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The electronics industry drives a great deal of research towards inventing methods for

creating smaller devices. In order for the current trend of the diminishing size of elec-

tronic devices - such as cell phones and laptops - to continue, two main breakthroughs

are necessary: firstly, the electronic components themselves must become smaller

without a loss of computing power; and secondly, the batteries that store the energy

for these devices must also become smaller without a loss of capacity. Semiconductor

nanowires and graphene present promising solutions for making smaller electronic cir-

cuits, while lithium-ion batteries are currently the most space-efficient energy-storage

device. In order for nanowires, graphene, and lithium-ion batteries to gain widespread

use, both their performance and reliability are of paramount importance. Despite the

fact that these nano- and micro-scale structures are not directly under mechanical

loads, their reliability is still largely dictated by mechanical failure during use, and

therefore must be well-understood. To this end, the work presented herein describes

detailed analyses of fracture and failure in these small-scale structures. At the nano-

scale, fracture in faceted semiconductor nanowires and graphene sheets containing

grain boundaries has been studied using molecular dynamics techniques. Interest-

ingly, the results of the molecular dynamics simulations of the nanowires can easily

be explained using continuum fracture mechanics, while the results of the graphene

sheets with grain boundaries are in complete discord with continuum theories and

general intuition. In the case of the lithium-ion batteries, finite element simulations

of crack propagation in electrodes have been used to understand how initial defects

grow in graphite and silicon electrode particles during battery charging and use.
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Chapter 1

Introduction and Overview

Looking back at the history of computers starting with the very first machines

of the mid-20th century, the reduction in size to that of modern-day computers and

laptops is startling. The size differences are even more incredible when one considers

that they were concurrent with equally impressive increases in computing power.

The very first computers of the 1950s utilized vacuum tubes, but by the 1960s, these

had been replaced by transistors, which provided the first major decrease in size

and increase in power. Another major step came in the 1970s with the advent of

integrated circuits which ultimately led to the invention of the microprocessor, a

technology still in widespread use today [Lavington (1998)]. From the very beginning,

each drastic decrease in size and increase in computing power was made possible by a

completely new technology as the basis for the electronic elements. Small incremental

improvements to microprocessors are ongoing, however, in order for the trend of major

decreases in size and increases in performance to continue, a new technology must

supersede microprocessors.

Two promising technologies - nanowires and graphene - have emerged in recent

years that may allow this evolution to continue. Semiconductor nanowires have been

developed by a number of research groups [Dick et al. (2004), Algra et al. (2008),

1
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Caroff et al. (2009), Ross (2009)], and their use in electronics has been demonstrated

in devices such as memory storage units [Thelander et al. (2005)]. One class of

semiconductor nanowires possessing excellent electronic properties are comprised of

a pair of materials from the III and V group of the periodic table, usually referred to

simply as III-V nanowires. Depending on the growth conditions, these nanowires can

have different types of surface facets and electronic properties.

Graphene has garnered a great deal of attention since it is the thinnest material

ever synthesized (it is only 1 atom thick) yet one of the strongest (roughly 100GPa

strength at failure) and stiffest (roughly 1TPa modulus) ever measured [Lee et al.

(2008)]. Due to its optical and electronic properties, it is also a very promising

material for use in future computing devices [Geim (2009)]. The main challenge

with graphene lies in producing large area single layer sheets, which is currently a

widely-researched area in physics and materials science.

Nanowires and graphene may eventually lead to significant decreases in the size

of computers, but the pervasiveness of portable electronics has created another im-

portant requirement: reliable and space-efficient energy storage. In order to reduce

the overall size of portable electronics, both the computing components and energy

storage devices must be made smaller and more efficient. Currently, lithium-ion bat-

teries have the highest specific capacity of all known battery chemistries [Aifantis

et al. (2007)], and a great deal of research is concerned with improving the capacity

of these batteries.

Besides simply developing such technologies and putting them to practical use,

it is important to ensure the reliability of the devices utilizing them. Although the

aforementioned technologies will not be placed under direct mechanical loading in

electronic devices, they can nevertheless fracture during manufacturing, or fail due
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to stresses that are generated by other means during use. In the case of III-V semi-

conductor nanowires, their surface facets may influence their strength and lead to

difficulties during manufacturing, therefore the role of surface facets on the mechani-

cal strength of the nanowires must be understood. New graphene synthesis techniques

are able to produce larger areas of single-layer graphene, however, the resulting sheets

contain grain boundaries [Li et al. (2009)]; in order to make use of graphene synthe-

sized in this manner, the effects of the grain boundaries on the mechanical strength of

graphene should be well-studied. During use, the electrodes of lithium-ion batteries

undergo volumetric expansion during lithium intercalation which leads to stresses;

if the stresses are sufficiently high, fracture ensues and causes the capacity of the

batteries to deteriorate over time. It is for this reason that understanding crack prop-

agation in lithium-ion battery electrodes is an important endeavor for the scientific

community.

In this thesis, we present computational studies of fracture in the aforementioned

technologies. In the first half, we use molecular dynamics simulations to study the

nano-scale failure of semiconductor nanowires (Chapter 2) and graphene (Chapter

3). The latter half of the thesis uses finite element simulations to investigate crack

propagation in graphite (Chapter 4) and silicon (Chapter 5) electrode particles used

in lithium-ion batteries.

This thesis is organized in such a way that the introductory sections of each

chapter will provide the reader with sufficient background information, and references

to the literature. Therefore, in order to avoid redundancy, additional remarks of an

introductory nature for each specific topic have been omitted in this section.



Chapter 2

Fracture of III-V Semiconductor

Nanowires

2.1 Introduction

Semiconductor nanowires have attracted a great deal of attention recently, mainly

due to their potential applications in electronics, photonics, electromechanical sys-

tems, and life sciences [Johansson et al. (2006), Joyce et al. (2007), Patolsky et al.

(2006)]. Several devices comprised of nanowires have already been demonstrated, such

as nanowire lasers [Huang et al. (2001), Duan et al. (2003)], photodetectors [Petters-

son et al. (2006)], field-effect transistors [Ng et al. (2004)], single-electron memory

devices [Thelander et al. (2005)], and biosensors [Patolsky et al. (2006)]. The elec-

tronic properties of nanowires can be controlled by changing their size and shape, as

well as introducing defects such as twins. For example, the introduction of periodic

twins can lead to a direct band gap in indirect band gap materials such as Si, SiC, and

GaP [Ross (2009), Algra et al. (2008)]. Recently, Caroff et al. (2009) and Algra et al.

(2008) have developed a method to grow periodically-twinned < 111 >-oriented III-V

4
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nanowires consisting of a Zinc-Blende (ZB) crystal structure in a manner that allows

control over the spacing between the twins. In addition to the periodically-twinned

wires, twin-free III-V nanowires consisting of a Wurtzite (WZ) crystal structure have

been grown by Dick et al. (2004).

While periodically-twinned superlattices have received attention for their elec-

tronic properties, they can also provide crucial insights into how defects and imper-

fections influence failure mechanisms at the nanoscale. A key issue that is of interest is

to identify means by which defect and surface morphology can be used to control not

only electronic, but mechanical properties. It is particularly relevant to understand

how periodic twins and surface facets affect strength and ductility at the nanoscale.

The role of surface facets on the mechanical properties of metallic nanowires (eg.

gold [Deng and Sansoz (2009)] and copper [Zhang and Huang (2009)]) have been in-

vestigated using molecular dynamics simulations. It has been observed that surface

facets lower the stress required to nucleate dislocations during deformation [Zhang

and Huang (2009)]. Since twin boundaries impede dislocation cross-slip, the higher

dislocation density of the faceted nanowires makes them stronger than non-faceted

(i.e., circular cross-section) nanowires [Zhang and Huang (2009)]. Distinct surface

facets are also observed in III-V semiconductor nanowires in both WZ and ZB form;

the periodically-twinned ZB nanowires have {111} type surface-facets that alternate

their orientations at each twin-plane, while the twin-free WZ nanowires have {112}

type surface facets.

The mechanical properties of semiconductor nanowires made of silicon [Kang and

Cai (2007)], germanium [Kang and Cai (2007)], zinc-oxide [Wen et al. (2008)], and

silicon-carbide [Makeev et al. (2006)] (although not a III-V material, silicon-carbide

has been observed as both ZB [Zhang, Shim and Huang (2008)] and WZ [Makeev et al.

(2006)]), have also been investigated through simulations. Very recently, Zhu et al.
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(2009) have experimentally measured the mechanical properties of vapor-liquid-solid

synthesized silicon nanowires and found that the elastic modulus of the nanowires

decreased while the fracture strength increased as the nanowire radius was reduced.

Based on the conclusions drawn from work on metallic nanowires that are ductile

[Zhang and Huang (2009)], it is expected that surface facets can have an effect on

the brittle failure of semiconductor nanowires, but to what extent? How does the

shape of a III-V nanowire influence its mechanical properties? Can certain shapes

and surface facets lead to stronger nanowires? How do periodic twins affect the

deformation behavior of nanowires? The aim of this chapter is to address these

questions and understand the effects of the innate surface facets of III-V nanowires on

their behavior during tensile deformation. We present molecular dynamics results for

three different material systems - GaAs, InAs, and SiC - which allow us to make very

general conclusions pertaining to the role of surface facets and shapes of nanowires

on the brittle failure of a large class of compound semiconductor nanowires. In

particular, we have found that the surface facets inherent to WZ nanowires provide

an energetically favorable site for crack nucleation when compared to non-faceted

wires. We have also concluded that the surface facets found on ZB nanowires lead to

stress singularities that make them more prone to failure than WZ nanowires.

2.2 Computational Methods

Molecular dynamics (MD) simulations were performed on [111] oriented WZ and

ZB nanowires using the parallel MD package, LAMMPS [Plimpton (1995)]. We con-

sidered nanowires ranging in length from 150 − 210Å, and ensured that our results

were not influenced by finite size effects. An ancillary study was performed in order

to choose an appropriate radius for the nanowires and it was observed that the re-

sults did not change appreciably as the nanowire radius exceeded 50Å (refer to Figure
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2.3(a) for the definition of nanowire radius), therefore this value was used for all the

nanowires in our study (an average radius of 50Å was used for the ZB nanowires).

We have omitted a detailed overview of these relatively minor size-effects in order

to focus our attention on the effects of surface facets on the mechanical behavior

of the nanowires. In the case of the ZB nanowires, the ratio of twin-plane spacing

to nanowire diameter was chosen such that the overall geometry reflected that of

experimentally grown ZB nanowires [Caroff et al. (2009)].

The nanowires were deformed under tensile loading at a constant strain-rate until

complete failure was observed. This was achieved by applying periodic boundary

conditions along the axis of the nanowire, relaxing the nanowire for 10000 MD steps,

then applying a strain of 0.5% to the simulation box along the periodic direction,

which in turn stretched the nanowire by the same level of strain; using a time step of

1fs, this results in an average strain-rate of 0.05%ps−1. This procedure of relaxation

and stretching was applied sequentially until complete failure of each nanowire. A

trial simulation was also performed at 0.005%ps−1 , but the difference between the two

strain-rates was found to be negligible (less than 2% difference in strain at failure),

especially when considering the drastic increase in the computation time required

for the low strain-rate simulation. All simulations were performed using an NVE

ensemble with atomic velocity rescaling every 10 MD steps in order to maintain the

system temperature at 300K.

A Tersoff-type inter-atomic potential [Tersoff (1989)] was used to model the atomic

interactions for all three material systems. The Tersoff parameters used for GaAs and

InAs were based on the work of Nishidate and Nikishkov (2007), while the parameters

used for SiC were based on the work of Tersoff (1989). The inter-atomic potentials

were validated for all three material systems by calculating the elastic modulus and

Poisson’s ratio of a bulk sample; in all three cases, the calculated values were within
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1% of the experimental values.

2.3 Results and Discussion

2.3.1 Wurtzite Nanowires

A typical failure sequence of an InAs WZ nanowire is shown in Figure 2.1 - the

failure sequence is very similar for all three material systems. All three material

systems fail in a brittle fashion through crack nucleation and propagation. In order

to clarify the nucleation and propagation of cracks, Figure 2.1 presents a side view of a

cross-sectional cut of the nanowire during deformation. We can observe the nucleation

of three distinct cracks in Figure 2.1(a); two smaller cracks on the left, and one larger

crack on the right. As deformation proceeds, the larger crack on the right propagates

across the sample, as shown in Figure 2.1(b), until complete failure of the nanowire,

as observed in Figure 2.1(c). The cracks observed in all three material systems lie

on (111) planes perpendicular to the loading direction, and are thus Mode-I cleavage

cracks.

All cracks nucleate on the surfaces of the nanowires, as expected, but it is interest-

ing to note that the cracks on the WZ nanowires all nucleate at the edges where two

{112} surface facets intersect, never on the facets themselves; this is clearly shown in

Figure 2.2 for all three material systems. In order to understand why cracks nucleate

in this manner, we will calculate and compare the energy required to nucleate cracks

at different locations on WZ nanowires. Let us suppose that cracks of arbitrary length

a nucleate at an edge and at a facet, as shown schematically in Figure 2.3(a); the

corresponding areas covered by the cracks are denoted by A1 and A2, respectively.

