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“All we have to decide is what to do with the time that is given to us.”

— J.R.R. Tolkien, The Fellowship of the Ring



BROWN UNIVERSITY

Abstract

Anastasia Volovich

Department of Physics at Brown University
Doctor of Philosophy

Celestial Amplitudes, Cluster Adjacency, and Symbol Alphabets

by Anders @hrberg SCHREIBER

In this thesis we present studies of scattering amplitudes on the celestial sphere at null
infinity (celestial amplitudes), the cluster adjacency structure of scattering amplitudes in
planar maximally supersymmetric Yang-Mills theory (M =4 SYM), and a method to derive
symbol letters for loop amplitudes in N' =4 SYM.

First, we show that n-particle celestial gluon tree amplitudes take the form of Aomoto-
Gelfand hypergeometric functions and Gelfand A-hypergeometric functions. We then study
conformal properties, conformal partial wave decomposition, and the optical theorem of
four-particle celestial amplitudes in massless scalar ¢3 theory and Yang-Mills theory. Sub-
sequently, we derive single- and multi-soft theorems for celestial amplitudes in Yang-Mills
theory.

Second, we provide computational evidence that each rational Yangian invariant in N = 4
SYM has poles that are cluster adjacent (belong to the same cluster in the Gr(4,n) cluster
algebra) through the Sklyanin bracket test. We also use this bracket test to study cluster
adjacency of the symbol of one-loop NMHV amplitudes in N/ =4 SYM.

Finally, we suggest an algorithm for computing symbol alphabets from plabic graphs
by solving matrix equations of the form C'-Z = 0 to associate functions on Gr(m,n) to

parameterizations of certain cells in Gr(k,n) indexed by plabic graphs. For m =4 and n = 8
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we show that this association precisely reproduces the 18 algebraic symbol letters of the

two-loop NMHYV eight-particle amplitude from four plabic graphs.
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Chapter 1

Introduction

The study of elementary particles and their interactions have led to a paradigm shift in our
understanding of the laws of nature in the past 100 years. From early discoveries of charged
particles in cloud chambers to deep probing of the structure of hadrons in high powered
particle accelerators, we today have an incredible understanding of how the universe works
through the Standard Model of particle physics. The enormous success of the Standard
Model of particle physics is hinged on our ability to calculate scattering cross sections, which
we measure in particle scattering experiments like the Large Hadron Collider (LHC). The
computation of scattering cross sections in turn depend on our ability to compute scattering
amplitudes.

When we are taught quantum field theory in graduate school, we learn the method of
Feynman diagrams [1]| to compute scattering amplitudes. This method originally revolu-
tionized the way one thinks about scattering in quantum field theories, as it gives a neat
way to organize computations via simple diagrams. However, computations of scattering
amplitudes via Feynman diagrams have rapidly scaling complexity with the number of par-

ticles involved in the scattering process. For example, if we consider 2-to-n gluon scattering
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at tree level in Yang-Mills theory, the following number of Feynman diagrams need to be
calculated:

g+g—>g+g: 4 diagrams ,

g+g—>g+g+g: 25 diagrams ,

g+g—>g+g+g+g: 220 diagrams .
However, amplitudes often enjoy dramatic simplifications once all the diagrams are added
up. A classic example of this is the Parke-Taylor formula [2] for maximally helicity violating
(MHV) scattering of any number of particles. This reduction in complexity hints at hidden
simplicity and potentially more efficient techniques for computing amplitudes.

To understand and develop new computational techniques, we need to understand the
analytic structure of amplitudes. We therefore study amplitudes in various bases and vari-
ables, as this can highlight special properties. The choice of basis states of external particles
can make various symmetry properties of amplitudes manifest. Certain kinematic variables
offer simplifications, like in the Parke-Taylor formula, but also highlight deeper properties
of the amplitudes like dual superconformal symmetry [3] and, when utilizing momentum
twistors [4], cluster algebraic structure [5] in planar maximally supersymmetric Yang-Mills
theory (N =4 SYM) becomes apparent.

In the next three sections, we review the three main topics of this thesis: scattering
amplitudes on the celestial sphere at null infinity of flat space, cluster adjacency in scattering
amplitudes in /' = 4 SYM, and the determination of symbol alphabets of loop amplitudes

in A =4 SYM via plabic graphs.
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1.1 Celestial Amplitudes and Holography

In the last 23 years, theoretical physics has seen a paradigm shift with the introduction of
the anti-de Sitter space/conformal field theory (AdS/CFT) holographic principle [6]. Here,
observables of string theories in the bulk of the AdS are dual to observables of CFTs that
live on the boundary of AdS. This principle has a strong/weak coupling duality, where for
example observables in the bulk theory at weak coupling are dual to observables of the
boundary CFT at strong coupling. This offers a powerful tool, as we can use perturbation
theory at weak coupling to do computations and get results in theories at strong coupling
via the duality. In flat Minkowski space, a similar connection was observed in [7], as it is
possible to slice Minkowski space in four dimensions into slices of AdS3 where one can apply
the tools of AdS/CFT. This has recently lead to an application in scattering amplitudes in
flat space [8], where it is possible to map plane-waves to the celestial sphere at null infinity

via conformal primary wavefunctions [9].

1.1.1 Conformal Primary Wavefunctions

When we compute scattering amplitudes in flat space, the initial and final states are chosen

*tk-X (for scalars). The plane-wave basis makes translation

in the basis of plane-waves: e
symmetry manifest, while other features, like boosts, are obscured. A new basis, called
conformal primary wavefunctions, was introduced in [9]. These wavefunctions connect plane-

wave representations of particle wavefunctions, at a point in flat space X*, to a point on the

celestial sphere at null infinity (z,z) (in stereographic coordinates). For a massless scalar
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particle, the conformal primary wavefunction takes the form of a Mellin transform,
PN (X2, 2) = f dw WALt X (1.1)
0

where A is a free parameter that will take the role of conformal dimension. By requiring ¢ to
form an orthonormal basis with respect to the Klein-Gordon inner product, A is restricted to
the principal series: A = 1+4\. In the above formula, we have parameterized the momentum

associated with the massless scalar as
k' = wg'(z,2) =w(l+ 22,2+ 2,-i(2 - 2),1 - 22) (1.2)

where ¢* is a null vector. In four dimensions, Lorentz transformations act as two-dimensional
conformal transformations on the celestial sphere [10], and under Lorentz transformations
(1.1) transforms as

az+b az+b
"ez+d Ez+d

po* (A“VX” ) = |ez + dP2 9P (X 2, 2), (1.3)

which is exactly how scalar conformal primaries transform. The formula (1.1) extends to
massless spinning particles, of integer spin, given by a Mellin transform of the associated

polarization vector and plane-wave [9].

1.1.2 Celestial Amplitudes

Given a scattering amplitudes, we can change the basis to conformal primary wavefunctions

by applying a Mellin transform to each external particle involved in the scattering process.
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This defines the celestial amplitude [9]

~ _ o Ai-1
AJl...Jn(Aj,zj,zj):Hfo dw;ws? ™ Agyea, (1.4)
j=1

where £; is helicity of particle j, and J; is the spin of the associated conformal primary
wavefunction, given by J; = £;. Note that the scattering amplitude, A, here includes the
overall momentum conservation delta function. The celestial amplitude transforms as a

conformal correlator under SL(2,C) Lorentz transformations,

[T[(czj + )i (ez + d)2 7 Agy, (Dj, 25, 2) . (1.5)

~ az+b az+b
AJ1-~Jn (Aja )
j=1

Pez+d ez+d
Due to the conformal correlator nature of celestial amplitudes, it is possible that there exists
a conformal field theory on the celestial sphere that generates scattering amplitudes in the
form of celestial amplitudes. In Chapter 2 we will explore how to compute n-point celestial
gluon amplitudes.

In Chapter 3 we will explore conformal properties of four-point massless scalar celestial
amplitudes, conformal partial wave decomposition, and optical theorem. For four-point
celestial gluon amplitudes we compute the conformal partial wave decomposition and study

single- and multi-soft theorems.
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1.2 Cluster Algebras in planar N = 4 super Yang-Mills Theory

Theories with a large amount of symmetry often see fruitful developments from studying
them in terms of different kinematic variables. We will study A =4 SYM, which enjoys su-
perconformal symmetry in spacetime in addition to dual superconformal symmetry in dual
momentum space [3]. When kinematics are parameterized in terms of momentum twistors
[4], n-points on P2, dual conformal symmetry enhances the kinematic space to the Grassman-
nian Gr(4,n) [5]. This space has a cluster algebraic structure which strongly constrains the
analytic structure of amplitudes in the theory. At tree-level, amplitudes in N’ =4 SYM are
rational functions, depending on dual superconformally invariant combinations of momen-
tum twistors called Yangian invariants [11]. At loop-level, trancendental functions appear
which, in the cases of our interest, can be described by iterated integrals called generalized
polylogarithms. These have a total differential, given by a product of dlog’s, which can be
mapped to a tensor product structure called the symbol [12]. The structure of both Yangian
invariants and symbols is constrained by cluster adjacency, which we will describe below.
Cluster adjacency has been used to perform computations of high loop amplitudes in the

cluster bootstrap program [13].

1.2.1 Momentum Twistors and Dual Conformal Symmetry

Dual conformal symmetry [3] in /' =4 SYM was discovered by studying scattering ampli-

tudes in dual momentum space. We start with scattering amplitudes described by momenta
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kf of massless particles. We define dual momenta, xf , as

kf :$?_x?+17 (1°6)
where the index i labels particles i € {1,...,n} in an ordered fashion. Let us now define a

second set of coordinates, called momentum twistors [4]. We can define these through inci-
dence relations. Since we are considering massless particles, the definition of dual momenta
combined with the spinor-helicity formalism (see [14] for a review) allows us to write (1.6)

as
(ilaz§® = (ilawify = [l (1.7)

We can pair the momentum twistor components, [u;|%, with the spinor-helicity angle bracket

to form a joint spinor that we will collectively refer to as a momentum twistor:

z} = (i), [mil) (1.8)

where I = (a,a) is an SU(2,2) index. As the momentum twistor is defined from two points in
dual momentum space, this definition maps any two null separated points in dual momentum
space to a point in momentum twistor space. With a bit of algebra, we can write point in

dual momentum in terms of the momentum twistor variables:

g _ [0 [pia]® = i = 1) [l
T = (i—14) : (1.9)
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Due to the construction of the momentum twistor variables via (1.7), all coordinates in
the momentum twistor ZiI scales uniformly under little group transformations. Thus for
n-particle scattering, the kinematic space is n-points on P3| also known as twistor space
[15, 16]. Furthermore, dual conformal transformations act as GL(4) transformations on
momentum twistors, thus enhancing the momentum twistors from living in P? to Gr(4,n).
Dual conformal generators act linearly on functions of momentum twistors, and we can

construct a dual conformally invariant quantity from the SU(2,2) Levi-Civita symbol,

<'L.jkl>=€[JKLZZ'IZ}]Z]€(ZZL, (1.10)

which will be the central objects that we construct scattering amplitudes from.

1.2.2 Cluster Algebras and Cluster Adjacency

Cluster algebras [17, 18, 19, 20] can be represented by quivers with cluster coordinates (each
quiver corresponding to a single cluster) equipped with a mutation rule. Starting with an
initial cluster, we can mutate on individual cluster coordinates and obtain different clusters.
As an example, consider a cluster in the Gr(4,6) cluster algebra, Figure 1.1. Here we have
frozen coordinates (in boxes), that we are not allowed to mutate, and non-frozen coordinates

(unboxed) that we can mutate on. The mutation rule is defined by an adjacency matrix,

bij = (# arrows i — j) — (# arrows j — 1), (1'11>
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(2345)

(2346)

—> (2356) —>

FIGURE 1.1: A cluster in the Gr(4,6) cluster algebra. Boxed coordinates are frozen and
do not change under mutations, while unboxed coordinates are mutable.

(2456) —— [(3456)

such that when we mutate on a cluster coordinate aj, we obtain a new coordinate a;, given

by

ara, = J] al*+ ] a;*. (1.12)

i|bik>0 i|bik<0

To complete the mutation, we flip all arrows in the quiver connected to a. This way we can
generate all clusters in the cluster algebra if it is of finite type. We say that a cluster algebra
is of infinite type, if it contains an infinite number of clusters. Gr(4,n) cluster algebras [21]
are of finite type when n = 6,7 and of infinite type when n > 8.

The notion of cluster adjacency plays an important role in the analytic structure of
scattering amplitudes. Two cluster coordinates are said to be cluster adjacent if and only
they can be found in a common cluster together. As an example, from Figure 1.1, we see
that {(2346),(2356), (2456)} are all cluster adjacent. In Chapter 4 we study how cluster
adjacency constrains the pole structure Yangian invariants in /' = 4 SYM. In Chapter 5, we

explore how cluster adjacency constrains the symbol in one-loop NMHV amplitudes.
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1.3 Symbols Alphabet and Plabic Graphs

An outstanding problem in the computation of scattering amplitudes of N' = 4 SYM is
the determination of symbol alphabets of amplitudes. When amplitudes are computed say
via the cluster bootstrap method, the symbol alphabet is an important input, but it is only
known in certain cases either via cluster algebras [5] or direct computation [22, 23, 24]|. From
cluster algebras, we are limited to cases where the cluster algebra is of finite type (n =6,7).
Is there an alternative way to predict the symbol alphabet of amplitudes in N' = 4 SYM?
One approach is using Landau analysis |25, 26|, but here we will discuss a separate approach
involving plabic graphs that index Grassmannian cells. Formulas involving integrals over
Grassmannian spaces are commonplace in N = 4 SYM [27, 28]. Yangian invariants and
leading singularities are computed as integrals over Grassmannian cells indexed by plabic
graphs [29, 30]. These integral formulas are localized on solutions to matrix equations of the
form C'-Z =0, where C is a k xn matrix representation of the auxiliary Grassmannian space
Gr(k,n) and Z is the collection of 4 x n momentum twistors. As these equations, together
with the integral formulas, determine the structure of Yangian invariants and leading sin-
gularities, it is interesting to ask if we can derive complete symbol alphabets of amplitudes

by collecting coordinates appearing in the solutions to C'- Z = 0.
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1.3.1 Yangian Invariants and Leading Singularities

We can represent Yangian invariants in A’ = 4 SYM as integrals over an auxiliary Grass-

mannian space [27, 28],

4k 4 k n
V((Zih) = [ Tldiogsi TTTTH(Y Can(Zin)an), (1.13)

I=1a=1 a=1

where f; are variables parameterizing the k£ x n matrix C'. The integration is localized on
solutions to the matrix equations Coq(Z|n)er = C-Z =0fora=1,...,n, I =1,...,4, and
a=1,...,k. Here k corresponds to the level of helicity violation of an N* A/ HV amplitude.
For a n, we can consider the finite set of all Gr(k,n) cells, each with an associated matrix
C, such that they exactly localize the integration (1.13). Thus for each Gr(k,n) cell there is
a corresponding Yangian invariant, where variables appearing in the Yangian invariant are

dictated by the solutions to C' - Z = 0.

1.3.2 Plabic Graphs and Cluster Algebras

Cells of Gr(k,n) Grassmannians can be indexed by decorated permutations [29], i.e. per-
mutations o of length n with o(a) if a < o(a) and o(a)+n if o(a) < a. Furthermore, k refers
to the number of entries in a permutation with o(a) < a. Such decorated permutations can
be represented by plabic graphs - planar bicolored graphs [29].

Example: Consider the plabic graph in Figure 1.2, which has an associated decorated
permutation {3,4,5,6,7,8}. To read off the permutation, we start at any external point,
move through the graph, turn to the first left path if we meet a white vertex, while we turn

to the first right path if we meet a black vertex.
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FIGURE 1.2: An example of a plabic graph of Gr(2,6).

We can read off the C-matrix, parameterizing the associated cell in Gr(k,n), from the
plabic graph. We start with a matrix that has the identity in the columns corresponding to

sources in the plabic graph. Each entry in the remaining columns is given by the formula

cij=(-1)°" > [ /fa> (1.14)

i>] QLEP

where s is the number of sources strictly between ¢ and j, the sum runs over all allowed
paths p from i to j (allowed paths must traverse each edge only in the direction of its arrow),
and the product runs over all faces « to the right of the path p, denoted by p. On top of
this, the face variables f; over-count the degrees of freedom in a plabic graph by one, and

satisfy the relation

Hfl- =1. (1.15)

With the construction (1.14), we will study solutions to the matrix equations C' - Z = 0.
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In Chapter 6, we will see how this method can be used to generate all Gr(4,n) cluster
coordinates when n = 6,7 (which are known to be the n = 6,7 symbols alphabets), but also
algebraic coordinates, that are known to appear in scattering amplitudes, but are not cluster

coordinates.
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Chapter 2

Tree-level Gluon Amplitudes on the

Celestial Sphere

This chapter is based on the publication [31].

The holographic description of bulk physics in terms of a theory living on the boundary
has been concretely realised by the AdS/CFT correspondence for spacetimes with global
negative curvature. It remains an important outstanding problem to understand suitable
formulations of holography for flat spacetime, a goal that has elicited a considerable amount
of work from several complementary approaches [32].

