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Abstract of “The Search for a Heavy Top-Like Quark” by Michael M. H. Luk, Ph.D., Brown
University, May 2013

The Standard Model (SM) has stood as one of the cornerstones of modern physics for

the past 40 years; yet it is likely to remain only as an effective field theory. In particular,

new beyond the SM theories are required to explain both the baryon-antibaryon asymmetry

observed in the Universe and the unnatural lightness of the tentatively observed Higgs boson.

Such theories often predict heavy partners to the six observed quarks, which naturally

explain these phenomena.

In this thesis, we present two searches for a heavy top-like quark at the LHC using data

collected by the CMS detector. In 2011, we searched for a sequential fourth generation t′

using 5 fb−1 of data at a
√
s = 7 TeV centre of mass energy [1]. In 2012, we searched for a

vector-like T that partners the SM top quark using 19.6 fb−1 of data at
√
s = 8 TeV [2, 3].

In both analyses, we used a semileptonic event topology, consisting of events with exactly

one lepton. No excess over SM predictions are observed and the heavy top-like quark is

ruled out below the mass of 700 GeV/c2 across the entire phase space. This is the first

analysis of its kind and we set the most stringent limit on this entire class of beyond the

SM theories to date.
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Preface

Since the 1970s, the Standard Model (SM) has proved one of the most accurate and pre-

dictive physical theories to date. However, new beyond the Standard Model (BSM) theories

such as Supersymmetry (SUSY) and String Theory are already required to explain certain

phenomena at the Planck scale. These are but two of the leading candidates for Grand

Unified Theories (GUT) in a hugely rich field of research.

Indeed, we are fast approaching a time where the Standard Model may break down,

where observations of inexplicable experimental results will call for additional physics to

be present. Dark energy, the cosmological constant, strong CP, and hierarchy problems are

but a few of the issues that we have already encountered at our relatively low energy scales,

which hint at some grander underlying structure in nature.

Part I of this thesis is dedicated to the foundations of the theory [5, 6]. Part II formu-

lates the Standard Model [7–9] and Part III discusses the Large Hadron Collider (LHC)

and the Compact Muon Solenoid (CMS) detector [10–12]. Finally, Parts IV and V will

discuss beyond the Standard Model physics and the searches for their signatures at the

CMS detector.

An introduction to Group Theory and the classification of particles can be found in Ap-

pendix A. The Lorentz transformations are described in Appendix B and finally additional

material on the search for a heavy vector-like T quark can be found in Appendix C.

I Notations and Conventions

Throughout this thesis we shall be using the diag(+,−,−,−) signature.

Greek indices will typically run over all space-time coordinates i.e. µ, ν = 0, 1, 2, 3 whilst

Roman indices i, j = 1, 2, 3 the three spatial components. Unless otherwise stated, we shall

use the Heaviside-Lorentz units where ε0, µ0 = 1 and natural units where ~ = c = kB = 1.

One can easily restore these constants in any equations through simple dimensional analysis.
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Indices will follow Einstein’s summation convention where a contravariant (superscript)

index with a covariant (subscript) one indicates the implicit sum

AiBi = gijA
iBj ≡

∑
i

AiBi = A ·B. (1)

Expressed in terms of matrices, a Hermition operator H is defined by

H† = H (2)

where † ≡ (T?) is known as the Hermition conjugate, equivalent to the operation of complex

conjugating the transpose. Additionally, unitary operators U are defined by

U †U = I (3)

II Length Scales

We shall also use the common notation [ψ] to mean the mass dimension of the quantity

ψ. In natural units the following relationships between mass M , length L and time T hold:

[M ] = [L]−1 (4a)

[L] = [T ] (4b)

[E] = [M ] (4c)

We can thus convert all units to one independent dimension.

The fundamental constants of nature are

[c] = LT−1

[~] = L2MT−1

[G] = L3M−1T−2 (5a)

viii



where the speed of light c = 3×108 m s−1, Planck’s constant ~ = 1.0545×10−34 m2 kg s−1,

and the gravitational constant G = 6.67398× 10−11 m3 kg−1 s−2.

Then, converting to mass units, we discover that the Gravitational constant is the only

one that remains dimensionful. We can express G in mass units as

G =
~c
M2
pl

=
1

M2
pl

(6)

where Mpl ∼ 1019 GeV is known as the Plank mass. Therefore G ∼ 10−38 − 10−39 GeV,

which defines the characteristic strength of the gravitational force. Equivalently, it sets

the length scale lpl ∼ 10−33 cm of gravity. Below this length, our conventional theory is

expected to break down and a quantum theory of gravity will dominate. On the other

extreme of the length scale is the cosmological horizon with ∼ lcosmo u 1080lpl.

The characteristic energy (mass) scale is typically set by the bosonic fields of the gauge

theories as these naturally arise from the symmetries of nature. Below these energy scales,

one would typically observe merely an effective theory. Historically, the original Fermi

theory of weak interactions was developed from experimental observations [13]. It was

found to be only an effective theory of what is now known as the electroweak force [14],

which is mediated by the weak bosons W±, Z0. The masses of these particles define the

cut-off regime below which the effective theory is still valid.

Since the gluons are massless, the natural scale of quantum chromodynamics is O(1)

GeV set by the pion, which are the pseudo-Goldstone bosons of the theory.

The characteristic strength of the electromagnetic force is determined by the dimension-

less fine-structure constant α = e2/4πε0~c ∼ 10−2.

We will see in Part IV that there are already some experimental and theoretical hints

that the Standard Model of particle physics is merely an effective one. In Chapter 4, we

shall motivate why the Standard Model is expected to be valid only to the TeV scale - the

regime where the LHC is currently probing.

We summarise the scales in Fig. 1 on a logarithmic plot where energy increases to the

right, and equivalently, length increases to the left.
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Figure 1: Shows the length scales involved in the Universe [6].

III Group Axioms

Definition A group G is a set of elements (g0, g1, ...) with a multiplication law that obeys

the following four properties:

1. Identity - There exists a unique element e ∈ G such that for every element g ∈ G the

equation g · e = e · g = g holds.

2. Inverse - For each element g ∈ G, there exists an element g′ ∈ G such that g · g′ =

g′ · g = e.

3. Associativity - The multiplication law is associative such that the equation (g1·g2)·g3 =

g1 · (g2 · g3) holds ∀g1, g2, g3 ∈ G.

4. Closure - The set is closed under multiplication such that g1 · g2 = g ∈ G holds

∀g1, g2 ∈ G.

We shall typically be concerned with Lie groups, which are a special type of group, with

both an an analytic multiplication map and continuous group elements.

IV The Postulates of Quantum Mechanics

The postulates of quantum mechanics (QM):

• For every dynamical system there exists a wave function ψ that is continuous, square

integrable, and single valued function of the parameters of the system, from which all

possible predictions about the physical properties of a system can be obtained.
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• Measurements of the state of the system are performed by Ĥψ = Eψ, where Ĥ the

Hamiltonian and E the energy of the system. The notation ˆ is used to indicate

that the Hamiltonian is an operator (often dropped when unambiguous). This is an

eigenvalue equation which gives stored information of the state.

• Every dynamical variable may be represented by a Hermition operator whose eigen-

values represent the possible results of carrying out a measurement of the dynamical

variables.

• Immediately after such a measurement the wave-function of the system collapses to

a particular state, identical to the eigenfunction corresponding to the eigenvalue ob-

tained as a result of that measurement.

• Between measurements the system evolves according to the Time Dependent Schrödinger

Equation (TDSE): Ĥψ = i~∂ψ∂t .

Two observables are said to be “compatible” if their operators have a common set of

eigenstates. They commute if they do so, otherwise there is an uncertainty relation for

these two observables. In terms of observables, the wave-function collapses to one of the

basis eigenstates upon measurement and therefore two variables can only be simultaneously

measured if they commute, otherwise there is an inherent uncertainty in the measurements.

In particular, the operators that represent the position and the momentum of a particle

in one-dimension are x̂ and p̂ ≡ −i~ ∂
∂x respectively. These act on a state by x̂ψ = xψ and

p̂ψ = pψ, giving the position and the momentum of the measured particle. Since these are

incompatible observables, there is an uncertainty relation:

[x̂, p̂] ≡ x̂p̂− p̂x̂ = i~ (7)

known as the Heisenberg uncertainty relation.
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Chapter 1

Symmetry

Symmetries have been used as an invaluable tool by physicists over the past century. Particle

physicists apply Group Theory, the mathematical language of these symmetries, to simplify

otherwise intractable calculations.

In this approach, elements of a group transform one state to another whilst leaving the

total system invariant. In general, we can construct matrix representations of the group

by identifying the abstract group elements with linear matrices and identifying the group

operation with the standard matrix multiplication. The finite set of basis eigenstates for

these matrices then furnishes the vector space on which these transformations act. The

group and the vector space together describe irreducible representations that form the

building blocks of all physical theories.

1.1 Space-Time Symmetries

There are two types of symmetries that govern all particles. First, the symmetries of space-

time are global large scale symmetries that are independent of position. The second are

internal local symmetries, known as “gauge” symmetries, that describe three of the four

fundamental forces that control interactions in particle physics.

We shall examine both classes of symmetries in the absence of the final fundamental

force, gravity. We do so for two reasons: first, gravity is very weak, and therefore will not

play a major role in dynamics of particle interactions at the subatomic level. Second, it
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belongs to a class of complicated and poorly understood theories that are what is known as

non-renormalisable [8].

We assume that particles and their interactions are always invariant under these space-

time symmetries. This will ensure that our equations that govern the laws of Nature shall

be relativistic, satisfying Einsteins equations of Special Relativity. These global symmetries

are defined by the Poincaré group, which describe the symmetries of translations, rotations

and boosts in flat space.

1.1.1 The Lorentz Group

The rotations and boosts of flat-space form the Lorentz group, denoted SO(1, 3). This

group naturally arises from Einstein’s Special Relativity, which requires that all reference

frames were equivalent.

A metric is used to parameterise distances and angles in space. The solution for flat

space M4 from Einstein’s equations [15] gives the Minkowski metric

ηµν = ηµν =



1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


(1.1)

which defines the infinitesimal path length

ds2 = ηµνdx
µdνx = dt2 − dx2 − dy2 − dz2 (1.2)

Further, the metric can be used to “raise” and “lower” any space-time index. In flat-space,

we use the Minkowksi metric: xµ = ηµνxν and similarly xν = ηµνx
µ.

Notice that the metric η can be redefined by an additional sign change and an appropri-

ate redefinition of the coordinates [16]. However, any physical result must be independent

of such a choice and we shall proceed with (1.2).
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The set of linear transformations Λ : M4 → M4 where Λ ∈ SO(1, 3) are real matrices

that transform the coordinates x′µ = Λµνxν , leaving the lengths invariant. Physically, this

means that the path length of the space-time to be independent of the reference frame.

Therefore, we require

ηµνx
′µx′ν = ηµνΛµσΛνρx

σxρ

= ηµνx
µxν (1.3)

For the last equality to follow, the metric must also be invariant under the Lorentz

transformation such that

ΛµσηµνΛ ν
ρ = ηρσ (1.4)

We will show that the set of Λ form a group under matrix multiplication. Take Λ1,Λ2 ∈

SO(1, 3) as 4 × 4 matrices that satisfy (1.4). It is straightforward to see that Λ1Λ2 also

satisfies (1.4). Additionally, if Λ satisfies (1.4), then det(Λ) = ±1. The inverse is given by

Λ−1 = η−1ΛT η and

(Λ−1)T ηΛ−1 = ηΛη−1ηη−1ΛT η

= ηΛ η−1ΛT η︸ ︷︷ ︸
Λ−1

= η (1.5)

suppressing all indices. Thus Λ−1 is also a Lorentz transformation; in particular, Λ ν
λ Λρν =

δ ρ
λ . Finally the identity element is simply Λµν = δµν and the set of Lorentz transformations

indeed form a group.

Now, one can write a generic Lorentz transformation as

Λ =

 λ βT

α R

 (1.6)

where λ ∈ R, α, β ∈ R3, and R is a 3× 3 real matrix.
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Then, the constraints from (1.4) imply that

λ2 = 1 + α · α , λβ = RTα , RTR− ββT = I3 (1.7)

The first constraint can be rewritten as λ = ±
√

1 + α · α, which means that λ ≥ +1 or

λ ≤ −1, with β = RTα
±
√

1+α·α .

