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CHAPTER 1 

INTRODUCTION 

 

Compatibility conditions for various strain measures are well known in both small 

and finite strain kinematics.  For many plane problems in solid mechanics, such 

conditions enable boundary value problems to be formulated using the strains, stresses, or 

a generating potential function, as the fundamental dependent variable(s).  These methods 

are effective, as most strain fields fully determine the generating deformations up to an 

arbitrary rigid deformation.  This thesis is concerned with the compatibility issue for the 

rotation field.  Although it is not a direct measure of the distortion in a deformation, the 

rotation associated with a deformation and its variation from point to point within a body 

turns out to carry quite a bit of information about the actual deformation. 

In Chapter 2, it is shown that any suitably smooth proper orthogonal tensor field may 

serve as a finite rotation tensor for generating a deformation field.  A basic means is 

provided for finding the generated deformation.  A method is also explained and 

introduced for constructing a deformation from a prescribed rotation field that takes on 

specific values on a given curve.  Some examples are presented for both methods.  The 

work in this chapter was first presented at the 2011 American Physics Society, March 
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Meeting, and has since been published as a paper in the Journal of Elasticity under the 

same chapter title. 

In Chapter 3, I build on the analysis done in the previous chapter, and show that 

given a defined smooth curve which separates two arbitrarily prescribed rotation fields, a 

twin deformation field can be generated in a neighborhood surrounding such curve.  

Some examples are presented for cases where the Jacobian determinant of the finite 

deformation field is discontinuous or continuous across the prescribed twin boundary.  

Also, twinning in an elastic region is analyzed in some detail.  The work in this chapter 

was first presented at the 2011 Society of Engineering Science, Fall Meeting, and has 

since been submitted as a paper for publication in the Journal of Elasticity under the same 

chapter title.    

In Chapter 4, I conclude my study of plane deformations generated by prescribed 

rotation fields, by generating deformations that are locally area preserving in which the 

deformation takes on specific values on a given curve.  Also, deformation fields in which 

the Jacobian determinant is prescribed are analyzed in some detail. 

  



3 
 

 

 

CHAPTER 2 

PLANE DEFORMATIONS GENERATED BY A 
PRESCRIBED ROTATION FIELD 
 

2.1   Introduction 

 

In this chapter, we will show that any planar proper orthogonal tensor can serve as a 

rotation field for a finite planar deformation, and present a means of constructing the 

generating deformations. 

In Section 2.2, the analogous issue for infinitesimal plane deformation is reviewed, in 

which case any skew-symmetric two-dimensional tensor field can serve as a plane 

rotation field.  

In Section 2.3, some background for finite plane deformations is reviewed, including 

the relation between the deformation components and the rotation field.  

In Section 2.4, it is shown that given any prescribed rotation field, a generating 

deformation may be constructed. A method is presented for generating a finite 

deformation. Several examples are given.    
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In Section 2.5, it is shown that a deformation can be constructed from a prescribed 

rotation field in which the deformation takes on certain prescribed values on a given 

curve.  This is demonstrated in several types of example problems. 

 

2.2   Infinitesimal plane deformation 

 

Let u  be an infinitesimal plane displacement field defined on a planar region B .  The 

infinitesimal strain and rotation fields E  and W  are respectively given by 

 ( ) ( )1 1,
2 2

T T= ∇ +∇ = ∇ −∇E u u W u u . (2.2.1) 

The tensor field W , being skew-symmetric, is determined by the single scalar field 

 1 2
12 21 11 22

2 1

1   ,  (
2

0)u u W
x x

W W Wθ
 ∂ ∂

− ∂
= = −

∂
= = =

 
, (2.2.2) 

which corresponds to the angle of right-hand rotation about an out-of-plane axis.  Given a 

plane deformation, the associated rotation field is easily calculated. Conversely, suppose 

that one considers the function 1 2( , )x xθ θ=  to be prescribed.  To construct a deformation 

u  that generates W  in the sense described above, one can set 

 ( ) ( )2

0
2

1 1 2 1 2 2 1 2
1

1 2
2

2 1 2( , ) 2 ( , ) ,   ,  ( , ) ,
x

x
u x x x d v x x u x x v x x

x x
θ ξ ξ ∂ ∂

= + =
∂ ∂∫ , (2.2.3) 

in which 0
2x  is the 2x -coordinate of a point in B , while 1 2( , )v x x  is a scalar field (Buck, 

1978).  One can easily confirm that all plane infinitesimal deformations with the rotation 
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field W  admit this representation.  Note that two deformations with the same rotation 

field differ by an additive irrotational displacement field. 

 

2.3   Some kinematics of plane finite deformations 

 

 Let ( )=y y x  be a deformation on a plane region B . The mapping ( )=y y x  is one-

to-one, continuously differentiable, and has a positive Jacobian determinant, J .  The 

deformation gradient tensor field F  is defined as = ∇F y , and the left and right polar 

decompositions fields for F  are 

 , , , −= = = = =T T 1F RU VR U F F V FF R FU . (2.3.1) 

The left and right stretch tensors U  and V  are both symmetric and positive definite, and 

the rotation tensor field R  is proper orthogonal. As in the small-strain case, the rotation 

field is fully determined by a single scalar field θ , corresponding to an angle of rotation 

through an out-of-plane axis. In terms of θ , the components of the matrix of a plane 

rotation tensor admit the following basis-independent representation: 

 
cos sin
sin cos

θ θ
θ θ

− 
=  
 

R , (2.3.2) 

The rotation field admits this simple representation in terms of the components of F  

(Hoger and Carlson, 1984): 

 11 22 12 21

12 11 221 2

1
2

F F F F
F F F Fρ

+ − 
=  − + 

R , (2.3.3) 
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where ρ  is defined as, 

 2 2
11 22 12 21

1 ( ) ( ) .
2

F F F Fρ = + + −  (2.3.4) 

In terms of the invariants I  and J ,  ρ  is expressible as 

 1 2
2

I Jρ = + , (2.3.5) 

where invariants I  and J  are defined as follows: 

 { }2 2 2 2
11 12 21 22 11 22 12 21,   I F F F F J Det F F F F= + + + = = −F . (2.3.6) 

Upon comparing equation (2.3.2) with (2.3.3), one finds that 

 11 22 21 12  ,  sico n
2 2

s FF F Fθ θ
ρ ρ

−
= =

+ . (2.3.7) 

The relationship between θ  and its generating deformation y  is neatly expressible using 

the complex-valued function ŷ  defined as 

 1 1 2 2 1 2 1 2ˆ( , ) ( , ) ( , ) ,   Re ˆ{ I ˆm{} , }y yy z z y x x iy x y yx= + = = , (2.3.8) 

in which, 

 1 2 1 2,z x ix z x ix= + = − . (2.3.9) 

Differentiating (2.3.8) with respect to z  gives 

 [ ]

1,1 2,2 2,1 1,2

11

ˆ(

2 2

)

2 21 1

,

1ˆ ˆ( , ) ( , ) ( )
2
1                               ( )
2
ˆ                               ( , )   ,

z

i z z

y z z y z z y y i y y
z

F F i F F

z z e θρ

∂
 ≡ = + + − ∂

= + + −

=

 (2.3.10) 
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with 1 2 1 2
ˆ ˆ( , ) ( , ), ( , ) ( , )z z x x z z x xθ θ ρ ρ= = .  Thus, the rotation field for a plane 

deformation is determined by the argument of the complex derivative ˆ zy .  The derivative 

of  ŷ  with respect to z  is 

 1,1 2,2 2,1 1,2
1ˆ ˆ( , ) ( , ) ( )
2zy z z y z z y y i y y

z
∂

 ≡ = − + + ∂
. (2.3.11) 

For simplicity purposes, we define a scalar function ˆ( , )z zλ  such that, 

 1ˆˆ| | 2
2zy I Jλ= = − . (2.3.12) 

As an aside we note that the derivations done thus far are similar to those done by 

Fosdick and Schuler (1969), (1971), in their analysis of strain-deformation relations for 

the Ericksen’s problem (Ericksen, 1954). 

According to (2.3.5), (2.3.10) and (2.3.12), the Jacobian determinant of the 

deformation field may be expressed as 

 2 2 2 2ˆˆˆ ˆ| | | |z zJ y y ρ λ= − = − , (2.3.13) 

such that a positive Jacobian demands that 

 ˆρ̂ λ> . (2.3.14) 
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2.4   Building a finite deformation from a prescribed rotation field 

 

   Suppose now a rotation field is determined by an arbitrary, but continuous function 

1 2( , )x xθ  on a plane region B .  A generating mapping y  can be constructed in terms of 

the complex-valued function ŷ  by defining a real-valued, positive scalar function 

1 2 ˆ( , ) ( , )x x z zρ ρ=  and a function h  that is analytic in z , and setting 

 
0

ˆ( , )
1 1 2 2 1 2 ˆˆ( , ) ( , ) ( , ) ( , ) ( )

z i z

z
y z z y x x iy x x z e d h zθ ζρ ζ ζ= + = +∫  , (2.4.1) 

where 1 2
ˆ( , ) ( , )z z x xθ θ= , 0 0

0 1 2z x ix= +  is a point in region B , and 1 2iζ ζ ζ= + .  One can 

easily confirm by direct differentiation and a comparison with equations (2.3.10), that ŷ  

as defined in (2.4.1) generates the prescribed rotation field in (2.3.2).   

In order to ensure that (2.4.1) is one-to-one and invertible locally in a neighborhood 

N  bounded by a radius δ  surrounding the point 0z , the Jacobian determinant J  of the 

deformation field must be positive in N .  To meet this criterion, the functions ρ̂  and h  

must be chosen such that the inequality in (2.3.14) holds.  In what follows, it is shown 

that it is always possible to assign functions ρ̂  and h  that will lead to a deformation with 

a positive Jacobian in a neighborhood N  surrounding a prescribed point 0z .  The 

deformation so-defined will be locally one-to-one and invertible in N . 

Take 0ρ̂ ρ=  to be a positive constant.  The derivative of equation (3.1) with respect 

to z  is then 
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0

ˆ( , )
0

ˆˆ ( , ) ( , ) '( )
z i z

z zz
y z z i z e d h zθ ζρ θ ζ ζ= +∫  , (2.4.2) 

where ( )'( ) dh zh z
dz

≡


 .  The modulus λ̂  of ˆ zy  is bounded by  

 max m
ˆ( , )

x a0 a m x
ˆ ˆˆ| | | ( , ) | | | | '( ) |z z

i zy z e h zθ ζλ ρ δ θ ζ≡ ≤ +  , (2.4.3) 

with ˆ( , )
max max

ˆ| ( , ) | ,  | |i z
z z e θ ζθ ζ , and max| '( ) |h z  standing for the largest values of the 

associated quantities in the neighborhood N.  Substituting (2.4.3) into (2.3.14) gives 

 max
ˆ( , )

0 0max max
ˆ| ( , ) | | | | '( ) |i z
z z e h zθ ζδ ρρ θ ζ + < , (2.4.4) 

which must be true to ensure a positive Jacobian.  Taking 0h = , we see that (2.4.4) holds 

for a neighborhood N as long as   

 maxˆ
max max

1 ˆ  ,    | | 0ˆ| | | | zi
z e θ

δ θ
θ

< ≠ . (2.4.5)1   

Like with ρ̂ , h  does not have to be defined this way and can be chosen to be any 

analytic function of z , the only requirement being that the inequality in (2.3.14) and 

(2.4.4) hold for the chosen ρ̂  and h .  For this case, (2.4.1) simplifies to 

 
0

ˆ
0

( , )ˆ( , )
z i z

z
y z z e dθ ζρ ζ= ∫ . (2.4.6) 

                                                 

1 If | ˆ | 0z maxθ = , then θ̂  is constant, and equation (2.13) becomes 2
0

2ˆ| | 0zJ y ρ= = > .  
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This construction of ŷ  shows, by taking ρ̂  to be a positive constant and 0h = , it is 

always possible to make a deformation that is one-to-one in a neighborhood N  

surrounding the point 0 0
1 2( , )x x , from any smooth plane proper orthogonal tensor field.  

However, it will be shown later that conditions of assigning ρ̂  be constant, or 0h =  are 

not required to find generating deformations from prescribed rotation fields.  Finally, we 

note that the deformation generated from a prescribed rotation field in (2.4.1) is not 

unique, since there are an infinite number of possibilities of ρ̂  and h  which meet the 

conditions in (2.3.14) and (2.4.4) for any prescribed rotation field. 

 

Example 2.1: Finite deformation around a point 

Suppose the rotation field is defined by the scalar function 

 1 2 1
ˆ( , ) 2   ,  ( , )x x x z z z zθ θ= = + . (2.4.7) 

Take 0h = , and let ρ̂  be a constant such that 0ˆ 1ρ ρ= =  in (2.4.6).  We will construct a 

generating deformation that is one-to-one in a neighborhood N  of the point 

1 2( , ) (0,0)o ox x =  with radius δ .  For this choice of θ̂ , one has 

 max
ˆ ˆ( , ) | | 1z zzθ ζ θ= = , (2.4.8) 

and the inequality in (2.4.5) becomes 

 ˆ(
ma

, )
x

1
| |i ze ζθ

δ < . (2.4.9) 
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To determine the maximum magnitude of ˆie θ  for the prescribed function θ̂ , we note 

that 

 ˆ( , ) ( )i z i ze eθ ζ ζ += , (2.4.10) 

where 1 2iζ ζ ζ= +  describes the complex variable of integration in equation (2.4.6).  

Equation (2.4.10) can be rewritten as 

 1 2 1 2 2 2
ˆ ( ) ( )( )

1 1 1 1(cos( ) sin( ))i i x ix xi i ze e e e x i xζ ζ ζθ ζ ζ ζ+ + − −+= = = + + + . (2.4.11) 

The maximum value of ˆ| |ie θ  occurs when 2 2 2x ζ δ− = , since 2 2 2x ζ δ− ≤  for ζ  and 2x  

in N .   The inequality in (2.4.9) becomes 

 ˆ 2
max| | 1ie eθ δδ δ= < , (2.4.12) 

which requires the neighborhood N  to be bounded by a radius 0.425δ < .  In this 

neighborhood, ŷ  as defined by (2.4.6) is one-to-one and invertible.   

Integrating (2.4.6) with 0 1ρ = , θ̂  as defined in (2.4.7) and 0 0z =  gives the following 

deformation 

 ( )( )ˆ( , ) iz i z zy z z i e e += − . (2.4.13) 

From (2.3.8) we find the components of ŷ  to be 

 
{ }
{ }

2

2

1 1 2 1 1

2 1 2 1 1

ˆ( , ) Re sin(2 ) sin( ) ,    

ˆ( , ) Im cos(2 ) cos( ) .

x

x

y x x y x e x

y x x y x e x

= = −

= = − +
 (2.4.14) 
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The deformation gradient matrix F and Jacobian determinant J are given by 

 
2 2

2 2

1 1 1

1 1 1

2cos(2 )- cos( ) - sin( )
2sin(2 )- sin( ) cos( )

x x

x x

x e x e x
x e x e x

 
=  
 

F , (2.4.15) 

 2 22
12 cos ( )-x xJ e x e= . (2.4.16) 

This deformation can be shown to have a positive Jacobian in a region defined by a 

radius of 0.69 centered at 1 1( , ) (0,0)o ox x = .  When we compare this region to the 

neighborhood N  described by radius 0.425δ < , we see that our calculations in (2.4.8)-

(2.4.12) agree with (2.4.16) on showing a neighborhood where 0J > .  Further, one can 

easily confirm that the polar decomposition for the matrix F  is  

 
2 2

2 2

x
1 1 1 1

1 1 1 1

cos(2 ) sin(2 ) - cos ( )+2 sin ( )
   ,   

sin(2 ) cos(2 ) sin ( ) cos( )

x

x x

x x e x e x
x x e x e x

−   
= =   
   

R U . (2.4.17) 

Figure 2.1 illustrates this deformation.  
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(A)        (B) 

Figure 2.1: (A) Contour plot of the Jacobian determinant J  in (2.4.16) where the unshaded region 0J > , 
and the shaded region 0J < .  An undeformed square of side length 1.0 centered at the origin.  (B) Square 
after deformation induced by (2.4.13) which corresponds to a rotation field 12xθ = . 

