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This thesis is a large deviations study for the performance of an interacting particle
method for rare event estimation. The analysis is restricted to a one-dimensional
setting, though even in this restricted setting a number of new techniques must
be developed. In contrast to the large deviations analysis of related algorithms, for
interacting particle schemes it is an occupation measure analysis that is relevant, and
within this framework many standard assumptions (stationarity, Feller property) can
no longer be assumed. The methods developed are not limited to the question of
performance analysis, and in fact give the full large deviations principle for such

systems.
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Chapter O

Introduction and Preliminaries

0.1 Monte Carlo Simulation and Asymptotic
Optimality

A basic and common technique for the estimation of probabilities and functionals of
probability measures is the standard Monte Carlo simulation. Let X be a random
variable taking values in R distributed according to p € P(R). To estimate the
expectation of X, denoted by EX, one can generate K number of independently and
identically distributed (iid) samples from p, say Xo, X1,..., Xkx_1, and the estimate

for EX is just the sample mean:

=

1

— X;.
K 3

Qk =

I
o

It is easy to check that this estimator is unbiased. Furthermore, Law of Large Num-
bers (LLN) ensures that this estimate converges to the correct value as the number
of samples K goes to oo. The sample size K can be chosen by some predetermined
precision requirement.

However, when the events of interest are of small probabilities (termed rare



events), the standard Monte Carlo simulation will require an enormous number of
samples for the variance of the resulting estimate to be comparable to the unknown
probability. To be precise, we introduce the large deviation methodology.

We begin by giving the definition of rate function and large deviation principle.

Let X be a complete separable metric space, i.e. a Polish space.

Definition 0.1 (Rate Function). A function I on X is called a rate function on X,
or simply a rate function, if I maps X into [0, 00| and if for each M < oo the level
set {x € X : I(x) < M} is a compact subset of X

Let {X™ m € N} be a sequence of random variables defined on a probability

space (€2, F,P) and taking values in a polish space X.

Definition 0.2 (Large deviation Principle). Let I be a rate function on X. The
sequence { X} is said to satisfy the large deviation principle on X with rate function

I if the following two conditions hold.

(a) Large deviation upper bound. For each closed subset F' of X

1
limsup —logP{X™ € F} < —inf I (x).

m—oo 1M zeF

(b) Large deviation lower bound. For each open subset G of X

1
liminf —logP{X™ € G} > —inf I (2).
hoint g FAXT € G 2 — ol 1)
With the definition of large deviation principle in hand, we now give a concrete
example of the ill-performance of standard Monte Carlo for rare events simulation,
but also keep in mind that the issues hold in general.
Let YO, V! ... be a sequence of iid R?valued random variables with distribution

i, and assume the moment generating function fRd exp(c, y)u(dy) is finite for all

a € REL Let S =YY+ Yl + ... 4 Y™ For Borel sets A C R? Cramér’s



Theorem [0, Theorem 2.2.3] guarantees a large deviation principle for S™/m. Let

p™ =P(S™/m € A). We also define the indicator function by

1 z€A
14(x) = .
0 otherwise
Now let’s consider the Monte Carlo approximation for p™ for some fixed value m. In
terms of the notation introduced previously, we have X = 1,4(5S™/m), the straight-

forward Monte Carlo would require the generation of many iid copies of X (i.e., of

S™). The variance of Qg is given by

var [Qr] = var [%K;l 14 (f:)] _ M.

If p™ — 0 as m — oo, this quantity approaches zero. However, the relative error is

) . standard deviation of Qg pm™ (1 —pm)
relative error = = .
mean of Qg VK pm

Since \/m /p™ — 00, a large sample size (i.e., K) is required for the estima-
tor to achieve a reasonable relative error bound (at least when m is large). In fact,
since p™ scales according to a large deviation principle, K must grow exponentially
in m if a bounded relative error is to be maintained. As a result, standard Monte
Carlo simulation is rarely used to estimate rare event probabilities and more efficient
alternatives are explored.

Before introducing other more “efficient” schemes, a natural question to ask is:
What is a mathematical criteria for “efficient”? The above discussion suggests a
solution: for fixed m, the faster the variance decays, the smaller sample size K is
required. We define those schemes that achieve the “fastest” rate of convergence
as asymptotically optimal. The formal mathematical definition is formulated as

following.



Asymptotic Optimality

Assume random variables {X™,m = 0,1, ...} satisfies a large deviation limit:

1
lim —logEX™ = —p,

m—o0 M,

for some p > 0. In order to estimate EX™, an alternative random variable xXm

is constructed such that EX™ = EX™. Similarly to standard Monte Carlo, one

generates iid replications (X*,..., X™ ) of X™ and obtain an unbiased estimator
by averaging:
=
Qk =7 2 Xi"
i=0

The rate of convergence associated with this estimator is determined by the variance
of the summands. Since unbiasedness implies that the first moment is fixed, it suffices
to consider the second moment E(X")2. However, it follows from Jensen’s inequality
that
: 1 S 2 . 1 S 2
lim sup —— log E (X(;”) < lim ——log (EX(’)“) = 2p. (0.1)
m

m—00 m m—00
The estimator Q' is said to be asymptotically optimal if this upper bound is achieved,
ie. if

lim 1 logE ()_(6”)2 = 2p.

m—oo MM,
This thesis studies the performance of one of those more efficient schemes for rare
event simulation, namely, interacting particle scheme. The above concept will be the

focus of the analysis. We will come back to the definition of asymptotic optimality

in Chapter

0.2 Beyond Monte Carlo Simulation

The two most widely considered alternatives to the standard Monte Carlo simula-

tion are those based on change-of-measure techniques and those based on branching



processes. The schemes that this dissertation is interested in belongs to the second

category.

Importance Sampling Schemes

The first alternative is usually referred as importance sampling. Suppose that the
probability of interest takes the form p = P(X € A) = u(A), where A is a subset of
some reasonably regular space and p a probability measure. Contrast to ordinary
Monte Carlo which samples directly from g, importance sampling uses an alternative
sampling distribution v, generates iid samples X; from v, and then estimates via the
sample mean of [du/dv](X;)1ix,cay- The Radon-Nikodym derivative [du/dv|(X;)
guarantees that the estimate is unbiased. The goal is to choose v so that the in-
dividual samples [du/dv](X;)1 (%, cluster tightly around p, thereby reducing the
variance. The characterization of optimal achievable performance of importance
sampling schemes in the large deviation is discussed in [I0} 11] in terms of a deter-

ministic differential game. And [12] suggests a way to construct importance sampling

schemes based on subsolutions of the Isaacs equation.

Branching Type Schemes

For branching type schemes, the most discussed application is the first entrance
probabilities, and to continue the discussion we specialized to that case. Consider a

Markov process X = {X;,i =0,1...}, and the probability of interest is
p= ]P{TA < TAUB ‘X(O) = $}

for sets A and B, where 7¢ = min{i > 0 : X; € C'}. We consider just the discrete
time case, but note that the continuous time case is also of interest. Suppose that
B is a “typical set” and that A is rare, in that with high probability (perhaps very
high probability) B is entered prior to A.



When using branching processes, the idea is to branch the process in such a
way that the a priori rare outcome becomes more likely for at least some of the
descendants (or particles), and then normalize to produce a single unbiased estimate
of p. As with ordinary Monte Carlo one can then generate a number of independent
copies of the branched process, and use the sample average to estimate p. Since the
copies are independent the performance of the scheme is determined by the variance
of a single copy. Key questions in the construction of the branching process are
then when to branch (the triggers) and how much to branch (the rates). A natural

and standard approach to defining triggers is the use of thresholds, i.e., nested sets

{C;,7=0,1,...,m} with

CoDCyD---DC,, DA,

and a rule for branching when these sets are entered. For example, branching of
a particular particle could occur the first time either it or perhaps some selected
collection of particles containing it first reaches a threshold set.

Within a framework where branching is triggered by thresholds there are many
possible variants. In what appears to be the oldest class of such methods, particles
do not interact, and branching of any particular particle occurs the first time it
reaches a threshold that has not been reached before. The number of descendants
could be random and it could depend on other factors such as the position of the
particle when entering the threshold, but it is independent of the state of all other
particles at the time of the branching. (If more than one new threshold is entered at
the same time then the distribution of the number of descendants is an appropriate
convolution.) The mean number of descendants is often a constant (an assumption
which for purposes of discussion we will assume true), and hence these types of
schemes are sometimes called Fized Rate Branching schemes. Besides the basic fixed
branching rate scheme [16, (17, [19], more efficient variants which kill off particles that

are of little use while remaining unbiased have been developed [3], 18], 22] 23], 24].



There are many challenges in the design of such schemes. For a large scale problem
care must be taken to ensure that the total number of particles, whose distribution
obviously depends on the precise placement of the thresholds, is not too large. At
the same time, significant reduction of the variance of the estimator requires that
enough particles make it all the way to the rare set. The challenge of the design
problem is to find the proper balance between these opposing requirements.

In a second class of methods, a particle can be branched only when all particles
that started from the previous threshold (say C;_;) have either reached C; or B.
The branching here will not be conditionally independent of the state of all other
particles, and in fact the branching is done so as to maintain a fixed and determin-
istic number (say V) of particles at each threshold. To be precise, suppose that
{Xj;-1n,n=1,..., N} denote the locations of N particles in threshold C;_;. Start-
ing with these locations, particles are independently evolved under the dynamics of
X until either C; or B is reached. Suppose that N; < N particles reach C; before B,
and let §; denote the collection of corresponding locations. In order to maintain /N
particles, we let X, forn =1,..., N; be chosen to coincide with the N; positions in
S; (the order is unimportant), and then construct X, forn=N;+1,..., N by in-
dependently sampling from S; according to the uniform distribution. [If N; = 0 the
simulation terminates and zero is returned as the estimate.] Repeating this process
over say m thresholds which separate the initial point from A, we get an unbiased

estimate

/ (0.2)

==

p=11
j=1

of P{14 < Taun}-

Methods of this sort are studied in [4} 5], 14, [T5], and since the total computational
effort (or at least the total number of particles) is a priori known, they are referred
to as Fized Effort Branching methods. Other names used for these sorts of schemes
are interacting particle systems (IPS) and genealogical particle methods.

Large deviation analysis of both standard splitting and the variation known as



RESTART have been carried out in [2] and [3]. Under the large deviation scaling (and
for light-tailed processes), it is natural to let the thresholds be defined as level sets of
a function V that is independent of m, and then let the “gaps” between levels scale
proportionally to 1/m. Associated to the estimation problem is a partial differential
equation [PDE] (specifically, a first order Hamilton-Jacobi-Bellman equation) defined
in terms of the sets A and B and the large deviation rate function of X™. The
first conclusion of [2] and [3] is that the total computational effort associated with
generating a single sample scales subexponentially with m if and only if V/log R
is a subsolution to this PDE, where R is the mean number of particles produced

mW(@) where W is a

at each branching. It is well known that p™ decays like e~
weak-sense solution to the same PDE. The second conclusion is that the second
moment of the estimator (defined via the thresholds of V' and with mean branching

—mW@)+V(@)/log B] - where x is the starting point X™(0) = .

rate R) decays like e
Hence, in this rough exponential sense, the standard deviation of the estimator is
of the same size as the probability of interest if and only if V' (z)/log R achieves the
maximum possible value at z [i.e., W(x)]. When this is not the case the ratio of
the standard deviation to the probability grows exponentially as e[V (#)=V(z)/log K/2
Hence significant improvement over ordinary Monte Carlo [i.e., V(z) = 0] is still
possible, and the improvement is quantified by V' (z).

In contrast, very little is known regarding the performance of fixed effort schemes
in the small probability limit. Analysis to date have studied the variance when the
number of particles is first sent to oo (so that exchangeability and asymptotically
negligible interaction between particles can be exploited), and then the probability
is made small. Since fixed effort schemes are at least in part motivated by a desire
to control computational effort in a predictable way, this is not an ideal measure of
performance. One would prefer to keep the number of particles fixed while letting the

probability tend to zero and, as with the fixed rate schemes, compare the standard

deviation of the estimator with the probability. It is not surprising that such an



analysis is difficult. With standard splitting, any two particles that reach A have
a fairly simple dependence. At some time in the past these particles have a last
common ancestor. Prior to that the particles have the same history and after that
the evolutions of the two are independent. One can partition particles according to
the time and location of the last ancestor, and in this way exploit this relatively
simple dependence. More complex implementations are more difficult to analyze,
but the dependence between particles is still limited.

The situation with fixed effort schemes is very different. Here dependence be-
tween particles is reintroduced with each resampling, which makes the analysis much
more difficult. In the non-interacting case, one can analyze the variance of the es-
timator using large deviation estimates and techniques related to Freidlin-Wentsell
type “small noise” asymptotics. In the interacting case the relevant techniques are
related to those used to analyze the empirical or occupation measure of a Markov
process, though there are numerous difficulties that make the analysis significantly
more technical and complex. Among the difficult features besides the recoupling
mentioned previously are: (i) the natural time scale for the process is not the natural
time scale for the algorithm, which is in fact indexed by thresholds, (ii) the tran-
sition kernels associated with threshold crossing typically do not satisfy the Feller
property, (iii) the transition kernels also depend on the large deviation parameter
m, and (iv) the derived estimates should be valid all the way from a small number
of particles (where large deviation effects dominate) to many particles (where law of
large numbers effects dominate).

In this thesis we consider only the one dimensional problem, which is already
somewhat demanding, and leave the multidimensional problem for further study. An
outline of the thesis is as follows. In the next chapter we formulate the problem and
the algorithm in precise terms, and state most of the assumptions that will be used.
We also discuss the failure of the Feller property mentioned previously, and indicate

how this issue will be addressed in the analysis. Chapter [2| gives the statement of
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the main result, which is the large deviation decay rate for the second moment of the
IPS estimator for an arbitrary number of particles. Chapter [3| develops a convenient
stochastic control representation for this second moment. Chapter [4] proves tightness
of measures and processes appearing in the representation, characterizes weak limits,
and proves the large deviation upper bound. Ergodicity properties for controlled
processes are discussed in Chapter [ after which the large deviation lower bound is
proved. Chapter [6] studies the decay rate as a function of the number of particles.
Among the conclusions of this section are that for any fixed N the IPS method has a
suboptimal rate of convergence of the second moment to zero, and with a well defined
“gap.” However, another conclusion is that the IPS method is also less sensitive to
design issues than competing schemes, at least in the one dimensional setting. The

issue is less clear cut for multidimensional problems.

0.3 Preliminaries

In this section, we states some useful concepts and theorems which will be needed
throughout this thesis.

We begin by giving the definition of Laplace principle which can be seen as an
alternative definition for large deviation principle (Definition [0.2)). See [9, Section
1.2] for detail discussions. In this dissertation, we will use this definition to prove

the large deviation property of the second moment of IPS estimator.

Definition 0.3 (Laplace Principle). Let I be a rate function on X. The sequence
{X™} is said to satisfy the Laplace principle on X with rate function I if for all
bounded continuous functions h

lim 1 log E {exp [-mh (X™)]|} = —;g}f{ {h(x)+1I(x)}.

m—o00 1M,
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The term Laplace principle upper bound refers to the validity of

lim sup 1 log E {exp [-mh (X™)]} < — ;g{ {h(z)+1I(x)}

m—oo MM

for all bounded continuous function h while the term Laplace principle lower bound

refers to the validity of

lim inf 1 log E {exp [-mh (X™)]} = — inf {h () + I (2)}.

m—oo M reX

for all bounded continuous functions h.

Another important concept is relative entropy, which will play a key role in the
weak convergence approach to large deviations via the variational formula given in
part (a) of Proposition The derivation of this formula requires a measurable
space (S, A). We denote by P(S) the set of probability measures on (S, A).

Definition 0.4 (Relative Entropy). Given v, 6 € P(S), the relative entropy of v
with respect to 0 is defined by

Rl 10) = [ 1og (%))t

if v is absolutely continuous with respect to 0, i.e. v < 0, and log([dy/df)(x)) is

integrable with respect to v, and by oo otherwise.

The next proposition [9, Proposition 1.4.2], which states the variational formula,

is a cornerstone for the weak convergence approach.

Proposition 0.5. Let (S, A) be a measurable space, k a bounded measurable function

mapping S into R, and 0 a probability measure on S. The following conclusions hold.

(a) We have the variational formula

—log/e_deZ inf {R(’y\]@)+/l€d’y}. (0.3)
S YEP(S) S
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(b) Let v, denote the probability measure on S which is absolutely continuous with

respect to 0 and satisfies

k() 1

dvy .
A ' [sekdo’

o v

Then the infimum in the variational formula 15 attained uniquely at .

An extended version of Proposition will also be needed, given in [9, Proposi-
tion 4.5.1].

Proposition 0.6. Let S be a Polish space, k a measurable function mapping S into
R which s either bounded from below or bounded from above, and 6 a probability

measure on S. Then we have the variational formula

-1 kdg = inf {R 9+/kd},
os [[etan—_int LRG0+ [k

where A(S) = {y € P(S) : R(7||f) < oo}.

