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Chapter 1 

 

Introduction  

 

Rechargeable battery cells have recently received much attention due to their broad 

potential applications in a variety of technologies including military, automobile, 

aerospace and medical industries [1].  Among various types of rechargeable batteries, 

lithium-ion (Li-ion) cells featuring higher energy capacity, higher operating voltage, 

lower self-discharge and lower maintenance requirement have become the most widely 

used secondary battery systems [2, 3].  Significant research has been directed towards 

increasing the charge and energy capacity of Li-ion batteries [1].  It has been shown that 

a noticeable increase in the charge capacity of batteries is achievable using Li-alloy 

(LixM; M = Sn, Si, Ge, Al, etc) anodes [4].  Silicon (Si) possesses the highest known 

theoretical charge capacity (4200 mAhg-1) corresponding to the formation of Li22Si5, but 

this capacity is accompanied by a nearly 400% volume expansion [5].  Very large 

mechanical stresses associated with such a huge volume change during lithiation and 

delithiation are responsible for poor cycling behaviors of the Si anodes due to 

pulverization, fracture, loss of integrity and loss of electric contact with current collector.  

This major liability has obstructed the way toward widespread application of the Si 

anodes.  In order to circumvent problems associated with mechanical degradation of Si 

electrodes, various approaches have been under investigation.  For example, Si 
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composites with non-metallic matrices [6], such as TiN [7] and TiB2 [8], and metallic 

composites, such as Mg2Si [9] and SiAg [10], as well as Si-Sn alloys of different 

compositions [11] have been investigated as anode in Li-ion batteries.  Reduction of the 

particle size to submicron regime has been shown promising in many studies.  For 

example, Gratez, et al. [12, 13] investigated the electrochemical performance of 

nanostructured Si and Ge thin films on metallic substrates, and found improved capacity 

retention in nanofilms.  Electrochemical and mechanical performance of thin film 

electrodes on substrates have also been a subject of broad investigation [14, 15].  A 

crucial step in understanding the mechanical behavior of Si electrodes has been taken by 

Sethurman et al.[16], and Soni et al. [17] via in-situ stress measurements on Si thin films 

during cycling.  Their measurements suggest that Si yields during lithiation (in 

compression) at ~1.7 GPa, and delithiation (in tension) at ~1 GPa [16].  The stress-

potential coupling in thin film electrodes [18], the effect of Li content on the biaxial 

modulus during cycling [19], and that of thickness on the charging capacity and yield 

stress of Si [17] have also been addressed in recent experiments. 

A commonly observed phenomenon during cycling of thin film electrodes is 

through-the-thickness cracking, occasionally accompanied with delamination of the 

cracked film patches from the substrate.  Morphology of crack patterns in Si [20], and Ti-

Si thin films [21] of different film thicknesses within the submicron regime has been 

studied.  While cracks have been observed in Si films as thin as 100 nm on Cu substrate 

[22], a systematic study of Si thin films with different thicknesses on stainless steel 

substrate has suggested that 100 nm thick films do not fracture after cycling up to 10 
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cycles, while thicker films do fracture after the same number of cycles [20], concluding 

that there is a critical size below which through-the-thickness cracking becomes 

impossible [13, 23, 24].  The effect of cycling rate on the fracture of thin film electrodes 

has been studied by Soni et al [23].  It has been suggested that substrate roughness could 

also contribute to the electrochemical performance of thin film electrodes [25, 26].   

Nanowire electrodes made of various materials have also been thoroughly 

investigated [27-34].  Initially, it was shown that Si nanowires of 89 nm mean diameter 

can be charged up to nearly the theoretical capacity, at sufficiently low cycling rate with 

improved cycling efficiency [28].  In crystalline Si nanopillars, it has been observed that 

anisotropic expansion during initial lithiation [35, 36] could induce fracture [30, 37].  It 

has been suggested that Li embrittlement is responsible for a “leapfrog” cracking 

mechanism in ZnO nanowires [34].  In contrast, in SnO2 nanowires, a high density of 

mobile dislocations is nucleated at the lithiation front and propagates along the length of 

the nanowire.  A summary of the in-situ transmission electron microscopy observations 

during Li cycling of nanowires can be found in [38]. 

Besides numerous experimental studies, of which a brief summary was discussed 

above, there has been significant effort with the aim of modeling the coupled mechanical 

and electrochemical processes involved in Li-ion batteries.  An initial effort along this 

line of thought, dealing with large deformation within electrodes as well as 

electrochemical processes, has been presented in [39, 40].  There have been various 

attempts to develop continuum models of diffusion-induced stresses [41-50].  Most of 

these models are subject to restrictions such as low solute concentrations, small stresses, 
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small deformation, and mostly ignore the coupling between the electrochemistry and 

mechanics.  Recently, a rather sophisticated model accounting for coupling between 

various physical phenomena in Li-ion battery electrodes has been developed by Bower et 

al. [51, 52].   

 There exist numerous theoretical studies dealing with modeling of electrodes, 

mostly at the particle level.  Theoretical models have been developed to predict critical 

sizes to avoid fracture in electrodes [13, 24, 53-55].  The effects of cycling rate with 

particular attention to crack nucleation and propagation has also been discussed in a 

number of papers [23, 53, 54, 56, 57].  Anisotropy effects on the kinetics of lithiation in 

crystalline Si nanopillars have been modeled in [36, 58].  Coupled large deformation and 

plasticity models have also been employed to predict deformation within the electrode 

particles [59].  Cohesive law models have been utilized to model progressive fracture of 

graphitic particle electrodes [60].  Fracture and delamination in composite electrodes 

have also been investigated [61]. 

In this thesis, we will focus on some mechanics aspects of energy-storage 

materials with particular attention to the Si electrodes in Li-ion batteries.  Organization of 

this work is as follows: 

In Chapter 2, we will develop an atomistic-based continuum model for diffusion 

within solid electrodes, accounting for the effect of the interplay between stress field and 

diffusivity, binding energy of solute atoms to the host atoms and effect of the maximum 

attainable stoichiometry.  Our model is then tested against molecular dynamics 

simulations of hydrogen diffusion in nickel.  The model is shown to give predictions in 
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excellent agreement with atomistic simulations. Employing this model, we then assess 

the role played by each of the individual effects above on the overall charging behavior.  

Limitations and applicability of the model to the Si electrodes in Li-ion batteries are 

discussed. 

  In Chapter 3, we will focus on the effect of coupling between the stress field 

within an electrode particle and diffusivity of the guest atoms in the host matrix. We will 

show that a surface locking instability emerges as a result of this coupling under constant 

charging flux, i.e. galvanostatic charging.  This instability causes the inserted atoms to 

jam near the surface and does not allow them to get inside the electrode. We will discuss 

this instability in electrode particles of simple geometries.  The new finding is that once 

the product of the electrode’s characteristic size and charging current exceeds a critical 

value, the normal diffusion process is locked leading to accumulation of the inserted 

atoms within a boundary layer near the surface of the particle.   

Our discussion will then turn to patterned Si thin film electrodes on metallic 

substrates in Chapter 4, which will remain the subject for the rest of this thesis.  We will 

start by discussing size effects in patterned electrodes dealing with the lateral dimension 

of the islands in a patterned film, taking into account sliding along the interface between 

Si and the underlying metallic substrate.  It is discussed why the characteristic spacing for 

fracture is about two orders of magnitude larger than the film thickness, in contrast to the 

conventional film-substrate systems where the crack spacing is expected to be on the 

same order as the film thickness, especially when the film is softer than the substrate.  We 

then show that islands whose lateral size is below a critical size allow reversible 
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deformation during cycling.  Interpretation of stress-curvature measurments in such 

electrodes is also discussed, using a modified Stoney equation whose derivation is 

presented in the same chapter.   

In Chapter 5, we will address the issue of interfacial delamination in patterned 

thin films allowing for interfacial sliding.  It is shown that in the presence of interfacial 

sliding, a size effect can be recognized:  once the lateral size of the islands becomes 

larger than a critical size which can be much larger than the island thickness, spontaneous 

interfacial debonding becomes energetically favorable.   

In Chapter 6, we will discuss a low-cycle fatigue mechanism, called ratcheting, 

associated with incremental accumulation of deformation within the patterned islands.  

This phenomenon happens in the presence of non-symmetrical variations in yield stress 

of Si and/or the interfacial sliding strength during lithiation and delithiation half-cycles.  

We will present theoretical as well as numerical finite element calculations to 

demonstrate this effect.  The results are discussed together with relevant experimental 

observations.  

Chapter 7 concludes this thesis with discussions on some limitations of the 

models/approaches presented in this thesis, as well as on possible theoretical and 

experimental studies in the future. 
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Chapter 2 

 

Atomistic-based continuum modeling of strongly-coupled 

diffusion, stress, and solute concentration 

 

There exists a significant volume of theoretical work dealing with continuum 

modeling of diffusion in battery electrodes in the literature.  Among them, numerous 

continuum thermodynamics and kinetics models have been proposed such as the 

theoretical framework of porous electrodes [62, 63] and the dual foil cell-sandwich model 

[64, 65].  In addition, a large volume of publications has been devoted to the study of 

stress generation, deformation and fracture during diffusion.  Study of diffusion-induced 

stresses based on an analogy with thermal stresses can be traced back to the work of 

Prussin [66].  The study was later broadened to include the development of stresses 

during mass transfer in thin plates, solid cylinders and spheres, where the stress-diffusion 

coupling was considered by including the elastic inclusion energy of solute in the 

chemical potential [50, 67].  During the past decade, an increasing number of continuum 

models of diffusion induced stresses during charging/discharging of electrodes has been 

developed [39-42, 44, 45, 68], some even accounting for the effects of surface tension 

and surface modulus [46, 69].  
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Despite these developments, continuum models of diffusion under very large 

stresses and high solute concentrations usually face the challenge of strongly nonlinear 

system behavior. Validation of such models is often subject to limitations in experimental 

techniques. For instance, Christensen and Newman [39] presented an integrative model 

accounting for a number of different physical effects whose experimental validations are 

still lacking. Moreover, most of the existing models are either strictly applicable only in 

the limit of dilute concentrations [41, 42, 44, 45] or do not account for non-conventional 

stress-diffusivity couplings that could be of importance for concentrated solutions and 

large stresses [39, 40, 68]. 

In this chapter, we take an atomistic-based approach to developing continuum 

models of strongly nonlinear and coupled diffusion under large stresses and high solute 

concentrations. The model includes the effects of solute-induced stresses on the 

activation energy of solute diffusion, an upper limit for solute concentration, the 

interaction energy between solute and host atoms, as well as the effect of the solute 

concentration on the Young’s modulus of the host material.  On the other hand, we 

neglect the effects of surface tension and surface modulus [46, 69] so that our model is 

really trying to capture the "bulk" behavior starting just inside the surface (associated 

with the flow of the material into the "bulk" due to an imposed flux at the "real" 

interface). In this way, our model is not a nanoscale model and has no special kinetics or 

energetics at the continuum surface. We will then compare the continuum model with 

atomistic simulations which are performed at nanoscale. The simulations have been 

specially designed to exclude complications at a real electrolyte/material interface by 
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artificially imposing an input flux inside the material just away from the outermost 

surface atomic layer, where bulk thermodynamics and kinetics applies (see Ref. [70] for 

the details of the atomistic simulations). 

This chapter is organized as follows. In Section 2.1, we introduce a continuum 

analytical model taking into account the four nonlinear features mentioned above. In 

Section 2.2, a brief discussion of the general properties of hydrogen in nickel as a test 

system is presented along with a concise description of the atomistic simulations 

regarding H-Ni materials system, and simulation of the charging process.  Section 2.3 

contains our comparison of the analytical model against the atomistic simulations, and 

demonstrates the role of the factors noted above in achieving quantitative predictions in 

the continuum model.  The validated continuum model then enables us to investigate the 

influence of each individual physical effect on the overall charging process separately, 

which is presented in Section 2.3.  A comparative study between the MD results and two 

versions of the classical models is also presented in Section 2.4.  We conclude this 

section with a discussion on the applicability of the present model to the case of Li-ion 

batteries with Si anodes.  A summary of our results is given in Section 2.5. 

 

2.1. Continuum modeling of diffusion 

For simplicity, consider one-dimensional diffusion in a plate under large stresses and 

high solute concentrations.  We start by introducing a chemo-mechanical potential 

including the effect of high solute concentrations on the entropy of the system, the work 
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required to insert an inclusion into an elastic matrix, and the concentration-dependent 

heat of solution.  The diffusion-induced stresses are then presented for an infinitely 

extended free standing plate using small-deformation theory, considering that the 

Young’s modulus of the plate may vary with the solute concentration.  We then introduce 

the stress-diffusivity coupling through the effect of internal stress field on the activation 

energy of diffusion.  Finally, the generalized governing 1-D diffusion equation is derived 

and the solution methodology is discussed. 

2.1.1. Chemo-mechanical potential 

To demonstrate the basic approach of simulation-based continuum modeling, we consider 

interstitial diffusion of solute atoms in a host solid.  The interstitial sites of the host solid 

form a sublattice.  With respect to this sublattice, the diffusion of the solute atoms can be 

viewed as a substitutional mechanism.  The total number of interstitial sites in the 

original host lattice is assumed to be preserved.   

In the continuum modeling of diffusion in solids, the drift velocity v  and hence the flux 

of the diffusing species in the host material is given by [42, 71, 72]  

*J c Mc μ= = − ∇v ,                                                (2.1) 

where M  is the mobility of the diffusing component, c  is the solute concentration and 

*μ  is the chemo-mechanical potential incorporating the chemical and mechanical 

energies of the system.  In the presence of internal stresses, the chemo-mechanical 

potential is expressed in terms of the chemical potential of the solute atoms sμ  and 
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vacancies vμ , partial molar volume of the solute Ω  and the hydrostatic stress in the host 

solid hσ  as [71, 73]  

*
s v hμ μ μ Ωσ= − − ,                      (2.2) 

where  

0 logi i iRT aμ μ= + .                                                                            (2.3) 

Here, ,i s v≡  corresponds to the solute and vacancy components respectively, 0
vμ  is the 

free energy of the host solid accommodating one mole of the vacant interstitial sites, 0
sμ  

is the free energy of the same system when the interstitial sites are occupied by the solute 

atoms, R  is the gas constant and T is the absolute temperature.  The activity sa  accounts 

for the interaction energy between the host and solute atoms.  A similar treatment of 

vacancies can be found in the thermodynamic description of adsorption equilibrium via 

vacancy solution theory [74, 75], where activity of the vacancies is interpreted as the 

interaction between the adsorbate molecules and the host solid [76-78]. 

Recognizing the existence of a stoichiometric maximum concentration maxc , 

activities of the components are related to their site fractions through s sa cγ= %  and 

(1 )v va cγ= − % , where max/c c c=%  and, vγ  and sγ  are the activity coefficients of the 

vacancies and solute atoms respectively. 

Therefore, the chemo-mechanical potential takes the following form 
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*
0 log log

1
sv s

h
v

cRT RT
c

γμ μ Ωσ
γ

= + − +
−
%

%
,                                (2.4) 

where 0 0 0
sv s vμ μ μ= −  is a constant.  Equation (2.4) accommodates three important 

physical effects associated with high solute concentrations and large stresses as follows. 

The second term on the right hand side of Equation (2.4) is due to the entropy of a simple 

solution where the solutes occupy a fixed set of sites, such as interstitial or substitutional 

sites in the host material.  For dilute solutions, where 1c <<% , this term reduces to the 

usual form logRT c% .  However, the entropy of the system should reduce to zero as all the 

available sites in the host are filled with the solutes and so it is not possible to reach the 

saturation point.    Introduction of this effect enables the present model to recognize a 

saturation limit for the host solid.  Throughout this paper, this effect is referred to as the 

saturation effect.  

The third term on the right hand side of Equation (2.4) is the elastic energy associated 

with insertion of an inclusion of volume Ω  into the matrix under the hydrostatic stress 

hσ .  This term was considered by Li [67], and is well-established in other contexts 

including diffusion around dislocations [79, 80].  This effect is interchangeably referred 

to as the effect of hydrostatic stress or inclusion energy in the rest of this chapter.   

The last term on the right hand side of Equation (2.4) represents the deviation of the 

solution behavior from an ideal solution which is ideal over the entire range of its 

composition [81].   This term reduces to a constant for dilute solutions and vanishes for 

an ideal solution.  However, at high solute concentrations, the change in the chemical 
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environment of the solution influences the interaction energy of the solute and host 

atoms.  Since the activity coefficients vγ  and sγ  are related through the Gibbs-Duhem 

equation, they are determined based on the excess molar Gibbs free energy of the 

solution ( )ExG c%  via 
)~1(log

log
~log

log
~

)~1(~
2

2

cccd
Gd

RT
cc vsEx

−∂
∂

=
∂
∂

=
− γγ

, subject to the conditions 

1sγ →  as 1c →%  and 1vγ →  as 0c →%  [81].  Therefore, one can simply verify that 

Equation (2.4) can be rearranged in the following form 

*
0 0log ( )

1 h
cRT c

c
μ μ Ωσ Δμ= + − +

−
%

%
%

,                  (2.5) 

where 0 0 ( (0) / )sv
ExdG dcμ μ= + %  is the chemical potential of an infinitely dilute solution, 

and 0 ( ) ( ( ) / ) ( (0) / )Ex Exc dG c dc dG dcΔμ = −% % % %  is the concentration-dependent binding 

energy between the solute particles and the host atoms as a function of the local 

concentration, which vanishes for an infinitely dilute solution.  In the following section, 

we adopt the two-parameter Margules equation for the excess free energy of a binary 

solution [81], 

0 0( ) (1 )[ (1 )]ExG c c c A c B c= − + −% % % % % ,                                                           (2.6) 

hence the concentration-dependent binding energy of the solution is given by 

2
0 0 0 0 0( ) 2( 2 ) 3( )c A B c A B cΔμ = − − −% % % ,                                                 (2.7) 

where 0A  and 0B  are the parameters of the Margules equation. 
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For an ideal dilute solution, where 0 ( ) 0cΔμ =%  and 1c <<% , Equation (2.5) reduces to the 

classical chemical potential [42, 49, 50, 67].  

