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CHAPTER 1

INTRODUCTION

Geophysical fluid dynamics is a peculiar field. Every text on fluids quickly introduces the
notions of Eulerian and Lagrangian representations of flow—perspectives that, respectively,
remain fixed as the fluid moves through them, or that move along with the fluid (Aris, 1962,
e.g.). That is, we have two natural choices in observing and modeling a fluid: sit still in the
inertial lab frame and watch the fluid move by, or follow a fluid parcel and measure the changes

it experiences. GFD, almost uniquely, lives between these two choices.

GFD is the classical, non-relativistic study of rotating, stratified flow over rough topography
and within a thin, nearly spherical shell surrounding the solid earth. Rotation is crucial: we
have access to an Eulerian frame, but that frame is not inertial. Although an inertial frame
exists—in which the earth rotates freely while we stand by and watch—such a thing is only
conceptual, and we cannot take measurements there directly. Furthermore the ocean and the
atmosphere are roughly confined to the surface of a sphere, and so curved, non-Euclidean space
are fundamental. Of course there are standard conventions for handling these facts—spherical
coordinates, the Coriolis force, etc.—see any introductory GFD text such as Chapter 2 of Vallis
(2017). This becomes more complex when we introduce coordinates based on geophysically

broken symmetries.



The peculiarly hybrid nature of time-dependent geophysical coordinates appears, for example,
when we consider the governing dynamics of seawater. Density or “neutral buoyancy” coordinates
and terrain-following o-coordinates move as the fluid moves, but are not advected perfectly
with the fluid as Lagrangian coordinates would be. We choose coordinates depending on the
dominant broken symmetry in each region of the ocean. In the mixed layer there is only weak
stratification, and the geopotential gradient dominates. In the interior ocean flow is adiabatic
along surfaces of neutral buoyancy, and the potential density gradient dominates. Near the
bottom, flow is governed by topography and the o gradient dominates. We now motivate these

different choices and discuss the difficulties they introduce.

1.1 Seawater dynamics motivate coordinate choice

Coherent water masses, defined by their density class, deform and flow around and underneath
one another, but maintain their identity even over the course of millennia (Veronis, 1975). At
large scales, transport within the ocean is nearly adiabatic (Griffies et al., 2000a), and so water
masses intermix only very slowly in a process named diapycnal (across-density) or dianeutral
(across neutral buoyancy) diffusion. Density coordinates are useful here because their isosurfaces

are naturally oriented along the directions of large-scale flow.

Maintaining water mass integrity is crucial, for example, in climate models that must
accurately predict the effect of excess heat uptake by the ocean. Heat sequestration in the deep
ocean occurs mostly inside of density surfaces that outcrop at the sea surface and slope down into
the interior (Newsom et al., 2023). Heat is transported down along these surfaces by isopycnal
mixing, and it is estimated that through this process the ocean has absorbed 90% of the excess

radiative heat trapped since the industrial revolution began (Griffies et al., 2015).

Early models using height (z) coordinates approximated isopycnal diffusion by mixing along
surfaces of constant height, see Figure 1.1. This was numerically simpler and, after all, the

slopes of density surfaces are small; as mentioned earlier, the ocean is a thin shell covering the



earth, and is therefore far wider than it is deep. This approximation caused what is known as
the “Veronis effect” — tracers were mixed horizontally across neutral-buoyancy potential density
surfaces far more in models than in the actual ocean (Veronis, 1975). Diapycnal mixing in the real
ocean happens at scales of 10~>m?s~! (Griffies et al., 2000a) compared to scales of 103 m?s~! for
1sopycnal mixing (Griffies et al., 2000b). This difference of eight orders of magnitude means that
small errors in the representation of isopycnal surfaces introduce significant spurious diapycnal
mixing—one one-millionth of the isopycnal mixing rotated erroneously into the diapycnal
direction will overwhelm the true diapycnal mixing by one hundred times. Spurious diapycnal
mixing limits the ability of models to realistically maintain the integrity of distinct water masses
(Griffies et al., 2000a; Hirschi et al., 2020), and though the Veronis effect was first pointed out in
1975, its minimization is still actively pursued (Griffies et al., 2000b; Ilicak et al., 2012; Griffies
et al., 2015). Models with spuriously high dianeutral mixing produce an unrealistically diffuse

ocean state and prevent accurate prediction on long timescales.

Density coordinates are not useful over the entire ocean, particularly in the mixed layer where
they have insufficient resolution (Petersen et al., 2015), and near the bottom boundary where
flow is governed by sea floor topography (Griffies et al., 2000a) and is not adiabatic. Mixed layer
and bottom boundary layer flow are better represented by geopotential and terrain-following
o -coordinates, respectively, but the misalignment of the isosurfaces of these coordinates with
neutral buoyancy potential density surfaces leads again to spurious dianeutral mixing (Griffies
et al., 2000a,b). Terrain-following coordinates also introduce significant horizontal pressure

gradient errors near steeply sloping topography (Griffies et al., 2000a).

Below the length scale of the model grid, turbulent mixing must be parameterized, and
physically realistic parameterizations are most naturally represented in density coordinates.
Models that use terrain-following coordinates (Griffies, 2018) or a generalized vertical coordinate
(Gibson et al., 2017) struggle to faithfully represent neutral physics, particularly when flowing
over topography such as sills (Hirschi et al., 2020). Lemarié et al. (2012) show that it is difficult

to implement common turbulence closures in o-coordinates.
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Figure 1.1: Adapted from Griffies et al. (2000a), Figure 1. Different regions of the ocean are most
easily modeled in different coordinates depending on the dominant symmetry breaking: height
(z) where the geopotential gradient dominates, neutral buoyancy where the density (p) gradient
dominates, or terrain-following (o) where the topography gradient dominates. Misalignment
between iso-surfaces of different coordinates can cause numerical errors. For example when
isopycnal diffusion is approximated as constant-height, a component of the diffusion occurs
erroneously in the diapycnal direction (Veronis, 1975).

Isopycnal coordinate models effectively eliminate dianeutral mixing in the adiabatic flow of
the interior ocean, even to the point where background mixing must be added back in (Griffies
et al., 2000a). Paired with a linear equation of state, such models exhibit identically zero
dianeutral mixing (Ilicak et al., 2012), but more realistic, nonlinear equations of state are not
integrable, meaning that there is no single scalar field defined throughout space whose gradient
is everywhere normal to the local neutral plane. Though the neutral plane is defined at each
point, these planes cannot be stitched together into a neutral surface, and we cannot choose a
coordinate for which the isosurfaces are everywhere aligned with the directions of adiabatic

transport (McDougall, 1987; Jackett and McDougall, 1997; Nycander, 2011).



Newer models introduce further complication. Hybrid coordinates (Bleck, 2002; Mellor
et al., 2002; Metzger et al., 2006; Chassignet et al., 2009) and generalized vertical coordinates
(Chassignet et al., 2006; Griffies, 2018) use a different vertical coordinate in different regions
of the ocean. Arbitrary Lagrangian-Eulerian coordinates (Petersen et al., 2015; Gibson et al.,
2017; Megann et al., 2022) flow with the fluid for time before a re-gridding step keeps them from
becoming too deformed. What seems like a mundane choice—the coordinates we use to carve
up space—has an outsize effect on our ability to accurately model the climate and understand its

evolution over long time scales.

1.2 Tensor analysis sets us up for success

Tensor analysis seems tailor-made to address this varied and growing family of geophysical
coordinates. By definition, tensors are geometric objects that exist apart from any representation
with respect to a particular basis. The vector v with polar components (r,0) = (1,%) does
not change when it is instead represented by Cartesian components (x,y) = (%, %). The
same can be said of any vector field we encounter in GFD—yvelocity, momentum, vorticity,
concentration gradients, etc—and of higher-order quantities such as stress and strain or the
Redi/ Gent-McWilliams turbulence parameterization tensor (Redi, 1982; Gent and McWilliams,
1990). Although computer models must store these objects in memory as arrays of numbers,
the particular numbers are meaningless without reference to a choice of basis—a choice of

coordinates.

Tensor analysis and index notation provide a way to, on the one hand, write equations that
manipulate tensor components and, on the other hand, maintain a strong connection to the
geometric meaning of those component manipulations. We need not choose any particular
coordinate system until it becomes convenient, but once we do, the equations spell out precisely
the component-wise computation the computer must perform. We can write down equations
that apply in all coordinates and maintain a clean separation between phenomena that are real,

physical, and geometrical, and phenomena that are merely artifacts of one coordinate choice or



another. For example, the velocity components of a fluid parcel in isopycnal coordinates might
change because the particle accelerates or because density surfaces move vertically across it; the

former is a physical change in the parcel’s velocity, but the latter is not.

Furthermore, the index algebra of tensor components is relatively simple to learn, and has very
few rules compared to the algebra of symbolic vectors. In fact, many of the second derivative and
triple product identities compiled into lengthy tables for use in vector calculus derive from a single
relation in tensor algebra: /%y, = 626{;1 - 6;5511, for the purely antisymmetric Levi-Civita
tensor € and the Kronecker delta. These have straight-forward geometric interpretations as the

components of the volume element and the identity tensor, respectively.

1.3 Our extrinsic stance

We are far from the first to recognize the utility of tensor analysis in fluid mechanics. Cartesian
tensors often appear in introductory fluids texts precisely because they ease certain calculations.
Kundu et al. (2016) is a standard example. As soon as we introduce curvilinear, time-varying
coordinates, however, Cartesian tensors are not powerful enough. As discussed above, curvilinear
coordinates are ubiquitous in GFD, and non-Cartesian tensors do appear in the literature (Griffies

et al., 1998; Griffies, 1998, 2018).

The fully intrinsic tensor analysis' taught mostly in texts on general relativity (Misner et al.,
1973; Wald, 1984; Carroll, 2019) has the power to handle completely generalized coordinates in
spacetime (not only in space) and is used to model astrophysical fluids. For an example, see
Hawley et al. (1984) on black hole accretion disks. Maddison and Marshall (2013) have applied
the full spacetime formalism in their work on the Eliassen-Palm flux tensor, however in GFD this
approach has distinct disadvantages. The full machinery of relativistic physics is overpowered
to describe a branch of physics so solidly rooted in its Newtonian limit. Introducing needless

mathematical abstraction and non-Euclidean spacetime means we cannot rely on our natural

I'That is, intrinsic to the Lorentzian spacetime manifold.



intuitions about Euclidean space. Our intuitions are powerful when correctly applied, and so we
aim to import only as much abstraction as we need while keeping our physical intuitions intact.
In order to walk this line between abstraction and intuition, we borrow the extrinsic framing of

tensor analysis presented by Grinfeld (2009, 2013).

Standard differential geometry and general relativity are careful to maintain a sharp distinction
between the manifold M, its tangent space T, M at the point p € M, and its cotangent space
T, M, the dual vector space to T, M. The collection of all tangent spaces stitched together is
the tangent bundle 7 M, and the cotangent bundle 7" M is defined analogously. If M is the
surface of a sphere, 7, M is a plane tangent to the sphere at point p and 7 M is all the tangent
planes taken together. If M contains our system, the ocean, then 7 M contains tangent vectors,
e.g. velocities, and 7* M contains differential 1-forms (that is, covectors, dual vectors, linear
functionals), e.g. gradients of scalars. Higher-order tensor fields are then elements of tensor

products of 7 M and T* M. This is all rather more abstract than we’d like.

Operating in the Newtonian limit of gravity, GFD takes place in flat, Euclidean space &.
Though we might drop highly complex, time-varying curvilinear coordinates onto this space, the
space itself is not exotic. In this case T, M and T; M can both be identified with &, and this
is true for any point p. Then we can picture their respective basis vectors e; and e’ simply as
trios of arrows in & instead of more abstractly as differential operators in tangent and cotangent
spaces to M. It also means that we can freely add together vectors from different points in space
without worrying about parallel transporting them to the same point p € M. This is particularly

important for integration over extended domains.

The extrinsic approach lets us hide much of the abstraction of differential geometry behind
objects we can picture, preserving and even leaning on our intuitions about space. Nevertheless,
almost all of the expressions we derive would hold in an intrinsic theory as well, and so to some
extent the extrinsic stance is merely a useful lens that we can pick up or put down at will. We are
free, for example, to interpret the reciprocal basis e’ of vectors instead as a basis of differential

1-forms dx’ for the purpose of integration (Needham, 2021) or discretization (Crane et al., 2013;



Crane, 2018). The action of either on a vector produces its components: e’ -v = dx'(v) = V'.
Abstraction is still available to us, but GFD and our physical intuitions live happily in the extrinsic

world.

The second chapter of this work spells out this extrinsic approach to differential geometry,
and extends the interpretation slightly from that appearing in Grinfeld (2013). It also extends the
notion of intrinsic time differentiation to coordinate systems that translate, rotate, and deform
as a function of time. The defining feature of the intrinsic derivative /4t is its action on
tensor components to produce components of the tensor’s time derivative: 6T'/5t = €' - dT /dt.
We apply this to the velocity field to arrive at a momentum equation that clearly delineates
contributions to the momentum from the observed velocity and separates them from two classes
of apparent forces: fictitious forces arising from rigid coordinate motion, and fantastical forces

arising from deforming coordinate motion.

The third chapter presents the full equations of motion for GFD in this framework, including
common approximations and a parameterization of sub-grid turbulent diffusion. It also provides
explicit forms for the metric tensor in various common GFD coordinates so that equations can
be projected into those particular coordinate systems, shows how to transform into a moving
frame, and demonstrates the composition of simple moving-frame transformations into more

complex ones.

The fourth chapter presents a generalized integral theorem of which the divergence and
Kelvin-Stokes theorems are special cases. It relies on the flatness of the extrinsic space & to
allow results that do not follow from the standard Generalized Stokes Theorem of differential

geometry, and we show why those results break on curved surfaces.

We take an unusually pedagogical stance throughout for two reasons. First, the audience
is meant to be physical oceanographers and ocean modelers with diverse backgrounds in
oceanography, physics, applied mathematics, and computer science, and we hope that the

introduction to the subject offered here can make the work more broadly accessible. Those



readers who are already familiar with the details should freely skip these sections. Second, our
extrinsic stance, though not unique or original to this work, is nonetheless uncommon. Readers
more familiar with general relativity or differential geometry as presented in a mathematics
department might balk at some of our assertions which, while not true in general, are true for

our case where we allow a universal, inertial, Euclidean extrinsic space.

This coordinate-agnostic approach to geophysical fluid dynamics has clarified the definitions of
commonly used coordinate systems; rigorously separated true dynamics from coordinate artifacts;
mechanized the sharing of methods such as turbulence parameterizations between coordinate
systems; and straightforwardly generalized many approximations. With this foundation laid

there are many exciting next steps to pursue, and we discuss these in the conclusion.
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CHAPTER 2

Fantastical Forces and Where to Find

Them

This chapter has been submitted for publication in the Journal of Physical Oceanography. [
am the primary author on this submission, along with Jonathan Lilly and Baylor Fox-Kemper.
The following summary is partially adapted from a research proposal recently submitted for the

postdoctoral fellowship at Woods Hole Oceanographic Institution.

Summary

This chapter begins building a unified framework describing geophysical fluid dynamics
in coordinate-agnostic tensor form. Models of geophysical fluid dynamics use a variety of
coordinate systems depending on their needs. The Earth’s oceans are always modeled in a rotating
frame, but on top of this modelers might choose other time-varying settings: terrain-following
coordinates where topography drives dynamics (Griffies et al., 2000a); density coordinates
for adiabatic flow in the interior ocean (McDougall, 1987; Young, 2012); or even Arbitrary
Lagrangian-Eulerian coordinates that flow with the fluid (Bleck, 2002; Griffies et al., 2015a, 2020).

This chapter tackles two problems that arise in moving coordinate systems: time derivatives
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of tensor components must account for time dependence in the coordinates themselves, and
such coordinates introduce apparent forces on top of the familiar Coriolis and centrifugal forces

arising in rotating frames.

To solve these problems, we introduce the frame velocity field V—the vector field that
captures the moving frame’s motion at each point with respect to an inertial frame. We can then
decompose the total fluid velocity field v as the sum V +u, where w is the velocity measured in
the moving setting. Our first goal is to define a derivative operator §/6¢ with the property that

dw Sw' o e dw &w'
—_—=e;,— = —
dt ' 6t St

¢ ar

Repeated indices are understood to denote a summation according to the Einstein convention.

Such a derivative exists for static, curvilinear coordinates y* and is defined in Aris (1962) and

9
o1

where |, denotes a partial derivative taken with static coordinates y“ held fixed, and V, denotes

Grinfeld (2013) as

S
= +v“Va), 2.61)
y

a covariant derivative with respect to the a-th coordinate. We modify this definition to account

for time-varying coordinates x’, arriving at

i: 2
ot \ Ot

We have essentially decomposed the observed velocity w into v — “V because each piece is doing

+V'V; — .Eq/) . (2.129)

X

something different: v effects an active transformation by actually moving the fluid; V effects a
passive transformation by moving only the coordinates. The covariant derivative v'V; along v
is a generalization of the standard advection operator (v - V), while the Lie derivative L« is
defined precisely to capture changes due to the diffeomorphism' generated by V. By subtracting
it, we eliminate changes in the tensor components that are artifacts of this transformation, and

which do not represent real change in the tensor field being differentiated.

I'That is, a continuous, differentiable transformation of space.
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Applying the intrinsic derivative operator (2.129) to the components of the absolute velocity
field v, we arrive at a momentum equation that contains explicit expressions for all of the

apparent forces arising in an arbitrarily time-varying coordinate system:

oul o . . . eV .
a—”t +ulV = _2ufvj(v1—(v1v,ﬂ/’—a—(‘: +F. (2.93)

X X

The boxed terms capture all apparent forces arising in the moving setting x. The difference V
between the absolute velocity v and the observed velocity w of a particle in a moving setting
contains all of the information about the time rate of change of the basis vectors according to the
equation

de,; i
_al‘ = eiV_,-(V = (9jq/, (270)

x
where V;V ! are the matrix components of V ® V. For rigid transformations of space such as
translation or rotation this matrix is antisymmetric, but general, non-rigid transformations that
include shearing or divergence of the coordinate frame have a contribution from the symmetric
part as well. Components of the apparent force vectors in the moving setting are all related to
the frame velocity V by the expressions

V!
ot |-

X

2V VY, VIV, Vi,

For a position vector r and angular velocity €, we can make the choice V = Q X r to effect
rigid rotation. Then V ® V is purely antisymmetric, and these terms respectively represent the
familiar, fictitious Coriolis, centrifugal, and Euler forces, the last of which is nonzero only if
the rotation rate € changes in time. For more general choices of V, V ® V has a non-zero

symmetric part that introduces unfamiliar fantastical forces, discussed in section 2.6.5.

Fantastical forces have a different character than fictitious forces; namely, their form depends
on whether we choose to measure covariant or contravariant components of velocity. They are
generated by the motion of the fluid itself in Lagrangian coordinates where we choose V = v,

by the motion of the free surface of the ocean in terrain-following coordinates, or by the heaving
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and shearing of density surfaces in isopycnal coordinates. For the last case, we provide explicit
expressions for all such apparent forces in section 3.3.2. Armed with general, explicit expressions

for these apparent forces, we can analyze their effect on our models.

2.1 Introduction

Geophysical fluid dynamics (GFD) is a non-relativistic branch of fluid dynamics in the
Newtonian limit of gravity, centered on the effects of stratification, rotation, and topography.
These features break the isotropy of fluid motion, privileging flow, stirring, and mixing in
certain directions and within particular curved surfaces, for example iso-surfaces of neutral
buoyancy. Numerical models exploit the geometry of broken symmetries with dynamically
motivated choices of coordinates, such as a vertical direction aligned with effective gravity and
thus hydrostatic balance. Such coordinate choices simplify equations and increase computational

efficiency.

Coordinate systems do not exist. This is what makes them so useful: they can be chosen
for convenience in the problem at hand. Nature prescribes the quantities—density, momentum,
strain—that determine the state of a system, along with the laws by which the state evolves,
and these physical quantities themselves are coordinate-free. This freedom from coordinate
dependence is what we mean when we say that such quantities are tensor fields: all choices
of their representations—all sets of components—correspond to the same object in nature.
Technical definitions of tensors as transforming in certain ways under a change of coordinates or
as multilinear functions from vectors to scalars are all constructed to ensure that we maintain a

sharp separation between the tensor itself and our representation of that tensor’s components.

Working with tensors in generalized coordinates, we can on the one hand choose any
representation of nature that suits our problem, and on the other hand ensure that we are dealing
with real, physical quantities that are not simply artifacts of our coordinate choice. Tensor

equations that apply under all coordinates are particularly useful in geophysical fluid dynamics
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where we use space and time-varying coordinates to capture planetary rotation, and often also

choose time-varying coordinates to simplify the dynamics of stratification.

Tensor analysis has the power to express the equations of fluid motion without approximation
in as general a coordinate system as possible. This includes familiar, rigidly rotating and
translating coordinate systems as well as potentially deforming systems such as isopycnal or
terrain-following coordinates. Our first goal is to define a component-wise time derivative ¢/t
which, when applied to the components of a tensor I' in some basis, provides the components
of the time derivative of the tensor dT"/dt in the same basis. Such an operation must permit
both spatial and temporal dependence of the coordinate bases linked to those components. The
intrinsic time derivative, discussed in Aris (1962) and Grinfeld (2013) accomplishes this goal for
spatially varying basis vectors, however, its definition presumes that for a given location the basis
is fixed in time; this is virtually never the case in geophysical fluid dynamics. The generalized
intrinsic time derivative introduced here extends this idea to permit time-dependent basis vectors.

It takes on its most general form in the doubly-boxed equations (2.125) and (2.129).

Changes observed in the tensor field T' depend not only on physical processes, but also
on the observer’s path through it, and the generalized intrinsic time derivative captures both
types of change. If the observer’s location tracks a fluid parcel, as in the Lagrangian fluid
equations, this intrinsic derivative reduces to an intrinsic material derivative. With this material
derivative finally in hand, we proceed to give expressions for the components of inertial velocity
and acceleration in all coordinate systems, including rigidly rotating and translating but also
deforming systems. These expressions include the familiar advection terms and “fictitious
forces”—the Coriolis and centrifugal forces—but also include other, unfamiliar apparent forces
that arise only in deforming systems. With the choice of Lagrangian coordinates, we connect
these new terms to the convected time derivative of Oldroyd (1950) and to the Lie derivative that

is so useful in geometric mechanics (Holm, 2025).

In GFD, different temporally and spatially dependent coordinate systems, often quite complex,

are chosen for convenience in different situations. Most fundamentally, rotating frames of
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reference are typically used to separate the large velocities of planetary motion from the relative
velocities more easily measured by earthbound observers. Similarly, deforming coordinates are

often used to capture the anisotropic flows along the most natural surfaces.

In physical oceanography, coordinate choices generally depend on the region of interest (Fox-
Kemper et al., 2019): near the surface and in regions of weak stratification, height coordinates are
used; near the sea floor, topography drives dynamics and terrain-following, or o, coordinates are
preferred; and away from the boundaries in regions of strong stratification, isopycnal coordinates
(McDougall, 1987; Young, 2012) are typically chosen to capture the undulation of density
surfaces. More generally, Lagrangian coordinates (e.g., Salmon, 2013) flow with a fluid while
Eulerian systems stay fixed in coordinate space as the fluid moves through them. The Arbitrary
Lagrangian-Eulerian method (e.g., Petersen et al., 2015; Gibson et al., 2017; Megann et al.,
2022) and other complex coordinates as used in the HYCOM (Bleck, 2002; Halliwell, 2004) and
MOMG6 (Griffies et al., 2020) numerical models combine these approaches, allowing the grid to

flow with the fluid for a time, and resetting before it becomes too deformed.

The choice of coordinate system bears upon the accuracy of numerical models. Finite
machine precision can introduce error into simulations, and an improper choice of coordinates
will exacerbate that error. For example, it has long been known that modeling tracer transport in
height coordinates leads to the Veronis effect: if lateral transport is calculated perpendicular
to the geopotential gradient at constant height, rather than more realistically along surfaces of
constant density, the misalignment of these two sorts of surfaces causes spurious mixing across
density classes (Veronis, 1975). The difference of roughly eight orders of magnitude between
isopycnal and diapycnal mixing in the real ocean means that small errors in the representation of
isopycnal surfaces introduce significant spurious diapycnal mixing—if even one one-millionth
of the isopycnal mixing is erroneously rotated into the diapycnal direction, it will overwhelm
the true diapycnal mixing. More suitable choices of coordinates can help to avoid this (Griffies

et al., 2000b, 2015b; Ilicak et al., 2012).

