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Chapter One

Introduction and motivation

Living cells depend on electrochemical potentials across membranes for many crucial

cell functions. Changes in the transmembrane electric field are necessary for such

processes as signal propagation in neurons, directed cell migration, and ciliary

motility in cell swimming [36, 15, 123, 124, 118, 24]. The transmembrane electric

field is also coupled with the mechanical properties of the membrane. This coupling

is utilized by cochlear hair cells to transfer acoustic vibrations into electric signals

that can be interpreted by the brain [227].

Electric fields are also used in engineering and medical applications such as the

electroporation and electrofusion of cells. Application of an electric field increases

the membrane tension, which leads to the opening of a pore. This allows for the

transport of molecules such as drugs or DNA across the plasma membrane, which

is used for drug delivery and gene therapy technologies [140, 43]. The fundamental

concept underlying these phenomena is the dynamic response of a cell membrane to

an electric potential, which remains poorly understood [218, 195, 45].

Real biomembranes are a complex structure composed of many molecular

components necessary for cell function, see Figure 1.1. The plasma membrane
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regulates the electric properties of the cell through the transport of ions across the

membrane [152]. The main structural component of the plasma membrane is the lipid

bilayer. The lipid bilayer has two main functions for the cell. First, the membrane

physically protects the interior of the cell by limiting the transfer of material into

the cell to very small molecules such as water [23]. Second, the lipid bilayer is an

insulator, shielding the interior from electrical signals and acting as a capacitor [150].

The transmission of molecules, such as DNA, as well as electric conduction through

the membrane is regulated by proteins within the lipid bilayer structure.

Figure 1.1: Schematic representation of the cell membrane [1]

Fundamental understanding of cell membrane electromechanics necessitates a

reduction in the layers of complexity. The approach taken in this thesis is to study

interfacial dynamics in electric fields by using the foundations of fluid-fluid interfaces

to guide the study of complex behavior of bilayer membranes [125]. Artificial
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cell-sized membrane envelopes, called vesicles, are commonly used as a simplified

model system for cells. Vesicle membranes are composed only of the lipid bilayer,

which allows the study of bilayer membranes in isolation, see Figure 1.2. Giant

unilamellar vesicles (GUVs), will be used in this thesis because their large size

of 10-100 microns in radius allows visualization of interfacial dynamics with light

microscopy, which can then be compared to analytical theories [51].

The dynamics of vesicles under various types of stress, such as an applied flow,

have been studied both theoretically and experimentally for over two decades [102,

94, 204, 213, 51]. The steady state configurations of vesicles in an applied electric field

have also been investigated [77, 104, 84, 148, 8]. Studies have noticed that due to the

finite thickness of the interface, bilayer capacitance is critical to membrane dynamics

[207]. Recently, a model incorporating the influence of membrane capacitance on the

behavior in AC field was developed [211]. Experimental observations of the dynamic

response of vesicles in electric fields have primarily focused on short DC pulses, i.e.

less than 1 ms [163, 161, 162]. There are no known observations of vesicle dynamics

for longer pulses, where the membrane capacitor is fully charged. One goal of this

thesis is to experimentally observe the dynamics of vesicles in both AC and pulsed

DC electric fields and provide a quantitative comparison with theoretical models

[177, 207, 211].

Electric fields are also used to create pores in membranes [196, 223, 218, 197, 186].

The dynamics of an individual pore, which is created by the application of a uniform

stress, such as an osmotic pressure, has been studied theoretically and experimentally

[97, 226, 133, 170, 28, 95]. The dynamics of pore resealing have been of particular

interest; the timescale for pore closure determines the duration where material can

be exchanged across the interface [56, 154, 155]. A physical model for the dynamics

of pore opening in an electric field remains a challenge due to the finite time for
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Figure 1.2: Sketch of a lipid membrane vesicle.

interfacial charging and gradients in electric stress. The influence of membrane

poration on vesicle dynamics has not been studied in detail, although poration may

explain edges observed in short DC pulses [162]. The development of pores affects

transmembrane conduction and the structural integrity of the membrane, both of

which lead to changes in dynamics. This motivates studying the dynamics of vesicles

with porated membranes.

Lipid membranes are soft and easily bent by thermal noise [76]. Physical

descriptions of membrane undulations have been developed to include increasing

levels of complexity [27, 129, 182, 29, 128]. These models have been used to

measure membrane properties, such as bending rigidity, through the observation

of membrane shape fluctuations [126, 65, 50, 145, 68, 127, 228]. Real cell membranes

are surrounded by charge; lipid molecules can have nonzero charge or electric fields

can exist near a cell membrane. How the presence of charges affects membrane
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fluctuations has motivated both theoretical descriptions and experimental work

[81, 151, 229, 230]. Experimental observations have mainly focused on membranes

with charged lipids, or the effect of low frequency AC fields across a planar membrane

[108]. A method utilizing the response of the vesicle in an AC field is developed to

observe membrane fluctuations on a spherical vesicle in the presence of electric fields.

Vesicle response to an electric field bears similarity to that of drops, therefore

the stability of drops in electric fields is also explored [207]. The dynamics of

drops in electric fields has potential applications in its own right, for instance,

electrorheological fluids and oil separation technologies [21, 20, 112, 143, 209,

193]. Although nonlinear phenomena under creeping flow conditions are rare,

nonlinearities in drop electrohydrodynamics offers potential applications for mixing,

electrorheology, and microfluidic devices [187, 222, 10, 191, 217, 216, 26]. The

nonlinear response of a viscous oil drop in a uniform DC electric field is studied

to better understand mechanisms for nonlinear behavior in creeping flow.

Outline

The following chapters investigate the influence of interfacial charging on the

dynamics of drops and vesicles. Both drop and vesicle systems are investigated

through experimental observation and, when possible, compared to theory. In both

cases theoretical descriptions are either developed or adapted from existing models.

Chapter 2 introduces the physical system and governing equations used in this

thesis. In particular, bilayer membrane mechanics and the capacitive model for

membranes are introduced. The equations governing the electric and fluid behaviors

and the assumptions underlying those equations are discussed.
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Chapter 3 details the unsteady behavior of a viscous fluid drop in a DC electric

field, including many new features such as oscillations and chaotic tumbling. The

role of viscosity contrast is shown to be critical to drop dynamics in the combined

rotational and extensional flow generated by the interfacial electric stress . A set

of systematic observations of silicone oil drops suspended in castor oil is performed

to characterize the effect of drop size, viscosity ratio, and field strength. The onset

to unsteady behavior is observed by gradually increasing the electric field strength.

Drop breakup is also observed for larger drops at high field strengths. The behavior

of an individual drop is analyzed by recording the shape and orientation of the drop

as a function of time. A fluid ellipsoid model is developed, which predicts features

similar to those seen in experiments.

Chapter 4 investigates the steady and time-dependent deformation of vesicles in

AC electric fields. A novel method is developed to measure membrane capacitance,

an important parameter controlling membrane stability in electric fields [167]. The

method utilizes the morphological changes of a vesicle in AC fields. The vesicle

evolution in an AC field is also used to determine the viscosity of bilayer membranes.

Chapter 5 investigates the time-dependent deformation of vesicles in DC electric

fields. A two-step DC pulse is used to observe vesicle dynamics before and after the

membrane capacitor has charged. A theoretical description is developed to describe

the behavior in during the two-step pulse and after the field is switched off.

Chapter 6 extends the work from Chapter 5 to observe the dynamics of vesicles in

strong DC electric fields, capable of causing membrane poration. The formation of

corners in the membrane and vesicle collapse in DC pulse is investigated and related

to the formation of membrane pores.
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Chapter 7 proposes a method for observing membrane fluctuations on a vesicle in

the presence of an AC electric field. The theory for a fluctuating planar membrane is

introduced interpret the experiments. The experimental methods for measuring the

membrane fluctuations are explained and the effect of electric fields on membrane

fluctuations is investigated.
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Chapter Two

Background

2.1 Introduction

Lipid bilayers resemble fluid-fluid interfaces in the sense that they are both fluid

and deformable. The bilayer thickness, however small, gives rise to more complex

features. It imparts resistance to bending and its hydrophobic core does not allow

ions to cross the membrane. For a fluid drop, when an electric field is applied across

an interface, the conservation of current leads to the accumulation of charges at the

interface. In the case of a lipid membrane, ions accumulate on both sides of the

membrane and as a result the membrane acts as a capacitor. The charges at the two

interfaces create electric stresses on the membrane, which alter the response of the

membrane to an applied field compared to simple interfaces. A fluid-fluid interface

has interfacial tension to resist changes in area, in contrast, the membrane is an

inextensible flexible interface.

In this chapter, the physical description and electro-mechanical coupling of

bilayer membranes are introduced and compared to fluid-fluid interfaces. The

governing equations and boundary conditions for both systems are given and the
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assumptions underlying the use of these equations are discussed.

Zero–thickness electromechanical model of lipid bilayer membranes

The phospholipid (lipid) membrane is the main structural component of cell

membranes. Lipid membranes are composed of two layers of lipid molecules. The

lipids self-assemble from solution to form a bilayer that shields the hydrophobic core

from water. The membrane closes upon itself to form a shell called a vesicle, see

Figure 1.2. The physical properties of lipid bilayers and vesicle configurations are

surveyed in the classical reviews [22, 115, 180], and more recently in [51]. The

bilayer thickness is about 4nm, more than 1/1000 the radius of a typical giant

unilamellar vesicles (GUVs) (a = 20µm). The large difference in length scales

allows the membrane to be treated as a two-dimensional surface embedded in a

three-dimensional space. The finite thickness of the membrane is accounted for

through modifications to the electro-mechanical properties of the interface, such as

bending rigidity and interfacial capacitance.

Bending and entropic elasticity of bilayer membranes

In most membranes, the lipid molecules are able to flow within the membrane;

the lipid membrane behaves as a two-dimensional fluid. However, unlike fluid-fluid

interfaces the finite bilayer thickness resists changes in curvature and thus also acts

like an elastic sheet. Bending leads to compression and expansion of the monolayers,

these internal stresses are accounted for by introducing an effective bending modulus

κ. A classic result from thin shell elasticity [59, 89, 88, 76, 30, 180] derives bending
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stresses in terms of membrane deformation,

τ κ = −κ
[
(2H − C0)(2H

2 − 2KG + C0H) + 2∇2
sH
]
n , (2.1)

where κ is the bending modulus, H is the mean curvature, H = 1
2
∇ · n, KG

is the Gaussian curvature, KG = 1
2
∇ · [n∇ · n + n× (∇× n)]. C0 is the bilayer

spontaneous curvature, which is the intrinsic curvature due to asymmetry in packing

density of the heads and tails of lipid molecules [50]. n is the unit normal vector to

the interface, ∇s is the surface gradient operator, and ∇2
s is the Laplace-Beltrami

operator.

Typical values for the bending rigidity of lipid bilayers are κ ∼ 20kBT [121, 51],

where kB is the Boltzmann constant and T is the absolute temperature. The small

resistance to bending allows the membrane to be easily bent by thermal noise. As a

result, part of the membrane area is stored in thermal shape undulations around a

mean shape. These thermal undulations are characterized by a fluctuation spectrum

characterized by a mean square displacement 〈h (q⊥)2〉 ∼ κq4
⊥ + σq2

⊥, where h is

the height difference from a mean position and q⊥ is the wavenumber [27, 129, 182,

128]. In this expression, σ is an effective membrane tension, which arises from the

constraint of constant surface area for an incompressible membrane [78, 179].

Figure 2.1: Sketch of a fluctuating membrane [146].

When the vesicle deforms due to an applied stress, such as suction pressure from

a micropipette [58] or an electric stress [104, 68], area stored in fluctuations can
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be pulled out without stretching the true membrane area. Stretching of true area

results from increase of the area per lipid molecule. The mean membrane position

determines the apparent area A, which is also the area optically observable with

a microscope. In the case of a quasi–spherical vesicle, the transfer of area from

fluctuations to systematic deformation leads to a change in apparent area, ∆A,

which is related to a change in membrane tension by, [58],

∆A

A
=
kBT

8πκ
ln

σ

σeq

, (2.2)

where σeq is the membrane tension in the absence of applied forces. If large stresses

are applied to the vesicles, all area stored in fluctuations will be pulled out and

A becomes equal to the true area. The lipid membrane is assumed to be nearly

incompressible due to the high energy cost of increasing the area per lipid; the area

expansion modulus is Ka ∼ 200mN/m [159, 51]. At large tension values where

stretching can occur, σ ∼ 1 mN/m, the membrane tension also approaches the limit

for membrane rupture, called the the lysis tension, σlys ∼ 5 mN/m [51]. Once the

tension exceeds this critical value, the membrane will open pores to relieve tension.

If the external stress is removed, the pores may eventually reseal as a result of the

edge tension along the pore [95, 155].

Depending on the nature of the applied stress, gradients in tension may occur

along the membrane. Area–incompressibility also enforces that the area of a

local patch of membrane will remain constant as fluctuations are transferred into

systematic deformation. Accordingly, local tension adjusts to keep the local area

constant [181]. A position dependent tension arises from the variations in interfacial

strain along the interface. In addition, the isotropic tension needs to be determined

self-consistently with membrane deformation to account for the global vesicle area

stored in either fluctuations or systematic deformation.
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In the dynamic response of the vesicle to an external force, the membrane area

stored in systematic deformation depends on the magnitude of the external forcing

rather than the instantaneous shape [181]. This subtlety has been addressed in the

context of vesicle dynamics in shear flow [181, 142, 131, 212], and in this thesis

the same approach is taken in the case of electric stresses. The details of this are

discussed further in Chapter 4.

The surface forces associated with membrane tension σ are,

τ σ = 2σHn−∇sσ . (2.3)

The tangential part of the surface force density, ∇sσ, arises from nonuniformities in

the tension, which are needed to ensure local area incompressibility.

In addition to elastic forces, the fluid nature of the membrane leads to viscous

dissipation. For a Newtonian surface, the in-plane shear viscous stress is described

by [52],

τ µ = µmm∇s ·
(
∇sus +∇su

†
s

)
, (2.4)

where † denotes transpose. The membrane viscosity of lipid bilayers is relatively

low, µmm ∼ 10−9Ns/m [44]. Surface viscous effects become important in gel-phase

lipid bilayers; a dramatic increase in the surface viscosity is a signature of the

fluid-gel transition [44]. Furthermore, in bilayers assembled from polymers, also

called polymersomes, the membrane viscosity can be very high, µmm ∼ 10−6Ns/m,

compared to lipid membranes [49, 48].
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Figure 2.2: Examples of the charging of a a) vesicle and b) drop.

Charging of a spherical shell capacitor system

When an electric field is applied across an interface, charge is conducted from the

bulk at a rate given by the characteristic charging timescale of the fluid,

tc,i =
εi
λi
, (2.5)

where ε is the dielectric constant, λ is the electric conductivity, and i denotes either

internal or external bulk fluid. For a fluid drop, charges accumulate at an interface

separating two fluids with different electrical properties, see Figure 2.2b. The

mismatch in electric properties between the interior and exterior fluids are described

by,

R =
λin

λex

, S =
εin
εex
. (2.6)

In contrast to the fluid-fluid interface, a bilayer membrane is impermeable to ions.

When an electric field is applied across the membrane, free charges will accumulate

on both sides of the membrane, therefore the membrane will act as a capacitor [207].
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For a spherical vesicle, the membrane will charge with the characteristic timescale

for a spherical shell capacitor,

tmm = aCm

(
1

λin

+
1

2λex

)
, (2.7)

where Cm is the capacitance of the membrane and a is the vesicle radius. The

membrane capacitance is Cm = εmm/d, where εmm is the dielectric constant and d is

the thickness of the membrane. The finite charging time of a vesicle is controlled by

tmm, and as a result regulates the electric stress acting on the vesicle during charging.

Figure 2.3: Due to differences in solution conductivities, ions accumulate at different rates at
membrane physical surfaces. This gives rise to an imbalance in the charge densities on the inner
and outer surface, which in the zero-thickness limit appears as induced surface charge, similar to
simple fluid-fluid interfaces [125, 172]. In the depicted case, λex < λin. The surface charge is
negative in the opposite case.

Using fluids of equal dielectric constant, such as aqueous systems, the solution

with higher conductivity will conduct charge to the membrane at a faster rate. As the

membrane charges there will be an imbalance in charge on the interface, which will

result in a net charge on the membrane. In the limit of zero membrane thickness, the

interface will appear to have an induced surface charge, similar to a simple fluid-fluid

interface, see Figure 2.3.
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2.2 Governing equations and Boundary

Conditions

The modeling approach for both simple and complex interfaces uses the leaky

dielectric assumptions; the bulk fluid is net charge free and the coupling occurs

only at the interface.

Hydrodynamic field

Hydrodynamics inside and outside the vesicle obey the Stokes equation,

ρ
∂u

∂t
= ∇ ·Thd, (2.8)

where u is the fluid velocity and the bulk hydrodynamic stresses is,

Thd = −pI + µ
[
∇u + (∇u)†

]
. (2.9)

A no-slip boundary condition is used at the interface of both drops and vesicles,

uex = uin at r = a (2.10)

Electric field

The electric field is irrotational, ∇ × E = 0. The absence of magnetic fields

and time varying currents in the experiments validates this assumption. Given these
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assumptions, the electric field is found from the gradient of the potential,

E = −∇Φ. (2.11)

The absence of bulk free charges determines that the electric field is solenoidal (∇ ·

E = 0). From this, the electric potential satisfies the Laplace equation,

∇2Φ = 0. (2.12)

The boundary conditions for the potential differ between fluid-fluid and lipid

membrane interfaces and will be discussed in their respective sections.

Once the electric field has been determined from Eq.[2.12], the electric stresses

are determined from the Maxwell stress tensor, written in component form as,

T el
ij = ε(EiEj − δijEiEi/2). (2.13)

Coupling

The hydrodynamic and electric fields are coupled through a stress balance at the

interface,

n ·
[(

Thd
ex −Thd

in

)
+
(
Tel

ex −Tel
in

)]
= τ int (2.14)

where τ int denotes interfacial stresses. In the case of drops this term is interfacial

tension, while in the case of vesicles includes contributions from membrane bending

and tension stresses.
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Physical Assumptions

The Stokes equation, Eq.[2.16], is used for systems with negligible inertia. The

relative importance of inertia to viscous stresses is given by the Reynolds number,

Re =
ρaU

µ
, (2.15)

where ρ is density, µ is the bulk dynamic viscosity, a is the radius of either a drop

or vesicle, and U is the characteristic velocity of the system. Reynolds number must

be small for the assumption of negligible inertia to hold. The oil drops satisfy this

assumption due to their high viscosity. The simple interface (oil-oil) experimental

system has typical values of ρ ∼ 1000kg/m3, a ∼ 0.1cm, U ∼ 0.1cm/s, and µ ∼

1kg/(ms), which gives a Reynolds number, Re ∼ 0.001. Vesicle systems also have

small Reynolds numbers, primarily due to their small size. For the a typical vesicle

system, the experimental parameters are ρ ∼ 1000kg/m3, a ∼ 10µm, U ∼ 1µm/ms,

and µ ∼ 10−3kg/(ms). These values give a Reynolds number of Re ∼ 0.01.

In the case of AC fields, the assumption of Re ∼ 0 reduces the full Navier-Stokes

equation to the unsteady Stokes equation, Eq.[2.16]. A comparison between

timescales is needed to determine the relative importance of the unsteady term.

Time is normalized by the timescale over which the boundary conditions change, tp.

The dimensionless unsteady Stokes equation becomes,

tµ
tp

∂ũ

∂t
= ∇ · T̃hd, (2.16)

where tµ = a2ρ/µ is the viscous timescale and ∼ denotes a dimensionless value. The

process timescale is the inverse of the applied field frequency, tp = f−1 [188]. The

unsteady term in Eq.[2.16] can be neglected if the viscous timescale, tµ = a2ρ/µ,
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is much faster than changes in the field. In this thesis, AC fields are only used for

studying vesicles. Typical values for water, µ = 10−3 Ns/m2 and ρ = 1000 kg/m3,

and vesicle radius, a ∼ 20µm, give a viscous timescale of approximately tµ ∼ 100µs.

This corresponds to an applied field frequency of f ∼ 10kHz.

Laplace’s equation is used to determine the potential, Eq.[2.12]. This assumes

that there is no bulk charge.This in turn allows the bulk electric stresses to be

neglected in the Stokes equation; the electromechanical coupling is confined to the

interface [125].

Limiting the electro-mechanical coupling to the interface simplifies the analysis

significantly. Nevertheless, complexity is introduced to the system through the

coupling at the interface. In the case of drops, the balance between charge convection

and interfacial charging leads to complex behavior. For biomembranes, the finite

thickness of the membrane introduces complexity by the capacitive charging of the

interface. The governing equations and boundary conditions specific to both drops

and vesicles are described in the following chapters.
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2.3 List of Symbols

λ Electrical conductivity

ε Electrical permittivity

µ Dynamic viscosity

ρ Density

t Time

a Radius

γ Interfacial tension

κ Bending rigidity

σ Membrane tension

E Applied electric field

Φ Electrical potential

Q Electrical charge

P Electrical dipole

χ0 Low frequency electrical susceptibility

χ∞ High frequency electrical susceptibility

T Stress tensor

τ Stress vector

L Torque

Π Energy

u Fluid velocity

ν Surface flow frequency

p Pressure

ω Rotation rate
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Λ Viscosity ratio

R Conductivity ratio

S Permittivity ratio

β Aspect ratio

D Deformation parameter

in denotes interior quantitiy

ex sub/super-script denotes exterior quantity

s sub/super-script denotes surface quantity

el sub/super-script denotes electrical quantity

hd sub/super-script denotes hydrodynamic quantity
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Chapter Three

Nonlinear electrohydrodynamics of

a viscous drop

3.1 Introduction

The coupling between fluid motion and electric fields is used for a wide range of

applications including electrosprays, ink-jet printing, electrohydrodynamic (EHD)

pumps, etc. [86, 144, 184]. Many of these EHD applications involve the interaction

between an electric field and fluid drops. Exposing a drop to an electric field gives

rise to a variety of drop responses, such as deformation, rotation, coalescence, or

breakup, which are not completely understood [55, 53, 34].

A drop with no net charge and different physical properties from its surrounding

fluid will polarize when placed in a uniform electric field. As a result, the electric

stress undergoes a jump across the interface and deforms the drop [125]. If the fluids

are perfect dielectrics, there are no free charges and the electric stress discontinuity

has only a normal component. At steady state, where electric stresses are balanced

by interfacial tension, the drop adopts an equilibrium shape of a prolate ellipsoid and
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both internal and external fluids are motionless [105]. Slightly conducting materials

behave dramatically differently from ideal dielectrics due to the presence of mobile

charges. Charges carried by conduction accumulate at interfaces. The electric field

acting on the surface charge creates a tangential stress, not present in the perfect

dielectric case, which drags the fluid into motion [172]. The direction of the resulting

straining flow about the drop depends on the charge distribution along the interface

and the drop can deform into a prolate or oblate ellipsoid. G.I. Taylor introduced

the leaky dielectric model to describe the electrohydrodynamic deformation of a drop

[194]. The theory applies to weak electric fields, where drop deformation is small.

Taylor’s main result is that drop shape is a spheroid with axes a‖ and a⊥ parallel

and perpendicular to the direction of the applied electric field, see Figure 5.12.

Ε
a

a

a

a

Figure 3.1: Definition of axes where a‖ and a⊥ are the axes parallel and perpendicular to the
symmetry axis respectively. Deformation is shown for prolate (left) and oblate (right). An aspect
ratio from the projected image is defined as β = a‖/a⊥

Although accurate for small deformation, Taylor’s model does not fully capture all

phenomena that have been observed in experiments. Recent studies have discovered

non–axisymmetric drop shapes [103, 71, 171], in which the fluids undergo rotational

flow and the drop adopts a tilted orientation with respect to the electric field. The

continuous fluid circulation resembles the Quincke rotation of a rigid sphere [158].

The spontaneous spinning of a rigid sphere in a uniform electrostatic field was first

discovered by Quincke in 1896 [158]. The analogy between spheres and drops has
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inspired recent research into drop rotation and deformation in uniform electric fields

[164, 71, 61, 113, 171, 98]. The effect relies on a mismatch in charging timescales,

leading to an induced surface-charge distribution, which creates an electric torque

and induces rotation. The balance between charge convection by rotation and supply

by conduction from the bulk fluid results in an oblique dipole orientation.

Previous studies have found that symmetry–breaking occurs only for drops

satisfying R/S < 1, above a threshold electric field strength comparable to the

critical field for Quincke rotation [71]. However, these studies also reported strong

dependence of the threshold electric field on drop size and viscosity, which are both

absent in the Quincke effect. The effect of convection on the transition to fluid

rotation, as well as the orientation of the tilted drop shape, was quantitatively studied

in previous work [168, 169]. The rotation of fluid drops in uniform electric fields has

also shown transitions to unsteady shape oscillations [171]. Although this work was

limited to one viscosity ratio and presented limited analysis of the unsteady behavior.

Electrorotation of drops remains poorly understood, in particular the interaction

between fluid flow, shape deformation, and charge convection along the interface.

To gain insight into these effects, a systematic experimental study is conducted by

measuring the transition from steady to unsteady behavior for different drop sizes,

viscosity ratios, and electric field strengths.

This chapter discusses the deformation and rotation mechanics that cause

nonlinear motion of fluid drops in uniform DC electric fields. The mechanisms of

drop deformation will be discussed first, followed by the mechanism for rotation. The

descriptions of deformation and rotation motivate the experimental study of drop

rotation in strong fields. A theoretical model is developed to describe the nonlinear

behavior.
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3.1.1 Charge accumulation

Let us consider a neutrally–buoyant spherical drop with radius a, dynamic viscosity

µin, electrical conductivity εin, and dielectric constant εin, freely suspended in a

different fluid characterized by µex, εex, and εex. The drop has no net charge and it

is subjected to a uniform DC electric field with a magnitude E0.

In an electric field, the charging response for a fluid is characterized by the

timescale,

tc,i =
εi
λi
, (3.1)

where the index i represents either interior or exterior fluids. Free charges, carried

by conduction, accumulate at boundaries that separate media with different electric

properties. The magnitude and orientation of the induced dipole depend on the

mismatch of electric properties between the drop and the suspending fluid,

R =
λin

λex

, S =
εin
εex

. (3.2)

The ratio of R and S compares the charge relaxation times of the media [125, 172],

R/S =
tc,ex
tc,in

. (3.3)

If R/S > 1 (tc,in < tc,ex), the conduction response of the interior fluid is faster than

the exterior fluid. In this case, the induced dipole is oriented in the direction of the

applied electric field. If R/S < 1 (tc,in > tc,ex), the conduction response of the exterior

fluid is faster than the drop fluid. As a result, the induced dipole is oriented opposite

to the applied electric field direction. These two configurations are illustrated in

Figure 3.5, for a sphere in a uniform electric field. The characteristic timescale for
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interfacial charging of a sphere is given by the Maxwell-Wagner polarization time

[92],

tmw =
εin + 2εex
λin + 2λex

. (3.4)

a) b)

Ε

Figure 3.2: Charge distribution for drops with a) R/S > 1 and b) R/S < 1

3.1.2 Drop deformation

Reiterating the governing equations from Section 2, the static electric field is

irrotational and it is assumed that the bulk fluid is net neutral. The electric field is

solenoidal and the potential satisfies the Laplace equation,

E = −∇Φ, ∇2Φ = 0 . (3.5)

For a fluid-fluid interface, the potential is continuous across the interface

Φex − Φin = 0, at r = a, (3.6)

where r = a denotes the location of the interface in spherical coordinates.

Free charge at the interface causes a discontinuity in the normal component of
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the displacement vector,

n ·
[
εexE

ex − εinEin
]

= Q, at r = a, (3.7)

where n is the outward unit normal vector and Q is the interfacial free charge density.

The rate of free charge accumulation is governed by the conservation of electrical

current at the interface,

n ·
[
λexE

ex − λinE
in
]

= −∂Q
∂t
−∇s · (usQ) , at r = a, (3.8)

where us is the surface velocity and ∇s is the surface gradient. Charge convection

resulting from the surface velocity is described by the term, ∇s · (usQ). The

deformation of a leaky dielectric drop was first considered by Melcher and Taylor

[125]. Their formulation assumes small steady deformations and negligible charge

convection; the righthand side of Eq.[3.8] is zero.

Figure 3.3: Surface charge distribution and direction of surface electric tractions for a drop with
R/S < 1 (a) and R/S > 1 (b).

Taylor’s leaky dielectric approach is briefly summarized. The hydrodynamic field

obeys the Stokes equation and the fluid is incompressible,

∇ ·Thd = 0, ∇ · u = 0. (3.9)
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The bulk hydrodynamic stress is,

Thd = −pI + µ
[
∇u + (∇u)†

]
, (3.10)

where the superscript † denotes transpose. The fluid boundary conditions are

continuous across the interface,

uin = uex = us, at r = a. (3.11)

The approach taken by Melcher and Taylor is to first solve the steady state electric

potential around a sphere using equation Eq.[5.24] subject to boundary conditions

given by Eq.[3.7] and Eq.[3.8]. The time dependent charging and charge convection

are neglected. In other words, the righthand side of Eq.[3.8] is set equal to zero. The

flow field is solved using the tangential part of the stress balance, Eq.[2.14]. The

final step is to solve for the equilibrium deformed shape through the radial stress

balance, which includes the surface tension. The details of the theory are given in

Taylor and Melcher (1969) and summarized in previous work [166].

The main result from the Taylor and Melcher theory is an equation describing

drop deformation, D,

D =
a‖ − a⊥
a‖ + a⊥

=
9aεexE

2
0

16γS(2 +R)2

[
(R2 + 1)/S − 2 + 3(R/S − 1)

2 + 3Λ

5 + 5Λ

]
(3.12)

where a‖,⊥ are the semi-axes of the ellipsoidal drop, and γ is interfacial tension. The

viscosity ratio is defined as,

Λ =
µin

µex

. (3.13)

Oblate deformation is described by a‖ < a⊥ (D < 1), while prolate deformation

27



occurs when a‖ > a⊥ (D > 1).

Of particular interest for this thesis is how the type of deformation, prolate or

oblate, depends on the system parameters. Solving Eq.[3.12] for D = 0 shows that

the type of deformation depends on the sign of the expression in brackets. This term

is commonly described as the discriminating function. The discriminating function

determines the crossover between oblate, D < 1, and prolate, D > 1, deformation.

The crossover from prolate to oblate is plotted as a function of R, S, and viscosity

ratio Λ, in Figure 3.4. In the situation where R/S > 1, the induced dipole aligns with

the electric field and the drop will always deform the drop into a prolate ellipsoid.

For R/S < 1, the induced dipole is oriented opposite to the electric field and the

deformation can be either prolate or oblate, depending on the values of R, S, and Λ.

It is important to note that the crossover between oblate and prolate does not follow

the dependence on dipole orientation, i.e. R/S = 1. The transition between prolate

and oblate depends on all three dimensionless parameters, although viscosity ratio

does not significantly change the type of deformation.

The purpose of introducing the small deformation theory is to demonstrate the

expected type of drop deformation given certain experimental parameters. This

allows a physical system to be chosen that will produce either oblate or prolate

deformation, and an induced dipole that aligns either with or against the electric

field direction.
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Figure 3.4: R-S diagram of prolate and oblate deformation determined by Taylor’s discriminating
function. When R/S < 1 the flow direction is from pole to equator for both oblate and prolate
drop shapes, denoted by OB and PRB . When R/S > 1 the direction of flow is from the drop
equator to pole and the shape is always prolate, denoted by PRA.

3.2 Quincke rotation

Taylor’s model is limited to small deformation and assumes axisymmetric flow.

Symmetry breaking is possible if the electric field produces a torque on the drop. An

analogous system, the spontaneous spinning of a rigid sphere in a uniform DC electric

field, has been known for over a century, first attributed to the work of Quincke in

1896 [158]. The mechanism for Quincke rotation is introduced for a rigid sphere and

serves as a reference for understanding the rotation behavior of a fluid drop.

Analogous to the previous section, if R/S < 1 (tc,in > tc,ex), the charging response

of the exterior fluid is faster than the particle material. As a result, the induced

dipole on the particle is oriented opposite to the applied electric field direction. This

configuration is unfavorable and becomes unstable above a critical field strength [90,
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201, 111]. A perturbation in the dipole alignment gives rise to a torque, which induces

physical rotation of the sphere. The induced surface-charge distribution rotates

with the particle, but at the same time the exterior fluid continuously recharges

the interface. The balance between charge convection by rotation and supply by

conduction from the bulk results in an oblique dipole orientation shown in Figure

3.5(right). The rotation rate, ω, is determined from the conservation of angular

momentum.

P P

φ 

ω 

E

Figure 3.5: Charge distribution and induced dipole P in unstable equilibrium for a sphere with
R/S < 1. Above a critical field strength E0 > EQ , where E0 = |E| and EQ is given by Eq.[3.16],
constant rotation around an axis perpendicular to the electric field is induced by the misaligned
dipole moment of the particle (right). The rotation can be either clockwise or counter-clockwise.

In the case of a sphere, the friction matrix is diagonal and the equation of motion

is

I
dω

dt
= P× E− 8πµexa

3ω, (3.14)

where I is the moment of inertia of the sphere. In the classic case of the Quincke

sphere, a straightforward calculation assuming instantaneous polarization yields

three possible solutions [90]: no rotation, ω = 0, and

ωQ = ± 1

tmw

√
E2

0

E2
Q

− 1 , (3.15)

where the ± sign reflects the two possible directions of rotation and tmw is the

Maxwell-Wagner polarization time. Eq.[3.15] includes a parameter, EQ, which
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describes the critical field for rotation,

E2
Q =

2λexµex (R + 2)2

3εexεin(1−R/S)
. (3.16)

The dipole “tilt” is steady and the angle between the dipole and the electric field

is φ = arccot [(tmwω)−1]. Eq.[3.15] shows that rotation is possible only if the electric

field exceeds a critical value given by EQ. Hence, if E0 ≤ EQ, the sphere and the

suspending fluid are motionless, and at E0 > EQ, the sphere rotates and drags the

fluid in motion; the flow is purely rotational. A more detailed analysis shows that

the transition to rotation occurs via a pitchfork bifurcation [201, 111].

This analysis neglects the finite time over which the induced dipole develops.

This is taken into account by using the polarization relaxation equations, i.e.,

non-instantaneous charging of the interface. Taking this into account, the evolution

of the induced dipole is described by [200],

∂tP = ω ×P− t−1
mw [P− (χ0 − χ∞)E] , (3.17)

where χ0 and χ∞ are the low and high frequency susceptibilities respectively. It

has been shown that the polarization relaxation equation and the torque balance,

including inertia, map onto the Lorenz chaos equations [111, 149]. A second

bifurcation occurs in stronger fields and the sphere exhibits chaotic reversal of the

rotation direction. Nonlinear behavior can also arise in the absence of inertia from an

anisotropic shape such as an ellipsoid [31, 134]. The polarization relaxation equation,

Eq.[3.17], is particularly useful for considering the polarization of an ellipsoid [32],

which will be discussed further in Section 3.7 .
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3.3 Summary of previous work

a) b) c)

Ε

Figure 3.6: Exposure to a uniform direct current (DC) electric field with increasing strength
excites a variety of drop responses [168]. a) A silicone oil drop suspended in castor oil is spherical
in the absence of electric field. b). Weak fields induce axisymmetric oblate deformation. c) In
strong fields, the drop is tilted with respect to the applied field direction and the flow is rotational.
The sketches illustrate the drop shape and flow streamlines.

Unlike the rigid sphere, a droplet deforms and drop fluid moves at any field

strength. Below a certain critical value, E0 ≤ Ec, the flow is axisymmetric, as

described by the Taylor model, and the streamlines are sketched in Figure 3.6b).

At E0 > Ec, the flow acquires a rotational component in addition to the straining

flow. The straining flow affects the charge convection via Eq.[3.8], and thus the

critical field for drop electrorotation, Ec, is different from the critical field for Quincke

rotation, EQ. Previous studies discovered non–axisymmetric drop shapes , in which

the fluids undergo rotational flow and the drop adopts a tilted orientation with

respect to the electric field [103, 71, 171]. The goal in my previous work was to

measure Ec for different drop sizes and viscosities, and interpret the deviations from

the Quincke threshold [168, 169]. This served as a measure for the strength of the

charge convection by the straining EHD flow. Experimental data was also gathered

to quantify the dependence of tilt angle on viscosity ratio, drop size, and electric
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field strength.
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Figure 3.7: Critical field strength for initiation of drop rotation for different viscosity ratios and
drop diameters [168].

My earlier work showed that lower drop viscosity corresponds to a higher critical

electric field, see Figure 3.7. Larger drops were found to have a slightly lower

critical electric field for a given viscosity ratio, but the effect of drop size was weaker

compared to that of viscosity ratio. Once rotation begins, low viscosity drops rapidly

transitioned to a large tilt angle while high viscosity drops made a gradual transition.

At higher field strengths, the angle continues to slowly increase. Hysteretic behavior

in the angle was observed for large, low viscosity drops, see Figure 3.8. Measurement

of the rotation rate showed that once rotation was induced, the rotation rate was

well approximated by the Quincke model for a rigid sphere.

It was proposed that charge convection plays a role in the hysteresis observed

between axisymmetric and asymmetric drop shapes. Hysteresis implies bistability,

which is absent in the simple Quincke model [16, 185, 12]. The observation of

hysteresis resulting from convection also suggested that the unsteady drop shape

behavior, previously observed in [171], is related to charge convection. The presence

of these nonlinear behaviors motivates a more detailed investigation into the unsteady
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Figure 3.8: (top) Drops at increasing and then decreasing field strength. Drop remains titled
as field strength is decreased. (bottom) Hysteresis in the tilt angle observed for 2.5mm diameter,
Λ=0.14 drop [168].

drop behavior in strong DC fields.

3.4 Timescales and dimensionless numbers

As discussed in the previous section, a fluid drop can also rotate as a result of the

Quincke effect. Unlike a rigid sphere, the drop can deform and undergo straining flow

as described by Taylor. For a fluid drop, where both rotational and straining flows

are present, the response depends on more compared to a solid sphere. The relevant

timescales and dimensionless numbers are introduced and are used throughout the

chapter to gain insight into drop behavior.

The accumulation of charge on the interface creates an electric stress, which drags
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the fluids into motion. The drop deforms on a timescale characterized by the inverse

shear rate,

thd =
µex(1 + Λ)

εexE2
0

. (3.18)

The interfacial tension, γ, is a restoring force acting to minimizing the interfacial

area of the drop. The characteristic timescale for a deformed drop to relax to an

equilibrium spherical shape is given by,

tγ =
µex(1 + Λ)a

γ
. (3.19)

Drop deformation in the Taylor regime, E0 < Ec, (axisymmetric EHD flow at

weak fields) is controlled by the balance of the distorting straining flow and the

opposing surface tension stresses. The electric capillary number is defined as the

ratio of the EHD timescale to the surface tension timescale,

Ca =
tγ
thd

=
aεexE

2
0

γ
. (3.20)

In strong fields, E0 > Ec, the flow has both straining and rotational components.

A comparison of timescales can be written to describe the relative strength of the

EHD straining flow and rotation flow,

ω−1
Q

thd

=
εexE

2
0tmw

µex(1 + Λ)

√
E2

0

E2
Q
− 1

. (3.21)

Note that the strength of the straining flow, characterized by Eq.[3.18], depends on

viscosity ratio while the rotational flow, characterized by the Quincke rotation rate

ωQ, is independent of viscosity ratio. In general, the rotation rate of drops should
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differ from Quincke, but previous measurements have shown that the rotation rate

for drops is similar to that predicted by Quincke [168].

The dependence of the timescales in Eq.[3.21] on field strength is not

straightforward. However, neither timescale depends on drop size. The ratio of these

two timescales is plotted as a function of field strength for different viscosity ratios in

Figure 3.9. This plot shows that the strength of the straining flow is at a minimum

compared to rotational flow soon after the rotation is initiated. The straining flow

is dominant for low viscosity drops, which results in significant charge convection by

straining flow and larger deformation. In contrast, high viscosity drops have a weak

straining flow compared to the rotational flow and there is a weak dependence on

field strength.
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Figure 3.9: Plot of
ω−1

Q

thd
for different viscosity ratios.

The ratio of the rotation rate predicted by Quincke and surface tension timescale

compares the relative strength of the rotational flow to the response of the interface.
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This is denoted by a capillary number,

Caω =
tγ

ω−1
Q

=
aµex(1 + Λ)

γtmw

√
E2

0

E2
Q

− 1. (3.22)

This number will be important for describing the onset of unsteady drop shape

behavior.

3.5 Experimental methods

The experimental materials and methods used in this chapter are explained in detail

in [166]. The following section summarizes the materials and equipment used for the

experiments.