The Lorentz transformations with Λ0
0 ≥ 1 form a subgroup of the Lorentz group.

Specifically,

det Λ = +1 and Λ0
0 ≥ 1 (1.8)

is called the orthochronous Lorentz group, denoted SO(1, 3)+.

The proper orthochronous transformations consist only of rotations and boosts that

preserve time-like, space-like, and null vectors, which have components that obey x2 < t2,

x > t2 and x = 0 respectively.

Note that any general Lorentz transformation can be written as a proper orthochronous

one with a discrete (parity and/or time) transformation. We shall therefore restrict our

discussions to orthochronous ones and suppress the additional + superscript.

The Lorentz transformation can be written infinitesimally as

Λµν = δµν + δωµν (1.9)

Then the constraint that the metric is invariant yields

ηµνΛµρΛ
ν
σ = ηρσ =⇒ δwρσ = −δωσρ (1.10)

The antisymmetric nature of ω implies that there are 4 × 3/2 = 6 degrees of freedom.

Considering three spatial directions, a generic rotation lives in SO(3) and has three para-

meters. The remaining three degrees of freedom are are known as the Lorentz “boosts”.

We can introduce the six basis matrices (Mρσ)µν for these transformations. These are

defined by

(Mρσ)µν = ηρµδσν − ησµδρν (1.11)
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and are antisymmetric in the indices ρ, σ = 0, 1, 2, 3.

The infinitesimal transformation is now

ωµν =
1

2
Ωρσ (Mρσ)µν (1.12)

where Ωρσ is antisymmetric in [ρσ] and contain six constants, which specify the magnitude

under a particular basis transformation.

These basis matrices of the symmetry are known as “generators” of the Lie group and

obey the “Lie algebra” defined by the commutation relations

[Mρσ,Mτν ] = ηστMρν − ηρτMσν + ηρνMστ − ησνMρτ (1.13)

where we have suppressed the matrix indices.

A finite Lorentz transformation can then be expressed in terms of the exponential

Λ = exp

(
1

2
ΩρσMρσ

)
(1.14)

Notice that one can also construct these Λ ∈ SO+(1, 3) matrices directly from Einstein’s

equivalence principle, as shown in Appendix B. Without loss of generality, the Lorentz boost

in the z-direction transforms the space-time coordinate (in four-vector notation) as



ct′

x′

y′

z′


=



γ 0 0 −βγ

0 1 0 0

0 0 1 0

−βγ 0 0 γ





ct

x

y

z


(1.15)

where

γ =
1√

1− β
, β =

v

c
(1.16)
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In turn, this transformation in special relativity corresponds to the one given by the

symmetry generator

(
M03

)
≡



0 0 0 0

0 0 0 0

0 0 0 1

0 0 1 0


(1.17)

Further, by defining the rapidity φ as

eφ = γ(1 + β) , e−φ = γ(1− β) (1.18)

we see that the Lorentz transformations are hyperbolic rotations of the coordinates in

Minkowski space are given as



ct′

x′

y′

z′


=



coshφ 0 0 − sinhφ

0 1 0 0

0 0 1 0

− sinhφ 0 0 coshφ





ct

x

y

z


(1.19)

Similarly, this transformation is given by the generator

(
M12

)µ
ν

=



0 0 0 0

0 0 −1 0

0 1 0 0

0 0 0 0


(1.20)

which generates rotations in the (x, y) plane. In general, we define the M0i as boosts

and Mij for i, j 6= 0 as rotations [6]. In this way, the equations of special relativity and

the Lorentz transformations are equivalent. Thus, imposing Lorentz invariance will yield a

relativistic theory.
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Representations of the Lorentz group

In general, all physical particles are described by fields that transform under some repres-

entation of the Lorentz group D[Λ], where a representation obeys the following axioms:

• D[Λ1]D[Λ2] = D[Λ1Λ2],

• D[Λ−1] = D[Λ]−1,

• and D[I] = I.

Although the fields can transform non-trivially, we can ensure that our theory is relativ-

istic by simply constraining the permissible interactions between multiple fields to those

that are invariant under the Lorentz group. A quantity that is invariant under a Lorentz

transformation is known as a Lorentz scalar.

The Lorentz group S0(3, 1) is the double cover of SU(2), such that the representations

of the Lorentz group can be classified by two SU(2) spin values (j, j′) [5]. The smallest

irreducible representations are (0, 0), (0, 1
2), (1

2 , 0), and (1
2 ,

1
2):

• (0, 0) is the tensor product of two one-dimensional states; it forms the singlet state

of the tensor product representation. The field that transforms trivially under this

singlet representation is known as the scalar field.

• (0, 1
2) is known as the left-handed Weyl representation. It has 2 states and describes

the transformation of the spin-1
2 field. We call the field that transforms under (0, 1

2)

representation of SO(1, 3) the left-handed Weyl spinor field denoted ψL.

• Similarly, (1
2 , 0) is the right-handed Weyl spinor representation with two states de-

scribed by the ψR field.

• The spin-1 representation (1
2 ,

1
2) is four-dimensional and is known as the vectorial or

vector-like representation.

We shall now construct Dirac spinors, composed of a left and a right-handed spinor field,

which transforms under (1
2 , 0)⊕ (0, 1

2). All fermions are spin-1
2 fields and are described by

these Dirac spinors [8].
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Dirac spinors transform invariantly under time and parity transformations in addition

to the Lorentz symmetry. Parity transformations acts on the weights that define the states

as

(j, j′)→ (j′, j) (1.21)

Physically, this means that imposing relativity SO(1, 3) and the condition that spin-1
2

particles transform invariantly under parity requires left and right-handed fields come to-

gether (each transforming under opposite-handed irreducible representations of SU(2)).

This implies that any theory that is invariant under parity and Lorentz symmetry, such

as quantum chromodynamics, can be represented in terms of Dirac spinors. In this case,

the parity transformation simply switches the left and right-handed components, leaving

the total field invariant.

In theories that are not invariant under parity, for example in the electroweak theory,

we use Weyl spinors. The left and right handed fields then transform under independent

left-handed (0, 1
2) and right-handed (1

2 , 0) representations respectively. Such theories that

treat left and right handed fields differently are known as chiral theories.

We shall return to both the field and particle content of the Standard Model in Chapter 3

but for now, we shall just mention the irreducible representations in which they lie. For a

relativistic theory, only certain combinations of fields are permissible in each term of the

equations of motion. These are the ones that are in total Lorentz scalars. The specific

representation under which each physical field transforms is determined the experimentally

observed interactions.

Thus, to couple consistently with all other particles, the Higgs field is chosen to be a

scalar field. The fermions exhibiting the effect known as spin, which distinguish them into

two equivalent categories, naturally fall into the spin-1
2 representation and are therefore

spinor-fields. The gauge fields, having four degrees of freedom, are spin-1 vector fields.

Finally, the field tensor and the metric tensor are constructed from the other fields and

have spin-2. They transform under the higher representations (1, 0) ⊕ (0, 1) and (1, 1)

respectively.
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It turns out that space-time is also translationally invariant. We will now consider the

Poincaré group, which is the (semi-direct) product of the group of translations and the

Lorentz group.

1.1.2 The Poincaré Group

The Poincaré group is a 10-dimensional Lie group that define the symmetries of flat Minkowski

space-time. There are four additional transformations Πµ (µ = 1, 2, 3, 4), one for each of

the directions in space-time.

The Poincaré algebra is governed by the following commutation relations [5]:

[Πµ,Πν ] = 0 (1.22a)

1

i
[Λµν ,Πρ] = ηµρΠν − ηνρΠµ (1.22b)

1

i
[Λµν ,Λρσ] = ηµρΛνσ − ηµσΛνρ − ηνρMµσ + ηνσΛµρ (1.22c)

where (1.22c) by itself defines the Lie algebra for the Lorentz group.

In fact, a theory must be invariant under the Poincaré symmetries (of flat-space) for it

to be relativistic. However, since translational symmetries are often straight-forward and

typically uninteresting, we shall restrict our discussions to Lorentz invariant theories and

assume that the generalisation to the full Poincaré group follows trivially.

1.2 The Principle of Least Action

A “field” φ(x̄, t) is a function defined at every point of space-time. Typically, they are

used to describe particles that will naturally arise upon quantisation, described in the next

Chapter 2.

For now, we shall continue by defining the “action”

S ≡
∫
dtL

(
φ(t), φ̇(t)

)
(1.23)
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where L is the Lagrangian that depends on a field φ and its momenta φ̇. The Lagrangian

density L is defined as L =
∫
dtd3xL. L and L are commonly both referred to as the

Lagrangian. For now, we shall assume that this parameterises the path along which a

particle takes.

Classically, the action is a functional of a particle’s coordinates with q and momenta q̇

replacing φ and φ̇ respectively. This means that the action is dependent on all points along

the path (q, q̇) of the particle, with only the start (q(ti), q̇(ti)) and end (q(tf ), q̇(tf )) points

fixed. In quantum mechanics, particles are described by fields and the functional integral

naturally generalises to an integration over all field configurations representing all possible

paths.

Note that the form of L is currently arbitrary and just parameterises the space-time that

we are considering. However, we shall see that it will describe the path on which particles

travel.

Hamilton’s principle [17] states that nature extremises the path that a particle takes

between points φ(ti) and φ(tf ). In terms of the action, this means that,

δS = 0

= δ

∫ tf

ti

d4xL
(
φ(xµ), φ̇(xµ)

)
(1.24)

where we have written d4x = dtd3x.

We find,

S + δS =

∫
d4xL (φ+ εδφ, ∂µφ+ ε∂µφ)

⇒ δS =

∫
d4x

(
δφ
∂φ

∂φ
+ δ(∂µφ)

∂L
∂φ

)

=

∫
d4x

δφ∂L∂φ + ∂µ

(
δφ

∂L
∂ (∂µφ)

)
︸ ︷︷ ︸

?

−δφ∂µ
∂L

∂ (∂µφ)

 (1.25)

where ? vanishes when integrated by parts and taking the surface term to drop off sufficiently

quickly at infinity.
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Taking δS = 0, which is valid for all values of δφ, we arrive at the Euler-Lagrange

equations

∂L
∂φi

= ∂µ
∂L

∂ (∂µφi)
(1.26)

where µ = 0, 1, 2, 3 denotes the space-time index. Notice here that we have generalised to

n different fields by appending the label i = 1, · · · , n and . This gives the “equations of

motion” of the fields φi. It is therefore sufficient to specify the Lagrangian to completely

determine a particle’s equations of motion.

For consistency with Newton’s laws, the form of the Lagrangian is chosen to be

L ≡ T − V (1.27)

where T and V are the kinetic and potential energy of the system respectively. We shall

typically assume this form of the Lagrangian.

Note that Newton’s laws were empirical, based on his observations from data. In gen-

eral, the form of the Lagrangian is somewhat arbitrary. Finding which Lagrangians are

representative of nature is one of the crucial components of developing theories in particle

physics.

It turns out that, by assuming that nature is symmetric under particular symmetry

groups, one can restrict the infinite set of possible Lagrangians to those that provide a very

good description of the Universe.

1.2.1 Noether’s Theorem

Noether’s theorem states that there is a conserved quantity for every continuous symmetry

of the action that leaves it invariant.
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For a given Lagrangian and symmetry transformation φ→ φ+ εδφ, we have

L (φ, ∂µφ) → L (φ+ εδφ, ∂µφ+ ε∂µφ)

= L (φ, ∂µφ) + εδφ
∂L
∂φ

+ εδ(∂µφ)
∂L

∂ (∂µφ)

= L (φ, ∂µφ) + εδφ∂µ
∂L

∂ (∂µφ)
+ εδ(∂µφ)

∂L
∂ (∂µφ)

by Euler-Lagrange

= L (φ, ∂µφ) + ε∂µj
µ (1.28)

If this transformation leaves the action invariant, then L → L and there is a “conserved”

current

jµ =
∂L

∂(∂µφ)
δφ (1.29)

where

∂µj
µ = 0 (1.30)

Note that j0 is identified as the charge density, j the current density, and the total

charge is defined as

Q =

∫
d4xj0 (1.31)

We can again generalise the result in (1.29) to n fields, with φa for a = 1, . . . , n. The

continuous symmetry transformation can be written as

δφa(x) = Ta(φ) (1.32)

where Ta denote the infinitesimal “generators” of the symmetry, which correspond to the

basis transformations of the group.

