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Abstract of “Boundary conditions and applications of WENO finite difference schemes
for hyperbolic problems” by Sirui Tan, Ph.D., Brown University, May 2012

This dissertation presents two topics concerning weighted essentially non-oscillatory

(WENO) finite difference schemes for solving hyperbolic problems.

In the first part, we develop a high order accurate numerical boundary condi-
tion for solving hyperbolic problems on fixed Cartesian grids, while the physical
domain can be arbitrarily shaped and moving. Compared with body-fitted meshes,
the biggest advantage of Cartesian grids is that the grid generation is trivial. The
challenge is however that the physical boundary does not usually coincide with grid
lines. The wide stencil of WENO schemes makes a stable boundary treatment even
harder to realize. There are two main ingredients of our method. The first one is an
inverse Lax-Wendroff procedure for inflow boundary conditions and the other one is a
robust and high order accurate extrapolation for outflow boundary conditions. Our
method is high order accurate, stable under standard CFL conditions determined
by the interior WENO schemes, and easy to implement. It has been successfully
applied to simulate interactions between compressible inviscid flows and rigid (static

or moving) bodies with complex geometries.

In the second part, we apply WENO finite difference schemes to solve the up-
dated Buxton-Clarke model for organic photovoltaic cells. The model is represented
by a system of convection-diffusion-reaction equations coupled to a Poisson’s equa-
tion. The solution usually contains sharp gradients. WENO schemes successfully
resolve the physical quantities on a relatively coarse mesh. The numerical simulations

quantify the effect of material properties on device performance.
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CHAPTER ONE

Introduction



Weighted essentially non-oscillatory (WENO) schemes have recently gained rapid
popularity in numerical solutions of hyperbolic problems. WENO schemes are high
order accurate schemes especially suitable for problems containing both strong dis-
continuities and complex smooth solution features. The essential idea lies at the
approximation level, where a nonlinear adaptive procedure is used to automatically

choose the locally smoothest stencil for reconstruction.

The first WENO scheme is introduced by Liu et al. [43], in which a third order
accurate finite volume WENO scheme is developed. Jiang and Shu [33] provide a gen-
eral framework to construct arbitrarily high order accurate finite difference WENO
schemes, which are more efficient for multidimensional problems. We refer the reader
to [59] for an extensive review of the algorithm design, analysis, implementation, and

application of WENO schemes.

The main advantage of WENO schemes are their capability to achieve arbitrar-
ily high order formal accuracy in smooth regions while maintaining stable, non-
oscillatory, and sharp discontinuity transitions. Compared with the so-called high
resolution schemes, represented by MUSCL schemes [67], TVD schemes [27], and
PPM schemes [11], high order WENO schemes are more efficient for many applica-

tion problems because of its high accuracy and resolution power [59].

In this dissertation, we present two topics concerning finite difference WENO

schemes:

e High order accurate numerical boundary conditions for solving hyperbolic prob-

lems on Cartesian grids

e Simulation of the updated Buxton-Clarke model for organic photovoltaic cells



The first topic addresses the challenge of accurately imposing boundary conditions
for problems involving complex static or moving geometries. For such problems, finite
element type methods based on body-fitted meshes which conform to the geometries
of physical domains are often used. However, mesh generation could be difficult for
geometrically complicated domains in 3D and could also be very time-consuming for
moving geometries in Eulerian approaches. Our boundary treatment is based on fized
Cartesian grids so that the grid generation is trivial. It is stable, high order accurate,
easy to implement, and capable of treating shock waves and detonation waves. In
the second topic, we apply finite difference WENO schemes to solve the updated
Buxton-Clarke model for organic photovoltaic cells. The model is represented by
a system of convection-diffusion-reaction equations coupled to a Poisson’s equation.
The solution usually contains sharp gradients, although it is continuous. WENO

schemes successfully resolve the physical quantities on a relatively coarse mesh.



CHAPTER TWwO

Finite difference WENO schemes



In this chapter, we give a brief review of the fifth order accurate finite difference
WENO scheme in the framework developed by Jiang and Shu [33]. See [59] for an
extensive review. Generally speaking, WENO schemes are based on the method of
lines. Namely, the partial differential equations (PDEs) are first discretized in space
in a WENO fashion. The resulting ordinary differential equation (ODE) system is

then solved by time discretization methods.

We first consider 1D scalar conservation laws. The numerical flux is obtained
by a WENO reconstruction procedure. For systems of conservation laws, we do
a local characteristic decomposition and use the flux evaluation techniques for the
scalar equations. Generalizing the approximation to multiple space dimensions is
straightforward for finite difference schemes. Finally, we discuss time discretization

methods that are suitable for hyperbolic problems.

2.1 1D scalar conservation laws

We consider 1D scalar conservation laws in the form
w + f(u), =0. (2.1)
We use a uniform mesh z; = iAz and the half points ;415 = (2; +2,41)/2. A finite

difference scheme approximates (2.1) in conservation form

d 1 /. A
%ui + Ar <fi+1/2 - fi—1/2) =0,



where the numerical flux

fi+1/2 = f(ui—p17 <. 7ui+p2)

is consistent with the physical flux f(u,...,u) = f(u) and is Lipschitz continuous

with respect to all its arguments. The scheme is fifth order accurate if

é <fi+1/2 - fi—1/2) = f(u)z + O(Az), (2.2)

T=x;

when wu is smooth in the stencil. The following lemma by Shu and Osher [61] estab-

lishes the relationship between reconstruction and finite difference approximation.
Lemma 2.1.1. If h(x) = hag(z) is implicitly defined as

1 z+Az/2

h&)dE = flu(x)), (2.3)

Az z—Ax/2

then

This lemma implies that we can take the numerical flux as
fivrje = Wiz ) + O(AZY), (2.4)

to ensure fifth order accuracy. Notice that the O(Az®) term in (2.4) is usually smooth
in practice, hence (2.2) holds. Due to the definition (2.3) of h(x),
1 Tiy1/2

}_li = Ar h(§)d€ = f(u;)

Ti—1/2

is known. Therefore, we are given the cell averages h; of the function h(z) and we



would like to approximate its point values h(z;11/2) to obtain the numerical flux
le /2. This is called reconstruction problem and is discussed in detail in the next

section.

For the purpose of stability, the finite difference procedure described above is ap-
plied to f*(u) and f~(u) separately, where f*(u) are obtained by the Lax-Friedrichs
flux splitting
(f(u) £ au),

DN | —

fH(u) =
with
a = max |f/ (u)].

Notice that

d
) <
du (u) <0

d
_l’_
—f(u) >0,
T 2
correspond to the right-going and left-going characteristics respectively. Therefore,
the reconstruction for f*(u) should use a biased stencil with one more point to the

left, and that for f~(u) should use a biased stencil with one more point to the right,

to ensure correct upwinding.

2.2 WENO reconstruction

Assuming the cell averages h; of a function h(x) over the intervals I; = (z;_, /2, Tit1/2)

are known, we would like to find an approximation of h(x) at the half points ;1 /s.

We can find a unique polynomial of degree at most two, denoted by p;(z), which

reconstructs the function h(z) over the stencil S; = {I;_s, I;_1, I;} in the sense that
1 Tj+1/2 B

(Pl)jzg pi(x)de =u;, j=i—2,i—-1, 1

Tj-1/2



Then A'Y

i+1/2 = P1(Tit1/2) is a third order approximation to the value h(z;41/2) if the

function h(z) is smooth in the stencil S;. An explicit formula is

o 1 7. 11,
hi+1/2 = ghi_g — éhi_l + Fhl

Similarly, we have different third order accurate approximations

2) _ 1y 5. 1-
hl+1/2 p2(Tit1y2) = _Bhi—l + ghi + §h¢+1,

1-

1_ _
hﬁ-fm = p3(Tip1y2) = ghz’ + ~hiy1 — ~higo,

6 6
in stencil Sy = {I;_1, I;, I;x1} and S3 = {[;, [;11, I;12} respectively.

If we use the large stencil S = {[; o, [;_1,1;, [;11, [;ix2} = S1 U Sy U Ss3, then we

are able to obtain a fifth order accurate approximation

1- 13- 47 - 9 - 1-
hiyi/2 = %hi—2 - %hi—1 + %hi + %hi+1 - 2_0hi+2-

An important observation is that the fifth order approximation h; 1/, can be written

h?

as a linear convex combination of the three third order approximations Y i1/20

i+1/27

BB i1/2° Namely,

1 2 3
hiv1/2 = 71h£’431/2 + 72h§+)1/2 + 73hz('+)1/2=

where the constants v, = 1/10, 72 = 3/5, and 3 = 3/10 are called linear weights.

The WENO idea is to choose the final approximation as a convex combination

of the three third order approximations hZ 12 hiil P hg’r)l /o
hivi/2 = w h§+)1/2 + uJ2hz+1/2 + C‘J3hz+1/2’ (2.5)



where w; are nonlinear weights. We would like to design the nonlinear weights such

that

e w; =; +O(Az?) for all j if h(x) is smooth in the big stencil S;

e w; ~ 0 if h(x) has a discontinuity in the stencil S; but is smooth in at least

one of the other two stencils.

The first requirement ensures the fifth order accuracy of the WENO approximation
hiv1o if h(x) is smooth in S. The second requirement guarantees a non-oscillatory
and at least third order accurate WENO approximation A1/, given by (2.5) in the

second case above.

According to Jiang and Shu [33], the nonlinear weights w, take the following form

Wi

wi=——d with @ = — 1

—@1+C~02+W3 (54—6]’)2'

Here ¢ = 1079 is a small positive number to prevent the denominator vanishing. 3,

are the so-called smoothness indicators defined as

2 Tit1/2 dl 2
B; = Zszz—1/ <@pj(x)) dz.
=1 Ti_1/2

The explicit formula is

B = 1 (haco = 2hics + 1)+ (s — 4hics - 30)°,
13 - - - 1 ,- _

B2 = - (hi—1 — 2h; + hi+l)2 + 1 (hi—1 — hi+1)2 ;
13 - - - 1, - - _

P = i (hi — 2hig1 + hi+2)2 + 1 (3h; — 4hir + hi+2)2 :



10

2.3 1D systems of conservation laws and multidi-

mensional problems

We consider m x m hyperbolic systems

U, +FU), =0. (2.6)
The Jacobian matrix 81;([?) has m real eigenvalues \; < ... < )\, and a complete set
of eigenvectors ry,...,r, which forms a right eigenmatrix R = (ry,...,r,,). Then

clearly R_l%f{ = A, where A is the diagonal matrix with A{,..., \,, on the

diagonal.

An easy way to solve (2.6) is to apply the WENO schemes in a component by
component fashion. It is straightforward and cost effective. However, for some
demanding test problems, there might be oscillations. We need the more costly,
but much more robust characteristic decomposition. The idea can be illustrated by
considering a simple example F(U) = AU and A is a constant matrix. We define a

characteristic variable V.= R™'U. Then (2.6) is decoupled to m scalar equations

oV oV
Y ALY .
ot + ox 0

We can apply the WENO schemes to each scalar equation.

For general nonlinear systems, all the matrices involved are dependent on U.
We have to “freeze” them locally in order to carry out the characteristic decomposi-

tion. For Euler equations, the matrices are evaluated at the Roe average [52] U; 112
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determined by the mean value property

F(Ujp) —F(U;) = 50 (Uip — Uy).
U=U;;1,2

We finally consider 2D hyperbolic systems
U, +FU), + G(U), =0.

The finite difference WENO schemes approximate the PDE in a dimension by di-

mension fashion

d 1 /- - 1 /- A
%Ui,j(w = T Ar (Fi+1/2,j - Fi—1/2,j) - A—y (Gi,j+1/2 - Gi,j—1/2> . (2.7)

The numerical flux Fi+1 s2,; can be computed from U, ; with fixed j in exactly the

same way as in the 1D case, and likewise for Gy j11/2.

2.4 Time discretization methods

The semi-discrete problem (2.7) can be discretized by an ODE solver. For hyperbolic
problems with discontinuous solutions, it is important to maintain stability in the
total variation seminorm of the first order forward Euler method with the same
spatial discretization. A popular method satisfying such property is proposed by
Shu and Osher [60]

Ul) = Uy + AL (U7)

@ By 1

1
- Ul + o (). (2.8)
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1 2 2

n+l __ n (2) (2

Ut = Ui +3Us +gAL (UM> :

where £(-) is the operator defined by the right-hand side of (2.7). It is the so-called
third order total variation diminishing (TVD) Runge-Kutta (RK) method. More

time discretization methods having this stability property can be found in [23, 58].



CHAPTER 'THREE

Inverse Lax-Wendroff procedure

for numerical boundary conditions
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This chapter focuses on numerical boundary conditions for finite difference WENO
schemes solving hyperbolic problems involving complex static or moving geometries.
We assume the problems are posed on a finite domain so that no far field boundary

condition is involved.

3.1 Introduction

For problems involving complex geometries, body-fitted meshes which conform to
the geometry are often used due to the ease of imposing boundary conditions. In
finite difference methods, body-fitted grids are usually generated by a curvilinear
transformation that maps the physical domain to a computational domain. However,
grid generation could be difficult for geometrically complicated domains and could
also be very time-consuming for moving geometries in Eulerian approaches, since the
grids have to be updated every few time steps. On the other hand, fixed Cartesian
grids can be used to discretize the physical domain regardless of its geometry. The
advantage is that the grid generation is trivial and the numerical schemes are usually
more efficient than those on body-fitted grids. The biggest challenge with Cartesian
grids is however to accurately impose the boundary conditions while retaining the
stability under the standard CFL conditions determined by the interior schemes.
The challenge mainly results from two facts. First, the physical boundary does not
usually coincide with grid lines and can intersect the Cartesian grids in an arbitrary
fashion. Secondly, a high order interior scheme, such as WENO scheme, needs a
suitable treatment of several ghost points near the boundary because of its wide

numerical stencil.

There are many successful numerical methods based on Cartesian grids. For



15

example, the immersed boundary method (IBM) introduced by Peskin [50] is widely
used to solve incompressible flows in complicated time-varying geometries. See also
[46] for an overview of the method and its applications. The IBM is extended for
compressible viscous flows in [12, 13, 20]. An immersed interface method (IIM) is
developed for elliptic equations in [40, 41] and for streamfunction-vorticity equations
in [39]. We would like to emphasize that high order numerical boundary conditions
for hyperbolic equations are somewhat more difficult than elliptic or convection-
diffusion type equations mentioned above in the sense that there may be strong
discontinuities near the boundaries. The boundary treatment should be robust for

such cases when strong shock waves reflect off rigid boundaries.

The most popular way to impose boundary conditions at rigid boundaries for
compressible flows is the reflection technique, where extra rows of ghost points are
added. All interior solution components are reflected symmetrically to ghost states
except for the normal velocity which is negated. This method works well when the
rigid boundary is straight and positioned at half points. It might lead to large errors
otherwise. The inaccuracy of the approach when applied to curved geometries is

demonstrated by Moretti [47].

To solve hyperbolic equations in complex static or moving geometries with Carte-
sian grids, most methods in the literature are based on finite volume schemes. The
difficulty mainly comes from the “small-cell” problem. Namely, one obtains irreg-
ular cut cells near the boundary, which may be orders of magnitude smaller than
the regular grid cells, leading to a severe time step restriction. The so-called h-box
method [5, 29] is developed to overcome this problem. The basic idea is to approxi-
mate numerical fluxes at the interface of a small cell based on initial values specified
over regions of a regular length h. For one-dimensional advection equations, the

h-box method is shown to be conservative and stable on arbitrary irregular grids
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in [5]. Numerical results confirm the same conclusion for Euler equations in [29].
Another method to avoid the small-cell problem for Euler equations is to maintain
cut boundary cells as whole (ghost) cells and obtain ghost cell values by reflecting lo-
cally the flow field around the boundary which is approximated by straight lines [17].
This method is stable and applicable to any finite volume method, but conservation
at the boundary is violated although this error may be relatively small. For Euler
equations involving moving geometries, an idea similar to [17] is developed in [16]
but the ghost cell values are obtained by a mirror flow extrapolation. A cell merging
technique combined with dimension splitting is developed by Falcovitz et al. [15].
Shyue [62] proposes a moving-boundary tracking algorithm based on finite volume
wave-propagation method. The methods is stable even if there are very small cut
cells near the tracked interface. Arienti et al. [2] develop an Eulerian-Lagrangian
coupling scheme. Hu et al. [30] develop a conservative interface method based on
the level set technique. In terms of accuracy, all the finite volume schemes men-
tioned above are at most second order. In particular, the errors at the boundaries

sometimes fall short of second order, see numerical examples in [2, 17, 30].

