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Chapter 1

Introduction

1.1 Scattering Amplitudes

The S-matrix is the transfer matrix between states that are well separated in spacetime.
The elements of the S-matrix or the scattering amplitudes contain the description
of all the physical processes of the theory. It has been shown in the 60’s that we
can study some general properties of this S-matrix like analyticity, unitarity and
symmetries and deduce wonderful insights about the theory. But, the advent of QCD
and the development of gauge theories in the seventies put this idea on hold. In spite
of great success, unfortunately, gauge theories have a great deal of redundant degrees
of freedom and these seriously complicate computations of scattering processes by
perturbative techniques and often obscures the underlying symmetry and structure
of the theory. This situation worsens in the case of gravity where the diffeomorphism

symmetry brings in enormous redundancy. Even for pure Einstein gravity there



is a proliferation of Feynman diagrams and even the number of terms for even a
simple vertex grows tremendously as we increase the number of particles. This makes
dealing with gravity amplitudes a daunting task. However, this is not the end of
the tunnel! Even in this hopeless scenario an unexpected result was discovered by
Parke and Taylor[!]' when they were studying scattering of massless gluons in QCD.
They could find a remarkably simple answer to an entire class of amplitudes, the
ones where 2 of the gluons have negative helicity and rest positive and named the
Maximally Helicity Violating(MHV) amplitudes. The compact result for such a n—
particle MHV amplitude is?,

(ij)*
12)(23)... (n1)°

A, i) = (1.1.1)

The Parke-Taylor formula laid the foundation for the current advances in the study
of scattering amplitudes of massless gauge theories. It is also known that due to
Supersymmetric Ward identities, the amplitudes with one or no negative helicity
gluons, vanish[5, 6, 7, 8]. This simple results coming at the end of a very complicated
computational process opened a window for exploring new methods for describing
the hidden structures of the gauge theory by studying scattering amplitudes. Before
we go on to review some of the preliminary ideas that would be used often in the later
chapters of the thesis, we would present a brief overview of the recent advancements

in the study of scattering amplitudes.

1See [2, 3, 4] for similar results.
2The Spinor Helicity variables will be explained in details in the next section. It is sufficient to
know for now that (ab) are Lorentz invariant combinations of some commuting spinors.



1.1.1 Review of recent progress

In the recent years, the resurgence of scattering amplitudes in gauge theories has

been driven by the new knowledge of on-shell and Unitarity based techniques.

These ideas are as useful for probing the formal aspects of quantum field theories as
they are for finding new computational techniques, that would assist in decoding
the signals in the collider experiments. The LHC is one of the most ambitious
endeavours to unravel the mysteries of fundamental interactions. It is expected to
fill in the missing pieces in the Standard Model as well as push the frontiers of our
knowledge and throw some light on the new physics beyond the Standard Model.
However, in experiments studying very high energy scattering processes there is a
profusion of background jets produced from QCD processes.In order to study the
physical processes leading us to new physics, it is essential to know the cross-section
of such multi-jet processes. Scattering amplitudes in QCD are very relevant for such
computations, unfortunately, they are very difficult to compute. Recent studies have
focused mostly on the N = 4 Super Yang Mills(SYM) theory which share many
properties with QCD . However, this theory is relatively easier for computational
purposes because only planar diagrams contribute in the large N, limit and moreover,

the maximal supersymmetry imbues it with many simplifying structures.

In 2003 Witten[9] has shown that the N = 4 SYM Theory can be obtained from
a Topological String theory in twistor space and that the scattering amplitudes in
SYM theory have a very simple and geometric interpretation in terms of the curves
in twistor space. This idea has been taken forward in complementary directions

by Roiban, Spradlin and Volovich[10] and Cachazo, Svrcek and Witten[! 1] to give



different formulations for constructing tree level amplitudes of N = 4 SYM. The spirit
of the S-matrix program for studying analytic properties of scattering amplitudes
was utilized in novel ways was Britto, Cachazo, Feng and Witten(BCFW)[12, 13].
They have shown that, factorization properties of tree level amplitudes can be used
to construct amplitudes recursively from lower point amplitudes. This has unlocked
a door in our ability to compute tree level amplitudes for a large number of particles.
Numerous studies of these BCFW recursion relations established the recursion to
hold for a large class of gauge theories as well as gravity theories. It has also been
noticed that there also exists simple generalizations of BCFW for supersymmetric

amplitudes in both N =4 SYM and N = 8 Sugra[l1].

The unitarity based method[15] provides a parallel direction to study loop amplitudes
in gauge theories. The main idea is to reconstruct the full loop amplitude by cutting
various propagators and then fusing on-shell tree amplitudes in new ways to do
the reconstruction . These ideas and especially their generalizations for the case of
supersymmetric theories greatly simplified one loop amplitude computations and
also provided new techniques for multi-loop amplitudes. Especially these ideas and
also knowledge about the nature of IR divergences for massless particles allowed
Anastasiou, Bern, Dixon and Kosower[16] and Bern, Dixon and Smirnov(BDS)[17]
to conjecture all loop MHV amplitudes to have a very simple iterative structure.
The study of loop amplitudes in maximally supersymmetric theories has also led
to the discovery of a remarkable symmetry by Drummond, Henn, Korchemsky and
Sokatchev[18, 19], called the dual superconformal symmetry, which is completely
obscured from the Lagrangian perspective. The conformal symmetry along with the

dual superconformal symmetry closes on to an infinite dimensional symmetry called



Yangian. The Yangian symmetry of this planar sector of N =4 SYM is believed to

be related to integrability properties of the theory in this regime.

On the other hand the gauge/gravity duality had shed more light on the holographic
description of scattering amplitudes. Alday and Maldacena [20]have shown that at
strong coupling scattering amplitudes can be determined by computing expectation
values of lightlike Wilson loops in a dual space which would be the boundary of a
minimal surface in the AdS space. Moreover, it was also realized that the working of
the BDS proposal was the result of the hidden dual conformal symmetry and it can
be viewed as the usual conformal symmetry for the dual Wilson loops[21]. In fact,
the dual conformal symmetry has been understood from the AdS/CFT perspective as
a fermionic T-dual description of the spacetime physics[22, 23]. The duality between
Wilson loops and scattering amplitudes have also been extended to all types of
amplitudes and many interesting connections were discovered between Correlation

functions, Wilson loops and scattering amplitudes in this context[241, 25, 26].

In another very recent development Arkani-Hamed, Cachazo, Cheung and Kaplan[27]
had furthered our understanding of the scattering amplitudes by writing down a dual
formulation of the scattering amplitude, as a Grassmannian integral, for calculating
the leading singularities to all loop orders. Shortly after, Arkani-Hamed, Bourjaily,
Cachazo, Caron-Huot and Trnka [28] also opened a new direction for calculating
loop level amplitude by writing down a BCFW recursion of the loop integrand
at any loop order. They have used the new variables called momentum twistors,
previously introduced by Hodges, and these are the most natural variables making
dual Superconformal symmetry manifest[29, 30]. In fact, the Yangian symmetry has

played a very important role in both cases. Recently, a better understanding of the



this approach has been proposed, in terms of on-shell diagrams and their remarkable

connections to ideas in combinatorics|31].

The study of these multiloop amplitudes using momentum twistors and the ABCCT
formulation for the integrand makes the scenario more tractable than the existing
methods, but still leaves us with the job of evaluating the full integral which can still
be a formidable task. Fortunately, new ideas from the theory of motives introduced
by Goncharov, Spradlin, Volovich and Vergu[32], make us view such a seemingly
intractable scenario in a more favourable light. They have introduced the idea of
“Symbols" for dealing with iterated integrals and this has also led to other insights
relating multi-loop amplitudes and areas in mathematics like number theory or

algebraic geometry.

Another very interesting development is due to Bern, Carrassco and Johansson[33],
who show that gauge theory amplitudes can be written in a rather novel way by
using a duality between color factors and “kinematic factors". This structure is also

carried over to loop amplitudes.

The maximally supersymmetric theory of gravity in 4 dimensions, N = 8 Supergrav-
ity(Sugra) has also shown many unexpected simplicities in the perturbative regime.
The earlier mentioned BCFW recursion relation and their supersymmetric extension
also apply to this theory. It is seen that gravity has an even better behavior under
BCFW deformations, than gauge theory, which has led to it being dubbed as the
“Simplest Quantum Field Theory" [11] with respect to the scattering amplitudes. This
simplicity manifests itself in many extra relations between its tree level amplitudes
called Bonus relations. There has been an ongoing debate on the finiteness of N = 8

Sugra and using supersymmetry and other considerations the projected divergence



has been predicted to show up at 7 loops[34, 35, 36, 37, 38]. The unitarity based

methods have been very useful in trying to understand these issues.

A rather intriguing aspect of gravity amplitudes are the KLT relations[39], derived
from string theory, relating gravity amplitudes to the square of Yang-Mills amplitudes.
In the similar spirit the color-kinematic duality of gauge theory can be used to

determine gravity as a double copy of gauge theory|[10].

All these remarkable developments had strengthened the idea that the on-shell
scattering amplitudes are rather unique observables in gauge theories as they are

able to encode so many hidden symmetries and mathematical structure of the theory.

1.1.2 Outline

In the rest of this chapter we review various techniques and ideas that would be used

often in the later chapters.

It has been noticed that the Mellin amplitudes of tree-level scalar correlation functions
with any scalar interaction in the bulk can be built up by rules analogous to Feynman
rules for scattering amplitudes. These rules were conjectured by Paulos[!1] and
Fitzpatrick, Kaplan, Penedones, Raju and van Rees[12]. So in effect we can get all the
important information about the correlation function without doing any complicated
position space integrals. In Chapter 2 I present our work with Volovich and Wen][13].
We have been able to derive these proposed Feynman rules for any scalar theory in
the bulk . Another interesting analogy with scattering amplitudes is that the Mellin
amplitudes are functions of variables which are analogous to Mandelstam invariants

with some “momenta’- like variables defined in an auxiliary space and it has been



proposed that the flat space limit of Mellin amplitudes actually give a holographic
description of flat space S-matrix elements. In our work we also show that this
proposal holds for the Feynman rules which would in effect give the holographic

tree-level flat-space S-matrix elements.

Recently it has been observed by Paulos, Spradlin and Volovich[11] that the Mellin
space representation is also a very useful way to deal with the boundary S-matrix
in AdS/CFT in the perturbative regime especially all the dual conformal invariant
multi-loop integrals that arise in N = 4 SYM theory. In fact, such integrals in
given spacetime dimensions can be related to integrals at lower loop level but in
higher spacetime dimensions via some differential or integral operators using the
Mellin space technique. A specific example of such a case would be the connection
between one loop hexagon integral in six dimensions and the two loop double box in
four dimensions. In Chapter3 I am exploring such scenarios with Paulos, Spradlin
and Volovich.We probe the scenario that multi-loop integrals can be obtained as
integro-differential operators acting on star integrals in Mellin space. We present
some new computations of pentagon, hexagon and octagon stars to corroborate
this idea. We also investigated whether one encounters a much more complicated
basis of functions beyond generalized Polylogarithms, like elliptic functions, for the

multi-loop integrals under consideration using the above-mentioned techniques.

A very interesting fact about amplitudes in gauge and gravity theories is that they
have a very nice soft behavior( i.e. when the momentum of one of the particles
vanishes). Under a soft limit a given amplitude is related to an amplitude with
one lower number of external particles times an universal soft factor. In recent

years though there has been some attempts to construct amplitudes by the reverse



procedure i.e. by constructing amplitudes using the universal soft factors mentioned
above while starting from an amplitude with lower number of external particles. This
is called the Inverse Soft approach[27, 15]. In Chapter 4 I present my work from
a paper with Wen[16], in which we were able to show explicitly that one can use
the Inverse Soft procedure to construct tree level superamplitudes of N =4 SYM.
This is a novel method of bootstrapping our way up to any amplitudes, starting
from a three point amplitude, such that the soft behavior is manifest and this
is the result of an exact recursion relation that we proposed in our paper. The
recursion relation allows us to find the specific configuration for adding particles to
construct any BCFW (Britto, Cachazo, Feng and Witten)[13] diagram term that
constitute a tree level amplitude. A rather unique symmetry of N =4 SYM is the
dual superconformal symmetry discovered by Drummond, Henn, Korchemsky and
Sokatchev. This symmetry which is a part of the Yangian symmetry of this theory,
is completely obscured from the Lagrangian picture . We also show that the Inverse
Soft procedure is pretty robust and can even be extended to theories with no Yangian
symmetry and we also showed that it is possible to construct Form Factors of N = 4
SYM by the same prescription. We were able to extend the above ideas to N = 8

supergravity for the graviton MHV amplitudes.

Scattering amplitudes in N = 8 SUGRA also exhibit many other interesting properties.
It has been recently pointed out by Arkani-Hamed, Cachazo and Kaplan[l4] that
there are reasons to believe that N = 8 SUGRA to be even simpler than SYM. One
particular interesting feature behind their claim is the fact that gravity amplitudes
exhibit exceptionally soft behavior under BCFW shift, which leads to an interesting

extra relation between gravity amplitudes, which is called bonus relation. These
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relations have been very useful in showing the equivalence of many different Maximally
Helicity Violating(MHV) forms of gravity amplitudes. In Chapter5 I present our
work with He and Wen[17], where we have extended the utilities of bonus relation
beyond the MHV level to any N*MHV amplitudes, which greatly simplifies the
previous known results for all tree-level gravity scattering amplitudes and writes the

final result as a permutation sum over (n — 3)! terms.

1.1.3 Kinematic variables for scattering amplitudes

In this dissertation we will be mostly studying a specific gauge theory, the N = 4
Super Yang-Mills(SYM) theory in 4 dimensions with a SU(NN,) gauge group with
t’Hooft coupling A = ¢?N, where ¢ is the Yang-Mills coupling constant. We will
consider color-ordered partial amplitude at tree level. We consider the theory at
large N. — oo limit such that only the planar Feynman diagrams contribute. In
such a scenario it can be shown that only the single-trace terms are relevant and the

amplitude can be expressed as,

An({kis hivai}) = g™ 2 > Tr(T%w ... T%m) A, (a(1™),... 0(n")). (1.1.2)
0E€Sn/Zn

This procedure, called the color-ordering[2, 1, 18, 19], is a tremendous simplifi-

cation since before this step amplitudes are functions of momenta, polarization

vectors and color factor of each particle. By color-ordering one has factored out the

color-dependency so we only need to compute the color-ordered partial amplitude

An(o(1™), ... o(n")) multiplying each trace factor.
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Spinor Helicity

Scattering amplitudes are functions of the momenta and polarization vectors of
the particles. But due to the gauge freedom € — € 4+ ap these are not very good
variables. In 4 dimensions though we can use the fact the massless particles can be
only characterized by their helicity and momenta can be written using 2 component
spinors. This leads to the spinor helicity method which turn out to be a very useful
set of variables for writing the amplitudes. We will mostly follow [9, 50] for this

review. Let us introduce this method, now;

We can turn the momentum 4— vectors, p* of a particle into a 2 x 2 matrix by using

the complete set of Pauli matrices in the following way;,

P =St (1.1.3)
where , the Pauli matrices al‘j‘d are,
0 1 0 —i 1 0 10
01 = s 09 = s 03 = s 0pg = (114)
10 0 0 -1 01

For the given choice of the Pauli matrices, we can write the massless on-shell condition

for the momenta as,

det|p™®| = p* = 0, (1.1.5)

which implies that the 2 x 2 matrix p®® has rank at most 1 and it can be written in
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terms of the spinor helicity variables as,

P = A\, (1.1.6)

We note that for the complexified Minkowski space with signature (+,+, —, —)
the holomorphic and the anti-holomorphic spinor helicity variables A and \ are
independent real variables. The Lorentz invariants can be written in terms of these

variables in the following way,

(i) = eapA'A]

[ij] = eapAiAP, (1.1.7)

where e4p and €,z are the antisymmetric invariant tensors. The Mandelstam

invariants can be expressed as,

(pi +p;)° = si5 = —2p; - p; = (i j)]i j], (1.1.8)

and the more complicated invariants too can be defined in a similar way only in
terms of the Lorentz invariant contractions of the holomorphic and anti-holomorphic
spinors. We note here that these spinors give the wavefunctions of massless particles
of helicity —% and % respectively. We can also construct the polarization vector for a

gluon with a given helicity using the spinor variables. Corresponding to the positive

+_ padi

AA T T where the

helicity gluon one can define the polarization vector as, e

arbitrary spinor g4 encodes the freedom to make different gauge choices. Similarly

: . . . - Aafl
for negative helicity spinors we can define polarization vectors as €, ; = [;":Lj“ Now
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we can define any color-ordered partial amplitude as A({p1,h1},. .., {Pn, hn})

Twistor Space

The Twistor space[51, 52] has been used extensively for studying scattering amplitudes
and Wilson loops in four dimensional maximally supersymmetric gauge theories.
These variables unravel remarkable simplicity in the observables by making the
conformal symmetry of the theory manifest and the twistor space can be naturally
supersymmetrized. Let us do a quick review of the basic notion of twistor space and

its relation with ordinary spacetime.

Twistor space is characterized by homogenized coordinates,

Z4 = {j1g, A%, %} (1.1.9)
——
ZCL
where the bosonic twistor part Z¢ is described by the two, 2—component Weyl

spinors, {u, A} which are related by the following incidence relation,

pt =iz Brg, 0% =08\ (1.1.10)

where the point {z, 0} is a spacetime point in the complexified Minkowski spacetime
M24. The incidence relation implies that 2 points in spacetime are null separated
when the corresponding lines in twistor space intersect at a point. Hence, null

spacetime lines correspond to points in twistor space.
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Momentum Twistor

We had discussed earlier that scattering amplitudes in N = 4 SYM possess an
unique symmetry called the dual superconformal symmetry. Momentum twistors
are variables which are twistors in this dual space. The momentum twistors, initialy
introduced by Hodges[>3] solves the momentum conservation. Let us first introduce
the dual region momenta space where the dual superconformal symmetry acts. We

can write the momentum of different particles as,

With the identification z,.; = x1, we can see that the momentum conservation is
trivialized in this coordinates, >, p; = 0. Moreover, we consider the null separated
region momenta, (z;1; — 2;)? = 0 then we would also insure on-shell condition and
by the above conditions we can see that the momenta can be joined end-to-end to

form a closed polygon with null faces.

1.1.4 Tree Level Amplitudes

Tree Level Amplitudes can be determined by their analytic structures. In fact they
can be treated as meromorphic functions determined by the poles which are given

by the physical exchange of external particle channels.
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BCFW Recursion relations

BCFW recursion relations[l3] were initialy studied in the context of tree level
amplitudes in N = 4 SYM theory but it is generically valid for any QFT in any
dimensions. Let us consider a color ordered n—particle amplitude A(1,2,...n). We
would like to study analytic structure of scattering amplitudes as functions of complex
variable. Britto-Cachazo-Feng-Witten(BCFW) has taken two adjacent momenta
and shifted them in such a way that momentum is conserved as well as the external

particles remain on-shell.

pi(z) = p1—zq, Pulz) = pu+ 24, (1.1.12)

such that

pi.g=0, and ¢*>=0. (1.1.13)

The above deformations and the associated constraints can only be solved for
complexified ¢ or in complexified Minkowski plane. Using the parametrization of the
momentum in complexified Minkowski plane by using the spinor-helicity variables
we can find a solution for ¢ and it can be written as,

= A — 2\ (1.1.14)

1
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and [1 n) to denote the parity flipped version of the above shifts, namely

Moo= A — 2 (1.1.15)

)\;L\ = )\n + Z)\l;

The above form of the complexified amplitude A(z) has a very nice behaviour as a

meromorphic function in z which only has simple poles. Moreover, for tree amplitudes

the simple poles are given by the physical factorization channels i.e. propagators,

Py = (Z;‘?:i p;)?, going on-shell in the Feynman diagrammatic expansion of the

amplitude. Under the BCFW shifts the shifted propagators ﬁ’fk(z) = 0 has a solution

only when one of the shifted momenta is contained in the set Py, and it is given by
i

= (1.1.16)

The residues at the above poles (1.1.16) of the amplitude also has a physical interpre-
tation in terms of lower point amplitudes and hence the picture of the factorization
of the amplitude about the physical poles are completely determined by the analytic
and unitary properties of the amplitude. Generally we can write the amplitude

factorized on physical kinematical channels as,

Res (A(2)) |a=ze = — Z A’,{i(z*)ﬁ;(z)ARhi(z*) (1.1.17)

where h; is the helicity and we do a sum over all helicities and the lower point
amplitudes are evaluated on the poles and are on-shell. Now, if for certain types

of amplitudes in different theories like Yang-Mills or gravity A(z — o0) — 0 we
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get a rather remarkable form of the amplitude due to the property of meromorphic
functions. For the previous scenario we can integrate A(z) over a closed contour €
which encloses all the simple poles zx,

1 dz
21t Jeo 2

A(z)

z

A(z) = A(0)+ > Res

zdzx*

= 0. (1.1.18)

So the physical amplitude A(0) is computed in terms of lower point amplitudes in a

recursive manner,

A= A0) = ZA%(Z*)PZICARM(Z*). (1.1.19)

This is the famous BCFW recursion relation for tree-level amplitudes and it has
been a very powerful technique since it is a very general property about factorization
of amplitudes of physical theories which satisfy certain conditions under very large
deformations in some complex deformations. The two theories which we would be

dealing with in this thesis has the following behavior under such deformations,

1
Yang — Mills :  A(z) — —
z
1
Gravity : M(z) — —, (1.1.20)
z

and hence they can both be constructed by this recursion relation. It is important
to note that the seed of this recursion is determined by the 3— point amplitudes in
both theories. Unlike in Minkowski space where the 3— point amplitudes vanish, in
complexified Minkowski it is not the case and the 3— point amplitudes determined by
the Poincare symmetry only are the basic building blocks of any amplitude. Another
interesting observation is that when we sum over all possible helicities in the BCFW

recursion we get many terms contributing to the particular amplitude and many of
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them have poles which are not present in the physical amplitude, called ‘spurious
poles’. But, remarkably, the sum of all the terms add up to cancel such spurious

poles and only the physical poles are present.