Then (1.29) becomes

jµ =
∂L

∂(∂µφa)
Ta (1.33)
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The Energy-Momentum Tensor

One of the most important conserved quantities in physics is the energy-momentum tensor

that arises from the symmetry of space-time. We consider the infinitesimal translation

xν → xν − εν =⇒ φa(x) + εν∂νφa(x) (1.34)

where the transformation in the field gets an additional sign change, since we are considering

“active” transformations [6].

Under this shift, the Lagrangian becomes

L(c)→ L(x) + εν∂νL(x) (1.35)

Assuming that our equations are symmetric under such a transformation, we can invoke

Noether’s theorem to give us four conserved currents (jµ)ν , one for each of the translations

εν with ν = 0, 1, 2, 3 where

(jµ)ν =
∂L

∂ (∂µφ)
∂νφa ≡ Tµν (1.36)

where we have defined Tµν the “energy-momentum” tensor (sometimes referred to as the

stress-energy tensor). It satisfies,

∂µT
µ
ν = 0 (1.37)

and the four conserved quantities are given by

E =

∫
d3xT 00 and P i =

∫
d3xT 0i (1.38)

where E and P i (i=1,2,3) are the total energy and the total momentum of the field config-

uration respectively.
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Chapter 2

Quantisation

2.1 Classical Electrodynamics

In 1865 Maxwell proposed a unified theory for classical electromagnetism [18]. Maxwell

formulated his theory in terms of the electric and magnetic fields, denoted E(x) and B(x)

respectively, with equations

∇ · E =
ρ

ε0
(2.1a)

∇ ·B = 0 (2.1b)

∇× E = −∂B
∂t

(2.1c)

∇×B = µ0J + µ0ε0
∂E

∂t
(2.1d)

where ρ is the charge density, J the current and ε0 and µ0 are the permittivity and

permeability of free space, which we shall set to unity for the remainder of this chapter.

Maxwell’s approach was to introduce the “vector potential” Aµ where

B = ∇×A (2.2)

and

E = −∇φ− ∂A

∂t
(2.3)
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Explicitly,

Aµ = (φ,−A) (2.4)

where φ is a scalar potential and A is the vector field.

Maxwell embedded this information into the electromagnetic “field strength” defined as

Fµν = ∂µAν − ∂νAµ (2.5)

where

Fµν =



0 −Ex −Ey −Ez

Ex 0 −Bz By

Ey Bz 0 Bx

Ez −By Bx 0


, Fµν =



0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 Bx

−Ez −By Bx 0


(2.6)

The current is then defined as

Jµ ≡ (ρ, J) (2.7)

With these definitions, the Maxwell equations (2.1) are automatically solved using the

identities

∂λFµν + ∂µF λµ + ∂µF νλ = 0 =⇒ ∇ ·B = 0 & ∇× E +
∂B

∂t
= 0 (2.8)

∂µF
µν = Jν =⇒ ∇ · E = ρ & ∇×B − ∂E

∂t
= Jµ (2.9)

One can treat Aµ as a fundamental field with a kinetic term that is quadratic in deriv-

atives. With this in mind, the Lagrangian that gives rise to electromagnetism is

LEM = −1

4
FµνF

µν − JµAµ (2.10)

with the action

SEM =

∫
d4x

(
−1

4
FµνF

µν − JµAµ
)

(2.11)
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Extremising the path we find

δS =

∫
d4x

(
−1

2
FµνδF

µν − JµδAµ
)

=

∫
d4x (−Fµν∂µδAν − JµδAµ)

=

∫
d4x (−∂µFµν − Jν) δAµ integrate by parts

= 0 (2.12)

where the last line is required by Hamilton’s principle. This automatically gives the con-

dition ∂µFµν = Jν for the inhomogeneous Maxwell equations in (2.9). The homogeneous

ones (2.8), come from the identity

∂λFµν + ∂µF λµ + ∂µF νλ = 0 (2.13)

known as the Jacobi identity.

Furthermore the transformation Aµ → Aµ′ = Aµ + ∂µχ =
(
φ− ∂χ

∂t , A+∇χ
)

leaves the

action invariant, since

F ′ µν = ∂µA′ ν − ∂νA′ µ = ∂µ (Aν + ∂νχ)− ∂ν (Aµ + ∂µχ)

= Fµν (2.14a)

JµA′µ = JµAµ + Jµ∂µχ

= JµAµ (2.14b)

where the final equality in (2.14b) follows because
∫
d4xJµ∂µχ = −

∫
d4x (∂µJ

µ)χ, and

∂µJ
µ = 0 (since ∂µ∂νF

µν = 0 with the antisymmetric Fµν).

Therefore, the entire action is invariant under the transformation Aµ → Aµ + ∂µχ. We

will see that this seemingly coincidental property proves fundamental to the development

of modern particle physics.
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2.2 The Schrödinger Equation

In the 1920s, Austrian physicist Erwin Schrödinger developed an equation that describes

the evolution of a quantum particle over time [19]. In his formulation, the wave-function φ

describes the physical state of the system with the equation itself governing the evolution

of this state over time.

This equation is now known as the Schrödinger equation of quantum mechanics:

Hφ = i~
∂φ

∂t
(2.15)

In the non-interacting, non-relativistic scenario the Hamiltonian is H = p2

2m = − ~
2m∇

2,

where m denotes the mass of the quantum particle that we are considering. In this case,

− ~
2m
∇2φ = i~

∂φ

∂t
(2.16)

where φ is identified as the trivial (scalar) field that lives in the trivial spin-0 representation

of the Lorentz group SO(1, 3).

Unfortunately, we cannot simply elevate (2.16) to a relativistic theory as it inherently

treats space and time on unequal footings. Furthermore, quantum mechanics treats space

as an operator x̂φ = xφ and time a parameter [20].

To construct a relativistic theory, one either needs to promote time to an operator or

demote space to a parameter and quantise in a completely new manner. It turns out that

the former is very complicated [6]. We will therefore follow the latter. This leads us to a

situation where both x and p are scalars and thus commuting objects. In this case, the

canonical commutation relation used to quantise the fields

[x̂, p̂] = i~ (2.17)

is no longer valid [20].

We will follow the second approach. Instead of promoting parameters to Hermition

operators that act on the states in the Hilbert space representing particles, we interpret the
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particles themselves as the Hermition operators that act on the vacuum. These Hermition

operators φ̂(xµ) shall be parameterised by the space-time coordinates xµ such that φ̂(xµ) |0〉.

For conciseness, we shall remove the explicit ˆ in our notation.

One can interpret the φ(xµ) field as an excitation of the vacuum creating a state in the

Hilbert space representing a particle. This concept shall become clearer when we construct

quantum fields φ(xµ) out of a linear combination of raising and lowering operators in the

canonical way.

We shall now discuss the different types of quantum fields that will be present in our

theory before moving to quantise them into something that resembles particles.

2.3 Spin-0 Fields

The Lorentz scalar fields with spin-0 transform under the trivial Lorentz representation,

such that the Lorentz transformation S = I and φ′ = Sφ = φ.

This is the simplest case and it is the field that appears in the relativistic Schrödinger

equation. The obvious way to construct such a theory is to use the relativistic Hamiltonian

whose eigenvalue is the energy of the relativistic particle of the system.

The Hamiltonian for a free particle (of mass m and momentum p) is thus

H ≡
√
m2c4 + p2c2 (2.18)

In the non-relativistic limit, we return to the canonical Hamiltonian

H = mc2

√
c2 +

( p
m

)2
for p� mc

= mc2

(
c2 +

1

2

( p
m

)2
)

= mc2 +
p2

2m
(2.19)

where mc2 is the constant rest energy of the system.

18



To put the time and space coordinates on equal settings, we square the operator on both

sides of the Schrödinger equation,

−~2∂
2φ

∂t2
= (m2c4 − ~2c2∇2)φ (2.20)

In natural units, with c = 1 we find the Klein-Gordon equation

(
∂2 −m2

)
φ = 0 (2.21)

which is simply the operator version of the relativistic relation E2 = p2c2 +m2c4.

We have reached a classical relativistic analogue to the Schrödinger equation for spinless

non-interacting fields. This is currently just a wave equation and we still need to quantise

the scalar fields φ.

2.3.1 Negative Energy States

Note that squaring the operator H2 implies that there are (equally valid) negative energy

solutions

E = −
√
m2c4 + p2c2 (2.22)

This poses the obvious issue that the vacuum would no longer be the lowest energy

state. There would therefore be infinite cascades of particles down these states, giving off

infinite quantities of energy.

Dirac’s solution was to consider that the infinite sea of negative energy states is already

entirely filled by Pauli’s exclusion principle [21]. This made them them inconsequential

since we only ever observe energy differences.

Whenever electrons, described by left-handed spinor field ψL are elevated out of these

negative energy states, the holes that are left are seen as antiparticles described by the

right-handed spinor field ψR. This interpretation turned out not to be correct as ψL and

ψR are not in general antiparticles of each other. Additionally, bosons do not exhibit Pauli’s

exclusion principle; thus these negative energy states would never be filled.
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By moving to quantum field theory this issue will naturally be resolved. Fields φ, ψ

with negative energy states φ†, ψ†, are instead elevated to operators and will no longer

carry intrinsic energy. Then, the fields will operate on the ground state |0〉 as φ |0〉 and

ψ |0〉 creating (different) particles and the operators φ, ψ will create their “antiparticles”.

2.3.2 The Klein-Gordon Lagrangian for Scalar Spin-0 Fields

We wish to embed the Klein-Gordon equation of (real) scalar fields (2.21) into a Lagrangian.

It is trivial to see that the Lagrangian that gives rise to this equation of motion is

LKG(x) = −1

2
∂φφ∂

µφ− 1

2
m2φ†φ (2.23)

This Lagrangian is explicitly shown to be Lorentz invariant in Appendix B.1 for the Lorentz

scalar field φ. Notice that the (squared) mass is the coefficient of the quadratic term in the

fields. This is a general property of field theories and stems ultimately from applying the

classical Hamiltonian into the quantum theory described by the field φ (2.20). The particles

that arise upon quantisation of the field φ will thus have mass m.

Note that there is a symmetry

φ −→ eiαφ ≈ (1 + iα)φ (2.24)

that leaves the Lagrangian invariant. The associated conserved current is

jµKG = i(φ∂µφ† − φ†∂µφ) (2.25)

2.4 Spin-1
2 Fields

In 1922, Otto Stern and Walther Gerlach found that a beam of otherwise indistinguishable

electrons were separated into two paths when passed through a magnetic field [22]. An

additional non-physical and purely quantum property, known as spin, that separated out

these two electron beams was required.
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The simplest way to describe electrons, and indeed, all fermions, with two equivalent

states was to assign them an additional degree of freedom and define them as spinor fields

in the spin-1
2 representation of SU(2).

To accomplish this, we will look for the analogue of the Klein-Gordon equation for spin-1
2

fields. We wish to embed this information into a spinor field ψ by

ψ =

 ψ1

ψ2

 (2.26)

with ψ1 spin ‘up’ and ψ2 spin ‘down’ fields in the spin-1
2 representation.

Historically, Dirac attempted to find a 2×2 operator that acted on these spinors, defining

the equation of motion for these fermions. To ensure that his theory was relativistic, he

wanted to find an operator that would naturally yield the Klein-Gordon equation. His

approach was to write the equation of motion

(
i/∂ −m

)
ψ = 0 (2.27)

known as the Dirac equation, with

/∂ = γµ∂µ

= γ0∂0 + γ1∂1 + γ0∂2γ
0∂2 + γ3∂3 (2.28)

where γs were 2× 2 matrices.