 

Example 2.2 

Consider a rotation field generated by the scalar function 

 2 2 2
1 2 1 2

ˆ( , ) , ( , )x x x x r z z zzθ θ= + ≡ = . (2.4.18) 

We will take ρ̂  to be constant and 0h = , and construct a deformation that is one-to-one 

in a neighborhood N  of a radius δ  surrounding the point 1 2( , ) (0,0)o ox x = ,  0 0 0z z= = .  

In N , 

 max
ˆ ˆ( , ) , | |z zz zθ ζ θ δ= = , (2.4.19) 

and inequality (2.4.5) becomes,  
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 2
ˆ(

ma
, )

x

1
| |i ze ζθ

δ < . (2.4.20) 

To determine the maximum value of ˆ( , )| |zie ζθ  on the path of integration for this case, note 

that 

 
2 1 2 1

2 1 2 1

ˆ ( )( )
1 1 2 2 1 1 2 2

ˆ ( )

(cos( ) sin( ))  

| |

x xi i z

x xi

e e e x x i x x

e e

ζ ζθ ζ

ζ ζθ

ζ ζ ζ ζ−

−

= = + + +

⇒ =
, (2.4.21) 

where 1 2iζ ζ ζ= + .  Since 

 2
2 1 2 1 2x xζ ζ δ− ≤ , (2.4.22) 

for ζ  and z  in N , 

 
2ˆ 2

max| |e eθ δ= . (2.4.23) 

So (2.4.20) becomes  

 2
2

2

1
e δ

δ < , (2.4.24) 

and the neighborhood N  for which there is definitely a one-to-one mapping of ŷ  occurs 

when 0.652δ < .  However, the deformation to be constructed will turn out to have a 

positive Jacobian in a neighborhood larger than this.  

As in Example 2.1, we take 0ˆ 1ρ ρ= =  with ˆ zzθ =  and 0 0z =  in (2.4.6).    

Integrating (2.4.6) with these conditions provides the following deformation, 
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( )1

ˆ( , )
izzi e

y z z
z

− −
= . (2.4.25) 

The components of the deformation in (2.4.25) are,    

 

2 2
2 2 1

1 1 2 2

2 2
2 1 2

2 1 2 2

cos ( ) sin ( )( , )   ,

cos ( ) sin ( )( , )   ,

x r x x ry x x
r

x r x x ry x x
r

− +
=

− + +
=

 (2.4.26) 

where 2 2
1 2r x x= + .  The gradient of deformation can be found to be, 

2 2
2 2 2 2 2 21 2 1

4 4 2

2 2
2 2 2 2 2 21 2 1

4 4 2

2
2 2 2 2 2 21 2 2

4 4

-2 2 sin( )[cos ( )-1+ sin ( )]+ [ cos ( )-sin ( )] ,

2 2 cos( ) 1[ cos ( ) sin ( )]+ [cos ( )-1- sin ( )]+ ,

2 2 cos([ cos ( ) sin ( )]- [cos ( )-1- sin ( )]+

x x x rr r r r r r
r r r

x x x rr r r r r r
r r r

x x xr r r r r r
r r


+

=
− −

−

F

2

2

2 2
2 2 2 2 2 21 2 2

4 4 2

) 1

  ,
-2 2 sin( )[cos ( )-1+ sin ( )]+ [ cos ( )-sin ( )]

r
r

x x x rr r r r r r
r r r

−


+ 

 (2.4.27) 

and the Jacobian determinant is 

 
( )2 2 2

4

2 sin( ) cos( ) 1r r r
J

r
+ −

= , (2.4.28) 

which is positive for 0 1.53r≤ ≤ .   

Although the algebra is somewhat more involved than in Example 2.1, the rotation matrix 

of the polar decomposition for =F RU  is found to be 

 
2 2

2 2

cos( ) sin( )
sin( ) cos( )

r r
r r

 −
=  
 

R , (2.4.29) 
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which confirms that the deformation in (2.4.25) has the desired rotation tensor field.  In 

Figure 2.2 we show the deformation of a square with side length 2.0 centered at 

1 2( , ) (0,0)o ox x = .   

 

(A)        (B) 

Figure 2.2: (A) Contour plot of the Jacobian determinant J  in (2.4.28) where the unshaded region 0J > , 
and the shaded region 0J < .  An undeformed square with side length 2.0 centered at the origin.  (B) 
Square after deformation induced by (2.4.25) which corresponds to a rotation field 2 2 2

1 2x x rθ = + = . 

 

Example 2.3 

Suppose again we define the rotation field with the same scalar function as in 

Example 2.1, 

 1 2 1
ˆ( , ) 2   ,  ( , ) .x x x z z z zθ θ= = +  (2.4.30) 

To illustrate that the function ρ̂  need not be constant to construct a generating 

deformation, take ˆ ( , ) 1z z zzρ = + , and let 0h = .  Taking 0 0z = , we see that (2.4.1) 

becomes 
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0

ˆ( , ) ( )

0
ˆˆ( , ) ( , ) ( 1)

z zi z i z

z
y z z z e d z e dθ ζ ζρ ζ ζ ζ ζ+= = +∫ ∫ . (2.4.31) 

Although ρ̂  is not constant, this does not affect the calculations in (2.4.8)-(2.4.12) in 

determining a minimum neighborhood N  where ŷ  is one-to-one.  So the region N  is 

still bounded by the radius 0.425δ < .   

Integrating (2.4.31) gives the deformation 

 ( ) ( )ˆ( , ) ( ) ( 1)i z z iz i z z iz izy z z z e e zie ie e+ += − − + −  (2.4.32) 

The components of the deformation are, 

 
2

2

2 2
1 1 2 1 1 1 1 2 2

1 1 1 2
2 2

2 1 2 1 1 1 1 2 2

1 1 1 2

( , ) cos(2 ) sin(2 ){ 1}

{ cos( ) sin( )[ 1]}  ,

( , ) sin(2 ) cos(2 ){ 1}

{ sin( ) cos( )[ 1]}  .

x

x

y x x x x x x x x
e x x x x

y x x x x x x x x
e x x x x

= + + + +

− + +

= − + + +

− − +

 (2.4.33) 

The gradient of deformation F  can be found to be, 

2

2

2

2

2 2
1 1 2 1 1 1 1 2 2 1

2 2
1 1 1 1 1 2 2 1

2 1 1 1 1

2

1 2

1

2

[ sin( ) cos( ) 2cos( )] 2cos(2 )[ 1] cos(2 ),

[ sin( ) cos( ) 2sin( )] 2sin(2 )[ 1] sin(2 ),

[ sin( ) cos( ) 2sin( )] sin(2 )[2 1]

[ cos

x

x

x

x

e x x x x x x x x x x

e x x x x x x x x x x

e x x x x x x x

e x

 − − + + + + +
= 
− + + + + + + +

− + + + +

F

1 1 1 1 21

  ,
( ) sin( ) 2cos( )] cos(2 )[2 1]x x x x x x



− + − + 

 (2.4.34) 

and the Jacobian determinant is, 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( )

2

2

2 2
1 1 1 1 2 1 2 1 1

3 3 2 2
1 1 2 1 1 2 1 1 2 1 2 1 1

2 2 2 3 2 2 2
1 2 2 2 2 1 2 1 2

e 4sin 8cos 12cos 8cos 4 cos

            2 sin 2 cos 4 sin 2 cos 2 sin

e 4 4 4 4      6 2 8        , 3

x

x

J x x x x x x x x x

x x x x x x x x x x x x x

x x x x x x x x x

= + + + + +

+ + +




 − + + + + + + + + 

+

 −  

 (2.4.35) 
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which is positive in a region bounded by a radius 0.67δ <  around the point 

1 2( , ) (0,0)o ox x = .  Although the algebra is somewhat more involved, the rotation matrix of 

the polar decomposition for =F RU  is found to be 

 1 1

1 1

cos(2 ) sin(2 )
sin(2 ) cos(2 )

x x
x x

− 
=  
 

R  (2.4.36) 

which is the same as the rotation matrix in Example 2.1. 

In Figure 2.3 we show the deformation of a square with side length 1.0 centered at 

1 2( , ) (0,0)o ox x = , applying the same rotation field as in Example 2.1, except now the value 

of ˆ ( , ) 1z z zzρ = +  in not constant.   

 

(A)        (B) 

Figure 2.3: (A) Contour plot of the Jacobian determinant J  in (3.35) where the unshaded region 0J > , 
and the shaded region 0J < .  An undeformed square with side length 1.0 centered at the origin.  (B) 
Square after deformation induced by (3.32) which corresponds to a rotation field 12xθ = , with ˆ 1 zzρ = + . 
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2.5   Finite deformations which take on a prescribed value on a given 
curve 

 

The results of the preceding derivation suggest that there may be many deformations 

that correspond to an arbitrarily prescribed rotation field.  Next we will discuss the 

determination of generating a deformation in a region B  from a prescribed rotation field 

that maps a prescribed curve C  to another prescribed curve *C  in a neighborhood of any 

point along C .  

Suppose again that a finite rotation field R  is prescribed through a continuous scalar 

function 1 2( , )x xθ , and let 

 1 2
ˆ( , ) ( , )x x z zθ θ= . (2.5.1) 

We seek a deformation y  which gives rise to the rotation field defined by (2.5.1) and in 

addition maps the curve C  to a curve *C .  Let the curves C  and *C  be parameterized 

as follows:   

 0: ( )  , *: ( ) (0 )C s C s s s= = < <x x y y  , (2.5.2) 

with s  standing for arc-length along the curve, and 0s  is a constant defining the upper 

bound of the arc-length.  The deformation y must map C  onto *C , so that 

 1 2 1 2 0( , ) ( ( ), ( )) ( )  , (0 )x x x s x s s s s= = < <y y y  . (2.5.3) 

Differentiating (4.3) with respect to s and using the polar decomposition for F  

expressed in (2.1) we find   
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 Fx = RUx = y     , (2.5.4) 

where the dots above   and  x y   denote derivatives with respect to s .  Since U  is 

positive definite, the scalar function ψ = ⋅x Ux    is positive along C , so that (2.5.4) 

implies that the given rotation R  and the curve parameterizations   and  x y   must obey, 

 ( ) ( )2 2 2 2 1

2

1

1

1 1

2
2

) sicos(

cos( ) 0

n( )

  .

x y x y x y x y

y y

ψ

θ

θ

ϕ

θ

= ⋅ = ⋅

= + −

= +

+

− >

x Ux y Rx      

              

  

 (2.5.5) 

Here, θ  is the rotation angle associated with R , and ( )sϕ ϕ=  is the angle subtended by 

the vectors x  and y , as measured from x .  The inequality in (2.5.5) is a necessary 

condition for the existence of a deformation that maps the curve C  onto *C  

corresponding to a rotation field defined by the scalar function 1 2( , )x xθ . 

We show next that given any rotation field θ  and curves C  and *C  which conform 

to (2.5.5), one can produce a local deformation of a neighborhood of every point along C  

which carries C  to *C  and has θ  as its rotation field. 

Before launching into this proof, it is useful to present some alternate 

characterizations of the curves C  and *C  using complex notation.  Shown in the 

Appendix, suitably smooth curves C  and *C  can be fully defined in terms of the 

complex functions ( )z z  and ( )y z  such that 

 1 2( ) ( ) ( )z z z x s ix s= = +  ,  on C , (2.5.6) 
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and 

 1 2( ) ( ) ( )y y z y s iy s= = +   ,  on *C . (2.5.7) 

Following the procedure in the previous section, the complex function ŷ  defined by 

 
0

ˆ( , )
1 1 2 2 1 2 ˆˆ( , ) ( , ) ( , ) ( , ) ( )

z i z

z
y z z y x x iy x x z e d h zθ ζρ ζ ζ= + = +∫  , (2.5.8) 

generates the rotation field defined in (2.5.1), provided 1 2 ˆ( , ) ( ), zx x zρ ρ=  is a positive 

real-valued function, 0 0
0 1 2z x ix= +  is a point on the curve C ,  and ( )h z  is an analytic 

function of the complex variable z .  These must be determined to ensure that the 

Jacobian of the deformation gradient of (2.5.8) is positive in a neighborhood N  

surrounding 0z , and that the condition in (2.5.5) is met.   

Let, 

 
0

ˆ( , )ˆ( , ) ( , )
z i z

z
k z z z e dθ ζρ ζ ζ= ∫ , (2.5.9) 

so that (2.5.8) can be rewritten as 

 ˆ( , ) ( , ) ( )y z z k z z h z= +  . (2.5.10) 

From (2.5.6) we see that on the curve C , (2.5.10) becomes  

 ˆ( ( ), ) ( ) ( ( ), ) ( )y z z z y z k z z z h z= = +   , (2.5.11) 

where, recall (2.5.7),  ( )y z  describes the mapping of curve C  onto the curve *C .  We 

can rewrite (2.5.11) as follows   
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 ( ) ( ) ( ( ), )h z y z k z z z= −   , (2.5.12) 

and substitute it into (2.5.10) which gives us the following representation of ŷ  on the 

curve C , 

 ˆ( , ) ( , ) ( ( ), ) ( )y z z k z z k z z z y z= − +  . (2.5.13) 

From (2.5.9) and (2.5.13), it can be seen that ˆ( , )y z z  takes the form, 

 ˆ( , )

( )
ˆˆ( , ) ( , ) ( )

z i z

z z
y z z z e d y zθ ζρ ζ ζ= +∫  . (2.5.14) 

Next, ˆ ( , )z zρ  must be determined such that the Jacobian determinant of the 

deformation ˆ( , )y z z  is positive, at least in a neighborhood surrounding a point 

0 0
0 1 2z x ix= +  along the curve C .  As in the previous section, let 0ˆ ( , )z zρ ρ=  be a positive 

constant so that (2.5.14) becomes 

 ˆ( , )

( )0ˆ( , ) ( )
z i z

z z
y z z e d y zθ ζρ ζ= +∫  . (2.5.15) 

Differentiating (2.5.15) with respect to z , we get 

 0 0
ˆ ˆ( ( ), ) ( , )

( )
ˆ ( , ) '( ( ), ) (ˆ , ) '( )z

zi z z z i z
z z z

y z z e z z z z i z e d y zθ θ ζρ ρ ζ ζθ= − + +∫


  , (2.5.16) 

where the prime notation is defined as the derivative of the function with respect to z  

(same as in the previous section).  Clearly, since ( )z z z=   on the curve C , then (2.5.16) 

can be simplified to, 

 ˆ( ( ),
0

)ˆ ( ( ), ) '( ) '( )i z z z
zy z z z e z z y zθρ= − +   . (2.5.17) 
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As a consequence we have, 

 { }ˆ2 2 2 2 ( ( ), )
0 0ˆ| ( ( ), ) | | ( ) | | ( ) | 2 Re ( ) ( )i z z z

zy z z z z z y z e z z y zθρ ρ −′ ′ ′ ′= + −     , (2.5.18) 

and by taking the derivative of (2.5.6) with respect to s  we find 

 1 2

1 2

( ) x i xdzz z
dz x i x

+′ ≡ =
−

  


  
,  on C , (2.5.19) 

so that 

 
2

2 1 2

1 2

| ( ) | 1x i xz z
x i x
+′ = =
−

  


  
. (2.5.20) 

Substituting (2.5.20) into (2.5.18) we then reach 

 { }ˆ2 2 2 ( ( , )
0 0

)ˆ| ( ( ), ) | | ( ) | 2 Re ( ) ( )i z z z
zy z z z y z e z z y zθρ ρ −′ ′ ′= + −    ,  on C . (2.5.21) 

Also, from (2.5.20) we have 

 1( ) 1, ( )
( )

z z z z
z z

′ ′= =
′

 


, (2.5.22) 

so that (2.5.21) becomes, 

 { }ˆ2 2 2 (
0

(
0

), )ˆ| ( ( ), ) | | ( ) | 2 Re ( ) / ( )i z z z
zy z z z y z e y z z zθρ ρ −′ ′ ′= + −    ,  on C . (2.5.23) 

Recalling the expression for the Jacobian determinant J  in (2.3.13), we see that J  is 

positive if and only if  
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{ }

2 2

2

ˆ(

2
0

0
( ), ) 2

ˆ ˆ| | | |
ˆ| |

2 Re ( ) / ( ) | ( ) | 0  .

z z

z

i z z z

J y y
y

e y z z z y zθρ

ρ
−

= −

= −

′ ′ ′= − >  

 (2.5.24) 

Next we set 

 { }ˆ( ( ), ) 2ˆ ˆRe ( ) / ( )   ,   | ( ) |i z z ze y z z z y zθψ χ− ′ ′ ′= =   , (2.5.25) 

for a neighborhood N  surrounding a point 0z  on C .  Differentiating (2.5.7) with respect 

to s  gives,   

 1 2

1 2

'( ) y i yy z
x i x
+

=
−

  


  
,  on C . (2.5.26) 

From this, along with (2.5.19) and the fact that 2 2
1 2 1x x+ =    (arc length parameterization of 

C ), it can be seen from (2.5.5) and (2.5.25) that ˆψ ψ=  on C .  Thus necessary that 

ˆ 0ψ >  on C .  By its definition, ˆ 0χ ≥ .  To assure positivity of the Jacobian J , the value 

of 0ρ  must be chosen such that,   

 max

min
0

ˆ
ˆ2
χρ
ψ

> , (2.5.27) 

where maxχ̂  and minψ̂  are the maximum and minimum values of the scalar functions χ̂  

and ψ̂  in the neighborhood of a point 0z  on C .  The relationship in (2.5.27) assures the 

positivity of the Jacobian determinant J , in a neighborhood N  surrounding point 0z  on 

C .   
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As in Section 2.4, it is also possible to generate deformations without the 

requirements that ρ̂  be constant as long as the condition of (2.5.27) is met for all values 

of ρ̂ , which will be demonstrated in the following examples. 

