

While the results of the previous section are useful, they aren’t necessarily the

most natural; in particular the assumption that a vector field has finite WP norm is

much too restrictive. One can still obtain bounds on approximations without requiring

the smoothness necessary for a vector field to have finite WP norm. Quasisymmetry,

the one-dimensional analog of quasiconformality, is the essential feature a vector field

must posess.

4.1. Quasisymmetry and Uniform Approximations to Shapes.

Definition 4.1 (Quasisymmetric map R → R). A homeomorphism h : R → R

is said to be quasisymmetric if there exists a constant M ∈ R such that

1

M
≤
∣∣∣∣h(x+ t)− h(x)

h(x)− h(x− t)
∣∣∣∣ ≤M

for all x, t ∈ R.

There is an analogous definition for circle maps:

Definition 4.2 (Quasisymmetric map S1 → S1). A homeomorphism h : S1 → S1

is said to be quasisymmetric if there exists a constant M ∈ R such that

1

M
≤
∣∣∣∣h(ei(x+t))− h(eix)

h(eix)− h(ei(x−t))

∣∣∣∣ ≤M

for all x and all |t| < π
2
.

One says that h satisfies an M-condition if it is quasisymmetric with constant

M . It is well-known [3] that any quasisymmetric map S1 → S1 can be extended to a

K-quasiconformal map ∆ → ∆ for a K which depends only on M . As M vanishes,

so does the best possible K. The Ahlfors-Beurling extension is a particularly simple

means of extending a quasisymmetric map, although it is not invariant under the
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Möbius group. Let h : R→ R satisfy an M -condition and define

u(x, y) =
1

2y

∫ x+y

x−y
h(t)dt

v(x, y) =
1

2y

∫ y

0

(h(x+ t)− h(x− t)) dt

Then the map ex(h), defined by x+iy 7→ u+iv, is quasiconformal withK that depends

only on M . As stated, this does not extend the identity by the identity, but this is

rectified by using the extension x + iy 7→ u + 2iv. This map is still quasiconformal

and now extends the identity by the identity. The Ahlfors-Beurling extension is also

natural for real affine transformations: if S1(z) = a1z+ b1 and S2(z) = a2z+ b2, then

ex(S1 ◦ h ◦ S2) = S1 ◦ ex(h) ◦ S2

We can use this to construct quasiconformal extensions of circle maps. If we lift a

homeomorphism g : S1 → S1 via the universal covering map x 7→ e2πix, we obtain a

homeomorphism h : R→ R. Thus if H = ex(h), we have by affine invariance that

H(z + 1) = H(z) + 1

since h(x) + 1 = h(x + 1). Now note that the covering map x 7→ e2πix extends to

the cover z 7→ e2πiz of the punctured unit disk. The Ahlfors-Beurling extension fixes

infinity, so via the covering map we may now construct a quasiconformal extension of

g to the entire disk, with a fixed point at 0 (the image of infinity under the covering

map).

4.2. Quasisymmetric Approximations to Welding Maps. Given a Bel-

trami coefficient µ ∈ L∞(∆), recall the construction of the maps fµ and fµ used

in the two models of universal Teichmüller space. fµ solves the Beltrami equation for

the coefficient

µ0(z) =

 µ , z ∈ ∆

0 , otherwise
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with the normalization that fµ = z + O(1/z) at infinity, and fµ solves the Beltrami

equation for the coefficient

µS(z) =

 µ , z ∈ ∆

µ̄(1
z̄
) z

2

z̄2 , otherwise

normalized, say, to fix 0, 1, and ∞. Each quasicircle Q = fµ(S1) has an associated

welding homeomorphism h : S1 → S1 given by h = fµ
∣∣
S1 .

We would like to know how making small perturbations in a welding map will

change the corresponding quasicircle. A natural notion of “small”, in this setting, is

given by composing the perturbed map and the original, and measuring the constant

of quasisymmetry associated with the composed mapping. The following lemma is

one result along these lines:

Lemma 4.2. Let {hk : S1 → S1} be a family of quasisymmetric homeomorphisms

with KQS[hk ◦ h−1]→ 0 as k →∞ for some homeomorphism h : S1 → S1. Then the

Hausdorff distance dHaus(Qk, Q)→ 0 as k →∞.

Proof. Let φk = hk ◦ h−1. Each φk can be extended to a quasiconformal map

∆→ ∆. The corresponding Beltrami coefficients µk have norm ‖µk‖∞ which depends

only on ‖φk‖QS. In particular, ‖µk‖∞ → 0 as k → ∞. By basic properties of

quasiconformal maps, the solutions {fµk} are equicontinuous, hence they form a

normal family and converge uniformly on compact subsets to a limiting map f . Since

‖µk‖∞ → 0, f is conformal on the extended complex plane. In fact, f must be the

identity, since that is the unique map with the correct normalization at infinity. The

lemma follows by considering the images of S1 under the maps fµk .

�

In fact, we have a more precise result. The tangent space to HomeoQS(S1) is

given by the space Z of Zygmund vector fields. A real-valued vector field V (z) ∂
∂z

is
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in Z if there is a constant B such that

‖V ‖Z = sup
x,t

∣∣∣∣V (ei(x+t))− 2V (eix) + V (ei(x−t))

t

∣∣∣∣ ≤ B

where the supremum is over all x ∈ [0, 2π] and |t| < π. This is an infinitesimal

version of quasisymmetry. If a vector field V satisfies such a condition, then maps

x 7→ x + εv(x) + O(ε2) are, to first order, εB-quasisymmetric. We can use this

Zygmund condition to show that the differential of the welding isomorphism is, near

the identity, a bounded linear map in the Zygmund norm on T0HomeoQS and the

sup norm on the normal part of vector fields on the circle. Recall that, when properly

normalized, the differential at the origin is the map D0 defined by

V (θ) 7→ 1

2
(iV (θ) +HV (θ)) eiθ

∂

∂z

To obtain uniform bounds in the Hausdorff metric, we must control the normal part

of the vector field.

Theorem 4.2. The map D0 is a bounded map from the Zygmund space to the

space of normalized vector fields on S1 with the sup norm.

Proof. Let V ∈ Z. If we take a path of homeomorphisms ht : S1 → S1 with

ht(z) = z + tV (z) + o(t) then

KQS(ht) ≤ 1 + t‖V ‖Z + o(t)

We can extend ht to a family of quasiconformal maps h̃t : Ĉ→ Ĉ which are solutions

to the Beltrami equation with symmetric coefficients µt (i.e. µt(z) = µ̄t(1/z̄) z
2

z̄2 ). It

follows from the Ahlfors-Beurling extension [3, 24] that |µt| ≤ C‖V ‖Z .