Recently, Pasterski, Shao and Strominger [8] studied the scattering of particles in four-
dimensional Minkowski space and formulated a prescription that maps these amplitudes to
the celestial sphere at infinity. The Lorentz symmetry of four-dimensional Minkowski space
acts as the conformal group SL(2,C) on the celestial sphere. It has been shown explicitly
that the near-extremal three-point amplitude in massive cubic scalar field theory has the

correct structure to be identified as a three-point correlation function of a conformal field



16 Chapter 2. Tree-level Gluon Amplitudes on the Celestial Sphere

theory living on the celestial sphere [8]. The factorization singularities of more general scat-
tering amplitudes in this CFT perspective have been further studied in [33]. The map uses
conformal primary wave functions which have been constructed for various fields in arbitrary
dimensions in [9]. In [34] it was shown that the change of basis from plane waves to the
conformal primary wave functions is implemented by a Mellin transform, which was com-
puted explicitly for three and four-point tree-level gluon amplitudes. The optical theorem
in the conformal basis and scattering in three dimensions were studied in [35]. One-loop
and two-loop four-point amplitudes have also been considered in [36].

In this note we use the prescription [34] to investigate the structure of CET correlators
corresponding to arbitrary n-point gluon tree-level scattering amplitudes, thus generaliz-
ing their three- and four-point MHV results. Gluon amplitudes can be represented in many
different ways that exhibit different, complementary aspects of their rich mathematical struc-
ture. It is natural to suspect that they may also take a particularly interesting form when
written as correlators on the celestial sphere. We find that Mellin transforms of n-point
MHYV gluon amplitudes are given by Aomoto-Gelfand generalized hypergeometric functions
on the Grassmannian Gr(4,n) (2.24). For non-MHV amplitudes the analytic structure of
the resulting functions is more complicated, and they are given by Gelfand A-hypergeometric
functions (2.33) and its generalizations. It will be very interesting to explore further the
structure of these functions, and possibly make connections to other representations of tree-

level amplitudes [37] which we leave for future work.
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2.1 Gluon amplitudes on the celestial sphere

We work with tree-level n-point scattering amplitudes of massless particles Ay, ...o,, (k; ) which
are functions of external momenta k;‘ and helicities ¢; = £1, where j = 1,...,n. We want
to map these scattering amplitudes to the celestial sphere. To that end we can parametrize

the massless external momenta k;‘ as

k;‘ = ij]'q; = ejwj(l + |Zj|2, Zj + Zj, —i(Zj - Ej), 1- |,?:j|2)7 (2.1)

where z;, z; are the usual complex cordinates on the celestial sphere, €¢; encodes a particle
as incoming (e; = —1) or outgoing (¢; = +1), and w; is the angular frequency associated with
the energy of the particle [34]. Therefore, the amplitude Ay,...., (wj, 25, %Z;) is a function of
wj, zj and Z; under the parametrization (2.1).

Usually, we write any massless scattering amplitude in terms of spinor-helicity angle-
and square-brackets representing Weyl-spinors (see [14] for a review). The spinor-helicity
variables are related to external momenta k‘é‘ , 80 that in turn we can express them in terms

of variables on the celestial sphere via [34]:

[ij] = 2/wiwjzij,  (ij) = —2€i€j\/wiw;zij , (2.2)

where z;; = 2z; — z; and z;; = z; - Z;.
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In [9, 34] it was proposed that any massless scattering amplitude is mapped to the

celestial sphere via a Mellin transform:

~ _ noree i\ _
Ageedn (N2, Z) = fo dwj w™ Ag..t, (w5, 25, %) - (2.3)
j=1

The Mellin transform maps a plane wave solution for a helicity ¢; field in momentum space
to a corresponding conformal primary wave function on the boundary with spin J;, where
helicity ¢; and spin J; are mapped onto each other, and the operator dimension takes values
in the principal continuous series representation Aj = 1+i); [9]. Therefore, fljl... Jn(Nj, 25, Z5)
has the structure of a conformal correlator on the celestial sphere, where the symmetry group
of diffeomorphisms is the conformal group SL(2,C).

Explicitly, under conformal transformations, we have the following behavior:

, 2 , azj+b @5j+b
wj > wj = ez +dfw; oz 2=
czj+d

(2.4)

AT ez +d’
where a,b,c,d € C and ad — bc = 1. The transformation for z;,z; is familiar from the
usual action of SL(2,C) on the complex coordinates on a sphere. Concerning w;, recall
that q;.” transforms as qé‘ — lezj + d|_2A“,,q;’ [9], where A*, is a Lorentz transformation in
Minkowski space corresponding to the celestial sphere conformal transformation. Thus, w;
must transform as in (2.4) to ensure that k;‘ transforms as a Lorentz vector: kf - A K.

The conformal covariance of A JiJn (N, 25, Zj) on the celestial sphere demands:

= H [(CZj + d)AjJri (55]‘ + Cli)AjiJj] AJI...],”()\]‘, 25, ,?j) , (2.5)
j=1

AJl...Jn (/\j,

azj+b azj+b)
—_—
czj+d cz;+d
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as expected for a correlator of operators with weights A; and spins J;.

2.2 n-point MHV

The cases of 3- and 4-point gluon amplitudes have been considered in [34]. Here we will

map n > 5-point MHV gluon amplitudes to the celestial sphere.

2.2.1 Integrating out one w;

Starting from (2.3), we can anchor the integration to one of our variables w; by making a

change of variables for all [ +1¢

W) > —Wwy, (2.6)
S

where s; is a constant factor that cancels the conformal scaling of w; in (2.4), so that the
ratio #* is conformally invariant. One choice which is always possible in Minkowski signature
is

6= [zi-1 | (2.7)
|2i-1 il |zi i1l

Since gluon scattering amplitudes scale homogeneously under uniform rescalings, col-

lecting all the factors in front, we have

p _ © dw; (wi\E N [ £ ix -
Ajl...Jn()\j,Zj,Zj) = A o (S_ S; ¢ H ‘/0\ dwawa “ Afr"fn(sivwlazj?’zj)a
(3 1 a=1

a#*i

(2.8)
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where we used that the scaling power of dressed gluon amplitudes is A, (Aw;) > A" A, (w;).

We recognize that the integral over w; is the Mellin transform of 1, which is given by

fooo dw; (i) = 2m6(2). (2.9)

Wi \ S

With this we simplify the transformation prescription (2.3) to

B n 3 n oo .
Agedn (Njs 255 25) = 276 (Z )\j) 83”)‘1' I1 /(; dwa Wi | Agyoos, (80,01, 2j7) . (2.10)
j=1 a=1

a#i

2.2.2 Integrating out momentum conservation /-functions

For simplicity, we choose the anchor variable above to be w; and use wy_3,...,w, to localize
the momentum conservation §-functions in the amplitude. These d-functions can then be

equivalently rewritten as follows, compensating the transformation by a Jacobian:

Hgsjé(wj—w;)1>o(w;), (2.11)

STES

n
54(€1S1Q1 + Z €iWig;) =
i=2 j

where w;f are solutions to the initial set of linear equations:

. Uy  "SwiUiy

The U;; and U are minor determinants by Cramer’s rule:

Ui,j - det(M{n—&-..,j—%,...,n})7 U = det(M{n_?’"“’n})’ (2.13)
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where j — i means that index j is replaced by index i. M{®?¢4} denotes the 4 x 4 matrix

Miebeds = (p, py pepa). (2.14)

For the purpose of determinant calculation, the column vectors pf = eisiql‘.‘ can be written

in a manifestly conformally invariant form:

p¥(272)=61(1,070,—1) ) p5(272)=62(1707071) ) p§(272)=63(2727070)7

. (2.15)
(2, 2) = Gim(l | g + @, —i(ug = ;) 1= Jug?)  for i=4,5,...,n,
T
in terms of conformal invariant cross-ratios
i 22 and =22 for i=4,5,..m, (2.16)
232241 232241
but if, and only if, we also specify the explicit choice
z z z
31:&, SQZA, and si:& for i=3,...,n (2.17)
|23,1][21,2] |23,2][22,1] 21,1l |2i,2]

The indicator functions [;.,_3 1s0(w;) appear due to the integration range in all w being

along the positive real line, such that the d-functions can only be localized in this region.
Furthermore, in order for all the remaining integration variables w; with j =2,...,n -4

to be defined on the whole integration range, the indicator functions [T;%,_51.0(w;) have

Ui,]'
U

Ui
[T, 1<o()-

to demand <Qforalli=1,...,n—-4 and j =n-3,...,n, so that we can write them as
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2.2.3 Integrating the remaining w;

In this section we apply (2.10) to the usual n-point MHV Parke-Taylor amplitude [2]| in

spinor-helicity formalism for n > 5 rewritten via (3.27):

2%2510025 (e1s11 + Xiv 2@%%)
(—2)"4293234... 2n1 W3W4...W

A——+...+(515wjazj72j) = (218)

Making use of the solutions (2.11) and performing four of the integrations in (2.10), we have:

iA1+2 * >\n
A (o) = on A 4/ g e 22 Himnza 0% 31'[1 =
——+... 1y “1y <L) T
(=2)"*Uz23230..-2m1 53 Wawy...w
(2.19)
For convenience, we transform the remaining integration variables as:
U
wi = 1’” el i=2,3,.,n-4, (2.20)
Uin 1= X537 u;
which leads to
> SZ)\1+2SZ)\2+2SZ)\3. Sz)\n n L.
Ao Oz 5) ~ 22 2 3 " 6(2)\ )p({a}, w . (2.21)

293234---2n1 U1 n

Note that the overall factor in (2.21) accounts for proper transformation weight of the

resulting correlator under conformal transformations (2.5).
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Here we recognize a hypergeometric function p({a},z) of type (n—4,n), as defined in

section 3.8.1 of [38] and described in appendix 2.5. In particular, here we have:

dPs dP,_4
=—2ALLA

n
@({O‘}vx) = u120,...,un_520HF)j(u)ajd30 ) dg@ P P )
-5, >0 j=1 2 n-d (2.22)

Pj(u) =xoj + T1u1 + ... + TpsUn-5 , 1<j<n.

The parameters in (2.22) corresponding to (2.21) read:!

aq =1, a2:2+i/\2, a3=i)\3, ey Oén,4=’i>\n,4, Oén,3=’i>\n,3—1, ey Qip—1 =’L'>\n,1—1,
ap =1+1X\1, T Ui T Uii _ Ui T v T T 1, x
n = 1, 207 = 77 5 4j-1i = - y LOn = —77 5 Lg-In = 77 5 401 =L, Ly-15= —7
U n Uj,n Ul,n Uln Ul,n

) )

fori=n-3,n-2,n—-1and j=2,3,...,n—4, and all other x4 = 0.

These kinds of functions are also known as Aomoto-Gelfand hypergeometric functions

on the Grassmannian Gr(n -4,n).

Making use of eq. (3.24) and (3.25) from [38|, we can write down a dual representation

of the same function, which yields a hypergeometric function of type (4,n):

. &) n ) dP,_3 dP,_1
S CHE . [Hzo,...,uszo H Pj(u)*de , dp= p—n AR P—n J
I T n-3 ol (2.24)
Pj(u) =xo; + x1ju1 + x2jus + x35u3 , 1<j<n.

YFor n = 5, the normally different cases a2 = 2+iA2 and a3 = iA,—3—1 are reduced to a single ag = 1+iA2.
In this case there also are no integrations so that the result becomes a simple product of factors.
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In this case, the parameters of (2.24) corresponding to (2.21) read:

a1 =1, as=-2—-1Xg, a3 =—iA3,..., Qpa=—1Ap_g, Qp3=1—1Ap_3,..., ap_1=1—-1A,_1,
. Un U'n74+i an U
= — i\ ’$04=L’$..:%—_ = Top = ———, Tin=—, To1 =1,
" T U, Y Unpeari Ut YU, T Ui
N U N U N —U ¢y TR+iA)D(2+iXo) [T]25 D(iAy)
In-3 =77 5 42n-2 = y L£3n-1 < s T A R .
" Urnes " Ui n-2 " Uin1 a T(1-iA1) T3, T (1 = iAn—s)

(2.25)

fori=1,2,3 and j =2,3,...,n—4, and all other x4, = 0.

The hypergeometric functions @({«a},z) form a basis of solutions to a Pfaffian form
equation which defines a Gauss-Manin connection as described in section 3.8 of [38|. This
Pfaffian form equation can be interpreted as a generalized Knizhnik-Zamolodchikov equation
satisfied by our correlators [40, 39|. Similar generalized hypergeometric functions appeared
in [41] in the context of N = 4 Yang-Mills scattering amplitudes and the deformed Grass-

mannian.

2.2.4 6-point MHV

In the special case of six gluons there is only one integral in (2.22), such that the function

reduces to the simpler case of Lauricella function ¢p:

oo () () () () ()
) Us6 Ui Usg Use Uss

) (2.26)
1
x fo dtt (1 - t) O ] - wit) P,

=1
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with parameters and arguments given by

Ut,iv2Uz

- for i=1,2,3. 2.27
Ur,6U2,i+2 (2.27)

Oé=2+i)\2, ’}/=4+i)\1+i)\2, ﬁi=1—i)\i+2, JZZ':l

Note that xo; arguments have been factored out of the integrand to achieve this form.

2.3 n-point NMHV

In this section we will map the n-point NMHYV split helicity amplitude A___, .., to the
celestial sphere via (2.10). The spinor-helicity expression for A___,...., can be found e.g. in
[42]

(1] Py Py 203)° (7+137) =

A = S (M) (2.28)
D N ) ST v o) I A

1
.A—__++..‘+ = F3’1

where Fjj= (i i+1){(i+1i+2)-(j—17) and Py y = YY_ |k)[k| where z <y cyclically.
We will work with {M,} for the purpose of our calculations. Using momentum conser-

vation and writing { M4} in terms of spinor-helicity variables, we find

1 ((12)[24](43) + (13)[34](43))°
(34)(45)---(n — 1 n)(nl) ((23)[23] + (24)[24] + (34)[34])(34)[34]
(54)

" ([23](35) + [24](45)) ({43)[32]) (229)

{My} =

Writing this in terms of celestial sphere variables via (3.27), we find

. - 3
wiwg (€2212Z24wW2+€3213234W3)
274256267 Zn-1,n2n1223234 [T} jeaws

" (e3235723w3 + €4245 724w (€awa (€3]223[2ws + €4|204%wa) + e3€4234w3wa)

{ My} (2.30)
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The following map of the above formula to the celestial sphere will only be strictly valid for
n > 8. We will comment on changes at 6- and 7-points in the next section. We use the map
(2.10), anchor the calculation about wy, make use of solutions (2.11) and perform a change

of variables

Uj-1

sl i_9 . n—4, 92.31
=T (231

Wy = )

to find the resulting term in the n-point NMHYV correlator

n i\

> = 2.2
~ n . . < n ~ 1/
{M4} ~ 5( E )\J) i=1 % F12213%4524, Sls4f((¥,$) | | 1<0(
J=1

[;j ), (2.32)

Z12223213245256°  Zn-1,n%4,n 234271 U ij

with the function F (o, ) being a Gelfand A-hypergeometric function as defined in Appendix

2.5. In this case it explicitly reads:

n-5 n-5 .
ﬁ({a} 1‘) _ dua H ul‘)\j+lu2(U1U2x10 + U U3T0 + UQ’LL3CL'3())_1
’ u120,...%y,_5>0 U " J 3
l—ug——u,_520 a=1 %a  j=1 (2 33)
7
X H({EQ,L +U1T1; + oo+ un—5xn—5,i)ai)
i=1

where parameters are given by

a1 = 3, Q9 = —1, ag = i)\l + 1, ay = i)\n_g - 1, ag = i>\n—2 - 1, Qg = i)\n—l - ]_, a7 = ’L)\n - 1,

(2.34)
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and function arguments are given by

L10 = 6261’)|Z23|252537 Z20 = 6254|Z24|232347 x3o = 6354|Z£’>4|253547

T11 = €221222452, T2] = €321323483, 22 = €323522353, T32 = €424522454,

Ui n- Ujn-3—Uin-

x03:17 xj3:_17j:17"'7n_57 To4 = 1’07}37 xj4ZW7j:17'“7n_57
Ui n- Ujn-—2—-Uin-

o5 = 11-’; 27 CC]'5 = %7 J= 17 )n_57 (235)
Ui n- Ujn-1—-Uin-

Qj06= 1(’}11’ x]’6=%7]=17 '77’L—5’
Uln an_Uln

To7=——, Xjr=——"r——,5=1,...,mn-05.

07 = i U J

Note that the first fraction in (2.32) accounts for the correct transformaton weight of the

correlator under conformal tranformation (2.5).

6- and 7-point NMHV

In the cases of 6- and 7-point the results in the previous section change somewhat, due
to the presence of w3 and wy in the denominator of (2.30). These variables are fixed by
momentum conservation d-functions in the lower point cases, such that the parameters and
function arguments of the resulting Gelfand A-hypergeometric functions change.

For the 6-point case, we find that the resulting correlator part {M4} is proportional to

a Gelfand A-hypergeometric function as defined in Appendix 2.5:

. duy _ ; ’ .
F({a},x) = [ulzo - uzl)‘2 (oo + ur10 + u%m()) 1(1 - ul)MFr1 H(330i +urxy;)™ (2.36)

1-upz0 U1 i=2
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where parameters are given by
Qa9 = i>\3 - 1, Qa3 = i)\4 + 1, Q= i)\g, - 1, a5 = i)\ﬁ - 1, Qg = 3, ar=-1, (237)

and function arguments z;; depend on €;, 2;, Z; and U;;. Performing a partial fraction de-
composition on the quadratic denominator in (2.36), we can reduce the result to a sum of
two Lauricella functions.