Coordinate-free tensor formulations find application in numerical methods modeling fluid

19



flows for other reasons as well. An important class of totally anti-symmetric tensors, differential
forms, are especially useful for integration and discretization, particularly on unstructured meshes
(Crane et al., 2013; Crane, 2018), and Cotter and Thuburn (2014) have applied these methods to
the rotating shallow water equations. Ahlander et al. (2001), meanwhile, note that “the design of
applications for scientific computing should be based firstly upon continuous abstractions and
secondly on approximations,” and show that separating software engineering concerns by the
level of mathematical abstraction allows discretization to occur more naturally at each level. The
literature on the Sophus software library details many of these discrete, tensor-based methods
(Grant et al., 2000; Engg et al., 2001; Friis et al., 2001; Haveraaen et al., 2005; Ahlander and
Otto, 2006; Haveraaen and Friis, 2009; Heinzl and Schwaha, 2011; Gilbert and Vanneste, 2023).

There is plenty of precedent for the application of tensor analysis to fluid mechanics in other
domains, most obviously in relativistic fluids where spacetime itself—not just the coordinate
system—is so curved as to require careful treatment. The black hole accretion study by Hawley
et al. (1984) is exemplary. It is therefore natural to introduce a time derivative to non-relativistic
dynamics by taking the limit v < ¢, where ¢ ~ 3x 108 m s~! is the speed of light. Maddison and
Marshall (2013) take this approach to deriving the Eliassen-Palm flux tensor in time-varying
coordinates. However, this introduces a speed-of-light velocity scale ¢ that is cumbersome
alongside atmospheric winds and ocean currents with mean velocities six to ten orders of
magnitude smaller. We avoid this by taking a non-relativistic approach from the start, which has

the added benefit of grounding the problem in familiar, flat 3D space.

Putting aside relativistic physics, introductory fluids texts (e.g., Kundu et al., 2016) often
frame equations in Cartesian tensor notation with a fixed basis {z,7,k}. Crucially for our
purposes, partial derivatives of tensor components with respect to spatial coordinates do not
immediately generalize to deforming, curvilinear coordinates, but require the added algebraic
structure of the covariant derivative, discussed subsequently. To fully generalize component-wise
tensor computations to non-orthogonal coordinates, components must be tracked with respect

to both a coordinate basis e; and its dual or reciprocal basis e, which happen to coincide in
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Cartesian coordinates; a considerable simplification.

This work builds on the rich history of advances in tensor analysis in fluid mechanics.
Tensor analysis for geophysical fluids is reviewed in Griffies (2018, Chapter 18) and has been
applied to the Gent-McWilliams skew flux (Griffies, 1998; Dukowicz and Smith, 1997) and to
thickness-weighted averaging (Young, 2012). Oldroyd (1950) employs tensor analysis to define
time derivatives for materially advected coordinates, although in quite a different sense than
we do, and Hinch and Harlen (2021) provide relevant context for Oldroyd’s work. Grinfeld
(2009) employs tensor analysis in a fully curvilinear treatment of thin fluid films, which Grinfeld
(2013) expands into the full calculus of moving surfaces. This latter text is the inspiration for
the extrinsic perspective on differential geometry that we assume here, and Grinfeld’s equation
(16.27) for the invariant time derivative is a sort of analog to our generalization of the intrinsic

derivative, but restricted to moving, embedded surfaces.

The goal of this work is three-fold. Firstly, we aim to create a primer on the tensor analysis of
Euclidean space in curvilinear coordinates, to highlight the remarkable power and compactness
of index notation, and to provide tensor component-based equations that can be directly translated
into model code. This approach offers high levels of both abstraction and practicality, since
any expression written in index notation is immediately computable. Secondly, we construct
the generalized intrinsic time derivative discussed above. Finally, we use this derivative to
investigate the apparent forces that arise in the general, non-inertial, deforming coordinate
systems so common in GFD. These apparent forces separate cleanly into two categories based
on tensor symmetries: the familiar fictitious forces arising from the rigid (translational and/or
rotational) part of the coordinate transformation, and what we dub the fantastical forces arising
from the non-rigid (straining and/or diverging) part. The fantastical forces are more subtle than

the fictitious forces because they differ for covariant and contravariant representations of a tensor

field.

The structure of this paper is as follows: sections 2.2 and 2.3 lay out the definitions, notation,

and conventions that we employ for the tensor calculus of Euclidean space; section 2.4 derives
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the form of the generalized time derivative; section 2.5 applies it to the momentum equation
and shows how to recover the familiar rotating equations of motion; and section 2.6 discusses
generalizations of the fictitious forces that arise from non-rigid motion, provides more a abstract

form of the intrinsic derivative, and discusses its connection to related work.

2.2 Preliminaries: definitions, notation, and conventions

This section introduces the definitions, notation, and conventions of tensor analysis employed
throughout. Prior familiarity with tensor analysis is assumed; readers already proficient in tensor
analysis using index notation can skip to section 2.4 where the GFD-specific aspects begin.
For extensive treatments of this topic, the authors favor Grinfeld (2013), Carroll (2019), Itskov
(2015), Aris (1962), and Ogden (1984); see also Lilly et al. (2024). For brevity’s sake, many

statements found readily in the literature are given without proof.

One of the goals of this work, and of this section specifically, is to be a brief introductory
reference for tensor analysis and differential geometry as needed for fluid applications, in
particular numerical modeling of the ocean circulation in moving coordinate systems. This
leads us to make two fundamental choices: extrinsic geometry, meaning that the existence of flat,
three-dimensional Euclidean, inertial space may be presumed, and explicit notation, in which
we use index-based notation for tensor analysis so that mathematical expressions can be readily
converted into computer code for numerical calculations. Our presentation aims not only to
introduce useful abstractions but also to eschew needless ones. We occasionally refer back to

equations in their symbolic form when index notation becomes onerous to interpret.

2.2.1 Space, coordinate systems, and basis vectors

In non-relativistic three-dimensional Euclidean space, the setting for GFD, time is a parameter
shared by all spatial locations. A scalar field is a distribution of values at each point in space. A

vector field can be visualized as a distribution of arrows, having magnitude and direction, at
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each point in space. Scalar and vector fields respectively are tensor fields of order zero and one.
A second-order tensor field is a linear mapping from vectors to vectors, or a bilinear mapping
from pairs of vectors to scalars, at each point in space. More generally, an nth order tensor field
is a multilinear function from n vectors to scalars, although in GFD we rarely encounter tensors

99 ¢

higher than second order. The terms “scalar,” “vector,” and “tensor” are understood implicitly to

refer to fields rather than single values, and therefore always depend on space and time.

A coordinate system is a set of enumerated surfaces extending throughout space, not
necessarily planar nor spatially fixed in time, that can be used to specify locations and therefore to
quantify motion. These coordinate surfaces are indexed with a set of three numbers {x1 ,xz,x3}
called the coordinates. When used as the argument to a function, the shorthand notation f(x)
will be used in place of f(x!,x? x3), following Grinfeld (2013). The position vector field r(x)
of the coordinate system is the vector field that at each coordinate location {x!,x%,x3} gives the
displacement vector from the origin to that location. For notational compactness, the argument x
will generally be omitted from 7 and other tensor fields. We shall consider x’ to refer collectively

to the entire set {xl,xz,x3}, and similarly for other indexed entities.

Critically, physical laws and the tensors appearing in them are not affected by the choice
of coordinate systems. However, the representation of tensors as sets of components and the
representation of physical laws as equations expressed in terms of these tensor components are
affected by the choice of coordinate system. Much of the effort expended here is in deriving
equations for tensor components, because these component equations are what we actually use
for calculation in numerical models. In our experience the distinction between tensors and their
components is frequently confounded in GFD, particularly when taking material derivatives,

which are often applied to components alone rather than full tensors.

Differentiation of the position vector field r with respect to each coordinate defines a set of

basis vectors
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€e; = 6l~'r , (21)

where 0; = §/dx" is a shorthand for the partial derivative with respect to the ith coordinate. A
basis vector is thus the tangent vector to the curve traced out by the change in position as we
vary r one coordinate x' at a time. The basis vectors need not have unit length, be orthogonal
to one another, or be constant in space or time. Immediately we see the influence of extrinsic
geometry here: the vector r exists independent of our representation of space as a differentiable
manifold. Were we strictly intrinsic, we would have to make the more abstract choice e; = 9; for
the basis. Singularities in the coordinate systems can be managed, for example at extrema in
non-monotonic coordinates and at poles (see, e.g., Prusa, 2018), so long as there are not too

many. So, coordinates imply a basis, and in casual exposition we may freely refer to either.

In order to handle so many possibilities for the basis e}, a set of reciprocal basis vectors e
are defined such that

e-e =6, (2.2)

& = (2.3)

Unlike in Cartesian coordinates, the e; and e’ bases are not generally orthonormal themselves.

Equation (2.2) introduces a new type of joint orthonormality.

Due to the definition in equation (2.1), the basis vectors e; will shorten when coordinates
are packed more tightly — that is, they “covary” with the coordinates. The basis vectors €
contravary with the coordinates in just such a way to make equation (2.2) hold. This justifies the
names covariant and contravariant, and motivates the subscripting of covariant indices and the

superscripting of contravariant indices.
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Components of tensor fields also covary or contravary with the coordinates. For those familiar
with tensors in Cartesian coordinates, but not general curvilinear coordinates, the distinction
between these two types of components is a key new concept with critical implications for

deforming coordinates.

In what follows we will make use of the partial derivatives of the basis and reciprocal basis
vectors with respect to the coordinates. In flat space, these can be expressed as

de; =T* ex, giel =-I' ek, (2.4)

where I'", I the Christoffel symbol of the second kind, is defined as

1

T, = (0ie;) - €". (2.5)

Thus Fkl. ; is the expansion coefficient for the derivative of the jth basis vector with respect to the
ith coordinate that is associated with the kth basis vector. One may readily show the symmetry
Fkl. ;= Ik i from (2.1) and the commutativity of partial derivatives. A readily computable

expression for the Christoffel symbols will be presented shortly.

The extrinsic approach to tensor analysis offers important simplifications over the intrinsic
approach common in general relativity. There, definitions may reference only the curved
spacetime manifold because an extrinsic space is not observable. With an extrinsic space,
however, we can think of basis vectors e; simply as spatially and temporally varying arrows in
physical space rather than abstractly as differential operators in the tangent space of the spacetime
manifold. Furthermore, here the basis vectors e; and reciprocal basis vectors e are elements of
the same Euclidean vector space, whereas in general relativity the reciprocal basis e’ must be
replaced with the dual basis dx’ of differential 1-forms in the cotangent space to the manifold.

See section 2.4 of Carroll (2019) or section 1.4 of Ogden (1984) for further discussion.

The general, time-varying, curvilinear coordinate system x’ captures both the rotational
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acceleration and deformation required for GFD. In addition, we introduce a second, potentially
curvilinear but rigid and inertial coordinate system y“. On account of Galilean invariance we
are free to choose an absolute reference for motion that defines this inertial coordinate system to

be stationary.

A sketch is presented in Fig. 2.1, which also includes notation introduced subsequently. In
order to clearly distinguish between tensor components referenced to these two systems, we
adopt the convention of indexing any object as referenced from the non-inertial, deforming
setting with the letters {7, j, k,¢,...} and from the inertial frame with {a,b,c,d,...}. The less
common choices of letters in the latter case are intended to reflect the less common choice of an

inertial coordinate system for GFD.

Let s be the position vector field associated with the y* coordinate system, and S = s — 7 be
the location of origin O, of the x coordinates with respect to the origin O of the y¢ system; see

Figure 2.1. The y“ system has covariant basis vectors

e, =0,8=0,r, (2.6)

where 9, = d/0y“, and where the latter equality follows from the fact that S is spatially constant.
Note that the basis vectors e; and e, are distinguished by their indices, as are the partial
derivatives 0; and d,, the Christoffel symbols r* ij and F"a B and so forth. While the curvilinear
coordinates in the inertial y“ system may have complex spatial dependence, the time derivatives
of these coordinates, their basis vectors, and any other quantities such as s and Christoffel
symbols are all temporally constant. In the x’ system, the corresponding quantities may all vary

in time.
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2.2.2 Index notation

The extrinsic perspective allows a vector w to be equivalently represented in terms of the
basis or the reciprocal basis as

w=w'e; =we, (2.7)

where (2.2) is used to find the components as w! = w- e’ and w; = w - e;, called the contravariant
and covariant components of w, respectively. Note that we use the Einstein summation
convention: any indices occurring in one upper and one lower position are understood to be
summed over, so that w'e; means 21-3:1 wie;. For the special case of a Cartesian basis, the
covariant and contravariant basis vectors are identical, and consequently so are the covariant
and contravariant components of w. In curvilinear coordinates, however, the index position is

essential to keep track of which set of components is being considered.

Similarly, a second-order tensor A can be variously represented in terms of its contravariant,

covariant, or mixed components as

A= Aijei®ej = Aij€i®€j = Aij€i®€j = Aijei®ej, (2.8)

where ® denotes the tensor product. Each of these expressions involves a sum over nine elements,
with two nested sums over three basis vectors in each sum. As with vector components, the
tensor components can be found by projecting A onto the basis vectors, A” = €' - (Ae’) and so

forth, again using orthogonality (2.2) together with the defining property
(a®b)w=a(b-w) (2.9)

of the tensor product (see Itskov, 2015, section 1.7).

The index state of a set of tensor components—its number of indices together with their status
as contravariant or covariant—is known as its valence (e.g., Needham, 2021, §33.1). Unlike

the vector components w', the coordinates x' are not the components of some vector field x as
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the notation appears to imply; they are just the numbers specifying the location of a particular
point with respect to the chosen coordinate system. In particular, they are not the same as the

components ' of the position vector field 7, except in Cartesian coordinates.

We adopt the convention that the left-to-right order of the indices in expressions such as
Ale;®e ; must match between the components and the basis. With this convention, it becomes
unnecessary to explicitly indicate the basis vectors that accompany any tensor’s components,
since their arrangement is evident from placement of the indices within the components. That is,
the tensor component A may be used to unambiguously refer to the entire tensor A e; ® e e
Consequently, one need not write the basis vectors at all in evaluating tensor operations, just the
relations among components. However, by the product rule the derivatives of tensors depend on
both the derivatives of the components and the derivatives of the basis vectors. It follows that in
order to dispense entirely with basis vectors some special machinery for expressing derivatives

in terms of tensor components is needed, as introduced shortly.

2.2.3 Index juggling

The basis vectors and reciprocal basis vectors can be used to define the metric coefficients
g =ei-ej, g/=¢"€ (2.10)

which are symmetric and are not equal to 6; except in the special case of orthonormal basis sets.
With these definitions, the contravariant and covariant components of the vector w = w'e; = w;e’

can converted into one another. This conversion proceeds as

Sl —w.el. el =w-e =wle: e =w/ s =w'
wigl =w;e e—we—we]e—wéj—w (2.11)

wigii=wlej-ei=w-e;=wje -e;=w;é! =w; (2.12)
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which together establish that

gijwj :wi, gijo:Wi~ (2~13)

Using the metric coefficients to convert between covariant and contravariant components is
called index raising and lowering, index juggling, or changing valence. Note that index raising
inverts index lowering, and thus

878 =6}, (2.14)

which traditionally defines g”/. The second of equations (2.10) follows from the first together

with (2.14).

2.2.4 Tensor operations

When performing operations on tensors, we have the choice of working in symbolic notation
with familiar operators such as X, ®, and V, or in index notation where we represent the impact
of these operation on tensor components. In Tables 2.1-2.3, we present translations between
these two notations for common operations and identities. See section 1 of Itskov (2015) or
Lilly et al. (2024) for the symbolic definitions of the tensor product a ® b, left operation a A, the
tensor transpose A’ and the tensor trace tr (A), all of which may be defined without coordinates.

Note that because a - (Ab) = (aA) - b, we may write simply a Ab.

The action of the tensor A on the vector w is represented as
Aw = Aij (e;@e/)whey = Aij.wf'e,- (2.15)

again using (2.9) and (2.2). But because the presence of the e; can be inferred, we can write
down Aij.w-/ as an implicit representation of Aw without needing to carry out the intervening
manipulations on the basis vectors. Matching an upper with a lower index in two tensor

representations, as in Aijwf , effects an inner product and is called contraction. Each contraction
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Table 2.1: Common vector operations, written both in symbolic notation and in index notation,
with the basis vectors associated with the index notation expressions shown in the final column.
Here V = €'0; denotes the familiar nabla or del operator as expressed in curvilinear coordinates,
® denotes the tensor product, V; is the covariant derivative acting on tensor components, and
/% is the Levi-Civita or alternating tensor, all of which are defined subsequently. In later tables
we will omit the final column because the basis is implied by index placement.

Gradient tensor

Name Symbolic  Index Basis
Inner product a-b a;b' —
Cross product ‘ axb gikq bk e;
Tensor product ‘ a®b a'b j e ® e’/
Gradient ‘ Vy Viy e
Divergence ‘ V. .w Viw' —
Curl ‘ V X w sijijwk e;
|

Veow V,‘Wj €i®6j

Table 2.2: Common vector identities involving the tensor product, written in both symbolic and
index notation.

Name Symbolic Symbolic Index

Tensor trace tr(a®b) a-b a;b'
Right operation ‘ (a®b)w a(b-w) aibjwj
Left operation ‘ w(a®b) (w-a)b wiaibj
Transpose ‘ (a®b)’ bea bla;
Advection ‘ u(Vow) (u-V)w ujiji
— ‘u(V@w)T (Vow)u ujViw]~

involves the implicit dot product of a basis vector e; and a reciprocal basis vector e/ using
(2.2), reducing the degree of the tensor by two. Index notation readily accommodates multiple

simultaneous contractions, easily identified by matching indices.

A particularly important tensor is the identity tensor, which in flat Euclidean space is given by
I=g"e; ®ej = gijei el = 53-6,‘ ®el = 6{ei ®e;. (2.16)
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Its non-mixed components are the metric coefficients, while its mixed components are Kronecker
delta functions. Given a flat, extrinsic space, g;;, g’.j, and (53. are all representations of I in
precisely the same sense as the various representations of A in equation (2.8), and the metric
g is nothing but the identity tensor I. This tensor has the property that Jw = w for all w.
The identity tensor is implicitly involved whenever the delta function is used in index notation,
that is, a;8',b7 = a;b' corresponds to the tensor equation aIb = a - b with I chosen in a mixed
representation. It is also implicitly involved in index juggling, since g"/w j= w' corresponds
to the tensor equation Jw = w with I chosen in a non-mixed representation. This is intuitive,
because changing the representation of tensor components is an operation that does not change

the tensor itself, that is, an identity operation.

Evaluation of the cross product and curl in index notation requires the introduction of an

appropriate tensor operator. The Levi-Civita symbol €;j, given by the rule

1, ijk an even permutation of 123

€ijk = €k = —1, ijk an odd permutation of 123 (2.17)

0, otherwise

is used in turn to define the components of the Levi-Civita tensor €, also known as the volume

element. Its covariant representation is

Eijk = \/gEijk , (218)

where g = |g;;| is the determinant of the metric components. With orthonormal basis vectors we
have g = 1. The Levi-Civita tensor’s indices may be raised in the usual way, and the contravariant
components of € are

1

gk = — ¢lik, (2.19)
Vg
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Table 2.3: Operations for isolating the portions of a second-order tensor A exhibiting various
types of symmetries in symbols and index notation.

Part Symbolic Index
Isotropic %tr(A)I %g,-jAkk
Symmetric % (A + AT) % (Aij +Aji) = Ay
Skew-symmetric % (A - AT) (A —Aj) = Apj

The contraction of these two representations satisfies the useful identity
eijee™ = 5557 - 6;."55. (2.20)

which can be used to easily prove most of the triple-product identities that must be memorized

or looked up for manipulation of symbolic equations.

Notation will be needed for isolating portions of a second-order tensor A exhibiting various
types of symmetries, presented in Table 2.3. In symbolic notation, a tensor is said to symmetric
if A= AT and antisymmetric or skew-symmetric if A = —A”. In index notation, a tensor is
symmetric if

A=A, A=Al A = AT (2.21)

and skew symmetric if
A.=—A.. A=Al AV = ATl (2.22)

Using index juggling, all statements in (2.21) and (2.22) are shown to be true if any one of
them is true. Note that for a symmetric tensor A, there is no ambiguity in writing the mixed
components as A; = A i = A ].i , without the placeholder spaces; this is the case for the Kronecker

delta 5’]..

This discussion has shown that explicitly writing the basis vectors is superfluous because all
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relevant information is already present in the placement of indices. However, rather than identify
w' and A’ ; with a vector and second-order tensor respectively, as is sometimes done, we find it
helpful to emphasize that w' and A’ ; are tensor components which only when paired with basis
vectors yield the actual tensors. This underscores the fact that derivatives of the tensors involve
derivatives of both the tensor components and the basis vectors, even if the basis vectors are not

explicitly written.

2.3 Spatial derivatives in curvilinear coordinates

We would like to express not only changes in tensor representations but also spatial and
temporal differentiation in component form without explicit reference to the basis vectors.
This requires that a derivative be expressed in such a way that it involves an action only
on the components of the tensor and not on the basis vectors. It can be shown that partial
derivatives of tensor components such as d;w’ and 8L-Aj . do not transform according to the tensor
transformation law (2.24) and are thus not themselves the components of tensors. An extension
of partial derivatives that accounts for changing basis vectors is thus required to express the
spatial derivatives of tensors in component form. This is precisely what the Christoffel symbols

defined in equations (2.4) and (2.5) express.

Though our original definitions of the Christoffel symbols are geometrically instructive, the

symbols can also be calculated more straight-forwardly in terms of the metric coefficients as

i 1 i
ij = Eg [(ajggk +akg[j _8€gjk) . (2.23)

Under a change of basis, the components of a tensor transform according to the tensor

transformation law
wi = Jowt, wa =Jiw, A%, = AT AL (2.24)
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where the Jacobian coefficients J}, and J¢ are defined as

J& =0y, Ji=9,x (2.25)

The transformation law (2.24) generalizes to tensors of any order, with a Jacobian contraction on
each index. Note that in terms of the basis vectors, the Jacobian coeflicients can also be written
as?

J'=e;-€e", J=e, €. (2.26)

1

We also have, by the chain rule,
e =J'e,, e.=J e, (2.27)

meaning that J are the components of the e; basis expanded in terms of the e, basis, and

conversely for J},.

An indexed entity contains the components of a tensor if and only if it transforms according
to (2.24). Indeed, this transformation law can be used as an alternate, equivalent definition of a
tensor to the definition given above as a multilinear function on vectors, as shown in (1.6)—(1.10)

of Jeevanjee (2011).

The Christoftel symbols Fkl.j do not transform according to the tensor transformation law
and are therefore not the components of a third-order tensor. A tensor with the same mixture of

indices as Fkl.j would transform according to

A, = TRILTEAT (2.28)

2To see this, note that the Jacobian J [11 may be used to transform the basis vectorsas e, =9, s = d,7 = JZ oir=J fle,-.
It then follows that J¢ = de{ =J¢ (ei-ef) =e; ~Jj‘?ef = e; - e, and similarly for J/.
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The Christoftel symbols, however, follow the transformation law

Fa _ a ./ kl‘*i a 62'xi 229
pe =TT f"+JiW (2.29)

which differs from (2.28) in the boxed term. The reason the Christoffel symbols are not
components of tensors is that Fkl. T by construction according to (2.5), describes an aspect of the
x' coordinate system, namely how its basis vectors vary spatially. When we change coordinates
to y“, we are not simply changing the representation of the Christoffel symbols Fkij but rather
obtaining new quantities I'?, _that describe the spatial variations of a different set of basis vectors,

the basis vectors e, of the y system.

Nevertheless, the Christoffel symbols can be said to resemble tensors in the sense that
the upper index and/or either one of the two lower indices will transform according to the
transformation law, but both lower indices together will not. This can be understood using their
definitions I" kl.j = (die)) e and T ¢ = (0qep) - €°. The upper index k of Fkl.j corresponds to
the basis vectors we are expanding in; this index will therefore transform like the contravariant
components of a tensor. The first lower index i corresponds to the coordinate system in which we
are taking a partial derivative; this index will transform like the covariant components of a tensor.
From the symmetry I';, = I'";, the second lower index can also be transformed like a tensor.
Yet 0;e; together does not transform like a tensor in j because this would require 6I-JJ‘.’ =0, which
is not the case in general; thus both lower indices do not simultaneously transform according to

the tensor transformation law.

