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for hyperbolic equations



Chapter 1

Introduction

We consider discontinuous Galerkin (DG) methods for solving hyperbolic equations

u + f(u), = g(x,t), (xz,t) € R x (0,77,
u(z,0) = ug(x), xr € R.

(1.1)

The DG method is a class of finite element methods using completely discontin-
uous piecewise polynomial space to represent as the numerical solutions and as the
test functions. The method, first introduced in 1973 by Reed and Hill [86], was gen-
eralized by Johnson and Pitkaranta to solve scalar linear hyperbolic equations with
LP-norm error estimates [64]. Subsequently, Cockburn et al. studied Runge-Kutta
discontinuous Galerkin (RKDG) methods for hyperbolic conservation laws in a series
of papers [35, 32, 33, 36]. As mentioned in [26], for linear hyperbolic equations, by
using piecewise polynomial of degree k, the DG approximation is (k + 3/2)-th order
superconvergent towards a particular projection of the exact solution. However, nu-
merical experiments demonstrate that a rate of convergence of k + 2. We will use a
dual argument to prove this property.

One application of the DG methods is to solve hyperbolic equations involving
o-functions. It is well known that generic solutions of hyperbolic equations are not

smooth. Discontinuities or even d-singularities may appear in the solutions. The



DG methods have been shown to be L2-stable for nonlinear hyperbolic equations
with L?-solutions which may contain discontinuities [60, 55]. In our work, we as-
sume that the initial condition wug, or the source term g(x,t), or the solution u(z,t)
to (1.1) contains d-singularities. Such problems appear often in applications, such
as pressureless Euler equatons, and are difficult to approximate numerically. Many
numerical techniques rely on modifications with smooth kernels which may smear
such singularities, leading to large errors in the approximation. On the other hand,
the DG methods are based on weak formulations and can be designed directly solve
such problems without modifications, leading to very accurate results. We will pro-
vide numerical examples to demonstrate this advantage. Moreover, we will give
rigorous error estimates for the DG methods on some linear problems involving 9-
singularities. As demonstrate that the DG approximations are high order accurate
under suitable negative-order norms. This makes possible extraction of supercon-
vergence solution by convolving the numerical solutions with suitable kernels. For
nonlinear models equations, we will apply boundary-preserving (BP) limiters and

prove the L!-stability of the schemes.



Chapter 2

Preliminaries

In this chapter, we consider the hyperbolic equation (1.1) on the interval [0, 27].

2.1 The DG scheme

First, we divide the computational domain Q = [0, 27] into N cells
OII% <3 <~-<JJN+%:27T,

and denote
I; = (xj_%,ijr%)

as the cells. h; = z; b1 T denotes the length of each cell. We also define

i=3
h = hmax = max; hj and hpi, = min; h; as the lengths of the largest and smallest
cells, respectively. We consider regular meshes, that is Apax < Ahpi, where A > 1 is
a constant during mesh refinement. Clearly, if A = 1, the mesh is uniform.

Next, we define

vh:{U:U|Ij epk(jj)vjzla 7N}



as the finite element space, where P*(I;) denotes the space of polynomials in I; of

degree at most k. We also define
Hy, ={¢: 9|1, € H'(L;), Vj}.

The DG scheme we consider is the following: find u;, € V},, such that for any v, € V},

((un)eyon); = (F (un), (0n)a); = Froavy s + Ffimavif s + (9, ), 0n);, (2.1)

where (w,v); = flj wvdzx, and v,:|j+% = vh(xjjr%) denotes the left limit of the function
Up at T 1. Likewise for v;". Moreover, the numerical flux f is a single valued function
defined at the cell interfaces and in general depends on the values of the numerical

solution uy, from both sides of the interfaces
1o = Flunloy, ) m(a,)).

In general, we use monotone fluxes.
For the linear case f(u) = u, we consider the upwind fluxes f= u;, . Then the

numerical scheme (2.1) can be written as

(e on); = (uns (1)) — w oy Lo + oo+ (g(@ ) o), (22)

= —((un)z, vn); — [unlvy [;-1 + (9(, 1), vp);, (2.3)

where [uh]j_% = uh(m;_%) - uh(mj__%) is the jump of uy, across z; 1. We use (2.2)

and (2.3) in Chapters 3 and 4 for the error estimates. Define

H;(un,vn) = (un, (Vn)a)j = uy vy |1 + up vyl (2.4)



such that the DG scheme can be written as

((un)e, Uh)j = Hj(uh, vn) + (9(x,1), Uh)j-

If we do not consider the source term (i.e. g(x,t) = 0), the scheme becomes

((un)e, vn); = Hj(un, vn). (2.5)

2.2 Norms

We now define some norms that we use throughout the thesis.
Denote ||ullo,;, as the standard L*-norm of u on cell I;. For any non-negative

natural number ¢, we also define the norm and seminorm of the Sobolev space H*(I;)

5 Y 1/2
} C fulas, = ‘
0.1,

For convenience, if ¢ = 0, the corresponding index will be omitted.

as
d‘u

d*u du
dat

(o7

[uller; = { >

0<a<t

0.1

We also define the L*°-norm and seminorm by

12
dxt

d“u

dz®

Y
OO,I]'

lullegos, = mex » Juleoor, = \

0<a<t 0,1

where ||u||s,1; is the standard L*-norm of u on cell I;. Clearly, the L*-norm is

stronger than the L?*norm, and in one cell I;, we have
1/2
lulls; < B ulloo.s;- (2.6)

Moreover, we define the norms on D = Ujcr/; for some index set I' as follows:

1/2
) - ulecen = max s,

lulle.p = (Z lu

jer



For convenience, if D = Q = [0, 27|, the corresponding index will be omitted.

Finally, the negative order Sobolev norm can be defined as

lil sy = sup dpU@O@dT
7 secgw N9llen

2.3 Properties of the finite element space

In this section, we study the basic properties of the finite element space. Let us start

with the classical inverse properties.

Lemma 2.3.1. Assume u € Vj,, then there exists a constant C' > 0 independent of

h and v such that

d*u

—| <Ch™© >1 2.7

|5 <cntptn, ozt 27)
- + ~1/2

> ([o5a] + s |) < nmul (28)

I]'ED

where D can be the single cell I; or the whole computational domain €.

Proof: The proof is trivial. We just use the fact that the norms in finite dimensional
spaces are equivalent. So we skip it here.

We define P;(p) as the (-th order L2-projection of p into Vj, such that
(Py(p),w); = (p,u); , Yue PL). (2.9)
In addition, if £ > 1, we can also define two Gauss-Radau projections P, and P_ as:

(Py(p),w); = (p,u); , Yue PTHL), and Py(p)(z] ) =pla] ), (2.10)

(P-(p),u); = (pu); . YuePTHL), and P_(p)(w),,,,) = plaj,, ) (2.11)

The projections P, and P_ are different from the exact collocation at different end



points of each cell.
For the projection P, which is either Py, P, or P_, we denote the error operator
by Pit = 1 — P, where I is the identity operator. By a scaling argument, we obtain

the following property [28].

Lemma 2.3.2. Suppose the function u(zx) € C*¥*1(I;), then there exists a positive

constant C independent of h and u, such that
||]P)iU||[J S Ch?+1|U|k+17[j and ||P,fu||oo71] S Chf+1|u|oo7k+1,[j. (212)

Moreover, one can also prove the following superconvergence property [5].

Lemma 2.3.3. Suppose u(x) € C*2(I;), and x; is one of the downwind-biased

Radau points in the cell I;, then
|(u = P_u)(z;)| < OB [ulki,001; (2.13)

However, if u is highly oscillatory or discontinuous, we cannot obtain any useful
estimate of ||Pifu|| by the two lemmas above. Therefore, we consider the following

estimate.

Lemma 2.3.4. Suppose u(x) is a bounded function, then
IPhulloo,r; < Clltllos,rys  and  [[Pyullos,r; < Clltllos,z;- (2.14)

Proof: For the simplicity of the presentation, we will only prove it for the P_

projection. We consider the projection on the reference cell ' = [—1, 1] and define a

/_11 v(s)sPds

It is not difficult to show this is indeed a norm. Since all norms in P* are equivalent,

special norm in P*(T) as

||rv|rr=max{\v<1>|,

:nggk—l}.



we have [[v]cr < Cl||v]|] for any v € P*¥(T). Therefore, for any bounded function
u7

[P —uljoor < Cll[P-ul[| = Clf[ul]] < Cllulloc,r-

This proves the assertion on the reference cell. The general case follows from a
standard scaling argument.

By using (2.6) and Lemma 2.3.4, we obtain
1/2 1/2
IPLullr, < hYP|Brullsor, < ChY )l -

Now, we consider the projection of functions depending not only on the spatial
variable z but also on the time variable t. Suppose u(x,t) is a function differentiable
and integrable with respect to t and assume t; and t, are two real values such that

t1 < ty. Then we have

By (w2, t)) = (Pyu(z,1)),, and P, ( /t:zu(a:,t)dt) _ /tz(]P’hu(as,t))dt. (2.15)

t1

As a result, we do not need to distinguish Pp(u¢(x,t)) and (Ppu(x,t));, and can

simply denote them as Ppu;.

2.4 Properties of the DG spatial discretization

In this subsection, we present some basic properties about the bilinear form H;
and the L2-stability condition [30]. We consider the linear case, namely (1.1) with
f(u) = u. The following lemma is given by Cockburn [30].

Lemma 2.4.1. Suppose uy, is the DG numerical solution which satisfies (2.5) in

each cell. By using the upwind flux, we have

||Uh(T)||2+/O Y [un(®)Fye dt < Jun(0)]I%. (2.16)

I<j<N
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Lemma 2.4.2. Suppose v, € Vi, and q(x) € H}., then the two Gauss-Radau projec-
tions satisfy

H;(PLg(z),vn) =0, and H;(v, Prg(z)) = 0. (2.17)

Proof: The proof is straight forward. So we skip it here.
If we define (up,vn) = 3 ;(un,vs); and H(p,q) = >_; H;(p,q), then

Lemma 2.4.3. Suppose p(z) € H} and vy, € V},, there holds
H(PLp(x),vn) =0, and H(vy,Pop(z)) = 0. (2.18)

Proof: The proof follows from Lemma 2.4.2 and the definition of ‘H. So we skip it.

2.5 The error equation

In this subsection, we also consider linear equation (i.e. f(u) = w in (1.1)) and
proceed to construct the error equations. From (2.2) and definition (2.4), we have
for any v, € V},

((un)e, vn)j = Hj(un, vn) + (9(z, 1), vn);.

Clearly, the exact solution u satisfies a similar equation

(e, vn)j = Hi(u, vp) + (g(x, 1), vp);.

Denote the error between the exact solution and the DG numerical solution to be

e(t) = u(t) — up(t). Then we have

(er,vp); = Hj(e,vp), for any vy, € Vj,.
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Following the usual treatment in finite element analysis, we divide the error into the

form e(t) = n(t) — £(t), where
n(t) =u(t) —P_u(t), and &(t) = up(t) — P_u(t).

From Lemma 2.4.2, we obtain the error equations of the DG scheme. Suppose v, € V},

then

(er,vn); = —H; (& vn)
= — (&, vne); + g_viﬂj—i-% - g_vl_ﬂj—% (2.19)

= (&ovon); + (€07, (2.20)

because of upwinding. Equations (2.19) and (2.20) are fundamental in our analysis
later.

Let us finish this section by proving the following lemma.

Lemma 2.5.1. Suppose & is the cell average of &, that is € = éj = hi f]- &dx in cell
I, forany j =1,--- ,N. Then we have

1§ = €llz; < Chyll&alls, < ChjlPreclis; < Chylledlls, (2.21)

Proof: The right inequality is trivial and the left one follows from the Poincaré
inequality. So we only need to prove the middle one.

Suppose @ is the Legendre polynomial of degree k in [-1,1] and define P =
(—1)*Q. Then P satisfies the following three properties:
(1) P is uniformly bounded: [|P| s -11] < 1;
(2) P evaluated at the left boundary is 1: P(—1) = 1;
(3) P is orthogonal to any polynomials with degree no greater than k—1: f_ll PRdx =
0 for any R(x) € P*1([-1,1]).
Define Pj(x) = P(Q(Zh;jxj)), then P; also satisfies the corresponding three properties
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in the cell ;. In (2.20), we take v, = & — aP;, where a = £}];_1/2 is a real number,

to obtain

l&al3, = (Prci, & — aPy),
< IPseallr, (Igells, + lall P l1,)
< IPsedlls, (&l +Ch; el hy )

J

< ClPreli1 NSl (2.22)

where the constant C' does not depend on j, h or u. Here, for the second step we

use the Cauchy-Schwarz inequality, for the third one we use (2.6) and (2.8), and the
last step is trivial. We finish the proof by dividing both sides of the above equation
by [[&allz,-



Chapter 3

Analysis of optimal
superconvergence for linear

hyperbolic equations

In this chapter, we study one-dimensional linear hyperbolic conservation laws

u + uy =0, (xz,t) € R x (0,71, (3.1)
u(z,0) = up(x), r € R,
where the initial datum wug is sufficiently smooth. We will consider both the peri-
odic boundary condition u(0,t) = u(2m,t) and the initial-boundary value problem
with u(0,t) = g(t). We use piecewise k-th degree polynomials to approximate the
solution in each cell and prove that, under suitable initial discretization, the rate of
convergence for the error between the DG solution and the exact solution is of order
(k + 2)-th at the downwind-biased Radau points. Moreover, we also prove order
(k 4 2)-th superconvergence of the cell averages as well as the error between the DG
solution and a particular type of projection of the exact solution.
In [116], Zhang and Shu gave explicitly formulae for the DG solution in the case

of piecewise linear functions for the linear convection equation on uniform meshes.

13



14

The leading error term is shown to be of a constant magnitude independent of time
t. This motivates the division of the numerical error into two parts, one being the
leading term and the other one being a superconvergent term.

In [5, 6], Adjerid et al. proved the (k + 2)-th order superconvergence of the
DG solutions at the downwind-biased Radau points for ordinary differential equa-
tions. Later, Adjerid and Weihart [7, 8] investigated the local DG error for multi-
dimensional first-order linear symmetric and symmetrizable hyperbolic systems. The
authors showed that the projection of the local DG error is also (k + 2)-th order su-
perconvergent at the downwind-biased Radau points by performing a local error
analysis on Cartesian meshes. The global superconvergence is given by numerical
experiments. In [7, 8], only initial-boundary value problems are considered, and the
local DG error estimate is valid for ¢ sufficiently large. Subsequently, Adjerid and
Baccouch [4] investigated the global convergence of the implicit residual-based a pos-
teriori error estimates, and proved that these estimates at a fixed time ¢ converge to
the true spatial error in the L? norm under mesh refinement. In [25], Cheng and Shu
proved (k + %)—th order superconvergence of the DG solution towards a particular
projection of the exact solution. The authors considered the case of piecewise linear
polynomials (k = 1) on uniform meshes with periodic boundary conditions for the
linear conservation laws. Later Cheng and Shu also proved the same (k + %)—th order
superconvergence when using piecewise k-th degree polynomials with arbitrary & on
arbitrary regular meshes in [26]. In [26] the authors considered both periodic bound-
ary conditions and initial-boundary value problems. However, the convergence rate
obtained in [26] is not optimal. Numerical tests showed that the error of the DG
solution towards the particular projection of the exact solution is (k + 2)-th order
accurate, even on highly non-uniform meshes, when a special initial discretization is
used. Recently, in [123] Zhong and Shu revisited the same problem and showed that
the error between the DG numerical solution and the exact solution is (k + 2)-th

order superconvergent at the downwind-biased Radau points and (2k + 1)-th order
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superconvergent at the downwind point in each cell on uniform meshes with periodic
boundary conditions for £ = 1, 2 and 3. The proofs in [25, 123] use Fourier analysis
and work only for uniform meshes and periodic boundary conditions. Moreover,
Fourier analysis is difficult to perform for higher polynomial degree k since it relies
explicitly on the structure of the algorithm matrices. In [26], a different framework
to prove the superconvergence results that does not rely on Fourier analysis is offered
and the results are valid for both periodic boundary conditions and initial-boundary
value problems. In this chapter, we improve upon the result in [26]. A new tech-
nique is adopted to obtain the optimal rate of superconvergence. The proof works
for arbitrary regular meshes and schemes of any order. Even though the proof is
given for the simple scalar equation (3.1), the same superconvergent results can be

obtained for one-dimensional linear systems using similar points.

3.1 Statement of the main result

Before proceeding to the main theorem, we first introduce a special initial discretiza-

tion. We wish to require
(up): =P_(u;) and ||P_u— up|q = O(R*?). (3.2)

Notice that the special projection P_ is used in the error estimates of the DG methods
to derive optimal L?-error bounds in the literature, e.g., in [118]. As in [26], we will
prove that the numerical solution is closer to this special projection of the exact
solution than to the exact solution itself. The exact way to discretize the initial data
to achieve the property (3.2) will be given in Section 3.2.1. We can now state our

main theorem.

Theorem 3.1.1. Let u(x,t) € C** be the exact solution of the linear hyperbolic
equation (3.1) and uy, be the numerical solution of the DG scheme (2.5). The finite

element space Vi, is made up of piecewise polynomials of degree k > 1 on regular



16

meshes, i.e. the ratio of the length of the largest cell to that of the smallest one is

bounded during mesh refinement. At time T there holds the following estimate

Jj=1

(% > M~ uh)(fvj)|2) < C(1+ TR |ulliss 0. (3:3)

where € is the computational domain, and x; is any one of the downwind-biased

Radau points in the cell I;. The constant C' does not depend on h, T' or u.

Remark 3.1.1. Theorem 3.1.1 is valid for both periodic boundary condition and

matial-boundary value problems.

Corollary 3.1.1. Suppose the conditions in the above theorem are satisfied, then we

have

[ ="unllr2@) < C(1+ T |lullrrag0, (3.4)
IP-u = unllr2) < C(1+ TR |luflsa0, (3.5)

where u — uy, denotes the cell average of u— uyp, and the constant C' does not depend

on h, T oru.

3.2 Proof of the main result

In this section, we first discuss how to discretize the initial datum, then prove the
main result, Theorem 3.1.1, and finally briefly discuss the application of the super-
convergence results. The proof can be divided into several steps. Briefly, by using
the triangle inequality, we separate |(u — up)(x;)| into two parts, |(u — P_u)(z;)|
and |£(z;)|. The superconvergence of the first term is given by Lemma 2.3.3 while
the second one is more difficult to deal with and we separate this process into two
steps. In the first step, we consider the estimates of e; and e;. In the second step,
we use a quadrature formula and consider the dual problem of (3.1). Besides the

main theorem, we also prove Corollary 3.1.1 in this section.
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3.2.1 The initial discretization

In this subsection we consider the suitable discretization of the initial datum. As
mentioned in Section 3.1, we would like to have the initial solution satisfy & = 0 and
1€]lq < Ch*H2 see (3.2). We start from the requirement & = 0 and check whether a
special numerical initial solution can be constructed which also satisfies the second
requirement ||¢|lq < ChF*2. Let us start from the following lemma. Taking v, = 1

in (2.19), we have

Lemma 3.2.1. fIv erder =0, V1<j5 <N if and only if fj;l s a constant which
J 3

does not depend on j.

Denote the constant mentioned in the previous lemma as S. Clearly, such a constant

gives us freedom to control |||z, as is shown in the following lemma.

Lemma 3.2.2. Suppose |le||;; < Chf+3/2, then S < C’hgﬁ'2 if and only if ||§][;, <
k+5/2
Ch; ™",

Proof: Suppose ||€]l;, < ChS™?, then by Lemma 2.3.1 we have S < ChE™2. On
the other hand, suppose S < C’h?”, then by Lemma 2.5.1

gj = @1% - (g_gj);r%
< S+Ch; e =&l
< S+Ch e,

< Oh;?*?.

Therefore,
1€l < NEll, + 1€ = &llr, < ChET2.

Remark 3.2.1. The condition |||, < Ch§+3/2 in Lemma 3.2.2 is true because we
require & = 0. Actually, we can show [|e;||;; < Chf“]u\kﬂ,[j. We will also use this

estimate of e; later.
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There is a straightforward corollary of the above lemma.

Corollary 3.2.1. Suppose the initial solution satisfies & = 0 and S < Ch¥*2, then
I€lle < CRM2.

Now let us proceed to construct the initial solution uy from & = 0.

Lemma 3.2.3. Suppose flj e, = 0, then &, is uniquely determined by Pre; in the cell
I.

ge

Proof: Let v;/|;_1 = 0 in equation (2.20), then we have

(Pres, vn)j = (§ay vn);- (3.6)

Since the equation is linear, we only need to prove uniqueness. That is, suppose

(Prer,vp); =0, V v, € Vj, and v,ﬂjf% = 0, then &, = 0. To prove this, let p(z) be

an arbitrary polynomial of degree no more than k£ and v, = p — p;r_l. Then
2

(Pket,p)j = (Pketyp - p;r_%)j = 0.

This implies that Pre; = 0. By Lemma 2.5.1, we obtain &, = 0.

Remark 3.2.2. The expression of u; can be obtained by the partial differential equa-
tion. Therefore it is not difficult to obtain Pre; from & = 0.

Now, the only thing left is to determine the value of the constant S = 5;_%. By
Corollary 3.2.1 we can simply take S = 0. However, such S does not satisfy the
conservation of mass. If we consider periodic boundary condition we can select a
special S such that fQ§ = 0. We first prove that such as S satisfies the property
S < COhF*2. Actually,

N

/Qédx - iéjhj =3 (5-€-8) b
j=1

j=1
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which yields
N

S0l =) (- 6);,1h (3.7)

Jj=1

Then we obtain

1/2
C
|Q| Z ledll s, 3/2 19 <Z h2k+5> [U|pt2,0 < \/Wh "2l jso0. (3.8)

In the first inequality in (3.8) we use Lemma 2.5.1 and (2.8). For the second inequal-
ity we use the Cauchy-Schwartz inequality and the estimate ||e||7, < Ch§“|u| k42,
obtained in Remark 3.2.1. The last inequality follows from the fact that > h; = |9
and h; < h.

Now we summarize how to implement the initial discretization. We divide the
process into the following steps:
1) Let & = 0, then compute the value of e; using the PDE.
2) Use Lemma 3.2.3 to find &,.
3) Compute £ — £ in each cell from &, and the fact that [ I (6 —&)dr =

5) Calculate £ from the expressions of S and &,.

(
(2)
(3)
(4) Express S by using (3.7) or simply by taking S = 0.
(5)
(6)

6) Recover up, =&+ P_u.
From the process mentioned above, we observe that the initial solution is uniquely

determined by the requirements & = 0 and fQ Edr =0 or { T =
2

3.2.2 Step 1

Now, we proceed to prove Theorem 3.1.1. The estimates of ||e;]|q and ||ex||q follow

from Lemma 2.3 in [26] with some minor changes. We skip the proofs and state the
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results in the following two equations:

lea(t)lle < CH* Hulpssg + CtE M ulirag, (3.9)

Het(t)HQ S Chk+1|u|k+gyg + Cthk+1‘u|k+37g. (310)
Therefore, by Lemma 2.5.1 we have
€ = €Il < CL+ )R 2 |ullpss0. (3.11)

Before proceeding to the optimal error estimates of ||£||q, we use a superconvergence
result to prove the optimal error estimate of ||| q-

Following [26], we can easily prove
lE@® e < L+ DR u]liis.0-
Since £ is a polynomial of degree at most k in each cell, we have
1€ low,r; < ORI, < ORI 0 < O+ R |ulliss 0.

Notice that the right hand side of the above equation does not depend on j. We can

therefore take the maximum on both sides to obtain
1€(t) loe2 < C(L 4 )R ullkis.0-
Finally, by Lemma 2.3.2, we obtain

le(®)llsc. < O+ R fulloc prs,0. (3.12)
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3.2.3 Step 2

Now, we proceed to estimate e(z;). By Lemma 2.3.3, only &(z;) is considered.
Denote the downwind-biased Radau points of the cell I; as xé, 0 <i<k Also

denote 1/J§ to be a polynomial of degree k in cell I;, such that

4 1 z,=2"
Pi(xe) = 7 (3.13)

0 @ # 7}
By the Gauss-Radau quadrature, we have & (asz) = %hj(f , 1/12), where the constant
w; is the weight of the quadrature at the i** downwind-biased Radau point on the
reference interval [—1,1]. Therefore, we only need to estimate (£,4%) for any 0 <
1 < k. Clearly, ||1/1;||OO < O, where the positive constant C does not depend on i, j
or h. Motivated by [34], we consider the dual problem of (3.1). For convenience, we
denote by C' a generic positive constant that does not depend on h, T or u, but may
depend on A. Recall that A is the ratio of the length of the largest cell to that of

the smallest one.

