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CHAPTER 1

INTRODUCTION

Compatibility conditions for various strain measures are well known in both small
and finite strain kinematics. For many plane problems in solid mechanics, such
conditions enable boundary value problems to be formulated using the strains, stresses, or
a generating potential function, as the fundamental dependent variable(s). These methods
are effective, as most strain fields fully determine the generating deformations up to an
arbitrary rigid deformation. This thesis is concerned with the compatibility issue for the
rotation field. Although it is not a direct measure of the distortion in a deformation, the
rotation associated with a deformation and its variation from point to point within a body

turns out to carry quite a bit of information about the actual deformation.

In Chapter 2, it is shown that any suitably smooth proper orthogonal tensor field may
serve as a finite rotation tensor for generating a deformation field. A basic means is
provided for finding the generated deformation. A method is also explained and
introduced for constructing a deformation from a prescribed rotation field that takes on
specific values on a given curve. Some examples are presented for both methods. The

work in this chapter was first presented at the 2011 American Physics Society, March



Meeting, and has since been published as a paper in the Journal of Elasticity under the

same chapter title.

In Chapter 3, | build on the analysis done in the previous chapter, and show that
given a defined smooth curve which separates two arbitrarily prescribed rotation fields, a
twin deformation field can be generated in a neighborhood surrounding such curve.
Some examples are presented for cases where the Jacobian determinant of the finite
deformation field is discontinuous or continuous across the prescribed twin boundary.
Also, twinning in an elastic region is analyzed in some detail. The work in this chapter
was first presented at the 2011 Society of Engineering Science, Fall Meeting, and has
since been submitted as a paper for publication in the Journal of Elasticity under the same

chapter title.

In Chapter 4, | conclude my study of plane deformations generated by prescribed
rotation fields, by generating deformations that are locally area preserving in which the
deformation takes on specific values on a given curve. Also, deformation fields in which

the Jacobian determinant is prescribed are analyzed in some detail.



CHAPTER 2

PLANE DEFORMATIONS GENERATED BY A
PRESCRIBED ROTATION FIELD

2.1 Introduction

In this chapter, we will show that any planar proper orthogonal tensor can serve as a
rotation field for a finite planar deformation, and present a means of constructing the

generating deformations.

In Section 2.2, the analogous issue for infinitesimal plane deformation is reviewed, in
which case any skew-symmetric two-dimensional tensor field can serve as a plane

rotation field.

In Section 2.3, some background for finite plane deformations is reviewed, including

the relation between the deformation components and the rotation field.

In Section 2.4, it is shown that given any prescribed rotation field, a generating
deformation may be constructed. A method is presented for generating a finite

deformation. Several examples are given.



In Section 2.5, it is shown that a deformation can be constructed from a prescribed
rotation field in which the deformation takes on certain prescribed values on a given

curve. This is demonstrated in several types of example problems.

2.2 Infinitesimal plane deformation

Let u be an infinitesimal plane displacement field defined on a planar region B. The

infinitesimal strain and rotation fields E and W are respectively given by
E :E(Vu+VuT), w :E(Vu—VuT). (2.2.1)
2 2

The tensor field W , being skew-symmetric, is determined by the single scalar field

1{ou, ou
0 =W, =-W,, :EL(?_Xl_a_XlzJ , Wy =W,, =0), (2.2.2)
2

which corresponds to the angle of right-hand rotation about an out-of-plane axis. Given a

plane deformation, the associated rotation field is easily calculated. Conversely, suppose

that one considers the function 8 =6(x,, X,) to be prescribed. To construct a deformation

U that generates W in the sense described above, one can set

ul(xl,xz)zzj'ge(xl,gz)dfz+%v(xl,x2) , uz(xl,xz):a%v(xi,xz), (2.2.3)

2

in which xJ is the x,-coordinate of a point in B, while v(x,,X,) is a scalar field (Buck,

1978). One can easily confirm that all plane infinitesimal deformations with the rotation



field W admit this representation. Note that two deformations with the same rotation

field differ by an additive irrotational displacement field.

2.3 Some kinematics of plane finite deformations

Let y=Yy(X) be a deformation on a plane region B. The mapping Yy = y(X) is one-
to-one, continuously differentiable, and has a positive Jacobian determinant, J. The
deformation gradient tensor field F is defined as F =Vy, and the left and right polar

decompositions fields for F are
F=RU=VR, U=+F'F, V=+FF", R=FU™. (2.3.1)

The left and right stretch tensors U and V are both symmetric and positive definite, and
the rotation tensor field R is proper orthogonal. As in the small-strain case, the rotation
field is fully determined by a single scalar field @, corresponding to an angle of rotation
through an out-of-plane axis. In terms of &, the components of the matrix of a plane
rotation tensor admit the following basis-independent representation:

cosd -sin@
R=| . , (2.3.2)
singd cosé@

The rotation field admits this simple representation in terms of the components of F

(Hoger and Carlson, 1984):

i|:Fll + Fzz I:12 - F21:| (2 3 3)

2p|Fy—-F, Fi+Fy,

5



where p is defined as,

1
pZE\/(Fn"' o)’ +(Fy =~ Fy)” (2.3.4)

In terms of the invariants | and J, p isexpressible as

P :%\/I 127, (2.3.5)

where invariants | and J are defined as follows:

| =F'+F2+F.+F;, J= Det{F} =FR,F, - F,F,. (2.3.6)
Upon comparing equation (2.3.2) with (2.3.3), one finds that

F.+Fy sin@ = Fo—Fy '

2p 2p

cos@ = (2.3.7)

The relationship between @ and its generating deformation vy is neatly expressible using

the complex-valued function y defined as

Y(2.7) = ¥4, %) +1Y, (%, %) ¥y = Re{§}, y, = Im{§}, (2.3.8)
in which,
Z=X+iX,, ZT=X-IX,. (2.3.9)
Differentiating (2.3.8) with respect to z gives

O i v ooy L :
= 920)=%.7) =§[ylvl Y50 +i(Yor — Yio) |
1 :
=§[F11 +Fy +i(F, — Flz)] (2.3.10)

i0(z,7)

=p(z,7)e :



with é(z,f) =0(x,X%,), p(z,7)=p(x,X,). Thus, the rotation field for a plane
deformation is determined by the argument of the complex derivative y,. The derivative

of y with respectto 7 is
9 ¥(z,Z7)=Y,(2,7) —i[ =Y, +i(Y,, + )] (2.3.11)
67 y ' yT ' - 2 yl,l y2,2 y2,1 yl,2 ' e

For simplicity purposes, we define a scalar function /{(2,7) such that,

5. |=i:%\/| 23 (2.3.12)

As an aside we note that the derivations done thus far are similar to those done by
Fosdick and Schuler (1969), (1971), in their analysis of strain-deformation relations for

the Ericksen’s problem (Ericksen, 1954).

According to (2.3.5), (2.3.10) and (2.3.12), the Jacobian determinant of the

deformation field may be expressed as
39, F -9, P=p* 2%, (2.3.13)
such that a positive Jacobian demands that

5> 1. (2.3.14)



2.4 Building a finite deformation from a prescribed rotation field

Suppose now a rotation field is determined by an arbitrary, but continuous function
0(x,,%,) on a plane region B. A generating mapping y can be constructed in terms of

the complex-valued function y by defining a real-valued, positive scalar function

(X, %,) = p(z,Z) and a function h that is analytic in 7 , and setting
J(2.7) = Y00 %)+ (0 00) = [ A RV +R(2), (24D

where 0(z,7) =0(x,%,), 2, =X +ix{ is a point in region B, and ¢ =¢; +iZ,. One can
easily confirm by direct differentiation and a comparison with equations (2.3.10), that y

as defined in (2.4.1) generates the prescribed rotation field in (2.3.2).

In order to ensure that (2.4.1) is one-to-one and invertible locally in a neighborhood

N bounded by a radius & surrounding the point z,, the Jacobian determinant J of the
deformation field must be positive in N . To meet this criterion, the functions p and h
must be chosen such that the inequality in (2.3.14) holds. In what follows, it is shown
that it is always possible to assign functions p and h that will lead to a deformation with
a positive Jacobian in a neighborhood N surrounding a prescribed point z,. The

deformation so-defined will be locally one-to-one and invertible in N .

Take p = p, to be a positive constant. The derivative of equation (3.1) with respect

to Z isthen



5.(2.2) =ip, [ 6,(¢ 2)e"Pd¢ +h (@), (2.4.2)

where h'(z) = d};(_f). The modulus A of Y, is bounded by
Z
229, 15 26810, 7) |l €77 | +11(Z) | (2.4.3)
with [6,(£, 7)., 1€°¢?| ., and |h'(Z)],,. standing for the largest values of the

associated quantities in the neighborhood N. Substituting (2.4.3) into (2.3.14) gives
p05 | éi (4/17) |max| eié(gi) |max + | ﬁl(f) |max< po ! (244)

which must be true to ensure a positive Jacobian. Taking h =0, we see that (2.4.4) holds

for a neighborhood N as long as

o< 1

. £0. (2.4.5)*
16, |

i0 | Tlmax
z maxle |max

Like with p, h does not have to be defined this way and can be chosen to be any
analytic function of z, the only requirement being that the inequality in (2.3.14) and

(2.4.4) hold for the chosen p and h. For this case, (2.4.1) simplifies to

§(2.7)=p,[ "¢ . (2.4.6)

L1f 10, |,,,=0, then @ is constant, and equation (2.13) becomes J =| §, [’= p,? > 0.

max



This construction of § shows, by taking p to be a positive constant and h=0, it is
always possible to make a deformation that is one-to-one in a neighborhood N
surrounding the point (x’,x’), from any smooth plane proper orthogonal tensor field.

However, it will be shown later that conditions of assigning p be constant, or h=0 are

not required to find generating deformations from prescribed rotation fields. Finally, we

note that the deformation generated from a prescribed rotation field in (2.4.1) is not
unique, since there are an infinite number of possibilities of 5 and h which meet the

conditions in (2.3.14) and (2.4.4) for any prescribed rotation field.

Example 2.1: Finite deformation around a point
Suppose the rotation field is defined by the scalar function
0(x,%,)=2% , 0(2,7)=2+7. (2.4.7)

Take h=0, and let / be a constant such that p=p,=1in(2.4.6). We will construct a
generating deformation that is one-to-one in a neighborhood N of the point

(x’,%3)=(0,0) with radius o . For this choice of 6, one has

A A

(6. 7) =6, =1, (24.8)
and the inequality in (2.4.5) becomes

1
o< i0(¢.,7)
le I

max

. (2.4.9)

10



To determine the maximum magnitude of e for the prescribed function 6, we note

that
eif¢ ) _ gil¢+D). (2.4.10)

where ¢ =¢;+i¢, describes the complex variable of integration in equation (2.4.6).

Equation (2.4.10) can be rewritten as
e = gl — gllericmoia) _ gl (cog(L, + X,) +isiN(S, +X)) .  (24.11)

The maximum value of |e" | occurs when x, —¢, =25, since X, —¢, <26 for ¢ and X,

in N . The inequality in (2.4.9) becomes
s|e’ | =oe* <1, (2.4.12)

which requires the neighborhood N to be bounded by a radius 6 <0.425. In this

neighborhood, y as defined by (2.4.6) is one-to-one and invertible.

Integrating (2.4.6) with p, =1, 6 as defined in (2.4.7) and z, =0 gives the following

deformation
§(z,2) =i(e" —e'®?). (2.4.13)
From (2.3.8) we find the components of § to be

¥: (%, %) = Re{y} =sin(2x,) —e" sin(x,)

(2.4.14)
¥, (%, %,) = Im{§} =—cos(2x) +e* cos(x,) .

11



The deformation gradient matrix F and Jacobian determinant J are given by

£ | 200s(2x)-ecos(x,) -e*sin(x) | (2.4.15)
2sin(2x,)-e*sin(x,)  e*cos(x,)
J — 2eX2 cos (Xl)_ezxz . (2416)

This deformation can be shown to have a positive Jacobian in a region defined by a
radius of 0.69 centered at (x’,X’)=(0,0). When we compare this region to the
neighborhood N described by radius ¢ < 0.425, we see that our calculations in (2.4.8)-

(2.4.12) agree with (2.4.16) on showing a neighborhood where J >0. Further, one can

easily confirm that the polar decomposition for the matrix F is

R{(:os(2x1) —sin(2x1)} | U{-exzcos(xl)+2 e sin (x,)

_ _ } (2.4.17)
sin(2x)  cos(2x,) e¥sin(x)  e“cos(x)

Figure 2.1 illustrates this deformation.

12
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Figure 2.1: (A) Contour plot of the Jacobian determinant J in (2.4.16) where the unshaded region J >0,
and the shaded region J < 0. An undeformed square of side length 1.0 centered at the origin. (B) Square

after deformation induced by (2.4.13) which corresponds to a rotation field & = 2x; .

Example 2.2
Consider a rotation field generated by the scalar function
O(x, %) =X +x2=r?, 0(z,7)=17. (2.4.18)

We will take /5 to be constant and h =0, and construct a deformation that is one-to-one
in a neighborhood N of a radius ¢ surrounding the point (x’,x;)=(0,0), z,=7,=0.
In N,

($.7)=12, |0, |.x=9, (2.4.19)
and inequality (2.4.5) becomes,

13



2 1

. (2.4.20)
]

To determine the maximum value of |e‘é(§’7’ | on the path of integration for this case, note

that

el — gikD) _ gluéi=6x) (COS(S1%, +&5%,) +isin(EyX +&5X,))

¥ o 0 (2.4.21)
where { =¢, +ig,. Since
X,$1 — 0% <267, (2.4.22)
for £ and z in N,
e =e? (2.4.23)
So (2.4.20) becomes
5° <e%, (2.4.24)

and the neighborhood N for which there is definitely a one-to-one mapping of y occurs

when 6 <0.652. However, the deformation to be constructed will turn out to have a

positive Jacobian in a neighborhood larger than this.