2.3.1 Changing representations involve the identity tensor

It builds intuition to highlight a detail that we have not seen discussed in the literature, namely
the role of the identity tensor I in changing tensor representations. As discussed in section 2.2.4,
in Euclidean space the action of index juggling implicitly involves the identity tensor, since

g’/w = w' corresponds to the tensor equation Jw = w with I = g'/e; ®e ;. However, the identity
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tensor can also be written in the form
I=J'e,0€e =J\e®e, (2.30)

in which case the coefficients of the basis vectors are seen to be the Jacobian coefficients. In this
form it is clear that changing representations from one basis to another also involves the identity
tensor, since w¢ =J l.“wi again corresponds to Jw = w but now with I = Je, ® e'. In both cases
the effect is to express the tensor in a new representation without changing the tensor itself.
Moreover, combining (2.16) with (2.30), we also see that in Euclidean space, the Kronecker
delta, the metric coefficients, and the Jacobian coefficients are all different representations of the

identity tensor I.

This clarifies several points of ambiguity in the literature. Commonly g;; is referred to as the
metric tensor, but from our extrinsic perspective, there is no separate “metric” tensor having the
gij as its covariant components apart from the identity tensor I = g; ; e’ ® e/. For this reason we
refer to g;; as the metric coefficients or components, as opposed to the metric zensor. At the
same time, is also often said that the Jacobians are not tensors. However for our purposes the
Jacobian coeflicients have the same status as the metric coefficients—they are components of the
identity tensor, but in a representation that uses a basis and a reciprocal basis drawn from two
different coordinate system, as in (2.30). The equal status of these two sets of coefficients is also

apparent if one observes that g;; = e; - €; while similarly J, i =e, €.

2.3.2 Spatial differentiation

Taking the partial spatial derivative of a vector w with respect to the ith coordinate, we find

dw = 0;(w'e;) = e;0w! +|w’ ;e; (2.31)

-

which illustrates that the components of the derivative of a tensor are not the derivatives of its

components; spatial variations in the basis vectors will contribute via the boxed term, which
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itself is equivalent to w/ Fkl.j e, by equation (2.4). The partial derivative 0;w can be rewritten as
ow=e; (6,~wj + Fjl.kwk) = ejViwj (2.32)

Here V,w/ is known as the covariant derivative of w’, and has been constructed to express
the action of taking the partial spatial derivative of a vector in terms of an operation on its

components.

The covariant derivative of the components of a tensor takes on a different form depending
upon the tensor’s order and the valence of its representation. For a scalar or zero-rank tensor
field we have the simple relation V;a = d;a, while for a second-order tensor A expressed in

mixed component form the covariant derivative is

o
ViA] = AL+ T, AL T, AL (2.33)

This pattern extends in the obvious way to tensor components of different orders and valences,
with a positive Christoffel term for each upper index and a negative term for each lower index.

Importantly, the covariant derivative exhibits the usual properties, such as the product rule,
Vi(a'by) = a’Viby + by Via? (2.34)

and linearity; see section 8.6 of Grinfeld (2013).

When it acts on the components of an nth order tensor, the covariant derivative produces
components of an (n + 1)th order tensor, and indeed this was the entire point of defining it this

way. This means we can also define the contravariant derivative
Vi=g"V;. (2.35)

In Table 2.1 we see how the covariant derivative is used to write various types of spatial
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derivatives as actions on tensor components. Importantly, when the coordinate system spans the
three dimensions of Euclidean space, covariant differentiation of a tensor component corresponds
to partial differentiation of the tensor itself, as is evident from fact that V,w/ is the jth component
of d;w from (2.32); this will no longer be the case when the covariant derivative is applied along
a curved manifold, such as in general relativity or along a curved surface embedded in three

dimensional Euclidean space, see Chapter 11 of Grinfeld (2013).

The gradient tensor of a vector w is V ® w and has components V;w/. A notable example is

the gradient of the position vector 7, for which one finds

Ver=I, V;r'=¢, (2.36)

which is readily shown in Cartesian coordinates.’

The covariant derivative has the crucial property that its application to the metric coefficients
vanishes,

Vig'k =0, Vig ;i =0, V;6] =0, (2.37)

a result known as Ricci’s theorem, metric compatibility, or the metrinilic property. This means
that we can freely raise and lower indices across the derivative. As confirmed in Appendix A, its

application to the Jacobian coefficients also vanishes

ViJi=0, ViJi=0, V=0, V.J!=0, (2.38)

1

but this had to be the case since it was designed to produce tensor components from tensor

components—we have to be able to change bases through the derivative for this to be true.

It may similarly be shown that the application of the covariant derivative to the Levi-Civita

3In Cartesian coordinates r’ = {x,y,z} and V; =0, so er" = airi = 63 It then follows from the tensor

transformation law that this holds for any other coordinates y“: Jf‘Jié; =JJ; =68,
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tensor vanishes,

Veeiji =0, Veellk =0, (2.39)

meaning that the covariant derivative and the Levi-Civita tensor also commute.

2.3.3 Index swapping rules

In changing representations between the e; and the e, bases, the following rules will prove
useful. Any repeated indices that generate proper tensors may be freely swapped between the
{i,j,k} and {a, b, c} index sets, e.g.,

i

w'e; = we,, Al.jei ®ej = Aibei ®ep . (2.40)
Any contracted indices on tensor components can likewise be swapped, e.g.,

u'v; = uv,, Agpw? = Agw'. (2.41)
For the Christoffel symbols, contractions that involve the upper index and/or one of the two

lower indices may be swapped, but not those involving both lower indices:

F’jkuiv]wk = F“jkuavfwk = F“bkuavbwk

(2.42)

= F“J.Cuav]wc #I uvPwe.

Although partial derivatives of tensor components are not in general tensor components, indices

of contracted partial derivatives may also be swapped via
u' oy = ud,0. (2.43)

This follows from the chain rule and the definitions (2.25), but we can also use (2.32) to rewrite

expressions involving partial derivatives in terms of the covariant derivative and the Christoffel
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symbols, for example

W' o = u'Vpd TV ulvk, (2.44)

We see that swapping the i index for a only requires one of the two lower indices of the Christoffel

symbol to change, and is therefore permissible.

2.4 Time derivatives in curvilinear coordinates

In order to determine the momentum equation in a generally accelerating, rotating, and
deforming coordinate system, we need an analogue of the covariant derivative for temporal
differentiation. That is, we need a way to compute total time derivatives of tensor fields
by operating only on their components. This section introduces such a derivative, first
presenting a known result for fixed coordinate systems, and then introducing a generalization

that accommodates moving, deforming coordinates.

2.4.1 Frames and settings

Consider the coordinate system y“, which we have introduced as being both rigid and inertial.
In fact, both of these properties more properly pertain not to the coordinate system y“, but
rather to the frame in which it is embedded. We define a frame to be an imaginary, rigid lattice
extending throughout space, in comparison to which Newtonian motion may be measured (see
e.g., Koks, 2017). Given a non-accelerating frame, any curvilinear coordinate system that is
fixed with respect to that frame will inherit its rigidity and inertiality. Thus, referring to y* as a
rigid, inertial coordinate system is simply a shorthand for saying that it is a coordinate system
embedded within an inertial frame. Recall that we have employed Galilean invariance to regard

this inertial frame as stationary.

The x' coordinate surfaces, by contrast, are allowed to evolve with respect to the inertial
frame according to any combination of translation, rotation, and deformation. Because these

coordinates are permitted to exhibit non-rigid motion, it is not possible to fix them within any
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Table 2.4: A table of different time derivatives appearing in this work. y is a general path along
which differentiation occurs. We understand the material derivative of a tensor to be taken
following a fixed parcel label &. The intrinsic derivatives are constructed to produce components
of the corresponding total derivatives acting on tensors. One further sort of time derivative, the
convected derivative of Oldroyd (1950), is discussed in Appendix E and omitted here.

Name Symbol Argument
Total along path y %r{ Tensor
Total Material 4= d)¥ = 4 ¢,  Tensor
Partial with fixed x 2. Either
Partial with fixed y l, Either

Covariant Advection |V, = v¥V, =1V, Components

Lie Advection Ly Components
Intrinsic % |X Components
Intrinsic Material % = %|X€ = %| ¢ Components
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rigid frame. We instead introduce the term setting to indicate a deformable frame-like entity,
visualizable in two dimensions as an evolving, stretching rubber sheet onto which coordinate
lines are marked; in the case without deformation, a setting becomes a frame. For brevity we

refer to the x' coordinates as being within the moving setting.

Since the x coordinate surfaces are allowed to be temporally varying, it follows that the basis
vectors e;, metric coefficients g;; and g"/, and Christoffel symbols Fkij vary as well. Meanwhile,
the y“ coordinate surfaces and hence basis vectors e,, metric coefficients g,, and g%*, and
Christoffel symbols I'“, are all temporally constant. The Jacobian coefficients J;' and J ! for
converting between the two coordinate systems will also vary in time as the x’ coordinates do.

All of these quantities are permitted to be spatially varying.

The two coordinate systems are related as follows, sketched in Fig. 2.1. The origin O,(t) of
the coordinate system in the moving setting is located at position vector S(¢) with respect to the
origin O, of the coordinate system in the inertial frame. Let r be a position vector with respect
to the origin of the moving coordinate system O,, and s a position vector with respect to the

origin of the inertial coordinate system O,, with s =7+ S.

It is assumed that our coordinate systems are sufficiently well-behaved that they can be related
by invertible sets of differentiable functions, allowing one to translate freely between the names
given to a particular point in each system. That is, we can write each coordinate system in terms

of the other as

x'(y,1), yi(x,t), (2.45)

where we suppress coordinate indices within function arguments. Differentiating each set of

coordinates with the other held fixed yields two velocity fields, U and V, having components

wiEa_xi (Vaana
’ ot |

(2.46)

At each point in space U = U'e; is the velocity of the inertial frame as observed from the

moving setting, while V = V%¢, is the velocity of the moving setting as observed from the
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inertial frame.

Clearly these velocity fields are equal and opposite, U = —V, although they both may vary
in space and time. Following the tensor transformation law, each field is expressible in terms of
the other basis as

U =J'U, Vi=J v, (2.47)

where J = 9;y“ and J, ; = d,x' are the Jacobian coefficients defined earlier in (2.25), such that
YV =Vie; = V@, and similarly for U. Because the inertial coordinate system is assumed to
be stationary, “V is the absolute velocity of the moving setting. Hereafter we use only “V, which

we name the setting velocity field.

Let the scalar field £ be a label that remains constant following fluid parcels. Differentiating
each set of coordinates with the label ¢ held fixed yields two velocity fields characterizing the
fluid motion, u = u'e; and v = v?e,, with components given by

dy“
dt ¢

i

u a

d i

@y v (2.48)
The velocity field w is the relative velocity observed with respect to the moving setting while v
is the absolute velocity. Although these velocity fields make the most sense in the setting where
they are easily observed, they are vector fields and can therefore be expressed in components

relative to the basis vectors of the other setting,
u’ = J', vi=Jhve (2.49)
These two velocity fields are related as follows: considering the x' coordinates to be a function

of parcel label and time, x'(&,), we have

dx’
=Jr =
' odt

+ay
¢ ot

[x(&,1),1] (2.50)

_ a
dty

s
X

&
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which reduces to v¢ = u? +V“. Consequently
v=u+V. (2.51)

The absolute velocity of the fluid v is thus the sum of its velocity w relative to the moving setting
and the setting velocity “V due to the motion of the x setting itself. This is precisely what we

should expect.

If the coordinate system x' is embedded within a frame of reference rotating with the planet,
then V is the planetary velocity and u is the velocity relative to the planet. In cases where the x’
coordinates deform relative to the planet, for example in isopycnal or pressure coordinates, the

setting velocity “V captures this coordinate motion as well as the planetary motion.

2.4.2 The intrinsic derivative in static frames

Next we present a standard indicial expression for the derivative along an arbitrary curve, the
intrinsic derivative, which allows us to express the material derivative following fluid parcels as a
special case. The intrinsic derivative is defined in the literature only for static coordinate systems

and requires generalization to accommodate rotating or deforming coordinate systems x'.

Let y(¢) be some parametrized curve, with coordinates y“(¢) and y'(¢) within the y* and x'
coordinate systems respectively, and write f [y (¢),?] to denote the restriction of the field f to
the curve y. We use the notation

ar|"_

7 =3 [x(1).1] (2.52)

to mean the total time derivative of f evaluated along y, which is independent of the coordinates
we use to represent y. This notation is intended to be distinct from df /dt|,, which means that

the derivative is taken with the quantity Q held at a fixed value.

The rates of change of the x' and y“ coordinates as one moves along the curve y specify
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two sets of tangent vectors, p[x(#)] = p'e; and g[x(1)] = g“ey, called the parametric velocities,

having components
dya X
dr |

i

p

a

) q

dit |X
= (2.53)
These give the apparent velocity of motion following the parameterized curve as observed with
respect to the moving setting and the inertial frame, respectively. We emphasize that these are
not material velocities—they correspond to the rate of change of a position along any chosen
curve y(t), and are in general completely independent of the velocity of the fluid in which the

curve is embedded. By reasoning analogous to (2.50) and (2.51), we arrive at

g=p+YV. (2.54)

When f is considered to be a function of the y* coordinates, f = f [ x“(¢),t], its derivative along

X is
af
dt

toof

b
= +q 0 2.55
5t bf ( )

y

from the chain rule. When applied to a vector field w, the total derivative along y can be

expressed as

dwl¥  ow 5
awit_ 2 e
ar| " ar| TTOY
3 (2.56)
= e, (— +qbe) w
a1,

from the fact that the basis vectors e, are temporally constant combined with the definition of
the covariant derivative in (2.32). We can thus define the intrinsic derivative

5X=ﬁ
|\ ot

ot

+ qbe) , (2.57)
y
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acting on tensor components, allowing us to write

X

d
7 €. (2.58)

X Sw
ar|

ot

See §7.55 of Aris (1962) or §8.9 of Grinfeld (2013) for extended discussion of this operator.

The action of the intrinsic derivative is to express the total time derivative along the curve
x (2) in static but curvilinear coordinate systems in terms of operations on tensor components
alone. Put another way: when we apply the intrinsic derivative to the components of a tensor,
what we are doing is taking the total time derivative of that tensor along the specified curve.
The form of the intrinsic derivative given in (2.57) is independent of the order and valence of
the tensor components on which it operates because this dependence is already accounted for
by the covariant derivative. Finally, we reiterate that equation (2.57) is valid only for tensor

components with respect to fixed basis vectors.

2.4.3 The material derivative in static frames

We now choose a curve, denoted y¢(?), to follow the fluid parcel £, and then allow £ to take
on all possible label values, such that y.(¢) specifies the paths of all fluid parcels. The total
derivative along the curve y¢(¢) following fluid parcels for each value of é—that is, the material

derivative—of some tensor quantity f is then given by

dr |

d
= =1, 2:59)

From (2.53), the parametric velocity components p' and ¢¢ evaluated along the paths of fluid

parcels become

. dv®
=, g = =0 (2.60)
3 £

. dx’
e = &4
Pl .7

from (2.48). This emphasizes that the fluid velocities u and v are a special case of the parametric

velocities p and q along a family of curves, when those curves are taken to follow fluid parcels.
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We define the material intrinsic derivative

i: 2
ot \ot

Applied to a vector field w, this is written in terms of the inertial y* coordinates as

+vab) (2.61)

dw

Xé& Sw?
dr| ot

57 €, (2.62)

This is simply the intrinsic derivative (2.57) evaluated along fluid parcel trajectories, for which
the parametric velocity g has been set to the absolute fluid velocity v, and again the form (2.61)
is only valid for static coordinate systems. For convenience, we define the undecorated symbol
0/6t to be the particular, material case of the intrinsic derivative along a curve because this
version is most common in our applications. If we need to differentiate along some other path y,

we denote that explicitly by “(:)|¥.”

2.4.4 Velocities and settings

We pause momentarily to investigate the relationship between the vector fields p and g, and
to clarify the notion of a setting. As in Fig. 2.1, let  and s be the position vectors measured
from the origins O, and O, respectively to some point in space. Due to the motion of the basis
vectors, 7 may change even with coordinates x! held fixed. However, on account of our choice
that the inertial coordinate system y“ be embedded within a stationary frame, s may not change
with y* held fixed. Consequently, considering the position vectors along the curve y (), we see

that [ x (¢),¢] is an explicit function of time but s[ y(¢)] is not.

Taking the time derivatives of these position vector along the curve y () then leads to

X

X
or —q (2.63)

= + —
p ot

dr

dt

ds
dt

’
X

from e; = 9;r and e, = 9, s, together with the definitions of p and q in (2.53). Thus the rate of
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change of the position vector s measured with respect to the inertial frame (which has been
chosen to be stationary) is the same as the vector field g observed in that frame, but the same
is not true for the moving setting. In the moving setting, an additional contribution dr/dt|,
appears due to the motion of the coordinate surfaces themselves. We name dr/dt|, the inherent
velocity field since it is an inherent property of the setting, not of the fluid motion. The simplest

case of a non-zero inherent velocity field is that due to rigid rotation.

We may now make the following key observation with respect to settings: if two different
coordinate systems have the same inherent velocity fields, they share the same setting. In this
case, all coordinate locations in one coordinate system remain at the same coordinate locations
in the other system even as the setting moves or deforms. These two coordinate systems can then
be visualized in two dimensions as two different sets of lines on the same deformable rubber
sheet. Like a frame, a setting therefore does not depend upon or imply a choice of coordinates,

even if a particular coordinate system was involved in its initial specification.

The inherent velocity field dr/dt|, is related to the setting velocity V, as will now be shown.
Since s =r+ S, see Fig. 2.1, we can take the total derivative of this equation along curves y (¢)

to yield, using (2.63) and (2.60),

or| dS
=p+—| +—. 2.64
q=p+ 5 T (2.64)
Since S is spatially constant for a given time, we also have
dS 08 oS
= == 2.65
dt  ot|, ot (2.65)
Comparison with (2.54) then shows
or| dS O0s
= | +—===", 2.66
V=% Tar T w (2-66)

which means that the setting velocity field V consists of the inherent velocity of the moving
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setting dr/dt|, plus dS/dt, the velocity of the origin of the moving setting. This is equivalent
to the apparent velocity of the absolute location vector s as viewed from the moving setting. In

the common case that x’ and y“ have coincident origins, this reduces to V = dr/dt|, = ds/dt|,.

2.4.5 Transforming rates of change

In order to derive the intrinsic derivative in the moving setting we must be able to transform
partial time derivatives between inertial frames and moving settings. The partial time derivative
of a function f at a fixed x location is, by the chain rule,

2
ot

af

! =3 +V9o,.f (2.67)

Y

where f is regarded first as a function of the x’ and then of the y* coordinates. Thus we have

_(2
. ot

where the operand field on the left-hand side is understood to depend explicitly on x while that

9
ot

+(v"a,,) (2.68)
y

on the right-hand side is understood to depend explicitly on y, as indicated respectively by the

“|;” and “[,” notation. Proceeding as above but for the derivative d f'/dt|,, one finds

_(ﬁ
. \ar

as the inverse transformation to (2.68). These relationships are a consequence only of functional

9
o1

4 a,-) (2.69)

X

dependence and therefore hold for general functions, which might be tensors of any order, their

components, or even non-tensor functions like the Christoffel symbols.

While the rates of change of the basis vectors e, at fixed y vanish, those of the basis vectors

e; at fixed x are found to be
56,‘
ot

X

=e; ViV . (2.70)

Temporal changes in e; and spatial gradients of V are then just two representations of the same
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phenomenon.* We may also note the useful fact that the temporal derivative of the setting

velocity “V at a fixed location in the inertial frame can be expressed as

. OV

0, OV , OV
ot

Lot

_ave
T

, (2.71)

X

y y

Thus these follow the tensor transformation law for vector components. Notice that the coordinates
held fixed during differentiation differ on either side of the second equality. This property is
particular to the setting velocity V and is not true for tensors in general.> This point will be

crucial when we come to the momentum equation (2.90).

2.4.6 The intrinsic derivative in moving settings

We are now able to generalize the intrinsic derivative to a rotating, deforming setting. The
derivative of vector field w along a curve y, as expressed in terms of its contravariant components

in the moving coordinate system x’, is

d'U)X 0 . . awi . . 0e;
—| =|=| +P/0;| We) = ei+plow+\w — 2.74
dt (arxpf( )= | et ar |, 74)
4As a brief proof, we note
deif _ 9| or 9 or
ot |, Ot|, oxt  Ox' Ot|,

just by reversing the order of the partial derivatives. Substituting from (2.66), this becomes

6ei

ot

ds
dt

=6,-((V ) =6,-(V=ejVi(Vf
X
using the fact that S is spatially constant together with the definition of the covariant derivative in (2.32).
>The first equality in (2.71) is true because the e,, are constant in time, and to verify the second equality we use
(2.69) to write '
; ; ov!
((Vlei) —(V’aﬂ/ = 7

oV
ot

0

yaz

gei
ot

el-+(Vi(

—e;V;V/ ) (2.72)

X X X

after using (2.32) in passing to the second equality; the term in parentheses then vanishes due to (2.70). Separately,
we can use equation (2.68) and Table 2.6 to write, for a general vector w,

|0
| ot
from which equation (2.71) follows immediately by L4 V¢ = 0. In fact, with the choice V = v, equation (2.73)

becomes Oldroyd (1950) equation (23) applied to vector components—see Appendix E for further discussion of
that derivative and its relation to the intrinsic derivative.

ow'
J —
oot |,

+ Lq,) W (2.73)
y
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using the definition of p' in (2.53). The boxed term is of a new sort wholly absent in static
frames, though common in GFD settings, and gives the contribution to the rate of change of w

along y () arising from the temporal variability of the basis vectors.

The intrinsic derivative of the contravariant components of a vector in a moving coordinate

system is then defined as

ow'
ot

X_awi

|+ PV | w/ VvV (2.75)

which supersedes the earlier definition in (2.57). The new, boxed term emerges from the rate of
change of the basis vectors in (2.74) on account of (2.70), and vanishes for any static coordinate
system, recovering the form of the intrinsic derivative given earlier in (2.57). With this definition,

we can express the total derivative along y (¢) in the moving coordinate system as

X

dw e; (2.76)

dr

X_(Swi
Y

just as was the case for the static coordinate system in (2.58).

Unlike for the static coordinate system, the expression for the intrinsic derivative in a moving
coordinate system is valence-dependent. For the covariant components of a vector the generalized

intrinsic derivative is
X

(SWZ'

S = — +ijle'— WjV,‘(Vj

(2.77)

-

as derived in Appendix B. In comparison with (2.75) for the contravariant components, we see
that the final term appears with the opposite sign and with a different contraction of indices. As
shown in Appendix B, (2.75) and (2.77) are indeed the contravariant and covariant components
of the same vector dw/dt|X. Despite this, neither the first nor third terms on their right-hand
sides are individually the components of the same vector. The implications of this are discussed

in section 2.6.6.

For a second-order tensor A expressed in contravariant form, A = Ale;®e j» one finds the
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intrinsic derivative in a moving coordinate system to be

SAY
5t

0AY

ot

+ pEVL AT + ANV V4 ATV YT (2.78)

X

This pattern is expressed most naturally in terms of the Lie derivative along V, which captures

all of the valence dependence in its definition. Find details in section 2.6.7.

Like the covariant spatial derivative, the intrinsic derivative obeys the tensor transformation

law

é‘wi X

ot

X a
. ow

- 2.79
a« 5 (2.79)

Separately, it is compatible with the metric, and so indices can be raised and lowered across the

derivative like so

X 6W] X

=805

5W,‘

5 (2.80)

We prove this in section 2.6.7, and it is standard for the derivative in fixed frames.

The intrinsic derivative adds no complexity to time derivatives of scalars, shown in Appendix C.
The added complexity of differentiating second rank tensors is shown in Appendix D using the

Reynolds stress.

