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Chapter 1

Introduction

Rechargeable battery cells have recently received much attention due to their broad
potential applications in a variety of technologies including military, automobile,
aerospace and medical industries [1]. Among various types of rechargeable batteries,
lithium-ion (Li-ion) cells featuring higher energy capacity, higher operating voltage,
lower self-discharge and lower maintenance requirement have become the most widely
used secondary battery systems [2, 3]. Significant research has been directed towards
increasing the charge and energy capacity of Li-ion batteries [1]. It has been shown that
a noticeable increase in the charge capacity of batteries is achievable using Li-alloy
(LiyM; M = Sn, Si, Ge, Al, etc) anodes [4]. Silicon (Si) possesses the highest known
theoretical charge capacity (4200 mAhg™) corresponding to the formation of Lix,Sis, but
this capacity is accompanied by a nearly 400% volume expansion [5]. Very large
mechanical stresses associated with such a huge volume change during lithiation and
delithiation are responsible for poor cycling behaviors of the Si anodes due to
pulverization, fracture, loss of integrity and loss of electric contact with current collector.
This major liability has obstructed the way toward widespread application of the Si
anodes. In order to circumvent problems associated with mechanical degradation of Si

electrodes, various approaches have been under investigation. For example, Si



composites with non-metallic matrices [6], such as TiN [7] and TiB,[8], and metallic
composites, such as Mg,Si [9] and SiAg [10], as well as Si-Sn alloys of different
compositions [11] have been investigated as anode in Li-ion batteries. Reduction of the
particle size to submicron regime has been shown promising in many studies. For
example, Gratez, et al. [12, 13] investigated the electrochemical performance of
nanostructured Si and Ge thin films on metallic substrates, and found improved capacity
retention in nanofilms. Electrochemical and mechanical performance of thin film
electrodes on substrates have also been a subject of broad investigation [14, 15]. A
crucial step in understanding the mechanical behavior of Si electrodes has been taken by
Sethurman et al.[16], and Soni et al. [17] via in-situ stress measurements on Si thin films
during cycling. Their measurements suggest that Si yields during lithiation (in
compression) at ~1.7 GPa, and delithiation (in tension) at ~1 GPa [16]. The stress-
potential coupling in thin film electrodes [18], the effect of Li content on the biaxial
modulus during cycling [19], and that of thickness on the charging capacity and yield
stress of Si [17] have also been addressed in recent experiments.

A commonly observed phenomenon during cycling of thin film electrodes is
through-the-thickness cracking, occasionally accompanied with delamination of the
cracked film patches from the substrate. Morphology of crack patterns in Si [20], and Ti-
Si thin films [21] of different film thicknesses within the submicron regime has been
studied. While cracks have been observed in Si films as thin as 100 nm on Cu substrate
[22], a systematic study of Si thin films with different thicknesses on stainless steel

substrate has suggested that 100 nm thick films do not fracture after cycling up to 10



cycles, while thicker films do fracture after the same number of cycles [20], concluding
that there is a critical size below which through-the-thickness cracking becomes
impossible [13, 23, 24]. The effect of cycling rate on the fracture of thin film electrodes
has been studied by Soni et al [23]. It has been suggested that substrate roughness could
also contribute to the electrochemical performance of thin film electrodes [25, 26].

Nanowire electrodes made of various materials have also been thoroughly
investigated [27-34]. Initially, it was shown that Si nanowires of 89 nm mean diameter
can be charged up to nearly the theoretical capacity, at sufficiently low cycling rate with
improved cycling efficiency [28]. In crystalline Si nanopillars, it has been observed that
anisotropic expansion during initial lithiation [35, 36] could induce fracture [30, 37]. It
has been suggested that Li embrittlement is responsible for a “leapfrog” cracking
mechanism in ZnO nanowires [34]. In contrast, in SnO, nanowires, a high density of
mobile dislocations is nucleated at the lithiation front and propagates along the length of
the nanowire. A summary of the in-situ transmission electron microscopy observations
during Li cycling of nanowires can be found in [38].

Besides numerous experimental studies, of which a brief summary was discussed
above, there has been significant effort with the aim of modeling the coupled mechanical
and electrochemical processes involved in Li-ion batteries. An initial effort along this
line of thought, dealing with large deformation within electrodes as well as
electrochemical processes, has been presented in [39, 40]. There have been various
attempts to develop continuum models of diffusion-induced stresses [41-50]. Most of

these models are subject to restrictions such as low solute concentrations, small stresses,



small deformation, and mostly ignore the coupling between the electrochemistry and
mechanics. Recently, a rather sophisticated model accounting for coupling between
various physical phenomena in Li-ion battery electrodes has been developed by Bower et
al. [51, 52].

There exist numerous theoretical studies dealing with modeling of electrodes,
mostly at the particle level. Theoretical models have been developed to predict critical
sizes to avoid fracture in electrodes [13, 24, 53-55]. The effects of cycling rate with
particular attention to crack nucleation and propagation has also been discussed in a
number of papers [23, 53, 54, 56, 57]. Anisotropy effects on the kinetics of lithiation in
crystalline Si nanopillars have been modeled in [36, 58]. Coupled large deformation and
plasticity models have also been employed to predict deformation within the electrode
particles [59]. Cohesive law models have been utilized to model progressive fracture of
graphitic particle electrodes [60]. Fracture and delamination in composite electrodes
have also been investigated [61].

In this thesis, we will focus on some mechanics aspects of energy-storage
materials with particular attention to the Si electrodes in Li-ion batteries. Organization of
this work is as follows:

In Chapter 2, we will develop an atomistic-based continuum model for diffusion
within solid electrodes, accounting for the effect of the interplay between stress field and
diffusivity, binding energy of solute atoms to the host atoms and effect of the maximum
attainable stoichiometry. Our model is then tested against molecular dynamics

simulations of hydrogen diffusion in nickel. The model is shown to give predictions in



excellent agreement with atomistic simulations. Employing this model, we then assess
the role played by each of the individual effects above on the overall charging behavior.
Limitations and applicability of the model to the Si electrodes in Li-ion batteries are
discussed.

In Chapter 3, we will focus on the effect of coupling between the stress field
within an electrode particle and diffusivity of the guest atoms in the host matrix. We will
show that a surface locking instability emerges as a result of this coupling under constant
charging flux, i.e. galvanostatic charging. This instability causes the inserted atoms to
jam near the surface and does not allow them to get inside the electrode. We will discuss
this instability in electrode particles of simple geometries. The new finding is that once
the product of the electrode’s characteristic size and charging current exceeds a critical
value, the normal diffusion process is locked leading to accumulation of the inserted
atoms within a boundary layer near the surface of the particle.

Our discussion will then turn to patterned Si thin film electrodes on metallic
substrates in Chapter 4, which will remain the subject for the rest of this thesis. We will
start by discussing size effects in patterned electrodes dealing with the lateral dimension
of the islands in a patterned film, taking into account sliding along the interface between
Si and the underlying metallic substrate. It is discussed why the characteristic spacing for
fracture is about two orders of magnitude larger than the film thickness, in contrast to the
conventional film-substrate systems where the crack spacing is expected to be on the
same order as the film thickness, especially when the film is softer than the substrate. We

then show that islands whose lateral size is below a critical size allow reversible



deformation during cycling. Interpretation of stress-curvature measurments in such
electrodes is also discussed, using a modified Stoney equation whose derivation is
presented in the same chapter.

In Chapter 5, we will address the issue of interfacial delamination in patterned
thin films allowing for interfacial sliding. It is shown that in the presence of interfacial
sliding, a size effect can be recognized: once the lateral size of the islands becomes
larger than a critical size which can be much larger than the island thickness, spontaneous
interfacial debonding becomes energetically favorable.

In Chapter 6, we will discuss a low-cycle fatigue mechanism, called ratcheting,
associated with incremental accumulation of deformation within the patterned islands.
This phenomenon happens in the presence of non-symmetrical variations in yield stress
of Si and/or the interfacial sliding strength during lithiation and delithiation half-cycles.
We will present theoretical as well as numerical finite element calculations to
demonstrate this effect. The results are discussed together with relevant experimental
observations.

Chapter 7 concludes this thesis with discussions on some limitations of the
models/approaches presented in this thesis, as well as on possible theoretical and

experimental studies in the future.



Chapter 2

Atomistic-based continuum modeling of strongly-coupled

diffusion, stress, and solute concentration

There exists a significant volume of theoretical work dealing with continuum
modeling of diffusion in battery electrodes in the literature. Among them, numerous
continuum thermodynamics and kinetics models have been proposed such as the
theoretical framework of porous electrodes [62, 63] and the dual foil cell-sandwich model
[64, 65]. In addition, a large volume of publications has been devoted to the study of
stress generation, deformation and fracture during diffusion. Study of diffusion-induced
stresses based on an analogy with thermal stresses can be traced back to the work of
Prussin [66]. The study was later broadened to include the development of stresses
during mass transfer in thin plates, solid cylinders and spheres, where the stress-diffusion
coupling was considered by including the elastic inclusion energy of solute in the
chemical potential [50, 67]. During the past decade, an increasing number of continuum
models of diffusion induced stresses during charging/discharging of electrodes has been
developed [39-42, 44, 45, 68], some even accounting for the effects of surface tension

and surface modulus [46, 69].



Despite these developments, continuum models of diffusion under very large
stresses and high solute concentrations usually face the challenge of strongly nonlinear
system behavior. Validation of such models is often subject to limitations in experimental
techniques. For instance, Christensen and Newman [39] presented an integrative model
accounting for a number of different physical effects whose experimental validations are
still lacking. Moreover, most of the existing models are either strictly applicable only in
the limit of dilute concentrations [41, 42, 44, 45] or do not account for non-conventional
stress-diffusivity couplings that could be of importance for concentrated solutions and

large stresses [39, 40, 68].

In this chapter, we take an atomistic-based approach to developing continuum
models of strongly nonlinear and coupled diffusion under large stresses and high solute
concentrations. The model includes the effects of solute-induced stresses on the
activation energy of solute diffusion, an upper limit for solute concentration, the
interaction energy between solute and host atoms, as well as the effect of the solute
concentration on the Young’s modulus of the host material. On the other hand, we
neglect the effects of surface tension and surface modulus [46, 69] so that our model is
really trying to capture the "bulk" behavior starting just inside the surface (associated
with the flow of the material into the "bulk" due to an imposed flux at the "real"
interface). In this way, our model is not a nanoscale model and has no special kinetics or
energetics at the continuum surface. We will then compare the continuum model with
atomistic simulations which are performed at nanoscale. The simulations have been

specially designed to exclude complications at a real electrolyte/material interface by



artificially imposing an input flux inside the material just away from the outermost
surface atomic layer, where bulk thermodynamics and kinetics applies (see Ref. [70] for

the details of the atomistic simulations).

This chapter is organized as follows. In Section 2.1, we introduce a continuum
analytical model taking into account the four nonlinear features mentioned above. In
Section 2.2, a brief discussion of the general properties of hydrogen in nickel as a test
system is presented along with a concise description of the atomistic simulations
regarding H-Ni materials system, and simulation of the charging process. Section 2.3
contains our comparison of the analytical model against the atomistic simulations, and
demonstrates the role of the factors noted above in achieving quantitative predictions in
the continuum model. The validated continuum model then enables us to investigate the
influence of each individual physical effect on the overall charging process separately,
which is presented in Section 2.3. A comparative study between the MD results and two
versions of the classical models is also presented in Section 2.4. We conclude this
section with a discussion on the applicability of the present model to the case of Li-ion

batteries with Si anodes. A summary of our results is given in Section 2.5.

2.1. Continuum modeling of diffusion

For simplicity, consider one-dimensional diffusion in a plate under large stresses and
high solute concentrations. We start by introducing a chemo-mechanical potential

including the effect of high solute concentrations on the entropy of the system, the work
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required to insert an inclusion into an elastic matrix, and the concentration-dependent
heat of solution. The diffusion-induced stresses are then presented for an infinitely
extended free standing plate using small-deformation theory, considering that the
Young’s modulus of the plate may vary with the solute concentration. We then introduce
the stress-diffusivity coupling through the effect of internal stress field on the activation
energy of diffusion. Finally, the generalized governing 1-D diffusion equation is derived

and the solution methodology is discussed.
2.1.1. Chemo-mechanical potential

To demonstrate the basic approach of simulation-based continuum modeling, we consider
interstitial diffusion of solute atoms in a host solid. The interstitial sites of the host solid
form a sublattice. With respect to this sublattice, the diffusion of the solute atoms can be
viewed as a substitutional mechanism. The total number of interstitial sites in the

original host lattice is assumed to be preserved.

In the continuum modeling of diffusion in solids, the drift velocity v and hence the flux

of the diffusing species in the host material is given by [42, 71, 72]
J=cv=-McVu, (2.1)

where M is the mobility of the diffusing component, c¢ is the solute concentration and
4 is the chemo-mechanical potential incorporating the chemical and mechanical
energies of the system. In the presence of internal stresses, the chemo-mechanical

potential is expressed in terms of the chemical potential of the solute atoms 4z, and
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vacancies 4, , partial molar volume of the solute (2 and the hydrostatic stress in the host

solid o, as [71, 73]

*

u o= p,—p,—L0o,, (2.2)
where
=’ +RTloga, . (2.3)

Here, i = s,v corresponds to the solute and vacancy components respectively, £ is the

free energy of the host solid accommodating one mole of the vacant interstitial sites, 4.

is the free energy of the same system when the interstitial sites are occupied by the solute

atoms, R is the gas constant and 7 is the absolute temperature. The activity a, accounts

for the interaction energy between the host and solute atoms. A similar treatment of
vacancies can be found in the thermodynamic description of adsorption equilibrium via
vacancy solution theory [74, 75], where activity of the vacancies is interpreted as the

interaction between the adsorbate molecules and the host solid [76-78].

Recognizing the existence of a stoichiometric maximum concentration ¢, ,
activities of the components are related to their site fractions through a, = y.¢ and

a,=y,(1-¢), where c=c/c,, and, y, and y, are the activity coefficients of the

vacancies and solute atoms respectively.

Therefore, the chemo-mechanical potential takes the following form
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= +RTlog1L~—_(20'h +RTlogZs (2.4)
- 2

where 1, = 4, — 14, is a constant. Equation (2.4) accommodates three important

physical effects associated with high solute concentrations and large stresses as follows.

The second term on the right hand side of Equation (2.4) is due to the entropy of a simple
solution where the solutes occupy a fixed set of sites, such as interstitial or substitutional
sites in the host material. For dilute solutions, where ¢ << 1, this term reduces to the
usual form R7 logc . However, the entropy of the system should reduce to zero as all the
available sites in the host are filled with the solutes and so it is not possible to reach the
saturation point. Introduction of this effect enables the present model to recognize a
saturation limit for the host solid. Throughout this paper, this effect is referred to as the

saturation effect.

The third term on the right hand side of Equation (2.4) is the elastic energy associated

with insertion of an inclusion of volume (2 into the matrix under the hydrostatic stress

o, . This term was considered by Li [67], and is well-established in other contexts

including diffusion around dislocations [79, 80]. This effect is interchangeably referred

to as the effect of hydrostatic stress or inclusion energy in the rest of this chapter.

The last term on the right hand side of Equation (2.4) represents the deviation of the
solution behavior from an ideal solution which is ideal over the entire range of its
composition [81]. This term reduces to a constant for dilute solutions and vanishes for

an ideal solution. However, at high solute concentrations, the change in the chemical
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environment of the solution influences the interaction energy of the solute and host
atoms. Since the activity coefficients y, and y, are related through the Gibbs-Duhem
equation, they are determined based on the excess molar Gibbs free energy of the

c(1-¢)d’G,, _odlogy,  dlogy,

solution G, (¢) via = = = —
RT  dc Oologc  Jdlog(1-¢)

, subject to the conditions

y,—~>las c¢—>1andy, =>1 as ¢ >0 [81]. Therefore, one can simply verify that

Equation (2.4) can be rearranged in the following form

#' =ty + RT log ="~ 00, + 414 (@). (2.5)
—C

where py, = 1, +(dG, (0)/dc) is the chemical potential of an infinitely dilute solution,
and Au,(¢)=(dG, (¢)/dc)—(dG, (0)/dc) is the concentration-dependent binding

energy between the solute particles and the host atoms as a function of the local
concentration, which vanishes for an infinitely dilute solution. In the following section,
we adopt the two-parameter Margules equation for the excess free energy of a binary

solution [81],

Gy () = (1~ A+ B,(1-8)], 2.6)
hence the concentration-dependent binding energy of the solution is given by

Ay (¢)=2(A4, —2B,)¢ —3(4, - B,)¢”, (2.7)

where 4, and B, are the parameters of the Margules equation.
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For an ideal dilute solution, where Ax,(¢) =0 and¢ <<1, Equation (2.5) reduces to the

classical chemical potential [42, 49, 50, 67].

2.1.2. Diffusion-induced stresses

Before proceeding to derive the generalized governing diffusion equation, we need to
estimate the stress fields within the host solid. In this paper, we specialize the
formulation to the case of an infinitely extended free-standing plate of width w subject to
equal and uniform charging current densities on the side faces of the plate, as shown in

Figure 2.1.