Thus V extends to a vector field Ṽ ∂
∂z

defined on Ĉ with

Ṽ = µ̇ ∗ 1

πz
=

∫∫
Ĉ

µ̇(ξ)

ξ − z

where µ̇ = ∂µt
∂t

∣∣
t=0

. The corresponding tangent vector W̃ acting on the quasicircle is

given by convolution with the Beltrami coefficient which agrees with µ̇ on ∆ and is 0
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on ∆∗:

W̃ (z) =

∫∫
∆

µ̇(ξ)

ξ − z

and D0V = W̃
∣∣
S1 . Further, at any point z ∈ S1,

|(D0V )(z)| =
∣∣∣∣∫∫

∆

µ̇(ξ)

ξ − z
∣∣∣∣

≤
∫∫

∆

∣∣∣∣ µ̇(ξ)

ξ − z
∣∣∣∣

≤ C‖V ‖Z

�

The measurable mapping theorem also gives some geometric intuition. Given a

Beltrami coefficient µ, we have

f tµ(z) = z + tv(z) + o(t)

for v(z) = µ∗ 1
πz

. If a perturbation of a welding map extends to a quasiconformal map

with coefficient µ, and ‖µ‖∞ is small, we can largely understand the difference between

the two maps as convolution of µ with the Cauchy kernel. Given the local nature of

both the quasiconformal extensions and convolution with the Cauchy kernel, one sees,

for example, that the deformation of Q arising from a locally supported perturbation

of h will also be strongest at points nearby in the plane.



CHAPTER 5

Compression of 2D Shapes via Teichmüller Theory
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1. Background: ε-Entropy and Coding

Our ultimate goal in this chapter is to produce a lossy compressor for 2D shapes.

That is, given a point in some metric space of shapes, we wish to produce an ε-

approximating shape which can be described using as few bits as possible. To evaluate

the performance of any such scheme, one needs a notion of optimality for compressors;

we appeal to Kolmogorov’s ε-entropy to determine optimality.

Kolmogorov was aware of Shannon’s influential work on coding theory, and intro-

duced the definition of ε-entropy as part of his project to understand complexity and

information in continuous systems [27, 14, 15]. We review the basic definitions and

some results, and discuss the connection to coding theory.

1.1. Kolmogorov’s ε-Entropy. Let X ⊂ (M,d), where M is a metric space

with metric d.

Definition 5.1 (ε-cover). A collection of sets {Uα} such that X ⊆ ⋃Uα and

diam(Uα) < 2ε, is called an ε-cover for X.

Definition 5.2 (ε-entropy). Let Nε be the cardinality of a minimal ε-cover of X.

The ε-entropy of X is Hε = log2Nε.

We omit many important technical aspects of the theory. The ε-entropy is a

way of describing the ’massiveness’ of infinite-dimensional spaces. In terms of code

lengths, it provides a bound on the cost, in bits, of encoding elements of X with

encoding error no greater than ε. For Lipschitz functions in the uniform norm, we

have a particularly simple way of computing the ε-entropy. We will only sketch the

main idea in the proof of the following theorem.

Theorem 5.1 (ε-entropy of C-Lipschitz functions). Let F = {f : [a, b] →
R
∣∣ f(a) = 0, |f(x)− f(y)| ≤ C|x− y|} equipped with metric d(f, g) = ‖f − g‖∞.

Hε(F, d) =


(b−a)C

ε
− 1 , (b−a)C

ε
∈ Z+⌊

(b−a)C
ε

⌋
, otherwise
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The key ingredient in the proof is the observation that C-Lipschitz functions

stay within corridors bounded by piecewise linear functions of slope ±C (see figure

5.1). These corridors form a cover for F , and the corridor boundaries give us an

ε-approximating set. Thus the proof amounts to counting the number of corridors

required to cover the set of C-Lipschitz functions. How many such corridors are there?

The basic idea is revealed in the simple case ε = C = 1 on the interval [0, n]. This

computation is identical to counting standard random walks; of course there are 2n

such walks. In the general case, there are 2
|b−a|C

ε corridors, up to taking integer parts

at the end of the interval. Thus

Hε(F, d) ≈ |b− a|C
ε

and the precise result is as stated in the theorem.

ǫ /C 2ǫ /C 3ǫ /C 4ǫ /C 5ǫ /C 6ǫ /C

−2ǫ

−ǫ

0

ǫ

2ǫ

Figure 5.1. C-Lipschitz functions stay within ε-corridors whose
boundaries are piecewise linear with slope ±C.

1.2. Connection with Coding Theory. In lossy coding theory, one asks “given

a metric space X, how many bits must I use in order to represent each element in

the space with error less than ε?” If X is compact, the ε-entropy gives an answer.
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Suppose one obtains an ε-cover with N elements. Then by enumerating their centers,

one obtains a family of approximating elements with storage requirement at most

logN bits. In the probabilistic setting, if one places a probability distribution p on

X which induces the uniform distribution on an ε-cover, then by assigning an integer

to each element in the cover one can encode the samples with expected bit length

O (Hε).

2. Adaptive Uniform Coding of Real-Valued Functions

In the preceeding section, we gave an explicit construction for ε-approximants to

Lipschitz functions. Our next step is to develop a compressor for a less restrictive

class of functions than Lipschitz functions. We’ll consider the following setup: f :

[a, b] → R is a function we wish to approximate with a piecewise linear function g.

Given {xk}Nk=1 ⊂ [a, b] with x1 = a, xN = b, we’ll set g to be a linear interpolant for

f with knots at {xk}, which means

g(x) =

 f(xk) x = xk

f(xk) + x−xk
hk

(f(xk+1)− f(xk)) x ∈ (xk, xk+1)

where hk = xk+1 − xk. The first problem is choosing our xk to minimize the L∞

approximation error. We then show that our choice of {xk} is an optimal encoding,

in the sense that it achieves the ε-entropy on a reasonably broad class of processes.

2.1. A First Encoder. In this section we develop an encoder for functions f :

[a, b] → R with
∫ b
a
|f ′′| < ∞. We will prove that if we apply the encoding to C-

Lipschitz functions, we achieve the ε-entropy up to a constant factor. In later sections,

we will relax the too-strict assumption that
∫ b
a
|f ′′| <∞.

Lemma 5.1 (L∞ approximation error). Let φ ∈ C1([0, h]), piecewise C2, with

φ(0) = φ(h) = 0. Then

max
0<x<h

|φ(x)| ≤ h

4

∫ h

0

|φ′′|
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Proof. Set

x∗ = arg max
0<x<h

|φ(x)|.

and assume without loss of generality that φ(x∗) > 0. We want to know how large

φ(x∗) can be. We claim that it suffices to consider φ which are concave and symmetric

about h/2. Indeed, the “concave hull” of φ, i.e. the function

φ̃(x) = inf{L(x) : L is a line lying above the graph of φ }

is C1, piecewise C2, achieves the same maximum as φ, and has
∫ |φ̃′′| ≤ ∫ |φ′′|. So

the conclusion will follow if we show it for concave functions. For concave φ,

φ

(
h

2

)
≥ φ(x∗)

2

since concavity implies φ lies above the line segments joining its endpoints to its

maximum.

Now observe that the function

ψ(x) =
1

2
(φ(x) + φ(h− x))

is concave and symmetric about h/2 with
∫ |ψ′′| = ∫ |φ′′|. Thus

ψ(h/2) =
1

2
(φ(h/2) + φ(h/2)) ≥ φ(x∗)
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So assuming φ is concave and symmetric about h/2, we have

φ(x∗) =

∫ h

h/2

|f ′(s)|ds

=

∫ h

h/2

∫ s

h/2

|f ′′(ξ)|dξ

≤
∫ h

h/2

∫ h

h/2

|f ′′(ξ)|dξ

=

∫ h

h/2

1

2

∫ h

0

|f ′′(ξ)|dξ

=
h

4

∫ h

0

|f ′′(ξ)|dξ

�

Remark. Lemma 5.1 is sharp. Indeed, fix some h > 0 and k > 0 and ask for a

C2 function φ which achieves the greatest value on [0, h], subject to
∫ h

0
|φ′′| = k and

φ(0) = φ(h) = 0. The supremizing case has f ′′ = −kδh/2, which corresponds to a

triangle-shaped function with sides of slope k/2 and maximum of h
4
k achieved at h/2.