The energy cost of nucleating a crack of area A1 at an edge is:
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(a) Crack nucle-
ation

(b) Crack propaga-
tion

(c) Complete fail-
ure

(d) Location of cut-
ting plane

Figure 2.1: Failure sequence of an InAs WZ nanowire. The atoms in (a)-(c) are
colored by atomic energy; high energy surface atoms are red, while lower energy bulk
atoms are blue. This nanowire has a radius of 50Å (refer to Figure 2.3(a) for the
definition of nanowire radius), and is 210Å long.

ΩA1 = 2γ
√

3a2 (2.1)

Here, γ is the surface energy. The energy cost of nucleating a crack of area A2 at

a surface facet is:

ΩA2 =
2γ(2R + a)a√

3
(2.2)

The ratio of the crack nucleation energy at each site is:

ΩA1

ΩA2

=
3

2(R
a
) + 1

(2.3)

It is evident that for R � a, the ratio ΩA1/ΩA2, is small. In our case, the radius

of the nanowire is 50Å, and if we assume an incipient crack length of roughly 5Å
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(a) GaAs (b) InAs (c) SiC

Figure 2.2: Crack nucleation on WZ nanowires. All cracks nucleate at the edges
where two surface facets intersect. Each nanowire is comprised of 60 atomic bi-layers
along its axis, and has a radius of 50Å (refer to Figure 2.3(a) for the definition of
nanowire radius).

(a) WZ nanowire (b) Circular nanowire

Figure 2.3: Crack nucleation on WZ and circular nanowires. All symbols are explained
within the text.

(this is on order of the atomic spacing in these materials), then the ratio ΩA1/ΩA2 is

0.14. This result indicates that the energy required to nucleate a crack at an edge of

a WZ nanowire is nearly a tenth of the energy required to nucleate the same length of
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crack on a surface facet. The corollary to this explanation is that for a given amount

of energy, a much larger crack can be nucleated at an edge as opposed to a facet.

Based on this analysis, we can conclude that it is energetically much more favorable

to nucleate a crack on an edge as opposed to a surface facet.

It is useful to consider the effect of surface morphology on crack nucleation in a

more general sense. To this end, we use the same argument as before for a circular

nanowire, and referring to the schematic in Figure 2.3(b), we find that the energy

cost of nucleating a crack of arbitrary length a, covering an area A3 is:

ΩA3 = 2γ
[πR2

2
− (R− a)

√

(2R − a)a− R2 sin−1(
R − a

R
)
]

(2.4)

Using the same values for R and a as before, the ratio ΩA1/ΩA3 is 0.30, which

indicates that the {112} surface facets of WZ nanowires significantly lower the energy

required to nucleate cracks when compared to non-faceted nanowires.

While we have focused our attention thus far on the specific surface facets of WZ

nanowires, we now generalize our results to arbitrary shapes and facet orientations.

Let us consider the nucleation of a crack of arbitrary length a at the intersection of

two surface facets separated by an interior angle θ. For this configuration, the energy

cost of nucleating a crack at an edge is:

Ωθ = 2γa2 tan
(θ

2

)

(2.5)

For the case of a WZ nanowire, the angle θ is 120◦, which reduces Eq. 2.5 to the

previous result of Eq. 2.1. Clearly, as the interior angle formed by the intersection of

surface facets becomes more acute, the energy required to nucleate a crack diminishes.

For example, Verheijen et al. (2007) have observed GaP-GaAs core-shell nanowires

with an equilateral triangular cross-section, for which the interior angle is 60◦; if we

once again assume a 5Å long incipient crack and compare the nucleation energy to
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that of a circular nanowire of 50Å radius, we find that the ratio of the two crack

nucleation energies, Ωθ/ΩA3, is 0.098, which is even lower than the previous ratio of

a WZ nanowire to a circular nanowire.

2.3.2 Zinc-Blende Nanowires

A typical failure sequence of an InAs ZB nanowire is shown in Figure 2.4; as was

the case for the WZ nanowires, the failure sequence of the ZB nanowires is very similar

for all three material systems. In contrast to WZ nanowires which have a constant

cross-sectional shape, ZB nanowires have surface facets that intersect to form concave

and convex edges. In Figure 2.4(a), incipient cracks can be observed at the concave

edges of the nanowire at the intersection of two opposing {111} surface facets and

a twin plane. One of the cracks propagates across the nanowire as shown in Figure

2.4(b). The large crack in the middle of the nanowire in Figure 2.4(b) looks as though

it nucleated in the bulk and not at a surface; however, it is actually a crack that has

nucleated on the surface of the nanowire (in the same position, at the intersection

of surface facets and a twin plane) on the backside, and is propagating forward out

of the page. Complete failure of the ZB nanowire is shown in Figure 2.4(c), and the

fracture surface is virtually flat and completely perpendicular to the loading direction,

indicating a near-perfect cleavage across the (111) plane.

All the cracks on the ZB nanowires nucleate at the concave edges where the surface

facets and twin planes intersect, as clearly illustrated in Figure 2.5. We can observe

that cracks nucleate at nearly all of the concave edges of the nanowires, but eventually

only one of them propagates across the entire cross-section of the nanowire. We will

use an approximate elastic stress-field solution in order to understand the underlying

reasons why cracks always nucleate at the concave edges. For a sharp crack in an

infinite medium, it is known that the stress at the crack-tip is square-root-singular;
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(a) Crack nucle-
ation

(b) Crack propaga-
tion

(c) Complete failure (d) Location of cut-
ting plane

Figure 2.4: Failure sequence of an InAs ZB nanowire. The atoms in (a)-(c) are colored
by atomic energy; high energy surface atoms are red, while lower energy bulk atoms
are blue. This nanowire has an average radius of 50Å (refer to Figure 2.3(a) for the
definition of nanowire radius), and is 210Å long.

we have calculated the elastic stress-field at a notch in an infinite elastic medium in

order to determine whether a stress-singularity exists at the concave edges.

If a singularity exists, its nature can be assessed by analyzing a region very close to

the notch, which is equivalent to considering a symmetric notch in an infinite elastic

medium, represented schematically in Figure 2.6. In our case, the angle α is 109.5◦,

which corresponds to the concave angle created at the intersection of two opposing

{111} facets on the surfaces of ZB nanowires. The elastic stresses within the medium

have been calculated by Williams (1952) as the following:

σrθ = rλ−1[Aλ(λ+ 1) sin(λ+ 1)θ +Bλ(λ− 1) sin(λ− 1)θ] (2.6)

σθθ = rλ−1[Aλ(λ+ 1) cos(λ+ 1)θ +Bλ(λ+ 1) cos(λ− 1)θ] (2.7)

In the preceding formulae, r is the distance from the notch-tip, θ is the angular
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(a) GaAs (b) InAs (c) SiC

Figure 2.5: Crack nucleation on ZB nanowires. All cracks nucleate at the concave
edges where two opposing surface facets intersect. Each nanowire is comprised of
60 atomic bi-layers along its axis, and has an average radius of 50Å (refer to Figure
2.3(a) for the definition of nanowire radius).

Figure 2.6: Schematic of a notch in an infinite elastic medium.

coordinate, λ represents the eigenvalues, and A and B are arbitrary constants. The

traction-free boundary conditions at the surface of the notch are: σrθ = σθθ = 0 at

θ = α. Applying these boundary conditions to the stresses given in Eq. 2.6 and Eq.

2.7 results in a matrix equation for the two unknown constants, A and B. By equating
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the determinant of this matrix to zero in order to avoid a trivial solution, we arrive

at the following characteristic equation:

λ sin(2α) + sin(2λα) = 0 (2.8)

Solving this equation numerically for the eigenvalues, λ, reveals that the stress-

state at the notch-tip is proportional to r−0.30, thereby confirming that the stresses at

the concave edges of ZB nanowires are singular. We have also calculated the stress-

state at the convex edges of the ZB nanowires by setting the value of α to 70.5◦ in Eq.

2.8. In this case, the smallest eigenvalue, λ, was found to be 1, which corresponds to

a finite stress state (i.e., no singularity). These results prove that cracks will always

nucleate at the singular concave edges, never at the convex edges, which is exactly

what we observe in our MD simulations.

The stress-strain curves for the WZ and ZB nanowires are shown in Figure 2.7

for all three material systems. The strongest and most ductile of the three materials

is SiC, while the weakest and least ductile is InAs. In the case of the ZB nanowires,

we have also examined the effects of twin-plane spacing on the failure strength of the

nanowires and found only a minor effect; for example, reducing the total number of

twins in a GaAs ZB nanowire from 6 to 4 reduced the failure stress by only 0.5GPa.

The general trend among the three materials is that the WZ nanowires can withstand

higher levels of stress and greater levels of strain at failure. This result is a conse-

quence of the singular stress-states present in ZB nanowires. The facets in the WZ

nanowires facilitate crack nucleation by lowering the energy required to create free

surfaces, but the stress-states within the WZ nanowires are still finite, therefore it is

easier to nucleate a crack on a ZB nanowire due to the stress singularities that are

inherent to its geometry.
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(a) GaAs (b) InAs (c) SiC

Figure 2.7: Stress-strain curves of III-V nanowires. The blue curves correspond to
WZ nanowires, while the red curves correspond to ZB nanowires. For each material,
the lengths of the WZ and ZB nanowires are identical, and the radius of the WZ
nanowire is the same as the average radius of the ZB nanowire.

2.4 Summary

We have used MD simulations to study how the innate surface facets of III-V

WZ and ZB nanowires influence their mechanical strength and failure. In WZ wires,

the intersections between two adjacent {112} surface facets lead to an energetically

favorable site for crack nucleation. It has been shown that for constant polygonal

cross-sections, surface facets always aid crack nucleation. In ZB wires, the inter-

sections between two opposing {111} surface facets create a stress singularity that

favors crack nucleation during deformation. This singularity makes the ZB nanowires

weaker and less ductile than WZ nanowires. These results hold for three different

III-V material systems and are expected to be general for all such materials.



Chapter 3

Failure of Graphene Sheets

Containing Grain Boundaries

3.1 Introduction

Graphene continues to be one of the most widely researched areas in materials

science today. It is the thinnest material ever synthesized, yet the one of the strongest

ever measured [Geim (2009), Lee et al. (2008)], and it exhibits exceptional electronic,

thermal, and optical properties [Geim (2009), Geim and Novoselov (2007)]. However,

despite the prolific research efforts, growing large-area, single-layer graphene sheets

remains a challenge. Recently, a chemical vapor deposition (CVD) technique has

been devised that exploits the low solubility of carbon in metals such as nickel [Yu

et al. (2008), Kim et al. (2009)] and copper [Li et al. (2009), Levendorf et al. (2009)]

in order to grow graphene on metal foils. A consequence of this technique is that the

large-area graphene sheets contain grain boundaries, since each grain in the metallic

foil serves as a nucleation site for individual grains of graphene [Li et al. (2009)].

17



18

Tilt grain boundaries in graphite had been observed in scanning tunneling mi-

croscopy (STM) experiments over 20 years ago by Albrecht et al. (1988), and since

then several groups have performed similar microscopy studies [Osing and Shvets

(1998), Simonis et al. (2002), Pong et al. (2007), Cervenka and Flipse (2009), Wong

et al. (2009)]. More recently, Hashimoto et al. (2004) have observed individual dislo-

cations in graphene using transmission electron microscopy (TEM), and the structure,

as well as the electronic, magnetic, and dynamical properties of grain boundaries in

graphene have been investigated by a number of other research teams [Yazyev and

Louie (2010), Malola et al. (2010), Cervenka et al. (2009)]. With all this previous work

established, a natural question to ask is: how do these grain boundaries influence the

mechanical properties of graphene? Given the fact that graphene is one of the stiffest

(modulus ∼ 1TPa) and strongest materials (strength ∼ 100GPa), in order to use

CVD-synthesized graphene sheets in NEMS, sensors, and as pressure barriers, it is

important to know how the grain boundaries influence these fundamental mechanical

properties.

Although a number of studies have been carried out on the mechanics of disloca-

tions and defects in carbon nanotubes [Li et al. (2005), Huang et al. (2008), Zhang,

Mielke, Khare, Troya, Ruoff, Schatz and Belytschko (2005)] and graphene [Zhang

et al. (2006)], the mechanical properties of hydrogen-functionalized graphene [Pei

et al. (2010)], as well as the fracture and failure of graphene and carbon nanotubes

with multiple vacancies [Xiao et al. (2009)] and Stone-Wales defects [Xiao et al. (2009,

2010), Lu and Bhattacharya (2005)], the effect of grain boundaries on the mechan-

ical properties of graphene has been largely neglected. In this chapter, we address

this outstanding problem using molecular dynamics and first-principles calculations.

