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The discrete dislocation (DD) plasticity is truly mechanism-based plasticity and

well-suited for mesoscale modeling in metal. The effects of size-dependent plasticity

and plastic dissipation emerge naturally from this framework. The micromechan-

ics of fracture is material dependent and involves a broad range of length and time

scales. The intermediate situation between the cleavage crack growth and the plas-

tic dissipation involved in fracture based on DD plasticity is focused here. Fracture

crack growth is affected by dislocations: (i) dislocation motion shields the crack tip

and increases the dissipation energy and (ii) the local stress concentration associ-

ated with discrete dislocation in the vicinity of the crack tip can reach atomic bond

strength, causing the crack to grow. In this work fatigue crack growth from small

cracked particle into single crystal is first investigated with a focus on the effects of

plastic confinement due to elastic particle, and elastic modulus mismatch between

the reinforcement and matrix phases. The results show that fatigue crack growth

from micron-scale particles is strongly influenced by size effect of plasticity, elastic

mismatch, and the presence of particle to plastic flow. However the yield stress of the

matrix material and the cohesive strength in the cohesive zone model are unrealistic

due to the limitations of the standard DD algorithm. Also the computational cost

and storage can be reduced by using symmetric boundaries. Therefore the new algo-

rithm of discrete dislocation plasticity to improve the computational efficiency and

its application in the short crack problem are presented here. To study the role of

plastic anisotropy on crack growth in a single crystal, the standard DD formulation

can be extended to perform the effects of plastic dissipation and dislocation/crack

interaction on the basal cleavage in HCP-like material. To do so, the concept of

plastic flow controlled by a Peierls stress is first implemented to the standard DD

methodology. The results show that the fracture toughness is largely independent

of plastic anisotropy. Interestingly, the fracture toughnesses of both Peierls stress-



controlled flow material and obstacle-controlled flow material are unified through the

new Stress Gradient Plasticity concept.
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Chapter 1

Introduction

Fracture is the process of separating a solid object into two or more pieces. Generally,

this involves nucleation and propagation of crack-like defects. In most fields, growth

is much better understood than crack nucleation. That is why most fracture studies

have been focused on growth initiation and propagation of pre-existing crack. A

key difficulty is that fracture spans several length scales from the atomistic scale

to the macroscopic scale. Fig. 1.1 shows the important length scales involved for

cleavage crack growth in ductile materials. At the sufficiently large scale as shown

in Fig. 1.1(a), stress and deformation fields near a crack tip can be described in

terms of a macroscopic, and often isotropic, continuum. Under small scale yielding

where the plastic flow and separation region are very small compared to the crack

length, the stress intensity factor (K) in linear elastic fracture mechanics (LEFM)

serves as characterizing parameter to describe the near crack tip stress field, while

the energy release rate (Γ) is used as characterizing parameter when the plastic flow

becomes larger compared to the crack length. At the smaller scale in Fig. 1.1(b),

the anisotropic nature of individual grains comes into play. The fluctuation of stress

and strain can be described by crystal plasticity models. Closer to the crack tip,

Fig. 1.1(c), the energy dissipation is associated with the mobile dislocations moving

through the lattice. Each dislocation induces a localized stress concentration, giving

rise to large local stress fluctuations that vary as dislocations moving. The dislocations
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Figure 1.1: The various relevant scale in fracture: (a) the macroscopic scale that the
plastic zone is governed by continuum plastic flow (b) the grain scale in a polycrys-
talline metal (c) the scale of discrete dislocations and of discrete slip planes (d) the
atomic scale.

can also be generated from the crack tip itself or from nearby sources. As shown in

Fig. 1.1(d), the actual separation process takes place at the atomic scale. The stress

fields from the next higher-up scales increase the stress level of the atomic bonds to be

broken when the stresses at this scale reach the value on the order of bond strength.

This emphasized the fact that fracture is highly localized at the atomic scale but

is driven by the macroscopic applied load to atomic scale via stress field on smaller

length scales.

Over last two decades, computational studies of crystal plasticity, material insta-

bilities, such as shear bands, and fracture mechanisms have made major contribu-

tions to understand the mechanical behavior of materials (Tvergaard and Herrmann

(1993), Beaudoin et al. (1995), Camacho and Ortiz (1996)). The prediction of frac-

ture toughness requires a material length scale to accurately describe the material

behavior over the size matter scale (so-called mesoscale). The importance of failure
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mechanisms, such as nucleation, growth and coalescence of voids or fracture, occurs

on this mesoscale of which the formulations are intermediate between an atomistic

and an unstructured continuum description of deformation processes. There is lots of

experimental evidence (e.g. Fleck et al. (1994), Lloyd (1994), Ma and Clarke (1995),

Shell De Guzman et al. (1993)) showing the size dependence effect of plastic flow;

smaller is stronger. Atomistic models certainly incorporate the proper underlying

mechanics, but they are not practical for the analysis of larger mesoscale structure.

It is worth noting that as a general rule, computations on smaller size scales require

smaller time steps. Computational power limits such studies to millions of atoms,

typically, corresponding to submicron volumes of material. In materials that deform

plastically and/or undergo fatigue degradation, the collective behavior of defects, es-

pecially dislocations, occurs on much larger scales of microns to millimeters. While

the conventional continuum plasticity can significantly reduce the number of degrees

of freedom relative to atomic simulations, incorporation of a material length scale

is also necessary to capture the defect behaviors, i.e. shear bands and strain local-

ization, Zhou et al. (1994), Aifantis (1987), Zbib and Aifantis (1988), De Borst and

Mühlhaus (1992). Such defect behaviors are subsumed into effective constitutive laws

for the material deformation by introducing a material parameter with the dimensions

of length. The continuum model of fracture processes containing a length scale have

been developed, see e.g. Tvergaard and Hutchinson (1992), Buehler et al. (2003).

Despite the substantial successes, the material length scale over the continuum de-

scription is not straightforward due to the requirement from experimental data for

the prediction.

The fracture processes are composed of the underlying physical mechanisms of

both irreversible deformation (i.e. plastic dissipation) and material separation (i.e.

atomic bond breaking). Alternative method to eliminate the atomistic degree of free-

dom and to consider only the tracking explicit defects is discrete dislocation dynamics

(Van der Giessen and Needleman (1995), Fivel et al. (1996), Zbib and Diaz de la
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Rubia (2002)). The discrete dislocation modeling solves boundary value problems

for the body containing dislocations which are characterized entirely by continuum

representations using concepts such as eigenstrains and introducing mobility laws

to capture the motion of the dislocations under applied stresses. Discrete dislocation

plasticity has emerged as a mean to study plastic deformation, providing fundamental

understanding of hardening/strengthening, size effects and plastic dissipation. That

framework does not require the specification of elastic-plastic constitutive laws. Dis-

crete dislocation plays a dual role in fracture; (i) their motion leading to plastic flow

increases the resistance to crack growth; (ii) The crack propagation is promoted by

the local stress concentration associated with the dislocations.

This thesis will focus on the two dimensional discrete dislocation (2d-DD) of

Van der Giessen and Needleman (1995) which provides computational advantages

for a certain class of problems and has low computational cost compared with 3d-

DD. A variety of fracture problems including fatigue crack growth in single crystals

(Deshpande et al. (2002, 2003a)), crack growth in thin film (O’Day et al. (2006)),

bimaterial interfaces (O’Day and Curtin (2005)) and recently an insight into size

effects in fracture (Chakravarthy and Curtin (2010b)). The stability, accuracy and

robustness of the 2d-DD methodology for fracture can be improved significantly by

the new algorithm, proposed by Chakravarthy and Curtin (2011a). Here, a few more

applications of 2d-DD is applied for the detailed quantitative analysis of two problems

of considerable current interest; (i) fatigue crack growth from a cracked particle into

a ductile matrix and (ii) the effect of plastic anisotropy on basal crack growth in

HCP-like material.

1.1 Fatigue in metal matrix composite materials

Metal matrix composites (MMCs) provide significantly enhanced properties over un-

reinforced materials, such as higher strength and weight saving, are potentially valu-
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able in aerospace and transportation applications. The strengthening takes place by

the reinforcing phase carrying much of the applied load. Under an applied load, the

load is transferred from the weaker matrix, across the matrix/particle interface, to

the typically stiffer reinforcing particle. An increase in reinforcement volume fraction,

or a decrease in particle size, increases the amount of indirect strengthening, since

a larger amount of interfacial area exists for dislocation punching to occur (Chawla

et al. (1998a), Ganesh and Chawla (2005)). It should be noted that cracked particles

in the composite, which may result from the processing of composites with fairly

coarse particulate reinforcement, do not contribute to load transfer or strengthening

and would decrease strength. The high stress concentration at the tips of the cracked

particles would also contribute to a lower ductility in the composite, compared to the

unreinforced one.

Much understanding of the behavior of metal matrix composites has been obtained

from analyses based on conventional, size independent plasticity theory, Allison et al.

(1993). However, two commonly observed characteristics of the material behavior are

not amenable to explanation within such a framework: (i) the stress-strain behavior

is size dependent for reinforcing particle sizes in the micrometer range; and (ii) the

matrix stress-strain behavior that needs to be assumed in calculations to get good

agreement with experiment is often different from the observed stress-strain behavior

of the unreinforced material. Cleveringa et al. (1997) first analyzed a simple model of

composite material through the discrete dislocation method giving rise to stress-strain

behavior that is strongly affected by the size, shape, and distribution of the reinforcing

phase. Cleveringa et al. (1997, 1998), also found a strong size dependence of the

stress-strain response from microstructural factors including resistance to dislocation

motion and pileup at precipitates and/or reinforcing particles.

An important incentive to develop MMCs is that monolithic lightweight alloys

have inadequate fatigue resistance for many demanding applications. The use of high

stiffness particle reinforcement, such as SiC, can result in a substantial increase in
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fatigue resistance while maintaining cost at an acceptable level. This is an important

design criterion in many applications such as in automotive components. The fatigue

resistance of particulate MMCs depends on a variety of factors, including reinforcing

particle volume fraction, size, matrix microstructure, the presence of inclusions or de-

fects that arise from processing, and testing environment (Hall et al. (1994), Chawla

et al. (1998b)). Many literature data (e.g. Tanaka et al. (2000), Chen et al. (2001),

Milan and Bowen (2003),etc.) show that the fatigue threshold of particle reinforced

metal matrix composites is generally larger than that of unreinforced metals. With

decreasing particle size, for a given reinforcement volume fraction, the reinforcement

interparticle spacing decreases, resulting in more barriers for the reversible slip mo-

tion that takes place during fatigue, and a decrease in strain localization by cyclic

slip refinement. Above a critical particle size, reinforcement fracture is predominant

and contributes to premature fatigue life, because of the increased propensity for

particle cracking as the particle size increases, Chawla et al. (1998b). In fatigue, fail-

ure processes are affected by a variety of microstructural factors, including resistance

to dislocation motion and pileup at precipitates and/or reinforcing particles. Fatigue

failure in MMC materials can occur from the small particle cracking followed by crack

propagation into the surrounding ductile matrix. The time spent in fatigue crack for-

mation, which is comprised of the crack incubation, nucleation and microstructurally

small propagation, is consumed up to 70-90% of the total fatigue life, Brockenbrough

et al. (1994), Fan et al. (2001), Suresh (1998). The focus of this thesis is on under-

standing the mechanics of the small fatigue crack in such MMC materials. The crack

growth from pre-cracked micron-scale elastic particles into single crystals is investi-

gated by using 2d-DD to characterize the effects of (i) plastic confinement due to the

elastic particle and (ii) elastic modulus mismatch between the particle and the ductile

matrix. This will be analyzed in Chapter 3.
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1.2 Crack growth in a HCP-like material

The study on crack growth in HCP-like materials is motivated by the recent work

of crack propagation on the basal planes in single-crystal zinc (Catoor and Kumar

(2008)). The main purpose of that study is to understand the mechanisms of crack

transmission across grain boundaries. Before doing that problem, it is essential to

understand the micromechanisms involved in crack growth in the simplest situations

that would characterize Mode-I crack growth along the basal plane in single crystals.

Pure zinc with a hexagonal structure provides several advantages to the study: (i)

there is a system with only one set of parallel cleavage planes that can be fabricated;

(ii) zinc can grow into single crystals without much difficulty; and (iii) there is a

large body of conducted research describing the mechanical properties of zinc, which

can eventually be used in an analytical and numerical model. A number of prior

experiments studying crack initiation in pure zinc single crystals also exist (Deruyttere

and Greenough (1956), Gilman (1958), Parisot et al. (2004), Stofel (1962)). Catoor

and Kumar (2008) investigated crack growth along the basal plane in single-crystal

zinc for two crack growth directions, [21̄1̄0] (orientation 1) and [101̄0] (orientation

2), and performed complementary Finite Element Method (FEM) crystal plasticity

simulations. Catoor and Kumar (2008) found that there is a complex interplay of

dynamic and quasi-static processes that bring about interesting micromechanisms,

i.e. the role of pre-existing twins and of ligaments that bridge cracks on retarding

the crack growth by micro-crack nucleation on the parallel basal plane. Moreover

the crack growth response was found to depend on the crystallographic direction in

which the crack is made to grow. In that study the FEM models did not allow crack

growth, and so could not be compared directly with the experimental crack growth

results. In that work, the role of plastic anisotropy in crack propagation has not been

given adequate consideration. Thus the effect of basal/pyramidal interaction on crack

growth remains unclear, and modeling of crack growth in such plastically anisotropic

systems has not been investigated. The intrinsic lattice resistance to dislocation

7



motion, or Peierls stress, is one essential feature controlling plastic anisotropy in HCP-

like materials such as Zn, Mg, and Ti. In Chapter 4 we implement an anisotropic

Peierls model as a friction stress within a 2d-DD plasticity model and investigate the

role of plastic anisotropy on the crack tip stress fields, crack growth, toughening, and

microcracking.

1.3 Thesis outline

The remainder of this thesis is organized as follows. Chapter 2 presents a brief

overview on the standard DD formulation of Van der Giessen and Needleman (1995),

and the limitation of the standard algorithm to the crack or/and inclusion problem

is discussed. Also new algorithms proposed by Chakravarthy and Curtin (2011a) to

overcome these limitations are reviewed briefly in this chapter.

Chapter 3 presents the analysis of fatigue crack growth from micron-scale particles.

The monotonic and cyclic crack growth rate of a short crack is strongly influenced by

microstructure. The crack growth rate of a short crack is changed by the presence of

a brittle reinforcing phase in the specimen. In this case, the different contributions

due to the particle on the crack growth rate are decomposed. These contributions

presumably are: (i) the plasticity confinement due to the interface; and (ii) the defor-

mation compatibility due to the elastic mismatch between two phases. The plasticity

of the ductile phase is modeled using a standard 2d-DD simulation. The crack sur-

face is implemented by a cohesive zone model to capture the crack propagation. The

comparisons with the crack growth rate obtained in a single crystal are reported. The

plasticity confinement and the deformation compatibility tend to decrease the fatigue

threshold and also the exponent of the Paris law.

The role of plastic anisotropy for the basal cleavage in HCP-like materials is

examined in Chapter 4. The 2d-DD models and algorithm is extended to control

plastic dissipation on basal and pyramidal slip systems separately by using Peierls
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stress concept. First, tension tests for a pure single crystal with no obstacles to

dislocation motion are carried out to capture the general flow behavior in pure HCP-

like materials having slip on basal and pyramidal planes. Then Mode-I crack growth

in such a single crystal of the HCP material is analyzed using the 2d-DD model.

Generally the fracture toughness is largely independent of the plastic anisotropy and

decreased as increasing Peierls stress on the pyramidal planes which is consistent with

recent experiments on Zn. Analysis of the fracture toughness with Stress Gradient

Plasticity concepts is investigated for materials with flow stress controlled by both

Peierls stress and dislocation obstacles. Finally, the DD simulations show that local

stress concentrations exist sporadically along the pyramidal plane(s) that emanate

from the current crack tip, suggesting an origin for experimentally-observed basal-

plane microcracking near the tip of large cracks.

In Chapter 5, crack growth from a cracked particle into realistic elastic-plastic

matrix material is examined. We first implement the symmetric boundaries to the 2d-

DD simulation by using the new superposition scheme (O’Day and Curtin (2004)) to

reduce computational domain. Also the new algorithm by Chakravarthy and Curtin

(2011a) for crack growth simulations is implemented to model materials with realistic

yield stress and realistic cohesive strength. With the high yield strength, the fracture

behavior is a brittle-like material behavior in general. A comparison of material

properties between Al-alloy and Ni-alloy with the same yield stress and cohesive

properties is presented. It demonstrates that there are some effects of the material

parameters (i.e. Young’s modulus) influencing the toughness through the mutual

elastic interaction of the defects and dislocation evolution. Chapter 6 summarizes the

main conclusions and discusses avenues of future research.
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Chapter 2

Discrete Dislocation Plasticity

Discrete dislocation (DD) methods have been applied to study plastic deformation at

sub-continuum scales over the last two decades, providing understanding of strength-

ening/hardening phenomena and of size effects in plasticity. The DD method of

Van der Giessen and Needleman (1995) solves boundary value problems for isotropic

elastic bodies which contain mobile dislocations. Without any special constitutive

model, plastic deformation is described through the motion of large number of dis-

crete dislocations, which are treated as singularities in an isotropic elastic solid. The

DD method is well-suited for micro-scale deformation analysis in metals since size-

dependent plastic flow emerges naturally from strain/stress gradients through the

discrete dislocation evolution. With only a few physically-based constitutive rules

governing the short range dislocation interactions (e.g. dislocation nucleation, mo-

tion and annihilation), the DD method has shown a remarkable ability to reproduce

complicated physical phenomena. Discrete dislocation models show that fatigue crack

growth emerges naturally under cyclic loading without requiring any additional rules

or interface/material constitutive modifications (Deshpande et al. (2002, 2003b)); a

strong Bauschinger effect during unloading of a metal matrix composite with elas-

tic particle reinforcements(Bittencourt et al. (2003)); and that the Mode-I crack tip

fields in a single crystal are in good agreement with Drugan (2001)’s analytical crys-

tal plasticity solution. This section briefly presents an overview of the standard DD
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methodology by Van der Giessen and Needleman (1995) and its numerical implemen-

tation for a crack problem. Special attention is given to aspects of the formulation

that, for computational reasons, tend to discourage its application to problems with

instability in dislocation velocity, elastic inhomogeneities and difficulties in captur-

ing micrometer of crack growth with sub-Å mesh sizes around the crack tip. These

limitations are avoided using a new algorithm for discrete dislocation modeling of

fracture proposed by Chakravarthy and Curtin (2011a).

2.1 General approach

Fully three-dimensional DD models have been used primarily to study strain harden-

ing due to dislocation forest interactions in nominally homogeneous blocks of material

under uniform loading at the largest scales (Devincre and Kubin (1997), Hartmaier

et al. (1997)), individual dislocation/obstacle interactions (Wang et al. (2000), Shin

et al. (2005)) and individual loop dislocation/crack interactions (Mastorakos and Zbib

(2006)) at the smallest scales. The use of 2d-DD model is common for solving the

complex boundary value problems, due to the high computational expense of 3d-

DD. The two dimensional plane strain DD method has been widely used to provide

insight into a variety of fracture problems including fatigue crack growth in single

crystals (Deshpande et al. (2002, 2003b)), crack growth in thin films (O’Day et al.