3.5.1 Fluid system

Silicone oil (SO) and castor oil (CO) (Alfa Aesar) are used as drop and suspending

fluids, respectively. The material property data are listed in Table 3.1. The total

electrical resistance of the fluid-filled chamber, measured with a sensitive ohmmeter,

is used to determine the fluid conductivity. Similarly, the capacitance of a fluid-filled

chamber is measured to determine permittivity. The surface tension is measured to

be 4.5 mN/m using the pendant drop method. For this system, the conductivity and

permittivity ratios are R = 0.027 and S = 0.56. According to Eq.[3.12], this system

produces oblate deformation in a DC electric field for all viscosity ratios.

The viscosity is measured with a capillary viscometer. The viscosity ratio is

adjusted by mixing silicone oils of different molecular weight. In the results, the
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Material Density Relative permittivity Conductivity σ Viscosity µ
(kg/m3) εr (S/m) (Pa-s)

Castor Oil (CO) 961 5.3 4.5×10−11 0.69
Silicone Oil (SO1) 970 3.0 1.23×10−12 0.53
Silicone Oil (SO2) 971 3.0 1.23×10−12 0.81
Silicone Oil (SO3) 972 3.0 1.23×10−12 2.04
Silicone Oil (SO4) 973 3.0 1.23×10−12 3.17
Silicone Oil (SO5) 973 3.0 1.23×10−12 9.74

Table 3.1: Material properties for drop experiments.

Viscosity Maxwell EHD EHD Surface
ratio Wagner E0 = 1kV/cm E0 = 10kV/cm tension

System Λ tmw(s) thd (s) thd (s) tγ(s)
CO/SO1 0.7 1.32 2.5 0.025 0.8
CO/SO2 1.1 1.32 3.1 0.031 1.0
CO/SO3 2.9 1.32 5.6 0.056 1.7
CO/SO4 4.5 1.32 8.1 0.081 2.5
CO/SO5 14 1.32 22.1 0.022 6.9

Table 3.2: Characteristic timescales for the experimental fluid systems and values of the
dimensionless parameters estimated at a field strength where unsteady behavior is observed
E0 = 1kV/cm and E0 = 10kV/cm and drop radius 3mm.

viscosity ratios are divided into three categories. The two lowest viscosity silicone

oils, SO1 and SO2, are referred to as low viscosity ratios, Λ ∼ 1. The two

intermediate viscosity silicone oils, SO3 and SO4, are referred to as intermediate

viscosity ratios, Λ ∼ 4. The highest viscosity silicone oil, SO5, is referred to as high

viscosity ratios, Λ ∼ 14.

The critical field strength predicted by Quincke, Eq.[3.16], gives a value of EQ =

2.7kV/cm using the material properties of silicone oil and castor oil from Table 3.1.

The magnitude of the relevant timescales introduced in Section 3.4 can be estimated

using the material property values and typical field strengths used in the experiment,

see Table 3.2

A comparison between timescales gives intuition for the relative strength of forces
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System Diameter Ca Ca
2a (mm) (E0 = 1kV/cm) (E0 = 10kV/cm)

CO/SO 1 0.05 5.2
CO/SO 5 0.26 26.1

Table 3.3: Capillary numbers, Ca, for typical ranges of drop diameter and electric field strengths.

acting on the system. The strength of the EHD (axisymmetric) flow to the restoring

surface tension, given by Ca, is estimated for different drop sizes and field strengths

in Table 3.3. Large Ca number implies large deformation. Capillary number scales

as Ca ∼ E2
0 , leading to a significant increase in drop deformation as E0 increases.

System Viscosity ratio Diameter Caω Caω
Λ 2a (mm) (E0 = 1.5EQ) (E0 = 3EQ)

CO/SO1 0.7 1 0.11 0.3
CO/SO1 0.7 5 0.55 1.4
CO/SO4 4.5 1 0.35 0.9
CO/SO4 4.5 5 1.78 4.5

Table 3.4: Capillary numbers, Caω, for typical ranges of drop diameter and electric field strengths.

When rotational flow is initiated, straining flow is still present and the drop

remains deformed. Caω describes the ability of the surface tension to respond to

the rotational flow. Caω depends on field strength, drop size, and viscosity ratio.

Typical values of Caω are estimated in Table 3.4 for a range of parameters. High

viscosity and larger drops reach large values of Caω at weaker field strengths relative

to small, low viscosity drops, which require very strong fields to reach Caω ∼ 1.
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3.5.2 Experimental setup and procedure

A uniform electric field is generated in a parallel-plate chamber set-up represented

in Figure 3.10. The chamber base and walls are constructed from transparent

polymethyl methacrylate. Two 5 x 5 cm brass plates serving as electrodes are

attached to the chamber walls. Chambers with different electrode distances, 1cm

and 2.5cm, are used in order to observe a wide range of drop sizes and field strengths.

Figure 3.10: Sketch of the experimental setup.

The electric field is produced with a high voltage DC amplifier (Ultravolt 40A-12)

powered by a 2-output power supply (Agilent E3646A). The amplifier sits inside a

sealed plastic box and is connected to the chamber with a high voltage rated wire.

The output from the amplifier was verified using a Fluke air cleaner probe (80K-15)

connected to a Fluke 115 multimeter.
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Figure 3.11: Experimental setup in laboratory. The amplifier is connected to the power supply
(left) and chamber with camera (right).

The experiment is prepared by pipetting a single drop (silicone oil), in the range

of 1-7 mm in diameter, into the chamber filled with castor oil. An image of the drop

is taken before being exposed to an electric field. The diameter of the spherical drop

is measured using calibrated imaging software.

A phase diagram of drop behavior is measured by increasing the electric field in

incremental steps. The gradual increase reduces the possibility of seeing transient

drop behaviors, which can occur if the field is suddenly increased to a high

field strength. Gradually increasing the field strength also produces the most

reproduceable results; transient behavior is found to be less repeatable. If the drop

interacts with the wall chamber, the electric field is turned off and the drop is moved

with a glass pipette to the center of the chamber. The experiment is then continued

after gradually increasing the electric field to the previous field strength.
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Video recordings of unsteady drop behavior are taken with a CCD camera

(ThorLabs) at 15 frames per second. The chamber is aligned with the camera such

that the electric field is oriented from bottom to top in the image. Video is recorded

until the drop sediments to the bottom of the chamber, approximately 2-5 minutes,

depending on the size of the drop.

The images are processed using image processing software, ImageJ. A pixel

intensity threshold is taken on a stack of images to provide an outline of the drop

interface. The image is then converted to binary and the shape enclosed by the

interface is converted to black. The shape is then analyzed using the built-in ImageJ

algorithm “fit ellipse”, which determines the major and minor axes and angle of

inclination of the fitted ellipse. The drop deformation is determined by the ratio of

axes parallel and perpendicular to the axis of symmetry,

β =
a‖
a⊥
. (3.23)

Once rotation begins, the true drop shape may deviates from an ellipsoid. For

simplicity, it is assumed that the drop shape seen in experiments is an oblate ellipsoid,

β < 1.

Note that the observation axis does not always coincide with the axis of drop

rotation. The rotation axis can assume any direction perpendicular to the electric

field and its orientation is not known a priori. For measurements of drop angle,

recordings were made when the drop tilted within the viewing plane, i.e. at an angle

that is observable from the camera.

To verify that the chamber remains at room temperature, the amount of ohmic

heating resulting from electric current through the chamber is estimated. The highest
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voltage used is approximately 20kV. The conductivity of the castor oil, λ = 4.5 ×

10−11S/m, yields a resistance of approximately 100MΩ for an area of 0.0025m2 and

a gap of 2cm. This yields a current across the chamber of 0.1µA. This current gives

a total energy input of 1 Joule over an estimated time of 1000 s. Using properties

of castor oil, the mass of the chamber is estimated to be 0.05kg and the heat heat

capacity is cp ∼ 1J/kgT. The change in temperature is estimated to be 0.01K. The

low amount of current through the chamber makes the ohmic heating negligible over

the duration of an experiment.

3.6 Experimental results

Drop behavior is investigated for different drop sizes, viscosity ratios, and field

strengths. First, the types of behavior observed in experiments are described and

classified. Next, phase diagrams are made to show the effect of behavior on the

adjustable parameters. Finally, the unsteady behavior is examined and characterized

for different parameters.

3.6.1 Types of behaviors

Taylor

Below a critical electric field strength, E0 ≤ Ec, the drop flow is described by

the Taylor flow discussed in Section 3.1.2. The drop adopts a prolate or oblate

spheroidal shape with the axisymmetric flow being aligned with the applied field.

The streamlines are sketched in Figure 3.6b.
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Tilted with steady rotation

ν

ω

a

a
E θ

Figure 3.12: Model for drop electrorotation. Drop asphericity is characterized by the aspect ratio
β=a‖/a⊥. The rigid body (Quincke) rotation is related to the tilt angle of the deformed shape,
θ, by ω = dθ/dt. The difference between the interface velocity and the Quincke rotation speed
quantified by the rotation rate ν.

Above a critical field strength, E0 > Ec, the drop fluid begins rotating at a

constant rate and the drop adopts a steady tilted shape, see Figure 3.6c. Lower

viscosity drops have a higher critical electric field due to the effect of charge

convection, which weakens the induced dipole. Larger drops have a slightly lower

critical electric field for a given viscosity ratio, but the effect of drop size is weaker

compared to that of viscosity ratio. The rotational component of the flow adds to

the straining flow.

The tilt angle and drop deformation above Ec was compared to theory in [75].

The theory assumes small deformations from sphericity and charge convection only

by rotation. The results show agreement with aspect ratio and orientation angle

data from high viscosity drops, where convection due to straining flow is weak and

drop deformation is small.

Unsteady drop shape

At field strengths above the transition to rotation, drops may exhibit unsteady
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dynamics. The transition to an unsteady shape develops spontaneously from the

tilted steady shape as field strength is gradually increased. Typical unsteady drop

Figure 3.13: Examples of one period of unsteady drop behavior for three viscosity ratios. Low
viscosity drops deform and oscillate while high viscosity drops tumble. The parameters for the
drops shown are a) Λ=1.1, E0=9.9kV/cm, 2a=3.6mm, b) Λ=4.5, E0=8.1kV/cm, 2a=5.4mm, and
c) Λ=14, E0=9.7kV/cm, 2a=6.0mm.

behaviors are illustrated in Figure 3.13. The drop dynamics are particularly sensitive

to the viscosity ratio. Low viscosity drops (Λ ∼ 1) undergo shape oscillations with

steady amplitude, see Figure 3.13 (top), while high viscosity drops (Λ ∼ 14) tumble

and reverse direction chaotically, see Figure 3.13 (bottom). Intermediate viscosity

drops (Λ ∼ 4) exhibit characteristics of both behaviors, namely repeated cycles

consisting of shape oscillations with increasing amplitude followed by several tumbles.

The orientation and deformation of drops with different viscosity ratios are

plotted on a polar plot in Figure 3.14, where the radial axis is the inverse aspect

ratio, β−1. An angle between the axis of symmetry, a‖, and the applied field direction

is defined as shown in Figure 3.12. Videos demonstrating the unsteady behavior

observed at each viscosity ratio are also provided. The three videos have the following

parameters:
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Λ=1.1 at E0 =10.2kV/cm, 2a=3.6mm

Λ=4.5 at E0 =9.2kV/cm, 2a=3.6mm

Λ=14 at E0 =9.2kV/cm, 2a=6.9mm.

Low viscosity drops, Λ ∼ 1, exhibit steady oscillations between a prolate and a

tilted oblate shape, see Figures 3.13(top) and 3.14(left). These shape oscillations can

be explained by considering the dynamics of the induced dipole and drop shape. The

lower fluid viscosity allows the drop to be easily deformed by the electric stress. As

the interface charges, the drop is squeezed into an oblate shape. The accumulated

surface charge rotates due to the electric torque until the induced dipole has flipped

and is nearly aligned with the field. In this dipole configuration, the drop is pulled

into a prolate shape until the surface charge relaxes. The cycle repeats by the

interface recharging and deforming the drop back into an oblate shape. In contrast

to the high viscosity drops, the drop can easily deform during the rotation and

oscillations in the drop shape are observed. As the field strength is increased further,

the frequency of drop shape oscillations can vary. This occurs for drops well above

the transition to unsteady behavior and with large drops.
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Figure 3.14: Polar plots of orientation angle (angular axis) compared to aspect ratio (radial axis)
during unsteady behavior for three different viscosity ratios Λ = 1.1, 4.5, 14 (left to right). The
parameters for the Λ = 1.1 drop (left) are 2a = 3.7mm, E0 = 3.2EQ. The parameters for the
Λ = 4.5 drop (center) are 2a = 3.1mm, E0 = 3.2EQ. The parameters for the Λ = 14 drop (right)
are 2a = 5.4mm, E0 = 3.6EQ.
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For high viscosity drops, Λ ∼ 14, a perturbation to the oblate drop shape grows

until the drop reaches a chaotic tumbling state. The behavior is described as chaotic

because the rotation direction changes aperiodically, see Figure 3.14(right). The

largest deformation occurs while the short axis of the oblate drop is aligned with the

field. At this point, the drop can either break up or continue to rotate.

Shape oscillations that vary in magnitude and frequency are observed for

intermediate viscosity drops, see Figure 3.14(middle). Similar to the Λ ∼ 1 drops,

the Λ ∼ 4 drops oscillate between a tilted oblate and extended prolate shape. The

degree of deformation changes with each period, usually increasing until the drop

reverses direction, and begins oscillating again at a lesser deformed shape. The

number of oscillations in any given direction was not observed to repeat. As the field

strength is increased, the number of oscillations in one direction tends to decrease.

Breakup

0 s 2 s 4 s 6 s 8 s 14 s

0 s 0.33 s 0.66 s 1 s 6 s 12 s

0 s 2 s 4 s 6 s 8 s 10 s

Figure 3.15: Drop breakup for different viscosity drops: (top) Breakup for 5.8mm, Λ = 1.1 drop
in 10.2 kV/cm. (middle) Breakup for 5.8mm, Λ = 4.5 drop in 10.2 kV/cm. (bottom) Breakup for
Λ = 14 in 10.7 kV/cm.

Drop breakup is observed at field strengths above the transition to unsteady
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behavior. The characteristics of drop breakup depend on viscosity ratio. Low

viscosity drops, Λ ∼ 1, tend to break during elongation when the drop is pulled

into a prolate shape. Breakup occurs when oscillations in deformation amplitude

increase and eventually result in the drop stretching into a highly deformed prolate

“dumbbell” shape, see Figure 3.15(top). The two main “dumbbells” will each begin

rotating independently and the fluid connecting the two main drops will breakup

into daughter droplets. The daughter drops rarely break up into two equally sized

drops, but usually form many small drops as shown in Figure 3.15.

Intermediate and high viscosity drops, Λ ∼ 4 − 14, tend to break up when the

short axis of the oblate shaped drop is aligned with the field and rotation temporarily

pauses. The magnitude of oblate deformation continues to increase until the drop

folds upon itself. The “folding” occurs when the two sides of the oblate begin rotating

towards each other or twist against the rest of the drop shape. For the Λ = 14 drops,

once a fold is created, the irregular drop shape often continues folding upon itself as

seen in Figure 3.15(bottom). The folded drops usually do not immediately separate

into daughter drops, but remain attached as the entire folded structure continues

rotating. Eventually the daughter drops will separate. Intermediate viscosity drops,

Λ = 4, show similar folding behavior, but will separate into daughter droplets more

quickly, see Figure 3.15(middle).

3.6.2 Phase diagram

A phase diagram for each viscosity ratio is recorded to demonstrate the transitions

between the behaviors described in Section 3.6.1. For a given viscosity ratio, the

drop size and field strength is varied.
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Figure 3.16: Phase diagrams for different viscosity ratios: (top) Λ =0.7 and 1.1, (middle) Λ =2.9,
4.5 (bottom) Λ =14. The electric field is slowly increased and steady-state behavior is observed.
Taylor (Ta) denotes axisymmetric flow and oblate deformation. Tilted (Ti) denotes a tilted drop
orientation with rotational flow. Unsteady (Un) denotes time dependent drop shape and orientation.
Breakup (Br) denotes regions where drop breakup is observed.

The drop behavior changes in the following sequence as field strength is increased:

Taylor flow, steady tilted orientation with fluid rotation, unsteady drop shape, and
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finally a mix of breakup and unsteady drop shape. Breakup behavior is usually

observed for large drops at the highest field strength. A breakup was defined as an

event at which any volume of the drop separates. Because the field strengths were

gradually increased, the drop did not break up from an initially spherical drop as has

been observed in [171, 166]. Instead, all of the observed drop breakup was observed

after the drop began shape oscillations.

As was shown in [168], the critical field for the transition from Taylor flow to tilted

orientation is higher for low viscosity drops. The transition also decreases slightly

with larger drops. Lower viscosity drops have stronger charge convection, which

weakens the induced dipole and therefore a stronger field is required to produce

enough torque for rotation. The slight decrease for larger drops is due to larger

deformation, which increases the dipole strength as the axis parallel to the field

direction becomes shorter. This will be discussed further in Section 3.7.4.

The transition from tilted to unsteady drop shape typically occurs within the

range of E0 = 1.5− 3.5EQ. The viscosity ratios, Λ = 1.1, 2.9, 4.5, require the lowest

fields for unsteady behavior and the transition occurs at similar field strengths for

these viscosity ratios. The lowest viscosity ratio, Λ = 0.7, and highest viscosity ratio,

Λ = 14, require strong fields and large drops, E0 ∼ 3EQ and 2a > 4mm, for unsteady

behavior. Another noticeable feature is that for each viscosity ratio, the transition to

unsteady behavior occurs at a lower field strength as drop size increases. The effect

of viscosity ratio and drop size on the transition to unsteady behavior is discussed

in the next section.

Drop breakup is most prevalent at intermediate viscosity ratios, particularly Λ =

2.9. The propensity for drops with viscosity ratios in the range Λ ∼ 2− 4 to break

up under a weaker applied stress has also been observed for drops in shear flow [17].
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The drops in the (Un/Br) region may not break up immediately, but can have long

periods of unsteady behavior before breakup. Predicting breakup is difficult due to

the chaotic behavior of the intermediate and high viscosity drops.
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3.6.3 Transition to unsteady behavior

Previous measurements focused on the drop orientation after the onset of rotation

[168, 166]. Drop deformation was not measured as a function of field strength. It

will be shown in the theoretical model that aspect ratio is an important parameter

for the onset of unsteady shape behavior.

The aspect ratio of the drop is more difficult to measure because of the degeneracy

in the axis of rotation of the tilted drop. In other words, the drop can tilt towards

the camera as easily as it can tilt within the plane of view. Options such as multiple

cameras were considered, but the drops can be gently manipulated with a pipette

once rotation is initiated to an orientation within the plane of view. Care must be

taken to avoid disrupting the drop, and observations are only taken after the drop

has stabilized in a given orientation. Once rotation begins in one direction, drops

with a steady state do not usually precess out of plane.

In the Taylor regime, an increase in the electric field strength produces a

monotonic increase in drop deformation. Above the critical field for rotation, the

rotational flow creates an additional torque that can act to keep the drop spherical.

As a result, there is a competition between the rotational flow and an extensional

flow described by the Taylor flow. Depending on the relative strength of these two

flows, the drop can either increase or decrease in deformation. Considering the

dependence of viscosity ratio in Eq.[3.21], adjusting viscosity ratio will change the

relative strength of the straining flow to the rotational flow. Low viscosity ratios will

experience greater deformation because the straining flow is significant while high

viscosity ratios will have a slow EHD timescale and a dominant rotational flow.
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Figure 3.17: Aspect ratio as a function of electric field strength: (top) Λ=1, (bottom) Λ = 14.

Figure 3.17 shows the steady state aspect ratio for various size drops as a function

of electric field strength. The onset of rotation acts to keep the high viscosity drops

spherical. As a result, the transition from “Taylor” to “Tilted” behavior is apparent

by the decrease in aspect ratio corresponding to the onset of rotation. For lower

viscosity ratios, Λ ∼ 1, drop deformation increases monotonically with electric field
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strength.

Toroidal flow and rotational flow are represented by the timescales, thd and ω−1
Q

respectively. The comparison of these two flow timescales relative to surface tension

demonstrates their strength to deform the interface. For all viscosity ratios except

Λ = 14, the thd timescale is faster than ω−1
Q . At high field strengths, thd is also faster

than the restoring timescale and drop deformation is significant, i.e. Ca > 1.
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Figure 3.18: Field strength for the transition from steady to unsteady behavior for different
viscosity ratios. � denotes drops that have initial diameter in range of 5.3-5.7mm and ◦ denotes
drops that have an initial diameter 3.5-3.8mm.

Drop aspect ratio was measured for all viscosity ratios immediately before the

transition to unsteady behavior. This corresponds to the points separating “Tilted”

and “Unsteady” behaviors plotted in Figure 3.16. Figure 3.19 shows that aspect

ratio at the unsteady transition decreases with viscosity ratio. The transition occurs

at a similar aspect ratio for a given viscosity ratio, with the exception of Λ = 0.7,

which shows greater variability. This suggests that once the drop reaches a critical

aspect ratio, the drop shape can become unstable. For smaller drops, a stronger field

is required to overcome surface tension forces and reach the critical aspect ratio, see

Figure 3.16.
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Figure 3.19: Drop aspect ratio is compared to initial drop diameter at the transition to unsteady
drop shape. The data show that for a given viscosity ratio, the transition to unsteady rotation will
occur at a similar aspect ratio.

The dependence on viscosity on the steady to unsteady transition in Figure 3.19

can be explained by considering the ratio of rotation rate to the surface tension

timescale given by Caω in Eq.[3.22]

For a drop that is already deformed, a rotational flow will deform the interface

faster than surface tension can respond if Caω & 1. When the surface cannot respond

to distortions from fluid rotation, the transition from steady to unsteady is likely to

occur. This can be seen in Figure 3.20 , where the transition from steady to unsteady

is plotted for each viscosity ratio. With the exception of Λ = 14, the transition to

unsteady behavior occurs at Caω ∼ 1− 2. The dependence on aspect ratio and Caω

allows the data to be reduced to one graph showing the aspect ratio and Caω number

where the transition to unsteady behavior can occur, see Figure 3.21. The clustering

for a given viscosity ratio shows that the drop transitions to unsteady behavior at

similar aspect ratios and Caω ∼ 1− 2 .
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Figure 3.20: Drop aspect ratio at the transition from steady to unsteady for different viscosity
ratios as a function of initial drop diameter 2a.
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Figure 3.21: Aspect ratio at the transition from steady to unsteady for different viscosity ratios
as a function of Caω.

As electric field is increased, the rotation increases relative to the fixed surface

tension timescale. For low viscosity drops, it takes a stronger field to reach greater

deformation and Caω ∼ 1. This explains the higher critical field required for the

lowest viscosity drops, Λ = 0.7. The higher variability in the transition for Λ = 0.7
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drops may be due to charge convection resulting from the axisymmetric flow or the

effects of the chamber walls on a highly deformed drop.

The transition to unsteady behavior can also be understood by considering a

perturbation in the drop shape. If Caω & 1, the perturbation is convected by

rotation before surface tension can act to restore the drop shape. The perturbation

may grow if the new shape leads to greater stress on the drop. The distorted shape

will alter the induced dipole and disrupt the rotation rate. A decrease in rotation

rate will limit charge convection, leading to a buildup of charge and return to oblate

shape. Eventually, the buildup of charge will lead to an increase in electric torque

and reinitiate rotation. The coupling between shape and induced charge results in

the oscillatory motion observed at low to intermediate viscosity ratios.

For high viscosity drops, the rotational flow is the dominant flow, thd > ω−1
Q .

In contrast to lower viscosity drops, rotational flow limits drop deformation and

stabilizes the shape. The comparison between thd and ω−1
Q in Figure 3.9 shows that

drop shapes are significantly inhibited by the rotational flow. This can also be seen

in the data for aspect ratio in Figure 3.17, where the high viscosity drops become

less deformed after rotation begins.

The weak straining flow implies that the source of unsteady behavior is different

for high viscosity drops. The tumbling behavior observed in experiments indicates

that the high viscosity drops behave similarly to rigid ellipsoids in an electric field,

where anisotropic charging can lead to unsteady behavior even without inertia [31,

134]. The experiments in Figure 3.17 show that aspect ratio stays at a relatively

constant value once rotation is initiated. Similar to an ellipsoid in an electric field,

the deformed drop can reach a critical strength where tumbling occurs due to the

anisotropic shape. The threshold for unsteady behavior in high viscosity drops is
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better estimated by the stability of an ellipsoid with a nonzero surface velocity. This

will be examined theoretically in Section 3.7.

3.6.4 Unsteady drop deformation

The characteristics of the unsteady behavior described in Section 3.6.1 are

investigated in further detail. The drop angle and aspect ratio are analyzed

from recordings of unsteady drop behavior. The data for drop orientation angle

demonstrates the range of orientations the drop takes during unsteady behavior, i.e.

oscillations or tumbling. The aspect ratio shows the variability in deformation as a

function of time.

The data is plotted as a function of time as well as with delay plots, which

compares a value recorded at time, t, with the same value recorded after a time step,

t+t′ [3]. Delay plots are a useful method for characterizing experimental observations

of dynamical systems. In essence, they can reproduce part of the state space of the

system. For a periodic orbit, the delay plot should show a predictable path in phase

space. For chaotic systems, which have a sensitive dependence to initial conditions,

the delay plot will show an unpredictable path. A chaotic system may only access

certain regions of state space, but will be chaotic within that region. The purpose

of the delay plots is to give information about the regions of state space the system

explores. Delay plots also allow for useful comparisons between experimental data

and a theoretical model. The following analysis will be repeated using the model

developed in Section 3.7.

Λ = 1.1
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Figure 3.22: Drop orientation angle for a Λ = 1.1, a=3.6mm, drop in a field with strength E0 =9.9
kV/cm (3.4 EQ). Angle data as a function of time (left) and delay plot for angle with t’=1/3 second
delay (right).
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Figure 3.23: Aspect ratio β−1 for a Λ = 1.1, 2a=3.6mm drop in an electric field with strength
E0 =9.9 kV/cm (3.4 EQ). β−1 as a function of time (left) and delay plot for β−1 with t’=1/3
second delay (right).

The orientation angle and aspect ratio for a Λ = 1.1 drop are shown as a function

of time and in delay plots in Figures 3.22 and 3.23. The oscillations are steady and

the delay plot for angle is confined to a well defined path. Figure 3.22 shows that

the oscillations are limited to one rotational direction, which is evident from the

confinement of the angle data to one quadrant. The scatter is limited to regions of

shallow angles and large deformations. The scatter may be due to small variations

in the oscillations or variations in the orientation of the drop with respect to the

camera. Errors may also originate from image processing, particularly in fitting a
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slightly irregularly shaped drop shape to an ellipse.
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Figure 3.24: Drop orientation angle for a Λ = 1, 2a=5.4mm drop in an electric field with strength
E0 =9.9 kV/cm (3.4 EQ). Angle data as a function of time (left) and delay plot for angle with
t’=1/3 second delay (right).
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Figure 3.25: Aspect ratio β−1 for a Λ = 1.1, 2a=5.4mm drop in an electric field with strength
E0 =9.9 kV/cm (3.4 EQ). β−1 as a function of time (left) and delay plot for β−1 with t’=1/3
second delay (right).

The same analysis is repeated for a larger Λ = 1.1 drop at an increased field

strength, see Figures 3.24 and 3.25. The angle and aspect ratio data show growing

and decaying oscillations as well as greater variability for both parameters. The drop

deformation will grow until a large deformation disrupts the rotational flow and the

drop retracts in shape. The drop continues to rotate in the same direction and the

shape oscillations begin to grow from the less deformed shape. This is most clearly

seen in the angle data in Figure 3.24 at 40-55 seconds where the drop experiences a
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long pause at θ ∼ π/2. Over this same period of time, the aspect ratio experiences

a large decrease and then builds from approximately 45-55 seconds. The growing

and decaying oscillations are apparent in the larger regions explored in the delay

plots. Figure 3.25 shows that a common sequence in drop shape is from a small, to a

medium, and then finally a large deformation. This may indicate that certain orbits

in the drop aspect ratio are more likely than others, even though the trajectory is

aperiodic. This demonstrates that there can be chaotic behavior for low viscosity

ratios, but that large drops and strong fields are required. The chaotic behavior is

confined to the same direction of motion and a limited range of aspect ratios.

Viscosity ratios lower than Λ < 1 show qualitatively similar behavior to Λ = 1.1.

The Λ = 0.7 drops deform more, but also oscillate in only one direction. The

main difference is that stronger fields and larger drops are required to see unsteady

behavior in behavior in Λ = 0.7 drops, see Figure 3.16.

Λ = 4.5

For Λ = 4.5 drops of all sizes, growing oscillations and changes in rotation

direction are observed at any field strength where unsteady behavior is observed. The

magnitude of deformation, oscillation frequency, and frequency of rotation direction

reversal all change with drop size and field strength.

Figure 3.26 shows the growing oscillations and reversal of rotation direction in

the orientation angle. The aspect ratio, seen in Figure 3.27, also oscillates and

increases in amplitude until direction reversal, when the drop retracts and the

oscillations restart from a less deformed shape. The drop reverses direction after

about 7-9 periods of oscillation and the drop shape increases with each period until

a reversal in direction. The orientation angles appear in both the upper right and
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Figure 3.26: Drop orientation angle for a Λ = 4.5, 2a=3.5mm drop in an electric field with
strength E0 =9.1 kV/cm (3.1 EQ). Angle data as a function of time (left) and delay plot for angle
with t’=1/3 second delay (right).
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Figure 3.27: Aspect ratio β−1 for a Λ = 4.5, 2a=3.5mm drop in an electric field with strength
E0 =9.1 kV/cm (3.1 EQ). β−1 as a function of time (left) and delay plot for β−1 with t’=1/3
second delay (right).

lower left quadrants of the delay plot, which represent oscillations in clockwise and

counterclockwise directions.

In contrast to Λ ∼ 1 drops, the intermediate viscosity drops explore a wide

range of phase space, indicating that the orientation angle is difficult to predict

based on previous orientations. The most frequent orientation is close to θ ∼ π/2,

which corresponds to the long axis aligning with the field. The aspect ratio varies

significantly for the Λ = 4.5 drops, but is usually smaller than the Λ = 1.1 drops.
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The Λ = 4.5 drop is primarily within β−1 < 2, but during direction reversals the

aspect ratio swings to large values around β−1 ∼ 3.
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Figure 3.28: Drop orientation angle for a Λ = 4.5, 2a=5.6mm drop in an electric field with
strength E0 =9.1 kV/cm (3.4 EQ). Angle data as a function of time (left) and delay plot for angle
with t’=1/3 second delay (right).
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Figure 3.29: Aspect ratio β−1 for a Λ = 4.5, 2a=5.6mm drop in an electric field with strength
E0 =9.1 kV/cm (3.4 EQ). β−1 as a function of time (left) and delay plot for β−1 with t’=1/3
second delay (right).

Figures 3.28 and 3.29 show the evolution of the drop angle and aspect ratio for

a larger Λ = 4.5 drop at the same field strength. The larger drop reverses direction

more frequently, about 2-4 periods before reversing. The more frequent direction

reversals of the larger drop are apparent in the variations in aspect ratio. The drop

experiences large deformation more frequently and shows a wider shape variation,

see Figure 3.29. Delay plots of the orientation angle and aspect ratio for the larger
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drop shows that the drop explores a wider range of phase space, indicating a more

chaotic behavior. This drop did not break up during this period of observation, but

drops of similar size were observed to break up at this field strength. Breakup usually

occurs after an unusually large deformation, the drop subsequently folds upon itself

as shown in Figure 3.15.

Viscosity ratio Λ = 2.9 drops show similar behavior to Λ = 4.5 drops. As a result,

the analysis is not repeated for this viscosity ratio. The similarity indicates that the

behavior is not sensitive to relatively small variations in viscosity ratio within the

Λ = 2− 5 range.

Λ = 14
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Figure 3.30: Drop orientation angle for a Λ = 14, 2a=6.9mm drop in an electric field with strength
E0 =9.1 kV/cm (3.1 EQ). Angle data as a function of time (left) and delay plot for angle with
t’=1/3 second delay (right).

The behavior of high viscosity drops differs significantly from the behavior shown

for lower viscosity drops. Λ = 14 drops predominantly exhibit tumbling behavior.

At the onset of unsteady behavior, the drop shape will tumble in the same direction

and the deformation will grow. Once the drop reaches a large deformation, the drop

will reverse direction and resume tumbling.
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Figure 3.31: Aspect ratio β−1 for a Λ = 14, 2a=6.9mm drop in an electric field with strength
E0 =9.1 kV/cm (3.1 EQ). β−1 as a function of time (left) and delay plot for β−1 with t’=1/3
second delay (right).

Figures 3.30 and 3.31 show angle and aspect ratio data during tumbling and

reversals of rotation direction for a Λ = 14 drop. The drop can reverse direction

after as little as 1 period, or tumble in the same direction for over 4 periods. The

drop shape oscillates slightly with each period; the largest deformation coincides

with the short axis aligning with the field direction. In this orientation, the drop

is squeezed in a flatter oblate and then recovers while rotating. The slower surface

tension timescale decreases the variability in aspect ratio compared to lower viscosity

ratios.

The rotation axis is degenerate within the plane perpendicular to the field. Due

to the chaotic behavior of the drop, the shape can become obscured if the drop

rotates towards the camera. The drop shape appears to be spherical while the drop

is in this orientation. This is reflected in Figures 3.30 and 3.31 at t = 25s, where

aspect ratio approaches β ∼ 1. Before t = 25s, the drop is tumbling in the plane of

view and the drop aspect ratio varies little, usually within β−1 = 1.8− 2.5.

Delay plots of the orientation angle and aspect ratio are shown in Figures 3.22

and 3.23. The tumbling behavior occupies a different phase space than the lower
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viscosity drops. The longest pauses are around θ = 0, π, corresponding to the short

axis of the drop aligning with the field. The pauses in orientation occur after the

drop flips. While in the paused state, the induced dipole recharges until the electric

torque is strong enough to reinitiate rotation. The drop can either continue or reverse

in rotation direction.
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3.7 Fluid ellipsoid model

To capture the effect of fluid flow and anisotropic shape, a fixed shape fluid ellipsoid

model is proposed to describe the behavior of fluid drops in electric fields. The

theoretical model is derived by expanding on previous work on rigid ellipsoids in

electric fields. The model is analyzed and compared to experimental data. Finally,

the parameters leading to chaotic behavior are explored.

3.7.1 Rigid ellipsoid

The Quincke model developed in Section 3.2 can be generalized to a rigid ellipsoid

by accounting for the polarization relaxation equations in a co-rotating frame of

reference [200, 31, 32, 134]. Rotation is around the axis perpendicular to the

symmetry axis of the ellipsoid. In this model inertia is neglected because, as discussed

in Chapter 2, Reynolds number is much less than one for an oil system. Similar to

Eq.[3.14], but in co-rotating reference frame, the torque balance for an ellipsoid is,

α⊥
dθ

dt
= P‖E⊥ − P⊥E‖ + (χ∞‖ − χ∞⊥ )E⊥E‖, (3.24)

where α⊥ is the friction coefficient, χ∞ is the high-frequency susceptibility, and ‖, ⊥

denote components parallel and perpendicular to the axis of symmetry, see Figure

3.12. The electric torque, i.e. the righthand side of Eq.[3.24], is abbreviated by,

LE = P‖E⊥ − P⊥E‖ + (χ∞‖ − χ∞⊥ )E⊥E‖. (3.25)

The evolution of the induced dipole is described by the polarization relaxation
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equations [200]. In the case of an ellipsoid, the dipole can be decomposed into

components parallel and perpendicular to the symmetry axis of the ellipsoid,

∂P‖
∂t

= − 1

t‖,mw

[P‖ − (χ0
‖ − χ∞‖ )E‖] , (3.26a)

∂P⊥
∂t

= − 1

t⊥,mw

[P⊥ − (χ0
⊥ − χ∞⊥ )E⊥] , (3.26b)

where t‖,mw, t⊥,mw and χ0
‖,⊥ are directional Maxwell-Wagner relaxation timescales

and low-frequency susceptibility respectively. These parameters are,

χ0
‖,⊥ =

εexV (λin − λex)

(λin − λex)n‖,⊥ + λex

, χ∞‖,⊥ =
εexV (εin − εex)

(εin − εex)n‖,⊥ + εex
, (3.27)

t‖,mw =
(εin − εex)n‖ + εex
(λin − λex)n‖ + λex

, t⊥,mw =
(εin − εex)n⊥ + εex
(λin − λex)n⊥ + λex

, (3.28)

where V is the volume of the ellipsoid. In Eq.[3.27] and Eq.[3.28], the depolarization

factor is denoted by n‖,⊥. For prolate ellipsoids (β > 1),

n‖ =
1− e2
e3

(arctanh(e)− e), where e =
√

1− 1/β2, (3.29)

while for oblate ellipsoids (β < 1),

‖ =
1 + e2

e3
(e− arctanh(e)), where e =

√
1/β2 − 1. (3.30)

The second shape factor is determined by n⊥ = (1−n‖)/2 for both oblate and prolate

ellipsoids. Note that the shape factors for oblate and prolate can be related by a

transformation of the principle axes. A prolate with axes a1 > a2 = a3 corresponds

to an oblate, â1 = â2 > â3, where â1 = a1, â2 = a1a3/a2, â3 = a3 [54].

The solution of Eq.[3.24] and Eq.[3.26] results in three types of behavior [134].

In weak fields, the long axis of the ellipsoid aligns with the field. As the field
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strength is increased, the ellipsoid either swings around this aligned position or

tumbles. Some sets of parameters show alternating between swinging and tumbling.

The alternating behavior can be shown to be chaotic, i.e. the switching between

swinging and tumbling is unpredictable and sensitive to initial parameters.

This ellipsoid model does not capture the behavior of drops seen in experiments.

Specifically, the ellipsoid is modeled as rigid and there is no dependence on drop

viscosity. There are no solutions that result in a steady tilted orientation or swinging

around a tilted orientation, similar to that seen in drop experiments. To capture the

behaviors seen in experiment, the fluidity of the drops must be considered.

3.7.2 Fluid ellipsoid

The ellipsoid model is modified through the addition of a tangential surface velocity

at the interface. The velocity of the surface flow is described by a flow frequency,

ν, see Figure 3.12. The surface velocity affects both the torque balance and the

polarization relaxation equations. An additional torque arises from the flow field

created by the surface velocity. This torque is identical to that developed for the

tank-treading interface on a red blood cell in shear flow [96]. The surface flow

also contributes to charge convection, which modifies the polarization relaxation

equations.

A tangential fluid flow is considered around a fixed shape ellipsoid, i.e. no normal

interface velocity. Following the approach originally derived by Jeffrey [87], the fluid

flow inside the ellipsoid is given by the equation,

uin = ν

(
−yβ, x

β
, 0

)
. (3.31)
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At distances far from the fluid drop, the external flow behaves as a rotational

flow with amplitude Ω = θ̇,

uex = −Ω× r = (yΩ,−xΩ, 0) . (3.32)

The external field can be written in terms of the internal field plus a disturbance

field, uD, as,

uex = uin + uD. (3.33)

At r →∞, the velocity fields must match, this gives,

uD =

(
y (Ω + νβ) ,−x

(
Ω + ν

1

β

)
, 0

)
. (3.34)

The velocity-gradient tensor can be decomposed as,

lim
r→∞

∂uDi
∂xj

= γij + ωij, (3.35)

with symmetric and antisymmetric components γij and ωij respectively. For the case

of an ellipsoid, the tensor components are,

γ12 = γ21 =
ν

2

(
β − 1

β

)
, ω12 = −ω21 = Ω +

ν

2

(
β +

1

β

)
. (3.36)

A torque from the flow field is produced by the combined effects of surface flow

and rigid body rotation. This torque is given by [54],

LTT+TB = V µex (A21 − A12) , (3.37)
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where,

A12 = 2
n‖γ12 + n′3ω12(
β2n‖ + n⊥

)
n′3
, A21 = 2

n⊥γ21 + β2n′3ω21(
β2n‖ + n⊥

)
n′3

, n′3 = −n‖ − n⊥
β2 − 1

. (3.38)

Combining the expressions in Eq.[3.36] into Eq.[3.37], the torque simplifies to the

expression,

LTT+TB = −α⊥
(
θ̇ +

2β

1 + β2
ν

)
(3.39)

where α⊥ = 2µVM⊥ is the friction coefficient and

M⊥ =
1 + β2

1−n‖
2

+ n‖β2
. (3.40)

As already introduced in Eq.[3.25], the electric torque on an ellipsoid in a uniform

electric fields is given by,

LE = PT × E. (3.41)

Note that total polarization is PT = P + P∞, and P∞ = χ∞E is the instantaneous

polarization.

The torque balance between viscous and electric components, LTT+TB +LE = 0,

gives the expression,

− α⊥
(
θ̇ +

2β

1 + β2
ν

)
− P⊥E‖ + P‖E⊥ +

(
χ∞‖ − χ∞⊥

)
E⊥E‖ = 0, (3.42)

where E‖ = E0 cos θ and E⊥ = −E0 sin θ are introduced for convenience.