We begin by considering the solution to the dual problem:
(1) For the periodic boundary condition, find a function ¢ such that ¢'(-,) satisfies

Ll =0, (z,t) € R x (0,7,
Pz, T) = Yi(x), z € R, (3.14)
¢4(0,t) = ¢%(2m, 1), t €10,7].

(2) For the initial boundary value problem, find a function ¢} such that ¢}(-,t)

satisfies
;t+¢;x:0’ (ZE,t)ERX(O,T],
¢%(2,T) = ¥j(2), r e R, (3.15)
¢h(2m,t) =0, te[0,7).

For convenience, we drop the subscript 7 as well as the superscript ¢ and denote
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as 1% and ¢ as ¢. Following [34]

(e(T),0) = (e,6)(0) + / (e, 6)udt
= (e, 9)(0) +/0 [(er, @) + (e, ¢p)]dt. (3.16)

We apply P, to deal with the term (e;, ¢) + (e, ¢;), with the definition of the
projection given in (2.10). Recalling that e = n — £ where the notations of £ and 7

can be found in Section 2.5, we have

(Gt, Qb) + (67 ¢t> = (€t,Pi¢)) + (€t7P+¢) - (6, ¢a:)
- (eta Pi¢) + H(67 P+¢> - (777 ¢m) + (57 ¢x)
= (er,P10) = H(E,Pog) — (0, d0) + H(E, 9)

N

N Bl G s — €6

N
= (er,P10) = (,00) = Y €T [0),m1 + € ¢ [y — €01 4(3.17)

=2

where for the last equality we use Lemma 2.4.3.

For the periodic boundary condition, the above turns out to be

N

(61,0) + (e.60) = (et PEG) — (1.6,) = €716, ».

j=1

(3.18)

N|=

Integrating in ¢t and noticing the fact that

/oTjilg_[gb]j—; =0,
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since [qﬁ(t)]if% = 0 except for at most finitely many t, we have

/0[(6t,¢)+(e,¢t)]dt=/o (et,Pi¢)dt+/0 (1, ¢y )dt. (3.19)

For the initial boundary value problem, keeping in mind the fact that £ = 0, (3.17)
2

becomes
N
(e1,9) + (e,01) = (1, P1d) — (0, 62) = D€ [Bl,m1 + 607 [yan (3.20)
7j=2

Integrating the above equation in ¢, and noticing the fact that

since [gb(t)]if% = 0 except for at most finitely many ¢, and ¢_(t)|N+% = 0 when
t < T, we again obtain (3.19).
We use integration by parts on the second term of the right hand side of (3.19),

A(m@ﬂﬁﬂmWUU—m@WD—A(mﬁmt (3.21)

Plugging (3.21) into the second term on the right hand side of (3.19), then plugging
(3.19) into the right hand side of (3.16), we obtain

(eT).0) = (e.00) + [ (en PLo)dt + (n.0)(T) = (1.0)0) = [ (o)
Noticing that P_u — u;, = e — 7, we have

(P_u — up, )(T) = T + T + T,
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where

I = (P_u — wn, 6)(0),

T
= - [ @ o)
0

T
H?a_/ (e0, Pro)dt.
0

For the first term, notice the fact that at ¢ = 0, the support of ¢; is of length at
least hpin. Therefore, each cell contains at most [A] 4 1 such ¢;, where [A] denotes

the smallest integer no smaller than A. In Section 3.2.1 we obtained the estimate

1£(0) [l < CRF2|ulj 10, such that

N N
Z(H{)Q = Z(P_u — up, ¢;)*(0)
j=1 Jj=1

< Ch([AT+ DIl

< Ch2k+5’U|Z+Q,Q- (3-22)

The estimate of IT}

We proceed to estimate T}, = — fOT(]P’fut, ¢). For simplicity, only a periodic bound-
ary condition is considered. However the estimate of the initial-boundary value
problem can be obtained in exactly the same way. We extend our meshes onto
the whole real line periodically, so the domain under consideration in this and the
next subsections is R x [0, T]. Clearly, the characteristic line which passes through

(z;_1,T), denoted by l;,ist =2 +T —x, 1, 0 <t <T. We also assume that [;
2 2

J
and the cell boundary T 1 X [0,7] intersect at t = /. Denote the support of ¢ in
R x [0,T] as €, then the boundaries of the cells separate €2; into several pieces, as
shown in Figure 3.1. Denote Q) = Q;N1; x[0,T] and k; = min {i: Q7 is not empty}.

Also define A; = {k;, k;+1,---,j} to be the index set which contains the subscripts
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of all the nonempty pieces. Then we can easily realize the following properties:

(1) Q) = Usea, ¥ and |Aj| = j — k; + 1 < [ZA] + 1.

(2) Denote ﬁj = {i € A, is not a parallelogram}, then |Z]| < [A] 4+ 2 and
jeA,

(3) Among those which are not parallelograms, Qg is a triangle which lies in the
region R x [T — h,T], and by denoting (NZJ- = Uieﬁj\ng7 we have (NZJ- € R x [0, 2h].

(4) Suppose € is a parallelogram then the vertices are (z;_1,#), (z, 1,1 ), ([EH_%,tﬁ_l),

1503 ), (Tip 1, Ty i+1
j+1
and (xifé,tf ).

j+1
ti+1

Figure 3.1: The support of ¢: black polygons along the dashed line.

Now we can proceed to obtain the estimate

T ,
/0 (]P)_Ut, (b) = Z /QZ P~-u; ¢ dxdt.

1€EA;



26

Consider the parallelogram Qf . And noticing the fact

t

t{+1 i1 i1 i+1
/ (Pruy (™), 0) dt = | Pru, (1), / o dt
t{—o—l t{+1

— IEDJ_t jJrl’ d
<U(tz )/ij x)
= 0.

(3.23)
Then we have
tg+1
/ Ptu, ¢ dedy = / (Puy, ¢)dt
l [
tg+1 i1
_ / U PRu() — P, o)t
ti
th, t
:/ pt / w(r)dr | o | dt
tg#l tz#l
th, gt
_ / / (PLug(7), ¢) drdt
tg+1 tf“
< CR* ™|y 3,00.0- (3.24)

Now, we consider Qg and §~2j. By using the third property of the partition of the

support of €2;, we have

/ Py, ¢ dedt < CRF3|uliia00.0,
Q

J
J

and

/N PLu, ¢ dodt < Ch 3 |uliio.00.0-
Q;

Combining the above, we obtain

T
/ (PLuy, ¢) < Ch* 3 |ulira.000 + CTH 2 |uliis.000-
0
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The estimate of IT}

We still consider periodic boundary condition and follow the procedure in the pre-
vious section. However, there are two differences:

(1) The support of P+¢, denoted as T}, is different from €2;.

(2) We do not have the local estimates of [|ex||s; or |le||z,-

To deal with the first one, we define T/ = T; N I; x (0,T). Clearly T/ is a
rectangle covering € and can be written as T/ = I; x (to, t1), where t, = inf{t : 3z €
I st (z,t) € QY and t; = sup{t : Iz € I; s.t. (z,t) € Q/}. If Q7 is a parallelogram,
T7. then

then t, = 7' and ¢, = t/,, (see Figure 3.2). We also denote T, = Uiea, i 1i

T, = UiEAjTij. Moreover, it is not difficult to obtain Tj C I x (T' = h,T) and
fj C R x (0,2h). Consider T/ such that Q7 is a parallelogram. And notice that

)

y i*1
ti+l

Figure 3.2: The support of P, ¢: the black boxes along the dashed line.
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(7 IEDL o ¢dt>

t]+1

=
O( (), PL / z/wlx)

( (t]+1 ]P;L
I+

(3.25)
Then we have

t1
/ e; Prop dadt = / (e, Prop)dt
7 et

— /t‘i+1 (eu(t) — e (tIth), Pr¢) dt

Jj+1
@

I t
i+1 n
:/_ (/ ett()TP¢>
tj.+1 1
< Ch3/2/ |
gt

7

(3.26)
Observe that sup{t : (z,t) € T;} < 2h and inf{t : (z,t) € Tj} > T — h. Therefore

T
/ e PLo dudt < Ch1/2/ el dt,
T] _h

and

/~et P dadt < 0/ > ledllzhidt
T;

i€A;\j

_ Ohl/g /2h
0

Combining the above, we obtain the estimate

1/2

dt. (3.27)

Zegj\j

IT} < CTY + CTY + CT,
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where

T =n'? Y

iEA]‘\Aj @

T
s :h}ﬂ/ leall s dt,
T—h

1/2

2h

dt.

Iy = h'/? /
0 ieAj\j
As mentioned at the beginning, we do not have the local estimates of ||e;|| or |ley]|,
so we need to consider the summation with respect to j.
First, we consider I, Keeping in mind the fact that, for any ¢ € (0,7) and

1 <i < N, the information of ||e4(t)||;, is contained in at most [A] + 1 instances of

)

I}, we have

i<y 3 (/

= €A \A

<CTh3Z Z/ llewl|? dt

I=LieA\A; £
T
< OT([A] + DI / leall?dt
0

T
< OTh2k+5/ (lulpra.0 + tlulprian)’dt
0

< O (T uliys 0 + T ulisag) - (3.28)
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The second term is easy to deal with since
N . N T
S <Y on [ felar

T
=h{/ ledl2dt
T—h

T
< Ch2k+4/ ([ulrs2.0 + tluleyso)’dt
T—h

< OWP (|uf? g + T2uf} 5.0) dt. (3.29)

The third term is also not difficult. Notice that for fixed 4, fo% llet||s, is contained in

at most [A] + 1 instances of I}, we have

N

N 2h
12 < h? 2 dt
>_In < 0 el
j=1

J=1 i€A;\j
2h
s<mw+wﬁ/ﬁnm%ﬁ
0

2h
< Ch2k+4/ ([ulrso,0 + tulprso)dt
0

< O (|ulp i + PP uliysq) dt. (3.30)

Combining the above, we obtain

N N
DOIP <Y (P + T3P +T3P) < O+ TR lulf aq-
j=1 j=1
Remark 3.2.3. By the same method mentioned in this subsection, we can also derive
that
N .
Z L < CO+THA|ull} 40

j=1
Here the upper bound is of T? instead of T* since |0l and ||nw]|a do not grow in

time.
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3.2.4 Final estimate

Now we proceed to the final estimate of [£(z;)]|. We simply sum up all the previous

estimates and obtain

N N
DI )P <3 (TP + [T + [TH?)
j=1 j=1
< CR*H5 (|U|2+29 + (1 +T*)ullfag + AT+ TH[ullfs0)
< (1 + T Jul2, g0 (3.31)
Therefore,

N 2
=1

1 & 1
N Z [€(x5) = N Z
j=1 j
< Cr**(1 +T4)||u||i+4,9.

2
h_](€7 %)

By Lemma 2.3.3,
| N
2 =) (@) < CP*FH L+ Tl g0 (3.32)
j=1

This completes the proof of the main theorem.
Notice that, throughout the proof, we have not used any special property of .
Hence we can take 9 to be the indicator function of cell I;, which yields the estimate

of (3.4). Finally, (3.5) follows from (3.11) and (3.4).

3.2.5 Applications

In Section 3.2.2, we proved optimal error estimates in L* by using the superconver-
gence of & = up — P_u. This can be considered as an application of the supercon-
vergence result. Let us also briefly discuss some other applications. A notice is to

use the superconvergence of the cell averages to construct a new a posterior error
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indicator, in the same spirit as in [67] where the jump sizes at cell interfaces are
used as an a posterior error indicator. To expose this, we denote v as the numerical
solution instead of w; in this section and consider the cell I; only. Following the
superconvergence result, the cell average of the numerical solution v; is superclose
to that of the exact solution ;. If we construct another numerical cell average v;
which is not superconvergent, then the difference v; — 7; is a good a posterior error
indicator of the local error. We can construct v; in the following steps:

(1) Extend the polynomial numerical solution from the two neighboring cells, de-
noted by v;_; and v;41, to the cell [;.

(2) Compute the cell averages of v;_; and v,y in the cell I;, and denote them by
v;_1 and v;4; respectively.

(3) Define

7 =051+ (1— 0,

where 0 < § < 1. In general, the new cell average v; is only (k+1)-th order accurate.
(4) The a posterior computable quantity v; — 75 is asymptotically equal to the error
v; — u; and is therefore a good indicator of the local error.

Numerical evidence will be given in Section 3.3.

Based on the superconvergence of the downwind-biased Radau points, we can
construct another a posterior error indicator. We use v; and u; as the numerical and
exact solutions in cell I;, respectively. Denote xé-, 0 < i < k as the downwind-biased
Radau points and S = {xj_%,x?, e ,x?} Then we construct another numerical
approximation w; € P**1(I;) which interpolates v; at = € S. For convenience, if T €
S is located at the cell interface, v(Z) is denoted as the left limiter of the numerical
approximation. Therefore, we have w; (a:jt%) = vj,l(xji%) and w; (q:j;%) =, (q:j;%).
We define w(x) to be such a function such that for any j, w(z) agrees with w; in
cell I;. Obviously, w(z) is a continuous function. In (3.12), we mentioned that the

error between the numerical solution and the exact solution is not superconvergent.

If we can show that the new numerical approximation w; is superconvergent in the
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L*>-norm, the difference v; — w; is a good a posterior error indicator of the local

error. Let w; € P*"1(I;) be a polynomial thus interpolates u; at x € S. Clearly,
luj — @jlloo,r, < CREF2. (3.33)

On the other hand, for any & € S, Theorem 3.1.1 yields |v;(2) — u; ()| < Ch¥3/2,

Then we have |w;(#) — w;(%)] < Ch**3/2. Define a special norm in P*+1(I;) as

Jv]lg = rgfgﬂv(mﬂ}-

It is not difficult to show this is indeed a norm. Since all norms in P**! are equivalent,

we have |[v]|o,;, < Cllv||g for any v € PF+1(I;). Therefore,
[w; = @;loos, < Cllw; — @y]]g < CHF3/2,
By using (3.33), we have
[uj = wjllse.s; < CHFFH2,

which further yields

[u; — w;l|oe < CHFFH2,

3.3 Numerical tests

The purpose of this section is to verify our main result, Theorem 3.1.1 as well as
Corollary 3.1.1, and to present numerical evidence suggesting that the proved rate
of superconvergence is optimal. In most cases, we consider random meshes (that is,
each cell boundary point is randomly and independently perturbed from a uniform
mesh up to a given percentage) and use A to denote the ratio of the length of the

largest cell to that of the smallest one.



34

Example 3.1. We solve the following equation

U +u, =0
u(x7 O) = esin(x) . (334)
u(0,t) = u(2m,t)

The exact solution to this problem is
U(.Z', t) — esin(xft).

We use ninth order SSP Runge-Kutta discretization in time [46] and take At =
0.05hmi, to reduce the time error. Non-uniform meshes are obtained by randomly
and independently perturbing each node in a uniform mesh by up to 40%, and
the example is tested with both P! and P? polynomials. The error in Theorem
3.1.1 at different downwind-biased Radau points at ¢ = 1 on random meshes of N
cells are computed. In Table 3.1, we observe (2k + 1)-th order superconvergence at
the downwind point and (k + 2)-th order superconvergence at other Radau points.
The initial solution is obtained by exactly the same way as mentioned in Section
3.2.1. The downwind-biased Radau points on the interval [-1,1] are —1 and 1 for P*
polynomials, and are %6, %ﬁ and 1 for P? ones.

Table 3.2 shows the rate of convergence of the error £&. We observe that the order
is k + 2, indicating that the estimate in (3.5) is sharp.

Moreover, we also test the superconvergence for the cell average. Table 3.3 shows
the result for Example 3.1 by using the method mentioned in Section 3.2.1 as well
as with L2- and P_-projection for the initial discretization. From the table, we find
the convergent rates to be of order 2k + 1, k + % and at least k + 2, respectively, for
the three different ways of numerical initial discretization.

Now we follow the steps in Section 3.2.5 and construct the new numerical cell

average. Following the same notations, # is taken to be # = 1, i.e. we consider the
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Table 3.1: The error e at the Radau points for (3.34) when using P! and P? poly-

nomials.
1t Radau point | 2" Radau point | downwind point
Polynomial | N oz A error order error order error order
P! 50 0.202 6.056 | 1.86E-04 - 1.34E-04 -
100 0.111 6.169 | 3.76E-05 | 2.64 2.87E-05 | 2.55
200 | 5.408e-02 | 7.339 | 3.89E-06 | 3.17 2.92E-06 | 3.19
400 | 2.781e-02 | 6.956 | 4.90E-07 | 3.12 3.80E-07 | 3.07
P? 50 0.202 6.056 | 1.11E-06 - 1.09E-06 - 2.13E-07 -
100 0.111 6.169 | 1.70E-07 | 3.09 | 1.42E-07 | 3.37 | 1.78E-08 | 4.10
200 | 5.408e-02 | 7.339 | 1.03E-08 | 3.93 | 7.94E-09 | 4.04 | 4.28E-10 | 5.21
400 | 2.781e-02 | 6.956 | 7.74E-10 | 3.89 | 5.81E-10 | 3.93 | 1.37E-11 | 5.18

Table 3.2: The error ¢ for equation (3.34) when using P! and P? polynomials.

L? norm of &

P! Polynomial

P? Polynomial

N

hmax

A

L? error

order

L? error

order

20
100
200
400

0.202
0.111
5.408e-02
2.781e-02

6.056
6.169
7.339
6.956

4.09E-04
8.67E-05
8.84E-06
1.11E-06

2.56
3.19
3.12

1.85E-06
2.93E-07
1.70E-08
1.29E-19

3.05
3.99
3.88
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Table 3.3: The cell average of the error e for equation (3.34) when using P! and P2

polynomials.

L?-norm of the cell average of e

P! polynomial

P? polynomial

initial discretization | N Rmax

L? error | order

L? error

order

Up = P_wy 50 0.202
Joup —u)dz =0 | 100 | 0.111
200 | 5.408e-02
400 | 2.781e-02

L? projection 50 0.202
100 0.111
200 | 5.408e-02
400 | 2.781e-02

P_ projection 50 0.202
100 0.111
200 | 5.408e-02
400 | 2.781e-02

6.056
6.169
7.339
6.956

6.056
6.169
7.339
6.956

6.056
6.169
7.339
6.956

3.84E-04 -
8.23E-05 | 2.54
8.42E-06 | 3.19
1.06E-06 | 3.11

3.87E-04 -
1.19E-04 | 1.94
1.38E-05 | 3.02
2.02E-06 | 2.89

3.35E-04 -
7.38E-05 | 2.50
7.72E-06 | 3.16
9.81E-07 | 3.10

5.18E-07
4.70E-08
1.08E-09
3.33E-11

5.56E-06
1.18E-06
1.11E-07
7.65E-09

1.07E-06
9.30E-08
3.47E-09
1.72E-10

3.96
2.29
5.23

2.56
3.31
4.02

4.03
4.60
4.52




37

extension from the downwind cell to the right. We use P? polynomials on a uniform

mesh with N = 100. Define piecewise constants s(z) such that in cell ;

s(x) =s; = —zi]—v_]

Vj — Uy

_]_’

where u; denotes the cell average of the exact solution u in cell ;. We compute and
observe that ||s||c.q = 7.90 X 107%, indicating that the computable quantity 0; — v;
is a good estimate of the local error v; — %;. From Figure 3.3, we observe that the
computable quantity |0 — 0| captures the profile of the local error |u — v| (computed

at the middle point in each cell) well.

R I'-\
. \
107 ’ ‘o .
- 1
u I
C ! \ -
r S ] 1 v ¢ ~
B \ W} 1 1 g ¢
10° ! 1 \
o LT} || 1 !
- ' [] I'
s | I
= ‘|
Wig®
107
Sl NI BTN BN BN BV ] S
10 1 2 3 4 5 6
X

Figure 3.3: Comparison between |u — v| (solid line) and |v — 9| (dashed line).
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Example 3.2. We solve the following initial boundary value problem

u +u, =0
u(z,0) =sin(z) - (3.35)
u(0,t) = sin(—t)

The exact solution to this problem is
u(z,t) = sin(z — ).
We use third order SSP Runge-Kutta discretization in time, take At = 0.1h2, to
reduce the time error, and test the example with both P! and P? polynomials. The
same quantities as in Example 3.1 on the same kind of random meshes of N cells are
computed. The initial solution is obtained as given in Section 3.2.1. In Table 3.4 we
observe that the error between the DG solution and the exact solution is (2k + 1)-th

order superconvergent at the downwind point and (k + 2)-th order superconvergent

at the other Radau points.

Table 3.4: The error e at the Radau points for (3.35) when using P! and P? poly-
nomials.

1t Radau point | 2" Radau point | downwind point

Polynomial | N hmax A error order error order error order
Pt 50 0.202 6.056 | 6.06E-05 - 2.88E-05 -

100 0.111 6.169 | 8.92E-06 | 3.16 4.30E-06 | 3.14

200 | 5.408e-02 | 7.339 | 1.02E-06 | 3.04 4.73E-07 | 3.09

400 | 2.781e-02 | 6.956 | 1.25E-07 | 3.15 5.82E-08 | 3.15
P? 50 0.202 6.056 | 4.10E-07 - 3.11E-07 - 1.30E-08 -

100 0.111 6.169 | 3.20E-08 | 4.21 | 2.38E-08 | 4.24 | 5.51E-10 | 5.22

200 | 5.408e-02 | 7.339 | 1.84E-09 | 4.00 | 1.38E-09 | 3.99 | 1.45E-11 | 5.06

400 | 2.781e-02 | 6.956 | 9.36E-11 | 4.48 | 1.05E-10 | 3.87 | 4.31E-13 | 5.28

Table 3.5 shows the (k + 2)-th order superconvergence of the error ¢ in the L?-



norm, demonstrating that the estimate in (3.5) is sharp.

Table 3.5: The error ¢ for (3.35) when using P! and P? polynomials.

L?-norm of &

P! polynomial

P? polynomial

N Bomaz A L? error | order | L? error | order
50 0.202 6.056 | 1.24E-04 - 6.63E-07 -

100 0.111 6.169 | 1.87E-05 | 3.13 | 5.32E-08 | 4.17
200 | 5.408e-02 | 7.339 | 2.10E-06 | 3.06 | 3.03E-09 | 4.01
400 | 2.781e-02 | 6.956 | 2.58E-07 | 3.15 | 2.30E-10 | 3.88
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As in Example 3.1, we also test the superconvergence for the cell average. Table

3.6 shows the result for Example 3.2 using the method in Section 3.2.1 as well as

the L2- and P_-projections for the initial discretization. We observe results similar

to those in the periodic case.

Example 3.3. We solve the following two-dimensional problem

U + Uy +uy =0

u(z,y,0) = sin(z +y)

with periodic boundary condition on the domain [0, 27]2.

The exact solution is

We use a random rectangular mesh defined as

0

and

=X

=

I

u(z,y,t) = sin(z +y — 2t).

= [J:i—%axz‘-s-%] X [yj—%:yjq_%}

<~--<me+%:27r, O:y%<---<yNy+%:27r

(3.36)
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Table 3.6: The cell average of the error e for (3.35) when using P! and P? polyno-

mials.