(@) (b)

| _( 110730~

current density=J

w

P ITIT

1 —

Figure 2.1: A solid plate under atomic intercalation. (a) A plate of thickness w under
uniform charging flux J, on both of its faces. (b) The corresponding atomistic problem
for H diffusion in Ni with the simulation cell being free along x direction and periodic
along y and z directions. During simulations, flux J, of H atoms enter the simulation cell
from the top surface while a reflecting boundary condition is imposed at the bottom
surface.
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The plate material is assumed to be an isotropic homogeneous linear elastic solid with
Young’s modulus £ and Poisson’s ratio v. The Young’s modulus of the material can be
greatly affected as the solute concentration increases within the plate [82, 83] and so here
we explicitly consider a concentration dependent Young’s modulus E(c). Following an
analogy between thermal stresses and diffusion-induced stresses [41, 42, 49, 50, 66, 67],

the biaxial stress in the plate at position x through the plate thickness is given by

E
o,(x)=0,(x)=0_(x)= 3(?_0‘/) {( EC)an - c(x)} , (2.8)

1

w

w/2
Jiw LE (¢(x))dx and hence

1 w/2 (E c)avg .
where (Ee),,, =~ [ Elc)e(x)dx, E,, = s

avg
the modulus-weighted average concentration in the plate. We assume that the plate faces

are traction-free and thus o = 0. Therefore the hydrostatic stress o, in the plate is

two-thirds of the biaxial stress,

_ 2EQ |(EQ),,
0,1(x)—9(1_v)|: 7 c(x)}. (2.9)

2.1.3. Stress dependent activation energy for diffusion
The diffusivity coefficient D is related to the mobility according to

D = MRT . (2.10)

Here we consider the effect of the internal stress field on the activation energy of

diffusion, as follows. At the atomic scale, diffusion of a solute particle in a crystal lattice
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is described as a sequence of jumps from one interstitial site to an adjacent site, during
which the diffusing particle must surmount the energy barrier caused by its interactions
with the surrounding host atoms. Atomistic and quantum mechanical simulations have
shown that this energy barrier is strongly affected by the internal stresses acting on the
neighboring crystal atoms in the directions normal to the diffusion [84], suggesting a
dependence on the biaxial stress. This effect has been referred to as strain-activated
mobility by Aziz et al. [85, 86] who showed that a stress-dependent mobility can cause a
kinetically driven surface instability. In Chapter 3, we will demonstrate that such stress-
mobility coupling can potentially lead to a surface locking instability in electrodes under

galvanostatic intercalation [87].

Denoting the change in the activation energy due to the internal stresses as AE, (o,), the

diffusivity coefficient can be expressed as

_AE, (o)

D=De * (2.11)

where D is the usual stress-free diffusivity. Normally, a tensile stress acting on the

neighboring host atoms leads to a reduction in the energy barrier while a compressive

stress increases it. Linearization of AE, (o, ) around the zero-stress value allows

Equation (2.11) to be written as

aQo,
A

D=De ¥, (2.12)
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where « is a positive dimensionless coefficient. In the following section, we allow for a

bilinear dependence of the activation energy on the biaxial stress and hence use a = a,

for compressive stresses 0, <0 and « = «a, for tensile stresses o, >0. Aziz et al. [85]

have reported numerical values for the stress-diffusivity coupling through experimental

measurements for the amorphous-crystalline interfacial growth of Si along [001] plane.
2.1.4. Generalized diffusion equation

With the chemo-mechanical potential, diffusion-induced stresses, and stress-diffusivity
coupling given above, we can now develop the generalized diffusion equation for the

simple case of a plate. We start with the fundamental diffusion equation given by

% vJ-o0, (2.13)
ot

where J is obtained using Equation (2.1) and the chemo-mechanical potential z is

given in Equation (2.5). Since the present problem is essentially one dimensional along
the x-direction, Equation (2.13) with the aid of Equations (2.1, 2.5, 2.10) takes on the

following form

@:QDA Coa @_Qc@o‘,u_ c LdA,ug(c)@ . (2.14)
ot Ox Cox —COx RT Ox ¢, RT dc oOx

max
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Given the stress field in Equations (2.8, 2.9) and the diffusivity D in Equation (2.12),

Equation (2.14) can be casted into the dimensionless form

or x| ¢ : | E d |ox

avg

_ k] (s B ((Be ~ ~
aC_ 8 [ Eavg } 1%+k2E(5)E—k2 dE(C)(( f)an _EJ&_FEM]@C. . (215)
—C

Dt . . . . ~ X . . .
where 7 =—- is a dimensionless time, X = — is the dimensionless length parameter,

w w
~ . E() . , . .
E(c)=—— is the Young’s modulus normalized with respect to the reference modulus
0
. ~ Eavg N~ (E C) avg .
E, at zero solute concentration, £,,, =—— and (EC),, = . In Equation
0 0™ max

max

a’E,c B 20Q°Ec,..

(2.15), ky =—™* and k, = ——™*
3(1-v)RT 9(1-Vv)RT

are dimensionless parameters reflecting

1s a dimensionless concentration-

oo )  Aw(E
the stress-diffusion interactions, and A, (¢) = 2H\C) O;C)

dependent binding energy. For a specified charging current density J, at the plate faces

x =2w/2, the required boundary conditions for Equation (2.15) are

K LE)“"g—a 5 L~ E“ i (& C ~
= ][_1 L kE@i-k, di(c)(( Ef)”g —5]5+5MJ@= ],
—C

c dc ox !

avg

¥=%1/2, (2.16)
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n

FDc

max

where J n = is a dimensionless flux, with /' being the Faraday constant. By

comparison of Equation (2.15) with the classical diffusion equation, one can define the

effective diffusivity in the presence of all the aforementioned effects as

i (E.E)"”"—a 3 ~ . Ec -~
D, - De [ ][_1 Lk E@e-k, dflﬁ‘f)(( - Jon —5}6%%], (2.17)
! - c

avg

where ¢, and thus D, , is an implicit function of position x through the plate. A special

€

case of Equation (2.17) has been given by Wu [71].
2.1.5. Numerical solution methodology

The continuum model described above involves a highly nonlinear partial differential
equation, Equation (2.15), to be solved numerically under the boundary condition of
Equation (2.16) with zero initial concentration for Equation (2.15). The governing
equation is solved using FEMLAB (COMSOL Multiphysics) via the general PDE mode

as

% v.r=o, (2.18)
ot

with I' defined as

k %—L B o~ E~ -~ o~
R J[l;+k2Eg_k2 B[ cler e, e
—C c

avg
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where coupling integration variables are used to define Eavg and (E7) Symmetry of

avg *
the problem is invoked to solve the governing equation over half the domain,
0>Xx >-0.5, and 480 Lagrangian elements are used to discretize this domain. The

Neumann boundary condition is applied at both boundary points with the flux

J,=J,(1-¢) at X =-0.5, designed to match the boundary condition in the molecular

simulation (see next section), and zero flux at X =0, consistent with the symmetry of the
problem. Necessary material parameters for the model system of hydrogen charging of

Ni are obtained from the atomistic models described in the next section.
2.2. Model validation via comparison with molecular dynamics simulation

To demonstrate role of the various physical phenomena associated with stress and
solute concentration included in the continuum model of Equations (2.15, 2.16), a model
material of hydrogen (H) solutes in a nickel (Ni) host is considered. H in Ni provides a
system where H occupies well-defined sites in the host Ni lattice, the H-induced volume
change is large enough to induce large stresses. The diffusion of H in Ni under stress is

easily characterized [70].

Molecular statics and dynamics can be used (i) to obtain the material parameters
entering the continuum model and (ii) to explicitly model the charging of a Ni plate by an
imposed flux of H atoms through the surfaces of the plate. The results can then be

compared to the predictions of the continuum model.

2.2.1. Properties of H in Ni
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Interatomic embedded-atom-method [88] (EAM) potential developed by Angelo
et al. [89] has been used to characterize the interactions between atoms in the system. At

equilibrium, H atoms occupy octahedral sites in FCC Ni with a maximum attainable

molar concentration c,,, = corresponding to the cubic hydride phase NiH, where

3
4%

N , and a, are Avogadro’s number and the Ni cubic cell lattice constant, respectively.
The dimensionless concentration ¢ =c/c, . is thus identical to the H/Ni ratio. ~ Table

2.1 shows the numerical values for the partial molar volume €2, the Young’s modulus

E,, and the Poisson ratio [70]. Changes in the mechanical properties of the material as H

is added to Ni is neglected as the Young’s modulus for the fully-hydrided NiH material is

only about 10% larger than that of pure Ni.

Concentration-dependent binding energy of the solution in eV/atom obtained
using atomistic simulations can be approximated via Az, (¢) =—0.80¢+0.37¢" (which is
identical to the two-parameters Margules equation (see Equation (2.7)) with parameters
A4,=0.15, B, =0.28 in the same units), by creating a range of NiH_. random solid

solution materials and computing the energy per H atom. As shown in Figure 2.2, the
energy per H is increasingly negative with increasing ¢ , favoring higher H

concentrations, for this EAM potential [90].

Diffusion of H in Ni occurs by H motion from one octahedral site to a

neighboring site, corresponding to motion along the family of {110} directions in the fcc

lattice. The activation energy E, of H diffusion in the [110] direction under an applied
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uniaxial stress o along [1 10] has been computed [70], and using the activation energy
under zero stress £, (0) as the reference value, AE, (o) = E,(0)—E,(0) is given in Figure

2.3, showing that a tensile stress decreases AE, while a compressive stress increases it.

To conform to the simple continuum model of Equation. (2.12), we fit the results to a

bilinear curve to estimate the values of & under compression (@ =, =0.180) and under

tension (& =, =0.404). When no stress is present, AE, =0 and the diffusivity is just D

and is controlled by the zero-stress activation energy of 0.46 eV. Below, a brief
description of molecular dynamics simulations of charging at 7=800K. The temperature

has been chosen to facilitate diffusion within the time constraints of MD, for which D=

1.28+0.06 x 10~ m?/s [70].

2.2.2. Simulation of H Charging of Ni

The details of the atomistic simulations are beyond the scope of this work, and is
given in Ref. [70]. However, in the following, a brief description of the problem
simulated via MD is discussed. With the material system identified and characterized, a
series of H-charging simulations have been conducted using Molecular Dynamics (MD).

The sample is a />-plate geometry with simulation cell dimensions /,=6.2 nm, /,=4.0 nm

and /,=3.6 nm, with the crystal orientation corresponding to x =[110], y =[Il 10], and

z=[001] as shown in Figure 2.1b. To mimic a semi-infinite plate in the lateral

directions y and z, the simulation cell is periodic in these directions. To represent one-half
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of the full plate, charging occurs into the X = —1/2 surface and a symmetry boundary is

usedat x =0.

The simulation temperature is fixed at 800 K using a Nosé—Hoover thermostat [91, 92]
and the simulation cell sizes in all directions fluctuate during the simulation using a
barostat in order to maintain zero external pressure conditions [93, 94]. The flux of H
atoms is controlled by inserting H atoms at the desired rate Jy into the layer of octahedral

interstitial sites at x=-1/2.

To insert an H atom, one site, among the N=160 possible sites in this layer, is

1

chosen randomly for insertion at time intervals of (\/EN JyNa,”)"" and an H atom

insertion is attempted. If the chosen site is already occupied by an H atom, the insertion
attempt is aborted. As H is inserted during charging, the concentration in the insertion
layer increases due to insertion and decreases due to diffusion into the plate. The mean
flux achieved in the simulation is then the desired flux multiplied by the probability of a
successful insertion (1—-¢(x =—1/2))where ¢(x =—1/2) is the surface concentration, or

J, =J,(1- E)LNC (Figure 2.1). Note that the actual influx is always subject to

=1/2
statistical fluctuations on top of the mean behaviors described above. The outcome of the
simulation is the actual flux J, as a function of time as well as the H concentration
profile, defined as the average number of H atoms in the lateral cross-section at position
x, as a function of time. The simulation results are converted into dimensionless

quantities using the scalings identified in the development of the continuum model.
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~ J
Simulations are done at a number of charging rates, J,, = FDOW =].18, 5.89, 11.79,
c

max

117.9. Figure 2.4 shows the actual influx J, as a function of time for the above-
mentioned values of the input flux. On the same figure, the predicted flux according to

the approximation jn =J o(I= E)‘N_ D is shown. Aside from the inevitable statistical

fluctuations in the actual influx, Figure 2.4 indicates that the above linear estimate is

satisfactory for use in the continuum model.

Table 2.1. Numerical values of the model parameters.

Q Cmax EO
(m*/mole) (mole/m’) (GPa)
2.053x10°° 1.51x10° 205 0.31
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Figure 2.2: Concentration-dependent binding energy A, as a function of ¢ =c/c,,,, at
0 K.
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Figure 2.3: Activation energy barrier of diffusion as a function of the normal stress
acting perpendicular to the diffusion direction.
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Figure 2. 4: Actual flux data versus the predictive relation as a function of time.

2.3. Results and Analysis

The predictions of the H concentration profile through the plate at various times as
obtained from the MD simulations and as predicted by the continuum model are shown in

~ J
Figure 2.5 for various charging rates J,, = FDLW =1.18, 5.89, 11.79, 117.9. In this
c

figure, and in the rest of this chapter, the atomic simulation results are shown as discrete
points, corresponding to the average H concentration at each lateral octahedral site
location x at each time, and the continuum predictions are shown as solid lines. For all

charging rates and at all times shown, the continuum predictions are in excellent
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agreement with the MD results. This broad result validates the use of the continuum

model for describing diffusion with strongly-coupled stress effects.

As H is injected at the surface, the near-surface concentration rises, inducing a
compressive stress in this region, which suppresses the H diffusivity in this region but
also generates an energetic driving force for diffusion; see Equations (2.12) and (2.5). As

the near-surface concentration increases further, with stress continuing to increase, the

mean flux J, =J,(1- E)|E:7 ,,, decreases and the surface concentration reaches a near-

steady state value. At low flux levels, the surface concentration remains well below unity
and the concentration profile is relatively smooth and convex. At high flux levels,
however, the surface concentration approaches unity and the concentration profile is
concave and then convex, showing an inflection point. The flow of H into the plate

resembles the motion of a diffuse interface.
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Figure 2.5: Concentration profile across the thickness; dots are MD results and solid
lines are the continuum model predictions.

An advantage of the continuum model, discussed in Section 2.1, is that it enables
us to study the individual contribution of stress-dependent activation energy, existence of
a stoichiometric maximum limit, and the concentration-dependent heat of solution to the
overall continuum model. To this end, limiting cases of the full model are considered in
which one or more of the described physical effects are removed from the model while
the others are preserved. In all subsequent figures, the simulation data remains
unchanged from that shown in Figure 2.5, since it is not possible to alter the

characteristics of the physical system within the MD simulation.
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2.3.1. Stress dependence of the activation energy

To assess the effect of stress-diffusivity coupling, the dependence of activation energy on

stress is removed from the continuum model by considering the special case k£, =0 in
Equation (2.15), corresponding to setting the physical parameters «,,a, =0. Figure 2.6

shows the numerical results from the continuum model in comparison with the full MD
results. In the absence of stress-diffusivity coupling, the diffusion coefficient near the
plate surface, which is under compressive stress, is overestimated. Thus, more material is
driven into the plate and the concentration profiles are overestimated in the interior
regions. Also, as the charging flux increases, the effect of stresses on the energy barrier

becomes more significant to the overall charging process.
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Figure 2.6: Concentration profile across the thickness; atomistic simulation vs.
continuum predictions neglecting the stress-diffusivity coupling.

2.3.2. Concentration dependence of the solute binding energy

The role of the concentration-dependence of the binding energy in influencing the
diffusion can be examined by setting Az,(¢) =0 in Equation (2.15). Numerical results
in this limit are shown in Figure 2.7, where the predicted concentration profile is

substantially more uniform than the full MD results. This is anticipated because the

binding energy function prefers high H concentrations and so creates a driving force on
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the H atoms that acts in the opposite direction to the concentration gradient. Hence,
when the binding energy is set to zero, the continuum model predicts a smoother
concentration profile, as compared to the full problem. Figure 2.7 thus reveals the pivotal

role of this binding energy at high solute concentrations.
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Figure 2.7: Concentration profile across the thickness; atomistic simulation vs.
continuum model neglecting the concentration dependence of the binding energy of the
solution.
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2.3.3. Effect of stoichiometric maximum limit

To examine the contribution of the “saturation cap” imposed by entropic considerations,

this effect is removed from the continuum model by taking the dilute concentration limit,

in which Equation (2.15) (with E (¢) =1 for the Ni-H system), takes on the form

& o

ki (C,. &) e ey m 85:|
— e 1+ ke +cA — . 2.20
or  on {e ( e e ,uo(c)) Py ( )

Equation (2.20) clearly underestimates the effective diffusivity as compared to Equation
(2.15). This is particularly influential near the plate surface early in the charging process
(not shown in Figure 2.8) which leads to less solute in the system at later times. This
results in underestimation of the concentration profiles at later times as shown in Figure
2.8, mainly inside the material and for high fluxes. As well, the profiles obtained
according to this model are sharper than those predicted by MD, which is directly related

to the underestimation of the effective diffusivity.
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Figure 2.8: Concentration profile across the thickness; atomistic simulation vs.

continuum model without the saturation cap, Equation (2.20).

