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Abstract of “Boundary conditions and applications of WENO finite difference schemes
for hyperbolic problems” by Sirui Tan, Ph.D., Brown University, May 2012

This dissertation presents two topics concerning weighted essentially non-oscillatory

(WENO) finite difference schemes for solving hyperbolic problems.

In the first part, we develop a high order accurate numerical boundary condi-

tion for solving hyperbolic problems on fixed Cartesian grids, while the physical

domain can be arbitrarily shaped and moving. Compared with body-fitted meshes,

the biggest advantage of Cartesian grids is that the grid generation is trivial. The

challenge is however that the physical boundary does not usually coincide with grid

lines. The wide stencil of WENO schemes makes a stable boundary treatment even

harder to realize. There are two main ingredients of our method. The first one is an

inverse Lax-Wendroff procedure for inflow boundary conditions and the other one is a

robust and high order accurate extrapolation for outflow boundary conditions. Our

method is high order accurate, stable under standard CFL conditions determined

by the interior WENO schemes, and easy to implement. It has been successfully

applied to simulate interactions between compressible inviscid flows and rigid (static

or moving) bodies with complex geometries.

In the second part, we apply WENO finite difference schemes to solve the up-

dated Buxton-Clarke model for organic photovoltaic cells. The model is represented

by a system of convection-diffusion-reaction equations coupled to a Poisson’s equa-

tion. The solution usually contains sharp gradients. WENO schemes successfully

resolve the physical quantities on a relatively coarse mesh. The numerical simulations

quantify the effect of material properties on device performance.
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Chapter One

Introduction
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Weighted essentially non-oscillatory (WENO) schemes have recently gained rapid

popularity in numerical solutions of hyperbolic problems. WENO schemes are high

order accurate schemes especially suitable for problems containing both strong dis-

continuities and complex smooth solution features. The essential idea lies at the

approximation level, where a nonlinear adaptive procedure is used to automatically

choose the locally smoothest stencil for reconstruction.

The first WENO scheme is introduced by Liu et al. [43], in which a third order

accurate finite volume WENO scheme is developed. Jiang and Shu [33] provide a gen-

eral framework to construct arbitrarily high order accurate finite difference WENO

schemes, which are more efficient for multidimensional problems. We refer the reader

to [59] for an extensive review of the algorithm design, analysis, implementation, and

application of WENO schemes.

The main advantage of WENO schemes are their capability to achieve arbitrar-

ily high order formal accuracy in smooth regions while maintaining stable, non-

oscillatory, and sharp discontinuity transitions. Compared with the so-called high

resolution schemes, represented by MUSCL schemes [67], TVD schemes [27], and

PPM schemes [11], high order WENO schemes are more efficient for many applica-

tion problems because of its high accuracy and resolution power [59].

In this dissertation, we present two topics concerning finite difference WENO

schemes:

• High order accurate numerical boundary conditions for solving hyperbolic prob-

lems on Cartesian grids

• Simulation of the updated Buxton-Clarke model for organic photovoltaic cells
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The first topic addresses the challenge of accurately imposing boundary conditions

for problems involving complex static or moving geometries. For such problems, finite

element type methods based on body-fitted meshes which conform to the geometries

of physical domains are often used. However, mesh generation could be difficult for

geometrically complicated domains in 3D and could also be very time-consuming for

moving geometries in Eulerian approaches. Our boundary treatment is based on fixed

Cartesian grids so that the grid generation is trivial. It is stable, high order accurate,

easy to implement, and capable of treating shock waves and detonation waves. In

the second topic, we apply finite difference WENO schemes to solve the updated

Buxton-Clarke model for organic photovoltaic cells. The model is represented by

a system of convection-diffusion-reaction equations coupled to a Poisson’s equation.

The solution usually contains sharp gradients, although it is continuous. WENO

schemes successfully resolve the physical quantities on a relatively coarse mesh.



Chapter Two

Finite difference WENO schemes
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In this chapter, we give a brief review of the fifth order accurate finite difference

WENO scheme in the framework developed by Jiang and Shu [33]. See [59] for an

extensive review. Generally speaking, WENO schemes are based on the method of

lines. Namely, the partial differential equations (PDEs) are first discretized in space

in a WENO fashion. The resulting ordinary differential equation (ODE) system is

then solved by time discretization methods.

We first consider 1D scalar conservation laws. The numerical flux is obtained

by a WENO reconstruction procedure. For systems of conservation laws, we do

a local characteristic decomposition and use the flux evaluation techniques for the

scalar equations. Generalizing the approximation to multiple space dimensions is

straightforward for finite difference schemes. Finally, we discuss time discretization

methods that are suitable for hyperbolic problems.

2.1 1D scalar conservation laws

We consider 1D scalar conservation laws in the form

ut + f(u)x = 0. (2.1)

We use a uniform mesh xi = i∆x and the half points xi+1/2 = (xi +xi+1)/2. A finite

difference scheme approximates (2.1) in conservation form

d

dt
ui +

1

∆x

(

f̂i+1/2 − f̂i−1/2

)

= 0,
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where the numerical flux

f̂i+1/2 = f̂(ui−p1, . . . , ui+p2)

is consistent with the physical flux f̂(u, . . . , u) = f(u) and is Lipschitz continuous

with respect to all its arguments. The scheme is fifth order accurate if

1

∆x

(

f̂i+1/2 − f̂i−1/2

)

= f(u)x

∣

∣

∣

∣

x=xi

+O(∆x5), (2.2)

when u is smooth in the stencil. The following lemma by Shu and Osher [61] estab-

lishes the relationship between reconstruction and finite difference approximation.

Lemma 2.1.1. If h(x) = h∆x(x) is implicitly defined as

1

∆x

∫ x+∆x/2

x−∆x/2

h(ξ)dξ = f(u(x)), (2.3)

then

1

∆x

(

h(xi+1/2) − h(xi−1/2)
)

= f(u)x

∣

∣

∣

∣

x=xi

.

This lemma implies that we can take the numerical flux as

f̂i+1/2 = h(xi+1/2) +O(∆x5), (2.4)

to ensure fifth order accuracy. Notice that the O(∆x5) term in (2.4) is usually smooth

in practice, hence (2.2) holds. Due to the definition (2.3) of h(x),

h̄i =
1

∆x

∫ xi+1/2

xi−1/2

h(ξ)dξ = f(ui)

is known. Therefore, we are given the cell averages h̄i of the function h(x) and we
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would like to approximate its point values h(xi+1/2) to obtain the numerical flux

f̂i+1/2. This is called reconstruction problem and is discussed in detail in the next

section.

For the purpose of stability, the finite difference procedure described above is ap-

plied to f+(u) and f−(u) separately, where f±(u) are obtained by the Lax-Friedrichs

flux splitting

f±(u) =
1

2
(f(u) ± αu) ,

with

α = max
u

|f ′(u)|.

Notice that

d

du
f+(u) ≥ 0,

d

du
f−(u) ≤ 0

correspond to the right-going and left-going characteristics respectively. Therefore,

the reconstruction for f+(u) should use a biased stencil with one more point to the

left, and that for f−(u) should use a biased stencil with one more point to the right,

to ensure correct upwinding.

2.2 WENO reconstruction

Assuming the cell averages h̄i of a function h(x) over the intervals Ii = (xi−1/2, xi+1/2)

are known, we would like to find an approximation of h(x) at the half points xi+1/2.

We can find a unique polynomial of degree at most two, denoted by p1(x), which

reconstructs the function h(x) over the stencil S1 = {Ii−2, Ii−1, Ii} in the sense that

(p̄1)j =
1

∆x

∫ xj+1/2

xj−1/2

p1(x)dx = ūj, j = i− 2, i− 1, i.
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Then h
(1)
i+1/2 ≡ p1(xi+1/2) is a third order approximation to the value h(xi+1/2) if the

function h(x) is smooth in the stencil S1. An explicit formula is

h
(1)
i+1/2 =

1

3
h̄i−2 −

7

6
h̄i−1 +

11

6
h̄i.

Similarly, we have different third order accurate approximations

h
(2)
i+1/2 = p2(xi+1/2) = −1

6
h̄i−1 +

5

6
h̄i +

1

3
h̄i+1,

h
(3)
i+1/2 = p3(xi+1/2) =

1

3
h̄i +

5

6
h̄i+1 −

1

6
h̄i+2,

in stencil S2 = {Ii−1, Ii, Ii+1} and S3 = {Ii, Ii+1, Ii+2} respectively.

If we use the large stencil S = {Ii−2, Ii−1, Ii, Ii+1, Ii+2} = S1 ∪ S2 ∪ S3, then we

are able to obtain a fifth order accurate approximation

hi+1/2 =
1

30
h̄i−2 −

13

60
h̄i−1 +

47

60
h̄i +

9

20
h̄i+1 −

1

20
h̄i+2.

An important observation is that the fifth order approximation hi+1/2 can be written

as a linear convex combination of the three third order approximations h
(1)
i+1/2, h

(2)
i+1/2,

h
(3)
i+1/2. Namely,

hi+1/2 = γ1h
(1)
i+1/2 + γ2h

(2)
i+1/2 + γ3h

(3)
i+1/2,

where the constants γ1 = 1/10, γ2 = 3/5, and γ3 = 3/10 are called linear weights.

The WENO idea is to choose the final approximation as a convex combination

of the three third order approximations h
(1)
i+1/2, h

(2)
i+1/2, h

(3)
i+1/2

hi+1/2 = ω1h
(1)
i+1/2 + ω2h

(2)
i+1/2 + ω3h

(3)
i+1/2, (2.5)
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where ωj are nonlinear weights. We would like to design the nonlinear weights such

that

• ωj = γj +O(∆x2) for all j if h(x) is smooth in the big stencil S;

• ωj ≈ 0 if h(x) has a discontinuity in the stencil Sj but is smooth in at least

one of the other two stencils.

The first requirement ensures the fifth order accuracy of the WENO approximation

hi+1/2 if h(x) is smooth in S. The second requirement guarantees a non-oscillatory

and at least third order accurate WENO approximation hi+1/2 given by (2.5) in the

second case above.

According to Jiang and Shu [33], the nonlinear weights ωj take the following form

ωj =
ω̃j

ω̃1 + ω̃2 + ω̃3

, with ω̃j =
γj

(ε+ βj)2
.

Here ε = 10−6 is a small positive number to prevent the denominator vanishing. βj

are the so-called smoothness indicators defined as

βj =

2
∑

l=1

∆x2l−1

∫ xi+1/2

xi−1/2

(

dl

dxl
pj(x)

)2

dx.

The explicit formula is

β1 =
13

12

(

h̄i−2 − 2h̄i−1 + h̄i

)2
+

1

4

(

h̄i−2 − 4h̄i−1 + 3h̄i

)2
,

β2 =
13

12

(

h̄i−1 − 2h̄i + h̄i+1

)2
+

1

4

(

h̄i−1 − h̄i+1

)2
,

β3 =
13

12

(

h̄i − 2h̄i+1 + h̄i+2

)2
+

1

4

(

3h̄i − 4h̄i+1 + h̄i+2

)2
.
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2.3 1D systems of conservation laws and multidi-

mensional problems

We consider m×m hyperbolic systems

Ut + F(U)x = 0. (2.6)

The Jacobian matrix ∂F(U)
∂U

has m real eigenvalues λ1 ≤ . . . ≤ λm and a complete set

of eigenvectors r1, . . . , rm which forms a right eigenmatrix R = (r1, . . . , rm). Then

clearly R−1 ∂F(U)
∂U

R = Λ, where Λ is the diagonal matrix with λ1, . . . , λm on the

diagonal.

An easy way to solve (2.6) is to apply the WENO schemes in a component by

component fashion. It is straightforward and cost effective. However, for some

demanding test problems, there might be oscillations. We need the more costly,

but much more robust characteristic decomposition. The idea can be illustrated by

considering a simple example F(U) = AU and A is a constant matrix. We define a

characteristic variable V = R−1U. Then (2.6) is decoupled to m scalar equations

∂V

∂t
+ Λ

∂V

∂x
= 0.

We can apply the WENO schemes to each scalar equation.

For general nonlinear systems, all the matrices involved are dependent on U.

We have to “freeze” them locally in order to carry out the characteristic decomposi-

tion. For Euler equations, the matrices are evaluated at the Roe average [52] Ui+1/2
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determined by the mean value property

F(Ui+1) − F(Ui) =
∂F(U)

∂U

∣

∣

∣

∣

U=Ui+1/2

(Ui+1 − Ui).

We finally consider 2D hyperbolic systems

Ut + F(U)x + G(U)y = 0.

The finite difference WENO schemes approximate the PDE in a dimension by di-

mension fashion

d

dt
Ui,j(t) = − 1

∆x

(

F̂i+1/2,j − F̂i−1/2,j

)

− 1

∆y

(

Ĝi,j+1/2 − Ĝi,j−1/2

)

. (2.7)

The numerical flux F̂i+1/2,j can be computed from Ui,j with fixed j in exactly the

same way as in the 1D case, and likewise for Ĝi,j+1/2.

2.4 Time discretization methods

The semi-discrete problem (2.7) can be discretized by an ODE solver. For hyperbolic

problems with discontinuous solutions, it is important to maintain stability in the

total variation seminorm of the first order forward Euler method with the same

spatial discretization. A popular method satisfying such property is proposed by

Shu and Osher [60]

U
(1)
i,j = Un

i,j + ∆tL
(

Un
i,j

)

,

U
(2)
i,j =

3

4
Un

i,j +
1

4
U

(1)
i,j +

1

4
∆tL

(

U
(1)
i,j

)

, (2.8)
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Un+1
i,j =

1

3
Un

i,j +
2

3
U

(2)
i,j +

2

3
∆tL

(

U
(2)
i,j

)

,

where L(·) is the operator defined by the right-hand side of (2.7). It is the so-called

third order total variation diminishing (TVD) Runge-Kutta (RK) method. More

time discretization methods having this stability property can be found in [23, 58].



Chapter Three

Inverse Lax-Wendroff procedure

for numerical boundary conditions
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This chapter focuses on numerical boundary conditions for finite difference WENO

schemes solving hyperbolic problems involving complex static or moving geometries.

We assume the problems are posed on a finite domain so that no far field boundary

condition is involved.

3.1 Introduction

For problems involving complex geometries, body-fitted meshes which conform to

the geometry are often used due to the ease of imposing boundary conditions. In

finite difference methods, body-fitted grids are usually generated by a curvilinear

transformation that maps the physical domain to a computational domain. However,

grid generation could be difficult for geometrically complicated domains and could

also be very time-consuming for moving geometries in Eulerian approaches, since the

grids have to be updated every few time steps. On the other hand, fixed Cartesian

grids can be used to discretize the physical domain regardless of its geometry. The

advantage is that the grid generation is trivial and the numerical schemes are usually

more efficient than those on body-fitted grids. The biggest challenge with Cartesian

grids is however to accurately impose the boundary conditions while retaining the

stability under the standard CFL conditions determined by the interior schemes.

The challenge mainly results from two facts. First, the physical boundary does not

usually coincide with grid lines and can intersect the Cartesian grids in an arbitrary

fashion. Secondly, a high order interior scheme, such as WENO scheme, needs a

suitable treatment of several ghost points near the boundary because of its wide

numerical stencil.

There are many successful numerical methods based on Cartesian grids. For
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example, the immersed boundary method (IBM) introduced by Peskin [50] is widely

used to solve incompressible flows in complicated time-varying geometries. See also

[46] for an overview of the method and its applications. The IBM is extended for

compressible viscous flows in [12, 13, 20]. An immersed interface method (IIM) is

developed for elliptic equations in [40, 41] and for streamfunction-vorticity equations

in [39]. We would like to emphasize that high order numerical boundary conditions

for hyperbolic equations are somewhat more difficult than elliptic or convection-

diffusion type equations mentioned above in the sense that there may be strong

discontinuities near the boundaries. The boundary treatment should be robust for

such cases when strong shock waves reflect off rigid boundaries.

The most popular way to impose boundary conditions at rigid boundaries for

compressible flows is the reflection technique, where extra rows of ghost points are

added. All interior solution components are reflected symmetrically to ghost states

except for the normal velocity which is negated. This method works well when the

rigid boundary is straight and positioned at half points. It might lead to large errors

otherwise. The inaccuracy of the approach when applied to curved geometries is

demonstrated by Moretti [47].

To solve hyperbolic equations in complex static or moving geometries with Carte-

sian grids, most methods in the literature are based on finite volume schemes. The

difficulty mainly comes from the “small-cell” problem. Namely, one obtains irreg-

ular cut cells near the boundary, which may be orders of magnitude smaller than

the regular grid cells, leading to a severe time step restriction. The so-called h-box

method [5, 29] is developed to overcome this problem. The basic idea is to approxi-

mate numerical fluxes at the interface of a small cell based on initial values specified

over regions of a regular length h. For one-dimensional advection equations, the

h-box method is shown to be conservative and stable on arbitrary irregular grids
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in [5]. Numerical results confirm the same conclusion for Euler equations in [29].

Another method to avoid the small-cell problem for Euler equations is to maintain

cut boundary cells as whole (ghost) cells and obtain ghost cell values by reflecting lo-

cally the flow field around the boundary which is approximated by straight lines [17].

This method is stable and applicable to any finite volume method, but conservation

at the boundary is violated although this error may be relatively small. For Euler

equations involving moving geometries, an idea similar to [17] is developed in [16]

but the ghost cell values are obtained by a mirror flow extrapolation. A cell merging

technique combined with dimension splitting is developed by Falcovitz et al. [15].

Shyue [62] proposes a moving-boundary tracking algorithm based on finite volume

wave-propagation method. The methods is stable even if there are very small cut

cells near the tracked interface. Arienti et al. [2] develop an Eulerian-Lagrangian

coupling scheme. Hu et al. [30] develop a conservative interface method based on

the level set technique. In terms of accuracy, all the finite volume schemes men-

tioned above are at most second order. In particular, the errors at the boundaries

sometimes fall short of second order, see numerical examples in [2, 17, 30].

