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Abstract
Isometries on CAT(0) spaces, iteration of mapping classes and Weil-Petersson geometry
by Yunhui Wu, Ph.D., Brown University, May 2012
Professor Jeffrey F. Brock, Chair

Let S = S, be a surface of genus g > 1, and Teich(S) be the Teichmiiller space
endowed with the Weil-Petersson metric and Mod(S) be the mapping class group of
S. This dissertation mainly consists of three parts.

The first part is to study the translation lengths of parabolic isometries on com-
plete proper visible CAT(0) spaces and their applications. We show that the trans-
lation length of parabolic isometry is always zero in the visible case. The first ap-
plication is that the mapping class groups Mod(S,) of S, (¢ > 3) which properly
discontinuously act on a complete proper visible CAT(0) space by isometries have
zero translation length (every element in Mod(S,) has zero translation length). We
also apply the zero property to giving a criterion for closed two-dimensional mani-
folds with bounded geometry. The third application is to give a negative answer to
P. Eberlein’s conjecture which says that a complete open manifold M with sectional
curvature —1 < Kj; < 0 and finite volume is visible if the universal covering space
M of M contains no imbedded flat half planes.

Secondly, we show that, fix X, Y € Teich(S), for any ¢ € Mod(S), there exists a
positive integer k depending on ¢ such that the sequence of the directions of geodesics
connecting X and ¢*" oY is convergent in the visual sphere of X. In particular the
“limit” of the sequence of geodeiscs joining X and ¢*" o Y exists in some sense, a
geometric description for the limit is provided in this dissertation.

The third part is to show that the Riemannian sectional curvature operator
of Teich(S) is non-positive definite. As an application we show that any twist
harmonic map with respect to Mod(S) from rank-one hyperbolic spaces Hg,, =
Sp(m,1)/Sp(m) - Sp(1) or Hpy = F;2°/SO(9) into Teich(S) must be a constant

map.






CHAPTER 1

Introduction

This dissertation has three completely independent parts. The first part is to
study parabolic isometries on proper visible spaces. We give a geometric obstruction
to visible manifolds with bounded geometry, which is sufficient to construct counterex-
amples to Eberlein’s conjecture which says that weak rank one nonpositive curved
manifolds with bounded geometry are visible. The second part is to study iteration of
mapping classes on Teichmiiller space endowed with the Weil-Petersson metric. We
give a description of the limit of geodeiscs in the Teichmiiller space. The third part is
to study the sectional curvature operator of Weil-Petersson metric. We show that the
operator is non-positive definite. As an application we will provide a rigid theorem
for harmonic maps into Teichmiiller space.

The first part of this dissertation is to study parabolic isometries on proper vis-
ible CAT(0) spaces and their applications. CAT(0) spaces are generalizations of
Riemannian manifolds with nonpositive sectional curvature to geodesic spaces. The
classification of isometries of CAT(0) spaces is similar to the classification of isome-
tries for the hyperbolic half plane. Let M be a CAT(0) space and v be an isometry on
M. ~ is called parabolic if the translation length |y| := inf,cps dist(yoz, x) cannot be
obtained in M; otherwise it is called semi-simple. Let M (co0) be the ideal boundary
of M defined as the asymptotic classes of rays in M (see [10]). M is called visible
if for any two different points x,y in M (o0) there exists a geodesic line ¢ : R — M
such that ¢(—o0) = z and ¢(+00) = y. A metric space is called proper if it is locally
compact. Now we can state the following theorem which is one of the main results in

the first part.



THEOREM. Let M be a complete proper visible CAT(0) space. Then any parabolic

1sometry has zero translation length, i.e., for any parabolic isometry v of M we have

7] = 0.

Phan conjectured in [48| that if M is a tame, finite volume, negatively curved
manifold, then M is not visible if its fundamental group 7 (M) contains a parabolic
isometry of M with positive translation length. This result gives an affirmative answer
to this conjecture.

Gromov and Eberlein constructed a two-dimensional complete open surface with
Gauss curvature K < 0 and finite volume such that the fundamental group consists of
isometries on the universal covering with positive translation lengths (see [21]). The
first application of the theorem above is the following criterion for a two-dimensional

manifold with bounded geometry to be closed.

THEOREM. Let M be a complete two-dimensional surface with the Gauss curvature
-1 < K(M) <0 and Vol(M) < +o0, and let m (M, p) be the fundamental group of
M with a basepoint p. Then M is closed if and only if for any non-trivial deck

transformation ¢ € w (M, p) the translation length |¢| > 0.

In [13] Brock and Farb asked whether the moduli space M, of a closed surface S,
(g > 2) (up to finite covering) admits a complete, finite volume Riemannian metric
with non-positive sectional curvature. As a second application of the zero property of

parabolic isometry, the following result can partially answer Brock-Farb’s question.

THEOREM. The moduli space M, of a closed surface S, (g > 3) (up to finite cover-
ing) admits no complete, finite volume Riemannian metric whose sectional curvature

18 monpositive and universal covering is visible.

If the manifold is Gromov-hyperbolic, this result was proved in [13].
In [23] Farb conjectures that the moduli space M, of a closed surface S, (g > 2)
(up to finite covering) admits no complete, finite volume Riemannian metric with

sectional curvature —1 < K(M,) < 0, which is a weaker version of Brock-Farb’s
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question. Eberlein conjectures in [21] that a complete open manifold M with sectional
curvature —1 < Kj; < 0 and finite volume is visible if the universal covering space M
of M contains no imbedded flat half planes. From the theorem above we know that if
Eberlein’s conjecture is correct, then it could partially solve Farb’s conjecture. If we
assume that there exists a metric on M, (¢ > 3) (up to finite covering) such that it
has finite volume and sectional curvature —1 < K (M) < 0 and the universal covering
Ts contains no imbedded flat half planes (Weaker Farb conjecture), the “candidate
metric” on M, (¢ > 3) would be a counterexample of Eberlein’s conjecture. The

following result gives a negative answer to Eberlein’s conjecture.

THEOREM. The fundamental groups of manifolds M constructed in [1] and [26]
with finite volume and sectional curvature —1 < Ky < 0 contain parabolic isometries

ofM with positive translation length. In particular, M is not visible.

In [48] Phan also independently proved Fujiwara’s example is not visible by find-
ing two points x, y on the visual boundary of the universal covering space of Fujiwara’s
example such that there does not exist a geodesic line joining x and y in the universal

covering space.

Let S = S, be a closed surface of genus g > 1, T'(S) be the Teichmiiller space
of S (without metric) and Teich(S) be the Teichmiiller space of S, endowed with
the Weil-Petersson metric. Let X,Y € T(S) and I'(X,Y) be the quasi-Fuchsian
Bers simultaneous uniformization of (X,Y) € T(S) x T(S) (see [11]). Then I'(X,Y)
determines Q(X,Y) = H?/T'(X,Y) as its quotient hyperbolic 3-manifold. In [11] it
was shown that for any ¢ € Mod(S,), there is an s > 1 depending only on ¢ and
bounded in terms of S so that the sequence {Q(¢* 0 X,Y)};>1 converges algebraically
and geometrically. Let XY € Teich(S) and ¢g(X,Y") denote the geodesic joining X
and Y. The direction of the unique geodesic segment joining X and Y in the visual

sphere of Teich(S) at X plays a role as Q(X,Y’). The following result is analogous

to Brock’s theorem.



THEOREM. Let ¢ € Mod(S) be a mapping class. Then there is an s > 1 only
depending on ¢ so that the sequence of the directions of the geodesics {g(X, ¢* oY) }is1

15 convergent in the visual sphere of X.

Since the limit of the directions in the theorem above exists, the geodesic starting

at X with the direction of the limit is uniquely determined. A natural question is
QUESTION 0.1. How to describe the limit geodesic?

We define the translation length |¢| of mapping class ¢ € Mod(S) by |¢| =
)dist(X, ¢ o X). The classification of Mod(S) is given in [18, 65, 70|

inf y cTeichs
by using the Weil-Petersson metric, which says that every mapping class in Mod(S)
(up to some power) is one of the following four cases: identity, multi Dehn-twists,
reducible with positive translation length, or pseudo-Anosov. We study question 0.1
case by case. For identity case, the answer is trivial.

Multi Dehn twists: Before stating the result we provide some necessary back-
ground. In [65] Wolpert gave a compactness theorem for a sequence of geodesics
in Teich(S) with uniform bounded lengths. Later, in [71] Yamada constructed the
so-called Teichmiiller-Coxeter development D(Teich(S),¢) (also see chaper 4) by in-
troducing an infinite Coxeter reflection group and gluing infinite copies of m
through the strata. The limit geodesic in Wolpert’s compactness theorem can be well

described in D(Teich(S), ).

0

Let o be a simplex whose vertices ¢” are mutually disjoint simple closed curves.

The stratum 7}, consists of all hyperbolic surfaces with nodes along the curves in o
(see [65]). A stratum is a convex subset in Teich(S). If ¢ is a multi Dehn-twist, the

limit of the geodesics {g(X, ¢’ o Y)};>1 can be characterized by the following:

THEOREM. Let o be an m-simplez, 0° = {ay, -+ ,mi1}, and 7; be the Dehn-
twist about the curve o for i = 1,2,--- ;m+1. Let ¢ = [[,cicpp1 7 € Mod(S5),
X,Y € Teich(S), and g, be the unit speed geodesics g(X,¢" oY). Then, there exists

a positive number L; an associated partition 0 =ty < t; < --- < tp = L; simplices

4



00, , 0k, and a piecewise geodesic
g : 10, L] — Teich(S5)

with the following properties.

(1). o) C 0, o) Nal is empty fori# j,

(2). o = Uf:l 0?7

(3). g(t;) €Ty, i=1,--- k=1, g(0) = X,g(tx) =Y,

(4). 9a([0,t1]) converges in Teich(S) to the restriction g([0,t1]), and for each
i=1 e k=1,

lim dist(tino0- -0 n0gn(t),g(t) =0, for te [t ti],

n—-+00

where Ty = [l oeo. Ta " fori=1,--- [k — 1.

aca;
(5). The piecewise geodesic g is the unique minimal length path in mjmmng

g(0) to g(L) and intersecting the closures of the strata T,,,Ty,, -+ , Ty, _, in order.
The first point on ¢([0,L]) meeting with the strata g(t1) is the point where

the geodesic joining (1, X) and (I],c,0wWa,Y) in the Teichmiiller-Cozeter develop-

ment D(Teich(S),t) first meets with the strata, where we identify (1, Teich(S)) with
Teich(S).

If m = 0, this result was studied in [12, 49].

Reducible with positive translation length: The following theorem says
that, provided ¢ is reducible and |¢| > 0, the geometric limit geodesic of the sequence
g(X,¢* oY), as n goes to infinity, goes to an explicit stratum whose vertices consist
of the boundary closed curves in proper surfaces on which ¢* is pseudo-Anosov for

some positive integer k.

THEOREM. Let ¢ € Mod(S) be reducible with |¢| > 0 and k be a positive integer
such that ¢F = [Toco0 Ta X Hj ¢;, where o is a simplex, T, is Dehn-twist about o, and
O; = ¢k\p5j is pseudo-Anosov on PS; where PS; is a proper subsurface of S. Then
for any X, Y € Teich(S), there exists a geodesic ray c : [0, +00) — Teich(S) such that

(1). the sequence {g(X,¢* oY)} converges to c : [0, 4+00) — Teich(S).
5



(2). For any simple closed curve a € O(U;PS;), we have

lim 4, (c(t)) = 0.

t—-+o0

(8). There exists a positive number €y such that for any non-peripheral essential

simple closed curve 3 in S but not in O(U;PS;),
Cs(c(t)) = €
for allt > 0.

Pseudo-Anosov: Let ¢ € Mod(S) be pseudo-Anosov. It is shown in [18, 65, 70]
that ¢ has a unique axis on which ¢ acts by a translation. The following theorem says
that, as n goes to infinity, the geometric limit geodesic of the sequence g(X,¢™ oY)
always lies in the thick part of Teich(sS).

THEOREM. Let ¢ € Mod(S) be pseudo-Anosov and x be the azis for ¢ in Teich(S5).
Then for any X,Y € Teich(S) there exists a geodesic ray c : [0, 4+00) — Teich(S) such
that

(1). the sequence {g(X, " oY)} converges to ¢ : [0,+00) — Teich(95).

(2). ¢([0,4+00) is strongly asymptotic to x.

(8). For any simple closed curve 3 in S,

lim l3(c(t)) = +o0.

t——+o0

The last part is to study the negatively curved aspect of the curvature operator.
The curvature of Teich(S) has been studied over the past several decades. One
celebrated result is that Teich(S) has negative sectional curvature (see [57, 63]).
People use Wolpert’s curvature formula developed in [63] to show Teich(S) has fruitful
curvature properties (see [32, 41, 52, 56)).

Let X € Teich(S) and A*Tx(Teich(S)) be the exterior wedge of the tangent space
of Teich(S) at X, and let @ be the sectional curvature operator of Teich(S). Our first

result is the following.



THEOREM. Teich(S) has non-positive sectional curvature operator. Moreover,
Q(A, A) = 0 if and only if there exists an element B in N*Tx(Teich(S)) such that
A = B — Jo B where J is the almost complex structure on Teich(S),

where J o B is defined in chapter 5.

A harmonic map between two spaces is a critical point of the energy functional.
When the domain is the Quaternionic hyperbolic space or the Cayley plane, various
rigidity theorems were established in [17, 29, 39, 47] during the 1990s. As an

application, the following rigidity theorem is established.

THEOREM. Let T" be a lattice in a semisimple Lie group G which is either
Sp(m,1) or F;?°, and Mod(S) be the mapping class group of Teich(S). Then,
any twist harmonic map f from G /I into Teich(S) with respect to a homomorphism

p: T — Mod(S) must be a constant.

In particular, p(I') € Mod(S) will fix the point f(G/T") € Teich(S). From a
standard argument in CAT(0) geometry we know that p(I') € Mod(S) must be a
finite group. Hence, if we assume that there exists a twist harmonic map f with
respect to any homomorphism from I' to Mod(S), then the image of I in Mod(S)
would be finite, which is showed by S.K.Yeung in [72]. The existence of a twist
harmonic map requires the target space to be complete (see [29]). Teich(S), the
completion of Teich(S), is a singular CAT(0) space which is not locally compact. It

is reasonable to state the following conjecture.

CONJECTURE. Let f be a twist harmonic map from G /T into Teich(S) with respect
to a homomorphism p : I' — Mod(S) and the image f(G/T") contains some point in

the interior Teich(S) of Teich(S). Then, f(G/I') C Teich(S).

Plan of the paper: Chapter 2 provides necessary backgrounds: surfaces, Te-
ichmiiller space, CAT(0) geometry, Weil-Petersson geometry, and classification of

mapping classes in Teich(S).



Chapter 3 studies the parabolic isometry on complete proper CAT(0) spaces. We
apply the zero property to studying Brock-Farb’s question, and the relation between
Farb’s conjecture and Eberlein’s conjecture. Counterexamples to Eberlein’s conjec-
ture are provided in this chapter.

In Chapter 4 we study the iteration mapping classes problem in the visual sphere.
We also give a description of the limit geodesic through different mapping classes.

Chapter 5 applies Wolpert’s curvature formula to proving the sectional curvature
operator of the Weil-Petersson metric is non-positive definite, what’s more, the zero-
level subsets of the curvature operator are tested. As an application, a rigid harmonic

map result is provided in this chapter.



CHAPTER 2

Preliminaries

1. Surfaces

Let S be a closed oriented topological surface. The 2-dimensional unit sphere
S? and the torus S! x S! are the two simplest examples. All oriented surfaces are
homeomorphic to the connected sum of g tori S' x S! (g > 0). The case g = 0 refers
to the 2-sphere S?. The number g is called the genus of the surface. The topology of
S is completely determined by g. The Euler characteristic x(S) of S is determined
by the genus via x(S) = 2 — 2g. Throughout this paper we will always assume that
g > 1.

A Riemann surface X is a connected 1-dimensional complex manifold. It is a
2-dimensional real manifold locally homeomorphic to C with biholomorphic transi-
tion functions. The uniformization theorem[34] characterizes the universal covering
surface X of a Riemann surface X up to biholomorphic isomorphism as either the
Riemann sphere @, the complex plane C, or the unit disk A. Moreover, X is isomor-
phic to C if and only if X = C, X is isomorphic to C if and only if x(X) =0, and X
is isomorphic to A if and only if x(X) < 0.

A marked conformal structure (f, X)) on S is a Riemann surface X together with
an orientation preserving homeomorphism f : S — X. Since x(S) =2 —2¢g < 0, the
universal covering surface X is isomorphic to A for any marked conformal stucture
(f,X)onS.

The Poincaré metric on A

4|dz|?

d82 — ’ ’

(1—]z?)?

gives A a complete Riemannian metric of constant curvature —1. The automorphisms

Aut(A) of A preserve the Poincaré metric. The Riemann surface X can also be the

9



quotient space A/T" where T' is a discrete subgroup of Aut(A), isomorphic to the
fundamental group 7 (X) of X, called a Fuchsian group.

Since the universal covering X is isomorphic to A, the Poincaré metric on A
naturally descends to a complete Riemannian metric on X of constant curvature
—1. From the Gauss-Bonnet theorem the total area of X is determined by its Euler

characteristic via:
area(X) = 2m|x(X)|.

A simple closed curve on S is called essential if it is not freely homotopic to a
point on S. Each nontrivial element in 7 (.S) is uniquely represented by an essential
simple closed curve up to homotopy. Since S is closed, any marked conformal struc-
ture of (f, X) determines a discrete faithful representation f, : m1(S) — PSLy(R) =
Isom™(A) up to conjugacy, such that f, sends nontrivial elements of m1(S) to hyper-
bolic elements of Isom™(A). Let o € m(S). Since fi(«) is hyperbolic, there exists
a unique axis on which f,(«) acts by isometry. After projecting this axis onto X we
get a closed geodesic, the unique one representing .. On the other hand, any simple

closed geodesic in X is always essential.

DEFINITION 1.1. Let o be a simple closed geodesic in X. We define the collar of

« to be the set

N(a) ={z; distx(z,a) <w(a)}

where w(a) = % 1In cosh(x (o)) /2+1

2 I ey a1 Actually w(a) can guarantee that N(«) is isometric

to a hyperbolic annulus with a certain modulus depengding on w(a). One can refer to

(7, 34] to see more details.

We recall a version of the Collar Lemma (see Hubbard, [34]) which gives a de-

scription of the portion of a hyperbolic surface with small injectivity radius.

CoLLAR LEMMA. (1) Let o and 8 be two disjoint essential closed geodesics. Then

N(a) and N(f) are disjoint.

10



(2) Let aq and ag be two different essential closed geodesics with non empty in-

tersection. Then (x(o;) > 2w(a;) fori# j € {1,2}.

2. Teichmiiller space

The Teichmiiller space can be constructed in several different ways. In this paper
we introduce two equivalent constructions by using marked conformal structures and
hyperbolic metrics. One can refer to [34, 37] for other constuctions.

Let (f, X) and (g,Y") be two marked conformal structures on S. We call (f, X) is
equivalent to (g,Y") if and only if there is a conformal isomorphism ¢ : X — Y such

that ¢ o f is homotopic to g from S to Y.

DEFINITION 2.1. (Teichmdiiller space, marking) Let S be a closed surface.
The Teichmiiller space T's modeled on S is the set of equivalence classes of pairs
(f,X), where X is a Riemann surface and f : S — X is an orientation preserving

homeomorphism.

We can also construct the Teichmiiller space through hyperbolic metrics. Since
the genus g > 1, there exists a complete Riemannian metric on S whose Gauss
curvature is —1. Let M_;(S) be the set of complete Riemannian metrics on S such
that the curvature is —1, which is obviously not empty. Dif fo(S) is the set of self-
orientation preserving diffeomorphisms of S which are isotopic to the identity. Two
elements ds? and ds? in M_;(S) are defined to be equivalent if there exists an element

f € Dif fo(S) such that f: (S,ds?) — (S,ds?) is conformal.

DEFINITION 2.2. (Teichmiiller space, metric) Let S be a closed surface. The
Teichmiiller space Tg modeled on S is the set of equivalence classes of (S, ds?), where

ds? is complete Riemannian metric on S whose Gauss curvature is —1.
By solving the so-called Beltrami equation we have the following property.

PROPOSITION 2.3. (see [37]) For fized surface S, Tg is equivalent to T, i.e., they

are homeomorphic.
11



From the definition above we can always assume that each element in the Te-
ichmiiller space is a Riemann surface which represents an equivalence class. In this
dissertation we view the Teichmuller space through the metric way.

Let X € Tg. Ts has a natural complex structure, and its holomorphic cotangent
space T%Tg at X is identified with the quadratic differentials Q(X) = o(2)dz? on X.
The Fenchel-Nielsen coordinate (see [37]) gives a homeomorphism between Tg and
R%~6_ which can also be proved through the Fricke coordinates (see [37]), harmornic
maps (see [61]) and other ways.

Let o be an essential simple closed curve in S. For each X = (S, ds?) € Tg there
exists a unique closed geodesic [ representing a. We denote the length of this closed
geodesic by £, (X). This length function depends on both « and X, and it is natural
to ask whether it depends smoothly on X. The following result gives an affirmative

answer.

PROPOSITION 2.4. (see [37]) Let o be an essential simple closed curve in S. Then

lo(+) : Ts — R is analytic.
Under a certain metric on Tg, ¢, has a special property, which will be seen later.

3. CAT(0) geometry

A CAT(0) space is a geodesic metric space in which each geodesic triangle is no

fatter than a triangle in the Euclidean plane with the same edge lengths.

DEFINITION 3.1. let M be a geodesic metric space. For any a,b,c € M, three
geodesics [a,b], [b, c], [c, a] form a geodesic triangle A. Let A(a@,b,¢) C R? be a triangle
in the Fuclidean plane with the same edge lengths as A. Let p,q be points on [a,b]
and [a, c] respectively, and let p,q be points on [a,b] and [@,¢c|, respectively, such that

disty(a,p) = distgz(a,p), disty(a,q) = distgz(a,q). We call M a CAT(0) space if
for all A the inequality disty(p,q) < distgz2(p,q) holds.

Complete simply connected Riemannian manifolds of non-positive curvature are

CAT(0) spaces. Singular CAT(0) spaces contain trees endowed with the path metric.
12



One can refer to [10] for more examples. Similar as the angle between different smooth
curves in R?, we can define the angle in a CAT(0) space. Let M be a complete CAT(0)
space and dist be the metric on it. Let ¢; : [0,a] — M and ¢ : [0,ad'] — M be two
geodesics of arc-length parameters issuing from the same point p = ¢1(0) = c2(0).