As in Example 2.1, we take p=p,=1 with 6=127 and z,=0 in (2.4.6).

Integrating (2.4.6) with these conditions provides the following deformation,

14



¥(z,2) =y (2.4.25)

The components of the deformation in (2.4.25) are,

X, €0s (r?) — X, + X, sin (r?)
r* (2.4.26)
—X, €0S (r?) + X, + X, sin (r?)

r? ’

yl(xi’ Xz) =

yz(x11 Xz) =

where r =/ +x; . The gradient of deformation can be found to be,

X1 12 [cos (r?)-1+r?sin(r )]+—X1[r cos (r?)-sin (r )]+S|nr(r ),
F =
X1 =22 [r?cos(r®) —sin (r*)]+ =+ Xl [cos (r?)-1-r*sin(r )]+—COS(r ) 1,
r’ (2.4.27)
2X1 =2 [r? cos (r®) —sin (r? )] [cos(r )-1-r®sin(r )]+%
:1 —22cos (r*)-1+r*sin (r )]+2 2[r? cos (r®)-sin (r*)]+ m
and the Jacobian determinant is
;. 2(r?sin(r )J;cos(r )—1)’ 2428)

r

which is positive for 0<T <153

Although the algebra is somewhat more involved than in Example 2.1, the rotation matrix

of the polar decomposition for F = RU is found to be

~ {cos(rz) —Sin(fz)} (2.4.29)

| sin(r?)  cos(r?)

15



which confirms that the deformation in (2.4.25) has the desired rotation tensor field. In

Figure 2.2 we show the deformation of a square with side length 2.0 centered at

(', x2)=(0,0).

v | ¥,2]
J<0
//
J>0 /
/
X4 f ] y1
5 ; g i > 5 [ g i/ 3
y
~
//
—— e e e NI
(A) (B)

Figure 2.2: (A) Contour plot of the Jacobian determinant J in (2.4.28) where the unshaded region J >0,
and the shaded region J <0. An undeformed square with side length 2.0 centered at the origin. (B)

Square after deformation induced by (2.4.25) which corresponds to a rotation field 6 = xf + x22 =r?.

Example 2.3

Suppose again we define the rotation field with the same scalar function as in

Example 2.1,
0(x,%,)=2% , 0(2,7)=17+T. (2.4.30)

To illustrate that the function p need not be constant to construct a generating

deformation, take 5(z,Z)=1+7zZ, and let h=0. Taking z,=0, we see that (2.4.1)

becomes

16



§(2.7)=[, 7" NAE = [ (T +De TS (2431)

Although p is not constant, this does not affect the calculations in (2.4.8)-(2.4.12) in
determining a minimum neighborhood N where y is one-to-one. So the region N is

still bounded by the radius ¢ < 0.425.

Integrating (2.4.31) gives the deformation
V(2,7) =7(e'""") —e" —zie'™*) +ie"” (e” - 1) (2.4.32)
The components of the deformation are,

Y, (X, X,) = X €0S(2,) +Sin(2% )X + X} + X, +1}
—e™{x, cos(x,) +sin(x)[x, +1]} ,

. o (2.4.33)
Y, (X, X;) = X% 8In(2x ) —cos(2x){Xx + X, + X, +1}
—e™{x, sin(x,) —cos(x,)[x, +1]} .
The gradient of deformation F can be found to be,
e e [x, sin(x,) — X, C0s(X,) — 2¢0s(x )]+ 2¢08(2% )[X? + X2 + X, +1]+cos(2x,),
—e¥'[X, Sin(x.) + X, c0S(X,) + 25in(x,)] + 25in(2x,)[X2 + X2 + X, +1]+sin(2x,), (2.4.3)

—e¥ [x, sin(x,) + X, cos(x,) + 2sin(x, )] +sin(2x,)[2x, +1]
e [x, cos(x,) — X, sin(x,) + 2cos(x,)]—cos(2x,)[2x, +1] ’

and the Jacobian determinant is,

J=¢e" [4sin(x1)x1+8(:os(x1)+12(:os(x1)x2+8cos(x1)x§ +4x7 cos(x, )+
2xfsin(x1)+2x§cos(x1)+4x1xzsin(x1)+2xfx2cos(x1)+2x22xlsin(x1)] (2.4.35)
—e(ZXZ)[foerZ+4x2+4}—[4x§+4x2xf+6x22+2x12+8x2+3] :

17



which is positive in a region bounded by a radius 6 <0.67 around the point

(x’, %) =(0,0). Although the algebra is somewhat more involved, the rotation matrix of

the polar decomposition for F = RU is found to be

n_ [cos(le) —sin(2x1)} (2.4.36)

| sin(2x)  cos(2x,)
which is the same as the rotation matrix in Example 2.1.

In Figure 2.3 we show the deformation of a square with side length 1.0 centered at

(x’,%;)=(0,0), applying the same rotation field as in Example 2.1, except now the value

of p(z,7) =1+ 2zZ in not constant.

le.s b Yy,
J<0 ] f
g/
) G s 0.5
X, Y
15 N -C]:I.S W 05 | 15 -1s 3 \ d u'}/ | 15
‘\\ //

J>0 -, S — osT
] a4
-1.5- 154
(A) (B)

Figure 2.3: (A) Contour plot of the Jacobian determinant J in (3.35) where the unshaded region J >0,
and the shaded region J <0. An undeformed square with side length 1.0 centered at the origin. (B)

Square after deformation induced by (3.32) which corresponds to a rotation field & = 2x,, with p=1+77 .
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2.5 Finite deformations which take on a prescribed value on a given
curve

The results of the preceding derivation suggest that there may be many deformations
that correspond to an arbitrarily prescribed rotation field. Next we will discuss the
determination of generating a deformation in a region B from a prescribed rotation field
that maps a prescribed curve C to another prescribed curve C* in a neighborhood of any

point along C.

Suppose again that a finite rotation field R is prescribed through a continuous scalar

function 8(x,X,), and let
0(x,,%,) = 0(z2,7). (2.5.1)

We seek a deformation y which gives rise to the rotation field defined by (2.5.1) and in

addition maps the curve C to a curve C*. Let the curves C and C* be parameterized

as follows:

C:x=X(s) , C*: y=9(s) (0<s<s,), (2.5.2)

with s standing for arc-length along the curve, and s, is a constant defining the upper

bound of the arc-length. The deformation y must map C onto C*, so that

Y, %) = Y(%,(8). %, (8)) = ¥(s) ,  (0<s<sy). (2.5.3)

Differentiating (4.3) with respect to s and using the polar decomposition for F

expressed in (2.1) we find
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FX=RUX =Y, (2.5.4)

where the dots above X and § denote derivatives with respect to S. Since U is

positive definite, the scalar function y = %-UX is positive along C, so that (2.5.4)

implies that the given rotation R and the curve parameterizations X and § must obey,

w=X-UL=y-RX

= (%9, + X, 9, ) cos(6) + (%3, - %5, )sin(6) (2.5.5)

= V2 +§2cos(@—¢)>0 .

Here, € is the rotation angle associated with R, and ¢ = ¢(S) is the angle subtended by

the vectors X and y, as measured from X. The inequality in (2.5.5) is a necessary
condition for the existence of a deformation that maps the curve C onto C*

corresponding to a rotation field defined by the scalar function 6(x, X,).

We show next that given any rotation field 8 and curves C and C* which conform
to (2.5.5), one can produce a local deformation of a neighborhood of every point along C

which carries C to C* and has ¢ as its rotation field.

Before launching into this proof, it is useful to present some alternate
characterizations of the curves C and C* using complex notation. Shown in the
Appendix, suitably smooth curves C and C* can be fully defined in terms of the

complex functions Z(z) and ¥(Z) such that

z=12(Z) = %(5)+i%,(s), on C, (2.5.6)
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and
y= )7(7) = yl(s) + iYZ (S) , on C*. (2-5-7)

Following the procedure in the previous section, the complex function y defined by

§(2,2) = 05, %) +iv, 0, 3) = [ A€, 2)e"Cd¢ +(@), (25.8)

generates the rotation field defined in (2.5.1), provided po(x;,X,)=0(z,Z) is a positive

real-valued function, z,=x+ixJ is a point on the curve C, and h(z) is an analytic

function of the complex variable Z. These must be determined to ensure that the
Jacobian of the deformation gradient of (2.5.8) is positive in a neighborhood N

surrounding z,, and that the condition in (2.5.5) is met.

Let,
k(z,7) = j (£, 7)e%Dd e, (2.5.9)
so that (2.5.8) can be rewritten as
9(z,7) =k(z,2) +h(Z). (2.5.10)
From (2.5.6) we see that on the curve C, (2.5.10) becomes
9(2(2),7) = ¥(Z) =k(2(2),7) + h(2), (2.5.11)

where, recall (2.5.7), ¥(Z) describes the mapping of curve C onto the curve C*. We

can rewrite (2.5.11) as follows
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h(Z) = §(Z)-k(2(Z),7), (2.5.12)

and substitute it into (2.5.10) which gives us the following representation of y on the

curve C,
¥(z,7)=k(z,7)-k(Z(2),7) + ¥(2) . (2.5.13)

From (2.5.9) and (2.5.13), it can be seen that y(z,Z) takes the form,
§(2,7) = j;m (&, 7)%CDd e +§(2) . (2.5.14)

Next, p(z,Z) must be determined such that the Jacobian determinant of the
deformation y(z,Z) is positive, at least in a neighborhood surrounding a point
z, =X +ix; along the curve C. As in the previous section, let p(z,Z) = p, be a positive

constant so that (2.5.14) becomes
§(2.7)=pof,, €77 +9(2). (25.15)
Differentiating (2.5.15) with respect to Z , we get
J.(2,7) =—p "V (1(2).2) + p, [ i6,(¢, D"V +§/(@), (25.16)

where the prime notation is defined as the derivative of the function with respect to Z

(same as in the previous section). Clearly, since z =7(Z) on the curve C, then (2.5.16)

can be simplified to,
J,(2(2),7) =—p, "D V2(2) + § () . (2.5.17)
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As a consequence we have,
19,2@), ) F=p? 1Z@)F +1 (D) -2p,Re[e "ODT@)y (7)), (2518)

and by taking the derivative of (2.5.6) with respect to s we find

Z'(?)E:—;= le:)):z , on C, (2.5.19)
1 2
so that
L. |2
|7(2) |=% = (2.5.20)
2

Substituting (2.5.20) into (2.5.18) we then reach

|9:(2@. D) P= o7+ V(D) ~2p,Refe “OVT@)7(2)}, on C.  (25.21)

Also, from (2.5.20) we have

ﬁ| =1 7(@)=——, (2.5.22)

so that (2.5.21) becomes,

19,(22).7) = pi*+1 7(@) [ -2, Re (e ™*™75(2) 17(2)}, on C. (25.23)

Recalling the expression for the Jacobian determinant J in (2.3.13), we see that J is

positive if and only if
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|2

J :| 92 |2 _| 97
= p2— 19, P (2.5.24)
=2p,Re{e "t OIy(2)1 2(2)} - | ' (Z) P> 0 .
Next we set

¥ =Rele"CONy(@) 1 2@)| | Z-T@F, (2.5.25)

for a neighborhood N surrounding a point z, on C. Differentiating (2.5.7) with respect

to S gives,

y'(z)=2"J2  onC. (2.5.26)

From this, along with (2.5.19) and the fact that %*+ X3 =1 (arc length parameterization of
C), it can be seen from (2.5.5) and (2.5.25) that w =y on C. Thus necessary that
w >0 on C. By its definition, y>0. To assure positivity of the Jacobian J, the value

of p, must be chosen such that,
0, > L (2.5.27)

where 7. and .. are the maximum and minimum values of the scalar functions 7
and  in the neighborhood of a point z, on C. The relationship in (2.5.27) assures the

positivity of the Jacobian determinant J, in a neighborhood N surrounding point z, on

C.
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As in Section 2.4, it is also possible to generate deformations without the

requirements that o be constant as long as the condition of (2.5.27) is met for all values

of p, which will be demonstrated in the following examples.