 

Example 2.4:  Finite deformation around a curve 

Suppose the rotation field is defined by the scalar function  

 1 2 1
ˆ( , )   ,  ( , )

2
z zx x x z zθ θ +

= = . (2.5.28) 

Let the curve C  be the unit circle, which may be represented as  

 1 2 1 2( , ) ( ( ), ( )) (cos( ),sin( ))  ,  (0 2 )x x x s x s s s s π= = ≤ <  , (2.5.29) 

where s  is arc-length along C .  This gives the following representation of the curve C  

in terms of a complex function analytic in z  

 ( 1)zz z
z

==  ,  on C . (2.5.30) 

Further, suppose the deformation under consideration maps C  onto itself *C C=  so that 

 1 2 1 2( , ) ( , ) (cos( ),sin( ))y y x x s s= = . (2.5.31) 

For this mapping of C  to *C , it follows that ( )y z  in (2.5.7) is given by  

 1( ) ( )y z z
z

z= =  ,  on C . (2.5.32) 
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Given (2.5.32), the following expressions for χ̂  and ψ̂  in (2.5.25) for this example 

are 

 2 4ˆ | ( ) | 1/ | |y z zχ ′= = , (2.5.33) 

 
1( )

1ˆ2 2Re 2cos( )z
i z

e xψ
− + 

= = 
 

. (2.5.34) 

The desired deformation may be constructed in a neighborhood of any point on C  for 

which the condition in (4.5) is met, where ˆψ ψ= .   Clearly looking at (2.5.34), ˆ 0ψ >  

everywhere on the unit circle.  Along the curve C  the values for 1x  are bounded by 

1( 1 1)x− ≤ ≤  so that  

 minˆ2 ( ) 2cos( 1) 1.08zψ = ± = , (2.5.35) 

for the minimum value of ψ̂ , and the maximum value of χ̂  on the curve C  is 

 maxˆ ( ) 1zχ = . (2.5.36) 

Using the values in (2.5.35) and (2.5.36), the condition for 0ρ  in (2.5.27) in order to 

assure the positivity of the Jacobian determinant J  along the curve C  is 

 0 1/1.08 0.93ρ > = . (2.5.37) 

We take 0 1ρ = , and carry out the integration in (2.5.15), 

 
2( 1) ( )
2 2ˆ( , ) 2

2

i z i z z iy z z i e e
z

+ + 
= − −  

 
. (2.5.38) 
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The real and imaginary parts of (2.5.38) give the components of the deformation, but 

these are long and complicated expressions. The Jacobian determinant of the deformation 

algebraically reduces to 

 12cos( ) 1J x= − , (2.5.39) 

and shown in Figure 2.4(A) are the regions where J  is positive, negative and zero.  The 

rotation matrix of the polar decomposition of the deformation gradient =F RU  is found 

to be 

 1 1

1 1

cos( ) sin( )
sin( ) cos( )

x x
x x

− 
=  
 

R . (2.5.40) 

From (2.5.39), the constructed deformation in (2.5.38) has a positive Jacobian, and is 

one-to-one and invertible in a neighborhood surrounding any point along the unit circle 

shown in Figure 2.4(A). It is worth noting that the neighborhood surrounding the unit 

circle does not include the entire inside of the unit circle for this example, meaning that 

the one-to-oneness of the deformation is lost is the shaded region inside the unit circle.  

The deformation in (2.5.38) is also illustrated in Figure 2.4 below, where a square 

centered at the origin surrounding the curve C  is deformed. 
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(A)        (B) 

Figure 2.4: (A) Contour plot of the Jacobian determinant J  in (2.5.39) and the curve C defined as the unit 
circle, where the unshaded regions 0J > , and the shaded regions 0J < .  An undeformed square of side 
length 2.0 centered at the origin.  (B) Square after deformation defined in (2.5.38) which corresponds to a 
rotation field 1xθ = , and the unit circle mapped to itself. 

 

Example 2.5 

In this example, we use the same rotation field as in the preceding case: 

 1 2 1
ˆ( , )   ,  ( , )

2
z zx x x z zθ θ +

= = . (2.5.41) 

This time, we take a non-constant function ρ̂  defined by, 

 1
2

1 22
2ˆ ( , ) 1   ,  , )( 1z z zz x x xxρρ = + = + + , (2.5.42) 

which is positive everywhere.  As in the previous example, we seek a deformation that 

maps the unit circle onto itself.  Thus, 
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 1( ) ( )z z y z
z

= = ,  on C . (2.5.43) 

For non-constant ρ̂ , the equivalent condition to (2.5.27) is max minˆ ˆ ˆ/ 2ρ χ ψ> .  This 

condition is satisfied since from the previous example we know for this rotation field in 

(2.5.41) and the curves C , *C , both defined as the unit circle, our choice of ρ̂  must 

agree with the condition 0.93ρ > .  For this choice of θ̂ , ρ̂ , C , and *C , the integration 

in (2.5.14) gives the following deformation 

 ( ) ( )
2( 1) ( )
2 2 1ˆ( , ) 4 2 2

i z i z z

y z z e i z e z zzi i
z

+ +

= − + − − + . (2.5.44) 

The expression for the Jacobian is long and complicated, but regions in which it is 

positive, negative and zero are shown in Figure 2.5(A).  The rotation matrix of the polar 

decomposition of F  is still the same as in the previous example.    In Figure 2.5, a square 

centered at the origin with side length 2.0 is deformed by the deformation in (2.5.44). 
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(A)        (B) 

Figure 2.5: (A) Contour plot of the Jacobian determinant J for the deformation (4.44) and curve C  defined 
as the unit circle, where the unshaded regions 0J > , and the shaded regions 0J < .  An undeformed 
square of side length 2.0 centered at the origin.  (B) Square after deformation defined in (4.44) which 
corresponds to a rotation field 1xθ = , and the unit circle mapped to itself. 

 

Example 2.6 

In the final example of this chapter, we look at a case where the given initial curve C  

and the curve *C  differ from each other.  Suppose the rotation field is defined by the 

scalar function, 

 2 2 2
1 2 1 2

ˆ( , )   , ( , )x x x x r z z zzθ θ= + ≡ = , (2.5.45) 

which is the same scalar function used to define the rotation matrix R  in Example 2.2.  

Let the initial curve C  be a vertical line on the 2x -axis defined as 

 1 2 1 2( , ) ( ( ), ( )) (0, )   ,   ( )x x x s x s s sπ π= = − ≤ <  . (2.5.46) 
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This gives the following representation of the curve C  in terms ( )z z ,  

 ( )zz zz = = − ,  on C . (2.5.47) 

Further, suppose the deformation under consideration maps C  onto the unit circle, given 

by 

 1 2( ( ), ( )) (cos( ),sin( ))  ,   ( )y s y s s s s ππ= − ≤ < . (2.5.48) 

For this mapping of C  to *C , of a vertical line to the unit circle, it follows that ( )y z  in 

(2.5.7) is given by  

 )( zy z e−= . (2.5.49) 

Given (2.5.47) and (2.5.49), the values of χ̂  and ψ̂  in (2.5.25) for this example are, 

 2 2ˆ | ( ) | | |zy z eχ ′= = − , (2.5.50) 

 { }( 1)ˆ2 2Re z izeψ += . (2.5.51) 

On the prescribed curve C , 1 0x =  which simplifies the above equations to, 

 2 2
2| (cos( ) sin( )) | 1x i xχ = − + = , (2.5.52) 

 2 2
22 2cos( )x xψ = + . (2.5.53) 

As stated before, the desired deformation may be constructed in a neighborhood of any 

point on C  for which the conditions in (2.5.5) and (2.5.27) are met.  Looking at (2.5.53), 

on C  we see that 0ψ >  wherever 20.85 1.85x− < < , which means that for this example 



32 
 

only a portion of the curve C  meets these conditions.  Along the curve C , we will bound 

the values of ( )2 24 4: xx π π≤ ≤− , so that (2.5.53) yields 

 minˆ2 0.336ψ = , (2.5.54) 

for the minimum value of ψ̂ .  Clearly, the maximum value of χ̂  on the curve C  is 

 maxˆ 1χ = . (2.5.55) 

Using the values in (2.5.54) and (2.5.55), the condition for 0ρ  in (2.5.27) that ensures the 

positivity of the Jacobian determinant J  along the curve C  is 

 0 2.98ρ > . (2.5.56) 

We take 0 3ρ = , and carry out the integration in (2.5.15) for this example: 

 ( )
2

( )3, 1ˆ( )
iz

z zi z ziey z z e
z

e
−

+ −−= + . (2.5.57) 

Again, the real and imaginary parts of (2.5.57) give the components of the deformation, 

but these are long and complicated expressions. The Jacobian determinant J  will not be 

shown for the same reason, but in Figure 2.6(A) it is shown where J  is positive, negative 

and zero.  From Figure 2.6(A), it can be seen that the range of values 

{ }1 20  ,  ( 4 4)x xπ π= − ≤ ≤ for the curve C  does correspond to a positive Jacobian.  

The rotation matrix of the polar decomposition of =F RU  is found to be 

 
2 2

2 2

cos( ) sin( )
sin( ) cos( )

r r
r r

 −
=  
 

R . (2.5.58) 
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In Figure 2.6, a square centered at the origin with side length 0.4 is deformed by the 

prescribed rotation 2
22 2

1x x rθ + ≡= . 

 

(A) 

 

(B) 

Figure 2.6: (A) Contour plot of the Jacobian determinant J  for the deformation (4.57) and the curve

{ }1 2:  0  ,  ( 4 4)C x xπ π= − ≤ ≤ , where 0J >  in the unshaded regions, and 0J <  in the shaded 
regions.  An undeformed square of side length 0.4 centered at the origin.  (B) Square after the deformation 
(4.57) which corresponds to a rotation field 2

22 2
1x x rθ + ≡= , and the curve C  mapped to an arc of the 

unit circle { }1 2* :  cos( ) , sin( )  ( 4 4)C x s x s sπ π= = − ≤ ≤ . 
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CHAPTER 3 

TWINNED FINITE PLANE DEFORMATIONS 
GENERATED BY PRESCRIBED ROTATION 
FIELDS 
 

3.1   Introduction 

 

In the previous chapter, we showed that any planar proper orthogonal tensor field 

may serve as a rotation field, for generating a plane finite, one-to-one deformation.  Now 

we will look at these results in the context of twinning, and show that a pair of plane 

rotation fields defined on either side of a prescribed twin boundary curve can generate a 

twin finite deformation field in a neighborhood surrounding such curve.   

In Section 3.2, a brief summary of some key concepts presented in the previous 

chapter are reviewed as a prelude to the main works of this chapter.  

In Section 3.3, the kinematics associated with twinning are reviewed.  We present 

results for twin deformations where either the stretch field or the rotation field is 

continuous across the twin boundary.  A methodology is given for generating a plane 

finite twin deformation field in the neighborhood of a prescribed curve which separates 
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two different given rotation fields.  In generating a twin deformation, the Jacobian 

determinants can be either continuous or discontinuous across the twin boundary.  This is 

discussed in detail, and some examples of these deformations are shown.   

In Section 3.4, the kinematics of twin deformation in an elastic region is reviewed.  

An in-depth analysis of the constraints on the pair of rotation fields that must be upheld in 

order to generate a twin deformation that maps a prescribed twin boundary curve to 

another are discussed in detail.  Some example problems are shown for various twin 

elastic deformations. 

 

3.2   Constructing a plane finite deformation field that maps one 
prescribed curve to another given a rotation field 

 

If 1 2 )( ,x xθ  is a given scalar field that is continuous on a region B , then a rotation 

field R  can be fully determined through (2.3.2).  With R  as defined, a generated 

mapping ( )y x  can be constructed in terms of a complex valued function ŷ .  Let 

1 2, ) ˆ( ( , )x x z zρ ρ=  be an arbitrary positive, real valued function of its arguments, and 

( )h z  be a function analytic in z .  If 1 2, ) ˆ( ( , )x x z zθ θ= , 

 
0

ˆ( , )ˆ (ˆ( , , )) ( )
z

z

i zz e hz z d zy θ ζρ ζ ζ= +∫  , (3.2.1) 

then the following constructs a deformation, where  0 0
20 1z x ix= +  is a point of interest in 

region B , and 1 2iζ ζ ζ= +  is the complex variable of integration. This relationship 
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comes from integrating (2.3.10) with respect to z .  It was shown in the previous chapter 

that it is possible to assign functions to ˆ ( , )z zρ  and ( )h z  so that the deformation in 

(3.2.1) satisfies (2.3.14) for a neighborhood N  surrounding a point of interest 0 0
1 2( , )x x .   

Suppose now we are given a rotation field R , and wish to find a plane deformation 

field ( )y x  that corresponds to R  and also maps a prescribed curve onto another 

prescribed curve.  Define the initial prescribed curve as C  and the curve to which C  

maps to as *C .   

Let the prescribed curves C  and *C  be parameterized as followed: 

 0:  ( ),   (0 )C s s s= < <x x , (3.2.2)      

 0*:  ( ),  (0 )C s s s= < <y y , (3.2.3) 

such that the deformation ( )y x  maps C  to *C , 

 1 2( ( ), ( )) ( )x s x s s=y y , (3.2.4)    

where s  is defined as arc-length along the curve C , and 0s  is a constant defining the 

upper bound of the arc-length.  Differentiating (3.2.4) with respect to s  and using the 

definition of the polar decomposition of F  in (2.3.1) we get the expression: 

 = =Fx RUx y      on C , (3.2.5) 

which can be rewritten to give, 

 T=Ux R y   , (3.2.6) 
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where dots above x  and y  imply derivatives with respect to s .  Because the stretch 

tensor U  is symmetric and positive definite, the scalar function ψ  defined as, 

 ( ) ( )2 21 2 2 11 1cos( s) )  in 0(  ,x y x y x y x yθ θ

ψ = =

= + −+ >

x Ux y Rx       

              
 (3.2.7) 

must be positive.  Described in (3.2.7) is a condition that must be met by the two 

prescribed curves C , *C  and the angle θ . 

As discussed in the previous chapter, the curves C  and *C , if infinitely smooth, can 

be represented in terms of functions ( )z z  and ( )y z , both analytic in z , such that,   

 1 2( ) ( ) ( )z z z x s ix s= = +  ,  on C , (3.2.8) 

 1 2( ) ( ) ( )y y z y s iy s= = +   ,  ( )z z z=   on *C . (3.2.9) 

Using this representation of C  and *C , a deformation y  may be generated from a 

prescribed 1 2, ) ˆ( ( , )x x z zθ θ=  which maps C  to *C , 

 
ˆ(

( )

, )ˆ ( (ˆ , ) , ) )( iz

z z

zz e y zy z z dθ ζρ ζ ζ= +∫  , (3.2.10) 

where again 1 2iζ ζ ζ= +  is the complex variable of integration and 1 2, ) ˆ( ( , )x x z zρ ρ=  is 

a positive, real valued function of its arguments, chosen so that the deformation in 

(3.2.10) satisfies (2.3.14). 