He noted that operating with /∂ gives

− im/∂ψ = /∂ /∂ψ

(−im)2ψ = γµ∂µγ
ν∂νψ

=⇒ −m2ψ = γµγν∂µ∂νψ

=⇒ 0 = (γµγν∂µ∂ν +m2)ψ (2.29)
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gave the Klein-Gordon equation if γµγν = −ηµνI or equivalently

{γµ, γν} = 2ηµνI (2.30)

where {·, ·} denotes the anti-commutator defined as

{γµ, γν} ≡ 1

2
(γµγν + γνγµ) (2.31)

Unfortunately, a solution for (2.30) does not exist for 2× 2 matrices. In fact, the lowest

dimension solution is 4 × 4 and this requires us to describe the two spin states with a

four-component field 

ψ1

ψ2

ψ3

ψ4


≡

 ψL

ψR

 (2.32)

with ψL, ψR two-component left and right handed Weyl spinors respectively. This com-

bination of left and right handed Weyl spinors lives in the (1
2 , 0) ⊗ (0, 1

2) representation of

SO(1, 3) and is known as the two-component Dirac spinor, which by construction satisfies

the Dirac equation.

Although Dirac was originally concerned with the need for a four-component field to de-

scribe two spin states, we shall later observe when we quantise that Dirac had inadvertently

discovered antiparticles.

One solution of (2.30) is

γ0 =

 0 σ0

σ0 0

 , γi =

 0 σi

−σi 0

 (2.33)

where σi are the Pauli spin-matrices and (γ0)2 = +1, (γi)2 = −1. This solution is known

as the Weyl (or chiral) representation.
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Writing out the Dirac equation explicitly in four-component form, one has



0 0 ∂0 − ∂3 −∂1 + i∂2

0 0 −∂1 − i∂2 ∂0 + ∂3

∂0 + ∂3 ∂1 − i∂2 0 0

∂1 + i∂2 ∂0 − ∂3 0 0





ψ1

ψ2

ψ3

ψ4


= −im



ψ1

ψ2

ψ3

ψ4


(2.34)

or equivalently

iσµ∂µψR = +mψL (2.35a)

iσµ∂µψL = +mψR (2.35b)

where σµ ≡
(
σ0 = I, σ1, σ2, σ3

)
and σµ ≡

(
σ0 = I,−σ1,−σ2,−σ3

)
.

For later convenience, we define the fifth γ5 matrix as

γ5 = iγ0γ1γ2γ3 =



0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0


(2.36)

This is useful to construct the projection operator of the Dirac field onto its left-handed

and right-handed components with

ψL =
1

2

(
1− γ5

)
ψ , ψR =

1

2

(
1 + γ5

)
ψ (2.37)

As such, theories that have γ5 terms are chiral and will affect the left and right-handed

fields differently. The handedness of the particle, determined by the Lorentz representation

under which it transforms, is known as its “chirality”.

Helicity

“Helicity” (h) is defined as the sign of the projection of the spin onto its momentum vector

with h ≡ σ · p. Formally, the projection operators that project onto the positive (+) and
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negative (-) helicity states are defined by

ψ− =
1

2

(
1− σ · p

|p|

)
ψ , ψ+ =

1

2

(
1 +

σ · p
|p|

)
ψ (2.38)

where σ are the three Pauli spin matrices and p the three-momentum of the particle de-

scribed by ψ. In four-vector notation, we take the definition

σ · p
|p|
≡

 σ·p
|p| 0

0 σ·p
|p|

 (2.39)

where σ are themselves 2× 2 matrices.

Notice that for massive particles it is always possible to perform a Lorentz transformation

to a reference frame where its helicity is reversed. In contrast, massless particles have an

intrinsic helicity, with the negative (positive) helicity state coinciding with the definition of

left (right)-handed chirality, since σ·p
|p| → γ5 for m = 0 [16].

Therefore, one can think of helicity as an apparent chirality, where the two definitions are

equivalent in the massless limit. Since spin can be determined experimentally, measurements

of helicity thus provide a mechanism to deduce the chirality of particles.

Indeed, neutrinos, which are considered massless in the Standard Model, have only been

measured with negative helicity and therefore left-handed chirality [23].

2.4.1 The Dirac Lagrangian for Spin-1
2

Particles

Notice that the Dirac spinors transform non-trivially under the Lorentz group since

ψ′ = exp

 1
2φkσ

k + 1
2 iθkσ

k 0

0 −1
2φkσ

k + i
2θkσ

k

ψ (2.40)

where σk are the canonical Pauli spin matrices and θ, φ are (constant) arbitrary phases. The

transformation rule of the spinor fields ψ and the Lorentz invariance of the Dirac Lagrangian

are shown in Appendix B.2.
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Using these spinor fields, one constructs the Dirac Lagrangian:

LDirac = iψ†Lσ
µ∂µψL + iψ†Rσ

µ∂µψR −m(ψ†LψR + ψ†RψL)

= ψ (iγµ∂µ −m)ψ (2.41)

with ψ ≡

 ψL

ψR

, ψ†L = (ψ?1, ψ
?
2) where † represents the standard Hermition conjugate

and ψ ≡ ψ†γ0 is known as the “Dirac adjoint”.

Notice that the mass m, which will represent the mass of the particles after quantisation,

is again the coefficient of the quadratic term in the field. However, in contrast to the Klein-

Gordon Lagrangian (2.23), there is only a linear dependence on m. This is consistent with

the Lagrangian having a mass dimension of four.

2.5 Spin-1 Fields

The vector fields of the Lorentz group live in the (1
2 ,

1
2) spin-1 vectorial representation.

These fields are typically indicated with an additional index µ, that runs over the four

space-time directions.

We shall see the vector field Aµ arise in an extended Dirac equation as

LDirac+vector = ψ (γµ (i∂µ − eAµ)−m)ψ (2.42)

where e is a constant. To ensure that this Lagrangian is Lorentz invariant, the vector fields

Aµ are required to transform under the (1
2 ,

1
2) vectorial representation as Aµ → ΛµνAν . The

transformation rule and the invariance of this Lagrangian are described in Appendix B.3.

In particular, we shall see that the Standard Model (SM) bosons are described by vector

fields to give the correct experimentally observed couplings to the fermions. However, the

four independent degrees of freedom of a vector field Aµ (where µ = 0, 1, 2, 3) are slightly

too general to describe the observed degrees of freedom in bosons.

In fact, there is an infinite class of equivalent ways to represent the bosons with the

vector fields, all related by symmetries. From this infinite set, a choice must be made to
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remove the redundancy. This is done by imposing ad-hoc constraints, known as “gauge

fixing” [7]. To match the expected degrees of freedom of the spin-1 vector fields in quantum

mechanics, the procedure removes one degree of freedom for massive fields and two for

massless ones.

Notice that since the physics described by the theory is symmetric, the final result must

be independent of the choice of gauge even though the intermediate calculations may not

be.

2.6 Path Integral Quantisation

In 1803, Thomas Young performed his famous double slit experiment where photons, which

were thought to be quantised discrete particles, were fired at two slits and appeared to

travel through both simultaneously [24]. A wave-like interference pattern was observed

on a screen some distance away, with peaks and troughs at points of constructive and

destructive superposition respectively.

It was not until 1927, that Niels Bohr, using ideas from Heisenberg’s uncertainty prin-

ciple, proposed the wave-particle duality of all particles [25]. Bohr proposed the notion of

complementarity, that photons obey wave-like behaviour described by a wave-function until

they are measured as discrete objects.

In the Copenhagen Interpretation of quantum mechanics, quantum particles travel along

all paths simultaneously each with some probabilistic weighting; the most probable traject-

ory often coincides with the classical non-quantum path. Any measurement, collapses the

wave-function to one particular point forcing the particle to take only one of the infinite

possible paths [20].

In 1948 Feynman completed the development of path integral methods, with the path

integral describing the quantum paths that particles take [26]. This procedure is known as

the path integral quantisation and naturally describes the wave-particle duality.

We start with the canonical Schrödinger equation, expressed in terms of the Hamiltonian

Hφ = i
∂φ

∂t
(2.43)
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Recall, that this is not manifestly Lorentz covariant as it treats both space and time dif-

ferently. We reiterate that this will automatically be addressed when we move to quantum

fields, since φ will transform as a Lorentz scalar field.

Taking H to be independent of time, the solution of this equation can be written as

φ(q, t) = 〈q| e−iH(t−t0) |φ(t = t0)〉

≡ |q, t〉 (2.44)

which describes the state of a single particle at position q and time t. The quantity

U(tf , ti) ≡ e−iH(tf−ti) is a unitary operator known as the time evolution operator.

We proceed by defining the correlation function between two states as

〈qf , tf |qi, ti〉 = 〈qf | eiH(tf−ti) |qi〉 (2.45)

where we have used the evolution operator to extract the explicit time dependence. One

of the postulates of quantum mechanics states that the modulus squared of this quantity

defines the probability that a particle will evolve from state φ(qi, ti) to the state φ(qf , tf ) [20].

The time interval T ≡ tf − ti can now be split into N + 1 components, each of length

δt = T/N + 1 such that

〈qf , tf |qi, ti〉 =

∫ ∞
−∞

N∏
j=1

dQj 〈qf | e−iHδT |QN 〉 〈QN | e−iHδt |QN−1〉 · · · 〈Q1| e−iHδt |qi〉 (2.46)

where we have inserted the complete set of states
∫
dQ′ |Q′〉 〈Q′| = I.

Typically H = p2

2m + V (q) and it follows that

〈Qj+1| e−iHδt |Qj〉 = 〈Qj+1| e
−i
(
p2

2m
+V (q)

)
δt
|Qj〉

=

∫
dP ′ 〈Qj+1| e−iδt

p2

2m

∣∣P ′〉 〈P ′∣∣ e−iδtV (q) |Qj〉 by completeness

=

∫
dP ′e−iδt

P ′ 2

2m e−iδtV (Qj)
〈
Qj+1|P ′

〉 〈
P ′|Qj

〉
=

∫
dP ′e−iδt

P ′ 2

2m e−iδtV (Qj)
eiP
′Qj+1

√
2π

e−iP
′Qj

√
2π

(2.47)
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where the last line follows from the identity that 〈p|q′〉 = 1√
2π
e−ipq

′
.

Note that the Baker-Cambell-Hausdorff formula states that for general operators A and

B

eAeB = eA+B− 1
2

[A,B]+··· (2.48)

where · · · in the exponent indicates higher order commutators [8]. However, all commutator

terms here are O(δt)2 and can therefore be neglected in the limit δt→ 0.

Then,

〈Qj+1| e−iHδt |Qj〉 =

∫
dP ′

2π
e−iH(P ′,Qi)δteiP

′δt
(Qj+1−Qj)

δt (2.49)

which in the limit that δt→ 0 and N →∞ gives (Qj+1 −Qj)/δt→ Q̇.

Substituting (2.49) into the correlation function (2.46) yields the “functional” integral

〈qf , tf |qi, ti〉 =

∫ ∞
−∞

d[q]d[p]eiSH (2.50)

where we have defined

d[p] ≡
N∏
j=1

dpj
2π

d[q] ≡
N∏
j=1

dqj (2.51)

and

SH(p, q) ≡
∫ tf

ti

dt [p(t)q̇(t)−H (p(t), q(t))] (2.52)

is the Hamiltonian action.

Assuming H = p
2m−V (q), one can explicitly do the Gaussian integral over the momenta

pj , which gives

〈q2, t2|q1, t1〉 =

∫
D[q]eiS (2.53)

where D[q] ≡
∏n
i=1

(
m

2πi

)
dqi is the infinite product of the coordinates qi. Finally, the action

can be written as

S =

∫
d4xL =

∫ tf

ti

dt
[m

2
q̇2(t)− V (q(t))

]
(2.54)

We can interpret the functional integral of (2.53) as the sum over all possible paths∫
D[q] between (q1, t1) and (q2, t2), with each path given the statistical weight eiS .
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Varying this by a small quantity q′ = q0+εδ0, we have the statistical weight eiS[q0+εδq0] =

e
iS[q0]+iεδq0

δS[q0]
δq where δS

δq is the Euler-Lagrange variation with respect to q such that

δS

δq
=

d

dt

∂S

∂q̇
− ∂S

∂q
(2.55)

To simplify, we perform a Wick rotation [8], where we take dt → iδt, S =
∫
dtL →

i
∫
dtL = iS and therefore eiS → e−S . Looking at a small variation, the path q′ = q0 + εδq0

gets the weight

eS[q0]e
−εδq0 δ[q0]δq (2.56)

It is now clear that when the variation δS
δq is large, the corresponding weight is will be small.

