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CHAPTER 1

Introduction and Background



1. Conformal Shape Representation

Representation and comparison of shapes is a central problem in computer vision.
In the past several decades, many approaches to represent, compare, and classify
shapes have been presented (See [47], [34] for review and discussion). The space of
2D shapes is inherently nonlinear; this poses fundamental difficulties in computer vi-
sion when attempting object recognition and statistics. We follow Mumford, Miller,
Michor, and others by constructing metric spaces of 2D shapes in which one can
compute distances between any two shapes. In this dissertation, we continue investi-
gation of a relatively recent approach, based on conformal mapping, which was first
introduced by Mumford and Sharon in [40].

Mumford and Sharon represent shapes using a construction from complex analysis
and Teichmiiller theory. Given a simply-connected planar region €2 bounded by a
smooth Jordan curve (this is our definition of a “shape”), one constructs a pair
of conformal maps &, : A — Q, and & : A — €, which map the interior
and exterior of the unit disk to the interior and exterior of 2, respectively. These
maps extend continuously to the boundary S!, and their composition ;' o ®_,
restricted to the boundary, is a map ¥ : S' — S!. This construction is almost
an isomorphism: the space of shapes, modulo translation and scale, is isomorphic
to the group Diff(S'), modulo conformal self-maps of the disk. This provides an
elegant way of making the space of shapes into a metric space; we take an equivalence
class of diffeomorphisms of the circle as a representation of a shape. In [40] these
diffeomorphisms are called “fingerprints”; in the mathematical literature, elements of
the broader class of quasisymmetric homeomorphisms of S! are commonly known as
“welding maps”.

An important part of this dissertation is a study of the way this representation
encodes the geometry. One perceptually salient attribute of a shape is its medial axis
[8]; there is a large body of work which uses the medial axis to represent and classify
shapes [42, 48, 49, 41]. By careful study of the boundary derivatives of conformal

maps, we demonstrate how our representation encodes a sort of continuous version



of the medial axis. In addition, we obtain explicit estimates showing that conformal
maps encode the local Euclidean curvature of the boundary. The machinery involved
in making our geometric estimates comes both from classical function theory and
hyperbolic geometry.

Another problem of great interest, both theoretical and applied, is data compres-
sion. Given a point in some metric space, one may wish to find a nearby point with
the shortest possible description length. We approach this problem by developing
an adaptive compressor for plane curves based on the “fingerprint” construction ex-
plored by Sharon and Mumford. To discuss the worth of any such scheme, one needs
some criterion for optimality. We appeal to Kolmogorov’s notion of e-entropy (see
(14, 15, 27, 38]) to provide this, and we demonstrate that our compressor is optimal
on certain classes of functions.

Before we give a detailed summary of our results, we pause to present the necessary

background material.

2. Two Classical Models For Teich(A)

The isomorphism between shapes and welding maps is the fundamental link be-
tween complex analysis and the study of 2D shape. This isomorphism arises in
Teichmiiller theory, where we have two models for the universal Teichmiiller space
Teich(A) (the Teichmiiller space of the unit disk). The first model is given by a
set of normalized quasicircles; our smooth shapes are a subset of these. The second
model is given by normalized elements of Homeogs(S'), the group of quasisymmetric

homeomorphisms of the circle; our fingerprints live in the subgroup Diff (S').

2.1. Notation.

A — The unit disk {|]z] < 1}
L>(A) — The space of bounded Beltrami differentials on A

L*(A); — The open unit ball in L>(A)
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There are two classical models for the universal Teichmiiller space: one given
by equivalence classes of homeomorphisms of the circle, another given by equiv-
alence classes of quasicircles. Both models depend holomorphically on a param-
eter 4 € L*(A);. Here we construct the two models and describe how to pass
between them. We are interested in the differential of this isomorphism between
Homeogs(S')/SLy(R) and quasicircles/(translation,scale). At an arbitrary point
in Teichmiiller space, the differential of the map between the two models is compli-
cated. However, the differential at the origin admits an explicit formula which we

will develop in chapter 4.

2.2. The Measurable Mapping Theorem. Suppose u(z) is a measurable
function defined on some domain €, and ||u|l.c < 1. The existence of solutions

to the Beltrami differential equation

(1) f2(2) = p(2) f2(2)

is guaranteed by the “Measurable Mapping Theorem”, which may be stated as follows.

THEOREM 1.1 (Measurable Mapping Theorem). Equation (1) gives a one-to-one
correspondence between the set of quasiconformal homeomorphisms of@ that fix the
points 0, 1, and oo and the set of measurable complex-valued functions p on C for
which ||p|loo < 1. Furthermore, the normalized solution f* to the Beltrami equation
depends holomorphically on p and for any R > 0 there exists § > 0 and C(R) > 0
such that

[f"(2) — 2 =tV(Z)] < C(R)??
for |z| < R and |t| < 6, where

_ _Z(Z —1) 1(8) 2
Vi) === //Cs(s—l)(f—z)‘df‘

We make a pair of remarks regarding normalizations of the maps.
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REMARK. The essential feature of the integral defining V' (z) is the convolution
ITE: i The role of the other terms becomes more clear if we expand the integrand in

partial fractions and rewrite it as convolutions evaluated at z, 0, and 1:

1L z(z—=Dp€) (51 1—2 = )

CmEE-1)(€E-2) o \E-z & £-1
RN (IS R (9]
Vr(z—&” D 1—5)

Thus if we let W be the (non-normalized) vector field W (z) = u* i, we can write

1
Tz’

In other words, a vector field V fixing infinity is of the form V(z) = p * modulo
vector fields of the form bz + ¢ whose coefficients may be chosen so V' fixes 0 and 1,

as per our statement of the mapping theorem. More generally, we can set

w4

1
Viz) = (,u*—> +azl +bz+c

to achieve any normalization desired.

REMARK. Let p € L>(U) satify ||u|lo < 1 and have compact support in some
region ). In this case the map f* is conformal in the exterior 2*, hence it suffices
to normalize the exterior map. If f* the unique solution which can be written at

infinity as f#(z) =2+ O (ﬁ), then we have

V(z)ZM*L

Tz

That f' tends to the identity near infinity follows from the fact the V' vanishes at
infinity like O(1/|z]).
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2.3. Two Models for the Universal Teichmiiller Space. Solving the welding
problem amounts to passing between two models of the universal Teichmuller space.

In both cases, let p € L>°(A);. We now define the two models.

(1) Homeoy(S')

Extend p into C by the reflection

u(2) =5

Denote by f, the unique solution to the Beltrami equation

(f,u)Z = ,u(fu)z

normalized to preserve (—1, —i,1). Then due to the reflection symmetry,

fiz) = G)

and f, preserves the unit circle. Given two p,v € L®(A);, set pp ~ v if

fulst = fulsr. The universal Teichmuller space is the set of equivalence

classes of mappings f,,
Teich(A) = L>(A)y/ ~

One may equally well consider normalized homeomorphisms of the circle:
the restriction of f, to S is a quasisymmetric homeomorphism of the circle,

unique up to elements of PSLy(R). Define
Teich(A) = Homeo,(S"')/PSLy(R)

(2) Quasicircles
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Extend p into C by setting p(z) = 0 outside the unit disk. Denote by f#

the solution to the Beltrami equation

fE=puft

normalized so f*(z) =2+ O (ﬁ) near infinity. On the exterior of the unit

disk A*, f* is a conformal map onto its image D*; set p ~ v if f#*

A* — fg*

The universal Teichmuller space is the set of equivalence classes of mappings

I
Teich(A) = L*®(A)y/ ~

As the normalized exterior maps are in one-to-one correspondence with the
quasicircles 9D*, this construction is equivalent to one in terms of equivalence

classes of quasicircles.

The two definitions of universal Teichmuller space are equivalent, since f,|s1 =

A= f"

folsr = f* A

2.4. Passing Between the Two Models. We now observe how to pass from

one model to the other.

(1) From welding maps to quasicircles

Given a quasisymmetric ¢ : S — S!, extend ¢ to the interior to produce
any quasiconformal map F': A — A. This map has an associated Beltrami
differential p. Extend p to be 0 on A* and solve the Beltrami equation to
produce f*. Then Q = f*(S') is a quasicircle. It is a short proof to show
that Q depends only on the equivalence class of ¢; i.e. Q is independent of
the choice of extension F'.

(2) From quasicircles to welding maps
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Observe that on A, the map g = f#o f’ !'is a normalized conformal

map to the interior of @ = f#(S'). Let g, = f*

A+, which is a normalized
conformal map of the exterior of the disk to the exterior of (). To recover

the quasisymmetric map ¢ = f,|s1, compose the two Riemann maps:

gitog-ls = (o £ 0 Mg = fuls
3. Hyperbolic 3-Space

We are interested in conformal structures on a domain €2 lying on the Riemann
sphere C. In chapter 3, we will see that conformal structures can be approximated
very well using constructions from hyperbolic geometry. These hyperbolic construc-
tions have the advantage of being entirely local, unlike the global nature of the Rie-
mann map. To make the link, one regards C as the “boundary at infinity” of hyper-
bolic 3-space H3. In this section we describe the constructions we’ll need to relate

hyperbolic and conformal geometries.

3.1. Models of Hyperbolic Space. Equipping the open unit ball in R™ with

2

2
m) |dz|?, where |z| is the distance to the origin and

the Poincaré metric ds? = <
|dz| is the Euclidean distance element, gives a model of hyperbolic space H". With
this metric, the space is normalized so all sectional curvatures are a constant —1. The
isometries of H” act on the boundary S" ! as conformal automorphisms.

We are particularly interested in the case n = 3. We regard C as the boundary at
infinity of hyperbolic 3-space H?. In this Poincaré model, arcs of circles orthogonal
to C are geodesics in the half-space or ball models. The isometries of H?® act on
the boundary as the group of linear fractional maps SLy(C). Denote the closed unit
ball, with the hyperbolic structure on the interior and conformal structure on the
boundary by B".

One may also realize the same geometry in the half-space model (see figure 1.1);
the two models are related by a conformal self-map of R3. In this model, hyperbolic

dx3+dr3+dr?

3-space is the set {(z1, 22, x3) : 3 > 0} with the metric ds* = ——>—=. Geodesics
3



FIGURE 1.1. The half-space model of HgiAAI“CS of circles orthogonal to
C are geodesics. A planar domain lies in C, the boundary of H?.

are again arcs of circles orthogonal to the (21, z9) plane @, and isometries again extend

to the boundary and act conformally on C.

3.2. Convex Hulls and the Dome.

DEFINITION 1.1 (Convex). A non-empty subset F' C B" is said to be convez if,

given any two points in F', the geodesic arc joining them is also contained in F'.

A supporting half-space for a convex set £ C B" is a closed half-space containing
E whose boundary meets E. A support plane for E at some point z € ENH" is the
boundary of a supporting half-space which meets E at z. It can be shown (see [9])
that support planes exist for all points in the boundary of E.

Given a closed nonempty convex subset £ C B", there is a canonical retraction

r:B" — E. We define it as follows:

DEFINITION 1.2 (Nearest-point retraction map r : B — FE). Let £ C H" be a

convex set. For z € H" we define the map r : HS™ — JF as follows.

r(z) = arg mindy (z, w)

For z € OH", we define r(z) by inflating a horoball tangent at z until it makes contact

with some point w € E and set r(z) = w.
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One may also construct the map r by inflating balls centered at z until they make
contact with F. By convexity of F, the ball will have a unique first point of contact
in JF; this unique point is r(z). This geometric construction makes it clear that the
extension of r to the boundary of hyperbolic space is natural.

The nearest-point retraction map is both continuous and distance-decreasing; for

details and proof, see e.g. [9].

DEFINITION 1.3 (Hyperbolic convex hull). The convex hull of a set F' C B™ is the

smallest convex subset of B” containing F'.

We will use the notation C'(F') for the convex hull of ' C B". The notation 0C(F)
refers to the part of the boundary of C(F') which lies in H".

DEFINITION 1.4 (The Dome of a planar domain). Let Q C 9H? be a proper subset

of the plane and C'(£2¢) be the convex hull of its complement. The “dome” Sq is the
boundary 0C(Q°).

We can equip the dome with a natural path metric by restricting the Poincaré
metric in H? to paths contained in the dome. In fact, this metric makes the dome
into a surface of constant negative curvature. There is an explicit construction for
the Riemann map ¢ : So — D, due to Thurston, which we will describe in more
detail in chapter 2. Throughout this thesis we will only need to consider domes of

simply-connected regions (2.

3.3. Bending. If Q c C is a simply-connected region which is a union of N
disks, the dome Sq has a particularly simple form. If we consider all support planes
P for So, we see that PN S is either a line or a piece of a hyperbolic plane. If PNSq
is a line, we call it a bending line; otherwise P N Sq is called a flat piece. We say that
such a dome is finitely-bent. Note that if z € Sq lies in a bending line it has a set
of support planes; if z lies in a flat piece it has only one support plane. The bending
angle associated with a bending line is angle between the extremal support planes
for the line, that is, it is the angle at which the associated flat pieces meet (the angle

between their normal vectors).
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FiGURE 1.2. Above: 2 is a union of disks, shown in the half-space
model. The faces of the dome meet at geodesic “bending lines”, each
with some bending angle .

FiGURE 1.3. The nearest-point retraction r : 0 — S agrees with
stereographic projection in the half-space model of H?® when Q is a
single disk.

The bending at each intersection induces a transverse measure on the dome, called
the bending measure, constructed as follows. For z € Sg, let 5(2) be the bending
angle at z. This is zero unless z lies on a bending line. If S, is finitely-bent, we define
a measure on embedded intervals 7 in Sq by setting 3(y) to be the sum of the bending
encountered along 7. For more general domains, we define 3(v) as an infimum over
finitely-bent approximations between the endpoints of v (see [9] for details). Here,

we are interested in the case where 0f2 is smooth. In this case, the bending measure
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has a Radon-Nikodym derivative with respect to arc length on transverse intervals

on the dome; we will work with this explicitly in chapters 2 and 3.

FIGURE 1.4. For finitely-bent domains, preimages of flat pieces under
r are called “gaps”, preimages of bending lines are “crescents”.

4. Boundary Derivatives and Harmonic Measure

It is clear from looking at a few examples that the derivatives of a welding map
encode the geometry of a domain. Since the derivatives of the welding map are
determined by the derivatives of conformal maps, we wish to obtain estimates on
the boundary derivatives of conformal maps which relate the geometry of a domain
to the modulus of the derivative. An intuitive understanding is given by classical
physics: we know that the derivative ﬁ of the Riemann map describes heat flow or
electrostatic flux through the boundary in a simple model where a point source of
heat or charge is placed at f(0) and the boundary is packed with ice or connected to
ground. Thus |f’| is largest at points of convexity far from f(0)and |f’| is smallest
at points of concavity near to f(0), like a lightning rod. To make this concrete, we

use some techniques from geometric function theory which provide invariant ways of

getting at the question of boundary derivatives.

4.1. Harmonic Measure. Let ) be a simply-connected planar domain whose
boundary is a Jordan curve in @, and let £ C 0€). Choose some z € 2. The harmonic

measure of F in 2 as seen from z, denoted w(z, E, ), is a sort of conformally invariant
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F1GURE 1.5. Images of circles and radial lines under the Riemann map
from the the disk to two domains. The behavior of the derivatives is
apparent in the spacing.

way of asking how large the arc F is, as seen from the point z. There are 3 equivalent

ways of viewing the harmonic measure:

(1) Solutions to the Dirichlet problem.
Let u : 2 — R solve the Dirichlet problem in €2 with boundary conditions
1 ywek

xe(w) =
0 ,otherwise

Then w(z, E,Q) = u(z2).
(2) Exit probabilities of Brownian motion.
Let B.(t) be a standard 2-dimensional Brownian motion starting from z.

Define the stopping time
T =inf{t > 0: B,(t) € 00}

Then w(z, E,Q) = Pr{B,(7) € E}.
(3) Arclength on the disk.
Let f : A — Q be conformal with f(0) = z. Then w(z, E,Q) = 5= L[f~*(E)].

Rigorous proof is somewhat lengthy. Consider (1) <= (3). This follows from
two facts: first, that harmonic functions are equal to their average taken on concentric

circles, and second, that the solution u(z) is a harmonic function, and hence u o f is
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also harmonic (the composition of an analytic function and a harmonic function is
again harmonic).

To see (1) <= (2), we need to show that Pr{B.(7) € E} is harmonic in z.
The basic idea is a conditioning argument. Before arriving at the boundary, B, must
pass through any circle C,, centered at z and contained in Q. Let ¢ = inf{t > 0 :
B.(t) € C,,}. Using the radial symmetry of Brownian motion, we observe that B, (o)

is distributed uniformly on C,,. Thus our conditioning argument is

Pr{B.(r) € B} — /C Pr{B,(r) € E}Pr{B.(0) € dw}

1 Pr{B, (1) € E}|dw|

- 2rr C,

Since Pr{B,(r) € E} is equal to its own average on circles C,,, it is a harmonic
function. Further, it satisfies the same boundary conditions as u, and hence the two
agree.

Interpretation (3) gives us the connection with boundary derivatives. If s is ar-
clength on 09, 0 is the angular coordinate on the circle (with s, related by the

conformal map f), and w is harmonic measure (for some € and basepoint z = f(0)),

dw

P and we have

we can consider the Radon-Nikodym derivative

dw  db 1

s ds |ffo [
4.1.1. Eztension of Domain. Interpretation (2) has an immediate and useful con-

sequence known as the principle of extension of domain.

PropPOSITION 1.1 (Extension of Domain). Let Qy C Qy be Jordan domains allow-

ing a nontrivial shared boundary arc E C 0Q, N0y # (). Then
w(z, B,) <w(z, E,Q)

Consider that some of the random walks which were stopped when they hit 9€),
are no longer stopped since §2; C €25. Thus, some of them may return and hit £. On

the other hand, every trajectory which stops at E in €2y still does so in €2,.
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Thus boundary derivatives along common boundary arcs will decrease as a domain

grows.

4.2. Extremal Distance. Let I be a path family in a domain €2, that is, a set of
countable unions of rectifiable arcs contained in 2. We wish to create a conformally-
invariant notion of the length of a path family. We will consider metrics on €2 of the

form
ds* = p*(dx® + dy?)

where p : 2 — R is any non-negative Borel measurable function which assigns finite

nonzero area to €, i.e.

0<A(Q,p) = / p*drdy < oo
Q

We define the length of a path family I with respect to p as

L) = inf [ plde
Y

DEFINITION 1.5 (Extremal Length). The extremal length of a path family I' is

o) = s

It is often useful to normalize the problem so one considers only metrics such
that either L(T,p) =1 or A(€Q, p) = 1; since the ratio L?/A is unchanged when p is
multiplied by a scalar, either normalization is of course fine.

Aq(T") is a conformal invariant. Indeed, pulling back the metric defined by p(w)

through a conformal map w = f(z) results in a metric defined on f~!(€) by the scalar

p(f)If(2)]

This is also an allowable metric, and hence our definition is invariant with respect to

conformal transformations.
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DEFINITION 1.6 (Extremal Distance). Let E,F C Q. The extremal distance

do(FE, F) between E and F is
where I' is the set of connected arcs in {2 which join F and F.

The conjugate extremal distance d*(F, F') is the extremal length of the family of
curves which separate F/ and F'. In this case, we do not require that the curves be
connected — they may be a finite union of disjoint arcs in 2.