SUSY Amplitudes

Now we will review the extension of the BCFW for the case of super-symmetric
theories. We will see that SUSY in fact makes all amplitudes behave in a much better
way for both gravity and gauge theories. But before explicitly showing this nice
feature for both N =4 and N = 8 SUGRA let us build the framework for dealing
explicitly with supersymmetric N = 4 SYM since we will be concerned with many
aspects of this theory during rest of the thesis, moreover the power of supersymmetry
shows itself in all its glory for this particular gauge theory. The key idea behind
the great progress in understanding the scattering amplitudes in this particular
theory, is the existence of the on-shell superspace first introduced by Nair[51], where
by making the symmetries of the theory manifest. This allows us to treat different
helicity amplitudes on the same footing. But in order to do that let us first observe
that the on-shell superspace lets us package the different field contents of the N = 4
SYM theory into a single super-wavefunction ¥ (7, p) by introducing Grassmann
variables n? (A = {1,...,4}) transforming under the fundamental representation of

R symmetry group SU(4). So we can write this wavefunction as,

1 1 —D
U(n,p) = G*(p)+nAFA(p)+gnAnBSAB(p)+§'rzAanCeABoDF (p)

1 _
o 0 n“nPeancnG (p). (1.1.21)
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Using the above wave-function for each particle, we can define superamplitude as,
AH(A,A,n) = A(T,...7,). (1.1.22)

We note that we can project out the particular type of particle we have in the
amplitude by expanding out in the Grassmann variable n and collecting the correct
component. Let us mention the nice and compact form of the MHV superamplitude

which is a generalization of the Parke-Taylor formula[5],

5@ (p) 69 (q)
12)(23) .. (n1)’

AMIVON N 7)) = (1.1.23)

where ¢ = ", A¥n7, is the supermomentum and the superdelta function, §®(gq)
imposes supermomentum conservation as expected. In order to write down the super-
amplitude for any number of particles we can factor out the MHV superamplitude

(1.1.23) and express it in a compact form as,
A, = AMVD (1.1.24)
where P,, is expanded as a polynomial in the Grassmann parameters n such that,
P, = PMHV L pNMHV pMAV (1.1.25)

Note that, PMHV = 1 while PYMHY has Grassmann degree 4 and the remaining terms

increase in Grassmann degree in units of 4 up to PM#V which is of degree 4n — 16.

Now the SUSY BCFW recursion is a very simple extension and we have an integral
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over the Grassmann parameter of the shifted propagator,

* 1 *
A= Z/d”‘npiAL(z )ﬁAR(z ). (1.1.26)
P; i
. But here we also have to shift the Grassmann parameter to conserve supermomen-

tum so the total BCFW shift is,

o= A — 2\ (1.1.27)
)\ﬁ = S\n“—ZS\l,

Na = M+ 20,

It has been seen that under SUSY BCFW shifts, all amplitudes A(z) are better

behaved as z — oo [55, 50, 14].

1.2 AdS/CFT correspondence

One of the foremost examples of the gauge/gravity duality is the AdS/CFT duality,
proposed by Maldacena[57]making a remarkable connection between gauge theories
and string theory. His conjecture states that in D = 4, N = 4SYM gauge theory with
gauge group SU(N,), where N, is the number of colors and the t’Hooft coupling is
A = ¢g>N,(g%is the SYM coupling constant) is equivalent to Type IIB string theory in
10 dimensions with AdS5 x S5 boundary conditions. Especially, in the large N limit,
i.e. N. — oo and the t’"Hooft coupling is fixed then this gauge theory is dual to a
weakly coupled Type IIB supergravity theory in AdSs x Ss. This novel idea led to

tremendous insights into exploring fundamental issues in quantum gravity and also
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turned out to be a very effective way of dealing with strongly coupled field theories.
This conjecture has been made even more precise and it has been posited that the
partition function for fields in the weakly coupled gravity theory in Euclidean AdS
gives the correlation function of the corresponding operator in the Euclidean CFT at

the boundary, i.e.,

L[V (2, 2)|2=0 = Yo(Z)] = <€fd4w°(f)o(f)>cm (1.2.1)

Over the last decade AdS/CFT has been tested intensively at the planar limit and
even though it is not proved but seems to be true beyond reasonable doubt. In fact
this idea has provided new insights in different strongly coupled field theories like
in Quark Gluon plasmas or theories interesting for condensed matter physics. As
has been mentioned earlier it can also be used to give a holographic description of

perturbative scattering amplitudes for gauge theories!

AdS/CFT allows us to compute CFT correlation functions at strong coupling via
computing Witten diagrams in AdS space. The Mellin space representation(a
multi-dimensional extension of Mellin transform) of conformal correlation functions,
proposed by Mack[58, 59], is very similar in spirit to the momentum space represen-
tation of flat-space scattering amplitudes: they both seem like a natural framework
for describing those physical observables. In AdS/CFT, computation of Witten
diagrams is a daunting task in position space but the Mellin space representation of
correlation functions of CFT’s with gravity duals makes their properties completely

transparent and much easier to handle.
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1.2.1 Correlation functions in CFT

Correlation functions in CFT are very nicely constrained by the conformal group
at least for smaller number of operators. We just quickly mention that the 2 point

functions of primary operators are completely fixed by conformal symmetry and it is,

1
(0(21)0'(22)) = 7R 0=0
L12
= 0, otherwise (1.2.2)

where the Ay is the conformal dimension of the operator O. Even the 3 point

function is constrained upto a structure constant Cjjx,

Cijik
(0i(21)0(22)Ox(x3)) = A TR Rty A AT ARy

(1.2.3)

1.2.2 Embedding Space

Now we will give a very short review of the the embedding space/ambient space
method[00, 61]. We would consider Euclidean AdSy;; of radius R,and the coordinates

being X7, defined as a hyperboloid which is preserved by the SO(d + 1, 2) symmetry,

XX, =-R* X°>0 (1.2.4)

and embedded in Minkowski spacetime in (d+2) dimensions. The conformal boundary

of this AdS spacetime can be thought of as a projective light-cone,

PAP, =0, PP, (1.2.5)
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such that the points P € 92 and A € R. In AdS/CFT we are interested in the
dual d dimensional CFT whose correlations functions are given by the SO(d + 1, 1)
invariants of the projective coordinates P's and with a homogeneity of weight A at
each point. The usual expressions for Euclidean CFT in SR one just needs to use

the Poincare coordinates on the light cone section for the external points,

P= (P, P, P")={1,2%2"}, ,pe{l,...,d—1}, (1.2.6)

such that Lorentz invariant physical distances are now given by,

(s — ;)" = (P — Pj)* = Py = —2F; - P (1.2.7)



Chapter 2

Mellin Amplitudes for Correlation

functions

2.1 Introduction

AdS/CFT is a powerful tool [57, 62, 63] which among other things allows us to
compute CF'T correlators at strong coupling via Witten diagrams in AdS space. In
practice these computations are still quite challenging in position space and generally
require a lot of work, see [64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78,

, 30]. Recently it has been argued that taking the Mellin transform of correlation
functions drastically simplifies the computations and the resulting expressions have

nice mathematical structure, see e.g. [59, 58, 81, 41, 12, 82/ 83, 81]. The correlation

24
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functions of primary scalar operators for a CFT can be written in Mellin space as

(O@)O(z)...0w) ~ [ d5,3165) T T6) )™, (1)

1<i<j<n

where M (d;;) is called the Mellin amplitude and parameters d;; can be parametrized
as 0;; = k; - k;. Mellin amplitudes have many similarities to scattering amplitudes
in flat space, in particular the large AdS radius limit of the Mellin amplitude
was argued to be equivalent to the scattering amplitudes in flat space [31, 12],
such that k; plays the role of momentum in flat space,’ suggesting that Mellin
amplitudes could be used to provide a holographic definition of the S-matrix, see

(85, 86, 87, 88, 89, 90, 91, 92, 93, 91] for related discussion.

More recently in [11] and [12], the authors studied various aspects of the Mellin
representation of AdS correlators. In particular, a set of Feynman rules, for computing
Mellin amplitudes for any theory of scalar field at tree-level, was proposed and checked
for a few non-trivial correlators in ¢ and ¢* theories in [11] as well as recursively

via a factorization formula for ¢* theory in [12].

In this note we will consider a scalar field with ¢™ interaction at tree level and offer
a direct proof of the Feynman rules for Mellin amplitudes by evaluating all the
Witten diagram integrals explicitly. We hope that our results will be useful for better
understanding of the structure of Mellin amplitudes and for the future development
of similar rules for fields with spin and for loop amplitudes. We have also checked

that the Mellin space Feynman rules reduce to the usual Feynman rules in the flat

IThe quantities k;’s are also called “Mellin momentum" or “fictitious momentum" but for the
sake of brevity we will just refer to them as “momentum" in the rest of the paper and we stress
that this interpretation is precise only when we look at the flat space limit of the Mellin amplitude
and not in general.
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space limit.

The chapter is organized as follows. In section 2.2 we review the conjectured Feynman
rules for Mellin amplitudes. In section 2.3 we use particular forms of the bulk-to-
boundary and bulk-to-bulk propagators to compute the Witten diagram with the
maximal off-shell vertex for a ¢" theory and show that they lead to the conjectured
Feynman rules for Mellin amplitudes. Then we demonstrate that we get the same
Feynman rules for such a vertex embedded in a very general Witten diagram of
the ¢™ theory. In section 2.4 we show that these Feynman rules reduce to the
usual Feynman rules in the flat space limit. We discuss some useful formulas and a

non-trivial example in Appendix A.

Note added: While the paper, resulting from this chapter’s work, was in preparation,
the paper [95] appeared which checks the formula for the off-shell n-pt vertex of the

@™ theory via recursion relations.

2.2 Feynman rules for Mellin amplitudes

Let us first review the Feynman rules for Mellin amplitudes corresponding to any
tree level Witten diagram in AdS,,; for a ¢" scalar theory, as proposed in [11]. To
compute the Mellin amplitude one has to put together propagators and vertices

following a few simple steps:

— Assign a “momentum" k; to every line such that the external lines of the Witten

diagram have —k? = A; and at each vertex we have conservation 3, k; = 0, where

2 The vector k has such properties because it solves the constrains of §;;, namely &;; = ;; and
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A; is the conformal dimension of the corresponding field.
— Assign an integer m; to each internal line with the propagator

—1 1
2m (1 + Ay, +mi — h) k2 + (A, +2my)’

P, = (2.2.1)

where h = d/2.

— The factor for a vertex connecting lines with dimension A; and integers m;, (see

Fig. 2.1) is given by

T A —2h -
R e [ L CEU R
=1

n m A —2h
) <z—12,{—m1,...,—mn},{1+Al—h SED NS ATE .,1) (2.2.2)
where ¢ is the coupling in the g™ ¢" theory, (a)m = F(ﬁ:;’)n) is the Pochhammer

symbol and F is the Lauricella function of n variables

oo n l;
n i)l; L;
F (g, {ar, . an}  bis oo b} s, Z( zzlzzH ll )

1;=0 7,:1 lz (

— Finally, sum over all positive integers m; to obtain the Mellin amplitude.

We note here that the vertex given above is the most general type of vertex (or
the maximal off-shell vertex) when all legs are off-shell®, but the theory would also
have vertices with less number of off-shell legs. The vertex factor in such cases

can be simply obtained from the general case by taking some of the m;’s to zero,

52005 = A2,
The legs connecting to the AdS boundary directly are referred to as the on-shell legs, while
those that do not connect to the boundary are the off-shell legs.
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Figure 2.1: A general vertex for ¢™ theory.

corresponding to the legs going on-shell. Also, note that the Lauricella function
of m variables can be written in a series form as in (2.2.3) which is convergent for
> |zi| < 1. For the vertex above, all n variables z; take a particular value 1, which
is the Lauricella function evaluated at that particular point, which is well-defined

via analytic continuation.

2.3 Proof of Feynman rules

2.3.1 Maximal off-shell vertex

In this section we consider a Witten diagram for the scalar ¢” theory in AdS;y;
which has a vertex with the maximal number of off-shell legs (see Fig. 2.2) and prove

the Feynman rules for this case which we described in the previous section.

Let X! be the coordinates of the Euclidean AdS,y; space, embedded in a d + 2
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By, K,

Figure 2.2: The Witten diagram for the scalar ¢™ theory with a vertex having n off-shell
legs and n vertices having 1 off-shell leg and (n—1) on-shell legs.

dimensional Minkowski space such that X? = —R?, where R is the AdS radius and
the point on the boundary P# defined on the light-cone such that P? = 0. The
bulk-to-boundary propagator between a point P on the boundary and X in the bulk

for a scalar field of dimension A is given by*

E(P,X) = ! +Oo dtya urx (2.3.1)
’ ot T(1+A —h) J, ¢ ' o

The bulk-to-bulk propagator between the points X; and X, can be written as an

integral over a point () on the boundary of the AdS, the integrand being the product

4We will drop the normalization factor m from (2.3.1) for subsequent calculations,
since it is not relevant. Moreover this factor goes into the overall normalization factor in the
definition of Mellin amplitudes and according to (2.1.1) we have ignored it in this note and the

inclusion of this factor would allow us to write (2.1.1) as an equality.
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of two bulk-to-boundary propagators of states with non-physical dimension h + ¢

+i0c0 dC

ds ds
Gpp(X1, X2) Z/ 7fA / dQ/ ghtegh=c g2sQXat25Q-X2 (9 3 9)
— 0AdS

100
where

_ 1 1
Jale) = 2m2h[(A — 52 _ L(e)l(—c)

(2.3.3)

To simplify the notations, let us call each set of external (n—1) legs in Fig. 2.2 as a
block, and denote it as B; with i = 1,...,n. Equations (2.3.2) and (2.3.1) give us
the building blocks of any arbitrary Witten diagram in the ¢™ theory. Fig. 2.2 can
be constructed using two types of n-point correlation functions, built out of (2.3.1)

and (2.3.2), which are given as

A(Be0iy) = g [T Mg dside [ gx, emesei X g 4
n 1y Wi, + = g H L 7 vsi i€ (2 . )
0 i=1 U Si AdS
+o00 n di' . "
An( @iy, Qn) = g™ /O Hgszq / dX; €22 S0
i=1 i AdS

where the blocks of (n—1) legs, which we call B;, are typically given as,

i(n—1)

B; = > ti Py (2.3.5)

k=(i—1)(n—1)+1

We note that in general B; can also contain fewer legs, (in which case the Witten
diagram gives a vertex with fewer off-shell legs) so the limits of the summation in

(2.3.5) would change according to the diagram under consideration. Moreover in
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Fig. 2.2 the label K; indicates

Ki=ka + ..+ kaysn1 (2.3.6)

the sum of the momenta of all the fields in the block B; where k,, is the momenta of

each field.

Now, let us write the expression for the Witten diagram in Fig. 2.2 using the n-point

correlation functions (2.3.4) as the building blocks and we get

+ico n d ;
A = H o ( l) /; H sz( Bza Qz +) n(Bn7 Qn,Jr)An(Ql,fa s >Qn,)>

—ZOOle

ico n n(n 1)
_ (g(n))n_t,-l +1 H dCZ fA / dtl A / dSz dSl h+c h ¢

—10011 118151

AdS =1

X

n n+1 n
Hin HdX exp( QZX (Bi + 5:Q;) + 2X,41 - Z )

JAdS j=1 AdS =1 i=1 i=1

where A is the n(n — 1) point correlation function.

2.3.2 Evaluating the integrals
Integrals over X;

The integrations over the bulk points X; can be done by applying (A.1.1) from the

Appendix, which gives us the result,

" " oo o e D g, ds; dSi pie, h—e;
A=ty [ e [T S [T et
i=1

_ZOOZ127TZ i1 Si S

/8 ﬁc@(ﬁF Lot h;—c,) 2h)>r( " (h 262) B efie 5.9

AdS =1 i=1

(2.3.7)
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where Ap, = > ;cp A; and A; is the conformal dimension of the field j and the

exponent in the above integrand is given by,

Eq = Z(B + Qi) ZSZQZ : (2.3.9)

i=1
Integrals over ()

To perform the ; integrals we first expand (2.3.9) and rewrite it as,

Eg = i(BE+2siQi-BZ->+2 > 55Qi- Q. (2.3.10)

i=1 1<i<j<n
Now we will integrate out the );’s successively.

First we will do the @ integral using (A.1.2) and using the on-shell condition, Q? = 0

to simplify the result, we finally get,’

8131

= LB
=1
<1+32 Z 5:5;Qi - Q;) —I—Z (s;Bi +35:i(5151B1)) - Qi>,(2.3.11)

1<i<y i#1

where the notation Ey, is used to denote the exponent obtained as a result of doing

the set of successive integrals from Q)1 to Q, i.e.

/a HdQeEQ: Qp ,

AdS j=1

5 At each step of doing the @ integral we will get a 27" factor which we would drop in the
following steps to help us reduce clutter.
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Next, we perform the (), integral in a similar way and we find that Eg, can be

written as
S B4 (51B1)? o+ (2B + 55151 By’ +2(<1 LR RAEDY 550 Q»)
=1 2<i<j
+ 2( Zn: <SzB +5i((S151B1) + (1 +57)5(s2Bs +52(slslBl)))> Q) (2.3.12)
1#{1,2}

We continue integrating out the @);’s successively as in the last few steps and
integrating the p,;, step the result is of the form,

Eq, = XnZBHZ(siK_ﬁsiBi)ZH((H gm)( Xni SiSjQi'QD)
1= =1 m=1

p<i<j

i=1
}

#{1,2,..p

where we have defined the functions Y; and g; as,

1 l
i=1 gi
g = (1+5 Hgk with go = 1.

After integrating out all the @);’s using (2.3.13) we finally get the exponent of the
integrand in (2.3.8) as

Eq, =) B+, <§lYl—1 + SZBZ)Q- (2.3.15)

=1 =1
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Integrals over t;

Let us first expand the term in the parentheses in (2.3.15), and with the help of

(2.3.14) we get

Eg, = S(+8F)B+ 3 (5:5:5,%)(Bi - B;) (Il2)- (2:3.16)
i=1 1<i<j<n 9i9; =1
where
=2 n -1

F=1+ g( > 5] 9. (2.3.17)

Next, we will apply Symanzik star formula (A.1.3) to our integral (2.3.8) in order to

obtain the Mellin amplitude M (d;;).

Let us recall that B;’s are given as ) t;F,, so the exponent of the integrand would
only have terms quadratic in ¢ coming from expanding the B? and B; - B; terms
in (2.3.16)°. Using (A.1.3), we can see that the full result of the Witten diagram

integral gives,

7Th o +ico n Cs
A - (g(n))nﬂw/dézj 1T T() (Pz'j)&j/_ H(Q(jril)"

1
AL -3 .
2(2mi) 2n(n=3) 1<i<j<n ico =1

x ((H pet o) 2 2hypin o a) 22 i, 41-2.)3,18)

2 2

where we introduce a new notation M(k;, ¢;) and call it as the Mellin integrand which

In the embedding formalism, Py, = —2P, - P, and P? =0
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Is given as

d ld i ; d;
kZ,CZ / S; as; h+cz+a15h cﬁ-az(gl) (1+3§Fi) , (2.3.19)

1 S 5

such that the Mellin amplitude can be given in terms of the Mellin integrand as,

+ico n dC
)

<H AB +(h+Cz)—2h))

Cico e 1 (2mi)™ 1 2
< T “(h;@') 21 fa (e Mk, c3). (2.3.20)

Note that in the Mellin integrand M(k;, ¢;) we have used k; instead of d;;, and recall

7R
that dij = k?z : k’j.

Furthermore, a few words about the exponents a;,b; and d; are in order. With
respect to the iy, propagator in Fig. 2.2, a; is the product of the momenta flowing
through the propagator ¢ from both sides. So according to our convention of Fig. 2.2,
where K; is the sum of all momenta of the fields contained in the block B;, i.e.

K=k + ... 4 kgyn_1, we get

(K- Y Ko) = K2 (2.3.21)

The exponent b; is the sum of all possible products of the momenta flowing through

the propagators connecting the propagator ¢ on the s; side i.e.

bh=—( Y K- K,), (2.3.22)

m,nF£i,m#En

while d; is the sum of all possible products of the momenta flowing from the other
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direction, namely s; side,

recall that Ap, = >>.cp, A;.

Integrals over s; and 5;

The integral M(k;, ¢;) in (2.3.19) can be greatly simplified using a set of transforma-
tions which are the generalization of the transformations used in [11]. Firstly, we

rescale s? by a factor of Fj, then (2.3.19) becomes

gz h+c; +az

d d hteita;
M(ki, ¢i) H il h+cl+az(1+sf)di / L F spcitaighi (9.3.94)

T
S

Then we can make a set of consecutive transformations on 3’s, to simplify the integral

further,

5 - (2.3.25)
X2
€T —
2 1 -+ il
T
T, —
T
xrT —

(I+a)(1+x3)...(1+ )

Tn—1
1+,

Tn—1
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Under the above set of transformations we find that g;, F; and z;(or 5?) transform

as,

1+ noxs
g — —ZnH L (2.3.26)
L+ 2z
(T +a2)(1+ Z?:i—&-l ;)
1 + Z;l:l Q?j ’
ri(1+ X5, x5)
,’L',L' — oy n .
(T+ 2 ) (L + X @)

F;

We also find that the exponent of (14 37_;,, x;) is given by

h+ci+ai1+h—c1+a

h 7 7 h_i 7 — — _ _
+c¢ +a; + ¢ +a +b¢)—( ; +b¢71),

( 2

and this vanishes when we use the definition of a; and b; from (2.3.21) and (2.3.22).
Hence all the terms of the form (1 +>%_,;,, x;) do not have any contribution to the

exponent. Finally we are left with a very simple integral given as

h—c;+a; h4c 1+ i

M(ky, ;) = H dsz h—i—cz—iraz(l_’_S )d /dajle S (14 2y)”

X

1+Zw(729327

where ¢ = (X ¢; — (n — 2)h).

The s; integrals give the Gamma functions,

d ds; n T(hteitaip Ap,—ci—h
H % ’”Cﬁ*‘m sk = ] (5 A)B(_ ) (2399
i=1 I(=5—)
where we have used the fact that k? = —A,; and also the definition of a; and d; from

(2.3.21) and (2.3.23)to get the final form of the result.
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To perform the w; integrals, we will do a series expansion of the factor (14 37_; ;)9

n (2.3.27) as

a+i%V:: Z IIq+Zm] ﬁ (2.3.29)

Then the x; integrals can be performed easily, which leads to

dx; h=citai htcita; n
i1 /x r, 2 (Ldw) 7 (14 ) )

j=1
h — h — n n
N R e e e O R DU U RS
2 2
n F(cl)F(%)
X . 2.3.30
izl_Il F(h—i—c;—f—m) ( )

So the Mellin integrand (2.3.27) is now given by the product of (2.3.28) and (2.3.30).

We can now do the final integration over the ¢ variables to get the Mellin amplitude,

M(ky) =/_ - (H de - (c)T r(2e: ta- h))r((” Z DM X Gy @)8.31)

iOOil 2

As pointed out in [11], we can do this integral by determining the poles in the
kinematics, namely, the a;’s and their corresponding residues. They can be determined
by pinching of the contour by two poles, ¢; = £(A; — h) from fa,(c;) and ¢; =
a; + h + 2n; from F(W) with positive integer n;, for each ¢; integration. The

above mentioned residues can be cast in a simple form and we can write the full
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result for (2.3.31) in the following form,

o AL A 1A Ao An n— vAnn n n
M) = 3 (TLPOVa g Vol e eyt .3)

[Tll, 7nn]
ny,...,np=0 i=1

where the simple poles in a; can be read off from the terms, appearing

1
a;i+(An,;+2n;)°
in iP,L

One may worry about other possible poles, including the poles +¢; = Ap, — h +

ABi jicl*h

5——), and the pole from F(%) Firstly the pole from

2m from I'(

(n—2)h—zi Ciy . . . .
['(—5=) is canceled by (—¢)y~,, in the Lauricella function, and as for the
other pole, we note that after pinching off ¢; = —(Apg, —h+2m) with ¢; = a;+h+2n,,

this pole is canceled out by F(ABZ%) in I5(c;).