Therefore, out of the infinite possible paths, those with the largest variations of the

action are the least probable and those that minimise the action are the most probable

paths.

We can easily generalise this notion to the path integral of fields that, recall, is manifestly

Lorentz invariant, by taking the Lagrangian

L =
1

2
∂µφ∂µφ− V (φ) (2.57)

and making the following identifications

q −→ φ p −→ Π = φ̇ (2.58)

Note that since the action is in the exponential, it is required to be dimensionless.

This imposes an additional constraint on the permissible terms in the Lagrangian. This is

consistent with the Lagrangian density being proportional to energy and thus having units

of mass in one dimension. In four dimensions, the Lagrangian density has a mass dimension

+4 and the integration measure d4x has mass dimension −4 as required.

In general, to find the mass dimension of a field, one can simply look at its kinetic term;

for scalar fields the kinetic term is of the form ∂φ∂φ and for spinor fields ψ/∂ψ. Thus, the

mass dimension of the scalar fields is [φ] = +1 and [ψ] = +3/2 for spinor fields.
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The correlation function is then

〈φf (tf )|φi(ti)〉 =

∫
d[φ]eiS[φ] (2.59)

where
∫
d[φ] =

∫ ∏
n

1
2πidφn is now the sum over all field configurations and the action S[φ]

is

S =

∫ tf

ti

dt

∫
d3x

[
1

2
∂µφ∂µφ− V (φ)

]
(2.60)

By specifying the action, we can now compute the correlation function of these fields.

One can also calculate arbitrary expectation values, which define the probabilities of inter-

actions by a similar prescription.

2.6.1 Expectation Values with Path Integral Quantisation

In quantum mechanics, every physical observable is represented by a Hermition operator

that acts on the states that define the system. Performing measurements of this observable

is equivalent to acting with this operator, with the possible measurements the eigenvalues

of the (matrix) operator.

The “expectation value” of an operator Q on the state φ is the predicted mean value of

this measurement and is defined as

〈Q〉φ = 〈φ|Q |φ〉 (2.61)

In general, we wish to calculate quantities like 〈q2, t2|Q(t′) |q1, t1〉 and 〈q2, t2|P (t′) |q1, t1〉.

Following analogous arguments for the correlation function above, we find

〈q2, t2|Q(t′) |q1, t1〉 =

∫
D[q]Q(t′)eiS (2.62)

We now define the functional derivative for some function f(x) by

δ

δf(y)
f(x) ≡ δ(x− y) (2.63)
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Next, we add two additional external source functions f(t) and h(t) to the Lagrangian,

such that

L −→ L+ f(t)Q(t) + h(t)P (t) (2.64)

Thus,

〈q2, t2|q1, t1〉f,h =

∫
D[q]e

∫
dt(L+fQ+hP ) (2.65)

The expectation value of a generic operator can now be found by repeated operations

of the functional derivative. For example,

〈q2, t2|Q(t′) |q1, t1〉 =
1

i

δ

δf(t′)
〈q2, t2|q1, t1〉f,h

∣∣∣∣
f=0,h=0

=

∫
D[q]Q(t′) eiS+i

∫
dt(fQ+hP )

∣∣∣
f,h=0

=

∫
D[q]Q(t′)eiS (2.66)

and

〈q2, t2|P (t′) |q1, t1〉 =
1

i

δ

δh(t′)
〈q2, t2|q1, t1〉|f,h=0

=

∫
D[q]P (t′)eiS (2.67)

We can generalise this method to find the expectation of any higher order operators by

simply taking successive functional derivatives [27].

2.7 First Quantisation

We have so far made no attempt to quantise the fields in such a way as to convert the

classical Lagrangians into something that resembles particles. We shall now describe the

procedure of first quantisation, where the quantum states correspond to single particles.

In 1927, Werner Heisenberg heuristically proposed that there was an inherent uncer-

tainty in the simultaneous measuring of related quantities, such as the position and the

momentum of a particle [28]. This uncertainty was empirically postulated to describe a
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fundamental limit of the accuracy that measurements can be made. It therefore provides a

natural measure of quantisation in quantum mechanics.

Later that year, Earle Hesse Kennard [29] provided the exact form for the uncertainty

equation,

σxσp ≥ i~ (2.68)

in terms of σx, and σp, the standard deviation of position and momentum respectively, with

~ related to the fundamental quantity known as Planck’s constant h = 2π~.

Measurements of momentum and position are found by acting on the state with mo-

mentum and position matrix operators, whose eigenvalues represent the measured quantity.

The basis states that describe single particles are then linear combinations of eigenstates of

the position and momentum.

In this way, the uncertainty relation can be interpreted as the fundamental commutator

[x̂, p̂] ≡ x̂p̂− p̂x̂ = i~ (2.69)

where we have assumed the equality in the relation to signify the lower bound.

The non-vanishing commutator can be understood as the difference between operating

on a state with p̂ then x̂ and vice-versa. The difference between the order of operating

with x̂ and p̂ is quantified by Planck’s constant and is equivalent to the uncertainty of the

measurements in (2.68). Indeed, the probabilistic evolution of such a state with respect to

time will be dictated by the time dependent Schrödinger equation [20].

For example, measurement of the momentum of the wave-function p̂ |φ〉 collapses the

wave-function |φ〉 to an eigenstate |p〉 with eigenvalue p; immediate measurement of the

position x̂ |p〉 yields some uncertainty i~/2 since |p〉 is not in general an eigenstate of x̂.

In the next section, we will discuss quantum field theory where x̂ and p̂ have been

reduced to allow Lorentz invariance. The scalar fields φ (and also the spinor fields ψ)

are themselves elevated to operators; the eigenstates will then become eigenvectors of the

Hamiltonian. With this formulation, we shall use the canonical uncertainty relation (2.69)

to quantise quantum field theory with analogous commutation relations. For fields, the
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commutation relations that are imposed in quantisation are now heuristically [φ,Π] > 0 for

Π the field’s conjugate momenta.

2.8 Second Quantisation of Scalar Fields

Second quantisation, also known as canonical quantisation, is the procedure to quantise

fields in such a way as to describe multi-particle states.

We start with the Klein-Gordon Lagrangian for real scalar fields:

LKG = −1

2
∂µφ∂µφ−

1

2
m2φ2 + Λ (2.70)

where we have introduced an arbitrary constant Λ that does not affect the Euler-Lagrange

equations of motion.

We now define the Hamiltonian density of this system H in terms of L

H ≡ Πφ̇− L (2.71)

where

Π ≡ ∂L
∂φ̇

(2.72)

is the conjugate momentum of the field. This definition is again necessary for consistency

with Newton’s laws where the Hamiltonian H ≡
∫
d3xH = T + V gives the total energy of

the system.

For the Klein-Gordon Lagrangian, the field momentum is

Π =
∂L
∂φ̇(x)

= φ̇ (2.73)

The Hamiltonian density is then

H =
1

2
φ̇+

1

2
(∇φ)2 +

1

2
m2φ2 − Λ (2.74)
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This has a plane wave solution

φ(x̄, t) =

∫
d3k

(2π)3

1√
2ω

(
a(k)eik·x−iωt + b(k)eik·x+iωt

)
(2.75)

with ω = +
√
k2 +m2, where k is the standard wave-vector and ω the angular frequency,

equivalent to the energy E(k) of the system up to a factor ~.

The (2π)3
√

2ω is an additional function to ensure Lorentz invariance; a and b are cur-

rently arbitrary functions of k. One can write the four dimensional measure as

dk̃ =
d3k

(2π)3
√

2ω
(2.76)

whichis Lorentz invariant by construction [6].

To quantise, we now impose similar commutation relations to those in canonical quantum

mechanics

[
φ(x, t), φ(x′, t′)

]
= 0 (2.77a)[

Π(x, t),Π(x′, t′)
]

= 0 (2.77b)[
φ(x, t),Π(x′, t′)

]
= iδ(x− x′)δ(t− t′) (2.77c)

where we have used natural units with ~ = 1.

From the requirement that the scalar field φ is Hermition, giving necessarily real eigen-

values that can be physically measured, we have φ† = φ and thus

φ† =

∫
dk̃
(
a†(k)e−ik·x+iωt + b†(k)eik·x+iωt

)
=

∫
dk̃
(
a†(−k)eik·x+iωt + b†(−k)e−ik·x+iωt

)
= φ (2.78)

This requires, a†(−k) = b(k), such that

φ(x) =

∫
d̃k
(
a(k)eik·x + a†(k)e−ik·x

)
(2.79)
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where we have used the four-vector notation k ·x = kµxµ and made use of the integral over

all d3k to flip the negative sign in the second component.

The commutation relations of (2.77) now give the following:

[
a(k), a(k′)

]
= 0 (2.80a)[

a†(k), a†(k′)
]

= 0 (2.80b)[
a(k), a†(k′)

]
= (2π)3 2ωδ3

(
k − k′

)
(2.80c)

One can now explicitly expand the fields in the Hamiltonian. Noting that Π = φ̇ and

that
∫
d3xeix·y = (2π)3δ(y), we have

H =
1

2

∫
d̃kω

(
a†(k)a(k) + a(k)a†(k)

)
− V Λ (2.81)

Using the commutation relations (2.80), this becomes

H =

∫
d̃kωa†(k)a(k) +

1

2
δ3(0)

∫
d3k︸ ︷︷ ︸

E0

−V Λ (2.82)

where V is the volume over which we integrate. Note that the last two terms are infinite,

the first E0 is interpreted as the infinite zero point energy of the vacuum, and the second

is the integral over infinite space.

We thus define

Λ =
1

2V
δ3(0)

∫
d3k (2.83)

which yields

H =

∫
d̃kωa†(k)a(k) (2.84)

Note that the Hamiltonian in (2.81) looks very similar to a simple harmonic oscil-

lator [20]. We can identify a† and a as the quantum mechanical operators respectively that

act on the vacuum, where

[
H, a†

]
= ωa† , [H, a] = −ωa (2.85)
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In a single particle system with one a†, this implies that

Ha† |E〉 = (E + ω) a† |E〉 , Ha |E〉 = (E − ω) a |E〉 (2.86)

Repeated application of a† and a furnishes the ladder of excited states with energies, . . . , E−

ω,E,E + ω,E + 2ω, . . . with a ground state having energy H |0〉 = 1
2ω |0〉. This exactly

corresponds to the SU(2) ladder operators (A.5) described in Appendix A.2. Notice that

although there are negative frequency modes (corresponding to the term eik·x in the field

expansion), the spectra of energies has a well-defined and positive minimum.

In terms of multi-particle systems, acting repeatedly with a†(k) on the ground state,

gives particles described by φ with momentum k and energy ω with normalised states

|k〉 =
√

2ωa†(k) |0〉 (2.87)

The n-particle state can be constructed as |k1, k2, . . . , kn〉 = a†k1a
†
k2
· · · a†kn |0〉, where the

operation H = EN ∝ a†a ≡ N defines the number operator that counts the number of

particles in the system (or equivalently the energy, up to some normalisation factor [20]).

The entire spectrum of states can be generated in this way with repeated application

of creation and annihilation operators on the ground state. The probability for transitions

between any two states is given by the expectation value 〈kf |ki〉 > 0.

Notice that simply imposing the commutation relations on fields and their conjugate

momenta yields the whole spectrum of non-interacting (multi-)particle states. For real

scalar fields, we see that there is only one set of creation and annihilation operators and the

scalar bosons they describe are necessarily neutral. On the other hand, the complex scalar

fields admit two different sets of creation and annihilation operators (related by complex

conjugation). This allows the field to describe charged scalar bosons.

2.8.1 The Cosmological Constant

We have just arbitrarily cancelled a seemingly divergent term by another infinite quantity in

(2.83). A detailed analysis of this cancellation requires the theory of renormalisation, which
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cares only for measurable energy differences. Traditionally, we regard these infinite terms

as coming from a more fundamental, higher energy theory, which when viewed from our

low energy prospective yields an effective theory plagued with these mathematical quirks.

However, since gravity is encapsulated in a theory that is intricately related to space-

time, the sum over all zero-point energies will necessarily contribute to the stress-energy

tensor Tµν that appears in Einstein’s equations. This describes the energy of the particular

space-time and for flat-space this is (1.38).