The next lemma and theorem [0, Lemma 1.4.3, Theorem B.2.1] investigate some
properties of relative entropy: convexity, lower semicontinuity, compactness of level
sets, uniform integrability of sequences of measures satisfying a suitable relative
entropy bound, factorization, approximation by sums and chain rule, etc.

Let X be a Polish space. We denote by C,(X) the space of bounded continu-
ous functions mapping X into R and by W,(X) the space of bounded measurable

functions mapping X into R.

Lemma 0.7. Let X and Y be Polish spaces. The relative entropy R(-||-) has the

following properties.



(a)

(b)

(d)

(¢)

(f)

13

(Donsker-Varadhan variational formula.) For each v and 6 in P(X)

R(~]0) = sup {/ gd’y—log/egdﬁ}
g€Cp(X) X X

= sup {/ wdfy—log/ ewde}. (0.4)
bely(x) (Jx x

R(7||0) is a conver, lower semicontinuous function of (v,0) € P(X)xP(X). In
particular, R(v]|0) is a convex, lower semicontinuous function of each variable
v or 0 separately. In addition, for fized 0 € P(X) R(-||0) is strictly convex on
the set {y € P(X): R(v]|0) < oo}.

For each 0 € P(X) R(-||0) has compact level sets. That is, for each M < oo
the set {y € P(X): R(v]|0) < M} is a compact subset of P(X).

Let X = R and let {v,,n € N} and {0,,n € N} be sequences in P(R?).

Assume that for each o € R?

sup/ exp (o, y) 0, (dy) < oo and sup R (7, ||0n) < oo.
neN JRd neN

Then {v,} is both tight and uniformly integrable in the sense that

lim sup / Iyl 7 (dy) = 0.
{yeR%:||y||>C}

C—oo neN

Let X = R? and let v and 0 be probability measures on RY. Assume that for

each a € R?
/ exp (@, y) 0 (dy) < oo
Rd

and that R(v[|0) < co. Then [p.|ly|v(dy) < co.

Let o(dy|x) and 7(dy|x) be stochastic kernels on Y given X and 6 a probability

measure on X. Then the function mapping x € X — R(o(-||x)||7(:|x)) is



14

measurable and
/XR(U(‘ [z)[|7 (-[lz)) 8 (dz) = R(O®@o [ @T).

(g9) We denote by 11 the class of all finite measurable partitions of X. Then for
each v and 0 in P(X)

7 (A)
0 (A)’

R(y6) —SUPZ’Y ) log
mell Aen
where the summand equals 0 if v(A) = 0 and equals oo if v(A) > 0 and
0(A) = 0. In addition, if A is any Borel subset of X, then
7 (A)
R 0)>~(A)log—= —1.

(216) 2 7 (4)log T
Let X and Y be Polish spaces and let 7(dy|z) be a family of probability measures
on Y parameterized by x € X. We call 7(dy|z) a stochastic kernel on ) given X
if for every Borel subset E of ) the function mapping = € X +— 7(E|z) € [0,1] is

measurable.

Theorem 0.8 (Chain Rule). Let X and Y be Polish spaces and o and [3 probability
measures on X x Y. We denote by oy and B, the first marginals of o and 8 and
by a(dy|x) and (dy|x) the stochastic kernels on Y given X for which we have the

decompositions
a(dz x dy) = a; (dz) ® a(dy|z) and B (dx x dy) = B, (dz) ® B (dy|z).

Then the function mapping x € X — R(a(-|z)||B(:|z)) is measurable and

R(all8) = R(aal B1) +/XR(Oé(- )| B (-[x)) e (de) -
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The next theorem [9, Theorem A.5.6] states the decomposition of stochastic ker-

nels.

Theorem 0.9 (Decomposition Theorem). Let o(dx x dy|z) be a stochastic kernel on
X x Y given S and 0 a probability measure on (S, A). We denote by o(dx|z) the
first marginal of o(dx x dy|z), which is the stochastic kernel on X given S defined
by 01(Alz) = 0(A x Y|z) for Borel sets A and z € ). Then there exists a stochastic
kernel o(dy|x,z) on Y given X x S such that 0-a.s. for z € S

a(AxB|z)—/

: B01 (dx]z)a(dy[x,z)—/AU(B]x,z)ol (dx|z)

for all Borel subesets A of X and B of Y. This decomposition is summarized as

o(dx x dy|z) = o1(dz|z) ® o(dy|z, z).

Assume p(x, dy) a transition probability function defined on polish space S. The
Feller property ([9, Condition 8.3.1]) is defined as following:

Definition 0.10 (Feller Property). The function mapping x € S — p(x,-) € P(S)
is continuous in the topology of weak convergence on P(S); i.e., if {xn,n € N} is

any sequence in S such that x,, — x € S, then p(x,,-) = p(x,-).
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Chapter 1

Notation and Problem

Formulation

In this chapter we formulate the problem of interest, which is the analysis via large
deviations of the performance of an interacting particle system (IPS) for rare event
estimation. We begin by identifying the event of interest and the related large
deviation asymptotics in the next section. In the following section the estimator is
constructed and standard performance criteria for rare event estimation are reviewed.
In the last section we show how these criteria are reformulated in terms of the

occupation measure of a related stochastic process.

1.1 Process Model and the Event of Interest

In this thesis, we restrict discussion to a one dimensional process, but within that
framework allow a state dependent discrete time Markov model. The process model
is constructed as follows. Let {6; (x),i € Ng,z € R} be a sequence of independent

and identically distributed (iid) random fields with the common distribution

P{6: (x) € dy} = p(dyz). (L.1)

17
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For m € N, define a Markov chain by setting ZJ* = 0 and recursively defining
m m 1 m
Zivy =2+ Egi (Z"). (1.2)

Here m is the large deviation parameter, and we are interested in events that become
rare as m — o0o. We also consider a continuous time interpolant, which is defined
by Z™(t) = Z™ if t € [i/m,i/m + 1/m). We consider Z™(-) to take values in the
standard Skorokhod space.

Conditions [I.1] and introduced below will be assumed throughout the paper.
Condition will be replaced by the strictly stronger Condition when discussing

the performance of the IPS scheme.
Condition 1.1 (Stability). sup,cg E6; (z) < 0.

The event of interest is then
p"=P{Z. > 1|Z;" =0}, (1.3)

where ¢™ = min{i > 0: Z" € [1,00) U [—00, —1/m)}. Although the methods we
develop below can be used to analyze a variety of problem formulations, the event
studied here is common in the rare event literature for the analysis of algorithms. To
identify the rate of decay via large deviations, we need some standard notation and
conditions. For the event of interest it is only the definition of i (dy |z ) on [—1/m, 1]
that matters, and so we pose conditions henceforth only on € [—1,1]. For each

such x and o € R, let

H(z,a) = log/Reayu (dylx) . (1.4)

For a Polish space S, let P (S) denote the set of probability measures on S, equipped

with the topology of weak convergence.

Condition 1.2. For each a € R, sup,¢_q ) H (7,a) < oo, and the mapping x €

R+— u(-|x) € P(R) is continuous in the topology of weak convergence on P (R).
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The following properties are well known under the last condition [9]. Let L(x,-)

be the Legendre transform of H(zx,-), i.e., for § € R

L(x, ) = sup [af — H (z,a)].

a€eR

Then L(z,) > 0 and L(z,8) = 0 if and only if 3 = E6; (z). Condition is
sufficient for Z™ to satisfy a large deviation upper bound on path space. Various sets
of conditions suffice for the corresponding lower bound, and the particular condition
that is assumed below is sufficient for the lower bound and the existence of a large

deviation limit for p™. See [9] for alternatives.

Condition 1.3. The interior of the convex hull of the support of (- |x) is indepen-

dent of x and contains 0.

Under all three conditions we can assert that

1 1
lim —logp™ = lim —logP{Z7. > 1|Z' =0} = —p, (1.5)
m—00 M,

m—oo M,
where

p = inf {/OT L(¢(s), ¢(s))ds : p(0) = 0,¢(1) = 1,4(s) € (0,1) for s € (0,7‘)}
€ (0,00),

and where the integral is taken to be oo if ¢ is not absolutely continuous.

1.2 Interacting Particle System (IPS) Estimator

While the large deviation asymptotics described in the last section give an estimate
of the probability for any m, this estimate can be off significantly for values of m that
are of interest. For this reason there is much interest in improved approximations,

and in particular in higher accuracy Monte Carlo approximations.
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The construction of an IPS estimator for p™ can be described as follows. We
introduce a sequence of sets (often defined in higher dimensions via level sets) of the

form

chcCr ,C---CCy.

In the present one dimensional setting we will use C7* = {z : x > j/m}. (An inter-
esting feature of the IPS scheme that will be proved is that, in the one dimensional
setting, it is relatively insensitive to this choice). The construction of the estimate
is recursive and indexed by stages, which are identified with the entrance into a
corresponding set (we will use the terms stage and threshold interchangeably). The
construction at each stage is partitioned into transportation and resampling aspects.
For particles n = 1,..., N and thresholds j = 0,...,m — 1, define stopping times
o', and stopped processes recursively as follows. Let {0, (v),z € [-1,1]} be ran-
dom fields, which are independent and identically distributed for distinct values of

je{l,...om—1},ne{l,...N} and i € Nj.

Stage 7 = 0. Simulate N copies of ([1.2)), i.e., define
m m 1 m m
ZO,n,i—H = ZO,n,i + Eeom,i (ZO,n,i) ) ZO,n,O =0,
forn=1,...,N and let

og, =min{i>0: 2 ;€ Cl"U(—o0,—1/m]},

)

be the stopping time of the nth particle hitting the next stage C7*, or being absorbed
by (oo, —1/ml].

Stages j = 1,...,m — 1. Let Y/ = Z7* | m
) Y5 —1n

particle when it first enters C7* or (—oo, —1/m]. Let S7* = {Y]}, : Y], € C]"} and
let N* < N be the number of elements of S;*. Set X7, = Y/} it Y] € C", and

, i.e., the location of the nth

m

choose X7, for indices n not corresponding to an element of S;" uniformly from S;".
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m 3 m J— m
Define processes Z7,, ; via Z7, , = X7 and
m o m m
Zj,n,iJrl = Zj,n,i + Eej:m' (Zj,n,i) ’

forn=1,..., N, and again, let

o, =min{i>0:Z"  €Cl U(—o0,—1/m]}.
In general, the particles are thought of as evolving according to a two-step, genetic

type mechanism, though we eschew the associated terminology here:

transportation
m m
(X XJiv) (

m m resampling m m
4,10 Y;‘+1,17 cee 7Yj+1,N) ‘: (XjJrl,l? M) j+1,N) :

Since each particle is distributed according to the first entrance distribution into

threshold j, NI"/N is an unbiased estimate of
P {Z™ reaches threshold j |Z™ reached threshold j — 1} .

Thus,
o N™
" = —L 1.6
p j|:|1 N (1.6)

is in fact an unbiased estimate of

"= HIP’{Zm reaches threshold j |Z™ reached threshold j — 1}.

j=1

The standard measure of performance in these circumstances is the variance of

AT

p™, which is to be minimized. Since Ep™ = p™, minimization of the variance is

equivalent to minimization of the second moment E(p™)?. Recall the discussion in

Chapter [0 we say the estimator p™ is asymptotically optimal if the upper bound is
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achieved, i.e., if

1
lim ——logE (§™)* = 2p.
m

m—00

Of course, besides performance one must consider the computational cost to produce

each sample p". However, (0.1)) provides a bound on the best possible performance.

1.3 Reformulation as an Occupation Measure
Problem

The TIPS approach to rare event estimation requires a very different set of tech-
niques for its analysis than approaches based on branching processes that use a
pre-determined branching rate. In particular, the statistical coupling of particles
that occurs at each resampling stage prevents direct use of the “small noise” large
deviation properties of the underlying distribution of Z™. Instead, large deviation
asymptotics for the occupation measures associated with the particles that make it

to the next threshold are relevant. Indeed, if
S o (1.7)
= 1 N )
j:

then the performance measure

can be rewritten in the form

A 1
W = ——1logE
N mOg

y
ezzjllog(N)] _ _l logE |:€2mflog(%)Lm(dn)] ) (18)
m

This exhibits the performance measure as a Laplace functional of the occupation

measure L™. However, for many reasons the analysis of L™ is nonstandard, including
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the following.

1. The “transition kernel” for Ni™ is only implicitly defined in terms of the basic
problem data [i.e., the process dynamics u (dy |x)], and involves a two-stage

(transportation and resampling) construction.

2. The transition kernel will depend on z through u (dy |z). However, = here is
identified with the stage of the construction, and so plays the role of a “time”

variable and not a state variable.

In the following chapters we carry out a full large deviations analysis of W™ in
the limit m — oo. However, the resulting rate will depend in a nontrivial way on the
fixed number of particles N. As a consequence, the dependence of the rate constant

on the number of particles should also be analyzed.

1.4 First Entrance Distributions and the Feller
Property

As discussed in the last section, the large deviation properties of the IPS estimator
are intimately connected with the large deviation properties of a related empirical
measure on the number of particles making it to the next threshold (success parti-
cles). The number of success particles is not by itself Markovian, and a transition
kernel on first entrance distributions plays an essential role in its analysis. In this
section the transition kernel that arises in the limit will be defined, and properties
that are needed for a large deviation analysis will be discussed.

Anticipating a change in notation later on, we replace x by ¢, and recall that for
t €10,1], 6;(t) denotes a sequence of iid random variables with distribution u(dy|t).
Define Z;(t) by Z;11(t) = Z;(t) + 0,;(t) and set o(t) = min{i > 0: Z;(t) > 1}. Note
that ¢ here plays the role of a parameter. We next define a family of stochastic kernels

indexed by t. The kernels will be measures on [0, 00) U{A}, where A corresponds to
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the event that Z;(t) reaches —oo before exceeding 1, and thereby enters a “cemetery”

state. For v € R and A C [0,00) U {A}, set

P{Z,w(t)—1€ A, o(t) < oo! Zo(t) =v} ve (—o0,1),AC[0,00)

v (Alv,t) = ¢ P{o(t) = oo| Zo(t) = v} v € (—00,1),A={A}
do_1(A) ve[l,00),AC|[0,00)
(1.9)

where §, denotes the Dirac function at a.

For each fixed ¢, v — v(+|v,t) is a transition kernel on [0,00) U {A} that reflects
the distributional properties of the “overshoot” i.e., the location of the process when
it first enters the next threshold given that the current overshoot is v # A, when the
“local” characteristics of the increments in the underlying process are determined by
wu(dy|t). It is the local transition kernel that will be relevant in the IPS scheme in
the limit m — oo, in a sense that will be made precise in Lemma |3.2]

Before proceeding we review some issues concerning large deviations for the occu-
pation measures of a Markov chain. The first papers on this topic were [7, [§], which
were subsequently generalized in many directions. One of the key assumptions in [7]
and most other work on the problem is that the transition kernel satisfy the Feller
property as in Condition [0.10] In the present context this would be the requirement
that for each ¢ € [0, 1], the map

v—=7(fo,t)

is continuous in the topology of weak convergence for v € [0,00) U{A}. While such
an assumption is reasonable in many circumstances, it is restrictive in the current
setting, since «y is defined by a first entrance distribution. The Feller property can
be weakened, as in [9, Section 9.2], which requires that the values of v where it
fails are in some sense “negligible” and thus one is still in an essentially Feller type

framework. In fact, one obtains a rate function that is of exactly the same form as

)
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in the Feller case, and we will follow a similar approach here. However, for other,
less structured weakenings of the Feller property, the resulting processes can display
unusual large deviation properties with very non-standard forms for the rate function
(when such processes can be analyzed at all). Indeed, many strange behaviors can
occur when the dynamics of the chain allow the process to spend significant time
near the discontinuities [13].

A second property that will be needed to establish large deviation bounds is
regularity of (+|v,t) in t. Using the Markov property and a standard conditioning
argument, one can uniquely characterize y(-|v,t) for v € (—o00,1) and Borel sets

A C [0,00) via the equation [see the derivation of (3.11))]

Aoty = [ Ayl £ a1l (L10)
{yv+y<1}

It is apparent from this equation that the atoms of u(-|t) play an essential role in
determining whether a Feller property or a “near” Feller property holds, and that
regularity in ¢ will impose further conditions. It should also be noted that even if
w(+]t) has a density that is as smooth as desired with respect to Lebesgue measure,
v(+|v, t) will not satisfy the ordinary Feller property because of the discontinuity at
v = 1. We will use the following assumption, which is general enough to cover many

standard models and simple to verify. Note that this condition implies Condition

2

Condition 1.4. Consider reference probability measures vq and v., each with a
finite moment generating function, such that v. is absolutely continuous with respect
to Lebesgue measure and there is an integer q such that the support of vq is contained
inZ/q. We then assume pu(dz|t) = fa(z,t)va(de)+ fo(z, t)v.(dx), where fa(x,t) and

fe(x,t) are continuous and uniformly positive and bounded in x and t.