As discussed in Section 3.2, the polarization relaxation equations describe time

dependent interfacial charging. In a frame of reference co-rotating with the ellipsoid,
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the convection due to rigid body rotation is captured by the relation between P‖ and

P⊥; there is no explicit dependence on ω. The convection due to surface flow remains

because the interfacial charge can move relative to the rigid body rotation.The

polarization relaxation equations in the co-rotating frame are,

∂P‖
∂t

= −νP⊥β −
1

t‖,mw

[P‖ − (χ0
‖ − χ∞‖ )E‖] , (3.43a)

∂P⊥
∂t

=
νP‖
β
− 1

t⊥,mw

[P⊥ − (χ0
⊥ − χ∞⊥ )E⊥] . (3.43b)

Equations Eq.[3.42] and Eq.[3.43] are nondimensionalized before solving. The

variables are normalized by,

t̃ =
t

tmw

, P̃ =
P

Pc
, Pc = ∆χsεexE0V , ∆χs = (χ0

s − χ∞s )/εex =
9(R− S)

(R + 2)(S + 2)

(3.44)

χ0
s = εin

R− 1

R + 2
, χ∞s = εin

S − 1

S + 2
, L̃E =

LE
PcE0

, ν̃ = νtmw (3.45)

In dimensionless form, the torque balance reduces to,

θ̇ = − 2β

1 + β2
ν̃ +

BC1

2M⊥

[(
−P̃⊥ cos θ − P̃‖ sin θ

)
− C2 cos θ sin θ

]
, (3.46)

with the values,

B =
ε2exE

2
0

µexσex

, C1 =
9 (R− S)

(R + 2)2 , C2 =

[
(S − 1)

(S − 1)n‖ + 1
− (S − 1)

(S − 1)n⊥ + 1

](
S + 2

R + 2

)
.

(3.47)

The polarization relaxation equations are nondimensionalized using the variables
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in Eq.[3.44] and Eq.[3.45].

∂P‖
∂t

= −ν̃P̃⊥β − T‖
(
P̃‖ −X‖ cos θ

)
, (3.48a)

∂P⊥
∂t

=
ν̃P̃‖
β
− T⊥

(
P̃⊥ +X⊥ sin θ

)
, (3.48b)

where,

T‖,⊥ =

(
tmw

t‖,⊥mw

)
=

(
S + 2

R + 2

)(
(R− 1)n‖,⊥ + 1

(S − 1)n‖,⊥ + 1

)
(3.49)

and,

X‖,⊥ =
(R + 2)(S + 2)

9(1 + n‖,⊥(R− 1))(1 + n‖,⊥(S − 1))
. (3.50)

The final variable to be determined is the surface flow frequency, ν, which is

found by balancing the rate of electrical energy input with viscous dissipation. The

viscous dissipation, first derived by Keller and Skalak [96], is given by,

ΠTT+TB = (µin − µex) ν2V

(
1

β
− β

)2

+ µexνV

(
βA12 −

1

β
A21

)
(3.51)

The equation reduces by utilizing the torque balance, Eq.[3.39],

ΠTT+TB = µexν
2V (Λf1 − f2) +

4νLE
M⊥(βn‖ + 1

β
n⊥)

, (3.52)

where,

f1 = (β − 1/β)2 , f2 = f1

[
1−

(
β2 − 1

(n‖ − n⊥)(β2 + 1)

)]
(3.53)

The energy input from the electric field, ΠE, is determined by the surface integral,

ΠE =

∫
u ·
(
Tel · n̂

)
dS, (3.54)
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u ·
(
Tel · n̂

)
= ν(Ed · t̂)(P · n̂), (3.55)

where Ed is the electric field inside the drop. The electric field in an ellipsoid is given

by [92, 114],

Ed
‖,⊥ = E∞‖,⊥ −

n‖,⊥
εex

(P‖,⊥ + P∞‖,⊥), (3.56)

E∞‖,⊥ is the electric field at infinity and P‖,⊥ + P∞‖,⊥ is the total polarization in

component form. The exact expressions in the integral, Eq.[3.55], are,

Ed · t̂ = −βEd
‖y +

1

β
Ed
⊥x , P · n̂ = P‖n̂‖ + P⊥n̂⊥. (3.57)

Eq.[3.55] is integrated using Eq.[3.56] and Eq.[3.57], note that the calculation is

simplified with the relation
∫
dSrink = V δik. The final energy is found to be,

ΠE = νV

(
−βEd

‖P⊥ +
1

β
Ed
⊥P‖

)
. (3.58)

Introducing this into Eq.[3.58] gives the expression for electric energy input in

terms of known quantities E0, P‖,⊥, and P∞‖,⊥. Nondimensionalizing using the same

parameters from Eq.[3.44] and Eq.[3.45] yields,

ΠE = ∆χsE
2
0 ν̃V

(
−β
(

cos θ − n‖∆χs(P̃‖ + C3 cos θ)
)
P̃⊥+

+
1

β

(
− sin θ − n⊥∆χs(P̃⊥ − C4 sin θ)

)
P̃‖

)
(3.59)

where,

C3 =
χ∞‖
∆χs

, C4 =
χ∞⊥
∆χs

. (3.60)

Setting this expression equal to ΠTT+TB and solving for ν̃ gives a lengthy
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expression for the surface flow frequency,

ν̃ =
BC1

Λf1 − f2

[ −2
(βn‖ + n⊥

β )M⊥

(
P̃‖ sin θ + P̃⊥ cos θ + C2 cos θ sin θ

)
+

+
(
−β
(

cos θ − n‖∆χs(P̃‖ + C3 cos θ)
)
P̃⊥ +

1
β

(
− sin θ − n⊥∆χs(P̃⊥ − C4 sin θ)

)
P̃‖

)]
(3.61)

The final equations describing the tank treading ellipsoid in an electric field are given

in dimensionless form,

∂θ

∂t
= − 2β

1 + β2
ν̃ +

B

2M⊥

[
C1

(
−P̃⊥ cos θ − P̃‖ sin θ

)
− C2 cos θ sin θ

]
, (3.62a)

∂P̃‖
∂t

= −ν̃P̃⊥β − T‖
(
P̃‖ −X‖ cos θ

)
, (3.62b)

∂P̃⊥
∂t

=
ν̃P̃‖
β
− T⊥

(
P̃⊥ +X⊥ sin θ

)
. (3.62c)

The convection from surface flow allows for a steady oblique dipole orientation.

This is apparent from the coupling between Eq.[3.62b] and Eq.[3.62c]. The tilted

dipole implies there can be a steady tilted orientation of the ellipsoid as well. A

transition from alignment to oblique orientation with respect to the electric field

occurs above a critical electric field. Due to the presence of aspect ratio in Eq.[3.43],

the critical electric field will differ from that of a sphere as β changes.

If ν = 0, Eq.[3.62a-3.62c] reduce to the equations of motion for a rigid ellipsoid

[32]. As discussed, these equations produce three types of behavior: alignment

with the electric field, swinging around the field direction, and continuous tumbling

[134]. The additional torque associated with the interface fluidity, characterized by

ν, modifies these behaviors to: steady axisymmetric orientation (Taylor regime),

steady tilted orientation, swinging around a non-zero tilt angle with respect to the

electric field, and tumbling. Moreover, chaotic swinging and tumbling states are also
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found. The phase diagram resulting from the numerical solution of Eq.[3.62a-3.62c]

is shown in the next section.

3.7.3 Model results

The equations given in Eq.[3.62a-3.62c] are numerically integrated using the ode45

solver in MATLAB. Aspect ratio, viscosity ratio, and electric field are varied and the

time dependent behavior of the orientation is plotted. An oblate ellipsoid is assumed

for all model results. Initial values of zero polarization (P‖ = P⊥ = 0) are used. The

initial ellipsoid orientation, θ0, must be misaligned with the field (θ0 6= 0, θ0 6= π/2)

to find nontrivial results. A value θ0 = π/2− θ′ is chosen, where θ′ is a small value.

The choice of θ′ was not found to alter the type of behavior. These initial conditions

simulate the initial charging of an ellipsoid after an electric field is applied. The

same parameters from the experimental system are used for the model values, see

Table 4.1.

Examples of the four types of behaviors are shown in Figures 3.32-3.34. The

results show qualitatively similar behavior to those seen in experiments. At weak

field strengths, the ellipsoid orients with the axis of symmetry parallel to the electric

field. The surface flow at steady state is zero. This is analogous to the Taylor

flow in the drop, which deforms into an oblate ellipsoid shape with the long axes

perpendicular to the electric field. For the oblate fluid ellipsoid case, the stable

orientation is θ = 0. This differs from the rigid ellipsoid, where the long axis aligns

with the electric field.

At higher field strengths the ellipsoid adopts an oblique orientation with respect

to the electric field, see Figure 3.32. The rotational surface velocity reaches a
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steady nonzero value. In this case, charge is convected by the surface flow and

both components of the dipole reach nonzero steady values.
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Figure 3.32: Ellipsoid orientation (left) and dipole orientation (right) in degrees for Λ = 4
E0 = 1.2EQ, β−1 = 1.4. The initial condition is θ = π/2− θ′, θ′ = 0.02.
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Figure 3.33: Ellipsoid orientation (left) and dipole orientation (right) in degrees for Λ = 4
E0 = 2.3EQ, β−1 = 2.8. The initial condition is θ′ = 0.02.

At higher field strengths, the model predicts unsteady behavior. The unsteady

behavior is characterized into three distinct categories: swinging, tumbling, and

chaotic behavior. Swinging, shown in Figure 3.33, shows a bounded oscillation

around a tilted orientation, i.e not θ = 0, π/2. The oscillations are persistent, but

do not change direction. Tumbling is characterized by a complete and persistent

rotation in the same direction, see Figure 3.34.
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Chaotic behavior is characterized by reversals in rotation direction at irregular

periods. The ellipsoid never adopts a predictable trajectory. For chaotic behavior,

a small difference between two initial conditions will result in diverging trajectories.

The chaotic behavior is demonstrated in Figure 3.35 by comparing two trajectories

started at an angular distance of θ = π/105 apart. This sensitivity to initial

conditions is used to quantify chaotic behavior using Lyapunov exponents in Section

3.7.7.

In all cases except for the chaotic behavior, the motion of the dipole mirrors that

of the ellipsoid. The chaotic motion stems from the lack of synchronization between

the ellipsoid and dipole orientations.
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Figure 3.34: Ellipsoid orientation (left) and dipole orientation (right) in degrees for Λ = 14
E0 = 2EQ, β−1 = 1.3. The initial condition is θ′ = 0.02.
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Figure 3.35: Ellipsoid orientation (left) and dipole orientation (right) in degrees for Λ = 14
E0 = 2.5EQkV/cm, β−1 = 1.8. The initial conditions are θ′ = 0.02 and θ′ = 0.02 + π/105.
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3.7.4 Model phase diagram
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Figure 3.36: Phase diagram for a fluid ellipsoid with viscosity ratio Λ = 14. The lines represent the
boundaries between various behaviors computed from the model. These are denoted by the regimes:
Al - alignment; Ti - tilted; Tb - tumbling; Sw -Swinging; Ch - Chaotic. The symbols correspond
to experimental data: � - Taylor (steady axisymmetrically oriented ellipsoid), � - steady tilted
ellipsoid, 4 - chaotic tumbling. The lines crossing the symbols reflect the variations in the aspect
ratio of the drop during the rotation.

The behavior of the fluid ellipsoid model in a DC electric field is explored for three

different viscosity ratios, Λ = 1, 4, 14, see Figures 3.36, 3.37, and 3.38. These values

are representative of the range of viscosity ratios used in experiments. For a given

viscosity ratio, the aspect ratio and electric field are varied. In terms of adjustable

parameters, the aspect ratio replaces the initial drop diameter in comparison with

the experimental phase diagram. In the case of drops, aspect ratio varies with field

strength, while in the model aspect ratio is fixed. During unsteady behavior, the

drop’s aspect ratio also changes in time. The comparison between drop size and

aspect ratio is qualitative, but in general a larger drop will correspond to a larger

aspect ratio. Additionally, low viscosity drops deform more than high viscosity,

hence, a higher range of aspect ratios is explored in the phase diagram for low
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Figure 3.37: Phase diagram from tank treading ellipsoid model Λ = 4 . Regimes: Al - alignment;
Ti - tilted; Tb - tumbling; Sw -Swinging; Ch - Chaotic.

viscosity drops.

For β = 1, the ellipsoid transitions from aligned to tilted at the electric field

strength predicted by the Quincke theory, EQ = 2.7 kV/cm. For all viscosity

ratios, the model predicts a decrease in critical electric field strength as aspect ratio

increases. The decrease is more pronounced at high viscosity ratios, where the effect

of the surface flow is less significant and the fluid ellipsoid behaves more like a rigid

ellipsoid.

Unsteady behavior is observed at all viscosity ratios, predominantly at high

aspect ratios. Low viscosity ratios, Λ = 1 and Λ = 4, exhibit mostly swinging

motions, with relatively small regions of chaotic behavior. The effect of the surface

flow is most pronounced for low viscosity ratios, which acts to stabilize the ellipsoid

in a tilted orientation.
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Figure 3.38: Phase diagram from tank treading ellipsoid model Λ = 1 . Regimes: Al - alignment;
Ti - tilted; Tb - tumbling; Sw -Swinging; Ch - Chaotic.

Unsteady behavior is more prevalent for high viscosity ratios, i.e. Λ = 14. The

fluid ellipsoid tumbles at low aspect ratios and has large regions of chaotic behavior

at high aspect ratios. Regions of swinging behavior are limited compared to lower

viscosity ratios. The tendency for swinging motions in lower viscosity ratios and

tumbling in higher viscosity ratios agrees with experiments.

Experimental results are compared to the model phase diagram in Figure 3.36.

The aspect ratio and field strength data for a Λ = 14 drop are plotted. The transition

from aligned to tilted orientation predicted in the model corresponds to the transition

to rotational flow seen in experiments. The aspect ratios seen during tilted behavior

in experiment also agree with the model. Although the drop shape does not remain

constant in time during unsteady behavior, the range of aspect ratios observed during

drop tumbling correspond to the tumbling and chaotic regions from the model.

The low variability in drop shape for high viscosity drops allows for the best
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comparison with the fluid ellipsoid model. Although this comparison is qualitative,

it captures the effect of aspect ratio on the tumbling dynamics seen in experiments.

The shape oscillations observed in intermediate and low viscosity drops limits the

applicability of the current model for these viscosity ratios. A more refined model

that includes changes in shape could capture these dynamics.
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3.7.5 Rotation rate: comparison with Quincke

The steady tilted behavior predicted by the fluid ellipsoid model provides insight

into the effect of aspect ratio and viscosity ratio on the fluid rotation rate. The

frequency of the surface flow, ν, is calculated from the model for a fixed aspect ratio

and viscosity ratio as electric field strength is increased. This is compared to the

rotation rate for a sphere predicted by Quincke, see Figures 3.39 and 3.40.
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Figure 3.39: Comparison of the Quincke rotation rate ω with the rotational flow rate computed
from model, ν, for β−1 = 1.2 for viscosity ratios Λ = 1, 4, 14.

The critical field for rotation is similar for different viscosity ratios and slightly

lower than EQ. This differs from experiments, where the axisymmetric toroidal flow

convects charge away from the induced dipole, weakening its strength and delaying

the onset of rotation to higher field strengths. In the fluid ellipsoid model this effect

is not captured because there is no toroidal flow included. When rotation has begun,

the slope of the rotation rate is smaller for higher viscosity ratios. This is caused by

the increase in viscous dissipation due to the increase in drop viscosity.
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Figure 3.40: Comparison of the Quincke rotation rate ω with the rotational flow rate computed
from model, ν, for Λ = 1 for viscosity for aspect ratios β−1 = 1.2, 2, 3.

The amount of viscous dissipation also depends on aspect ratio. This affects both

the critical field for rotation and the slope of rotation rate as a function of electric

field. As aspect ratio is increased, the critical field for rotation decreases. This can

be understood by considering the short axis of the ellipsoid, which corresponds to the

strongest dipole direction. As field strength is increased, the dipole associated with

the short axis is the first to produce the torque necessary for rotation. As the short

axis is decreased, the dipole is enhanced and a weaker field is needed for rotation.

Once rotation is initiated, the slope of the rotation rate with electric field strength

is lower for higher aspect ratios. Similar to the effect of high viscosity, the surface

flow around a highly deformed ellipsoid will dissipate more energy and lead to slower

rotation.

85



3.7.6 Phase behavior: comparison to experiment

The phase behavior of the model can be compared to experiment by constructing

delay plots from the model. The orientation of the fluid ellipsoid can be compared

for different values of aspect ratio, electric field strength, and viscosity ratio.
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Figure 3.41: Swinging behavior for fluid ellipsoid model with Λ = 4, β−1 = 3, electric field
strength E0 = 3EQ. Time dependent behavior is plotted as a function of time (left) and delay plot
with t′ = 1/3s (right).

Figure 3.41 shows an example of a swinging motion around a tilted orientation

from the model. The delay plot of the swinging motion is qualitatively similar to

the oscillations of Λ = 1 drops seen in experiments, see Figure 3.22. Notably, the

swinging is confined within one quadrant and follows a repeated trajectory.

Chaotic swinging

The model also shows trajectories qualitatively similar to the changes in

oscillation direction seen in Λ = 4.5 drops. The changes in orientation angle in

time and delay plots are shown in Figure 3.42. The ellipsoid may swing around

a tilted orientation before reversing direction and begin swinging in the opposite
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direction. The alternating between swinging directions is most dramatically shown

in the delay plot, which shows the swinging as orbits in the lower left and upper

right quadrant. This delay plot qualitatively resembles the drop behavior plotted

in Figures 3.26 and 3.28. The similarity to the chaotic oscillations seen in drops is

surprising given the constraint of fixed shape in the model.
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Figure 3.42: Swinging behavior for fluid ellipsoid model with Λ = 4, β−1 = 3, electric field
strength E0 = 4EQ. Time dependent behavior is plotted as a function of time (left) and delay plot
with t′ = 1/3s (right).

Tumbling

The phase diagrams, shown in Figure 3.36, have regions where the ellipsoid

tumbles in one direction. In the regions where chaotic behavior is observed, the

ellipsoid can switch tumbling directions. An example of this behavior is shown

in Figure 3.43. The phase diagram is similar to the tumbling behavior seen in

experiments for Λ = 14 drops. The ellipsoid may tumble in the same direction for

a few periods, but then may reverse direction. The similarity between experiment

and model is also apparent in the delay plot, which is qualitatively similar to Figure

3.30.
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Figure 3.43: Swinging behavior for fluid ellipsoid model with Λ = 14, β−1 = 1.4, electric field
strength E0 = 1.8EQ. Time dependent behavior is plotted as a function of time (left) and delay
plot with t′ = 1/3s (right).

3.7.7 Lyapunov exponents

Lyapunov exponents are commonly used to measure the chaotic behavior in a

dynamical system [39]. The largest Lyapunov exponent for the fluid ellipsoid model

can be defined as

lim
t→+∞

1

t
ln
|θ(t)− θ∗(t)|
|θ(0)− θ∗(0)| , (3.63)

where θ(t) and θ∗(t) are two orientation trajectories starting at an infinitesimally

close starting position. The Lyapunov exponent can be thought of as the rate

of divergence between two material points. In a chaotic system, an infinitesimal

perturbation will grow exponentially with time, which corresponds to a positive

Lyapunov exponent.

A local Lyapunov exponent can be used to quantify the degree of chaos for

different regions in the model phase diagram. This is done by considering two

trajectories, θ(t) and θ∗(t), at t = ti. The system is first allowed to reach an initial

orientation by running a trajectory for 100 time steps. From this initial point, a

second trajectory is started after the angle is changed by π/105. The two trajectories
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are then iterated for 1000 more time steps. The distance between the two trajectories

is recorded at ti and then at a later time tf . The local Lyapunov exponent can then

be defined as, 〈
1

(tf − ti)
ln
|θ(tf )− θ∗(tf )|
|θ(ti)− θ∗(ti)|

〉
(3.64)

where the <> denotes average over tf for 1000 time steps. The local Lyapunov

exponent is calculated for a range of values of β and electric field strength.

The Lyapunov exponent can also differentiate oscillatory behavior from steady

orientation. The Lyapunov exponent will be approximately zero for oscillatory

trajectories. This indicates that the two initial points stay at the same distance

as they follow a similar trajectory. A negative Lyapunov exponent is seen when

the ellipsoid adopts a fixed orientation. The final position is the same for different

initial points and therefore the distance between two initial points will decrease

with time. The different behaviors are illustrated in Figure 3.44, where the red

and orange regions correspond to positive Lyapunov exponents, green corresponds

to Lyapunov exponents close to zero, and blue and white regions have negative

Lyapunov exponents.

A positive Lyapunov exponent, indicating chaotic behavior, is seen for many

parameter values for Λ = 14. As viscosity ratio decreases, the prevalence of chaotic

behavior decreases as wider regions of tilted and swinging behavior are seen. Λ = 4

shows windows of chaotic behavior while Λ = 1 and show only small regions of chaotic

behavior between swinging and tilted regions. The lower viscosity ellipsoids easily

dissipate energy into surface flow, which stabilizes the ellipsoid and limits chaotic

behavior. This trend agrees with experimental observations, where more predictable

oscillatory behavior is seen at low viscosity ratios and chaotic behavior is observed

in higher viscosity drops.
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Figure 3.44: Contour plot of Lyapunov exponents for Λ = 14, 4, 1 from top left to bottom center.
Positive values indicate regions of chaotic behavior (red and orange). Values close to 0 indicate
regions of oscillatory solutions including swinging and tumbling (green). Negative values indicate
stable solutions, tilted or aligned (blue and white).
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3.8 Conclusions

The nonlinear dynamics of viscous drops are investigated in uniform DC electric

fields. Drop tumbling, shape oscillations, and chaotic rotations occur under creeping

flow conditions, where nonlinear phenomena are rare. In contrast to drops in shear

flow, the driving electric stress acts on the interface of the drop, rather than from an

external flow field. The nonlinear behavior is a complex interaction between electric

and fluid stresses. Drop fluidity allows for charge convection and deformation, both

of which influence the charging of the drop interface.

Previous models have only considered charge convection by rotation for rigid

particles. A fluid drop differs from a rigid particle because charge can be convected

by either surface flow or rigid rotation. The relative importance of interfacial velocity

and rigid rotation is controlled by viscosity ratio. High viscosity drops act similarly

to rigid ellipsoids and tumble because the rotation is faster than deformation. The

source of the nonlinear behavior for high viscosity drops is related to the ellipsoidal

shape, which creates anisotropic charging of the interface. The agreement between

model and experiment is best for high viscosity ratios, where the effect of EHD flow

and variations in drop shape are small. The favorable comparison is surprising given

the many simplifications in the theory.

The description of low and intermediate viscosity ratio drops is more complex due

to the fact that the drop shape can easily deform.The oscillating motion observed at

low viscosity ratios indicates that the drop deformation follows changes in the induced

dipole orientation. When the rotation rate exceeds the surface tension timescale,

the drop shape begins to oscillate. The relation between drop shape and interfacial

charge contributes to the nonlinearity.

91



The rotation of fluid drops represents an example of a spontaneous conversion

from electrical energy into mechanical motion. The nonlinear drop physics could

inspire new approaches to electromanipulation for small-scale fluid and particle

motion in microfluidic technologies. For instance, a collection of rotating drops

may reduce the viscosity of an emulsion [33, 112].

3.9 Future directions

Time dependent deformation

The fluid ellipsoid model could be extended to include time dependent shape

deformation. The main difficulty is to include the entire flow field produced by the

electric stresses on the interface as well as convection effects and large deformations.

One possible direction for large deformations is to utilize a model based on the

Eshelby solution for ellipsoidal inclusions in a stress field. The Eshelby solution was

adapted to model a fluid drop in shear flow for any shape ellipsoid in Stokes flow

[219, 85]. This approach computes the stress field around the ellipsoid, then advances

the drop shape by a relation between stress and strain rate. To adapt this to a drop

in an electric field, the electric field, surface charge, and flow field would have to

be solved simultaneously and then the drop shape would be advanced in time. The

model could first be attempted without surface tension, although surface tension has

been added in the case of shear flow [130].

Rigid ellipsoids

An experimental study of rigid ellipsoids in electric fields is difficult due to

irregularities in fabricated ellipsoids. A systematic study would require a variety
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of ellipsoidal shapes made from low conducting material with limited defects. One

potential method for producing ellipsoids is to make a drop from a curing silicone

and apply an electric field while it cures. The field strength would be limited to

below the transition to rotation in order to make ellipsoidal shapes. The ratio of

charging timescales between the drop and bulk fluids could be adjusted to produce

oblate or prolate shapes. Processing would be easier and more reliable if the time

required for curing is short and controllable. To achieve this, UV activated silicone

(Semicosil) could be used, which cures after being exposed to high intensity UV light.

The electric field strength could be varied to produce a range of deformed shapes.

Applying a strong UV light, where curing occurs within a few minutes, would be

required. This approach could potentially be adapted to a microfluidic process if a

large quantity of small ellipsoids were needed.

Interaction between drops

Interactions between drops is necessary for understanding the rheology of a

collection of rotating drops in electric fields. In the case of rigid spheres and ellipsoids,

both electric and hydrodynamic interactions occur between rotors [40]. The relative

strength of these two interactions can result in the two spheres rotating in the same

direction or in opposite directions. It is also possible for two spheres to orbit around

each other.

In the case of fluid drops, both the electric and hydrodynamic interactions will

change compared to rigid spheres. The fluid ellipsoid model could provide a useful

model for describing the interaction between drops. The shape and anisotropic

polarization of the ellipsoid may produce new features compared to spheres. For

instance, a collection of ellipsoids may arrange in different configurations than spheres

in an emulsion.
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Drop stability

The stability of drops in electric fields is of interest for applications such as oil

refining, which uses electric fields to enhance drop coalescence for separating oil

from water. The study of drop stability was limited to gradually increasing field

strength, see Figures 4.19. Subjecting a drop to a step increase in electric field can

produce different breakup behavior. An example of drop breakup, shown in Fig 3.45,

demonstrates that breakup can occur before rotation begins.

0 s 1.8 s 2.0 s 2.1 s 2.2 s

Figure 3.45: Silicone oil drop suspended in castor oil subjected to a uniform DC electric field at
t=0s. The drop deforms into an oblate ellipsoid and then breaks up at ∼2s.

Prolate - B

The electrohydrodynamic model of drop deformation developed by Taylor and

Melcher predicts the type of deformation by the discriminating function Eq.[3.12],

see Figure 3.4. The deformation can be oblate or prolate depending on the electrical

parameters and viscosity ratio. Most experimental studies have used oils with similar

dielectric constants and vary the conductivity ratio to produce either oblate or

prolate deformation. Studies using prolate drops have only used PRA systems. In

order to observe PRB experimentally, large differences in dielectric constants are

necessary. PRB are potentially interesting because the induced dipole is opposite to

the electric field and Quincke rotation should be possible, i.e R/S < 1.

A large dielectric constant difference can be attained by using polymers dissolved

in a solvent with a high dielectric constant. The conductivity of the solution can
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Figure 3.46: Silicone oil in PS-DMF mix showing prolate deformation.

be adjusted with the weight percent of the polymer. For example, polystyrene

(PS) dissolved in dimythleformamide (DMF) has a dielectric constant, ε ∼ 20,

and conductivity in the range λ ∼ 10−8S/m [70]. A low conductivity oil, such

as silicone oil has a low dielectric constant, ε ∼ 2, and low conductivity λ ∼

10−12S/m. The large dielectric constant difference places this system in the range

of PRB. Preliminary experiments of silicone oil in a PS-DMF mix confirm prolate

deformation, see Figure 3.46. Changing the weight percent of the polymer adjusts the

conductivity, dielectric constant, and viscosity of the fluid simultaneously. The high

viscosity and low transparency of the polymer solution also makes visualization of the

flow is difficult. An estimate of the system using εex = 20, εin = 2, λex = 10−9S/m,

and λin = 10−12S/m, and µex = 1Pa-s, yields an estimate for the critical field for

rotation at EQ = 9.28kV/cm. Thus, Quincke rotation is possible, but requires strong

fields.

Presence of surfactant

The presence of surfactant has been studied for drops in a variety of flow

conditions such as shear and parabolic flow [206]. In the case of a drop in an electric

field, the presence of surfactant at the interface will create a Marangoni stress that

will oppose the electric stresses. In weak fields, the Marangoni stress will replace
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the viscous stress and reduce the axisymmetric toroidal EHD flow. If the drop

fluid is undergoing Quincke rotation, the convection will influence the distribution

of surfactant. This may lead to new drop behaviors and possibly give insight into

the importance of surface tension on unsteady behavior.

Insoluble surfactant is commonly assumed in theoretical models. For this to

be valid, an experimental system must have slow adsorption/desorption kinetics

compared to the timescale of the experiment. This could be achieved with a

surfactant that is created at the interface with a compatibilizer [83]. A nonionic

surfactant will likely have the least amount of interference with the electric system.

Swimmer by Quincke rotation

There has been significant interest in the area of self propelled particles at micron

length scales [82]. Most mechanisms convert energy, i.e. chemical or electrical, into

mechanical work in the form of propulsion. The Quincke rotation effect is an example

of a system that transfers electric energy into mechanical work. In Stokes flow, a

net propulsion is possible if the the geometry lacks a mirror symmetry plane, which

is the case for helical shapes.

Figure 3.47: Prototypes of a coil (top) and ribbon (bottom) “swimmer”. The coil is made from
a curing silicone clay and the ribbon is cut from a cylinder made from cured silicone.
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This concept could be applied to a solid coil or ribbon made from a low conducting

material which rotates due to Quincke rotation. An example was produced using a

ribbon shape cut from a cylinder made from silicone, see Figure 3.47. The velocity of

the ribbon was measured at different field strengths. Preliminary results showed that

the ribbon velocity scales with a rotation rate higher than one, where hydrodynamics

predicts u ∼ ω. The interaction between the electric field and the surface charge on

the angled surface of the ribbon may explain the increase in velocity. A more detailed

study could be done by adjusting the shape of the ribbon or coil. Finite element

simulation software such as COMSOL could be used to model the effect of the surface

charge on propulsion. The critical field for rotation could be approximated by an

analysis for Quincke rotation of a cylinder [149].

The lack of a length scale in the critical field for Quincke rotation allows for

rotation regardless of size. A micron scale helical shape made from a low conducting

material would also rotate from Quincke rotation. In general, Quincke rotation is

limited to materials with low conductivities (λ ∼ 10−10−10−12S/m) and in high field

strengths (E0 ∼ 1kV/cm), although decreasing viscosity will lead to a lower critical

field strength. A micron scale ribbon could be propelled in a low viscosity silicone

oil (∼ 10−3 Pa-s) with a field in the range of E0 ∼ 1− 10kV/m.

Viscoelastic drop

The experimental system could be modified to use a drop fluid with viscoelastic

properties. The introduction of elasticity could allow for the drop to store and release

energy as it rotates. The types of fluids that experience viscoelastic behavior at the

typical shear rates for Quincke rotation would need to be determined. These fluids

would also require low conductivities in order to rotate at reasonable field strengths,

E0 ∼ 1− 10kV/cm.
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A description of a deformable elastic ellipsoid with no internal flow undergoing

Quincke rotation could be developed. The internal viscous dissipation from the fluid

ellipsoid model could be replaced by elastic deformation. The viscous dissipation in

this case would be confined to the external fluid. The elastic ellipsoid would be able

to store and release energy as the induced dipole and ellipsoid orientation change.

Large ellipsoidal deformations could be described by a model such as the Eshelby

solution [219, 85].
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Chapter Four

Measurement of membrane

capacitance and membrane

viscosity in AC electric fields

4.1 Introduction

Electric properties of biomembranes play a pivotal role in cellular functions [150],

for instance the synaptic efficacy and electric signal propagation in neurons [36,

66, 15]. The response of cells to electric fields also has implications for biomedical

applications such as gene transfection, where transient pores are induced in cell

membranes through the controlled application of electric pulses, thereby enabling

the delivery of foreign DNA into the cell [140].

The main structural component of biological membranes is the lipid bilayer, which

is impermeable to ions. Upon application of external voltage, charges accumulate on

the two sides of the membrane establishing a potential difference, i.e., the membrane

acts as a capacitor. The capacitive nature of the plasma membrane is crucial for
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cell viability in external electric fields because it helps shield the cell interior. If the

capacitor is fully charged, it draws zero current and the voltage drop occurs entirely

across the membrane; the external electric field does not penetrate the cell. However,

charging of the membrane capacitor occurs over a finite time period, on the order

of a few microseconds, during which the cell interior participates in the conduction

process. Thus, nanosecond electric pulses affect the intracellular content and have

been used for nucleus electroporation [175, 42]. The capacitive charging can also

destabilize and disrupt the plasma membrane [176], resulting in irreversible loss of

the barrier function and cell death.

The charging timescale depends on the membrane capacitance [178], hence

accurate knowledge of this parameter is needed in order to better control

cell interactions with electric fields. Existing methods to measure plasma

membrane capacitance of real cells include techniques such as patch-clamp

[67], electromechanical methods based on individual cell dielectrophoresis,

electrorotation and electro-orientation [92], and dielectric spectroscopy based on the

frequency-dependent permittivity and conductivity of cell suspensions [64, 38, 192].

The patch-clamp method is very effective, but can be invasive and laborious. Both

the electromechanical and the dielectric spectroscopy techniques are non-invasive

and can be be applied to measure the membrane potential of live cells [157], and

structural organization of the lipid bilayer [25]. However, these techniques require

complex equipment and mono disperse suspensions; probing the collective response

of a polydisperse suspension of cells (or vesicles) yields only an average value of

the membrane electric properties. The low-throughput and difficulties associated

with the existing methods motivate the effort to establish new and facile method for

measuring the membrane capacitance of lipid bilayers.

A model membrane system provides a better defined experiment and the means
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of interrogating membranes of various composition in isolation. A classic example

is the artificial black lipid membrane (BLM) [198, 37, 35]. Voltage- or current-

clamp methods for measuring the capacitance of BLMs [11, 18, 220, 4, 137], recently

reviewed in [101], have yielded a wealth of data. However these techniques are

limited by BLM fragility. BLMs usually retain some of the solvent used for their

formation; thus, they are thicker than the bilayer portion of a biological membrane.

In the past 15 years, giant unilamellar vesicles (GUVs) have gained popularity as

a model to study membrane biophysics [51]. Their large size (10-100 µm) allows

for direct observation of the dynamic response of individual vesicles to electric fields

using real time optical microscopy [47, 45]. Yet another advantage of giant vesicles

compared to BLMs is the possibility for tension control in the system. High tensions

characteristic for BLMs could result in bilayer thinning.

Vesicles aspirated in a micropipette have been employed to study the

electromechanical properties and limits of lipid and polymer membranes [138, 9].

Freely suspended quasi-spherical vesicles (vesicles whose equilibrium shape is a

sphere but excess area is stored in submicron fluctuations) deform into ellipsoids

when subjected to a uniform AC electric field [104, 132, 8, 7]. If the inner fluid

is less conducting than the suspending medium, an increase in frequency will lead

to a shape transition from a prolate to oblate ellipsoid, i.e. at low frequencies the

vesicle elongates in the field direction, while at higher frequencies the vesicle’s long

axis is perpendicular to the applied field. The transition frequency depends on

the membrane charging time [211, 225, 147]. As a result, the frequency dependent

deformation of a vesicle in an AC field can be utilized to infer a value for membrane

capacitance, Cm.

The main purpose of this chapter is to measure membrane capacitance in a

noninvasive manner. This is accomplished by exploiting the prolate-oblate transition
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to infer membrane capacitance. Giant vesicles from artificial and natural lipids are

relatively easy to prepare using the electroformation method. The measurement

itself requires a frequency sweep that can be quickly and easily done with either

home-made or commercially available electroporation chambers. Finally, the method

is non-invasive as it does not require any direct contact with the membrane. The

method is applied to membranes assembled from lipids and block-copolymers. The

latter form shells (polymersomes) that have been subject to increasing interest as

drug-delivery systems [49, 72].

The time dependent deformation of a vesicle in an AC electric field is also

investigated in this chapter. A theoretical model has been developed in [208], but

has not been compared to experimental data. In contrast to the steady state,

the dynamics of vesicle is affected by viscous dissipation, both in the bulk fluids

and within the membrane. The effect of membrane viscosity has been studied for

cells in external flow [199, 141], but has not been experimentally investigated for

electric fields. In addition, a theoretical description of membrane tension dynamics,

originally developed for vesicles in external flow [181], is applied to vesicles in electric

fields and compared to experiment.

4.2 Complex interfaces: membranes

In this section, the main features and results of the theoretical model underlying

the measurement method are summarized, including the theoretical model for time

dependent deformation of a vesicle in an AC field [211, 225]. This theory primarily

follows [208] with a description of membrane tension dynamics from [181].
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4.2.1 Physical Model

Let us consider an insulating charge-free lipid bilayer membrane with dielectric

constant, εmm, and thickness, d. The bilayer is a spherical shell (vesicle) which

separates two bulk fluids, each with their own conductivities, λ, viscosities, µ, and

permittivities, ε. The vesicle is subjected to a uniform AC electric field,

E∞ = E0cos(ωt)ẑ, (4.1)

where ω is the angular field frequency and t is time.

The main difference with simple fluid-fluid interface is the presence of the

nonconducting bilayer membrane separating the two bulk phases. The application

of an electric field causes ions to move and accumulate at boundaries that separate

media with different electric properties. Since the lipid membrane is impermeable

to ions, charges accumulate on both the inner and outer physical surfaces and a

membrane acts as a capacitor, with a capacitance Cm = εmm/d. The capacitance

quantifies the amount of charge that can be stored by the membrane. For a fully

charged capacitor, the charge densities on the inner and outer membrane surfaces

are equal (but with opposite sign).

The presence of the membrane alters the electrical boundary conditions compared

to the drop case. Rather than a continuous potential, a jump in the potential field

occurs across the membrane,

Φin − Φex = Vm, (4.2)

where Vm is the transmembrane potential.
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Figure 4.1: The steady electric field around a vesicle immersed in an electrolyte solution, following
the imposition of a background uniform AC field (a) f > fc (b) f < fc. Over a charging time tmm

Eq.[4.3] dipolar charge distribution forms in response to currents from the bulk.

The amount of charge that can be stored by the membrane and the time

over which this charge builds up depend on the membrane capacitance. For a

quasi–spherical vesicle of radius a, modeled as a spherical thin insulating shell with

capacitance Cm, the characteristic charging time scale is, [69]

tmm = aCmm

(
1

λin

+
1

2λex

)
. (4.3)

4.2.2 Vesicle Model

The departure of the vesicle shape from a sphere is quantified by the excess area,

which is the difference between the vesicle area and the area of an equivalent-volume

sphere,

∆ = A/a2 − 4π , a =

(
3v

4π

)1/3

. (4.4)

Here A and v are the true surface area and volume inside the vesicle respectively.

Excess area is stored in suboptical fluctuations. Accordingly, we can define
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an apparent area Ā as the area measurable within the optical resolution of the

microscope. In contrast to the true area, the apparent area can change under stress

(e.g. when the vesicle deforms from a sphere to an ellipsoid).

By considering a coordinate system at the center of the vesicle, the radial position

of the interface is represented by,

rs = a(1 + f(θ, φ, t)), (4.5)

where f(θ, φ, t) is the deviation from a sphere of equivalent volume and a is the initial

vesicle radius. The deformation is expanded in terms of scalar spherical harmonics,

f(θ, φ, t) =
∞∑
j=2

j∑
m=−j

fjmYjm. (4.6)

The excess area stored in fluctuations is related to the amplitude of fluctuations by

[181],
jmax∑
j=2

j∑
m=−j

|fjm|2
(j + 2)(j − 1)

2
= ∆. (4.7)

Local incompressibility enforces that the tangential electric stress is balanced by

elastic tangential stress [180]. As a result, there is no flow at steady state. The local

area constraint introduces a dependence of tension on deformation resulting from the

applied electric field. Although the full expansion is used to describe fluctuations,

only ellipsoidal deformation will be considered for the systematic deformation of the

vesicle. In the limit of small deformations, ellipsoidal deformation corresponds to

j = 2,m = 0 spherical harmonics, which have the angular dependence,

Y20 =
1

4

√
5

π
(3 cos2 θ − 1). (4.8)
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A deformation parameter is defined by the ratio of the two major axes, see Figure

4.2. The experimental data is computed from the major axes while the amplitude of

the spherical harmonic that describes ellipsoid deformation, f20, must be multiplied

by scale factors. The equivalent expressions of D are,

Dtheory =
1 + f201/2

√
5/π

1− f201/4
√

5/π
, Dexp =

a‖
a⊥
, (4.9)

where a‖ and a⊥ are defined as the axes parallel and perpendicular to the axis of

symmetry.