Furthermore, it has been argued in [12] that the correlation function in Mellin space
has good behavior at large a;, and poles and the corresponding residues are enough
to determine the whole function, so (2.3.32) is the complete result of the integral

(2.3.31), and it leads to the Feynman rules stated earlier in section 2.

For a ¢™ theory, there are also vertices with less than n off-shell legs. In fact one
can have vertices with n, (n—1),...,1 and 0 off-shell legs. We can obtain the results
of these cases from the vertex with a maximal number of off-shell legs in Fig. 2.2
by taking some of B;’s to be a single leg connecting directly to the boundary. The
result of this Witten diagram can be obtained by simply removing s, and s, and
noticing that for a single leg on the boundary we have (t,,P,)? = 0. If we take m out
of n B;’s to be single legs, the result is actually in the same form of the ¢"~™ theory,

as one would have expected.
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7 Z

Figure 2.3: A vertex with all off-shell legs in arbitrary Witten diagram.

2.3.3 General case

Let us consider the most general case of a maximal off-shell vertex in an arbitrary
Witten diagram in a scalar ¢” theory, as in Fig. 2.3. Here, the off-shell leg )y,
is connected to the set of on-shell fields in the block named Z; with k =1,....,n
via many propagators and vertices. All these intermediate propagators and vertices
are collectively denoted by the blob attached to (). We also assume that we had
already done the @) integrations for all the propagators inside each blob connected
to the block Z; and the contribution from this to the exponent in the integrand of
the 5,3, and c integrals is labeled as BZ. We note that this quantity depends on the

variables s,s associated with all the propagators in the blob of the k;, block Z; and
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all the t, P,’s associated with the on-shell fields contained in this block,” but most
importantly it does not contain the variables associated with the propagator @)y i.e.

s, and Sy.

We note that Fig. 2.2 is a special case of Fig. 2.3 if the k;;, blob contains only one

maximal vertex of ¢™ theory with (n—1) on-shell legs and then BZ = By.

Now it is obvious that just as in the previous section, the contribution to the Mellin

exponent after doing the integrations over )y to J,, can be written as,

n

Eg, = Y_(Di)* + Y (5471 + s1B7)

4 =1

2
9

(2.3.33)
where
Yz = Zi(nk:lgk)sﬁiﬂz (2.3.34)

and Dy is defined as follows. Since the Q; to @, integrations affect the form of BZ,
obtained from the previous () integrations, at each step of these integrations we will
get some complicated functions which we denote as D;;. We note that these do not
have any dependence on the s and s variables associated with the maximal vertex
and are not of any interest for the remaining calculation®. The other definitions
being the same as in (2.3.14). Even though, it seems that this situation is much
more complicated than before we note that none of the BZ’s depend on the s; and
5i’s associated with the vertex under consideration and moreover the Bf’s are also

linear in the ¢, P, € Z; and hence we can apply Symanzik star formula, to perform

"We will label all the variables associated with the propagators in the blob with a primed index.
8In Appendix. B we do a specific example of a general Witten diagram and there we also give
an explicit form of these D;’s for that special case.
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the t; integrals, as before by expanding the square. Now, let us focus on the second
sum in (2.3.33) and since it has the same form as (2.3.15), the analysis is similar
to the one in the previous section but with a few added subtleties. In particular,
when applying Symanzik star formula, the contributions from the BZ - B]-Z term will
be same as that of the B; - B; term before, with ¢ # j, but the contributions from

BZ . BZ would be different from the analogous term in the previous section.’

So all of the analysis in the previous section still holds as we can isolate the integrations

for this particular vertex and write the Mellin integrand as,

M(k;) = / dsV(s / dsﬂ 95 shtertaighmeta; b H H;(s2F;, 5)2.3.35)
=1 Si Sj

where we denote [ dsV(s) as the integrals irrelevant to the vertex. Even though

H;(s?F}, s) can be a complicated function, for the s and s relevant to the vertex

we are interested in, they are always of the form S?Fj. So we can rescale s? by a

factor of F; for i = 1,2,...,n,'” and after rescaling, H;(s?F;, s) will be included in

the irrelevant integral [ dsV(s). So at the end we arrive at the integral related to

the vertex we are interested in i.e. the 5 dependent part

d ds; n —h+c;+a;
/ s | VO (2.3.36)

=1 Si i=1

which is exactly the same as the § part of the integral in (2.3.24) and hence gives

the same form of the maximal off-shell vertex.

9 The reason is that some terms in BZ - BZ could mix the contributions from the first sum,
> (Dir)?, in (2.3.33), however there is no such kind of mixing for the term of the form B - BjZ,
because there cannot be any term in Y, (D;/)? to have this form, since the ith blob had never
talked to jth blob before.

ONote F,, = 1, so when j = n there is no rescaling.
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2.4 Flat space limit

In this section we consider the flat space limit of the Mellin space Feynman rules.
We will show that these rules give rise to the usual Feynman rules for scattering
amplitudes in the flat space limit. This limit can also be considered as a consistency
check of the AdS Feynman rules. The flat space limit corresponds to the large ¢;;
behavior of the Mellin amplitudes. As had been discussed in [31] and [12], in this
limit the Mellin amplitudes are related to the S-matrix in flat space by the following

relation'!
M(aij)z/ dﬁﬁ%ZAi_h_le_ﬂT(pi-pj:2ﬁ(5ij), o> 1, (2.4.1)
0

where T'(p; - p; = 206;;) is the flat space S-matrix as a function of the kinematic
invariants p; - p; and 3 is an integration parameter. We will study the case of large ¢;;
limit with A; fixed. In order to confirm that the AdS Feynman rules indeed reduce
to the usual flat space Feynman rules of ¢" theory in this limit, we only need to

show that

S Mn,....n,) = (_21)%(;2&—}1—5), (2.4.2)

where 3,4 M(ny, ..., ng) related to the Mellin amplitude by

M) ~ Y M. n) [ ]:2 (2.4.3)

(i} i=1

HNotice it is slightly different from Eq. (127) in [12], because we define the Mellin amplitudes by
a different normalization factor.
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where k% is the propagator, s is the number of propagators, and the summation over
{n;} become clear shortly. The above equation (2.4.2) follows directly from (2.4.1)

by using the definition of the flat space massless scalar scattering amplitudes.

We will use the AdS Feynman rules (2.2.3) to compute the left hand side of (2.4.1).
As in the case of ¢* theory [12], we can always start from the bulk propagators closer
to the external legs in the Witten diagram and perform the sum over {n;} recursively.

To do so for a general ¢" theory, we need the following identity, which will be proved

shortly,
i VO WO (ng) ... VO (ny )W (0 ng,, ..., ng,, 79)4‘4)
Ty My 55Ty, =0 Pn11Pn12 "'P”Im
= ) - E2 A D ED e m),

where P, = —2n!'(1 + A, +n — h), and V) (n;) denotes the vertex with one
off-shell leg where this leg is labeled as n;, and we follow a similar logic to define
Vet (ng ng,,...,n5,.,n,), which denotes the vertex with (m + 1) off-shell legs.
Finally, the summation in Y A; indicates the sum over all the external on-shell legs.
The identity (2.4.4) can be proved by performing the summation in the following
order: first we sum over /;, the summation variable in the Lauricella function Ffln)

then the corresponding ny,, next we do the sum over I, then n;, and so on. At each

step of the sum we can apply the identity,

5 (@nB)n _ (e=b)-a (2.4.5)

We note here that ((m +1) — > A

-~ 4+ Ay, )n, in (2.4.4) has the same dependence on
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n, as VW (n) does. So the summation on n, in a general Witten diagram can be
done by applying the above identities again. At the end of the day, we will be left
with a sum involving only factors of the form of V(!)(n). It can be shown that the

answer for the final sum of any Witten diagram is indeed given as Eq. (2.4.2).



Chapter 3

Star Integrals, Convolutions and

Simplices

3.1 Introduction

In the last chapter we have discussed that the correlation functions of Conformal Field
Theories (CFT’s) in AdS/CFT at strong coupling have properties analogous to flat
space scattering amplitudes in an auxiliary space called Mellin space, first introduced
by Mack [59, 58] and further studied in the works [81, 41, 42, 43, 95, 96, 97]. An
application of this formalism in the context of flat space conformal integrals has
appeared in [14]. In this context we will now discuss multi-loop scattering amplitudes
of N'= 4 supersymmetric Yang-Mills theory with SU(N) gauge group in the planar
(N — o0) limit . As we have reviewed earlier such amplitudes possess a remarkable

set of symmetries, superconformal and dual superconformal symmetries which close

46
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onto a larger group of Yangian symmetry.

One of the important outcomes of using these symmetries has been the tremendous
progress in our knowledge about the structure of multi-loop amplitudes. As mentioned
earlier, the integrand of the theory has been constructed recursively by using this
symmetry. It is now understood that the dual conformal symmetry invariant loop

integrals need to be understood much better.

A very interesting application of the Mellin space formalism is in the context of
flat space conformal integrals and has been introduced in [11]. In particular, it was
shown that a large class of conformal integrals—including those corresponding to
position space correlation functions in ¢* theory, which correspond to various kinds
of box integrals—have a very simple Mellin representation which can be constructed
in terms of Feynman rules. Using these, it is straightforward to see that there are
simple integro-differential relations between various kinds of multi-loop integrals and
lower loop ones, all the way down to a set of basic building blocks: the one-loop
n-gon integrals in n dimensions, also known as the n-point star integral. These
relations generalize various differential relations between integrals of different loop
order which have long been very useful in the study of scattering amplitudes (see in

particular [98, 99, | for some recent examples relevant to SYM theory).

These results suggest that it is of pressing importance to understand the star integrals
in detail (a close relative of our star integrals, with massless external legs but massive
propagators, has been studied and evaluated explicitly in several cases in [101]). In
this note we take some modest steps in this direction. Firstly, it has been realized that
such integrals compute volumes of simplices in hyperbolic space [102, , , ]

(a different relation between amplitudes and volumes has been explored in [106, 31]).
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We can therefore use Schlafli’s formula, which determines the differential of the
volume of an (n — 1)-simplex in terms of the volumes of (n — 3)-simplices (a motivic
version of Schlafli’s formula [107] has been similarly applied to compute symbols of
star integrals in [108]). As one application, we integrate the formula explicitly to find
the d = 5 pentagon integral. The result is remarkably simple, being simply a sum of
logarithms with unit coefficients. The d = 6 hexagon and d = 8 octagon are addressed
next. In these cases finding the full answer appears much more difficult (some special
cases of the d = 6 hexagon have been explicitly evaluated in [109, 99, , 111]) and
we will content ourselves with finding analytic results when the external kinematics
are restricted to two dimensions. We apply the results of the recently developed
spline technology for loop integrals [105], which tells us that in such kinematics, these

integral can be written out as sums of box integrals with determined coefficients.

The fully massive d = 6 hexagon (d = 8 octagon) integral plays a role in determining
the fully massive double (triple) box integrals in four dimensions. The relation of
the d = 6 hexagon to the double box has been worked out in [14]. In this note we do
the same for the triple box and the octagon. We find the former is given as a double
integral of the latter. Crucially, the hexagon and octagon integrals being integrated
over are ratios of polylogarithm functions divided by certain square roots. We argue
this has implications for the class of functions in terms of which higher loop integrals

can be expressed.

This chapter is organized in the following way. In Section 3.2 we review general ideas
about Mellin amplitudes and the consequences of the existence of Feynman rules
for Mellin amplitudes. Namely, we discuss the connections of multi-loop Feynman

amplitudes with products of Mellin amplitudes, and its implications for the position
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space results. We stress that from this it is clear that we need to have a better
understanding of n-gons in n dimensions or the “star" integrals to understand the
fully massive loop integrals of N = 4 SYM. In Section 3.3 we discuss these star
diagrams in more detail reviewing some known results as well as presenting some new
analytic results for pentagons in five dimensions. For more complicated diagrams
like the d = 6 hexagon and the d = 8 octagon it is very difficult to get explicit
results for general kinematics. So, in Section 3.4 we extensively discuss the analytic
results for 2n-gons using a restrictive kinematic localized in two dimensions. We do
this by using the technology of splines to simplify such computations and present
explicit results for two examples, the d = 6 hexagon and the d = 8 octagon. In
Section 3.5 we determine the representation of the triple box integral as a double
integral of the d = 8 octagon. Both in this case and for the double box, the integrand
has a square root in the denominator which we know explicitly. We study various
kinematic limits which tell us whether or not one should expect to see elliptic, or
even more complicated, functions rather than the generalized polylogarithms which
are much more familiar in multi-loop computations. Our results agree with the
analysis of [112]. Some details about our results for the d = 6 hexagon and the d = 8

octagons in 2d kinematics are collected in the Appendices B.
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3.2 Mellin amplitudes refresher

3.2.1 The Mellin amplitude

The multi-dimensional Mellin transform formalism was introduced in the work of
Mack [59, 58] and quickly applied to both AdS/CFT [11, 12, 13, 95, 96, 97] and flat
space calculations [11, |. The Mellin transform can be applied to any conformally
invariant function of several points x;, with given conformal weights A;. This could
be a conformally invariant correlation function or a conformally invariant integral
(in applications to SYM theory scattering amplitudes, these are usually called dual
conformal as a reminder that the relevant conformal symmetry is that in momentum

space, rather than position space). For instance, we can write

(Pa, (1) -+ DA, (20)) = /[d&ij] M (6;) ﬁ I'(d:5) xl-_f” (3.2.1)

1<j

where z;; = (z; — xj)2 and the J;; parameters satisfy the constraints

> 6 =0, 0i = —A,. (3.2.2)

i#]
The function M (6;;) is usually called the Mellin transform of (¢, (1) - - - da, (2,))-
After solving the constraints, the integral becomes an ordinary multi-variable Mellin
transform in terms of n(n — 3)/2 independent variables. The integration is over a
set of complex variables ¢;, each running from —ico to +ioo along an appropriate
contour. The constraints (3.2.2) guarantee that the variables z;; in the integrand
combine into cross-ratios, thereby imposing conformality. It is important to note

that the constraints can formally be solved by introducing a set of Mellin momenta
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k;, satisfying momentum conservation, Y, k; = 0, such that

This parametrization provides some intuition for the d;; parameters. In fact, in
practice it is convenient to work with Mandelstam type variables, s;, ;, = — (ki +

oot kz’p>27 €.g. S12 = —(kl + ]{72)2 = Al + Ag - 2512.

3.2.2 Feynman rules and convolutions

In [11] a subset of us found that Mellin transforms of the kind of (dual conformally
invariant) integrals that appear in SYM theory scattering amplitude computations
have an extremely simple form. Consider for example a momentum space diagram
whose position space dual is the same as a position space correlation function in ¢*
theory (three examples are shown in Figure 3.1, with the dual graphs shown in blue).

The Mellin amplitude is obtained from the dual graph by the simple rules:
e To each external leg associate a Mellin momentum k; such that k? = —1.
e Momentum flows through the diagram being conserved at each vertex.
e To each internal leg with momentum & associate a propagator 1/(k* + 1).
In other words, the Mellin amplitude looks just like a momentum space amplitude

for massive ¢* theory, with m? = 1. This 1 is nothing but the canonical dimension

of ¢, A =(d—2)/2 =1.
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Figure 3.1: The one-, two- and three-loop ladder diagrams (black) and their corre-
sponding dual tree diagrams (blue). The external faces of the former, or equivalently
the external vertices of the latter, are labeled x1, x», ... clockwise starting from x;
as indicated.

According to these rules we have, for example, the following very simple results for

the Mellin amplitudes of the box, double box, and triple box integrals shown in

Figure 3.1:

j:ﬁ — M =1, (3.2.4)
j::( — Y (3.2.5)
1- 8123’ o
1 1
— M= , 3.2.6
j:X:I:C 1 — 5123 1 — s567 (3.26)

The Feynman-like rules nicely express Mellin amplitudes as products of simple factors.
We can use this to our advantage since a product in Mellin space maps back into
position space as a convolution of the individual position space expressions. That is,

suppose we have two functions f(z), g(z) with Mellin transforms M7 (s), M9(s),

T T

Mf(s):/o Oogxsf(x), Mg(s):/O OOd—g[;szcsg(:n). (3.2.7)
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Then the position space representation for the product M7 (s)M9(s) is

hz) = f;; MY ()M 5527” / Y M)

+o0
- / dyy (W)g(x/y). (3.2.8)

Accordingly, we can split the computation of higher-loop integrals into two steps:
first we compute the position space expression corresponding to the Mellin transform,
which is just a product of propagators; and the second, more difficult step is to
evaluate the position space expression of the product of I' functions appearing
n (3.2.1). But the latter is nothing but the same as computing a diagram whose
Mellin amplitude is M = 1, which corresponds to the n-legged star graph, examples

of which are shown in Figure 3.2.

In SYM theory amplitude calculations we are also often interested in diagrams with
various numerator factors. These can be translated into Mellin space as differential
operators acting on the Mellin amplitude. Therefore we expect that a large class
of integrals which appear in SYM theory scattering amplitude computations, to
all loop order, can be expressed as integro-differential operators acting on just one
class of elementary object: the n-point star integral in position space ¢" theory, or
equivalently the one-loop n-gon Feynman integral in n dimensions. This makes it
clear that studying these objects is an important first step in understanding the

analytic structure of a large class of multi-loop integrals.
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Figure 3.2: The ‘star’ graphs for n = 4,6,8, in blue, correspond to the one-loop
box, hexagon, and octagon integrals in d = 4, 6, 8 respectively. These are the basic
building blocks for many integrals relevant to multi-loop scattering amplitudes in
SYM theory since each one is simply M = 1 in Mellin space.

3.3 Star integrals

It is convenient to use the embedding formalism [60, 61]. This amounts in practice
to defining d + 2-dimensional null vectors PM to describe d-dimensional coordinate

vectors x*, via
pM = (P*,P~,P") = (1, z? , ah). (3.3.1)

It is casy to check then that Pj; = —2P; - P = (z; — x;)* = ;.

The n-gon star integrals are defined by

dip 1 “Q 1
™ = : 3.2
/ imd/2 g (v; — x)? / ind/? H —2P;- Q) (3.3.2)

They are simply related to volumes V(=1 of ideal hyperbolic (n — 1)-simplices [102,

, , ] according to

™. (3.3.3)
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Let us now consider the first few cases.

Triangle

It is straightforward to do the integral directly in this case, and one finds

w0

—_— 3.3.4
VP12 Pi3 P ( )

Using formula (3.3.3) above this gives V(2 = 7, which is indeed correct: the area of

a hyperbolic ideal triangle is precisely equal to 7.

Box

The simplest non-trivial star integral is the first one in Figure 3.2, corresponding to

the four-dimensional box function. The result for this well-known integral is given by

_ Lig(ey fw) = Lip (1252 ) + Lis (502 ) — (04 = 2-) 335
j:C B \/det 22, o

in terms of

1
Ty =g (1 +uy — up /1 — 2uy + ud — 2up — 2uquy + UE) (3.3.6)

and the two cross-ratios

2 .2 2 2
_ 1137 _ T12%3 (3 3 7)

2 2 2 2 ¢
T142323 T14223
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The numerator in (3.3.5) is nothing but the Bloch-Wigner function (see e.g. [101]),

which indeed is known to compute the volume of an ideal hyperbolic tetrahedron.

Pentagon

The next-simplest case, not shown in Figure 3.2, is the one-loop pentagon integral in
five dimensions, which as far as we are aware has not been explicitly evaluated in
the literature (the one-loop pentagon integral in four dimensions has been evaluated

in [111]). Surprisingly, we find that it takes a very simple form.

The pentagon integral corresponds to the volume of a hyperbolic 4-simplex. Such a
volume depends on five cross-ratios, which in turn are built out of the five coordinates

x;. Let us take concretely

_P14P23 u—P25P34 u—P13P45 u_P15P24 u—P12P3
- ) 2 — ) - ) 4 — ) -
Pi3 Py, Py Py’ 0 Py P PPy’ PP

U

3.3.8)

To obtain an expression which only depends on cross-ratios we consider the rescaled

integral

I® = \/Pis Piy PoyPosPss I®. (3.3.9)

The computation of the volume is most straightforwardly done using Schlédfli’s
formula. The formula relates the differential of a hyperbolic simplex in terms of
its co-dimension 2 simplicial faces and associated angle differentials—since each
co-dimension 2 face is defined by the intersection of two hyperplanes (which lie along

co-dimension 1 faces), there is therefore an associated angle. This angle can be
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represented in terms of the vectors normal to said hyperplanes.

More concretely, if we have a simplex whose vertex representation is given by the
P; vectors, its hyperplane representation is given in terms of vectors W; which are
normal to these hyperplanes. In particular, W; - P; = ;5. In terms of these we can

write Schlafli’s formula as

dVi

SV (—1)* dlog

i<j

o Wi W+ (W, - W;)2 = W2,
-~ 2i(k—1)

2
~’ (3.3.10)
Wi - Wy — (Wi - W;)2 — W22

? J

where V((dzf )2) corresponds to the volume of the d — 2 simplex spanned by all the P

vectors except for the pair P, P;.

This formula is particularly simple in the case & = 4. In this case the V(;_s) become
volumes of ideal hyperbolic triangles. But this is simply ! The integration of
Schlafli’s formula depends on the kinematic region under consideration. We work in

the Euclidean region where all (z; — z;)? are positive, and if we define

} det -Pij
2 Pig Piy PoyPys P35

= 1 — [ur(1 — uz(1 4+ ug) + uguj) + cyclic] — uyuguzuqus, (3.3.11)

AG) —

then for A®) < 0 we have
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and using (3.3.3) this gives

Njw

Wi Wy — /(W W7 = W

J

Wi W+ (W, - Wy)2 — W2W?

o= (—1)" log (3.3.13)
2v—AG) (1§§§5

J

The pentagon has a cyclic permutation symmetry under the action of g : u; — w;y1.

We can then finally write the remarkably simple and manifestly symmetric form:

. 3 _/—AB) VAN
=" _(14+g+g+g+g" {log (T = ) (S = )%.3.14)
2/ —AG) r+vV=A® ) \ s+ V-AG
with

L (=) —us) —w(2- U32— Ua — Ugls — Uzla F “1“3u4>, (3.3.15)

1 —us)(1 — —uy (1 —2
5 = (1 — us)(1 — upus) — ug (1 + us — 2ugus + ug + usuqus + u1u4>(.3.3.16)

2 A/ Ui1Us

Hexagon and beyond

Using Schléfli’s formula (see [107, 108] for further details), one can easily express the
differential (or, if one likes, the symbol) of the n-dimensional n-gon integral as a sum
of certain n — 2-dimensional n — 2-gons. However, it is in general a difficult task to
integrate this formula analytically. The structure of the differential equation makes it
clear however that it can always be expressed in terms of generalized polylogarithm

functions [107]; in particular,

e 1> can be expressed in terms of functions of transcendentality degree n,

e and I®"*1) can be expressed in terms of functions of degree n — 1.
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One way to understand the apparent inconsistency of the transcendentality counting
in the two cases is that the odd-dimensional integrals always contain an overall factor
of /2, as we saw explicitly for the pentagon in (3.3.14). Taking this factor into
account, the m-dimensional m-gon integral always has total degree m /2. We remind
the reader that all generalized polylogarithms of degree less than 4 can be expressed
in terms of the classical polylogarithms Li,,, so non-classical polylogarithms first

appear in the d = 8 octagon integral (for general kinematics).

