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Preface

The large deviations theory is a useful tool that characterizes the asymptotic be-
haviors of a sequence of random variables. As we know, the ergodic theory asserts
that the empirical measures of Markov processes converge to the stationary distribu-
tion. The large deviations theory for the empirical measures [5, 6] gives an estimation
of this rate of convergence, which is linked to the large deviations rate function. The
hindrance with this approach lies in the fact that the rate function often appears in
the form of a variational formula which is difficult to evaluate.

It is thus useful to obtain explicit formulas for the large deviations rate func-
tions. Donsker-Varadhan [5] provided such a result for Markov processes with a
“diffusive” term. However, this result is not applicable to one of the simplest Markov
models: the Markov jump processes, in which the transitions of states only happen at
jump times. In fact, the general Donsker-Varadhan large deviations theory of empir-
ical measures does not cover this type of models. In this thesis, we establish a large
deviations theory of the empirical measures as well as an explicit formula of the large
deviations rate function for Markov jump processes.

An application of such an explicit formula leads to the study of the properties
of a Markov chain Monte Carlo algorithm: the parallel tempering algorithm (first
introduced in [9, 13, 20, 21]). By examining the large deviations rate function as
a proxy for the rate of convergence of the Markov chain, we discover a new set of
algorithms: the infinite swapping algorithm (first introduced in [16, 8] and further
discussed in [4]), which is the distributional limit of the parallel tempering algorithm
with “infinite”swap rate. In this thesis, we review the parallel tempering algorithm
and give an introduction to the infinite swapping algorithm as well as its more im-

plementable derivative: the partial infinite swapping algorithm. We also summarize
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some of the theoretical and numerical results regarding infinite swapping and partial

infinite swapping algorithm in this thesis.
Yufeir Liu

Providence, Rhode Island
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Abstract of “Large Deviations Rate Functions for the Empirical

Measure: Explicit Formulas and an Application to Monte Carlo”

by Yufei Liu, Ph.D., Brown University, May 2013

In this thesis, we use the large deviations principle to characterize the rate of
convergence of the empirical measures of Markov processes. An explicit formula of
the large deviations rate function is very useful for this purpose. The main result
in this aspect is the Donsker-Varadhan formula for the reversible, continuous time
Markov processes. However, it is not applicable to the Markov jump processes, and
establishing such a formula is our goal in the first part of this thesis. In the second
part, we apply such a formula to a Markov chain Monte Carlo algorithm, the par-
allel tempering algorithm. By examining the rate function, we arrive at a new class
of MCMC algorithm, the infinite swapping algorithm. We then devote the rest of
this thesis into the study of infinite swapping algorithm, for both of its theoretical

properties and its implementation challenges and solutions.



CHAPTER 1

Introduction

1. Empirical measures and Markov chain Monte Carlo

Let S be a Polish space. There are a lot of problems in practice that require the es-
timation of the integration of some functional V' against some probability distribution

m, i.e. the estimation of

0 E, V] = / V (2) (da),

we assume V is integrable with respect to 7 throughout this thesis. When 7 is difficult
to sample directly from, a standard numerical method to compute this integral is the
Markov chain Monte Carlo scheme. The idea of MCMC is very simple: if one is
unable to generate independent samples from the distribution 7, it is almost as useful
to sample an irreducible Markov chain having 7 as the invariant distribution. Then
one can apply the ergodic theory to link the empirical measures of the Markov chain
to its invariant distribution.

The following notations will make this idea explicit. Let {X,,,n € N} be a Markov
chain defined on a probability space (2, F,Pr) taking values in S. We denote the
transition probability function by P (z,dy), i.e.

Pr (X1 € dy| X, = 2) = P (x,dy).

We assume that 7 is an invariant distribution of the Markov chain, i.e. for any Borel

subset A C S,
W(A):/P(I,A)W(dm).
s
Then under suitable recurrence and transitivity conditions on P, 7 is the unique
invariant distribution of P and we have

lim Pr(Xy € dy|Xo=2x) =7 (dy).
N—o0
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We now turn to the definition of empirical measures. For each N € N, w € 2, and
Borel subset A C S, we define the empirical measure, or the normalized occupation

measure up to time N — 1, by

2 I (@A) = (4) = = 3 6, (4)

Then under suitable ergodicity conditions the ergodic theory guarantees that ny

converges weakly to m as N — oo and the ergodic average

2

1
3 RS e

n=0
converges to Er [V] defined in (1).

This is the gist of Markov chain Monte Carlo that is implemented in practice. In
order to derive some theoretical results, however, it is more convenient to work with
the continuous time MCMC. Specifically, instead of constructing a Markov chain,
one constructs a time homogeneous Markov process {X (t),t € [0,00)}. Let F¥ =
o (X (s):s<t)andlet P(t,x,I") denote the time homogeneous transition function

[11, pp161] defined on [0,00) x S x B(S), i.e
Pr(X (t+s)el|F)=P(s,X(),I).

Let M (S) be the space of Borel measurable functions on S. We use T to denote the
measurable contraction semigroup associated with P (¢,x,T") [11, ppl61], in other

words, for all s, > 0, and all function f € M (5), we have
(4) E[f(X(t+s)|F]=T(s)f(X ().

Let £ be the infinitesimal generator of the semigroup {7"(¢)} [11, pp8], hence by
definition for f that belongs to the domain of £ denoted by D (L) [11, pp§]

(5) Cf (x) =lm “E[f (X (1) — f () |X (0) = a].

t—0 t

We say that 7 is a stationary distribution of X (¢) if

/S (Cf ()7 (dx) =0

2



for all f € D(L). For this Markov process, the empirical measure up to time 7' is

defined as

L1t
(6) nr (A) = ?/ 5X(t) (A) dt.
0
A different version of the ergodic theory asserts the weak convergence of 1y to m and

the convergence of

%/0 V(X(t))dt—>/s\/(x)7r(dx).

2. Rate of convergence: second eigenvalue value criteria

The question is, how do we characterize the rate of convergence of the MCMC
scheme?

Among the extensive studies regarding this issue, a standard rule of thumb is the
second eigenvalue criteria, which asserts a geometric bound on the rate of convergence.
There are numerous results that relate the rate of convergence of a Markov chain to its
second largest (absolute value) eigenvalue. For example, the following is proved by P.
Diaconis and D. Stroock in [3]. We assume the state space S is finite with m different
states, the transition function can thus be denoted by P (z,y) and the invariant
distribution be denoted by 7 (z) for x,y € S. We assume P (z,y) is reversible relative

to m, that is
(7) P(z,y)m(z) = P(y,z) 7 (y).

Clearly a distribution that satisfy (7) is a stationary distribution of P. Reversibility
also guarantees that the m eigenvalues of the stochastic matrix P are real. We denote

them by
l=0o>2p1 22 Bna>—1L
If we define g, = max (||, |Bm-1|), then for all n € N and z € S

1—71'(1’) 2n

P () =7 Ol € iy 82

3



where the variation distance between two probability distributions is defined as

1= e = mas | (4) = v (D) = £ 3 (@) ~ v (@)

zeS

For a general state space S, one can apply the spectral theory to obtain a similar
result. There are a lot of proofs for the following well known result, for one see e.g.

[23]. Once again we assume the reversibility condition
(8) P (z,dy)m (dx) = P(y,dz) 7 (dy)

which means that P is a self-adjoint operator on L? (7). We extend the L? norm for
signed measures. Given a signed measure p, define ||p], by

2 .
fs ‘3—’;‘ dr fp<m

2 .
lull2 = o
00 otherwise

The self-adjointness of P guarantees that the spectrum is real and we can define [19]
A1 = infspec(P|y1)
Ao = supspec (P|;1)
and p = max (|A\o|, |[A\1]). Then for any p € L? (r) and n € N, we have
1P =7y <l =7l p"

Similar results can also be established when P is not self-adjoint, in which case the
eigenvalues are not necessarily real and one considers instead the magnitude of the
eigenvalues, for example see [17]. Note that the second eigenvalue criteria gives
geometric bound on the difference between the n-step transitional distribution and the
invariant distribution, whereas what we are really looking for is the rate of convergence
of the empirical measures to the target distribution 7.

Another rule that is widely used to characterize the efficiency of MCMC is the as-
ymptotic variance criteria. It is based on the following central limit theorem (Kipnis
and Varadhan, 1986). Recall the definition in (1) and (3). If X, is an irreducible, ape-
riodic, and reversible Markov chain, then there exists some positive constant o, such

that N'/2(Vy — E, [V]) converges in distribution to a normal distribution N (0, 0?).
4



If we use Var, [V] to denote the variance of V' under the distribution 7, then the ratio
Var, [V] /o2 is a measure of the efficiency of the MCMC for estimating E, [V]. There
are two difficulties with this approach. The first one is the estimation of o2, there are
a lot of literatures that discuss methods for estimating o2, for a summary see [14].
The second one is that this approach analyzes the MCMC error when the Markov
chain has already reached equilibrium, however, our main concern lies in how many
Monte Carlo steps are needed in order for the Markov chain to reach equilibrium.
Also, there are a wide range of articles that propose diagnostic schemes on deter-
mining whether the Markov chain has reached equilibrium, see [2] for a brief review.
In this type of methods, various random variables that are functions of the collective
data from MCMC sampling are constructed, and the Markov chain is claimed to have
reached equilibrium when these random variables hit some cutoff threshold values.
Again, these kind of approach did not answer our question directly since we are in-
terested in knowing up-front how many Monte Carlo steps is needed to get accurate

estimation.

3. Rate of convergence: large deviations theory

In order to establish a direct relationship between the number of Monte Carlo
steps and the distance from the empirical measure to the target distribution, we use
the large deviations theory as a performance measure for MCMC.

We first review the definition of large deviations principle. Let X be a complete
separable metric space and {R,} be a sequence of random variables defined on a

probability space (€2, F, Pr) taking values in X.

DEFINITION 1. We say that {R,} obeys the large deviations principle with a
rate function I if there exists a function I from X into [0, 00| satisfying:
(i) I (-) is lower semicontinuous

(ii) For each | < oo the set {z : I (z) <1} is a compact set in X .
5



(11i) For each closed set C C X

1
9) limsup —log Pr (R, € C) < —inf I (z).
n—oo 1 zeC

(iv) For each open set G C X

1
ool S '
(10) h}f_l}gf " logPr(R, € G) > ;ggl(x)

We will refer to (9) as large deviations upper bound and (10) as large devia-
tions lower bound.
We will heavily use the fact that large deviations principle is equivalent to the

following Laplace principle (see [7, Theorem 12.3]).

DEFINITION 2. Let I be a rate function from X into [0, 00] (so I is lower semicon-
tinuous and has compact level sets). The sequence { R,,} is said to satisfy the Laplace
principle on X with rate function I if for all bounded continuous functions h on X

1
lim —log F {exp [—nh(R,)|]} = — inf {h(z)+I(2)}.
n—0o0 T zeX

The term Laplace principle upper bound refers to the validity of

lim sup % log E {exp [—nh (R,)]} < — %g}ff {h(z)+1I(x)}

n—oo

for all bounded continuous functions h while the term Laplace principle lower

bound refers to the validity of

lim inf
n—00

“log B {exp[~nh (Ry)]} > — inf {1 (x) + 1 (x))}

for all bounded continuous functions h.

We now look at the large deviations principle for empirical measures. The fol-
lowing two theorems are proved by Donsker and Varadhan in [5]. Note that one can
obtain a large deviations principle for empirical measures under weaker conditions.

Recall that S is a Polish space. We further assume S is compact. Let A (dx) be a

probability measure on S.



First consider the empirical measure for a discrete time Markov chain. Recall that
{X,,n € N} is a Markov chain defined on a probability space (€2, F, Pr) taking values
in S. Assume:

L. P(x,dy) = p(z,y) A(dy),

2. there exists constants a and A such that 0 < a < p(x,y) < A < oo for all
x € S and almost all (A-measure) y € S,

3. for any function u € L' (\),

/ p(,y)u (4) A (dy)
S

is a continuous function of z.

Let U, be the set of all strictly positive and continuous functions v on S with

Pu(z) i/su<y>P<x,dy>,

we define, for any probability measure p on S

1 == ing [ 1og (2 @) (a),

Let P (S) be the space of all probability measures on S equipped with the topology
of weak convergence. Recall the definition of empirical measure in (2), we have the

following:

THEOREM 1. For any closed set C C P (S),

1
lim sup — log P c(C)< —inf I (p).
imsup - log r(ny € C) < — inf I'(y)

For any open set G C P (S),

1
liminfﬁlog Pr(ny € G) > —inf I (p) .

N—oo neG

There is an analogous large deviations principle for the empirical measures of
a continuous Markov process {X (t),t € [0,00)}. Assume transition probabilities

P (t,z,dy) have densities relative to A (dy), i.e.

(11) P(t,z,dy) =p(t,z,y) X(dy) .
7



where for each t > 0
0<a(t)<p(tz,y) <A(t) < 0.

Recall the semigroup 7' (t) defined in (4). Let C'(S) be the space of all continuous
functions on S. Assume 7T () is strongly continuous [11, pp6] on C (S). As before,
we use L to denote the infinitesimal generator of 7' (), recall the definition of £ in
(5) and recall that D (L) is the domain of £. For any p € P (S) we define

. . Lu
(12) == nf [ () @ula.

u>0, u
ueD(L)

Recall the definition of empirical measure in (6), we have the following:
THEOREM 2. For any closed set C C P (S),

1
li —logP e )< —infI(u).
im sup 7 log r(nr € C) < inf ()

For any open set G C P (S),

1
liminfflog Pr(nr € G) > —inf I (n).

T—o00 neG

We point out that the compactness of S is assumed for both theorems to hold.
We impose compactness in order to obtain the large deviations principle under min-
imum assumptions on transition functions. In fact, for a general Polish state space,
similar large deviations theorems can be proved under additional conditions for tran-
sition functions, see [6]. In order to focus on the problems that we are interested in
without getting into too many technical details, we will always assume compactness
on S throughout this thesis. We remind our readers that in fact compactness is not
necessary to obtain these results and we refer our readers to [6] for the generalization

to arbitrary Polish space.

4. Outline of the thesis

The rest of the thesis is organized as follows.

8



In Chapter 2, we first take a look at a special case of the empirical measures: the
empirical measures of a reversible Markov jump processes. We recall the Donsker-
Varadhan explicit formula for the rate function, point out that it is not applicable in
the pure jump framework. Then we will formally state the large deviations principle
and establish the explicit form of the rate function.

In Chapter 3, we will take a weak convergence approach in proving the large devia-
tions principle stated in Chapter 2, although the part of dealing with the randomness
in the number of discrete jump steps is not standard at all.

In Chapter 4 we turn to the discussion of an MCMC application. We will look at
a special technique in MCMC, namely the parallel tempering algorithm. We will use
the large deviations principle to analyze the rate of convergence of parallel tempering
schemes. By studying the explicit formula of the large deviations rate function,
we discover a new set of Monte Carlo schemes: the infinite swapping algorithm.
We examine infinite swapping algorithms in detail, and then move on to its more
implementable derivative, the partial infinite swapping scheme.

Finally, in Chapter 5 we provide the implementation manual of infinite swapping

and partial infinite swapping and exhibit some numerical results.



CHAPTER 2

An explicit formula of large deviations rate function for the

empirical measures of reversible Markov processes

1. Donsker-Varadhan formula for self-adjoint case

In [5], Donsker and Varadhan proposed an explicit formula for the rate function
defined in (12) for self-adjoint case. We state it as follows:

Let B (S) be the space of bounded measurable functions on S. Recall that 1" (¢)
is a semigroup on B (S) associated with the transition function P (t,z,dy) defined
by (4), £ is the infinitesimal generator of T" defined by (5), and D (L) is the domain
of L. Let C(S5) be the space of continuous functions on S. Let By be the strongly
continuous center of 7' (¢), i.e.

5= { € Cs) tmswlT (01 ()~ f ()] =0}
Assume that

1. There exists a o-finite measure A (dz) such that P (t,z,dy) has a density

p(t,z,y) with respect to A for each t > 0; the density p (¢, z,y) is jointly measurable

in x and y and satisfies
p(t,z,y) =p(t,y,z) almost everywhere (A x A).

2. By is large enough in the sense that By N L? ()\) is dense in L% (\).

3. For any probability measure p on S and any f € B (S) there is a sequence of
{fn} € By such that ||f,|| < | f|l and f,, — f almost everywhere with respect to .

Under the assumptions above, D (L) is dense in By. The closure [11, ppl6] of
L which we denote by £, has a domain which we denote by D (£), dense in L? (X).
Since T (t) is self-adjoint and contracted, £ is self-adjoint and negative semidefinite.

We denote by (—E_)l/ ? the canonical positive semidefinite square root of —L see e.g.

10



(19, Chapter 12]. Let D; /5 be the domain of (—5)1/2. With all these notations defined

and I (p) as in (12) we have following;:

THEOREM 3. I (u) < oo if and only if p < A and (d,u/d)\)l/2 € Dyj,. Moreover,
letting f = du/dX\ and g = /2, we have

2

(13) 1) =||(=0)"

2. Donsker-Varadhan formula and reversible Markov jump processes

The simplest continuous time Markov process is a Markov jump process with
a bounded infinitesimal generator. Let B (S) be the Borel o-algebra on S and let
a (z,T') be a transition function on S x B (S). Let B (S) denote the space of bounded

Borel measurable functions on S and let ¢ € B (S) be nonnegative. Then

(14) Lf (@)= g (x) / (f () — f (@) o (x. dy)

defines a bounded linear operator on B (S) and L is the generator for a Markov
process in S that can be constructed as follows.

Let {X,,,n € N} be a Markov chain in S with transition function « (z,T"), i.e.
Pr (X, € T|Xo, X1, ..., X,) = a(X,,T)

for all ' € B(S) and n € N. Let 7y, 7,... be independent and exponentially dis-
tributed with mean 1, and they are all independent with {X,,,n € N}. Define sojourn

time s; for each ¢ =1,2,... by
(15) q(Xi-1) si =T

then
n+1

X (t) = X, for Zsi <t< Zsi
i=1 i=1
(with the convention of 377, s; = 0) defines a Markov process {X (¢),t € [0,00)} in
S with infinitesimal generator L.
We now point out an extremely simple special case of Markov jump processes for

which Theorem 3 does not hold. Using the notations above, assume S = [0,1], ¢ = 1

11



and for each = € [0,1], a(z,-) is the uniform distribution on [0, 1]. The infinitesimal
generator £ reduces to 1

@ = [ rwar-1 @,
which is clearly a self-adjoint operator. Now let C' be the collection of all Dirac
measures on S, then C' is closed under the topology of weak convergence on P (.5).

Hence the large deviations upper bound

1
(16) lim sup flog Pr(nr € C) < —inf I (p)

T—00 uec
applies. On the other hand, the probability for the very first exponential holding time
to be bigger than T is exactly exp {—7"}, and that when this happens, the empirical
measure is a Dirac measure located at some point that is uniformly random on [0, 1].
Hence

1 1
liminf —log P (nr (-) € C) > liminf —log P (1, > T) = —1.
T T—oo T

T—o00

In fact, we will prove later that the rate function for the empirical measures of this
Markov jump process never exceeds 1. However, if Theorem 3 were to hold under

this case, one would have I (d,) = oo for any a € [0, 1] and by (16) we have

1
lim sup TlogP(nT (1) € D) = —o0,

T—o00

which is a contradiction.