For methods based on the finite difference formulation, a second order accurate

Cartesian embedded boundary method is developed to solve the wave equations with

Dirichlet or Neumann boundary conditions in [34, 35, 36] and to solve hyperbolic

conservation laws in [63]. The basic idea is to assign values to ghost points outside

the domain by using extrapolation. To avoid oscillations near shock waves, slope

limiters are combined with extrapolation in [63]. The method in [63] is essentially

based on a three point interior scheme so that only points just outside the boundary

are ghost points. The feasibility and effectiveness to generalize this method to higher

order remain to be demonstrated. Recently, Appelö and Petersson [1] modify the

embedded boundary method in [34, 35, 36] by assigning values to boundary points
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inside the domain via interpolation. This method is fourth order accurate and is

based on a compact finite difference scheme.

A Lax-Wendroff type boundary condition procedure is introduced by Huang et al.

[31] for solving static Hamilton-Jacobi equations with a third order finite difference

method. It is extended to fifth order in [70] and to discontinuous Galerkin method

in [71] for the same type of problems. The idea is to repeatedly use the partial dif-

ferential equations (PDEs) to write the normal derivatives to the inflow boundary in

terms of the tangential derivatives of the given boundary condition. With these nor-

mal derivatives, we can obtain accurate values of ghost points by a Taylor expansion

from a point located on the boundary. In this chapter, we systematically extend this

procedure to solve time dependent hyperbolic equations involving complex static or

moving geometries with finite difference WENO schemes. For time dependent prob-

lems, the boundary treatment procedure is in essence repeatedly using the PDEs

to convert normal spatial derivatives to time and tangential derivatives of the given

boundary condition. It is in some sense an inverse to the standard Lax-Wendroff

procedure [38], in which the PDEs are repeatedly used to convert time derivatives

to spatial derivatives when discretizing the PDEs in time with high order accuracy.

We therefore refer to our method as the inverse Lax-Wendroff procedure (ILW). This

procedure is first proposed by Goldberg and Tadmor [21, 22] for analyzing numerical

boundary conditions of linear hyperbolic equations in one dimension with boundaries

aligned with grid lines. Lombard et al. [44] apply a similar idea to arbitrary-shaped

free boundaries in finite difference schemes for linear elastic waves. Thus our work

can also be regarded as an extension of [21, 22, 44] to nonlinear hyperbolic problems.

In particular, strong discontinuities near the boundaries, which are absent in linear

elastic waves, are handled by a high order WENO type extrapolation to prevent

overshoot or undershoot. Moreover, we propose a simplified and improved imple-
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mentation, which uses the relatively complicated ILW procedure only for the evalu-

ation of the first order normal derivatives. High order WENO type extrapolation is

used for all other derivatives, regardless of the direction of the local characteristics

and the smoothness of the solution. This makes the implementation of a very high

order boundary treatment practical for 2D nonlinear systems with source terms. For

no-penetration boundary condition of compressible inviscid flows, a further simplifi-

cation is discussed, in which the evaluation of the tangential derivatives involved in

the ILW procedure is avoided.

This chapter is organized as follows. We first describe the initial-boundary-value

problem of hyperbolic equations and the interior WENO schemes in Section 3.2.

Then we briefly review the well-posedness theory of the problem in Section 3.3. It

guides us in the design of stable numerical boundary conditions. Our boundary

treatment technique for static geometries is developed in Section 3.4. We start with

1D scalar equations and proceed to 2D nonlinear systems. Extensive numerical

examples are provided to demonstrate the performance of our high order boundary

treatment. In Section 3.5, we consider compressible inviscid flows involving complex

moving geometries. Concluding remarks, including future work, are given in Section

3.6.

3.2 Problem description and interior schemes

We consider hyperbolic conservation laws possibly with source terms for U = U(x, y, t) ∈

R
2











Ut + F(U)x + G(U)y = S(U) (x, y) ∈ Ω(t), t > 0,

U(x, y, 0) = U0(x, y) (x, y) ∈ Ω̄(t),
(3.1)
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on a bounded domain Ω(t) with “appropriate” boundary conditions prescribed on

Γ(t) = ∂Ω(t) at time t. The exact meaning of “appropriate” is explained in Section

3.3 for linear hyperbolic problems with constant coefficients.

We assume we always have an analytical expression for the geometry of Γ(t).

Ω(t) is covered by a uniform Cartesian mesh with mesh size ∆x = ∆y = h, but

the boundary Γ(t) does not need to coincide with any grid lines. The semi-discrete

approximation of (3.1) is given by

d

dt
Ui,j(t) = −1

h

(

F̂i+1/2,j − F̂i−1/2,j

)

− 1

h

(

Ĝi,j+1/2 − Ĝi,j−1/2

)

+ S (Ui,j(t)) ,

(3.2)

where F̂i+1/2,j and Ĝi,j+1/2 are the numerical fluxes. We use the third order TVD

RK method (2.8) to integrate the system of ordinary differential equations (3.2) in

time.

Special care must be taken when we impose a time dependent boundary condition

g(t) in the two intermediate stages of the RK method (2.8). Numerical experiments

show that the traditional match of time

Un ∼ g(tn),

U(1) ∼ g(tn+1),

U(2) ∼ g(tn + ∆t/2),

decreases the accuracy of our boundary treatment to second order. Following the

idea in [9], we can easily show that for the hyperbolic equations (3.1) with source

terms the following match of time levels at the boundary maintains the third order
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accuracy of (2.8)

Un ∼ g(tn),

U(1) ∼ g(tn) + ∆tg′(tn), (3.3)

U(2) ∼ g(tn) +
1

2
∆tg′(tn) +

1

4
∆t2g′′(tn).

For simplicity, we denote the boundary conditions for all three stages at time level

t = tn by g(tn), although g(tn) is actually different for each stage according to (3.3).

We use the fifth order finite difference WENO scheme with the Lax-Friedrichs

flux splitting to form the numerical fluxes F̂i+1/2,j and Ĝi,j+1/2 in (3.2). The scheme

requires a seven point stencil in both x and y directions. Near Γ(t) where the

numerical stencil is partially outside of Ω(t), up to three ghost points are needed in

each direction. In some cases of moving boundaries, up to four ghost points may be

needed in each direction. We concentrate on how to define the values of the ghost

points at time level t = tn in Section 3.4 and Section 3.5 for static and moving

geometries respectively.

3.3 Well-posedness of initial-boundary-value (IBV)

problems

To explain what are the “appropriate” boundary conditions mentioned for the hyper-

bolic equations (3.1), we briefly review the well-posedness theory of IBV problems

for linear hyperbolic equations with constant coefficients. We refer the reader to

Chapter 9 and 10 of [25] for detailed discussions, including proofs of the theorem.

The well-posedness theory would give us a lot of insight into the design of stable
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numerical boundary conditions.

3.3.1 Characteristics and boundary conditions for 1D hy-

perbolic systems

We start with the scalar wave equation

ut + aux = 0, (3.4)

in the domain 0 ≤ x ≤ 1, t ≥ 0. Here a is a constant. At t = 0, we have the initial

data

u(x, 0) = f(x).

In general, we need to specify boundary condition to solve for u(x, t) on 0 ≤ x ≤ 1,

t ≥ 0. The question is to determine what type of boundary conditions should we

specify so that the IBV problem is well-posed.

Figure 3.1: Characteristics of the equation (3.4) for a > 0.

We consider the characteristics along which the solution is a constant. If a > 0,
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then the characteristic goes from left to right, see Figure 3.1. We thus need to specify

a boundary condition at the left boundary x = 0

u(0, t) = g(t).

At the right boundary, the solution may uniquely be determined by the initial data.

As a result, no boundary condition is necessary. Similarly, if a < 0, we need to

specify a boundary condition at the right boundary x = 1. If a = 0, we do not need

any boundary condition because ut ≡ 0 implies u(x, t) ≡ f(x).

The idea of characteristics can be extended to strongly hyperbolic system with

constant coefficients

∂U

∂t
+ A

∂U

∂x
= 0, 0 ≤ x ≤ 1, t ≥ 0, (3.5)

where U ∈ Rm and A is a m ×m matrix. We do the characteristic decomposition

as we did in Section 2.3. Let R be the right eigenmatrix of A. Then

R−1AR = Λ =













ΛI

ΛII

ΛIII













,

where

ΛI =



















λ1

λ2

. . .

λr



















< 0,
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ΛII =



















λr+1

λr+2

. . .

λm−s



















> 0, ΛIII = 0

are diagonal matrices.

Under the transformation induced by R, we obtain the equivalent system

∂

∂t













VI

VII

VIII













+













ΛI

ΛII

ΛIII













∂

∂x













VI

VII

VIII













= 0,

where the characteristic variable

V =













VI

VII

VIII













= RU.

Now the hyperbolic system is decoupled into independent scalar equations. Using

the previous argument, we need to specify boundary conditions

VI(1, t) = gI(t), VII(0, t) = gII(t).

We can generalize the boundary condition to

VI(1, t) = RIIVII(1, t) + gI(t),

VII(0, t) = RIVI(0, t) + gII(t),

where RI and RII are rectangular matrices that may depend on t.
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An important observation is that the number of boundary conditions at the left

boundary x = 0 is equal to m − s − r, the number of positive eigenvalues of Λ,

or, equivalently, the number of characteristics entering the domain. At the right

boundary x = 1, the number of boundary conditions is equal to r, the number of

negative eigenvalues of Λ. No boundary condition corresponds to zero eigenvalues.

Back to the original variable U, the boundary conditions are in general

L0U(0, t) = g0(t), (3.6)

L1U(1, t) = g1(t), (3.7)

where L0 is a (m− s− r)×m matrix with rank m− s− r and L1 is a r×m matrix

with rank r.

3.3.2 Well-posedness of 1D hyperbolic systems

With the help of characteristics, we have determined the type of boundary conditions

should we specify. The following theorem states that the resulting IBV problem is

strongly well-posed. It is proved by the energy method, which can be found in

Chapter 9 of [25].

Theorem 3.3.1. For 1D hyperbolic systems (3.5) with boundary conditions (3.6)

and (3.7), the IBV problem is strongly well-posed.
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3.3.3 Multidimensional hyperbolic systems

The analysis of the well-posedness of multidimensional hyperbolic systems involves

Laplace transform techniques [25] and is omitted here. We would like to emphasize

that a naive generalization of Theorem 3.3.1 to multiple space dimensions does not

hold. An interesting counterexample from [25] is

Ut +







1 0

0 −1






Ux +







0 −1

−1 0






Uy = 0, 0 ≤ x < +∞, −∞ < y < +∞,

where U =







U1

U2






has two components. We consider the boundary condition at

x = 0. The 1D theory implies that the boundary condition should be of the form

U1(0, y, t) = αU2(0, y, t) + g(y, t),

where α is a constant. However, the IBV problem is strongly well-posed if and only

if |α| ≤ 1. In other words, for 2D systems we cannot determine the well-posedness

of the IBV problem only by the signs of the eigenvalues.
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3.4 Numerical boundary conditions for static ge-

ometries

3.4.1 1D scalar conservation laws: smooth solutions

To illustrate the essential idea of the ILW procedure, we use 1D scalar conservation

laws as an example























ut + f(u)x = 0 x ∈ (−1, 1), t > 0,

u(−1, t) = g(t) t > 0,

u(x, 0) = u0(x) x ∈ [−1, 1].

We assume f ′(u(−1, t)) ≥ α > 0 and f ′(u(1, t)) ≥ α > 0 for t > 0. This assumption

guarantees the left boundary x = −1 is an inflow boundary where a boundary

condition is needed and the right boundary x = 1 is an outflow boundary where no

boundary condition is needed.

Let us discretize the interval (−1, 1) by a uniform mesh

−1 + h/2 = x0 < x1 < . . . < xN = 1 − h/2.

Notice that both x0 and xN are not located on the boundary, which is chosen this

way on purpose since it is usually impossible to align boundary with grid points in a

2D domain with complex geometry. We assume u0, . . . , uN have been updated from

time level tn−1 to time level tn. Here we suppress the tn dependence without causing

any confusion.
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The ILW procedure for inflow boundary conditions

At the inflow boundary x = −1, we construct a sth order approximation of ghost

point values u−3, . . . , u−1 by a Taylor expansion

uj =

s−1
∑

k=0

(xj + 1)k

k!
u
∗(k)
L , j = −3, . . . ,−1, (3.8)

where u
∗(k)
L is a (s− k)th order approximation of ∂ku

∂xk

∣

∣

∣

x=−1, t=tn
. We impose u

∗(0)
L =

g(tn). To obtain the approximation of the spatial derivative ∂u
∂x

∣

∣

x=−1, t=tn
, we utilize

the PDE

ut + f ′(u)ux = 0

and evaluate it at x = −1, t = tn. We impose

u
∗(1)
L = − ut(−1, tn)

f ′(u(−1, tn))

= − g′(tn)

f ′(g(tn))
,

where f ′(g(tn)) is bounded away from zero by the assumption that x = −1 is an

inflow boundary. Differentiating the PDE with respect to time yields

utt + f ′′(u)utux + f ′(u)uxt = 0. (3.9)

The term uxt can be written as

uxt = (ut)x

= −(f ′(u)ux)x

= −f ′′(u)u2
x − f ′(u)uxx.
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Substituting it into (3.9), we obtain an equation for uxx

utt + f ′′(u)utux − f ′(u)f ′′(u)u2
x − f ′(u)2uxx = 0. (3.10)

Solving (3.10) for uxx and evaluating it at x = −1, t = tn, we impose

u
∗(2)
L =

g′′(tn) + f ′′(g(tn))g′(tn)ux(−1, tn) − f ′(g(tn))f ′′(g(tn))u
2
x(−1, tn)

f ′(g(tn))2

=
f ′(g(tn))g

′′(tn) − 2f ′′(g(tn))g
′(tn)2

f ′(g(tn))3
.

Following the same procedure, we can impose values of u
∗(k)
L , k = 1, . . . , s− 1.

The idea of converting time derivatives to spatial derivatives by repeatedly using

the PDE comes from the original Lax-Wendroff scheme [38]. Since we convert spatial

derivatives to time derivatives, our method is called inverse Lax-Wendroff procedure.

We remark that this procedure is independent of the location of the boundary. The

time derivatives can be obtained by either using the analytical derivatives of g(t) if

available or numerical differentiation. In the case of discontinuities going through

the boundary, g(t) is discontinuous. The stencil used for numerical differentiation

should not contain any discontinuity. For example, an essentially non-oscillatory

(ENO) procedure [28] or a WENO procedure [33] can be used for this numerical

differentiation.
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Lagrange extrapolation for outflow boundary conditions

At the outflow boundary x = 1, values of ghost points uN+1, . . . , uN+3 are also

approximated by a (s− 1)th order Taylor expansion

uj =

s−1
∑

k=0

(xj − 1)k

k!
u
∗(k)
R , j = N + 1, . . . , N + 3,

where u
∗(k)
R is a (s−k)th order approximation of ∂ku

∂xk

∣

∣

∣

x=1, t=tn
. At the outflow bound-

ary, u
∗(k)
R should be imposed by the values of the interior points, u0, . . . , uN , because

of the outgoing characteristics, even if a boundary condition is improperly prescribed.

If u(x) is smooth near the boundary, u
∗(k)
R can be easily obtained by

u
∗(k)
R =

dkps−1(x)

dxk

∣

∣

∣

∣

x=1

,

where ps−1(x) is a Lagrange polynomial of degree at most s − 1 interpolating uj,

j = N − s + 1, . . . , N . An explicit formula for the values of ghost points is

s
∑

k=0

s!

k!(s− k)!
(−1)kuj−k = 0, j = N + 1, . . . , N + 3. (3.11)

For example, for s = 5

uj = uj−5 − 5uj−4 + 10uj−3 − 10uj−2 + 5uj−1, j = N + 1, . . . , N + 3.

Linear stability

The linear stability of the numerical boundary conditions with arbitrary order of

accuracy described above has been proved by Goldberg and Tadmor [22] by using
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the theory of Gustafsson, Kreiss, and Sundström [26] (henceforth GKS). Goldberg

and Tadmor [22] also show that the time step restriction of solving the IBV problem

with the boundary treatment is not more severe than the pure initial value problem,

regardless of the location of the boundary.

A numerical example

Example 3.4.1. We test the Burgers equation























ut +
(

1
2
u2
)

x
= 0 x ∈ (−1, 1), t > 0,

u(x, 0) = 0.25 + 0.5 sin(πx) x ∈ [−1, 1],

u(−1, t) = g(t) t > 0.

(3.12)

The boundary condition g(t) is taken from the exact solution of the initial value

problem on (−1, 1) with periodic boundary conditions. For all t, the left boundary

x = −1 is an inflow boundary and the right boundary x = 1 is an outflow boundary.

At t = 0.3, we have a smooth solution. We test our fifth order boundary treatment,

i.e., s = 5. The errors are listed in Table 3.1. We achieve the designed fifth order

accuracy.

Table 3.1: Errors of the Burgers equation (3.12). ∆t = O(h5/3) and t = 0.3. The outflow
boundary condition is imposed by Lagrange extrapolation.

h L1 error order L∞ error order
1/40 3.10E-06 1.35E-05
1/80 1.31E-07 4.57 6.51E-07 4.38
1/160 3.97E-09 5.05 2.68E-08 4.60
1/320 1.02E-10 5.29 8.34E-10 5.00
1/640 2.86E-12 5.15 2.62E-11 5.00
1/1280 1.04E-13 4.78 9.09E-13 4.85
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3.4.2 1D scalar conservation laws: solutions containing dis-

continuities

We continue Example 3.4.1. At a later time t = 1.1, a shock is fully developed in

the interior of the computational domain. A shock enters the inflow boundary at

t = 8 and moves to x = 0 at t = 12. We can see from Figure 3.2 that the shock is

well captured in both scenarios by our method. This example and later examples

when shocks come from the boundary indicate that, even though the ILW procedure

is based on the assumption of smoothness of the boundary data, its application to

discontinuous but piecewise smooth boundary data coupled with a non-oscillatory

internal scheme does not lead to spurious oscillations or instability.