For the case of a rectangle, we can obtain the extremal length between two op-

posing sides explicitly. We have

PROPOSITION 1.2. Let Q) be a rectangle with side lengths | and h. If E and F are

the two opposing sides of length h, then

{
and
h

This suggests an alternate characterization of extremal distance when E, F' are
two disjoint subarcs of 9€2. Let &1, &9,&3,& be the endpoints of F and F' listed in
standard orientation. One can show that there is a unique conformal map f taking
() to a rectangle of height 1 such that the &; lie on the vertices. Let [ be the length of

this rectangle. Then by conformal invariance,
do(E,F) =1

and the extremal metrics are the scalar multiples of | f’|.
Extremal distance has several properties which make it a useful tool. First is the
fact that it is defined as a supremum over a famiy of metrics, so any choice of metric

provides an estimate for extremal distance. (Further, note that we have dd* = 1.
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Thus, lower bounds on d* give upper bounds on d.) Some other key properties, no

less practical, are summarized here.

(1)

The extension rule.

Let €2y C €25 be domains and let I" a path family in 2. Then

and if 'y is a path family in {25 such that every + € I'y contains some path

in I" then
A, (T'2) > Aa(T)

The serial rule.
Consider two path families I'y, 'y contained in disjoint open sets €2y, €5. Let
I' be a third path family contained in € O ; U )y such that every v € T’

contains a path in I'y and a path in I's. Then
A) = A1) + A(T2)

The parallel rule.
Consider two path families I'y, 'y contained in disjoint open sets €21, €5. Let
I' be a third path family contained in 2 O ;U5 such that every v € I'yUT’y

contains a path in I' . Then

1 S 1 1
D) = ATy AT

The symmetry rule.
Let T : Q — Q satisfy T o T(z) = z with either T or T analytic. If I' is a

I') =T, then

A<r>=sup{f4(<£; ; :p=<poT>|JT|}

path family in €2 such that T’

(
(

SRS

where |Jp| = |T’| when T is analytic and |T'| when 7T is analytic.
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The serial rule suggests an estimate for extremal distances in strip domains, i.e

domains of the form:
Q={(z,y) : [y — m(@)] < O(x)/2,a <z < b}

To see why this should be true, choose a partition of [a, b] by choosing some integer

n > 0 and setting
k
= 2(b—
zp=—(b—a)

for 0 <k <n.

Let I, = QN {(x,y) : x = xx}. By the serial rule,
do(lo, In) > Zd([k—bfk)
1

As n — 00, the regions between successive I, become approximately rectangular, so

d(Iy-1,1Iy) =~ %, where Az = (b —a)/n. Thus

b dx

da(lo, 1) > /a o)
After proper proof, this result is sometimes known as the Ahlfors Distortion Theorem.
There is a method, due to Beurling, for estimating harmonic measures of boundary
arcs in terms of extremal distances between particular arcs in a domain. We will
describe this in more detail in chapter three, where we apply the method to obtain

results in domains with smooth boundaries.

5. Summary of Results

We can now describe the main results in this thesis.

In chapter 2, we develop the differential geometry of convex hull boundaries in
the case when {2 has a smooth boundary. In the context of 3-manifolds, convex
hull boundaries are typically studied when the planar domain ) has a highly non-
smooth boundary, typically with dimension > 1. In the smooth case, it emerges that

Thurston’s bending measure is essentially the principal hyperbolic curvature of the
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dome Sg. In the smooth case, the nearest-point retraction map is a bijection and
piecewise C'; we obtain explicit formulas for the Jacobian and the quasiconformal
factor. Finally, we develop a differential equation for the conformal map from the
convex hull boundary to the disk. The flow generated by this ODE acts on the
domain as a retraction along the medial axis; this is one demonstration of how the
conformal structure of the hyperbolic convex hull can be understood in terms of the
medial axis.

In chapter 3, we obtain estimates on the modulus of boundary derivatives in
smooth domains. The main theme is that given a conformal map f : A — Q and
some point £ € 99, the boundary derivative |f’ o f~1(£)| factors into two terms: the
first term accounts for the local geometry of 02 near ¢ and is stated in terms of k&,
the boundary curvature at £, and R, the radius of the medial circle tangent at £. The
second term says that boundary derivatives increase exponentially with hyperbolic
distance. Thus, one can think of the boundary derivatives as factoring into the form

R d
2—R/{6

[f o fHEI~

The

- is an application of Beurling’s method (see [25]) to the case of a smooth
boundary. The exponential term is obtained using constructions from hyperbolic
geometry.

It is a famous theorem of Sullivan that the conformal structure of the convex hull
boundary approximates the conformal structure of the domain; one might state the
theorem as follows: “Given any domain 2, there is a universal K > 1 such that there
exists a K-quasiconformal map o : 2 — Sq which is the identity on the common
boundary”. In chapter 3, we develop explicit estimates that allow us to approximate
hyperbolic distances and extremal distances in () in terms of the same quantities on
Sq. These explain the exponential dependence of boundary derivatives on hyperbolic
distance, and also connect hyperbolic distance to the geometry of the domain. Using

the material in chapter 2, we show that these estimates have natural interpretations

in terms of the medial axis. In particular, we have a medial-axis based analog of the
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Ahlfors distortion theorem. The famous estimate [ %” is exchanged for an analogous
integral taken along the medial axis. We also produce a new method of proof, and
a refinement of, a conjecture due to Thurston that the nearest-point retraction is
2-Lipschitz in the hyperbolic metrics.

Chapter 4 begins to pave the way for data compression. Our eventual goal in chap-
ter 5 is to develop a compressor for simple closed plane curves; rather than working
directly with the curves we work with the associated welding maps. This means we
need to understand how perturbations in welding maps will affect the corresponding
quasicircles. In chapter 4 we study the differential of the isomorphism between the
two models of the universal Teichmiiller space. We develop explicit formulas, given
in terms of Hilbert transforms, for the differential. The formula simplifies greatly at
the identity. We also develop estimates showing how Weil-Petersson norms of tan-
gent vectors can be used to obtain bounds in the Hausdorff metric on distortion of
quasicircles. However, even when the tangent vector is too irregular to admit a finite
WP norm, we can still obtain good bounds on distortion.

In chapter 5, we develop our compressor. We introduce Kolmogorov’s e-entropy
and describe some results on e-entropy of Lipschitz functions. We then introduce
a compressor which produces piecewise linear e-approximations to a more general
class of functions in the uniform norm. We demonstrate that it gives optimal results
when one restricts the functions under consideration to be Lipschitz. The final task
is developing a compressor for shapes. Uniform approximations to welding maps are
not sufficient; we show that quasisymmetry is the essential feature. That is, consider
a welding map h and an approximation h with associated quasicircles @ and Q such

that
Ke(hoh™) <1+e¢

where K .(hoh™") is the constant of quasisymmetry of the composition. We obtain

bounds on the Hausdorff distance between the quasicircles @ and Q which depend only
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on €. Finally, we develop a heuristic for constructing quasisymmetric approximations

h, and provide some experimental results showing the effectiveness of the compressor.



CHAPTER 2

Differential Geometry of Smooth Convex Hull Boundaries

22
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0.1. Notation.

) — a domain
Sq — hyperbolic convex hull boundary (dome) of
(8 — bending measure on Sq
L], Lu[v], Ly[y] — length of an arc v in the Euclidean, hyperbolic, or other metric p
dn(p, q) — hyperbolic distance between points p and q.
k(7, h), k(7,e) — curvature of a curve ~ in hyperbolic or Euclidean space

Kn(v, h), Ky (v, e) — hyperbolic or Euclidean normal curvature of a surface in direction v

On a smooth branch of the medial axis we adopt the following notation. See figure
2.1.
m(t) — an arc-length parametrization of the medial axis.
a(t), b(t) — points of tangency of the medial circle at time ¢.
B; C Sq — bending line whose endpoints at infinity are a(t), b(t).
F, € Q — the arc r1(B,)
c(t) — center of the arc F;
R(t) — radius of the medial circle at time ¢.
Km, Ka, Ky — Buclidean curvatures of a(t), b(t), m(t)
Ta, Th, Tm — tangent angle of a(t), b(t), m(t)
Va, Vb, Vm — angle of normal to a(t), b(t), m(¢)

¢ — the angle arg(b — m) — 7, = 7, — arg(a — m)
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b(t)

a(t)

FI1GURE 2.1. Notation for the medial axis. The axis is shown in blue;
m(t) is a parametrization of the medial axis. a(t),b(t) are points of
tangency. The red arc F; = r~!(B;) is the foliating arc connecting a(t)
and b(t). ¢ = arg(b —m) — 7, is the angle between one of the dashed
lines and the tangent to the medial axis at m.

1. Overview: Domes over Smooth Domains

Throughout this paper we will work on a domain whose medial axis consists of one
smooth branch with smooth boundary arcs. The dome Sq of such a domain is also
smooth (as we will show), unlike the case when the medial axis has branch points.
At branch points, the dome will generally be no more than C'* no matter how smooth
the boundary arcs are.

A few remarks are in order on the geometry of Sg. First, there is a natural
“transverse” coordinate system S(¢,v) on S (see figure 2.2: for fixed ¢, Sy(v) = S(t,v)
is a parametrization of B, and for fixed v, S,(t) = S(t,v) is a transverse arc, i.e. an
arc orthogonal to all bending lines B;. Call the ¢t and v directions “transverse” and

“parallel” respectively.
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FIGURE 2.2. Transverse coordinates on a smooth section of Sq are
constructed from bending lines and the family of arcs transverse to the
bending lines. Under the nearest-point retraction, these coordinates
retract to a transverse coordinate system on the domain 2.

These coordinates also give principal coordinates at each point of Sn. The dome
is a hyperbolic developable surface with zero hyperbolic principal curvature along
each geodesic B; and hence maximal hyperbolic principal curvature in the transverse
direction. Each transverse arc is thus a line of hyperbolic principal curvature.

Let r : 2 — Sq be the hyperbolic nearest-point retraction map. In the situation
we are considering, it is a bijection. Transverse coordinates retract under r—! to an
orthogonal coordinate system on €. This is obvious when the point of interest is the
midpoint of a bending line whose endpoints at infinity are diametrically opposed on
the relevant medial circle, and it follows in general by conjugation with a conformal
self-map of H?. Hence the Jacobian is diagonal in transverse coordinates. In the

parallel direction, r agrees with stereographic projection onto any bending line.

2. Preliminaries

In this section we define the basic quantities we need to develop the theory.

DEFINITION 2.1 (Cross-ratio). Let (a,b,c,d) be 4 points in the complex plane.

Their cross-ratio is defined to be

X(a7 b? C’ d) =




26

DEFINITION 2.2 (Path of nearest points). Define the path of “nearest points”

*(t) = i indy,(p, Byi.
p (1) lim arg min (D, Biie)

and the infinitesimal distance between them

1
d* (t) = hm _dh(Bta Bt+e)

e—0 €
We would like geometric estimates for d*. Our first step is a formula for the

infinitesimal cross-ratio of endpoints of adjacent bending lines.

PROPOSITION 2.1 (Cross-ratio of Endpoints). Let a,b be the endpoints of some

bending line at t = 0. Then the infinitesimal cross-ratio Xnys(t) satisfies

1 ab
Xinf(t) = ll\r% t_QX(CLnCLHe, bige,br) = — |b|— c|z|2
where a = % ,» stmilar for b.
PRrOOF. We lose nothing by considering x;,r(0). Then
as — a b— bt
b, b) = :
X(a’aa’t? ty ) b—a at_bt
_ta+0(t?) —th+ O(t?)
b—a  (a—b)+tla—Db)+ O3

t2ab + O(t?)
(b—a)?+t(a—b)(b—a) + O(t3)

From the geometry of the medial axis one sees that arg ab = 2 arg(b —a) — 7, and it
is then straightforward to verify that the right-hand-side becomes real and negative

in the limit. O

The next lemma is stated in non-invariant terms; it connects the Euclidean ge-

ometry of €2 to invariant quantities. We make the following definition:

DEFINITION 2.3 (Midpoint of B;). Fix a chart for the half-space model of H3.
Then the midpoint of a bending line B, for a given domain {2 C C is the midpoint of

B, viewed a Euclidean semicircle in this chart.
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LEMMA 2.1 (Location of p*). Let a,b € 002 be the endpoints of some bending line

a
b

By. Then p* lies at hyperbolic distance %log from the midpoint of By. Positive

distances indicate motion towards b.

PROOF. First, conjugate with a hyperbolic ¢ with fixed points a,b to create a

domain € where |d| = |l~)| (see figure 2.3). This will imply that x; = k;, and hence ¢

F1GURE 2.3. Endpoints of nearby bending lines are almost cocircular.
This figure shows the action of the map ¢ in lemma 2.1 on the retracts
of a nearby pair of bending lines. The arc joins the retracts of the
nearest points on each bending line.

takes p* to the midpoint of By. We claim that that ¢ satisfies

@/ (a)] = e
@' (b)] =
where d is the hyperbolic translation distance along By towards b. Indeed, assume

for the moment that a = —1 and b = 1 and our medial circle is the unit circle. Then

a hyperbolic taking some point r € (—1,1) to 0 has the form

zZ—r
o(z) = 1—rz

with
1—r?
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and thus o’(1) = £ and ¢'(—1) = 1==. But d,(0,7) = log {¥£, so our claim holds
in this case. If @ and b are arbitrary points, we can always consider the composition
¢ =1 o001 ! where 1) € SLy(C) normalizes things to the situation just described.
But ¢'(a) = ¢’'(—1) and ¢'(b) = ¢'(1) since o fixes 0 and 1. The claim is proven.

Now by our claim, we have |a| = e%|a| and |b| = e~?|b|, and since we chose d so

that |a| = |l~7|, we have:

edlal = e~)b|

and the conclusion follows, since p* lies at distance —d from the midpoint.

LEMMA 2.2 (Infinitesimal distance between bending lines).

4 (t) = 2 M

|b—al

PROOF. Let B; and B,;;. be two bending lines. Normalize so their endpoints at
infinity form a rectangle of some height A and width w. By definition, the cross-ratio
|x| of their endpoints is w?/h?.

Further, we already showed that

jab]
|b—al?

o1
1{%6—2 |X(ataat+sabt+ﬁabt>| = |me(t)| =

That is, as € — 0, we have

2 oy
e |abl

B2 b — af?

After normalization, the nearest points on B; and By, are clearly their midpoints.

The metric at the midpoints tends to 2/h, so

dh(Bt, Bt—|—e) — W - h
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Therefore

O

This next invariant is useful when understanding how Euclidean curvatures trans-
form under linear fractional maps. It is also closely related to the curvature of Sg, as

we will show later.
LEMMA 2.3. The quantity
Xk = sin” Qb (1 - R’ia) (1 - RHb)

18 tnvariant under linear fractional maps.

PRrROOF. Let C(t) be a medial circle and let A and B be the circles of curvature

at a(t) and b(t). If we extend the arc F; to a circle, it will intersect A and B at 2

o

additional points p and ¢. Y. is the cross-ratio a%f)‘;%g. O

We now show that the bending measure, in the smooth case, is given by the

nonzero hyperbolic principal curvature of So which we will denote by ;.

LEMMA 2.4. Let 7 : [0,T] — Sq be an arclength parametrization of a transverse

path. Then
B
dhl, — "t
where % i1s the density of B with respect to hyperbolic length along T and Ky s the

principal hyperbolic normal curvature at point 7(t).

PRrROOF. Along a transverse arc 7, 3 is a measure which gives the total turning of
the normal to S along a segment of 7. Consider a finitely-bent approximation to Sg.
When 7 crosses a bending line, the unit normal changes discontinuously according to

the bending angle. The change has no component parallel to the bending line. In the
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smooth limit, the analogous construction is the turning of the normal along a path
without geodesic torsion. In fact, 7 is a line of principal curvature (hence geodesic

torsion vanishes) and

as
0
in principal coordinates. Thus
dp
BT D‘i' A?
o = (D7)

REMARK. Note that lemma 2.4 only holds along transverse paths. Along an

arbitrary path o,

% = (D;, T) cos ¢ = K1 oS @

where ¢ is the angle between ¢ and the normal to the bending lines. However, this
is no longer the normal hyperbolic curvature: by the Euler formula, the hyperbolic

normal curvature k, (&) is

Kin(G) = K1 cos® ¢

We also have a formula for the area element in transverse coordinates.

LEMMA 2.5 (Area Element). Let (t,0) be transverse coordinates on Sq where t is
hyperbolic arclength along p* and 6 € (—n/2,7/2) is the angular coordinate on each

B;. Then the hyperbolic area element is

1 /dédt
MW:@(WQ

where ¢ € PSLy(C) fizes a(t),b(t) and takes p*(t) to the midpoint of By.
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PROOF. # is the angular coordinate on B;, which is a semicircular arc of radius
|b — al|, so clearly the hyperbolic length of df is %.
Now let v,(t) be the transverse coordinate arc through p € B; and let 7,(t) =
d(7,(t)). Since 7y,+(t) is hyperbolic unit-speed, we have |2%,(t)| = |b — al. In fact,
by symmetry of the situation after applying the normalizing map ¢, all |%ﬁp(t)|

are equal. Since |55,(t)| = [¢/(p)] - |57(1)], we have |57,(1)] = %57, Hence the

hyperbolic length of the coordinate vector dt is %.
The lemma follows by multiplying the two hyperbolic lengths, since the coordinate

system is orthogonal.

Finally, we address the smoothness of the dome. This is a corollary of known
results relating smoothness properties of the medial axis to smoothness properties of

the boundary curves.

LEMMA 2.6 (Smoothness of Sq). If (m(t), R(t)) be a C?, p > 2 branch of the
medial azis satisfying R > 0, |R| < 1 and |kp| < %ﬁ, then Sq is also CP.

PROOF. Fix a chart for H® and parametrize S in transverse (,6) coordinates
where the 6 coordinate indicates distance along B;, measured in radians from the

midpoint of the circular arc B, . These coordinates can be written

y1 = Re (a+b+b_asin9>

2 2
b b—
Yo = Im (a—2|— + zasin0>
—b
Y3 = \a2 |cos€

These depend analytically on the boundary curves a(t), b(t), which are known to be

C? given the assumptions [31].



32
3. The Jacobian of r, the Nearest-Point Retraction Map

We first compute the Jacobian in a simple situation and then derive the general
formula by conjugation. We’ll work in terms of r—!, which is a bijection in our
situation, and has the advantage that the differential geometry of the dome is very
simple.

Throughout this section we’ll work in transverse coordinates (see figure 2.2) and

adopt the notations

K1, ke — principal hyperbolic normal curvatures of S, in the transverse and parallel
directions, respectively. (kg = 0)

Jij — 1, j-th component of the Jacobian of r

Jigl — i, j-th component of the Jacobian of r~*

LEMMA 2.7. At the midpoint of a bending line B, whose endpoints at infinity are

diametrically opposed on Cy,,

_1: 1+/fl
11 2

where J;" is the transverse component of J~'.