Applying lemma 5.1, we see that in order to guarantee that a piecewise linear

interpolant g is a uniform ε-approximation to f , we must choose the stepsize hk =

xk+1 − xk such that

(xk+1 − xk)
∫ xk+1

xk

|f ′′| ≤ ε

We now compute the number of points this requires.

Lemma 5.2 (Placing {xk}.). Let g be a linear interpolant for f with knots at

{xk}, k = 1, 2, 3, ..., N + 1. Let Ik = [xk, xk+1]. If

|Ik|
∫
Ik

|f ′′| = |Ij|
∫
Ij

|f ′′|

for all k, j ∈ 1, 2, 3, ...N , then

‖f − g‖∞ ≤ b− a
4N2

∫ b

a

|f ′′|
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Proof. We have

N =
N∑
k=1

√
|Ik| · 1√|Ik|

≤
√√√√ N∑

k=1

|Ik| · 1

|Ik|

=⇒ N2 ≤ (b− a) ·
N∑
k=1

1

|Ik|

If M is the common value

M = |Ik|
∫
Ik

|f ′′|

then

‖f − g‖∞ ≤ M

4

and ∫ b

a

|f ′′| = M
N∑
k=1

1

|Ik| ≥
MN2

b− a

This completes the proof. �

We have just showed that the spacing rule

(xk+1 − xk)
∫ xk+1

xk

|f ′′| = (xj+1 − xj)
∫ xj+1

xj

|f ′′|

implies the error bound

‖f − g‖∞ ≤ b− a
4N2

∫ b

a

|f ′′|

We now show that this knot spacing asymptotically achieves the ε-entropy for Lips-

chitz functions, up to a constant factor given by the cost of storing N points.
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Theorem 5.2. Let f : [a, b]→ R be C-Lipschitz with
∫ b
a
|f ′′| <∞. Set

h∗ = inf{h > 0 :

∫ x+h

x

|f ′′| ≤ 4C for all x ∈ [a, b− h]}

Then if ε ≤ h∗, the number of points stored is

N ≤
⌈

(b− a)C

ε

⌉
Proof. By lemma 5.2 we know that

N2 ≤ b− a
4ε

∫ b

a

|f ′′|

We wish to get control of the right-hand side. We first estimate the integral. Divide

[a, b] into
⌈
b−a
h∗

⌉
intervals, each of length less than h∗:

∫ b

a

|f ′′| =
d b−ah∗ e∑

1

∫
Ik

|f ′′| ≤
⌈
b− a
h∗

⌉
· 4C

We also need to relate ε and h∗. By lemma 5.1,

ε ≤ max
x∈[a,b−h∗]

h∗

4

∫ x+h∗

x

|f ′′| ≤ Ch∗

Returning to the right-hand side of our estimate for N2 and applying our estimates,

we arrive at

b− a
4ε

∫ b

a

|f ′′| ≤ b− a
4ε

⌈
b− a
h∗

⌉
C

≤ (b− a)C

ε

⌈
(b− a)C

ε

⌉
≤
⌈

(b− a)C

ε

⌉2

Taking square roots completes the proof. �

Remark. This coding does not achieve the ε-entropy exactly. There are two

problems.
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(1) We achieve
⌈

(b−a)C
ε

⌉
, whereas the actual value is

Hε =


(b−a)C

ε
− 1 , (b−a)C

ε
∈ Z+⌊

(b−a)C
ε

⌋
, otherwise

This could be remedied if we modified our representation slightly; for exam-

ple, we currently do not assume that f(a) = 0.

(2) Storing each point requires us to store the values (xk, f(xk). This takes 64

bits if we store both as 32-bit floating-point values. Thus we only achieve

a constant multiple of the ε-entropy; the exact constant depends on the

representation we use for the numbers.

A partial solution to (2) is presented in section 3.

It may be the case that one can find an ε-approximant to a function using far

fewer interpolating points than our estimates suggest. For example, the function

f(x) =
sin(100x)

100

oscillates wildly on [0, 2π] and hence
∫ |f ′′| is large, but |f | remains bounded by 1/100.

So for ε > 1/100, f can be uniformly approximated by a straight line segment, which

takes only two points to encode. The issue is one of scale: ε > 1/100 is too large

compared to the excursions of the function. The preceeding lemma thus addresses

both the optimality of the compression, as well as the scale at which the estimates

become relevant.

Closer inspection of the proof of lemma 5.2 reveals that the existence of a non-

zero h∗ defines a point of interest for the function, relative to the epsilon-entropy. At

ε = Ch∗, the estimate is precise, but in general we have

N = O

(
(b− a)

2

√
C

εh∗

)

That is, the growth ofN for a fixed f and h∗ may be viewed asO
(

1√
ε

)
, with a constant

factor defined by h∗. This does not, of course, imply that this approximation scheme
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bests the ε-entropy. Consider a function with constant |f ′′| = K. Then

N2 ≤ b− a
4ε

∫ b

a

|f ′′| = (b− a)2K

4ε

So, for example, if we’re working with a smooth f and we choose ε small enough,

we take step sizes small enough that the function, roughly speaking, looks like it has

locally constant |f ′′|. Over all C-Lipschitz functions, there is no universal scale at

which this happens, so there is no conflict with the ε-entropy.

Example 5.1 (Expected coding cost for random walks). Let F be the set of all

symmetric random walks taking jumps of size δ on a mesh {0, δ
C
, 2 δ

C
, ..., K δ

C
}. Let

a = 0, b = Kδ/C. Each f ∈ F is differentiable except at the jump points, where

we interpret f ′′ in the sense of distributions. On each interval [nδ/C, (n + 1)δ/C],

we have f ′ = ±C, with probability 1/2. Therefore we have for all intervals In =

[nδ/C + δ/2C, (n+ 1)δ/C + δ/2C] that

∫
In

|f ′′| =
 2C with probability 1/2

0 with probability 1/2

If N is the expected number of points stored for a given ε > 0, we have the bound

E [N ] ≤ E

√
b− a

4ε

∫ b

a

|f ′′|

=

√
b− a

4ε
E

√∫ b

a

|f ′′|


≤
√
b− a

4ε
E

[∫ b

a

|f ′′|
]

=

√
b− a

4ε
KC

=
(b− a)C

2
√
εδ

, since K = C(b− a)/δ

If ε and δ agree, we see exactly 1/2 the ε-entropy.
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2.2. Expanding the Domain. The results in the previous section are stated

for the most general case, and hold even in the limit when the second derivative exists

as a distribution. However, if we impose some regularity on the functions we wish to

encode, we will see that the asymptotic behavior of the encoder is far more forgiving

than the worst-case bounds

N2 ≤ b− a
4ε

∫ b

a

|f ′′|

would suggest. In fact, if we control the local behavior of the function we see that

there are many more functions which we can approximate with finite N , including,

for example, certain functions which are merely Hölder continuous. The sufficient

condition is a sort of reverse Jensen’s inequality, shown in the next lemma.