2.1.2. Diffusion-induced stresses 

Before proceeding to derive the generalized governing diffusion equation, we need to 

estimate the stress fields within the host solid.  In this paper, we specialize the 

formulation to the case of an infinitely extended free-standing plate of width w subject to 

equal and uniform charging current densities on the side faces of the plate, as shown in 

Figure 2.1.  

 
(a) (b) 

 

 
Figure 2.1:  A solid plate under atomic intercalation. (a) A plate of thickness w under 
uniform charging flux Jn on both of its faces. (b) The corresponding atomistic problem 
for H diffusion in Ni with the simulation cell being free along x direction and periodic 

along y and z directions. During simulations, flux Jn of H atoms enter the simulation cell 
from the top surface while a reflecting boundary condition is imposed at the bottom 

surface. 
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The plate material is assumed to be an isotropic homogeneous linear elastic solid with 

Young’s modulus E  and Poisson’s ratio ν .  The Young’s modulus of the material can be 

greatly affected as the solute concentration increases within the plate [82, 83] and so here 

we explicitly consider a concentration dependent Young’s modulus )(cE .  Following an 

analogy between thermal stresses and diffusion-induced stresses [41, 42, 49, 50, 66, 67], 

the biaxial stress in the plate at position x through the plate thickness is given by  

( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−

−
=== xc

E
cEExxx
avg

avg
zzyyb

)(
)1(3

)()()(
ν

Ωσσσ ,                                     (2.8) 

where ( )∫−=
2/

2/
)()(1)(

w

wavg dxxcxcE
w

Ec , ( )∫−=
2/

2/
)(1 w

wavg dxxcE
w

E  and hence 
avg

avg

E
cE )(

is 

the modulus-weighted average concentration in the plate.  We assume that the plate faces 

are traction-free and thus 0=xxσ .  Therefore the hydrostatic stress hσ  in the plate is 

two-thirds of the biaxial stress, 

( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−

−
= xc

E
cEEx
avg

avg
h

)(
)1(9

2)(
ν
Ωσ .                                                       (2.9) 

2.1.3. Stress dependent activation energy for diffusion 

The diffusivity coefficient D̂  is related to the mobility according to  

MRTD =ˆ .                                                                   (2.10)   

Here we consider the effect of the internal stress field on the activation energy of 

diffusion, as follows.  At the atomic scale, diffusion of a solute particle in a crystal lattice 
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is described as a sequence of jumps from one interstitial site to an adjacent site, during 

which the diffusing particle must surmount the energy barrier caused by its interactions 

with the surrounding host atoms.  Atomistic and quantum mechanical simulations have 

shown that this energy barrier is strongly affected by the internal stresses acting on the 

neighboring crystal atoms in the directions normal to the diffusion [84], suggesting a 

dependence on the biaxial stress. This effect has been referred to as strain-activated 

mobility by Aziz et al. [85, 86] who showed that a stress-dependent mobility can cause a 

kinetically driven surface instability.  In Chapter 3, we will demonstrate that such stress-

mobility coupling can potentially lead to a surface locking instability in electrodes under 

galvanostatic intercalation [87].   

Denoting the change in the activation energy due to the internal stresses as )(Δ bbE σ , the 

diffusivity coefficient can be expressed as 

RT
E bb

eDD
)(Δ

ˆ
σ

−
= ,                                                                     (2.11) 

where D  is the usual stress-free diffusivity.  Normally, a tensile stress acting on the 

neighboring host atoms leads to a reduction in the energy barrier while a compressive 

stress increases it.  Linearization of )(Δ bbE σ  around the zero-stress value allows 

Equation (2.11) to be written as 

RT
b

eDD
σΩα

=ˆ ,                                                                         (2.12) 
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where α is a positive dimensionless coefficient.  In the following section, we allow for a 

bilinear dependence of the activation energy on the biaxial stress and hence use cαα =  

for compressive stresses 0<bσ  and tαα =  for tensile stresses 0>bσ .  Aziz et al. [85] 

have reported numerical values for the stress-diffusivity coupling through experimental 

measurements for the amorphous-crystalline interfacial growth of Si along [001] plane. 

2.1.4. Generalized diffusion equation 

With the chemo-mechanical potential, diffusion-induced stresses, and stress-diffusivity 

coupling given above, we can now develop the generalized diffusion equation for the 

simple case of a plate.  We start with the fundamental diffusion equation given by 

0. =∇+
∂
∂ J

t
c ,                                                             (2.13) 

where J  is obtained using Equation (2.1) and the chemo-mechanical potential *μ  is 

given in Equation (2.5).  Since the present problem is essentially one dimensional along 

the x-direction, Equation (2.13) with the aid of Equations (2.1, 2.5, 2.10) takes on the 

following form 

max 0

max max

( )1ˆ hc d cc c c c cD
t x c c x RT x c RT dc x

σ ΔμΩ⎡ ⎤⎛ ⎞∂∂ ∂ ∂ ∂
= − +⎢ ⎥⎜ ⎟∂ ∂ − ∂ ∂ ∂⎢ ⎥⎝ ⎠⎣ ⎦

%

%
.                                     (2.14) 



18 

 

 

 

Given the stress field in Equations (2.8, 2.9) and the diffusivity D̂  in Equation (2.12), 

Equation (2.14) can be casted into the dimensionless form

1
( )

0
2 2

( ) ( )1 ( )( )
1

avg

avg

Ec
k c

E avg

avg

Ec d cc dE c ce k E c c k c c c
x c dc E dc x

Δμ
τ

⎛ ⎞
⎜ ⎟−⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞⎛ ⎞∂ ∂ ∂⎢ ⎥= + − − +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎢ ⎥∂ ∂ − ∂⎝ ⎠⎝ ⎠⎣ ⎦

% %
%

% %% % % %% % %% % % % % %
%% % % % %

,   (2.15) 

where 2w
Dt

=τ  is a dimensionless time, 
w
xx =~  is the dimensionless length parameter, 

0

)()~(~
E

cEcE =  is the Young’s modulus normalized with respect to the reference modulus 

0E  at zero solute concentration, 
0

~
E

E
E avg

avg =  and 
max0

)(
)~~(

cE
cE

cE avg
avg = .  In Equation 

(2.15), 
RT
cE

k
)1(3

max0
2

1 ν
Ωα
−

=  and 
RT
cE

k
)1(9

2 max0
2

2 ν
Ω
−

=  are dimensionless parameters reflecting 

the stress-diffusion interactions, and 0
0

( )( ) cc
RT

ΔμΔμ =
%

% %  is a dimensionless concentration-

dependent binding energy.  For a specified charging current density nJ  at the plate faces

2/wx ±= , the required boundary conditions for Equation (2.15) are  

1
( )

0
2 2

( ) ( )1 ( )( )
1

avg

avg

Ec
k c

E avg
n

avg

Ec d cdE c ce k E c c k c c c J
c dc E dc x

Δμ
⎛ ⎞
⎜ ⎟−⎜ ⎟
⎝ ⎠

⎛ ⎞⎛ ⎞ ∂
+ − − + = ±⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟− ∂⎝ ⎠⎝ ⎠

% %
%

% %% % % %% %% %% % % % %
%% % % %

,     

2/1~ ±=x ,               (2.16) 
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where 
max

~
FDc

wJ
J n

n = is a dimensionless flux, with F  being the Faraday constant.  By 

comparison of Equation (2.15) with the classical diffusion equation, one can define the 

effective diffusivity in the presence of all the aforementioned effects as 

1
( )

0
2 2

( ) ( )1 ( )( )
1

avg

avg

Ec
k c

E avg
eff

avg

Ec d cdE cD De k E c c k c c c
c dc E dc

Δμ
⎛ ⎞
⎜ ⎟−⎜ ⎟
⎝ ⎠

⎛ ⎞⎛ ⎞
= + − − +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟− ⎝ ⎠⎝ ⎠

% %
%

% %% % % %%% % % % % %
%% % %

,    (2.17) 

where c~ , and thus effD , is an implicit function of position x through the plate.  A special 

case of Equation (2.17) has been given by Wu [71]. 

2.1.5. Numerical solution methodology 

The continuum model described above involves a highly nonlinear partial differential 

equation, Equation (2.15), to be solved numerically under the boundary condition of 

Equation (2.16) with zero initial concentration for Equation (2.15).  The governing 

equation is solved using FEMLAB (COMSOL Multiphysics) via the general PDE mode 

as 

0.
~

=∇+
∂
∂ Γ

t
c ,                                                        (2.18)                         

with Γ   defined as  

1
( )

0
2 2

( ) ( )1 ( )
1

avg

avg

Ec
k c

E avg

avg

Ec d cdE ce k Ec k c c c c
c dc E dc

Δμ
⎛ ⎞
⎜ ⎟−⎜ ⎟
⎝ ⎠

⎛ ⎞⎛ ⎞
= − + − − + ∇⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟− ⎝ ⎠⎝ ⎠

Γ

% %
%

% %% % % %%% % % % % %
%% % %

,               (2.19) 
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where coupling integration variables are used to define avgE~  and avgcE )~~( .  Symmetry of 

the problem is invoked to solve the governing equation over half the domain,

5.0~0 −≥≥ x , and 480 Lagrangian elements are used to discretize this domain. The 

Neumann boundary condition is applied at both boundary points with the flux 

)~1(0 cJJn −=  at 5.0~ −=x , designed to match the boundary condition in the molecular 

simulation (see next section), and zero flux at 0~ =x , consistent with the symmetry of the 

problem.  Necessary material parameters for the model system of hydrogen charging of 

Ni are obtained from the atomistic models described in the next section.  

2.2. Model validation via comparison with molecular dynamics simulation 

To demonstrate role of the various physical phenomena associated with stress and 

solute concentration included in the continuum model of Equations (2.15, 2.16), a model 

material of hydrogen (H) solutes in a nickel (Ni) host is considered. H in Ni provides a 

system where H occupies well-defined sites in the host Ni lattice, the H-induced volume 

change is large enough to induce large stresses.  The diffusion of H in Ni under stress is 

easily characterized [70].  

Molecular statics and dynamics can be used (i) to obtain the material parameters 

entering the continuum model and (ii) to explicitly model the charging of a Ni plate by an 

imposed flux of H atoms through the surfaces of the plate.  The results can then be 

compared to the predictions of the continuum model.  

2.2.1. Properties of H in Ni  



21 

 

 

 

Interatomic embedded-atom-method [88] (EAM)  potential developed by Angelo 

et al. [89] has been used to characterize the interactions between atoms in the system.  At 

equilibrium, H atoms occupy octahedral sites in FCC Ni with a maximum attainable 

molar concentration max 3
0

4

A

c
N a

=  corresponding to the cubic hydride phase NiH, where 

AN  and 0a  are Avogadro’s number and the Ni cubic cell lattice constant, respectively. 

The dimensionless concentration max/~ ccc =  is thus identical to the H/Ni ratio.  Table 

2.1 shows the numerical values for the partial molar volume Ω , the Young’s modulus 

0E , and the Poisson ratio [70].  Changes in the mechanical properties of the material as H 

is added to Ni is neglected as the Young’s modulus for the fully-hydrided NiH material is 

only about 10% larger than that of pure Ni.   

Concentration-dependent binding energy of the solution in eV/atom obtained 

using atomistic simulations can be approximated via 2
0 ( ) 0.80 0.37c c cΔμ = − +% % %  (which is 

identical to the two-parameters Margules equation (see Equation (2.7)) with parameters 

0 0.15A = , 0 0.28B = in the same units),  by creating a range of NiHc%  random solid 

solution materials and computing the energy per H atom.  As shown in Figure 2.2, the 

energy per H is increasingly negative with increasing c~ , favoring higher H 

concentrations, for this EAM potential [90].  

Diffusion of H in Ni occurs by H motion from one octahedral site to a 

neighboring site, corresponding to motion along the family of  }110{  directions in the fcc 

lattice. The activation energy bE  of H diffusion in the [110] direction under an applied 
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uniaxial stress σ  along [110]  has been computed [70], and using the activation energy 

under zero stress (0)bE  as the reference value, ( ) ( ) (0)b b bE E Eσ σΔ = −  is given in Figure 

2.3, showing that a tensile stress decreases bEΔ  while a compressive stress increases it.  

To conform to the simple continuum model of Equation. (2.12), we fit the results to a 

bilinear curve to estimate the values of α  under compression ( 0.180cα α= = ) and under 

tension ( 0.404tα α= = ).  When no stress is present, 0bEΔ =  and the diffusivity is just D 

and is controlled by the zero-stress activation energy of 0.46 eV. Below, a brief 

description of molecular dynamics simulations of charging at T=800K.  The temperature 

has been chosen to facilitate diffusion within the time constraints of MD, for which D=

91006.028.1 −×±  m2/s [70].   

 

2.2.2.  Simulation of H Charging of Ni 

The details of the atomistic simulations are beyond the scope of this work, and is 

given in Ref. [70].  However, in the following, a brief description of the problem 

simulated via MD is discussed.  With the material system identified and characterized, a 

series of H-charging simulations have been conducted using Molecular Dynamics (MD).  

The sample is a ½-plate geometry with simulation cell dimensions lx=6.2 nm, ly=4.0 nm 

and lz=3.6 nm, with the crystal orientation corresponding to ]110[=x , ]011[=y , and 

]100[=z  as shown in Figure 2.1b.  To mimic a semi-infinite plate in the lateral 

directions y and z, the simulation cell is periodic in these directions. To represent one-half 
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of the full plate, charging occurs into the 2/1~ −=x  surface and a symmetry boundary is 

used at 0~ =x .   

The simulation temperature is fixed at 800 K using a Nosé–Hoover thermostat [91, 92] 

and the simulation cell sizes in all directions fluctuate during the simulation using a 

barostat in order to maintain zero external pressure conditions [93, 94].  The flux of H 

atoms is controlled by inserting H atoms at the desired rate J0 into the layer of octahedral 

interstitial sites at 1/ 2x = −% .   

To insert an H atom, one site, among the N=160 possible sites in this layer, is 

chosen randomly for insertion at time intervals of 2 1
0 0( 2 )AN J Na −  and an H atom 

insertion is attempted.  If the chosen site is already occupied by an H atom, the insertion 

attempt is aborted.  As H is inserted during charging, the concentration in the insertion 

layer increases due to insertion and decreases due to diffusion into the plate.  The mean 

flux achieved in the simulation is then the desired flux multiplied by the probability of a 

successful insertion (1 ( 1/ 2))c x− = −% % where ( 1 / 2)c x = −% %  is the surface concentration, or 

2/1~0 )~1(
−=

−=
xn cJJ  (Figure 2.1).  Note that the actual influx is always subject to 

statistical fluctuations on top of the mean behaviors described above. The outcome of the 

simulation is the actual flux nJ  as a function of time as well as the H concentration 

profile, defined as the average number of H atoms in the lateral cross-section at position 

x, as a function of time. The simulation results are converted into dimensionless 

quantities using the scalings identified in the development of the continuum model.  
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Simulations are done at a number of charging rates, 
max

0
0

~
FDc

wJ
J =  =1.18, 5.89, 11.79, 

117.9.  Figure 2.4 shows the actual influx nJ%  as a function of time for the above-

mentioned values of the input flux.  On the same figure, the predicted flux according to 

the approximation 0 1/2
(1 )n x

J J c
=−

= −
%

% % %  is shown.  Aside from the inevitable statistical 

fluctuations in the actual influx, Figure 2.4 indicates that the above linear estimate is 

satisfactory for use in the continuum model. 

Table 2.1. Numerical values of the model parameters. 

Ω  
(m3/mole) 

maxc  
(mole/m3)

0E  

(GPa)
 ߥ

610053.2 −×   51051.1 × 205 0.31 
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Figure 2.2:  Concentration-dependent binding energy 0Δμ  as a function of max/~ ccc = at 
0 K. 

 

 
 

Figure 2.3: Activation energy barrier of diffusion as a function of the normal stress 
acting perpendicular to the diffusion direction. 
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Figure 2. 4:  Actual flux data versus the predictive relation as a function of time. 

 

2.3.  Results and Analysis 

The predictions of the H concentration profile through the plate at various times as 

obtained from the MD simulations and as predicted by the continuum model are shown in 

Figure 2.5 for various charging rates 
max

0
0

~
FDc

wJ
J =  =1.18, 5.89, 11.79, 117.9.  In this 

figure, and in the rest of this chapter, the atomic simulation results are shown as discrete 

points, corresponding to the average H concentration at each lateral octahedral site 

location x  at each time, and the continuum predictions are shown as solid lines.  For all 

charging rates and at all times shown, the continuum predictions are in excellent 
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agreement with the MD results.  This broad result validates the use of the continuum 

model for describing diffusion with strongly-coupled stress effects.   

As H is injected at the surface, the near-surface concentration rises, inducing a 

compressive stress in this region, which suppresses the H diffusivity in this region but 

also generates an energetic driving force for diffusion; see Equations (2.12) and (2.5).  As 

the near-surface concentration increases further, with stress continuing to increase, the 

mean flux 
2/1~0 )~1(

−=
−=

xn cJJ  decreases and the surface concentration reaches a near-

steady state value.  At low flux levels, the surface concentration remains well below unity 

and the concentration profile is relatively smooth and convex.  At high flux levels, 

however, the surface concentration approaches unity and the concentration profile is 

concave and then convex, showing an inflection point.  The flow of H into the plate 

resembles the motion of a diffuse interface. 
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Figure 2.5:  Concentration profile across the thickness; dots are MD results and solid 
lines are the continuum model predictions. 

 

An advantage of the continuum model, discussed in Section 2.1, is that it enables 

us to study the individual contribution of stress-dependent activation energy, existence of 

a stoichiometric maximum limit, and the concentration-dependent heat of solution to the 

overall continuum model.  To this end, limiting cases of the full model are considered in 

which one or more of the described physical effects are removed from the model while 

the others are preserved.  In all subsequent figures, the simulation data remains 

unchanged from that shown in Figure 2.5, since it is not possible to alter the 

characteristics of the physical system within the MD simulation. 
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2.3.1. Stress dependence of the activation energy 

To assess the effect of stress-diffusivity coupling, the dependence of activation energy on 

stress is removed from the continuum model by considering the special case 01 =k  in 

Equation (2.15), corresponding to setting the physical parameters , 0c tα α = . Figure 2.6 

shows the numerical results from the continuum model in comparison with the full MD 

results. In the absence of stress-diffusivity coupling, the diffusion coefficient near the 

plate surface, which is under compressive stress, is overestimated.  Thus, more material is 

driven into the plate and the concentration profiles are overestimated in the interior 

regions.  Also, as the charging flux increases, the effect of stresses on the energy barrier 

becomes more significant to the overall charging process. 
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Figure 2.6:  Concentration profile across the thickness; atomistic simulation vs. 
continuum predictions neglecting the stress-diffusivity coupling. 