(2006)), bi-material interfaces (O’Day and Curtin (2004)) and size effects in fracture

(Chakravarthy and Curtin (2010b)). From those works, attention is focussed on small

strain and small scale yielding for crack tip plasticity. Thus the stress intensity fac-

tor, K, is used to characterize the loading type of fracture. The discrete dislocation

framework models dislocations as point defects in an isotropic elastic material where

they glide on a discrete set of slip planes. The edge dislocation lines are straight

and parallel to the x3 direction (out of plane). Long range dislocation interactions

operate through their singular continuum elastic fields. These fields are expected to
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accurately characterize the dislocation beyond distances of several times the Burgers

vector from the dislocation core (Hull and Bacon (2011)). Short range dislocation

interactions are governed by a set of constitutive rules for dislocation nucleation,

motion, and annihilation, which were proposed by Kubin et al. (1992). These rules

are designed to approximate the complicated atomic-level interactions of dislocation

segments that approach within a few Burgers vectors. In fact realistic dislocation

interactions are more complex and so rules for junction formation and destruction,

dislocation climb, and cross slip also exist. In 2d-DD, dislocation nucleation is as-

sumed as the creation of a dislocation dipole to mimic the mechanism of Frank-Read

loop expansion. The dislocation segment glides with a velocity which is proportional

to the Peach-Koehler force resolved on the dislocation segment. The general discrete

Figure 2.1: General discrete dislocation boundary value problem using the superpo-
sition scheme of Van der Giessen and Needleman (1995).

dislocation boundary value problem is shown in Fig. 2.1 for an arbitrary body of vol-

ume V subject to boundary conditions u=u0 on Su, and T=T0 on ST . The body V

is composed of an elastic-plastic matrix, VM , and an elastic inclusion or particle, VP ,

with elastic modulus LMijkl and LPijkl, respectively. The stress, strain and displacement

13



fields are written as

σσσ = σ̃σσ + σ̂σσ , εεε = ε̃εε+ ε̂εε , u = ũ + û

or

σij = σ̃ij + σ̂ij , εij = ε̃ij + ε̂ij , ui = ũi + ûi

(2.1)

where the (̃ )-fields are the singular fields associated with each individual dislocation in

an infinite body of a homogeneous matrix material and the (̂ )-fields are the corrective

fields for the actual boundary conditions, finite geometry and presence of inclusions.

The strain-displacement relations are related by

εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
(2.2)

The stress field satisfies the equilibrium equation

∂σij
∂xj

= 0 (2.3)

With VM denoting the volume occupied by the matrix and VP the volume occupied

by the particle, the stress and strain fields are related by

σij =

 LMijklεkl in VM

LPijklεkl in VP

(2.4)

Throughout V = VM + VP , the dislocation stress field σ̃ij is related to the strain field

ε̃kl by

σ̃ij = LMijklε̃kl (2.5)

Hence,

σ̂ij =

 LMijklε̂kl in VM

LPijklε̂kl + (LPijkl − LMijkl)ε̃kl in VP

(2.6)
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The polarization stress term, (LPijkl−LMijkl)ε̃kl in Eq. 2.6, vanishes for a homogeneous

elastic materials, i.e. for LPijkl ≡ LMijkl. Since σ̃ij satisfies equilibrium throughout V ,

σ̂ij satisfies

∂σ̂ij
∂xj

= 0 (2.7)

in V with the boundary conditions

ûi = u0,i − ũi on Su , T̂i = T0,i − T̃i on ST (2.8)

where Su is that part of the boundary on which displacements u0,i are prescribed, and

ST that part of the boundary on which tractions T0,i are prescribed, with Ti = σijnj

and nj is the outward normal to the surface. Equations (2.7) and (2.8) together with

the constitutive relation Eq. (2.6) give a boundary value problem for the (̂ )-fields.

The (̂ )-fields are smooth in V and a finite element method is used to obtain a solution.

The polarization stress, (LPijkl − LMijkl)ε̃kl in Eq. 2.6 for VP , is computed in FEM as a

body force.

2.1.1 Dislocation constitutive rules

The 2d-DD method of Van der Giessen and Needleman (1995) treats edge dislocations

with Burgers vector b as line defects in a plane strain problem of elastically-isotropic

single-crystal materials. The potentially active slip planes are introduced with a given

spacing d. The evolution of dislocations is modeled through a set of constitutive rules

governing dislocation glide, nucleation, annihilation and interaction with obstacles.

Dislocation glide is controlled by Peach-Koehler force. The component of Peach-

Koehler force on the slip plane and normal to the dislocation line is the driving force

for dislocation glide, which for the I th dislocation is

f (I) = mj

(
σ̂ji +

Nd∑
J 6=I

σ
(J)
ji

)
bi (2.9)
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where bi are the vector components of the Burgers vector on the slip planes, mj are

the components of the slip plane normal, σij are the total stress tensor components

at the location of the dislocation and Nd is the number of dislocations. The total

stress includes applied stress, image stresses, and the interaction stresses with all

other dislocations. In most DD simulations the glide velocity v is taken to be linearly

related to the Peach-Koehler force f with a drag coefficient B written as

f (I) = Bv(I) (2.10)

and dislocation positions are updated using a forward-Euler scheme. For FCC mod-

eling, there are three slip systems initially free of dislocations, but dislocations can

be generated from discrete Frank-Read-like sources that are randomly distributed on

the slip planes with a density ρs. These sources generate dislocation dipoles when

the Peach-Koehler force exceeds a critical value of τsb during a period of time tnuc,

with the sign of the dipole determined by the direction of Peach-Koehler force. The

initial width of the generated dipole Lnuc is chosen so that the two dislocations are

in equilibrium at the nucleation stress,

Lnuc =
µ

2π (1− ν)

b

τnuc
(2.11)

Annihilation of two oppositely signed dislocations on the same slip plane occurs when

they come within a critical distance of Le = 6b (Kubin et al. (1992)). Obstacles block-

ing dislocation motion are also randomly placed on the slip planes to represent small

precipitates, solutes, or forest dislocations. The obstacles pin the dislocations until

the Peach-Koehler force is sufficient to overcome the obstacle strength τobs. It is worth

noting that the DD method does not solve for equilibrium dislocation distributions.

Since dislocations always have velocity which is proportional to Peach-Koehler force,

the dislocation configuration at the end of any increment is an instantaneous snapshot

of the constantly evolving dislocation structure.
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2.1.2 An interface model for Mode-I crack growth

A common technique in the numerical modeling of fracture crack growth is that of

the cohesive zone model. This is most effective when the problem geometry suggests

a particular region where crack growth is likely. While a wide assortment of specific

cohesive zone models have been used to model fracture in metals (Needleman (1987),

Xu and Needleman (1993), Tvergaard and Hutchinson (1993)), the laws are in general

defined by the maximum cohesive strength and a length scale. Measurement and first

principle calculation suggest that, for cleavage of atomic planes in crystalline metals,

the peak traction is on the order of gigapascals, and the cohesive length is on the

order of nanometers, giving a work of separation of roughly 1 J/m2 for most metals

(Raynolds et al. (1996)). However, for numerical implementation, such large cohesive

strengths and small cohesive lengths demand an extremely fine mesh to resolve the

stress gradients in the vicinity of the crack tip. For the fatigue problem in Chapter

3, the cohesive strength is taken on the order of megapascals and the cohesive length

is chosen on the order of microns, so that the cohesive work of fracture remains

unchanged. By this way, the cohesive zone characterizes a fracture process over

hundreds or thousands of atomic planes, rather than between two planes of atoms.

Here we focus on the fracture/fatigue problems Mode-I crack growth where the

symmetry with respect to the crack plane is used, so only the upper half of the crystal

is directly simulated. Crack growth is modeled using a cohesive zone model which ex-

tends along the crack plane. Along the cohesive surface, T1 = 0 from symmetry while

T2 = Tn has a universal binding form (Rose et al. (1981)), as shown in Fig. 2.2(a).

In the reversible case, the cohesive behavior for both loading and unloading behavior

follows the same curve as

Tn(∆n) = −σcoh∆n

δn
exp

(
δn −∆n

δn

)
(2.12)

where ∆n = 2u2(x1, 0), σcoh is the normal cohesive strength and δn is a characteristic
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(a) (b)

Figure 2.2: Schematics of cohevie zone laws (a)the reversibly cohesive relation (b)the
irreversibly cohesive relation.

opening length. A cohesive relation that accounts for the irreversibility of separation

is modeled by specifying unloading from and reloading to the monotonic cohesive

function, as illustrated in Fig. 2.2(b) (Deshpande et al. (2001b)). Unloading from

point C takes place along path CD, with stiffness

∂Tn
∂∆n

= −exp(1)σcoh
δn

(2.13)

During the reloading, the traction increases along DC and then follows the origi-

nal softening curve BCE. This is a phenomenological cohesive relation introduced

to model the effects of irreversibility arising from the formation of an oxide layer

(Deshpande et al. (2001b)). Under continued cyclic loading conditions, the perma-

nent opening ∆0 (see Fig. 2.2(b)) grows, but only up to a value ∆s=4 nm which is a

representative value for the oxide layer thickness on aluminium under ambient condi-

tions (Do et al. (1999)). The work of separation is φn = exp(1)δnσcoh, corresponding

to a Mode-I fracture toughness in the absence of plasticity which is given by

K0 =

√
Eφn

1− ν2
(2.14)
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In all calculations, a finite element mesh consisting of bilinear quadrilateral elements

is employed. The length of the nonlinear cohesive region ahead of the crack tip, δc,

just at the point of crack growth is

δc =
πφnE

8σ2
coh

(2.15)

This length is used to define the minimum mesh spacing of width δc/4, which is

used over a region that extends 40δc ahead of the initial crack tip. In the numerical

solutions of the DD problem, extreme care, however, must be taken in the presence

of the cohesive zone particularly when the cohesive zone lengths are comparable to

atomistically-derived values.

2.2 New algorithm for Fatigue/Fracture

As mentioned before, several modifications to the existing 2d-DD and cohesive zone

methodology have been made by Chakravarthy and Curtin (2011a). These modifica-

tions significantly improve the capability to model materials with the realistic material

properties, especially cohesive properties. A brief overview of the new approach for

improvements is presented in this section.

2.2.1 A new superposition technique

A new superposition scheme along with a Newton-Raphson iterative scheme was first

suggested by O’Day and Curtin (2004). The motivation of this new superposition

framework is to reduce the computational cost in calculating polarization stress for

elastically inhomogeneous problems. Also the new superposition framework is found

to have several other important benefits: (i) the DD calculation is largely decoupled

from the specific model geometry and boundary conditions (see Chapter 5 applied for

symmetric boundaries) and (ii) ability to easily model bodies with multiple distinct

regions of dislocation activities, e.g. polycrystalline metal (Shishvan et al. (2011)),
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metallic multi-layers (O’Day and Curtin (2005), Chng et al. (2006)). The decom-

Figure 2.3: Schematic decomposition into two subsidiary problems: (DD) homoge-
neous discrete dislocation sub-problem solved with the standard formulation, subject
to zero displacement boundary conditions and (EL) elastic sub-problem contain all
specific boundary conditions and loading, solved with standard elastic FEM, O’Day
and Curtin (2004).

position of the new superposition scheme is illustrated in Fig. 2.3. The total field is

composed of (i) a homogeneous discrete dislocation sub-problem (DD) subject to zero

displacement boundary conditions and (ii) a fully elastic sub-problem (EL) subject to

all actual boundary conditions. The DD sub-problem is solved using the standard DD

methodology but with the special boundary conditions while the EL sub-problem is

solved using standard finite element methodology with a Newton-Raphson(NR) iter-

ative scheme to capture accurately the nonlinearity of the interface (e.g. the cohesive

zone interface and the particle−matrix interface, etc.). The DD sub-problem encom-

passes only the portion of the structure where dislocation activity is permitted. The

key point is that the DD sub-problem is always homogeneous so that the polarization

stresses vanish. An outcome of the DD sub-problem solution at each increment is a

traction T∗ along the constrained boundary Sb, thus information about the disloca-

tion structure in any plastic regions of the body is transmitted to the remainder of the

structure through the addition of a body force −T∗ along Sb in EL sub-problem, as

shown in Fig. 2.3. Chakravarthy and Curtin (2011a) showed that various instabilities
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reported when using the standard superposition are eliminated with the use of this

new superposition scheme.

2.2.2 A moving mesh scheme

The moving mesh method is implemented to capture micrometer crack growth with

nanometer mesh sizes. The essence of this method is that, in a frame of reference

moving with the crack tip, the dislocations and all field variables including those of

cohesive zone can be considered as moving in the opposite direction. The moving

mesh method allows the crack to grow forward for some distance and then shifts the

dislocations and field variables backward by exactly that amount. This re-establishes

the crack tip at the original location relative to the original mesh and leaves the

stiffness matrix unchanged. A more detailed description is given in the work of

Chakravarthy and Curtin (2011a).

2.2.3 A gradient correction of the velocity

The gradient correction for computing dislocation velocity completely eliminates in-

stabilities and oscillations in the standard forward-Euler approach. The incremental

dislocation motion gives rise to spurious large interaction forces when the disloca-

tions become too close. To avoid unfavorable behavior, the gradient correction of the

mobility law proposed by Chakravarthy and Curtin (2011a) is given as

v =


(f − τfb · sign(f))

B
· 1(

1− 1

B

∂f

∂x
∆t

) , if |f | > τfb

0 , otherwise

(2.16)

where B is a drag coefficient of dislocations on the slip planes and τf is a fric-

tional stress on the slip planes. This correction also precludes the introduction of

an artificially-low cut-off velocity for dislocation motion.
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2.2.4 Modified dislocation nucleation

In generic DD simulations, a dislocation dipole is instantaneously nucleated at a

distance Lnuc/2 on each side of the source when the stress on the source is greater

than the source strength τnuc for a time period tnuc. For the sources located close to

the crack surface, the abrupt injection of a dislocation dipole results in a sudden jump

in the displacement field on the crack boundary, which causes numerical instabilities.

In addition, spurious forces are introduced on dislocation pileups due to the sudden

injection of a dipole into the existing pileup. To avoid large spurious forces arising

from the abrupt introduction of a newly-nucleated dipole, the ”latent” nucleating

dislocations in the dipole are introduced gradually over the nucleation time tnuc so

that the Burger vector and the separation distance of the virtual dipole increase

linearly with time as

bdipole (t) = b
t

tnuc
, t < tnuc, τ > τnuc (2.17)

xdipole (t) = Lnuc
t

tnuc
, t < tnuc, τ > τnuc (2.18)

Specifically, the latent dislocations are not subject to the mobility law until t ≥ tnuc,

but do contribute to the Peach-Koehler forces on all other dislocations and to the

displacements and traction on the boundaries.
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Chapter 3

Fatigue from a Short Cracked

Particle

A wide variety of structural alloys contain brittle particles dispersed in a ductile

metallic matrix. While such particles are sometimes added for structural purposes,

often they arise during processing. These particles, or inclusions, are often undesir-

able byproducts of the material fabrication because fracture can originate by particle

cracking followed by propagation into the surrounding ductile matrix. In particular,

under cyclic loading conditions, cracks formed during processing or during the initial

stages of loading will grow and ultimately lead to failure of the structure or compo-

nent. Fig. 3.1 shows one example of such fatigue crack growth from a particle in an

Al-7075 alloy. The factors governing the propagation of a crack from a brittle parti-

cle into a surrounding ductile phase are thus of considerable practical importance for

applications of many structural metals.

As a result of the problem’s importance, computational and modeling studies of

crack growth across an interface have been carried out under both monotonic and

cyclic loading conditions, e.g. Suresh et al. (1992), Romeo and Ballarini (1997),

Chen (1997), Kim et al. (1997), Siegmund et al. (1997), Wappling et al. (1998), He

et al. (2004), Gall et al. (2001). Some studies consider the materials on each side of

the interface to deform plastically but with a mismatch in flow strength (Sugimura
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et al. (1995), Pippan and Riemelmoser (1998), Milan and Bowen (2003)) while other

studies consider one phase elastic and the other plastic (Wang and Siegmund (2006)).

Heterogeneity in material properties affects crack growth because (i) the mismatch

in material properties affects the near-crack-tip stress distribution when the crack

tip is near the interface and (ii) there is typically a mismatch in the crack growth

resistance of the phases on either side of the interface Suresh (1998). While the focus

in previous studies has mainly been on crack growth across or along an interface, our

aim is to model the situation depicted in Fig. 3.1 where a crack initiates in a brittle

particle and then grows into a ductile matrix. Our interest is in understanding the

role of constraints on plastic flow due to the particle and the effect of elastic mismatch

on the crack growth, both in the limit of micron-scale particles where plasticity size

effects are known to play an important role.

Typically fatigue calculations are carried out within a framework where a fatigue

crack growth law, e.g. a Paris law or a Coffin−Manson law, is postulated a priori and

the emphasis is on calculating the driving force. While such laws can be calibrated

for bulk materials through a suite of experimental studies under controlled loading

situations and for long cracks, the resulting laws may not apply in other situations

such as near an interface and/or for microstructurally small cracks, in which the plas-

tic fields may be modified due to constraint and size effects. For instance, Gall et al.

(2001) use a continuum cyclic plasticity model to compute plastic strain ranges ahead

of a cracked particle, but average over a size smaller than 1 mm in front of the crack

to obtain the driving force used in a subsequent crack growth law. While providing

some guidance, the applicability of the assumed constitutive behavior is questionable.

To account differences between small and large scales, continuum models have been

developed to move from small cracks to large cracks (McDowell et al. (2003), Xue

et al. (2007)), but such models introduce additional parameters to characterize the

fatigue behavior which require extensive calibration and employ assumptions whose

origins lie in concepts emerging from continuum plasticity. Recent work has avoided
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Figure 3.1: Fatigue crack initiating from a micron-scale particle and growing into the
Al matrix in Al7075 (Courtesy of Northrop-Grumman Corporation).

assumptions of continuum plasticity by basing the plastic deformation on the creation,

motion, and annihilation of dislocations. These discrete dislocation (DD) models have

been shown to predict a host of phenomena, such as size effects in yielding, fracture,

sliding, indentation, and polycrystals (Nicola et al. (2006), Deshpande et al. (2003a,b),

Chng et al. (2006), Widjaja et al. (2007), Balint et al. (2005, 2008)), not accounted

for in conventional continuum plasticity. In particular, DD studies of fatigue crack

growth have been carried out (Deshpande et al. (2003a,b, 2002), Riemelmoser et al.

(1997, 2001), Wilkinson et al. (1998)) that provide insight and guidance into fatigue

crack growth problems where continuum plasticity and standard fatigue laws may be

inapplicable. Most importantly for our current work is that these DD analyses pre-

dict that fatigue crack growth arises naturally under cyclic loading conditions without

introducing additional parameters. The DD studies of fatigue in single-crystal ma-

terials have shown the existence of a threshold, a Paris power-law regime, striations,

scaling with material properties and a short-crack regime Deshpande et al. (2003a,b,

2002).

Here, we use discrete dislocation plasticity to study monotonic and fatigue crack

growth in a situation where both microstructure and micron-scale cracks exist, thus

combining simultaneously elastic mismatch effects, interface effects, and small-crack

effects. Specifically, we analyze the growth of a crack from an initially-cracked elastic

particle into a ductile single crystal matrix. Plastic flow in the matrix arises from the
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motion of discrete dislocations following a set of constitutive rules discussed below.