2.3.4. Comparison with the classical diffusion equations

In this section, two versions of the classical diffusion equations are employed to predict
the concentration profile, and the results are compared with the MD results. In both

models, the effects of stress-activation coupling, hydrostatic stress and concentration-

dependent heat of solution are not included, i.e. k, =k, = 44,(¢)=0. In the first model,

the saturation cap is not considered, and therefore Equation (2.15) is reduced to
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oo

or &

2.21)

Concentration profiles as obtained according to this model are given in Figure 2.9,
together with the MD results. It should be noted that even though the saturation cap is
not considered in this case, the charging flux decreases linearly to zero as the surface
concentration tends to the saturation concentration. Hence, the concentration remains
below the saturation concentration. A clear feature of the MD results which is not
captured by this model is the emergence of the inflection point in the concentration
profile. When the saturation cap is imposed in the classical model, the governing

Equation (2.15) is reduced to

a_c:i( 1~a_ij' (2.22)
or ox\l-c¢ ox

Figure 2.10 compares the concentration profiles predicted by this model and the MD
results. Although introduction of the saturation cap in the diffusion equation enables the
model to capture the double-curvature behavior of the concentration profile, the figure
shows the deviation of this model from the MD results. In particular, near the plate
surface, the competition between the combined effect of the stress dependent activation
energy and the concentration dependent heat of solution (both of which slow the
diffusion) and the effect of the hydrostatic stress (which enhances the diffusion) is
missing in this model. Figure 2.10 indicates that in the regime of high charging rate the

outcome is evidently an overestimation of the influx and hence the concentration profile.



According to Figures 2.9 and 2.10, one could erroneously conclude that the

classical diffusion equations are quantitatively satisfactory except for the highest flux

case J, =117.9, but this arises here only because of the cancellation of a number of

independent competing effects. These effects do not necessarily cancel out in general.
Even with significant cancellations in some regimes, Figure 2.9 demonstrates that the
classical diffusion equation fails in predicting the concentration profiles within the

battery electrode for the high-flux charging regime of most practical importance. For
other systems such as Li in Si, the physical effects described in this paper might come
into play with different weights compared to H in Ni, highlighting one effect over the

others.

35
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Figure 2.9: Concentration profile across the thickness; atomistic simulation vs. classical
model without saturation cap, Equation (2.21).
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Figure 2.10: Concentration profile, atomistic simulation vs. classical model with
saturation cap, Equation (2.22).

2.3.5. Applicability and limitations for lithium diffusion in silicon

The present model is considered as an underlying framework for simulation of Li
diffusion in Si. In this case, however, some additional complexities are important,
including the structural change of the Si lattice resulting in amorphization. This would
lead to an additional entropy in the system, emergence of inelastic behavior [16, 95, 96],
and a strong influence on the partial molar volume of Li during

intercalation/deintercalation [97]. Furthermore, due to the 400% volume change arising
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during the cycling of Si, the deformation can easily exceed beyond the realm of small-
deformation theory employed in the present model [51]. However, the important
nonlinear stress-diffusivity coupling considered here could be further highlighted for the
Li/Si system, where huge deformation and large stresses are present [98]. Furthermore,
at high concentrations, the effect of solute saturation on the entropy of the system and
that of the concentration-dependent binding energy [99-101] should play substantial roles
near the stoichiometric limit of the solution. Another feature of the Li/Si system that has
been addressed in the present model is the change in the Young’s modulus during
intercalation. Although negligible for the case of hydrogen in nickel, the Young’s moduli

of Li-Si phases are greatly reduced relative to Si [82], even without amorphization.

2.4. Summary

A continuum framework has been developed for modeling highly nonlinear behavior
associated with atomic-scale diffusion at high solute concentrations and very large
stresses. The continuum model introduces a stress-diffusivity coupling through the effect
of internal stresses on the activation energy of diffusion. The stoichiometric maximum
concentration of the solute is explicitly recognized as the saturation limit by modifying
the free energy of the system to account for high solute concentrations. The effect of the
concentration-dependent binding energy between the host and solute atoms as a result of

change in the chemical environment of the solution is accommodated. Finally, the
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mechanical properties of the host solid are also considered as a function of the solute

concentration in the model.

The model was then validated for the case of hydrogen diffusion in nickel, and the
continuum model predictions proved to be in excellent agreement with atomistic
simulations. It was demonstrated that each of the above-mentioned effects, with the
exception that change in mechanical properties of the host solid is negligible for the test
system of this paper, plays a significant role in the overall predictions of the continuum
model, especially at high charging rates. A comparative study between two versions of
the classical diffusion equations and MD simulations was also presented. Capabilities
and limitations of the continuum model for modeling diffusion of lithium in silicon

anodes were discussed.
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Chapter 3

A surface locking instability for atomic intercalation into a

solid

Experiments on thin films and nanowire electrode are suggesting that there exist
some critical values for particle size and charging current, below which nearly complete
charging capacity is attainable [13, 28, 102, 103]. In order to facilitate our understanding
of the size- and rate-effects in battery systems, a fundamental step is to understand how
mechanical stresses might affect atomic diffusion into solids. Diffusion-induced stresses
(DIS) in solids have long been modeled by analogy with thermal stresses in a variety of
systems and geometries [42, 44, 49, 66, 104]. However, with the exception of a few
theoretical studies dealing with crack growth or nucleation [53-57], most of the existing
studies do not usually indicate any terminal size or charging rate beyond which complete
charging/discharging becomes impossible in the absence of fracture. Here, we note that
the classical theories of diffusion-induced stresses are formulated for systems with
relatively small stresses while the silicon anodes typically experience very large
deformation and stresses. Among many possible effects associated with large stresses,
special attention is focused on the coupling between internal stresses and activation

energy for diffusion. In this chapter, we will show that a critical phenomenon of
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spontaneous surface locking arises under galvanostatic charging conditions as soon as the
stress-activation coupling is considered. In this phenomenon, a smooth charging process
is abruptly replaced by spontaneous locking of diffusion near the surface of electrode
once the product between charging current and electrode size exceeds a critical value.
The same phenomenon persists for electrodes with planar, cylindrical and spherical

geometries [87].

3.1. Surface locking instability for a free-standing plate

Consider a free-standing, infinitely extended plate of thickness w subject to a
constant uniform charging current density i, on both of its side faces, as shown in Figure

3.1a. The diffusion process can be described by the one-dimensional diffusion equation
along the x-axis as

oc 0 oc
NP ) it 3.1
ot 6x{ 8x} G-D

where c is the solute concentration and D is the diffusivity, which is treated as a constant
in most existing studies on DIS [42, 44, 49, 66, 104]. On the other hand, atomistic
simulations have revealed that internal stresses can strongly influence the activation
energy for diffusion [84]. For instance, diffusivity of hydrogen in nickel at room
temperature can be doubled when the normal stress acting perpendicular to the diffusion
direction reaches about 2 GPa [70]. Normally, a tensile stress decreases the energy
barrier while a compressive stress raises it. The reason is that diffusion of a solute particle

in a host material takes place as a sequence of jumps between adjacent interstitial sites.
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The probability for each jump could be significantly enhanced (suppressed) by a tensile

(compressive) stress. Denoting the change in energy barrier due to the internal stresses by

AE,, the diffusivity D can be expressed as D =D exp(—AE, / RT), where D, is the

diffusivity in the absence of internal stress, R is the gas constant and 7' is absolute

temperature. For atomic diffusion into a plate, we assume a linear dependence

AE, =—-afdo,, where « is a positive dimensionless constant, £21is the partial molar

volume of the solute and o, is the biaxial stress in the plate. The stress-dependent

diffusivity can thus be written as [85-87]

). (3.2)

Assuming the plate is made of a homogeneous isotropic elastic solid, and treating the
elastic deformation as a quasi-static process following the classical analogy between DIS
and thermal stresses [66], the biaxial stress in the plate is

o,(x)= 3(§12—Ev) [cavg - c(x)] , (3.3)

where E and v are Young’s modulus and Poisson’s ratio of the plate, respectively, and
w/2
Cong = (I /2cdx)/ w is the average solute concentration in the plate. The diffusion

equation becomes

@ :g DOeXp ﬂ(cav —C) % (34)
ot Ox 3(1-v)RT  “* Ox

with boundary conditions
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x=1w/2 (3.5

Dyexp| —22E (o _y|% i
31-v)RT = “* ox F

where F'is Faraday’s constant. If the initial solute concentration is zero and charging

starts at =0, mass conservation indicates c,,, =2i,t/Fw. We recast the governing

equation in a non-dimensional form

oc 0 ~ o~ 0C
—=——1J€x 2it—c)]l— 3.6
3, af{ plu(2, )]az} (3.6)
with
~ 00 = ~
expluQir—c)l—===i, xX==%1/2 (3.7
ox
oQFE ~ 1,Q
where ¢ =Qc, t =—°2t, X :i’ UH=————,and i = ilid . The steady-state
w w 3(1-v)RT FD,
solution to this equation takes the form
¢l =217+ f(X) (3.8)
where f(X) satisfies
~df (X v~ ~ 1 ~ ~
expl—p fONI L) 27%  or f(F) = - loglu,(4-F7)]. (3.9)
dx u
Here, A4 is an integration constant to be determined from mass conservation ¢,,, = 2i 1,
which relates 4 to ,uz: as
1/2 o ~
j_l/zlog[A—x 1d% +log[ui,]1=0. (3.10)
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However, a careful inspection of the steady-state solution

~ st ~ 1 ~ ~2 . . . .

c” =2ir——log[ui (A—Xx")] indicates that it diverges at the top and bottom surfaces
U

X ==£1/2 in the critical case of 4=1/4. Setting A=1/4, Equation (3.10) can be

solved for the critical value of /Jl: as

a2’i wE _
3(1-v)RTF D, '

(p,),, = (3.11)

This critical value corresponds to a surface locking instability induced by the biaxial
stress in the plate. Atomic diffusion into the plate causes compressive stress near the
surface and tensile stress near the center of the electrode. The stress-activation coupling
described in Equation (3.2) suggests that diffusion is slowed down near the surface by the
compressive stress there. Under galvanostatic charging conditions, a slower diffusivity
near the surface leads to accumulation of solute near the surface and even higher

compressive stress, hence a runaway instability resulting in “surface locking”. Equation
(3.11) shows that surface locking occurs as soon as ,uzj exceeds e’ ~7.39. To visualize

the transient process that leads to surface locking, a finite element scheme (FEM) is
employed to solve the governing equation numerically. Due to the symmetry of the
problem, the nonlinear diffusion equation is solved for 1/2>X >0 using 500 quadratic

Lagrange elements. Figure 3.1b shows the evolution of solute concentration in the
subcritical case of ,Ul: =7.2, whereas Figure 3.1c shows the behavior in the supercritical
case of ,uz: =7.7. One readily sees that the smooth charging process in the subcritical

regime is replaced with surface locking in the supercritical regime. Figure 3.1d shows
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the concentration gradient at the plate surface as a function of time for various values of
,Lll: . The surface locking occurs above a critical value in the range 7.7 = ( ,uz:)a, >7.2,in
perfect agreement with the analytical solution.
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Figure 3.1: Surface locking in a planar electrode under galvanostatic charging. (a) A
plate electrode is subject to a uniform current density on its faces. (b) Evolution of the

solute concentration profile in the subcritical case of ,uz: =7.2. (c) Evolution of the
solute concentration profile in the supercritical regime of ,Lll: =7.7. (d) Evolution of the
surface gradient of solute concentration for various values of ,uz . The results indicate

that surface locking occurs above a critical value between 7.7 > (ui,),,. > 7.2, in

agreement with the analytical solution which predicts ( ,uz: ), =e’ =7.39.
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3.2. Surface locking instability for a cylindrical wire

In this section, we will consider an infinitely long cylindrical wire with circular cross-
section of radius 7, with zero net axial force, subject to a constant uniform charging
current density i, on its surface (see Figure 3.2a). Using the symmetry of the problem,

the diffusion equation can be reduced to the following radial diffusion equation

oc 10 oc
—=——4{rD—}, 3.12
ot ror i 8r} ( )

subject to the boundary condition

oc 1
D—==21 at r=r 3.13
or F 0 ( )

In this case, the radial diffusivity D is considered as a function of stress according to

Equation (3.2), except that the biaxial stress o, is replaced by the average of

circumferential and axial stresses in the wire,

aQ) Cpg t+ 0

D = Dy eXp[RT( 5 )] (3.14)
where [50]
QF
Ogp = 61—v) [C g (1) + € (1) — 2], (3.15)
2k [€.0e () =<1, (3.16)

GZZ =
3(1-v)
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and

s ()= [[ peCo)p. (3.17)

Given the stress field, the concentration-dependent diffusivity coefficient, given by
Equation (3.14), can be introduced into the radial diffusion Equation (3.12). Assuming

that the solute concentration is zero in the beginning of the charging process, it can be

shown that c,,, (r,) = 2i,t/ Fr,, and Equation (3.12) can be casted into the following

dimensionless form g—c = éiw {r exp[% (61,7 + Cog () — 45)]2—2} , (3.18)
T 7

with the boundary condition

~

oc ~

exp[y(zfnr—z)]a—~ i, at 7=1, (3.19)
r

Dt . oQE  _ 9 ~ iQ
Where r= (; 2 r= L > /u = —7cavg (7") = Qcavg (rO 7"), and in = l”’ ro N

¥, 7, 3(1=v)RT FD,

Analogous to the analysis presented before, we will assume that there exists a steady state

solution for Equation (3.18) in the form of
¢ =2it+ f(7). (3.20)

Upon substitution of Equation (3.20) into Equation (3.18), the following ordinary

differential equation is obtained,

27, = el (1., () -4 L G21)
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where [, ()= %Jg o f(p)dp . Note that with ¢* as given in Equation (3.20), one
7

can easily verify that f,, (1) =0. Equation (3.21) can be integrated with respect to 7,

and using the finiteness condition at 7 = 0, it can be reduced to

7 =ennlE (£, () -4/ 1L (3.22)

a_;: .

Here, note that Equation (3.22), written for 7 =1, with f

avg

(1) =0, implies that
¢" =27 r+ f(7) satisfies the boundary condition (3.19).
We are not aware of a technique which could be employed to obtain an analytical

solution for Equation (3.22). However, following the analysis presented in the Appendix,

one can show that

dp df - dq ..
—_— =1 > - =1 > — =1’ 3.23
7= =) G.23)

where p(7) and q(7) satisfy

~

7 = expl (p(0) - 4p>];’—’r3, Pug (=0, (3.24)

~ d
i = exp[-u q]a—g, G0y =0. (3.25)

Equations (3.24,3.25) can now be solved analytically. Straightforward analysis shows

that ilfp(? =1) tends to infinity for ,uz: >2¢”* and %(7 =1) tends to infinity for
r r
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,uz: > 2e. Therefore, according to the inequality (3.23), %(7 =1) has a finite value for
7

,uz: <2¢’"*, but tends to infinity for ,ul: > 2e. Therefore, the critical value for ,uz: falls

somewhere between 2¢*’* and 2e.

In order to verify the analytical results obtained above, we have employed a FEM

scheme to solve Equations (3.18, 3.19). FEM results obtained with 1000 quadratic
Lagrange elements are shown in Figure 3.2. In this figure, 7 = Dyt/r,” and 7 =r/7,.
Figure 3.2b shows the concentration profile in the cylinder in the subcritical case of

11 =44 whereas Figure 3.2¢ shows the behavior in the supercritical case of 7 =5.2.
Figure 3.2d illustrates the evolution of the concentration gradient at the surface of the

cylinder for various values of i, . Surface locking is seen to occur above a critical value

somewhere between 5.2>(u1 ), > 4.4, in agreement with the analytical solution.
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Figure 3.2: Surface locking in a cylindrical electrode under galvanostatic charging. (a) A
cylindrical wire is subject to a uniform current density on its surface. (b) Evolution of the

solute concentration profile in the subcritical case of ‘Lll: =4.4. (c) Evolution of the

solute concentration profile in the supercritical regime of ,ul: =5.2. (d) Evolution of the

surface gradient of solute concentration for various values of ui, . The results indicate

that surface locking occurs above a critical value between 5.2 2 ( ,uz:)cr >4.4,in

agreement with the theoretical analysis.

3.3. Surface locking instability for a spherical particle

In this section, we will consider galvanostatic charging of a spherical particle with

radius 7, subject to galvanostatic charging with uniform current density i, on its surface,
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Figure 3.3a. As a result of spherical symmetry, the governing equation collapses to the

radial diffusion equation

d_12a

oc
=——{*D—}, 3.26
ot r*or 4 6r} ( )

subject to the boundary condition

oc i
D—="=1 at r=r 3.27
3y F 0 (3.27)

Here, we will take the diffusivity D to depend on the hoop stress o, =0, according to

Q)
D =D, exp[ﬁ (0 +0,,)] (3.28)

where the stress components are given by [44]

QF
Copp =0,y = 5U-v) [2cavg (ry) + Cong (r)—3c], (3.29)
with
3 ¢
()= [ Pe(p)dp. (3.30)

Using the mass balance condition, it can be shown that ¢, (r,) =3i,¢/ Fr, , and

Equations (3.28, 3.29), the diffusion Equation (3.26) can be written in the following form

o 1 0 . Lo~ e g OC
Pl rzexp[?(6lnr+cavg(r)—3c)]a—7}, (3.31)

subject to the boundary condition

~

expluGir-NE =7,
or

)
Il
p—

(3.32)
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Dyt - r - ~ aQF ~ 1, Qr
-, F=—,0,0)=Qc,, (r,7), u= di =2+—2

where 7 =—; ——— and |, .
% 7, 3(1-v)RT F D,

Steady-state solution for Equations (3.32, 3.33), if existent, should have the form

¢" =371+ f(¥), which upon substitution into Equation (3.31) yields

Tl d o ot -3
30, = = expl T (M =313 (3.33)

where f (¥)= %Jj p> f(p)dp . One can easily show that Sag(D)=0. Equation (3.33)
7

avg

can be integrated to yield

07 = expl (1., () - 3f>]%. (3.34)

Here, note that Equation (3.34), written for 7 =1, with f, (1) =0, implies that

¢ =37 7+ f(7) also satisfies the boundary condition (3.32).