For methods based on the finite difference formulation, a second order accurate
Cartesian embedded boundary method is developed to solve the wave equations with
Dirichlet or Neumann boundary conditions in [34, 35, 36] and to solve hyperbolic
conservation laws in [63]. The basic idea is to assign values to ghost points outside
the domain by using extrapolation. To avoid oscillations near shock waves, slope
limiters are combined with extrapolation in [63]. The method in [63] is essentially
based on a three point interior scheme so that only points just outside the boundary
are ghost points. The feasibility and effectiveness to generalize this method to higher
order remain to be demonstrated. Recently, Appelé and Petersson [1] modify the

embedded boundary method in [34, 35, 36] by assigning values to boundary points
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inside the domain via interpolation. This method is fourth order accurate and is

based on a compact finite difference scheme.

A Lax-Wendroff type boundary condition procedure is introduced by Huang et al.
[31] for solving static Hamilton-Jacobi equations with a third order finite difference
method. It is extended to fifth order in [70] and to discontinuous Galerkin method
in [71] for the same type of problems. The idea is to repeatedly use the partial dif-
ferential equations (PDEs) to write the normal derivatives to the inflow boundary in
terms of the tangential derivatives of the given boundary condition. With these nor-
mal derivatives, we can obtain accurate values of ghost points by a Taylor expansion
from a point located on the boundary. In this chapter, we systematically extend this
procedure to solve time dependent hyperbolic equations involving complex static or
moving geometries with finite difference WENO schemes. For time dependent prob-
lems, the boundary treatment procedure is in essence repeatedly using the PDEs
to convert normal spatial derivatives to time and tangential derivatives of the given
boundary condition. It is in some sense an inverse to the standard Lax-Wendroff
procedure [38], in which the PDEs are repeatedly used to convert time derivatives
to spatial derivatives when discretizing the PDEs in time with high order accuracy.
We therefore refer to our method as the inverse Lax-Wendroff procedure (ILW). This
procedure is first proposed by Goldberg and Tadmor [21, 22] for analyzing numerical
boundary conditions of linear hyperbolic equations in one dimension with boundaries
aligned with grid lines. Lombard et al. [44] apply a similar idea to arbitrary-shaped
free boundaries in finite difference schemes for linear elastic waves. Thus our work
can also be regarded as an extension of [21, 22, 44| to nonlinear hyperbolic problems.
In particular, strong discontinuities near the boundaries, which are absent in linear
elastic waves, are handled by a high order WENO type extrapolation to prevent

overshoot or undershoot. Moreover, we propose a simplified and improved imple-
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mentation, which uses the relatively complicated ILW procedure only for the evalu-
ation of the first order normal derivatives. High order WENO type extrapolation is
used for all other derivatives, regardless of the direction of the local characteristics
and the smoothness of the solution. This makes the implementation of a very high
order boundary treatment practical for 2D nonlinear systems with source terms. For
no-penetration boundary condition of compressible inviscid flows, a further simplifi-
cation is discussed, in which the evaluation of the tangential derivatives involved in

the ILW procedure is avoided.

This chapter is organized as follows. We first describe the initial-boundary-value
problem of hyperbolic equations and the interior WENO schemes in Section 3.2.
Then we briefly review the well-posedness theory of the problem in Section 3.3. It
guides us in the design of stable numerical boundary conditions. Our boundary
treatment technique for static geometries is developed in Section 3.4. We start with
1D scalar equations and proceed to 2D nonlinear systems. FExtensive numerical
examples are provided to demonstrate the performance of our high order boundary
treatment. In Section 3.5, we consider compressible inviscid flows involving complex
moving geometries. Concluding remarks, including future work, are given in Section

3.6.

3.2 Problem description and interior schemes

We consider hyperbolic conservation laws possibly with source terms for U = U(z, y,t) €
]R2

U, + F(U): + G(U), =S(U) (z,y) € Q(t), >0, (3.1)

U([L’,y,O) = Uo(l',y) (x,y) € Q(t)a
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on a bounded domain Q(t) with “appropriate” boundary conditions prescribed on
['(t) = 09(t) at time t. The exact meaning of “appropriate” is explained in Section

3.3 for linear hyperbolic problems with constant coefficients.

We assume we always have an analytical expression for the geometry of I'(t).
Q(t) is covered by a uniform Cartesian mesh with mesh size Az = Ay = h, but
the boundary I'(t) does not need to coincide with any grid lines. The semi-discrete

approximation of (3.1) is given by

d 1/ 2
EUZ’](O = _E (Fi+1/2,j - Fi—l/QJ)

A ~

1
7 (Gi,j+1/2 — Gi,j—1/2> + S (Ui;(1)),

(3.2)

where Fi+1 /2,; and (A}Z-JH /2 are the numerical fluxes. We use the third order TVD
RK method (2.8) to integrate the system of ordinary differential equations (3.2) in

time.

Special care must be taken when we impose a time dependent boundary condition
g(t) in the two intermediate stages of the RK method (2.8). Numerical experiments

show that the traditional match of time

U(l) ~ g(tn—l-l)v

U® ~g(t, + At/2),

decreases the accuracy of our boundary treatment to second order. Following the
idea in [9], we can easily show that for the hyperbolic equations (3.1) with source

terms the following match of time levels at the boundary maintains the third order
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accuracy of (2.8)

UW ~ g(t,) + Atg/(tn), (3.3)

1 1
U® ~ g(t,) + §Atg'(tn) + iAtzg”(tn).

For simplicity, we denote the boundary conditions for all three stages at time level

t =t, by g(t,), although g(t,) is actually different for each stage according to (3.3).

We use the fifth order finite difference WENO scheme with the Lax-Friedrichs
flux splitting to form the numerical fluxes Fi+1/2’j and (A}Z-,j+1/2 in (3.2). The scheme
requires a seven point stencil in both x and y directions. Near I'(t) where the
numerical stencil is partially outside of (), up to three ghost points are needed in
each direction. In some cases of moving boundaries, up to four ghost points may be
needed in each direction. We concentrate on how to define the values of the ghost
points at time level ¢ = ¢, in Section 3.4 and Section 3.5 for static and moving

geometries respectively.

3.3 Well-posedness of initial-boundary-value (IBV)

problems

To explain what are the “appropriate” boundary conditions mentioned for the hyper-
bolic equations (3.1), we briefly review the well-posedness theory of IBV problems
for linear hyperbolic equations with constant coefficients. We refer the reader to
Chapter 9 and 10 of [25] for detailed discussions, including proofs of the theorem.

The well-posedness theory would give us a lot of insight into the design of stable



21

numerical boundary conditions.

3.3.1 Characteristics and boundary conditions for 1D hy-

perbolic systems

We start with the scalar wave equation

u + au, =0, (3.4)

in the domain 0 < x < 1, ¢t > 0. Here a is a constant. At ¢t = 0, we have the initial

data

u(z,0) = f(z).

In general, we need to specify boundary condition to solve for u(z,t) on 0 < x <1,
t > 0. The question is to determine what type of boundary conditions should we
specify so that the IBV problem is well-posed.

t

N

dt
dz

Figure 3.1: Characteristics of the equation (3.4) for a > 0.

We consider the characteristics along which the solution is a constant. If a > 0,
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then the characteristic goes from left to right, see Figure 3.1. We thus need to specify

a boundary condition at the left boundary x =0

u(0,t) = g(t).

At the right boundary, the solution may uniquely be determined by the initial data.
As a result, no boundary condition is necessary. Similarly, if a < 0, we need to
specify a boundary condition at the right boundary x = 1. If a = 0, we do not need

any boundary condition because u; = 0 implies u(z,t) = f(x).

The idea of characteristics can be extended to strongly hyperbolic system with

constant coefficients

ou U _

— — =0, 0<z<1, t>0 3.5
o “har — o Psrsh 1=2h (3:5)

where U € R and A is a m x m matrix. We do the characteristic decomposition

as we did in Section 2.3. Let R be the right eigenmatrix of A. Then

AI
R !AR=A = AT

AIII

where

A1

AI

< 0,




)\r—i-l

)\r+2

are diagonal matrices.

Under the transformation induced by R, we obtain the equivalent system

\& Al
% VII + AII %
\[III j‘III

where the characteristic variable

VI
V=|vi|=RU

‘fIII
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Now the hyperbolic system is decoupled into independent scalar equations. Using

the previous argument, we need to specify boundary conditions

Vl(lvt) = gl(t>7 VH(Ovt) =8

We can generalize the boundary condition to

Il(t).

VIi(1,t) =R"VI(1,t) +g'(t),

V7(0,t) = R'V(0,1) + g"(¢),

where R/ and R!! are rectangular matrices that may depend on ¢.
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An important observation is that the number of boundary conditions at the left
boundary x = 0 is equal to m — s — r, the number of positive eigenvalues of A,
or, equivalently, the number of characteristics entering the domain. At the right
boundary = 1, the number of boundary conditions is equal to r, the number of

negative eigenvalues of A. No boundary condition corresponds to zero eigenvalues.

Back to the original variable U, the boundary conditions are in general

LoU(0, 1) = go(t), (3.6)

LIU(17t> = gl(t)v (37>

where Lg is a (m — s —r) X m matrix with rank m — s —r and L; is a 7 X m matrix

with rank r.

3.3.2 Well-posedness of 1D hyperbolic systems

With the help of characteristics, we have determined the type of boundary conditions
should we specify. The following theorem states that the resulting IBV problem is
strongly well-posed. It is proved by the energy method, which can be found in
Chapter 9 of [25].

Theorem 3.3.1. For 1D hyperbolic systems (3.5) with boundary conditions (3.6)

and (3.7), the IBV problem is strongly well-posed.



25

3.3.3 Multidimensional hyperbolic systems

The analysis of the well-posedness of multidimensional hyperbolic systems involves
Laplace transform techniques [25] and is omitted here. We would like to emphasize
that a naive generalization of Theorem 3.3.1 to multiple space dimensions does not

hold. An interesting counterexample from [25] is

1 0 0 -1
U, + U, + U,=0, 0<2z<+00, —00<y<+o0,
0 —1 -1 0
Uy
where U = has two components. We consider the boundary condition at
Uz

x = 0. The 1D theory implies that the boundary condition should be of the form

U1(0> Y, t) = aU2(O> Y, t) + g(y> t)a

where « is a constant. However, the IBV problem is strongly well-posed if and only
if || < 1. In other words, for 2D systems we cannot determine the well-posedness

of the IBV problem only by the signs of the eigenvalues.
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3.4 Numerical boundary conditions for static ge-

ometries

3.4.1 1D scalar conservation laws: smooth solutions

To illustrate the essential idea of the ILW procedure, we use 1D scalar conservation

laws as an example

w+ fu), =0 z€(-1,1), t>0,
u(—1,t) =g(t) t>0,

u(z,0) = ug(x) z€[-1,1].

We assume f'(u(—1,t)) > a > 0 and f'(u(1,t)) > o > 0 for £ > 0. This assumption
guarantees the left boundary * = —1 is an inflow boundary where a boundary
condition is needed and the right boundary = = 1 is an outflow boundary where no

boundary condition is needed.

Let us discretize the interval (—1,1) by a uniform mesh
—1+h2=xg<31<...<2Ny=1-—h/2.

Notice that both xy and xy are not located on the boundary, which is chosen this
way on purpose since it is usually impossible to align boundary with grid points in a
2D domain with complex geometry. We assume ug, ..., uy have been updated from
time level t,,_; to time level ¢,,. Here we suppress the ¢,, dependence without causing

any confusion.
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The ILW procedure for inflow boundary conditions

At the inflow boundary z = —1, we construct a sth order approximation of ghost

point values u_3,...,u_; by a Taylor expansion

—_

sS—

.4 1)k .
(z;+1) uL(k)

u; = o =3, 1, (3.8)
k=0
where uz(k) is a (s — k)th order approximation of % o We impose “2(0) =
g(t,). To obtain the approximation of the spatial derivative % ‘x:_l ., » We utilize
the PDE
us + f'(u)u, =0
and evaluate it at x = —1, t = t,,. We impose
x(1) ut(_la tn)
Uy =T
fu(=1,t,))
gt
f'g(tn))’
where f'(g(t,)) is bounded away from zero by the assumption that x = —1 is an
inflow boundary. Differentiating the PDE with respect to time yields
w + f" (w)ugug + f(u)ug = 0. (3.9)

The term wu,; can be written as

= _f”(u)ui — () tge
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Substituting it into (3.9), we obtain an equation for w,,
e + " (wuens — f'(u) f" (w)ug — f'(w) tee = 0. (3.10)

Solving (3.10) for u,, and evaluating it at x = —1, t = t,,, we impose

G = g"(tn) + f"(g(tn))g (tn)uz(=1,1,) — f/(g(tn))f”(g(tn))ui(_1> tn)
t f'(g(tn))?
f'(g(tn))g" (tn) — Qf//(g(tn))g/(tn)2
f'(g(tn))? '

Following the same procedure, we can impose values of u*L(k), k=1,...,s—1.

The idea of converting time derivatives to spatial derivatives by repeatedly using
the PDE comes from the original Lax-Wendroff scheme [38]. Since we convert spatial
derivatives to time derivatives, our method is called inverse Lax-Wendroff procedure.
We remark that this procedure is independent of the location of the boundary. The
time derivatives can be obtained by either using the analytical derivatives of g(t) if
available or numerical differentiation. In the case of discontinuities going through
the boundary, ¢(t) is discontinuous. The stencil used for numerical differentiation
should not contain any discontinuity. For example, an essentially non-oscillatory
(ENO) procedure [28] or a WENO procedure [33] can be used for this numerical

differentiation.
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Lagrange extrapolation for outflow boundary conditions

At the outflow boundary x = 1, values of ghost points uni1,...,uns3 are also

approximated by a (s — 1)th order Taylor expansion

s—1

= @ N N
J ]{?' R J Yt )
k=0
where u*}ék) is a (s —k)th order approximation of % . At the outflow bound-
z=1, t=t,
ary, u*R(k) should be imposed by the values of the interior points, ug, . .., uy, because

of the outgoing characteristics, even if a boundary condition is improperly prescribed.

If u(x) is smooth near the boundary, u*}ék) can be easily obtained by

u*(k) o dkps—l(x)
R - )
dek | _,

where p,_1(x) is a Lagrange polynomial of degree at most s — 1 interpolating u;,

j=N-—s+1,...,N. An explicit formula for the values of ghost points is

> s!
> —————(-Dfu =0, j=N+1,... N+3. (3.11)
(s — k)!
— k(s — k)!
For example, for s =5

U; = Uj—5 — 5Uj_4 + 1OUj_3 — 10Uj_2 + 5Uj_1, ] =N + ]_, ey N + 3.

Linear stability

The linear stability of the numerical boundary conditions with arbitrary order of

accuracy described above has been proved by Goldberg and Tadmor [22] by using



30

the theory of Gustafsson, Kreiss, and Sundstrom [26] (henceforth GKS). Goldberg
and Tadmor [22] also show that the time step restriction of solving the IBV problem
with the boundary treatment is not more severe than the pure initial value problem,

regardless of the location of the boundary.

A numerical example

Example 3.4.1. We test the Burgers equation

u + (3u%), =0 z € (—1,1), t>0,
u(z,0) = 0.25+ 0.5sin(7rz) = € [-1,1], (3.12)
u(—1,t) = g(t) t > 0.

The boundary condition ¢(t) is taken from the exact solution of the initial value
problem on (—1,1) with periodic boundary conditions. For all ¢, the left boundary
x = —1 is an inflow boundary and the right boundary x = 1 is an outflow boundary.
At t = 0.3, we have a smooth solution. We test our fifth order boundary treatment,
i.e., s = 5. The errors are listed in Table 3.1. We achieve the designed fifth order

accuracy.