Next we investigate the case that a shock is very close to the outflow boundary.

Figure 3.3 shows the solutions at t = 7.8. We can clearly see that there is severe

undershoot near the outflow boundary. This is not surprising because of the Gibbs

phenomenon. In this situation, we prefer a possibly lower order accurate but more

robust extrapolation. The fifth order WENO type extrapolation is developed for

this purpose.

Fifth order WENO type extrapolation for outflow boundary conditions

We need to obtain u
∗(k)
R , a (5− k)th order approximation of the kth order derivative

of u(x) at the boundary, using the grid point values in the interior of the domain uj,

j = N − 4, . . . , N . We consider the stencil S4 = {xN−4, . . . , xN} as five candidate

substencils Sr = {xN−r, . . . , xN}, r = 0, . . . , 4. On each substencil, we can easily

construct a Lagrange polynomial pr(x) of degree at most r such that pr(xj) = uj,
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Figure 3.2: Burgers equation (3.12). h = 1/40 and CFL = 0.6. Solid line: exact solution;
Symbols: numerical solution.
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Figure 3.3: Burgers equation (3.12). h = 1/40, CFL = 0.6, and t = 7.8. The outflow boundary
condition is imposed by Lagrange extrapolation. Solid line: exact solution; Symbols: numerical
solution.
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j = N − r, . . . , N . Suppose u is smooth on S4, u
∗(k)
R can be extrapolated by

u
∗(k)
R =

4
∑

r=0

γr
dkpr(x)

dxk

∣

∣

∣

∣

∣

x=1

,

where γ0 = h4, γ1 = h3, γ2 = h2, γ3 = h, and γ4 = 1 −∑3
r=0 γr.

Borrowing the idea of WENO reconstruction discussed in Section 2.2, we look

for WENO type extrapolation in the form

u
∗(k)
R =

4
∑

r=0

ωr
dkpr(x)

dxk

∣

∣

∣

∣

∣

x=1

, (3.13)

where ωr are the nonlinear weights depending on the value of uj. In the case that u

is smooth in S4, we would like to have

ω0 = O(h4), ω1 = O(h3), ω2 = O(h2), ω3 = O(h) and ω4 = 1 −
3
∑

r=0

ωr (3.14)

such that (3.13) is (5−k)th order accurate. The nonlinear weights ωr are defined by

ωr =
ω̃r

∑4
ν=0 ω̃ν

with

ω̃r =
γr

(ε+ βr)q
, (3.15)

where ε = 10−6, q ≥ 3 is an integer, and βr are the smoothness indicators determined

by

β0 = h2,

βr =
r
∑

l=1

∫ 1+h

1

h2l−1

(

dl

dxl
pr(x)

)2

dx, r = 1, . . . , 4.
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The explicit expressions for the smoothness indicators β1 and β2 are

β1 = (uN−1 − uN)2,

β2 = (61u2
N + 160u2

N−1 + 74uNuN−2 + 25u2
N−2 − 196uN−1uN + 124uN−1uN−2)/12.

The expressions for β3 and β4 are tedious but can be easily derived by symbolic

computation softwares. The constant integer q is taken as q = 3 in all our 1D

examples.

We can show that (3.14) holds if u is smooth in S4. If Sr, r ≥ 1, contains a

discontinuity but Sr−1 does not, we have ων = O(hr−1−ν), ν = 0, . . . , r − 1, and

ων = O(h2q+r−1−ν), ν = r, . . . , 4. Namely, u
∗(0)
R reduces to a rth order approximation

and as h → 0 the weights assigned to the non-smooth substencils Sr, . . . , S4 vanish.

The proof is similar to that in Section 2 of [33] and is omitted here.

The undershoot is well-controlled by this more robust extrapolation, see Figure

3.4. Moreover, the fifth order accuracy of smooth solutions is maintained. The errors

at t = 0.3 are almost the same as those in Table 3.1. Therefore, we use the more

robust WENO type extrapolation from now on, regardless of the smoothness of the

solution.

3.4.3 1D scalar conservation laws: efficient implementation

We recall that the spatial derivatives u
∗(k)
L , k ≥ 1, in the Taylor expansion (3.8) are

obtained by repeated use of the PDE at the inflow boundary. Obviously, the algebra

of converting derivatives of order higher than or equal to two can be very heavy if

the PDE is complicated, which is usually the case if we consider 2D fully nonlinear
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Figure 3.4: Burgers equation (3.12). h = 1/40, CFL = 0.6, and t = 7.8. The outflow boundary
condition is imposed by WENO extrapolation. Solid line: exact solution; Symbols: numerical
solution.

systems (3.1). The complicated algebra would prevent us from implementing higher

than third order accurate boundary treatment for 2D Euler equations [64, 65], al-

though our method is designed to achieve arbitrarily high order accuracy for general

equations with source terms.

We investigate each term in the Taylor expansion (3.8) and find that only u
∗(1)
L is

crucial to be implemented by the ILW procedure to ensure stability. In other words,

u
∗(k)
L , k = 2, 3, 4, can be simply obtained by extrapolation. This simplified algorithm

significantly alleviates the complicated algebra in the ILW procedure, especially for

2D systems with source terms. A similar idea is proposed by Qiu and Shu for the Lax-

Wendroff time discretization [51], in which they perform a WENO approximation

only for the reconstruction of the fluxes to the first order time derivative to avoid

spurious oscillations and use the inexpensive central difference approximation for the

reconstruction of the higher order time derivatives. Notice that instability is observed



36

in our numerical experiments if the first order spatial derivative u
∗(1)
L is also obtained

by extrapolation. Therefore, the ILW procedure is crucial to ensure stability. We

finally remark that we observe no instability in our numerical experiments if the

standard CFL conditions determined by the interior WENO schemes are used for

the simplified algorithm.

We redo Example 3.4.1 with this efficient implementation, together with WENO

type extrapolation. The errors in Table 3.2 are similar to those in Table 3.1. The

shock profiles are also similar, see Figure 3.5. Therefore, we focus on the efficient

implementation with WENO type extrapolation and extend it to solve systems of

hyperbolic equations.

Table 3.2: Errors of the Burgers equation (3.12) solved by the efficient implementation. ∆t =
O(h5/3) and t = 0.3.

h L1 error order L∞ error order
1/40 4.73E-06 5.88E-05
1/80 1.46E-07 5.02 1.58E-06 5.21
1/160 3.48E-09 5.39 2.68E-08 5.89
1/320 7.56E-11 5.53 3.62E-10 6.21
1/640 1.89E-12 5.32 1.97E-11 4.20
1/1280 7.01E-14 4.76 8.00E-13 4.62

3.4.4 1D Euler equations

We consider 1D compressible Euler equations without a source term

Ut + F(U)x = 0, x ∈ (−1, 1), t > 0,
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Figure 3.5: Burgers equation (3.12) solved by the efficient implementation. h = 1/40 and CFL =
0.6. Solid line: exact solution; Symbols: numerical solution.

with the conservative variables

U =













U1

U2

U3













=













ρ

ρu

E













and the flux

F (U) =













U2

(γ − 1)U3 + 3−γ
2

U2
2

U1
(

γU3 − γ−1
2

U2
2

U1

)

U2

U1













=













ρu

ρu2 + p

u(E + p)













.

ρ, u, p, and E describe the density, velocity, pressure, and total energy, respectively.

The equation of state has the form

E =
p

γ − 1
+

1

2
ρu2,
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where γ is the (constant) specific heat ratio. The sound speed is c =
√

γp/ρ. We

consider a fifth order boundary treatment for the right boundary x = 1. The left

boundary can be treated similarly.

Let us discretize the interval (−1, 1) by a uniform mesh

−1 + h/2 = x0 < x1 < . . . < xN = 1 − h/2.

We assume U0, . . . ,UN have been updated from time level tn−1 to time level tn. We

proceed as in scalar case to construct values of ghost points UN+1, . . . ,UN+3 by a

fourth order Taylor expansion

(Um)j =
4
∑

k=0

(xj − 1)k

k!
U∗(k)

m , m = 1, 2, 3, j = N + 1, . . . , N + 3, (3.16)

where U
∗(k)
m is a (5−k)th order approximation of the spatial derivative ∂kUm

∂xk

∣

∣

∣

x=1, t=tn
.

We first do a local characteristic decomposition to decide the inflow and outflow

boundary conditions. Denote the Jacobian matrix of the flux near the boundary by

A⊥ (UN) =
∂F(U)

∂U

∣

∣

∣

∣

U=UN

.

A⊥(UN) has three eigenvalues λ1 = uN −cN , λ2 = uN , λ3 = uN +cN and a complete

set of left eigenvectors l1(UN), l2(UN ), l3(UN) which forms a left eigenmatrix

L (UN) =













l1(UN)

l2(UN)

l3(UN)













=













l1,1 l1,2 l1,3

l2,1 l2,2 l2,3

l3,1 l3,2 l3,3













.

For definiteness, we assume λ1 < λ2 < 0 and λ3 > 0. Thus two boundary conditions
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are needed according to the well-posedness theory in Section 3.3. For example, we

prescribe Um(1, t) = gm(t), m = 1, 2. We define the local characteristic variables Vm

at grid points near the boundary by

(Vm)j = lm(UN)Uj, m = 1, 2, 3, j = N − 4, . . . , N. (3.17)

We extrapolate (Vm)j to the boundary with the fifth order WENO type extrapolation

and denote the extrapolated kth order derivative of Vm at the boundary by V
∗(k)
m ,

k = 0, . . . , 4, m = 1, 2, 3.

We impose U
∗(0)
1 = g1(tn) and U

∗(0)
2 = g2(tn). Because of the signs of the cor-

responding eigenvalues, V1, V2 are the ingoing local characteristic variables and V3

is outgoing. Therefore, for stability reason, U
∗(0)
3 is solved by the extrapolation

equation of V3

l3,1U
∗(0)
1 + l3,2U

∗(0)
2 + l3,3U

∗(0)
3 = V

∗(0)
3 . (3.18)

Notice that the coefficient l3,3 = γ−1
2c2N

never vanishes. Next we find the first spatial

derivatives U
∗(1)
m with the ILW procedure for U1 and U2, together with the extrap-

olation equation of V3. Using the first two equations of the Euler system, we write

the first time derivatives of U1, U2 as

∂U1

∂t
= −∂U2

∂x
,

∂U2

∂t
= −(γ − 1)

∂U3

∂x
− 3 − γ

2

(

2U2

U1

∂U2

∂x
− U2

2

U2
1

∂U1

∂x

)

.

Notice that the left-hand side of the above equations is already known at the bound-

ary. U
∗(1)
m can then be solved by the linear system

U
∗(1)
2 = −g′1(tn),
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(γ − 1)U
∗(1)
3 +

3 − γ

2





2U
∗(0)
2

U
∗(0)
1

U
∗(1)
2 −

(

U
∗(0)
2

U
∗(0)
1

)2

U
∗(1)
1



 = −g′2(tn), (3.19)

l3,1U
∗(1)
1 + l3,2U

∗(1)
2 + l3,3U

∗(1)
3 = V

∗(1)
3 .

Higher order derivatives U
∗(k)
m , k = 2, 3, 4, are simply obtained by extrapolation.

Namely,

L (UN)













U
∗(k)
1

U
∗(k)
2

U
∗(k)
3













=













V
∗(k)
1

V
∗(k)
2

V
∗(k)
3













. (3.20)

In other words, the complicated ILW procedure is not needed for spatial derivatives of

order higher than or equal to two, regardless of the direction of the local characteristic

variables.

Before we summarize our algorithm, we turn to the issue of small eigenvalues. For

simplicity, we assume λ2 is close to zero. In this situation, the local characteristic

variable V2 can be considered either going into the boundary or going out of the

boundary. On the one hand, if we assume an ingoing V2, we still have the linear

system (3.19), which is however ill-conditioned. The condition number will be larger

and larger as λ2 gets closer and closer to zero. To make the system well-conditioned,

we may add to (3.19) the extrapolation equation of V2

l2,1U
∗(1)
1 + l2,2U

∗(1)
2 + l2,3U

∗(1)
3 = V

∗(1)
2 . (3.21)

(3.19) and (3.21) form a system of four equations with three unknowns. We consider

it as a linear least squares problem. The condition number of the 4 × 3 matrix is

small. On the other hand, if only one boundary condition is prescribed, such as the

case of no-penetration boundary condition u = 0 at rigid walls, we have to assume

an outgoing V2. Now the second equation of (3.19) is replaced by (3.21) and the
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resulting system is well-conditioned as well.

We summarize our fifth order boundary treatment at the right boundary x = 1

as follows, assuming that Uj , j = 0, . . . , N , have been updated from time level tn−1

to time level tn.

1. Compute the eigenvalues λm(UN ) and left eigenvectors lm(UN) of the Jacobian

matrix A⊥(UN ) for m = 1, 2, 3. Decide the prescribed inflow boundary conditions

gm(t) according to the signs of λm(UN).

2. Form the local characteristic variables (Vm)j, j = N − 4, . . . , N , as in (3.17).

Obtain V
∗(k)
m , which is a (5−k)th order approximation of the kth order derivative

of Vm at the boundary, by the WENO type extrapolation.

3. Solve for U
∗(0)
m , m = 1, 2, 3, by the prescribed boundary conditions and extrapo-

lated values V
∗(0)
m , such as (3.18).

4. Use the ILW procedure to write the first derivative of gm(t) as a linear combination

of first spatial derivatives. Together with the extrapolation equations, form a

linear system with U
∗(1)
m as unknowns (such as (3.19)) or a linear least squares

problem (such as (3.19) and (3.21)). Solve for U
∗(1)
m , m = 1, 2, 3.

5. For k = 2, 3, 4, solve for U
∗(k)
m by extrapolation equations (3.20). The ILW proce-

dure is not needed in this step.

6. Impose the values of ghost points by the Taylor expansion (3.16).
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3.4.5 2D reactive Euler equations

We consider 2D compressible reactive Euler equations in static geometries

Ut + F(U)x + G(U)y = S(U), (x, y) ∈ Ω, t > 0, (3.22)

where

U =

























U1

U2

U3

U4

U5

























=

























ρ

ρu

ρv

E

ρY

























, F(U) =

























ρu

ρu2 + p

ρuv

u(E + p)

ρuY

























,

G(U) =

























ρv

ρuv

ρv2 + p

v(E + p)

ρvY

























, S(U) =

























0

0

0

0

ω

























,

with “appropriate” boundary conditions and initial conditions. It is a system of

conservation laws with source term representing chemical reactions. ρ, u, v, p, and

E describe the density, x-velocity, y-velocity, pressure, and total energy, respectively.

Y describes the reactant mass fraction and the source term is assumed to be in an

Arrhenius form

ω = −KcρY e
−T+/T ,

where T = p/ρ is the temperature, T+ is the activation temperature and Kc is a

constant. The equation of state has the form

E =
p

γ − 1
+

1

2
ρ(u2 + v2) + ρQY, (3.23)
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where Q is the (constant) heat release due to the chemical reaction. Notice that if

Y ≡ 0, then (3.22) reduces to the usual compressible Euler equations without source

term.

General framework

We would like to extend our 1D boundary treatment technique to 2D problems. In

Section 3.3 we give a counterexample showing that we cannot simply extend 1D

well-posedness theory (Theorem 3.3.1) to 2D problems. Indeed, we have similar

issues in designing numerical boundary conditions: a simple extension of our 1D

boundary treatment may not be stable for 2D problems. However, the instability

can be well-controlled by using least squares extrapolation for most problems of

interest. In other words, although our methodology is somewhat ungrounded from

the theoretical point of view, it usually gives stable and physically correct solutions

in practice.

We proceed as for 1D problems. We assume the values of all the grid points

inside Ω have been updated from time level tn−1 to time level tn. For a ghost point

P = (xi, yj), we find a point P0 = (x0, y0) = x0 on the boundary Γ = ∂Ω such that

the normal n(x0) at P0 goes through P . The sign of the normal n(x0) is chosen in

such a way that it is positive if it points to the exterior of Ω. The point P0 and

the normal n(x0) can be obtained analytically, since we assume we have an explicit

expression for the geometry of Γ. We set up a local coordinate system at P0 by







x̂

ŷ






=







cos θ sin θ

− sin θ cos θ













x

y






= T







x

y






, (3.24)

where θ is the angle between the normal n(x0) and the x-axis and T is a rotational
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matrix. The x̂-axis then points in the same direction as n(x0) and the ŷ-axis points

in the tangential direction, see Figure 3.6.

Figure 3.6: The local coordinate system (3.24). For static geometries, tn dependence can be
suppressed.

In this local coordinate system, the reactive Euler equations (3.22) are written

as

Ût + F(Û)x̂ + G(Û)ŷ = S(Û), (3.25)

where

Û =

























Û1

Û2

Û3

Û4

Û5

























=

























ρ

ρû

ρv̂

E

ρY

























,







û

v̂






= T







u

v






.

For a fifth order boundary treatment, the value of the ghost point P is imposed

by the Taylor expansion

(Ûm)i,j =

4
∑

k=0

∆k

k!
Û∗(k)

m , m = 1, . . . , 5, (3.26)
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where ∆ is the x̂-coordinate of P and Û
∗(k)
m is a (5 − k)th order approximation of

the normal derivative ∂kÛm

∂x̂k

∣

∣

∣

(x,y)=x0, t=tn
. We assume Û0 is the value of a grid point

nearest to P0 among all the grid points inside Ω. We denote the Jacobian matrix of

the normal flux by

A⊥(Û0) =
∂F(Û)

∂Û

∣

∣

∣

∣

∣

Û=Û0

.