The fracture properties of the ductile material are embedded in a cohesive surface

constitutive relation that permits only straight crack growth (Needleman (1987)). A

key aspect of the formulation is that the plastic stress-strain response, the evolution

of any dislocation structure, and the crack initiation and growth in the ductile ma-

trix, are outcomes of the solution of the boundary value problem. We emphasize

that the only distinction between an analysis of monotonic crack growth and crack

growth under cyclic loading conditions is in the time dependence of the remote load-

ing; the underlying material is identical. These features are common to prior DD

studies of fatigue. The aim of the analyses here is to obtain insight into the effects of

microstructural heterogeneity, through the presence of a cracked particle, on fatigue

crack growth behavior. We find that the presence of a particle generally accelerates

fatigue relative to the same crack in a single crystal, due to both elastic mismatch

and plastic constraint effects, as discussed subsequently.

3.1 Geometry and formulation

We consider a planar single crystal reinforced by an elastic particle containing an

initial crack, as sketched in Fig. 3.2(a). The formulation and numerical method

follow those in Cleveringa et al. (2000), Deshpande et al. (2002, 2003a), except that

here the elastic mismatch between the particle and the surrounding matrix gives rise

to a polarization stress term.

The crystal matrix is taken to be elastically isotropic with Young’s modulus

Em=70 GPa and Poisson’s ratio νm=0.33, representative values for aluminium. The

crystal matrix has three slip systems, with slip planes at an angle φ(α), α=1, 2, 3 to

the x1-axis, with φ(1)=60◦, φ(2)=-60◦ and φ(3)=0◦, as shown in Fig. 3.2a. Potential

slip planes are spaced by 100b where b is the Burgers vector, b=0.25 nm. The par-

ticle is also taken to be elastically isotropic with Youngs modulus Ep and Poissons
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ratio νp=0.33. Initially, the three slip systems are free of mobile dislocations, but

dislocations are nucleated from point sources, randomly distributed with a density of

20/µm2. The dislocation sources mimic Frank-Read sources by nucleating a dipole

Figure 3.2: Sketch of anlysed specimen with the imposedd boundary conditions. (b)
Schematic of the irreversibly cohesive relation. (c) Schematic of the applied stress
versus time.

when the Peach−Koehler force on the source exceeds the value τnucb during a period

of time tnuc; here τnuc= 20 MPa and tnuc=10 ns. The long-range elastic interactions

between dislocations are accounted for directly in the boundary value problem solu-

tion. Short range interactions enter through a set of constitutive rules, of the type

suggested by Kubin et al. (1992), for dislocation glide, annihilation, and pinning by

obstacles. The glide speed is taken to be linearly related to the Peach−Koehler force

with a drag coefficient B = 104 Pa s, a representative value for several FCC crys-

tals (Paufler (1983)). Dislocations of opposite sign annihilate each other when they
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come within a critical distance of Le = 6b. There is a random distribution of 50

point obstacles per µm2, which represent either small precipitates on the slip plane

or forest dislocations on out-of-plane slip systems. These obstacles pin dislocations

until the Peach−Koehler force attains the obstacle strength τobs, where τobs=60 MPa.

For computational convenience, dislocation sources and obstacles are restricted to a

process window of dimensions Lm×hm around the cracked particle with Lm=50 mm

and hm=50 mm (see Fig. 3.2(a)).

The specific boundary value problem analyzed is sketched in Fig. 3.2(a). A rectan-

gular block of height 2H and width W contains a centrally-located particle of height

2hp and width Lp. We use W=100 mm, H=500 mm, and Lp = hp = a = 10µm

with the particle between Lp/2 and Lp/2 along the x1-direction and between 0 and

hp along the direction x2. Symmetry about x2 = 0 is assumed so the region analyzed

occupies −W/2 ≤ x1 ≤ W/2 and 0 ≤ x2 ≤ H. This block is subjected to tensile load-

ing through a prescribed displacement rate U̇(t) on the top surface where (.) denotes

time differentiation. The imposed stress σ is then calculated as

σ =
1

W

∫ W/2

−W/2
T2(x1, H)dx1 . (3.1)

and, under cyclic loading conditions, has the time variation sketched in Fig. 3.2(c).

For a homogeneous elastic material, the applied stress σ is related to a Mode-I stress

intensity factor as (Tada et al. (2000)),

KI = σ
√
πa/2 (3.2)

Corrections due to the finite ratio of a/W=0.1 are negligible. We note that Eq. 3.2

does not give the local crack-tip KI in an elastically inhomogeneous material but we

nevertheless employ this definition to quantify the level of loading. Crack growth

is then modeled through a cohesive surface along x2=0 in the matrix (|x2| ≥ a/2).

Along the cohesive surface T1=0 (from symmetry) while T2 has a irreversible cohe-
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sive relation modeled by specifying unloading from and reloading to the monotonic

cohesive function, as illustrated in Fig. 3.2(b) (Deshpande et al. (2001b)), see Chap-

ter 2. Under Mode-I loading conditions, crack growth in an elastic solid initiates at

KI/K0=1 (Suresh (1998)). The cohesive properties were taken as σcoh=0.70 GPa and

δn = 2b giving a work of fracture φn=1.0 J/m2 and K0=0.280 MPa
√

m. Associated

with these parameters is a characteristic cohesive zone size δc ≈ Emφn/σ
2
coh, which is

50 nm for the parameters used here. Since δc/a � 1, the problems studied here are

in the regime of small scale yielding. In addition, the numerical mesh size near the

crack tip needs to resolve the length δc and so we use a mesh of size 17 nm.

3.2 Results

The presence of the elastic particle influences crack growth due to the effects of (i)

the modulus mismatch on the driving force for crack growth; (ii) the change in the

evolution of plasticity in the vicinity of the crack tip; and (iii) the blocking of slip

at the particle−matrix interface. Here, these effects are investigated separately and

Table 3.1: The three materials analysed.

Material Ep/Em Particle Dislocation active
A 1 No N/A
B 1 Yes No
C 5 Yes Yes

sequentially by considering the three cases summarized in Table 3.1: (i) material A,

an initially-cracked single crystal, which should thus show only small crack effects;

(ii) material B, a particle with the same elastic properties as the matrix, Ep = Em

and νp = νm but no dislocation activity in the particle, which should show the effects

of slip blocking only; and (iii) material C, a particle that is elastically stiffer than

the matrix, Ep = 5Em but with νp = νm, which should show the effects of modulus

mismatch and slip blocking acting together. To explore the influence of the specific
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distribution of sources and obstacles on the response, calculations were carried out for

two sets of random distributions having the same densities of sources and obstacles

but different specific spatial positions and referred to as, for instance, material B(j)

for (j=0,1).

3.2.1 Elastic response

To calibrate our subsequent results on crack growth into plastic materials, we first

investigate crack growth into an elastic matrix with no dislocations. These calcula-

tions demonstrate the effects of modulus mismatch and crack size versus particle size

on the crack growth behavior, which will then be modified when plasticity in the ma-

trix is permitted. For large cracks a/Lp, the critical stress intensity for crack growth

should be independent of the particle properties. Fig. 3.3 shows the normalized stress

Figure 3.3: Normalized stress intensity for the onset of fracture as a function of initial
crack size a for several values of the elastic modulus ratio.

intensity for crack growth (i.e. the so-called R-curve) as a function of the crack size a

for several values of the elastic modulus ratio. For a modulus ratio of unity, the crack
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begins to grow at KI/K0=0.935 but after a short amount of growth reaches a value

of KI/K0=0.985. The onset at 0.935 is attributed to truncating the cohesive relation

behind the initial crack tip location and the saturation value of 0.985, just slightly

below 1.0, is due to mesh resolution in the cohesive zone. For particle elastic moduli

exceeding that of the matrix, crack growth occurs well below KI/K0=0.985, with

the onset of fracture at KI/K0=0.68 for Ep/Em=2 and KI/K0=0.48 for Ep/Em=5.

An uncracked high modulus particle would carry higher stresses than the matrix and

thus, when cracked, increases the local crack-tip stress intensity K
(loc)
I and lowers the

applied stress intensity KI needed to start fracture. The stress intensity for fracture

increases rapidly with increasing initial crack size, relative to the particle size, for

cracks up to ≈ a/Lp=1.2, after which there is a slower increase to the asymptotic

value of 0.99. The effect of the cracked particle is thus most significant within 20%

of the particle diameter. Thus, elastic modulus mismatch alone provides a significant

decrease in fracture resistance and this will also manifest itself in the plastic response

under monotonic and cyclic loading.

The above results allow for a calculation of the local stress intensity factor K
(loc)
I

as a function of the crack size a or crack extension ∆a as follows. The local stress

intensity factor can be written as K
(loc)
I = f(a)KI where f(a) is a function of crack

length. For a homogeneous elastic material in small scale yielding, f(a) = 1 and so

fracture in the single crystal material occurs when K
(loc)
I = KI = KIC ≈ 0.985K0,

independent of crack length a. With elastic mismatch, the local stress intensity factor

differs from the remote stress intensity factor but at fracture K
(loc)
IC = 0.985K0 must

still hold. Thus, the critical applied stress intensity factor KIC(∆a) shown in Fig. 3.3

satisfies 0.985K0 = f(∆a)KIC(∆a). Solving for f(∆a) and substituting, we find the

normalized local stress intensity factor in terms of the critical applied stress inten-

sity factor as K
(loc)
I /K0 = 0.985KI/KIC(∆a). Fig. 3.3 for KIC(∆a) thus provides a

master curve for relating the local and applied intensity factors.
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3.2.2 Monotonic loading

A uniform displacement rate U̇(t)/H= 100/s was imposed, chosen to reduce the

computing time required. Under monotonic loading, it was previously found that

varying the loading rate by two orders of magnitude did not qualitatively change the

crack growth behavior, although a strong tendency was found for increased plastic

deformation at lower loading rates (Cleveringa et al. (2001)). The predicted KI/K0

Figure 3.4: Normalized stress intensity KI/K0 versus crack extension under mono-
tonic loading. (a) Materials A(0), B(0) and C(0); (b) Materials A(1), B(1) and C(1). The
superscripts (0) and (1) refer to realizations 1 and 2, respectively.

versus crack extension are shown in Fig. 3.4(a, b), for materials A(j), B(j) and C(j)

with j=0, 1. The superscripts (0) and (1) refer to realizations 1 and 2 of random

distributions of dislocation sources/obstacles. Here and subsequently the crack tip

location is taken to be the point along the cohesive surface where ∆n = 4δn. In

Fig. 3.4(a), (b), ∆ar is the crack growth in the +x1-direction and ∆al is the crack

growth in the −x1-direction. In all three cases, the amount of crack growth is different

for the two crack tips. One reason for this asymmetry is simply that the distribution

of sources and obstacles is not symmetric about x2=0 and another is due to the

extreme sensitivity of the dislocation dynamics to small perturbations (Deshpande

et al. (2001a)). For the single crystal, material A, crack growth only occurs in the
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−x1-direction over the loading range shown. However, the values of KI/K0 ≈ 1.20 at

which crack growth initiates at the left crack tip are in good agreement with previous

values (Deshpande et al. (2003a)). For material B, where the presence of the particle

blocks slip but with no modulus mismatch, crack growth occurs at both crack tips,

initiating first on the left at KI/K0 ≈0.98−1.02 and subsequently on the right at

KI/K0 ≈1.1−1.26. In material C, where there is a modulus mismatch, the crack

growth initiation values are KI/K0 ≈0.63 and KI/K0 ≈0.55−0.72 for the left and

right crack tips, respectively. Thus, both the change in dislocation structure and the

stress concentration induced by an elastic mismatch between the particle and the

matrix promote the initiation of crack growth.

Normalizing the onset of crack growth in the plastic material by the value obtained

in the elastic material (Fig. 3.3) helps to highlight the role of slip blocking by the

particle. For material A, the ratio is 1.2/0.94=1.28, for material B the ratios for the

left and right crack tips are, on average, ≈1.06 and ≈1.30, respectively. For material

C, the ratios for the left and right crack tips are, on average, both about 1.31. These

results suggest that elastic stress concentrations dominate the material response, with

slip blocking playing a lesser role. In addition, slip blocking appears more important

in driving crack growth for the matched-modulus particle as compared to the higher

modulus particle, which responds similarly to the single crystal material when the

elastic stress concentration is normalized out. The dislocation distributions for mate-

rials A(0), B(0) and C(0) at KI/K0=1.07 are shown in Fig. 3.5, along with contours of

the opening stress σ22. In Fig. 3.5(a) no particle is present, but for comparison pur-

poses the region occupied by the particle in materials B and C is marked by dashed

lines. The stress above the crack is relaxed and dislocations are present in the region

above the crack. The difference between the stress distribution and dislocation struc-

ture at the two crack tips is evident. Evidence for the sector structure of the stress

field as given by the continuum slip solution of Rice (1987a) can be seen. When a

particle is present and dislocation glide is blocked, Fig. 3.5(b), the same stress distri-
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(a)

(b)

(c)

Figure 3.5: Contours of the normalized normal stress, σ22/τnuc, and dislocation dis-
tributions under monotonic loading at KI/K0=1.07; (a) Material A(0) (b) Material
B(0) (c) Material C(0).
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bution is obtained as in the single crystal, albeit with slightly higher stress gradients

in the matrix near the two crack tips. With an elastic mismatch between the particle

and the matrix, Fig. 3.5(c), high stresses develop along the particle−matrix interface.

In this case, the sector stress field structure is lost and the stress concentration in

the particle increases and the stress gradients in the matrix near the two crack tips

is greater. Moreover, with no elastic mismatch, more dislocations accumulate at the

particle−matrix interface than when there is the elastic mismatch.

3.2.3 Fatigue loading

The same three sets of material parameters are used in the cyclic loading calculations

as in the monotonic loading calculations in Section 3.2.2. The only difference is in

the time dependence of the applied displacement U(t) corresponding to applied σ22

which has the form sketched in Fig. 3.2(c). All calculations are carried out with a

displacement rate U̇/H=100 /s and thus the variation of the cyclic loading amplitude

is obtained by increasing or decreasing the frequency of loading between 3.3 MHz and

8 MHz to obtain the desired range of cyclic loading amplitudes. The applied loading

is characterized by the stress intensity factor KI , with the stress varied between σmin

and σmax and the corresponding stress intensity factor range ∆K = Kmax − Kmin.

The load ratio, R = σmin/σmax is fixed at 0.3.

The DD calculations show fatigue crack growth above a threshold value of ∆K.

The crack growth shows a range of behaviors, and we first comment qualitatively.

Fig. 3.6 shows the computed crack advance, ∆a, versus the number of cycles for

∆KI near the fatigue threshold found for each material. As for monotonic loading,

the crack advance is not symmetric, but it differs from the monotonic loading case.

Although crack growth to the left occurs at lower KI values under monotonic loading,

under cyclic loading no crack advance occurs to the left in material A(0) while some

growth does occur in materials B(0) and C(0), but stopping after eight cycles and

|∆al| ≈ 0.05µm in material B(0) and after 12 cycles and |∆al| ≈ 0.10µm in material
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Figure 3.6: Crack advance versus number of cycles. The filled symbols are related to
the left crack tip and unfilled symbols are related to the right crack tip. KI/K0=0.775,
0.595 and 0.395 for materials A(0), B(0) and C(0), respectively. The superscript (0)
refers to realization 1.

C(0). Crack growth to the right, more difficult under monotonic loading, occurs more

readily under cyclic loading. In material A(0), |∆ar| begins to increase after 10 cycles

at a nearly constant rate. In material B(0), |∆ar| begins to increase after seven cycles

at a slightly faster rate than for material A(0), slowing to a lower rate after 10 cycles.

In material C(0), |∆ar| shows two distinct regimes: (i) during the first 18 cycles,

|∆ar| increases at a rate close to 0.008 µm /cycle; and (ii) between cycle 19 and 40,

|∆ar| the rate decreases to a very low rate of about 10−4 µm/cycle. The normalized

opening stress, σ22/τnuc, and dislocation distribution are shown in Fig. 3.7 in a region

around the cracked particle. For material A(0), dislocations can glide into the material

above the crack and relax the stress field. For materials B(0) and C(0), dislocation

glide is blocked in the particle, which gives rise, even with no elastic mismatch, to

an increased stress concentration above the crack tip that increases with increasing

particle modulus. The different stress and dislocation distributions in the vicinity of
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(a)

(b)

(c)

Figure 3.7: Contours of the normalized normal stress, σ22/τnuc, and disloca-
tion distributions. (a) Material A(0) with ∆KI/K0=0.775 (b) Material B(0) with
∆KI/K0=0.595 (c) Material C(0) with ∆KI/K0=0.395.
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the left and right crack tips, which are largely due to the different source and obstacle

locations, can also be seen in Fig. 3.7. In comparison to Fig. 3.5, the dislocation

distribution under cyclic loading is more concentrated along a 60◦ slip plane near the

right crack tip and along a 120◦ slip plane near the left crack tip.

3.2.4 Fatigue crack growth rate

Figure 3.8: (a) Cyclic crack growth rate versus ∆KI/K0 for the Mode-I cyclic loading.
For materials A(0,1) and B(0,1), the crack growth rate represents an average of the crack
advance over 10 and 20 cycles for the low and high value of ∆KI/K0, respectively.
For materials C(0,1), the crack growth rate represents an average of the crack advance
over the number of cycles needed for the crack to reach the critical distance. (b)
Cyclic crack growth rate versus ∆KI/K

elastic
I for the Mode-I cyclic loading. Filled

symbols: material A(0), B(0), C(0); open symbols: material A(1), B(1), C(1). m is a
Paris exponent

The crack growth rate log(da/dN) versus the normalized loading log(∆KI/K0)

for R=0.3 is shown in Fig. 3.8(a) for materials A(j), B(j) and C(j) with j=0, 1, for

crack growth on the right side. The crack growth rate is an average of the crack

advance over the number of cycles computed. For materials A(j) and B(j) the average

is over at least 10 cycles for ∆KI values above the threshold and over 20 cycles for

near-threshold values of ∆KI . As noted above, for material C, the crack growth rates

drop dramatically after crack extension exceeds a critical amount ∆acrit and so the
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values of da/dN in Fig. 3.8(a) for materials C(0) and C(1) are averages over the number

of cycles needed for the crack to grow to ∆acrit. The fatigue threshold is estimated

using the procedure in Deshpande et al. (2002) wherein calculations are carried out

at decreasing values of ∆KI until the crack growth rate da/dN is less than or equal

to 10−2µm/cycle (10 times larger than used in Deshpande et al. (2002)). The fatigue

threshold is then taken as the average of the last two values of the applied ∆KI .

Above the threshold, the crack growth rates are fit to a Paris power-law Paris et al.

(1961) of the form

da

dN
= CI

(
∆KI

K0

)m
(3.3)

where m is the Paris exponent and CI a constant. The fatigue threshold is reduced in

the presence of a particle, and further reduced with an increased modulus mismatch.

The thresholds are ≈0.78K0 for material A, ≈0.59K0 for material B, and ≈0.40K0 for

material C, with only a small difference seen for the two distributions of dislocation

sources and obstacles used in the calculations. The Paris exponent decreases when a

particle is present, and furthermore decreases with increasing mismatch, as indicated

by Fig. 3.8(a). There is a somewhat greater sensitivity of the crack growth in the

power-law regime to the specific realization which, although not large in magnitude,

leads to a significant variation in the Paris exponent m. Keeping in mind that the

crack in material C stops after a critical distance, these results show that a particle

reduces the threshold for fatigue but decreases the rate of the crack growth rate. We

Table 3.2: Numerical results for crack growth from a cracked particle, under mono-
tonic loading for an elastic matrix and elasticplastic one and under cyclic loading.
The index j refers to the realization number.