 

2.3.2. Concentration dependence of the solute binding energy 

The role of the concentration-dependence of the binding energy in influencing the 

diffusion can be examined by setting 0 ( ) 0cΔμ =% %  in Equation (2.15).  Numerical results 

in this limit are shown in Figure 2.7, where the predicted concentration profile is 

substantially more uniform than the full MD results.  This is anticipated because the 

binding energy function prefers high H concentrations and so creates a driving force on 
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the H atoms that acts in the opposite direction to the concentration gradient.  Hence, 

when the binding energy is set to zero, the continuum model predicts a smoother 

concentration profile, as compared to the full problem.  Figure 2.7 thus reveals the pivotal 

role of this binding energy at high solute concentrations. 

 

 
Figure 2.7:  Concentration profile across the thickness; atomistic simulation vs. 

continuum model neglecting the concentration dependence of the binding energy of the 
solution. 
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2.3.3. Effect of stoichiometric maximum limit  

To examine the contribution of the “saturation cap” imposed by entropic considerations, 

this effect is removed from the continuum model by taking the dilute concentration limit, 

in which Equation (2.15) (with 1)~(~
=cE  for the Ni-H system), takes on the form 

( )1 ( )
2 01 ( )avgk c cc ce k c c c

x x
Δμ

τ
−∂ ∂ ∂⎡ ⎤′= + +⎢ ⎥∂ ∂ ∂⎣ ⎦

% %% %
% % % %

% %
.                                       (2.20) 

Equation (2.20) clearly underestimates the effective diffusivity as compared to Equation 

(2.15). This is particularly influential near the plate surface early in the charging process 

(not shown in Figure 2.8) which leads to less solute in the system at later times.  This 

results in underestimation of the concentration profiles at later times as shown in Figure 

2.8, mainly inside the material and for high fluxes.  As well, the profiles obtained 

according to this model are sharper than those predicted by MD, which is directly related 

to the underestimation of the effective diffusivity.  
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Figure 2.8:  Concentration profile across the thickness; atomistic simulation vs. 

continuum model without the saturation cap, Equation (2.20). 
 

2.3.4.  Comparison with the classical diffusion equations 

In this section, two versions of the classical diffusion equations are employed to predict 

the concentration profile, and the results are compared with the MD results.  In both 

models, the effects of stress-activation coupling, hydrostatic stress and concentration-

dependent heat of solution are not included, i.e. 1 2 0 ( ) 0k k cΔμ= = =% % .  In the first model, 

the saturation cap is not considered, and therefore Equation (2.15) is reduced to 
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2

2

~
~~

x
cc

∂
∂

=
∂
∂
τ

.                                                                                                                   (2.21) 

Concentration profiles as obtained according to this model are given in Figure 2.9, 

together with the MD results.  It should be noted that even though the saturation cap is 

not considered in this case, the charging flux decreases linearly to zero as the surface 

concentration tends to the saturation concentration.  Hence, the concentration remains 

below the saturation concentration.  A clear feature of the MD results which is not 

captured by this model is the emergence of the inflection point in the concentration 

profile.  When the saturation cap is imposed in the classical model, the governing 

Equation (2.15) is reduced to 

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−∂
∂

=
∂
∂

x
c

cx
c

~
~

~1
1

~
~

τ
.                                                               (2.22) 

Figure 2.10 compares the concentration profiles predicted by this model and the MD 

results.  Although introduction of the saturation cap in the diffusion equation enables the 

model to capture the double-curvature behavior of the concentration profile, the figure 

shows the deviation of this model from the MD results.  In particular, near the plate 

surface, the competition between the combined effect of the stress dependent activation 

energy and the concentration dependent heat of solution (both of which slow the 

diffusion)  and the effect of the hydrostatic stress (which enhances the diffusion) is 

missing in this model. Figure 2.10 indicates that in the regime of high charging rate the 

outcome is evidently an overestimation of the influx and hence the concentration profile. 
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According to Figures 2.9 and 2.10, one could erroneously conclude that the 

classical diffusion equations are quantitatively satisfactory except for the highest flux 

case 0 117.9J =% , but this arises here only because of the cancellation of a number of 

independent competing effects. These effects do not necessarily cancel out in general.  

Even with significant cancellations in some regimes, Figure 2.9 demonstrates that the 

classical diffusion equation fails in predicting the concentration profiles within the 

battery electrode for the high-flux charging regime of most practical importance.  For 

other systems such as Li in Si, the physical effects described in this paper might come 

into play with different weights compared to H in Ni, highlighting one effect over the 

others.   
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Figure 2.9:  Concentration profile across the thickness; atomistic simulation vs. classical 

model without saturation cap, Equation (2.21). 
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Figure 2.10:  Concentration profile, atomistic simulation vs. classical model with 
saturation cap, Equation (2.22). 

 

2.3.5. Applicability and limitations for lithium diffusion in silicon 

The present model is considered as an underlying framework for simulation of Li 

diffusion in Si.  In this case, however, some additional complexities are important, 

including the structural change of the Si lattice resulting in amorphization.  This would 

lead to an additional entropy in the system, emergence of inelastic behavior [16, 95, 96], 

and a strong influence on the partial molar volume of Li during 

intercalation/deintercalation [97].  Furthermore, due to the 400% volume change arising 
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during the cycling of Si, the deformation can easily exceed beyond the realm of small-

deformation theory employed in the present model [51].  However, the important 

nonlinear stress-diffusivity coupling considered here could be further highlighted for the 

Li/Si system, where huge deformation and large stresses are present [98].  Furthermore, 

at high concentrations, the effect of solute saturation on the entropy of the system and 

that of the concentration-dependent binding energy [99-101] should play substantial roles 

near the stoichiometric limit of the solution.   Another feature of the Li/Si system that has 

been addressed in the present model is the change in the Young’s modulus during 

intercalation. Although negligible for the case of hydrogen in nickel, the Young’s moduli 

of Li-Si phases are greatly reduced relative to Si [82], even without amorphization. 

 

2.4. Summary 

A continuum framework has been developed for modeling highly nonlinear behavior 

associated with atomic-scale diffusion at high solute concentrations and very large 

stresses.  The continuum model introduces a stress-diffusivity coupling through the effect 

of internal stresses on the activation energy of diffusion.  The stoichiometric maximum 

concentration of the solute is explicitly recognized as the saturation limit by modifying 

the free energy of the system to account for high solute concentrations.  The effect of the 

concentration-dependent binding energy between the host and solute atoms as a result of 

change in the chemical environment of the solution is accommodated.   Finally, the 
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mechanical properties of the host solid are also considered as a function of the solute 

concentration in the model. 

The model was then validated for the case of hydrogen diffusion in nickel, and the 

continuum model predictions proved to be in excellent agreement with atomistic 

simulations.  It was demonstrated that each of the above-mentioned effects, with the 

exception that change in mechanical properties of the host solid is negligible for the test 

system of this paper, plays a significant role in the overall predictions of the continuum 

model, especially at high charging rates.  A comparative study between two versions of 

the classical diffusion equations and MD simulations was also presented.  Capabilities 

and limitations of the continuum model for modeling diffusion of lithium in silicon 

anodes were discussed.  
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Chapter 3 

 

A surface locking instability for atomic intercalation into a 

solid  

 

 

  Experiments on thin films and nanowire electrode are suggesting that there exist 

some critical values for particle size and charging current, below which nearly complete 

charging capacity is attainable [13, 28, 102, 103].  In order to facilitate our understanding 

of the size- and rate-effects in battery systems, a fundamental step is to understand how 

mechanical stresses might affect atomic diffusion into solids. Diffusion-induced stresses 

(DIS) in solids have long been modeled by analogy with thermal stresses in a variety of 

systems and geometries [42, 44, 49, 66, 104].  However, with the exception of a few 

theoretical studies dealing with crack growth or nucleation [53-57], most of the existing 

studies do not usually indicate any terminal size or charging rate beyond which complete 

charging/discharging becomes impossible in the absence of fracture. Here, we note that 

the classical theories of diffusion-induced stresses are formulated for systems with 

relatively small stresses while the silicon anodes typically experience very large 

deformation and stresses. Among many possible effects associated with large stresses, 

special attention is focused on the coupling between internal stresses and activation 

energy for diffusion. In this chapter, we will show that a critical phenomenon of 
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spontaneous surface locking arises under galvanostatic charging conditions as soon as the 

stress-activation coupling is considered. In this phenomenon, a smooth charging process 

is abruptly replaced by spontaneous locking of diffusion near the surface of electrode 

once the product between charging current and electrode size exceeds a critical value. 

The same phenomenon persists for electrodes with planar, cylindrical and spherical 

geometries [87]. 

 

3.1. Surface locking instability for a free-standing plate 

Consider a free-standing, infinitely extended plate of thickness w subject to a 

constant uniform charging current density ni  on both of its side faces, as shown in Figure 

3.1a.  The diffusion process can be described by the one-dimensional diffusion equation 

along the x-axis as  

}{
x
cD

xt
c

∂
∂

∂
∂

=
∂
∂

                      (3.1) 

where c is the solute concentration and D  is the diffusivity, which is treated as a constant 

in most existing studies on DIS [42, 44, 49, 66, 104].  On the other hand, atomistic 

simulations have revealed that internal stresses can strongly influence the activation 

energy for diffusion [84].  For instance, diffusivity of hydrogen in nickel at room 

temperature can be doubled when the normal stress acting perpendicular to the diffusion 

direction reaches about 2 GPa [70].  Normally, a tensile stress decreases the energy 

barrier while a compressive stress raises it. The reason is that diffusion of a solute particle 

in a host material takes place as a sequence of jumps between adjacent interstitial sites. 
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The probability for each jump could be significantly enhanced (suppressed) by a tensile 

(compressive) stress. Denoting the change in energy barrier due to the internal stresses by 

bEΔ , the diffusivity D  can be expressed as )/exp(0 RTEDD bΔ−= , where 0D  is the 

diffusivity in the absence of internal stress, R  is the gas constant and T  is absolute 

temperature.  For atomic diffusion into a plate, we assume a linear dependence 

bbE σΩαΔ −= , where α is a positive dimensionless constant, Ω is the partial molar 

volume of the solute and bσ  is the biaxial stress in the plate.  The stress-dependent 

diffusivity can thus be written as [85-87] 

)exp(0 RT
DD bσα Ω

= .                                                                           (3.2) 

Assuming the plate is made of a homogeneous isotropic elastic solid, and treating the 

elastic deformation as a quasi-static process following the classical analogy between DIS 

and thermal stresses [66], the biaxial stress in the plate is  

( ) ( )[ ]xccEx avgb −
−

Ω
=

)1(3 ν
σ ,                          (3.3) 

where  E  and ν  are Young’s modulus and Poisson’s ratio of the plate, respectively, and 

wcdxc
w

wavg /)(
2/

2/∫−=  is the average solute concentration in the plate.  The diffusion 

equation becomes 

⎭
⎬
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⎨
⎧
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)1(3

exp0 ν
Ωα                                                    (3.4) 

with boundary conditions  
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where F is Faraday’s constant.  If the initial solute concentration is zero and charging 

starts at 0=t , mass conservation indicates wFtic navg /2= .  We recast the governing 

equation in a non-dimensional form  
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with 

nn i
x
cci ~
~
~

)]~~2(exp[ ±=
∂
∂

−τμ ,                                    2/1~ ±=x                (3.7) 

where cc Ω=~ , 2
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w
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=τ , 
w
xx =~ , 

RT
E
)1(3 ν

αμ
−
Ω

= , and 
0

~
FD

wi
i n
n

Ω
= . The steady-state 

solution to this equation takes the form 

)~(~2~ xfic n
st += τ                               (3.8)        

where )~(xf  satisfies  

xi
xd
xdfxf n

~~2~
)~()]~(exp[ =−μ , or )]~(~log[1)~( 2xAixf n −−= μ

μ
.                         (3.9) 

Here, A is an integration constant to be determined from mass conservation τn
st

avg ic ~2~ = , 

which relates A to ni
~μ  as  

0]~log[~]~log[
2/1
2/1

2 =+−∫− nixdxA μ .                      (3.10) 
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However, a careful inspection of the steady-state solution 

)]~(~log[1~2~ 2xAiic nn
st −−= μ

μ
τ  indicates that it diverges at the top and bottom surfaces 

2/1~ ±=x   in the critical case of 4/1=A .  Setting 4/1=A , Equation (3.10) can be 

solved for the critical value of ni
~μ  as  

2

0

2

)1(3
)~( e

DFTR
Ewii n

crn =
−

=
ν
Ωα

μ .                                                  (3.11) 

This critical value corresponds to a surface locking instability induced by the biaxial 

stress in the plate. Atomic diffusion into the plate causes compressive stress near the 

surface and tensile stress near the center of the electrode. The stress-activation coupling 

described in Equation (3.2) suggests that diffusion is slowed down near the surface by the 

compressive stress there. Under galvanostatic charging conditions, a slower diffusivity 

near the surface leads to accumulation of solute near the surface and even higher 

compressive stress, hence a runaway instability resulting in “surface locking”.  Equation 

(3.11) shows that surface locking occurs as soon as ni
~μ  exceeds 39.72 ≈e .  To visualize 

the transient process that leads to surface locking, a finite element scheme (FEM) is 

employed to solve the governing equation numerically.  Due to the symmetry of the 

problem, the nonlinear diffusion equation is solved for 0~2/1 ≥≥ x  using 500 quadratic 

Lagrange elements.  Figure 3.1b shows the evolution of solute concentration in the 

subcritical case of 2.7~ =niμ , whereas Figure 3.1c shows the behavior in the supercritical 

case of 7.7~ =niμ .  One readily sees that the smooth charging process in the subcritical 

regime is replaced with surface locking in the supercritical regime.  Figure 3.1d shows 
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the concentration gradient at the plate surface as a function of time for various values of 

ni
~μ . The surface locking occurs above a critical value in the range 2.7)~(7.7 >≥ crniμ , in 

perfect agreement with the analytical solution.   

 
Figure 3.1: Surface locking in a planar electrode under galvanostatic charging. (a) A 
plate electrode is subject to a uniform current density on its faces. (b) Evolution of the 
solute concentration profile in the subcritical case of 2.7~ =niμ .  (c) Evolution of the 

solute concentration profile in the supercritical regime of 7.7~ =niμ . (d) Evolution of the 
surface gradient of solute concentration for various values of ni

~μ . The results indicate 
that surface locking occurs above a critical value between 2.7)~(7.7 >≥ crniμ , in 

agreement with the analytical solution which predicts .39.7)~( 2 ≈= ei crnμ  
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3.2. Surface locking instability for a cylindrical wire 

In this section, we will consider an infinitely long cylindrical wire with circular cross-

section of radius 0r , with zero net axial force, subject to a constant uniform charging 

current density ni  on its surface (see Figure 3.2a).  Using the symmetry of the problem, 

the diffusion equation can be reduced to the following radial diffusion equation

}{1
r
cDr

rrt
c

∂
∂

∂
∂

=
∂
∂

,                       (3.12) 

subject to the boundary condition 

F
i

r
cD n=

∂
∂            at         0rr =          (3.13) 

In this case, the radial diffusivity D  is considered as a function of stress according to 

Equation (3.2), except that the biaxial stress bσ  is replaced by the average of 

circumferential and axial stresses in the wire, 

 )]
2

(exp[0
zz
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DD

σσα θθ +Ω
= ,            (3.14) 

where  [50] 
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Given the stress field, the concentration-dependent diffusivity coefficient, given by 

Equation (3.14), can be introduced into the radial diffusion Equation (3.12).  Assuming 

that the solute concentration is zero in the beginning of the charging process, it can be 

shown that 00 /2)( Frtirc navg = , and Equation (3.12) can be casted into the following 

dimensionless form }~
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with the boundary condition  
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Analogous to the analysis presented before, we will assume that there exists a steady state 

solution for Equation (3.18) in the form of  

)~(~2~ rfic n
st += τ .                                                                                                        (3.20) 

Upon substitution of Equation (3.20) into Equation (3.18), the following ordinary 

differential equation is obtained, 
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r

avg df
r

rf
~

02
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2)~( ρρρ .  Note that with stc~  as given in Equation (3.20), one 

can easily verify that 0)1( =avgf .  Equation (3.21) can be integrated with respect to r~ , 

and using the finiteness condition at 0~ =r , it can be reduced to 

r
dffrfri avgn ~)]4)~((

4
exp[~~

∂
−=

μ .           (3.22) 

Here, note that Equation (3.22), written for 1~ =r , with 0)1( =avgf , implies that 

)~(~2~ rfic n
st += τ  satisfies the boundary condition (3.19). 

We are not aware of a technique which could be employed to obtain an analytical 

solution for Equation (3.22).  However, following the analysis presented in the Appendix, 

one can show that   

)1~(~)1~(~)1~(~ =>=
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>= r
rd

dqr
r

dfr
rd
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where )~(rp  and )~(rq  satisfy 
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r
dqqrin ~]exp[~~
∂

−= μ ,                 0)1( =avgq .                                        (3.25) 

Equations (3.24,3.25) can now be solved analytically.  Straightforward analysis shows 

that )1~(~ =r
rd

dp  tends to infinity for 4/32~ ein >μ , and )1~(~ =r
rd

dq  tends to infinity for 
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ein 2~ >μ .  Therefore, according to the inequality (3.23), )1~(~ =r
rd

df  has a finite value for 

4/32~ ein <μ , but tends to infinity for ein 2~ >μ .  Therefore, the critical value for ni
~μ  falls 

somewhere between 4/32e  and .2e  

In order to verify the analytical results obtained above, we have employed a FEM 

scheme to solve Equations (3.18, 3.19).  FEM results obtained with 1000 quadratic 

Lagrange elements are shown in Figure 3.2.  In this figure, 2
00 / rtD=τ  and 0/~ rrr = .  