Under this condition either the Feller property will hold, or a near Feller property

will hold so that the large deviation properties are as if the Feller property were true.
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The next lemma identifies the places where the Feller property fails, and also shows

that continuity from the right always holds.
Lemma 1.5. Assume Conditions and[1.J, Then for each t € [0,1]

{ve|0,1]:v— v(-|v,t) is discontinuous} C (0,1] N [Z/q],

and y(-|v,t) is continuous from the right for all v.

Proof. Let t € [0,1] be given, and let §; = 0;(t) be iid with distribution u(-|t) (for
simplicity we omit the ¢t-dependence of ;). For v € [0, 1), define

Then with the understanding that v+ Zi:l 0r < 1 for all / < oo means R, = A, the

distribution of R, is y(-|v, ). Thus for a bounded and continuous function f : R — R

/f v(dx|v,t)

Suppose that v is not an element of (0,1] N [Z/q]. Then for each i the indicator
functions in the last display are continuous at v w.p.1, and so by the Lebesgue

Dominated Convergence Theorem, if v; — v as j — oo then

/f +(dfo;, ) —>/f ~(dzo,b).

The analogous argument applies when v € (0, 1]N[Z/q] if we restrict to v; | v, which

proves the right continuity. O]

We will also need the following result, which indicates how the places where the
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Feller property fails can be avoided. Let p, ® y(A x B|t) = [, v(Blv,t)u,(dv), and
similarly for u ® ~.

Lemma 1.6. Fiz t € [0,1], and assume that
{ve|0,1]:v— ~v(-|v,t) is discontinuous} C (0,1] N [Z/q],

and y(-|v, t) is continuous from the right for all v. Let p,, = u, where u,, € P([0,1]).
Assume that for all € > 0 there is § > 0 such that p,(Ui_,([k/q] — 0,[k/q])) < €
Then i, @ vy(dv x dy|t) = p @ vy(dv x dy|t).

Proof. To simplify notation we omit the ¢ dependence. We need to show for bounded

and continuous g and h that

/mwmwwn®wuvx@»»/ﬁwmwxu®wwvx@y

Now f(v) = [ h(y)y(dylv) is continuous from the right for all v and from the left
save (p0581b1y) those v of the form k/q. Let f°(v) be continuous, have the same

uniform bound as f, and equal to f outside U{_,([k/q] — 9, [k/q]). Then

< 2 ||hllo 9l

\/mwam/ﬁwwwwo—/mwmwmﬁ@>

Since p,, = p implies (Ui, ([k/q] — 6, [k/q])) < &

\/@wmwm/%@wwwo—/mwmmv%w

< 2e |[hll 19loe -

and since f°(z) is continuous, p,, = p implies

lim sup <Ae|lhll 19l

n—oo

/ g(v)h(y)p, (dv)y(dy|v) — / g(v)h(y)p(dv)y(dy|v)

The result now follows since € > 0 is arbitrary. [



Chapter 2

Statement of the Main Results

In this chapter we present the main theoretical result, which is the limit of the second
moment for the IPS estimator as m — oo.

For n = 0,1,...,N, let FN¥(n) = —2log(n/N) (with the understanding that
FN(0) = 00), and for £ € P ({0,...,N}) let

(FN. £y => " FN(n)((n). (2.1)

Recall that W7 is defined in to be —(1/m)logE (5™)°. It will be evident from
the theorem statement that the decay rate for the second moment depends on the
number of particles N. The dependence of the rate on N is discussed in Chapter [6]

As discussed in section [1.3] study of the IPS requires the large deviation analysis
of an occupation measure problem with a “time” dependent transition kernel. To
distinguish a point in the underlying state space of the process from variables that
identify stages and hence this time variable, we use t rather than x to correspond
to the normalized limits of the stage under the scaling j/m. (Its use in this manner
motivated the switch from p(dy|x) to p(dy|t) previously.)

The local rate function Gy (t, ¢) introduced below will be explicitly defined in
Section [equation (4.22])], after we have discussed the weak limits of certain con-

28
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trolled IPS models that appear in a representation for W]\? The second argument, ¢
will be a probability measure on {1,..., N}. The local rate will depend on ¢ since
the number of particles which reach the next level and their locations depend on
the stage through u(dy|t). Thus the large deviation problem involves a probability
measure-valued process with non-stationary increments, whose increments are essen-
tially occupation measures that reflect the local properties (i.e., u(dy|z) for x near t).
The large deviation lower bound require a communication condition and a condition
of locally uniform ergodicity on v(-|v,t) when thought of as a transition kernel for

ecach fixed ¢. These conditions are stated in Chapter [4

Remark 2.1. This thesis is concerned with the efficiency of the IPS system, and for
this problem the function of interest is <FN , Lm>. However, the proof of Theorem
goes through without change if <F N Lm> is replaced by any bounded and continuous
function of L™. One thereby obtains the full large deviations principle for { L™} with

the rate function

IN(V)_inf{/olGN(t,¢(t))dt:y_/olqﬁ(s)ds}.

Theorem 2.2. Assume Conditions and and define Gy : [0,1] x
P({0,...,N}) = [0,00) by {4.29). Then
liminf W§' > inf inf {/ Gy (t, ¢ (1)) dt + <FN,V>}. (2.2)
0,1]

m—00 VGP({I 7777 N}) ¢:V:f[0,1] ¢(t)dt

If in addition Conditions and [5.1) hold, then

lim sup W2 < inf inf / Gy (t, ¢ (t))dt + (FN,v } 2.3
mswp Wy < inf N}W:fmﬂdt{ | Onowat (N 23



Part 11

Large Deviation Analysis
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Chapter 3

Relative Entropy Representation

The key to the proof of Theorem is a convenient relative entropy/control repre-
sentation. The first step is to introduce notation which focuses attention on the key
events of interest, i.e., the particles make it to the next level and their distribution
(via the “transportation” measure) and the resampling from among these particles.
The next step is to identify a “local” ergodicity which is central to the form of the
local rate function Gy (t, ¢). This will require several steps of rewriting the represen-
tation to account for changes of variable, which are needed to rescale and properly
center the “transportation” measure. Once this is done and a suitable representa-
tion is obtained, we can analyze the asymptotics of Wf\,” using this representation
and weak convergence methods. The derivation of the representation is the purpose

of the present chapter.

3.1 The Representation Formula

We first define the single particle (underlying) transportation kernels at the prelimit

level by
a;-”(dy|x):IP’{Z§jm edy|zm:g;}, (3.1)

31
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where x € CJ"\C7} ), o' = inf{i > 0: Z" € CJ}, U (—o0, —1/m]}, and where {Z]"}
is the underlying process model defined in (1.2). Note that o is a stochastic kernel
on (—oo, —1/m]UCJi, given C7"\CTL,.

Next we define a rescaled version of the original process according to
Zin =24 0, ( 20 m) (3.2)

It is easy to check that Zlm =mJZz]" it Zg” = mZ{)n. The thresholds for the rescaled
process are stretched versions of those used for the original process: éj =mCy" =

[7,00). With notation that follows that of the original IPS model, we denote the

location of particles before and after resampling at stage j by (f/]"l", e ,Y/]"}V) and
()?;ﬂl, . ,)Z'J’”N) Then the related transportation kernel is defined by

G (dy o) = P{ug’%nedy

Zg”:x}
= ]P’{T)’LZ(’,”m € dy|mz ::r}
J

= o (dy/mz/m),

where z € C;\Cj;; and o =inf{i > 0 : Z™ € Cj11 U (=00, —1]}. In comparison
with the original transportation kernel defined in , &} is now a stochastic kernel
on (—oo,—1] U Cv'jﬂ given C’j\é’j+1. Note that both sets no longer depend on m.
Later in this section a centering convention will be introduced, so that all the trans-
portation kernels are on the same fixed space. For the rest of this chapter we will
focus on the rescaled processes and related measures. This is without loss, in that all
quantities of interest are the same for both systems. With an abuse of notation, we

omit the ”

— 7 from the notation.

To obtain a control representation, we exploit an underlying Markovian structure.
Slightly complicating the description and notation is the fact that the evolution
interweaves the transportation and resampling steps, and it will be useful in the

representation to keep them distinct. At any given stage j, (X77,..., X]y) takes
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values in CY € RN. Given (X74,..., X/) = (21,...,2x), the transition kernel for
the transportation stage is
N
AT (dyr, ... dyn |z, .. oy ) = H (Lo ey (@n) 0 (dyn |20 ) + Loy, (20) 00, (dyn)] -
n=1
(3.3)

One can construct a measurable mapping g%, = (gitm j415 inej-1) Such that

m m m _ m
gnum,j+1(Y;'+1,17 e aY}+1,N) = Nj+1
m m m _ m o m
910c,j+1(yj+1,1> R j+1,N) = (Yj+1,17 sy i N 0,...,0),

j+1

where {}7]’1“} are the locations of particles that made it up to the next level, and

the trailing zeros are place holders which keep the dimension of the vector equal

to N. In fact, there are many such mappings, in that they may produce different

orders for the ?;”jl i, and the particular one used is not important. Now suppose that
m

given N}, =n and Y7, , = @k, k < n, a random vector (oy,...,0y) is generated

according to the product measure
O (-|n) = @L10; O 11 Un, (3.4)

where U, is the uniform measure on {1,...,n}. The role of the ® ,4; is also as a
placeholder, and simply says that the first n particles have already been determined,
and thus resampling is only used to determine the location of the remaining N —n

particles. Then we can set

m gjk k‘:l,...,n

Lk = \ = Yoy
Yo k=n+1,...,N

There is a measurable map A7 that takes (g7, (Y71, -, YT n),01,...,0n) into

(XFi1s- - XN
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With these definitions, the IPS process can be built on the following probability
space. Let X = {(—o0, 1] U[0,00)}" and Y = {1,..., N}, and set

Z=[xx)".

To simplify the notation, we denote corresponding vectors by bold symbols, e.g.,

X0 = (%01, ..., Ton). We define a probability measure on Z by

P (dyy,do, .. .,dym,, do.y,)

= Agb(d}’l |%0)O(doy |Q$m,1(Y1))AT(dY2 A1 (97" (y1),01))O(doy |9$m,2(}’2)) .

Note that the distribution induced by A" (¢7*(y1),o1) when y; and o1 have distri-

bution Af(dy: [x0)O(doy |g1(y1)) is the same as that of (X", .. , XT"y) given

(Xgh, - Xity) = (w01, - -+, Tov). We can then expand the expectation of (1.8) as
1

. 95 og ( Loum.g Vi)
W;\?: ——log/ e Zj71 Og( N >]P’m(dy1,da'1,...,dym,dam).
m z

Applying Proposition [0.5] the relative entropy representation for exponential in-

tegrals, we have

1 9 ’m;l Qgﬁm7j<Yj>
——log/ e 2= Og( N )Pm(dyl,da'l,...,dym,dam)
m z

= inf

Q™ [m N

1 miomy 1 . I Y\
—R(@Q™|P >—E/2221og (4(”))@ (dy1,do, ..., dym,, do,)
7=1

We now factor Q"(dyy,doy,...,dym,do,,) to reflect the way that P™ is factored.
While P exhibits a type of Markovian structure, the same cannot be assumed of

Q™. However, we can always factor it so that the resulting conditional distributions
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do not anticipate the future. Thus we write
Q™(dy1,doy,. .., dym, dom) = A7 (dy1)O7' (do1) AT (dys) - - AT (dym) O (dom),

where (:);-”(dcrj) € P(Y) is implicitly a function of (y;,o4,...,y;) and ﬁﬁl(dyj) €
P((—o0, —1] U C;) is implicitly a function of (yi,01,...,¥j-1,0j-1). Denote the
distribution of (Y7, &7,..., Y™, &™) by Q™. Then using the chain rule for rela-
tive entropy Theorem to decompose R(Q™ ||P™), we can write the variational

representation as

{mmi%f. %Z FONATC R (g7 (Y5, 57))) (3.5)
%Z FONOC g (Y57))) = %ZQlog (gnume(Y;n)M :

where E denotes expected value with respect to Q™.

To proceed with the analysis, we need to introduce a centering in the previous
definitions. The usefulness of the centering is due to the fact that the environment
presented to each of the transportation and resampling measures is in some sense
stationary relative to the starting location C; of the particles at stage j. Our goal
is analyze what amounts to an empirical measure on the number and locations of
particles that make it to successive levels. For this to work out, the various measures
should be defined on a fixed space that does not depend on j. In fact, it is only
the difference of particle positions before and after transportation that we need to
record. By a change of variable we can redefine the transportation kernel o so that
rather than being on (—oo, —1] U Cj4; given a point in C;\Cj1q, we consider them
as measures on the fixed space A U [0,00) given [0,1), where A will be called the
“cemetery” state and plays the role of (—oo, —1], while [0, c0) plays the role of C};.
We make the analogous change with respect to the N-particle transportation kernels

AT defined in (3.3). Under this convention, the mappings g7* = (gyim ;> 9ine;) and
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h" now have domains and ranges

{AU0,00)} = {1,...,N} x [0,00)"
ho: {1,...,N} x[0,00)" x Y —[0,00)".

Thus ¢ = (gnum, Jioc), Where gpum counts the number of particles that make it up to

[0,00) (termed success particles), and g returns the locations of these particles.
Again we will abuse notation and use the same labels as before for these new

centered measures. In terms of the original random wvariables, we can exhibit the

centered and rescaled transportation kernel, for = € [0, 1), as

Q™ (Alz) = P{<ngm_<j+1)>EA‘(mZEJ"—j)Zx} if A [0,00)
j P{(mzs — (G+1) € (~o0, 1| (mZy — ) =2} i A={A)
(3.6)

The transportation kernel is then

N
AT (dyy, ... dyn |71, 2 H Ljo,1)(Tn) S (dyn |70 ) + 11, oo)(%)(an—l(dyn)] .
"~ (3.7)
Note that all the transportation kernels are measures on the same space, i.e., {A U
[0,00)}”. We thereby obtain the following variational representation, which is now

amenable to weak convergence analysis:

L %Z P AZC R (oY) 57))) (3.8)
LS R OO0 g (7))~ -3 2108 (#)] |

where V' is referred as the minimal cost function.
Without loss we can restrict to controls for which the cost is finite. This implies

the finiteness of the relative entropies, which in turn implies that the resampling
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controls ©7" should have the same support as ©(+|gnum(Y")), w.p.1. Recalling that
O(-n) = ®1,0; ®L, , Uy, this means that ©7" (-|w) will inherit the property that
the resampling control leaves the ]\_fjm = gnum(YT) particles that made it up alone,
and sample from among these particles (though perhaps with a distribution not
equal to the uniform distribution on {1,..., N "}) to determine the locations of the

remaining N — guum (Y7') particles.

We formally state the representation so derived.

Theorem 3.1 (Representation Theorem). Let ©, AT and V' be defined by ,
and (@, respectively. Then for all m € N

. 1 TN 2
Wi =——logE L
N mOg E(N>

is equal to the minimal cost function V.

3.2 The Limiting Behavior of the Underlying
Transportation Kernels

To evaluate the asymptotics of W}(f and identify the rate function, we will need to
identify the limit of A7*. The rescaled and centered transportation kernels o (dy [r)
are related to the asymptotic first entrance distributions defined in (1.9). The fol-

lowing lemma makes the relation precise.

Lemma 3.2. Assume Conditions and . Define of*(dy |x) by , and
v(dylz,t) by (1.9), and assume that j/m — t € (0,1) as m — oo. Then for

z€0,1)

o (-2) = (|, 1)
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and thus for x € [0, 00)
Lo (@)af (- |2) + 1p,00) (2) 001 () = Y ([, 1) (3.9)

Moreover, for each x € [0,1) t — ~(+|z,t) is continuous fort € [0, 1].

Proof. We recall that of'(- |z ) is defined in (3.6) by setting

and then stopping this process the first time ¢7" when either Z; > j+ 1 or Z; < —1,
with the latter event meaning that mass is assigned to A, and of*(A[z) = P{Z;m €
j+1+ A} when A C [0,00). Let b € (0,1), and define

o™ (b) =inf{i > 0:Z; > j+1or Z < jb}.

The parameter b is used to localize the problem, so that we only have to pay attention
to the process when Z; /m is very close to t. Under the stability condition (Condition
, given any a > 0, for all sufficiently large m we have ]P’{Z(,;n > j+ 1 and
Zympy < jb} < a. It follows that if we define “barred” measures by aj'(A|z) =
P{Zyr@) € j+1+ A}t and &' (A |z) = P{Zymr) < j + 1}, then modulo an error in
the total variation norm of size 2a, of'(- |[z) and &}'(-|z) have the same weak limit.
We can also define 7(-|z, t) in the analogous way, and obtain the same total variation
norm error bound. Therefore, it suffices to show that aJ'(-[v) = 7(:|z,1).