L? norm of the cell average of e P! polynomial | P? polynomial
initial discretization | N Rmax A L? error | order | L? error | order

up, = P_uy 50 0.202 6.056 | 1.11E-04 - 3.75E-08 -
uhjjrl = ]P’,u;+l 100 0.111 6.169 | 1.67E-05 | 3.12 | 1.63E-09 | 5.18

2 2

200 | 5.408e-02 | 7.339 | 1.90E-06 | 3.04 | 4.07E-11 | 5.16
400 | 2.781e-02 | 6.956 | 2.35E-07 | 3.14 | 1.14E-12 | 5.37

L? projection 50 0.202 6.056 | 1.86E-04 - 2.59E-06 -
100 0.111 6.169 | 5.48E-05 | 2.02 | 3.59E-07 | 3.26
200 | 5.408e-02 | 7.339 | 6.86E-06 | 2.91 | 3.11E-08 | 3.43
400 | 2.781e-02 | 6.956 | 1.02E-06 | 2.87 | 2.86E-09 | 3.59

P_ projection 50 0.202 6.056 | 1.01E-04 - 2.49E-07 -
100 0.111 6.169 | 1.53E-05 | 3.12 | 1.48E-08 | 4.66
200 | 5.408e-02 | 7.339 | 1.72E-06 | 3.06 | 5.73E-10 | 4.55
400 | 2.781e-02 | 6.956 | 2.06E-07 | 3.20 | 2.48E-11 | 4.72
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We define the approximation space as

th = {uh L Up

1y € Q (L), 1<i< N, 1< j< Ny},

where QF(I; ;) denotes all the tensor product polynomials of degree at most & in

and in y on I; ;. The Gauss-Radau projection P_ is defined as follows:

/ (P_u — u)vpdxdy =0

i j

for any v, € V;"1,

Yi+d
[ oty ) = oy )un(o)dy =0
Yy

i-3

for any wy, € P,

for any 2, € P¥1, and

]P)—U(xi-i-% ) yj-s—%) = u(gji—l—%v yj—i—%)‘

We also use an upwind flux and ninth order SSP Runge-Kutta discretization in time
with At = 0.1hpm. We test the example with both @' and Q? polynomials, and
compute & = uy — P_u, the error of the cell average, as well as the error on the
downwind-biased Radau points and the downwind point. For simplicity, we do not
consider the Radau points one by one, but select the one which gives the largest
error in each cell. The initial solution is given by the P_ projection.

It appears that similar superconvergence results are valid also in two-dimensions.

However, the technique of the proof in this chapter, in particular the part related to
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the special projections, does not seem to be easily extendable to two-dimensions.

Table 3.7: Superconvergence results for equation (3.36) when using Q' and Q? poly-

nomials.

Q! polynomial

Q? polynomial

Error Ny X Ny | hpag A L? error | order | L? error | order

IP_u — wup| 10 x 10 | 0.997 | 3.722 | 2.65E-02 - 8.40E-04 -
20 x 20 | 0.552 | 4.809 | 4.41E-03 | 3.04 | 6.97E-05 | 4.22
40 x 40 | 0.270 | 7.339 | 5.12E-04 | 3.02 | 3.64E-06 | 4.13
80 x 80 | 0.133 | 6.326 | 6.33E-05 | 2.96 | 2.33E-07 | 3.89

|uw — | 10 x 10 | 0.997 | 3.722 | 4.19E-02 - 6.47E-04 -
20 x 20 | 0.552 | 4.809 | 7.65E-03 | 2.88 | 5.26E-05 | 4.25
40 x 40 | 0.270 | 7.339 | 9.12E-04 | 2.98 | 2.20E-06 | 4.44
80 x 80 | 0.133 | 6.326 | 1.14E-04 | 2.94 | 1.16E-07 | 4.17

max; ; |(u — up)(z, y)| 10 x 10 | 0.997 | 3.722 | 2.28E-02 - 1.56E-03 -
(x,y) is the Downwind- 20 x 20 | 0.552 | 4.809 | 5.65E-03 | 2.37 | 1.35E-04 | 4.14
biased Radau points in I; ; | 40 x 40 | 0.270 | 7.339 | 6.39E-04 | 3.05 | 8.88E-06 | 3.81
80 x 80 | 0.133 | 6.326 | 1.01E-04 | 2.62 | 7.15E-07 | 3.57

max; ; |(u — up)(z, y)| 10 x 10 | 0.997 | 3.722 | 1.99E-02 - 3.72E-04 -
(x,y) is the downwind 20 x 20 | 0.552 | 4.809 | 2.79E-03 | 3.33 | 4.09E-05 | 3.74
point in I; ; 40 x 40 | 0.270 | 7.339 | 3.93E-04 | 2.74 | 1.49E-07 | 4.64
80 x 80 | 0.133 | 6.326 | 4.65E-05 | 3.02 | 1.34E-07 | 3.42

3.4 Concluding remarks

We have studied the behavior of the error between the upwinded DG solution and

the exact solution for sufficiently smooth solutions of linear conservation laws. We

prove that under suitable initial discretization, the error between the DG solution

and the exact solution is (k + 2)-th order superconvergent at the downwind-biased

Radau points. Moreover, numerical experiments show that the convergent rate is

(2k + 1)-th order superconvergent at the downwind point as well as in the L?-norm
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of the cell average. We also prove that the DG solution is superconvergent with the

rate k + 2 towards a particular projection of the exact solution.



Chapter 4

Negative-order norm error
estimates for linear hyperbolic

equations involving o-functions

In this chapter, we develop and analyze DG methods for solving hyperbolic conser-
vation laws involving d-functions. J-function has many equivalent definitions, and

one of them is the following weak form:

/R5($)v($)d$ =0(0), v(z) € C(R).

As mentioned in Chapter 1, the DG methods are based on a weak form, and can
be designed to approximate Jd-functions directly. However, in DG methods, the test
functions are completely discontinuous across the cell interfaces. If the d-function is
placed at the cell interface, then the numerical scheme is not well-defined. In [68],
the author introduced the distribution theory for discontinuous test function, which

extended the definition of §-function as

/ d(z)v(z)dr = v(0+) + U(O_), v(x) is piecewise continuous,
R

2

44
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which further completes the definition of the DG schemes.

We consider negative-order norm error estimates. Such norms can be used to
detect the oscillations of a function. In [34], Cockburn et al. proved high order
superconvergence error estimates of DG methods including their divided differences
for hyperbolic equations with smooth solutions in negative-order norms. They also
demonstrated that the application of the post-processing techniques of Bramble and
Schatz [17] can yield superconvergence in the strong L?-norm. Other related works
include [92, 103, 111, 91], where one-sided filter and local derivative post-processing
were considered. We will extend the work in [34], and consider the general case
where the exact solutions are not smooth.

The first example of non-smooth solutions for hyperbolic equations is the follow-

ing problem
ur + uy =0, (x,t) € R x (0,77,
u(z,0) = ug(x), r € R,

(4.1)

where the initial solution ug(z) has compact support, with a discontinuity at z = 0,
but is otherwise smooth. Clearly, the exact solution of (4.1) is discontinuous along
the characteristic line x = ¢ and the numerical DG solution has spurious oscillations
around this discontinuity line, which we refer to as the pollution region. There are
not too many works in the literature studying error estimates of DG methods for
problems with discontinuous solutions. The first work in this direction seems to be
that of Johnson et al. [63, 64, 65] for DG methods in both space and time. They
have shown that, with linear space-time elements, the width of the pollution region
is of the size at most O(h'/?log 1/h). More recently, Cockburn and Guzman [31] and
Zhang and Shu [117] revisited this problem with the RKDG methods and obtained
similar results. Especially, in [31], the left boundary of the pollution region is shown
to be at most O(h?31og(1/h)) from the singularity for piecewise linear DG method
with second order Runge-Kutta time discretization on uniform meshes. The first

problem we consider in this chapter is (4.1) with the initial condition ug(x) having
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a o0-singularity at x = 0. We consider a semi-discrete DG method and use the result
in [117] to prove superconvergence results estimated in negative-order norms outside
the pollution region. By convolving the DG solution with a suitable kernel, the post-
processed approximation is (2k+1)-th order accurate in a region slightly smaller than
the one above. The rate of convergence agrees with that in [34], in which the initial
datum ug(z) was assumed to be sufficiently smooth.

Hyperbolic conservation laws with source terms have been analyzed by several
authors [21, 47, 66, 99, 72]. In particular, in [47], the authors studied the following

problem
Ut+f(u)m:g<x7t)7 (l’,t)ERX(O,T],

(4.2)
u(z,0) = ug(x), r € R,

where f is a smooth convex function (f”(u) > 0 for all u) and g(z,t) = G.(x,t)
with G being a bounded, piecewise smooth function, and constructed L>°-stable
Godunov-type difference schemes. In [98], Santos and de Oliveira studied hyperbolic
conservation laws whose source terms contain J-singularities, and investigated the
convergence of numerical discretization by using a finite volume scheme. Later, they
considered a class of high resolution methods in [79]. In [78], Noussair studied the
wave behavior of (4.2), where the source term also depends on u but not on the time
variable t. We note that all these previous works did not provide any error estimates
in the smooth region away from the singularities. In this chapter, we investigate a
simpler case by assuming f(u) = u and g(z,t) = G'(z) in the source term in (4.2),
where G(z) is a step function which does not depend on the time variable t. We
show that by convolving the DG solution with a suitable kernel, the post-processed
approximation turns out to be (2k + 1)-th order superconvergent in the smooth

region.
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4.1 Post-processing

4.1.1 Convolution kernel

Now, we proceed to describe the type of post-processing to be considered, following
Bramble and Schatz [17]. Let y be the indicator function of the interval (—1, 1), We

define recursively the functions 1® as
p® =y, YD = ™ D for n > 1.

The numerical solution is post-processed by convolving it with a kernel K9 (x)
which satisfies the following properties:

(1) It has a compact support.

(2) It reproduces polynomials p of degree v — 1 by convolution: K @) % p = p.

(3) It is a linear combination of B-splines and is of the form

KD (x) =" k(e — ).
ez
The weights k%' € R are chosen so that (2) is satisfied. See [17, 34] for more details.
We also define Kg’l)(x) = K@) (z/H)/H and ?/U(T? (z) = W (x/H)/H and it is not
difficult to verify that
DB v = J(LIB_Q) * O,

where Oyv(z) = £ (v(z+5H)—v(xz—3H)). In general, we take H = nh, n=1,2,--- .
This property is important as it allows us to express derivatives of the convolution

with the kernel in terms of simple difference quotients.
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4.1.2 An approximation result

Let us investigate the relationship between u— K 2k+2’k+1 *up, and the negative-order

norm estimates of divided differences of the error u — uy,.

Theorem 4.1.1 (Bramble and Schatz [17]). Suppose the kernel K;' satisfies the
properties listed in Section 4.1.1. Let v be a function in L*(Qy), where Q1 is an open
set in €, and u be a function in H”(€1). Further assume g to be an open set in

such that Qo + 2supp(K}"') €C Q. Then we have

hY
lu — Ky x vllg, < S Cilulva, + CL0y > 10r = v)ll-10:,

0<a<l

where Cp = > k;l| and Co only depends on g, 1, v, and I.

YEZ |

There is a straightforward corollary.

Corollary 4.1.1. Suppose the conditions in Theorem 4.1.1 are satisfied. Further

assume that ||05 (v — v)||—1.0, < Ch* is valid for all « <1 and v > p. Then we have
lu — K3 % vlla, < CR,

where C' only depends on €y, 24, v, and [.

4.2 Singular initial condition

Let us consider problem (4.1) and use upwind fluxes. We first state the main results
in Theorem 4.2.1 and then give the proofs. We provide the negative-order norm error

estimates in the whole space as well as in the region away from the singularities.
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4.2.1 Main results

The following lemma is the semi-discrete version of the result in Zhang and Shu

[117]. For completeness we will give its proof in Section 4.5.

Lemma 4.2.1. Let u be the exact solution of the initial value problem (4.1), where
the initial condition ug(z) € C**2 except for one singularity at x = 0. Let uy, be
the solution of the DG method (2.5) at time T, where the finite element space V}, is
made up of the piecewise polynomials of degree k > 1. Suppose h is the mazximum

cell length. Then there holds the following error estimate
[u(T) = un(T)llo\ry < CHM, (4.3)

where Ry = (T — Ch'Y?log(1/h), T + Ch'/?log(1/h)), and the bounding constant
C > 0 does not depend on h.

We will use Lemma 4.2.1 to prove the following theorem.

Theorem 4.2.1. Suppose u € C?***2 and the conditions of Lemma 4.2.1 are satisfied.
Then by taking Qg + 2supp(K,2Lk+2’k+1) CcC Qy CcC Q\Ryr, we have

1u(T) = un(T)ll-ws1) < ChF,

=~
o

[u(T) = un(T)|| -2y < CHY,

[u(T) = un(T) [~y < CRH*H,

—~ ~—~ ~—~ —~
A = e

D ot
~— ~— ~— ~—

N
\]

lu(T) = K25 sy (T) oy < CR*FH,
where the positive constant C' does not depend on h. Here the mesh is assumed to be
uniform for (4.7) but can be reqular and non-uniform for the other three inequalities.

Remark 4.2.1. To obtain (4.7), we have to assume the mesh is uniformly dis-

tributed, that is h; = h, Y j. This is a result of the negative-order norm estimates
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of the divided differences. Actually, we denote w = Opu and wy = Opuy. Clearly,
w satisfies (4.1) with initial condition w(z,0) = Opu(zx,0). If we shift the mesh by
%, then wy, satisfies numerical scheme (2.5). By the same analysis for the proof of

(4.6), we obtain
10n(u = w) |- gs1),00 = [0 = w10, < CH*FL

The estimates for higher order divided differences can be obtained by exactly the same

line in this remark. Therefore, (4.7) follows directly from Corollary 4.1.1.

Remark 4.2.2. The error estimates in the —(k + 1)-th order norm are used for
problems with singular initial conditions while the estimates in the —(k + 2)-th order

norm are used for problems with singular source terms.

4.2.2 A proof of Theorem 4.2.1

In this subsection, we give the discretization and prove the first three estimates in

Theorem 4.2.1.

Initial discretization

From now on, we assume the d-singularity of the initial datum is contained in cell
I;. For simplicity, we also assume the singularity is concentrated at 0, denoted as
§(x). We apply the L%projection P, to discretize the initial condition to obtain
|un(0)]] < Ch=Y2. At t = 0, for any function ¢ € C§°(R), we have, for the cell I

which contains the §-singularity,

(u —un, @); = (u—up, d — Prod);
< ||¢ - Pkgbnoo,fi

< Chk+% ’¢‘k+1,li‘
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In other cells, following the same analysis as above, we have

(u—up, ¢); = (u—Pru,¢ — Prd); < CR***|ug|isr,r,|0lir,1,- (4.8)

The —(k + 1)-th order error estimate on (2

In this subsection, we proceed to prove (4.4). The proof mostly follows [34]. We
begin by considering the solution to the dual problem: Find a function ¢ such that
o(-, 1) satisfies

¢t+¢x207 (:L‘,t) € 1 x (OaT)7 (49)
o(z,T) = O(x), x € Q.
Assuming @ is an arbitrary function in C§°(2), we have, following [34],
T
(W(T) = un(T), @) = (u = Pyu, $)(0) —/0 [((un)i, @) + (un, dy)]dt (4.10)
T N
~@=P )0~ [ Shule Py, (4.11)
j=1

/N 1/2
< CRMY2 (@0 + Chk+1/2|®|k+1/ (Z[uhEJ) dt.
0 2

j=1
Using the Cauchy-Schwartz inequality and Lemma 2.4.1, we have

/N 1/2 N 1/2
/ (Z[Uh]?_1> dt S T1/2 (/ Z[uh]i_ldt)
0 =1 2 -, 2
< TY2[lun(0)

< CTl/Qh_l/z.
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Combining the above, we can see

(u(T) = un(T), )

[u(T) = un(T)l| k1) = sup

peCEe (@) 1|41
CRh*12|® |y + CTY2RF| D44y
< sup
BeCE (@) [[]5-+1

< OTI/th +Chk+1/2.

Now, we consider the extension to higher dimensions. The proof of the following
corollary is straightforward and is similar to the one-dimensional case, and is thus

omitted.

Corollary 4.2.1. Let Q be an open set in R?, and u be the exact solution of the

following wnitial value problem

Uy + ijl Uy, =0, (x,t) € Q x (0,71,
u(z,0) =o(f(x)), x € €,

where f(x) : RY — R is a smooth function. Denote I'y, = {K} as a reqular triangu-
lation of R?, whose elements K are open and have diameter hy less than or equal
to h. In each K, denote OK_ and 0K as the inflow and outflow edges respectively.
Let uy, be the DG approzimation which satisfies

d d d

(Une, vn) K = Z(Uh; (vn)z )k + Z(ULU;{)BK_ - Z(U;}U;)am, vp € Vp,

i=1 =1 i=1

where the finite element space Vj, is made up of the piecewise polynomials of degree
k > 1. Suppose the total measure of the cells which contain §-singularities initially

1s mh, then there holds the following estimate

|w(T) = up(T)||—p—1 < CV/mTY2R* 4 CRFH2, (4.12)
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where the bounded constant C' > 0 does not depend on h or T.

The —(k + 2)-th order error estimate on (2

We shall prove (4.5). To do so, we apply P to estimate the term (up, @) + (up, ¢1).

By using (2.4) and Lemma 2.4.3, we obtain

(uht7 ¢) + (uh> ¢t) = (uhta ]P)iqb) + (uhta ]P)+¢) - (uh7 ¢1‘)
= (U’hta ]P)igﬁ) + H(Uh, ]];D+¢) - H(u}u ¢)
= (un, P 0). (4.13)

Integrating in ¢, we obtain

/0(uht,¢)+(uh,¢t)dt—(uhﬂF’icb)(T)—(%Picb)(o)—/o (un, Prop)dt.  (4.14)

Applying Lemma 2.4.1, we have

T

[ )+ 60t < a0 (@O + @) + [ O] [0
< Cllun(0)] (hk“|<1>|k+1 v h’f*l\@\mdt)

< C(L+ DR unO) k2.

From the above we observe

(u(T) = un(T), )

[(T) = un(T)||~(r+2) = sup

sece@ @l
< CH* 31y + C(1+ T)R3 [0y
< sup

PeCEe(Q) ||(I)||k+2

< C(14T)h* 2.
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4.2.3 The negative-order error estimate on ) CC Q\Rr

We proceed to prove (4.6). To estimate the negative-order norm of u — uy, at time T’
on €, we need to assume ¢ € C§°(§2;) instead of C§°(§2). Moreover, we also assume
the exact solution u € C(f), this is because we are allowed to modify the exact
solution in the cell which contains the d-singularity, keeping the numerical solution
up, untouched. More details of this assumption can be found in [117, 31] or Section

4.5.2. Therefore, in (4.11), we have

N N
D (¢ —Ped) o = > [un — Pou+ Py — u](¢ — Prop) ;1
j=1 j=1
< OW* (lu = Prulla, + [Pru — unlla,) [6]rs
< Ch* ([lu — Prullo, + [lu — unlla,) [@]r+1

< CR*M @iy,

where we use Lemmas 2.3.1 and 2.3.2 in the second inequality and Lemma 4.2.1 in

the last one. Inserting this into (4.11), we have
(w(T) — up(T), ®) < (u — Pru, ¢)(0) + Ch* |y (4.15)

By using (4.8), we obtain the estimate we want

(u(T) — un(T), P)

|u(T) = un(T) || -(ht1),0. =  sup 5
PeCF (1) [®][k+1
Ch¥ || @1 + Ch¥*F2||®][511
< sup
el () [ P][k+1
< Ch2k+1

where the constant C' > 0 is independent of h.
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4.3 Singular source term

In this section, we briefly discuss a linear inhomogeneous evolution equation of a
function

u(z,t): Q2 x (0,00) = R

of the form
el 1) + Lu(e, 1) = f(2,0), (1,1) € 2 x (0,00),

u(z,0) =0, x € €,

(4.16)

with L being a linear differential operator that does not involve time derivatives. If
we multiply the above equation by a smooth function ¢(z,t), then integrate over

space and time, we obtain

/Ooo/gz[qﬁuﬁ(ﬁm} dxdt:/Ooo/ﬂf(atw(x?t)dxdt‘

Integrating by parts and assuming zero boundary condition, we have

/OOO/Q[“@+“L*¢] df’de/Ooo/Qf(x,W(x,t)dmdt — 0, (4.17)

where L* is the dual operator of L.

Definition 4.3.1. The function u(z,t) is called a weak solution of the equation

(4.16), if (4.17) holds for all functions ¢ € C3(Q x RT).

4.3.1 Duhamel’s principle

Now, we consider linear hyperbolic conservation laws with source terms. To deal with
such problems we apply Duhamel’s principle, which is applicable to linear parabolic
and hyperbolic PDE and yields an integral representation in terms of the solutions

of more tractable PDEs.
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Lemma 4.3.1 (Duhamel’s principle). The solution to (4.16) is

t
u(e.t) = [ (P1)(0)ds,
0
where P*f is the solution of the problem

Py(xz,t)+ LP(x,t) =0, (z,t) € Q x (s,00),
P(z,s) = f(x,s), x € (.

(4.18)

Notice that P?f is the solution to the homogeneous PDE with the source term
f serving as the initial condition at time t = s. To prove the lemma, we can simply
check that the expression of u satisfies (4.16). More details and a proof can be found
in [62], in which the PDE is a second order wave equation. The above lemma requires
suitable regularity of u. However, Duhamel’s principle is also valid in the following

weak sense.

Lemma 4.3.2. Suppose u(zx,t) is the weak solution of equation (4.16), then

u(x,t):/o (P°f)(z,t)ds

in the sense of distribution, where P*f is the weak solution of equation (4.18).

The proof directly follows from the definition of the weak solution and the proof
of Duhamel’s principle, so we omit it here.
Finally, we extend Duhamel’s principle to the DG schemes. For simplicity, we
consider the following equation
u(z,t) + ug(x,t) = 0(x), (x,t) € Q x (0,7),

(4.19)
u(z,0) = ug(x), x € (),

with ug = 0. For general smooth ug(z), the same result can be obtained by superpo-

sition. We define the finite element approximation uy, : [0,7] — V}, as the solution
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to
(uht7 X)j - HJ(“’h?X) + (5(%), X>j7 \V/X € Vh7
Uh(o) = Oa

(4.20)
where H, (-, -) is the DG bilinear form defined in (2.4). Then the semi-discrete version
of Duhamel’s principle is given in Lemma 4.3.3.

Lemma 4.3.3. The solution of (4.20) can be written in the form u, = fot p*(z,t)ds

where p*(x,t) is the solution of the following scheme: find p € V}, such that

(P> X)5 = Hj(p, x), VX € Vi,
p(s) = Ppd(x).

(4.21)

The proof is straightforward, since uy, in (4.20) and fot p*(x,t)ds share the same initial
condition and the same system of ODEs, noticing the fact that (Pxd, x) = (4, x).

In what follows, we would like to rewrite the inhomogeneous equations (4.19) and
(4.20) into homogeneous ones (4.26) and (4.21) by using Lemma 4.3.2 and Lemma
4.3.3 respectively. Then we apply the estimates of P°f — p*, which have been given

in Theorem 4.2.1, to prove the main result, Theorem 4.3.1.

4.3.2 Error estimates

We first state the main result Theorem 4.3.1 and then give the proof.

Theorem 4.3.1. Suppose u is the exact solution of equation (4.19), and uy is the
numerical solution which satisfies (4.20). Denote Ry = I;U(T —C'log(1/h)h*/?, T +

C'log(1/h)h*/?), where I; is the cell which contains the concentration of the §-singularity
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on the source term. Then we have the following estimates

=
B
NS}

1u(T) = un(T)l|-ws1) < ChF,

[u(T) = un(T)|| - ks2) < CR*H2,

=
)
w

-~
)
=

= unl|—pg1y.0, < CHP#HY

o~ o~ o~ o~
~—_— ~—  ~—

lu(T) = K25 s (T) gy < CRHH,

=
B
<5

where Qo + 2supp(K; ™) cc Q; cC R\Ry. Here the mesh is assumed to be

uniform for (4.25) but can be reqular and non-uniform for the other three inequalities.

Remark 4.3.1. As mentioned in Remark 4.2.1, (4.25), which requires uniform
meshes, follows from (4.24). Moreover, we also skip the proofs of (4.22) and (4.23),
since they follow easily from (4.4) and (4.5) in Theorem 4.2.1.