In the 7-point case, we find that the resulting correlator part {M;} is proportional to a

Gelfand A-hypergeometric function as defined in Appendix 2.5:

du1 dUQ i i
iAo, 1A 2 2 -1
_— ul 2u2 3(’LL1£L‘10 + U2T90 + UTUR2T30 T+ UL 40 + ’LL2£C50)

FUL) = [ o

1-uq—u9>0
2.38
i (239)

x [ [(@oi + ur@1i + uowe; )™,
i=1

where parameters are given by
(e73] =i/\1+1, a2=i>\4+1, a3 =i)\5—1, 044:i/\6—1, a5=i)\7—1, Qg =3, a7:—1, (2.39)

and function arguments x;; again depend on €;, 2;, Z; and Uj;.

2.4 n-point NFMHV

In this section we discuss the schematic structure of N*MHYV amplitudes with higher & under

the Mellin transform (2.10).
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N2MHYV amplitude

In the 8-point N2MHV split helicity case, A____ .., we consider one of the six terms of

the amplitude found in e.g. [42] on page 6 as an example:

1 (1|P2ePraPs 5P 3/4)3 (76)[23](65)
FyiFos  P3gP2oPsPgs  [2|Pas|T)(6]P72|2][3 P35

(2.40)

6)(5|Ps,3[3]’

where Fi’j is the complex conjugate of F; ;. Performing the same sequence of steps as in the

previous sections, we find a resulting Gelfand A-hypergeometric function of the form

A dui dus dus 13
_ a1, a2, a34y3 . . . o
F({a},z) = w0200 00w ma U1 Y2 U3 Piyy [T(zoi + urm1; + uowa; + ugws; )™
1-uj-ug-u320 1 2 3 =4

(2.41)

17
2 2 2 a;
X H (l’oj T U1IT1j + U2T25 + UIT3; T ULULT45 + ULU3T55 + UU3T6E; + UTTT7; + UgXg; + u3w9j) 7,
j=14

for some parameters ;, where P4y is a degree four polynomial in u;, and function arguments

x;j again depend on €;, z;, Z; and Uy;.

NFMHYV amplitude

More generally a split helicity N*MHV amplitude A_.._,..., involves a sum over the terms
described in eq. (3.1), (3.2) of [42]. Terms corresponding in complexity to {M;} discussed

in the previous section are always present, with constant Laurent polynomial powers at any
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k. However, for higher k, the most complicated contributing summands result in hypergeo-

metric integrals schematically given by

n-4

F({a},x) =/u1 ..... ) il (1— > ua) Pf’zk}(H(Pfl})ai)(nmm)aj)

1-ug——uy, 420 =2 ul

(2.42)

where «; are parameters and P(q) is a degree d polynomial in u,. Here we explicitly see an
increase in power of the Laurent polynomials with increasing k in N*MHV. The examples
above feature the Gelfand A-hypergeometric function F. The increase in Laurent polyno-
mial degree is traced back to the presence of Mandelstam invariants Pf] for degree two
polynomials, as well as the factors (a|P; jPj ... Py ¢|b) for higher degree polynomials. The
length of chains of the P; ; depends on n and k, such that multivariate Laurent polynomials
of any positive degree are present at sufficiently high n, k.

Similar generalized hypergeometric functions, or, equivalently, generalized Euler integrals
are found in the case of string scattering amplitudes [43, 44]. It will be interesting to explore

this connection further.
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2.5 Generalized hypergeometric functions

The Aomoto-Gelfand hypergeometric functions of type (n+ 1,m + 1) relevant in this work

can be defined as in section 3.5.1 of [38]:

m

p{a},2) = fys0. wnso I [ P (w)de, (2.43)
1-Y 4 uax0 j=0
dP; dP;

dp=—2 A A—2" | 0<j1<...<jp<m, 2.44

@ P, P, Ji Jn<m (2.44)

Pj(u) =T0j + X1jUL + .o+ TpjUn 1<5<m, (2.45)

where here the parameters «; collectively describe all the powers for the factors in the
integrand. When all o; are zero, the function reduces to the Aomoto polylogarithm.
The arguments z;; of the hypergeometric function of type (m+1,n+1) in (2.45) can be

arranged in a matrix:

oo --- Tom

_ o --- Tim

X = (2.46)
Tno -+ Tpm

Each column in this matrix defines a hyperplane in C" that appears in the hypergeometric
integral as (zo; + Yjoq Ziju;)**. Furthermore, (n +1) x (n + 1) minor determinants of the
matrix can be regarded as Pliicker coordinates on the Grassmannian Gr(n +1,m + 1) over

the space of arguments x;;.
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Sometimes it is convenient to transform the argument arrangement (2.46) to the following

gauge fixed form

10 0 1 1 1
01 ... 0 -1 -xr11 ... —Tim-n-1
(2.47)
-1
00 ... 1 -1 —Tpl .. ~Tpm-n-1

In this case the hypergeometric function can then be written in the following two equivalent

ways, eq. (3.24) of [38]:

n n m-n-1 n
F((@0), (B0 =1 [0, @ u [ Tuf ™+ (1= o) 0 T (1= Y i)™,
1-3, ua20 i=1 =1 7=1 =1

e1 =T(7)/T(y - ﬁ;a» - ﬁnai), (2.48)

and the dual representation in eq. (3.25) of [38]:

m-n—1 m-n—1 m-n—1
F((04),(Bj),7:) =c2 ﬁ1>0 . 1>de n-1,, H uﬁz (1- Z W)’ iBi- 1H(1_ Z i)™
Z >0 =1 =1 =1
m-n—1 m-n—1
c=L(N/T(v- > B)- [ TB), (2.49)
=1 =1

where the parameters are assumed to satisfy the conditions

Qi ¢Z, 1<i<n, Bj¢Z, 1<j<m-n-1,
(2.50)

m-n—1

Y=Y ¢Z, y- Y Bt
b |
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The hypergeometric functions (2.43) comprise a basis of solutions to the defining set of

differential equations

no 9 . .
i=0 Lij
m 8’\
(2) xija—so - —(1+ )@, 0<i<n, (2.51)
j=0 Lij
92 82¢
LA O<i,p<n, 0<jq<m.

3 = 5
( ) 89%- 8l‘pq 8xiq6:ppj

In cases where factors of the integrand are non-linear in the integration variables, the

functions can be generalized further to Gelfand A-hypergeometric functions [45, 46] defined

as:

F({a},z) = 4230, 20 [TPi(ur,osue)®u . duy ... duy, (2.52)

1-Y,ua>0 ¢

where «; are complex parameters and P; now are Laurent polynomials in uq, ..., ug
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Chapter 3

Celestial Amplitudes: Conformal

Partial Waves and Soft Limits

This chapter is based on the publication [47].

Pasterski, Shao, and Strominger (PSS) have proposed a map between S-matrix elements
in four-dimensional Minkowski spacetime and correlation functions in two-dimensional con-
formal field theory (CFT) living on the celestial sphere [8, 34]. Celestial CFT is interesting
both for understanding the long elusive holographic description of flat spacetime [48] as well
as for exploring the mathematical structures of amplitudes. In recent years many remarkable
properties of amplitudes have been uncovered via twistor space, momentum twistor space,
scattering equations, etc.(see [49] for review), hence it is quite plausible that exploring prop-
erties of celestial amplitudes may also lead to new insights.

A key idea behind the PSS proposal was to transform the plane wave basis to a manifestly
conformally covariant basis called the conformal primary wavefunction basis. This basis
was constructed explicitly by Pasterski and Shao 9] for particles of various spins in diverse

dimensions. The celestial sphere is the null infinity of four-dimensional Minkowski spacetime.
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The double cover of the four-dimensional Lorentz group is identified with the SL(2,C)
conformal group of the celestial sphere. Two-dimensional correlators on the celestial sphere
will be referred to as celestial amplitudes from here on.

The celestial amplitudes of massless particles are given by Mellin transforms of the

corresponding four-dimensional amplitudes

An(Zj, Ej) = ]0- H dw; wlAFlAn(kl) , (3.1)

where A; = 1+ i), with A\; € R [9], are conformal dimensions taking values in the principal
continuous series, in order to ensure the orthogonality and completeness of the conformal
primary wavefunction basis. Further details are given below.

In the spirit of recent developments in understanding scattering amplitudes from the on-
shell perspective by studying symmetries, analytic properties, and unitarity, many recent
studies have delved into similar aspects of celestial amplitudes. The structure of factorization
of singularities of celestial amplitudes was investigated in [33]; three- and four-point gluon
amplitudes were computed in [34] and arbitrary tree-level ones in [31]. Celestial four-point
string amplitudes have been discussed in [50]. Unitarity via the manifestation of the optical
theorem on celestial amplitudes has been observed recently [36, 35| and the generators of
Poincaré and conformal groups in the celestial representation were constructed in [51].

This paper is organized as follows. In section 3.1 we compute massless scalar four-point
celestial amplitudes and study its properties such as conformal partial wave decomposition,
crossing relations, and optical theorem. In section 3.2 we derive conformal partial wave

decomposition for four-point gluon celestial amplitude, and in section 3.3 single and double
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FiGure 3.1: Four-Point Exchange Diagrams

soft limits for all gluon celestial amplitudes. The conformal partial wave decomposition
formalism is summarized in appendix 3.4 and details about inner product integrals, required

in the main text, are evaluated in appendix 3.5.

Note added: During this work, we became aware of related work by Pate, Raclariu, and

Strominger [52] which has some overlap with section 4 of our paper.

3.1 Scalar Four-Point Amplitude

In this section we study a tree level four-point amplitude of massless scalars mediated by
exchange of a massive scalar depicted on Figure 3.1

The corresponding celestial amplitude (3.1) is

oo 4 4
iz %) = a2 AR () , 1 1 1
A = dwjw;”’ "6 ki )
1(25:2) =9 ‘/O ]1:[1 77 (-=1 )((k1+k:2)2+m2+(k:1+k3)2+m2+(k:1+k‘4)2+m2

)

(3.2)

where z;,Z; are coordinates on the celestial sphere and w; are the energies. Defining ¢; = -1

(+1) for incoming (outgoing) particles, we can parameterize the momenta k‘é‘ as

k;;‘ = €W (1 + |Zj|2, Zj + Zj,ifj - ’iZj, 1- |Zj|2) . (3'3)

'The same amplitude in three dimensions was studied in [35].
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Under conformal transformations, by construction [9], the four-point celestial amplitude

behaves as a four-point CFT correlation function of operators with conformal weights
- 1
(hj, hy) = 5 (B + Jj, g = Jj), (3.4)

where J; are spins. We can split the four-point celestial amplitude into a conformally

invariant function of only the cross-ratios A4(z,z) and a universal prefactor

(Z24) 12(214) § (224) 1 (21 )h34

e _ 214 z13 Z14 Z13 e _

Ay(z: %) = A it Az, Z 3.5

( 70 ]) Shitha hsthy —hi+ha —h3+hy 1(2,2), ( )
12 34 212 %34

where we define h;; = h; - h;, Bij =h; - Ej and cross-ratios

212234 _ _ Z12%234 . _
z= , 2= ——— with z=2-2, Zj=%-%. (3.6)
213224 213224

Let’s fix the external points in (3.2) as 21 = 0,29 = 2,23 = 1,24 = 1/7 with 7 - 0, and

compute
Ay(z) = |2|Pr5e lim 7284 44(0,2,1,1/7). (3.7)
T

We will consider the case where particles 1 and 2 are incoming while 3 and 4 are outgoing,

SO €1 = €9 = —€3 = —€4 = —1 and denote it as 12 < 34. The s-channel diagram on figure 3.1 is

~ o 4 4
A};?SH:M(Z) o g2|Z|A1+A2 hH[l) T72A4 A H dw; w?i715(4) (Z k]) (38)
e i=1 j=1

m2 — dwwelz|?
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The momentum conservation delta functions can be rewritten as:

4 472 4
SN S Ky | = —6(iz - i2) [] 6(wi - wy), (3.9)
j=1 w1 i=2

where

, wh=—— , wl=z2wT. (3.10)

The delta function only has solutions when all the w; are positive, so z > 1.

Then (3.8) reduces to a single integral

4
_ o0 - 1
A}l2:34(z) ~ 925(1'2 - z'z)z:A1+A2 lim 727244 f dwlwlAl_2 | |(cu;°)Az 1—4 5
’ 0 0 -2 m? - Hwi
27 2c—2
2
SO i) 22 (o 1yt (3.11)

sin(7a)
Adding the s-, t-, and u-channel contributions, we obtain our final result

(ﬂ1/2)2a_2

Jl2esary o2
4 (z)~9 sin(7a)

6(iz —iz) 22 (z — 1)Mm2hsa (e”m + ( )a + zo‘) , (3.12)

z—-1

where
4
a=h;i-2. (3.13)
i=1

Let us discuss some properties of this expression.
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e First, it is straightforward to verify that the Poincaré generators on the celestial sphere,

constructed in [51],

LLi = (1 - 222)822 - QZihi s LQJ; = (1 + Z?)azl + 2Zihi s Lgﬁ' = 2(Ziazi + hz) s
L= (1-2)05 - 2zhi Lyi=(1+72)0z +2%ihi,  Ls;=2(20 + i),
(3.14)
Poi= (1+]zi?)e®itP02 - Py = (24 2)e OO
Py =—i(z = 2)e Pt Py = (1 []?) el
annihilate the celestial amplitude on the support of the delta function 0(iz —iz).
e Second, we can show that A, satisfies the crossing relations
- 1 — z\2(ha+hs) _
APM(1-2) = ( Z) AB=2(2), 0<z<1, (3.15)
as well as
1214113«»24(2) _ 22(h1+h4)A}l2934(1/z)
) 0<z<1. (3.16)

=(1- 2(h12—h34);114<—>23( z )
( 2 4 z-1

The relations (3.15) and (3.16) generalize similar relations in [35].

e Third, the conformal partial wave decomposition of s-channel celestial amplitude

(3.11)% is computed in the appendix 3.4, 3.5 and takes the following form

g? (im/2)** f dA T (1-9~h12) T (5-hi2) T (1-5-hss) T (5 ~haa)
C I

Al2e340 3 an
1) 4 (1-A)T(A-1)

UL (2,2
2sin(ma) hi(#2),

(3.17)

2 . . ..
The other two channels can be obtained in similar manner.
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where \IlhAi(z,E) is given in (3.45) restricted to the internal scalar case with J =0 and the
contour C runs from 1 —doc0 to 1 + ioo.

The gamma functions in (3.17) unambiguously specify all pole sequences in conformal
dimensions. Closing the contour to the right or left of the complex axis in A, we find simple

poles at A and their shadows at A given by

:hlg—n N :h34—n, (3.18)

v |
v | D

A
—=1-hia+ , —=1-hsgg+ ,
9 12+N 9 34+tNn

withn=0,1,2,3,....

e Finally, let’s explicitly check the celestial optical theorem derived by Shao and Lam in
[35], which relates the imaginary part of the four-point celestial amplitude to the product
of two three-point celestial amplitudes with the appropriate integration measure. Taking

imaginary part of (3.17) we obtain
Im [A27%(2)] ~ /CdAM(A)C(hl,hg;A)C(hg,h4;2 S AT (2,7), (3.19)

up to some overall constants independent of h;. Here C(h;, hj; A) is the coefficient of the

three-point function given by [35]

(m2)"i+hi=2 T (hij + 3) T (3 = hij)

1(A) is the integration measure
raAIrEe-A
u(a) = — L2 2) (3.21)

CA4AmT(A-1DIT(1-A)’
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and \Ilﬁ, (2,2) is

P(1-3=h2) (5 ~ha)

U2 (z,2) =
hi(z,Z) I‘(%+h12)1“(1—%+h34)

Uy (2,2). (3.22)

3.2 Gluon Four-Point Amplitude

In this section we study the massless four-point gluon celestial amplitude, which has been

computed in [34], and is given by

A28 () v §(iz —iz) |21 — 2heat o (3.23)

where the conformal ratios z,Z are defined in (3.6).
Evaluating the integral in appendix 3.5, we find the conformal partial wave expansion is

given by the following simple result®

A1 &' rdh pp w(1-2h)(2h—1-2J) (T(h-hip)l'(1+J—hgs—h)
bty z)~212 — '
J=0 C 47T2 hi;hi (h34—h12) SlIl(?T(hlz—h34)) F(h+h12)F(1+J+h34—h)

(3.24)

where ¥" means that the J = 0 term contributes with weight 1/2.
There is no truncation of the spins J in this case, so primary operators of all integer
spins contribute to the OPE expansion of the external gluon operators, in contrast with the

previously considered scalar case.

3When considering J < 0, take h < h in the expansion coefficient.

+(hi2 < h34)) ,
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Poles A and shadow poles A are located at

A-J A-J J A+J
—E—=1—hm+n ; —5—:1—hw+n ; ; =hiz-n , ; =hza-n,
(3.25)
with n=0,1,2,3,.... These poles are integer spaced as expected.

3.3 Soft limits

Single soft limits
In this section we study the analog of soft limits for celestial amplitudes. The universal
soft behavior of color-ordered gluon scattering amplitudes, corresponding to wp — 0, is

well-known [53] and takes the form

- kE-1k+1)

1- Zk—Jrl: < e

B e T T RS (3.26)
. k-1k+1] '

li L= 1_ [ e

Jm, A [k—lk][kk+1]A b

where ¢}, is the helicity of particle k.