We turn now to the d = 6 hexagon integral, which has received attention in the
literature [109, 99, , , | in part due to its interesting relationships (via
differential equations) to other integrals relevant to SYM theory scattering ampli-
tudes [99]. However it remains an interesting outstanding problem to fully evaluate
the d = 6 hexagon in general kinematics, where the integral depends on 9 independent
cross-ratios (we present a choice of cross-ratios in Appendix B.1). To date the closest
we have to this is the analytic formula for the special case of the “three-mass easy”
hexagon [111] (an expression for its symbol was given in [10%]). In this case three of
the nine cross-ratios are set to zero. The formula presented in [111] therefore com-
putes the d = 6 hexagon on a six-dimensional subspace of the full nine-dimensional

cross-ratio space.

Motivated by the desire to simplify the evaluation of otherwise difficult integrals,
and by the vast body of recent work on SYM theory amplitudes in two-dimensional
kinematics (see for example [115, , , , ]), in this paper we therefore
carry out explicit computations of the d = 6 hexagon and the d = 8 octagon in 2d
kinematics. Here, due to Gram determinant constraints, the nine cross-ratios for

the hexagon (and the twenty cross-ratios for the general octagon) are constrained to
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take values in a six-dimensional (ten-dimensional) subspace of the full parameter
space. We present explicit parametrizations of the cross-ratios in terms of six (ten)
free variables in Appendices B.1 and B.2. Our result for the d = 6 hexagon in 2d
kinematics is in a sense complementary to that of [111] since the two six-dimensional
subspaces are disjoint inside the full nine-dimensional parameter space of the generic

d = 6 hexagon.

3.4 2n-gon loop integrals in 2d kinematics

3.4.1 Setup: splines

In this section we evaluate 2n-gon loop integrals in two-dimensional kinematics.
To do this we shall use the methods developed recently in [105] based on spline
technology, which the reader should consult for further details. With these, it can be

shown that the one-loop star integral (3.3.2) can be written in the form

1M =2 /]MD & T(X{P)) (3.4.1)

where the spline is defined by

+oo n

TR = [ [t (x - itim (3.4.2)

0

This expression follows by noticing that the spline is the Laplace transform of the
integrand. Here we are interested in 2d kinematics, so we set D = d+ 2 = 4. We

shall also only consider even-dimension integrals and therefore set n — 2n. The
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computation of the spline depends on the various linear relationships between the
P;’s. Here we shall assume that the vectors are generic, i.e. that every set of four

vectors spans IM*.

Under these conditions the spline can be written as a sum of terms, each corresponding
to a particular linearly independent set of vectors. Not all such sets need be considered
though. It is sufficient to take the set B of so-called unbroken basis, which for generic
kinematics amounts to the set of basis which include the vector P;. To each such
basis, b, there corresponds a piece in the spline, which is therefore made up of
N = (n—1)!/(n —4)!3! terms. Each term is labeled by its unbroken basis, b, and

the coefficients can also be easily computed. In this manner we find

(b) 2n—4
T(X;{P}) =" (Wi X) X (X)
7 pen 11271 Wl(b) . P® /det bTh

)

(3.4.3)

Some explanations are in order. Firstly, E(b) denotes the ith vector not in the basis

b. Secondly the vectors W are defined by

7

w® . p =5, VP eb. (3.4.4)

)

We can think of b itself as a matrix whose columns are the vectors P, € b. This
allows us to compute the determinant. Finally, x () (X) is the characteristic function

of the cone spanned by the vectors in b, which can be written as

xi(X) = [Tew” - x). (3.4.5)

%
=1

To proceed we must evaluate the Gaussian-type integral in (3.4.1). We could evaluate
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it directly, since the spline is homogeneous in |X| = v/—X?2. This would give us a
sum of integrals of X polynomials over AdS tetrahedra. However, instead of doing
this we can use the presence of the exponential to integrate by parts the terms of the
form W - X. At the end of this procedure, there are no such factors left, but there
are however several types of terms, depending on how many times we differentiate
the characteristic functions y)(X). In particular, one set of terms does not involve

derivatives of at all:

(b) n—4
oo = DR s (W) o X0 L g
252 St w® . PO Sy VdetbTh

This is interesting, as the integrals above are nothing but box integrals, with four
external legs P; corresponding to the elements in the basis b. Accordingly, the kind
of terms above are simply a sum of box integrals, namely dilogarithms. In contrast,
the ... represent terms which have an even number of derivatives of x()(X). We
have explicitly checked that all such terms cancel between themselves for n = 3, 4.
To understand why, notice that those terms involve for example integrals over lines
in AdS, which leads to single logarithmic terms. In order to have an expression of

uniform transcendentality, it must be that these terms actually add up to zero.

3.4.2 Applications: hexagon, octagon, and beyond

To see in detail how we can perform the computation of these coefficients, let us set

n = 3 and consider the particular basis made up of elements Py, P, P;, P;. We then
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have
P (280.M _ G%PQPéVP:fPf
' eapcpP{' Py P§ PP
(w,2)” SVNP Py 1 Py Py p PAPE PC
= — ABC y s , 2+3 44 (2 4 7)

(W= ) (W0 p) — 0M50 PoaPanPypPioPd PPPIPD

with 5;‘;;;;;‘;3 the totally antisymmetric product of N delta functions. It is important
to notice that this expression, when multiplied by the inverse of \/m, will have
total homogeneity —1 in each of the vectors P;. Although we have focused on a
particular term, this is a generic feature. It guarantees that, if we multiply I, by
P14 Py P3g, each term in the sum is separately conformally invariant, and can hence be
written in terms of the nine cross-ratios of a conformal six point function (though we
must keep in mind the result is only valid for 2d kinematics, which imposes non-linear
relations on these cross-ratios). We give a choice for these in Appendix B.1, together
with a 2d kinematics parametrization for them in terms of 6 independent variables

Xi,i=1,2,3. In terms of the latter, we can write the contribution of the particular



64

basis (1234) to I as

. (2n — 4)1! X1 X2 X1
72 (e (D) (e o ()

:)
(xf +1) (xf —ny) (x§+1)2
(dt O =)+ (03 +xd =i (d +1)))

-
B = 2Li (Xl X3>+2L12 (’fl_ X3_>+
X

X

X XB+...,

X3 — X3
og (xf (=) (a + 1))

(a =) (0@ —x3)
X — X1 i —xi), ™
log (Xl_ (X;[ N 1)) log <X2+ — X:J{) + 3 (3.4.8)

Overall, there are a total of ten such terms. The total result is too cumbersome

to reproduce here, but in the online version of this note we include a Mathematica

notebook with the full result.

The computation of the d = 8 octagon integral in 2d kinematics is entirely analogous
to what we have just done. There are now a total of 35 terms in the spline, each
corresponding to a box integral with a certain coefficient. The d = 8 octagon
depends on 20 cross-ratios which in 2d kinematics can be parametrized in terms of
10 independent parameters. The details of this kinematics have been included in
Appendix B.2. The full expression for I® for the d = 8 octagon have been included

in the attached Mathematica file since it is very lengthy.

It is straightforward to consider generalizations of the results above and consider 2n-
dimensional integrals in 2m kinematics, for n > m+1. Under such circumstances one
finds the 2n-dimensional integral decomposes (for generic 2m-dimensional kinematics)

into a sum of (2n—1)!/(2n—2m)!(2m —1)! 2m-integrals with well defined coefficients.
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For instance, the general even-dimensional integral in 4d kinematics is given by

(b) 2n—6
2n — 6)!! W X
oo - 2 2> > v 2@ =on Xo) | (3.4.9)
2n- pen 110 W - P Jwe Vdet bTb

For the d = 8 octagon the number of unbroken basis made up of six vectors is 21

and accordingly the d = 8 octagon is a sum of 21 d = 6 hexagon integrals.

3.5 Elliptic functions and beyond

3.5.1 The double box

One of the motivations for this work was to make an attempt to begin exploring
integrals which evaluate to functions outside the class of generalized polylogarithm
functions. Elliptic functions of this type have been encountered before in explicit
QCD computations [119], and have been argued to appear in SYM theory as well
starting with a double box integral contribution to the 2-loop 10-point N*MHV

amplitude [112].

Using the convolution tricks explained in Section 3.2.2, it was shown in [11] that the
3 to 3 exchange diagram in position space of ¢* theory, which is the same as the
double box Feynman integral, can be expressed as a one-fold integral of the 6-point
star (the d = 6 hexagon integral):

o0 duf

[373(U1,...,U8,U9):/ . j(G)(Ul,...,UIS,Ug). (351)
usg 8
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with I©® = 22,22.22. 1 and the double box integral,

Iy — / d4$.ad4$b 1, 75573 _ (3.5.2)
7 (im?)  23,03,203,2 7378, Toy

Thanks to our results in Section 3.4 we are now in possession of a simple formula
giving the d = 6 hexagon in 2d kinematics. One therefore may hope that this should
suffice for determining the double box in the same kinematical regime. However
the formula above demands that the integration is done keeping all cross-ratios
fixed except one, and it is easy to check that this is impossible in 2d kinematics,
since the number of independent cross-ratios in this case is reduced because of
Gram determinant identities. It is somewhat unfortunate that in order to recover a
lower-dimensional kinematics result we have to take a detour through the full, generic
result. Similar remarks hold for higher loop integrals: although we are only interested
in 4d kinematics at the end of the day, our convolution formulae nevertheless require

a detour through a higher-dimensional regime.

The symbol of the fully general d = 6 hexagon is known [107, 108], but it is rather
complicated, and integrating it in general remains an interesting open problem. Since
obtaining the full result seems to be currently out of reach, what can we say about
it? Well, firstly we know what form the final expression has to take. We know that
the d = 6 hexagon integral is related to the volume of a 5-simplex living in an Ad.Ss
submanifold of AdS;. Denoting this volume by Vs, we have from formula (3.3.3)

(and neglecting numerical factors):

Vs

\/det xfj

1) (z;) ~ (3.5.3)
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Schlafli’s formula tells us that the differential volume of the 5-simplex is fixed entirely
in terms of that of the 3-simplex, and from this we know that the result will take

the form

\/det z7;

where in the numerator of course Liz() is shorthand for various terms of the correct

(3.5.4)

transcendentality, such as Lis()log(),log() log()log() and ((3), with complicated

functions of the cross-ratios as arguments.

Our expression for the double box integral then becomes

oo dug Lig(...) + ...
I33(u;) = / 8 () : (3.5.5)
us  Ug vV A(6)
22,
with A©) = (x%jzgw. In general, A® is a third-order polynomial in us,
A©) = [4 u1u2u5u6u7u9ug + lower-order terms in ug| . (3.5.6)

Therefore, if any three cross-ratios are set to zero (and both ug and uy must be
included in the three), then the determinant necessarily reduces to a second-order
polynomial in ug. This is important, since the order of the polynomial determines
whether we should expect elliptic functions to appear in the final expression for the
double box after integrating (3.5.5). Indeed, if we get rid of the polylogarithms for a

second, the integral

dus

/ ugy/(us — a)(us — b) (us — c)

(3.5.7)
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leads to elliptic functions for generic a, b, c. If any pair of roots degenerates, or if
the polynomial becomes second order instead of cubic, we would obtain logarithms
instead. Because of this, it seems almost certain that the final integrated expression

for the double box will contain elliptic functions, in general kinematics.

Let us look at a particular limit of the general kinematics where we actually expect
to start seeing the elliptic functions in the final result. For the d = 6 hexagon the
“minimal massive" case where we go beyond polylogarithms would be the case of 4
massive legs. Say we have z2, = 0 and 22, = 0. In this case we have uz = uy = 0,
and as argued above this is the largest number of vanishing cross-ratios we can have
while staying within the realm of elliptic functions. This configuration is exactly the
case appropriate to the 10-point double box integral shown in Figure 6 of [I12]. Now
if we further set the other cross-ratios (apart from wug) to some constant, generic
values, then (3.5.7) certainly gives an elliptic function, so we would expect the same
to be true for the double box in (3.5.5). However any other case with a smaller
number of massive legs only gives polylogarithms, never elliptic functions, because
for such cases the polynomial inside the square root degenerates from cubic to at
most quadratic order. It might be interesting (and certainly easier) to derive the
hexagon integral with ug arbitrary, us = uy = 0 and all other cross-ratios set to
some carefully chosen kinematic values. This would be sufficient to plug into formula

(3.5.5) and check if elliptic functions actually do occur there.
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3.5.2 The triple box

Let us now consider the triple box integral. In the dual position space this looks
like a tree-level diagram involving 8 particles and two internal propagators (shown
in Figure 3.1). Accordingly we expect it to be given by a two-fold integral of the

8-point star integral. This is what we shall proceed to show just now.

To begin with, we need a basis of cross-ratios which can describe a conformally
invariant function of 8 points. For fully generic kinematics (in general dimension)
we expect 8 X 5/2 = 20 independent cross-ratios. We list a choice of such cross-
ratios in Appendix B.2.1. Next, we consider the Mellin representation of the triple
box. According to the rules we set out in Section 3.2 it is the product of two
propagators. Once the constraints (3.2.2) are solved, we get an ordinary multi-

dimensional transform in terms of the 20 independent cross-ratios. In this way we

find
+ico /20 . 1 8
I353 = L X 1 T(6;5)- 3.5.8
3,2,3 /_Z,OO (Zl_[l 271 ) (2 + 2012)(2 + 209) 11;[] ( J) ( )
with
P 1 / dz,dzydz, o (3.5.9)
323 = 7 . e
4 (277-)3 "L‘%a x%a x%a xib x%b x%c x%c x%c xc2zb x%c

For the reader’s benefit we provide in Appendix B.2.2 an explicit formula for the

product of 28 I'-functions written out in terms of 20 independent variables ¢;.

We don’t need to display all those details here since we already know that the position

space expression corresponding to the product of gamma functions is nothing but
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the d = 8 octagon integral. We have therefore only to compute the (much simpler)

position space expressions corresponding to the propagator factors. For instance,

/-l—ioo dC12 U?QQ . @(1 — 'LL12) (351())

i 20 2(1+c12)  2up
with O(z) =1 for x > 0, and zero otherwise. In this manner we conclude that

1 +o0o +o0 ~
[ [ e 5D
U2 J g u12

[3,2,3(U1, . ,Uzo) = U
9

with I® = 22,2322 22,1®). Of course, this equation can be turned around to write
a (very simple) differential equation expressing the octagon as a second derivative of

the triple box.

Finally let us remark on the d = 8 octagon integral. It is again given by the volume

of a hyperbolic simplex, and accordingly we have something of the schematic form

- Lig(...)+ ...
IO () = =2 3.5.12
() = 22 3.5.12
€ CE2
with A® now given by MW. Of course we emphasize that the numerator
15726737748

will be a linear combination of (generalized) polylogarithm functions of degree four,
including not just Lis() but also for example Liso(), Lia()Liz(), etc. If we evaluate

the determinant, we find

3 2,,2 2,3 3

A®) = (ugud, +..) (3.5.13)

2
U13 U14 UTe U18 U19

where the ... stands for terms of lower degree in ug or uis. For general kinematics

the first integration with respect to ug will make elliptic functions appear, while it is
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reasonable to expect that (again, in general kinematics) the second integration will
lead to an even more complicated class of functions, beginning as we see at three

loops.



Chapter 4

Generating tree level amplitudes

in N =4 SYM by Inverse Soft

Limit

4.1 Introduction

It has been known for a long time that, for gauge theories and gravity, under the soft
limit scattering amplitudes of any number of external particles reduces to amplitudes
with one less number of external particle times an universal soft factor[120]. It is an
amazing fact that amplitudes of gauge theories and gravity behave nicely under the
soft limit. The study of soft limit of scattering amplitudes in field theories has been
remarkably successful in understanding their structure. In fact, soft limit (as well as

collinear limit) have been extensively used as strong constraints for helping to fix

72
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the scattering amplitudes [121, , , , , , ; , 10, 17, ; ].

In recent years there had been a surging interest in understanding how to build up
amplitudes by adding particles starting from an amplitude with lower number of
particles, which is exactly the reverse mechanism of taking a soft limit. So, under this
paradigm, also called the “Inverse Soft", the soft behaviour of scattering amplitudes
are just enough to restrict the structure of amplitudes. This phenomenon was first
observed and suggested in [15, |, where the scattering amplitude was described
in terms of the Hodges’ diagram representation [132], and later was introduced as
one of the important ingredients in the Grassmannian approach to the scattering
amplitudes [133, , 27, 28, , , , , 30, |. For the applications of
Inverse Soft Limit (ISL) in understanding various aspects of the scattering amplitudes
in N = 4 Super Yang-Mills (SYM) theory and N = 8 super gravity as well, see for

instance [140), , ; , ; .

Moreover, it is known that from the point of view of the Grassmannian, ISL [131, 28]
is a natural way of constructing Yangian-invariants [19]. Since tree-level amplitudes in
N =4 SYM are Yangian invariant we should be able to construct these amplitudes by
the above mentioned ISL, but unfortunately a systematic way of doing this had so far
eluded us. In this paper we address this issue. In a recent paper [116] some progress
had been made in carrying out this program for few simple non-supersymmetric
amplitudes in N =4 SYM. This process is related to the two particle factorization
channel of BCFW recursion relations. In this paper we generalize their results and
show that all superamplitudes in N = 4 SYM at tree level can be constructed by
an explicit prescription of ISL, namely by a systematic way of adding a series of

particles to lower-point superamplitudes to arrive at higher-point superamplitudes.
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By analysing and examining the BCFW diagrams carefully, we are able to obtain
recursion relations of how to construct an arbitrary BCFW diagram by adding
particles from any side of that diagram, consequently any arbitrary amplitude will
be ISL constructible in a concrete way. It is clear that the amplitudes constructed
solely by adding particles not only have manifest Yangian symmetry, but also make

the soft limit transparent.

The ISL in N = 4 SYM is closely tied to the ideas of Grassmannian formalism, Hodges’
diagrams, as well as Yangian invariance, and indeed the amplitudes constructed
by ISL are guaranteed to have Yangian symmetry, as we mentioned. However the
canonical configuration for adding particles obtained from the proposed recursion
relations is quite independent of those ideas. In fact our way of adding particles can
be straightforwardly generalized to another interesting class of physical observables,
the form factors [117], for which all of above mentioned ideas may fail. So the ISL
prescription constructed in this paper is quite general. On the other hand, the fact
that ISL can be applied to the form factors may indicate that there might also exist
hidden symmetries in form factors. In fact, indeed the tree-level solutions for form
factors resemble the tree-level solutions for N =4 SYM theory [118], which is known

to be manifestly dual conformal invariant.!

This chapter is organized as follows. In Section 4.2 we review the idea that two
particle factorization channel of BCFW recursion relations is related to the notion of
adding a particle to a tree amplitude in N = 4 SYM by ISL. We also present a few
non-trivial examples of constructing amplitudes using the ISL method. Then we move

on to section 4.3 where we determine the canonical configuration for adding particles

'We would like to thank Gang Yang for the discussion on this topic.
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to construct BCFW terms, and consequently a concrete prescription to generate
any tree level superamplitudes of N = 4 by this method is given. This canonical
configuration takes the form of a set of recursion relations where we can generate a
higher point configuration from lower point ones. In section 4.4, the BCFW shifts of
a BCFW diagram have been shown to be in one-to-one correspondence with certain
multiple shifts in the ISL picture. We go on to extend the ISL paradigm to construct
form factors of N =4 SYM in section 4.5. Example using our recursion relation and
discussions on the extension of the ISL method to gravity amplitudes and ISL in the

momentum-twistor language are presented in the Appendix C.

4.2 Two-particle channel BCFW and ISL in SYM

4.2.1 Inverse soft factors and shifts

In [140] it was shown that the notion of adding a particle to a tree-level amplitude by
ISL is related to the two particle factorization channel of BCFW recursion relations.
In this section we review and extend their results for the supersymmetric BCFW
recursion relations. Before we proceed let us mention that we would be using the

symbol (1 n] to denote the following BCFW shifts

o= A — 2 (4.2.1)
)\ﬁ = 5\n+2’5\1,

Na = M+ 20,
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and [1 n) to denote the parity flipped version of the above shifts, namely

M o= A -2\ (4.2.2)
)\;L\ = )\n + Z)\l;

T = T — 2.

We note here that we encounter two different BCFW diagrams for two particle
factorization channel, and we will soon explain that they correspond to the cases
where we add a positive and a negative helicity particles to a lower-point amplitude
in the non-supersymmetric case, which are respectively called k£ preserving and k
increasing inverse-soft operations in the supersymmetric case (see the discussion in

Appendix A.), here k denotes the degree of R-charges of N\ MHV? amplitudes.

Let us start the discussion with (1 n] BCFW shifts, see Fig.(4.1), we have

~ —~ ~ 1 ~
A[, 203, ,71) = /d41713AL(1,2, —P)—Ag(P,3,...,7). (4.2.3)

512

Note that because of the particular choice of the BCFW shift, the three-point
amplitude A L(I, 2, —15) must be a MHV amplitude, namely the parity flipped version
of the maximally-helicity-violating (MHV) amplitudes. It is straightforward to find

that this BCFW diagram can be written as,

A,2]3,--- 1) =84(n12)Ar(2,3,...,7), (4.2.4)

2The meaning of this notation will become clear shortly.
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2 3
MHV AR
i n

Figure 4.1: BCFW diagram of two particle channel corresponding to adding particle 1.

where the soft factor 8, (n 1 2) is defined as,
n

Here the primed particle labels, 2’ and n’, represent the following shifts on particles

2 and n,

U0 PSR i) P
Ao — Ao + wAl, Ay — A\, F (n2) Ai; (4.2.6)
(1n) (12)

Tlo — 12 + <2n>7717 Mn — Tin + <n2>771

The shifts ensure the momenta and supercharge conservation after adding particles.
As indicated in 8 (n 1 2), this case will often be called as adding a positive particle

1%, although we are dealing with a supersymmetric amplitude.

A similar calculation for the parity flipped version of the previous case i.e. for (4.2.2),
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2 3
MHV Ag
1 f

Figure 4.2: BCFW diagram of two particle channel corresponding to adding particle 1.

see Fig.(4.2), leads to another kind of soft factor, which is given as

[n2] (1]~ [12]

S = G ™ ™)
1 4
:‘Wﬁﬂ@?GM%+mm+mmm (4.2.7)
with the following ISL shifts
" " 2n] [2n)]

We note that [n[17i[21]2] is the soft factor for removing a negative particle, while the
extra fermionic delta function takes care of increasing the R-charge. Moreover the

higher-point superamplitude we get by adding particle 1~ is given by

AT,203,...,72) =8_(n 1 2)A(2, ..., (n— 1),n)), (4.2.9)
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again 2’ and n’ indicate the shifts on 2 and n according to (4.2.8).