Again using Condition aj*(Alz) can be characterized as the unique solution
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to the integral equation

ai*(Alz) = P{Zypp €j+1+ A}
= ]P{{Zo';n(b) €j+1+A} (1{0';”(b)>1} + { ™ (p)= l}ﬁ{Z mb)>3+1})}

|+ +
- / @?(A\ery)u(dy’]—)Jru(AJrl— J ‘“)
{y:jb/m<z+y<1} m

3.11)

Under Condition [1.4] given b < 1 there exists a ¢, < 1 such that for b?t < s < t/b?

eop(dylt) < pldyls) < Cibmdyhf), (3.12)

where ¢, T 1 as b1 1.
For fixed b, choose m big enough that [bj/m, (j + 1)/m] C [b*t,t/b?]. Define
D = {x; : jb/m < Y x; < 1for £ = 0,...,k}. Then for n € N and all

x € [bj/m, (j + 1)/m], applying (3.12)) and (3.11)) recursively gives

al(Alr) < (lb)n/ ( sz) (dan|t) - - - p(dmy |t)
S [ (AH_D

k=0

9}

> (dxglt) - - p(dz|t),

(3.13)

where © = xy. Note also that 7(-|z,t) solves the equation analogous to (3.11)),
save that p(dy|(7 + x)/m) is replaced everywhere by p(dy|t). Hence a calculation

analogous to the one used in (3.13) gives

Wy = [ (

n

le,> (dault) - - p(da |t)
+n_/ <A+1—sz

k=0

> (dagl|t) -« - p(dz|t). (3.14)
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Condition implies that for each ¢ > 0 there exists M < oo, such that the
probability that the random walk escapes from [—1,j + 1] in M steps is greater then

¢ uniformly in x, and thus
P{oT'(b)<M|Zy=x} >P{o] <M|Zy=x} >ec.

On the other hand, the first term in (3.13)) can be bounded above in terms of the
probability of not escaping in n steps. In fact, forn=kM +1, k> 1,1l < M

b (]

Z m) (dzp|t) - - - p(day |t)

= P{ol'(b)>n,Zy€j+1+A|x}

< (1—5)k
I
< p

where p = p(e, M) = [1 — &]/M+1) < 1. Repeating the analysis for 7, we get

bl

Pick b < 1 such that ¢, satisfies p/c, < 1. Then the series in (3.13)) is convergent,

le> (dxy|t) - - p(dxy|t) < p

and for n large enough

IA
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With a similar computation we obtain the lower bound

k) = g [ a (

+ cf“/ (A—Fl—sz
D

) (dxplt) - - p(dr|t)

) (dxg|t) - - - p(dzq|t)

Combining these two inequalities gives
cp (V(Alz,t) —p") <af'(-|z) < (1/e)" (V(Alz, ) +p7).

The claim now follows by sending m — oo (and using j/m — t), then b 1 1, and
finally n — oo.
The last sentence of the lemma follows from a very similar construction, and is

hence omitted. [



Chapter 4

The Large Deviation Upper Bound

In this chapter we prove , which corresponds to a large deviation upper bound.
We first rewrite that control representation (3.8]) so that the controls and controlled
process are in a space that is independent of m, which facilitates the use of weak
convergence arguments. Tightness is addressed at the beginning of Section .2 and
then weak convergence methods are used to relate the limits of the controls to the
limits of the processes. It is this asymptotic relationship which identifies the local
rate function, and in Section these results are used to prove a large deviation

upper bound with the given rate.

4.1 Notation and Preliminaries

In this section we make a few final adjustments to the relative entropy representation.
A number of stochastic kernels indexed by t € [0, 1] will be needed. To simplify the
notation, the definition at ¢ = 1 is usually omitted. This is without loss, since these

kernels are always integrated with respect to Lebesgue measure.
Recall the control representation (3.8). Let }_(;-” = h(g(?}”),&}”) and NJ* =
gnum(YT). These quantities have the exactly same interpretation as for the original

process, but with respect to the controlled distributions. Thus N]m is the number

42
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of particles making it to threshold j, and )_(;-” are the locations after resampling.
We will also want to keep track of the dependence of the transportation control as
a function of the state of the process }_(;-”. For m € N and ¢ € [0,1] define the
stochastic kernel

=m . T ) o J+1 .

£ (dx,dy |t) = dgm (dx) x AT'(dy) if t € [i,i> ,j=0,....m—1,

i m. m
where /_\;”(dy) = ]X;”(dy h?l, G1,...,Y;,8;). Also define
) i
" (dn,do |t) = 5@11 (dn) x ©F,,(do) if t € {i, L) , j=0,....,m—1,

m - m

where ©7'(do) = O7'(do 1Y1,51,...,Y;). Random probability measures £ €
P[0, 00)Y x {AU[0,00)}" x [0,1]) and 7™ € P({1,...,N} x Y x [0,1]) are then
defined by

£ (Ay x Ay x B) = / " (Ay x Ay |t dt, (4.1)
B
ﬁm (Ol X 02 X B) = / ﬁm (Cl X CQ |t) dt (42)
B
for Borel subsets A; of [0,00)", Ay of {AU[0,00)}", Cy of {1,...,N}, Cy of Y,
and B of [0,1]. Again, we use the bold uppercase letter to denote the subsets of

higher dimensions. Similarly, measures related to the distributions used to define

the original process are defined by

r™(dx,dy |t) = 5)_(;71 (dx) x AT(dyD_(;.n) ift e [

)

q" (dn,do |t) = Oxm, (dn) x ©(de|N7y,)) if t € {
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and

r’™ (Al X AQ X B) = r’" (Al X A2 |t) dt7 (43)

qm (Cl X 02 X B) = qm (Ol X OQ |t> dt, (44)

S—5—

where A;, C;, B are as above.
The chain rule for relative entropy Theorem is then used to rewrite (3.8)) in
terms of these measures. To be precise, we repeatedly use the fact that for probability

measures and stochastic kernels defined on the appropriate spaces

R (p(dzlu)y(du) ||v(dzu)y(du)) = /MR(M(-W) [ (-Ju)) ~(du)

to insert the Dirac functions appearing in the definitions of €™, 7™, 7™ and ¢ without

any change in the cost. For £ € P ({1,..., N}) recall the definition

(FN,0) :i—Qlog <%>€(n)

With the 1/m factors accounted for by the piecewise constant nature of the measures

and the Lebesgue integral, (3.8)) can be restated as

Wy = {si?fm}E{/ol [R(E™CIE) Ir™(C1t)) + R@™([t) [lg™(-]t)))] dt + <FN,EW>}’
(4.5)

where

N
L :EZ(SN? (4.6)
j=1

is the controlled empirical measure.
The proof of Theorem uses weak convergence arguments to analyze the limit
of (4.5)). Before proving the tightness results for our problem, it is useful to recall

some criteria for the tightness of probability measures. In the lemmas to follow, V
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is a Polish space and A is an arbitrary index set. A tightness function on V is a
mapping g : V — [0, 00] such that for each M € [0,00), {v: g(v) < M} is compact.
The first result is given in [9, Theorem A.3.17].

Lemma 4.1. Let g be a tightness function on V. Define a function G () mapping
P (V) into RU {co} by

G(0) = /v gdo.

Then the following conclusions hold.
(a) For each M < oo, the set Zg(M)={0 € P(V): G (0) < M} is tight.
(b) G is a tightness function on P (V).

The next result can be found in [20, Theorem 6.1].

Lemma 4.2. A family {v, : (Q,F,P) - P(V),a € A} of random probability
measures on a Polish space V is tight if and only if the family of (deterministic)

probability measures {Ev,,a € A} C P (V) is tight.

The next lemma gives an elementary sufficient condition for the tightness of

empirical measures.

Lemma 4.3. Let {Xj ERN,j=0,...m— 1} be a collection of random vectors.
Define the empirical measure J™ = %Z;n;ol 0x;. Suppose that given ¢ > 0 there
exists b < oo such that for alln € {1,..., N}

z Xl > ) <

Then {J™} is tight.

Proof. By Lemma {4.2] it suffices to show that given ¢ > 0, there is a compact set K
such that EJ™(K¢) < § for all m. Given §, let ¢ = §/N and then choose b so that
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the previous display holds. Letting K = [—b, 5], we have

}—‘

—1 m—

P (X, € K°)

3

N
> P (|Xjul > b) < Ne =5

7=0 n=1

1 1

I\
=)

J

4.2 Tightness and Characterization of Limits

We now proceed to prove the tightness of both the underlying measure and the ad-
missible control measures. Note that, owing to the rescaling and centering, measures

such as of*(dy |r) are stochastic kernels on A U [0, c0).

Proposition 4.4. Assume Conditions and[1.3. For each m € N, consider any

admissible control sequence {/_Vj",j =0,...,m—1} and {(:)z»”,j =1,...,m} such that

meN

supE{ ZR |Am ‘h ),&;”)))} <

supE{iZ 6l (7)) | < o

meN m

where AT'(-) = AP(-[Y1,61,...,Y;,6;) and ©7(-) = O7(|Y1,81,...,Y;). Then
the following results hold.

1. {r™,m € N} with r™ defined in is tight.

2. Let the admissible control measures (£, 7™) be defined by equations and
. Then {(£",7™), m € N} is tight.

Proof. Part 1 (tightness of rj"). We divide the proof for the tightness of 7™ into
three steps.

Step 1: the tightness of &™. Let H (z,«) be the moment generating function defined
in (L.4). By Condition (1.2} H (o) = sup,e(_1 4 H (7, ) < 00. Givenj =0,...,m—1,
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let {@;nl (x),i € Nyx € [-1,1]} be iid random fields with 972 () ~ p(-|lz+j4/m)
and {Z];} be the Markov chain defined by

Zin = 275+ 05 (Z33/m) - Zjy == <0,

Then for each fixed a, the sequence 17} = exp{aZ7; —iH (a)} is a supermartingale

with respect to the filtration 77 = o{Z], : s < i}. Indeed,

E (15 | 7] = THE |exp {ad], (271/m) — H (o)} | 7]
= Trexp {H (Z]3/m+ j/m,a) — H(a)}

m

Define the stopping time 77" = inf{k > 0: Z7} ¢ (—j — 1,0)}. Then by the Optional

Sampling Theorem, for a > 0

E exp {ozZ;me —7"H (a)} <e™ < 1.

J —

If we can prove that H (a*) < 0 for some a* > 0, then Chebyshev’s inequality yields

P {Z;?;m > b}

IN

e " Eexp {oz*ijTm}
g

IA

e "R exp {a*ijTm —7]'H (a*)}
g

P
eab’

IN

which implies the tightness of {(Z%») V0,7 =1,...,m,m € N}. For later use, we
g
note that Z% — z has the same distribution as the process Z; — (j + x) (equation

(3.10)) that appears in the definition of af'(-|z) when 2z = z — 1, and so we have

' ([b, 00)|z) < e b, (4.7)
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We are now left to show the existence of such a*. According to Condition [I.1]
Do H (x,0) = Efy; (z) < 0 for all 2 € [—1,1]. Hence for each x there is a, > 0 such
that H (z,a) < 0 for all a € (0, o), and by the continuity of H we can also take «,

to be continuous in z. Since [—1, 1] is compact, inf o, > 0, hence such o* exists.

Step 2: tightness of £,'. By assumption, there exists M < oo such that

sup ER (€™ [|r™) —supE{lZ () AT (- | A (g(??),&?"‘)))} < M.

meN m 0
(4.8)

According to the variational formula in Proposition or Lemma [0.7(a), for any

measurable function v bounded from below and for each m € N, j < m
I_E{/wdA;" — 1og/ewdA;“} <ER (A7 ||AT). (4.9)

Define the measurable function

W > b
Y (y) = ©one

0 otherwise .
Then applying the inequality (4.7]) to each component of Ym and ( .D yield
P {20} = I‘E{/wm}
< ER (/_\;” ||A;”) + log [1 + ece_o‘*b} .

For n € {1,...,N} and any Borel set K of [0,00), X" € K is possible only if
%TT, € K for some n’ € {1,..., N}. Therefore, given any € > 0 there are b < oo and

¢ < oo such that

al NM N e
Z "> ST—F—log[l—i-e ]SE.

(4.10)

m— _ 1
Z (X =0 SE

QMS'
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With £]" playing the role of J™, Lemma |4.3| then yields the tightness of {&]"}.

Step 3: tightness of r™. If we can show that the measures — Zm ! AT also tight,
then tightness of {7} will follow. From the definition of A7 (-|x) in we have
the upper bound

N
AT (Ay % - xAMxﬁ}Z(mxn (A |20 ) + 1100) (@) 00, 1 (An)].

Recall that we have shown of'([b,00)|z) < e *". Given € > 0, choose b, ¢ < 00

satisfying both e™*"® < ¢ and (4.10)) and let K = [b,00)". Then

1ml
{EE:A (K°|X" }

7=0

1 m—1 N - -

< EQ= 33 (Lo (X0) ag (b:00) [X52) + L) (X2) Oy, 1 ([b.50))] }
7=0 n=1

1 m—1 N
< e+ — >b+1}

m 7=0 ;
< (N+1)e

Applying Lemma [1.2] we complete the proof of the tightness of {r™}.

Part 2 (tightness of {(€",n")}). Tightness of r™ implies that for each i € N
there exists a compact set K; of X x ) such that Er™(K;) > 1 — 27¢ for all m.

Suppose we define a by
a() =1+ ilge ().
i=1
Then
supIE/adrm <1 +Zi2_i = M; < oc.

meN

Letting U () = loga (+), it follows that U > 0 and U has compact level sets. Thus
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U is a tightness function such that

SupIE/eUdrm < M;.

meN

Then, again applying the variational formula as in (4.9)), Jensen’s inequality, and the
uniform bound (4.8)),

supI_E{/UdEm} < M+Sup]E{log/eUdrm}
meN meN

< M + log supI_E{/eUdrm}
meN

< 0Q.

Lemma [4.1| then implies the tightness of {£™}.
Recall that Y = {1,..., N}". Since the measures 7™ take values in the compact

set P({1,...,N} x Y x [0,1), tightness of {f™} is automatic. O

Next we state the main weak convergence result. Recall that for a probability
measure such as ¢ on a product space, &, will indicate the ith marginal. The first two
statements are straightforward, and serve to establish notation and decompositions
of the limit measures. The last two statements identify key equilibrium properties
of the joint distribution of the location and number of the particles that make it to
the next threshold. Specifically, equation (4.16) identifies a kind of local (in time or
stage) stationary distribution on the particle locations after resampling and in the
limit for the controlled IPS system, while gives the corresponding distribution
on the number of particles that make it to the next level. These relations, which link
the equilibrium distributions to the limits of the controls, are the main ingredient in

the definition of the local rate function for the IPS process.

Lemma 4.5. Assume Conditions and. Let (Em, ﬁm) be the admissible control
measures defined by equations and and let r™ and q™ be defined by
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and . Also, let L™ be the controlled empirical measure defined in , and

assume that

meN

M = supI_E{/o (R CI ™)) + R @™ 1) g™ (1)) dt} <oo. (411)

M m

Then every subsequence of (Em,n g™, [7”) has a subsubsequence that converges

i distribution to a limait (5,7’7, r,q, I_/) with the following properties.

1. There exists a probability space (Q, F, IF’) such that the limiting quantities (E , 7‘))
can be realized, respectively, as stochastic kernels on [0,00)"™ x {A U0, 00)}" x
[0,1] and {1,...,N} x Y x [0,1] given Q. Furthermore there are stochastic
kernels € (dx x dy |t,w) and i (dn x do [t,w) on [0,00)" x {AU[0,00)}" and
{1,...,N} x Y x [0,1] given [0,1] x Q, such that

E(dx xdy x dt|w) = &(dx x dy |t,w)dt,

n(dn x do x dt|w) = n(dnxdo|t,w)dt.

2. Define marginal distributions by
gl (Al |t7w) - E(Al X {A U [O,OO)}N |t,0)), 771 (Cl |taw) = 77 (Cl X y |t7w) )

52 (AQ |t7w> = E([Oa OO)NXAQ |t,0)), Uk (02 |t,td) =1 ({17 s >N} X CQ ’t7w) :
Then there exist stochastic kernels A (dy |x,t,w) on {AU[0,00)}" given [0, 00)"
[0,1]xQ and © (do |n,t,w) on' Y given {1,..., N} x[0,1] x Q, such that P-a.s.

X

for w € Q

/Z(Al,AQ\t,w)dt _ // R(As |t w) &, (dx [fw)dt, (4.12)
B B JA,

/ﬁ(Cl,CQ\t,w)dt :/ O (Cyln,t,w) 7, (dn |t w)dt (4.13)
B B JCq
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for Borel subsets Ay of [0, oo)N, A, of {A U0, oo)}N, Cy of {1,...,N}, Cy of
Y, and B of [0,1].

3. Statements analogous to Parts 1 and 2 above hold for r and q, and for P-a.s.

for w € Q

r(Al,A2,B|w)://AA(A2|x,t)gl(dx|t,w)dt, (4.14)
B 1

where A (- [x,t) = @y (- |zi,t), and withy defined by (1.9). Also, q (dn,do, dt)
has the form

0(C1, Co, Blw) = /B/C O (Caln) 7, (dnlt,w) dt, (4.15)

where © (-|n) = ®_,6; @I, | Uy is the product measure defined in , and
A,;, C; and B take the same form as in Part 2.