38 
 

 To see that it is possible to find a ˆ ( , )z zρ  which agrees with (2.3.14), we 

differentiate (3.2.10) and evaluate the results on C , noting that on C  ( )z z z=  .  Thus 

(2.3.13) gives: 

 

{ }

2 2

22

ˆ 2( , )

ˆ ( ( ), )

ˆ ( ( ), ) R

ˆ ˆ

ˆ

2 '( ) / '( ) '( )   , on ,e  

z z

z

i z z

z z z

J y y

y

y z z z yz Cz z e zθ

ρ

ρ −

= −

= −

= −  





 (3.2.11) 

where apostrophes represent derivates with respect to z .  Let the terms in (3.2.11) be 

represented by real scalar functions, 

 { }ˆ( , )ˆ '( ) / 'R ( )e i z z y z z ze θψ −=   , (3.2.12) 

 2ˆ '( )y zχ =  , (3.2.13) 

such that ˆ ˆ ˆ(2 ( ), )z zJ zρ ψ χ−=   on C .  It was shown that ψ̂ ψ=  as defined in (3.2.7).  

Therefore, ˆ 0ψ >  and by the definition of our problem ˆ 0χ ≥  such that the following 

condition for ˆ ( ( ), )z z zρ   can be concluded, 

 
ˆˆ ( ( )

2
),  

ˆ
z z z χρ

ψ
> ,  on C . (3.2.14) 

So for (2.3.14) to hold, ˆ ( ( ), )z z zρ   must satisfy, 

 
ˆˆ ( ( ), )
ˆ2

 max
min

min

z z z χρ
ψ

> ,  on C , (3.2.15) 
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where ˆmaxχ  and ˆminψ  are the maximum and minimum values of their respective functions 

on C , and  ˆ ( ( ), )minz z zρ   is the minimum possible positive value taken by the function 

ˆ ( ( ), )z z zρ   on C .  Thus, as long as ˆ ( , )z zρ  is taken so that (3.2.15) holds on C , then it is 

possible to find a plane deformation represented as ŷ  that corresponds to R  fully 

determined by θ̂  and maps a prescribed curve C  onto *C  in a neighborhood N 

surrounding C on B . 

 

3.3    Generating Twin Finite Deformations from Prescribed Rotation 
Fields 

 

Kinematics of twin deformation 

 

The kinematics of twinning, shear banding, and two-phase deformations have been 

studied quite thoroughly by James (1981, 1987), Pitteri (1985), Parry (1986), Gurtin 

(1983), and Ericksen (1985), among others.  Before we begin our analysis of a means of 

computing a twin finite plane deformation from arbitrarily assigned rotation fields 

defined on regions separated by a prescribed curve (twin boundary), we will review the 

kinematics involved in twin deformation.  

A plane deformation ( )=y y x  represents twinning if there exists a curve C  across 

which the deformation y  is continuous, but its gradient field F  is discontinuous.  The 

Maxwell condition [2] asserts that this jump in F  across C  admits the representation: 
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 −+ − = ⊗F F a n , (3.3.1) 

where n  is a unit normal vector to C , a  is a vector, and +F  and −F  are the 

deformation fields taken on by F  on either side of C  with ( )+  and ( )−  indicating each 

side of the twin deformation (See Figure 3.1).   

 

Figure 3.1: Schematic of a twin deformation with the twin boundary defined as C  . 

 

The polar decomposition of the deformation gradients on either side of C  are defined 

as,   

 + + + + += =F R U V R , (3.3.2) 

 − − − − −= =F R U V R . (3.3.3) 

Substituting (3.3.2) and (3.3.3) into (3.3.1) gives, 

 −+ −+ − = ⊗R U R U a n , (3.3.4) 
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representing the jump condition across C  in terms of the stretch and rotation tensors 

corresponding to the regions on either side of C .   

 

Result 3.1:  If either stretch field U or V is continuous across the twin boundary C, then 
R and therefore F are continuous across C as well. 

We will now examine a special case of twinning where, 

 −+ = =U U U , (3.3.5) 

on a twin boundary.  If the right polar decomposition factor (or left, since this result can 

be shown using either form of the polar decomposition of the deformation gradient) is 

continuous across the twin boundary, then the rotation field is continuous as well, and 

therefore the deformation gradient is continuous across a twin boundary.  

To see this assume (3.3.5), and note that  (3.3.4) can be rewritten as: 

 −+ − = ⊗R U R U a n , (3.3.6) 

which simplifies to, 

 1− −+ − = ⊗R R a U n   on C . (3.3.7) 

Multiplying the transpose of +R  to (3.3.7) gives: 

 1( ) ( )T T+ +− −= − ⊗R R 1 R a U n , (3.3.8) 

where 1  is defined as the identity matrix.  Let the left hand side of (3.3.8) be defined 

as, 
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 1( )T −+= − ⊗T 1 R a U n , (3.3.9) 

where ( )T+ −≡T R R  is proper orthogonal.  Let ( )T+≡b R a  and 1−≡c U n  so that (3.3.9) 

becomes: 

 = − ⊗T 1 b c . (3.3.10) 

Multiply (3.3.10) by TT  and then substitute the transpose of (3.3.10) into the new 

equation.  This gives: 

 
2

( ) ( )

 ,

T T

T

= − ⊗

= − ⊗ − ⊗ − ⊗

= − ⊗ − ⊗ + ⊗

TT T b Tc
1 1 b c b 1 b c c

1 c b b c c b b

 (3.3.11) 

simplifying to the form, 

 2= − ⊗ − ⊗ + ⊗0 c b b c c b b . (3.3.12) 

Looking at (3.3.12), it is easily seen that both =b 0  and =c 0  are possible solutions.   

The other possible solution for b  and c  that makes (3.3.12) true can be found by 

taking the trace of (3.3.12),  

 2 20 2= − +b c c b , (3.3.13) 

which can be rewritten as, 

 2 21
2

=b c b c . (3.3.14) 

Multiplying (3.3.12) by b  gives:   
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( )

( )

2

2 2 2   .

= − ⊗ − ⊗ + ⊗

= − − +

0 c b b c c b b b

b c c b b c b b
 (3.3.15) 

Substituting the relationship from (3.3.14) into (3.3.15) gives, 

 

2 2 2 2 2

2 2 2

1  
2
1=   ,
2

= − − +

− +

0 b c c b b c b b

b c c b b
 (3.3.16) 

and since we are looking for non-zero solutions for b  and c , (3.3.16) reduces to the 

form: 

 22 /=b c c . (3.3.17)2 

If we substitute 22 /=b c c  into (3.3.10) we get, 

 

22 /

2

2  ,

= − ⊗

 
= − ⊗  

 
= − ⊗

T 1 c c c

c c1
c c

1 m m

 (3.3.18) 

where m  is a unit vector.  However, (3.3.18) implies that det 1= −T , which contradicts 

the requirement that T  be proper orthogonal.   

Thus the only possible solutions for b  and c  that hold are =b 0  or =c 0 ,  which in 

turn implies that both + −=R R  and + −=F F  on C  as well.  A similar derivation to the 

                                                 
2 It can be shown that (3.3.17) can also be written in the form 22 /=c b b . 
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one shown here can be performed with the same results using the left stretch tensor V for 

the case of  −+ =V V  on C . 

 

Result 3.2:  If a rotation field R is continuous across the twin boundary C, then the vector 
a in (3.3.1) must have the form α=a Rn . 

Now we will examine the special case where, 

 + −= =R R R , (3.3.19) 

on a twin boundary.  If a twin deformation has continuous rotation fields + −=R R  across 

the twin boundary, then α+ −− = ⊗F F Rn n  where α  is a scalar and n  is a vector 

normal to the twin boundary.    

Assuming (3.3.19), (3.3.4) becomes: 

 + −− = ⊗RU RU a n , (3.3.20) 

which can be rewritten as, 

 T−+ − = ⊗U U R a n . (3.3.21) 

Let the left hand side of (3.3.21) be defined as: 

 T= ⊗S R a n , (3.3.22) 

where + −≡ −S U U , is symmetric since it is made up of the difference between two 

symmetric tensors.  Since S  is symmetric, then (3.3.22) must have the form, 

 α ⊗=S n n , (3.3.23) 
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where, 

 T α=R a n , (3.3.24) 

must be true.  Using (3.3.24), we get the following expression for a ,  

 α=a Rn  (3.3.25) 

such that (3.3.1) becomes, 

 α+ −− = ⊗F F Rn n . (3.3.26) 

 

Construction of a twin deformation corresponding to pre-assigned rotation 
fields, a twin boundary curve C, and its image C* 

 

We assume that the prescribed twin boundary C  and its image *C  are infinitely 

smooth curves that are parameterized as described in (3.2.2) and (3.2.3).  As in (3.2.8) 

and (3.2.9), C  and *C  may be represented by functions ( )z z  and ( )y z , which are 

analytic functions of z .   

The rotation fields +R  and −R  are respectively defined on either side of C , where 

+R  is defined on one side of C  in a region B+  and −R  is defined on the other side of C  

in a region B− , such that region B B B+ −= ∪ .  Both +R  and −R  are fully determined by 

scalar functions θ +  and θ −  (see Figure 3.2). 
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(A) 

 

(B) 

Figure 3.2:  (A) The undeformed configuration of a region B B B+ −= ∪ divided by a curve C  defined as 
the twin boundary.  (B) Twin deformation of  the region B B B+ −= ∪  generated by the rotation fields  

+R  and −R  defined on either side of the curve C , which are fully determined by scalar functions θ +  and 
θ −  .  The curve C  is mapped to the curve *C  defined as the twin boundary in the deformed 
configuration.   

 

Let ˆ ( , )z zρ+  and ˆ ( , )z zρ−  be real-valued functions that each obeys (3.2.15) on C .  

Setting ˆ ˆ( , )z zρ ρ+ +=  and ˆ ˆ( , )z zρ ρ− −=  as constants, the integral in (3.2.10) that defines 
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a deformation in a neighborhood of C  takes the form for each side of the twin boundary 

as, 

 ˆ ( ,

( )

), )( ) ˆˆ (i zz

z z
e yy z z d zθ ζρ ζ

++ += +∫  ,  on B+ , (3.3.27) 

 ˆ ( ,

( )

), )( ) ˆˆ (i zz

z z
e yy z z d zθ ζρ ζ

−− −= +∫  ,  on B− , (3.3.28) 

where the ( )+  and ( )−  indicate the regions on either side of C  as shown in Fig 2. 

Similar to the untwined case, (3.3.27) and (3.3.28) generate, from prescribed rotation 

fields +R  and −R  determined by θ̂ +  and θ̂ − , plane deformations represented as ˆ ( , )y z z+  

and ˆ ( , )y z z−  that are continuous on C , and map a prescribed curve C  onto *C  in a 

neighborhood N +  and N −  contained in B  with positive Jacobian. 

In general, for this type of deformation, the Jacobian J  is discontinuous across the 

twin boundary C .  Later, we will show that it is possible to generate a twin deformation 

for which the Jacobian J  is continuous across C  if it is assumed that ( ,ˆ )zi ze θ +

 may be 

continuously extended across C  onto N − .  Both these cases are discussed next, in which 

several examples are given. 

 

Example 3.1:  Discontinuous Jacobian across twin boundary 

Suppose the rotation fields on either side of the twin boundary are determined by the 

scalar functions, 



48 
 

 1 2 1, ) 2  ,   ˆ( ( ) ,    x xx z z z zθ θ+ += = + , (3.3.29) 

 1 2 2( , ) 2  ,        ( , )ˆ ( )x x x z z i z zθ θ− −= = − − . (3.3.30) 

Let the twin boundary C  in the undeformed configuration be a vertical line on the 2x -

axis defined as,  

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) 0,  ,    1 1x x x s x s s s= = − ≤ ≤  , (3.3.31) 

(See Figure 3(A)).  Referring to (3.2.8), this curve can be defined by the analytic 

function, 

 ( )z z z= − ,  on C , (3.3.32) 

which implies a curve of 1 0x =  so that ( )z z z z= = −  on C .  

The image *C  of C  is the unit circle, 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) cos( ),sin( )  ,     y y y s y s s s sπ π= = − ≤ ≤  . (3.3.33) 

Referring to (3.2.9), *C  can be defined by the analytic function ( )y z  for this example 

as, 

 ( )  ,    ( )zy y z e z z z z−= = = = −  , (3.3.34) 

for the case of a vertical line mapped to the unit circle.  This is shown below.   
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If C  is defined as a vertical line along the 2x -axis, then 1 0x =  such that 2z ix=  and 

2z ix= − , which gives the representation of C  in (3.3.32).  Thus finding a function 

analytic in z  given (3.3.32) where C  maps to the unit circle is done by, 

 
2

2 1 2 2 2

2 2

(0, ) ( ) ( )
cos( ) sin( )

 .ix

y x y x iy x
x i x

e

= +
= +

=

 (3.3.35) 

To see that these functions define C  and *C , note that ( )z z z z= = −  on C  such that 

1 0x = , therefore 2z z ix= − =  on C .  From (2.3.9), it can be seen that (3.3.35) is 

equivalent to (3.3.34). 

To construct the deformation, let ρ̂ +  and ρ̂ −  be prescribed as, 

 ˆ 7ρ+ = , (3.3.36) 

 ˆ 1ρ− = , (3.3.37) 

where it can be seen that ρ̂ +  and ρ̂ −  defined this way both agree with the condition for 

ˆ ( ( ), )z z zρ   in (3.2.15) for our prescribed curves C  and *C .  This is seen by solving for 

ψ +  and ψ − , and for χ̂ .  For this example ψ ψ ψ+ −= =  such that from (3.2.12) and 

(3.2.13), we get: 

 2ˆ cos( )xψ ψ= = , (3.3.38) 

 ˆ 1χ = . (3.3.39) 

For C  defined in (3.3.31), (3.2.15) becomes, 
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 ˆ 0.93minρ > ,  on C , (3.3.40) 

in which both (3.3.36) and (3.3.37) agree.  

Substituting (3.3.29), (3.3.30), (3.3.32), (3.3.34), (3.3.36) and (3.3.37) into (3.3.27) 

and (3.3.28), and carrying out the integrations, lead to: 

 ( )( )ˆ ( , ) 7 7i z z zy z z i e ie++ −= − + − ,  in B+ , (3.3.41) 

 ( ) 2ˆ ( , ) z z z zy z z e e e−− − −= − + ,  in B− . (3.3.42) 

Stated in (2.3.8), the components of the deformation for each side of the twin boundary 

can be found by taking the real and imaginary parts of (3.3.41) and (3.3.42), but these are 

long expressions and thus will be omitted.  The Jacobain determinants J +  and J −  will 

not be shown for the same reason, but in Figure 3.3(A) the discontinuity between the 

determinants across the twin boundary defined as the 2x -axis can be seen. 

As seen in Figure 3.3(A), the range of values { }1 20,  ( 1 1)x x= − ≤ ≤  for the curve C  

does correspond to positive J +  and J − .  The rotation matrices for the twin deformation 

are: 

 1 1

1 1

cos(2 ) sin(2 )
sin(2 ) cos(2 )

x x
x x

+ − 
=  
 

R ,  in B+ , (3.3.43) 

 2

2 2

2cos(2 ) sin(2 )
sin(2 ) cos(2 )

x x
x x

− − 
=  
 

R ,  in B− . (3.3.44) 
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The twin deformation in (3.3.41) and (3.3.42) is illustrated in Figure 3.3, where a square 

centered at the origin with a side length of 0.5 is deformed by the rotations in (3.3.43) and 

(3.3.44). 

   

(A) 
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(B) 

Figure 3.3:  (A) Contour plot of the Jacobian determinants J +  and J −  for the deformation (3.3.41) and 
(3.3.42), and twin boundary { }1 20, ( 1 1): x xC = − ≤ ≤ .  In the unshaded regions 0J + >  or 0J − >  depending 

on which side of the twin boundary is being examined, and in the shaded region 0J + <  or 0J − < .  A 
square of side length 0.5 centered at the origin is shown as well.  (B) The deformation generated from 
rotations 1 2 1( , ) 2xx xθ + =  and 2 21( , ) 2xx xθ − = , with the square mapped to its image, and the twin 
boundary mapped to the unit circle *C .   
 