The spinor-helicity variables are related to the celestial sphere variables via [34]

[lj] =2, /Wil Zij <Z]> = —261‘6]‘\ /Wil 25 - (3.27)
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Conformal primary wavefunctions become soft (pure gauge) when Ay — 1 (or A\, — 0) [9, 54].

In this limit we can utilize the delta function representation®

I ST
d(x) = 5 }\1_1}(1) i, (3.28)
such that (3.1) becomes
~ 1 n oo iXs oo
lim A, (z,%) = — [] f dij./\J f dwy, 26 (wr) wi An(wj; 25, Z5) - (3.29)
Ap—0 PN j1 jek SO J 0

We see that the Ay — 0 limit localizes the integral at wy = 0 and we obtain

A 1z 5

lim AJk=*1 = Y (3.30)
Ax—0 Ik Zk-1kZkk+1

S A 1 Zpigar

lim Aik_ 1= ,—%An_l . (3.31)
Ag=0 Ik Zk-1kZkk+1

An alternative derivation of these relations was given in [55].

Double soft limits
For consecutive soft limits, one can apply (3.30) or (3.31) multiple times and the con-

secutive soft factors are simply products of single soft factors.

“See http://mathworld.wolfram.com/DeltaFunction.html


http://mathworld.wolfram.com/DeltaFunction.html

3.3. Soft limits 45

For simultaneous double soft limits, energies of particles are simultaneously scaled by 4,

80 wy = dwy, and w; - dw; with 6 - 0, which for example yields [56, 57

}siHéAn(5w1,5WQ,wj; 2k, Zk) =

1 ( [13]3(n3) . (n2)3[n3]

(n|1+2|3] \[12][23]s123 (n1){(12)sp12 ) An—2(wj; 25, %5)

(3.32)

for {1 =+1,0p=-1,j=3,...,n, and k= 1,...,n. Here s; = (k; + k;j + k;)*. More generally

we will write
(lsir% Ay (dwy, dwy, Wjs Zis Z) = DS(kek , b )An_Q(Wj; Zj, Ej) , (3.33)

where DS(k%,1%) is the simultaneous double soft factor.
For celestial amplitudes, the analog of the simultaneous double soft limit is to take two
N’s, scale them by €, A\x = e\ and \; — €, and take the ¢ — 0 limit. To implement this

practically in (3.1), we change variables for the associated w’s

wi =rcos(f), wy=rsin(f), 0<r<oo, 0<H<

o]

(3.34)

The mapping (3.1) becomes

e n o0 s 00 /2 . )
.An(Zj, 2]') = H f dwj wj/\] f dr / do T(z)\kﬂ)\l)efl
bt ’ ’ (3.35)

x (cos(8)) < (sin(0)) M2 A (wj; 2, Z5) -
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We can use (3.28) to obtain a delta function in r, which enforces the simultaneous double

soft limit for the scattering amplitude as in (3.32). The result is
hn%fin(Ake, Ne) = DS(k7F 17 A,—s (3.36)

where DS(k7*,1”t) is the simultaneous double soft factor on the celestial sphere,

1

DS = e

[2 fOW/2 4o (COS(H))i/\ke(Sin(e))iAle [TQDS(k;Ek’lﬁz)]rzo

e—0

(3.37)

As an example, consider the simultaneous double soft factor in (3.32). We can use (3.27) to

translate it into celestial sphere coordinates and plug into (3.37) to obtain

- 1 (1 z 1 23,%
DS(1,27) ~ ! ( Z"3Z2"+——23”Z31). (3.38)

2(@)\1 + i)\2)62 Zn1223 \IA Z12Z9n 1A 212231

Explicitly let us check (3.36) by considering the six-point NMHV split helicity amplitude

[42]
6 1
4
Aipi_ = 5@ Ekz —_—
w?w? (w32z34Z13-w2224%12)> wiwZ (waz46Z34+W5256235)° (3'39)
(W3Ww42347234—Waw4 224724 - WawW3 223723 ) (wW3w4 234734 +W3Ws5 235235 +WaWs5245245 )

X
293234256261 (W4224254 — W3223%235) 212216234245 (W3223235 + W4224245)
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and map it via (3.1). Taking the simultaneous double soft limit of particles 3 and 4, as

prescribed in (3.36), we find

t 1 1 1 z 1 >
lin6A+++___()\3e,)\46) = ( Z5741 252753
€—

Ay 3.40
Q(i)\g + i)\4)€2 293245 )A++ ’ ( )

IA3 234Z42  1A4 234253

where the four-point correlator is given by mapping the appropriate MHV amplitude via

(3.1)

Zg)ﬁ 5(221 _ ZZ,) (zlf)gﬁl )Z')\g—l (212216 )i)\5+1 (215212 )i)\6+1
)

A++__=4i5()\1+)\2+)\5+)\6) 3 9 = = — —
212255 216725261 225256 256226

225226

(3.41)

where 2" = 212288 and z' = 2228 The conformal soft factor found in (3.40) matches our

general result by taking the double soft factor |56, 57|

1 3(2 24)3[2
( [351°(25) | (20)°[25] ) 52
(23 +4[5] \ [34][45]s345  (23)(34)s234
and mapping it via (3.37).

It is straightforward to generalize (3.36) to m particles taken simultaneously soft, by

introducing m-dimensional spherical coordinates as in (3.34) and scale m \’s by e.

3.4 Conformal Partial Wave Decomposition

In the CFT four-point function defined as (3.5), we can expand the conformally invariant

part A4(z,%) on the basis of conformal partial waves \I/Z’vhﬁl(z, Z). As can be shown along
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the lines of [58, 60, 59], the expansion takes the following form

Zz)—zz fdA\IJ (252 2(’;)()22h 1)(~4(z,2),\l’z;l?ﬁi(z,2)), (3.43)

where h —h = J, h+h = A =1+4)\. The contour C runs from 1 —ioco to 1 +ioco. The
integration and summation is over all dimensions and spins of exchanged primary operators
in the theory. ¥’ means that the J = 0 summand contributes with a weight of 1/2. The

inner product is defined by

dzdz
(22)?

(G(2,2),F(z,2)) = 5G(z, Z)F(z,%). (3.44)

The conformal partial waves \I/Z{Bﬁ_(z,f) have been computed in [61, 62, 63] and are

given by

\I/hh (z Z) =\ Fy(2,2) + hF_(2,%), (3.45)
with
reommen (e () e

7 1- 1 1- 1
F_(Z72)22h122h122F1( h—hig, h - h12 )2F1( h—hiz,h - h12 )

l-hipa—hgy 'z 1—hi2 - h3y
T (=hig - hgy) T (1=h+hi2)T(h+hs) D (h (1-h+hss)
I(1+hia+hsa) T (1=h=hi2) T (h=hsa) T (h B ) ( Ty
[ (hio + h3q)

F(l—ﬁlz—ﬁgz;).

cl1 :( 1)h h+h12 h12

c/2 :(_ 1 ) h—ﬁ+h34—ﬁ34
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Here we made use of hypergeometric identities discussed in [62] to rewrite the result in a
form which is suited for the region z,z > 1.
Conformal partial waves are orthogonal with respect to the inner product (3.44)

(2m)?

hh hh )\ —
(W5, (2:2), 0, 7 (2, )>‘(1—2h)(2ﬁ—1)

Sy 00(A=X). (3.47)
The basis functions (3.45) span a complete basis for bosonic fields on each of the ranges
(JeZ , NeR" | JeZ" , NeR|JeZ , NeR | JeZ , XeR). (3.48)

We can perform the A integration in (3.43) by collecting residues of poles located to the
left or to the right of the complex axis. One can use e.g. the integral representation of the
conformal partial wave (3.45) (given by eq. (7) in [63]) to make sure that the half-circle

integration at infinity vanishes.

3.5 Inner Product Integral

In this appendix we evaluate the inner product

dzdz

G )26(zz—zz)|z|2+‘7|z 1|f2- ’mw _(z,Z), (3.49)

(As(2,2), 00" (2,2)) =

for 0 =0 and o = 1, where \Il (z %) is given by (3.45)°.

~ 5Note that in both of our examples we have hi; = hi;, and the complex conjugation prescription h — 1-h,
h—>1—h, hij—>—hij and z < Z
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First we change integration variables to z = = + iy, zZ = ¢ — ¢y and localize the delta
=

function on y = 0. Subsequently, we write the hypergeometric functions from (3.45) in the

following Mellin-Barnes representation:

I'(c) ds
(a)T(O)(c—a)l(c—-b) Jo 2mi

oF1(a,b;c;2) = T (1-2)°T(-s)I'(c—a-b-s)T'(a+s)T'(b+s),

(3.50)

where (1 -2) € C\R_ and the contour C' goes from minus to plus complex infinity while
separating pole sequences in I'(=s)I'(c —a — b — s) from pole sequences in I'(a + s)I'(b + s).
The = > 1 integral then gives a beta function which we express in terms of gamma
functions. At this point, similarly to section 3.4 in [64], the gamma function arguments in
the integrand arrange themselves exactly such that one of the Mellin-Barnes integrals (3.50)
can be evaluated by second Barnes lemma.® The final inverse Mellin transform integral is
then done by closing the integration contour to the left, or to the right of the complex axis.

Performing the sum over all residues of poles wrapped by the contour in this process we

obtain

<A4(Z, 2), \I]Zfﬁl(z’ 2)) = Wz(—l)h_ﬁ cse (71' (hlg - h34)) csc (7T (h12 + h34)) F(l - 0’) (3.51)

_ _ ].—O',1—;Z+h12,B+h12,1—0’+h12—h34 .
F (1 o+ h12 h34) 4F3 (2*h*0'+h12,hf0'+h12+1,h12fh34+1 ’ 1

F(hlg—h34+1)F(1—iL+h34)F(iL+h34)r(2—h—O‘+h12)F(h—O‘+h12+1)

— (h12 < ha4)

F(l—ﬁ—hlz)r(ﬁ—}HQ)F(l_o'_hl2+h34) l—a',l—FL—hlg,E—hlg,l—o—h12+h34 .
(F(1—h12+h34)F(2—h—a—h12)F(h—a—h12+1) 4F3 (2—h—0’—h12,h—o’—h12+1,1—h12+h34 ! 1) - (h12 < h’34)

F(l—h+h12)F(h+h12)F(1—h+h34)F(h+h34) ’

+

5We assume the integrals to be regulated appropriately such that these formal manipulations hold.
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where we used identities such as sin(z + wh) sin(y + 7h) = sin(x + 7h) sin(y + 7h) for integer

J, and sin(7z) = 7/(T'(2)T'(1 — x)) to write (3.51) in a shorter form.

Evaluation for o =0

When ¢ = 0, one upper and one lower parameter in the 4F3 hypergeometric functions
become equal and cancel, so that the functions reduce to 3F5. Interestingly, an even greater
simplification occurs as

T'(a—c+1)T'(a+c)
(b-c)(b+c-1)

I'(a-b+2)T'(a+b+1)
la—c+1 = —(a—-b+1)(a+b)
sa—c+la+ce )_ (3.52)

F
5 2(a—b+2,a+b+1’

Then, making use of various sine- and gamma function identities as mentioned above, it

turns out that the result is proportional to

(3.53)

sin(2m.J) {1 3 JJ=0
2nJ

lo:J+0°

Therefore, the only non-vanishing inner product in this case comes from the scalar conformal

, which simplifies to

partial wave U2 = ghh
hi J=0

hihi

D=4 = hi2) T (3~ o) T (1= 8 = hao) T (3 =)
T(2- A)T(A) '

(A4(2,2), 7 (2,2)) = (3.54)

Evaluation for o =1
As we take o — 1 the overall factor I'(1 — o) diverges. However, the rest of the terms
conspire to cancel this pole, so that the limit o — 1 is finite. The simplification of the result

in all generality is quite tedious, here we instead discuss a less rigorous but quick way to
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arrive at the end result.

The cases for the first few values of J =0,1,... can be simplified directly e.g. in Mathe-
matica. We recognize that the result is always proportional to csc(w(hi2—hs4))/(hi2 —hsa).
To quickly arrive at the full result, start with (3.51) and divide out the overall factor
csc(m(hia — h3g))/(hi2 — hag). By the previous observation we see that the rest is finite
in h1o — h3g — 0. Sending hgy — hi2 under a small 1 — ¢ deformation, the hypergeometric
functions become equal to 1 for ¢ - 1 and the remaining terms simplify. To recover the full
h12, hgs dependence it then suffices to match these terms e.g. to the specific example in the

case J =1, which then for all J > 0 leads to

(1214(2, 2)7 ‘I/Zfﬁi(Z, 2)) _ 7TCSC(7T(h12 — h34)) (F(h - hlg)r(l - h34 - iL)

—~ 4+ (h1o < h .
(hsa = h12) I'(h+hi2)D(1+hsy = h) (Ao 34))

(3.55)

To obtain the result for J < 0 substitute h < h.
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Chapter 4

Yangian Invariants and Cluster

Adjacency in N =4 Yang-Mills

This chapter is based on the publication [65].

In recent years cluster algebras have shed interesting light on the mathematical properties
of scattering amplitudes in planar N’ = 4 supersymmetric Yang-Mills (SYM) theory [5].
Cluster algebraic structure manifests itself in several distinct ways, notably including the
appearance of certain Gr(4,n) cluster coordinates in the symbol alphabets |5, 66, 67, 68|,
cobrackets [5, 69, 70, 71, 72], and integrands [30] of n-particle amplitudes.

There has been a recent revival of interest in the cluster structure of SYM amplitudes
following the observation [73] that certain amplitudes exhibit a property called cluster adja-
cency. Cluster coordinates are grouped into sets called clusters, with two coordinates being
called adjacent if there exists a cluster containing both. The central problem of the “cluster
adjacency” literature is to identify (and, hopefully, to explain!) correlations between sets of
pairs (or larger groupings) of cluster coordinates, and the manner in which those pairs are

observed to appear together in various amplitudes.
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For example, for loop amplitudes, all evidence available to date [81, 22, 131, 75, 76,
77, 78, 80, 79, 82, 89, 83| supports the hypothesis that two cluster coordinates appear in
adjacent symbol entries only if they are cluster adjacent. In [89] it was shown that this
type of cluster adjacency implies the Steinmann relations [84, 85, 86]. For tree amplitudes a
somewhat analogous version of cluster adjacency was proposed in [81], where it was checked
in several cases, and conjectured in general, that every Yangian invariant in the BCFW
expansion of tree-level amplitudes in SYM theory has poles given by cluster coordinates
that are all contained in a common cluster.

In this paper we provide further evidence for this and the even stronger conjecture that
cluster adjacency holds for every rational Yangian invariant in SYM theory, even those that
do not appear in any representation of tree amplitudes.

In Sec. 2 we review the main tool of our analysis, the Sklyanin Poisson bracket [87, 88]
which can be used to diagnose whether two cluster coordinates on Gr(4,n) are adjacent,
which we will call the bracket test [89]. In Sec. 3 we review the Yangian invariants of
SYM theory and explain how (in principle) to use the bracket test to provide evidence that
N*MHV Yangian invariants satisfy cluster adjacency. We carry out this check for all k < 2
invariants and many k = 3 invariants.

Before proceeding we make a few comments clarifying the ways in which our tests are

weaker than the analysis of [81], and the ways in which they are stronger:

1. It could have happened that only certain repreresentations of tree-level amplitudes
(depending, perhaps, on the choice of shifts during intermediate steps of BCFW re-

cursion) satisfy cluster adjacency, but as already noted, our results suggest that every
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rational Yangian invariant satisfies cluster adjacency. If true, this suggests that the
connection between cluster adjacency and Yangian invariants admits a mathematical

explanation independent of the physics of scattering amplitudes.

2. For any fixed k there are finitely many functionally independent N*MHV Yangian
invariants. If it is known that these all satisfy cluster adjacency, it immediately follows
that the n-particle N°MHV amplitude satisfies cluster adjacency for all n. Our results

therefore extend the analysis of [81] in both k and n.

3. However, unlike in [81], we make no attempt to check whether each of the polynomial
factors we encounter is actually a Gr(4,n) cluster coordinate. Indeed for n > 7 there
is no known algorithm for determining, in finite time, whether or not a given homoge-
neous polynomial in Pliicker coordinates is a cluster coordinate. The bracket does not
help here; it is trivial to write down pairs of polynomials that pass the bracket test

but are not cluster coordinates.

4. In the examples checked in [81] it was noted that each term in a BCFW expansion of an
amplitude had the property that there exists a cluster of Gr(4,n) that simultaneously
contains all of the cluster coordinates appearing in the denominator of that term.
Our test is much weaker in that it can only establish pairwise cluster adjacency. For
example, if we encounter a term with three polynomial factors py, po and ps, our test
provides evidence that there is some cluster containing p; and po, and also some cluster
containing ps and ps3, and also some cluster containing p; and psz, but the bracket
cannot provide any evidence for or against the existence of a cluster simultaneously

containing all three.
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4.1 Cluster Coordinates and the Sklyanin Poisson Bracket

The objects of study in this paper will be certain rational functions on the kinematic space of
n cyclically ordered massless particles, of the type that appear in tree-level gluon scattering
amplitudes. A point in this kinematic space is conveniently parameterized by a collection
of n. momentum twistors |4] Z{ e Z,IL, each of which can be regarded as a four-component
(I €{1,...,4}) homogeneous coordinate on P3.