4. P-a.s. for w € Q, we have

t t
/ 51 (A ’57(’“}) ds = / /5{h(g(y),a)} (A) S) (dO’ ‘gnum (y) » Sy w) 52 (dy |37 w) ds
0 0
t

/771 ({n}|s,w)ds = /O/l{gnum(y):n}§2(dy|s,w)ds.

0

Therefore, a.s. with respect to Lebesgue measure

& (Als,w) = /5{h(g<y>,a)} (A)© (do |gnum (¥) ; 8,w) &, (dy |s,w) (4.16)

77]1 ({n} ’57 W) = / ]‘{gnumr(Y):n]’52 (dy ’57 w) . (417)

Furthermore, for any subset C of {1,...,N}

L(C) = /0 U (C )t (4.18)
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Remark 4.6. We suppress w variable in later discussion from time to time, but keep

i mind that the measures are random.

Proof. Part 1. Since (£€",7™) — (€,7) in distribution, by the Skorokhod Representa-
tion Theorem, we can assume that w.p.1 ("', 7™) = (£, 1) on some probability space
(Q,F,P). By definition, £"([0,00)" x {AU[0,00)}" x dt) = [€"], (dt) = A(dt),
where A is Lebesgue measure on [0,1]. It follows easily from the convergence that
w.p.1 [5]3 (dt) = A(dt). Hence by Theorem , there exists a stochastic kernel
€ (dx x dy |t,w) on [0,00)" x {AU[0,00)}" given [0,1] x Q such that w.p.1

E(dx x dy x dt|w) = € (dx x dy |t,w) dt

The decomposition of 77 is proved in the same fashion.

Part 2. The stated decompositions follow from another application of Theorem

0.9

Part 3. If (x,t) — ~(:|z,t) were continuous then (x,%) — A (- |x,t) would also
be continuous, and the form of r would follow from the fact that by Lemma
AT (-|x) = A(-|x,t) uniformly, and the weak convergence {" = £. Now in fact
(x,t) = v(+|z, t) is not continuous, though under the given conditions it is continuous
in t and x — ~y(+|z,t) is always right continuous and left continuous when x is not of
the form (0, 1]N[Z/q] (see Lemmas|l.5land|3.2)). Thus to obtain the decomposition via
Lemma , it is sufficient to show that under , EE ({[K§M}¢) can be made as
small as desired by choosing ¢ > 0 sufficiently small, where K5 = Ui _, ([k/q]—9, [k/q])
and K§ = [0,00)\ K.

We first claim that it is sufficient to show that given € > 0,

—_

%Z <e (4.19)

n=1 j

3

I§
=)

for some 6 > 0, where Am is the nth marginal of Am Using the reasoning that lead
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to (4.10)), we have

B¢y ({[K517}) <

IN

We next show that for eachn=1,...,N,EL ZT:_OI A7 (Ks) can be made small,
thus (4.19). Let AT, (-|z) = 10,1)(x)a (-|2) + 1j1,00)(2)02—1(-. Applying once again
Lemma [0.7)(a) as in ([£.9) and Jensen’s inequality, for any bounded measurable func-

tion f

AT (Ks1XT) < e (4.20)

Substituting into the last display the function f that equals 0 on K§ and log (1 + 1/¢)
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on K5, we have

(i)

1

log (1+1/¢)
1

log (1+1/e)

<M+]Elog

g

This is made as small as desired by choosing € > 0 small.

(M +log2).

We complete by proving the claim (4.20). Recall that by definition A7, (-|z) =
L) (z)al (|2) + 1j1,00)(2)dz—1 (+), and that o has a uniformly bounded density
with respect to Lebesgue measure everywhere except (0, 1] N [Z/q| (this follows the
same proof as for y(-|z,t)). Thus by the right continuity of z +— o'(+|z), o' (Ks|x)
is proportional to § for all z save those in intervals of the form ([k/ql, [k/q] + 9).
However, the only way a particular component of )_(;” can be in this set (at least if
d < 1/q) is if one of its summands in the random walk that ended at that component
was not in the support of the discrete measure. When this happens, the distribution
of this particular component has a bounded density with respect to Lebesgue mea-
sure, and hence the probability that it falls in Kj is proportional to . Therefore,
EL el SIS ! AT (Ks| X)) is itself proportional to d, which completes the argument.

The argument for is similar but much simpler since the measure is on a

discrete space and is omitted. Here we use that at the prelimit
q" (dn,do,dt) = (5]\7Fn ; (dn)© (do |n)dt = [n* (dn|t) dt] © (do |n) .

Part 4. For t € [0, 1] define

[mt] |mt)

Tm 1 Tm __ 1 _
Jt = E Z 5}1(9(?;”‘),5’;'1)’ Lt - E Z 5gnum(Y;n)'

=1 =1
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Then for bounded and continuous functions u; mapping [O,OO)N into R and wus

mapping {1,..., N} into R, by definition

fumirwo = L3 wen = [

/u2 (n) L (dn) = 1 ” (N;n):/otmﬂ/m

This implies

(7 @) 2 an)) > ([ &) ds, [ 0 (@nls)ds ).

For n € N and j € {0,1,...,m — 1}, we define .7:"]”‘ to be the o-field generated by
{(Y;, &),k < j} and G" to be that generated by 77", and Y. Then

w (b (0 (V7)) = [ o (5).,0) O (dr) A5 ),

s (G (Y1) — / s (G (y)) AT (dy)

are martingale differences with respect to ]:"Jm and (jjm, respectively. Since

“ L) - LY (600,00 651 @) )
|mt|—-1
:% ‘ {“1 (X41) — /Ul (h(g(y),o)) O, (do) Al (dy)| -

Denote the left hand side of the above equalities by R™. Then Chebyshev’s inequality
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and a standard conditioning argument yield that for any € > 0

P{|R™| = ¢}

[mt]—1 2
< i{%( 1 (%50) — [0 (5 5),0) O3 (07 0
[mt]—1 9
- 1E{mi > [0 080~ [0, ) 7o) 7y
o Al

A similar calculation can be done for L, and so (4.16) and (4.17) follow. Lastly
(4.18)) follows from the fact that L7 = L™. O

4.3 Proof of the Lower Bound (2.2)

In this section, we introduce some related concepts, identify the rate function and

give the prove for the first part to Theorem , ie. (2.2).

Definition 4.7 (Feasible). Probability measures ¢ € P([0,00)" x {AU0,00)}")

andn € P({1,...,N} x ) are called feasible if the analogues of and
hold,i.e.,

£(4) = / Sntot)o) (A) 71 (A0 |guum (¥)) &5 (dy)

) = [ Lo ). (4.21)

where &; andn,; are the marginals and n(do|n) is defined by n(dnxdo) = n,(dn)n(deo|n).

For ¢ € P({1,...,N}), define A(¢) = {feasible (§,n) such that n, = ¢}. We
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now give the form of local rate function G in Theorem

Guito) = int L[ RECRIACR) G0+ [ Rt o n>>m<in;2}),

where A (A; X -+ X A, |x,t) = Qv (A; |zi,t).

Let (Em, 7’7’”) give a value that is within € > 0 of the infimum in (4.5)). Tightness of
{(Em, nm"rm, qm)} has been proved along any sequence for which the relative entropy
costs are bounded. For the purposes of proving a lower bound on Wj{?, this can be
assumed without loss. Tightness of {L™} follows from the fact that L™ takes values

in a compact set. We now evaluate the limit inferior of W](," along the subsequence

of n € N for which (Em,ﬁm,rm,qm, Em) — (E,Ty,r,q, E). Then

lim inf W + ¢

m—00

m—r00

= liminfE{R (" ™) + R(™ [¢™) + (FN, L")}
> E{R(E|r) +R(@lq)+ (FY,L)}

= B{ [ [RECIrCI0) + RGO I )] di+ (7.1
I_E{/Ol G (4,7,(- [£)) dt + <FN,E>}
> inf{/OleN(t,¢(t>)dt+<FN,y>:¢(-)e73({1,...,N}),y:/Olqs(s)ds}.

> liminfE { / [R(E™ 1) 1™ C16)) + R @ £) g™ (- 1£))] de + <FN,im>}

v

The first line of this display is formula (4.5). The second line follows from the
chain rule Lemma [0.7(f). The third line is a consequence of the convergence in
distribution of (Em,ﬁm,rm,qm,im) — (g,ﬁ,r,q, f/), the nonnegativity and lower
semicontinuity of relative entropy, Fatou’s Lemma, and the non-negativity of F'V.
The forth line is again the chain rule, and the fifth is due to the almost sure feasibility
implied by and and the definition of G. The final line follows from
(4.18).
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Note that the proof of the Laplace upper bound naturally provides a candidate
for the rate function, which is defined for v € P ({1,...,N}) by

[N(y):inf{/olGN(t,¢(t))dt:v:/olgb(s)ds},

and with G (t, ¢) defined as in (4.22)).
Since € > 0 is arbitrary, we have proved that every subsequence of the original
sequence {W]\?, m € N} has a subsubsequence satisfying

lim inf W > inf {In (v) + (FN,v)}.

mM—00 veP({1,..,N})

An argument by contradiction applied to an arbitrary subsequence shows that the

entire sequence {W}{’,‘, m € N} satisfies this same lower limit.



Chapter 5

The Large Deviation Lower Bound

In this chapter we prove , which corresponds to a large deviation lower bound.
To prove this bound, one starts with a near minimizer in the right hand side, and
based on this constructs a control that can be applied in the prelimit stochastic con-
trol representation. A key qualitative property that is used to prove the convergence
of the costs is some kind of ergodicity. As we will see, the nonstandard features
of the problem that made the proof of the large deviation upper bound difficult
complicate the analysis here as well. In particular, each of the following properties
requires the introduction of new techniques and methods of analysis: the transition
kernel on thresholds is in general not Feller; the transition kernels depend both on
the large deviation parameter m and on the threshold index; and the underlying
process includes the absorbing state A.

We begin by discussing the ergodicity properties of the limit transition kernels.

5.1 Some Important Assumptions and Ergodicity
of the Limit Underlying Transition Kernel

To establish the large deviation lower bound, we need to introduce additional con-

ditions on the underlying measures p(dy|t) and limit transition kernel v defined in

60
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. Note that since v contains a cemetery state A, the relevant ergodicity prop-
erties are with respect to the kernel that excludes the absorbing set. Note also that
under Conditions , and , v (A |z, t) is bounded away from 0 and 1, uni-
formly in ¢t € [0,1] and = € [0,1). Define a stochastic kernel 4 on P (|0, 00)) given

[0,00) x [0, 1] by
Tl = 2O
for Borel sets A C [0, 00).

Some type of transitivity or communication condition of the following sort is
standard in the large deviation theory for the empirical measures of a Markov chain.
Note that the assumption is made for each ¢ due to the nonstationarity of the process,
but under Condition the condition holds for one ¢ if and only if it holds for all
t € [0,1]. Also, we can restrict to initial conditions z € [0,1) since for initial

conditions x > 1 the dynamics of the chain simply move the process to x — 1 with

probability one.

Condition 5.1 (Transitivity). For eacht € [0, 1], there exist positive integers ly and
no such that for all x,¢ € [0,1)

o

1. <1 .
1.0 1.6
D57 dylet) < Y AV (dyld ).

i=lo Jj=ng

Here, #%) is the k-step transition probability defined recursively by

k) (A|$7t):/§(/1|y,t)@<k> (dy |,t)

for Borel sets A, with 3V = 4.

An immediate consequence of Condition is the indecomposability [1, Section
7.3] of 4 which is shown in the next proposition. The idea of the proof will be used
again in the next section when we show that the IPS transition kernel, involving N

particles, also satisfies a “transitivity” condition.
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Proposition 5.2. Assume Condition . Then for each t € [0,1] 7 is indecompos-
able, i.e., there do not exist disjoint Borel subsets Ay and Ay of [0,00) such that

F(Ay |z, t) =1 for all x € Ay and F(A2|(,t) =1 for all { € A,. (5.1)

Proof. We suppress t in the notation since it plays no role in the proof. Assume
(5.1) holds. Then because the dynamics shift = to x — 1 when = > 1, there exist
x €[0,1)NA; and ¢ € [0,1) N Ay such that

F(Ap|z) =1 and (A3 () = 1.

It then follows from that for any [ and n in N we have 3 (4, |z) = 1 and
7™ (A5]¢) = 1. According to Condition m the first of these equalities with [ = [y
guarantees that there exists j > ng such that 39 (A4, |¢) > 0. Since A; and A, are
disjoint, for ¢ € A, this inequality is incompatible with the equality 7™ (A5 |¢) =1
for any n € N. Hence the indecomposability of (- |z) follows. O

In the proof of the lower bound, ergodicity will be used to derive various limits.
However, owing to the nonstationarity there will be contributions from several dif-
ferent Markov processes, with the final state for one serving as the initial state for
the next. For this reason, we need the following type of condition which ensures that
the bounds coming from each process are independent of the starting state. See the

discussion in [9), Section 8.4].

Condition 5.3 (Uniformity). For any t € [0,1] and x € [0,1) there exists a proba-
bility measure B on [0,00), k € N, and ¢ > 0 such that for all ¢ € [0,1) satisfying
|z — ¢| < ¢ and for all Borel sets A

D(ALG ) > B (A).

IIM»
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5.2 The Construction of Ergodic IPS Transition
Kernels

As mentioned in the previous section, the underlying transition kernel + contains
a cemetery state. In order to introduce additional ergodicity property, we focused
our discussion on 7, a conditioned version of v by eliminating the cemetery state
A. In this section, we move on to a group of IPS-type processes, which share the
same transportation measure related to v but have different resampling mechanisms.
Again, such processes contain a cemetery states {A}". However, based on the as-
sumptions of 4 in the previous section, the renormalized version of the IPS-type
processes also satisfy transitivity and uniformity conditions. Furthermore, such pro-
cesses are geometrically ergodic.

Let 77 = [0,00)Y, T3 = {[0,00), A}". Recall that for any admissible control
with finite cost, the transportation control must be supported on T,\{A}¥, i.e.,
with probability one at least one particle makes it to the next threshold. Hence it is

relevant to study the renormalized transportation measure on 7T5\{A}?" defined by

N B A (-], 1) Ly ()
Atheny=1= A(AY x, ) 1=k (Alwgt)

(5.2)

Denote ¢ (x,t) = 1 — @Y v (Alz;,t). Since v (A |z,t) is bounded away from 0 and 1
uniformly in ¢ € [0,1] and z € [0,1), ¢(x,t) is bounded away from 0 and 1 uniformly
in ¢t €[0,1] and x € T;\[1,00)". We now consider A together with any resampling
measure that satisfies © < ©, and denote the transition kernel by p (x, - [t) on T

given Ti, i.e.

B (. |t) = /T i) ()6 (02l (3)) Ay .. (5.3)

Note the ambiguity of the notation: p can be associated with a number of resampling
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measures but always uses the transportation measure A.

Proposition 5.4. Consider any resampling measure O such that © < O, and as-
sume Conditions|1.1] and[1.4l Then for eacht € [0,1], p(x,|t) has an invariant

measure.

Proof. The main difficulty is due to the fact that the process does not satisfy the
Feller property. For m e N, 5 =0,...,m — 1, and 5(6” = 0, define random variables

XY, X', YS ... recursively via the requirements

P{¥7, €

Xr=x} = ACxt), N =g (Y1)

Plom, e [Nz =n} = OCInt), Xy =h (g(¥7h), 0% ).

Let

and denote

Ms

1 3
. (5~;_n(dx) x A (dy |x,t) .

" (dxdy) =

1

J

Then for any bounded and continuous function v : 77 — R,

[t ax) = Ly ()= [ 0E @,

=1

<.

Note that by construction R(A (-|x,t) [|[A(- |x,t)) = —logc(x,t) < oo for all x and
t, and © < © implies R(O(:|n,t)||O(-|n)) < oo since © and © are probability
measures on a finite set. Thus by Proposition {€"} is tight. Let £ converge in

distribution to a limit é along a subsequence. Along that same subsequence obviously
J™ (dx) — &, (dx).

We can then use the martingale difference argument and Condition [I.4] to deal with
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the places where the Feller property fails just as in Part 4 of Lemma |4.5] and obtain

JuE @0 = [ [ uti(a3).0)8 (@0 g (7)) & dy ) ()

w.p.1. We now use the facts that there is a countable set of measure determining

functions u to conclude that w.p.1

& (a) = [P AE (@0
for all Borel sets A, i.e., & is an invariant measure of p (x,-t). ]

For t € [0,1], let 7 (dx |t) denote any of the invariant distributions of p(x, - [t)
just constructed. The next lemma shows that there is in fact only one such invariant
probability and that the associated Markov process is geometrically ergodic, as well

as other properties that will be needed later.