Then the angle Z,(c1, c2) between ¢; and ¢, at p is defined as

dist(ci(t), co(t))
2t )

Zy(c1, c2) = lim 2 arcsin
t—0

The definition above is the same as the definition of the angle in R%2. Throughout
this paper we assume that all the geodesics use arc-length parameters.

The geodesic rays play an important role in the study of CAT(0) space. Two
geodesic rays ¢y, ¢ : [0, +00) — M are said to be asymptotic if there exists a constant

C' such that dist(ci(t),ca(t)) < C for all £ > 0. We start with the following property.

PROPOSITION 3.2. (see [10], page 261) Let M be a complete CAT(0) space and
c:[0,400) = M be a geodesic ray, then

(1). for everyy € M there exists a unique geodesic ray ¢ which issues from y and
is asymptotic to ([0, 4+00)).

(2). The sequence of geodesics joining y and c(n) converges to ¢ .

DEFINITION 3.3. The ideal boundary M(oco) of M is the set of equivalence classes
of geodesic rays where two geodesic rays are equivalent if and only if they are asymp-

totic.

If M is a complete simply connected Riemannian manifold of non-positive sec-
tional curvature, M (00) is homeomorphic to the unit sphere of dimension dim(M)—1.
In the singular case, M (oo0) can be very complicated. From proposition 3.2, for each
point p € M and = € M(00) there exists a unique geodesic ray ¢ which represents z
and starts from p. We write ¢(+00) = x. M is called visible if for any two different
points x,y in M(oco) there exists a geodesic line ¢ : R — M such that ¢(—o0) = =
and ¢(+00) = y. The upper half plane H? is a typical example of a visible CAT(0)

space, and the 2-plane R? is not visible.
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In R? we can define the angle between two geodesic rays. We can also give a
metric structure on M (00) as follows. Given two different points x,y in M (o) and
p € M, let Z,(z,y) denote the angle at p between the unique geodesics rays which
issue from p and lie in the class = and y respectively. The angular metric is defined

by

Z(z,y) = sup Z,(z,y).
peEM

The Tits metric Td on M (o) is the interior metric associated to the angular metric

as follows: for any two points z,y € M (o0),
Td(z,y) = inf {(c)

where the infimum is taken over all possible curves in M(oco) joining = and y, and
{(c) is the length of ¢ under the angular metric.

From the definition we know that for any x,y € M(00),
Td(z,y) = Z(z,y).

If M is visible, for any = # y € M(o0), Z(z,y) = 7 and Td(x,y) = +o0.

The following property gives us a way to compute the angular metric.

PROPOSITION 3.4. (see [10], page 281) Let M be a complete CAT(0) space with
a basepoint p. Let x,y € M(c0) and ¢,c be two geodesic rays with ¢(0) = ¢(0) = p,
c(+00) =z and (+o00) =y. Then,

Let v be a self map of M. ~ is called an isometry of M if and only if v: M — M
satisfies dist(yox,voy) = dist(x,y) for any x,y € M. Just as in the classification of
isometry on H?, we classify an isometry v of M as elliptic, hyperbolic, or parabolic.
v is called elliptic if it has at least one fixed point in M, and hyperbolic if there

exists a geodesic line ¢ : (—o0,+00) — M such that v acts on ¢(R) by a non-trivial

14



translation. If 7 is neither elliptic nor hyperbolic, then we call it parabolic. We define

the translation length of v by

= inf dist .
1] Inf dis (yop,p)

From the definition above we know that v is parabolic if and only if |y| cannot be
achieved in M (see [5, 10]). Otherwise v is also called semi-simple. Thus semi-simple
isometry is either elliptic or hyperbolic.

The following property gives us a new view point for the translation length. For

elliptic and hyperbolic cases, they are obvious.

LEMMA 3.5. Let M be a complete CAT(0) space and ~ be a parabolic isometry of
M. Then,
(1) =2l

(2). 7| = lim,, o St02202)

where p € M s arbitrary.
PROOF OF (1). For any p € M, from the triangle inequality, we have

dist(p, ¥ o p) < dist(p,~ o p) + dist(vy o p, Y op) = 2dist(p,y o p).

Since p is arbitrary, we have |[y?| < 2|y].
On the other hand, let pg be the midpoint of the geodesic connecting p and o p.
Then using the definition of CAT(0) space,

. 1.
dist(po, Y © po) < 5dist(p, 7% o p).

By the definition of translation length we have dist(p,7* o p) > 2|y|. Since p is
arbitrary, |v|? > 2|v|.

Hence, |y]* = 2]y].

Proof of (2): Denote dist(p,7" op) by a,. From the triangle inequality, for any

two positive integers n, m,

An+m S Qn + Ay -
15



Choose a positive integer q. For each n there exist k and r such that n = gk + r
where 0 < r < ¢. Then we have

W kg a4
n n n

Taking the superior limit on the left hand side,
a a

limsup — < 2.
n—+oo T q

Since ¢ is arbitrary, taking the inferior limit on the right hand side,

a a
limsup — < liminf 2.
n—+oo T qg—+oo ¢
Hence lim,,, 1o % exists. It is sufficient to find a subsequence of {ay},>1 such that
the limit of the subsequence is |7|.

Let f(p) be lim, diSt(Vnﬂ. By the triangle inequality, for any pi, ps in M,

dist(y" — dist(y" 2dist
1f(p1) = f(p2)| = lim |dist(y" o p1,p1) ist(y™ o pg, po)| < lim M o

n—-+o0o n n——+00 n

So f(p) does not depend on p. By the triangle inequality,

dist(y" o p,p) < dist(y" o p,y" ' o p) + dist(y" " op,p) < -+ < n x dist(y o p,p).

Hence,

f(p) < Tim 22 dist(y o p,p)

= dist .
im p ist(y o p,p)
Since p is arbitrary, f(p) < |v|.
Choose k, = 2". Considering the geodesic triangle connecting p,7%" ' op,7*" op,

let p,_1 be the midpoint of the geodesic connecting p and 72n_1 o p. Then using the

definition of CAT(0) space, dist(pp_1,7>" " © pn_1) < w. We rewrite it as

dist(pn-1,7""" 0 pu_1) _ dist(p,7”" o p)
2n—1 — omn :

By induction on n, there exists py € M such that

dist(p,7*" o p)
on '

dist(po, 7y © po) <

16



Since dist(po,y o po) > |7l,

. 2n
] < dzst(p,QZ op)'

Taking the limit, we get

vl < fp).

: dist(y"
Hence || = lim,, 1 M. O

We close this section by introducing a rigid theorem for the half plane in CAT(0)
space. A metric space M is called proper if M is locally compact. We say a geodesic
¢ : R = M bounds a flat half-plane if there exists a geodesical embedding F' :
R=Y x R — M such that F({0} x R) = ¢(R). The following proposition gives a

criterion for a geodesic line to bound a flat half-plane.

PROPOSITION 3.6. (see [10], page 290) Let M be a complete proper CAT(0) space.
If c: R — X is a geodesic line, then T'd(c(+00, —00)) > 7, with equality if and only
if ¢(R) bounds a flat half-plane.

4. Weil-Petersson metric

People have been using different metrics on Tg to study Teichmiiller theory for a

long time [37, 34]. One of the most important metrics is the Weil-Petersson metric

(see [37]).

DEFINITION 4.1. Let X € Tg and pdz?,1dz* be two elements in the cotangent
space. The Weil-Petersson metric is the Hermitian metric on Tg arising from the

the Petersson scalar product

<¢W>:/¢fwﬁ
S g

via duality.

We will concern ourselves primarily with its Riemannian part gy p. Throughout

this paper we denote the Teichmiiller space endowed with the Weil-Petersson metric
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by Teich(S). The Weil-Petersson metric is a Kéahler metric. gy p has negative cur-
vature. The path metric induced from the Weil-Petersson metric is incomplete, but
geodesically convex. In chapter 5 we will study the sectional curvature operator of
gwp- Under this metric, the length function of a simple closed curve has the following

property, which is very important in Chapter 4.

THEOREM 4.2 (Wolpert, see [64]). Given a simple closed curve o C S and a
Weil-Petersson geodesic g(t) in Teich(S). Then the length {,(g(t)) is a strictly convex

function of t.

The non-completeness of the Weil-Petersson metric corresponds to finite-length
geodesics in Teich(S) along which the length function for some simple closed curve
converges to zero. Since Teich(.S) is geodesically convex and has negative curvature,
the completion m of Teich(S), also called the augmented Teichmiiller space,
is a complete CAT(0) space (see [18, 65, 70]). In [44] the augmented Teichmiiller
space is described concretely by adding strata consisting of stratum T, defined by

the vanishing of lengths

ly =0

0

for each a € 0%, where ¢° is a collection of finite mutually disjoint simple closed

curves.

DEFINITION 4.3. A k-simplex o is a simplex whose vertices o° is a set of k + 1
distinct free homotopy classes of non-trivial mutually disjoint simple closed curves of
S. We say two simplices o and n are disjoint if 0 and n° are mutually disjoint simple

closed curves.

The topology for the stratum T, can be described by the so-called extended
Fenchel Nielsen coordinates: Give a pants decomposition P with ¢° C P, the usual

coordinates map Teich(S) to [],.p R x RT, where the first coordinate of each pair

acP

measures twist and the second measures the length of the corresponding simple closed

curve in P. We extend the second part to 0 and take the quotient by identifying (¢, 0)
18



and (¢',0) in each R x R=? factor. The topology near every point in a stratum T, is
given by these extended coordinates.

The stratum T, is naturally products of lower dimensional Teichmiiller spaces
corresponding to the nodal surfaces in T, (see [44]). Choosing suitable o, T, contains
geodesical embedding Euclidean spaces. Since m is not locally compact, the
aspects of geodesics can be very complicated. Let X,Y € W. We denote
the geodesic connecting X and Y by ¢(X,Y). The following theorem is called the

non-refraction property for the Weil-Petersson geodesic.

THEOREM 4.4 ([18, 65, 70]). Let X,Y € Teich(S) and o, and o5 be the mazimal

collection of simple closed curves so that X € T,, andY € T,,. If n = o1 N o9, then
int(g) C T,,
where int(g) is the interior of g(X,Y).

We remark that in the special case that both X and Y lie in Teich(S), the theorem
above is simply a restatement of Wolpert’s geodesical convexity theorem (see [64]).
If we allow the length function of simple closed curve to be +o00, theorem 4.2 can be

extended to the boundary case.

THEOREM 4.5. Given a Weil-Petersson geodesic g(t) in Teich(S) and o a simplex
such that int(g) C T,. Then for any simple closed curve o in S, the length €, (g(t))

s a convex function of t.

PROOF. If o intersects with at least one simple closed curve in ¢, from the
Collar Lemma and theorem 4.4 we know that for all ¢, ¢,(g(t)) is always infinite,
which satisfies the convexity property.

If « is disjoint with ¢, « is contained in one component of S — Mg 0. Since T,
is the product of lower dimensional Teichmiiller spaces, the projection of g(t) to each
component is either a geodesic or a point. Hence, it follows from theorem 4.2 that
lo(g(t)) is either strictly convex or constant. Hence, £,(g(t)) is convex.

If v is one curve in ¢?; it follows from the fact that £,(g(t)) = 0. O
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5. Mapping class group

Recall that Dif fo(S) is the set of orientation preserving self diffeomorphisms of
S which are isotopic to the identity. We define Dif f, (S) to be the set of orientation

preserving diffeomorphisms of S.

DEFINITION 5.1. The mapping class group Mod(S) of S is defined as
Mod(S) == Dif f,(S)/Dif fy(S).

Mod(S) is a discrete group which acts properly discontinuously on Tg and acts
on Teich(S) by isometry. The whole isometry group of Teich(S) is exactly Mod(S)
(see [46]). Mod(S) contains a torsion-free subgroup of finite index. The classification
of Mod(S) can be given through different methods. In this section we provide the
classification through the Weil-Petersson metric.

A mapping class is irreducible provided that no power fixes the free homotopy
class of a simple closed curve. An irreducible mapping class is pseudo-Anosov. A
mapping class is precisely one of: periodic, irreducible or reducible (see [24]). For
a reducible mapping class h, an invariant is oy, the maximal simplex fixed by some
power of h.

An essential subsurface is a submanifold R C S whose boundary is homotopically

essential. We have the following theorem due to Thurston (see [24], Exp. 9).

THEOREM 5.2. (Thurston) A mapping class ¢ € Mod(S) determines a simplex
oy such that

(1). each component R of Sy =S5 —J

(2). ¢(03) = 0y,

(3). There exists an integer k such that for each component R of Sy == S —

aco0 @ 18 an essential subsurface.
é

Uaeag a, ¢F|r is either identity or pseudo-Anosov.
Let ¢ € Mod(S). We define the Weil-Petersson translation length by

Lwp(9) = inf  dwp(X,¢poX)
xeTeich(s)
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where dyp is the path metric on Teich(S) induced by the Weil-Petersson metric.
From [18, 65, 70], the classification of Mod(S) is given by the following theorem.

THEOREM 5.3. (see [65]) Let v be an element in Mod(S). Then ~y is semi-simple
if and only if Lwp(7y) attains its minima at a point in Teich(S). In this case either
fizes at least one point in Teich(S) or there exists a unique Weil-Petersson geodesic
line r(t) C Teich(S) such that for allt, yor(t) = r(t+ Lwp(y)). For the latter case,
Lwp(y) > 0.

7 is reducible if and only if Ly p(y) cannot attain its minima in Teich(S). In this
case either ~y fizes a point in m or there exists an integer k depending on v such
that v* acts on the null stratum T, which is a product of low-dimensional Teichmiiller
spaces ILT" x ILT" by a product of : irreducible elements ~" onT" with axis r,, and the
identity on each T". For the latter case, in particular there exists a bi-infinite Weil-

Petersson geodesic r(t) C Teich(S) such that for all t, v* or(t) = r(t + kLwp(7Y)).

For the irreducible case one can also refer to [18, 70].
One consequence of theorem 5.3 is the following proposition; one can also refer to

[9, 30].

PROPOSITION 5.4. Let ¢ be a reducible element in Mod(S) with Ly p(¢) = 0.
Then there exists an integer k and a simplex o such that ¢* = 1l,,c,074, where Ty, is

the Dehn-twist about ;.

PROOF. Since ¢ is reducible, there exists an integer k, a simplex o, and a collection

of mutually disjoint proper essential subsurfaces { P.S;} such that
¢k = HOéiEO'OTOéi ’ Hj¢j

where ¢; is pseudo-Anosov on PS; (see [24]).
Since Lwp(¢) = 0, we do not have the pseudo-Anosov part: otherwise, from

theorem 5.3 we have Ly p(¢) > 0 which is a contradiction. Hence,

8 =Ty, cq0Ta,-
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We close this section with a short discussion on moduli spaces.

DEFINITION 5.5. The moduli space Mg of S is defined as

MS = Ts/MOd(S)

The moduli space is an orbifold. Since Mod(.S) contains a torsion-free subgroup
of finite index, there exists a finite covering of Mg in the orbifold sense such that it
is a manifold (see [25]).

For a given € > 0, we define the e-thick part Ts.  of Tg as the following
Ts., ={X € Ts; la(X) >¢, for all simple closed curves a}.

It is easy to see that Mod () acts invariantly on Ts. .. The quotient space T /Mod(S)
is called the e-thick part of the moduli space, denoted by Mg ..
The following compactness property is due to Mumford (see [25]).

THEOREM 5.6. (Mumford) For any € > 0, Mg, _ is compact.

M itself has fruitful properties. For example Mg has only one end. Any simple
closed curved in Mg can be homotopic to the outside of any compact subset in the
orbifold sense. Topologically, Mg is simply connected. One can refer to [25] for

details.
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CHAPTER 3

Translation lengths of parabolic isometries of CAT(0) spaces

and their applications

1. Introduction

CAT(0) spaces are generalizations of Riemannian manifolds with nonpositive sec-
tional curvature to geodesic spaces. An isometry of the hyperbolic half plane H? is
elliptic, parabolic or hyperbolic. This can also be applied to CAT(0) spaces. Like the
isometry of H?, an elliptic isometry of a CAT(0) space has fixed points, a parabolic
isometry cannot attain its translation length, and a hyperbolic isometry of a CAT(0)
space has an axis on which the isometry acts as a translation on R (see [5, 10]). If a
group acts properly and cocompactly on a proper CAT(0) space by isometries, then
the group consists of hyperbolic isometries. For example, the fundamental group of
a hyperbolic surface S, with genus g > 2 consists of hyperbolic isometries if we view
the fundamental group as an isometry group of the hyperbolic half plane. However,
if one considers an isometry group action which is not cocompact, one may have to
deal with parabolic isometries. For example, the fundamental group of a hyperbolic
surface Sy, with genus g > 1 and punctures n > 1 contains parabolic isometries if
we view this group as an isometry group of the half plane.

In this chapter, we focus on parabolic isometries on CAT(0) spaces. We study the
translation lengths of parabolic isometries and generalize what Buyalo did for para-
bolic isometries on Gromov hyperbolic spaces in [8]. Then we study how the mapping
class groups of surfaces S, (¢ > 3) act properly discontinuously on complete proper
visible CAT(0) spaces. We study the zero axiom, which generalizes the curvature
condition on manifolds that the sectional curvature is bounded above by a negative

number, and give a description for manifolds with bounded geometry and zero axiom
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which generalizes what Eberlein and Schroeder did in [21, 53] for manifolds whose
sectional curvatures are pinched by two negative numbers. At the end we also give
counterexamples to Eberlein’s conjecture which says that there does not exist a gap
between visible manifolds and manifolds with certain geometric restrictions.

Let M be a complete CAT(0) space. An isometry « of M is either elliptic, hyper-
bolic, or parabolic. Let M(oo) be the ideal boundary of M, defined as the asymp-
totic classes of rays in M. Recall M is visible if for any two different points z,y in
M (c0) there exists at least one geodesic line ¢ : R — M such that ¢(—oc0) = z and
c(4+00) = y. A metric space is called proper if it is locally compact. Now we can

state the following theorem which is one of the main results in this chapter.

THEOREM 1.1. Let M be a complete proper wvisible CAT(0) space. Then any
parabolic isometry has zero translation length, i.e., for any parabolic isometry v of M

we have || = 0.

Bishop and O’Neill in [6] proved that any parabolic isometry of a complete simply
connected manifold M with sectional curvature K,; < —1 has zero translation length.
Later in [31] Heintze and Hof used the geometry on horospheres to prove it again.
Since a manifold satisfying the sectional curvature condition K,; < —1 is visible,
theorem 1.1 gives a new proof here. In 1999, Buyalo [8] proved that any parabolic
isometry of a complete Gromov-hyperbolic CAT(0) space M has zero translation
length. Theorem 1.1 generalizes this result in some sense, since a Gromov-hyperbolic
CAT(0) space is visible (see [10]). In [8] M does not need to be proper.

A manifold M is called visible if M has non-positive sectional curvature and the
universal covering space M of M is visible. As a consequence of theorem 1.1, the
classification of isometries of complete simply connected visible manifolds is given as

follows.

THEOREM 1.2. Let M be a complete simply connected visible manifold, and ~ be
an isometry of M. Then,

(1). ~v is elliptic if and only if v has at least one fized point in M.
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(2). 7 is hyperbolic if and only if || > 0.
(8). 7 is parabolic if and only if |y| = 0 and v does not have fized point in M.

Mapping class groups. Let S, be a closed surface with genus g and Mod(S,) be the
mapping class group of Sy, i.e. the group of isotopy classes of orientation-preserving
self-homeomorphisms of S,. Bridson in [9] proved that any Dehn-twist in Mod(.S,)
has zero translation length if Mod(S,) acts by isometries on a complete CAT(0) space

and g > 3. Our second result in this chapter is

THEOREM 1.3. Let M be a complete proper visible CAT(0) space and S, be a
closed surface with genus g > 3. If Mod(S,) acts properly discontinuously on M by

isometries, then, for any element o € Mod(S,), we have |o| = 0.

Since every complete visible manifold M with finite volume has a nontrivial closed
geodesic (see theorem 2.13 in [4]), the isometry which represents a nontrivial closed
geodesic is a hyperbolic isometry of the universal covering space of M. In particular,
it has positive translation length. Since there exists a finite covering of the moduli
space Mg, which is manifold. Applying theorem 1.3, we get the following theorem,
which partially answers Brock-Farb’s question which asks whether the moduli space
M, of a closed surface S, (g > 2) (up to finite covering) admits a complete, finite

volume Riemannian metric with nonpositive sectional curvature.

THEOREM 1.4. Let S, be a closed surface of genus g > 3. Then the moduli space
Mg, of Sy (up to finite covering) admits no complete, finite volume Riemannian metric

whose sectional curvature is nonpositive and universal covering is visible.

Ivanov in [35] proved that the mapping class group Mod(S,) (¢ > 3) (up to finite
index) cannot be isomorphic to the fundamental group of any complete manifold with
pinched negative sectional curvature and finite volume. Later Brock and Farb in [13]
proved that the mapping class group Mod(S,) (¢ > 3) (up to finite index) cannot be
isomorphic to the fundamental group of any complete Gromov-hyperbolic manifold

of finite volume.
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Two-dimensional surfaces. A hyperbolic surface is a two-dimensional Riemannian
manifold with constant negative sectional curvature. A well-known result is that a
hyperbolic surface M with finite volume is closed if and only if the fundamental group
of M consists of hyperbolic isometries. For a general surface, it is interesting to know

when the fundamental group of the surface determines the compactness of the surface.

THEOREM 1.5. Let M be a complete two-dimensional surface with the Gauss cur-
vature —1 < K(M) < 0 and Vol(M) < 400, and let m (M, p) be the fundamental
group of M with a basepoint p. Then M 1is closed if and only if for any non-trivial
deck transformation ¢ € m (M, p) the translation length |¢| > 0.

Two examples are given later to show that the lower bound for curvature and the

finite volume are necessary for theorem 1.5.