PROOF. Normalize so the endpoints of B, are +R(ty). Let ¢(t) be the path of
midpoints of bending lines, parametrized by “Euclidean” distance in the half-space

chart. At t = to, this path is transverse to B;,. We have (see figure 2.4)

r1(q(t)) = m(t) + R(t) tan ge”’"

where 6(t) is the angle between the normal to Sq and the vertical axis, and 7,, is the

tangent to the medial axis. Thus

d

. 0 . 0 0 . 0
%r_l(q(t)) =1 + Rtan 56”’” + R§ sec? 56”’" + Rtan 52’6”’”7',”
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F1GURE 2.4. Overhead and cross-section views of the setup of lemma
2.7. The circle on the left is the medial circle tangent at a(t),b(t); the
circle on the right is part of the support plane of S tangent at g. The
point 7~!(g(t)) lies at c(t) = m(t) + R(t) tan £e'™m

At time ¢ = ¢y, we have 8 = 0, R = 0, and 7, = 0, so

d _, . Rf
a (Cl(t))—erT
RO

=1 -

+ 2

where we assumed a unit-speed parametrization of m(t), so . = 1. Further, at t = ¢,

we have |a| = 1”_11;522 =1and |b| = —{_1;2572 = 1,80 ¢ =1 as well. Hence
d(r~(q)) RY
—1
= | —>"| = ]_ —_—
11 ’ dq + 2
14 Rrin(q, )
2
B 1+ K1
2

since k1 = Kn(¢, h) = 1 + Rr,(q, e) by lemma 2.8. O
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THEOREM 2.1 (Jacobian of r~1). At a point p = (y1,ys,y3) € Sa, the Jacobian of

the 1nverse of the nearest-point retraction is

1+kK1 0
gl = 1+y3/R
1
0 1+ys/R

in transverse coordinates on Sq and ). ki is the principal curvature of the dome in

the transverse direction.

PROOF. The proof is by conjugation to the situation in lemma 2.7. Let p =
(y1, Y2, y3) be any point on some bending line B;. Apply a Mébius map ¢ to normalize
so that the endpoints of B, are diametrically opposed on a circle of radius R(t) and

¢(p) lies at the midpoint. Then

Hence
) Itr
I =l e eswl | 0| 190)
2

The entry J5,' is equal to 1/2 since r agrees with stereographic projection along
bending lines; 1/2 is simply the derivative of stereographic projection at the origin.
We now compute the derivatives of our map ¢. Since ¢ is an isometry of H? we

have +|¢/(p)| = - hence

Y3

R
¢'(p)] = —
50 = -
On By, r~1 agrees with stereographic projection in the disk of radius R. From the for-

1-ys/R
14+y3/R

mulas for stereographic projection, we compute that 7~*(p) lies at distance R
from the center of the disk. Since ¢! acts isometrically on the disk of radius R taking

the center to r~!(p), we have

y3/R

-1/ -9
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and the lemma follows. O

REMARK. The quantity % which appears in the lemma is the spherical metric

at r~!(p) in the disk of radius R:

1—(s/R)>
Lty /R _ 1t oame 1

2 2 1+ (s/R)?

where we used the fact that r—!(p) lies at some distance s = R4/ ;zijg, or equiv-

1—(s/R)?
1+(s/R)?"

alently % = Thus the Jacobian is a product of two terms: the spherical

metric and a correction given in terms of bending.

3.1. Explicit Formulas for the Jacobian. We now develop some formulas for
k1 in terms of the geometry of €.

Calculating curvatures generally involves taking second derivatives of curves in
some chart. This next lemma may be viewed as a shortcut for taking some second
derivatives of curves in H? when their “Euclidean” curvatures, i.e. their curvatures
as curves in some chart with the Euclidean metric, are easy to come by. For ex-
ample, in the standard half-space model for hyperbolic 3-space H?, a circular arc of
radius R orthogonal to the boundary has Euclidean curvature 1/R in the chart, but
0 hyperbolic curvature.

Let v(t) be a hyperbolic unit-speed parametrization of a smooth curve in H3. We

will use these notations; the subscript ‘e’ implies a fixed choice of chart.
ny principal hyperbolic unit normal to the curve in H?

ne principal “Euclidean” unit normal to the curve in chart coordinates

kn(7, h) = (D, ny),  curvature of y in H?

(¥,ne)c
|2

Kn(7,€) = curvature of 7 in the chart, as E?

We remark that n, and ne are identical up to a factor of length. If 1/y3 is the

hyperbolic metric in the half-space model {(y1,%2,%3) : y3 > 0} for H?, then nj, =

Ys3e.
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LEMMA 2.8. Let v(t) be a hyperbolic unit-speed parametrization of a curve in H?
and let a(t) = exp(ty(ty)). Then
k(7, 1) = ys (K7, €) — K(a, e) cos 0)
at time ty, where 6 is the angle between the acceleration vector & and ne.
PrROOF. We need a formula for the covariant acceleration.
Dy = (3 + 44T 0y
= (5 + &'a’T%,) 0, at time ¢,
= (5% — &) o, by the geodesic equation

The h- and e- normals and inner products agree up to a scalar factor. We compute

the h-curvature of v in terms of the e-curvatures:

(Dt"Y» nh>h = <’Y -, nh>h

= (¥ — &, ysne)n since ne = —nyp
Y3
L. . 1)
= 7~ & DNeje since =|— .
"5~ dun) K
r, . .
i (<fy’ ne>e - <Oé7 HE>6)
Y3
1 212 -2
= — (k(v,e)A° = K(a, e)|a]* cos §)
Y3
= y3 (k(7,€) — (e, e) cos 0) since || = |&| = y3
as claimed. 0

A similar calculation relates “Euclidean” and hyperbolic normal curvatures of a

surface S C H3:
LEMMA 2.9. The normal curvature to S in direction v satisfies

Kn(v,h) = y3 (kn(v, €) — k(o €) cos 6)
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where 6 is now the angle between & and the surface normal.

PRrROOF. Apply the method of lemma 2.8 to a geodesic in S with initial velocity

v and project the result onto the surface normal. 0

Applying our corollary yields an explicit expression for the principal curvature of

the dome.

PROPOSITION 2.2.

V(1 — Rro)(1 — Rky)
where d = dy(q,p*) is hyperbolic distance between q and p*.

PROOF. Apply a normalizing map so the endpoints of B, are diametrically op-
posed on C; and Kk, = Kk, = k for some k. Let u be a transverse-pointing vector at
some ¢ = (y1,Y2,y3) € By. In this chart, the Euclidean transverse principal curvature

Kn(u, e) of Sq satisfies
kn(u,e) = —K Vg € B

The difference in sign is due to the choice of inward-pointing normals both on the

convex hull boundary and on the boundary of €2. By corollary 2.9,

r1(q) = kn(u, h)

= y3 (kn(u, e) — k(a, e) cos )

(- 5rem0)
= —y3 | k+ —cosl
Ys

In this chart, p* is at the midpoint of B; and ¢ lies at some angular distance « from
p*, measured in radians along the circular arc B;. If 0 is the angle between the normal

to Sq and the vector &, we have

cosa = —cosf = Ys
R
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Hence

k1(q) = cosa (1 — Rk)

= COS A/ Xk

Now we need to express cosa in terms of hyperbolic distance. It is a standard

calculation in hyperbolic geometry that
dn(p*,q) = tanh™ ' sin o

Indeed, to compute dp,(p*, q), change coordinates so B, has endpoints lying on the unit

circle at infinity and p* lies at (0,0,1). Then integration along the geodesic joining

“1 * db
dn(p*,q) = —df =
h(p 7Q) A yg /(; COSG

Direct evaluation of the integral gives the result. Hence

p* and ¢ gives

sina = tanh d

— cosa = V1 —tanh®d

= sech d

So combining,

sin ¢

ri(g) = cosh dm

This completes the proof. ([l

We state two corollaries; both follow immediately from the formulas for the Jaco-

bian and k1.

COROLLARY 2.2. Let k}(t) = maxyep, £1(q). Then

K} =sin /(1 — Rrg)(1 — Rrp)
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achieved at p*.

COROLLARY 2.3. The quasiconformal factor of the map r : Q0 — Sq is

Kzl—f—lﬂll

with a maximum on each By of

K*(t) = 1 +sin /(1 — Rrg)(1 — Rep)
achieved at p*. The infimum, K*(t) = 1, is attained at the endpoints at infinity.

4. An ODE for the Isometry ¢: Sq — D

Thurston gave an explicit construction for the Riemann map ¢ : Sg — . Here we
work out an ODE for the boundary values of ¢ along a smooth branch of the medial
axis. We review the construction in the finitely-bent case and then construct the map

in the smooth case.

4.1. The Finitely-Bent Case. Let ) C C be a domain with smooth boundary;
further assume its medial axis has only a single branch. Let O = Uf D; be a finite
union of discs approximating €2, say by choosing a connected subset of the discs whose
centers form the medial axis (See figure 2.5). Let {Dy, Ds, ..., Di } be an enumeration
of the discs along the medial axis starting at one leaf Dy and ending at the last disc
Dy . We take Dy as the final disc for our map ¢ : 00 — 9Dk.

Each disc Dy contains a gap, on which the nearest-point retraction is a bijection,
and this gap is bounded by two circular arcs orthogonal to dDy. Let F, be the arc
whose endpoints intersect 0D,_; and let F, ,:r be the arc which intersects 0Dy 1. Let
E}, be the closure of the gap, minus F}".

The dome of the approximation is finitely-bent, and in the finitely-bent case, the
map ¢ can be realized as a composition of elliptic mobius maps {n(k)}X !, where 7

has fixed points at Dy N Dyy; and rotation angle equal to the bending angle at the

intersection of Dy and Dy,.
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k k+1

FIGURE 2.5. Notation for the discrete flow

We can imagine this process evolving in stages given by a family of maps f(w, k) :
0O — U?H for 0 < k < K with the property that
k
nkonk_lo...Onl ,wGUlE]
(2) flw k) =

Id ,otherwise

and f(w,0) is taken to be the identity.

4.2. The Smooth Case. By successively refining our approximation O we ob-
tain in the limit a smooth flow ¢ (w,t) : Q — Q, for 0 < t < T, where m(t) is some
parametrization of the medial axis of Q, {Dy, Dr} are the interiors of the medial
circles at t = 0 and t = T, and {{;}¥ is a decreasing family of subsets of Q. Using
standard orientation, we let 2, C Q be the region bounded by dD; between a(t), b(t)
and OS2 between b(t), a(t).

By considering the limit of the finitely-bent case we see that the derivatives of our
flow must be 0 for x € F,, s > t. For x € F,, s < t, the flow must be given by a vector
field v; € sl(2,C): the generator of an elliptic rotation with fixed points a(t), b(t) and

rotation velocity corresponding to the infinitesimal change in bending angle at time
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t, namely the Radon-Nikodym derivative B Such a vector field has the form

Z% (w —a)(w —by)
dt Ay — bt

V¢ = —

Thus we can write

Id weF, s>t
v (Y(w)) =

— B Wma)@w)=b) e pog <y

at—bt

We obtain the flow at time ¢ by integration:

blw,t) = / va(t(w, 5))ds

The next task is working out the bending along the medial axis.

THEOREM 2.4. Along a smooth branch of the medial axis,

g V1- R

dt R

PROOF. Along the path p*(t) we have

d
£ = k1 = sin /(1 — Rka)(1 — Rky)
and
ab
B _ gy
dt |b— al

1- R?
|b—a| (1 — Rky)(1 — Rrkp)

1— R2
Rsmqb (1 — Rk.)(1 — Rrky)




42

where we used identities for a,b from the geometry of the medial axis and the fact

that % = sin ¢. Combining,

3 dBdh

dt — dhdt
V1I-R2

R

as claimed.

We can now present the flow equations.

THEOREM 2.5 (The ¢ flow equations). The flow ¢ : Q x [0,T] — 2 given by

?ﬁ(w,t):/0 vs(Y(w, s))ds

where
Id weF, s>t
u(Y(w)) = _i\/?(@b(w)—zﬂz(w)‘b‘) weF;, s<t
satisfies
Yo = 1d
Yr =1

We point out that these equations are now expressed in terms of {2, without appeal

to the convex hull boundary Sq or its bending.

In a particular moving frame, this vector field is seen as a hyperbolic element of
psla(R).

PROPOSITION 2.3 (¢ in a moving rotational frame). In coordinate z(w) = w;T"Z)(t)e’wm(t)
the vector field generating the v flow is the hyperbolic

. 1

(=) = 57 <22 iy (ya| - |b|) - 1)
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and the hyperbolic fized points lie on the unit circle.

PROOF. Taking 2 of z(w) leads to

zZ= —Ez + L (i —m) e O —izk
R R "
——}—:{z+l vl—RZ(w—a)(w—b)_ewm o~ m _ o
R R R a—>b "
Writing @ = z(a), etc. and using e~ = |a bl and V1 |b “' we find
: . s |
Z = —%Z + I (W _ 1) e"0m ik,

=35 <z — (2R 4 (@ + b) + 2iRrp, )z + ab — )

Since @b =1 and d + b = 2cos ¢ = —2R, we have

1
z = IR (z — 2iRK 2 — 1)
and since k,, = |a|2 R|b|, the formula follows.

Further, 9, is a polynomial of the form z2—i\z—1, whose zeros are % (z’)\ +v4 - )\2).

Such points lie on the unit circle and the theorem is proven. 0

From the hyperbolic formula above, it is not difficult to work out the vector field
in angular coordinates. Computationally, angular coordinates are far more convenient

to work with. We present the resulting formulas in the next proposition.

PROPOSITION 2.4 (The vector field in angular coordinates). In a moving, non-
rotational polar coordinate frame (r,0) centered at m(t), the restriction of the vector

field vy to the boundary of € is tangential to 0L and satisfies

SnO=0m)j (1 0) € (R, (6, 0,
) = (r,0) € (R, (6b,0.))

0 otherwise

where 0 is the unit tangent vector to OD; N O in radians. In a rotating frame where

angular coordinate & = 0 corresponds to the direction of the tangent to the medial
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azxis, we have

r6) { (20 — k)0 (r.0) € (R, (6),0,))

0 otherwise

\

—

FIGURE 2.6. Boundary points flow back to a disk under the ¢ flow.
The light red circles inside the domain €2 indicate the boundary of the
domains €, for times 0 <t < T
4.3. Boundary Derivatives of .. The boundary derivatives of the map ¢ :
0€) — Dr are particularly simple. This next proposition may be viewed as essentially

the observation that ¢ is just an infinitesimal rotation near its fixed points.

PROPOSITION 2.5. Let ¢ : 02 — 0D7 map 052 to some medial circle ODr. Then
L 18 differentiable with

de

=1
ds

at iota’s fized points a(T) and b(T), where s is the arclength parameter along 0S2.
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Proor. This follows from basic ODE theory. The flow ¢ satisfies an equation of
the form

O
B - t

W

where f(z,t) = v(¢(w,t),t) is CY and piecewise C' in w, and hence uniformly Lips-
chitz for all ¢. It follows that our solution % is C!, and since v vanishes at the fixed

points for all £, the arclength derivative of ¢+ at the fixed points is 1.
OJ

REMARK. It is worth noting that smoothness of 0¢ is not used in the proposition.
Indeed, the conclusion still holds as a limiting case in, for example, the case of a

domain with a cusp.

Away from the fixed points, the flow acts by linear fractional maps. That is,
ey = Yp o)t acts on 0Dy NOSY as a linear fractional map o, which takes 9D, NI,

into 0Dy. Thus the derivatives at any point a(t), b(t) are given by the map oy.
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0.4. Notation.

) — a domain
f:D— Q — a conformal map
L], Lp[v], Ly[y] — length of an arc + in the Euclidean, hyperbolic, or other metric p
w(w, E,Q) — harmonic measure of E C 90X w.r.t. the basepoint w € )
do(FE, F) — extremal distance between E, F C 0N w.r.t. paths in

dn(p, q) — hyperbolic distance between points p and ¢

1. Background: Extremal Length and Harmonic Measure

We recall the main theorems relating extremal distance and harmonic measures
in this section. For details and proof, see the excellent book [25] of Garnett and

Marshall (2005) for a careful exposition.

1.1. The Metric. Extremal distance may be defined as a supremum over a fam-
ily of metrics on €2; hence constructing metrics is an important method in estimating
extremal distances. Very useful estimates follow from the map and metric defined in
this subsection. Let €2 be a domain containing a point wy € €2 and ¢ € 9. Writing
d = |wy—¢|, define B, C {w € Q:|lw—¢£| =7}, 0<r <d, tobe the shortest circular

crosscut separating wy from £ (see figure 3.1). These crosscuts form a region

d
UET:{§+rei¢:0<r<d,|¢—u(7“)| <0(r)}

r=0
where p(r) and 6(r) are the angular midpoint and width of E,.. The (non-analytic)

map

i¢\ _ ¢ dt ¢ — p(r)
o) == [ 3+
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FIGURE 3.1. The setup for the local estimates on |f’|. The circle of
curvature and two of the separating arcs {E, : 0 < r < d}, are shown
dashed; the medial circle is solid black. A maximal disk contained in
Q surrounds wy = f(0).

takes |J £, onto the semi-infinite strip {(z,y) : —co <2 < 0,—-1/2 <y < 1/2}.
Taking ds* = |[VRe(v)[*(dz? + dy?) as a metric on some domain 2 leads to the

following remarkable estimate for extremal distance.

THEOREM 3.1. For 0 <r <d,

d
(3) do(E,, Eq) 2/ %dt

1.2. Lower Bounds on Extremal Length, Upper Bounds on Harmonic

Measure. Take some domain 2, some point wy € €2, and a boundary arc F C 9.

Consider all Jordan arcs o C €2 which join wg to 0§2\ F' and define
Mwo, F) = sup do\, (0, F)

where we take the supremum over all such o.
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The following theorem of Beurling relates extremal distance and harmonic mea-

sure.

THEOREM 3.2. Let ) be a domain. Let wy € Q and ' C 092. Then

effr)\(wo,ﬂ) < LU(U]Q, F, Q) < e*ﬂ')\(’wo,ﬂ)

3 | oo

Any choice of the arc o gives a lower bound on A and hence an upper bound on
harmonic measure.

In the setup of theorem 3.1, let F' be the boundary arc containing ¢ which lies
between the endpoints of some arc F, for s < d. Choose E; as the arc o; theorems

3.1 and 3.2 together yield

8 ¢ dt
FQ<Zexpdon[ 2
w(wo, F, _Fexp{ W/S tﬁ(t)}

1.3. Upper Bounds and Reduced Extremal Distance. While Beurling’s
theorem yields both upper and lower bounds on harmonic measure, we obtain better
lower bounds on harmonic measure by considering reduced extremal distances.

Let F' € 09 and wy € €2, and denote by 6(wp, F') the reduced extremal distance
5(w0, F) = hr% (dQ\B€ (886, F) — dQ\B6 (8B€, 89))

where B, = {|w — wp| < €}

We will use the following theorem.

THEOREM 3.3. If Q is a Jordan domain and F' C 052 is a single arc, then
2 —76 (wo, F)
w(wg, F,Q) > —e 0
T

This theorem, along with smoothness assumptions and a metric derived from

[VIm(y)| = \/(%)2 + ((¢ - Méi’ +9u’)2
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yields a lower bound on harmonic measure which complements theorem 3.2. We
develop this in the next section. The smoothness assumptions are not too severe;
one may mollify the domain by shrinking it slightly to produce another domain with
smooth p, 6. Shrinking the domain will only increase the boundary derivative, so
any upper bound which applies to the smaller mollified domain will also apply to the

larger original domain. See section 2.3 for a particularly convenient way of doing this.

2. Local Estimates and Boundary Curvature

We are interested in explicit estimates for |f o f~1(£)| in terms of the local geom-
etry of 2. Consider the the following situation (See figure 3.1):

Let € be a domain containing a medial circle of radius R, tangent at some £ € 0.
Assume further that 99 is C?, with boundary curvature s at £. Let f: D — Q be a
conformal map with f(0) lying on the separating crosscut Ej.