Contrary to the intuitive picture based on continuum models that more defective

structures lead to greater deterioration of mechanical properties, we find that as the
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grain boundary angles, and hence the number of defects per unit-length, increase,

the strengths of the graphene sheets also increase. We have identified the underlying

reason for this counterintuitive phenomenon by analyzing the initial strains within

the carbon-carbon bonds along the grain boundaries. Our first-principles calcula-

tions show that higher-angle tilt grain boundaries are able to better accommodate

the strained 7-member rings, which explains the increased strength. Our results

indicate that CVD-grown ’polycrystalline’ sheets can be comparable in strength to

pristine graphene provided that they are comprised largely of higher-angle tilt grain

boundaries.

3.2 Computational Methods

Molecular dynamics (MD) simulations were performed using the MD package,

LAMMPS [Plimpton (1995)]. All simulations were performed on 80Å square graphene

sheets; the tilt grain boundaries were placed in the middle of the sheets and were

oriented parallel to the Y-direction. The graphene sheets were deformed under tensile

loading in directions perpendicular (along the X-axis) and parallel (along the Y-axis)

to the grain boundaries at a constant strain-rate until complete failure was observed.

A 2.5Å wide strip of material at each end of the sheet was constrained against motion

along the direction of deformation (but free to move in the direction perpendicular

to the direction of deformation) by enforcing zero force and velocity on the atoms in

these regions. With these constraints in place, the sheets were subsequently relaxed

for 10000 MD steps, then a homogeneous strain of 0.5% was applied to the graphene

sheets by scaling all atomic coordinates accordingly; using a time step of 1fs, this

results in an average strain-rate of 0.05%ps−1. This procedure of relaxation and

stretching was applied sequentially until complete failure of each graphene sheet. All

MD simulations were performed using an NVE ensemble.



20

An adaptive intermolecular reactive bond order (AIREBO) potential [Stuart et al.

(2000)] as implemented in LAMMPS, was used to model the atomic interactions in

graphene. Following the work of Pei et al. (2010), we have used an interaction cut-off

parameter of 1.92Å. In order to calculate the stress-strain curves during deforma-

tion, the stress on each individual carbon atom was first calculated according to the

following Virial stress expression [Basinski et al. (1971), Chandra et al. (2004)]:

σα
ij =

1

Ωα

(

1

2
mαvα

i v
α
j +

∑

β=1,n

rj
αβf

i
αβ

)

(3.1)

In the equation above, i and j denote the indices in the Cartesian coordinate

system, while α and β are the atomic indices; mα and vα are the mass and velocity of

atom α, respectively; rαβ and fαβ are the distance and force between atoms α and β,

respectively; and Ωα is the atomic volume of atom α. Once the stress on each atom

was computed, we then averaged the stress over the entire sheet every 500 MD time-

steps, and averaged these values over the latter half of the relaxation period of 10000

time-steps in order to obtain both a spatial and temporal average of the stresses. This

method provides a single stress value for every strain increment, thereby allowing us

to construct a stress-strain curve for the graphene sheets.

The inter-atomic potential and simulation method as a whole were validated by

deforming pristine graphene and comparing the results to experiments. Our methods

predicted an elastic modulus of 0.8TPa, an ultimate strength of 125GPa, and a

strain-at-failure of 25% for zig-zag oriented graphene. Our predicted value of elastic

modulus is within 20% of the experimental value reported by Lee et al. (2008), while

the ultimate strength and strain at failure match the experimental values almost

exactly.

The first-principles Density Functional Theory (DFT) calculations were performed

with a plane-wave basis-set using the ab initio simulation package, VASP [Kresse
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and Furthmuller (1996)]. Projector-Augmented Wave potentials (PAW) [Kresse and

Joubert (1999)] were used to represent the ionic cores, and Perdew-Burke-Ernzerhof

(PBE) exchange-correlation functionals [Perdew et al. (1996)] were used for gradient

approximations. For all the DFT calculations, a vacuum of 12Å was used in the

direction perpendicular to the graphene sheets, and the sheets were periodic in the

direction parallel to the grain boundaries (the Y-direction). In the X-direction, we

saturated the non-periodic graphene edges with hydrogen atoms in order to ensure

that all carbon atoms were sp2 bonded (the Z-direction is normal to the graphene

basal-plane). A kinetic energy cutoff of 500eV was used in all DFT calculations. The

structures were relaxed using the conjugate-gradient algorithm until the atomic forces

were smaller than 0.04eV/Å. A convergence study was performed in which the k-point

mesh was varied from 1 × 5 × 1 up to 1 × 20 × 1, with the key results varying by no

more than 0.2% (only 1 k-point has been used in the Y- and Z-directions since they

are both non-periodic). A separate study was also carried out in which the width

of the model (in the X-direction) was varied from 18.7Å to 28.9Å; in this case, the

maximum discrepancy in the results was less than 1%.

3.3 Tilt Grain Boundary Structures in Graphene

The structures of tilt-grain boundaries in zig-zag oriented graphene are shown in

Figure 3.1 for grain boundary angles of 5.5◦, 13.2◦, and 21.7◦ (the angles represent

the total mismatch angles between the left and right grains). The grain boundaries

consist of repeating 5-7 ring pairs that are separated by several hex-rings. As the

grain boundary angle increases, the number of hex-rings separating the 5-7 defects

decreases, with the ultimate limit occurring at 21.7◦ when only a single hex-ring

separates the periodic 5-7 defects. Therefore, more severe grain boundary angles are

comprised of higher defect densities. The repeating defect pairs can also be thought
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of as an array of edge dislocations with horizontal Burgers vectors where the 5-rings

represent the extra plane of atoms, as shown in Figure 3.1.

(a) 5.5◦ (b) 13.2◦ (c) 21.7◦

Figure 3.1: The structures of grain boundaries in zig-zag oriented graphene sheets
with varying mismatch angles.

Tilt boundaries in arm-chair oriented graphene are shown in Figure 3.2 for grain

boundary angles of 15.8◦, 21.4◦, and 28.7◦. For this orientation, the repeating defect

consists of two diagonally opposed 5-7 pairs that are separated by several hex rings.

As was the case for the zig-zag orientation, larger grain boundary angles consist

of higher defect densities; however, for the arm-chair oriented graphene, the most

severely misoriented boundary (28.7◦) consists of repeating 5-7 pairs without any

intermediate hex-rings. Viewing the grain boundary in terms of dislocations, the

two diagonally opposed, repeating 5-7 pairs represent two partial edge dislocations,

as shown in Figure 3.2. The vertical components of the Burgers vectors of the two

partial dislocations nullify one-another, leaving the grain boundary vertically oriented

(for a vertical boundary, the net Burgers vector must be purely horizontal).

3.4 Results and Discussion

The stress-strain curves for zig-zag oriented graphene sheets with tilt grain bound-

aries are shown in Figure 3.3, while those of the arm-chair oriented graphene sheets

are shown in Figure 3.4. For both orientations, the simulated stress-strain curves have
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(a) 15.8◦ (b) 21.4◦ (c) 28.7◦

Figure 3.2: The structures of grain boundaries in arm-chair oriented graphene sheets
with varying mismatch angles.

been plotted for deformation perpendicular and parallel to the grain boundaries. In

general, grain boundaries may be oriented at an angle relative to the tensile axes;

to study the effect of this variation, we consider the extreme cases i.e., the grain

boundaries oriented along and perpendicular to the loading axes. In both cases,

the variation of the failure strength with angle is larger when the sheets are pulled

perpendicular to the boundaries than when they are pulled parallel to the boundaries.
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Figure 3.3: The stress-strain curves of zig-zag oriented graphene sheets pulled per-
pendicular (a) and parallel (b) to the grain boundaries.

Upon initial inspection, the data in these plots looks mislabled, or it seems as

though the legends have been misread, since all four plots illustrate the same com-

pletely counterintuitive result: As the grain boundary angle, and hence the defect
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Figure 3.4: The stress-strain curves of arm-chair oriented graphene sheets pulled
perpendicular (a) and parallel (b) to the grain boundaries.

density, increases, the ultimate failure strength and strain at failure increase! One

would automatically assume that as the number of defects increases, the strength of

any material should decrease; how is it that a higher density of 5-7 defects along the

grain boundaries actually increases the strength of graphene sheets?

To answer this question and to make an analogy to what continuum models predict

about the scaling of strength with defect density, we consider a fracture-mechanics-

based approach in which we model the 7-member rings along the grain boundary as

an infinite array of Griffith cracks. This is a reasonable continuum-level analogue of

the 7-member rings, since these rings are larger than the hex-rings and so they can be

represented as a crack or a void within the material. This assumption is also consis-

tent with the fact that failure in the graphene sheets always begins at the 7-member

rings (we will discuss this phenomenon in more detail later on in this chapter). We

therefore consider an infinite array of Griffith cracks (the crack tips aligned along

the boundary), each of length 2a, and separated by a length 2h from one-another.

The common method that is used to determine whether a crack advances upon ap-

plication of a remote stress, σ∞, is to compute the stress-intensity factor, KI . If KI

exceeds KIC - the experimentally measured fracture toughness for a given material -
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then crack propagation will ensue. The stress-intensity factor for the arrangement of

cracks outlined above can be computed using standard fracture mechanics techniques

[Broberg (1999)], and is presented in the following equation:

KI = σ∞

√

(2h)tan
(πa

2h

)

(3.2)

A plot of the non-dimensional stress-intensity factor, KI/σ∞
√
a, versus normal-

ized crack-spacing, h/a, is presented in Figure 3.5. As the inter-crack spacing, 2h,

decreases, the stress-intensity factor, KI , increases due to the interaction of the stress

fields of adjacent cracks. Based on the plot in Figure 3.5, graphene sheets should be

weaker as the defect distribution becomes more dense. Clearly, this fracture mechan-

ics analogy fails to explain our results, and so the explanation that we seek does not

lie within continuum mechanics techniques, but on the atomic-level details of bond

rupture and failure. We therefore focus on the sequence of atomic-scale events that

leads to tensile failure.

Figure 3.5: Non-dimensional stress-intensity factor versus normalized crack-spacing.
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Figure 3.6 shows the first signs of failure within the zigzag oriented graphene

sheets during deformation perpendicular to the boundaries. What is striking is that

the first bonds to break (the top-most bonds of the 7-rings on either the left or right

side, highlighted in red) are always the same ones for all three grain boundary angles.

Once these bonds have been broken, complete failure of the sheets proceeds rapidly

along the grain boundaries.

(a) 5.5◦ (b) 13.2◦ (c) 21.7◦

Figure 3.6: The initial stages of failure in zig-zag oriented graphene sheets pulled
perpendicular to the grain boundaries.

The first signs of failure for the zig-zag oriented graphene sheets pulled parallel to

the grain boundaries are shown in Figure 3.7. As was the case previously, we observe

that for each of the three grain boundary angles, the same bonds in the 7-rings (the

most vertically aligned side bonds in this case, highlighted in red) are the first to

break, although it should be noted that the critical bonds in this case are different

from those of the sheets that were pulled perpendicular to the boundary. The location

of the critical bonds is dependent on the orientation of the graphene (zig-zag or arm-

chair) and the loading direction (parallel or perpendicular to the grain boundary);

for each specific combination of orientation and loading direction, the critical bonds

are the same for all three grain boundary angles.

We now focus our attention on the incipient failure of arm-chair oriented graphene

sheets pulled perpendicular and parallel to the boundary, as shown in Figures 3.8 and

3.9, respectively. As was the case for zig-zag oriented graphene, we observe that for
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(a) 5.5◦ (b) 13.2◦ (c) 21.7◦

Figure 3.7: The initial stages of failure in zig-zag oriented graphene sheets pulled
parallel to the grain boundaries.

each loading direction, the same critical bonds (those highlighted in red) initiate

failure in the arm-chair oriented graphene sheets regardless of the grain boundary

angle. There is, however, an exception in the case of the largest grain boundary angle

for both loading directions, which actually fail away from the boundaries, within the

highlighted regions in Figures 3.8(c) and 3.9(c).

(a) 15.8◦ (b) 21.4◦ (c) 28.7◦

Figure 3.8: The initial stages of failure in arm-chair oriented graphene sheets pulled
perpendicular to the grain boundaries.

Having identified the critical bonds, we now focus on the initial strains in these

bonds as a function of the grain boundary angle, and uncover clues towards under-

standing the anomalous strength of tilt grain boundaries in graphene. As the grain

boundary angle increases, the initial lengths of the critical bonds decrease towards the

sp2 carbon-carbon bond-length in pristine graphene. Prior to any applied deforma-

tion, for loading perpendicular to the boundary, the strain in the critical bonds of the
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(a) 15.8◦ (b) 21.4◦ (c) 28.7◦

Figure 3.9: The initial stages of failure in arm-chair oriented graphene sheets pulled
parallel to the grain boundaries.

zigzag oriented graphene sheets with grain boundary angles of 5.5◦, 13.2◦, and 21.7◦,

are 12.2%, 10.3%, and 5.4%, respectively. Our DFT simulations validate these results

and the general trend, with calculated strains of 9.5%, 8.7%, and 5.4% as the grain

boundary angle increases. Naturally, as the pre-strain in the material decreases, the

strain at failure and ultimate strength will increase. It is the level of preexisting strain

within the critical bonds of the 7-member rings that accounts for the counterintuitive

results we have observed in our simulations.