Similar to the analysis presented in the preceding section, instead of solving Equation

(3.34), which is not a trivial task, we will consider the following two ordinary differential

equations
— d
7 =expl2 (p(0)-3p] L, P, (1)=0, (3.35)
3 or
7 =exp[- ]ﬁ 1)=0 (3.36)
n p /u q dF > qavg * :

It is straightforward to show that iZFp(F =1) blows up for ui >e'*?/3/2 and
r

%(7 = 1) blows up for ,u7n >e*? /2. Following an analogous analysis as in the
r

Appendix, it can be shown that
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dp df - dq ..
=1 =1 —2 :1’ 3.37
L =n>TE=0>"LF=n (3.37)

and therefore, there exists a critical value for ,uz: , in the range

12> (ui), > 12, (3.38)
beyond which the steady state solution for Equation (3.31) does not exist.

We have also performed FEM calculations to solve the governing equations and

the results are given in Figure 3.3. Figure 3.3b plots the FEM results in the subcritical
case of ,uz: = 5.1 and Figure 3.3¢ shows the behavior in the supercritical case of
,uz: =6.9. Figure 3.3d plots the concentration gradient at the surface of the sphere as a

function of time. Surface locking occurs above a critical value in the range

6.9>(ui),, >5.1,in agreement with the steady-state analysis.
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Figure 3.3: Surface locking in a spherical electrode under galvanostatic charging. (a) A
sphere is subject to a uniform current density on its surface. (b) Evolution of the solute

concentration profile in the subcritical case of ,UZ, =5.1. (c) Evolution of the solute
concentration profile in the supercritical regime of ,uz: =6.9.(d) Evolution of the
surface gradient of solute concentration for various values of ,ul: . The results indicate

that surface locking occurs above a critical value between 6.9 > ,uzj > 5.1, in agreement
with the theoretical analysis.

3. 4. Discussion

Our further investigation, through numerical analysis, indicates that the surface

locking instability presented here always happens for a thin film on an infinitely thick
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substrate, even for extremely small charging fluxes, suggesting a zero critical value for
(u an )., in such case. Further analysis shows that the surface locking phenomenon is not
qualitatively affected by including the effect of hydrostatic stress in the chemical
potential of the solute [67], albeit the critical value of ( ,UZ )., can be significantly

increased, making the diffusion more difficult to lock up. Since much experiments and
theoretical studies are needed to verify if these non-classical solutions to diffusion

equation are physically relevant, we leave more detailed investigations to future work.

Finally, we caution a number of potential pitfalls for the surface locking
instability discussed here. First, we have not imposed the maximum stochiometric
concentration limit for the solute. As the surface concentration approaches this limit, it
will become increasingly difficult to maintain a constant charging current, and the
boundary condition in our analysis will need to be modified. Also, a number of other
effects, including the enthalpic contributions to the chemical potential, elastic anisotropy,
changes in elastic modulus and large deformation characteristics at large solute
concentrations could play important roles. Nevertheless, the present work demonstrates
possible emergence of a host of phenomena that were not in the conventional theory of
diffusion-induced stresses but could be critically important for the Lithium ion battery

technology.
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Chapter 4

A critical size for Si thin film patterned electrodes, and

interpretation of stress measurements

Silicon thin film electrodes are among one of the simplest structures subject to
broad experimental and theoretical investigations for application in Li-ion batteries [13,
14, 105]. At the same time, degradation and capacity loss in such structures is a common
observation, not even limited to Si [106-111] (see Ref. [1] for a comprehensive review).
A significant part of the capacity loss, in general in Si electrodes, and in particular, in Si
thin film electrodes, has been attributed to a variety of mechanical failure modes. Among
various failure modes, through-the-thickness cracks are commonplace in most of the thin
film electrodes subject to electrochemical cycling. Such cracks, even if stable during
cycling, could cause partial capacity loss, by providing new surfaces which upon later
electrochemical operation are subject to passivation, and transform to solid-electrolyte-

interphase.

The main approach taken in order to circumvent fracture in thin film electrodes is
to decrease the particle size and the film thickness below the critical fracture size. Along

this line of thought, Graetz et al. [13] suggested the following critical size,
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a, === (4.1)

where K, is the fracture toughness, and o, is the yield stress of the polycrystalline Si.

Using K, =0.751 MPa/m'*[112], and o, =1 GPa [113], the critical size a, turns out
to be about 300 nm . This result suggests that once size of the polycrystalline thin film
reduces to less than a,, according to the Griffith criterion [114], brittle fracture becomes
impossible, and plastic deformation of the overall polycrystalline thin film becomes
dominant. Zhao et al. [24] applied the Griffith criterion to estimate the critical film
thickness /4, [115]

ET

ho=—
¢ Zo?

(4.2)

e
where Z = Te (with ¢, ~1.1215) is a dimensionless driving force for channeling

cracks extending through the entire thickness of the film when the elastic constants of the
film are the same as those of the substrate [116, 117], " is the fracture energy of Si, and

E is the Young’s modulus. For Si thin film electrodes, stress o in the film is bounded

by the yield stress o, =1.75 GPa (for lithiated Si) [16], , £ =80 GPa, I' =10 J/m?, and

based on Equation (4.2), Zhao et al. [24] estimated a critical film thickness of 130 nm.
According to this analysis, brittle cracking becomes impossible within thin films thinner

than the critical thickness given by Equation (4.2).
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Experiments on 100 nm amorphous Si thin films on Cu substrate show that while
through-the-thickness cracks form during cycling, the crack opening keeps increasing
during cycling, and most importantly, the crack spacing is much larger than the film
thickness [22]. Figure 4.1 shows the plan view of a 100 nm thick film after 12 cycles.
This figure shows that crack spacing is of the order of 7-10 um. The observed crack
spacing in the Si thin film cannot be straightforwardly explained by conventional theories

of thin film fracture mechanics.

Figure 4.1: A 100 nm-thick Si film on Cu substrate after 12 cycles (Ref. [22]).

Most of the existing theories on crack patterns in thin films or multilayers [118-
125] predict crack spacing on the same order as the film thickness except when the
Young’s modulus of the film is much larger than that of the substrate [124, 125]. This is
generally consistent with experimental observations of crack patterns in engineering
films/coatings [118, 120-122] as well as crack spacing in rock layers [123, 126]. Also,

cracks in drying mud show an average spacing comparable to their depth [127], while
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crack patterns in drying cornstarch and cooling lava even have columnar structures with
crack spacing much smaller than the depth [128]. In contrast to these theories and
observations, the aforementioned experiment shows that lithiated 100 nm thick Si films
exhibited a mean crack spacing of 7-10 microns which is nearly two orders of magnitude
larger than the film thickness. Since the Young’s modulus of lithiated Si [19, 82] is
actually smaller than that of Cu, this large difference between crack spacing and film

thickness cannot be understood from the conventional theories of thin film fracture.

4.1. Crack spacing and emergence of a critical island size

In the following, we show that the apparent discrepancy mentioned above can be
explained by considering plastic deformation within the Si thin film, as well as the shear
resistance of the interface between lithiated Si and Cu. We note that Cu is known to yield
at a tensile stress of about 70 MPa, and recent experiments have shown that [16] the

lithiated Si film undergoes plastic flow as soon as the film stress reaches about
o, =1-1.75 GPa. Consider a Si film which already contained an array of cracks with

spacing 2/., (Figure 4.2a). In this configuration, we ask if there exists a minimum crack
spacing which would be so small that it does not allow an additional crack to be inserted
in between the existing cracks. We assume this additional crack would form via plastic
strain localization between two neighboring cracks in Si. Considering the free body
diagram shown in Figure 4.2b, force equilibrium in the critical configuration when the Si

patch just begins to yield indicates
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.l =obh, (4.3)

mnt”cr

where 7, is the interfacial shear strength between lithiated Si and Cu, which should be

nt

bounded by the shear flow stress of Cu and the interfacial friction strength, i.e.

T, = min(rf”,rjﬁ“). (4.4)

J’}S.Eh -+ A
B e E——
T

inf

Figure 4.2: (a) A periodically cracked continuous thin film on a thick substrate; (b) Free-
body diagram for half-period of the cracked film.

Since the shear flow stress of Cu is about 7" =40 MPa and the apparent friction
strength of gold-mica (Silicate composite) interface has been measured to be also around

rj}“ =40 MPa [129], a rough estimate of the interfacial shear strength between lithiated Si

and Cu is thus 7, frlt =40 MPa. Further, taking 4 = 100 nm and o, =1-1.75 GPa

immediately suggests that the minimum crack spacing preventing further plastic strain

localization in Si film is

207
_ _ Y
Lcr - 2lcr - int H

T

cr

(4.5)
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which turns out to be around 5.1 to 8.9 um. This length scale is in excellent agreement
with the experimentally observed crack spacing in the 100 nm thick Si film. Below L, ,

plastic strain localization in Si becomes impossible because the stress in Si cannot reach
the plastic flow stress of lithiated Si. Similar scaling laws as the one given in Equation
(4.5) have been proposed for crack spacing in other material systems, such as Cr films on

Al and stainless steel substrate [130], or silica films on Cu substrate [131].

The analysis presented above, once applied to patterned Si thin film electrodes,

immediately suggests that when the lateral size of the islands falls below the critical
length L , given by Equation (4.5), stress in the island could not reach the yield stress,

and hence, islands remain primarily elastic during cycling. Recent in-situ stress
measurement in patterned Si islands are consistent with this conclusion [132]. Figure

4.3a shows variation of the nominal stress o, Vvs. capacity, during the second and third

charge/discharge of a pattern of square Si islands, with as-deposited thickness of 50 nm,
lateral dimension of 7 um, and edge-to-edge spacing of 5 um on a quartz glass substrate
whose thickness is 230 um [132]. It should be noted that in this experiment, Si islands
are actually deposited on a continuous 200 nm thick layer of Ti serving as the current
collector in between Si islands and the quartz substrate. In Figure 4.3, the nominal stress

o,,, refers to a measure of the stress which is obtained by converting the curvature x

measured by the multi-beam optical stress sensor (MOSS) technique [115, 133] via the

Stoney equation [134],



O-nom = 3 >
6(1-v,)h,

ES hS ’ K

where /4, is the as-deposited thickness of the islands, and 4, , £, and v, are the
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(4.6)

thickness, Young’s modulus and Poisson ratio of the substrate, respectively. This figure

shows that the nominal stress-capacity curve has a nearly reversible behavior, which is

indicative of nearly negligible plastic deformation in the system [132]. In contrast,

Figure 4.3b shows the stress-capacity data for a set of square islands with lateral size of

17 um and edge-to-edge spacing of 8 um. In contrast to Figure 4.3a, stress

irreversibility, and gradual shift of stress towards the tensile region, as evidence of plastic

deformation, is clear in Figure 4.3b [132]. These observations are consistent with the

analysis presented above.
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Figures 4.3: Evolution of nominal stress o,,, (see Equation 4.6) vs. capacity in

(a) 7 um, and (b) 17 um islands (Ref. [132]).
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As mentioned before, application of the MOSS technique to patterned Si islands,
requires a Stoney equation that relates wafer curvature to the stress in the islands. The
stress-capacity data presented above are obtained using the usual Stoney equation, based
on Equation (4.6). However, optical imaging of patterned Si thin films on Ti current
collector, for which the stress-capacity data also exist, suggest that substantial relative
sliding at the film-substrate interface takes place close to the edges of the island. Figure
4.4 shows an array of square Si islands with lateral dimension of 17 pm and thickness of
50 nm undergoing in-plane (as well as out-of-plane) expansion/contraction on a Ti
current collector during lithiation/delithiation. It is observed that these Si islands undergo
lateral expansions (up to ~30%), which can only occur in the presence of substantial
interfacial sliding. Therefore, a modified Stoney formula that accounts for the effect of

interfacial sliding is needed to relate curvature and stress in such systems [135].

MTIT Il
FLEEELET LY
T T
FCLERTLLL
Tl

l'...."ﬂ]wuml|

Figure 4.4: Micrographs demonstrating lateral expansion and contraction of Si
islands on Ti current collector due to lithiation and delithaition. (a) As-deposited 17 um x
17 um Si islands; (b) Lateral dimensions of the Si islands expand by about 30% parallel
to the substrate, demonstrating sliding along the interface; (c) Si islands return to their
original size after delithiation. The scale bar is 50 um (Ref. [136]).
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Previously, the Stoney formula has been modified to deal with a variety of
conditions such as non-uniformities (e.g. in the mismatch strain, material properties, and
geometry [137-140]), large deformations [141], and discontinuities in the film (e.g. when
a continuous film is replaced by an array of patterned lines [142, 143]), as well as other
cases [115]. In these studies, the stress transfer zone is normally restricted to a very
narrow region, on the order of the film thickness, close to the edges of the film. In the
case of patterned Si islands on metallic current collectors, as discussed before, stress
transfer occurs in a sliding zone which is expected to be much larger compared to the
thickness of the islands, though small compared to the global dimensions of the whole
film-substrate system. And, therefore, in such systems, the stress in the film can vary
over a characteristic length scale much larger than the film thickness due to sliding at the
film-substrate interface. Therefore, a modified Stoney formula that properly takes into
account stress variation in the film is needed before one can relate the experimentally

measured curvature data to the (maximum) stress in the patch.

4.2. A modified Stoney equation in the presence of interfacial sliding

In this section, modified versions of the conventional Stoney equation are presented for
an array of islands under plane strain conditions in Section. 4.2.1, and for circular and

square islands in Sections 4.2.2.
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4.2.1. Two-dimenisonal modifed Stoney equation

We start by analyzing the two dimensional plane-strain problem of an array of

thin film islands, each with length 2/, thickness 4, and edge-to-edge gap 2s on a
substrate of thickness /_, as shown in Figure 4.5a. The Young’s moduli of the film and
substrate are denoted as £, and E, respectively. Taking advantage of the symmetries

in the problem, we focus on a half period of the structure with length / + s, located
between section “A” passing through the midpoint of one patch and ending at section
“B” bisecting the gap between the patch and its neighboring patch (Figure 4.5a). Figure
4.5b shows the free-body diagram of the portion of substrate between the two sections.
To obtain the curvature induced in the substrate due to the stress in the film, we consider
a virtual moment M at section “B” and invoke Betti’s reciprocity theorem as follows.

The total work done (per unit out-of-plane depth) by the interfacial stresses 7;,(x)

through the displacement induced, along the interface, by the moment M is equal to the

work done by the moment M through the rotation 6’T induced by the islands at section
CCB”:

MHZ_ = Jrim ()0, (x) dx>» 4.7)

0

where 9, (x) denotes the horizontal displacement at the interface induced by M. From

the classical beam theory, the axial strain induced by M at the surface of the substrate is

Mh = =
&, =——=——,where E = E_ for plane stress and £ =

Y 2E1 -y ?

sTs s

S

(v, being the Poisson ratio
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of the substrate) for plane strain, and / = %h ? is the moment of inertia of the substrate
(per unit out-of-plane depth). Hence

6M x
oy(x)=¢€,x= o .

(4.8)

On the other hand, the rotation HT is related to the average curvature of the substrate x
via

0 =-r(+s), (4.9)

where the sign convention is such that tensile stress in the film causes positive curvature.

(a) (b)
=45 x=0 x=l+s
1 ml('r] :{S”(I},
; -
Reuprouty
M
A B

Figure 4.5: Modified Stoney equation for two-dimensional patterned films on substrate.
(a) The geometry of the problem, and (b) the reciprocity theorem for determining the
curvature of the system.
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Substituting Equations (4.9, 4.8) into Equation (4.7), and introducing the dimensionless
parameters X = % , T, (X)=r1,,(x)/7,, where 7 is the interfacial sliding strength, the

curvature x can be expressed as

DL L P (4.10)
Ehll+s3 ™ ' '

To compute the integral on the right hand side of Equation (4.10), one needs to know the
distribution of shear stress along the interface. Assuming that the film is thin enough to
be treated as a membrane and that it would slide freely on the substrate as soon as the

shear stress along the film-substrate interface attains z,, it can be shown that 7, (x)
should equal 7, within a distance /,, from the edge and then drops to zero beyond this

region, i.e.

7.sign(o for/>x>1-1
rim(x)=—{ osiEn(©) ’ (4.11)

0 forl—lp>x>0'

A simple equilibrium consideration would show that the size of the sliding zone is

1, = ‘o- ; ‘ h, /TO . Using Equation (4.11) along with this expression for /,, Equation (4.10)

then yields the following modified Stoney equation for curvature:

6t,/ [ _ o) .