Ε
a

a

a

a

Figure 4.2: Definition of axes where a‖ and a⊥ are the axes parallel and perpendicular to the
symmetry axis respectively. Deformation is shown for prolate (left) and oblate (right) ellipsoid.
The deformation parameter is defined as D = a‖/a⊥

4.2.3 Dimensionless variables and timescales

The relevant dimensionless variables and timescales are introduced for the vesicle

system. The vesicle is filled with a fluid of viscosity, µin, conductivity, λin, and

dielectric constant, εin, and suspended in an external fluid characterized by µex, λex,

and εex. To characterize the mismatch in the fluid physical properties, we introduce
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the ratios

R =
λin

λex

, S =
εin
εex

, Λ =
µin

µex

. (4.10)

The viscosity of the bilayer is given by a two-dimensional viscosity, µmm, with units

of [Ns/m]. This is compared to the bulk viscosity by,

Λs =
µmm

aµex

. (4.11)

The membrane charging timescale for a spherical shell is rewritten in terms of

conductivity ratio,

tmm =
aCm
λin

(
1 +

R

2

)
. (4.12)

The timescale for deformation is the electrohydrodynamic (EHD) timescale,

which compares the distorting electric stresses to viscous dissipation by the bulk

fluids,

thd =
µex(1 + Λ)

εexE2
0

. (4.13)

Vesicle deformation is opposed by membrane bending rigidity, κ, and tension,

σ. The relaxation timescale for the bilayer membrane can be given in terms of the

bending rigidity,

tκ =
µex(1 + Λ)a3

κ
. (4.14)

This timescale is useful because it is based on a material property of the membrane.

Although tension is primary source of resistance to deformation, the tension can vary

significantly between vesicles and while the vesicle is under stress. The membrane
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tension at equilibrium, σeq, can also be used for a relaxation timescale,

tσ =
µex(1 + Λ)a

σeq

. (4.15)

This timescale will be used to describe the relaxation of the vesicle back to a sphere

after the field is turned off.

A comparison of the deforming and restoring timescales yields a capillary number.

Using the bending timescale from Eq.[4.14], the capillary number is,

Caκ =
a3εexE

2
0

κ
. (4.16)

A capillary number can also be written using the membrane tension relaxation

timescale, although it is not used in the current formulation.

4.2.4 Governing Equations

As described in Chapter 2, the modeling approach uses the leaky dielectric

assumptions; the bulk fluid is charge free and the coupling occurs only at the

interface.

Hydrodynamic field

Hydrodynamics inside and outside the vesicle obey the Stokes equation [139, 107],

∇ ·Thd = 0,∇ · u = 0, (4.17)

108



where the hydrodynamic stress is computed by,

Thd = −pI + µ
[
∇u + (∇u)†

]
. (4.18)

If it is assumed that there is no bilayer slip or membrane permeability, the

hydrodynamic boundary conditions are identical to that of a drop. The flow is

continuous across the interface,

uin = uex = us, (4.19)

where us is the flow at the interface. Membrane permeability can be neglected if the

vesicle is osmotically stable and the membrane is pore free. Although it is possible

for the electric field to create pores in the membrane, the experiments in this chapter

are limited to weak electric field strengths that do not induce poration.

Electric field

The electric field is determined by the gradient of the electric potential,

E = −∇Φ. (4.20)

The absence of bulk free charges determines that the electric field is solenoidal (∇ ·

E = 0), thus the electric potential satisfies the Laplace equation,

∇2Φ = 0. (4.21)

Far from the vesicle, the electric field is a uniform AC field, E∞ = E0 cos (ωt)ẑ.

The electric potential is solved subject to the following boundary conditions at the
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interface. The electric stresses are determined from the Maxwell stress tensor,

Tel = ε(EE− E2I/2), (4.22)

where I is the identity tensor.

The insulating bilayer membrane causes a jump in the potential field across the

membrane,

Φin − Φex = Vm, (4.23)

where Vm is the transmembrane potential. The charging of the interface is

determined by the conservation of current across the membrane capacitor,

n · (λexEex) = n · (λinEin) = Cm
dVm
dt

. (4.24)

The transmembrane potential is determined as part of the solution for the potential.

An effective net charge on the interface can be determined by the jump in the

displacement field,

n · (εexEex − εinEin) = Q (4.25)

Note that in the limit of zero-thickness membrane, Q is an effective charge on the

membrane resulting from an imbalance in charge densities between the inner and

outer surface of the membrane. A mismatch in the rate of supply of charges gives

rise to the net charge while charging; when the capacitor is fully charged, Q = 0.
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4.2.5 Solution approach

The solution approach is based on a leading order linear perturbation technique for

the velocity field in spherical coordinates. This approach has primarily been utilized

to study fluid drops under an external flow field [19, 205, 73]. The approach has also

been used to describe vesicle electrohydrodynamics [210, 214, 177, 208]. The fluid

velocity field is described using a set of fundamental solutions of the Stokes equation

in spherical geometry. The flow inside and outside the drop is expanded in vector

spherical harmonics,

uin =
∑
jmq

cjmqu
+
jmq(r), uex =

∑
jmq

cjmqu
−
jmq(r), (4.26)

where, ∑
jmq

=
∞∑
j=2

j∑
m=−j

2∑
q=0

. (4.27)

The full expressions for the flow fields, u+
jmq and u−jmq, are given in Appendix A,

although once the electric stresses are determined it will become clear that only a

limited number of flow fields are excited. These velocity fields are limited to j ≤ 2

and those with q = 0, 2, which have axial symmetry. In general, the q = 0 harmonic

corresponds to tangential flow and the q = 2 harmonic corresponds to radial flow.

As a result of Eq.[5.17], the normal component of the fluid velocity is equal to the

velocity of the interface. The shape evolution component corresponding to ellipsoidal

deformation is related to the velocity coefficient by,

∂f20

∂t
= c202. (4.28)
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The electric and membrane stresses are also written in terms of vector spherical

harmonics, allowing for a comparison with the hydrodynamic stress computed from

the flow fields Eq.[4.26]. The general stress balance is given by,

τ el
jmq + τhd,ex

jmq − Λτhd,in
jmq = τmm

jmq, (4.29)

where τ el
jmq are the electric stresses, τhd

jmq are the hydrodynamics stresses, and τmm
jmq

are the membrane stresses. The expression for electric, viscous, and membrane stress

are detailed in the following sections.

Electric stresses

The electric field is determined by solving for the potential field around a spherical

shell with an electric field in the ẑ direction,

Φex = −E0

[
r +Bex

a3

r2

]
exp(iωt) cos θ, (4.30)

Φin = −E0Binr exp(iωt) cos θ. (4.31)

The boundary conditions for the potential across the membrane, Eq.[4.23], and

the current conservation, Eq.[4.24], are used to solve for Bin and Bex. The coefficients

from Eq.[4.31] are determined in terms of the transmembrane potential, which is

decomposed into a time dependent and spatial component,

Vm = V̄ (ω) exp(iωt) cos(θ)aE0. (4.32)

The spatial component of the transmembrane potential matches that from Eq.[4.31],

leaving the time dependent portion to be determined. A solution is found by applying

112



the boundary conditions to Eq.[4.31] with an initial condition of zero transmembrane

potential, Vm = 0. The solution gives the following expression for the coefficients,

Bin =
kex(3− 2V̄ (ω))

kin + 2kex

, Bex =
(kex − kin) + kinV̄ (ω)

kin + 2kex

, (4.33)

where,

kin = R + iωS, kex = 1 + iω, (4.34)

and,

V̄ (ω) =
3

2

(
1 + iω

Cma

εex

(
1

2
+

1

R

))−1

. (4.35)

The electric stresses are computed from the Maxwell stress tensor Eq.[4.22], where

the electric field is determined by E = −∇Φ. The electric stress is decomposed into

normal and tangential stresses,

Tel = p̄el [1 + 3 cos(2θ)] r̂ + τ̄ el
s sin(2θ)θ̂, (4.36)

where,

p̄el =
1

2
[(Eex

r )2 − (Eex
θ )2 − S((Ein

r )2 − (Ein
θ )2)], (4.37)

and,

τ̄ el
s = Eex

θ Q+ Ein
r (Eex

θ − Ein
θ ). (4.38)

Substituting the resulting expressions in terms of Bex and Bin yields,

p̄el =
1

24
[2− 2Re(Bex) + 5BexB

∗
ex − 2SBinB

∗
in] , (4.39)

τ̄ el
s =

1

4
[−1 +Re(Bex) + 2BexB

∗
ex + SBinB

∗
in] , (4.40)

where Re denotes the real part and ∗ indicates complex conjugate.
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These stresses must be converted into vector spherical harmonics in order to

match the other terms in the stress balance, Eq.[4.29]. The analysis is limited to the

vector spherical harmonics with the appropriate angle dependence,

y202 =
1

8

√
5

π
[1 + 3 cos (2θ)] r̂, y200 = −1

4

√
15

2π
sin (2θ) θ̂. (4.41)

In order to match Eq.[5.29], the electric stresses are rewritten in vector spherical

harmonics using Eq.[4.41],

τ el
202 = 8

√
π

5
p̄ely202(θ), τ el

200 = −4

√
2π

15
τ̄s

ely200(θ). (4.42)

The electric stresses are limited to the j = 2, m = 0 spherical harmonics.

This validates the assumption of only considering ellipsoidal deformation, f20,

and simplifies the derivation of the remaining stress terms, which only need to

be computed for these harmonics. The electric stress also produces a nonzero

j = 0, m = 0 harmonic corresponding to isotropic pressure, however this term is

absorbed into the hydrostatic pressure because the fluid is incompressible.

4.2.6 Hydrodynamic field

As discussed, the hydrodynamic field is described by Eq.[4.26]. The electric stresses

in Eq.[4.42] imply that the velocity field is also limited to j = 2,m = 0, thus

only two coefficients, c200 and c202, need to be solved. By considering an inextensible

membrane, local area is conserved and the velocity field can be considered solenoidal,
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Eq.[5.15]. The conservation of area enforces that [181],

∇s · u = 0, (4.43)

at the interface. This assumption leads to following relation between velocity

amplitudes [177],

cjm0 =
2√

j(j + 1)
cjm2. (4.44)

This constrains the number of velocity components that need to be solved to only

one, e.g. the normal velocity component. The relation between the normal and

tangential velocity components is,

c200 =

√
2

3
c202. (4.45)

The flow fields produce a viscous stress from Eq.[4.18]. Expressions for the

hydrodynamic stresses can be determined from the general flow fields, see Appendix

A. Using these expressions and the relation between the flow fields, Eq.[4.45], the

viscous stress can be written in terms of the normal flow coefficient, c202. The internal

and external stress components are,

τhd,in
200 =

1√
6
c202, τhd,ex

200 = −2

√
2

3
c202, (4.46)

τhd,in
202 = −4c202, τhd,ex

202 =
7

2
c202. (4.47)
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Membrane Stresses

The incompressible bilayer membrane is governed by the resistance to changes in

curvature and resistance to changes in area. The free energy of the membrane is,

F =

∫ [κ
2

(2H − C0)
2 + σ

]
dA, (4.48)

where H is the mean curvature of the interface and C0 is the spontaneous curvature

of the bilayer. The membrane stresses are determined from the variational derivative

of Eq.[7.10] [181]. This stresses associated with bending are,

τ κ = −κ
[
(2H − C0)(2H

2 − 2Kg + C0H) + 2∇2
sH
]
n, (4.49)

where Kg is the Gaussian curvature. The stesses associated with tension are,

τ σ = 2σHn−∇sσ. (4.50)

The first term represents the isotropic tension while the second term represents

the nonuniform component of the tension. Both components are needed to ensure

conservation of local and global membrane area. The surface gradient operator is

defined as,

∇s = Is · ∇, (4.51)

with, Is = I− nn, the surface projection and I is the identity operator.

The membrane is considered a two-dimensional Newtonian fluid, i.e. the

membrane molecules can move within membrane. The dissipation within the
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incompressible membrane is given by the surface shear stress,

τ µ = µmm∇s · (∇sus + (∇sus)
†). (4.52)

Note that the magnitude of the surface viscous stress can vary greatly between

different types of membranes. Lipid vesicles tend to have low membrane shear

viscosities µmm ∼ 0.1−10×10−8Ns/m, while polymer membranes have much higher

viscosities, µmm ∼ 10 − 100 × 10−8 Ns/m. It is important to include this term

in the analysis because vesicle dynamics can be sensitive to membrane viscosity,

particularly for high viscosity membranes.

The membrane stresses can be written in terms of vector spherical harmonics

[212, 181]. The general expressions for the membrane stresses are listed in Appendix

A. As discussed in Section 4.2.5, the electric stresses only have j = 2, m = 0

components. The membrane bending contributions for these harmonics are,

τκ202 = 24f20, τ
κ
200 = 0. (4.53)

The stresses due to membrane tension include both an isotropic, σh, and a position

dependent tensions, σ20. The normal and tangential components of the tension

stresses are,

τσ202 = 2σ20 + 4σhf20, τ
σ
200 = −

√
6σ20 (4.54)

The surface viscous stresses have only in-plane contributions related to the tangential

viscous stress,

τµ202 = 0, τµ200 = 4µmmc200. (4.55)

The membranes used in experiments do not have significant in plane surface
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elastic stresses and they are neglected in this model [51]. The expressions for surface

elastic stresses are included in [215].

4.2.7 Evolution equation

The driving force for vesicle deformation and hydrodynamic flow is the electric field.

The characteristic electric stress, εexE
2
0 , is also characteristic of the viscous stress,

including surface viscous stresses. Membrane bending and tension are scaled by

κ/a3. The flow quantities are nondimensionalized using the EHD timescale, thd,

vesicle radius, a, and the characteristic magnitude of the bulk electric stress, εexE
2
0 .

The dimensionless stress balance is written in the normal and tangential

directions respectively,

τ el
202 + τhd,ex

202 − Λτhd,in
202 = Ca−1

κ (τκ202 + τσ202) (4.56)

τ el
200 + τhd,ex

200 − Λτhd,in
200 = Ca−1

κ τσ200 + τµ200 (4.57)

where the capillary number is given by Eq.[4.16].

The tangential stress balance is solved first. This determines the non isotropic

part of the membrane tension,

σ̃20 = Caκ

[−τ el
200√
6

+ c202
4 + (Λ + 8Λs)

6

]
. (4.58)

Note that this tension is normalized by, σ̃20 = σ20a
2/κ.

Using the expression for σ̃20 in the normal stress balance, the normal surface
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velocity coefficient can be solved for,

c202 = C20 − Ca−1
κ

24(6 + σ̃h)

32 + 23Λ + 16Λs

f20, (4.59)

where C20 is a forcing term due to the electric stress and σ̃h = σha
2/κ is the

normalized isotropic tension, which results from the choice of bending rigidity in

the capillary number. The forcing term can be written as,

C20 =

√
6
[
2τ el

200 +
√

6τ el
202

]
32 + 23Λ + 16Λs

, or C20 = 16

√
π

5

(3p̄el − τ̄s)
32 + 23Λ + 16Λs

. (4.60)

Expanding either expression in terms of the coefficients from the potential yields,

C20 = 2

√
π

5

BexB
∗
ex − 4(Re(Bex)− 1 + SBinB

∗
in)

32 + 23Λ + 16Λs

. (4.61)

The expression for C20 is left in terms of Bex and Bin and computed using Eq.[4.33].

The full evolution equation is given by,

∂f20

∂t
= C20 −

κ

a3εexE2
0

24(6 + σ̃h)

32 + 23Λ + 16Λs

f20. (4.62)

Previous work has included both bending and tension contributions to the

relaxation term in Eq.[4.62]. However, for most vesicles, tension is the dominant

contribution to the restoring force. Most vesicles have an isotropic tension on the

order of magnitude of σh ∼ 10−7N/m or greater when under stress. This value

needs to be compared to the contribution of bending rigidity, which gives a force per

length contribution of κ/a2. For typical values of bending rigidity, κ ∼ 10−20J , and

vesicle radius, a ∼ 10−5m, the magnitude of bending force force per length acting on

the vesicle is κ/a2 ∼ 10−10N/m. Hence, the restoring mechanism is dominated by
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membrane tension and the contributions from bending are negligible. This yields a

simpler form for the relaxation term in the evolution equation,

∂f20

∂t
= C20 −

σh
aεexE2

0

24

32 + 23Λ + 16Λs

f20. (4.63)

This formulation reduces confusion concerning restoring forces in vesicles, where

tension is the dominant contribution. Bending rigidity becomes important in

determining the amount of excess stored in membrane fluctuations.

The stationary state of the vesicle is determined by setting Eq.[4.62] to zero and

then solving for f20. This gives

f̄20 = Caκ
16
√

π
5
(3p̄el − τ̄ el

s )

24 (6 + σ̃h)
, (4.64)

where f̄20 denotes a steady deformation of the vesicle. Notice that the viscous terms

from Eq.[4.62] cancel in the expression above, making f̄20 independent of viscous

properties.

The tension is the remaining variable to be determined. As the vesicle deforms,

the excess area stored in fluctuations, ∆f , is transferred to systematic deformation

[181]. The area stored in the deformed vesicle shape, ∆̄, is determined by setting Eq

(4.62) to zero and solving for f20.

Isotropic Tension

The isotropic tension term, σ̃h, must be determined from the constraint on area as

the vesicle deforms. In order to capture the tension created by the electric forcing,

an approach originally developed for an applied flow field is adapted for the case of
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applied electric field [181].

The deformation of the vesicle consumes part of the membrane’s excess area.

This excess area is quantified using Eq.[4.7],

∆̄ = 2|f̄20|2 = 2

(
Caκ

16
√

π
5
(3p̄el − τ̄ el

s )

24 (6 + σ̃h)

)2

. (4.65)

Unless the applied stress is very strong, it cannot be assumed that all membrane

area is transferred to the systematic deformation, ∆̄. The remaining excess area is

stored in fluctuations, which is determined by,

∆f =
∑
j,m

|fj,m|2
(j + 2)(j − 1)

2
=
kBT

2κ

∑
j,m

(j + 2)(j − 1)

2Ej(σh)
, (4.66)

where Ej is the partition function,

Ej(σ̃h) = (j + 2)(j − 1)(j(j + 1) + σ̃h). (4.67)

Eq.[4.66] lacks any dependence on m, allowing the equation to be simplified,

∆f =
1

2

∑
j

2j + 1

j(j + 1) + σ̃h
. (4.68)

This expression can be approximated by an integral to a finite value, which is

determined by the ratio of the vesicle radius to the membrane thickness, jmax = a/d

[181],

∆f =
kBT

2κ
ln

(
j2
max + jmax + σ̃h

6 + σ̃h

)
. (4.69)

With area accounted for in either systematic deformation or fluctuations, the
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conservation of area enforces,

∆ = ∆̄ + ∆f = 2

(
Caκ

16
√

π
5
(3p̄el − τ̄ el

s )

24 (6 + σ̃h)

)2

+
kBT

2κ
ln

(
j2
max + jmax + σ̃h

6 + σ̃h

)
. (4.70)

The balance between excess area stored in systematic deformation and excess

area stored in fluctuations determines the isotropic tension. The equation cannot be

solved explicitly, but can be solved numerically as the electric stresses vary. While

the vesicle is under an applied stress, the tension is determined by a given forcing,

not the instantaneous shape. It can also be seen in Eq.[4.70] that the transfer of

area from fluctuations to systematic deformation is governed by membrane bending

rigidity. A lower bending rigidity, or higher thermal energy, will allow more area to

be stored in fluctuations.

When the vesicle reaches a steady state, the deformation will be equivalent to

that determined by Eq.[4.64]. The applied stress and deformation at steady state

can be related using Eq.[4.65]. In this case, the deformation will equal the steady

state deformation, f20 = f̄20. The tension can be written explicitly in terms of the

deformation from Eq.[4.70] [58],

σh = σeq exp

(
4κ

kBT
f̄ 2

20

)
. (4.71)

When the electric field is turned off, the excess area returns to entropic

fluctuations. Eq.[4.70] shows that the relaxation is driven by the initial tension,

i.e. when C20 = 0, all excess area is stored in fluctuations.

The isotropic tension increases significantly at large values of f20 because the

tension scales as σh ∼ exp(f̄ 2
20). This increase in tension is plotted in Figure 4.3 using
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equation Eq.[4.71] with the equilibrium value determined for f̄20 from Eq.[4.64]. This

demonstrates how the isotropic tension varies with electric field strength for different

values of initial tension. Even when the equilibrium tension differs by two orders of

magnitude, when a strong field is applied the isotropic tension is of a similar order

of magnitude, i.e. σh ∼ 10−5N/m.
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Figure 4.3: Typical values of isotropic membrane tension as function of applied electric field for
different values of initial tension. The isotropic tension increases nonlinearly with electric field
strength, but only reaches values of σh ∼ 10−5N/m for typical electric field strengths.

In order to determine whether the isotropic tension values found in Figure 4.3 are

strong enough to stretch the membrane, an estimate for the crossover tension where

stretching can occur can be estimated. A comparison of bending and stretching

moduli gives the crossover tension [48],

σc =
KakBT

8πκ
. (4.72)

where Ka is the stretching modulus of true membrane area. For typical values of

lipid membranes, Ka ∼ 0.2N/m and κ/kBT ∼ 20. This gives a crossover tension
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of the order σc ∼ 10−3N/m. Comparing this to the isotropic tension of a vesicle in

an electric field, a large initial tension of σeq ∼ 10−6N/m will only lead to values of

isotropic tension of about σh ∼ 10−5N/m. The electric field strengths necessary for

isotropic tension to cause membrane stretching are much greater than typical values

used in experiments.

Tension can also arise from an electro-compressive stress across the membrane

capacitor. This tension is related to the transmembrane voltage by [138],

σel = εmm

(
d

2d2
c

)
V 2
m, (4.73)

where d is the total thickness of the bilayer (d ∼ 4nm for lipids) and dc is the

thickness of the dielectric layer (dc ∼2.8 for lipids). This expressions differs from

the typical expression for the Lippmann tension [116], the compressive stress on a

capacitor, because the electric stress acts over the thickness of the dielectric layer,

dc, while the membrane can be considered incompressible across the entire thickness,

d. An estimate for Eq.[4.73] can be made by considering d = dc and then rewriting

the equation in terms of capacitance, Cm, which gives the typical expression for

Lippmann tension [116],

σel =
1

2
CmV

2
m. (4.74)

Using either equation, an estimate for σel can be made using the transmembrane

voltage at the poles where Vm is at a maximum. For a typical lipid vesicle with a ∼

20µm, an applied electric field greater than 10 kV/m will reach values comparable to

the crossover tension, σel ∼ 10−3N/m. To avoid the effect of charging and discharging

of the membrane capacitor the experiments are done at intermediate frequencies

where Vm ∼ 0.
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In even stronger fields, the compressive tension can lead to lysis of the membrane,

which occurs at a tension denoted by σlys. This tension has been measured to be

about σlys ∼ 5 × 10−3N/m for lipid vesicles and σlys ∼ 20 − 30 × 10−3N/m for

polymer vesicles [138, 48, 9]. Any initial tension, or the increase in tension caused

by deformation, will add to this tension, although these values are usually small

compared to the Lippman tension, σel. A critical membrane voltage for lipid vesicles

has been measured at approximately Vc ∼ 1V [138, 48]. For polymer membranes, this

critical voltage is higher due to the thicker membrane, which increases lysis tension.

Experiments on the critical transmembrane voltage showed that the critical voltage

is in the range of Vc ∼ 4 − 8V [9]. The effects of exceeding this transmembrane

voltage on vesicle dynamics will be investigated in Chapter 6.

4.2.8 Transition frequency

The equilibrium deformation of the vesicle in an AC fields can be used to determine

the frequency where the vesicle transitions from a prolate and oblate shape. This is an

important result because the transition frequency will be compared to experimental

observations and used to determine the membrane capacitance.

The transition frequency can be computed by solving for C20 = 0, corresponding

to no net deforming stress. Using Eq.[4.61], this is found by considering,

BexB
∗
ex − 4(Re(Bex)− 1 + SBinB

∗
in) = 0. (4.75)

Inserting the values for Bin and Bex, this equation is solved for frequency, which gives
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the final result for the transition frequency [225, 207],

fc =
λin

2πaCm
[(1−R) (R + 3)]−1/2 . (4.76)

This expression is valid if the inner and outer fluids have the same dielectric constant,

which is indeed the case of vesicles, where both interior and suspending fluids are

aqueous solutions. Note that the transition frequency is not equal to the inverse of

the capacitor charging time, Eq.[5.2], and that the critical frequency exists only for

R < 1 .

With the exception of Cm, the parameters in Eq.[4.76] can be measured

experimentally by other means. The fluid conductivities can be determined during

preparation and the vesicle radius can be measured with a calibrated image. The

frequency at which the vesicle is a sphere can be determined from a frequency scan.

With these variables known, Eq.[4.76] will be used to determine the membrane

capacitance.

Eq.[4.76] shows that the oblate–prolate transition frequency depends on

membrane capacitance, vesicle size, and conductivities of the inner and outer

solutions. Moreover, electric compressive pressure (electrostriction) may cause

membrane thinning thereby shifting the transition to higher frequencies. In the

results, the effects of each of these parameters are examined and membrane

capacitance is extracted from data using the dependence of fc with vesicle size.
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4.2.9 Model Results

In an AC field, the net charge on the membrane depends on the relative magnitude

of the field frequency and the capacitor charging time. At low frequencies, the

capacitor charging time is shorter that the period of the electric field oscillations; the

capacitor is fully charged and the charge densities on the inner and outer surfaces

are exactly balanced. Hence, in this frequency range the vesicle responds as an

ideally-polarizable particle with vanishing electric field in the vesicle interior.

At higher frequencies, the capacitor becomes short-circuited. Displacement

current flows through the membrane and the vesicle interior participates in the

conduction process. In this case, vesicle polarization and its shape depend on the

conductivity ratio R. If R > 1, the conduction in the vesicle interior is faster than

the suspending liquid. As a result, the surface charge densities become imbalanced;

the interface acquires apparent charge dominated by ions brought from the interior

fluid and the induced dipole is aligned with the electric field. In this case, charges at

the poles are attracted by the electrodes, pulling the vesicle into a prolate shape. In

the opposite case, R < 1, there is an excess of ions at the exterior interface and the

polarization is reversed. In this induced–charge configuration, the vesicle becomes

an oblate ellipsoid.

Steady deformation

The dependence of equilibrium vesicle shape is investigated for different system

parameters. The effect of membrane capacitance, fluid conductivities, and bending

rigidity are investigated using Eq.[4.64] as function of field frequency.

The effect of membrane capacitance on the frequency response of vesicle shape
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Figure 4.4: Frequency sweep showing the effect of membrane capacitance of membrane
capacitance. Cm = 0.7µF/cm2 (solid line), Cm = 0.3µF/cm2 (dashed line), Cm = 0.7µF/cm2

(dash-dot line). λin = 5µS/cm, λex = 30µS/cm, R = 0.17, a = 20µm, σeq = 10−7N/m, κ = 15kBT .

is important for determining a value for Cm. Figure 4.13 shows that membrane

capacitance only changes the transition frequency. Greater membrane capacitance

leads to a higher transition frequency.

The fluid conductivities affect both the type of deformation and magnitude in

the intermediate frequency range, see Figure 4.5. When the field frequency exceeds

the inverse membrane charging time, f > t−1
mm, the membrane capacitor becomes

short circuited and deformation depends on conductivity ratio. The short circuiting

of the membrane capacitor changes the electric stresses for all conductivity ratios.

This leads to an increase in deformation for R >> 1 at frequencies above t−1
mm. Little

change in deformation is observed when R & 1. As discussed, the transition from

oblate to prolate only occurs if R < 1. Lower conductivities will result in a lower

fc, particularly if the internal conductivity is small, see Eq.[4.76]. In general, as

conductivity ratio differs from R ∼ 1, the magnitude of deformation increases in the
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Figure 4.5: Frequency sweep showing the effect of conductivity ratio for a typical range of
conductivities used in experiments. The external conductivity is set at λex = 10µS/cm,Internal
conductivity is varied from λin = 100µS/cm(R = 10) (solid line), λin = 20µS/cm(R = 2)
(dashed line), λin = 5µS/cm(R = 0.5) (dash-dot line), λin = 1µS/cm(R = 0.1) (dotted line).
Cm = 0.7µF/cm2, a = 20µm, σeq = 10−7N/m, κ = 15kBT .

intermediate frequency range.

A stronger electric field strength increases vesicle deformation by pulling more

excess area out of membrane fluctuations. As fluctuations are transferred into

systematic deformation, tension increases according to Eq.[4.71]. An increase in

bending rigidity further limits the extent of deformation because it is more difficult

to pull out fluctuations. This decreases the range of deformation available as the

field is increased. Comparing the two charges in Figure 4.13, the lower bending

rigidity (left) has a wider range of deformation for the same field strength as the

higher bending case (right).

Time Dependent Deformation
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Figure 4.6: Frequency sweep showing the effect of electric field strength for two values of bending
rigidity, κ = 20kBT (left) and κ = 5kBT (right). The electric field is varied from E0 = 2kV/m
(solid line), E0 = 2kV/m (dashed line), E0 = 2kV/m (dash-dot line). Other parameters are set at
λin = 5µS/cm, λex = 30µS/cm, R = 0.17, Cm = 0.7µF/cm2, a = 20µm, σeq = 4× 10−7N/m.

The steady state deformation does not depend on certain membrane properties

such as membrane and bulk viscosities. The dynamic response of vesicle shape is

investigated using Eq.[4.62] to see the influence of these parameters. The response

is investigated after a step increase in the field as well as after the field is turned off.

The behavior is investigate at a 100 kHz field frequency for different field strengths.

Time is normalized by the EHD timescale.
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Figure 4.7: Time dependent deformation for different values of initial tension. The initial tension is
varied from σeq = 10−8N/m (solid line), σeq = 10−7N/m (dashed line), σeq = 10−6N/m (dash-dot
line). Other parameters are set at E0 = 2kV/m, λin = 10µS/cm, λex = 3µS/cm (R = 3.3),
Cm = 0.27µF/cm, a = 20µm, µmm = 10× 10−8Ns/m, κ = 15kBT .
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The influence of initial tension on vesicle dynamics is shown in Figure 4.7. The

initial tension changes with the amount of excess area stored by the vesicle at

equilibrium. This will vary the maximum deformation possible as well as the strength

of the relaxation term in Eq.[4.62]. The initial tension does not significantly influence

the dynamics after the field is turned on, but a vesicle with lower tension will take

longer to reach a more deformed steady state. A change in initial tension is most

discernible during the relaxation back to a sphere. When the field is turned off, the

forcing term in Eq.[4.62] vanishes and the isotropic tension term returns to the initial

tension. This causes the relaxation to be governed by the surface tension timescale,

tσ. A low tension vesicle will take longer to relax than a tense vesicle.
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Figure 4.8: Time dependent deformation for different values of membrane viscosity, the field is
turned on at t = 0 and turned off at t = 50s. The full shape evolution (left) and the relaxation
after the field is turned off (right) are plotted . Values for membrane viscosity is varied from
µmm = 10× 10−8Ns/m (solid line), µmm = 10× 10−7Ns/m (dashed line), µmm = 10× 10−8Ns/m
(dash-dot line). Other parameters are set at E0 = 4kV/m, σeq = 10−7N/m, λin = 10µS/cm,
λex = 3µS/cm (R = 3.3), Cm = 0.27µF/cm2, a = 20µm, µmm = 10× 10−8Ns/m, κ = 15kBT .

The influence of membrane viscosity on vesicle dynamics, seen in Figure 4.8,

appears only during transitions in shape. The steady state shape is unchanged

because there are no viscous contributions at equilibrium. Higher membrane viscosity

increases the time to reach a steady state shape, although membrane viscosity only

becomes important when Λs & Λ. For vesicles of radius a ∼ 20µm, this occurs for

membranes with viscosity around µmm = 10−8Ns/m. The membrane viscosity values
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for most lipid membranes are of the order µmm ∼ 1−10×10−9Ns/m and will produce

only limited viscous dissipation compared to the bulk fluids. Polymer membranes

have an order of magnitude or higher membrane viscosity, µmm ∼ 10−7 − 10−6Ns/m

[48]. As a result the dissipation into the membrane is expected to be dominant for

polymer membranes.

Stronger electric fields produce faster deformation and a more deformed steady

state, see Figure 4.9. If time is scaled by thd, the deformation will occur at the same

relative rate because the EHD timescale scales with the electric stress, thd ∼ E−2
0 .

Although, the increase in deformation with field strength remains. Figure 4.9 also
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Figure 4.9: Time dependent deformation for different values of electric field strength and bending
rigidity, the field is turned on at t = 0 and turned off at t = 50s. The shape evolution for two
values of bending rigidity, κ = 5kBT (left) is compared to κ = 20kBT (right). The electric field
is varied from E0 = 6kV/m (solid line), E0 = 4kV/m (dashed line), E0 = 2kV/m (dash-dot
line). Other parameters are set at σeq = 10−7N/m, λin = 10µS/cm, λex = 3µS/cm (R = 3.3),
Cm = 0.27µF/cm2, a = 20µm, µmm = 10× 10−8Ns/m.

compares the deformation for different bending rigidities. An increase in bending

rigidity limits the deformation because less area is able to be stored in fluctuations

and there is more resistance to pulling out fluctuations. The range of deformations

at different field strengths is reduced for higher values of bending rigidity.
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4.3 Materials and experimental procedures

4.3.1 Preparation of giant vesicles

Figure 4.10: Method for vesicle preparation using electroformation technique. The lipids or
polymers are spread to create a film on an ITO slide (left). After all solvent has been evaporated
in a desiccator, another clean ITO glass is used with conducting side facing inward to create a
chamber with a 1mm teflon spacer. The chamber is filled with sucrose solution and held together
with clips. The chamber is connected to a 10 Hz AC field after 1-2 hours and the vesicle solution
is removed with a pipette.

Giant vesicles are prepared from lipids (POPC) and s-Bu-[CH2-CH(C2H3)]n-

[O-CH2-CH2]m-OH diblock copolymers (denoted as PBdn-b-PEOm) using the

electro– formation method [6]. The names and properties of the polymers are listed

in Table 4.1. The lipids were purchased from Avanti. The copolymers PS1, PS3

and PS4 were obtained from Polymer Source Inc. (Montreal, Canada), while PS2

was available in the lab [48], originally synthesized by Förster and Krämer [63]. The

polymers were chosen to have hydrophilic fraction φ similar to lipids in order to
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Figure 4.11: Formation of vesicles using electroformation method.

ensure formation of giant vesicles and not other structures, e.g., micelles [49]. The

dry polymer melts were stored in the freezer at −20◦ C. All materials were used

without further purification. Stock solutions with concentration 10 mg/ml were

made using chloroform.

Name Amphiphile Mn (kDa) Mw/Mn φ(%)
LS1 POPC 0.760 — 30
PS1 n=21, m=14 1.2-b-0.6 1.17 33
PS2 n=32, m=20 1.8-b-0.9 1.05 33
PS3 n=47, m=34 2.5-b-1.5 1.04 37.5
PS4 n=110, m=89 6.5-b-3.9 1.10 37.5

Table 4.1: Material properties of the amphiphiles used in this study. In all polymer systems, the
1,2-butadiene content is about 90%.

In the electroformation procedure, a small volume (10 µl) of the stock solution

is spread on the conductive surfaces of two glass plates coated with indium tin oxide

(ITO). After removing all traces of the organic solvent using vacuum for at least

one hour, the two glasses are assembled, with the conductive sides facing inwards,

forming a chamber separated by a 1 mm thick Teflon frame. The chamber is gently

filled with 100 mM sucrose solution and NaCl (0.01-10mM) is added to adjust interior

conductivity. The conductive sides of the ITO glass plates are connected to a function
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generator and an alternating current (3.6-8.0Vpp, 10 Hz frequency) is applied for 1-2

h. Higher voltages within this range are used for higher Mw polymers. Vesicles with

an average diameter of 50 µm and a large polydispersity are observed after about one

hour. The vesicle solution is removed from the electroswelling chamber and diluted

into an isotonic glucose and salt solution. The exterior fluid conductivity is adjusted

by adding NaCl solution (0.01mM to 10mM concentrations). The lipids and low Mw

polymersomes were grown at room temperature, while PS4 was heated to 60◦ C.

4.3.2 Electrodeformation set-up

Figure 4.12: Electrodeformation chamber.

The electrodeformation experiments were conducted in a chamber (Eppendorf,

Germany), which consists of a Teflon frame confined from above and below by two

coverglass slides. A pair of parallel cylindrical electrodes with a radius of 92 µm and

a separation of 0.5 mm are fixed to the lower glass. The chamber is connected to a

AC function generator (Fluke PM5138A).
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4.3.3 Optical microscopy and imaging

Figure 4.13: Microscope setup.

Due to the differences in density and refractive index between the sucrose and

glucose solutions, the vesicles are stabilized by gravity close to the bottom of the

chamber and have good contrast when observed with phase contrast microscopy.

An inverted microscope Axiovert 135 (Zeiss, Germany) equipped with 20× Ph2

objectives was used to image the vesicle under phase contrast mode. Images were

recorded with a digital camera. A temperature control block was used to increase the

temperature to 60◦ C for the experiments with vesicles made of PS4 polymers since no

appreciable deformation was detected at room temperature. At higher temperature,

the fluid properties of the membrane are enhanced and the PS4 polymersomes

deform more readily. The lower Mw polymer PS1-PS3 and lipid (POPC) membranes

exhibited fluid behavior at room temperature, therefore all experiments with these

systems were conducted at room temperature.
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For routine observations, vesicle selection and electrodeformation measurements,

the samples were illuminated with a halogen lamp. The vesicles were allowed

sufficient time to relax to a steady state shape whenever experimental parameters

(i.e. frequency or field strength) were changed. An image of the steady state shape is

then taken and analyzed using in-house image analysis software. The image analysis

software detects the phase contrast contour of the vesicle membrane with subpixel

resolution [68] and fits the vesicle contour by a Fourier series [145] (alternatively, the

shape can be fitted by an ellipse to a set of points). The second mode of the Fourier

series expansion determines the two semi axes a‖ and a⊥, which are used to extract

the degree of deformation D.

4.4 Measurement of membrane capacitance

Eq.[4.76] indicates that the oblate–prolate transition frequency fc depends on

membrane capacitance, vesicle size, and conductivities of the inner and outer

solutions. Next the variation of the transition frequency with these parameters

is examined and how to extract data for the membrane capacitance using the

dependence of fc on vesicle size is shown.

Typical experimental observations of the evolution of the vesicle shape with

frequency in a uniform AC fields is illustrated in Figure 4.1. The degree of

deformation is quantified by the aspect ratio D = a‖/a⊥, where a‖ is parallel and

a⊥ is normal to the field direction; see inset of Figure 4.14. A quasi-spherical vesicle

(made of neutral lipids or polymers) adopts either prolate or oblate ellipsoidal shape,

depending on the ratio of the conductivities of the enclosed and suspending solutions

λin and λex respectively,
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Figure 4.14: Frequency dependent deformation of polymersomes with R = 40 (�) and R = 0.5 (�)
exposed to a 6kV/m AC field. For R = 40, an increase in elongation is observed in the 10-100kHz
range, while at these frequencies for R = 0.5 the vesicle changes shape from a prolate to an oblate
ellipsoid. Aspect ratio D > 1 indicates prolate shape (vesicle elongation in the field direction),
while D < 1 corresponds to oblate shape. In both cases, the vesicle shape becomes spherical in the
MHz frequency range. Increasing or decreasing frequency sweep shows no hysteresis. Polymersome
radii are 41 µm (�) and 18 µm (�).

At low frequencies, in the sub-KHz range, the vesicle shape is always a prolate

ellipsoid regardless of the solutions conductivities. At high frequencies (above MHz),

the vesicle remains a sphere. At intermediate frequencies, a vesicle filled with a

less conducting solution, R < 1, deforms into an oblate ellipsoid. The change in

shape occurs in the 1-10 kHz range. Around this transition frequency, the prolate

deformation of a vesicle characterized by R > 1 increases. In essence, depending on

the relative magnitude of the period of the field reversal, i.e., the field frequency,

and the capacitor charging time, the bilayer capacitor is either fully–charged or

short–circuited. In the latter case, since the inner fluid participates in the conduction

process, the vesicle polarization becomes dependent on R [211]. At high frequencies

(MHz), the inverse frequency is shorter than the bulk solution charging time. Hence,

the membrane does not charge and the vesicle remains spherical.
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Figure 4.15: Comparison of frequency scans for R = 0.6 (left) and R = 40. The electric
conductivities are varied with NaCl, σin = 25µS/cm, σex = 40µS/cm (left) and σin = 100µS/cm,
σex = 2µS/cm (right). Three frequency sweeps are taken with electric field values of E0 = 2kV/m
(solid line), E0 = 4kV/m (dashed line), E0 = 6kV/m (dash-dot line). The values are measured as
a = 18µm (left) and a = 41µm (right). Parameters for the R = 0.6 fit are σeq = 0.2 × 10−7N/m,
Cm = 0.27µF/cm2, κ = 2kBT . Parameters for the R = 40 fit are σeq = 40 × 10−7N/m,
Cm = 0.27µF/cm2, κ = 5kBT .