2.4.7 The material derivative in moving settings

The material intrinsic derivative following fluid parcels is then

Swt w! : ; - F
> = o x+us_,~w + W/ VYV, (2.81)
ow; 0w . ,
_5t = o1 } +u’ VJ'W,' — Wle'(VJ 5 (282)
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found by choosing a family of curves y, as parcel trajectories relative to the coordinates such

that u’ = p'| ¢ as in section 2.4.3, but retaining the boxed terms due to the moving basis.

The first two terms on the right-hand side of (2.81) give the apparent rate of change of w
following the flow u as observed from within the moving setting, measuring the contravariant
components of w. The final term tells us that at a fixed x location, the changing basis vectors
interact with the vector field w to act as if the setting velocity field V were being advected by

w. We term this effect counter-advection.

An illuminating special case of counter-advection is that in which the vector field w is both
spatially and temporally constant. In that case, temporal changes in the contravariant components
w' at fixed x locations must occur to counteract the fact that the basis vectors are also changing.

The combined effect leaves the derivative of the w field unchanged.

2.5 The momentum equation in moving coordinates

The coordinate systems employed in geophysical fluid dynamics, such as isopycnal coordinates,
are not often static in time. In this section we therefore develop the equations for conservation of
momentum in arbitrary time-dependent coordinates using the intrinsic material derivative from
the previous section, and present interpretations of the novel terms which arise. These equations

are directly relevant to ocean modeling.

2.5.1 Transformation to a rotating and translating frame

To motivate the development in this section we recall the standard presentation of the
momentum equation in a rotating frame, as found in many textbooks, e.g. Vallis (2017, §2.1),
Gill (1982, §4.5), Pedlosky (1987, §1.5-1.6), and Batchelor (2000, §3.2). See Morin (2008, §10)
for a particularly thorough treatment. Although not normally done in GFD, for generality we
allow the angular velocity of the moving setting to vary in time, and we also allow the moving

setting to translate with a variable velocity. With these extensions, the moving setting exhausts
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the possibilities of rigid motion.

As before, let the y* coordinates be embedded in an inertial frame, denoted I, that we take to
be stationary. Now let the x’ coordinate system be temporarily limited to rigid motion so that
it may be considered to be embedded in a rigidly rotating and translating frame of reference,

denoted R. The absolute velocity v and velocity relative to the rotating frame w are then given by

ds dr
_ — = —_— 2.
v=—_ Uu ( 7 )R (2.83)

where the meaning of the notation “(-)g” is that the basis vectors of the rotating frame R are to
be held fixed while the derivative is carried out. Note that the material derivative with the basis

vectors held fixed is equivalent to the definition u = dx'/ dt| £ i employed previously in (2.48).

Conservation of momentum, expressed in terms of force per unit mass, appears in the inertial
frame as
ov

L0 V)v=F (2.84)

where F' is a generic forcing term, the details of which are not important here. In the rotating

frame this becomes

Euler translational

Coriolis centrifugal ) —
a — " Q d*S
T (- V)u=20xu-0x(Q@xr) - oxr- L2 4 F, (2.85)
ot ) p dt dr?

where the first four terms on the right-hand side are apparent or fictitious forces inferred within

the rotating frame.

The first two apparent forces are well known in geophysical fluid dynamics. The Coriolis
force appears to accelerate the fluid perpendicular to the direction of its apparent velocity w in the
rotating frame, while the centrifugal force, which appears to push fluid parcels radially outwards,
is generally subsumed into the gravitational portion of F'. The third and fourth apparent forces

are typically neglected in GFD, but we include them for completeness. The third apparent force,
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known as the Euler force (Marsden and Ratiu, 1999, §8.6), the azimuthal force (Morin, 2008,
§10.2.4), or by no name (Batchelor, 2000, §3.2), arises due to variability in the rotation rate €.
We experience this in rotating amusement park rides, which apparently push us backwards as a
carousel begins. It is important in planetary science problems such as tidally-locked moons. The
final apparent force, the translational force, arises due to variability in the translational velocity
d S /dt of the moving setting, and is the familiar “g-force” one feels inside an accelerating vehicle

or elevator.

To transform the momentum equation from the inertial frame to the rotating frame, we first
recognize that the absolute fluid velocity is the sum of the velocity observed in the rotating frame,

the velocity induced by its rotation, and the translational velocity of the origin,

v:u+er+%, (2.86)

where the second term arises from the rate of change of the basis vectors induced by €2, see
e.g. Pedlosky (1987, §1.5) or Morin (2008, §9.5, §10.1). A second differentiation shows that

accelerations in the inertial frame and the rigidly translating and rotating frame are related by

— = +OAXU+QX —+—X
ar  \ar “

dv [du dr dQ d*s
_ iy 2.87
( ) R ar ar " an (287

where again the second term arises from the rotation of the basis vectors. Noting that r = s — S

and consequently dr/dt = v —dS/dt = u+Q X r from (2.86), this becomes

— =7 +2OXU+ QX (QXT) + — X T+ — (2.88)

dv _[(du dQ d*S
® dt dr?’

Finally, the time derivative appearing on the right-hand side is expanded via the chain rule as

du ou
(E)R _ (E)R +(u- V). (2.89)

Inserting these last two equations into (2.84) and moving terms to the right-hand-side yields
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(2.85).

2.5.2 The momentum equation in a moving setting

Having presented the momentum equation appropriate for a rigidly moving frame, which
includes familiar terms arising from uniform rotation as well as some less familiar terms, we use
a more rigorous derivation to find a version that remains appropriate when the setting deforms.
Let the x coordinates again refer to a deformable, moving setting. Applying the generalized

material intrinsic derivative (2.81) to the components of the absolute velocity v,

SVl 3 o'

+u/ Vv + 0V
X

o5t ot

Using vi=ul+ Vi,

o o PV
+u;VVu' + 2u; VIV + V, VIV + v
ot

X X

ovi o ou'

or  ar

(2.90)

The boxed terms are apparent forces that arise from a nonzero setting velocity “V, and vanish
otherwise. Recall that the final term does in fact contain the components of a proper vector due

to (2.71).

The covariant form is different, because we use (2.77) instead of (2.81),

5\/‘[ 814,‘ ; ; ; ; 0(Vl
E: Ex+uJVju,~+u]Vj(V,~—uJV,-(Vj—(VJVi‘”Vj+ o1 ! (291)
Ou; . . : oV,
= B8 WY+ 20V Ve VIV + 2
ot |, ot |,
In index notation, the momentum equation (per unit density) in the inertial frame is
ovt  ov? b
= —+ V a— Fa’ 292
ot at |, vy (252)

the component form of (2.84), where F' is the force per unit density. From (2.90) this becomes
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in a moving, deforming setting

é(;—b; +ul V= —2ufv,fvi—fvaj(vf—% +F. (2.93)

X X

The boxed terms due to the setting velocity “V have been moved to the right-hand side and thus

categorized as apparent forces, the meaning of we will explore shortly.

Given knowledge of the forces F', this form of the momentum is numerically implementable
for any moving coordinate system: material, isopycnal, pressure, or any other convenient choice.
It remains only to determine the form of the metric coefficients and the components of V for each
coordinate system, which will be done explicitly in a companion paper (Feske et al., 2026). Thus
(2.93) vastly expands the scope of possibilities over those afforded by the momentum equation
in a rigid frame (2.85) which already has more apparent forces than included in most GFD
textbooks. The companion paper presents concrete applications of (2.93) to various common
coordinate systems employed in geophysical fluid mechanics. The remainder of this paper

focuses on the interpretation of this equation.

Any second-order tensor can be expanded into two portions: a symmetric part (which can
be made deviatoric by further separating its isotropic part if desired), and an antisymmetric or

“skew-symmetric” part. Applying this decomposition to a generic velocity gradient,

symmetric~strain,divergence  skew/spin~vorticity

—— ——
Vv = %(Vjvwv"vj) +%(Vjvf—v"vj) (2.94)

These are the symmetric portion, which is associated with strain (the deviatoric part) and
divergence (the isotropic part), and the antisymmetric portion, which is associated with spin and
vorticity. See Table 2.3 for a comparison of symmetry operators between symbolic and index

notation. When both indices are lowered, we denote symmetries concisely as
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symmetric skew
— —

Vjv,- = V(jvi) + V[jv,-], (295)
and similarly for raised indices—again, see Table 2.3. The skew-symmetric portion consists of
the same information as the curl. One may write €’ - V x w = &/ kV[ W], expressing the curl of
any vector w in terms of the antisymmetric part of its gradient tensor.® The skew-symmetric
velocity tensor V{ ;v corresponding to the vorticity, i.e. the curl of the velocity, is known as the

spin tensor (Itskov, 2015, p 61). The symmetric part V;vy) is the strain rate tensor. We will

refer to these operations on the setting velocity as the setting spin and setting strain rate.

With a small modification, involving adding and subtracting canceling terms, the momentum

equation (2.93) achieves the alternate form

generalized Coriolis augmented Coriolis
—_—— —_—

iV == 2u vy~ oy vUgd)
ot |,
generalized centrifugal augmented centrifugal
0S; o 0S; o
—|v. - =L\ vUepid _ [y, - ZZL | vUqpd
( J St ) J St
generalized Euler—translational — augmented translational
avVi| 68 5S;i
_ _ yliqgil _ Zlyglaqp
ot ot ot
+F', (2.96)

in which the apparent forces become generalizations of the standard fictitious forces—Coriolis,
centrifugal, and Euler and translational forces—all of which will be shown shortly to reduce to

their familiar forms for the case of rigid motion. While this modification from (2.93) is not

SThis is readily found using the Hodge star operator (-) of differential geometry, in terms of which one finds

1 .
VXV = (xdV) = ¢ §8i]k (V; Vi = ViV)) = €5V
where dV" is the exterior derivative of the 1-form associated with <V by the metric tensor. See, e.g., §4.2 of
Marsden and Ratiu (1999), section 2.9 of Carroll (2019), section 36.5 of Needham (2021), or section 3c of Lilly
et al. (2024) for further details.
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necessary (nor unique) for numerical implementation, it is useful in comparing the momentum
equation in a moving setting to its rigid-frame counterpart. The augmented versions of these
forces all vanish under the case of rigid motion because they depend on the setting strain rate, but
can contribute important additional effects under a general setting velocity. As these augmented

terms are unfamiliar in any case, we combine them into the fantastical force, as

. Lo generalized centrifugal
generalized Coriolis

ou' o — T SSi\ i
—| +u!/ Vi == 2u; Uyl |y, - L)yl
o |, St
generalized Euler—translational
fantastical
AV 6S; . . .
- — Iyl _ oy +v)vUaqm
at |, ot (2uj+V))
+F. (2.97)

Furthermore, gathering the setting spin terms and strain rate terms separately is convenient as
only the fantastical force, which depends on the setting strain rate, differs for contravariant and

covariant momentum tensor representations (Table 2.5), which results from (2.75) and (2.77).

. o generalized centrifugal
generalized Coriolis

Ex+u Vjul-:— 2u V[j(\/i] -V —7 V[j(vi]
generalized Euler—translational
fantastical
oV, 58/ ;
- a—tl _?V[j(vi] +(V]V(J-(Vi) + F;. (2.98)
X

Table 2.5 presents (2.85) together with (2.97) and (2.98). The form of the fantastical force
depends on whether the momentum is represented by a contravariant velocity as in (2.97) or a
covariant velocity as in (2.98), because of (2.77) and (2.81). It is perhaps surprising that the
different valences have such different governing equations. This will be discussed more deeply

in section 2.6.
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Table 2.5: Conservation of momentum in the absence of external forces. The first row shows
the symbolic form in a rigid frame rotating with potentially variable angular velocity £ and
translating with velocity d.S/dt. The second and third rows show the index form for a general
moving, deforming setting; u' is the relative velocity in that setting. The indexed equations
are far more general because the moving coordinate system is not constrained to be rigid, but
rather moves and deforms according to the setting velocity field V = V'e;. The indexed terms
generalize those encountered in the rigid case. When we choose the rigid setting velocity
V=K =Qxr+dS/dt, the lower rows reduce to the first. Additional forces F' can be applied
to the right-hand side.

Equation | Tendency Advection Coriolis Centrifugal Euler & Translational Fantastical Forces
0 dQ d*S

.85 (6—’;)R t(u-Viu= —2Qxu —Ox(Qxr) — - +0 F
ou' o - OSi\ativ OV 88 . o

e |5 +u/ Vu' =—2u; VU Y] —((VJ-—F)V[/(V] - X—EV[W] —Qu;+V;)) VUV F
Ou; : . o8/ ovVi| o8/ .

(2.98) W +u’ Vjui = —ZMJV[j(V,- - ((Vj - E) V[J-(Vi] - o1 - WVU(VI'] +(VJV(J-(Vi) F;

2.5.3 Recovery of the rigid frame equation

When the moving setting is limited to rigid rotation and translation, the setting velocity

components are, by equations (2.86) and (2.51),

88!

V' — K =5 Qr + e (2.99)
from which it follows immediately that
i S ik i
(K_EZSJ Qirp=€e"-(2xr). (2.100)

We choose the label K here because rigid coordinate motion is generated by Killing vector fields,

as show in section 2.6.7. From (2.97) we see that the derivatives we need to evaluate are under
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rigid motions just

ViK' = VUK = 10VT (Qery) = 6% 5100 = 617 Q,

vigd =0, (2.101)
K| 92 0

) = ik | (Q.

o | = @ | e B (o)

Because the moving frame is rigid, the spatial derivatives of S’ and Q; are zero. The partial
time derivative of r; when holding x fixed is zero: all of the change in dr/0t|, is encapsulated
in the change of the basis vectors. Metrinilic and other properties from section 2.3.2 and
Table 2.6 are also used. Shifting of indices from upper to lower position can occur later as the
situation demands by the index juggling operations. Importantly, the velocity gradient tensor is
antisymmetric in this case, which means that the fantastical force is zero for rigid rotation and

translation in (2.97) and (2.98).

We find the apparent force terms to be

~2u,; VUK = 2u;eVQp = €' - (-2Qxu),

0S; o -
- (‘Kj ~ 5—;) vligl = - (Sjkt’gkr[) " Qy,

- (r"szk—rkgf)gk
=e - (-QxQxr), (2.102)

—(2u; +%K;) VUKD =0,

K| 6S; . L 0Q; 528
_ 2 X yligel = gk =,
at |, ot © e T s
i (42, d*s
=€ ‘|—— r— — s
dt dr?

and we recover the rigid frame transformation (2.85). Under arbitrary setting velocities V, these

simplifications do not occur.

The momentum equations summarized in Table 2.5 show that both the Coriolis and centrifugal
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forces are closely related to advection terms, the former arising from the spin part of the advection
of the setting velocity V by the relative velocity w plus the spin part of the boxed term in (2.81),

and the latter resembling self-advection of the spin portion of the setting velocity gradient, Q X r.

The fantastical force term arises—in both the contravariant and covariant momentum
equations—only when the setting velocity gradient tensor has a non-zero symmetric part, which
doesn’t occur under rigid rotation and translation. Finally, note the brevity index notation allows:
this section is a fraction of a page long while our equivalent symbolic notation version of these

proofs took over two pages.

2.6 Discussion

In this section we discuss the generalized apparent forces and the force balances in the
context of the literature, especially the works of Oldroyd and Holm and their collaborators, with

particular attention to comparing the generalized intrinsic derivative to related operators.

2.6.1 The apparent acceleration

We can think of observing velocity as the process of marking the coordinates of successive
positions over a small time interval and taking their difference. In two dimensions the coordinates
can be visualized as lines drawn on a deformable rubber sheet. If the coordinate lines are moving,
this is unknown to an observer who has only these lines themselves as a reference. Similarly,
acceleration is observed by a second difference of these position marks, and again, contributions
to the acceleration that arise from the motion of the coordinates are invisible to an observer in
the moving setting. Separately, acceleration may be measured through an accelerometer, or felt
viscerally in the body. When in a moving setting, the measured, or felt accelerations that would
not occur in a Newtonian rigid frame constitute the apparent forces, precisely the boxed terms in

a moving setting (2.93).

The two terms on the left-hand side of (2.93) describe the acceleration observed from the
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moving setting as one moves with the relative velocity w, and records contravariant components
of velocity. The first, du'/ 8t|x, is local rate of change of the contravariant components of velocity
relative to the moving setting observed at a fixed coordinate location in that setting. The second,
u/V;u', is ith component of the advective term €' - (u- V), the rate of change of relative
velocity w that arises from moving through gradients of the relative velocity at the relative
velocity itself. Contributions to the absolute velocity v that involve the setting velocity V will
not be apparent to an observer who quantifies motion based only on references to the setting
coordinates. Consequently, felt accelerations that depend upon V will seem to the observer to
be unrelated to motion; the observer will instead conclude that these terms must be forces: the

fictitious and fantastical forces.

An important point is that unlike for a rigid frame, in a deforming setting the partitioning
of the material acceleration dv/dt into apparent accelerations is dependent upon whether an
observer chooses to record velocity and acceleration through through contravariant or covariant
components. This distinction, which appears only in the fantastical force, stems from the intrinsic
material derivative—compare (2.81) and (2.82). This derivative was constructed precisely to
preserve the dynamics of a vector in either representation, so it usually suffices to consider
only one (we typically choose contravariant). The distinction between the contravariant and
covariant representations and why they differ in the generalized intrinsic material derivative will

be discussed in a geometric context in section 2.6.6.

2.6.2 The generalized Coriolis force

Table 2.5 shows that the Coriolis force is a disguised advection term arising from the relative
flow u advecting the particular setting velocity K = Q xr +dS/dt. To explore the Coriolis

generalization, we first mention two facts about the setting velocity of a rigidly rotating frame
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(2.99):

VK =0. (2.103)

This velocity field is nondivergent (2.103) and has a spatially uniform vorticity (2.104). Thus the
velocity gradient tensor is just the spin tensor, and the augmented apparent force is zero. Note
that (2.104) is a just an application of (2.20) that results in the coefficient of 2. Because d.S/dt

is a spatially constant vector field, it does not contribute to any of the spatial derivatives.

The above results suggest that within a general setting, a local analogue to the standard
Coriolis force can be found through an expansion of the gradient tensor of the setting velocity,
V/<Vi. With this decomposition, the generalized Coriolis force then likewise consists of two

parts formed from the decomposed setting velocity gradient

skew /spin symmetric/strain
— —

~2u/V; V' = —2u; Vil — 2y viqp)) (2.105)

The skew-proportional term will be called the generalized Coriolis force. This is a Coriolis-
like force that is different at every point in space, as it arises from the local spin associated with
the setting velocity V. This term, like the standard Coriolis force, is always perpendicular to the
advecting relative velocity w, as u'u/ V[;V;) = 0 by the symmetry of u'u/ and skew symmetry of
the setting spin.’” This implies that this term has no acceleration in the direction of u and does
no work in the relative velocity’s kinetic energy budget. It is proportional to the relative velocity,
and thus has no effect when the fluid is fixed in relation to the coordinates. These properties

resemble the ordinary Coriolis effect.

The term that depends on the symmetric portion of the velocity gradient on the right-hand

side of (2.105) is quite different, and it is our first fantastical force. It will be examined in

7Any symmetric tensor doubly-contracted with any antisymmetric tensor is zero.
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section 2.6.5 below.

A useful calculation for any vector field w; is the divergence of its contraction with the setting

spin and strain rate tensor,

Vi (wy TYVT) = (Towy) (VIVT) 0,9 (VUVT). (2.106)

Vi (wy TUVY) = (Tiwy) (VIVD) 0,9, (V09 (2.107)

The curl of these fields simplifies a bit more than the divergence because one of the two terms
in the symmetrization decomposition vanishes, and the remaining one features the spin of the

setting velocity.

V" (0, VIVY) = 2 (T90) (VIVT) 430,973, 0V, (2.108)

e V" (W TUV?) = g (V0) (VIVD ) + S,V (Emn V1) (2.109)

When w; = —2u; is used, (2.106) and (2.108) become the divergence and curl of the

generalized Coriolis force,
Vi (20, VUV T) = =2 (Vo) (VHV) - 20,9, (VD) (2.110)
and
o V" (=20, VUV = <2 (V) (VIVT) =209 2, V1V, @2.111)

2.6.3 The generalized centrifugal force

The centrifugal force is also of the form of an advection term in disguise (Table 2.5). As with
the Coriolis force, we can isolate a generalized centrifugal force that shares most properties with

the standard centrifugal force, with the key ones being: it is proportional to the antisymmetric
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part of the velocity gradient tensor and it is conservative, i.e., it can be represented by the gradient

of a fixed scalar field and relatedly it has no curl.

The standard rigid-frame centrifugal force has a divergence that is nonnegative and constant

in space,

V- (QXQxT) =V, (rigzk —rkszi) Q

k ci | ¢k
= Qs -, Q6!

(2.112)
= Q03 -1)
=205
Its curl is zero,
—e - Vx(QxQxr) =MV, [(erk - erm) Qk]
— Siffgkgk _ 8i€QOQ€ (21 13)

=0.

These properties of the standard, rigid-frame centrifugal force imply that it is a conservative
force and can be written as the gradient of a potential—a crucial step in modeling and theory,
because it allows the combination of the centrifugal force and gravity into the geopotential. To
find the potential corresponding to the rigid centrifugal force, we begin with (2.99) and (2.101),

and use these in the form of the Coriolis force from Table 2.5:

0S; o .
— (7(] — 5_;) V[lq(J] - _ (gjmkgmrk) Slfjgf
=- (sjkamri)singg
. ) 0
= QlQr —Qirlea; (2.114)

1 . .
= EV' (Qggfrirj_)

i1
:V(Eg%iy

Where | is defined so that @ X = QX7 and Q-r =0, and we use the identity (2.20) and

Virj=d..
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The generalized centrifugal force also has a nonnegative term in its divergence, but it is not
spatially uniform. When w; = (% - (V]) is used in (2.106) and (2.108), the divergence and curl

of the generalized and augmented centrifugal forces can be found. The divergence is

0S; o o 0S; o
v, ((5—; —(V,) V[-’(V’]) =(ViVy) (V[’(V”) + (6—; —(vj) 7 (V[W']) . (2.115)
The first term is a doubly-contracted nonnegative contribution, similar to the rigid frame case.
The other contribution consists of second derivatives of the setting velocity V, picking out
locations of strong curvature in the profile of V. These terms might be important across strong
fronts in isopycnal coordinates or steep topography in terrain-following coordinates. In the case

of rigid rotation this effect is absent because the spin of the setting velocity is constant in space

and its strain and divergence are zero—see the first two of equations (2.101).

The curl of the centrifugal force is

0S; oo o 0S; o
- [( 5 ‘%) V“(V”] = —ei (V")) (VUV) + (5—; ‘%) e V"VUV, 2.116)
which may be nonzero for any setting with nonuniform setting velocity or spin, so the centrifugal
force is not guaranteed to be conservative as it is in the rigid frame case. A Helmholtz
decomposition can be used to isolate the conservative portion of this centrifugal force in (2.116),
but it is not simply related to either the spin or strain rate portions of the force, as the final term in

(2.116) indicates that a gradient in the spin provides a curl in the force, i.e., a non-conservative

force.

2.6.4 Euler and translational force

These forces are not typically included in GFD, because translational accelerations are
neglected and the rotation rate of the rigid frame is normally taken to be constant. However

if they are nonzero, whether in rigid frames or deforming ones, they should be included. The
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augmented translational contribution cancels part of the augmented contribution from the

centrifugal force in all cases, simplifying the fantastical force to be independent of S.

2.6.5 The fantastical force

The fantastical force, which comprises the augmented portions of the Coriolis and centrifugal
force, is unfamiliar to those accustomed only to rigid rotations and translations. As it is
proportional to the symmetric part of the velocity gradient, it is only present when the setting

velocity has divergence and/or strain.

— (2u; +V;) VU ey (2.117)

The divergence of the two contributions to the contravariant fantastical force are found from

(2.107) to be

Vi (-2, 9UV0) == 2 (Vuy) VIV - 20,9, (VUV), (2.118)

Vi (~VvUV) == 9@V VD vy (VU (2.119)

The first term on the right hand side of (2.118) is unaffected by spin in the relative velocity. A
non-positive definite contribution is the first term on the right side of (2.119), and the other three

contributions are focused where the setting velocity is anomalous from its surroundings.