Now we proceed to prove (4.24). Denote v* as the exact solution of the following

equation
up + uy =0, (x,t) € Q x (s,T],
u(z,s) = o0(x), x €,

(4.26)

and v; as the solution of the numerical scheme (4.21). For convenience, if s = 0, the
superscript will be omitted. We consider the dual problem defined the same way as

(4.9). By Lemma 4.3.3 and Lemma 4.3.2, we have

(u—up, ®)(T) = /0 (v° — vy, ®)(T)ds. (4.27)

By using (4.10) and (4.13), and the fact that vy is the L?-projection of v at t = 0,

we obtain

(v* = v, @)(T) = ((v = vn) (0), Py(s)) — / (Une(t — ), PLo(t))dt,
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which further yields
(u — Up, (I))(T) = H1 — HQ,

where IT; = fo v—up,)(0),P+é(s))ds, and IIy = fo fs vpy(t—5), P op(t))dtds. First

consider the second term,

== [ [ (it = 9. Phote)dsde
- / (on(t) — 0(0), P (2))dt

0

Therefore,

T+7’

We claim G; = 0. Actually, for any 7 € [, f (x)dx does not depend on T,

since ®(x) vanishes in the neighborhood of x = 0 and « = T". Therefore,

G, = <5(x),IPi /OT gb(x,s)ds) = (5(:;;),1@1 /IM @(y)dy)i =0.

Now, we only need to estimate GG5. Since

(0n (), P1o(t)) = (va(t) — v(t) + v(t) — Pp_yv, Pyo(t)),
by Lemma 4.2.1 and Lemma 2.3.2, we have Gy < Ch?**|¢|;,,. Finally, we obtain

lu = un||-es1),0, < CR*

and complete the proof of Theorem 4.3.1.
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4.4 Numerical examples

In this section, we provide numerical experiments to demonstrate our theoretical
results for the post-processor and to illustrate the performance of the DG schemes.
We denote by d the distance between the singularities and the region under consid-
eration. In all the figures, if not otherwise stated, the numerical solutions are plotted

using six Gaussian points in each cell.

4.4.1 Singular initial condition

Example 4.1. We solve the following problem

us + u, =0, (x,t) € [0,7] x (0, 1],

(4.28)
u(z,0) = sin(2z) + 6(x — 0.5), z € [0, 7],

with periodic boundary condition u(0,t) = u(m,t).

Clearly, the exact solution is
u(z,t) = sin(2x — 2t) + §(x —t — 0.5).

We use a ninth order SSP Runge-Kutta discretization in time [46] and take the time
step At = 0.1h. We test the example by using P* polynomials with k¥ = 1,2,3 on
uniform meshes, and compute the L?-norm of the error after post-precessing in the
region away from the singularity at ¢ = 0.5. By taking d = 0.2, the region under
consideration is [0,0.8] U [1.2,7]. In Table 4.1, we can observe at least (2k + 1)-th
order convergence. Moreover, we observe that the rate of convergence settles to the
asymptotic value when the total number of cells is around 4 = 9230 ~ 30, no
matter which degree of polynomials we use. The initial discretization is obtained by
taking the L? projection.

Figure 4.1 shows the numerical solution with and without post-processing. We
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Table 4.1: L?-norm of the error between the numerical solution and the exact solution
for (4.28) after post-processing in the region away from the singularity.

P! polynomial | P? polynomial | P? polynomial
N d error order error order error order
200 | 0.2 | 6.88E-05 - 8.40e-07 - 1.48E-09 -
300 | 0.2 | 1.41E-05 | 3.92 | 3.56e-10 | 19.2 | 3.98E-13 | 20.3
400 | 0.2 | 5.89E-06 | 3.02 | 1.98e-11 | 10.1 | 4.42E-16 | 23.7
500 | 0.2 | 3.01E-06 | 3.01 | 6.13e-12 | 5.25 | 7.49E-17 | 7.95
600 | 0.2 | 1.74E-06 | 3.00 | 2.37e-12 | 5.21 | 1.76E-17 | 7.94

use P? polynomials and take h = 0.01. From the figure we observe some localized
oscillations near the discontinuity and that the post-processor does not significantly

smear the singularity.

50 50
40F a0k
30F 30f
D20F 5200
10F 10f

. ! |

_10:‘”‘|‘H‘|HH|HH|HH|HH|‘ _10:‘ L

Figure 4.1: Numerical solution for (4.28) at ¢t = 0.5 with (right) and without (left)
post-processing.

Example 4.2. We consider the following two dimensional problem

w + Uy + uy =0, (x,y,t) € [0,27] x [0,27x] x (0, 1], (4.20)

uw(z,0) =sin(z +y) +6(x +y —27), (z,y) € [0,27] x [0, 27],
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with periodic boundary condition.

Clearly, the exact solution is

u(z,t) =sin(z +y —2t) + 6(x +y — 2t) + 6(x + y — 2t — 27).

We use QF polynomial approximation spaces with k& = 1 and 2, where QF is the
space of tensor product polynomials of degree at most £ > 0. We also apply the
same time discretization as in Example 4.1 and compute the L?-norm of the error
after post-precessing in the region away from the singularity at ¢t = 0.5. Moreover,

we take d = 0.4. In Table 4.2, we can observe (2k + 1)-th order convergence.

Table 4.2: L?-norm of the error between the numerical solution and the exact solution
for (4.29) after post-processing in the region away from the singularity.

Q! polynomial | Q2 polynomial
N | d error order | error | order
400 | 0.4 | 2.60E-05 - 3.23e-08 -
500 | 0.4 | 1.24E-05 | 3.32 | 2.47e-10 | 20.0
600 | 0.4 | 7.16E-06 | 3.01 | 1.19e-11 | 16.6
700 | 0.4 | 4.50E-06 | 3.01 | 5.11e-12 | 5.47
800 | 0.4 | 3.01E-06 | 3.02 | 2.53e-12 | 5.29

It appears that similar results are valid in two dimensions. However, the technique
of proof in this chapter, in particular the part related to the special projections in
(2.10) and (2.11), does not seem to be easily extendable to two dimensions.

Moreover, Figure 4.2 shows the numerical solution by plotting the numerical cell
averages. We use Q2 polynomials and take N = 100. From the figure we can observe
two lines of J-singularities.

Even though the theory in this chapter is given only for scalar linear equations

for simplicity, it generalizes to linear systems in a straightforward way.
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Figure 4.2: Numerical solution (left) and the cut plot along x = y (right) for (4.29)
at t = 0.5.

Example 4.3. We solve the following linear system

u — v, =0, (x,t) €10,2] x (0,0.4],
Vg — Uy = 0, (x,t) €10,2] x (0,0.4], (4.30)
u(z,0) = d(x — 1),v(x,0) =0, z €0,2].

Clearly, the exact solution (the Green’s function) is
1 1 1 1
u(z,t) = 5(5(3(: —1—1)+ 55(33 —1+1t), o(z,t)= 5(5@ — 141t — 55(91; —1-—1).

We use a third order SSP Runge-Kutta discretization in time [46] and take the
time step At = 0.1h. Figure 4.3 shows the numerical solutions at ¢t = 0.4 with P?
polynomials and h = 0.01. We observe that the numerical solutions capture the
profiles of the exact solutions quite well. Since we have not used any limiter, there

are some localized oscillations near the singularities.
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Figure 4.3: Solutions of u (left) and v (right) for (4.30) at ¢t = 0.4.

4.4.2 Singular source term

Example 4.4. We solve the following problem

U + Uy = 0(x — ), (x,t) € [0,27] x (0,1],
u(z,0) = sin(z), x € |0, 2], (4.31)
u(0,t) =0, t e (0,1].

Clearly, the exact solution is

u(w,t) = sin(x — t) + Xjmt4;

where x[,4 denotes the indicator function of the interval [a,b]. We use the same
time discretization as in the previous example, and use both P! and P? polynomials
to approximate the exact solution on uniform meshes. We compute the L?-norm
of the error after post-precessing in the region away from the singularities at ¢ =
0.5. In this example, we also take d = 0.2, and the region under consideration is

[0,7—0.2]U[r+0.2, 7+ 0.3]U[7+0.7, 27]. In Table 4.3, we observe (2k+1)-th order
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convergence. The initial discretization is again obtained by taking the L? projection.

Table 4.3: L?-norm of the error between the numerical solution and the exact solution
for (4.31) after post-processing in the region away from the singularity.

P! polynomial

P? polynomial

N d error order error order
401 | 0.2 | 1.74E-06 - 4.29E-08 -
801 | 0.2 | 5.92E-09 | 8.22 | 6.80E-13 | 15.9
1601 | 0.2 | 7.36E-10 | 3.03 | 1.34E-17 | 12.3
3201 | 0.2 | 9.19E-11 | 3.01 | 3.86E-18 | 5.13
6401 | 0.2 | 1.15E-11 | 3.01 | 1.16E-19 | 5.07

Moreover, Figure 4.4 shows the numerical solutions with and without post-

processing. We use P? polynomials and take h = 0.01.

We observe that the

post-processor does not smear the singularity and that it effectively damps out the

oscillations near the left singularity.

Figure 4.4: Numerical solutions for (4.31) at ¢t = 0.5 with (right) and without (left)

post-processing.
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Example 4.5. We solve the following problem

u + ((x + Du), = 0(x —¢), (x,t) €0,1.5] x (0,1],
u(z,0) =0, x € 0,1.5], (4.32)
u(0,t) =0, t € (0,1].

The exact solution is

1
1+z

u(x,t) = [H(x —c¢) — H(x +1— (c+1)e")],

where H (z) is the Heaviside function defined as

0,z <0,
H(z) =
1,z >0.
We take ¢ = 5 and compute the solution at ¢ = 0.5 with P! and P? polynomials.

Since (x + 1) is always positive, by using upwind fluxes, we always consider u, to be
the numerical flux at the cell interfaces. For time discretization, the classical fourth
order Runge-Kutta method is used with At = h%. In this example, we take d = 0.1,
and the region under consideration is [0, 35 — 0.1] U [35 4+ 0.1, (55 + 1)y/e — 1.1] U
(55 + 1)/ —0.9,1.5]. In Table 4.4, we can observe (k + 1)-th and (2k + 1)-th order
convergence before and after post-processing respectively.

Moreover, Figure 4.5 shows the numerical solution with P? polynomials and
h = 0.01. We use the cell averages to plot the left panel of the figure. We observe that
the numerical solution agrees well with the exact solution away from the singularities.
Since we have not used any limiter, there are some localized oscillations near the
singularity on the right. It is interesting to observe that there are very few numerical
oscillations near the left singularity. In the middle panel of Figure 4.5, we use six

Gaussian points to plot, and the detailed zoom for the left singularity is given in the

right panel. Clearly, the numerical solution only oscillates in the cell [0.15,0.16]. No
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Table 4.4: L?-norm of the error between the numerical solution with and the exact
solution for (4.32) before and after post-processing in the region away from the
singularity.

P! polynomial | P? polynomial
N d error order error order
before post-processing | 400 | 0.1 | 7.08E-07 - 1.10E-08 -
800 | 0.1 | 1.21E-07 | 2.56 | 4.37TE-11 | 7.98
1600 | 0.1 | 3.02E-08 | 2.00 | 5.46E-12 | 3.00
3200 | 0.1 | 7.55E-09 | 2.00 | 6.83E-13 | 3.00
6400 | 0.1 | 1.89E-09 | 2.00 | 8.53E-14 | 3.00

after post-processing | 400 | 0.1 | 4.92E-07 - 8.65E-09 -
800 | 0.1 | 7.49E-11 | 12.7 | 4.54E-14 | 17.5
1600 | 0.1 | 7.43E-12 | 3.33 | 5.13E-19 | 16.4
3200 | 0.1 | 9.31E-13 | 3.00 | 1.76E-20 | 4.86
6400 | 0.1 | 1.16E-13 | 3.00 | 5.75E-22 | 4.94

oscillation is observed in the left figure for cell averages, and only one undershoot
can be observed in the middle and right panels for which six Gaussian points are
plotted. This can be explained by the size of the pollution region. In Theorem 4.3.1,
we have proved that, for such singularities, Ry contains only one cell. This implies
that the numerical solution will oscillate within that cell, which clearly agrees with

our observation.

4.5 Proof of Lemma 4.2.1

In this section we prove Lemma 4.2.1. The main line of proof is based on ideas in
[31, 117]. For simplicity, we only consider a d-singularity in (4.1), hence uo(z) =
d(z) + f(x), where f(z) is sufficiently smooth and has compact support on the

computational domain ).
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Figure 4.5: Numerical solutions for (4.32) at t = 0.5 plotted for the cell averages
(left), six Gaussian points (middle) and the detailed zoom (right). In the left panel,
the solid line is the exact solution and the symbols are the cell averages of the
numerical solution.

4.5.1 The weight function

Let ¢(z) be a positive bounded function, which can be taken as a weight function.

For any function ¢ € H}, we define the weighted L?-norm as

1
il = ( [ o)
D

in the domain D. If ¢ =1 or D = (), the corresponding subscript will be omitted.
We will consider two weight functions ¢!(z,t) and ¢~'(z,t), respectively, to

determine the left-hand and right-hand boundary of the region Ry such that, outside

this region, we can resume the (k+1)-th order accuracy in the L?-norm. Both weight

functions are related to the cut-off of the exponent function ¢(r) € C' : Q — R,

2—e€",r<q,
¢(r) =

e, r>0,
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and they are defined as the solutions of the linear hyperbolic problem,

Y+ h =0, (4.33)

¢*(x,0) = ¢ (%) , (4.34)

where v > 0, 0 < 0 < 1 and z. are three parameters which will be chosen later. We
always assume yh°~! > 1 in this section.
In [117], the authors have listed several properties about the two weight functions.

Here, we state those that will be used.
Proposition 4.5.1. For each weight function ¢*(x,t), the following properties hold

1 <ox,t) <2, a(z —z.—t) <0, (4.35)

0 < px,t) < h®, alx —x.—1t) > s log(1/h)yhe. (4.36)

Lemma 4.5.1. Let V be a Gauss-Radau projection, either P_ or P,. For any
sufficiently smooth function p(z), there exists a positive constant C' independent of

h and p, such that

[VEpllon < CREFH 054 plly b, (4.37)
[V (vn)llp-1,0 < Cy A | lup]|g,p, (4.38)
[V(evi)llo-1,0 < Cllvnlle.p- (4.39)

where D is either the single cell I; or the whole computational domain €.
Lemma 4.5.2. For any function v € V}, there holds the following identity

1

5(1}, ©LV). (4.40)

1
Ml pv) = =5 3ol +
J



4.5.2 The smooth solution

We consider the following problem

where the initial condition vy(z), is a sufficiently smooth function modified from the

original initial condition wug(x)

x € Q\1;, and satisfies

|95 vo(2)] < Ch™7,

= 0(x) + f(z) such that it agrees with ug(x) for all

v+ v, =0,

v(x,0) = vo(x),

where I; is the cell containing = = 0.

ZL'GI“

4.5.3 Error representation and error equations

Denote the error by e = v —uy, where u;, approximates the solution to (4.1) or (4.41).

Clearly, e also satisfies (2.5). We divide the error into the form e = n — &, where

n=uv—P_v="Py,

Following [117], we obtain

gl

dt

= 2II; + 2IL, —

and & =wu, —P_v.

— (&, ¢8)
= 2(e, P4 (08)) — (&, puf)
— 2H(e, Po(9€)) — (&, ¢uf)
+ 2H (&, P () — (& ¢ab)
+ 2H(E, €)= (€, ¢af)
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where
I, = (@,Pfr(gpf)) ) Il = (nta]P)Jr((pE)) ) H3 = Z (p]+%[§]§+%
J

First we estimate II;. Denote w = & — Py_1&. From the scheme (2.20), we have

(§t7w)j = (nt7w>] - (et?w)j = (th)J - [é’]]_%wj"r_%
Inserting this into II; and defining ¢ = |/, we obtain
(€ B0, = Bt i)
o, j
= ((m,w» — (g0t ) MUT%’PM))
C
< g (o)l + [Wehvau) ) o Pl
Ohl—a Ohl/Q—o‘

IN

(lmli2., + 12 1, ) +

N———

(wi1/2l€210 + N2,

Summing up with respect to j, we obtain

Chl—° thl/Q—o
€00 < 7 (al 112) + S (el L)
J
For II,, it is not difficult to see that

Iy < Climelle 1€lle < CCUmIE + N1€N5)-

Then if v is large enough and o = %, we have

211, + 20T, — I3 < C (Imel2 + [1€112) -
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By Gronwall’s inequality,

T
s < C/O Inelldt + ClIEO)I- (4.43)

4.5.4 The final estimate

This part is almost the same as in [117]. We will only discuss the left-hand boundary

of R since the discussion for the right one is similar. Denote z(¢) =t + z, with

x. = —2slog(1/h)vh?,

1/2. As mentioned before, the J-

where s and 7 are sufficiently large and o
singularity in the initial datum is assumed to be contained in cell ;. By proposition

4.5.1, we obtain 0 < ¢(z) < h® for any = € I;. We choose vy to satisfy Prvg = Prug =

up(0). Then

€)1l < €O g z2(mmy + 16O g, r2y < CR| flliyz + 12,

If s is large enough, then [|£(0)]], < Ch*.
Define the domain R+ = (x1(T), 00), then

lun = vll s < lun = vllymrg < 0llgmrg + 1IENe < ORI fllkrn + (1€

To estimate the second term on the right hand side, we use (4.43). Denote

1
w(t) = max{ijr% rry <t+ éxc,Vj},

and Ry(t) = (—oo,w(t)), Ra(t) = R\R1(t) = (w(t),00). If yvh°~! is large enough,
R (t) stays away from the bad interval [t — h,t + h] where v(z,t) # u(x,t), then we
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have

10l o Rty < CRFH fllso-

Now we proceed to estimate ||1; ||, z,(). Since R, contains the entire bad region, we
will use the property of the weight function. By (4.36) we have ¢ < h*® in this zone.

Then we obtain
10l Raey < CR 20l Raqey < CRPFF 0520 Ry 1) < CRETI2HCRPHRY F il mao)-

Similarly, we can estimate the right-hand side of the non-smooth region. If we take

s large enough, we have

lun = u(z, T)llpyrs = llun = v(@, Dllprs < CH M fllira + ChETD2 < CRFL

4.6 Concluding remarks

In this chapter, we use a DG method to solve linear hyperbolic conservation laws
involving J-singularities. We investigate the negative-order norm error estimates
for the accuracy of the DG approximations to linear hyperbolic conservation laws
with singular initial data or singular source terms, and obtain error estimates in
the L?-norm after post-processing in one space dimension. Numerical experiments
demonstrate that the estimates are optimal. The results in this chapter offers evi-
dence that the DG method is a good algorithm for problems involving d-singularities

in their solutions.



Chapter 5

Applications to Krause consensus
models and pressureless Euler

equations

In this chapter, we apply DG methods to solve hyperbolic conservation law

u, + f(u), =0, (z,t) € Rx (0,T], (5.1)
u(z,0) = uy(z), T € R,

and its two dimensional version, where the exact solution u(z, t) contains d-singularities.
We extend the work in Chapter 4 and consider applications to two model equations:
Krause’s consensus models and the pressureless Euler equations. These two models
are used to describe the collision of particles, and the distributions can be identified
as density functions. If the particles are places at a single point, the density func-
tion is a J-function and is difficult to approximate numerically. Recently, in [119],
genuinely maximum-principle-satisfying high order DG schemes for scalar equations
and two-dimensional incompressible flows in vorticity-streamfunction formulation
have been constructed. Subsequently, positivity-preserving high order DG schemes

for compressible Euler equations were given in [120]. We will extend the ideas in

74
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[119, 120] to construct bound-preserving high order DG schemes for the Krause’s
consensus models and pressureless Euler equations.
For the first example, we discuss the following Krause’s consensus model equation

+F, =0, z€l0,1,t>0,
Pt [0,1] (5.2)

p(m,O) = po({E), t>0,

where p is the density function, which is always positive. The flux F' is given by
F(z,t) =v(x,t)p(x,t),
and the velocity v is defined by

o(z,t) = / (v — D)y — D)oy, H)dy,

where 0 < £(x) < 1 is supported on a ball centered at zero with radius R. In [19],
Canuto et al. investigated the discretized version of the PDE and proved that when
the time ¢ tends to infinity, the density function p will converge to some isolated 9-
singularities, and the distance between any two of these d-singularities cannot be less
than R. Some computational results are shown in [19] based on a first order finite
volume method. For two dimensions, if the initial density is rotationally invariant,
the limit density should also be rotationally invariant, and hence can only be a single
0 located at the center. However, direct computations on rectanglular meshes yield
more than one § singularity for sufficiently small R as a resultof the meshes not being
invariant under rotation. In this chapter, following ideas in [23, 24], we construct a
special mesh to obtain symmetry and convergence to physically relevant solutions.
Computational results are given to demonstrate the advantages of high order DG

schemes.
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For the second example, we discuss the pressureless Euler equation

w,+f(w), =0, t>0, zeR, (5.3)
m
w = P , f(w) = :
m pu?

with m = pu, where p is the density function and w is the velocity. Pressureless
Euler equations in one space dimension have been analyzed at the theoretical level
intensively, e.g. [13, 14, 18, 22, 41]. Some numerical methods have also been studied
by several authors [15, 10, 27, 16]. In [15], only first and second order numerical
schemes were considered. Except for those in [15], no other methods seem to have
been designed to solve (5.3) directly. In [16], the authors added an artificial vis-
cosity and built a diffusive scheme. In [27], the authors applied the sticky particle
methods to the equation and showed that the approximation satisfies the original
system within a certain residual. In [10], the authors introduced a new variable and
added one more equation to the system, leading to more computational cost. In this
chapter, we consider high order DG scheme and approximate the equation without
modification. Physically, the density p is positive and the velocity u satisfies a max-
imum principle. We extend the idea in [120] and construct suitable limiters to fulfill
these two requirements while maintaining high order accuracy. Moreover, numerical
evidences demonstrate that the scheme is good for approximations in the presence of
vacuum. Finally, our scheme works well in two dimensions. To the authors’ knowl-
edge, not too much works in the literature focus on the two dimensional equations,
and some theoretical results can be found in [96, 97|. However, complete existence
and uniqueness results are not available. Therefore, our scheme offers a good tool to

study two-dimensional pressureless Euler equations and other similar equations.
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5.1 Preliminaries

5.1.1 Limiters

In this subsection, we use forward Euler for time discretization and briefly discuss
the construction of bound-preserving limiters [121]. We denote u} and uj to be the
numerical solution and its cell average at time level n in cell ;. If we consider generic
numerical solution on the whole computational domain €2, then the subscript j will
be omitted. Suppose the exact solution of (5.1) is in some convex set G and we
are interested in constructing numerical solutions which are also in G. The whole
precess can be divided into three steps.

In the first step, we consider a first order scheme

'ttt = u” ) (f' (u?_;,u?) — f (u;?,ugﬁrl))

J J ¥t Sl
1 n ¢ n n 1 n Fy n _.n
=3 (uj + 20f (uj_l,uj)) +3 (uj —2)f (uj,ujH))
1 n n 1 n n
= 5H1 (ul_y,u?,2)) + §H2 (wf,ul, ,2)), (5.4)
where
H (u,v,c) =v+cf(u,v), Hy(uv,c)=u-—cf(uv). (5.5)
Here uj = U} is a constant in each cell [;, and A = % is the ratio of time and

space mesh sizes. For many two-point first order numerical fluxes, we can prove the

following property.

Property 5.1.1. Suppose G is a convex set and u,v € G, then there exists a positive

constant C,, such that, for any 0 < ¢ < C,, we have H; (u,v,c),Hs (u,v,c) € G.

Based on the above property, we can easily obtain that, under the CFL condition
A< & u" € G implies u"t! € G.