Figure 3.2b shows the concentration profile in the cylinder in the subcritical case of 

4.4~ =niμ , whereas Figure 3.2c shows the behavior in the supercritical case of 2.5~ =niμ .  

Figure 3.2d illustrates the evolution of the concentration gradient at the surface of the 

cylinder for various values of ni
~μ .  Surface locking is seen to occur above a critical value 

somewhere between 4.4)~(2.5 >≥ crniμ , in agreement with the analytical solution.   
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Figure 3.2: Surface locking in a cylindrical electrode under galvanostatic charging. (a) A 
cylindrical wire is subject to a uniform current density on its surface. (b) Evolution of the 

solute concentration profile in the subcritical case of 4.4~ =niμ .  (c) Evolution of the 
solute concentration profile in the supercritical regime of 2.5~ =niμ .  (d)  Evolution of the 

surface gradient of solute concentration for various values of ni
~μ . The results indicate 

that surface locking occurs above a critical value between 4.4)~(2.5 >≥ crniμ , in 
agreement with the theoretical analysis. 

 
 
3.3. Surface locking instability for a spherical particle 

In this section, we will consider galvanostatic charging of a spherical particle with 

radius 0r  subject to galvanostatic charging with uniform current density ni  on its surface, 
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Figure 3.3a.  As a result of spherical symmetry, the governing equation collapses to the 

radial diffusion equation 
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Here, we will take the diffusivity D to depend on the hoop stress ϕϕθθ σσ =  according to 
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 where the stress components are given by  [44]
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Using the mass balance condition, it can be shown that 00 /3)( Frtirc navg = , and 

Equations (3.28, 3.29), the diffusion Equation (3.26) can be written in the following form  
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subject to the boundary condition  
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Steady-state solution for Equations (3.32, 3.33), if existent, should have the form 

)~(~3~ rfic n
st += τ , which upon substitution into Equation (3.31) yields 
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can be integrated to yield 
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Here, note that Equation (3.34), written for 1~ =r , with 0)1( =avgf , implies that 

)~(~3~ rfic n
st += τ  also satisfies the boundary condition (3.32). 

Similar to the analysis presented in the preceding section, instead of solving Equation 

(3.34), which is not a trivial task, we will consider the following two ordinary differential 

equations 

r
dppprin ~)]3)0((

3
exp[~~

∂
−=

μ ,      0)1( =avgp ,         (3.35) 

rd
dqqrin ~]exp[~~ μ−= ,                    0)1( =avgq .                    (3.36) 

It is straightforward to show that  )1~(~ =r
rd

dp  blows up for 39/16 2/~ ein >μ  and

)1~(~ =r
rd

dq blows up for 2/~ 3/8ein >μ .  Following an analogous analysis as in the 

Appendix, it can be shown that 
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rd

dqr
r

dfr
rd

dp ,          (3.37) 

and therefore, there exists a critical value for  ni
~μ , in the range 

39/163/8 2/)~(2/ eie crn >> μ  ,            (3.38) 

beyond which the steady state solution for Equation (3.31) does not exist. 

We have also performed FEM calculations to solve the governing equations and 

the results are given in Figure 3.3.  Figure 3.3b plots the FEM results in the subcritical 

case of 1.5~ =niμ  and Figure 3.3c shows the behavior in the supercritical case of 

9.6~ =niμ . Figure 3.3d plots the concentration gradient at the surface of the sphere as a 

function of time.  Surface locking occurs above a critical value in the range  

1.5)~(9.6 >≥ crniμ , in agreement with the steady-state analysis. 
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Figure 3.3: Surface locking in a spherical electrode under galvanostatic charging. (a) A 
sphere is subject to a uniform current density on its surface. (b) Evolution of the solute 

concentration profile in the subcritical case of 1.5~ =niμ . (c) Evolution of the solute 
concentration profile in the supercritical regime of 9.6~ =niμ . (d)  Evolution of the 

surface gradient of solute concentration for various values of ni
~μ . The results indicate 

that surface locking occurs above a critical value between  1.5~9.6 >≥ niμ , in agreement 
with the theoretical analysis. 

 

3. 4. Discussion 

Our further investigation, through numerical analysis, indicates that the surface 

locking instability presented here always happens for a thin film on an infinitely thick 
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substrate, even for extremely small charging fluxes, suggesting a zero critical value for 

crni )~(μ  in such case.  Further analysis shows that the surface locking phenomenon is not 

qualitatively affected by including the effect of hydrostatic stress in the chemical 

potential of the solute [67],  albeit the critical value of  crni )~(μ   can be significantly 

increased, making the diffusion more difficult to lock up. Since much experiments and 

theoretical studies are needed to verify if these non-classical solutions to diffusion 

equation are physically relevant, we leave more detailed investigations to future work. 

  

Finally, we caution a number of potential pitfalls for the surface locking 

instability discussed here. First, we have not imposed the maximum stochiometric 

concentration limit for the solute. As the surface concentration approaches this limit, it 

will become increasingly difficult to maintain a constant charging current, and the 

boundary condition in our analysis will need to be modified. Also, a number of other 

effects, including the enthalpic contributions to the chemical potential, elastic anisotropy, 

changes in elastic modulus and large deformation characteristics at large solute 

concentrations could play important roles. Nevertheless, the present work demonstrates 

possible emergence of a host of phenomena that were not in the conventional theory of 

diffusion-induced stresses but could be critically important for the Lithium ion battery 

technology. 
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Chapter 4 

 

A critical size for Si thin film patterned electrodes, and 

interpretation of stress measurements 

 

Silicon thin film electrodes are among one of the simplest structures subject to 

broad experimental and theoretical investigations for application in Li-ion batteries [13, 

14, 105].  At the same time, degradation and capacity loss in such structures is a common 

observation, not even limited to Si [106-111] (see Ref. [1] for a comprehensive review).  

A significant part of the capacity loss, in general in Si electrodes, and in particular, in Si 

thin film electrodes, has been attributed to a variety of mechanical failure modes.  Among 

various failure modes, through-the-thickness cracks are commonplace in most of the thin 

film electrodes subject to electrochemical cycling.  Such cracks, even if stable during 

cycling, could cause partial capacity loss, by providing new surfaces which upon later 

electrochemical operation are subject to passivation, and transform to solid-electrolyte-

interphase. 

The main approach taken in order to circumvent fracture in thin film electrodes is 

to decrease the particle size and the film thickness below the critical fracture size.  Along 

this line of thought, Graetz et al. [13] suggested the following critical size, 
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σπ
= ,            (4.1) 

where IcK  is the fracture toughness, and yσ  is the yield stress of the polycrystalline Si. 

Using =IcK 0.751 MPa/m1/2 [112],  and =yσ 1 GPa [113], the critical size ca  turns out 

to be about 300 nm .  This result suggests that once size of the polycrystalline thin film 

reduces to less than ca , according to the Griffith criterion [114], brittle fracture becomes 

impossible, and plastic deformation of the overall polycrystalline thin film becomes 

dominant.  Zhao et al. [24] applied the Griffith criterion to estimate the critical film 

thickness ch  [115] 

2σZ
Ehc
Γ

= ,              (4.2) 

where 
2

2
ec

Z
π

=  (with 1215.1~ec ) is a dimensionless driving force for channeling 

cracks extending through the entire thickness of the film when the elastic constants of the 

film are the same as those of the substrate [116, 117], Γ  is the fracture energy of Si, and 

E  is the Young’s modulus.  For Si thin film electrodes, stress σ  in the film is bounded 

by the yield stress =yσ 1.75 GPa (for lithiated Si) [16], , =E 80 GPa, =Γ 10 J/m2, and 

based on Equation (4.2), Zhao et al. [24] estimated a critical film thickness of 130 nm. 

According to this analysis, brittle cracking becomes impossible within thin films thinner 

than the critical thickness given by Equation (4.2). 
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Experiments on 100 nm amorphous Si thin films on Cu substrate show that while 

through-the-thickness cracks form during cycling, the crack opening keeps increasing 

during cycling, and most importantly, the crack spacing is much larger than the film 

thickness [22].  Figure 4.1 shows the plan view of a 100 nm thick film after 12 cycles.  

This figure shows that crack spacing is of the order of 7-10 µm.  The observed crack 

spacing in the Si thin film cannot be straightforwardly explained by conventional theories 

of thin film fracture mechanics. 

 

 

Figure 4.1: A 100 nm-thick Si film on Cu substrate after 12 cycles (Ref. [22]). 

 

  Most of the existing theories on crack patterns in thin films or multilayers [118-

125] predict crack spacing on the same order as the film thickness except when the 

Young’s modulus of the film is much larger than that of the substrate [124, 125]. This is 

generally consistent with experimental observations of crack patterns in engineering 

films/coatings [118, 120-122] as well as crack spacing in rock layers [123, 126].  Also, 

cracks in drying mud show an average spacing comparable to their depth [127], while 
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crack patterns in drying cornstarch and cooling lava even have columnar structures with 

crack spacing much smaller than the depth [128].  In contrast to these theories and 

observations, the aforementioned experiment shows that lithiated 100 nm thick Si films 

exhibited a mean crack spacing of 7-10 microns which is nearly two orders of magnitude 

larger than the film thickness. Since the Young’s modulus of lithiated Si [19, 82] is 

actually smaller than that of Cu,  this large difference between crack spacing and film 

thickness cannot be understood from the conventional theories of thin film fracture.   

 

4.1. Crack spacing and emergence of a critical island size    

In the following, we show that the apparent discrepancy mentioned above can be 

explained by considering plastic deformation within the Si thin film, as well as the shear 

resistance of the interface between lithiated Si and Cu.  We note that Cu is known to yield 

at a tensile stress of about 70 MPa, and recent experiments have shown that [16] the 

lithiated Si film undergoes plastic flow as soon as the film stress reaches about 

1 1.75Si
Yσ = −

 
GPa. Consider a Si film which already contained an array of cracks with 

spacing 2lcr (Figure 4.2a).  In this configuration, we ask if there exists a minimum crack 

spacing which would be so small that it does not allow an additional crack to be inserted 

in between the existing cracks. We assume this additional crack would form via plastic 

strain localization between two neighboring cracks in Si. Considering the free body 

diagram shown in Figure 4.2b, force equilibrium in the critical configuration when the Si 

patch just begins to yield indicates 
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hl Si
Ycr στ =int ,                 (4.3) 

where intτ  is the interfacial shear strength between lithiated Si and Cu, which should be 

bounded by the shear flow stress of Cu and the interfacial friction strength, i.e.

),min( int
int f

Cu
Y τττ = .       

             (4.4) 

 

(a) 
 

(b) 
 

 

Figure 4.2: (a) A periodically cracked continuous thin film on a thick substrate; (b) Free-
body diagram for half-period of the cracked film. 

 

Since the shear flow stress of Cu is about =Cu
Yτ 40 MPa and the apparent friction 

strength of gold-mica (Silicate composite) interface has been measured to be also around 

=int
fτ 40 MPa [129], a rough estimate of the interfacial shear strength between lithiated Si 

and Cu is thus int
crτ =40 MPa.  Further, taking =h  100 nm and 1 1.75Si

Yσ = −  GPa 

immediately suggests that the minimum crack spacing preventing further plastic strain 

localization in Si film is 

hlL
cr

Si
Y

crcr int

22
τ
σ

== ,               (4.5) 
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which turns out to be around 5.1 to 8.9 µm.  This length scale is in excellent agreement 

with the experimentally observed crack spacing in the 100 nm thick Si film. Below crL , 

plastic strain localization in Si becomes impossible because the stress in Si cannot reach 

the plastic flow stress of lithiated Si.  Similar scaling laws as the one given in Equation 

(4.5) have been proposed for crack spacing in other material systems, such as Cr films on 

Al and stainless steel substrate [130], or silica films on Cu substrate [131].   

The analysis presented above, once applied to patterned Si thin film electrodes, 

immediately suggests that when the lateral size of the islands falls below the critical 

length crL , given by Equation (4.5), stress in the island could not reach the yield stress, 

and hence, islands remain primarily elastic during cycling.  Recent in-situ stress 

measurement in patterned Si  islands are consistent with this conclusion [132].  Figure 

4.3a shows variation of the nominal stress nomσ  vs. capacity, during the second and third 

charge/discharge of a pattern of square Si islands, with as-deposited thickness of 50 nm, 

lateral dimension of 7 µm, and edge-to-edge spacing of 5 µm on a quartz glass substrate 

whose thickness is 230 µm [132].  It should be noted that in this experiment, Si islands 

are actually deposited on a continuous 200 nm thick layer of  Ti serving as the current 

collector in between Si islands and the quartz substrate. In Figure 4.3, the nominal stress 

nomσ  refers to a measure of the stress which is obtained by converting the curvature κ  

measured by the multi-beam optical stress sensor (MOSS) technique [115, 133]  via the 

Stoney equation [134], 
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= ,                     (4.6) 

where 0h  is the as-deposited thickness of the islands, and sh , sE  and sν  are the 

thickness, Young’s modulus and Poisson ratio of the substrate, respectively.  This figure 

shows that the nominal stress-capacity curve has a nearly reversible behavior, which is 

indicative of nearly negligible plastic deformation in the system [132].   In contrast, 

Figure 4.3b shows the stress-capacity data for a set of square islands with lateral size of 

17 µm and edge-to-edge spacing of 8 µm.  In contrast to Figure  4.3a, stress 

irreversibility, and gradual shift of stress towards the tensile region, as evidence of plastic 

deformation, is clear in Figure 4.3b [132].  These observations are consistent with the 

analysis presented above.  

 

(a) (b) 

 

Figures 4.3: Evolution of nominal stress nomσ  (see Equation 4.6) vs. capacity in  

(a) 7 µm, and (b) 17 µm islands (Ref. [132]). 
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As mentioned before, application of the MOSS technique to patterned Si islands, 

requires a Stoney equation that relates wafer curvature to the stress in the islands.  The 

stress-capacity data presented above are obtained using the usual Stoney equation, based 

on Equation  (4.6).  However, optical imaging of patterned Si thin films on Ti current 

collector, for which the stress-capacity data also exist, suggest that substantial relative 

sliding at the film-substrate interface takes place close to the edges of the island.  Figure 

4.4 shows an array of square Si islands with lateral dimension of 17 μm and thickness of 

50 nm undergoing in-plane (as well as out-of-plane) expansion/contraction on a Ti 

current collector during lithiation/delithiation. It is observed that these Si islands undergo 

lateral expansions (up to ~30%), which can only occur in the presence of substantial 

interfacial sliding. Therefore, a modified Stoney formula that accounts for the effect of 

interfacial sliding is needed to relate curvature and stress in such systems [135].   

(a) (b) (c) 

 
 

Figure 4.4: Micrographs demonstrating lateral expansion and contraction of Si 
islands on Ti current collector due to lithiation and delithaition. (a) As-deposited 17 μm x 
17 μm Si islands;  (b) Lateral dimensions of the Si islands expand by about 30% parallel 
to the substrate, demonstrating sliding along the interface; (c) Si islands return to their 

original size after delithiation.  The scale bar is 50 μm (Ref. [136]). 
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Previously, the Stoney formula has been modified to deal with a variety of 

conditions such as non-uniformities (e.g. in the mismatch strain, material properties, and 

geometry [137-140]), large deformations [141], and discontinuities in the film (e.g. when 

a continuous film is replaced by an array of patterned lines [142, 143]), as well as other 

cases [115].  In these studies, the stress transfer zone is normally restricted to a very 

narrow region, on the order of the film thickness, close to the edges of the film.  In the 

case of patterned Si islands on metallic current collectors, as discussed before, stress 

transfer occurs in a sliding zone which is expected to be much larger compared to the 

thickness of the islands, though small compared to the global dimensions of the whole 

film-substrate system.  And, therefore, in such systems, the stress in the film can vary 

over a characteristic length scale much larger than the film thickness due to sliding at the 

film-substrate interface. Therefore, a modified Stoney formula that properly takes into 

account stress variation in the film is needed before one can relate the experimentally 

measured curvature data to the (maximum) stress in the patch.  

 

4.2. A modified Stoney equation in the presence of interfacial sliding 

In this section, modified versions of the conventional Stoney equation are presented for 

an array of islands under plane strain conditions in Section. 4.2.1, and for circular and 

square islands in Sections 4.2.2. 

 

 



65 

 

 

 

4.2.1. Two-dimenisonal modifed Stoney equation 

We start by analyzing the two dimensional plane-strain problem of an array of 

thin film islands, each with length l2 ,  thickness fh  and edge-to-edge gap s2  on a 

substrate of thickness sh , as shown in Figure 4.5a.  The Young’s moduli of the film and 

substrate are denoted as fE  and sE , respectively.  Taking advantage of the symmetries 

in the problem, we focus on a half period of the structure with length sl + , located 

between section “A”  passing through the midpoint of one patch and ending at section 

“B” bisecting the gap between the patch and its neighboring patch (Figure 4.5a).  Figure 

4.5b shows the free-body diagram of the portion of substrate between the two sections. 

To obtain the curvature induced in the substrate due to the stress in the film, we consider 

a virtual moment M  at section “B” and invoke Betti’s reciprocity theorem as follows. 

The total work done (per unit out-of-plane depth) by the interfacial stresses )(int xτ  

through the displacement induced, along the interface, by the moment M  is equal to the 

work done by the moment M through the rotation τθ  
induced by the islands at section 

“B”: 

dxxxM
l

M )()(
0

int∫= δττθ
,                                                                                                 (4.7) 

where )(xMδ  denotes the horizontal displacement at the interface induced by M.  From 

the classical beam theory, the axial strain induced by M at the surface of the substrate is 

ss

s
x IE

hM
2

=ε , where ss EE =  for plane stress and 21 s

s
s

E
E

ν−
=  ( sν being the Poisson ratio 
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of the substrate) for plane strain, and 3

12
1

ss hI =  is the moment of inertia of the substrate 

(per unit out-of-plane depth).  Hence  

2
6)(

ss
xM hE

xMxx == εδ .                                                                                        (4.8) 

On the other hand, the rotation τθ  is related to the average curvature of the substrate κ  

via                                                                                                                                 

)( sl +−= κτθ ,                                                                                                              (4.9) 

where the sign convention is such that tensile stress in the film causes positive curvature. 