Lemma 5.3. Let f : [a, b]→ R be such that for any C > 1 there exists δ such that√
1

h

∫ x+h

x

|f ′′| ≤ C
1

h

∫ x+h

x

√
|f ′′|

for all intervals [x, x + h] of length less than δ. Let g be a linear interpolant for f

with knots at {xk}, k = 1, 2, 3, ..., N + 1. If∫ xk+1

xk

√
|f ′′| =

∫ xj+1

xj

√
|f ′′|

for all k, j ∈ 1, 2, 3, ...N , then

‖f − g‖∞ ≤ O

(
C2

N2

(∫ b

a

√
|f ′′|
)2
)

when max{hk} < δ.
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Proof. From lemma 5.1 and by our assumptions,

|f − g| ≤ hk

∫ xk+1

xk

|f ′′|

= h2
k

1

hk

∫ xk+1

xk

|f ′′|

≤ C2

(∫ xk+1

xk

√
|f ′′|
)2

By assumption, we choose our mesh {xk} so that∫ xk+1

xk

√
|f ′′| = 1

N

∫ b

a

√
|f ′′|

for all 1 ≤ k ≤ N + 1. The lemma follows upon substitution. �

Remark. This result is reminiscent of a result in Leonard’s thesis [31], in which

an adaptive coding scheme was presented with

N ≤ 1

ε

∫
|f ′|

We would achieve the same results in this thesis if we used piecewise constant, rather

than piecewise linear, approximations, and followed a similar line of argument to the

one above. More generally, this suggests that using piecewise polynomial approxima-

tions (splines) of order (n− 1), one may be able to achieve

N ≤ ε−
1
n

∫
|f (n)|1/n

A heuristic argument is as follows. Expanding f in series about some point, one has

f(x+ h) = f(x) + hf ′(x) +
1

2
h2f ′′(x) + ...+

1

n!
hnf (n)(x) +O(hn+1)

So if we make the (n− 1) order approximation about x

g(x+ h) = f(x) + hf ′(x) +
1

2
h2f ′′(x) + ...+

1

(n− 1)!
h(n−1)f (n−1)(x)



108

we have that our error is

|f(x+ h)− g(x+ h)| = 1

n!
hnf (n)(x) +O(hn+1)

If we can justify dropping higher-order terms, choosing step sizes of

hk = O

((
ε

f (n)

)1/n
)

should guarantee uniform bounds on error. Summing step sizes gives the bound on N .

Calculating N stored on random walks suggests that any scheme with these storage

requirements will have N ≤
⌈

(b−a)C
ε

⌉
on C-Lipschitz functions.

In practice, high-order polynomial approximations are extremely challenging to

work with, particularly in extrapolation tasks like we have here. It is not clear that

such methods would be practical.

Lemma 5.3 greatly expands the class of functions which we may encode with a

finite number of bits. The following two examples illustrate the utility and limitations

of this result.

Example 5.2. Consider the Hölder continuous function f(x) = xα, 0 < α < 1,

defined on some interval [0, b]. The integral
∫ b

0
|f ′′| diverges, but we have√

1

h

∫ x+h

x

|f ′′| =
√
α

h
|(x+ h)α−1 − xα−1|

=
√
α(α− 1)xα−2 +O(h)

and

1

h

∫ x+h

x

√
|f ′′| = 2

h

√
α− 1

α

∣∣(x+ h)α/2 − xα/2∣∣
=
√
α(α− 1)

∣∣xα/2−1 +O(h)
∣∣
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We form their ratio and obtain√
xα−2 +O(h)

xα/2−1 +O(h)
=

√
1 +O(hx2−α)

1 +O(hx1−α/2)

For x in any interval (0, b) this ratio tends uniformly to 1 as h goes to zero. Hence

lemma 5.3 applies and we see we can bound the approximation error using a finite

number of points:

|f − g| ≤ O

(
C2

N2

∫ b

0

|f ′′|
)

= O

(
C2

N2

∫ b

0

√
|α(α− 1)xα−2|

)
= O

(
2
C2

N2

√
α− 1

α
bα/2

)

It is worth making a few further remarks on Hölder continuity. The condition∫ b
0

√|f ′′| <∞ implies Hölder continuity at any point of f . That is,∫ b

0

√
|f ′′(x)|dx <∞

=⇒
√
|f ′′(x)| < k

xβ
, some β < 1

=⇒ |f ′′(x)| < k2

x2β

By integrating twice, we deduce a Hölder condition on f . That is,

|f ′(x)| = f ′(b) +

∫ x

b

f ′′(ξ)dξ

≤ |f ′(b)|+ k3

(
b−2β+1 − x−2β+1

)
≤ k4x

1−2β

Repeating, we obtain

|f(x)| ≤ k5x
2−2β
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Since 0 < 2− 2β < 1, f is Hölder with exponent 2− 2β. However, Hölder continuity

of f is not a sufficient condition for the lemma; the next example demonstrates a

Hölder-continuous function to which the lemma does not apply.

Example 5.3. Consider f ′′ = δx0. The lemma fails to apply since the integral of
√
δ vanishes. Consider a triangle-shaped function supported on an interval containing

0, with tip at x = 0 and sides of slope ±1. The second derivative is given by

f ′′(x) =

 −4
ε
x ∈ [−ε, ε]

0 elsewhere

However, ∫ √
|f ′′| =

∫ ε

−ε

2√
ε

= 2
√
ε

In the limit where f ′′ = −2δ0, the integral vanishes. The essential failure is that a

delta function changes too rapidly; there is no scale below which the two integrals in

the lemma statement are comparable.

2.3. Computing a Mesh with Specified Spacing. In order to carry out the

interpolation we have described, we need a way to choose the mesh points {xk}. The

proof of lemma 5.3 suggests an algorithm for computing the meshes. Lemma 5.3

requires that the knot points {xk} satisfy∫ xk+1

xk

√
|f ′′| =

∫ xj+1

xj

√
|f ′′|

for all k, j. As hk shrinks, this means that the stepsize is roughly O

(
1√
|f ′′|

)
. In

general, we may wish to choose a mesh so that the mesh spacing is approximately

O(σ), where σ : [a, b] → [0,∞] is some function. Indeed, we will need to do this in

the next section. We will use the following result, which allows us to compute exactly

the spacing from lemma 5.3 and provides a quick method for computing the desired

mesh in general.
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Lemma 5.4. Let σ : [a, b] → [0,∞] be continuous and satisfy
∫ b
a
σ = b − a and∫ b

a
1
σ
< ∞. Choose some integer N > 0. Then there is an O(N)-time algorithm

for computing a mesh {xk}Nk=0 with x0 = a, xN = b where the mesh size satisfies

xk+1 − xk = Cσ(x∗k) for some x∗k ∈ (xk, xk+1). C is independent of k.