Monotonic Cyclic
Materials Kelastic

I /K0 KI/K0 ∆Kth
I /K0 Kth

max/K0 m

A(j) 0.94 � 1.22 0.78 1.10 6 - 8
B(j) 0.94 1.03 - 1.26 0.59 0.83 4 - 6
C(j) 0.48 0.62 - 0.72 0.40 0.57 2 - 4
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summarize salient values for the various material responses in Table 3.2. For cyclic

loading at the fatigue threshold, the maximum stress intensity factor Kth
max is smaller

than the stress intensity factor KI obtained for the monotonic loading, and larger

than the elastic value Kelastic
I for materials A and C but smaller than Kelastic

I for

Material B. The dislocations thus shield the crack tip under monotonic loading, but

the dislocation structures formed under cyclic loading provide less shielding. The net

shielding remains positive for materials A and C, because the threshold remains above

Kelastic
I , but is actually negative for Material B (anti-shielding). Net anti-shielding in

fatigue has also been seen by Pippan and Weinert (1998).

We now evaluate the fatigue results to attempt a decoupling of elastic and plastic

effects on the fatigue crack growth. To do so, we first normalize the fatigue crack

growth data against the critical stress intensity for crack growth in the elastic matrix

problem (e.g. Fig 3.3), ∆KI/K
elastic
I , as shown in Fig. 3.8(b). Since Kelastic

I ≈ K0,

the results for materials A and B are changed only slightly. However, the da/dN

versus ∆KI curves for material C(j) shift upward substantially, with the normalized

fatigue threshold ∆KI/K
elastic
I of material C(j) being comparable to that of material

A(j). These results again indicate that slip blocking gives an anti-shielding effect for

both monotonic and fatigue crack growth and that elastic mismatch increases the

local stress intensity at the crack tip but the dislocation structures formed by the slip

blocking and image stress fields cause shielding of the crack tip under both monotonic

and cyclic loading conditions. Recall that crack growth in materials B, C can be

abruptly halted after growth out to a critical distance. We now examine this further.

The crack growth rate as a function of the crack advance is plotted in Fig. 3.9(a)

for material B(0), in Fig. 3.9(b) for material C(0) for values of the cyclic amplitude

around the fatigue threshold, and in Fig. 3.9(c) for materials C(0) and C(1) for several

values of the cyclic amplitude ∆KI in the Paris power-law regime. Below the fatigue

threshold, the crack growth rate versus crack advance is similar in materials B(0) and

C(0) and, as noted previously, drops dramatically after a critical crack advance. For
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Figure 3.9: Crack growth rate versus crack advance for (a) material B(0) and (b)
material C(0) around the fatigue threshold, and for (c) materials C(1) (filled symbols)
and C(0) (unfilled symbols) for several values of ∆KI in the Paris regimes.

material B(0), ∆acrit=0.033µm, while it is much larger at ∆acrit=0.15 µm in material

C(0) and ∆acrit=0.40 µm in material C(1), showing sensitivity to the source/obstacle

distributions. Above the fatigue threshold, the crack growth is qualitatively different,

still dropping dramatically in material C(0) after a critical distance while being nearly

constant in material B(0).

We believe the reason that cracks stop growing is that the local stress intensity am-

plitude ∆K
(loc)
I driving growth is decreasing with crack growth due to either changes

in slip blocking or elastic mismatch effects, or both, and can decrease below a thresh-

old value ∆K
(loc)th
I . Since for larger crack growth, we expect that the crack growth
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rates for materials A, B, and C will converge, the existence of a unique threshold is

not unreasonable, and so we consider ∆K
(loc)th
I to be a material parameter. We envi-

sion that the ∆K
(loc)
I is increased, relative to the applied ∆Ki, by (i) a slip blocking

contribution ∆Ksb
I and (ii) the elastic stress concentration factor found previously for

elastic fracture, 0.985∆KI/∆KIC(∆a), so that

∆K
(loc)
I =

0.985K0∆Kth
I

∆KIC(∆a)
+ ∆Ksb

I (3.4)

With a threshold ∆K
(loc)th
I = 0.985K0∆KI

∆KIC(∆a)
+ ∆Ksb

I , a crack loaded at ∆KI will halt

after an amount of crack growth ∆a satisfying Eq. 3.4. For material A, the local

and applied stress intensity amplitudes are equal, ∆K
(loc)
I = ∆KI and so we can

immediately estimate ∆K
(loc)th
I = 0.78KI . Then, for material B with no elastic stress

concentration, we have ∆K
(loc)th
I = ∆Kth

I + ∆Ksb
I and so can estimate ∆Ksb

I =

∆K
(loc)th
I − ∆Kth

I since ∆Kth
I = 0.59K0 for material B. For material C, both slip

blocking and an elastic stress concentration play a role and lead to crack growth at

lower applied loads but with halting of the crack after larger amounts of growth.

For material C we account for the elastic stress concentration through the factor f(a)

and so can estimate the slip blocking as ∆Ksb
I = ∆K

(loc)th
I −0.985K0∆KI/∆KIC(∆a)

using the measured values of ∆KI and ∆a at which cracks stop. Table 3.3 summarizes

the results of this analysis on materials A, B, C. The estimated slip blocking for

material C is generally smaller than for material B and decreases at higher applied

∆KI . In one case, the estimated slip blocking becomes negative. This suggests that

the slip blocking effect decreases as the crack grows more than a few tenths of a

micron from the particle and/or is influenced by image stresses due to the particle-

matrix elastic modulus mismatch. This limited influence of slip blocking is consistent

with our discussion above for monotonic loading. Overall, our results are reasonably

interpreted through the consideration of a ∆K
(loc)
I that is affected by:

(i) slip blocking, which gives an anti-shielding effect for small crack extension;
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Table 3.3: Summary of the numerical analysis. Lines 4−7 refer to materials C(0,1) in
the Paris power-law regime as given in Fig. 3.9(c).

Material ∆KI/K0 ∆a KIC/K0 ∆K
(loc)th
I /K0 ∆Ksb

I /K0

A 0.78 - 0.985 0.78 -
B 0.59 - 0.985 0.78 0.19
C 0.428 0.15 0.63 0.78 0.11

0.476 0.4 0.72 0.78 0.13
0.478 0.16 0.635 0.78 0.04
0.571 0.18 0.64 0.78 -0.10
0.580 0.4 0.72 0.78 -0.01

(ii) elastic mismatch, which gives a stress concentration that decreases with crack

growth;

(iii) interactions between the above two factors, which influences the dislocation

structure that develops, and is reflected in fluctuations of the estimates above.

The first two factors act to reduce the value of the applied ∆KI necessary to initiate

and continue fatigue crack growth, relative to a single crystal material.

3.3 Discussion

A number of prior studies exist on the role of particles in modifying fatigue crack

growth in metals. Based on a continuum crystal plasticity model, Bruzzi et al. (2001)

estimated the state of stress within the matrix and incorporated the stress gradient

along a predefined crack path into investigation of the effect of reinforcing particles

on a small fatigue crack, Bruzzi and McHugh (2004). The existence of such a gra-

dient of stress is important because it increases the driving force at the crack tip

and thus accelerates the crack growth close to the interface, Pippan et al. (2000),

Wang and Siegmund (2006). We see the same effect here when there is elastic mis-

match, while slip blocking may add an additional contribution. Jiang et al. (2003)

experimentally studied fatigue crack propagation normal to an elastically-matched
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but plastically mismatched bimetallic interface under a four-point bending condition.

They observed fatigue crack acceleration over a few tenth of micrometers beyond the

interface when the crack propagated from a hard (high yield stress) phase into a soft

(lower yield stress) phase, followed by a reduced growth. A similar result was obtained

numerically by Wang and Siegmund (2006) using a cohesive framework to model crack

propagation through an elastically-matched, plastically-mismatched interface. These

results are qualitatively similar to our results for material B, except that our hard

phase is strictly elastic. In contrast to the continuum framework, however, we observe

fatigue with maximum loads below the elastic fracture limit, indicating short-crack

and discrete plasticity effects. We also observe stochastic effects such as asymmetry

in the crack growth, and a sensitivity of the growth rates and loads to the distri-

bution of obstacles and sources. The fatigue threshold and the crack growth rate

characterize the propagation of a crack during a fatigue experiment. From the liter-

ature, it appear that the only common feature is that fatigue crack growth behavior

is different for single and multiphase materials, and that an increase or a decrease

of the fatigue threshold is strongly dependent on the material properties Narasaiah

and Ray (2006). Tanaka et al. (2000) present results showing that ∆Kth
I tends to

be larger for reinforced as compared to unreinforced alloys at the maximum tensile

stress level. Such an increase of the fatigue threshold in presence of reinforcements is

also observed by Milan and Bowen (2004) in the case of an Al matrix reinforced by

different volume fraction of SiC particles. On the other hand, for 16% and 21% Al2O3

particle reinforced aluminium alloys, Pippan and Weinert (1998) conclude experimen-

tally that the fatigue threshold of the particle reinforced alloy is smaller than the one

obtained for the unreinforced material, in agreement with this study. Literature data

further suggest that the presence of reinforcements tends to increase the crack growth

resistance (inverse of the Paris exponent) as compared non-reinforced material. Chen

et al. (2001) concluded that the crack growth rate decreases with increasing particle

size. Milan and Bowen (2004) characterized separately the crack growth resistance

44



of unreinforced and reinforced aluminium alloys, concluding that the addition of SiC

particles increases the fatigue crack growth resistance at near threshold and Paris-

power law regimes. This latter effect of reinforcement on the crack growth resistance

is reproduced by the calculations presented in this study. The reduced Paris exponent

may be attributable to the higher dislocation density close to the crack and particle

in material C as compared to material B (Fig. 3.7(b,c)) because an increase in plastic

dissipation tends to decrease the Paris exponent in ductile materials, Suresh (1998).

3.4 Conclusions

Crack growth from small initially-cracked elastic particles into a ductile metal material

has been analyzed using discrete dislocation plasticity to characterize the inelastic

deformation in the matrix at micron-scales and using a cohesive model for fracture.

Analysis of crack growth under fatigue loading reveals the following general features:

• The particle reduces the threshold value of ∆K and the Paris power-law expo-

nent, relative to a single crystal material.

• Slip blocking at the particle−matrix interface gives rise to a dislocation structure

with increased anti-shielding relative to the single crystal material.

• Stress concentrations due to elastic mismatch increase the local stress intensity

factor further and thus reduce the applied stress intensity factor at which crack

growth is observed.

• The elastic stress concentrations decay with increasing crack length, leading to

halting of crack growth near and above the threshold value of ∆K after some

critical distance of crack growth.
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Chapter 4

Fracture in Plastically Anisotropic

Metals

The dislocation core structure in an atomic lattice dictates that a finite stress, the

Peierl stress, is required to move a dislocation through the perfect lattice Nabarro

(1947). Experiments Caillard (2010), Castany et al. (2007), Kruml et al. (2002),

Spence and Koch (2001) and many computer simulations Aubry et al. (2011), Khater

and Bacon (2010), Nogaret et al. (2010), Leyson et al. (2010), Xiang et al. (2008),

Tapasa et al. (2007) demonstrate these atomic effects in a variety of materials. In

FCC materials, the Peierls stress is generally low and, given the many identical slip

systems, the initial plastic flow stress is fairly isotropic. In HCP systems, the Peierls

stress varies widely among slip systems, with basal and/or prism slip being relatively

easy, similar to FCC systems, but pyramidal slip being far more difficult, leading to

significant plastic anisotropy. In BCC Fe, the lattice resistance for screw dislocations

is particularly high, with dislocation motion occurring due to double-kink nucleation

and spreading at the atomic scale. Due to the atomic nature of the Peierls stress,

modeling of dislocations at larger scales usually treats the Peierls stress as a ”fric-

tion” stress - i.e. a constant background resistance to dislocation motion - within a

dislocation mobility law Kubin et al. (1992), Hirsch et al. (1997), Kubin et al. (1998),

Chen et al. (2003). The influence of mobility on fracture has been probed mainly in
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conjunction with the brittle-ductile transition (BDT) where dislocations can shield

or anti-shield the crack tip, influencing cleavage and crack-tip dislocation emission

(Hirsch et al. (1997)), with kinetic effects due to the dislocation glide mobility as a

function of temperature. At the continuum scale, the Peierls stress and dislocation

mobility enter indirectly through a rate-dependent flow stress, and plastic anisotropy

is captured using crystal plasticity. However, these conventional plasticity models

possess no internal length scales and so do not predict fracture when the yield stress

is too low or the underlying material cohesive strength is too high (Tvergaard and

Hutchinson (1993), Tvergaard (2001)). Dislocation-based models for fracture demon-

strate some limitations of the continuum models (Van der Giessen and Needleman

(1995), Cleveringa et al. (1997, 1999, 2000), Van der Giessen et al. (2001), Deshpande

et al. (2003a), Nicola et al. (2005), O’Day (2005), Chakravarthy and Curtin (2010b,a,

2011a)) and recent work by one of these authors indicates that fracture toughness de-

pends on the dislocation obstacle spacing, which is an internal material length scale

absent from traditional plasticity models.

Here, we extend the prior work on dislocation-based fracture modeling to include

the effects of both a Peierls stress and plastic anisotropy. We are motivated by recent

work on the fracture of single-crystal Zn by Catoor and Kumar (2008). In that study,

crack growth along the basal plane was studied for two crack growth directions, [21̄1̄0]

(orientation 1) and [101̄0] (orientation 2), and complementary FEM crystal plasticity

simulations were performed. In orientation 1, one basal slip system and two symmet-

ric pyramidal slip systems are active. In orientation 2, two basal slip systems and four

symmetric pyramidal slip systems are active but, due to their symmetric arrangement

with respect to the crack front, the out-of-plane plastic displacements due to disloca-

tions cancel and it is possible to evaluate this orientation as an ”in-plane” problem,

assuming latent hardening effects are minimal. The in-plane/projected Burgers vector

and resolved shear stress driving pyramidal dislocation motion is considerably smaller

in orientation 2 than in orientation 1, indicating a higher in-plane flow stress for ori-
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entation 2, and thus a higher applied Mode-I stress intensity to initiate and continue

plastic flow around the crack tip. The FEM simulations indicate that the accumu-

lated total plastic strain due to pyramidal slip is indeed smaller in orientation 2 as

compared to orientation 1, while the plastic strain due to basal slip is independent of

orientation. Experimentally, orientation 2 shows lower toughness, which was rational-

ized by Catoor and Kumar (2008) by considering a maximum crack tip opening stress

criterion for crack growth, and ignoring any influence of basal slip on this opening

stress. The FEM models did not allow crack growth, and so could not be compared

directly with the experimental crack growth results. The effect of basal/pyramidal

interaction on crack growth thus remains open, and modeling of crack growth in such

plastically anisotropic systems has not been investigated. One goal here is to exam-

ine the effect of in-plane Burgers vector and in-plane Peierls stress on the fracture in

materials with plastic anisotropy in the basal/pyramidal Peierls stress.

The experimental observations in Catoor and Kumar (2008) also show that new

basal-plane microcracks can nucleate a few microns away from the existing crack tip.

Subsequently the ligament formed between the macro and micro cracks can retard

the crack growing until the ligament is sheared off. A number of prior experiments

studying microcrack initiation in pure Zn single crystal also exist. Deruyttere and

Greenough (1956) and Gilman (1958) showed that plastic slip on the basal plane

can reduce the cleavage resistance of initially-uncracked Zn single crystals, with the

critical normal stress depending on the amount of prior basal plastic slip. Parisot

et al. (2004) investigated cleavage fracture in Zn coated steel sheet under equibiaxial

expansion, plane strain tension, and simple tension, and obtained a critical basal

normal stress to initiate cleavage. These studies consider only dislocations on basal

planes, although Stofel (1962) pointed out that pileups of dislocations on basal planes

cannot provide a general explanation for fracture initiation in Zn single crystal. Stofel

thus proposed a fracture initiation model based on the interaction of basal and non-

basal edge dislocations. A second goal here is to shed light on possible microscopic
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origins of this basal microcrack nucleation.

To gain insight into the role of plastic anisotropy for the basal cleavage in HCP-like

materials, we pursue here a dislocation-based study of the deformation and fracture in

such systems. We first extend the standard 2d-DD models and algorithms of Van der

Giessen and Needleman (1995) to include a Peierls stress, and analyze the tensile

response of the DD materials to verify that the Peierls stress determines the material

yield stress. We then model mode I crack growth, using a new robust DD/Cohesive-

Zone (DD/CZ) model Chakravarthy and Curtin (2011a), in systems with varying

Peierls stress and pyramidal/basal plastic anisotropy for cracks propagating parallel

to the easy-slip basal planes. We find that the fracture toughness depends primarily on

the yield stress measured normal to the crack plane and not on the plastic anisotropy,

and that flow along the basal planes occurs but it does not influence crack growth.

We then analyze the fracture results using the concept of stress-gradient plasticity,

where a local stress gradient acting over the nucleating dislocation dipoles modifies the

apparent flow stress relative to the value in the absence of a stress gradient. We show

that the trends in fracture toughness obtained here for materials with flow controlled

by a Peierls stress can be unified with prior results for an entirely different material

in which flow stress is controlled by dislocation obstacles through the stress gradient

concept. We thus demonstrate that although the physical material length scale may

change from system to system, the effect of stress gradients over the operative material

length scale is a strong determinant of the fracture toughness. This new insight helps

unify the understanding of fracture at the discrete dislocation level. Our simulations

then also show the occurrence of localized tensile stress concentrations in a several-

micron-scale region around the main crack, due ultimately to the discreteness of the

dislocation structures that form, and suggest an origin for the basal microcracking

observed in experiments.

The remainder of this section is organized as follows. Section 4.2 briefly reviews

the framework of 2d-DD modeling of plasticity and then presents the implementation
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of a Peierls stress model. Result for plane-strain tension of Peierls-controlled material

flow are presented and discussed in Section 4.3. Simulation of Mode-I crack growth is

presented in section 4.4 and the dependence on Peierls stress and plastic anisotropy

is demonstrated and discussed. The unification of the present results with prior 2d-

DD studies of fracture via the Stress Gradient Plasticity concept is also discussed

in this section. Section 4.5 addresses the issue of microcrack nucleation. Our main

conclusions are briefly summarized Section 4.6.

4.1 Peierls stress implementation

Recently, several algorithms have been developed to make the DD model robust over

a wider set of material parameters as mentioned in Chapter 2. Chakravarthy and

Curtin (2011a). Implementation of a Peierls stress τP first involves modification of

the dislocation mobility law (see Eq. 2.16), by treating the Peierls stress as an internal

friction in the standard manner. Specifically, the magnitude of the glide velocity v of

is related to the glide force as in Eq. 2.16. Thus, after nucleation, a dislocation will

not move until the Peach-Koehler force reaches τP b. Simultaneously, there are no ob-

stacles introduced in the material to otherwise control disocation motion or influence

the macroscopic flow stress. Modifications to the nucleation algorithm are, however,

necessary to avoid spurious features associated with successive nucleation of dipoles.