This example implies that this type of Markov jump processes are not covered
by Theorem 3. In fact, for any ¢ > 0 by considering the case where the exponential
holding time is greater than ¢ and the case where it is smaller than ¢, the transition

function P (¢, x, dy) takes the following form
P (t7 xz, dy) = eitéx (d3/> + (1 - eit) 1[0,1] (y) dy7

which means that we cannot find a reference measure A on S such that P (¢, z,-) has

a density with respect to A (+) for all almost all x € S and ¢ > 0, which is a violation

to the first assumption in Theorem 2, let alone the first assumption in Theorem 3
We will prove below that the Markov jump processes with bounded infinitesimal

generators always have bounded rate functions. In later sections, we will uncover the

12



special features about the Markov jump processes that justify this boundedness of

rate functions.

3. A large deviations principle for reversible Markov jump processes I:

statement of assumptions

In the rest of this chapter we will state a large deviations principle for Markov
jump processes and provide the explicit formula for the rate function.

We first specify our assumptions that will be expected for the rest of this chapter
and Chapter 3. We have already defined Markov jump processes in the last section,
and below we will use the same notations as we used there.

Our first assumption is that the Polish state space S is compact. As we have
mentioned before, compactness is not needed to derive a large deviations principle.
We impose it here in order to obtain the large deviations principle under minimum
assumptions on transition functions, and to focus on the problem of interest without
getting into too many technical details. To generalize the result from compact space
to all Polish space, see e.g. [6]

We also assume the jump intensity ¢ in (14) is a continuous function on S, and

there exist 0 < K; < K9 < oo such that
(17) K, <q(x) < Ks.

Next, to ensure ergodicity of X (¢), we need several conditions on the transi-
tion function a. Recall that P (S) is the metric space of probability measures on S
equipped with Levy-Prohorov metric, which is compatible with the topology of weak
convergence [11, pp96]. We assume the following:

1. « satisfies Feller property. That is, a(x,) : S — P (S) is continuous in x.

2. « satisfies transitivity condition. That is, there exist positive integers [y and

ng such that for all x and ¢ in S

— 1 <1,
i=lp Jj=no

Here we use a® to denote the k-step transition probability.

13



REMARK 1. The Feller property and the compactness of S guarantee that o has an
invariant distribution [7, Proposition 8.3.4], which we denote by 7. The boundedness
of q enables us to define another probability measure m by

Ja 77 (dz)
(18) m(A) = ==
Js (—2 7 (dz)’

Since T is invariant under a, i.e., 7 (+) x,-) 7 (dr), we have

[er@ma =g / / Pl (e, dg) 7 (d2) = .

Therefore by Echeverria’s Theorem [11, Theorem 4.9.17], 7 is an invariant distribu-

tion of the Markov process X (t).

REMARK 2. Under transitivity condition, 7 is the unique invariant distribution
of a [7, Lemma 8.6.2]. Thus 7 defined by (18) is the unique probability measure
satisfying [¢ (Lf (x)) 7 (dx) = 0, and hence by [11, Theorem 4.9.17] 7 is the unique

invariant distribution of X (t).

We also impose some conditions on the invariant distributions 7 and 7:
1. The support of 7 is S.

2. There exists an integer N and a positive real number ¢ such that

o (x,) < e (v).

for all z € S.

REMARK 3. The first condition guarantees that any measure n € P (S) can be
approzimated by probability measures that are absolutely continuous with respect to m.

Indeed, the Lebesque Decomposition Theorem implies that for any such n there exist

0 € L (m) and n* such that @ >0, n* L 7 and for any A C S,

n(A)Z/AQ(I)W(deHnL(A)-

If nt (S) > 0, then one can find a subset Sy C S such that w(S;) = 0, n*(S;) >0
and n*t (S\S1) = 0. For any x € Sy and any open neighborhood N, of x, since the

support of m is S we have 7 (N,) > 0 which implies that N, NSy = {x}. Hence Sy
14



L+ is a discrete measure. A discrete measure can

only contains isolated points, i.e., n
be approximated by measures that are absolutely continuous with respect to m since

the support of w is S.

REMARK 4. The first condition excludes the existence of transient states. Although
one can obtain an LDP for X (t) that has transient states, one would end up with a
rate function that depends on the initial state. We stay away from this subtlety in

this thesis in order to focus on our main point of interest.

REMARK 5. Assumptions like the second condition in the above are not uncommon

in the large deviations analysis of empirical measures, see e.g. [10, Hypothesis 1.1].

Reversibility is always needed in order to obtain an explicit formula for the rate
function. Recall D (L) is the domain of £. In this thesis, we assume L is self-adjoint
(or reversible) under 7 in the following sense: for any f,g € D (L)

(19) / (Cf (2)) g (x) 7 (dx) = / (L (2)) f (2) 7 (dz).

S

An obvious equivalent condition for (19) to hold is the “detailed balance” condition,

i.e., for m-a.e. x,y € S

(20) q(v) a(z,dy) m(dz) = q (y) a (y,dz) 7 (dy) .

Note that (20) directly implies [, (£f (2)) 7 (dz) = 0 for all f € D(L).

4. A large deviations principle for reversible Markov jump processes II:

definition of rate function

We are now ready to give the definition of the rate function I.

We wish to study the large deviations principle for the empirical measure ny €
P (S) defined by (6). Under compactness of S and Feller condition on «, nr converges
in distribution to an invariant distribution of X (¢) ([11, Theorem 4.9.3]). As pointed

out by Remark 2, 7 is the unique invariant distribution of X (¢), hence nr converges

15



in distribution to m. Let H be the collection of all distributions that are absolutely

continuous with respect to m, i.e.
(21) H={neP(S):n<r}.

For n € H, define

()= — / 012 (2) £ (62 () 7 (do)

_ 2
where 6 = dn/dr. This is a rewriting of H(—L)l/QgH in (13). By inserting the form
of £ from (14), we obtain

@) 1= [a@nn) = [ 0@ )o@ edy) w (),

SxS

Note that by applying (20) and using the Cauchy-Schwartz inequality, one can
prove that I defined by (22) is nonnegative. Recall that K> is the upper bound of ¢ as
in (17), hence I is bounded above by K,. Furthermore, it is convex and continuous.

We want to define I for all measures in P (S). As pointed out in Remark 3, H
is dense in P (S) under the topology of weak convergence. Hence we can extend
the definition of I to all of P (S5) via lower semicontinuous regularization with re-
spect to the topology of weak convergence. Thus if 7, — n weakly and {n,} C H,
liminf, o I (n,) > I (n); and equality holds for at least one such sequence. This ex-
tension guarantees that the extended I is convex, lower semicontinuous and bounded
above by K on all of P (S). The compactness of S and the lower semicontinuity of
I ensure that I has compact level sets. Being a nonnegative, lower semicontinuous
function with compact level sets, I indeed is a valid rate function.

We have finished the definition of the rate function I, now we will state the large

deviations principle.

5. A large deviations principle for reversible Markov jump processes III:

statement of LDP

We dedicate the whole next chapter into proving the following theorem.

16



THEOREM 4. Let X (t) be a Markov jump process satisfying all the assumptions
in Chapter 2 Section 3 and let I be defined as in Chapter 2 Section 4. Recall that
P (S) is the metric space of probability measures on S equipped with Levy-Prohorov
metric, which is compatible with the topology of weak convergence. Then for any open
set G C P (95)

liinf - log P (1 (-) € G) = — inf 1 (1),

and for any closed set C C P (S)

1
lim sup TlogP(nT ()eC) < —infI(n).

T—00 neC

6. Basic elements in the weak convergence approach

In the next chapter, we will use a weak convergence approach to prove Theorem
4. We will use this section to review the concept of relative entropy and the some of

its most frequently used properties, for details see [7].

DEFINITION 3. Let (V,A) be a measurable space. For 6 € P (V), the relative

entropy R (-||0) is a mapping from P (V) into the extended real numbers. It is

defined by
dry
R(v]0 i/(log—)dv
1) = [ (102

when v € P (V) is absolutely continuous with respect to 6 and logd~y/df is integrable

with respect to . Otherwise we set R (7y||6) = oo.

Recall that relative entropy R (- ||-) is nonnegative, convex and lower semicontin-
uous in both variables (with respect to the weak topology on space P (V)). We state

the following two properties of relative entropy.

LeEMMA 1. (Variational formula) Let (V,A) be a measurable space, k a bounded
measurable function mapping V into R, and 6 a probability measure on V. The fol-
lowing conclusions hold.

(a) We have the variational formula

(23) —10g/ekd6: inf {R(fyH@)Jr/kdy}.
V YEP(V) )
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(b) The infimum in (23) is attained uniquely at o defined by
d70 .k —k
—(z) =e (I)//e do.
do ) v

THEOREM 5. (Chain rule) Let X and ) be Polish spaces and 5 and ~ probability
measures on X x ). We denote by B1 and v, the first marginals of 5 and v and

by B (dy|x) and v (dy|x) the stochastic kernels on )Y given X for which we have the

decompositions

B (dx x dy) = Py (dz) ® B (dy|dz) and v (dx x dy) = 7 (dz) @ v (dy|dz).
Then the function mapping x € X — R (5 (-|z) ||y (-|z)) is measurable and

R(BII) =R (B |m) + /X R(B () Iy (|2)) B (dx).

18



CHAPTER 3

Proof of Theorem 4 and a discussion on the boundedness of

the rate function

1. The Laplace principle

In Definition 2 we have defined the Laplace principle, we also pointed out there
that the Laplace principle is equivalent to large deviations principle. In this chapter,
we will make use of this equivalence. In order to establish Theorem 4, we prove the
Laplace principle under all the assumptions in Chapter 2 Section 3 and for I defined
as in Chapter 2 Section 4. Specifically, we show that for any bounded continuous

function F': P (S) - R

1) Jim —1og Elexp {~TF ()} = inf_ [F () +1 (1)),

By adding a constant to both sides of (24) we can assume F' > 0, and we do that for
the rest of the this chapter. The proof is based on a weak convergence approach and

is split into two parts: a Laplace upper bound and a Laplace lower bound.

2. Proof of the Laplace upper bound

In this section, we prove the Laplace upper bound part of (24), i.e.

(25) lymint —log B exp {~TF (r)}] > int_(F (1) +1 (7).

Recall all the notations used in Chapter 2 Section 2. We first define a random
integer Rr as the index when the total “holding time” first exceeds T, i.e.

Ryr—1 Rr
=1 =1
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The empirical measure nr can thus be written as

nr(-) = %/0 dx ) () dt

1 [Rp—1 Rp—1
=7 D 0x () si+0xp,, () (T - Sz)]
L =1 :
[Rr—1

(27) -7 2 e 0) Ty e O (T X Q<£1>>] |

Fix some constant C' > 0. The proof of (25) will be partitioned into two cases:

Ryp/T > C and 0 < Rp/T < C. We will later send C' to oo after sending 7' — oc.

2.1. The case Ry/T > C. As we have discussed in Chapter 2 Section 1, let

F :P(S) — R be nonnegative and continuous. Then

|TC+1
1 1
—7 log E [1(c,00)(Rr/T) - exp{=TF(nr)}] > —7 log P 5 <T
1

1=

1 |TC|+1 -

= —?logP ; 15 <T
. |TC]+1

>~ log P Z 7 < KT

Using Chebyshev’s inequality, for any « € (0, o)

|[TC|+1 .
+
P Z < KyT 3 =P {e_o‘zi:1 i > 6—aK2T}
=1

< eCl{KQTE |:€7a Z}zlcj"rl Ti:|

1
— €aK2T€(I‘TCJ+1) log T+a
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For the last equality we have used the fact that if 7 is distributed according to ¢ then

Ee®™ =1/ (1 —a) for any a € (—o0,1). Combining the last two inequalities, we have

T—o00

1
lim inf — —log £ [1(¢.00)(Rr/T) - exp{~TF(nr)}]

> sup [—Kya+ Clog(1l+ «)
a€(0,00)

=C+ClogC — Ky — Clog Ks.

Note that C'+ C'logC' — Ky — C'log Ky — o0 as C' — oo.

2.2. The case 0 < Ry/T < C.

2.2.1. A stochastic control representation. In this case we adapt a standard weak
convergence argument, see [7| for details. Specifically, we first establish a stochastic
control representation for the left hand side of (24) and then obtain a lower bound
for the limit as T — oo. For the representation, all distributions can be perturbed
from their original form, but such a perturbation pays a relative entropy cost. We
distinguish the new distributions and random variables by using an overbar. In the
following, the barred quantities are constructed analogously to their unbarred coun-
terparts. Hence 7; and X; are chosen recursively according to stochastic kernels &; (-)
and @; (+), i.e., 0; (-) and @; (-) are conditional distributions that can depend on the
whole past. Specifically, &; (-) depends on {Xo,ﬂ,)’(l,@,...,)‘(i,l} and @; () de-
pends on {)_(O,ﬁ,)_(l,@...,X’i,l,ﬂ}; 5; is defined by (15) using X; and 7; Ry is
defined by (26) using 5;; and 7y is defined by (27) using X;, 7; and Ry. It will be
sufficient to consider any deterministic sequence {ry} such that 0 < rr/T < C, and
rp/T — A for some A € [0,C] as T'— oco. We restrict our consideration to controlled
processes such that Ry = rp; we place an infinite cost penalty on controls which lead
to any other outcome with positive probability. Let 1(A) to denote the indicator

function of a set A. By applying [7, Proposition 4.5.1] and Theorem 5 the following
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is valid:
(28)

_ %logE [exp {—TF(nT) —T - 00- (1{7~T/T}C (RT/T))}]

1 T‘T—l rT
= —TlogE exp{—TF(nT) —T ->-1 (Z 5, <T < Zsz> }]
i=1 i=1
(29)
=inf &

F(ir) +o0-1 (Z 5 <T< Z@) +%Z[R(o?“ Ha)+R(5i|ya)]]

= i=1
where the infimum is taken over all control measures {@;,d;}. Since in Chapter 3
Section 3 we will show a similar but more involved representation formula-Lemma

7-we omit the proof of this representation. Due to the restriction Ry = rp, one can

rewrite 7 as

(30) nr(-) = % Z 0%, () q(;—_l) +0x%.,.,() (T— Z Q(;——1)>

In the following proof, we repeatedly extract further subsequences of T' . To keep
the notations concise, we will use T' to denote all subsequences. Note also that in

proving a lower bound for (28) it suffices to consider a subsequence of T" such that
1
(31) Sl%p ~7 log E [exp {—TF(nr) = T - 00 - (1gppyme (Rr/T)) }] < o0.

We assume this condition for the rest of this section.

The relative entropy cost in (29) includes two parts, RE} = £ 77 R (a1 [|ov)
and RE7 = 73/, R(5; ||o). We will prove that for any sequence of controls {a;, o;}
in (29)

(32) liminf E [F (7ir) + REp + REZ] > inf [F (n) + I (n)].

T—oo neP(S)

Toward this end, it is enough to show that along any subsequence of T" such that
rp/T — A, we can extract a further subsequence along which (32) holds. In addition,

it suffices to consider only functions F' that besides being nonnegative, are also lower
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semicontinuous and convex. This reduction will be justified at the end of this section,
see Remark 6.

In light of (29) and (31) we can assume
(33) sup E [F (7r) + RE} + RE}] < oo
T

Since the proof of (32) is lengthy, we will analyze each term on the left hand side
of (32) separately.

2.2.2. The term RE}. The cost REL comes from distorting the dynamics of the
embedded Markov chain, and indeed the analysis results in a very similar conclusion
to that of an ordinary Markov chain ([7, Chapter 8]). For any probability measure v
on S x S we will use notations [v], and [v], to denote the first and second marginals

of v. We have the following result for RE7..

LEMMA 2. Consider any sequence of controls {a;,d;} in (29) such that (33) holds.
Along any subsequence of T' satisfying rr/T — A, define a sequence of probability

measures on S X S via

RS _
pr (dz, dy) = E Z 0%, , (dz) a1 (dy).

=1

Then one can extract a further subsequence such that Eup converge in distribution to

a probability measure fi on S x S, and

liminf £ [RE}] > AR (i||[i], ® a).

T—oo

Furthermore, if A > 0 then i satisfies

(34) ]y = [/l -
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PROOF. By the chain rule (Theorem 5) and the convexity of relative entropy

E[RE}] =F %ZR(@“ Ha)]

1 B
=E\= ;R (0., @aia |05, ® @)

> B[R (ur |lur), © )

,
> TTR(EMT [[Eur], ® ).

Since S x S is compact, for any subsequence of T there exits a further subsequence
along which Eur converges weakly to a probability measure ji. Under the Feller
property of a, [Epr]; ® o converges weakly to [fi]; ® a. The lower semicontinuity of

relative entropy then implies

liminf £ [REL] > li%ninf%TR(EuT I[Eur), ® o) > AR (i |[ji], ® o).
—00

T—00

This finishes the first part of Lemma 2. For the second part, we employ a standard
martingale argument. Let F; be the o-algebra generated by the random variables
{()_(0, e ,)_(Z-) NG ,ﬂ-)}. Thus F; is a sequence of increasing o-algebra’s and, since
a; selects the conditional distribution of X;, for any bounded continuous function f

on S
B (10~ [rwam)iza] -o

Hence for integers 0 <i < k <rp—1

E Kf (Xi) —/Sf(y) Qi (dy)> (f (Xx) —/Sf(y) ar (dy)ﬂ =0,
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and thus for any bounded continuous function f on S

E [ f () pr (dz, dy) — f () pr (dz, dy)]
SxS

SxS
L3 @) -3 [ fwan <dy>]
<2 e[ - [rwana)

4 2
< —fl%-
rr

=F

Since 0 < A = limy_,o, 77/T, we have rp/T > A/2 for all T large enough. Using
Chebyshev’s inequality and the last display we conclude that [ur], — [pr], converges
to 0 in probability as 7" — oo, and therefore [fi], = [fi], with probability 1. This

concludes the second part of Lemma 2. O

2.2.3. The term RE%. We now turn to the second cost REF. This cost comes from
distorting the exponential sojourn times. We introduce a function ¢ which is closely
related to the relative entropy of exponential distributions: ¢ (x) = xlogz —x + 1 for

any = > 0.

LEMMA 3. Given any sequence of controls {a;,d;}, fir a subsequence of T for
which the conclusions in Lemma 2 holds. Then we can further extract a subsequence

along which

nTrgiong[RE%] > / 0 (u) € (dz, du) .

SXR+

Here é is a finite measure on S X Ry and is related to fi in Lemma 2 by
(35) / ué (dz, du) = A[fi]; (dz) .
Ry

Before proving this lemma, we need to define g : R, — R by g (b) = —logb+b—1.
The functions g and ¢ are related by

g(x) =zt(1/x),

and ¢ has the following property.
25



LEMMA 4. Let o be an exponential distribution with mean 1. Then
(36) inf {R(fy o) : / uy (du) = b} =g (b).
Ry
PrROOF. Let g, be the exponential distribution with mean b, i.e.,
I
op (du) = 3¢ b du.

Then 22 (u) = %e@_%)“ for u > 0. Picking any 7 such that R (y|o) < oo,

R(yie) = [ tos (52) 2w
/ ( do_b> (du) + /R los (Z‘;) (du)
R(vllow) + / [— logh + (1 - %) ] - (du)

= R(vllov) +g(b)

> g (b)

and the infimum in (36) is achieved when R (v |loy) = 0, i.e., v = 0. O

PrOOF OF LEMMA 3. Lemma 4 guarantees that

(37) RE2>—Zg(/uUZ du).

Recall the definition of F; as the o-algebra generated by the controlled process up to

time ¢. Since a; selects the conditional distribution of 7;,

En|Fi] = /u&i (du) .