A⊥(Û0) has five eigenvalues λ1 = û0 − c0, λ2 = λ3 = λ4 = û0, λ5 = û0 + c0 and a

complete set of left eigenvectors lm(Û0), m = 1, . . . , 5, which forms a left eigenmatrix

L(Û0) =

























l1(Û0)

l2(Û0)

l3(Û0)

l4(Û0)

l5(Û0)

























=

























l1,1 l1,2 l1,3 l1,4 l1,5

l2,1 l2,2 l2,3 l2,4 l2,5

l3,1 l3,2 l3,3 l3,4 l3,5

l4,1 l4,2 l4,3 l4,4 l4,5

l5,1 l5,2 l5,3 l5,4 l5,5

























.

For definiteness, we assume λ1 < 0 and λ5 > λ2 = λ3 = λ4 > 0. Thus one boundary

condition is needed at P0 according to 1D well-posedness theory. For example, the

normal momentum is prescribed Û2(x0, t) = g2(t).

The local characteristic variables Vm at grid points near P0 are defined by

(Vm)µ,ν = lm(Û0)Ûµ,ν , m = 1, . . . , 5, (xµ, yν) ∈ Ei,j, (3.27)

where Ei,j ⊂ Ω is a set of grid points used for extrapolation. We extrapolate (Vm)µ,ν

to P0 and denote the extrapolated kth order x̂-derivative of Vm by V
∗(k)
m , k = 0, . . . , 4.

The choice of Ei,j and the fifth order WENO type extrapolation in 2D will be de-

scribed in detail in the next subsection. To stabilize the boundary treatment, the

2D WENO type extrapolation is composed of least squares extrapolation, instead of

Lagrange extrapolation.
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We solve Û
∗(0)
m by a linear system of equations

























0 1 0 0 0

l2,1 l2,2 l2,3 l2,4 l2,5

l3,1 l3,2 l3,3 l3,4 l3,5

l4,1 l4,2 l4,3 l4,4 l4,5

l5,1 l5,2 l5,3 l5,4 l5,5

















































Û
∗(0)
1

Û
∗(0)
2

Û
∗(0)
3

Û
∗(0)
4

Û
∗(0)
5

























=

























g2(tn)

V
∗(0)
2

V
∗(0)
3

V
∗(0)
4

V
∗(0)
5

























. (3.28)

Here the first equation is the prescribed boundary condition. The other equations

represent extrapolation of the four outgoing characteristic variables Vm,m = 2, . . . , 5.

Next, we use the ILW procedure for Û2. The second equation of (3.25) gives us

∂Û2

∂t
= −

(

γ − 3

2

Û2
2

Û2
1

+
γ − 1

2

Û2
3

Û2
1

)

∂Û1

∂x̂
− (3 − γ)

Û2

Û1

∂Û2

∂x̂

+(γ − 1)
Û3

Û1

∂Û3

∂x̂
− (γ − 1)

∂Û4

∂x̂
+Q(γ − 1)

∂Û5

∂x̂
− ∂

∂ŷ

(

Û2Û3

Û1

)

.

At the boundary, the left-hand side of the above equation is the known function

g′2(t). The tangential derivative on the right-hand side can be computed by numerical

differentiation, since we have obtained Û
∗(0)
m of all the ghost points. Thus Û

∗(1)
m can

be solved by the linear system

A∗(0)

























Û
∗(1)
1

Û
∗(1)
2

Û
∗(1)
3

Û
∗(1)
4

Û
∗(1)
5

























=



























−g′2(tn) − ∂
∂ŷ

(

Û
∗(0)
2 Û

∗(0)
3

Û
∗(0)
1

)

V
∗(1)
2

V
∗(1)
3

V
∗(1)
4

V
∗(1)
5



























, (3.29)
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where

A∗(0) =



























γ−3
2

(

Û
∗(0)
2

Û
∗(0)
1

)2

+ γ−1
2

(

Û
∗(0)
3

Û
∗(0)
1

)2

(3 − γ)
Û

∗(0)
2

Û
∗(0)
1

(1 − γ)
Û

∗(0)
3

Û
∗(0)
1

γ − 1 Q(1 − γ)

l2,1 l2,2 l2,3 l2,4 l2,5

l3,1 l3,2 l3,3 l3,4 l3,5

l4,1 l4,2 l4,3 l4,4 l4,5

l5,1 l5,2 l5,3 l5,4 l5,5



























.

Higher order derivatives Û
∗(k)
m , k = 2, 3, 4, can be solved by extrapolation equations

L(Û0)

























Û
∗(k)
1

Û
∗(k)
2

Û
∗(k)
3

Û
∗(k)
4

Û
∗(k)
5

























=

























V
∗(k)
1

V
∗(k)
2

V
∗(k)
3

V
∗(k)
4

V
∗(k)
5

























. (3.30)

No-penetration boundary condition

The no-penetration boundary condition at rigid walls is û = 0 or Û2 = 0. In this

case, the eigenvalues λ1 ≈ −c0 < 0, λ5 ≈ c0 > 0 and λ2 = λ3 = λ4 ≈ 0. Since only

one boundary condition is prescribed, we consider Vm, m = 2, . . . , 5, to be outgoing

and V1 to be ingoing, which falls into the same case as discussed above. (3.28) gives

us Û
∗(0)
2 = 0. Then the first equation of (3.29) reduces to

γ − 1

2

(

Û
∗(0)
3

Û
∗(0)
1

)2

Û
∗(1)
1 + (1 − γ)

Û
∗(0)
3

Û
∗(0)
1

Û
∗(1)
3 + (γ − 1)Û

∗(1)
4 −Q(γ − 1)Û

∗(1)
5

=

(

Û
∗(0)
3

)2

RÛ
∗(0)
1

, (3.31)
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where R is the radius of curvature of ∂Ω at P0. Notice that there is no tangential

derivative in (3.31). Therefore, we do not need to do any numerical differentiation,

which further simplifies the implementation.

(3.31) can also be derived by considering primitive variables, i.e., ρ, û, v̂, p and

Y , in the ILW procedure. At the rigid walls, we obtain

∂p

∂x̂
= ρ

v̂2

R
,

which is equivalent to (3.31) because of the equation of state (3.23). In fact, it

is sometimes more convenient to use primitive variables than to use conservative

variables U. For problems involving moving geometries, we can only use primi-

tive variables because the boundary condition is prescribed in normal velocity. See

Section 3.5 for details.

We now summarize our fifth order boundary treatment for the 2D problem (3.22).

We assume the values of all the grid points inside Ω have been updated from time

level tn−1 to time level tn. Our goal is to impose the value of (Ûm)i,j, m = 1, . . . , 5,

for each ghost point (xi, yj).

1. For each ghost point (xi, yj), we do the following three steps:

• Decide the local coordinate system (3.24). Compute the eigenvalues λm(Û0)

and left eigenvectors lm(Û0) of the Jacobian matrix A⊥(Û0) form = 1, . . . , 5.

Decide the prescribed inflow boundary conditions gm(t) according to the

signs of λm(Û0).

• Form the local characteristic variables (Vm)µ,ν , (xµ, yν) ∈ Ei,j, as in (3.27).

Extrapolate (Vm)µ,ν to the boundary to obtain V
∗(k)
m , k = 0, . . . , 4, with fifth
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order WENO type extrapolation. Details of the 2D extrapolation will be

discussed in the next subsection.

• Solve for Û
∗(0)
m , m = 1, . . . , 5, by the prescribed boundary conditions and

extrapolated values V
∗(0)
m , such as (3.28).

2. For each ghost point (xi, yj), use the ILW procedure to write the first derivative of

gm(t) as a linear combination of first normal derivatives plus tangential derivatives.

Together with the extrapolation equations, form a linear system with Û
∗(1)
m as

unknowns, such as (3.29). Solve for Û
∗(1)
m , m = 1, . . . , 5. For k = 2, 3, 4, solve for

Û
∗(k)
m by extrapolation equations (3.30) where the ILW procedure is not needed.

3. Impose the values of the ghost points by the Taylor expansion (3.26).

If no-penetration boundary condition is considered at rigid walls, then the first

equation of (3.29) is replaced by (3.31) in Step 2 with other steps unchanged. An

alternative is to use primitive variables instead of conservative variables.

2D WENO type extrapolation

We return to the issue of 2D fifth order WENO type extrapolation. It is needed

in the second bullet of Step 1 of the algorithm flowchart for 2D compressible Eu-

ler equations, regardless of the smoothness of the solution. For stability reason, we

would like to use least squares extrapolation as building blocks. Namely, the number

of points used to construct a 2D extrapolating polynomial is greater than the num-

ber of polynomial coefficients. In fact, Lagrange extrapolation sometimes leads to

instability for 2D problems even with smooth solutions in our numerical experiments.

For a given ghost point (xi, yj), we aim to first construct a stencil E ⊂ Ω for
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extrapolation and then to obtain a (5 − k)th order approximation of ∂kV
∂x̂k

∣

∣

∣

(x,y)=x0

,

which is denoted by V ∗(k) , k = 0, . . . , 4. Compared with the notations used before,

here we suppress the subscripts indicating the mth component of V and that the

stencil E is for the ghost point (xi, yj). E =
⋃4

r=0 Er consists of five substencils Er,

r = 0, . . . , 4, each of which is for constructing a least squares polynomial pr(x, y) in

P r, i.e.,

pr(x, y) =
∑

0≤m+l≤r

almx
lym

satisfying

pr(xµ, yν) = Vµ,ν , for all (xµ, yν) ∈ Er. (3.32)

Notice that pr(x, y) has (r+ 1)(r+ 2)/2 degrees of freedom. We choose Er such that

it contains (r + 1)2 points and (3.32) holds in the sense of least squares if r > 0.

We take r = 3 as an example to show how to choose Er. E3 is composed of 16

square points sketched in Figure 3.7. It contains four 1D substencils Sl, l = 0, . . . , 3.

Suppose the normal n(x0) (or x̂-axis) intersects the grid line y = yn−l at a point P ∗
l .

We denote the grid point on the horizontal line y = yn−l which is just to the left of

P ∗
l by (xl

m, yn−l). Then we set

Sl = {(xl
m−1, yn−l), (x

l
m, yn−l), (x

l
m+1, yn−l), (x

l
m+2, yn−l)}, l = 0, . . . , 3,

and E3 =
⋃3

l=0 Sl. Notice that we have to shift S0 to the left by one grid point so

that S0 lies in Ω.

On each Er, r = 0, . . . , 4, V ∗(k) can be extrapolated by

V ∗(k) =
∂k

∂x̂k
pr(x, y)

∣

∣

∣

∣

(x,y)=x0

.
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Figure 3.7: The choice of E3 (square points) for 2D WENO type extrapolation.

We seek WENO type extrapolation of the form

V ∗(k) =

4
∑

r=0

ωr
∂k

∂x̂k
pr(x, y)

∣

∣

∣

∣

∣

(x,y)=x0

, (3.33)

where ωr are nonlinear weights. The nonlinear weights ωr are defined by

ωr =
ω̃r

∑4
ν=0 ω̃ν

,

with

ω̃r =
γr

(ε+ βr)q
, (3.34)

where γ0 = 2h4, γ1 = 2h3, γ2 = 2h2, γ3 = 2h, γ4 = 1 −∑3
r=0 γr, ε = 10−6, and

q ≥ 3 is an integer. The constant integer q ≥ 3 is determined on a case-by-case

basis. Generally, the stronger the discontinuity, the larger q we need to stabilize the

extrapolation. This is because a larger q leads to smaller nonlinear weights assigned

to nonsmooth stencils. The smoothness indicators βr are determined by

β0 = 2h2,

βr =
∑

1≤|α|≤r

∫

K

|K||α|−1 (Dαpr(x, y))
2 dxdy, r = 1, . . . , 4,
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where α is a multi-index and K = [x0 − h/2, x0 + h/2] × [y0 − h/2, y0 + h/2]. We

can show that (3.33) is (5− k)th order accurate if V is smooth in E and ωr vanishes

as h→ 0 if Er contains a discontinuity.

Notice that the stencil E for the fifth order WENO type extrapolation contains

at least 25 grid points. For most cases, it is eventually possible to fit the wide stencil

in the computational domain by mesh refinement. However, in some special cases,

we have to reduce the order of extrapolation, see Example 3.5.4.

3.4.6 Numerical examples

We test our fifth order boundary treatment with efficient implementation in this

section. For accuracy tests, we take ∆t = O(h5/3) in the third order RK time

integration (2.8) in order to have fifth order accuracy in time. For other cases, we

take ∆t = O(h) and the CFL number as 0.6. The specific heat ratio γ in (reactive)

Euler equations is taken as γ = 1.4 and the power q in (3.15) or (3.34) is taken

as q = 3, unless otherwise indicated. The L1 error and L∞ error are defined as

h2
∑

{(i,j):(xi,yj)∈D} |ei,j| and max{(i,j):(xi,yj)∈D} |ei,j | respectively. Here ei,j denotes the

error at grid point (xi, yj) and D is the region where the errors are measured. D = Ω

unless otherwise indicated.
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1D problems

Example 3.4.2. We start with the wave equation























ut + ux = 0 x ∈ (−1, 1), t > 0,

u(x, 0) = 0.25 + 0.5 sin(πx) x ∈ [−1, 1],

u(−1, t) = g(t) t > 0.

(3.35)

The left boundary x = −1 is an inflow boundary, where a boundary condition is

prescribed. The right boundary x = 1 is an outflow boundary, where no boundary

condition is needed.

We first take

g(t) = 0.25 − 0.5 sin [π(1 + t)] (3.36)

so that the IBV problem has a smooth exact solution

u(x, t) = 0.25 + 0.5 sin [π(x− t)] .

The errors at t = 1 are listed in Table 3.3. We can clearly see the desired fifth order

convergence.

Table 3.3: Errors of the wave equation (3.35) with boundary condition (3.36). t = 1.

h L1 error order L∞ error order
1/20 8.72E-05 3.94E-04
1/40 9.45E-07 6.53 5.17E-06 6.25
1/80 1.56E-08 5.92 2.21E-08 7.87
1/160 4.93E-10 4.98 6.66E-10 5.05
1/320 1.55E-11 4.99 1.88E-11 5.15
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Next, we take g(t) as

g(t) =











0.25 t ≤ 1,

−1 t > 1.
(3.37)

The exact solution is then

u(x, t) =























−1 x < t− 2,

0.25 t− 2 ≤ x < t− 1,

0.25 + 0.5 sin [π(x− t)] x ≥ t− 1.

For t ≤ 1, the exact solution has a discontinuity in its first derivative, due to the def-

inition of g(t). For t > 1, a discontinuity enters the computational domain from the

inflow boundary. We can observe from Figure 3.8 that both types of discontinuities

are well captured by our method.

x

u(
x)

-1 -0.5 0 0.5 1

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

Figure 3.8: Wave equation (3.35) with boundary condition (3.37). h = 1/40 and t = 1.5. Solid
line: exact solution; Symbols: numerical solution.

Example 3.4.3. We test 1D Euler equations with smooth solutions. The domain

is (−π, π) and the initial condition is

ρ(x, 0) = 1 + 0.2 sinx,
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u(x, 0) = 1,

p(x, 0) = 2.

We want to impose the boundary conditions such that the exact solution is simply

a translation of the initial condition

p(x, t) = 1 + 0.2 sin(x− t),

u(x, t) = 1,

p(x, t) = 2.

At both boundaries, we have λ1 < 0 and λ3 > λ2 > 0. We prescribe ρ(−π, t),

u(−π, t) and ρ(π, t). The density errors are listed in Table 3.4. We can clearly see

the designed fifth order convergence.

Table 3.4: Density errors and convergence rates in Example 3.4.3. h = 2π/N and t = 2.

N L1 error Order L∞ error Order
40 7.02E-05 5.84E-04
80 2.82E-07 7.96 2.84E-06 7.69
160 3.16E-09 6.48 1.78E-08 7.31
320 9.89E-11 5.00 5.58E-10 5.00
640 3.06E-12 5.02 1.73E-11 5.01

Example 3.4.4. We test 1D Euler equations with shocks. We consider the interac-

tion of two blast waves [69]. The initial data are

U(x, 0) =























UL 0 < x < 0.1,

UM 0.1 < x < 0.9,

UR 0.9 < x < 1,

where ρL = ρM = ρR = 1, uL = uM = uR = 0, pL = 103, pM = 10−2, pR = 102.

There are rigid walls at both x = 0 and x = 1. This problem involves multiple re-
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flections of shocks and rarefactions off the walls. There are also multiple interactions

of shocks and rarefactions with each other and with contact discontinuities. The

density profile at t = 0.038 is shown in Figure 3.9(a) with h = 1/800 and in Fig-

ure 3.9(b) with h = 1/1600. The reference solution is computed by the fifth order

WENO scheme with h = 1/16000, together with the reflection technique at both

boundaries. Our fifth order boundary treatment gives an excellent non-oscillatory

resolution.
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(a) h = 1/800
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(b) h = 1/1600

Figure 3.9: The density profiles of the blast wave problem in Example 3.4.4. Solid lines: reference
solution computed by the fifth order WENO scheme with h = 1/16000, together with the reflection
technique at boundaries; Symbols: numerical solutions by our fifth order boundary treatment.