The curl of the two contributions to the fantastical force are found from (2.109) with

wj=(-2u;—V;) as

i V" ((—ZMJ' _(V]) V(j(Vi)) =—=2&mni (Vnuj) (V(j(Vi))

- 2 (V) (V) (2.120)

Vi\_. .
- (uj + 7’) VI & V"V
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These results suggest there is little reason to expect the fantastical force to be zero or to be
conservative for most interesting deforming coordinate systems, except when V(;V;) = 0. The
terms proportional to u vanish for the covariant fantastical force, but the other terms remain (with
the opposite sign) — see equations (2.97) and (2.98). Many other papers have used essentially
the same form of the Coriolis and centrifugal forces in deforming coordinates as in rigid ones
when other assumptions (e.g., hydrostasy, strong stratification) are employed (e.g., Bleck, 2002);
presumably, those forces are similar when the coordinate surfaces are nearly aligned with
geopotential surfaces. This paper does not examine the size of the different contributions; that

will come in a later asymptotic analysis.

2.6.6 Contravariant versus covariant representations

Our discussion of the fantastical forces has repeatedly mentioned that the momentum equation
in a moving setting—but not the resulting dynamics—depends upon the choice of a contravariant
or covariant representation of momentum. To see this another way, we borrow a concept from

continuum mechanics: the upper and lower convected time derivatives, written respectively as

%:i[—";’—w(V@v) @2.121)
W= cil—";’ +w(Veuv)! (2.122)

These derive ultimately from Oldroyd (1950), and give the apparent rates of change of the
vector w observed when moving at the fluid velocity v. The triangles “v” and “A” indicate
the valence of the vector components to which the partial time derivative is applied, the former
applies when measuring w' or w%, and the latter when measuring w; or w,. This notation is
strange because, though it presents as an operation on a tensor w, its form depends on the
component representation of that tensor. Nonetheless, it is common in continuum mechanics (e.g.,

Dimitrienko, 2011; Hinch and Harlen, 2021). See Appendix E for an explicit, component-wise
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definition of these derivatives applicable to arbitrary tensor fields. Rearranging, we can write

W:ZJ+w(V®v) (2.123)
& - w(Veu) (2.124)

Because these derivatives deal particularly with convected coordinates (which we would call

advected or Lagrangian coordinates), we must make the particular choice V = v.

When these operators are applied to the local velocity u, this presentation shows clearly
that, depending on which set of components we measure, there are two possible partitionings of
the material acceleration du/dt into an apparent local rate of change—the first terms on the
right hand side—and apparent forces, the negative of the second term. This choice is arbitrary,
and does not affect the actual dynamics. The apparent forces are the same if and only if the
transformation is rigid, that is, the gradient tensor of the setting velocity V ® v is everywhere
antisymmetric. This is why we distinguish the fictitious forces (which are constructed from only
the setting spin part) from the fantastical forces (which are constructed from the setting strain

rate and divergence) as shown in Table 2.5.

The apparent forces arising in rigidly moving frames, being independent of the valence of the
tensor’s representation, are of a different nature than those which arise more generally in the
presence of deformation. To understand this, consider that a moving observer will feel their total
acceleration dv/dt, and will not be able to viscerally distinguish between its various components.
An observer standing in a rotating room, however, feels an outward acceleration, takes note of
the fact that they are not in motion relative to the room, and infers the presence of a force acting
outwards. In this way apparent forces are inferred from felt accelerations and measured motion
together. The above result implies that when the setting is not rigid, the inference of apparent

forces from felt accelerations no longer has a unique result.
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2.6.7 Generalized intrinsic derivatives in terms of Lie derivatives

The Lie derivative is a potent tool in differential geometry, and appears as a generalized
advection operator in the work of Holm (e.g., 2015, 2025). The intrinsic derivative, it turns out,

also takes its most powerful form in terms of the Lie derivative:

Yo(a
:(E

a form which is now independent of the valence of its argument. For the contravariant components

0
ot

+q'V; —Lq/), (2.125)

of a vector, covariant components of vector, and contravariant components of a second-order

tensor, the Lie derivative is given respectively by

Law' =VIgw' —wld;V', (2.126)
Layw; =V 0jw;i+w;0V, (2.127)
LyAT =VEG AT — AKI gy — ARG (2.128)

The general form for the Lie derivative may be found in (B.18) of Carroll (2019), or likely in
any text on differential geometry or general relativity. Due to the symmetry of the Christoffel
symbols, the partial derivatives can equivalently be written as covariant derivatives. The reader
may verify that equation (2.125) recovers all of the particular cases (2.75), (2.77), and (2.78). In

the inertial case x becomes y, we take V' = 0, and recover equation (2.57) as well.

As always, the choice q = v gives the material version

s_[(9
6t \ ot

We can see now that in the moving setting, instead of simple advection (u - V') by the observed

+1/V; —.[:rv) (2.129)

X

velocity w, each part of u = v — “V effects a different sort of advection: physical, covariant

advection by the inertial fluid velocity v and Lie advection opposite the setting velocity V,
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which is the source of the apparent forces.

We might have guessed this result from the start: as implied by equations (2.45), the criterion
for a well-behaved moving coordinate system x' is that the setting velocity V be a vector field that
generates a diffeomorphism—that is, an invertible, one-to-one mapping—from space onto itself,
as illustrated in Figure 2.2. By definition, the Lie derivative Ly is the derivative that measures
how a tensor field changes under the diffeomorphism generated by “V, and by subtracting it we

undo the artifacts that this coordinate transformation introduces to tensor components.

Said another way, the observed velocity w is a transformation of space—a rearrangement of
the fluid—that we can meaningfully decompose into its active part v, the field along which the
fluid moves, and its passive part V, the field along which the coordinates move through the fluid.
We represent each of these transformations with a different sort of advection: the active part by

familiar covariant advection V,,, and the passive part by Lie advection L.

Geometrically meaningful expressions now tumble from the notation. The expression

0

o ) -Ly (2.130)

measures the difference between the observed change with time at a fixed x coordinate location
and the change due only to the rearrangement of coordinates induced by V. This operation is
metric compatible because the actions of d/d¢|, and L« on the metric coefficients give the

same value

58[_/

5| = Lygij =2V Vy (2.131)

X

and hence (2.130) applied to g;; vanishes. Together with the metric compatibility of the covariant

derivative this proves metric compatibility of the generalized intrinsic derivative from (2.125),

X

5
281" _ o, (2.132)

ot
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This property is important because it allows us to freely raise and lower indices, finally proving
that

X 5W]X

=805

6W[
ot

(2.80)

Metric compatibility of 6/6¢|¥ is expected because we constructed it to give components of
the vector field dw/dt when acting either on w' or w;. Indeed, equation (2.132) could be
rewritten in symbolic form as dI/dt = 0, which is obviously true. Nevertheless, it is reassuring
to demonstrate this property directly. See Table A1 for a compilation of derivatives of metric

coeflicients. We derive the same result without using Lie derivatives in Appendix B.

Equation (2.131) also means that if V;V;) vanishes—if the gradient tensor of “V is totally
antisymmetric, which is a defining characteristic of a rigid frame (2.99)—then the derivatives in

(2.130) are separately metric compatible, ‘V satisfies Killing’s equation

Lgij =0, (2.133)

and the fantastical force vanishes. The setting velocity V then generates a rigid transformation
of space if and only if it is a Killing vector field, motivating our choice in equation (2.99) to
denote a rigid setting velocity by K. A Killing field is a vector field representing an isometry
(a distance-preserving transformation), and in Lorentzian spacetime correspond to quantities
conserved along geodesics. See §3.8 and Appendix B of Carroll (2019) for a discussion of

Killing vectors and symmetries of the metric tensor.

2.7 Conclusions

In this paper, we have developed a tensor-based framework for describing geophysical fluid
dynamics in general, deforming coordinate systems. Beginning from first principles in tensor

analysis, we introduced a generalized intrinsic material derivative that captures the evolution
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of tensor components in curvilinear bases that vary arbitrarily, but continuously, in space and
time. This derivative ensures consistency across covariant and contravariant representations
and across inertial and non-inertial frames, providing a unified treatment of the fundamental

building blocks of GFD.

The generalized intrinsic time derivative §/6¢[, taking its most general form in equation
(2.125), allows us to calculate the total derivative of arbitrary, space-time dependent tensor
fields along any parameterized path y(7)—an integral path through an arbitrary vector field
g—in coordinates being deformed by an arbitrary vector field V. If we set V =0, the
generalized derivative reduces to the intrinsic time derivative discussed by Grinfeld (2013) and
Aris (1962). The only constraint on “V is that it generate an invertible, continuously differentiable
transformation of the moving coordinates x'—that is, that it generate a diffeomorphism on
Euclidean space. In the particular case where q = v, the fluid velocity, the intrinsic derivative

reduces to the intrinsic material derivative 6/6t.

All coordinate systems—all settings—typically used in GFD are a diffeomorphism away
from an inertial, Cartesian frame. These include rotating, accelerating, neutral buoyancy,
terrain-following, pressure, and tracer coordinates. Taking into account the implications of such
a coordinate transformation, we have found the general form for the apparent forces that correct

for the non-inertial aspects of these coordinate systems without approximation.

We applied this generalized intrinsic derivative and derived explicit expressions for all
apparent accelerations arising in GFD settings. These include the familiar fictitious forces—
Coriolis, centrifugal, translational, and Euler forces—as well as the additional family of terms
that arise when the coordinate system is deforming, which we have termed the fantastical forces.
Unlike fictitious forces, the fantastical forces depend on the symmetric part of the setting-velocity
gradient and therefore vanish only when the setting velocity is a Killing vector field, that is, for
diffeomorphisms connecting rigid frames. Their dependence on tensor valence highlights that

deformation introduces qualitatively new geometric structure into the apparent dynamics.
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Our results clarify the relationship between classical rotating-frame dynamics and their fully
general counterparts, showing that the standard GFD equations emerge as a special case of
a broader tensorial formulation. By expressing all results using index notation, we provide
equations that can be directly translated into numerical model implementations, particularly
those with vertical remapping, adaptive, or arbitrarily Lagrangian-Eulerian (ALE) coordinate

systems.
The following statements are all logically equivalent:
1. The moving setting x is a rigid frame,

2. V® V is antisymmetric,

3. Lygij =0
9gij
4. (9_1‘1 . = 0,

5. Vs a Killing vector field,
6. Oldroyd’s upper and lower convected derivatives are equivalent,
7. The fantastical forces are zero.

In many GFD settings, these statements do not apply, and thus nonzero fantastical forces will
arise. Although they may be small, they preserve exact symmetries and conservation laws under

all coordinate changes.

The framework developed here lays the mathematical foundation for companion papers of
this series, which will: extend these ideas to the full oceanic primitive equations including
coordinate-agnostic specifications of common parameterizations and approximations; specify
metric coefficients of common coordinate systems for GFD; determine coordinate-independent
averaging and coarse-graining operators; provide an asymptotic scaling for the fantastical forces;
and derive budgets for common higher-order invariants (vorticity, potential vorticity, energy).
Together, these works aim to establish a unified, tensorial approach for next-generation ocean

models, enabling more accurate representations of the physics of rotating, stratified flows in
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complex, time-varying geometries.

2.8 Appendix 1A: The metrinilic property for Jacobians

All the calculations here take place at fixed time, so for this purpose y* and x’ simply
represent two curvilinear coordinate systems; rules proven here hold for objects indexed in either
{a,b,c} or {i, ], k}. Tensor derivatives—that is, derivatives that act on tensor components to
produce tensor components—should null out the Jacobian coefficients. Any such derivative D
by definition has the property that J l.“D(w") = D(w?). This is the transformation law for tensor

components, and is equivalent to the statement D (J) = 0:
D(w*) = D(J*w') =J'D(w"). (2.134)

In this section we show explicitly that both the covariant and Lie derivatives have this property.
First we note that The basis vectors e; are in fact covariant components of a tensor as the notation
suggests: by the chain rule they transform according to the tensor transformation law e, = J' e;,

see equation (2.27). More generally, a second order tensor A has components A™/ so that
A:Aij€i®€j=€i®Aij€jEei®Ai, (2.135)

defining the covariant vector components A’ of A, which by similar reasoning has covariant
vector components A;.® By the same reasoning we can now see that the basis vectors e’ and
e; are the contravariant and covariant components of the identity I because I = 63.e,~ ®el,

analogous to the final equality of (2.135):

I:5j.e,-®ef e ®e. (2.137)

8We can see that these obey the tensor transformation law:
A% =A"e, = JIATJ]e; = A e; = JO A (2.136)

which makes use of the chain rule relation (2.27).
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Now we can be confident that applying index-based tensor derivatives to the basis vectors is

well-defined

2.8.1 The covariant derivative

We find that

Viei=die;—T" e, =T" e, —T* e, =0. (2.138)

where we have used equation (2.4) in passing from the second expression to the third. This is
not coincidence—the covariant derivative and Christoffel symbols are defined precisely to have
this property. This means that we can freely write V;a = d;a, and we can now show that the

covariant derivative satisfies the product rule across dot products of vectors:

V,‘(CL' b) = Vl' (ajbj)

=a;Vib! +b'V,a;

(2.139)
= a-ejV,-b/ +b-eJV,-aj
:a-V,-b+V,-a-b.
We also have
Viea=J7Vpe,=0 (2.140)
and therefore
Vi J,=V;(e-e)=Ve e, +€e-Vie,=0 (2.141)

as expected, and analogous reasoning holds for V;J?.

2.8.2 The Lie derivative

Recalling that we can define the Lie derivative in terms of the covariant derivative, and that

the Lie derivative on invariant fields is simply the directional derivative L« f = V'V, f, we find
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that that it also satisfies the product rule over the dot product:

Ly(a-b) = Ly (a;b’)
=a; Lyb’ +b Lya,
= a; (VEVib! - pEvpv7)
+b7 (VEVia; + 0 9) (2.142)
=a-e;VVib/ +b-e/V*V,a;
=a - VVib+b-V*Via

:a,~.£rvb+.£rva'b

Further, we can calculate
Lye =VIVie-e/V;V' =-e/V; V' (2.143)

Lye,=V'Vye, +e,V, VP =e,V,V? (2.144)
so therefore
LyJ,=Ly(ee,)
=Lye-e,+e - Lye,
=—e,- erj(Vi t+e - ebVa(Vb
. (2.145)
=~V V' + IV, VP
=-V, V' +V,V'
=0
as expected, and once again analogous reasoning holds for Lq,J7. Derivatives of all useful
metric-related objects can be calculated using this strategy of decomposing components of
identity into dot products of basis vectors and applying the product rule. The results of all such
calculations are compiled in Table 2.6. Space-time derivative commutators as applied to vector

components appear in Table 2.7.
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Table 2.6: A table of derivatives of the various components of the identity I. Each can be derived
by representing components of I as dot products of basis vectors, themselves vector-valued
tensor components, and applying the product rule.

Derivative (53. &4 gij Sab e; e e, e Jh Je
O 00 20, 20, J5 e, —eT, e’ J; —e’T% Ji  JiJj J4
O 0 020, JE 20, €T, JE el gk el?, — —ere,  Ji,  JsJt
2|, [0 0 2VGVy) VOgar €ViVI —elV;Vi eld®, VP —ebTe, Ve —Jid,V° J0o,V*
2, 00 20,V 0 eV —eld; V' 0 0 —J10; V! J4oV
Vi 00 0 0 0 0 0 0 0 0
v, 00 0 0 0 0 0 0 0 0
Ly 10 0 2V V) 2V Vi ViV —e/V; V' eV, V' —e’V, Ve 0 0
2I* o0 0 0 0 0 0 0 0 0
2 00 0 0 0 0 0 0 0 0
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Table 2.7: A table of derivative commutators. The commutator is understood to be applied to
the relevant components of the tensor in each column.

Commutator w

05 0

Vil wkV V7
Ly, V; wkv, v,
SV (V45 (Vew')

[

[

[

[

[5:V5] |~ (Taw)
[ ,ab] 0

|

[ Ly, V5] weV .V, Ve
[21%,V5] | =(Vbq®) (Vew?)

[2. V5] —(Vpv©) (Vew?)
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2.9 Appendix 1B: The intrinsic derivative for covariant com-
ponents

Here we explicitly derive the form of the intrinsic derivative when applied to the covariant

components of a vector w;. The partial derivative d;w can be rewritten as

Jiw = ejViwj, Viwl = 0w’ + Fjl.kwk (2.32)

Giw = ejV,'Wj, V,'Wj = ain - Fk,’jwk (2.146)

using (2.5). Thus the covariant derivative V;, viewed as an operator, takes on a different form
when applied to contravariant and covariant components of a vector. The derivative of a vector

along a curve y can be written as

X

dw e (2.147)

dr

X_dwa
6t

where the intrinsic derivative of the covariant components,

Swg ¥

ot

_ ow,
~ 0t

+4"Vwq, (2.148)

y

is the same as intrinsic derivative of contravariant components presented earlier in (2.57). This
is because all dependence on the valence of tensor components is already accounted for by the

covariant derivative.

We now need expressions for the temporal rates of change of the reciprocal basis vectors e,

and we find
, de'
=e;V,V/, —
AL ot

X

ot

=-e/V; V" (2.149)

X

the first of which appeared earlier as (2.70). To derive the second identity, we note

d . Ao,
E(e'ej) = —

T ar

X

=0 (2.150)

X
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and consequently, from the product rule,

8ei . aej
R 2.151
I ar |, ot |, @150
Combining this with (2.70) yields
de' . ;
e Z| =l eV, Vh =V, (2.152)
ot |,

which is equivalent to the second identity in (2.149), as both give -V ;V “ for the jth covariant

component of de’/d1|. .

The derivative of the vector w along the curve y in the moving setting, expressed in terms of

the vector’s covariant components, is then

oe'
ot |,

dw
dt

X (9wl-

2.153
Y ( )

e +(p/Viw;) e +|w;

X

which is to be compared with (2.74) in terms of the contravariant components. Again the boxed
term is the new term that arises in comparison with the fixed coordinate system. From (2.149)

we then obtain
X

s

o1 +p/Vjwi=|w,; ViV 277

as the covariant version of (2.75), in comparison to which the final boxed term appears with
opposite sign and with a different arrangement of indices. The material version (2.77) follows

from the choice p = w.

We have pointed out that, despite the fact that (2.75) and (2.77) give the contravariant and
covariant components of the same vector, the same is true neither the first nor third terms on the
right-hand sides considered separately. In fact on account of dg;;/ (9t|x =2V ;V}), we have
ow’

B g

X

an'

¥ = 2w/ V V) (2.154)

X
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by the product rule, after recognizing that w; = g;;w/. The partial time derivatives dw;/d1|, and

ow'/ 8t|x are clearly not the components of the same vector.

It is thus instructive to attempt to obtain (2.77) by lowering the index on the contravariant
version. Beginning with
X awi

=— +pIV W + WV (2.75)

ow'

ot

X

we lower the i index through a contraction with g;;, yielding

6Wl' X awj . .
Substituting the result (2.154) then leads to
ow: X ow; . .
;;l - % + IV jwi+w [V V=2V (V] (2.156)
X

using the symmetry of V(;V;) to reverse the i and j indices. A tensor minus twice its symmetric

portion is equal to the negative of its own transpose. This yields

5W,‘

X_ 6w,~
ot |

ot

+p/Vjwi —w/ VY, (2.157)

X

which matches (2.77) after juggling the indices on w/ and V.

2.10 Appendix 1C: Intrinsic Derivative of Scalar Field 7

The intrinsic derivative of a scalar field is particularly simple:

ot Ot b
- \Y
or " ar), VT
(2.158)
== +v70p |71
or)y
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and similarly from the moving, deforming perspective

ot Ot k
— - V.1 —
57 8tx+v kT— Lyt
ot « k
= —| Vot =V Okt (2.159)
ot |,
o . «
== 0
(al‘x+u k)T

Thus derivatives of scalar fields are simple, advecting only by observed velocity because there is

no need to consider the changing basis vectors.

2.11 Appendix 1D: Intrinsic Derivative of Reynolds Stress
u'u’

First we note that the Lie derivative has the following properties:

LW = Law' + Lpw' (2.160)
Low =0. (2.161)

Then we have
L' = Lou' (2.162)

and the intrinsic derivative of 1’ becomes

61 = a_u +kakui—£vui
or 0t
. (2.163)
o +ukvvt
= —1| +u
ot |, ¢
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Because the intrinsic derivative obeys the product rule, we then find the material derivative of

the Reynolds stress to be

S (u'w!) ou ; ou
or ot T er
o (i) (2.164)

which is symmetric in i <> j, as expected.

2.12 Appendix 1E: Oldroyd and the Intrinsic Time Derivative

The generalized intrinsic derivative lets us easily derive the expression for the convected
derivative of Oldroyd (1950). Oldroyd is concerned with materially advected coordinates, and
so in the following we choose the specific ‘V = v. In the spirit of the rest of this paper, we prefer
his original, indicial definition. This definition is preferable also because it makes clear that the
upper and lower convected derivatives are not, in fact, two different derivatives of tensors, but
the same derivative applied respectively to contravariant and covariant tensor components, in
precisely the same sense as the Lie derivative or the covariant derivative. For brevity’s sake, we
show the derivation for the derivative as applied to vector components, however it generalizes
immediately to tensors of any order. As described in the paragraph preceding Oldroyd’s equation
(23), the convected derivative of a vector w = w'e; is nothing but the vector with components
Ow'/dt|, in the moving setting. The question is: what are the inertial frame components of this
vector? We treat these as tensor components by assumption, and so they transform with the

Jacobian:
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bwe Ow'

o U oot

X

Sw' . .

=J! (5—M; — VAVl + LW

(2.165)

B ow?
ot

ow?

- o

vV + Loyw

+ Lowe.
y

And there we have it—we have recovered Oldroyd’s equation (23)°. In operator form, the

convected derivative is therefore

> (5
o _ (E v, +£v) (2.166)

and this can be applied either to inertial frame components:

ow 0 0
;‘; = (E_VCVC""Z:'U)Wa: (E +~£'U)Wa (2167)
y
or to moving setting components:
w' 0 . ow'
F = (5—vkvk +.£v) w' = 7 (2~168)

Later, coordinate-free definitions of the convected derivative, for example in Hinch and Harlen
(2021), are odd because, though superficially coordinate-free, they nevertheless depend on the
valence of the underlying tensor components. The “upper convected” and “lower convected”
derivatives can respectively be written in terms of Oldroyd’s component-wise derivative d/dt

like so:

9His formulation includes extra terms to handle the differentiation of tensor densities, all of which are zero for
tensors.
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e 2
ot bt (2.169)
br br

Notice the similarity in form here to equations (2.62) and (2.76). These two quantities are not
equal because the Lie derivative, and therefore also Oldroyd’s, acts on the metric coefficients to

pI'OdLICC a non-zero tensor:

bgab
ot

and therefore does not commute with index juggling. We find that

W—w = 2" WV ,vy) = €W’ Logap, 2.171)

so these derivatives coincide if and only if v is a Killing field, which would correspond physically

to a rigidly translating and rotating fluid — a restrictive constraint indeed.

We have shown, for the particular case ‘V = v, that the intrinsic derivative and Oldroyd’s
derivative encode similar information about time-varying tensors, but they are nearly opposite
in character. Oldroyd’s derivative begins with the components dw'dt|, and asserts that, when
transformed as tensor components, these look a certain way in the y* coordinates. The convected
derivative is therefore constructed to produce the second form from the first, and, for vector fields,

produces the components of dw/dt|, + [v,w]. Brackets indicate the commutator operation.

In contrast, the intrinsic derivative begins with the tensor field dw/dt, and asks: what are
the components of this in each of the bases e; and e’? The derivative is therefore constructed to
act on either set of components w' or w; and produce the components of dw/dt in the relevant
basis. We prefer this latter conceptual framing because the relevant coordinate-free field dw/dt

is easier to interpret than dw/0t|, + [v, w].