Define m; = [wuo; (du), for i = 1,...,rp — 1. The definition of m,,. requires more
work. Recalling the definition of Ry by the equation analogous to (26) and the

restriction that Ry = rr,




Multiplying both sides by ¢ (X'TT,l) and taking expectations conditioned on F,

T*l?

q (XTT—l) (T - —1_1)) <E [%TT|‘F7"T_1] = /UUTT (du)

—~ q (X
Define
_ _ rr—l Ti
(38) Ap=q(X,p 1) (T - Z m) :
and define m,.,. by

[ uG,p (du) if Ap < [ud,, (du) <1
(39) Myy = 1 if Ar <1< [ud,, (du)
Ar if 1 <A < [ud,, (du)

i.e., m,, is the median of the triplet (AT, [ uo,, (du), 1). Since g is increasing on

(1,00), we have g ([ uo,, (du)) > g (m,,) in all three cases. Thus by (37),

(40) RE%E%TZTQ(/UQ du>>—Zg

i=1

Next consider the measure on S x R, defined by
(41) &r (dz, du) Z S5, , (dx) -1 (du) ;.
The total mass of E&rp is
Eér (S xR, = Z E[m
According to (33) and the assumption that £ > 0, we have
(42) sng [RE7] < o0

By (40) supy E [> 07, g (m;) /T] < oo. We also have by a straightforward calculation
that * < max {50,10¢g (z) /9}. Using this and the fact that ry/T < C we have
supp E Y000, m;/T] < oo, i.e., the total mass of E¢r has uniform bound in 7. Thus

when viewed as a sequence of measures on the compact space S x [0, 00], E{r is tight
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due to the uniform boundedness of the total mass. We denote the weak limit by é ,

which is a finite measure. Since the function ¢ is nonnegative and continuous,
1 &
T Z g (m;)

i=1

~liminf B [ /5 L du)}

liminf F [REZ] > liminf £
T—o0

T—o00

T—00
(43) = lim inf/ ¢ (u) E&r (dx, du)
T—o0 SxRy4

We next explore the relation between € and fi. In order to establish (35), it suffices

to show that for any bounded continuous function f on S

/Sx&uf() ¢ (dx, du) /f

By the definitions of £y and urp

(44) / uf () Bér (de, du) / f (2) [Eng), (d).

Then (42) and (43) imply there is a uniform upper bound on

/R+ £(u) /S f («) Bér (dx, du).

If we consider [, f () E&r (dz,du) as a sequence of measures on Ry with bounded
total mass, then [, f (z) E&p (dx, du) converges weakly to [ f f(da: du). Since ¢

is superlinear, [7, Theorem A.3.19] implies that

lim uf(x)EﬁT(da:,du):/S i uf (x )f(dw du) .

Using
lim L[ (@) [Bug], (d2) = A [ f (2) [, (da)
and (44) we arrive at (35). O
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2.2.4. The term Enr.

LEMMA 5. Given any sequence of controls {a;,d;}, fir a subsequence of T for
which the conclusions in Lemma 3 hold. Then we can further extract a subsequence

along which

liminf £ [F' (7r)] > F (1)

for some probability measure 11 on S, which is related to 5 in Lemma 3 by
(45) q ()7 (dx) = [€]s (du).

PROOF. As a sequence of probability measures on the compact space S, we can
always extract a subsequence of T" such that Enr converges weakly to a probability
measure on S which we denote by 7. The convexity and lower semicontinuity of F'

imply that

liminf E [F (77)] > lijgrl inf F (Enr) > F (7).
—00

T—o0

By the definitions of 77 in (30) and Ar in (38)

q (z) Enr (dx)
Z Ox,_, (dx) (X N + 0%, _, (dz) (T— ; e ()_(21))]

!

Y 0%, (dr) T+ 0%, (dx) Ay
=1

rp—1

(ZE 65, (dz) 7| Fi]] +E[(5XTT71 (dx)ATD

) % (rTz—:lE [5)—0._1 (dz) mz] + E [55(@71 (dx) AT}) .

i=1

Recalling the definition of {7 in (41), we have

(Be], (dr) = 3" B [ox,_, (dn)m,].

i=1
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This implies the total variation bound
_ 1
I (2) By (de) — (B, (@) |y < 78| Ar — |
Recalling the definition of m,.,. in (39) we conclude that

lq (z) By (dz) — [Eér), (da) |l py < %

By taking limits we arrive at (45). O

Now Lemma 2, Lemma 3 and Lemma 5 together imply for a sequence of controls
{a,5;} satisfying (29), along any subsequence of T' such that rp/T — A, we can
extract a further subsequence along which
(46)
limint E [F (77) + RES + RE2] > F (n) + AR (1|1, ® o) +/S o du)

xRy

T—o0

where 7, p and ¢ satisfy the constraints (35), (45), and (34) if A > 0.

Recall that our goal is to prove (32). Hence we need to establish the relationship
between the right hand side of (46) and the rate function I defined in Chapter 2
Section 4.

2.2.5. Properties of the rate function I. We prove the following lemma, for which
we adopt the convention 0-oco = 0. This is in fact the key link, showing that the rate
function that is naturally obtained by the weak convergence analysis used to prove
the upper bound in fact equals I for suitable measures, and also indicating how to

construct controls to prove the lower bound for this same collection of measures.

LEMMA 6. Let I (n) be defined by (22). Suppose that n < w, that p and & satisfy

the constraints

4 g () = [ (@) and [ g (dndu) = A, (@),
Ry

and that when A > 0 the constraint [p], = [p], is also true. Then

(48) T() < AR ([, ® @) + / £ (u) € (d, du)

SXR+
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Moreover,

I =int | ARGy @)+ [ €(u)€(do.du)

SXR+
where the infimum s over all possible choices of A > 0, p and & satisfying these

constraints.

The proof of this lemma is detailed. The reason we present it here instead of in
an appendix is the previously mentioned fact that the construction of A, p and &
that minimize the right hand side of (48) indicates how to hit target measures 7 that
are absolutely continuous with respect to the invariant measure in the proof of the

Laplace lower bound.

PROOF. We first prove the inequality (48). If the right hand side of (48) is oo,
there is nothing to prove. Hence we assume it is finite. First assume A > 0, in which

case R (1 ||[p]; ® o) < 00. Define

(49) Q= /S ¢ (z) 7 (dx),

so that by (18)
(50) 7 (dx) = g (z) 7 (dz) /Q.

Since 7 is invariant under «, by 7, Lemma 8.6.2] (], < 7. By (17) ¢ is bounded from
below, and hence [u]; < m. Recall that the definition of I in (22) uses § = dn/dr.
Define © ={z € S :0(x) =0}. By (47)

U211 du|z
() = 322 '5}4( 6], (a0

uésqq (dulx
(51) _dr o @) gy )

where for a measure v on S X R, v5; denotes the regular conditional distribution on

the second argument given the first. Thus [u], (©) = 0. Now suppose that

/SXS fL/2 (x) 1/2 (v) q(z) a(z,dy) 7 (dr) = 0.
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Then for ma.e. z € S\O, a(z,0) = 1, and hence (u; ® a)[(S\O) x ©] = 1. On
the other hand, p((S\©) x ©) = 0 due to [u], = [u],. This violates the fact that
R (p|l[p], ® o) < 0o. We conclude that

/S ; o1/2 (l’) §1/2 (y) q (1‘) o (:C, dy) - (dx) 0

Lemma 1 implies that

“log / 0@ 07 () ) F ()

- _ 1og/ eé[logﬂ(w)Jrlog@(y)]a (z,dy) 7 (dz)
SxS

(52) <R(uF®a) - / o6 () + Jog ()] (o).

Strictly speaking, the inequality above does not fall into the framework of Lemma 1
because log # is not bounded. However, if one goes through the proof of this lemma
[7, Proposition 1.4.2], then the above inequality is true as long as the right hand side

is not of the form oo — oco. Towards this end, it suffices to prove

53 5[ og0 () +1o8 ()] nldr.dy) = [ Togb ), (d) < o,

In the appendix we will prove
(54) R ([, I7) < oo.

For now, we assume this is true. Using (49), (50), and (51) to evaluate the relative
entropy,

(55)

o> R, 17) = [ 1ox ([ e (ule)) ey () + | tow () ] (o) + 10 %
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We know from (17) that @ > K. Also, by (47) and the nonnegativity of ¢

Jroe ([ v ) s a0
=5 (] i)t ([ s k)i,
= e () e o))ty 5 [ ) - 5 [ 16,

50 =5 [r( ] e tain) g+ [ a0 - 5 [awni

1
>1—-—Ko.
= i

the second constraint in (47) is used for the first equality; the definition of ¢ gives the
second equality; both parts of (47) assure the third equality; finally the nonnegativity

of ¢ is used. Thus (55) implies (53). The chain rule of relative entropy gives

RiulFea) = [ ozt (e)-+log ()] (dr.dy)
= RUG 1)+ [ R G o) uly () = [ 1080 @) e (o)
6T = RUALIR) + Rl ©0) — [ 10g0 () ] (d).

By (55) and (56) and the convexity of ¢

R ([, IIF) — / log 6 (z) [, (dz)

= o (o) ), 0 + 1 2

Sy s (@ole) ) iy (@) + [ 1y (@)~ 5 [ atoyntan) +105%

(58)
1

< — 1 ¢ (dz, du) +1——/ n (dx) +log
A/;'XR+ () A



In summary (52), (57) and (58) imply
~log / @02 (0) g ()0 (. d) 7 )
——log [ 07 ()6 (y) (0, dy) 7 (de) ~ g )
SxS

R(,uH[,u]l@)oz)—ir% 0 (u) & (dz, du) —|—1——/ n (dz) +log%.

SX]R+

Thus
- / 672 ()62 (4) ¢ () a (. dy) 7 (d)
SxS

S_exp{_ <R<“”[“h®o‘)+%/ma/( w) € (dz, du) +1——/ 0 (dz) +1ogjl)}

(48) then follows by the fact that —e™" < ar + aloga — a for any r € R and a € R

by taking a = A and

Rl ea)+ g [

For the case when A = 0, (47) implies that fR+ ué (dz,du) = 0, which means that
fR+ uéop (dul|z) = 0 [€];-a.e. Hence by the convexity of £ and ¢ (z) n (dx) = [£]; (dx)

/mh £ () {de, du) = /Sg (/IR+ uéa)1 (dUIw)> €], (dx)
- [18 @)
_/SQ(ai)n(dx)

> [a@ntn) = [ 07 @07 () a@)a(wdy) 7 (o)

=1(n).

1
0 (u) € (dx, du+1——/ 1(dr) +log 5.

XR+

Thus (48) also holds in this case, and completes the proof of the first part of Lemma
6.
We now turn to the second part of Lemma 6. In light of the second part of Lemma

(1), we define p by

59) e ) =0 @02 [ [ 0w ) F o) ey



Note that by the Cauchy-Schwartz inequality, the detailed balance condition (20)

implies

; 501/2 (x) 61/2 (y) (T ® a) (dz,dy) < ) Sﬁ(x)a(x,dy)%(da:) < %

Hence p is well defined and [p], = [¢],. Then Lemma 1 implies that
(60)
~log [ 672 (@) () (a.d9) 7 (dr) = R(u[F o) — [ 1og(w) ], (ds).
SxS s

If R(u|7®a)=o0or — [;log(x) [u], (dr) = oo, the last display implies

| 0@ wa)a(edy) 7w (de) =0
SxS

By letting A = 0 and £ (dz, du) = g (z) n (dz) d (du), then € and p satisfy (47) and

AR(uH[u]l@MH/

SX]R+

0 (u) € (d, du) :/q<x>n<dx> — I ().

S

Next assume R (u||T ® o) < 0o and — [¢log 8 () [u], (dz) < oo. Define A by

o) azen{-[R@lFsa) - [0, (do) - 0s0] }.

Define measure

(62) p(dz) = q(2) 0 (2) 7 (de),
and
(63) k= d[yd, /dp.

Then for any € S\O (recall © = {zx € S: 0(z) =0})

In addition

(64) — R(ju, I7) - / log 6 (x) [, (dz) — log Q.



0 forz € ©
(65) b(x) = {
Ak (z) forz ¢ ©

and
(66) € (de,du) = g (2) (dr) dys) (du)

Then ¢ satisfies the second part of (47). To see that the first part of (47) is satisfied,

note that
), (@) =0 = / e,

and for z € S\O,

/R u€ (dz, du) = b (z) g () 5 (dx)
— Ar(2) ¢ (2) 8 (2) 7 (dz)

= All, (da).

By using the definitions we arrive at the following, each line of which is explained

below:

AR(unwl®a>+/34<u>§<da:,du>

:AR(MH[MM®04)+/S€(b(3?))Q($)77(d93)

¢ (2)n(de) + / ((b(2)) p (dr)

— ARGy =) + [ §

S}

=AR<u||w1®a>+/S

= [autan) + atoga-asa(RulFea) - 100 @ b, @) - loe@)

q(x)n(dm)—I—AlogA—A+A/S/<;(x)log/£(x)p(dx)

~ [ate)n(d) - 4
S

The first equality uses (66) and the second uses (65). The third uses (65) again,

expands ¢, and uses k = d[u], /dp and n(©) = p(©) = 0. Equality four then uses
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(64) and the fifth follows from (61). Note that (60) and (18) imply

(67) A= /S @0 () g (@) a (o dy)m (d).

Hence we obtain

Ameh®a>+/se<u>f<d:c,du> —I(n).
]

The representation formula (28), the lower bound (46) and Lemma 6 together give

i in — log E [exp {~TF(nr) — T 00+ (Loyrye (Re/D)}] = int (F (n) + ().

2.3. Combining the cases. In the last section, we showed that for any sequence

{rr} such that rr/T — A € [0, C]

lim inf —% log E [exp { =T F(npr) =T - 00 - (Lipyymye (Rr/T)) }] > neig(fs) [F () + I (n)]-

An argument by contradiction shows that the bound is uniform in A. Thus

L7C]

o 1
llTrrLg.}f —7 log Zl Eexp{-TF(nr) =T 00+ (Lypprye (Rr/T)) }]
rr=
. |7c)
> liminf — = log { T'C" \/1 E[exp{~TF(nr) =T 00 (1ppy/mye (Rr/T))}]
rY=

> inf [F () +1n)].

We now partition E [exp {—TF(nr)}] according to this two cases to obtain the

overall lower bound
.. 1
liminf — —log E [exp {—TF(nr)}]
T—o0 T

> min{ inf [F'(n)+1(n)],[C+ClogC— K, — ClogKg]}
neP(S)

Letting C' — oo we have the desired Laplace upper bound

(68) timinf — log 2 fexp {~TF(nr))] > nt(F (1) + ().
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REMARK 6. We now explain why it suffices to consider function F that is nonneg-
ative, lower semicontinuous and convex. Although the argument is well known in the
literature, we include it for completeness. [7, Theorem 1.2.3] asserts that the Laplace
upper bound implies the large deviation upper bound. Thus the large deviation upper
bound holds if (68) is true for all such F. For any closed conver set D C P (S),
define F' by

0 ifneD
oo ifne De '

Then

1 1
lim sup T log P (nr € D) = limsup T log E lexp {=TF(nr)}]

T—o00 T—o00

< —neig(fs) [F'(n) + 1 (n)]

= —inf I (n).

neD

Hence the large deviation upper bound holds for any convex set. Now consider any
closed set D. Pick anye > 0. Given any v € D, the lower semicontinuity of I implies

there exists 6, > 0 such that

inf I(n)>1(v)—ce

17€N5v (l/)

where Ns, (v) is the §, open neighborhood of v and Ns, (v) is the closure of Ns, (v).
Since P (S) is compact and D is closed, D is also compact. Thus there is a finite set

{v1,...,vs} C D such that

D C U N5, (v).
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The large deviation upper bound for convex closed sets then implies

1 1 -
lim sup T log P (nr € D) < limsup T log P <77T € U}-IZIN(;UJ_ (yj)>

T—oo T—oo

1 -
< max. {lim SUp — log P (77T € Ns,, (Vj))}

T—o0

and since € s arbitrary, the large deviation upper bound holds for D.

3. Laplace lower bound

We turn to the proof of the reverse inequality

(69) lim sup —% log Elexp{—TF(nr)}] < inf [F(n)+1(n).

T—00 neP(S)

Let F' be a nonnegative bounded and continuous function. Fix an arbitrary ¢ > 0
and choose n such that

(70) F)+1m) < inf [F0)+10)]+e.

As pointed out in Remark 3, H defined in (21) is dense in P (S). Since I was extended
from H to P (S) via lower semicontinuous regularization, we can assume without loss
of generality that n < 7. Define § = dn/drn. We now argue we can further assume

there exists 4 > 0 such that

(71) 6 <0 (z) <

SR

forall z € S. If n° = (1 —3)n + éx then dn’/dr > §, and the continuity of F and
the convexity of I imply that the difference between F' (n°) 4+ 1 (n°) and F () + I (n)

can be made arbitrarily small.
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Thus we can assume 6 is uniformly bounded from below away from zero. Let
n € N, and define

n({z:0(x) >n})

7 () = 8(2) boweny ™ (40) + 2 Gy Sy He@>m T ()

Then dn™/dn < n({z:0(z) >n}) /7 ({z:0(z) >n}), and since n < 7 implies
m({x:0(x)>n}) — 0, n™ converges weakly to n. It then follows from the conti-
nuity of F' and lower semicontinuity of / that we can choose 7 satisfying (70) with 2¢
replacing € and also (71). Hence we assume 7 satisfies (70) and (71). Furthermore
by Lusin’s Theorem [12, Theorem 7.10], we can also assume that 6 is continuous.
The proof of the lower bound will use the following representation. The infimum
in the representation is taken over all control measures {a;,;}, and the properties
of such measures and how 7y and Ry are constructed from them were discussed
immediately above the similar representation (28). The proof of the lemma is given

in the appendix.

LEMMA 7. Let F': P (S) — R be bounded and continuous. Then
Rr

—% log Elexp{—TF (nr)}] =inf E | F (1) + % Z (R (&1 |la) + R(0;]]0))

where the infimum is taken over all control measures {a;,d;} .

Suppose that given any measure n € P (S) satisfying (70) and (71), one can con-
struct a; and ; such that given any subsequence of T, there is a further subsequence
T,, such that

R,

lin B | F (7,) + 7 > (R (@t o) + R(3:l0)) | = F () + 1 (n).

Th—00 n <
=1

Then Lemma 7 implies the Laplace lower bound (115). The construction of suitable
@; and &; turns on many of the same constructions as those used in the proof of the
second part of Lemma 6. We first define o € P (S x ) asin (59). Then automatically
(1] = [1]5, and hence if we define p as the regular conditional probability such that

i = [p]; ®p, then [p]; is invariant under p [7, Lemma 8.5.1 (a)]. Define &; = p for each
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i, and let {X;} be the corresponding Markov chain. Next define p (dz) = ¢ () n (dz)

and

(72) k (2) = dg;h () = @91@) T ().

By (71), there is M < oo such that 1/M < x < M, and due to the continuity of 6, x

is also continuous. Notice that

(73) 0 (dz) = (¢ (2) K (x)) " ], (dx).
Assumption (71) guarantees that

—log - 0% () 0% (y) (7 ® «) (dz, dy) < oo and — /Slogﬁ (x) [p], (dz) < oo,

(60) then implies that R (u||7 ® a) < 0o. Define A as in (67). Let &; be the expo-
nential distribution with mean [A/-f ()_(i_l)rl for each 7. Thus we can construct a
Markov jump process X (t) using @; and &, instead of o and o, and the infinitesimal
L generator will be bounded and continuous and takes the form:

Lf (x) = Ar (2) q () / @) — ()] p (e, dy).

s
(73) and the fact that [u], is invariant under p imply [ (£f (z))n(dz) = 0, and

by Echeverria’s Theorem [11, Theorem 4.9.17], n is an invariant distribution of the
continuous time process X. We claim that n is the unique invariant distribution of
X. Indeed, by [11, Proposition 4.9.2] any invariant distribution v for X satisfies
fs (Lf (z)) v (dz) = 0. If we define

Ak (2) g (2) v (do)
[g Ak (z) q (z) v (dz)’

then 7 is invariant under p. However, the transitivity condition of o and [7, Lemma

v (dx) =

8.6.3(c)| the invariant measure under p is unique, and hence the invariant measure of

X is also unique. By the definition of 7z in (27),

(= | e O

Rr—1 _ Rr—1 _
1 T: T;
74 = — E d¢. . (do) ——=— + 0%. d T —  —

i=
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Since S is compact we can extract a subsequence of 1" such that 7 converges weakly,
and by [11, Theorem 4.9.3] this weak limit is 7. We claim the following along the

same subsequence.