2D scalar equations

Example 3.4.5. We start our 2D examples with the wave equation on a disk























ut + ux + uy = 0 (x, y) ∈ Ω, t > 0,

u(x, y, 0) = 0.25 + 0.5 sin [π(x+ y)] (x, y) ∈ Ω̄,

u(x, y, t) = g(x, y, t) (x, y) ∈ Γin, t > 0,

(3.38)
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where

Ω = {(x, y) : x2 + y2 < 0.5},

Γin = {(x, y) : x2 + y2 = 0.5 and x+ y ≤ 0}.

The domain is illustrated in Figure 3.10(a) with a coarse mesh. Notice that the grid

points are not located on the boundary.

(a) computational domain

x

u(
x)

-0.5 -0.3 -0.1 0.1 0.3 0.5
-0.4

0

0.4

0.8

1.2

1.6

2

(b) computational result

Figure 3.10: Left: Domain Ω of the 2D wave equation (3.38). Square points indicate some of
the grid points. Solid lines: inflow boundary; Dashed lines: outflow boundary. Right: 2D wave
equation (3.38) with boundary condition (3.40). h = 1/40 and t = 0.8. Cut along the diagonal.
Solid line: exact solution; Symbols: numerical solution.

Special care must be taken when we impose the inflow boundary condition on a

ghost point near the intersection of the inflow boundary and the outflow boundary,

which is (−0.5, 0.5) or (0.5,−0.5) in our example. In this situation, the ILW proce-

dure involves a small number divided by a small number, which ruins the accuracy

or makes the scheme blow up. There are two ways to deal with this ill-conditioned

problem. The first one is using the analytical expressions of time derivatives and

tangential derivatives. The other one is adding an extrapolation equation to the
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Table 3.5: Errors of the 2D wave equation (3.38) with boundary condition (3.39). t = 0.8.

h L1 error order L∞ error order
1/20 2.06E-04 6.28E-03
1/40 6.17E-06 5.06 1.18E-04 5.73
1/80 6.01E-08 6.68 3.12E-07 8.57
1/160 1.82E-09 5.05 9.21E-09 5.08
1/320 5.74E-11 4.98 2.81E-10 5.03

equation obtained by the ILW procedure and solving a least squares problem. We

use the former here because the analytical expressions are available. We use the

latter in the next example.

We take

g(x, y, t) = 0.25 + 0.5 sin [π(x+ y − 2t)] (3.39)

so that we have a smooth exact solution

u(x, y, t) = 0.25 + 0.5 sin [π(x+ y − 2t)] .

The errors are listed in Table 3.5. We can clearly see fifth order convergence.

We next take a discontinuous boundary condition

g(x, y, t) =











0.25 + 0.5 sin π(x+ y − 2t) x+ y − 2t > −1.23,

1.25 + 0.5 sin π(x+ y − 2t) x+ y − 2t ≤ −1.23.
(3.40)

Now we have a discontinuous exact solution. The numerical solution and exact

solution along the diagonal are shown in Figure 3.10(b). We can see an excellent

non-oscillatory resolution.
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Table 3.6: Errors of the 2D Burgers equation (3.41). t = 0.15.

h L1 error order L∞ error order
1/20 3.05E-04 9.44E-03
1/40 1.01E-05 4.92 6.18E-04 3.93
1/80 1.64E-07 5.94 1.28E-05 5.59
1/160 5.13E-09 5.00 5.22E-07 4.62
1/320 1.44E-10 5.15 2.97E-08 4.14

Example 3.4.6. We next test the 2D Burgers equation on a disk























ut + 1
2
(u2)x + 1

2
(u2)y = 0 (x, y) ∈ Ω, t > 0,

u(x, y, 0) = 0.75 + 0.5 sin [π(x+ y)] (x, y) ∈ Ω̄,

u(x, y, t) = g(x, y, t) (x, y) ∈ Γin, t > 0,

(3.41)

where

Ω = {(x, y) : x2 + y2 < 0.5},

Γin = {(x, y) : x2 + y2 = 0.5 and x+ y ≤ 0}.

Here g(x, y, t) = w(x, y, t), where w(x, y, t) is the exact solution of the initial value

problem on (−1, 1) × (−1, 1) with periodic boundary conditions. At t = 0.15, we

have a smooth solution. The errors are listed in Table 3.6. We achieve the designed

fifth order accuracy in the L1 norm. At t = 0.55, a shock is fully developed in the

interior of Ω. A shock begins entering Ω from the inflow boundary at a later time

and the shock front is located at the line x+ y = 0 at t = 6. We can see from Figure

3.11 that the shock is well captured.
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(a) t = 0.55
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Figure 3.11: 2D Burgers equation (3.41). h = 1/40. Cut along the diagonal. Solid line: exact
solution; Symbols: numerical solution.

2D Euler equations

Example 3.4.7. We test 2D Euler equations with smooth analytical solutions. We

consider the vortex evolution problem on a disk Ω = {(x, y) : x2 + y2 < 0.5}.

The mean flow is ρ = p = u = v = 1. We add to this mean flow an isentropic

vortex perturbation centered at (x0, y0) = (0.3, 0.3) in (u, v) and in the temperature

T = p/ρ, no perturbation in the entropy S = p/ργ

(δu, δv) =
ǫ

2π
e0.5(1−r2)(−ȳ, x̄),

δT = −(γ − 1)ǫ2

8γπ2
e(1−r2),

δS = 0,

where (x̄, ȳ) = (x − x0, y − y0), r
2 = x̄2 + ȳ2 and the vortex strength is ǫ = 5. We

regard the exact solution U(x, y, t) as the passive convection of the vortex with the
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mean velocity and take boundary conditions from U(x, y, t) according to 1D well-

posedness theory. The number of boundary conditions is determined by the signs of

the four eigenvalues λm which vary both in space and in time. The density errors are

listed in Table 3.7. We can see that the designed fifth order convergence is achieved

in the L1 norm.

Table 3.7: Density errors of the vortex evolution problem on a disk in Example 3.4.7. t = 0.1.

h L1 error Order L∞ error Order
1/20 1.94E-07 2.55E-05
1/40 3.66E-09 5.73 1.94E-07 7.04
1/80 1.22E-10 4.91 1.07E-08 4.17
1/160 4.26E-12 4.83 6.00E-10 4.16

Example 3.4.8. We test the double Mach reflection problem [69] which involves

a rigid wall not aligned with the grid lines. This problem is initialized by sending

a horizontally moving shock into a rigid wall inclined by a 30◦ angle. In order to

impose the no-penetration boundary condition by the reflection technique, people

usually solve an equivalent problem that puts the wall horizontal and puts the shock

60◦ angle inclined to the wall, see for example [33, 57]. We consider the solution of

the equivalent problem as our reference solution. Another way to apply the reflection

technique is to use a multidomain WENO method [54].

We are able to solve the original problem on a uniform mesh with our fifth order

boundary treatment in conservative variables. The computational domain is sketched

in Figure 3.12(a), together with some of the grid points near the wall indicating

that the wall is not aligned with the grid lines. Initially a right-moving Mach 10

shock is positioned at (0, 0) making an angle of 90◦ with the x-axis. At y = 0, the

exact postshock condition is imposed. At the top boundary, the flow values are set

to describe the exact motion of the Mach 10 shock. Supersonic inflow and outflow

boundary conditions are used at the left and right boundary respectively. The power

q in (3.34) is taken as q = 20 to stabilize our boundary treatment. Figure 3.12(b)
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shows the density contour with h = 1/320 at t = 0.2. A zoomed-in region near the

double Mach stem is shown in Figure 3.13(a). The region is rotated and translated

for the ease of comparison. In Figure 3.13(b), we show the reference solution on a

mesh with comparable size. Figures 3.13(c) and 3.13(d) show the density contours

on a refined mesh. We can see that the results of our boundary treatment are very

similar to those obtained by the reflection technique. The slight difference comes

perhaps from the fact we impose the no-penetration condition strongly while the

reflection technique imposes it weakly.

Example 3.4.9. This is an example involving a curved wall. The problem is initial-

ized by a Mach 3 flow moving toward a circular cylinder of unit radius positioned at

the origin on a x-y plane. In order to impose the no-penetration boundary condition

at the surface of the cylinder by the reflection technique, a particular mapping from

the unit square to the physical domain is used in [33]. Using our boundary treatment,

we are able to solve this problem directly in the physical domain, which is shown

in Figure 3.14(a), together with some of the grid points near the cylinder which

indicate boundary cuts the grid in an arbitrary fashion. The computational domain

is the upper half of the physical domain, due to the symmetry of this problem. At

y = 0, the reflection technique is used. Supersonic inflow boundary condition is used

at the left boundary x = −3; supersonic outflow boundary condition is used at the

top boundary y = 6 and at the right boundary x = 0. Our fifth order boundary

treatment in primitive variables with q = 10 in (3.34) is applied at the surface of

the cylinder. Notice that although the initial condition is incompatible with the no-

penetration boundary condition, we do not encounter any problem if using primitive

variables, while difficulty arises if we use conservative variables as reported in [64].

The pressure contour at steady state is shown in Figure 3.15 with different mesh

sizes. The bow shock is well-captured by our method. For a more quantitative veri-
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(a) computational domain
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(b) density contour

Figure 3.12: Top: The computational domain (solid line) of the double Mach reflection problem
in Example 3.4.8. The dashed line indicates the computational domain used in [33, 57]. The square
points indicate some of the grid points near the wall. Illustrative graph, not to scale. Bottom:
Density contour of double Mach reflection, 30 contour lines from 1.731 to 20.92. h = 1/320.
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3/960, equivalent problem

Figure 3.13: Density contours of double Mach reflection in Example 3.4.8, 30 contour lines from
1.731 to 20.92. Zoomed-in near the double Mach stem. The plots in the left column are rotated
and translated for comparison.

fication, we take advantage of the entropy along the surface, which can be computed

analytically by using the Rankine-Hugoniot conditions for the streamline normal to

the bow shock at y = 0. Since there is usually no grid point located on the surface,

we compute the entropy errors of the state Û
∗(0)
m , m = 1, . . . , 4, which is the constant

term in the Taylor expansion (3.26), for all the ghost points. We can see superlinear

convergence rates in Table 3.8. In other words, although the accuracy of our high

order boundary treatment degenerates to first order near the shock, it is expected

to be higher than first order in the smooth part of the solution.

Example 3.4.10. We consider shock reflection from a circular cylinder. The phys-

ical domain is [−0.5, 0.5] × [−0.5, 0.5]. The cylinder is located at (0, 0) and has a

radius of 0.2. Initially a Mach 3 shock is located at x = −0.3. The state in front of

the shock is ρ = 1.4, u = v = 0, p = 1. This problem is considered by Forrer and

Jeltsch [17]. Helzel et al. [29] test the same problem but with a Mach 2 shock.
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(a) Example 3.4.9

(− 0.5, 0.5) (0.5, 0.5)

(− 0.5,− 0.5) (0.5,− 0.5)

r= 0.2

(0, 0)

(b) Example 3.4.10

Figure 3.14: Left: Physical domain of flow past a cylinder in Example 3.4.9. Right: Physical
domain of shock reflection from a cylinder in Example 3.4.10. In both figures, the square points
indicate some of the grid points near the cylinder. Illustrative sketch, not to scale.
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(c) h = 1/160

Figure 3.15: Pressure contours of flow past a cylinder in Example 3.4.9, 20 contour lines from 2
to 15.

Table 3.8: L∞ entropy errors on the surface of the cylinder and rates of convergence in Example
3.4.9.

h L∞ error Order
1/20 1.68E-02
1/40 7.06E-03 1.25
1/80 1.88E-03 1.91
1/160 7.50E-04 1.33
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The computational domain is the upper half of the physical domain due to the

symmetry of the problem, see Figure 3.14(b). We apply our fifth order boundary

treatment in primitive variables with q = 20 in (3.34) at the surface of the cylinder.

Figure 3.16 shows the density contours at t = 0.18 with h = 1/320 and h = 1/640.

The density contour plot with h = 1/320 in Figure 3.16(a) agrees well with the result

computed on a mesh with h = 1/300 in Figure 11 of [17].
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(b) h = 1/640

Figure 3.16: Density contours of shock reflection from a circular cylinder in Example 3.4.10. 39
contours from 0 to 13.

2D reactive Euler equations

Example 3.4.11. We would like to test the accuracy of our boundary treatment for

2D reactive Euler equations in this example. Unfortunately, it is difficult to construct

an analytical solution with no-penetration boundary condition at rigid curved walls.

We construct isentropic flows so that we are able to measure the entropy errors. We

set the source term ω = 0 in (3.22) such that isentropic flows can be maintained

as long as the flows keep smooth. Namely, we only consider the transport of the

chemical reactants. The heat release is set to Q = 2.
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We consider a region [−4, 4] × [−4, 4] with all the boundaries as rigid walls.

A circular cylinder with unit radius is centered at the origin. The computational

domain is then Ω = [−4, 4] × [−4, 4] ∩ {(x, y) : x2 + y2 > 1}. The initial conditions

should be compatible with the no-penetration boundary condition at the rigid walls

and at the surface of the cylinder. For this purpose, we set

u(x, y, 0) = λ1(x, y)u1(x, y),

v(x, y, 0) =
1

2
[λ1(x, y)v1(x, y) + λ2(x, y)v2(x, y)] ,

where

λ1(x, y) =

(

4
√

2 − 1
)

(

√

x2 + y2 − 1
)

(

√

16 + y2 − 1
)

(√
16 + x2 − 1

)

,

λ2(x, y) =

√

x2 + y2(x2 − 16)(y2 − 16)
(

x2

x2+y2 − 16
)(

y2

x2+y2 − 16
) ,

u1(x, y) = sin
(π

4
x
)

sin2
(π

4
y
)

, (3.42)

v1(x, y) = u1(y, x),

v2(x, y) =
1

16

(

x2 + y2 − 1
)

sin
(π

4
x
)

.

The other initial conditions are ρ(x, y, 0) = p(x, y, 0) = 1 and

Y (x, y, 0) =
1

2

[

1 + sin2
(π

4
x
)

sin2
(π

4
y
)]

.

We apply our fifth order boundary treatment in primitive variables at the surface

of the cylinder and the reflection technique at the rigid walls. Figure 3.17 shows

the density contour with h = 1/20 at t = 0.5. The entropy errors in the region

[−3, 3]×[−3, 3] at the same time level are listed in Table 3.9. Fifth order convergence

is achieved.
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Figure 3.17: Density contour in Example 3.4.11. h = 1/20 and t = 0.5.

Table 3.9: Entropy errors in [−3, 3]× [−3, 3] and convergence rates in Example 3.4.11. t = 0.5.

h L1 error Order L∞ error Order
1/5 1.44E-03 5.67E-04
1/10 5.00E-05 4.84 2.72E-05 4.38
1/20 8.66E-07 5.85 5.03E-07 5.76
1/40 2.26E-08 5.26 1.81E-08 4.80
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Example 3.4.12. We start to consider problems involving detonations. It is a rapid

regime of burning in which a strong shock ignites the combustible mixture of gases

and the burning proceeds to equilibrium behind the shock, while the energy released

continues to help to drive the shock [56]. The first problem is the reflection of

detonation waves on a wedge, see [24, 66] for experiments and [49, 68] for numerical

simulations. The computational domain is sketched in Figure 3.18(a). A Zeldovich,

von Neumann and Doering (ZND) profile with T+ = 50, Q = 50, f = 1.0, γ =

1.2 is initially located at x = −118.2. Here f is the overdrive factor defined by

f = D2/D2
CJ, where D is the detonation velocity and DCJ is the velocity of the

corresponding Chapman-Jouguet wave. The constant prestate is (ρ, u, v, p, Y ) =

(1, 0, 0, 1, 1). See [6, 72] for details about the ZND profile. The density and pressure

fields of this profile are perturbed so that the instability of the flow results in the

development of triple points, whose trajectories form a cellular pattern [6, 18, 56].

The perturbation is in the region [−117.0,−115.8] × [0, 100] in which

ρ(x, y, 0) = p(x, y, 0) =











1.8 if y ∈ [20, 40] ∪ [60, 80],

0.2 otherwise.

Supersonic inflow and outflow boundary conditions are used at x = −120 and at

x = 120 respectively. The reflection technique is applied at y = 0 and at y = 100.

Our fifth order boundary treatment in conservative variables with q = 40 in (3.34)

is used at the surface of the wedge.

We first set the wedge angle θ = 19.3◦. We run the code until t = 28 with

h = 0.15. Figure 3.19(a) shows the cellular detonation pattern determined by record-

ing the history of the maximum pressure. The cellular pattern is similar to the ex-

perimental results in Figures 5, 10, 11 of [24] and the numerical results in Figure

8 of [68]. From Figure 3.19(a), we can observe the main feature of the detonation
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(− 120, 100) (120,100)

θ

(0, 0)(− 120, 0)

(a) Example 3.4.12

(− 5, 2.7)

(− dw, 0)

parabolic wall

(− 5,− 2.7)

(0, 0)

(b) Example 3.4.13

Figure 3.18: Left: Computational domain in Example 3.4.12. Right: Physical domain in Example
3.4.13. The computational domain is the upper half. Both are Illustrative sketches, not to scale.

wave reflection. There is a sharp dividing line, made up by a triple point trajectory,

emerging near the tip of the wedge and extending downstream. The detonation cells

below the line are smaller than those above the line and are distorted in shape.

Next, we increase the wedge angle to θ = 30◦ and keep other parameters un-

changed. The cellular pattern at t = 30 with h = 0.15 is shown in Figure 3.19(b).

As the experimental results in Figure 1(d) of [66], Figure 7 of [24] and the numerical

result in Figure 9 of [49], the cellular pattern is not clear in this case since the spatial

scale of the region between the wedge and the reflection of transverse waves is small.

However, the dividing line is still quite sharp.

Example 3.4.13. We consider the shock focusing problem. The physical domain is

sketched in Figure 3.18(b). The curve represents a rigid wall with parabolic shape.