Example 2.4: Finite deformation around a curve

Suppose the rotation field is defined by the scalar function

0%, %) =% . 6z7)=%. (2.5.28)

Let the curve C be the unit circle, which may be represented as
(% %) = (%,(5), %,(5)) = (cos(s),sin(s)) , (0<s<27), (2.5.29)

where S is arc-length along C. This gives the following representation of the curve C

in terms of a complex function analytic in Z

, on C. (2.5.30)

Further, suppose the deformation under consideration maps C onto itself C*=C so that
(Y1r Y2) = (X%, X,) = (cos(s),sin(s)) . (2.5.31)

For this mapping of C to C*, it follows that §(Z) in (2.5.7) is given by

, on C. (2.5.32)
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Given (2.5.32), the following expressions for y and y in (2.5.25) for this example

are

7=y@r=v|zl, (2.5.33)
izl
2y =2 Re{e z } =2¢c0s(x,) - (2.5.34)

The desired deformation may be constructed in a neighborhood of any point on C for

which the condition in (4.5) is met, where = . Clearly looking at (2.5.34), v >0
everywhere on the unit circle. Along the curve C the values for X, are bounded by

(1<%, <1) so that
2y (Z) =2cos(+1) =1.08, (2.5.35)
for the minimum value of 7, and the maximum value of 7 on the curve C is
Zoax (Z) =1. (2.5.36)

Using the values in (2.5.35) and (2.5.36), the condition for p, in (2.5.27) in order to

assure the positivity of the Jacobian determinant J along the curve C is

p, >1/1.08=0.93. (2.5.37)

We take p, =1, and carry out the integration in (2.5.15),

) i(z2+1) i(z+2) i
J(z,7)=2ile 2 —e 2 ——|. (2.5.38)
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The real and imaginary parts of (2.5.38) give the components of the deformation, but
these are long and complicated expressions. The Jacobian determinant of the deformation

algebraically reduces to
J =2cos(x,) -1, (2.5.39)

and shown in Figure 2.4(A) are the regions where J is positive, negative and zero. The
rotation matrix of the polar decomposition of the deformation gradient F = RU is found

to be

R= [COS(XJ _Sin(xi)} . (2.5.40)

sin(x)  cos(x,)

From (2.5.39), the constructed deformation in (2.5.38) has a positive Jacobian, and is
one-to-one and invertible in a neighborhood surrounding any point along the unit circle
shown in Figure 2.4(A). It is worth noting that the neighborhood surrounding the unit
circle does not include the entire inside of the unit circle for this example, meaning that
the one-to-oneness of the deformation is lost is the shaded region inside the unit circle.
The deformation in (2.5.38) is also illustrated in Figure 2.4 below, where a square

centered at the origin surrounding the curve C is deformed.
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X4 Y,

(A) (B)

Figure 2.4: (A) Contour plot of the Jacobian determinant J in (2.5.39) and the curve C defined as the unit
circle, where the unshaded regions J > 0, and the shaded regions J <0. An undeformed square of side
length 2.0 centered at the origin. (B) Square after deformation defined in (2.5.38) which corresponds to a

rotation field & = X, , and the unit circle mapped to itself.

Example 2.5

In this example, we use the same rotation field as in the preceding case:
O(X,%,) =X , é(z,f):%. (2.5.41)
This time, we take a non-constant function p defined by,

0(2,7)=1+2Z , p(x, %) =1+X +XxZ, (2.5.42)

which is positive everywhere. As in the previous example, we seek a deformation that

maps the unit circle onto itself. Thus,
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, on C. (2.5.43)

For non-constant p, the equivalent condition to (2.5.27) is p> ., / 2¥.... This
condition is satisfied since from the previous example we know for this rotation field in
(2.5.41) and the curves C, C*, both defined as the unit circle, our choice of p must
agree with the condition p >0.93. For this choice of 6, o, C,and C*, the integration

in (2.5.14) gives the following deformation

i(z2+1) i(z+2)

¥y(z.7)=4e 2 (i-7)+2e 2 (27-zzi-i)+=. (2.5.44)

The expression for the Jacobian is long and complicated, but regions in which it is
positive, negative and zero are shown in Figure 2.5(A). The rotation matrix of the polar
decomposition of F is still the same as in the previous example. In Figure 2.5, a square

centered at the origin with side length 2.0 is deformed by the deformation in (2.5.44).
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Figure 2.5: (A) Contour plot of the Jacobian determinant J for the deformation (4.44) and curve C defined
as the unit circle, where the unshaded regions J >0, and the shaded regions J <0. An undeformed
square of side length 2.0 centered at the origin. (B) Square after deformation defined in (4.44) which

corresponds to a rotation field & = X, , and the unit circle mapped to itself.
Example 2.6

In the final example of this chapter, we look at a case where the given initial curve C
and the curve C* differ from each other. Suppose the rotation field is defined by the

scalar function,
0(x.%,)=x2+x>=r* | 6(z,7)=1Z, (2.5.45)

which is the same scalar function used to define the rotation matrix R in Example 2.2.

Let the initial curve C be a vertical line on the X, -axis defined as
(%, %) = (%(). %,(s) = (0,5) , (-r<s<7). (2.5.46)
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This gives the following representation of the curve C in terms Z(Z),
2=%(Z7)=-7, on C. (2.5.47)

Further, suppose the deformation under consideration maps C onto the unit circle, given

by
(Y1(8), Y, (s)) = (cos(s),sin(s)) , (-w<s<n). (2.5.48)

For this mapping of C to C*, of a vertical line to the unit circle, it follows that §(Z) in

(2.5.7) is given by
Jy(Z)=¢". (2.5.49)
Given (2.5.47) and (2.5.49), the values of y and y in (2.5.25) for this example are,

7Ay@)I=-e T, (2.5.50)
2y = 2Re{e’ "™} (2.5.51)

On the prescribed curve C, X, =0 which simplifies the above equations to,
7 =l —(cos(x,) +isin(x,)) =1, (2.5.52)
2y =2¢0s(X; +X,). (2.5.53)

As stated before, the desired deformation may be constructed in a neighborhood of any
point on C for which the conditions in (2.5.5) and (2.5.27) are met. Looking at (2.5.53),

on C we see that >0 wherever —0.85 < x, <1.85, which means that for this example

31



only a portion of the curve C meets these conditions. Along the curve C, we will bound

the values of x,: (-z/4<x, <z/4), so that (2.5.53) yields
2y, =0.336, (2.5.54)
for the minimum value of . Clearly, the maximum value of 7 on the curve C is
7o =1. (2.5.55)

Using the values in (2.5.54) and (2.5.55), the condition for p, in (2.5.27) that ensures the

positivity of the Jacobian determinant J along the curve C is

p,>2.98. (2.5.56)

We take p, =3, and carry out the integration in (2.5.15) for this example:

9(2,7)= 2 _(1-e@7) e, (2.5.57)
Z

Again, the real and imaginary parts of (2.5.57) give the components of the deformation,
but these are long and complicated expressions. The Jacobian determinant J will not be
shown for the same reason, but in Figure 2.6(A) it is shown where J is positive, negative

and zero. From Figure 2.6(A), it can be seen that the range of values

{x,=0 , (-7/4<x, <z/4)}for the curve C does correspond to a positive Jacobian.

The rotation matrix of the polar decomposition of F = RU is found to be

R={cos(rz) —sin(rz)} (25.58)

sin(r’)  cos(r?)
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In Figure 2.6, a square centered at the origin with side length 0.4 is deformed by the

prescribed rotation 6 =X} +x; =r?.

1—x2
J<0 1
1C
0.5 J>0
1 | X, 2
-0.5 1
_l_
(A)
14 yz

(B)

Figure 2.6: (A) Contour plot of the Jacobian determinant J for the deformation (4.57) and the curve
C: {x =0, (-7/4<x,<z/4)}, where J>0 in the unshaded regions, and J <0 in the shaded
regions. An undeformed square of side length 0.4 centered at the origin. (B) Square after the deformation
(4.57) which corresponds to a rotation field 6 = xf + x22 =r?, and the curve C mapped to an arc of the

unit circle C*: {xl =0s(s) , X, =sin(s) (- 7z/4 <s< 7z/4)} .
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CHAPTER 3

TWINNED FINITE PLANE DEFORMATIONS
GENERATED BY PRESCRIBED ROTATION
FIELDS

3.1 Introduction

In the previous chapter, we showed that any planar proper orthogonal tensor field
may serve as a rotation field, for generating a plane finite, one-to-one deformation. Now
we will look at these results in the context of twinning, and show that a pair of plane
rotation fields defined on either side of a prescribed twin boundary curve can generate a

twin finite deformation field in a neighborhood surrounding such curve.

In Section 3.2, a brief summary of some key concepts presented in the previous

chapter are reviewed as a prelude to the main works of this chapter.

In Section 3.3, the kinematics associated with twinning are reviewed. We present
results for twin deformations where either the stretch field or the rotation field is
continuous across the twin boundary. A methodology is given for generating a plane

finite twin deformation field in the neighborhood of a prescribed curve which separates
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two different given rotation fields. In generating a twin deformation, the Jacobian
determinants can be either continuous or discontinuous across the twin boundary. This is

discussed in detail, and some examples of these deformations are shown.

In Section 3.4, the kinematics of twin deformation in an elastic region is reviewed.
An in-depth analysis of the constraints on the pair of rotation fields that must be upheld in
order to generate a twin deformation that maps a prescribed twin boundary curve to
another are discussed in detail. Some example problems are shown for various twin

elastic deformations.

3.2  Constructing a plane finite deformation field that maps one
prescribed curve to another given a rotation field

If 8(x,X,) is a given scalar field that is continuous on a region B, then a rotation

field R can be fully determined through (2.3.2). WithR as defined, a generated

mapping y(x) can be constructed in terms of a complex valued function y. Let

p(X,X,) = p(z,Z) be an arbitrary positive, real valued function of its arguments, and

h(Z) be a function analytic in Z. If 8(x,X,)= 67(2,7),
¥(z,7) = j[;(g,f)eié“'z)d; +h(z), (3.2.1)

then the following constructs a deformation, where z, = x +ix{ is a point of interest in

region B, and ¢ =¢,+i, is the complex variable of integration. This relationship

35



comes from integrating (2.3.10) with respect to z . It was shown in the previous chapter
that it is possible to assign functions to p(z,Z) and h(Z) so that the deformation in

(3.2.1) satisfies (2.3.14) for a neighborhood N surrounding a point of interest (x;, x7).

Suppose now we are given a rotation field R, and wish to find a plane deformation

field y(x) that corresponds to R and also maps a prescribed curve onto another

prescribed curve. Define the initial prescribed curve as C and the curve to which C

maps to as C*.
Let the prescribed curves C and C* be parameterized as followed:
C: x=X(s), (0<s<s,), (3.2.2)
C*:y=9(s), (0<s<s,), (3.2.3)
such that the deformation y(x) maps C to C*,
y(%,(8), %,(8)) = ¥(s), (3.2.4)

where s is defined as arc-length along the curve C, and s, is a constant defining the

upper bound of the arc-length. Differentiating (3.2.4) with respect to s and using the

definition of the polar decomposition of F in (2.3.1) we get the expression:
Fx=RUX=7§ on C, (3.2.5)
which can be rewritten to give,

Ux=R"Yy, (3.2.6)



where dots above X and § imply derivatives with respect to s. Because the stretch

tensor U is symmetric and positive definite, the scalar function y defined as,

w = X[UX = J[RX

— (%51 + %9, )c0s(6) + (5, - 5,5, )sin(8) > 0, (32.7)

must be positive. Described in (3.2.7) is a condition that must be met by the two

prescribed curves C, C* and the angle 4.

As discussed in the previous chapter, the curves C and C*, if infinitely smooth, can

be represented in terms of functions Z(Z) and §(Z), both analytic in Z , such that,
2=17(Z) = %(S)+i%,(s), on C, (3.2.8)

y=9(Z)=Y,(s)+1y,(s), z=2(Z) on C*. (3.2.9)

Using this representation of C and C*, a deformation y may be generated from a

prescribed e(xl,x2)=67(z,7) which maps C to C*,

J(2.7)=[ A D" +5(2), (3.2.10)

where again ¢ =¢, +i¢, is the complex variable of integration and p(x,,%,) = p(z,7Z) is

a positive, real valued function of its arguments, chosen so that the deformation in

(3.2.10) satisfies (2.3.14).

37



To see that it is possible to find a p(z,Z) which agrees with (2.3.14), we
differentiate (3.2.10) and evaluate the results on C, noting that on C z=12(Z). Thus
(2.3.13) gives:

A |2 A |2

J :|yz| _|y7|
= p(2(2).7)" |3,
= 25(2(7),7) Re{e-i@“ﬂy'(f)/r(f)} -ly@[F ,onc,

|2

(3.2.11)

where apostrophes represent derivates with respect to Z. Let the terms in (3.2.11) be

represented by real scalar functions,

= Re{e-ié“f)y'(f)/r(f)}, (3.2.12)

7=|y'@f, (3.2.13)

such that J =2p(Z(Z),Z7)w — 7 on C. It was shown that w =y as defined in (3.2.7).
Therefore, >0 and by the definition of our problem >0 such that the following

condition for p(Z(Z),Z) can be concluded,

~

5(2(2),7)>Z% , oncC. (3.2.14)
2y
So for (2.3.14) to hold, p(Z(Z),Z) must satisfy,
(7 T ;Zmax
p(2(2),7),,, > ,onC, (3.2.15)

2y

min
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where 7, and v, are the maximum and minimum values of their respective functions

on C,and p(Z(Z),7),,;, is the minimum possible positive value taken by the function
0(2(Z),Z) on C. Thus, as long as p(z,7) is taken so that (3.2.15) holds on C, then it is
possible to find a plane deformation represented as y that corresponds to R fully

determined by 6 and maps a prescribed curve C onto C* in a neighborhood N

surrounding Con B.

3.3  Generating Twin Finite Deformations from Prescribed Rotation
Fields

Kinematics of twin deformation

The kinematics of twinning, shear banding, and two-phase deformations have been
studied quite thoroughly by James (1981, 1987), Pitteri (1985), Parry (1986), Gurtin
(1983), and Ericksen (1985), among others. Before we begin our analysis of a means of
computing a twin finite plane deformation from arbitrarily assigned rotation fields
defined on regions separated by a prescribed curve (twin boundary), we will review the

kinematics involved in twin deformation.

A plane deformation y = y(x) represents twinning if there exists a curve C across
which the deformation y is continuous, but its gradient field F is discontinuous. The

Maxwell condition [2] asserts that this jump in F across C admits the representation:
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F'-F =a®n, (3.3.1)

where n is a unit normal vector to C, a is a vector, and F* and F~ are the

deformation fields taken on by F on either side of C with (+) and (=) indicating each

side of the twin deformation (See Figure 3.1).