Let F, C {|w—&| = r} be the shortest circular arc passing through & +n, whose

endpoints lie on the circle of curvature at £&. We can now state the main theorem:

THEOREM 3.4 (Local estimates for |f’|). Let f: D — Q be a conformal map to a
domain § containing a medial circle of radius R tangent at & € 0. If f(0) = {+dng
for d < R, then 3 constants Cy, C3 independent of 0 such that

Cog " exp{=AW) < |0 f(E)] < Oy exp { (G ) (B0~ A(d»}
where
_ dL[ET]_L[FT]
A = [ 2
B(d) =7r/0 K1) LJEE?]O,@) t2dt

and d(wg, 0) is the Fuclidean distance to the boundary. We assume ) admits p1,0 €

C*, by mollification if necessary.

REMARK. The method of proof does not yield sharp constants. We obtain con-

stants Cy = .453... and C3 = 1.04....
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The proof will proceed in stages. In the next two subsections we first work out
expressions for the derivative and then apply our geometric assumptions to make

explicit estimates.

2.1. General Expressions for the Derivative. In this section we work out
expressions for the boundary derivative in a domain with smooth boundary. Beurl-
ing’s method allows us to estimate harmonic measures for the separating arcs F,.
This first lemma allows us to pass to the harmonic measure of a boundary arc in the

limit as r — 0.

LEMMA 3.1. Let I, C 052 be the boundary arc containing & which shares its end-

points with some E,. Let ), = Q\ Be,. Then

: W<UJ0,IT,Q) 1
lim ———— = —
r—0 w(w(bET?QT) 2

PROOF. Let B;(y) be a 2-dimensional brownian motion in 2 starting from y € 2.
Let 7 be the first hitting time 7 = mino{Bi(y) € 0Q}. Since w(wp, I,,Q2) =
[, Pr{B:(y) € I }dw(wo, y, ), the lemma will follow if we can show that lim, o Pr{ B, (re") €
I.} = 1/2 for any re € E,.
Indeed, fix some y and consider the mobius maps 3, taking F, to the line segment
[—1,14], normalized to send the midpoint of E, to 0. Then 3,.(1,) tends to S*N{z < 0}
and (3.(0Q \ I,) tends to S* N {x > 0}. Since B.(y) € [—i,i] the claim follows by

symmetry. 0

THEOREM 3.5. In the setup of theorem 3.4

41 d
’f’of—1(£)|2ili_r)%exp{logr—i—ﬂ/T %%}

PRrROOF. Let I, C 0f2 be the boundary arc containing £ which shares its endpoints

with some FE,.
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, » L L[[T]
e ) = e T
1 T

1
> Ty exp {m\(wo, By, 20)}
The last inequality is a consequence of lemma 3.1 and theorem 3.2 combined, i.e.

liﬂ(l)w(wm I’I’J Q) exXp {—77')\(’[1)0, Em Qr>} <

SENS

Applying theorem 3.1 completes the proof.
O

REMARK. In order to obtain a lower bound on the derivative, the essential assump-
tion on f(0) is that the arcs {Er}g separate £ from f(0); not much other information
was used in the proof. However, the upper bound requires us to use more information
about the location of f(0). In particular, we need to ensure that f(0) is not too near
other points on 02, since nearby boundary points consume harmonic measure. We’ll

do this now.

Upper bounds follow from a related metric. As before, consider a domain €2
containing a medial disk D tangent at some & € 02, and also containing the crosscuts

d
UETZ{§+Tei¢:0<r<d,|¢—u(r)\ <6(r)}

r=0
where p(r) and 6(r) are the angular midpoint and width of E,. The (non-analytic)

map

iy ¢t .¢—M(T>
W”)“/r w0 o

takes |J £, onto the semi-infinite strip {(z,y) : —oo <2 < 0,—-1/2 <y < 1/2}.
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THEOREM 3.6. In the setup of theorem 3.4, there exists a constant C7; > 0 such

that

A . d U011 A [ )+ L0()?
|fof (f)|§01}%exp{10gr+ﬂ<m> (/T @?—i-/rt H(t) dt)}

We may take C7 = 1.

PRrROOF. Let D be the maximal disk contained in €2 with center wy. By extension
of domain, we may assume € consists only of the union D | J{E,}¢. Indeed, enlarging
the domain will only decrease |f" o f~1(£)].

For some arc Ej, consider the reduced extremal distance
5(?1)0, ES) = hr% (dQ\B€ (886, ES) — dQ\B€ (aBe, GQ))

Clearly

1. d
dop. (0B, 09) > doyp, (0B, 0D) = o~ log -

by the extension rule for extremal distance. An upper bound on dg\ (0B, E,) will
follow from a lower bound on d,, p (0B, E): the length of the family of closed curves
in 2 which separate 0B, and E,.

Without loss of generality, assume wy = 0. Let r = r(w) = |w — wy|, ¢ = ¢p(w) =

arg(w — wp) and define

o (3] (2%

Define the metric ds? = p?(w)|dw|? in Q \ B, where B, = {|wy| < ¢} and

PB weJE\D

2
p(w) = p%—i—(ﬁ) weJE.ND
m we D\ |JE,

We need to measure the area of {2 and the lengths of closed curves separating 0B,

and F in the metric p. We claim that any closed separating curve has length at least
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1. Note that p(w) > m for all w € Q: indeed, if w € |JE, \ D,

< < < <
2r|w| = 27d(wo, 0Q) ~ 2mrd(wo, 09) ~ Ord(wo, O) < pp(w)

and elsewhere it is immediate from the definition of p. Hence, any closed arc
separating 0B, and Es must have length L,[y] > 1.

The area of €2 under the metric p is

1\’ 1\’
/dea:dy:/ p%d:vdy%—/ P+ (—) dxdy—i—/ (—) dxdy
0 UE\D UE.ND 27 |w| P\UE. \2T|w]

1 d
:/ pudrdy + — log —
UE: 27 €

Hence

1 1 d
< 2 drdy + — log —
@BGEQ—QAWJ%‘ty+2WOge

dQ\Be (8367 Es) = d*
Q\B.

and

d(wo, Es) < / szdxdy
UEr

Let I, be the boundary arc which lies between the endpoints of F, and contains

¢. Forming the derivative,

- . LI]
’ Y| = lim ———s
|f Of (€>| 51—1% 27T(A)(w07[S7Q)

g
=N

2 S

B T S
T o0 w(wo, Fs, Q)

< lirrésexp {77'/
S— Ud

r=s

by lemma 3.1

p%dxdy}

E,
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We can compute this explicitly:

(+0/2 p4-6/2 (o — )8 + 0u/
dxdy = dxd
/ /ﬂ 0/2 pB v= ( d(wg, 09) ) / /u 0/2 (7”9) < 0? ) Y

~ (qrmcam) [ [

The proof is complete upon substitution. 0]

2.2. Proof of Theorem 3.4: Local Estimates for |f’|. We return to the main
theorem and apply our assumptions. The proof makes use of a calculation and an

estimate which we formulate as lemmas.

LEMMA 3.2. Let k € R, let I be a circular arc of curvature k, and let K, be a
circle of radius v < 2/|k| whose center lies on I. Then I divides K, into two circular

arcs of lengths 2r arccos £ 5.

PROOF. See figure 3.2. Assume k < 0. Let P be the center of K,. Extend I to
a circle of radius R = 1/k whose center lies at some point ). Let S be one of the
points of intersection of K, and I and let 7" be the midpoint of the line joining S to
the other point of intersection. Then QTS is a right triangle.

Let 2r¢ be the length of the segment of the circle lying to the left of the arc. Then
QS =R, ST =rsin¢g, and QT = R — rcos¢. Apply the Pythagorean theorem to
the right triangle QT'S:

(rsing)? + (R —rcos¢)* = R?
=—> ¢ = arccos (2;9

rK
¢ = arccos —
2

A similar calculation yields the conclusion in the positively curved case. 0
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F1GURE 3.2. The setup for lemma 3.2

LEMMA 3.3. There ezist constants Ay, Ay so that for any k € (—o0,00) and

0<e<d<1/|xl,

d d
—Algl/ L_/ LMSAQ
T Je r(1—"1) . 2rarccos

2

We may take Ay = .0411... and Ay = .0987...

PrROOF. For 0 <z <1, we have

g(l —x) < arccos(x) <

Nl
|
8
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Consider the case k > 0. In this case, it follows immediately that the difference in

the lemma is non-negative. Applying the upper bound,
1/d dr /d dr <1/d dr 1/d dr
T /. 7’(1—%) . 2rarccos%_7r . r(l—%) 7 J. r(l—ﬁ)
41
-

Y ”

K /dl K )
+ - -+
2—rK e T T—TK

11 2 — ke — Kkd
=—1lo
T g2—/€dﬂ'—/€€

This is decreasing in € and increasing in d. In fact, it is convex in d. The second

derivative in d is

g ((2 —1ﬁd)2 e —1561)2) =0

Under the conditions of the lemma, the maximum is achieved at ¢ = 0 and d = 1/x.

Hence

1 1
Ay = —log?2 (1 - —) — .0987...
T s

This completes the proof of the lemma in the case k > 0. A similar argument
handles the case of k < 0. In this case, the difference in the lemma is nonpositive
and the rest of the proof proceeds similarly to produce the estimate for A;. The case

r = 0 is trivial. This completes the proof of the lemma.

We now prove the main theorem.

ProOF OF THEOREM 3.4. We first show the lower bound. By theorem 3.5,

1 " d
70 £ ()] = limesp {log””/e L[;rl}
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Define the function 7 : (0,d] — (==, x| by rn(r) = L|E,] — L[F,]. Then by lemma
3.2,

”7(7") = L[Er] - L[F’I‘]

= L[E,] — 2r arccos <%>

and therefore

/d dr B /d dr

« LIE]  J. r(2arccos(Z) + n(r))

_ /d I n(r) dr
¢ 2rarccos’y  2rarccos 3 (2 arccos 5 + 77(7“))

e 1 r(r)
(4) - /e 2rarccos  L[F]L[E,] o

Now apply lemma 3.3 to the first term in the integrand.
(5)

d d d

1 1 1 1 1 K 1 d2 — ke
- A gr=Z] = dr = = log =
/527“arccos%+ 2_7T/6 W(l—w) " 7T/€T+2—T/€T T B2 _rd

Combining the above expressions,

1 d2— ke d rn(r)
r o1 S L d2— ke -
Fof Sz gieer {logEHOg €2~ nd W/e L LE]" AQ}

where the integral converges under our geometric assumptions and Cy =

1 —As
26 T =

.453.... This completes the lower bound. The proof of the upper bound is nearly

identical: beginning from theorem 3.6 and applying the lower bound in lemma 3.3

completes the theorem with constant C3 = Chet = 1.04... 0

2.3. Lipschitz Subregions and Upper Bounds. The term

B » / () L+[E?]e 2,
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is not as well-behaved as one might hope; in particular, the term 6'(¢)* will increase
without bound as € approaches a delta function. This is particularly unfortunate
since the boundary derivatives will not, in general, blow up simply because 6(t) has
become discontinuous. There is a nice construction ! which allows us to consider
a logarithmic measure of area, rather than the boundary behavior, of a subregion
in order to obtain upper bounds on extremal distance. We can then convert this
estimate, as before, into an upper bound on the derivative. Our presentation follows
[25].

Assume we're in a situation where £ = 0 and f(0) = d. We first normalize by

applying the linear fractional map

z

Y =T

which sends the circle of curvature to the imaginary axis and preserves the reals. ¢
fixes 0, has |¢/(0)] = 1, and ¢(d) = 5;2L.. Taking the logarithm, we map the right
half-plane to the strip. Our domain €2 has been transformed so it now contains the
real axis and is asymptotically strip-like as one approaches —oo.
Let Tr(M) be the set of isoceles triangles T such that

(1) T C Q,

(2) T has base on R, and

(3) T has sides of slope =M,

and define the subregion
Q= H{T:TeTr(M)}

Q is the largest subregion of ) containing the real axis with M-Lipschitz boundary.
Assume that 9 can be written as two curves y, (z) = hi(z) + 7/2 and y_(z) =
—ho(x) — w/2, with hy,hy > —m/2. Under our assumptions, both hy,hy — 0 as
r — —00.
The key lemma is

1See [25]; thanks to Don Marshall for suggesting this method.
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LEMMA 3.4 (Sastry). If |h;(z)| < wM? for s <z < t, then

t—s 4AM?*+42
+ 2
T T

ds(Fs, Fy) < Area(S\ Qar)ss — 2Area(&N)M \ S)ss

(M2 1 2)1

where Es; = EN{z:s<Rez <t}, S={z=x+iy: —n/2 <y < w/2}, and Fy is

the component of QN {z : Rez = s} intersecting the real axis.

Thus we have a bound on extremal distance in terms of logarithmic areas, which
does not involve boundary regularity. In our setup, we find ourselves integrating
from s = e tot = log %, leaving us with a similar estimate on extremal distance as

before, but with the error term B(d) now replaced by

~ o AM?+2

B(d) - Area(S\ Quy)sr — SArea(Qu \ S)sy

(4M?2 +2)7

This estimate is given solely in terms of measures of areas, and does not suffer when
the boundary is irregular. This construction also gives a subregion to which the
existing estimates B(d) could be applied, without losing too much in terms of the

original geometry.

3. Long-Range Estimates and the Dome

We now show that certain extremal and hyperbolic distances in 2 can be approx-
imated by the same quantities on Sq. This is advantageous as the Riemann map
t: Sq — D from the dome to the unit disk admits an explicit construction, easily
understood in terms of the medial axis of 2. In particular, we exploit the fact that
¢t almost immediately gives extremal distances between pairs of bending lines: if By
and By, together with the arcs of 0f) joining their endpoints, bound a generalized

quadrilateral @ € Sq, then up to a normalization by some map in PSLy(R), the map

log(iij) 1S — {(z,y): —oo < x < o0, —7/2 <y < m/2}

takes ) to a rectangle in the strip (see figure 3.3).
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FI1GURE 3.3. ¢ takes bending lines in the dome to geodesics in the disk.
After mapping the disk to the strip, we immediately obtain hyperbolic
distance d;, and extremal distance dg, between bending lines B, and
By: that is, dg,(Bs, B) = %dh(Bs, By)

3.1. Notation. Along a smooth branch of the medial axis we adopt the following
notation. See figure 3.4.

m(t) — an arc-length parametrization of the medial axis.
a(t),b(t) — points of tangency of the medial circle at time ¢.
Km, Ka, Kp — Buclidean curvatures of a(t), b(t), m(t)
Ta, Thy Tm — tangent angle of a(t), b(t), m(t)
Va, Vb, Vm — angle of normal to a(t), b(t), m(t)

¢ — the angle arg(b — m) — 7, = 7, arg(a — m)
Sq — the dome of Q2

B; C Sq — the bending line whose endpoints at infinity are a(t), b(t).

F, C Q-1 Y(B,), a foliating arc.

3.2. Geodesic Distances in Sg. As in the previous chapter, let

*(t) = inlim d(p, By...
p*(t) arg tuin lim (p, Biye)
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b(t)

a(t)

FI1GURE 3.4. Notation for the medial axis. The axis is shown in blue;
m(t) is a parametrization of the medial axis. a(t),b(t) are points of
tangency. The red arc F; = r~!(B;) is the foliating arc connecting a(t)
and b(t). ¢ is the angle between the dashed lines and the tangent to
the medial axis at m.

and

1
d* (t) = hm _dh(Bta Bt-l—e)

e—0 €

LEMMA 3.5 (Xins invariant under ¢).

1 o1
11_{% G—QX(au Apte Diye, bt) = lli% 6—2X(b(at)> L(at+€)> L(btﬁ)’ L(bt))

PROOF. Assume ¢ fixes the endpoints of B; so ¢ is a retraction into the disk D;.

In this case

0 0
Salt) = o u(a(t))
0 0

Sbl) = (b))
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since the tangent to D; agrees with the tangent to 92 at the fixed points and the
moduli of the derivatives agree by proposition 2.5. In this case the lemma follows as
per the proof of proposition 2.1.

Since any two versions of ¢ differ only by a Mobius map, the general case follows

from invariance of the cross-ratio.

LEMMA 3.6 (Length of geodesics in Sq). Let v C Sq be the shortest geodesic

. . . N
@b 1 wkakR 0 1. |b
<L <2 | —
/\b—a\du_ bl = / b—ap Ta\ o T oma 8la]) ™

whenever the curve p* is continuous. 0,, and dot notation both denote differentiation

joining some Bg and By, s <t. Then

with respect to the distance along the medial axis.

PROOF. Choose any path p(u) joining By and B;. The lower bound is simply the

observation that
) o1 o1 .
[1p(u)]|n = lim ={p(u + €) = p(u)lln 2 lim ~dp(By, Bute) = d™(u)

for any choice of path p(u).
The upper bound follows from integrating ||p*||; along the path p*(u). Decompose
p*(u) into components pi.(u), p (u) tangential and orthogonal to the bending line B,.
Let ¢(u) be the midpoint of B, and let {7,(r)}.,_, be a family of geodesics, each

parametrized by hyperbolic distance r such that

c(u) +u (r)

is a point on B, at signed distance r from the midpoint. Then
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and the tangential component p%. of ||p*||, is given by

1l = lerll + 2= 1og | |2
Prlln = |ICT||h am g 4
~ b —al T am2 ®la
(la| — [b])cosB, O 1 b
pr— _—1 —
|b—al +8m2 &l
T e om2 tla

where k., is the curvature of the medial axis, 6, is the angle arg(b — m) — 7,,, T
is the angle of the tangent to the medial axis, and m is the center of the medial circle
of radius R, all at time w.

The orthogonal component is simply d*. Since the metric is conformal we have
15* 117 = WPz Il + [1PLIR

and hence

b

a

2
)du

) L Elojabl 1 2k.R 0 1

O

REMARK. This estimate is sharp, i.e. the path p*(u) is the geodesic joining By
and By, when % log 4/ % = 0 and either k,, or R is zero. The first happens exactly
when |b/a| is constant, and using some facts from the medial axis, this condition is
equivalent to

é _ 1 — Rk, e
a 1— Rry
Both conditions are satisfied in, for example, a strip-like domain consisting of two

curves symmetric about a straight axis, or a section of an annulus.
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3.3. Extremal Distances in S and ).

THEOREM 3.7 (Extremal distance comparable). Let Fy, F, C Q be two foliating

arcs. Then

2 t
(6) dsa(Buy B) < da(Fus F) < ds (B B) + — [ 40
where ((t) is the bending measure associated with Sg.

PrROOF. We appeal to the the finitely-bent case. Let pg be the extremal metric

! maps each facet of the dome

for Sq. Observe that the nearest-point retraction r~
conformally onto its image in 2. Define the metric po on 2 to be r*pg (the pullback
under the nearest-point retraction), where this is defined, and let pg = 0 elsewhere.
This metric achieves the lower bound.

We explicitly construct a metric to produce the upper bound. Consider two

bending lines B; and By, k > j. The region of the dome between these lines is

a generalized quadrilateral, and there is some extremal map taking this quadrilateral

142

to arectangle. In fact, this map is simply ¢ followed by the transformation z — log ;==

and a normalizing conformal self-map of the strip. Hence we see that the extremal
map takes bending lines to geodesics in the strip model.

Let ¢, be the restriction of this extremal map to the n-th facet of the dome; ¢,
takes the facet to a region in the strip bounded by a pair of geodesics. The map ¢, or
takes a subset of each medial disk in €2 to the strip.