87



e.(y)

Figure 2.1: A schematic showing quantities in an inertial frame (black), chosen without loss of
generality to be stationary, and a general moving, deforming coordinate system as often used
in GFD (teal). Heavy solid lines indicate coordinate axes, thin solid lines are position vectors,
thin dashed lines are velocity vectors, and dashed or dotted curves are trajectories. The inertial
coordinate system y = {y', y%,y} has basis vectors e, and fixed origin O,, while the moving
coordinate system x’ = {x',x?, x>} has basis vectors e; and moving origin O(), the path of
which is indicated by the dotted teal curve. The instantaneous displacement at some time 7y from
the fixed origin O, to the moving origin O,(¢) is given by the vector S. Addition information
on this plot is not used until later sections. Then, we will consider a parameterized path y¢(?),
representing the time-varying position of a fluid parcel labeled &, the position of which at 7 is
indicated by the small white circle. The position vectors of this parcel relative to O, and O(¢) at
time ¢ are s and r respectively, which satisfy s = r +.S. At time #(, the fluid parcel has velocity
v as observed from the inertial y coordinate system and velocity u as observed from the moving,
deforming x coordinate system. Through a combination of the motion of O, (7) and the internal
motion and deformation of the x coordinate system, the x coordinate location occupied by the
fluid parcel also traces out a curve in space, indicated by the dashed teal curve. At time 7, the
velocity of this x coordinate location as viewed from the inertial frame is the vector V, which is
necessarily tangent to the curve. Note that e; is a function of time and space, so each location in
space has a potentially different basis vector set. The velocities are related by v = u + V, as
shown. While we have illustrated this with an individual parcel, v, u, and V are vector fields
which add in this way at each point in the fluid.
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Figure 2.2: The setting velocity V, shown in white, is a vector field that generates a diffeo-
morphism of space. Left: V = QX r generates rotation of the sphere. In this case, V is a
Killing vector field because rotation is a rigid transformation for which V(;V;) = 0. Right: A
swirling and shearing diffeomorphism of the plane. Here V;V;) # 0, and we see a straining
deformation. There is no divergent deformation because this V was generated from a stream
function, so V; V' = 0. Note: these figures were generated programmatically using Matlab (left)
and Python’s Manim package (right) with the assistance of ChatGPT.
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CHAPTER 3

Beyond Vertical Coordinates

This chapter is a pre-print of a paper to be submitted shortly to the Journal of Physical

Oceanography. I am the primary author along with Baylor Fox-Kemper and Jonathan Lilly.

Summary

Here we continue the project begun in Chapter 2—constructing a unified, coordinate-agnostic
framework for geophysical fluid dynamics. Having defined time differentiation and written
down the momentum equation in arbitrary coordinates, we now express the remaining fluid
equations in this form along with common approximations such as the parameterization of
sub-grid scale turbulent diffusion and the hydrostatic, traditional and small-slope approximations.
These indicial equations, as expressed in Table 3.1, are the same for all coordinate systems, but
to project them into a convenient basis we need to know the relevant metric coefficients and the

setting velocity.

Section 3.5 defines basis vectors and metric coeflicients for various useful coordinate systems,
including isopycnal coordinates as defined in Young (2012), terrain-following coordinates as
defined in Griffies (2018), and geoid-based coordinates. We also show how to define the setting

velocity ‘W for rotating buoyancy coordinates in section 3.3.2. Following the logic of Chapter 2,
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the gradient of ‘W allows us to express all of the apparent forces present in that setting, and to
cleanly separate them into contributions from rotation and from the vertical motion of density
surfaces. We perform this transformation in two steps, first defining V = Q X r and then
W = V + U for the rotating setting velocity V and the buoyancy setting velocity Y. The
equations that express the fictitious and fantastical forces, arising respectively from V[ ;W}; and
V(;W,), are completely general and work for any such two-step transformation where the first

step is a rigid rotation.

Finally, we move on to sub-grid, turbulent diffusion parameterizations based on Redi (1982).
The standard Redi mixing tensor effects a projection of any vector onto the neutral buoyancy
surface, as pointed out by Griffies et al. (1998). This achieves isotropic diffusion within the
neutral plane, but as Bachman et al. (2020) show, this is not realistic. We modify the Redi tensor
to allow for anisotropic neutral diffusion and rigorously define the small-slope approximation to

both the standard and anisotropic mixing tensors.

3.1 Introduction

Geophysical fluid dynamics (GFD) is the fluid dynamics of rapidly rotating, stratified flow over
the topography of a rotating, spheroidal Earth with uneven surface heating. It is a non-relativistic
branch of physics in the Newtonian limit of gravity, and centers on the effects of stratification,
rotation, and topography, all of which break the isotropy of fluid motion and orient flow, stirring,

and mixing along internal, curved surfaces.

The ocean is full of such surfaces. From the free surface of the ocean to interior surfaces of
neutral buoyancy and sloping bottom topography, the dynamics of sea water are everywhere
controlled by such curvature. Many of these surfaces vary in time as well as space, and all rotate

along with the planet.

The ocean is also full of tensors. Physical quantities of interest in ocean physics are best

modeled as tensor fields of some rank: temperature, salinity, velocity, momentum, vorticity,
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stress, turbulent stress, and strain rate. It is often joked that tensors “transform like tensors,”
under changes of coordinates, however they do not really transform at all—their components do.
This is why they are such a good model for physical reality. Though their components indeed
transform in a particular way when we choose new frames of reference, those transformation
rules serve only to ensure that the underlying tensor fields, and therefore the ocean state they

represent, are unaffected by our choices of coordinates.

The natural calculus of tensors on curved surfaces is tensor analysis and differential geometry,
and here we continue the work begun in Chapter 2 to specialize differential geometric methods
to GFD in the hope that doing so will streamline communication among ocean and atmosphere

models with varying configurations and illuminate some of the major existing problems.

There are three main goals of this chapter. First, we present the exact dynamical equations
used in ocean modeling in a coordinate-agnostic index form. We express these along with the
hydrostatic and traditional approximations, noting important simplifications for computational
efficiency. Second, we provide a reference for the metric components implied by common
choices of coordinates and an example of the transformation to a time-varying curvilinear setting.
Finally, We show how the Redi diffusion tensor appears in this framework, how we justify the
small-slope approximation geometrically, and a natural extension of the diffusion tensor to effect
anisotropic diffusion in the neutral buoyancy plane. We do not fully treat eddy parameterization
because a method of averaging (e.g., Bachman et al., 2020) or filtering (e.g., Aluie et al., 2018;
Loose et al., 2023) is required to parameterize stirring as in Gent and McWilliams (1990) or

Fox-Kemper and Ferrari (2008). We leave this for a later paper.

Unlike most other formulations of generalized coordinates, we do not restrict our attention
to changing only the quasi-vertical coordinate, nor do we rely on specific discretizations, such
as stacked shallow-water models. Non-inertial effects or “apparent forces” were shown in
Chapter 2 to result from the transformation between the inertial frame and accelerating setting
(including, but not limited to, the rotating frame). A distinct class of apparent forces results from

deforming coordinate choices that oceanographers often use: isopycnal, pressure, tracer, and
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terrain-following (o) coordinates.

There are many reasons to choose coordinates carefully (e.g., Chassignet et al., 2009), but
until now their exposition usually begins with the hydrostatic approximation and numerical
discretizations, followed by coordinate transformations, and possibly also assuming physical
properties such as minimal mixing in specific directions. This procedure limits the potential
accuracy of the resulting models—how does one implement numerical discretizations (e.g.,
Balsara and Shu, 2000) beyond the implicitly assumed approximations in the formulation of the
“primitive” equations? Here we present the non-relativistic equations of motion for arbitrary
choices of coordinates without approximation beyond the continuum approximation, and then
apply the hydrostatic and traditional approximations afterward. Thus, numerical schemes of any

order of accuracy can be built on the equations before approximations are made.

We delay until a later paper the treatment of “thickness-weighting”, which is an additional
step beyond coordinate transformations into eddy statistical averages (e.g., Dukowicz and Smith,
1997; Loose et al., 2023). This will require understanding what thickness-weighting means
even in coordinates where “thicknesses” may have little meaning, and recognizing that density
layers don’t exist globally due to the non-integrable aspects of the seawater equation of state
(McDougall, 1987; Jackett and McDougall, 1997; Nycander, 2011). Nonetheless, thickness-
weighting underlies the formulation of quasi-Stokes drift and the parameterized streamfunctions
of Gent and McWilliams (1990); Gent et al. (1995) and Fox-Kemper et al. (2008) as discussed
by many (e.g., Dukowicz and Smith, 1997; Killworth, 1997; McDougall and McIntosh, 1996;
Eden et al., 2007; Young, 2012; Salmon, 2013).

The structure of this work is as follows: section 3.2 introduces the relevant notation and
conventions needed here that were not already introduced in section 2 of Chapter 2. Section
3.3 introduces the momentum equation and discusses its transformation first to the rotating
frame, and then to a rotating, buoyancy coordinate setting. Expressions for the fictitious and
fantastical forces are presented. Section 3.4 introduces common GFD approximations in tensor

notation and presents the fluid equations in Table 3.1. Section 3.5 specifies basis vectors and
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metric coefficients for common GFD coordinate systems such as tracer, terrain-following, and
geoid-based coordinates. Section 3.6 presents the Redi mixing tensor in index form, generalizes it
to perform anisotropic diffusion in the neutral plane, and derives the small slope approximations

to both the standard and anisotropic mixing tensors.

3.2 Definitions, Notation, and Conventions

This section extends §2 of Chapter 2 to accommodate the needs of this paper. See that
section for a full treatment of the tensor analysis of Euclidean space in time-varying, curvilinear

coordinates.

3.2.1 Inertial and Moving Settings

Here we briefly restate the conventions and results laid out in Chapter 2. We define two
classes of coordinates: y“ in the inertial frame, and x’ in moving settings, where a “setting”
is a frame-like entity that is allowed to deform — for example the Lagrangian setting deforms
with a fluid. The term “frame” is then understood to capture rigid coordinate representations
of space, and specifying that this frame is inertial implies that Newton’s laws apply. These
coordinate systems have origins Oy, and Oy, and corresponding position vector fields s and 7.
Tensor components indexed with the letters {a, b, c,d} are understood to be with respect to an
inertial basis e, = d, s, while those indexed with the letters {i, j, k, £} are understood to be with

respect to a moving basis e; = d;r. The basis e, can be considered to be fixed in time, while the

basis e; cannot.

We assume coordinates to be well-behaved enough to be represented as invertible functions

of one another:

¥ =y"(x,1) x'=x(y,1). 3.1)
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Their spatial derivatives are the components of the Jacobian transformation matrices

0y R
J! = — J, = , 3.2
ox gy (52)
their partial time derivatives define the setting velocity V:
oy . ox'!
pe= 2 —vi= 22| (3.3)
ot |, ot |,

where the |, notation indicates explicitly the coordinates to be held fixed. Let the scalar field £ be
a label that remains constant following fluid parcels. The total time derivatives of the coordinates
with the label & held fixed define the observed velocities of a fluid parcel at these coordinates:

_ dy”
Cdt

i dx!
Cdt

a

(3.4)

¢ ¢

and thus v is also the absolute fluid velocity. We have v = u + V where V, v, and u are vector
fields whose components transform freely between the y and x coordinate systems by contraction

with the Jacobians, for example V L= Z(V ,

Total time derivatives of tensor quantities have components specified by the material intrinsic

derivative 6 /6t. For moving coordinates x, this takes the form

s _(9
5t \ ot

where L« is a Lie derivative along the vector field V. Applied to an arbitrary vector field w,

+vkV, —Lv), (3.5)

X
this comes to

ow' 3 ow'

+uFVw! —wkv, Vi (3.6)

X

ot ot

For fixed coordinates y, equations (3.5) and (3.6) reduce to the familiar form of the intrinsic

101



derivative (Grinfeld, 2013; Aris, 1962):

) 0 .
5‘(5 +va), (3.7)
y
and
ow®  ow“ c
= V. .w 3.8
5t ot y+v W (3-8)

due to the properties of Lie derivatives in rigid coordinate systems—see Chapter 2, section 2.6.7.

In either fixed frames or moving settings we have, by construction,

dw ow'

dw _ oW idw_dwi
dt ' 6t

or e —=—m1,
dt ot

(3.9)

which are equivalent. Analogous expressions hold for tensor fields of any order, and this

derivative can be further generalized to follow non-material paths—see Chapter 2 section 2.4.6.

3.2.2 Time Dependence of Metric Components

The metric components presented in §3.5 are time-dependent because they are functions
of the coordinates x’ which are themselves functions of time, specifying a moving setting by
definition. Metric components do not, however, fully specify a moving setting. Our choice
to operate in Euclidean space rather than Lorentzian 4-vector-based spacetime means that the
metric tensor captures information about the spatial curvature of our coordinate surfaces at a
given moment, but misses information about how those surfaces move. That information is given

instead by the setting velocity V, as shown by (3.3).

Consider two spherical coordinate systems with the same origin, one fixed, and one rotating.
For a fixed time, their respective basis vectors e, and e; are aligned at every point in space,
and so their metric components are indistinguishable as well. The metric does not capture the

rotation, and unless we specify that each coordinate point in the rotating system is moving with
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velocity V = Q X r, we completely miss the difference between these frames.

3.2.3 Matrix Representations of 2nd Order Tensors

We present the matrix forms of the metric tensors associated with various useful coordinate
bases. It is important to keep in mind that the metric tensor g = g;; e'e/ itself! for flat space is in
each case the same bilinear function from pairs of vectors to scalars, but its components depend
on the basis vectors we choose. To be explicit about this dependence, we introduce the notation

B , . . .
> to denote a tensor’s representation in the covariant basis 8B, for example:

r’cz 0 0
S
girs| o 2 0 (3.10)
0 0 1

are the components g;; of the metric tensor g in the covariant spherical basis S with radius r
and latitude 6 as presented in Table 3.3. It should be understood that for a tensor with covariant
indices, those indices pair with the reciprocal basis of the denoted covariant basis. For example,
we would write the inverse metric components as

r2c? 0 0

g/ 0 20 (3.11)

. S . .
with the same —, even though these particular components would be contracted with the
elements of S. This is to avoid ambiguity with mixed tensors such as A’J We use this same

notation when we must represent a basis as an indexed set e;, for example

'In texts on relativity, the metric tensor is usually written as ds® = g; ;dx'dx/ using the dual basis of differential
1-forms dx*'. Since we always work within a flat, 3D, Euclidean embedding space, we lose nothing by representing
the dual basis of 1-forms instead as the reciprocal vector basis €', which is considerably less abstract and easier to
picture.
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A

S A
e+ [rcg A, ro, 7] (3.12)
When an indexed object makes reference to two different bases, as for a Jacobian matrix, we
include a basis indicator below the arrow as well. For example, the Jacobian that transforms

vector components v’ in the 2D polar coordinate frame ? to components v’ in the 2D Cartesian

frame C is denoted by

0 P, Cop —TrSy
N (3.13)

S rCo

The two horizontal or quasi-horizontal basis vectors of basis B form the sub-basis B;,. For

example, the pullback onto a density surface given by equation (3.62)

1 0

N/
Z(’ln—i' 0 1
L, L,

projects onto the quasi-horizontal surface basis Y, of the ambient basis V.

There are many notations for matrix representations across various texts, and some choose a
simple equals sign in place of our arrow, however this leaves the choice of basis implicit. We
wish to emphasize that any matrix representation is valid only in a particular basis, and always to

make that choice explicit.

Throughout, bases will be named by a script letter and defined as an ordered set of vectors:
B ={a,b,c}. A tilde will denote the reciprocal basis like so: 8. Whether we choose B or B
to be the covariant basis e; is arbitrary, and a matter only of taste or convention. This choice,
however, constrains the choice of the contravariant basis to be the dual set €' = e;g/'. We
always present the basis vectors in the indexed order used for contractions: B = {ej, e, es}.

The quasi-horizontal subset {e}, e, } of the basis B is denoted By,.
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3.2.4 Surfaces

Finally, we will need some tools for dealing with vector fields constrained to lie on two-
dimensional surfaces embedded within three-dimensional space. Imagine a continuously indexed
collection of non-intersecting but potentially curved and moving surfaces.> A good example is
surfaces of constant density in the ocean. In what follows, it suffices to consider only one such

surface.

Given a two-dimensional surface, we first create projection operators that act normal or
tangent to the surface, as illustrated in Fig. 3.1. Let n = n'e; = n;e’ be the unit normal vector

field, and define the normal projection operator IN as the tensor having components
N;'. = ninj, (3.14)

The projection of some vector field w onto 7 is then a vector with components Niw/ = n'njw/,
meaning that it is the normal vector n scaled by the dot product n; w/. Similarly, the transverse

projection operator T', also called the orthogonal projection, is the tensor having components
i i i
T;=6,—N;. (3.15)

Because (5’} represents the identity tensor, the action of this operator on a vector field is to remove

its normal projection, yielding a vector field everywhere tangent to the surface.

In addition to the coordinates x’ and y“ that span three-dimensional space, we will also make
use of coordinates restricted to the surface. Tensor components on the surface are indexed with
Greek letters {a,8,y,0} that run over the set {1,2}, following Grinfeld (2013). We denote 2D
surface coordinates by 5%, and define corresponding basis vectors s, = d,7, where the tilde is
used to denote tensors that are limited to the surface or the components thereof. There exist

Jacobian-like transformation matrices between the surface and ambient coordinates, which we

’That is, a time-varying foliation of R>.
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(81 = Nj)w/ = Tjw

Figure 3.1: Visualization of the normal and transverse projection operators acting on the
components of a vector w.

denote as

Z , Z¢ =g Z}g (3.16)

This is called the shift tensor by Grinfeld (2013), but is more often referred to as the pullback
matrix — see Appendix A of Carroll (2019). The second equation requires the definition of the

contravariant surface metric components g% given in equation (3.20).

Z! differs from a standard Jacobian J! because it transforms to and from a lower-dimensional
subspace, and so information is lost when moving from the ambient to the surface basis. Another
interpretation will be given momentarily. Analogous to Jacobians, the two shift tensors are a

sort of inverse of one another, always satisfying

787y = 64, (3.17)
however because Z, can have a rank of at most two, Z, Z{ # &'

The shift tensor operates on the ambient basis to recover the surface basis,

Sa=Ze;, s* =27 (3.18)

but note that the ambient basis vectors cannot be recovered from the surface basis vectors. The

metric coefficients of the surface basis are then again defined as g,g = s, - S, but these can also
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be calculated by “pulling back”™ the ambient metric components using the shift tenor like so:

8ap = ZoZ}8ij (3.19)

As in the case of the ambient basis, we again define the contravariant metric components by

8“7 8yp =104 (3.20)

Two successive applications of the shift tensor project an ambient vector onto the plane and
then recover the ambient components of that projection, which is to say that we can write the
transverse projection operator T; as

i _ 71 7x
T =779, (3.21)

as will now be shown. A general vector field w, projected onto the surface, becomes
W= Tiw/, (3.22)

resulting in a version of that vector that is limited to the surface. Alternatively, using the shift
tensor, we have3

W = Z%/, W= Zlw® (3.23)

with the first operation transforming the vector into its surface representation and thus projecting
it into the surface, and the second operation transforming the projected vector back into its
ambient representation. Combining these two equations and comparison with (3.22) then yields

(3.21).

Similar to the ambient case, g“ﬁ 6%, Zé, and Z* can all be represented as the components

9 gaﬁ’

3This justifies the use of the tilde notation. 1 = w®e,, is the surface projection of w = w'e;, and in general
these are different vectors because w will have a non-zero component normal to the surface.
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of one set of basis vectors in terms of another, that is, as dot products of basis vector sets:

gaﬁEsa'Sﬁ 5Z:Sa.8ﬁ gaﬁzsw.sﬁ

(3.24)

i _ i a _ L«
Z,=¢€ -8, Z; =8 -¢€;

This makes it easy to show that, also in analogy to the ambient case, all are components of the
same transverse projection tensor 71" with different choices of representation. This is similar
to how the identity tensor components in different representations of the ambient basis can
appear as 52 =e’-ep or g, = €, ep, for example. The coefficients g%, 8ap> and 5% are the
contravariant, covariant, and mixed components of the transverse projection operator when it is

represented in terms of the surface basis vectors,

T =g%s, ®sp = gaﬂ.s“@ sP = (5%5(, ®sP (3.25)

while Z;, and Z are its components when represented in terms of one surface and one ambient
basis vector,

T=Z7e®s"= Z's, ®e'. (3.26)

In terms of a tensor operation, (3.21) is simply T" = T'T’, reflecting the idempotent property of
projection operators. It is also true that N = INN. Unlike the identity tensor, the transverse
projection tensor and the normal projection tensor are not full rank and thus not invertible, which
is why the ambient basis cannot be recovered from the surface basis or the normal direction

alone.

3.3 Fluid Equations

The following assumes the reader is familiar with the intrinsic derivative §/6t, and its

application to the case of moving frames presented in sections 4f and 4g of Chapter 2. The

108



inviscid momentum equation in terms of the generalized material intrinsic derivative is

A .
— =——V'p-Vig, 3.27
ot p PV (3.27)
which is equivalent to
ou o , l. . .oV 1, ;
EX-FMJV]'M :—2MJV]‘(V —(VjVj(V—Wx—/—)Vp—Vg (3.28)

when expressed in terms of the measured velocity u, where the left hand side is the observed
acceleration of a fluid parcel, —2u/V;V" is the Coriolis-like acceleration, —V/V;V' is the
centrifugal-like acceleration (assuming O, and O, always coincide), and JV 1/0t|, is the Euler-
like acceleration. Here the scalar field g is the gravitational potential. Because in uniform
rotation the centrifugal force is conservative, we would normally combine g with the centrifugal
potential to define a geopotential @, however for arbitrarily moving coordinates x, (V- V)V is

not necessarily irrotational, and so we choose to leave the terms separate here.

Given a particular moving setting, the apparent force terms that arise are then determined
by the gradient tensor of the setting velocity, V ® V, which governs both the Coriolis-like and
centrifugal-like forces, and by 9V"/dt|,, which governs the Euler-like terms. We will now show
the explicit forms that these terms take in some familiar settings. We choose to show the matrix

form of V;V; rather than V;V' because lowering the index makes the symmetries more obvious.

3.3.1 The Rotating Frame

We can apply these definitions to the rotating transformation and see that we recover familiar

results. The coordinates y* and x’ become
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p(t,A) A+ Qt A(t,p) p —Qt
S - S
i) —| o |=| 6 | Xty — | 0 |=| 6 (3.29)

r r r r

where Q is the angular velocity of the rotating coordinate system, and we call the inertial
azimuthal coordinate ¢ to distinguish it from the longitude A as measured on the rotating Earth.
In that case, the Jacobians have the particularly simple form J! = % and J i = 0 because we are
in spherical coordinates in both frames, but in general such Jacobians will be functions of both

space and time. The setting velocity field V is then given by

Q

S

Vi— |0 (3.30)
0

Because the purely rotating transformation is rigid, we expect to find that V ® V is

antisymmetric, and indeed we do:

0 -ty 1/r
S
V]-(Vin—>rzc§§2 tg 0 0

-1/r 0 0
(3.31)
0 -1 0
C
—> Q{1 0 0
0O 0 O

With both indices lowered, these components do not form a normal matrix in the sense of linear
algebra, which would have one upper and one lower index. We must note explicitly then that
i indexes rows and j columns in our representation, as would have been the case for the true

matrix V j‘Vi.
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The tensor V ® V effects a cross product with Q.% and so contraction with —2u/ recovers
the standard Coriolis force —2€Q X u. Further, V has the same components as € X r, and so

contraction of V ® V with V/ recovers the standard centrifugal force @ x Q x .

We also find that

0
oV s
A 3.32
Y x'—> 0 (3.32)
0

and so the Euler force is zero in this case, which we expected because the rotation rate of the

Earth is constant.