Deformation for individual vesicles as a function of frequency at different field

strengths is plotted in Figure 4.15. Deformation increases with field strength for both

R = 0.5 and R = 40. The plots are fit according to Eq.[4.64], with the parameters
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given in the caption; only electric field strength is varied. The R = 40 vesicle show

a transition to a more deformed shape as the applied field frequency exceeds t−1
mm as

predicted by the model.

The fits are made with low values for bending rigidity. Because bending rigidity

acts to regulate the amount of excess area stored in fluctuations, a lower bending

rigidity membrane will fluctuate easily and store more area. The low value of bending

rigidity is likely due to a surplus of excess area not accounted for by Eq.[4.69]. For

instance, the vesicle may rest on the bottom cover glass in an oblate shape, but

appear spherical when viewed from below. Thus, at equilibrium the vesicle already

has a small systematic deformation that stores excess area. The area stored in this

deformation is transferred into observable systematic deformation when the field is

applied. The additional excess area would be accounted for in Eq.[4.69] by a lower

value of bending rigidity, which increases the magnitude of ∆f . The difficulty in

accounting for all excess area makes using electrodeformation a less reliable measure

for bending rigidity. Using a low value for bending rigidity, the theoretical model

shows reasonably good agreement with experiments.

4.4.1 Effect of membrane thickness and vesicle radius

As seen from Eq.[4.76], the transition frequency is inversely proportional to vesicle

radius. By sampling the prolate-oblate transition for different sized vesicles (same

membrane composition and conductivity conditions) in a single experiment, the effect

of radius can be isolated. For that purpose we apply the electric field to a collection of

vesicles. To avoid interactions between vesicles, the vesicle suspension is sufficiently

dilute so that vesicles are isolated from each other.
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Figure 4.16 shows that the transition frequency increases linearly with the inverse

vesicle radius. With all other parameters known (solution conductivities and vesicle

equilibrium radius), the only unknown left is the membrane capacitance, which is

used to fit the data. The values for the membrane capacitance obtained from the fits
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Figure 4.16: Critical frequency, fc, for the oblate-prolate transition as a function of inverse radius
of vesicles made of POPC and polymersomes PS1, PS3 and PS4. The solution conductivities are
λin = 130µS/cm and λex = 520µS/cm (Λ = 0.25). The data is fit to theoretical transition values
with Cmm=0.71 µF/cm2 for POPC , Cmm=0.26 µF/cm2 for PS1, Cm=0.16 µF/cm2 for PS3, and
Cm=0.065 µF/cm2 for PS4. The relative errors of all experimental systems are comparable. The
axis scale obscures the error in systems PS1 and LS1.

are in the range of 0.065−0.71µF/cm2, which are in agreement with data previously

reported in the literature [18, 9].

The membrane capacitance is inversely proportional to the bilayer thickness,

which in turn exhibits a power-law dependence on the molecular weight d ∼ M b
w,

where the exponent b lies within the theoretical bounds of 0.5 (random Gaussian coil)

and 1 (full stretch) [49, 117]. Hence, the membrane capacitance should also follow a

power law Cm ∼ M−b
w provided the membrane permittivity εm is the same. Figure

4.17 confirms this conclusion. The data show that Cm decreases with Mw complying

with a power-law relationship with an exponent lying in the expected range, 0.5

< b <1.0. This is in agreement with the reported behavior of PBd-PEO membranes
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Figure 4.17: Membrane capacitance as a function of polymer molecular weight. Error bar
indicate the standard deviation of capacitance values determined from a set of measurements. The
theoretical capacitance is based on a thickness to molecular weight relationship d ∼ M b

w, where
0.5< b <1.0 and the dielectric constant is assumed to be independent of molecular weight. The
solid lines represent the power-law relationships for b=0.5 and b=1.0.

[122, 13]. Note that for PS4, the capacitance is measured at higher temperature,

which likely influences the membrane structure and may lead to a deviation from

the suggested power law.

4.4.2 Effect of salt concentration (solutions conductivity)

The charge near the membrane surfaces forms diffuse clouds. These ionic double

layers have a capacitance CD that acts in series with the bilayer capacitor [106] and

increases the experimentally measured capacitance

1

Cm
=

1

CB
+

1

CD,in
+

1

CD,ex
(4.77)

where CB is the capacitance of the “bare” bilayer and the subscripts in and ex refer

to inner and outer double layers at the vesicle membrane. Since the Debye time for

diffusion across the double-layer thickness is of the order of nano-seconds, on the
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time scale of the applied kHz AC field the electric double layers are quasi-steady and

equilibrium. Assuming a linear capacitor model (appropriate for the voltages in our

experiments), the double-layer capacitance is equal to the capacitance of a planar

capacitor with a thickness of one Debye length κD and the dielectric constant of the

solution [69, 172, 189, 14, 230].

Increasing the ionic strength of the solutions decreases the Debye length (for a

1:1 electrolyte κD = 0.303c−1/2 nm, where c is the electrolyte concentration in M).

Accordingly, the combined capacitance of the electrolyte-membrane system increases

with ion concentration to an upper limit given by the bilayer capacitance CB.

The effect of the diffuse layers is most significant when CD and CB are of

comparable magnitude. This is true for low salt concentrations and/or large values

of Cm. Hence, the measurements for POPC at low salt concentrations show more

pronounced deviation between the effective (measured) and bilayer capacitance as

seen in Figure 4.18. The measurements of PS1-PS4 polymer membranes showed

minimal variation due to their lower capacitance, which is documented in Figure

4.19 and Table 4.2.

PBdn-b-PEOm Cm (µF/cm2) CB (µF/cm2) error(SD)
PS1 0.256 0.270 ±0.032
PS2 0.212 0.227 ±0.039
PS3 0.166 0.172 ±0.025
PS4 0.065 0.066 ±0.014

Table 4.2: Capacitance values for PBdn-b-PEOm measured with the electrodeformation method
Cmm and corrected for the effect of the Debye layers. The uncertainty is determined using
error propagation and weighted sample variance for uncertainties associated with conductivity
measurements and transition frequency.

Bulk conductivities also influence the accuracy of the experimental data.

Membrane charging depends on how fast charges are brought to the surface, which is

quantified by the bulk conductivities. Hence, the transition frequency is sensitive to
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Figure 4.18: Total specific membrane capacitance at different interior solution conductivities (salt
concentrations) for POPC vesicles (LS1). The bilayer capacitance is obtained by subtracting the
contribution of the double layers according to Eq.[4.77]. The exterior conductivity was varied to
produce a conductivity ratio within R=0.1-0.3. The lines are plotted to guide the eye. The error
bars represent standard deviation.

errors in determining the conductivities. Evaporation, vesicle rupture and impurities

during preparation introduce variability in bulk conductivities, in particular, the

conductivity of the small volume of solution in which the vesicles are grown. As a

result, λin may change significantly. In order to determine the error in the interior

conductivity, vesicles were diluted into a range of exterior solutions close to R ∼ 1.

The samples are then subjected to an AC electric field in the intermediate frequency

range, 300kHz, where the vesicle deformation should be oblate for R < 1 and prolate

for R > 1. The R = 1 ( λex = λin) delineates the samples with prolate and oblate

shapes. In this way, knowing λex, the post preparation λin can be estimated. This

method was used for each individual batch of vesicles. We found that the interior

bulk conductivities could change by as much as 20-30% compared to the original

solution in which they were grown. This explains the scatter in the data seen in

Figure 4.19.
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Figure 4.19: Transition frequency for PS2 polymersomes with interior conductivity λin= 18
µS/cm in external solutions of different conductivity. All data are fit with Cm=0.22 µF/cm2 using
Eq.[4.76].

4.4.3 Effect of field strength

The capacitance of BLMs (with solvent) increases quadratically with the applied

voltage [18, 4, 174, 221], which has been attributed to membrane thinning associated

with solvent exclusion. Enhanced fluctuations are also speculated to contribute to

this effect [109]. For a spherical vesicle, the membrane electrostriction depends on

the polar angle; it is maximal at the poles where the potential is largest. Therefore,

the capacitance dependence on field strength is expected to be more complex.

The measurements with lipid vesicles did not detect voltage dependence of the

prolate–oblate transition frequency. It is hypothesized that the polymer membranes

could be more compressible due to the longer polymer chain length. However, Figure

4.20 shows that although polymersome deformation increases with field strength, the

frequency for the prolate-oblate transition does not change. This implies that the
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membrane thickness and capacitance are voltage–independent (in the investigated

range of field strengths) in agreement with the reported behavior of solvent–free

BLMs. An estimated 7% maximum areal strains shows that the polymersome is
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Figure 4.20: Shape elongation D variation with frequency at different field strengths E0 =
6, 4, 2 kV/m for a 18 µm polymersome (PS1) and conductivity conditions λin = 20µS/cm and
λex = 40µS/cm. The transition between prolate and oblate ellipsoids occurs between 7-8 kHz
for all field strengths, where D=1 corresponds to a spherical shape. There is no observable field
strength dependence for the transition frequency (i.e. all transitions occur at the same approximate
value) . The greatest deformation observed, aspect ratio D = 1.3, corresponds to an areal strain
∆A/A = 7%.

indeed not in the stretching regime [48], and hence the membrane is not thinning

due to stretching. Stronger fields are required in order to attain greater areal strain.

However, in this case we discovered that polymersomes start to rotate.

Figure 4.20 shows the transition from prolate to oblate in more detail. Although

vesicle deformation increases with field strength, the frequency for the prolate-oblate

transition does not change. This implies that the membrane thickness and

capacitance are voltage–independent in agreement with the reported behavior of

solvent–free LBMs. The transition for polymer membranes also appears to be
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voltage–independent. For this system, since the experiments require higher fields

strengths compared to lipid vesicle, measurements are more difficult and the

experimental error increases due to pearl-chaining and electrorotation.

The latter behavior, illustrated in Figure 4.21, is a novel, thus-far unreported

feature of bilayer vesicles. In moderately strong fields (E0 ∼5kV/m), the oblately

deformed polymersomes orient obliquely with respect to the field direction and

the membrane rotates continuously. This dynamic is reminiscent of the rotation

of fluid drops in a uniform electric field [168], which is the analog of the Quincke

rotation of rigid dielectric spheres or shells [91, 203]. The tilted orientation makes the

vesicle appear more prolate, which introduces error in determining the prolate-oblate

transition. In stronger fields (E0 >10kV/m) the effect could be even more dramatic

with the entire polymersome tumbling. The mechanism for rotation is currently

unknown and possible directions for further study are outlined in the discussion

section.

147



1 s 2 s 3s 4 s

7 s 8 s 9s 10 s10 kHz 50 kHz 

0 s 1 s 2 s 3s 4 s 5 s

6 s 7 s 8 s 9s 10 s 11 s

Figure 4.21: (A) E0=5 kV/m : upon increase of frequency (from 10 to 50 kHz ) a polymersome
evolves towards a steady tilted orientation with respect to the applied field radius (B) E0=20 kV/m
frequency 100 kHz: Tumbling polymersome, a=15µm.
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4.4.4 Time dependent deformation

As discussed in Section 4.2.9, the time dependent deformation is sensitive to

membrane viscosity while the steady state shape is independent of viscous properties.

The viscosity of lipid membranes can vary with membrane composition [51]. The

viscosity of polymer membranes can also vary significantly with the length of the

polymer chains. Using the theory outlined in Section 4.2.9, the influence of system

parameters on time dependent deformation is investigated.

First, a single vesicle is exposed to an AC field of different strengths, each for

30-60 seconds. The field is then turned off and the vesicle is allowed to relax back to

a sphere. The experiment for a PS2 vesicle is shown in Figure 4.22. The vesicle has

no salt in either the interior or exterior fluids. The conductivity of the suspending

glucose, λin ∼ 3µS/cm is slightly lower than the enclosed sucrose solution, λex ∼

5µS/cm . This gives a conductivity ratio of R = 1.7 and prolate deformation at

all frequencies. The vesicle is exposed to a 5 kV/m at 100 kHz field for about 30

seconds. After the field is turned off, the relaxation in shape back to a sphere is

recorded. The experiment is immediately repeated at 10kV/m at 100 kHz. A plot

of the entire shape evolution with time normalized by thd is shown as well as a plot

of the relaxation with time normalized by tσ.

The shape evolution is fitted with Eq.[4.62] using the same parameters given in

Figure 4.22 for different field strengths. The value for membrane capacitance for PS2

is taken from Table 4.2. If the vesicle has no defects and does not porate, variables

such as initial tension, radius, and solution conductivity will not change. The fit

shown in Figure 4.22 shows good agreement between theory and experiment. Due to

the difference in field strength, the maximum deformation differs when the field is on.
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Figure 4.22: Time dependent deformation of a polymer (PS2) vesicle at different field strengths.
A 100 kHz electric field is turned on at t = 0s and turned off at approximately t = 50s. The entire
experiment is shown with time normalized by thd (top) and the relaxation is shown normalized by tσ
(bottom). The experiment is repeated on the same vesicle for electric field strengths E0 = 5kV/m
(solid line), E0 = 10kV/m (dashed line). The vesicle size is measured to a = 20.3µm, λin = 5µS/cm,
λex = 3µS/cm (R = 1.6). Parameters for the fit are σeq = 3 × 10−7N/m, Cm = 0.22µF/cm2,
κ = 12kBT , µmm = 120× 10−8Ns/m.

Despite the different maximum deformation, the relaxation occurs on approximately

the same timescale. This can be explained by considering Eq.[4.70] and Eq.[4.62].

When there is no applied forcing, the excess area is stored in fluctuations, σh = σeq,
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Figure 4.23: Time dependent deformation of a polymer (PS2) vesicle at different field strengths.
A 100 kHz electric field is turned on at t = 0s and turned off at approximately t = 50s. The entire
experiment is shown with time normalized by thd (top) and the relaxation is shown normalized by tσ
(bottom). The experiment is repeated on the same vesicle for electric field strengths E0 = 4kV/m
(solid line), E0 = 6kV/m (dash-dot line), E0 = 8kV/m (dashed line). The vesicle size is measured
to a = 27µm, and the conductivities are λin = 7µS/cm, λex = 28µS/cm (R = 0.25). Parameters
for the fit are σeq = 4× 10−7N/m, Cm = 0.22µF/cm2, κ = 4kBT , µmm = 100× 10−8Ns/m.

and the evolution of vesicle is governed by the relaxation term in Eq.[4.62]. The

accuracy of the fit for the relaxation shows that the isotropic tension term, defined

by Eq.[4.70], is accurate and initial tension drives relaxation.
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Figure 4.24: The time dependent deformation of a polymer (PS2) from Figure 4.23. Time is
normalized by tσh = aµ(1 + Λ)/σh. The magnitude of deformation is normalized by Dmax.

The deformation of a different PS2 vesicle with R < 1 is shown in Figure 4.23.

The exterior conductivity is increased to λex = 28µS/cm for these experiments.

The deformation of the vesicle is observed at three different field strengths, E0 =

4, 6, 8 kV/m. The shape evolution is fit with the same parameters for each field

strength, but the parameters differ slightly from Figure 4.22 because a different

vesicle is used. The vesicle behaves as predicted by the theory, deformation increases

with field strength and the rate of deformation scales with thd, while the relaxation

scales with tσ. When σh is used as the tension in tσ and the deformation normalized

by the maximum deformation, Dmax, the data collapse onto one curve, see Figure

4.24.

To demonstrate the effect of membrane tension on vesicle dynamics, two vesicles

with different equilibrium tensions are exposed to a E0 = 10kV/m 100 kHz field

for 50-100 seconds, see Figure 4.25. The same experiment is repeated for a POPC

vesicle with R < 1 and at a weaker field strength, see Figure 4.26. The equilibrium
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Figure 4.25: Time dependent deformation of a polymer (PS2) vesicle with different initial tensions.
A 100 kHz 10 kV/m electric field is turned on at t = 0s and turned off at approximately t = 50s.
The entire experiment is shown with time normalized by thd. In this case the field strengths are
equal and thd is identical for both experiments. The vesicles are fit with different initial tension
σeq = 4 × 10−7N/m (solid line), σeq = 1.3 × 10−7N/m (dash-dot line). The tense vesicle size is
measured to a = 20.3µm and the less tense is a = 12.8µm. The conductivity for both vesicles
are λin = 5µS/cm, λex = 3µS/cm (R = 1.6). Parameters for both vesicles are fit with Cm =
0.22µF/cm2, κ = 13kBT , µmm = 120× 10−8Ns/m.

tension does not significantly alter the rate of deformation as the vesicle transitions

to a steady state. The maximum deformation is larger for the vesicle with lower

equilibrium tension; the vesicle stores more excess area and can deform further. The
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Figure 4.26: Time dependent deformation of a POPC vesicle with different initial tensions. A 100
kHz 4kV/m electric field is turned on at t = 0s and turned off at approximately t = 30s. The entire
experiment is shown with time normalized by thd (left) and the relaxation is shown normalized
by tσ (right). The vesicles are fit with different initial tension σeq = 6 × 10−7N/m (solid line),
σeq = 1.2 × 10−7N/m (dash-dot line). The tense vesicle size is measured to a = 20.3µm and the
less tense is a = 12.8µm. The conductivity for both vesicles are λin = 5µS/cm, λex = 28µS/cm
(R = 0.18). Parameters for both vesicles are fit with Cm = 0.71µF/cm2, µmm = 10× 10−8Ns/m.
The bending rigidity is set at κ = 20kBT for the tense vesicle, and κ = 3.5kBT for the low tension
vesicle.

difference in tension is most noticeable in the relaxation dynamics. Even a vesicle

with a slightly lower tension will take longer to relax back to a sphere. In these
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experiments, the relaxation is scaled by the thd timescale, which is identical for both

vesicles because the field strength is the same. This scaling allows the difference in

relaxation times to be apparent. If the relaxation is rescaled by the surface tension

timescale for each vesicle, the data collapse and show similar relaxation behavior.

The fits in Figure 4.22 and 4.23 give an estimate for membrane viscosity. The

value for membrane viscosity for PS2 membranes is relatively high, µmm = 100 −

120× 10−8Ns/m, in comparison to lipid vesicles, where µmm ∼ 0.1− 10× 10−8Ns/m,

i.e. up to 1000 times more viscous than lipid membranes. The value for polymer

membrane viscosity also agrees with previous measurements of µmm ∼ 10−6Ns/m,

which were made by relating the velocity of a sedimenting particle within the interface

to membrane viscosity [48].

The deformation for three types of membranes, DOPC and POPC lipid

membranes and PS2 polymer, are compared in Figure 4.27. The vesicles are exposed

to the same field strength and allowed to reach equilibrium. Each experiment is

scaled by the same EHD timescale, which is equal for these experiments because the

field strength is identical. The polymer vesicle deforms at a slower rate than the

lipid vesicles due to its higher membrane viscosity. The initial tension and size of

the vesicles are similar, which results in a similar equilibrium shape. The effect of

membrane viscosity is also observable by a slower relaxation. The accuracy of the fit

is improved by considering both the evolution to a steady state shape and relaxation

back to a sphere.

The values used for lipid membrane viscosity are within the range of values

determined in previous experiments [51]. DOPC is representative of the membrane

viscosity for lipid systems, which is found to be µmm = 1 × 10−8Ns/m. POPC is a

more viscous lipid membrane and the viscosity is found to be µmm = 10×10−8Ns/m.
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Figure 4.27: Time dependent deformation of DOPC, POPC, and PS2 vesicles. A 100 kHz
4kV/m electric field is turned on at t = 0s and turned off at approximately t = 30s. The entire
experiment is shown with time normalized by thd (left) and the relaxation is shown normalized
by tσ (right). The vesicles are fit with different membrane viscosities, the PS2 vesicle is fit with
µmm = 100 × 10−8Ns/m (solid line), POPC with µmm = 10 × 10−8Ns/m (dashed line), and
DOPC with µmm = 1× 10−8Ns/m (dash-dot line). The PS2 is measured to a = 27.0µm, POPC is
a = 21.2µm, and DOPC is a = 19µm. The conductivity for both vesicles are λin = 7µS/cm, λex =
28µS/cm (R = 0.25). Parameters for PS2 are fit with Cm = 0.22µF/cm2, σeq = 8.5 × 10−7N/m,
κ = 40kBT . Parameters for POPC are fit with Cm = 0.71µF/cm2, σeq = 6.5 × 10−7N/m,
κ = 24kBT . Parameters for DOPC are fit with Cm = 0.71µF/cm2, σeq = 5.5 × 10−7N/m,
κ = 20kBT .
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This method may not provide highly accurate values for low viscosity membranes,

where viscous dissipation from the membrane is small. Relatively large differences

in membrane viscosity, such as that seen between DOPC and POPC membranes is

observable, but small changes in membrane viscosity may not result in a significant

change in shape evolution. The method is best suited for measuring membranes

with high viscosity, i.e. Λs > Λ, and the dissipation is primarily into the membrane.

The current method also has the advantage of being non-invasive in that it does not

require physical contact with the vesicle or insertion of probes into the membrane.

Low values of bending rigidity are used for fits in Figures 4.22-4.26 where the

vesicles are either large deformations or low tension. As discussed in Section 5.9,

these low values for bending rigidity are likely due to a surplus of excess area that

is stored in a systematic deformation while resting on the cover glass.

Higher tension vesicles, shown in Figure 4.27, have more accurate values for

bending rigidity, κ ∼ 20 − 40kBT . The higher tension vesicles were used for the

comparison of membrane viscosity in order to reduce any errors arising from fits with

low bending rigidities. Although the values for membrane viscosity are found to be

identical for data from Figures 4.22-4.26. This is because the bending rigidity alters

the amount of available excess area, which affects the maximum deformation but

not the rate of deformation, see Figure 4.9. This suggests that electrodeformation

is better suited for determining dynamic membrane properties such as membrane

viscosity than bending rigidity.
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4.5 Conclusions

This chapter demonstrates how AC electric fields can be used to determine the

membrane properties of vesicles. Frequency–dependent vesicle deformation can serve

as a facile method to determine the specific capacitance of bilayer membranes. The

time dependent shape evolution is employed to estimate membrane viscosity.

The linear dependence of the transition frequency on inverse vesicle radius

can be fit using Eq.[4.76] with the membrane capacitance as an adjustable

parameter. Bilayers made of lipids have higher capacitance, Cmm = 0.71µF/m2 for

POPC, than block-copolymers, e.g., Cmm = 0.26µF/m2 for PBd21-b-PEO14, which

correlates with polymer’s thicker membrane. The capacitance shows a power law

dependence on polymer molecular weight. The membrane capacitance was found

to increase with bulk salt concentration due to the thinning of the ion double layer

adjacent to the membrane surfaces. The electric field strength does not affect the

capacitance, indicating that membranes do not experience significant thinning due

to electrostriction. This method can be applied to vesicles prepared from lipid

extracts of the plasma membrane of cells, e.g., human red blood cells, to investigate

the influence of naturally present transmembrane proteins. Knowledge about the

electrical properties of model membranes with more complex composition as well as

those of biological membranes is essential for correctly evaluating the mechanisms

and conditions of electro-poration and -manipulation applied in technologies such as

gene transfer and drug delivery.

The response of vesicles to an applied electric field can be used to determine values

of membrane viscosity. The importance of membrane viscosity for polymer vesicles

in electric fields indicates membrane viscosity is also likely important in flow. The
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potential application for polymer vesicles in drug delivery applications, where the

vesicles may be subjected to many applied stresses during processing and treatment,

motivates the measurement of parameters affecting their dynamic response under an

applied stress.

4.6 Future Directions

Measurement of polymer membrane viscosity at different temperatures.

The membrane viscosity measurement method could be used to observe

the change in membrane viscosity of polymer vesicles with temperature. The

measurements in this chapter were performed at 20 C. In context of drug delivery

applications, the measurement of membrane viscosity at physiological temperatures

would be more applicable. A temperature control setup for the electrodeformation

chamber can be used to adjust temperature and the time dependent deformation

experiments repeated.

Rotation of polymersomes

The mechanism for the rotation of polymer vesicles at intermediate frequencies

is an open question. The rotation occurs for deflated vesicles with conductivity ratio

less than one (R < 1). The effect of Quincke rotation on spherical shells has been

shown to decrease the critical field for rotation [202]. However, this theory predicts

that thinner shells will result in a lower critical field. This would suggest that thinner

lipid membranes would rotate before polymer vesicles. An estimate for the critical

field based on the spherical shell model estimates a critical field on the order of

E0 ∼ 1 kV/cm for aqueous systems, much higher than the field strengths where
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rotation is observed.

Another possibility is that rotation is caused by an instability related to

membrane mechanics. A perturbation to the membrane may result in symmetry

breaking caused by the compressive force from the electric field. The perturbation

may relax slowly enough to rotate the polymer vesicle. A dimple in the membrane

can be seen in Figure 4.21b that relaxes as the vesicle rotates. The instability

may also occur in extensional flow and in different types of membranes. A

sphingomyelin:cholesterol vesicle, which has the thickness of lipid membranes but

has a higher membrane viscosity, was also observed to rotate but at a higher field

strength. Further experimental and theoretical investigation would be needed to test

this hypothesis.

Instabilities produced by stretching

Experiments investigating the behavior of vesicles in elongational flow have shown

a stretching transition to a dumbbell shape for very deflated vesicles [93]. Low

frequency electric fields, and intermediated frequencies for vesicles with R > 1,

produce electric stresses similar to elongation flow. Preliminary experiments on very

deflated POPC vesicles in 100 Hz AC fields demonstrates a similar transition, see

Figure 4.28.

The vesicle separates into two daughter vesicles connected by a lipid tether. The

instability was observed to be asymmetric, with one daughter vesicle noticeably

larger than the other. After the instability, the two vesicles begin to equalize and

the tether becomes smaller as area is pulled into the vesicle. It was observed that in

some vesicles, the two daughter vesicles rejoined and the instability repeated. Other

vesicles stayed separate as two equal sized daughter vesicles. Although the instability
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Figure 4.28: Transition to a two-dumbell shape for a deflated vesicle in a 100 Hz 20 kV/m
electric field. The vesicles transitions between a connected vesicle and a dumbell shaped vesicle
(top). Other vesicles remain in the two-dumbell shape with two equally sized daughter vesicles
(bottom).

that forms the two vesicles may have an asymmetric character, the two vesicles may

need to vary their size to equilibrate the Laplace pressure between the two vesicles.

A more detailed study of the behavior of this instability for different values of excess

area and applied stress would give more insight into when this instability can occur.

Measurement of capacitance and conductance on real cells or vesicles with

transmembrane proteins

The presence of transmembrane proteins may lead to a current across the

membrane, which will affect the transition frequency in an AC field. The rate

of transmembrane current will vary with the type of membrane protein and

concentration. Including transmembrane proteins in vesicles would replicate the

behavior of real cells in electric fields and would provide better control over the type

and concentration of membrane proteins compared to real cells.
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Chapter Five

Vesicle dynamics in DC electric

pulses

5.1 Introduction

Living cells depend on electrochemical potentials across membranes for many crucial

cell functions. Changes in the transmembrane electric field are necessary for such

processes as signal propagation in neurons, directed cell migration, and ciliary

motility in cell swimming [36, 15, 123, 124, 118, 24]. Electric fields are also used

in engineering applications such as the electroporation of cells, allowing for the

transport of molecules across a cell membrane, which is relevant for applications

including drug delivery and gene therapy [140, 43].

During electroporation, a pore is formed in a cell membrane in response to the

stress created by a pulsed DC electric field [161]. An electric pulse with appropriate

strength and duration will create a stable pore in the membrane, allowing material

to cross the membrane. Ideally, the pore will reseal after the pulse ends and the

cell will remain intact. Giant unilamellar vesicles offer a convenient model system to
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study electroporation because of their similarity to real cell membranes and large size

(10-100 µm). The GUV membranes used in this chapter are assembled from lipids or

amphiphilic block copolymers. Key observations about the membrane dynamics in a

pulsed DC electric field can be made using phase contrast microscopy and recorded

with a high speed camera [163, 161, 162].

0.0 ms 0.3 ms 3.0 ms 20 ms 60 msPore

a)

E

0.0 ms 1.0 ms 2.0 ms 3.0 ms 4.0 ms

Figure 5.1: Examples of vesicle behavior: poration in a short strong DC pulse and collapse in a
long weaker pulse. a) DOPC vesicle subjected to a E0 = 2kV/cm, 300 µs pulse. A pore persists
after the pulse and is visible due to the loss of contrast at the interface. The pore is fully resealed
after approximately 60 ms. b) DOPC vesicle subjected to a E0 = 1kV/cm, 50 ms pulse. Although
weaker, the longer pulse leads to collapse.

Previous experiments on vesicle dynamics in DC fields, conducted in Risk and

Dimova (2005) and Riske and Dimova (2006), were limited to short pulses (tpulse <

300µs) [161, 162]. A question arising from this earlier work is: how do vesicles

respond to long DC pulses (tpulse ∼ 1 − 10ms)? To investigate this question, a set

of experiments was conducted to observe vesicle behavior while subjected to pulses

of various strengths and durations. The results showed that the response changed

significantly between short and long pulses, see Figure 5.1. Specifically, short pulses

produce transient pores that persist after the pulse has ended, but eventually reseal.

Longer pulses result in membrane collapse during the pulse. The guiding hypothesis

is that the difference in observed behavior can be attributed to the capacitive nature

of the bilayer membrane.
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This chapter focuses on the dynamics of vesicles in weak fields where poration

does not occur in order to understand fundamental aspects of the transient response

to electric fields. The electromechanical limits of bilayer membranes are discussed to

establish an electric field strength limit below which the membrane remains intact.

The theoretical model developed in Chapter 4 is adapted to describe the dynamics

under applied DC pulses. New features are presented relating to the charging and

discharging of the membrane capacitor. The complex dynamics seen in strong fields

is left for further investigation in Chapter 6.

5.2 Physical system

As in Chapter 4, we consider an insulating charge-free lipid bilayer membrane with

dielectric constant, εmm, and thickness, d. The bilayer is a spherical shell (vesicle)

which separates two bulk fluids, each with their own conductivities, λ, viscosities,

µ, and dielectric constants, ε. To characterize the mismatch in the fluid physical

properties, the following ratios are introduced,

R =
σin

σex

, S =
εin
εex

, Λ =
µin

µex

, Λs =
µmm

aµex

. (5.1)

When an electric field is applied across an interface, charge is conducted from the

bulk at a rate given by the characteristic charging timescale of the fluid, tc,i = εi/λi.

Free charges will accumulate on both sides of the membrane and the membrane will

act as a capacitor [207]. For a spherical vesicle in aqueous media, the membrane will
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charge with the characteristic timescale for a spherical shell capacitor [69, 178, 97],

tmm =
aCm
λin

(
1 +

R

2

)
, (5.2)

where Cm = εmm/d is the capacitance of the membrane and a is the vesicle radius.

The finite charging time of a vesicle is controlled by tmm, and as a result controls

the electric stress acting on the vesicle during charging. For systems with solution

conductivity λ ∼ 0.1µS/cm and a ∼ 10µm the charging timescale is tmm ∼ 1ms.

The transmembrane potential is regulated by the capacitor charging timescale.

The expression for the transmembrane potential in an electric field, E∞ = E0ẑ, is

given by [177],

Vm =
3

2
(1− exp (−t/tmm)) aE0 cos(θ). (5.3)

a) b)

Ε

c)

Figure 5.2: The steady electric field around a vesicle immersed in an electrolyte solution, following
the imposition of a background uniform DC field (a) t < tmm R > 1 (b) t < tmm R < 1 (c) t > tmm.
Over a charging time tmm Eq.[5.2] dipolar charge distribution forms in response to currents from
the bulk.

Due to differences in the solution conductivities, ions accumulate at different rates

at the membrane’s physical surfaces. This gives rise to an imbalance in the charge

densities on the inner and outer surface, which in the zero-thickness limit appears

as induced surface charge, similar to simple fluid-fluid interfaces [125, 172]. The

effective charge on the interface is dominated by the fluid with the faster charging

timescale. If R > 1 (t << tmm), the conduction in the vesicle interior is faster than
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the suspending liquid. In this case, shown in Figure 5.2a, charges at the poles are

attracted by the electrodes, pulling the vesicle into a prolate shape. In the opposite

case, R < 1 (t << tmm) shown in Figure 5.2b, there is excess of exterior ions at the

interface and the polarization is reversed. In this induced–charge configuration, the

vesicle becomes an oblate ellipsoid.

A very important distinction from drops is that for t >> tmm the membrane

capacitor is fully charged and the effective net charge vanishes. In this limit, the

vesicle responds as an ideally-polarizable particle with vanishing electric field in the

vesicle interior, see Figure 5.2c.

It can be seen from Figure 5.2 that vesicles with R < 1 will deform into an oblate

before tmm and then transition into prolate when t > tmm. The main goal of this

chapter is to observe this transition from oblate to prolate deformation. In general,

this shows that the dynamics of the vesicle are dependent on membrane charging in

a DC field. In an experiment, membranes can easily porate, leading to a breakdown

of the membrane capacitor. An analysis of the relevant timescales is provided to

demonstrate the electromechanical limits of the membrane and when the transition

from oblate to prolate can be observed.

5.2.1 Timescales and Nondimensionalization

The electric stress acting to deform the vesicles must overcome viscous dissipation

in the surrounding fluid. The timescale for deformation is given by the

electrohydrodynamic (EHD) timescale,

thd =
µex(1 + Λ)

εexE2
0

. (5.4)
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An important comparison of timescales is between thd with tmm. This ratio

compares the rate of deformation to the characteristic time of membrane charging,

δm = thd/tmm. (5.5)

The EHD timescale is easily varied with field strength, with a range of thd ∼ 0.1 −

10ms for 100 kV/m and 10 kV/m respectively. A weak field condition can be defined

when tmm < thd (δm > 1). In this limit, deformation occurs after the membrane

is fully charged and only prolate deformation will be observed. In strong fields,

tmm > thd, deformation is observable while the vesicle is charging and depends on

the conductivity ratio, R.

The relaxation timescale for the bilayer membrane can be given in terms of the

bending rigidity,

tκ =
µex(1 + Λ)a3

κ
. (5.6)

This timescale is useful because it is based on a material property of the membrane,

while tension can vary as the vesicle deforms.

A comparison between the EHD timescale and the restoring timescale produces

another important dimensionless parameter, given as a capillary number,

Caκ =
a3εexE

2
0

κ
. (5.7)

The timescale over which a vesicle relaxes from a deformed shape is given by the

tension relaxation timescale. The initial tension, σeq, of the membrane is used for

relaxation timescale,

tσ =
µex(1 + Λ)a

σeq

, (5.8)
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which describes the relaxation of the vesicle shape.

As discussed in Chapter 4, strong fields will produce critical transmembrane

voltages leading to membrane poration [161]. The mechanism for poration is

discussed in more detail here because poration is more prevalent in DC pulses. The

transfer of compressive stress arising from the membrane capacitor to tension, σel,

can be understood by considering the differential work done on a capacitor,

dW = σelhdA+
1

2
εmm

(
Vm
d

)2

Adh, (5.9)

where dA is a differential area and dh is the change in thickness of the capacitor.

The differential work is given by KaαdA, where α is the increase in true area. If the

membrane is modeled as incompressible, Adh = −hdA and α = 0. This reduces the

equation to,

0 = σel −
1

2
εmm

V 2
m

d
. (5.10)

Rewriting the equation in terms of membrane capacitance gives the Lippmann

equation [116],

σel =
1

2
CmV

2
m. (5.11)

This equation assumes the compressive stress on the capacitor acts over the entire

thickness of the membrane. In the case of lipid membranes it is commonly assumed

that the capacitor acts over the thickness of the inner dielectric layer, dc, and that

the entire membrane acts as an near incompressible material of thickness, d. In this

case, the tension is related to the transmembrane voltage by [138],

σel = εmm

(
d

2d2
c

)
V 2
m. (5.12)

While Eq.[5.12] has been used to determine the critical voltage for lipid membranes
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[138, 161], measurements for polymer vesicles have used Eq.[5.11] [9]. The structure

of the bilayer membrane and how charges interact with the interface will affect the

relative values of d and dc [135].

A membrane will form pores when the membrane tension exceeds a critical value,

denoted as the lysis tension σlys. The lysis tension has been measured to be σlys ∼

5 × 10−3N/m for lipid vesicles and σlys ∼ 20 − 30 × 10−3 N/m for polymer vesicles

[138, 161, 9]. This corresponds to a critical transmembrane voltage, Vc, of about 1V

for lipid membranes and Vc ∼ 4− 8V for polymer membranes [161].

A critical electric field strength can be estimated using Eq.[5.3],

Ec =
2Vc
3a

. (5.13)

Strong fields, E0 > Ec, will lead to poration for a fully charged membrane. For a

typical vesicle size, a = 20µm, a lipid membrane will porate above field strengths of

approximately E0 = 30kV/m.

Previous work has not considered the finite time required to reach the critical

transmembrane potential. This time is determined from the expression for

transmembrane potential in an electric field, Eq.[5.3]. Setting Vm = Vc and θ = 0,

Eq.[5.3] is solved for t, which gives the time when the critical transmembrane voltage

is reached at the pole of the vesicle,

tcrit = −tmm ln

[
1− 2Vc

3aE0

]
. (5.14)

Note that this timescale is undefined for fields below the critical field strength, E0 <

Ec.
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The typical membrane charging timescales is tmm ∼ 1ms and is independent of

field strength. Both thd and tcrit depend on field strength. In a weak field below

the critical field for poration (E0 = 10kV/m), a vesicle deforms on the timescale

thd ∼ 10ms. Therefore, a vesicle will deform only after the membrane has charged,

which implies that only prolate deformation will be visible even if R < 1. If the

field strength is increased to E0 = 100kV/m, the EHD timescale will reduce to thd ∼

0.1ms (δm ∼ 0.1). This indicates that deformation will occur while the membrane

is charging and depends on conductivity ratio. Comparing this field strength to

Eq.[5.13], it is clear that this exceeds the critical limit set by Ec. According to

Eq.[5.14] the membrane will create pores at approximately tcrit ∼ 0.5ms. This

analysis shows that a single pulse will either be too weak to observe the oblate-prolate

transition or will lead to poration.

The proposed solution for this problem is to use a two-step pulse to observe a

transition from oblate to prolate. First, a strong field must be applied with duration

tpulse ∼ thd < tmm in order to observe oblate deformation. To avoid membrane

poration, the duration of the first pulse must be shorter than the critical timescale,

tpulse < tcrit. A step decrease in the field strength, below the critical field strength,

will produce a transition to a prolate shape on the timescale tpulse2 ∼ thd > tmm.

The second field strength must be below the critical field strength E0 < Ec to avoid

poration. An example of the oblate-prolate transition using this method is shown in

Figure 5.3.

5.2.2 Governing equations

The governing equations, hydrodynamic, and membrane stresses are identical to

Chapter 4. The electric stresses differ slightly in DC fields compared to AC fields.
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Figure 5.3: Transition from oblate to prolate for DOPC vesicle. A lipid membrane with
capacitance Cm = 0.71µF/cm2, initial radius a=24.5 µm, λin=3 µS/cm, λex=10 µS/cm. The
charging time is tmm=0.95 ms. A two pulse field is applied, pulse 1 is E0= 400 kV/m with duration
20 µs pulse followed by E0 =20 kV/m strength with duration 50 ms.

The governing equations are reiterated, but only the electric stresses are developed

in detail. As before, the modeling approach uses the leaky dielectric assumptions;

the bulk fluid is charge free and the electromechanical coupling occurs only at the

interface.

Hydrodynamic field

Hydrodynamics inside and outside the vesicle obey the Stokes equation [139, 107],

∇ ·Thd = 0,∇ · u = 0, (5.15)

where the hydrodynamic stress is computed by,

Thd = −pI + µ
[
∇u + (∇u)†

]
. (5.16)

If it is assumed that there is no bilayer slip or membrane permeability, the

hydrodynamic boundary conditions are identical to that of a drop. The flow is

uin = uex = us, (5.17)

where us is the flow at the interface. Membrane permeability can be neglected
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if the vesicle is osmotically stable and the membrane is pore free. Although, the

electric field can create pores in the membrane, the experiments with quantitative

comparisons are limited to electric fields that do not induce poration, i.e. E0 < Ec

or tpulse < tcrit.

Electric field

The electric field is determined by the gradient of the electric potential,

E = −∇Φ. (5.18)

The absence of bulk free charges determines that the electric field is solenoidal (∇ ·

E = 0), thus the electric potential satisfies the Laplace equation,

∇2Φ = 0. (5.19)

Far from the vesicle, the electric field is uniform and constant, E∞ = E0ẑ. The

electric stresses are determined from the Maxwell stress tensor,

Tel = ε(EE− E2I/2), (5.20)

where I is the identity tensor. The electric potential is solved subject to the following

boundary conditions at the interface.

The insulating bilayer membrane causes a jump in the potential field across the

membrane,

Φin − Φex = Vm. (5.21)

The charging of the interface is determined by the conservation of current across the
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membrane capacitor,

n · (λexEex) = n · (λinEin) = Cm
dVm
dt

. (5.22)

The transmembrane potential is determined as part of the solution for the potential.