Example 3.2 

In this example, let the rotation fields be described by scalar functions, 

 1 2 1( , ) 2  ,   ˆ     ( , )x x x z z z zθ θ+ += = + , (3.3.45) 

 2 2
1 2 1 2( , )  ,       ( ,ˆ )x x x x z z zzθ θ− −= + = . (3.3.46) 

Let the twin boundary C  be a horizontal line along the 1x -axis defined as, 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) ,0  ,    0.5 0.5x x x s x s s s= = − ≤ ≤  . (3.3.47) 
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Referring to (3.2.8), C  can be defined by the analytic function, 

 ( )z z z z= = ,  on C . (3.3.48) 

Let the twin boundary C  map to a sine wave given by, 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) , sin( )  ,     0.5 0.5y y y s y s s a ks s= = − ≤ ≤  , (3.3.49) 

where a  and k  are scalar values related to the sine wave’s amplitude and period.  For 

our example let 1/10a =  and 10k = , such that referring to (3.2.9),  *C  can be defined 

by the analytic function ( )y z  such that, 

 1( ) sin(10 )
10

y y z z i z= = + . (3.3.50) 

It can be easily shown that this representation in (3.3.50) gives, 

 1 2 1 1
1 sin(10 )

10
y iy x i x+ = + , with 1z z x= = .  (3.3.51) 

To construct the deformation, let ρ̂ +  and ρ̂ −  be prescribed as, 

 ˆ 4ρ+ = , (3.3.52) 

 ˆ 2ρ− = . (3.3.53) 

As in the previous example, it can be seen that ρ̂ +  and ρ̂ −  defined this way do satisfy 

(3.2.15), and the derivation showing this is similar to that done in the previous example. 

Carrying out the integration in (3.3.27) and (3.3.28) for this example gives, 
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 2 ( ) 1ˆ ( , ) 4 4 sin(10 )
10

iz i z zy z z i e e z iz+ + = − + − 
 

,  in B+ , (3.3.54) 

 1ˆ ( , ) 2 2 sin(10 )
10

izz izzy z z ze ze zb i z− = − + + ,  in B− . (3.3.55) 

As before, the components of the deformation on each side of the twin boundary can be 

found by taking the real and imaginary parts of (3.3.54) and (3.3.55), but they are long 

expressions.  The Jacobain determinants J +  and J −  will not be shown for the same 

reason, but in Fig 4(A) it can be seen where they are positive, negative and zero for this 

twin deformation. 

In Figure 3.4(A), it can be seen that the range of values { }1 2( 1 1) , 0x x− ≤ ≤ =  for the 

curve C  do correspond to positive J +  and J − , which confirms that our choices for ρ+  

and ρ−  do agree with (3.2.15).  As expected, the rotation matrices derived from (3.3.45) 

and (3.3.46) for the twin deformation are: 

 1 1

1 1

cos(2 ) sin(2 )
sin(2 ) cos(2 )

x x
x x

+ − 
=  
 

R ,  in B+ , (3.3.56) 

 
2 2 2 2
1 2 1 2
2 2 2 2
1 2 1 2

cos( ) sin( )
sin( ) cos( )

x x x x
x x x x

−  + − +
=  + + 

R ,  in B− . (3.3.57) 

The twin deformation in (3.3.54) and (3.3.55) is shown in Figure 3.4, where a rectangle 

centered at the origin with side lengths 0.1 and 0.6 is deformed by the rotations in 

(3.3.56) and (3.3.57). 
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(A) 

 

(B) 
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Figure 3.4: (A) Contour plot of the Jacobian determinants J +  and J −  for the deformation (3.3.54) and 
(3.3.55), and twin boundary { }2 10, ( 0.5 0.5): x xC = − ≤ ≤ .  In the unshaded regions 0J + >  or 0J − >  

depending on which side of the twin boundary is being examined, and in the shaded region 0J + <  or 
0J − < .  Also, a rectangle with side lengths 0.1 and 0.6 centered at the origin.  (B)  The deformation 

generated from rotations 1 2 1( , ) 2xx xθ + =  and 1 2

2
2

2
1, )(x x x xθ − = + , with the rectangle mapped to its 

image, and the twin boundary mapped to a sine wave *C .  

 

Continuous Jacobians across twin boundary 

 

In order to produce a twin deformation where the Jacobian J  is continuous across the 

twin boundary ( J J+ −= , on C ), and maps C  to *C , let the integral in (3.2.10) that 

describes the deformation around C  take the following form for each side of the twin 

boundary, 

 
ˆ ( ,

(

)

)
ˆ ( , ) (   ˆ , ,) ( )

z i

z

z

z
z ey z d zz yθ ζρ ζ ζ

++ += +∫   (3.3.58) 

 
ˆ ( ,

(

)

)
ˆ ( , ) (   ˆ , .) ( )

z i

z

z

z
z ey z d zz yθ ζρ ζ ζ

−− −= +∫   (3.3.59) 

In these equations, ˆ ( , )z zθ + , ˆ ( , )z zθ − , ( )z z  and ( )y z  are prescribed.  The real valued 

functions ˆ ( , )z zρ+  and ˆ ( , )z zρ−  must be determined so that the Jacobians are positive in 

a neighborhood N +  and N −  and continuous across C .  Setting J J+ −=  across C , we 

get the following relationship from (3.2.11), 

 
{ }

{ }

ˆ 2( , )

ˆ 2( )

( )

( ),

2 ( ( ), ) '( ) / '( ) '( )

     2 ( ( ), ) '( ) / '

ˆ

( ) '( )  

Re

Re ,ˆ

i

z z

z

i z

z ze

e

z z z y z z z y z

z z z y z z z y z

θ

θ

ρ

ρ

+

−

+ −

− −

+

+=





  

  
  (3.3.60) 

on C .  This is satisfied if, 
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 ( )ˆ ˆ( , ) ( , )( , ) ( , ) '( ) / '( ) 'ˆ ( ) / '( )ˆ i z zz ziz z z z y z z z y z z ze eθ θρ γ
− −+ −= +  

  , (3.3.61) 

 ( )ˆ ˆ( , ) ( , )( , ) ( , ) '( ) / '( ) 'ˆ ( ) / '( )ˆ i z zz ziz z z z y z z z y z z ze eθ θρ γ
+ +− −= +  

  , (3.3.62) 

on C , where '( ) '( )y z y z=
  and '( ) '( )z z z z=

 , and ˆ( , )z zγ  is a function defined on B  that 

is real-valued on C .   

Thus a twin deformation with continuous Jacobian across the twin boundary can be 

constructed from,

( )ˆ ˆ ˆ( , ) ( , ) ( , )

( )
ˆ ( , ) ( , ) '( ) / '( ) '( ) / ' ( ) ( ,)  ˆ i z i zz

z z

i zey z z e e yz y z z z y zz dθ ζ θ ζ θ ζγ ζ ζ ζζ
− − ++ −= ++∫

 
                                                                                                                  

(3.3.63)

( )ˆ ˆ ˆ( , ) ( , ) ( , )

( )
ˆ ( , ) ( , ) '( ) / '( ) '( ) / '( ) ( ,)  ˆ i z i zz z

z z

iy z z z y z z z y ze e e y zdθ ζ θ ζ θ ζγ ζ ζ ζζ
+ + −− −= ++∫

 
                                                                                                                             

(3.3.64) 

for a neighborhood N +  and N −  surrounding C , where ie θ +±  can be continuously 

extended into N − , and ie θ −±  can be continuously extended into N + .  The function 

ˆ( , )z zγ  must be defined so that J +  and J −  are positive in N +  and N − , and is real-

valued on C . 

 

Example 3.3:  Continuous Jacobian across twin boundary 

For this example, let the twin rotation fields be fully determined by the following 

scalar functions, 
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 1 2 1( , ) 2  ,   ˆ    ( , ) x x x z z z zθ θ+ + == + , (3.3.65) 

 1 2 2( , ) 2  ,     ˆ( , ) ( )   zx z i z zx xθ θ− = − −= . (3.3.66) 

Let the twin boundary C  in the undeformed configuration, be a horizontal line on the 1x -

axis defined as, 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) ,0  ,    1 1x x x s x s s s= = − ≤ ≤  . (3.3.67) 

Referring to (3.2.8), this curve can be defined by the analytic function, 

 ( )z z z z= = , on C . (3.3.68) 

For the mapping of the twin boundary C  to its image *C , let *C  be a parabola defined 

as, 

 ( ) ( ) ( ) ( )2
1 2 1 2, ( ), ( ) ,  ,    1 1y y y s y s s s s= = − ≤ ≤  , (3.3.69) 

where referring to (3.2.9), *C  can be defined by the analytic function ( )y z  such that, 

 2( )y y z z iz= = + . (3.3.70) 

Given θ̂ + , θ̂ − , ( )z z , and ( )y z  defined this way, then equations (3.3.61) and (3.3.62) 

for ˆ ( , )z zρ+  and ˆ ( , )z zρ−  take on the following forms for this example, 

 ( ) ( )( )2 22 2
2 1 2 1( , ) 5 2 2ˆ 1 2 1 2ix ixz z e x ix e x ixρ −+ = + + + + − , (3.3.71) 

 ( ) ( )( )1 12 2
2 1 2 1( , ) 5 2 2ˆ 1 2 1 2ix ixz z e x ix e x ixρ −− = + + + + − , (3.3.72) 
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where the scalar function ˆ( , )z zγ  is taken to be ( , ) 5ˆ z zγ = .  Performing the same type of 

derivation as in Example 3.1, it can seen be that ˆ ( , )z zρ+  and ˆ ( , )z zρ−  defined this way 

do agree with the condition in (3.2.15) on twin boundary C  as defined. 

Substituting these prescribed terms into (3.3.58) and (3.3.59) respectively, and 

carrying out the integration, we get the following deformation: 

 
( ) ( ){

( ) }

2 (1 )( )

(1 )( ) 2

1ˆ ( , ) 10 10 20 5 15 10 10
2

                    5 5 10 10 2 2   ,  in ,

iz i z zi

i zi z

y z z i e i z e i z iz

e i z iz z iz B

+ + +

− − +

= + + − + − −

− − + + + −
 (3.3.73) 

( ) ( ) ( ){
( ) ( ) ( )}

4 (1 )( 2 )

(1 ) 2) 2(

1ˆ ( , ) 1 5 10 10 5 10 10
2

                            5 10 5 10 1 1   , 

                                                                     

i i z z iz

i z z

z

iz

y z z i e i z e i z

e iz iz e z i z i

+ + +

− −

−

−

= + − − − + + − −

+ + − − + + + −

                                           in .B−

 (3.3.74) 

Stated in (2.3.8), the components of the deformation for each side of the twin boundary 

can be found by taking the real and imaginary parts of (3.3.73) and (3.3.74), but these are 

long expressions and such will be omitted.  For the same reason, the Jacobian 

determinants J +  and J −  will not be shown as well, but it can be shown that on the twin 

boundary C  defined as the 1x -axis, the twin determinants are equal. Also, seen in Figure 

3.5(A), the twin boundary C  described as ( ){ }2 10,  1 1x x= − ≤ ≤  does correspond to 

positive J +  and J −  further demonstrating that our choice of ˆ ( , )z zρ+  and ˆ ( , )z zρ−  does 

agree with (3.2.15).  
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The twin deformation in (3.3.73) and (3.3.74) is represented in Figure 3.5, where a 

rectangle centered at the origin with side lengths 0.2 and 0.4 is deformed by the rotations 

prescribed in (3.3.65) and (3.3.66). 

   

(A) 
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(B) 

Figure 3.5: (A) Contour plot of the Jacobian determinants J +  and J −  for the deformation (3.3.73) and 
(3.3.74),  which are continuous across the twin boundary { }2 10, ( 1 1): x xC = − ≤ ≤ .  In the unshaded regions 

0J + >  or 0J − >  depending on which side of the twin boundary is being examined, and in the shaded 
region 0J + <  or 0J − < .  Also, a rectangle with side lengths 0.2 and 0.4 centered at the origin.  (B)  The 
deformation generated from rotations 1 2 1( , ) 2xx xθ + =  and 1 2 2( , ) 2xx xθ − = , with the rectangle mapped to 
its image, and the twin boundary mapped to a parabola *C .   

 

Example 3.4 

 

Let the twin rotation fields be fully determined by the same scalar functions as in the 

previous example, 

 1 2 1( , ) 2  ,   ˆ    ( , ) x x x z z z zθ θ+ + == + , (3.3.75) 

 1 2 2( , ) 2  ,     ˆ( , ) ( )   zx z i z zx xθ θ− = − −= . (3.3.76) 
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The twin boundary C  in the undeformed configuration, is a vertical line on the 2x -axis 

defined as, 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) 0,  ,    1 1x x x s x s s s= = − ≤ ≤  . (3.3.77) 

Referring to (3.2.8), C  can be defined by the analytic function, 

 ( )z z z z= = − , on C . (3.3.78) 

We take *C  as the unit circle like in Ex. 4.1, 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) cos( ),sin( )  ,     1 1y y y s y s s s s= = − ≤ ≤  , (3.3.79) 

where referring to (3.2.9), *C  can be defined by the analytic function ( )y z  such that, 

 ( ) zy y z e−= = . (3.3.80) 

As stated thus far, this example is exactly the same as Ex. 4.1.  In Ex. 4.1, both ρ̂ +  

and ρ̂ −  were constants, which led to a discontinuous Jacobian across the twin boundary.  

In this example, we will build a twin deformation with a continuous Jacobian across the 

twin bounday by defining these terms as, 

 ( )ˆ ( , ) 5 zzz z e eρ+ − −= + , (3.3.81) 

 ( )( ) ( )ˆ ( , ) 5 i z i z zz zzz ez eρ− − + + −− += , (3.3.82) 

where as in the previous example, ˆ( , ) 5z zγ = .  Defining ˆ ( , )z zρ+  and ˆ ( , )z zρ−  this way 

does agree with the condition in (3.2.15) on twin boundary C  where ( )z z z=  . 
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Using these prescribed parameters, a twin deformation can generated from (3.3.58) 

and (3.3.59), which takes the form: 

 ( ) ( ){ }2 (1 )( ) ( )1ˆ ( , ) 1 5 (1 ) 6 4
2

z z i z zi i z zy z z i e e e i e i+ − − − − += + − − + + + ,  in B+ ,  (3.3.83) 

 ( )( )3 2 ( 2 ) (1 )( )1ˆ ( , ) 5 1 1
2

i z zz z i z z iz zy z z ie e e i e e− −− − ++ − = − + + − + 
 

,  in B− . (3.3.84) 

The twin deformation in (3.3.83) and (3.3.84) is shown in Figure 3.6, where a 

rectangle centered at the origin with side lengths 1.0 and 0.2 is deformed by the rotations 

prescribed in (3.3.75) and (3.3.76).  Also shown in Figure 3.6(A) are the regions where 

J +  and J −  are positive, negative and zero corresponding to a twin boundary C  

described as { }1 20,  ( 1 1)x x= − ≤ ≤ .  

   

(A) 
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(B) 

Figure 3.6: (A) Contour plot of the Jacobian determinants J +  and J −  for the deformation (3.3.83) and 
(3.3.84), and twin boundary { }1 20, ( 1 1): x xC = − ≤ ≤ .  In the unshaded regions 0J + >  or 0J − >  depending 

on which side of the twin boundary is being examined, and in the shaded region 0J + <  or 0J − < .  Also, 
a rectangle of side lengths 1.0 and 0.2 centered at the origin.  (B) The deformation generated from rotations 

1 2 1( , ) 2xx xθ + =  and 2 21( , ) 2xx xθ − = , with the rectangle mapped to its image, and the twin boundary 
mapped to the unit circle *C    

 

3.4   Twin elastic deformations 
 

Here we present some general results concerning twin deformations of an elastic 

material.  Suppose now that the twin deformation is located in a region defined as 

hyperelastic in the sense that the material’s constitutive relation is characterized by the 

stored energy function ( )W F  across the twin boundary (James, 1981) such that the 

following relationship between the deformation gradients occurs  
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 −+ =F QF H  on C . (3.4.1) 

In (3.4.1), Q  is a proper-orthogonal tensor such that objectivity necessitates 

( ) ( )W W=F QF  for all tensors F , and H  is a member of the participating elastic 

region’s material symmetry group such that ( ) ( )W W=F FH  for all tensors F .  Hence, 

( ) ( )W W=F QFH  for all tensors F .   

As the material symmetry group for an elastic material is a subset of the orthogonal 

group, H  itself is proper-orthogonal as well.  This relationship in (3.4.1) is given from 

(James, 1981, Pitteri, 1985, Ball and James, 1987).   