Manifolds without visibility. In the first paragraph of page 438 of [21] Eberlein
conjectures that a complete open manifold M with sectional curvature —1 < K, <0
and finite volume is visible if the universal covering space M of M contains no imbed-
ded flat half planes. In [23] Farb conjectures that the moduli space Mg, of closed
surface S, (g > 2) (up to finite covering) admits no complete, finite volume Riemann-
ian metric with sectional curvature —1 < K (Mgg) < 0, which is the weaker version
of Brock-Farb’s question (see [13]). From theorem 1.4 we know that if Eberlein’s
conjecture is correct, then it could partially solve Farb’s conjecture. If we assume
that there exists a metric on Mg, (g > 3) (up to a finite covering) such that it has
finite volume and sectional curvature —1 < K (Mgg) < 0 and the universal cover-
ing Teich(S,) contains no imbedded flat half planes (Weak Farb conjecture), then
the “candidate metric” on Mg, (¢ > 3) would be a counterexample for Eberlein’s
conjecture.

The following theorem gives more evidence to Farb’s conjecture.
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THEOREM 1.6. If g > 3, then Mod(S,) cannot act properly discontinuously on any
complete simply connected Riemannian manifold M satisfying the zero axziom and the

sectional curvature —1 < Ky <0,

where the zero axiom is given in section 5.

In [1], the authors constructed so-called graph manifolds M with sectional curvature
—1 < Ky < 0 and finite volume. Since the sectional curvature Kj; < 0, the universal
covering M does not contain imbedded flat half planes. In the second paragraph of
page 34 of [1] it says that the “Adjacent components” of the boundary M"(+o0) have
Tits distance equal to 5. Hence M is not visible since the Tits distance between any
two points in the boundary of a visible CAT(0) space is infinity (see [10]). In particu-
lar Abresch and Schroeder’s examples are counterexamples for Eberlein’s conjecture.
The authors did not provide the proof for the statement above on the Tits distance.
In this paper the follow theorem gives a detailed answer to Eberlein’s conjecture by

using theorem 1.1.

THEOREM 1.7. The fundamental groups of manifolds M constructed in [1] and
[26] with finite volume and sectional curvature —1 < Ky < 0 contain parabolic

1sometries ofM with positive translation length. In particular, M is not visible.
2. Parabolic isometries, half planes

Let M be a CAT(0) space and « be an isometry of M. Every isometry of M can
be extended to a self-homeomorphism of M := M | J M (co) with the cone topology.
Let Fiz(7y) denote the fixed points of v in M, i.e., Fiz(y) := {x € M;yoz = x}.
We define Diam(A) := sup,c4sup,csd(z,y) and Rad(A) := infycasup,eqd(z,y)
for a metric space A with metric d, which are called the diameter and radius of A
respectively. For p € M, we denote by > M the space of directions at p. In [27]

Fujiwara, Nagano and Shioya proved that

THEOREM 2.1. Let M be a proper CAT(0) space such that 3y M is compact for

every p € M, and let vy be a parabolic isometry of M. Then there exists n € Fix(7y)
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such that T'd(n,§) < 5 for any £ € Fiz(y). In particular Diam(Fiz(y)) < 7 and

Rad(Fixz(y)) < 3 in the sense of the Tits metric on M(o0).

Since a complete proper metric space has compact direction at any point, the

following holds.

THEOREM 2.2. Let M be a complete proper CAT(0) space, and let y be a parabolic
isometry of M. Then there ewists xo € Fixz(y) such that Td(xo,z) < § for any
r € Fiz(y). In particular Diam(Fiz(y)) < 7 and Rad(Fixz(y)) < 5 in the sense of
the Tits metric on M(c0).

REMARK 2.1. In the case that M is a complete manifold with nonpositive curva-

ture, this was proved by Ballman, Gromov and Schroeder in appendix 3 of [5].
Now look at the following two examples.

EXAMPLE 1. Let H? be the upper half plane and define v : H? — H? to be
vo ((z,y)) = (x + 1,y). It is easy to see that v is parabolic and Fiz(7y) consists of
one point. Hence Diam(Fiz(v)) = 0.

EXAMPLE 2. Consider R x H? endowed with the product metric where H? is the
upper half plane as above and define v : R x H?> — R x H? to be yo ((z, (z,y))) =
(z,(z+1,y)). It is easy to see that v is parabolic and Diam(Fixz(y)) = =.

In example 2 it is not hard to see that there exist two different points x,y in
Fiz(y) C (R x H?)(co0) such that there exists a geodesic line ¢ : R — R x H? with
¢(+00) = z and ¢(—00) = y and this geodesic ¢(R) bounds a flat half-plane. The
following property tells us this is intrinsic in CAT(0) spaces.

PROPOSITION 2.3. Let M be a complete proper CAT(0) space and ~y be a parabolic
isometry of M. If there exists a geodesic ¢ : R — M such that {c(+00),c(—00)} C
Fiz(v), then the geodesic ¢(R) bounds a flat half-plane.

PRroOF. It is sufficient to show that T'd(¢(400), ¢(—00)) = 7 from proposition 3.6

in chapter 2.
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Firstly from proposition 3.6 in chapter 2, we have T'd(c(400), ¢(—00)) > 7.
On the other hand, since 7 is parabolic and {c¢(+00),c(—o00)} C Fiz(y), by the-

orem 2.2,
Td(c(+00), c(—0)) < .
Hence T'd(c(+00), c¢(—o0)) = 7. O

REMARK 2.2. Under the assumptions of proposition 2.3, if M is visible, then the

fixed point of any parabolic isometry of M is a single point (see [27]).

REMARK 2.3. In [8] Buyalo has shown that if M is a complete, not necessarily
proper, Gromov-hyperbolic CAT(0) space (this is stronger than a visible CAT(0)
space), then the fixed points of any parabolic isometry of M are but a single point.
Actually if one carefully checks Buyalo’s argument, one can show that if M is a
complete visible CAT(0) space, then the fixed points of any parabolic isometry of M

are either a single point or empty.

The dynamics of parabolic isometries of CAT(0) spaces are not easy to study (see
the examples in [27]). The following theorem gives a nice description of the dynamics
of a parabolic isometry with positive translation length, which is a special case of a

result of Karlsson and Margulis in [40].

THEOREM 2.4. [KM99] Let M be a complete CAT(0) space with a base point
p € M and ~ be a parabolic isometry with |y| > 0. Then there exists a unique

zg € Fiz(y) and a geodesic ray ¢ : R=® — M such that ¢(0) = p, ¢(+00) = x¢ and

- dist(y" o p,c(h] -n))

n——+oo n

=0.

The following is a direct corollary.

COROLLARY 2.5. Let M be a complete CAT(0) space with a basepoint p € M

and 7y be a parabolic isometry with |y| > 0. Then {y" o p} converges to a point

x € Fiz(y) C M(c0).
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Now we are ready to estimate the fixed points of a parabolic isometry of CAT(0)

space.

PROPOSITION 2.6. Let M be a complete CAT(0) space with a basepoint p € M
and 7 be a parabolic isometry with |y| > 0. Then there exist two different points

{z,y} C Fiz(y) such that Td(z,y) > 7.

PROOF. Since |y| > 0, by theorem 2.4 there exists a geodesic ray ¢ : R=% — M

such that ¢(0) = p and

" oo dist(y" o pelly] )

n—+oo n

=0.

Similarly, since |[y~!| = |y| > 0, by theorem 2.4 there exists a geodesic ray ¢ :

R=% — M such that ¢/(0) = p and

d' t —n / .
(2) hm & (ry Op7c(|7| n)) :O
n—-+oo n
By the triangle inequality,
dist(c(|y| - n), ¢ (|7] - n)) dist(y" o p, c(|y| - n))
n o n
dist(y™op,y*op) | dist(y™ op,c(|7]-n))
n n

From (1),(2) and dist(y™™ o p,7" o p) = dist(y*" o p, p), after taking the limit,

‘ : / . y 2n
(3) lim dist(c(|v|-n),c(|v]-n)) < lim dist(y op)p).

n—-+4o0o n n

+oo n

On the other hand, by the triangle inequality,

dist(c(|y]-n),c(|y]-n)) dist(y"" op,y" o p)
n - n
dist(y" op,c(v]-n))  dist(y"op,d(|7] - n))
n n

From (1) and (2), after taking a limit,

(4) lim diSt(C(|’7| . n), C’(|7| . n)) > dist(’y% o p)p).
n—+00 n rar n
Hence,
(5) lim dist(0(|7| . n), C'(|v| . n)) — lim diSt(’an Op,p)'
e n n——+oo n
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From lemma 3.5 in chapter 2,

(6) L dist(e(h] -0, ¢ (1] - )

n—-+oo n

= 7’| =2

By proposition 3.4 in chapter 2,

Lle(to0). (o)) o dist(eliy] -n).¢ (1] )

2 sin( 5 Jim s = 2.
Hence,
Z(c(+00),d (+00)) = .
Since T'd(c(+00), ¢/ (+00)) > Z(c(+00), ¢/ (+00)), Td(c(4+00), ¢ (+00)) > . O

PROPOSITION 2.7. Let M be a complete proper CAT(0) space and ~ be a parabolic
isometry with |y| > 0. Then there exist two different points {x,y} C Fiz(y) such
that Td(x,y) = m. In particular the diameter of Fixz(vy) Diam(Fix(y)) = .

PROOF. Since || > 0, by proposition 2.6 there exists {x,y} C Fiz(vy) such that
Td(z,y) > m. On the other hand, since {z,y} C Fiz(v), by theorem 2.2, we have
Td(z,y) <. Hence Td(z,y) = . O

Now we are ready to prove theorem 1.1 and theorem 1.2.

PROOF OF THEOREM 1.1. Suppose not. We assume that |y| > 0. From propo-
sition 2.7 there exist two different points {z,y} C Fiz(y) such that Td(x,y) = .
Since M is a visible CAT(0) space, there exists a geodesic line ¢ : R — M such that
c(400) =z, ¢(—00) = y. By proposition 2.3 we get that ¢(R) bounds a flat half-plane,
which contradicts the fact that M is visible. UJ

REMARK 2.4. We say a manifold M is tame if M is homemorphic to the interior
of a compact manifold M with boundary. Recently Phan conjectured in [48] that
if M is a tame, finite volume, negatively curved manifold, then M is not visible if
the fundamental group w1 (M) of M contains a parabolic isometry of M with positive

translation length. Theorem 1.1 confirms this conjecture.
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Since a Gromov-hyperbolic CAT(0)-space is visible, by theorem 1.1 we immedi-

ately obtain

THEOREM 2.8. (see [8]) Let M be a complete proper Gromov-hyperbolic CAT(0)

space. Then any parabolic isometry of M has zero translation length.

REMARK 2.5. In the case that M is a complete simply connected manifold with
curvature K); < —1, it was showed in [6, 31| that the translation length function
of any parabolic isometry + along any geodesic ray whose end belongs to the fixed

points of v goes to zero.

PROOF OF THEOREM 1.2. Proof of (1): By definition.

Proof of (2): If v is hyperbolic, by definition we know that |y| > 0.

If || > 0, assuming that « is not hyperbolic, then ~ should be parabolic. By
theorem 1.1 we have |y| = 0 which contradicts our assumption.

Proof of (3): If « is parabolic, it is obvious that v does not have fixed points.
|v| = 0 follows from theorem 1.1.

If v does not have fixed points and |y| = 0, the conclusion that v is parabolic

follows from part (2). O

3. Mapping class group action

Let S, be a hyperbolic surface with genus g. Mod(S,) acts on the augmented
Teichmiiller space m by isometries. The Dehn-twists here behave as elliptic
isometries whose fixed points are products of lower-dimensional Teichmiiller spaces.
The following theorem of Bridson (see [9]) says that when Mod(S,) acts on a complete
CAT(0) space, then the zero translation length of each Dehn twist is intrinsic, except

for several cases.

THEOREM 3.1. (see [9]) Whenever Mod(S,) (g > 3) acts by isometries on a

complete CAT(0) space M, then each Dehn twist T € Mod(S,) has |T| = 0.
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A group G acting on a metric space X is said to act properly discontinuously if
for each compact subset K C X, the set K N gK is nonempty for only finitely many

g in G. The following corollary is a direct result of theorem 3.1.

COROLLARY 3.2. Whenever Mod(S,) (g > 3) acts properly discontinuously on a
complete CAT(0) space M by isometries, each Dehn twist 7 € Mod(S,) acts as a

parabolic isometry with || = 0.

PROOF. If not, by theorem 3.1 7 is elliptic, so 7 has a fixed point o € M which
contradicts the assumption that the action is properly discontinuous, since any Dehn

twist has infinite order. O

Dehn twists on non-separate simple closed curves. In this subsection, the

ideas of the statements come from Brock and Farb’s paper [13].

LEMMA 3.3. Let Mod(S,) act on a complete CAT(0) space M by isometries.
Suppose that there exists a non-separate simple closed curve a such that the Dehn
twist on « has a unique fized point in M (o). Then the Dehn twist on any other

non-separate simple closed curve B also has only one fixed point in M (o).

PROOF. Since both a and  are non-separate simple closed curves, there exists

¢ € Mod(S,) such that ¢(a) = 5 (see [25]). Let 7, denote the Dehn twist on e. Since

¢ T &= T,

we have ¢ 7,-¢~! = 75. Let # € M(00) be the fixed point of 7,,. For any y € Fiz(1g),
we have 7,(¢7(y)) = ¢~ (y). Hence ¢~ (y) = =, that is Fiz(r5) = {é(z)}. O

LEMMA 3.4. Let Mod(S,) act on a complete CAT(0) space M by isometries.
Suppose that « and B are disjoint non-separate simple closed curves and the Dehn

twist on o has a unique fived point x in M(0o). Then Fix(rg) = {z}.

PROOF. Since o and f are disjoint, 7, - 73 = 75 - 7. Hence 7,(73(z)) = 73(x).

Since Fixz(1,) = {z}, 73(z) = =. By lemma 3.3 we have Fiz(73) = {z}. O
33



Let us recall the Lickorish-Humphries generators for Mod(S,). Let {{o;}2¢T" | 5}

be 2g 4+ 2 non-separate simple closed curves such that

]-7 |Z - .]| = ]-7
i(Oéi,Oéj) =
0, otherwise.
and
. 1, =4,
i(v, B) =

0, otherwise.

Where i(e, ®) is the geometric intersection of two curves. Then Mod(S,) is generated

by the Dehn twists on these curves (see [25]).

LEMMA 3.5. Let Mod(S,) act on a complete CAT(0) space M by isometries.
Suppose that there exists a non-separate simple closed curve o such that the Dehn

twist about o has a unique fived point x in M(0o). Then Mod(S,) fizes x.

PRrROOF. Choose the Lickorish-Humphries generators {{c; };27" (J 8} for Mod(S,).
Since «a; are non-separate simple closed curves and Fiz(1,) = {z}, by lemma 3.3 7,,
fixes only one point y € M(oo). If i > 2, Fiz(r,,) = {y} follows from lemma 3.4
and the fact that i(ay, ;) = 0. And Fiz(m3) = {y} also follows from lemma 3.4
and i(aq, ) = 0. Since i(ag,ay) = 0, by lemma 3.4 and Fiz(7,,) = {y} we have
Fix(7a,) = {y}. Hence, y is a common fixed point of the generator for Mod(S,).
Furthermore, Mod(S,) fixes y. Since Fiz(7,) = {x}, we have y = x. Hence, Mod(S,)
fixes x. 0J

REMARK 3.1. Using the same argument, the lemma also holds for x € M. In this

case M can be any metric space.

LEMMA 3.6. Let Mod(S,) (g9 > 3) act properly discontinuously on a complete
proper visible CAT(0) space M by isometries. Then Mod(S,) fizes some point x €
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PROOF. Since the action is properly discontinuous, by corollary 3.2, the Dehn
twist 7, about a non-separate simple closed curve « is parabolic. Since M is proper,

Fix(1,) is not empty. The result follows from remark 2.2 and lemma 3.5. O

PROPOSITION 3.7. Let Mod(S,) (g > 3) act properly discontinuously on a com-
plete proper visible CAT(0) space M by isometries. Then any infinite ordered element

¢ € Mod(S,) acts as parabolic isometry.

PROOF. Assuming that there exists an element ¢ € Mod(S,) with infinite order

which acts on M as a hyperbolic isometry, there exists xy € M such that d(¢ozg, xo) =

|¢| > 0. The geodesic line 7 : R — M extended by the geodesic segment xqp(zg) is
the axis for ¢, that is ¢ o v(t) = v(|¢| + t). Since M is a visible CAT(0) space, it
is not hard to see that Fiz(¢) = {7(+00),7(—00)}. By lemma 3.6 we can assume
v(400) is fixed by Mod(S,). Let ¢ € Mod(S,). Since o fixes y(400) there exists a
number C' > 0 such that dist(c o y(n - |¢p|),v(n-|¢|)) < C for any n > 0. Hence
dist((¢™" -0 -¢") ov(0),7(0)) < C. Since the action is properly discontinuous, there
exists a subsequence {n;} of {n},>1 such that ¢~ - o -¢" = ¢~™ -0 - ¢". Hence
PM "M .o = o-¢p™ ™ which means that the centralizers of any two different elements
have nontrivial intersection because ¢ (up to a power) belongs to the centralizer of
every element. Since o is arbitrary, we can choose two pseudo-Anosov elements o4, o9
such that < 01,09 > is a free group of rank 2 (see [36]). It is easy to see that
the centralizers of < o; > and < 09 > only have trivial intersection, which is a

contradiction. U
Now we are ready to prove theorem 1.3.

PROOF OF THEOREM 1.3. Case I): suppose that o is elliptic. Then o fixes a
point p € M. Hence |o| = dist(o o p,p) = 0.
Case II): suppose that o has infinite order, by proposition 3.7 we know that o is

parabolic. |o| = 0 follows from theorem 1.1. O

REMARK 3.2. Masur-Minsky [45] has shown that Mod(}_,,) (¢ > 1) acts by

isometries on the complex of curves, which is a Gromov-hyperbolic space, and the
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pseudo-Anosov element acts as a hyperbolic element with positive translation length.
We should remark that the complex of curves is not a proper space and the action is

also not properly discontinuous.

4. Two-dimensional surfaces

Let M be a complete manifold with nonpositive sectional curvature and M be the
universal covering space of M. m (M, p) is the fundamental group of M with base-
point p € M. Each element in 7 (M, p) is a deck transformation of M which is an
isometry of M. Theorem 1.1 tells us that 7 (M, p) does not contain parabolic isome-
tries with positive translation length if M is visible. Tt is interesting to know when
the fundamental group m(M,p) of M contains a parabolic isometry with positive
translation length.

At first let’s look at the following example.

EXAMPLE 3. Let M be the two-dimensional Riemannian manifold (R x R, ds?)
where ds? := (e7¥+1)?dz?+dy?. Let ¢ : M — M be defined by (x,y) — (z+1,y). It
is not hard to see that |¢| = inf,ecps dist(x,pox) =1> 0 and Vol(M/ < ¢ >) = .

The following theorem gives a link between the existence of a parabolic isometry

with positive translation length and infinite volume.

THEOREM 4.1. Let M be a complete two-dimensional Riemannian manifold with
nonpositive Gauss curvature. If the fundamental group m (M, p) of M with a basepoint
p contains a parabolic isometry ¢ with translation length |¢| > 0, then the volume

Vol(M) = oo.

PROOF. Since 71 (M, p) contains a parabolic isometry, M is non-compact. Sup-
pose that Vol(M) < co. Then M is not flat since there does not exist a non-compact
flat surface of finite area. By proposition 2.5 of [20] (or corollary 3.2 of [21]) the
universal covering space M of M is visible. Since ¢ is parabolic, by theorem 1.1 we

know that |¢| = 0 which is a contradiction. O
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REMARK 4.1. Theorem 4.1 is not true in higher dimensions. We look at the
following example. Let S be the unit circle and S,; be the Riemannian surface of
genus g > 1 and one punctured point. Consider M = S* x S, ;, endowed with the
product metric. It is easy to see that M has sectional curvature —1 < K(M) < 0
and finite volume. It is not hard to find a parabolic isometry ¢ in the fundamental

group of M such that |¢| > 0.

For a finite-type complete Riemannian surface M, it is well known that M is
non-compact if and only if M has cusps. It is not hard to see that there exists a
unique ray in each cusp, and this ray is fixed by some parabolic isometry which has
zero translation length. Theorem 1.5 gives a criterion for a closed two-dimensional

manifold.

PROOF OF THEOREM 1.5. From compactness argument it is easy to see that if
M is closed, then for any non-trivial deck transformation ¢ € m(M,p), |¢| > 0.

Assume that M is open. Then there exists a geodesic ray r : [0,4+00) — M.
Since Vol(M) < oo and K (M) < 0, the injectivity radius along ([0, +00)) goes to 0.
We lift the ray ([0, 400)) to a geodesic ray in the universal covering space M of M
7:[0,400) — M. It is easy to see that for any € > 0, there exists Ry > 0 such that
for any ¢ > Ry, there exists non-trivial ¢, € w1 (M, p) so that dist(7(t), ¢: o 7(t)) < €.

Claim: If € is small enough, ¢; is parabolic for any t > R,.

Assume that the claim is correct. Since the deck transformation ¢; is parabolic
and has positive translation length, by theorem 4.1, we would have Vol(M) = +o00
which is a contradiction. Hence M is compact.

Proof of Claim: Since Vol(M) < +o0, using the same argument as in the proof of
theorem 4.1, by proposition 2.5 of [20] (or Corollary 3.2 of [21]) the universal covering
space M of M is a visible space. Let € > 0 be small enough. By lemma 3.1c of [21]
Fix(¢y,) = Fiz(¢y,) for any t; > Ry (i = 1,2). Let © € Fiz(¢y,) € M(4+00) and
Iy :={¢: ¢ em(Mp)o(x) ==z}

If there exists ¢y with ¢y > Ry such that ¢, is hyperbolic. We denote ¢, by ¢.

Since ¢ is hyperbolic, there exists a geodesic line v : R — M which is the axis for o,
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that is ¢ o y(t) = v(|¢| +t). Since M is a visible CAT(0) space, it is not hard to see
that Fiz(¢) = {y(+00),v(—00)}. Without loss of generality we set x = (+00). For
o € T, there exists a number C' > 0 such that dist(coy(n-|¢|),v(n-|¢|)) < C for any
n > 0, that is dist((¢~"™ - o - ¢™) 0 (0),7(0)) < C. Since the fundamental group acts
properly discontinuously on the universal covering, there exists a subsequence {n;}
such that ™™ -0 - " = ™™ -0 - @™. Hence ¢"' ™™ -0 = o - " ™. Furthermore o
acts invariantly on y((—oo, +00)) (a reselection of axis of ¢ is possibly required), so &
is also hyperbolic and has the same axis as ¢. Moreover we know the group generated
by o and 7 is cyclic. Since o € I';, is arbitrary, I', is cyclic. Let o be the generator of
I', and translate the geodesic v of M by an amount § > 0, then |o| > § > 0 for any
o € T',. On the other hand, since the injectivity radius along ([0, 4+00)) goes to 0,

for any n > 0, there exists ¢, € I', such that |¢,| < <, which is a contradiction. [

REMARK 4.2. The following two examples tell us that the lower bound for curva-

ture and finite volume are necessary for theorem 1.5.