The initial strains in the critical bonds for zig-zag graphene pulled parallel to the

boundary are 2.1%, 1.7%, and 0.7% for the 5.5◦, 13.2◦, and 21.7◦ grain boundary

angles, respectively. The strains calculated through DFT are slightly higher at 3.2%,

2.2%, and 1.7%, however, the trend matches that of the MD simulations perfectly.

Although the level of initial strain is lower for these critical bonds than those discussed

in the preceding paragraph, the general trend of decreasing strain with increasing

grain boundary angle is the same, and is consistent with the stress-strain results

plotted in Figure 3.3.

In the undeformed state, the critical bonds in arm-chair graphene pulled per-

pendicular to the boundary are strained by a factor of 23.4%, 9.3%, and 1.7% for

the 15.8◦, 21.4◦, and 28.7◦ boundary angles, respectively. Once again, we observe
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the trend of decreasing initial strain with increasing grain boundary angle. Inter-

estingly, the graphene sheet with a 28.7◦ grain boundary angle begins to fail away

from the boundary, at the location highlighted in Figure 3.8(c). This is due to the

fact that in this case, the bond lengths in the 7-member rings are very close to

those of pure graphene (the previously mentioned strain of 1.7% being the largest

among the 7 bonds), and two of the bonds are actually initially shorter than those of

pure graphene. Reexamination of the stress-strain curve corresponding to this grain

boundary angle and pulling direction (shown in Figure 3.4(a)) indicates a strain at

failure of 15.5%, and an ultimate strength of 95GPa, values that are approaching

the strength of pure arm-chair graphene. Based on these results, we can conclude

that grain boundaries with a mismatch angle of 28.7◦ do not affect the strength of

arm-chair oriented graphene sheets appreciably, whereas those with lower separation

angles weaken them significantly.

For arm-chair graphene pulled parallel to the boundary, the critical bonds in the

15.8◦ and 21.4◦ are strained by factors of 5.4% and 4.0%, respectively; the 28.7◦ sheets

begin to fail away from the boundary (within the highlighted region in Figure 3.9(c)),

due to the fact that for the most severe grain boundary angle, this bond is actually the

same length as those in pure graphene. Thus, we have shown that the general trend of

decreasing initial strain with increasing grain boundary angle is perfectly consistent

for zigzag and arm-chair oriented graphene sheets, and that the initial bond lengths

fully explain the counterintuitive results observed in our MD simulations.

3.5 Summary

In summary, we used MD and DFT calculations to study the mechanical strength

of grain boundaries in zig-zag and arm-chair oriented graphene sheets. For both ori-

entations, we have found that the strain at failure and ultimate strength of graphene
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increases with grain boundary angle. We have looked in detail at the atomic-scale

bond-breaking processes that lead to failure and have identified the critical bonds

that determine the ultimate strength of the grain boundaries. Based on these anal-

yses, it is clear that the initial strain in these bonds determines the failure strength

- the higher the strain, the lower the strength. Higher grain boundary angles can

better accommodate the 7-ring defects that comprise the grain boundaries, therefore

the initial strain in the critical bonds decreases with increasing angle. Fracture me-

chanics methods were unable to predict the trends from our simulations because the

influence of strained atomic bonds is inherently absent from continuum techniques.



Chapter 4

Crack Propagation in Cylindrical

Graphite Electrodes

4.1 Introduction

Lithium-ion batteries have gained prominence in electronic devices such as cell

phones and laptop computers due to their high energy-density that reduces their

weight by half and their volume by 20 − 50% compared to other battery chemistries

such as nickel-cadmium, and nickel-metal-hydride [Aifantis et al. (2007)]; they also

present an attractive solution as renewable energy sources for the transportation

industry [Woodford et al. (2010)]. Initially, the anodes and cathodes in such batteries

were comprised entirely of lithium, however, due to safety considerations, graphite

and LiCoO2 have become the main materials of choice for the anodes and cathodes,

respectively [Aifantis et al. (2007), Aurbach et al. (2002)]. The use of these materials

in electrode particles presents a challenge to the long-term reliability of lithium-ion

batteries due to diffusion-induced stress that occurs during cyclic charging [Cheng

and Verbrugge (2010a,b, 2009)]. As lithium diffuses into a graphite electrode, the

31
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material undergoes a volumetric expansion resulting in stress, which can potentially

cause crack growth [Aifantis et al. (2007), Cheng and Verbrugge (2010a)]. Cracking

has been observed in degraded electrodes [Woodford et al. (2010), Harris et al. (2010)]

and is suspected as a primary source of impedance growth and capacity loss [Woodford

et al. (2010)] since the formation of free surfaces within electrodes leads to the growth

of a solid electrolyte interphase (SEI) [Aurbach et al. (2002), Zhang, Li, Liu, Tan and

Cheng (2005), Liu et al. (2010)]. The SEI is a passivating surface film [Zhang, Li,

Liu, Tan and Cheng (2005)], therefore limiting its growth is of vital importance to

maintaining the capacity of lithium-ion batteries over their life-span of several years.

Several research groups have calculated the diffusion-induced stress-states within

particles in order to study the mechanical degradation of electrodes. Zhang et al.

(2007) and Zhang, Sastry and Shyy (2008) have used finite difference and finite ele-

ment calculations to determine the intercalation-induced stress-states in spherical and

ellipsoidal particles; Cheng and Verbrugge (2009) have compared the difference in the

evolution of stress within spherical particles due to potentiostatic and galvanostatic

charging conditions; Christensen and Newman (2006) have assessed the likelihood of

fracture by using a maximum tensile stress criterion. In another study, Cheng and

Verbrugge (2010a) have studied the propagation of cracks by calculating the strain

energy density during charging and comparing the total strain energy within the

particle to the energy required to propagate a crack. A similar approach has been

adopted by Woodford et al. (2010), wherein the diffusion-induced stress is computed

in the absence of a crack, and is then used to determine the stress intensity factor

in order to study crack growth. These latter studies concerned with particle fracture

are all approximate in that they ignore the effect of the crack on the calculation of

the elastic stress-state.

A more complete analysis is presented by Zhao et al. (2010), who have numerically
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calculated the elastic stress-state within a square particle containing a crack. The

computed elastic stress is then used to calculate the energy release rate, which is a

standard fracture mechanics approach for determining whether a crack will advance.

Another common fracture mechanics technique has been adopted by Bhandakkar

and Gao (2010), who have used an analytical cohesive zone model to study crack

nucleation in a strip electrode. Both of these methods can predict whether a crack

will grow or not, however, neither method can capture the progressive propagation of

cracks during cyclic loading. Furthermore, none of the aforementioned studies take

crack microstructure (i.e., position and orientation within the particle) into account

in their failure criterions. The aim of this chapter is to present a finite element

framework that allows modeling of the progressive propagation of cracks during cyclic

loading, which can then be used to develop a failure criterion based on the location

and orientation of cracks within electrodes.

Motivated by scanning electron microscope images of cracks in graphite anodes

and LiCoO2 cathodes, we have analyzed crack propagation in cylindrical graphite

particles comparable in size to those presented by Harris et al. (2010). In this chapter,

we present the results of coupled diffusion-stress finite-element calculations that use

cohesive zone elements to model progressive crack growth during cyclic charging of

graphite particles. Cohesive elements can be loaded and unloaded in such a manner as

to allow for continuous damage accumulation as the crack grows during cyclic loading.

We have considered the growth of small initial defects situated at various positions

and orientations within the electrode particle, and have discovered that only defects

that are far from the center and not highly mis-aligned relative to the radial direction

will grow during cyclic charging. A failure map is presented which demarcates safe

and unsafe regions corresponding to a range of locations and orientations.
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4.2 Computational Methods

4.2.1 Diffusion Analysis

Finite element calculations were carried out using the commercial finite element

program, ABAQUS [ABAQUS Manual (2010)]. In order to facilitate the diffusion-

stress coupling, we solved the equivalent heat equation and performed a sequentially

coupled thermal-stress analysis, since ABAQUS is conveniently setup for such a pro-

cedure. The general heat/diffusion equation has the following form:

∂φ

∂t
= α∇2φ (4.1)

Here, φ represents concentration in the diffusion equation or temperature in the

heat equation, and α represents the diffusion constant, D, or the thermal diffusivity,

k/ρCp, of a material.

The particle was modeled as a two-dimensional cylinder with a prescribed si-

nusoidal variation of concentration at the periphery. The choice of the cylindrical

geometry, as well as the size of the particle, was motivated by the shape and size

of actual electrode particles, as shown in Harris et al. (2010), and reproduced with

permission in Figure 4.1. For the analysis of radially aligned defects, the geometry

was discretized using 50 elements along the radius (1 triangular element at the center,

and 49 quadrilateral elements). For analyses involving radially misaligned defects, a

simple radial mesh is not possible and so the particle was meshed in a more complex

fashion using only quadrilateral elements of the same size as the other analyses.

With the geometry, material specifications, and loading defined, the full transient

concentration (temperature) field was calculated at each node. An identical mesh

was used for the diffusion (heat-transfer) and stress analyses in order to directly pass

the concentration field at each node from the diffusion analysis to the stress analysis.
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Figure 4.1: Scanning electron microscope images of cracks in cylindrical graphite
particles [Harris et al. (2010)].

4.2.2 Stress Analysis

The stress analysis should be equally applicable to the anode (graphite) and cath-

ode (LiCoO2), but for the sake of concreteness, we have chosen a graphite electrode as

an example in light of recent work showing the presence of internal cracks in graphitic

particles, as shown in Figure 4.1 [Harris et al. (2010)]. As lithium diffuses into the

graphite particle, it bonds with carbon to form LiC6, which increases the spacing be-

tween adjacent graphene sheets from 3.35Åto 3.71Å[Kganyago and Ngoepe (2003)].

This volumetric expansion drives stress evolution within the particle, and is modeled

using an equivalent thermal expansion in the following manner [Cheng and Verbrugge

(2009)]:

α∆T =
1

3
ΩC (4.2)

Here, α is the equivalent coefficient of thermal expansion, ∆T is the change in

temperature, Ω is the partial molar volume of the solute, and C is the concentration

of the solute. This expression equates the volumetric thermal strain (the left-hand

side of the equation) and the volumetric strain as a result of LiC6 formation. Based

on the volume change associated with LiC6 formation quoted above, Ω and α can be

easily determined. By using the simulated temperature field from the heat transfer
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analysis along with the coefficient of thermal expansion, the correct volumetric strain

can be calculated and used to determine the stress-state within the particle.

For the majority of the analyses in this chapter, the graphite comprising the par-

ticle was modeled as a plane-stress isotropic elastic material. We have also performed

one study in which fully anisotropic diffusion, expansion, and elasticity has been

employed in order to observe the effects of anisotropy on our results.

Crack propagation within the particle was modeled using cohesive zone elements

[ABAQUS Manual (2010)]. The idea of cohesive zones for modeling crack propagation

was first introduced by Dugdale (1960) and Barenblatt (1962) in order to analyze

crack growth in steel sheets containing slits, and was later adapted within a finite

element framework by Needleman (1987). Cohesive zone elements are zero-thickness

elements that are used to mesh regions where cracks can propagate, and they apply

a traction to the adjacent material based on a traction-separation law. Figure 4.2

presents a schematic of the linear softening traction-separation law that was used in

our simulations. The initial portion of the curve is linear-elastic up to the damage

initiation stress, σi. The cohesive stiffness, K, is defined as the slope of this initial

portion of the curve (note the units of K; it is defined as traction - and not force -

per unit extension).

Beyond the damage initiation stress, damage accumulates within the cohesive

zone elements in an irreversible manner, while their stiffness linearly decreases to

zero, until the failure separation, δf , is reached. As adjacent cohesive elements reach

the failure separation, δf , simulated crack propagation is observed. The area beneath

the traction-separation law represents the surface energy of the material (2γ), which

based on the Griffith fracture criterion, is equal to the energy release rate (G) required

to propagate a crack in an elastic medium. It should be noted that due to the fact

that cracks can grow under tensile or shear loading only, cohesive elements exhibit
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Figure 4.2: Cohesive zone traction-separation law [ABAQUS Manual (2010)].

purely linear-elastic behavior in compression, even after complete failure.

Cohesive elements can be loaded and unloaded in such a manner as to allow for

continuous damage accumulation during cyclic loading. If a cohesive element is loaded

beyond the damage initiation stress up to point a in Figure 4.2, and subsequently

unloaded, it follows a linear-elastic path from point a to the point of zero traction and

displacement. Upon reloading, the element initially follows this same path in reverse,

from zero traction and displacement linearly up to point a, then along the main

path of the traction-separation law; in this way, the element progressively softens and

accumulates damage as it is cyclicly loaded. If an element fails on a given loading cycle

and the structure is then unloaded, upon subsequent reloading the adjacent elements

can fail since they have already accrued significant damage from the previous loading

cycle; due to this phenomenon, we can model progressive crack propagation while a

structure is cyclically loaded.