Proof. Define the function

Σ(x) =

∫ x

a

1

σ(ξ)
dξ

Choose points {yk}Nk=0 by setting

yk =
k

N
(b− a)

We claim that the points xk = Σ−1(yk) form the desired mesh. Indeed,

∫ xk+1

xk

1

σ(ξ)
dξ =

b− a
N

By the mean value theorem, there exists a point x∗k ∈ (xk, xk+1) such that

1

σ(x∗k)
(xk+1 − xk) =

b− a
N

The conclusion follows with C = (b− a)/N . �

2.4. Examples. The next few figures provide some examples of linear inter-

polants constructed using the method of the previous section with the spacing func-

tion

σU(x) =
1√|f ′′(x)|
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Figure 5.2. Above: x sin 3x and a 60-point interpolant. Below:
√
x

and a 4-point interpolant, computed using the spacing function σU(x) =
1√
|f ′′(x)|

and the method of lemma 5.4
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Figure 5.3. A 20-point interpolant to a triangle function and a close-
up of a tip, both computed using σU(x) = 1√

|f ′′(x)|
and the method of

lemma 5.4. The spacing function σU gives reasonable results because a
δ function is indistinguishable from very large f ′′ once sampled.
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3. Reducing the Bit Cost

So far, we’ve considered approximating a function f with an interpolant g. How-

ever, if we relax two assumptions on g we can save a considerable number of bits. In

particular, in this section we’ll still consider piecewise linear ε-approximants g, but

we’ll change two assumptions:

(1) At the knot points {xk} we no longer require g(xk) = f(xk).

(2) The allowable timesteps hk are still adaptive, but now take values in some

countable set.

Further, we don’t choose our spacing as naively as in the previous section, where we

paid attention only to the derivatives of the function. Here we operate by extending

an approximation as far as we can without exceeding some error threshold ε; this is

more robust when the function oscillates rapidly but boundedly, for example.

3.1. Discretizing the Values: From Interpolants to Approximations.

We’ll now consider the following setup: f : [a, b] → R is a function we wish to

approximate with a piecewise linear function g. The function g is defined by a finite

set of values g(xk) taken on some mesh {xk}Nk=1 ⊂ [a, b] with x1 = a, xN = b.

g(x) =

 g(xk) x = xk

g(xk) + x−xk
hk

(g(xk+1)− g(xk)) x ∈ (xk, xk+1)

where hk = xk+1 − xk. We’ll adopt the following notations for the the left-sided

derivative and tangent line to g:

g′−(x) = lim
s↘0

1

s
(g(x)− g(x− s))

Tk(x) = g(xk) + (x− xk)g′−(xk)
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Additionally, we restrict the values g(xk) and hk so they have shorter description

lengths. We require

hk+1 = αjkhk , some αjk ∈ A

g(xk+1) = hkTk +mkε , some mk ∈ Z

where A = {..., α−2, α−1, α0 = 1, α1, α2, ...} is a countable set of αi ∈ R, with αi+1 > αi

and inf{αi} = −∞.

If, given some f and a set A, there exists g satisfying these requirements with

‖f − g‖∞ ≤ ε, we say g is an ε-approximation for f .

Theorem 5.3. Let f be such that
∫ b
a
|f ′′| < ∞. If for all β ∈ R+, there exists

αi ∈ A such that

Mβ ≤ αi ≤ β

then there exists an ε-approximation g for f such that N , the number of points stored,

satisfies

N2 ≤ 3

8M2
· b− a

ε

∫ b

a

|f ′′|

Proof. We first claim that the number of intervals we need to store to create

an ε-interpolant does not increase by more than a factor of 1/M . Let hk be the

current timestep. The largest next timestep h∗k+1 we could choose to guarantee an

ε-interpolant would satisfy

ε =
h∗k+1

4

∫ xk+h∗k+1

xk

|f ′′|

Define βk by

h∗k+1 = βkhk
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However, we cannot choose this timestep. Instead, select αjk to be the largest element

of A such that

hk+1 ≡ αjkhk ≤ βhk

By assumption on A, we have

M ≤ hk+1

h∗k+1

≤ 1

Thus we can take at least M times the maximal distance at each step, and the claim

follows. We are halfway there: so far we’ve assumed g is an interpolant with values

g(xk) = f(xk). We must now adjust the values g(xk) to lie at allowable values for

an approximation to f , which amounts to shifting the values g(xk) up or down by

an amount less than ε/2. Doing this increases error by no more than ε/2 over each

interval. Since an interpolant satisfies

N2 ≤ b− a
4ε

∫ b

a

|f ′′|

We have shown that for an approximation,

(MN)2 ≤ b− a
4 · (2

3
ε
) ∫ b

a

|f ′′|

�

Remark. The condition that for all β ∈ R+, there exists αi ∈ A with

Mβ ≤ αi ≤ β

is satisfied, for example, with M = 1/2 by the set

A = {..., 1

8
,
1

4
,
1

2
, 1, 2, 4, 8, ...}

In this case we will have

N2 ≤ 3

4
· b− a

ε

∫ b

a

|f ′′|
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While we store more points and make weaker error bounds, we have a win in

terms of overall cost of storage. Instead of storing floating-point representations of

the numbers (hk, f(xk), we need only store a few exact values x0, h0, g(x0) and then

everything else is given in terms of the values (αjk ,mk). These take values in some

countable set, and we can create efficient encodings for them. Denote by K(αi,m) a

codeword for the pair (αi,m). Then the cost of encoding an approximation is

Cost(g) = C +
N∑
1

|K(αjk ,mk)|

If we put some probability distribution on a set F of functions, we can consider

optimal encodings for the pairs (αi,m). Our step sizes hk and values g(xk) are now

random variables drawn from some distribution. If we make some assumptions, we

can obtain estimates for bit lengths of the encodings. We consider timesteps which

are Markov

p(hk+1|hk, hk−1, ..., h1) = p(hk+1|hk)

and we assume further that p(hk+1|hk) depends only on the ratio hk+1

hk
, so we can

write

p(hk+1|hk) = f(αjk)

and the αjk are independent random variables. We also would like to assume that

the mk are independent of each other, though mk is not necessarily independent of

αjk . Under these assumptions, we have

Theorem 5.4. The total number of bits required to store g satisfies

E[Cost(g)] = C + E[N ] · E|K(αjk ,mk)|
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Proof. Apply Wald’s equation.

E[Cost(g)] = E

[
C +

N∑
1

|K(αjk ,mk)|
]

= C + E

[
N∑
1

|K(αjk ,mk)|
]

= C + E[N ] · E|K(αjk ,mk)|

�

Remark. More generally, without particular assumptions on the αjk ’s and mk’s,

one could use an adaptive encoding scheme along the lines of Lempel-Ziv to store

these values. This amounts to learning the empirical distribution and adapting our

codewords as we progress.

3.2. Experiments: A Second Algorithm for Encoding Approximations.

In this section we show the results of some numerical experiments using two compres-

sion algorithms.

The first algorithm is essentially described in the proof of theorem 5.3: given

{xj}kj=1, we choose the next values

hk+1 = αjkhk , some αjk ∈ A

g(xk+1) = hkTk +mkε , some mk ∈ Z

by choosing the largest allowable hk+1 ∈ A and then choosing the mk ∈ Z which

minimizes |g(xk+1)− f(xk+1)|.
The second algorithm is slightly more complicated to explain; we do so now. Let

f : [a, b] → R be continuous with
∫ b
a
|f ′′| < ∞. We will construct g : [a, b] → R, a

piecewise linear function s.t. ‖f − g‖∞ ≤ 3
2
ε.
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Figure 5.4. A piecewise linear approximation to a smooth function.

We will proceed by induction, assuming g is defined by the values g(x1), g(x2), ..., g(xk).