Table 3.1: Errors of the Burgers equation (3.12). At = O(h*/?) and t = 0.3. The outflow
boundary condition is imposed by Lagrange extrapolation.

h L' error order L* error order
1/40 3.10E-06 1.35E-05
1/80 1.31E-07 4.57 6.51E-07 4.38
1/160 | 3.97E-09 5.05 2.68E-08 4.60
1/320 | 1.02E-10 5.29 8.34E-10 5.00
1/640 2.86E-12 5.15 2.62E-11 5.00
1/1280 || 1.04E-13 4.78 9.09E-13 4.85




31

3.4.2 1D scalar conservation laws: solutions containing dis-

continuities

We continue Example 3.4.1. At a later time ¢ = 1.1, a shock is fully developed in
the interior of the computational domain. A shock enters the inflow boundary at
t = 8 and moves to x = 0 at t = 12. We can see from Figure 3.2 that the shock is
well captured in both scenarios by our method. This example and later examples
when shocks come from the boundary indicate that, even though the ILW procedure
is based on the assumption of smoothness of the boundary data, its application to
discontinuous but piecewise smooth boundary data coupled with a non-oscillatory

internal scheme does not lead to spurious oscillations or instability.

Next we investigate the case that a shock is very close to the outflow boundary.
Figure 3.3 shows the solutions at t = 7.8. We can clearly see that there is severe
undershoot near the outflow boundary. This is not surprising because of the Gibbs
phenomenon. In this situation, we prefer a possibly lower order accurate but more
robust extrapolation. The fifth order WENO type extrapolation is developed for

this purpose.

Fifth order WENO type extrapolation for outflow boundary conditions

We need to obtain u*R(k), a (5 — k)th order approximation of the kth order derivative
of u(z) at the boundary, using the grid point values in the interior of the domain w;,
j=N—4,...,N. We consider the stencil Sy = {xn_4,...,2n} as five candidate
substencils S, = {znx_p,...,xn}, 7 = 0,...,4. On each substencil, we can easily

construct a Lagrange polynomial p,(x) of degree at most r such that p,(z;) = u;,
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j=N—r,...,N. Suppose u is smooth on Sy, u*}ék) can be extrapolated by

where 79 = h*, 1 = h3, 7o =h%* 73 =h,and 7, =1 — Zi:o V-

Borrowing the idea of WENO reconstruction discussed in Section 2.2, we look

for WENO type extrapolation in the form

k
= r y 1
Up W, (3.13)

r=0 =1

where w, are the nonlinear weights depending on the value of u;. In the case that

is smooth in Sy, we would like to have
3
wo = O(h*), w1 = O(h?), wy = O(h?), ws =O(h) and wy; =1 = w,  (3.14)
r=0

such that (3.13) is (5 — k)th order accurate. The nonlinear weights w, are defined by

with

&y = ﬁ (3.15)

where ¢ = 1079, ¢ > 3 is an integer, and 3, are the smoothness indicators determined

by

ﬁO = h'2>

T 1+h z d! 2
B, :Z/l Rt (@pr(x)) de, r=1,...,4.
=1
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The explicit expressions for the smoothness indicators 3; and 35 are

B = (un—1 — un)?,

By = (61u3, + 160us_, + Tdunuy_o + 25ux_o — 196un_quy + 124uy_quy_2)/12.

The expressions for (3 and [, are tedious but can be easily derived by symbolic
computation softwares. The constant integer ¢ is taken as ¢ = 3 in all our 1D

examples.

We can show that (3.14) holds if u is smooth in Sy. If S,, » > 1, contains a

discontinuity but S,_; does not, we have w, = O(h" %), v = 0,...,r — 1, and
w, = O(h*+=1=") v =r ... 4. Namely, u*R(O) reduces to a rth order approximation
and as h — 0 the weights assigned to the non-smooth substencils S,, ..., S, vanish.

The proof is similar to that in Section 2 of [33] and is omitted here.

The undershoot is well-controlled by this more robust extrapolation, see Figure
3.4. Moreover, the fifth order accuracy of smooth solutions is maintained. The errors
at t = 0.3 are almost the same as those in Table 3.1. Therefore, we use the more
robust WENO type extrapolation from now on, regardless of the smoothness of the

solution.

3.4.3 1D scalar conservation laws: efficient implementation

We recall that the spatial derivatives uz(k), k > 1, in the Taylor expansion (3.8) are
obtained by repeated use of the PDE at the inflow boundary. Obviously, the algebra
of converting derivatives of order higher than or equal to two can be very heavy if

the PDE is complicated, which is usually the case if we consider 2D fully nonlinear
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Figure 3.4: Burgers equation (3.12). h = 1/40, CFL = 0.6, and ¢ = 7.8. The outflow boundary
condition is imposed by WENO extrapolation. Solid line: exact solution; Symbols: numerical
solution.

systems (3.1). The complicated algebra would prevent us from implementing higher
than third order accurate boundary treatment for 2D Euler equations [64, 65], al-

though our method is designed to achieve arbitrarily high order accuracy for general

equations with source terms.

We investigate each term in the Taylor expansion (3.8) and find that only uz(l) is

crucial to be implemented by the ILW procedure to ensure stability. In other words,
u*L(k), k = 2,3,4, can be simply obtained by extrapolation. This simplified algorithm
significantly alleviates the complicated algebra in the ILW procedure, especially for
2D systems with source terms. A similar idea is proposed by Qiu and Shu for the Lax-
Wendroff time discretization [51], in which they perform a WENO approximation
only for the reconstruction of the fluxes to the first order time derivative to avoid

spurious oscillations and use the inexpensive central difference approximation for the

reconstruction of the higher order time derivatives. Notice that instability is observed



36

in our numerical experiments if the first order spatial derivative u*L(l) is also obtained

by extrapolation. Therefore, the ILW procedure is crucial to ensure stability. We
finally remark that we observe no instability in our numerical experiments if the
standard CFL conditions determined by the interior WENO schemes are used for

the simplified algorithm.

We redo Example 3.4.1 with this efficient implementation, together with WENO
type extrapolation. The errors in Table 3.2 are similar to those in Table 3.1. The
shock profiles are also similar, see Figure 3.5. Therefore, we focus on the efficient
implementation with WENO type extrapolation and extend it to solve systems of
hyperbolic equations.

Table 3.2: Errors of the Burgers equation (3.12) solved by the efficient implementation. At =
O(h®/3) and t = 0.3.

h L' error order L™ error order
1/40 | 4.73E-06 5.88E-05
1/80 1.46E-07 5.02 1.58E-06 5.21
1/160 | 3.48E-09 5.39 2.68E-08 5.89
1/320 || 7.56E-11 5.53 3.62E-10 6.21
1/640 || 1.89E-12 5.32 1.97E-11 4.20
1/1280 || 7.01E-14 4.76 8.00E-13  4.62

3.4.4 1D Euler equations

We consider 1D compressible Euler equations without a source term

U, +FU),=0, xze€(-1,1), t>0,
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Figure 3.5: Burgers equation (3.12) solved by the efficient implementation. h = 1/40 and CFL =
0.6. Solid line: exact solution; Symbols: numerical solution.

with the conservative variables

Ui P
U=10,|=|pu
Us E
and the flux
U, pu
F(U) = (7—1)U3+3‘775—2f =| pu*+p
(vos - 515 & u(E +p)

p, u, p, and E describe the density, velocity, pressure, and total energy, respectively.

The equation of state has the form
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where ~ is the (constant) specific heat ratio. The sound speed is ¢ = \/yp/p. We
consider a fifth order boundary treatment for the right boundary x = 1. The left

boundary can be treated similarly.

Let us discretize the interval (—1,1) by a uniform mesh
—14+h/2=xy<x;<...<2y=1-h/2.

We assume Uy, ..., Uy have been updated from time level ¢,,_; to time level ¢,,. We
proceed as in scalar case to construct values of ghost points Uy,q,...,Uyys by a

fourth order Taylor expansion

4
1)k
(Um)jzz%u*;;(’f), m=1,2,3, j=N+1,...,N+3, (3.16)
k=0 ’

kU,

where Un®™ is a (5—Fk)th order approximation of the spatial derivative %

=1, t=t,

We first do a local characteristic decomposition to decide the inflow and outflow

boundary conditions. Denote the Jacobian matrix of the flux near the boundary by

OF(U)

ALy = =55

U=Upy

A | (Uy) has three eigenvalues A\; = uy —cy, Ay = uy, A3 = uy + ¢y and a complete

set of left eigenvectors I;(Uy), lo(Uy), 13(Uy) which forms a left eigenmatrix

1,(Uy) hip L hLg
L (UN) = 12(UN) = 1lo1 lap a3
15(Uy) 31 32 33

For definiteness, we assume A\; < Ay < 0 and A3 > 0. Thus two boundary conditions
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are needed according to the well-posedness theory in Section 3.3. For example, we
prescribe U, (1,t) = ¢, (t), m = 1,2. We define the local characteristic variables V,,

at grid points near the boundary by
(Vm)j:lm(UN)Uj, m=123 j=N-—-4,...,N. (3.17)

We extrapolate (V/,,); to the boundary with the fifth order WENO type extrapolation
and denote the extrapolated kth order derivative of V,, at the boundary by Vn’;(k),
E=0,....,4,m=1,23.

We impose U = g1(t,) and U;” = gy(t,). Because of the signs of the cor-
responding eigenvalues, Vi, V5 are the ingoing local characteristic variables and V3
is outgoing. Therefore, for stability reason, Ug(o) is solved by the extrapolation
equation of V3

Is U 4 15,030 4 15505 = v @, (3.18)

Notice that the coefficient I35 = T}l never vanishes. Next we find the first spatial
N

derivatives Up" with the ILW procedure for U; and Us, together with the extrap-

olation equation of V3. Using the first two equations of the Euler system, we write

the first time derivatives of Uy, Us as

ou, U,
ot oz’

% :_( _1)8U3 _ 3—”)/ <2U28U2 _U_g%)
ot 7 Ox 2 U 0x U ox )’

Notice that the left-hand side of the above equations is already known at the bound-

ary. UV can then be solved by the linear system
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2 U;(O) 2 U*(O)

2
. 3 — 2U*(0) . *(0) .
L e U“’—(—? 00| = —ghltn), (3.19)
1

L U 4 15 ,U5 Y 4 1y 5050 = v W,

Higher order derivatives U;Z(k), k = 2,3,4, are simply obtained by extrapolation.

Namely,
Uf(k) V*l*(k)
L(Uy) | ;™| =W . (3.20)
U;(k) ‘/é*(k)

In other words, the complicated ILW procedure is not needed for spatial derivatives of
order higher than or equal to two, regardless of the direction of the local characteristic

variables.

Before we summarize our algorithm, we turn to the issue of small eigenvalues. For
simplicity, we assume Ay is close to zero. In this situation, the local characteristic
variable V5 can be considered either going into the boundary or going out of the
boundary. On the one hand, if we assume an ingoing V5, we still have the linear
system (3.19), which is however ill-conditioned. The condition number will be larger
and larger as Ay gets closer and closer to zero. To make the system well-conditioned,

we may add to (3.19) the extrapolation equation of V5
b U 4 1o U3 4 1y 5050 = vy, (3.21)

(3.19) and (3.21) form a system of four equations with three unknowns. We consider
it as a linear least squares problem. The condition number of the 4 x 3 matrix is
small. On the other hand, if only one boundary condition is prescribed, such as the
case of no-penetration boundary condition u = 0 at rigid walls, we have to assume

an outgoing V5. Now the second equation of (3.19) is replaced by (3.21) and the
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resulting system is well-conditioned as well.

We summarize our fifth order boundary treatment at the right boundary z = 1
as follows, assuming that U;, j =0,..., N, have been updated from time level ¢,,_;

to time level t,,.

1. Compute the eigenvalues \,,(Uy) and left eigenvectors 1,,(Uy) of the Jacobian
matrix A (Uy) for m = 1,2, 3. Decide the prescribed inflow boundary conditions

gm(t) according to the signs of A, (Uy).

2. Form the local characteristic variables (V,,);, 7 = N —4,...,N, as in (3.17).
Obtain V,Z(k), which is a (5 — k)th order approximation of the kth order derivative

of V,,, at the boundary, by the WENO type extrapolation.

3. Solve for U,*ﬂ(o), m = 1,2, 3, by the prescribed boundary conditions and extrapo-

lated values Vi® | such as (3.18).

4. Use the ILW procedure to write the first derivative of g,,(t) as a linear combination
of first spatial derivatives. Together with the extrapolation equations, form a
linear system with U as unknowns (such as (3.19)) or a linear least squares

problem (such as (3.19) and (3.21)). Solve for Up”, m = 1,2, 3.

5. For k = 2, 3,4, solve for Ui by extrapolation equations (3.20). The ILW proce-

dure is not needed in this step.

6. Impose the values of ghost points by the Taylor expansion (3.16).
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3.4.5 2D reactive Euler equations

We consider 2D compressible reactive Euler equations in static geometries

U, +F(U), +G(U), =S(U), (x,y) e, t>0, (3.22)
where
Uy p pu
Us pu pu® +p
U=\l =] pv |, FU = pUv 5
U, E u(E +p)
Us pY puY
pv 0
PU 0
GU)=| pw?+p |, SU)=|0],
v(E +p) 0
pvY w

with “appropriate” boundary conditions and initial conditions. It is a system of
conservation laws with source term representing chemical reactions. p, u, v, p, and
E describe the density, x-velocity, y-velocity, pressure, and total energy, respectively.
Y describes the reactant mass fraction and the source term is assumed to be in an
Arrhenius form

W= —chYe_T+/T,

where T' = p/p is the temperature, T is the activation temperature and K. is a

constant. The equation of state has the form

1
E = % + §p(u2 +0?) + pQY, (3.23)
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where @) is the (constant) heat release due to the chemical reaction. Notice that if
Y =0, then (3.22) reduces to the usual compressible Euler equations without source

term.

General framework

We would like to extend our 1D boundary treatment technique to 2D problems. In
Section 3.3 we give a counterexample showing that we cannot simply extend 1D
well-posedness theory (Theorem 3.3.1) to 2D problems. Indeed, we have similar
issues in designing numerical boundary conditions: a simple extension of our 1D
boundary treatment may not be stable for 2D problems. However, the instability
can be well-controlled by using least squares extrapolation for most problems of
interest. In other words, although our methodology is somewhat ungrounded from
the theoretical point of view, it usually gives stable and physically correct solutions

in practice.

We proceed as for 1D problems. We assume the values of all the grid points
inside €2 have been updated from time level ,_; to time level ¢,,. For a ghost point
P = (x;,y,), we find a point Py = (x¢,yy) = Xo on the boundary I' = 0 such that
the normal n(xg) at P, goes through P. The sign of the normal n(xg) is chosen in
such a way that it is positive if it points to the exterior of €2. The point F, and
the normal n(xg) can be obtained analytically, since we assume we have an explicit

expression for the geometry of I'. We set up a local coordinate system at P, by

cosf sind x x
= =T , (3.24)
—sinf cosf Y Y

=

<

where 6 is the angle between the normal n(xy) and the z-axis and T is a rotational



44

matrix. The Z-axis then points in the same direction as n(xg) and the g-axis points

in the tangential direction, see Figure 3.6.

Figure 3.6: The local coordinate system (3.24). For static geometries, ¢, dependence can be
suppressed.

In this local coordinate system, the reactive Euler equations (3.22) are written

as
U, 4+ F(U); + G(U); = S(U), (3.25)
where
Ul P
(72 p?l
. ) U U
U = U3 = p@ , = T
) v v
Uy E
(75 pY

For a fifth order boundary treatment, the value of the ghost point P is imposed

by the Taylor expansion

4
. AF .
(m)i,jzz_! B m=1,...,5, (3.26)



45

where A is the d-coordinate of P and Up® is a (5 — k)th order approximation of

kT o . . .
885,;" . We assume Uy is the value of a grid point

(z,y)=x0, t=tn
nearest to Py among all the grid points inside €. We denote the Jacobian matrix of

the normal derivative

the normal flux by

. OF (U
AL(Uo) = a(ﬂ )

U=0U,

AL(IAJO) has five eigenvalues A\; = Uy — ¢g, Ao = A3 = Ay = U, A5 = g + ¢ and a

complete set of left eigenvectors 1,,(Uy), m = 1, ..., 5, which forms a left cigenmatrix
L(Up) ha b by ha by
1,(Up) b loo by loa log
L(U_O): 13(ﬂ0) = 13,1 l3,2 l3,3 13,4 5375
1,(Uo) lin lo lag laa lug
15(Uo) i ba lss b lss

For definiteness, we assume A\; < 0 and A5 > Ay = A3 = Ay > 0. Thus one boundary
condition is needed at P, according to 1D well-posedness theory. For example, the

normal momentum is prescribed Us(xq,t) = g2(2).