A right-moving Mach 2.5 shock is initially positioned at x = −dw, where dw is the

depth of the parabolic wall. The preshock state is (ρ, u, v, p, Y ) = (0.2, 0, 0, 0.2, 1).

As the incident shock wave enters the cavity of the end-wall, there are local zones

with elevated pressure and temperature. The formation of such hot zones causes

self-ignition which is sometimes followed by detonation initiation. See [19] for exper-

iments and [3] for numerical simulations.
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(a) θ = 19.3◦

(b) θ = 30◦

Figure 3.19: Cellular patterns of detonation waves over a wedge of angle θ in Example 3.4.12.
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We set T+ = 20, Q = 50, and Kc = 30. The computational domain is the upper

half of the physical domain due to the symmetry of this problem. The reflection

technique is used at y = 0 and at y = 2.7. Supersonic inflow boundary condition is

used at the left boundary x = −5. Our fifth order boundary treatment in primitive

variables with q = 40 in (3.34) is applied at the parabolic wall.

In the first case, we consider a parabola y2 = −2.7x with dw = 2.7. The temper-

ature contours with h = 1/160 and h = 1/320 at different times are shown in Figure

3.20. At t = 0.8, a high temperature ignition zone is formed at the lateral surface

near the Mach stem (see the top row of Figure 3.20), which shows that focusing

induces exothermic reaction of combustible gases. The primary ignition starts and

the developing detonation waves are focused around the center line (see the middle

row). Similar structure persists until the detonation leaves the cavity of the end-wall

(see the bottom row).

In the second case, we consider a shorter parabola y2 = −4.5x with dw = 1.62.

Other parameters are kept the same. The temperature contours with h = 1/160 and

h = 1/320 at different times are shown in Figure 3.21. We again obtain convergent

solutions with good resolutions.

3.5 Moving boundary treatment for compressible

inviscid flows

The advantage of using fixed Cartesian mesh may best be shown by problems involv-

ing complex moving geometries. We consider Euler equations in moving geometries,

i.e., the domain Ω(t) varies with time t. To describe the boundary conditions, we
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(a) h = 1/160, t = 0.8 (b) h = 1/320, t = 0.8

(c) h = 1/160, t = 1.2 (d) h = 1/320, t = 1.2

(e) h = 1/160, t = 1.8 (f) h = 1/320, t = 1.8

Figure 3.20: Temperature contours of the shock focusing problem in Example 3.4.13. 29 contour
lines in the respective range. dw = 2.7. The color outside the computational domain is not relevant.
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(a) h = 1/160, t = 0.6 (b) h = 1/320, t = 0.6

(c) h = 1/160, t = 1.0 (d) h = 1/320, t = 1.0

(e) h = 1/160, t = 1.4 (f) h = 1/320, t = 1.4

Figure 3.21: Temperature contours of the shock focusing problem in Example 3.4.13. 29 contour
lines in the respective range. dw = 1.62. The color outside the computational domain is not
relevant.
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let Xb(a, t) represent the position vector (in Eulerian coordinates) of a point a on

Γ(t). Here a is the Lagrangian coordinate of the point determined by the condi-

tion Xb(a, 0) = a. We mainly consider rigid bodies moving at a prescribed motion.

Namely, Xb(a, t) and thus Ω(t) are explicitly given. The no-penetration boundary

condition for inviscid flows is then

u(x, t) · n(x, t) = Vb(t) · n(x, t), for all x = Xb(a, t) ∈ Γ(t), (3.43)

where Vb(t) = ∂Xb

∂t
is the prescribed velocity. Notice that Vb(t) is independent of a

for rigid bodies. The normal n(x, t) is defined as the same way as in Figure 3.6. If

the motion of a rigid body is induced by the fluid, the acceleration can be expressed

as

∂2Xb

∂t2
= − 1

Mb

∫

Γ(t)

pnds, (3.44)

where Mb is the rigid body mass. Although Xb(a, t) is not explicitly given in this

case, we can obtain it at each time level by integrating (3.44) in time.

There are two underlying issues with the moving boundary problem. First, the

no-penetration condition (3.43) is prescribed in the Lagrangian specification of nor-

mal velocity. Thus in the ILW procedure we should use material derivatives of

primitive variables, i.e., ρ, u, v, p, instead of Eulerian time derivatives of conserva-

tive variable U. Secondly, in expansion flows there may be grid points which are

outside Ω(tn−1) at the previous time level tn−1 but enter Ω(tn) at the current time

level tn. Such grid points are called newly emerging points. The newly emerging

points do not have any value at time level tn. To update their values to time level

tn+1, we not only need to construct their values at time level tn, but also need one

extra ghost point in each direction if we assume Γ(t) travels a distance of at most h
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in each direction from tn to tn+1, i.e.,

∆t <
h

maxt∈[tn,tn+1] ‖Vb(t)‖∞
. (3.45)

See Figure 3.22 for a demonstration of newly emerging points and ghost points. If

the same method is used to construct values of ghost points and newly emerging

points, there is actually no need to distinguish them in implementation. We only

need to construct values of four ghost points (instead of three ghost points for the

static boundary problem) in each direction at time level tn.

We start to describe a fifth order boundary treatment for the no-penetration

boundary condition (3.43) in which Xb(a, t) and thus Vb(t) are prescribed.

3.5.1 1D problems

We assume the right boundary is a moving rigid wall with prescribed position Xb(t)

and velocity Vb(t) = X ′
b(t). Since the boundary condition (3.43) is prescribed in

velocity u, we rewrite the Euler equations in terms of primitive variables

Wt + A(W)Wx = 0, (3.46)

where

W =













W1

W2

W3













=













ρ

u

p













, A(W) =













u ρ 0

0 u 1/ρ

0 ρc2 u













.

At time level t = tn, we have grid points x0 < . . . < xN−3 < xN−2 < xN−1 <

xN < Xb(tn) ≤ xN+1 < xN+2 < xN+3. We assume xN , . . . , xN+3 are the four ghost
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(a) 1D

(b) 2D

Figure 3.22: Newly emerging points and ghost points at time level tn.
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points in which xN is a newly emerging point, i.e., Xb(tn−1) < xN < Xb(tn), see

Figure 3.22(a). W1, . . . ,WN−1 have been updated from time level tn−1 to time level

tn. We would like to construct values of ghost points WN , . . . ,WN+3 by a fourth

order Taylor expansion

(Wm)j =
4
∑

k=0

(xj −Xb(tn))k

k!
W ∗(k)

m , m = 1, 2, 3, j = N, . . . , N + 3, (3.47)

whereW
∗(k)
m is a (5−k)th order approximation of the spatial derivative ∂kWm

∂xk

∣

∣

∣

x=Xb(tn), t=tn
.

We first do a local characteristic decomposition of the PDEs near the boundary

x = Xb(tn). A(WN−1) has three eigenvalues λN−1 = uN−1 − cN−1, λ2 = uN−1,

λ3 = uN−1 + cN−1 and a complete set of left eigenvectors lm(WN−1), m = 1, 2, 3,

which forms a left eigenmatrix

L(WN−1) =













l1(WN−1)

l2(WN−1)

l3(WN−1)













=













l1,1 l1,2 l1,3

l2,1 l2,2 l2,3

l3,1 l3,2 l3,3













.

The local characteristic variables Vm at grid points near the boundary are defined

by

(Vm)j = lm(WN−1)Wj , m = 1, 2, 3, j = N − 5, . . . , N − 1. (3.48)

Both V2 and V3 can be considered as outgoing, since their relative speeds to the

moving boundary are approximately 0 and cN−1 > 0 respectively. We extrapolate

(Vm)j , m = 1, 2, 3, to x = Xb(tn) with the fifth order WENO type extrapolation.

The extrapolated kth order derivative of Vm at the boundary is denoted by V
∗(k)
m ,

k = 0, . . . , 4. W
∗(0)
2 can be naturally imposed by W

∗(0)
2 = Vb(tn) = X ′

b(tn) according

to (3.43). The other two components, W
∗(0)
1 and W

∗(0)
3 , should be obtained by
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extrapolated values V
∗(0)
m . We have a linear system with W

∗(0)
m as unknowns













0 1 0

l2,1 l2,2 l2,3

l3,1 l3,2 l3,3

























W
∗(0)
1

W
∗(0)
2

W
∗(0)
3













=













X ′
b(tn)

V
∗(0)
2

V
∗(0)
3













. (3.49)

Next we try to find the spatial derivatives W
∗(1)
m with the ILW procedure for u,

together with the extrapolation of Vm, m = 2, 3. The second equation of (3.46) can

be written in Lagrangian form as

Du

Dt
+

1

ρ
px = 0,

where D
Dt

= ∂
∂t

+ u ∂
∂x

is the material derivative. Thus the material derivative of

u, which is actually X ′′
b (tn), can be converted to the spatial derivative px at the

boundary. We then have a linear system with W
∗(1)
m as unknowns













0 0 − 1

W
∗(0)
1

l2,1 l2,2 l2,3

l3,1 l3,2 l3,3

























W
∗(1)
1

W
∗(1)
2

W
∗(1)
3













=













X ′′
b (tn)

V
∗(1)
2

V
∗(1)
3













. (3.50)

Higher order derivatives W
∗(k)
m , k = 2, 3, 4, are obtained by extrapolation

L(WN−1)













W
∗(k)
1

W
∗(k)
2

W
∗(k)
3













=













V
∗(k)
1

V
∗(k)
2

V
∗(k)
3













. (3.51)

Notice that the numerical method we have described so far is for time level tn

only. We need to match the time levels when constructing values of ghost points in
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the two intermediate stages U
(1)
j and U

(2)
j of the RK method (2.8). The traditional

match of time U
(1)
j ∼ tn+1, U

(2)
j ∼ tn + ∆t/2 decreases the accuracy to second order

[9]. One idea is to update the position Xb and the velocity Vb at each RK stage by

(2.8)

X
(1)
b = Xb(tn) + ∆tX ′

b(tn),

V
(1)
b = X ′

b(tn) + ∆tX ′′
b (tn);

X
(2)
b =

3

4
Xb(tn) +

1

4
X

(1)
b +

1

4
∆tV

(1)
b

= Xb(tn) +
1

2
∆tX ′

b(tn) +
1

4
∆t2X ′′

b (tn),

V
(2)
b = X ′

b(tn) +
1

2
∆tX ′′

b (tn) +
1

4
∆t2X ′′′

b (tn).

The updated positions X
(i)
b and velocities V

(i)
b , i = 1, 2, instead of Xb(tn) and X ′

b(tn),

are used in the two intermediate stages. This time matching technique successfully

maintains third order accuracy in Lagrangian type schemes [10]. However, it is only

second order accurate if applied here. The reason is probably that our mesh does

not move with the fluid.

According to (3.3), we can achieve third order accuracy by the following match

of time

u(1) ∼ X ′
b(tn) + ∆t

∂u

∂t

∣

∣

∣

∣

x=Xb(tn), t=tn

, (3.52)

u(2) ∼ X ′
b(tn) +

1

2
∆t
∂u

∂t

∣

∣

∣

∣

x=Xb(tn), t=tn

+
1

4
∆t2

∂2u

∂t2

∣

∣

∣

∣

∣

x=Xb(tn), t=tn

. (3.53)

The Eulerian time derivatives can be obtained by a standard Lax-Wendroff proce-

dure, since all the necessary spatial derivatives have been obtained at time level tn.
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The expressions are

∂u

∂t
= −u∂u

∂x
− 1

ρ

∂p

∂x
, (3.54)

∂2u

∂t2
= −∂u

∂t

∂u

∂x
− u

∂2u

∂x∂t
+

1

ρ2

∂ρ

∂t

∂p

∂x
− 1

ρ

∂2p

∂x∂t
, (3.55)

where

∂2u

∂x∂t
= −

(

∂u

∂x

)2

− u
∂2u

∂x2
+

1

ρ2

∂ρ

∂x

∂p

∂x
− 1

ρ

∂2p

∂x2
,

∂ρ

∂t
= −u∂ρ

∂x
− ρ

∂u

∂x
,

∂2p

∂x∂t
= −(γ + 1)

∂p

∂x

∂u

∂x
− γp

∂2u

∂x2
− u

∂2p

∂x2
.

Our ILW procedure should also be adjusted in the two intermediate RK stages. We

write spatial derivatives in terms of Eulerian time derivatives instead of material

derivatives. For example, the first equation of (3.50) is replaced by

−W ∗(0)
2 W

∗(1)
2 − 1

W
∗(0)
1

W
∗(1)
3 =

∂u

∂t

∣

∣

∣

∣

x=Xb(tn), t=tn

+ ∆t
∂2u

∂t2

∣

∣

∣

∣

∣

x=Xb(tn), t=tn

(3.56)

in the first stage; replaced by

−W ∗(0)
2 W

∗(1)
2 − 1

W
∗(0)
1

W
∗(1)
3 =

∂u

∂t

∣

∣

∣

∣

x=Xb(tn), t=tn

+
∆t

2

∂2u

∂t2

∣

∣

∣

∣

∣

x=Xb(tn), t=tn

(3.57)

in the second stage.

Here we summarize our algorithm. We assume W1, . . . ,WN−1 have been updated

from time level tn−1 to time level tn. Our goal is to impose values of ghost points

WN , . . . ,WN+3 at time level tn and at the two intermediate RK stages.

For time level tn:
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1. Do a local characteristic decomposition of the Euler equations (3.46). Form

the characteristic variables (Vm)j , m = 1, 2, 3, j = N − 5, . . . , N − 1, as in

(3.48). Extrapolate (Vm)j to the boundary to obtain V
∗(k)
m , k = 0, . . . , 4, with

the WENO type extrapolation. Solve for W
∗(0)
m , m = 1, 2, 3, in (3.49).

2. Use the ILW procedure with material derivatives and the extrapolation equa-

tions to form linear system (3.50). Solve for W
∗(1)
m , m = 1, 2, 3.

3. For k = 2, 3, 4, form linear system (3.51). Solve for W
∗(k)
m , m = 1, 2, 3.

4. Use the standard Lax-Wendroff procedure (3.54) and (3.55) to compute ∂u
∂t

and

∂2u
∂t2

at the boundary respectively.

5. Impose the values of the ghost points by the Taylor expansion (3.47).

For the first and second intermediate RK stages:

6. Do Step 1 but replace X ′
b(tn) in (3.49) by the right-hand side of (3.52) and

(3.53) respectively.

7. Form linear system (3.50) but replace the first equation by (3.56) and (3.57)

respectively. Solve for W
∗(1)
m , m = 1, 2, 3.

8. Do Step 3 and then do Step 5.

3.5.2 2D problems

We assume the values of all the grid points inside Ω(tn−1) have been updated by the

interior scheme from time level tn−1 to time level tn. At time level tn, we set up the

local coordinate system (3.24) with origin P0 = x0 for each ghost point P = (xi, yj).
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In this local coordinate system, the Euler equations are written in terms of primitive

variable as

∂Ŵ

∂t
+ A(Ŵ)

∂Ŵ

∂x̂
+ B(Ŵ)

∂Ŵ

∂ŷ
= 0, (3.58)

where

Ŵ =



















Ŵ1

Ŵ2

Ŵ3

Ŵ4



















=



















ρ

û

v̂

p



















, A(Ŵ) =



















û ρ 0 0

0 û 0 1
ρ

0 0 û 0

0 ρc2 0 û



















, B(Ŵ) =



















v̂ 0 ρ 0

0 v̂ 0 0

0 0 v̂ 1
ρ

0 0 ρc2 v̂



















.

Our ILW procedure is carried out by the use of (3.58).

For a fifth order boundary treatment, the value of the ghost point P = (xi, yj) is

imposed by the Taylor expansion

(Ŵm)i,j =

4
∑

k=0

∆k

k!
Ŵ ∗(k)

m , m = 1, . . . , 4, (3.59)

where ∆ is the x̂-coordinate of P and Ŵ
∗(k)
m is a (5 − k)th order approximation of

the normal derivative ∂kŴm

∂x̂k

∣

∣

∣

(x,y)=x0, t=tn
. We assume Ŵ0 is the value of a grid point

nearest to P0 among all the grid points inside Ω(tn−1). A(Ŵ0) has four eigenvalues

λ1 = û0 − c0, λ2 = λ3 = û0, λ4 = û0 + c0 and a complete set of left eigenvectors
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lm(Ŵ0), m = 1, . . . , 4, which forms a left eigenmatrix

L(Ŵ0) =



















l1(Ŵ0)

l2(Ŵ0)

l3(Ŵ0)

l4(Ŵ0)



















=



















l1,1 l1,2 l1,3 l1,4

l2,1 l2,2 l2,3 l2,4

l3,1 l3,2 l3,3 l3,4

l4,1 l4,2 l4,3 l4,4



















.