Let us conclude this subsection with remarks on how to generate general BCFW
diagrams with multiple-particle channels according to ISL. It is clear that the previous
discussion only allows us to rewrite BCFW diagrams with two-particle channel in
the ISL form. To deal with a BCFW diagram with a multiple-particle channel, some
attempt has been made in [116], where the goal is to build up a general BCFW
diagram by adding particles to a two-particle-channel BCFW diagram. For instance

let us consider a typical BCFW diagram for the [1 n) shift,
_ 1 ~ -
Ap(1,2,--- ,m, P)ﬁAR(—P,m—H, -, n—1,n). (4.2.10)

The idea is to start with a two-particle-channel diagram, which we know how to

write in the ISL form,

AL(l,m,ﬁ);AR(—ﬁ,mle, o ,n—1,n)=8(n 1 m)Agr(m/,m+1,--- ,n—1,7n).
(4.2.11)
We then build up the full subamplitude A (1,2,--- ,m, 15) gradually by adding
particles between 1 and m. A priori it is not guaranteed that A (1,2,--- ,m, ]3)
can be constructed in this way. And indeed in the non-supersymmetric case, it
was checked in [110] that only few simple amplitudes can be constructed in such a
way. From our previous discussion on the relation between ISL and the two-particle-
channel BCFW diagram, we have seen that it is very natural to consider ISL for
the superamplitudes in N = 4 SYM theory. In fact, supersymmetry provides a huge

advantage as we will show in the following sections that one can actually construct

full superamplitudes in N = 4 SYM solely by adding particles according to ISL. Let
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us state our final result here before we proceed further.

We can proceed in the above mentioned way and generate any tree-level super

amplitude in N =4 SYM theory by ISL and this can be schematically written as,

=> (II82) Hs’ s (s i+1,n), (4.2.12)

LR L

where summation over ¢ is according to BCFW diagrammatic representation of the
amplitudes. The products on §; and Sz and summation on L, R are determined by
a set recursion relations (4.3.32) and (4.3.33) which we propose in the subsequent
sections to generate the configurations of particles that had to be added on both
sides of a BCFW diagram to generate the BCFW diagram. And finally 8, i’ and
n' are used for the fact that the particles are shifted according to the rules of ISL,

namely Eq. (5.1.1) and (4.2.8).

4.2.2 Examples

Before we consider the general procedure for adding particles, let us consider a
couple of simple examples to illustrate the idea of ISL. The first case we would like
to consider is MHV amplitude. As per the general philosophy we will start with a
three-point amplitude and gradually build up the full amplitude by adding particles.

Let us consider five-point amplitude first, one way of doing this is following:

e We start by adding the particle 17 to Aypy(345) in order to generate Ay (1345) =

84+ (513) Anmv (3'45), where the shifts are according to (5.1.1). To show this
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we note that,

58 31 T3 A P
Ay (1345) = (53) ( (A + Aams + 5775))

(51)(13) (34)(45')(5" 3
O (Aim1 + Asms + Aama + As7s)

= ADEHERG (4.2.13)

where we simplified the supercharge conserving delta function by Scouten iden-

tities.

e Our final goal Axymy(12345) can be obtained by further adding 2~ to Ay (1345),

Avro(12345) = 8_(123) Ay (1'3/45)

8 (m[23] + ma[31] + 13[12])0° (32; Aimib)
- napsBanspyas o A

where 1" and 3’ are shifted according to (4.2.8). We simplified the supercharge

conserving delta function by using the fermionic delta function from S_.

One can continue the process and add a negative helicity particle to (4.2.14). One
particular way we are using here, as the five-point case, is to add 2~ between 1 and

3 to the five-point amplitude Asmrr(13456) and we get,”

585 Ami) 04 (10 [34] + 1 [41] + na[13])6* (1 [23] + 1ma[31] + 1s[12])
([12]]23] ... [61])[1 3]4(5 6)*

Asre(123456) =

(4.2.15)

30ne of course could add particles in a different way, the answer would be in a different-looking
form.
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Similarly a compact general formula for n-point MHV amplitudes can be obtained

by continuing to add 2~ between 1 and 3,

(SN TTS 0 (mfii 4 1] + i + 11] + miga [14])
a (n—=1n)* T, [id 4+ 1) TI 1)

Ay (1,2,-- ,n)

(4.2.16)
Likewise the more familiar Parke-Tarlor formula for MHV amplitude can be built up

by adding positive particles.

Another example we like to consider is a particular BCFW diagram for a n-point

amplitude with, say, 6-point MHV on one side of the BCFW diagram, namely,
_ ~ _ 1 _ ~
A(12345|6---n) = Aymv(1,2,3,4, 5, P)ﬁAR(—P, 6,---,n), (4.2.17)

where we did not specify AR(—IB, 6,---,n), in fact it can be anything, as we will
discuss in section 4. It is easy to check that this BCFW diagram is equivalent to the

following ISL expression,
A(12345]6---n) = [SJF(345)S+(23'5’)8+(12'5”)S,(n1’5’”)}AR(5”", <e,n'), (4.2.18)

where ¢’ means it is shifted once according to the rules (5.1.1) and (4.2.8), " means

shifted twice, and so on.
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4.3 Recursion relation for adding particles

4.3.1 MHV

We have seen a couple of examples of applying ISL to get amplitudes and BCFW
diagrams, in this section we will present a systematic way of constructing a BCFW
diagram by adding particles one at a time. Let us warm up with the simplest case
when the BCFW diagram has a MHV amplitude on one side, see Fig.(4.3). We will

state the results first and will explain them shortly.
For (1 n] BCFW shift, namely Fig.(4.3.a) the way of adding the particles for this
case is given as

{17,27,3%, .-+ (m—1)"}, (4.3.1)

the notation means that we add particle 17 first, 2 second, and so on until (m—1)".

Just to simplify the notation, we define it as
Ay = {17,273, (m—1)*}, (4.3.2)

where A stands for “Adding particles" and superscript (m) denotes adding all possible
particles labeled by 7 such that ¢« < m. We note here that in fact the ordering of the
particles 3%, -+, (m—1)" is not important, which is generally true that the ordering

of the same helicity particles are not important.

Similarly when we have Aypy(1,2, -+ .1, ]3) on one side of a BCFW diagram, namely
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ot >
N
=

(a) (b)

Figure 4.3: (a): For the (1 n| shift we add particles {1,...,m — 1} on the left side
of the first diagram to make it AYHV(1,... m, 16) while the subamplitude Ar on the
right can be of any type.

(b): For the [1 n) shift we add particles {1,...,m — 1} on the left side of the first
diagram to make it AYHV(T, ... m, P) .

for the [1 n) BCFW shift, see Fig.(4.3.b), we add the particles as

K1(\:;3\/ = {1_72+7"' 7(m_1)+} (433)

The above two statements can be understood as follows: let us first consider the [1 n)
shift, by construction we add the particle 1~ first, and by counting the fermionic
degrees for a MHV amplitude there must be one and only one negative particle, so

the rest of the particles must be positive and hence we are led to (4.3.3).

Similarly for the other case, AMHV(T, 2,---,m, ]3), since the first particle now is 17,

then the next one added must be negative and the remaining should be all positive.

>
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We have proved the results of both cases, (1 n] shift and [1 n) shift explicitly by

comparing with BCFW recursion relations.

In fact, the BCFW recursion relation in momentum-twistor® is already in the ISL
form for this simplest case we are considering. The tree-level BCFW recursion

relations in momentum-twistor is given as”

Mn,k(L" : 7n) - Mn—l,k<2u T 7n)

+ Z []+1 j 21 n]MnL,kL(TjJrla e >j7 [j+1)MnR,kR([j+1aj+17 e 7(74)‘34)

nRr,kRr;j

where nyp +ng =n+ 2,k + kg = k — 1, and the shifts are given as

L = (12)NGI+1n), s = (i+1) (n12). (4.3.5)

For the special case we are considering, namely when the amplitude on the left-hand-
side is a MHV amplitude, we have M,, &, (111, - ,J,Ij4+1) = 1, and Eq. (4.3.4)

reduces to

Mnk(17 7”) = Mn—l,k(27"' 771)

+ Y [+l 21 n)My,k,(Lj41,5+1,--- ,n).  (4.3.6)

ngr,kR;j

It is quite clear that the first term M, (2, --- ,n) can be interpreted as adding a
positive particle 17, while the second term is corresponding to {17,27,3% -+ (j—

1)*}, which is exactly the same as we described for (1 n] shift.

4For a simple review on ISL in momentum-twistor space please see appendix.
®For more details about BCFW recursion relations in momentum-twistor and beyond tree-level,
please see [28]. For comparison we have done reflection on the original formula, namely « — n—a+1.
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When M, &, (TjH, -++,J,1j+1) is beyond MHV, the BCFW recursion relations (4.3.4)
can not be so simply interpreted as ISL. Instead we will apply our results from MHV
case to motivate the recursion relations for adding particles. It allows us to extend
this program where our goal is to find a canonical configuration for adding particles
to construct one side of the BCFW diagram when that is a general (m + 1) point
amplitude. In the next couple of sections we motivate the systematic method of
achieving our goal for the cases of next-maximally-helicity-violating (NMHV) and
next-next-maximally-helicity-violating (NNMHV) amplitudes on one side of BCFW
diagrams and finally in the subsequent section we give our general result for the

N*MHYV case.

4.3.2 NMHV

In this section we consider the case when we have a NMHV amplitude on one side of
a BCFW diagram. Let us start with the case when one side of the BCFW diagram
is Anmuv (1,2, ,m, f’), and we will denote KI(\%\L/)[HV as the way of adding particles
for this case. To be a NMHV amplitude, m must be greater than 3. When m = 4,

one can easily check that the right way of adding particles is
Ay = {17,2%,3" 43.7
NMHV — { ) ) } ( o )

To understand the general case, let us first study the relevant (m + 1)-point NMHV

amplitude. The BCFW diagrams contributing to this amplitude are given in Fig.(4.4).

Let us consider the two BCFW diagrams in the box separately. For the first BCFW
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(a) (b) (©)

Figure 4.4: (a): For the [1 n) shift we add particles {1,...,m — 1} on the left side of the
this diagram to build up AYMEV(T ... m, P) while Ag on the right can be of any type.

(b, ¢): These are the corresponding BCFW contributions to the (m+1) point subamplitude
ANMEV i (a).

diagram in the box, Fig.(4.4.b), we have

~ 1 ~ —
C,Mm = 17P)7AM7HV(_P7m7m+1)

ANMHV (T7 27 o P2

(4.3.8)

We note that the subamplitude Axymv (1,2, ,m —1, ]3) can be viewed as built up
by adding particles according to K&”ﬁ;&& So the particles added at the last (m—2)
steps for K&WQHV are fully determined for this contribution, namely all particles
appeared in K%[Hl\), except 17. After those are determined, we are only left with
the particles (m — 1) and 1. By construction the particle 1~ must be added at the
first step, and the particle (m — 1) must be positive. Putting all these together the
analysis shows that if there is a ISL way of rewriting this BCFW diagram, the way
of adding particles for this case is given as

{17, (m — 1), A (K}, (4.3.9)
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where we use Kl(\IT’Iz/I_Hl\)/ (¥*) to denote all the particles appearing in Kl(\?;/[_Hl\), except 17.
Then let us consider the other contribution to this amplitude, Fig.(4.4.c),

A (T,2, - ,z’,ﬁ);AMHV(—f’,iJr 1o m+1). (4.3.10)
From previous section we know how to add particles when one side of BCFW
diagram is a MHV amplitude. For the MHV amplitude on the left-hand-side,
Avuav(1,2, -+ 4, }3), the corresponding way of adding particles is given by K&)HV ();
for Ay (—P,i+1,- -+ ,m + 1), it is given as {m~, (i+2)*,--- , (m—1)*}, however
we should note that one cannot add particle m in any step. So after m™ is removed

this may be denoted as
R Al (520)] (4.3.11)

where R is a rotating operation, which does the cyclic shifting, a — a + 1 for any a
appeared in A&ng\f) (1*27), and R~ mean we rotate the numbers (i — 1) times, i.e.
a — a+1— 1. So from this analysis we learn in what order the particles should be
added for the last (m — 3) steps and after this is done now we are left with only the
particles 1, i and (i + 1). The order of their addition can be determined from the

knowledge about the case of m = 4, Eq. (4.3.7), which is simply {17,i%,(: +1)"}.

In conclusion, if there is a ISL method of constructing this BCFW diagram, we find

that the way of adding particles for this case must be given as

070 G )R AR 052)] A ()} (43.12)
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We can combine R~ [A%{_\p (12— )} with (i41)~ and nicely arrive at R*~! [A(MmH_\fH) (¥ )} :
Putting all these together, we reach a recursion relation of adding particles for the

case of having a NMHV subamplitude on one side of BCFW diagram

—(m) _ —-—(m-1) ,. _
Anvry = {1 ’(m_1)+?ANMHV(1 )}

£ S R BT ] A @), (1313)

With the results from MHV case, it is straightforward to solve this recursion relation

and find the general way of adding particles for this case which is given as

m—11i—2
—(m) _ . . . _ . .
ANMHV = Z{l ) (m - 1)+’ T 72+7j+a (] + 1) ) (.7 + 2)+7 ) (l - 1)+}
i—4 j—2
m—2

+ > {1 it G+ 1), G +2) e m =) 2T (= 1))

= Zm: {1_7 (m - 1)+v e 7i+7j+7 (] + 1)_,R+}, (4314)

where we use R* to denote rest of the particles, namely particles except {1, (m —
1),-+-,4,7,(+1)}, and they are all positive. There is no need to specify the ordering
of these particles in RT, since the ordering of adding the same helicity particles is

not important.

Similarly we can motivate the recursion relations for the other kind of BCFW shift
(1 n|, namely the parity flipped version of the previous case, and we will denote it as
A&”K/}HV, see Fig.(4.5). The BCFW diagrams relevant to this (m+1)-point NMHV

amplitudes are given in Fig.(4.5.b) and Fig.(4.5.c).

Again because of the knowledge of MHV amplitudes, the second case, Fig.(4.5.c),
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m m+1 2 3 I I+ 1
= ’// ’// N ’//
1 n 1 m+ 1 1 m+1
(a) (b) (c)

Figure 4.5: (a): For the (1 n] shift we add particles {1,...,m — 1} on the left side of the
first diagram to build up AFMHV (1,...,m,P) while Ag on the right can be of any type.
(b, c¢): These the corresponding BCFW contributions to the (m + 1) point subamplitude
ANMEV from (a).

leads to the following way of adding particles

{1+, R! (4.3.15)

A 0] Al 0,

or {1+, i , (i + )", (i+2)", -, (m—1)",27,3",--.

(i —=1)"}

As for the contribution from the first diagram, Fig.(4.5.b), let us look at some
examples first. For the lowest case, when m = 5, from the 5-point NMHV amplitude
appeared on the right-hand-side of Fig.(4.5.b), we can easily determine that the last
particle added should be 4=. After this one is fixed, we are left with a m =4 MHV
situation, which should have {1%,27,3"}, so we finally get

{17,27,3" 47}, (4.3.16)
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and we note that the above formula can be nicely rewritten in a suggestive way as

{1727, R

AQun )]} (4.3.17)
Explicit calculations on higher-point cases show that this pattern preserves. So the

result for this case is actually determined by ANMHV, and the way of adding particles

can be simply summarized as

{1727, R

ANMH\)/(Y/)] }- (4.3.18)

This allows us to write a recursion relation of adding particles for this case, which is

given as

~

Al(\lnlt/}Hv = {1+ 27,

A ()

£ S 2 B 0] A0 (@319

=3

It is also not difficult to solve the recursion relation, and we find the general way of

adding particles for this case,

—_

m—

Al(\lnlz/}HV = {1+7i_7(i+1)+7"' 7(m_ 1)+72_7R1F}

~
w

3
|

—_

1—1
+ {1t,27,(m—-1)*

Jj=3

T (l + 1>+7j+7 (j + 1>_7 R;}(4320)

~.
W~

where R; is again used to denote particles left over in the corresponding curly
brackets.
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Figure 4.6: (a): For the [1 n) shift we add particles {1,...,m — 1} on the left side of the
first diagram to make it ANNMUV(T . m, P) while the subamplitude A on the right

can be of any type.
(b, ¢, d): In these three diagrams inside the box we consider the three different BCFW
contributions that are possible for the (m + 1) point subamplitude AYNMEV from (a).

4.3.3 NNMHOV

In this section we will study the case when we have a NNMHV subamplitude on
one side of BCFW diagrams, as one more example before generalizing the recursion
relations for a general N¥MHV case. To understand the ISL for this case, we need to
study the corresponding NNMHV amplitude, which are given in the box of Fig.(4.6).
We will use the knowledge from previous discussion to determine which particles
should be added at certain last steps, consequently it motivates us to obtain the full

recursion relations. Let us now study different contributions separately.
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For the first BCFW diagram in the box Fig.(4.6.b), namely

]. =~ —_—

Axnnvmv (1,2, -+, (m—1), ﬁ)P Ay (=P, m,m+1), (4.3.21)

the same as NMHYV case, it is quite straightforward to convince oneself that the

particles should be added for this case is given as,
_ m—1
{17, (m = 1" Ay (7)) (4.3.22)

It is also not difficult to determine how the particles should be added for the second

diagram Fig.(4.6.c), which is given as
{1t R AR 0] AR () (4.3.23)

where the subamplitude, Axyuv (T, - - ,ﬁ) in this BCFW diagram, contributes
Kl(\gvmv(,l/) As in the case of Eq. (4.3.12) and (4.3.13), the contribution from
Amiv(=P, -+ ,m + 1) can be combined with (i+1)~, and finally leads to Ri~! [Al\ﬁ{\;ﬂ)(ﬂ)}

in the above equation.

Finally let us consider the contribution of the last diagram in the box Fig.(4.6.d).
Let us study this case by starting from the simplest case when m = 5, on the right-
hand-side of this BOFW diagram, we have Axymv(—P,3,4,5,6). From Al%idHVu we
understand that this amplitude can be constructed by adding particles {67,57,47},
which means that the last step of ISL is to add 47, as a consequence, if there is a ISL
for this BCFW diagram, the particles added before 4~ should be {17,2%,37}. In
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conclusion for this simplest case we find that the way of adding particles is given as,
{17,27,37,47}, (4.3.24)

which can be also be written as
17,25, R [AQue ()] Bt ()}, (4.3.25)

where K@HV()/ ) is of course just empty.

Similar analysis and explicit calculations of higher-point cases show that this pattern,
Eq. (4.3.25), can be extended as a general result. As the above formula indicates,
for the general case, the contribution from Fig.(4.6.d) leads to the following way of

adding particles,
{17, R ARG 0] Ay ()} (4.3.26)

So gathering all the informtion so far we arrive at a nice recursion relation for this

case, which is given as

(m—1)

KI(\ITKI)MHV = {1_7(m_1)+7KNNMHV(Y/)} (4.3.27)

b S R A ] B ()

=4

o
Il

3 , i
+ 3 R AR )] A ()

1=

3
\

[\

Now let us concentrate on the parity inversion of above case, namely the (1 n] shift,

see Fig.(4.7). It is straightforward to determine the last two type BCFW diagrams,
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are given as the following sum,
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Figure 4.7: (a):For the [1 n) shift we add particles {1,...,m — 1} on the left side of the
first diagram to make it ANNMIEV(T . ]3) while the subamplitude on the right can be
of any type Ag.
(b,c,d): In these three diagrams inside the box we consider the three different BCFW
contributions that are possible for the (m + 1) point subamplitude ANNMHV " from (a)

Fig.(4.7.c) and Fig.(4.7.d), in the box of Fig.(4.7) by the same analysis as the case of

[1 n) shift. The ways of adding particles determined by these two BCFW diagrams

(4.3.28)
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While for the contribution from Fig.(4.7.b), after examining lots of non-trivial
examples, we again observe, as in the case of NMHV amplitudes, that it is determined

by lower-point KI(\?&;/III){V with an action of R, namely

(17,27, R

Aty (F )} }. (4.3.20)

In summary that the final recursion relation of adding particles for this case is given

as

~

m - +(m—1)
ARy = 11727 R (A 0]} (43.30)

el i1 [=(m—i+1) ~(4)

+ Z{1+,i_,RZ_1 Ay )| Ay (F) Y
=4
i i1 [(m—it+1) ~ (%)

+ Z{ﬁai_aw_l Axvny (/1/)} , ANy ()}
i—3

4.3.4 N‘MHV

In this section we will generalize the above recursion relations for the previously
studied special cases to any kind of BCFW diagram of N = 4 super amplitudes. In
this case we want to determine how to add particles when we have a BCFW diagram
with Ay (1,2, -+, P) (and Axeymy (1,2, -+, P) for (1 n] shift) on one side of

the BCFW diagram.

The way to determine the ISL for this case, namely the [1 n) shift, is to analyse
the corresponding N*MHV amplitude, which is given by Fig.(4.8.a). By considering
Ani-ivav(1, 2, -+ 4, ]3) and ANk—lMH\/<—ﬁ, (1+1),--- ,m, nT—i—\l) separately and car-

rying out a similar analysis as the simpler cases of previous sections, it is not difficult
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(b)

Figure 4.8: (a): Contribution to a (m + 1)point N*MHV amplitude for [1 m + 1) shift.
(b):Contribution to a (m + 1)point N¥MHV amplitude for (1 m + 1] shift.

to find that the way of adding particles for this typical BCFW diagram is given as,

{17, 0%, R ARG )] ARy (), (4.3.31)

which is a nice generalization of the special simpler examples we considered earlier.

The final recursion relation is also straightforward to write down, which is given as

ANkMHv = {1_( —1>+ Ag\ITZMlHV(Y/)}

k m—k+1-2

+ 3> {1 R ARSI )] AU Ly (P H4.3.32)
=1 i=l+2
(2forl=1)

Similarly for the case of (1 n] shift, Fig.(4.8.b), the recursion relation is given as,

R(m - «(m—1)
ARy = {1127, R [EGaw o))

(m k+1—1forl=k)
m—k+41—2

+Z >t R

i=l+2

——(m—i+1)
ANk lMHV(/]‘//>

AUy (P104:3.33)
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We would like to make a few comments on the above general recursion relations
before we move on. We note that, as in the case of simpler examples of NMHV
and NNMHYV cases, the recursion relations are in fact coupled, namely A" and
A are determined recursively by each other. This fact is of course very natural
since each BCFW diagram is made up of two subamplitudes (in left and right),
which can be constructed by A" and A0 separately. Although the pattern is quite
intriguing, we were not able to prove this general recursion relation. However lots of
non-trivial examples have been checked and we find that the amplitudes constructed
from our recursion relations agree with those obtained by BCFW. In Appendix.B we
present one such non-trivial examples and even more complicated cases had been
worked out and matched with the BCFW results numerically. Further it is easy to
convince oneself that [1 n) shift and (1 n] shift should be related to each other by
parity conjugation even though our recursion relations do not have manifest parity

symmetry. This is indeed true and we find that
+(m) 2 (m
Axivmy = [Al(\]m)—k—SMHV ) (4.3.34)

where P denotes the parity conjugation, namely it flips the signs of the particles

1t > 47, This fact serves as a strong consistency check on our recursion relations.