68

1h, .. ~ . .
where & = m . Inthe limit of &, <<1, Equation (4.12) reduces to the conventional
‘ 7l ‘

6o, h, |

volume-averaged Stoney formula x = .
Eh; I+s

In order to check the validity of the two-dimensional modified Stoney formula in
Equation (4.12), we have performed finite element (FEM) calculations using ABAQUS
to determine the curvature induced by a uniform thermal strain in an array of thin film
patches on substrate. Three different patch spacings s = 1, 3 and 6 um were considered.
The Young’s modulus and Poisson ratio of the patch are taken as 40 GPa and 0.22 (which
are close to the values reported for lithitated Si [82]), and those of the substrate as 130
GPa and 0.34 (as given for copper by [115]). The patch length and thickness are taken to
be 6 um and 100 nm, respectively, and the substrate 50 um thick. A rigid-plastic
cohesive model is adopted to characterize the interfacial slipping under a sliding strength
of 40 MPa. The results are shown in Figure 4.6 along with the theoretical prediction

from the conventional Stoney formula as well as that from from the modified Stoney

2
formula in Equation (4.12). The dimensionless parameter z — KEhS 145 has been
67y [

introduced. The predicted values of curvature from Equation (4.12), shown as the solid
line in Figure 4.6, are in good agreement with the calculated results from FEM
calculations. In contrast, the conventional Stoney formula exhibits up to 50 %

underestimate of the maximum stress in the film.
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Figure 4.6: Modified Stoney equation for two-dimensional patterned films on substrate:
comparison of FEM calculations and theoretical predictions of curvature for two-
dimensional patterned films on substrate.

4.2.2 Three-dimensional modified Stoney equations

In this section, we will derive a modified Stoney formula for circular islands on substrate
and then extend it to the more difficult case of square islands with the aid of FEM

simulations.

(a) Circular islands

The approach taken in the preceding section may not be generally applicable to
three-dimensional islands. For an array of circular islands, we consider a quarter of the
unit cell of the periodic structure, as shown in Figure 4.7a and assume the stress within
the island remains approximately axisymmetric. Following a procedure based on Betti’s
reciprocity theorem similar to the two dimensional case, it can be shown that the

curvature induced in the substrate can be written in the following form
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67,R(1-v,) 7R* (- . .
=— s 7., dr, (4.13)
Eh}  4R+s) { t

where R is the radius of the island, s is the half-spacing between islands, 7 = % and v,

is the Poisson ratio of the substrate. Compared to the two-dimensional case, the factor

1—v_ is aresult of the three dimensional geometry.

(@) (b)

Reciprocity

<

Figure 4.7: Modified Stoney equation for three-dimensional patterned films on substrate,
and comparison with FEM calculations. (a) The geometry of the problem, and (b) the
reciprocity theorem for determining the curvature of the system.

To calculate the integral in Equation (4.13), we again assume the following shear stress

distribution at the interface

7.siegn(o forR>r>r
rimm:—{ oS10(7,) ’ (4.14)

0 forrp>r>0'
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in the limit of a very thin film. It follows that Equation (4.13) can be integrated to the

following modified Stoney equation,

~3

67,R(1—v R 1 7, .
K= TO ( s) T 2(5—?)Slgn(6‘/‘)7 (4.15)

Eh}  AR+s)

”
where, unlike the two-dimensional case, r, = -2 cannot be determined from equilibrium

R
condition alone, but needs to be determined from both equilibrium and continuity

conditions in the island. To determine 7, , the patch is considered as a plane-stress

circular disk subject to a body force corresponding to the interfacial shear stress in the
original problem. The axisymmetric deformation in the island is described by the
following differential equation [144],

df1d bl-v,”)
;{;;(m)}—% o, (4.16)

where u is the radial displacement and 5 is the body force acting in the radial direction,

b= —

7, sign(o, forR>r >
1 [7,sign(o,) r>r, .17)
h,

0 forrp>r>0'

Now assume that the patch is subject to a uniform isotropic mismatch strain 5*, asa
result of Li insertion or other causes. The radial component of stress is related to the

displacement via

E, du u *}
f
o,.= —+v,—(A+v,))e ;. 4.18
i I—sz{d’ T ( j) ( :
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Within the region 0 <r <r,, the differential Equation (4.16) and the boundary conditions
u=0 atboth » =0 and r =7, indicates that the stress in this region of the island is

uniform,

P (4.19)
l—vf

o, =-

which is also the maximum stress in the island as a whole. Within the sliding region

r, <r < R, Equation (4.16) can be solved subject to boundary conditions u =0 at r =r,

ando,, =0 at r =R , and finally r, can be obtained in terms of &" from the continuity

of o, at r=r,. Using Equation (4.19) to replace &* with the maximum stress & , In

the island, we find that the result can be expressed in terms of the following

dimensionless form

Fo=+v ) (1-v,) PR AT ==y, 4, (4.20)
where
543y,
A:(saf—2—vf)+\/95;—6(2+vf)5f+ 1 Vf , (4.21)
Y

o |h
and &, = % Thus, for a given maximum stress o, 7, is given by Equations (4.20,
Ty ’

4.21), and the curvature can be obtained from Equation (4.15). It should be pointed out

that Equation (4.15) in conjunction with Equations (4.20, 4.21) reduces to the
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60,h,(1-v,) xR’

in the limit
Eh:  4R+s)

conventional volume-averaged Stoney formula « =

of 6, <<1. Figure 4.8a shows the results of FEM calculations for three different cases

with s =1, 3, 6 um and R =3 pum, along with the theoretical predictions from the above

analysis and from the conventional Stoney formula, for the normalized curvature

2
~ Eh? :
=Kol A Rxs . Numerical values for other parameters are the same as
6(l-vy)rgR 7\ R

those adopted for the two dimensional case. It is seen that, while the theoretical
predictions from Equations (4.15, 4.20, 4.21) are in fair agreement with the FEM
simulations, the conventional Stoney formula could lead to significant underestimate of

the maximum stress in the film.
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Figure 4.8: Comparison of FEM calculations and theoretical predictions of curvature for
(a) circular patches where the solid line is the theoretical prediction; (b) square patches
where the solid line is based on a fitting scheme.



75

(b) Square islands

For the case of square islands, the shear stresses along the interface seem too
complicated for an analytical study. For a simplified treatment, the square patches can be
approximated as an equivalent array of circular patches which induce the same curvature
in the substrate at the same level of maximum stress. To this end, we rewrite Equation

(4.15) in the following form

6TOR,q(1—V<)[ ! jz (A
_ 0% U7V, L . 422
" En \ixs) G 30 8e(0) (422)

Here, we assume that 7, is still obtained through Equations (4.20, 4.21), but with

: : - ‘0 ‘h ,
dimensionless stress &, = /TS Any change in the form of curvature dependence on
Ty

the maximum stress is then lumped into an equivalent radius of the patch, which from a

dimensional analysis should be in the form R, = Zﬁeq (6,). For Equation (4.22) to be

reduced to the conventional Stoney formula, ﬁeq (0 ,) must tend to unity as &,

approaches zero. With this asymptotic behavior, we propose that ﬁeq (c,)=l+ac fﬁ

where « and f are constants to be obtained from fitting Equation (4.22) to a set of FEM

calculations. In the FEM simulations lateral size of the islands is 6 pm and the spacing

between islands has been varied as shown in Figure 4.8b. Our calculations indicate that

a :% and S :% provide an acceptable fit, as shown in Figure 4.8b.
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4.3. Interpretation of in-situ stress-measurements in Si patterned islands

In this section, we will apply the modified curvature-stress relationships presented in the
previous section to the stress-measurement in patterned Si thin film electrodes. Figure
4.9 is the same nominal stress-capacity data presented in Figure 4.3. As it was mentioned
earlier (see Figure 4.3a), reversibility of the stress data in this case suggests that the
sliding zone should have been fully developed at some point during cycling. From

Figure 4.8b, we note that the saturated value of

2 2
= _ K Eh (l+sj 423)
6(1-v)r l\ I

is ~ 0.42. During cycling, half-length of the islands / changes with Li concentration.
Ignoring change in the dimensions due to elastic strain, we can relate the instantaneous

length / to the initial length /;, according to

A =IL=(I+2-72)”3, (4.24)

0

where z = cpacity (mAh/g) is the (dimensionless) state of charge [16]. Furthermore,
3579 (mAh/g)

2

xE h

S S

c,,, =————— form Equation (4.6), is related to «x via
6(1-v,)h,

~ 2
— S U (4.25)
h, Ly +5,

Using the saturated value of ~ 0.42 forx , Equation (4.25) can be written as,
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2
o ~0.42T2i(1+2.7z)(1 ly J . (4.26)

0 ot

Note that this equation does not predict a zero stress at zero capacity, because we have
assumed that the shear lag zone is fully developed. Similarly, the nominal stress data
presented in Figure 4.3a (for the second cycle) start from a non-zero stress which is due
to a residual stress in the islands induced by the electrochemical reactions (and other
irreversible phenomena) in the first cycle. However, after shifting Equation (4.26) to
start from the stress measured at the end of the first cycle (this requires a prestress of ~ -

70 MPa), an estimate of the interfacial shear stress 7, can be obtained by fitting. The

linear fits (plotted as solid black lines) shown in Figure 4.9 suggest that the interfacial
shear stresses (in absolute values) are ~13.4 MPa, and 18.4 MPa from the lithiation and

delithiation data (shown respectively by open squares and circles), respectively.

The values obtained here for the interfacial stresses are much smaller than the
yield stress of the underlying 200 nm-thick Ti current collector (which is expected to be
larger than that of bulk Ti, i.e. ~100-120 MPa [145]), which suggests that stress
relaxation is unlikely to be due to the plasticity in Ti, and rather highlights the interfacial
sliding as the dominant mechanism of stress relaxation. This is also consistent with the
micrographs of the patterned islands shown in Figure 4.4 which suggest a remarkable
lateral expansion/contraction upon lithiation/delithiation. Also note that the values
obtained here are comparable to the sliding resistance measured for gold-mica interface,

i.e. 40 MPa [129].
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It is interesting to compare the stress-capacity data of a patterned film with that of

a continuous film. Experimental stress-capacity data for continuous 50 nm thin films

show an initially linear response which can be approximated as o, =0, —0.00315¢,

o0

where c is capacity in mAh/g, o, is the prestress in the film, and o, is the measured

nominal stress in the film, both in GPa. This empirical equation yields ~1.2 GPa change
in the nominal stress corresponding to the lithiation capacity of 380 mAh/g [17]. If one
assumes that the islands are fully constrained against lateral expansion, then stress in the

islands should be obtained through

2
G z[ ly Jafam. (4.27)

[, +5,

The stress-capacity data using this equation is shown in Figure 4.9, by the dashed line.
One can also use the linear elastic theory, in conjunction with the assumption that the
islands are fully constrained against lateral expansion, and obtain the following equation

for nominal stress

E, ( ly j(l_ NP (4.28)

[, +s,

nom

l—vf

This equation is also shown in Figure 4.9 (the dotted line), for the representative values

of £, =40 GPa, and v, =0.22. As evident in the figure, stress predicted from either of

the Equations (4.27) or (4.28) grows very rapidly with concentration, suggesting that the
reversible behavior observed in 7 um islands cannot be explained without considering the

relaxation effect caused by the interface.
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Figure 4.9: Nominal stress (Equation 4.6) vs. capacity. Solid lines are fits
obtained from full sliding model by tuning the interfacial strength 7, (Equation 4.26).

The dashed, and dotted lines are predictions obtained respectively from Equations (4.27),
and (4.28), without allowing for lateral expansion of the islands.

With the value of 7, obtained above, one can estimate size of the sliding zone in a square

island during intercalation, using the approximate equation

0
o, h

nom

[~ 4.30
’0.85z7, (430)

where o, is the nominal stress in a continuous thin film, and the numerical factor 0.85

is an approximate factor obtained through finite element calculations. The sliding zone

does not fully develop for a sufficiently large island, and the instantaneous half-length of

the island can be calculated using an approximate equation [132]
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l~lp+(lo—%p). (4.31)
Having 6, = 6; hlf = O-:';"”Zho , one can obtain ¥ from Figure 4.8b, and finally o, can
0 0
be obtained as
_nl ko (4.32)

Unom - holg m

Prediction of o, as a function of capacity, using Equation (4.32), for a pattern of

nom

islands with 2/, =40 um, and spacing of 25, =18 pm, is shown in Figure 4.10 (the

solid lines). The prediction is in good agreement with the experimental data for most of
the intercalation half-cycle. However during Li-extraction, the predicted stress values

deviate from the experimental data. This deviation can be understood by noting that,

according to the analysis above, stress in the center of island o

- » Teaches ~ 0.98 GPa,
after intercalation up to 300 mAh/g, which is very close to the nominal yield stress of a
continuous film in a charging half-cycle, suggesting possibility of plastic deformation

during lithiation. This is also consistent with the observed irreversibility in the stress-

capacity data shown in Figure 4.10.
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Figure 4.10: Nominal stress (Equation 4.6) vs. capacity. Solid lines are
predictions based on partial sliding along the interface (Equation 4.32). Deviation of the
predicted values form the experiment suggest that plastic deformation might have
happened during lithiation.

One can also use Equation (4.30) to obtain size of sliding zone in an island when plastic

flow happens in its center,

Si
- O-Y,nom h()
3
P 0.857,
where &' is the nominal yield stress for a continuous thin film. Using o, =1GPa,

and the initial thickness 4, =50 nm, we obtain /, ~ 4.39 um. This suggests that islands
smaller than 2/, ~ 8.78 um should remain elastic during intercalation, which is again

consistent with the observation of reversible stress-capacity data in 7 um islands.
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4.4. Summary

In this chapter, crack spacing observed in continuous Si thin film electrode was explained
in terms of plasticity in the film as well as the sliding resistance of the interface. Based
on the experimental observation of crack spacing, we proposed that patterned thin films
with islands smaller than the crack spacing should remain elastic during cycling. This
prediction was shown in consistency with reversible stress data obtained through in-situ
stress measurements. Furthermore, a modified Stoney equation was proposed in the
presence of interfacial sliding. Application of the modified equation to the stress
measurements in the patterned electrodes suggested that the magnitude of the shear
stresses acting along the interface should be ~13.4 MPa to 18.4 MPa. Since this value is
less than the yield stress of typical metallic substrates, it was concluded that in the
systems of Si thin film electrodes on typical metallic current collectors, it is the interface
which plays an important role in stress relaxation through allowing for lateral expansion

of Si.
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Chapter 5

Critical size for interfacial delamination of patterned Si thin

film electrodes

The aim of this chapter is to present a method to deduce the critical size for
interfacial delamination of thin film electrodes by examining the critical conditions for
the nucleation and propagation of interfacial cracks at the film-substrate interface under
plane strain and axisymmetric conditions. The motivation for this study has come from
the following experimental observations on the delamination behaviors of Si thin film
electrodes [22]. A first observation, already explained in the former chapter, was that a
continuous Si thin film with thickness of 100 nm exhibited through-the-thickness cracks
with spacing in the range of 5-10 um due to lithiation and delithiation. Next, a set of
experiments was performed to investigate the fracture behaviors of patterned Si thin film
square islands on Cu with the same film thickness of 100 nm but 3 different lateral
dimensions: 7 um x 7 um, 17 pm x 17 pm and 40 pm x 40 pm. Scanning electron
microscope images of the 7 pm x 7 pm Si islands, as shown in Figure 5.1a, indicated that
they stayed well adhered to the substrate, while a fraction of the 17 pm x 17 um islands
and all of the 40 um x 40 pm islands peeled off the substrate after 30 charge cycles (see

Figure 5.1b) [22]. Therefore, a critical island size seems to exist on the order of 10-20
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um for interfacial delamination of patterned thin films with thickness of 100 nm. The
existing theories of interfacial delamination [115, 146-149] simply cannot explain why
the 100 nm thick islands exhibit such size-dependent delamination behavior in the size
range nearly two orders of magnitude beyond the film thickness. In the present study, we
show that this effect can only be rationalized by considering thin film delamination in the
presence of large scale interfacial sliding. In the previous chapter, we have already
discussed existing evidences indicative of substantial interfacial sliding leading to crack
spacing much larger than film thickness (in unpatterned continuous thin films),
remarkable stress relaxation by allowing for lateral expansion, as well as prediction of a
critical size below which islands remain elastic. By accounting for the effect of
interfacial sliding, we will develop a method to deduce the critical size for interfacial
delamination in patterned electrode structures by examining the critical conditions for the
nucleation and propagation of edge or center cracks at the film-substrate interface under

plane strain or axisymmetric conditions.
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(b)

Figure 5.1: SEM images of patterned Si islands surface morphology after 30 cycles,
showing that (a) while 7 um x 7 um islands stay well-adhered to the substrate (scale bar =
10 um), (b) 40 um x 40 um islands have delaminated away from the substrate (scale bar
=20 pm), from Ref. [22].

This chapter is organized in the following order. In Section 5.1, the conventional
theory of film delamination from substrate is briefly reviewed. It will be shown that the
theory cannot explain the anomalous size effect observed in patterned Si thin film, unless
one takes into consideration the effect of interfacial sliding. In Section 5.2, the behavior
of edge cracks is analyized by accounting for the effect of interfacial sliding, under plane
strain as well as axisymmetric condition. In Section 5.3, a similar analysis is presented,
for the interfacial cracks positioned at the center of islands. We conclude this chapter, in

Section 5.4, with a summary of the results.