LEMMA 8. E [Rr/T] = A, E [Zﬁﬁ S . (dx) /T] — Alp), (dz) and B [z?gl R(i|o) /T
= [sC(Ar (2)) ¢ (x)n (dx) .
PROOF. Since nr — n weakly, we have for any bounded and continuous function

f on the space of subprobability measures on S, limy_,, E[f (77)] = f (1). To prove
the first half of the lemma, we define f by

{NWimemmwmw.

Since both x and ¢ are bounded and continuous, f is also bounded and continuous.

Using (73)

(75) Fo= [ r@a@ne) = [ 1, @) =1

S

Thus limy_.. E [f (77)] = 1. Now by (74) and the definition of Ry

E || -1 %Rgéx )

= 2B | (Xa,) 0 (Xa,) i ST
T T T — q(Xi1)

< 8 | (Kap) 4 (Riro) s

< 7B [7n]

< AM — 0

- T

as T" — oo. Hence

lim E | f liax. (de) —2— || =1
T500 T (Xio1)



Recall that F; is the o-algebra generated by {(Xo, o ,X,;) (T, ,ﬂ)}. Then

L= ¢ (Xi-1)
1 N _ T;
= fE Zz; K (Xi—l) q (Xz—l) p (Xi_l)

1 0 i—1 =
=—F 1 _J <T
AT ; <j:1 ¢ (Xj-1) >
1 [Rr
—a” H

This completes the proof of the first statement in the lemma.
For the second statement in the lemma, using (73) and the fact that 7 converges
weakly to 7, we have ¢ (z)k (z) 7 (dr) converges weakly to [u], (dz). Recall the

definition of 7y in (74), we can bound the total variational difference between the
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following two measures:

1 & T

= | B |a @) 5 @) i (d2) — g (2) 5 () (T;(SX A q(Xl))] -
1 3 d

= 7" |4 (Xp-1) 8 (Xapr) O () (; ¢(Xia) T) TV
1 ; ¢ e

< T E _C] (XRT—l) & (XRT_l) O (de) q (XRT—l)] TV
M _

< TE [TRT]
AM?

< T —0

Hence

converges weakly to [u], (dx).

Next, we point out




which implies the second statement, i.e. F [Ziﬂ 0%, , (dz) /T] converges weakly to
Ayl (dz). We start from the right hand side of (76),

A 00 B i—1 =
= 7 E i— i— 5 1 d S _
T ZZI q ( 1) ( 1 Xi_ «T (Jl q > q (le)]
A 0o B i—1
= SN B k(X)) 0%, (da)1 J_<T|A
T ; K ( 1) X ( x) <j21 q (X]_l) T
= éiO:E_/{(X ) 0%, , (dz)1 Zzi <7 [7:] Fi-1]
T = i—1) VX, 4 — q (X]—l) = i i—1
RN — 7 1
= 2N B |8 (Xi1) 65 (do)1 U <7 _
T 121 K ( 1) Xi1 ( J}) <]~1 q (Xj—l) Ak (Xi—l)]
1 oo B i—1 =
= = E |, (dx)1 L <T
T ; L * (j:l q (Xjfl) )

The proof of the third statement is similar. Define f by

f )= / ((Ar (2)) g (@) v (da)

Then as before,




Using g (z) = ¢ (1/z) and Lemma 4, we have

Rr _
1 i
Elf T 25&71 (dz) q(;—l)
i=1 L

Ry

=E | > (AR (Xin)) 7

i=1

00 i—1 —
= 12E C(AR (Xim)) 1 (D U <7 E[R|F]
T3 j=1 q( J—l)
B
=F T ; Ar (Xz_l)g (Al{ (Xz—l))
A
1 1
=F :Fizg <Aﬁ (X21)>
_1 .
=FE fZR(@ lo)]
i=1
and the third part of the lemma follows. O

Now the Laplace lower bound is straightforward. The definition of x in (59), the
continuity of #, and the bound (71) imply x — R (p(z,-) ||« (z,-)) is bounded and

continuous. By Lemma 8 and the chain rule for relative entropy,

Rt

Y (R(@is [la) + R (@i lo0))

=1

, _ 1
S A

T—oo T—o0 S

= Jim BIF )+ Jim [ R(p(e) o @) B |53 0x,, (de)

T—o00

1 &
+ lim E T;R(ﬁi llo)

=F(n)+AR(u||[u]1®04)+/S€(Aff(w))q(w)n(dx)-

Returning to the proof of the second part of Lemma 6, we find that with this

choice of A, p and k, the rate function I (n) coincides with AR (u||[p], ® a) +
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Js £ (Ak () q () n (dx) (note that this i corresponds to a special of Lemma 6 where
© = {zre€S:0(x)=0} is empty). This completes the proof of the Laplace lower
bound.

4. On the boundedness of the rate function

What we have done so far in this chapter and the last one is to point out the
explicit formula for the large deviations rate function of the empirical measures for
the Markov jump processes and provide a proof of the large deviations principle. The
reason we do this in such detail is that this result is not covered by the Donsker-
Varadhan large deviations theory. If we look at conditions in the Donsker-Varadhan
large deviations theory for empirical measures carefully, we note that the underlying
Markov process must possess a “diffusive” dynamics term in order to move the state
in a continuous fashion, see (11). However, for Markov jump processes like the one
we gave in Chapter 2 Section 2, this is not the case. In such models, the process only
moves when a “jump”happens, there is no continuous accumulation of movements.

Let us consider a Markov jump process satisfying all the conditions in Chapter 3
Section 3 that has 7 as its invariant distribution. In order to hit a different probability
measure 7 € P (5), we need to perturb the original dynamics, which includes the
distortion of the Markov chain transition probability a and the distortion of the
exponential holding time o. Each of these distortions must pay a relative entropy
cost, and the minimum of the sum of these costs asymptotically approximates the
rate function I (n). As we have noticed, the rate function [ is always bounded, which
is quite different from Markov processes with a “diffusive”term. Especially when 7 is
not absolutely continuous with respect to 7, the rate function for a “diffusive” Markov
process is infinite. In contrast, for a Markov jump process, when 7 is not absolutely
continuous with respect to m, the relative entropy cost from distortion of a can be
made arbitrarily small, and the rate function is almost the sole result of the distortion

of 0. We will make this point explicit via the following example.
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Recall the model we stated in Chapter 3 Section 2, where the state space S is
[0,1], the jump intensity is ¢ = 1 and for each x € [0,1], a(x,-) is the uniform
distribution on [0, 1]. The invariant distribution 7 is clearly the uniform distribution
on [0,1]. Now consider a Dirac measure 1 = d;/, as our target measure. 7 is not
absolutely continuous with respect to m. However, we can approximate 1 weakly via
a sequence of probability measures that are absolutely continuous with respect to .
Define for each n € N, a probability measure n™ by its Radon-Nikodym derivative 6"

with respect to w as

1 1
0" (2) = n—1 forxe(ﬁ—%,%—i—%)

L otherwise
n—1

Using the formula for rate function in (43), we have

uwwzl—(lﬂﬂ%wf”w)([fwwwf”m&::r—ﬂ%;ﬁ.

According to the definition of rate function in Chapter 2 Section 4, the rate function
is bounded above by 1. However I (n") — 1 as n — 0o, and one can check that this
is true for any sequence corresponding to absolutely continuous measures converging
weakly to . Indeed, let ™ be a sequence of measures that are absolutely continuous
with respect to m and weakly converge to . We prove that I (n") — 1. Using formula

(22), it suffice to show
1
/ (6" (x))"* dz — 0.
0
Define B;s (1/2) as (1/2 —§,1/2 + 6), then since n™ converges weakly to 7, we know
that

/Ole" (1)1 (z & By (1/2)) dz — 0

as n — 00. One can decompose fol (0" ())"/* dz into two parts:

A<mmwﬂm
— /01 (0™ (2))"*1 (z € Bs (1/2)) dx

+A<mmnmlu¢8uume
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We use Cauchy-Schwartz on both terms,

/o1 (6" ()" 1 (x € B (1/2)) dx

< \//Olﬁn(x)da:/l(a:€B5(1/2))dx
V26

and

/ (6" ()21 (x ¢ Bs (1/2)) du

¢/6n (v ¢ Bs (1/2)) da
\// 1(z ¢ By (1/2)) da
J/en (v ¢ Bs (1/2)) do

which converges to 0 as n — oo. By nature of the lower semicontinuous extension,

I (n) equals to lim7 (n™) for at least one such sequence 7", we conclude that I (n) = 1.

We now consider a fixed n € N and examine the perturbed dynamics that can hit
measure 1". This is most easily seen by examining the minimizer in the variational
formula for the rate function, which we have constructed during the proof of the
Laplace principle lower bound in Chapter 3 Section 3. Recall that ; (-) and a; (+) are
perturbed dynamics for the exponential holding time and the Markov chain, ; (-) de-
pends on {)_(0,%1,)_(1,%2, o ,)_(i,l} and @; () depends on {Xo, 71, X1, 72 .. ,)_(Z-,l,ﬂ-}.
7, and X; are chosen recursively according to stochastic kernels &; (+) and &; (-). Specif-
ically, 3; is defined by (15) using X; and 7;; Ry is defined by (26) using &;; and 7y is
defined by (27) using X;, 7; and Ry. Following the regime in Chapter 3 Section 3,
we first define p € P (S x S) as in (59). Thus p is a product measure. As before,
we use [¢]; to denote the first marginal of p and p to denote the regular conditional

probability such that p = [u], ® p. Since p is a product measure defined by (59), [u],
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and p are the same measure and the density with respect to m can be calculated as

d [M]l _
(@)=

5 forze (1 -+t 1+.L
(77> 2 (2 2n? 2 2n)
m otherwise
As in Chapter 3 Section 3 let a; = p for each i. A direct calculation of A using

formula (67) shows that A =4 (n — 1) /n?. Also, x defined in (63) reduces to

n 1 1 1 1
sy for 2 € (3= 5005+ 3,)

k(z) =

otherwise

0|3

As in Chapter 3 Section 3, &; should be the exponential distribution with mean
[Ax ()_(i_l)}_l. Hence if X; ; falls into (1/2 —1/(2n),1/2+ 1/(2n)), &; would be
the exponential distribution with mean n/2, otherwise ; would be the exponential
distribution with mean n/[2(n — 1)]. Now our perturbed Markov jump process,
denoted by X (t), is constructed using @; and &; defined as above. As proved in

Lemma 8, the expected value of the relative entropy cost

Rr

> (R(Gila) + R (3 ]0))

i=1

1

T
would convergence to

108 = ARGl © o) + [ €(Ax (@) 7" (0o

as T — oo. We have noticed that p (z,dy) = [u], (dy) and «a(z,dy) = 7 (dy), by
using (77)

AR (pllp]; © o)

= A R o) b (@)

log(z— 1)>

4(n—1
= # (logn—logQ—
n

which converges to 0 as n — oo. Hence the relative entropy cost that comes from
the distortion of the transition function of the Markov chain converges to 0. For the
second term, by taking A, n™ and k in place we have

/0 C(Ak (z))n" (dz) = %(log(n— 1)+ 2log2 —logn) — % +1
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which converges to 1 as n — oo. Thus as n — o0, in other words, as n™ approaches
the target distribution 7, the relative entropy cost that comes from the distortion
of Markov chain vanishes, and the rate function becomes solely determined by the
relative entropy cost that comes from the distortion of exponential waiting times. We
can replace the target measure n with any discrete measure. Following the same logic
as above, one can see that the perturbed Markov process hits a target measure by
slowing down the exponential clock for transition states near the points with positive
mass. By arranging the relative exponential holding times among different atoms,
one can hit any such measure with relative entropy cost that comes solely from the

distortion of these exponential clocks.
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CHAPTER 4

An application to Markov chain Monte Carlo

In this chapter, we discuss an application of the explicit formula of the large
deviations rate function to MCMC.

As we have pointed out in the Introduction, there are numerous ways to charac-
terize the efficiency of MCMC algorithms. In this thesis, we propose to use the large
deviations principle as a performance measure for the various Monte Carlo schemes.
Specifically, under the situation where one can obtain an explicit formula for the large
deviations rate function of the empirical measures, the algorithm with a larger rate
function would asymptotically have a faster rate of convergence. As we have seen in
Chapter 2 and Chapter 3, an explicit formula for the large deviations rate function
can often be obtained for reversible Markov processes. As it turned out, a rich class
of MCMC schemes do satisfy the reversibility condition. We will focus our interest on
one such algorithm: the parallel tempering algorithm, and its distributional limit: the
(full) infinite swapping algorithm as well as the more implementable version: partial
infinite swapping algorithm.

Parallel tempering mechanism [9, 13, 20, 21| was introduced to tackle a common
issue appeared in MCMC simulation for a Gibbs distribution. A Gibbs distribution

takes the form of e=V®

)/Tdx, where V is some potential function defined on R? and
T is a variable that represents the scaled temperature. The challenge in simulating
the Gibbs distribution lies in the fact that we only know the density function up to
a normalizing constant. A Metropolis-Hastings type MCMC algorithm is perfectly
suitable in this situation, since no prior knowledge of the normalizing constant is
needed in the simulation. However, when the target distribution 7 has multiple

isolated parts, which is the case when the potential function V' has multiple local

minima that are separated by high energy barriers, the MCMC sampler often appears
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to be “trapped”in the neighborhood of a local minimum, which results in the slow
convergence of the Monte Carlo. This is especially the case when the temperature
7 is small, which exaggerates the isolation among distinguished local parts of the
Gibbs distribution. Parallel tempering tries to overcome this difficulty by conducting
a series of Markov chain simulations in parallel. Each of these MCMC simulations are
performed at a different temperature. As we pointed out, the high energy barriers
are easier to cross for high temperature simulations, and this ease of movement is
transferred down through the temperature ladder by “particle exchanges”to improve
the simulations for lower temperatures.

We will make the parallel tempering idea clear in the coming section. Then we
will examine the explicit formula for the large deviations rate function of the empir-
ical measures, and discover a natural limit in distribution of the parallel tempering
algorithm. This limit results in a new class of MCMC algorithms: the infinite swap-
ping algorithm. We will then devote the next chapter into discussing the practical

implementation issues.

1. Parallel tempering: diffusion model with two temperatures

Although the implementation of parallel tempering uses a discrete time model,
the motivation for the infinite swapping limit is best illustrated in the setting where
the Markov process is a continuous time diffusion process. It is in this case that
the large deviation rate function, as well as the construction of a process that is
distributionally equivalent to the infinite swapping limit, is simplest. In order to
minimize the notational overhead, we discuss in detail the two temperatures case.
The extension to models with multiple temperatures is obvious and will be stated in
later sections.

Recall that V is the potential function defined on R? in the definition of Gibbs

measure and we assume throughout this thesis the growth condition

(78) lim inf (VV(z),z/|z|) = o0

r—00 x:|z|>r

to ensure ergodicity.
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We use 71 < 7 to denote the two temperatures under which the Gibbs distri-
butions we are simulating, and we denote the product Gibbs measure density by T,

hence

7 (21, x9) X e~V @)/ o=V(z2)/m2

We use the notation “proportional to”here because we only know 7 up to a normal-
izing constant. If W, and W, are independent Wiener processes, then the following

stochastic differential equation

(79) dX1 = —VV(X1>dt + vV 2T1dW1

dX2 = —VV(X2>dt + vV 27'2dW2

defines a unique (in distribution) Markov process taking values in R% x R? and one

can prove that under the growth condition (78),
(80) p (1, x9) = (21, 29) dridae = e V@ e=V@)/72 o day

defines the unique invariant distribution of the Markov process (X7, X5). As we have
mentioned, the basic idea of parallel tempering is to bring “particle swap”into the
picture. Hence at random times the X; component is moved to the current location of
the X5 component, and vice versa. Swapping is done according to a state dependent
intensity, and the resulting process is actually a Markov jump diffusion. The form of
the jump intensity can be selected so that the invariant distribution remains the same,
and thus the empirical measure of X; can still be used to approximate u. Specifically,
the jump intensity or swapping intensity is of the Metropolis form ag(X;, Xs), where

B m(x9, 1)
(81) g(xy,29) = 1A —7T(ZL’1, )

and a € (0,00) is a constant. Note that the calculation of g does not require the
knowledge of the normalizing constants. By swapping the particles at these state
dependent random times, the process (X, Xs) which we shall now denote by (X{, X¢)

is still Markovian. We can calculate the infinitesimal generator (recall the definition
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in (5)) of this Markov process and denote it by £% Hence for smooth functions

f:R?Ix RY = R we have

LOf(x1,22) = — (Vi (21, 22), VV(21)) — (Vi f (21, 72), VV (22))
+ 7tr [Vilmf(:vl, :vg)] + Totr [V§2I2f($1, 1’2)}
+ag(x1, x2) [f(x2, 1) — f(21,22)],

where V,, f and V2 _ f denote the gradient and the Hessian matrix with respect to
x;, respectively, and tr denotes trace.
Straightforward calculations show that for any smooth function f which vanishes

at infinity

(82) /Rd i E“f(xl,mg),u(dmlda:g) =0.

Since the condition (78) implies that V(z) — oo as |z| — oo, by the Echeverria’s
Theorem [11, Theorem 4.9.17], x is the unique invariant probability distribution of
the process (X{, X9).

2. Large deviations rate function for the empirical measures

As we have mentioned, we will use the large deviations principle as an MCMC per-
formance measure. We want to study the convergence rate of the empirical measures

defined by

1 T
=T /0 Oxs (). xg ()t

to the invariant distribution p defined by (80). This convergence is guaranteed by
ergodic theory [1] under the growth condition (78) and the following transitivity

condition: there are times 7} and T5 such that for any z,y € R? x R?,

T Ts
/ e 'p(x, dz; t)dt < / e 'ply, dz; t)dt.
0 0

We will state a uniform large deviations principle for the analogous Markov jump
processes in Chapter 4 Section 5.3 and prove it in the appendix. For now, we will
state the following result and omit the largely straightforward calculation since its

role here is motivational.
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Let v be a probability measure on R? x R? with smooth density. Define §(xy, z5) =

[dv/dp)(x1,x2). Then I*(v) can be expressed as
(83) I“(v) = Jo(v) + aq(v),

where

/ 8090 80(z1, 72)? (71 1Van 01, 22)|° + 72 | Vo021, 22) |P] v(drdas)
xRd 1,

9(33’2,1'1)
)4 drid
/Rdx]Rd $1,$2 ( 9(:161,932) V( X1 $2),

and where ¢ (z) = zlogz — z+1 for z > 0 is familiar from the large deviations theory

for jump processes.

The key observation is that the rate function /*(v) is affine in the swapping rate a,
with Jy(v) the rate function in the case of no swapping. Furthermore, J;(v) > 0 with
equality if and only if 6(x, 1) = 0(x1,xs) for v-a.e. (x1,z3). This form of the rate
function, and in particular its monotonicity in a, motivates the study of the infinite

swapping limit as a — oo.