EXAMPLE 4. Example 1 of page 457 in [21] is a two-dimensional complete noncom-
pact surface M such that the Gauss curvature K (M) < 0, the volume Vol(M) < +oo0,

and the fundamental group of M with basepoint p consists of hyperbolic isometries.

ExAMPLE 5. Consider the upper half plane H? endowed with a metric ds? =
(dz? + dy?) + %. Let ¢ : H?> — H? defined by (x,y) — (z + 1,y). Setting M
to be the quotient space H?/ < ¢ >, it is easy to check that M is complete, the
sectional curvature of M satisfies —1 < Ky < 0, and 7 (M) consists of isometries

with positive translation length. But M is not closed.

REMARK 4.3. T am grateful to Tam Nguyen Phan for pointing out that Gromov’s

example in [28] tells that theorem 1.5 may be incorrect in higher dimensions.

5. Negatively curved manifolds without visibility

In [22], Eberlein and O’Neill first introduced the so-called zero axiom. Recall that

M satisfies the zero axiom if for any two rays r : [0,400) — M and o : [0,400) — M
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with 7(+00) = o(400) in M(00) we have lim;_, o, dist(r(t),c(R=%)) = 0. A typical
example of a space satisfying the zero axiom is a complete simply connected Rie-

mannian manifold whose sectional curvature is bounded above by a negative number.

PROPOSITION 5.1. Let M be a complete CAT(0) space satisfying the zero aziom,
v an infinite ordered isometry of M, and Fixz(vy) be the subset in M(co) fized by
(i.e., for any x € Fix(y),v(x) = ). Then for any geodesic ray r : [0, +o00] — M
with r(+00) € Fix(y) we have limy_,, o, dist(y o r(t),r(t)) = |v|.

PROOF. Let {p;};>1 be a sequence in M such that lim;_,, dist(y o p;,p;) = ||
and 7; : [0,4+00) — M be a sequence of rays in M with r;(0) = p; and r;(+00) =
r(+00). Since M satisfies the zero axiom, for each ¢ there exists ¢;,s; > 0 such that

dist(r;(s;),r(t;)) < +. By the triangle inequality,
(7)  dist(yor(t;),r(t;) < dist(yori(s;),ri(s;)) + 2 x dist(ri(s;),r(t;)).

Since 7;(+00) = r(+00) € Fiz(y) and the distance function between two rays in M is

convex (see [10]), dist(y or;(t),r;(t)) is a decreasing function. In particular we have
(8) dist(y o ri(si), 7i(s:)) < dist(y o ri(0),r:(0)) = dist(y o ps, ps).

Combining (7) and (8),

9) dist(yor(t;),r(t;) < dist(yopi,p;) + %

Taking the limit,

(10) tim dist(y o r(t:), r(t:) < |7l

1—+00

From the definition we also know that lim; . dist(y o r(t;),r(t;)) > |y|. Hence
lim; o dist(y o r(t;),r(t;)) = |vy|. Since r(4+o00) € Fix(y), dist(y o r(t),r(t)) is

decreasing, so limy_, o, dist(y o r(t),r(t)) = lim;_, o dist(yor(t;),r(t;)) = || O

Next now we give an affirmative answer to Farb’s conjecture if the manifold sat-

isfies the zero axiom.
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PROOF OF THEOREM 1.6. Let o be a non-separate simple closed curve. Since
g > 3, we can find two intersecting simple closed curves oy, 09 C (S, — o) such that
the group generated by the two Dehn-twists 7,, and 7, is free (see [36]).

Let 7, be the Dehn-twist on o in Mod(S,). We define the centralizer N(7,) of 7,

in the following way

N(1,) :={a € Mod(S,) : a0 1, =7, 0a}.

It is not hard to see that < 7,,, 7, >C N(7,).

If Mod(S,) does act properly discontinuously on a complete simply connected
Riemannian manifold M satisfying the zero axiom and the sectional curvature —1 <
Ky <0, then by corollary 3.2 (Bridson’s theorem), the Dehn-twist 7, would act as
a parabolic isometry on the M. By lemma 7.3 in page 87 of [5] we know that there
exists some x € M(o0) such that N(7,) fixes x, that is for any a € N(7,), a(z) = .
Since < Ty, Ty, >C N(7,), < Tyy, To, > fixes z.

Let 7 : [0,400) — M be a geodesic ray in M with r(4+00) = x. Since g > 3, the
translation length of any Dehn-twist is zero. Since M satisfies the zero axiom, by
proposition 5.1 we have limy_, o dist(7,, or(t), r(t)) = limy_, 4 dist(T,, 07 (t), r(t)) =

0. Hence, for any € > 0 we can find ¢, such that

dist(1,, or(ty),r(ty)) < €, dist(1,, o r(t), r(ty)) < €.

Choose € so that € is smaller than the Margulis constant for M. After applying
the Margulis Lemma (see [5]) at the point r(¢y), we have that the group < 7,,, 7,, >
is a finitely generated subgroup of an almost nilpotent group which is still almost

nilpotent, which contradicts the fact that < 7,,, 7, > is free. O

REMARK 5.1. In [13, 35] it was proved that the mapping class group Mod(S, )
cannot act properly discontinuously on any complete simply connected Riemannian
manifold with pinched negative sectional curvature when 3g—3+42n > 2. Since a com-

plete simply connected Riemannian manifold whose sectional curvature is bounded
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above by a negative number satisfies the zero axiom, theorem 1.6 generalizes these

results except in several cases.

PROOF OF THEOREM 1.7. We first prove the theorem for examples in [26] when
the dimension of M is 3. For general dimension, it can be reduced to three.

Let V be a 3-dimensional closed hyperbolic manifold and S be a simple closed
geodesic in V with length @ > 0. Let 0 > 0 be small enough. Then a o —neighborhood
N,(S) of S'is S x S x (0,0). We introduce polar coordinates (w, 6, r) on N,(S). The

hyperbolic metric of V' on a o—neighborhood N, (S) of V' is given by
gy = cosh?(r)dw? + sinh?(r)d6? +dr* (0<6<2r, 0<r<o).
Let M =V — S and ¢ be the metric on M constructed in [26]:
g = cosh®(r)dw? + sinh?(r)d#* + f2(r)dr* (0<0<2r, 0<r <o)

where f(r) converges to +oo as r — 0, and satisfies certain properties (see [26]). It is
showed in [26] that (M, g) has finite volume and sectional curvature —1 < Kj; < 0.
From the definition of g we know that for any fixed positive number ¢q € (0, 27),

the surface 6 = ¢y in M is totally geodesical. The metric g restricted to 6 = ¢y is
o= = cosh?(r)dw® + f*(r)dr® (0 <7 < o).

We denote M |g—., by Sx(0,0). The universal covering space of Sx(0,0) is Rx (0, o).
Let ¢ be the generator of the fundamental group of S x (0,0). Since the length of S

is a, it is not hard to see that, for all (w,r) € R x (0,0), we have
po(w,r)=(w+a,r) (0<r<o).

We claim that ¢ is a parabolic isometry with positive translation length.
Proof of Claim: Firstly we consider the curve ¢(t) : [0,1] — R x (0,0) defined by

c(t) = (w+t-a,r), so we have

o] < £(e([0,1])) = /0\/608h2(02(t))-0’1(t)2

= cosh(r) - /0 |ci(t)] = a - cosh(r).
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Since r is arbitrary, letting r — 0 we get |¢| < a.

Secondly, let ¢(t) = (¢1(t), co(t)) : [0,1] = R x (0,0) be any smooth curve joining
(w,r) and (w + a,r), so that in particular ¢;(0) = w and ¢;(1) = w + a. The length
of ¢(]0,1]) is

fe(l0.1)) = / Veosh?(ea(t)) - 4 (07 + F(ealt)) - (1)

> /0|cosh(02(t))-c’1(t)|>/0 |1 (B)]
(ci(1)

> —¢1(0)) =a > 0.

Since c¢(t) is arbitrary, |¢| > a > 0. Hence |¢| = a > 0. |¢| can not be attained in
R x (0,0) since £(c([0,1])) > a for any curve joining (w,r) and (w + a,7), so ¢ is
parabolic.

Hence ¢ restricted to R x (0, 0) is a parabolic isometry with positive translation
length. Since 6 = ¢ is totally geodesical in M, R x (0,0) is totally geodesical in the
universal covering of M. So ¢ is also a parabolic isometry with positive translation
length in the universal covering of M.

From theorem 1.1 we know that M is not visible.

The proof for examples in [1] is similar as above; we leave it as an exercise to

reader. O

REMARK 5.2. Recently, in [48] Phan independently proved that Fujiwara’s ex-
ample M is not visible by finding two points z,y on the visual boundary of M such

that there does not exist any geodesic line in M joining  and v.
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CHAPTER 4

Iteration of mapping classes and limits of geodesics

1. Introduction

Let S = S, be a closed surface of genus g > 1. Its Teichmiiller space Tg carries
various natural metrics, and for every metric people would like to draw analogies with
a complete hyperbolic space of the same dimension.

Ts endowed with the Weil-Petersson metric is a Riemannian manifold, which is de-
noted by Teich(S). Wolpert and Tromba showed that Teich(.S) has negative sectional
curvature (see [57, 63]). Scott Wolpert proved that Teich(S) is non-complete (see
[16, 62]), but geodesically convex (see [64]). The completion Teich(S) of Teich(S),
also called the augmented Teichmiiller space, is naturally a CAT(0) space. So we can
study the geometry of Teich(S) through CAT(0) techniques.

A complete manifold with nonpositive sectional curvature M is compactified by
the space of infinite geodesic rays starting from a given point x € M, which is
called the visual sphere at x, and basically it is the collection of directions of M
at z. Likewise, for each point X € Teich(S), Teich(S) has a Weil-Petersson visual
sphere, although some geodesics go to the boundary of m in finite time. Since
Teich(S) is a Riemannian manifold, the collection of directions of Teich(S) at X is
a (6g — 7)—dimensional sphere. We denote the visual sphere of Teich(S) at X by
Vx(S).

The mapping class group Mod(S) of S, which is the group of orientation preserv-
ing self-homeomorphisms of S up to isotopy, acts on Teich(S) by isometries. Like in
the structure of isometry of a CAT(0) space, we can define the translation length of
an element ¢ € Mod(S) |¢| by inf
if |¢| is attained in Teich(S); otherwise, it is called parabolic. In [18, 65, 70| it

xeTeich(s) dist(X, ¢ o X). We say ¢ is hyperbolic
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is showed that an element ¢ € Mod(S) is hyperbolic if and only if ¢ is finite or-
dered or pseudo-Anosov. Moreover, every pseudo-Anosov mapping class has positive
translation length.

Let X,Y € T(S) and I'(X,Y) be the quasi-Fuchsian Bers simultaneous uni-

formization of (X,Y) € T(S) x T(S). Then I'(X,Y) determines Q(X,Y) =
H3/T'(X,Y) as a quotient hyperbolic 3-manifold. In [11] Brock shows

THEOREM 1.1 (Brock). Let ¢ € Mod(S) be a mapping class. Then there is
an s > 1, depending only on ¢ and bounded in terms of S, so that the sequence

{Q(¢°(X),Y) }i>1 converges algebraically and geometrically.

In [64] it was showed that Teich(S) is geodesically convex, i.e., for any two points
X,Y € Teich(S), there exists a geodesic connecting X and Y, moreover the geodesic is
unique because the sectional curvature of Teich(SS) is negative. We denote the geodesic

joining X and Y by ¢g(X,Y’). Our first result is analogous to Brock’s theorem.

THEOREM 1.2. Let ¢ € Mod(S) be a mapping class. Then there is an s >
1, only depending on ¢, so that the sequence of the directions of the geodesics

{9(X, ¢*(Y)) }i>1 is convergent in the visual sphere of X.

Given a collection of mutually disjoint simple closed curves, we connect them
pairwise by a segment of length 1. The resulting object is called a simplex. Let o

0. Recall that the stratum T, consists of

be a simplex, and denote its vertices by o
all hyperbolic surfaces with nodes along the curves in o (see [44, 65]). A stratum
is a convex subset in m. If ¢ is a Dehn-twist on a simple closed curve «, it
was showed in [12, 49] that the limit of the sequence {g(X, ¢’ o Y)};>1 goes to the
stratum 7,,. It would be interesting to know whether this property can be generalized
to multi-twists, which is our second goal in this paper.

In [65] Wolpert gave a compactness theorem for a sequence of geodesics in
Teich(S) with uniform bounded lengths (see proposition 23 in [65]). Later Yamada
in [71] constructed the so-called Teichmiiller-Coxeter development D(Teich(S), )

through introducing an infinite Coxeter reflection group and gluing infinite copies
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of Teich(S) through the strata. D(Teich(S),t¢) is a complete CAT(0) space (see
[71]). The limit geodesic in Wolpert’s compactness theorem can be well described
in D(Teich(S),:). The definition of D(Teich(S),:) will be given in section 4 of this
chapter. If ¢ is a multi Dehn-twist, the limit of the geodesics {g(X, ¢"(Y))}i>1 can

be characterized by the following:

THEOREM 1.3. Let o be an m-simplex and 0° = {ay, -+ , i1} and 7; be the
Dehn-twist about the curve o; fori=1,2,--- m+1. Let ¢ = [[1c;c,pyy 7 € Mod(S5),
X,Y € Teich(S), and g, be the unit speed geodesics g(X,¢" oY). Then, there exists
a positive number L, an associated partition 0 =ty < t; < --- < t, = L, simplices

00, , 0k, and a piewise geodesic
g : 10, L] — Teich(95)

with the following properties.

(1). 0% Cc 0%, o? ﬂa? is empty for i # j,

(2). 0" = Uf:1 a7,

(8) g(t:)) €Ty i=1,--+ k=1, 9(0) = X,g(tx) =Y,

(4). gnl0,t1] converges in Teich(S) to the restriction g([0,t1]), and for each i =
1, k—1,

lim diSt(Ti,n 0:++0T1no0 gn(t)7 g(t)> = Oa fO?" te [tza ti-i—l]a

n—-+o0o

where Tin = [laeo, Ta " fori=1,--- k= 1.
(5). The piecewise geodesic g is the unique minimal length path in Teich(S) joining
g(0) to g(L) and intersecting the closures of the strata T,,,T,, -+ , Ty, _, in order.

The first point on g([0,L]) meeting with strata g(t,) is the point where the ge-
odesic joining (1,X) and (I],cp0wa,Y) in the Teichmiiller-Cozeter development

D(Teich(S), ) firstly meets with the wall. Here we identify (1, Teich(.S)) with Teich(S).
As part of the analysis we also have the following limit result.
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THEOREM 1.4. Let o be a k-simplex and 0 = {1, -+ ,Vri1}. T is the Dehn-
twist about the curve v; fori =1,2,--- ,k+ 1. Let ¢ = [[,c;cpy 7 € Mod(S) and
gn = 9(X, 0" 0Y). Then for any X,Y € Teich(S5),

lim ((g(X,¢" oY) ewxists,

n—-+00

where ((g(X, 9" oY) is the length of the geodesic g(X,¢" o Y).

Before providing further context we first recall the Thurston-Nielsen classification
of mapping classes [24]. A mapping class is called reducible if some power fixes
a collection of mutually disjoint simple closed curves in S. Reducible classes are
analyzed in terms of mapping classes of proper subsurfaces. For a reducible mapping
class ¢ € Mod(S) there exists a maximal finite collection of mutually disjoint simple
closed curves {o;} and mutually disjoint proper subsurfaces {PSy} C S such that
#* is the product of Dehn-twists on {a;} and pseudo-Anosov elements on proper
subsurfaces {PSy} C S for some integer s > 1. If ¢ itself is a Dehn-twist about a
simple closed curve, then there does not exist a pseudo-Anosov part on any proper
subsurface. A mapping class is precisely one of: finite-ordered, reducible or pseudo-
Anosov (see [24]).

We denote the length of a geodesic segment ¢ by ¢(c). We say a geodesic ray
¢ : [0,00) — Teich(S) is the geometric limit of geodesics ¢; : [0,¢(¢;)) — Teich(S)
if for any ¢ > 0, lim; o, dist(c(t),c;(t)) = 0, where all geodesics have unit speed.
We say a geodesic ray ¢ : [0,+00) — Teich(S) is strongly asymptotic to a subset

A C Teich(S) if the distance between ¢(t) and A satisfies

lim dist(e(t), A) = 0.

t—4o00

If ¢ is pseudo-Anosov, the following theorem tells that the length of every simple

closed curve goes to infinity along the geometric limit of g(X, ¢" o Y').

THEOREM 1.5. Let ¢ be a pseudo-Anosov mapping class and X,Y € Teich(95).

Then the geodesics g(X,¢" oY) converges to a geodesic ray c : [0,+00) — Teich(S)
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which is strongly asymptotic to the axis of ¢ in Teich(S). Moreover, for any simple

closed curve o in S,

lim £, (c(t)) = +o0.

t——+o0

If ¢ is reducible with |¢| > 0, the following theorem tells that the geometric limit
geodesic of g(X,¢" oY) goes to an explicit stratum whose vertices consist of the

boundary closed curves in proper surfaces on which ¢ is pseudo-Anosov.

THEOREM 1.6. Let ¢ € Mod(S) be reducible with |¢| > 0 and k be a positive
integer such that ¢* = [Toco0 Ta X Hj ¢, where o is a simplex, T, is a Dehn-twist about
a, and ¢; = ¢k|psj is pseudo-Anosov on PS;, where PS; is a proper subsurface of
S. Then for any X,Y € Teich(S), there ezists a geodesic ray c : [0, +00) — Teich(S)
such that

(1). the geodesics g(X,¢™ oY) converge to ¢ : [0, 4+00) — Teich(S).

(2). For any simple closed curve a € 9(U;PS;), we have

lim £, (c(t)) = 0.

t——+o0

(8). There exists a positive number €y such that for any non-peripheral essential

simple closed curve B in S but not in O(U;PS;),
ls(c(t)) = €
for allt > 0.

2. Weil-Petersson geodesics and the Alexandrov tangent cone

Given X € Teich(S), define
gy : Teich(S) — W Px(S)

from Teich(.S) into the space W Px (S) of Weil-Petersson unit speed geodesics starting

from X. Since Teich(S) is a CAT(0) space, for all Y € Teich(S) there is a unique

Weil-Petersson geodesic in W Py (S) joining X to Y. The mapping gy (Y) is given
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by the unique geodesic connecting X and Y. It is not hard to see that g, gives a
homeomorphism from Teich(S) to W Px(S).

Since Teich(S) is a CAT(0) space, the notion of tangent cone is available. As in
[10], let ¢1(t) and c3(t) be two geodesics both of which start from X and have unit
speed. The Alexandrov angle Z(c1, c2) between ¢q(t) and co(t) at X is defined with
values in [0, 7] as follows:

2t2 — dist?
cos Z(c1, ¢3) = hm+ 4 dZStQiZl(t),Cg(t)).
t—0

We introduce the equivalence relation on W Px(S) as ¢;1(t) ~ ca(t) provided that
4(61, CQ) = 0.

DEFINITION 2.1. The Alexandrov tangent cone ACx at X is the quotient space

WPx(S)/~.

If X € Teich(S), ACx coincides with the tangent space of Teich(S) at X, which
is R%~6. Let o be a simplex and X € T,. Consider a Fricke-Klein basis {gradfs} sex
for T, around X. For a ray r(t) with initial point X, we define a map A : r(t) —
R%) x TxT, by

M) = (var - LA A0,

The Alexandrov tangent cone at X is characterized by the following theorem (see

[67]).

THEOREM 2.2. (see [67]) For X € Teich(S), the mapping A : ACx — R‘;g xTxT,
is an isometry of cones with restrictions of inner products. A geodesic c(t) with

1/2
c(0) = X and %ﬁmﬂ) =0, o € 0°, is contained in the stratum T,.

The following strong reflection property is proved in the paragraph after theorem
6.9 in chapter 6 of [69] (or paragraph after example 4.19 in [67]). We will apply it

later.
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PROPOSITION 2.3. Given a simplex o, let X, Y be two points in m. Z is a
point in T, such that the piecewise geodesic g(X,Z) U g(Z,Y) is the minimal length
path in Wh(S) jgoining X and Y and intersecting the stratum T,. Then we have

(1). the initial tangents of g(Z, X) and g(Z,Y") are equal in the components R'ZG(').

(2). The sum of the initial tangents of g(Z, X) and g(Z,Y") has vanishing projec-

tion into the subcone T'xT,.

3. Iterated multi-twists

Let a be a homotopically essential simple closed curve on S. Let T, denote the

a-stratum of Teich(S). In the extended Fenchel-Nielsen coordinates we have
T, = {X € Teich(S) : £o(X)=0,03(X)#0 forall e P —a},

where P is a pants decomposition containing a.
Let 7, € Mod(S) be the Dehn-twist about a. The following lemma is proved in
[12]

LEMMA 3.1. [Brock] Let X and Y lie in Teich(S), and let o be an essential simple
closed curve on S. Then there exists X,, € g(X, 7" oY) such that

lim dist(X,,T,) = 0.

n—-+o0o

A perturbation argument gives the following property.

LEMMA 3.2. Let X lie in Teich(S) and Y lie in Teich(S), and let o be an essential
simple closed curve on S. Then there ezists X,, € g(X, 7" oY) such that

lim dist(X,,T,) = 0.

n—-+o0o

PROOF. From lemma 3.1 it is sufficient to prove the result when Y is in a stratum.

For any € > 0 let Y¢ € Teich(S) with dist(Y,Y) = e. By lemma 3.1 there exists

X¢ € g(X, 70 oY) such that lim,,, dist(X5,T,) = 0. Since Teich(S) is a CAT(0)

space, by proposition 2.2 of Chapter 11.2 in [10], we know that there exists X,, €
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g(X, 77 oY) such that dist(X,,X:) < max{dist(r o Y, 7" oY), dist(X,X)} =

dist(t" oY, 7" oY) = €. Hence,
dist(X,, Ty) < dist(X5,T,) + dist(X:, X,,) < dist(X5,T,) + €
Taking the superior limit,

limsup dist(X,,,T,) < €.

n—-+0o

Since € is arbitrary,

lim dist(X,,T,) = 0.

n—-+o0o

0

REMARK 3.1. If we check the argument for the proof of lemma 3.1 in [12], the
conclusion also holds for the sequence of geodesics g(X,7,™ o Y). Furthermore, it is

not hard to see that lemma 3.2 also holds for the sequence of geodesics g(X,7,"oY).