5.1. Modification of the conventional theory of film delamination

Theories of fracture mechanics and diffusion-induced stresses have been

employed to model fracture of electrodes, with results suggesting existence of a critical
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size and charging rate below which fracture becomes impossible [13, 20, 23, 24, 53-57,
150]. A widely accepted result is that sufficiently thin electrodes at sufficiently low
charging rates are resistant against fracture in the thickness direction. In Si thin-film
electrodes deposited on substrate, it is of particular importance to note that that although
the electrochemical cycling could generate microcracks through the film thickness, the
fractured film can still serve as the active material as long as it can remain adhered to the
current collector. In fact, through-the-thickness cracks in such systems can alleviate
diffusion-induced stresses by facilitating volume changes associated with Li
insertion/extraction. Therefore, while fracture in thin film electrodes partly decreases
their capacity due to the formation of solid-electrolyte interphase (SEI) layers at newly
created cracked surfaces, film delamination is a far more critical issue to capacity fading

in such electrodes.

Delamination of thin films on substrate has been widely studied in the literature (a
treatise on this topic can be found in Ref. [115]). An assumption commonly made in
modeling delamination of thin films on substrate is that the film is well-bonded to the
substrate with no interfacial sliding. Under plane strain conditions, a well-known result
is that the energy release rate associated with an edge delamination crack reaches a
steady-state value of

_ (1-v*)oh

G
0 2FE

: (5.1)
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as soon as the crack size becomes comparable to or larger than the film thickness 4,

where o, is the stress in the film, and £ and v are the Young’s modulus and Poisson

ratio of the film, respectively [115, 148]. However, when the interfacial sliding strength
is much smaller than the stress in the film, as is the case expected for a Si electrode on a
current collector, a large scale interfacial sliding zone would be expected near the edges
of the film. If the length of the film is larger than the size of the sliding zone, a
delamination crack would grow in a steady state manner as soon as the crack size is
larger than the film thickness. In this state, the energy release rate is independent of the
crack size, and there is no size effect (Figure 5.2a). On the other hand, if the interfacial
sliding zones from the island edges are so large that they extend over the entire island
(Figure 5.2b), a strong delamination size effect would emerge over the size scale
associated with the size of the sliding zones, rather than the film thickness. The shaded
area in Figure 5.2b shows the region in which stress is released as two edge cracks
nucleate and grow to a size a. It is evident that the shaded area in Figure 5.2b would
shrink as the island size is reduced, and hence the energy release rate is expected to
decrease. This is in contrast to the case shown in Figure 5.2a, which corresponds to a
relatively large island size compared to the size of the sliding zones, leading to a size-

independent energy release rate.
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Figure 5.2:. Schematic of an edge delamination crack in a thin film on substrate in the
presence of large scale interfacial sliding. (a) The crack grows in a steady state manner
when the film width is much larger than the interfacial sliding zone at the film edge. (b)
The interfacial delamination becomes dependent on the island size as the sliding zones
from island edges overlap. In this case, the energy release rate for interfacial
delamination is expected to decrease as the island size is reduced.

As the size of the interfacial sliding zones also determines the length scale over
which the normal stress in the film reaches its maximum value, the size effects associated
with interfacial sliding immediately suggests an explanation for the experimentally
observed correlation between the fracture spacing in a continuous Si thin film and the
critical size for interfacial delamination in patterned Si islands. Therefore, interfacial
sliding between lithiated Si electrodes and substrate, which can occur on a much larger
length scale than the film thickness, is a key to deducing the critical size for interfacial
delamination in patterned Si electrodes. The reason that the conventional theories of
interfacial delamination cannot explain the experimental observation that Si islands with
thickness of 100 nm and length of 7 um stayed well adhered on the substrate while those

with the same thickness but length of 40 um delaminated away can be attributed to the
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fact that the assumption of well-bonded and non-slipping interface, while applicable to
many conventional thin film-substrate systems, no longer holds in the case of lithiation of

high-capacity electrodes.

In the following, we will deduce the critical size for interfacial delamination by
detailed plane strain and axisymmetric analysis of potential nucleation and growth of
edge and center interfacial cracks in the presence of large scale interfacial sliding. We
will take advantage of the symmetry in the problem to simplify the analysis. Furthermore,
we will treat the edge and center cracks separately, since their coexistence would
decrease the elastic energy release rate in the islands as the driving force for crack
nucleation and growth. The interface between the island and substrate is assumed to be
well-bonded under small shear tractions but interfacial sliding is allowed as soon as the

interfacial shear stress reaches a critical value 7. It is also assumed that the sliding

follows a perfectly plastic response so that the interfacial shear stress never exceeds the

sliding strength 7,. The immediate consequence of this behavior is that the interfacial

sliding zones start to develop at the edges of the film and spread toward the center of the
island. Once they spread to the center of the island, the entire island would be sitting on
top of a slippery surface and can freely expand upon further lithiation. This is the case as
long as deformation within the island remains elastic, i.e. the maximum stress in the

island does not exceed the flow stress of lithiated Si.
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5.2. Nucleation and growth of edge delamination cracks in the presence of large

scale interfacial sliding

In this Section, we will investigate the nucleation and growth of edge
delamination cracks in a Si island with interfacial sliding zones spreading over the entire
island. For simplicity, it will be assumed that the film is thin enough that variation of

stress in the thickness direction can be neglected.
5.2.1. Plane strain analysis

Consider a Si island of length 2/ and thickness % on a substrate, with edge
delamination cracks of size a at the interface at both edges of the island, as shown in
Figure 5.3. Assuming that the interfacial sliding zones from both edges of the island

overlap, the axial stress distribution in half of the patch would be given as

(5.2)

7, {l—a—x [—a>x>0
O-X.X_ h

0 I>x>1-a’

where x is distance from the center of island. The total elastic energy stored, per unit out-

of-plane length, in half of the island is obtained as

_]’1—% o2 (1-v)r 1

I—a)’, 5.3
g O hE 3( a) (5.3)

where E andv are, respectively, the Young’s modulus and Poisson’s ratio of the film. To
investigate the criterion for crack growth, we first note that the elastic energy release rate

G is
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G=—dUd=(L”ﬁV§U—af. (5.4)

da 2hE

(b)

a a
— 2l “—

- .
Ty Tg

Figure 5.3: Schematic of (a) a Si island on substrate with edge delamination cracks and
(b) free-body diagram of the island.

Interface delamination is accompanied with formation of new surfaces which increases
the total free energy of the system. Denoting the interface fracture energy (toughness) by

I, the total surface energy of the system U_ . increases at the rate of

surf

dUWf—r (5.5)
da - . .

The Griffith condition for crack growth is that the elastic energy release rate must exceed

the growth rate of surface energy, thatis G > dU . /da , which yields

, 2hED
(l—a)> m . (5.6)
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For an initially crack-free interface, i.e. @ =0, Equation (5.6) suggests that edge

delamination at the interface is only favorable for islands larger than a critical length,

l > lcr,nuc = (lzh% ‘ (57)
\(A-v*)z,

(|dC ‘ 1.4

da || glm==== U dr e = 0. O = o o s
IR Tttt L T epep———
DR~ -————=-lirmmmmmmmmmm——

' dU,

0.6 _— ] J

4 | da
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Figure 5.4: Plane strain analysis of interfacial delamination of a Si island on substrate.
Elastic energy release rate and surface energy growth rate vs. crack length for various
island sizes.

In this case, nucleation of edge interfacial cracks decreases the total free energy of the

system. Figure 5.4 shows the variations of the elastic energy rate vs. the crack length a,

. . ~ 2hEU ~ 2hEU ,,
where the dimensionless parameters U, =———%—and U ,, = ﬁ have
1-v)z,! T (I=vi)rgl

been introduced. As shown in this figure, the elastic energy release rate associated with
crack growth decreases with the crack length, while surface energy rises at a constant

rate. Therefore, the crack is expected to be arrested at a residual length a, . This
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residual length can be obtained from the condition that the total released elastic energy of
the system prior to arresting has been completely consumed to create new surfaces, and
thus there is no more energy available for crack to grow. In the absence of any source of

energy dissipation, we can write

Ua=0)-U,(a=a,)=U,,(a=a,)-U,, (a=0). (5.8)

arr arr

Straightforward manipulation shows that

a = %(31 - @, - )). (5.9)

Figure 5.5a shows how a One can easily verify that at this

arr

/1 varies with /1

crack length, the elastic energy release rate becomes less than the surface energy growth
rate. An interesting case happens when a_, > 1, corresponding to the scenario when the
two edge cracks would grow all the way to the center of the island. In this case, the

island will peel off from the substrate. It can be shown that this is the case only when the

length of the island is larger than a critical length associated with full delamination,

6hET"
121 . =Bl = |2 5.10
cr,del cr,nuc (1 _ V2 )Tg ( )

To further elucidate the delamination mechanisms, Figure 5.5b shows changes in the

dimensionless elastic and surface energies of the system, i.e. ‘Alj A=U0,0)-U,(a),

and AU s = U aur (@) — U, .(0), for various island sizes, as a function of the crack

surf
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length. It can be seen that, in the critical case of /=1, ,, = \/glcr,m , marked by a solid

circle in Figure 5.5b, the total released elastic energy is just enough to drive the crack all
the way to the center. As is evident from the same figure, larger islands with

=21 > 1., ., have even higher elastic energy and will delaminate away. However,

cr,nuc

for a shorter island with / =1.5/ <l

cr,nuc cr,del ?

the surface energy grows beyond the total

elastic energy available in the island, indicating that the full delamination is impossible,
in consistence with Equation (5.10). In the latter case, the ultimate length of the arrested

crack can be obtained via Equation (5.9).

(b)
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Aarrfl

0 12 14 16 18
1/ ermue 00 02 04 06 08 10

Figure 5.5: Plane strain analysis of interfacial delamination of a Si island on substrate.
(a) Length of the arrested edge crack as a function of the island size; (b) Changes in the
elastic energy and surface energy as a function of the crack length for different island
sizes.

A couple of remarks are worth making at this point. While in the above analysis

we have considered a pair of symmetrical edge interfacial cracks, one can verify through
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straightforward analysis that consideration of a single edge crack does not change the
results. Furthermore, in the present analysis, we have ignored the elastic energy stored in
the substrate. Treating substrate as an elastic half-plane, a dimensional analysis would
reveal that the ratio of elastic energy stored in the substrate to that in the film scales as

Eh
E,(I-a)

, where E_ is the Young’s modulus of the substrate. Therefore, while our
analysis is exact for the case of a rigid substrate, it remains valid even for an elastic
substrate as long as the length of the island in contact with the substrate is much larger
than the thickness of the island. This is indeed the case for patterned Si thin film
electrodes with length on the order of tens of micrometers and thickness of a few hundred
nanometers. As the island loses its contact with the substrate along the interface with
contact area shrinking to a size comparable to the film thickness, the above assumption

starts to break down. However, when this happens, the island can be considered as having

effectively detached from the substrate.

For further physical insights, some numerical estimates of the critical length
scales for interfacial delamination would be helpful. For a 100 nm thick Si patch with

E =40 GPa and v =0.22 (for lithiated Si [19, 82]), 7, = 10 MPa (for patterned Si thin

films [132]), and a typical value of 1 J/m?* for the interface energy [/, the critical island

sizes for crack nucleation and full delamination are estimated to be 2/ ~ 18.3 um and

cr,nuc

21 ~ 31 um, respectively, corresponding to maximum stresses of 0.92 GPa and 1.59

cr,del

GPa in the center of the island prior to delamination. These results are in good agreement
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with the experimentally observed critical island sizes for delamination and the typical

values of film stress when this happens.
5.2.2. Axisymmetric analysis

In this section, we consider a circular island on substrate and investigate the
criterion for the nucleation and growth of edge delamination under axisymmetric
conditions. Following a similar approach adopted in the preceding section, we assume
that the intercalation strain is large enough to cause sliding over the entire island. The
radius of the island is denoted by R and the edge delamination crack considered here is an
annular concentric ring whose front is located at distancea from the edge, as shown in
Figure 5.6. In the following, we obtain the radial and tangential components of stresses

in the film, at distance r from the center of island.
Consider a circular membrane of radius R, , subject to a uniform mismatch strain

*
¢ and uniform radial shear stress z,. Deformation of the patch, within plane stress

approximation and in the presence of interfacial shear traction as body-force per unit

volume of the patch b =7, /h, can be described by the following differential equation

o1 0 b(1-v?)
5[;5(%)}T_0, (5.11)

where u, is the radial displacement. General solution to the differential Equation (5.11)

can be written in the form:
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2
B 1nd-v7) (5.12)
r 3 Eh

u, =Ar+

where 4 and B are constants to be determined from boundary conditions. Radial and

hoop stresses in the patch are related to the displacement field via

E |ou u *
L= rv—L—-A+v)e , 5.13
r 1—v2{8r . ( )} (5.13)
oy = Ez{vau’+u—’—(1+v)g*}. (5.14)
1-v or r

Upon satistying the boundary conditions, #, =0 at » =0, and o,. =0 at r =R_, the

, B=0,and

R (1-v)(2
constants A and B are obtained as 4 = g* + % 7R, (1=v)2+Vv)

Eh

subsequently, by setting R, = R —a the stress components are found as

@)y,
o, = 3 h(R a-r), (5.15)

Ogpo =

%0((2+v)(R—a)—(1+2v)r), (5.16)

W | =
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(b)

uniform radial
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Figure 5.6: Schematic of (a) a Si circular island on substrate with an annular edge crack
and (b) a free-body diagram of the island.

In the analysis presented above, we have neglected the elastic energy stored in the
delaminated part of the film, as a thin membrane is susceptible to wrinkling. For the
stress field given in Equations (5.15, 5.16), the strain energy density u, within the region
R—a>r>0,is calculated as

_5(-v)

VTR 2Q2+v)*(R-a)’ —6(1+V)2+V)r(R-a)+(1+V)S+4)r?).  (5.17)

The total elastic energy stored in the film is obtained by integrating u over the entire

R—a
island, i.e. U, = [ 27rhudr, which yields
0

_2(1=v)(5+v) )

y % Eh(R—a)“. (5.18)

The elastic energy release rate is then

G _dU, _z(1-v)(5+v) )

- ; S(R-a)'. (5.19)
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The formation of the annular edge crack causes an increase in surface energy,
U, =R —(R-a)*), (5.20)

which grows at a rate of

dUsmj'
—=27(R-a)l. (5.21)
da
Using Equations (5.19, 5.21), the Griffith condition for crack growth, i.e. G >dU, . /da,
gives
(R—a)> ISEAT = (5.22)
1-v)5+v)z,

suggesting that crack nucleation in an initially crack-free interface is favorable only for

islands larger than a critical size,

18EhI”
R > Rcr nuc = 2 ° (523)
’ 1-v)S+v)r,

Similar to Equation (5.8), the crack would arrest when the crack length reaches

a, =R—,[2R’ R*. (5.24)

arr cr,nuc

Note this equation is valid as long as R < V2R For

cr,nuc *

R > Rcr,del = ’\/ER”,”M 4 (525)
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crack arrest is impossible and the edge crack would grow all the way to the center,

leading to complete delamination.

For a 100 nm thick Si circular patch with £ =40 GPa and v =0.22, 7, = 10

MPaand I' =1 J/mz, numerical estimates for the critical island sizes for nucleation and

delamination by axisymmetric delamination are 2R =26.6 and 2R, ,, =37.6 um,

corresponding to maximum radial stresses of 0.98 and 1.39 GPa at the center of the
island. Figure 5.7 shows variations of the dimensionless elastic energy release rate and

surface energy growth rate as a function of crack size. In this figure,

5 18hEU o~ 18hEUWf

o = ——and U, = — are dimensionless elastic and
7(1-v)5+v)r R 7 z(=v)5+v)r, R

surface energies, respectively. As shown in this figure, at a = 0, corresponding to the
case of no preexisting crack, the elastic energy release rate is equal to the rate of increase

in surface energy when R=R__ . When R >R (R<R

Ccr,nuc cr,nuc

), the elastic energy

release rate becomes larger (smaller) than the surface energy growth rate at a =0,
indicating that crack nucleation is energetically favorable (unfavorable), since it

decreases (increases) the total free energy of the system.
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Figure 5.7: Axisymmetric analysis of interfacial delamination of a circular Si
island on substrate. Elastic energy release rate and surface energy growth rate vs. crack
length for various island sizes.

Figure 5.8a plots the dimensionless residual length of the arrested crack, a,,, /R,

as a function of the dimensionless radius of the island R/ R . It can be seen from this

figure that the length of the arrested crack would reach the radius of the island (i.e.

a,.=R)when R=R_ ,, = \/ERC,,,,,MC, corresponding to full delamination. Figure 5.8b

~
~

plots the changes in dimensionless elastic and surface energies, |AU | = U, (0)-U ()

and AU s = U aur (@) — U, .(0), for islands of different sizes as a function of the crack

surf
length. It indicates that for an island with R=R, ,, = \/ERC”M , the total released elastic
energy is just sufficient to drive the crack all the way to the center. This critical case has

been marked by a solid circle in Figure 5.8b. Further discussions are similar to the plane

strain analysis.
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Figure 5.8: Axisymmetric analysis of interfacial delamination of a circular Si island on
substrate. (a) Length of the arrested edge crack as a function of the island size; (b)

Changes in the elastic energy and surface energy as a function of the crack length for
different island sizes.