Next, we study high order schemes and assume u™ € G. Consider the equation
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satisfied by the numerical cell averages
TURLI | L (f(m ut )~ Fuo,,ut 1)) . (5.6)

Let «a; be the Legendre Gauss-Lobatto quadrature weights for the interval [—%, %]
such that Zf\io a; = 1, with 2M — 3 > k, and denote the corresponding Gauss-

Lobatto points in cell I; as {jf }. Then the Gauss-Lobatto quadrature yields

1=0
n(ypl) — 1971 n( 5 -
Clearly, u} (i) = u, and uf(),) = u Therefore,
M
—nt+l _ Z n(sd £~ + e
am = u f(u u —f(u u
J o (&) + A (Ba)_owr ) — B(up,,ut, )
1=0
M—1 3 3
_ j - 4t -
= E auf (@) + ooy (w1, uly, — | +ayHy (u ,,ur ., —
- 2 73 T2 anm
1=

If the numerical flux satisfies Property 5.1.1, we have H; <uj__ ,ut i) e
2

1y
J—5 @0
and Hs <uj_+l,uj+l, a—i‘ﬁ) € @G, provided the suitable CFL condition A < aoC, is
2 2
satisfied. Here, we use the fact that ag = ays. Since u}(#]) € G and G is a convex

set, we have @} "' € G.
Finally, we can modify the numerical solution through the simple scaling limiter

! = o)t 4+ 0 (ujt —ut!) . By taking suitable 6 € [0,1], we have @*' € G,

and ﬁ;‘“ is used as the numerical solution at time level n + 1. In many situations

we can prove that this modification does not affect the high order accuracy of the

original solution u}*" [121].
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5.1.2 High order time discretizations

We will use strong stability preserving (SSP) high order time discretizations to solve
the ODE system u; = Lu. More details of these time discretizations can be found
in [102, 101, 46]. In this chapter, we use the third order SSP Runge-Kutta method
[102]

u) = u" + AtL(u"),

3 1
1 2
R gun + 3 (u(Z) + AtL(u(z))) 7

and the third order SSP multi-step method [101]

6, 1
—2—7(u + 3AtL(u ))—i_ﬁ

n+1

u (u"—3 + %AtL(un‘?’)) | (5.8)

Since a SSP time discretization is a convex combination of the forward Euler, by
using the limiter mentioned in Section 5.1.1, the numerical solution obtained from

the full scheme is also in G.

5.2 Krause’s consensus models

In this section we apply DG methods to Krause’s consensus models, extending the

results in [19].

5.2.1 Positivity-preserving high order schemes

We consider (5.2) in more detail. For this model, we define G = {p : p > 0}. Clearly,

(G is a convex set. We start with the following first order scheme

ot = o X (0, y R, ) = vy b6 ) (5.9)
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where h(-,-) is a numerical flux, and pj = pj is the numerical approximation to the
exact solution in cell I; at time level n, with p} being its cell average. Moreover,

V.

i1 is the numerical velocity at the interface Ti 1, given by

N
vy =3 [ o, oy
i=1 /1
For this model, we use an upwind flux, i.e.

vu v > 0,
vh(u,w) =
vw v < 0,

and define H; and H, as
Hi(u,w,c) =w+ cvh(u,w), Hs(u,w,c)=u— cvh(u,w).
Then the scheme (5.9) can be written as

n 1 7 n 1 3 7
pitt = §H1(pj—1’pj72)‘) + §H2(pj>pj+1’ 2).

Based on the above notations, we can prove the following lemma.
Lemma 5.2.1. Suppose p" > 0, then under the CFL condition

1

max |Uj_% A < 2

we have p"™ > 0.

Proof: We consider Hy(p}_y, pj,2A) first. If v;_1 <0, then

1
2

Hy(pj_1: 075 20) = pf +2X0;_th(pj_y, pj) = (1+2X0;_1)pj > 0.

1
2
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On the other hand, if v;_1 > 0, then

1
2

Hi(pj—1, 05, 20) = P + 205 s h(pj_y, ) = P + 200, _1pjy > 0.

1
2

Similarly, we have

Hy(pj, 1, 27) = pj = 2 v, 1h(pf, pfyy) > 0.

Therefore,

. 1 . . Lo n n
= §H1(ijlapj72)\> + §H2(pj’pj+1= 2A) > 0.

This completes the proof.
Now, we consider high order schemes. The analysis in Section 5.1.1 implies the

following theorem.

Theorem 5.2.1. Suppose the DG solution p™ > 0, then under the CFL condition

max |vj_%|)\ < ay,

we have p"™ > 0.
Based on the above theorem, we can modify the density p} in the following steps.

e Set up a small number ¢ = min {1073, 57} .

J

e Compute m; = min; p}(Z;), where {#]} are the Gauss-Lobatto points in cell

I.

g

o If m; < ¢, then we take

—=n
pj — €

N
Py —m;
and use

7 =7+ 00 — ) (5.10)
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as the DG approximation in cell I; at time level n.

Based on the above steps, the numerical density is always positive. Therefore

10" ey = / o ()de = / P(@)dz = |lpollzr @), (5.11)

where ||ul|11(q) is the standard L'-norm of u on €. Clearly, (5.11) implies the L'
stability for the DG scheme. Moreover, we can also derive a sufficient CFL condition
which does not depend on the numerical velocity in Theorem 5.2.1. Actually, Note
that

/Uj*

N

=3 [, )€ — 2, )y < Rl
i=1 Y 1i

such that the sufficient CFL condition is

(07
)< 0

<% (5.12)
Rl polz1 (o)

To summarize, we have the following theorem.

Theorem 5.2.2. Under the CFL condition (5.12), the DG scheme with the positivity-
preserving limiter for equation (5.2) is L' stable and the density function is always

positive.

5.2.2 Numerical experiments

In this subsection, some numerical examples will be given to demonstrate the good

performance of the DG scheme.

Example 5.1. We consider the following problem

4+ (vp)y =0, xze€|0,1,t>0,
pi + (vp) [0,1] (5.13)

,0(1’,0) = po(l‘), t>0,
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where the velocity v is defined by
z+R
oty = [y =)ol 0y

—-R

We apply the positivity-preserving limiter and use P° and P! polynomials. Moreover,
we use the third order SSP Runge-Kutta discretization in time [102] with At =

0.1Az. Figure 5.1 shows the numerical approximations of p(z) at ¢ = 1000, with

301 301
25} 25
20} 20}
a1sf a1sf
10} 10}
sH 5F
0062 04 _ 06 08 06z 04 06 08
X X

Figure 5.1: Numerical density for (5.13) at ¢t = 1000 with N = 400 when using P°
(left) and P! (right) polynomials.

N =400, pp = 1, and R = 0.02. We can observe 22 §-singularities in each panel, and
the distance between any two adjacent singularities is greater than R. The algorithm
is quite stable in this simulation. Moreover, the P! solution in the right panel is more
accurate than the P° one in the left panel, since the heights of the J-singularities are

almost doubled.

Example 5.2. We consider the model problem in two dimensions.

+div(vp) =0, x¢e[-1,1%t>0,
Py (vp) [—1,1] (5.14)

p(x,0) = po(x), t>0,
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where the velocity v is defined by

vix,t) = /B =Xty

In this example, we take R = 0.1 and

1r<0.5,
po(x) =
0r>0.5,
where r = ||x]| is the Euclidean norm of x. In [19], the authors demonstrated that

the exact solution should be a single delta placed at the origin. However, by using
rectangle meshes, we observe more than one delta singularity for R sufficiently small
as a consequence of the meshes not being invariant under rotation. To address this
problem, we follow [23, 24], and construct a special equal-angle-zoned mesh. The
structure of the mesh is given in Figure 5.2. By using this mesh, the limit density

given in Figure 5.3 is a single delta placed at the origin.

Figure 5.2: Equal-angle-zoned mesh.
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10000 /lﬂ\ v

8000,

6000

4000

Figure 5.3: Numerical density p for (5.14) at ¢t = 2000 with N = 200 when using P°
polynomials.

5.3 Pressureless Euler equations

In this section, we apply DG methods to the pressureless Euler equations.

5.3.1 Numerical schemes in one dimension

We study (5.3) in more detail. Physically, the density is positive and the velocity

satisfies the maximum principle. Therefore, we define

G

w = P :p>0,ap<m < bpp,

where

a = min ugy(x), b = max uy(z), (5.15)
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with ug being the initial velocity. Clearly, GG is a convex set. As mentioned in Section

5.1.1, we start with the following first order scheme,

Wi (W)~ i ) (5.16)

n

. . T. . . .
where h(-,-) is a numerical flux and wi = (p}"”, mj) is the numerical approximation

to the exact solution in cell I; at time level n. Moreover, we define w); = (ﬁ;, W;)T as
its cell average. Clearly, for a first order scheme, w7 = W} in (5.16). For simplicity,

we use u for % as the numerical velocity throughout this section. In this problem,
J

we consider the Godunov flux [15]. Suppose that at the cell interface z = z; 1 we

_1
2

have two numerical approximations w, = (pg, m¢)’ and w, = (p,, m,)T from the left

and right respectively. Then the Godunov flux is given as

(

(my, peus) ug > 0,u, >0,
(0,0) ue < 0,u,. >0,
(e w ) = (7, i, )= ) s =t
(m, peu?) ue > 0,u, < 0,0 >0,
(my., pyu?) we > 0,u, <0,v <0,
\ (e pouf = pyu?) ug > 0,u, < 0,0 =0,
(5.17)

where

my my o \/@'UZ + \/Eur

U= —, U, =—, and v

Pe Pr \/@_’_\/E

For this problem, H; and Hy are taken to be
H, (u,v,¢)=v+ch(uv), Hz(uv,c)=u-ch(uv). (5.18)
Clearly, (5.16) can be written as

1 1
W?Jrl - §H1 (W?,l, ngv 2)‘) + §H2 (W?’ W?Jrl’ 2)\) ’
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Before proceeding to the theoretical results for the scheme, we would like to introduce

the following lemma. The proof is trivial and is omitted.

Lemma 5.3.1. Suppose {&;} are positive real numbers, and a < y; < b, Vi, then

We will use Lemma 5.3.1 to prove the following lemma.

Lemma 5.3.2. Suppose w" € GG, then under the CFL condition

A< L
2max([al, o))

where a and b are defined in (5.15), we have w™™' € G.

Proof: We will only prove H; (W?_l, W, 2)\) € G. The proof for Hy (W;L, Wi, 2)\) €

G follows the same lines. Define H; (wgﬁl, w, 2)\) = (p, m)T, then the velocity de-

rived from H; is given as

my + 2)\pu2j_%

p? + QAEQ\Lj_% .

(5.19)

.m
u:—v:
p

We will prove p > 0 and a < @ < b. To do so, we have to determine what {Z;} and

{7;} should be in Lemma 5.3.1, by testing the different choices for the numerical flux
pu2j— 1 o~
= =2, 1fpuj7% # 0.

_1 =
2 P ],%

in (5.17). For simplicity, we define u;

3

o If @j—% — m?_h then aj— = U;_4 > 0. We take (i’l = ,0;1, j&1 = U? and

.

1
2
A J— n > n

Ty =2 mf_q, Yo = uj_y.

o If p/\uj_% = mj, then u

o1 =uy < 0. We take &1 = p} + 2 m}, g1 = uj.

D=

o If p/\uj_% = (mj_, +m})/2, then p/u\zj = (m}_ju}_; +mlu})/2. We combine

_1
2

the two situations above, and take &1 = p} + Am7, g1 = u} and Ty = Amf_,,
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o If ﬁﬂjfé =0, then p/u\2j7 = 0. We take &1 = pf, 41 = uj.

NI

Clearly, in each case, Z; > 0, therefore p > 0. Moreover, we observe a < y; < b, so

that by Lemma 5.3.1, we have a < @ < b.

Now, we consider high order schemes. By the same analysis as in Section 5.1.1,

we have the following result.
Theorem 5.3.1. Suppose w" € GG, then under the CFL condition

Qo
A< ——————,
max(|al, [b])

we have W' € G.

Based on this, we can modify the numerical solution w’ while keeping the cell

average untouched. Due to rounding error, we define

GE=<{w= P :pza,a—agmgb—i—e ,
m P

0G* =(w= P :sz,@:a—eorane
m P

Then the modification of w7 is given in the following steps.
e Set up a small number € = 10713,

e If p} > ¢, then proceed to the following steps. Otherwise, p} is identified as the
approximation to vacuum, and the velocity is undefined. Therefore, we take

w; =W/ as the numerical solution and skip the following steps.

e Modify the density first: Compute m; = min; p?(jf ), where {#/} are the Gauss-
Lobatto points in cell I;, and get p} by (5.10). Then use pj as the new numerical

density pf.
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e Modify the velocity: Define g/ = wi (Z] ') in cell I;. If ] € G*, then take 6/ =

Otherwise, take

sl
(2
[ —alll
where || -|| is the Euclidean norm, and s is the intersection point of the straight

line

s(t) = (1—t)W} +tq], 0<t<1,
and the surface dG®. Define §; = min,—g,... ,, 67, and use

Wi =Wwj +0;(wj —W}),

as the DG approximation in cell I;.

5.3.2 Numerical schemes in two dimensions

We extend our work to two dimensions and consider the following equation

w, +f(w), +g(w), =0, t>0, (z,y) € R’ (5.20)
p m n
w=|m|, fw)=]|p? |, gWw)=]puw|,
n pUV pv?

with

where p is the density function and (u,v) is the velocity field. We define

p
G=Xw=|m]|:p>0m>+n><S5%*},

n



90

where

S >0, and S = max (u*(z,y,0) + v*(z,y,0))
z,y

with (u,v)(z,y,0) being the initial velocity field. Clearly, G is a convex set.
For simplicity, we use uniform rectangular meshes. The cell is defined as I;; =
[:Ei_%,mH%] X [yj_%, yj+%} , and the mesh sizes in  and y directions are denoted as

Ax and Ay respectively. At time level n, we approximate the exact solution with a

n T

vector of polynomials of degree k, wi; = (p?j, mi, n;";) , and define the cell average

+

)T. Moreover, we denote w i1
’ 2

Wiy = (P, Ty, T S W)W () w

;1
=357

()W, (2)

as the traces of w on the four edges of cell I;; respectively. More details can be found

in [120]. We use (ugy,vf;) for (ZL—:J, %) as the numerical velocity field in cell ;; at

7

time level n, and define ¢; = max;; u%| and a; = max;; |UZ . For simplicity, if we
consider a generic numerical solution on the whole computational domain at time
level n, the subscript 7 will be omitted.

We only consider high order schemes, and the one satisfied by the cell averages

can be written as

At Yi+s _ B
Wit = Wi+ m/ *h, <W. l7.(y),wﬂ' 1 (y)) —hy (Wi+%7j(y),w;% (y)) dy

At Titd _ _
+ i [ e (v, @0l @) = e (v (0w 00) def20)

X,
i—

Nl

where hy(+,-) and hy(-,-) are one-dimensional numerical fluxes. For this problem,
we also use the Godunov flux. Suppose (z,y) = (a:i_%, Yo) is a point on the vertical
cell interface, at which we have two numerical approximations w, = (pg,mg,ng)T

and w, = (pr,mr,nr)T from left and right respectively. Then the Godunov flux
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(hy (wy, WT))T can be written as

(my, ,OEU?, oy up > 0,u, > 0,
(Oa 07 0) Uy S 0, Up > O,
<A — A> (M, prtil, pr,vr) wp < 0,u, <0,
pu, pu?, puv | =
(e, peu, pougvy) ug > 0,u, <0,v >0,
(Mg, Py, priyvy) we > 0,u, < 0,0 <0,
$(mg +my, peui + prud, meve + mevy) ug > 0,u, < 0,0 =0,

where

r + r Uy
(U€7UZ> = (@7 @) ’ (UT,UT) _ (m_ E) : and v — \/@UZ \/p_u ‘
Pt Pe NN

The numerical flux hy, = <ﬁ5,ﬁﬁj, ;;1)\2>T can be defined in a similar way on the
horizontal cell interfaces.

For accuracy, we use L-point Gauss quadratures with L > k£ 4 1 to approximate
the integrals in (5.21). More details of this requirement can be found in [32]. The

Gauss quadrature points on [xi_%, xH%} and [yj_%, yj+%} are denoted by
=34l .3 =1 ... W= 5=1...
pz_{xzﬁ_17 7L} andpj_{y]6_17 7L}7

respectively. Also, we denote ws as the corresponding weights on the interval

[—%, %] . Following the same notation as in previous sections, we use

P =A{& =0, M} and p} = {§f - =0,--- , M}

as the Gauss-Lobatto points on [mi_%,xﬁé} and [yj_%,yﬁ%] respectively. Also, we

denote 1w, as the corresponding weights on the interval [—%, %} :
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Let Ay = &L and A = ;, then the numerical scheme (5.21) becomes

L

—n+1 —n - + +

Wi = Wyt At Zwﬁ |:h1 (Wi—%,ﬁ’wi—Q,ﬂ> by ( 2”6’ ﬂ)i|
B=1

L
- + +
+ Ao ) g [hQ <Wﬁ,y’—§’wﬂm> h2< R ﬂ ’
8

b (5.22)

where w_~ , 5= W, 1 j(gjj) is a point value in the Gauss quadrature. Likewise for
27 27

the other point values. As the general treatment, we rewrite the cell average on the
right hand side as

a=0 =1

M L M L
= D WallgWog =) > WallgWi,
a=0 g=1

where w5 and w3, denote wy; (&7, g)]ﬂ ) and WZ(@? , ') respectively. We extend the

definitions of Hy and Hy in (5.18) to two-dimensional problems and define

H; (u,v,c) =v+ch;(u,v), H(u,v,c)=u-ch;(uv),

H?(u,v,c)=v+chy(u,v), Hj(u,v,c)=u-——chy(u,v).
Let 1 = a1 A1 4 az A9, then scheme (5.22) can be written as
—n+1 - ~ 1 — +

= ng <Z W W of +w0H < T ﬁ, lﬁ,ul) + wyHS (WH;B,WHéﬁ,m))
L M-1
+ O Zﬁ)g <Z waW%a + w0H2 <W_ +

> 2 — —+
L ﬁ,j—%’wﬁ,j—é’W) oty (Wﬁ,i+;>wﬁ,j+;’“2>) )
/=1 a=1
where
aiA azAo o
Cl ) 02 = ) ,u]. = = - -
M K a1Wo AWo

Now, we can state the main theorem.
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Theorem 5.3.2. Suppose w" € GG, then under the CFL condition

At At .
——a1 + ——az < W,

Ax Ay
we have W' € G.

Proof: For simplicity, we only prove H} (w; 1 w;“_ 1 ,u1> € G,V[3, and define
2> 27

T

7u: 71):

=3
| S«

B (o) — 5

Following the same analysis as in Lemma 5.3.2, we have p > 0. Therefore, we need

only prove 2 + v? < S?. By the assumption, we have

T T
- _ (. - - + (.t + +
W, = (pz._%ﬂ,mi_%ﬁ,ni_%ﬁ> € G and Wil = <pi_%ﬂ,mi_%ﬂ,ni_%ﬂ> eG.
— + — /\2 —_— T .
Denote h; (Wi_;ﬁ,wi_%’ﬁ) = (pui_%’ﬁ,pu i_%ﬁ,puvi_%ﬁ> as the corresponding
numerical flux, and for any unit vector n = (ny, ng)T, define w = uny + vny. Then

+
m.
~ Z_%7ﬂ
w

ny + nj_l ﬂng + (qu._%’ﬁnl + p%i_éﬂng)
27

P;L_%ﬂ + Nlp/\ui—%,ﬁ

7

+ + — ~
PiypWiogp T HIPU—g 5ty

- -+ — 9
Pi i T H1pu;_1 g
where
+ + — e
m;q g N Ny pU?; 1 Ny + PUv; 1 5Ny
T ¥ e —

We can easily show that |w !, ﬁ| < S and ’@i%ﬂ‘ < S. Following the same lines as
2’
is the proof of Lemma 5.3.2, we have |w| < S. Choosing n to be parallel with (1, ?),

we have 42 + 92 < S?, completing the proof.
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Remark 5.3.1. Since a; < S and ay < S, another sufficient CFL condition in
Theorem 5.8.2 is % + ﬁ—; < %

Based on the above theorem, we can modify the numerical solution w;; keeping

the cell average untouched. Due to the rounding error, we define

GE=Sw=|m]|:p>em?+n?><(S+e)%p?

?

0G*

Il
<
Il

m | i p>em?+n’=(5+¢)p’
n

Then the modification of wy is given in the following steps.

e Set up a small number ¢ = 10713,

e If pi> > e, then proceed to the following steps. Otherwise, pj; is identified as
the approximation to vacuum, and the velocity is undefined. Therefore, we

take wi: = W as the numerical solution and skip the following steps.

e Modify the density first: Compute m;; = min,g {pZ(ij‘,g)f),pZ (i"?,gj‘)} CIf

mg; < €, then take p; as

Py = P + 03 (05 — Pi5)

with
—-n
Pij — €
Oij = = ——,
Pij — M5

and use pj; as the new numerical density pf;.

e Modify the velocity: Consider w; and w3, in cell I;;. If w); € G°, then take
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04 = 1. Otherwise, take

ey
I = Wl
where || - || is the Euclidean norm, and s} is the intersection point of the

straight line
s'(t) = (1 —t)wj, +twhs, 0<t<1,

and the surface 9G°. Similarly, we can define 6%, in the same way for w3,,.

Finally, we use

W =W + H(WZ — WZ), 0 = rglﬁn {Q;ﬂ’ega} )

as the DG approximation in cell 1;;.

5.3.3 Numerical experiments

Let us provide numerical experiments to demonstrate the good performance of the
DG scheme for solving pressureless Euler equations. In all numerical simulations, if

not otherwise stated, we use third order schemes and take N = 100.

One space dimension

We consider the problem in one space dimension and solve (5.3) with different initial

conditions.

Example 5.3. We consider the following initial data
po(x) = sin(z) + 2, up(z) = sin(x) + 2, (5.23)

with periodic boundary condition.



Clearly, the exact solution is

u(z,t) = ug(zo), plz,t) =

where x is given implicitly by

xo + tug(zg) = .

_ Po(xo)
1+ uf(zo)’
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We use the third order SSP multi-step method in time [101] with At = 0.01Az?,

and test the example by using P* polynomials with & = 1,2, 3 on uniform meshes.

Table 5.1 shows the L%norm of the error at ¢t = 0.1. We observe (k + 0.5)-th order

convergence.

Table 5.1: L2-norm of the error between the numerical density and the exact density

for initial condition (5.23).

k=1 k=2 k=3
N error order error order | error | order
20 | 1.41E-02 - 6.84E-04 - 3.40e-5 -
40 | 4.18E-03 | 1.76 | 1.04E-04 | 2.72 | 2.82¢-6 | 3.59
80 | 1.30E-03 | 1.68 | 1.55E-05 | 2.74 | 2.26e-7 | 3.64
160 | 4.24E-04 | 1.62 | 2.41E-06 | 2.69 | 1.83e-8 | 3.62
320 | 1.51E-04 | 1.49 | 3.80E-07 | 2.67 | 1.49¢-9 | 3.63
Example 5.4. We consider the following initial condition
1 z<0, 1x <0,
po(z) = up(r) =
0.25 = > 0, 0x>0.
Clearly, the exact solution is
(1,1) = <2t/3,

(p(l’, t)v u(x, t)) =

(0.25,0) x > 2t/3,

(5.24)
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and at x = %, the density should be a d-function. Figure 5.4 shows the numerical

10

‘_0'4‘ . ‘_0.2‘ . ‘O -

0.2

1

0.8

0.6

] L

04

J 0.2F
+ O;‘l“‘l“‘l“‘l“—o—ﬁ

0.4 -0.4 -0.2 0 0.2 0.4
X

Figure 5.4: Numerical density (left) and velocity (right) at ¢ = 0.5 with P* polyno-
mials for initial condition (5.24).

density and velocity at t = 0.5 using P! polynomials. From the figure, we observe

the numerical solution capture the profile of the exact solution quite well.

Example 5.5. We consider the following initial condition

po(x) = 0.5,

;

—0.5 r < —0.5,
0.4 —-0.5 <z <0,
up(z) = (5.25)
04—2 0<z<0S8,
\ —-0.4 x> 0.8.

The exact solution for ¢ < 1 is

(p<$’ t)> u(x, t)) =

(

0.5,-05) < —0.5— 0.5t
0, undefined) —0.5 — 0.5t < x < —0.5 + 0.4¢,
0.

5,0.4) —0.5+ 0.4t <z < 0.4¢,
22028y 0.4 <2 < 0.8 —0.4¢,

5,—04) x> 08— 0.4t
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Figure 5.5 shows the numerical density and velocity at ¢ = 0.5. From the figure,

I ] 0.4}
l_

: 02_
0.8F L
O_
] L
02+
-04F

L P [ B | e

-0.5 0 0.5 1 -1 -0.5 0 0.5 1

X X

Figure 5.5: Numerical density (left) and velocity (right) at ¢ = 0.5 for initial condition
(5.25). The solid line shows the exact solution while the symbols show the numerical
solution.

we can observe some local oscillations near the singularities. This is not surprising

as we have not used any limiters other than the bound-preserving ones for the DG

scheme.
Example 5.6. We consider the following initial condition

052 <0,
po(z) = 0.5, uo(z) = (5.26)
04 z>0.