If we switch the position of X and Y, we have

LEMMA 3.3. Let Y lie in Teich(S) and X lie in Teich(S) with £,(X) < +oo where
a is an essential simple closed curve on S. Then there ezists X, € g(X, 7l oY) such

that

lim dist(X,,T,) = 0.

n—-+o0o

PROOF. By remark 3.1 there exists X, € g(7," o X,Y) such that

lim dist(X],T,) =0.

n—-+oo
Set X,, = 770 X]. Since Mod(S) acts on Teich(S) by isometry, 7," o (g(X,720Y)) =
(7,70 X,Y). Hence, X,, € g(X,770Y).

dist(X,, Ty) = dist(1] o X, T,) = dist(X],, T,).
Therefore,

lim dist(X,,T,) = lim dist(X],T,)=0.

n—-+0o n—-+o0o
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Let  C o be a sub-simplex of the simplex o. The n—stratum 7,, of Teich(.S) con-
sists of all hyperbolic surfaces with nodes along the vertices of 7, and is parameterized
in extended Fenchel-Nielsen coordinates with respect to a pants decomposition P of

S with ¢ C P. Set

By definition we know that for any simplex o, Teich(S) C PT'(S), since T}, = Teich(S)
where ¢ is the empty set.
We will apply Wolpert’s theorem on limits of finite length geodesics (see [65],

proposition 23).

THEOREM 3.4. [Wolpert] Consider a sequence of unit-speed geodesics {g,} with
matial points converging to po, lengths converging to L with L > 0 and parameter
intervals converging to [0, L]. There exists an associated partition 0 =tg <t; < --- <
t, = L of the interval, simplices o, -+ , 0y, simplices v; = 0;(\0i—1, and a piecewise

geodesic
g : 10, L] — Teich(95)

with the following properties.

(1). g(ti1,t;) CT,,i=1,--- k.

(2). gt;) €Ty, i=1,--- k.

(3). There are elements 7;,, € Tw(o;—v; |Jvigr), fori=1,--- k=1, so that after
passing to a subsequence, g,[0,t,] converges in Teich(S) to the restriction g([0,t,]) and

foreachi=1,--- k—1 andt € [t; t;11],

lim dZ'St(TZ'm 0:++0T1no0 (gn<t))7 g(t)) = 0.

n—+o0
(4). The elements T, ,, are either trivial or unbounded.
The piecewise geodesic g is the unique minimal length path in m joining
g(0) to g(L) and intersecting the closures of the strata T,,,T,,,--- , Ty, in order.
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PROPOSITION 3.5. Let o be a k-simplex, 0° = {ay, -+ ,agy1}, and 7; be the Dehn-
twist about the curve oy fori=1,2,--- ,k+1. Let ¢ = [[,o;cpyy i € Mod(S). Then,
for any X,Y € Teich(S),

(1). there ezists € = e(X,Y, ¢) > 0, which depends on X,Y and ¢, such that for
any simple closed curve 3 ¢ o° we have

inf  (5(7) >e.

Z€g(X,9m0Y)

foralln > 1.
(2). Any limit of geodesics g(X,¢" oY) in the sense of theorem 3.4 goes to the

stratum T,, where o1 C o.

(3). There exists X' on the geodesics g(X,¢" oY) such that

lim dist(X!,T,,) =0

n—-+0o0o

foralll <i<k+1.

PROOF. Proof of (1): Let 8 be a simple closed curve in S satisfying 3 ¢ o°. If
B is disjoint with ¢, then lg(¢" oY) = £5(Y). We can always find another simple
closed curve 3 such that 3’ ¢ 0% and (' intersects with 3. By theorem 4.2 in chapter

2 we have
l5(Z) < max{ls(X), ls(Y)}, €p(Z) <max{ls(X), la(Y)}

for all Z € g(X,¢" oY). By the Collar Lemma, there exists a positive number €;
depending on XY, ¢ such that

Eﬁ(Z) > €1.

If 3 intersects at least one of ¢°. Since ¢ fixes ¢° pointwise, for all & € 0, £, (¢" 0 V) =

(,(Y), by theorem 4.2 in chapter 2 we have

o (Z) < max{ly(X),la(Y)}
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for all Z € g(X,¢" oY). By the Collar Lemma, there exists a positive number e,
depending on XY, ¢ such that

Eﬁ(Z) > €9.

We choose € = min{ey, €3}

Proof of (2): Let W € T,, we have ¢ o W = W. By the triangle inequality,

Length(g(X,¢" oY) < dist(X, W)+ dist(W,¢" oY)

= dist(X, W) + dist(W,Y) < +o0.

By theorem 3.4 any limit of g(X, ¢™ oY) goes to some stratum 7, for some simplex
01. From part 1 we know that either o; C o or oy is empty. We exclude the empty
case for the following reason. If o is empty, after passing to a subsequence, the
geodesics g(X, ¢" oY) converge to a geodesic in Teich(.S). In particular, {¢" oY },>1,
passing to a subsequence, converges to a point in Teich(.S), which is impossible since

¢ has infinite order and Mod(.S) acts properly discontinuously on Teich(.S).

Proof of (3): We prove it by induction on k.

If £ =0, it follows from lemma 3.1.

Assume that the conclusion holds for any k < kg, we prove it for k = ky. Assume
the result is incorrect. Passing to a subsequence (without of generality), we can

assume that there exists a positive number ¢, such that
d28t<g<X7 an © Y)> Tal) > €

for all n.
Let W € T,. We have ¢ o W = W. By the triangle inequality,
Length(g(X,¢"oY)) < dist(X, W)+ dist(W,¢" oY)

= dist(X, W)+ dist(W,Y) < +o0.
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By theorem 3.4 and part 1, any subsequence of the geodesics g(X, ¢" oY) can only

9. Hence, without of generality we assume

converge to a stratum 7T, where 70 C o
that the geodesics g(X, ¢" oY) converge to a stratum 7,, with p; € T,,. Without
loss of generality, let n) = {9, -+, ar,} and 19 = {a1, Qg 1, -+ ,Qrs1}) such that
the distance between the piecewise geodesic g(X, p1)J g(p1,@" oY) and the geodesic
g(X,¢" oY) goes to 0 as n approaches to co. Since ¢ € Mod(S) and Mod(S) acts
on Teich(S) by isometries, g(p1, ¢" o Y)=g(w] o p1,¢" o Y)=w] o g(p1,wy oY) where
w1 =L ene 7o w2 = T ep0 -

For any € > 0 let p§ € Teich(S) with dist(p{, p1) = €. From our assumption there

exists X¢ € g(p{,wl oY) such that

lim dist(X,,T,,)=0.

n—+oo
Since Teich(95) is a C'AT'(0) space, by proposition 2.2 of Chapter I1.2 in [10] we know
that there exists X,, € g(p1,w} oY) such that dist(X,, X;) < max{dist(wh oY, w} o
Y), dist(p1,p})} = €. Hence,

dist(Xn, To,) < dist(X,, Ta,) + dist(Xy, X,,) < dist(X,,, Ta,) + €
Taking the superior limit,

lim sup dist(X,,, T,,) < €.

n——+0oo
Since X, € g(p1,whoY), wioX, € g(p1,¢™0Y). When n is big enough, there exists
Y, € g(X,¢" oY) such that dist(Y,,w] o X;,) < ¢ because the distance between the
piecewise geodesic g(X,p1)Jg(p1,d" oY) and the geodesic g(X, ¢" o Y') approaches

0 as n goes to co. On the other hand,
dist(Yy, Ty,) < dist(Y,,w] o X,,) + dist(w] o X,,, Ty,) < %0 + dist(X,, Ty,).

Taking the limit,

lim sup dist(Yy,, T, ) < %0 +e.

n—-+00
Since € is arbitrary, if we choose € = ¢, the inequality above contradicts our assump-

tion that dist(g(X,¢" oY), Ty,) > € for all n. O
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We extend proposition 3.5 to the case that X is in a stratum.

PROPOSITION 3.6. Let o be a k-simplex, 0° = {ay, -+ ,ap1} and ¢ = [licichii i €
Mod(S), where 7; is the Dehn-twist about the curve c; for i =1,2,--- ' k+ 1. Given
a simplex o' disjoint with o and two points X € T, and Y € Teich(S), then we have

(1). there exists ¢ = €(X,Y,¢) > 0 which depends on X,Y and ¢ such that for
any simple closed curve 3 ¢ o° U o’ we have

inf Us(Z) > e.
ZGg(})?MOY) ﬁ< ) ‘

for allmn > 1.
(2). Any limit of geodesics g(X,¢" oY) in the sense of theorem 3.4 goes to a

stratum T,, where 0¥ C o°.

(3). There exists X! on the geodesic g(X,¢™ oY) such that

lim dist(X!,T,,) =0

n—-+0o0o

foralll1 <i<k+1.

PROOF. Proof of (1): Let 8 be a simple closed curve in S satisfying 8 ¢ % U o".
If 3 is disjoint with 0® U 0" then {5(¢" oY) = £5(Y). We can always find another
simple closed curve 3" such that 8 ¢ 0° U o” and 3 intersects with 3. By theorem

4.2 in chapter 2 we have
ls(Z) < max{lsg(X),ls(Y)}, La(Z) < max{ly(X), ls(Y)}

for all Z € g(X,¢"oY). From the Collar Lemma, there exists a positive ¢; depending
on X,Y, ¢ such that

65(2) > €1.

0

If B intersects at least one of 0 U 0. Since o and o’ are disjoint, ¢ fixes 0% U 0"

pointwise, for all & € 6 U 0", £y (¢" oY) = £(Y). From theorem 4.2 we have

o (Z) < max{ly(X),la(Y)}
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for all Z € g(X,¢" oY). By the Collar Lemma, there exists a positive e, depending
on X,Y, ¢ such that

We choose € = min{e;, e}

Proof of (2): Assume that the conclusion is incorrect.

At first by part 1), any limit of geodesics g(X, ¢™ oY) in the sense of theorem 3.4
goes to a stratum 7T,,, where either 7 is empty or n° C 6?Uc”. We exclude the empty
case for the following reason. It is similar to the proof of part (1) in the proposition
above. By theorem 3.4, passing to a subsequence, the geodesics g(X, ¢" oY) converge
to a geodesic in Teich(.S). In particular, {¢™ oY}, passing to a subsequence, converges
to a point in Teich(S), which is impossible since ¢ has infinite order and Mod(S) acts
properly discontinuously on Teich(.S).

We denote the point on which the limit first meets the strata by Z. If n is not a
subsimplex of o. By part (1), there exists a simple closed curve 8 € n° N ¢”. Since
g(0) = X € T, C 1p, by theorem 4.4, ¢([0,t1]) C Ts. Hence, g(X,Z) C Tp, the
initial tangent vector of ¢g(Z, X) vanish in the component Rgo- Since ¢ is reducible,
it is not hard to see that £ > 2, otherwise it contradicts lemma 3.3. Since the
piecewise geodesic ¢ is the unique minimal length path in m joining ¢(0) to
g(L) intersecting the closures of the strata T,,,7,,,--- ,T,, in order, the piecewise
geodesic g(X, Z) U g(Z, g(t,)) is the minimal length path in Teich(S) joining X and
g(t2) and intersecting the stratum 7;. From theorem 2.3 we know that the initial
tangent vector of g(Z, X) and ¢g(Z, g(t2)) are equal in the components ng(‘), so the
initial tangent vector of g(Z, g(t3)) vanish in the component Rgo. By theorem 2.2,
we have that the geodesic ¢g(Z, g(t2)) is contained in Tp. In particular ¢(t2) € T3. By

induction on t;, we have

g(t;) €Tp, forall i=12,--- k.
56



In particular g(tx) € Tp.

On the other hand we claim g(t;) € Teich(S).

If the claim is correct, we get a contradiction since T does not have any intersec-
tion with Teich(.S).

Proof of the claim: From part (1) we know that o; C o Uo’ foralli=1,--- k.
SO Tk—15, 0 -+ 0T, is a product of Dehn-twists about the curves in ¢ U ¢’. Since

gn(ty) = ¢" oY, we have

lim dist(Tp_1n0---0T1n0(¢"0Y), g(tx)) = 0.

n—-+o0o

Since ¢" is a product of Dehn-twists about the curves in o, 7,1, 007, 00" is
a product of Dehn-twists about the curves in o U ¢’. If we project both 7,1, 0---0

Tin 0 (@" oY) and g(tx) onto the moduli space of S, we get

lim distyg(7(Th—1n0- 0T 0 (¢"0Y)), m(9(ty))) =0

n—-+0o

where 7 is the quotient map from Teich(S) onto Mg and disty, is the path-metric

on the moduli space. Since m(74_1,0---0T,,0(¢"0Y)) =7(Y),

distys (r(Y), 7(g(tx))) = 0

which means that g(¢x) is pre-image of Y, which is in Teich(.S).

Proof of (3): For any € > 0, let X¢ € Teich(S) such that dist(X¢, X) = e. From

proposition 3.5 we know that, for each ; € ¢, there exists X¢ such that

lim dist(X2, T,.) = 0.

n—-+o0o

Since Teich(S) is a C AT (0) space, from proposition 2.2 of Chapter I1.2 in [10] we know
that there exists X! € g(X, ¢"oY") such that dist(X?, X>¢) < max{dist(X¢, X), dist(¢™o
Y,¢" oY)} = e. Hence,

dist(X! T,.) < dist(X5,T,,) + dist( X2, X)) < dist(X24, Ty,) + €

i i
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Taking the superior limit,

limsup dist(X",T,,) < e.

n—-4o0o

Since € is arbitrary,

lim dist(X!,T,,) = 0.

n—-+00

O

Let X,Y € Teich(S) and 7, be the Dehn-twist about «, where « is a simple
closed curve. Lemma 4.1 in [12] gives a nice description about the limit of geodesics
g(X, 77 oY) in the sense of Wolpert’s convergence. For completeness we restate it
here. From proposition 3.5, any limit of the geodesics g(X, 77 0Y") goes to the stratum
T.. Let g(t1) € T, in theorem 3.4. Then, up to a subsequence, we have, for all ¢

lim dist(g(X, 75 0 Y)(t), g(X, g(t1)) Uy 0 g(g(tr), Y)(£)) =0

n——+oo

where the piecewise geodesic segment ¢g(X, g(t1)) U 72 o g(g(t1),Y)(t) also uses arc-
length parameter.

The following result generalizes this observation into multi-twists.

PROPOSITION 3.7. Let o be an m-simpler, 0° = {ay, -+, Qmi1}, and 7; be the
Dehn-twist about the curve o, fori=1,2,--- ,m+1. Let ¢ = H1§i§m+1 7; € Mod(S),
X,Y € Teich(S), and g, be the unit speed geodesics g(X, " oY'). Then, after passing
to a subsequence, there exists a positive number L, an associated partition 0 = ty <

ty <--- <t =L, simplices g, -+ ,0k, and a piecewise geodesic
g : 10, L] — Teich(95)
with the following properties.
(1). of C 0 o) Noj is empty fori#j.
(2). 0 = Uf:l ;.

(3) g(tz) € Tai; 1= 1a ak_ 17 g(O) = Xag(tk:) =Y.
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(4). There are elements 7,,, € Tw(o;), for i = 1,--- ,k — 1 so that ¢,[0,1]
converges in Teich(S) to the restriction g([0,t1]), and for each i = 1,--- [k — 1 and

t€ [t tiq]

lim dist(r;, 00T, 0 (ga(t)), g(t)) = 0.

n—-400

In particular, Ty_1,0---0T1,, = @¢~" when n is big enough.
The piecewise geodesic g is the unique minimal length path in Teich(S) joining

g(0) to g(L) and intersecting the closures of the strata T,,,Ty,, -+ , Ty, _, in order.
Proor. Choose a point W € T,,. ¢ oW = W, hence

Length(g(X, 9" oY) < dist(X, W)+ dist(W,¢" oY)

= dist(X, W)+ dist(W)Y) < +o0.

By theorem 3.4, after passing to a subsequence, there exists t; > 0 such that
(1). g(X,¢" o Y)([0,11]) converges to a geodesic g([0,t]) in Teich(S),
(2). there exists a simplex oy such that g(t1) € T,.
From part (2) of proposition 3.5 we know that oy is a subsimplex of 7, i.e., oy C o".

Set

_ | | n
M = T&.

760?

Hence, the piecewise geodesic g( X, g(t1))Ug(g(t1), ¢ oY) and the geodesic g(X, ¢p" oY)

coincide with each other as n goes to infinity. Since g(¢;) € T,,,

9(g(t1),¢" oY) = 7150 0 g(g(t1), L e(po_oty 7 0 V).

Let o] be a simplex with vertices 0 = o — 0y, so oy is disjoint with oj. The

geodesics g(g(t1), I e(p0_o0)7) 0 V) satisfy the conditions of proposition 3.6. Hence,
by proposition 3.6 there exists a t, > 0 and a simplex oy such that

(1). g(g(t1), Hye(go_q0y7y 0 Y') converges to a geodesic g([t1,t2]) in Teich(S),

(2). g(t2) € oo C o} which indicates that oo C 0 and 01 N oy = P.
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Set
Ton = H 7'};‘.
y€ay
The piecewise geodesic g(g(t1), g(t2)) Ug(g(t2), Il ooy oY) and g(X, IL, (o) 75 oY)
coincide with each other as n goes to infinity. Since the piecewise geodesic g( X, g(t1))U
g(g(t1),¢" oY) and the geodesic g(X, ¢™ oY) coincide with each other as n goes to

infinity, we have, for all ¢t € [ty, 5],

lim dist(72,, 0 715 0 (ga(t)),g(t)) = 0.

n——4o00
Continuing this process, by theorem 3.4, after finitely many steps, we get a sequence
of simplexes {0;}i—1 ... x and a sequence of positive numbers {t;},—; .. » such that
(1). o) C 0°, ) N o) is empty for i # j.
). 00 = Uf:l ;.

(2
(3). g(t;) € T,,,i=1,---k, g(0) = X,g(ty) =Y.
(4).

). There are elements 7,,, € Tw(o;), for i = 1,--- [k — 1 so that g,]0,]
converges in Teich(S) to the restriction g([0,¢]), and for each i = 1,--- k& — 1 and
t € [ti, tival,

lim dist(7in 0+ 07100 (gn(t)), g9(t) = 0.

n—-+o0o

Since g(tx) =Y,

lim dist(tj—1p0---0T,0¢"0Y,Y)=0.

n——+o00
This only happens when 74_;, 0+ 07, 0¢" is always identity after some time.

It follows from theorem 3.4 that the piecewise geodesic g is the unique minimal
length path in Teich(S) joining ¢(0) to ¢(L) and intersecting the closures of the strata
1,15, ,Ty, , in order. 0

y L op—1

4. Teichmiiller-Coxeter development and geodesic limits

In [71], Yamada constructed Teichmiiller-Coxeter complex D(Teich(S),:) by in-

troducing an infinite Coxeter reflection group and gluing infinite copies of Teich(SS)
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through the strata. In this section, we apply D(Teich(S),¢) to studying geodesic
limits.
To each simplex o, we associate a formal reflection group W, with one reflection

0 with w? = id and commuting

generator w, for each simple closed curve o« € o
generators. For an inclusion of simplices 0 C 7, associate the natural injective homo-

morphism ., : W, — W, satisfying

¢Tp:wTUwUp f07" pCoCT.

The system of groups and monomorphisms {W,, ..} has a direct limit W, called
the Coxeter group of curves. The injectivity of the homomorphisms ensures that the
homomorphisms: i, : W, — W are injective. The Teichmiiller-Coxeter development

D(Teich(S), ¢) is the quotient of W x Teich(S) by the equivalence relation
(W, Y) ~ (', Y') provided Y =Y' and w™'w' € W,y

where o(Y") is the simplex of null lengths for the surface Y. One can refer to [69, 71]
for details.

The following theorem is proved in [71].

THEOREM 4.1 (Yamada). 1): D(Teich(S),t) is a complete CAT(0) space. In
particular, for any two points (wy, 1), (wa,y2) € D(Teich(S), 1) there exists a unique
geodesic joining (wy,y1) and (wa, ys).

2): Let o be a simplex and Z € T,. The Alezandrov tangent cone at (1,7) in

D(Teich(S),t) is the vector space Rl x T,T,.

Let o be a simplex and Z be a point in 7,,. By the definition of D(Teich(S5),¢),
1,7) = (Ilycpowa, Z) since [yeqpows € Wy(zy. The following lemma gives a another
( € € (2) g g

viewpoint for proposition 2.3 in the Teichmiiller-Coxeter development.

LEMMA 4.2. Given a simplex o, and X,Y be two points in Teich(S). Let Z

be a point in T, such that the piecewise geodesic g(X,Z) U g(Z,Y) is the minimal

length path in Teich(S) joining X and Y and intersecting the stratum T,. Then, the
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piecewise geodesic g((1,X),(1,2)) U g((w, Z), (w,Y)) is a global geodesic segment in

the Teichmiiller-Coxeter development D(Teich(S),t), where w = M ecy0w,y.

PROOF. Since the Alexandrov tangent cone of X is a vector space, it is sufficient
to show that the direction of the geodesic g((1,7),(1,X)) at (1, 7Z) is opposite to
the direction of ¢((w,Z), (w,Y) at (w,Z). By proposition 2.3 the directions of the
geodesics ¢((Z, X)) and ¢(Z,Y) in Teich(S)at Z satisfies

(a). the initial tangents of g(Z, X) and ¢g(Z,Y") are equal in the components ng(l).

(b). The sum of the initial tangents of g(Z, X) and ¢g(Z,Y") has vanishing projec-
tion into the subcone Tx 7T, .

From the construction of the Teichmiiller-Coxeter development D(Teich(S), ¢) (see
[71]) we know that the direction of the geodesic g((w, Z), (w,Y)) in D(Teich(S), )
satisfies

(1). the initial tangents of g((w, Z), (w,Y")) and ¢((1,Z),(1,Y)) are opposite in
the components RI“!.

(2). The sum of the initial tangents of g((w, Z), (w,Y)) and ¢g((1,7),(1,Y")) has
vanishing projection into the subcone TxT,.