Einstein’s General Relativity [15, 30] would thus require the cosmological constant Λ =

E0/V , such that the equations of motion are

Rµν −
1

2
gµν = −8πGTµν + Λgµν (2.88)

Current measurements find Λ u 10−35s−2 [31,32]. This value, equivalent to 10−47 GeV4

is much smaller than all other physical scales and indicates a seemingly unnatural cancel-

lation of zero-point contributions to the cosmological constant.

Using dimensional analysis, the mass scale is determined by Newton’s gravitational

constant G = 1/M2
pl, where Mpl u 1019 GeV is the Planck mass.

In the absence of any other scale, one would expect a cosmological constant for the SM

of order M4
pl, since the zero point energy of the vacuum in Tµν u 1/M2

pl also has mass

dimension −2. This is approximately a factor 10120 too large. This discrepancy is known

as the cosmological constant problem and is one of the unresolved issues of the SM.

2.9 The Spin-Statistics Theorem

One can construct two particle states by applying two creation operators on the vacuum.

∣∣∣k, k′〉 = 2
√
ωω′a†(k)a†(k

′
) |0〉 (2.89)

Additionally, one can also construct the state by applying the operators in the reverse

manner ∣∣∣k′, k〉 = 2
√
ω′ωa†(k

′
)a†(k) |0〉 (2.90)
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As we have discussed, for the scalar field φ, with spin j = 0, the creation operators of

both scalar fields commute from (2.80). This implies that both two particle systems share

common eigenstates and can exist simultaneously.

However, for particles with half-odd integer spins, the Pauli exclusion principle states

that two particles cannot exist in exactly the same state. Therefore, we will need a different

procedure to quantise the spin-1
2 spinor fields that describe the fermions.

To quantise fermions, such that they obey the correct statistics, we use anti-commutation

relations

{
a†1, a

†
2

}
= 0 =⇒ a†1a

†
2 = −a†2a

†
1 (2.91)

This implies that

a†1a
†
1 |0〉 = −a†1a

†
1 |0〉 = 0 (2.92)

and therefore the two identical particles cannot occupy the same state simultaneously.

The “spin statistics theorem” says that we quantise integer spin particles using com-

mutation relations and anti-commutation relations for 1
2 odd-integer spin particles [8]. This

procedure naturally gives the correct spin statistics for Bosonic and Fermi-Dirac particles.

2.10 Second Quantisation of Spinor Fields

From the Dirac equation (2.41), we note that the conjugate momentum of the Dirac spinor

field is

Π =
∂L
∂ψ̇

= iψγ0 = iψ† (2.93)

We continue quantising the spin-1
2 Dirac fields ψ, with the anti-commutation relations:

{ψα, ψβ} = 0 =
{
ψ†α, ψ

†
β

}
(2.94a)

{ψα, ψβ} = δαβδ
(3) (x− y) (2.94b)

where α, β = 1, 2 label the two possible spin states.
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Since the classical solution for the Dirac equation is a sum of plane waves, we can write

the quantum operators ψ,ψ† in terms of their expansion in a similar way to the scalar field

case,

ψ(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s

[
bspu

s (p) eip·x + cs†p v
s (p) e−ip·x

]
(2.95a)

ψ(x)† =

∫
d3p

(2π)3

1√
2Ep

∑
s

[
bs†p u

s (p)† e−ip·x + cspv
s (p)† eip·x

]
(2.95b)

where p · x = pµxµ runs over four dimensions and s labels the spin. For fermions with spin

1
2 , s = +1

2 or s = −1
2 .

As the fields are elevated to operators, the Fourier modes bs†p are considered operators

that create particles associated to the spinors us (p) and cα†p can be thought of as an operator

creating particles associated to vs(p).

These spinors correspond to the positive (ψ ∼ e−iEt) and negative (ψ ∼ e+iEt) energy

solutions to the Dirac equation. Taking the simple ansatz that ψ+ = u(p)e−ip·x for the

positive energy solutions, we see

(iγµpµ −m)u(p) = 0 (2.96)

This has the solution

u(p) =

 √p · σζ√
p · σ̄ζ

 (2.97)

with σ′ = (1, σi), σ̄µ = (1− σi) and for any two-component spinor ζ which we normalise to

ζ†ζ = 1 [6].

Similarly, the negative energy solution is ψ− = v(p)eip·x such that

(iγµpµ +m) v(p) = 0 (2.98)

with solution

v(p) =

 √
p · ση

−
√
p · σ̄η

 (2.99)
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for some two-component spinor η, normalised to η†η = 1.

With these solutions, the anti-commutation relations (2.94) can now be re-expressed as

{
brp, b

s†
q

}
= (2π)3 δrsδ(3)(p− q) (2.100a){

crp, c
s†
q

}
= (2π)3 δrsδ(3)(p− q) (2.100b)

with all other anti-commutators vanishing [6].

We now look at the Hamiltonian H =
∫
d3x

(
iψγγ0∂0ψ − L

)
. Expanding the fields in

terms of their expansions (2.95) and rearranging the terms, we find

H =

∫
d3p

(2π)3ψ
(
−jγj∂i +m

)
ψ

=

∫
d3p

(2π)3Ep

[
bs†p b

s
p + cs†p c

s
p − (2π)3 δ(3) (0)

]
(2.101)

with j = 1, 2, 3.

The negative infinite term − (2π)3 δ(3) (0) could in principle partially cancel the pos-

itive infinite term from quantising the bosonic fields but again this requires a seemingly

miraculous and unnatural cancellation of divergent quantities.

Although we have quantised with the anti-commutation relations, there are still relevant

commutation relations

[
H, brp

]
= −Epbrp and

[
H, br†p

]
= −Epbr†p brp (2.102a)[

H, crp
]

= −Epcrp and
[
H, cr†p

]
= −Epcr†p (2.102b)

Therefore, we can construct infinite towers of particle states using the creation operators

in a similar manner to the scalar case (2.85). The b† and c† creation operators create distinct

particles, indicating that the fermionic and anti-fermionic particles are different.

Further, the Hamiltonian now contains two number operators Nb ∝ b†b and Nc ∝ c†c.

Since the Hamiltonian is conserved (since energy is always conserved), the total number of
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particles

N ≡ Nb +Nc (2.103)

is constant.

We have now introduced all possible states for both the bosonic spin-0 and fermionic

spin-1
2 fields through the commutation and anti-commutation relations respectively.

2.10.1 Expectation Values with Canonical Quantisation

In Section 2.6.1, we used the path integral to construct the correlation function in a mani-

festly covariant formulation.

However, it is often simpler to compute directly the expectation value using the com-

mutation relations that canonically quantise fields described in Sections 2.8 and 2.10. In

canonical quantisation, multi-particle initial and final states are explicitly constructed using

the creation and annihilation operators, which can then be used to derive more complicated

expectation values as follows

The ground state for an interacting theory |Ω〉 is in general not the same as the ground

state of the free theory |0〉. However, one can always normalise the correlation functions

appropriately. For example, the two point correlation function is expressed as

〈Ω|φ (x)φ (y) |Ω〉 = lim
t→∞

〈0|φ (x)φ (y) exp
[
−i
∫ t
−t dtHI

]
|0〉

〈0| exp
[
−i
∫ t
−t dtHI

]
|0〉

(2.104)

where HI is the interacting portion of the Hamiltonian.

We typically use the perturbative expansion of the exponential and then Fourier expand

the fields in terms of their creation and annihilation operators with (2.75) and (2.95). We

then rearrange terms in the expansion such that all annihilation operators are on the right

using the commutation relations (2.80) and (2.100). This procedure is known as “normal

ordering” and simplifies the correlation functions to physically measurable quantities [8].

Furthermore, one can see that, to leading order of the exponential, the expectation

value of any interaction is directly proportional to the terms in the Hamilton that contain

exactly the fields involved in the process. There is therefore a direct correspondence between
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the terms that couple specific fields in Lagrangian and the computed probability of their

interactions. In particular, the coupling strength is to leading order merely the coefficient

of that specific Lagrangian term.

The higher order corrections from the exponential describe quantum processes and cor-

respond to situations where unobserved particles are spontaneously created and annihilated

from the vacuum. These unobserved interactions occur between the measured initial and

final states, with the unphysical particles forming closed “loops”. Notice that these terms

always require additional vertices where these loops start and end. In the computation,

this manifests itself as the additional prefactors of the leading-order coupling strength g,

where for the typical weak coupling scenario g < 1 the perturbative corrections become

progressively smaller.

In particle physics experiments, we often collide together two beams of particles with

well defined momentum. The scattering of these particles is measured through the out-going

particles that travel through detectors. The probability of an initial state |i〉 evolving to a

final state |f〉 is expressed in terms of the cross section σ as

Pfi = σ × number density (2.105)

It is this probability, defined by the cross section, that is often the subject of interest and

the measured quantity at particle colliders such as the Large Hadron Collider.

On the other hand, theoretical predictions for Pfi are made through the scattering (S)

matrix defined as

S =
exp

[
−i
∫
dtHI

]
〈0| exp

[
−i
∫ t
−t dtHI

]
|0〉

(2.106)

where the probability is given by

Pfi = |〈f |S |i〉|2 (2.107)

In almost all physical cases, a valid perturbative expansion exists for the S-matrix. This

allows us to truncate the series after a few terms and greatly simplifies calculations. From
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here, we can perturbatively compute probabilities of any particle interactions merely by

specifying Lagrangian or its corresponding Hamiltonian (2.71).

Two Particle Scattering

For two particle scattering with initial particles A and B (mass mA,mB and momenta pA

and pB) and final particles C and D (mass mC ,mD and momenta pC and pD) , the cross

section can be computed directly [9]. We shall restrict ourselves to the simple situation for

non-polarised states without spin as these considerations are highly Lagrangian dependent

and often present as non-trivial prefactors in the derivation Ref. [8].

In the limit that mA,mB � s relevant in the majority of experimental situations, where

s = (pA + pB)2 is the centre of mass energy of the system, we find

dσ = (2π)4δ(4)(Pf − pA − pB)
|Mfi|

2

2s

d3pC
2EC(2π)3

d3pD
2ED(2π)3

= |Mfi|
2 p

32π2s3/2
dΩ (2.108)

where Pf is the final state momentum, p ≡ |pC |, dΩ the infinitesimal solid angle around

particle C and Ei are the energies of particle i. Notice that the factor δ(4)(Pf − pA − pB)

ensures momentum conservation. Mfi are the probability of interactions between initial

and final states and can be set by experiment.

Lifetimes and Decay Widths

Restricting (2.108) to the decay of an unstable particle R→ C+D, the probability of decay

is given by

dΓ =
(2π)4δ(4)(Pf − pR)

2ER
|Mfi|2

∏
j=f

d3pj
2Ej(2π)3

(2.109)

with Γ known as the decay width.

In the rest frame of the final particle R, we have ER = mR =
√
s. It follows that we

have the transition probability

dΓ = |Mfi|
2 p

32π2m2
R

dΩ (2.110)
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which for an isotropic decay, with unpolarised state R,

Γ = |Mfi|
2 p

8πm2
R

(2.111)

Notice that this in general implies the decay of a heavy particle R is inversely proportional

to its mass-squared. Further, the momentum of one of the final state particles p = |pC | (or

equivalently p = |pD|) that appears in this equation, can be written as

p =
1

2mR

{[
m2
R − (mC +mD)2

] [
m2
R − (mC +mD)2

]} 1
2

(2.112)

If the initial state particle is sufficiently heavy in comparison to the final state particles,

this reduces to p = 1
2mR.

Explicitly, the matrix elements Mfi correspond to the transition probabilities between

initial and final states and are related to the theoretical probabilities of (2.107) by

Pfi = δfi + (2π)4 δ(4)(Pf − Pi)(−iMfi)
∏
j=f,i

1√
2Ej

(2.113)

Furthermore, Feynman proposed a diagrammatical representation for each perturbative

term in the S-matrix of (2.106). Along with these “Feynman diagrams”, he associated a

set of “Feynman rules” to quickly write down the contribution of each term [8, 16]. With

the relation in (2.113), this procedure can thus be used to directly compute the theoretical

value for Mfi, allowing a comparison to the probabilities observed in experiments.

We are therefore left with specifying the Lagrangian that describes these particles. As

we have seen, this completely determines all particle dynamics: the probabilities of all

particle interactions through the S-matrix (2.106) and all equations of motion through the

Euler-Lagrange equation (1.26).