A consequence of (3.4.1), is that det det −+ =F F  on C , showing that the Jacobian of 

the defined deformation gradient must be continuous across the twin boundary in an 

elastic region.  James also showed in (James, 1981) that the determinant of (3.3.1) gives,  

 

( )
1

1

( ) ( )
( ) ( ( ) )

( ) 1 ( )  ,

Det Det
Det Det

Det n

−

− −

−

+

−−

−

= + ⊗

= + ⊗

 = +  

F F a n
F 1 F a n

F F a 

 (3.4.2) 

and substituting the equality of the Jacobians on C ( )det det −+ =F F  into (3.4.2), leads 

to the expression: 

 10 ( )−− =  F a n  on C . (3.4.3) 

Therefore, the condition in (3.4.3) must hold true on C  for all elastic twinning.  

We will discuss now the effect (3.4.1) has on the components of the polar 

decomposition of +F  and −F .  As in the previous section on kinematics of twinning, we 
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substitute the polar decompositions of the deformation gradient on each side of the twin 

boundary shown in (3.3.2) and (3.3.3) into (3.4.1): 

 + + − −=R U QR U H  on C . (3.4.4) 

Since T =HH 1 , (3.4.4) can be rewritten as: 

 T+ + − −=R U QR HH U H . (3.4.5) 

From (3.4.5), it can be seen that the following relationships may be constructed between 

the rotation tensors on either side of the twin boundary and the stretch tensors on either 

side of the twin boundary, 

 + −=R QR H , (3.4.6) 

 T+ −=U H U H . (3.4.7) 

 

Result 3.3:  Rotation angles θ +  and -θ  must be related through -θ θ+ =  (3.4.19) or 
-- 2θ θ φ+ = +  (3.4.20) for twinning in an elastic region 

We will now show how we arrive at the above relationships between the previously 

defined scalar functions θ +  and θ − , where φ  is a scalar function prescribed by the angle 

formed between C  and *C , for twinning in a plane elastic region.   

Note that across the twin boundary C , (3.2.5) gives, 

 + −= =F x F x y     , (3.4.8) 
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where x  and y  are the parameterizations of C  and *C  defined in (3.2.2) and (3.2.3), 

and the dot above each term denotes derivatives with respect to the tracing parameter s  

(See Figure 3.7).   

 

Figure 3.7: Schematic of the twin boundary C  and its image *C  separated by an angle φ , measured from 

x  to y . 

 

From (3.3.2), (3.3.3), and (3.4.8), 

 [ ]T+ +=U x R y   , (3.4.9) 

 [ ]T− −=U x R y   , (3.4.10) 

which in turn leads to: 

 
22 2[ ] [ ]+ −= =         x U x x U x y . (3.4.11) 

Now substituting (3.4.7) into (3.4.11) implies, 
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2 2

2 2

[ ] [ ]

[ ] [ ]  ,

T+ −

− −

=

= =

x U x x H U Hx

t U t x U x

       

   
 (3.4.12) 

where ≡t Hx .  Applying the two-dimensional version of the Cayley-Hamilton theorem3 

to the right hand side of (3.4.12) gives: 

 
2 2

22

[ ] [ ]  

  ,I J I J

− −

− − − − − −

=

− = −

t U t x U x

t U t t x U x x

   

     
 (3.4.13) 

where I −  and J −  are the trace and determinant of −U 4.  By substituting =t Hx  into 

(3.4.13), it can be shown that, 

  T − −=x H U Hx x U x        , (3.4.14) 

or equivalently,  

  + −=x U x x U x        . (3.4.15) 

Using (3.4.15), we substitute (3.4.9) and (3.4.10) to get a similar type of relationship 

relating the twin rotation tensors as such, 

 [ ] [ ]T T−+ =x R y x R y        . (3.4.16) 

Applying (2.3.2) to (3.4.16) and noting that 
2

1=x , the relationship between the right 

and left sides of the twin deformation takes the form: 

( ) ( )) cos( ) )sin( ) ) cos( ) )sicos( sin( cos( sin(  ,n( )θ φ θ φ θ φ θ φ++ − −=+ +  y y  (3.4.17) 

                                                 
3 For a two-dimensional square matrix A , the Cayley-Hamilton theorem states, 2 ( ) det( )tr −=A A A A 1 .  
4 It can be shown easily that the invariants I I+ −= and J J+ −=  on C  for twin elastic deformation. 
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where φ  represents the angle subtended by the vectors x  and y  measured from x .  The 

above equality can be simplified to the form,  

 ) )cos( cos(θ φ θ φ+ −=− − ,  on C . (3.4.18) 

This relationship holds true for all twinning in an elastic region.   

However, a consequence of (3.4.18) is that the rotation angles θ +  and θ −  must be 

related through either of the following: 

 θ θ+ −= , or (3.4.19) 

 2θ θ φ+ −= − + , across C 5. (3.4.20) 

Examples of each case are shown next.  Note that if C  maps to itself ( *)C C= , then 

0φ =  such that the rotation angles θ +  and θ −  can either be equal to each other or the 

negative of each other to be representative of elastic twinning.  

 

Example 3.5:  Elastic twinning for +θ = -θ  on C = C*  

In this example θ θ+ −=  on the twin boundary C .  Let the rotation fields be fully 

determined by the scalar functions, 

 ( ) ( ) ( )1 2 1 2( , ) 2  ,        ( ,ˆ ) 1 1x x x x z z i z i zθ θ+ += + = + + − , (3.4.21) 

                                                 
5 Note that an additive integer multiple of 2π  is suppressed in both (3.4.19) and (3.4.20) without loss of 
generality. 
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 ( )1 2 2( , ) 2  ,       ˆ ( , )x x x z z z z iθ θ− −= = − . (3.4.22) 

Let the twin boundary be defined as a fixed vertical line on the 2x -axis, 

 ( ) ( )1 2 1 2( , ) ( ), ( ) (0, ) ,    0.5 0.5x x x s x s s s= = − ≤ ≤  , (3.4.23) 

such that C  maps to itself.  Referring to (3.2.8), this curve can be defined by the analytic 

function, 

 ( )z z z z= = − , (3.4.24) 

and since *C C= , then ( )y y z z= = −  as well. 

As explained previously in the description of equation (3.4.1) for twinning in an 

elastic region, the Jacobian determinants must be equal across C .  Thus ˆ ( , )z zρ+  and 

ˆ ( , )z zρ−  must be related by (3.3.60), which means they will each take the form in 

(3.3.61) and (3.3.62) respectively.  We take ˆ( , ) 1z zγ = , such that ˆ ( , )z zρ+  and ˆ ( , )z zρ−  

are, 

 ( )ˆ ( , ) 2coshz z z zρ+ = − , (3.4.25) 

 ( ) ( )( )ˆ ( , ) 2cos 1 1i iz z z zρ + + −= . (3.4.26) 

Substituting the above parameters into (3.3.58) and (3.3.59), the following deformation is 

generated  around the twin boundary: 

( )({ ( ) ) }(2 )4 ( 4)41ˆ ( , ) 5 5 2 1 +1 2  ,  in ,
5

i z z izz zi z zy z z i e e i e i e z B++ +−+ − += − − + + −  (3.4.27) 
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( )( )({

( ) ) ( )}

( )

(2 )( )

44

4( )

1ˆ ( , ) 5 2              
5
2 1  ,  in .

i z z

i z z

i z z izz

i z z izi z z

y z z i e e ie

i e e e z B

− + − +

+ + − + −+ −

= − +

− + + −
  (3.4.28) 

As stated in previous examples, the components of the deformation for each side of the 

twin boundary can be found by taking the real and imaginary parts of the above 

equations. 

Shown in Figure 3.8 is the twin deformation described by (3.4.27) and (3.4.28), 

where a rectangle of side lengths 0.6 and 0.1 centered at the origin is deformed.  Also 

shown in Figure 3.8(A) are the regions where the Jacobian determinants are positive, 

negative and zero for the twin boundary C  defined as ( ){ }1 20,   0.5 0.5x x= − ≤ ≤ . 

   

(A) 
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(B) 

Figure 3.8 (A) Contour plot of the Jacobian determinants J +  and J −  for the deformation (3.4.27) and 
(3.4.28), and the twin boundary { }1 20, ( 0.5 0.5): x xC = − ≤ ≤ .  In the unshaded regions 0J + >  or 0J − >  

depending on which side of the twin boundary is being examined, and in the shaded region 0J + <  or 
0J − < .  Also, a rectangle of side lengths 0.6 and 0.1 centered at the origin.  (B) The deformation 

generated from rotations ( )1 21 2, ) 2( x xx xθ + +=  and 2 21( , ) 2xx xθ − = , with the rectangle mapped to its 
image, and the twin boundary mapped to itself. 
 

Example 3.6:  Elastic twinning for -θ θ+ =  on *C C≠  

In this example, we will keep θ +  and θ −  as defined in (3.4.21) and (3.4.22) with the 

same twin boundary C  as a vertical line on the 2x -axis 1( 0)x = , such that θ θ+ −=  across 

the twin boundary.  This problem varies from Example 3.5 in that twin boundary C  will 

no longer map to itself, but to the unit circle.  Referring to (3.2.8) and (3.2.9), the twin 

boundary and its image can be defined by the analytic functions ( )z z  and ( )y z  as: 
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  ( )z z z z= = − ,   (3.4.29) 

 ( ) zy y z e−= = . (3.4.30) 

Given these prescribed functions, ˆ ( , )z zρ+  and ˆ ( , )z zρ−  are found from (3.3.61) and 

(3.3.62) with ˆ( , ) 1z zγ = : 

 ( , )ˆ z zz z e eρ+ − −= + , (3.4.31) 

 ( ( )) ( )( , )ˆ z i z z z i z zz z e eρ− − + + − + += + . (3.4.32) 

Substituting the above expressions for ˆ ( , )z zρ+  and ˆ ( , )z zρ−  along with our prescribed 

rotation fields and twin boundary into (3.3.58) and (3.3.59), the twin deformation 

generated is, 

 

( )

( )

22

(1 )( ) 3

1ˆ ( , )
2

1 11  ,  in ,
2 2

i z z izz

i z z z z

y z z i e e

i e e e B

− + −+

+ + − − +

  = − +  
 

+ − − +


 (3.4.33) 

 
( ) ( ){

}

( ) (1 2 )( )

2 ( 2 ) ( 3 )

1ˆ ( , ) 1 1
2
2 2  ,  in .

i z z i z z

z i z z iz i z z iz z

y z z i e i e

e e e e B

− + + +

+ − − + − − −

= − + −

+ − +



 (3.4.34) 

Figure 3.9 shows the twin deformation described above, where a rectangle of side 

lengths 0.6 and 0.15 centered at the origin is deformed.  Shown in Figure 3.9(A) are the 

regions in which the Jacobian determinants are positive, negative and zero, such that the 

Jacobian determinants are equal across the twin boundary  C  defined as 

( ){ }1 20,   1 1x x= − ≤ ≤ .      
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(A) 

 

(B) 
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Figure 3.9 (A) Contour plot of the Jacobian determinants J +  and J −  for the deformation (3.4.33) and 
(3.4.34), and the twin boundary { }1 20, ( 1 1): x xC = − ≤ ≤ .  In the unshaded regions 0J + >  or 0J − >  

depending on which side of the twin boundary is being examined, and in the shaded region 0J + <  or 
0J − < .  Also, a rectangle of side lengths 0.6 and 0.15 centered at the origin.  (B) The deformation 

generated from rotations ( )1 21 2, ) 2( x xx xθ + +=  and 2 21( , ) 2xx xθ − = , with the rectangle mapped to its 
image, and the twin boundary mapped to the unit circle *C . 
 

Example 3.7:  Elastic twinning for -- 2θ θ φ+ = +  on *C C≠  

We now consider an example in which, 

 1 2 1 2 1 2( , ) ( , ) (2 , )x x x x x xθ θ φ+ −= − + , (3.4.35) 

on the twin boundary C , where 1 2 )( ,x xφ  is the angle subtended by C  and its image *C  

at 1 2( , )x x .  Let the twin boundary C  be defined as a horizontal line on the 1x -axis, 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) ,0  ,    1.5 1.5x x x s x s s s= = − ≤ ≤  , (3.4.36) 

which maps to *C  defined as, 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) ,  ,    1.5 1.5y y y s y s s s s= = − ≤ ≤  , (3.4.37) 

where *C  is a slanted line of slope 1.  Referring to (3.2.8) and (3.2.9), the twin boundary 

and its image can be defined by the analytic functions ( )z z  and ( )y z  as: 

 ( )z z z z= = , (3.4.38) 

 ( ) (1 )y y z i z= = + , (3.4.39) 

thus 1 2( , ) 4xx πφ = . 
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We will prescribe the rotation field around the twin boundary to be determined by, 

 ( )1 2 2( , ) 2  ,        ˆ ( , )x x x z z i z zθ θ− −= = − − , (3.4.40) 

 ( )1 2 2( , ) 2  ,   ˆ     ( , )
2 2

x x x z z i z zπ πθ θ+ += − + = − + . (3.4.41) 

Note that θ +  and θ −  conform to (3.4.20) (and likewise (3.4.35)). 

Since the Jacobian determinant must be positive and continuous across the twin 

boundary, let ˆ ( , )z zρ+  and ˆ ( , )z zρ−  be described by (3.3.61) and (3.3.62) respectively 

with ˆ( , ) 1z zγ = , 

 ( , ) (1 ) (1 )ˆ z z z zz z i e i eρ+ − −= + + − , (3.4.42) 

 /2 /2( , ) (1 ) (ˆ 1 )z z i z z iz z i e i eπ πρ − + +− − −= + + − . (3.4.43) 

Substituting the above problem definitions into (3.3.58) and (3.3.59) generates the 

following twin deformation: 

( ) ( ) ( )2 2 21ˆ ( , ) 1 1 1
2 2

z z ziy z z i z z e i e e i z+ −  = + − + + − + +  
  

,  in B+ , (3.4.44) 

( ) ( ){ } ( )2 2 21ˆ ( , ) 1 2 2 1 1
2

z z zy z z i i z z e e e i z− −= − − + + + + ,  in B− . (3.4.45) 

Given the above twin deformation, a rectangle centered at the origin with side lengths 

0.6 and 1.0 is deformed as shown in Figure 3.10.  Also shown in Figure 3.10 is the 

mapping of the twin boundary from a horizontal line to a slanted line as prescribed in 
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(3.4.36) and (3.4.37).  In Figure 3.10(A), the regions where the Jacobian determinant is 

postitive, negative and zero are given as well.      

   

(A) 

 

(B) 
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Figure 3.10 (A) Contour plot of the Jacobian determinants J +  and J −  for the deformation (3.4.44) and 
(3.4.45), and the twin boundary { }2 10, ( 1.5 1.5): x xC = − ≤ ≤ .  In the unshaded regions 0J + >  or 0J − >  

depending on which side of the twin boundary is being examined, and in the shaded region 0J + <  or 
0J − < .  Also, a rectangle of side lengths 0.6 and 1.0 centered at the origin.  (B) The deformation 

generated from the rotation fields fully determined by (3.4.40) and (3.4.41), with the rectangle mapped to 
its image, and the twin boundary mapped to a slanted line *C  with slope 1 corresponding to an angle 

/ 4φ π= . 

 

Example 3.8:  Elastic twinning for -- 2θ θ φ+ = +  on *C C≠  

Let the twin boundary C  be defined as a horizontal line on the 1x -axis, 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) ,0  ,    1 1x x x s x s s s= = − ≤ ≤  , (3.4.46) 

which referring to (3.2.8), C  can be defined by the analytic function, 

 ( )z z z z= = . (3.4.47) 

Let C  map to parabola defined as, 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) , tan(  ,    1 1)y y y s y s s s sφ= = − ≤ ≤  , (3.4.48) 

where,  

 1 2, )( ( )
10
sx x sφ φ= = , (3.4.49) 

is the angle subtended by C  and *C  at 1 2( , )x x .  Given our range of s , 1 2 )( ,x xφ  is small 

enough such that we can approximate (3.4.48) to be, 

 ( ) ( ) ( )
2

1 2( ), ( ) , = ,  ,    1 1
10
sy s y s s s s sφ

 
= − ≤ ≤ 

 
   . (3.4.50) 
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This approximation is done to get an explicit solution to the integral equations (3.3.58) 

and (3.3.59) which gives the generating deformation. However, neglecting this 

approximation still results in a generated deformation, but the mapping would not be in 

such a simplified form.  Referring to (3.2.9), this approximation of *C  can be defined by 

the analytic function ( )y z  such that, 

 1( ) 1
10

y z z z = + 
 

 ,  ( )z z z z= = . (3.4.51) 

We take the rotation fields as: 

 ( )1 2 2( , ) 2  ,        ˆ ( , )x x x z z i z zθ θ− −= = − − , (3.4.52) 

 ( ) ( )1
1 2 2

1( , ) 2  ,        ( , )
10 0

ˆ
1

xx x x z z i z z z zθ θ+ += − + = − + + , (3.4.53) 

which are of the form presented in (3.4.35) .  