3.3.2 The Rotating Buoyancy Setting

Consider how this looks for a slightly more complicated coordinate transformation: inertial
spherical to rotating spherical-based buoyancy coordinates. In this case we will do the
transformation in two parts, first transforming the inertial spherical setting y to the rotating
spherical setting x as before, and then further transforming x to the rotating buoyancy setting
z, where zP = (/i, 0, l;) and buoyancy b= b(t,A,0,r) is a function of space and time. We index
objects in the z setting with {p, g,r}. In principle one could do this transformation directly from
y, however it is impractical to represent buoyancy as a function of fixed, celestial longitude ¢,
and more natural to represent it as a function of terrestrial longitude A. In the transformation
from x to z we follow along closely with §2 of Young (2012), making the necessary adjustments

for spherical coordinates. The coordinate systems are related as

*Contraction with the j index of V;V; effects @ x _ while contraction with the i index effects _ X Q.
3See Appendix A for a list of useful objects in spherical coordinates.
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(A1) =1+ Qt

yi(x,1) =

x'(z,7) =

r

)

X (y,1) =

(x,t) =

,é,B,f)

A(p,1) = - Q1
9
r
(3.33)
A
g
b=5b(1,0,r1)

Note that o is not density, but the name of the functional form of the coordinate r when

represented as a function of z”. Compare to Young’s equation (25). We name the rotating

buoyancy setting velocity “‘W. Our goal is to find the form of V ® ‘W in spherical coordinates

x' and compare it to equation (3.31); see Appendix B for the full calculations. Following Young

(2012), we define the symbols

and the components of W are

o = !
~Oyb
L/lE—O'aﬁb
LQE—O'agb

ob
w=—-0 —
ot |,
Q
(W“»i) 0
w
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Ultimately, we find that

0O 0 O 0 —tg 1/r re 00
S
VWirslo0o o0 o0 [+7Qt, 0 o0l]+w|0 r 0 (3.36)
w Ohw Orw -1/r 0 0 0 0O

which in buoyancy coordinates looks like

B L,la/[a)+L3(9ra) L 0gw+L,Lgdrw oL, 0w
Vq(Wp > | Lyl w+L Lydrw L969w+Léarw oLgo,w
COw+o L 0,0  oOgwtoLydrw Trorw

0 Lo/r—ty or

+I’2059 tg—Lg/r 0 0
—o/r 0 0 (3.37)
re2 0 0

0

+w| 0 r O

0 0O

We present the decomposition into its symmetric (deforming) and antisymmetric (rigid) parts in

spherical coordinates x' to allow direct comparison to equation (3.31):

0 0 Jw rcg 00
v(,-fw,.).i% 0 0 Ogwl|+w|0 r 0 (3.38)
OLw Oyw 20w 0O 00
0 0 -l 0 -—tg 1/r
Vi W i% 0 0 -Go|+rcgQ t, 0 0 (3.39)
O Ogw 0 -1/r 0 0

This final term is identical to the components of V ® V in equation (3.31) because it is the part

of V ® W due purely to rotation.
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In terms of the measured fluid velocity w = e, dz”/dt, the local Coriolis force will have
components 2w/ Vi W;. Just like the standard Coriolis force, this apparent force will act
perpendicular to measured velocity because w'w/ VW= 0.5 See Chapter 2 sections 5b and

6b for a full discussion of the local Coriolis force.

Similarly, there will be an analog of the centrifugal force with components W/ VW, that
acts perpendicular to “W. The two copies of ‘W in this expression ensure that, like the standard
centrifugal force, its value does not depend on the sign of ‘W — centrifugal force is directed

outward whichever way the merry-go-round spins.

Although these apparent forces are analogous to the Coriolis force 2u/V ;V; and centrifugal
force V/V Vi, they are not identical. In equation (3.101), we introduce the velocity field U —
the velocity of the z setting as viewed from the x setting — defined so that ‘W = V + U, which
also gives w = u — U. See Table 3.5 for the names of all relative setting velocities. We can use

this to decompose the apparent force terms

2wIV Wiy =20/ V Vs |+2 (! Vi Uy — UV ;W) (3.40)

where the left-hand side is the local, generalized Coriolis force, the boxed term is the standard

Coriolis force, and the other two terms are unnamed. Similarly we have

WIN Wiy = VIVV: [+ VIV U+ UV W (3.41)

where the left-hand side is the generalized centrifugal force, the boxed term is the standard
centrifugal force, and the other two terms are unnamed. Furthermore, the symmetric part of

V ® W will produce unnamed fantastical force

2w/ + W)V ;W (3.42)

The double contraction of a symmetric tensor such as w’w/ with an antisymmetric tensor is identically zero.
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related to the deformation of the buoyancy setting as the buoyancy surfaces undulate. This
fantastical term is expected to be small compared to the boxed terms of (3.40)-(3.41) if

VIV > UU,.

We also have a non-zero generalized Euler force in this case:

. OW?P
Jl
P ot

(3.43)

Z

We presented this in rotating spherical coordinates x’ to facilitate comparison with the previous
section, but these expressions can be recast in rotating buoyancy coordinates z” using the

Jacobians in equations (3.104) and (3.105).

Finally note that, although the matrix representations we present in this section are specific
to rotating spherical buoyancy coordinates, the indexed expressions (3.40) - (3.42) are entirely

general, and apply to any setting velocity ‘W laid on top of rotating spherical coordinates.

3.4 Common Approximations

While it is nice to have the exact equations in tensor form, it is useful to write down common

approximations as well.

3.4.1 Perfect Fluids in an Accelerating or Rotating Frame

We summarize the equations of motion for geophysical fluid dynamics in covariant form in

Table 3.1.

3.4.2 Ocean Primitive Equations
Hydrostatic Balance

Hydrostatic balance is an important simplification that allows the pressure gradient equation

to be separable. In general, solving for the pressure field is a three-dimensional partial differential
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Table 3.1: Rotating fluid equations in symbolic and index notations. We have the absolute fluid
velocity v = u + “V, where w is the fluid velocity as measured locally in the moving setting, and
V is the absolute velocity of the moving setting. Setting velocity V is Q¢ = Qrcy¢p in the case
of pure rotation. This choice for V, or indeed any choice for which V(;V}) = 0, results in a
conservative Coriolis-like term V/V iV ? which could be absorbed into the gravitational potential
g, however this is not the case for general V—see section 2.6.3. The tracer transport equation
can be used either for salinity S or potential temperature ®. k. is the isotropic background
diffusivity of the relevant tracer 7, and $ is the anisotropic Redi tensor—see section 3.6.2. To
close this equation set we must also include an equation of state b = b(S,0, p).

Symbolic Index
. ap i i
Continuity 0p+V-(pv)=0 o +Vi(p[u'+V'])=0
X
Momentum E+ZQXUZ—;VP—V(D Ex+ujvju +2MJVJ(V +(V]V]~(V +Wx:—/—)Vp—Vg
Incompressibility V-v=0 Vi(u'+V')=0
D D . .
Tracer transport D—: =V-R-V7t D—: =V, [ (kg7 +$7)V;7]
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equation, but with the hydrostatic approximation it becomes a system of one ODE and one
two-dimensional PDE, which is computationally favorable. To reap this benefit we must choose
a compatible coordinate system — one where the vertical direction aligns with the acceleration
due to effective gravity g = —~V®, 7 where we define the geopotential ® to be the sum of the
gravitational potential and the centrifugal potential. In height coordinates (for height z defined

in terms of the geopotential) we have the usual form of the hydrostatic balance

6zp =—-pg (344)

From this scalar equation, we can deduce a vector equation by recognizing that, as clarified by
Stewart and McWilliams (2022), in any orthogonal coordinate system with the vertical defined

by V®, we have —gl% =-Vo:

ko.p = pV (3.45)

where k is the vertical unit vector defined by k=vod /|V®|. To write this equation in covariant

form, we project Vp onto & using

) Vidv J1
k’kj = — . (3.46)
VKDV, D
Hydrostatic balance then becomes
K'k;Vip=pV'®, (3.47)

which is valid in any curvilinear coordinate system whatever — not only in orthogonal coordinates

with one basis vector oriented vertically, as in equation (3.45).

Table 3.2 shows that the coordinate settings defining the vertical along k result in simpler

"It is conventional in geodetics to use the positive gradient g = V® so that the geopotential as decreasing
with increasing radius (Hughes and Bingham, 2006), however we follow the oceanographer’s and the physicist’s
convention.
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representations of hydrostatic balance, whereas in Young’s basis Y (see section 3.5.1), the
expression is convoluted because we are forced to use pressure derivatives with respect to the
tracer concentration 7, the proxy for height. We therefore prefer to orient our vertical direction

along the geopotential gradient, as in Young’s dual basis Y.

Inviscid Momentum Equation and the Traditional Approximation

We begin by writing the inviscid momentum equation, where we make the choice

. 1 . .
Fi=——Vip-Vi, (3.48)
ol

Recognizing that here we have dQ/dt = 0 and S = 0 for all time, and the rigid frame velocity

(Vl = Sljk.Q.jrk

- VYV =60 (3.49)

IV

H —
ot

b

X

we can manipulate 6v' /6t = F' to find

ou'

|+ w'Viu + 26" Qpu; = F. (3.50)

X

Compare this to Vallis (2017) Equation (2.43).8 Inserted into (3.50), the exact relations

k S u v
u > s LW
rcg r

(3.51)
Q; v (0,Qr ¢, Qsy).

recover Vallis’ non-hydrostatic equations (2.47), including all components of the Coriolis force.’

To make the traditional approximation, we can neglect the radial component of velocity and

8Recognize here that by D /D, Vallis means (8]0t + ul V;), which is not the true material derivative, but the
apparent material derivative in the rotating frame.
See Appendix A for useful relations in spherical coordinates

118



Table 3.2: The hydrostatic approximation represented in various coordinate systems. The reader
may confirm that in each case we have e;k’ = k, k;k' = 1, and e;k'k;V/p = kd,p. When the
basis has a true vertical basis vector, its component representation of the gravitational force
is nonzero only in that direction. Otherwise it is a linear combination of all basis directions.
Normally we would write covariant components as row vectors, but we write them here as
column vectors simply to save space. The final expression of k'k ;V/ p for the rotated orthogonal
basis RO is left to the reader to derive, for it would not fit in this table.

Basis €e; k! k Vip kiijjp =pVid
; 0 0 Oxp 0
¢ J 0 dyp 0
i{\i 1 1 o.p 0.p
i Ly 0 Oxp + Ly0;p Lyo;p
VA 7 Ly 0 oyp+L,0.p Lyo;p
vz g é oo.p o0;p
’2+Lx/2: 0 L, Op 0
Y g+ Lk 0 L, ] dyp Lio
ok > o p (—Lxﬁxp—Lyé?yp+61p) 0,p
2 —O- 0 axp - 0 -
SO i 0 0 dyp Lo
ok -%- v ai_&p _8zp_
Oxp+ L0 p
A A~ E [ Ly 1 —2
Z+ka ]_‘_L%c Lx 1+Lx
A 2 4 - Ly L, —LL,d:p+(1+L2d,p+L,0.p
RO | Ll DL, Doy | |2 y AP I
y 7 7 7T * o|Vt|2(1+L2%)
1
VT 1] 0'|Vl‘r|2 o Vt-Vp
V|2
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the the non-radial components of rotation by replacing u* and Q ; by

u* —rkrjuj =it N (L,K,O) )
(3.52)

To an approximation as good as the radial traditional one itself, the radial components can be
removed by removal of the vertical unit vector k defined to lie along the geopotential gradient in

the previous section.

uk — kkkjuj ~ i*,
(3.53)

kikkQ ~ Q;.
This equation is useful if greater care is being paid to the vertical direction than is typical in
spherical coordinates, e.g., when using a reference ellipsoid. Indeed, in such a case it is unclear
whether the traditional approximation is truly based on the radial or vertical direction—the
main idea is to simplify the vertical or radial momentum equation and remove the vertical or

radial velocity contributions to the Coriolis terms in the horizontal equation, so the form of the

traditional approximation should be chosen accordingly.

Inserting these components into (3.50) yields

Ol o o .
a_L; + @l Vi + 26 Qi = F (3.54)

X
From here, assuming hydrostatic balance as defined in the previous section, and making the
shallow water approximation recovers the primitive equations, given by Vallis in equations

(2.50).

There are real forces that are neglected in this approximation, and the Coriolis force no longer
quite represents the operation of a rotating planet. Nonetheless, (3.54) can be expressed in any

coordinate system after this approximation is made.
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3.5 Useful Bases and Their Metric Coefficients

Metric tensors for simple geometries appear in Table 3.3. We will immediately move on to

discussing more complicated bases specialized for geophysical fluid dynamics.

3.5.1 Tracer Coordinates

For any scalar field 7 we can define coordinates based on its gradient — density coordinates,
buoyancy coordinates, pressure coordinates, etc. In this section, we follow Griffies et al.
(1998) and Bachman et al. (2020) in defining the slope vector L = —V;7/d,7 as the horizontal

components of the tracer concentration gradient scaled by the vertical component. See Figure

3.2.
VA
A
10,7 Ve
) ka,t
k
\\ {
> X
\ L.k
i+ Lk R
N 0,T
. L=—-=X
S a,t

Figure 3.2: Definition of the x-component of the slope vector L = L+ L, j . The y-component
is defined analogously as L, = —d,7/d.7. The ith basis vector in the iso-surface of 7 is the
projection of the ith Cartesian basis vector onto that surface along k.

Young’s Basis Y and Dual Basis Y

In this section we show the basis vectors and metric tensors based on a general tracer
concentration 7. If we choose 7 to represent buoyancy, we recover the bases defined in Young

(2012), and so we call these bases Young’s basis Y and Young’s dual basis /. Once again

121



Table 3.3: Metric tensors for simple geometries. v is geocentric co-latitude, 6 is geocentric
latitude, and O is geodetic latitude. @ and u are parameters defined so that for the oblate spheroid
that best approximates the Earth (say, the GRS80 reference ellipsoid), @ cosh u is the equatorial
radius of Earth, and a sinh y is the polar radius of Earth. As elsewhere, sg, ¢y, and ch, denote
sin#, cos 8, and cosh @, respectively. a is the radius of the toroidal coordinates’ reference circle.

Geometry e; gij
1 0
Cartesian [’2 J I%] 1 0
0 0 1
1 0 O
Cylindrical [: rA K] 0 r* 0
0 0 1
1 0 O
Spherical (co-latitude v) 7 oro rs, 5\] 0r2 0
0 0 r2s?
r’cz 0 0
Spherical (latitude ) [rcej\ r0 'f'] 0 20
0 0 1
chfl cé 0 0
Oblate Spheroidal [ach#c@j\ N ) aJchi—cé;l] Q2| 0 2= 0
2_ 2
0 0 ch; —cg
1 0 O
~ 2
Toroidal [Chﬁ%a . Ch‘isfl;,qﬁ] w0 1 0
0 0 sh?
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(2 g

i+L.k

Figure 3.3: Visualization of the four definitions of tracer coordinates discussed in section 3.5.1,
showing Young’s basis Y, Young’s dual basis Y, scaled orthogonal coordinates SO, and rotated
orthogonal coordinates RO.

following Young’s §2, we define

1
0' —
0,7

Ly=-00,1

(3.55)

Ly=-00,7

which are analogous to equations (3.34). [ Lx Ly 0] are components of the slope vector L:
L=Ls+Lyj (3.56)
See Figure 3.2 for a geometric definition of L. In terms of L, the tracer gradient is

Vr=-—"01-23+—k (3.57)
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and its squared magnitude becomes

LI+L3+1 124

VT[> =

Choosing Y to be the covariant basis, we h

1
(S 2]
J

LT
e|—>3

o2

ave

_VT_

o2

eir— i+ Lk j+Lk ok

(3.58)

(3.59)

Compare this to equations (38) - (41) in Young (2012). We can immediately write down the

metric components 8ij=€i-€;j

8ij

and inverse metric components g/ = e’ -

1+L2 L,L, oL,

L,L,

| oL,

e’

—Ly/o —Ly/o |V1|? |

2

1+ Ly oLy

oL, o2
0 -L,/o
1 -L,/o
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Geometrically, the two quasi-horizontal basis vectors of Y are a projection of 7 and 7 onto

1sosurfaces of 7 (see Figure 3.2), and so we could have arrived at them by pulling back the
. . C [~ A~ & . . .

Cartesian basis e;; — [z 7 k;] onto those isosurfaces using the proper shift tensor—see

section 3.2.4. Choosing the shift tensor

1 0
ng’Hy” 0 1 (3.62)
L. L,
we find that
su=erZl D v L Go Lok (3.63)

and so we have recovered the quasi-horizontal sub-basis of /. We use this method again to
define the surface metric on the geoid in section 3.5.2. The pullback matrix containing the
components of the shift tensor is essentially a Jacobian matrix that takes ambient Cartesian
coordinates to surface tracer coordinates. The full 3D Jacobian for the transformation from

Cartesian to tracer coordinates is closely related to the pullback matrix:

1 0 O

v C.Y

Ji—10 1 0 (3.64)
L, L, o

Compare this to the Jacobian matrix in equation (3.105).

Scaled Orthogonal basis SO

If we would like to preserve orthogonality as well as the standard horizontal directions, we
can scale the vertical basis vector by the z-component of the gradient, giving us the covariant

basis
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SO [+ ~ ,
€ — [z 7 o-k] (3.65)
and the metric components
1 0 0 1 0 O
S0 ;i SO
gij— 10 1 0 g/—10 1 0 (3.66)
0 0 o? 00 1/o?

Rotated Orthogonal Basis RO

If we do not need to preserve the usual horizontal directions, it makes sense to define
an orthogonal coordinate system using the full tracer gradient. Choosing V7 to define the
quasi-vertical direction, we choose the other two directions to be orthogonal vectors in the
tangent plane to the iso-surface of the tracer. Choose e; = 2+ Lk from Young’s dual basis,
which is orthogonal to V7 by construction. Although 7+ Lyl% is also orthogonal to V7, it is not

orthogonal to our chosen e;. We therefore simply choose e, = e3 X e; to give the basis

RO [ A LyLy» Zn Lygp
eir— |1+ Lk~ BLG L DE v (3.67)

which gives us the metric components

1+12 0 0
RO
gijr—| 0 (A+LH|Vr?> 0
0 0 |Vr|?
(3.68)
1
TPvrs 0 0
¢S 0 1
(1+L2)| V7|2
1
| 0 0 V]2
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If normalized, this basis coincides exactly with the basis given by Griffies (2018) in egs. (6.8)-
(6.10). As for any orthonormal basis, this normalized version of RO has metric components
gij = 0ij, just as with the Cartesian or height coordinates. This emphasizes the fact that choosing
metric components does not specify a particular coordinate system, but specifies it up to some

rotation.

3.5.2 The Geoid Basis G

The geoid is a surface of constant gravitational potential coinciding with the ocean’s

time-averaged surface, and that potential field is represented by the spherical harmonic expansion

co 14

14
M R
v =-2L 3y (—0) Con¥en(0+5.2) (3.69)
T oSom—e\ T

where Yy, are the spherical harmonics of degree ¢ and order m, Cy,, are their coeflicients, G
is the gravitational constant, M is the mass of the Earth, and Ry is a reference radius — see

Wieczorek (2015) §10.05.2.2 equation (19). 1°

The geopotential @ is then given by

D=V+¢ (3.70)

for the centrifugal potential ¢ = —(Q%r?cos” ) /2. Effective gravitational force, as usual, is the

negative gradient of geopotential

g=-Vo (3.71)

We find ourselves in precisely the same situation as with the tracer coordinates in section 3.5.1:
we have a scalar field, we wish to use its gradient to define “up,” and we must define “east” and

“north” within the tangent plane to the scalar field’s isosurfaces. In analogy with section 3.5.1,

10As in section 3.4.2, we reverse the geodetic sign convention used in Wieczorek (2015).
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we will pull back an ambient basis to define a surface basis G, tangent to the geoid. In this case
we pull back the covariant spherical basis S rather than the Cartesian basis C, and we construct

the shift tensor Z!, analogously to equation (3.62) — see Figure 3.4:

10
728y (3.72)
Ly Lg

where the slope vector is now defined exactly as it was in equation (3.34).!! The slope vector

has covariant components

S
Li'_>[L,1 Lg 0]

A A 3.73
A 0 (3.73)
L = L/l— + Lg—
rCo r
We find surface basis vectors Gy, to be
eo = €70 s (A4 L7, 0+ LoF) (3.74)
and the surface metric components to be
rcs+ L3 LyLg
.G
gap = 81 Zo 2y — (3.75)

LiLy r*+L}

Notice that this is a correction to the spherical metric that is quadratic in the components of L,
so if L — O this recovers the surface metric on the sphere. By pulling back the spherical metric

tensor, we have essentially shrink-wrapped an initially spherical surface tightly around the geoid.

We promote the surface basis G, to an ambient basis G by including the geopotential gradient

'Notice that the shift tensor in equation (3.72) is just the first two columns of the Jacobian matrix in equation
(3.105).
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rcCo Vo

Figure 3.4: Definition of the A-component of the slope vector L. The #-component is defined
analogously as Ly = —0p®/0,®P. The ith basis vector in the iso-surface of ® is the projection of
the ith spherical basis vector onto that surface along 7.

as the vertical direction, giving us

G ={A+L,7,0+Ly7, VO} (3.76)
and metric components
rici+L% LiLg 0
G
8ijr¥= | LiLy r*+L; 0 (3.77)
0 0 |VO)?

for 3D space. These metric components with respect to the geoid can be made arbitrarily precise
by keeping more terms in the spherical harmonic expansion of V (4, 6,r). For another approach

to defining a metric based on the geoid, see Kopeikin (2016) equations 13-19.
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3.5.3 The Terrain-following Basis 7

Near the bottom of the ocean sea floor topography controls the dynamics, and it makes sense
to orient our basis accordingly. Following the definition given in Griffies (2018) equation (6.1),

we define the parameter o so that

_<~n
_H+17

(3.78)

where 1 = n(x, y,t) is the vertical displacement from the average sea-surface height z = 0, and
H = H(x,y) is the depth of the sea floor with the bottom at z = —H. We then have o € [-1,0],

as the reader may confirm. We define the basis

T ={2,3,Vo} (3.79)

and the metric components are therefore

1 0 1-Vo
T N
gij—| O | 7-Vo (3.80)
t-Vo j-Vo Vo-Vo
which becomes
1 0 0,0
.
giji+—| 0 1 do (3.81)

0o 0Oyo Vo |?

referenced to the locally Cartesian coordinates (x,y, 7).
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3.6 Turbulence Parameterizations

In this section we will show that the usual Redi isoneutral diffusion tensor R;'. = KTJ’f, which is
isotropic in the neutral plane, can be made fully anisotropic by introducing a second projection.
We denote this fully anisotropic form as $. Further, we derive the small-slope approximation to
both R and $ by first splitting the projection operator into the pullback and inverse pullback

TJ’: = ZZZZJ‘? and taking the small-slope limit of these objects individually.

3.6.1 The Redi Tensor

The Redi isoneutral diffusion tensor (Redi, 1982) can be written as a scaled projection

operator:

R; = KT; = K(é; - ninj) = KZQ,Z;Y (3.82)

for isoneutral, quasi-horizontal diffusivity «, dianeutral unit vector #, and shift tensor Z!
defined in section 3.2.4. See Figure 3.5. R has eigenvalues («k, «,0), and is diagonalized in the
rotated orthogonal basis RO, depicted in Figure 3.3d. The identical eigenvalues in both quasi-
horizontal directions shows that the effected diffusion is isotropic in the local isopycnal plane.
Decomposition into shift tensors will become useful in making the small slope approximation in
section section 3.6.3. Table 3.4 shows the form that R;. takes when projected into various bases

under the assumption that the dianeutral direction is the diapycnal direction n’ = Vip/~+/VkpV,p.

We can effect fully three dimensional diffusion by adding an isotropic background diffusion

with coefficient u:

(R3p); = KT} + 6 (3.83)

which has eigenvalues («x + u,«x + u, ¢). In the limit that 4 < «, the isotropic diffusivity u is

overwhelmed in the neutral plane, and only contributes meaningfully in the dianeutral direction,
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so that R3p approaches

(R3p); = KT} + uN; (3.84)

with eigenvalues ~ (k, k, i), recovering Griffies et al. (1998) equation (1).

3.6.2 Transverse Anisotropic Form

The usual Redi diffusion tensor is transverse isotropic—that is, isotropic in the neutral plane.
However, diffusion in the ocean is strongly anisotropic within this plane; Bachman et al. (2020)
provide a quantification of the anisotropy using the eddy-resolving ocean model Parallel Ocean
Program Version 2 (POP2), showing that the ratio of major to minor eigenvalues of the diffusion
tensor is about 7.22 on average, with the larger eigenvalue tending to orient along the direction
of average fluid velocity. In order to reliably parameterize diffusion, we must capture this
anisotropy in our eddy transfer tensor. How can we do this while maintaining the covariant
representation of the tensor? The answer turns out to be straightforward. We name the new,
anisotropic diffusion tensor $. Whereas we defined R as a simple scaled projection, we define $

as the double projection

$ =TiSiT! (3.85)

where the symmetric tensor S holds empirical information about the 3D diffusivity, but in general
has eigenvalues («,4,v) and, like R, is diagonalized in RO. The choice S’g = K(S’g recovers
equation (3.82). Whereas R has eigenvalues («, k,0), $ has eigenvalues (k, 4,0) — the symmetry
in the neutral plane has been broken. See figure 3.5 for a comparison of the geometric operations

of Rand $.