The defects within the particle were modeled by assigning a value of zero to the
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damage initiation stress of certain cohesive elements. In this way, at the onset of

the slightest stress within the material, these weak regions fail, thereby creating a

small initial crack. These defects were placed at different locations along the radius

of the particle, and at different angular orientations relative to the radial direction. A

schematic of the location (the distance from the midpoint of the defect to the center

of the particle), d, and orientation, θ, of a defect within the particle is shown in

Figure 4.3. Our aim is to study the failure of defects as a function of these geometric

parameters.

θd

Figure 4.3: The coordinates used to define the location and orientation of a defect
within the particle.

All numerical parameters used in the isotropic simulations are listed in Table 4.1.

In our simulations, we have adopted potentiostatically-controlled charging [Cheng and

Verbrugge (2009)], where the charging period refers to the period of the sinusoidally

varying concentration at the surface of the particle, while the maximum concentration

refers to the amplitude of this curve. This loading curve sinusoidally increases the

lithium concentration at the surface of the particle from zero to the maximum value

over a time-span of one half of the charging period, then decreases the concentration

back down to zero. The charging period was chosen in order to allow sufficient time for

the surface concentration value to reach the center of the particle, and the maximum
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concentration corresponds to the maximum possible volumetric expansion of carbon

during lithium intercalation.

Table 4.1: Isotropic model parameters

Property Value

Particle radius 10 µm
Diffusion constant (D) 6.2 × 10−9 cm2/s [Persson et al. (2010)]

Charging period 500 s (14.4C)
Number of cycles 10

Maximum concentration 0.03 mol/cm3

Elastic modulus 33 GPa [Blakslee et al. (1970)]
Poisson’s ratio 0.3 [Blakslee et al. (1970)]

Expansion coefficient (α) 1.14 cm3/mol
Defect length 0.8 µm

Fracture energy 2.0 J/m2

Damage initiation stress 150 MPa
Cohesive stiffness 33 GPa/µm

The expansion coefficient is the equivalent thermal expansion coefficient (α) used

in the stress analysis. We have assumed a typical fracture energy to define the co-

hesive law, and the damage initiation stress was chosen to allow us to observe crack

propagation under the specified loading. The cohesive stiffness was set in order to

match the elastic modulus of the surrounding material.

The parameters used in our anisotropic calculations are listed in Table 4.2. For the

anisotropic simulations, the particle was divided into five equal segments, each with a

different material orientation. Figure 4.4 shows a schematic depicting the orientation

of the graphite in the first segment. A local material coordinate system is defined

such that the graphene sheets comprising the graphite are coplanar with the local

x′z′ plane, and the local y′ axis defines the stacking direction of the graphene. The

material orientations for each of the five grains are listed in Table 4.2 as βi (the angle

between the local and global coordinate systems, as shown in Figure 4.4), where i is

the segment number (segment 1 is hatched in Figure 4.4, and the numbers increase
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sequentially in a counterclockwise fashion). The anisotropic diffusion constants (Dx,

Dy), expansion coefficients (αx, αy), and elastic stiffness tensor (Cijkl), are all listed

in Table 4.2 with reference to the local x′y′z′ material coordinate system.

Table 4.2: Anisotropic model parameters

Property Value

Dx 4.4 × 10−6 cm2/s [Persson et al. (2010)]
Dy 8.7 × 10−12 cm2/s [Persson et al. (2010)]

C1111, C3333 1060 GPa [Blakslee et al. (1970)]
C1122, C2233 15 GPa [Blakslee et al. (1970)]

C2222 36.5 GPa [Blakslee et al. (1970)]
C1133 180 GPa [Blakslee et al. (1970)]

C1212, C1313, C2323 4 GPa [Blakslee et al. (1970)]
αx 0
αy 1.14 cm3/mol
β1 145◦

β2 217◦

β3 289◦

β4 1◦

β5 73◦

Fracture energy 4.0 J/m2

Damage initiation stress 300 MPa

Due to the higher stresses in the anisotropic analyses, the failure initiation stress

of the cohesive elements was doubled, thereby doubling the fracture energy. The

particle radius, loading parameters (charging period, number of cycles, maximum

surface concentration), defect length, and cohesive stiffness were the same as the

isotropic cases.
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Figure 4.4: Schematic of the material orientations along with the local coordinate
system used to define anisotropic material parameters.

4.3 Results and Discussion

We will begin our discussion with the propagation of radially-aligned and mis-

oriented cracks, then move on to non-propagating cracks, stress during cyclic load-

ing, and finally, we will present a failure diagram that delineates safe and unsafe

crack propagation regimes, along with a discussion of the effects of the model pa-

rameters on the failure map. In addition to these results, which were all obtained

using isotropic assumptions, we will also present some results obtained using fully

anisotropic behavior in order to compare the qualitative differences.

4.3.1 Progressive Crack Propagation

The crack propagation sequence for a radially-aligned defect at the periphery of

the particle is shown in Figures 4.5(a)-4.5(d). The initial defect can be seen under

load in Figure 4.5(a) at the far right of the particle, while the beginning stages of crack

growth can be seen in Figure 4.5(b). As the electrode is cyclically loaded, the crack

grows progressively larger, until complete failure is observed in Figure 4.5(d) after the
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10th and final cycle. The contours in Figure 4.5 show the relative magnitude of the

von-Mises stress within the particle, where the maximum stress level (red) corresponds

to the failure initiation stress of the cohesive elements, while the minimum level (blue)

corresponds to zero stress. The stress states around the defects in Figure 4.5 are the

typical stress profiles around a crack tip, and upon crack advance, the stress within

the particle is relaxed in the regions adjacent to the propagated cracks.

(a) Initial defect (b) Start of growth (c) Propagation (d) Complete failure

(e) Initial defect (f) Start of growth (g) Propagation (h) Complete Failure

Figure 4.5: Crack propagation sequences for radially aligned defects located at the
periphery of the particle (a-d), and embedded close to the surface (but still within)
of the particle (e-h). The contours show the von-Mises stress within the material,
with the maximum level (red) corresponding to the cohesive damage initiation stress,
while the minimum level (blue) corresponds to zero stress.

The same sequence is shown in Figures 4.5(e)-4.5(h) for a radially-aligned defect

embedded very close to the outer surface of the particle. In the case of an embedded

defect, growth begins at the right crack-tip until it reaches the surface of the particle,

thereby creating a larger peripheral crack (shown in Figure 4.5(f)); at this point,

growth proceeds from the left crack-tip ((Figure 4.5(g)) and continues during cyclic

loading, until complete failure of the particle (Figure 4.5(h)). The initial stages of
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crack propagation for the defects shown in Figure 4.5 all occur during the delithiation

phase of the charging cycle.

The early stages of crack growth for the radially-aligned embedded crack corre-

sponding to Figures 4.5(e)-4.5(g) are shown schematically in Figures 4.6(a)-4.6(c).

A defect of length a is embedded a distance d away from the surface of the particle

(Figure 4.6(a)). Due to the large hoop stress, the right crack-tip advances to the sur-

face of the particle, creating a new peripheral crack of length a + d (Figure 4.6(b)).

Now, the crack proceeds to grow from the left crack-tip, and progressively advances

during the subsequent loading cycles (Figure 4.6(c)). Within the notation we have

used in this schematic, the length of the peripheral defect in Figure 4.5(a) is a, and

so once the embedded crack of Figure 4.5(e) reaches the surface, its stress-intensity

factor will be higher than that of the original surface defect due to its longer length

of a+ d.

a

d

(a) Embedded crack

a+d

(b) Growth to the
right

(c) Growth to the
left

Figure 4.6: Schematic of crack propagation of an embedded crack close to a surface.

The propagation sequence for a radially mis-oriented defect at the periphery of

the particle is shown in a Figure 4.7. The characteristics of crack growth for this
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case are similar to those of the radially aligned peripheral crack shown in Figures

4.5(a)-4.5(d).

(a) Initial defect (b) Start of growth (c) Propagation (d) Complete failure

Figure 4.7: Crack propagation sequence for a mis-aligned defect located at the pe-
riphery of the particle. The contours show the von-Mises stress within the material,
with the maximum level (red) corresponding to the cohesive damage initiation stress,
while the minimum level (blue) corresponds to zero stress.

4.3.2 Non-Propagating Cracks

As the initial defects move closer to the center of the particle and/or the degree of

mis-alignment increases, a threshold is eventually crossed beyond which initial defects

transition from unstable to stable and do not propagate, even after repeated cycling.

Figures 4.8(a) and 4.8(b) show an example of a stable, radially aligned embedded

defect during the delithiation phase of the first and last charging cycles, respectively;

the same is shown in Figures 4.8(c) and 4.8(d) for a stable, radially mis-oriented

peripheral crack. For both cases, it is clear that the initial defects have not grown

during the 10 charging cycles. Our goal henceforth is to explain this phenomenon

and identify the boundary separating the stable and unstable regimes.

4.3.3 Stress During Cyclic Loading

The maximum stress far from the defects during the lithiation and delithiation

phases of the charging cycle is shown in Figure 4.9. The important stress component
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(a) First cycle (b) Last cycle

(c) First cycle (d) Last cycle

Figure 4.8: Examples of stable, non-propagating radial (a,b), and mis-aligned (c,d)
defects on the first and last delithiation cycles. The contours show the von-Mises
stress within the material, with the maximum level (red) corresponding to the cohesive
damage initiation stress, while the minimum level (blue) corresponds to zero stress.

to consider with regards to crack growth is the hoop stress, since it acts perpendicular

to radially aligned cracks, placing them under mode I loading. In contrast, radial

stress plays no role in advancing radially aligned defects.

During the lithiation phase, lithium diffuses into the outer portions of the particle,

leading to compressive hoop stress in these regions. At the same time, since the

lithium has not diffused to the center regions of the particle, the compression in the

outer regions is counteracted by tensile hoop stress in the region close to the center.

Furthermore, due to the radial strain in the outer regions of the particle, the radial

stress in the center region is tensile, and decays to zero at the surface of the particle.

The stresses during the delithiation phase are virtually a mirror image of those during

the lithiation phase. Now, as lithium diffuses out of the particle, the outer regions

are placed under tensile hoop stress, while the center regions experience compressive

hoop stress.
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Figure 4.9: The stress distribution along the radius of the particle far from the defect.
The solid lines represent the stresses during the lithiation phase, while the dotted lines
represent the delithiation phase. Positive stresses are tensile, while negative stresses
are compressive. The normalized radial position ranges from the center of the particle
(normalized position of 0) to the surface of the particle (normalized position of 1).

As we have mentioned above, radially-aligned defects close to the outer surface

of the particle initially propagate during the delithiation phase of the charging cycle

only. This phenomenon is due to the high tensile hoop stress in this region; it is

clearly impossible to propagate a crack at the surface during lithiation due to the

high compressive stress. However, once the crack has grown such that the crack

tip lies within the center region of the particle, the lower tensile hoop stress during

lithiation can now advance the crack further upon subsequent cycling.

As a radially-aligned initial defect moves closer to the center, the hoop stress acting

upon it decreases, as shown in Figure 4.9; once the defect experiences stress below a

certain critical level, it becomes stable and no longer propagates. A radially-aligned
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defect close to the center of the particle will experience tensile hoop stress during

the lithiation phase, however, the magnitude of this stress is too low to initiate crack

growth, and so a threshold location exists beyond which defects will not propagate.

In the case of mis-aligned defects, both σθθ and σrr can contribute to crack prop-

agation depending on how these stresses transform along the direction of the defect.

We have plotted a simple stress transformation for a mis-aligned defect situated at

the surface of the particle (where σrr is zero) in Figure 4.10. Clearly, as the mis-

alignment angle increases, the normal stress acting on the crack decreases, while the

shear stress increases from zero to a maximum at an angle of 45◦. If the mis-alignment

angle increases beyond a certain point, the component of σθθ acting normal to the

crack decreases below the threshold required to propagate the crack, thereby render-

ing the defect stable. Although there will also be a shear component acting along

the defect, its value is always too low to cause mode II failure, and so propagation is

governed by the component of σθθ and σrr normal to mis-aligned defects.