Once a dislocation dipole is nucleated at distance Lnuc/2 on each side of the source,

the shear stress on the source is −3τnuc. Without a Peierls stress, the dipole quickly

widens and the stress on the source decreases so that another dislocation dipole of

opposite sign is not nucleated. With a Peierls barrier, the dislocations remain at the

original positions, triggering nucleation of an opposite-sign dipole that then subse-

quent annihilates the original dipole, leading to no net nucleation. To circumvent this

spurious situation, we extend the nucleation length to 2Lnuc, and the time period to

2tnuc, so that upon nucleation of a dipole the shear stress acting on the source is
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−τnuc and becomes > −τnuc in the very next load increment. With further loading,

the shear stress on the source can again reach τnuc before the Peierls stress is reached

in the original dislocations. Specifically, at an applied loading of 2τnuc, the stress on

the source is τnuc and the stress on the first pair of nucleated dislocations is 2.5τnuc.

Thus, if τP ≥ 2.5τnuc then a second dipole is nucleated and can artificially push the

original dipole dislocations at stresses below τP and generate anomalous flow. Since

τnuc is a statistical quantity (typically a mean of τ̄nuc and standard deviation 0.2τ̄nuc),

it is not unusual to have τP > τnuc for the weaker sources that control the flow.

Hence, we introduce an absolute condition that the source cannot operate if a prior

dislocation dipole remains pinned at the +/−Lnuc positions due to the Peierls stress.

We consider below tensile specimens where the basal planes are non-active slip planes

with respect to the applied load. Tests reveal, however, that when a sufficient number

of pyramidal dislocations are generated, the basal sources can be triggered. These

basal dislocations then interact with the pyramidal dislocations and change the macro-

scopic flow stress. For materials where flow is controlled by obstacles, such close inter-

actions arise infrequently so that a very small minimum interaction distance 2b can be

used. For materials where motion is controlled only by a Peierls stress, such interac-

tions are more frequent and cause spurious flow. We thus use a minimum interaction

distance of 6b and largely eliminate spurious basal nucleation and its consequences.

4.2 Plane strain tension

4.2.1 Algorithms, material parameters, and validation

To verify that the algorithms discussed briefly above do lead to a material wherein the

flow stress is controlled by the Peierls stress, we perform plane strain tension tests for

a range of material properties. A rectangular specimen of dimensions 2W ×2H, with

W=15 µm and H=5 µm is assigned three slip systems, at θ(1)=120◦ and θ(2)=60◦

for pyramidal planes and θ(3)=0◦ for basal planes, as shown in Fig. 4.1. The Burgers
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vectors are bP for pyramidal dislocations and bB for basal dislocations. All slip plane

systems have equal slip spacing d = 100bB. A uniform finite element mesh of 360×120

quadrilateral elements is used to obtain the corrective solution. The tensile direction

is aligned to the x1-axis and a prescribed displacement U at x1 = ±W and traction

free boundaries on x2 = ±H are imposed. A time step ∆t=0.05 ns is used and, unless

otherwise stipulated, a loading rate of U̇/W=2000/s is used to obtain a strain of 0.001

in 10,000 time steps. The tensile stress is computed as the averaged stress along x1 =

+W . The expected yield stress due to slip on the pyramidal planes is τP/S, where S

is Schmid’s factor=0.433 for the two active pyramidal slip systems. Source strengths

τnuc are chosen from a Gaussian distribution with standard deviation of 0.2τ̄nuc with

a time period of nucleation tnuc = 25 ns for all slip systems. Material properties

are chosen to mimic HCP zinc, with Young’s modulus E=108 GPa, Poisson’s ratio

ν = 0.25, and with anisotropic slip properties listed in Table 4.1 as measured in

99.99% zinc single crystals by Stofel (1962), Pope (1967) and Blish (1967). We also

consider isotropic materials for comparison, as indicated in 4.1. In Table 4.1, basal

and pyramidal values are denoted by superscripts ”B” and ”P”, respectively.

Figure 4.1: Geometry and boundary of tension problems with θ(1)=120◦ and θ(2)=60◦

for pyramidal planes and θ(3)=0◦ for basal planes.

In the absence of explicit work-hardening mechanisms, the stress-strain behavior

in these materials is expected to be elastic/perfectly-plastic. The tensile flow stress

should be controlled by the Peierls stress on the active slip systems, i.e. the pyramidal
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Table 4.1: Isotropic and anisotropic properties of materials studied here; τ̄nuc=50
MPa for all cases

τBP τPP bB bP BB BP

(MPa) (MPa) (nm) (nm) ×10−4(Pa.sec) ×10−4(Pa.sec)

Anisotropic

30
30

0.266 0.561 0.78235 2.10375

60
90

60
60
120
180

90 90

Isotropic
30

0.266 0.7823560
90

planes. Therefore, we perform tension simulations mainly for a fixed basal strength

τBP =30 MPa but also show that the flow stress is largely independent of the basal

Peierls stress. The tensile response is linear until dislocations are nucleated and, once

a sufficient stress is attained, dislocations can move against the Peierls barrier and

cumulatively generate macroscopic plastic flow. However, the nominal flow stress is

influenced by dislocation interaction effects, which are magnified in the anisotropic

material due to the larger Burgers vector for pyramidal slip. These effects then also

depend on some of the microscopic material or simulation parameters. We thus start

by demonstrating and minimizing some of these interaction effects.

Fig. 4.2 shows the stress-strain behavior for several values of the minimum inter-

action distance rc. For rc = 2bB, there is a marked stress drop below the nominal

Peierls-controlled flow stress, as compared to rc = 6bB, 10bB. This is accompanied

by an increase in the number of dislocations on non-active the basal planes (see

Fig. 4.2(b)) and a decreased number of pyramidal dislocations (see Fig. 4.2(c)) re-

maining in the sample as interaction forces drive them out of the sample surfaces.

In this section, we use rc = 6bB, which is also consistent with the critical in-plane

annihilation distance Le.
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(a)

(b)

(c)

Figure 4.2: Tensile responses for isotropic materials with τP=30MPa for several min-
imum interaction distances, showing anomalous softening for the smallest value:(a)
stress-strain curves (b) the dislocation densities on basal slips (c) the dislocation
densities on pyramidal slips.

(a) (b)

Figure 4.3: Effect of source density (ρs) on stress-strain curves for the cases of τPP = 30
and 90 MPa (a) with isotropic properties (b) with anisotropic properties, and τ̄nuc=
50MPa, 100bBslip spacing and strain rate(ε̇)=2,000 s−1.

Interaction effects are also related to the source density ρs. The initiation of plastic

deformation is largely independent of the source density, since dislocation interactions

are limited when the dislocation remain in dipoles near the sources. But, as shown in
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Figs. 4.3a, 4.3b, a higher source density leads to a notable softening for the anisotropic

materials while little change is observed for isotropic materials. The relatively large

fields created by the pyramidal dislocations, due to their larger Burgers vectors, drive

more sources to operate, leading to softening. For all further simulations, we use

ρs=22 µm−2 to avoid this softening in the anisotropic materials.

(a) (b)

Figure 4.4: Effect of strain rates (ε̇) on the stress-strain responses for the cases of
τPP = 30 and 90 MPa (a) with isotropic properties (b) with anisotropic properties, and
τ̄nuc= 50MPa, 100bBslip spacing and source density (ρs)=22 µm−2.

Since the dislocation mobility itself is also anisotropic, we have investigated the

influence of loading rate on the tensile response. Stress-strain curves for isotropic and

anisotropic specimens with strain rates (ε̇) of 2000s−1 and 200s−1 are shown in Fig. 4.4

for several different values of τPP . Only the anisotropic material with a low Peierls

stress shows a strain rate sensitivity, with a lower flow stress at the lower strain rate.

In this case, there is more time available for dislocation activity to effectively trigger

the nucleation and motion of dislocations by the high stress field caused by passing

dislocations. This leads to a high density of dislocations, especially in non-active slip

systems. Hence, for the remainder of our study we use a strain rate of 2000 s−1 to

ensure that the plastic flow stress can be estimated for all cases of τPP .
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4.2.2 Tensile response

With parameters selected above to ensure that the flow stress is largely controlled

by the Peierls barrier and, as importantly, that the materials exhibit no anomalous

softening behavior, we now investigate the response of a wider spectrum of materi-

als having an anisotropic Peierls-controlled plasticity, corresponding to the material

parameters shown in Table 4.1.

(a) (b)

Figure 4.5: Stress-strain curves for materials with τBP = 30 MPa and various of τPP =
30, 60, 90 and 120 MPa: (a) for isotropic materials (b) for anisotropic materials.
Dash lines indicate expected flow stresses associated with τPP ; Dash-dotted lines are
guides to the eye.

Fig. 4.5 shows the stress-strain tensile response for a range of materials. The

dashed lines indicate the expected tensile flow stress for the specified τPP for each case.

For the isotropic cases, Fig. 4.5(a), the initial plasticity occurs a bit below the expected

value but the flow stress increases with further straining until it slightly exceeds the

expected flow stress. For the anisotropic cases, Fig. 4.5(b), there is a wider region of

microplasticity prior to steady flow and then a roughly-constant flow stress that is

slightly lower than the expected stress. This decrease is attributed to the remaining

dislocation interaction effects caused by the larger pyramidal Burgers vectors in the
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anisotropic case. The emergence of a steady flow stress below that determined by the

τPP suggests the creation of a steady-state dislocation density and associated steady

dislocation interaction stress. This effect may be manifested in the interpretation of

real experiments if the flow stress under multiple-slip conditions does not correspond

to the values derived from single-slip tests, in materials where the Burgers vectors are

large enough to induce significant interaction effects inside the deforming material.

Tests using basal Peierls stresses of τBP = 60, 90 MPa were performed for several

values of the pyramidal Peierls stress. The results shown in Fig. 4.6 indicate that the

basal Peierls stress does not significantly change the overall tensile response, and the

dislocation densities in the two slip systems are also not affected. Since the applied

resolved shear stress on the basal planes is zero in this orientation, the basal slip

is generated only by interactions with the pyramidal dislocations. Basal slip does

not contribute to the elongation of the sample, but could influence the stresses on

the pyramidal dislocations and modify the flow stress. The absence of any significant

dependence on the basal strength indicates that such interaction effects are negligible.

In the isotropic materials, the flow stress slightly exceeds the estimate based on

the Peierls stress alone. This is attributed to a contribution to the flow stress from

the source strength. Since the source strength is stochastically distributed, there

is no obvious operative value. We thus use the simulation results on the isotropic

materials to derive a value for the effective or operative source strengths, as follows.

For a nucleated dipole, the total shear stress on each of the two dislocations in the

dipole is comprised of the applied shear stress and the attractive shear stress due to

the other dislocation as τtot = τapp −
A

2Lnuc
where A =

µb

2π (1− ν)
. Dislocation glide

begins when τapp −
A

2Lnuc
= τPP and so the yield condition for the first glide of the

dislocation dipole is

τy = τPP +
A

2Lnuc
or τy = τPP +

τnuc
2

(4.1)

This flow stress is always higher than the flow stress predicted from the pyramidal
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(a)

(c)

(b)

(d)

Figure 4.6: A comparison of stress-strain curves for anisotropic materials with differ-
ent basal Peierls stress; (a) τPP = 60MPa with τBP = 30 and 60 MPa; (b) τPP = 90 MPa
with τBP = 30 and 90 MPa (c) dislocation densities for τPP = 60 MPa with different
τBP = 30 and 60 MPa (d) dislocation densities for τPP = 90 MPa with τBP = 30 and 90
MPa. Dash-dotted lines in (a) and (b) are guides to the eye.

Peierls stress alone as a result of the self-interaction of the dipole, τnuc/2. Using the

measured flow stresses in the isotropic materials, where dislocation interactions are

negligible, the tensile flow stress generally exceeds the Peierls value by ≈20 MPa,

which should equal τ effnuc / (2 · 0.433) where τ effnuc is the shear strength of the effective,

or actually operating, sources. We thus deduce τ effnuc =17 MPa, indicating that the

weakest operating sources have strengths 3 standard deviations below the mean value

τ̄nuc =50 MPa, roughly comparable to previous estimates (Chakravarthy and Curtin
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(2010a)). A corresponding value for the effective, or actually operating, source nu-

cleation length is then Leffnuc = A/τ effnuc = 0.297µm. This length scale will be useful in

interpreting the results of our fracture tests, to which we now turn our attention.

4.3 Mode-I crack growth

We now examine the effects of plastic anisotropy on the Mode-I crack growth in ma-

terials where the flow stress is controlled by a Peierls stress. An infinitely long crack

in a two-dimensional single crystal is subjected to a far-field Mode-I stress-intensity

loading, as shown in Fig. 4.7, by applying prescribed displacements corresponding to

the isotropic, linear elastic mode I stress-intensity field (Deshpande et al. (2003a) and

Cleveringa et al. (2000)). Symmetry about the crack plane is used so that only the

Figure 4.7: Schematic of the Mode-I crack problem with the imposed boundary con-
ditions.

upper half of the crystal is directly simulated. The initial crack tip is located at the

origin x=y=0 and the surface x<0, y=0 is traction-free. Crack growth is modeled

using a cohesive zone model that extends along the crack plane x>0, y=0. We use
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values for the cohesive properties of σcoh=2 GPa and δn=0.18394 nm, giving a work

of fracture φn=1 J/m2 and K0 = 0.335 MPa
√

m. A new superposition technique of

O’Day and Curtin (2005) is used, as described in Chapter 2 (Chakravarthy and Curtin

(2011a)). In addition, the singular stress fields and displacement fields for each dislo-

cation are computed using the half-space solution for x2 > 0 (Freund (1993)). During

crack growth, a mesh adaption scheme is employed that maintains full resolution at

the tip of the current crack Chakravarthy and Curtin (2011a). While a dislocation is

free to glide anywhere in the sample domain of W ×H = 1000 × 500µm2, all dislo-

cation sources are contained within a process window of size Lp × hp = 30 × 30µm2

centered on the original crack tip position. The material properties are exactly those

considered in the tension tests of section 4.3, and summarized in Table 4.1; the tensile

flow stress along the 0◦ line for each material is thus known and obtained from the

data in Fig. 4.5 and Fig. 4.6 using the 0.2% offset yield stress construction.

With increasing applied Mode-I loading, dislocation plasticity is initiated around

the crack tip and, at some point, the crack begins to move forward with increasing

applied load. The applied Mode-I loading versus the amount of crack growth is the

”crack resistance” or ”R-curve” that characterizes the toughening. At a sufficiently

high load, the crack will grow with no further applied load, and this load level repre-

sents the fracture toughness KIC of the material. The R-curves for various materials

having different yield stresses and plastic anisotropy are shown in Fig. 4.8, with each

sub-figure showing results for four different random distributions of the dislocation

sources to demonstrate the purely stochastic variations in the fracture behavior; some

cases of high toughness do not show the final fracture stage for brevity. The fracture

toughnesses in Fig. 4.8 are characterized by the value of the pyramidal Peierls stress,

from which the tensile yield stress can be approximated. Fig. 4.8(a-e) and 4.8(f-h)

are carried out using anisotropic properties and isotropic properties, respectively, as

given in Table 4.1. Overall the toughness tends to decrease with increasing the yield

stress, with lower yield stresses showing a large variation of crack initiation and tough-
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.8: Mode-I crack growth resistance curves for four realizations of
source/obtacle randomness in various cases of yield stresses denoted by (σy: τBP ,
τPP ) in MPa with anisotropic slip properties (ANI.); (a) 75: 30, 30 (b) 120: 60, 60
(solid lines) and 120: 30, 60 (dashed lines) (c) 180: 90, 90 (solid lines) and 170: 30,
90 (dashed lines) (d) 250: 60, 120 (e) 360: 60, 180 and with isotropic slip properties
(ISO.); (f) 85: 30, 30 (g) 150: 60, 60 (h) 220: 90, 90.

ness, since they are closer to purely brittle behavior. The dashed lines in Fig. 4.8(b,c)

denote materials with a lower basal Peierls stress, which according to Fig. 4.6 have

the nearly the same tensile yeild stress in the direction normal to the crack plane as
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the corresponding materials with the higher basal Peierls stress. The R-curves and

toughnesses are similar in cases of τPP =60 MPa and only slightly tougher for cases of

τPP =90 MPa, as illustrated in Fig. 4.8(b,c), so that the toughness is primarily con-

trolled by the yield stress with minimal anisotropy effects. We further examine the

(a) (b)

Figure 4.9: Contours of the total plastic slip,
∑3

i=1 |γi|, from DD simulation and
crack opening profiles (magnified 10 times) close to the critical fracture toughness for
anisotropic materials with τPP =60MPa and two different basal Peierls stresses: (a)
τBP = 30MPa and (b) τBP = 60MPa. (All distance are in microns)

influence of anisotropy on the slip by analyzing contours of total plastic slip, defined

as
∑3

i=1 |γi| where γi is the resolved shear strain from the dislocations on slip planes

with angle θ(i). Total plastic slip is shown Fig. 4.9(a) and 4.9(b) for two cases with

the same pyramidal properties but differing basal strength τBP . There is more basal

slip for a lower basal Peierls stress, but this does not influence the crack growth.

The insensitivity of the toughening to the basal slip can be understood by examining

dislocation shielding/anti-shielding. Basal dislocations are predominantly nucleated

in a wedge region above the crack between the lines at 60◦ and 120◦ emanating from

the initial crack front, where the crack stress field generates a sufficient resolved shear

stress. However, Fig. 4.10 shows contour plots of the shielding/anti-shielding due to

an individual dislocation as a function of position and Burgers vector Lin and Thom-

son (1986) which indicate that such basal dislocations have a very small effect on the
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crack tip stress intensity compared to dislocations on the pyramidal slip planes at

θ(1) = 120◦ and θ(2) = 60◦. Thus, basal slip has little effect on the crack behavior.

Once the crack starts growing (to the right) the basal dislocations are left behind in

a plastic wake but with decreasing shielding ability. Thus, any effect of basal slip on

crack growth is indirect through its influence on the pyramidal slip.

(a) (b) (c)

Figure 4.10: Normalized Mode-I crack shielding contribution as a function of position
for: (a) θ(1)=120◦ (b) θ(2)=60◦ (c) θ(3)=0◦ where the anisotropic material properties
(
∣∣bB∣∣ < ∣∣bP ∣∣) are used as in Table 4.1

The normalized fracture toughness versus normalized yield stress σy/σcoh for all

cases in Table 4.1, with four statistical realizations for each material type, is shown

in Fig. 4.11. In general, the fracture toughness increases as the yield stress decreases,

with both isotropic and anisotropic cases following the same trend qualitatively and

quantitatively. The general trend is not surprising because the plastic zone size, and

hence plastic dissipation, are increased with decreasing yield stress. The statistical

variations in fracture toughness among the four realizations exhibit more variation

at lower yield stresses, in part because of the much larger number of dislocations

and possibility of wider variations in local crack-tip conditions driving the onset of

rapid crack growth. Compared to the statistical variations, any systematic trends in

fracture toughness due to anisotropy (i.e. τPP /τ
B
P ) are negligible.

Also shown in Fig. 4.11 are the fracture toughnesses computed using the same

numerical 2d-DD methods but for materials where the yield stress is controlled by ob-
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Figure 4.11: Normalized fracture toughness KIc/K0 versus yields stress σy for all
cases in Table 4.1 (filled symbols) and for the obstacle controlled yield (non-filled
symbols) from Chakravarthy and Curtin (2010b). Error bars show the variation of 4
statistical random realizations of source points. The dash line is the guide line for all
data.

stacles to dislocation motion. These materials have both high strength (σy=600MPa-

800MPa) and higher cohesive strength (σcoh=7 GPa Chakravarthy and Curtin (2010b),

and show much higher toughness than the present materials where the yield stress is

controlled by a Peierls stress. In the obstacle-controlled-strength cases, materials with

the same yield strength but different internal average obstacle spacing have different

toughnesses. These comparison show that the internal mechanisms of strengthening

are crucial in determining the macroscopic material toughness, i.e. toughness is not

determined by yield strength alone.