(a) (b) 

 

Figure 4.5: Modified Stoney equation for two-dimensional patterned films on substrate. 
(a) The geometry of the problem, and (b) the reciprocity theorem for determining the 

curvature of the system. 
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Substituting Equations (4.9, 4.8) into Equation (4.7), and introducing the dimensionless 

parameters 
l
xx =~ ,   0intint /)()~(~ τττ xx = , where 0τ is the interfacial sliding strength, the 

curvature κ can be expressed as 

xdxx
sl

l
hE
l

ss

~~)~(~6 1

0
int2

0 ∫+
−= ττκ .                                                                                       (4.10) 

To compute the integral on the right hand side of Equation (4.10), one needs to know the 

distribution of shear stress along the interface.  Assuming that the film is thin enough to 

be treated as a membrane and that it would slide freely on the substrate as soon as the 

shear stress along the film-substrate interface attains 0τ , 
 
it can be shown that )(int xτ

 
should equal 0τ  within a distance pl  from the edge and then drops to zero beyond this 

region, i.e. 

⎩
⎨
⎧

>>−
−>>

−=
0for 0

for )(sign
)( 0

int xll
llxl

x
p

pfστ
τ .                                                              (4.11) 

A simple equilibrium consideration would show that the size of the sliding zone is  

0τσ ffp hl = .  Using Equation (4.11) along with this expression for pl , Equation (4.10) 

then yields the following modified Stoney equation for curvature: 
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= ,                                                                                 (4.12) 
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where 
l
h ff

f
0

~
τ

σ
σ = .  In the limit of 1~ <<fσ , Equation (4.12) reduces to the conventional 

volume-averaged Stoney formula 
sl

l
hE
h

ss

ff

+
= 2

6σ
κ .   

In order to check the validity of the two-dimensional modified Stoney formula in 

Equation (4.12), we have performed finite element (FEM) calculations using ABAQUS 

to determine the curvature induced by a uniform thermal strain in an array of thin film 

patches on substrate.  Three different patch spacings s = 1, 3 and 6 µm were considered. 

The Young’s modulus and Poisson ratio of the patch are taken as 40 GPa and 0.22 (which 

are close to the values reported for lithitated Si [82]), and those of the substrate as 130 

GPa and 0.34 (as given for copper by [115]).  The patch length and thickness are taken to 

be 6 µm and 100 nm, respectively, and the substrate 50 µm thick.  A rigid-plastic 

cohesive model is adopted to characterize the interfacial slipping under a sliding strength 

of 40 MPa.  The results are shown in Figure 4.6 along with the theoretical prediction 

from the conventional Stoney formula as well as that from from the modified Stoney 

formula in Equation (4.12). The dimensionless parameter 
l

sl
l
hE ss +

=
0

2

6
~

τ
κ

κ
 
has been 

introduced.  The predicted values of curvature from Equation (4.12), shown as the solid 

line in Figure 4.6, are in good agreement with the calculated results from FEM 

calculations.  In contrast, the conventional Stoney formula exhibits up to 50 % 

underestimate of the maximum stress in the film.  
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Figure 4.6: Modified Stoney equation for two-dimensional patterned films on substrate: 
comparison of FEM calculations and theoretical predictions of curvature for two-

dimensional patterned films on substrate. 

 

4.2.2  Three-dimensional modified Stoney equations 

In this section, we will derive a modified Stoney formula for circular islands on substrate 

and then extend it to the more difficult case of square islands with the aid of FEM 

simulations.  

(a) Circular islands 

The approach taken in the preceding section may not be generally applicable to 

three-dimensional islands.  For an array of circular islands, we consider a quarter of the 

unit cell of the periodic structure, as shown in Figure 4.7a and assume the stress within 

the island remains approximately axisymmetric. Following a procedure based on Betti’s 

reciprocity theorem similar to the two dimensional case, it can be shown that the 

curvature induced in the substrate can be written in the following form 
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where R is the radius of the island, s
 
is the half-spacing between islands,

  R
rr =~  and sν  

is the Poisson ratio of the substrate.  Compared to the two-dimensional case, the factor 

sν−1  is a result of the three dimensional geometry.   

 

(a) (b) 

 

Figure 4.7: Modified Stoney equation for three-dimensional patterned films on substrate, 
and comparison with FEM calculations. (a) The geometry of the problem, and (b) the 

reciprocity theorem for determining the curvature of the system. 

 

To calculate the integral in Equation (4.13), we again assume the following shear stress 

distribution at the interface 
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in the limit of a very thin film. It follows that Equation (4.13) can be integrated to the 

following modified Stoney equation, 

( )
)(sign)
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2
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s r
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R
hE

R σπντκ −
+

−
= ,                                                              (4.15)

 

where, unlike the two-dimensional case,  
R
r

r p
p =

~  cannot be determined from equilibrium 

condition alone, but needs to be determined from both equilibrium and continuity 

conditions in the island.  To determine pr~ ,  the patch is considered as a plane-stress 

circular disk subject to a body force corresponding to the interfacial shear stress in the 

original problem. The axisymmetric deformation in the island is described by the 

following differential equation [144], 
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,                                                                                    (4.16) 

where u
 
is the radial displacement and b  is the body force acting in the radial direction, 
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Now assume that the patch is subject to a uniform isotropic mismatch strain ∗ε , as a 

result of Li insertion or other causes. The radial component of stress is related to the 

displacement via 

⎭
⎬
⎫

⎩
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−
= ενν
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1 2 ff
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dr
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.                                                                        (4.18) 
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Within the region prr ≤≤0 , the differential Equation (4.16) and the boundary conditions 

0=u at both 0=r  and prr =  indicates that the stress in this region of the island is 

uniform,   

*
1

ε
ν

σ
f

f
f

E
−

−= ,                                                                               (4.19) 

which is also the maximum stress in the island as a whole. Within the sliding region 

Rrrp ≤≤ , Equation (4.16) can be solved subject to boundary conditions 0=u at prr =  

and 0=rrσ at Rr = , and finally pr  can be obtained in terms of ∗ε  from the continuity 

of rrσ  at prr = . Using Equation (4.19) to replace ∗ε  with the maximum stress fσ  in 

the island, we find that the result can be expressed in terms of the following 

dimensionless form 

3/13/13/13/2 )1()1)(1(~ AAr fffp
−−− −−−+= ννν ,                                                          (4.20) 

where  
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1
35~)2(6~9)2~3( 2 ,                                                (4.21)   

and 
R
h ff

f
0

~
τ
σ

σ = .  Thus, for a given maximum stress fσ , pr~  is given by Equations (4.20, 

4.21), and the curvature can be obtained from Equation (4.15).  It should be pointed out 

that Equation (4.15) in conjunction with Equations (4.20, 4.21) reduces to the 
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conventional volume-averaged Stoney formula 
( )2
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in the limit 

of 1~ <<fσ .  Figure 4.8a shows the results of FEM calculations for three different cases 

with s = 1, 3, 6 µm and R =3 µm, along with the theoretical predictions from the above 

analysis and from the conventional Stoney formula, for the normalized curvature 
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ss
πτν

κ
κ .  Numerical values for other parameters are the same as 

those adopted for the two dimensional case.  It is seen that, while the theoretical 

predictions from Equations (4.15, 4.20, 4.21) are in fair agreement with the FEM 

simulations, the conventional Stoney formula could lead to significant underestimate of 

the maximum stress in the film.   
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(a) 

 

(b) 

 

 

Figure 4.8: Comparison of FEM calculations and theoretical predictions of curvature for 
(a) circular patches where the solid line is the theoretical prediction; (b) square patches 

where the solid line is based on a fitting scheme. 
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(b) Square islands 

 For the case of square islands, the shear stresses along the interface seem too 

complicated for an analytical study.  For a simplified treatment, the square patches can be 

approximated as an equivalent array of circular patches which induce the same curvature 

in the substrate at the same level of maximum stress.  To this end, we rewrite Equation 

(4.15) in the following form  
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= .                                                              (4.22)   

Here, we assume that pr~  is still obtained through Equations (4.20, 4.21), but with 

dimensionless stress 
l
h ff

f
0

~
τ
σ

σ = . Any change in the form of curvature dependence on 

the maximum stress is then lumped into an equivalent radius of the patch, which from a 

dimensional analysis should be in the form )~(~
feqeq RlR σ= .   For Equation (4.22) to be 

reduced to the conventional Stoney formula, )~(~
feqR σ  must tend to unity as fσ~  

approaches zero.  With this asymptotic behavior, we propose that βσασ ffeqR ~1)~(~ +=  

where α andβ  are constants to be obtained from fitting Equation (4.22) to a set of FEM 

calculations.  In the FEM simulations lateral size of the islands is 6 µm and the spacing 

between islands has been varied as shown in Figure 4.8b.  Our calculations indicate that 

4
1

=α  and 
2
1

=β  provide an acceptable fit, as shown in Figure 4.8b.   
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4.3.  Interpretation of in-situ stress-measurements in Si patterned islands 

In this section, we will apply the modified curvature-stress relationships presented in the 

previous section to the stress-measurement in patterned Si thin film electrodes.  Figure 

4.9 is the same nominal stress-capacity data presented in Figure 4.3.  As it was mentioned 

earlier (see Figure 4.3a), reversibility of the stress data in this case suggests that the 

sliding zone should have been fully developed at some point during cycling.  From 

Figure 4.8b, we note that the saturated value of  
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κ            (4.23) 

is ~ 0.42.  During cycling, half-length of the islands l  changes with Li concentration.  

Ignoring change in the dimensions due to elastic strain, we can relate the instantaneous 

length l to the initial length 0l  according to 

3/1

0

)7.21( z
l
l

+==λ ,            (4.24) 

where 
(mAh/g)3579
(mAh/g)cpacity

=z  is the (dimensionless) state of charge  [16].  Furthermore,
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 form Equation (4.6), is related to κ~ via 
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Using the saturated value of  ~ 0.42 forκ~ , Equation (4.25) can be written as, 
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Note that this equation does not predict a zero stress at zero capacity, because we have 

assumed that the shear lag zone is fully developed.  Similarly, the nominal stress data 

presented in Figure 4.3a (for the second cycle) start from a non-zero stress which is due 

to a residual stress in the islands induced by the electrochemical reactions (and other 

irreversible phenomena) in the first cycle.  However, after shifting Equation (4.26) to 

start from the stress measured at the end of the first cycle (this requires a prestress of ~ -

70 MPa), an estimate of the interfacial shear stress 0τ  can be obtained by fitting.   The 

linear fits (plotted as solid black lines) shown in Figure 4.9 suggest that the interfacial 

shear stresses (in absolute values) are ~13.4 MPa, and 18.4 MPa from the lithiation and 

delithiation data (shown respectively by open squares and circles), respectively.   

The values obtained here for the interfacial stresses are much smaller than the 

yield stress of the underlying 200 nm-thick Ti current collector (which is expected to be 

larger than that of bulk Ti, i.e. ~100-120 MPa [145]), which suggests that stress 

relaxation is unlikely to be due to the plasticity in Ti, and rather highlights the interfacial 

sliding as the dominant mechanism of stress relaxation.  This is also consistent with the 

micrographs of the patterned islands shown in Figure 4.4 which suggest a remarkable 

lateral expansion/contraction upon lithiation/delithiation.  Also note that the values 

obtained here are comparable to the sliding resistance measured for gold-mica interface, 

i.e. 40 MPa [129]. 
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It is interesting to compare the stress-capacity data of a patterned film with that of 

a continuous film.  Experimental stress-capacity data for continuous 50 nm thin films 

show an initially linear response which can be approximated as cnom 00315.00 −=∞ σσ , 

where c is capacity in mAh/g, 0σ  is the prestress in the film, and ∞
nomσ  is the measured 

nominal stress in the film, both in GPa.  This empirical equation yields ~1.2 GPa change 

in the nominal stress corresponding to the lithiation capacity of 380 mAh/g [17].  If one 

assumes that the islands are fully constrained against lateral expansion, then stress in the 

islands should be obtained through  

∞
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

= nomnom sl
l

σσ
2

00

0 .          (4.27) 

The stress-capacity data using this equation is shown in Figure 4.9, by the dashed line.  

One can also use the linear elastic theory, in conjunction with the assumption that the 

islands are fully constrained against lateral expansion, and obtain the following equation 

for nominal stress 
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This equation is also shown in Figure 4.9 (the dotted line), for the representative values 

of 40=fE  GPa, and 22.0=fν .   As evident in the figure, stress predicted from either of 

the Equations (4.27) or (4.28) grows very rapidly with concentration, suggesting that the 

reversible behavior observed in 7 µm islands cannot be explained without considering the 

relaxation effect caused by the interface.   
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Figure 4.9: Nominal stress (Equation 4.6) vs. capacity.  Solid lines are fits 
obtained from full sliding model by tuning the interfacial strength 0τ  (Equation 4.26).  

The dashed, and dotted lines are predictions obtained respectively from Equations (4.27), 
and (4.28), without allowing for lateral expansion of the islands. 

 

With  the value of 0τ obtained above, one can estimate size of the sliding zone in a square 

island during intercalation, using the approximate equation 

0

0

85.0
~

τ
σ h

l nom
p

∞

,            (4.30) 

where ∞
nomσ  is the nominal stress in a continuous thin film, and the numerical factor 0.85 

is an approximate factor obtained through finite element calculations.  The sliding zone 

does not fully develop for a sufficiently large island, and the instantaneous half-length of 

the island can be calculated using an approximate equation [132] 
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== , one can obtain κ~  from Figure 4.8b, and finally nomσ  can 

be obtained as 
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Prediction of nomσ  as a function of capacity, using Equation (4.32), for a pattern of  

islands with 402 0 =l  µm, and spacing of 182 0 =s  µm, is shown in Figure 4.10 (the 

solid lines).  The prediction is in good agreement with the experimental data for most of 

the intercalation half-cycle.  However during Li-extraction, the predicted stress values 

deviate from the experimental data.  This deviation can be understood by noting that, 

according to the analysis above, stress in the center of island ∞
nomσ  reaches ~ 0.98 GPa, 

after intercalation up to 300 mAh/g, which is very close to the nominal yield stress of a 

continuous film in a charging half-cycle, suggesting possibility of plastic deformation 

during lithiation.  This is also consistent with the observed irreversibility in the stress-

capacity data shown in Figure 4.10.   
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Figure 4.10: Nominal stress (Equation 4.6) vs. capacity.  Solid lines are 
predictions based on partial sliding along the interface (Equation 4.32).  Deviation of the 

predicted values form the experiment suggest that plastic deformation might have 
happened during lithiation. 

 

One can also use Equation (4.30) to obtain size of sliding zone in an island when plastic 

flow happens in its center, 

0

0,

85.0
~

τ
σ h

l
Si

nomY
p ,      

where Si
nomY ,σ  is the nominal yield stress for a continuous thin film.  Using 1, =Si

nomYσ GPa, 

and the initial thickness 0h =50 nm, we obtain ~pl  4.39 µm.  This suggests that islands 

smaller than ~2 pl  8.78 µm should remain elastic during intercalation, which is again 

consistent with the observation of reversible stress-capacity data in 7 µm islands. 
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4.4. Summary 

In this chapter, crack spacing observed in continuous Si thin film electrode was explained 

in terms of plasticity in the film as well as the sliding resistance of the interface.  Based 

on the experimental observation of crack spacing, we proposed that patterned thin films 

with islands smaller than the crack spacing should remain elastic during cycling.  This 

prediction was shown in consistency with reversible stress data obtained through in-situ 

stress measurements.  Furthermore, a modified Stoney equation was proposed in the 

presence of interfacial sliding.  Application of the modified equation to the stress 

measurements in the patterned electrodes suggested that the magnitude of the shear 

stresses acting along the interface should be  ~13.4 MPa to 18.4 MPa.  Since this value is 

less than the yield stress of typical metallic substrates, it was concluded that in the 

systems of Si thin film electrodes on typical metallic current collectors, it is the interface 

which plays an important role in stress relaxation through allowing for lateral expansion 

of Si. 
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Chapter 5 

 

Critical size for interfacial delamination of patterned Si thin 

film electrodes 

 

  

The aim of this chapter is to present a method to deduce the critical size for 

interfacial delamination of thin film electrodes by examining the critical conditions for 

the nucleation and propagation of interfacial cracks at the film-substrate interface under 

plane strain and axisymmetric conditions. The motivation for this study has come from 

the following experimental observations on the delamination behaviors of Si thin film 

electrodes [22]. A first observation, already explained in the former chapter, was that a 

continuous Si thin film with thickness of 100 nm exhibited through-the-thickness cracks 

with spacing in the range of 5-10 μm due to lithiation and delithiation. Next, a set of 

experiments was performed to investigate the fracture behaviors of patterned Si thin film 

square islands on Cu with the same film thickness of 100 nm but 3 different lateral 

dimensions: 7 μm x 7 μm, 17 μm x 17 μm and 40 μm x 40 μm.  Scanning electron 

microscope images of the 7 μm x 7 μm Si islands, as shown in Figure 5.1a, indicated that 

they stayed well adhered to the substrate, while a fraction of the 17 μm x 17 μm islands 

and all of the 40 μm x 40 μm islands peeled off the substrate after 30 charge cycles (see 

Figure 5.1b) [22].  Therefore, a critical island size seems to exist on the order of 10-20 
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μm for interfacial delamination of patterned thin films with thickness of 100 nm. The 

existing theories of interfacial delamination [115, 146-149] simply cannot explain why 

the 100 nm thick islands exhibit such size-dependent delamination behavior in the size 

range nearly two orders of magnitude beyond the film thickness.  In the present study, we 

show that this effect can only be rationalized by considering thin film delamination in the 

presence of large scale interfacial sliding.  In the previous chapter, we have already 

discussed existing evidences indicative of substantial interfacial sliding leading to crack 

spacing much larger than film thickness (in unpatterned continuous thin films), 

remarkable stress relaxation by allowing for lateral expansion, as well as prediction of a 

critical size below which islands remain elastic.  By accounting for the effect of 

interfacial sliding, we will develop a method to deduce the critical size for interfacial 

delamination in patterned electrode structures by examining the critical conditions for the 

nucleation and propagation of edge or center cracks at the film-substrate interface under 

plane strain or axisymmetric conditions.  
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(a) (b) 

 

Figure 5.1: SEM images of patterned Si islands surface morphology after 30 cycles, 
showing that (a) while 7 μm x 7 μm islands stay well-adhered to the substrate (scale bar = 
10 µm), (b) 40 μm x 40 μm islands have delaminated away from the substrate (scale bar 

= 20 µm), from Ref. [22]. 