The effective net charge on the interface can be determined by the jump in the

displacement field,

n · (εexEex − εinEin) = Q. (5.23)

In the limit of zero-thickness membrane, Q is an effective charge on the membrane

resulting from an imbalance in charge density between the inner and outer surface

of the membrane. A mismatch in the rate of supply of charges gives rise to the net

charge while charging; when the capacitor is fully charged, Q = 0.

Electric stresses

The electric stress is determined from the Maxwell stress tensor, Eq.[5.20], which

first requires the electric field to be solved around the vesicle. The electric field is

determined from the potential field around a spherical shell,

Φex = −E0

[
r +Bex

a3

r2

]
cos θ, (5.24)

Φin = −E0Binr cos θ. (5.25)

The jump in the potential across the membrane is written in terms of a time

dependent variable and position dependence determined from Eq.[5.24] and Eq.[5.25],

Vm = V̄ (t)aE0 cos(θ), (5.26)
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where V̄ (t) is determined from the initial conditions.

The two boundary conditions for the potential jump across the membrane,

Eq.[5.21], and the current conservation, Eq.[5.22], are used to solve for Bin and

Bex. An initial condition of zero transmembrane potential, Vm = 0, is assumed. The

coefficients for the electric field are expressed in terms of the time dependent variable

from Eq.[5.26],

Bin =
3− 2V̄ (t)

R + 2
, Bex =

(−R + 1)−RV̄ (t)

R + 2
, (5.27)

where,

V̄ =
3

2
(1− exp (−t/tmm)) . (5.28)

The electric stresses are computed from the Maxwell stress tensor, Eq.[5.20], and

decomposed into normal and tangential components,

Tel = p̄el [1 + 3 cos(2θ)] n̂ + τ̄s sin(2θ)θ̂, (5.29)

with magnitudes determined by,

p̄el =
1

2
[(Eex

r )2 − (Eex
θ )2 − S((Ein

r )2 − (Ein
θ )2)], (5.30)

τ̄s = Eex
θ Q+ Ein

r (Eex
θ − Ein

θ ). (5.31)

Substituting in the electric field in terms of Bex and Bin yields,

p̄el =
1

12

[
2− 2Bex + 5B2

ex − 2SB2
in

]
, (5.32)

τ̄s =
1

2

[
−1 +Bex + 2B2

ex + SB2
in

]
. (5.33)
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These expressions are almost identical to the stress coefficients for an AC field,

although both p̄el and τ̄s are greater by a factor of 2 and all coefficients are real.

These stresses must be converted into vector spherical harmonics in order to

match the other terms in the stress balance, Eq.[4.29]. The angular dependence

corresponds to the j = 2, m = 0 vector spherical harmonics. The directions normal

and tangential to the interface are given by q = 2 and q = 0 respectively. The vector

spherical harmonics with the appropriate angle dependence are,

y202 =
1

8

√
5

π
[1 + 3 cos (2θ)] r̂, y200 = −1

4

√
15

2π
sin (2θ) θ̂. (5.34)

The electric stresses are rewritten in vector spherical harmonics which include the

inverse of the coefficients from Eq.[5.34],

τ el
202 = 8

√
π

5
p̄ely202, τ el

200 = −4

√
2π

15
τ̄sy200. (5.35)

Evolution equation

The driving force for vesicle deformation and hydrodynamic flow is the electric field.

The characteristic electric stress, εexE
2
0 , is also characteristic of the viscous stress,

including surface viscous stresses. Membrane bending and tension are scaled by

κ/a3. The stress balance is nondimensionalized using the capacitor charging time

tmm, vesicle radius a, and the characteristic magnitude of the bulk electric stress

εexE
2
0 .

The tangential component of the dimensionless stress balance, Eq.[4.29], is solved
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first, this determines the non-isotropic part of the membrane tension,

σ̃20 = Caκ

[−τ el
200√
6

+ c202
4 + (Λ + 8Λs)

6

]
. (5.36)

Note that σ̃20 is normalized by the bending rigidity and radius, σ̃20 = σ20a
2/κ.

Using the expression for σ̃20 in the normal stress balance, the normal surface

velocity coefficient can be solved for,

c202 = C20 − Ca−1
κ

24(6 + σ̃h)

32 + 23Λ + 16Λs

f20, (5.37)

where σ̃h = σha
2/κ is the bending rigidity normalized by the isotropic tension, which

results from the choice of membrane tension in the capillary number. The forcing

term C20 is determined from the electric stresses,

C20 =

√
6
[
2τ el

200 +
√

6τ el
202

]
32 + 23Λ + 16Λs

, or C20 = 16

√
π

5

(3p̄el − τ̄s)
32 + 23Λ + 16Λs

. (5.38)

The forcing term C20 can be rewritten in terms of the coefficients Bin and Bex,

C20 = 4

√
π

5

(Bex − 2)2 − 4SB2
in

32 + 23Λ + 16Λs

, (5.39)

and the complete expression is,

C20 = 9

√
π

5
exp

[−2t

tmm

](R + exp
[

t
tmm

]
(2 +R))2 − 16S

(32 + 23Λ + 16Λs)(2 +R)2

 . (5.40)

The stress balance Eq.[2.14] yields a net flow normal to the interface, which
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determines the shape evolution of the vesicle,

∂f20

∂t
= c202. (5.41)

The evolution equation written in terms of f20 becomes,

δm
∂f20

∂t
= C20 −

κ

a3εexE2
0

24(6 + σ̃h)

32 + 23Λ + 16Λs

. (5.42)

Note that time is normalized by tmm in DC fields, where time was normalized

by thd in the previous chapter. This was because the previous chapter addressed

transient deformation with intermediate AC frequencies where the membrane never

fully charges. In the AC case the timescale for deformation is controlled only by thd.

In contrast, the evolution of vesicle shape in a DC field is related to how quickly the

membrane capacitor charges, thus δm = thd/tmm appears in Eq.[5.42].

As discussed in Chapter 4, the restoring force is dominated by membrane tension

and the contributions from bending are negligible. This yields a simpler form for the

relaxation term in the evolution equation,

δm
∂f20

∂t
= C20 −

σh
aεexE2

0

24

32 + 23Λ + 16Λs

f20. (5.43)

As can be seen in Eq.[5.43], the tension is the remaining variable to be determined.

As the vesicle deforms, the excess area stored in fluctuations is transferred to

systematic deformation [181]. The area stored in the deformed vesicle shape is

determined by setting Eq.[5.43] to zero and solving for f20. The area constraint,

∆ = ∆s + ∆f , is solved numerically at each time step to determine σh, see Section

4.2.7.
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Two-step pulse

The equation developed above assumes an initial transmembrane voltage of zero. If

the electric field strength is changed at a later time, as will be done in a two-step

pulse, Eq.[5.42] will no longer be valid. The potential must be solved with the new

electric field strength and a nonzero value for the initial transmembrane potential.

It can be assumed that the field at infinity changes instantaneously because the bulk

charging time is much faster than the membrane capacitor timescale, tc << tmm.

When the applied electric field is changed, the values for the parameters δm and Ca

will instantly change. Note that the transmembrane potential must be continuous

when the field strength is changed.

The external field strength is changed from an initial field strength of E1
0 to E2

0

at a time t = t1. The transmembrane potential is solved with a nonzero initial

condition determined from the previous field strength,

V̄2(t) =
3

2

[
1 + exp

[−t+ t1
tmm

](
−1 + V̄1(t1)

E1
0

E2
0

)]
, t > t1, (5.44)

where V̄1(t1) is the dimensionless transmembrane potential at t = t1 determined from

Eq.[5.28]. This expression can be applied whenever the field strength is varied using

the previous values for field strength and transmembrane potential.

At times after the field has been changed, t > t1, the transmembrane potential

V̄2(t) is substituted into the equation for C20. The resulting equation gives a more
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complicated expression for the forcing term,

C20 =
√
π

5
exp [−2t/tmm][

(9e[
2t

tmm
](2 +R)2 + e[

2t1
tmm

](R2 − 16S)(3− 2V̄1(t1))2 − 6e[
t+t1
tmm

]R(R+ 2)(−3 + 2V̄1(t1)))
(32 + 23Λ + 16Λs)(2 +R)2

]
.

(5.45)

Note that in the case of a strong initial field, the membrane may not be fully

charged given the initial field strength. Although after the field is decreased, the

transmembrane potential may exceed the equilibrium transmembrane potential for

the weaker field strength. In this case, the membrane capacitor will discharge to

adjust to the weaker field.

5.2.3 Discharging

A special case arises when the second field is set equal to zero, E0 = 0, at a time

t = tend. This differs from the previous section because the form of the potential

field changes in the absence of an externally applied field. The field can be assumed

to relax at the bulk relaxation timescale, tc, which can be considered instantaneous

in comparison to the membrane capacitance timescale, tmm. The discharging of the

membrane will lead to a net force on the vesicle over a duration determined by the

timescale, tmm. The lack of an external field will also change the electric stresses and

result in a different expression for the forcing term, C20. The equation is normalized

by the electric field strength before the field is turned off.

The potential field is recomputed with the boundary condition of Φex = 0 at
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r →∞,

Φex = −E0Bex
a3

r2
cos θ, (5.46)

Φin = −E0Binr cos θ. (5.47)

The boundary conditions for conservation of current, Eq.[5.22], and transmembrane

potential, Eq.[5.21], remains the same. The dimensionless transmembrane potential

at the time when field is turned off is used as an initial condition and is denoted,

Vend. For a fully charged membrane, Vend = 3/2

The transmembrane voltage must be continuous when the field is turned off. The

expression for transmembrane voltage changes to

V̄ = Vend exp (−(t− tend)/tmm) , for t > tend. (5.48)

The solution for the potential field yields the coefficients,

Bin = −2V̄ (t)

2 +R
,Bex =

RV̄ (t)

2 +R
. (5.49)

The electric stress must be recomputed using the electric field determined from

the potential Eq.[5.46] and Eq.[5.47]. The normal and tangential components remain

the same as Eq.[5.29], but the change in potential field changes the coefficients, p̄el

and τ̄s. The magnitude of the normal and tangential electric stresses computed from

the Maxwell stress tensor becomes,

p̄el =
1

12
[5B2

ex − 2SB2
in], (5.50)

τ̄s =
1

2
[2B2

ex + SB2
in]. (5.51)
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Including the new expressions for p̄el and τ̄s into the forcing term yields,

C20 =
4V 2

end

√
π
5

exp [−2t/tmm](R2 − 16S)

(32 + 23Λ + 16Λs)(2 +R)2
. (5.52)

This equation is substituted into the evolution equation, Eq.[5.42] for t > tend.

Without the external electric field, the charges on the surface of the vesicle will

relax on the capacitive membrane timescale. If there is a mismatch between the

interior and exterior conductivities, a net charge on the membrane will arise similar

to the initial membrane charging. As a result, there is a transient stress that deforms

the vesicle.

An interesting case arises for R2 < 16S. Assuming the vesicle is at a steady state

prolate shape and the membrane capacitor is fully charged. If R2 < 16S, the forcing

term will be negative and the vesicle will be pushed towards an oblate shape due to

the field created by the discharging membrane. This can be understood physically

by considering the charges on the exterior of the vesicle, which relax rapidly into the

highly conductive exterior, leaving an excess of charges on the interior of the vesicle

membrane. The interior charges on the opposite poles attract each other until they

fully relax.

In the opposite case, R2 > 16S, the forcing term will be positive and the vesicle

will be forced into prolate deformation. Although for a fully charged membrane at

steady state, the vesicle is already a prolate. The discharging will only prolong the

prolate deformation before relaxing back to a spherical shape.

Figure 5.4 shows the magnitude of C20 for charging (left) and discharging from

a fully charged state (right). When the electric field is turned off, the potential field
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Figure 5.4: (left) The electric forcing term, C20(t), for an initial uncharged vesicle with a field
turned on at t = 0. (right) The electric forcing term, C20(t), for an initially fully charged vesicle
after the field is turned off. The relevant parameters are λin = 5µS/cm, λex = 50µS/cm (R = 0.1),
a = 20µm, µmm = 1× 10−8Ns/m.

changes instantaneously due to the assumption that charges in the bulk relax much

faster than the capacitor charging time. This results in the jump in the value for

C20 seen in Figure 5.4 (right).

5.2.4 Model results

The evolution of drop shape depends on many physical parameters. In the

experiment some parameters cannot be adjusted in isolation, particularly the

membrane properties. For instance, the polymer membranes are thicker and

therefore have a lower capacitance than lipid membranes, but the thicker membrane

also increases bending rigidity and membrane viscosity. Adjusting individual

parameters in the model provides a way of understanding the effect of each parameter

on vesicle dynamics.

The effect of field strength is illustrated in Figure 5.5. The field strength of the

first pulse if varied in Figure 5.5(left) and the field strength of the second pulse is
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varied in Figure 5.5(right). As expected, stronger fields lead to greater deformation.

If the first pulse is changed, the membrane does not charge faster, the transition to

prolate occurs over the same timescale, tmm, which is independent of field strength.

If the second pulse is increased in strength, the vesicle will deform more and reach

a steady state more quickly. Interestingly, immediately after the field is turned

off a vesicle in the stronger field can retract to a less deformed shape compared

with a vesicle in a weaker field . This is due to the greater amount of charge on

the membrane which creates a stronger field while discharging. The magnitude of

retraction also depends on other factors, such as the capacitive charging time and

conductivity ratio.
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Figure 5.5: Effect of field strength by changing magnitude of the first step (left) and second step
(right). The duration of the first pulse step is 20 µs and the second is 50 ms. The other vesicle
parameters are constant. λin = 3µS/cm, λex = 10µS/cm , Cm = 0.7µF/cm2, a = 20µS/cm,
κ = 20kBT , µmm = 10−8Ns/m.

The effect of membrane tension is shown in Figure 5.6. The tension has little

influence on the dynamics during the first pulse because the forcing term overwhelms

the relaxation term. When the vesicle transitions to prolate, the degree of maximum

deformation is closely related to initial tension. Higher initial tension leads to less

deformation, as a result of having less excess area that can be transferred into

systematic deformation. The relaxation of vesicles with different initial tensions

are shown in Figure 5.6(right). Although the vesicles start at a different maximum
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deformation, the magnitude of retraction due to membrane discharging is similar.

In most cases, the capacitance timescale, tmm ∼ 0.1− 1ms, is faster than the tension

relaxation timescale, tσ ∼ 10 − 100ms. Only in cases of very tense vesicles will a

vesicle relax at the same timescale as discharging. The effect of tension is most

apparent in the time needed for relaxation back to a sphere. A fairly tense vesicle

will retract on the order of 1 second (103 × tmm) while a less tense vesicle will take

over 10 seconds (104 × tmm) to relax.
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Figure 5.6: Effect of membrane tension on vesicle evolution (left) and relaxation (right). The
membrane tension is varied from σeq = 0.1, 1, 10 × 10−7Nsm. The first pulse step is 400kV/m
for 20µs and then 40kV/m for 50ms. The other vesicle parameters are constant. λin = 3µS/cm,
λex = 10µS/cm , Cm = 0.7µF/cm2, a = 20µS/cm, κ = 20kBT , µmm = 10−8Ns/m.

The effect of bending rigidity is shown in Figure 5.7. The effect of bending

rigidity is similar to that of membrane tension in that bending rigidity regulates

the amount of excess area stored in fluctuations. A membrane with higher bending

rigidity will store less area in fluctuations and lead to less deformation. Bending has

little effect during the transition from oblate to prolate, but significantly alters the

maximum deformation. The main difference between bending and initial tension is

that bending does not influence the relaxation back to a sphere. This is because once

all applied stresses have vanished, the excess area returns to membrane fluctuations

and the relaxation is driven by initial tension.
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Figure 5.7: Effect of bending rigidity on shape evolution. Larger bending rigidity limits resisting
transfer of excess area from fluctuations to systematic deformation. Bending rigidity is varied
from κ = 20, 50, 100kBT . The first pulse step is 400kV/m for 20µs and then 40kV/m for 50ms.
The other vesicle parameters are constant. λin = 5µS/cm, λex = 10µS/cm , Cm = 0.7µF/cm2,
a = 20µS/cm, σeq = 10−7N/m, µmm = 10−8Ns/m.

The effect of membrane viscosity is shown in Figure 5.8. An increase in membrane

viscosity slows the dynamics of the vesicle at all stages. There is significantly

less deformation during the strong pulse and the vesicle takes longer to reach the

equilibrium shape. Although as was discussed in Chapter 4, membrane viscosity

has no influence on the maximum deformation. The retraction due to discharging is

inhibited by greater membrane viscosity as well.

The effect of membrane viscosity can be understood by considering the viscous

term: 32 + 23Λ + 16Λs. When membrane viscosity is µmm ∼ 10−8Ns/m the

dimensionless term, Λs, is much less than Λ = 1. In this limit, the membrane

viscosity does not influence the viscous resistance. If membrane viscosity is increased

to µmm ∼ 50×10−8Ns/m, Λs becomes much greater than one. In this case, membrane

viscosity becomes the dominant source of viscous dissipation.
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Figure 5.8: Membrane viscosity slows the rate of deformation, but does not change the equilibrium
shape. Membrane viscosity is varied from µmm = 1, 10, 50 × 10−8Ns/m. The first pulse step
is 400kV/m for 20µs and then 40kV/m for 50ms. The other vesicle parameters are constant:
λin = 5µS/cm, λex = 10µS/cm , Cm = 0.7µF/cm2, a = 20µS/cm, σeq = 10−7N/m.

The effect of membrane capacitance is shown in Figure 5.9. A decrease in

membrane capacitance leads to faster membrane charging. This leads to a quicker

transition from oblate to prolate and less time for the vesicle to deform into an

oblate. If the capacitance is small, the membrane can be close to fully charged at

the end of the first pulse; the membrane will have to discharge slightly to adapt to the

weaker field. This can be seen in the solid line in Figure 5.9. The membrane charges

rapidly during the strong pulse, when the field is decreased, the vesicle continues to

deform into an oblate because of the stress created from discharging. In comparison,

vesicles with high capacitance values quickly turn to prolate deformation because

the transmembrane potential matches the fully charged state at the weaker field.

The maximum deformation does not vary with membrane capacitance. After

the field is turned off, vesicles with higher capacitance have a longer timescale for
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discharging because the membrane holds more charge. This creates a more persistent

field due to the discharging membrane and a greater retraction.
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Figure 5.9: Effect of membrane capacitance. A greater capacitance leads to slower charging. This
causes greater deformation into oblate and a greater effect of membrane discharging. Membrane
capacitance is varied from Cm = 0.1, 0.3, 0.7µF/cm2. The other vesicle parameters are constant:
λin = 5µS/cm, λex = 10µS/cm, a = 20µS/cm, σeq = 10−7N/m, µmm = 1× 10−8Ns/m.

The effect of adjusting the interior and exterior electrical conductivity is shown

in Figure 5.10. The effect of exterior conductivity is most pronounced during

the first pulse. A higher exterior conductivity produces a lower conductivity

ratio, this increases the electric stress while the membrane is charging. After the

membrane capacitor has fully charged, the effect of conductivity ratio vanishes

and the deformation is similar. For R < 1, the effect of exterior conductivity on

discharging is smaller because the exterior conductivity has less influence on the

charging timescale compared with the interior conductivity.

For vesicles with R < 1, the interior conductivity has more influence on vesicle
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dynamics because it can significantly change both the capacitance timescale and

conductivity ratio. In the capacitance timescale the influence of interior conductivity

outweighs that of exterior conductivity when R < 1. As a result, a low internal

conductivity gives a similar effect as high capacitance. Although in contrast to

membrane capacitance, adjusting interior conductivity also adjusts the conductivity

ratio. If the internal conductivity is increased, which is analogous to low capacitance,

the membrane will charge too quickly for deformation into oblate to occur. As a

result, experiments are performed on vesicles with low internal conductivity to give

a longer capacitor charging timescale.
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Figure 5.10: Shape evolution for different solution conductivities. An increase in exterior
conductivity mostly changes conductivity ratio, R, leading to slightly faster charging. The
internal conductivity affects both conductivity ratio and capacitor charging time. A lower internal
conductivity leads to slower charging and greater deformation. (left) The external conductivity is
varied λex = 10, 20, 100µS/cm and is constant at λin = 5µS/cm. (right) The internal conductivity
is varied λin = 1, 5, 25µS/cm and is constant at λin = 50µS/cm. The other vesicle parameters are
constant: Cm = 0.7µF/cm2, a = 20µS/cm, σeq = 10−7N/m, µmm = 1× 10−8Ns/m.
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5.3 Experimental methods

Vesicles are prepared using the electroformation method in a 100mM sucrose solution

without the addition of salt. The conductivity of the interior sucrose solution is

measured to be in the range of 3 − 5µS/cm. The experiments are conducted by

diluting the vesicles into glucose solution. The conductivity of the exterior solution

is varied by adjusting the concentration of NaCl from 0-0.1mM. About 1 mL of

the diluted vesicle solution is filled into the electrodeformation chamber. Vesicles

are observed using a phase contrast microscopy and recorded using a high speed

camera.

Preparation of giant vesicles

Giant vesicles are prepared from lipids (DOPC) and

polyethyleneoxide-b-polybutadiene (PBdn-b-PEOm), diblock copolymers using

the electroformation method [6]. The copolymers were obtained from Polymer

Source Inc. (Montreal, Canada) and the lipids were purchased from Avanti.

The same procedure as Chapter 4 is followed. Briefly, a small volume (10 µl)

of the lipid solution is spread on the conductive surfaces of two glass plates coated

with indium tin oxide (ITO). Organic solvent is removed using a vacuum, then the

chamber is assembled across a 2 mm Teflon spacer, conductive sides facing inwards.

The chamber is gently filled with 20 mM sucrose solution, then connected to an

alternating current (1.8V-4.0V, 10 Hz frequency) for 1-2h at room temperature. The

vesicle solution is removed from the electroswelling chamber and diluted into an

isotonic glucose and salt solution. The exterior fluid conductivity is adjusted by
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adding NaCl solution (0.01mM to 1 mM concentrations).

Electrodeformation set-up

The electrodeformation experiments were conducted in a chamber (Eppendorf,

Germany), which consists of a Teflon frame confined from above and below by two

glass slides. A pair of parallel cylindrical electrodes with a radius of 92 µm and a

separation of 0.5 mm are fixed to the lower glass.

The field is applied using a function generator (Agilent 2300) connected to high

voltage amplifier (Matsusada AMT-1BG0). The function generator is programmed

to apply either a single or two-step pulse using the arbitrary function command.

The strength and duration of the pulses are varied by adjusting the signal strength

from the function generator. The high voltage amplifier increases voltage amplitude

from the function generator by 100 times. The pulse is initiated from the function

generator, which triggers the high speed camera (Photron SA1.1) with a TTL signal.

A 2-step DC pulse electric field is used in order to observe behavior at times

before and after tmm. An example of a two-pulse signal is shown in Figure 5.11.

A strong pulse, E0 > Ec, is used for early times (t < tmm). The pulse must have

sufficient strength and duration to deform the vesicle, which requires that the pulse

time is longer than the EHD timescale tpulse > thd. Because this initial field strength

is stronger than the critical field for poration, the field strength is subsequently

decreased to a value below Ec. The strength and duration of the first pulse is

limited to produce a field that does not result in a transmembrane potential above

the critical value Vc.
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Figure 5.11: Example of the voltage profile 2-step DC pulse.

Optical microscopy and imaging

Due to the differences in density and refractive index between the sucrose and glucose

solutions, the vesicles are stabilized by gravity close to the bottom of the chamber

and have good contrast when observed with phase contrast microscopy. An inverted

microscope Axio Observer.A1 (Zeiss, Germany) equipped with 20× or 40× Ph2

objectives are used to image the vesicle under phase contrast mode. Images are

recorded with the camera at 30,000 frames per second.

Before an electric pulse is applied, the tension and bending rigidity of a vesicle is

measured by observing membrane fluctuations. The camera is set to 60 frames per

second (fps) and shutter rate of 1/5,000 seconds. 6,000-8,000 frames are recorded and

then analyzed using the routine developed by [68]. If the vesicle survives the electric
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pulse, the measurement is repeated on the same vesicle. These measurements are to

confirm that the equilibrium tension does not change significantly over the course

of the experiment. This procedure also gives a comparison for bending rigidity and

tension values used to fit the shape evolution.

Deformation parameter

The evolution of the vesicle shape is recorded using the high speed camera and

analyzed using in-house image analysis software [68]. Using contour detection, two

semi axes a‖ and a⊥ are determined using the Fourier series expansion, where a‖ is

parallel and a⊥ is normal to the field direction.

Ε
a

a

a

a

Figure 5.12: Definition of axes where a‖ and a⊥ are the axes parallel and perpendicular to
the symmetry axis respectively. Deformation is shown for prolate (left) and oblate (right). The
deformation parameter is defined as D = a‖/a⊥

A deformation parameter is defined as the axis parallel to the field divided by

the axis perpendicular to the field, see Figure 5.17. Theoretically, the deformation

parameter is computed from the amplitude of the spherical harmonic, f20, by,

Dtheory =
1 + f201/2

√
5/π

1− f201/4
√

5/π
, Dexp =

a‖
a⊥
. (5.53)
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5.4 Results: experiment

In this section, the results of experimental observations of single and two-step pulses

are given for different field strength. The oblate-prolate transition is demonstrated

using a two-step pulse. The effect of membrane viscosity, membrane capacitance, and

initial tension on the shape evolution are explored. All experiments are compared

to theory developed in Section 5.2.

5.4.1 Weak fields: prolate deformation

First, theory and experiment are compared for a single long pulse (tpulse > tmm)

where the field is below the critical field for poration, E0 < Ec. In a weak field,

the oblate to prolate transition is not observable because thd is longer than tmm. An

example of a vesicle in a weak field is given in Figure 5.13. The experiment is fit

with the values given in the caption of Figure 5.13.

The evolution of the vesicle shape in DC fields provides a method for determining

membrane viscosity similar to AC fields in Chapter 4. In contrast to POPC

membranes used in Chapter 4, which had membrane viscosity values µmm ∼

10 × 10−8Ns/m, DOPC membranes have a lower value of membrane viscosity

µmm ∼ 0.1 − 1 × 10−8Ns/m. Using the values for DOPC, the membrane viscosity

ratio is small, Λs ∼ 0.05, compared with the bulk viscosity ratio Λ = 1. This means

that the contribution to viscous resistance from DOPC membranes is small compared

to bulk viscosity. This implies that the ability to determine values of low viscosity

membranes, such as DOPC, is limited with this method. Nevertheless, as can be

seen in Figure 5.13, the evolution of DOPC vesicle shape fits fairly well with low
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Figure 5.13: DOPC vesicle behavior in a single DC pulse. The electric field is turned on at t = 0 for
a duration of 50ms. The field strength is E0 = 20kV/m. The vesicle is fit with σeq = 5×10−7N/m,
membrane viscosity µmm = 0.1 × 10−8Ns/m, or Λs ∼ 0.04, Cm = 0.71µF/cm2, a = 24µm,
κ = 13kbT , λin = 5.5µS/cm, λex = 10µS/cm.

values of membrane viscosity.

The retraction due to membrane discharging can be seen in the rapid decrease

of elongation in Figure 5.13(top), although the logarithmic scale obscures this

deformation. The retraction is more clearly seen in Figure 5.13(bottom), which
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is a plot of the deformation data after the field is turned off, i.e. t & 102tmm. The

data is replotted to more clearly separate the retraction due to discharging and the

relaxation back to a sphere driven by membrane tension. The theory captures both

the magnitude of retraction and the timescale, which occurs a time comparable to

tmm. The relaxation back to a sphere driven by membrane tension is fairly well

captured by the theory.

Experimental error arises in resolving the shape of the vesicle, particularly as it

relaxes back to a sphere. When the field is applied, the vesicle will lift off the glass

slightly. This has been reported in previous experiments using vesicles in electric

fields [190]. When the field is turned off, the vesicle will settle back to the glass

surface. The small change in position causes the vesicle to move out of focus. The

focal plane can be set slightly above the vesicle before the pulse is applied to reduce

this error. The movement is greater in strong fields, where gradients in the electric

field are more significant. Despite these slight measurement errors, the timescale

over which the vesicle relaxes back to a sphere is still captured. As discussed in

Section 5.2.4, the duration for relaxation is the important quantity for determining

membrane tension.

The shape evolution is compared for the same vesicle at different field strengths in

Figure 5.14. The experiment is repeated at the new field strength immediately after

the vesicle relaxes back to a sphere. The experiment is fit with identical experimental

parameters except for field strength. The fit correctly estimates the faster response

as field strength is increased, but slightly overestimates the deformation observed at

the weakest field strength. The presence of the retraction after the field is turned

off is small, but is noticeable in the higher field strength. The theory captures the

magnitude of this retraction in high fields, as well as it being negligible in weaker

fields. After the retraction due to membrane discharging, the vesicle relaxes back
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10 kV/m
15 kV/m
20 kV/m

Figure 5.14: Prolate deformation for a single vesicle subjected to 10,15, and 20 kV/m 50 µs pulse.
The vesicle parameters are a = 18µm, Cm=0.71 µF/cm, λin=3 µS/cm, λex=10 µS/cm, µmm=0.3
x10−8 Ns/m, σeq=1.7x10−7N/m, κ=14 kbT .

to a sphere over approximately the same timescale, tσ, which is independent of field

strength.
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5.4.2 Strong fields: oblate deformation and collapse

If the field is increased, the EHD timescale becomes faster than the timescale for

capacitive charging, thd < tmm. In this limit, the vesicle can deform before the

membrane fully charges. If conductivity ratio is less than unity, R < 1, oblate

deformation will be observed for times shorter than the capacitance timescale, t <

tmm. Once the membrane charges, the electric stress changes to pull the vesicle into

a prolate. As discussed in Section 5.2.1, the theory is only valid for Vm < Vc, where

affects of membrane poration can be neglected. The membrane can reach the critical

transmembrane potential at tcrit.

Once a pore forms, the transmembrane potential can decrease due to conduction

through the membrane [97, 80]. Figure 5.15 shows a vesicle in a single strong DC

pulse (E0 > Ec). The vesicle initially deforms into an oblate ellipsoidal shape

as predicted but does not transition to prolate. Instead, the oblate deformation

continues and eventually leads to collapse. Another feature apparent in Figure 5.15

is the formation of sharp edges in the membrane and a cylindrical deformation at 1

ms. The edges only appear in strong fields where poration can occur. The effects of

poration on vesicle dynamics is more closely examined in Chapter 6.

0.0 ms 1.0 ms 2.0 ms 3.0 ms 4.0 ms

Figure 5.15: Example of vesicle collapse in a DC pulse. DOPC vesicle subjected to a 1 kV/cm,
50 ms pulse.

The goal of this chapter is to provide a quantitative description of vesicle behavior

in DC fields, thus poration must be avoided. This is done by applying electric fields
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that are either weak, such that E0 < Ec or short enough so that tpulse < tcrit. The

following section demonstrates how a two-step DC pulse can be used to observe the

transition in vesicle from oblate to prolate.

5.4.3 Two-step pulse

Vesicle collapse limits the strength and duration for the first pulse and in general

there is only a narrow window of pulse parameters which produce the oblate-prolate

transition without poration. In this section, the first pulse is kept constant at

E0 =100 kV/m, for a duration of 20 µs. The field is then decreased to a field

strength less than the critical field strength and turned off at t=50ms. The results

of this deformation is compared to the theory that includes the two-step pulse.

Examples of the oblate-prolate transition are shown in Figure 5.16. When

t/tmm ∼ 1, both experiment and theory show the vesicle shape transition from an

oblate to prolate shape. As with the weak field experiments, the rate of shape change

is sensitive to membrane viscosity. The rapid retraction after the field is turned off is

observable only at stronger field strengths. Once the membrane has fully discharged,

the vesicle relaxes back to a sphere on a timescale governed by the initial membrane

tension.

The behavior of a polymer vesicle (PS1) is compared to a DOPC lipid vesicle

in Figure 5.16. The two vesicles were subjected to the same pulse strength and

duration and were chosen to have similar size, solution conductivities, and initial

tension. The parameters for the fits are given in the caption. Polymersomes have a

thicker membrane than DOPC membranes, therefore they have a lower membrane

capacitance and a higher membrane viscosity. The lower capacitance leads to faster
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Figure 5.16: Oblate prolate deformation for avesicle. An initial field of strength 400 kV/m for
20 µs is applied, the field strength is decreased to 20 kV/m for 50 ms. (top)The DOPC vesicle
parameters are a = 20.2µm, Cm=0.71 µF/cm, λin=2 µS/cm, λex=10 µS/cm, µmm=0.3 x10−8

N-s/m. σeq=4x10−7N/m, κ=23 kbT . (bottom)The polymer vesicle parameters are a = 27.2µm,
Cm=0.27 µF/cm, λin=2 µS/cm, λex=10 µS/cm, µmm=30 x10−8 N-s/m. σeq=2.5x10−7N/m, κ=40
kBT .

membrane charging and a shorter duration of negative forcing directed towards

oblate deformation. The higher membrane viscosity also reduces the rate of shape

change and therefore limits the magnitude of oblate deformation. The slower rate

of deformation is observed in the oblate to prolate transition as well as a slower

relaxation after the field is turned off.

In contrast, the lipid vesicle experiences a faster rate of deformation and a

more pronounced oblate shape. This can be attributed to both higher membrane

capacitance and lower membrane viscosity. The theory appears to fit well with the

exception of the deformation immediately after the field strength is decreased. One

possible explanation for this discrepancy is that the membrane has a rate-dependent

membrane viscosity for high shear rates. This discrepancy may also be due to errors

in matching the image with the starting time for the pulse.
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The comparison between the two relaxation curves shows a more dramatic

retraction due to discharging for the lipid membrane, see Figure 5.16(right). The

higher membrane capacitance allows for more charge to be stored and the duration of

the retraction, governed by tmm, is longer. In addition, the lower membrane viscosity

reduces the viscous resistance to shape change. A small retraction is possible in the

polymer membranes, but is less pronounced unless stronger fields are applied.

The effect of initial membrane tension is compared for two DOPC vesicles in

Figure 5.17. The field strengths and durations of the two-step pulse are identical for

the two vesicles. The lower membrane tension has little influence on the magnitude

of oblate deformation; the lower tension vesicle deforms only slightly more. The

membrane tension in the relaxation term of Eq.[5.43] does not become large until

the vesicle deforms significantly. The dynamics under small deformations occurs over

very short timescale, given by the electrohydrodynamic timescale, and the surface

tension timescale is irrelevant.

Both vesicles transition from oblate to prolate at approximately the same time.

This is a result of a similar membrane charging timescales, which depends on similar

values of radius, membrane capacitance, and solution conductivities. The low tension

vesicle deforms slightly more than the high tension membrane, but the effect of

membrane tension is more noticeable during the relaxation, see Figure 5.17(right).

Both vesicles retract a similar amount due to membrane discharging. As predicted

by the model, the membrane tension has little influence on this retraction. The

retraction is most sensitive to the tmm timescale and conductivity conditions, both of

which are similar in the two vesicles. The effect of membrane tension is dramatically

different in the relaxation back to a sphere. The high tension vesicle relaxes back to

a spherical shape in about 102 × tmm while the low tension membrane takes almost

104 × tmm to fully relax to a sphere.
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meq=0.4×10−7 N/m

meq=5×10−7 N/m

Figure 5.17: Oblate to prolate deformation for two different DOPC vesicle exposed to the same
two-step pulse with different initial tensions. The shape deformation for vesicle with a higher initial
tension is denoted by squares (�) and the vesicle with a lower initial tension is denoted by circles
(◦). An initial field of strength 400 kV/m for 20 µis applied, the field strength is decreased to
20 kV/m for 50 ms. The high tension DOPC vesicle parameters, radius a = 19.9 µm, Cm=0.71
µF/cm, λin=2.5 µS/cm, λex=10 µS/cm, µmm=0.1 x10−8 N-s/m. σeq=5x10−7N/m, κ=22 kbT . The
low tension ◦ DOPC vesicle parameters, radius a = 20.9 µm, Cm=0.71 µF/cm, λin=2.5 µS/cm,
λex=10 µS/cm, µmm=0.1 x10−8 N-s/m, σeq=0.4x10−7N/m, κ=24 kBT .

Figure 5.18 compares the deformation of two polymer vesicles exposed to different

field strengths for the second step of the pulse. The two vesicles also have different

radii; the larger vesicle experience larger deformation. The polymer membranes also
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Figure 5.18: Oblate to prolate deformation for two polymer vesicles. An initial field of strength
400 kV/m for 20 µs is applied, the field strength is decreased to 20 kV/m or 40 kV/m for 50
ms. The polymer vesicle (PS1) parameters are radius 20.9 µm, Cm=0.27 µF/cm, λin=0.8 µS/cm,
λex=10 µS/cm, µmm=20 x10−8 N-s/m. σeq=1.5x10−7N/m, κ=4 kBT . The polymer vesicle (PS1)
parameters are radius 27.2 µm, Cm=0.27 µF/cm, λin=1.5 µS/cm, λex=10 µS/cm, µmm=30 x10−8

N-s/m, σeq=2.1x10−7N/m, κ=30 kBT .

have a higher critical voltage for poration than lipid membranes. This allows the

stronger field to be used for the experiments shown in Figure 5.18. The strong field

leads to a pronounced retraction due to discharging, even though the membrane

capacitance is less than half the value of lipid membrane capacitance. The model

shows a similar magnitude of retraction, although the large deformations make a

quantitative comparison difficult.

As with the AC field experiments, the fit for the larger vesicle uses a low value

for bending rigidity. The low value of bending rigidity, κ = 4kBT , is likely due to

a surplus of excess area caused by deformation not accounted for by Eq.[4.66]. If

large deformations are avoided by using weaker fields and higher tension vesicles, the

theoretical model shows good quantitive agreement with accurate values for bending

rigidity.
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5.4.4 Phase diagram

A phase diagram is constructed to demonstrate the effect of pulse strength and

duration on vesicle response. The phase diagram shows the behavior in a two-step

pulse. The first pulse is varied in strength and duration while the second pulse is

the same for all experiments. The second pulse is below the critical field (E0 < Ec)

with a duration much longer than tmm. The purpose of these experiments is to

compare vesicle behavior with two timescales, thd and tcrit (Eq.[5.4] andEq.[5.14]),

which predict the rate of deformation and the critical limit for poration respectively.

0 2 4 6 8 10

10−2

10−1

100

E
0
 (kV / c m)

t p
ul

se
/t

m
m

 

 
Oblate only
Oblate−Prolate
Prolate only
tcrit
thd

Figure 5.19: Vesicle behavior as a function of the duration and field strength of the first pulse, the
duration of the first pulse is normalized by the capacitor charging time tmm. The second pulse is set
at E0 = 20kV/m for 50µs. Three outcomes are observed, only prolate deformation, the transition
from oblate-to prolate, and only oblate deformation. The oblate only deformation occurs when the
vesicle has porated the membrane capacitor is short circuited. The comparison with the timescale
tcrit is shown with Ec = 1kV/cm. The comparison with thd is shown normalized with tmm = 0.5ms.

The results in Figure 5.19 show the crossover from prolate-only to oblate-prolate

corresponds with the thd timescale. When the vesicle experiences a field with

sufficient strength and duration to overcome viscous forces at short times, the

oblate-prolate transition will be visible.
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The tcrit timescale is compared with the crossover between oblate-prolate and

oblate-only behavior. If the entire membrane became perfectly conducting when

pores formed, there should only be oblate deformation because the membrane

capacitor is short-circuited. The observation of oblate only deformation indicates

that the pores are sufficiently large to short-circuit the membrane. Poration also

occurs during some of the oblate-prolate results, which indicates that the presence

of some pores may not result in enough conduction to alter the vesicle dynamics.

In this case, the capacitance of the membrane is intact and the charged part of

the membrane pulls the vesicle into a prolate shape. A critical field strength of

Ec = 1kV/cm, which corresponds to a Vc = 3V for a 20 micron vesicle, is used

to plot tcrit in Figure 5.19. Note that tcrit is determined from the transmembrane

potential at the pole of the vesicle where the critical transmembrane potential is

reached first. A stronger field is required to produce transmembrane conduction

over enough membrane area such that the vesicle will not return to prolate.

5.5 Conclusions

This chapter provides a quantitative comparison between theory and experiment for

the deformation of vesicles in DC fields. The capacitive charging of the membrane is

shown to regulate the shape evolution. A theoretical model is modified from previous

work to consider changes in the applied electric field strength [208, 177]. In addition,

a description of vesicle dynamics after the field is turned off is developed and shown

to agree with experiments. The shape evolution of vesicles in DC fields is also shown

to be sensitive to membrane properties, particularly membrane viscosity.

The behavior of vesicles made from two types of membranes are compared in DC
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pulses, DOPC lipid membranes and polymer (PS1) membranes. The values used to

fit DOPC membranes are within the range µmm = 0.1−0.3×10−8 Ns/m. These values

agree with previous measurements of lipid membrane viscosity [46]. The low value

for DOPC membrane viscosity makes the contribution to viscous resistance negligible

compared to the bulk viscosity. As a result, small changes in lipid membrane viscosity

will not dramatically change vesicle dynamics. In contrast, the polymer membrane

(PS1) vesicles have a much higher membrane viscosity, µmm = 30×10−8 Ns/m. This

results in a dominant contribution to viscous resistance and a much slower response

to the applied electric field compared with DOPC membranes. Like AC fields, DC

pulses can also be used to determining membrane viscosity, although a single weak

pulse is better suited as a measurement method compared to the two-step pulse

where there are rapid changes in vesicle shape.