REMARK 7. The limit of the rate function /¢ satisfies

Jo(v) O(x1,29) = 0(x2,21) V-a.s.,
I*°(v) = lim I*(v) = o(v) (a1, z2) (22, 21)
amree oo otherwise.

Hence for I°°(v) to be finite it is necessary that v put exactly the same relative weight
as p on the points (z1,x9) and (x9,x;). Note that if a process could be constructed
with I°° as its rate function, then with the large deviations rate as our criteria such
a process improves on parallel tempering with finite swapping rate in exactly those

situations where parallel tempering improves on the process with no swapping at all.

3. Infinite swapping: distributional limit of parallel tempering

From a practical perspective, it may appear that there are limitations on how
much benefit one obtains by letting a — oo. When implemented in discrete time,

the overall jump intensity corresponds to the generation of roughly a independent
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random variables that are uniform on [0, 1] for each corresponding unit of continuous
time, and based on each uniform variable a comparison is made to decide whether or
not to make the swap. Hence even for fixed and finite 7", the computations required
to simulate a single trajectory scale like @ as a — oo. Thus it is of interest if one can
gain the benefit of the higher swapping rate without all the computational burden.
This turns out to be possible, but requires that we view the prelimit processes in a
different way.

It is clear that the processes (X{, X§) are not tight as a — oo, since the number
of discontinuities of size O(1) will grow without bound in any time interval of positive

length. In order to obtain a limit, we consider alternative processes defined by

(84.) ina = —VV(Yfl)dt + \/27'1 ].{Za:()} + 27'21{2:1:1} dWl

dYs = —=VV(Y3)dt + /2T za_gy + 271 1{za_1y AW

where Z° is a jump process that switches from state 0 to state 1 with intensity
ag(Y?,Yy) and from state 1 to state 0 with intensity ag(Yy', Y)*). Compared to con-
ventional parallel tempering, the processes (Y%, Yy") swap the diffusion coefficients
at the jump times rather than the physical locations of two particles with constant
diffusion coefficients. For this reason, we refer to the solution to (84) as the tem-
perature swapped process, in order to distinguish it from the particle swapped process
(X¢, X9). We illustrate these processes in Figure 1. Note that the solid line and the
dotted line represent X{ and X, respectively. These processes have more and more
frequent jumps of size O(1) as a — oo. In contrast, the process (Y}, Y*) have varying
diffusion coefficient. The figure attempts to also suggest features of the discrete time
setting, with both successful and failed swap attempts.

Clearly the empirical measure of (Y}, Ys") does not provide an approximation to
p. Instead, we should shift attention between (Y{*,Yy) and (Y3, Y)®) depending on

the value of Z¢. Indeed, the random probability measures

a 1 g
(85) = /0 [Lize@=00 vz ) + Lizew=100p0vp )] dt
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F1GURE 1. Temperature swapped and particle swapped processes

have the same distribution as

1 T
T /0 0xg (), X5 ()45,

and hence converge to p at the same rate. However, these processes and measures
have well defined limits in distribution as a — oco. More precisely, we have the
following result. For the proof see [15]. Related (but more complex) calculations are

needed to prove the uniform large deviations result given in Theorem 7.

THEOREM 6. Assume that VV s locally Lipschitz continuous. Then for each T
the sequence (Y*,Y3*, n%) converges in distribution to (Y{°,Y5°, nr) as a — oo, where

(Y, Y5°) is the unique strong solution to

(86) Y = =VV(Y®)dt + \/21ip(Y®, Y5) + 2map(Y3, Y1) dW)

dYy® = =VV(Y5¥)dt + v/ 2map(Y, Y5°) + 2mip(Y3®, Y1) dWs,

1 T
(87) ny = T /0 [p(Y72 (), Y52 (8))Svee ) vge 1)) + P(Y52(£), Y2 () devge 1), vee o] dt,

and
(21, x2)
7(z2, 21) + 7(x1, )

p($1,$2) =

The existence and form of the limit are due to the time scale separation between
the fast Z process and the slow (Y%, Y3") process. To give an intuitive explanation of
the limit dynamics, consider the prelimit processes (84). Suppose that on a small time
interval, the value of the slow process (Y, Ys') does not vary much, say (Y%, Ys) ~

(1, 22). Given the dynamics of the binary process Z¢, it is easy to verify that as
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a tends to infinity the fractions of time that Z% = 0 and Z° = 1 are p(x,x2) and
p(x2, z1), respectively. This leads to the limit dynamics (86). When mapped back to
the particle swapped process, p(x1, z2) and p(xs, z1) account for the fraction of time
that (X, X$) = (z1,x2) and (X, X$) = (x9, x1), respectively, which naturally leads
to the limit weighted empirical measure (87).

The weights p; and ps do not depend on the unknown normalization constant,

and in fact
_ V() V(zg)
e T T2
(88) p(a1,22) = V@D V) V() VD
e 71 2 +4e 1 T2
and
_V(zg) V(=)
e T T2
plry, 1) = 1= p(21,22) = —5m vag — vag Voo
e 71 2 +4e 1 T2

The following properties of the limit system are worth noting.

1. INSTANTANEOUS EQUILIBRATION OF MULTIPLE LOCATIONS. Observe that
the lower temperature component of this modified “empirical measure,” i.e., the first
marginal, uses contributions from both components at all times, corrected according
to the weights. The form of the weights in (87) guarantees that the contributions
to n from locations (Y, Y5°) and (Y5*°,Y™) are at any time perfectly balanced
according to the invariant distribution on product space.

2. SYMMETRY AND INVARIANT DISTRIBUTION. While the marginals of n3° play
very different roles, the dynamics of Y™ and Y;* are actually symmetric. Using the
Echeverria’s Theorem [11, Theorem 4.9.17], it can be shown that the unique invariant

distribution of the process (Y°, Y5°) has the density
1
5[%(:1:1, x9) + (X2, 21)].

It then follows from the ergodic theorem that 77* = p w.p.1 asT" — oco. This is hardly

surprising, since p is the invariant distribution for the prelimit processes (X{, X¢).
3. ESCAPE FROM LOCAL MINIMA. Finally it is worth commenting on the behavior

of the diffusion coefficients as a function of the relative positions of Y, and Y5* on

an energy landscape. Recall that 71 < 7. Suppose that Y;>(¢) is near the bottom of
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a local minimum (which for simplicity we set to be zero), while Y;°(¢) is at a higher

energy level, perhaps within the same local minimum. Then

P(Y1,Y2) & —von v = L Y2, y1) =1 = p(y1,y2) =~ 0.

Thus to some degree the dynamics look like

inOO = —VV(YVlOO)dt + vV 27’1dW1

dY5© = —VV(Y®)dt + v/ 27dWs,

i.e., the particle higher up on the energy landscape is given the greater diffusion
coefficient, while the one near the bottom of the well is automatically given the lower
coefficient. Hence the particle which is already closer to escaping from the well is
automatically given the greater noise (within the confines of (71, 7)). Recalling the
role of the higher temperature particle is to more assiduously explore the landscape
in parallel tempering, this is an interesting property.

One can apply results from [5] to show that the empirical measure of the infinite
swapping limit {n3° : T > 0} satisfies a large deviations principle with rate function
I*° as defined in Remark 7. However, to justify the claim that the infinite swapping
model is truly superior to the finite swapping variant (note that > > I for any
finite a), one should establish a uniform large deviations principle, which would show
that 7°° is the correct rate function for any sequence {az : T > 0} C [0, oc] such that
ar — 00 as T' — co. We omit the proof here, since in Theorem 7 the analogous result

will be proved in the setting of continuous time jump Markov processes.

4. Infinite swapping: a generalization to multiple temperatures

In practice parallel tempering uses swaps between more than two temperatures.
A key reason is that if the gap between the temperatures is too large then the proba-
bility of a successful swap under the [discrete time version of the] Metropolis rule (81)
is far too low for the exchange of information to be effective. A natural generalization

is to introduce, to the degree that computational feasibility is maintained, a ladder of
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higher temperatures, and then attempt pairwise swaps between particles. There are
a variety of schemes used to select which pair to attempt the swap, including deter-
ministic and randomized rules for selecting only adjacent temperatures or arbitrary
pair of temperatures. However, if one were to replace any of these particle swapped
processes with its equivalent temperature swapped analogue and consider the infinite
swapping limit, one would get the same system of process dynamics and weighted
empirical measures which we now describe.

Suppose that besides the lowest temperature 7, (in many cases the temperature

of principal interest), we introduce the collection of higher temperatures
M<T<---<TK.

Let y = (y1,2,---,yx) € (RY)X be a generic point in the state space of the process
and define a product Gibbs distribution with the density

T (y) =7 (Y1, Y, - - - y) ox eV WMV )/m L oV /i

The limit of the temperature swapped processes with K temperatures takes the form

dY® = —=VV (Y°) dt + \/2p1171 + 2p12T2 + - . . + 201k TredW)

dYéoo =-VV (3/200) dt + \/2p217'1 -+ 2p227'2 + ...+ 2,02KTKdW2

dYIC()o =-VV (YI?O) dt + \/QPKlTl + QngTQ + ...+ QpKKTKdWK.

To define these weights p;; it is convenient to introduce some new notation.

Let Sk be the collection of all bijective mappings from {1,2,..., K} to itself.
Sk has K! elements, each of which corresponds to a unique permutation of the set
{1,2,..., K}, and Sk forms a group with the group action defined by composition.

Let o~! denote the inverse of 0. Furthermore, for each ¢ € Sk and every y =

(Y1, Y2, - - -, yx) € (RYE, define y, = (Yo(1), Yo(2)s - - - » Yo(K)) -
At the level of the prelimit particle swapped process, we interpret the permu-

tation o to correspond to event that the particles at location y = (y1,99,...,Yx)
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are swapped to the new location y, = (ya(l), Yo(2)s - - - ,yU(K)). Under the tempera-
ture swapped process, this corresponds to the event that particles initially assigned
temperatures in the order 71,7, ...,7x have now been assigned the temperatures
To=1(1); To=1(2)s - - - » To—1(K)-

The identification of the infinite swapping limit of the temperature swapped pro-
cesses is very similar to that of the two temperature model in the previous section.
By exploiting the time-scale separation, one can assume that in a small time interval
the only motion is due to temperature swapping and the motion due to diffusion is
negligible. Hence the fraction of time that the permutation o is in effect should again
be proportional to the relative weight assigned by the invariant distribution to y,,

that is,
ﬂ-(ya) =T (y0(1)7 Yo(2)s - - - 7yJ(K)) .

Thus if
m(y)

w(y) = =———;
ZeesK ()
then the fraction of time that the permutation o is in effect is w(y,). Note that for

any y,

Z w(y,) = 1.

oE€SK

Going back to the definition of the weights p;;(y), i,j = 1,..., K, it is clear that
they represent the limit proportion of time that the i-th particle is assigned the
temperature j and hence will satisfy
pij (y) = w(y,)-
o: o(j)=i
Likewise the replacement for the empirical measure, accounting as it does for mapping

the temperature swapped process back to the particle swapped process, is given by

I o
(59) g | e

where Y3 (6) = (Y (8)]s = (Y35 (6, Y55 (1), VG (1)
The instantaneous equilibration property still holds for the infinite swapping sys-

tem with multiple temperatures. That is, at any time ¢ € [0,7] and given a current

62



position Y*°(¢) = y, the weighted empirical measure n3° has contributions from all
locations of the form y,_, o € Sk, balanced exactly according to their relative contri-
butions from the invariant density 7 (y,). The dynamics of Y are again symmetric,
and the density of the invariant distribution at point y is

% > w(y,).

oESK

REMARK 8. The infinite swapping process described above allows the most ef-
fective communication between all temperatures, and is the “best” in the sense that
it leads to the largest large deviations rate function and hence the fastest rate of
convergence. However, computation of the coefficients becomes very demanding for
even moderate values of K, since one needs to evaluate K! terms from all possible
permutations. In Chapter 5 we discuss a more tractable and easily implementable
family of schemes which are essentially approximations to the infinite swapping model
presented in the current section and have very similar performance. We call the cur-
rent model the full infinite swapping model since it uses the whole permutation group
Sk, as opposed to the partial infinite swapping model which we will discuss in the

next chapter where only subgroups of Sk are used.

5. Infinite swapping for Markov jump processes

The continuous time diffusion model is a convenient vehicle to convey the main
idea of infinite swapping. In practice, however, algorithms are implemented in discrete
time. In this section we discuss continuous time pure jump Markov processes and the
associated infinite swapping limit. The purpose of this intermediate step is to serve
as a bridge between the diffusion and discrete time Markov chain models. These two
types of processes have some subtle differences regarding the infinite swapping limit
which is best illustrated through the continuous time jump Markov model.

In this section we discuss the two-temperature model, and omit the completely
analogous multiple-temperature counterpart. We will not refer to temperatures 7
and 7 to distinguish dynamics. Instead, let a;(x,dy) and as(z,dy) be two proba-

bility transition kernels on R¢ given R?. One can think of a; as the dynamics under
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temperature 7; for ¢ = 1,2. We assume that for each ¢ = 1,2 the stationary distribu-
tion u; associated with the transition kernel «; admits the density 7; in order to be

consistent with the diffusion models, and define

o= p1 X po, m(xq,x2) = m(T1)M2(T2).

We assume that the kernels are Feller and have a density that is uniformly bounded
with respect to Lebesgue measure. These conditions would always be satisfied in
practice. Finally, we assume that the detailed balance or reversibility condition holds,

that is,
(90) a;(x,dz)mi(x)de = o;(z, dz)m(2)dz.

5.1. Model setup. In the absence of swapping [i.e., swapping rate a = 0],
the dynamics of the system are as follows. Let X° = {X°(t) = (X{(t), X2(t)) :
t > 0} denote a continuous time process taking values in R x R%. The prob-
ability transition kernel associated with the embedded Markov chain, denoted by
X’ = {(X0(), X8(j) : 5 = 0,1, } s

P{X (j+1) € (dyr,dp)| X () = (21, 22)} = (w1, dyr )on (@, dyo).

Without loss of generality, we assume that the jump times occur according to a
Poisson process with rate one. In other words, let {7;} be a sequence of independent
and identically distributed (iid) exponential random variables with rate one that are

independent of X°. Then
B J J+1
XO(t) = X"(j), for Y m<t<> 7
i=1 i=1
The infinitesimal generator of X is such that for a given smooth function f,
ﬁof(ifl, Tp) = / Lf (1, y2) — [0, 22)] (21, dyr) oo (2, dya).
Rd xRd
Owing to the detailed balance condition (90), the operator £° is self-adjoint.

Using arguments similar to but simpler than those used to prove the uniform LDP
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in Theorem 7, the large deviations rate function I° associated with the occupation

measure

1 /7
0
np = —/ 0 xo.p dt
T T 0 X°(¢)
can be explicitly identified: for any probability measure v on R? x R? with v < u
and 0 = dv/dpu,

I’(v) =1 —/ VO, 29)0(y1, yo )T (21, o)y (21, dyr s (s, dys) daydis,
(R4 xR%)2

and I° is extended to all of P(R? x R?) by lower semicontinuous regularization.

5.2. Finite swapping model. Denote by X* = {(X{¢(t), X$(t)) : t > 0} the
state process of the finite swapping model with swapping rate a, and let X* =
{(X¢(5), X3(4)) : j = 0,1,...} be the embedded Markov chain. The probability

transition kernel for X is

—a, . —a, . 1
P{X (j+1) € (dy1,dy2)| X (j) = (x1,22)} = s 1a1($1,dy1)042($2,dy2)

n a
a+1

[g(xlv $2)5(x2,xl)<dyl7 dy?) + (1 - g<x17 x2))6(w1,zz)(dyl7 dy?)] )

where ¢ is defined as in (81). Furthermore, let {77} be a sequence of iid exponential

random variables with rate (a 4+ 1) and define

J Jj+1
X*(t) = X"(4), for ZTf <t< ZTf.
i=1 i=1

In other words, the jumps occur according to a Poisson process with rate a + 1. Note
that there are two types of jumps. At any jump time, with probability 1/(a + 1) it
will be a jump according to the underlying probability transition kernels oy and as.
With probability a/(a + 1) it will be an attempted swap which will succeed with the
probability determined by g. As a grows, the swap attempts become more and more
frequent. However, the time between two consecutive jumps of the first type will have

the same distribution as

Na
a __ a
S —g 7!
i=1
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where N is a geometric random variable with parameter 1/(a+1). It is easy to argue
that for any a the distribution of S* is exponential with rate one. This observation
will be useful when we derive the infinite swapping limit.

The infinitesimal generator £% of X“ is such that for any smooth function f on
R? x R?
L f(x1,12) = / Lf(y1,92) — fo1, 22)]aq (21, dyr ) oo (2, dya)
R4 xRd

+ag(zy, x2)[f (w2, 1) — f(21,22)].

It is not difficult to check that the stationary distribution of X“ remains 1 and that
L is self-adjoint. As before, the large deviations rate function I for the occupation

measure

1 T
(91) ?75} = T/o 5X“(t) dt

can be explicitly identified. Indeed, for any probability measure v on R? x R? with

v << pand 0 =dv/du

I“(v) = I°(v) + aJ (v),

where
0(1‘27{['1)
Ju:/ 1, x)l ———— | v(dxy,dxs).
(v) ]Rdedg( 1, T2) ( 0(z1, 12) (dzy, dx)
Note that as before, I* is monotonically increasing with respect to a. Since J(v) > 0
with equality if and only if §(z1, x9) = 0(x2, 21) v-a.e., we have
I°(v) if O(x1, 22) = 0(29, 1) v-a.s.,

(92) () = tim o) = ] L) O =0

a0 oo otherwise.

5.3. Infinite swapping limit. The infinite swapping limit for X as a — oo
can be similarly obtained by considering the corresponding temperature swapped
processes. Since the times between jumps determined by a; and ay are always ex-

ponential with rate one, the infinite swapping limit Y*° = (Y>°, Y5?°) is a pure jump
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Markov process where jumps occur according to a Poisson process with rate one. In
other words,
j j+1
Y*() =Y™()), for Y m<t<d 7,
i=1 i=1
where Y is the embedded Markov chain and {7;} a sequence of iid exponential
random variables with rate one. Furthermore, the probability transition kernel for

Y™ is
(93) P{Y™(j+1) € (dz1,dz)|Y(j) = (y1,32)}
= plyr, y2)aq (y1, dz1)aa(y2, dza) + p(y2, y1)ae(y1, dz1)aq (y2, dzs),

where the weight function p is defined as in Theorem 6. It is not difficult to argue

that the stationary distribution for Y *° is

3 1
A(dyy, dyz) = 5[7(%7 Ya) + (Y2, y1)] dyrdyo,

and the weighted occupation measure

O 17 =7 [ [P0, Y0 oz + o0, Y7 ()80 30-0)]
0

converges to u(dzy, dry) = w(x1, xe)dxr1dry as T — oo. It is obvious that the dynam-
ics of the infinite swapping limit are symmetric and instantaneously equilibrate the
contribution from (Y7, Y2) and (Y2, Y)) according to the invariant measure, owing to
the weight function p.

We have the following uniform large deviations principle result, which justifies
the superiority of infinite swapping model. Its proof is deferred to the appendix. It
should be noted that rate identification is not covered by the existing literature, even

in the case of a fixed swapping rate, due to the pure jump nature of the process.