The local characteristic variables V,,, at grid points near F, are defined by
Viduw = Ln(U) U,y m=1,...,5, (2,,5) € Eijs (3.27)

where & ; C € is a set of grid points used for extrapolation. We extrapolate (V,,) ...
to Py and denote the extrapolated kth order z-derivative of V,,, by Vﬁ(k), k=0,...,4.
The choice of & ; and the fifth order WENO type extrapolation in 2D will be de-
scribed in detail in the next subsection. To stabilize the boundary treatment, the

2D WENO type extrapolation is composed of least squares extrapolation, instead of

Lagrange extrapolation.
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We solve Up” by a linear system of equations

o 1 0 o0 o)\ [0© ga(tn)
by by by lba bs| | 05© v
l31 l3o l33 lsa I35 A;f(o) = V},*(O) . (3.28)
iy las lig b b | | 039 vy
by s lsg b lss) \U3© vy

Here the first equation is the prescribed boundary condition. The other equations
represent extrapolation of the four outgoing characteristic variables V,,,, m = 2,...,5.

Next, we use the ILW procedure for U,. The second equation of (3.25) gives us

8_U2 _ ’}/—3022 ’}/—103? 8U1_(3_ )02002
o 2 22 p2) ok RACE
Us U5 oU, ous 0 [ U,Us
—1)= —(y—1 -1 - — = .
+(v )U1 5 (v )(% + Qv )(% ag( 0, )

At the boundary, the left-hand side of the above equation is the known function
g5(t). The tangential derivative on the right-hand side can be computed by numerical
differentiation, since we have obtained U9 of all the ghost points. Thus U can

be solved by the linear system

. {720 7x(0)
G\ (o - 5 (S
Ak (1 *
2( ) v (1)
*(0 Ak (1 _ *
A O g0 | = T : (3.29)

Az(l) V}f(l)
(1)
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where
~x(0) ) 2 e (0) 2 +5(0) - 2(0)
2 (Un) +32 (%) G-v%e 0-vs 0-1 Qu-)
lo1 la2 la3 l2,4 las
A = I Iy s ba s
l4,1 l4,2 l4,3 l4,4 l4,5
l5,1 l5,2 l5,3 l5,4 l5,5

Higher order derivatives U,*ﬂ(k), k = 2,3,4, can be solved by extrapolation equations

TN T
TN p

L(Ug) | ;™ [ = [vy® |. (3.30)
{0 NG
O p)

No-penetration boundary condition

The no-penetration boundary condition at rigid walls is & = 0 or U, = 0. In this
case, the eigenvalues \; &~ —cy < 0, A5 = ¢g > 0 and Ay = A3 = Ay = 0. Since only
one boundary condition is prescribed, we consider V,,,, m = 2,...,5, to be outgoing
and V; to be ingoing, which falls into the same case as discussed above. (3.28) gives
us U ©) — 0. Then the first equation of (3.29) reduces to

A~

7rx(0) 7rx(0)

’}/—1 U. ~ k(1 U. k(1 Ak (1 *(1

2 (Ui(0)> Ul( ) + (1 _7>Ui(0) US( : + (7 - 1>U4( ) — Q(V - 1)U5( :
1 1

@) s
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where R is the radius of curvature of 02 at Fy. Notice that there is no tangential
derivative in (3.31). Therefore, we do not need to do any numerical differentiation,

which further simplifies the implementation.

(3.31) can also be derived by considering primitive variables, i.e., p, 4,0, p and

Y, in the ILW procedure. At the rigid walls, we obtain

which is equivalent to (3.31) because of the equation of state (3.23). In fact, it
is sometimes more convenient to use primitive variables than to use conservative
variables U. For problems involving moving geometries, we can only use primi-
tive variables because the boundary condition is prescribed in normal velocity. See

Section 3.5 for details.

We now summarize our fifth order boundary treatment for the 2D problem (3.22).
We assume the values of all the grid points inside {2 have been updated from time

level ¢,_1 to time level ¢,. Our goal is to impose the value of (U,,);j, m =1,...,5,

for each ghost point (z;,y;).

1. For each ghost point (z;,y;), we do the following three steps:

e Decide the local coordinate system (3.24). Compute the eigenvalues \,,(Uy)
and left eigenvectors 1,,(Uy) of the Jacobian matrix A | (Uy) form =1,...,5.
Decide the prescribed inflow boundary conditions g,,(t) according to the

signs of A, (Up).

e Form the local characteristic variables (V;,,),., (24, 4) € & j, as in (3.27).

Extrapolate (V},),,, to the boundary to obtain V,;';(k), k=0,...,4, with fifth
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order WENO type extrapolation. Details of the 2D extrapolation will be

discussed in the next subsection.

e Solve for U,*n(o), m = 1,...,5, by the prescribed boundary conditions and

extrapolated values Vi, such as (3.28).

2. For each ghost point (z;,y;), use the ILW procedure to write the first derivative of
gm(t) as a linear combination of first normal derivatives plus tangential derivatives.

Srex (1
m()as

Together with the extrapolation equations, form a linear system with
unknowns, such as (3.29). Solve for U;;(l), m=1,...,5. For k= 2,3,4, solve for

) by extrapolation equations (3.30) where the ILW procedure is not needed.

3. Impose the values of the ghost points by the Taylor expansion (3.26).

If no-penetration boundary condition is considered at rigid walls, then the first
equation of (3.29) is replaced by (3.31) in Step 2 with other steps unchanged. An

alternative is to use primitive variables instead of conservative variables.

2D WENO type extrapolation

We return to the issue of 2D fifth order WENO type extrapolation. It is needed
in the second bullet of Step 1 of the algorithm flowchart for 2D compressible Eu-
ler equations, regardless of the smoothness of the solution. For stability reason, we
would like to use least squares extrapolation as building blocks. Namely, the number
of points used to construct a 2D extrapolating polynomial is greater than the num-
ber of polynomial coefficients. In fact, Lagrange extrapolation sometimes leads to

instability for 2D problems even with smooth solutions in our numerical experiments.

For a given ghost point (z;,y;), we aim to first construct a stencil £ C Q for
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extrapolation and then to obtain a (5 — k)th order approximation of % oy)mo”

T,Y)=X0
which is denoted by V*®) k =0,...,4. Compared with the notations used before,
here we suppress the subscripts indicating the mth component of V' and that the

stencil € is for the ghost point (z;,y;). € = Ji_, & consists of five substencils &,

r =20,...,4, each of which is for constructing a least squares polynomial p,(z,y) in
Prie.,
prly) = D ama'y”
0<m+I<r
satisfying
Pr(@u, yy) = Vi, for all (z,,y,) € &, (3.32)

Notice that p,(x,y) has (r+ 1)(r 4+ 2)/2 degrees of freedom. We choose &, such that

it contains (r 4+ 1)? points and (3.32) holds in the sense of least squares if r > 0.

We take r = 3 as an example to show how to choose &,. &5 is composed of 16
square points sketched in Figure 3.7. It contains four 1D substencils &;, [ =0, ..., 3.
Suppose the normal n(zy) (or Z-axis) intersects the grid line y = y,,_; at a point P;'.
We denote the grid point on the horizontal line y = y,,_; which is just to the left of

Py by (24, y,—;). Then we set

S = {(xin—lﬁ yn—l)> ([L’lm, yn—l)> ($£n+1> yn—l)a (l'im_g, yn_l)}, = 0,...,3,

and & = U?:o S;. Notice that we have to shift Sy to the left by one grid point so

that Sy lies in €.

On each &, 7 =0,...,4, V* can be extrapolated by

V*(k)_a_k (z,y)
— gRlr\ Y

(z,y)=x0



51

Yn
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Figure 3.7: The choice of & (square points) for 2D WENO type extrapolation.

We seek WENO type extrapolation of the form

4
. o
V (k) = Zwr@pr(xvy> ) (333>
r=0 (xvy):x()
where w, are nonlinear weights. The nonlinear weights w, are defined by
Wy
Wy = 4 ~
ZVZO Wy
with
~ Vr
w?“ - ) 334
(e +6r)2 (3:34)

where vo = 2h%, 41 = 2h%, vy = 2h% y3 = 2h, Y = 1 — 30 v,, e = 1075, and
g > 3 is an integer. The constant integer ¢ > 3 is determined on a case-by-case
basis. Generally, the stronger the discontinuity, the larger ¢ we need to stabilize the
extrapolation. This is because a larger ¢ leads to smaller nonlinear weights assigned

to nonsmooth stencils. The smoothness indicators (3, are determined by

ﬁo = 2h27

Br = Z /K|K||a_1(D°‘pr(x,y))2d:Edy, r=1,...,4,

1<]|al<r
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where « is a multi-index and K = [zg — h/2, 20 + h/2] X [yo — h/2,y0 + h/2]. We
can show that (3.33) is (5 — k)th order accurate if V' is smooth in £ and w, vanishes

as h — 0 if &, contains a discontinuity.

Notice that the stencil £ for the fifth order WENO type extrapolation contains
at least 25 grid points. For most cases, it is eventually possible to fit the wide stencil
in the computational domain by mesh refinement. However, in some special cases,

we have to reduce the order of extrapolation, see Example 3.5.4.

3.4.6 Numerical examples

We test our fifth order boundary treatment with efficient implementation in this
section. For accuracy tests, we take At = O(h®?) in the third order RK time
integration (2.8) in order to have fifth order accuracy in time. For other cases, we
take At = O(h) and the CFL number as 0.6. The specific heat ratio v in (reactive)
Euler equations is taken as v = 1.4 and the power ¢ in (3.15) or (3.34) is taken
as ¢ = 3, unless otherwise indicated. The L' error and L*> error are defined as
h? D {(ig) (wiy)eny €l and MaxX(( jy(z,,,)epy |€ij| respectively. Here e;; denotes the
error at grid point (x;,y;) and D is the region where the errors are measured. D =

unless otherwise indicated.
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1D problems

Example 3.4.2. We start with the wave equation

up +u, =0 e (—1,1), t>0,
u(z,0) =0.25+ 0.5sin(rx) = € [—1,1], (3.35)
u(—1,t) = g(t) t > 0.

The left boundary x = —1 is an inflow boundary, where a boundary condition is

prescribed. The right boundary x = 1 is an outflow boundary, where no boundary

condition is needed.

We first take
g(t) =0.25 — 0.5sin [7(1 + )] (3.36)

so that the IBV problem has a smooth exact solution

u(x,t) = 0.25 4+ 0.5sin [7(x —1)].

The errors at t = 1 are listed in Table 3.3. We can clearly see the desired fifth order
convergence.

Table 3.3: Errors of the wave equation (3.35) with boundary condition (3.36). ¢ = 1.

h L' error order L™ error order
1/20 || 8.72E-05 3.94E-04
1/40 || 9.45E-07 6.53 5.17E-06 6.25
1/80 || 1.56E-08 5.92 2.21E-08 7.87
1/160 || 4.93E-10 4.98 6.66E-10 5.05
1/320 || 1.55E-11 4.99 1.88E-11 5.15
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Next, we take g(t) as

0.25 t <1,
g(t) = (3.37)
-1 t>1.
The exact solution is then
—1 T <t—2,
u(r,t) =9 0.25 t—2<z<t—1,

025+ 0.5sin([n(z —¢t)] = >t—1.

For t < 1, the exact solution has a discontinuity in its first derivative, due to the def-
inition of g(¢). For ¢t > 1, a discontinuity enters the computational domain from the
inflow boundary. We can observe from Figure 3.8 that both types of discontinuities

are well captured by our method.

u(x)
S

1
0 0.5
X

Figure 3.8: Wave equation (3.35) with boundary condition (3.37). h = 1/40 and ¢ = 1.5. Solid
line: exact solution; Symbols: numerical solution.

Example 3.4.3. We test 1D Euler equations with smooth solutions. The domain

is (—m, ) and the initial condition is

p(z,0) =1+ 0.2sinzx,
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u(x,0) =1,

p(z,0) = 2.

We want to impose the boundary conditions such that the exact solution is simply

a translation of the initial condition

p(z,t) =14 0.2sin(zx — 1),
u(z,t) =1,

p(z,t) = 2.

At both boundaries, we have A\; < 0 and A3 > Ay > 0. We prescribe p(—m,t),
u(—m,t) and p(m,t). The density errors are listed in Table 3.4. We can clearly see
the designed fifth order convergence.

Table 3.4: Density errors and convergence rates in Example 3.4.3. h = 27 /N and ¢t = 2.

N | L' error Order L*> error Order
40 || 7.02E-05 5.84E-04

80 || 2.82E-07 7.96 2.84E-06 7.69
160 || 3.16E-09 6.48 1.78E-08 7.31
320 || 9.89E-11 5.00 5.58E-10 5.00
640 || 3.06E-12  5.02 1.73E-11  5.01

Example 3.4.4. We test 1D Euler equations with shocks. We consider the interac-

tion of two blast waves [69]. The initial data are

U, 0<z<0.1,
U(z,0) =9 Uy 0.1<z<0.9,

Urp 09<x<1,

where pr, = py = pr = 1, up, = upy = ug = 0, pr, = 103, pay = 1072, pr = 10%

There are rigid walls at both x = 0 and x = 1. This problem involves multiple re-
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flections of shocks and rarefactions off the walls. There are also multiple interactions
of shocks and rarefactions with each other and with contact discontinuities. The
density profile at t = 0.038 is shown in Figure 3.9(a) with ~ = 1/800 and in Fig-
ure 3.9(b) with A = 1/1600. The reference solution is computed by the fifth order
WENO scheme with h = 1/16000, together with the reflection technique at both

boundaries. Our fifth order boundary treatment gives an excellent non-oscillatory

resolution.
7r 7r
6 b 6 b
5L 5L
> af > af
@ F 7 [
c I < I
g 3r % 3
2 b 2t
- g il
Oiwwlwwwl\\\l\\\l\\\l Oiwwlwwwl\\\l\\\l\\\l
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
(a) h = 1/800 (b) h = 1/1600

Figure 3.9: The density profiles of the blast wave problem in Example 3.4.4. Solid lines: reference
solution computed by the fifth order WENO scheme with A = 1/16000, together with the reflection
technique at boundaries; Symbols: numerical solutions by our fifth order boundary treatment.

2D scalar equations

Example 3.4.5. We start our 2D examples with the wave equation on a disk

w+ Uy +uy, =0 (x,y) €Q, t>0,
u(z,y,0) = 0.25+ 0.5sin [r(x +y)] (z,y) € Q, (3.38)

U(Zﬁ,y,t) = g(zayat) ($ay) € Fim t> 07
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where

Q= {(z,y): 2* +y* < 0.5},

T = {(z,y) : 2* + y* = 0.5 and = + y < 0}.

The domain is illustrated in Figure 3.10(a) with a coarse mesh. Notice that the grid

points are not located on the boundary.

16
12

0.8

u(x)

0.4

. 1 P T 1 |
O"-10.5 -0.3 -0.1 0.1 0.3 0.5

] | | | ] | u | X

(a) computational domain (b) computational result

Figure 3.10: Left: Domain Q of the 2D wave equation (3.38). Square points indicate some of
the grid points. Solid lines: inflow boundary; Dashed lines: outflow boundary. Right: 2D wave
equation (3.38) with boundary condition (3.40). h = 1/40 and ¢ = 0.8. Cut along the diagonal.
Solid line: exact solution; Symbols: numerical solution.