Assume that we have chosen points {xj} and values {g(xj)} for 1 ≤ j ≤ k so that

|f(xk)− gk| < ε/2

and

max
x∈[x1,xk]

|f(x)− g(x)| ≤ 3

2
ε

We’ll continue to use the following notations for the current stepsize and the

left-sided derivative:

hj = xj+1 − xj

g′−(x) = lim
s↘0

1

s
(g(x)− g(x− s))

We choose xk+1 and gk+1 as follows.
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xk− 2 xk− 1 xk xk + hk xk + h∗

(1) Extend the tangent line:

Tk(x) = g(xk) + (x− xk)g′−(xk)

(2) Record the first time the tangent line exits an epsilon corridor about f :

h∗ = min{h > 0 : |f(xk + h)− Tk(xk + h)| > ε}

(3) Choose the next timestep hk ≤ h∗ as the largest possible value given the set

of multipliers A:

hk = max {αkhk−1 < h∗ : αk ∈ A}(9)

(4) Set xk+1 = xk + hk and choose g(xk+1):

g(xk+1) =

 Tk(xk+1) + ε/2 , f(xk+1) > Tk(xk+1)

Tk(xk+1)− ε/2 , otherwise
(10)

It is easy to verify that we have extended the approximating function in such a

way that it satisfies both our requirements:

|f(xk+1)− gk+1| < ε/2

sup
x∈[xk,xk+1]

|f(x)− g(x)| < 3

2
ε
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3.3. Storage. The storage costs of the first algorithm are given in theorem 5.4.

The second algorithm is more difficult to justify; the problem is obtaining estimates

on N . We simply observe that in order to reconstruct a function g produced by the

second method, one needs to know:

• {x1, f(a), f ′(a), h1}: the initial conditions

These take finite space depending only on the desired precision.

• {sj}, the sign of ε/2 in equation 10

This costs 1 bit per point stored.

• {αj}: the amounts by which we modify the step size in equation 9

This takes variable space. The optimal encoding of αj depends on the dis-

tribution of values assumed by αj.

So if N is the total number of points stored, we have the cost in bits of encoding

f given ε

Cost(f, ε) = C +N +
N∑
1

Cost(αj)

And under similar conditions to theorem 5.4,

E[Cost(f, ε)] = C + E[N ] (1 + E[Cost(αj)])

However, in the case of this second algorithm we do not have theoretical justi-

fication for our previous estimates on N . Experimental justification will be shown

shortly.

3.4. Examples: The Second Algorithm. The next few pages show some ex-

amples of the second encoder producing approximations to a variety of functions. In
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particular we compare the predicted step sizes, which should be given by

h = O

(
ε

|f ′′|
)

with the actual step sizes.
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integrable.
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Method two: f(x) = sign(x)
√|x− 5|. As we relax ε, the points still cluster about

singularity.
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3.5. Examples: Encoding Cost in Bits for Two Algorithms. The next

few examples show some comparisons of the resulting cost, in bits, of encoding the

approximations. We took the set of legal step increments to be

A = {..., 1

8
,
1

4
,
1

2
, 1, 2, 4, 8, ...}

for both algorithms. Further, we assumed that the distribution on α ∈ A was such

that

p(α) ∝ 2−| log2(α)|

Under this distribution, a codeword has length 2+| log2(α)| bits. For mk, we assumed

p(m) ∝ 2−|m|

which implies the code lengths are 2 + |m| bits. For the second method, we did not

need to store mk, we only needed to store the sign of ε/2.

Neither method is clearly better. The first method stores fewer points, but at

higher cost. The second method stores more points, but the bit cost per point is

lower. Both seem to have advantages and disadvantages.
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Above: method one, 685 bits. Below: method two, 262 bits.
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4. Adaptive Quasisymmetric Coding of Diff(S1)

We want to encode shapes by encoding welding maps. As previously discussed, if

two welding maps differ only by a quasisymmetric map, then we can obtain uniform

bounds on the difference between the corresponding quasicircles. That is, let f : S1 →
S1 be a welding map for some shape. We wish to find another welding map g : S1 →
S1 with short description length such that the composition f ◦ g−1 is quasisymmetric

with a small constant of quasisymmetry. This will imply the quasicircles for f and g

are uniformly close (see theorem 4.2).

The Ahlfors-Beurling extension is a particularly simple means of extending a qua-

sisymmetric map, although it is not invariant under the Möbius group. Let h : R→ R

satisfy an M -condition and define

u(x, y) =
1

2y

∫ x+y

x−y
h(t)dt

v(x, y) =
1

2y

∫ y

0

(h(x+ t)− h(x− t)) dt

Then the map ex(h), defined by x+iy 7→ u+iv, is quasiconformal withK that depends

only on M . As stated, this does not extend the identity by the identity, but this is

rectified by using the extension x+iy 7→ u+2iv. This map is still quasiconformal and

now extends the identity by the identity. It is shown in Ahlfors that the dilitation

of the resulting extension satisfies D < M2. In terms of the corresponding Beltrami

coefficients, we have D ≥ 1+|µ|
1−|µ| everywhere, or

|µ| ≤ M2 − 1

M2 + 1

Assuming |µ| is small, we can use the measurable mapping theorem to understand

the asymptotic order of approximation. If f tλ solves the Beltrami equation fz̄ = λfz

for the coefficient λ, then

∂

∂t
f tλ
∣∣
t=0

=
1

πz
∗ λ+O(t2)
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up to a normalizing quadratic polynomial. So for µ small, our normalized maps satisfy

g(z) = f(z) + µ ◦ f−1 ∗ 1

πz

to first order. A cheap estimate on the convolution at any point z ∈ ∂Ω is as follows:∫
µ(ξ)

ξ − zdξ ≤ |µ|
∫

Ω

dξ

|ξ − z| ≤ 2π
M2 − 1

M2 + 1
diam(Ω)

For M = 1 + ε this converges to zero as O(ε).

4.1. Constructing Piecewise Linear Quasisymmetric Approximations to

f . We present a heuristic for choosing the mesh spacing. Given some homeomorphism

φ : [0, 2π] → [0, 2π], let kφ(x0) denote the constant of quasisymmetry at some point

x0 ∈ S1; i.e. kφ(x0) is the smallest value of k such that

1

k
≤ φ(x0 + h)− φ(x0)

φ(x0)− φ(x0 − h)
≤ k

for all |h| < π/2.

We wish to construct an approximation g to a welding map f . If g is piecewise

linear, how far apart can our mesh points for g be before the composition f ◦ g−1 has

a large constant of quasisymmetry? For smooth f , the constant will vanish as the

mesh size goes to zero, but this is not a very wise way to choose the mesh points.

Consider adding just one segment to a piecewise linear approximation by extending

the tangent line to f in both directions. How far can we extend the tangent line at x

before kf◦g−1(y) becomes large at y = f(x)?