Now let C,, be the crescent between faces n and n + 1 and note that on each
bending line, ¢, and ¢, .1 agree. On C,,, define coordinates 0 < r < o0, 0 < 0 < (3
by sending the two endpoints of the crescent to 0 and oo and the center to (say) 1,

and taking standard polar coordinates in this frame. The map

on(2) = (Pno7)(2) +0(2)

takes C,, to a region of the strip bounded by two geodesics; o, agrees with ¢,, and ¢, 11

on the boundary, up to translation. One may verify that the map o,, is equivalent to
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the map
re? s 0 + i arctanr

taking the crescent to a rectangle of height 7 and width (3, followed by a self-map of
the strip applied separately to each vertical line in the rectangle.

Now let R be a rectangle of height m and width n*dg,(Bs, B;) + Y., 3(n), and
define the continuous map V¥ : {2 — R by gluing together the images of adjacent maps
01,01, G2, 09, ..., ¢, along the sides of length 7.

Define the metric pg on R to be |VImVU|. Clearly the length L,, of any path
joining the top and bottom of the rectangle is at least 7. We need an upper bound
on the area. Since this metric is the extremal metric on each face of the dome, we
have that the combined area of all faces is 72dg,, (B;, By).

On each crescent C),, the map V¥ is given by (r,0) — 6 + i arctanr followed by a
self-map of the strip applied to each vertical line. If the self-map is the identity, we

have

B(n) oo
Am(C’n):/o /o |VImV |*rdrdd

Bn) oo,
— — drdb
/o / T+

1
= sy,
_ 6l
2

It remains to be shown that area is nonincreasing when the self-map is other than
the identity. This is in fact the case, see appendix C for the calculations.
Therefore the conjugate extremal distance satisfies

7'(2

m2ds, (B, By) + 13, B(n)

do(Fj, Fr) >
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Hence
do(Fj, Fy) < dsqo(Bj, Be) + —Zﬁ

This completes the proof in the finitely-bent case; the smooth case follows under

refinement. O

3.4. Hyperbolic Distances in S and 2. We now obtain a similar result
relating hyperbolic distances in 2 and Sg. We first bound the hyperbolic metric on
Q.

PROPOSITION 3.1 (Koebe 3). If f : D — Q contains a disc of radius R about f(0)
and the boundary of this disc has two diametrically opposed points of tangency with
R, then |f'(0)|] < 2R.

PROOF. After an affine map, we may assume the points of tangency are —1 and

1. Let 0 : C — C be the Mdbius map o(z) = REE. We have:

o(—-1)=0
c(0)=R
o(1) =0
N 2
) =g
0'(0)] = 2R
By the Koebe 1/4 theorem
(7) AR > |(o 0 f)'(0)] = [o" o f(0)] - [/(0)] = 2|f(0)|
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LEMMA 3.7 (A medial metric). Let Q be a domain with foliating arcs {F;}. Then

for z € F}

1

§th(2) < pa(z) < pp,(2)

where po and pp, are scalars defining the hyperbolic metric on £ and the Poincaré

metric on Dy respectively.

PROOF. The upper bound follows from extension of domain. To show the lower
bound, assume without loss of generality that D; is the unit disk and let f : D — Q
conformal with f(0) = z € F;. Apply a Mdbius map ¢ which preserves D, and sends
z to the center of D;. Observe that such a map also takes F}; to a diameter of D,. By

the preceeding proposition,

22 (oo fY(0)] =1lo"(2)] -/ (0)]

And hence
2
> |o’(2)]
|/(0)]
But m = pa(z) and |0’(z)| = Lpp,(z). This completes the proof. 0
r(q)
r(p)
P q

F1cURE 3.5. The situation for theorem 3.8. One imagines the domain
Q2 lying in the plane with the dome above; we see this here in cross-
section with the points p, ¢ mapped to the dome via the nearest-point
retraction.
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THEOREM 3.8 (Hyperbolic distances comparable). Let v : [0,T] — 2 be path in

Q and o = r(vy). Then the hyperbolic velocities of v and o satisfy

L 1+ Ky . .
5 — X < < 1 0
2”0”591 i Y]l < [|o]sq (14 #1 cos )

where 0 is the angle between ¢ and the bending line on which o lies, k1 1s the hyperbolic

principal curvature of Sq, and the norms || - ||q and || - ||s, denote hyperbolic length

on ) and Sq.

PRrROOF. By conformal invariance, we need only consider a single point where
~v = 0 with velocity ¥ = %7, the maximal circle is the unit circle, and the points of

tangency are a = —i,b = i. Hence r(y) = (0,0,1). In this case, we have

1 <pa(y) <2

by lemma 3.7, and pg,(r(y)) = 1. Let 6 = r.% and in transverse coordinates on (2

and Sq write

7= (17| cos @, [§] sin 0)

o = (|| cosb,||sind)
We evaluate the upper bound
I4lle = pal T4

< 2\/(%)2 (14 m)2 + (%)2

= /162 +63(2m1 + 1)

= \c'f]\/l + cos? 0(2K1 + K3)

We now need the inequality /1 + a2(2b + %) < 1+ ab, for 0 < a < 1,b > 0. Indeed,

(1 +ab)® =1+ 2ab+ a*b®> > 1+ 2a°b + a*b*
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Hence,

[¥le < |o|(1 + K1 cosd)

= [|llsq (1 + 1 cosB)

We now address the lower bound:

16]lsq = psalJ7|

=\/(12j;1)2+<2v2>2

2 o
= VA )2
_ 2 \/1 + sin? 0(2k; + K?)
1 -+ K1
2|7lla
1+:‘€1

< \/1 + sin? 0(2K; + K?)

1+ kysind

< 2illa—5E

REMARK. The lower estimate in theorem 3.8 implies that the nearest-point re-
traction is 2-Lipschitz in the hyperbolic metrics:

1+ Kkysind

< 2|4
L <o)l

15]ls0 < 2[¥lle

This 2-Lipschitz result is sharp in the case of a “folded” surface. For example, take €}
to be the complement in the complex plane of the negative part of the real axis. The
dome of this domain consists of two half planes, glued together. This dome has only
one bending line. By the Koebe 1/4 theorem, the hyperbolic metric in 2 is exactly
1/2 at z = 1. Tt is easy to see that in this example the nearest point retraction is

2-Lipschitz.
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REMARK. The quantity x; cosf is the amount of bending encountered per unit

hyperbolic length in the direction ¢. The upper bound can then be rewritten as

I¥lle < llollsq +db

Or in integrated form, for a path v, we have
Libl <L)+ [ ds
r(7)
The lower bound admits a similar interpretation; the quantity s sinf is measuring
how much time the path spends “in the gaps”, so to speak. The next corollary gives

a situation where the bounds simplify.

COROLLARY 3.9. Let 0 : [0,T] — Sq be a transverse arc. Then

%(Lh[0]+/gdﬁ) < La[y] < Lalo] +/Tdﬁ

where v = r~1(0).

PROOF. As we remarked, the upper bound holds in general. By theorem 10, we

have

. 1 . 1 + K1
> -

L.
= S0l (1 +51)

= 2 (I61]sq +ds)

Where the first equality uses the fact that o is a transverse arc implies # = 0. The

corollary follows by integration. O

Lurking behind the estimates on hyperbolic distances is a nice interpretation of
crescents in the finitely-bent case. The previous corollary showed that up to constants,
hyperbolic lengths of transverse arcs agreed up to the amount of bending encountered

along the path. In the finitely-bent case, one can view the crescents (the preimages
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of bending lines under 7) as ideal strips of approximately constant hyperbolic width.

We present a proof in the finitely-bent case.

LEMMA 3.8 (Width of crescents). In a finitely-bent domain, let B C Sq be a
bending line with bending angle 3 and let C C § be the associated crescent r=(B).
Let F~ and F™ be the two circular arcs bounding C. Then

S0 <d(F F) < f

where dj, 1s hyperbolic distance in €2.

PROOF. Let a and b be the two points in dC' N 9€). We consider C' as a disjoint
union of circular arcs Fy, 0 < # < 3, where Fj joins a to b and meets F'~ at angle 6.
By lemma 3.7,

1
300 < pa < pp,

on Fy, where pq defines the hyperbolic metric on €2 and Dy C €2 is the disk containing
Fy as an ideal geodesic in the Poincaré metric pp,. Let ¢ be any Mobius map taking
a to 0 and b to co. Then o(C) is a sector of angular width § and o(F),) is a straight
line extending from 0 to co. For any 6, the pushforward under o of pp, is simply the

metric given by 1/r in polar coordinates, and we see that

1
— < oupo <
2r

S|

If we show that arcs of circles centered at 0 are geodesic in the metric 1/r, the
conclusion will follow. This is indeed the case: Under the map ¢(z) = log(z), the
sector maps to a strip and the metric p = 1/r pushes forward to the metric on the

strip given by

_ plotw) 1

— e =1

(d)*)@)(w) = |¢/ o ¢_1(W)| - ew
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Thus any two points on the boundary of the strip are joined by the Euclidean straight
line between them, the shortest such paths have length 3, and the conclusion follows.

O

The next result allows us to pass between hyperbolic distances and extremal

distances between bending lines on the dome.

LEMMA 3.9 (Extremal and hyperbolic distances coincide for {B;}). Let By, By C
Sq, s <t be two bending lines. Then the extremal distance dg,, and the hyperbolic

distance dy, satisfy
1
(8) dSQ (Bsa Bt) = %dh(B& Bt)

PrOOF. The ¢ map takes By and B, to a pair of geodesics ¢(Bs), ¢(B;) in the disk.
Then for some angle 0 < ¢ < 7/2, there is a map ¢ : D — D taking the endpoints
of 1(B;) to {e7*,¢*} and the endpoints of +(B,) to {e/"=9) ¢~}  For such a o,
the map z — log T 1+U Z takes the disk to the strip {x + iy : —7/2 < y < 7/2} and
takes ¢(Bs) and L(Bt) to the vertical sides of a rectangle of height 7. Since the map
is an isometry between the hyperbolic metrics on the disk and the strip, the proof is

complete. 0

3.4.1. Relation to the Ahlfors Integral. The preceeding sections show that on a
regular branch of the medial axis there is a natural analog for the 9( ) estimate for
extremal distances in strip domains. This follows from the geodesic length estimates
of lemma 3.6, combined with the fact that extremal and hyperbolic distances between

bending lines coincide.

COROLLARY 3.10. Let By, By, s <t be two bending lines in Sqg. Then

2 [t Val 2 [t il 1{ 2 1
_/ D du < dqo(Bs, By) < _/ - T 2l 0 log |+
s s \| |b—al? V1 R2 8m2

b

s |b—da] T

2
>du
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PROOF.
1
dSQ (Bsa Bt) - %dh(BS7 Bt)
[

REMARK. This estimate is sharp when the geodesic joining B; and B, coincides

with the axis of “nearest points”, p*(u), s < u < t.

The lower estimate applies without modification to the domain €2; this is our

analog for the integral estimate [ %m in strip domains.
COROLLARY 3.11. Let F, F;, s <t be two foliating arcs in ). Then
dnlFs ) 2 / B aem
PROOF.
do(Fs, Fy) > dsqy(Bs, Bt)
OJ

There is also an upper bound, which requires a correction given in terms of the

bending.

COROLLARY 3.12. Let Fy, Fy, s <t be two foliating arcs in Q2. Then

. . 2
2 [t 1b 1 2 1 b 2 [t
do(F,, F) S—/ ﬂjL ( K/mR 0 log _D du+—2/ dg
S a 7T S

s b—al? V1 R2 8m2

Proor. Apply theorem 3.7 0

3.5. Long-range Estimates for |f’|. We apply the results of the preceding
sections to obtain long-range estimates on the boundary derivative. We state the

results in terms of hyperbolic distance.
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FIGURE 3.6. The setup for theorem 3.13. The geodesic arc vy joins g(0)
and f(0) to & € 9. f(0) lies at the intersection of v and the separating
arc Bjy.

THEOREM 3.13. Let 2 be a domain with £ € 0. Let f : A — Q and g: A — )
be conformal maps with f(0) lying on a separating arc Ey. Let vy be the ideal geodesic
joining & and f(0), and let g(0) be a point further along ~y (see figure 3.6). Then

d
2 — kd

R ngogon_ 4 (A N g
g0 g7 (O] < Coet OIS — e p{(d(f(@),am) Bla) - 4ld)

exp{—A(d)}

lg' 0 g7H(E)| > CoehrF(0):9(0)

where

and Co, C5 are as before.
PROOF. Assume without loss of generality that f(1) = g(1) = £ and write
9(2) = fo¢(z)

for ¢ : D — D with ¢(0) = f~' 0 g(0). Since f(0),g(0), and ¢ lie on a common
geodesic, their preimages must lie on a common geodesic in the disk. (In fact, the

preimages all lie on the real axis, given our normalization.) Thus ¢ is a hyperbolic
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whose axis is the common geodesic. Tt is a simple calculation to verify that |¢'(1)| =

exp{dn(0, f~1 0 g(0))}. Thus
lg" o g7 &I = 1F ()] 1¢' ()]
= /()] exp{dn (0, f~ 0 g(0))}
= ['(1)] exp{dn(f(0), 9(0))}

and the theorem follows from the local estimates.

O

REMARK. The estimates of the preceeding sections can be applied to dp,(f(0), g(0)).
For example, let (f(0)) and r(g(0)) lie on the bending lines By and B; respectively.

Then we have immediately

dn(f(0),9(0)) = 5 (dn (r(f(0)),7(9(0))))



CHAPTER 4

Passing Between the Two Models of Teich(A)

7
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1. Notation

A — The unit disk {|]z] < 1}
L>(A) — The space of bounded Beltrami differentials on A

L*(A); — The open unit ball in L>(A)

2. Linearizing Welding

In this section we work out the relationship between tangent vectors to Teich(A)
in the two classical models. We wish to know how small changes in welding maps
affect quasicircles, and vice-versa. We are able to obtain an explicit formula which

has a particularly simple form at the origin.

2.1. The Differential at the Identity. In this section we work on the half
plane rather than the disk. The half-plane is conformal to the disk via a linear
fractional map, and nothing essential is lost.

Let 1 € L°(H); be real analytic '. To construct a homeomorphism of the circle

we form the symmetric extension

and to produce a quasicircle we form the ’'zero’ extension

u(z) zeH
0 zeH*

pz) =

In both cases, the real axis is a set of measure zero and the values there are unim-

portant. By the measurable mapping theorem,

0 ” 1
8tf =0 Ho* T2

IWe assume 1 is real analytic so the maps become differentiable and we can use more convenient
notation; the conclusions carry over to the general case when suitably interpreted.
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when f™ is normalized so near infinity f*(z) =2+ O (ﬁ) Similarly, we have

0 1
aft,u -0 = Us * E + Q<Z>

Where Q(z) is a quadratic polynomial with real coefficients achieving a desired nor-
malization (say, fixing 0, 1, and oo, in which case Q(z) = az + b for a,b € R ). We
can now work out the relationship between the two vector fields % f* and % fiu at a

point x € R.

PROPOSITION 4.1 (The differential along the real line). Let yu € L>®(H);. Then

o, 1[0 (D
af’u_ 5 (aft,u_Q_ZH (aftu_Q>)

at any point x € R. H denotes the Hilbert transform.

att =20

PROOF. At time t=0,

il = @) = [[ 28 agp
— [ g+ L[] g
=2 [ g L[ 2
:2Re(-/é%‘df‘2)
ol 50
(i)

Further, f™ is conformal in H*. Thus the vector field % f® is holomorphic in H* and

its imaginary part can be reconstructed as the Hilbert transform of the real part.

O

REMARK. On the circle, the analogous conclusion holds: the real and imaginary

parts of ft“ become the normal and tangential components, respectively.



30

2.2. Examples. The examples in figures 4.1 and 4.2 were produced by choosing

a smooth vector field V' € Vec(S'), removing coefficients -1, 0, and 1 from its Fourier

1

Tz’

series to obtain the non-Mobius part pu % and constructing a welding map 6 +—

eV (0). In this case, we have
O 4 1 ,
2t — Z(V —iH
8tf 5 (V—iHV)

100 points were sampled uniformly on the unit circle and the welding was per-
formed using a variant of the 'Zipper’ algorithm. The resulting vector field was

estimated using the difference between the image of e? after the weld and e%.

REMARK. Small numerical errors in the welding cause distortions of the estimated
vector field. A slight rotation of the curve adds a constant term to the tangential
component of V' and a slight translation will add sin(f) and cos(f) terms to both
normal and tangential components. This makes the choice of € somewhat tricky. We
must choose e small so our linearization is a good approximation for V' (and to ensure
the welding map is a homeomorphism). However, if € is too small the estimated V'
is dominated by numerical noise from the welding. To produce the examples, some

trial and error was required on a case-by-case basis.

2.3. The General Form of the Differential. Away from the origin, we can
still obtain a formula which relates tangent vectors in the two models of Teich(A).

We’ll need the following observation:

PROPOSITION 4.2. If N : 092 — R is the restriction to the boundary of the normal
part of a holomorphic vector field on §2, then the tangential part is given by T =
HqoN + v, where Hq is the Hilbert transform in the domain €2 and v is any vector

field in psly(R) acting on 0S2.

PROOF. It suffices to prove this for 2 equal to the unit disk. Parametrize N
by the angular coordinate §. Then N (0) + iHN(0) is the restriction to S of some

function F holomorphic in A. The function zF(z) is also holomorphic in A, and it
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FIGURE 4.1. The welding map 6 — 6 + esin(46) and perturbed circle

(arrows indicate the flow of points) for e = .2.
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FIGURE 4.2. The welding map 6 — 6+ €V () and perturbed circle for
e = .8 and V a normalized version of 1 — [£ — 1],
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has boundary values

zF(z)‘ = Ne¥ +ie®HN

z=el0

The right-hand side may be viewed as a holomorphic vector field with normal part N
and tangential part HN. Clearly adding any vector field v € psly(R) will not change
the normal part, and since psly(R) consists of exactly those vector fields holomorphic

on A with no normal part, this completes the proof. 0

Now we move towards the general formula. Let €2 be some simply-connected
planar domain, with the interior and exterior conformal maps ¢_ : A — Q and

bpt AF = Q. Let h=¢"'o¢,|., bea welding map for Q. We have the following.

s
LEMMA 4.1. Modulo psly(R), we have
hoh™ =¢* (H.N — H_N)

where the function N : 02 — R is the component of gz'ﬁ_ o~ normal to 0K, ¢* is the
pullback operator, and H,, H_ are the Hilbert transforms on the exterior and interior

domains.

PrROOF. By direct computation,

oh 0 0
i (aﬁﬁl) °0¢y+ Dy (aﬂﬁ)

Sl 7o
= o7 (60— -on)
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Adopting the notation ¢, = v, o ¢, and ¢_ = v_ o ¢_ for vector fields v, v_, we

have

hoh1=¢i,_(¢+oh1—¢)

1
:¢—,_(v+0¢,—v,o¢,)
= ¢~ (vy —v-)

Since h is purely tangent to the unit circle, we see that the normal parts of v, and
v_ must cancel, i.e. the normal parts are identical. So given a function N : Q) — R
representing a specified normal perturbation of the boundary, we can recover the
tangential parts of the interior and exterior maps via the Hilbert transform on the
interior and exterior domains, which we will denote H_ and H, respectively. That

is,
hoh™ =¢* (H.N — H_N)
O

At the origin, the symmetry of the interior and exterior domains means H, and
H_ agree (up to choice of sign due to orientation). Plugging this in to our formula,
one recovers the earlier formula for the differential at the origin which we worked out

in terms of Beltrami forms.