Given the 1 2( , )x xθ + , 1 2( , )x xθ − , and C  defined this way with the image *C  

approximated by (3.4.50), we will prescribe ˆ ( , )z zρ+  and ˆ ( , )z zρ−  in the form presented 

in (3.3.61) and (3.3.62) with ˆ( , ) 1z zγ = , 

 ( , ) 1 1
5 5

ˆ z z z zi iz z e z e zρ+ − −   = + + −   
   

, (3.4.54) 

 [ /10 /10 ( )] [ /10 /10 ( )]( , ) 1 1
5 5

ˆ i z z i z z i z z i z zi iz z z e z eρ− − + + − + + −   = + + −   
   

. (3.4.55) 

Substituting (3.4.54) and (3.4.55) along with the other problem parameters into (3.3.58) 

and (3.3.59), we get the following twin deformation: 
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( ){
( )
( )

}

/5

/10( )

1/401(2 /10)(399 401 40 )

2 2

1ˆ ( , ) 2 400 6000 400
401 10
300 6000 400 20

100 20

200 20 10  ,  in ,

iz

i z z

i z z iz

iy z z i z e

i z iz e

iz e

z z iz iz B

+

+

− − +

+

 = + + + 
 

− + + −

− +

+ + + −

 (3.4.56) 

              

( ){
( ) }
( ) ( )

/5

1/401( /10 2)(399 401 40 )

/5 /10( ) 2

1ˆ ( , ) 200 10 2 40
401
200 10 2 40

30 2 30 2  ,  in .
10

iz

i z z iz

iz i z z

y z z i z iz e

i z iz e

ii z e i z e z z B

−

− − +

+ −

− = − + − +

+ + − +

+ + − + + +

 (3.4.57) 

The twin deformation in (3.4.56) and (3.4.57) is illustrated in Figure 3.11, where a 

rectangle centered at the origin of side lengths 0.6 and 1.5 is deformed by the rotation 

field determined from (3.4.52) and (3.4.53).  In Figure 3.11, the twin boundary C  maps 

to its image *C  defined as a parabola approximated by (3.4.50).  The regions in which 

the Jacobian determinant is positive, negative and zero are shown in Figure 3.11(A) as 

well. 
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(A) 

 

 

(B) 
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Figure 3.11 (A) Contour plot of the Jacobian determinants J +  and J −  for the deformation (3.4.56) and 
(3.4.57), and the twin boundary { }2 10, ( 1 1): x xC = − ≤ ≤ .  In the unshaded regions 0J + >  or 0J − >  

depending on which side of the twin boundary is being examined, and in the shaded region 0J + <  or 
0J − < .  Also, a rectangle of side lengths 0.6 and 1.5 centered at the origin.  (B) The deformation 

generated from rotations fields fully determined by (3.4.52) and (3.4.53), with the rectangle mapped to its 
image, and the twin boundary mapped to a parabola *C  approximated by (3.4.50). 
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CHAPTER 4 

AREA PRESERVING PLANE DEFORMATIONS 
GENERATED FROM A GIVEN ROTATION 
FIELD ALONG A PRESCRIBED CURVE 
 

4.1   Introduction 

For our final analysis, we look at generating a deformation, which is locally area 

preserving in the neighborhood of a curve, given a rotation field and a prescribed curve 

and its mapping. 

In Section 4.2, the case of locally area preserving infinitesimal plane deformation is 

reviewed in a similar method to Section 2.2, differing with the application of the 

constraint of area preservation on the generated displacement field.  An example for this 

case is shown. 

In Section 4.3, the kinematics associated with plane finite deformations are reviewed 

with the application of the constraint that the deformation is locally area preserving.   

In Section 4.4, a plane finite deformation is constructed that is locally area 

preserving, given a prescribed rotation field, a curve, and its mapping, in the form of a 
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Taylor Series, using the Cauchy-Kovalevskaya procedure.  An example demonstrating 

this is shown. 

In Section 4.5, a plane finite deformation is constructed using the same Cauchy-

Kovalevskaya procedure as in the previous section, with the Jacobian determinant no 

longer being set equal to one, but defined as a positive scalar function.  An example is 

shown for this case as well. 

 

4.2   Infinitesimal plane deformations that are locally area preserving 

 

Let u  be a locally area preserving infinitesimal plane displacement field on a planar 

region B .  The infinitesimal strain and rotation fields E  and W  are respectively given 

by 

 ( ) ( )1 1,
2 2

T T= ∇ +∇ = ∇ −∇E u u W u u . (4.2.1) 

The tensor field W , being skew-symmetric, is determined by the single scalar field 

 ( )12 21 1,2 2,1 11 22
1   ,  ( 0)
2

W W u Wu Wθ = = − = =− = . (4.2.2) 

If the infinitesimal deformation is locally area preserving, then the displacement field 

u  satisfies,  

 1,1 2,20 u u= + . (4.2.3) 

For a simply connected region B , there exists a scalar function 1 2( , )v x x  such that 
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 1 ,2 2 ,1  ,  u v u v= = − . (4.2.4) 

Substituting (4.2.4) into (4.2.2) yields the following relationship between the rotation and 

scalar field v : 

 ,11 ,222 v vθ += , (4.2.5) 

which takes the form of the Poisson Equation for a given θ  determined by the rotation 

field (originally named for S. D. Poisson, 1813).   

To produce an area preserving deformation that corresponds to a given rotation θ , 

(4.2.5) must be solved for v  (Courant and Hilbert, 1962).  The displacement field is then 

given by (4.2.5). 

 

 Example 4.1: Small plane deformation in an area preserving region 

Suppose the rotation field is defined by the scalar function 

 1 2
1 2, )

100
( xxx xθ +

= . (4.3.1) 

Given θ  prescribed this way, it is easily shown that a solution to (4.2.5) is 

 
3 3
1

1 2
2( , )

300
x xv x x +

= . (4.3.2) 

Differentiating (4.3.2) with respect to 1x  and 2x , and using the relationship in (4.2.4), the 

following displacement field is generated: 
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2 2
2 1

1 2  ,  
100 100
x xu u= = − . (4.3.3) 

It is easily seen that the displacement field in (4.3.3) agrees with the condition in (4.2.3).  

Using (4.3.3), we get the following deformation which is area preserving for infinitesimal 

displacements 

 
2
2

1 1100
xy x= + , (4.3.4) 

 
2
1

2 2100
xy x= − + . (4.3.5) 

In Figure 4.1, a square of side length 2 is deformed by the deformation field in (4.3.4) 

and (4.3.5). 

     

(A)      (B) 

Figure 4.1:  (A) An undeformed square of side length 2 located in the first quadrant of the 1x , 2x  axes.  (B) 
Square after deformation which corresponds to the prescribed θ  in (4.3.1). 
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4.3   Kinematics of locally area preserving finite plane deformations 

 

Let ( )=y y x  be a deformation on a plane region B .  The deformation gradient 

tensor is defined as = ∇F y , and the left and right polar decompositions for F  are 

 , , , −= = = = =T T 1F RU VR U F F V FF R FU . (4.3.6) 

The mapping ( )=y y x  is one-to-one, continuously differentiable, and has a Jacobian 

determinant of 1J =  for a plane region B .  Thus 

 11 22 12 211 F F F F= − ,  on B , (4.3.7) 

given by the derivatives of the deformation ( )=y y x . 

The left and right stretch tensors U  and V  are both symmetric and positive definite, 

and the rotation tensor R  is proper orthogonal.  The rotation field is fully determined by 

a single scalar field θ , corresponding to a right-handed rotation through θ  about an out-

of-plane axis: 

 
cos sin
sin cos

θ θ
θ θ

− 
=  
 

R . (4.3.8) 

From (4.3.6),  

   ,  T T= =U R F V FR , (4.3.9) 

such that, 
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[ ] [ ] 11 12

21 22

11 21 12 22

21 11 22 12

cos( sin(
sin( cos(

cos( sin( cos( sin(
                  ,  on ,

) )
)

cos( sin( cos(

)

) ) ) )
) ) si )n()

T

F

F F
F F

F F
B

F F FF
F

θ θ
θ θ

θ θ θ θ
θ θ θ θ
+

  
= =   −   

 
=  
 

+
− −

U U
 (4.3.10) 

(note a similar matrix equation can be constructed for V ).  Due to the symmetry of the 

stretch tensor U , the following expression can be constructed from (4.3.10) relating the 

components of the of the deformation gradient tensor F  to the rotation field  

 ( ) ( )11 22 12 21)0 )sin( cos(F F F Fθ θ= + −+ ,  on B . (4.3.11) 

 

4.4   Constructing a locally area preserving deformation corresponding 
to a given rotation field and maps a prescribed curve to another 

 

In order to construct an area preserving plane deformation in the neighborhood of a 

curve which maps the said prescribed curve to another in a region B , we will make use 

of the Cauchy-Kovalevskaya Theorem (A Cauchy characteristic problem named for by 

being first proved by S. V. Kovalevskaya, 1875).   

Given a rotation field R , we wish to find a plane deformation field ( )y x  that 

corresponds to R  and also maps a prescribed curve onto another prescribed curve.  

Define the initial prescribed curve as C  and the curve to which C  maps to as *C  (the 

same as in Ch. 3).  Let the prescribed curves C  and *C  be parameterized as followed: 

 0:  ( ),   (0 )C s s s= < <x x , (4.4.1) 

 0*:  ( ),  (0 )C s s s= < <y y , (4.4.2) 
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such that the deformation ( )y x  maps C  to *C , 

 1 2( ( ), ( )) ( )x s x s s=y y , (4.4.3) 

where s  is defined as arc-length along the curve C , and 0s  is a constant defining the 

upper bound of the arc-length.  Differentiating (4.4.3) with respect to s  gives 

 1 11 1 12 2

2 21 1 22 2

  
y F x F x
y F x F x

 = +
= → 

= +
y Fx

       
     

, on C , (4.4.4) 

where the dots above x  and y  represent derivates with respect to s , and ( )≡F F s  is 

defined as the deformation gradient F  on C .  Substituting (4.4.4) into the polar 

decomposition of F  in (4.3.6) gives the expression: 

 = =      y Fx RUx ,  on C , (4.4.5) 

which can be written as 

 T=   Ux R y ,  on C . (4.4.6) 

Because U  is positive definite, this leads to the following condition, which must be met 

by the prescribed curves and rotation field: 

 ( ) ( )1 1 12 2 2 2 1cos ) )  0 ,  on ( sin( ,x y x x y x y Cy

ψ

θ θ

= =

= + >−+

        

              

x Ux y Rx
 (4.4.7) 

where ψ  is a positive scalar function (as shown before in the Ch 2 and 3), noting that ~ 

above indicate the values of these terms defined along C .  We assume that the prescribed 
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rotation angle and curves C  and *C  are consistent with this necessary condition.  We 

also assume that θ , x , and y  have continuous derivatives of all orders. 

 

Constructing an area preserving deformation in the neighborhood of a prescribed curve 
C  that maps the curve C  to its image *C  using the Cauchy-Kovalevskaya Theorem: 

    

Following the Cauchy-Kovalevskaya Theorem, we will construct a deformation ( )y x  

in the form of a Taylor series (Evans, 2010), in a neighborhood of points on C , 

( ) ( ) ( )2 31 1( ) ( ) ( ) ( ) ( )  ...
2! 3!

s s s s   = + − + − ∇ + − ∇∇ +   y x y x x F x x F x x F      . (4.4.8) 

Thus to construct the deformation ( )y x  which maps a prescribed curve C  to its image 

*C ,  we must determine F  and its derivatives on C .  To do this we will setup linear 

systems of equations to solve for F  and its higher order derivates defined on the curve 

C .  

To create a system of linear equations, define a vector field h  such that, 

 2 1 1 2h F x F xα α α= −    . (4.4.9) 

Using (4.4.9) and (4.4.4), we solve for the components of F  on C  in terms of y  and h  

as,  
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11 1 1 1 2

12 1 1 2

2

2

2 21 1 2

2 2 12 2 2

F y x h x

F y x h x

F y x h x

F y x h x

 = −


= +→ 
= −

 = −

F

     

     


     

     

, on C . (4.4.10) 

Substituting these expressions into (4.3.7) gives, 

 ( )( ) ( )( )1 1 1 2 2 2 2 1 1 2 1 1 2 1 2 21 y x h x y x h x y x h x y x h x= − − − + −                       , on C . (4.4.11) 

Simplifying (4.4.11), 

 ( ) ( )2 2 2 2
1 2 1 2 2 1 1 2 1 2 2 11 y h x x y h x x y h y h= + − + = −               , on C , (4.4.12) 

which after substituting the expression in (4.4.9) in for the components of h , gives the 

linear equation for the components of F  on C : 

 1 1 2 122 21 2 12 1121 ( ) ( )y x F x F y x F x F= − − −              ,  on C , (4.4.13) 

noting that x  and y  are both known from the prescribed curve C  and its mapping *C . 

Given the equations (4.3.11), (4.4.4), and (4.4.13), we can now construct a linear 

system of equations for which we can solve for the components of deformation gradient 

tensor F  on the curve C , 

 

 

11

1 12

1 21

2

2 1

2 2

2 1 2 1 1 22 1 2

sin( cos( cos( si) ) ) n( 0
0 0

0 0
1

[ ][ ]

)

[ ]

F
x x yF

x x yF
x y x y x y x y F

θ θ θ θ−     
    
    =
    
    − −       

bfA



    
    

               


,  on C . (4.4.14) 
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The linear system of equations expressed in matrix form in (4.4.14) will have a solution 

for the components of F  if and only if the determinant of the matrix [ ]A  is non-zero.  

Taking the determinant of matrix [ ]A  gives 

 { } ( ) ( )1 1 12 2 2 2 1[ ] cos( sin() ) Det x y x y x y x yθ θ= + −+A                , on C . (4.4.15) 

Because we assume that the given angle θ  and the curves x  and y  satisfy (4.4.7) , the 

determinant of [ ]A  is positive.  Therefore a unique solution does exist for the 

components of F  on the curve C . 

To acquire the higher order derivatives of F  along the curve C , we take derivates of 

equations (4.3.11) and (4.3.7) with respect to x , and the derivatives of (4.4.4) with 

respect to s , to achieve a system of linear equations for the first partial derivatives of F  

on C .  We construct the following linear system of equations, again in matrix form, for 

which we can solve for the first partial derivatives of F  on the curve C , 
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11,1

11,2
2 2
1 1 1

2 2
1 1

22 21 12 11

2

2 2

2 2

2 21 12 11

2

sin( cos( 0 cos( sin( 0
0 sin( cos( 0 cos( sin(

2 0 0 0
0 0 0 2

0 0
0 0

[ ]

) ) ) )
) ) ) )

F
F

x x x x F
x x x x

F F F F
F F F F

θ θ θ θ
θ θ θ θ

− 
 − 
 
 
 
 − −
 

− −  
A





       

      

   

   


2,2

21,1

21,2

22,2

2

12 ,1 22 ,1 11 ,1 21 ,1

12 ,2 22 ,2 11 ,2 21 ,2

11 1 12 1

1

2

2

[ ]

sin( cos( cos( sin(
sin( cos( cos( sin(

       

) ) ) )
) )

 

) )
F F

F
F
F

F
F

F x F x y
F

F
F F F

θ θ θ θ θ θ θ θ
θ θ θ θ θ θ θ θ

+ + +
+ +

 
 
 
 
 
 
 
 
  

−
−

+ −
=

+

f

  












     



 





2

1 22 2 2

 ,  on .

0
0

[ ]

C
x F x y

 
 
 
 
 

+ − 
 
 
  

b

    


(4.4.16) 

Taking the determinant of matrix 2[ ]A  gives 

 [ ]{ } ( ) ( ){ }1 1

2

2 2 2 2 2 11cos( sin) )(Det x y x y x y x yθ θ= + −+A                ,  on C , (4.4.17) 

which is (4.4.15) squared, where by assuring the determinant of matrix 2[ ]A  to be 

positive.  Therefore a unique solution does exist for the first partial derivatives of F  on 

the curve C . 