 

This chapter is organized in the following order.  In Section 5.1, the conventional 

theory of film delamination from substrate is briefly reviewed.  It will be shown that the 

theory cannot explain the anomalous size effect observed in patterned Si thin film, unless 

one takes into consideration the effect of interfacial sliding.  In Section 5.2, the behavior 

of edge cracks is analyized by accounting for the effect of interfacial sliding, under plane 

strain as well as axisymmetric condition.  In Section 5.3, a similar analysis is presented, 

for the interfacial cracks positioned at the center of islands.  We conclude this chapter, in 

Section 5.4, with a summary of the results. 

 

5.1. Modification of the conventional theory of film delamination 

Theories of fracture mechanics and diffusion-induced stresses have been 

employed to model fracture of electrodes, with results suggesting existence of a critical 
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size and charging rate below which fracture becomes impossible [13, 20, 23, 24, 53-57, 

150].  A widely accepted result is that sufficiently thin electrodes at sufficiently low 

charging rates are resistant against fracture in the thickness direction.  In Si thin-film 

electrodes deposited on substrate, it is of particular importance to note that that although 

the electrochemical cycling could generate microcracks through the film thickness, the 

fractured film can still serve as the active material as long as it can remain adhered to the 

current collector. In fact, through-the-thickness cracks in such systems can alleviate 

diffusion-induced stresses by facilitating volume changes associated with Li 

insertion/extraction. Therefore, while fracture in thin film electrodes partly decreases 

their capacity due to the formation of solid-electrolyte interphase (SEI) layers at newly 

created cracked surfaces, film delamination is a far more critical issue to capacity fading 

in such electrodes.  

Delamination of thin films on substrate has been widely studied in the literature (a 

treatise on this topic can be found in Ref. [115]).  An assumption commonly made in 

modeling delamination of thin films on substrate is that the film is well-bonded to the 

substrate with no interfacial sliding.  Under plane strain conditions, a well-known result 

is that the energy release rate associated with an edge delamination crack reaches a 

steady-state value of  

E
h

G f

2
)1( 22

0

σν−
=  ,               (5.1) 
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as soon as the crack size becomes comparable to or larger than the film thickness h, 

where fσ  is the stress in the film, and E  and ν  are the Young’s modulus and Poisson 

ratio of the film, respectively [115, 148].  However, when the interfacial sliding strength 

is much smaller than the stress in the film, as is the case expected for a Si electrode on a 

current collector, a large scale interfacial sliding zone would be expected near the edges 

of the film. If the length of the film is larger than the size of the sliding zone, a 

delamination crack would grow in a steady state manner as soon as the crack size is 

larger than the film thickness. In this state, the energy release rate is independent of the 

crack size, and there is no size effect (Figure 5.2a). On the other hand, if the interfacial 

sliding zones from the island edges are so large that they extend over the entire island 

(Figure 5.2b), a strong delamination size effect would emerge over the size scale 

associated with the size of the sliding zones, rather than the film thickness. The shaded 

area in Figure 5.2b shows the region in which stress is released as two edge cracks 

nucleate and grow to a size a.  It is evident that the shaded area in Figure 5.2b would 

shrink as the island size is reduced, and hence the energy release rate is expected to 

decrease.  This is in contrast to the case shown in Figure 5.2a, which corresponds to a 

relatively large island size compared to the size of the sliding zones, leading to a size-

independent energy release rate.  
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(a) (b) 

 
 

Figure 5.2:. Schematic of an edge delamination crack in a thin film on substrate in the 
presence of large scale interfacial sliding. (a) The crack grows in a steady state manner 
when the film width is much larger than the interfacial sliding zone at the film edge. (b) 
The interfacial delamination becomes dependent on the island size as the sliding zones 

from island edges overlap. In this case, the energy release rate for interfacial 
delamination is expected to decrease as the island size is reduced. 

 

As the size of the interfacial sliding zones also determines the length scale over 

which the normal stress in the film reaches its maximum value, the size effects associated 

with interfacial sliding immediately suggests an explanation for the experimentally 

observed correlation between the fracture spacing in a continuous Si thin film and the 

critical size for interfacial delamination in patterned Si islands.  Therefore, interfacial 

sliding between lithiated Si electrodes and substrate, which can occur on a much larger 

length scale than the film thickness, is a key to deducing the critical size for interfacial 

delamination in patterned Si electrodes. The reason that the conventional theories of 

interfacial delamination cannot explain the experimental observation that Si islands with 

thickness of 100 nm and length of 7 μm stayed well adhered on the substrate while those 

with the same thickness but length of 40 μm delaminated away can be attributed to the 
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fact that the assumption of well-bonded and non-slipping interface, while applicable to 

many conventional thin film-substrate systems, no longer holds in the case of lithiation of 

high-capacity electrodes.  

In the following, we will deduce the critical size for interfacial delamination by 

detailed plane strain and axisymmetric analysis of potential nucleation and growth of 

edge and center interfacial cracks in the presence of large scale interfacial sliding. We 

will take advantage of the symmetry in the problem to simplify the analysis. Furthermore, 

we will treat the edge and center cracks separately, since their coexistence would 

decrease the elastic energy release rate in the islands as the driving force for crack 

nucleation and growth. The interface between the island and substrate is assumed to be 

well-bonded under small shear tractions but interfacial sliding is allowed as soon as the 

interfacial shear stress reaches a critical value 0τ .  It is also assumed that the sliding 

follows a perfectly plastic response so that the interfacial shear stress never exceeds the 

sliding strength 0τ .  The immediate consequence of this behavior is that the interfacial 

sliding zones start to develop at the edges of the film and spread toward the center of the 

island. Once they spread to the center of the island, the entire island would be sitting on 

top of a slippery surface and can freely expand upon further lithiation. This is the case as 

long as deformation within the island remains elastic, i.e. the maximum stress in the 

island does not exceed the flow stress of lithiated Si. 
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5.2. Nucleation and growth of edge delamination cracks in the presence of large 

scale interfacial sliding 

In this Section, we will investigate the nucleation and growth of edge 

delamination cracks in a Si island with interfacial sliding zones spreading over the entire 

island. For simplicity, it will be assumed that the film is thin enough that variation of 

stress in the thickness direction can be neglected.  

5.2.1. Plane strain analysis 

Consider a Si island of length l2 and thickness h on a substrate, with edge 

delamination cracks of size a  at the interface at both edges of the island, as shown in 

Figure 5.3.  Assuming that the interfacial sliding zones from both edges of the island 

overlap, the axial stress distribution in half of the patch would be given as 

⎩
⎨
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=
alxl

xalxal
hxx 0

00τσ ,                                                                                 (5.2)             

where x is distance from the center of island.  The total elastic energy stored, per unit out-

of-plane length, in half of the island is obtained as 
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where E andν are, respectively, the Young’s modulus and Poisson’s ratio of the film.  To 

investigate the criterion for crack growth, we first note that the elastic energy release rate 

G  is 
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(a) (b) 

 

Figure 5.3: Schematic of (a) a Si island on substrate with edge delamination cracks and 
(b) free-body diagram of the island. 

 

Interface delamination is accompanied with formation of new surfaces which increases 

the total free energy of the system.  Denoting the interface fracture energy (toughness) by 

Γ , the total surface energy of the system surfU  increases at the rate of 

Γ=
da

dU surf .                                                                                                                    (5.5) 

The Griffith condition for crack growth is that the elastic energy release rate must exceed 

the growth rate of surface energy, that is /surfG dU da> , which yields 
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For an initially crack-free interface, i.e. 0=a , Equation (5.6) suggests that edge 

delamination at the interface is only favorable for islands larger than a critical length,  

2
0

2, )1(
2

τν
Γ

−
=>

hEll nuccr .                                                                                                (5.7)   

 
 

Figure 5.4: Plane strain analysis of interfacial delamination of a Si island on substrate.  
Elastic energy release rate and surface energy growth rate vs. crack length for various 

island sizes. 

 

In this case, nucleation of edge interfacial cracks decreases the total free energy of the 

system.  Figure 5.4 shows the variations of the elastic energy rate vs. the crack length a , 

where the dimensionless parameters 32
0

2 )1(
2~

l
hEU

U el
el τν−
= and 32

0
2 )1(

2~
l

hEU
U surf

surf τν−
=

 
have 

been introduced.  As shown in this figure, the elastic energy release rate associated with 

crack growth decreases with the crack length, while surface energy rises at a constant 

rate.  Therefore, the crack is expected to be arrested at a residual length arra .  This 
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residual length can be obtained from the condition that the total released elastic energy of 

the system prior to arresting has been completely consumed to create new surfaces, and 

thus there is no more energy available for crack to grow.  In the absence of any source of 

energy dissipation, we can write 

)0()()()0( =−===−= aUaaUaaUaU surfarrsurfarrelel .                                           (5.8) 

 Straightforward manipulation shows that 

( ))4(33
2
1 22

, llla nuccrarr −−= .                                                                                       (5.9)  

Figure 5.5a shows how laarr  varies with nuccrll , .  One can easily verify that at this 

crack length, the elastic energy release rate becomes less than the surface energy growth 

rate. An interesting case happens when laarr ≥ , corresponding to the scenario when the 

two edge cracks would grow all the way to the center of the island.  In this case, the 

island will peel off from the substrate.  It can be shown that this is the case only when the 

length of the island is larger than a critical length associated with full delamination, 
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hElll nuccrdelcr .                                                                              (5.10)  

To further elucidate the delamination mechanisms, Figure 5.5b shows changes in the 

dimensionless elastic and surface energies of the system, i.e. )(~)0(~~ aUUU elelel −=Δ , 

and )0(~)(~~
surfsurfsurf UaUU −=Δ , for various island sizes, as a function of the crack 
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length.  It can be seen that, in the critical case of  nuccrdelcr lll ,, 3== , marked by a solid 

circle in Figure 5.5b, the total released elastic energy is just enough to drive the crack all 

the way to the center.  As is evident from the same figure, larger islands with 

delcrnuccr lll ,,2 >=  have even higher elastic energy and will delaminate away.  However, 

for a shorter island with delcrnuccr lll ,,5.1 <= , the surface energy grows beyond the total 

elastic energy available in the island, indicating that the full delamination is impossible, 

in consistence with Equation (5.10).  In the latter case, the ultimate length of the arrested 

crack can be obtained via Equation (5.9). 

 

(a) (b) 

 

Figure 5.5: Plane strain analysis of interfacial delamination of a Si island on substrate.  
(a) Length of the arrested edge crack as a function of the island size; (b) Changes in the 
elastic energy and surface energy as a function of the crack length for different island 

sizes. 

  

A couple of remarks are worth making at this point.  While in the above analysis 

we have considered a pair of symmetrical edge interfacial cracks, one can verify through 
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straightforward analysis that consideration of a single edge crack does not change the 

results.  Furthermore, in the present analysis, we have ignored the elastic energy stored in 

the substrate.  Treating substrate as an elastic half-plane, a dimensional analysis would 

reveal that the ratio of elastic energy stored in the substrate to that in the film scales as 

)( alE
hE

s −
, where sE  is the Young’s modulus of the substrate.  Therefore, while our 

analysis is exact for the case of a rigid substrate, it remains valid even for an elastic 

substrate as long as the length of the island in contact with the substrate is much larger 

than the thickness of the island. This is indeed the case for patterned Si thin film 

electrodes with length on the order of tens of micrometers and thickness of a few hundred 

nanometers.  As the island loses its contact with the substrate along the interface with 

contact area shrinking to a size comparable to the film thickness, the above assumption 

starts to break down. However, when this happens, the island can be considered as having 

effectively detached from the substrate. 

For further physical insights, some numerical estimates of the critical length 

scales for interfacial delamination would be helpful.  For a 100 nm thick Si patch with 

40=E GPa  and 22.0=ν  (for lithiated Si [19, 82]), 100 ≈τ MPa (for patterned Si thin 

films [132]), and a typical value of 1 J/m2 for the interface energy Γ , the critical island 

sizes for crack nucleation and full delamination are estimated to be ≈nuccrl ,2  18.3 μm and 

≈delcrl ,2  31 μm, respectively, corresponding to maximum stresses of  0.92 GPa and 1.59 

GPa in the center of the island prior to delamination.  These results are in good agreement 
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with the experimentally observed critical island sizes for delamination and the typical 

values of film stress when this happens.  

5.2.2. Axisymmetric analysis 

In this section, we consider a circular island on substrate and investigate the 

criterion for the nucleation and growth of edge delamination under axisymmetric 

conditions.  Following a similar approach adopted in the preceding section, we assume 

that the intercalation strain is large enough to cause sliding over the entire island.  The 

radius of the island is denoted by R and the edge delamination crack considered here is an 

annular concentric ring whose front is located at distance a  from the edge, as shown in 

Figure 5.6.  In the following, we obtain the radial and tangential components of stresses 

in the film, at distance r from the center of island.   

Consider a circular membrane of radius aR , subject to a uniform mismatch strain 

*ε  and uniform radial shear stress 0τ .  Deformation of the patch, within plane stress 

approximation and in the presence of interfacial shear traction as body-force per unit 

volume of the patch hb 0τ= , can be described by the following differential equation  
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where ru
 
is the radial displacement. General solution to the differential Equation (5.11) 

can be written in the form: 



97 

 

 

 

2
2

0 )1(
3
1 r

hEr
BArur

ντ −
−+= ,                                                                                     (5.12) 

where A and B are constants to be determined from boundary conditions.  Radial and 

hoop stresses in the patch are related to the displacement field via 
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Upon satisfying the boundary conditions, 0=ru  at 0=r , and 0=rrσ  at aRr = , the 

constants A and B are obtained as 
Eh

R
A a )2)(1(

3
1* 0 νντ

ε
+−

+= , 0=B , and 

subsequently, by setting aRRa −=  the stress components are found as 

( )raR
hrr −−

+
= 0

3
)2( τνσ ,                                                                                         (5.15) 

( )raR
h

)21())(2(
3
1 0 νν
τ

σθθ +−−+= ,                                                                        (5.16) 
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(a) (b) 

 
Figure 5.6: Schematic of (a) a Si circular island on substrate with an annular edge crack 

and (b) a free-body diagram of the island. 

In the analysis presented above, we have neglected the elastic energy stored in the 

delaminated part of the film, as a thin membrane is susceptible to wrinkling. For the 

stress field given in Equations (5.15, 5.16), the strain energy density u , within the region 

0>>− raR , is calculated as 

( )222
2

2
0 )45)(1()()2)(1(6)()2(2
18

)1(
raRraR

hE
u ννννν

ντ
+++−++−−+

−
= .         (5.17) 

The total elastic energy stored in the film is obtained by integrating u  over the entire 

island, i.e. ∫
−

=
aR

el druhrU
0

2π ,  which yields 

4
2
0 )(

36
)5)(1( aR

hE
U el −

+−
=

τννπ .                                                                               (5.18) 

The elastic energy release rate is then 

3
2
0 )(

9
)5)(1( aR

hEda
dU

G el −
+−

=−=
τννπ .                                                                 (5.19) 
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The formation of the annular edge crack causes an increase in surface energy, 

( )22 )( aRRU surf −−= π ,                                                                                              (5.20) 

which grows at a rate of 

Γ−= )(2 aR
da

dU surf π .                                                                                                  (5.21) 

Using Equations (5.19, 5.21), the Griffith condition for crack growth, i.e. /surfG dU da> , 

gives 

2
0)5)(1(

18)(
τνν +−

Γ
>−

hEaR ,                                                                                        (5.22) 

suggesting that crack nucleation in an initially crack-free interface is favorable only for 

islands larger than a critical size, 

2
0

, )5)(1(
18

τνν
Γ
+−

=>
hERR nuccr .                                                                                   (5.23) 

Similar to Equation (5.8), the crack would arrest when the crack length reaches 

22
,2 RRRa nuccrarr −−= .                                                                                            (5.24) 

Note this equation is valid as long as nuccrRR ,2< .  For  

nuccrdelcr RRR ,, 2=> ,                                                                                                  (5.25)  
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crack arrest is impossible and the edge crack would grow all the way to the center, 

leading to complete delamination.   

For a 100 nm thick Si circular patch with 40=E GPa  and 22.0=ν , 100 ≈τ

MPa and =Γ 1 J/m2, numerical estimates for the critical island sizes for nucleation and 

delamination by axisymmetric delamination are =nuccrR ,2 26.6 and =delcrR ,2 37.6 μm, 

corresponding to maximum radial stresses of 0.98 and 1.39 GPa at the center of the 

island.  Figure 5.7 shows variations of the dimensionless elastic energy release rate and 

surface energy growth rate as a function of crack size.  In this figure, 

42
0)5)(1(

18~~
R

UhE
U el

el τννπ +−
=  and 42

0)5)(1(
18~~

R
UhE

U surf
surf τννπ +−

=  are dimensionless elastic and 

surface energies, respectively.  As shown in this figure, at 0=a , corresponding to the 

case of no preexisting crack, the elastic energy release rate is equal to the rate of increase 

in surface energy  when nuccrRR ,= . When nuccrRR ,>   ( nuccrRR ,< ), the elastic energy 

release rate becomes larger (smaller) than the surface energy growth rate at 0=a , 

indicating that crack nucleation is energetically favorable (unfavorable), since it 

decreases (increases) the total free energy of the system.   
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Figure 5.7: Axisymmetric analysis of interfacial delamination of a circular Si 
island on substrate. Elastic energy release rate and surface energy growth rate vs. crack 

length for various island sizes. 

Figure 5.8a plots the dimensionless residual length of the arrested crack, Raarr , 

as a function of the dimensionless radius of the island nuccrRR ,  .  It can be seen from this 

figure that the length of the arrested crack would reach the radius of the island (i.e.