The exact solution is

(0.5,-0.5) = < —0.5¢,
(p(z,t),u(r,t)) = ¢ (0,undefined) —0.5t < x < 0.4,
(0.5,0.4) x > 0.4t.

Figure 5.6 shows the numerical density and velocity at t = 0.5. From the figure, we

can observe some local oscillations near the singularities.



99

0,5|ﬁ h 0.4

0.4 N 02k

0.3F r

[ ol

a N > F

o2f |

- _02 -
o1f

0.4

op,y , @ y— @H‘u‘”u”
-0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 0.2 0.4
X X

Figure 5.6: Numerical density (left) and velocity (right) at ¢ = 0.5 for initial condition
(5.26).

Two dimensions

We consider the problem in two dimensions and solve (5.20) with different initial

conditions.

Example 5.7. We consider the following initial condition

p(2,9,0) = po(x +y) = exp(sin(z +y)),
u(z,y,0) = ug(z +y) = 3(cos(z +y) + 2), (5.27)

v(z,y,0) = vo(z +y) = 3(sin(z + y) + 2).

The exact solution is

u(x7y7t> = u0(20)7 ’U(ﬁ,y,t) = UO(ZO)v p(l‘, y7t) = 1 + ug(pzoo(;(ﬁ Ué(Z()),

where zj is given implicitly by

20 + t(uo(20) + vo(20)) = z + y.
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We use the third order SSP multi-step method in time [101] with At = 0.01Az%/2,
and test the example by using P* polynomials with & = 1,2, 3. Table 5.2 shows the
L2-norm of the error at t = 0.1. From the table, we again observe about (k -+ 0.5)-th

order convergence.

Table 5.2: L2-norm of the error between the numerical density and the exact density
for initial condition (5.27).

k=1 k=2 k=3
N error order error order error order
10 0.512 0.107 3.42E-02

20 0.176 1.54 | 3.12E-02 | 1.78 | 3.57E-03 | 3.26
40 | 6.48E-02 | 1.44 | 8.52E-03 | 1.87 | 4.86E-04 | 2.88
80 | 2.32E-02 | 1.48 | 1.39E-03 | 2.62 | 3.97E-05 | 3.61
160 | 9.08E-03 | 1.35 | 1.92E-04 | 2.86 | 3.65E-06 | 3.45

Example 5.8. We consider the following initial condition

1 1 1
100" (u,v)(z,9,0) = (—=—=cos, ——sinf), (5.28)

where 0 is the polar angle.

Since all the particles are moving towards the origin, the density function at t > 0
should be a single delta at the origin. Different from Example 5.2 in Section 5.2.2,
we can observe only one delta located at the origin by using rectangle mesh as shown

in Figure 5.7.

Example 5.9. We consider the following initial condition

((~0.25,-0.25) 2 > 0,y > 0,
(0.25,—0.25) x <0,y >0,
(0.25,0.25) x<0,y<0,

| (-0.25,025) >0,y <0.

p(&?,y,O) = _07 (U,U)(l',y,(]) = (529)
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Figure 5.7: Numerical density (left) and velocity field (right) at ¢ = 0.5 for initial
condition (5.28).

Figure 5.8 shows the numerical density and velocity field at ¢ = 0.5. From the

figure, we can observe J-singularities located at the origin and two axes.

Example 5.10. We consider the following initial condition

(cos @, sin ) r < 0.3,
(u,v)(z,y,0) = (5.30)

/Kxﬂho):'__a
100 (=% cos,—3sinf) r > 0.3,

where r = \/x? + y? and 0 is the polar angle.

Figure 5.9 shows the numerical density (contour plot) and velocity field at ¢t = 0.5.

From the figure, we can observe d-shocks located on a circle and vacuum inside.

Example 5.11. We consider the following initial condition

0.3,04) x>0,y>0,
—0.4,0.3) <0,y >0,

(5.31)
—0.3,-04) <0,y <0,

0.4,-0.3) 2> 0,y <O0.

[
P(x,y,O) = 0.5, (U,U)<$,y70):: E
(

\
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(right) at ¢ = 0.5 for initial
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Figure 5.8: Numerical density (left) and velocity field (right) at ¢

condition (5.29).

Figure 5.9: Numerical density (left) and velocity field

condition (5.30).
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Figure 5.10: Numerical density (left) and velocity field (right) at ¢ = 0.4 with N = 50
for initial condition (5.31).

Figure 5.10 shows the numerical density (contour plot) and velocity field with
N = 50 at t = 0.4. From the figure, we can observe that the numerical solution

approximates the vacuum quite well.

5.4 Concluding remarks

In this chapter, we developed DG methods to solve hyperbolic conservation laws in-
volving d-singularities. We study Krause’s consensus models and pressureless Euler
equations to demonstrate the stability and high resolution of the DG approximations.
Moreover, numerical experiments show that the scheme is also good for approxima-
tions in the presence of vacuum. In future work we will extend DG methods to other

equations involving d-singularities to wider areas of applications.
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In this second part, we will study the Lya photons transfer in an optically thick
medium. Lya photons have been widely applied to study the physics of luminous
objects at various epochs of the universe, such as Lya emitters, Lya blob, damped
Lya system, Lya forest, fluorescent Lya emission, star-forming galaxies, quasars at
high redshifts as well as optical afterglow of gamma ray bursts [49, 43, 38, 69]. The
resonant scattering of Lya photons with neutral hydrogen atoms has a profound
effect on the time, space and frequency dependencies of Lya photons transfer in
an optically thick medium. Lya photons emerging from an optically thick medium
would carry rich information of the photon sources and halo surrounding the source of
the Lya photon. The profiles of the emission and absorption of the Ly« radiation are
powerful tools to constrain the mass density, velocity, temperature and the fraction of
neutral hydrogen of the optically thick medium. Radiation transfer of Ly« photons
in an optically thick medium is fundamentally important.

The radiative transfer of Lya photons in a medium consisting of neutral hydrogen
atoms has been extensively studied either analytically or numerically for more than
half a century. In [3], the focus was on the numerical approximation of the redis-
tribution function of resonant scattering, and no solution of the integro-differential
equation of the radiative transfer has been found. Before that, Field [44] gave the first
analytical solution of the integro-differential equation for the case of both medium
and source uniformly distributed in the whole space. Analytical solutions of the fre-
quency profile of photons emergent from optically thick halo are found based on the
Fokker-Planck (F-P) approximation of the integro-differential equation [51, 76, 37].
Besides the F-P approximation, Monte Carlo (MC) simulations are also popular in
solving the transfer of resonant photons (e.g. [75, 122, 107, 110, 70, 82, 114, 115].

However, many important topics cannot be seen with the above-mentioned solu-
tions. Besides the Field’s analytical solution, all others are time-independent, and
therefore miss the detailed balance relationship of resonant scattering [93] and can-

not be used to describe the formation and evolution of the Wouthuysen-Field (W-F)
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local thermalization of the Ly« photon frequency distribution [113, 44, 45|, which is
important for the emission and absorption of the hydrogen 21 cm line (e.g. [42]. The
rich features of the Lya photon transfer referring to the W-F local thermalization
are fully missed. The F-P equation is based on the Eddington approximation, which
assumes that the radiation intensity is a linear function of angular (direction) vari-
able. Therefore, the solutions of the F-P equation do not provide the information of
the evolution of the angular distribution of Ly« photons.

Recently, a state-of-the-art numerical method has been introduced to solve the
integro-differential equation of the radiative transfer with resonant scattering [83,
84, 85, 87]. The solver is based on the weighted essentially non-oscillatory (WENO)
scheme [61]. With the WENO solver, many physical features of the transfer of Ly«
photons in an optically thick medium [88, 89, 90|, missed in the F-P equation ap-
proximations, have been revealed. For instance, the WENO solution shows that the
time scale of the formation of the W-F' local thermal equilibrium is only about a few
hundred times that of the resonant scattering. It also shows that the double peaked
frequency profile of the Lya photon, emerging from an optically thick medium, does
not follow the time-independent solutions of the F-P equation [42, 87, 88, 89, 90].
These results indicate the needs of re-visiting problems which have been studied only
via the F-P time-independent approximation. In this part, we will use a WENO
solver to study the effect of dust and angular distribution of Lya resonant photons

transfer in an optically thick halo.



Chapter 6

WENO solver of transfer

equations of resonant photons

6.1 Basic theory

6.1.1 Radiative transfer equation of a dusty halo

The radiative transfer equation of Ly« photons in a spherical halo with dust is given
by
ol ol (1—p?) oI ol
on or r o Ou ox
—o(z;a)l + /R(af, w, ' s a)I(n,r, o, p')da'du' /2

k()] + An(o) [ R, s ) )i 45, (6)

where S is the source and I(t,r,,z, 1) is the specific intensity, which is a function
of time ¢, radial coordinate r,, frequency = and the direction angle, y = cos ¢, with
respect to the radial vector r.

In (6.1), we use the dimensionless time 1 defined as n = cnpropt and the dimen-

sionless radial coordinate r defined as r = nrogr,, where nyy is the numer density
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of HI, and o¢/ 7'/2 is the cross section of HI resonent scatering of Lya photons at
resonant frequency vy = 2.46 x 10°s71. That is, n and r are, respectively, in the units
of mean free flight-time and mean free path of photon vy with respect to the resonant
scattering without dust scattering and absorption. Without resonant scattering, a
signal propagates in the radial direction with the speed of light and the orbit of the
signal is r = n + const.

¢(z,a) is the normalized Voigt profile [57] given as

oo —y?

As usual, the photon frequency v in (6.1) is described by the dimensionless frequency
r = (v—1y)/Avp, and Avp = vy(vr/c) = 1.06 x 10" (T/10*)*/2 Hz is the Doppler
broadening by the thermal motion vy = \/m, T being the gas temperature
of the halo. The parameter a in (6.2) is the ratio of the natural to the Doppler
broadening. For the Ly« line, a = 4.7 x 10*(7/10*)~'/2. The optical depth of Ly«
photons with respect to HI resonant scattering is 75(z) = nmo(z)dr,, where o(z) =
ood(z,a) is the cross section of scattering at v, and therefore, the dimensionless size
of the halo R is equal to the optical depth 79 = nyioR.

The re-distribution function R(z, u, ', i'; a) of (6.2), the derivation of which is
given in Section 6.1.4, gives the probability of a photon absorbed at the frequency '
direction p/, and re-emitted at the frequency x direction u. It depends on the details
of the scattering [54, 56, 58]. If we consider coherent scattering without recoil, the

re-distribution function with the Voigt profile is

00 2] ! 2
a T x+ (x —a')
w1 (5 ‘>] o () e

(6.3)

where H = /1 — p2\/1 — p?cos¢ + pp!, o = /3L and 8 = (/352 In the case

of a = 0, i.e., considering only the Doppler broadening, the re-distribution function

2T
Rz, p, 2’ 5 a) = /
0
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18
1 22 — Qxa'H +

2
R(x, L, ./L'/, /,L/> — /0\ m exXp | — 1— H2 d¢7 (64)

where H is exactly the same as in (6.3). The redistribution function of (6.4) is

normalized as

I 2
5/ / Rz, p, o', 1 )de'dp' = p(x,0) = 7~ 2™
—1J—-00

With this normalization, the total number of photons is conserved in the evolution
described by (6.1). That is, the destruction processes of Lya photons, such as
the two-photon process [105, 80|, are ignored in (6.3). The recoil of atoms is not
considered in (6.3) or (6.4).

The absorption and scattering of dust are described by the term x(z)! in (6.1),
where k(1) = 04/00, which is of the order of 1078(7/10*)'/2 [40, 39]. The term with
A in (6.1) describes albedo, i.e. A = o0/04, where oy is the cross section of dust
scattering and o, is the effective cross-section per hydrogen atom, which describes
the absorption and scattering of dust. Generally, A lies approximately between 0.3

and 0.4 [81, 112]. With dust, the optical depth is given by
7(x) = 10¢(x, a) + T4(2) (6.5)

where the dust optical depth 74(z) = ngros(z)R. This is equal to assuming that dust
is uniformly distributed in IGM. The effects of inhomogeneous density distributions
of dust [77, 48] will not be studied.

Since dust generally is much heavier than a single atoms, the recoil of dust par-
ticles can be neglected when colliding with a photon. Under this “heavy dust” ap-
proximation, photons do not change their frequency during the collision with dust.

The redistribution function of dust R? is independent of x and z’, and is simply
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given by a phase function as

o0

[ 1—g? (20+1)
d AN / — lP Py )
RUup) = 3 [ a0 == >SS AR, (69

where i = pu’ + /(1 — p2)(1 — p?)cos¢’ and P, is the Legendre function. The
factor g in (6.6) is the asymmetry parameter. For isotropic scattering, g = 0. The
cases of ¢ = +1 and -1 correspond to complete forward and backward scattering,
respectively. Generally, the factor g is a function of the wavelength. For the Ly«
photon, we will take g = 0.73 for realistic dust scattering [73]. The integral of (6.6)
is performed in Section 6.1.5.

In (6.1) we neglect the effect of collision transition from H(2p) state to H(2s)
state, which can significantly affect the escape of Lya photons when the HI column
density is higher than 102! cm~2 and dust absorption is very small [76]. This generally
is out of the parameter range used below. We are also not considering the effects of
bulk motion of the medium of halos (e.g. [104, 114]).

In (6.1), the term with the parameter « is due to the expansion of the universe. If
ny is equal to the mean of the number density of cosmic hydrogen, we have v = 7 },,
and 7gp is the Gunn-Peterson optical depth. Since the Gunn-Peterson optical depth
is of the order of 10° at high redshift (e.g. [89]), the parameter v is of the order of
107° — 1075, Therefore, if the optical depth of halos is less than or equal to 10°, the

term with « in (6.1) can be ignored.

6.1.2 Integrated redistribution function

In general, it is difficult to solve the transfer equation for noncoherent scatter-
ing. Therefore, the scattering is assumed to be isotropic and we need to integrate
R(x,p,x',1';a) over the angular direction. Denote R(x,z’;a) as the angular aver-
aged re-distribution function. It gives the probability of a photon absorbed at the

frequency 2/, and re-emitted at the frequency x. If we consider coherent scattering
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without recoil, the angular-averaged re-distribution function with the Voigt profile

can be written as,

R(z,2';a) = (6.7)
1 * min — max ~
. / o {mnl (u) _ tan 1<u>] ”
™ lz—a'|/2 a a

where x,;,, = min(z, 2’) and T, = max(z,2’). In the case of a = 0, i.e. including

only the Doppler broadening, the re-distribution function is
/ 1 /
R(z,x") = §erfc[max(|x|, |Z|)]. (6.8)

The angular-averaged re-distribution function of (6.8) is normalized as [°° R(x, 2’)dz’ =
¢(x,0) = 7~ /2e=** With this normalization, the total number of photons is also

conserved in the evolution described by (6.1).

6.1.3 Eddington approximation

Equation (6.6) indicates that the transfer equation (6.1) can be solved with the
Legendre expansion I(n,r,xz,u) = >, Li(n,r,x)P(p). If we take only the first two

terms, [ = 0 and 1, it is the Eddington approximation as
I(n,rya, p) = J(n,r,2) + 3uF(n, 7, ) (6.9)

where

1 +1 1 +1
5/ I(n,r,z, p)dp, F(n,r,x)—é/ pl(n,r @, p)dup.  (6.10)

1 1

Jn,r,z) =
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They are, respectively, the angularly averaged specific intensity and flux. Defining

j=r?J and f =7r?F, (6.1) yields the equations of j and f as

0j  OF _ i aves i rovig s 90

on tor = (L= Ari—elwsa) +/7€(:c,x,a)3da: +95, + 78, (6.11)
of [ 19y of 2 j
an T35, = (-4 ¥ — ol 2o 12
or T30, — U A9RfHag —elma)f 43T (6.12)

The mean intensity j(n,r,x) describes the x photons trapped in the position r at
time 1 by the resonant scattering, while the flux f(n,r,z) describes the photons in
transit.

For spherical halo with a central source, the term S of (6.1) can be replaced by
a boundary condition of I(n,r, x, ) at r = 0. If the angular distribution of photons

is independent of photon’s frequency, we have

r2I(n,r, 2, 1) |0 = SoT(1)O(k)d(). (6.13)

where the functions 7'(n), ©(u), and ¢(z) describe, respectively, the time-dependence,
angular- and frequency-distributions of photons of the source. In this case, the source

of (6.13) can be replaced by a boundary condition at r = 0 as

F,0,) = ST()o(0) [ 1O ()i = Soos(z). (6.14)

For example, if we take the boundary condition at r = 0 to be

6um— 127" 11> 0,
7”2](7],7”7%M)|r—>0 - (615)
0, < 0.

With (6.15) one can find I from (6.1), and then find j and f via (6.10). Therefore,
the corresponded boundary condition of (6.14) is

r=012)=1 Y%, 6.16
f(n, , )
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We will use these two boundary conditions in Chapter 8.

In (6.13) and (6.14), Sp is the intensity. Since (6.1), (6.11) and (6.12) are linear,
the solutions of j(z), f(z) and I(z) for given Sy = S are equal to Sj(z), Sfi(x)
and S1;(z), where ji(z), fi(z) and I;(z) are the solutions of Sy = 1.

On the outside of the halo, » > R, no photons propagate in the direction u < 0.
The boundary condition at » = R of (6.1) should be

I(n, Rz, ) =0, p<0. (6.17)

For (6.11), we have fofl pul(n, Rz, p)dp = 0 [108], and the boundary condition is
then

jn, R,x) =2f(n, R, x). (6.18)

If the source becomes to emit photon at ¢t = 0, the initial condition should be
I(0,r,z, ;) = 0, (6.19)
for (6.1), and
](07 T? ':C) = f<07 r7 "I;) = 07 (6'20)

for (6.11).

6.1.4 Re-distribution function

In this section, we proceed to the re-distribution function R(z, p, 2, p';a) in (6.1).

We consider isotropic scattering and the case of a = 0. The re-distribution function

1 x? — 2xx’ cos a + x?
exp |— 5

R(z,n,z',n') = — .
7 sin « sin® «v

gives the probability that a photon with frequency 2’ and direction n’ within an

element of solid angle dw’ is absorbed and re-emitted with frequency x and direction
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n in dw [56], where « is the angle between n and n’. Choose x-axis such that n’ lies
in the xz-plane, then

n' = (sind’, 0, cos ")

and

n = (sin @ cos ¢, sin 0 sin ¢, cos ),

where ¢ is the azimuthal angle, y = cosf and p' = cos6’. With the above notation,
dw = ﬁdqﬁdu and

cosa=1n"-n=sinfsinf cos o+ cosfcost'.

Integrating over ¢, we obtain

1 { 22 — 2xx'H + z?
p J—

27
R(x, p, 2, ’:/ — X ]d,
(z, p, ', ") BTy T )

where H = /1 — u2y/1 — 2 cos ¢ + pp. If we consider a # 0, and follow the same

line above, we obtain

oo / 21! /
4:35/_ e [a2 + (x +2 - au> ] exp <_(x4——ﬁ:§)2) dudae,

where H = /1 — pi2y/1 — p2 cos g+ pp’, o = @/#, and 3 = % We can verify

numerically that the angular averaged re-distribution function is exactly the same

27
Rz, p, 2’ 5 a) = /
0

as the one obtained by Hummer [56], i.e.

1

1 1
5/ Rz, p, o' s a)dy’ = 3 Rz, p, o' psa)dp = R(x,x';a).
-1 -1
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6.1.5 Integral of the phase function

Equation (6.6) can be rewritten as
1 27 1— 2
R, 1) = —/ d(b’—g (6.21)
0

dw I gT|2

where I and I’ are unit vector on the direction of polar angle 6 and #’, and azimuth
angle ¢ and ¢', respectively. That isI-I=1-T =1and I-T = cosy = cosf cos @ +
sin@sin @ cos(¢p — ¢'), and p = cos, p' = cos. We have

d 1 1— g2 1

dg|T—gU[i2 — 2g|T— gT[32 29[ — gU'|/2’

and therefore,

1-g° d 1 1
— 295 . 6.22
T — gT'|3/2 gdg I — gI'|1/2 + I— g1/ (6.22)
The expansion with Legendre functions Pj(cos~y) gives
1 > ;
M= go[i2 > g Pcos), (6.23)
g 1=0
and then
1-¢? > o0
I — gI'[3/2 - Z 2lg' P(cos ) + ZQZPI(COSW)- (6.24)
=1 =0

Since cosy = cosfcos @ + sinfsin b cos(¢p — ¢'), we have the following identity

for the Legendre function P;(cos~) as

m=l
. / (l B m)' m m / /
Py(cosvy) = P(cos0)P,(cosb) + 2 (it m)!Pl (cos0) P (cos ") cos[m(¢p — ¢')].

m=1

(6.25)
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The integral of ¢’ in (6.21) kills the second term of (6.25), we have

1 oo o
R4, 1) = 527 [Z 21g' P(cos 0) Py(cos 0') + Z g' Pi(cos 0) Py(cos 0’)] (6.26)
=1 =0

— % [Z 20g' P()P(p') + Y g' P P(p)

Using the orthogonal relation f_11 P(p)Pr(p)dp = 5=, we have

2l+1

1 1 1
= 5/ du/ dp' R (p, ') = 1, (6.27)
—1 —1

for which only the term [ = 0 in (6.26) has contribution. Similarly,

/ du/ dp R, ') = / du/ dp' W/ R (p, p') = 0, (6.28)

/du/ dp ' R (p, o )—3- (6.29)

These results are used in deriving (6.11) and (6.12).

6.2 Numerical algorithm for equation (6.1)

We solve (6.1) with initial and boundary conditions (6.13), (6.17) and (6.19). For
simplicity, we ignore the effect of dust (i.e. x(z) = 0). Our computational domain
is (r,x, 1) € [0, Tmax] X [Tieft, Tright] X [—1, 1], where rpax, Tiefe and Tygne are chosen
such that the solution vanishes to zero outside the boundaries. We choose mesh sizes
with grid refinement tests to ensure proper numerical resolution. In the following, we
describe numerical techniques involved in our algorithm, including approximations
to spatial derivatives, numerical integration, numerical boundary condition and time

evolution.
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6.2.1 Conservation law

To use the WENO algorithm, we first rewrite (6.1) into the form of a conservation

law. Noticing the boundary condition (6.13), we define I’ = r2I, so(6.1) becomes

or oI 19— I or

on * For * r ou Vo T
—p(x;a)l’ + /R(m, wo ' p)sa) I (n,r 2, i) )do'dy' /2 + r2S. (6.30)

For simplicity, we drop the prime, and use I(n,r, z, 1) for I'(n,r,z, u) below.

6.2.2 The WENO algorithm: approximations to the spatial

derivatives

The spatial derivative terms in (6.30) are approximated by a fifth-order finite differ-
ence WENO scheme.

We first give the WENO reconstruction procedure for approximating g—i,

a[(nn>7’i7$'aﬂk) L. 7
O ’ ~ A_x(hj+l/2 —hj_1/2)

with fixed n = n", r = r; and g = pg. The numerical flux iLHl/Q is obtained by the
fiftth-order WENO approximation in an upwind fashion, because the wind direction

is fixed (negative). Denote
hj:I(nnvrivxj7ﬂk)7 .]:_27_17 7NI+3
with fixed n, ¢ and k. The numerical flux from the WENO procedure is obtained by

7 _ 5@ 7(2) 7 3)
hj+1/2 = wlhj+1/2 + Wth+1/2 + W3hj+1/2, (631)
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where 7™ , are the three third-order fluxes on three different stencils given by

J+1/
2 (1) 1 5 1
h§-+1/2 = —ghim1 T ghi+ 3y,
o 15 1
Wi = §hj + éthrl - Ehj+27
(3 11 7 1
h§'+)1/2 = Ehj-i,—l - ghj-i-Q + §hj+3’
and the nonlinear weights w,, are given by
Wm = wm (1)[ = —%
DY (e + )%

where € is a parameter to avoid the denominator to become zero and is taken as

€ = 1078, The linear weights ~; are given by

3 1

3
’Yl—ﬁ, ’Yz—g, 73—1—0,

and the smoothness indicators [3; are given by

13 1
Bl - EUI]’?I - 2}1] + hj+1)2 + Z(hjil - 4hj + 3hj+1)2,

13 1
o = 5 (hy = 2hjea + hjte)® + ke hjta)?,

13 , 1 ,
Bz = 15 (hjr = 2hyaz + jis)” + 2 (Bhyer — 4hjio + hyjes)”.