3. A Bound on Distortion via the Weil-Petersson Metric on Teich(A)

In this section we introduce the Weil-Petersson Metric and use it to obtain a bound
on distortion of quasicircles in terms of the Weil-Petersson norm of a tangent vector to
Teich(A). We begin by reviewing the construction of left- and right- invariant metrics
on Lie groups. We construct the Weil-Petersson Riemannian metric on Teich(A)
by placing an inner product on the tangent space at the identity. Classically, this
inner product is computed in terms of Beltrami differentials; in [35] Nag showed

that this definition agrees with a Kahler metric on Diff (S') which has a convenient
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representation in terms of Fourier series. Finally, we state and prove our distortion

theorem.

3.1. Lie Algebras. Let G be a Lie group. The Lie algebra of G, denoted g, is
the tangent space to the group at the identity. Given a group element g € G, define

the conjugation map ¢, : G — G
CI)g(h) = 971 ohog

for any h € G. The differential of ®, at the identity is a Lie algebra automorphism;
this automorphism is called the adjoint action, denoted Ad,,.

3.1.1. Ezample: The Lie Algebra psla(R). We first compute the Lie algebra of
PSLy(R), which acts on the complex plane as the group of linear fractional maps
which preserve the unit disk. The R in the name reflects the isomorphism with the
group of linear fractional maps which preserve the upper half-plane, which have real
coefficients. Elements of PSLy(R) acting on the disk have the form

az+b
bz +a

, with |al> — |b]* =1

To compute the Lie algebra we take a smooth path through the identity and
differentiate. Let a = a(t),b = b(t) be smooth complex-valued functions of ¢ with
a(0) = b(0) = 1. Then at time ¢t = 0 we have

Daz+b  (az+b)(bz+a) — (bz +a)(az +b)
Otbz+a (bz + a)?

= b2+ (a—a)z—b

= (zi)z + Ima + ibz’1> 12

That is, we have a vector field of the form

v(z) = (a127' +ao + mz) iz

0z
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where a_; = @;. For z = €% this vector field is tangent to the unit circle. If we write
this in coordinate 6 on the circle, we have

B 0

v(0) = (a127" +ap + a12) 2%

since % pushes to iz% under the embedding 6 — €?. It remains to be shown that

every vector field of this form is in the Lie algebra; this is clear since the integral of
a holomorphic vector field is a holomorphic map, and these vector fields preserve the
unit circle.

The adjoint action can also be computed explicitly. Let h; be a smooth path in

Diff (S') with hg = Id and %ht = v € Vec(S'). Let g € Diff(S'). Then at t =0,

% _lohtogz (g_l)/ htog‘%ht .
. 'UOg
gogltohog
_Uog

g/

This is identical to the pullback of v through g.

3.2. The Weil-Petersson Inner Product and Diff(S!). Let v € Vec(S?) be

a smooth vector field on the unit circle with Fourier series representation

o0

0
v(0) = Zanem(’%

where a_,, = a, since the vector field is real. The Weil-Petersson norm on Vec(S?)

is defined by

oo

lollyp =D (n* = n)lan|’

2
Note that for any w € psla(R), we have ||w|wp = 0. One may verify that for
g € PSLy(R), we have [[v||wp = ||Adgv|lwp. Thus the WP norm provides a norm
defined on the quotient of Diff(S!) by the Mobius group. One thinks of this norm
as living on the tangent space to G = Diff(S')/PSLy(R) at the identity, 7.G. One
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can extend this to a homogeneous metric on all of G by translating vector fields back
to the identity.
At this point, we may create a homogeneous metric in two ways. One may choose

to translate vector fields back using either right-multiplication
Rsh=hog

or left-multiplication
Lsh =goh

From the point of view of putting inner products on tangent vectors, the essential
difference is how one interprets a tangent vector to the group. In the setup of left-

multiplication, we interpret a tangent vector v € T,,G as

oh
—_— /l)

ot

and we pull the tangent vector back to the origin through the differential of left-

multiplication. In one dimension, this amounts to the map

voh
h/

U=

Perhaps more naturally, in the setup of right-multiplication we interpret v € TG as

— =wvoh
ot
That is, we view v as a vector field defined on the space in which h takes values, and

the pullback map is
vi—voh!

Explicitly, let U(6,t) be a smooth path in Diff(S!) and let v(,t) € Vec(S!)

ov

2L, Then we construct a left-invariant metric on TyDiff(S") as

satisfy vy o W =
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follows. The pullback of v to the identity under ¥ at time ¢ is

(Uo\lf)-(\lf_l)/o\lfzvoqj

where ¥, = %\I} and Wy = %\If. If we expand the pullback in series we have

— = a,(t)e™
C=D el

again with

(n3 —n)|an(t)[*

H‘I’G WP

And the length of the path W(6,t) is, by definition

o= | <Z<n3 —n>|an<t>|2>

2
Construction of the right-invariant metric is similar, but using the pullback under

right-multiplication we expand

Vo U =) "by(t)e™

and evaluate the inner product

o

[0 W[ = D (0 = n)an(t)]?

2

In [40], Mumford and Sharon work with left-invariant metrics. In classical Te-
ichmiiller theory, the right-invariant version of the WP metric is typically used. We
follow the classical theory and adopt the right-invariant form, which is much more

convenient for our purposes.
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3.3. The WP Inner Product and Beltrami Differentials. Let f, and f)

solve the Beltrami equation for p, A € L°(A); and consider the map f,, defined by

fwofA:fu

One may compute that

o ,u_)\f)\,z o —1
“o {1_;\/1]?/\,2} (f)\)

Further, for a bounded measurable function v : C — C, we have

wA+tr) —w(A) { v faz
L= A2 s

This is the definition of L2. L2 is an element of L>(A). Let N(A) denote the

lim
t—0 t

bott=r

“Infinitesimally trivial” Beltrami differentials, i.e. that subset of L>(A) satisfying

//A v(2)¢(z)dedy = 0

for all quadratic differentials ¢ defined on A. We may identify the space L>(A)/N(A)
with the tangent space to Teich(A) at the origin.
Given two Beltrami differentials p,v € L*°(A)/N(A), the Weil-Petersson inner

product is defined by

(b v)wp = / / pp*ddy
A

2 defines the Poincaré metric on the disk. By right translations one

where P = m

may define an inner product on each tangent space of Teich(A).

3.4. Distortion of Quasicircles is Bounded Uniformly by Weil-Petersson
Norms of Tangent Vectors. Here we show that the infinitesimal deformation of a
quasicircle in some direction v is controlled by the WP norm of the tangent vector.
That is, let [A] be a point in Teich(A). Then given a vector v tangent to Teich(A)

at [A], we have the following:
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THEOREM 4.1. Let v = v % i and set Q = fAA). Then for any z € 09,

2
2 < =V Bupp )l v

where |Supp(v)| is the Euclidean area of the support of v.

PROOF. Let S = Supp(v). By the measurable mapping theorem and normaliza-

tion of f#, we know that

V=V % —
mZ

Thus

- %// V(_g)zdxd
e

2
dxd
/ / |S | v f) aray by Jensen’s inequality
mé—=z S‘
g) ’
— Z

Let Q = fA), with hyperbolic metric defined by some scalar pg. At any point
£e)

Lo 1
€ =2 7 d(£,09)

< 2pq(§)

where the second inequality follows from the fact that po > % pp on any foliating arc

F, (see lemma 3.1) and the fact that pp > m. Combining, we have
418
)P < | | // v (&) piydady
4|5 |
=—5 [Ivllwe

This completes the proof. O
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4. Quasisymmetry and Distortion of Quasicircles

While the results of the previous section are useful, they aren’t necessarily the
most natural; in particular the assumption that a vector field has finite WP norm is
much too restrictive. One can still obtain bounds on approximations without requiring
the smoothness necessary for a vector field to have finite WP norm. Quasisymmetry;,
the one-dimensional analog of quasiconformality, is the essential feature a vector field

must posess.

4.1. Quasisymmetry and Uniform Approximations to Shapes.

DEFINITION 4.1 (Quasisymmetric map R — R). A homeomorphism h : R — R

is said to be quasisymmetric if there exists a constant M € R such that

1
M

h(x +1t) — h(x)

o) —hw—1| =M

|

for all z.t € R.
There is an analogous definition for circle maps:

DEFINITION 4.2 (Quasisymmetric map ST — S1). A homeomorphism A : S? — S?

is said to be quasisymmetric if there exists a constant M € R such that

1 h(ei(:p—l-t)) o h(ezz>

— < <M
M

h(ezr> _ h(ei(:c—t)) —

for all z and all [t| < 7.

One says that h satisfies an M -condition if it is quasisymmetric with constant
M. Tt is well-known [3] that any quasisymmetric map S' — S! can be extended to a
K-quasiconformal map A — A for a K which depends only on M. As M vanishes,
so does the best possible K. The Ahlfors-Beurling extension is a particularly simple

means of extending a quasisymmetric map, although it is not invariant under the
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Mobius group. Let A : R — R satisfy an M-condition and define

u(z,y) ! /Hy h(t)dt

29 ey,

o(z,y) = = /Oy (h(z + ) — h(z — 1)) dt

2y
Then the map ex(h), defined by z+iy — u+iv, is quasiconformal with K that depends
only on M. As stated, this does not extend the identity by the identity, but this is
rectified by using the extension x + iy — u + 2iv. This map is still quasiconformal
and now extends the identity by the identity. The Ahlfors-Beurling extension is also

natural for real affine transformations: if Si(z) = a;z + by and Sy(2) = agz + by, then
ex(S10hoSy) =5)0ex(h)oS,

We can use this to construct quasiconformal extensions of circle maps. If we lift a

2mix

homeomorphism ¢ : S' — S! via the universal covering map z — e*™*, we obtain a

homeomorphism h : R — R. Thus if H = ex(h), we have by affine invariance that

H(z+1)=H(z)+1

2mix

since h(x) +1 = h(x + 1). Now note that the covering map z +— e*™* extends to

the cover z — 2™*

of the punctured unit disk. The Ahlfors-Beurling extension fixes
infinity, so via the covering map we may now construct a quasiconformal extension of
g to the entire disk, with a fixed point at 0 (the image of infinity under the covering

map).

4.2. Quasisymmetric Approximations to Welding Maps. Given a Bel-
trami coefficient 1 € L*°(A), recall the construction of the maps f* and f, used
in the two models of universal Teichmiiller space. f* solves the Beltrami equation for

the coefficient

o, z€eA
fo(z) =
0 ,otherwise
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with the normalization that f* = z 4 O(1/z) at infinity, and f, solves the Beltrami

equation for the coefficient

,z €A

=

ps(z) = ,

i(3)% otherwise

W=

normalized, say, to fix 0, 1, and oo. Each quasicircle Q = f#(S') has an associated
welding homeomorphism £ : S* — S given by h = f,| G

We would like to know how making small perturbations in a welding map will
change the corresponding quasicircle. A natural notion of “small”, in this setting, is
given by composing the perturbed map and the original, and measuring the constant

of quasisymmetry associated with the composed mapping. The following lemma is

one result along these lines:

LEMMA 4.2. Let {hy, : St — S} be a family of quasisymmetric homeomorphisms
with Kgs[hy o h™'] — 0 as k — oo for some homeomorphism h : S* — S'. Then the

Hausdorff distance dpaus(Qr, Q) — 0 as k — oo.

PROOF. Let ¢, = hy o h™'. Each ¢, can be extended to a quasiconformal map
A — A. The corresponding Beltrami coefficients py, have norm ||p||s which depends
only on ||¢k|lgs. In particular, ||uk|lcc — 0 as k& — oo. By basic properties of
quasiconformal maps, the solutions {f#*} are equicontinuous, hence they form a
normal family and converge uniformly on compact subsets to a limiting map f. Since
|l ttklloo — 0, f is conformal on the extended complex plane. In fact, f must be the
identity, since that is the unique map with the correct normalization at infinity. The

lemma follows by considering the images of S! under the maps f**.

In fact, we have a more precise result. The tangent space to Homeoggs(S?') is

given by the space Z of Zygmund vector fields. A real-valued vector field V(z)% is
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in Z if there is a constant B such that

V(ez‘(m+t)) _ 2V(e”) + V(ez’(:p—t))

<B
; =

IVlz = sup
Tt

where the supremum is over all x € [0,27] and |t/ < w. This is an infinitesimal
version of quasisymmetry. If a vector field V satisfies such a condition, then maps
T — z + ev(z) + O(e?) are, to first order, eB-quasisymmetric. We can use this
Zygmund condition to show that the differential of the welding isomorphism is, near
the identity, a bounded linear map in the Zygmund norm on 7yHomeoggs and the
sup norm on the normal part of vector fields on the circle. Recall that, when properly
normalized, the differential at the origin is the map Dy defined by

V() % iV (8) + HV(6)) ew%

To obtain uniform bounds in the Hausdorff metric, we must control the normal part

of the vector field.

THEOREM 4.2. The map Dq is a bounded map from the Zygmund space to the

space of normalized vector fields on S* with the sup norm.

PROOF. Let V € Z. If we take a path of homeomorphisms h, : S — S! with
hi(z) =z +tV(z) + o(t) then

Kqs(h) <1+1[V]|z + o(t)

We can extend h; to a family of quasiconformal maps h; : C — C which are solutions
to the Beltrami equation with symmetric coefficients p; (i.e. pi(z) = e (1/ 2);—2) It
follows from the Ahlfors-Beurling extension [3, 24] that || < C||V|| 2.

Thus V extends to a vector field V% defined on C with

where ;1 = % i—o- The corresponding tangent vector W acting on the quasicircle is

given by convolution with the Beltrami coefficient which agrees with ;i on A and is 0
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on A*:

and DyV = W‘Sl' Further, at any point z € S,

el =| [[ £

< [ 1
AlE—2
< CV|z

O

The measurable mapping theorem also gives some geometric intuition. Given a

Beltrami coefficient p, we have
fH(z) =z + tv(z) + o(t)

for v(z) = px é If a perturbation of a welding map extends to a quasiconformal map
with coefficient i, and || i is small, we can largely understand the difference between
the two maps as convolution of p with the Cauchy kernel. Given the local nature of
both the quasiconformal extensions and convolution with the Cauchy kernel, one sees,
for example, that the deformation of () arising from a locally supported perturbation

of h will also be strongest at points nearby in the plane.



CHAPTER 5

Compression of 2D Shapes via Teichmiiller Theory
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1. Background: e-Entropy and Coding

Our ultimate goal in this chapter is to produce a lossy compressor for 2D shapes.
That is, given a point in some metric space of shapes, we wish to produce an e-
approximating shape which can be described using as few bits as possible. To evaluate
the performance of any such scheme, one needs a notion of optimality for compressors;
we appeal to Kolmogorov’s e-entropy to determine optimality.

Kolmogorov was aware of Shannon’s influential work on coding theory, and intro-
duced the definition of e-entropy as part of his project to understand complexity and
information in continuous systems [27, 14, 15]. We review the basic definitions and

some results, and discuss the connection to coding theory.

1.1. Kolmogorov’s e-Entropy. Let X C (M,d), where M is a metric space

with metric d.

DEFINITION 5.1 (e-cover). A collection of sets {U,} such that X C (JU, and

diam(U,) < 2¢, is called an e-cover for X.

DEFINITION 5.2 (e-entropy). Let N, be the cardinality of a minimal e-cover of X.

The e-entropy of X is H. = log, N..

We omit many important technical aspects of the theory. The e-entropy is a
way of describing the 'massiveness’ of infinite-dimensional spaces. In terms of code
lengths, it provides a bound on the cost, in bits, of encoding elements of X with
encoding error no greater than e. For Lipschitz functions in the uniform norm, we
have a particularly simple way of computing the e-entropy. We will only sketch the

main idea in the proof of the following theorem.

THEOREM 5.1 (e-entropy of C-Lipschitz functions). Let ' = {f : [a,b] —
R | fa)=0,1f(z) = f(y)| < Clz —yl} equipped with metric d(f,g) = ||f — gllo-

(b—a)C 1 : (b—a)C c Z+

H.(F,d) = ¢ ¢
{%J , otherwise
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The key ingredient in the proof is the observation that C-Lipschitz functions
stay within corridors bounded by piecewise linear functions of slope +=C' (see figure
5.1). These corridors form a cover for F', and the corridor boundaries give us an
e-approximating set. Thus the proof amounts to counting the number of corridors
required to cover the set of C-Lipschitz functions. How many such corridors are there?
The basic idea is revealed in the simple case € = C' = 1 on the interval [0,n]. This
computation is identical to counting standard random walks; of course there are 2"
such walks. In the general case, there are P corridors, up to taking integer parts

at the end of the interval. Thus

b—
HE(F,d)mﬂ

€

and the precise result is as stated in the theorem.

e/C 2¢/C 3e/C 4e/C 5¢/C 6e/C

FiGUurE 5.1. C-Lipschitz functions stay within e-corridors whose
boundaries are piecewise linear with slope £C'.

1.2. Connection with Coding Theory. In lossy coding theory, one asks “given
a metric space X, how many bits must I use in order to represent each element in

the space with error less than €?” If X is compact, the e-entropy gives an answer.
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Suppose one obtains an e-cover with /N elements. Then by enumerating their centers,
one obtains a family of approximating elements with storage requirement at most
log N bits. In the probabilistic setting, if one places a probability distribution p on
X which induces the uniform distribution on an e-cover, then by assigning an integer
to each element in the cover one can encode the samples with expected bit length

O (H,).

2. Adaptive Uniform Coding of Real-Valued Functions

In the preceeding section, we gave an explicit construction for e-approximants to
Lipschitz functions. Our next step is to develop a compressor for a less restrictive
class of functions than Lipschitz functions. We’ll consider the following setup: f :
la,b] — R is a function we wish to approximate with a piecewise linear function g.
Given {z;}Y | C [a,b] with z; = a, zy = b, we'll set g to be a linear interpolant for

f with knots at {z;}, which means

en T =y

flae) + 525 (@) — fla) v € (wn, Tea)

g(z) =

where hy = xpy 1 — xp. The first problem is choosing our z; to minimize the L
approximation error. We then show that our choice of {z}} is an optimal encoding,

in the sense that it achieves the e-entropy on a reasonably broad class of processes.

2.1. A First Encoder. In this section we develop an encoder for functions f :
la,b] — R with f: || < oco. We will prove that if we apply the encoding to C-
Lipschitz functions, we achieve the e-entropy up to a constant factor. In later sections,

we will relax the too-strict assumption that fab |f"| < oc.

LEMMA 5.1 (L™ approximation error). Let ¢ € C*([0,h]), piecewise C*, with
»(0) = ¢(h) =0. Then

h h
mas [6(0)] < § [ 16/

0<z<h
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PROOF. Set
¥ = arg max |¢(x)|.
0<z<h

and assume without loss of generality that ¢(z*) > 0. We want to know how large
¢(x*) can be. We claim that it suffices to consider ¢ which are concave and symmetric

about h/2. Indeed, the “concave hull” of ¢, i.e. the function
#(x) = inf{L(z) : L is a line lying above the graph of ¢ }

is O, piecewise C2, achieves the same maximum as ¢, and has [|¢"| < [[¢"]. So

the conclusion will follow if we show it for concave functions. For concave ¢,

(5)-%

since concavity implies ¢ lies above the line segments joining its endpoints to its
maximum.