Figure 3.1: Schematic of a twin deformation with the twin boundary defined as C .

The polar decomposition of the deformation gradients on either side of C are defined

as,

F'=R'U"=V*R", (3.3.2)

F =RU =V R (3.3.3)

Substituting (3.3.2) and (3.3.3) into (3.3.1) gives,

RU*-RU =a®n, (3.3.4)
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representing the jump condition across C in terms of the stretch and rotation tensors

corresponding to the regions on either side of C.

Result 3.1: If either stretch field U or V is continuous across the twin boundary C, then
R and therefore F are continuous across C as well.

We will now examine a special case of twinning where,
u=U =U, (3.3.5)

on a twin boundary. If the right polar decomposition factor (or left, since this result can
be shown using either form of the polar decomposition of the deformation gradient) is
continuous across the twin boundary, then the rotation field is continuous as well, and

therefore the deformation gradient is continuous across a twin boundary.
To see this assume (3.3.5), and note that (3.3.4) can be rewritten as:
R'U-RU=a®n, (3.3.6)
which simplifies to,
R"-R =a®U™n on C. (3.3.7)
Multiplying the transpose of R* to (3.3.7) gives:
(R)Y'R =1-(R")'a®U ™n, (3.3.8)
where 1 is defined as the identity matrix. Let the left hand side of (3.3.8) be defined

as,
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T=1-(R")'a®U™n, (3.3.9)

where T =(R")"R™ is proper orthogonal. Let b=(R")"a and c=U"n so that (3.3.9)

becomes:
T=1-b®c. (3.3.10)

Multiply (3.3.10) by T™ and then substitute the transpose of (3.3.10) into the new

equation. This gives:
TT'=T"-b®Tc
1=(1-b®c) -b®(1-b®c)c (3.3.11)
=1-c®b-b®c+|c’|b®b,
simplifying to the form,
0=—-c®b-b®c+|c’|b®b. (3.3.12)

Looking at (3.3.12), it is easily seen that both b=0 and ¢ =0 are possible solutions.

The other possible solution for b and ¢ that makes (3.3.12) true can be found by

taking the trace of (3.3.12),
0=—2bic+|c*|[b?], (3.3.13)
which can be rewritten as,
e = o] (3:314)

Multiplying (3.3.12) by b gives:
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oz(—c®b—b®c+|c2|b®b)b

(3.3.15)
=—[o?|c -~ (ctb)b+|c*|jo[b .
Substituting the relationship from (3.3.14) into (3.3.15) gives,
0 =|b?c— = |e?| o[-+ [e?||o?]o
2
(3.3.16)

=—|p?|c+2[c?[jb?|b .
2
and since we are looking for non-zero solutions for b and c, (3.3.16) reduces to the

form:

b= 2c/|c2|. (3.3.17)2
If we substitute b = 2¢/ |c2| into (3.3.10) we get,

T =1—2c/|c2|®c

- 1—2(3@)3] (3.3.18)

where m is a unit vector. However, (3.3.18) implies that detT =-1, which contradicts

the requirement that T be proper orthogonal.

Thus the only possible solutions for b and c¢ that hold are b=0 or ¢ =0, which in

turn implies that both R* =R~ and F*=F~ on C as well. A similar derivation to the

bZ

2 It can be shown that (3.3.17) can also be written in the form ¢ = 2b/

43



one shown here can be performed with the same results using the left stretch tensor V for

the caseof V"=V~ on C.

Result 3.2: If a rotation field R is continuous across the twin boundary C, then the vector
ain (3.3.1) must have the form a=aRn.

Now we will examine the special case where,

R'=R =R, (3.3.19)

on a twin boundary. If a twin deformation has continuous rotation fields R* = R~ across

the twin boundary, then F"—F =aRn®n where « is a scalar and n is a vector

normal to the twin boundary.
Assuming (3.3.19), (3.3.4) becomes:
RU*-RU =a®n, (3.3.20)
which can be rewritten as,
U*-U =R"a®n. (3.3.21)
Let the left hand side of (3.3.21) be defined as:
S=R'a®n, (3.3.22)

where S=U"-U", is symmetric since it is made up of the difference between two

symmetric tensors. Since S is symmetric, then (3.3.22) must have the form,

S=an®n, (3.3.23)
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where,

R'a=an, (3.3.24)
must be true. Using (3.3.24), we get the following expression for a,

a=aRn (3.3.25)
such that (3.3.1) becomes,

F'—-F =aRn®n. (3.3.26)

Construction of a twin deformation corresponding to pre-assigned rotation
fields, a twin boundary curve C, and its image C*

We assume that the prescribed twin boundary C and its image C* are infinitely
smooth curves that are parameterized as described in (3.2.2) and (3.2.3). As in (3.2.8)

and (3.2.9), C and C* may be represented by functions Z(Z) and ¥§(zZ), which are

analytic functions of 7.

The rotation fields R* and R~ are respectively defined on either side of C, where
R" is defined on one side of C inaregion B* and R~ is defined on the other side of C
in a region B, such that region B=B"wB~. Both R* and R~ are fully determined by

scalar functions 8" and & (see Figure 3.2).
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(A)

(B)

Figure 3.2: (A) The undeformed configuration of a region B = B* w B™ divided by a curve C defined as
the twin boundary. (B) Twin deformation of the region B =B" U B~ generated by the rotation fields
R" and R~ defined on either side of the curve C , which are fully determined by scalar functions 8" and

6 . The curve C is mapped to the curve C* defined as the twin boundary in the deformed
configuration.

Let p*(z,Z) and p (z,Z) be real-valued functions that each obeys (3.2.15) on C.

Setting p"(z,Z)=p" and p (z,Z) = p~ as constants, the integral in (3.2.10) that defines
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a deformation in a neighborhood of C takes the form for each side of the twin boundary

as,

§(27)=p[, ¢"“PdC+3(2), on B, (3.3.27)

J(2,7)=p '[;me‘é’“ Dd¢ +§(Z), on B, (3.3.28)

where the (+) and (=) indicate the regions on either side of C as shown in Fig 2.
Similar to the untwined case, (3.3.27) and (3.3.28) generate, from prescribed rotation

fields R* and R~ determined by 6" and 6, plane deformations represented as y*(z,7)
and Y~ (z,Z) that are continuous on C, and map a prescribed curve C onto C* in a

neighborhood N™ and N~ contained in B with positive Jacobian.

In general, for this type of deformation, the Jacobian J is discontinuous across the
twin boundary C. Later, we will show that it is possible to generate a twin deformation

7,7

for which the Jacobian J is continuous across C if it is assumed that € “? may be

continuously extended across C onto N~. Both these cases are discussed next, in which

several examples are given.

Example 3.1: Discontinuous Jacobian across twin boundary

Suppose the rotation fields on either side of the twin boundary are determined by the

scalar functions,
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0" (x,%,) =2x%,, é*(z,f): Z+7, (3.3.29)
0 (x,%)=2%,, 0 (27)=-i(z-7). (3.3.30)

Let the twin boundary C in the undeformed configuration be a vertical line on the X,-

axis defined as,
(%, %) =(%(s).%,(s))=(0,5) , (-1<s<1), (3.3.31)

(See Figure 3(A)). Referring to (3.2.8), this curve can be defined by the analytic

function,

Z2(z)=-Z, on C, (3.3.32)
which implies a curve of X, =0 sothat z=2(Z)=-Z on C.
The image C* of C is the unit circle,
(Yo ¥) =(%:(9), ¥,(5)) = (cos(s),sin(s)) , (-7 <s<mx). (3.3.33)

Referring to (3.2.9), C* can be defined by the analytic function §(Z) for this example

as,
y=y(@)=¢", 2=2(7)=-7, (3.3.34)

for the case of a vertical line mapped to the unit circle. This is shown below.
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If C is defined as a vertical line along the X,-axis, then X, =0 such that z =ix, and
Z =—iX,, which gives the representation of C in (3.3.32). Thus finding a function

analytic in Z given (3.3.32) where C maps to the unit circle is done by,

Y(O, Xz) = yl(Xz) + iyz (Xz)
=cos(X,) +1isin(x,) (3.3.35)
=e™

To see that these functions define C and C*, note that z=7(Z)=-Z on C such that

x, =0, therefore z=-Z=ix, on C. From (2.3.9), it can be seen that (3.3.35) is

equivalent to (3.3.34).
To construct the deformation, let p* and p~ be prescribed as,
p =T, (3.3.36)
p =1, (3.3.37)

where it can be seen that p* and p~ defined this way both agree with the condition for

p(Z(Z),7) in (3.2.15) for our prescribed curves C and C*. This is seen by solving for

w" and y, and for 7. For this example w* =y~ =y such that from (3.2.12) and

(3.2.13), we get:

W =y =c08(X,), (3.3.38)

7=1. (3.3.39)

For C defined in (3.3.31), (3.2.15) becomes,
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Puin >0.93, on C, (3.3.40)

in which both (3.3.36) and (3.3.37) agree.

Substituting (3.3.29), (3.3.30), (3.3.32), (3.3.34), (3.3.36) and (3.3.37) into (3.3.27)

and (3.3.28), and carrying out the integrations, lead to:

9*(2,7):—i(7ei(“7)+ie’7—7), in B, (3.3.41)

V(z,7)=e"" —eP +e7, in B". (3.3.42)

Stated in (2.3.8), the components of the deformation for each side of the twin boundary

can be found by taking the real and imaginary parts of (3.3.41) and (3.3.42), but these are

long expressions and thus will be omitted. The Jacobain determinants J* and J~ will

not be shown for the same reason, but in Figure 3.3(A) the discontinuity between the

determinants across the twin boundary defined as the X, -axis can be seen.

As seen in Figure 3.3(A), the range of values {x1 =0, (-1<x, sl)} for the curve C

does correspond to positive J* and J~. The rotation matrices for the twin deformation

are:

. cos(2x,) -—sin(2x)| . _.
R _Lin(le) cos(2x) } in B", (3.3.43)
R{cgs(sz) —sin(2x2)] B (3.3.44)
sin(2x,)  cos(2x,)
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The twin deformation in (3.3.41) and (3.3.42) is illustrated in Figure 3.3, where a square
centered at the origin with a side length of 0.5 is deformed by the rotations in (3.3.43) and

(3.3.44).

(A)
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y-z

(B)
Figure 3.3: (A) Contour plot of the Jacobian determinants J* and J~ for the deformation (3.3.41) and

3.3.42), and twin boundary C :{x =0, (-1<x,<1)! . In the unshaded regions J* >0 or J~ >0 depending
X 2

on which side of the twin boundary is being examined, and in the shaded region J* <0 or J~ <0. A
square of side length 0.5 centered at the origin is shown as well. (B) The deformation generated from

rotations 0" (x,,x,) =2x_and 6 (x,X,) =2x,, with the square mapped to its image, and the twin

boundary mapped to the unit circle C*.

Example 3.2

In this example, let the rotation fields be described by scalar functions,
0" (x,%,)=2%, O0(2,7)=1+7, (3.3.45)
6 (x,%)=x2+x2, 0 (7)=1Z. (3.3.46)
Let the twin boundary C be a horizontal line along the X, -axis defined as,

(X, %) =(%(s),%,(s))=(s,0) , (-0.5<5<0.5). (3.3.47)
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Referring to (3.2.8), C can be defined by the analytic function,
z=2(Z)=7Z, on C. (3.3.48)
Let the twin boundary C map to a sine wave given by,
(¥, ¥,)=(%.(s), ¥,(s)) =(s,asin(ks)) , (-0.5<s<0.5), (3.3.49)

where a and k are scalar values related to the sine wave’s amplitude and period. For
our example let a=1/10 and k =10, such that referring to (3.2.9), C* can be defined

by the analytic function §(Z) such that,
y = ¥(2) =7+i%sin(107). (3.3.50)
It can be easily shown that this representation in (3.3.50) gives,
Y, iy, =X +i %sin(lel) ,with z=7 =X,. (3.3.51)
To construct the deformation, let p* and p~ be prescribed as,
pt =4, (3.3.52)

o =2. (3.3.53)

As in the previous example, it can be seen that o* and o~ defined this way do satisfy

(3.2.15), and the derivation showing this is similar to that done in the previous example.

Carrying out the integration in (3.3.27) and (3.3.28) for this example gives,

53



V'(2,7) = i(4e2‘2 —4¢'*7) +%sin(107) -~ ifj ,in B, (3.3.54)

izz

v (2,7) =2ze™ - 27e” +zb+%isin(107), in B™. (3.3.55)

As before, the components of the deformation on each side of the twin boundary can be

found by taking the real and imaginary parts of (3.3.54) and (3.3.55), but they are long

expressions. The Jacobain determinants J* and J~ will not be shown for the same
reason, but in Fig 4(A) it can be seen where they are positive, negative and zero for this

twin deformation.

In Figure 3.4(A), it can be seen that the range of values {(—13 X <D, X, = O} for the

curve C do correspond to positive J* and J~, which confirms that our choices for p*

and p~ do agree with (3.2.15). As expected, the rotation matrices derived from (3.3.45)

and (3.3.46) for the twin deformation are:

R = |:COS(2X1) _Sln(le):| , in B+, (3356)
sin(2x,)  cos(2x,)
R {C?S(Xf * X§) _Sin(lez " X;Z)} in B~ (3.3.57)
sin(x; +X,)  cos(X; +X;)

The twin deformation in (3.3.54) and (3.3.55) is shown in Figure 3.4, where a rectangle
centered at the origin with side lengths 0.1 and 0.6 is deformed by the rotations in

(3.3.56) and (3.3.57).
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(A)

(B)
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Figure 3.4: (A) Contour plot of the Jacobian determinants J* and J~ for the deformation (3.3.54) and
(3.3.55), and twin boundary C : {x,=0, (-0.5<x<0.5)} . In the unshaded regions J* >0 or J~ >0

depending on which side of the twin boundary is being examined, and in the shaded region J* <0 or
J~ < 0. Also, arectangle with side lengths 0.1 and 0.6 centered at the origin. (B) The deformation
generated from rotations 6" (x , x,) = 2x, and 8 (x,, x,) = xf + x§ , with the rectangle mapped to its
image, and the twin boundary mapped to a sine wave C *.