4.3.5 Amplitudes from ISL

We would like to conclude this section by summarising the prescription for construct-

ing any BCFW diagram in N = 4 SYM, for instance let us consider a typical BCFW
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term given as

~

AL(T1,2,--- i, P) 2AR( P i4+1,--- 7). (4.3.35)

P

One can start with a three-point amplitude Aspry(é,9+1,n). By construction the
first particle to be added is 17, which is added between i and n.° We then keep
adding particles between 1 and i according to the recursion relations of A% to fill
Ap(1,2,--- i, ]3) in the BCFW diagram, and separately AR(—]3, i+1,---,n) can
be filled by adding particles between (i41) and n by applying the recursion relation

of A=) with the simple replacement of k — n — k + 1 for the elements in Aln=9)

So in this way, any tree-level super amplitude in N = 4 SYM theory can be

schematically written in an ISL form,

= > (JI8%) HS’ smv(d i+ 1), (4.3.36)

LR L

where summation over ¢ is according to BCFW diagrammatic representation of the
amplitudes, while products on §; and Sz and summation on L, R are determined
by the recursion relation (4.3.32) and (4.3.33), finally 8, ' and n’ are used for the
fact that the particles are shifted according to the rules of ISL. Here we like to stress
that it is fairly easy to write down the actual amplitudes according to Eq. (4.3.36).
In particular in the language of momentum-twistor, according to Eq. (C.1.1) adding
a positive particle is fairly straightforward, in fact it does not change the form of the
lower-point amplitude at all. For adding a negative particle we just need to multiply

the lower-point amplitude with a R-invariant by Eq. (C.1.2), with some proper shifts

60r we could start with Anv(1,4,i+1), and the first particle to be added now is nt, between
(i4+1) and 1.
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on the corresponding particles, in Appendix B a non-trivial example is presented as

we had also mentioned earlier.

4.4 BCFW shifts from ISL

From the previous sections we have seen that we can construct any BCFW diagram
by adding particles according to ISL, where the canonical configuration for adding
the required particles is given by the proposed recursion relations in (4.3.32) and
(4.3.33). Now let us stress the fact that once we have determined the canonical
configuration to build a given BCFW diagram of our interest we use (5.1.1) and
(4.2.8) for shifting momenta and fermionic coordinates at every step of adding a
particle. For instance let us go back to the example we considered in section 2, i.e.

(4.2.17) and we recall here that

A(T2345(6, -+ , 7)) = [8,.(345)8,(23'5)8 . (12/5")8_(n1'5")| Ap(5"", - ,n').
(4.4.1)
If the BCFW and ISL form of A(1,2,3,4,5|6,---,n) have to match, as we had
claimed, then the following equality between the BCFW and ISL quantities need to

be satisfied, namely,
P=5"  a=n, and 1I=1. (4.4.2)

Using (5.1.1) and (4.2.8), it can be easily shown that for this particular example the
above equality holds. So here we see the very important fact that for adding particle

from one side of a BCFW diagram, say for example here the left, the ISL shifts only
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affect those particles in the right subamplitude Az which are adjacent to the Ay. In
this case they are 5 and n. So the ISL configuration obtained for one side is blind
to any configuration of particles on the other side and we will see this feature also
being true for more general BCFW diagram. For those cases too, a similar equality
between the BCFW and ISL expressions holds, as we will prove shortly. Let us first
state the form of this equivalence. Let us consider the case where we can construct a
BCFW diagram by ISL given in the following form,

ALT2 i, P) g AP (41), -+ 7) = ST 8) Anlin, (1), -+, (n=1), m,),
where the summation and products are determined by the proposed recursion
relations, and here we use the subscript s to denote the final shifted momenta
obtained from ISL. The soft-factors are of course shifted too, which we denote as §'.
The conclusion is that the following equalities between the ISL and BCFW shifted

quantities hold,
is=P, 1,=1, n,=n, (4.4.3)

where the equality implies that both the bosonic momenta as well as the corresponding

fermionic coordinate n’s satisfy the equality.

To be more precise, let us consider the shift of type [1 n), the result for the other

kind of shift (1 n| can be obtained by parity conjugate. For this case, we first add



102
17 to Ag(i,i+1,--- ,n) and particles i and n are shifted as follows

1 -

i — z’+mA1A@:(1+i)+
[in]

S14

(1]i[n]

S1i 5
A1,
(L]iln] "
AtAn, (4.4.4)

n — n-+

where s;; = (p; + p;)? is the Mandelstam variable. From the recursion relation,
(4.3.32) and (4.3.33), we observe that whenever a negative particle, j~, is added to
a lower-point amplitude there is always a positive particle, i* already in front of
it, being added at an earlier stage. When we say ¢ is in front of j it is in the sense
that these particles are cyclically ordered and hence ¢ < j. This implies that A\ in
above equation will not be shifted, since it can only be shifted by a negative particle,
which is added next to 1. The above conclusion precisely agrees with BCFW shifts

for [1 n) case, where only A\; and )\, are shifted.

By the construction ISL preserves momentum conservation, so it is straightforward
to see that Eq. (4.4.4) will lead to the following equation when we finish adding all

the particles,

. . 51244 X 5
s = (14+24+---+1)+ —M A\, =P,
( ) 124 +in]""
ne = n+ GV (4.4.5)
12+ +iln]

and we note that these are of course just the BCFW shifts for P and 7.

As for the fermionic coordinates, both 7; and 7, do not get shifted due to addition
of the particle 17, and 7, will never be shifted by further addition of particles. So

we see that there is no shift on 7,, which agrees also with the BCFW scenario.
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To determine the remaining shifted particles we can simply use the conservation laws,
since the action of ISL keeps momenta and supercharge conserved. So by momentum

conservation we get

512.-44

M. 4.4.6
124 ---+in]"" (4.4.6)

ly=—024+3+ - 4+@G@—-1)+i,=1+

The ISL shifts on 7;, can be similarly obtained by applying supercharge conservation,
Atsg + Aama + - 4 Apgln = M+ Aamz + -+ + Aty (4.4.7)

which gives us,

My =1 —@n =m - e

(4.4.8)

Both (4.4.6) and (4.4.8) agree with the results from BCFW shift of [1 n).

We now summarize the conclusion from the above discussion. Here we observed
that when we add the particles from one side (say Ap) of the BCFW diagram it
affects only those two particles from the other side (say Ag) which are adjacent to
this subdiagram (Ay). Moreover the effect of the successive ISL shifts on these two
adjacent particles are exactly equivalent to the appropriate BCFW shifts, which
ensures that the amplitudes constructed by ISL agree with BCFW recursion relation.
Furthermore, no other knowledge about the other side of the BCFW diagram is
needed, which would turn out to be very important for the application of our

discussion to form factors in the the following section.
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1 n 1 )

(@) (b)

Figure 4.9: (a,b): The two possible BCFW diagrams for the [1 n) shift where F' is the
form factor and A is the amplitude.

4.5 Constructing form factors

In this section, we will study another interesting object in N = 4 SYM, the form
factors. We would like to apply the ISL we have developed for the amplitude to form
factor as well. The object has been extensively studied in various aspects [119, ,
|. Before going to the discussion of ISL for form factor, let us give

Y Y )

a lightning review on form factors. We will closely follow the reference [151].7

The form factors are the matrix elements of a gauge-invariant, composite operator

between the vacuum and some external scattering states,

where (1,2,--- ,n| are the external states, |0) is the vacuum, and O(q) is a gauge

"For more details on form factors please see previously mentioned references.
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invariant operator carrying momentum ¢; by momenta conservation we have the sum
of the momenta of external particles > | p; = ¢, and ¢ is not null, namely ¢* # 0.
In N =4 SYM, one can consider supersymmetric form factors by supersymmetrizing
the external states as well as the operator. Here we can consider the full stress-
tensor T(x,6%,07) or we also allow considering the chiral part of the stress-tensor
T(x,0%) = T(x,0",0~ = 0),° which we will do here. After Fourier transformation,

the supersymmetrized form factor can be written as
F(g,v%1,2,---,n)=(1,2,--- ,n|T(q,v1)]0), (4.5.2)

where 7 is corresponding to the Fourier transformation of the fermionic valuable 6, .
One can compute this object by various methods, including the well-known MHV
rules and BCFW recursion relation. The supersymmetric BCFW recursion relations

for form factor is simply given as

~ ~

F(Q>’7+;1a27"' 7”) = Z [/d4nF(Q77+71727 ,m,P)A(—P, (m+1)7(47m3)

~

+ /d477A(172a , M, ﬁ)F(Q7’7+7_P7 (m+1>7 7ﬁ)]7

with the same usual supersymmetric BCFW shifts, see (4.2.1) and (4.2.2). The

BCFW diagram is given in Fig.(4.9).

For the case of MHV, it is straightforward to find the solution that form factor for

8We have used harmonic superspace, and the form of 7 is not that important for our discussion,
for the expression of T and details on harmonic superspace see for instance [155, ]



106
this simple case is given as,

Sy Nhi — @)t (0 Ny )t (S Ny —
(12)(23) - - - (n1)

)
FMHV<Q77+;1727'” 7n) = \454)

As one can note that except the conservation delta-functions, the above formula is
exactly the same as the famous Parke-Taylor formula for the scattering amplitudes.
And indeed form factors resemble many properties of amplitudes, in particular one
important property which is relevant to our discussion is that form factors have
exactly the same soft limit by taking external on-shell particles to be soft as the

amplitudes do.”

We observe that one side of the BCFW recursion of form factors is always given by
an amplitude as shown in Eq. (4.5.3). As we discussed in previous section that if
we add particles from one-side of a BCFW diagram, it is immaterial what is the
type of object on the other side of the BCFW diagram, so it is quite clear that
form factors can also be fully constructed by ISL. The idea of ISL we described in
previous sections for the scattering amplitudes can apply to form factors directly
without any essential modification. The way of adding particles for form factors is
precisely the same as in the case of scattering amplitudes, except that now we need
to add particles from both sides of BCFW diagrams, which is not a problem at all
because we have derived recursion relations for adding particles with two type of
BCFW shifts, namely T and 1. So for adding particles from left-hand-side of BCFW
diagrams of the form factor, it is exactly the same as the amplitudes. But now we
also have to add particles from the other side with the following simple replacement

rule, i — n+1—1. From the above discussion, we find that schematically the BCFW

90ne can also take the operator O to be soft, see the discussion in [152, 151]
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recursion relation of form factors, Eq. (4.5.3) can be written in a ISL form,

Flg,v51,2,m) = > (I8 F(g,7"51,2,-++ ,m, (m+1)') (45.5)
m;L,R R

+ (IS0 F (g m, (m+ 1), ,n—1,7)].
L

Let us consider a simple example to illustrate the above formula (4.5.5). As case of
amplitudes, we consider maximally non-MHV (MNMHYV) form factor, which was
considered in [157, 151]. Tt is a form factor with the self-dual field strength Tr(FZp)

and all negative helicity gluons states,

Fanwnv(g; 1, -+ n) = (1 n| Te(F3p)[0) | mnmmv, (4.5.6)

and the result of this special form factor is given as

n 4

ja 1) = 04> Ak — @) et 45.7
MNMHV(q ) (; Q) [12] . [nl] Ui n ( )

There is only a two-particle channel BCFW diagram for this case, so it is easy to see

that it can be written as an ISL form,
FMNMHV(Q§ 17 27 o ,TL) - 8—(n 1 2)FMNMHV(Q7 2/7 37 e 777',)' (458)

It is easy to check that the formula (4.5.6) indeed satisfies the above recursion
relation, Eq. (4.5.8). Alternatively one can start with a two-point MNMHYV (it is
just MHV for this special case) form factor and then keep adding negative particles

to arrive at (4.5.6).
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4.6 Conclusion

In this paper we had shown that any tree-level superamplitudes as well as super-
symmetric form factors in N =4 SYM can be constructed by ISL. With guidance
from BCFW recursion relations and detailed study of nontrivial examples, we are
able to obtain a set of recursion relations, which give us the configuration for adding
particles in order to construct any BCFW diagram in N = 4 SYM. Consequently,
these recursion relations allow us to generate any tree-level superamplitudes and
form factors by ISL method. It is a fascinating insight that for N =4 SYM theory,
the restrictions imposed due to soft limit is sufficient to determine the full scattering
amplitudes, at least at tree-level. We note that scattering amplitudes constructed
by ISL make both Yangian symmetry and soft-limit manifest. The application of
ISL method to form factors indicates that there may also exist hidden symmetry in
form factors, given that similarity has been noticed between form factors and the

scattering amplitudes in N =4 SYM.

So convincingly the ISL method provides a new way of uncovering the deep math-
ematical structure of scattering amplitudes in N = 4 SYM. The idea of ISL has
been a extremely useful tool for constructing Grassmannian formalism for N = 4
SYM, while in this paper we provide another intriguing use of it. And the picture we
developed, of adding particles to lower-point amplitudes for generating higher-point
amplitudes, seems to be intrinsically geometrical, which may be closely related to the
Polytopes picture for the scattering amplitudes [106]. Moreover, as we had shown in
the paper, ISL method may also be relevant as another useful tool for carrying out
efficient computations in N =4 SYM theory, both for the scattering amplitudes and

form factors.
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It would be of great interest to extend this idea for the scattering amplitudes to
other theories and also beyond tree-level and leading singularities. Some interesting
attempt has been made for N = 8 super gravity, where most of the progress so
far had been for the simplest MHV case. The authors of [116] were able to write
the fist non-MHV amplitude, six-point NMHV gravity amplitude in a ISL form,
however the form seems quite complicated to be amenable for further generalization
to higher-point cases. One important difficulty for applying ISL method to gravity
amplitudes is that there is no color-ordering. One naive guess would be to apply the
ISL to the ordered subamplitudes, where the BCFW recursion relations for ordered
subamplitudes have the same structure as those of Yang-Mills amplitudes [158], but

we leave these interesting questions to be addressed in future.



Chapter 5

Gravity Tree amplitudes using

Bonus Relations

5.1 Introduction

In this thesis so far we have been discussing anout the structure of amplitudes in
N = 4 super Yang-Mills theory (SYM), which has remarkable simplicities obscured
by the usual local formulation and Feynman-diagram calculations. On the other hand,
Arkani-Hamed et al. have proposed the idea that N' = 8 supergravity (SUGRA)
may be the quantum field theory with the simplest amplitudes [I1], and there

is strong evidence for it: recently there have been intensive studies on both the

hidden symmetries (e.g. Er(7) symmetry, see [159, , , 162]), and the ultraviolet
behavior of the theory (see [163, , , , , 35, , , ] and references
therein).

110
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However, we do not need to go beyond the tree level to see the simplicity. As shown
in [11], gravity tree amplitudes satisfy non-trivial relations, or “bonus relations",
which are absent in SYM color-ordered amplitudes. These bonus relations have
been applied to MHV amplitudes in [171] to show the equivalence of various MHV
formulae in the literature [172, , , , |, especially to simplify formulae
with (n — 2)! permutations to those with (n — 3)! permutations. The full strength
of these relations, however, can only be demonstrated when applied to general,
non-MHV amplitudes, and the purpose of the present note is to use bonus relations
to simplify explicit formulae of SUGRA tree amplitudes, which are obtained by
solving BCFW recursion relations. Before proceeding, let us elaborate on BCFW

recursion relations and bonus relations of SUGRA amplitudes.

Supersymmetric BCFW recursion relations [50, 55] hold in both SYM and SUGRA
because their amplitudes vanish when two supermomenta are taken to infinity in a
complex superdirection [55, 11]. More specifically, under the supersymmetric BCFW
shifts of momenta and SU(N) Grassmannian variables,

M(2) = A+ 2\,

1

Mr(2) = Xn — 25\1,

Ma(2) =1 — 2101, (5.1.1)

SYM and SUGRA amplitudes have at least 1/z falloff at large z, thus the con-

tour integral ¢ %21 (z) can be rewritten as a sum over residues without boundary
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contributions,

M, Z dnMy(1, L, {~P(zp), 77}) MR({P(ZP) nt, R.m), (5.1.2)

where the poles z = zp are determined by putting the internal momenta P (zp) =
Yier Pi + P; on shell. By solving the recursion relations, explicit formulae for up to
N3MHYV amplitudes, and an algorithm to calculate all tree amplitudes in SUGRA
was proposed in [158]. The result can be written as a summation over (n — 2)!
“ordered gravity subamplitudes” with different permutations of particles 2,...,n — 1.
In contrast to SYM color-ordered amplitudes, the SUGRA amplitudes actually have

a faster, 1/22, falloff and the contour integral ¢ dzM (z) gives the bonus relations,

0= Z d*nM (1, L, {~P(zp), n}) = Mp({P(zp).n}, R.7). (5.1.3)

Similar to the MHV case [171], we shall see that these relations can further simplify
the explicit formulae for non-MHV amplitudes by reducing the (n — 2)!-permutation

sum to a new (n — 3)!-permutation one.

Another important method that has been widely used to calculate gravity tree
amplitudes are Kawai-Lewellen-Tye (KLT) relations, first derived in string theory [39]
which express (super)gravity tree amplitudes as sums of products of two copies of
(super)Yang-Mills amplitudes in the field-theory limit. Recently KLT relations
have been proved in gravity [177, ] and in SUGRA [179] using BCFW recursion
relations, without resorting to string theory. While the well-known KLT relations
have a form of (n — 3)! permutations [180] (see also [178]), in the proof it is natural to

use the newly proposed (n—2)! form suitable for BCFW recursion relations [177], and
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a direct link between these two forms has been derived in [181]. In a related approach,
the so-called square relations between gravity and Yang-Mills amplitudes, which can
be viewed as a reformulation of KLT relations, have been proposed and proved in [33].
These relations also possess a freedom of going from (n — 2)!-permutation form to
the simpler (n — 3)! form, which, similar to the freedom in KLT relations, reflects the
Bern-Carrasco-Johansson (BCJ) relations between Yang-Mills amplitudes [33]. For
SUGRA amplitudes, the advantage of having solved BCFW relations to some extent
will enable us to go beyond this implicit freedom following from BCJ relations, and

show the simplification of gravity amplitudes directly in their explicit forms.

This chapter is organized as following. In section 5.2 we briefly review tree amplitudes
in SUGRA and their bonus relations, especially the simplification of MHV amplitudes
when using these relations. Then we apply these relations to some examples beyond
MHV amplitudes, including the NMHV and N2MHV amplitudes, and prove these
simplified formulae in section 5.3. The generalization to all tree-level SUGRA

amplitudes are presented in section 5.4.
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5.2 A brief review of tree amplitudes in SUGRA

and bonus relations
5.2.1 Tree Amplitudes in SUGRA from BCFW Recursion
Relations

By solving Eq. (5.1.2), all color-ordered SYM tree amplitudes have been obtained

and can be written schematically as [115],
A1, yn) =AMV, n) YT RL(L, . ), (5.2.1)

where
58<Z¢ >\i77i)
(12)(23) - (n1)

AMIY(1 . n) = (5.2.2)

is the MHV superamplitudes, and R,, are the so-called dual superconformal invariants,

which, for N'MHV amplitudes, are products of k basic invariants of the form,

(aa — 1)(bb — 1) 0™ ((¢|xp,aab|Ou,) + (€] T1,0T1a]0as, )
T2 (€|, aab D) (€| b, aan|b — 1) (€| @p,070a] @) (€| 2p,5T0a]a — 1)
(52.3)

where the chiral spinor ¢ is given by

<€| = <n‘xna1xa1b1$b1a2$0262 - Lapby (524)
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and dual (super)coordinates are defined as

Tij =Pit Piv1t o+ P,

Oij = Nimi + -+ -+ XNj_amj—1 (5.2.5)

There is only one invariant R = 1 for MHV case, while we have a sum of R, 4,5,
with 1 < a; < by < n for NMHV case. Furthermore, for N2MHV case we have
Ry RIS, b, With 1 < a; < as < by < by < n and Ry Reltl,, with 1 <

a1 < by < ag < by < n, where superscripts denote boundary modifications of these

invariants [148].

Generally the summation variables «;, and boundary modifications, can be represented
by a rooted tree diagram [113, 155] (see Fig. 5.2.1(a) and Fig. 5.2.1(b)). For N\MHV

amplitudes, there are C}, = (2k)!)! (Catalan number) types of terms labeled by a’s

Kl (k+1
corresponding to a path from the root to the k-th level in Fig. 5.2.1(a), and each
type can be written as a list of k pairs of labels with a particular order between them,

a={n;ay, by;...;ak br}. Not only does the summation over « include all types of

terms, but it also sums over all possible 1 < a;,b; < n in the corresponding order.

In [158], solving Eq. (5.1.2) for SUGRA is simplified by using ordered gravity
subamplitude M(1,...,n), which satisfy the ordered BCFW recursion relations

similar to Yang-Mills theory,

~

n—1 d8 R N
M@A,...n)=Y P—?M(l,?,...,i —1,P)M(=P,i,....n—17), (5.2.6)
=3

and the sum of (n — 2)! permutations of ordered gravity subamplitudes gives the full



(a) A rooted tree diagram for tree-level SYM amplitudes. The figure is
the same as the tree diagram presented in [158].

UIVL; . . . UpVp; apbp

1015 - . UpUps Gp_1bp_1; apby

(b) The rule for going from line p—1 to line p (for p > 1) in Fig. 5.2.1. For every vertex in
line p — 1 of the form given at the top of the diagram, there are r 4 2 vertices in the lower
line (line p). The labels in these vertices start with wivs;. .. w05 ap—1bp—1; apb, and they
get sequentially shorter, with each step to the right removing the pair of labels adjacent
to the last pair a,, b, until only the last pair is left. The summation limits between each
line are also derived from the labels of the vertex above. The left superscripts which
appear on the associated R-invariants start with ujv ... u,v,bp_1a,—1 for the left-most
vertex. The next vertex to the right has the superscript uqv; ... urvrap—1bp—1, i.e. the
same as the first but with the final pair in alphabetical order. The next vertex has the

superscript uqvy ... u,v, and thereafter the pairs are sequentially deleted from the right.

Figure 5.1: Rooted tree diagram for tree-level SYM amplitudes

116
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amplitude,
M,= >, M(,...,n). (5.2.7)

P(2,3,...m—1)

A solution for M(1,...,n) is obtained in [155],
M(1,....n) = [AMYV(1, ... n)]?Y  GuR(1,. ... n), (5.2.8)

where the invariants R, are exactly the same as those in SYM (including boundary
modifications), namely products of basic invariants (5.2.3), with the same set of
summation variables « as given in Fig. 5.2.1(a) and Fig. 5.2.1(b), and the ‘dressing
factors’, G, are independent of the Grassmannian variables 7;, and they break
dual conformal invariance of the SYM solution. These factors have been calculated

explicitly for up to N*MHV amplitudes, for example MHV case,

GMIV(L, . n) = a2, H 5|z S*Zf;””'m , (5.2.9)

and there is an algorithm to calculate them in general cases, but we do not need their
expressions in this note. In addition, tree-level amplitudes of n-graviton scattering can
be obtained from SUGRA superamplitudes (5.2.7), by choosing fermionic coordinates
n = 0 for positive-helicity gravitons, and integrating over d®n for negative-helicity

ones. Details of the solution can be found in [158].

Therefore, SUGRA tree amplitude can be written as a summation of (n — 2)! ordered
gravity subamplitudes, and each of them has a structure similar to SYM ordered
amplitude. In the following we shall use bonus relations to reduce this form to a

simpler, (n — 3)! form, and first we recall the simplest MHV case.
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Figure 5.2: All factorizations contributing to (5.2.11) for the MHV amplitude.