Chakravarthy and Curtin (2010b) showed that the toughness in the obstacle-

controlled materials could be understood by considering the operation of the source-
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obstacle dislocation pile-up configurations in the presence of a stress gradient. The

effective yield stress σ′y due to the crack-tip stress field could be related to the tensile

yield stress as

σ′y =
σy

(1− χLobs/4)
(4.2)

where Lobs is the average spacing between dislocation obstacles and χ is the normalized

magnitude of the stress gradient at the dislocation sources closest to the crack tip.

They further explored and validated this ”Stress Gradient Plasticity” concept in

a recent publication Chakravarthy and Curtin (2011b). Here, the yield stress is

controlled by the Peierls stress and there are no dislocation pile-ups. There thus seems

to be no analog to the obstacle spacing Lobs. However, we show below that there is a

stress-gradient effect with the material length scale Lnuc and that the toughness data

of Chakravarthy et al. and of the present study can be unified through the ”Stress

Gradient Plasticity” concept.

Figure 4.12: A simple model for the yield stress controlled by Peierls stress with
applied shear stress on a dislocation dipole with gradient χ(always positive) as a
function of x and resolved shear stress at source point (x=0),τapp.

We consider a dislocation source in the presence of an applied linear stress gradient

given by τ(x) = τapp (1− χx), where χ > 0 and τapp is the stress at the position x = 0

of the source (Fig. 4.12). Once a dipole is nucleated at τapp = τnuc, the dislocations

on the left and right of the source at x = ±Lnuc are subjected to higher and lower
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stresses, respectively. With increasing applied stress, each dislocation will glide when

τapp (1− χx)− A

2Lnuc
≥ τP . (4.3)

The dislocation on the left is subjected to a higher applied shear stress and so will

glide first and move away from the source. However, the dislocation on the right

side remains under a lower stress, and cannot move away nor can the source operate

further. Thus, there is no significant plasticity. Plasticity can ensue only after the

dislocation on the right side moves. The applied stress required to start glide of

the dislocation on the right side therefore controls the apparent yield stress. If the

gradient is large enough, then the dislocation on the left side moves far away and

exerts no stress on the remaining dislocation. The apparent shear yield stress (for a

sufficient gradient) is thus given simply by

τ ′y =
τP

(1− χLnuc)
(4.4)

The tensile yield stress follows using the Schmid factor and, in the presence of the

stress gradient, is always larger than the tensile yield stress. Eq. 4.4 differs from

Eq. 4.2 by a factor of 4 due to the absence of a pile-up and due to definitions of Lobs

and Lnuc. Whether Eq. 4.4 is a true ”Stress Gradient” effect or simply reflects the

fact that operation of the source is controlled by the stress at a distance Lnuc away

may be a semantic issue, but the general fact that internal length scales and stress

gradients influence the yield stress remains clear.

We apply the ”Stress Gradient Plasticity” concept to interpret the fracture results

as follows. Following Chakravarthy et al., the stress gradient χ at distance r from the

tip of the mode-I crack is given by

χ = abs

[
d

dr
τrθ

]
1

τrθ
=

0.5

r
(4.5)
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Figure 4.13: Fracture toughness KIC/K0 versus σcoh/σ
′
y for materials with yield con-

trolled by the Peierls stress (solid circle and solid delta symbols from Fig. 4.11)
and for materials with yield controlled by obstacle ρs = 66µm−2(square symbols) in
Chakravarthy and Curtin (2010b) where σ′y is the appropriate ”stress gradient” yield
stress near the crack tip. Dash line is to guide the eye.

since τrθ =
KI√
2πr

f(θ). The relevant distance r is then the typical distance of the

sources nearest to the crack tip, r = 1/
√
ρs where ρs is the source density. Since

tensile flow and dislocation shielding are controlled by the pyramidal slip planes,

r should actually only reflect these sources so that r = (2ρs/3)−1/2. The relevant

value of Lnuc is the effective value Leffnuc computed earlier in interpreting the data on

isotropic tensile flow. Interaction effects that cause the yield stress in the anisotropic

materials to be below those in the isotropic materials are attributed to interaction

effects, which are assumed to only influence the local applied stress on the source so

that Leffnuc applies to all isotropic and anisotropic systems. The relevant apparent yield
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stress under the action of the stress gradient created by the crack tip field is then

τ ′y
τy

=
τPP

(1−
√
ρs
6
Leffnuc)(τPP +

τ effnuc

2
)

(4.6)

where τy is the yield stress under a uniform stress field. All the quantities entering

Eq. 4.6 above are material parameters fixed in our simulations and are not adjustable.

Noting that τ ′y/τy = σ′y/σy, the predicted fracture energy KIC/K0 versus the inverse

normalized stress-gradient-modified yield stress σcoh/σy′ is shown in Fig. 4.13 for

both the present data, with Eq. 4.6 controlled by the Peierls stress, and the data

of Chakravarthy, with Eq. 4.2 controlled by the obstacles. Both sets of data now

collapse onto a single curve. The ”Stress Gradient Plasticity” concept, suitably gen-

eralized, thus provides a unifying picture for the fracture of two very different types

of materials. This result further strengthens the finding of Chakravarthy and Curtin

(2010b, 2011b) that the internal material length scales determining the flow stress in

a given material are also the physical length scales responsible for some ”gradient”

plasticity effects.

4.4 Microcrack formation

As noted in the introduction, microcrack initiation a few microns away from the ex-

isting crack tip on the parallel basal planes, leading to the ligament formation and

additional toughening, is reported by Catoor and Kumar (2008). Microcrack nucle-

ation has also been reported in other literature Deruyttere and Greenough (1956),

Gilman (1958), Parisot et al. (2004), Stofel (1962), but its origins remain unclear.

Here, we examine the normal stresses that are created on the basal planes within the

DD simulations, and suggest an origin for the stress concentrations that are necessary

to drive basal microcracking.

Fig. 4.14(a) shows one typical example of the distribution of tensile stress normal
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(a)

(b)

Figure 4.14: Normal stress contours, σyy (MPa) and dislocation distribution at KI/K0

= 4.4 with the crack tip x= 0.96 microns for an anisotropic material with τBP = 30
MPa, τPP = 30 MPa for the 4th realization. (a) total normal stress field over a large
scale, showing local stress concentrations microns from the crack tip along the 60◦ line;
(b) total normal stress field in a region around a stress concentration, with the two
circled regions indicating instances of long queues of positively-signed 60◦ dislocations
and of negatively-signed 0◦ dislocation that aggregate around the 60◦ line.

to the basal planes as predicted from the simulations. Overall, on a large scale, the

stress fields are replicating something similar to the constant-sector stress fields in the

70



regions (0◦-54.74◦, 54.74◦-90◦, 90◦-125.26◦, 125.26◦-180◦) predicted by Rice (1987b)

for a perfectly-plastic material. At the boundaries between the constant-stress sectors,

some sort of structure must exist to effect the transition in stress. In the Rice model,

this structure is a kink band, which can also be seen in DD predictions for a BCC-

like geometry Van der Giessen et al. (2001). Drugan (2001) carried out an analysis

similar to that of Rice but without requiring a kink band. DD predictions for an FCC-

like geometry do not, however, agree with the Rice prediction of slip activity on 0◦

that concentrates in a kink band at 90◦. Constant-stress sectors have been measured

experimentally for single crystals by Crone and Shield (2001) for FCC and Shield and

Kim (1994) for BCC, with some evidence of a kink band in the BCC case. In the

DD simulations, we observe some intense dislocation structure along the 60 degree

slip plane emanating from the local crack tip. Most importantly for microcracking,

however, is that we also observe very local stress concentrations in various regions

along/near this 60-degree line. These local stress concentrations are on the order of

a few hundred MPa. When combined with the applied crack tip field also of a few

hundred MPa, the local tensile stresses can reach 400 MPa at these locations. Such

local stress concentrations occur in all of our simulations. This level of stress may

still be insufficient to nucleate microcracks, which depends on the cohesive strength

of the basal planes (likely on the order of a few GPa; we use 2 GPa here for our

fracture simulations), but the fact that high stress concentrations exist suggests that

they could be responsible for basal microcrack nucleation.

We now examine the origins of the observed local stress concentrations. Fig. 4.14(b)

shows long lines of basal dislocations, but not densely packed, around the 60◦ line.

These are formed due to the crack tip stress field, which drives negative-signed basal

dislocations toward the 60◦ line from both sides of the line. Fig. 4.14(b) also shows

a large number of positively-signed 60◦ pyramidal dislocations along the 60◦ line.

These are presumably formed due to dislocations nucleated by sources near the crack

tip, for which the oppositely-signed dislocations exit through the crack faces, and
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by oppositely-signed dislocations from further sources along the same slip plane(s)

annihilating some of the positively-signed dislocations, leaving remaining positively-

signed dislocations at further distances. At some locations, there are intersections of

the accumulated basal and pyramidal dislocations, which is a geometry proposed by

Stofel to generate prism dislocations and damage accumulation. We have calculated

the interactions between basal and prism dislocations as they approach one another,

and find that they are generally repulsive so that a high local dislocation density is

not formed. Here, as seen in Fig. 4.14, the tensile stress concentration observed along

the 60◦ line is not generated by such basal/pyramidal interactions. Therefore, the

local stress concentrations are due to some other mechanism.

(a)

(b) (c) (d)

Figure 4.15: Contribution of dislocations on each individual slip system to the local
σyy stress concentrations (MPa) shown in Fig. 4.14(b): (a) σyy due to all dislocations
(120◦+60◦+0◦); (b) σyy due to the 120◦ pyramidal slip system; (c) σyy due to the 60◦

pyramidal slip system; (d) σyy due to the basal slip system.
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We therefore proceed by computing the stresses generated by each of the three

separate types of dislocations, basal 0◦ 60◦ and 120◦, as shown in Fig. 4.17. As seen

clearly in Fig. 4.17, a high tensile stress field is generated along much of the 60◦

line by the queues of 60◦ dislocations while the basal dislocations contribute a small

compressive stress in this region and the pyramidal dislocations on the 120◦ plane

other slip contribute rather large compressive stresses along this line. The net mag-

nitude of the dislocation field (0◦+60◦+120◦) is typically compressive, as illustrated

in Fig. 4.17(a). Hence the overall net tensile stress is generally lower, tending toward

the values of the continuum sector solutions (Fig. 4.14). However, the cancellation of

positive and negative stress concentrations is not complete, leading to residual local

stress concentrations. In other words, the stress concentrations appear due to the

stochastic and discrete nature of the discrete dislocation fields. On the whole, the

dislocations collectively generate a large-scale response consistent with the expected

continuum fields. But along the sector boundary, where significant cancellation would

be required, there remain isolated locations where the tensile stresses are much larger

than the continuum values. The DD simulations therefore suggest that microcrack

nucleation occurs preferentially along the pyramidal direction emanating from the

current crack tip, and at locations that are random and can be found several microns

away from the crack tip. We have arrived at these conclusions through analysis of

many of our simulations, see Fig. 4.16-Fig. 4.25.

The magnitude of the stress concentrations is expected to depend on the accu-

mulation of pyramidal slip along the 60◦ lines. Such pyramidal slip is controlled by

the source strengths and the Peierls barrier, with lower values encouraging more slip.

The values used here are relatively high compared to real Zn, suggesting that larger

stress concentrations could be generated in real Zn. Our simulations also neglected

explicit crack-tip dislocation emission along the pyramidal planes, which would fur-

ther enhance pyramidal slip and also blunt the crack, leading to higher loading and

more plasticity. This factor would thus also drive toward higher local stress concen-
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trations. Thus, while we do not have sufficiently high, or quantitatively accurate,

levels of stress, the general mechanism of formation of local stress concentrations is

identified and we have some rational for possible higher local stress concentrations in

real Zn.

4.5 Summary

We have explored fracture in HCP-like single crystals, such as Zinc, using a 2d-DD

model with a Peierls stress approach to control the plastic anisotropy associated with

basal and pyramidal slip. Our results lead to the following conclusions:

• The fracture toughness scales inversely with the tensile yield stress, largely

independent of the plastic anisotropy, so that increasing Peierls stress on the

pyramidal planes gives decreasing resistance to crack growth;

• The observations of Catoor and Kumar (2008) of lower crack tip plastic strains,

higher stresses, and lower toughening for their ”orientation 2” in Zn is due to

the higher in-plane yield stress in this orientation, probed here by varying the

in-plane pyramidal Peierls stress. This is consistent with continuum FEM-level

analyses in Catoor and Kumar (2008);

• Basal slip occurs extensively around the crack tip but it does not significantly

influence crack growth along the basal planes, consistent with results of Catoor

and Kumar (2008). The basal slip is driven by the applied crack tip field,

and is necessary in certain regions to help generate the necessary sector-like

solutions, but the basal dislocations in these regions do not provide significant

crack shielding;

• Analyzing the fracture results within the framework of Stress Gradient Plasticity

concepts shows that the equilibrium dislocation dipole spacing serves as an

internal material length scale for controlling fracture toughness. Furthermore,
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the fracture toughness of materials with a Peierls stress and no obstacles and of

materials with obstacles and zero Peierls stress can be unified through the Stress

Gradient Plasticity concept, demonstrating the general feature that internal

material length scales can control fracture;

• Microcrack nucleation along basal planes parallel to the main crack may be a

consequence of tensile stress concentration that exist along the 60◦ line ema-

nating from the crack tip, due to incomplete cancellation of dislocation stress

fields in structures that are attempting to generate the constant stress sectors

expected from continuum-level analysis. The stress concentrations are thus a

direct consequence of the discreteness of the dislocation plasticity.

Our conclusions above serve to corroborate continuum analyses, to provide phys-

ical rationals for the role of basal slip and occurrence of basal microcracking, and to

demonstrate that dislocation-level phenomena play a key role in determining macro-

scopic material fracture response, through both Stress-Gradient concepts and the

discreteness of dislocation plasticity.
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(a)

(b)

Figure 4.16: Normal stress contours, σyy (MPa) and dislocation distribution near
toughness for an anisotropic material with τBP = 30 MPa, τPP = 30 MPa for the
1st realization. (a) total normal stress field over a large scale, showing local stress
concentrations microns from the crack tip along the 60◦ line; (b) total normal stress
field in a region around a stress concentration.
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(a)

(b) (c) (d)

Figure 4.17: Contribution of dislocations on each individual slip system to the local
σyy stress concentrations (MPa) shown in Fig. 4.16(b): (a) σyy due to all dislocations
(120◦+60◦+0◦); (b) σyy due to the 120◦ pyramidal slip system; (c) σyy due to the 60◦

pyramidal slip system; (d) σyy due to the basal slip system.
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(a)

(b)

Figure 4.18: Normal stress contours, σyy (MPa) and dislocation distribution near
toughness for an anisotropic material with τBP = 30 MPa, τPP = 30 MPa for the
2nd realization. (a) total normal stress field over a large scale, showing local stress
concentrations microns from the crack tip along the 60◦ line; (b) total normal stress
field in a region around a stress concentration.
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(a)

(b) (c) (d)

Figure 4.19: Contribution of dislocations on each individual slip system to the local
σyy stress concentrations (MPa) shown in Fig. 4.18(b): (a) σyy due to all dislocations
(120◦+60◦+0◦); (b) σyy due to the 120◦ pyramidal slip system; (c) σyy due to the 60◦

pyramidal slip system; (d) σyy due to the basal slip system.
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(a)

(b)

Figure 4.20: Normal stress contours, σyy (MPa) and dislocation distribution near
toughness for an anisotropic material with τBP = 30 MPa, τPP = 60 MPa for the
4th realization. (a) total normal stress field over a large scale, showing local stress
concentrations microns from the crack tip along the 60◦ line; (b) total normal stress
field in a region around a stress concentration.
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(a)

(b) (c) (d)

Figure 4.21: Contribution of dislocations on each individual slip system to the local
σyy stress concentrations (MPa) shown in Fig. 4.20(b): (a) σyy due to all dislocations
(120◦+60◦+0◦); (b) σyy due to the 120◦ pyramidal slip system; (c) σyy due to the 60◦

pyramidal slip system; (d) σyy due to the basal slip system.
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(a)

(b)

Figure 4.22: Normal stress contours, σyy (MPa) and dislocation distribution near
toughness for an isotropic material with τBP = τPP = 30 MPa for the 4th realization.
(a) total normal stress field over a large scale, showing local stress concentrations
microns from the crack tip along the 60◦ line; (b) total normal stress field in a region
around a stress concentration.
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(a)

(b) (c) (d)

Figure 4.23: Contribution of dislocations on each individual slip system to the local
σyy stress concentrations (MPa) shown in Fig. 4.22(b): (a) σyy due to all dislocations
(120◦+60◦+0◦); (b) σyy due to the 120◦ slip system; (c) σyy due to the 60◦ slip system;
(d) σyy due to the 0◦ slip system.
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(a)

(b)

Figure 4.24: Normal stress contours, σyy (MPa) and dislocation distribution near
toughness for an isotropic material with τBP = τPP = 60 MPa for the 4th realization.
(a) total normal stress field over a large scale, showing local stress concentrations
microns from the crack tip along the 60◦ line; (b) total normal stress field in a region
around a stress concentration.
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(a)

(b) (c) (d)

Figure 4.25: Contribution of dislocations on each individual slip system to the local
σyy stress concentrations (MPa) shown in Fig. 4.24(b): (a) σyy due to all dislocations
(120◦+60◦+0◦); (b) σyy due to the 120◦ slip system; (c) σyy due to the 60◦ slip system;
(d) σyy due to the 0◦ slip system.
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Chapter 5

Scalings of Fracture Toughness

with Material Properties

In Chapter 3, fatigue crack growth of a cracked particle in aluminum alloy matrix was

investigated. Discrete dislocation demonstrated the effect of various microstructural

features including micron-scale cracking, elastic mismatch and the particle−matrix

interface. The crystal matrix is taken to be an elastic-perfectly plastic material with

mechanical properties resembling aluminum. Plastic deformation is described by the

standard discrete dislocation methodology which the yield stress of the matrix ma-

terial is low, and is controlled by the strength of dislocation sources. Within this

framework the aluminum matrix provides yield strength of 20-25 MPa while typical

aluminum alloys have yield strength ranging from 200 MPa to 600 MPa. Gaining

a quantitative understanding of material description in order to model fracture for

realistic material parameters requires new insights and algorithms, Chakravarthy and

Curtin (2010a). One key feature of our DD simulation is that the motion of dis-

locations along slip planes is impeded by obstacles of strength τobs having average

spacing Lobs. The simulations demonstrate that macroscopic plastic flow is controlled
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by dislocation pileups occurring at obstacle leading to a uniaxial yield stress given by

σY =
1

S

√
4µb

π(1− ν)

τobs
1.5Lobs

+ τ 2
s (5.1)

with S the Schmid factor. This obstacle controlled material model closely resembles

precipitation hardened materials with high strength and low strain hardening rates,

such as Al-2XXX, Al-6XXX and Al-7XXX alloys. Of most importance, Eq. 5.1 shows

that the macroscopic yield stress σY can be held fixed while the internal length scale

and obstacle strength can be varied, permitting control of the material length scale

Lobs.