Continuous Jacobians across twin boundary

In order to produce a twin deformation where the Jacobian J is continuous across the

twin boundary (J*=J", on C), and maps C to C*, let the integral in (3.2.10) that
describes the deformation around C take the following form for each side of the twin

boundary,

J'(22)=[, 5" D" P+ 3() | (3:3.58)

J(22)=[ (D" S +5(2) . (3.3.59)

In these equations, é+(z,7), é‘(z,f), Z(Z) and y(Z) are prescribed. The real valued
functions p*(z,7) and p~(z,Z) must be determined so that the Jacobians are positive in

a neighborhood N*™ and N~ and continuous across C. Setting J*=J" across C, we

get the following relationship from (3.2.11),

25" (2(2),7)Ree 7 0Dy (2) 2(2)| +|y @)

i (3.3.60)
=257 (2(2),7)Re{e™ *Py @) 1 2(2)} + |7 @) |

on C. This is satisfied if,
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P (27) =7 D) (e Iy @) @)+ Py () 12(2),  (3361)

p (27)=727) (e V(@) @) +e” V() 2(7), (3362

on C,where y'(z)=¥'(Z) and 2'(z) =Z'(Z), and y(z,Z) is a function defined on B that

is real-valued on C.

Thus a twin deformation with continuous Jacobian across the twin boundary can be

constructed from,

@) =], 7D Ny@ 7@+ Y 112 )e” s +3(@) |
(3.3.63)

J @n)=[, 7D N @ 7@+ EIY) 1 21¢))e” CUds +3(@) |

(3.3.64)

for a neighborhood N* and N~ surrounding C, where e’ can be continuously

extended into N~, and €™’ can be continuously extended into N*. The function
7(z,Z) must be defined so that J* and J~ are positive in N* and N~, and is real-

valued on C.

Example 3.3: Continuous Jacobian across twin boundary

For this example, let the twin rotation fields be fully determined by the following

scalar functions,
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0" (x,%,)=2%, 0(27)=2+7, (3.3.65)
0 (x,%)=2%,, 0(z,7)=-i(z-7). (3.3.66)

Let the twin boundary C in the undeformed configuration, be a horizontal line on the X, -

axis defined as,
(%, %) = (%(s), %,(s)) =(5,0) , (-1<s<1). (3.3.67)
Referring to (3.2.8), this curve can be defined by the analytic function,
z=2(Z)=7Z,on C. (3.3.68)

For the mapping of the twin boundary C to its image C*, let C* be a parabola defined

as,
(¥ ¥2) = (5:(), 9,(9)) = (5,8%) ,  (~L<s<1), (3.3.69)

where referring to (3.2.9), C* can be defined by the analytic function y(Z) such that,
y=Y(Z)=7+iz". (3.3.70)

Given 6", 9, Z2(Z), and y(Z) defined this way, then equations (3.3.61) and (3.3.62)

for p*(z,7) and p~(z,7) take on the following forms for this example,
P (2,7) = 5(e‘2iX2 (1+2x, +2ix, ) +e* (1+2x, — 2ix1)) : (3.3.71)

p(2,7) =57 (1+2x, +2ix, )+ (1+2x, - 2ix,)), (3.3.72)
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where the scalar function 7(z,7) is taken to be y(z,Z)=5. Performing the same type of

derivation as in Example 3.1, it can seen be that p*(z,Z) and p (z,Z) defined this way

do agree with the condition in (3.2.15) on twin boundary C as defined.

Substituting these prescribed terms into (3.3.58) and (3.3.59) respectively, and

carrying out the integration, we get the following deformation:

¥y (z,7) =%i {€*" (10+10i +207) —e**™ (5 + 15i 10z ~10iz )

(3.3.73)
—e® ) (551 +107 +10iz) + 22° - 2z} , in B",
y (z,7)= %(1+ i){[—e“‘f (5-10i —107 ) + e #2®) (15-10i —102)
+ete) (5+10i7)—5—10i7]e’2‘7+72 (1+i)+7(1—i)} : (3.3.74)

inB~.

Stated in (2.3.8), the components of the deformation for each side of the twin boundary
can be found by taking the real and imaginary parts of (3.3.73) and (3.3.74), but these are

long expressions and such will be omitted. For the same reason, the Jacobian
determinants J* and J~ will not be shown as well, but it can be shown that on the twin

boundary C defined as the X -axis, the twin determinants are equal. Also, seen in Figure

3.5(A), the twin boundary C described as {x2 =0, (—1£ xlsl)} does correspond to

positive J* and J~ further demonstrating that our choice of p*(z,Z) and p (z,Z) does

agree with (3.2.15).
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The twin deformation in (3.3.73) and (3.3.74) is represented in Figure 3.5, where a
rectangle centered at the origin with side lengths 0.2 and 0.4 is deformed by the rotations

prescribed in (3.3.65) and (3.3.66).
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(B)

Figure 3.5: (A) Contour plot of the Jacobian determinants J* and J~ for the deformation (3.3.73) and
(3.3.74), which are continuous across the twin boundary C :{x2=0, (—Kxisl)} . In the unshaded regions

J" >0 or J~ >0 depending on which side of the twin boundary is being examined, and in the shaded
region J© <0 or J~ <0. Also, a rectangle with side lengths 0.2 and 0.4 centered at the origin. (B) The
deformation generated from rotations 6" (x, x,) = 2x, and & (X, X,) = 2X,, with the rectangle mapped to
its image, and the twin boundary mapped to a parabola C *.

Example 3.4

Let the twin rotation fields be fully determined by the same scalar functions as in the

previous example,

0" (x,%,) =2x,, é*(z,f) =7+7, (3.3.75)

0 (x,%,)=2%,, 0(z,7)=-i(z-7). (3.3.76)
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The twin boundary C in the undeformed configuration, is a vertical line on the X,-axis

defined as,
(%, %) =(%(5),%,(s))=(0,s) , (-1<s<1). (3.3.77)
Referring to (3.2.8), C can be defined by the analytic function,
z=%(Z)=-Z,on C. (3.3.78)
We take C* as the unit circle like in Ex. 4.1,
(Y1, ¥,) = (¥.(5), ¥,(5)) = (cos(s),sin(s)) , (-1<s<1), (3.3.79)
where referring to (3.2.9), C* can be defined by the analytic function y(Z) such that,
y=y(z)=¢". (3.3.80)

As stated thus far, this example is exactly the same as Ex. 4.1. In Ex. 4.1, both p*

and p~ were constants, which led to a discontinuous Jacobian across the twin boundary.

In this example, we will build a twin deformation with a continuous Jacobian across the

twin bounday by defining these terms as,
p'(z2.7)=5(e"+e7), (3.3.81)
p(2,7)=5(e" D7 40D, (3.3.82)

where as in the previous example, 7(z,Z7) =5. Defining p*(z,Z) and p (z,Z) this way

does agree with the condition in (3.2.15) on twin boundary C where z =2(2).
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Using these prescribed parameters, a twin deformation can generated from (3.3.58)

and (3.3.59), which takes the form:

9+(z,7)=%(1+i)e-z {5(e27—e-<1-‘><2-7‘>—(1+i)e‘<z+f>)+6+4i}, in B, (3.3.83)

¥ (2,7) =5ie™ {ezz—e‘(”z2‘2)+%(1+i)(e(1”(Z”)—l)}+eZ, in B, (3.3.84)

The twin deformation in (3.3.83) and (3.3.84) is shown in Figure 3.6, where a
rectangle centered at the origin with side lengths 1.0 and 0.2 is deformed by the rotations

prescribed in (3.3.75) and (3.3.76). Also shown in Figure 3.6(A) are the regions where
J" and J~ are positive, negative and zero corresponding to a twin boundary C

described as {x, =0, (-1<x, <1)}.

b+ 1 uso0 b=

J<0

,!.S_

(A)
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(B)

Figure 3.6: (A) Contour plot of the Jacobian determinants J* and J~ for the deformation (3.3.83) and
(3.3.84), and twin boundary C: {xlzo, (—szﬂ)}. In the unshaded regions J* >0 or J~ >0 depending
on which side of the twin boundary is being examined, and in the shaded region J* <0 or J~ < 0. Also,
a rectangle of side lengths 1.0 and 0.2 centered at the origin. (B) The deformation generated from rotations
0" (x,%,)=2x_and 6 (x,X,)=2x,, with the rectangle mapped to its image, and the twin boundary
mapped to the unit circle C*

21

3.4 Twin elastic deformations

Here we present some general results concerning twin deformations of an elastic
material. Suppose now that the twin deformation is located in a region defined as
hyperelastic in the sense that the material’s constitutive relation is characterized by the

stored energy function W (F) across the twin boundary (James, 1981) such that the

following relationship between the deformation gradients occurs
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F'"=QF H onC. (3.4.1)

In (3.4.1), Q s a proper-orthogonal tensor such that objectivity necessitates
W(F)=W(QF) for all tensors F, and H is a member of the participating elastic
region’s material symmetry group such that W(F) =W (FH) for all tensors F. Hence,

W (F) =W (QFH) for all tensors F .

As the material symmetry group for an elastic material is a subset of the orthogonal
group, H itself is proper-orthogonal as well. This relationship in (3.4.1) is given from

(James, 1981, Pitteri, 1985, Ball and James, 1987).

A consequence of (3.4.1), is that det F* =det F~ on C, showing that the Jacobian of
the defined deformation gradient must be continuous across the twin boundary in an

elastic region. James also showed in (James, 1981) that the determinant of (3.3.1) gives,

Det(F ") =Det(F +a®n)
= Det(F)Det(1+(F ) a®n) (3.4.2)

= Det(F-)(1+[(F-)-1a}m) ,

and substituting the equality of the Jacobians on C (det F* =det F’) into (3.4.2), leads

to the expression:
0=[(F)*aJnoncC. (3.4.3)

Therefore, the condition in (3.4.3) must hold true on C for all elastic twinning.

We will discuss now the effect (3.4.1) has on the components of the polar

decomposition of F* and F~. As in the previous section on kinematics of twinning, we
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substitute the polar decompositions of the deformation gradient on each side of the twin

boundary shown in (3.3.2) and (3.3.3) into (3.4.1):

R'U"=QRU HonC. (3.4.4)
Since HH'™ =1, (3.4.4) can be rewritten as:

R'U"=QRHH'U H. (3.4.5)

From (3.4.5), it can be seen that the following relationships may be constructed between
the rotation tensors on either side of the twin boundary and the stretch tensors on either

side of the twin boundary,
R"=QRH, (3.4.6)

U'=H'UH. (3.4.7)

Result 3.3: Rotation angles 8° and 6~ must be related through 6" =6 (3.4.19) or
6" =-6"+2¢ (3.4.20) for twinning in an elastic region

We will now show how we arrive at the above relationships between the previously
defined scalar functions 8" and 6, where ¢ is a scalar function prescribed by the angle

formed between C and C*, for twinning in a plane elastic region.

Note that across the twin boundary C, (3.2.5) gives,

F'X=F%x=¥, (3.4.8)
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where X and y are the parameterizations of C and C* defined in (3.2.2) and (3.2.3),

and the dot above each term denotes derivatives with respect to the tracing parameter s

(See Figure 3.7).

Figure 3.7: Schematic of the twin boundary C and its image C* separated by an angle ¢, measured from

Xto V.

From (3.3.2), (3.3.3), and (3.4.8),

U'x=[RTY, (3.4.9)

Ux=[RTY, (3.4.10)

which in turn leads to:

(3.4.11)

Now substituting (3.4.7) into (3.4.11) implies,
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KU X = XOHT[U P HX

. : (3.4.12)
=t[U Ft=xJU X,

where t = HX . Applying the two-dimensional version of the Cayley-Hamilton theorem?

to the right hand side of (3.4.12) gives:

tU Pt = XU P X

2 K K 2|2 (3413)
U =3 [t =1 xu x-37|%

where 1~ and J~ are the trace and determinant of U~ *. By substituting t = HX into

(3.4.13), it can be shown that,
XHTU HX = XU X | (3.4.14)
or equivalently,
KUK =XUX . (3.4.15)

Using (3.4.15), we substitute (3.4.9) and (3.4.10) to get a similar type of relationship

relating the twin rotation tensors as such,
X[RTy=xIRTY. (3.4.16)

Applying (2.3.2) to (3.4.16) and noting that |>~<|2 =1, the relationship between the right

and left sides of the twin deformation takes the form:

|9](cos(67) cos(g) +sin(6") sin(p) ) = || (cos(6") cos(p) +sin(¢")sin(g) ) . (3.4.17)

3 For a two-dimensional square matrix A, the Cayley-Hamilton theorem states, A> =tr(A)A —det(A)1.

* It can be shown easily that the invariants 1" =17 and J* =J~ on C for twin elastic deformation.
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where ¢ represents the angle subtended by the vectors X and § measured from X. The

above equality can be simplified to the form,
cos(8* —¢) =cos(d” —¢), on C. (3.4.18)
This relationship holds true for all twinning in an elastic region.