Similarly, we give the WENO procedure in approximating 8(15—52)[,

oL — ) I (", iy wuy i) 1 s -
’ i : A—M(hj+1/2—hj—1/2)

Q

with fixed n = n™, r = r; and * = z;. The numerical flux iljﬂ /2 is also obtained

by the fifth-order WENO approximation in an upwind fashion, however the wind
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direction here is positive, opposite from that of %. Denote
hy = (=) I iy e, py), = —=3,=2,-++ , N, +2
with fixed n, ¢ and k. The numerical flux from the WENO procedure is obtained by
7 A

_ 7(2) 7(3)
hj+1/2 = w1 j4+1/2 —|—w2hj+1/2 +C<J3hj+1/2, (632)

where l%gﬁ':i /o Are the three third-order fluxes on three different stencils given by

i 1 5 1
h§'+)1/2 = —ghive * ghin + 30y,
) 1 51

Wi = ghisi+ ghy = ghio,
O F 1
hj+1/2 = Eh] — ghjfl + ghj,Q,

and the nonlinear weights w,, are given as

Wm o M

Wp = ———, O = ———
" Z?:ﬂbz? : (e+ 3)%

where € is taken as € = 1078, The linear weights 7; are also given by

and the smoothness indicators (3; are given by

13 1

51 - E(hj+2 - 2]’L]‘+1 + hj)2 + Z(hj+2 - 4hj+1 + 3hj)27
13 1

B = 15 (hisr = 2hj + hia)® + (e = hja)?,
13 1

Bs = 15 (hy = 2hj1 + hja)® + (3R — dhjr + hys)”.
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In the end, we approximate the r-derivative in (6.30), following the reconstruction
procedures mentioned above. However, we need to check the wind direction at the
r-boundary of each cell. When p > 0, the wind direction is positive, and we use

(6.32) to approximate the numerical flux, while when p < 0, we use equation (6.31).

6.2.3 High order numerical integration

The integration of the resonance scattering term is calculated by a fifth order quadra-

ture [100]

Ny

[ = any et u) + 0,
Hieft k=1

where py = et + (k — %)du and the weights are defined as,

L 6463 1457 74l 5537

YT57600 7T 19200 P 6407 YT 5760
5537 741 1457 6463
WN,-3=——, WN,2=—, WN_1=-—) WN, =——
Nu=3 757607 M2 T 6400 M 19200 M T 57607

and w, = 1 otherwise.

6.2.4 Numerical boundary condition

Following Carrillo et al. [20], at © = —1 and p = 1, we take the boundary conditions

as, for u > 0,

1(7777“737,—1—#) = [(7777"7957—14‘#),

1(77,7’,3371‘{’#) = 1(7777’79371—#)7

motivated by the physical meaning of p as the cosine of the angle to the z—axis.
We also explicitly impose ﬁ% =h N+l = 0 for the first and last numerical fluxes in

order to enforce conservation of mass.
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6.2.5 Time Evolution

To evolve in time, we use the third-order TVD Runge-Kutta time discretization

[102]. For system of ODEs u; = L(u), the third order Runge-Kutta method is

uM = " 4 ATL(u"™, "),

3 1
u? = iR Z(u(l) + ATL(uM, " + AT)),
1 2 1
u"tt = gu” + g(u(z) + ATL(u®, 7" + EAT)).

6.3 Numerical algorithm for equations (6.11) and
(6.12)

We will solve (6.11) and (6.12) with boundary and initial conditions (6.14), (6.18)
and (6.20) by using the WENO solver.

To solve (6.11) and (6.12) as a system, our computational domain is (r,z) €
[0, Tmax] X [Tleft, Tright|. As mentioned in the Section 6.2, Tyax, Tiefe a0d Zyigny are cho-
sen such that the solution vanishes outside the boundaries. In the following, we
describe numerical techniques involved in our algorithm, including the characteris-
tic decomposition, and numerical boundary condition. All other algorithms can be

found in Section 6.2.

6.3.1 Characteristic decomposition

We consider the WENO reconstruction procedure for approximating the r-derivatives

only. We need to perform the WENO procedure based on a characteristic decompo-



122
sition. To accomplish this, we write the left-hand side of (6.11) and (6.12) as
u; + Au,.,
where u = (j, f)T and

01
0

A= 1

3

is a constant matrix. To perform the characteristic decomposition, we first compute
the eigenvalues, the right eigenvectors and the left eigenvectors of A and denote
them by A, R and R~!. We then project u to the local characteristic fields v with
v = R~'u. Now u; + Au, of the original system is decoupled as two independent
equations as v; + Av,.. We approximate the derivative v,. component by component,
each with the correct upwind direction, with the WENO reconstruction procedure
similar to the procedure described in Section 6.2. In the end, we transform v, back to
the physical space by u,, = Rv,.. We refer the readers to [29] for more implementation

details.

6.3.2 Numerical Boundary Condition

To implement the boundary condition (6.18), we also need to perform a characteristic
decomposition as discussed above. Using the same notation as before, we project
u to the local characteristic fields v with v.= R7'u. Denote v = (v, 1), now

u; + Au, of the original system is decoupled to two independent scalar operators

given by
ovy ovy Ovy 0V
TR W ¥ 22\, =2
AR e
where \; = \/Tg and Ay = _\/?g. The characteristic line starting from the boundary

r = Tmax foOr the first equation is pointing outside the computational domain while

the one for the second equation is pointing inside. For well-posedness of our system,
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we need to impose the boundary condition there as

vy = avy + (3

with constants a and . We can calculate the values of a and (3 based on equation

(6.18) and the left and right eigenvectors of A. For example, if we take

V3 V3
2 2
R = ,
1 1
2 2

we recover that & = 7 — 4v/3 and = 0. We use extrapolation to obtain the value
of v; and then compute the value vy. In the end, we transfer v back to the physical

space by u = Rv.



Chapter 7

Effect of dust on Lya photon
transfer in optically thick halo

We will investigate, in this chapter, the effects of the dust on the Ly« photons transfer
in an optically thick medium. Dust can be produced at epochs of low and moderate
redshifts, and even at redshift as high as 6 [106]. Absorption and scattering of dust
have been used to explain the observations on Lya emission and absorption [59],
such as the escaping fraction of Ly« photons [52, 53, 11]; the redshift-dependence of
the ratio between Ly« emitters and Lyman Break galaxies [109]; and the “evolution”
of the double-peaked profile [71].

However, it is still unclear whether the time scale of a photon escaping from
optically thick halo will be increasing (or decreasing) when the halo is dusty. It is
also unclear whether the effects of dust absorption can be estimated by the random
walk picture [50]. As for the dust effect on the double-peaked profile, the current
results given by different studies seem to be contradictory: some claims that the
dust absorption leads to the narrowing of the double-peaked profile [71], while others
conclude that the width between the two peaks apparently should be increasing due
to the dust absorption [110]. We will focus on these basic problems, and examine

them with the solution of the integro-differential equation of radiative transfer.
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7.1 Basic theory

We study the radiative transfer (6.11) and (6.12) with boundary and initial condition
(6.14), (6.18) and (6.20).

7.1.1 Dust models

We consider three models of the dust as follows:

I. pure scattering, A =1, g = 0.73: dust causes only anisotropic scattering, but no

absorption;

IT. scattering and absorption, A = 0.32, g = 0.73: dust causes both absorption and

anisotropic scattering.
ITI. pure absorption, A = 0: dust causes only absorption, but no scattering;

Models I and III do not occur in reality. They are, however, helpful to reveal the
effects of pure scattering and absorption on the radiative transfer.

Since (z) is on the order of 1073, its effect will be significant only for halos with
optical depth 75 > 10%, and ignorable for 7y < 10°. To illustrate the dust effect, we
use halos of R = 75 < 10%, and take larger s to be ~ 10~% — 102. We consider below
only the case of grey dust, i.e. x is independent of frequency x. This certainly is
not realistic dust. Yet, the frequency range given in the solution below mostly are
in the range || < 4. Therefore, the approximation of grey dust would be proper if

the cross section of dust is not strongly frequency dependent in the range |z| < 4.

7.1.2 Numerical example: Wouthuysen-Field thermalization

As the first example of numerical solutions, we show the Wouthuysen-Field (W-F)
effect, which requires that the distribution of Ly« photons in the frequency space

should be thermalized near the resonant frequency vy. The W-F effect illustrates the
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difference between the analytical solutions of the Fokker-Planck approximation and
that of equations (6.11) and (6.12). The former can not show the local thermaliza-
tion [76], while the latter can [88]. All problems related to the W-F local thermal
equilibrium should be studied with the integro-differential equation (6.1).

10% 10% / k=0 10% k=0
K=10" k=10"
’>-<\ -1 Xt <10t
Z10 X10 -10° <10 k=107
£ c =
k=10 k=107
107 107 107
5 0 5 5 0 5 5 0 5
X X X

Figure 7.1: The mean intensity j(n,r,x) at n = 500 and r = 100 for dust models
I (left panel), II (middle panel) and III (right panel). The source is Sy = 1 and
¢s(z) = (1/+/m)e™*". The parameter a = 1073. In each panel, x is taken to be 0,

107%, 1073 and 1072.

Figure 7.1 presents a solution of the mean intensity j(n,r,z) at time radial n =
500 coordinate r = 10% for halo with size R > r = 10%. The three panels correspond
to dust models I (left panel), I (middle panel) and III (right panel). The source is
taken to have a Gaussian profile ¢,(z) = (1/y/7)e™*" and unit intensity Sy = 1. The
solutions of Figure 7.1 actually are independent of R, if R > 10%. The intensity of
7 is decreasing from left to right in Figure 7.1, because the absorption is increasing
with the models from I to III.

A remarkable feature shown in Figure 7.1 is that all j(n,r, z) have a flat plateau
in the range |z| < 2. This gives the frequency range of the W-F local thermalization
[88, 89]. The range of the flat plateau |z| < 2 is almost dust-independent, either
for model I or for models II and III. This is expected, as neither the absorption nor
scattering given by the k term of (6.1) changes the frequency distribution of photons.
The redistribution function (6.6) also does not change the frequency distribution of

photons. This point can also be seen from (6.11) and (6.12), in which the s terms
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are frequency-independent. The evolution of the frequency distribution of photons
is due only to the resonant scattering.

Since thermalization will erase all frequency features within the range |z| < 2,
the double-peaked structure does not retain information of the photon frequency
distribution within |z| < 2 at the source. That is, the results in Figure 7.1 will hold
for any source Sy¢s(x) with arbitrary ¢s(x) which is non-zero within |z| < 2 [88, 89].
This property can also be used as a test of the simulation code. It requires that
simulation result in a flat plateau, regardless of the whether source is monochromatic

or with a finite width around vj.

7.2 Dust effects on photon escape

7.2.1 Model I: scattering of dust

To study the effects of dust scattering on the Lya photon escape, we show in Figure
7.2 the flux f(n,r,x) of Lya photons emerging from halos at the boundary r = R =
102 for Model 1. The three panels of Figure 7.2 correspond to £ = 107%, 1073, and
1072 from left to right, respectively. The source starts to emit photons at = 0 with
a stable luminosity Sy = 1, and with a Gaussian profile ¢,(z) = (1/y/7)e ™.
Figure 7.2 clearly shows that the time-evolution of f(n,r,z) is k-independent.
Although the cross section of dust scattering increases about 100 times from x = 1074
to k = 1072, the curves of the left and right panels in Figure 7.2 are almost identical.
According to the scenario of “single longest excursion”, photon escape is not a
process of Brownian random walk in the spatial space, but a transfer in the frequency
space [80, 9, 1, 2, 51, 12]. A photon will escape, once its frequency is transferred
from |z| < 2 to |z| > 2, on which the medium is transparent. On the other hand,
dust scattering given by the redistribution function equation (6.6) does not change
photon frequency. Dust scattering has no effect on the transfer in the frequency

space.
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Figure 7.2: Flux f(n,r, z) of Lya photons emergent from halos at the boundary R =
102, and for the dust model I A = 1, g = 0.73. The parameter & is taken to be 10~
(left), 10~3(middle) and 1072 (right). The source is Sy = 1 and ¢,(z) = (1//7)e *".
The parameter a = 1073,

Moreover, photons with frequency |z| < 2 are quickly thermalized after a few
hundred resonant scattering. In the local thermal equilibrium state, the angular
distribution of photons is isotropic. Thus, even if the dust scattering is anisotropic
g # 0 with respect to the direction of the incident particle, the angular distribution
will keep isotropic undergoing a g # 0 scattering. Hence, dust scattering also has no

effect on the angular distribution.

7.2.2 Model III: absorption of dust

Similar to Figure 7.2, we present in Figure 7.3 the flux of Model III, i.e. dust causes
only absorption without scattering. All other parameters of Figure 7.3 are the same
as in Figure 7.2. In the left panel of Figure 7.3, the curves at the time n = 2000
and 3000 are the same. It means the flux f(n, R,z) at the boundary R is already
stable, or saturated at the time 1 > 2000. The small difference between the curves
of n = 1000 and n > 2000 of the left panel indicates that the flux is still not yet
completely saturated at the time n = 1000. However, comparing the middle and
right panels of Figure 7.3, we see that for x = 1073, the flux has already saturated at
n = 1600, while it has saturated at n = 800 for x = 1072. That is, the stronger the
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dust absorption, the shorter the saturation time scale. The time scales of escape or
saturation do not increase by dust absorption, and even decrease with respect to the

medium without dust. Stronger absorption leads to shorter time scale of saturation.
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Figure 7.3: Flux f(n,r,z) of Lya photons emergent from halos at the boundary
r = R = 10%. The parameters of the dust are A = 0 and x = 107 (left), 1072
(middle) and 1072 (right). Other parameters are the same as in Figure 7.2.

Obviously, dust absorption does not help in producing photons for the “single
longest excursion”. Therefore, dust absorption cannot make the time scale of pro-
ducing photons for “single longest excursion” smaller. However, dust absorptions are
effective in reducing the number of photons trapped in the state of local thermalized
equilibrium |z| < 2 (see also Section 7.3.2). This indicates that the higher the value

of k, shorter the time scale of saturation.

7.2.3 Effective absorption optical depth

Since Lya photons underwent a large number of resonant scattering before escap-
ing from the halo with optical depth 75 > 1, it is generally believed that a small
absorption of dust will lead to a significant decrease of the flux. However, it is still
unclear what the exact relationship between the dust absorption and the resonant
scattering is. This problem should be measured by the effective optical depth of dust
absorption of Ly« photons in R = 75 > 1 halos.

To calculate the effective optical depth, we first give the total flux of Ly« photons
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emerging from a halo of radius R, which is defined as F(n) = [ f(n, R, z)dz. Figure
7.4 plots F(n) as a function of time 7 for halo with sizes R = 75 = 10? and 10%. The
curves typically are growing and then saturating. The three panels correspond to
the dust models I, IT and III from left to right. The upper panels are of R = 102,
and lower panels for R = 10*. In each panel of R = 102, we have three curves
corresponding to £ = 107%, 1073 and 1072, respectively. In cases of R = 10%, we take

k= 10"% and 1073.

10%F 10°F
—~~ ~—~~
E10* S0t
L
-2 L L ) -2 L L ) -2 L L )
10°5 1000 2000 3000 10°5 1000 2000 3000 10°5 1000 2000 3000
10°r 10°r 10°r
; k=10 ; ;
107 B 107 k=10 10%F k=10
k=10
~10" ~10* ~10"F
£ £ S
W 10t L 10¢ L 10°F
\ k=103 .
10°+ 10+ 10°+ K=10"
-10 L -10 N -10 N
1075 200000 1075 200000 1075 200000
n

Figure 7.4: The time evolution of the total flux F'(n) at the boundary of halos with
R = 15 = 10? (upper panels), and R = 7y = 10* (lower Panels). The source of Sy = 1
and ¢,(z) = (1/y/7)e"*" starts to emit photons at time n = 0. The parameters of
dust are (A = 1,9 = 0.73) (left); (A = 0.32, g = 0.73) (middle) and A = 0 (right).
In each panel of R = 10%, k is taken to be 1074, 1073 and 1072. In the cases of
R = 10%, k is taken to be 107, 1073,

The left panel of Figure 7.4 shows that the three curves of x = 1074, 1073 and
1072 are almost the same. This is consistent with Figure 7.2 that for Model I,

the time-evolution of f are k-independent for the pure scattering dust. For the pure
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absorption dust (the right panel of Figure 7.4), the saturated flux is smaller for larger
x. We can also see from Figure 7.4 that the time scale of approaching saturation is
smaller for larger x. The result of model II is in between that for models I and III.

With the saturated flux of Figure 7.4, one can define the effective absorption
optical depth by 7Terect = —(1/K) In fg. The results are shown in Table 7.1, in which
Tq 18 the dust absorption depth. It is interesting to see that the effective absorption
optical depth is always equal to a few times of the optical depth of resonant scattering
To, regardless of whether 7, is less than 1. Namely, the effective absorption depth

Tefiect Of dust is roughly proportional to 7.

Table 7.1: Effective absorption optical depth Tegect

Model IT Model IIT
R - 7_0 K Ta f S Teffect Ta f S Teffect
10 | 107* | 0.0068 0.978 2.2 x10% | 0.01 0.963 3.8 x 107
102|107 | 0.068 0.760 2.7x10% | 0.10 0.670 4.0 x 10?
102 | 1072 | 0.68 0.116 2.2 x10% | 1.00 0.057 2.9 x 10?
10* | 107* | 0.68 |6.28x 1072 | 2.8 x 10* | 1.00 | 3.02 x 1072 | 3.5 x 10*
10 | 107° | 6.8 |4.07x1077 | 1.5x10* | 10.0 | 2.87 x 1079 | 1.97 x 10*

According to the random walk scenario, if a medium has optical depths of ab-
sorption 7, and scattering 75, the effective absorption optical depth should be equal
t0 Teffect = \/Ta(Ta + 75) [95]. However, the results of the last line of Table 7.1 show
that the random walk scenario does not work for the dust effect on resonant photon
transfer. This result is consistent with Figures 7.2 and 7.3. When the optical depth
of dust is lower than the optical depth of resonant scattering 7, the time scale of

photon escaping is not affected by the dust, but is proportional to 7y, and therefore,

the absorption is also proportional to 7.
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7.2.4 Escape coefficient

With the total flux, we can define the escaping coefficient of Ly« photon as fes.(n, 70) =
F(n)/Fy, where Fy is the flux of the center source. Figure 7.5 shows fes.(n,70) at
three times = 5 x 10, 10* and 3.2x10* for Model IT and x = 1072, At n = 5 x 102,
the flux of halos with 75 < 10® is saturated. At n = 10%, halos with 7y < 3 x 103 are

saturated, and all halos of 7y < 10* are saturated at n = 3.2 x 10*.

Figure 7.5: Escaping coefficient fe.(n) as a function of the optical depth 7y of halo
at time n = 5 x 103, 10*, and 3.2x10* from bottom to up. Dust is modeled by II,
A=032 g=0.73, and kK = 1073,

7.3 Dust effects on double-peaked profile

7.3.1 Dust and the frequency of double peaks

A remarkable feature of Lya photon emerging from an optically thick medium is
the double-peaked profile. Figures 7.1, 7.2 and 7.3 have shown that the double
peak frequencies z, = |z_| are almost independent of either the scattering or the
absorption of dust. In this section, we consider halos of size R or 7, larger than 102.

Figure 7.6 presents the double peak frequency |z+| as a function of ary, where the
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parameter a is taken to be 1072 (left) and 5 x 107 (right). Comparing the curves
with dust and without dust in Figure 7.6 we conclude that the dust effect on |z4| is

very small woth aty = aR = 10°.

Figure 7.6: The two-peak frequencies z, = |x_| as a function of ary. The parameter
a is taken to be 1072 (left) and 5 x 1073 (right). Dust model III (pure absorption)
is used, and « is taken to be 1073. The dashed straight line gives log z1-log ar with
slope 1/3, which is to show the (a7)'/*-law of z..

In the range ary < 20, the |z4|-7 relation is almost flat with |zy| ~ 2. It
is because the double-peaked profile is given by the frequency range of the locally
thermal equilibrium. The positions of the two peaks, x;, and x_, essentially are at
the maximum and minimum frequencies of the local thermalization. The frequency
range of the local thermal equilibrium state is determined mainly by the Doppler
broadening, and weakly dependent on 7. Thus, we always have x4 ~ £2. When the
optical depth is larger, ary ~ 10, more and more photons of the flux are attributed
to the resonant scattering by the Lorentzian wing of the Voigt profile. In this phase,
|z4| will increase with 7.

Figure 7.6 also shows a line 2+ = =+(a7)"/3, which is given by the analytical
solution of the Fokker-Planck approximation, in which the Doppler broadening core
in the Voigt profile being ignored [51, 76, 37]. The numerical solutions of (6.1)

or (6.11) and (6.12) deviate from the (a7y)'/®-law at all parameter range of Figure
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7.6. The deviation at ary < 20 is caused by the Doppler broadening core in the
Voigt profile is ignored in the Fokker-Planck approximation, so no locally thermal
equilibrium can be reached. Therefore, in the range ary < 20, |z4| of the WENO
solution is larger than the (a7y)'/3-law. In the range of a7y > 20, the Fokker-Planck
approximation yields a faster diffusion of photons in the frequency space. This
point can be seen in the comparison between a Fokker-Planck solution with Field’s
analytical solution (Figure 1 in [94]). In this range, the numerical results of |z4| is

less than the (a7y)/*-law.

7.3.2 No narrowing and no widening

The dust effect has been used to explain the narrowing of the width between the two
peaks [71]. conversely, it is also used to explain the widening of the width between
the two peaks [110]. However, Figures 7.1, 7.2, 7.3 and 7.6 show that the width
between the two peaks of the profile is very weakly dependent on dust scattering
and absorption. This result supports, at least in the parameter range considered in
Figures 7.1, 7.2, 7.3, neither the narrowing nor the widening of the two peaks.

If dust absorption can cause narrowing, the absorption should be weaker at |x| ~
0, and stronger at |x| > 2. Similarly, if dust absorption can cause widening, the
absorption should be weaker at |z| ~ 2, and stronger at |x| ~ 0. To test these
assumptions, Figure 7.7 plots In[f(n,r,z,x = 0)/f(n,r,x,k)] as a function of z.
It measures the z(frequency)-dependence of the flux ratio with and without dust
absorption. We take large n, and then the fluxes in Figure 7.7 are saturated. Figure
7.7 shows that the absorption in the range |z| < 2 is much stronger than for |z| > 2,
and therefore, the assumption of the narrowing is ruled out. Figure 7.7 shows also
that the curves of In[f(n,r,z,x = 0)/f(n,r,z, k = 1073)] are almost flat in the range
|z| < 2. Therefore, the assumption of widening of the two peaks can also be ruled
out.

Since the cross sections of dust absorption and scattering are assumed to be
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Figure 7.7: In[f(n,r,z,xk = 0)/f(n,r,x, k)] as function of x for model II (up), and
I (bottom), and £ = 1073 (left) and 1072 (right). Other parameters are the same

as in Figure 7.2.

frequency-independent. (6.11) and (6.12) do not contain any frequency scales other
than that from resonant scattering. However, either narrowing or widening would
require to have frequency scales different from that of resonant scattering. This is

not possible if the dust is gray.

7.3.3 Profile of absorption spectrum

If the radiation from the sources has a continuous spectrum, the effect of a neutral
hydrogen halos is to produce an absorption line at v = vy. The profile of the
absorption line can also be found by solving (6.11) and (6.12), but replacing the
boundary equation (6.14) by

f(n,0,2) = Sp. (7.1)
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That is, we assume that the original spectrum is flat in the frequency space. The
spectrum of the flux emerging from the halo of R = 10? and 10* with central source
for (7.1) for dust models I, II and III are shown in Figure 7.8. All curves are for

large 7, i.e. they are saturated.
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Figure 7.8: The spectrum of the flux emergent from halo of R = 10* (upper panels)
and 10* (lower panels) with central source of equation (7.1) for the dust model I
(left), IT (middle) and IIT (right). Other parameters are the same as in Figure 7.2.