Lemma 5.5. Let g(x+h) = f(x)+hf ′(x) be the tangent to f at x ∈ (0, 2π). Then

φ(y + hf ′(x))− φ(y)

φ(x)− φ(x− hf ′(x))
=

(
1 +

h

2

f ′′(x)

f ′(x)

)2

+O(h2)

where φ = f ◦ g−1.
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Proof. Define v : [0, 2π]→ R by f = g + v, so

v(x+ h) = f(x+ h)− g(x+ h) =
h2

2
f ′′(x) +O(h3)

We can then write

φ(y) = f ◦ g−1(y) = y + v(g−1(y))

Thus if we examine kφ(y) at y = f(x),

φ(y + s)− φ(y)

φ(y)− φ(y − s) =
s+ v(g−1(y + s))− v(g−1(y))

s+ v(g−1(y))− v(g−1(y − s))

=
s+ v(g−1(y + s))

s− v(g−1(y − s)) since v(g−1(y)) = 0

=
s+ v

(
g−1(y) + s

f ′◦f−1(y)

)
s− v

(
g−1(y)− s

f ′◦f−1(y)

)
=
s+ v

(
x+ s

f ′(x)

)
s− v

(
x− s

f ′(x)

)
If we write s = hf ′(x), we have

=
hf ′ + h2

2
f ′′(x) +O(h3)

hf ′ − h2

2
f ′′(x) +O(h3)

=
1 + h

2
f ′′(x)
f ′(x)

+O(h2)

1− h
2
f ′′(x)
f ′(x)

+O(h2)

=

(
1 +

h

2

f ′′(x)

f ′(x)

)2

+O(h2)

�

So if we take step sizes hk = O(f ′/f ′′) in our mesh, we obtain uniform bounds

on the quasisymmetric constant at any point in the mesh. (In between, we do not

have immediate control, although the error will vanish as the mesh becomes finer.)

Alternatively, we can use the relation between step size and ε in the previous section:
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hk = O

(√
ε

|f ′′|
)

If we want to take steps of O(f ′/f ′′) to control the quasisymmetry, we see that we

can achieve this by using an adaptive ε = (f ′)2/f ′′.

4.2. Examples. These are some examples and comparisons of the two methods

for choosing stepsizes. We ran the algorithm for computing the mesh on a variety of

welding maps and then solved for the corresponding quasicircles. The approximating

functions g were constructed by choosing N , the number of points to be sampled, and

then choosing the mesh spacing using either the ’quasisymmetric’ spacing function

σQS(x) =

∣∣∣∣ f ′(x)

f ′′(x)

∣∣∣∣
or the ’uniform’ spacing function

σU(x) =
1√|f ′′(x)|

The captions describe the different cases.
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N = 80, using just the uniform spacing function. The uniform spacing can’t deal

properly with the larger negative curvatures.
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N = 80, using the QC spacing function to enforce quasisymmetric approximation.
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1

N = 80 on a very crowded shape using QC approximation.
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Performance as N decreases, using σQC . Here we see the same shape approximated

by 80, 40, 20, and 10 points on the welding map (linearly interpolated) using qua-

sisymmetric approximation.



APPENDIX A

Stereographic Projection

Let Ĉ ⊂ R3 be the unit sphere. Stereographic projection π : Ĉ → R2 is a par-

ticular conformal map from the sphere to the plane. We will use standard Euclidean

coordinates y = (y1, y2, y3) for points on the unit sphere and a single complex coor-

dinate z = y1 + iy2 for points on the (y1, y2) plane. Geometrically, the mapping is

as follows (see figure A.1): given a point y on the sphere, consider the straight line

Figure A.1. Stereographic projection from the south pole maps the
sphere to the plane.

joining y to the south pole (0, 0,−1). Extend the line, if necessary, until it makes

contact with the plane at some point z. Define the projection π : Ĉ→ R2 by setting

z = π(y) when y 6= (−1, 0, 0), and extend π to all of Ĉ by setting ∞ = π((−1, 0, 0)).

138
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1. Formulas for Stereographic Projection

The mapping z = π(y) is defined by the following formulas:

z =
y1 + iy2

1− y3

|z|2 =
y2

1 + y2
2

(1− y3)2
=

1 + y3

1− y3

y1 =
z + z̄

1 + |z|2

y2 =
z − z̄

i(1 + |z|2)

y3 =
1− |z|2
1 + |z|2

Or in polar coordinates (r, θ) on the plane and cylindrical coordinates (rS, θS, y3) on

the sphere:

rS =
2r

1 + r2

θS = θ

y3 =
1− r2

1 + r2

The Jacobian of the map π−1 in any orthonormal coordinates on Ĉ and R2 is

Jπ−1

∣∣
z

=

 2
(1+|z|2)

0

0 2
(1+|z|2)


2. Stereographic Projection as a Hyperbolic Isometry

We claim that if we equip the northern hemisphere Ĉ ∩ {y : y3 > 0} with the

metric ρSΩ
given by ds2 =

dy2
1+dy2

2+dy2
3

y2
3

, it becomes a surface of constant curvature −1.

Indeed, if we pull this metric back through π−1 we obtain the Poincaré metric on the

unit disk. That is, in matrix form in orthonormal coordinates we can write ρSΩ
as

ρSΩ
=

 ( 1
y3

)2

0

0
(

1
y3

)2

 =

 (1+r2

1−r2

)2

0

0
(

1+r2

1−r2

)2


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So in any orthonormal coordinates on the disk

(π−1)∗ρSΩ
= (Jπ−1

∣∣
z
)2ρSΩ

=

 ( 2
1−r2

)2

0

0
(

2
1−r2

)2


as claimed.



APPENDIX B

The Medial Axis

Definition B.1 (Medial Axis). The medial axis pair (m(t), R(t)) of a closed

planar region consists of m(t), the curve defined by the locus of centers of maximal

circles contained in the region, and R(t), their associated radii.

Figure B.1. A rectangle and its medial axis. The branches of the axis
are formed by the centers of maximal circles.

The curve m(t) gives a sort of skeleton for a planar region. In general, m can be

quite pathological; for example, it may be infinitely branched, and may even have

dimension > 1 1. However, for a region with real-analytic boundary, m consists of

a finite number of smooth branches [10] meeting at branch points. In general, the

boundaries we consider in this thesis will be real-analytic, and in fact we typically

consider behavior only along a single smooth branch.

1. Formulas for the Medial Axis

By a smooth branch of the medial axis, we mean a smooth, arclength-parametrized

(unless stated otherwise) pair (m(t), R(t)) for a region with smooth boundary.

1C. Bishop, personal communication.
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Along a smooth branch of the medial axis we adopt the following notation. See

figure B.2.

m(t) – an arc-length parametrization of the medial axis.

a(t), b(t) – points of tangency of the medial circle at time t.

R(t) – radius of the medial circle at time t.

κm, κa, κb – Euclidean curvatures of a(t), b(t),m(t)

τa, τb, τm – tangent angle of a(t), b(t),m(t)

νa, νb, νm – angle of normal to a(t), b(t),m(t)

φ – the angle arg(b−m)− τm = τm − arg(a−m)

F
t

m(t)

a(t)

b(t)

φ
φ

Figure B.2. Notation for the medial axis. The axis is shown in blue;
m(t) is a parametrization of the medial axis. a(t), b(t) are points of
tangency. The red arc Ft = r−1(Bt) is the foliating arc connecting a(t)
and b(t). φ = arg(b−m)− τm is the angle between one of the dashed
lines and the tangent to the medial axis at m.
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The following results can be found in [31]. We first show how to reconstruct the

boundary given the medial axis pair.