5.3. Analysis of center delamination cracks in the presence of large scale interfacial

sliding

In this section, we consider interfacial cracks at the center of islands using a
similar energy approach. Under the same assumptions as stated in Section 5.2, we

consider the analysis under plane strain and axisymmetric conditions separately.
5.3.1. Plane strain analysis

Consider the same plane strain problem as in Section 5.2.1, but with an interface
crack of length 2a located at the center of the island, as shown in Figure 5.9. Under the
same assumption of overlapping interfacial sliding zones, the normal stress in the film at

distance x from the center of island can be written as



ro{l—a a>x>0
o "

“ pli-x I>x>a
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(5.26)

It follows that the total elastic energy in half of the island is

:IMGZ dx:w(l—a)z(l+2a),

o 2 © 6Eh

0

and the elastic energy release rate as

du,, B (1 —Vz)rg
da hE

G=-

a(l —a).

(@)
21

L J

(5.27)

(5.28)

(b)
- -~ —
Tg e -
2a ¢

Figure 5.9: Schematic of (a) a Si island on substrate with a center crack an (b) a free-
body diagram of the island.

Note that the energy release rate vanishes at a = 0, indicating that a preexisting crack is

needed for the crack growth condition G > /7. This is in contrast to the case of edge

delamination where no preexisting cracks are necessary. As shown in the preceding

section, even in an initially crack-free island, it is possible for an edge delamination crack

to nucleate spontaneously. However, this is not the case for center cracks. To satisfy the
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growth condition, the length of the preexisting center crack a, should fall in the

following range

aO,max > a() > aO,min b (529)

where ao,m.n:ll 1- 1—% , and ao,,m=ll 1+ 1——4F2E}§2 :
’ 2 (1-v7)z,l ’ 2 (1-v7)zr,l

The above equation breaks down for

11222
> UEVIE gt o [ AERT (5.30)
4Eh 1—v>)z]

indicating that no center crack can grow, regardless of its length, when the island size is

*

cr

small enough. For the case of / >/, , a preexisting crack of length a, .. > a, > a,,,;,

will grow. The crack will arrest when

Uel (Cl = aO) - Ue/ (a = aarr) = Usurf (a = aarr ) - Usurf (a = aO) b (53 1)
where
Uuy =1(a—a,), (5.32)

is the surface energy of the system with respect to the initial state. Equation (5.31) can be

solved for a,,, to obtain

1

a, =Z£3Z—2a0 +\/9z2 +12a,l —12a; - (5.33)

arr

48T E h ]

(1-v*)zg
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By comparing a,,

”

with /, we can determine the condition for complete delamination.
Bearing in mind the condition for crack growth, a, .. <a, <a,,,, » complete

delamination a,, >/ requires

Ao min <Ay <Ay gor > (5.34)
where
1 481 E h
a =1+ |9———F——|. 5.35
0,del 4 ( \/ (I_Vz)z_glz J ( )

This equation breaks down for

L 2Ng2 2
F>M,or1<zjde,:iz:: 16E—}§F2 (5.36)
16E h oS3 31-v)r,

indicating that full delamination is impossible for sufficiently small islands. As expected,
Equation (5.30), which inhibits any crack growth, gives a stronger condition than
Equation (5.36), which allows growth but prevents full delamination. Figure 5.10a shows
variations of the dimensionless elastic energy release rate as a function of the

dimensionless crack length. As shown in this figure, the elastic energy release rate falls

%
entirely below the rate at which the surface energy of the system increases for / </, .

*
However, for / > [, these two curves intersect each other at two points corresponding to
ay .. and a,,. . The total elastic energy, the total surface energy, and their changing

rate as a function of crack length are shown for various island sizes in Figures 5.10b-
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5.10d. In each of these figures, the surface energy curve has been plotted for two
different preexisting crack lengths a, = q,,,,,, and a, =0.5/. As shown in Figure 5.10b

* *
for [ =1.11, <1, ,, , neither of these two preexisting cracks can grow all the way to the

edge, as the elastic energy in the patch is not sufficient to drive full delamination, i.e.

Uyla=a))-U,(a=l)<U,,(a=1)-U,,(a=a,). Thisis consistent with the critical

condition for complete delamination given by Equation (5.36). In the critical case of

[ = %l: = l;de, , shown on Figure 5.10c, a preexisting crack with a, = a,, = 0.25/

can grow all the way to the edge leading to complete delamination, as Equation (5.31) is
satisfied. In comparison, a preexisting crack with a, = 0.5/ is arrested when
Uya=a))-U,(a=0)<U,,(a=1)-U,, (a=a,). Figure 5.10d shows the case of

[=1.5 l:; > Z:; . » In'which both of the preexisting cracks considered here grow all the

way to the edge, leading to full delamination, as they satisfy

Uel(a = aO)_Uel(a =l) > Usurf(a = Z)_Usurf(a = aO) .
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Figure 5.10: Plane strain analysis of interfacial delamination of a Si island on substrate
with a center crack at the interface: (a) Elastic energy release rate and surface energy
growth rate vs. crack length for various island sizes; Total elastic energy of the island,
total surface energy of the system and their changing rates associated with crack growth

for (b) 1/1- =1.1,(c) I/1. =2/+/3, (d) I/1. =1.5; (¢) Phase diagram indicating

whether a preexisting crack will grow or not, and if so whether it will lead to full
delamination, for given crack length and island size.

A summary of the analysis presented above can be cast in a phase-diagram shown
in Figure 5.10e. In this figure, the horizontal axis is a measure of the island size or
interface toughness, and the vertical axis shows the length of the preexisting crack. Three
regions have been indicated on this figure, which are separated by solid curves. Given

the dimensionless length of the preexisting crack a, /! and the dimensionless size of the

*
island /. / [, the phase diagram indicates whether the crack can grow or not, and if it can,
whether it will be arrested. The dashed curve labeled as “2a,,,,, /I” provides an

example of the case of a, =2a,,,,. As shown in the figure, this curve goes through all
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three regions. For the segment of this curve which falls in the “Growth & Arrest” region,

the length of the arrested crack has been shown by the dashed curve labeled as “ (%) ”,

*

"

which can be read out from the vertical axis for a given LT

For 100 nm thick Si islands with £ =40 GPa and v =0.22, 7, ~10 MPa, and

*
[ =1 J/m’, the critical island sizes 2/, and 21;, 4 are estimated to be 25.94 um and

29.94 pm, respectively. The minimum length of the required pre-existing cracks for full
delamination, and the corresponding maximum stresses in the film prior to crack growth,
are given for different island sizes in Table 5.1. It should be noted that while the
maximum stresses given in this table exceed the apparent flow stress observed in Si thin
films (1-1.7 GPa)[ 16, 17], our assumption of overlapping interfacial sliding in the island
is not necessarily violated. This is because the latter is, in fact, an averaged flow stress

while the actual stress distribution in the film is not uniform.

Table 5.1. Numerical estimates of the minimum length of the pre-existing crack required
for full delamination for different island sizes based on the plane strain analysis.

1, 1 134 167 2

Island size 2/ (um) 2995 40 50 60

Ay (M) 374 239 1.81 1.47

Max. stress ©,, (GPa) 112 176 232 2.85




111

5.3.2. Axisymmetric analysis

In this section, we consider a central penny-shaped interfacial crack of radius a,
as shown in Figure 5.11. Invoking the same assumption of overlapping interfacial sliding
zones as in the foregoing section, stress components in the film can be obtained as in the

following. Consider a membrane of radius R, subject to a uniform shear stress 7, within

the region R >r > a and zero shear stress within a > 7 > 0. In this case, the body-force

in Equation (5.11) should be replaced by

0 a>r>0
b=<7y Rorsg- (5.37)

This equation can be solved within R >r >0 to give

B
Ar+—L a>r>0
r
u, = 2 , (5.38)
r B 1-
Aerr—z—er2 R>r>a
r 3 Eh

where 4,, 4,, B, and B, are constants to be determined from boundary conditions

u,=0atr=0,and o, =0 at r = R, and continuity conditions of the displacement as

well as the radial stress at » =a. This yields

*_lro(l_v)
Eh

roa(l-v?)

2RP2+v)-3aR*(1+v)—-a’(1-v)), A, = 4, +
(2R 2+v)-3aR*(1+v)—a*(1-V)), 4, = 4, T

4, =¢

3
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—r,a’(1-v?)

B, =0 and B, = CER

. Upon substitution of these constants in Equation

(5.38), the radial and hoop stresses can be obtained from Equations (5.13, 5.14), as

22+v)R* -3(1+Vv)R*a-a’(1-v) a>r>0

_ T 3
T = 6hR> |(R- r)(2(2 +V)R* +(1- V)a—z(R + r)] R>r>a’ (5-39)
r
22+V)R’ -3(1+v)R’a—a’(1-v) a>r>0
= 3 . 5.40
O T hR? |22+ R —2(1+ 2V R —(1-v) (R +77) R>r>a (540)
r
The total elastic energy of the patch can thus be calculated as
= M((s FVR® =82+ V)R’ +9(1+V)R*a* +2(1-v)a®). (5.41)
36EhR*
The elastic energy release rate is then
du, rz(1-v)r;
G=——H= La*2RP(2+v)-3(1+v)R’a—(1-v)a’). 5.42
L=t QR 24 ) =314 R - (- v)a’) (5.42)
During crack growth, the surface energy associated with the crack,
Uy = z(a® - aé)F , (5.43)
would grow at a rate of
dUsurf'
—=2ral. (5.44)

da



113

(@)

uniform radial
shear stress

Figure 5.11: Schematic of (a) a circular Si island on substrate with a penny-shaped
center crack and (b) a free-body diagram of the island.

While the elastic energy release rate and its first derivative with respect to the crack

length vanish at a =0, dU / da vanishes at a = 0 but has a finite positive derivative

surf

with respect to . Therefore G <dU ,, /da in the vicinity of a =0, and similar to the

plane strain case, cracking at the center is impossible without a preexisting crack. While
essential features of this problem remain similar to the plane strain analysis presented
before, the algebraic calculations become rather complicated since the elastic energy is a
sixth order polynomial with respect to the crack length. The details of the analysis are

skipped here and the emphasis is directed at the main findings. Similar to the plane strain

*

case, we can identify two critical length scales R, , and R::’ - If the island radius falls

cr

%k
below R

cr 2

no preexisting circular crack can grow, regardless of its radius, while if the

island radius falls below R, ,,, no preexisting crack can lead to complete delamination.

These length scales as a function of the Poisson’s ratio of the island are shown in Figure
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5.12a. For 100 nm thick Si islands with £ =40 GPa and v =0.22, 7, ~ 10 MPa, and
I =1 J/m®, numerical estimates for the critical island sizes are ZR:, ~ 31.2 pm and

ZR:’ s ® 37.6 um. The minimum length of the center cracks which leads to complete
delamination, and the corresponding maximum stresses for different island sizes, are
given in Table 5.2. A summary of the detailed analysis is presented in Figure 5.12b, in
the form of a phase diagram similar to the one presented for the plane strain case, for the

case v =0.25.
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Figure 5.12: Axisymmetric analysis of interfacial delamination of a circular island on
substrate. (a) Critical length scales as a function of the Poisson’s ratio of the island; (b)
Phase diagram in terms of preexisting crack length and island size.
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Table 5.2. Numerical estimates of the minimum length of the pre-existing crack required
for full delamination for circular islands of different sizes.

RIR 1 1.06 2.12 3.19

cr,del

Island size 2R (um) 37.64 40 60 80

Ay (MM) 4,63 420 2.48 1.80

Max. stress 0, (GPa) 1.11 122 2.06 2.85

5.4. Summary

In summary, we have proposed a method to deduce the critical size for interfacial
delamination of patterned thin film electrodes on substrate in the presence of large scale
interfacial sliding. We have investigated the critical conditions of interfacial delamination
with plane strain and axisymmetric analysis of both edge and center delamination cracks
at the interface between thin film islands and the substrate. Our analysis shows that the
overlapping interfacial sliding zones due to the finite interfacial sliding strength lead to a
new class of size effects in interfacial delamination. Interfacial delamination of the
electrodes becomes impossible when the island size falls below a critical length scale.
Applications to lithiation of thin-film Si islands give results in excellent agreement with
the experimentally observed size effects. The present work provides insights for
optimized structural design to mitigate the mechanical degradation in high-capacity

electrodes.
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Chapter 6

Ratcheting of Si island electrodes on substrate due to cyclic

intercalation

In the previous chapters, we have discussed some consequences of plastic
deformation within patterned Si thin films and sliding along the interface between the
islands and the substrate, in the context of delamination of such patterned islands as well
as stress measurements in such electrodes. In the present chapter, we propose a plastic
ratcheting mechanism in Si islands on substrate, which is activated as soon as the island
size becomes large enough to allow for plastic deformation and there exist differences
between the yield stress and/or interfacial sliding strength during lithiation and
delithiation half-cycles. In the past, ratcheting has been studied as a low-cycle fatigue
failure mode in a variety of materials and structures subject to cyclic thermal and/or
mechanical loadings, such as pressure vessels [151], fiber-reinforced composites [152],
thin multilayers on substrate [153], and interconnect structures [154]. In a typical
ratcheting response under cyclic loads, plastic strain accumulates in a structure with each
loading cycle, leading to localized failure after a finite number of cycles. It is thus crucial

to avoid ratcheting in order to ensure structural stability under cyclic plasticity [155].
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As it was discussed earlier in Chapter 4, in the presence of interfacial sliding,
there exists a characteristic length scale for Si islands,

_ 20'yh

cr s

To

21

(6.1)

where o, is the flow stress of Si, 7, is the shear resistance of the sliding interface and /

is the island’s thickness (see Figure 6.1). In order for an island to remain elastic, the

island size must stay below this characteristic size, i.e. / </ ., and plastic deformation

occurs only in Si islands larger than the critical size given by Equation (6.1). In the
following, we show that ratcheting in these islands would occur as soon as one
recognizes the fact that the plastic yield stress of Si and/or the interfacial sliding strength
can take different values during lithiation and delithiation half-cycles [156]. While
experiments have already demonstrated that the yield stress of Si can differ by as much as
50% during lithiation and delithiation [16], the interfacial sliding strength could also vary

from lithiation to delithiation. We show below that ratcheting would occur as soon as

these variations in yield/sliding strength are recognized.
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Figure 6.1: Schematic of a Si island on substrate under cyclic lithiation and delithiation.
(a) Geometry of the entire system and (b) the free-body diagram of half of the island.
Free-body diagrams at the end of (c) intercalation half-cycles and (d) deintercalation half-
cycles.

Consider an array of Si islands adhering on a substrate. Taking advantage of the
symmetry and periodicity of the problem, only half of a single island needs to be
considered in the analysis. A shear cohesive zone model is adopted to describe the
interfacial sliding of the Si islands on the substrate surface. Within the cohesive zone, the
shear traction is related to interfacial sliding according to a rigid-perfectly plastic law

with a strength of 7, , i.e. interfacial sliding is not allowed wherever the interfacial shear
stress falls below 7, but sliding occurs freely once 7, is reached. The value of 7, is set
to 7, during lithiation half-cycles and to 7, during delithiation half-cycles. Figure 6.2

shows the cohesive law relating the interfacial shear traction 7 and sliding displacement

u . During the lithiation half-cycles, interfacial sliding occurs freely as soon as the
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threshold stress 7, is reached. Subsequent unloading during the delithiation half cycles

would first reduce the shear traction without further sliding, until the delithiated threshold

stress 7, is reached, at which point sliding would again occur freely in the reverse
direction. Similarly, the yield stress of the island is set to o, during lithiation half-cycles

and to o, during delithiation half-cycles.

-
‘. " " "
lithiation
:
|+ » U
I
I
Y S *__I (\
To Neddiitbiation

Figure 6.2: The rigid-perfectly plastic cohesive law used for modeling the interfacial
sliding with differential sliding resistance during lithiation and delithiation half cycles.
Here, 7, denotes the interfacial sliding strength during the lithiation half-cycle and z,,

denotes the sliding strength during the delithiation half-cycle.

In general, the cyclic plastic deformation of Si islands under intercalation strain
k . * * ' ’ i
¢ should depend on the ratios ¢ /&, and ¢ /&, where (¢ ,,¢,)=(0,,0,)/ E (E

being the Young’s modulus) is the elastic strain of the island at yielding. However,
knowing that the overall intercalation strain in Li-ion battery is associated with up to

400% volume expansion, while the elastic yield strain should be less than 1-2%, we will

%k %
assume & >>¢, ande >>g! in the following analysis. Referring to Figures 6.1c,d,
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during the cycling, the island would flow at points “B” and “C” at distances [/, =0 /7,
(lithiation) and /), = &/ 7 (delithiation) from the edge of the island, respectively. For
the convenience of analysis and without loss of generality, we assume that /7 >/ . Stress

within the region “AB” can never reach the yield stress of Si (as shown in Figures
6.1c,d). Therefore, there is no net change in length of “AB” in a full cycle, as its
deformation is entirely elastic. Furthermore, since the axial stress within the region “CD”
is uniform, the shear stress at the interface underneath this region must remain zero
during cycling. Therefore, interfacial sliding is impossible within “CD”, and length of
this region cannot change during cycling. To determine the change in length of the island
within the region “BC”, consider the island at the end of a deintercalation half-cycle at
which point the island has already yielded within the region “CD”, as shown in Figure
6.1d. During the subsequent half-cycle, the interfacial shear stress in the region “BC”

will decrease from 7 to zero (see Figure 6.1c), and, according to the irreversible

cohesive response discussed above, no sliding could occur along the interface underneath
this region. Hence, the length of “BC” remains unchanged during this half-cycle. In the
subsequent deintercalation half-cycle, deformation within the region “BC” is entirely
elastic, as this region does not yield in tension (see Figure 6.1d). During this half-cycle,

change in the elastic strain within “BC” is given by ¢ , + &/, x /1], where x is the distance

from the edge of the patch. Therefore, the length of “BC” would change by

J.ll}’ (e, +e,x/1 —g*)dx. This integral can be approximated as (&, + ¢, — 5*)(l;, -1,)
p

for (I}, —1,)/1), <<1. The above analysis shows that, as the island goes through one full
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cycle (excluding the first cycle), the length of “BC” changes by (8* —&,—e ), -1).