5.2.2 Applying Bonus Relations to MHV Amplitudes

Applying bonus relation to MHV SUGRA tree-level amplitudes was well understood
in [171]. From Eq. (5.2.9), we have the MHV amplitudes as a summation of (n — 2)!

terms,

MMV = GMIV(1 o) [AMY(L, L )P+ P(2,3, .., n — 1), (5.2.10)

From Fig. 5.2, we see that there are (n — 2) BCFW factorizations and thus the

formula can be expressed as,

MMV = My + Ms+ ...+ M,_1, (5.2.11)

[~

where each M; is a BCFW term from MHV (1, i, P(z)) x MHV,_; with z = —%

Now since the amplitude has 1/2z? fall off, we have a bonus relation which is simple

s

in the MHV case,

0= ZQMQ + 23M3 + ...+ Zn—an—l' (5212)
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Using this relation, we can express the last diagram M,,_; in terms of the other n — 3

diagrams, and a simple manipulation gives us a (n — 3)!-term formula,

MMEY — pMHVEMEV (1 9 ) [AMEV(] 9 )2
(5.2.13)

+P2,3,...,n—2).

where we have defined the MHV bonus coefficient BMHV = m#:gg Beyond
MHYV, we have many more types of BCFW diagrams with complicated structures
and the application of bonus relations becomes trickier. In the next section, we shall

work out the NMHV and N?MHYV cases, and then move on to general amplitudes in

section 4.

5.3 Applying Bonus Relations to Non-MHYV Grav-

ity Tree Amplitudes

5.3.1 General Strategy

Before moving on to examples, we first explain the general strategy for applying
bonus relations to non-MHYV gravity tree amplitudes. For a N*MHV amplitude,
inhomogeneous contributions of the form NPMHV x NIMHV are needed (p+¢+1 =

k)'. Naively one would like to use “bonus-simplified'? lower-point amplitudes for

"'We follow the notations of reference [145] to call the contributions from diagrams of type
Fig. 5.3(a) or Fig. 5.3(b) as inhomogeneous contributions, while those from Fig. 5.3(c) as homoge-
neous ones.

2Here “bonus-simplified" means that these lower-point amplitudes used in the BCFW diagrams
are simplified by using bonus relations.
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both M) and Mg in Eq. (5.1.2), but this is not compatible with the fact that we
can only delete one diagram (not two) by applying the bonus relations (5.1.3), if we

want to preserve the structure of ordered BCFW recursion relations.

To keep the advantages of the ordered BCFW recursion relations, which are crucial
to solve for all tree-level amplitudes, instead we shall apply bonus relations selectively.
The idea is illustrated in Fig. 5.3. Similar to the MHV case, we shall delete Fig. 5.3(d)
by using bonus relations (5.1.3). To compute the inhomogeneous parts of the
amplitudes, we shall use the bonus-simplified amplitude only on one side of a BCFW
diagram, namely the lower-point amplitude with the leg (n — 1) in it, as indicated in
Fig. 5.3(a) and Fig. 5.3(b). In this way, the amplitude splits into two types, one type
coming from the diagrams of the form as in Fig. 5.3(d), which has the leg (n — 1)
adjacent to the leg n and will be called the normal, or type I contributions, and the
other one coming from those having the form as in Fig. 5.3(b), which has the leg
(n — 1) exchanged with another leg (b; — 1), and will be called the exchanged, or

type II contributions,

M, = [A%HV}Z(Z BU™GGRE + Y B [GaR3 (b — 1< n—1)]) + P(2,3,....n—2),
’ (5.3.1)

where (b — 1 <> n — 1) denotes the exchanges of momenta (py, —1 < pp—1) as well

as the fermionic coordinates (ny, 1 < 7,_1), and we have used square bracket to

indicate that the exchanges act only on the expression inside the bracket. The

superscript (7,m;) in B%™) is used to show the type of this contribution, which will

become clear in the examples.

Thus we have seen that, by using bonus relations, any amplitude can be written as a
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b —1 b
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I~ by —1 ) n—1
i 7 i A
(b) Inhomogeneous diagram type IT (¢) Homogeneous diagram
n—1 3

—>
3I

(d) Diagram deleted by bonus
relations

Figure 5.3: Different types of diagrams for a general N*MHV amplitude, where
k=p+q+ 1. We use a dashed line — — —— connecting three legs to denote a
bonus-simplified lower-point amplitude, in which these three legs are kept fixed. For
lower-point amplitudes without dashed lines, we use the usual (n — 2)! form.
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summation of (n — 3)! permutations with the coefficients B¢™) which will be called
bonus coefficients. In this section, we shall calculate all bonus coefficients for NMHV
and N2MHYV cases, and generalize the pattern observed in these examples to general
N*MHV amplitudes in the next section. Once bonus coefficients are calculated, we

obtain explicitly all simplified SUGRA tree amplitudes.

5.3.2 NMHYV Amplitudes

Here we use bonus relations to simplify the (n — 2)! form of NMHV amplitudes.
First we state the general simplified form of NMHV amplitudes, and then prove it

by induction. To be concise, we abbreviate the combinations

{nMMM}EzGmmm{RmmhAMHVUWZ.”,nﬂz (5.3.2)

and similar notations will be used in the following sections.

As mentioned above generally, we delete the contributions corresponding to Fig. 5.3(d)
by using the bonus relation (5.1.3). It is straightforward to compute the inhomoge-
neous contributions from the two MHV x MHYV diagrams, Fig. 5.4(a) and Fig. 5.4(b).
Firstly, let us consider the contribution from Fig. 5.4(a), which corresponds to terms

with a; = 2, and we have
My = B, {n;2b1}, with 4 <b <n—1, (5.3.3)

where Bg%bl are the special cases of the general bonus coefficients BS}H b, We have

used the superscript (1) to indicate that this is the contribution coming from type-I
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(a) Inhomogeneous diagram type

I (b) Inhomogeneous diagram type II

30

(¢) Homogeneous dia-
gram

Figure 5.4: Diagrams for NMHV amplitudes.
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diagram, and similar notations will be used below.

When b; # n — 1, the bonus coefficients are given by,

— BMHV <TL _ 1|xb1a1xbln|n> (5 3 4)
<n - 1|xblalxa1n|n>' o

B(l)

n;a1by

Here we note that we can get the above coefficients from the previous ones, namely

the bonus coefficients of MHV amplitude, multiplied by the factor % It
pagp=aln

is a general feature of this type of coefficients for N¥MHV case, which are given by

N*=IMHYV coefficients multiplied by the same factor, as we will see explicitly again

in the N2MHYV case.

However when b; = n — 1, no bonus relation can be used for the right-hand-side

3-point MHV amplitude in Fig. 5.4(a), and we find

— <1 n> <n — 1|mn—1a1‘n — 1]
<1 n — 1> <n|xna1|n _ 1]

(5.3.5)

For the exchanged diagrams, Fig. 5.4(b), the contribution can be similarly written as

My = B, [{n;2a1}(by —1 <> n—1)], with 4<b <n—1, (5.3.6)

where the bonus coefficients B(Q.)

maayh, are given by

g __{1n) (n—1b—2)(z,,)’ (5.3.7)
n;a1by (1 n — 1> (n!xna1$;1b1|bl - 2> ’
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and we have defined z/, , as,

xaibi = xaibifl—i_xnfln

= Tagb,(Pbi—1 < Pn1)- (5.3.8)

All the above calculations do not include the boundary case a; =n —3,by =n — 1,
which needs special treatment. This boundary case is special because it recursively
reduces to the special 5-point NMHV (MHV) amplitude. It does not have the
diagram with the type of MHV3x NMHV, and one has to treat it separately. We
apply the bonus relations to this case in the following way: we use Eq. (5.1.3) to

delete the contribution from Fig. 5.5(a), and compute Fig. 5.5(b), and we find

[24][34][51]
= ——————119;24 — 4 P(2,3). 3.
Ms = = s [{5:24}(3 < 4)] + P(2,3) (5.3.9)
By plugging the above 5-point result in Fig. 5.5(c), we get the boundary term of the

6-point NMHV amplitude

M(boundary) _ <16> <25> [35] [45}3736
6

= ISR Gl aE (G4 o ) (6310

A generic form for the boundary term of the n-point NMHV amplitudes can be

obtained as a straightforward generalization of (5.3.9) and (5.3.10),

Méboundary) — B(boundary) {{,’% n—3n— 1}(n 2 — 1)}’ (5311)

nn—3 n—1
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(a) 5-point diagram deleted
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(¢) 6-point diagram cal-
culating the boundary
contribution
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Figure 5.5: Diagrams for 5-point NMHV amplitude and the boundary term of
6-point NMHV amplitude. Fig. 5.5(a) and Fig. 5.5(b) are used to calculate the

bonus-simplified 5-point right-hand-side amplitude of Fig. 5.5(c).
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where Bg?ﬁ%dfﬂ is given by,
(In)(n—4n—1)[n—-3n—-1)n—2n—1]z2_,

(In—1n—-3n—-2n—4z,3n1ln—1{n|z,_1 nsln—1]
(5.3.12)

n

B(boundary) o

nn—3 n—1 —

Putting everything together, we obtain the general formula for NMHV amplitude and

as promised, the amplitude indeed can be written as a sum of (n — 3)! permutations

n—4 n—1
MM =T (By(:;()zlbl{n; aibi} + Bv(fllbl[{n; arbi}(by — 1 n — 1)]) + MPorndery)
a1=2bi=a1+2

+P(2,3,...,n—2). (5.3.13)

Proof by Induction

Here we shall give an inductive proof for the simplified NMHV formula. For a; = 2,
as we explained above, the formula follows directly from Fig. 5.4(a) and Fig. 5.4(b).
Therefore we shall focus on the cases when a; > 3, which correspond to the homoge-
neous contributions from Fig. 5.4(c). We shall prove that the formula satisfies the

BCFW recursion relations.

First note that we have deleted one diagram of the form MHVy,(T,n —1, 13) x MHVy
by using bonus relations, this results in a multiplicative prefactor for the overall
amplitude, which is given by,

- (In)(n — 1 2)

(1= i1’ (n2)(In—1)°

(5.3.14)

(1)

n;a1by?

(2) and B(boundary)

other coefficients B, 7 ;, nin—3 n—1

Let us consider the bonus coefficient B
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can be treated similarly. By plugging formula (5.3.4) into the (n — 1)-point amplitude
M(—P,3,4,...,n—1,m) in Fig. 5.4(c), it is straightforward to check that the second

(n_1|$b1a1 $b1n|n>

na by is transformed back to itself under the recursion
1617 (n—1|zp, 0y Tagn(n)’

piece of BY

relations.

For the first piece BMIYV = % of B! which is the MHV bonus coeffi-

n; a1b1 )

e

:

w
~
=

=

cient, the proof is essentially the same as in the MHV case. Taking into account the

factor in (5.3.14) coming from bonus relations, we have

(n—1n—-2)(pn) " (In)y{n—12) _ n—1n—-2)(1n)
mn—2)pn—-1) {In—-1)nN2) nmhn-2)1n-1)

(5.3.15)

Thus the contribution with B indeed satisfies the recursion relations.

n; a1b1

Finally we should remark that we have used the fact that {n;a;b;} by themselves

satisfy the ordered BCFW recursion relations during the whole proof.

5.3.3 N’MHYV amplitudes

In this subsection we consider N2MHV amplitudes as one more example to show the
general features of bonus-simplified gravity amplitudes. Similar to NMHYV case, let

us denote the ordered gravity solutions in the following way

(1) bray MHV 2 _ .
Hn;a1b1,a2b2 Rn;alban;albl,angA (17 2a s 7n) == {n7 albla a2b2}17

(2) a1by MHV 2 _ .
Hn;a1b1,a2b2 Rn;albanagbgA (1,2, Ce ,n) = {n,albl,agbg}g.

There are four relevant types of diagrams (and a boundary case) which contribute

to the general N?°MHV amplitudes. The general structure of N?2MHYV is given in
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Fig. 5.6 and the corresponding contributions from each of the four diagrams can be

calculated separately.

First we consider the contributions from the diagrams in Fig. 5.6(b), which are of
the form MHV x NMHV. We use bonus-simplified amplitude for the right-hand-side

NMHYV amplitude and we obtain®,

My = > > (Bfll;(’lll)bl;agbg{n; ayb1; asbs }o

2<a1,b1<n—1b1<az,bo<n

+ B4? [{n;a1b1;asb3} 2(by — 1 > n — 1)])

n;a1b1;a2b2

. Z g (1:boundary) [{n;a1bi;n —3n — 1}a(n — 2 < n — 1513.16)

n;a1b1;n—3n—1
2<ay,b;<n—1

where in the first sum ay < n — 4 because of the range of summation of the first

term in Eq. (5.3.13). Here the bonus coefficients are given by

(1,1) _ <17’L> <TL —1n-— 2) <n - 1|5Ea2b2$b2n|n> <7’L - 1|$a1b1xb1n‘n>

miaibrioabs (In —1){n n —2)(n — 1za,b,Tasn|n) (N — 1|Ta6, Tayn|n)

(1,1) _ <1n> <n - 1|:1:n,1a2|n - 1] <n - 1‘xalb1xb1n|n> b, — 1

n;a1bi;azbz 1n—1 1 1 ( 2 =N — )
(In ) (T s |10 ] (n | T a1ty Tasn|)

(172) — <1n> <n - 1 b2 - 2> ('Iilzbg)Z n— ]"walblxbln‘n>

n;a1bi;azbs <1TL — 1><n’$na2x;2b2‘62 — 2> n— 1’$a1b1xa1n|n>

(
(
(boundary) (1 — 1|Zq,b, Ton|1)
. 1 Zaypy Tayn|n)

(1,boundary)
n;a1b1;n—3n—1

= B

: (5.3.17)

(1,boundary)
n;a1by;n—3n—1

where the last term B comes from Eq. (5.3.12). Again the superscripts

are used to show the types of the contributions. For instance, in the superscript
(1,1) of BY the first “1” means that it is the type-I contribution, while the

n;a1by;azba?

second “1” implies that it is descendant from the NMHV case. A generalization to

3Here and in the following calculations we have included the corresponding homogeneous terms,
for the case we consider the contributions are from Fig. 5.6(a)
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the N*MHV case will be B where m is a string composed of three kinds

n;a1bi;..;apby

of labels, “1" “2" and “boundary".

As we have mentioned in the NMHV case, and we want to stress it here again that
the bonus coefficients of Fig. 5.6(b) are simply given as the previous ones, namely

the coefficients of NMHV amplitudes, with replacements (a; — ag,b; — b2) and

<7’L—1|$a1b1 $b1n|n>
<n71|ma1b1 Tagn|n)

multiplied by the same factor

Next, we calculate the contributions from the diagrams in Fig. 5.6(c) which are of

the form NMHV x MHV and we get

My = Z Z (Bf;jl)blmb{n; aby;asbe}i(n — 1 by — 1)
2<a1,b1<n—1 a1 <az,ba<by
+ Bﬁ?i)bl;m[{n; arby;azba}i(by — 1 < by — 1)]) (5.3.18)

+ ¥ plEbomdary) g qim —1in—3n — 1} (n — 2 n— 1))

n;ain—1n—4an—2
2<a;1<n-3

In the above sum we do not include the boundary case (ay, by, as,by) = (n — 4,n —

1,n —4,n — 2), which we shall study separately. The coefficients are given by

(2,1) _ (In)(n —1 by —2)(n — 1|xbza2x/bgb1x;1blxam|n>(Iiulbl)z
marbrazts (1 — 1) (by = 2[alp, Tayn|1) (1 = Ubyasl 0 Ty Larn|1)
T(fglll)b]_'(lgbg _ <1n> <n - 1‘xn71az:’n _/ 1](1,/@1)1)2 (1)2 —n— 2)
i (In = 1)(n|@na, 25,5, Th, ap |10 — 1]
oo ()= b= 2) ()’
T (In — 1)(n|Tnay T4 4, Ty 0y Tagpy |02 — 2)
(2,boundary) (In){by —4n—1)[by =3 n—1][by —2n — 1](3321731)1)2(37:11171)2

b2 (1 — ) [br = 3 by — 2J(br — 4y, —a b1 — 10T Ty, Ty -1, 3|0 — 1]

By comparing the results with those of NMHV, now we are ready to see the patterns.

For this type of diagrams Fig. 5.6(c), the bonus coefficients can be obtained from
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Figure 5.6: Diagrams for N2MHV amplitudes.
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the results of NMHV by doing the following replacements on the indices of region
momenta z’s: n — by,a; — ag, by — by, and x — 2’ when z has the index n with
it. Furthermore one should apply the changes on (n| as well as (n — i|, which read
(n| = (n|zpa,vy,,,, and (n —i|(or [n —i|) — (by —i|(or [by —i|) for i > 1. Finally

we multiply the obtained answers by a factor (2, ; ).

The bonus coefficients of the contributions from other diagrams are actually the
same as those of the NMHYV case. For the sake of completeness, let us write down

these contributions: for the contribution from Fig. 5.6(d), we have

My= 3 S BY s aibi;ashy}a(by — 1+ n — 1)], (5.3.20)

2<a1,b1<n—1b1<az,ba<n

(2)

where the bonus coefficients B, .0,

are given by Eq. (5.3.7); for the other

contributions coming from Fig. 5.6(e), we get

My = Z Z Bq(zl;z)zlbl;ang{n; aiby; asbo }e, (5.3.21)

2<a1,b1<n—1a1<az,ba<b;

and similarly the coefficients are given by Eq. (5.3.4) and Eq. (5.3.5).

Again as in the case of Eq. (5.3.18), this formula does not include the boundary case,
{n;a1by; asbe}1 = {n;n —4n —1;n —4n — 2},, which should be considered separately,

as we shall do below.

Similar to 5-point NMHV amplitude, the 6-point N2MHV amplitude is special which
only receives contributions from diagrams of NMHV x MHV type and we must treat

it separately. We can delete Fig. 5.7(a) by bonus relations, and the contribution
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(a) 6-point diagram deleted by

bonus relations (b) G-point diagram

Figure 5.7: Diagrams for 6-point N2MHV amplitude.
from Fig. 5.7(b) gives,

[16][25][45]

Mg = - [15][24] [56]

[{6:25,24}1(3 — 5)] + P(2,3,4). (5.3.22)

As the NMHYV case (5.3.11), 6-point N2MHV amplitude (5.3.22) can also be similarly

generalized, and we obtain the boundary term of the full n-point N2MHV amplitudes,

M(boundary) - p(boundary) {mn—4n—1in—4n—2}H(n—3 < 15393)

n nn—4 n—1l;n—4 n—2

where the bonus coefficients are given as

B(boundary) _ <1n> <TL —5n— 1>[’I’L —4dn— 1][” —2n-— 1]I$L—4n (5-3 24)
nin—4 n—lin—4 n—2 (In—1)[n—4n—2](n—>5|Tp_4 n_1|n — 1|{(n|xy—1 nuln = 1"

Therefore we have calculated all the contributions for N2MHV amplitudes and as in
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the NMHYV case, it can also be written as a sum of (n — 3)! permutations,
MYMIY — Af o My + My + Myy 4+ M®Pomda) 4 p2.3  p—2).  (5.3.25)

The result can be proved very similarly by induction as in the NMHYV case.

5.4 Generalization to all gravity tree amplitudes

Now we have all the ingredients for generalizing our results and stating the patterns
for all tree-level gravity amplitudes. Our way of using bonus relations gives the
simplified tree-level N¥MHV superamplitude as a sum of (n — 3)! permutations, and

each of them contains normal and exchanged contributions,

MNMHEY [A%HV}Q(Z BTG R4S BE™ [GaRE(bi—1 < n—1)])+P(2,3,...,n—2).
) ’ (5.4.1)

In both contributions, by reducing the homogeneous term recursively, we have k

types of terms from & BCFW channels, N°MHV x NYMHYV, for p 4+ ¢ + 1 = k with

0 < p,q < k. As we have stressed repeatedly, to respect the ordered structure, we

have only used bonus relations on one lower-point amplitude, namely the right-hand-

side NYMHYV for normal contribution, and the left-hand-side N°MHYV for exchanged

contribution.

Before presenting all the bonus coefficients for general tree amplitudes, we pause to
show by induction that bonus relations roughly reduce the number of terms from

(n — 2)! in the original solution to (k + 1)(n — 3)! in the simplified one. To get the
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previous counting we note that in the N°MHV x NYMHV channel of the normal
contribution, by applying bonus relations to the NYMHV lower-point amplitude we
can reduce the number of terms from (n — 2)!/k to (¢ + 1)(n — 3)!/k. Taking into
account all channels gives us (1+2+...+k)(n—3)!/k terms, with the same number
from the exchanged contribution, thus the simplified form has only (k + 1)(n — 3)!
terms. By parity, one only needs N*MHV amplitudes with n > 2k + 2 legs and thus
the bonus relations can be used to delete at least half of the terms in tree amplitudes.

The simplification becomes more significant when n > k.

Now we generalize the pattern found in the NMHV and N?MHYV cases to write down
all the bonus coefficients for general tree amplitudes. As we have learned from the
examples, once the bonus coefficients of N¥"'MHV amplitudes are calculated, then for
the N*MHV amplitudes, one only needs to compute two types of new contributions
for N'MIHV amplitudes, namely the normal contribution from MHV x N*~'MHV
channel (¢ = k — 1) and the exchanged contribution from N*"*MHV x MHV channel
(p =k —1) (see Fig. 5.8). All other bonus coefficients B of N°\MHV x NYMHV
with ¢ <k — 1 and p < k — 1, are the same as those computed previously, namely
the results from N¥"!MHV amplitudes. Since the summation variables of N*MHV
amplitude can be obtained by adding a pair of new labels ay, bx to the previous one,

o, a={d;ay, by}, the result can be written as

B = B (5.4.2)

o'

for both normal contributions with ¢ < £ — 1 and exchanged ones with p < k — 1.

Thus we only need to calculate two new contributions from Fig. 5.8(a) and Fig. 5.8(b).
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by —1

3l

(b) N*~1MHV x MHV

Figure 5.8: Two relevant diagrams for computing new bonus coefficients for n-point
NA¥MHYV amplitude. The rest of the bonus coefficients can be obtained recursively
from the N*"1MHV case.

It is straightforward to confirm that all the observations we have made for the cases of
NMHV and N2MHV can be directly generalized to all tree-level amplitudes. We shall
first state the rules and then justify them. Firstly, just like Eq. (5.3.4) and Eq. (5.3.17)
for NMHV and N*MHYV cases, the bonus coefficients of Fig. 5.8(a), Bg}’ml), can be
similarly obtained by the replacements on the indices of the region momenta z’s,

mi
’

a; — a;r1,b; — by, for Bc(Y ) of NF-IMHV amplitudes, then multiplying with a
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<n_1‘xalbl Z‘bln‘n>

S IEm—mE which are the same for all tree-level
ajbyLagn

simple common factor of the form

amplitudes,

<n - 1|xa1b1xb1n|n>
<n - 1’xa1b1xa1n|n>

Bm) — B (a; = ai41,b; — big1). (5.4.3)

Secondly, the bonus coefficients for the new exchanged contributions Fig. 5.8(b),
B/(ff’m), can be obtained by taking Bg,nz) of N¥~I!MHV amplitudes, and performing
the following replacements on the indices of region momenta x’s, namely n — by, a; —
ai11,b; — biy1, and x — 2’ when z has index n with it. And for the spinors, we have
(n| — (n|rpa,z,,,, as well as |n —i)(or |n —1i]) — |by —i)(or by —i]) for i > 1. In

addition, the obtained answers are further multiplied by a factor (z , )?,

Bg"’mz’) S )2353’712)7 (5.4.4)

aiby

)

where the arguments of Bg,m should be changed under the rules we described above.