Historically, the Lagrangian that governs all particle was constructed piecewise to de-

scribe various experimental observations and theoretical insights; it is known as the Lag-

rangian of the “Standard Model” [9].
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Part II

The Standard Model and Beyond
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Chapter 3

The Standard Model

The Standard Model (SM) provides both a mathematically consistent framework and an

accurate description of almost all experimental results to date. In this chapter, we shall

review the key theoretical concepts involved and the equations that govern nature.

To construct the SM, we identify the symmetries of nature and the group representations

of the fermion and scalar fields. From here, we write down the most general renormalis-

able Lagrangian permissible by the symmetries. Renormalisability shall be discussed in

Section 3.3.1. Historically, the group symmetries that were required were found to be too

constrictive to give the exact particle spectrum observed in experiments and a symmetry

breaking mechanism was introduced [9].

3.1 The Standard Model

The symmetries that govern the SM are described by the “Yang-Mills” non-abelian product

group

SU(3)C × SU(2)L × U(1)Y (3.1)

where C denotes the colour symmetry of quantum chromodynamics (QCD), L the left-

handed fields of the weak theory (the right-handed fields will be singlets of SU(2)) and

Y = 2Q − T3 the weak hypercharge of the unified electroweak theory where Q is the

electromagnetic charge and T3 = σ3
2 is the third component of isospin.
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We shall see that this product group will define the Lagrangian and therefore the equa-

tions of motion that govern all observed particle dynamics.

3.1.1 Particle Content

In 1964, Murray Gell-Man and George Zweig independently used data collected in e− and p+

collisions to suggest that the neutron and the proton were composite particles, which were

made up of three point-like spin-1
2 particles of −1

3 or +2
3 charge [33,34]. These fundamental

particles were named “quarks”. Over the course of the 50 years since, the “zoo” of all

composite particles has slowly been organised by their characteristic properties. It was

discovered that there was an underlying, finite and indeed small set of particles, which

grouped together, make up all known matter.

The fundamental particles are grouped into the fermions, which are spin-1
2 particles

obeying Fermi-Dirac statistics, and the gauge bosons, one set for each symmetry group,

which are spin-1 particles that obey Bose-Einstein statistics. The fundamental fermions

are further subdivided into leptons and quarks, each with distinctive properties. These

elementary particles are summarised in Fig. 3.1

Figure 3.1: Fundamental particles of the Standard Model. [35]
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Along with these particles, there is also an associated set of right-handed particles for

all fermions except the neutrinos.

The fermions naturally fall into three families, known as “generations”, each a heavier

copy of the preceding one with all quantum numbers the same [4]. The classification of

the composite particles known as baryons, which are made up of quarks, is described in

Appendix A.

3.1.2 Fundamental Forces

There are four fundamental forces that govern all known interactions in nature summar-

ised in Table 3.1; the three that make up the SM are governed by a special symmetry

group, known as a “gauge” group. The fourth, gravity, remains one of the largest missing

components of the theory.

• The electromagnetic force is responsible for both electromagnetic attraction and re-

pulsion and is governed by the theory known as quantum electrodynamics (QED).

• The weak force, which governs how protons decay to neutrons is described by the

unified electroweak theory.

• The strong force is the strongest of the four fundamental forces and is governed by

quantum chromodynamics (QCD). It is responsible for binding atomic nuclei together

and its strong coupling requires it be a non-perturbative theory. Fortunately the no-

tion of asymptotic freedom will allow us to do meaningful calculations on measurable

quantities.

• The theory of gravity known as General Relativity was derived by Einstein [36, 37],

and is not currently part of the SM. It is inherently difficult to quantise as the theory

describes smooth and continuous space-time. Furthermore, it is by far the weakest of

the four forces and is therefore very difficult to probe experimentally.
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Gauge Group Force Gauge Bosons [spin] Acts on Strength Range

U(1)Y Electromagnetism γ [1] electric charges 10−2 ∞

SU(2)L Weak 3 W±, Z0 [1] fermions 10−5 10−18 m

SU(3)C Strong 8 gluons [1] quarks 1 10−15 m

- Gravity graviton? [2] mass 10−39 ∞

Table 3.1: The ingredients of the SM: the listed strengths are normalised to the strong
force and are derived from the characteristic constants of the theory [4]. ? the graviton is
the hypothetical boson for the quantised general relativistic theory of gravity.

During the early 1960s Sheldon Lee Glashow, Abdus Salam, and Steven Weinberg inde-

pendently unified the SU(2)L and U(1)Y groups to describe the electroweak force [14,38,39].

However, this product group was too restrictive to incorporate particles with mass.

In 1964, three independent groups of theorists Brout & Englert [40]; Guralnik, Hagen,

& Kibble [41]; and Higgs [42] proposed a mechanism for spontaneous symmetry breaking

(SSB). This mechanism broke just enough of the imposed symmetries with

SU(2)L × U(1)Y −→ U(1)EM (3.2)

to allow mass into the theory, whilst leaving the photon of electromagnetism massless.

Furthermore, SSB predicted an additional particle known as the Higgs boson, evidence for

which has been recently seen [43].

The interactions between the elementary particles are summarised in Fig. 3.2; each line

indicates the possible interactions between particles.
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Figure 3.2: Interactions between the fundamental particles. [35]

Physically observed fermions and bosons are embedded into Lorentz fields that fall into

particular irreducible representations of the gauge groups. The representations of the gauge

groups are described by the quantum numbers

(C,L)Y (3.3)

where C, L, and Y label the representations of the SU(3)C , SU(2)L and U(1)Y gauge

groups respectively. Since the hypercharge is one-dimensional, the quantum number Y is

just a constant.

Using this notation, the representations of the fermion spin-1
2 fields are shown in Table 3.2

below.
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Field Representation Particles

QL (3,2)1/3 left-handed quarks

LL (1,2)−1 left-handed leptons

UR (3,1)−4/3 right-handed up-type quarks

DR (3,1)2/3 right-handed down type quarks

ER (1,1)2 right-handed electron

Table 3.2: Fermion fields of the Standard Model.

All fermion fields describe both fermions and anti-fermions since they arise together

in the spinor field in(2.95a). As such, all fermions (and similarly all scalar bosons) have

antiparticle counterparts.

There are three sets of known gauge fields, one for each of the SM gauge groups. These

fields will arise from imposing the gauge symmetries on our theory. These are spin-1 vector

fields and fall into the representations given in Table 3.3.

Gauge Group Field Representation

U(1)Y Bµ (1,1)0

SU(2)L Aµ (1,3)0

SU(3)C Gµ (8,1)0

Table 3.3: Gauge fields of the Standard Model.

The quantisation of these gauge fields are physically manifested as the gauge bosons,

particles that mediate the interactions of their corresponding gauge groups.

The additional scalar field φ, known as the Higgs field, is introduced to break the

electroweak SU(2)L × U(1)Y symmetry and transforms under the representation given in

Table 3.4.

Field Representation Description

φ (1,2)−1 complex scalar doublet

Table 3.4: Scalar field of the Standard Model.
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After electroweak spontaneous symmetry breaking (EWSSB), this field gives rise to

the (tentatively) observed Higgs boson. Additionally, the gauge bosons that remain are the

eight gluons from SU(3)C , and the electroweak gauge bosons, which are linear combinations

of the electroweak gauge fields A and B of SU(2)L × U(1)Y . These include the photon (γ)

of QED, which remains massless, and the massive W± and Z0 of the weak theory.

The neutral photon is the quantisation of light and was first proposed by Einstein in 1905

to explain the photoelectric effect and [44]. The W±, Z0 were directly observed in 1983

in pp collisions at CERN [45–48]. The eight gluons of the strong force were experimentally

discovered in 1979 in e−p+ collisions at DESY in Hamburg [49]. The gluons exhibited

confinement and asymptotic freedom properties similar to quarks. In total, there are twelve

known gauge bosons [4].

The SM also exhibits a few global symmetries, such as the conservation of baryon and

lepton numbers separately with the symmetry group U(1)B×U(1)e×U(1)µ×U(1)τ (where

e, µ and τ indicate the three lepton families). The global symmetries are not imposed but

can be viewed as accidental symmetries that arise coincidentally from certain parts of the

gauge theory.

There is however, an assumed global charge-parity-time (CPT) symmetry of the SM [8,

9, 21]. This is taken to be an exact symmetry of nature since all particle interactions have

been observed to obey this. Therefore, the equations of the motion of the left-handed

particles must also be satisfied by the right-handed antiparticles. Indeed, the Feynman-

Stueckelberg interpretation states that antiparticles can be viewed as the charge conjugate

particles, travelling backwards in time [50].

Finally, there are nineteen free parameters in the theory, all of which shall be discussed

in this chapter. These are measurable quantities that are not defined by the SM and must

be experimentally measured. It is possible that this rather large set of free parameters

stems from a deeper underlying theory [50].
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3.2 Gauge Theories

We have already described the quantisation procedure that gives rise to particles from

bosonic (spin-1) and fermionic (spin-1
2) fields in Section 2.4 and Section 2.5. These were

Lorentz vector and spinor fields that transform under a particular representation of the

Lorentz group.

To construct a relativistic theory, one merely needs to write down a Lagrangian that

transforms trivially under the Lorentz group. Each term, constructed from a tensor product

of these Lorentz fields, is therefore required to form a singlet of the Lorentz group. In

general, a symmetry can be imposed in this way, by requiring that the total Lagrangian

transforms trivially under that symmetry group.

However the most general Lorentz invariant Lagrangian is too broad to describe the

universe that we observe. Additional local symmetries, in the form of Lie groups and Lie

algebras, were required to restrict the permissible class of equations to those that describe

the observed dynamical theories of particles [51]. The resultant Lagrangians describe local

theories that depend on space-time position and are known as “gauge theories”.

These local symmetries represent a redundancy of information in the theory and under-

standing them is central to tackling the many infinities that arise from integrating quantum

fields over all of space-time [27].

In all gauge theories, the quantisation of the Lagrangian gives rise to an over-counting

of possible field configurations, all related by gauge symmetry [8]. There is no canonical

procedure for selecting one solution that describes a quantum state from the range of phys-

ically equivalent ones. However, it is possible to break the gauge symmetry by choosing a

particular gauge fixing condition. Doing so requires the addition of Faddeev-Popov ghost

fields to preserve unitarity [52, 53]. These fields correspond to unphysical virtual particles

that never appear as external states and whose exact formulation is dependent on gauge

choice. In general, we shall ignore these complications.

The simplest case of a gauge symmetry that we can consider is of the abelian U(1) group.

We shall see that imposing a local U(1) symmetry on the Dirac Lagrangian (2.41) will result

in the quantum theory of electromagnetism (EM), known as quantum electrodynamics
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(QED). This theory partly governs the dynamics and interactions between photons and

electrons.

3.3 Quantum Electrodynamics U(1)EM

As mentioned, the starting point of QED is the Dirac Lagrangian:

LDirac(x) = ψ
(
i/∂ −m

)
ψ (3.4)

There is an obvious one-dimensional global U(1) symmetry. Transforming the field ψ

by the phase eiα with α constant, leaves the Lagrangian invariant.

To gauge a symmetry, we attempt to make the factor α = α(x) depend on the space-

time coordinate. For this one-dimensional case we will suppress the “generator” Y of the

symmetry, which form a basis of the gauge group, such that α(x) ≡ α(x) · Y . In this way,

we will elevate the global U(1) symmetry of the classical Lagrangian to a local one, making

it gauge invariant.

We do this by imposing a local U(1) symmetry on the Dirac field ψ(x) such that the

field transforms as

ψ(x) −→ eiα(x)ψ(x) (3.5)

A complication arises from the kinetic energy term in the Lagrangian of such a field.

This is typically of the form (∂φ)†∂φ for scalars and ψi/∂ψ for spinors where ψ = ψ†γ0. In

general, this is not in invariant under the gauge transformation such that the Dirac equation

is also not invariant:

LDirac(x) → ψe−iα(x)
(
i/∂ −m

)
eiα(x)ψ

= ψ
(
i/∂ −m

)
ψ − ψγµ ∂α

∂xµ
ψ(x) (3.6)

We need an additional term to cancel the extra factor in (3.6). We therefore construct the

“covariant derivative” Dµ that will have the correct transformation properties to explicitly

cancel this contribution.
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We introduce the gauge field Aµ that transforms under this local U(1) symmetry as

Aµ −→ A′µ = Aµ +
1

e
∂µλ(x) (3.7)

where e is the “charge” of the field Aµ, which is experimentally identified as the electromag-

netic charge of the electron. Note that we have again suppressed the explicit dependence

on the basis generators such that Aµ ≡ Aµ · Y .