Lemma 5.5. Consider any resampling measure O such that © < O, and assume

Conditions and [5.3. The following conclusion hold for each t €
0, 1].

1. The Markov process associated with the transition kernel p(x,-|t) and initial

distribution 7 (- |t) is ergodic.

2. The transition kernel p satisfies a transitivity condition of the same form as 7:

there exist positive integers ng and ly

o0

1 <1 .
> 5 dx 1) < Y o (¢l |t

i=lp Jj=no
for x,¢ €10, 1)N.

3. The transition kernel p(x, - |t) satisfies the following uniformity condition. Given

x € [0,1)N there exists a probability measure B on [0,00)N, k € N and ¢ > 0
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such that for all ¢ € [0,1)N satisfying || — x|| < & and for all Borel sets A,

(x,A|t) > B (A).

I M;m

In particular, the precompact set [0,1)Y is a small set [21) (5.14)] of the Markov

process associated with transition kernel p.
4. The Markov process associated with transition kernel p is geometrically ergodic.

5. Let A be a Borel set of Ti such that pl0)(xo, A |t) > 0 for some xo € T; and
lo € N. Then 7w (A|t) > 0.

Proof. To simplify the notation we omit t.

Part 1. We first show that p(x,-) is indecomposable. Ergodicity then follows
from [9, Theorem A.4.5]. The proof is by contradiction. Suppose that there exist
disjoint sets A; C 71, such that p(x;, A;) =1 for all x; € A;, i = 1,2. Define

= U U{xn:xi:(xl,...x]v)},

x; EA; n=1

i.e., B; is the collection of all possible individual particle locations for joint N-particle
locations x; in A;. Note that A; C {B;}", and therefore p(x;, {B;}") = 1 for all
x; € A;. Since v (Alz;) < 1 for all x; € B;, we must have v (B;|z;) > 0 for all
x; € B;.

First, we claim that 4 (B;|z;) = 1 for all z; € B;, i = 1,2. If not, then without
loss of generality we may assume ¢ = 1, and that there exists z € By and C; C [0, 00)
with C; N By = &, such that v (C} |z) > 0. Let X € A; have z as its nth component.
Consider the set

Ci={B} "o {B} "CT.
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By construction C; N A; = &, but

vV
=1

5 (%, Cy) / Bt (€1) B (00 g (1)) Ay )

N
> 7(Ci]z) H v(Bi|z;)
j=Lj#n

> 0,

which is a contradiction. Hence, 7 (B; |x) =1 for all x € B;.

With this property established, if B; and By were disjoint then we would have a
contradiction to Proposition . We claim even more, which is that [0, 1)NB;,7i = 1,2
are not disjoint. Indeed, if x € B; N By, then it is automatic that z — [z] €
[0,1) N By N Bs.

Thus we may suppose that there exists xg € By N By N[0, 1), which, without loss

of generality, is the first component of some x; € A;, for i = 1,2. Let
k= max{(xm} X = (.Ti71, c. ,.Z'LN)} . (54)

We now construct an event E which satisfies p*) (x;, E) > 0 for i = 1,2. An event
on path space will be constructed, which will imply the existence of an event of the
desired form. We start at time 0 with particles in locations x; with ¢ = 1,2. At
each time ¢ = 0,...,k — 1, we require that any particle that is a descendant of the
particle originally in the first location be returned to [0, 00), i.e., not to A. This
can always be done with uniformly positive probability. All other particles are dealt

with as follows:
e If a particle is in [0, 1) but not a descendant then it moves to the state A.
e If a particle is at z € [1,00) then it is moved to x — 1.

Again both events can be realized with positive probability. The definition of k in
(5.4) guarantees that at the end of k steps, all the descendants other than those
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originate from the zy will be sent to the cemetery state A. In other words, we have
identified an event with strictly positive probability defined in terms of the descen-
dants of the particle originally at x, all of which have exactly the same distribution
for the two different initial conditions, and hence such a set E exists.

Part 2. We now prove that p(x,dy) also satisfies a transitivity condition with

the same [y as in Condition [5.I} That is, we need to show:

there exists a fized ng < oo such that, given any x € [0,1)V,¢ € [0,1)V
and A C Ti with pV(x, A) > 0 for some i > ly, there is j > fgy such that
P (¢ A) >0,

Without loss of generality, we can assume A C 7T is a rectangle, i.e., A =
A; X -+ x Ay. In this case, for each A, there exists y, € {z1,...,zx} such that
A9 (Aplyn) > 0 for the same i > ly. Condition [5.1| implies that for ¢,, € [0,1) there
exists j, > mo such that 3U7)(A,|¢,) > 0. The problem now becomes finding a
common j for all ¢,,.

Using the same occupation measure argument as in Proposition [5.4] one can
construct an invariant distribution for 4. Let £ denote this measure. We claim that
if ¥ (A|z) > 0 for some i > ly, € [0,00) and Borel set A, then & (A) > 0. This is
due to the following standard argument. Define the function ¢ mapping [0, 1) into N
by

t(() =min{j € N:j > ng and 79 (AlC) > 0}.

Condition [5.1| guarantees that ¢(¢) is finite for all (. Furthermore, ¢(¢) is measurable.

[0,1) can be written as disjoint union of Borel sets ¥() where
20 = {C(0) = j}.

It must be true that #(X)) > 0 for some j € N satisfying j > ny. The definition of
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22 implies that 79 (A[¢) > 0 for all ¢ € ¥U). Hence,
R) = [0 (A0 R 2 [ 59410 & () > 0.
PV

This proves the claim.
Continuing with the same set A, we note that since 4 possesses an invariant prob-
ability measure and satisfies the transitivity condition, the corresponding Markov

chain is ergodic. It follows from the Ergodic Theorem that
LN~ -0 ; ;
~ 2 AV (AL R (d) = & (4) >0,
AT =1
and hence there is £ € N such that reasoning then gives

Aawuﬂo%wo>o. (5.5)

We now return to the proof of the transitivity. According to the previous para-
graph, for each n there is k,, € N such that (5.5 holds with k£ and A replaced by k,

and A,. Also, we can find {c,...,cy} € NV satisfying
J1+cik == jn+cenky = no.
It then follows that with ng equal to the common value j,, + ¢, k.,

P (¢, A)
N .

= 1l {/ / / AU (dzo [, ) A*) (don J20) -+ A% (dze, |26, )
n=1 An J A, An

> 0.

Part 3. Let d = sup,¢(o1) sejo.1] V(Alx, 1) < 1. Without loss of generality, assume
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that A is a rectangle, i.e., A = A; X --- x Ay. Then
P (¢A) = (1= d)™ @)L 37 (Aa1G,).

Let k =k, ce (0,¢(1 — d)*) and 3 be the product of 8. The uniformity property
then follows for small enough but positive ¢ by Condition [5.3

Part 4. Tt is easy to check that p is ¥-irreducible [21, Proposition 4.2.2] by the
uniformity property proved in Part 3. Furthermore, [0,1)" is a small set of the
process. Geometric ergodicity then follows from [21, Theorem 15.0.1].

Part 5. The proof is essentially the same as the argument used in Part 2 to show

that @ (A|z) > 0 implies & (A) > 0. See also [9, Lemma 8.6.2]. O

5.3 The Construction of Ergodic Controls

In this section, we will show how to construct controls from the renormalized un-
derlying transition kernel p which inherits the ergodicity property, as in Lemma
. Moreover, how to reconstruct a (state-dependent) random walk from a given
transition kernel of a single particle, as in Lemma [5.7]

The following lemma tells us that given any target distribution on the number
of successful particles, we can find a control with cost close to the optimum and for
which the associated Markov process is geometrically ergodic and the transportation

cost is bounded as a function of x. Let

S ({m}16) = [ Liguirn Ay ) 7 (0 1), (5.6)

the distribution of the number of success particles associated with the renormalized
measures of the underlying process model and a resampling distribution © < ©, i.e.,
(A,©,7). In the lemma |||, denotes the total variation norm. Again we suppress

the t variable in the argument.
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Lemma 5.6. Assume Conditions and and consider any ¢ €
P{l,---, N} satisfying Gy (t, ) < oo, where Gy is the local rate function defined

1. For (&,m) € A(yp) suppose that
RENG @A)+ R(nle®0) <o,

and recall that by the definition of feasibility &, = [£], is an invariant distribu-
tion of the associated transition kernel. Let n = ¢ @ © define © and let 7 be
invariant for (A, ©). Then &, < 7.

2. Given § > 0 there exists ¢ € P{1,...,N} such that ||¢ — ||, < 0, and fur-
thermore there exists (£,7) € A(®) such that the associated controlled Markov

sequence )_(j 18 geometrically ergodic, and
Gy (to) SR(E|& @A) +R(7][0®0) <Gy (tp)+d.  (5.7)

3. There exists a sequence of admissible controls (Ek,ﬁ) such that the associ-
ated transition kernels are geometrically ergodic and the transportation cost

R(A*(-|x)||A(:]x)) is bounded as a function of x. Furthermore,
R(A® () [[A (- [x)) = R (A(-|x) [IA (- %)) (5:8)

and [|€) = &l — 0, where & =l @ A, £ =& @ A
We place the proof for Part 3 of the Lemma in the appendix at the end of this

chapter, since it requires a proposition that will be stated later in the next section.

Proof. Part 1. Define A by the decompositions £ = £, ® A and © defined as in the

statement. Let p(x,-) and p(x,-) be the transition kernels associated with (A, ©)
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and (A, ©) according to the analogues of (5.3). Then applying Part 4 of Lemma
and Lemma0.7((g) to get the first inequality

/ R(p(x,) [5(x.2)) & (d)
T

_ / { / Sntsiyre) (X)) O |guum (v))A(dy [x)
Ti LUTixYx{T2\{AN}}

dfyx{Tg\{AN}} On(g(y).o) () é(da' |Goum (¥) )A(dy [x)
dfyx{Tg\{AN}} On(g(y).o) (+) ©(do |guum (¥) )A(dy |x)
(

x log

(X’)] &1 (dx)

IA
T
L u— |
SEE
=
B>
2

=1

o

<

x

<}

o

QL

14

»

(N
e
AN
=
)

A(-[x)
_ /T { /T o, My [x) o %(y)} £, (dx)

- /R(A(- |x)|yA<.\x))g1<dx)+/ log ¢ (x) &, (dx)
T T1

< 0o0.

Hence the set C = {x € 71 : p(x,-) < p(x,-)} satisfies { (C) = 1. If we redefine
P (x,-) to equal p(x,-) for x € C¢, then £, is also an invariant measure of the new
transition kernel. Let p also denote this redefined kernel.

One can show by induction that
) (x,) < p) (x, -) for all x € C,

where [y is the number appearing in Lemma [5.5] Therefore for any Borel set A with

£, (A) > 0, iterating &;p = £, yields

/ P (x, A) €, (dx) = £, (A) > 0.

Hence there exists a Borel set B such that &,(B) > 0 and p0)(x, A) > 0 for all
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x € B. It follows that p{)(xy, A) > 0 for some xo € BN C. By part 5 of the
previous lemma 7(A) > 0, and therefore £; < 7.

Part 2. For the given © define ¢ by . For a € (0, 1), the probability measure
¢* = (1 — a)p + a¢ satisfies ||p* — ¢||, = all¢ — ¢||, < 2a. Hence to satisfy the first
claim we can take ¢ = ¢ for any a € (0,5/2]. Next define probability measures for
a € (0,6/2] by

g:(l—a)f—i-afr@]&, and?]:(l—a)n—ka;b@é. (5.9)

Then & = (1—a)é, +ax and 7 = ¢ ® ©. We first claim that (£,7) € A(¢), i.e.,
(€,7) is feasible. Indeed,

/ Shtoty).e) (A) O (A0 | Guum (¥)) &5 (dy)

: /5h A)6 (00 g (0) {1~ )&+ a [F 0 4] )
— 1—a)51+a7r] (A)
= & (A)
and
/1{gnum(y)=n}gz (dy) = / {gnum (y —a)éta [7?@]&}2}
— [1 cp+a¢} ({n})
= o({n}).

Let ¢ and p be the transition kernels defined as in (5.3|) associated with the
transportation and the resampling controls induced by (£,7) and (£,%) (note that p
is based on ¢ defined in (5.9) and is not the same as in Part 1). Then &, and &, are
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invariant measures of ¢ and p, respectively. Furthermore,
& @p=(1-a)é ®q+ai ®p. (5.10)
We next verify . By the convexity of relative entropy

Gy (t,0) < R(E||&@A)+R(7||¢0®0O)
- R((1_a)g+a7~r®A||(1_a)51®A+aﬁ®A)
<(1—a n+a¢®@”1—a<p®@+a¢®®)
(I-a)[REN& @A)+ R(nlle®0)]
+a[R(7r®AH7T®A)+R(¢®@H¢®@>]

IN

Using the facts that © is a measure on a finite space, that © < ©, and finally the

explicit relation between A and A, we have that
R(fr@]\“fr@A) +R<{b®éHéﬁ®@) < o0

Therefore for sufficiently small a > 0,

Gy (t,¢) < inf [REE @A) +R(lle®O)]+0=Cy(te)+4.
(&mEA(p)

We are now left to show the geometric ergodicity of the associated controlled
sequence X;. In fact, if we can prove that p and p are mutually absolute continuous
7-a.s., then repeating the proof as in Lemma yields the ergodicity of X;. Since
£, < 7and & (A) > ai(A) for all Borel sets A of 77, the Radon-Nikodym derivative
f(x) = (d€,/d7)(x) satisfies f(x) € [a,00) 7-a.s. for x € T;. For any Borel sets A

and B, by (5.10)

/Ap<x,B>f<x>fr<dx>z ai © (A x B) = /A< B) 7 (dx)
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This implies that 7-a.s. for all x € Ty

a

%

p(x,B) > (x,B). (5.11)

On the other hand we know that [ R(p(x, -)||p(x, -))&; (dx) < oo, which yields

p(x,) <p(x,:), &-as. (5.12)

Since £, and 7 are mutually absolute continuous, there exists a Borel set C such
that &,(C) = #(C) = 0 and both and hold on the complement of C.
Then without loss of generality, we can redefine p(x,-) to equal p(x,-) for x € C.
Therefore, p and p are mutually absolutely continuous 7-a.s.

Part 3. See Section 5.5 O

As noted previously, among the features that distinguish this problem from the
standard theory for occupation measures is the fact that the underlying transition
kernels depend on m. This is a substantial difference, since in the representation
at the prelimit it is these kernels that appear in the relative entropy cost, and so a
control that is designed on the limit transition kernel may not have even a finite cost
for the prelimit kernel. In other words, one cannot in any straightforward way apply
a control that is optimal or nearly optimal for the limit to the prelimit, and instead
it must be carefully adapted so that the costs at the prelimit approximate those at
the limit. Such an adaptation is the concern of the next lemma.

In this lemma, we will relate perturbations on the transition kernel of a single
particle to perturbations of the increments in the underlying random walk, and vice
versa. In this context, a controlled increment will mean a distribution on increments

that can depend in a Borel measurable way on the entire past of the random walk.

Lemma 5.7. Let of'(-|z) be the rescaled single particle transition kernel defined in
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(5.4), and let x € [0,1).

1. Given a sequence of controlled increments {v"%,i = 0,1,...}, define the process

Ji

Z]"; by Zj, = j+zand Z T Zm + 6" where @;nl has the conditional

3t

distribution V7. Let ¢ = min{i > 0 : Z ¢ (—=1,j 4+ 1)} and 77" be the
distribution of Z;’gm. Then
]

gm—1
9;

E R [lp) | = R (75 ||e])

2. Conversely, given a controlled transition kernel 7(-|x) that satisfies R(T|af') <
oo and dr(-|z)/daf(-|x) > ¢ for some ¢ > 0, one can construct controlled

increments {v7%} and a process {Z%}, such that Z"n has distribution T, and
g

=1
g —1
J

E R(vj; |ln)

R (7 |oj)

Remark 5.8. The conclusion of the previous lemma is also valid for the limit transi-
tion kernel v (+|z,t). For instance, for eacht € [0, 1] and given a controlled transition
kernel T, there exists a controlled process Zi i1 (t) = Z; (t) + 0; (t) where the 0; (t) are
iid with distribution v; (-|t), and a stopping time & (t) = min{i > 0 : Z; (t) > 1},
such that Zsy (t) has distribution T and

(1)
R(7 |y (lz,t)) Z Gl N 1E)

The next result will also be used in the construction of a nearly optimal control.

Proposition 5.9. The local rate function Gy (t,¢) defined in ({{.29), i.e

Gn(t,¢) =  inf {/R(S(-!X) IA(: |X’t))€1(dx)+/R<n('|n) 1o In))m(dn)}?

(&meA(P)
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1s convez in the second variable.

5.4 Proof of the Upper Bound (2.3

We now proceed to the proof of the large deviation lower bound ([2.3)):

. 2 rm . N
limsup Wit < o dnf ) U O+ (F5. 0}

= inf inf {/01 Gy (t, ¢ (t))dt + <FN,£>}.