Now observe that the function

(x) = 5 (o(x) + o(h — x))

DO | —

is concave and symmetric about h/2 with [ |¢"| = [ |¢”]. Thus

b(h/2) = 5 (9(h/2) + ¢(h/2)) = (%)

1
2
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So assuming ¢ is concave and symmetric about h/2, we have

h
o(a") = / F(9))ds

/2

-/ / [ e
ng;A;u%@wf
- [ 3 [ enas

h " 1
=1 [ e
0

REMARK. Lemma 5.1 is sharp. Indeed, fix some h > 0 and k£ > 0 and ask for a
C? function ¢ which achieves the greatest value on [0, h], subject to foh |¢""| = k and
#(0) = ¢(h) = 0. The supremizing case has f” = —kdj/, which corresponds to a

triangle-shaped function with sides of slope k/2 and maximum of 2k achieved at h/2.

Applying lemma 5.1, we see that in order to guarantee that a piecewise linear
interpolant ¢ is a uniform e-approximation to f, we must choose the stepsize h;, =

Zri1 — T such that

Tp+1
(2001 — 72) / <

Tk

We now compute the number of points this requires.

LEmMMA 5.2 (Placing {xx}.). Let g be a linear interpolant for f with knots at
{]}k},k = 1,2,3, ,N + 1. Let Ik = [!I?k,aik+1]. If

[ 1=l [ 1
I I;

forallk,j €1,2,3,...N, then

b—a [°
If =gl < g [ 197
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PROOF. We have

If M is the common value

M=l [ 17
Iy,

then
M
_ < =
17 = gle < 5
and
b N 2
1 MN
1 — M - >
L 2707
This completes the proof. 0

We have just showed that the spacing rule
oh " A "
(Th+1 — SCk)/ | = (1 — Ij)/ |
Tk Tj

implies the error bound

b—a [°
If =gl < g [ 197

We now show that this knot spacing asymptotically achieves the e-entropy for Lips-

chitz functions, up to a constant factor given by the cost of storing N points.
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THEOREM 5.2. Let f : [a,b] — R be C-Lipschitz with f; |f"| < oo. Set
z+h
Bt = inf{h > 0 - / I£"] < 4C for all z € [a, b — h]}

Then if € < h*, the number of points stored is

e[

€

Proor. By lemma 5.2 we know that

b_ b
Sy

We wish to get control of the right-hand side. We first estimate the integral. Divide

[a,b] into [2=2] intervals, each of length less than h*:

h*
b};ka —|

b ( b—a
[m=3 [ir< |5t e

1

We also need to relate € and h*. By lemma 5.1,
* z+h*

< max — "| < Ch*
€= xe[a,bz(:h*] 4 = ’f ‘ -

Returning to the right-hand side of our estimate for N2 and applying our estimates,

b;Ga /ab‘f”’ - b;ea [b};a-‘ o
- (b—a)C [(b—a)C-‘

€ €

cJoae]

we arrive at

Taking square roots completes the proof. 0]

REMARK. This coding does not achieve the e-entropy exactly. There are two

problems.
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(1) We achieve {@-‘, whereas the actual value is

(b—a)C 1 : (b—ea)C’ c Z+

H={

{@J , otherwise
This could be remedied if we modified our representation slightly; for exam-
ple, we currently do not assume that f(a) = 0.

(2) Storing each point requires us to store the values (xy, f(zx). This takes 64
bits if we store both as 32-bit floating-point values. Thus we only achieve

a constant multiple of the e-entropy; the exact constant depends on the

representation we use for the numbers.

A partial solution to (2) is presented in section 3.

It may be the case that one can find an e-approximant to a function using far
fewer interpolating points than our estimates suggest. For example, the function

sin(100z)

F@) =5

oscillates wildly on [0, 2] and hence [ |f”| is large, but | f| remains bounded by 1/100.
So for e > 1/100, f can be uniformly approximated by a straight line segment, which
takes only two points to encode. The issue is one of scale: ¢ > 1/100 is too large
compared to the excursions of the function. The preceeding lemma thus addresses
both the optimality of the compression, as well as the scale at which the estimates
become relevant.

Closer inspection of the proof of lemma 5.2 reveals that the existence of a non-
zero h* defines a point of interest for the function, relative to the epsilon-entropy. At

e = Ch*, the estimate is precise, but in general we have

_(tb-a) [C
v-o(t52/2)

That is, the growth of N for a fixed f and h* may be viewed as O <\%> , with a constant

factor defined by A*. This does not, of course, imply that this approximation scheme
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bests the e-entropy. Consider a function with constant |f”| = K. Then

b N2
N2§b a/ ’f"|:M
de J, de

So, for example, if we’re working with a smooth f and we choose ¢ small enough,
we take step sizes small enough that the function, roughly speaking, looks like it has
locally constant |f”|. Over all C-Lipschitz functions, there is no universal scale at

which this happens, so there is no conflict with the e-entropy.

ExAMPLE 5.1 (Expected coding cost for random walks). Let F' be the set of all
symmetric random walks taking jumps of size 6 on a mesh {0, %,2%, ...,K%}. Let
a =00 =K§/C. Each f € F is differentiable except at the jump points, where
we interpret " in the sense of distributions. On each interval [nd/C, (n + 1)0/C],
we have ' = £C, with probability 1/2. Therefore we have for all intervals I, =
no/C +6/2C, (n+1)0/C + 6/2C| that

2C'  with probability 1/2

‘f//| —
In 0 with probability 1/2

If N is the expected number of points stored for a given € > 0, we have the bound

b—a [°
EIN|<FE "
M= ey 2 [

b—a b
= FE "
de /a |f|

= , since K = C(b—a)/d

If € and 0 agree, we see exactly 1/2 the e-entropy.
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2.2. Expanding the Domain. The results in the previous section are stated
for the most general case, and hold even in the limit when the second derivative exists
as a distribution. However, if we impose some regularity on the functions we wish to
encode, we will see that the asymptotic behavior of the encoder is far more forgiving

than the worst-case bounds

"

would suggest. In fact, if we control the local behavior of the function we see that
there are many more functions which we can approximate with finite NV, including,
for example, certain functions which are merely Holder continuous. The sufficient

condition is a sort of reverse Jensen’s inequality, shown in the next lemma.

LEMMA 5.3. Let [ : [a,b] — R be such that for any C' > 1 there exists § such that

P <ok il
Vi e [T

for all intervals [z, x + h] of length less than 0. Let g be a linear interpolant for f
with knots at {xx}, k=1,2,3,...., N+ 1. If

/xjk+1\/W:/xjj+l\/W

forallk,j €1,2,3,...N, then

If=gle<O (% (/”m>2>

when max{h,} < J.
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PROOF. From lemma 5.1 and by our assumptions,

Th41
f—gl< hk/ T4

Tk

By assumption, we choose our mesh {z;} so that

[ [

for all 1 <k < N + 1. The lemma follows upon substitution. OJ

REMARK. This result is reminiscent of a result in Leonard’s thesis [31], in which

an adaptive coding scheme was presented with

Ngé/\f’\

We would achieve the same results in this thesis if we used piecewise constant, rather
than piecewise linear, approximations, and followed a similar line of argument to the
one above. More generally, this suggests that using piecewise polynomial approxima-

tions (splines) of order (n — 1), one may be able to achieve

N < e / ‘f(n)‘l/n

A heuristic argument is as follows. Expanding f in series about some point, one has
1 1
fx+h) = f(z)+hf () + §h2f”(x) + .t ﬁh"f(”) (z) + O(h™*1)

So if we make the (n — 1) order approximation about «

glx +h) = f(z)+hf'(x) + %h2f”(x) +ot
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we have that our error is
1
|f(x+h)—g(z+h)|= mh”f(") () + O(h"™)

If we can justify dropping higher-order terms, choosing step sizes of

(7))

should guarantee uniform bounds on error. Summing step sizes gives the bound on N.
Calculating N stored on random walks suggests that any scheme with these storage
requirements will have N < {w—‘ on C-Lipschitz functions.

In practice, high-order polynomial approximations are extremely challenging to
work with, particularly in extrapolation tasks like we have here. It is not clear that

such methods would be practical.

Lemma 5.3 greatly expands the class of functions which we may encode with a
finite number of bits. The following two examples illustrate the utility and limitations

of this result.

EXAMPLE 5.2. Consider the Hélder continuous function f(x) =z, 0 < a < 1,

defined on some interval [0,b]. The integral fo |f"| diverges, but we have

[ f// _\/_| x+h [Ba_1|

= \/a(a —1)x=2+ O(h)

and

L ‘(x+h)°‘/2 —a:"/Q‘

1 z+h
R
=+voala—1) ‘xo‘/%l +O(h)]
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We form their ratio and obtain

V2 2+ O(h) \/1+0 (ha?—e)

z2/2=1 + O(h) 1+ O(hat—a/2)

For z in any interval (0,b) this ratio tends uniformly to 1 as h goes to zero. Hence

lemma 5.3 applies and we see we can bound the approximation error using a finite

a0 (S [ 1)
o i
S

It is worth making a few further remarks on Holder continuity. The condition

number of points:

fob VIf"] < oo implies Holder continuity at any point of f. That is,

/Ob\/mda:<oo

k
|f”(x)|<ﬁ , some [ < 1

ks

— @) < -5

By integrating twice, we deduce a Holder condition on f. That is,

(@) = F(b) + / " e

< |f/(O)] + ks (b2 — 7201

Repeating, we obtain

|f(@)] < ksz*™?
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Since 0 < 2 —20 < 1, f is Holder with exponent 2 — 23. However, Holder continuity
of f is not a sufficient condition for the lemma; the next example demonstrates a

Holder-continuous function to which the lemma does not apply.

ExXAMPLE 5.3. Consider f" = d,,. The lemma fails to apply since the integral of
V' vanishes. Consider a triangle-shaped function supported on an interval containing

0, with tip at x = 0 and sides of slope £1. The second derivative is given by

—= T &€ |—€€
f//(x) — € [ ]
0 elsewhere
However,
JViri= [ =2
VL
In the limit where " = —26q, the integral vanishes. The essential failure is that a

delta function changes too rapidly; there is no scale below which the two integrals in

the lemma statement are comparable.

2.3. Computing a Mesh with Specified Spacing. In order to carry out the
interpolation we have described, we need a way to choose the mesh points {zx}. The
proof of lemma 5.3 suggests an algorithm for computing the meshes. Lemma 5.3

requires that the knot points {z} satisfy

/zjk+1 \/W _ /g:ﬁl \/W

for all k,j. As hy shrinks, this means that the stepsize is roughly O (\/lfT) In
general, we may wish to choose a mesh so that the mesh spacing is approximately
O(o), where o : [a,b] — [0,00] is some function. Indeed, we will need to do this in
the next section. We will use the following result, which allows us to compute exactly

the spacing from lemma 5.3 and provides a quick method for computing the desired

mesh in general.
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LEMMA 5.4. Let o : [a,b] — [0,00] be continuous and satisfy ffa =b—a and

fbl < 00. Choose some integer N > 0. Then there is an O(N)-time algorithm

a o

for computing a mesh {x;}N_, with xo = a,zx = b where the mesh size satisfies

Tt — v = Co(zy) for some x} € (v, xp11). C is independent of k.

PROOF. Define the function

1
2(33):/a @dﬁ

Choose points {y; }_, by setting

k

Yk = N(b_&)

We claim that the points xz, = X7 (y;,) form the desired mesh. Indeed,

el ] b—a
/xk OC TN

By the mean value theorem, there exists a point =} € (zx, Tr41) such that

1 (z —m)—b_a
(@) k+1 B =N

The conclusion follows with C'= (b —a)/N. O

2.4. Examples. The next few figures provide some examples of linear inter-
polants constructed using the method of the previous section with the spacing func-
tion

1

= e
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Max error = 0.31 at x = 11.42
151

Exact
— e — Interpolant
Error

Max error = 0.10 at x = 9.54

Exact
— & —Interpolant =z

Error ~hd
35 g

25 s

0 I
0 5 10 15

FIGURE 5.2. Above: zsin3x and a 60-point interpolant. Below: /x
and a 4-point interpolant, computed using the spacing function oy (x) =

m and the method of lemma 5.4
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Max error = 0.02 at x = 1.00
5r []

Exact
— & —Interpolant
4H Error

0 +
_1 =
_2 =
_3 =
_4 =
-5 L ® L
5 10

Max error = 0.02 at x = 1.00

Exact
— @ —Interpolant
Error

4.99

4.98

497

4.96

4951

4.94 -

493

4.92 L L
4.97 4.98 4.99 5 5.01 5.02 5.03

F1GURE 5.3. A 20-point interpolant to a triangle function and a close-
up of a tip, both computed usin r) = ———— and the method of

lemma 5.4. The spacing function oy gives reasonable results because a
0 function is indistinguishable from very large f” once sampled.
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3. Reducing the Bit Cost

So far, we've considered approximating a function f with an interpolant g. How-
ever, if we relax two assumptions on g we can save a considerable number of bits. In
particular, in this section we’ll still consider piecewise linear e-approximants g, but

we’ll change two assumptions:

(1) At the knot points {x;} we no longer require g(xy) = f(z).
(2) The allowable timesteps hy, are still adaptive, but now take values in some

countable set.

Further, we don’t choose our spacing as naively as in the previous section, where we
paid attention only to the derivatives of the function. Here we operate by extending
an approximation as far as we can without exceeding some error threshold e; this is

more robust when the function oscillates rapidly but boundedly, for example.

3.1. Discretizing the Values: From Interpolants to Approximations.
We'll now consider the following setup: f : [a,b] — R is a function we wish to
approximate with a piecewise linear function g. The function g is defined by a finite
set of values g(r) taken on some mesh {z;}&_, C [a,b] with 71 = a, zy = b.

o(x) = e o

9(@) + 52 (9(@pe1) — g(an)) € (Tn, Trt)

where hy = xpi1 — . We'll adopt the following notations for the the left-sided

derivative and tangent line to g:

@) = lim ~ (9l) — g(o — )

Ti(z) = g(xr) + (. — x4) 9" (z3)
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Additionally, we restrict the values g(zy) and hy so they have shorter description
lengths. We require
hit1 = aj by, ,some o, € A
9(Tps1) = hiTy + mye ,some my, € 7
where A = {..., a9, a_1,a0 = 1,1, a9, ...} is a countable set of o; € R, with a; 11 >
and inf{o;} = —oo.

If, given some f and a set A, there exists ¢ satisfying these requirements with

|f — gllee < €, we say g is an e-approximation for f.

THEOREM 5.3. Let f be such that ff |f"] < oo. If for all B € Ry, there exists

a; € A such that
MB<a; <

then there exists an e-approrimation g for f such that N, the number of points stored,

satisfies

3 b—a [°
2< X "
N — 8M? € /a’f|

PrOOF. We first claim that the number of intervals we need to store to create
an e-interpolant does not increase by more than a factor of 1/M. Let hy be the

current timestep. The largest next timestep hj,; we could choose to guarantee an

e-interpolant would satisfy

h*

_ h;;—i-l Tpthy gy //

= it 7
Tk

Define (3, by

k1 = Brlu
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However, we cannot choose this timestep. Instead, select o, to be the largest element

of A such that
hk+1 = ajkhk < Bhy,

By assumption on A, we have

M < thrl <1
h‘kJrl

Thus we can take at least M times the maximal distance at each step, and the claim
follows. We are halfway there: so far we’ve assumed g is an interpolant with values
g(xr) = f(xr). We must now adjust the values g(xy) to lie at allowable values for
an approximation to f, which amounts to shifting the values g(zj) up or down by
an amount less than €/2. Doing this increases error by no more than €/2 over each

interval. Since an interpolant satisfies

h— b
viebe P

We have shown that for an approximation,

REMARK. The condition that for all 5 € R, , there exists a; € A with
MpB<a; <p
is satisfied, for example, with M = 1/2 by the set

A={., 01,2,4,8,..}

DN | —

Y

o |

Y

ool

In this case we will have

o b
N2§§1~b a/ |

€
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While we store more points and make weaker error bounds, we have a win in
terms of overall cost of storage. Instead of storing floating-point representations of
the numbers (hg, f(x), we need only store a few exact values g, ho, g(zo) and then
everything else is given in terms of the values (aj,,my). These take values in some
countable set, and we can create efficient encodings for them. Denote by K («;, m) a
codeword for the pair (a;, m). Then the cost of encoding an approximation is

N

Cost(g) = C + Z | K (v, my)|

1
If we put some probability distribution on a set F' of functions, we can consider
optimal encodings for the pairs (a;, m). Our step sizes hy and values g(xy) are now
random variables drawn from some distribution. If we make some assumptions, we
can obtain estimates for bit lengths of the encodings. We consider timesteps which

are Markov

p<hk+1’hk7 hk—1, ..., hl) = p(hk+1|hk)

k+1

and we assume further that p(hgy1|hs) depends only on the ratio hhk , SO we can

write

p(hiksalhe) = flaj,)

and the a;, are independent random variables. We also would like to assume that
the my are independent of each other, though mj is not necessarily independent of

o, . Under these assumptions, we have

THEOREM 5.4. The total number of bits required to store g satisfies

E[Cost(g)] = C + E[N]- E|K(aj,, my)|
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PRroOOF. Apply Wald’s equation.

REMARK. More generally, without particular assumptions on the a;,’s and my’s,
one could use an adaptive encoding scheme along the lines of Lempel-Ziv to store
these values. This amounts to learning the empirical distribution and adapting our

codewords as we progress.

3.2. Experiments: A Second Algorithm for Encoding Approximations.
In this section we show the results of some numerical experiments using two compres-
sion algorithms.

The first algorithm is essentially described in the proof of theorem 5.3: given

{a;}¥_,, we choose the next values

hig1 = aj, hy, , some aj, € A

9(xpi1) = hiTy + mye ,some my, € 7

by choosing the largest allowable hy,1 € A and then choosing the m; € Z which
minimizes |g(zry1) — f(zra1)]-

The second algorithm is slightly more complicated to explain; we do so now. Let
f : [a,b] — R be continuous with f; |f"| < co. We will construct g : [a,b] — R, a

piecewise linear function s.t. || f — gl < Ze.
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0.8

FIGURE 5.4. A piecewise linear approximation to a smooth function.

We will proceed by induction, assuming g is defined by the values g(x1), g(z2), ..., g(x).

Assume that we have chosen points {z;} and values {g(z;)} for 1 < j <k so that

|f(zr) — gl <€/2

and

3
max |f(z) - g(2)] < Se

z€[r1,2)

We'll continue to use the following notations for the current stepsize and the

left-sided derivative:

We choose xj41 and ggyq as follows.
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(1) Extend the tangent line:
Tie(z) = glar) + (& — x1)g_(21)
(2) Record the first time the tangent line exits an epsilon corridor about f:
h* =min{h > 0 : |f(zx + h) — Ti(zx + h)| > €}

(3) Choose the next timestep hy < h* as the largest possible value given the set

of multipliers A:
(9) h; = max {Oékhk,1 < h*: o € A}
(4) Set xy+1 = x) + hy and choose g(xy41):

Te(wpg1) +€/2 , f(@rgr) > Tr(Trgr)

Ti(xgr1) — €/2 , otherwise

(10) 9(Trs1) =

It is easy to verify that we have extended the approximating function in such a

way that it satisfies both our requirements:

|f (@) = grra] <€/2

sup  |f() — g(x)] < o

€Tk, Tht1] 2
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3.3. Storage. The storage costs of the first algorithm are given in theorem 5.4.
The second algorithm is more difficult to justify; the problem is obtaining estimates
on N. We simply observe that in order to reconstruct a function g produced by the

second method, one needs to know:

o {x1, f(a), f'(a), hy}: the initial conditions

These take finite space depending only on the desired precision.

e {s;}, the sign of ¢/2 in equation 10
This costs 1 bit per point stored.

e {a;}: the amounts by which we modify the step size in equation 9
This takes variable space. The optimal encoding of «; depends on the dis-

tribution of values assumed by «;.