In these variables dual conformal symmetry [3] is realized by SL(4,C) transformations.
For a given collection of n momentum twistors, the (Z) Pliicker coordinates are the SL(4,C)-

invariant quantities

(ijkl)=exrZl Z] 2 Z) . (4.1)

The Gr(4,n) Grassmannian cluster algebra, whose structure has been found to underlie
at least certain amplitudes in SYM theory, is a commutative algebra with generators called
cluster coordinates. Every cluster coordinate is a polynomial in Pliickers that is homogeneous

under a projective rescaling of each momentum twistor separately, for example

(1267)(2345) - (1245)(2367). (4.2)

Every Pliicker coordinate is, on its own, a cluster coordinate. For n < 8 the number of cluster
coordinates is finite and they can easily be enumerated, but for n > 7 the number of cluster
coordinates is infinite.

The cluster coordinates of Gr(4,n) are grouped into non-disjoint sets of cardinality 4n—15
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called clusters. Two cluster coordinates are said to be cluster adjacent if there exists a cluster
containing both. The n Pliicker coordinates (1234), (2345), ---, (n123) containing four
cyclically adjacent momentum twistors play a special role; these are called frozen coordinates
and are elements of every cluster. Therefore, each frozen coordinate is adjacent to every
cluster coordinate.

Two Pliicker coordinates are cluster adjacent if and only if they satisfy the so-called weak
separation criterion [90]. In order to address the central problem posed in the Introduction,
it is desirable to have an efficient algorithm for testing whether two more general cluster
coordinates are cluster adjacent. As proposed in [89], the Sklyanin Poisson bracket [87, 88|
{,, } can serve because of the expectation (not yet completely proven, as far as we are aware)
that two cluster coordinates aj, as are adjacent if and only if {logai,logas} € %Z.

In the next section we use the Sklyanin Poisson bracket to test the cluster adjacency prop-
erties of Yangian invariants. To that end let us briefly review, following [89] (see also [91])
how it can be computed. First, any generic 4 x n momentum twistor matrix Zil can be

brought into the gauge-fixed form
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by a suitable GL(4,C) transformation. The Sklyanin Poisson bracket of the y’s is defined

as

(' ary”s} = 5 Gin(T = D) = sign(b-))y”up’s. (1.4

Finally, the Sklyanin Poisson bracket of two arbitrary functions f, g of momentum twistors

can be computed by plugging in the parameterization (4.3) and then using the chain rule

n 4
Fwhgw)y=S S 2L 00 s (4.5)

I J
a,b=11,J=1 0y’ a 0y’

4.2 An Adjacency Test for Yangian Invariants

The conformal [92] and dual conformal symmetry of scattering amplitudes in SYM theory
combine to generate a Yangian [11] symmetry. Yangian invariants [3, 93, 94, 96, 95, 28, 98,
30, 97| are the basic building blocks in terms of which amplitudes can be constructed. We
say that a Yangian invariant is rational if it is a rational function of momentum twistors;
equivalently, it has intersection number I' = 1 in the terminology of [30, 99]. Any n-particle
tree-level amplitude in SYM theory can be written as the n-particle Parke-Taylor-Nair su-
peramplitude [2, 100] times a linear combination of rational Yangian invariants (see for
example [101]). In general the linear combination is not unique since Yangian invariants
satisfy numerous linear relations.

Yangian invariants are actually superfunctions: an n-particle invariant is a polynomial
of uniform degree 4k in 4kn Grassmann variables X?> where k is the N°MHV degree. For a

rational Yangian invariant Y, the coefficient of each distinct term in its expansion in x’s can
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be uniquely factored into a ratio of products of polynomials in Pliicker coordinates, with
each polynomial having uniform weight in each momentum twistor separately. Let {p;}
denote the union of all such polynomials that appear in the denominator of the expansion

of Y. Then we say that Y passes the bracket test if
1 .
Q5 = {logp;,logp;} € §Z Vi, j. (4.6)

As explained in [30], n-particle Yangian invariants can be classified in terms of permuta-
tions on 7 elements. Since the bracket test is invariant! under the Z,, cyclic group that shifts
the momentum twistors Z; = Z;11modn, We only need to consider one member from each
cyclic equivalence class. The number of cyclic classes of rational N°MHYV Yangian invariants
with nontrivial dependence on n» momentum twistors was tabulated for various k£ and n in

Table 3 of [30]. We record these numbers here, correcting typos in the (3,15) and (4,20)

entries:
n
5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 Total
k
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
2 0 1 2 5 4 1 0 0 0 0 0 0 0 0 0 0 13
3 0 0 1 6 54 177 298 274 134 30 3 0 0 0 0 0 977
4 0 0 0 1 13 263 1988 7862 18532 28204 28377 18925 8034 2047 270 17 114533

When they appear in scattering amplitudes, Yangian invariants typically have triv-
ial dependence on several of the particles. For example the five-particle NMHV Yan-
gian invariant Y(l)(Zl,ZQ,Zg,Z4,Z5) could appear in a nine-particle NMHV amplitude

as Y(l)(Zg,Z4,Z5,Z7,Z8), among other possibilities. Fortunately, because of the simple

!Certainly the value of the Sklyanin Poisson bracket is not in general cyclic invariant, since evaluating it
requires making a gauge choice which breaks cyclic symmetry, such as in (4.3), but the binary statement of
whether some pair does or does not have half-integer valued bracket is cyclic invariant.
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sign(b — a) dependence on column number in the definition (4.4), the bracket test is insen-
sitive to trivial dependence on additional momentum twistors®.

Therefore for any fixed k, but arbitrary n, we can provide evidence for the cluster
adjacency of every rational n-particle N'MHV Yangian invariant by applying the bracket
test described above (4.6) to each one of the (finitely many) rational Yangian invariants. In
the next few subsections we present the results of our analysis, beginning with the trivial

but illustrative case of k =1.

4.2.1 NMHV

The unique k =1 Yangian invariant is the well-known five-bracket [93] (originally presented

as an “R-invariant” in [3])

M ((1234)x2 + cyclic)

Yy =11,2,3,4,5] = 4.7
[ ] (1234)(2345)(3451)(4512)(5123) (4.7)

whose denominator contains the five factors
{1, ps} = {(1234), (2345),(3451),(4512),(5123)} (4.8)

each of which is simply a Pliicker coordinate. Evaluating these in the gauge (4.3) gives

{p1,-- o5} = {1, ~y'5,~y%5, ~y%5, —y'5) (4.9)

2 As in footnote 1, the actual value of the Sklyanin Poisson bracket will in general change if the particle
relabeling affects any of the first four gauge-fixed columns of Z.
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and evaluating the bracket (4.6) in this basis using (4.4) gives

O 0 0 0 O
00 5 3 3
Q) = {logpi,logp;}=| 0 L o0 L 1 (4.10)
0 -3 3 0 3
0 -3 3 —3 0

Since each entry is half-integer, the five-bracket (4.7) passes the bracket test.

We wrote out the steps in detail in order to illustrate the general procedure, although
in this trivial case the conclusion was foregone: for n =5 each Pliicker coordinate in (4.7)
is frozen, so each is automatically cluster adjacent to each of the others. It is however
interesting to note that if we uplift (4.7) by introducing trivial dependence on additional
particles, this simple argument no longer applies. For example, [1,3,5,7,9] still passes the
bracket test even though it does not involve any frozen coordinates. The fact that the five-
bracket [i, ], k,l,m] passes the bracket test for any choice of indices can be understood in
terms of the weak separation criterion [90] for determining when two Pliicker coordinates
are cluster adjacent. The connection between the weak separation criterion and all Yangian

invariants with n = 5k will be explored in [102].
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4.2.2 N?’MHV

The 13 rational Yangian invariants with &k = 2 are listed in Table 1 of [30] (we disregard the

ninth entry in the table, which is algebraic but not rational®). They are given by

v{® = [1,2,(23) n (456), (234) 1 (56),6][2, 3,4, 5,6]
v, = [1,2,(34) n (567), (345) 0 (67),7][3,4,5,6,7]
v{® = [1,2,3,(345) n (67),7][3,4,5,6,7]
v® = [1,2,3,(456) n (78),8][4,5,6,7,8]
vi? = [1,2,3,4,8][4,5,6,7,8]
v{® = [1,2,3,(45) n (678),8][4,5,6,7,8]
v = [1,2,3,(45) n (678), (456) n (78)][4,5,6,7,8] (4.11)
v = [1,2,3,4, (456) n (78)][4,5,6,7, 8]
v =[1,2,3,4,9][5,6,7,8,9]
v{® = [1,2,3,4,(567) n (89)][5,6,7,8,9]
Y2 =[1,2,3,4,(56) n (789)][5,6,7,8,9]
V2 = o x[1,2,3,(45) 0 (789), (46) n (789)][(45) n (123), (46) n (123),7,8,9]

v = [1,2,3,4,5][6,7,8,9,10]

3 As mentioned in [81], it would be very interesting if some suitably generalized version of cluster adjacency
could be found which applies to algebraic functions of momentum twistors.
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where

(ij) n(klm) = Zi(j klm) — Z;(i klm) (4.12)

denotes the point of intersection between the line (ij) and the plane (klm) in momentum

twistor space. The Yangian invariant Y1(22) has the prefactor

(45(123) n (789))(46(123) n (789))
YT 123 4)(4789)(56 (123) n (789)) (4.13)

where

(ijk) n (Imn) = (ij){(klmn) + (jk)(ilmn) + (ki)(j lmn) (4.14)

denotes the line of intersection between the planes (ijk) and (Imn).

Following the same procedure outlined in the previous subsection, for each Yangian
invariant Ya(2) listed in (4.11) we enumerate all polynomial factors its denominator contains,
and then compute the associated bracket matrix Q((f). Explicit results for these matrices
are given in appendix 4.3. We find that each matrix is half-integer valued, and therefore

conclude that all rational k =2 Yangian invariants satisfy the bracket test.

4.2.3 N3MHYV and Higher

For k > 2 it is too cumbersome, and not particularly enlightening, to write explicit formulas
for each of the 977 rational Yangian invariants. We can use [99] to compute a symbolic

formula for each Yangian invariant Y in terms of the parameterization (4.3). Then we
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read off the list of all polynomials in the y’,’s that appear in the denominator of ¥ and
compute the bracket matrix (4.6). We have carried out this test for all 238 rational N>MHV
invariants with n < 10 (and many invariants with n > 10), and find that each one passes the
bracket test. Although it is straightforward in principle to continue checking higher n (and

k) invariants, it becomes computationally prohibitive.

4.3 Explicit Matrices for £ =2

Using the notation given in (4.11), we present here for each rational N°MHV Yangian in-
variant the bracket matrix of its polynomial factors:

0 o 1 1 o 0 o0 -3 o 0 1 0 o o o -1 -4 -1
I B T T T R T A B T
00 o -4 0 o - o} o I T R T
-1 0 1 o -2 o -1 o -1 -1 o L 3 o -1 1 o -1 -3 -1
NES NI T N BRI SR S S o LIS N SIS SN
0 0 o o -3+ o -1 o 0 0 o o o -1+ -1 o -3 -1 0 0
0 3 3 3 0 z 0 0 0 0 o 1 1 0 o £ o -3 0 0
-+ -3 5 o -3 o o o -3 -1 I | 13 4 0 0 0
O T T I R T
1 111 1 0 o0 i 1 0 3+ 3 1 o o 0 3 0
o o 3 0 o o o -1 0o -3% 0 0 o0 0 o o0 -1 -1 o0
0 0 -3 -4 -3 o -4 -3 o -} 0 0 -4 -4 -3 o -4 -3 -3 o
I e T DTS T S 00+ 0 -4 -3 3 0 - o
o 1 1 o -+ 4+ o -1 o -3 o & 1 o -+ 1 o -1 -1 o0
a® - o 1 1 1 o & o -1 o -1 a® - o &+ 1 3 o L o -1 -1 o0
0 0 o -3 -3 0 -} -1 o0 o 0 0o -3 -3 -} o -} -3 -} o
o L 1 0 o L o -1 o 0 o 3 o 0 o L o -3 -1 o
1 L2 1 141 0 0 0 1L 1 111 o -1 o
0 o 1 0 0 0 0 0 o -3 11 1 1 I 1 0o o
: 3 3 3 $ 0 o 0 1 0 0 0 0 0 o 0 0 0 0 0
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=2

4.3. Explicit Matrices for k
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o 0o o0 o0 0 0 0 0 0 0 0 0 0
3 3 3 3
o o 1 1 1 ) 2 2 2 2 2 1 1
0 0 o0 0 0 0 0
o -1 o -1 _1 _3 _3 _3 _1 _1 _1 _1 _1
2 2 2 2 2 2 2 2 2 2 1 1 1 1 1
o 0 -3 -3 -3 -3 “3
0 -1 1 0 -1 _1 _1 _1 1 1 1 0 _1
2 2 2 2 2 2 2 2 2 1 1 1 1 1
o & o -1 -1 _1 _1
o -1 L 1 o -1 _1 _1 1 1 1 1 0 2 2 2 2 2
2 2 2 2 2 2 2 2 2 1 1 1 1 1
o 1+ 1 o -1 -1 _1
o -3 3 1 1 0o -1 _1 9 2 2 1 1 22 2 2 2
2 2 2 2 2 2 2 2 0 1 1 1 0 1 1
2) (2) 3 2 3 "3 T3
af = 3 3 1 1 1 _1 1 1 |l
12 0 2 2 2 2 2 0 2 2 2 2 2 2 13 1 1 1 1 1
o 1 1 1 1 o -1
0o -3 3 1 1 1 1 0 5 9 9 1 1 22 2 2 2
2 2 2 2 2 2 2 1 1 1 1 1
o 1 1 1 1 1 0
0 -3 L _1 _1 o 5 _9 ¢ -1 _1 _1 _1 22 2 2 2
2 2 2 2 2 2 2 2 0 1 1 1 1 1 1
2 2 2 2 2 2
o -3 1 _1 _1 ) ) —2 1 0 -1 _1 _1
2 2 2 2 2 2 2 2 0 1 1 1 1 1 1
2 2 2 2 2 2
o -3 1 -1 _1 o -2 -2 i i o -4 -1
2 2 2 2 2 2 2 2 0 1 1 1 1 1 1
2 2 2 2 2 2
1 1 1 1 1 1 1 1 1
o -1 3 0 -3 -3 -3 -3 3 2 2 0 -3
1 1 1 1 1 1 1 1 1
o -1 3 3 0 -3 -3 -z 3 3z 3 3 0

Each matrix Ql@) is written in the basis B; of polynomials shown below:

Bi ={(1,2,(23) n (456), (234) n (56)), (6, 1,2, (23) N (456)), ((234) n (56),6,1,2),
((23) n (456), (234) N (56),6,1), (2, (23) N (456), (234) n (56),6), (2,3,4,5), (6,2,3,4),(5,6,2,3),
(4,5,6,2),(3,4,5,6)},

Ba ={(1,2,(34) n (567), (345) n (67)), (7, 1,2, (34) n (567)), ((345) n (67),7,1,2),((34) n (567),
(345) N (67),7,1),(2, (34) n (567), (345) n (67),7),(3,4,5,6),(7,3,4,5),(6,7,3,4), (5,6,7,3),
(4,5,6,7)},

Bs ={(1,2,3,(345) n (67)),(7,1,2,3),((345) n (67),7,1,2), (3, (345) n (67),7,1),(2,3,(345) n (67),7),
(3,4,5,6),(7,3,4,5),(6,7,3,4),(5,6,7,3), (4,5,6,7)},

Ba ={(1,2,3, (456) n (78)), (8,1,2,3), ((456) N (78),8,1,2), (3, (456) n (78),8,1),(2,3, (456) n (78),8),
(4,5,6,7),(8,4,5,6),(7,8,4,5),(6,7,8,4).(5,6,7,8)},

Bs ={(1,2,3,4),(8,1,2,3), (4,8,1,2),(3,4,8,1),(2,3,4,8), (4,5,6,7),(8,4,5,6), (7,8,4,5), (6,7, 8,4),
(5,6,7,8)},

Bs ={(1,2,3, (45) n (678)), (8,1,2,3), ((45) n (678),8,1,2), (3, (45) n (678),8,1),(2,3, (45) n (678),8),

(4,5,6,7),(8,4,5,6),(7,8,4,5),(6,7,8,4).(5,6,7,8) },

o

N= N N N N N

o

Nl Nl

o

NE N N N N N N

o

[N

o

NE N N = N NE N e

o
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Br ={(1,2,3,(45) n (678)), ((456) N (78),1,2,3), ((45) n (678), (456) n (78),1,2),
(3,(45) n (678), (456) N (78),1), (2,3, (45) N (678), (456) N (78)), (4,5,6,7), (8,4,5,6), (7,8,4,5),
(6,7,8,4).(5,6,7,8)},

Bs ={(1,2,3,4),((456) n (78),1,2,3), (4, (456) N (78),1,2), (3,4, (456) n (78), 1), (2,3, 4, (456) N (78)),
(4,5,6,7),(8,4,5,6),(7,8,4,5), (6,7,8,4).(5,6,7,8)},

By ={(1,2,3,4),(9,1,2,3),(4,9,1,2),(3,4,9,1),(2,3,4,9),(5,6,7,8),(9,5,6,7), (8,9, 5,6),
(7,8,9,5),(6,7,8,9)},

Bio ={{1,2,3,4),((567) n (89),1,2,3), (4, (567) n (89),1,2), (3,4, (567) n (89), 1), (2,3,4, (567) n (89)),
(5,6,7,8),(9,5,6,7),(8,9,5,6),(7,8,9,5), (6,7,8,9)},

Bi1 ={{1,2,3,4),((56) n (789),1,2,3), (4, (56) n (789),1,2), (3,4, (56) N (789),1), (2,3, 4, (56) n (789)),
(5,6,7,8),(9,5,6,7),(8,9,5,6),(7,8,9,5), (6,7,8,9)},

Bi2 ={{1,2,3,4),(4,7,8,9), (5,6, (123) n (789)), (1,2,3, (45) n (789)), ((46) n (789),1,2,3),
((45) N (789), (46) N (789),1,2), (3, (45) n (789), (46) N (789),1),(2,3, (45) N (789), (46) N (789)),
((45) N (123), (46) N (123),7,8), (9, (45) n (123), (46) n (123),7), (8,9, (45) n (123), (46) N (123)),
(7,8,9(45) n (123)), ((46) N (123),7,8,9)},

Bis ={(1,2,3,4),(5,1,2,3),(4,5,1,2),(3,4,5,1),(2,3,4,5),(6,7,8,9),(10,6,7,8), (9, 10,6, 7),

<87 97 107 6)7 (77 87 97 10)}'
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Chapter 5

A Note on One-loop Cluster

Adjacency in N =4 SYM

This chapter is based on the publication [103].