The theory can be used to accurately describe the shape deformation in a two-step

pulse, which is used to produce an oblate-prolate deformation. A strong initial pulse

is needed to produce significant deformation before the membrane capacitor charges,

producing either oblate or prolate deformation depending on the conductivity ratio.

The step down in field strength is required to avoid membrane poration, which can

lead to conduction across the membrane and a short-circuiting of the membrane

capacitor. Without poration, the weaker field pulls the vesicle, now with a fully

charged membrane, into a prolate shape.

A new shape retraction due to the capacitive discharging of the membrane is

observed in experiments for vesicles with conductivity ratio R < 1 and described by

theory. The retraction is sensitive to the amount of charge stored by the membrane

capacitor. The amount of charge is greater if either membrane capacitance is higher

or the applied field is stronger. As with charging, the duration for the discharging

force is regulated by the membrane capacitor timescale, tmm. If this timescale is
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longer, the force during discharging will act over a longer period of time and lead to

greater retraction.

The behavior of vesicles in DC fields is well described by an electrohydrodynamic

model with a capacitive interface. The assumption of a non-conducting membrane

capacitor works well in weak fields, but the application of a strong field produces

membrane pores which can lead to conduction. This motivates the question: how do

membrane pores affect vesicle dynamics? The next chapter investigates this question

using the approach introduced here.

5.6 Future Directions

Effect of vesicle dynamics from ion channels

Ion channels are transmembrane proteins which are responsible for many cell

processes, such as signally and the regulation of cell functions [2]. For instance,

nerve cells open and close ion channels in order to transmit electric signals along the

cell [74]. GUVs with active proteins offer a simpler model than real cells to study

the activity of ion channels [119, 120, 60]. The effect of transmembrane current,

which can arise from the presence of ion channels, has been studied theoretically

[229, 230]. The effect of ion channels on vesicle dynamics may give insight into the

response of different types of ion channels in the presence of electric fields. The

dynamic response of the vesicle could be compared to the same model developed in

this chapter, but with the addition of a transmembrane current [208].

Wrinkling of polymer membrane
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The wrinkling of polymer vesicles was observed in strong DC pulses. The

wrinking is similar to the wrinkling behavior seen in DPPC gel phase vesicles [99].

DPPC vesicles are known to have shear elastic behavior that can induce wrinkling.

The polymer vesicles have recently been shown to have some shear elastic behavior

[100]. The viscoelastic behavior of polymer vesicles may also influence the polymer

vesicle behavior in flow. Investigating behaviors such as membrane wrinkling may

give insight into the rheology of polymer membranes and dynamics of polymer

vesicles.
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Chapter Six

Cylindrical deformation and

vesicle collapse in DC electric

pulses

6.1 Introduction

The transport of molecules across a cell membrane is required for developing medical

technologies such as gene transfection, where a series of electric pulses produce

transient pores in the cell membrane, allowing foreign DNA to be delivered into

the cell. The charging of the membrane capacitor produces a compressive stress on

the membrane which leads to the formation of pores. It has also been shown that a

conducting membrane becomes unstable in an electric field [183], although remains

poorly understood [56, 156].

During electroporation, a pore is formed in a cell membrane through the stress

created by a pulsed DC electric field [161]. Ideally, the pore will reseal after the

field is turned off and the cell will remain intact. An example of a pore forming and
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resealing after a pulsed electric field is shown in Figure 5.1(top). The dynamic process

of formation and resealing for an individual pore has been studied theoretically and

in experiments [95, 155]. The models have been shown to accurately describe the

dynamics of a single pore, which is created by a uniform tension, due to osmotic

pressure and micropipette aspiration [170].

Nonuniform tension and multiple pores have not been analyzed and hence the

process of pore formation is not well understood [155]. The poration of vesicles in

electric fields has been investigated for short DC pulses [161], and the process of pore

resealing has been studied after an applied pulse [155]. A vesicle in short strong DC

pulses was observed to adopt a cylindrical shape deformation [162]. The cylindrical

shapes were observed when salt was included in the suspending media, although a

conclusive explanation of the cylindrical deformation behavior was not determined.

An explanation for the collapsing and cylindrical deformations motivate the

study of vesicles in strong DC pulses. Membrane poration is proposed as the

underlying cause for both behaviors. GUV assembled from lipids or amphiphilic

block copolymers are used to study the effect of poration on vesicle dynamics.

Observations of membrane dynamics in a pulsed DC electric field are made using

phase contrast microscopy and recorded with a high speed camera [163, 161, 162].

The behavior of vesicles with conductivity ratio R < 1 are investigated in strong

fields, i.e. field strengths that produce transmembrane potentials above Vc, Eq.[5.13].

Field strengths similar to those used in previous studies are applied, although pulse

durations are extended beyond the 300µs pulses previously used [163, 161, 162]. The

evolution of the vesicle is studied for different values of field strength and membrane

composition.

Two dynamical features of poration are investigated in detail. Strong DC pulses
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are shown to produce vesicle collapse as seen in Figure 6.2. This behavior is related to

membrane poration and breakdown of the membrane structure under a large electric

stress. Additionally, membrane poration is shown to produce visible corners in the

membrane and result in the cylindrical deformation previously observed [162]. The

corner location, which measures the degree of squaring, correlates with the critical

transmembrane potential.

6.2 Vesicle collapse: observations

The same experimental procedure described in Chapter 5 is followed. A vesicle is

subjected to a single DC pulse and the deformation is recorded with a high speed

camera at 30,000 frames per second. In contrast to Chapter 5, the field strength is

increased to produce transmembrane voltages that exceed the critical transmembrane

potential, Vc. For conductivity ratios greater than one (R > 1), the vesicles deform

into prolate and pores form at the poles, as described in [161, 162]. Vesicles with

conductivity ratios less than one (R < 1) are observed to collapse rather than simply

opening pores.

Collapsing behavior is seen for both lipid and polymer membrane systems. Lipid

vesicles, which have a low poration threshold, collapse in lower field strengths. Lipid

vesicles also collapse faster due to their lower membrane viscosity. In contrast,

polymer vesicles collapse more slowly due to their higher membrane viscosity and at

a higher field strength. The character of the collapse also changes with field strength.

Examples of the different collapsing behavior are shown in Figures 6.1, 6.2, and 6.3.

Figure 6.1 shows vesicle collapse in a relatively weak field as the two regions
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around the poles of the vesicle come towards each other. At 0.4ms, the region near

the pole appears to have flattened, while the rest of the vesicle appears undisturbed.

A sharp edge is observed at the end of this flat region. The vesicle continues to

deform further until the two sides of the vesicle interact. After the vesicle has fully

collapsed, the vesicle can either be completely destroyed or it can reform. When

the vesicle is still intact, it can take about 1-10s to completely reform, see Figure

6.1. After the vesicle reforms, the phase contrast across the membrane is reduced as

a result of mixing between interior and exterior fluids. This process indicates that

the membrane pores do not grow large enough to break up the membrane, but the

membrane has become porous, allowing the exchange of fluid and molecules across

the membrane.

Figure 6.1: POPC vesicle in a E0 = 2kV/cm 2ms DC pulse. The vesicle fully collapses but is
able to reform into a vesicle. The phase contrast decreases after it reforms.

At an increased field strength, seen in Figure 6.2, the character of collapse

changes. An edge appears near the equator and the region appears to buckle. The

region near the equator is expelled away from the vesicle center as the top and

bottom hemispheres of the vesicle compress towards each other. The timescale for

collapse is much shorter in the strong field, the entire process occurs in less than

200µs compared to 1-4ms in the weak fields. The vesicle can also reform after the

strong field is turned off, as long as the pulse is turned off immediately after collapse.

If the field is left on for a long time after collapse, the vesicle was not observed to

reform.

Vesicle collapse is also observed for polymer membranes, although at stronger

field strengths than for lipid membranes. The initial deformation for polymer vesicles
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Figure 6.2: Examples of lipid vesicle collapse in a DC pulse. The vesicle radius is a = 18.4µm
and the applied DC electric pulse is E0 = 8kV/cm and duration 150µs.

is similar; the pole regions of the vesicle flatten producing a cylindrical deformation.

Although in the polymer case, the vesicle reaches a highly deformed shape and

remains in a similar shape before eventually collapsing. This period of pausing can

be seen from about 300− 600µs.

Figure 6.3: Polymer vesicle pausing between 266µs and 667µs (PS1 radius 18 µm) in E0 =
4kV/cm 5ms DC pulse.

The higher molecular weight systems, PS2 and PS3, require very strong fields

to produce collapsing, E0 > 6kV/cm. Just below this field strength, the vesicle can

deform and remain in oblate deformation. This indicate that the membrane has

porated, otherwise the fully charged state would result in prolate deformation, but

the fact that the vesicles do not collapse suggests that even though the membrane

has porated, the membrane structure is strong enough to balance the electric stress.

The higher molecular weight systems, PS2, PS3, and PS4, can also rotate before

collapsing. A sequence of rotation for a PS3 vesicle is shown in Figure 6.4. The vesicle

deforms, then rotates 3-4 times before eventually collapsing. This behavior appears
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to be similar to the rotation of polymer vesicles seen at intermediate values in AC

fields. The vesicles also translate in strong fields, which is likely due to gradients in

the electric field. As a result, the vesicle may leave the field of view before collapsing.

Figure 6.4: Rotation of a PS3 vesicle rotating in a 6 kV/cm DC field.

6.2.1 Rate of deformation

The influence of membrane poration can be investigated by recording vesicle

deformation before the vesicle collapses. Plots of deformation for POPC and PS1

systems are shown in Figure 6.5. Time is normalized by thd. The collapsing of the

different experiments indicates that the capacitive charging of the membrane does

not significantly influence the collapsing dynamics. The last point plotted is the last

image where the interface can be reliably detected.

The pausing behavior of polymer vesicles can be seen as a plateau in Figure

6.5(bottom). The length of time over which the pausing occurs varies, but usually

begins after t > 50thd and can stay in a similar shape until about 100− 200thd. The

rate of deformation is also slower than lipid vesicles. Lipid vesicles collapse within

20thd while polymer vesicles take ∼ 50thd to reach a paused state and then ∼ 200thd

to fully collapse.
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Figure 6.5: Deformation as a function for t/thd for POPC and polymer (PS1) vesicles. The rate
of deformation scales as E2

0

The rate of deformation for lipid and polymer systems are compared in Figure

6.6. The initial slope before pausing is taken for the polymer vesicles. The rate

of collapse is about 2-3 times faster for the lipid vesicles than PS1 vesicles. This

difference in rate can be explained by considering the viscous term in C20 given by

32 + 23Λ + 16Λs. Using the membrane viscosity values determined from Chapters

4 and 5, lipid membranes were found to have membrane viscosity values µmm ∼
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0.1 − 10 × 10−8Ns/m and PS1 was found to have µmm ∼ 30 × 10−8Ns/m. This

gives proportionally different values of Λs ∼ 0.1− 5 (lipid) and Λs ∼ 15 (PS1). The

magnitude of the viscous term for PS1 is about 2-3 times greater than POPC, which

explains the different rates of deformation seen in experiments.
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Figure 6.6: Deformation as a function for t/thd for lipid and polymer vesicles. The rate of
deformation scales as E2

0

Two main features of the vesicle behavior are investigated in detail in the

following sections. First, the deformation parameter, defined by the ratio of the

two main axes, is compared to a theoretical model based on the theory developed

in Chapter 5, but is modified to include the effect of membrane poration. Second,

membrane poration is proposed as an explanation for the squaring behavior seen in

DC strong pulses. The location of the edge observed in experiments is compared to

the angle corresponding to a transmembrane potential exceeding Vc.
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6.2.2 Comparison with simple interfaces

The theoretical model considered is identical to Chapter 5 except that a purely

conducting rather than a capacitive membrane is considered. For a conducting

membrane, the vesicle will act similarly to a fluid drop, which lacks interfacial

capacitance. In the case of a drop, deformation will be oblate for R < 1 and

reach an equilibrium oblate shape when balanced by surface tension. In the case

of the vesicle, because the membrane has porated, the integrity of the membrane

is likely compromised. Once a pore has formed, the membrane area can no longer

be assumed as constant and the expression for tension Eq.[4.70] can no longer be

considered valid. The vesicle eventually collapses as the membrane is free to stretch

as the pores expand.

Once a pore nucleates, membrane tension acts to pull the pore open while

membrane viscosity resists the in plane motion. The evolution of pore radius can be

described by the timescale [95],

tpore ∼ µmm/σ. (6.1)

The typical values of membrane tension that induce poration are of the magnitude

σ ∼ 10−2N/m [9]. The values for membrane viscosity can vary significantly from

µmm ∼ 10−9Ns/m for lipids to µmm ∼ 10−6Ns/m for polymers. This implies that

the timescale for pore opening can vary from tpore ∼ .1− 100µs. Thus, the pore can

open quite quickly for lipid membranes once the critical field is reached, but might

require longer time for more viscous membranes. Note that this timescale is based

off the dynamics of an individual pore. If multiple pores nucleate in a region of the

membrane, the pores may release the tension quickly and remain small. In addition,
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conduction through the membrane will reduce the transmembrane potential in the

membrane regions surrounding the pore and therefore reduce the compressive stress

across the membrane capacitor. Therefore, the timescale tpore is likely only valid for

a short time when the membrane tension is still high.

The observations in Section 6.2 suggest that pores form when the transmembrane

potential exceeds the critical value, Vc, but do not expand to the point where they

are visible in phase contrast. The deformation, which occurs on thd ∼ 10−5s, is

likely slower than the time for pores to open and allows conduction. Although the

deformation may be faster than the time needed to grow beyond the nanometer

scale. Following this argument, a membrane composed of many pores will rapidly

lead to conduction across the membrane. In the limit of a perfectly conducting

membrane, i.e. no electric resistance across the membrane, the transmembrane

potential becomes zero, Vm = 0.

To investigate the influence of membrane pores theoretically, the entire membrane

is considered conducting. Two hypothesis for membrane tension are tested. First,

the membrane is assumed to obey the constant area constraint and remain intact

and incompressible. Second, the membrane tension, and the entire relaxation term,

is neglected. These two cases are plotted in Figure 6.7. A theoretical model can

only be considered a qualitative comparison due to the large deformations seen in

experiment.

In the limit of a conducting interface, the boundary conditions change to a

continuous potential field across the interface,

Φin − Φex = 0. (6.2)
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Electric current is conserved across the interface,

n · (λexEex)− n · (λinEin) = 0. (6.3)

As before, it is assumed that charges accumulate at the interface instantaneously.

This assumption is valid if tmw < thd. Even in strong fields with E0 ∼ 1− 5kV/cm,

the EHD timescale, thd ∼ 10−6s, is still slower the the Maxwell-Wagner polarization

time, tmw ∼ 10−7s.

In the limit of strong fields, the transmembrane potential will reach the critical

value before the membrane is fully charged. This is seen by comparing the timescales

tcrit and tmm. For a field E0 ∼ 1 − 5kV/cm, the timescale for critical field is tcrit <

0.1tmm. This shows that even before the membrane porates, the displacement current

through the membrane is significant due to membrane charging. This demonstrates

that the vesicle behaves as a drop before and after pores form in the membrane.

These assumptions lead to the boundary conditions, Eq.[6.2] and Eq.[6.3], which

are analogous to the boundary conditions for a drop with instantaneous charging.

The electric field is solved with these boundary conditions, which corresponds to the

same solution given in the Chapter 5 with Vm = 0. An alternative description is

to consider an interface with infinite capacitance, which implies that the membrane

will never fully charge. By setting Cm →∞, the forcing term C20 is easily modified

to reflect a simple fluid-fluid interface.

This analysis only changes the forcing term in the evolution equation. The
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expression simplifies to,

C20 = 36

√
π

5

(
(1 +R)2 − 4S

(32 + 23Λ + 16Λs)(2 +R)2

)
. (6.4)

This replaces the forcing term in the evolution equation derived in Chapter 5.

The equation is rewritten as,

δm
∂f20

∂t
= C20 − Ca−1

κ M2f20, . (6.5)

where,

Caκ =
a3εexE

2
0

κ
, and M2 =

24(6 + σ̃h)

32 + 23Λ + 16Λs

. (6.6)

Note that σ̃h = σha
2/κ is also a constant if C20 is constant with time. σh is

determined by Eq.[4.70], which assumes that the membrane area is conserved.

Without any dependence on time in C20, an explicit equation for f20 can be

determined,

f20 =
C20Caκ
M2

(
1− exp

[
− M2

Caκδm
t

])
. (6.7)

If the effect of membrane tension is neglected due to the effect of poration, the

solution for f20 simplifies further,

f20 =
C20

δm
t. (6.8)

In both expressions for f20, the rate of deformation will increase with field

strength and decrease with higher membrane viscosity, see Eq.[6.4]. The expression

that includes membrane tension, Eq.[6.7], will saturate at a value determined by

membrane tension. The expression without tension, Eq.[6.8], will continue to deform

indefinitely. Because this is a small deformation theory, this can only be considered
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valid within a limited range of deformation.

Three cases are considered in Figure 6.7 and compared to experiments for lipid

and polymer vesicles. The first uses the capacitance model derived in Chapter 5.

The second keeps the assumption of constant membrane area and uses the forcing

term for a porated membrane, Eq.[6.7]. The third neglects any restoring force of

membrane tension, this also is the limit of Ca ∼ ∞ where electric stresses greatly

outweigh restoring stresses from the membrane. The results in Figure 6.7 show that

the experiment most closely follows the model without membrane tension. This

indicates that the electric stress greatly exceeds the restoring stress from membrane

tension. The resistance to deformation results only from viscous dissipation, which

increases with higher membrane viscosity. This results in a slower response for

polymer vesicles in comparison with lipid vesicles.

The pausing exhibited by polymer vesicles may indicate a period where the

membrane is stretching and the membrane provides enough resistance through

tension to prevent immediate collapse. Although eventually the electric stress

destabilizes the membrane and causes vesicle collapse. The large deformations and

membrane stretching prevent a quantitative comparison, but deformation of the

polymer vesicles shows similarity to the conducting membrane with tension shown

in Figure 6.7.

The deformation before collapse is shown at three different field strengths for

lipid and polymer vesicles in Figure 6.8. The deformation is fit with Eq.[6.8] using

identical parameters for the lipid and polymer experiments, only vesicle size and

electric field strength are varied. The deformation for lipid vesicles before collapse

demonstrates the trend of faster collapse at higher field strengths. The largest

deviation from theory is seen at low field strengths where the experiment shows
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Figure 6.7: Collapse of a POPC vesicle (top) and Polymer-PS1 vesicle (bottom) in a single
DC pulse. The symbols are experimental data. The solid line corresponds to the model with
capacitance, the dashed line is the model of a highly conducting membrane, the dash-dot line is the
model with a conducting membrane and no membrane tension. The electric field is turned on at
t = 0 for a duration of 10ms. The strength of the field for both experiments is 3kV/cm. The POPC
vesicle is fit with σeq = 1 × 10−7N/m, µmm = 10 × 10−8Ns/m, Cm = 0.71µF/cm2, a = 15.2µm,
κ = 20kbT , σin = 5.0µS/cm, σex = 68µS/cm. The PS1 vesicle is fit with σeq = 1 × 10−7N/m,
µmm = 30 × 10−8Ns/m, Cm = 0.27µF/cm2, a = 13.4µm, κ = 30kbT ,σin = 5.0µS/cm,σex =
68µS/cm
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Figure 6.8: Collapse of a POPC (top) and polymer (PS1) (bottom) vesicles at different field
strengths. The lines show the results from the evolution equation Eq.[6.8] for different field
strengths. (left) The solid line corresponds 2 kV/cm, the dashed line is 3 kV/cm, the dash-dot line
is 4 kV/cm. The vesicle is fit with σeq = 1×10−7N/m membrane viscosity µmm = 10×10−8Ns/m,
a = 14.1, 15.2, 13.2µm. (right) The solid line corresponds 3 kV/cm, the dashed line is 5
kV/cm, the dash-dot line is 6 kV/cm. The PS1 vesicles are fit with σeq = 1 × 10−7N/m,
µmm = 10 × 10−8Ns/m, a = 13.7, 17.2, 12.9µm. The conductivities for both experiments are
σin = 5.0µS/cm, σex = 68µS/cm
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slower deformation than predicted. This may be a result of the membrane capacitor

needing a longer time to reach the critical transmembrane potential in weaker fields.

Until the membrane porates, the capacitor is still intact and the collapse is delayed.

The deformation of polymer vesicles before collapse shows fairly good agreement

until pausing, see Figure 6.8(bottom). The largest deviation is seen at the highest

field strength, where deformation is very fast and errors can result from the rapid

deformation.

The agreement with theory supports the assumption that the collapse is a result of

membrane poration. The experiments also suggest that the membrane pores remain

small while the vesicle deforms. This is likely due to the reduction in tension due

the disturbance in the field created by the pore. Although enough tension probably

remains to prevent resealing. Contribution to membrane tension from the systematic

deformation of the vesicle, σh, may also prevent the pore from resealing.

6.3 Cylindrical deformation from membrane

poration

As demonstrated in the previous section, membrane poration can significantly change

vesicle dynamics. Cylindrical deformation is apparent in the vesicle shape before

collapse in both lipid and polymer experiments, see Figure 6.2. The model described

in the previous section assumes that the entire membrane is conducting and the

transmembrane potential is zero over the entire vesicle. Although this assumption

appears to capture the ellipsoidal deformation and collapse of the vesicle, it is unlikely

that poration occurs at all locations on the vesicle. Rather, poration is likely to occur

only in regions of the vesicle where the transmembrane potential exceeds Vc.
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As seen in Eq.[5.26], the transmembrane potential, Vm, for a spherical capacitor

varies with position by cos(θ). As a result, for all field strengths where Vm(θ = 0) >

Vc, there will be a region around the poles where Vm > Vc and a region around the

equator where Vm < VC .

In the regions where the membrane has porated, the membrane capacitance has

been short circuited by a membrane conductance. A completely short-circuited

interface acts similarly to a fluid-fluid interface. In this case, the ratio of interior to

exterior charging timescales determines the net charging of the interface. For R < 1,

the forces are directed inward toward the center of vesicle while for R > 1, the forces

are reversed and are directed outward. Regions that have not porated remain as

a capacitor with zero conductance. In the case of vesicles with conductivity ratio

R < 1, poration causes the poles to be forced inwards, while the non-porated region

is forced outward once the membrane capacitor is charged. This effect is shown

graphically in Figure 6.9.

Figure 6.9: (left)Charges on a vesicle with porated regions at poles. (right) Deformation and
direction of forces for R < 1 with porated regions near poles.

The sensitivity of the capacitor charging timescale to the solution conductivities

may explain why cylindrical deformation is only seen in higher conductivity solutions
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[162]. If conductivities are high, the capacitor charges quickly and the difference

in electric stresses between the porated and non-porated regions occurs faster

than the vesicle can deform, tmm < thd. If the vesicle is in low conductivity

solutions, the vesicle interface charges slowly and it takes longer to reach the critical

transmembrane potential. The vesicle may deform quickly and as a result of the

slow charging, the transmembrane potential does not reach a critical value.

In order to quantify the effect, it is possible to determine the angular position

where Vm ∼ Vc. The transmembrane potential is set equal to Vc,

Vc =
3

2
(1− exp (−t/tmm)) aE0 cos(θ). (6.9)

The location on the vesicle where the membrane has porated is found by solving for

θ. This is denoted by a critical angle,

θc = arccos

(
2Vc

3 (1− exp (−t/tmm)) aE∞

)
. (6.10)

This expression is compared with experiments at different field strengths by

measuring the angular location of the edge in time. The results can be fit for different

values of Vc.

Note that this expression assumes the vesicle is a sphere and the field does not

change due to the porated regions. The rapid deformation may also invalidate the

assumption of zero Reynolds number. During collapse, the membrane is moving at

an approximate velocity of U ∼ 0.01− 0.1m/s. For a vesicle of radius a ∼ 10−5m in

water (ρ = 1000kg/m3, µ = 10−3Pa·s), Reynolds number is of the order Re ∼ 0.1−1.

The effect of inertia may alter the hydrodynamic response of the vesicles. Although

deformation, membrane poration, and high velocities will likely affect the position
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of θc, Eq.[6.10] provides a useful estimate for comparison with the edges seen in

experiments.

6.3.1 Experiment

The critical angle is measured at the edge observed in the experiment as shown

in Figure 6.10 using image processing software (imageJ). A central axis is drawn

through the vesicle collinear with the field direction. A second line is then drawn

from the central point of the axis (center of the vesicle) to the midpoint of the corner.

The other corners are measured in a similar manner to establish an error estimate

of ± 5 degrees. This error also reflects the limited resolution of the edge and slight

asymmetry in the vesicle shape.

0.3 ms0 ms

Ε

θc

1.0 ms 1.7 ms 3.0 ms2.3 ms
Figure 6.10: Sequence of deformation for in a E0 = 1kV/cm DC pulse. The angle of the edge is
measured from the field axis.

Measurements are taken on both lipid (DOPC) and polymer membranes.

Polymers of different molecular weights are utilized to observe the effect of membrane

thickness on corner formation. Adjusting the membrane thickness changes both the

membrane capacitance as well as the poration threshold [9]. The location of the

critical angle is measured in time for different pulse strengths. The duration of the

pulses is much longer than the capacitive charging timescale tmm and long enough

for corners to form. A pulse duration of 10 ms is used for most experiments. The

observations are made using a phase contrast microscope, Zeiss Axio Observer.A1

(Zeiss, Germany) with a 40x Ph2 objective. The images are recorded with a
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high speed camera (Photron SA1.1) at 30,000 frames per second. The media

conductivities are measured during preparation and the vesicle radius is determined

from the undeformed shape. The observations are compared to Eq.[6.10] using a

single value for the critical membrane voltage, Vc, for each membrane type.

The position of the edge is shown in Figure 6.11 at different field strengths using

DOPC vesicles. The data for the highest field strengths end because the vesicle either

collapses or moves out of view of the camera. This is usually a result of gradients in

the electric field, which can be significant in large fields [190].
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Figure 6.11: The location of θc compared t/tmm for DOPC vesicles. The data is fit for different
field strength values, but with the same parameters: Vc = 2.0V , λin = 5µS/cm, λex = 70µS/cm.

Comparison between experiment and theory shows agreement for a critical

transmembrane voltage of, Vc = 2.0V . Although the value of Vc is about twice

the value of found in previous measurements [161, 9], the agreement with Eq.[6.10]

supports the relation between membrane poration and the formation of edges.

Figures 6.12-6.15 show the measurements of θc for different polymer membranes.
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Figure 6.12: Critical angle measurements for polymer systems PS1. The critical angle progression
in time, scaled by the capacitor charging time t/tmm. The data is fit with one value of Vc for each
polymer, Vc=4.2. The systems all have conductivities λin = 5µS/cm, λex = 70µS/cm.
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Figure 6.13: Critical angle measurements for polymer systems PS2. The critical angle progression
in time, scaled by the capacitor charging time t/tmm. The data is fit with one value of Vc for each
polymer, Vc=6.5. The systems all have conductivities λin = 5µS/cm, λex = 70µS/cm.

θc increases with field strength in all experiments. The critical transmembrane

voltage increases with polymer molecular weight. With the exception of the highest
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Figure 6.14: Critical angle measurements for polymer systems PS3. The critical angle progression
in time, scaled by the capacitor charging time t/tmm. The data is fit with one value of Vc for each
polymer, Vc=7. The systems all have conductivities λin = 5µS/cm, λex = 70µS/cm.
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Figure 6.15: Critical angle measurements for polymer systems PS4. The critical angle progression
in time, scaled by the capacitor charging time t/tmm. The data is fit with one value of Vc for each
polymer, Vc=16. The systems all have conductivities λin = 5µS/cm, λex = 70µS/cm.

molecular weight polymer, the range of critical membrane potentials is within the

same range of critical transmembrane potentials, Vc ∼ 4 − 8V , seen in previous
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experiments for polymer vesicles [9].

The process of pore formation in polymer membranes may be more complicated

as a result of membrane compressibility. Although membrane compression was not

observed to influence the transition frequency in AC fields, the fields used in Chapter

4 were much weaker. If the membrane compresses, the change in thickness will alter

the membrane capacitance. The compression of the membrane will also absorb

stress rather than transfer the compression into tension. The weaker agreement

with Eq.[6.10] seen in high molecular weight polymers may be a result of membrane

compression.

The angular position of the edges gives a rough estimate for the critical

transmembrane voltage. With knowledge of the membrane capacitance and critical

transmembrane voltage, the lysis tension can be estimated using the Lippman

equation [116],

σlys =
1

2
CmV

2
c , (6.11)

which assumes that the other contribution to membrane tension, such as the isotropic

tension σh, is smaller than the compressive stress on the membrane capacitor.

Using the values for membrane capacitance determined in Chapter 4 and the

fitted values for Vc, the lysis tension is estimated with Eq.[6.11]. The value of Cm

for POPC is used as an estimate for DOPC membranes.

Previous measurements on the electromechanical limits of polymer membranes

have used micropipette aspiration to control tension and then apply an electric field

to produce membrane breakdown [9]. From the applied tension and transmembrane

voltage, they were able to determine values for critical transmembrane voltage and

lysis tension. Their approach was to apply a 60 µs DC pulse and then observe when
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Name Cm (µF/cm2) Vc (V ) σlys (N/m)
DOPC 0.710 2.0 0.017
PS1 0.270 4.2 0.024
PS2 0.227 6.5 0.048
PS3 0.172 7.0 0.042
PS4 0.066 16.0 0.084

Table 6.1: Values for membrane capacitance, critical transmembrane voltage, and lysis tension
estimated from the Eq.[6.11].

poration had occurred after the field is turned off, similar to the pore formation

shown in Figure 5.1. The pore cannot be observed during the pulse because a pore

will only nucleate during the pulse and then grow to an observable size after the field

has turned off. The values for critical voltage and lysis tension given in Table 6.1

are slightly higher than those found using this method [9]. For instance, previous

measurements of lipid membranes gives Vc ∼ 1.1V compared to Vc = 2.0V in Table

6.1. Despite the many complexities arising from vesicles in strong DC fields, the

similar range of values for Vc and σlys indicates that the formation of edges can be

attributed to membrane poration.

6.4 Conclusions

Membrane poration can dramatically change the dynamics of vesicles. Pores lead to

conduction across the membrane and change the electric stresses at the interface.

The breakdown of the membrane capacitor produces stresses that can lead to

vesicle collapse. The ellipsoidal deformation can be approximated by a conducting

membrane without membrane tension. Without tension, the forces opposing

deformation are limited to viscous resistance, which delays the rate of deformation

and can be significantly increased in the case of highly viscous membranes. The
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accuracy of the fit is surprising given the complexity seen in experiment.

The formation of corners exemplifies this complexity. The variation in

transmembrane potential, a consequence of the spherical geometry, leads to porated

regions near the vesicle poles and an intact region near the equation. The abrupt

change in electric stress resulting from the jump in poration explains the presence

of sharp edges seen in experiments. Although the critical transmembrane potential

appears to be higher than previously measured, this may be a result of a number of

complications including deformation, disturbances to the electric field, and the effect

of inertia. The process of pore formation and vesicle deformation resulting from an

applied electrical potential is a topic which requires further research.

6.5 Future Directions

Development of nano pores

Theoretical models for pore dynamics have focused primarily on individual pores.

The dynamics of pore formation under an electric stress remains a difficult problem

due to the gradients in stress and electrical conduction through the membrane. In

the case of a single pore, membrane tension pulls the pore open to a maximum size.

If there are many pores present, the tension may be quickly relieved by the opening

of many small pores. The lifetime and evolution of pores are likely to differ from the

case of an individual pore.

Improved imaging techniques may yield better information about pore evolution.

For instance, the pores may be visible from a view above the vesicle, in the direction

of the electric field. The transmission of material through small pores could also be
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visualized using fluorescent molecules.

Poration control with AC fields

Macro-pores are usually formed in electric fields using short and strong DC pulses

[155]. The timescale for resealing of a macro-pore has been shown to be dependent

on the membrane edge tension [95, 155]. It may be possible to adjust this timescale

by application of a weak AC electric field while the pore is resealing. The weak

electric field could create a slight tension on the membrane and delay pore closure.

The size of the pore could be tracked using methods similar to those previously

developed [155]. A longer pore closure time may lead to an enhance transmission

of material across the membrane. The efficacy of this method could be tested by

observing fluorescent molecules that only fluoresce after mixing with other reactants

inside the vesicle [165]. If the two reactants are separated in the interior and exterior

media, fluorescence would only occur when material had crossed the membrane.
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Chapter Seven

Membrane fluctuations in AC

electric fields

7.1 Introduction

Lipid membranes are soft and easily bent by thermal noise. Equilibrium shape

fluctuations of vesicle membranes are stable and can be observed using light

microscopy [145, 68]. Analysis of the fluctuations can be used to determine membrane

properties, specifically bending rigidity and membrane tension.

In the presence of electric fields, the fluctuations of the membrane will be modified

by the presence of charge. It is predicted that charge on the membrane surface will

increase bending rigidity and lower tension [230, 5]. The effective membrane property

values are described by a sum of the inherent values (in the absence of electric field)

and an electric contribution,

κeff = κ+ κel, σeff = σ + σel. (7.1)
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In the case of a lipid membrane, which is nearly incompressible, the compressive

stress from the transmembrane potential is transferred into tension. The repulsion

between charges adds resistance to change in membrane curvature. This resistance

leads to a higher effective bending rigidity of the interface. The presence of surface

charge gives rise to a diffuse layer of ions in the bulk surrounding the membrane. The

double layers affect both tension and bending rigidity of the membrane [230]. The

influence of the double layer on membrane tension comes from a compressive effect

similar to the internal field. The influence on bending is due to the finite thickness

of the double layers.

The effect of electric fields on membrane properties has been studied theoretically,

but experimental observations are limited [230]. An experiment that isolates the

influence of electric fields on membrane fluctuations is difficult because the electric

stresses usually lead to vesicle deformation. As discussed in Chapter 4, a systematic

deformation of the vesicle will alter membrane fluctuations. Previous experimental

work has studied the influence of electric fields on suspended planar membranes using

neutron scattering [108]. This study confirmed the increase in bending rigidity and

decreasing membrane tension in low conducting solutions. The effect of an electric

field on a vesicle membrane, which more closely represents a real cell, has not been

studied.

As discussed in Chapter 4, the transition from prolate to oblate in AC fields

occurs at a critical frequency, fc, for systems with R < 1. At the transition

frequency, the sum of forces on the vesicle cancel and the vesicle remains spherical.

This frequency is unique because the vesicle has a nonzero transmembrane voltage

as well as an effective net charge on the membrane surface. Because the vesicle

is a sphere, the excess membrane area remains in fluctuations, which can be

observed optically. These fluctuations can be recorded and analyzed using techniques
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previously developed [145, 127]. The presence of the electric field results in a

non-equilibrium system [208]. Accordingly, the temporal correlations of membrane

fluctuations are measured.

The classic model for membrane fluctuations is first introduced. The

experimental methods for measuring and analyzing membrane fluctuations are given.

The effect on bending rigidity and tension are shown at different field strengths.

7.2 Membrane fluctuations

The classic description of the relaxation of membrane fluctuations, driven by thermal

noise, depends on the ratio of membrane stresses to viscous dissipation into the bulk

fluids. A more complete model developed by Seifert and Langer (1994) included

dissipation within the membrane. This model is summarized in Appendix C. The

classical model for a membrane, first described by Brochard and Lennon (1975), is

summarized in this section [180].

The location of the membrane is described by height function, h(x, y, t), which

describes the height relative to a mean position. The fluid velocity field around the

membrane is described by the Stokes equation, which includes a point force term

K(r),

∇p− µ∇2u = K(r), (7.2)

where r is the location of the point force. The fluid is also assumed to be

incompressible,

∇ · u = 0. (7.3)
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These equations can be solved through a Fourier transformation,

uq =

∫
exp (−iq · r) v(r)bd3r, (7.4)

Kq =

∫
exp (−iq · r) K(r)d3r, (7.5)

and can be decomposed into components,

uq(z) = uqz(z)ẑ + uqq(z)q̂ + uqk(z)k̂, (7.6)

Kq(z) = Kqz(z)ẑ +Kqq(z)q̂ +Kqk(z)k̂, (7.7)

where q̂ is the unit vector parallel to the wave vector, q, k̂ is the in–plane vector,

which is perpendicular to q̂ and ẑ. The expression for the velocity and point force

components are inserted into Eq.[7.4] and Eq.[7.5]. An analysis of the coupling

between components shows that the normal displacements do not couple with

displacements in the transverse direction, k̂. A force density is assumed in the

directions ẑ and q̂,

Kqz(z) = δ(z) [Kqzẑ +Kqqq̂] . (7.8)

When this force density is inserted into Eq.[7.4] and Eq.[7.5], the forces acting in

the ẑ direction decouple from the in–plane components and as a result, the relation

between force and velocity becomes,

uqz(z = 0) =
1

4µq
Kqz. (7.9)

Analogous expression can be written for q in place of z. The force from the membrane

is found by the derivative of the membrane energy,

F0 =

∫ [κ
2

(2H − C0)
2 + σ

]
dA, (7.10)
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Kqz = −∂F0

∂hq
= −(κq4 + σq2)hq. (7.11)

It is assumed that the membrane position moves with the normal component of the

velocity field.

∂hq

∂t
= uqz(z = 0) (7.12)

Combining Eq.[7.12] with Eq.[7.11] and Eq.[7.9] yields an equation of motion that

describes the motion of the interface

∂hq

∂t
= −κq

3 + σq

4µ
hq. (7.13)

The solution of this equation of motion is given by,

hq(t) = hq(0) exp

[ −4µ

κq3 + σq
t

]
. (7.14)

This model assumes that viscous dissipation is limited to the bulk fluid. The

dissipation rate is given by the term in the exponential,

s1(q) =
−4µ

(κq3 + σq)
, (7.15)

where q is wavenumber. The tension affects the relaxation rates for low wave numbers

while bending rigidity primarily affects higher modes.

The final step of the analysis is to multiply Eq.[7.14] by h−q(t + ∆t) and then

average over the thermal fluctuations to obtain the autocorrelation function [180],

C(q,∆t) =< hq(t)h−q(t+ ∆t) >=
kBT

σq2 + κq4
exp (s1(q)∆t) . (7.16)

This equation will be used to analyze the membrane fluctuations measured in

experiment. However, a more useful form of the equation is found by normalizing
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with < hq(t)h−q(t)) > where ∆t = 0. This normalized expression is denoted by

Cnorm(∆t),

Cnorm(q,∆t) = exp

( −4µ

κq3 + σq
∆t

)
. (7.17)

This model assumes that dissipation is dominated by bulk viscosity. Seifert and

Langer (1994) accounted for viscous dissipation in the membrane and showed that

the mechanism for viscous dissipation, either membrane or bulk viscosity, varies with

wavenumber and system parameters [182]. The details of their model are given in

Appendix C. The purpose of developing the Seifert-Langer model is to verify that

the fluctuations observed in experiments dissipate energy only into the bulk fluid and

not by other mechanisms. Once this is assumed, the simplified Milner and Safran

(1987) approach can reliably be used [129].

The Seifert-Langer model provides wavenumber cutoffs that predict the

transitions between different dissipation mechanisms. For low wave numbers, q < q1,

viscous dissipation into the bulk is dominant.

q1 =
2µKa

b(κ+ 2Kad2
c)
, (7.18)

where Ka is the area expansion modulus, b is the intermonolar slip, and d is

the thickness of the hydrophobic core. For a lipid membrane, Ka ∼ 0.3N/m,

b ∼ 108Ns/m3, and dc ∼ 2.9nm. This results in a cutoff wavenumber around

q1 ∼ 20µm−1. This means that fluctuations of wavelength greater than about 50nm

will relax at a timescale related to dissipation into the bulk. This length scale is

below the resolution of the microscope, approximately 0.2 µm. As a result, only the

relaxation timescale related to bulk dissipation will be observable. The Seifert-Langer

model also predicts dissipation due to bilayer slip for q < q1. The slip results from
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differences in lipid density across the bilayer. This rate of dissipation is given by

s2 = Ka

2b
q2. A scaling analysis based on typical values for Ka, b, and q gives a value

for dissipation rates much faster than the bulk dissipation. More details are given in

Appendix C.

The dynamical correlation function has also been derived for a spherical geometry

[173, 129]. The expression for s1(q) differs in the case of a sphere, and is denoted by

ζ1,

ζ1(n) =

[
n(n+ 1)

µa3(2n+ 1)(2n2 + 2n− 1)

]
(n+ 2)(n− 1)[κ(n+ 1)n+ σa2], (7.19)

where n is the mode number and is related to the wavenumber by q ∼ n/a. This

expression is better suited for vesicles due to their spherical shape. Note that for large

wave numbers, Eq.[7.19] reduces to the expression for planar geometry, Eq.[7.15].