4.3.4 Failure Map

We have performed numerous simulations with different initial defect locations

and mis-alignment angles in order to determine the thresholds we have mentioned

above; the results of these simulations are plotted in Figure 4.11. This failure map

plots the location, d (refer to Figure 4.3 for an explanation of these co-ordinates),

versus the orientation angle, θ, for all simulations, using a blue marker for stable

defects and a red marker for unstable ones. Due to the number of simulations that

have been performed very close to the transition from the stable to unstable regimes,

we are able to determine the boundary between the safe and unsafe regions of the

map. Using this plot, we can see that for a radially aligned defect to propagate, it

must be situated at or beyond 88% of the particle’s radius; if it is any closer to the
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Figure 4.10: Analytical transformation of the hoop stress at the periphery of the
particle into normal and shear components along a defect as a function of the mis-
alignment angle.

center of the particle, it will not grow. In the case of mis-aligned defects, we can see

that any defect with an orientation angle beyond 26◦ will not grow, no matter where

it is situated within the particle. If a defect completely propagates across a particle

(or even just to the surface), it will lead to the formation of SEI, which will greatly

reduce the capacity of a lithium-ion battery over its lifetime [Aurbach et al. (2002),

Zhang, Li, Liu, Tan and Cheng (2005), Liu et al. (2010)]; as a result, the red region of

the failure map can be thought of as an indicator of defect locations and orientations

that are deleterious to the long-term reliability of lithium-ion batteries.

The size of the failure region shown in Figure 4.11 is directly dependent on some

of the model parameters listed in Table 4.1. We will now present a short discussion on

the effects of defect length, fracture energy, damage initiation stress, charging period,
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Figure 4.11: A failure map plotting the safe (blue) and unsafe (red) points and regions.

and particle size on the size of the unsafe region of the failure map.

An increase in the length of the original defect, a decrease in the fracture energy, or

a decrease in the damage initiation stress, will all increase the size of the failure region.

This would mean that defects closer to the center of the particle, and more highly

mis-aligned relative to the radial direction, will propagate under the same loading.

Similarly, a decrease in the defect length, an increase in the damage initiation stress,

or an increase in the fracture energy would decrease the size of the failure region; if

these latter changes in the parameters are extreme enough, crack propagation will

become impossible under the specified loading conditions.

The period of the potentiostatically-controlled charging curve also has a dramatic

effect on the size of the failure region. In order to study the effect of charging rate,

we have performed several calculations with radial cracks loaded at different rates.
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Figure 4.12 shows the results of analyses performed at 20.0C , 14.4C , 13.1C , and

12.0C . In this plot, blue points represent initial defect locations that do not lead to

failure, while red points are for unsafe locations. At a rate of 20.0C , defects situated

at slightly less than 80% of the particle’s radius lead to failure, while at 12.0C , even a

peripheral defect does not propagate. Based on these results, it is evident that as the

charging rate increases, defects situated closer to the center of the particle will lead

to failure, and it can be inferred that the overall size of the failure region shown in

Figure 4.11 will increase with increasing charging rate. This is a consequence of the

direct relationship between strain and concentration; larger concentration gradients

stemming from faster charging produce larger strain gradients, which in turn lead to

higher stress. This result is consistent with the findings of Zhao et al. (2010), who

have also found that faster charging leads to larger stress within electrodes.
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Figure 4.12: A plot showing the effect of charging rate on the failure of defects. Blue
regions represent safe locations, while red regions represent progressive failure.
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Particle size only has an effect relative to the size of the defect and the charging

period. In order to analyze the former effect, we can define a dimensionless length-

scale, ψ = R/a, where R is the radius of the particle, and a is the length of the defect.

As the value of ψ increases - either through an increase in the particle radius or a

decrease in the defect length, or both - the size of the failure region will decrease.

Similarly, we can define a dimensionless time-scale, λ = R2/ωD, where R is the radius

of the particle, ω is the charging period, and D is the diffusion constant. In this case,

as λ increases - either through an increase in the particle radius, or a decrease in the

charging period, or both - the size of the failure region will increase. This means

that if the particle radius and defect size are doubled while the charging period is

quadrupled, the values of ψ and λ will remain fixed, and the failure map will not

change. The dimensional analysis of the rate effect is consistent with the results

presented in Figure 4.12.

4.3.5 Effect of Anisotropy

All the results presented so far have been based on simulations using isotropic

material properties. Now, we will present results that were obtained using fully

anisotropic diffusion, expansion, and elasticity. The anisotropic diffusion constants

lead to much faster lithium diffusion in the direction parallel to the graphene sheets

as opposed to the perpendicular direction, as shown by examination of the values pre-

sented in Table 4.2. Upon LiC6 formation, the inter-layer spacing between adjacent

graphene sheets increases, which is accounted for in the expansion coefficient perpen-

dicular to the graphene planes, with zero in-plane expansion. The in-plane Young’s

moduli of graphene (represented by C1111 and C3333 in Table 4.2) are much greater

than the Young’s modulus of graphite in the graphene stacking direction (C2222). It

is well-known that the shear moduli of graphite (C1212, C1313, C2323) are quite low,
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and this fact is also shown in the values presented in Table 4.2.

For the anisotropic analyses, we only considered radially aligned defects for sim-

plicity. The crack propagation sequence for a radially-aligned defect at the periphery

of a particle modeled using anisotropic properties is shown in Figures 4.13(a)-4.13(d).

The initial defect can be seen on the far right of the particle in Figure 4.13(a), and

it begins to grow and propagate in Figures 4.13(b) and 4.13(c), respectively, until it

reaches the center of the particle in Figure 4.13(d). Due to the way in which the

particle is divided into five segments, the crack cannot progress any further than the

center, since it would have to change directions in order to do so. This failure se-

quence is very similar to the ones shown in Figure 4.5, although the stress contours

are much more complicated due to the anisotropic material properties.

(a) Initial defect (b) Start of growth (c) Propagation (d) Failure

Figure 4.13: Crack propagation sequences for a radially aligned defect located at the
periphery of the particle using fully anisotropic diffusion, expansion, and elasticity.
The contours show the von-Mises stress within the material, with the maximum level
(red) corresponding to the cohesive damage initiation stress, while the minimum level
(blue) corresponds to zero stress.

When anisotropy is considered, we once again discover that a threshold location

exists beyond which the initial defect no longer propagates, as was the case with the

isotropic cases. Figures 4.14(a) and 4.14(b) show an example of a stable, radially

aligned embedded defect during the delithiation phase of the first and last charging

cycles, respectively. It is clear that the initial defect has not grown during the 10

charging cycles. We have found that for the anisotropic case we have considered, the
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critical location that demarcates the safe and unsafe regions is a normalized radial

position of 80%. Although we have only considered one anisotropic case, we can see

that the qualitative trend is the same as the isotropic case: as the location of the

initial defect shifts closer to the center of the particle, the possibility of crack growth

decreases. Clearly, due to the highly anisotropic properties of graphite, different

material orientations may have a large influence on the details of crack propagation,

but such considerations are beyond the scope of this thesis.

(a) First cycle (b) Last cycle

Figure 4.14: A stable, non-propagating radial defect on the first and last delithiation
cycles using fully anisotropic diffusion, expansion, and elasticity. The contours show
the von-Mises stress within the material, with the maximum level (red) corresponding
to the cohesive damage initiation stress, while the minimum level (blue) corresponds
to zero stress.

4.4 Summary

We have used finite element calculations to study the location- and orientation-

dependent progressive propagation of defects in cylindrical electrode particles sub-

jected to potentiostatically-controlled cyclic charging. Defects situated close to the

boundary of the particle begin to grow during the delithiation phase of the charging

cycle, due to the large tensile hoop stress that is generated in that region during

lithium de-intercalation. For a defect to grow, it must be far enough from the center

of the particle to be subjected to high tensile hoop stress, and must not be too mis-

aligned relative to the radial direction in order for the components of stress normal
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to the defect to be large enough to initiate failure. We have used our simulations to

construct a failure map demarcating safe and unsafe regions as a function of defect

position and orientation. The failure map shows that radially aligned defects will not

grow if they are located within 88% of the particle’s radius from the center. Defects

that are mis-aligned from radial lines by more than 26◦ are also stable and will not

grow, regardless of their location. The influence of particle size, crack microstruc-

ture, and charging rate on the failure map is discussed. We have also studied the

effects of fully anisotropic behavior, and found that qualitatively, the results pertain-

ing to location-dependent failure are the same as those obtained using an isotropic

assumption.



Chapter 5

Fracture in Silicon Nanowire

Electrodes

5.1 Introduction

Recently, silicon has garnered a great deal of attention as a possible electrode

material for lithium-ion batteries due to its extremely high theoretical capacity (3600

mAh/g, compared to 370 mAh/g for graphite) [Obrovac and Christensen (2004),

Chan et al. (2009), Shenoy et al. (2010), Ryu et al. (2011), Magasinski et al. (2010),

Kim et al. (2008)]. The use of silicon as an electrode material in lithium-ion bat-

teries has been demonstrated in a number of different particle geometries: Obrovac

and Krause (2007) have cyclically lithiated and delithiated silicon powder; Maga-

sinski et al. (2010) have synthesized silicon spheres for use in anodes; Chan et al.

(2008), Song et al. (2010), and McDowell et al. (2011) have all developed methods to

manufacture silicon nanowires which they have cyclically intercalated with lithium in

experiments.

During lithiation, LixSi compounds form which cause a large volumetric expansion

55
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- up to nearly 400% - due to the fact that one silicon atom can theoretically bond

with a maximum of 3.75 lithium atoms [Obrovac and Christensen (2004)]. This is the

source of the major challenge associated with using silicon as an electrode material

since it causes large diffusion-induced stresses within the electrodes (much higher

than in graphite which only undergoes a 10% increase in volume), which can lead to

cracking and a reduction in the capacity of the batteries [Ryu et al. (2011)].

Diffusion-induced stresses during lithiation have been studied by a number of

research groups [Zhang et al. (2007), Zhang, Sastry and Shyy (2008), Cheng and

Verbrugge (2009), Christensen and Newman (2006)]. In addition to simply studying

the stress-states, Cheng and Verbrugge (2010a) and Woodford et al. (2010) have

developed approximate analytical models for studying fracture in electrodes, while

more accurate methods have been presented by Zhao et al. (2010) and Bhandakkar

and Gao (2010). In the previous chapter, we have used coupled diffusion-stress finite

element calculations to model progressive crack propagation in graphite electrode

anodes.

These studies were all performed on materials undergoing small volumetric ex-

pansions and their methods are not suitable for studying diffusion-induced stresses in

silicon particles. Due to the huge volumetric expansions, the pressure-gradients within

silicon become large and affect lithium diffusion. The previously mentioned studies

assume that diffusion is simply driven by gradients in concentration, and neglect the

effects of the pressure-gradients. Recently, Ryu et al. (2011) have performed finite

element analyses of fracture in silicon nanowires with preexisting cracks, and have de-

veloped a semi-analytical approach to account for the effects of the pressure-gradients

on lithium diffusion. They have done this by analytically solving for the pressure dis-

tribution in a cylinder without a crack as a function of concentration, then used this

result to redefine the diffusion constant as a function of lithium concentration. They
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have performed finite element calculations using the concentration-dependent diffu-

sion constant and computed the J-integral around cracks to determine whether they

will grow. In this manner, they have found a simple way to calculate the diffusive

flux as a function of the pressure- and concentration-gradients; however, the analyti-

cal calculation upon which this method is based ignores the presence of a crack, and

is therefore only valid far away from the crack-tip. Locally, the crack-tip represents

a region of large pressure-gradients and has an important contribution to the local

flux, which cannot be accounted for using the methods outlined by Ryu et al. (2011).

In this chapter, we present a method that we have developed to calculate the

pressure-gradient effects that allows for a direct coupling between the stress and

diffusion solutions. Our method also consists of finite element simulations of silicon

nanowires with preexisting cracks; however, instead of analytically redefining the

diffusion constant, we numerically calculate the pressure-gradients at each instant

and use them along with the concentration gradients to directly calculate the flux

vector. We also make use of cohesive finite elements to model fracture as opposed

to computing the J-integral, which allows us to observe the growth of cracks during

lithiation. Using this approach, we can capture the effect of the crack-tip on the

localized diffusive flux. We have used this method to study the relationship between

charging rate and nanowire diameter on the fracture of silicon nanowires.

5.2 Computational Methods

5.2.1 Governing Flux and Diffusion Equations

The general diffusion/heat equation has the following form [Smith (2004)]:

∂φ

∂t
= −∇ · J (5.1)
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Here, φ represents concentration (or temperature in the heat equation), and J

represents the diffusive (or thermal) flux. In most cases, the flux is simply proportional

to the concentration (or temperature) gradient, and is given by the standard form of

Fick’s law [Smith (2004)]:

JF = −D∇φ (5.2)

In this equation, D is the diffusion constant of the material (or the thermal dif-

fusivity in the heat equation). In studying the diffusion-induced stresses in silicon -

which can experience almost 400% volumetric expansion [Shenoy et al. (2010), Ryu

et al. (2011)] upon full lithiation - we must also consider the contributions to the flux

from the gradients in pressure. When considering materials such as graphite, which

undergo small volumetric expansions, the contributions of the pressure-gradients to

the flux are generally ignored; for silicon, however, such an omission is not accu-

rate. The following paragraphs will outline the necessary changes to the governing

equations in order to account for the pressure-gradient terms.