The optical depths at the frequency |x| > 4 are small, and therefore, the Ed-
dington approximation might no longer be valid. However, those photons do not
strongly involve the resonant scattering, and hence they do not significantly affect
the solution around z = 0. The solutions of Figure 7.8 is still useful to study the
profiles of f around z = 0.

The flux profile of Figure 7.8 are absorption lines with the width given by the
double peaks similar to the double peaked structure of the emission line. The flux

at the double peaks is even higher than for the flat wing. It is because more photons
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are stored in the frequency range |z| < 2. According to the redistribution function
equation (6.7), the probability of transferring a 2’ photon to a |z| < |2/| photon is
larger than that from |2/| to |z| > |2/|. Therefore, if the original spectrum is flat,
the net effect of resonant scattering is to bring photons with frequency |z| > 2 to
|z| < 2. Photons stored |z| < 2 are thermalized, and therefore, in the range |z| < 2,
the profile will be the same as the emission line, and the double peaks can be higher
than the wing. It makes the shoulder at |z| ~ 2.

As expected, for model I (left panels of Figure 7.8), the double profile is com-
pletely k-independent. Dusty scattering does not change the flux and its profile. For
models IT and III, the higher the k, the lower the flux of the wing, because the dust
absorption is assumed to be frequency-independent. The positions of the double
peaks, in the absorption spectrum are also k-independent. This once again shows
that dust absorption and scattering causes neither narrowing nor widening of the
double-peaked profile. However, for higher x the flux of the peaks is lower. When

the absorption is very strong, the double-peaked structure might disappear, but will

not be narrowed or widened.

7.4 Discussions and conclusions

The study of dust effects on radiative transfer has had a long history related to
extinction. However, dust effects on radiative transfer of resonant photons actually
have not been carefully investigated. Existing works are mostly based on the solu-
tions of the Fokker-Planck approximation, or Monte Carlo simulation. These results
are important. We revisited these problems with the WENO solver of the integro-
differential equation of the resonant radiative transfer, and have found some features
which have not been addressed in previous works. These features are summarized
as follows.

First, the random walk picture in the physical space will no longer be available
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for estimating the effective optical depth of dust absorption. For a medium with the
optical depth of absorption and resonant scattering to be 7, > 1, 7(1p) > 1 and
Ts(vg) > 7, the effective absorption optical depth is found to be almost independent
of 7,, and to be equal to about a few times of 75(vyp).

Second, dust absorption will, of course, yield the decrease of the flux of Ly« pho-
tons emergent from optical thick medium. However, if the absorption cross-section
of dust is frequency independent, the double-peaked structure of the frequency pro-
file is basically dust-independent. The double-peaked structure does not narrow or
widen by the absorption and scattering of dust.

Third, the time scales of Lya photon transfer basically are independent of dust
scattering and absorption. Since these time scales are mainly determined by the ki-
netics in the frequency space. However, dust does not affect the behavior of the trans-
fer in the frequency space if the cross section of the dust is wavelength-independent.
The local thermal equilibrium makes the anisotropic scattering ineffective on the
angular distribution of photons. Dust absorption and scattering do not lead to the
increase or decrease of the time of storing Lya photons in the halos.

The differences between the time-independent solutions of the Fokker-Planck
approximation, or Monte Carlo simulation and the WENO solution of (6.1) is mainly
related to the W-F effect. Therefore, all above-mentioned features can already be
clearly seen with halos of 75 ~ 10%, in which the W-F local thermal equilibrium has
been well established.

In this context, most calculation in this chapter is on holes with 7, < 10°. This
range of 7y certainly is unable to describe halos with column number density of HI
larger than 10'” cm™2 (e.g. [90]). Nevertheless, the result of 7o < 10° would already
be useful for studying the 21 c¢m region around high-redshift sources, of which the

optical depth typically is [74, 89].
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where fy; is the fraction of HI. All other parameters in (7.2) is taken from the
concordance ACDM mode. For these objects the relation between dimensionless 7

and physical time ¢ is given by

ot T N 14+2\ 7 uh2\ 7!
t=54x10 2fH11<104K> (10) (0.622> n, yr. (7.3)

The 21 cm emission rely on the W-F effect. On the other hand, the time-scale of

the evolution of the 21 region is short. The effect of dust on the time-scales of Ly«
evolution should be considered.

We have not considered the Lya photons produced by the recombination in the
ionized halo. If the halo is optical thick, photons from the recombination will also
be thermalized. The information of where the photon comes from will be forgotten
during the thermalization. Therefore, photons from recombination should not show
any difference from those emitted from central sources. Only the photons formed
very close to the boundary of the halo will not be thermalized, and may yield different

behavior.



Chapter 8

Angular distribution of Ly«
resonant photons emergent from

optically thick medium

This chapter will study the angular distribution of Ly« photon transferring in an op-
tically thick medium. Previous methods are based on the Eddington approximation
and the evolution of the angular distribution is completely ignored. However, the
evolution of angular distribution actually is significant. In a thermalized or statistical
equilibrium state, the angular distribution of photons should be isotropic, regardless
of the initial angular distribution. Therefore, one can expect that the angular distri-
bution of Lya photons with resonant frequency 1 should be isotropic. On the other
hand, the angular distribution of photons with frequency different from 1y might
be anisotropic, as those photons are not involved in the evolution of thermalization
or statistical equilibrium. Consequently, the angular distributions of Ly« resonant
photons from optically thick medium should be frequency-dependent. It definitely
cannot be described by the Eddington approximation. The evolution of the angular
distribution of resonant photons is not trivial. We still use the WENO solver, and

solve the photon transfer in both frequency and angular spaces.

140
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8.1 Transfer equations of resonant photons with-
out dust

We solve the radiative transfer equation of Lya resonant photon in a spherically
symmetric medium containing neutral HI. For simplicity, we ignore the effect of dust

(i.e. k(z) =0), and (6.1) is

or o1, (-1 o _
an Kor r o Oup Tor —

—¢(z;a)l + /R(x,u,xﬂu’; a)l(n,r,a', p')dz'dp’ /2 + S. (8.1)

The boundary and initial conditions are still given in (6.13), (6.17) and (6.19).

8.1.1 Test with Field’s analytical solution

We first test the WENO solver with analytical solutions. Assuming that the specific
intensity and source S are homogeneous in the r and p space, i.e. I(n,r,x,pu) is

independent of variables r and p. (8.1) becomes

oJ oJ , N
o o = —o(x)J + /R(m,x )J(n,z")dz" + S, (8.2)
where
1
J(n,x) = §/I(n,r,ﬂf,u)du- (8.3)

1/2

Take v = 0, Voigt parameter a = 0, the source S = ¢(x) = 7~ 6*12, and the initial

radiative field I(z,n7 = 0) = 0. The time-dependent solution of(8.2) is [44, 94].

J(x,m) =71 — exp(—ne )] (8.4)

+/ " [1 = (1+ne ") exp(—ne

2

“))]erf(w)dw.
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Our solver seeks a solution I from (8.1). One can then give J via (8.3). It is
interesting to see whether the solution to (8.4) can be reproduced, if we also assume
that the source S in (8.1) is spatially homogeneous, but u-dependent, i.e. S =
O(n)o(z) = O(p)m~2e~*" where O(p) describes the angular distribution of photons

from the source. We consider both an isotropic source
S=g12%" _1< n <1, (8.5)
and an anisotropic source as follows,

2n + DprrY2e " 0 < p <1,
g (n+1)u u (8.6)
0, -1 <u<0,
where n is taken to be a positive integer.Obviously, the larger the n, the stronger
the emission in the direction ¢ = 1. The factor 2(n + 1) is for normalization:
1 n
5 Jo 2(n+ )prdp = 1.
The numerical results with sources (8.5) and (8.6) with n = 4 and 6 are shown

in Figure 8.1. It is expected that the numerical solution with source (8.5) (the left

Figure 8.1: The WENO numerical solutions (solid lines) of equation (8.1) assuming
the sources S is a) S = 7~ /2e=* for all ;i (left); b) S = 10p*n~/2e*" (middle); and
¢) S = 14u57~2e=*" (right) for > 0 and S=0 for ;x < 0. The Field’s analytical
solution is shown with dot lines.



143

panel of Figure 8.1) should follow the analytical solution (8.4) well, as the isotropic
source is the same as that used to find the analytical solution.

It is interesting to see that the WENO solutions of n = 4 (middle panel) and
n = 6 (right panel) also follow the analytical solution to (8.4) well. It seems to

indicate that the evolution of the frequency space is independent of the p-space.

8.1.2 Time scale of the statistical equilibrium of the angular

distribution

A remarkable feature of the solutions of Figure 8.1 is a flat plateau in the range
|| < 2 at time n > 100. The flat plateau is caused by the Wouthuysen-Field
local thermalization of frequency distribution of resonant photon [113, 44, 45]. The
flat plateau actually is the Boltzmann statistical equilibrium distribution around
x = 0 when the atomic mass is infinite. If the mass is finite, i.e. considering the
recoil in the re-distribution functions (6.3) or (6.4), the flat plateau will become
e=2% where b = hiy/murc, which is the local Boltzmann distribution required by
the Wouthuysen-Field effect [88]. The resonant scattering between photons and
HI atoms leads to the Boltzmann distribution of the photon frequency distribution
around z = 0 with the temperature equal to that of HI atoms.

When resonant photons undergo the local thermalization in the frequency space,
the angular distribution should be approaching statistical equilibrium. The anisotropic
p~distributions have to evolve to be isotropic (statistical equilibrium). We calculate
all the p-distributions at the time 7 corresponding to the three panels of Figure
8.1. The result is plotted in Figure 8.2. The p-distribution of left panel is always
isotropic. This is expected as the source is isotropic, which is already in the state of
statistical equilibrium.

The middle and right panels of Figure 8.2 show the evolution of an anisotropic u-
distribution equation (8.6). The time scale for approaching an isotropic distribution

seems to be independent of the anisotropy of sources. It is always equal to about
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Figure 8.2: The WENO numerical solutions of angular distributions from equation
(8.1) at = = 0, assuming the sources S are a) S = 7~ /2¢~* for all p (left) and b)
S = 10p*n~2¢7*" (middle); and ¢) S = 14uS7~1/2e~*" (right) for ; > 0 and S=0
for p < 0.

n ~ 100 for both n = 4 and n = 6, i.e. the p-distribution will become isotropic
after 100 times of resonant scattering. This time scale is about the same as that of
the W-F thermalization (Figure 8.1). Therefore, the thermalization in the frequency
space and the isotropic distribution in the p-space are realized at about the same

time.

8.2 Precision of the Eddington approximation

8.2.1 Equations of the Eddington approximation

Following the same analysis as in Section 6.1.3, (8.1) yields the equations of j and f

as
aj af _ . . /. . / a_j 2
oy * 3 = o a) +/R(:v,:c,a)Jdﬂs T s (87)
of 105 25 of
on T3ar T3 olz;a)f + Tz’ 88)

with initial and boundary conditions (6.14), (6.18) and (6.20).
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8.2.2 Profiles of j and f

Figure 8.3 does show small differences between the solutions with and without the
Eddington approximation, even though both solutions are given by the same source.
The difference comes from the contribution of the terms of [ > 2 in the Legendre
expansion. The difference between the profiles with and without the Eddington
approximation becomes smaller when the time n is larger. It is because larger n
corresponds to larger optical depth. The Eddington approximation generally is good
for optically thick medium.

10° r

o'k

e JOLEX) o

0%k

Figure 8.3: A comparison of the solutions 5 and f with the Eddington approximation
(dashed curves) and the solutions of f without the Eddington approximation (solid
curves). Relevant parameters are r = R = 102, and a = 1073.

Now we consider different sources. We re-do the solutions of j and f with equation
(8.1) by taking S = o(u — %) and S = d(u — 1). We use polynomials of degree 6
to approximate the delta sources. The results are given in Figure 8.4, which shows
the same shape of the profiles. That is, the profiles of j and f are not affected
by the angular distribution of photons from the source. It is probably because

the p-distribution quickly evolves into the statistical equilibrium state, the initial
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anisotropy of the u distribution is forgotten.
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Figure 8.4: A comparison of the solution s j and f with S=§(u—1/2) and o(u — 1).
Relative parameters are r = R = 100, a = 1073.

8.3 Angular distributions

8.3.1 Frequency dependence

Although the Eddington approximation is acceptable when calculating the profile of
Lya photons in the frequency space, it fails in the u-space. The result in Figure
8.2 shows that the p-distribution is isotropic at frequency 1. On the other hand,
the p-distribution will no longer be isotropic at frequency |x| > 2, because photons
of |z| > 2 have not undergone scattering. Consequently, the angular distribution of
photons emerging from optically thick halo should be frequency(energy)-dependent.

We calculate the p-distribution of photons from a halo with R = 500 with the
central source given by (6.15), i.e. photons from the source can be described by
the Eddington approximation (6.9). The result is shown in Figure 8.5. The p

distributions at frequencies x = 0 and 0.8 are basically straight lines in the whole
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Figure 8.5: The p distribution of photons emergent from a halo with radius R =
500. The frequencies are x = 0.0,0.8,1.6 and 2.4. The relevant parameters of the
calculation are n = 1.2 x 10, v = 0, and a = 1073,
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range —1 < p < 1. That is, I can be described by the Eddington approximation
equation (6.9).

At z = 1.6, the p-distribution begins to deviate from a straight line, i.e. deviating
from an Eddington approximation. At x = 2.4, the p-distribution shows a very sharp
spike at ;4 = 1. That is, the angular distribution of photons with frequency at the
two peaks (Figure 8.3) is significantly different from isotropic, but is dominated by
photons of = 1. This result is consistent with the “single shot picture” [2, 12], in
which photons with frequency |z| < 2 mainly undergo a diffusion in the frequency
space; once a photon diffuses to |z| > 2, it will take “single longest excursion” to
leave for outside of the halo. Therefore, the two peaks of the flux f at frequency
x4 ~ £(2 — 3) are dominated by photons from “single longest excursion” photons,

of which p ~ 1.

8.3.2 Dependence of the initial anisotropy

The source of Figure 8.5 given by (6.15) has ©(u) = 6u (> 0), which is linear in
p. We now consider sources with higher anisotropy with ©(u) given by
2(n+2)p™, 0 < p <1,

Op) = (8.9)
0, w < 0.

When the integer n is large, ©(p) is similar to a § function 6(u—1), i.e. most photons
are in the direction p = 1.

We repeat the calculation of Figure 8.5, but using the source equation (8.9) with
n =1, 2, 4, 6 and 8. The result is plotted in Figure 8.6. It is interesting to
see that the p-distributions are independent of n, but depend on z. It is easy to
explain the n-independence of the two top panels of Figure 8.6, both of which have
frequency |x| < 2. In this frequency range, the evolution of the specific intensity
I is governed by the local thermalization of x-space and entropy increasing of u-

space. These processes lead to the Boltzmann distribution in the energy space and
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Figure 8.6: The p-distribution of halo with radius R =100 and source equation (8.9)
with n=1, 2, 4, 6, and 8. For each x, the curves for different n overlap with each
other. The frequencies are taken to be x = 0, 0.8, 1.6, 2.4. The parameters of the
halos are n = 3500, v = 0, and a = 1073,

isotropic distribution in the angular space, regardless of the initial distributions
in either frequency- or angular spaces. In other words, the initial distribution is
forgotten during the local thermalization and approaching statistical equilibrium.
However, the mechanism of the local thermalization and approaching isotropic
distribution seems to be unable to explain why the two curves at x=1.6 and x=2.4
of Figure 8.6 also show n-independence. The p-distribution of these two curves of
Figure 8.6 are highly anisotropic. Therefore, they do not have to be the result of
the local thermalization and approaching statistical equilibrium. Why do they also
show the behavior of forgetting the initial angular distributions? The reason is as
follows. In the first phase of resonant photon evolution, Lya photons are trapped
in the range of |z| < 2 within the time scales of a few tens or hundred scattering
[89]. The trapped photons have already forgotten their initial state. On the other

hand, photons with |z| > 2 mostly come from the diffusion of trapped photons from
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|z|] < 2 to |z| > 2 [88]. Thus, all photons of |x| > 2 emerging from the optically
thick halo essentially have the same initial condition, given by the |z| space diffusion
of trapped photons. Therefore, the initial distributions before they are trapped have
been forgotten. This property can also be seen in Figure 8.2, in which, although the
sources of the middle and right panels are different from each other, the behaviors of
the time-evolution of the p-distribution are about the same. This result also implies
that it is impossible to recover the information of the distribution of photons emitted

by the central source.

8.3.3 Collimation of photons of the double peaks

A common feature of Figure 8.6 is to show a very sharp spike at y ~ 1 when |z| = 1.6
and |z| = 2.4, corresponding to the double peaks of Figures 8.3 and 8.4. Therefore,
the spiky distribution of y indicates that the photons with frequency at the double
peaks have formed a forward beam.

In order to measure the angular size of the y = 1 spikes, we fit the u-distributions
of Figure 8.5 at x = 1.6 and x = 2.4 with polynomials of u. We find that both curves
can be well fitted with polynomials of x4 having leading terms Au'® + Bu'® + ..., A,
B being fitting coefficients. The terms of either x'® or p'® are much sharper than
the central source equation (8.9) u™ with n < 6. Therefore, the radiative transfer at
the double peaks of frequency space plays the role of forward collimator. It made
the photons form forward beams.

If we define the spread angle 3 of the forward beam as the angle of half intensity,
this number can be estimated by cos'® 3 = 1/2, and therefore, 8 ~ 0.29rad. This
result is again consistent with the “single shot picture”. The double peaks mainly

consist of photons from a single shot, which moves in the forward direction.
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8.3.4 Large halo

We calculate the p-distribution of Lya photons in a halo with large radius R = 1000,
and the central source is given by equation (8.9) and n = 6. The results are given in
Figure 8.7, which shows the dependence of the p distribution on the radial variable

r in the halo.
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Figure 8.7: The p-distributions at radial positions » = 100 (left), 300 (middle), 500
(right) of a halo with radius R = 1000. The source is given by equation (8.9) and
n = 6. The frequencies are taken to be x = 0, 0.8, 1.6, 2.4. The dotted curves in
the middle and right panels are p-distributions at » = 100 x = 2.4. Other relevant
parameters are n = 1.2 x 10%, v =0 and a = 1073.

Although the photons from the source of n = 6 are highly anisotropic, all the
p~distributions of x = 0.0 and 0.8 at » = 100, 300, 500 are straight lines. That is,
the specific intensity I can be well approximated by the Eddington approximation
equation (6.9). This result is consistent with Section 8.3.2. The r-dependence of
the p-distribution of || = 2.4 photons is also consistent with the result of section
8.3.3: the larger the r, the sharper the p-distribution. The r transfer leads to the
collimation.

The behavior of r-dependence of the p-distribution at x = 1.6 is very different
from that of z = 0.0, 0.8, and 2.4. The p distribution at » = 100 is about the same
as Figure 8.6, i.e. it has undergone an evolution of forward collimation, having a

sharp spike at © = 1. However, the p distribution will no longer show a spike at
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r = 300 and 500. When r is equal to or less than about 200, the r-dependence of
the p distribution is similar to the |x| = 2.4 photons. However, when r > 200, the
r-dependence of the p distribution is similar to the |z| = 0 and 0.8 photons. This
is because the optical depth at |z| = 1.6 is larger than |z| = 2.4, the “single shot
picture” is working well at r ~ 100 for both |z| = 1.6 and 2.4. However, at r > 200,

the single shot picture can still work well for || = 2.4, but not so well for |z| = 1.6.
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Figure 8.8: The u-distributions with respect to the effective optical depth. Relevant
parameters are = 1.2 x 10*, v = 0 and a = 1073,

We consider the evolution of the angular distribution with respect to effective
radial optical depth 7.(x) = 79¢(z,a). The result is plotted in Figure 8.8. The
p~distribution is isotropic if the effective radial optical depth is large and it will no
longer be isotropic when the depth becomes small. If we define the transition between
isotropic and anisotropic u-distribution occurs when I(r,z,1) = 2I(r,z, —1), then
at the transition, the critical optical depth is 7..; =~ 5, as can be found from table

8.1.
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Table 8.1: critical effective optical depth 7.

7] 100 | 200 | 300 | 400 | 500
16 | 1.8 | 1.8 | 20 | 20
7(x) | 4.41 [ 4.46 | 6.69 | 4.17 | 5.21

8.3.5 Effect of anisotropic scattering

All calculations in the previous sections are based on the re-distribution function
equation (6.3), which consider only isotropic scattering. If we consider dipole scatter-
ing, it seems to introduce a new factor leading to anisotropy and yield new anisotropic
behavior. However, HI atoms are in thermal equilibrium, and their distribution is
isotropic. The dipole scattering, as average, does not contain any parameter of spe-
cific direction. It will not add any anisotropic behavior. Therefore, all conclusions

in the previous sections should still hold.

8.4 Conclusion

The transfer of Lya resonant photons from a central source in a halo consisting of
HI generally is considered as a problem of radiative transfer in an optically thick
medium. However, the “optically thick medium” assumption is true only when the
frequency of Ly« photons lies in a narrow range |x| < 2. The cross section of resonant
scattering is very sensitive to the photon frequency. It quickly becomes small when
the frequency of Lya photons has only a small deviation from the range |z| < 2. For
those photons, the halo is optically moderate thick, or even thin. Therefore, in order
to understand the transfer of Lya photons with frequency around the resonant peak,
we need to find the solutions of the integro-differential equation (8.1) in optically
thick as well as moderate thick and even thin medium. That is, although the halo is

optically thick for resonant photons, one should not treat (8.1) by using the condition
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of optical thick.

To find solution of (8.1) with desired precision in frequency ranges of optically
thick as well as moderately thick, the algorithm must handle the extremely flat
distribution (|z| < 2) and its sharp boundary (|z| ~ 2) of I. These features can be
properly captured by the state-of-the-art numerical method, WENO scheme, as it has
high order of accuracy and good convergence in capturing discontinuities as well as
being superior to piecewise smooth solutions containing discontinuities. The WENO
solver has been shown to be powerful to solve the integro-differential equation of
radiative transfer of resonant photons Lya. In this chapter, we develop the WENO
algorithm to be able to solve the integral-differential equation (8.1) in frequency and
angular space simultaneously.

We have first shown that the Eddington approximation can yield reasonable
results of the frequency profile of photons emergent from optically thick halos. Since
the Eddington approximation assumes [ is linearly depends on p, all the physics of
the angular distribution of Ly« photons are missing. A cost of the Fokker-Planck
equations is also to ignore all the effects of the evolutions of angular distribution.

The physics of the evolution of the angular distribution is rich. As has been
known, resonant scattering couples the transfers of resonant photons in the phys-
ical space and the frequency space. We show, in this chapter, that the resonant
scattering leads to the coupling between the evolutions of resonant photons in the
frequency space and the angular space as well. The evolution of the resonant photon
distribution in the u space is strongly dependent on the frequency. Photons with
frequency |z| < 2 undergo the procedure of approaching statistical equilibrium, and
their angular distribution is isotropic after a few tens or hundred scattering, regard-
less of whether the initial angular distribution is isotropic. On the other hand, the
angular distribution of photons with |z| > 2 is strongly anisotropic, even if the initial
angular distribution is isotropic.

An interesting feature is that the anisotropic angular distributions at frequency
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|z| ~ 2 are independent of the initial angular distributions. Different initial angular
distributions yield the same anisotropic angular distributions after a few tens or
hundred scattering. This is because photons at frequency |z| ~ 2 are not directly
from the source, but come from the trapped photons within |z| < 2, for which the
initial distributions have been forgotten. Therefore, it seems to be impossible to
recover the property of the source with the observed u-distribution of Lya photons
either in the range of |z| < 2 or in |z| > 2.

Another interesting feature of an optically thick halo is the collimation of photons
with frequencies of the double peaks. This is also because photons trapped in |z| < 2
are thermal. When the trapped photons diffuse to |x| > 2, they have two possible
fates. One is to get out of the holes by a single shot if photons move forward. If
a photon has not taken a single shot, the resonant scattering will lead it back to
the region of |z| < 2. Therefore, photon transfer in optically thick medium is a
collimator. Although photons stored in an optically thick halo are thermal, the p-
distribution is isotropic and the double peak only picks up photons of a single shot,

i.e. moving forward.
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