(1) and (2) says exactly that the direction of the geodesic g((1, Z), (1, X)) at (1, Z)
is opposite to the direction of ¢((w, Z), (w,Y)) at (w, Z).

O

The following proposition gives a another viewpoint for proposition 3.7 in the

Teichmiiller-Coxeter development.

PROPOSITION 4.3. Let o be an m-simplex, 0° = {a1, -+, ami1}, and 7; be the
Dehn-twist about the curve oy fori=1,2,--- ,m+1. Let ¢ = [[ ;) i € Mod(S5),
X,Y € Teich(S), and g, be the unit speed geodesics g(X,¢™oY'). Then, for any limit
of (X, @" oY) in the sense of proposition 3.7, we have there exists a positive number
L, an associated partition 0 =ty < t1 < --- < tp = L, simplices oy, -+ ,0%, and a
piecewise geodesic

g : 10, L] — Teich(95)
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such that the piecewise geodesic

U g((H Haeaiwm g<tj>>? (H Haeaiwa: g(tj+1>>>

is a global geodesic joining (1,X) and (Hi:o1 Hoeo,wa, 9(tjr1)) passing through the

points ( fié Haeaiwaag<tk)>7j =1, k=2

ProOF. Combine proposition 3.7 and lemma 4.2. 0

Now we are ready to show that the sequence of the directions of the geodesics

g(X, 9" oY) is convergent in Vx(S5) if ¢ is a multi-twists.

THEOREM 4.4. Let o be an m-simplex, 0° = {ay, -+, Qmi1}, and 7; be the Dehn-
twist about the curve oy for i = 1,2,--- ,m + 1. Let ¢ = H1§i§m+1 7, € Mod(S),
X,Y € Teich(S), and g, be the unit speed geodesics g(X,¢" oY). Then, there exists
a positive number t1, a subsimplex o1 of o, and a geodesic g : [0,t1] — m such
that g(t1) € T,, and g,[0,t1] converges to g([0,t1]) as n goes to infinity. In particular,
the sequence of the directions of the geodesics g(X, ¢" oY) is convergent in Vx(S5).

PROOF. It is sufficient to show that the sequence of the directions of the geodesics
g(X, 9" oY) is convergent in Vx(S). Assume that the sequence of the directions of
the geodesics g(X, ¢" oY) is not convergent in Vx(S). Since the direction at X in
Teich(S) is S%~7 which is compact, there exist two subsequences {g(X, ¢" oY) }z>
and {g(X, ¢ oY) }p>1 of {g(X, ¢"0Y)},>1 such that the limits in Vi (S) are different.

We first consider the sequence of geodesics {g(X, P o Y)}n>1. From proposition
3.7, after passing to a subsequence of {n}}y>1(we still denote it by {n}.}z>1), there
exists a positive number L, an associated partition 0 = t5 < t; < .-+ < tp = Ly,

simplices g, - - - , 0%, and a piecewise geodesic
g' : [0, L] — Teich(S)

with the following properties.
(1). o) C 0°, 0) Ny is empty for i # j.

2). oY = I?_ Y.
( =1 "1
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3). ¢'ti) €Ty, i=1,---  k—1,¢"0) = X,g'(ty) =Y.

(4). There are elements 7;,, € Tw(o;), for i = 1,--- k — 1, so that g,[0,]
converges in Teich(S) to the restriction ¢'([0,#]), and for each i = 1,--- ,k — 1 and
t € [ty tiva],

lim dZ'St(TLn 0:++0T1no0 (gn(t>>7g1(t)) = 0.

n—-+o00

In particular, 741,007, = ¢~" when n is big enough.

The piecewise geodesic ¢! is the unique minimal length path in Teich(S) joining

g*(0) to g'(Ly) and intersecting the closures of the strata T,,,T,,, - ,T,,_, in order.
Since o) N0} is empty for i # j and ¢° = (J;_, o7,
k-1
H( H wy) = H We-
J=0 yeo? acol

From proposition 4.3 and the equation above we know that there exist positive num-

bers t1, Ly and a geodesic [; : [0, L1] — D(Teich(S), ¢) satisfying

(). 6(0) = (1,X), (L) = (TTacss s V).

(2). The wall [; first crosses is T,,, and the point in T, is ¢*(t;) = l1(¢1), where
we identify (1, Teich(S)) with Teich(S).

We make the same argument as above for geodesics {g(X,¢™ o Y)}is1, after
passing to a subsequence of {n} };>1(we still denote it by {n} };>1): there exist positive
numbers s1, Lo, a subsimplex ; of o, and a geodesic I : [0, L] — D(Wh(S), L)
satisfying

(1). &(0) = (1, X), lo(L2) = ([[aepo was Y).

(2): The wall Iy first crosses is Tj,, and the point in T, is ls(s1), where we also
identify (1, Teich(S)) with Teich(S).

Since the limit of the directions of the geodesics {g(X, ¢" oY)} and {g(X, ™ o
Y)}i>1 is different in Vx(S), l1(t1) # la(s1). On the other hand, both /; and Iy are
geodesics joining (1, X) and (J],c,0wa,Y). Hence they coincide with each other,
which contradicts the fact that they cross different points on the wall for the first

time.
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O

REMARK 4.1. Using the same argument as in the proof of theorem 4.4, the result

is still true if X belongs to a stratum 7;, where 7 is disjoint with o.

Now we are ready to prove theorems 1.2, 1.3 and 1.4.

PROOF OF THEOREM 1.2. From theorem 5.3 in chapter 2, we know that ¢ is in

one of the four cases: semi-simple with either |¢| = 0 or |¢| > 0, or reducible with

either |¢| =0 or |¢| > 0.

Case I: ¢ is semi-simple and 6 = Ly p(¢) =0

From theorem 5.3 in chapter 2 we know that there exists an integer k with ¢* = id.
Hence, lim,, o g(X, 0" oY) = ¢g(X,Y). So the limit of the sequence of the direc-
tions of the geodesics g(X, ¢*" oY) is the direction of g(X,Y).

Case II: ¢ is semi-simple and § = Ly p(¢) > 0

By theorem 5.3 in chapter 2, there exists a unique bi-infinite Weil-Petersson
geodesic 7y such that ¢ o y(t) = ~(t + 0) for all ¢ € R. Consider the follow-
ing triangles A(X, ¢" o Y, ¢" o 7(0)) which are geodesic triangles in Teich(S) with
vertices {X,¢" o Y,¢™ o v(0)}. Since Mod(S) acts on Teich(S) by isometries,
dist(¢" oY, ¢" 0 v(0)) = dist(Y,~(0)). On the other hand

dist(X, 4" 07(0) > dist(4(0), 6" 0 7(0)) — dist(X, ¢" 0 4(0))

= n-0—dist(X,¢" ov(0)).

Hence dist(X, ¢™ ov(0)) goes to +00 as n goes to +oo. From the standard argument
in CAT(0) geometry (see [10]) we know that the limit of the sequence of the direc-
tions of g(X, ¢" o y(0)) exists in the visual sphere at X. Since dist(¢"(Y), ¢" o v(0))
is bounded above and lim dist(X, ¢" o v(0)) = +o0, the limit of the sequence of the

directions of g(X, ¢™ oY) exists, and equals the limit of the sequence of the directions
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of g(X,¢" ov(0)) in Vx(S5).

Case III: ¢ is reducible and 6 = Ly p(¢) > 0

By theorem 5.3 in chapter 2, there exists an integer k and a bi-infinite Weil-
Petersson geodesic y(t) C Teich(S) such that for all t ¢* o y(t) = y(t 4 kd). We con-
sider the triangles A(X, ¢*(Y), *"(7(0))), which are geodesic triangles in Teich(S)
with vertices {X, " (Y), #*"(7(0))}. By the same argument as in Case II the limit
of the sequence of the directions of g(X, " oY) exists, and equals the limit of the
sequence of the directions of g(X, ¢*" o v(0)) in Vx(S).

Case IV: ¢ is reducible and § = Ly p(¢) =0

By proposition 5.4 in chapter 2 there exists an integer k such that ¢* is the product
of Dehn-Twists about disjoint closed curves, i.e., there exists a positive integer ny and
the Dehn-Twists 7; about simple closed curve 7; such that ¢F = IL <i<n, Ti- From
theorem 4.4 we know that the limit of the sequence of the directions of g(X, ¢ oY)

exists as n — +o00. O

PROOF OF THEOREM 1.3. At first it follows from theorem 4.4 that there exists
a positive number ¢;, a subsimplex oy of o, and a geodesic g : [0, ;] — m such
that g(t1) € T,, and ¢,([0,t1]) converges to ¢([0,t1]) as n goes to infinity. Considering
the geodesics g(g(t1), HaEJO—a(l) 7 oY), it follows from remark 4.1 that there exists a
positive number t;, a subsimplex oy of o, and a geodesic g,: [0, )] — Teich(S) such
that

(1). 09 N oy = empty.

(2). ¢(0) = g(t), () € Ty, and glg(tr). TTacos o 72 0 Y)([0, 4]) converges to
g'([0,t5]) as n goes to infinity.

Since g(g(t1), 9" 0Y) = [Ineo0 7a ©9(9(t1), Iaepo_p0 7o ©Y), setting [ ] c,0 74" =
T1n, We have

lim dist(71 0 g(g(t2), " 0 Y)(t + 1), ¢'(£)) =0, for t€[0,13].

n—-+00
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Setting to = t1 +t, and g(t) = ¢'(t +t1), we get a piecewise geodesic g(X, g(t1)) U
9(g(t1), g(t2)) satisfying

(1). 02 C o fori=1,2, 09N oY is empty,
(2). g(t;) € T,,,i=1,2,9(0) = X,
(3).

3). gn([0,t1]) converges in Teich(S) to the restriction ¢([0,t]), and

lim dist(m1,09,(t),g(t)) =0, for te [ty,ts],

n—-+o0o

where 71, = [[oe,, 7o ™

If we only consider the geodesics g(X, ¢™ o Y')[0, 5], it follows from theorem 3.4
that the piecewise geodesic g is the unique minimal length path in m joining
g(0) to g(t2) and intersecting the closures of the stratum 7y,.

Continuing this process, it ends after finitely many steps since |o| = k < +o0.
Parts (1), (2), (3), (4) and (5) of the conclusion follow after finitely steps.

From proposition 4.3 we know that the geodesic joining (1, X) and (][], ¢, 0 Wa,Y)

in the Teichmiiller-Coxeter development D(Teich(S),¢) passes through (1, g(¢)). O

REMARK 4.2. Both theorem 4.1 and theorem 1.3 hold for geodesics g(X, ¢*» oY)

where {k,} is a subsequence of {n},>;.

PROOF OF THEOREM 1.4. Assume that the conclusion is incorrect.

There exist two subsequences of {n},>; {k!},>1 and {k?},>; such that

lim length(g(X, ¢ oY) # lirf length(g(X, " o Y)).

n—-4o00

By theorem 1.3, {g(X, ¢*» oY)} induces a geodesic joining (1, X) and (ITocoo wa, Y)
in the Teichmiiller-Coxeter development D(Teich(S), ) whose length is the same as
limy,_, 400 length(g(X, ¢*oY)). Similarly, {g(X, ¢* oY)} also induces a geodesic join-
ing (1,X) and (I],cp0 Wa, Y) in the Teichmiiller-Coxeter development D(Teich(S), ¢)
whose length is the same as lim,_, o length(g(X, ¢*= o Y)). Since D(Teich(S),:) is a

CAT(0) space, the geodesic joining (1, X) and ([[,c 0 wa,Y') is unique, in particular

lim length(g(X, ¢ oY)) = liril length(g(X, " o Y))
n—-+0o0

n—-+00

67



which is a contradiction. O

5. Geometric limits of geodesics g(X,¢" oY)

Let M be a CAT(0) space. Given a geodesic ray in M, for any point p € M, there
exists a unique ray emanating from p which has finite Hausdorff distance with a given
ray (see [10]). In [14], the authors use the Gauss-Bonnet formula and ruled surface
technique to show that two equivalent rays in Teich(S) are strongly asymptotic to each
other if at least one of them is recurrent, where a geodesic ray ¢ : [0, +00) — Teich(.5)
is recurrent if there exists a positive number € and a sequence {t,} with ¢, — 400

such that ¢(t,) € Teich(S)>,, where
Teich(S)s. = {X € Teich(S) : £,(X) > ¢, for all simple closed curve a}.

PROPOSITION 5.1. Let ¢ : [0,+00) — Teich(S) be a recurrent ray and X €

Teich(S). Then the unique ray c : [0, +00) — Teich(S) emanating from X with finite

Hausdorff distance from c(t) is strongly asymptotic to c(t).

PROOF. Let g : [0, dist(X,¢(0))] — Teich(S) be the geodesic joining X and ¢(0)
with unite speed. Since ¢(0) € Teich(.S), by theorem 4.4 in chapter 2, ¢(0, dist(X, ¢(0))] C
Teich(.S).

Assume the conclusion is incorrect.

There exists a positive number 6 such that for all ¢ > 0, we have the distance
between c(t) and ¢/(R2°) is greater than J. Choose a point g(2) and consider the
geodesic ray ¢ : [0,+00) — Teich(S) emanating from g(g) with finite Hausdorff
distance from c(t). Since g(2) € Teich(S), the distance between c(t) and ¢”(R=Y)
goes to zero as t goes to infinity (see theorem 4.1 in [14]). Since the distance function
between two convex sets is convex (see [10]), the distance between ¢(t) and ¢’ (R=Y)

s

is less than dist(c"(0),c'(0)) = § if ¢ is big enough. Hence, when ¢ is big enough, the

distance between c(t) and ¢/(R=?) is less than  which contradicts the assumption. [J
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PROPOSITION 5.2. Let ¢ : [0, +00) — Teich(S) be a recurrent ray. Then, for any

simple closed curve o in S,

lim £, (c(t)) = +o0.

t——4o00

PROOF. By theorem 4.5 in chapter 2, lim; o €4 (c(t)) is either infinite or fi-
nite. Assume the conclusion is incorrect. There exists a number C > 0 such that

limy s 4 oo U (c(t)) = C. It is not hard to see that the second derivative of ¢, satisfies

lim £ (c(t)) = 0.

t—too &
On the other hand, given an € > 0, there exists a number ¢ > 0 such that at each
t for which ¢(t) € Teich(S)s. we have limy, o 02 (c(t)) > ¢ - La(c(t)) > ce > 0 (see
[66]). Since c(t) is recurrent, there exists a positive number € and a sequence {t,}

with t,, — +oo such that r(t,) € Teich(S)>.. Hence,

lim ¢(c(t)) #0,

t——+o0

which is a contradiction. U
Now we are ready to prove theorem 1.5.

PROOF OF THEOREM 1.5. Since ¢ is pseudo-Anosov, by theorem 5.3 in chapter
2 there exists a bi-infinite unit speed Weil-Petersson geodesic r : (—o0, +00) —
Teich(.S) such that ¢™ o r(0) = r(n - |¢|). In particular r(¢) is recurrent.

Since the limit of the geodesics {g(X,r(n - |¢]))} is a geodesic ray ¢ : [0,400) —
Teich(S) satisfying ¢(0) = X and ¢(t) is asymptotic to the geodesic ray r[0, +00) (see
[10]). Since Mod(S) acts on Teich(S) by isometries,

dist(¢" oY, r(n-|¢|)) = dist(¢" o Y, ¢™ or(0)) = dist(Y,r(0)) < +o0.

Hence, the geodesics {g(X,¢" oY)} and {g(X,r(n - |¢|))} have the same limit ray
¢:]0,+00) — Teich(S), which is asymptotic to the geodesic ray r[0, +00) (see [10]).
Since r(t) is recurrent, by theorem 4.1 in [14] ¢ : [0,400) — Teich(S) is strongly
asymptotic to [0, +00). This implies that ¢([0, +00)) is also recurrent. By proposition

5.2 we have, for any simple closed curve o in S, limy_, ;o £ (c(t)) = +00. O
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Recall that ¢ is called reducible if there exists a collection of mutually disjoint
simple closed curves I1 such that ¢(II) = II. Thurston’s classification takes the

following form (see [24]).

THEOREM 5.3 (Thurston). Any reducible mapping class ¢ € Mod(S) determines
a mazximal collection of simple closed curves {c;} and a mazximal collection of proper

subsurfaces {PS;} of S such that there exists a positive integer k such that
¢ = (] 7e)- (11 99
( J
where 7; is the Dehn-twist about o; and ¢; = ¢k\p3j is pseudo-Anosov on PS;.

Since the translation length of multi Dehn-twists in m is zero, the pseudo-
Anosov part is not empty if [¢] > 0 (|¢¥| = |k||¢|). Let o be a simplex such that
0¥ = (Ujai) U (U Ugea(ps;) B), where O(PS;) is the boundary of PS;. The stratum
T, is a product of low dimensional Teichmiiller spaces [[7T" x Hj T} with ¢ fixing
the factors, acting by a product of : the identity on 7" and pseudo-Anosov elements

¢; on T} with axis c;.

REMARK 5.1. If ¢ : (—o0,4+00) — Teich(S) is an axis for a pseudo-Anosov map-
ping class, there exists a positive number e such that ¢(R) C Teichs.. By theorem

1.5 in chapter 2, for any simple closed curve av we have lim;_, ;o €4 (c(t)) = +00.

REMARK 5.2. Let ¢ € Mod(S) be a reducible mapping class with |¢| > 0 and
¢ : (=00, 400) — Teich(S) be an axis for ¢*. By theorem 5.3, it is not hard to see
that the projection of ¢(R) onto T} is the geodesic line which is the axis for ¢; on T7".
Adding the remark above, for any non-peripheral essential simple closed curve « in

PS; we also have limy_, o £, (c(t)) = +o0.

Firstly let us consider the case that ¢ does not have a twist part. That is, there
exists a positive integer k£ and a maximal collection of proper subsurfaces { P.S;} of S

such that ¢* = [, ¢; where ¢; = ¢*|ps; is pseudo-Anosov on PS;.
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Given a simplex o, the distance from a point X € Teich(S) to the stratum T, is
estimated in terms of the geodesic length sum

(=) la(X)

aco?

of the lengths of simple closed curves in ¢ on X by
(11) dist(X,T,) = V2l + O(¢?)

(see([65], cor.21)).

Then we have the following

PROPOSITION 5.4. Let ¢ € Mod(S) be reducible and k be a positive number such
that ¢F = [1; &5, where ¢; = ¢"|ps, is pseudo-Anosov on PS;. Then for any X,Y €
Teich(S), the geodesics g(X, ¢* oY) converge to a geodesic ray c([0, +00)) in Teich(S)
with ¢(0) = X as n — +o0.

Moreover, (1). for any non-peripheral essential simple closed curve « in PS; we

have

lim 4, (c(t)) = +o0.

t—+o00
(2). There ezists a positive number €y such that for any non-peripheral essential
simple closed curve (B in the complement (S —U;PS;) of U;PS; we have, for allt > 0,

L > t(et) > @

(8). There ezists a positive number €, such that for any non-peripheral essential
simple closed curve v which intersects with at least one of Uj Uaea(ps,) @ we have, for

all t >0,
£ (elt) = a1

PROOF. Proof of (1): Let o be a simplex with ¢° = U;(Ugea(ps,)) and r :
(=00, +00) — T, be the axis for ¢* with ¢* o 7(t) = r(t + k|¢|) for all t € R. Since
Mod(SS) acts on Teich(S) by isometries,

dist(¢™ o Y, r(kn|p|)) = dist(¢" o Y, ¢" o r(0)) = dist(Y,c(0)) < +oo.
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So the limit of the geodesics g(X, ¢*" oY) is the same as the limit of the geodesics
g(X,r(kn|¢|)) as n — +oo, which is the unique ray emanating from X with finite
Hausdorff distance to the ray r(R=%) (see [10]). We denote this ray by ¢([0, +00)).
By theorem 4.4 in chapter 2, ¢([0, +00)) is contained in Teich(S).

Assume there exists a non-peripheral essential simple closed curve o in P.S; for
some j such that lim; o 4 (c(t)) # 400. Since the length of a simple closed curve
along Weil-Petersson geodesic is convex, there exists a number C; > 0 such that
limy_, oo £ (c(t)) = Cy < +00 and £, is decreasing along ¢(R=?). From equation (11)

there exists a positive number Cy such that, for all £ > 0, we have
dist(c(t), Ty) < Cs.

Let {Z;} be a sequence of points in T,, with dist(c(i), Z;) < Cy+ 1. So there exists a

positive number C5 such that for any positive integer i,
dlSt(’I“(Z), Zz) S 03.

Hence the geodesics g(r(0), Z;) converge to r(R=%) (see [10]). By theorem 4.5 in

chapter 2 we have

Zegr(rgn(agizi)fa(z) < max{(a(r(0)), £a(Z:)} = La(r(0)).

Since ¢, is continuous on m, taking the limit, we have for all ¢ > 0,
la(r(t)) < La(r(0)).
On the other hand, from remark 5.2, we should have
lo(r(t)) = 400,

which is a contradiction.
Proof of (2): For any non-peripheral essential simple closed curve § in the com-

plement (S — U;PS;) of U;PS;, there exists another non-peripheral essential simple
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closed curve 3’ in the complement of U; PS; such that 3’ intersects with 3. Since ¢*

acts as identity on (S — U;PS;), for all t > 0,

lp(r(t)) = €s(r(0)), Lo (r(t)) = Ly (r(0)).

Since ¢(R=?) is the limit of the geodesics g(X,r(i)) as ¢ — +oo, by theorem 4.5

in chapter 2 we have

Jomax L (Z) < max{ly (X), G(r(i))} = masc{ s (X), € (r(0)}.

After taking the limit, the conclusion follows from the Collar Lemma.
Proof of (3): Let ap € Uj Uaca(ps;) @ such that v intersects with ag. Since

Uy (r(7)) = 0, by theorem 4.5 in chapter 2 we have

max - lo,(Z) < max{log(X), lay(r(i)} = la(X),

Zeg(Xr(i))
Since ¢(R=?) is the limit of the geodesics g(X,r(i)) as i — +00, after taking the limit,

the conclusion follows from the Collar Lemma. [l

The non-refraction property implies that the interior of any geodesic in m is
contained in one single stratum. In [65] the flat subspaces of Teich(S) are well studied.
As an application Wolpert gives a new proof for Brock-Farb’s theorem (see [13]) that
m is in general not Gromov-hyperbolic. Recall that a metric space is called
Gromov-hyperbolic if there exists a positive number ¢ such that for each geodesic
triangle the d—neighborhood of any two sides contains the third side(see [10]). We

say a geodesic triangle A is flat if A is isometric to a triangle in two-dimensional

Euclidean space R2.