Theorem B.1. Along a smooth branch of the medial axis

(1) The boundary curves corresponding to (m(t), R(t)) are given by

a(t) =
(
m+RṘeiτm −R

√
1− Ṙ2eiνm

)
(t)

b(t) =
(
m+RṘeiτm +R

√
1− Ṙ2eiνm

)
(t)

(2) Given associated boundary points a(s), b(s), the corresponding medial axis

pair is given by

R(s) =
|b(s)− a(s)|

2 sinφ(s)

m(s) = a(s) +R(s)eiνa

= b(s) +R(s)eiνb

Not all pairs (m(t), R(t)) are allowable. The following theorem identifies those

pairs which are.

Theorem B.2. The smooth pair (m(t), R(t)) is locally the medial axis of a smooth

boundary curve if and only if

(1) |Ṙ| < 1

(2) |κm| < 1−Ṙ2−RR̈
r
√

1−Ṙ2

We will frequently need to use the following relationships. See [31] for various

other relationships which hold along a smooth branch.
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Proposition B.1. Along a smooth branch of the medial axis,

Ṙ = − cosφ

|b− a|
2R

= sinφ

|ȧ| =
√

1− Ṙ2

1−Rκa

|ḃ| =
√

1− Ṙ2

1−Rκb
κm =

√
1− Ṙ2

(
κa − κb

(1−Rκa)(1−Rκb)
)

We’ll also need a few variations on these formulas; the next proposition gives a

short proof of some relations we will use.

Proposition B.2.

−φ̇ =
1

2
(κa|ȧ|+ κb|ḃ|)(11)

κm =
1

2
(κa|ȧ| − κb|ḃ|)(12)

=
|ȧ| − |ḃ|

2R

Proof. At any time we have

νb = τm + θb + π

νa = τm + θa + π = τm − θb + π

According to our sign convention, κb = −dνb
dt

and κa = dνa
dt

, so implicit differentiation

yields

κb|ḃ| = −κm|ṁ| − θ̇b

κa|ȧ| = κm|ṁ| − θ̇b
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Formula (11) follows by adding these two equations; (12) follows by subtracting them.

We continue computation to obtain the remaining results:

2κm|ṁ| = κa|ȧ| − κb|ḃ|

2κm|ṁ| =
√

1− Ṙ2

(
κa

1−Rκa −
κb

1−Rκb

)
=
√

1− Ṙ2

(
κa − κb

(1−Rκa)(1−Rκb)
)

=

√
1− Ṙ2

R

(
Rκa −Rκb

(1−Rκa)(1−Rκb)
)

=

√
1− Ṙ2

R

(
1

1−Rκa −
1

1−Rκb

)
=

1

R
(|ȧ| − |ḃ|)

�

2. Regularity of the Medial Axis

The formulas for reconstructing the boundary curve from the axis seem to indicate

a derivative is lost when passing from one to the other. However, this is not the case.

The following result appears in [31].

Theorem B.3. Let s, t and v be arclength parameters for a, b and m respectively.

(1) If (m(v), R(v)) are a Cp, p ≥ 2 interior portion of the medial axis pair for

boundary curves a, b, with |Ṙ| < 1 and |κm| < 1−Ṙ2−RR̈
r
√

1−Ṙ2
, then a and b are

also Cp.

(2) If a(s), b(t) are portions of a Cp curve, p ≥ 2, corresponding via the medial

axis so

1− κab |b− a|
2 sinφ

> 0

the the associated interior portion of m is Cp.



APPENDIX C

Supporting Calculations for Theorem 3.7

We need to evaluate the area of a sector under the metric ds2 = |∇ImΨ|2(dx2 +

dy2), that is ∫ β

0

∫ ∞
0

|∇ImΨ|2rdrdθ

where

Ψ(r, θ) = σ(i(2 arctan r − π/2)) + θ

for some conformal self-map σ of the strip. We claim we need only consider σ which

are purely elliptic with fixed point 0. We can decompose an arbitrary element σ ∈
PSL2(R) into a choice of σ(0) and an elliptic rotation about σ(0). Moving σ(0)

can be decomposed as a pair of hyperbolics, first with axis equal to the x-axis and

the second with axis perpendicular. The first is simply translation and the metric

is obviously invariant. In the second case, the action of σ pulls back to a conformal

self-map of the sector: it is the restriction to the wedge of a hyperbolic h : Ĉ → Ĉ

with fixed points at 0 and ∞. In this case∫∫
Sβ

|∇ImΨ(r, θ)|2 =

∫∫
Sβ

|Im ∂

∂r
σ(i(2 arctan r − π/2))|2

=

∫∫
Sβ

|Im ∂

∂r
i(2 arctanh(r)− π/2)|2

=

∫∫
Sβ

∣∣∣dh
dz

∣∣∣2|2 arctan′(h(r))|2

=

∫∫
h(Sβ)

|2 arctan′(r)|2

=

∫∫
Sβ

|2 arctan′(r)|2
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as claimed. Hence we need only consider elliptics. An elliptic σ ∈ PSL2(R) with

rotation angle φ and fixed point at 0 acts on the strip as

σ(z) = log
ez + 1 + α(ez − 1)

ez + 1− α(ez − 1)

for α = eiφ. Further,

dσ

dz
=

4αez

(e2 + 1)2 − α2(ez−1)2

From this, one may compute

|∇Imσ(z)
∣∣
z=iy

=
d

dy
arctan(cosφ tan y)

=
cosφ

cos2 y + cos2 φ sin2 y

We now compute the area:∫∫
Sβ

|∇ImΨ(r, θ)|2 =

∫∫
Sβ

|Im ∂

∂r
σ(i arctan r)|2

=

∫ β

0

∫ ∞
0

(
cosφ

cos2 y + cos2 φ sin2 y

2

1 + r2

)2

y=2 arctan(r)−π
2

rdrdθ

Now let u = 2 arctan r − π
2

so du = 2
1+r2dr; we obtain

= β

∫ π/2

−π/2

(
cosφ

cos2 u+ cos2 φ sin2 u

)2
2r

1 + r2
du

Using the identity

r =
1 + tan(u/2)

1− tan(u/2)

we eventually find that

2r

1 + r2
= cosu
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So the integral becomes

= β

∫ π/2

−π/2

(
cosφ

cos2 u+ cos2 φ sin2 u

)2

cosudu

Now let v = sinu so dv = cosudu and we have

= β

∫ 1

−1

(
cosφ

1− v2 + v2 cos2 φ

)2

dv

= β

∫ 1

−1

(
cosφ

1− v2 sin2 φ

)2

dv

This is in fact a decreasing function of φ for 0 ≤ φ ≤ π/2. Differentiating under the

integral sign, we have

∂

∂φ

(
cosφ

1− v2 sin2 φ

)2

= 2 sinφ cosφ
v2(2− sin2 φ)− 1

(1− v2 sin2 φ)3

Either masochism or Mathematica will lead one to the conclusion that

(13)

∫ 1

−1

2 sinφ cosφ
v2(2− sin2 φ)− 1

(1− v2 sin2 φ)3
dv

= 2
cosφ(sinφ(sin4 φ− 2 sin2 φ+ 1)− (sin2 φ+ 1)(sin2 φ− 1)2 tanh−1(s))

sin2 φ(sin2 φ− 1)2

and this function is positive for −π/2 < φ < 0, zero at φ = 0, and negative on

0 < φ < π/2.
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Figure C.1. The graph of equation 13: area is maximized at φ = 0.
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