Special care must be taken when we impose the inflow boundary condition on a
ghost point near the intersection of the inflow boundary and the outflow boundary,
which is (—0.5,0.5) or (0.5, —0.5) in our example. In this situation, the ILW proce-
dure involves a small number divided by a small number, which ruins the accuracy
or makes the scheme blow up. There are two ways to deal with this ill-conditioned
problem. The first one is using the analytical expressions of time derivatives and

tangential derivatives. The other one is adding an extrapolation equation to the
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Table 3.5: Errors of the 2D wave equation (3.38) with boundary condition (3.39). ¢ = 0.8.

h L' error order L™ error order
1/20 | 2.06E-04 6.28E-03
1/40 | 6.17E-06 5.06 1.18E-04 5.73
1/80 || 6.01E-08 6.68 3.12E-07 8.57
1/160 || 1.82E-09 5.05 9.21E-09 5.08
1/320 5.74E-11 4.98 2.81E-10 5.03

equation obtained by the ILW procedure and solving a least squares problem. We
use the former here because the analytical expressions are available. We use the

latter in the next example.

We take

g(x,y,t) = 0.254 0.5sin [7(x + y — 2t)] (3.39)

so that we have a smooth exact solution

u(z,y,t) = 0.25+ 0.5sin [1(z +y — 2t)].

The errors are listed in Table 3.5. We can clearly see fifth order convergence.

We next take a discontinuous boundary condition

025+ 0.5sinm(z+y—2t) x+y—2t>—1.23,

9(x,y,t) = (3.40)
1254 0.5sinm(r +y —2t) z+y—2t <—1.23.

Now we have a discontinuous exact solution. The numerical solution and exact

solution along the diagonal are shown in Figure 3.10(b). We can see an excellent

non-oscillatory resolution.



Table 3.6: Errors of the 2D Burgers equation (3.41). ¢t = 0.15.

h L' error order L™ error order
1/20 | 3.05E-04 9.44E-03
1/40 | 1.01E-05 4.92 6.18E-04 3.93
1/80 || 1.64E-07 5.94 1.28E-05 5.59
1/160 || 5.13E-09 5.00 5.22E-07 4.62
1/320 1.44E-10 5.15 2.97E-08 4.14

Example 3.4.6. We next test the 2D Burgers equation on a disk

u + 5 (u?), + 3 (u?), =0 (r,y) €Q, t>0,

u(x,y,0) = 0.75+ 0.5sin [r(z + y)] (z,y) € Q,

U(%%t):g(%y’t) (zay) EFin> t>07

where

Q={(z,y) 2 +y* <05},

Fin:{(x,y):x2+y2:0.5 and z +y < 0}.

99

(3.41)

Here g(x,y,t) = w(x,y,t), where w(x,y,t) is the exact solution of the initial value

problem on (—1,1) x (—1,1) with periodic boundary conditions. At t = 0.15, we

have a smooth solution. The errors are listed in Table 3.6. We achieve the designed

fifth order accuracy in the L! norm. At t = 0.55, a shock is fully developed in the

interior of €2. A shock begins entering 2 from the inflow boundary at a later time

and the shock front is located at the line x +y = 0 at t = 6. We can see from Figure

3.11 that the shock is well captured.
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(a) t=0.55 (b) t =6

Figure 3.11: 2D Burgers equation (3.41). h = 1/40. Cut along the diagonal. Solid line: exact
solution; Symbols: numerical solution.

2D Euler equations

Example 3.4.7. We test 2D Euler equations with smooth analytical solutions. We
consider the vortex evolution problem on a disk Q = {(z,y) : 2% + y* < 0.5}.
The mean flow is p = p = u = v = 1. We add to this mean flow an isentropic
vortex perturbation centered at (g, o) = (0.3,0.3) in (u,v) and in the temperature

T = p/p, no perturbation in the entropy S = p/p”

(6u,60) = 5=c"*0 ) (=3,),

5T — — (v — 1) L0-r2)
8?2

Y

where (Z,%) = (z — zo,y — yo), > = T2 + y* and the vortex strength is ¢ = 5. We

regard the exact solution U(z,y,t) as the passive convection of the vortex with the
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mean velocity and take boundary conditions from U(z,y,t) according to 1D well-
posedness theory. The number of boundary conditions is determined by the signs of
the four eigenvalues \,, which vary both in space and in time. The density errors are
listed in Table 3.7. We can see that the designed fifth order convergence is achieved

in the L' norm.

Table 3.7: Density errors of the vortex evolution problem on a disk in Example 3.4.7. ¢t = 0.1.

h L' error  Order L* error Order
1/20 || 1.94E-07 2.55E-05
1/40 || 3.66E-09 5.73 1.94E-07 7.04
1/80 1.22E-10 4.91 1.07E-08 4.17
1/160 4.26E-12 4.83 6.00E-10 4.16

Example 3.4.8. We test the double Mach reflection problem [69] which involves
a rigid wall not aligned with the grid lines. This problem is initialized by sending
a horizontally moving shock into a rigid wall inclined by a 30° angle. In order to
impose the no-penetration boundary condition by the reflection technique, people
usually solve an equivalent problem that puts the wall horizontal and puts the shock
60° angle inclined to the wall, see for example [33, 57]. We consider the solution of
the equivalent problem as our reference solution. Another way to apply the reflection

technique is to use a multidomain WENO method [54].

We are able to solve the original problem on a uniform mesh with our fifth order
boundary treatment in conservative variables. The computational domain is sketched
in Figure 3.12(a), together with some of the grid points near the wall indicating
that the wall is not aligned with the grid lines. Initially a right-moving Mach 10
shock is positioned at (0,0) making an angle of 90° with the z-axis. At y = 0, the
exact postshock condition is imposed. At the top boundary, the flow values are set
to describe the exact motion of the Mach 10 shock. Supersonic inflow and outflow
boundary conditions are used at the left and right boundary respectively. The power

q in (3.34) is taken as ¢ = 20 to stabilize our boundary treatment. Figure 3.12(b)
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shows the density contour with A = 1/320 at ¢t = 0.2. A zoomed-in region near the
double Mach stem is shown in Figure 3.13(a). The region is rotated and translated
for the ease of comparison. In Figure 3.13(b), we show the reference solution on a
mesh with comparable size. Figures 3.13(c) and 3.13(d) show the density contours
on a refined mesh. We can see that the results of our boundary treatment are very
similar to those obtained by the reflection technique. The slight difference comes
perhaps from the fact we impose the no-penetration condition strongly while the

reflection technique imposes it weakly.

Example 3.4.9. This is an example involving a curved wall. The problem is initial-
ized by a Mach 3 flow moving toward a circular cylinder of unit radius positioned at
the origin on a z-y plane. In order to impose the no-penetration boundary condition
at the surface of the cylinder by the reflection technique, a particular mapping from
the unit square to the physical domain is used in [33]. Using our boundary treatment,
we are able to solve this problem directly in the physical domain, which is shown
in Figure 3.14(a), together with some of the grid points near the cylinder which
indicate boundary cuts the grid in an arbitrary fashion. The computational domain
is the upper half of the physical domain, due to the symmetry of this problem. At
y = 0, the reflection technique is used. Supersonic inflow boundary condition is used
at the left boundary z = —3; supersonic outflow boundary condition is used at the
top boundary y = 6 and at the right boundary x = 0. Our fifth order boundary
treatment in primitive variables with ¢ = 10 in (3.34) is applied at the surface of
the cylinder. Notice that although the initial condition is incompatible with the no-
penetration boundary condition, we do not encounter any problem if using primitive

variables, while difficulty arises if we use conservative variables as reported in [64].

The pressure contour at steady state is shown in Figure 3.15 with different mesh

sizes. The bow shock is well-captured by our method. For a more quantitative veri-
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(a) computational domain

2.5-

(b) density contour

Figure 3.12: Top: The computational domain (solid line) of the double Mach reflection problem
in Example 3.4.8. The dashed line indicates the computational domain used in [33, 57]. The square
points indicate some of the grid points near the wall. Illustrative graph, not to scale. Bottom:
Density contour of double Mach reflection, 30 contour lines from 1.731 to 20.92. h = 1/320.
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Figure 3.13: Density contours of double Mach reflection in Example 3.4.8, 30 contour lines from
1.731 to 20.92. Zoomed-in near the double Mach stem. The plots in the left column are rotated
and translated for comparison.

fication, we take advantage of the entropy along the surface, which can be computed
analytically by using the Rankine-Hugoniot conditions for the streamline normal to
the bow shock at y = 0. Since there is usually no grid point located on the surface,
we compute the entropy errors of the state U;,Z(O), m =1,...,4, which is the constant
term in the Taylor expansion (3.26), for all the ghost points. We can see superlinear
convergence rates in Table 3.8. In other words, although the accuracy of our high
order boundary treatment degenerates to first order near the shock, it is expected

to be higher than first order in the smooth part of the solution.

Example 3.4.10. We consider shock reflection from a circular cylinder. The phys-
ical domain is [—0.5,0.5] x [—0.5,0.5]. The cylinder is located at (0,0) and has a
radius of 0.2. Initially a Mach 3 shock is located at x = —0.3. The state in front of
the shock is p = 1.4, u = v = 0, p = 1. This problem is considered by Forrer and

Jeltsch [17]. Helzel et al. [29] test the same problem but with a Mach 2 shock.
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Figure 3.14: Left: Physical domain of flow past a cylinder in Example 3.4.9. Right: Physical
domain of shock reflection from a cylinder in Example 3.4.10. In both figures, the square points
indicate some of the grid points near the cylinder. Illustrative sketch, not to scale.
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Figure 3.15: Pressure contours of flow past a cylinder in Example 3.4.9, 20 contour lines from 2
to 15.

Table 3.8: L entropy errors on the surface of the cylinder and rates of convergence in Example
3.4.9.

h L error | Order
1/20 || 1.68E-02
1/40 | 7.06E-03 | 1.25
1/80 || 1.88E-03 | 1.91
1/160 || 7.50E-04 | 1.33
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The computational domain is the upper half of the physical domain due to the
symmetry of the problem, see Figure 3.14(b). We apply our fifth order boundary
treatment in primitive variables with ¢ = 20 in (3.34) at the surface of the cylinder.
Figure 3.16 shows the density contours at ¢ = 0.18 with h = 1/320 and h = 1/640.
The density contour plot with A = 1/320 in Figure 3.16(a) agrees well with the result

computed on a mesh with A = 1/300 in Figure 11 of [17].

04|

02fF

02k

04fF

(a) h=1/320 (b) h = 1/640

Figure 3.16: Density contours of shock reflection from a circular cylinder in Example 3.4.10. 39
contours from 0 to 13.

2D reactive Euler equations

Example 3.4.11. We would like to test the accuracy of our boundary treatment for
2D reactive Euler equations in this example. Unfortunately, it is difficult to construct
an analytical solution with no-penetration boundary condition at rigid curved walls.
We construct isentropic flows so that we are able to measure the entropy errors. We
set the source term w = 0 in (3.22) such that isentropic flows can be maintained
as long as the flows keep smooth. Namely, we only consider the transport of the

chemical reactants. The heat release is set to Q) = 2.
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We consider a region [—4,4] x [—4,4] with all the boundaries as rigid walls.
A circular cylinder with unit radius is centered at the origin. The computational
domain is then Q = [—4,4] x [—4,4] N {(x,y) : 2* + y* > 1}. The initial conditions
should be compatible with the no-penetration boundary condition at the rigid walls

and at the surface of the cylinder. For this purpose, we set

U(ZL’, Y, O) = )\1(1’, y)ul(xa y)>

o(,9,0) = 5 P, 9)on () + dal )oa(a )],

where

(W2-1) (VT -1)
(V69 —1) (VIEFa2 - 1)
V2 £ y*(a* — 16)(y* — 16)

>\2(I, y) = 22 16 Y2 16 )
(- 19) (1)

uy(z,y) = sin (%z) sin? (%y) : (3.42)

Al(xvy) =

Ul(xvy) = Ul(y,l’),

1 . T
va(z,y) = T (z* +y* — 1) sin (Zx> :

The other initial conditions are p(x,y,0) = p(z,y,0) = 1 and

1
Y(z,y,0) = 5 [1 + sin? (%r) sin? (gy)] .

We apply our fifth order boundary treatment in primitive variables at the surface
of the cylinder and the reflection technique at the rigid walls. Figure 3.17 shows
the density contour with A = 1/20 at ¢ = 0.5. The entropy errors in the region
[—3, 3] x[—3, 3] at the same time level are listed in Table 3.9. Fifth order convergence

is achieved.



Figure 3.17: Density contour in Example 3.4.11. A = 1/20 and ¢ = 0.5.
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Table 3.9: Entropy errors in [—3, 3] x [—3, 3] and convergence rates in Example 3.4.11. ¢ = 0.5.

h L' error  Order L* error Order
1/5 || 1.44E-03 5.67E-04
1/10 || 5.00E-05 4.84 2.72E-05 4.38
1/20 || 8.66E-07 5.85 5.03E-07 5.76
1/40 2.26E-08 526 1.81E-08 4.80
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Example 3.4.12. We start to consider problems involving detonations. It is a rapid
regime of burning in which a strong shock ignites the combustible mixture of gases
and the burning proceeds to equilibrium behind the shock, while the energy released
continues to help to drive the shock [56]. The first problem is the reflection of
detonation waves on a wedge, see [24, 66] for experiments and [49, 68] for numerical
simulations. The computational domain is sketched in Figure 3.18(a). A Zeldovich,
von Neumann and Doering (ZND) profile with 7t = 50, @ = 50, f = 1.0, v =
1.2 is initially located at * = —118.2. Here f is the overdrive factor defined by
f = D?/DZ;, where D is the detonation velocity and Dcy is the velocity of the
corresponding Chapman-Jouguet wave. The constant prestate is (p,u,v,p,Y) =
(1,0,0,1,1). See [6, 72| for details about the ZND profile. The density and pressure
fields of this profile are perturbed so that the instability of the flow results in the
development of triple points, whose trajectories form a cellular pattern [6, 18, 56].

The perturbation is in the region [-117.0, —115.8] x [0, 100] in which

1.8 if y € [20,40] U [60, 80],
p(z,y,0) = p(z,y,0) =
0.2 otherwise.
Supersonic inflow and outflow boundary conditions are used at x = —120 and at
x = 120 respectively. The reflection technique is applied at y = 0 and at y = 100.

Our fifth order boundary treatment in conservative variables with ¢ = 40 in (3.34)

is used at the surface of the wedge.

We first set the wedge angle § = 19.3°. We run the code until ¢ = 28 with
h = 0.15. Figure 3.19(a) shows the cellular detonation pattern determined by record-
ing the history of the maximum pressure. The cellular pattern is similar to the ex-
perimental results in Figures 5, 10, 11 of [24] and the numerical results in Figure

8 of [68]. From Figure 3.19(a), we can observe the main feature of the detonation
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(a) Example 3.4.12 (b) Example 3.4.13

Figure 3.18: Left: Computational domain in Example 3.4.12. Right: Physical domain in Example
3.4.13. The computational domain is the upper half. Both are Illustrative sketches, not to scale.

wave reflection. There is a sharp dividing line, made up by a triple point trajectory,
emerging near the tip of the wedge and extending downstream. The detonation cells

below the line are smaller than those above the line and are distorted in shape.

Next, we increase the wedge angle to 8 = 30° and keep other parameters un-
changed. The cellular pattern at ¢ = 30 with A = 0.15 is shown in Figure 3.19(b).
As the experimental results in Figure 1(d) of [66], Figure 7 of [24] and the numerical
result in Figure 9 of [49], the cellular pattern is not clear in this case since the spatial
scale of the region between the wedge and the reflection of transverse waves is small.

However, the dividing line is still quite sharp.

Example 3.4.13. We consider the shock focusing problem. The physical domain is
sketched in Figure 3.18(b). The curve represents a rigid wall with parabolic shape.
A right-moving Mach 2.5 shock is initially positioned at z = —d,,, where d,, is the
depth of the parabolic wall. The preshock state is (p,u,v,p,Y) = (0.2,0,0,0.2,1).
As the incident shock wave enters the cavity of the end-wall, there are local zones
with elevated pressure and temperature. The formation of such hot zones causes
self-ignition which is sometimes followed by detonation initiation. See [19] for exper-

iments and [3] for numerical simulations.
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(a) 6 =19.3°

= 30°

(b) 0

Figure 3.19: Cellular patterns of detonation waves over a wedge of angle 6 in Example 3.4.12.
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We set T = 20, Q = 50, and K. = 30. The computational domain is the upper
half of the physical domain due to the symmetry of this problem. The reflection
technique is used at y = 0 and at y = 2.7. Supersonic inflow boundary condition is
used at the left boundary x = —5. Our fifth order boundary treatment in primitive

variables with ¢ = 40 in (3.34) is applied at the parabolic wall.