Cluster algebras [17, 18, 19] of Grassmannian type [104, 21] have been found to play a
significant role in the mathematical structure of scattering amplitudes in planar maximally
supersymmetric Yang-Mills theory (N =4 SYM) [5, 69], constraining the structure of ampli-
tudes at the level of symbols and cobrackets [67, 69, 71, 72]. The recently introduced cluster
adjacency principle [73| has opened a new line of research in this topic, shedding light on
even deeper connections between amplitudes and cluster algebras. This principle applies
conjecturally to various aspects of the analytic structure of amplitudes in N' =4 SYM. The
many guises of cluster adjacency, at the level of symbols [89], Yangian invariants [65, 105],
and the correlation between them [81] have also been exploited to help compute new am-
plitudes via bootstrap [82]. These mathematical properties however are perhaps somewhat
obscure, and although it is understood that cluster adjacency of a symbol implies the Stein-

mann relations [73], its other manifestations have less clear physical interpretations (see
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however [129], which establishes interesting new connections between cluster adjacency and
Landau singularities). Even finer notions of cluster adjacency, that more strictly constrain
pairs of adjacent symbol letters, have recently been studied in [108, 107].

In this paper we show that that the one-loop NMHV amplitudes in N' =4 SYM theory
satisfy symbol-level cluster adjacency for all n, and we check that for n = 9 the amplitude can
be written in a form that exhibits adjacency between final symbol entries and R-invariants,
supporting the conjectures of [73, 81|. The outline of this paper is as follows. In Section 2 we
review the kinematics of A/ =4 SYM and the bracket test used to assess cluster adjacency.
In Section 3 we review formulas for the amplitudes to which we apply the bracket test. In
Section 4 we present our analysis and results as well as new cluster adjacency conjectures for
Pliicker coordinates and cluster variables that are quadratic in Pliickers. These conjectures

generalize the notion of weak separation [109, 110].

5.1 Cluster Adjacency and the Sklyanin Bracket

In N =4 SYM the kinematics of scattering of n massless particles is described by a collection
of n momentum twistors [4], Z¥,..., ZL each of which is a four-component (I € {1,...,4})
homogeneous coordinate on P?. Thanks to dual conformal symmetry [3] the collection of

momentum twistors have a GL(4) redundancy and thus can be taken to represent points in
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Gr(4,n). By an appropriate choice of gauge we can take

zi -zl 1 00 0 y's - ylo
z: .. 72 01 0 0 ¢ - o2,
Z: GL—()) (5 1)
4
z o 73 00 1 0 ¢ - o3
zZt - 73 0 0 0 1 ¢y - o4,

The degrees of freedom are given by y', = (-1)1({1,2,3,4} ~ {I},a)/(1,2,3,4) for a =

5,06,...,n, with

(a,bc,d) = e 2L 7 287} (5.2)

denoting Pliicker coordinates on Gr(4,n). Throughout this paper we will make use of the

relation between momentum twistors and dual momenta [3]

g = URTUF miF)§ (5.3)
(i-12)(j-1j)
where (ij) is the usual spinor helicity bracket (that completely drops out of our analysis
due to cancellations guaranteed by dual conformal symmetry).
The fact that (5.2) are cluster variables of the Gr(4,n) cluster algebra plays a constrain-
ing role in the analytic structure of amplitudes in /' =4 SYM through the notion of cluster
adjacency [73] and it is therefore of interest to test the cluster adjacency properties of ampli-

tudes. Two cluster variables are cluster adjacent if they appear together in a common cluster

of the cluster algebra (this notion is also called “cluster compatibility”). To test whether two
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given variables are cluster adjacent one can use the Poisson structure of the cluster algebra
[104], which is related to the Sklyanin bracket [87]. We call this the bracket test and was
first applied to amplitudes in [89]. In terms of the parameters of (5.1), the Sklyanin bracket

is given by
1, .
{y'ary”s} = 5 (sign(J = I) —sign(b - )y’ ay’s, (5:4)

which extends to arbitrary functions as

n 4
Fwgw)y=S S 2L 00 s (5.5)

1 J
a,b=51,J=1 Oy’ a Oy”p

The bracket test then says: two cluster variables a; and a; are cluster adjacent iff
1
Qi = {loga;,logaj} € §Z' (5.6)

Note that whenever i, j, k,l are cyclically adjacent, (i,j,k,l) is a frozen variable and is
therefore automatically adjacent with every cluster variable.
The aim of this paper is to provide evidence for two cluster adjacency conjectures for

loop amplitudes of generalized polylogarithm type [73]:

Congecture 1 “Steinmann cluster adjacency”™ Every pair of adjacent entries in the symbol of

an amplitude is cluster adjacent.

This type of cluster adjacency implies the extended Steinmann relations at all particle
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multiplicities [89]. In fact it appears to be equivalent to the extended Steinmann conditions

of [111] for all known integrable symbols with physical first entries (that means, of the form

(i,i+1,7,j+1)).

Congecture 2 “Final entry cluster adjacency™ There exists a representation of the symbol of
an amplitude in which the final symbol entry in every term is cluster adjacent to all poles

of the Yangian invariant that term multiplies.

Support for these conjectures was given for NMHV amplitudes at 6- and 7-points in
[82, 81] (to all loop order at which these amplitudes are currently known), and for one- and
two-loop MHV amplitudes (to which only the first conjecture applies) at all multipliticies

in [89].

5.2 One-loop Amplitudes

To demonstrate the cluster adjacency of NMHV amplitudes with respect to the conjec-
tures in Section 5.1 we need to work with appropriate finite quantities after IR divergences
have been subtracted. To this end we will be working with two types of regulators at one
loop: BDS [112] and BDS-like [113] normalized amplitudes. In this section we review these

regulators and the one-loop amplitudes relevant for our computations.

5.2.1 BDS- and BDS-like Subtracted Amplitudes

We start by reviewing the BDS normalized amplitude, which was first introduced in [112].

Consider the n-point MHV amplitude AM2V in planar A" = 4 SYM with gauge group SU(N.,.)
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coupling constant gy, where the tree-level amplitude has been factored out. Evaluating the
amplitude in 4-2¢ dimensions regulates the IR divegences. The BDS normalization involves

dividing all amplitudes by the factor

o0 (L)
a2 o[ 57 (L a0 @ 0] 1
L=1

2
that encapsulates all IR divergences. Here where g% = g‘ﬁi‘ggg is the 't Hooft coupling, the
superscript (L) on any function denotes its O(g*") term, C (L) is a transcendental constant

and f(e) = %Fcusp + O(e), where I'cysp is the cusp anomalous dimension
Teusp = 49° + O(g%) . (5.8)

The BDS-like normalization contrasts with BDS normalization by the inclusion of a
dual conformally invariant function Y, chosen such that the BDS-like normalization only

depends on two-particle Mandelstam invariants,

. T
AEDS—hke _ AEDS exp [%Yn] , 4 V n,

2

nm
Y, = —F, — 4ABDS like + EE

(5.9)

where F, is (in our conventions) twice the function in Eq. (4.57) of [112] (one can use an
equivalent representation from [89]) and Appg.jike is given on page 57 of [114]. Since AEDS‘IH‘G
only depends on two-particle Mandelstam invariants, which can be written entirely in terms

of frozen variables of the cluster algebra, the BDS-like normalization has the nice feature

of not spoiling any cluster adjacency properties. At the same time it means that BDS-like
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normalized amplitudes will satisfy Steinmann relations [84, 85, 86|

Disc. 2 [DiSC2 A ] =0
Ti1,4 zi+1,i+p( n) ’

0<j—i<p or q<i—-j<p+q. (5.10)
Disc,2 [Disc,s (40)] =0,

i+1,i4p Titl,j+p+q
5.2.2 NMHYV Amplitudes

The one-loop n-point NMHYV ratio function can be written in the dual conformally invariant

form [115, 116]

n-2 n
P = Viot Riot + VianRian + Z Z VistRist + cyclic. (5.11)
s=b t=s+2

The transcendental functions Viot, Vian, and Vi are given explicitly in Appendix 5.5. The

function Ry is given in terms of R-invariants [3]

n-2 n
Riot = Z Z Rt s (512)

s=3 t=s+2

and R, are the five-brackets [93] written in terms of momentum supertwistors as

Ryst=[r,s-1,s,t-1,t],

5.13
5™ (xa(b, c,d, €) + cyclic) (5.13)

(a,b,c,d){b,c,d,e){c,d,e,a)(d, e, a,b){e a,b,c)

[a7 b7 ) d7 6] =

These are special cases of Yangian invariants |3, 11] and we will henceforth refer to them as

such.
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5.3 Cluster Adjacency of One-Loop NMHV Amplitudes

In this section we will describe the method we used to test the conjectures in Section 5.1

and our results.

5.3.1 The Symbol and Steinmann Cluster Adjacency

To compute the symbol of a transcendental function, we follow [12] (see also [117]). Only

weight two polylogarithms appear at one loop so it is sufficient for us to use the symbols
S(log(Rl)log(Rg)) =R1®R2+R2®R1, S(LiQ(Rl)) =—(1—R1)®R1. (5.14)

Once the symbol of an amplitude is computed, we expand out any cross ratios using (5.28)
and (5.3), and perform the bracket test to adjacent symbol entries. It is straightforward
to compute the symbol of the expressions in Appendix 5.5 using (5.14) and we find that
the symbol of each of the transcendental functions of (5.11), Vian, Vi st, and Viet, satisfy
Steinmann cluster adjacency (after dropping spurious terms that cancel when expanded

out), and hence satisfies Conjecture 1.

5.3.2 Final Entry and Yangian Invariant Cluster Adjacency

To study Conjecture 2, we follow [81] and start with the BDS-like normalized amplitude

expanded as a linear combination of Yangian invariants times transcendental functions

_like L
AS}\;HV, BDS-lik =Z3’z‘f¢(2 ) (5.15)
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We seek a representation of this amplitude that satisfies Conjecture 2. Using the bracket
test (5.6), we determine which final symbol entries are not cluster adjacent to all poles
of the Yangian invariant multiplying that term. We then rewrite the non-cluster adjacent

combinations of Yangian invariants and final entries by using the identities [93]

[a,b,c,d,e]—[a,b,c,d,f]+[a,b,c,e,f]—[a,b,d,e,f]+[a,c,d,e,f]—[b,c,d,e,f] :0'

(5.16)

until we are able to reach a form that satisfies final entry cluster adjacency. Note that
rewriting in this manner makes the integrability of the symbol no longer manifest. The 6-
and 7-point cases were studied in [81]. We checked that this conjecture is true in the 9-point
case as well. To get a flavor for our 9-point calculation, consider the following term that we

encounter, which does not manifestly satisfy final entry cluster adjacency:

1
-5 ([1,2,3.4.5] +[1,2,3,5,6] + [1,2,3,6,7] - [1,2,4,5,7] - [1,2,5.6,7]

+ [173747576] + [173747677] + [17475767 7] - [27374757 7] - [2a3a 57677]) (517>

(1,2,3,4)(1,7,8,9)
x (log(<1’2’7’8><1’3’4’9)) ® (3,4, 7,8)) .

To get rid of the non-cluster adjacent combinations of Yangian invariants and final entries,
we list all identities (5.16) and note that there are 14 cyclic classes of Yangian invariants
at 9-points. A cyclic class is generated by taking a five-bracket and shifting all indices
cyclically. This collection forms a cyclic class. Solving the identities (5.16) for 7 of the

14 cyclic classes in Mathematica (yielding (174) = 3432 different solutions), we find that at

least one solution, for each final entry, brings the symbol to a final entry cluster adjacent
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form. For the example (5.17), one of the combinations from these solutions, that is cluster

adjacent, takes the form

1
- 5([172737478] - [1)2737 778] + [172745 7>8] - [173747 778]

(5.18)
(1,2,3,4)(1,7,8,9)

(1,2,7,8)(1,3,4,9)

+[2,3,4,7,8] +[3,4,5,6,7]) (log( ) ® (3,4, 7,8)) .

One can check that the complete set of Yangian invariants that are cluster adjacent to

(3,4,7,8) is given by

{[1,2,3,4,7],[1,2,3,4,8],[1,2,3,4,9],[1,2,3,7,8],[1,2,3,7,9],[1,2,3,8,9],
[1,2,4,7,8],[1,2,4,7,9],[1,2,4,8,9],[1,2,7,8,9],[1,3,4,7,8],[1,3,4,7,9],
[1,3,4,8,9],[1,3,7,8,9],[1,4,7,8,9],(2,3,4,7,8],[2,3,4,7,9],[2,3,4,8,9], (5.19)
[2,3,7,8,9],[2,4,7,8,9],[3,4,5,6,7],[3,4,5,6,8],[3,4,5,7,8],[3,4,6,7,8],

[3?47 7’ 8? 9]7 [37 5? 67 77 8]’ [47 57 67 7’ 8]} N

At 10-points this method becomes much more computationally intensive as we have 26
cyclic classes. If we follow the same procedure as for 9-points, we would have to check
cluster adjacency of (%g) = 10400600 solutions per final entry with non cluster adjacent

Yangian invariants.
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5.4 Cluster Adjacency and Weak Separation

In our study of one-loop NMHV amplitudes we observed some general cluster adjacency
properties of symbol entries and Yangian invariants involved in the one-loop NMHV ampli-

tude. Let us denote the various types of symbol letters by

A1y5 = <7’_ 177;7]‘ - 17j>7 (520)
a2k = (i(jj+1)(kk+1)(i-1i+1))
(5.21)
= (i g, g+ i Wik k+ 1,0+ 1) = (0,5, + 1,0+ 1)(i, k, ke + 1,6 - 1),

azijie = (1(J 7+ D) (kk+1)(11+1))

(5.22)
= (i, g,k k+ 1) (6, + 1,00+ 1) = (4,5 + 1k, k+1){i, 4, 1,1 +1).

In this section we summarize their cluster adjacency properties as determined by the bracket
test.
First consider ai;; and ag.pm,. We observe that these variables are adjacent if they

satisfy a generalized notion of weak separation [109, 110]. In particular we find that

(t-1,1,7-1,7) and (k(Il+1)(mm+1)(k-1k+1)) are cluster adjacent iff
(i,jYe{k+1,.. . 0+1}v{l+1,....om+1}v{m+1,....k} or (5.23)

{i=kj=l+1}v{i=k,j=m+1}v{i=k+1,j=l+1}v{i=k+1,j=m+1}.

This adjacency statement can be represented by drawing a circle with labeled points {1,...,n}

appearing in cyclic order, as in Figure 5.1. For the variables ai.;; and as.x;m, we observe
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FIGURE 5.1: Weak separation graph indicating that if both ¢ and j are within any of
the green regions (or on the green chords), then (i — 1,4,7 — 1,75) is cluster adjacent to
((Il+1)(mm+1)(k-1k+1)).

(i-1,i,7-1,7) and (k(ll+1)(mm+1)(pp+1)) are cluster adjacent iff

{i,jye{k+1,...0+1}v{l+1,...om+1}v{m+1,....p+1}v{p+1,....k+1}

(5.24)
or {i=k+1,j=0l+1}v{i=l+1,7=m+1}v{i=m+1,j=p+1}
vi{i=p+1l,j=k+1}v{i=k+1,j=m+1}v{i=l+1,7=p+1}.

This statement is represented in Figure 5.2.
For Pliicker coordinate of type (5.20) and Yangian invariants (5.13), we observe
(t-1,i,7-1,7) and [a,b,c,d,e] are cluster adjacent iff
(5.25)

= 1,2,...,5-1,3 —1,7,...,0—1,1
{a,b,C,d,e}c({l Nz 57] ’J})U({J 7.]75 N ,Z})'
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Cluster Adjacent

Cluster Adjacent
juadelpy Jaisn|d

Cluster Adjacent

FIGURE 5.2: Weak separation graph indicating that if both ¢ and j are within any of
the green regions (or on the green chords), then (i — 1,4, — 1,7) is cluster adjacent to
(k(ll+1)(mm+1)(pp+1)).