THEOREM 7. The occupation measure {ny : T > 0} satisfies a large deviations
principle with rate function I°°. More generally, define the finite swapping model as
in Chapter 4 Section 5.2. Consider any sequence {ar : T > 0} C [0, 00| such that

ar — 00 as T'— oo, and interpret ap < oo to mean that ny" is defined by (91) with
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a = ar, and ar = oo to mean that ny" is defined by (94). Then {ng" : T > 0} satisfies
an LDP with the rate function I°° defined in equation (92).
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CHAPTER 5

Discrete time infinite swapping model and implementation

issues

1. Discrete time algorithms

1.1. Conventional parallel tempering algorithms. In the discrete time,
multi-temperature algorithms that are actually implemented, a swap is attempted
after a deterministic or random number of time steps, with a success probability of
the form (81). The two temperatures corresponding to particles for which a swap
is attempted can be chosen according to a deterministic or random schedule, and as
noted previously are usually adjacent since otherwise the success probability (81) will
be too small to allow efficient exchange of information.

As before it suffices to describe the algorithm in the setting of two temperatures.
As in Section 5, let «;(z, dy) denote the probability transition kernel for temperature
7; whose stationary distribution has a density m; for ¢ = 1,2. For now let N = 1/a
be a fixed positive integer that determines the frequency of swap attempts. Let
X ={(X1(y),X2(j)) : 7 =0,1,...} denote the state process. Then the evolution of
the dynamics is as follows. For any integer £ > 1 and (k—1)(N+1) < j < k(N+1)—2,

P{X(j+1) € (dys, dya)| X (j) = (21, 72)} = cu(z1, dy1) (w2, dya)
and for j = k(N +1) — 1,
P{X(j+1) = (22,21)| X (j) = (w1, 22)} = g(21,T2),
P{X(j+1) = (21,22)| X (j) = (w1,22)} = 1 — g(x1, 72).

Thus a swap is attempted after every N ordinary time steps based on the underlying
transition kernels a; and ay. The case N = 1/a with a an integer greater than one

corresponds to the case where multiple swaps are attempted between two ordinary
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time steps. The unique invariant distribution of X is u(dxidxs) = w(x1, x2) dr1ds,

regardless of the value of N, and the occupation measure
=
7 jzo 0x (j)
converges to p as J — co almost surely.

REMARK 9. Note that N could be random. For example, if N is chosen to be
a geometric random variable with mean A, then X is exactly the embedded Markov

chain of the pure jump Markov process X with a = 1/ in Subsection 5.2.

1.2. Infinite swapping model. As with the continuous time case, to produce
a well-defined limit one must consider the temperature swapped process and then
consider the limit as swapping frequency tends to infinity. It turns out that the
limit is exactly the embedded Markov chain for the pure jump Markov process in
Subsection 5.3. That is, the infinite swapping limit in discrete time is a Markov chain

Y ={(Y™°(),Ys°(5)) :  =0,1,...} with the transition kernel

(95) p(y1, y2) o (Y1, dz)a(ye, dza) + p(y2, y1)az(y1, dz1)on (y2, dza).

The corresponding weighted empirical measure is

<
Ju

1

(96) 05 = [P(Y22(5), Y52 (3))dvee () vse () + p(Y52(5), Y2 (9))8(vse (i) vee (i) -

<
Il
o

The generalization to multiple temperatures is also straightforward. Suppose that
there are K temperatures. Denote the infinite swapping limit process by Y = {Y (j) :
j =0,1,...}, which is a Markov chain taking values in the space (RY)X. Given that
the current state of the chain is Y*°(5) = y = (y1,...,Yx), define as before the

weights
. 7(y)
v (y) B ZeesK T (ye) '

Then the transition kernel of Y °° is

P(Y™(j+1)€dz[Y™(j) =y) = Z W(Y, )1 (Yo(1), d20(1)) - 0k (Yo(k), AZo(K))-

oESK
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The discrete time numerical approximation to the invariant distribution is

= > w(Y X ()dyz()-

j=0 oc€SK

REMARK 10. It is not difficult to derive large deviations principles for the discrete
time finite swapping or infinite swapping models. However, it remains an open ques-
tion whether the rate function is monotonic with respect to the swap rate (frequency).
However, the discrete time large deviations rate function can be obtained from that
of the continuous time pure jump Markov process models through the contraction
principle, and the two coincide in the limit as the transition kernels «; correspond to
an infinitesimal time step for the diffusion process (79). Hence the discrete time rate
function will be at least approximately monotone, and in this sense the infinite swap-
ping limit should (at least approximately) dominate all finite swapping algorithms.
This is supported by the data presented in Section 3 and the much more extensive

empirical study presented in [16].

2. Partial infinite swapping

As noted in Section 4, the number of weights and their calculation can become
unwieldy for infinite swapping even when the number of temperatures is moderate. In
this section we construct algorithms that maintain most of the benefit of the infinite
swapping algorithm but at a much lower computational cost. In the first subsection
we describe the infinite swapping limit models when only a subgroup of the permuta-
tions of the particles (respectively, temperatures) are allowed by the prelimit particle
(respectively, temperature) swapped process. The computational complexity of these
limit models will be controlled by limiting the number of permutations that com-
municate with each other through the swapping mechanism. The infinite swapping
models in this subsection will be called partial infinite swapping models, as opposed
to the full infinite swapping models in the previous section. The second subsection
shows how such partial infinite swapping schemes can be interwoven to approximate

the full infinite swapping model.
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2.1. Partial infinite swapping models. We consider subsets A of Sk with the
property that A is an algebraic subgroup of Sk. That is,

1. the identity belongs to A;

2. if 01,09 € A then o1 0 09 € A, where o denotes composition;

3. if o € A then 071 € A.

Although one can write down a partial infinite swapping model that corresponds
to instantaneous equilibration for an arbitrary subset A, it is only when A is a sub-
group that the corresponding partial infinite swapping process has an interpretation
as the limit of parallel tempering type processes. When alternating between partial
infinite swapping processes, a “handoftf” rule will be needed, and it is only for those
which correspond to subgroups that such a handoff rule is well defined. This point is
discussed in some detail in the next section.

The definition of the partial infinite swapping process based on A is completely
analogous to that of the full infinite swapping process. The state process {Y (j) : j =
0,1,...} is a Markov chain with the transition kernel
(97) oMy, dz) =0 (y,) 1 (Uo(r), d2e(1) -+ Ok Yo(r0)s AZo(ic)

oeA

and the weighted empirical measure is

= 5 3 Y (V)b

where the weight function @ is defined by

(98) )= D

ZeeAW (ye)’

and satisfies for any y

> it (y,) = 1.

ocA

We omit the dependence on both a = oo and A from the notation. Note that in
contrast with the full swapping system, it is only those permutations of y corre-
sponding to o € A that are balanced according to the invariant distribution in their

contributions to 7.
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To illustrate the construction we present a few examples. With a standard abuse
of notation denote the permutation o such that o(i) = a; by the form (ay, as, . .., ax).

In particular, (1,2,..., K) is the identity of the group Sk.

ExXAMPLE 1. Let K = 4 and A = {(1,2,3,4),(2,1,3,4)}. This corresponds to

only allowing swaps between temperatures 7, and 1o at the prelimit. Define

w(y) _ 77(917?427?/3,94)
(Y1, Y2, Y3, Ya) + (Y2, Y1, Y3, Ya)

The probability transition kernel of the corresponding partial infinite swapping process
15 given by
W (Y1, Y2, Y3, Ya) 1 (Y1, dz1) ez (ya, dzo)as(ys, dzs) o (ya, dzy)

+ 0 (Y2, Y1, Y3, Ya) 01 (Yo, dza) o (Y1, dz1 ) o3 (ys, dzs)oea(ya, dza)

and the contribution to the weighted empirical measure is
W (Y1, Y2, Y3, Y1) Ovy va,va,v) + W (Y2, Y1, Y3, Ya) Ova vi va,va)-

Note that with m;; denoting the marginal invariant distribution on the i-th and j-th

components, the weight function can be written as

zb(y) _ 7r12(y1,y2)
m2(y1, y2) + T2 (Y2, y1)

which is consistent with the weights of the two-temperature model in Theorem 6.

EXAMPLE 2. Again take K = 4, but this time use the subgroup generated by
(2,1,3,4) and (1,2,4,3), i.e., A={(1,2,3,4),(2,1,3,4), (1,2,4,3),(2,1,4,3)}. Then
the dynamics are given by

W (Y1, Y2, Y3, Ya) 1 (Y1, dz1)aa (Yo, dzo)as(ys, dzs)aa(ya, dza)
+ 10 (Y2, Y1, Y3, Ya) @1 (Y2, dza)va(y1, d21 ) a3 (Y, dzs) au(ys, dza)
+ W (Y1, Y2, Ya, Y3) 1 (y1, d21) aa(ya, dza) s (Ya, dza)au(ys, dzs)

+ 0 (Y2, Y1, Ya, Y3) @1 (Yo, dzo)as(yr, dz1)as(ya, dza) o (ys, dzs)
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where the weight function w is defined by

{D(y) _ 7T(?/1,y27y37?J4)
T (Y1, Y2, Y3, Ya) + 7 (Y2, Y1, Y3, Ya) + 7 (Y1, Y2, Ya, Y3) + 7 (Y2, Y1, Ya, Y3)

The contribution to the weighted empirical measure s

w (}/17 Y727 }%7 Y4) 5(}7Y1,Y2,Y3,Y4) +w (}/27 }/1’ }/é’ }/;1) 6(Y2:Y1’Y37Y4)

+ 0 (Y1, Y2, Y4, Y3) Oyt v va,ve) + @ (Yo, Y1, Ya, Y3) Svs vi v, ve)-

EXAMPLE 3. We let K = 3 and take A to be the subgroup of Sk generated by the
rotation (2,3,1), i.e., A =1{(1,2,3),(2,3,1),(3,1,2)}. Then the dynamics are given

by
w (1/17 Y2, ys) 041(?/1, d21>042(312, d22)043(y3, dZ3)
+w (y2, Ys, ?Jl) 041(?J2, de)a2(y3, d23)oz3(’y1, dzl)
+ 0 (ys, Y1, y2) @1(ys, dzs)az(y1, dzr)as(ye, dzs)
where

o (y) = (Y1, Y2, y3)
(Y1, Y2, Y3) + T (Y2, Y3, Y1) + 7 (Y3, Y1, Y2)

and the contribution to the weighted empirical measure is
Wy (Y1,Y2,Y3) O0(vi ve,vs) + W2 (Y2, Y3, Y1)0(va,v5,v1) + W3 (Y3, Y1, Y3) O(vs vi,vs)-

The first two examples would correspond to the infinite swapping limit of a stan-
dard parallel tempering process, where swaps between only 1 and 2 are allowed in
the first example, and swaps between 1 and 2 and swaps between 3 and 4 are al-
lowed in the second. Note that the computational complexity does not increase
significantly between the first and second example. The third example corresponds
to a very different sort of prelimit process, in which “rotations” of the coordinates
(y1,Y2,¥3) — (Y2,3,v1) — (Y3, y1,92) — (y1,%2,ys3) are allowed. One can devise
a Metropolis type rule that allows such “swaps” and yields the indicated infinite

swapping system.
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2.2. Approximating full infinite swapping by partial swapping. In this
section we consider the issue of alternating between such partial infinite swapping
systems to approximate the full infinite swapping limit. Let A and B be subgroups of
Sk. A and B are said to generate Sk if the smallest subgroup that contains A and B
is Sk itself. Note that the total number of permutations in AU B can be significantly
smaller than K, the size of Sk. In fact, it is possible to construct subgroups A and
B that generate Sk and that the total number of permutations in AU B is of order

K. There is an obvious extension to more than two subgroups.

EXAMPLE 4. Let K = 4 and let A be generated by {(2,1,3,4),(1,3,2,4)} and
B be generated by {(1,3,2,4),(1,2,4,3)}, respectively. Thus A is the collection of
6 permutations that firx the last component and allow all rearrangements of the first
three, while B fixes the first component and allows all rearrangements of the last three.

Then A and B generate S .

EXAMPLE 5. Let K =4 and let A and B be subgroups generated by {(2,1,3,4)}
and {(2,3,4,1)}, respectively. In other words, A = {(1,2,3,4),(2,1,3,4)} cor-
responds to only allowing permutations between the first two components, while
B = {(1,2,3,4),(2,3,4,1),(3,4,1,2),(4,1,2,3)} corresponds to cycling of the four

temperatures. Then A and B generate Sk .

To keep the computational cost controlled, one can approximate the full infinite
swapping model by alternating between partial infinite swapping processes whose as-
sociated subgroups generate the whole group. However, one must be careful in how
the “handoftf” is made when switching between different partial swapping models. It
turns out that one cannot simply switch between different partial infinite swapping
dynamics (i.e., transition kernels). Recall that in order to get a consistent approxima-
tion to the desired target invariant distribution we do not use the empirical measure
generated by Y, but rather a carefully constructed weighted empirical measure that
works with several permutations of Y. Simply switching the dynamics and weights

will in fact produce an algorithm that may not converge to the target distribution.
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To see how one should design a handoff rule, note that if one considers a collection
of transition kernels each having the same invariant distribution and alternates be-
tween them in a way that does not depend on the outcomes prior to a switch, then the
resulting empirical measure will in fact converge to the common invariant distribu-
tion. This fact is used (at least implicitly) in the parallel tempering algorithm itself,
where one alternates the pair of particles being considered for swapping according to
deterministic or random rules so long as the random rules do not rely on previously
observed outcomes.

Now we use the fact that each partial infinite swapping model is a limit of either
a parallel tempering algorithm where only some pairs of particles are considered
for swapping, or some more general form of parallel tempering which would allow
groups of particles to simultaneously swap (according to an appropriate Metropolis-
type acceptance rule). An example in the earlier category would be A in Example
4, which arises if only the pairs corresponding to temperatures 71,75 and 7,73 are
allowed to swap, whereas an example in the latter category would be B in Example 5,
which corresponds to allowing the particle at temperature 7; to move to the location
of the particle at temperature 7;_; (with 79 = 74), and the reverse. Furthermore,
each of these partial infinite swapping models arises as a limit of transition kernels of
the corresponding temperature swapped processes which preserve the same common
invariant distribution. In taking the limit as the swap rate tends to infinity, the
correspondence between particle locations for a particle swapped process and the
“instantaneously equilibrated” temperature swapped process Y is lost. However,
one can construct a consistent algorithm by reconstructing this correspondence. In
fact one should choose the particle location according to the probabilities (under the
invariant distribution) associated with the various permutations in the subgroup. See
Subsection 2.3 for more detailed discussion on the intuition behind this approximation
algorithm.

We next present an algorithm for alternating between two partial infinite swapping

dynamics. The restriction to two is for notational convenience only. Suppose that the
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dynamics are indexed by the corresponding subgroups A and B, and that n, steps
of subgroup A are to be alternated with ng steps of subgroup B. For simplicity we
do not describe a “burn-in” period. As in (97) and (98) we let o (y, dz) and " (y)
denote the transition kernel for A and the weights allocated to the permutation o € A,

respectively, and similarly for B.

ALGORITHM 1. (Approzimation to full infinite swapping)
(1) Initialization: X*(0) = Y (0;0) € (RH)K ¢ =1.
(2) Loop ¢:
(a) Initialization for A dynamics: set Y (¢;0) = X*(0 —1).
(b) Subgroup A dynamics: update Y (¢; k), k = 1,...,n4 according to the

transition kernel o, and add

> Wi (Yo (6 k) vy ey

oeA
to the un-normalized empirical measure.

(¢) Reconstructing particle locations at the end of A dynamics: Let X7 ()
be a random sample from the set {Y,({;ny4) : 0 € A} according to the
weights {0 (Y ,(6;n,4)) 1 0 € A},

(d) Initialization for B dynamics: set Y ((;n4) = XP(0).

(e) Subgroup B dynamics: update Y ((;k),k =na+1,...,na+npg according

to the transition kernel o®, and add

> 0P (Yo (6 k))by (i)

seB
to the un-normalized empirical measure.
(f) Reconstructing particle locations at the end of B dynamics: Let X ()
be a random sample from the set {Yo({;na+ng): o € B} according to
the weights {w?(Y ,(¢;na +np)) : 0 € B}.
(g) Set ¢ =€+ 1 and loop back to (a).

(3) Normalize the empirical measure.
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FIGURE 2. Approximation via partial infinite swapping

2.3. Discussions on the approximation. In this section we further discuss
the intuition underlying the handoff rule between different partial infinite swapping
dynamics and the approximation algorithm of the previous section. We temporarily
assume that the model is in continuous time since the intuition is most transparent
in this case.

For simplicity let us assume that there are three temperatures and two groups
A=1{(1,2,3),(2,1,3)} and B = {(1,2,3),(1,3,2)}. That is, under group A dynamics
only pairwise swaps between the temperatures 7 and 7, are allowed, while under the
group B dynamics, only the swaps between 7, and 73 are allowed. See Figure 2.

Consider the following prelimit swapping model. Let the swap rate be a. The
dynamics corresponding to group A and group B will be alternated on time intervals
of length h. Hence on the interval [2kh,(2k + 1)h) the particle swapped process
(X{, X§, X§) only involves swaps between temperatures 73 and 75. One can easily
construct the corresponding temperature swapped process (Y%, Y3, Yy as before.
Note that X§ = Y3 on this time interval. Similarly, on the interval [(2k + 1)h, (2k +
2)h), only swaps between 75 and 73 are allowed and on this interval X{ = Y}*. Note
that there is no ambiguity for the prelimit processes at the switch times ¢t = h, 2h, ...,
since the locations of the particles (X{, X¢, X§) are known.

Now consider the limit as a — oo with h being fixed. Without loss of generality,

we will only discuss how to deal with the switch of the dynamics at time ¢ = h.
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On the time interval [0, h) we have the partial infinite swapping limit process Y4 =
(Y1, Y5, Y3) that corresponds to the group A. Similarly it is clear that on the time
interval [h, 2h) we should have the partial infinite swapping process Y'? corresponding
to the group B. The problem is, however, by taking the limit, we lose the information
on the locations of the particles (X7, X§, X§). Unless we can somehow recover this
information at the switch time ¢ = h to assign Y?(h), we cannot determine the
dynamics of Y? on [h,2h). The key is to recall that the infinite swapping limit
instantaneously equilibrates multiple locations according to the invariant distribution.
In other words, given Y*(h—) = y = (y1,92,y3), the locations of the particles are

distributed according to

Z @A(yg)5y _ 7T<y17 Y2, y3)5(y1,y27y3) + W(y% Y, y3>6(y27y1,y3)
7 (Y1, y2,¥3) + T(Y2, Y1, Y3)

g€eA

Therefore, in order to identify the locations of the particles at time h, we will take
a random sample from this distribution once Y#(h—) is known. This explains the
handoff rule used at the switch times of partial infinite swapping processes.

Now we let h — 0. Since A and B generate the whole permutation group Sk,
it is easy to check that at each time instant, the locations of {y, : 0 € Sk} are
equilibrated according to their invariant distribution, and therefore in the limit we
will attain the full infinite swapping model. This can be made rigorous by exploiting
the time scale separation between the slow diffusion processes (YA, Y?B ) and the fast
switching process. We omit the proof because the discussion is largely motivational.

Coming back to the discrete time partial infinite swapping model, it is clear that
Algorithm 1 is nothing but a straightforward adaption of the preceding discussion to
discrete time. The only difference is that one cannot establish an analogous result
regarding approximation to the full infinite swapping model as in continuous time.
The subtlety here is that in continuous time, as h — 0, one can basically ignore any
effect from the diffusion on any small time interval and assume that the process is only
making jumps between different permutations of a fixed triple (y1,y2,y3). This time

scale separation is no longer valid in discrete time. In this setting, the performance
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of a scheme based on interweaving partial infinite swapping schemes lies between
parallel tempering and full infinite swapping, and computational results suggest that
it is closer to the latter than the former.