It we want a fully 3D anisotropic diffusion tensor we again add an isotropic background

diffusion:
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Table 3.4: The Redi tensor projected into various density coordinate systems, increasingly
aligned with its eigenbasis (its principal axes). The individual components of R are more
physically meaningful the greater this alignment, seen best in the RO basis. Hydrostatic models
might still prefer Young’s Dual basis Y/ because it permits a vertically separable momentum
equation, as shown in Table 3.2. The reader may confirm that in each case we have e; V't = V.
We define n' = V7 /|V7| and L* = |L|* = L} + L} is the squared magnitude of the slope vector.
k is quasi-horizontal diffusivity. Components are presented in terms of the geometric objects o,
L, and V7 for brevity and to encourage physical intuition, but these can be readily expressed
in terms of the components of L according to equations (3.55) - (3.58). See Figure 3.3 for
geometric depictions of these coordinate systems.

€ Vit RV =k (gij —n"n-’.)
[—L, /o] L}+1 -LiL, L,
C |-Ly/o s | ~LxLy L2+1 L,
| 1/o | L, L, L?
[—L. /o] L}+1 -LL, L./o
SO |-Ly/o| &m|-Lily Li+1 Lyjo
| 1/0? | Lo Ly/oc L*/o?
0 L2+1 L,L, oL,
Y 0 k|LLy L3+1 oL,
1 oL, oL, L?/|VT1|?
o [-L/e L+1 —-LiL, 0
Y |-L,/o s | ~LeLy L2+1 0
|Vr|? 0 0 0
0 1 0 0
RO 0 =10 1/|IVt]*> 0
1 o 0 0

133



($3p)% = $ + po’ ~ §1 + uN' (3.86)

in analogy to equations (3.83) and (3.84). Once again, the precise tensor has eigenvalues (k +
i, A+ u, p), which is approximately (k, A, i) in the limit where isoneutral diffusion overwhelms

dianeutral diffusion: u < «, A.

i Transverse Anisotropic 0
R] Vit 0

Transverse Isotropic

$iVit = SFT TV

Figure 3.5: The geometric operations performed by the transverse isotropic Redi diffusion tensor
R and the transverse-anisotropic diffusion tensor $. Whereas R performs a simple orthogonal
projection onto the neutral surface scaled by the local diffusivity, $ allows us the freedom to
rotate the projection within the neutral plane, biasing diffusion towards the direction of the
largest eigenvector.

3.6.3 Small Slope Approximation

In the following, we use a tilde to denote the small-slope approximation of a tensor. For

example, the Redi tensor R has the small-slope approximation R.

Oceanic flow along neutral surfaces covers considerably greater distances horizontally than
vertically. Because of this extreme aspect ratio, it is often reasonable to assume that the slopes

of neutral surfaces are small, and we normally encounter the Redi diffusion tensor in its small

134



slope limit — see, for example, Griffies et al. (1998). So far we have discussed the covariant
representation of the full diffusion tensor, but we can perform a similar analysis of its small slope
limit.

Recall from equation (3.21) that we can decompose the projection operator into the pullback

and inverse pullback: T; = ZQZ;?, where

1 0
A
L, L, (3.87)

e 1 1+L] -LiLy Ly
j 1+ L2

~L,L, 1+L2 L,

satisfying equation (3.17), Z¢ Zg = (5% . Taking terms quadratic in the small slopes to zero, we

arrive at

7o 25 POk (3.88)
01 Ly
We can now rewrite R as
10 L
Ri=«kzZ 20 =«Tiv5cl0 1 L, (3.89)
L, L, L?

where the second equality defines the small-slope projection operator T". Compare this to Griffies

et al. (1998) equation (3) with A; = 1 and Ap = 0. The approximation to $ follows immediately:

§ =T/S;T7. (3.90)
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3.7 Summary & Discussion

Tensor analysis lets us benefit from convenient coordinate systems without being bound
to them, and uses a simple algebra for manipulating equations in generalized, time-varying,
curvilinear coordinates. Because we are always manipulating tensor quantities, we maintain the

geometric intuition of invariant tensor equations in an algebraically workable form.

This work has furthered the project, begun in Chapter 2, of developing a unified, tensorial
framework for geophysical fluid dynamics. We present a general formulation of parameterized
tracer diffusion that allows for anisotropic dianeutral diffusion. We use this, together with
the generalized intrinsic time derivative to express the exact fluid equations for continuity,
momentum, incompressibility, and tracer transport. We also show how to make common
simplifications such as hydrostatic balance and the traditional and small slope approximations.

These equations appear together in Table3.1.

We also present basis vectors and metric tensor coefficients for common GFD settings
including spherical, oblate spheroidal, geoid, terrain-following, and tracer coordinates. Such
coordinates build useful geometries into the equations naturally. Further, we defined the setting
velocity ‘W for the transformation from spherical to rotating-isopycnal coordinates, performing
the transformation in two steps: static spherical — rotating spherical — rotating isopycnal.
By expressing the transformation in index-notation, we arrived at general expressions for both

fictitious and fantastical forces in such 2-step transformations.

The next step in this project will describe coordinate-independent methods of spatiotemporal
averaging. This will allow operations such as parameterized advection and thickness-weighted
averaging, and could also extend to convolution filters for coarse-graining in arbitrary geometries,

analogous to the methods of Aluie et al. (2018) on the sphere.
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3.8 Appendix 2A: Useful Objects in Spherical Coordinates

S\/rzcg X/reg

ei=[5\ 6 f] :[rcgﬁ\ rd r] e=|6/2 | =| 6/ (3.9
7 7
r’c2 0 0 1/r’c2 0 0
gi=| 0o 2ol &=l 0o 1//2 0 (3.92)
0 01 0 0 1
Eijk = I"ZCQEl'jk, gk = eijk/rzce (3.93)
0 -t 1/r socog 0 0 —rc; 0 0
M=l 0 of T% =lo o 1/, T'u=l 0 -—r o0 (394
1/r 0 0 0 1/r 0 0 0 0
0
Q=10 Qrey Qsyl» Q' = |Qcy/r (3.95)
.Q.Sg
0
n=lo o r[. =l (3.96)
r
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3.9 Appendix 2B: The Transformation to Rotating Buoyancy
Coordinates

In this appendix we flesh out transformation from the inertial, spherical setting y to the rotating,
buoyancy setting z using the intermediate rotating, spherical setting x. The transformation
from the rotating spherical to the rotating buoyancy setting follows along close with §2 of
Young (2012). Our ultimate goal is to calculate the components of the gradient tensor V ® ‘W
where ‘W is the setting velocity for z, and to decompose it into its symmetric (deforming) and
antisymmetric (rigid) parts. We present the components V ;W so that they may be compared
directly to the components V;V; in equation (3.31), and for completeness we also present the

components V,W,, although they are rather inscrutable.

Define two moving settings x and z indexed respectively by the sets {i, j, k,...} and {p,q,r...},

along with the inertial setting y indexed by {a, b, c,...}:

e(A,1) =1+ Q1 A, 1) = p—Qt
y(x,0) = 0 X (y,1) = 0
r r
(3.33)
A A
x'(z,7) = 9 P (x,1) = 6
r:Q(/T,é,l;,f) b=5b(1,0,r1)

where o is not a density, but rather the name of the function that returns a radius when fed

buoyancy coordinates. Analogous to Young’s (21) - (24) we can define
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ob

0y = 01 + ﬁa];
b
59 = 65 + %65
b (3.97)

(9, = 58,;
0 0 ob
— = —| + — i
or|. ~ or|. " ar|,

where the final equality follows because b is a function of time, but A and @ are not. Analogous

to (26) - (27) we have

o~ n 0o 1
o(4,0,b,f) = — = 3.98
( ) 5% O (3.98)
and analogous to (28) we have
0
- = —0'8 b=L
o 2 P!
0
_%:_g%bELH (3.99)
0o ob
_— = — R = ’t
ot |, &‘ w(x.1)

where the first two expressions give the components of the slope vector L = (L,, Lg,0); the
subscripts do not indicate partial differentiation, which we never denote with subscripts. We
have named the final expression w for two reasons: it looks a bit like a w, and represents the
thickness-weighted quasi-vertical velocity of a buoyancy surface; it rides along with € in the
components of W, as we will see shortly. The important thing is that it is a function of the

coordinates x' = (1,6,r). As usual we define the x setting velocity V by

Q
aa
pa=221 51 (3.100)
ar |
0

To define the z setting velocity ‘W, we first define U so that
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Table 3.5: The names given to the various setting velocities. Velocities that are derivatives
of y* or that hold y fixed are absolute, while the others are relative. Notice that the table is
antisymmetric, so we only need three unique labels for the interaction of three settings. Indices

are omitted here.

y X 2
d
E|y -V W
d
sl Vv -u
9
7. u
0
. Ox!
a=220 2 (3.101)
ot |,
w
Then ‘W has components
ot .
oy, oy o
ot |, Ox' ot |, (3.102)
=V + U
W=V+U

which should not surprise us. The change ‘W from y — z is just the sum of the changes V from

y — x and U from x — z. See table 3.5 for a summary of the names given to all the relative

setting velocities.

The Jacobian Jl.” is
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—8cp v 6(;7-
91 90 or
1 00
y* 8.8
a ’ a0 90 90| = =54
S raad L A (R R (3.103)
0 01
or  or  or
|04 06 or |

which means that tensor components in the two spherical coordinate systems y and x look the

same. Components of ‘W are then

(3.35)

We now want to calculate V,W,, and we will do it as V, W, =J ;,Jé VW, since we know the
Christoffel symbols for spherical coordinates x and would rather not calculate them for z. The

Jacobians J” and J;, are

1 0 0
07 8.8
=253 | 0 (3.104)
! oxt
—O'_ILA —O'_ng O'_1
1 0 0
; ox' s.8

Jp = Er) — 10 1 0 (3.105)

L/l Lg o

As asanity check, the reader may confirm that we have J/J; = §¢ and J,,J7 = §'.. The components

W, = g,-ﬂé"W“ are
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'rzcg o olla (3.106)
=l 0o 2 0||0O

0 0 1||lw

r2c§Q
=1 0

w

We calculate the components V;'W; where since both indices are lowered we choose explicitly

to let 7 index rows and j columns:

VWi =0, W, -T",; Wi

=W, -T", W -T° Wi

0 —2rfcgspQ 2rciQ 0 —tg 1/r -rc; 0 0
S
| 0 0 0 |-r*cQl-t, 0 o0|-w| 0 -
(3.107)
Aw Apw dyw 1/r 0 0 0 0 0
0 0 O 0 —tg 1/r rez 00
=lo o o|+r*ZQlt, o0 ol+e|lo r o0
w Oyw Orw -1/r 0 0 0O 00
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where the final manipulation serves only to simplify subsequent calculations. Decomposing

V ® W into its symmetric (deforming) and antisymmetric (rigid) parts, we find that

0 0 dw re 00
v(,-wi)wi»% 0 0 dwl|+w|lo r 0
L w Ow 20w 0 00
0 0 -dw 0 —tg 1/r
Vi Wa ’i’% 0 0 -do|+r’GRl 4 0 0
Oyw G 0 -1/r 0 0

(3.38)

(3.39)

The second term in the antisymmetric part is identical to the components of V;V; in equation

(3.31) because this is the part of the rotating buoyancy transformation that comes from pure

rotation. For the sake of completeness we can calculate the components V, W), as

VoW, =TV, W)

1 0 L, 0 0 0
B
10 1 Ly 0 0 0

00 o Lw Oyw Orw

L,{(?,lw+L?16,-a) Lydgw+L Lg0rw oL)o,w

+r205§2

0
ty

—1/r

= | LgOw+L,Lg0rw L969w+L%6,a) oLgo,w +}’2 ng t9 —LH/”

O w+o L0, 0w  0dgw+oLedrw 2dw

—tg 1/r rcg 0 0f|[{1 0 0

0 O|+w|0 r O[¢glO0O 1 0

0 0 0 0 O0|||L: Ly o

0 Lo/r—ty or -rcg 0 0

0 0 [+tw|0 r O

—o/r 0 0 0 00
(3.108)

Notice that even though J f, and J; represent the same Jacobian matrix in the above calculation,
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we have transposed the matrix representation of J ;,. This is because V;W; is not a normal matrix

— both its indices are lowered. In order to use ordinary matrix multiplication to contract with

the lowered index on W, we’ve had to transpose J ;,. The decomposition of V ® ‘W in rotating

buoyancy coordinates is

Lidaw+20,0 2090 16,0 TR ol 6,0
V(q(Wp) lﬁ) M+L,1Lgarw Lodgw+L?%0,w 0029w+o-L96,w +w| 0
‘Taz’lw+UL,16rw Uazgwﬂngﬁrw 26, w
0 L/lagw - Lgéhw —0'8/1&)
V[q(M/p] 'i % —L/laga) + Lgaﬂa) 0 —0'89(1)
o0 w T Ogw 0
0 Lo/r (oc—-1)/r
+r7ci Q| —Ly/r 0 0
—(oc=-1)/r O 0
— 0 -ty 1/r
+r2cQl 0 0
-1/r 0 0

0 0O

00
r 0

(3.109)

(3.110)

It is likely that the slopes L, and Ly are small, and that terms quadratic in these slopes are

negligible, in analogy to the small-slope approximation presented in Griffies et al. (1998).
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CHAPTER 4

The Gradient Tensor Theorem: Proof,

Utility, and Limitations

This chapter covers material published as Lilly et al. (2024). Below, I highlight my main

contributions to the published work, which appear in section 4d.

Summary

Integral theorems relating quantities on the boundary of a region to quantities on the interior
are common in vector analysis and field theories, and geophysical fluid dynamics is no exception.
Such relationships are of practical relevance in observational oceanography: a ship may trace out
a set of closed curves and, from those measurements alone, infer the state of the entire enclosed

region—see figure 4.1.

This work discusses the old-but-rarely-discussed result

///V@ude//n@udA 4.1)
Vv A

which is due to Gibbs (1884). It is a kind of generalization of similar theorems relating boundary
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integrals to volume integrals, such as the divergence and Kelvin-Stokes theorems, which show
up respectively as the trace and antisymmetric part of (4.1). The translation to index notation

admits a straight-forward proof:

//LV@udV://[v(V,-uj)ei@)ejdV
://Avi(u,-e"@ef)dv
://ﬂniuje"@vefdA
[ [ noui

where the first equality is simply a translation from symbolic to tensor notation, and the second

(4.2)

relies on the metric compatibility of the basis vectors: V;e/ = 0. The third is an application of

the generalized divergence theorem

///V-TdV://n-TdA, (4.3)
% A

found in Grinfeld (2013) as equation (12.6.7), and the final equality is a translation back to
symbolic notation. Decomposing V ® u into its antisymmetric, trace, and trace-free symmetric

parts as in table 2.3, we find

///(V[,-uj])ei®ejdV://n[,-uj]ei®ejdA (4.4)
4% A
///(Vkuk)dV://nkude 4.5)
% A
1 k i j 1 k i j
V(,-uj)—gg,-jvku e®edV= (il j) = 3 8ij N e ®e/dA (4.6)
4% A

which are, respectively, the Kelvin-Stokes theorem, the divergence theorem, and a third theorem

regarding strain rates on the boundary. It is this last relation that should surprise us for, because it
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is a relation between purely symmetric tensors, it cannot be captured by the standard Generalized

/dw:/ w, 4.7)
Q 0Q

relating the differential form dw over a volume to the form w on the boundary. Differential

Stokes Theorem

forms are, by definition, purely antisymmetric tensors, and so while equations (4.4) and (4.5) are
special cases of (4.7), (4.6) is not. Then there must be an assumption implicit in the proof (4.2);

we now show that that assumption is the flatness of the ambient space.

Recall from section 3.2.4 that we use Greek letters to index surfaces embedded in our ambient
space, the shift tensor or pullback matrix Z., is a sort of rank-deficient Jacobian that projects
from ambient space onto the surface, and we define the surface-restricted basis vectors to be
8o = Z! €;. Unlike in the flat ambient space, the surface basis is not metric compatible. Instead
we find

VoS5 =nBag (4.8)

where m is the unit normal. This expression defines B,g, called the extrinsic curvature tensor.
See Grinfeld (2013) chapter 11 for a detailed definition of this tensor—essentially it encodes
information about the curvature of an embedded surface. For example, its eigenvalues are the
principle curvatures, its trace is twice the mean curvature, and its determinant is the Gaussian
curvature (Grinfeld, 2013, section 12.4). In moving from the flat ambient space to a potentially
curved surface, we have lost metric compatibility of the basis, and if we try a proof analogous to

(4.2), it will fail on the second line because

// (Vauﬁ)s("@SBdAi//Va(uﬁso‘@sﬁ)dA. (4.9)
A A

The only way to salvage the proof for embedded surfaces is to demand that they be flat. That is,
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if and only if Bog =0, we have

//V@udA://(VQuﬁ)s“®sBdA
A A
://Va (ups” @ 5°) da
A

= / noups® ® sPdL
L

:/n@udL
L

This is exactly the same as (4.2), for there was nothing in that equation that demanded we work

(4.10)

in three dimensions. The only difference is that we have named everything to indicate that we are
talking about a surface. The generalized Stokes theorem (4.7), on the other hand, has no such

restrictions because it is defined on any arbitrary manifold Q which may or may not be curved.

This restricts the utility of the gradient tensor theorem (4.1) in observational oceanography.
The generalized Stokes theorem (4.7) is valid on any surface € bounded by d€2, and so a ship
tracing out € can use measurements of the vorticity or divergence to make inferences about
any enclosed surface, be it the free surface of the ocean or an isopycnal surface that outcrops
along 0Q. They can not, however, similarly use measurements of strain rate. If the traversed
boundary is small enough that the measurements are nearly coplanar, then such measurements
could still give useful insights about the state of the ocean’s surface but not about any other sort

of surface that curves significantly into the ocean’s interior.
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Figure 4.1: This figure was created by Jonathan Lilly, and appears as figure 1 of Lilly et al.
(2024). That caption is quoted here: An illustration of the use of the gradient tensor theorem in
observational oceanography. The (a) vorticity £, (b) normal strain v, and (c) shear strain o in a
snapshot of a numerical simulation of a quasigeostrophic eddy termed BetaEddyOne (Early and
Lilly, 2023) are shown, each normalized by the Coriolis frequency f = 2Qsin ¢ where Q is the
angular rotation rate of the Earth and ¢ is the model’s central latitude. The eddy is sampled
along the triangular tracks, as described in the text, and the colours of the circular disks show the
average values of the three quantities within each triangular cell as inferred from the information
along its boundary using the 2D gradient tensor theorem. Note that the divergence vanishes for
this quasigeostrophic model.
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CHAPTER S

Conclusion

The ocean is vast and complex, and the diversity of numerical ocean models reflects this.
A fundamental choice for any model is how to represent space, and ocean modelers make
different choices depending on the region to be modeled and the physical and temporal scales
the model will cover. Each choice brings with it its own set of simplifications, approximations,
and parameterizations, and the complexity only continues to grow as newer models introduce

hybrid coordinates and generalized vertical coordinates.

The goal of this project has been, using off-the-shelf methods from tensor analysis, to unify
the many complex coordinate systems that appear in ocean models. As expected, this proved
harder than expected. Much of the difficulty in tailoring these methods to geophysical fluid
dynamics came from one peculiarity of the field: we often use coordinates that move, but do not
move with the fluid. That is, GFD lives between the Eulerian and Lagrangian representations
of standard fluid mechanics. This is true even in the simplest geophysical situations: we, as

observers, always rotate with the planet, but the ocean is never in solid-body rotation.

Though we inherit standard methods of spacial differentiation in curvilinear coordinates
directly from differential geometry, the semi-Lagrangian peculiarity of GFD complicates time

differentiation. The solution, covered in Chapter 2, is to introduce the setting velocity V: the
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component of observed velocity due only to motion of the coordinates through the fluid—a
passive transformation. The setting velocity along with the metric components calculated in
Chapter 3 tell us exactly how to transform into any time-dependent, curvilinear coordinates we’d

like using standard definitions of coordinate systems that appear in the GFD literature.

The setting velocity, specifically its derivatives, tells us everything we need to know about
the apparent forces we introduce when we transform into each setting. As with any second
order tensor, we can decompose the gradient V ® V into its antisymmetric and symmetric parts,
respectively describing the apparent forces that arise from rigid and non-rigid transformations—a
clean separation of geometrical concerns. The former include the familiar, “fictitious” forces—
Coriolis, centrifugal—arising from rigid rotation. The latter are a separate class we dub

“fantastical,” and differ greatly for different classes of tensor fields.

Though these newly described forces are likely small in many cases, they must appear in our
exact equations. Such a general derivation of these terms provides the opportunity to approximate
carefully, determining rigorously the impact of our approximations. And indeed, rigor is its
own reward. In practice, however, we must know how the fantastical terms scale, and we began
a scaling analysis in Chapter 3. A full treatment remains unfinished; it will be instructive to
choose some particular cases where we expect larger contributions, for example terrain-following

coordinates over steeply sloping topography.

Approximations and parameterizations are necessary at the scale of the world ocean and with
limited computational resources. Chapter 3 lays out many standard choices, and unites them
conceptually: the traditional and hydrostatic approximations and the generalized Redi diffusion
parameterization all appear as applications of projection operators, and they can be freely applied

on geometries as simple as the sphere or as complex as the geoid.

This manifests a central theme of tensor analysis and particularly of index notation: on the one
hand, our equations speak directly about tensor components—the actual numerical values stored

in computer memory—allowing straight-forward translation of equations into computer code; on
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the other hand, the algebra of components is designed so as always to correspond to geometrically
legible operations on tensors themselves—differentiation, advection, projection—as the physical
situation demands. We can combine the geometric insight of symbolic vectors with the explicit
clarity of Cartesian tensors in a framework more powerful than either. Furthermore, we are
free to choose a less abstract, extrinsic interpretation of the equations drawing on our physical
intuitions of space, or to eschew this in favor of a more abstract, intrinsic interpretation better

suited to integration and discretization (Crane et al., 2013; Crane, 2018).

We begin the treatment of integration in Chapter 4, explicating a peculiar result arising from
the reliance on a flat, extrinsic space. More general work on integration will require restriction to
antisymmetric tensors only, and will hopefully allow the expansion of this coordinate-agnostic
framework to averaging, filtering, and coarse-graining (Aluie et al., 2018). Averaging particularly
will admit the parameterization of sub-grid advection (Dukowicz and Smith, 1997), and,
combined with the diffusive part mentioned above, provide a coordinate-agnostic form of the
full Gent and McWilliams-Redi eddy transfer tensor (Redi, 1982; Gent and McWilliams, 1990;
Gent et al., 1995; Griffies et al., 1998; Griffies, 1998).

Another useful extension of this work would be to show that the concept of the setting
velocity V' and the intrinsic time derivative for moving settings are a special case of the
Arnowitt—-Deser—Misner (ADM) formulation of general relativity (Arnowitt and Deser, 1959)
taken to the Newtonian limit. The ADM formalism is a method of foliating 4-D Lorentzian
spacetime into space-like hypersurfaces, providing a clean separation of the metric into parts
describing the physics and parts describing the coordinate artifacts (Arnowitt et al., 2008)—
spiritually similar to our second chapter. This approach would have several benefits. First, it
could provide a clean, Hamiltonian and Poisson bracket formulation of GFD, simplifying energy
budget calculations and tying us more tightly to the geometric mechanics literature (Holm,
2025). Second, it has been a long-term goal of ours to create a computer algebra tool for GFD
that would handle fiddly index calculations automatically. Linking this work more closely to

general relativity would mean we could more easily use existing tools such as Mathematica’s
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xAct package (Martin-Garcia, 2008). Third, ADM finds extensive applications in numerical
relativity (Baumgarte and Shapiro, 2010), and so might inform numerical GFD as well. Finally,
it would allow straightforward relativistic corrections to this framework to be added where

necessary—perhaps for exoplanets orbiting very close to their star.

Throughout this work we have employed some parsimonious abstraction where powerful,
but were careful to remain almost entirely grounded in flat, Euclidean space familiar to the
observational oceanographer and the mathematician alike. We believe that the framework
developed here is practical enough to be used by oceanographers and abstract enough to interact
with the work of mathematicians and physicists considering these problems through the lens of
the exterior calculus and geometric mechanics. We hope that others in the field find this work

useful and usable, and that they might pick up some of the threads laid down here.
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