Next up the variables (5.21) and Yangian invariants (5.13) are observed to have the adjacency

condition

(i(jj+1)(kk+1)(i-1i+1)) and [a,b,c,d,e] are cluster adjacent iff

e+ 1,...,9,7+1
{a,b,c,d,e}c{{z',j,j+1,k,k+1}}u({l’” o }) (5.26)

U({j,j+1,...,k,k+1})u({k,k+1,...,z’—1,z’})
5 5 ’

Finally, for variables (5.22) and Yangian invariants (5.13), we observe adjacency when

(t(jj+1)(kk+1)(Il+1)) and [a,b,c,d,e] are cluster adjacent iff

{a,b,c,d,e}c({Z"”’é’j+1})u({z’j’jJrl"E)'”k’kJrl}) (5.27)
U({z‘,k,k+1,5...,l,l+1})u({l,l+15,...,z'})'

The statements about cluster adjacency in this section hint at a generalization of the notion
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of weak separation for Pliicker coordinates [109, 110]. We are only able to verify these
statements “experimentally” via the bracket test. To prove such statements, we look to
Theorem 1.6 of [110] which states that: given a subset C of ({1"4""}), the set of Pliicker
coordinates {ps}iec forms a cluster in the Gr(4,n) cluster algebra iff C is a maximally
weakly separated collection. Maximally weakly separated means that if C ¢ ({1"4""}) is a
collection of pairwise weakly separated sets and C is not contained in any larger set of of
pairwise weakly separated sets, then the collection C is maximally weakly separated. To
prove the cluster adjacency statements made in this section, we would have to prove that
there exists a maximally weakly separated collection containing all the weakly separated
sets proposed in for each pair of coordinates/Yangian invariants considered in this section.

We leave this to future work.

5.5 n-point NMHYV Transcendental Functions

In this Appendix we present the transcendental functions contributing to the NMHV ratio
function (5.11), from [116]. All functions are written in a dual conformally invariant form,

in terms of cross ratios

2,2
T2
ik gl
Uijkl = ~5 5 (5.28)
XTI
il gk



5.5. n-point NMHYV Transcendental Functions 83

of dual momenta (5.3). The functions V; 5 are given by

S
Vit = Lio(1 = urgea) — Lig(1 = wizes) + Y [Lia(1 — ugi42,i-1,) — Lia(1 — u12i-1)
i=5

. 1 1
- Lig(1 - wyi42-14) — 3 In(u214+2) In(w1 iv2,i-14) — 3 In(ui2t) In(wigi-14) (5.29)
1
—3 In(ugi-1,,i+2) ln(u12i,i—1)] ,  for 5<s,;t<n-1,
where 5<s<n-2and s+2<t<n, and
vl,s,n = L12(]— - u2sn,n—1) + L12(1 - U2147n—1) + ln(u25n,n—1) 1n(”le,n—l)
S
+, [Lig(1 —u2,42,i-1,4) — Lia(1 = w1255-1) — Lia(1 — w1 442,i-1,1)
=5 (530)
1 1

-3 In(u21ii+2) In(u1i42,-1,) — 2 In(ui2,n-1,;) In(w1,n-1,i-1,i)

1 2
— 5 ln(u27i_17n_1,i+2) ln(ulgi’i_l)] — ?’ for 4<s<n- 3,

where the sum empty sum is understood to vanish for s = 4. The function Vi j,—2, is given

by

Vin-2,n = Lig(1 = u2pn-3n-2) — Lia(1 = w12,n-2.n-3) + Lia(1 = 2 n-3nn-1)

. U12,n-2,n-1
+ Lio(1 = u214,n-1) = In(un1pn-3,n-2) In (#)
U2,n-3,n-1,n
n-3
+In(uan-3mn-1) In(u21 pn-3m-1) + Y. [Liz(1 - u2+2,i-1,) (5.31)
i=5

. . 1
- Lio(1 —wigii-1) — Lia(1 — w1 42,-14) — 5 In(u214,5+2) In(w1 i42,i-1)

1 1 2
-5 In(u12,n-1,i) (w1 n-14-1,i) - 2 In(u2,i-1,n-1,i+2) 111(%21,%1)] 5
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Finally Vit is given by two different formulas, one for n = 8 and one for n > 8. For n =8 we

have

_ 18 1
SV&S = -Lig(1 - u{%ﬂ) + = Z Lig(1 - u{zli i+1) + = In(ugiss) In (—u1256u3478) +cyclic, (5.32)
24 ’ 4 U2367

while for n > 8 we have

' ~ 1 n—2 ) B
nViot = —Lia(1 = uigg 1) + > > Lig(1 = uy3;541)
i1

(5.33)
1 1 .
5 In(uni134) In(uizen-2) - B In(un14s5) In(u23e n-2u2367) + vy + cyclic,
where
n—1 .
T2 -1
nodd: wvy,= > In(uniiie1) Y, (U ji1i4jm-ivj) (5.34)
i—4 j=1
n-1 . n-2
3 i—1 1 3
neven: v, = E;L In(un1ii+1) Z;ln(uy‘,jﬂ,nj,n—wj) (g 20) 2; (W12 i me1) -
1= J= 1=

(5.35)
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Chapter 6

Symbol Alphabets from Plabic

Graphs

This chapter is based on the publication [118§].

A central problem in studying the scattering amplitudes of planar N = 4 super-Yang-
Mills (SYM) theory is to understand their analytic structure. Certain amplitudes are known
or expected to be expressible in terms of generalized polylogarithm functions. The branch
points of any such amplitude are encoded in its symbol alphabet—a finite collection of multi-
plicatively independent functions on kinematic space called symbol letters [12]. In [5] it was
observed that for n = 6,7, the symbol alphabet of all (then-known) n-particle amplitudes is
the set of cluster variables [17, 119] of the Gr(4,n) Grassmannian cluster algebra [21]. The
hypothesis that this remains true to arbitrary loop order provides the bedrock underlying
a bootstrap program that has enabled the computation of these amplitudes to impressively
high loop order and remains supported by all available evidence (see [13] for a recent review).

For n > 7 the Gr(4,n) cluster algebra has infinitely many cluster variables [119, 21].

While it has long been known that the symbol alphabets of some n > 7 amplitudes (such
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as the two-loop MHV amplitudes [22]) are given by finite subsets of cluster variables, there
was no candidate guess for a “theory” to explain why amplitudes would select the sub-
sets that they do. At the same time, it was expected [25, 26| that the symbol alphabets
of even MHV amplitudes for n > 7 would generically require letters that are not cluster
variables—specifically, that are algebraic functions of the Pliicker coordinates on Gr(4,n),
of the type that appear in the one-loop four-mass box function [120, 121] (see Appendix 6.7).
(Throughout this paper we use the adjective “algebraic” to specifically denote something that
is algebraic but not rational.)

As often the case for amplitudes, guesses and expectations are valuable but explicit
computations are king. Recently the two-loop eight-particle NMHV amplitude in SYM
theory was computed [23], and it was found to have a 198-letter symbol alphabet that can
be taken to consist of 180 cluster variables on Gr(4,8) and an additional 18 algebraic letters
that involve square roots of four-mass box type. (Evidence for the former was presented
in [26] based on an analysis of the Landau equations; the latter are consistent with the
Landau analysis but less constrained by it.) The result of [23] provided the first concrete
new data on symbol alphabets in SYM theory in over eight years. We will refer to this as
“the eight-particle alphabet” in this paper since (turning again to hopeful speculation) it
may turn out to be the complete symbol alphabet for all eight-particle amplitudes in SYM
theory at all loop order.

A few recent papers have sought to explain or postdict the eight-particle symbol alphabet
and to clarify its connection to the Gr(4,8) cluster algebra. In [122] polytopal realizations
of certain compactifications of (the positive part of) the configuration space Confg(P?)

of eight particles in SYM theory were constructed. These naturally select certain finite
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subsets of cluster variables, including those in the eight-particle alphabet, and the square
roots of four-mass box type make a natural appearance as well. At the same time, an
equivalent but dual description, involving certain fans associated to the tropical totally
positive Grassmannian [123], appeared simultaneously in [124, 108]. Moreover |124] proposed
a construction that precisely computes the 18 algebraic letters of the eight-particle symbol
alphabet by (roughly speaking) analyzing how the simplest candidate fan is embedded within
the (infinite) Gr(4,8) cluster fan.

In this paper we show that the algebraic letters of the eight-particle symbol alphabet are
precisely reproduced by an alternate construction that only requires solving a set of simple
polynomial equations associated to certain plabic graphs. This raises the possibility that
symbol alphabets of SYM theory could be encoded more generally in certain plabic graphs.
In Sec. 6.1 we introduce our construction with a simple example and then complete the
analysis for all graphs relevant to Gr(4,6) in Sec. 6.2. In Sec. 6.3 we consider an example
where the construction yields non-cluster variables of Gr(3,6) and in Sec. 6.4 we apply it
to graphs that precisely reproduce the algebraic functions on Gr(4,8) that appear in the

symbol of [23].

6.1 A Motivational Example

Motivated by [125], in this paper we consider solutions to sets of equations of the form

C-Z=0 (6.1)
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which are familiar from the study of several closely connected or essentially equivalent
amplitude-related objects (leading singularities, Yangian invariants, on-shell forms; see for
example [27, 93, 94, 28, 30]).

For the application to SYM theory that will be the focus of this paper, Z is the n x 4
matrix of momentum twistors describing the kinematics of an n-particle scattering event,
but it is often instructive to allow Z to be n x m for general m.

The k x n matrix C(fo,..., fq) in (6.1) parameterizes a d-dimensional cell of the totally
non-negative Grassmannian Gr(k,n)so. Specifically, we always take it to be the boundary
measurement of a (reduced, perfectly oriented) plabic graph expressed in terms of the face
weights f, of the graph (see [29, 30]). One could equally well use edge weights, but using
face weights allows us to further restrict our attention to bipartite graphs and to eliminate
some redundancy; the only residual redundancy of face weights is that they satisfy [, fo =1
for each graph.

For an illustrative example, consider

which affords us the opportunity to review the construction of the associated C-matrix

from [29]. The graph is perfectly oriented because each black (white) vertex has all incident
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arrows but one pointing in (out). The graph has two sources {1,2} and four sinks {3,4,5,6}
and we begin by forming a 2 x (2 + 4) matrix with the 2 x 2 identity matrix occupying the

source columns:

1 0 c13 cua ci5 cie
C - . (6.3)

0 1 co3 coa c25 o6

The remaining entries are given by

cij=(-1° > []/fa (6.4)

pit—j aep

where s is the number of sources strictly between ¢ and j, the sum runs over all allowed
paths p from ¢ to j (allowed paths must traverse each edge only in the direction of its arrow)

and the product runs over all faces a to the right of p, denoted by p. In this manner we find

c13 = —fofifof3fafs5[6, c23 = fofirfafsfafsfefs,

cia = —fofifofafa(1+ fo), c2a = fofifofsfafefs, 65
6.5

ci5 = —fofifo(L+ fa+ fafe), c25 = fofifofafefs,

ci6 = —fo(1+ fo+ fofa+ fafafs), co6= fofafafsfs.
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Then for m =4, (6.1) is a system of 2x4 = 8 equations for the eight independent face weights,

which has the solution

 (1234)  (2346) _ (2345)(1236)

Jo= (2346) Ji= T (2345) f2= (1234)(2356) °
(2356) _ (2346)(1256) (2456)

Js = ~(2346) Ja= (2456)(1236) ’ Js = ~(2356) (6.6)
_ (2356)(1456) _ (3456) _ (2456)

Jo= (3456)(1256) ° fr= (2456) Js= (1456) °

where (ijkl) = det(Z;Z;Z,Z;) are Pliicker coordinates on Gr(4,6).

We pause here to point out two features evident from (6.6). First, we see that on
the solution of (6.1) each face weight evaluates (up to sign) to a product of powers of
Gr(4,6) cluster variables, i.e. to a symbol letter of six-particle amplitudes in SYM theory [12].
Moreover, the cluster variables that appear ((2346), (2356), (2456), and the six frozen
variables) constitute a single cluster of the Gr(4,6) algebra.

The fact that cluster variables of Gr(m,n) seem to arise, at least in this example, raises
the possibility that the symbol alphabets of amplitudes in SYM theory might be given more
generally by the face weights of certain plabic graphs evaluated on solutions of C'-Z =0. A
necessary condition for this to have a chance of working is that the number of independent
face weights should equal the number of equations (both eight in the above example); oth-
erwise the equations would have no solutions or continuous families of solutions. For this
reason we focus exclusively on graphs for which (6.1) admits isolated solutions for the face
weights as functions of generic n x m Z-matrices; in particular this requires that d = km. In
such cases the number of isolated solutions to (6.1) is called the intersection number of the

graph.
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The possible connection between plabic graphs and symbol alphabets is especially tanta-
lizing because it manifestly has a chance to account for both issues raised in the introduction:
(1) while the number of cluster variables of Gr(4,n) is infinite for n > 7, the number of (re-
duced) plabic graphs is certainly finite for any fixed n, and (2) graphs with intersection
number greater than 1 naturally provide candidate algebraic symbol letters. Our showcase

example of (2) is presented in Sec. 6.4.

6.2 Six-Particle Cluster Variables

The problem formulated in the previous section can be considered for any k, m and n. In
this section we thoroughly investigate the first case of direct relevance to the amplitudes of
SYM theory: m =4 and n =6. Although this case is special for several reasons, it allows us
to illustrate some concepts and terminology that will be used in later sections.

Modulo dihedral transformations on the six external points, there are a total of four
different types of plabic graph to consider. We begin with the three graphs shown in Fig. 6.1
(a)—(c), which have k = 2. These all correspond to the top cell of Gr(2,6)s¢ and are related
to each other by square moves. Specifically, performing a square move on fo of graph (a)
yields graph (b), while performing a square move on f4 of graph (a) yields graph (c). This
contrasts with more general cases, for example those considered in the next two sections,
where we are in general interested in lower-dimensional cells.

The solution for the face weights of graph (a) (the same as (6.2)) were already given
n (6.6), and those of graphs (b) and (c) are derived in (6.27) and (6.29) of Appendix 6.6. The

latter two can alternatively be derived from the former via the square move rule (see [29, 30]).



92 Chapter 6. Symbol Alphabets from Plabic Graphs

In particular, for graph (b) we have

b a a a a
O - O ), O - O ),

® _ 1
(a) == (a) (6.7)
1(b) _ 1 2 2( ) ib) _ 4
1+1/f 1+1/ £

with f5, f, f7 and fg unchanged, while for graph (c) we have

=500 1), K= 500+ ),

(0 _ 1
(a) 4T Ty (a) (6.8)
©_ I3 ¢ ©_ _Je

3 6

1+1/f" 1+1/f"

with fo, f1, f7 and fg unchanged.

To every plabic graph one can naturally associate a quiver with nodes labeled by Pliicker
coordinates of Gr(k,n). In Fig. 6.1 (d)—(f) we display these quivers for the graphs under
consideration, following the source-labeling convention of [126, 127] (see also [128]). Because
in this case each graph corresponds to the top cell of Gr(2,6)sg, each labeled quiver is a
seed of the Gr(2,6) cluster algebra. More generally we will have graphs corresponding to
lower-dimensional cells, whose labeled quivers are seeds of subalgebras of Gr(k,n).

Henceforth we refer to a labeled quiver associated to a plabic graph in this manner as
an input cluster, taking the point of view that solving the equations C'- Z = 0 associates a
collection of functions on Gr(m,n) to every such input. At the same time, there is a natural
way to graphically organize the structure of each of (6.6), (6.27) and (6.29) in terms of an
output cluster, as we now explain.

First of all we note from (6.27) and (6.29) that, like what happened for graph (a) consid-

ered in the previous section, each face weight evaluates (up to sign) to a product of powers
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(16)] - >[(12) (16)] e > [(12)

1 N ¥
(26) (26)

AN
(56) (36) (23) (56) - s (23)
AN y

(35)
(45)] < (34) (34)
(d) (e) ()
-------- S - o] [
N 4 N ¥ X ¥
(2456) (2456) (2456)
\ 1
(2345) (235716) - (2345) — > (2356) <—— . / \
NN N~/ N (2346) < (1246) -
. (2346) \ (1235)
RN AN L \
(1234] < [1236) ‘(1234)‘ ‘(1236)‘
(2) (h) (i)

FIGURE 6.1: The three types of (reduced, perfectly orientable, bipartite)

plabic graphs corresponding to km-dimensional cells of Gr(k,n)so for k = 2,

m =4 and n = 6 are shown in (a)—(c). The associated input and output clus-

ters (see text) are shown in (d)—(f) and (g)—(i) respectively. Lines connecting

two frozen nodes are usually omitted, but we include in (g)—(i) the dotted

lines (having “black on the right” in the dual plabic graph) that encode (6.6),
(6.27) and (6.29) (up to signs).
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of Gr(4,6) cluster variables. Second, again we see that for each graph the collection of
variables that appear precisely constitutes a single cluster of Gr(4,6): suppressing in each
case the six frozen variables, we find (2346), (2356) and (2456) for graph (a); (1235), (2356)
and (2456) for graph (b); and (1456), (2346), and (2456) for graph (c). Finally, in each case
there is a unique way to label the nodes of the quiver not with cluster variables of the “input”
cluster algebra Gr(2,6), as we have done in Fig. 6.1 (d)—(f), but with cluster variables of the
“output” cluster algebra Gr(4,6). We show these output clusters in Fig. 6.1 (g)—(i), using
the convention that the face weight (also known as the cluster X-variable) attached to node
i is [1; a?.ji where bj; is the (signed) number of arrows from j to i.