The issue of which interwoven partial schemes will perform best is an open ques-
tion. In practice we have used schemes of the following form. Suppose that a set
of say 45 temperatures is given. We then partition 45 into blocks of sizes 3,6, ..., 6,
with the first block containing the lowest three temperatures, the second block the
next six, and so on. Dynamic A then is given by allowing all permutations within
each block. Note that the complexity of the coefficients is then no worse than 6!.
In Dynamic B we use the partition 6,6,...,6,3. The form of the partial scheme is
heuristically motivated by allowing the largest possible overlap between the different
blocks when switching between dynamics, subject to the constraint that blocks be of

size no greater than 6.

3. Numerical examples

In this section we present data comparing parallel tempering at various swap rates
and both full and partial infinite swapping. We present what we call “relaxation stud-
ies.” The quantity of interest is the average potential energy of the lowest temperature
component under the invariant distribution. In these studies, the system is run a long
time to reach equilibrium, after which it is repeatedly pushed out of equilibrium and
we measure the time needed to “relax” back to equilibrium. Each cycle consists of
temporarily raising the temperatures (heating) of some of the lowest temperature
components for a number of steps sufficient to push the average potential energy
away from the “true” value (as measured by either sample or time averages). The
temperatures are then returned to their “true” values (cooling) for a fixed number of
steps, and the process is then repeated 2,000 times. We plot the average of the 2,000
samples as a function of the number of moves, and the performance of the algorithm

is captured by the rate at which these averages approach the correct value.
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A simple relaxation study for a four-temperature 13-atom LJ cluster is displayed
in the following. One cycle of the four-temperatures variations is shown in Figure
3. The Metropolis Monte Carlo dynamics under each temperature is simulated using
the “smart Monte Carlo” (SMC) scheme of [18]. In this example one period consists
of 600 SMC moves, with moves 50-450 being the “cooling” portion and the remainder
the “heating”portion of the cycle. As this cycle is repeated, potential energies corre-
sponding to various numbers of SMC moves are accumulated and “relaxation” curves
of the type shown in Figure 4 are generated. The results in Figure 4 are generated
using 2000 heating/cooling cycles of the type displayed in Figure 3 using complete
(full) infinite swapping (INS) sampling. For comparison purposes, the values of the
average potential energies for the high and low-temperatures shown in Figure 4 are
computed in separate INS simulations using 6 x 10> SMC moves. The rates at which
the heating/cooling curves approach their limiting equilibrium values can be seen in
Figure 4.

Relaxation studies allow us to compare the rates of equilibration for different sam-
pling methods. In Figure 5, for example, we compare the cooling portions of the lowest
of the four temperatures shown in Figure 4 obtained using various sampling meth-
ods, including INS sampling, parallel tempering, and conventional single-temperature
Metropolis methods. The parallel tempering results shown in Figure 5 are labeled
with the percentages of trial swap moves involved. Specifically, the percentage stated
corresponds to the probability that during each update of the coordinates there is
an attempted parallel tempering exchange between one, randomly chosen, nearest-
neighbor pair of temperatures. In this notation, conventional, single-temperature
Metropolis results correspond to the zero swapping limit of parallel tempering. The
other computational parameters used for the studies of Figure 5 are the same as those
in Figure 4.

The Lennard-Jones cluster of 13 atoms is not a particularly demanding problem,
we present it here so a comparison can be made between INS and partial infinite

swapping (PINS). Figure 6 compares relaxation performance of the INS scheme with
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F1GURE 3. Temperature profiles for the four-temperature, LJ-13 relax-

ation simulations

PT with different swapping frequencies. We see that the most efficient of the PT
schemes appears to use an attempted swap rate of around 64%. (The rates that would
typically be used in such calculations are in the range of 5-10%.) Figure 7 magnifies
a portion of the graph, but plots only the best parallel tempering result and adds a
PINS result based on blocks of the form 1-3 and 3-1 (a lowest temperature and a group
of three higher temperatures for one chain and group of three lower temperatures and
a single highest temperature for the other, and with a handoff at each Metropolis
step). Little difference is observed between the INS and PINS, though both appear
to have an obvious advantage over the best PT scheme.

The 38-atom Lennard-Jones cluster is an appreciably more complex system. Data
for this example is obtained using a 45 temperature ensemble is given in Figure 8.
Heating and cooling profiles used are of the generic type illustrated in Figure 3. In

the present study, however, the cycles consist of 1200 SMC moves, each of one unit
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FIGURE 4. Average potential energies for the LJ-13 infinite swapping
relaxation simulations performed under INS scheme using the temper-

ature profiles in Figure 3

Lennard-Jones time duration. The cooling segment is taken as the portion of the
cycle from moves 200 to 800 with the remainder being the heating portion. During
the cooling portion of the cycle the 45 temperatures in the ensemble cover the range
from (0.050-0.210) in temperature steps of 0.005, and from (0.210 - 0.330) in steps of
0.010 while during the heating portion of the cycle temperatures less than or equal to
0.150 are set equal to 0.150. Because full infinite swapping is impossible for this larger
computational ensemble, we use the partial infinite swapping. Specifically, each of the
chains is composed of seven, six temperature blocks plus one smaller block of three
temperatures for a total of 45 temperatures. In one chain, the three-temperature block
is made up of the lowest three temperatures, in the other chain the highest three. For
comparison, results are also presented for parallel tempering and “floating” partial

infinite swapping, which utilizes a symmetrized band of temperatures that moves
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randomly within the larger computational ensemble, for details see [16]. The results
shown in Figure 8 are obtained using 500 thermal cycles.

The 38-atom Lennard-Jones cluster has an interesting landscape. In particular,
while the global and lowest-lying local minima are similar in energy, the minimum
energy pathway that separates them involves appreciably higher energies and contains
13 separate barriers [22, Chapter 8.3]. As discussed in [16], the partial infinite swap-
ping approach is appreciably more effective than conventional tempering approaches

in providing a proper sampling of this complex potential energy landscape.
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F1GURE 6. Cooling portion of the LJ-13 relaxation study: INS and PT

with different swapping frequencies
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FiGure 7. Cooling portion of LJ-13 relaxation study: INS, PT with
optimal swapping frequency and PINS with temperature grouping

strategies 1-3 and 3-1
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F1GURE 8. Cooling portion of L.J-38 relaxation study: PINS with tem-
perature grouping strategies 3—6—---6 and 6—- - -—6—3, floating PINS
(Float) using two and six-temperatures band, and PT with swapping

frequencies 16% and 64%

87



CHAPTER 6

Conclusion

The main result of this thesis is to explore the applications of large deviations
theory to characterize the rate of convergence of Markov processes. We have reviewed
several frequently used criteria as the performance measures of a Markov chain Monte
Carlo. Unfortunately, none of the conventional method is conveniently applicable
to the convergence of the empirical measures directly. On the other hand, a large
deviations principle for the empirical measures can be established for an extensive
class of Markov processes. We suggest in this thesis to use the large deviations rate
function as a criterion to examine the effectiveness of Markov chain Monte Carlo.

It is well known that an explicit Donsker-Varadhan formula for the rate function
of the empirical measures is available when a continuous time Markov process is self-
adjoint and the transition function for all choices of time and spacial variables have
densities with respect to a single o-finite reference measure. However, for a Markov
jump process, where the latter is not satisfied, an explicit formula is not provided in
any existing literature. In fact, a large deviations theory for the empirical measures
of Markov jump processes is not even available, since the Donsker-Varadhan result of
empirical measures does not cover the jump case. In the first part of this thesis, we
establish such an LDP result as well as an explicit formula.

In the second part of the thesis, we focus our attention to a particular MCMC
scheme: the parallel tempering algorithm. The Markov chain constructed for parallel
tempering implementation is one example of a reversible Markov process with jump
aspect. By studying the rate function, we discover that the rate function is monotone
in the swapping rate and hence arrive at the distributional limit of parallel tempering
algorithm: the infinite swapping model. Intuitively, infinite swapping algorithm im-

proves the performance of parallel tempering by allocating more effectively different
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parts of the simulation to do the job they are best at and facilitating the commu-
nication among them. Although intuitively and theoretically dominant to parallel
tempering algorithm, infinite swapping scheme is not tractable due to its factorial
scaling computational overhead. We thus propose a partial infinite swapping algo-
rithm, which somewhat captures the infinite swapping improvement without incurring
too much computation burden. Some numerical results are displayed to compare the

performance between parallel tempering and full /partial infinite swapping.
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APPENDIX A

Proof of inequality (54)

PRrOOF. Recall that R (u||[p], ® ) < oo, where [u], = [u], and 7 is invariant

under a. We want to prove
(99) R ([u], [[7) < oo

As stated in Chapter 2 Section 3, there exist an integer N and a real number ¢ > 0
such that
aN (1’, ) <ecm ()

for all 2 € S. Now let p be the regular conditional probability such that u = [u], ® p.

Hence we have
R(p|lpl, ®a)=R([u, @pllu, ®a) < oco.

The chain rule of relative entropy implies that

100) 7 (I, @pe - @p b s wa) =N R, 2ol 2a) <o

Indeed, since [p], is invariant under p, we have for any integer n, the n-th marginal

of {[uh@p@'”@p} is:
n—1

[[uh@p@;‘@p]n = [u]; -

-1

Hence one can prove (100) by induction:

R([uh®p®---®pH[u]1®a®---®a>

n n

— (W ere: ol sas. o0+ [REl) W ors. o

n

:<n—1>-R([uh@pu[uh®a>+/SR<p||a>mh

=n-R([p, ®@pllu, ®a).
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We use notation [v] y; to denote the regular conditional probability measure of the
k-th marginal of v given the j-th marginal of v. Note that one can define a mapping
from P (SV*1) to P (S?) such that each v € P (SN*1) is mapped to [v]; @ [V] )y,

since the relative entropy for induced measures is always smaller, we have
R ([ﬂh ®p" H[Mh ® aN> < 00,

where p" and o are used to denote the N-step transition probability function. Now
since [u] is invariant under p, it is also invariant under p™, hence [[u]; ® pV], = [u]; .

Using the chain rule of relative entropy again we have

R (1 | 1 © 0™],) < .

Now this would imply (99), indeed we have

00 > R ([ul, || [l ® o™],)

= R(ll, 1) og | T2

> R([p] [[7) —loge.
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APPENDIX B

Proof of Lemma 7

PROOF. Define for each k € N

RpAk—1

Z Sx. (- (Xi_1)+5XRT““’1 () (T— Z q(X;))].

=1

Now for any measure v* € P ((S X R+)k>, we can decompose ¥ as

(101) W=y ®6, 00,05, ® & Ay_1 @ Gy

Choose the barred random variables X; and 7; according to &; and &; as before and
define the corresponding Ry A k the following way: if ZZ 1 Tif q( i 1) > T, then
Rr Ak = Ry where Ry is the integer that validates

Rp—1 = Rr 7
i < T < i :
; q ( 7,—1) ; q ( 1—1)

otherwise define Ry A k = k. We also define

(102)
1 RT/\k 1 RT/\k—l

)= 5 Z Sg. . () (Xl 1)+5XR L OlT= > PG

=1

If we denote the multi-dimensional probability measure from the original dynamics

by uk € P ((S X R+)k), ie.

then applying Lemma 1, we have

(103)

1 1
——logE —TF (nk)V] = inf / F () vF + =R (V* ||*
plsB e (TN = e e g 6 )
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If we apply Theorem 5 repeatedly to R (Vk Hu"“ ), we would obtain

k

E|> (R(ai o) +R(01H0))].

=1

R (v [|n*) =

We can hence rewrite (103) as

(104)

1
T8 [exp{ (nT) }] ukeP&EXRH ")

_|_ 1 Z (i1 [la) + R (o HU))]

Now for each v* € P ((S X R+)k), we construct another measure 7% € P ((S X R+)k>
recursively as follows: define ag = ag and o; = 7. For all 2 < i < k, define a;_; and

0; as

(@1,0:) if Z;ll q()—;ﬁ <T

(o, 0) otherwise

(@i-1,0;) =

We then define 7% using @; and &; by (101). Following from the definition (102) we
have E [F ()] = E [F (7%)]. And

k

E|> (R(@ii|la)+ R(Gillo))| =E Z (@i-1]la) + R(oi]|0))

=1 7,:1

(@1 |lo) + R(5i||0))

_ Z (651 lla) + R (5]}0))
D (R

Li=1

Hence we can refine (104) as

(105)

—%logE [exp {~TF (77:]?)}} = inf E F(ﬁ];“) + X

vheP((SxR4)*) T (R(@i-1[la) + R (3 ]l0))

=1

Now, since we have the pointwise convergence of both R Ak — Ry and Ry ANk — Ry

as k — oo, by the dominated convergence theorem,

]}ggo—%logE lexp {~TF (n7)}] = —%logE lexp{=T'F (nr)}],

and lim B [F ()] = E[F ()]
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Also by the monotone convergence theorem, we have

lim B ;((R(Ozi—l le) + R(aillo))) | = E ;((R(ai—l le) + R (7 ]|o)))

Hence by taking limits to both sides of (105), we arrive at

—%logE[eXp{—TF(nT)}] inf £ | F (7 Z (i1 [la) + R(oi]|0)))

where the infimum is taken over all controlled measures {@;, 7;}. We have proved the

lemma. O
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APPENDIX C

Proof of Theorem 7

Throughout the proof, we let S = S} x S;, where S; C R? is convex and compact.
Let P(S) denote the Polish space of all probability measures on S equipped with
the topology of weak convergence. For any probability measure v € P(.5), define its

mirror image v € P(S) by requiring
V(A x B) = v(B x A)

for all Borel sets A, B C R?. Furthermore, as in the rest of the paper, a bold symbol
x € S means ¢ = (11, 75), where 21,75 € RY, and xf = (25, 2,). We also use the

notation
a(x,dy) = oy (v1, dyr)os(w2, dys),

which is a probability transition kernel defined on S given S.

To prove the uniform large deviation principle, it suffices to prove the equivalent
uniform Laplace principle [7, Chapter 1]. To simplify the proof we have assumed that
S is compact. This would be the case if, e.g., V is defined with periodic boundary
conditions. The general case can be handled under (78) by using V' as a Lyapunov
function [7, Section 8.2]. It will be convenient to split this into upper and lower
bounds. We also consider just the (more complicated) case where ar — oo but
ar < oo for each T. Allowing ar = oo requires a different notation to handle this
special case, but does not change the structure of the proof otherwise.

We will show for any bounded continuous function F : P(S) — R that
(106)  lminf - log Elexp{~TF(7))) = inf [F(v)+ I(0).

By adding a constant to both sides we can assume F' > 0, and do so for the rest of

this section.
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The proof of the uniform large deviation principle is based on the weak convergence
approach. The proof is complicated by the multiscale aspect of the fast swapping
process, as well as the fact that n7" is a weighted empirical measure that involves this

fast process.

0.1. Preliminary results.

0.1.1. A representation. We first state a stochastic control representation for the
left hand side of (106). As with the derivation of the infinite swapping process via
weak convergence, it will be necessary to work with the (distributionally equiva-
lent) temperature swapped processes for tightness to hold. In the representation,
all random variables used to construct n7* are replaced by random variables whose
distribution is selected, and both the distributions and the random variables will be
distinguished from their uncontrolled, original counterparts by an overbar. For this
reason, while the continuous time process is denoted by Y“(¢), we change notation
and use U“(j) rather than Y “(j) to denote the discrete time process.

We first construct the temperature swapped process. Let a(z,dy|0) = a(z, dy)
and a(z, dy|l) = a(z? dy’), and let {N#,5 = 0,1,...} be iid geometric random
variables with parameter 1/(1+a), i.e. geometric random variables with mean a. Then
the random variables {U*(j),j = 0,1,...}, {M{(j),j = 0,1,...,£=0,1,..., N{} are
constructed recursively as follows. Given M§(j) = z and U*(j) = «, U*(j + 1) is
distributed according to a(zx,dy|z). The process My (j), ¢ =0,1,..., Ni is a Markov

chain with states {0,1} and transition probabilities

p(0,0lz) = g(x)  p(0,1]z) =1—g(x) '
p(1,0]z) =1—g(x") p(1,0]z) = g(z")

(107)

The initial value for the subsequent interval is given by M{(j+1) = M%.(j). Letting
J

{7,1=0,1,...,£=0,1,..., N —1} be iid exponential random variables with mean

1/a, the temperature swapped process in continuous time is then given by

j—1 Ng—1 j Ne—1
YOt) =U ) for Y > <t<> Y T,
i=0 (=0 i=0 ¢=0

96



(with the convention that the sum from 0 to —1 is 0),

j—1 /-1
Zt) = ) for Z Tl‘fk<t<ZZTm,
1=0 k=0 1=0 k=0

and lastly the ordinary and weighted empirical measures are given by

I I
Y1 = fA (Sya(t)dt and 77 = f/o |:1{Za(t):0}5ya(t) + 1{Za(t):1}5ya(t)R:| dt.

Let 0 denote the exponential distribution with mean 1/a and let 8% denote the
geometric distribution with mean a. For the representation, all distributions [e.g.,
a(x, dy|z)], can be perturbed from their original form, but such a perturbation pays
a relative entropy cost. We distinguish the new distributions and random variables
by using an overbar. Given T' € (0,00), let R* and K* be the discrete time indices

when the continuous time parameter reaches T, i.e.,

Ro—2 Ni—1 Ke_1 Re—_9 Nf—1
(108) ZZWZ%MRZZerRam
i=0 k=0 i=0 k=0

In this representation the barred quantities are constructed analogously to their
unbarred counterparts. Thus, e.g., R and N¢ are defined by (108) but with T
replaced by 7. Random variables corresponding to any given value of j are con-
structed in the order U”(j+1), N¢, M¢(5), 7%, ¢ =0,1,..., N, and then j is updated
to j+1. Barred measures, which are also allowed to depend on discrete time, are used
to construct the corresponding barred random variables, e.g., U"(j +1) is (condition-
ally) distributed according to a;(U"(j), -|[Mg(4)). The infimum is over all collections
of measures {a;, ﬁ;-l, Dje; 0 .} and, although this is not denoted explicitly, any partic-
ular measure can depend on all previously constructed random variables. To simplify
notation we let ]\_f]‘l“%a denote K We state the representation for {#%}, and note that

an analogous representation holds for {.}.
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LEMMA 9. Let G : P(S) x N — R be bounded from below and measurable. Then

the representation

(109)

_% log E [exp{—TG(n}, R*)}]

1s valid.

The proof of such representations follow from the chain rule for relative entropy
(see, e.g., [7, Section B.2]). A novel feature of the representation here is that the total
number of discrete time steps is random. However, this case can easily be reduced
to the case with a fixed deterministic number of steps. In fact, the key steps of the
proof of this lemma follows the same routine as in the proof of Lemma 7, we omit
the proof here to avoid redundancy.

0.1.2. Rate for the ordinary empirical measure. Notation for marginals. We
will frequently factor measures on product spaces in the proof. For a (deterministic)
probability measure v on a product space such as S* x S% x S3, with each S? a Polish
space, we use notation such as v; o to denote the marginal distribution on the first 2
components, and notation such as vj3 to denote the conditional distribution on the
first component given the third. When v is a measurable random measure these can
all be chosen so that they are also measurable.

We will make use of the rate function for the ordinary empirical measure. Let
e, dy) = az,dy|0)po(x) + oz, dy|1)pi(x), where po(x) = p(x) and pi(x) =
p(x?), and let fi(dx) = [7(x) + 7 (x®)]dxz /2 be its unique invariant probability distri-
bution. If 7 is absolutely continuous with respect to i with x(a) = [dy/dji](x), then
set

k() =1~ [ Ve@r()n(de)s(e. dy).
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Note that K is convex. We then extend the definition to all of P(S) via lower
semicontinuous regularization with respect to the weak topology. Thus if 7, — ~ in
the weak topology and if each ~; is absolutely continuous with respect to f, then
liminf; K(v;) > K(v), and we have equality for at least one such sequence. Note
that since i is mutually absolutely continuous with respect to Lebesgue measure,
this means that K(y) <1 for all y € P(S).