The strain in a lithiated material can be decomposed into two parts, the first

being an elastic component of strain, and the second being a stress-free strain due to

the volumetric expansion caused by lithiation:

εij = εEij +
Ω

3
φδij (5.3)

Here, Ω represents the volumetric expansion coefficient of the material, and δij is

simply the Kronecker delta. Based on this equation, the total elastic energy of the

material is a function of concentration, therefore an additional elastic contribution

term of the following form must be added to the total chemical potential [McDowell

et al. (2011)]:
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µE = −Ω

3
σkk (5.4)

In general, flux is related to the gradient of the chemical potential by the following

equation [Smith (2004)]:

J = − D

RT
φ∇µ (5.5)

Substituting Eq. 5.4 into Eq. 5.5 and using the relationship between pressure and

the trace of the stress tensor (P = −σkk/3), we arrive at the following expression for

the pressure-gradient contribution to the diffusive flux:

JP = −DΩφ

RT
∇P (5.6)

Now, we can compute the total flux as a sum of the flux given by the standard form

of Fick’s law (JF given in Eq. 5.2), and the pressure-gradient-induced component of

the flux (JP ) computed above:

J = −D
(

∇φ+
Ωφ

RT
∇P

)

(5.7)

Substituting the above flux into the general diffusion equation given in Eq. 5.1,

we arrive at the final governing diffusion equation (with a constant value for D):

∂φ

∂t
= D

[

∇2φ+
Ω

RT

(

∇φ · ∇P + φ∇2P
)]

(5.8)

Due to the fact that the governing equation contains both concentration and

pressure gradients and Laplacians, it must be solved using a coupled diffusion-stress

analysis. We have solved this problem using the commercial finite element program,
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ABAQUS [ABAQUS Manual (2010)] in conjunction with a user-programmed sub-

routine. Without an additional user-defined subroutine, ABAQUS is only capable

of solving the coupled diffusion-stress problem with the standard form of Fick’s law

outlined in Eq. 5.2, not the form of the flux given in Eq. 5.7 that incorporates the

effects of the pressure-gradients. The following section outlines the methods used in

the user-subroutine to numerically calculate the pressure-gradients in order to define

the correct diffusive flux.

5.2.2 Numerical Calculation of the Pressure Gradients

We solve the coupled diffusion-stress problem incrementally in time using ABAQUS.

In order to calculate the pressure-gradients at time-step i, we use the nodal-averaged

(since pressure is computed at integration points, not nodes) pressure results from

time-step i− 1. Due to this backwards-looking scheme, we adopt a small time-step

analogous to one used in explicit analyses:

∆t <
L2

D
(5.9)

In the above expression, L is the smallest element length, and D is the diffusion

constant of the material. Knowing the calculated nodal-averaged pressures and de-

formed coordinates of the nodes from the previous time-step, we can compute the

pressure-gradients at the integration points of each element using the derivatives of

the shape functions (the Einstein summation notation is implied):

∂P

∂xj

=
(

Pr

∂Nr

∂ζk

)(

Xkm

∂Nm

∂ζj

)

−1

(5.10)

Here, Pm is a 4-vector containing the nodal-averaged pressures of each of the 4

nodes of an element (only 4-noded elements were used in our analyses), Xkm is a
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2 × 4 matrix containing the deformed coordinates (only x and y components, since

the models are 2-D axisymmetric) of each node of an element, and ∂Nr

∂ζk
and ∂Nm

∂ζj
are

4 × 2 matrices listing the derivatives of the bi-linear shape functions. Using the above

equation, we can compute the pressure-gradient at each of the 4 integrations points

of an element, and use it to compute the total flux given by Eq. 5.7. It should be

noted that the concentration gradients are already computed internally by ABAQUS,

and are therefore not a part of the user-programmed subroutines.

5.2.3 Coupled Diffusion-Stress Analysis

Once the framework for the calculation of the pressure-gradient-induced flux was

established, in order to facilitate the diffusion-stress coupling, we reformulated the

diffusion equation to an equivalent heat equation (which requires nothing other than

replacing concentration with temperature) and performed a fully coupled thermal-

stress analysis instead.

As lithium diffuses into the nanowire, it bonds with silicon and forms Li15Si4,

which results in an extreme volumetric expansion of almost 400%. This volumetric

expansion drives stress evolution within the nanowire, and is modeled using the same

equivalent thermal expansion method as outlined in Section 4.2.2.

The silicon electrode particle was modeled as an axisymmetric cylinder (wire) with

a prescribed variation of lithium concentration at its periphery; the concentration

was increased from zero to the maximum lithium concentration using a sinusoidal

curve. The bottom of the nanowire was constrained from displacement along its axis,

however, it was free to move along its radius (corresponding to the nanowire standing

on a soft substrate). The cylinder was discretized using 5 nm square axisymmetric

elements. Since silicon has recently been shown to undergo plastic deformation, we

have modeled plasticity within the nanowire using a von-Mises yield criterion. In
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order to study crack propagation in the silicon nanowires, we adopted the same setup

as Ryu et al. (2011) and assumed the pre-existence of penny-shaped (axisymmetric)

cracks at the center of the wire.

Crack propagation within the nanowires was modeled using cohesive zone ele-

ments, which have been outlined in detail in Section 4.2.2. The defects within the

silicon nanowires were modeled by assigning a value of zero to the damage initiation

stress of the cohesive elements corresponding to the penny-shaped cracks. In this

way, at the onset of the slightest tensile stress within the material, these weak regions

fail, thereby creating a small initial crack.

All numerical parameters used in our simulations are listed in Table 5.1. We have

studied four nanowire diameters with a large range of different charging rates. In

our simulations, we have adopted potentiostatically-controlled charging [Cheng and

Verbrugge (2009)], where the charging rate refers to half the period of the sinusoidally

varying concentration at the surface of the particle (for example, 1C means that the

lithium concentration is increased from zero to its maximum value in 1 hour), while

the maximum concentration refers to the amplitude of this curve. The maximum

concentration corresponds to the maximum possible volumetric expansion of silicon

during lithium intercalation. The elastic modulus and Poisson’s ratio have been

assumed to linearly vary between the two extreme values for pure silicon (Si) and

fully lithiated silicon (Li15Si4). The expansion coefficient is the equivalent thermal

expansion coefficient (α) used in the stress analysis. In order to compare the results

for the different nanowire diameters, the diameters of the initial penny-shaped cracks

have been kept at a constant ratio of 20% relative to the nanowire diameter. We have

assumed the same fracture energy as that used by Ryu et al. (2011) to define the

cohesive law, and the damage initiation stress was chosen in such a way as to allow

us to observe crack propagation under the more severe loadings.
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Table 5.1: Model parameters

Property Value

Nanowire diameter 250, 350, 450, 550 nm
Nanowire length 1.0 µm

Diffusion constant (D) 1.0 × 10−12 cm2/s
Charging rate 0.75C - 40.0C

Maximum concentration 0.18 mol/cm3

Elastic modulus 150 GPa (Si), 50 GPa (Li15Si4) [Shenoy et al. (2010)]
Poisson’s ratio 0.21 (Si), 0.23 (Li15Si4) [Shenoy et al. (2010)]

Yield stress 2000 MPa [Sethuraman et al. (2010)]
Expansion coefficient (α) 3.2 cm3/mol

Defect diameter 20% of the particle diameter
Fracture energy 2.0 J/m2 [Ryu et al. (2011)]

Damage initiation stress 750 MPa
Cohesive stiffness 10000 GPa/µm

5.3 Results and Discussion

We will begin the presentation of our results with a description of the stress state,

and flux and concentration distributions within the silicon nanowire during lithiation.

In order to emphasize the significance of the pressure-gradient effects on the stress,

flux, concentration, and overall observations, we will compare these results to those

obtained when the pressure-gradient terms have been neglected. Finally, we will use

our method to develop a diagram that illustrates the effects of nanowire diameter and

charging rate on crack propagation and failure.

5.3.1 Stress, Flux, and Concentration During Lithiation

Figure 5.1 shows several stress states within a 350 nm silicon nanowire for the

first 150 seconds of lithiation at a charging rate of 3C (note that the model is axisym-

metric: the right edge is the outer periphery, while the left edge is the central axis

of the nanowire). As lithium begins to diffuse into the silicon at the periphery of the
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nanowire, the material at the outer region expands, leading to compressive axial stress

on the nanowire within the lithiated outer region, and a corresponding tensile axial

stress on the inner region which contains the penny-shaped crack. In Figure 5.1(d)

we can see a localized region of high stress (red) at the crack tip due to the tensile

stress-state caused by the lithiated outer region of the nanowire. At this point, some

damage has accumulated at the crack-tip and it has grown slightly. As the lithium

diffuses further into the particle, the gradients in strain are diminished, and so the

stress begins to decline, as shown in Figures 5.1(e) and 5.1(f). Furthermore, diffusion

towards the crack-tip reduces the local tensile stress (we will discuss this phenomenon

in more detail later in the chapter). Because of the reduced stress-states, crack-tip

damage accumulation ceases, the crack becomes stable, and the nanowire is able to

fully lithiate without any further crack growth (we will refer to this type of growth as

stable). As we will discuss later, depending on the charging rate, the nanowire may

or may not be able to fully lithiate without unstable crack growth causing complete

failure (unstable crack growth referring to a crack that would grow across the entire

diameter of the nanowire).

The flux distributions corresponding to the stress-states discussed above are shown

in Figure 5.2. A concentration gradient at the periphery initially causes the lithium

to diffuse into the nanowire, but as the lithiated outer region expands, it also creates a

pressure-gradient across the radius of the nanowire, which provides a further driving

force for lithium diffusion. After an elapsed time of 60 s (shown in Figure 5.2(c)),

we can already begin to see the influence of the crack-tip on mass diffusion; this

influence is much more evident after 120 s (Figure 5.2(e)) and 150 s (Figure 5.2(f)),

where we can observe a localized region of high mass flux at the crack-tip. As the

diffusion-induced stresses increase, a very localized region of high tensile stress forms

at the crack-tip. Based on Eq. 5.7, mass flows from regions of high pressure to low
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(a) t=0 (b) t=30 s (c) t=60 s (d) t=90 s (e) t=120 s (f) t=150 s

Figure 5.1: Stress contours for a 350 nm nanowire charged at a rate of 3C at various
times (in seconds) during lithiation. The contours indicate the level of the von-Mises
stress within the material, with the lowest level (blue) corresponding to zero and the
highest level (red) corresponding to a stress of 500 MPa.

pressure, and since the localized tensile stress represents an area of very low pressure,

there is a large mass flux towards the crack-tip.

Localized flux towards the crack-tip has a very important consequence, which

is shown schematically in Figure 5.3. In Figure 5.3(a), we have depicted an area of

highly-localized tensile stress (the red region) within an otherwise moderately stressed

nanowire (the yellow region). The large pressure-gradient between these two regions

causes lithium to diffuse towards the crack-tip (the arrows representing the flux). Due

to the influx of lithium, the localized area around the crack-tip expands - as depicted

in Figure 5.3(b) - which lowers the tensile stress within this region (the reduction
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(a) t=0 (b) t=30 s (c) t=60 s (d) t=90 s (e) t=120 s (f) t=150 s

Figure 5.2: Mass flux contours for a 350 nm nanowire charged at a rate of 3C at
various times (in seconds) during lithiation. The contours indicate the magnitude of
the diffusive mass flux within the material, with the lowest level (blue) corresponding
to zero and the highest level (red) corresponding to a flux of 3.0 × 10−6 mol/m2s.

in stress is represented schematically by a change in color from red to orange). The

reduction in stress is due to the fact that volumetric expansion causes a stress-free

strain, as outlined by the strain decomposition in Eq. 5.3. For a given total strain,

εij, an increase in the strain caused by volumetric expansion, Ω

3
φδij, will lower the

elastic strain, εEij, leading to a corresponding decrease in stress. Due to the reduction

of the localized stress, lithium diffusion towards the crack-tip can arrest, or at the

very least, retard damage accumulation and crack growth.

The concentration profiles at various times during lithiation are shown in Figure

5.4. Clearly, the lithium concentration within the nanowire increases with time, but
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(a) Localized diffusion
caused by large ∇P

(b) Reduced localized stress
due to volumetric expansion

Figure 5.3: Schematics of the effect of crack-tip diffusion on the localized stress.

what’s much more important is the influence of the crack-tip on the concentration.

In Figure 5.4(f), we can see a small localized area just to the right of the crack-tip

where the concentration is higher than that of the surrounding areas. This is a direct

result of the crack-tip diffusion discussed above.

Having examined Figures 5.1, 5.2, and 5.4, we can see how stress, flux, and con-

centration are interrelated, which is a consequence of the fully-coupled nature of the

problem. As lithium diffuses into the material, it causes a volumetric expansion that

leads to stress and gradients in pressure. The pressure gradients, along with gradients

in concentration, provide the driving force for the mass flux that will further influence

the stress-states. In the following section, we will illustrate the results of simulations

in which the inherent influence of stress (pressure) on diffusion has been ignored, in

order to further explain the role of the pressure-gradients on crack propagation within

silicon nanowires.
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(a) t=0 (b) t=30 s (c) t=60 s (d) t=90 s (e) t=120 s (f) t=150 s

Figure 5.4: Concentration contours for a 350 nm nanowire charged at a rate of 3C at
various times (in seconds) during lithiation. The contours represent the concentration
distribution within the material, with the lowest level (blue) corresponding to zero
and the highest level (red) corresponding to a concentration of 7.5 × 10−3 mol/cm3.