PROPOSITION 5.5 (see [65], prop. 16). Let A be a flat geodesic triangle in
Teich(S). Then there exists a simplex o such that the interior of A is contained
in the stratum T,. Moreover, the projection of A to each component Teichmailler

space of T, is a point or a geodesic segment.

LEMMA 5.6. Let ¢ € Mod(S) be reducible and k be an integer such that ¢F =

Hj ¢; where ¢; = ¢k|psj are pseudo-Anosov on PS;, and let o be a simplex with
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0% = U;(Ugea(ps;)B) and r : (—oo0,4+00) — T, be the axis for ¢* such that for all
t ¢*or(t) = r(t + k|p|). Then there does not exist any flat geodesic triangle A in

Teich(S) whose three vertices X,Y,Z satisfy X = r(0),Y = r(|k¢|) and Z € T,

where p is a simplex satisfying p° C U;PS; and p # o.

PROOF. Assume there exists a flat geodesic triangle A in W whose three
vertices XY, Z satisfy X = r(0),Y = r(|k¢|) and Z € T, where p is a simplex
satisfying p° C U;PS; and p # o.

Since g(X,Y) is a geodesic segment of the axis r(R), ¢(X,Y) C T,. Let Z be
the midpoint of g(X,Y). By theorem 4.4 in chapter 2 the interior of the geodesic
9(Z, Zy) int(9(Z, Zy)) C Tpnp. It follows from proposition 5.5 that the interior of A
is contained in T,q,. Since p° C U;PS;, either p” has nonempty intersection with the
interior of U; PS; or p° is a subset of the boundary of U;PS;.

Case I): there exists a simple closed curve v € p° but v ¢ U;0(PS;). Since
p® C U;PS;, without loss of generality, assume that v C PS;. Since T, C T,n,, there
exists a component T of T,n, such that Teich(PS;) C T.

Firstly since Z € T, C T, and v C PS), the projection Z’ of Z onto T is contained
in T, N T.

Secondly, it is not hard to see that ¢*|; = Hj;PSch ¢;. Since g(X,Y) is a geodesic
segment on the axis of ¢* and ¢"| ps; is pseudo-Anosov, the projection of g(X,Y)
onto T is a geodesic segment on the axis of ¢*|; in T. Since ¢*|pg, is pseudo-
Anosov, the projection of the axis of ¢*|; onto Teich(PS;) is a geodesic segment on
the axis of ¢k\ ps,- From theorem 5.3 in chapter 2 we know that the axis of ¢’“] PS,
is contained in Teich(PS;). Since v C PS, the axis of ¢*|r does not intersect 7.
From lemma 5.6 we know that the projection of A onto T is a geodesic. Let X', Y’
and Z' be the projection of X,Y and Z onto T. Hence we get a geodesic segment
g( X", YYUug(Y',Z') in m satisfying Y’ € T, and X', Y’ ¢ T,. On the other
hand, since the geodesic in m does not have refraction (see theorem 4.4 in
chapter 2), g(X",Y") U g(Y’,Z’) is not a geodesic segment in m, which is a

contradiction.
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Case II): p is a proper subsimplex of o. There exists a simple closed curve v €
(6% — p%) such that ¢,(Z) # 0. Let T be a component of T,~, = T, containing
v. Tt is easy to see that the projection Z' of Z onto T has (,(Z') > 0. Since
k| = [1.ps,cr ®; and g(X,Y') is a geodesic segment on the axis of ¢* in Teich(S), it
is not hard to see that the projection g(X’,Y”) of g(X,Y") onto T is a geodesic segment
which is contained in Nj;ps;cr Naco(ps;) Ta- Since v C T', we have g(X’,Y’) C T,. By
proposition 5.5 we get a geodesic segment g(X’,Y") U g(Y’, Z') in Teich(S) satisfying
7' ¢ T, and X', Y’ € T,. On the other hand, by the non-fraction property of geodesic
(see theorem 4.4 in chapter 2), g(X', Y")Ug(Y’, Z') is not a geodesic in Teich(S), which

is a contradiction. O

The following lemma is basic in CAT(0) geometry.

LEMMA 5.7. Let M be a CAT-(0) space and r; : [0,1] — M be two different
geodesics with unit speed, i=1,2. If dist(ri(t),ro(t)) is a constant for all t € [0,1],
then the convexr hull of r1(]0,1]) U ro([0,1]) is isometric to a parallelogram in two-

dimensional Euclidean space R?.

PROOF. Exercise for the reader. O

Before proving theorem 1.6, we show the following weaker statement.

THEOREM 5.8. Let ¢ € Mod(S) be reducible and k be a positive number such
that ¢F = [I; ¢; where ¢; = ¢k|p5j is pseudo-Anosov on PS;. Then for any X,Y €
Teich(S), the limit geodesic ray c : [0, +00) — Teich(S) of geodesics g(X,p* oY) in
proposition 5.4 satisfies the property that for any simple closed curve o € O(U; PS;),

we have

lim £a(c(t)) = 0.

t——+o0

PROOF. Firstly we claim that there exists a simple closed curve a € 9(U,;PS;)

such that

lim £a(c(t)) = 0.

t——+o00
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Supposing not, by proposition 5.4 there exists a positive number € such that c¢(R=?)

lies in Teich(S)s.. In particular ¢(R>°) is recurrent. Let 7 : (—o00, +00) — Teich(S)

be an axis for ¢*. Since the Hausdorff distance between ¢(R=%) and r(R=) is finite,

by proposition 5.1 r(R=%) is strongly asymptotic to ¢(R=%). In particular ¢(R=%) C

Teich(S)>., which is a contradiction because r(R=?) is contained in a stratum.
Assume there exists a simple closed curve g € 9(U;PS;) such that

lim £4(c(t)) > 0.

t——+o00
Since (g is convex on Teich(S), by part (2) of proposition 5.4, there exists a positive
number C' such that lim;_, . g(c(t)) = C. Since £5(r(t)) = 0, there exists a positive
number C; such that

(12) lim dist(r(t),c([0,4+00))) = Cy > 0.

t—+00

Consider a sequence of quadrilaterals {A,, }, where A, is a quadrilatera whose vertices
are {r(kn|o|),r(k(n+1)|¢|), c(k(n+1)|¢|), c(kn|s|)}. From equation (12) and lemma
5.7 we know that {A,} will converge to a parallelogram which is isometric to a flat
parallelogram in two-dimensional Euclidean space R?. The pulled-back quadrilaterals
N, = ¢ o A, have a common edge g(r(0),7(k|6|)). We consider a sequence of
geodesics ¢~ %" o g(r(kn|¢|), c(kn|¢])) = g(r(0),¢*" o c(kn|¢|)). From equation (12)
we know that

(13) lim length(g(r(0), o~ o c(kn|¢|))) = Ci.

n——+o0o

We denote the geodesics g(r(0), ¢ *" o c(kn|¢|)) by ¢g.. Let o be a simplex with
0¥ = 9(U; PS;). From Wolpert’s Compactness theorem (theorem 3.4), after passing
to a subsequence of {g,}, there exists a positive number ¢;, a point Z;, a simplex oy,
and a sequence of product Dehn-twists 7, € Tw(c® — ¢ N o?) such that Z; € T,,
and 7,0 g(r(0), gn(t1)) converges in Teich(S) to the geodesic g(r(0), Z1). In particular
Tn © gn(t1) = Z1 as n — +o0. Since {A,} converges to a flat parallelogram, so does

{A,}. Hence the sequence of geodesic triangles with vertices {r(0), 7(k|@|), Tnogn(t1) }
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converges to a geodesic triangle which is isometric to a flat triangle in R? (may be a
singular triangle, i.e., a geodesic segment!).

Claim: ¢) C U;PS; and o, # 0.

If the claim is correct, the conclusion follows since we get a contradiction with
lemma 5.6.

Proof of Claim: Firstly we show o1 # o. If not, we get & = 1 in Wolpert’s
compactness theorem. So 7, is trivial, t; = C}, and ¢~ o ¢(kn|@p|) converges to
Z, € T,. On the other hand, since ¢ fixes 3, €s(¢*" o c(kn|g|)) = Ls(c(kn|¢|)), by

our assumption we have lim,,, o £5(c(kn|¢|)) > 0. Hence,

lim 65(21) > 0,

t—+o0

which contradicts with Z; € T,,.

Secondly, we show that ¢ C U;PS;. For any simple closed curve o ¢ U; PS;,
either «y is a non-peripheral essential simple closed curve in the complement of U; PS;
or 7 is a non-peripheral essential simple closed curve intersecting U;0(P.S;).

Assuming v is non-peripheral essential in the complement of U;PS;, there exists
another non-peripheral essential simple closed curve 4" which is also in the complement
of U; PS;. Since ¢ fixes +/, by proposition 5.4, £,/ (¢~ " oc(kn|¢|)) = €, (c(kn|¢|)) < .
From Wolpert’s convexity theorem (theorem 4.5) we have

G U l(Z) < max{ly(r(0)), Ly(¢7"" o c(knl¢]))}

< max{, (r(0)), %} < foo.

Since v intersects 7/, it follows from the Collar Lemma that there exists a positive
number ¢; such that
Zeatr@ ey D) Z
for all non-peripheral essential simple closed curves in the complement of U;P.S;.
Assume that v is a non-peripheral essential intersecting with U;0(PS;). Let a €

U;0(PS;) such that « intersects . Since ¢ fixes a, Lo (¢ " oc(knlg])) = Lo (c(kn|@]))
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by Wolpert’s convexity theorem (theorem 4.5) we have

max lo(Z) < max{l,(r(0)),ls(c(kn
Zeg(r(0),p~knoc(kn|dl)) ( ) { (<)) (( |¢|))}

= La(c(knl|ol)).
Using the same argument as in the proof of part (3) in proposition 5.4 we have

max la(Z) < La(c(hn < 0,(X) < +oo.
Z€g(r(0),6~*noc(kna])) (2) (c(knlol)) (X)

Since ~v intersects with «, it follows from the Collar Lemma that there exists a

positive number ¢, such that

max i (Z) > €
Zeg(r(0),¢~Fmoc(kn|gl))

for all non-peripheral essential simple closed curves intersecting U;0(PS;).
Hence each simple closed curve along geodesics g(r(0), ¢~*" o c(kn|¢|)) pinching

to zero length is contained in U; PS;. In particular we have ¢ C U, PS;.

Now we are ready to prove theorem 1.6.

PROOF OF THEOREM 1.6. Proof of (1): Since |¢| > 0, by theorem 5.3 in chap-
ter 2 there exists a unit speed geodesic line r : (—00,4+00) — m such that
¢" o r(0) = r(n|@|) for all integers n. Since Mod(S) acts on Teich(S) by isometries,
dist(¢™ oY, ¢™or(0)) = dist(Y,r(0)) < +oo. Hence g(X, ¢" oY) converges to a unique
geodesic ray emanating from X which has finite Hausdorff distance to 7(R=%) (see

[10]). From theorem 4.4 in chapter 2 we know that ¢(R=%) C Teich(S).

Proof of (2): Since g(X,¢" oY) is convergent, g(X,¢" oY) also converges to
c:[0,+00) — Teich(S). Setting ¢' = []; ¢;, we have

dist(¢"" oY, ¢" oY) = dist([ [ mir o ¥, Y).

aco?

By theorem 1.4, there exists a positive number C' such that

dist(p*" oY, ¢ oY) < C.
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So the limit of the geodesics g(X,¢™ oY) is the same as the limit of the geodesics

g(X,¢™ oY), which is also ¢ : [0, +00) — Teich(S). By theorem 5.8 we have
lim £4,(c(t)) =0,

t——+o0

for any simple closed curve av € 9(U; PS;).

Proof of (3): Since ¢ : [0,+00) — Teich(S) is also the limit of the geodesics

g(X, ¢ oY), by proposition 5.4 there exists positive number €y such that
la(c(t)) = €

for any non-peripheral essential simple closed curve g ¢ 0(U; PS;).
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CHAPTER 5

The Riemannian sectional curvature operator of the

Weil-Petersson Metric annd its applications

1. Introduction

Let S be a closed surface of genus g, where g > 1, and Tg be the Teichmiiller
space of S. Tg carries two important metrics. One is the Teichmiiller metric which
is a complete Finsler metric. The other is the Weil-Petersson metric, which is an
incomplete Kéhler metric [2, 62]. We let Teich(.S) denote Tg endowed with the Weil-
Petersson metric. For Weil-Petersson geometry one can refer to Wolpert’s recent nice
book [69].

The curvature of Teich(S) has been studied over the past several decades. Ahlfors
in [2] showed the holomorphic sectional curvatures are negative. Tromba [57] and
Wolpert [63] independently showed the sectional curvatures are negative, and in [63]
a curvature formula is established to prove Royden’conjecture which says that the
holomorphic curvatures are bounded above by a negative number which only depends
on the topology of the surface. Schumacher [52] used Wolpert’s curvature formula
to show that Teich(S) has strongly negative curvature in the sense of Siu [54] which
is stronger than negative sectional curvature. Huang [32] showed that there is no
negative upper bound for the sectional curvature. Let X € Teich(S) and A be
the Beltrami-Laplace operator on X. Recently Liu-Sun-Yau [41] also used Wolpert’s
curvature formula and the positivity of the Green function of the operator (A—2)~! to
show that Teich(S) has dual Nakano negative curvature, which says that the complex
curvature operator on the dual tangent bundle is positive in some sense. For some

other related problems one can refer to [13, 32, 33, 42, 43, 56, 65, 68].
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One of our purposes is to present some explicit formulas in different subspaces
of the exterior wedge of the tangent space of Teich(S) to understand the Riemann-
ian sectional curvature operator of Teich(S). The method in this paper is highly
influenced by the methods in [41, 52, 63].

Let X be a point in Teich(S), and Tx Teich(S) be the tangent space at this point.

Let {1;}297° be the harmonic Beltrami differentials which form a basis of T Teich(S),

%)

and ot

be the vector fields corresponding to ;. Locally ¢; is a holomorphic coordinate,
and we set t; = x; + iy;. Let @ be the Riemannian curvature operator of Teich(S)
which is defined in section 3.

Our first result in this chapter is the nonpositivity of Q).

THEOREM 1.1. Let Q be the curvature operator on N*TxTeich(S). Then, Q is
nonpositive definite, and Q(A, A) = 0 if and only if there exists an element B in
AN*TxTeich(S) such that A = B — Jo B, where J is the almost complex structure on
Teich(S) and defined in section 4.

A direct corollary is that the sectional curvature of Teich(S) is negative [2, 57, 63].
Normally a metric of negative curvature may not also have nonpositive curvature op-

erator (see [3]).

In the second part of this paper we will study harmonic maps from rank-one spaces
into Teich(S). For harmonic maps, there are a lot of very beautiful results in the case
when the target is a manifold with nonpositive curvature or nonpositive curvature
operator (see [17, 18, 39, 47, 70]). For harmonic maps into Teich(S), one can refer

to the nice survey [19]. In this paper we establish the following rigid result.

THEOREM 1.2. Let T" be a lattice in a semisimple Lie group G which is either
Sp(m,1) or F;*, and Mod(S) be the mapping class group of Teich(S). Then, any
twist harmonic map f from G/I' into Teich(S) with respect to each homomorphism
p:T'— Mod(S) must be a constant.

81



2. Preliminaries

Let X € Teich(S) and D = —2(A—2)~! where A is the Beltrami-Laplace operator

on X, hence we have D~! = —1

5(A —2). The following property has been proved in

many literatures. For completeness, we still state the proof here.

PROPOSITION 2.1. Let D be the operator above. Then
(1). D is self-adjoint.
(2). D is positive.

PROOF OF (1). Let f and g be two real-valued smooth functions on X, and

u=Df, v=Dg. Then

/SDf-gdA _ /Su-(—%(A—Q)v)dA:—%/Su-(A—2)vdA

_ _%/Sv-(A—Q)udA:/SDg'fdA

where the equality in the second row follows from the fact that A is self-adjoint on
closed surfaces. For the case that f and g are complex-valued, we can prove it for the

real and imaginary part by using the same argument.

Proof of (2): Let f be a real-valued smooth functions on X, and u = Df. Then

/SDf~fdA _ /Su-(—%(A—Z)u)dA: —%/S(u-(Au)—Zuz)dA
_ %(/S|Vu|2+2u2dz4)20,

where the equality in the second row follows from the Stoke’s Theorem. The last
equality holds if and only if u = 0, i.e., D is positive. For the case that f is complex-

valued, we also show it for the real and imaginary part. 0

For the Green function of the operator —2(A — 2)~!, we have

PROPOSITION 2.2. Let D be the operator above. Then there exists a Green func-

tion G(w, z) for D satisfying:
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(1). G(w, z) is positive.
(2). G(w, z) is symmetric, i.e, G(w, z) = G(z,w).

PROOF. One can refer to [51] and [63]. O

The Riemannian tensor of the Weil-Petersson metric. The curvature
tensor is given by the following. Let p,, g be two elements in the tangent space at

X, and

Yap = / fia - figdA
X

where dA is the area element for X.

Let us study the curvature tensor in these local coordinates. First of all, for the

inverse of (g;7), we use the convention
g —
9795 = Oi-

The curvature tensor is given by
R: = = 6—29— — gszig—ﬂg —
ijkl atkaﬁ i atk ztaﬁ sj*
Since Ahlfors showed that the first derivatives of the metric tensor vanish at the
base point X in these coordinates, at X we have
82
(14) Riq = penils

By the same argument in Kahler geometry we have

PROPOSITION 2.3. For any indices 1, 3, k, [, we have

(1>-Rz'jm = Rz‘?kz =0,



PROOF. These follow from formula (14) and the first Bianchi identity, one can

refer to [38]. O

Now let us state Wolpert’s curvature formula, which is crucial in this chapter.
THEOREM 2.4. (see [63]) The curvature tensor is given by
(15) R = | Dls) - GuadA + [ D) () A
DEFINITION 2.5. Let i, be elements € T'x Teich(S). Set
(@10 = [ i) (g
From theorem 2.4 and the definition above,
LEMMA 2.6. Ry = (ij, kl) + (il, kj).

3. Curvature operator on subspaces of ANT%Teich(S)

Before we study the curvature operator, let us set some notations. We set t; = x;+

iy;. Since (t1,t2,- - ,t35—3) is a local holomorphic coordinate in a neighborhood U of
X, (1,29, -+, T35-3,Y1, Y2, - ,Y3g—3) is a real smooth coordinate in U. Furthermore,
we have

o 9 .9 9 .9 D

Ox; B 8_ti+ ot;’ a_yz :1<3_ti B 3_5)
Let T'Teich(S) be the real tangent bundle of Teich(S). On the bundle A?TTeich(S),

the curvature operator () is defined by
QVi A Vo, Vs A Vi) = R(VA, Vo, V3, Vi)

and extended linearly, where V; are real vectors. It is easy to see that () is a bilinear

symmetric form.

Since (z1, g, -+ ,T39-3,Y1,Y2, - ,Ysg—3) is a real coordinate in U, for any X € U,
TxTeich(S) = Spcm{a%i(X), %(X)}1§i7j§39_3. Furthermore,

0,0 9,9 90 , 9
dx;  Ox; Ory Oy’ OYym  OYpn~
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A?*TTeich(S) = Span{




Set

0

/\QT)I(TGICh(S> = /\ 87},
J
22 9
N T5Teich(S) = Span{ o 3yz —1}
3 0 0
AT Teich(S) = Span{— N — o0

Hence,
A?*Tx Teich(S) = Span{A*T% Teich(S), A*T%Teich(S), A>Ty Teich(S)}.

3.1. The curvature operator on A*T}Teich(S). Now we start to prove theo-
rem 3.1, which is influenced by theorem 4.1 in [41]. Let .. iz N % be an element

in A*T Teich(S), where a;; are real. Set

39—3

w) = Z agpi(w) - pi(z).

i,j=1

THEOREM 3.1. Let Q be the curvature operator and D = —2(A —2)~1 where A is

the Beltrami-Laplace operator on X . G is the Green function of D, and Zw Qij5— a:c /\3%

is an element in N*T Teich(S) where a;; are real. Then we have

Q(Z Y O 83&1 Z P 89&1 (’335

J

_ /D 2 2) = (2 2)(F(z, 2) — F(z,2))dA(2)

- 2. G(z,w)|F(z,w))PdA(w)dA(z)

XxX

+ 2-Re{ Gz, w)F(z,w)F(w, z)dA(w)dA(z)},

XxX

where F(z,w) = Zf? ?i@m/iz( ) - pi(2).
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. o o 0 o .
PROOF. Since 55 — o5 T ar from proposition 2.3,

0 0 0 0
QY U pre Z“"ja_xi A a—xj)

ij ij

= Y ayan(Rg, + Rag + Ryu + Ryg)

1,5,k,l

= Y ayan(Rgy — Ry — Ry + Ry
1,5,k,l

= > ayan((ij, k) + (il, kj) — (i, k) — (ik, 1)
1,5,k,l

— (ji, kl) — (41, ki) + (ji,1k) + (jk,1i)) (by lemma 2.6)

= Z A5 Ak (13 - ﬁ, kl — ZE)

Z'7‘j7k:7l

+ Y agan((il, kj) + (13, jF))
1,5,k,1

- Z aijakl((iEJ 13> + (]Zv ki))

1,5,k

For the first term, from definition 2.5,

Z aijakl(ﬁ — jL kiz — ZE)

,9,k,l
= /X DY ity = Y aiggm) (Y apidty — Y aijpy)dA(2)

= /X D(F(z,2) — F(z,2))(F(z,2) — F(z,2))dA(z).

For the second term, since D is self adjoint, using the Green function G,

Z aijap((il, kj) + (13, jk)) = 2 - Re{z aijar((il, kj)}
il

il

= 2. Re{/X D(Z aijuim)(z ap ity )dA(z) }

= 2 Re{ [ [ Glw2) 3wl (3 ()i () AG)ACw)).
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From the definition of F(z,w),
Z aijakl((iL k;) + (lza ]E))
gkl

= 2 Re{ G(z,w)F(z,w)F(w, z)dA(w)dA(z)}.