All these rules can be understood in a simple way. For the rules of the normal

contributions, the common factor is obtained in the following way,

% <nﬁ> <TL - 1|xa1b1$bm|n>

Zn—1 <n — 1?) <n - 1|xa151xa1n|n>7

zi (nl)
Zno1’ (n —11)

(5.4.5)

(1— — (1-

where (1— -2-) comes from the fact that we delete one diagram using bonus relations,

and

1D is a factor that always appears in every bonus coefficient.

While for the rules of the exchanged contributions, we find that the factor (2/, , )?

aiby



appears because

and (n| changes in the following way under the recursion relations,

(n| = (P| — (n)[LPNP| = (n|zpax

/
a1b1 °

Besides, the transformation rule of z,,,, follows as

/
H ~ H
(L’n’yi xP’yi+1 xb17i+1 ?
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(5.4.6)

(5.4.7)

(5.4.8)

where 7 can be a or b and we have used the fact that ps = py, +- - +pp—2+pp, -1+ ;5

So in this way, we have a complete understanding of the rules we have proposed.

Finally, as shown in the examples a boundary contribution has to be considered

separately because the special case (k+4)-point N'MHV amplitude only has diagrams

of N*"IMHV x MHYV type. For this special contribution, it is straightforward to

obtain a general form,

2
MT(Lboundary) — Bgto)oundary) [(AHMHV) G»BOR%O (n —k—1en-— 1):|, (549)

where fp = {n;n—k—-2n—1in—k—2n—-2;...;n—k—2n—k}, and the

coefficients can be written as

B(boundary) .

(Iny(n —k—=3n—-1)n—-k—2n—-1n—-kn—-1z%, ,,

Bo -

(In—1)[n—k—2n—-2)(n—k —3|Tp—r—3 n-1|n — 1J(n|Tp_1 n_g—2|n

(5

4

10)
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Therefore, we have found a set of explicit rules to write down all the bonus coefficients

for all tree amplitude in N = 8 supergravity.

5.5 Conclusion and outlook

In this note, we simplified tree-level amplitudes in N = 8 SUGRA, from the BCFW
form with a sum of (n — 2)! permutations to a new form as a sum of (n — 3)!
permutations. This is achieved by using the bonus relations, which are relations
between tree amplitudes in theories without color ordering. In contrast to the MHV
case, a naive use of the bonus relations ruins the structure of the non-MHV ordered
tree-level solution, thus we proposed an improved application of the relations, which
respects the ordered structure. The key point here is to apply the bonus relations
to only one of two lower-point amplitudes in any BCFW diagram, which indeed
brings SUGRA amplitudes to a simplified form having a (n — 3)!-permutation sum
with some bonus coefficients. To illustrate the method, we have explicitly calculated
simplified amplitudes for the NMHV and N?MHYV cases. We have also argued that
the pattern generalizes to N*MHV cases, and presented a simple way for writing
down the bonus coefficients of all amplitudes, thus one can recursively obtain the

simplified form for general SUGRA tree amplitudes.

The simplification is based on an explicit solution from BCFW recursion relations of
SUGRA tree amplitudes of [155], which is in spirit similar to but in details different
from KLT relations. From a computational point of view, any gravity amplitude
obtained from (n — 3)! (or the newly proposed (n — 2)!) form of KLT relations is a

sum of (n — 3)!? (or (n — 2)!?) terms; at least in the special case of N = 8 SUGRA,
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an explicit solution with only (n — 2)! terms was found in [158], which is a significant
simplification®. Furthermore, in this note we have used the bonus relations to reduce
it to a sum with only (k + 1)(n — 3)! terms. Further simplifications of gravity tree

amplitudes are certainly worth investigating.

Apart from the computational advantages, the simplification is also conceptually
interesting. The relations between gravity and gauge theories have been reexamined
from various perspectives recently [33, , |. A common feature, of these
“gravity”’="“gauge theory”® methods, is the freedom of rewriting (n — 2)! forms of
gravity tree amplitudes as (n — 3)! forms, essentially by using BCJ relations on the
gauge theory side. Our result confirms this freedom at an explicit level by directly
using it to simplify SUGRA amplitudes, which also suggests that bonus relations
may be regarded as explicit gravity relations induced by Yang-Mills BCJ relations.
It may be fruitful to understand the exact connections between our method, general
forms of KLT relations, and the square relations. In particular, it would be nice
to go beyond SUGRA and see if similar simplifications occur generally, given that
both BCFW recursion relations and bonus relations are valid in more general gravity

theories.

Bonus relations and simplifications we obtained at tree level can also have implications
for loop amplitudes. Through the generalized unitarity-cut method, our new form
of tree amplitudes can be used in calculations of loop amplitudes. In addition, the
square relations have been conjectured to hold at loop level [10], thus we may expect

similar simplifications directly for the SUGRA loop amplitudes.

41t would be nice to see if one can derive the explicit (n — 2)! form (similarly our simplified
(n — 3)! form) from (n — 2)! (similarly (n — 3)!) KLT relations. For the simplest MHV case, both
have been derived in [181].



Appendix A

Appendix for Chapter 2

A.1 Useful integrals

Here we list some formulas, which have been extensively used in this paper. For

more details about these formulas, see [182, 81].

X integral formula

+oo . s — 92 +oo .
/ 11 (dt’t%> / dX e = 7T (ZZ = h) / 11 (dtltai> e,
0 i ti AdS 2 0 i t;

where T'= ", 1, P;.
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Q; integral formula

+oo < oo S
/ %gsh-i_csh_c / dQ 62T'Q = 27Th/ %%Sh-‘rcsh_ce']Q’ <A12>
0 s 8 dAds 0

where 7' = (sX +35Y).

t integral formula

This is also called the Symanzik star integration formula where we consider a set
of n points in Euclidean space z; and their differences x; — x;. In the embedding
formalism we have P;; = —2P; - P; = (z; — x;)®. Then Symanzik’s formula is:

+oo/ n dtz ‘ —( Z tit; Pij) 7Th 2 o
/(; (H tAl> e 1si<isn = //d(su H F(él]) (PZ]) 6(@A13)

i1 ti (27”')%”(”_3) 1<i<j<n

where the integration is over n(n — 3)/2 variables and the integration paths are
chosen parallel to the imaginary axis, with real parts such that the real parts of the

arguments of the gamma functions are positive.

A.2 Example: 9-points in ¢° theory

In order to illustrate the general strategy of isolating the maximal vertex in any
arbitrary Witten diagram, as discussed in section 3.3, here we will study a specific
example, that of a 9-point Witten diagram in ¢ theory and we will write down the
results as a special case of (2.3.35) and (2.3.36). We have the @) variables labeled as

Qr, Qo , Qz,Q1, 2, Q3 and then we will integrate them out in that particular order.
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Figure A.1: A vertex with all off-shell legs in 9-point amplitude in ¢* theory

We note here that only the variables @)1, )2, 3 are relevant for the vertex under

consideration. After doing all the () integrals we will get the exponent as before

given by (2.3.33),

3 3
2
Eq, =Y (Ds)*+ Y (547, + sBf) (A.2.1)
i=1 =1
where the term in the first bracket is given by
Dy = Pstzsy + sv (Pits + Paty),
Dy = PyteSo + o (Pata + Psts),
D3/ = PBytgSy + sy <P7t7 + Pgtg) , (A22>

and these terms do not contain any of the variables relevant to the vertex we are

interested in and hence we will not consider them further. Now let us focus on the
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term inside the second bracket where the relevant functions BZ and Y%, defined by

(2.3.34), are given by,

BY = D5y + Psts,

BY = DySy + Pts,

Bg = Dg/?g/-}-Pgtg (A23)
and
Yo = 0,
le = Slglzgla
Y7 = 5B (S1+1) s+ a8 ((ST+1)5+1). (A.2.4)

The next step is to expand the second term of E, like before and after doing all the

t; integrals we get the form of the integrand as in (2.3.35),

1 Sj Sj

M _ : ds] ds] h+C]+aJ h CJ"‘“J _b 2
(k;) = dsV(s) [ TI S H H;(sjF}, 5)(A.2.5)
j

where g and F are defined by (2.3.14) and (2.3.17) and a;, b; are defined by (2.3.21)
and (2.3.22) respectively. Moreover, the part which is irrelevant to the maximal
vertex is given by
3 ds; htcita’. h—ci+a
V(S) — H 22) ST AT (5%/ + 1) —k3(k1+ka+k3)

o) J
j=1" i

y (gg/ i 1) —ke (katks+ke) (gg/ + 1) ko (kr-+hstho) (A.2.6)
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where,

all/ = _<k1 + k2)27
CL/2/ = _<k4 -+ k'5)27
ay = —(kr+kg)? (A.2.7)

The complicated H function which would eventually give the terms relevant for the

vertex, is given by,

Hy(s3Fy,s) = (Fls§ (3%, + 1) + 1) (k1+-h2)ks (sf, (Flsfgf, + 1) + 1) kaks
Hy(s3Fy,s) = (Fzsg (gg/ + 1) + 1) (kaths ko (33, (F23§§§, + 1) + 1) haks

Hy(s3Fs,5) = (Fysi (35 + 1) + 1) (kb (3 (Fys3ss, + 1) + 1) F75(A.2.8)

Now, as before, we can use the the transformation

52 A
= 2.9
2o (4:29)
and we will get the required form of the 3 integral part as in (2.3.36), to be
3 dii L - —hteitay
M(k;)| = /H ;Eﬁ_cﬁalg[mﬂ S (A.2.10)
3 i=1 i
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From (A.2.8) we also see that after the rescaling of s?’s we are left with a term of

the form ,

Vis) = (s% (3%, + 1) + 1) (ks tha)ks (s%, (S%E% + 1) + 1) kika
x (s% (33, + 1) + 1) (kaths ko (sg, (sggg, + 1) + 1) kaks

X (s§ (33, + 1) + 1) (k7+ks)ko (Sgl (s§§§, + 1) + 1) hks (A.2.11)

which we note is independent of the s variables related to the maximal vertex and

hence irrelevant.
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Appendix for Chapter 3

B.1 Details on the double box computation

A list of 9 multiplicatively independent cross-ratios required to describe conformally

invariant functions of six point is given by the following set:

2 .2 2 .2 2 .2 2 .2

_ T14%a3 _ T15T9y _ T1eLas _ Ta5Tyy

Uy = 9 92 2= "9 9 3= "9 9 Ug = 2 92

T13T24 T14T325 T15L26 T34235

2 .2 2 .2 2 .2 2 .2 2 .2

_ T3y _ T12T36 _ T3Lys _ T13Ty6 _ L1456
Us = 5 95 =5 9 7= "5 95 us 3 5 U9 = 2(B].].)

T25L36 T13L26 T35T46 T14T36 T15T46

In order to carry out the computation for the d = 6 hexagon in 2d kinematics

we can first restrict the general kinematics of (B.1.1) to a four-dimensional sub-

space parameterized by 12 momentum twistors [183]. Subsequently, we can further

restrict the 4d momentum twistors to a subspace of 2d kinematics which can be very

147
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simply parameterized using 6 independent cross-ratios, as a generalization of the

parameterization used in [116, 100, 118]:

0 iv2x3 0 iV2x1
i(1-x3) i(1-x7)
0 3 0 1
Zl - ) Z2 - vz ) Z3 = 5 Z4 - V2
ivV2x3 0 iV2x3 0
i(1-x3) i(1-x3)
N3 0 V2 0
0 0 0 —iv2
0 = 0 i
Z5 - ) ZG — V2 ) Z7 - ) ZS - V2 )
iv2x T 0 iv?2 0
i(1—xT .
(1\/§1) 0 —Z\/§ 0
0 —iv/2 0 iv2xy
0 i 0 i(1-x3)
Z9 = ) ZlO - \/5 3 le — 5 ZlQ - \/5 (]312)
iv2 0 0 0
—iv/2 0 = 0

In terms of these variables one may compute the x?j = det(Zoi—122iZ2j-1Z5j), 80
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that the 9 cross-ratios (B.1.1) are given by

X1~ (xs”+1) (xit —xs™)

T D (ot — et
vy — a”+1D) 0" +1)
(™ +1) (™ + 1)
- 2™ —xs)xe” (xs™ +1)
(x2= —x17) (et + 1) xa™
w = X3+ +1
xitxa+xim +xat+ 1
- (2™ = x1)a"+1)xs™
x2 xat (st +1) ’
ug = X2~ = xsT)xat (et —xst)
(2™ = x17)xs™ (it —xe ) xs ™t
w = XQ_X1+
(X2 NM++U
e D (at - )
2~ (s~ +Dxat
- xa_t1 | (B.1.3)

Xotxe™ F X2 +xet +1
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B.2 Details on the triple box computation

B.2.1 Cross-ratios for eight-point functions

A list of 20 multiplicatively independent cross-ratios required to describe conformally

invariant functions of eight points is given by the following set:

2 .2 2 .2 2 .2 2 .2
_ Ti5Toy ~ TieZas ESVEDT _ Tagd3s
U = 2 92 Ug = 2 2 Uz = 2 92 Uy = 2 92
T142325 T15T26 T1eLa7 T25L36
_ x%7x§6 _ 1’3895%7 _ x%?ﬁﬁ _ Igsx?w
Us = 9 9 U = 9 9 Uy = 2 9 ug = 2 9
T6L37 To7T3g T36Ly7 T37Tyg
- 37%3374218 - xigxé - 5’3%43738 - x%Sx%S
Ug = 2 92 U0 = 2 9 Uil = 9 9 U1 = 2 92
T14738 Ly7T58 T15Tyg T16T58
2 .2 2 .2 2 .2 2 .2
_ Ty3ag _ T13Tay _ Tgyd3y _ T35Ty6
U3 = 2 92 U4 = 2 92 U5 = 2 92 U6 = 2 9
T1aT38 L1423 L3534 L36L 45
2 .2 2 .2 2 .2 2 .2
_ TyeTsy _ Tsr¥es _ T17%gg _ T17dag
Uy = 2 92 U18 = 2 92 U9 = 2 92 U0 = 2 9 ¢ (B21>
Ty7T56 L58L67 T16L78 L18To7

As in the previous section for the double box computation in 2d kinematics we can
use the momentum twistor parameterization of the above cross-ratios in terms of 16
momentum twistors in a four-dimensional subspace, which are again expressed in a

2d subspace parameterized by 10 cross-ratios. The momentum twistor representation



is given by,
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iv2xT
i(1—x7)

V2
0
0

iv2x4

i(1-x3)

V2
0
0

iv2X4

i(1—x7)
V2

Zi4::

i(1—x5)

0
0
— , Z4 —
0
ﬁ
0
0
) 2%
iv?2
_Z'\/§
0
0
Zy =
iV2x3
i(1—x3)
V2
0
0
Zis =
iV2x3
i(1—xd)
V2

In terms of (B.2.2) the 20 cross-ratios then take the values

Zi6
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iV2x5

il=xz)

o oy

i(1-x3)
ViB.2
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i +1) et +1) " 1™ —x2 ) xo" (xs™ +1)

T T e e Pha — ) et F Dt
- ™ —x ) (™ +1) g = 2w a” —x) et —xe) xs”
(1™ —xa™) xs™+1) Xat’ ™ —x2 ) xs7xet ™ —xst) ’
P € I ¢S W 00 L0 SRl MDD CUD (U 6 il DA C Rl CAD D
(1™ = xs ) xaxst ot —xat)’ (X1~ = xa ) xs xat Ot —xst)’
v = T FDx Gatmxat) o O DX (ot xs)
X3~ (xa” +1) 0t —xst)’ xa~ (xs™+1) at —xat)’
- " +D0u™+1) iy — e —xa )06+ 1) (o™ —xa)
s~ Oat —xst) (xa=+1) (xa™ = x57) (et = xs1)’
wy = (X2~ —x7) (o™ — X5+)’ g = (xa~ = x5 ) e +1) (™ — X5+)7
(xs~ +1) (2™ + 1) (xa™ —x57) (3™ + 1) (xo™ — x5T)
P ™ —xs)bat+1) X5+’ s = ™+ 0a"+ 1)’
x5~ (X1t —xsT) X1 X1t
B i~ +Dxe” bt — X2+)’ g = X2~ (xs”+ 1) (at - X2+)’
(X17 = x27) X (2™ +Dxs™ (at —xst)
P ™+ e —xa) (e - X4+)’ Uis = e” = xa ) 0™ —x7) ™ —xa) O™ —x7)
(Xa™ = x37) (xa™ +1) (2™ — xs™) (a7 = xa7) (2™ = x57) (™ — xa™) O™ — x5™)
we = — (xa™ =x5 ) (xa" +1) O™ —x7) g = a” =) (" +1)xs" (B.2.
(™ —xa7) (2™ —x57) O™ —xa™) (xa™ — x5™) (™ —xa7 ) xat (xs™ + 1)

B.2.2 A I'-function parameterization

Upon expressing the ¢;; in terms of 20 independent variables ¢; according to the

labeling of the 20 cross-ratios in the previous subsection, the product H§<j I'(d;5)
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appearing in (3.5.8) becomes

8
[IT06;) = T(ea—ecs—cat+es+1)T(cs—cg—cr+es+1)T (s —cog— cio+ cnn + 1)

1<j

[(—ci+cot+cnn—cia+ 1) (c3) I (ce — s +cg+ci3) T (—cog — c13 — c14)
['(c1a)T(c14+cog—c11+c1a) T (=1 — ey —c15) T (e15) T (e1 — ca + ¢4 + 15)
['(—cs — 15 — 1) I (c16) T (ea — 5 + cr + c16) T (—c7 — c16 — c17) T (ca7)
['(cr —cg+cro+crr) I (—cro — e1r — c1g) T' (c18) T (c10 — €11 + c12 + cus)
['(—c12 — c18 — c19) I' (c19) T' (=2 + €3 + c12 + c19) I' (—c6 — 13 — c20)

r (—Cg — C19 — 020) r (Cgo) r (03 — C5 + Cg + CQ()) . (B24)
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Appendix for Chapter 4

C.1 ISL in Momentum Twistor

It is often more convenient to consider ISL in momentum twistor. In [28] the authors
provide a general prescription for constructing an n-point Yangian invariant, Y, , by
adding a particle to the n — 1 point Yangian invariant. We will give a brief review of
their ideas here.! Building Yangian invariants can be done in two ways, either it is k

preserving operation as in
Y,;k(Zl, ceey Zn—1> Zn) = Yn—l,k(z’la e Z’n—l)7 (Cll)

or both £ and n increasing operation as in

—

V(i Zut, 20y 20, ) = (=2 0—1 0 1 2151 ( v, B, 21y - ). (C12)

1See [28, 184] for more details.
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We can see that the first case is pretty straightforward as it does not change the
functional form of the Yangian invariants. For the second type, the lower point
invariant have their super momentum twistors adjacent to the added particle, i.e.

the ny;, particle, deformed by the following shifts,

21 = Z2n—-2n—-1n)+2Zyn—2n—1n1);

Zn,1 = Zn,2<n —1nl 2) -+ Zn,1<n 12n-— 2>, (C13)

and we have the R-invariant defined as

M (na(b ¢ d e) + cyclic)

[adee]:(abcd><bcde><cdea><deab)(eabc>'

(C.1.4)

Translate to the language of usual spinor formalism the first case (C.1.1) is corre-
sponding to adding a positive particle in section 2, while the second one (C.1.2) is

corresponding to adding a negative particle.

C.2 Example of the ISL recursion relations

Here we consider one concrete example of how a BCFW diagram can be built up
from three-point amplitude by the recursion relation. The BCFW diagram is of the

form

Anvnv(1,2,3,4,5, P) x Anymv(—P, 6,7,8,9,10), (C.2.1)
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| @HV NM@

T 10

Figure C.1: A particular BCFW diagram occuring in 10 point N*MHV amplitude

and we will study this in the language of momentum-twistor, which is more compact.
According to our prescription (4.3.36) we will start with Ay (5, 6, 10) and by adding
17, we get Aymv(1,5,6,10) = 1 in the language of momentum-twistor. According to
the recursion relations, we can gradually add particles between 1 and 5, as well as 6

and 10, the final results are listed below,

{17,47,27,37}, {97,847}, =[98 765][110965][1 2345
{1-,2+.37,4%}, {9, 8%, 7}, =[98 76 5][1 109 6 5][1 2 3 5 0]

{17,3+,47, 27}, {9785, 7}, =[98 76 5][1 1096 5][1 345 0]
{17,4+,2%,37}, {97,877}, =[11098 7][1 10 8 6 5][1 2 3 4 5]
{17,2+,37,4%}, {8, 75,9}, =[1 1098 7][1 108 6 5][1 2 3 5 0] (C.2.2)
{1-,3+,47,27}, {7,9-,8*}, = [1 1098 7][1 T08 6 5)[1 34 5 0]
{17,4%,2+,37}, {97,877}, =[110976][1 107 6 5][1 2 3 4 5]

{1,243, 47}, {8, 75,9}, =[1 109 7 6][1 T0 7 6 5][1 2 3 5 0]

{17,3+,4-, 27}, {7,978}, =[1 109 7 6][L 107 6 5][1 3 45 0,
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where the left-hand-side denotes the way of adding particles (both from left and
right of the BCFW diagram) to the three-point amplitude Aymr(5,6,10), while the
right-hand-side means the answer in terms of R-invariant, and hats denote the shifts

according to Eq. (C.1.3). We have also checked much more complicated examples.

C.3 Two-particle channel BCFW and ISL in grav-
ity

One can also generalize the discussion in section 2 for Yang-Mills amplitudes to the

gravity amplitudes [140]. In gravity the three-point MHV amplitude is given as

M, (1.2, Py = D (m2PL+ mlP1) — np(12) (©31)
B [122[2P]2[P1]2 ’ -

and the corresponding soft factor is defined as following,

G.(n12)= ML(l,Z,ﬁ)SL — % = 8%(n 12)s1, (C.3.2)

with the same shifts on particles 2 and n as Eq. (5.1.1).

Since there is a bonus relation between gravity amplitudes[!4, , A7], the above
soft factor can be further simplified. For instance for a MHV amplitude, under the

shift Eq. (4.2.1), we have BCFW recursion relation and the bonus relation,

My+ Mg+ -+ M, =M, (C.3.3)

2oMy + 2sMs + -+ 2,1 M, 1 =0,
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which allows us to remove M,,_; in the whole amplitude M and get an extra bonus
factor [171]
Liy(nn—1)  (In)(in — 1)

¢ _
Buor= 1= an =1y = taiyn = 1) (C.34)

multiply this bonus factor with soft factor G(n,1,7) in (C.3.2), we arrive at more

familiar result

(ni)(in — 1)[i1]

51 1) = 2 L in — 1)

(C.3.5)

which is the soft factor used in [180), |, and the corresponding ISL recursion
relation from this soft factor is the same as the one appeared in [111], which was
originally obtained from N =7 BCFW. [185] Similar consideration can be done for

negative graviton.
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