5.3.2 Comparison of Results With and Without the Pressure-

Gradient Effects

A juxtaposition of the computed von-Mises stress-states for a 350 nm silicon

nanowire charged at 3C after 150 seconds of lithiation is shown in Figure 5.5, with

and without the pressure-gradient effects. A comparison of stress along the axis of the

nanowire (σzz in cylindrical coordinates) after 90 seconds (roughly corresponding to

the time at which σzz is at its maximum) is also shown in Figure 5.6 close to the crack-

tip. The differences between the two results are striking; when the pressure-gradient
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effects are ignored, the majority of the material experiences a level of von-Mises stress

above 500 MPa (the maximum contour level in Figure 5.5), while the results with the

pressure-gradient effects show that the entire nanowire - except at the crack-tip and

the top edge - is well below this level. The maximum axial stress (the component of

stress that causes crack growth) near the crack is also much lower when considering

the pressure-gradient effects, as shown in Figure 5.6. This has a significant effect

on the predicted crack propagation results, since the higher predicted stress-levels

that are a result of omitting the pressure-gradient terms can cause a crack to grow,

whereas in actuality, it would not grow due to the influence of the pressure-gradient

effects. For example, when considering the pressure-gradient effects, we have found

that a 350 nm diameter nanowire must be charged at 18C or higher to cause unstable

crack growth, whereas omitting these effects causes complete failure at just 1C . This

difference is a direct consequence of the distinctly different stress-states shown in

Figure 5.5, and illustrates the importance of accounting for the pressure-gradient

effects on diffusion-induced-stress within silicon.

In order to explain the differences in the stress-states shown in Figures 5.5 and

5.6, we need to examine the diffusive flux within the material in a similar manner -

with and without the pressure-gradient effects - which is shown in Figure 5.7. The

maximum flux level of 3.0 × 10−6 mol/m2s (the value corresponding the red contour

level) has reached about halfway along the radius of the nanowire when the pressure-

gradient terms have been omitted, as opposed to roughly two-thirds when they have

been accounted for. This is a direct cause of the gradients in pressure, which increase

the magnitude of the flux when compared to the standard form of Fick’s law. Higher

flux levels lead to a more constant concentration distribution, hence less severe gradi-

ents in strain and lower stresses. This explains why the overall stress-states are much

lower when considering the pressure-gradient effects. However, another important
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(a) With ∇P (b) Without
∇P

Figure 5.5: Stress contours for a 350 nm nanowire charged at a rate of 3C , after being
lithiated for 150 seconds. The contours indicate the level of von-Mises stress within
the material with (a) and without (b) the pressure-gradient effects. The lowest level
(blue) corresponds to zero and the highest level (red) corresponds to a stress of 500
MPa.

contribution involves the local phenomenon of diffusion towards the crack-tip. In

Figure 5.5(a), we can clearly see a localized area of high flux directly at the crack-tip,

which is obviously absent in Figure 5.5(b). This localized flux acts to lower the ten-

sile stress at the crack-tip (due to the resulting volumetric expansion), which reduces

the likelihood of unstable crack growth. Even if the tensile stress at the crack-tip is

initially high enough to cause damage and growth, depending on the charging rate

(this dependence will be discussed in the following section), the diffusion towards the

crack-tip may lower the localized stress enough to arrest crack growth and allow the
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(a) With ∇P (b) Without ∇P

Figure 5.6: Stress contours near the crack-tip for a 350 nm nanowire charged at a rate
of 3C , after being lithiated for 90 seconds. The contours indicate the level of stress
along the axis of the nanowire (σzz in cylindrical coordinates) with (a) and without
(b) the pressure-gradient effects. The lowest level (blue) corresponds to a stress of
−750 MPa and the highest level (red) corresponds to 750 MPa.

nanowire to fully lithiate without complete failure. The overall higher magnitudes of

flux coupled with the crack-tip diffusion explains the above mentioned discrepancy in

the charging rates that were predicted to cause unstable crack growth.

Figure 5.8 presents a comparison of the concentration distribution within the ma-

terial when considering and omitting the pressure-gradient effects. It should come as

no surprise at this point that the differences are once again significant. The nanowire

has a much higher overall lithium concentration and a much more constant concen-

tration profile when including the pressure-gradient effects, due to the higher flux

discussed above. We can also observe the influence of the crack-tip diffusion on the

concentration profile when considering the pressure-gradient effects (localized area

of higher concentration adjacent to the crack-tip), whereas this phenomenon is im-

possible to capture when omitting the pressure-gradient terms. The free boundary

condition at the top of the nanowire also affects the concentration profile as shown in

Figure 5.8(a), which is absent from Figure 5.8(b), although this does not affect crack

propagation.
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(a) With ∇P (b) Without
∇P

Figure 5.7: Mass flux contours for a 350 nm nanowire charged at a rate of 3C , after
being lithiated for 150 seconds. The contours indicate the magnitude of the diffusive
mass flux within the material with (a) and without (b) the pressure-gradient effects.
The lowest level (blue) corresponds to zero and the highest level (red) corresponds to
a flux of 3.0 × 10−6 mol/m2s.

Based on the results presented in this section it is evident that in order to study

crack propagation in silicon electrodes, the pressure-gradient effects must be ac-

counted for, not only in a global sense as performed by Ryu et al. (2011), but also in a

manner that captures the localized diffusion towards the crack-tip. The method used

by Ryu et al. (2011) is a semi-analytic method in which the diffusion constant is an-

alytically formulated as a function of concentration, and then used in the numerical

simulations. This method will accurately calculate the pressure-gradient contribu-

tions to the flux but only far from the crack-tip, since the analytical formulation
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ignores the presence of a crack. As we have shown, the magnitude of the crack-tip

diffusion is significant and plays an important role in arresting crack growth, therefore

a method that can account for this local effect must be used when studying cracks in

silicon nanowires.

(a) With ∇P (b) Without
∇P

Figure 5.8: Concentration contours for a 350 nm nanowire charged at a rate of
3C , after being lithiated for 150 seconds. The contours represent the concentration
distribution within the material with (a) and without (b) the pressure-gradient effects.
The lowest level (blue) corresponds to zero and the highest level (red) corresponds to
a concentration of 7.5 × 10−3 mol/cm3.
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5.3.3 Effect of Nanowire Diameter and Charging Rate on

Crack Growth

Having established the importance of accounting for the pressure-gradient effects

when modeling cracks in silicon nanowires, we now focus our attention on using this

method to understand how particle diameter and charging rate affect crack propaga-

tion. To this end, we have simulated four different nanowire diameters (250, 350, 450,

and 550 nm) at a wide range of charging rates from 0.75C - 40.0C . In all cases, the

pre-existing cracks were assumed to have a diameter of 20% relative to the nanowire

diameter.

We have observed three distinct types of crack growth in our simulations, which

are shown schematically in Figure 5.9. The first type, shown in Figure 5.9(a), corre-

sponds to no growth or damage accumulation during lithiation. Within this regime, a

nanowire can be repeatedly charged and discharged without any cyclic crack growth

since the stresses during a lithiation cycle are insufficient to cause any growth. The

second type, shown in Figure 5.9(b), corresponds to a crack that grows partially

across the nanowire but is ultimately arrested during one lithiation cycle. This type

of growth can eventually lead to complete failure after a number of cycles, since the

crack can move across the radius of the nanowire incrementally with each progres-

sive cycle until reaching the periphery and causing complete failure. The final crack

growth regime, shown in Figure 5.9(c), corresponds to unstable crack growth which

leads to complete failure in one lithiation cycle.

For each combination of charging rate and nanowire diameter, we have plotted a

point on the failure diagram shown in Figure 5.10. The blue points are for combina-

tions that do not lead to any crack growth (represented by Figure 5.9(a)), the yellow

points induce some damage and stable growth but are ultimately arrested (Figure

5.9(b)), and the red points designate unstable and complete crack growth (Figure
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(a) No Growth (b) Arrested Growth (c) Complete Failure

Figure 5.9: Schematics of the three crack growth regimes.

5.9(c)). We have drawn rough boundaries between regions of points to produce the

failure diagram.
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Figure 5.10: A failure diagram illustrating the relationship between charging rate and
particle size on crack propagation within silicon nanowire electrodes. Red regions
indicate unstable crack growth leading to complete failure, yellow represents regions
of stable, arrested crack growth, and blue indicates that the crack does not grow at
all and incurs no damage during lithiation.
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With the crack sizes we have chosen, in order to charge the nanowire without

incurring any crack-tip damage, the charging rates must be low - from 0.75C for

a 550 nm nanowire to 5.0C for a 250 nm nanowire. For complete failure due to

unstable crack growth, much higher charging rates are necessary - from 6.0C for a

550 nm nanowire to 18.0C for a 350 nm nanowire (we did not observe unstable growth

in a 250 nm nanowire within our range of charging rates). The wide region separating

these two extremes corresponds to stable, arrested growth; for example, for a 350 nm

nanowire, the range is from 2.0C - 18.0C , a nine-fold difference.

This wide middle region is mainly a consequence of the crack-tip diffusion we

have already discussed; within the yellow region, as the crack begins to grow due

to the highly localized tensile stress, the diffusion towards the crack-tip eventually

lowers the local stress enough to arrest growth. If the charging rates are within the

red region, the stresses are too high and crack-tip diffusion is not sufficient to arrest

growth, therefore unstable growth occurs. The increased overall magnitudes of flux

due to the global gradients in pressure also contribute to growth arrest, although, it

is difficult to assess the degree to which they are responsible.

Although we have drawn the boundaries between the three regions of Figure 5.10

in an approximate manner, we can nevertheless show that their shapes should be

parabolic. We can combine the charging time, ω, and the nanowire radius, R, along

with the diffusion constant, D, to form a non-dimensional time-scale, λ = R2/ωD.

As we have already observed, as the particle radius increases, or the charging time

decreases (corresponding to an increase in the charging rate), failure becomes more

probable. In both cases, the concentration and strain gradients increase along the ra-

dius of the nanowire, which results in higher stresses. This means that as λ increases,

the probability of crack growth increases, and due to the dimensions of the diffu-

sion constant, the relationship between particle radius and charging time (or rate) is
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parabolic, which is shown by the shape of the boundaries drawn in Figure 5.10.

5.4 Summary

We have used finite element calculations along with user-defined subroutines in

order to account for pressure-gradient-induced diffusion when modeling crack propa-

gation in lithiated silicon nanowires containing pre-existing defects. We have found

that the pressure-gradient effects significantly affect the flux, not only in a global

sense, but also in a localized manner at the crack-tip. Diffusion towards the crack-tip

lowers the local tensile stress and can lead to arrested crack growth during lithiation.

Simulations which ignore the effects of the pressure-gradients predict drastically dif-

ferent results from those accounting for these effects. We have used our method to

examine the effects of charging rate and diameter on crack propagation in silicon

nanowires and have found three growth regimes: fast charging rates and/or large

diameters cause unstable crack growth; slow charging rates and/or small diameters

lead to no damage or growth at all; medium charging rates and/or diameters cause

some growth which is ultimately arrested, but can grow further upon subsequent

lithiation-delithiation cycling. We have used a simple dimensional analysis to explain

why the boundaries between these regimes should be parabolic in shape.



Chapter 6

Conclusions

Using molecular dynamics and finite element simulations, we have addressed frac-

ture in three technologies that may become pervasive in future electronics. We have

shown that the intersections between adjacent surface facets of Wurtzite nanowires

are a favorable site for crack nucleation. In Zinc-Blende nanowires, the intersections

between two opposing surface facets create a stress singularity that facilitates crack

nucleation and makes Zinc-Blende nanowires weaker than Wurtzite nanowires.

We have discovered an unusual result when studying the failure of graphene sheets

with grain boundaries; as the grain boundary angle increases, the strength of the

sheets also increases, a result that cannot be explained using continuum fracture

mechanics methods or intuition. The cause of this has been identified as the unstressed

length of certain critical carbon-carbon bonds at the grain boundaries.

Using finite element simulations, we have shown that fracture in cylindrical graphite

electrode particles is governed by the location and orientation of preexisting defects.

In order for a defect to grow during use of a lithium-ion battery, it must be located

close to the periphery of the electrode particle and be roughly aligned with the radial

direction. In contrast, defects that are close to the center of the particle and/or are

highly misaligned with the radial direction will not propagate.

78
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In studying the fracture of silicon nanowire electrodes, we have developed a

method within a finite element framework in order to account for the pressure-gradient

effects on the diffusion of lithium within silicon. We have found that the pressure-

gradients within the material significantly affect the flux, not only in a global sense,

but also locally at the crack-tip. Crack-tip diffusion has been identified as an impor-

tant phenomenon which can arrest crack growth.
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