For the sake of completeness, we note that there is also (modulo Zg cyclic transforma-

tions) a single relevant graph with k = 1:

for which the boundary measurement is

¢= (0 L fofifefs fofife fof fo) (6.9)
and the solution to C'- Z =0 is given by

(2345)
(3456) ’

(2346)

="ty 277

(2356)
(2346)’

_ (2456) _ (3456)
k“@%w"ﬁ__@%w' (6.10)

fo=
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Again the face weights evaluate (up to signs) to simple ratios of Gr(4,6) cluster variables,
though in this case both the input and output quivers are trivial. This graph is an example
of the general feature that one can always uplift an n-point plabic graph relevant to our
analysis to any value of n’ > n by inserting any number of black lollipops. (Graphs with
white lollipops never admit solutions to C-Z = 0 for generic Z.) In the language of symbology,
this is in accord with the expectation that the symbol alphabet of an n’-particle amplitude
always contains the Z, cyclic closure of the symbol alphabet of the corresponding n-particle
amplitude.

In this section we have seen that solving C'-Z = 0 induces a map from clusters of Gr(2,6)
(or subalgebras thereof) to clusters of Gr(4, 6) (or subalgebras thereof). Of course, these two
algebras are in any case naturally isomorphic. Although we leave a more detailed exposition
for future work, we have also checked for m = 2 and n < 10 that every appropriate plabic
graph of Gr(k,n) maps to a cluster of Gr(2,n) (or a subalgebra thereof), and moreover that
this map is onto (every cluster of Gr(2,n) is obtainable from some plabic graph of Gr(k,n)).

However for m > 2 the situation is more complicated, as we see in the next section.

6.3 Towards Non-Cluster Variables

Here we discuss some features of graphs for which the solution to C-Z = 0 involves quantities

that are not cluster variables of Gr(m,n). A simple example for k =2, m =3, n =6 is the



96 Chapter 6. Symbol Alphabets from Plabic Graphs

graph

(6.11)
whose boundary measurement has the form (6.3) with
ci3 = -0, cis = —fofi(L+ f3), cas=fofifofsfafs, ca5="Ffofifsfs, 6.12)
6.12
ciu=~fofifafs, crie=~fo(1+f3), ca=fofifafsfs, cos=fofsfs-
The solution to C'- Z =0 is given by
fy__(123)(145) ;o _{146)
07 (1x4,2x3,5x6)" "' (145)’
f {x42x35x6) . (239)(156)
2 (234)(146) 77 (123)(456) (613)
£y {121)as6) £, {14,235 6)
YT 1x4,2x3,5x6)7 0T (134)(156)
(134
f6 - <124> ’

which involves four mutable cluster variables (124), (134), (145), and (146) which comprise

a cluster of the Gr(3,6) algebra, together with the quantity

(1x4,2x3,5x6) = (123)(456) — (234)(156) (6.14)

which is not a cluster variable of Gr(3,6).
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We can gain some insight into the origin of (6.14) by considering what happens under a

square move on f3. This transforms the face weights to

_(145) _ (146) _ (156) _ (123)(456)
A R T R (T
(124) (234) (134) '
f4__ma f5__@7 fG__@v

leaving four mutable cluster variables (124), (134}, (145), and (146) which comprise a cluster
of the Gr(3,6) algebra. However, it is not possible to associate a labeled “output” quiver
to (6.15) in the usual way, as we did for the examples in the previous section.

To turn this story around: had we started not with (6.11) but with its square-moved
partner, we would have encountered (6.15) and then noted that performing a square move
back to (6.11) would necessarily introduce the multiplicative factor

(1x4,2x3,5x6)
(234)(156)

1+f3 = - (616)

into four of the face weights.

The example considered in this section provides an opportunity to comment on the
connection of our work to the study of cluster adjacency for Yangian invariants. In [81, 65]
it was noted in several examples, and conjectured to be true in general, that the set of
factors appearing in the denominator of any Yangian invariant with intersection number 1
are cluster variables of Gr(4,n) that appear together in a cluster. This was proven to be true
for all Yangian invariants in the m = 2 toy model of SYM theory in [105] and for all m =4
N2MHV Yangian invariants in [129]. We recall from [30, 130] that the Yangian invariant

associated to a plabic graph (or, to use essentially equivalent language, the form associated
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to an on-shell diagram) is given by dlog f1 A---Adlog fg. One of our motivations for studying
the conjecture that the face weights associated to any plabic graph always evaluate on the
solution of C-Z = 0 to products of powers of cluster variables was that it would immediately
imply cluster adjacency for Yangian invariants. Although the graph (6.11) violates this
stronger conjecture, it does not violate cluster adjacency because on-shell forms are invariant
under square moves [30]. Therefore, even though (1 x 4,2 x 3,5 x 6) appears in individual
face weights of (6.13), it must drop out of the associated on-shell form because it is absent

from (6.15).

6.4 Algebraic Eight-Particle Symbol Letters

One reason it is obvious that the solutions of C'- Z = 0 cannot always be written in terms of
cluster variables of Gr(m,n) is that for graphs with intersection number greater than 1 the
solutions will necessarily involve algebraic functions of Pliicker coordinates, whereas cluster
variables are always rational.

The simplest example of this phenomenon occurs for k =2, m =4 and n = 8, for which

there are four relevant plabic graphs in two cyclic classes. Let us start with

(6.17)
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which has boundary measurement
1 c12 0 ciu c15 c16 cir cis
C= (6.18)
0 c32 1 ¢34 ¢35 c36 c37 38

with

ci2 = fofifafsfafsfefr,  c1a=-0, c15 = —fofifafsfa, (6.19)

c16 = —fofifaf3, ci7 =—fofi(1+ f3), cig = —fo(1+ f3), (6.20)

c32=0, caa = fofifafafafsfefs,  c3s5=fofifafafafefs, — (6.21)

cz6 = fofifofafefs, c3r = fof1f3fefs, css = fofsfefs- (6.22)
The solution to C' - Z =0 for generic Z € Gr(4,8) can be written as

fo - | L10DEHEE) (1234) £y~ 1| 00 (3(12)(56)(78)) (5678)

“\ 45 (2(34)(56)(78)) (3478) 72T \| “auar (6(12)(34)(78)) (3478)
_ | a7 (8(12)(34)(56)) _ | a3 (1(34)(56)(78)) (3478)
N Traeoen) T T\ waa2)6e)m) )
oo JabaEn@Iem) (@) e ) 023
27\ as (8(12)(34)(56)) (3456) * T\ @1 (3(12)(56)(78)) ’
as (1278) (3456) as (2(34)(56) (78))
f3 = 5 f8 = 5
ag (1234) (5678) \ a3 (1(34)(56)(78))

[ J (6(12)(34)(78))
s (5(12) (34)(78))

where

(a(be)(de)(fg)) = (abde){acfg) - (abfg)(acde)

(6.24)
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and the nine a; provide a (multiplicative) basis for the algebraic letters of the eight-particle
symbol alphabet that contain the four-mass box square root \/Ai3s7, as reviewed in Ap-
pendix 6.7.

The nine face weights shown in (6.23) satisfy [] fo = 1 so only eight are multiplicatively
independent. It is easy to check that they remain multiplicatively independent if one sets
all of the Pliicker coordinates and brackets of the form (6.24) to one. Therefore, the f,
(multiplicatively) only span an eight-dimensional subspace of the full nine-dimensional space
spanned by the nine algebraic letters. We could try building an eight-particle alphabet by
taking any subset of eight of the face weights as basis elements (i.e., letters), but we would
always be one letter short.

Fortunately there is a second plabic graph relevant to \/Aj3s7: the one obtained by
performing a square move on f3 of (6.17). As is by now familiar, performing the square

move introduces one new multiplicative factor into the face weights:

[ (1256)(3478)
1+ fs= \} a9 (1234)(5678) ° (6.25)

which precisely supplies the ninth, missing letter! To summarize: the union of the nine face
weights associated to the graph (6.17), and the nine associated to its square-move partner,
multiplicatively span the nine-dimensional space of \/A1357-containing symbol letters in the
eight-particle alphabet of [23].

The same story applies to the graphs obtained by cycling the external indices on (6.17)
by one—their face weights provide all nine algebraic letters involving \/As46s.

Of course it would be very interesting to thoroughly study the numerous plabic graphs
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relevant to m = 4, n = 8 that have intersection number 1. In particular it would be interesting
to see if they encode all 180 of the rational (i.e., Gr(4,8) cluster variable) symbol letters
of [23], and whether they generate additional cluster variables such as those obtained from
the constructions of [124, 122, 108].

Before concluding this section let us comment briefly on “k” since one may be confused
why the plabic graph (6.17), which has k = 2 and is therefore associated to an N2MHV
leading singularity, could be relevant for symbol alphabets of NMHV amplitudes. The
symbol letters of an N*MHV amplitude reveal all of its singularities, including multiple
discontinuities that can be accessed only after a suitable analytic continuation. Physically
these are computed by cuts involving lower-loop amplitudes that can have k' > k. Indeed
the expectation that symbol letters of lower-loop higher-k amplitudes influence those of
higher-loop lower-k amplitudes is manifest in the Q-bar equation technology [22, 131, 132]
underlying the computation of [23]. Moreover there is indirect evidence |133] that the symbol
alphabet of the L-loop n-particle N¥MHV amplitude in SYM theory is independent of both k
and L (beyond certain accidental shortenings that may occur for small k£ or L). This suggests
that for the purpose of applying our construction to “the n-particle symbol alphabet” one

should consider all relevant n-point plabic graphs regardless of k.

6.5 Discussion

The problem of “explaining” the symbol alphabets of n-particle amplitudes in SYM theory
apparently requires, for n > 7, a mechanism for identifying finite sets of functions on Gr(4,n)

that include some subset of the cluster variables of the associated cluster algebra, together



102 Chapter 6. Symbol Alphabets from Plabic Graphs

with certain non-cluster variables that are algebraic functions of the Pliicker coordinates.

In this paper we have initiated the study of one candidate mechanism that manifestly
satisfies both criteria and may be of independent mathematical interest. Specifically, to
every (reduced, perfectly oriented) plabic graph of Gr(k,n)so that parameterizes a cell of
dimension mk, one can naturally associate a collection of mk functions of Pliicker coordinates
on Gr(m,n).

We have seen that for some graphs the output of this procedure is naturally associated
to a seed of the Gr(m,n) cluster algebra; for some graphs the output is a cluster’s worth of
cluster variables that do not correspond to a seed but rather behave “badly” under mutations
(this means they transform into things which are not cluster variables under square moves
on the input plabic graph); and finally for some graphs the output involves non-cluster
variables including, when the intersection number is greater than 1, algebraic functions.

We leave a more thorough investigation of this problem for future work. The “smoking
gun” that this procedure may be relevant to symbol alphabets in SYM theory is provided
by the example discussed in Sec. 6.4, which successfully postdicts precisely the 18 multi-
plicatively independent algebraic letters that were recently found to appear in the two-loop
eight-particle NMHV amplitude [23|. Our construction provides an alternative to the similar
postdiction made recently in [124].

It is interesting to note that since for m = 4, n = 8 there are no other relevant plabic graphs
having intersection number > 1, beyond those already considered Sec. 6.4, our construction
has no room for any additional algebraic letters for eight-particle amplitudes. Therefore, if
it is true that the face weights of plabic graphs, evaluated on the locus C'- Z = 0, provide

symbol alphabets for general amplitudes, then it necessarily follows that no eight-particle
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amplitude, at any loop order, can have any algebraic symbol letters beyond the 18 discovered
in [23].

At first glance this rigidity seems to stand in contrast to the constructions of [122, 124,
108] which each involve some amount of choice—having to do with how coarse or fine one
chooses one’s tropical fan, or equivalently how many factors to include in the Minkowski
sum when building the dual polytope. But in fact our construction has a choice with a
similar smell. When we say that we start with the C-matrix associated to a plabic graph,
that automatically restricts us to very special clusters of Gr(k,n)—those that contain only
Pliicker coordinates. Clusters containing more complicated, non-Pliicker cluster variables
are not associated to plabic graphs. One certainly could contemplate solving the C'- Z =0
equations for C' given by a “non-plabic” cluster parameterization of some cell of Gr(k,n)so
and it would be interesting to map out the landscape of possibilities.

It has been a long-standing problem to understand the precise connection between the
Gr(k,n) cluster structure exhibited [30] at the level of integrands in SYM theory and the
Gr(4,n) cluster structure exhibited [5] by integrated amplitudes. It was pointed out in [125]
that the C'- Z = 0 equations provide a concrete link between the two, and our results shed
some initial light on this intriguing but still very mysterious problem. In some sense we can
think of the “input” and “output” clusters defined in Sec. 6.2 as “integrand” and “integrated”
clusters with respect to the auxiliary Grassmannian space. (See the last paragraph of Sec. 6.4
for some comments on why k “disappears” upon integration.) Although we have seen that
the latter are not in general clusters at all, the example of Sec. 6.4 suggests that they may

be even better: exactly what is needed for the symbol alphabets of SYM theory.
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Note Added: The preprint [134] appeared on arXiv shortly after and has significant overlap

with the result presented in this note.

6.6 Some Six-Particle Details

Here we assemble some details of the calculation for graphs (b) and (c) of Fig. 6.1. The

boundary measurement for graph (b) has the form (6.3) with

c13 = —fofifof3faf5f6, c23 = fofifafsfafsfefs,
cia = —fofifofafa(1+ fo), c2a = fofrfafsfafefs,
(6.26)
c1s = —fofi(1 + fa+ fofa+ fafe + fafafe), c25 = fofifafefs(1+ f2),
c16 = —fo(1+ fa+ fafs), c26 = fofafefs,
and the solution to C'- Z =0 is given by
) _ _(1235) ) _ _(1236) ) (1234)(2356)
0 (2356)° L (1235)° 2 (2345)(1236)
(b) (1235) (b) (2345)(1256) (b) 2456)
g ) =L AU et L ket AR LS it (6.27)
(1234) (1235)(2456) (2356)
) _ (2356)(1456) ) _ _(3456) ) _ _(2456)
6 7 (3456)(1256) © T (2456)° 8 (1456)
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The boundary measurement for graph (c) has

c13 = —fofifofsfafsfe, c23 = fofifofafafsfefs,
cia = ~fofifafs(1+ fo + fafe), caa= fofifafsfefs(1+ fa), 6:28)
6.28
ci5 = —fofif2(1 + f6) c25 = fofifafefs,
ci6 = —fo(1+ fo+ fafs), c26 = fofafefs,
and the solution to C'-Z =0 is
(o) _ _(1234) f(C) _ _(2346) (o) _ (2345)(1246)
0 (2346) ! (2345) 2 (1234)(2456)
(c) _ _(1256) (©) _ (2456)(1236) () _ _(1246) (6.29)
3 (1246) ° 4 (2346)(1256) " P (1236)
(e) _ {1456)(2346) £ _ ~ (3456) (o) __(2456)
6 (3456)(1246) " 7 (2456) ’ 8 (1456) -

6.7 Notation for Algebraic Eight-Particle Symbol Letters

Here we review some details from [23] to set the notation used in Sec. 6.4. There are two

basic square roots of four-mass box type that appear in symbol letters of eight-particle

amplitudes. These are \/A1357 and \/Agss with

Aqss7 = ((1256)(3478) — (1278)(3456) — (1234)(5678))% — 4(1234)(3456)(5678)(1278) (6.30)

and Agggs given by cycling every index by 1 (mod 8).
The eight-particle symbol alphabet can be written in terms of 180 Gr(4,8) cluster vari-
ables, plus 9 letters that are rational functions of Pliicker coordinates and +/Ai357 and

another 9 that are rational functions of Pliicker coordinates and \/Aagses. We focus on the
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first 9 as the latter is a cyclic copy of the same story.

There are many different ways to write a basis for the eight-particle symbol alphabet

as the various letters one can form satisfy numerous multiplicative identities among each

other. For the sake of definiteness we use the basis provided in the ancillary Mathematica

file attached to [23]. The choice of basis made there starts by defining

1
z=§(l+u—v+\/(1—u—v)2—4uv),

2:%(1+u—v—\/(1—u—v)2—4uv)

in terms of the familiar eight-particle cross ratios

(1278)(3456) _ (1234)(5678)
(1256)(3478) "

u =

Note that the square root appearing in (6.31) is

VAizs7
(1256)(3478)

V(1 —u-v)2—4uv =

Then a basis for the algebraic letters of the symbol alphabet is given by

Ty — 2 Tp— 2
al = — , as = — , az = —
La = 2 lisi+6 Ty~ Zlisiv6
Td— =<2 Td— %2
a4 = — — , a5 =-— — , Qg =
Ld = % lisitd Ld ~ Zli>i+6 Le =2
Te— 2 z
ar = — ) asg = —, ag =
Le = Zli»it6 z

(1256)(3478)

Te—2

(6.31)

(6.32)

(6.33)

(6.34)

where the z’s are defined in (13) of [23]. While the overall sign of a symbol letter is irrelevant,

we have taken the liberty of putting a minus sign in front of as, a4 and as to ensure that
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each of the nine a;, indeed each individual factor appearing in (6.23), is positive-valued for

Z € GI‘(4, 8)>0.
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