A cohesive zone model along the crack surface is introduced to model fracture

process. A finite element mesh must resolve the high stress and stress gradients in

the vicinity of the crack tip as it move along the cohesive zone, Chakravarthy and

Curtin (2011a). The minimum element size near the crack tip is limited by a cohesive

zone length δc ∼ Eφn
σ2
coh

where δc > 100 nm and σcoh < 1 GPa were used in Chapter

3. For realistic material properties the cohesive length is δn ∼ 1 nm requiring mesh

on the Å scale corresponding a cohesive strength σcoh > 5 GPa. Therefore adaptive

meshing is required to move a simple uniform sub-Å mesh to capture crack growth

on the order of micrometers.

A new superposition scheme for discrete dislocation plasticity, O’Day and Curtin

(2004), is used for a computationally efficient solution of elastically inhomogeneous

DD problems and the stability of crack opening. With the standard superposition

scheme, a polarization stress term due to the elastic mismatch between the particle

and the surrounding matrix requires more computational cost on each particle in-

tegration points of finite elements. For crack surface with cohesive zone model, the

displacement field along the cohesive surface becomes unstable during the incremen-

tal solution when the characteristic opening length δn is on the order of magnitude

of Burgers vector b, which arises when using realistic material properties. The new
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superposition method is similar to the Eshelby inclusion problem (Eshelby (1961))

where the inclusion stress induced by the dislocations in the matrix is transmitted

through the tractions at the inclusion−matrix interface. With a Newton-Raphson

(NR) iterative scheme incorporated into the new superposition framework, the insta-

bilities of the displacement field of the cohesive surface can be eliminated.

Closer investigation of crack growth from small crack particles, but now using

more realistic material properties under monotonic loading, yields a brittle-like ma-

terial behavior. The cause of this low fracture toughness for the short crack problem

was ambiguous. We attribute it to a combination of high yield stress and elastic

properties, such as Young’s modulus. These results inspired the further investigation

of the Mode-I long crack problems, where previous work had used a Ni-alloy material

Chakravarthy and Curtin (2010b) with yield stress and cohesive properties compara-

ble to our material parameters but with a much larger Young’s modulus. We then

also analyzed the fracture toughness using the classical dislocation shielding of Lin

and Thomson (1986) to rationalize the measured fracture toughening. Since the cohe-

sive crack is used in our model which is not an ideal sharp crack, care must be taken

to account for any effects due to the cohesive crack model. We thus employed the

general solution to dislocation shielding of a cohesive crack proposed by Bhandakkar

et al. (2010) as well as that obtained from the sharp-crack Lin-Thomson solution. Our

simulations show the fracture toughness has additional dependencies on the product

µb and on K0, which arise through the mutual elastic interaction of the crack and the

dislocations, and thus influence the overall evolution of the dislocation structure.

5.1 Short cracked particle in symmetrically-bounded

matrix

Certain aspects of the inclusion problem are computationally expensive. The largest

expense arises from the calculation associated with the polarization stress term, which
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must be evaluated at all integration points within the inclusion elements and explicitly

requires the stress field from each dislocation. Clearly this can become computation-

ally intensive when either (i) the number of inclusion elements is large or (ii) the

number of dislocations is large. The symmetric boundary problem reduces the cost

to a quadrant of the full sample, which directly saves on computational time and stor-

age. The microstructure is idealized to the cell shown in Fig. 5.1(a), with each cell

(a)
(b)

Figure 5.1: (a) Plane strain model of a material containing rectangular particles. (b)
Sketch of the analyzed specimen with the imposed boundary conditions.

containing a rectangular elastic particle. Plane strain conditions with infinite bond

strength are assumed for all analyses. The rectangular cell of height 2H and width

2W contains a rectangular particle of height 2hp and width 2Lp. The specific bound-

aries of the specimen are given in Fig. 5.1(b). We use W = 15 µm, H = 500 µm,

Lm = 15 µm, hm = 30 µm and Lp = 1.5 µm, hp = 3 µm with the particle x = 0−Lp
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and y = 0− hp. The symmetric boundary conditions on the cell quadrant are

u̇x = 0 , Ṫx = 0 on x = 0 (5.2a)

u̇x = U̇MPC , Ṫx = 0 on x = W (5.2b)

u̇y = U̇(t) , Ṫy = 0 on y = H (5.2c)

The aggregate is subject to plane strain tension with a displacement rate U̇(t) on

the top surface x = H. Deformations for which the straight lines bounding each

cell remain straight on x = W and for which straight lines connecting the centers

of the cells, x = 0, remain straight are permitted. To do so, the surface at x = 0

is fixed and the displacement along x = W is imposed by the unique boundary

condition multi-point constraints. The conventional approach to implementing multi-

point constraints (MPC) is often obtained by either the Lagrange Multiplier or the

Penalty method. Here we use the Penalty method because it does not require extra

variables. Implementation of the matrix remains the same, independent of size for

the given constraints (see Appendix A). The imposed stress σ∞ follows as

σ∞ =
1

W

∫ W

0

Ty(x,H)dx (5.3)

The crack length of the initial cracked particle is a = Lp. For multiple cracks in the

homogeneous elastic material as in Fig. 5.1(a), the applied stress σ∞ to Mode-I stress

intensity factor, KI is

KI = σ∞

√
2W tan

πa

2W
(5.4)

For all cases, a uniform displacement rate U̇(t)/H = 250/s is imposed. Crack growth

is modeled through a cohesive surface along y = 0 with the initial crack tip located at

x = Lp. By symmetry Tx = 0 along the cohesive surface, Ty has a universal binding

form (Rose et al. (1981)). The cohesive properties were taken as σcoh = 5 GPa and

δn = 0.0736 nm, yielding a work of fracture φn = 1 J/m2 and K0=0.28425 MPa
√

m.
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Thus the characteristic cohesive zone size δc = πEmφn/8σ
2
coh is 1 nm.

5.1.1 Superposition implementation

Both the inclusion and boundaries can be handled via a superposition of (i) the Dis-

crete Dislocation (DD) sub-problem, subjected to fixed displacement-type boundary

conditions and (ii) the Elastic (EL) sub-problem, subjected to the full field boundary

condition as illustrated in Fig. 5.2.

Figure 5.2: An inclusion model problem with symmetric boundaries and the cohesive
zone model at the crack surface; decomposition into DD and EL sub-problems.

The DD sub-problem is limited to the area of discrete dislocation activity. The in-

homogeneous elastic region is excluded from the sub-problem. The DD sub-problem is

subject to zero displacement boundaries, which are enforced universally between the

matrix and the inclusion. By keeping the DD sub-problem homogeneous, the polar-

ization stress vanishes. The incremental DD sub-problem follows exactly as described

by the standard superposition framework of Van der Giessen and Needleman (1995).

A subsequent outcome of the DD sub-problem following each time increment solution
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is a traction −T∗ along the constrained boundary as a consequence of dislocations in

the matrix.

The EL sub-problem is a model of the entire structure excluding dislocations, sub-

jected to all boundary conditions. Contribution of dislocation network in any plastic

region is transmitted to the remainder of the structure via an additional body force

−T∗ obtained from the DD sub-problem (see Fig. 5.2). At the symmetric boundary,

the additional body forces can be omitted normal to the symmetric constraints; the

tractions in x-direction −T∗x on the left boundary and the tractions in y-direction

−T∗y on the top. The right hand side boundary condition is a unique multi-point

constraint (MPC), which is accomplished by internal constraints, the same as the

cohesive surface and the inclusion interface. Therefore the additional body force or

−T∗ from the DD sub-problem is completely consistent within this framework.

5.1.2 Validation

Before investigating new problems, we first verify the symmetric boundary methodol-

ogy through a conventional tensile test. A tensile specimen W×H = 1000×1000 µm2

with a centered rectangular particle Lp × hp = 2.5× 5 µm2 is illustrated in Fig. 5.3.

Typically the influence of symmetric boundaries can produce an image force on dis-

locations which approach the boundary. For comparison purposes between a full

specimen and a specimen quadrant with symmetric boundaries, the resolved shear

stress on the fixed dislocation A is verified (see Fig. 5.3). The matrix and the particle

are taken to be elastic materials with Young’s moduli Em and Ep, respectively. The

dislocation dipoles are symmetric about the x-axis and y-axis in the full specimen, for

which the symmetric problem is illustrated in Fig. 5.3 on the right. The fixed dislo-

cations are blocked by obstacles at each site near the dislocations. For the symmetric

boundary of the specimen quadrant, the displacement is fixed in the x-direction at

the left boundary and is free in the y-direction. Special cohesive elements are used

to enforce the symmetry by placing very high cohesive strength along the bottom
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Figure 5.3: A tensile specimen with a centered rectangular particle and dislocations
surrounding the particle; a comparison of the boundary effect between the full speci-
men and the specimen quadrant with symmetric boundaries through the force exerting
on the dislocation A.

surface. Only one dislocation dipole is used in this symmetric problem. In the full

specimen with the standard superposition framework, the polarization stress needs to

be evaluated if there is modulus mismatch, Ep 6= Em. Therefore to include the effect

of modulus mismatch into this validation, a particle that is elastically stiffer than the

matrix, Ep = 5Em, is also examined. Fig. 5.4 shows the net resolved shear stress

acting on the dislocation A. Both modulus ratios yield similar results when compar-

ing the full solution with single quadrant symmetric boundary solution. Moreover

the elastic mismatch effect on dislocation A shows that a lower modulus ratio has a

steeper slope of τRSS/σ
∞, see Fig. 5.4. This means that the applied load is transferred

from the weaker matrix, across the matrix/particle interface, to the stiffer particle

resulting in lower net resolved shear stress on the dislocation A. These results confirm
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Figure 5.4: resolved shear stress exerting on the dislocation A (see Fig. 5.3) as a
function of applied tensile stress for Ep = Em and Ep = 5Em: comparison of actual
boundary condition and the symmetric boundaries.

the validity of these techniques applied to the symmetric boundary.

5.1.3 Adaptive meshing

In previous chapter, the moving mesh method was used in long crack simulations. To

avoid computational expense in the decomposition of the stiffness matrix with every

remeshing operation, the finite element mesh is fixed while dislocations and all field

variables are moved in the opposite direction to the crack growing. This moving mesh

framework cannot be applied to the short crack with a symmetric boundary due to

the symmetrical crack growth and the fixed particle. Since there are additional stress

fields of image dislocations with respect to the line of symmetry, the distance from the

crack tip to the symmetric boundary is significant to the development of dislocations

around the crack tip. Essentially a fine mesh must be enforced near the boundaries

where dislocations approach, i.e. the vicinity of the crack tip and the particle−matrix
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interface, to obtain the precise T* from the DD sub-problem. The standard adaptive

meshing method involving remeshing is thus required in order to keep the fine mesh

near the particle−matrix interface and near the moving crack tip.

Figure 5.5: Schematic illustration of remeshing for a cracked particle in the matrix
problems with symmetric boundaries (a) the initial mesh where the crack tip is at the
interface of a particle and the matrix (b) remeshing according to the current crack
tip.

In our specific case with a cracked particle, a uniform mesh size of ∆x = δc/4 is

employed over a region that extends 40δc ahead of the initial crack tip along the hor-

izontal axis and 80δc above the crack surface along vertical axis, shown in Fig. 5.5(a)

as blue strip. The mesh size increases smoothly with increasing distance to the crack

tip. The uniform mesh is extended for 10δc along the particle−matrix interface, rep-

resented by the green strip in Fig. 5.5(a). Initially this uniform mesh is only placed

at the top particle−matrix interface since the right interface is enclosed by the uni-

form mesh of the crack tip. Once the crack tip moves forward, the crack tip and

the particle−matrix interface are not in the same position. Then another meshing

structure is required which is demonstrated in Fig. 5.5(b). Here, the right interface

has extended the uniform mesh for 10δc at the particle−matrix interface and the

width of the uniform mesh at the crack tip is about 40δc. This type of remeshing

is implemented to operate automatically when the crack grows forward at some dis-

tance. The actual mesh is illustrated in Fig. 5.6(a) and 5.6(b) for the crack tip at the
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particle−matrix interface and for the crack tip moving away from the particle−matrix

interface, respectively.

Figure 5.6: Adaptive mesh movement as the crack tip moving away from the particle
(a) the initial mesh where the crack tip is at the interface of a particle and the matrix,
at x = 2.5 µm (b) remeshing according to the current crack tip, at x = 4 µm.

5.1.4 Results

In this section we investigate the toughness with the more-realistic matrix material

properties summarized in Table 3.1: (i) material A, an initially cracked single crystal

(ii) material B, a cracked particle with the modulus ratio Ep/Em = 1 and (iii) material

C, a cracked particle with the modulus ratio Ep/Em = 5. So, we first consider the

material A under monotonic loading to study the toughness of a single crystal with

a short crack.

The material properties and the material description for the DD simulation per-

formed in Chapter 3 are used in this section except that the matrix yield stress σY is

500 MPa which is controlled by the obstacle spacing Lobs = 100 nm and τobs = 517.52

MPa according to Eq. 5.1. Fig. 5.7 shows the R-curve of material A compared to

a brittle-like material. Unexpectedly, material A with the yield stress of 500 MPa

exhibits brittle behavior. In material A, small amount of crack growth occurs before
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reaching the critical stress intensity K0. It is possible that the local stress concentra-

tions from the dislocations which are pinned nearby the crack tip increase the stress

level leading the crack to grow. Once the crack tip moves forward, the stress level at

the former tip position is still greater than the current tip position. Then the crack

tip position could take place at the former position due to opening sensitivity in the

cohesive zone law. This is a numerical error in calculations when defining the tip,

especially when a sharp-peaked (T −∆) law is used, i.e. very high cohesive strength

(σcoh) and very small characteristic opening length (δn). In the simulations, the stress

intensity factor is computed from the applied tensile stress following Eq. 5.3. Unsta-

ble crack growth exhibits a slope in KI/K0−x plot that is relevant to a given loading

rate. Lower loading rates decrease the slope. Although higher Young’s modulus of 170

Figure 5.7: Normalized stress intensity KI/K0 versus crack position(µm) of single
crystal under monotonic loading for material A(a red solid line) and elastic material
(black dashed line).

MPa is used to follow the material properties in Chakravarthy and Curtin (2010b),

the fracture toughness of the material with high yield stress is still equal to K0. From

the simulation, such a higher yield stress matrix has lots of pileup dipoles in which

the dislocations cannot pass through the obstacles. Consequently the plastic dissi-
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pation is much less since the dislocation dipoles and/or pileup dipoles themselves do

not significantly shield the crack tip. The question is then what causes the low frac-

ture toughness for the short crack problem with high yield stress? In Chakravarthy

and Curtin (2010b) Ni-alloy material was investigated for Mode-I long crack problem

where the yield stress and cohesive properties are similar to our material parameters,

except with the Young’s modulus being higher. The fracture toughness for materials

with yield stress of 500 MPa was more than KI/K0 =5. The results stimulate us

to further examine the toughness of materials with such high yield stress but lower

Young’s modulus for the long crack problem alone. Finally we found, as discussed

below, that the modulus of material has a significant effect on fracture toughness

through µb and K0 when the yield stress and cohesive properties are held fixed.

5.2 Scaling in fracture toughness

Here we choose a long crack problem of Mode-I to obtain the fracture toughness for

materials A-E, each with parameters as listed in Table 5.1. The primary parameters

varied are the Young’s modulus E, the fracture energy φn, and the Burgers vector

b. Material A is a baseline material where the Young’s modulus is 170 GPa while a

Young’s modulus of 72 GPa is used for materials B-E. Material B is the material used

in the previous section. The 2d-DD model with the obstacle-controlled yield based

on the evolution of dislocation pileups is used. Dislocations pinned at obstacles can

escape when the resolved shear stress on the dislocation is greater than the obstacle

strength. If the density of the obstacles and/or strength of the obstacles are higher

than that of the sources, we anticipate that the formation of pileups at the obstacle

controls the flow. This is one key feature of controlling the macroscopic plastic flow so

that the uniaxial tensile yield stress can be predicted by Eq. 5.1 for a given obstacle

spacing Lobs and obstacle strength τobs. Lobs is a material length scale in this model.

The fracture energy φn in material C is changed from 1 to 2.3611 J/m2 to hold K0
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the same as in material A. Both material B and C have the same µb but with a value

different from material A. Materials D and E have E=72 GPa but have the same µb

as in material A by using a larger b= 0.59 nm. In material E, the fracture energy and

b are changed to hold both K0 and µb the same as in material A.

From Wei and Hutchinson (1997)’s SGP Mode-I crack growth in a homogeneous

materials, the SGP is controlled by the parameter l, representing the length over

which non-uniform straining contributes to material hardening (l=0 corresponds to

the size-independent continuum plasticity). When l is small relatively to other char-

acteristic lengths (such as plastic zone size at R0) hardening due to strain gradients

is expected to be negligible. Clearly a ratio of Lobs/R0 for material A-E are greater

than 1. Consequently the strain gradient within the internal length scale Lobs strongly

influences the fracture toughness. Chakravarthy and Curtin (2010b) show that the

fracture toughness decreases with increasing Lobs. Therefore, Lobs=100 nm is fixed

for all materials A-E, and the yield stress is varied by changing the obstacle strength

only. In Chakravarthy and Curtin (2010b), a master curve of fracture toughness

Table 5.1: Material properties for material A-E: τnuc=50 MPa, Lobs=100 nm, ρs=66
/µm2 used for all materials and in each yield stress σY , τobs obtained from Eq. 5.1
and R0 = 1

3π(1−ν2)
Eφn
σ2
Y

.

Material A B C D E
E(GPa) 170 72 72 72 72
b(nm) 0.25 0.25 0.25 0.59 0.59

µb(Pa·m) 15.977 6.7669 6.7669 15.977 15.977
φn(J/m2) 1.0 1.0 2.3611 1.0 2.3611

K0(MPa
√
m) 0.43678 0.28425 0.43678 0.28425 0.43678

σY =500 MPa τobs(MPa) 219 518 518 219 219
R0(nm) 81 34 81 34 81

σY =600 MPa τobs(MPa) 321 758 758 321 321
R0(nm) 56 24 56 24 56

σY =700 MPa τobs(MPa) 442 1042 1042 442 442
R0(nm) 41 18 41 18 41

versus σcoh/σ
′
Y was obtained where σ′Y is the near-crack-tip yield stress due to the
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non-uniform stress field. The near-crack-tip yield stress in our cases (Lobs=100 nm)

is about equal to the yield stress with zero gradient. From the master curve, the frac-

ture toughness can be approximated from σcoh/σ
′
Y = 5 GPa/500 MPa = 10 giving

KIC/K0 ≈5. With the lower Young’s modulus, µb and K0 are decreased but τobs is

increased. We believe that the change of K0 does not affect the normalized fracture

toughness, KI/K0 and the effect of varying µb on the yield stress is accounted for by

altering τobs from Eq. 5.1. So, the fracture toughness is expected to be similar for all

materials with the same yield stress and the same Lobs. Each material has four real-

izations of random source/obstacle distribution for each yield stress to illustrate the

stochastic variations in the fracture behavior. Fig. 5.8 shows R-curves for material

A-E. In each realization, the distribution of sources and obstacles is exactly the same

for each yield stress where the obstacle strength is varied only. Fig. 5.8(a-d), (e-h) and

(i-l) are results of yield stress 500 MPa, 600 MPa and 700 MPa, respectively. Overall

the fracture toughness tends to decrease as the yield stress increases. Interestingly,

only materials A and E approach the expected toughness from the master curve in

Chakravarthy and Curtin (2010b), although the toughnesses in some realizations can-

not reach the expected value due to stochastic variations, particularly for realization

4. Also, the R-curves of materials A and E tend to follow each other in all cases.

The fracture toughnesses for materials B, C and D never approaches the expected

value. However, the fracture toughnesses are nonetheless similar for each source and

obstacle distribution. This implies that the toughening is strongly influenced by both

µb and K0.