In the first case, we consider a parabola y? = —2.7z with d,, = 2.7. The temper-
ature contours with h = 1/160 and h = 1/320 at different times are shown in Figure
3.20. At t = 0.8, a high temperature ignition zone is formed at the lateral surface
near the Mach stem (see the top row of Figure 3.20), which shows that focusing
induces exothermic reaction of combustible gases. The primary ignition starts and
the developing detonation waves are focused around the center line (see the middle
row). Similar structure persists until the detonation leaves the cavity of the end-wall

(see the bottom row).

In the second case, we consider a shorter parabola y? = —4.5x with d,, = 1.62.
Other parameters are kept the same. The temperature contours with A = 1/160 and
h = 1/320 at different times are shown in Figure 3.21. We again obtain convergent

solutions with good resolutions.

3.5 Moving boundary treatment for compressible

inviscid flows

The advantage of using fized Cartesian mesh may best be shown by problems involv-
ing complex moving geometries. We consider Euler equations in moving geometries,

i.e., the domain Q(t) varies with time ¢. To describe the boundary conditions, we
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3 0.00 1.13 2.26 3.39 4.52 3 0.00 1.13 2.26 3.39 4.52

(a) h =1/160, t = 0.8 (b) h=1/320,t=0.8
3 0.15 497 979 14.60 19.42 3 0.15 497 979 14.60 19.42

(c) h=1/160, t = 1.2

3 0.00 549 1097 1646 21.95 3 0.00 549 10.97 16.46 21.95

(e) h=1/160,t =18 (f) h=1/320,t =18

Figure 3.20: Temperature contours of the shock focusing problem in Example 3.4.13. 29 contour
lines in the respective range. d,, = 2.7. The color outside the computational domain is not relevant.
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3 0.00 252 5.04 756 10.08 3 0.00 252 504 756 10.08

(a) h =1/160, t = 0.6 (b) h=1/320,t=0.6
Il T W Il W W
3 0.00 6.04 12.09 18.14 24.18 3 0.00 6.04 12.09 18.14 24.18

(c) h=1/160, t = 1.0 (d) h=1/320,t=1.0
Il W Il W
3 0.00 579 1159 17.39 23.18 3 0.00 579 1159 17.39 23.18

(e) h=1/160,t=1.4 (f) h=1/320,t =14

Figure 3.21: Temperature contours of the shock focusing problem in Example 3.4.13. 29 contour
lines in the respective range. d,, = 1.62. The color outside the computational domain is not
relevant.
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let X,(a,t) represent the position vector (in Eulerian coordinates) of a point a on
['(t). Here a is the Lagrangian coordinate of the point determined by the condi-
tion X,(a,0) = a. We mainly consider rigid bodies moving at a prescribed motion.
Namely, X,(a,t) and thus €(t) are explicitly given. The no-penetration boundary

condition for inviscid flows is then
u(x,t) -n(x,t) = Vu(t) -n(x,t), forall x =X,(a,t)e'(t), (3.43)

where V,(t) = % is the prescribed velocity. Notice that V() is independent of a

for rigid bodies. The normal n(x,t) is defined as the same way as in Figure 3.6. If

the motion of a rigid body is induced by the fluid, the acceleration can be expressed

97X, 1/
= —— nds, 3.44
5 i S (3.44)

as

where M, is the rigid body mass. Although X,(a,t) is not explicitly given in this

case, we can obtain it at each time level by integrating (3.44) in time.

There are two underlying issues with the moving boundary problem. First, the
no-penetration condition (3.43) is prescribed in the Lagrangian specification of nor-
mal velocity. Thus in the ILW procedure we should use material derivatives of
primitive variables, i.e., p, u, v, p, instead of Eulerian time derivatives of conserva-
tive variable U. Secondly, in expansion flows there may be grid points which are
outside (t,_1) at the previous time level ¢,_; but enter €(¢,) at the current time
level t,,. Such grid points are called newly emerging points. The newly emerging
points do not have any value at time level t,,. To update their values to time level
tne1, we not only need to construct their values at time level ¢,,, but also need one

extra ghost point in each direction if we assume I'(¢) travels a distance of at most h
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in each direction from ¢, to t,,1, i.e.,

h
At < . 3.45
e VoDl (3.45)

See Figure 3.22 for a demonstration of newly emerging points and ghost points. If
the same method is used to construct values of ghost points and newly emerging
points, there is actually no need to distinguish them in implementation. We only
need to construct values of four ghost points (instead of three ghost points for the

static boundary problem) in each direction at time level ¢,,.

We start to describe a fifth order boundary treatment for the no-penetration

boundary condition (3.43) in which X,(a, t) and thus V() are prescribed.

3.5.1 1D problems

We assume the right boundary is a moving rigid wall with prescribed position X, (t)
and velocity V,(t) = X/(t). Since the boundary condition (3.43) is prescribed in

velocity u, we rewrite the Euler equations in terms of primitive variables

W, + AW)W, =0, (3.46)
where
W p u p 0
W=1w,|=|u]l, AW)=|0 u 1/p
Ws p 0 pc®> wu
At time level t = t,,, we have grid points xg < ... < Ty_3 < Ty_o < Ty_1 <

ry < Xp(tn) < xyi1 < Tnie < Tyis. We assume zy, ..., rne3 are the four ghost
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Figure 3.22: Newly emerging points and ghost points at time level ¢,,.
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points in which zy is a newly emerging point, i.e., Xp(t,—1) < zny < Xp(t,), see
Figure 3.22(a). Wy, ..., Wxy_; have been updated from time level t,,_; to time level
t,. We would like to construct values of ghost points Wy, ..., Wy,3 by a fourth

order Taylor expansion

4
= X (t,)E
(Wm)jzz(x’ k,”( ) Wwx®  m=1,23 j=N,...,N+3, (3.47)

k=0

* Wi,

where Wi" is a (5—F)th order approximation of the spatial derivative %5

z=Xp (tn)v t=tn

We first do a local characteristic decomposition of the PDEs near the boundary
r = Xp(t,). A(Wpy_1) has three eigenvalues A\y_1 = uy_1 — cn_1, Ao = uUn_1,
A3 = uy_1 + cy—1 and a complete set of left eigenvectors 1,,(Wy_1), m = 1,2, 3,

which forms a left eigenmatrix

1, (Wn_y) Lia Lo L
LWyn1) = [ 1L,(Wy_y) | = log lag lo3
15(Wny_1) l31 32 33

The local characteristic variables V,, at grid points near the boundary are defined
by
(Vin); =ln(WNn-1)W;, m=1,2,3, j=N-5...,N-1L1 (3.48)

Both V5 and V3 can be considered as outgoing, since their relative speeds to the
moving boundary are approximately 0 and cy_; > 0 respectively. We extrapolate
(Vm)j, m = 1,2,3, to x = X,(t,) with the fifth order WENO type extrapolation.
The extrapolated kth order derivative of V,, at the boundary is denoted by V,:,,(k),
k=0,....4. W39 can be naturally imposed by Wi'” = Vj(t,) = X[(t,) according

to (3.43). The other two components, W;” and W;®. should be obtained by
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extrapolated values Vi We have a linear system with Wil® as unknowns

0o 1 0\ (w® X/(t,)
lag lap 23 WQ*(O) = VQ*(O) . (3.49)
31 l3o 33 W§(°) V},*(O)

Next we try to find the spatial derivatives Wil with the ILW procedure for u,
together with the extrapolation of V,,, m = 2,3. The second equation of (3.46) can

be written in Lagrangian form as

Du n 1 _0
Dt =0
where % = % + u% is the material derivative. Thus the material derivative of

u, which is actually X} (¢,), can be converted to the spatial derivative p, at the

boundary. We then have a linear system with Wi as unknowns

log lao  los Wz*(l) = Vg*(l) . (3.50)
31 l32 33 W;(l) Vg,*(l)

Higher order derivatives W,;Z(k), k = 2,3,4, are obtained by extrapolation

Wl*(k) V*l*(k)
LWx_) [wy® | = vy® | (3.51)
W;(k) ‘/3*(’?)

Notice that the numerical method we have described so far is for time level ¢,

only. We need to match the time levels when constructing values of ghost points in
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the two intermediate stages Ugl) and ng) of the RK method (2.8). The traditional
match of time U§-1) ~ i, U§-2) ~ t, + At/2 decreases the accuracy to second order

[9]. One idea is to update the position X, and the velocity Vj, at each RK stage by
(2.8)

X = X (t,) + ALX)(t),

VY = X(tn) + AEX] (1);

3 1 1
x® = T X0(ta) + ZXé” + ZAtvb(”

1 1
= X3(tn) + §AtX{,(tn) + ZAz&2)(g’(zfn),

1 1
v = X[(t,) + 5AtX{,’(tn) + ZAz&zxg”(tn).

The updated positions lei) and velocities V;)(i), i = 1,2, instead of X(t,) and X|(t,),
are used in the two intermediate stages. This time matching technique successfully
maintains third order accuracy in Lagrangian type schemes [10]. However, it is only
second order accurate if applied here. The reason is probably that our mesh does

not move with the fluid.

According to (3.3), we can achieve third order accuracy by the following match

of time

ut ~ X|(t,) + At— , (3.52)
at x:Xb(tn)y t=tn
1. Ou 1 0*u
@~ XI/(t,) + =At— AP —— . 3.53
' o) 550 £=Xi(tn), t=tn T e (559

x=Xp(tn), t=tn

The Eulerian time derivatives can be obtained by a standard Lax-Wendroff proce-

dure, since all the necessary spatial derivatives have been obtained at time level ¢,,.
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The expressions are

ou  Ou 1dp

Pu  Oudu 0*u 10pdp 1 0%

(3.55)

o2 " otor “owot " 2 0tdr  pozot

where

0*u B (8u)2 Pu  10pdp 10%

Ozt or)  "ox? 2 0xdx  por?
dp  Op ou
ot~ ox ox

0p Op Ou 0u &*p

geor ~ Ot Vg 9, o Ve

Our ILW procedure should also be adjusted in the two intermediate RK stages. We
write spatial derivatives in terms of Eulerian time derivatives instead of material

derivatives. For example, the first equation of (3.50) is replaced by

x * 1 * 0 02
—W2 (0)W2(1) o o0 Wg(l) _ a_u + Ata—g (356)
Wl t :(::Xb(tn), t=tn t I:Xb(tn), t=tn
in the first stage; replaced by
« x 1 X 0 At 9?
Al T el (3.57)
w© Ot | sty 1t 2 Ot?
1 e=Xp(tn), t=tn =X (tn), t=tn
in the second stage.
Here we summarize our algorithm. We assume Wy, ..., W _; have been updated

from time level ¢, ; to time level t,. Our goal is to impose values of ghost points

Wy, ..., Wpys at time level ¢, and at the two intermediate RK stages.

For time level t,,:
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1. Do a local characteristic decomposition of the Euler equations (3.46). Form
the characteristic variables (Vm)j, m=1,23 7j=N-5,...,N—1, as in
(3.48). Extrapolate (V},); to the boundary to obtain Vi® g =0,...,4, with

the WENO type extrapolation. Solve for W,;Z(O), m =1,2,3, in (3.49).

2. Use the ILW procedure with material derivatives and the extrapolation equa-

tions to form linear system (3.50). Solve for Wal) m=1,2,3.
3. For k = 2,3,4, form linear system (3.51). Solve for W:@(k), m=1,2,3.

4. Use the standard Lax-Wendroff procedure (3.54) and (3.55) to compute % and

9u

5z at the boundary respectively.

5. Impose the values of the ghost points by the Taylor expansion (3.47).
For the first and second intermediate RK stages:

6. Do Step 1 but replace X/ (¢,) in (3.49) by the right-hand side of (3.52) and

(3.53) respectively.

7. Form linear system (3.50) but replace the first equation by (3.56) and (3.57)

respectively. Solve for Wi, m = 1,2, 3.

8. Do Step 3 and then do Step 5.

3.5.2 2D problems

We assume the values of all the grid points inside €(¢,,_1) have been updated by the
interior scheme from time level ¢,_; to time level ¢,,. At time level ¢,, we set up the

local coordinate system (3.24) with origin P = xq for each ghost point P = (z;,y;).
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In this local coordinate system, the Euler equations are written in terms of primitive

variable as

OW . OW . OW
L AW B(W =0 3.58
e ( )(% + B( )&j , (3.58)
where
Wi p @ p 00 0 p 0
X Wo i R 0 a4 0 2 R 09 0 0
W= | |= , A(W) = 1, B(W) =
Wy 0 0 0 4 0 00 o %
Wy p 0 pc® 0 4 0 0 pc o

Our ILW procedure is carried out by the use of (3.58).

For a fifth order boundary treatment, the value of the ghost point P = (z;,y;) is

imposed by the Taylor expansion

Z W*(k =1,...,4, (3.59)

where A is the #-coordinate of P and Wi® is a (5 — k)th order approximation of

the normal derivative % . We assume W, is the value of a grid point

(xvy):xo , t=tn

nearest to Py among all the grid points inside Q(t,_1). A(Wy) has four eigenvalues

Al = Ug — Co, A = A3 = Ug, Ay = Uy + ¢o and a complete set of left eigenvectors
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lm(Wo), m =1,...,4, which forms a left eigenmatrix
L (W) byl by b
. I,(Wo) by los los Iy
L(WO) = R =
13(Wy) 31 32 l33 34
L (W) by lap lag lag
The characteristic variables V,,,, m = 1,...,4, at grid points near P, can be defined

by

(Vi) = (W)W, m=1,....4, (z,,5,) € &y, (3.60)

where & ; C Q(t,_1) is a set of grid points used for extrapolation. We extrapolate

(Vin) s 10 Fo and denote the extrapolated kth order z-derivative of V,, by V,:L(k),

k=20,...,4. The constant term WZ,Z(O), m =1,...,4, is solved by a linear system of
equations
0 1 0 0 V@ Vi (tn) - n(Xqg, t,)
log lap lag log Wwi© 7
o= 2 . (3.61)
b bz las laa | [ W5 v
b Lz laa laa) \WG© v
Next, we take the first material derivative 2 = 2 + 4.2 + 156% of (3.43) and
obtain
Du Dn d
—+u-— =—(Vy-n),
Dt o —a Ve
where &t = (4,9)". Converting the material derivative Di to spatial derivatives by

the second equation of (3.58), we have
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The right-hand side of the above equation is already known if evaluated at Fy. As a

result, VAV;L(D, m =1,...,4, can be solved by

loag lap laz loa

31 32 l33 I3

lag lap laz laa

where

Dt

‘/2*(1)

Wl*(l)
W;(l)
W;(l)
W:(l)

. . . T
1@ [(W;(O), W;(O)) Do d (v, n)}

dt

(z,y)=x%0, t=tn

(3.62)

Higher order spatial derivatives Wﬁ(k), k = 2,3,4, can be obtained by extrapola-

tion

Wl*(k)

A

R W;(k)

A

Wg*(k)

A

Wz(k)

We have finished describing our approach for the time level t,.

(3.63)

For the two

intermediate RK stages, we follow the same time matching technique as for 1D

problems.

We now summarize our fifth order boundary treatment for the boundary condi-

tion (3.43) in 2D with a prescribed boundary motion. We assume the values of all
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the grid points inside €(t,_1) have been updated by the interior scheme from time

level t,_; to time level ¢,,. Our goal is to impose the value of (W,,,); ;, m=1,...,4,

for each ghost point (x;,y;) at time level t = t,, and at the intermediate RK stages.

For time level t,,:

1. Decide the local coordinate system (3.24). Do a local characteristic decomposition

of the Euler equations (3.58). Form the characteristic variables (V,,) , m =

pov?
L., 4, (u,v) € &y, asin (3.60). Extrapolate (V) , to the boundary to obtain
Vi k=0,...,4, with WENO type extrapolation. Solve for Wi, m = 1,...,4,

in (3.61).

2. Use the ILW procedure with material derivatives and the extrapolation equations

to form linear system (3.62). Solve for W;,Z(l), m=1,...,4.