Raarr = ) when nuccrdelcr RRR ,, 2== , corresponding to full delamination.  Figure 5.8b 

plots the changes in dimensionless elastic and surface energies, )(
~~)0(

~~~~ aUUU elelel −=Δ  

and )0(
~~)(

~~~~
surfsurfsurf UaUU −=Δ , for islands of different sizes as a function of the crack 

length.  It indicates that for an island with nuccrdelcr RRR ,, 2== , the total released elastic 

energy is just sufficient to drive the crack all the way to the center.  This critical case has 

been marked by a solid circle in Figure 5.8b.  Further discussions are similar to the plane 

strain analysis. 
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(a) (b) 

  
Figure 5.8: Axisymmetric analysis of interfacial delamination of a circular Si island on 

substrate. (a) Length of the arrested edge crack as a function of the island size; (b) 
Changes in the elastic energy and surface energy as a function of the crack length for 

different island sizes. 

 

5.3. Analysis of center delamination cracks in the presence of large scale interfacial 

sliding 

In this section, we consider interfacial cracks at the center of islands using a 

similar energy approach.  Under the same assumptions as stated in Section 5.2, we 

consider the analysis under plane strain and axisymmetric conditions separately. 

5.3.1. Plane strain analysis 

Consider the same plane strain problem as in Section 5.2.1, but with an interface 

crack of length a2  located at the center of the island, as shown in Figure 5.9.  Under the 

same assumption of overlapping interfacial sliding zones, the normal stress in the film at 

distance x from the center of island can be written as  
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It follows that the total elastic energy in half of the island is 
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and the elastic energy release rate as 

)(
)1( 2

0
2

ala
hEda

dU
G el −

−
=−=

τν
.                                                                                (5.28) 

(a) (b) 

 

Figure 5.9: Schematic of (a) a Si island on substrate with a center crack an (b) a free-
body diagram of the island. 

 

Note that the energy release rate vanishes at 0=a , indicating that a preexisting crack is 

needed for the crack growth condition Γ>G .  This is in contrast to the case of edge 

delamination where no preexisting cracks are necessary. As shown in the preceding 

section, even in an initially crack-free island, it is possible for an edge delamination crack 

to nucleate spontaneously.  However, this is not the case for center cracks.  To satisfy the 
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growth condition, the length of the preexisting center crack 0a  should fall in the 

following range   

minmax aaa ,00,0 >> ,                                                                                                       (5.29) 

where ⎟
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The above equation breaks down for 

hE
l

4
)1( 2

0
22 τν

Γ
−

> ,  or  2
0

2 )1(
4*

τν
Γ

−
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indicating that no center crack can grow, regardless of its length, when the island size is 

small enough.  For the case of *
crll > , a preexisting crack of length minmax aaa ,00,0 >>  

will grow.  The crack will arrest when  

)()()()( 00 aaUaaUaaUaaU surfarrsurfarrelel =−===−= ,                                     (5.31) 

where  

)( 0aaU surf −= Γ ,                                                                                                        (5.32) 

is the surface energy of the system with respect to the initial state.  Equation (5.31) can be 

solved for arra  to obtain 
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By comparing arra  with l , we can determine the condition for complete delamination.  

Bearing in mind the condition for crack growth, maxmin aaa ,00,.0 << , complete 

delamination laarr >  requires 

delmin aaa ,00,0 << ,                                                                                                        (5.34) 

where 
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This equation breaks down for 

hE
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hElll crdelcr ,                                           (5.36) 

indicating that full delamination is impossible for sufficiently small islands.  As expected, 

Equation (5.30), which inhibits any crack growth, gives a stronger condition than 

Equation (5.36), which allows growth but prevents full delamination.  Figure 5.10a shows 

variations of the dimensionless elastic energy release rate as a function of the 

dimensionless crack length.  As shown in this figure, the elastic energy release rate falls 

entirely below the rate at which the surface energy of the system increases for *
crll < .  

However, for *
crll > , these two curves intersect each other at two points corresponding to 

mina ,0  and maxa ,0 .  The total elastic energy, the total surface energy, and their changing 

rate as a function of crack length are shown for various island sizes in Figures 5.10b-
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5.10d. 
 
In each of these figures, the surface energy curve has been plotted for two 

different preexisting crack lengths minaa ,00 = , and la 5.00 = .  As shown in Figure 5.10b 

for **1.1 ,delcrcr lll <= , neither  of these two preexisting cracks can grow all the way to the 

edge, as the elastic energy in the patch  is not sufficient to drive full delamination, i.e.  

)()()()( 00 aaUlaUlaUaaU surfsurfelel =−=<=−= .  This is consistent with the critical 

condition for complete delamination given by Equation (5.36).  In the critical case of 

**
3

2
,delcrcr lll == , shown on Figure 5.10c, a preexisting crack with laa min 25.0,00 ==  

can grow all the way to the edge leading to complete delamination, as Equation (5.31) is 

satisfied.  In comparison, a preexisting crack with la 5.00 =  is arrested when 

)()()()( 00 aaUlaUlaUaaU surfsurfelel =−=<=−= .  Figure 5.10d shows the case of 

**5.1 ,delcrcr lll >=  ,  in which both of the preexisting cracks considered here grow all the 

way to the edge, leading to full delamination, as they satisfy 

)()()()( 00 aaUlaUlaUaaU surfsurfelel =−=>=−= .   
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(a) 

 

(b) 

 

(c) 



108 

 

 

 

 

(d) 

 

(e) 
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Figure 5.10:  Plane strain analysis of interfacial delamination of a Si island on substrate 
with a center crack at the interface: (a) Elastic energy release rate and surface energy 

growth rate vs. crack length for various island sizes;  Total elastic energy of the island, 
total surface energy of the system and their changing rates associated with crack growth 

for (b) 1.1*/ =crll , (c) 3/2*/ =crll , (d) 5.1*/ =crll ; (e) Phase diagram indicating 
whether a preexisting crack will grow or not, and if so whether it will lead to full 

delamination, for given crack length and island size. 

 

A summary of the analysis presented above can be cast in a phase-diagram shown 

in Figure 5.10e.  In this figure, the horizontal axis is a measure of the island size or 

interface toughness, and the vertical axis shows the length of the preexisting crack.  Three 

regions have been indicated on this figure, which are separated by solid curves.  Given 

the dimensionless length of the preexisting crack la0
 
and the dimensionless size of the 

island llcr
* , the phase diagram indicates whether the crack can grow or not, and if it can, 

whether it will be arrested.  The dashed curve labeled as “ la min,02 ” provides an 

example of the case of minaa ,00 2= .  As shown in the figure, this curve goes through all 
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three regions.  For the segment of this curve which falls in the “Growth & Arrest” region, 

the length of the arrested crack has been shown by the dashed curve labeled as “ )(
l

aarr ”, 

which can be read out from the vertical axis for a given 
l

lcr
*

.   

For 100 nm thick Si islands with 40=E GPa  and 22.0=ν , 100 ≈τ MPa, and 

=Γ 1 J/m2, the critical island sizes *2 crl  and *2 ,delcrl  are estimated to be 25.94 μm and 

29.94 μm, respectively.  The minimum length of the required pre-existing cracks for full 

delamination, and the corresponding maximum stresses in the film prior to crack growth, 

are given for different island sizes in Table 5.1.  It should be noted that while the 

maximum stresses given in this table exceed the apparent flow stress observed in Si thin 

films (1-1.7 GPa)[16, 17], our assumption of overlapping interfacial sliding in the island 

is not necessarily violated.  This is because the latter is, in fact, an averaged flow stress 

while the actual stress distribution in the film is not uniform.   

 

Table 5.1. Numerical estimates of the minimum length of the pre-existing crack required 
for full delamination for different island sizes based on the plane strain analysis. 

 */ ,delcrll  1 1.34 1.67 2 

Island size 2 l   (μm) 29.95 40 50 60 

 0,mina (μm) 3.74 2.39 1.81 1.47 

Max. stress maxσ  (GPa) 1.12 1.76 2.32 2.85 
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5.3.2. Axisymmetric analysis 

In this section, we consider a central penny-shaped interfacial crack of radius a , 

as shown in Figure 5.11.  Invoking the same assumption of overlapping interfacial sliding 

zones as in the foregoing section, stress components in the film can be obtained as in the 

following.  Consider a membrane of radius R , subject to a uniform shear stress 0τ  within 

the region arR >>  and zero shear stress within 0>> ra .  In this case, the body-force 

in Equation (5.11) should be replaced by 

⎪⎩

⎪
⎨
⎧

>>

>>
= arR

h

ra
b 0

00
τ  .                                                                                                   (5.37) 

This equation can be solved within  0>> rR  to give 
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where 121 ,, BAA  and 2B  are constants to be determined from boundary conditions 

0=ru  at 0=r , and 0=rrσ  at aRr = , and continuity conditions of the displacement as 

well as the radial stress at ar = .  This yields 
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01 =B  and 
hE

a
B

6
)1( 23

0
2

ντ −−
=  .  Upon substitution of these constants in Equation 

(5.38), the radial and hoop stresses can be obtained from Equations (5.13, 5.14), as 
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The total elastic energy of the patch can thus be calculated as  

( )642336
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The elastic energy release rate is then 

( )3232
2

2
0 )1()1(3)2(2
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RhEda
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G el ννν

τνπ
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−
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During crack growth, the surface energy associated with the crack, 

Γπ )( 2
0

2 aaU surf −= ,                                                                                                  (5.43) 

would grow at a rate of 

Γπ a
da

dU surf 2= .                                                                                                          (5.44) 
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(a) (b) 

  
Figure 5.11: Schematic of (a) a circular Si island on substrate with a penny-shaped 

center crack and (b) a free-body diagram of the island. 

 

While the elastic energy release rate and its first derivative with respect to the crack 

length vanish at 0=a , dadU surf vanishes at 0=a  but has a finite positive derivative 

with respect to a .  Therefore dadUG surf<  in the vicinity of 0=a , and similar to the 

plane strain case, cracking at the center is impossible without a preexisting crack. While 

essential features of this problem remain similar to the plane strain analysis presented 

before, the algebraic calculations become rather complicated since the elastic energy is a 

sixth order polynomial with respect to the crack length.  The details of the analysis are 

skipped here and the emphasis is directed at the main findings.  Similar to the plane strain 

case, we can identify two critical length scales *
crR , and *

,delcrR . If the island radius falls 

below *
crR , no preexisting circular crack can grow, regardless of its radius, while if the 

island radius falls below *
,delcrR , no preexisting crack can lead to complete delamination.  

These length scales as a function of the Poisson’s ratio of the island are shown in Figure 
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5.12a.  For 100 nm thick Si islands with 40=E GPa  and 22.0=ν , 100 ≈τ MPa, and 

=Γ 1 J/m2, numerical estimates for the critical island sizes are ≈*2 crR  31.2 μm and 

≈*2 ,delcrR  37.6 μm.  The minimum length of the center cracks which leads to complete 

delamination, and the corresponding maximum stresses for different island sizes, are 

given in Table 5.2.  A summary of the detailed analysis is presented in Figure 5.12b, in 

the form of a phase diagram similar to the one presented for the plane strain case, for the 

case 25.0=ν . 
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(a) 

 

(b) 

 

Figure 5.12: Axisymmetric analysis of interfacial delamination of a circular island on 
substrate. (a) Critical length scales as a function of the Poisson’s ratio of the island; (b) 

Phase diagram in terms of preexisting crack length and island size. 
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Table 5.2. Numerical estimates of the minimum length of the pre-existing crack required 
for full delamination for circular islands of different sizes. 

 */ ,delcrRR  1 1.06 2.12 3.19 

Island size 2 R   (μm) 37.64 40 60 80 

 0,mina (μm) 4.63 4.20 2.48 1.80 

Max. stress maxσ  (GPa) 1.11 1.22 2.06 2.85 

 

 

5.4.  Summary 

In summary, we have proposed a method to deduce the critical size for interfacial 

delamination of patterned thin film electrodes on substrate in the presence of large scale 

interfacial sliding. We have investigated the critical conditions of interfacial delamination 

with plane strain and axisymmetric analysis of both edge and center delamination cracks 

at the interface between thin film islands and the substrate. Our analysis shows that the 

overlapping interfacial sliding zones due to the finite interfacial sliding strength lead to a 

new class of size effects in interfacial delamination.  Interfacial delamination of the 

electrodes becomes impossible when the island size falls below a critical length scale. 

Applications to lithiation of thin-film Si islands give results in excellent agreement with 

the experimentally observed size effects. The present work provides insights for 

optimized structural design to mitigate the mechanical degradation in high-capacity 

electrodes.   
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Chapter 6 

 

Ratcheting of Si island electrodes on substrate due to cyclic 

intercalation 

 

 

In the previous chapters, we have discussed some consequences of plastic 

deformation within patterned Si thin films and sliding along the interface between the 

islands and the substrate, in the context of delamination of such patterned islands as well 

as stress measurements in such electrodes.  In the present chapter, we propose a plastic 

ratcheting mechanism in Si islands on substrate, which is activated as soon as the island 

size becomes large enough to allow for plastic deformation and there exist differences 

between the yield stress and/or interfacial sliding strength during lithiation and 

delithiation half-cycles. In the past, ratcheting has been studied as a low-cycle fatigue 

failure mode in a variety of materials and structures subject to cyclic thermal and/or 

mechanical loadings, such as pressure vessels [151], fiber-reinforced composites [152], 

thin multilayers on substrate [153], and interconnect structures [154].  In a typical 

ratcheting response under cyclic loads, plastic strain accumulates in a structure with each 

loading cycle, leading to localized failure after a finite number of cycles.  It is thus crucial 

to avoid ratcheting in order to ensure structural stability under cyclic plasticity [155].  
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As it was discussed earlier in Chapter 4, in the presence of interfacial sliding, 

there exists a characteristic length scale for Si islands, 

0

2
2

τ
σ h

l y
cr = ,                                                                                                                  (6.1) 

where yσ  is the flow stress of Si, 0τ is the shear resistance of the sliding interface and h  

is the island’s thickness (see Figure 6.1). In order for an island to remain elastic, the 

island size must stay below this characteristic size, i.e. crll < , and plastic deformation 

occurs only in Si islands larger than the critical size given by Equation (6.1).  In the 

following, we show that ratcheting in these islands would occur as soon as one 

recognizes the fact that the plastic yield stress of Si and/or the interfacial sliding strength 

can take different values during lithiation and delithiation half-cycles [156]. While 

experiments have already demonstrated that the yield stress of Si can differ by as much as 

50% during lithiation and delithiation [16], the interfacial sliding strength could also vary 

from lithiation to delithiation.  We show below that ratcheting would occur as soon as 

these variations in yield/sliding strength are recognized.  
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Figure 6.1: Schematic of a Si island on substrate under cyclic lithiation and delithiation.   
(a) Geometry of the entire system and (b) the free-body diagram of half of the island.  

Free-body diagrams at the end of (c) intercalation half-cycles and (d) deintercalation half-
cycles. 

 

Consider an array of Si islands adhering on a substrate. Taking advantage of the 

symmetry and periodicity of the problem, only half of a single island needs to be 

considered in the analysis.  A shear cohesive zone model is adopted to describe the 

interfacial sliding of the Si islands on the substrate surface.  Within the cohesive zone, the 

shear traction is related to interfacial sliding according to a rigid-perfectly plastic law 

with a strength of thτ , i.e. interfacial sliding is not allowed wherever the interfacial shear 

stress falls below thτ  but sliding occurs freely once thτ  is reached.  The value of thτ  is set 

to 0τ  during lithiation half-cycles and to 0τ ′  during delithiation half-cycles.  Figure 6.2 

shows the cohesive law relating the interfacial shear traction τ  and sliding displacement 

u .  During the lithiation half-cycles, interfacial sliding occurs freely as soon as the 
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threshold stress 0τ  is reached.  Subsequent unloading during the delithiation half cycles 

would first reduce the shear traction without further sliding, until the delithiated threshold 

stress 0τ ′   is reached, at which point sliding would again occur freely in the reverse 

direction. Similarly, the yield stress of the island is set to yσ  during lithiation half-cycles 

and to yσ ′   during delithiation half-cycles. 

 

Figure 6.2: The rigid-perfectly plastic cohesive law used for modeling the interfacial 
sliding with differential sliding resistance during lithiation and delithiation half cycles. 
Here, 0τ  denotes the interfacial sliding strength during the lithiation half-cycle and 0τ ′  

denotes the sliding strength during the delithiation half-cycle. 

 

In general, the cyclic plastic deformation of Si islands under intercalation strain 

*ε  should depend on the ratios yεε /*  and yεε ′/*   where Eyyyy /),(),( σσεε ′=′  (E  

being the Young’s modulus) is the elastic strain of the island at yielding.  However, 

knowing that the overall intercalation strain in Li-ion battery is associated with up to 

400% volume expansion, while the elastic yield strain should be less than 1-2%, we will 

assume yεε >>*  and yεε ′>>*  in the following analysis.  Referring to Figures 6.1c,d, 
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during the cycling, the island would flow at points “B” and “C” at distances 0/τσ hl yp =  

(lithiation) and 0/τσ ′′=′ hl yp  (delithiation) from the edge of the island, respectively.  For 

the convenience of analysis and without loss of generality, we assume that pp ll >′ .  Stress 

within the region “AB” can never reach the yield stress of Si (as shown in Figures 

6.1c,d).  Therefore, there is no net change in length of “AB” in a full cycle, as its 

deformation is entirely elastic. Furthermore, since the axial stress within the region “CD” 

is uniform, the shear stress at the interface underneath this region must remain zero 

during cycling.  Therefore, interfacial sliding is impossible within “CD”, and length of 

this region cannot change during cycling. To determine the change in length of the island 

within the region “BC”, consider the island at the end of a deintercalation half-cycle at 

which point the island has already yielded within the region “CD”, as shown in Figure 

6.1d.  During the subsequent half-cycle, the interfacial shear stress in the region “BC” 

will decrease from 0τ ′  to zero (see Figure 6.1c), and, according to the irreversible 

cohesive response discussed above, no sliding could occur along the interface underneath 

this region.  Hence, the length of “BC” remains unchanged during this half-cycle.  In the 

subsequent deintercalation half-cycle, deformation within the region “BC” is entirely 

elastic, as this region does not yield in tension (see Figure 6.1d).  During this half-cycle, 

change in the elastic strain within “BC” is given by pyy lx ′′+ /εε , where x is the distance 

from the edge of the patch. Therefore, the length of “BC” would change by 

dxlxpl

pl pyy∫
′

−′′+ )*/( εεε .  This integral can be approximated as ))(*( ppyy ll −′−′+ εεε  

for 1/)( <<′−′ ppp lll .  The above analysis shows that, as the island goes through one full 
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cycle (excluding the first cycle), the length of “BC” changes by ))(*( ppyy ll ′−′−− εεε .  