The following lemma will help relate weak limits of quantities in the representa-

tions to the rate function of the ordinary empirical measure.

LEMMA 10. Let v € P(S) be absolutely continuous with respect to fi and let k =
[dy/dp]. Assume A € (0,00),v € P(SxS) is such that [v]; = [v]a, R(V||[V1®¢) < oo,
7 is such that r[v]y = ki, and 0 < — [logr(y)[v]:i(dy) < co. Then

(110)  K(y)=1- / V@R lde) (@, dy)
< ARt @0) ~ A [ logr(y)li(dy) + Alog A~ A+ 1.

PROOF. Let C be the set where r(x) = 0. Then — [logr(y)[v]1(dy) < oo implies
r(y) > 0 a.s. with respect to [v];(dy), and we also have [r(y)[v]i(dy) = 1, so that
r(y) < oo a.s. with respect to [v];(dy). It follows that [v];(C) = 0. Now suppose
that

| Ve@iyinlde)o(a.dy) o
Then k(x)k(y) = 0 a.s. with respect to Lebesgue measure, and so if xk(x) # 0
then p(z,{y : k(y) >0}) = 0, or p(x,C) = 1. Thus v((S\C) x C) = 0, while
[v]1 @ o((S\C) x C) = 1, which implies R(v||[v]; ® ¢) = oo, which is a contradiction.
We conclude that

| Ve@rli(de)e (e, dy) > o
Since also

[ Ve@rwntde)ol. dy) < 1.
it follows that

~1og [ Vr@r(yln(de)o(a,dy) € 0.)
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Since R(v||[v]1 ® ¢) < oo and since [ is the invariant distribution of ¢ it follows

that R([v]1||) < oo [7, Lemma 8.6.2]. This means that

k()
/ log 22 v () < .

and since — [ logr(y)[v]i(dy) < oo, it follows that — [ log x(x)[v]:(dz) > —co. From

[v]1 = [v]2 we conclude that

(111) —% / log k(x) + log k(y)] v(dx, dy) > —o0.

By relative entropy duality (|7, Proposition 1.4.2])

~log / @) (de)o(x, dy) = —log / B IoB @) o8 W) 5 () o (z, dly)

<RWlp® ) -3 / log k() + log (y)] v(de, dy)

is valid as long as the right hand side is not of the form co — oo, which is true by

(111). The chain rule then gives

—log / eé[logm(fc)+logm(y)]ﬂ(dm)<p($7 dy)
<R ) - [ logn(a)(d
= ROl @ o)+ R(hile) — [ togn(e)iv(d)

— R@|vh ® ) - / log ()], (da).

and thus

_/ VE@) k() i(de)o(a, dy) < —e FVIFhee)s+ logr(@)i(de)

Then (110) follows from the fact that if « € R and b € (0,00) then —e™* < ab +
blogb — b by taking a = R(v||[v]; ® ¢) — [logr(x)[v]i(dz) and b = A. O
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0.1.3. Decomposition of the exponential distribution. In the construction of % we
used independent exponential random variables 7/ and geometric random variables

N{, and the fact that for each ¢
Ne-1

a
E Ti e
=0
is exponential with mean one. This decomposition corresponds to a relationship in

relative entropies, which we now state.

LEMMA 11. Fora € (0,00), let N® be distributed according to a random probability
measure 3% on {0,1,...}. Given N* = {, for k € {0,1,...1} let 74({) be distributed
according to a random probability measure G¢(¢) on [0,00). Let & be the distribution

of the random wvariable

Ne—1 B
=) TN
k=0
Then .
— Nl _
E|R(B“IB*)+ ) RGN |e*)| = E[R(5]|c")].
k=0

PROOF. Define a measure p on the space N x [[;2,[0,00) as follows. For any

¢ € N, and any sequence Ay, Ay, ... of Borel measurable subsets of [0, 00),
p{l} x Ag x Ay x ) =B () [[ " (Ax)
k=0

and similarly define the measure i by

I({l} x Ag x Ay x ...) = B*(I) ( () (Ak)> <H o (Ak)> :

Then by the chain rule of relative entropy

E[R(a|ln)] = E

R(B*6%) + ) i R(ay(0) [lo") B° (ﬁ)] :

=0 k=0
Since
No_1 . i Ne-1 ~ B
E| Y RN o) | = E |B| 3 R(0HA) o) N”
k=0 L k=0
[ oo -1
=E|) > R(GH(0)[lo*)B° (@] :
| (=0 k=0




it follows that
Ne—1

ER(u|w)]=E|R@"[8")+ Y R(@(N)[lo")

k=0
Observe that 7 can be written as a measurable mapping on N, x [];2,[0,00) and

I are the distributions induced on [0,00) under that map by i and u,

that & and o
respectively. Since relative entropy can only decrease under such a mapping, it follows

that ER (@ ||p) > ER (7 ||ob). O

0.2. Lower bound. The proof of the lower bound will be partitioned into three
cases according to a parameter C' € (1,00). After the three cases have been argued,
the proof of the lower bound will be completed. The first two cases are very sim-
ple, and give estimates when R®/T is small (i.e., unusually few exponential clocks
with mean 1 are needed before time 7' is reached) or when R®/T is large (i.e., an
unusually large number of such clocks are needed to reach tome T'). The processes
{U*(j)} and {M{(7)} play no role in these estimates, and the required estimates
follow from Chebyshev’s inequality as it is used in the proof of Cramer’s Theo-
rem. We will need the function h(b) = —logb+ b — 1, b € [0,00), which satisfies
inf {R (v lo?) : [uy(du) =b} = h(b).

0.2.1. The case R*/T < 1/C.. Let F' : P(S) — R be non-negative and continuous.
Then

1
— 7 log B [exp{=TF () — ool /c1y (R*/T)}]

1
=~ log B [exp {=TF(n7)} Lo./cp) (R*/T)]

] |T/C|+1
1
> —?logP ; T, >T

By Chebyshev’s inequality, for a € (0,1)

[T/C]+1 el
PO Y AT p=plemi s o)
1=0

< exp{QT/OJ +9) <1og 1ia —aC’)}.
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Optimizing this inequality over a € (0,1) gives

o 1 a a
lim inf — T log E [exp{—TF (n}) — colyp1/cy(R*/T)}]

T—o00

> liminf% (IT/C] +2)h(C)

T—o0
h(C)
C .

Note that h (C) /C — 1 as C' — oc.

0.2.2. The case R*/T > C.. With F as in the last section, an analogous argument

gives

1
lim inf — T log E [exp{—TF (n}) — T'ool{(ceep (R*/T)}]

T—o00

T—o0 C—].

:(0—1)11(%).

Note that (C —1)h(1/(C —1)) = o0 as C — oc.
0.2.3. The case 1/C < R*/T < C.. To analyze this case it will be sufficient to

> liminf%(LT(C— 1)) +2)h (L)

consider any deterministic sequence {r®} such that 1/C < r*/T < C, and such that

r*/T — A as T — oo, and obtain lower bounds on
o 1 a a
thLg.}f —7 log E [exp{—TF(n}) — 0olie,ry(R*/T)}] .

The representation from Lemma 9 will be applied. We first note that the representa-
tion will include a term of the form coly.e,r(R*/T) on the right hand side. We can

remove this term if we restrict the infimum to controls for which R* = r® w.p.1, and
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do so for notational convenience. The representation thus becomes
(112)

_% log E [exp{—TF (1{) — 001} (R*)}]

— it B FO) + 7 3 [R(@(0°), 1) oD ), 1V 0)) + B (5 16°)]
LSS R (a0, A0 [T, -0°0) + R (55 1))

There are four relative entropy sums in (112). Since F' is bounded from below, the
lower bound holds vacuously unless each such term is uniformly bounded.
We first show that the empirical distribution on N? converges to d, by using a

martingale argument. For C,Cy C [0, 00), let

ré—1

€1(Cr % o) = S Dg(C)FC)
=0

Consider the one-point compactification of [0, 00), which we identify with [0, oc], and

left f:[0,00] = R be bounded and continuous. Then for any ¢ > 0

26}
r¢—1
Zs}

5 3 (= [ romaeam)

1=

(13) P {\ [ = el o x )

:p{

1 1= . .

< 57 |5 3 (s~ [ smiecan)
112,
€2Ta

— 0,

and thus any weak limit of (7 has identical marginals. Next note that by Jensen’s
inequality and since r*/T — A € (0,00), the uniform bound on the second rel-

ative entropy sum implies that EFR ([ST]Q I ﬁ“) is uniformly bounded. Using that
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inf{R (v[|8.) : [wy(du) = b} = blog2 + (1+b)log e is follows that the weak
limit of [£7]y = ds W.p.1.

Next we consider the asymptotic properties of the collection {]\Z/g(z)}, under
boundedness of the third relative entropy sum. We use that the empirical mea-
sure of the {N#'} tends to d. Since p(-,|U"(7)) is the transition function of a
finite state Markov chain this means that asymptotically the M2(i),k = 0,..., N¢
are samples from the transition probability (107) with & = U"(7), and in partic-
ular that Mg(i + 1) is asymptotically conditionally independent with distribution
(p(x),1 — p(x)). Indeed, a martingale argument similar to (113) shows that if

r¢—1

1 (C) x Cy) = Z 81y (C1) Oz (3 (C2),

and if x> is the weak limit of any convergent subsequence (which must exist by

compactness), then

(114) (=120 ({0} 1y), [1)2n ({1} 1y)) = (p(y), 1 = p(y)) [4™]i-as.,

and the same is true for the empirical measure of {Mf(i),k =0,..., N/}
We next remove the third relative entropy sum from the representation (112), and
obtain a lower bound for the right hand side using Lemma 11. Let & denote the

distribution of the random variable

Then we have the lower bound

(115)
—% log E [exp{—TF(n}) — 00lgray(R%)}]

>inf B |F(7%) +



To study the lower bound of (115) we introduce the measures

r¢—1

1
KT(Crx Gy x Cg) = — 2;6 o T (i), Co| M (1)) 515 (1 (Cs)
1 r®—1
EM(Cy x Cy) = T 057 (i) (C1) ey -1 (C2) g,
=0
where m¢ is the conditional mean of 7 for ¢ = 0,...,r* — 2, and ™ _, is the median

r%—2 ~q

of the conditional mean of 7% _;, 1 and (7" — > ;_,”7{). Notice that the restriction

on the control measures implies

| /\

r<ye

We introduce the function ¢ : Ry — R, given by ¢(b) = blogb — b + 1.
Note that h(b) = bl(1/b). The sequence {x”} is tight because S and {0,1} are

compact. Using the fact that o selects the conditional distribution of 77 and

inf {R (v lo*) : [uy(du) = b} = h(b), we have

r¢—1

= R [0

1=0

(116) E

ré—1
ZE—ZhW]
- ré¢—1
:E—Z”% ]

_p| / (e (du x dz)] |

Notice that for the inequality in (116) to hold, we used the fact that h is monotonously
increasing in (1, 00) and Mm% _, is the median of the conditional mean of 7% _;, 1 and
(T -5 52 7). Hence the uniform bound on the relative entropy sum gives that

{€"} is tight. Let f: S — R be bounded and continuous. Since a;(U"(4), -|Mg (7))
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selects the conditional distribution of U (i 4 1), for € > 0

f(y1) Yo)] (d’!h X dy, x dz)| >

}

1 1
<Llr T—GZZ(J” i+~ [ i@ dy|Ma<>>)
(Kl
g2ra
— 0
We find that
(117) (k%1 = [*°]2 w.p.1.

Using Fatou’s lemma and the definition of ¢, we get the lower bound AR([£*]1 2||[£*]1®
) on the weak limit of the corresponding relative entropies (the second sum in (115)).

With regard to £*°, comparing the form of [ST} , and Y% and using the martingale
argument used for (113) and (117) gives

[5“11::/&am
Observe that

/ng(daz X dz) = ; ("], (da).

Because of the superlinearity of ¢ we have uniform integrability, and thus passing to

the limit gives

[ A @) dxle) = Al ().

Hence with the definition b(x) = [ 2[£>]91 (dz|x), [d[x>]1/d[>]1](x) = b(x)/A. Us-

ing Fatou’s lemma, Jensen’s inequality and the weak convergence, we get the following
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lower bound on the corresponding relative entropies (the first sum in (115)):

lim inf / 0(2)€ (du x dz)

T—o0

> /E(z)foo(du X dz)

> [ ( / z[&%]ml(dm)) (€1 (de)

_ / £ (b()) [€]: (dex)
— A/h(1/b(w))[m°°]1(dw)~

Let 7(y) = A/b(y). Then we can write the combined lower bound on the relative

entropies as
AR el () © ) + A [ b(1/b(@) (¥]1(de)
(18) = AR(e¥ual () @ ) = A [ logr(u)]s(dy) + Alog A~ A+ 1

We next consider 1% and 7%. Using the limiting properties of the M, 2(i), we have
1 /7
i (C) = _/ [ {Ze(t)= 0}5Y (C) + 1{2&(1&):1}5?“(1&)3(0) dt

— / (1= p(y))dy=(C)] [€%],

and
#C) =7 [ ot = [ €7, = ().

Note that this implies the relation

(119) (€)= [ (o)) + ply" i ™).

Finally we consider the weighted empirical measure. By (118) we have the lower
bound E [F(fjs) + K ()] for the limit inferior of the right hand side of (112), where
s and 14, are related by (119). Thus we need only show that

K(@EOO) > Io(ﬁw) - Ioo(ﬁOO)'
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The equality follows from the definition of I and (119). Let a(y) = [diwo/dfi](y).
Then

K(fw) =1 / Va@aw)a(de)p(e, d

and

() = 1 — / V(a(@) 1 a@®) (a(y) - a@P)u(de)a(e, dy).

Using that p(x) = 1 — p(x®) and symmetry
[ Va@laly); [n(de) + n(dz"] (plale. dy) + pla)a(a, dy")
= 5/ (x/a(w)a(y) + \/a(wR)a(yR)> pldz) (p(x)a(z, dy) + p(z")a(z”, dy™))
—5 [ (Va@)aly) + ValeMaly™) n(de)a(a. dy).

We now use

Va(@)a(y) + Val@)a(y®) < /(a(x) + a(x")) (a(y) + a(y®))

to obtain K (1)) > I°(fls). [We note for later use that given 7 that is absolutely
continuous with respect to Lebesgue measure and such that (7)) < oo, K(¢) =
I°() can be shown for a 1 that maps to 77 by taking ¢ = [ + 7%]/2.]

0.2.4. Combining the cases. In the last subsection we showed that for any se-

quence r® such that r*/T — A € [1/C,C],

lim inf —% log £ [exp{ TF(ng) — ool{ra/T}(Ra/T)}] > B [F(Nso) + 17 (7o)

T—o00

> inf [F(v)+I*()],

veP(S)

and an argument by contradiction shows that the bound is uniform in A. Thus

|7C]
1 a a
liminf — —log ¢ > B [exp{~TF (1) — 00Lie/my (R*/T)}]
re=[%]
1 |7C]
> lim inf —— log ¢ TC'- \(/TWE[exp{—TF(n%)—ool{ra/T}(Ra/T)}}
‘=lc

2 dnf [F(v) + I=()] .
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We now partition E [exp{—TF(n%)] according to the various cases to obtain the

overall lower bound

T—o00

1
lim inf — TlogE [exp{—TF(n7")}]

> min{ inf [F(v) + I°(v)], @ (C—1)h (%) } |

veP(S)

Letting C' — oo and using the fact that I < 1, we have the desired lower bound

1
1m 1 - _ art > 00
hTIglo%f T log E [exp{—TF (n7")}] Velg(fs) [F(v) +I*(v)].

0.3. Upper bound. The proof of the reverse inequality

1
(120) limsup — = log E [exp{—TF(n7")}] < inf [F(v)+ I*(v)]
T—o0 T veP(S)

is simpler. Let bounded and continuous F' be given. Given € > 0, we can find v that

is absolutely continuous with respect to Lebesgue measure and for which

[F(v)+ ()] < inf [F(v)+I®W)]+e.

veP(S)

Next we use that I* is convex and I*°(u) = 0 to find 7 > 0 such that
[E@T) + 1= < [F(v) + IZW)] + ¢

when v™ = 7+ (1 — 7)v. Note that if 0(x) = [dv/du](x) and 07 (x) = [dv" /du)(x),
then 07 (x) > 7> 0 and so I*(v7) < 1.

We will construct a control to use in the representation such 77" will converge
w.p.1 to ™ and RET will converge w.p.1 to I°°(v"). These convergences will follow
from the ergodic theorem, and the bound 67 (x) > 7 will be used to argue that the
ergodicity of the original process is inherited by the controlled process.

We now proceed to the construction. Let ¢(dx) = [v"(dz) + v (dz')]/2, so that
I°(W") = K(s). Let k(x) = [ds/dp|(x) > 7/2. Then

K()=1- / V@) alde) o, dy).
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Since « is uniformly bounded from below we have the dual relationship

—1Og/\//ﬂ(w)ff(y)u(dw)w(w,dy) = —10g/65[log“(w”l"g”(y”u(dw)@(w,dy)

= R(nllz ® ¢) — %/[logli(fc) +log r(y)] v(dz, dy),

where
fc o3 [log k(@) +log H(?H]ﬂ(da;)go(m, dy)

0) = e .
77( ) fsz 65[10g k(x)+log n(y)}la(dm)(’p(w’ dy)

Since y/k(x)k(y) is symmetric in  and y automatically [n]; = [n]2, and using the
bound k(x) > 7/2 we can factor n(dx x dy) = [n]i(dx)g(x,dy), where ¢ is the

transition kernel of a uniformly ergodic Markov chain. Let

(@, dy|0) = a(e, dy|1) = o(@, dy).

Notice that from the definition of ¢, ¢(x, dy) = @(x, dy™), hence @ has the property
that

a(z", dy"0) = a(z, dy[1)

These will be the transition kernels used to construct the U“(4).

Now of course the invariant distribution of ¢ is [n];, and not the desired dis-
tribution ¢. Let r(x) = [ds/d[n]1](x). Then r(x) identifies the way in which the
distribution of the random variables N  should be modified so that in the continuous
time the empirical measure [n]; is reshaped into ¢. Choose A so that equality holds
in (110), and set b(x) = Ar(x). Then ¢ is chosen to be %@, Consistent with the
analysis of the upper bound, we do not perturb the distribution of the other variables,
so that p; (-, +|+) = p(-,+|-) and 6§, = 0% We then construct the controlled processes
using these measures in exact analogy with the construction of the original process.

With this choice and Lemma 9 we obtain the bound

_ %1og E [exp{—TF (n")}]

1

< E|F@) + 7 Y[R @O 6@)M50) @ (0. M5 ) + R (57 Hﬂa)}] .

111



Now apply the ergodic theorem, and use that w.p.1 AT = R*/T — 1/ [ b(z)[n]:(dx) =
A, and also that asymptotically the conditional distribution of Mg(i) is given by
(po(U" (7)), pr(U"(7))). Then right hand side of the last display converges to we have

the limit
PO+ e [ Ryl late i) . @) )i )
v To@) i (=) 2 alx, dy|z) ||a(x, dy|z)) p.(x) | r(x)[n]1(dx
1
i ] ek + o) 1 b))

=FQ0")+ A/R(@(a:, dy) ||¢(x,dy)) s(dx) — A/log r(x)s(de) + Alog A — A+ 1
=F@")+ K(s)
=F@")+I°07).

This completes the proof of (120) and also the proof of Theorem 7.
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