*
Noting that & >>& + ¢/ , a net compressive (tensile) strain would be accumulated per
each cycle, under the condition /, </ (I, >1), leading to compressive (tensile)

ratcheting failure of the island. This net accumulation of deformation leads to severe
plastic localization, and could be followed by failure and fracture after a limited number

of cycles.

In order to demonstrate the validity of the above calculations and illustrate how
this phenomenon leads to localized deformation, we have also performed finite element
(FEM) simulations for the model system of a periodic array of 4 pm long, 50 nm thick
silicon islands on a rigid substrate, subject to a cyclic misfit strain of 10 %. The yield

stress and Young’s modulus of Si were taken as o, = o}, = 900 MPa and E =40 GPa,
and the interfacial shear strengths during lithiation/delithiation as 7, =35 MPa and

7, =25 MPa, respectively. With these parameter values, according to Equation (6.1), a 4

um long island would be large enough to induce plastic deformation and compressive
ratcheting in the Si islands. Figures 6.3a and 6.3b show deformation of a periodic array
of islands, after one and ten cycles, respectively. The results clearly demonstrate
accumulation of compressive strain in the islands during cycling, which leads to
contraction of the islands in the lateral direction, and hence, widening of the gap between
them. Deformation within half of a single island is shown in Figure 6.4 after 1, 2, 5 and

10 cycles.
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Figure 6.3: Finite element simulations of deformation in a periodic array of islands.
Ratcheting of the islands after (a) 1 cycle and (b) 10 cycles with differential sliding
resistance and / >/ . Ratcheting of the islands after (c) 1 and (d) 10 cycles with

differential yield stress for Siand / >/ . Elastic reversible response of an array of
islands with / </ after (e) 1 cycle and (f) 10 cycles. The thickness direction has been
magnified by a factor of 4.

A similar ratcheting phenomenon also emerges from a mismatch between the
yield stress of Si in compression and tension, if one adopts a lower yield stress for Si in
compression as compared to tension. Figures 6.3¢ and 6.3d show deformation obtained
by FEM simulations for the same system mentioned above after one and ten cycles,

respectively, when the yield stress of Si is allowed to vary from o}, = 900 MPa during
delithiation to o, = 650 MPa during lithiation, while the interfacial sliding strength is

fixed at 7, =7, =25 MPa. The FEM simulations show a rate of strain accumulation

within 10% of our analytical predictions mentioned above. This comparison is given in
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Figure 6.5, where solid lines are obtained from the theoretical results and dots are from

the FEM simulations.

Figure 6.4: Deformation within half of a single island, after (a) 1, (b) 2, (¢) 5, and (d) 10
cycles with differential sliding resistance and / >/, The thickness direction has been

magnified by a factor of 2. The figure shows incremental accumulation of compressive
deformation with cycling.
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Figure 6.5: Displacement of the edge of the island (point A in Figure 6.1), in absolute
value, vs. the number of cycles. Comparison of the theoretical predictions with the FEM
calculations.

The above analysis shows that, in the presence of plastic deformation, any non-
proportional change in the flow stress of Si and/or sliding resistance of the interface from
half-cycle to half-cycle would activate ratcheting. The same analysis also indicates that
ratcheting can be suppressed simply by reducing the lateral size of the islands below the
critical length scale given by Equation (6.1). To confirm this size effect, Figures 6.3e and
6.3f show deformation in a periodic array of 2 um long and 50 nm thick islands after one
and ten cycles, respectively. The results show fully reversible deformation during

cycling, where o, = o, = 900 MPa, 7, =35 MPaand 7; =25 MPa. Indeed, with the

chosen parameters, according to Equation (6.1), 2 um long islands are below the
minimum critical size required for plastic deformation in the islands, and therefore not

subject to the ratcheting instability.
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Existing experiments also suggest ratcheting as an active failure modes in Si thin
film electrodes [15]. Figure 6.6a shows plan view of a 250 nm thick Si film on Cu
substrate which has fractured into islands after one cycle at the cycling rate of C/2.5.
Figure 6.6b shows the same fracture pattern after 30 cycles [15]. Note that the gap
between the fractured islands increases upon cycling. On the other hand, the edges of
most islands seem to match, suggesting that the broadening gaps between the islands are
not likely due to film delamination from the substrate. Comparing our FEM simulations
in Figure 6.3 and the experiments in Figure 6.6 indicates that compressive ratcheting may
have caused individual islands to contract in lateral dimensions, leading to widened gaps
between them. Another observation from Figure 6.6 is that the surface roughness of the
islands has increased during cycling from Figure 6.6a to 6.6b. This is also consistent
with the mechanism proposed here, as our numerical simulations show that compressive
ratcheting would manifest itself through localized thickening of the film, leading to

formation of rougher surfaces (see Figures 6.3b, 6.3d).



127

(a)

Figure 6.6: Plan view of a 250 nm thick Si continuous film cycled at C/2.5 rate. (a) Film
has fractured after 1 cycle. (b) The gap between the islands has substantially widened
after 30 cycles. The matching edges and roughened surface of the islands suggest that the
lateral dimensions of the islands have shrunk. The scale bars correspond to 2 um of the
actual dimensions. (Reprinted with permission from Ref. [15]. Copyright 2006, The
Electrochemical Society).

While our study suggests that the lateral contraction of Si islands parallel to the
substrate could lead to cyclic plastic failure, it should not be interpreted as contradictory
to experimental observations that most of the volume change during cycling of thin film
electrodes occurs in the thickness direction [157]. Even a small amount of lateral sliding
along the interface could activate the ratcheting mechanism and, since the process is

accumulative, could lead to severe strain localization and failure after a sufficient number
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of cycles. Also, recent experiments have clearly revealed that lateral dimensions of the Si

islands on substrate do change during lithiation/delithiation half-cycles [135].

The above results showed possibility of compressive ratcheting within the islands.
However, it is also possible that the mismatch between the ratio of the yield stress and
interfacial resistance in intercalation and deintercalation half-cycles leads to a tensile

ratcheting. This is shown in Figure 6.7, where the yield stress varies from o, = 650
MPa during delithiation to o, = 900 MPa during lithiation, while the interfacial sliding

strength is fixed at 7, = 7; =25 MPa.

In summary, we have performed theoretical analysis and numerical simulations of
a ratcheting failure mechanism in Si islands induced by differential yield stress and/or
interfacial sliding resistance during lithiation and delithiation half-cycles. This form of
cyclic plasticity results in an accumulation of plastic strain with each charging cycle and
could cause rapid capacity fading in Si electrodes on current collectors. Our analysis
suggests a simple solution to the problem by reducing the size of the islands below the

minimum critical length scale required for initiation of the plastic yielding in the island,

!
O'y/’l ayh
9

[, = min( p

Tp T

The above condition prevents plastic deformation and ratcheting from occurring in the

electrodes.
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2.5

Figure 6.7: Tensile ratcheting deformation within half of a single island, after (a) 1, (b)
2,(c) 5, and (d) 10 cycles with differential sliding resistance and / >/, The thickness

direction has been magnified by a factor of 2. The figure shows incremental
accumulation of tensile deformation.
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Chapter 7

Concluding Remarks

This last chapter is aimed to present a summary of main results of this thesis on a
chapter-to-chapter basis. This summary includes some discussions on the main

limitations of the present work as well as possible research directions for the future.
7.1. Summary of the results

7.1.1. Chapter 2

e A continuum model for predicting evolution of the concentration profile in an
infinitely long free-standing plate was discussed.

e [t was shown that the diffusion-induced stresses could significantly alter the
diffusivity, and hence, the diffusion process.

e Effect of binding energy and existence of a maximum stoichiometric limit on the
evolution of the concentration profile was also discussed.

e The continuum model was tested against atomistic simulations of hydrogen in
nickel. The model was proved capable of predicting the concentration profiles

within the host.

7.1.2. Chapter 3

e A particular specialization of the continuum model developed in Chapter 1 was
used to study the effect of coupling between the diffusion-induced stresses and the

diffusivity coefficient.
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e [t was shown that the coupling introduced in the model gives rise to a self-limiting
behavior, or surface locking, in which the added ions instead of diffusing inside
the particle, jam on the surface.

e A similar self-limiting phenomenon has been widely reported in the literature
with regard to thermal oxidation of silicon, based on continuum modeling [158-
161], atomistic simulations[162, 163] and experimental findings [164-166],

where most of the arguments revolve around stress-retardation effect.

7.1.3. Chapter 4

e Crack spacing in thin film silicon electrodes on substrate was discussed in terms
of coexistence of plastic deformation within Si film, and interfacial sliding and/or
plastic deformation within the substrate. It was shown that the ratio between the
estimate of ~ 40 MPa for the shear stresses along the interface and the yield stress
of lithiated silicon ~1-1.7 GPa can explain the remarkable difference between the
observed crack spacing of ~5-10 um, and the film thickness of 100 nm.

e It was shown that the interface-limited behavior could allow for lateral expansion
of silicon island thin films on metallic substrate. This behavior leads to a critical
lateral size (width) below which the islands deform primarily elastic during
cycling.

e The prediction was consistent with the experimental in-sifu stress measurements,
suggesting stress reversibility for sufficiently small islands.

¢ A modified Stoney equation was also developed to quantify the interfacial shear
stresses and it was found that the interface stresses are ~13.4 to 18.4 MPa.

e Based on the stress measurements, it was concluded that sliding along the
interface can significantly relax stress within the islands, as the estimated
interfacial shear stresses are much smaller than the shear yield stress of the

substrate (here the titanium thin-film current collector).
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7.1.4. Chapter 5

e A theory of film delamination for elastic islands was used to explain the size
effects observed in delamination of silicon thin film patterned electrodes.

e The theory predicts length scales associated with interfacial delamination of
silicon islands on substrates in the presence of interfacial sliding.

e The analysis was presented for plane strain as well as axisymmetric cases, in the
presence of edge and center interface cracks.

e The theory also explains why the crack spacing in a continuous film is so
correlated with the size effect observed in the delamination of islands from the

substrate.
7.1.5. Chapter 6

e A plastic failure mechanism, based on incremental accumulation of plastic strain
or ratcheting, was discussed for silicon islands on substrate.

e It was shown that as soon as the lateral size of the islands becomes large enough
to induce plastic deformation in the islands, the ratcheting mode could get
activated.

e The ratcheting mechanism is based on the hypothesis that mechanical properties
of lithiated silicon as well as interface can change with the lithium content in the
system during lithiation and delithiation. It was shown that differential sliding
resistance/yield stress from half-cycle to half-cycle, could activate a range of
tensile as well as compressive ratcheting mechanisms.

e The theoretical study highlights the importance of avoiding plastic deformation in
silicon electrodes, which can be achieved by keeping the lateral size of the islands

below the minimum size needed for the onset of plastic deformation.
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7.2. Limitations of the present work, and possible future research directions

7.2.1. Chapter 2

The model developed here has been focused on identifying various coupling
phenomena in the diffusion process, while keeping the mechanics part of the
problem in a simple form which is indeed sufficient for the case of hydrogen
diffusion in nickel. However, for other materials systems, such as lithium
diffusion in silicon, plastic deformation, amorphization, large deformation and

phase transformations should also be taken into consideration.

7.2.2. Chapter 3

The instability presented in this chapter was a diffusion-limited study. One could
consider the case in which diffusion and reaction front evolve simultaneously,
where the effect of diffusion-induced stresses on the reaction rate needs to be
studied as well.

In this study, we have focused on the stress effect on the kinetics of the problem.
Stress effect on the thermodynamics of the problem should also be taken into
consideration in the future. Large diffusion-induced stresses could affect the
driving force for reaction, making the otherwise spontaneous reaction

energetically unfavorable.

7.2.3. Chapter 4

The effect of interfacial sliding on the mechanisms of crack formation in
continuous silicon thin films on substrate could be studied. The model presented
in this chapter was based on strain localization in the film. It is also possible to
have instantaneous fracture in the film (most likely in the first charging and
discharging cycle). The effect of interfacial sliding on the instantaneous fracture

could also be studied.
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e Further experiments could also shed more light on the problem of crack formation
in silicon thin film electrodes. For instance, one insightful study would be the
effect of different current collectors (or substrates) on the crack patterns, and
whether or not the crack spacing changes remarkably from one current collector
to another.

¢ Another interesting question to ask is whether a very thin film, e.g. 50 nm thick
film, fractures after a large number of cycles. The importance of such a study lies
in the fact that some theoretical studies based on the Griffith criterion predict that
there is a critical size for the film thickness, below which the film does not
fracture. The existing literature suggests that this critical size is ~130 nm.
However, significant plastic deformation could also induce fracture in films
thinner than this critical size, possibly after sufficient number of cycles, even
under small cycling rates. It is therefore insightful to study the long-cycle
behavior of sub-critical thin films.

e Direct experimental measurement of sliding resistance at the interface between

lithiated silicon and the underlying metallic current collector is also crucial.

7.2.4. Chapter 5

e Although the simple theory presented here predicts size effects in delamination of
silicon islands, factors such as charging/discharging rate, plasticity within the film
and substrate could also play important roles and require further investigation.

e To our knowledge, there is no systematic study of delamination in patterned
electrodes on different substrates. It is also important to study the potential effect

of plastic deformation in the substrate on the film delamination.
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7.2.5. Chapter 6

e The ratcheting phenomenon studied here could be further studied in continuous
films rather than in finite islands. Such a study can shed light on the mechanism
of crack formation in a continuous thin film.

e Effects of film/substrate roughness on the onset of ratcheting could also be added

to the model and requires further investigation.
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Appendix

Equations (3.22, 3.24, 3.25) read

07 =ewld (7)—4f)]—g’{, fun) =0, (3.22)
A
77 = el (p(0) - 4p)) —‘;’Z , a1 =0, (3.24)
A
T~ dq
lnr = exp[_ﬂ q]a_?, b Qavg (1) = O . (3'25)

These equations imply that £, p and ¢ are increasing functions of 7 , and therefore

Savg> Pae ad q,,, are also increasing functions of 7 .

0= forg M > foe (F) > [, (0)= f(0)  for 1>7>0 (A.T)

By dividing Eq. (3.25) by Eq. (3.22), and knowing that f, () <0 for 1>7 >0, we

obtain

I — explu(q - f)]exp[% g P < explie(q - f)] for 1>7 >0, (A2)

SR

Now suppose that ¢(0) < f(0) < 0. This implies that there exists a sufficiently small ¢

daf

for which ¢(¢) < f(g). According to Equation (A.2), % r=g)<—(F =¢),and
r r
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consequently ¢(7) < f(7) forall 7 >&. Hence, q,,,(F) < f,,,(r) forall ¥ > ¢,
including for ¥ =1, i.e. G avg (1) < fare (1) = 0, which is in contradiction with Equation
(3.25),1.e. q,,(1) =0 . Therefore the assumption ¢(0) < f(0) is invalid, and therefore,

q(0) > 1(0).

Similarly, by deviding Equation (3.24) by Equation (3.22), we obtain

2 XD S ()

dL:exp[ﬂ(p—f)] , for 1>7>0, (A3)
<4 exp[¥ p(0)]

dF 4

and since f,,(¥)> f(0),

dp

%>exp[ﬂ(p—f)—§{p(0)—f(0)}], for 127 >0. (A4)
a7

Now suppose that p(0) > f(0). This implies that there exists a sufficiently small & for

which p(¢) > f(g), and d—p(7 =¢&)> i(7 = ¢). Therefore, according to Equation
dr dr
(A.4), p(7) > f(7) forall ¥ > &. Hence, p,,(r)> f,,(r) forall ¥ > ¢, including for

r=1,ie p,,(1)> f,,(1)=0,whichis in contradiction with Equation (3.24), i.e.

Pave (1) = 0. Therefore the assumption p(0) > £(0) is invalid, and therefore, p(0) < f(0).

In summary, we have shown that
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p(0) < f(0)<¢q(0)<0. (A.5)

But since p,,, (D)= f,,(1)=¢q,,(1)=0,and since /', p and q are increasing functions

of 7, Equation (A.5) implies that
p()>f1)>q(d). (A.6)
Now, rewriting Equations (3.22, 3.24, 3.25) for 7 =1, we obtain

af

=D =T explu f(D)], (A7)
D =1 =T explu ) -4 plo), (A8)
9 G = 1) = expluq() (A9)
a7 : ' |

Finally, from inequalities (A.5, A.6), and Equations (A.7-A.9), it can be seen that

dp .- df dq .
ZFE=D>LGF=1)>"2LF=1). 3.23
dr 7= GF(F ) dF(V ) -9
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