Noting that yy εεε ′+>>*  , a net compressive (tensile) strain would be accumulated per 

each cycle, under the condition pp ll ′<  ( pp ll ′> ), leading to compressive (tensile) 

ratcheting failure of the island.  This net accumulation of deformation leads to severe 

plastic localization, and could be followed by failure and fracture after a limited number 

of cycles.  

In order to demonstrate the validity of the above calculations and illustrate how 

this phenomenon leads to localized deformation, we have also performed finite element 

(FEM) simulations for the model system of a periodic array of 4 μm long, 50 nm thick 

silicon islands on a rigid substrate, subject to a cyclic misfit strain of 10 %.  The yield 

stress and Young’s modulus of Si were taken as =′= yy σσ  900 MPa and 40=E GPa, 

and the interfacial shear strengths during lithiation/delithiation as 350 =τ  MPa and 

250 =′τ  MPa, respectively. With these parameter values, according to Equation (6.1), a 4 

μm long island would be large enough to induce plastic deformation and compressive 

ratcheting in the Si islands.  Figures 6.3a and 6.3b show deformation of a periodic array 

of islands, after one and ten cycles, respectively.  The results clearly demonstrate 

accumulation of compressive strain in the islands during cycling, which leads to 

contraction of the islands in the lateral direction, and hence, widening of the gap between 

them.  Deformation within half of a single island is shown in Figure 6.4 after 1, 2, 5 and 

10 cycles. 
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Figure 6.3: Finite element simulations of deformation in a periodic array of islands. 
Ratcheting of the islands after (a) 1 cycle and (b) 10 cycles with differential sliding 
resistance and  crll >  .  Ratcheting of the islands after (c) 1 and (d) 10 cycles with 
differential yield stress for Si and crll > .  Elastic reversible response of an array of 

islands with crll <  after (e) 1 cycle and (f) 10 cycles. The thickness direction has been 
magnified by a factor of 4. 

 

A similar ratcheting phenomenon also emerges from a mismatch between the 

yield stress of Si in compression and tension, if one adopts a lower yield stress for Si in 

compression as compared to tension.  Figures 6.3c and 6.3d show deformation obtained 

by FEM simulations for the same system mentioned above after one and ten cycles, 

respectively, when the yield stress of Si is allowed to vary from =′yσ 900 MPa during 

delithiation to  =yσ 650  MPa during lithiation, while the interfacial sliding strength is 

fixed at 2500 =′= ττ  MPa. The FEM simulations show a rate of strain accumulation 

within 10% of our analytical predictions mentioned above.  This comparison is given in 
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Figure 6.5, where solid lines are obtained from the theoretical results and dots are from 

the FEM simulations. 

 

 
 

Figure 6.4:  Deformation within half of a single island, after (a) 1, (b) 2, (c) 5, and (d) 10 
cycles with differential sliding resistance and  crll >   The thickness direction has been 
magnified by a factor of 2.  The figure shows incremental accumulation of compressive 

deformation with cycling. 
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Figure 6.5: Displacement of the edge of the island (point A in Figure 6.1), in absolute 
value, vs. the number of cycles.  Comparison of the theoretical predictions with the FEM 

calculations. 

 

The above analysis shows that, in the presence of plastic deformation, any non-

proportional change in the flow stress of Si and/or sliding resistance of the interface from 

half-cycle to half-cycle would activate ratcheting. The same analysis also indicates that 

ratcheting can be suppressed simply by reducing the lateral size of the islands below the 

critical length scale given by Equation (6.1). To confirm this size effect, Figures 6.3e and 

6.3f show deformation in a periodic array of 2 μm long and 50 nm thick islands after one 

and ten cycles, respectively. The results show fully reversible deformation during 

cycling, where =′= yy σσ  900 MPa, 350 =τ  MPa and 250 =′τ  MPa.  Indeed, with the 

chosen parameters, according to Equation (6.1), 2 μm long islands are below the 

minimum critical size required for plastic deformation in the islands, and therefore not 

subject to the ratcheting instability.  
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Existing experiments also suggest ratcheting as an active failure modes in Si thin 

film electrodes [15].  Figure 6.6a shows plan view of a 250 nm thick Si film on Cu 

substrate which has fractured into islands after one cycle at the cycling rate of C/2.5.  

Figure 6.6b shows the same fracture pattern after 30 cycles [15]. Note that the gap 

between the fractured islands increases upon cycling.  On the other hand, the edges of 

most islands seem to match, suggesting that the broadening gaps between the islands are 

not likely due to film delamination from the substrate.  Comparing our FEM simulations 

in Figure 6.3 and the experiments in Figure 6.6 indicates that compressive ratcheting may 

have caused individual islands to contract in lateral dimensions, leading to widened gaps 

between them.  Another observation from Figure 6.6 is that the surface roughness of the 

islands has increased during cycling from Figure 6.6a to 6.6b.  This is also consistent 

with the mechanism proposed here, as our numerical simulations show that compressive 

ratcheting would manifest itself through localized thickening of the film, leading to 

formation of rougher surfaces (see Figures 6.3b, 6.3d).  
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Figure 6.6: Plan view of a 250 nm thick Si continuous film cycled at C/2.5 rate. (a) Film 
has fractured after 1 cycle. (b) The gap between the islands has substantially widened 

after 30 cycles.  The matching edges and roughened surface of the islands suggest that the 
lateral dimensions of the islands have shrunk.  The scale bars correspond to 2 μm of the 

actual dimensions. (Reprinted with permission from Ref. [15]. Copyright 2006, The 
Electrochemical Society). 

 

While our study suggests that the lateral contraction of Si islands parallel to the 

substrate could lead to cyclic plastic failure, it should not be interpreted as contradictory 

to experimental observations that most of the volume change during cycling of thin film 

electrodes occurs in the thickness direction [157].  Even a small amount of lateral sliding 

along the interface could activate the ratcheting mechanism and, since the process is 

accumulative, could lead to severe strain localization and failure after a sufficient number 
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of cycles.  Also, recent experiments have clearly revealed that lateral dimensions of the Si 

islands on substrate do change during lithiation/delithiation half-cycles [135].  

The above results showed possibility of compressive ratcheting within the islands.  

However, it is also possible that the mismatch between the ratio of the yield stress and 

interfacial resistance in intercalation and deintercalation half-cycles leads to a tensile 

ratcheting.  This is shown in Figure 6.7, where the yield stress varies from =′yσ 650  

MPa during delithiation to  =yσ 900 MPa during lithiation, while the interfacial sliding 

strength is fixed at 2500 =′= ττ  MPa.  

In summary, we have performed theoretical analysis and numerical simulations of 

a ratcheting failure mechanism in Si islands induced by differential yield stress and/or 

interfacial sliding resistance during lithiation and delithiation half-cycles.  This form of 

cyclic plasticity results in an accumulation of plastic strain with each charging cycle and 

could cause rapid capacity fading in Si electrodes on current collectors.  Our analysis 

suggests a simple solution to the problem by reducing the size of the islands below the 

minimum critical length scale required for initiation of the plastic yielding in the island,  

),min(
00 τ

σ
τ
σ

′

′
=

hh
l yy

cr . 

The above condition prevents plastic deformation and ratcheting from occurring in the 

electrodes. 
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Figure 6.7:  Tensile ratcheting deformation within half of a single island, after (a) 1, (b) 
2, (c) 5, and (d) 10 cycles with differential sliding resistance and  crll >   The thickness 

direction has been magnified by a factor of 2.  The figure shows incremental 
accumulation of tensile deformation. 
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Chapter 7 

 

Concluding Remarks 

 

 

This last chapter is aimed to present a summary of main results of this thesis on a 

chapter-to-chapter basis. This summary includes some discussions on the main 

limitations of the present work as well as possible research directions for the future. 

7.1. Summary of the results 

7.1.1. Chapter 2 

• A continuum model for predicting evolution of the concentration profile in an 

infinitely long free-standing plate was discussed.   

• It was shown that the diffusion-induced stresses could significantly alter the 

diffusivity, and hence, the diffusion process.   

• Effect of binding energy and existence of a maximum stoichiometric limit on the 

evolution of the concentration profile was also discussed.   

• The continuum model was tested against atomistic simulations of hydrogen in 

nickel.  The model was proved capable of predicting the concentration profiles 

within the host. 

 

7.1.2. Chapter 3 

• A particular specialization of the continuum model developed in Chapter 1 was 

used to study the effect of coupling between the diffusion-induced stresses and the 

diffusivity coefficient. 
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• It was shown that the coupling introduced in the model gives rise to a self-limiting 

behavior, or surface locking, in which the added ions instead of diffusing inside 

the particle, jam on the surface.   

• A similar self-limiting phenomenon has been widely reported in the literature 

with regard to thermal oxidation of silicon, based on continuum modeling [158-

161], atomistic simulations[162, 163]  and experimental findings [164-166], 

where most of the arguments revolve around stress-retardation effect.   

 

7.1.3. Chapter 4 

• Crack spacing in thin film silicon electrodes on substrate was discussed in terms 

of coexistence of plastic deformation within Si film, and interfacial sliding and/or 

plastic deformation within the substrate.  It was shown that the ratio between the 

estimate of ~ 40 MPa for the shear stresses along the interface and the yield stress 

of lithiated silicon ~1-1.7 GPa can explain the remarkable difference between the 

observed crack spacing of ~5-10 µm, and the film thickness of 100 nm. 

• It was shown that the interface-limited behavior could allow for lateral expansion 

of silicon island thin films on metallic substrate.  This behavior leads to a critical 

lateral size (width) below which the islands deform primarily elastic during 

cycling. 

• The prediction was consistent with the experimental in-situ stress measurements, 

suggesting stress reversibility for sufficiently small islands. 

• A modified Stoney equation was also developed to quantify the interfacial shear 

stresses and it was found that the interface stresses are ~13.4 to 18.4 MPa. 

• Based on the stress measurements, it was concluded that sliding along the 

interface can significantly relax stress within the islands, as the estimated 

interfacial shear stresses are much smaller than the shear yield stress of the 

substrate (here the titanium thin-film current collector). 
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7.1.4. Chapter 5 

• A theory of film delamination for elastic islands was used to explain the size 

effects observed in delamination of silicon thin film patterned electrodes. 

• The theory predicts length scales associated with interfacial delamination of 

silicon islands on substrates in the presence of interfacial sliding. 

• The analysis was presented for plane strain as well as axisymmetric cases, in the 

presence of edge and center interface cracks. 

• The theory also explains why the crack spacing in a continuous film is so 

correlated with the size effect observed in the delamination of islands from the 

substrate. 

7.1.5. Chapter 6 

• A plastic failure mechanism, based on incremental accumulation of plastic strain 

or ratcheting, was discussed for silicon islands on substrate.   

• It was shown that as soon as the lateral size of the islands becomes large enough 

to induce plastic deformation in the islands, the ratcheting mode could get 

activated. 

• The ratcheting mechanism is based on the hypothesis that mechanical properties 

of lithiated silicon as well as interface can change with the lithium content in the 

system during lithiation and delithiation.  It was shown that differential sliding 

resistance/yield stress from half-cycle to half-cycle, could activate a range of 

tensile as well as compressive ratcheting mechanisms. 

• The theoretical study highlights the importance of avoiding plastic deformation in 

silicon electrodes, which can be achieved by keeping the lateral size of the islands 

below the minimum size needed for the onset of plastic deformation.  
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7.2. Limitations of the present work, and possible future research directions 

7.2.1. Chapter 2 

• The model developed here has been focused on identifying various coupling 

phenomena in the diffusion process, while keeping the mechanics part of the 

problem in a simple form which is indeed sufficient for the case of hydrogen 

diffusion in nickel.  However, for other materials systems, such as lithium 

diffusion in silicon, plastic deformation, amorphization, large deformation and 

phase transformations should also be taken into consideration. 

 

7.2.2. Chapter 3 

• The instability presented in this chapter was a diffusion-limited study.  One could 

consider the case in which diffusion and reaction front evolve simultaneously, 

where the effect of diffusion-induced stresses on the reaction rate needs to be 

studied as well. 

• In this study, we have focused on the stress effect on the kinetics of the problem. 

Stress effect on the thermodynamics of the problem should also be taken into 

consideration in the future.  Large diffusion-induced stresses could affect the 

driving force for reaction, making the otherwise spontaneous reaction 

energetically unfavorable.  

 

7.2.3. Chapter 4 

• The effect of interfacial sliding on the mechanisms of crack formation in 

continuous silicon thin films on substrate could be studied.  The model presented 

in this chapter was based on strain localization in the film.  It is also possible to 

have instantaneous fracture in the film (most likely in the first charging and 

discharging cycle).  The effect of interfacial sliding on the instantaneous fracture 

could also be studied. 
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• Further experiments could also shed more light on the problem of crack formation 

in silicon thin film electrodes.  For instance, one insightful study would be the 

effect of different current collectors (or substrates) on the crack patterns, and 

whether or not the crack spacing changes remarkably from one current collector 

to another. 

• Another interesting question to ask is whether a very thin film, e.g. 50 nm thick 

film, fractures after a large number of cycles.  The importance of such a study lies 

in the fact that some theoretical studies based on the Griffith criterion predict that 

there is a critical size for the film thickness, below which the film does not 

fracture.  The existing literature suggests that this critical size is ~130 nm.  

However, significant plastic deformation could also induce fracture in films 

thinner than this critical size, possibly after sufficient number of cycles, even 

under small cycling rates.  It is therefore insightful to study the long-cycle 

behavior of sub-critical thin films. 

• Direct experimental measurement of sliding resistance at the interface between 

lithiated silicon and the underlying metallic current collector is also crucial. 

 

7.2.4. Chapter 5 

• Although the simple theory presented here predicts size effects in delamination of 

silicon islands, factors such as charging/discharging rate, plasticity within the film 

and substrate could also play important roles and require further investigation. 

• To our knowledge, there is no systematic study of delamination in patterned 

electrodes on different substrates.  It is also important to study the potential effect 

of plastic deformation in the substrate on the film delamination.   
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7.2.5. Chapter 6 

• The ratcheting phenomenon studied here could be further studied in continuous 

films rather than in finite islands.  Such a study can shed light on the mechanism 

of crack formation in a continuous thin film.  

• Effects of film/substrate roughness on the onset of ratcheting could also be added 

to the model and requires further investigation. 
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Appendix  

 

Equations (3.22, 3.24, 3.25) read 

r
dffrfri avgn ~)]4)~((

4
exp[~~

∂
−=

μ ,   0)1( =avgf ,       (3.22) 

r
dppprin ~)]4)0((

4
exp[~~

∂
−=

μ ,    0)1( =avgp ,           (3.24)

r
dqqrin ~]exp[~~
∂

−= μ ,                 0)1( =avgq .                                        (3.25) 

These equations imply that  f , p  and q  are increasing functions of r~ , and therefore  

avgf , avgp  and avgq  are also increasing functions of r~ .   

)0()0()~()1(0 ffrff avgavgavg =>>=        for    0~1 >> r                             (A.1) 

By dividing Eq. (3.25) by Eq. (3.22), and knowing that 0)~( <rfavg  for ,0~1 ≥> r  we 

obtain 

)](exp[)]~(
4

exp[)](exp[

~

~
fqrffq

rd
df
rd

dq

avg −<−= μμμ  for 0~1 >> r .                           (A.2) 

Now suppose that 0)0()0( << fq .  This implies that there exists a sufficiently small ε  

for which ).()( εε fq <   According to Equation (A.2), )~(~)~(~ εε =<= r
rd

dfr
rd

dq , and 



137 

 

 

 

consequently )~()~( rfrq <  for all ε>r~ .  Hence, )~()~( rfrq avgavg <  for all ε>r~ , 

including for 1~ =r , i.e. 0)1()1( =< avgavg fq , which is in contradiction with Equation 

(3.25), i.e. 0)1( =avgq  . Therefore the assumption )0()0( fq <  is invalid, and therefore, 

)0()0( fq > .  

Similarly, by deviding Equation (3.24) by Equation (3.22), we obtain  

)]0(
4

exp[

)]~(
4

exp[
)](exp[

~

~

p

rf
fp

rd
df
rd

dp
avg

μ

μ

μ −= ,   for  0~1 >≥ r ,                             (A.3) 

and since )0()~( frfavg ≥ , 

)}]0()0({
4

)(exp[

~

~
fpfp

rd
df
rd

dp

−−−>
μμ ,  for  0~1 >≥ r .                                  (A.4) 

Now suppose that )0()0( fp > .  This implies that there exists a sufficiently small ε  for 

which )()( εε fp > , and )~(~)~(~ εε =>= r
rd

dfr
rd

dp .  Therefore, according to Equation 

(A.4), )~()~( rfrp >  for all ε>r~ .  Hence, )~()~( rfrp avgavg >  for all ε>r~ , including for 

1~ =r , i.e. 0)1()1( => avgavg fp , which is in contradiction with Equation (3.24), i.e. 

0)1( =avgp . Therefore the assumption )0()0( fp >  is invalid, and therefore, )0()0( fp < . 

In summary, we have shown that 
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0)0()0()0( <<< qfp .              (A.5) 

But since 0)1()1()1( === avgavgavg qfp , and since f , p  and q  are increasing functions 

of r~ , Equation (A.5) implies that  

)1()1()1( qfp >> .                (A.6) 

Now, rewriting Equations (3.22, 3.24, 3.25) for 1~ =r , we obtain 

)]1(exp[~)1~(~ fir
rd

df
n μ== ,               (A.7) 

)]0(
4

)1(exp[~)1~(~ ppir
rd

dp
n

μμ −== ,          (A.8) 

)]1(exp[~)1~(~ qir
rd

dq
n μ== .                        (A.9) 

Finally, from inequalities (A.5, A.6), and Equations (A.7-A.9), it can be seen that 

)1~(~)1~(~)1~(~ =>=
∂

>= r
rd

dqr
r

dfr
rd

dp .          (3.23) 
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