So if N is the total number of points stored, we have the cost in bits of encoding

f given €

N
Cost(f,e)=C+ N + Z Cost(a;)
1

And under similar conditions to theorem 5.4,

E[Cost(f,€)] = C + E[N] (1 + E[Cost(a;)])

However, in the case of this second algorithm we do not have theoretical justi-
fication for our previous estimates on N. Experimental justification will be shown

shortly.

3.4. Examples: The Second Algorithm. The next few pages show some ex-

amples of the second encoder producing approximations to a variety of functions. In
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particular we compare the predicted step sizes, which should be given by

h=0 (-
(77)

with the actual step sizes.



f(x) = x.*sin(3*x), Epsilon =0.1, Max error = 0.11105 at x = 2.32

_10 =

-15 1 1

Actual

— o — Approx (N=349)

Error

0.7F

0.6

04r

031

0.2

0 1 I

b

15

— Stepsize
sqrt(e/f”)

0 5 10

15

123

Method two. Above: xsin(3z), with e = .1, N = 349. Below: Step sizes over the

domain. Blue is the actual step size and red is y/¢/ f".
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f(x) = sign(x-5) .* sqrt(sqrt(abs(x-5))), Epsilon = 0.001, Max error = 0.00051972 atx =5

Actual
— & — Approx (N=355) I®
Error

-1.5 1 1 )
0

— Stepsize

181
sqrt(e/f”)

1.6

14F

1.2F

0 5 10 15

Method two: f(z) = sign(x)y/|z —5|. f’ is infinite at * = 5 but /|f"] is still

integrable.
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f(x) = sign(x-5) .* sqrt(sqrt(@bs(x-5))), Epsilon =0.1, Max error =0.04932 atx =5
Actual R
— o — Approx (N=32) I
Error
15+ ==
— 2 =
o
l -
051
0
-0.51
/
_1 =
&
— £ J
-1.5 1 1 )
0 5 10
f(x) = sign(x-5) .* sqrt(sqrt(abs(x-5))), Epsilon =0.5, Max error = 0.23992 at x = 14.84
25
Actual
— o — Approx (N=13)
ol Error
B \
15F- =
l =
J
,
051 '
0
-0.51 A
o
/
_e
_l = _ —
-1.5 = Il Il J

Method two: f(x)

singularity.

10

15

125

= sign(z)+/|z — 5|. As we relax €, the points still cluster about
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3.5. Examples: Encoding Cost in Bits for Two Algorithms. The next
few examples show some comparisons of the resulting cost, in bits, of encoding the

approximations. We took the set of legal step increments to be

A={., 01,2,4,8, ...}

11
472

co| —

for both algorithms. Further, we assumed that the distribution on o € A was such

that

Under this distribution, a codeword has length 2+ log,(«)| bits. For my, we assumed

m|

p(m) o< 27

which implies the code lengths are 2 + |m| bits. For the second method, we did not
need to store my, we only needed to store the sign of €/2.

Neither method is clearly better. The first method stores fewer points, but at
higher cost. The second method stores more points, but the bit cost per point is

lower. Both seem to have advantages and disadvantages.
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f(x) =interp1([013579111315],501-11-11-11-1], %, 'linear, 'extrap’), Maxerror=0.1125atx=1
6 —

Actual
— & — Approx (N=26)
Error

f(x) =interpl([013579111315],5*[01-11-11-11-1], x, 'linear’), Maxerror=0.10738atx=5

5r (]

Actual

— o — Approx (N=58)
Error

Above: method one, 685 bits. Below: method two, 262 bits.
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f(x) = abs(sin(3*x)), Max error = 0.14207 at x = 13.22

1.2
Actual
— o — Approx (N=76)
Error 3
1k T
| ’ /
|
| ‘ !
0.8F| | |
| ‘
|
\ \
0.6
0.4
0.2
¢ V
-0.2 1 1 )
0 5 10 15
f(x) = abs(sin(3*x)), Max error =0.13494 at x = 13.61
121
Actual
— o — Approx (N=170)
Error
1k 9 lq ° : f | A
08f : ! ‘
0.6
0.4
0.2 ‘
I | I
. ' | | |
0¢ ‘ f )
N ¢
-0.2 1 1 )
0 5 10 15

Above: method one, 590 bits. Below: method two, 750 bits.
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f(x) = x.*sin(3*x), Max error =0.13216 at x = 7.2
15

Actual
— & — Approx (N=137)
Error

f(x) = x.*sin(3*x), Max error = 0.13518 at x = 0.56
151

Actual
— & — Approx (N=252) f

Error

0s

-15 1 1 )

Above: method one, 908 bits. Below: method two, 1063 bits.
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4. Adaptive Quasisymmetric Coding of Diff(S!)

We want to encode shapes by encoding welding maps. As previously discussed, if
two welding maps differ only by a quasisymmetric map, then we can obtain uniform
bounds on the difference between the corresponding quasicircles. That is, let f : ST —
S1 be a welding map for some shape. We wish to find another welding map g : S* —
St with short description length such that the composition f o g~! is quasisymmetric
with a small constant of quasisymmetry. This will imply the quasicircles for f and g
are uniformly close (see theorem 4.2).

The Ahlfors-Beurling extension is a particularly simple means of extending a qua-
sisymmetric map, although it is not invariant under the Mébius group. Let h: R — R
satisfy an M-condition and define

1 [mty
u(z,y) = @/ h(t)dt
z—y

o(z,y) = = /y (h(z +) — h(z — 1)) dt
2y Jo
Then the map ex(h), defined by z+iy — u+iv, is quasiconformal with K that depends
only on M. As stated, this does not extend the identity by the identity, but this is
rectified by using the extension x +y — u+2:v. This map is still quasiconformal and

now extends the identity by the identity. It is shown in Ahlfors that the dilitation

of the resulting extension satisfies D < M?. In terms of the corresponding Beltrami

coefficients, we have D > i—m everywhere, or
M? -1
lul < TVC D
M?+1

Assuming |u| is small, we can use the measurable mapping theorem to understand
the asymptotic order of approximation. If f* solves the Beltrami equation f; = \f,

for the coefficient A, then

9y _ 1 2
af ‘t=0_ﬂ-z*>\+0<t)
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up to a normalizing quadratic polynomial. So for x4 small, our normalized maps satisfy

1

g(z) = f(2) 4o f e —

to first order. A cheap estimate on the convolution at any point z € 0€ is as follows:
1(§) / dg M?-1
—2=d¢ < — < 2r———d Q
[ #Z5te< wle-7 = Ty

For M =1 + € this converges to zero as O(e).

4.1. Constructing Piecewise Linear Quasisymmetric Approximations to
f. We present a heuristic for choosing the mesh spacing. Given some homeomorphism
¢ : 0,21 — [0, 27], let ky(xo) denote the constant of quasisymmetry at some point

zg € S1; 1e. ky(xo) is the smallest value of k such that

for all |h| < 7/2.

We wish to construct an approximation g to a welding map f. If g is piecewise
linear, how far apart can our mesh points for g be before the composition f o g~! has
a large constant of quasisymmetry? For smooth f, the constant will vanish as the
mesh size goes to zero, but this is not a very wise way to choose the mesh points.
Consider adding just one segment to a piecewise linear approximation by extending
the tangent line to f in both directions. How far can we extend the tangent line at z

before kfo,-1(y) becomes large at y = f(z)?

LEMMA 5.5. Let g(x+h) = f(z)+hf'(x) be the tangent to f at x € (0,27w). Then

o(y + hf'(x) — dly) hf )\ )
mm—¢W—hf@»‘(L+2f@Q o)

where ¢ = fog L.
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PROOF. Define v : [0,27] = R by f =g+ v, so

2

oo+ h) = Fla+h) — gla+h) = ')+ O()

We can then write

oy)=fog ' (y)=y+v(g ()

Py +s)—dly) _s+vlgy+s) —vig~ ()
oy) —dly—s)  s+uv(g(y) —vlg(y—s))
(g
(g7

N since v(g~ ' (y)) =0

If we write s = hf’(x), we have

R+ Ef(x) + O(h?)
R =B () + O(h?)

7y + o)

() o

So if we take step sizes hy = O(f'/f”) in our mesh, we obtain uniform bounds
on the quasisymmetric constant at any point in the mesh. (In between, we do not
have immediate control, although the error will vanish as the mesh becomes finer.)

Alternatively, we can use the relation between step size and € in the previous section:
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he = O 6)
‘ ( Td

If we want to take steps of O(f’/f”) to control the quasisymmetry, we see that we

can achieve this by using an adaptive € = (f")?/f".

4.2. Examples. These are some examples and comparisons of the two methods
for choosing stepsizes. We ran the algorithm for computing the mesh on a variety of
welding maps and then solved for the corresponding quasicircles. The approximating
functions g were constructed by choosing /N, the number of points to be sampled, and

then choosing the mesh spacing using either the 'quasisymmetric’ spacing function

['(z)
75t = | i(a)
or the 'uniform’ spacing function
1
) T

The captions describe the different cases.
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0.6

0.2

-1.2r

-1
N = 80, using just the uniform spacing function. The uniform spacing can’t deal

properly with the larger negative curvatures.
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0.8

04r

N = 80, using the QC spacing function to enforce quasisymmetric approximation.
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w
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-1 -0.5 0 0.5 1

N =80 on a very crowded shape using QC approximation.
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Performance as N decreases, using ogc. Here we see the same shape approximated
by 80, 40, 20, and 10 points on the welding map (linearly interpolated) using qua-

sisymmetric approximation.



APPENDIX A

Stereographic Projection

Let C C R3 be the unit sphere. Stereographic projection 7 : C — R? is a par-
ticular conformal map from the sphere to the plane. We will use standard Euclidean
coordinates y = (y1, ya,y3) for points on the unit sphere and a single complex coor-
dinate z = y; + iyo for points on the (y1,y2) plane. Geometrically, the mapping is

as follows (see figure A.1): given a point y on the sphere, consider the straight line

F1GURE A.1. Stereographic projection from the south pole maps the
sphere to the plane.

joining y to the south pole (0,0,—1). Extend the line, if necessary, until it makes
contact with the plane at some point z. Define the projection  : C — R? by setting

z = m(y) when y # (—1,0,0), and extend 7 to all of C by setting oo = 7((—1,0,0)).
138
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1. Formulas for Stereographic Projection
The mapping z = w(y) is defined by the following formulas:

Z:yl—i‘iyz

1 —ys
’2‘2: y%—i_yg _ 1+y3
(1—-y3)? 11—y

z2+Zz

yl:—1—|—|z|2

B z—2Z
AT AR

1—|z]?

Ys = 1—|—|z|2

Or in polar coordinates (r,6) on the plane and cylindrical coordinates (rg, fs,y3) on

the sphere:
2r
rg = —
ST 142
fs =0
B 1—172

1

The Jacobian of the map 7= in any orthonormal coordinates on C and R? is

2
Joa| = | T Y
Z 2
0 o=

2. Stereographic Projection as a Hyperbolic Isometry

We claim that if we equip the northern hemisphere C N {y : y3 > 0} with the

dy?+dyd+dy? .
W, it becomes a surface of constant curvature —1.
3

metric pg, given by ds? =
Indeed, if we pull this metric back through 7=! we obtain the Poincaré metric on the

unit disk. That is, in matrix form in orthonormal coordinates we can write pg, as

1 2 1412 2
G oo ][ G o

pSQ 0 <i>2 0 <ﬂ>2

1—r2
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So in any orthonormal coordinates on the disk

as claimed.



APPENDIX B

The Medial Axis

DEFINITION B.1 (Medial Axis). The medial axis pair (m(t), R(t)) of a closed
planar region consists of m(t), the curve defined by the locus of centers of maximal

circles contained in the region, and R(t), their associated radii.

FiGURE B.1. A rectangle and its medial axis. The branches of the axis
are formed by the centers of maximal circles.

The curve m(t) gives a sort of skeleton for a planar region. In general, m can be
quite pathological; for example, it may be infinitely branched, and may even have
dimension > 1 !. However, for a region with real-analytic boundary, m consists of
a finite number of smooth branches [10] meeting at branch points. In general, the
boundaries we consider in this thesis will be real-analytic, and in fact we typically

consider behavior only along a single smooth branch.

1. Formulas for the Medial Axis

By a smooth branch of the medial axis, we mean a smooth, arclength-parametrized

(unless stated otherwise) pair (m(t), R(t)) for a region with smooth boundary.

1C. Bishop, personal communication.
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Along a smooth branch of the medial axis we adopt the following notation. See

figure B.2.

m(t) — an arc-length parametrization of the medial axis.
a(t),b(t) — points of tangency of the medial circle at time ¢.
R(t) — radius of the medial circle at time ¢.
Km, Ka, Ky — Buclidean curvatures of a(t), b(t), m(t)
Tay To, Tm — tangent angle of a(t), b(t), m(t)
Va, Vb, Vi — angle of normal to a(t), b(t), m(t)

¢ — the angle arg(b — m) — 7, = 7,, — arg(a — m)

b(t)

a(t)

Fi1GURE B.2. Notation for the medial axis. The axis is shown in blue;
m(t) is a parametrization of the medial axis. a(t),b(t) are points of
tangency. The red arc Fy = r~!(B,) is the foliating arc connecting a(t)
and b(t). ¢ = arg(b — m) — 7, is the angle between one of the dashed
lines and the tangent to the medial axis at m.
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The following results can be found in [31]. We first show how to reconstruct the

boundary given the medial axis pair.

THEOREM B.1. Along a smooth branch of the medial axis

(1) The boundary curves corresponding to (m(t), R(t)) are given by

alt) = (m+ RRe™ — RV1— Fe™ ) (1)
b(t) = <m + RRe™ + RV1 — R%W) (1)
(2) Given associated boundary points a(s),b(s), the corresponding medial azis
pair is given by

|b(s) — a(s)]
R(s) = 2sin ¢(s)

m(s) = a(s) + R(s)e™
= b(s) + R(s)e™

Not all pairs (m(t), R(t)) are allowable. The following theorem identifies those

pairs which are.

THEOREM B.2. The smooth pair (m(t), R(t)) is locally the medial axis of a smooth

boundary curve if and only if

We will frequently need to use the following relationships. See [31] for various

other relationships which hold along a smooth branch.
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PROPOSITION B.1. Along a smooth branch of the medial azxis,

R = —coso¢
|b2—Ra| = sin ¢
o) = Y=
" 1— Rk,
= VA= I
N 1—R/€b

fom = V1= 12 ((1 - sz)—(lm_ R*”vb>)

We’ll also need a few variations on these formulas; the next proposition gives a

short proof of some relations we will use.

PROPOSITION B.2.

S
(1) —6 = 5 (salal + )
1,
(12 b = 5 (sl = )
_ Lol — 1o
2R

PROOF. At any time we have

Up =T + 0y +

V=T +0,+1m=17,,, — O+

According to our sign convention, K, = —% and Kk, = %“, so implicit differentiation
yields
Kb|b| = —Km|m| — 91,

Kol = Km|mr| — 6,
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Formula (11) follows by adding these two equations; (12) follows by subtracting them.
We continue computation to obtain the remaining results:
Qkim| 1| = Kala| — KD

Uim|iin| = V1 — B2 [ —"2
1-— R/ib

1—R/€a

( 1—R/<La 1—Rl€b )
RKub
1—R/{a (1 — Rky)

1-— R/ﬁ:a 1-— R/@b

1—R?

(|a| b))

2. Regularity of the Medial Axis

The formulas for reconstructing the boundary curve from the axis seem to indicate
a derivative is lost when passing from one to the other. However, this is not the case.

The following result appears in [31].

THEOREM B.3. Let s,t and v be arclength parameters for a,b and m respectively.
(1) If (m(v), R(v)) are a C?, p > 2 interior portion of the medial azis pair for
boundary curves a,b, with |R| < 1 and |k, < %, then a and b are

also CP.
(2) If a(s),b(t) are portions of a CP curve, p > 2, corresponding via the medial

axis So

1l€|¢|

the the associated interior portion of m is CP.



APPENDIX C

Supporting Calculations for Theorem 3.7

We need to evaluate the area of a sector under the metric ds? = |VImW¥|?(dx? +

B )
/ / |VImW|*rdrdf
o Jo

dy?), that is

where
U(r,0) =o(i(2arctanr — w/2)) + 6

for some conformal self-map o of the strip. We claim we need only consider ¢ which
are purely elliptic with fixed point 0. We can decompose an arbitrary element o €
PSLy(R) into a choice of ¢(0) and an elliptic rotation about ¢(0). Moving o(0)
can be decomposed as a pair of hyperbolics, first with axis equal to the x-axis and
the second with axis perpendicular. The first is simply translation and the metric
is obviously invariant. In the second case, the action of o pulls back to a conformal
self-map of the sector: it is the restriction to the wedge of a hyperbolic h : cC—c¢C

with fixed points at 0 and oco. In this case

//Sﬂ |VImU(r,0)> = //Sg |Im%a(i(2 arctanr — 7/2))|?

~ [[ g itzarctanir) - n/2)?
Sp

or
_ / / ‘@
Ss dz
= // |2 arctan’(r)|?
h(Sp)
:/ |2 arctan’(r)[?
Ss

146

2
|2 arctan’(h(r))|?
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as claimed. Hence we need only consider elliptics. An elliptic 0 € PSLy(R) with

rotation angle ¢ and fixed point at 0 acts on the strip as

e+ 1+ ale”—1)
gez+1—a(ez—1)

o(z)=1lo

for o = €. Further,

do 4oe®

dz (2 +1)2 — (e 17

From this, one may compute

d
|VImo(z) }Z:iy = & arctan(cos ¢ tan y)

cos ¢

cos? y + cos? ¢psin? y

We now compute the area:

/ |VImW¥(r,0)|* = / |Im£a(i arctan r)|?
S Sp 0

r

/ ﬁ / OO o 2y drdf
— rar
o Jo cos? y+ cos? ¢ Sin2 Yy 1472 y=2arctan(r)—75

_2_
1472

—3 m( cos ¢ )2 2"

—x/2 \ cOS? U + cos? psin®u /) 1412

Now let u = 2arctanr — 5 so du = dr; we obtain

Using the identity

1 +tan(u/2)
"T 1 tan(u/2)

we eventually find that

11 QICOSU
r
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So the integral becomes

/2 2
=4 < cos ¢ —5 ) cos udu

_r/2 \€OS? U + cos? ¢ sin” u

Now let v = sinu so dv = cos udu and we have

B ! cos ¢ 2

_ﬂ/ <1—U2+U2COS2¢) dv
cos ¢ 2

_ﬁ/ <1—v231n2<;§> dv

This is in fact a decreasing function of ¢ for 0 < ¢ < /2. Differentiating under the

integral sign, we have

3 cos ¢
9o \ 1 —v2sin? ¢

v?(2 —sin? ¢) — 1
(1 — v2sin? ¢)3

2
) = 2sin ¢ cos ¢

Either masochism or Mathematica will lead one to the conclusion that

(13) /_1 2sin ¢ cos ¢U2<2 —sin”¢) — 1dv

1 (1 —v2sin? ¢)3
cos ¢(sin ¢(sin? ¢ — 2sin? ¢ 4 1) — (sin? ¢ + 1)(sin? ¢ — 1)?tanh'(s))
sin? ¢(sin® ¢ — 1)2

and this function is positive for —7/2 < ¢ < 0, zero at ¢ = 0, and negative on

=2

0<¢<m/2
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0.6 T

0.4 n

FiGure C.1. The graph of equation 13: area is maximized at ¢ = 0.
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