3. For k = 2,3, 4, solve for W;L(k), m=1,...,4, in (3.63).

~ 2 ~
4. Use a standard Lax-Wendroff procedure to compute 2% ‘ . and 2% .
ot (x7y)_PO7 =tn ot (xvy):P()y t=tn

5. Impose the values of the ghost points by the Taylor expansion (3.59).

For the first and second intermediate RK stages:

6. Do Step 1 but replace Vy(t,) - n(xo, t,) in (3.61) by

.
Viy(tn) - ni(x0, t) + Ata_u
t (z,y)=Po, t=tn



87

and
At 0u At? 04
Vb(tn) ’ n(xmtn) + 75 + T@ s (3.64)
(zy)=Po, t=tn (z,9)=Po, t=tn
respectively.
7. Form linear system (3.62) but replace the first equation by
e WS oa 8% - () Ol
_W2 W2 — 0 = E + Atw + W3 90
Wl ('T7y):P07 t=tn (Zv,y):PO, t=tn y
and
e WY aa At & (00
WO - = Y om W
Wl (-’E,y):P(), t=tn (-’E,y):PO, t=tn y

respectively. Solve for Wi, m =1,..., 4.

8. Do Step 3 and then do Step 5.

If the motion of a rigid body is not prescribed but induced by the fluid, our

algorithm should be adjusted as follows. Before Step 2, we compute % = 8;55" by

(3.44), since we have obtained pressure p at Py on I'(¢,,) for all the ghost points. The
integral in (3.44) can be calculated by the trapezoidal rule, for example. Notice that
integrating (3.44) in time by the RK method (2.8), we can obtain X,(a,t,1) and

Vi (t,11) so that our algorithm can be continued at next time level ¢,1.

We finally remark that the boundary treatment for moving geometries can clearly
be applied to static geometries as well. This provides an alternative to the method

developed in Section 3.4.
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3.5.3 Numerical examples

In this section, we show some numerical examples to demonstrate that our fifth
order boundary treatment is indeed high order accurate for moving geometries. Our
method also performs well for problems involving interactions between shocks and
moving rigid bodies. For accuracy tests, we take At = O(h®/?) in the third order
RK time integration (2.8) in order to have fifth order accuracy in time. For other
cases, we take At = O(h) and the CFL number as 0.6, unless otherwise indicated.
(3.45) is implied by the CFL conditions in all our examples. The specific heat ratio
7 in Euler equations is taken as v = 1.4 and the power ¢ in (3.15) or (3.34) is taken
as ¢ = 3, unless otherwise indicated. The L' error and L* error are defined as
h? D (i):(wryy)eny |€ij| and MAX(G 5):(w,,4)eD) |€i,5] Tespectively. Here e;; denotes the
pointwise error and D is the region where the errors are measured. D = Q(t) unless

otherwise indicated.

Example 3.5.1. We consider a gas confined between two rigid walls. The right
wall is fixed at z, = 1.0 while the left wall is moving. We assume the left wall is

positioned at x;(t). The initial conditions are

p(z,0) =14 0.2cos 27 (z — 0.5)],
u(z,0) =a —1,

p(x, O) = p(SL’, 0)77

such that the initial entropy s(x,0) = 1. Here v = 1.4 is the specific heat ratio. As
long as the solution stays smooth, we have isentropic flow, i.e., s(x,t) = 1. Thus
the numerical value of the entropy can be used for the analysis of convergence. This
example is considered by Forrer et al. [16] and later by Arienti et al. [2] and Hu et

al. [30]. Second order convergence in total entropy is reported in all three papers.
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However, the error of the entropy at the left moving wall falls short of second order

in [2, 30].

In our first case, we set 2;(t) = 0.5(1—t) such that the wall moves with a constant
speed. Our fifth order boundary treatment is used at the left moving boundary while
the standard reflection technique is used at the right fixed boundary. We measure
the L' errors and L™ errors in entropy at t = 0.5. We can see from the left part of
Table 3.10 that our method achieves the designed fifth order accuracy even near the
moving boundary.

Table 3.10: Entropy errors and convergence rates in Example 3.5.1. t = 0.5.

h xy(t) = 0.5(1 —¢t) xy(t) = 0.5(1 —sint)
L' error order L™ error order | L' error order L error order
1/40 || 7.47E-07 1.24E-06 7.31E-07 1.35E-06

1/80 || 1.17E-08 5.99 2.88E-08 543 || 1.16E-08 598 2.82E-08 5.59
1/160 || 3.49E-10 5.07 6.36E-10 5.50 | 3.45E-10 5.07 6.19E-10 5.51
1/320 || 9.55E-12 5.19 1.72E-11 5.21 || 9.88E-12 5.12 3.67E-11 4.08

In our second case, we set x;(t) = 0.5(1 —sint). Now the speed of the wall varies
in time. The right part of Table 3.10 shows the entropy errors at ¢ = 0.5. We can
see that we still achieve the designed fifth order accuracy in the L' norm. However,

the convergence rate of L* errors decays to fourth order on refined meshes.

Example 3.5.2. This is a 1D problem involving shocks and rarefaction waves. A
piston with width 10/ is initially centered at x = —5h inside a shock tube. The piston
instantaneously moves with a constant velocity u,, = 2 into an initially quiescent fluid
with p = 1 and p = 5/7. This problem is equivalent to two independent Riemann
problems and thus the exact solution can be obtained [42]. A shock forms ahead of
the piston and a rarefaction wave forms in the rear. A 3D version of this problem is
considered by Murman et al. [48]. Shyue [62] tests a 2D moving piston problem with

a different Mach number. We take h = 0.25, the same mesh size as in [48], and set



90

the CFL number to be 0.5. The density and pressure profiles at ¢t = 11 are plotted
in Figure 3.23, together with the exact solution. Our approach predicts the correct
shock location on this relatively coarse mesh, indicating that the mass, momentum,
and energy loss through the piston is quite small. Moreover, our numerical density
does not suffer from the undershoot just ahead of the piston which appears in Figure
10(a) of [48] and in Figure 3 of [62]. The numerical solution of the rarefaction wave

also agrees well with the exact solution.

4 - 1 7r M
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3F [
I 57_
I 4 F
22} S r
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o i o
1 - 2+
\ 1k
I b —————————
ol | \
I 07_
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X

(a) Density (b) Pressure

Figure 3.23: Density and pressure profiles in Example 3.5.2. The piston is represented by the
rectangle. Solid lines: exact solutions; Symbols: numerical solutions with h = 0.25.

Example 3.5.3. This example involves 2D flows in complex moving geometries.
We follow the idea in Example 3.4.11 to construct isentropic flows such that we are
able to measure the entropy errors and to analyze the rate of convergence. The
computational domain is [—4,4] x [—4,4] with all the boundaries as rigid walls. A
rigid cylinder with radius R = 1 is initially centered at (0,0) and starts moving.
The center of the cylinder is positioned at X.(t). We use our fifth order boundary
treatment at the surface of the moving cylinder and the reflection technique at the

fixed walls.

The initial conditions should be consistent with the no-penetration boundary
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condition (3.43). For this purpose, we define

a(z,y) = (2, y)ui(z, y) + Xa(,y)?,
171('T7y) = Al(x,y)vl(ar,y) + )\2($,y)02(ﬂ7,y),

772('777 y) = )‘l(xv y)”l(aja y) + )\2(.]7, y>2
See (3.42) for the expressions for uy(z,y), A\i(z,y), Aa(x,y), vi(x,y), and va(x,y).

In our first case, we take X, = (—0.5sin¢,0) such that the cylinder moves
horizontally. The initial conditions are p(z,y,0) = 1, u(x,y,0) = —0.5a(z,y),
v(z,y,0) = 0.501(x,y), and p(x,y,0) = 1. We run the test to time ¢ = 0.7 when
the solution keeps smooth. Figure 3.24(a) shows the density contour plot at t = 0.7
with A = 1/40. We can see that the density ahead of the cylinder is generally
larger than its initial value due to the compression. A shock will start to develop
shortly afterwards. The left part of Table 3.11 lists the entropy errors in the region

[—2,2] x [-2,2]. The designed fifth order convergence is achieved in the L' norm.

Il W =N Il W =u

4 0.80 1.00 1.20 1.40 1.60 0.80 1.00 1.20 1.40 1.60
3 ‘

2

1

>0

(a) X, = (=0.5sint,0), t = 0.7 (b) X, = (=0.5sint,0.3t), t = 0.5

Figure 3.24: Density contours in Example 3.5.3. h = 1/40.
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Table 3.11: Entropy errors and convergence rates in Example 3.5.3. Errors are computed in the
region [—2,2] x [-2,2].

h X, = (—0.5sint,0), t = 0.7 X, = (—0.5sint,0.3t), t = 0.5
L' error order L™ error order | L! error order L error order
1/5 4.11E-03 2.47E-03 3.93E-03 1.79E-03

1/10 || 3.86E-04 3.41 3.60E-04 2.78 | 4.05E-04 3.28 1.93E-04 3.21
1/20 || 1.21E-05 5.00 1.12E-05 5.00 | 1.20E-05 5.07 9.20E-06 4.39
1/40 || 2.43E-07 5.64 6.08E-07 4.21 | 2.21E-07 5.77 3.73E-07 4.62

In the second case, we take X, = (—0.5sint,0.3t) such that the cylinder moves
in the 2D space. The initial conditions are p(z,y,0) = 1, u(x,y,0) = —0.5u(x, y),
v(z,y,0) = 0.302(z,y), and p(z,y,0) = 1. At t = 0.5, the density contour plot
with A = 1/40 is shown in Figure 3.24(b) and the entropy errors in the region
[—2,2] x [—2,2] are listed in the right part of Table 3.11. Fifth order convergence is

again achieved in the L' norm.

Example 3.5.4. The last example shows that our high order method can also treat
a rigid body whose motion is induced by the fluid. We test the so-called cylinder
lift-off problem which is first proposed by Falcovitz et al. [15] and considered in
2, 16, 30, 62] later. In this problem, a rigid cylinder initially resting on the floor
of a 2D channel is driven and lifted by a strong shock. The problem setup is the
same as in [2, 16, 62]. The computational domain is [0, 1] x [0,0.2]. A rigid cylinder
with radius 0.05 and density 10.77 is initially centered at (0.15,0.05). A Mach 3
shock starts at x = 0.08 moving towards the cylinder. The density and pressure of
the resting gas are p = 1.4 and p = 1.0 respectively. The top and bottom of the
domain are rigid walls. The left boundary is set to the post-shock state and the right

boundary is supersonic outflow.

We use our fifth order boundary treatment with ¢ = 20 in (3.34) at the surface of
the moving cylinder and the reflection technique at the top and bottom walls. Since

the cylinder initially rests exactly on the floor, a stencil for high order extrapolation
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may be too wide to be contained in the computational domain. We have to use low
order extrapolation in this situation and turn to high order extrapolation otherwise.
We list the center of the cylinder at two fixed times for different meshes in Table
3.12. The results imply convergence. We plot pressure contours at ¢ = 0.1641 and
t = 0.30085 in Figure 3.25 and Figure 3.26 respectively. The flow structures agree
with those in [2, 30, 62].

Table 3.12: Center of the cylinder in Example 3.5.4.

h t=0.1641 t = 0.30085
x-coordinate y-coordinate || x-coordinate y-coordinate
1/320 || 3.5878E-01  8.4001E-02 6.4601E-01  1.4713E-01
1/640 || 3.5542E-01  8.3778E-02 6.3708E-01  1.4717E-01
1/1280 || 3.5434E-01  8.3827E-02 6.3320E-01  1.4640E-01
1/2560 || 3.5422E-01  8.4140E-02 6.3357E-01  1.4624E-01
T e
II[[ W\
> 0.1 Iﬂﬂi‘f N
5 ‘l\@,:
0 | O.I25 - 0j5 | | 0.I75 | 1
X
0.2
> 0.1
O: T T T — E T T T
0 0.25 0.5 0.75 1
X

Figure 3.25: Pressure contours of the cylinder lift-off problem in Example 3.5.4, 53 contours from
2 to 28. t = 0.1641.

(b) h=1/1280
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0.2

> 0.1

0.2

> 0.1

(b) h=1/1280

Figure 3.26: Pressure contours of the cylinder lift-off problem in Example 3.5.4, 53 contours from
2 to 28. t = 0.30085.

3.6 Concluding remarks

In this chapter, we develop the ILW procedure for numerical boundary conditions of
hyperbolic equations. It is based on Cartesian grids, which is very challenging for
accurate and stable boundary treatment because of the wide stencil of the interior
WENO scheme and the fact that the physical boundary is not necessarily aligned
with the grids. Our method is high (up to fifth) order accurate, stable, and easy to
implement. It has been successfully applied to simulate interactions between com-
pressible inviscid flows and rigid (static or moving) bodies with complex geometries.
Standard CFL conditions determined by the interior WENO schemes are used in our
numerical experiments without any problems. A theoretical proof of the time step

restriction remains to be done by the GKS analysis.

The challenge of high order boundary treatment is not limited to finite differ-

ence schemes. Even for finite element type methods, difficulties sometimes arise if
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unstructured, straight-sided meshes are used to fit curved, static geometries, see [4].
Krivodonova and Berger [37] propose an accurate implementation of no-penetration
boundary condition for Discontinuous Galerkin (DG) methods on such meshes. We
will try to extend our boundary treatment to DG methods on rectangular meshes in

our future work.

We have only considered the interaction between compressible inviscid flows and
rigid bodies without deformation. In general fluid-structure interaction problems,
the fluids can be viscous and the geometrically complicated structures are considered
to be elastic or plastic. A closely related problem is the multi-fluid problem that
involves internal boundaries separating different fluids. Low order coupling methods
have been developed. See [2] for a coupling of compressible inviscid flows and elastic
solids, and [30] for a multi-fluid coupling. Our high order boundary treatment looks

promising for more accurate couplings in both types of problems.



CHAPTER Four

Simulation of the updated
Buxton-Clarke model for organic

photovoltaic cells
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This chapter focuses on the application of finite difference WENO schemes to the

simulation of organic photovoltaic (OPV) cells.

4.1 Introduction

In the past decade, OPV cells have emerged as an intensely studied alternative energy
technology. However, their relatively low efficiency [55] is a major factor limiting their
practical use at this time. We refer the reader to [45] for a review of device operation,
materials requirements, and current technical challenges in making more efficient
organic solar cells. Modeling of OPV cells can be achieved by adaptation of the
classical drift-diffusion models, which are originally developed for solid-state devices
[32]. Replacement of crystalline solid-state materials by organic materials leads to
much slower carrier mobility and to a new carrier: the exciton, which is a bound
electron-hole pair. The Buxton-Clarke (BC) model [8] includes electrons, holes,
and excitons, together with generation, dissociation, and recombination mechanisms

connecting these carriers, partially induced by device illumination.

We propose an updated BC model that explicitly incorporates the charge transfer
(CT) state that has been shown to influence device performance. The updated model
allows us to evaluate two commonly studied OPV architectures, the bilayer (BL) and
blended bulk heterojunction (BHJ). Moreover, we introduce a large effective mobility
to properly capture dissociation while keeping the bulk mobilities at standard values

for evaluation of the continuity equations.

From a mathematical point of view, the updated BC model is represented by

a system of convection-diffusion-reaction equations coupled to a Poisson’s equation.
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The solution is usually continuous but may contain sharp gradients. Finite difference
WENO schemes are well suited for solving such problems because they allow us to
use relatively coarse grids and still get very accurate results without any oscillation

near sharp gradient regions.

The goals of our modeling include quantifying the efficiency losses engendered by
the low mobility of the materials comprising OPV systems. We compare the BL and
BHJ architectures and separately investigate the sensitivity of each architecture to

mobility.

This chapter is organized as follows. We first introduce our updated BC model
in Section 4.2. The equations are properly scaled for computation. Then the finite
difference WENO schemes for solving the system of equations are described in Section
4.3. Three sets of simulations are presented in Section 4.4: dark current simulation
for determining the value of a crucial parameter, model validation and verification,
and comparison study to investigate the effect of mobility on device performance.

Finally, concluding remarks are given in Section 4.5.