Generalizing the above calculations for solving for higher order derivatives,  

 [ ] [ ] [ ]   ,  2( 1)nxn n n
m m m n m= = +A f b ,  on C . (4.4.18) 
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where m  is the order of derivative with (4.4.14) having an order of 1m = , and n  

corresponds to the size of the system, it appears that the determinant of the matrix [ ]mA  

takes the following form: 

 [ ]{ } ( ) ( ){ }1 1 2 2 2 2 11cos( sin() )
m

mDet x y x y x y x yθ θ= + −+A                , on C . (4.4.19) 

However, we have only verified this relation for 1, 2,3, 4m = .  It therefore appears 

possible to solve for higher order derivatives of F  on C , enabling the deformation y  to 

be determined through (4.4.8).  An example of this is shown below. (Note that we do not 

address convergence of the series (4.4.8)) 

 

Example 4.2: Area preserving finite deformation 

Suppose the rotation field is defined by the function 

 1 1
1 2 2 2

1 1

( arcsin   ,  sin)
1 1

), (x
x

x xx
x

θ θ
 
 = =
  + + 

. (4.4.20) 

Let the curve C  be defined as a horizontal line along the 1x -axis, which may be 

represented by 

 ( ) ( ) ( ) ( )1 2 1 2, ( ), ( ) ,0   ,    0 5x x x s x s s s= = ≤ ≤  , (4.4.21) 

(See Figure 4.2(A)).  The image *C  of C  is a parabola, 

 ( ) ( ) ( ) ( )2
1 2 1 2, , ,   ,    0 5y y y y s s s s= = + ≤ ≤   (4.4.22) 
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Given θ , x , and y , defined this way, we will substitute them into (4.4.7) to check 

that our eventual matrix [ ]A  and its higher orders are all positive: 

 
( )2

2

2
0  ,    0 5

1

1s
s

s

s
= > ≤

+
≤

+

+
y Rx   , on C . (4.4.23) 

From (4.4.23), we see that positivity of matrix [ ]A  and its higher orders will hold for our 

whole range of s .  

In constructing our deformation, will limit our region B  to the first quadrant such 

that 1 2( , ) 0x x ≥ .  Using the Cauchy-Kovalevskaya procedure, we will now construct a 

deformation ( )y x  for our given θ , x , and y , in the form of a Taylor Series described in 

(4.4.8).  As explained previously, we do this by solving for the components of F  and its 

higher order derivatives on the curve C .  

For this example in can be shown that the linear system in (4.4.14) takes the form 

 



11

12

21

2 2 222 2

0 (2 1) 0 1
1

1 0 0 0
1

  ,  on 0 0 1 0
2 1

1 1
0

1 1 1 1 [ ][ ]
[ ]

s
F
F

C
sF

s s
F

s s s s

− + 
    
    
     =
   + −           + + + +  bf

A












. (4.4.24) 

Solving the above linear system for the components of F  gives 
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11

12 2

21
2

22 2

1
1

2 1
2 1

2 3 2
2 1

F

F
s s

F s
s sF
s s

 =

 =
 + +→ 

= +
 + + =

+ +

F










,  on C . (4.4.25) 

To make sure our linear system agrees with our calculation in (4.4.23), we take the 

determinant of our matrix [ ]A  in (4.4.24),  

 [ ]{ } ( )2

2

2 1

1
t

s

s

s
De

+ +

+
=A , (4.4.26) 

which is in fact the same as (4.4.23) and therefore positive for our range of s . 

To achieve the first partial derivatives of F  on C , we substitute (4.4.25) into the 

linear system in (4.4.16) along with the prescribed values for θ , x , and y  to get the 

following matrix representation of the system: 
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2

2 2

2
11,1

2 2

2 2 2 2

2 2 2 2

2 3 2 1(2 1) 0 1 0
2 1 2 1

2 3 2 10 (2 1) 0 1
2 1 2 1

1 10 0
1 1 1 1

1 10 0
1 1 1 1

1 0 0 0 0 0
0 0 0 1 0 0

[ ]

s s s
s s s s

Fs s s
s s s s

s s
s s s s

s s
s s s s

 + +
− + − + + + + 
+ + 

− + − + + + + 
− 

 + + + + 
− 

 + + + + 
 
 
 

2A







11,2

12,2

21,1

21,2

22,2

2[ ]

F
F
F
F
F

 
 
 
 
 
 
 
 
  

f










 

( )
2

2 2

2

0
0

4 4 3
                                                                      ,  on .1 2 1

0
0
2

[ ]

s s
Cs s s

 
 
 
 + +
 

= + + + 
 
 
 
 

−  
b



 (4.4.27) 

From (4.4.27), we compute the following first partial derivatives of F  on C  
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11,1

11,2 4 3 2

2

12,2 2 4 3 2

21,1

2

21,2 4 3 2

2

22,2 2 4 3 2

0
4 1

4 4 5 2 1
4 6 1

(2 1)(4 4 5 2 1)
0

4 4 1
4 4 5 2 1

6 3 4
(2 1)(4 4 5 2 1)

F
sF

s s s s
s sF

s s s s s s
F

s sF
s s s s

s sF
s s s s s s

 =


+ = + + + +


+ − =
 + + + + + +∇ → 

=
 + − =

+ + + +
 − − =

+ + + + + +

F














. (4.4.28) 

For this example we will omit the matrix representation of the second partial 

derivative of F  on C  ( 3m =  in (4.4.18)) due to its complexity, but below are the 

components of ∇∇F  solved for in that linear system: 

11,11

5 4 3 2

11,12 2 2 4 3 2

6 5 4 3 2

11,22 2 2 2 4 3 2

7 6 5 4 3 2

12,22

0

2(16 28 26 19 4 1)
(1 )(2 1)(4 4 5 2 1)
64 112 152 76 45 8 1

(1 )(2 1) (4 4 5 2 1)
64 160 208 136 12 35 52 3

F

s s s s sF
s s s s s s s
s s s s s sF
s s s s s s s

s s s s s s sF

=

+ + + + +
=

+ + + + + + +

+ + + + − +
=

+ + + + + + +

+ + + − − − −
=

∇∇ →F








2 2 3 4 3 2

21,11

6 5 4 3 2

21,12 2 2 4 3

7

2

2

21,22 2 2 2 4 3 2

22

5 3

,

6 4

(1 )(2 1) (4 4 5 2 1)
0

2(32 56 68 38 13 4 1)
(1 )(2 1)(4 4 5 2 1)
64 128 160 64 34 63 46 3

(1 )(2 1) (4 4 5 2 1)

s s s s s s s
F

s s s s s sF
s s s s s s s

s s s s s s sF
s s s s s s s

F

+ + + + + + +

=

+ + + + − −
=

+ + + + + + +

+ + + − − − −
=

+ + + + + + +








7 6 5 4 3

3

2

22 2 2 4 3 2

32 32 160 370 337 216 73 2
(1 )(2 1) (4 4 5 2 1)

s s s s s s s
s s s s s s s






















− − − − − − + = + + + + + + +

,  on C . (4.4.29) 
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Using the components of F  and it higher order derivatives from (4.4.25), (4.4.28), and 

(4.4.29) all defined on C , along with θ , x , and y  prescribed in (4.4.20) - (4.4.22), we 

now can construct the deformation ( )y x  in the form of a Taylor series using (4.4.8).   

For simplicity, we will only use the terms we have computed in this example to 

construct our deformation, thus omitting the higher order terms of the Taylor Series.  

However, in order to ensure accuracy of our deformation, we will compare the Jacobian 

calculated using the Cauchy-Kovalevskaya procedure with that of the actual value of the 

Jacobian for an area preserving deformation, 1J = .  To determine the neighborhood in 

which we will construct our deformation, we will arbitrarily say that for a given point, if 

the calculated Jacobian is within 90% of the actual value of 1J = , then our construction 

should be a good approximation of the actual deformation.  Note though that the method 

performed here is more accurate then we are showing is this example, and the need for 

approximation of solutions is only due to our simplifying of the problem.   

Due to its complexity, the deformation ( )y x  as expressed in the form of a Taylor 

series will not be shown, but it can be seen illustrated in Figure 4.2 with a unit square 

deformed by the generated deformation.  



100 
 

     

(A)      (B) 

     

(C)      (D) 

Figure 4.2:  (A) An undeformed unit square located in the first quadrant of the 1x , 2x  axes,  and the curve 
C  defined as a horizontal line along the 1x -axis.  (B)  A close up view of the undeformed unit square.  (C) 
Square after deformation which corresponds to the prescribed θ  in (4.4.20), and the curve C  mapped to a 
parabola, *C .  (D)  A close up view of the deformed unit square.    
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4.5   Constructing a finite deformation for a prescribed Jacobian 

The procedure in Section 4.4 can be used to construct a plane finite deformation 

( )y x , that maps a prescribed curve to another, given a rotation field θ  in a region B , in 

which the Jacobian for the generated deformation field ( )y x  is defined to be a positive 

scalar function 1 2( , )J x x .  With the Jacobian defined as 1 2( , )J x x , the region B  is no 

longer uniformly area preserving, thus the determinant of the deformation gradient 

= ∇F y  takes the form  

 11 22 12 21 2 1,1 2,2 1,2 2,11( , )J x x F F F F y y y y= − = − . (4.5.1) 

As done in the previous section, this equation can be rewritten into a linear format in the 

same arrangement shown in equations (4.4.13) for an area preserving deformation 

 22 21 2 121 2 1 1 2 111 2( , ) ( ) ( )J x x y x F x F y x F x F= − − −              , on C . (4.5.2) 

With (4.5.2), the system in (4.4.14) becomes 

 



2 1

2 2

2 1 2 1 1

11

1 12

1 21

2 2 121 22

sin( cos( cos( sin( 0
0 0

0 0
( , )

[ ][ ] [

) ) ) )

]

F
x x yF

x x yF
x y x y x y x y J x xF

θ θ θ θ−     
    
    =
    
    − −      

fA b



    

    

               
 

, (4.5.3) 

with the determinant of matrix [ ]A  still being expressed by (4.4.15) .  From (4.5.3), it is 

seen that the equations for higher order derivatives are modified only on the right-hand 

sides, and so may be solved in the same fashion as in Section 4.4 for the derivatives of 

F  on C .  Therefore, as in the previous section, there appears to exist unique solutions to 
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all higher order terms along the curve C , such that it is possible to construct a plane 

deformation ( )y x  given a prescribed curve C  and it image *C , and a rotation field fully 

determined by a scalar function 1 2 )( ,x xθ  defined on a region B  where the Jacobian of 

the deformation gradient is a positive scalar function 1 2( , )J x x  using the Cauchy-

Kovalevskaya procedure.  This is shown in the example below.   

 

Example 4.3: Finite deformation for a prescribed Jacobian    

For this example with will prescribe θ , x , and y , in the same way we did in 

Example 4.2, the only difference now being that the deformation is no longer locally area 

preserving.  Let the Jacobian determinant be defined as  

 1 2 1 2( , )J x x x x= + . (4.5.4) 

For this example, we will define our region B  to be located such that 1x  and 2x  are 

always positive.  Therefore the 1 2( , )J x x  is always positive.   

Defining the Jacobian this way only has an effect on the right side of (4.4.18), as 

expressed previously and shown in (4.5.3).  Therefore the matrices [ ]mA  will be the same 

as in Example 4.2 (as well as the matrices [ ]mf , but this is intuitive).  The only difference 

between the problems is from the values in matrices [ ]mb .  Thus we will construct a 

deformation ( )y x  in the form of a Taylor series using the same Cauchy-Kovalevskaya 
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procedure as shown in (4.4.8).  Substituting the prescribed θ , x , and y , along with the 

Jacobian as defined in (4.5.4) into (4.5.3) gives the linear system 

 



211

12

21

2 2 2 222

0 (2 1) 0 1
1 0 0 0

1
  ,  on 0 0 1 0

2 1
1 1

0
1 1 1 1 [ ][ ]

[ ]

s
s xF

F
C

sF
s s

F
s s s s

− + 
  +  
    
     =
   + −           + + + +  bf

A












. (4.5.5) 

Solving the above linear system for the components of F  gives 

 

11
2

2
12 2

21
2

2
22 2

1

1
2 1

2 1

2 4 1
2 1

F
s sx sF

s s
F s

s s xF
s s

 =


+ − − = − + +→ 
= +

 + + + =
+ +

F










, on C . (4.5.6) 

We will omit the calculation of the rest of the components of the deformation gradient 

F  and its higher order derivatives on C  since the procedure is so similar to that in 

Example 4.2.  Also, we will use the same approximation as before in determining the 

neighborhood in which we will construct our deformation, such that the calculated 

Jacobian must be within 90% of the actual value of 1 2J x x= + , as the condition for a 

good approximation of the actual deformation.   

Due to its complexity, the deformation ( )y x  will not be shown, but it can be seen 

illustrated in Figure 4.3 with a square of side length 0.4 deformed by the generated 

deformation.  
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(A)       (B) 

     

(C)      (D) 

Figure 4.3:  (A) An undeformed square of side length 0.4 located in the first quadrant of the 1x , 2x  axes,  
and the curve C  defined as a horizontal line along the 1x -axis.  (B)  A close up view of the undeformed 
square.  (C) Square after deformation which corresponds to the prescribed θ  in (4.4.20), and the curve C  
mapped to a parabola, *C .  (D)  A close up view of the deformed unit square.    
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APPENDIX 

 

In the following analysis, we show that in a region B  a suitably smooth curve C : 

( ){ }1 1 2 2 0( ),  ( )   0x x s x x s s s= = ≤ ≤   can be represented by a function ( )z z  that is 

analytic in z , with ( )z z z=   defining C .  Let p  and q  be the real and imaginary parts 

of z , 

 1 21 2 1 2( ) ( , ) ( , )  ,  z z p x x iq x x z x ix= + = − , (A.1) 

where p  and q  are harmonic functions that satisfy the Cauchy-Riemann equations for a 

function analytic in z  

 
1 2 2 1

  ,  p q p q
x x x x
∂ ∂ ∂ ∂

= − =
∂ ∂ ∂ ∂

. (A.2) 

On the curve C  defined in a region B , we require that 

 ( )z z z=  , (A.3) 

so that, 

 1 2 1 1 2 2 0( ( ), ( )) ( )  ,  ( ( ), ( )) ( )  ,    (0 )p x s x s x s q x s x s x s s s= = < <      , (A.4) 
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where 1( )x s  and 2 ( )x s  define the curve C  with s  standing for the arc-length along C , 

and 0s  is a constant defining the upper bound of the arc-length.  Further, (A.2) and (A.4) 

give, 

 

2 1 2
1

2
1

2

1
2

( )

  ,

d q qx x

x

x s
ds x x

p p
x x

x

p

∂ ∂
= +
∂ ∂
∂ ∂

= −
∂

⋅∇
∂

= −n

 

 



 (A.5) 

where 

 1 2 2 1  ,  xn nx= = −  , (A.6) 

are the components of a unit vector normal to C .  Thus p , the real part of function z , 

satisfies the following boundary value problem, for a given curve  

( ){ }1 1 2 2 0: ( ),  ( )   0C x x s x x s s s= = ≤ ≤   

 1 2 1 2 0( ( ), ( )) ( )  ,  ( )  ,    (0 )p dp x s x s x s x s s s
ds

= ⋅ = − <∇ <n    , (A.7) 

 2 0p∇ = . (A.8) 

According to Holmgren’s theorem, there exists a solution p  to the boundary value 

problem listed above, provided 1 2 and x x   are real-analytic functions (Courant and Hilbert 

1962) (originally named for E. Holmgren, 1901).  Once p  is determined, its complex 

conjugate q  can be found by integrating the Cauchy-Riemann equations in (A.2). 



108 
 

To determine the function ( )y z , which is analytic in z , with ( )y y z=   on the curve 

*C , a similar boundary value problem must be solved  for the real part r  of y  where 

 1 2 1 2( , ) ( , )y r x x is x x= + . (A.9) 

As before, the real part r  of the function y  satisfies the following boundary value 

problem 

 1 2 1 2 0( ( ), ( )) ( )  ,   ( )  ,    (0 )dr x s x s y s y s s s
ds

r= ⋅ = − <∇ <n    , (A.10) 

 2 0r∇ = . (A.11) 

Holmgren’s theorem again applies for the existence of a solution r  to the boundary value 

problem above, provided 1 2 and y y   are real-analytic functions (Courant and Hilbert 

1962). 
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