In an attempt to extract material parameters that are important to fracture tough-

ness, we tried using the dimensionless analysis using the dimensionless groups in Desh-

pande et al. (2003b), such as φn/(σY b), etc., but those dimensionless groups cannot

introduce any interesting trends on the toughness in our materials A-E. Probably

there are not enough variations of µb and K0 to characterize the toughness, and the

variation of fracture toughness for each random distribution is large. Therefore data
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Figure 5.8: Mode-I crack growth of material A-E in various cases of yield stress for
four realizations; (a)-(d) σY = 500 MPa ;(e)-(h) σY = 600 MPa; (i)-(l) σY = 700 MPa.

102



Figure 5.9: The normalized fracture toughness as a function of the number of dislo-
cations (Nd). Nd,W and Nd,T are the number of dislocations in the plastic zone and
in the entire specimen, respectively.

analysis is difficult. However, it is clear that µb and K0 play an important role in

material toughening even though we have not found the underlying reason for these

dependencies.

As regards Lin and Thomson (1986), the crack tip shielding that gives rise to the

toughness depends only on the number of dislocations and the dislocation positions

with respect to the crack tip. From the dislocation shielding solution of Lin and

Thomson (1986), the effective stress intensity factor Keff at the crack tip is expressed

as

Keff
I = K∞I −∆KLT

I (5.5a)

∆KLT
I =

Nd∑
j=1

µb

2(1− ν)
√

2πRj

f1(φj, θj) (5.5b)

f1(φj, θj) = sin θj cos(φj − 3θj/2) + 2 sinφj cos(θj/2) (5.5c)

where K∞ and ∆KLT
I are stress intensity factor from the externally imposed loading
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and dislocation shielding, respectively. Nd is the number of dislocations shielding

the crack. In Eq. 5.5, R is the distance to the dislocation from the crack tip, θ is

the angle measured from the tip and φ is the slip angle. f1(φj, θj) is a function of

angular dependence of shielding with respect to the tip. The crack is said to be

shielded by dislocations when ∆KLT
I >0 and anti-shielded when ∆KLT

I <0. Crack

growth occurs when Keff
I reaches a critical value K0. Fracture toughness, KIC , is

the applied stress intensity factor, K∞, at which the unstable crack growth occurs

without any load increase. From Eq. 5.5 the dislocations shielding in all simulations

can also be computed through K∞I −K0.

Fig. 5.9 shows the plot of KIC/K0 as a function of the number of dislocations for

material A-E in various yield stresses. Nd,W and Nd,T are the number of dislocations in

the plastic zone and in the entire specimen, respectively. The number of dislocations

in the plastic zone is counted within the plastic zone radius including a plastic wake,

see Fig. 5.10. The plastic radius Rp is given as

Rp =
1

3π

KI

τ 2
Y

(5.6)

where τY = SσY and S is the Schmid factor. For our cases with S=0.433, this plastic

zone radius extends about 5 times by using τY instead of an apparent isotropic σY to

avoid zero dislocation in counting. It shows that the dislocation shielding depends on

the number of dislocations and the smooth curve of KIC/K0 − Nd can be obtained

when counting a number of dislocations in the plastic zone only, as seen in Fig. 5.9. If

µb and K0 only influence the fracture toughness through the dislocation population,

the toughness could be computed directly from the instantaneous dislocation structure

at the unstable point of crack growth. From Lin-Thomson solution, Eq. 5.5, the

applied stress intensity from dislocation shielding (KLT ) is obtained by

KLT = K0 + 2∆KLT (5.7)
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Figure 5.10: The plastic zone for the crack extension including a wake layer (within
the dashed line). Rp = 1

3π
KI

τ2Y
is used to extend on purpose of non-zero dislocations

counting.

The factor of 2 reflects on the symmetry of dislocation structure to the crack plane.

Fig. 5.11 demonstrates that overall fracture toughness computed from dislocation

shielding are in good agreement with the toughness from the DD simulations. The

deviation of fracture toughness among dislocation zone size is increased as the tough-

ness increasing. In Fig. 5.9, despite the fact that the total number of dislocations

are twice as large as those within the plastic zone, those additional dislocations sur-

rounding the plastic zone have a small effect on the crack shielding, around 10-15%

of the total shielding. This suggests that most plastic dissipation comes from the

dislocations within the plastic zone while the dislocations outside the plastic zone are

in the form of pileup dipoles which have small shielding effect. There is one peculiar

data point at low toughness where a huge difference in dislocation shielding is found

between counts of the total dislocations and the dislocations inside the plastic zone.

The reason is that the total number of dislocations in this low toughness regime is

very small and the plastic zone size is also very small, so that there are only a few

dislocations in the vicinity of the crack tip. Thus, the small shielding by further

dislocations plays a much larger role in this one case.

Recently, Bhandakkar et al. (2010) proposed a general approximate solution to

dislocation shielding of a cohesive zone crack based on an asymptotic interpolation of
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Figure 5.11: Comparison of the normalized stress intensity factor at fracture tough-
ness computed from dislocations structures by Eq. 5.5b and Eq. 5.7 to DD results
for material A-E. Red circles are KLT

IC /K0 calculated from the dislocation structure
inside the plastic zone, see Fig. 5.10 and black triangles are KLT

IC /K0 calculated from
the total dislocations.

the limiting solution for a Dugdale cohesive crack. They demonstrated that the

asymptotic solution significantly improves upon the Lin-Thomson solution (for a

sharp crack) in providing a more reasonable estimate of dislocation shielding of a

cohesive crack. Moreover the dislocation shielding showed increasing deviations from

Lin-Thomson predictions as the cohesive strength decreased. At the cohesive strength

equal to 5 GPa, as used here, the difference of dislocation shielding is, however, less

than 2%. Fig. 5.12 shows the fracture toughness from the dislocation structures ob-

tained by Lin-Thomson solution versus those predicted by the asymptotic shielding

solution for a cohesive crack. Expectedly, both predictions are in good agreement

due to the high cohesive strength. Returning to examine the parameters that can af-

fect fracture toughness, we again consider the interfacial work separation φn, Young’s

modulus E and Burgers vector b. Changes of φn and E can alter K0 and changes of E

and b (or µb) can scale the effect of the dislocation/dislocation and dislocation/crack
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Figure 5.12: Comparison of fracture toughness counted on dislocation structures
by Lin-Thomson solution versus those predicted by asymptotic shielding solution of
cohesive crack.

interactions. In continuum plasticity, toughness predictions depend on K0 only, such

that the normalized fracture toughness KI/K0 is independent of variations in φn and

E. The DD toughness predictions have a more complicated dependence that does

not simply scale with K0. With increasing φn, the dislocations are less able to induce

the crack separation necessary for failure and the material toughness increases. It

is not surprising that lower E and the same K0 results in the lower toughness since

the µb effect on the mutual elastic interaction (dislocation/dislocation and disloca-

tion/crack interactions) is smaller. The decrease of µb leads to a reduction of both

the crack shielding due to dislocation/crack interaction and the dislocation activities

due to dislocation/dislocation interaction. Other evidence from the DD simulations

demonstrates that the toughening depends on the dislocation shielding, as shown in

Fig. 5.13. KI/K0 versus the crack extension ∆a of material A for σY =500 MPa in

the first realization compares with the one obtained from the dislocation shielding

of Lin-Thomson along the load increment. Although there is a fluctuation due to
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Figure 5.13: Comparison of KI/K0 versus the crack extension ∆a of material A for
σY =500 MPa in the 1st realization from the simulation(red line) and from disloca-
tion structures through Lin-Thomson shielding solution (green line) along the load
increment.

dynamic effects during dislocation development, the overall toughening from the dis-

location shielding still follows the R-curve from the DD simulation. Specifically the

crack toughening corresponds to the instantaneous shielding of the overall dislocation

structure.

In the Lin-Thomson solution, Eq. 5.5b, F = (K∞I − K0)/µb is a sum over the

shielding contributions from each dislocation. We found that µb and K0 can be

combined as µbK3
0 to collapse the trends of F , i.e. the overall shielding, in materials

A-E. F versus µbK3
0 is plotted in Fig. 5.14 where 5.14(a), 5.14(b) and 5.14(c) are

yield stress σY of 500, 600 and 700 MPa, respectively. Here the fourth realization

is ignored since this randomness provides very low fracture toughness in all cases.

Overall fracture toughness increases with increasing µbK3
0 at any yield stress, although

it is not explicit in materials B and D due to their near-brittle behavior. Comparing

materials A and B (both material properties are similar except the lower Young’s

modulus in material B), µb and K0 are decreased with decreasing Young’s modulus.
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In fact dislocations are able to induce the crack separation more easily for the lower

K0. Also lower dislocation activity is a consequence of the lower µb. From above

reasons, the fracture toughness in material B is much lower than in material A.

(a)

(b) (c)

Figure 5.14: A sum over all the positional dependence of the dislocation shielding F
versus µbK3

0 for material A-E with various yield σY using three statistically different
realizations of sources and obstacles in the simulation (a) σY =500 MPa (b) σY =600
MPa (c) σY =700 MPa.
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5.3 Summary

We have implemented symmetric boundaries for a short crack problem to reduce the

computational time and storage in 2d-DD. In addition the stability, accuracy and

robustness of the 2d-DD methodology for fracture can be improved significantly by

the new algorithm of Chakravarthy and Curtin (2011a). Our improvement and results

is listed in the following:

• Use of the new superposition scheme (O’Day and Curtin (2004)) avoids the

time expense in the polarization stress calculation and correctly captures the

dislocation interactions with cohesive zone that stabilizes the problem with large

cohesive strength.

• To improve material model with realistic yield stress and realistic cohesive

strength, the obstacle-controlled yield model is utilized and adaptive meshing

is employed to retain the required fine mesh resolution near the crack tip for

large cohesive strength while the crack is growing.

• For a short cracked particle in the high yield stress matrix under monotonic

loading, the fracture behavior is nearly brittle.

• For long crack problems with such high strength material, we show that a change

of µb and K0 parameters has a huge effect on fracture toughness through the

shielding quantity F = (KIC −K0)/µb and the toughness can be characterized

in terms of µbK3
0 .

• Results from the simulations confirm that the dislocation shielding of cohesive

crack with the asymptotic interpolation solution (Bhandakkar et al. (2010)) is

comparable to the sharp crack solution (Lin and Thomson (1986)) if the cohesive

strength is very high as used in our case; σcoh=5 GPa.
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Chapter 6

Conclusions and Outlook

Fracture processes are composed of the underlying physical mechanisms of irreversible

deformation i.e. plastic dissipation and material separation taking place by breaking

of atomic bonds. The region around the crack tip is a micron-scale volume where con-

tinuum plasticity cannot predict crack growth properly. The prediction of fracture

toughness requires material length scales, and there is a large body of experimental

evidence that plastic flow processes in crystalline solids are inherently size-dependent

over a scale that ranges from a micrometer to 100 µm. Many approaches to size-

dependent plasticity, such as strain-gradient plasticity and the discrete dislocation

plasticity, have been developed to tackle this problem. In discrete dislocation plas-

ticity, the dislocations are treated as line singularities in an elastic body. A many

body interaction problem involving the discrete dislocations need to be solved with

the boundary value problem. The crack surface is described by a cohesive zone law,

so that crack growth is an outcome of the boundary value problem. This thesis has

focused on modifications and extensions to the two dimensional discrete dislocation

method (2d-DD) of Van der Giessen and Needleman (1995) for fatigue and fracture

problems.

Crack growth from small initially-cracked elastic particles into a ductile metal

material has been analyzed in Chapter 3 to characterize the inelastic deformation in

the matrix at micron scales. Under fatigue loading, the presence of a cracked particle
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reveals that the particle reduces ∆Kth (the threshold value of ∆K) and the Paris

power-law exponent, relative to a single crystal material. Also slip blocking at the

particle−matrix interface gives rise to a dislocation structure with increased anti-

shielding relative to the single crystal material. Stress concentrations due to elastic

mismatch increase the local stress intensity factor and thus reduce the applied stress

intensity factor at which crack growth is observed. The elastic stress concentrations

decay with increasing crack length, leading to halting of crack growth near and above

the threshold value of ∆K after some critical distance of crack growth.

In Chapter 4, fracture in HCP-like single crystals, such as Zinc in this study,

using a modified 2d-DD model with a Peierls stress approach to control the plastic

anisotropy associated with basal and pyramidal slip. From the results, we find that

fracture toughness is mostly independent of plastic anisotropy. The toughening was

found to depend on the crystallographic direction in which the crack is made to grow.

Basal slip occurs extensively around the crack tip and is necessary in certain re-

gions to help generate the necessary sector-like solutions expected in a single crystal,

but the basal dislocations in these regions do not provide significant crack shield-

ing. Application of the Stress Gradient Plasticity concept shows that the equilibrium

dislocation dipole spacing serves as an internal material length scale for controlling

fracture toughness. Furthermore, the fracture toughness of materials with Peierls

stress and no obstacles and of materials with obstacles and zero Peierls stress can

be unified through the Stress Gradient Plasticity concept, demonstrating the general

feature that internal material length scales can control fracture. Microcrack nucle-

ation along basal planes parallel to the main crack may be a result of tensile stress

concentration that exist along the 60◦ line emanating from the crack tip, due to the

discreteness of the dislocation plasticity and incomplete cancellation of dislocation

stress fields in structures that are attempting to generate the constant stress sectors

expected from continuum-level analysis.

The implementation of symmetric boundaries to reduce computational cost for
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short crack simulations is described in Chapter 5. The improvement to the material

model with realistic yield stress and realistic cohesive strength is achieved by the

new algorithms of Chakravarthy and Curtin (2011a). Unfortunately, the particles in

”strong” Aluminum did not lead to any result since the fracture behavior is like a

brittle material under monotonic loading. For long crack problems with such high

yield stress material, a change of µb and K0 has a huge effect on fracture toughness

through a sum over all positional dependence F = (KIC − K0)/µb of dislocation

shielding.

In this 2d-DD, there is a variety of idealizations in the simulations of frac-

ture/fatigue crack growth that need to be relaxed to obtain quantitatively useful

predictions, for example;

• For numerical reasons, the analyses are carried out for pure Mode-I loading with

symmetry assumed about the crack plane, while in single crystals mixed mode

loading conditions generally prevail at the crack tip.

• The analyses have been two dimensional, with both three-dimensional disloca-

tion effects and three-dimensional crack growth effects neglected

• The effects of crack tip blunting are not taken into account in this small strain

analysis.

• The calculations have been carried out for small amounts of straight ahead

crack growth in a single crystal, whereas experimental data typically are for

larger amounts of crack growth in polycrystalline materials as a result in the

microstructural aspects involved in crack transmission across a grain boundary

Catoor (2008).

Fatigue crack growth rates are sensitive to the environment and accounting for envi-

ronmental effects means accounting for chemistry in the crack tip region. This in turn

requires an atomistic rather than a phenomenological cohesive model of the creation
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of new free surface. Also, most of the limitations mentioned in the previous paragraph

have the effect of giving rise to values of ∆Kth that are relatively low and the Paris

law exponents values rather high. For increased values of crack growth resistance

the region over which significant plastic dissipation occurs increases, Curtin et al.

(2010). Moreover 2d-DD simulations of fatigue crack growth require large amounts

of computer time to enable calculations of larger amounts of crack growth. Generally

many important length scales involve for fracture range from that of the macroscale

object to the atomic scale so that a multiscale modeling framework is needed for a

predictive theory. Recently the success tool for the multiscale modeling with directly

coupling the interface between different length scales is the coupled atomistic and

continuum modeling (e.g. Shilkrot et al. (2002), Xiao and Belytschko (2004), Warner

et al. (2007)). Using the multiscale modeling is a new direction for innovative research

and can explore some of the above issues in fracture/fatigue mechanics.
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Appendix A

Multipoint Constraint Method

In this appendix, the multipoint constraints (MPCs) method for finite element equa-

tions is presented, Liu and Quek (2003). The method is used to obtain artificial

elements to establish the relationship between the degree-of-freedoms (DOFs) at the

boundary nodes. The boundary condition for the multiple cracks in an infinite space

as shown in Fig. 5.1(a) is represented by the equivalent constraints in Fig. 5.1(b).

Recall that the global system equation for the finite element system with a DOFs

of n can be written in the following matrix form:

[K] {u} = {F} (A.1)

where [K] is the stiffness matrix of n × n, {u} is the displacement vector of n × 1,

and {F} is the external force vector of n× 1. If the system is constrained by m MPC

equations, these equations are written in the following general matrix form:

[C]m {u}m = {Q}m (A.2)

where [C]m is a local constant matrix of m×n (m < n), {u}m is the local displacement

vector of m× 1 and {Q}m is a local constant vector of m× 1.

For the specification to our case of constraint in this thesis, the nodes on the right
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surface is constrained to remain straight. Therefore the set of constrained equation

are written as

u1 = u2, u2 = u3, u3 = u4, .... um−1 = um (A.3)

The set of constraint equations can be written in the matix form as following:



1 −1 0 . . . 0

0 1 −1 . . . 0

0 0 1 . . . 0

...
...

...
. . .

...

0 0 0 1 −1


︸ ︷︷ ︸

[C]m



u1

u2

u3

...

um

︸ ︷︷ ︸
{u}m

=



0

0

0

...

0

︸ ︷︷ ︸
{Q}m

(A.4)

The constraint equations above correspond to our constraint where the right surface

is enforced to move in x-direction identically, as shown in Fig. A.1

Figure A.1: Illustration for the specific constraint at the right surface enforced in
x-direction to remain straight.

The conventional approach to implement the multipoint constraints (MPCs) is of-

ten obtained by two methods which are ”Lagrange Multiplier” and ”Penalty Method”.
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The advantage of Penalty method is no requirement for extra variable to solve and

thus the size of the matrix remains the same. However the constraint equations can

only be satisfied approximately, and the right choice of can be a problem for some

cases. The Penalty method is easily implemented by adding the constraint equa-

tions directly to the global stiffness matrix. In this method, the constraint equations,

Eq. A.2 is written as

{v} = [C] {u} − {Q} (A.5)

where [C] is a global constant matrix of m×n (m < n), {u} is the global displacement

vector of m×1 and {Q} is a global constant vector of m×1 such that {v} = 0 implies

full satisfaction of the global constraints. The potential energy function can then be

modified as

Π =
1

2
{u}T [K] {u} − {u}T {F}+

1

2
{v}Tα{v} (A.6)

where 1
2
{v}Tα{v} is a diagonal matrix of penalty parameter that are constants cho-

sen by α = 1 × 105−8×Young’s modulus. The stationary condition of the modified

potential function requires the derivatives of Π with respect to the {u} to vanish,

which yields [
[K] + [C]T α [C]

]
{u} = {F}+ [C]T α{Q} (A.7)

where [C]T α [C] is called a global penalty matrix. The efficiency of solving the system

Eq. A.7 is almost the same as that of solving Eq. A.1. In our specific case which is

{F}+ [C]T α{Q} = {0}, the local penalty matrix can be written as

[C]Tm α [C]m =



2α −α 0 . . . 0

−α 2α −α . . . 0

0 −α 2α . . . 0

...
...

...
. . .

...

0 0 0 −α 2α


(A.8)

From the local matrix system, we can easily convert the local components to the
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global components by replacing to the position of equation number.
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