4.2 Updated Buxton-Clarke model

4.2.1 Continuity equations

The densities of electrons n, holes p, excitons X, and CT state I are described by

continuity equations, where the electric field E is expressed by the Poisson’s equation
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of the electric potential ¢:

ny = D(E,I)— R(n,p) + (1t En), + Ur (fans), (4.1)

pe = D(E,I) — R(n,p) — (1pEp),, + Ur (p1ppz),, , (4.2)

X; = G(x) — kcap(x)X — ]CR,XX + Ur (Mwa)m , (43)

I, = —D(E, I) + keap(2)X — ks, (4.4)
_ gqlp—n) _

The quantities G, D, and R are the exciton photo-generation rate, the exciton disso-
ciation rate, and the carrier recombination rate respectively. G is determined by the
experimental photo flux; D is modeled by Braun’s adaptation of Onsager’s theory of
geminate dissociation; and R is the traditional Langevin bimolecular recombination
rate. The carrier mobilities are represented by p, and p,. The pseudo-mobility
of excitons, with adjusted units of mobility, is denoted py. The thermal voltage
Ur = kgTy/q, where kg is the Boltzmann constant, T} is the ambient temperature,
and ¢ is the unit charge. ¢y is the vacuum permittivity whereas ¢, is the relative

permittivity. The terms kcap, kg x, and kg are introduced later.

Compared with the original BC model [8], the updated model incorporates the
CT state dynamics. A recombination term R(n,p)/4 is removed from the equa-
tion for X, since there is no physical basis for supposing that the recombination of

electrons and holes recreates excitons.

4.2.2 Expressions

1. Recombination [8]: R(n,p) = _q(“nﬂip)np.

E0Er
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2. Modified Onsager-Braun dissociation:

3ERqg Ep
DE )= —— — S (b(|E|)) I
(1) = 25 oxp (o ) @ 0 (ED)
where
7
En—
B Ureoe,a’
3
¢ |E|
b(E|) = — 1121
(1E]) 8meoe kB TE

and ® is given in terms of the Bessel function J; of order one by

O(u) = J1(2V—2u)/vV—2u, uw b(|E]|).

Compared with the original Onsager-Braun model [7], the sum of mobilities is

replaced by a large effective mobility ugg.

3. Exciton photo-generation [14]:

G(z) = apl'gexp (—apx) .

2

4. Coulomb radius [53]: r¢ =

dmereokpTo”

4.2.3 Geometry

We consider a 1D device with length d = 100nm. The illumination site is at x = 0
and the electron collection site is at x = d. The donor material occupies the region

(0,d/2) and the acceptor region occupies (d/2,d).
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The parameters ke,p,(z) and €,(x) carry an = dependence:

0 |z — x7| > Lplena
Fapl@) = { |
kcap,Oa |Zl§' - l’[| S LBlend;
€D, 0 <2 <25 — Lgiend,
er(®) = ¢ (ep+¢ea)/2, |2 — 27| < Ljena,
€A, 7+ Lplena < x < d,

where x; = d/2 is the location of the interface. The introduction of spatially depen-
dent ke,p and e, is unique to this study. It allows us to evaluate systems in the limit

of a perfect BL (Lpiena = 0) and a perfect BHJ (Lpjeng = d/2).

4.2.4 Boundary conditions and initial conditions
Boundary conditions

Schottky barrier condition [53] is imposed at both z = 0 and x = d for electron and

hole. The barrier concentration is field dependent and is given as

nl, o = 442Ny exp <—¢—) exp(F1/2),

g = 407 Nyexp (2 ) xp( 1),

p|x:0 — 4’17D2N0 exp < ¢Anp> eXp f1/2
Ply—g = 40* Ny exp (

(bCat p) f1/2

where
q|E|rc

4.
e, (46)

f=
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U = f T T 2,

¢An,n - EAD - Ef,Ana
Gcatn = AL — Ef cat,
Oanp = Epan + 1Pp,

Ocatp = Ercar + IPy.

See Figure 4.1 for a schematic description of energies relevant to boundary conditions.
Ny is the surface density and is a critical parameter. Its value is obtained by fine-

tuning the dark current, see Section 4.4.1.

x=0 X=X =d
— A —
o LBIend LBIend
AA
> } 2T athod
& Oann — ? o)e
5 Donor f,Cat
c Blended
Region
L 9 Acceptor
Anode 0
(ELAn) Catp
q)An,p {
_'IPD_

_'IPA_

Figure 4.1: Schematic description of energies relevant to boundary conditions.

A homogeneous Dirichlet boundary condition is imposed for the exciton

X‘m:O = X‘m:d =0.

No boundary condition is needed for the CT state I since (4.4) is actually an ODE.
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The boundary condition for the electric potential is

¢|(E:O = VT0t7

(Mx:d = 07

where the total voltage is the sum of the built-in voltage Vg and the bias Vi

Vot = Vir + Vex (4.7)

= (Efan — Efcat) + Vixt-

Initial conditions

n=p=X=I1=0att=0.

4.2.5 Parameters

We summarize the definition of parameters in Table 4.1. Representative values of
the parameters are listed in Table 4.2. Some values may change in our comparison

studies.

4.2.6 Scaled equations

Since the variables in the updated BC model are of different orders of magnitude and
can vary considerably throughout the heterogeneous system, we scale the equations

(4.1)—(4.5) before solving it numerically. The space variable x is scaled by ag =



variable definition

q unit charge

€0 vacuum permittivity

kg Boltzmann constant

T ambient temperature

€4 relative permittivity of the acceptor
€D relative permittivity of the donor
L, electron mobility

Lp hole mobility

X exciton pseudo-mobility

LESR effective local mobility for dissociation
keapo | rate constant for capture of excitons at interface
krr | recombination rate constant of interfacial species
krx decay rate constant of exciton

a thermalization radius

Qp absorption coefficient

Iy photon flux

Ty location of donor-acceptor interface
LBiena region of interfacial blending
Ef an Fermi level of the anode
Ef cat Fermi level of the cathode

1Pp ionization potential of the donor
1P, ionization potential of the acceptor
EAp electron affinity of the donor
EA, electron affinity of the acceptor

Ny surface density of electrons/holes

Table 4.1: Physical meaning of the parameters in the updated BC model.
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variable value units
q 1.60 x 10~ C
€0 8.85x 10712 cv't.m™!
kg 1.38 x 10723 JK
Ty 300 K
€4 4 unitless
€D 3 unitless
L 1x107° m?-V1!.s!
[ 1x107° m?. Vg7l
Ix 386x 1076 | m?-V'.s7!
[ 1 x107° m?.V.s7!
Ecap o 3 x 10'2 st
kR,I 1 x ].09 S_1
kR,X 1 x 10° st
a 2 x 1079 m
Q 2 x 107 m~!
Ty 1 x 102 | photonsm=2 .51
Xy 50 x 107 m
LBiend 0, 50 x 1079 m
Ef,An -5 eV
Ef cat —4 eV
1Pp 5.25 eV
1P, 6 eV
EAD -3 eV
EAy —3.75 eV
Ny 1 x 10%7 m 3

Table 4.2: Representative values of the parameters in the updated BC model. Some values may
change in our comparison studies.
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Inm = 107m. The carrier densities n, p, X, and I are scaled by N = goUr/(qad).

The electric potential ¢ is scaled by Ur and thus the electric field E is scaled by

Ur/ag. The mobilities p,, py, ftx, and ppg are scaled by fima, = 107%m?/V/s. The

time ¢ is scaled by a3 /(pmaxUr) and thus keap, kg x, and kg are scaled by pmaxUr/a3.

The updated BC model is written in a scaled form as

on A Jn

o5 = D(E,I) — R(n,p) + O

dp dJp

5 = D(ED) = R(n,p) = 5,
E = G(x) — kcap(x)X — ]{ZR7XX + NXW;
O — D(E.D) + K@) X — 1.

— _p —n = —
(bmm — 8,«(5(7)7 E ¢$7

where

Jp = NpEp — HpPzx,

(4.10)
(4.11)

(4.12)

(4.13)

(4.14)

are called charge fluxes. ¢J,, and ¢J, are electron and hole current densities respec-

tively. Charge fluxes are scaled by pimaxUrN/ag.

The scaled terms D, R, and G are given as

DED) = — @exp< L1 )@(buEmI, b))

~ 327, Na3 ~ 8me, Nad

o+ 1
R(n,P) = Tpnp,

2
G(l’) . Oé(]F(] CLO

= m exXp [—(Oéoa()) Zlf]

_ 1 1E
8me, Naj’
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The scaled f in (4.6) is
1 1

— _— _ \|E|.
/ 47r5,,Na(?;| |

4.3 Numerical methods

We use finite difference WENO schemes to solve the scaled equations (4.8)—(4.12).
We are mainly interested in the solutions at steady state. In particular, we would
like to find the relation between the bias Vi, defined in (4.7) and the total current

density Jr defined as

= q(unEn + pang + ppEp — pipps).

We have a uniform mesh x; = iAz with mesh size Ax = Inm. At each time step,

we first solve the Poisson’s equation (4.12). We discretize the Laplacian 86—52 by a

second order central scheme

Gi1 —20;+ Qi1 pi— Ny

Ax? er(x;)

Together with Dirichlet boundary conditions for ¢, we are able to solve ¢; and thus

E; = (¢ix1 — ¢i—1)/2Ax at current time level.

We next would like to evolve the continuity equations (4.8)—(4.11) to the next

92X

Sz 1s discretized

time level. (4.10) has no convection term. Thus the diffusion term
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by the second order central difference

82X _ Xi+1 — 2XZ + Xi—l
dx2 Ax? '

The approximations to the “fluxes” —J, in (4.8) and J, in (4.9) are obtained by
WENO schemes. The first derivatives involved in (4.13) and (4.14) are evaluated
by a second order central difference approximation. The remaining procedure for
computing the numerical “fluxes” is the same as described in Section 2.1. With the
right-hand side of the equations (4.8)—(4.11) discretized, we are ready to evolve the
equations to the next time level by the RK method (2.8). The whole procedure will

be repeated until we reach steady state.

4.4 Numerical results

4.4.1 Fine-tuning dark current

The dark current is the total current density in the device if we turn I'y off, i.e.,
[y = 0. In practice, its magnitude is usually in the range of several mA /cm?. In our
model, the dark current is very sensitive to the surface parameter Ny in the Schottky
barrier condition, which is usually in the range of 1026 ~ 10?"m 2. We would like to

fine-tune the value of Ny such that the dark current is in the range of [0, 3mA /cm?].

We set Ny = 2 x 10%6,4 % 10%,...,10 x 10*m~3. For each N, we take a series of
biases Vi = —1,—0.9,...,1.5V and compute the total current density Jr defined
in (4.15). We plot the so-called J-V curves (mean value of Jr versus Viy) in Figure

4.2. We conclude that Ny should be taken as Ny = 1 x 10?’m 2 in order to have the
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dark current filled in the desired range.

4.4.2 Model validation and verification

In this section, we plot the profiles of the physical quantities to make sure our
numerical method has been implemented properly. We also do some preliminary

tests to see whether our model represents the behavior of the real systems.

BL system

We take the parameter values from Table 4.2 and set Lgjeng = Onm to simulate the
BL system. The bias is set to Vgxy = 0.7V. We display the electron and hole density
profiles at steady state in Figure 4.3. The exciton and CT state density profiles
are portrayed in Figure 4.4. The WENO schemes give excellent non-oscillatory
resolutions for all profiles with sharp gradients. In the vicinity of the interface at
x = 50nm, there is much more I than X, although the absolute magnitude of both is
quite small compared to electrons and holes. The Exciton density increases rapidly
as moving spatially away from the interface. This is exactly what we expect from

the model.

The current densities are shown in Figure 4.5. The total current Jr is almost a
constant throughout the device at steady state. It should be so, since subtracting
(4.9) from (4.8) yields % = 0. The magnitude of Jr is comparable to experimental
data. Figure 4.6 shows the time evolution of the total current density. Our numerical

solution indeed reaches the steady state.
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Figure 4.3: Steady-state electron and hole density profiles of the BL system. Solid line: Electron
density; Dashed line: Hole density.
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Figure 4.4: Steady-state exciton and CT state density profiles of the BL system.



100

17

i i
‘D 4 \
* 0.5 i

] \
5§ ..
< O—— | Tttt
é B
2 -0.54
[
c 4
[0} J \\
S 14 N
< ] v
o ] '
5 -1.57 \
o ]

2

20 40 60 80
X (nm)

(a) Solid line:

Electron current density J,;

Dashed line: Hole current density J,

112

] o
—~ -0.6765] s
] i
§ 067661 N
2 e °
£ ] s
> -0.6767] é
Q ] )
c E [ ]
3 ] ._.':
= -0.6768] J—
)] 4 P ud
5 1™ ...'
© 06769 e
0 20 40 60 80 100
X (nm)

(b) Total current density Jr = J, + J,
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BHJ system

Same tests are done for the BHJ system by setting Lgjeng = 50nm. WENO schemes

again perform well on the relatively coarse mesh. We only show the pictures here

since the discussions are similar.
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Figure 4.7: Steady-state electron and hole density profiles of the BHJ system. Solid line: Electron
density; Dashed line: Hole density.

B6E+09 8E+12-
_ BE+094 - ]
? ] ? BE+12-
£ 4E+09- £ ]
o ] o
c ] c 1
S 3E+09] S 4E+12-
S ] g :
= : £
S 2E+097 Q ]
§ ] § 2E+12
1E+09 1
O-"I"'I"'I"'I"' Oo————— 77T
0 200 40 60 80 100 0 200 40 60 80 100
X (nm) X (nm)
(a) Exciton (b) CT state

Figure 4.8: Steady-state exciton and CT state density profiles of the BHJ system.
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4.4.3 Effect of mobility on device performance

The effect of mobility on device performance is investigated by varying the electron
(1tn) and hole (u,) mobility from 107 to 10™*m? - V™! . s71 while holding them
equal. The relative performance enhancements in the BL. and BHJ architectures are
reported in Figure 4.11(a) and Figure 4.11(b) respectively. Figure 4.11(a) shows that
optimal performance, as measured by the maximal product of —Jr - Vg, is obtained
for p1, = pp, = 107"m? - V' . 571, Increases in mobility above 10~"m? . V! .71
leads to reduced open-circuit voltage (z-intercept in the J-V curve) due to dark
current enhancement. The optimal mobility for the BHJ is also found to be p, =

tp = 107" m2 . V7! . s71. The BHJ shows a pronounced photocurrent enhancement

at higher mobilities, accenting the importance of Langevin recombination in this

architecture.
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Figure 4.11: J-V curves with pu, = p,. The mobility is varied from 1079 to 10~*m? VTLosTL

The effect of a mobility mismatch (u, # p,) is also investigated by taking
fn = 107°m? - V7. 571 while keeping p, = 107#m? - V7' . 571 see Figure 4.12(a)

and Figure 4.12(b). Mismatched mobility in the BL results in an improved short-
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circuit current (y-intercept) but leads to a compensating reduction in open-circuit
voltage (z-intercept). Mismatched mobility results in both open-circuit voltage and

photocurrent losses in the BHJ, unlike the BL system that shows some current en-

hancement.
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Flgure 4.12: J- V curves with mobility mismatch i, # up. Solid (Red) lines: un = 10 Ym?. vt
Vand i, = 107*m? - V7! . s71; Dashed (Green) lines: j, = pp = 10™"m? -V~
Discussion

The simulations indicate that efficiency enhancements can be achieved by using
higher mobility materials. Interestingly, we observe a maximal mobility above which
dark current and recombination via Langevin term results in a net reduction of
performance. Finally, optimal performance is observed when the mobility of both
components match, indicating that increasing the mobility of only one component

may in fact hurt performance.
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4.5 Concluding remarks

We develop an updated BC model for the simulation of OPV cells. The main feature
is that the CT state dynamics is explicitly incorporated in our model. Finite differ-
ence WENO schemes are well suited for solving the problem since the solutions may
contain sharp gradients. Numerical tests demonstrate that excellent resolutions are
obtained on a relatively coarse mesh. Through the modeling, the efficiency losses

due to the low mobility of the BL. and BHJ systems are quantified.

Our future work is to simulate systems composed of concrete materials so that
we are able to compare our numerical results with experimental data. We might
need to consider field dependent carrier mobilities for some types of materials. We

also plan to extend our model to multiple space dimensions.
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