EP({1,NY) git=[ |, ) S(t)dt

Proof of . The infimum in is over all measurable ¢. Since such ¢ are not

regular enough for the construction of a nearly optimal control, we first show how

one can, without loss, assume greater regularity. To simplify notation, we omit the

N dependence from Iy and Gy.

Step 1: Existence of a near infimizer, {* and ¢*(t), to the right hand side of (2.3).
Given ¢ > 0, choose £* € P ({1,..., N}) such that

L)+ (FN, ¢ f I(0)+(F"N,¢ < 0.
)+{ ) < eep(g%...,zv}) O+ (F7 0} +e <00
For such ¢* and ¢ there is ¢*(t), t € [0, 1] with ¢* = fo s) ds satisfying

/1G(t,¢*(t))dt§1(€*)—|—5

Step 2: Discretization of ¢*( ) in time, ¢, (t), without increasing the cumulative rate.
Now let L (t) = [, ¢" (s)ds, so that L (1) = ¢*. For x € N and ¢ € [0,1] define a

piecewise linear approximation to L (t) via

(i+1)/x
o, (1) :/@'/ ¢ (s)dsiftefi/k,(i+1)/k),i€{0,1,...,k—1}

/K
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and

L= [ o.s)ds

Note that L, (1) = [ ¢, (s)ds = [, ¢* (s)ds = £*. The discrete form of ¢, (t) will
be used, and we denote ¢, (i/k) = ¢;. The convexity of G in the second variable

proved in Proposition [5.9] yields

k—1

/Olg(t, L, (t)) dt = % G (t’ﬁ/i(m)/n({ (s) ds) dt

i=0 k

k=1 a(i+1)/k
G (t, ¢* () dt
[ e

IN

=0
1
- [ cue @
0
For the given ¢ > 0 and x € N, it follows that
1
/ G <t, Ln (t)) dt+ (FN Le(D)) < inf  {I(0)+(FN, )} +2:.  (5.13)
0

Step 3: Discrete sum approzimation to the cumulative rate fol G(t, L, (t))dt. Con-
struction of a sequence of near infimum ergodic admissible controls (£, )

For convenience in the presentation, we assume that the infimum in the definition
of G is achieved. If not true, then we could alternatively work with a quantity that
is within ¢ of the infimum as in step 1. Denote the infimizer in at (i/k, PF)
by (&7,7m%.1). Under Condition the measures A(-|x,t) for different values of ¢
are mutually absolutely continuous with uniformly bounded and continuous Radon-

Nikodym derivatives. Thus for all ¢ € [i/k, (i + 1)/kK)

Gt L () = G (i/ . 60)

/[R (& C ) NAC 1)) = R(& (- [x) [[AC[x,/8))] €55 (dx)

< Eg,

<
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where €, — 0 as kK — 00, and so we can approximate fol G(t, L, (t))dt by the sum
%Z;:Ol G (i/k, ¢f). Choose k large enough that €, < e.

Furthermore, given any 6 > 0, Lemmaimplies that for each (£, 15, ;) € A(¢7)
there exist (&;,77,,) € A(¢;) with H(}f — gb?”v < ¢, and such that the associated

Markov process is geometrically ergodic with bounded local transportation cost and

/R (& C R IACIxi/k)) &y (dX)+/R(7‘7?+1 (1) [©(-In)) &; (dn)

If 0 = 151 o7, then

rr — ?HU < 4. Note that by construction, £(0) = 0. Thus,

we can choose § € (0, ) small enough and use the boundedness of 'V to obtain
(FN0) <(FN.0*) +e.

Combining the above inequalities with ([5.13]), we have

1 k—1 . . . | i
K ;G (i/k,¢7) +(FV,0) < KGP(%??,N}) {1(0)+ (FN,0)} + 5. (5.14)

Step 4: Reconstruction of controlled random walks from (&;,7%1).
For each i € {0,1,...,k — 1}, & (-|x) is a probability measure on the location
of N particles after transportation. Writing this as a product of conditional distri-

butions, we have the decomposition

N
gf (dy17 s 7dyN |X) = H TZn (dyn |X7 Y- - :yn—l) :
n=1
For notational convenience we write 77, (dy, X, Y1, .-, Yn—1) = Ti, (dyn [x), since

the dependence on the previously generated particles is not particularly important.
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By construction of the ergodic control in (5.9)),
& =(1—a)& +ai @A,

where a is chosen according to the parameter § described in Step 3. Following a

similar discussion to that in Part 2 of Lemma [5.6] we obtain the inequality

a

fE (%)

& (Blx) = A (B |x.i/r),

where fF(x) = (d€;,/d7)(x), B is any Borel subset of T3, and 7 is the invariant
distribution associated with A (- |-,i/x) and niq. Let v5(-|-) = v(-|-,i/k). By the
definition of A, we then have drf,/dvyi > 0 for all i,n. Hence, Remark applies.

That is, for each single particle transition kernel 7¥ . one can construct a sequence

i,n?

of conditional distributions {v}, ,} C P(R) associated with random walks Z Pkl =

Zﬁn,k + ézn,m ZH = ZH Z 1}

, — K
2,mn,0 % 1,n,0i_1’n

and stopping times &7, = min{k > 0 : Z"

i,n,k

K
i,mn

satisfying Z* ~ 78 (-), such that the relative entropy cost is preserved, i.e.,

~FK
L,N,0F

—
i 1

R(r5 (1) Iy Clansi/m)) =B | Y7 R (s () llnClifs)) | - (5.15)

k=0

The random walks are constructed sequentially with the increment distributions

P{O € |% Zigs s 2o} = Vs (%, 25

0 k) -

i,n,k

. . . . . K _I{
Again for simplicity we write v, (%, Z%, ¢, - - -

Z50i) = Vi (1)
Step 5: Introduction of large deviation parameter and construction of the prelimit
controls (é;n,ﬁ;”) for the final proof of .

Now we introduce a large deviation parameter m € N. We first elaborate on
the construction of transportation controls which are later denoted as é;" For n €

{1,....,N}, i € {0,1,...,k— 1} and j/m € [i/k, (i +1)/k) define the controlled
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random walk

om _ Am A Sm __ Hm
Zj’n7k+1 - Zj7nak + 9j7n7k7 ijn70 - Zj717n7&§n;l,n
with increment distributions
K ~Mm
plo™ ek om Zm ) Vingk (%) k<67, (b)
jinok Xy Zjn,0r - Djmk [ =

u(|2ﬁlk/m + j/m) otherwise

where 67, (b) = min{k > 0 : zm

i,k < j(b - 1) or Zm

Tk = 1} with b € (0,1). This
means that we give up trying to control the process if it is sufficiently negative,
and so the control used differs slightly from the control based completely on &, but
as we will see momentarily this is needed to control the cost. We let é;n denote
the corresponding transportation kernel over N particles. Also, the corresponding

resampling controls are defined as 77" (:|n) = nf,,(-[n) for j/m € [i/k, (i + 1) /K).
As noted in ([3.12)), given b < 1 there exists a ¢, < 1 such that for b*t < s < /b

1
cop (dyt) < p(dyls) < c—bu(dylt)-

Thus, for m big enough such that (jo/m,(j+1)/m) C (ib*/k,i/(b*k)) and k <

677, (b), we have the bound

R (Vs (1) || (-

2t ifm e+ jjm) ) € R (Vi (%) | (- Ji/k)) ~log ey, (5.16)



82

Hence one can bound the prelimit transportation cost according to

ER (& (1) [[A7 (-1x)) < By S R (Vi (1) || (-

2 fm+ jjm) )

IN

EZ S R CIx) I (li/k))

IA
=
WE

R (Vi (1x) Il lifk)) + e

= ER(& ([x)[ACxi/k)) +57, (5.17)

>

where ;" — 0 as m — oo. The first inequality is an application of Chain Rule

(Theorem and Lemma [5.7)(a). Note that the controlled increments after time

~m
Tjn

(b) will have no contribute to the relative entropy cost, since, by construction, the
control follows the law of underlying random walk. The second inequality is obtained
from ([5.16). The third inequality is true because sup E&Z‘n(b) < 00 is guaranteed by
the finiteness of relative entropy. The last equality is due to ([5.15]) and the fact that

Fion(

0) corresponds to 77,

It is useful to review where we are in the construction at this stage. Starting with
a control that is nearly optimal for the limit, we have constructed a control that can
be applied to the increments of individual particles at the prelimit level, and which
leads to nearly the same cost. However, to do so we have had to make a small
change in the distribution of the processes at the threshold crossings. Specifically, in
order to control the costs it was necessary to suspend active control of particles once
that had moved far enough to the left, switch back to the underlying distribution,
and rely on the law of large numbers for the underlying distribution to finish the
construction. This lead to a small change in the distribution of the transition kernel

whose effect will vanish as m — oo. However, it means that we cannot directly apply

the ergodic theorem as would be traditionally done in the large deviations analysis
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at this point in the proof, since we no longer have a stationary ergodic process, but
only one whose nonstationary transition kernels are in some sense uniformly close to
those of a geometrically ergodic Markov process. To prove the convergence of the
controlled distributions on the number of success particles, we will need the following

result, whose proof is presented whose proof is presented at the end of this chapter.

Proposition 5.10. Consider j € [i/k, (i + 1)/k). Let p}* (x,dy) and p} (x,dy) be
the transition kernels associated with (é;n,ﬁfﬂ) and (] ,75,) respectively. Denote
the empirical measure of {X;", i/k < j/m < (i+1)/r} over this interval by J™ and

the tnvariant distribution of pf by 5\?. Then

i probability as m — oo.

Step 6: Completion of the proof of .

With Proposition in hand, we are now ready to complete the proof of .
The starting point is the representation . It is easy to check that Steps 1-
5 provide an admissible control sequence, and hence gives an upper bound on W]\?
Using such controls we define the controlled sequences (X;”, Y;”’) Fori e {0,...,k—

1}, let
m—1 ]
m; = Z 1[i/n,(i+1)/n)a
7=0
be the number of stages within the continuous time interval [i/x, (i + 1)/k), and
k=0

be the index of the jth element at within interval [i/k, (i + 1)/k). With these
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definitions, we can write

(.

%) (8

=
—N
3=
3
L
=
—~
72253
e
3
~—
N—
+
oy
/N
S>
t‘S
=
£
N—
©)
/\
=
¥3
N——
—
——

VAN
=
N
ShE
=
——
3~
3
oy
~—~
oy
. —
; %
MSS
~—— ~— ~——
-
~~
Ko
“3
<
=N
~——
~——

The equality is just due to definitions, while the inequality follows from ([5.17]).
Since & is fixed, m;/m — 1/k as m — oo, and it will suffice to obtain upper

bounds on each term of the form
{57 [ (6 (-f5) [ (x.0))
G DILIL0))| S

For each 7, the chain XZL is obtained from the transition kernel E’ZL, which is uniformly
close to &;. It follows from part 3 of Lemma [5.6 m and Proposition m 5.10| that the limit
superior of the first term is bounded above by [ R(&; (|x)|[A(+]x, /))& (dx) + €.
A similar but simpler argument can be applied to the second term to obtain the

combined upper bound
[ RE A G i) € (a0 + [ R ) [0 o)) 6 (dn) + 22

for , where Efl =\
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To complete the argument, we will have to compute an upper bound for ]E(F N f/”>,
where L™ = 1 / mz Nm Since the transportation measures 5 and & are close

in total variation norm for j € [i/k, (i + 1)/k) by construction, together with Propo-

sition and the definitions of ZAL;“ and ¢ for sufficiently large m
IEJ<FN,ij> < <FN,@ +e.
We now combine the last four displays and ({5.14) to obtain

limsupW](',‘
< [ RE RO IAC /) € 0+ [ R () [0 0) 6 (i)

+<FN,@ + 3¢ + limsup lim sup €)'

b—1 m—00

< —ZG i/K, ¢ +<FN @—1-46
: N
< EEP(%BF.,N}) { )+ <F ,€>} + 9e.

Since ¢ is arbitrary, we have proved the upper bound (2.3)).

5.5 Appendix

We finish this chapter by giving the proofs of Lemma[5.7, Proposition[5.9] Proposition
5.10] and Lemma [5.6](3)

Lemma Let o'(-|x) be the rescaled single particle transition kernel defined in

(5.6), and let z € [0,1).

1. Given a sequence of controlled increments {v

Zm byZO—j—i-x cde]ZH—Zm—i-H

T,i=20,1,...}, define the process

;i» Where 0 has the conditional

distribution V7. Let 67" = min{i > 0 : Z" ¢ (=1,j + 1)} and 7" be the
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distribution of Z]m&m. Then
g

~Sm
g —1
J

E ZR(VTZHN) ZR(T?”HaE”).

1=0

2. Conversely, given a controlled transition kernel 7(-|x) that satisfies R(T|af") <
oo and dr(-|z)/daf (-|x) > c for some ¢ > 0, one can construct controlled

increments {v7%} and a process {Z%}, such that Z"m has distribution T, and
’ ’ g

=1m
g —1
J

R(THOz}”) —F R(Vﬁ-

1=0

1)

Proof. Part 1. For fixed T' < oo, consider a modification of v}, such that if 67" < T,
then we redefine Vi = for o' < i < T — 1. With this modified definition of
the control, which does not change the distribution of the hitting time on the set

{o7 < T}, we have

o1 (67" AT)—1
E|> RODlw)| = E R ) (5.19)
=0 i=0
T
= R (Q ‘{07--.,T—1} ‘]P)|{0,...7T—1}> )

where Q7 denotes the modified joint measure on the space of increments, @T|{07W7T_1}
denotes the restriction to the first 1" coordinates in the underlying product space,
and P| (0,..7—1y denotes product measure with marginal y.

We now consider the disjoint, finite partition of the space R = AT U B] U DT,
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where

AT = {w: ‘;,;sz+1,5?<T},

T
S
|

—

&

QI

T>T}.

Using the approximation property of relative entropy via sums over finite measurable

partitions Lemma [0.7)(g), we obtain

o), (5.20)

.....

m, T m,T . :
where 77", " € P ({(—00,—1JU[j + 1,00),X}) are the measures induced by

..........

We know that QT’T(E) — 0 as T" — oo. Let aJ" denote the extension of aj* to
{(=00, =1]JU[j + 1,00), X} with aj*(X) = 0. Let 7" denote the limit of TT’T, which
must exist by monotonicity. By the lower semi-continuity of relative entropy,

liminf R (T;n’T ’

T—o00

a;.”’T> > R (77 [|am) . (5.21)

If 7"}”(2) > 0 then R(%;T‘H@’]ﬁ) = o0, and if 7_';”(2) =0 then R(%;”H@T) = R(T;”Ha;-”).
The last sentence and ((5.19)), (5.20) and (5.20]) imply

i
a7 1

E| > R =R o)

=0

Part 2. Define
U(z;y) = —log (L’%))(yo -

dal (- |z

Since by assumption U(x;y) is bounded from above, according to [9, Proposition
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45.1]

_1og/eU<x;y>a;.n (dylz) = inf {R(m|a;ﬂ)+/U(x;y)5(dy)}.

B:R(BllaT) <o
Since R(7||a}') < oo, by the definition of U
T (dylz) = e_U(Q“y)ozT (dy|x) (5.22)

achieves the infimum in the variational formula, i.e.,

—log/e‘U(W)oz;” (dylz) = R (T Ho/]") +/U (x;y) 7 (dy|x) .

We next consider the analogous relations on the space of increments of the pro-

cess. We have

—log / e‘U("“Zf%?(“”)p (dw) = inf {R (Q|P) + / U (x; Zm <w)) Q (dw)} :

where 7" denotes the first hitting time of the process and I is the underlying product
probability with marginal p. The definition of o' implies that for any integrable

function K

_ :chm (z;
/ K<Zj”:g_7 (w)) e (e P (dw) / K (y)e Ve am (dy|).

Also, the minimum is achieved at

Q (dw) = V(=) p (dw) . (5.23)
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Since the first hitting probability o is induced by P, (5.22) and (5.23) imply

/U <:E; Z;%T (w)) Q(dw) = /U (:B; Zem (w)) G_U( 2 )IP’(dw)

Hence, by the chain rule

R(r[laf') = R(Q|P) =E® > F° R )]

> R
1=0

where {v7;} are the controls defined by factoring Q.
Combining this with the bound proved in part 1, we have constructed controls

and a controlled process {Z} satisfying

o
7 1

EQ R(l/;f’fi ) :R(THOé;ﬁ),

=0

where 7 is the distribution induced by the stopped, controlled process. Although
here we have constructed the control on the canonical space R*>, it can be applied

in the general setting by making the obvious identifications. O]

Proposition The local rate function Gy (t,¢) defined in is convex in

the second variable.