However, a consequence of (3.4.18) is that the rotation angles #* and 6~ must be

related through either of the following:
0 =6, or (3.4.19)
0" =—-0 +2¢, across C°. (3.4.20)

Examples of each case are shown next. Note that if C maps to itself (C =C%*), then

¢ =0 such that the rotation angles 8 and &~ can either be equal to each other or the

negative of each other to be representative of elastic twinning.

Example 3.5: Elastic twinning for 67 =6~ on C=C*

In this example 8" =6~ on the twin boundary C. Let the rotation fields be fully

determined by the scalar functions,

0 (%, %) =2(x+%),  0'(z,7)=(1+i)z+(1-i)Z, (3.4.21)

® Note that an additive integer multiple of 27 is suppressed in both (3.4.19) and (3.4.20) without loss of
generality.
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0 (%, %)=2%, 0 (27)=(Z-2)i. (3.4.22)
Let the twin boundary be defined as a fixed vertical line on the X, -axis,

(%, %) =(%(s),%,(s))=(0,s), (-0.5<5<0.5), (3.4.23)

such that C maps to itself. Referring to (3.2.8), this curve can be defined by the analytic

function,
1=2(7)=-17, (3.4.24)
and since C=C*, then y=y(Z)=-7 as well.

As explained previously in the description of equation (3.4.1) for twinning in an

elastic region, the Jacobian determinants must be equal across C. Thus p*(z,Z) and
0 (2,Z) must be related by (3.3.60), which means they will each take the form in
(3.3.61) and (3.3.62) respectively. We take 7(z,Z) =1, such that p*(z,Z) and p (z,7)

are,

p'(2,7)=2cosh(Z-1z), (3.4.25)
p(2,7) =2cos((1+i)z+(1-1)Z). (3.4.26)

Substituting the above parameters into (3.3.58) and (3.3.59), the following deformation is

generated around the twin boundary:

9+(z,f)=%i{(5e“—5ei(”z4”)—(2i+1)e(2”)‘“” +1+2i)e*”}-7, inB*, (34.27)
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)A/*(z,f) = li {(5(842 _ei(z+7—4i7))+ Ziei(“i)
¥ (3.4.28)

—(Zi +1)e(2+i)(z+7) +ei(z+7))efl(z+i—4li)}_7 inB
As stated in previous examples, the components of the deformation for each side of the

twin boundary can be found by taking the real and imaginary parts of the above

equations.

Shown in Figure 3.8 is the twin deformation described by (3.4.27) and (3.4.28),
where a rectangle of side lengths 0.6 and 0.1 centered at the origin is deformed. Also

shown in Figure 3.8(A) are the regions where the Jacobian determinants are positive,

negative and zero for the twin boundary C defined as {x1 =0, (-0.5<x,< 0.5)}.

+ —
B e B

ot & (A‘l.,\.‘z)z 2,\'2

~0.4

(A)
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Figure 3.8 (A) Contour plot of the Jacobian determinants J* and J~ for the deformation (3.4.27) and
(3.4.28), and the twin boundary C :{x1=0, (—O.Ssxzso.s)}. In the unshaded regions J* >0 or J~ >0

depending on which side of the twin boundary is being examined, and in the shaded region J* <0 or
J” <0. Also, a rectangle of side lengths 0.6 and 0.1 centered at the origin. (B) The deformation
generated from rotations 6" (x,, X,) = 2(x1+x2) and 0 (x,X,) =2x
image, and the twin boundary mapped to itself.

with the rectangle mapped to its

21

Example 3.6: Elastic twinning for 6t =6 on C#C*

In this example, we will keep 6" and 6~ as defined in (3.4.21) and (3.4.22) with the
same twin boundary C as a vertical line on the X,-axis (X, =0), such that 8* =~ across

the twin boundary. This problem varies from Example 3.5 in that twin boundary C will
no longer map to itself, but to the unit circle. Referring to (3.2.8) and (3.2.9), the twin

boundary and its image can be defined by the analytic functions Z(Z) and §(7) as:
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2=%(7)=-17, (3.4.29)

y=9(2)=¢". (3.4.30)

Given these prescribed functions, p*(z,Z) and p (z,Z) are found from (3.3.61) and

(3.3.62) with 7(z,7) =1:

p(2,7)=e"+e7, (3.4.31)

15—(2’7) — e—(z+i(z+7)) + e—z+i(z+7) . (3432)

Substituting the above expressions for p"(z,Z) and p (z,Z) along with our prescribed

rotation fields and twin boundary into (3.3.58) and (3.3.59), the twin deformation

generated is,

2 (3.4.33)
+%(l—i)e(l+i)(z+z)—%}e3Z+eZ . in B+,
1 o\ i @i
~_ 2'7 =={(i-1 e|(z+z)+ 1—ij e(1-*—2|)(z-¢-z)
y (2,7) 2{( ) (1-9) (3.4.34)

+2e27 _ 2ei(z+i—2ii)}e—i(z+7—3i7) +e77 , inB~.

Figure 3.9 shows the twin deformation described above, where a rectangle of side
lengths 0.6 and 0.15 centered at the origin is deformed. Shown in Figure 3.9(A) are the
regions in which the Jacobian determinants are positive, negative and zero, such that the
Jacobian determinants are equal across the twin boundary C defined as
{x =0, (-1<x,<1)}.
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Figure 3.9 (A) Contour plot of the Jacobian determinants J* and J~ for the deformation (3.4.33) and
(3.4.34), and the twin boundary C:{x=0, (-1<x,<1)}. In the unshaded regions J* >0 or J~ >0

depending on which side of the twin boundary is being examined, and in the shaded region J* <0 or
J” <0. Also, a rectangle of side lengths 0.6 and 0.15 centered at the origin. (B) The deformation
generated from rotations €+(xl,x2) = 2(x1+x2) and 6 (x,X,) =2x,, with the rectangle mapped to its
image, and the twin boundary mapped to the unit circle C*.

Example 3.7: Elastic twinning for 8" =-0"+2¢ on C#C*
We now consider an example in which,
07 (X, X,) =—0" (X, X,) +26(X,, X,) , (3.4.35)

on the twin boundary C, where ¢(X,X,) is the angle subtended by C and its image C*

at (X, X,). Let the twin boundary C be defined as a horizontal line on the X, -axis,

(%, %) =(%(5),%(s)) =(s5,0) , (-1.5<s<15), (3.4.36)
which maps to C* defined as,

(Yo, ¥2)=(%:(5), 9,(5)) = (s,5) , (-1.5<s<15), (3.4.37)

where C* is a slanted line of slope 1. Referring to (3.2.8) and (3.2.9), the twin boundary

and its image can be defined by the analytic functions Z(Z) and §(zZ) as:
2=2(2)=17, (3.4.38)
y=y(7)=Q1+0)zZ, (3.4.39)

thus ¢(x;, X,) =%.
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We will prescribe the rotation field around the twin boundary to be determined by,

0 (%, %)=2%, 0 (27)=-i(2-7), (3.4.40)
¢9+(x1,x2)=—2x2+% , é+(z,7)=i(z—7)+%. (3.4.41)

Note that 8" and &~ conform to (3.4.20) (and likewise (3.4.35)).

Since the Jacobian determinant must be positive and continuous across the twin
boundary, let p*(z,Z) and p (z,Z) be described by (3.3.61) and (3.3.62) respectively

with 7(z,7) =1,
5'(2,7) = (L+i)er™ + (L-i)e* ™, (3.4.42)
ﬁf (Z, 7) — (1+ i)eszfizr/Z + (1_ i)efz+7+i;r/2 . (3443)

Substituting the above problem definitions into (3.3.58) and (3.3.59) generates the

following twin deformation:
37*(2,7):{(l+i)(z—7+%Je2Z +%(1—i)e22}e2Z +(1+i)Z, in B", (3.4.44)

v (2,7) :%(1—i){i(22 —27+1)e” Jrezz}e‘27 +(1+i)Z, in B™. (3.4.45)

Given the above twin deformation, a rectangle centered at the origin with side lengths
0.6 and 1.0 is deformed as shown in Figure 3.10. Also shown in Figure 3.10 is the

mapping of the twin boundary from a horizontal line to a slanted line as prescribed in
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(3.4.36) and (3.4.37). In Figure 3.10(A), the regions where the Jacobian determinant is

postitive, negative and zero are given as well.

(B)
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Figure 3.10 (A) Contour plot of the Jacobian determinants J* and J~ for the deformation (3.4.44) and
(3.4.45), and the twin boundary C:{x,=0, (-1.5<x<1.5)}. In the unshaded regions J* >0 or J~ >0

depending on which side of the twin boundary is being examined, and in the shaded region J* <0 or

J” <0. Also, a rectangle of side lengths 0.6 and 1.0 centered at the origin. (B) The deformation
generated from the rotation fields fully determined by (3.4.40) and (3.4.41), with the rectangle mapped to
its image, and the twin boundary mapped to a slanted lineC* with slope 1 corresponding to an angle
p=nl4.

Example 3.8: Elastic twinning for 8" =-0"+2¢ on C#C*

Let the twin boundary C be defined as a horizontal line on the X, -axis,

(X, %) =(%(5),%,(s))=(s,0) , (-1<s<1), (3.4.46)

which referring to (3.2.8), C can be defined by the analytic function,

1=12(7)=7. (3.4.47)
Let C map to parabola defined as,
(2 ¥2) =(:(5). 9,(8)) = (s, stan(g) ) ,  (~L<s<1), (3.4.48)
where,
~ s
P(X, %,) = ¢(8) =10’ (3.4.49)

is the angle subtended by C and C* at (x,,X,). Given our range of s, ¢(x,X,) is small

enough such that we can approximate (3.4.48) to be,

2

(yl(s),yz(s))z(s,s&)=[s,i—0], (-1<s<1). (3.4.50)
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This approximation is done to get an explicit solution to the integral equations (3.3.58)
and (3.3.59) which gives the generating deformation. However, neglecting this
approximation still results in a generated deformation, but the mapping would not be in
such a simplified form. Referring to (3.2.9), this approximation of C* can be defined by

the analytic function y(Z) such that,

¥(Z) = 7(1+ if] , 2=2(2)=7. (3.4.51)

0 (%, %)=2%, 0 (27)=-i(z-7), (3.4.52)
9+(x1,x2):—2x2+% , §+(z,7):i(z—7)+%(z+7), (3.4.53)

which are of the form presented in (3.4.35) .

Given the 0°(x,x%,), 6 (x,X,), and C defined this way with the image C*

approximated by (3.4.50), we will prescribe p*(z,Z) and p (z,Z) in the form presented

in (3.3.61) and (3.3.62) with 7(z,7) =1,
0 (2,7)=€"" [1+é7j+e” (1—%2), (3.4.54)

5 (2,7) = (1+é7j @-il2/10+710+i(z-7)] (1_é Zj Qil2/10+7/10+i(2-7)] (3.4.55)

Substituting (3.4.54) and (3.4.55) along with the other problem parameters into (3.3.58)

and (3.3.59), we get the following twin deformation:
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V' (z,7) = i(2+$j{(400+ 6000i + 4007 ) e”"*

—(300+6000i +400z —20iZ)eillo(z+7) (3.4.56)
_ (100 + 20i7) e1/401(2—i/10)(3997—40lz+40i7)
+72 4+ 2007 + 20iz? —10i7} _inB",
. 1 . e
“(2,7) =———1{(200+10i — 27 + 40iz7 ) e *"®
v (2.7) 401 {( )
+(200 +10| _ 27 + 40'7) el/401(i/10—2)(3997—4012+40i7)} (3457)

+(3Oi+27)ei”5—(30i+2z)e”1°(2”)+7+%72 , inB".

The twin deformation in (3.4.56) and (3.4.57) is illustrated in Figure 3.11, where a
rectangle centered at the origin of side lengths 0.6 and 1.5 is deformed by the rotation
field determined from (3.4.52) and (3.4.53). In Figure 3.11, the twin boundary C maps
to its image C* defined as a parabola approximated by (3.4.50). The regions in which
the Jacobian determinant is positive, negative and zero are shown in Figure 3.11(A) as

well.
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Figure 3.11 (A) Contour plot of the Jacobian determinants J* and J~ for the deformation (3.4.56) and
(3.4.57), and the twin boundary C:{x,=0, (-1<x,<l)}. In the unshaded regions J* >0 or J~ >0

depending on which side of the twin boundary is being examined, and in the shaded region J* <0 or

J” <0. Also, a rectangle of side lengths 0.6 and 1.5 centered at the origin. (B) The deformation
generated from rotations fields fully determined by (3.4.52) and (3.4.53), with the rectangle mapped to its
image, and the twin boundary mapped to a parabola C * approximated by (3.4.50).
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CHAPTER 4

AREA PRESERVING PLANE DEFORMATIONS
GENERATED FROM A GIVEN ROTATION
FIELD ALONG A PRESCRIBED CURVE

4.1 Introduction

For our final analysis, we look at generating a deformation, which is locally area
preserving in the neighborhood of a curve, given a rotation field and a prescribed curve

and its mapping.

In Section 4.2, the case of locally area preserving infinitesimal plane deformation is
reviewed in a similar method to Section 2.2, differing with the application of the
constraint of area preservation on the generated displacement field. An example for this

case is shown.

In Section 4.3, the kinematics associated with plane finite deformations are reviewed

with the application of the constraint that the deformation is locally area preserving.

In Section 4.4, a plane finite deformation is constructed that is locally area

preserving, given a prescribed rotation field, a curve, and its mapping, in the form of a
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Taylor Series, using the Cauchy-Kovalevskaya procedure. An example demonstrating

this is shown.