The normalized correlation function is given by,

Cnorm(n,∆t) = exp (−ζ1(n)∆t) . (7.20)

For q < q1, the dynamic height-height correlation function is given in terms

of the height above the mean position of the membrane, hq(t) [181, 228]. Through

observations of membrane fluctuation amplitudes at equilibrium, the bending rigidity

and tension can be determined using Eq.[7.16]. More recently, the normalized

temporal correlation function, Eq.[7.17], was used to measure bending rigidity and

tension [228].

With the addition of an electric field, it cannot be assumed that the membrane

is in thermal equilibrium [208]. The advantage of using the temporal correlations is
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it captures dynamic character of the membrane. The specific objective is to observe

how the electric field modifies ζ1(q), which can be used to determine renormalized

values for κ and σ. The frequency dependent deformation of a vesicle, discussed in

detail in Chapter 4, provides an opportunity to measure membrane fluctuations on

a spherical vesicle in an electric field. A valid measurement of ζ1(n) is possible by

observing fluctuations at the critical frequency, fc (Eq.[4.76]), where the vesicle is a

sphere and Eq.[7.16] is applicable.

7.3 Experimental procedure

DOPC vesicles are prepared according to the same procedure described in Chapter

4. The vesicles are grown in 200 mM aqueous sucrose solutions and then diluted

into osmotically matched glucose solution. The vesicles are observed using a phase

contrast microscope Axio Observer.A1 with 100x 1.2 NA oil immersion objective.

A Photron high speed camera records membrane fluctuations at 125 frames per

second (fps) and has a shutter speed of 1/5000 seconds [68]. The use of the faster

shutter reduces the influence of integration time errors which can create a blurred

image during recording [145]. 6000-8000 frames are recorded for each experiment,

approximately one minute of recording time. The membrane contour is found using

a sub-pixel resolution contour recognition software developed by [68].

An alternative method for determining the membrane contour was developed in

MATLAB based on the approach taken in [127]. This method takes the gradient

of pixel intensity along radial slices of the image. Then the positive gradient data,

corresponding to transition from low to high pixel intensity at the interface, is fit

using a Lorentzian function to determine the location of highest gradient. The fitted
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point is used as the initial guess for the fit on the adjacent slice. Both methods return

similar results and the software developed in [68] is used for purposes of speed.

The contour data for each frame is given in polar coordinates r(θ, t), where the

centroid is determined from the contour data [145]. The radial contour information

is converted into a height function, h(θ, t), defined as the deviation from a mean

position. The mean radius for each frame is averaged over the entire contour,

h(θ, t) = r(θ, t)− 〈r(t)〉θ , (7.21)

where 〈〉θ denotes average over θ. The mean radius is equivalent to the initial radius

of the vesicles 〈r〉θ = a. The height function is transformed into Fourier space,

hn(t) =
a

2π

∫ 2π

0

h(θ, t) exp(−inθ)dθ, (7.22)

where n is the mode number, which is related to wavenumber by n = aq. The height

function can be written in terms of either the mode number or wavenumber, but is

kept in terms of mode number for comparison with Eq.[7.20],

The height-height temporal correlation function is found by [145],

C(n,∆t) = 〈|h(n, t)||h(n, t+ ∆t)|〉t − 〈|h(n, t)|〉2t , (7.23)

where 〈〉t denote average over time. The temporal correlation function is normalized

by C(n,∆t = 0) to isolate the effect of the relaxation rates. The normalized function

is then compared to Eq.[7.20] for each mode number,

Cnorm(n,∆t) =
C(n,∆t)

C(n,∆t = 0)
. (7.24)
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The relaxation rates are determined as a function of mode number. This data

can be compared to the theoretical values for ζ1(n) and then fit for values of bending

and tension. A least squares method is used for both fitting procedures.

Although the measured relaxation rates are compared to a model for fluctuations

on a sphere, the lowest modes are influenced by the presence of the cover glass. The

glass dampens fluctuations and possibly give errant results. A lower concentration of

sugar solutions could be used, but the resolution of the contour suffers due to the loss

of phase contrast. A lower mode cutoff is used for the fitting procedure. The modes

which are not influenced by the glass are estimated to be n > 6− 8, which roughly

corresponds to a full wavelength over a π/4 angular slice of the vesicle surface.

The highest modes used for fitting is determined by the resolution of the

microscope. The resolution can be estimated by,

Resolution =
λl

2NA
(7.25)

where λl is the wavelength of light, and NA is the numerical aperture of the objective

(a 1.2 NA is used for the experiment). Assuming a mid-spectrum wavelength of light

at 550 nm, the resolution can be estimated to be about 230 nm. The resolution

of the camera also affects the ability to detect the membrane contour. The pixel

resolution of the camera is approximately the same length, ∼ 0.18µm/pixel. A

common measure to resolve a fluctuation wavelength is approximately 4-5 pixels

[145]. This gives a large wavenumber cutoff q ∼ 1µm−1, which corresponds to an

upper limit on mode number of around n = 20 for a 20µm vesicle. Larger vesicles

will have a larger number of modes that can be analyzed accurately. The range of

mode numbers used for most vesicles is within the range of n ∼ 6−18, because many

vesicles are slightly less than 20µm.
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As discussed in Chapter 4, the membrane capacitance leads to a frequency

dependent shape in AC fields. For a vesicle with conductivity ratio less than one,

a transition from prolate to oblate occurs at a critical frequency. At this transition

point, the vesicle is spherical due to a net canceling of the electric stresses. A set

of images recording membrane fluctuations is first taken in the absence of electric

fields. An AC field is then applied at the transition frequency, which is determined

by adjusting the frequency until the vesicle remains spherical. The field strength is

increased in increments of 1 kV/m from E0 = 1 − 5kV/m. A full set of 6000-8000

frames are recorded at each field strength.

Measurements at field strengths higher than 5 kV/cm are difficult due to

interactions between vesicles. The vesicles begin to attract each other in strong

fields resulting from interactions between the induced dipoles on the vesicles. The

vesicles will align in pearl chain formations and disrupt membrane fluctuations.

Measurements where vesicles come in contact with surrounding vesicles are discarded.

Vesicles have also been observed to lift off the cover glass when the field is applied

[190]. In order to compare vesicles with and without electric field, gravity should be

negligible in both cases. The criterion for determining the effect of gravity compared

to vesicle tension can be determined by the relation [79, 145]

∆ρga4/κ .
σa2

κ
. (7.26)

Solving this inequality for tension yields a value for tension where gravitational forces

will affect the fluctuations,

σ . ∆ρga2. (7.27)

Using 200 mM sugar solution the density difference is approximately ∆ρ ∼ 12kg/m3
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(Sucrose = 1009 kg/m3 and Glucose = 1021kg/m3). For typical values of radius

(a = 20µm), the effect of gravity will not be significant for tensions σ > 5×10−8N/m.

The effect of gravity will become more significant for larger vesicles. Thus, very large

(a > 20µm) and very deflated vesicles (σ . ×10−8N/m) are avoided.

7.4 Results
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Figure 7.1: Normalized correlation function for a DOPC vesicle. Average radius of the vesicle is
a=14.3 µm. The symbols represent experimental data calculated using Eq.[7.24] and the lines are
the fits of the data for each mode number using Eq.[7.20].

The procedure outlined in the previous section is used to measure the bending

rigidity and tension for DOPC vesicles with and without electric fields. The

correlation function determined from experiments using Eq.[7.24] is compared to

the exponential decay predicted by Eq.[7.20]. A comparison between theory and

experiment is shown in Figure 7.1 with and without an applied electric field. The
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results show fairly good agreement with the exponential decay predicted by Eq.[7.20].

As expected from Eq.[7.19], the relaxation rate at higher wavenumbers is faster. The

recording rate limits the number of points that can be used to fit the higher mode

numbers. An acquisition rate greater than 125 fps could be used, but this would

reduce the total amount of observation time due to the limit on frames that can be

recorded.

The fit for each mode using Eq.[7.20] is then plotted as a function of mode

number. An example is given in Figure 7.2. The errors associated with the

exponential fits are determined from a 90% confidence interval. The higher modes

have a larger error due to the fewer number of points available to fit. The fit appears

appropriate for the range of modes considered (n = 8− 18). The lack of agreement

for the lowest modes is likely due to the influence of the glass. The highest modes

still appear to follow the fitted expression, but the error begins to become large due

to the lack of temporal and spatial resolution.

The influence of the electric field on ζ1(n) is demonstrated in Figure 7.2. The

presence of electric field indicating an increase of the relaxation rate and a lower

tension. The slope from the lowest to highest modes is steeper in the presence of

electric field, which indicate a higher effective bending rigidity.

The fitting procedure shown in Figure 7.2 for the E0 = 0kV/cm is repeated for

the range of applied electric field strengths (1-5 kV/m). Figure 7.3 shows the bending

rigidity and tension determined from these fits for a set of experiments on one vesicle

at different field strengths. The change in bending rigidity and tension is plotted

for each field strength in Figure 7.3. The bending rigidity without electric field is

found to be about κ = 25 kBT , which is within the range of previous measurements

for DOPC, κ ∼ 20 − 25 kBT [68]. This confirms that the procedure can accurately
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Figure 7.2: Relaxation rates as a function of modes n. Theoretical curves show the effect of higher
bending rigidity (dashed) and lower tension (dotted). The relaxation rates for a 14.3 µm DOPC
vesicle with and without electric field are compared.

determine bending rigidity values.

The bending rigidity is observed to increase with field strength while the effective

tension decreases with electric field strength. The bending rigidity value at the

highest electric field strength (5 kV/m) is roughly twice the original bending rigidity.

The highest field strength decreases the tension to less than half the original value.

The largest contribution to the scatter seen in Figure 7.3 is likely a result of the

movement of vesicles due to nonuniformities in the electric field. This can make the

vesicle move out of focus, which leads to a decrease in contour resolution.

The effect of the electric field on membrane properties is likely to scale with

electric stress, which depends on electric field strength by Tel ∼ E2
0 . The curves

plotted in Figure 7.3 are effective membrane property values assuming the form
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Figure 7.3: Bending rigidity (top) and membrane tension (bottom) as a function of field
strength for one vesicle. The effective bending rigidity given by Eq.[7.1] is plotted for κel =
1.8[kBT/(kV/m)2]E2

0 , where E0 is the electric field in kV/m. The effective tension is plotted
for σel = −0.08× 10−7[N/m/(kV/m)2]E2

0 , where E0 is the electric field in kV/m.

given in Eq.[7.1] and that κel ∼ E2
0 and σel ∼ −E2

0 . The coefficients given in Figure

7.3 are estimates based on the magnitude of change seen in the results. Although the

change in membrane properties do not agree closely with the E2
0 scaling, the general

trends of increasing bending rigidity and decreasing tension are observable.

248



7.5 Conclusions

The frequency dependent shape in an AC electric field allows for the observation of

membrane fluctuations in electric fields. The observations confirm trends predicted in

theoretical models that show an increase in effective bending rigidity and a decrease

in effective tension. A quantitative comparison with theory is difficult due to the

use of AC fields and the spherical geometry of the vesicles. Theoretical models have

mainly addressed planar membranes in DC fields [230].

The spherical shape causes a variation in transmembrane potential with angular

position. This variation likely results in a gradient in effective membrane properties.

Because the membrane fluctuations are observed around the entire vesicle, there is a

spatial averaging of the fluctuations. Limiting the fluctuation analysis to the regions

near the poles may result in observing a more dramatic effect from the electric field.

The use of an AC field at the shape transition frequency, fc, allows the vesicle

to remain spherical. At the transition frequency, the interface has a nonzero

transmembrane potential as well as an effective net charge resulting from the

mismatch in charging timescales of the surrounding fluids. Both transmembrane

potential and effective net charge may explain the change in membrane properties.

The effect of net charge may be similar to that of membranes with fixed charges,

which have been shown to increase bending rigidity and lower tension[224, 110, 62,

153, 41]. Both effects are likely to decrease with salt concentration, which motivates

further investigation using this method.
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7.6 Future directions

Influence of salt

Measurements were only taken for vesicles with no salt in the interior solution and

low salt concentrations in the exterior. This was done in the hope of seeing the largest

influence on bending rigidity as predicted by theory. Comparing measurements at

different salt concentrations would demonstrate the influence of double layers and

surface charge. The amount of net surface charge, Q, related to conductivity ratio

by [208],

Q ∼ R− S
R + 2

. (7.28)

Low conductivity ratios, R << 1, will provide a maximum value of Q ∼ 1/2, while

R ∼ 1 will give smaller values for Q. Adjusting the conductivity ratio might isolate

the effect of net surface charge.

Polymer Membranes

The fluctuations of polymer membranes shows behavior indicative of two

relaxation rates, see Figure 7.4. This is likely due to dissipation within the

membrane, although further analysis is needed to identify the mechanism of

dissipation. The Seifert-Langer theory predicts dissipation within the membrane

arising from intermonolayer slip, although there may be other explanations for the

two exponential behavior such as the effect of membrane viscosity. Additionally, the

polymer membranes may have a nonzero shear elasticity. Future work work requires

comparisons with other theoretical models and additional observations for different

types of polymer membranes.
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Figure 7.4: Normalized correlation function for PEO-Pbd (0.6-b-1.2) membrane compared to
normalized Eq.[C.17]. The parameter for the fit are κ = 40kbT , σ = 0.3 × 10−7N/m, d = 2.5 ×
10−9m, Ka = 0.01N/m, b = 50× 108Ns/m3, µmm = 1× 10−6Ns/m
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Chapter Eight

Conclusion

The goal of this thesis was to describe complex behavior arising from interfacial

charging in electric fields. The electromechanical coupling at the interface drives

deformation in both drops and vesicles. In drops, the coupling between electric

charge, drop shape, and surface flow lead to nonlinear behavior. In vesicles, the

capacitive charging of the interface is shown to produce a frequency dependent

shape in AC fields that can be exploited to measure membrane capacitance. In

DC fields, the capacitive charging of the interface leads to an oblate-prolate shape

transition. The electric stress can also induce membrane pores, which causes

conduction through the interface leading to cylindrical deformations and vesicle

collapse. The interfacial charge also leads to changes to membrane fluctuations

which is observed in experiments.

A silicone oil drop immersed in castor oil is used to study the behavior of a

simple fluid-fluid interface in electric fields. The drop rotates due to an electric

torque created by the induced dipole interacting with the applied field. The

interfacial electric stresses also induce drop deformation and fluid flow. After fluid

rotation is induced, the drop adopts a steady tilted shape and constant fluid flow.

The main contribution of Chapter 3 is to show that the interaction between the

252



surface charge, drop shape, and fluid flow lead to nonlinear drop behavior, including

shape oscillations and chaotic tumbling. The character of the nonlinear behavior is

dependent on viscosity ratio. Low viscosity drops have easily deformable interfaces

leading to shape oscillations while high viscosity drops deform slowly and tumble.

The large deformations experienced during the unsteady shape behavior also lead to

drop breakup. A theoretical model is developed that includes the effect of ellipsoidal

shape and surface flow tangential to the interface. The model includes charge

convection arising from the surface flow, which produces behavior similar to that seen

in experiments and not captured by previous models. A number of future directions

arise from the present research for both theory and experiment. Improvements to

the theoretical model include the possibility for time–dependent shape deformations

and a more complete description of the fluid flow field. The study of surfactant-laden

interfaces, interactions between rotors, and new fluid systems in electric fields are

proposed as future directions for experiments.

While complexity arises in simple fluid-fluid interfaces from charge convection,

the capacitive charging due to the finite thickness of a bilayer membrane introduces

complexity for vesicles. The bilayer also produces membrane stresses that leads

to bending resistance and tension within the membrane, which alters the restoring

forces in comparison with drops. The fluid nature of the membranes produces viscous

dissipation within the membrane. Membrane capacitance leads to a frequency

dependent shape, where electric stresses change at a frequency comparable to the

membrane charging timescale. The primary focus in Chapter 4 is to demonstrate

a novel method for measuring membrane capacitance using a frequency dependent

shape transition in AC electric fields. Experimental result of vesicle shape change in

AC fields is compared to theory. The time–dependent shape evolution of a vesicle

after a field is turned on or off is shown to be sensitive to membrane viscosity.
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The potential application of these methods for determining membrane capacitance

and membrane viscosity may include measuring polymer membranes at different

temperatures and the capacitance of real cells.

With knowledge of membrane capacitance for different membrane systems,

the behavior of vesicles in DC pulses is investigated in Chapter 5. In DC

fields, the capacitive charging of the membrane leads to time–dependent stresses.

Theoretical models have predicted a transition from oblate to prolate shape as the

membrane capacitor charges. The fragility of the membrane leads to a timescale

for membrane poration not previously considered. Comparing this timescale to the

capacitive timescale and the characteristic deformation (EHD) timescale inspires

the development of a two-step pulse experiment capable of observing the oblate to

prolate transition without producing membrane pores. Similar to AC fields, the

shape evolution in DC pulses can be used to estimate membrane viscosity.

The cylindrical deformation and collapse of vesicles in strong DC fields is shown

to be related to membrane poration in Chapter 6. The deformation agrees with a

theoretical model for a conducting interface, indicating that electrical conduction

through pores short circuits the membrane capacitor. The electric stresses also

overcome the mechanical resistance of the membrane, leading to collapse. The rate

of deformation before collapse is inhibited by viscous resistance and is slower for

high viscosity membranes. Gradients in electric stress along the vesicle produce

poration only in the cap regions of the vesicle. The appearance of edges correlates

with the critical angle where the electric stress exceeds the mechanical limits of the

membrane. An estimate for the lysis tension can be made based on this angle for

lipid and polymer membranes. The influence of pores on vesicle dynamics in DC

pulses gives rise to many questions about the dynamics of pore formation under an

electric stress. A more complete understanding of pore formation may lead to more
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efficient methods of electroporation.

A method for investigating the effect of electric fields on membrane fluctuations,

based on the frequency dependent shape, is given in Chapter 6. Observations

of membrane fluctuations in the presence of electric fields have been limited to

planar membranes. Fluctuation analysis on spherical vesicles has been limited to

vesicles at equilibrium because electric fields deform vesicles and pull out membrane

fluctuations. Measurements of membrane fluctuations are taken at the oblate

to prolate transition frequency in AC fields where the vesicle is spherical. The

measurements show an increase in bending rigidity and decrease in tension. These

observations motivate a physical description of the effect of AC electric fields on

membrane fluctuations. Further experiments may also give insight into the effect of

transmembrane voltage and induced surface charge on membrane fluctuations.

In all the systems investigated in this thesis, the electromechanical coupling at

the interface drives the dynamics. The applied stresses are regulated by interfacial

charging, which produce a variety of behaviors that can be exploited to advance

technologies ranging from electrorheology to the manipulation of cells.
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Appendix A

Vesicle deformation in an external

field: general equations

A.1 Hydrodynamic stresses

The velocity field outside the vesicle is,

u−jm0 = 1
2
r−j(2− j + jr−2)yjm0 + 1

2
r−j [j(j + 1)]1/2 (1− r−2)yjm2, (A.1)

u−jm2 = 1
2
r−j(2− j)

(
j
j+1

)1/2

(1− r−2)yjm0 + 1
2
r−j(j + (2− j)r−2)yjm2. (A.2)

The velocity field inside the vesicle is,

u+
jm0 = 1

2
rj−1(−(j + 1) + (j + 3)r2)yjm0 + 1

2
rj−1 [j(j + 1)]1/2 (1− r2)yjm2, (A.3)

u+
jm2 = 1

2
rj−1(3 + j)

(
j+1
j

)1/2

(1− r2)yjm0 + 1
2
rj−1(j + 3− (j + 1)r2)yjm2.(A.4)
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These are associated with the stresses,

τhd,in
jm0 = (2j + 1)cjm0 − 3

(
j + 1

j

)1/2

cjm2, (A.5)

τhd,ex
jm0 = −(2j + 1)cjm0 + 3

(
j

j + 1

)1/2

cjm2, (A.6)

τhd,in
jm0 = 3

(
j

j + 1

)1/2

cjm0 −
4 + 3j + 2j2

j + 1
cjm2, (A.7)

τhd,ex
jm0 = −3

(
j

j + 1

)1/2

cjm0 −
3 + j + 2j2

j
cjm2. (A.8)

(A.9)

A.2 Membrane stresses

The bending stresses are given by,

τκjm2 = j(j + 1)(j − 1)(j + 2)fjm, τ
κ
jm0 = 0. (A.10)

The stresses due to membrane tension are given by,

τσjm2 = 2σjm + σh(j − 1)(j + 2)fjm, τ
σ
jm0 = −

√
j(j + 1)σjm. (A.11)

The surface viscous stresses have only in-plane contributions,

τµjm0 = −2
√
j(j + 1)Ksc202 + j(j + 1)Ksc200 + (−2 + j + j2)µsc200, (A.12)

τµjm2 = Ks(−4c202 + 2
√
j(j + 1)c200), (A.13)
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where Ks is a dilational viscosity, which does not come into effect for an

incompressible membrane. The surface elastic stresses are,

τ ηjm0 = K̄A

√
j(j + 1)(−djm2 +

√
j(j + 1)djm0) + η̄(j − 1)(j + 2)djm0, (A.14)

τ ηjm2 = K̄A(2djm2 −
√
j(j + 1)djm0), (A.15)

where K̄A is a dimensionless compression modulus K̄A = KA/(aεE
2
0), and η̄ is the

shear elastic modulus η̄ = η/(aεE2
0). These terms are zero for the vesicle model.

Isotropic Pressure

From the calculation of electric stress, an isotropic pressure term remains. The

term is given by

piso =
1

6

(
−1− 8Bex + 2B2

ex +B2
in

)
(A.16)

which has been multiplied by the Y00 coefficient 1/
√

4π. This term is absorbed by

the hydrostatic pressure and can be neglected.

A.3 Results

Only membrane bending, tension, and surface viscous stresses are considered.

Surface elastic stresses are ignored in this model. The tangential stress balance

is solved first, this determines the non-isotropic part of the membrane tension,

σjm = Caκ

[
−τ eljm0√
j(j + 1)

+ cjm2
2 + j + (j − 1)(Λ + 2(j + 2)Λs)

j(j + 1)

]
. (A.17)
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Using the expression for σjm in the normal stress balance, the normal surface

velocity coefficient can be solved for,

cjm2 = Cjm + Ca−1(Γ1 + σhΓ2)fjm (A.18)

and

Cjm =

√
j(j + 1)

d(Λ, j)

[
2τ el
jm0 +

√
j(j + 1)τ el

jm2

]
, (A.19)

Γ1 = −(j + 2)(j − 1)[j(j + 1)]2d(Λ, j)−1, (A.20)

Γ2 = −(j + 2)(j − 1)[j(j + 1)]d(Λ, j)−1, (A.21)

and

d(η, j) = (4 + 3j2 + 2j3) + (−5 + 3j2 + 2j3)Λ + 4(−2 + j + j2)Λs. (A.22)
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Appendix B

Higher order vesicle deformation

This appendix outlines an approach for calculating the excitation of higher order

shape modes resulting from disturbances in the electric field caused by ellipsoidal

deformation.

B.1 Physical model

The vesicle interface is described by an expansion in scalar spherical harmonics,

rs = a(1 + f(θ, φ)), (B.1)

where,

f(θ, φ) =
∞∑
j=2

j∑
m=−j

fjmYjm. (B.2)

The original electrostatic problem is solved for around a sphere. The potential can

be expanded,

Φ = Φ0(r, θ) + εΦ1(r, θ) +O(ε2), (B.3)
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where ε is a small parameter. Each potential must satisfy Laplace’s equation,

∇2Φ = ∇2Φ0(r, θ) + ε∇2Φ1(r, θ) +O(ε2) = 0, (B.4)

∇2Φ0(r, θ) = 0, (B.5)

∇2Φ1(r, θ) = 0. (B.6)

The solution to Φ0 satisfies the boundary conditions

Φex
0 = −E0

[
r +Bex

a3

r2

] 1∑
n=−1

e∞1nY1n, Φin
0 = −E0Binr

1∑
n=−1

e∞1nY1n, (B.7)

where,

Bex =
(1−R) +RV̄ (t)

R + 2
, Bin =

3− 2V̄ (t)

R + 2
, (B.8)

and,

V̄ (t) =
3

2

[
1− exp

(
− t

tm

)]
. (B.9)

The solution to Φ1 will satisfy zero potential at r = ∞ because this boundary

condition was satisfied by Φ0.

Φ1(r =∞, θ) = 0 (B.10)

and the boundary condition on the interface remains,

n · (λexEex) = n · (λinEin) = Cm
dVm
dt

(B.11)

where Vm = Φex(r = 1, θ) − Φin(r = 1, θ). The boundary condition at the interface
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also includes an O(ε) contribution from Φ0 by expanding around r = 1,

Φ0(r, θ) = Φ0(r = 1, θ) + εf20
∂Φ0(r = 1, θ)

∂r
. (B.12)

The boundary condition becomes,

Cm
∂Vm

∂t
= n · (−λex∇Φex

1 − f20E0 cos(θ)(1− 2Bex)) , (B.13)

Cm
∂Vm

∂t
= n · (−λin∇Φin

1 − f20E0 cos(θ)Bin) . (B.14)

Because Φ1 must satisfy Laplace’s equation, the general solution for Φ1 remains,

Φ1 =
∞∑
n=0

(Anr
n +Bnr

−1−n)Bn (cos(θ)) . (B.15)

We can anticipate a solution up to order n = 3, the boundary conditions at r = ∞

and r = 0 reduce the problem to,

Φex
1 = A1rB1(cos(θ)) + A2r

2B2(cos(θ)) + A3r
3B3(cos(θ)), (B.16)

Φin
1 = B1/r

2B1(cos(θ)) +B2/r
3B2(cos(θ)) +B2/r

3B3(cos(θ)). (B.17)

Applying the first two terms in Eq.[B.11] provide an algebraic relationship

between An and Bn terms.

B1 = − 1

10

(
E0f20

√
5

π
((2Bex − 1) +BinR) + 5RA1

)
(B.18)

B2 = −2RA2

3
(B.19)
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B3 = − 3

40

(
E0f20

√
5

π
((2Bex − 1) +BinR) + 10RA3

)
(B.20)

Now balancing the other two terms in Eq.[B.11], a set of differential equations for

An are found by equating terms with the same angle dependence. They are solved

using the initial condition Vm(t = 0) = 0 and f20(t = 0) = 0.

A1 = −E0f20Bin√
5π

, A2 = 0, A3 = −E0f20Bin

2a2
√

5π
(B.21)

B1 = −E0a
3f20(1− 2Bex)

2
√

5π
, B2 = 0, B3 = −3E0a

5f20(1− 2Bex)

8
√

5π
(B.22)

B.2 Stresses

The stress on the vesicle due to Φ1 can be calculated using the Maxwell stress tensor,

Tel = εex

[
(r̂ · Eex)Eex −

1

2
Eex · Eexr̂

]
− εin

[
(r̂ · Ein)Ein −

1

2
Ein · Einr̂

]
. (B.23)

From this calculation, which involves recoupling of vector spherical harmonics,

there are terms proportional to j = 0, j = 2, j = 4, and j = 6, m = 0 for all terms.

The j = 4 terms will be important for describing square deformation, the lower terms

are higher order terms to the isotropic pressure and ellipsoidal deformation,

pel = E2
0f

2
20

−1576B2
in + 1157(1− 2Bex)2S

6160
√
π

, (B.24)
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τs = −E2
0f

2
20

212B2
in + 137(1− 2Bex)2S

308
√

5π
. (B.25)

When including Bin and Bex,

pel =
9 exp(−2t/tmm)E2

0f
2
20(−1576 + 1157R2S)

6160
√
π(R + 2)2

, (B.26)

τs = −9 exp(−2t/tmm)E2
0f

2
20(212 + 137R2S)

308
√

5π(R + 2)2
. (B.27)

The stresses are converted to spherical harmonics,

Tel =
2
√
π

3
pely202(θ, φ)− 32

√
π/5

3
τsy200(θ, φ). (B.28)

The forcing term for C40 is solved using,

Cjm = −
√
j(j + 1)

d(Λ, j)

[
2τ el
jm0 +

√
j(j + 1)τ el

jm2

]
, (B.29)

which can now be included in the evolution equation for f40,

C40 = −4(5τ eljm2 −
√

5τ eljm0)

9(20 + 19η + 8ηs)
. (B.30)

The overall evolution equation is given by

∂f40

∂t
= C40 − Ca−1

κ

40(20 + σ̃h)f40

20 + 19Λ + 8Λs

. (B.31)
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Appendix C

Membrane fluctuations

C.1 Seifert-Langer theory

The following section summarizes the model for fluctuations of a planar membrane

developed by Seifert and Langer (1993).

The lipid membrane immersed in a fluid that obeys the Stokes equation and is

considered incompressible

∇p− η∇2v = K(r) , ∇ · v = 0, (C.1)

where K(r) is a point force.

The equations can be solved by first taking the Fourier transform of both

variables, v and K, ∫
exp(−ik · r)v(r)dx, (C.2)∫
exp(−ik · r)K(r)dx. (C.3)
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The solution after taking the variable transforms is,

v =
1

ηk2

(
δij −

kikj
k2

)
Kkj (C.4)

The force density for small deformations can be approximated by,

Kqz(z) = δ(z)[Kqzẑ + Kqqq̂], (C.5)

where q̂ is the unit vector parallel to the wave vector, q, k̂ is the in–plane vector,

which is perpendicular to q̂ and ẑ. This gives the relation between velocity and force

density for displacement z,

vqz =
1

4ηq
Kqz (C.6)

and the same for q in place of z.

A description of the normal bending force must be derived. This is done by

taking the derivative of a membrane energy F , which is given by

F =
1

2
(hq, ρq, ρq)


κ̃q4 + σq2 −2kdq2 0

−2kdq2 2k 0

0 0 2k




hq

ρq

ρq

 , (C.7)

where κ̃ = κ+ 2d2k.

If one first considers the height of the bilayer, the force is given by,

Kqz = − ∂F
∂hq

= −[κ̃q4hq − 2kdq2ρq]. (C.8)

Including this equation in Eq.[C.6] and writing vq = ∂hq/∂t, the equation of motion
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becomes,

∂hq
∂t

= −Γ(q)[κ̃q4hq − 2kdq2ρq] (C.9)

. This equation includes the local density difference ρ, and therefore another equation

must be developed to determine ρ. This is accomplished by considering the in-plane

force balance for each monolayer,

− ∇̃σ± +−T±xz ∓ b(ṽ+ − ṽ−) + µ∇̃ṽ± = 0 (C.10)

At small values, the local density difference is related to the membrane velocity

by

∂ρ±

∂t
= −∇̃ · ṽ± (C.11)

A no-slip boundary between the membrane and the surrounding fluid is assumed.

An equation of motion for the upper and lower densities is found by inserting the

continuity equation into Eq.[C.10]. The difference between the upper and lower layers

is found by subtracting the two equations. A Fourier transform gives the equation

in the same form as Eq.[C.6], which includes information of mean position and lipid

density,

∂

∂t

 hq

ρq

 = −Γ(q)E(q)

 hq

ρq

 (C.12)

where Γ(q) is the matrix of kinetic coefficients,

Γ(q) =

 1/4ηq 0

0 q2

2(2b+2ηq+µq2)

 (C.13)

and E(q) is defined by Seifert as the ’energy matrix’, because it gives the total energy
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of the bilayer membrane when it is integrated over all modes, q, E(q) is given by,

Eq =

 κ̃q4 + σq2 −2kdq2

−2kdq2 2k

 (C.14)

The eigenvalues of the matrix Γ(q)E(q) give two timescales, γ1 and γ2. γ1 has three

different characteristic wavelengths, each with a different q dependence. When an

unbounded, zero tension, membrane is considered, two cutoff wavelengths are given

by q1 = 2ηk/bκ̃ and q2 =
√

2b/µ.

γ1 =


κ
4η
q3 q � q1

k
2b
κ
κ̃
q2 q1 � q � q2

k
µ
κ
κ̃

q2 � q

, γ2 =


k
2b
q2 q � q1

κ̃
4η
q3 q1 � q

. (C.15)

The solution to Eq.[C.12] for the height and density function is given by

exponential functions,

 hq(t)

ρq(t)

 = exp(−Γ(q)E(q)t)

 hq(0)

ρq(0)

 . (C.16)

The quantity of interest, which is measurable with experiments, is the

height-height correlations. The general expression is,

〈hq(t)h−q(0)〉 =
kbT

κq4 + σq2
(A1(q) exp(−γ1(q)t) + A2(q) exp(−γ2(q)t)) , (C.17)
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where,

A1(q) =
γ2(q)− (κq3 + σq)/4η

γ2(q)− γ1(q)
, A2(q) = 1− A1(q). (C.18)

C.2 Values of material properties

The material properties of various bilayer membranes have been studied and can

be used to plot diagrams of γ1 and γ2 versus q. The material properties for

representative systems are given in the table below. The parameters include

elastic stretching modulus Ka, hydrophobic core thickness d, bending rigidity, κ,

intermonolayer friction, b, membrane viscosity µs.

Membrane Type κ 10−20 J Ka (N/m) b(Ns/m3)(108) µs(Ns/m) Source
PEO-Pbd 16.9 .1-.470 1-2 1-4x10−61 2), 5),
SM:Chol (60:40) 30-55.6 2-3 ∼12 ∼10x10−6 1), 3),4)
POPC 15.5 .2 ∼2 300x10−6 5)
DOPC 10 .3 .1-1 .005x10−6 3), 5)

Table C.1: Material values for various membrane types. Citations: 1) [68], 2) [48], 3) [160], 4)
[57], 5) [136]

These values can be used to estimate the order of magnitudes for the cutoff

wavelengths and relaxation rates.

Membrane Type q1 1/µm q2 1/µm
PEO-Pbd 0.6 7
SM:Chol (60:40) 0.3 15
POPC 2.13 1.15
DOPC 23.5 89.4

Table C.2: Cutoff wave vectors for different membranes.
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Membrane Type γ1 (q � q1)1/s γ1 (q1 � q � q2)1/s γ1 (q2 � q)1/s
PEO-Pbd 4 x 10−17q3 2.5 x 10−11q2 1254
SM:Chol (60:40) 7.5 x 10−17q3 2.3 x 10−11q2 5535
POPC 3.875 x 10−17q3 8.25 x 10−11q2 110
DOPC .25 x 10−17q3 5.8 x 10−10q2 4.7 x 106

Table C.3: Wave vector dependence for γ1 for various membrane types

Membrane Type γ2 (q � q1)1/s γ2 (q1 � q)1/s
PEO-Pbd 5x10−10q2 8.4 x 10−16q3

SM:Chol (60:40) 8.3x10−11q2 2.7 x 10−16q3

POPC 5x10−10q2 2.3 x 10−16q3

DOPC 7.5x10−9q2 3.2x 10−16q3

Table C.4: Wave vector dependence for γ2 for various membrane types
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C.3 Relaxation rates: dependence on membrane

properties

The following are estimates of the two membrane relaxation rates γ1, γ2 vs.

wavevector q using the material values given in Table 1. The red line indicates

q1, the blue line indicates q2. The shaded box is an estimate for the regime that

can be observed using fluctuation analysis, i.e. optical microscopy, for a vesicle with

radius, Rves∼ 20 µm. This gives q=n/Rves where n ∼ 2-10. A higher value for n

is attainable for larger radius vesicles, although the accessible wavenumbers in the

experiment are limited by resolution.

Increasing intermonolayer slip shifts both cutoff wave vectors, see Figure C.1.

The first crossover wave vector is shifted lower because q1 ∼ 1/b while the second

crossover wave vector shifts higher, q2 ∼
√
b. For q < q1 the second relaxation rate

γ2 is decreased as γ2 ∼ 1/b while the first relaxation rate is unaffected. In the range

q1 < q < q2, the first relaxation rate γ1 is also decreased as γ1 ∼ 1/b.
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Figure C.1: The effect of intermonolayer slip, b, on the relaxation times γ1 and γ2 for a tensionless
membrane. The solid line shows data with κ = 20kbT , σ = 0N/m, d = 1.5×10−9m, Ka = 0.4N/m,
µs = 10 × 10−9Ns/m,b = 1 × 108Ns/m3. The dashed line shows relaxation rates for identical
parameters except for b = 10× 108Ns/m3.
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An increase in membrane thickness, d, shifts the first cutoff wave vectors q1, see

Figure C.2. The first crossover wave vector is shifted through a change in κ̃ because

q1 ∼ 1/κ̃ ∼ 1/d2. The second crossover wave vector is unaffected. For q < q1, both

timescales are unchanged. In the range q1 < q the first relaxation rate γ1 is also

decreased as γ1 ∼ 1/κ̃ ∼ 1/d2.
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Figure C.2: The effect of membrane thickness, d, on the relaxation times γ1 and γ2 for a tensionless
membrane. The solid line shows data with κ = 20kbT , σ = 0N/m, d = 1.5×10−9m, Ka = 0.4N/m,
µs = 10 × 10−9Ns/m, b = 1 × 108Ns/m3. The dashed line shows relaxation rates for identical
parameters except for d = 2.5× 108Ns/m3.
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Figure C.3: The effect of membrane stretching modulus, Ka, on the relaxation times γ1 and γ2 for
a tensionless membrane. The solid line shows data with κ = 20kbT , σ = 0N/m, d = 1.5× 10−9m,
Ka = 0.4N/m, µs = 10× 10−9Ns/m, b = 1× 108Ns/m3. The dashed line shows relaxation rates
for identical parameters except for Ka = 0.04N/m.

An increase in membrane stretching modulus, k, shifts the first cutoff wave
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vectors q1, see Figure C.3. The first crossover wave vector is shifted as q1 ∼ k. The

second crossover wave vector is unaffected. For q < q1, only the second timescale γ2

is increased linearly, γ2 ∼ k. In the range q1 > q the first relaxation rate γ1 is not

significantly affected if d2k > κ, in this limit γ1 ∼ k/κ̃ ∼ k/k.
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Figure C.4: The effect of membrane bending rigidity, κ, on the relaxation times γ1 and γ2 for a
tensionless membrane. The solid lines show data with κ = 20kbT , σ = 0N/m, d = 1.5 × 10−9m,
Ka = 0.4N/m, µs = 10× 10−9Ns/m, b = 1× 108Ns/m3. The dashed lines shows relaxation rates
for identical parameters except for κ = 100kbT .

An increase in membrane stretching modulus, k, shifts the first cutoff wave

vectors q1, see Figure C.4. The first crossover wave vector is shifted as q1 ∼ k. The

second crossover wave vector is unaffected. For q < q1, only the second timescale γ2

is increased linearly, γ2 ∼ k. In the range q1 > q the first relaxation rate γ1 is not

significantly affected if d2k > κ, in this limit γ1 ∼ k/κ̃ ∼ k/k. Also in this limit,

γ2 ∼ k through κ̃ If d2k < κ then γ1 ∼ k.

An increase in membrane viscosity primarily affects the highest wave vectors, see

Figure C.5.
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Figure C.5: The effect of membrane viscosity, µ, on the relaxation times γ1 and γ2 for a tensionless
membrane. The solid lines show data with κ = 20kbT , σ = 0N/m, d = 1.5×10−9m, Ka = 0.4N/m,
µs = 10 × 10−9Ns/m, b = 1 × 108Ns/m3. The dashed lines shows relaxation rates for identical
parameters except for µs = 1× 10−6.
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The effect of tension, which primarily affects low wave vectors, is shown in Figure

C.6.
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Figure C.6: The effect of membrane tension, σ, on the relaxation times γ1 and γ2 for a tensionless
membrane. The solid lines show data with κ = 20kbT , σ = 0N/m, d = 1.5×10−9m, Ka = 0.4N/m,
µs = 10 × 10−9Ns/m, b = 1 × 108Ns/m3. The dashed lines shows relaxation rates for identical
parameters except for σ = 1× 10−7N/m.

The combined effect using the properties for polymer and lipid membranes with

and without tension is shown in Figures C.7 and C.8.
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Figure C.7: The effect of all parameters excluding tension, on the relaxation times γ1 and γ2 for
a tensionless membrane. The solid lines show data with κ = 20kbT , σ = 0N/m, d = 1.5× 10−9m,
Ka = 0.4N/m, µs = 10 × 10−9Ns/m, b = 1 × 108Ns/m3. The dashed lines shows relaxation
rates for identical parameters except for κ = 100kbT , σ = 0, d = 2.5 × 10−9m, Ka = 0.04N/m,
µs = 1× 10−6, b = 10× 108Ns/m3.
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Figure C.8: The effect of all parameters, including tension, on the relaxation times γ1 and γ2 for a
tensionless membrane. The solid lines show data for with κ = 20kbT , σ = 0N/m, d = 1.5×10−9m,
Ka = 0.4N/m, µs = 10× 10−9Ns/m, b = 1× 108Ns/m3. The dashed lines shows relaxation rates
for identical parameters except for κ = 100kbT , σ = 1×10−7N/m, d = 2.5×10−9m, Ka = 0.04N/m,
µs = 1× 10−6, b = 10× 108Ns/m3.
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