The characteristic variables Vm, m = 1, . . . , 4, at grid points near P0 can be defined

by

(Vm)µ,ν = lm(Ŵ0)Ŵµ,ν , m = 1, . . . , 4, (xµ, yν) ∈ Ei,j, (3.60)

where Ei,j ⊂ Ω(tn−1) is a set of grid points used for extrapolation. We extrapolate

(Vm)µ,ν to P0 and denote the extrapolated kth order x̂-derivative of Vm by V
∗(k)
m ,

k = 0, . . . , 4. The constant term Ŵ
∗(0)
m , m = 1, . . . , 4, is solved by a linear system of

equations



















0 1 0 0

l2,1 l2,2 l2,3 l2,4

l3,1 l3,2 l3,3 l3,4

l4,1 l4,2 l4,3 l4,4





































Ŵ
∗(0)
1

Ŵ
∗(0)
2

Ŵ
∗(0)
3

Ŵ
∗(0)
4



















=



















Vb(tn) · n(x0, tn)

V
∗(0)
2

V
∗(0)
3

V
∗(0)
4



















. (3.61)

Next, we take the first material derivative D
Dt

= ∂
∂t

+ û ∂
∂x̂

+ v̂ ∂
∂ŷ

of (3.43) and

obtain

Dû

Dt
+ û · Dn

Dt
=

d

dt
(Vb · n) ,

where û = (û, v̂)T . Converting the material derivative Dû
Dt

to spatial derivatives by

the second equation of (3.58), we have

∂p

∂x̂
= ρ

[

û · Dn

Dt
− d

dt
(Vb · n)

]

.
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The right-hand side of the above equation is already known if evaluated at P0. As a

result, Ŵ
∗(1)
m , m = 1, . . . , 4, can be solved by



















0 0 0 1

l2,1 l2,2 l2,3 l2,4

l3,1 l3,2 l3,3 l3,4

l4,1 l4,2 l4,3 l4,4





































Ŵ
∗(1)
1

Ŵ
∗(1)
2

Ŵ
∗(1)
3

Ŵ
∗(1)
4



















= b, (3.62)

where

b =





















Ŵ
∗(0)
1

[

(

Ŵ
∗(0)
2 , Ŵ

∗(0)
3

)T

· Dn

Dt
− d

dt
(Vb · n)

]∣

∣

∣

∣

(x,y)=x0, t=tn

V
∗(1)
2

V
∗(1)
3

V
∗(1)
4





















.

Higher order spatial derivatives Ŵ
∗(k)
m , k = 2, 3, 4, can be obtained by extrapola-

tion

L(Ŵ0)


















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Ŵ
∗(k)
2

Ŵ
∗(k)
3

Ŵ
∗(k)
4



















=



















V
∗(k)
1

V
∗(k)
2

V
∗(k)
3

V
∗(k)
4



















. (3.63)

We have finished describing our approach for the time level tn. For the two

intermediate RK stages, we follow the same time matching technique as for 1D

problems.

We now summarize our fifth order boundary treatment for the boundary condi-

tion (3.43) in 2D with a prescribed boundary motion. We assume the values of all
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the grid points inside Ω(tn−1) have been updated by the interior scheme from time

level tn−1 to time level tn. Our goal is to impose the value of (Ŵm)i,j, m = 1, . . . , 4,

for each ghost point (xi, yj) at time level t = tn and at the intermediate RK stages.

For time level tn:

1. Decide the local coordinate system (3.24). Do a local characteristic decomposition

of the Euler equations (3.58). Form the characteristic variables (Vm)µ,ν , m =

1, . . . , 4, (µ, ν) ∈ Ei,j, as in (3.60). Extrapolate (Vm)µ,ν to the boundary to obtain

V
∗(k)
m , k = 0, . . . , 4, with WENO type extrapolation. Solve for Ŵ

∗(0)
m ,m = 1, . . . , 4,

in (3.61).

2. Use the ILW procedure with material derivatives and the extrapolation equations

to form linear system (3.62). Solve for Ŵ
∗(1)
m , m = 1, . . . , 4.

3. For k = 2, 3, 4, solve for Ŵ
∗(k)
m , m = 1, . . . , 4, in (3.63).

4. Use a standard Lax-Wendroff procedure to compute ∂û
∂t

∣

∣

(x,y)=P0, t=tn
and ∂2û

∂t2

∣

∣

∣

(x,y)=P0, t=tn
.

5. Impose the values of the ghost points by the Taylor expansion (3.59).

For the first and second intermediate RK stages:

6. Do Step 1 but replace Vb(tn) · n(x0, tn) in (3.61) by

Vb(tn) · n(x0, tn) + ∆t
∂û

∂t

∣

∣

∣

∣

(x,y)=P0, t=tn
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and

Vb(tn) · n(x0, tn) +
∆t

2

∂û

∂t

∣

∣

∣

∣

(x,y)=P0, t=tn

+
∆t2

4

∂2û

∂t2

∣

∣

∣

∣

∣

(x,y)=P0, t=tn

, (3.64)

respectively.

7. Form linear system (3.62) but replace the first equation by

−Ŵ ∗(0)
2 Ŵ

∗(1)
2 − Ŵ

∗(1)
4

Ŵ
∗(0)
1

=
∂û

∂t

∣

∣

∣

∣

(x,y)=P0, t=tn

+ ∆t
∂2û

∂t2

∣

∣

∣

∣

∣

(x,y)=P0, t=tn

+ Ŵ
∗(0)
3

∂û

∂ŷ

and

−Ŵ ∗(0)
2 Ŵ

∗(1)
2 − Ŵ

∗(1)
4

Ŵ
∗(0)
1

=
∂û

∂t

∣

∣

∣

∣

(x,y)=P0, t=tn

+
∆t

2

∂2û

∂t2

∣

∣

∣

∣

∣

(x,y)=P0, t=tn

+ Ŵ
∗(0)
3

∂û

∂ŷ
,

respectively. Solve for Ŵ
∗(1)
m , m = 1, . . . , 4.

8. Do Step 3 and then do Step 5.

If the motion of a rigid body is not prescribed but induced by the fluid, our

algorithm should be adjusted as follows. Before Step 2, we compute dVb

dt
= ∂2Xb

∂t2
by

(3.44), since we have obtained pressure p at P0 on Γ(tn) for all the ghost points. The

integral in (3.44) can be calculated by the trapezoidal rule, for example. Notice that

integrating (3.44) in time by the RK method (2.8), we can obtain Xb(a, tn+1) and

Vb(tn+1) so that our algorithm can be continued at next time level tn+1.

We finally remark that the boundary treatment for moving geometries can clearly

be applied to static geometries as well. This provides an alternative to the method

developed in Section 3.4.
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3.5.3 Numerical examples

In this section, we show some numerical examples to demonstrate that our fifth

order boundary treatment is indeed high order accurate for moving geometries. Our

method also performs well for problems involving interactions between shocks and

moving rigid bodies. For accuracy tests, we take ∆t = O(h5/3) in the third order

RK time integration (2.8) in order to have fifth order accuracy in time. For other

cases, we take ∆t = O(h) and the CFL number as 0.6, unless otherwise indicated.

(3.45) is implied by the CFL conditions in all our examples. The specific heat ratio

γ in Euler equations is taken as γ = 1.4 and the power q in (3.15) or (3.34) is taken

as q = 3, unless otherwise indicated. The L1 error and L∞ error are defined as

h2
∑

{(i,j):(xi,yj)∈D} |ei,j| and max{(i,j):(xi,yj)∈D} |ei,j | respectively. Here ei,j denotes the

pointwise error and D is the region where the errors are measured. D = Ω(t) unless

otherwise indicated.

Example 3.5.1. We consider a gas confined between two rigid walls. The right

wall is fixed at xr = 1.0 while the left wall is moving. We assume the left wall is

positioned at xl(t). The initial conditions are

ρ(x, 0) = 1 + 0.2 cos [2π (x− 0.5)] ,

u(x, 0) = x− 1,

p(x, 0) = ρ(x, 0)γ,

such that the initial entropy s(x, 0) = 1. Here γ = 1.4 is the specific heat ratio. As

long as the solution stays smooth, we have isentropic flow, i.e., s(x, t) = 1. Thus

the numerical value of the entropy can be used for the analysis of convergence. This

example is considered by Forrer et al. [16] and later by Arienti et al. [2] and Hu et

al. [30]. Second order convergence in total entropy is reported in all three papers.
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However, the error of the entropy at the left moving wall falls short of second order

in [2, 30].

In our first case, we set xl(t) = 0.5(1−t) such that the wall moves with a constant

speed. Our fifth order boundary treatment is used at the left moving boundary while

the standard reflection technique is used at the right fixed boundary. We measure

the L1 errors and L∞ errors in entropy at t = 0.5. We can see from the left part of

Table 3.10 that our method achieves the designed fifth order accuracy even near the

moving boundary.

Table 3.10: Entropy errors and convergence rates in Example 3.5.1. t = 0.5.

h xl(t) = 0.5(1 − t) xl(t) = 0.5(1 − sin t)
L1 error order L∞ error order L1 error order L∞ error order

1/40 7.47E-07 1.24E-06 7.31E-07 1.35E-06
1/80 1.17E-08 5.99 2.88E-08 5.43 1.16E-08 5.98 2.82E-08 5.59
1/160 3.49E-10 5.07 6.36E-10 5.50 3.45E-10 5.07 6.19E-10 5.51
1/320 9.55E-12 5.19 1.72E-11 5.21 9.88E-12 5.12 3.67E-11 4.08

In our second case, we set xl(t) = 0.5(1− sin t). Now the speed of the wall varies

in time. The right part of Table 3.10 shows the entropy errors at t = 0.5. We can

see that we still achieve the designed fifth order accuracy in the L1 norm. However,

the convergence rate of L∞ errors decays to fourth order on refined meshes.

Example 3.5.2. This is a 1D problem involving shocks and rarefaction waves. A

piston with width 10h is initially centered at x = −5h inside a shock tube. The piston

instantaneously moves with a constant velocity up = 2 into an initially quiescent fluid

with ρ = 1 and p = 5/7. This problem is equivalent to two independent Riemann

problems and thus the exact solution can be obtained [42]. A shock forms ahead of

the piston and a rarefaction wave forms in the rear. A 3D version of this problem is

considered by Murman et al. [48]. Shyue [62] tests a 2D moving piston problem with

a different Mach number. We take h = 0.25, the same mesh size as in [48], and set
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the CFL number to be 0.5. The density and pressure profiles at t = 11 are plotted

in Figure 3.23, together with the exact solution. Our approach predicts the correct

shock location on this relatively coarse mesh, indicating that the mass, momentum,

and energy loss through the piston is quite small. Moreover, our numerical density

does not suffer from the undershoot just ahead of the piston which appears in Figure

10(a) of [48] and in Figure 3 of [62]. The numerical solution of the rarefaction wave

also agrees well with the exact solution.
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Figure 3.23: Density and pressure profiles in Example 3.5.2. The piston is represented by the
rectangle. Solid lines: exact solutions; Symbols: numerical solutions with h = 0.25.

Example 3.5.3. This example involves 2D flows in complex moving geometries.

We follow the idea in Example 3.4.11 to construct isentropic flows such that we are

able to measure the entropy errors and to analyze the rate of convergence. The

computational domain is [−4, 4] × [−4, 4] with all the boundaries as rigid walls. A

rigid cylinder with radius R = 1 is initially centered at (0, 0) and starts moving.

The center of the cylinder is positioned at Xc(t). We use our fifth order boundary

treatment at the surface of the moving cylinder and the reflection technique at the

fixed walls.

The initial conditions should be consistent with the no-penetration boundary
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condition (3.43). For this purpose, we define

ũ(x, y) = λ1(x, y)u1(x, y) + λ2(x, y)
2,

ṽ1(x, y) = λ1(x, y)v1(x, y) + λ2(x, y)v2(x, y),

ṽ2(x, y) = λ1(x, y)v1(x, y) + λ2(x, y)
2.

See (3.42) for the expressions for u1(x, y), λ1(x, y), λ2(x, y), v1(x, y), and v2(x, y).

In our first case, we take Xc = (−0.5 sin t, 0) such that the cylinder moves

horizontally. The initial conditions are ρ(x, y, 0) = 1, u(x, y, 0) = −0.5ũ(x, y),

v(x, y, 0) = 0.5ṽ1(x, y), and p(x, y, 0) = 1. We run the test to time t = 0.7 when

the solution keeps smooth. Figure 3.24(a) shows the density contour plot at t = 0.7

with h = 1/40. We can see that the density ahead of the cylinder is generally

larger than its initial value due to the compression. A shock will start to develop

shortly afterwards. The left part of Table 3.11 lists the entropy errors in the region

[−2, 2] × [−2, 2]. The designed fifth order convergence is achieved in the L1 norm.

(a) Xc = (−0.5 sin t, 0), t = 0.7 (b) Xc = (−0.5 sin t, 0.3t), t = 0.5

Figure 3.24: Density contours in Example 3.5.3. h = 1/40.
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Table 3.11: Entropy errors and convergence rates in Example 3.5.3. Errors are computed in the
region [−2, 2]× [−2, 2].

h Xc = (−0.5 sin t, 0), t = 0.7 Xc = (−0.5 sin t, 0.3t), t = 0.5
L1 error order L∞ error order L1 error order L∞ error order

1/5 4.11E-03 2.47E-03 3.93E-03 1.79E-03
1/10 3.86E-04 3.41 3.60E-04 2.78 4.05E-04 3.28 1.93E-04 3.21
1/20 1.21E-05 5.00 1.12E-05 5.00 1.20E-05 5.07 9.20E-06 4.39
1/40 2.43E-07 5.64 6.08E-07 4.21 2.21E-07 5.77 3.73E-07 4.62

In the second case, we take Xc = (−0.5 sin t, 0.3t) such that the cylinder moves

in the 2D space. The initial conditions are ρ(x, y, 0) = 1, u(x, y, 0) = −0.5ũ(x, y),

v(x, y, 0) = 0.3ṽ2(x, y), and p(x, y, 0) = 1. At t = 0.5, the density contour plot

with h = 1/40 is shown in Figure 3.24(b) and the entropy errors in the region

[−2, 2]× [−2, 2] are listed in the right part of Table 3.11. Fifth order convergence is

again achieved in the L1 norm.

Example 3.5.4. The last example shows that our high order method can also treat

a rigid body whose motion is induced by the fluid. We test the so-called cylinder

lift-off problem which is first proposed by Falcovitz et al. [15] and considered in

[2, 16, 30, 62] later. In this problem, a rigid cylinder initially resting on the floor

of a 2D channel is driven and lifted by a strong shock. The problem setup is the

same as in [2, 16, 62]. The computational domain is [0, 1]× [0, 0.2]. A rigid cylinder

with radius 0.05 and density 10.77 is initially centered at (0.15, 0.05). A Mach 3

shock starts at x = 0.08 moving towards the cylinder. The density and pressure of

the resting gas are ρ = 1.4 and p = 1.0 respectively. The top and bottom of the

domain are rigid walls. The left boundary is set to the post-shock state and the right

boundary is supersonic outflow.

We use our fifth order boundary treatment with q = 20 in (3.34) at the surface of

the moving cylinder and the reflection technique at the top and bottom walls. Since

the cylinder initially rests exactly on the floor, a stencil for high order extrapolation
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may be too wide to be contained in the computational domain. We have to use low

order extrapolation in this situation and turn to high order extrapolation otherwise.

We list the center of the cylinder at two fixed times for different meshes in Table

3.12. The results imply convergence. We plot pressure contours at t = 0.1641 and

t = 0.30085 in Figure 3.25 and Figure 3.26 respectively. The flow structures agree

with those in [2, 30, 62].

Table 3.12: Center of the cylinder in Example 3.5.4.

h t = 0.1641 t = 0.30085
x-coordinate y-coordinate x-coordinate y-coordinate

1/320 3.5878E-01 8.4001E-02 6.4601E-01 1.4713E-01
1/640 3.5542E-01 8.3778E-02 6.3708E-01 1.4717E-01
1/1280 3.5434E-01 8.3827E-02 6.3320E-01 1.4640E-01
1/2560 3.5422E-01 8.4140E-02 6.3357E-01 1.4624E-01
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Figure 3.25: Pressure contours of the cylinder lift-off problem in Example 3.5.4, 53 contours from
2 to 28. t = 0.1641.
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Figure 3.26: Pressure contours of the cylinder lift-off problem in Example 3.5.4, 53 contours from
2 to 28. t = 0.30085.

3.6 Concluding remarks

In this chapter, we develop the ILW procedure for numerical boundary conditions of

hyperbolic equations. It is based on Cartesian grids, which is very challenging for

accurate and stable boundary treatment because of the wide stencil of the interior

WENO scheme and the fact that the physical boundary is not necessarily aligned

with the grids. Our method is high (up to fifth) order accurate, stable, and easy to

implement. It has been successfully applied to simulate interactions between com-

pressible inviscid flows and rigid (static or moving) bodies with complex geometries.

Standard CFL conditions determined by the interior WENO schemes are used in our

numerical experiments without any problems. A theoretical proof of the time step

restriction remains to be done by the GKS analysis.

The challenge of high order boundary treatment is not limited to finite differ-

ence schemes. Even for finite element type methods, difficulties sometimes arise if
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unstructured, straight-sided meshes are used to fit curved, static geometries, see [4].

Krivodonova and Berger [37] propose an accurate implementation of no-penetration

boundary condition for Discontinuous Galerkin (DG) methods on such meshes. We

will try to extend our boundary treatment to DG methods on rectangular meshes in

our future work.

We have only considered the interaction between compressible inviscid flows and

rigid bodies without deformation. In general fluid-structure interaction problems,

the fluids can be viscous and the geometrically complicated structures are considered

to be elastic or plastic. A closely related problem is the multi-fluid problem that

involves internal boundaries separating different fluids. Low order coupling methods

have been developed. See [2] for a coupling of compressible inviscid flows and elastic

solids, and [30] for a multi-fluid coupling. Our high order boundary treatment looks

promising for more accurate couplings in both types of problems.



Chapter Four

Simulation of the updated

Buxton-Clarke model for organic

photovoltaic cells
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This chapter focuses on the application of finite difference WENO schemes to the

simulation of organic photovoltaic (OPV) cells.

4.1 Introduction

In the past decade, OPV cells have emerged as an intensely studied alternative energy

technology. However, their relatively low efficiency [55] is a major factor limiting their

practical use at this time. We refer the reader to [45] for a review of device operation,

materials requirements, and current technical challenges in making more efficient

organic solar cells. Modeling of OPV cells can be achieved by adaptation of the

classical drift-diffusion models, which are originally developed for solid-state devices

[32]. Replacement of crystalline solid-state materials by organic materials leads to

much slower carrier mobility and to a new carrier: the exciton, which is a bound

electron-hole pair. The Buxton-Clarke (BC) model [8] includes electrons, holes,

and excitons, together with generation, dissociation, and recombination mechanisms

connecting these carriers, partially induced by device illumination.