In Section 4.5, a plane finite deformation is constructed using the same Cauchy-
Kovalevskaya procedure as in the previous section, with the Jacobian determinant no
longer being set equal to one, but defined as a positive scalar function. An example is

shown for this case as well.

4.2 Infinitesimal plane deformations that are locally area preserving

Let u be a locally area preserving infinitesimal plane displacement field on a planar

region B. The infinitesimal strain and rotation fields E and W are respectively given

by
E=1(VU+VuT) wzl(vU—vUT) (4.2.1)
2 ’ 2 ' o

The tensor field W , being skew-symmetric, is determined by the single scalar field

1
0 =W, =-W,, :E(ul,z _Uz,l) , (W, =W,, =0). (4.2.2)

If the infinitesimal deformation is locally area preserving, then the displacement field

u satisfies,

O=uy, +U,,. (4.2.3)

For a simply connected region B, there exists a scalar function v(x;,X,) such that
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u=v, , U, =-v,. (4.2.4)

Substituting (4.2.4) into (4.2.2) yields the following relationship between the rotation and

scalar field v :

20=V,,+V,,, (4.2.5)

which takes the form of the Poisson Equation for a given & determined by the rotation

field (originally named for S. D. Poisson, 1813).

To produce an area preserving deformation that corresponds to a given rotation &,
(4.2.5) must be solved for v (Courant and Hilbert, 1962). The displacement field is then

given by (4.2.5).

Example 4.1: Small plane deformation in an area preserving region

Suppose the rotation field is defined by the scalar function

X, + X
a(x,, =1 "2 4.3.1
(X, %,) 100 (4.3.1)

Given @ prescribed this way, it is easily shown that a solution to (4.2.5) is

X +%

43.2
300 ( )

V(X1’ Xz) =

Differentiating (4.3.2) with respect to X, and X,, and using the relationship in (4.2.4), the

following displacement field is generated:
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2 2

X
=2 u2=—1%. (4.3.3)

It is easily seen that the displacement field in (4.3.3) agrees with the condition in (4.2.3).
Using (4.3.3), we get the following deformation which is area preserving for infinitesimal

displacements

2

X
=% Ly, 4.3.4
Y= 100 TR (4.3.4)
X12
=———+X,. 4.3.5
Y, 100+ 2 ( )

In Figure 4.1, a square of side length 2 is deformed by the deformation field in (4.3.4)

and (4.3.5).

ta
ta

(A) (B)

Figure 4.1: (A) An undeformed square of side length 2 located in the first quadrant of the x,, X, axes. (B)
Square after deformation which corresponds to the prescribed 4 in (4.3.1).
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4.3 Kinematics of locally area preserving finite plane deformations

Let y=y(x) be a deformation on a plane region B. The deformation gradient

tensor is defined as F =Vy, and the left and right polar decompositions for F are

F=RU=VR, U=+F'F, V=JFF', R=FU™. (4.3.6)

The mapping y = y(x) is one-to-one, continuously differentiable, and has a Jacobian

determinant of J =1 for a plane region B. Thus
1=F,F,,-F,F,, on B, (4.3.7)

given by the derivatives of the deformation y = y(x).
The left and right stretch tensors U and V are both symmetric and positive definite,
and the rotation tensor R is proper orthogonal. The rotation field is fully determined by

a single scalar field @, corresponding to a right-handed rotation through & about an out-

of-plane axis:
cosd -—sin@
R=| . . (4.3.8)
sin@ cosé@
From (4.3.6),
U=R'F , V=FR", (4.3.9)
such that,
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[U]=[u] :{ cos(8) sin(@)}r11 F12:|
—sin(@) cos(@) || F, F,
F,, cos(8) + Fy,sin(@) F, cos(@) + F,, sin()
= {Fﬂ cos(9) - F, sin(@) F,,cos(0)—-F, sin(e)} , on B,

(4.3.10)

(note a similar matrix equation can be constructed for V). Due to the symmetry of the
stretch tensor U , the following expression can be constructed from (4.3.10) relating the

components of the of the deformation gradient tensor F to the rotation field

0=(F,+F,)sin(@) +(F,-F,)cos(d), on B. (4.3.11)

4.4 Constructing a locally area preserving deformation corresponding
to a given rotation field and maps a prescribed curve to another

In order to construct an area preserving plane deformation in the neighborhood of a
curve which maps the said prescribed curve to another in a region B, we will make use
of the Cauchy-Kovalevskaya Theorem (A Cauchy characteristic problem named for by

being first proved by S. V. Kovalevskaya, 1875).

Given a rotation field R, we wish to find a plane deformation field y(x) that
corresponds to R and also maps a prescribed curve onto another prescribed curve.
Define the initial prescribed curve as C and the curve to which C maps to as C* (the

same as in Ch. 3). Let the prescribed curves C and C* be parameterized as followed:

C: x=X(s), (0<s<s,), (4.4.1)

C*:y=9(s), (0<s<s,), (4.4.2)
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such that the deformation y(x) maps C to C*,
y(%,(s), %,(s)) = ¥(s), (4.4.3)

where s is defined as arc-length along the curve C, and s, is a constant defining the

upper bound of the arc-length. Differentiating (4.4.3) with respect to s gives

272 on C, (4.4.4)

where the dots above X and § represent derivates with respect to s, and F= F(s) is

defined as the deformation gradient F on C. Substituting (4.4.4) into the polar

decomposition of F in (4.3.6) gives the expression:
§=Fx=RUX, on C, (4.4.5)

which can be written as

Ux=R"y, on C. (4.4.6)

Because U is positive definite, this leads to the following condition, which must be met

by the prescribed curves and rotation field:

w = XUX = JTRX
Lo Lo LA SIS . (447)
= X1y1+ngz)C03(t9)+( Y, —Xzyl)sm(é?) > 0, onC,

where y is a positive scalar function (as shown before in the Ch 2 and 3), noting that ~

above indicate the values of these terms defined along C. We assume that the prescribed
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rotation angle and curves C and C* are consistent with this necessary condition. We

also assume that 4, X, and § have continuous derivatives of all orders.

Constructing an area preserving deformation in the neighborhood of a prescribed curve
C that maps the curve C to its image C* using the Cauchy-Kovalevskaya Theorem:

Following the Cauchy-Kovalevskaya Theorem, we will construct a deformation y(x)

in the form of a Taylor series (Evans, 2010), in a neighborhood of points on C,

y(X) = 9(s)+(x—X(s)) F +%[(x— X(s))zvﬁ}r%[(x— %(s))° vvﬁ}r . (448)

Thus to construct the deformation y(x) which maps a prescribed curve C to its image

C*, we must determine F and its derivatives on C. To do this we will setup linear
systems of equations to solve for F and its higher order derivates defined on the curve

C.
To create a system of linear equations, define a vector field h such that,
ha = ~0(2)’:(’1 - Ifalx;Z' (449)

Using (4.4.9) and (4.4.4), we solve for the components of F on C interms of § and h

as,
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Substituting these expressions into (4.3.7) gives,
1= (yly(i - hliz)(yzxz - hz)ii)_(ill);(z + hl)?i)(yzy(l - hz)L(z)’ on C. (4.4.11)

Simplifying (4.4.11),

1= §ih, (5 + %2 )= 9, (% + %) = §4h, — §,h,, 0n C, (4.4.12)

which after substituting the expression in (4.4.9) in for the components of h, gives the

linear equation for the components of F on C:

1= i’1();(1|522 - );(2'521) - );/2();(1'512 - );(zlfn) , on C, (4.4.13)

noting that X and § are both known from the prescribed curve C and its mapping C*.

Given the equations (4.3.11), (4.4.4), and (4.4.13), we can now construct a linear

system of equations for which we can solve for the components of deformation gradient

tensor F on the curve C,

sin(@) cos(§) —cos(@) sin(@)|[F,| [0
% %2 9 9 22| = Yl ,onC. (4.4.14)
R S T LN B B
‘ Xzyz _)?1372 _)~(2~1 X1~1 LT 22 J',_J
[A] [f] [b]
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The linear system of equations expressed in matrix form in (4.4.14) will have a solution
for the components of F if and only if the determinant of the matrix [A] is non-zero.

Taking the determinant of matrix [A] gives
Det {[Al} = (%3, + %, )cos(6) + (% ¥, — X, ¥, )sin() ,on C. (4.4.15)

Because we assume that the given angle @ and the curves X and ¥ satisfy (4.4.7) , the
determinant of [A] is positive. Therefore a unique solution does exist for the

components of F on the curve C.

To acquire the higher order derivatives of F along the curve C, we take derivates of
equations (4.3.11) and (4.3.7) with respect to X, and the derivatives of (4.4.4) with
respect to S, to achieve a system of linear equations for the first partial derivatives of F
on C. We construct the following linear system of equations, again in matrix form, for

which we can solve for the first partial derivatives of F on the curve C,
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[sin(@) cos(d) 0  —cos(@) sin(6) 0 Fu
0 sin(6) cos() 0 —cos(8) sin(9) || Ry,
A A
0 0 0 )~(12 )?1)~( )~(22 ~21 1
22 _~F21 q - F12 I:1~ 9 ~21,2
L 0 22 ' 0 _F12 F11 dL " 22,2 |
\_W_J
[A,] [f.]

—~F,,0,sin() + F,,0, cos(8) + F.,0, cos(8) + F,,0, sin(6) |
Flze sm(<9)+F22¢9 cos(9) + Flle cos(e)+F210 sin(6)

FuX +F%, -9, on C.
F, % +F, >~< -, ’
0
| 0
[b.] (4.4.16)
Taking the determinant of matrix [A,] gives
nC, (4.4.17)

Det{[A, ]} ={(%,5, +%,, ) cos(8) + (%9, -5, )sin(@)} ", 0

which is (4.4.15) squared, where by assuring the determinant of matrix [A,] to be

positive. Therefore a unique solution does exist for the first partial derivatives of F on

the curve C.

Generalizing the above calculations for solving for higher order derivatives,

(AT

, n=2(m+1), on C.

fuol =[bn]
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where m is the order of derivative with (4.4.14) having an order of m=1, and n
corresponds to the size of the system, it appears that the determinant of the matrix [A, ]

takes the following form:

Det{[A, ]} = {()’21)71 + %, y'/z)cos(e) +(>?1§72 ~ %, i/l)sin(e)}m ,onC. (4.4.19)

However, we have only verified this relation for m=1,2,3,4. It therefore appears
possible to solve for higher order derivatives of F on C, enabling the deformation y to

be determined through (4.4.8). An example of this is shown below. (Note that we do not

address convergence of the series (4.4.8))

Example 4.2: Area preserving finite deformation

Suppose the rotation field is defined by the function

9(x1,x2)—arcsin£ a ],sin(e)— . (4.4.20)

Y1+ X% Y1+ X

Let the curve C be defined as a horizontal line along the X -axis, which may be

represented by
(X, %) =(%(s),%,(s))=(s,0) , (0<s<5), (4.4.21)
(See Figure 4.2(A)). The image C* of C is a parabola,

(Y ¥>)=(9:.9,)=(s,s’+s) , (0<s<5) (4.4.22)
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Given @, X, and ¥, defined this way, we will substitute them into (4.4.7) to check

that our eventual matrix [A] and its higher orders are all positive:

e (252+s+1)
JRX=————+->0, 0<s<5,onC. (4.4.23)

V1+s?

From (4.4.23), we see that positivity of matrix [A] and its higher orders will hold for our

whole range of s.

In constructing our deformation, will limit our region B to the first quadrant such
that (x;,X,)>0. Using the Cauchy-Kovalevskaya procedure, we will now construct a
deformation y(x) for our given €, X, and ¥, in the form of a Taylor Series described in

(4.4.8). As explained previously, we do this by solving for the components of F and its

higher order derivatives on the curve C.

For this example in can be shown that the linear system in (4.4.14) takes the form

0  —(2s+1) O 1 Jreqr oy
1 0 0 0 2t 1
0 0 1 0 12 | L onC. (4.4.24)
s 1 4 S F. 2s+1
- 0
| VI+s? V1452 A1+s? Nl+s? =222 BOUD
[A] [f] [b]

Solving the above linear system for the components of F gives
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13

=1
= 1
P o Y
Fol . ++1 e (4.4.25)
F,=25+1
287 +3s+2
2 287 4s5+1

To make sure our linear system agrees with our calculation in (4.4.23), we take the

determinant of our matrix [A] in (4.4.24),

(25° +5+1) 4426

Det{[Al} e

which is in fact the same as (4.4.23) and therefore positive for our range of s.