Proof. By (E21),

R, 0 M) = / £ (dx, dy) 1] (d0 |guum () ) log

Rlul ©0) = [ () n(de o () 1o 5 o5 o)
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Summing these two equalities, we have

GN (ta(b)
_ in % o o df( ‘X) d (‘gnum <y>) o
=t ey (0o g (v)) Tog 1 2 () A o)
Let

W (dy, do [x,1) = © (dor |ghum () A (dy [x,1).

and let p be the transition kernel associated with (A, ©). Denote the corresponding

controlled versions by W, p. Then the local rate function G' can be written as

Gy (1, 9)
=t ot [G@ORECRINCRD) 00 = [ [aetl )

§1=£1p

For ¢y, ¢, € P({1,...,N}), let (&, ), i = 1,2 be within € > 0 of the infimum.
For 8 € (0,1), the convex combination 3¢} @ W' + (1 — ) €@ ! can be decomposed
into £, ® ¥, where (¢,, V) are defined on the same space as (¢, ¥?). Then &, =

56+ (1 9) € and
[ tsnnisron [64© 91, (dy) = Bor (f0}) + (1= 5) 6, (1)),

Furthermore,

/5{h<g o} () ¥ (dy,do |x) &, (dx)
- ﬂ/é{h (9(y),0 \Ifl (dy,do |x) 51 (dx)

) / Sintatyeny () U (dy, dor |x) € (dx)
— BE! (dx) + (1 - §) € (dx)
= & (dx).
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The convexity of relative entropy then implies

BGx (t,¢1) + (1 — B) Gn (¢, ¢y) + 2¢

> BR(G@VGeV)+(1-FR(EGV )
> R(BEU +(1-B) v (B +(1-8)&)a0)
— R, @U)5e0)

Gy (1, 891 + (1= B) ¢).-

v

Since € > 0 is arbitrary, convexity follows. O

Proposition Consider j € [i/k, (i +1)/k). Let pI* (x,dy) and pf (x,dy) be
the transition kernels associated with (é;l,ﬁ;ll) and (] ,75.,) respectively. Denote
the empirical measure of {X;", i/k < j/m < (i+1)/r} over this interval by J™ and

the invariant distribution of p by X;. Then

i probability as m — oo.

Proof. Since {X;”} is tight, given n > 0, there is compact S; C 77 such that IP{X;” ¢
S1} < nfor all j < m, including the index that first exceeds i/k. Using standard
results from stochastic stability, there is a compact set Sy C 7; such that, after
starting in Sp, the probability of escaping from S5 is also less than 7.

To simplify the presentation, we denote the initial value of j € [i/k, (i+1)/k) by
zero and the final value by m, and write Jm for jj“ By the geometric ergodicity of

P and the compactness of S,
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(k)

uniformly in x € Sy, where p;""" is the k-fold convolution of p¥. Let § > 0, and

assume that k is large enough that for such x
_K, k K
7™ ) = X7 ()

Let p7, denote convolution of the transition kernels p7y .y, Pl oy, - - - D1y kte—15

<. (5.24)

so that if XZ}M = x then the distribution of le(j+1)+€ is given by py(x, ). Let ¢ >0

be given. For m sufficiently large we know that

By (%) = BF ()|, < €. (5.25)
[terating the gives
B () = 7Y ()| <k
for all £ and all x € S5, and thus
piy (%) — Ay ()Hv <k(+9 (5.26)

for all ¢ and all x € Ss.
Let k € N be given. We will break the empirical measure J™ into k sums, and it
follows from the fact that k will be fixed as m — oo that we can consider just those

m of the form rk,r € N. We then write

m 1 m—15 B 1 k—1 [m/k}—l(s B 1 k—1 L [m/k}—1§ B 1 k—1 .
R S| E w2 K TR
j=0 =0 j=0 £=0 Jj=0 =0

where the last equality defines the Jj*.

Now fix ¢ € {0,1,...,k — 1} and consider any bound measurable function f :
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T — R with ||f||., < 1. As usual, we have that

f Xm]+1 +e /f p]e gk+zadY>

is a martingale difference sequence, and thus by (5.26))

{f Xm]ﬂ +€ /f dy ] 1{X L €S2t T 8??]' +€127?j’

where |e7";| < k¢ + 0 and €5 has conditional mean zero and uniformly (in m and j)

bounded second moment. It follows using a standard calculation that

(oo ot oo} et o

Letting first m — oo shows that weak limits of the .J7* are all within 2 [k¢ + ] of A7
in total variation norm save on a set of probability no more than 2n. We now send

¢ J 0, then ¢ | 0, and finally n | 0 to complete the proof. O
We are now ready to proof Part 3 of Lemma [5.6]

Proof. Let h(x,y) = (dA/dA)(x,y), where the Radon-Nikodym derivative is in y.
For k € N define

kX:— kX X
S*(x) = 1 Ah<wmww>,

where h¥(x,y) = k A h(x,y). Also, let
AWMmz/M@mmmww+ﬁ@MMk>
A

for any Borel set A of 75. Obviously, (Sk, n) is also admissible and the associated

transition kernel is equivalent to p(x, ). Hence this transition kernel is also geomet-
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rically ergodic. Furthermore, the relative entropy

R(R*(-x)||A (- [x)) = / log h* (x,y) A* (dy x) + 5 () R (A (- )| A (- %))

T2

is uniformly bounded as a function of x. Since S* (x) — 0 as k — oo, the Dominated
Convergence Theorem implies .

It is easy to check that the construction implies ||A*(-|x) — A(:|x)[|, — 0. It then
follows from Proposition that the first marginals of E’“ converges to &, in total

variation, i.e. Hé’f — &l — 0. O



Chapter 6

Asymptotics of the Decay Rate as

N — o0

In this chapter, we assume for simplicity that the increments {6;,7 € N} are iid with
0; ~ p(dy) and evaluate the asymptotics of Iy as N — oo. The analogous result
holds for the general model used previously, but with more involved constructions
and notation. Under this assumption, it follows that the rate function of interest
coincides with the local rate function. That is, for u € P ({1,...,N}), the rate

function can be written as

Iy (1) inf  [R(£||& @A)+ R0, ®0)]

 {enteaw

where set A () = {feasible (&, 7) with 7, = u}. As established in Theorem , the

decay rate for the second moment has the expression
. == = ny _
VN =inf [R (€], @A) + R (5, ©©) — 2/log (5) m (dn)} .

Throughout this chapter we assume that all the conditions of Theorem [2.2] are in

force, and adapt the notation to reflect that fact that the local rate function no longer

95
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depends on t. Recalling that v(dy|x) is the transition kernel for a single particle,
it follows from Condition and Condition [5.1] that there exists a unique pair of
measures (7, k) € P([0,00)) x P({A} U [0, 0)) satisfying

K=[r®7],, and 7 (:) = (6.1)

1—-k(A)

In other words, x (A) is the stationary mass absorbed by A under ~, and if we
renormalize the mass that remains then 7 is the invariant probability for the resulting
transition kernel.

It is easy to check that the large deviation rate defined in (1.5)) is exactly v =
—log(1 — k (A)), and so the best possible rate of convergence for the Monte Carlo
scheme is —2log(1 — k (A)). By Jensen’s inequality VY < —2log(1 — £ (A)), and
it is not hard to show that the inequality is in general strict. The following result

shows that this rate is achieved when the number of particles tends to infinity.
Theorem 6.1. VY — —2log(1 — k(A)) as N — oo.

We will study the asymptotics of V¥ using many of the same weak convergence
arguments used previously. We first recall the following factorization of the under-

lying transportation and resampling distributions:

A(dy|x) = ®z‘]\;17 (dy; |x;)
= @8 [Lo(@)e (dyi |2:) + 100y ()04, (dys)]
O (do|n) = ®;,d;(do;) ®£\Ln+1 U (doy) .
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As in Lemma we can factor the controls according to

E(dx, dy) = ®¢]i1§i (di, dy; |z, 91, -, Tic1, Yie1) = ®f\;1£i (dx;, dy;)
& (dx) = N8 (duilry,... wiy) = ®Y,E (duy)
N(do|n) = QN 10 (doj|n,or...,001) ® & (do;)

= @, a7 (doj|n) @1, &; (doy),

where the right hand side indicates the variables for which dependence is suppressed
in the notation. With an abuse of notation we sometimes write ° (do; |n) for d; (do;)
even when ¢ < n. Note that the controls all depend on N, but we also omit this de-
pendence in the notation. The chain rule for relative entropy and Jensen’s inequality
then yields

R(E||&, @A) = ZR( (dz,dy) & (dz) 7 (dy ) )

1 — 1 —
R(N; (dz, dy) N; (dzx) @ v dy\:c))]

NE

v

where E indicates integration with respect to the suppressed variables. Since the

total cost is bounded for all N, we conclude that

1N,
R (le;g (dz, dy)

%ZE? (dx)®7(dyll‘)> — 0

in probability. Tightness follows as in Chapter [ and hence for any subsequence

there exists a subsubsequence such that

1L
_ €Z_>
NZZI1 d
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in probability. Thus

N
1 =i
=1

6.1 Proof of Theorem E

For any feasible (£,%) controls, let {(XN,Y;N),i = 1,2,..., N} be processes with
the given joint distributions. Define FV to be the o-field generated by {XN, k =
1,2,...,i— 1} and GV generated by {(X»,V "),k =1,2,...,i — 1}. Then for any

bounded continuous function f

{f()_(i)—/f(x)fil(d:c),z':1,2,...,N}
{ £ (V) /f Nda, dy) i 12,...,N}

are martingale difference sequences, with respect to F¥ and G, respectively. This

(¥ Trev2a) - o
i)

in distribution, and by (6.2) % satisfies
2= (7). (63)

implies

)

=

).

=1

||Mz
&Mz

Interpreting gioc(y) as vector valued with components gioc;(y) that identify the

locations from which the resampling controls can select, we have

E [ £ (%) - / £ (Groeo (FN)) 7 (40 [ g (YY) | TV, K1, .. Xia| = 0.
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This implies the bound

(% é f(X) - % i:;/f (Gtoee (YM)) 7 (dor | g (Y) )) 2
%ﬁ; (f (Xi) - /f (G1oc.0 (YM)) 7 (A0 | Grnuom (?N)))Zl

< 2| fIZ /N — 0. (6.4)

If we can show that

N dz
3 s @7 () E 0 o

in probability then (6.4 implies

_R(dr)
_ZlX 1—/-@(A) -

By uniqueness of the invariant distribution under the renormalized transition kernel

and ((6.1)), we conclude

(m,R) = (m,K) .

Then Theorem will follow from the fact that by Fatou’s Lemma

lim inf V'V
N—oco

. - - f 1 — ;
> liminf | R (¢[& @A) + R (77 @ ©) — E2log (N;I[o,oo) (Y2)>

> —2log (1 —k(A)).

Note that in fact we will have shown that along the minimizing sequence

R[S @A) +R@ 7, ©0) =0
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It remains to show that (6.5]) is true. This is a consequence of the finiteness of

the rate. In particular,

R (7 lm ©0©)
N

> NE

for all N. Therefore

[o(s [rwm]| oo

o (do) +25 dJ])m dn)]

1 & . _
[ s O (8 g ()
=1

has the same limit in probability as

gnum YN

N Z / frocr (@) () 8:(d0) + [N = g (Y)] / Ogtoc.(¥V) () Uy () (d0)

This completes the proof of Theorem [6.1]
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Numerical Results
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Chapter 7

Computational Results

In this chapter, we present some computational results for interacting particle scheme

under a simple one dimensional random walk setting.

Problem Setup and Notations

Let {X;,7 = 0,1,...} be a sequence of i.i.d. random variables taking values in a
discrete state space {—1, 1,2} with probability {0.6,0.3,0.1} respectively. For each
fixed n € N, let S, denote the sum Xg+ X; +---+ X,,_1. Let m € N be the
large deviation parameter, i.e., the number of thresholds. Define the stopping time
o™ =min{n : S,, > m, or S,, < —1}. Then the quantity of interest defined in ([1.3))
becomes

pm:]P{So-m Zm'S():O}

The importance sampling estimates of p™ for different values of m are given in Table

with sample size 100,000, 000. For simplicity, we take these approximations as

the true values of p™ and compare the results from IPS scheme to them.
Throughout this chapter, we use N as the number of particles of the IPS estimator

and K as the sample size. {p;,i =0, ..., K—1} represents the collection of K number

102
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m m

m P m P
10 | 3.709502e-002 | 60 | 1.617500e-005
20 | 6.997822¢-003 | 70 | 3.710000e-006
30 | 1.503110e-003 | 80 | 7.680000e-007
40 | 3.320130e-004 | 90 | 1.560000e-007
50 | 7.368103e-005 | 100 | 3.996866e-008

Table 7.1: estimates of p™ for different m using Importance Sampling

of IPS samples and

x
=

1
K

i

Il
=)

is the IPS estimate of p™.

The Large Deviation Rate of the Second Moment

In Figure (7.1, we compare the large deviation rate of the second moment of the
IPS estimators for different m and N. In each case, the sample size K is taken
to be 10,000. The large deviation rate of the second moment is approximated by
computing
1 = .
—log [? ;pi] :

The black dashed line represents the asymptotic optimal rate —2log p” which is ap-
proximately an affine function of m for large m. Here p" are evaluated by important
sampling. The theoretical results from previous chapter indicate that IPS scheme is
asymptotic suboptimal and the large deviation rate of its second moment is a func-
tion of N. However, as the number of particles N goes to oo, IPS scheme becomes
asymptotic optimal.

As one can see in Figure [7.1] the large deviation rate of IPS converges to the

asymptotic optimal rate as N grows, which supports the theoretical results.
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Figure 7.1: large deviation rate of the second moment of the interacting particle
system estimator for different m and N
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Trade-off Between N and K

Another interesting question to ask related to IPS estimator is the trade-off between
the number of particles N and number of samples K. We illustrate the problem in

two aspects:

1. The empirical standard error:

where p is the sample mean of IPS estimates.

2. The per sample standard error:

K—1
1 . var (p;) o
var (g E pz> = I ~ \/E

To begin with, we fixed the computational efforts. That is, we let the total number
of simulated paths to be a constant, i.e. N x K = constant. The constant is taken
to be 1,000,000 in our simulation.

Figure and plot the decaying of the empirical standard error against the
increasing of number of particles NV for m = 10 and m = 50 respectively. Note that
the sample size K is also varying since we keep the total computational effort fixed.
N ranges from 5 to 100 with increment of size 1.

Figure [7.4] compared the changes of per sample standard error to the changes N.
The total range of N is within [5,10000]. The top left graph plots the changes of
oN/VK for N € {5,6,...,100}. As one can see, there is a significant per sample
standard error reduction for N less than 40. The number of particles in the top left
graph, which is part of the bottom graph, ranges from 5 to 1,000 with increment of

size 5. It shows that there is no per sample standard error reduction for N greater
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than 100. The bottom graph shows the overall trends of oY /v K.
In conclusion, the computational results suggest that the number of particles N

should be chosen to be around 40 for our problem.

K/N trade—off with fixed effort, m = 10

0.045

0.04

0.035f

0.031

0.025f

0.021

0.015f

0.01f

O‘ 005 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Figure 7.2: trade-off between N and K with fixed effort, N x K = 1,000,000, m =
10

General Results

In this section, we present some basic results of IPS scheme under the i.i.d random
walk setting with m = 10 and 50. Figure and plot the changes of sample

error
=
- Z pi—p"
K i=0

for fixed sample size K = 10,000, where p™ is the true value obtain from importance

sampling. It appears that the sample error is asymptotic independent of N for large

N which is what we expected.

For fixed sample size K = 10,000, Figure [7.7] and [7.8| show that the empirical
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x 107 K/N trade-off with fixed effort, m = 50
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Figure 7.3: trade-off between N and K with fixed effort, N x K = 1,000,000, m =
50

standard error decreases as particle size N grows.
Figure plots the changes of empirical standard error with different sample
size K while N is fixed. As expected, the estimates are roughly a constant.
We predict the rate of decay of the second moment of IPS scheme in N is of order
1/N. If true, the statistic o
N g im0 P iz P ? (7.1)
m (™)
should be a constant of N. However, such statistic requires m to be comparably
large to N. In Figure [7.10] we can’t not see such trend because m is too small. In
Figure , one can see that for NV less than 1,000, the quantity is roughly a
constant. However, since sample error is a constant of K, for fixed K amplifies
such error by size N. Hence, when N grows large in Figure [7.11], we see a increasing

oscillation of (7.1]). One of our future work will be theoretically proving such decay

rate in V.
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K/N trade—-off with fixed effort, per sample standard error, m = 10
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Figure 7.4: trade-off between N and K with fixed effort, N x K = 1,000,000, m =

10
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x 1074 error, m = 10
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Figure 7.5: sample error, m = 10, fixed K
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Figure 7.6: sample error, m = 50, fixed K
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standard error, m = 10
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Figure 7.7: standard error, m = 10, fixed K

x 107 standard error, m = 50
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Figure 7.8: standard error, m = 50, fixed K
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X 10*4 standard error, m = 10
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Figure 7.9: standard error, m = 10, fixed N

decay rate in N, m =10
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Figure 7.10: decay rate in N, m = 10, fixed K
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decay rate in N, m = 50
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Figure 7.11: decay rate in N, m = 50, fixed K
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