We propose an updated BC model that explicitly incorporates the charge transfer

(CT) state that has been shown to influence device performance. The updated model

allows us to evaluate two commonly studied OPV architectures, the bilayer (BL) and

blended bulk heterojunction (BHJ). Moreover, we introduce a large effective mobility

to properly capture dissociation while keeping the bulk mobilities at standard values

for evaluation of the continuity equations.

From a mathematical point of view, the updated BC model is represented by

a system of convection-diffusion-reaction equations coupled to a Poisson’s equation.
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The solution is usually continuous but may contain sharp gradients. Finite difference

WENO schemes are well suited for solving such problems because they allow us to

use relatively coarse grids and still get very accurate results without any oscillation

near sharp gradient regions.

The goals of our modeling include quantifying the efficiency losses engendered by

the low mobility of the materials comprising OPV systems. We compare the BL and

BHJ architectures and separately investigate the sensitivity of each architecture to

mobility.

This chapter is organized as follows. We first introduce our updated BC model

in Section 4.2. The equations are properly scaled for computation. Then the finite

difference WENO schemes for solving the system of equations are described in Section

4.3. Three sets of simulations are presented in Section 4.4: dark current simulation

for determining the value of a crucial parameter, model validation and verification,

and comparison study to investigate the effect of mobility on device performance.

Finally, concluding remarks are given in Section 4.5.

4.2 Updated Buxton-Clarke model

4.2.1 Continuity equations

The densities of electrons n, holes p, excitons X, and CT state I are described by

continuity equations, where the electric field E is expressed by the Poisson’s equation
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of the electric potential φ:

nt = D(E, I) − R(n, p) + (µnEn)x + UT (µnnx)x , (4.1)

pt = D(E, I) − R(n, p) − (µpEp)x + UT (µppx)x , (4.2)

Xt = G(x) − kcap(x)X − kR,XX + UT (µXXx)x , (4.3)

It = −D(E, I) + kcap(x)X − kR,II, (4.4)

φxx = −q(p− n)

ε0εr(x)
, E = −φx. (4.5)

The quantities G, D, and R are the exciton photo-generation rate, the exciton disso-

ciation rate, and the carrier recombination rate respectively. G is determined by the

experimental photo flux; D is modeled by Braun’s adaptation of Onsager’s theory of

geminate dissociation; and R is the traditional Langevin bimolecular recombination

rate. The carrier mobilities are represented by µn and µp. The pseudo-mobility

of excitons, with adjusted units of mobility, is denoted µX . The thermal voltage

UT = kBT0/q, where kB is the Boltzmann constant, T0 is the ambient temperature,

and q is the unit charge. ε0 is the vacuum permittivity whereas εr is the relative

permittivity. The terms kcap, kR,X , and kR,I are introduced later.

Compared with the original BC model [8], the updated model incorporates the

CT state dynamics. A recombination term R(n, p)/4 is removed from the equa-

tion for X, since there is no physical basis for supposing that the recombination of

electrons and holes recreates excitons.

4.2.2 Expressions

1. Recombination [8]: R(n, p) = q(µn+µp)
ε0εr

np.
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2. Modified Onsager-Braun dissociation:

D(E, I) =
3µEffq

4πε0εra3
exp

(

− EB

kBT0

)

Φ (b (|E|)) I,

where

EB =
q2

4πε0εra
,

b (|E|) =
q3|E|

8πε0εrk
2
BT

2
0

,

and Φ is given in terms of the Bessel function J1 of order one by

Φ(u) = J1(2
√
−2u)/

√
−2u, u 7→ b (|E|) .

Compared with the original Onsager-Braun model [7], the sum of mobilities is

replaced by a large effective mobility µEff.

3. Exciton photo-generation [14]:

G(x) = α0Γ0 exp (−α0x) .

4. Coulomb radius [53]: rC = q2

4πεrε0kBT0
.

4.2.3 Geometry

We consider a 1D device with length d = 100nm. The illumination site is at x = 0

and the electron collection site is at x = d. The donor material occupies the region

(0, d/2) and the acceptor region occupies (d/2, d).
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The parameters kcap(x) and εr(x) carry an x dependence:

kcap(x) =











0, |x− xI | > LBlend,

kcap,0, |x− xI | ≤ LBlend;

εr(x) =























εD, 0 < x < xI − LBlend,

(εD + εA)/2, |x− xI | ≤ LBlend,

εA, xI + LBlend < x < d,

where xI = d/2 is the location of the interface. The introduction of spatially depen-

dent kcap and εr is unique to this study. It allows us to evaluate systems in the limit

of a perfect BL (LBlend = 0) and a perfect BHJ (LBlend = d/2).

4.2.4 Boundary conditions and initial conditions

Boundary conditions

Schottky barrier condition [53] is imposed at both x = 0 and x = d for electron and

hole. The barrier concentration is field dependent and is given as

n|x=0 = 4ψ2N0 exp

(

−φAn,n

qUT

)

exp(f 1/2),

n|x=d = 4ψ2N0 exp

(

−φCat,n

qUT

)

exp(f 1/2),

p|x=0 = 4ψ2N0 exp

(

−φAn,p

qUT

)

exp(f 1/2),

p|x=d = 4ψ2N0 exp

(

−φCat,p

qUT

)

exp(f 1/2),

where

f =
q|E|rC

kBT0
, (4.6)
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ψ(f) = f−1 + f−1/2 − f−1(1 + 2f 1/2)1/2,

φAn,n = EAD − Ef,An,

φCat,n = EAA − Ef,Cat,

φAn,p = Ef,An + IPD,

φCat,p = Ef,Cat + IPA.

See Figure 4.1 for a schematic description of energies relevant to boundary conditions.

N0 is the surface density and is a critical parameter. Its value is obtained by fine-

tuning the dark current, see Section 4.4.1.

Figure 4.1: Schematic description of energies relevant to boundary conditions.

A homogeneous Dirichlet boundary condition is imposed for the exciton

X|x=0 = X|x=d = 0.

No boundary condition is needed for the CT state I since (4.4) is actually an ODE.
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The boundary condition for the electric potential is

φ|x=0 = VTot,

φ|x=d = 0,

where the total voltage is the sum of the built-in voltage VBI and the bias VExt

VTot = VBI + VExt (4.7)

= (Ef,An − Ef,Cat) + VExt.

Initial conditions

n = p = X = I = 0 at t = 0.

4.2.5 Parameters

We summarize the definition of parameters in Table 4.1. Representative values of

the parameters are listed in Table 4.2. Some values may change in our comparison

studies.

4.2.6 Scaled equations

Since the variables in the updated BC model are of different orders of magnitude and

can vary considerably throughout the heterogeneous system, we scale the equations

(4.1)–(4.5) before solving it numerically. The space variable x is scaled by a0 =
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variable definition
q unit charge
ε0 vacuum permittivity
kB Boltzmann constant
T0 ambient temperature
εA relative permittivity of the acceptor
εD relative permittivity of the donor
µn electron mobility
µp hole mobility
µX exciton pseudo-mobility
µEff effective local mobility for dissociation
kcap,0 rate constant for capture of excitons at interface
kR,I recombination rate constant of interfacial species
kR,X decay rate constant of exciton
a thermalization radius
α0 absorption coefficient
Γ0 photon flux
xI location of donor-acceptor interface

LBlend region of interfacial blending
Ef,An Fermi level of the anode
Ef,Cat Fermi level of the cathode
IPD ionization potential of the donor
IPA ionization potential of the acceptor
EAD electron affinity of the donor
EAA electron affinity of the acceptor
N0 surface density of electrons/holes

Table 4.1: Physical meaning of the parameters in the updated BC model.
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variable value units
q 1.60 × 10−19 C
ε0 8.85×10−12 C·V−1 · m−1

kB 1.38 × 10−23 J·K−1

T0 300 K
εA 4 unitless
εD 3 unitless
µn 1 × 10−9 m2 · V−1 · s−1

µp 1 × 10−9 m2 · V−1 · s−1

µX 3.86 × 10−6 m2 · V−1 · s−1

µEff 1 × 10−5 m2 · V−1 · s−1

kcap,0 3 × 1012 s−1

kR,I 1 × 109 s−1

kR,X 1 × 109 s−1

a 2 × 10−9 m
α0 2 × 107 m−1

Γ0 1 × 1021 photons·m−2 · s−1

xI 50 × 10−9 m
LBlend 0, 50 × 10−9 m
Ef,An −5 eV
Ef,Cat −4 eV
IPD 5.25 eV
IPA 6 eV
EAD −3 eV
EAA −3.75 eV
N0 1 × 1027 m−3

Table 4.2: Representative values of the parameters in the updated BC model. Some values may
change in our comparison studies.
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1nm = 10−9m. The carrier densities n, p, X, and I are scaled by N = ε0UT /(qa
2
0).

The electric potential φ is scaled by UT and thus the electric field E is scaled by

UT/a0. The mobilities µn, µp, µX , and µEff are scaled by µmax = 10−8m2/V/s. The

time t is scaled by a2
0/(µmaxUT ) and thus kcap, kR,X , and kR,I are scaled by µmaxUT/a

2
0.

The updated BC model is written in a scaled form as

∂n

∂t
= D(E, I) − R(n, p) +

∂Jn

∂x
, (4.8)

∂p

∂t
= D(E, I) − R(n, p) − ∂Jp

∂x
, (4.9)

∂X

∂t
= G(x) − kcap(x)X − kR,XX + µX

∂2X

∂x2
, (4.10)

∂I

∂t
= −D(E, I) + kcap(x)X − kR,II, (4.11)

φxx = −p− n

εr(x)
, E = −φx, (4.12)

where

Jn = µnEn + µnnx, (4.13)

Jp = µpEp− µppx, (4.14)

are called charge fluxes. qJn and qJp are electron and hole current densities respec-

tively. Charge fluxes are scaled by µmaxUTN/a0.

The scaled terms D, R, and G are given as

D(E, I) =
3

32πεr

µEff

Na3
0

exp

(

− 1

8πεr

1

Na3
0

)

Φ (b (|E|)) I, b (|E|) =
1

8πεr

|E|
Na3

0

,

R(n, p) =
µn + µp

εr
np,

G(x) =
α0Γ0a

2
0

NµmaxUT
exp [−(α0a0)x].
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The scaled f in (4.6) is

f =
1

4πεr

1

Na3
0

|E| .

4.3 Numerical methods

We use finite difference WENO schemes to solve the scaled equations (4.8)–(4.12).

We are mainly interested in the solutions at steady state. In particular, we would

like to find the relation between the bias VExt defined in (4.7) and the total current

density JT defined as

JT = q(Jn + Jp) (4.15)

= q(µnEn + µnnx + µpEp− µppx).

We have a uniform mesh xi = i∆x with mesh size ∆x = 1nm. At each time step,

we first solve the Poisson’s equation (4.12). We discretize the Laplacian ∂2

∂x2 by a

second order central scheme

φi−1 − 2φi + φi+1

∆x2
= −pi − ni

εr(xi)
.

Together with Dirichlet boundary conditions for φ, we are able to solve φi and thus

Ei = (φi+1 − φi−1)/2∆x at current time level.

We next would like to evolve the continuity equations (4.8)–(4.11) to the next

time level. (4.10) has no convection term. Thus the diffusion term ∂2X
∂x2 is discretized
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by the second order central difference

∂2X

∂x2
≈ Xi+1 − 2Xi +Xi−1

∆x2
.

The approximations to the “fluxes” −Jn in (4.8) and Jp in (4.9) are obtained by

WENO schemes. The first derivatives involved in (4.13) and (4.14) are evaluated

by a second order central difference approximation. The remaining procedure for

computing the numerical “fluxes” is the same as described in Section 2.1. With the

right-hand side of the equations (4.8)–(4.11) discretized, we are ready to evolve the

equations to the next time level by the RK method (2.8). The whole procedure will

be repeated until we reach steady state.

4.4 Numerical results

4.4.1 Fine-tuning dark current

The dark current is the total current density in the device if we turn Γ0 off, i.e.,

Γ0 = 0. In practice, its magnitude is usually in the range of several mA/cm2. In our

model, the dark current is very sensitive to the surface parameter N0 in the Schottky

barrier condition, which is usually in the range of 1026 ∼ 1027m−3. We would like to

fine-tune the value of N0 such that the dark current is in the range of [0, 3mA/cm2].

We set N0 = 2×1026, 4×1026, . . . , 10×1026m−3. For each N0, we take a series of

biases VExt = −1,−0.9, . . . , 1.5V and compute the total current density JT defined

in (4.15). We plot the so-called J-V curves (mean value of JT versus VExt) in Figure

4.2. We conclude that N0 should be taken as N0 = 1× 1027m−3 in order to have the
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dark current filled in the desired range.

4.4.2 Model validation and verification

In this section, we plot the profiles of the physical quantities to make sure our

numerical method has been implemented properly. We also do some preliminary

tests to see whether our model represents the behavior of the real systems.

BL system

We take the parameter values from Table 4.2 and set LBlend = 0nm to simulate the

BL system. The bias is set to VExt = 0.7V. We display the electron and hole density

profiles at steady state in Figure 4.3. The exciton and CT state density profiles

are portrayed in Figure 4.4. The WENO schemes give excellent non-oscillatory

resolutions for all profiles with sharp gradients. In the vicinity of the interface at

x = 50nm, there is much more I than X, although the absolute magnitude of both is

quite small compared to electrons and holes. The Exciton density increases rapidly

as moving spatially away from the interface. This is exactly what we expect from

the model.

The current densities are shown in Figure 4.5. The total current JT is almost a

constant throughout the device at steady state. It should be so, since subtracting

(4.9) from (4.8) yields ∂JT

∂x
≡ 0. The magnitude of JT is comparable to experimental

data. Figure 4.6 shows the time evolution of the total current density. Our numerical

solution indeed reaches the steady state.
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(b) N0 = 4 × 1026m−3
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(c) N0 = 6 × 1026m−3
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(d) N0 = 8 × 1026m−3
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(e) N0 = 1 × 1027m−3

Figure 4.2: J-V curves of the dark current (Γ0 = 0) for determining the surface parameter N0.
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Figure 4.3: Steady-state electron and hole density profiles of the BL system. Solid line: Electron
density; Dashed line: Hole density.
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Figure 4.4: Steady-state exciton and CT state density profiles of the BL system.
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Figure 4.5: Steady-state current density profiles of the BL system.
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Figure 4.6: Time evolution of total current density of the BL system.
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BHJ system

Same tests are done for the BHJ system by setting LBlend = 50nm. WENO schemes

again perform well on the relatively coarse mesh. We only show the pictures here

since the discussions are similar.
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Figure 4.7: Steady-state electron and hole density profiles of the BHJ system. Solid line: Electron
density; Dashed line: Hole density.
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Figure 4.8: Steady-state exciton and CT state density profiles of the BHJ system.
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Figure 4.9: Steady-state current density profiles of the BHJ system.
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Figure 4.10: Time evolution of total current density of the BHJ system.
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4.4.3 Effect of mobility on device performance

The effect of mobility on device performance is investigated by varying the electron

(µn) and hole (µp) mobility from 10−9 to 10−4m2 · V−1 · s−1 while holding them

equal. The relative performance enhancements in the BL and BHJ architectures are

reported in Figure 4.11(a) and Figure 4.11(b) respectively. Figure 4.11(a) shows that

optimal performance, as measured by the maximal product of −JT ·VExt, is obtained

for µn = µp = 10−7m2 · V−1 · s−1. Increases in mobility above 10−7m2 · V−1 · s−1

leads to reduced open-circuit voltage (x-intercept in the J-V curve) due to dark

current enhancement. The optimal mobility for the BHJ is also found to be µn =

µp = 10−7m2 · V−1 · s−1. The BHJ shows a pronounced photocurrent enhancement

at higher mobilities, accenting the importance of Langevin recombination in this

architecture.
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Figure 4.11: J-V curves with µn = µp. The mobility is varied from 10−9 to 10−4m2 · V−1 · s−1.

The effect of a mobility mismatch (µn 6= µp) is also investigated by taking

µn = 10−9m2 · V−1 · s−1 while keeping µp = 10−4m2 · V−1 · s−1, see Figure 4.12(a)

and Figure 4.12(b). Mismatched mobility in the BL results in an improved short-
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circuit current (y-intercept) but leads to a compensating reduction in open-circuit

voltage (x-intercept). Mismatched mobility results in both open-circuit voltage and

photocurrent losses in the BHJ, unlike the BL system that shows some current en-

hancement.
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Figure 4.12: J-V curves with mobility mismatch µn 6= µp. Solid (Red) lines: µn = 10−9m2 ·V−1 ·
s−1 and µp = 10−4m2 · V−1 · s−1; Dashed (Green) lines: µn = µp = 10−9m2 · V−1 · s−1.

Discussion

The simulations indicate that efficiency enhancements can be achieved by using

higher mobility materials. Interestingly, we observe a maximal mobility above which

dark current and recombination via Langevin term results in a net reduction of

performance. Finally, optimal performance is observed when the mobility of both

components match, indicating that increasing the mobility of only one component

may in fact hurt performance.
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4.5 Concluding remarks

We develop an updated BC model for the simulation of OPV cells. The main feature

is that the CT state dynamics is explicitly incorporated in our model. Finite differ-

ence WENO schemes are well suited for solving the problem since the solutions may

contain sharp gradients. Numerical tests demonstrate that excellent resolutions are

obtained on a relatively coarse mesh. Through the modeling, the efficiency losses

due to the low mobility of the BL and BHJ systems are quantified.

Our future work is to simulate systems composed of concrete materials so that

we are able to compare our numerical results with experimental data. We might

need to consider field dependent carrier mobilities for some types of materials. We

also plan to extend our model to multiple space dimensions.
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