To achieve the first partial derivatives of F on C, we substitute (4.4.25) into the

linear system in (4.4.16) along with the prescribed values for 8, X, and § to get the

following matrix representation of the system:
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- _
2s 2+3s+2 _(2s+1) 0 S 1 1 0
2s°+s+1 25°+s+1 ) .
z E
0 2s 2+ 3s+2 —(25+1) 0 — 1 1 ~11,1
2s° +s+1 2s° +s+1 1.2
S 1 0 -1 S 0 22
V1+s? V1+s? \J1+s? V1+5s? ~21,1
0 S 1 0 -1 S ~21’2
J1+82 J1+82 J1+82 J1+82 = 2
- ' -
1 0 0 0 0 0 ﬁ,_[fz]
0 0 0 1 0 0 |
[A]
~ 0 _
0
4s® +4s+3
=| V1+s®(2s°+s+1) | , onC. (4.4.27)
0
0
- _2 -
[b,]

From (4.4.27), we compute the following first partial derivatives of F on C
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IE11,1 =0
_ 4s+1
11,2 4s* +4s® +55% + 25 +1
- 4s® +6s -1
) 22 (25 +5+1)(45" +45° +55% + 25 +1)
VE 51 . . (4.4.28)
F21,1 =0
_— 45 +4s-1
282 g% 4 45 4552 +25+1
- 65’ —3s—4
22 (28% +5+1)(4s" +4s% +55% + 25 +1)

For this example we will omit the matrix representation of the second partial
derivative of F on C (m=3 in (4.4.18)) due to its complexity, but below are the

components of VVF solved for in that linear system:

F11,11 =0

= 2(165°+28s +26s° +195° + 45 +1)

M2 (14 62)(252 + 5 +1)(4s" +45° +552 + 25 +1)

= 64s°+1125° +152s" +76s° + 455” —8s +1

127 (14 52)(25% + 5 +1)% (45" + 45° + 552 + 25 +1)

= 64s’ +160s° +208s° +136s* —12s° —35s° —525 -3
225 (1+52)(28% + 5 +1)°(4s” +4s% +55% + 25 +1)

VVEF =1 . ,onC. (4.4.29)
F21,11 =0

= 2(32s°+56s° +68s" +38s° +13s* —4s-1)

212 (1452)(25% +5+1)(4s* +4s° +55% + 25 +1)
= 64s’ +128s° +160s° +64s* —34s° —63s —465—3
225 (1+52)(25° +s+1)2(4s* +4s° +55% + 25 +1)
= 325’ —32s°-160s° —370s" —3375° —2165° - 735 + 2
22 (14+52)(2s% +5+1)°(4s* + 4% +55% + 25 +1)
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Using the components of F and it higher order derivatives from (4.4.25), (4.4.28), and

(4.4.29) all defined on C, along with 8, X, and § prescribed in (4.4.20) - (4.4.22), we

now can construct the deformation y(x) in the form of a Taylor series using (4.4.8).

For simplicity, we will only use the terms we have computed in this example to
construct our deformation, thus omitting the higher order terms of the Taylor Series.
However, in order to ensure accuracy of our deformation, we will compare the Jacobian
calculated using the Cauchy-Kovalevskaya procedure with that of the actual value of the
Jacobian for an area preserving deformation, J =1. To determine the neighborhood in
which we will construct our deformation, we will arbitrarily say that for a given point, if
the calculated Jacobian is within 90% of the actual value of J =1, then our construction
should be a good approximation of the actual deformation. Note though that the method
performed here is more accurate then we are showing is this example, and the need for

approximation of solutions is only due to our simplifying of the problem.

Due to its complexity, the deformation y(x) as expressed in the form of a Taylor

series will not be shown, but it can be seen illustrated in Figure 4.2 with a unit square

deformed by the generated deformation.
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Figure 4.2: (A) An undeformed unit square located in the first quadrant of the x,, X, axes, and the curve

C defined as a horizontal line along the x, -axis. (B) A close up view of the undeformed unit square. (C)
Square after deformation which corresponds to the prescribed € in (4.4.20), and the curve C mapped to a
parabola, C*. (D) A close up view of the deformed unit square.
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4.5 Constructing a finite deformation for a prescribed Jacobian

The procedure in Section 4.4 can be used to construct a plane finite deformation
y(x), that maps a prescribed curve to another, given a rotation field 6 in a region B, in

which the Jacobian for the generated deformation field y(x) is defined to be a positive
scalar function J(x;,X,). With the Jacobian defined as J(x,,X,), the region B is no

longer uniformly area preserving, thus the determinant of the deformation gradient

F =Vy takes the form

J (X1' Xz) = I:11F22 - F12 F21 =Y1i1Ya2 = Yi2You1- (4-5-1)

As done in the previous section, this equation can be rewritten into a linear format in the

same arrangement shown in equations (4.4.13) for an area preserving deformation
J (le Xz) = 371()?1 ~22 - );(2 ~21) - 372 ()?1 ~12 - )L(z ~11) ,onC. (4-5-2)

With (4.5.2), the system in (4.4.14) becomes

sin(@) cos(d) —cos(9) sin(d)] F, 0
O S T N A O
0 0 % X, 2 ¥,
, );(2);/2 _);(13;/2 _);(23.71 )?1)71 ;2’2_‘ J(lexz)
[A] [f] [b]

with the determinant of matrix [A] still being expressed by (4.4.15) . From (4.5.3), it is

seen that the equations for higher order derivatives are modified only on the right-hand

sides, and so may be solved in the same fashion as in Section 4.4 for the derivatives of

F on C. Therefore, as in the previous section, there appears to exist unique solutions to
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all higher order terms along the curve C, such that it is possible to construct a plane

deformation y(x) given a prescribed curve C and it image C*, and a rotation field fully
determined by a scalar function 6(x,,x,) defined on a region B where the Jacobian of

the deformation gradient is a positive scalar function J(x,X,) using the Cauchy-

Kovalevskaya procedure. This is shown in the example below.

Example 4.3: Finite deformation for a prescribed Jacobian

For this example with will prescribe ¢, X, and ¥, in the same way we did in

Example 4.2, the only difference now being that the deformation is no longer locally area

preserving. Let the Jacobian determinant be defined as

J (X, %) = Xy + X, . (4.5.4)

For this example, we will define our region B to be located such that x, and X, are

always positive. Therefore the J(x;,X,) is always positive.

Defining the Jacobian this way only has an effect on the right side of (4.4.18), as

expressed previously and shown in (4.5.3). Therefore the matrices [A,] will be the same
as in Example 4.2 (as well as the matrices [ f_], but this is intuitive). The only difference

between the problems is from the values in matrices [b,]. Thus we will construct a

deformation y(x) in the form of a Taylor series using the same Cauchy-Kovalevskaya
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procedure as shown in (4.4.8). Substituting the prescribed @, X, and ¥, along with the

Jacobian as defined in (4.5.4) into (4.5.3) gives the linear system

0 —(2s+1) 0 1 - . _
1 0 0 0 w| ST
= 1
0 0 1 0 F|= ,onC. (45.5)
s 1 -1 s a| |2t
= 0
| V1+s?  J1+s? Jl+s? W14s? |2 2= B0
[A] [f] [b]

Solving the above linear system for the components of F gives

i

11=1
= sP+sx,—s-1
~ 27 087 y s+
F—o>q . ,on C. (4.5.6)
F,=2s+1
= 28°+4s+Xx,+1
F22: 2
25°+s+1

We will omit the calculation of the rest of the components of the deformation gradient
F and its higher order derivatives on C since the procedure is so similar to that in
Example 4.2. Also, we will use the same approximation as before in determining the

neighborhood in which we will construct our deformation, such that the calculated

Jacobian must be within 90% of the actual value of J =X, +X,, as the condition for a

good approximation of the actual deformation.

Due to its complexity, the deformation y(x) will not be shown, but it can be seen
illustrated in Figure 4.3 with a square of side length 0.4 deformed by the generated

deformation.
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Figure 4.3: (A) An undeformed square of side length 0.4 located in the first quadrant of the x,, X, axes,

and the curve C defined as a horizontal line along the x, -axis. (B) A close up view of the undeformed

square. (C) Square after deformation which corresponds to the prescribed & in (4.4.20), and the curve C
mapped to a parabola, C*. (D) A close up view of the deformed unit square.
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APPENDIX

In the following analysis, we show that in a region B a suitably smooth curve C:

{xlzil(s), X, = %,(S) (OSSSSO)} can be represented by a function Z(Z) that is

analytic in Z, with z=12(Z) defining C. Let p and g be the real and imaginary parts

of 7,

2(Z) = p(x, %) +iq(x, X,) , T=X —ix,,

(A.1)

where p and g are harmonic functions that satisfy the Cauchy-Riemann equations for a

function analytic in Z

d__a _a

ox, 0%, | Ox, OX
On the curve C defined in a region B, we require that
2=12(2),

S0 that,

P(R.(8), %, (8)) =%, () » A(%,(8). X%,(8)) =%, (s) , (0<s<5sy),
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where X (s) and X,(s) define the curve C with s standing for the arc-length along C,

and s, is a constant defining the upper bound of the arc-length. Further, (A.2) and (A.4)

give,
GRO=Sa T
:s_fle _2_)2 X, (A.5)
=-n-Vp ,
where
n=XxX ,n=-x, (A.6)

are the components of a unit vector normal to C. Thus p, the real part of function 7,

satisfies the following boundary value problem, for a given curve

C:{xlzil(s), X, =%,(8) (055550)}

PR KGN =7() , nVp=- %() . (0<5<3,), (A7)

Vip=0. (A.8)

According to Holmgren’s theorem, there exists a solution p to the boundary value
problem listed above, provided X, and X, are real-analytic functions (Courant and Hilbert
1962) (originally named for E. Holmgren, 1901). Once p is determined, its complex

conjugate g can be found by integrating the Cauchy-Riemann equations in (A.2).
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To determine the function §(Z), which is analytic in 7, with y = §(Z) on the curve

C*, a similar boundary value problem must be solved for the real part r of § where

y:r(Xi,X2)+iS(X1,X2). (A,9)

As before, the real part r of the function § satisfies the following boundary value

problem

(RO AN =16, nVr=—S-5,6) , O<s<s,), (A10)

Vr=0. (A.11)

Holmgren’s theorem again applies for the existence of a solution r to the boundary value
problem above, provided ¥, andy, are real-analytic functions (Courant and Hilbert

1962).

108



BIBLIOGRAPHY

Ball, J. M., James, R. D. (1987): Fine phase mixtures as minimizers of energy. Arch.

Rational Mech. and Anal. 100, 13-52.
Buck, R.C (1978): Advanced Calculus. McGraw-Hill, New York.

Courant, R. and Hilbert, D. (1962): Methods of Mathematical Physics, Volume II.

Interscience, New York.

Ericksen, J. L. (1954): Deformations possible in every isotropic, incompressible,

perfectly elastic body. ZAMP. 5, 466-489.

Ericksen, J. L. (1985): Some surface defects in unstressed thermoelastic solids. Arch.

Rational Mech. and Anal. 88, 337-345.

Evans, L. C. (2010): Partial Differential Equations (Graduate Studies in Mathematics),

Volume 19, 2" Edition. American Mathematical Society.

Fosdick, R. L. and Schuler, K. W. (1969): On Ericksen’s problem for plane deformations

with uniform transverse stretch. Int. J. Engng Sci. 7, 217-233.

Fosdick, R. L. (1971): Statically possible radially symmetric deformations in isotropic,

incompressible elastic solids. ZAMP. 22, 590-607.

109



Gurtin, M. (1983): Two-phase deformations of elastic solids. Arch. Rational Mech. and

Anal. 84, 1-29 (1983).

Hoger, A. and Carlson, D.E. (1984): Determination of the stretch and rotation in the polar

decomposition of the deformation gradient. Quart. Appl. Math. 42, 113-117.

Holmgren, E. (1901): Uber Systeme von linearen partiellen Differentialalgleichungen.

Ofversigt af Kongl. Vetenskaps-Academien Forhandlinger. 58, 91-103.

James, R. D. (1981): Finite deformation by mechanical twinning. Arch. Rational Mech.

and Anal. 77, 143-175.

Parry, G. P. (1986): On shear bands in unloaded crystals. J. Mech. Phys. Solids. 35(3),

367-382.

Pitteri, M. (1985): On the kinematics of mechanical twinning. Arch. Rational Mech. and

Anal. 88, 25-57.

Poisson, S. D. (1813): Remarques sur une equation qui se presente dans la theorie des

attractions des spheroids. Nouveau Bull. Soc. Philomathique de Paris. 3, 388-392.

110



	Plane Deformations Generated by Prescribed Finite
	Rotation Fields: Issues and Applicatons
	A dissertation submitted in partial fulfillment of the
	Providence, Rhode Island
	Recommended to the Graduate Council
	Approved by the Graduate Council
	VITA
	ACKNOWLEDGEMENTS
	CONTENTS
	Signature Page
	Vita
	Acknowledgments
	Table of Contents
	List of Tables
	List of Figures
	2.1   Introduction
	2.2   Infinitesimal plane deformation
	2.3   Some kinematics of plane finite deformations
	2.4   Building a finite deformation from a prescribed rotation field
	2.4   Examples 2.1 – 2.3
	2.5   Finite deformations which take on a prescribed value on a given curve
	2.5   Examples 2.4 – 2.6
	3.1   Introduction
	3.2   Constructing a plane finite deformation field that maps one prescribe
	35
	3.3   Generating twin finite deformations from prescribed rotation fields
	45
	47
	56
	3.3   Examples 3.3 – 3.4
	3.4   Twin elastic deformations
	3.4   Examples 3.5 – 3.8
	LIST OF TABLES
	LIST OF FIGURES
	CHAPTER 1
	INTRODUCTION
	CHAPTER 2
	2.1   Introduction
	2.2   Infinitesimal plane deformation
	2.3   Some kinematics of plane finite deformations
	2.4   Building a finite deformation from a prescribed rotation field
	Example 2.1: Finite deformation around a point
	Suppose the rotation field is defined by the scalar function
	Example 2.2
	Consider a rotation field generated by the scalar function
	Example 2.3
	2.5   Finite deformations which take on a prescribed value on a given curve
	From (2.5.6) we see that on the curve , (2.5.10) becomes
	Differentiating (2.5.15) with respect to , we get
	Substituting (2.5.20) into (2.5.18) we then reach
	Also, from (2.5.20) we have
	Next we set
	Example 2.4:  Finite deformation around a curve
	Suppose the rotation field is defined by the scalar function
	Let the curve  be the unit circle, which may be represented as
	Example 2.5
	Example 2.6