XxX

For the last term, just as with the second term,

3" agan((ik,0) + (ki 41) = 2 Re{> . agau((ik, [j)}
i,k

i,k
= 2 Re( | DS asm Y aum)(a)dA ()
= 2Rl [ [ Glu2) S aml) 3 o (w) )i () dAG)aAw))

k

From the definition of F(z,w),

Z aijakl((iE, lj) + (k;, ]Z))

i7j7k7l

= 2 Re{ G(z,w)F(z,w)F(z,w)dA(w)dA(z)}

XxX
= 2 / G(z,w)|F(z,w)|*dA(w)dA(2).
XxX
Combining the three terms above, we get the theorem. 0

Using the Green function’s positivity and symmetry,

THEOREM 3.2. Under the conditions of theorem 3.1, ) is negative definite on

AN*TL Teich(S).

PRroOF. By theorem 3.1 we have

0 0 0 0
U5, M oy 2, " By

J

_ /D 2 2) = Fl2, 2)(F(z,2) — F(z,2))dA(2)
- 2o GGl w) FdAw)aA)

— Re{ G(z,w)F(z,w)F(w, z)dA(w)dA(z)}).

XxX
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For the first term, since F(z,2) — F(z,2) = 2iIm{F(z, )}, by the positivity of the

operator D,

/XD(F(Z, 2) — F(z,2))(F(z,2) — F(z,2))dA(z)
= —4- /X D(Im{F(z,2)})(Im{F(z,2)})dA(z) <0

For the second term, using the Cauchy-Schwarz inequality,

| G(z,w)F(z,w)F(w, z)dA(w)dA(z)]|

XxX

/X y |G(z,w)F(z,w)F(w, z)|dA(w)dA(z)

\//X X|G’(z,w)||F(z,w)|2dA(w)dA(z)

X \//X X|G(z,w)||F(w,Z)|2dA(w)dA(z)

= G(z,w)|F(z,w)|*dA(w)dA(z),

XxX

IN

IN

since (G is positive and symmetric.
Combining these three terms we get that @ is nonpositive on A?T% Teich(.9).

Furthermore, equality holds precisely when

Z Y o, 8951 830 Z P 81’1 83: =0,

J

that is there exists a constant complex number £ such that both of the following hold:

F(z,z) = F(z,2),
F(z,w)=k- F(w,z).
If we let z = w, we get kK = 1. Hence, the last equation is equivalent to
D as; — ) pa(w)p5(2) = 0.
ij
Since {p;}i>1 is a basis,

aij = CLji.
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This means Z Qija- 0 - A 3 = 0, so ) does not have any non-trivial eigenvectors

corresponding to 0. Hence7 Q is negative definite on A*T% Teich(S). O

3.2. The curvature operator on N\*T% Teich(S). Let b;; berealand 3. b
A*T%Teich(S). Set

Z]d:c /\ay €

39—3

w) =Y bips(w) - p1;(2).

ij=1

Using a similar computation as for theorem 3.1, the formula for the curvature

operator on A?T'%Teich(S) is given as follows.

THEOREM 3.3. Let () be the curvature operator and D be the same operator as

9 A0

shown in theorem 3.1. Let 3, b B
J

e be an element in N*T% Teich(S), where b;;

are real. Then we have

J

wa ox; 8y %:b” or; 8y

- / D(H(2,2) + H(z 2))(H(z.2) + H(z, 2))dA(2)

- 2 G(z,w)|H (2, w))[*dA(w)dA(z)

XxX

— 2 Re{ G(z,w)H(z,w)H (w, z)dA(w)dA(z), }

XxX

where H(z,w) = Zf? ?ibz],ui(w) “pg(2).
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PROOF. Since a%i = a% + 8%_ and 6%2' = i(a% — 8%_), from proposition 2.3,
0 0 0 0
bii— N—, Y bji— N —
Q(; ]8% (9yj Zj ]6’x,- (9y])
= = bibu(Rgy — Ry — Rej + Rijg)
irjoke.l
= — Z bijbr (R + R + Rag + Rag)-
irjoke,l
= — Z bijbr ((i7, k1) + (il, k7) + (i7,1k) + (ik,1j) (by lemma 2.6)
irjoke,l

+ (ji, kD) + (4L, ki) + (57, 1k) + (jk, [7))
1,7,k,l

— > by, k) + (17, 5F))

i7j7k7l

= > bybu((ik, 1) + (51, kD).

i7j7k7l

For the first term, from definition 2.5,

i’j’k7l

= - / D(Z bijpirty + Z bijﬂjm)(z bijirty + Z bijpfii)dA(2)
X ij ij ij ij

= [ Dt () + HEA)H ) + A 2)dAG),
X
For the second term and the third term, just as in the proof of theorem 3.1 we have
> b ((il, k3) + (14, jk))
B4kl

= 2-Re{ G(z,w)H(z, w)H(w, z)dA(w)dA(2)},

XxX

> bigba((ik, ) + (ki D))

- 2-/X Gl w)PdAw)A(),

Combining these three terms we get the theorem. 0
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Using the same method as for theorem 3.2, we prove the following nonpositivity

result.

THEOREM 3.4. Under the conditions of theorem 3.3, then QQ is nonpositive definite

on N*TxTeich(S), and the zero level subsets of Q(-,-) are {37, bij 2 /\aiyj; bij = —bji}.

rs
PROOF. Let >, bijaixi A a%j be an element in A*T% Teich(S), from theorem 3.3

we have

y;

0 0 0 0
Q(; bija_xi A a—yj, Zjbijﬁ_xi A=)

_ /X D(H(2, 2) + T(z. 2))(H(z, ) + (7. 2))dA()
— 2(/X XG(z,w)|H(z,w))|2dA(w)dA(z)

+ -Re{ ; XG(z,w)H(z,w)H(w,z)dA(w)dA(z)}).

For the first term, since H(z, z) + H(z,2) = 2- Re{H(z, 2)}, by the positivity of the

operator D,

_ /X D(H(z,z)+ H(z,2))(H(z,2) + H(z, z))dA(z)

_ /X D(Re{H(z, 2)})(Re{ H(z, 2)})dA(2) < 0.

For the second term, using the Cauchy-Schwarz inequality,

| G(z,w)H(z,w)H(w, z)dA(w)dA(z)|

XxX

IN

/M Gz, w)H (2, w)H (w, )| dA(w)dA(2)

IN

\//Xxx’G<Z>w)HH(3>w)PdA(w)dA(z)

X \//XX|G(z,w)||H(w,z)|2dA(w)dA(z)

= G(z,w)|H(z,w)|*dA(w)dA(2),

XxX

since G is positive and symmetric.
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Combining these two terms, we get () is always nonpositive on A*T% Teich(S).
As in the proof of theorem 3.2,
0 0 0 0
b AL S0, LA Ly

if and only if there exists a constant complex number k such that both of the following

hold:
H(z,z)=—H(z2),
H(z,w) =k - H(w, z).
If we let z = w, we get Kk = —1. Hence, the last equation is equivalent to

> (bij + bji)pa(w)7z () = 0.

ij
Since {p;}i>1 is a basis,
bij - —bﬂ

O

3.3. The curvature operator on A*T% Teich(S). Let J be the almost complex

structure on Teich(S). Since {¢;} is a holomorphic coordinate, we have

0 B 0
31’1’_8%.

Since the Weil-Petersson metric is a Kéhler metric, J is an isometry on the tangent

space. In particular we have

R(V:, Vo, Vs, Vi) = R(IV;,IVy, IV, IV

= RIV1,IV2, V3, Vi) = R(V1, V2, JV3, JV2)

where R is the curvature tensor and V; are real tangent vectors in T'x Teich(.S).
Let C' =3, Cija% A aiyj be an element in A*Ts Teich(S), where c;; are real. Set

39—3

K(z,w) = cijmi(w) - ().

,j=1
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THEOREM 3.5. Let Q) be the curvature operator, and ZZJ Cij7- ay N5 8 be an element

in N*TsTeich(S). Then we have

0 0 0 0
Q(Zc”ayz dy; %:Cija_yi/\a_yj)

/D (z,2) — K(2,2)(K(z,2) — K(z,2))dA(2)
s /X Gl w) PaA(w)dAC)

+ 2-Re{ G(z,w)K(z,w)K (w, z)dA(w)dA(z) }.

XxX
PROOF. Since 5~ = J o~ 3 -+ J and J is an isometry, by proposition 2.3,
0 0 0
Cij AN —, Cij=— N
%: jayz Y, %: 7 Oy j

= Y cijeu(Rig + R + By + i)
i,5,k,l

0 0 0 0
= QO eij=— N =— cij=—A
izj 33:1:1- 833'j ; ]8$i

By theorem 3.1,

0 0 0 0
Q(Zc”é’yz dy; %:Cija_yi/\a_w)

_ /D (2,2) — R ) (K (2 2) — K(z,2))dA(z)
-2 [ GGG ) FaAw)AG)
+ 2-Re{ G(z,w)K(z,w)K(w, z)dA(w)dA(z)}.

XxX

The same proof as that of theorem 3.2 shows

THEOREM 3.6. Let ) be the curvature operator as above, then @) is a megative
definite operator on N*TsTeich(S).
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4. Curvature operator on A?TxTeich(S)
Every element in A?Tx Teich(S) can be represented by Zw(aw 50 N 50 2 -+ bij ai A

el el el
Q_?Jj—i_clj A ayy)

PROPOSITION 4.1. Let Q be the curvature operator. Then

o 0 o 0 o 0
I AT S IS
U2, " 5y M " oy o oy
Za.iAiﬂ, 0,0 0, 0,
o oz, Oz 0w, 8 Y, 7 Qy; dy;
9 o 0 o 0
Zd” oz, oz, Vi gy, a Zd” oz " o, TP an " oy

where dij = a;; + ¢;;.

PROOF. Direct computation by using the isometric property of the almost com-

plex structure J. 0]

We want to know if the curvature operator () is nonpositive definite. By proposi-
tion 4.1 it is sufficient to see if ) is nonpositive definite on Span{A\*T% Teich(S), A*T%Teich(S)}.

Firstly, let us establish the following formula.

LEMMA 4.2. Let Q) be the curvature operator, Z” @ij7— ax A 3 be an element in

ATy Teich(S), and ), by; a‘z A5 8 ~ be an element in N*T# Telch(S). Then we have

0 0 0
Q(Z Y Dy ox; 8:0 Z % 5, ox; E)y])

]

/ D(F(z,z) — F(z,2))(H(z,2) + H(z,2))dA(2)

— 2-Im{ G(z,w)F(z,w)H(z,w))dA(w)dA(2)}

XxX

— 2-Im{ G(z,w)F(z,w)H(w, z)dA(w)dA(z)}.

XxX
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: o _ o a _q0 _
PROOF. Since z-- = - + f and (5

0
Q(Z aija_xi A a_scj’ Zbl]a_x, A
ij ij

= (=1) Y aibu(—Rgy + Ry — Ry + Rim)

3 ) by proposition 2.3,

Yj

1,7,k,l

= (_1) Z a’ijbkl(_Rijki - Rz]lk + R, jikl + R]zlk)
,7,k,l

= (=) > aybu(—(i7, kl) — (i, kF) — (if, k) — (ik, [j)
,9,k,l

+ (41, kl) + (4, ki) + (ji,1k) + (jk,[7)) (by lemma 2.6)

= Z az]bkl Zj kl -+ lk)

1,5,k,1

+ (=) Y agbu(— (il k) + (13, jF))
1,5,k,1

+ Z az]bk’l Zk lj) ( z ki))
1,5,k,1

For the first term, by definition 2.5,

> aibu(ji — if, kI + Ik)
1,7,k,1

= /X D(Z Qi flifly — Z az’jmu_j)(z b fi i + Z brypuin)dA(2)
y i ¥ ¥

_ /D Fz,2))(H(z, 2) + H(z, 2))dA(=).

For the second term, since D is self adjoint, using the Green function G,
Z Qi bkl Zl k.] (127 jE»

= 2i- [m{Za”bkl (il, k7)}

— 2i-Im] /X (Y aspui) (3 bupeiy)dA(2))
= =il [ [ Gl Y gl (3 by () () A () aA(w))

= —2i-Im{[  G(z,w)F(z,w)H(w,z)dA(w)dA(z)}.

XxX
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For the last term,
Zambkl (ik, 1) + (ki jl)) = =21 - Im{) _ ay;bu(ik, 1)}
ik
Sy D3 st 3 b)) A2
X .

— i Im{ / / w,2) S g (w Zbkluk 715(2))dA(2)dA(w)}

= —=2i-Im{ G(z,w)F(z,w)H(z,w)dA(w)dA(z)}.

XxX

Combining these three terms above, we get the lemma. 0

Now we study the curvature operator @ on Span{A*Ti Teich(S), A*T%Teich(S)}.

Setting
T R S
on Span{A*T\ Teich(S), A*T%Teich(S)}, we have

THEOREM 4.3. Let Q be the curvature operator and D as above. Let A

> i aijax 7 and B =73, b 7'3833 A aiyj' Then we have
QA+ B,A+ B) =
—4 /XD]m{F(z, 2)+1H(z,2) Y(Im{F(z, 2) + iH(z, 2) } )dA(z)
-2 /X . G(z,w)|F(z,w) + iH (z,w))|*dA(w)dA(2)

+2 Re{ G(z,w)(F(z,w) + tH(z,w))(F(w, z) + iH (w, z))dA(w)dA(z)},

XxX
where F(z,w) = 30977 agps(w) - 15(2) and H(z,w) = 327973 bijpi(w) - 1, (2).

PROOF. Since Q(A, B) = Q(B, A),

QA+ B,A+ B)=Q(AA) +2Q(A, B) + Q(B, B).
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By theorem 3.1, theorem 3.3 and lemma 4.2 we have

QA+ B,A+ B)

= ( ; D(F(z,2) — F(z,2))(F(z,2) — F(z,z2))dA(z)

- D(H(z,z)+ H(z,2))(H(z,2) + H(z, z))dA(z)

+ 2i- i D(F(z,2) — F(z,2))(H(z,2) + H(z,2))dA(z))

( — 2-/X XG(z,w)|F(z,w))|2dA(w)dA(z)
Y /X Gl w))PaACw)A()

T G(z,w)F(z,w)H (2, w))dA(w)dA(2)})

XxX

( + 2-Re{ G(z,w)F(z,w)F(w,z)dA(w)dA(z)}

XxX

— 2- Re{ G(z,w)H(z,w)H (w, z)dA(w)dA(z)}

XxX

— 4-Im{ G(z,w)F(z,w)H(w, z)dA(w)dA(2)})

XxX

The sum of the first three terms is exactly
—4/ D(Im{F(z,z)+iH(z,2)})(Im{F(z,2) + iH(z, 2)})dA(z).
b's

Just as |a+ib|? = |a|?+|b|*+2-Im(a-b), where a and b are two complex numbers,

the sum of the second three terms is exactly

-2 G(z,w)|F(z,w) +iH (z,w))]*dA(w)dA(z).

XxX
For the last three terms, since
the sum is exactly

2 Re{ G(z,w)(F(z,w) +iH(z,w))(F(w, z) + iH (w, 2))dA(w)dA(2)}.

XxX
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Furthermore,

THEOREM 4.4. Under the conditions of theorem 4.3, ) is nonpositive definite
on Span{A?TxTeich(S), A*T%Teich(S)}, and the zero level subsets of Q(-,-) are

PROOF. Let us estimate the terms in theorem 4.3 separately. For the first term,

since D is a positive operator,
—/ D(Im{F(z,z)+iH(z,2)})(Im{F(z,2) +iH(z, 2)})dA(z) < 0.
X
For the third term, by the Cauchy-Schwarz inequality,

| G(z,w)(F(z,w) +iH (z,w))(F(w, z) + iH (w, 2))dA(w)dA(z)|

XxX

< /X . G(z,w)|(F(z,w) +iH (z,w))(F(w, 2z) + iH (w, z))|dA(w)dA(z)

< \//X XG(z,w)|(F(z,w) +iH(z,w))[?dA(w)dA(2)

« \/ /X G| (F(w,2) + (1)) PAA()A(2)
Since G(z,w) = G(w, 2),

| G(z,w)(F(z,w) +iH (z,w))(F(w, z) + iH (w, z))dA(w)dA(z)|

XxX

- \//X G wl(F(zw) +1H(z, w))PdA(w)dA(z)

X \//X XG(w,z)\(F(w,z)+iH(w,z))|2dA(w)dA(z)

= /XXG(z,w)|(F(z,w)+iH(z,w))|2dA(w)dA(z).

Combining the two inequalities above and the second term in theorem 3.3, we see
that @Q is a nonpositive operator on Span{A*T%Teich(S), A*T%Teich(S)}. Further-

more, Q(A+ B, A+ B) = 0 if and only if there exists a constant k such that both of
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the following hold:

Im{F(z,z)+iH(z,2)} =0,

F(z,w)+iH(z,w) = k- (F(w, 2) +iH (w, z)).
If we let z = w, we get £ = 1. Hence, the second equation is equivalent to
D (aij — azi + i(bij + bjs) )i (w)fi5(2) = 0.
]

Since {p;}i>1 is a basis,

aij = ji, bij = —by;.
That is, A =0 and B = Z Uam A 8%-’ where b;; = —bj;.
Conversely, if A =0 and B € {ZZ ij M A 82 : bi; = —bj;}, by theorem 3.4 we
have Q(A+ B, A+ B) = 0. O

Before we prove the main theorem, let us define a natural action of J on

A*TxTeich(S) by

p
el 8 ._ 0 0

Jo 8:(:Z /\ T Oy A dy;’
s e D AD D pD

Jo e /\ T Oy A Ox; — Oxj A Oy’
DA D . 0 AD

\J Byl A 6y~ Oz Ox;’

and extend it linearly. It is easy to see that J o J = id.

Now we are ready to prove theorem 1.1.

PROOF OF THEOREM 1.1. Combining proposition 4.1 and theorem 3.4, we get
that () is nonpositive definite.
If A=C —JoC for some C in A*TxTeich(S), from the isometry of J it is easy
to see that Q(A, A) = 0.
Assume that A € A?TxTeich(S) such that Q(A, A) = 0. Since A*T'Teich(S) =
o 9 A0

D A0 0 A9 0 A O i b g
Span{ ;1\ Ba;? B N agr g N 8yn}, there exists a;;, b;; and ¢;; such that

0 0 0 0 0
Azzalja—x/\—+bl]a a +Cwa a—
Y i Yj Yi Yj
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Since Q(A, A) = 0, by proposition 4.1 and theorem 3.4 we must have
a;j + Cij = aji + Cji, bij = —byj;.
That is,
aij — aji = —(cij — ¢i), bij = —bji.

Set

by O 0
€= Z%a S Ty

Claim: A=C—-JoC(C.

- o A 0 _ L o A 0
Since ,; aijz.- A prri Yicilaiy — aji) g A 9e; We have

0 0 0 0
Jozaij(‘?_xi A 8_% = Z(aij - aji)a_yi A a—y]

i<j
0 0 0
= = (cij — ;) == cija— A
; T 3yz " o, 2 POy Dy,
Similarly,
bi; O 0
Jo =—) ZL—N—.
Z 2 83:1 8%) Z 2 Ox; Oy,
The claim follows from the two equations above. O

5. Application

In this section we study the twist-harmonic maps from some domains into the
Teichmiiller space. Before we go to the rank-one hyperbolic space case, let us state

the following lemma, which is influenced by lemma 5 in [72].

LEMMA 5.1. The rank-one Hyperbolic spaces Hg ., = Sp(m,1)/Sp(m)-Sp(1) and
Hpo = F;2/SO(9) cannot be totally geodesically immersed into Teich(S).

PROOF. On quaternionic hyperbolic manifolds Hg ,,, = Sp(m,1)/Sp(m), assume
that there is a totally geodesic immersion of Hg ., into Teich(S). We may select
p € Hgm. Choose a quaternionic line lg on T,Hg ,,, and we may assume that lg

is spanned over R by v, [v, Jv and Kv. Without loss of generality, we may assume
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that J on lg C T,Hg . is the same as the complex structure on Teich(.S). Choose an

element
v A Jv+ KvATv e NTyHg .
Let Q#@m be the curvature operator on Hg .

QHem (v A Jv+ KvAlv,o A Jv+ Ko A Iv)
= Rfem(y, Ju, v, Jv) + RAen(Kv, Tv, Kv, Iv) + 2 - Rfen (v, Ju, Kv, Iv).
Since [ is an isometry, we have
Rfem(Kv, v, Kv,Iv) = RHem(IKv, IIv,IKv,IIv)
= Rfem(—Jy, —v, —Jv, —v) = RHem (v, Ju, v, Jv).
Similarly,

RPem(y, Ju, Kv,Iv) = RHem(y, Ju, IKv, [Iv)

= Rfem(y, Ju, —Jv, —v) = —RPem (v, Ju, v, Jv).
Combining the terms above, we have
Qem(v A Jv+ KvAlTv,vAJv+ KvATv) = 0.
Since f is a geodesical immersion,
QTeiCh(S)(U AJv+ KvAlv,o A Ju+ Ko A Tv) = 0.
On the other hand, by theorem 1.1, there exists C' such that

vAJv+ KonTv=C—-JoC(C.

(16) Jo(vAJv+ Kv A Iv)
= Jo(C—-JoC)=JoC—-JoJo(C=JoC-C

= —(vAJv+ KvAlv).
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Since J is the same as J in Hg ,,, we also have

(17) Jo(wAJv+ KvAlv)=(JoANJJv+ JKv A Jlv)

= JuA(=v)+IvA(=Kv)=vAJv+ KvA Iv.
From equations (16) and (17) we get
vAJuv+ KvAlv=0

which is a contradiction since [ is spanned over R by v, v, Jv and Kwv.
In the case of the Cayley hyperbolic plane Hp o = F7°/SO(9), the argument is the

same, replacing the argument above of a quaternionic line by a Cayley line ([15]). O
Now we are ready to prove theorem 1.2.

PROOF OF THEOREM 1.2. Since the sectional curvature operator on Teich(S) is
nonpositive, Teich(S) also has nonpositive Riemannian sectional curvature in the
complexified sense as stated in [47]. Assume f is not constant. From theorem 2 in
(17, 47], we know that f should be a totally geodesic immersion. On the other hand,
by lemma 5.1, there does not exist any totally geodesic immersion from G/T" into

Teich(S). Hence, f must be a constant. O

REMARK 5.1. In [72] it is showed that the image of any homomorphism p from
I to Mod(S) is finite. Hence, p(I') must have a fixed point in Teich(S) from classical
theory (Teich(S) is contractible). If we assume that there exists a twist harmonic map
f with respect to this homomorphism, then by theorem 1.2 we know p(I') C Mod(S5)
will fix the point f(G/I') € Teich(S).
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