Since we are imposing a one-dimensional symmetry, we expect λ(x) to also be one-

dimensional and to belong to the U(1) gauge group. Explicitly, we start with the generic

Maxwell equations (2.9), and set the sources equal to zero such that

0 = ∂µFµν = ∂µ(∂νAµ − ∂µAν) (3.8)

Under the transformation of (3.7), ∂2λ = 0; this is just a wave-equation with solution

λ = eiθ. Since θ is one-dimensional, and λ is periodic with periodicity 2π, λ is therefore a

member of U(1).

We can now define the covariant derivative

Dµψ = ∂µψ + iqζµψ (3.9)

for some currently arbitrary constant q and vector field ζµ. This transforms as

Dµψ −→ i(∂µα)(eiαψ) + eiα∂µψ + iqζ ′µe
iαψ (3.10)

Since ψ → ψe−iα (where ψ = ψ†γ0), we only have to require [Dµ, e
iα]ψ = 0 to make the

term ψDµψ gauge invariant. Thus, by taking ζµ → ζ ′µ = ζµ − 1
q (∂µα), we find Dµ(eiαψ) =

eiαDµψ as required.

Note that this transformation rule of ζ is exactly the same as that for the electromagnetic

U(1) symmetry in (3.7), with the identification that q = −e, α = λ and ζ = Aµ. Indeed,

the experimental coupling between the electron and the photon is precisely described by

identifying the gauge field Aµ with the photon and spinor field ψ with the electron.
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We therefore find the fundamental covariant derivative Dµ for QED to be given by

Dµψ = ∂µψ − ieAµψ (3.11)

where the field Aµ transforms as

Aµ −→ Aµ +
1

e
∂µα(x) (3.12)

with α(x) corresponding to the local symmetry transformation and where we have again

suppressed the generator where Aµ ≡ Aµ · Y .

Note that it is this covariant derivative that introduces interaction terms between the

electrons ψ and photons Aµ. The charge e acts as the coupling constant and determines the

strength of interaction. For a chargeless field with e = 0, the covariant derivative is equal

to the conventional partial derivative and the theory becomes a non-interacting one. The

field transformation of Aµ is no longer well-defined as the Aµ in this case decouples from

the theory.

Thus, the Dirac Lagrangian with this additional U(1) symmetry is

LDirac,U(1)(x) = ψ( /D −m)ψ (3.13)

where ψ ≡ ψ†γ0.

Now, the transformation ψ → eiα(x)ψ gives

LDirac,U(1)(x) → ψe−iα(x) (iγµ∂µ −m) eiα(x)ψ + ψe−iα(x) (iγµ (iqAµ − ∂µα(x))) eiα(x)ψ

= ψ (iγµ (∂µ + iqAµ)−m)ψ

= LDirac,U(1)(x) (3.14)

as desired.

There is one more complication that we need to consider. Since there are currently no

derivative terms of Aµ in (3.13), Aµ could be treated as a constant background field that

can be ignored. The theory would then reduce back to the original Dirac Lagrangian with
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the regular partial derivatives that is not invariant under the local U(1). To avoid this, we

need to introduce dynamics for the field Aµ. The appropriate gauge invariant term is

LkinA (x) = −1

4
FµνF

µν (3.15)

where Fµν = i
q [Dµ, Dν ] is the field strength.

Explicitly,

Fµνψ(x) =
i

q
[Dµ, Dν ]φ

= (∂µAν − ∂νAµ − q [Aµ, Aν ])φ(x) (3.16)

where φ is an arbitrary scalar field. The commutator in this equation stems from the

commutator of the group generators; for this 1-dimensional case, we have simply suppressed

the explicit dependence on the generator Y by the relabelling Aµ ≡ AµY . In particular, the

commutator of these generators defines the so-called “Lie Algebra” [54]. This shall become

clearer when we consider more complicated group theories.

For the abelian U(1) theory that we are considering, we have commuting symmetry

generators (and thus commuting fields Aµ) and so the commutator here vanishes and the

field strength Fµν reduces to the one seen in classical electromagnetism (2.5), which is gauge

invariant by (2.14).

Finally, the full QED U(1) gauge invariant Lagrangian that describes the interaction of

electrons ψ with photons Aµ is

LQED(x) = ψ( /D −m)ψ − 1

4
FµνFµν (3.17)

If we expand the covariant derivative in (3.17), we find

LQED(x) = ψ(/∂ −m)ψ − 1

4
FµνFµν − JµAµ

= LDirac + LEM (3.18)
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where we have identified the Noether current associated to the U(1) symmetry of the field

Aµ by

Jµ = ieψγµψ (3.19)

Therefore, electromagnetism naturally arises from imposing a local U(1) symmetry on

the Dirac Lagrangian. We will use a similar approach for the weak and strong fundamental

forces. Specifying Lie groups and imposing gauge invariance on the Lagrangian, we shall

write down all terms that invariant under the symmetry transformations. In turn, this

Lagrangian shall give rise to equations of motion that represent nature.

To ensure gauge invariance for a general group, a vector field is introduced for every

group generator. In the case of electromagnetism, the generator α(x) ∈ U(1) required the

existence of the vector field Aµ to construct the covariant derivative in (3.11).

3.3.1 Renormalisabilitiy

By embedding a local U(1) symmetry on the Dirac Lagrangian, we have somewhat mira-

culously ended up with the equations of motion that govern the physical theory of QED.

Instead of starting at the Dirac equation, we could have näıvely written down the most

generic U(1) gauge invariant Lagrangian. This Lagrangian would contain QED but also

additional terms that would appear in the invariant potential, for example

V
(
ψψ
)
⊃ ψγ5γµψ + ψγ5ψ + ψγµψ + ψγµγνψ (3.20)

The first two terms are “chiral”, distinguishing left and right-handed Weyl spinors, whilst

the remaining two are vector-like terms that do not. In general, these introduce additional

interactions into the theory [8].

Furthermore, there could also be higher order terms, such as |ψ|4. However, almost all

of these terms fall into the category of “non-renormalisable” theories, which yield uncon-

trolled divergent quantities. Specifically, terms that have positive mass-dimension coupling

constant [g] > 0 are non-renormalisable.
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This is simple to see directly. The Lagrangian density must have mass dimension [L] = 4

for the action S to be dimensionless. Then, any term L ⊃ gf(ψ) with coupling [g] > 0,

would require the (operator) f(ψ) to have dimension [f(ψ)] < 4 (equivalently a length

dimension of > −4). Integrating this over the whole of four space gives

S =

∫
d4xL

= g

∫
d4xf (ψ) ∝ ∞ (3.21)

where
[∫
d4x
]

= −4.

Note that it is still possible to admit some non-renormalisable terms into the theory

by introducing a momentum cutoff p4/Λ2, with Λ2 large enough to suppress these interac-

tions at the relatively low energies experiments have hitherto probed. The infinities that

plague the low energy theory will naturally be cancelled by contributions from beyond the

SM (BSM) terms, typically introduced through additional particles. Above this cutoff,

new physics enters into the theory and renders the grander high energy theory perfectly

renormalisable.

3.4 Electroweak Unification SU(2)L × U(1)Y

Experiments of weak processes were seen to involve electromagnetic charged currents [45–

48,55,56]. These results implied that there was some unified gauge theoretic description of

the electroweak force.

In 1961, Glashow proposed the symmetry structure of what is now known as the

Weinberg-Salam electroweak theory. The symmetry structure he proposed unified elec-

tromagnetism with the weak force through a gauge theory with the product group

GEWK = SU(2)L × U(1)Y (3.22)

This theory required a set of four gauge fields corresponding to the four group generators

of the product group. These fields describe massless messenger particles that mediate the

unified electroweak interaction. Physically, however, the weak force was found to be short
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range implying that these particles are massive. The underlying symmetry must be broken

by the Higgs field H in such a way as to give rise to masses to the particles exchanged in

weak interactions but not to the massless photon, which is exchanged in electromagnetism

interactions.

Taking the generic fermion field ψ the transformation under the local SU(2)T × U(1)Y

group is given by

ψ(x) −→ eiα(x)·T+iβ(x)Y ψ(x) (3.23)

where T is the generator for SU(2) and Y is the hypercharge of U(1)Y .

The electroweak force was found to be a “chiral” theory that distinguishes left and

right handed fields [57,58]. Furthermore, to match the experimental results all left-handed

fermion fields are required to belong to the T = 1/2 doublet representation of SU(2)L, with

all right-handed fields belong to the singlet T = 0 representation [8].

Then, the covariant derivative in the fundamental representation is constructed as

Dµψ(x) =
(
∂µ − igAaµ(x)Ta − ig′Bµ(x)Y

)
ψ(x) (3.24)

where the gauge couplings g and g′ of SU(2) and U(1) respectively. The three fields Aaµ(x)

are the SU(2)L gauge fields associated to their respective weak generators Ti = σi/2 and

the field Bµ is the gauge field of U(1)Y associated to the hypercharge generator Y ∝ I2×2.

Explicitly, one can write

gAaµTa + g′BµY =
g

2

(
A1
µσ

1 +A2
µσ

2 +A3
µσ

3
)
− g′

2
BµI2×2

=
1

2

 gA3
µ − g′Bµ g(A1

µ − iA2
µ)

g(A1
µ + iA2

µ) −gA3
µ − g′Bµ

 (3.25)

The transformation properties of the gauge field under SU(2)L × U(1)Y are given by

Aµ(x) · T −→ eiα(x)·TAµ(x) · Te−iα(x)·T +
1

g
eiα(x)·T i∂µe

−iα(x)·T (3.26a)

Bµ(x)Y −→ Bµ(x)Y +
1

g′
∂µβ(x)Y (3.26b)
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Thus,

Dµψ(x) −→ eiα(x)·T+iβ(x)YDµψ(x) (3.27)

transforms exactly as (3.23), ensuring gauge invariance.

Further, writing the field in its left L(x) and right-handed R(x) components, we have

DµL(x) =

(
∂µ − ig

1

2
Aµ(x) · T − ig′ 1

2
Bµ(x)Y

)
L(x) (3.28a)

DµR(x) =
(
∂µ − ig′B (x)Y

)
R(x) (3.28b)

The kinetic term for the fermions is then

Lfermions(x) = L(x)iγµDµL(x) +R(x)iγµDµR(x) (3.29)

The field strength for the SU(2)L gauge fields is

Fµν(x) · T = ∂µAν(x) · T − ∂νAµ(x) · T − gAiµ(x)Ajν(x) [Ti, Tj ] (3.30)

where i, j = 1, 2, 3 and labels the generators of the SU(2)L group. This obeys the trans-

formation rule

Fµν · T −→ eiα(x)·TFµν(x) · Te−iα(x)·T (3.31)

The analogous field strength for the U(1)Y gauge fields is

Bµν(x)Y = ∂µBν(x)Y − ∂νBµ(x)Y (3.32)

which transforms similarly to the canonical Maxwell field strength under gauge transform-

ation (2.14).

The electroweak Lagrangian for the gauge fields is described by a generalisation of the

equivalent terms in the EM Lagrangian,

Lgauge(x) = −1

4
FµνF

µν(x)− 1

4
Bµν(x)Bµν(x) (3.33)
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where we have suppressed all generator dependence. Lgauge now represents a non-trivial

interacting theory with non-linear self coupling terms dependent on the coupling constant

g from Fµν . These non-abelian gauge fields are charged under the gauge group and will

couple to all fields with any such charge, including themselves. In a similar manner, gravity

is also inherently a non-linear theory, since the gravitational field couples to everything with

energy density including itself.

Importantly, since left-handed and right-handed fields transform under different repres-

entations of SU(2)T × U(1)Y there is no way to add an ad-hoc mass term for fermions

∝ mψψ as there was in QED. Specifically, the term

mψψ = mψLψR +mψRψL (3.34)

cannot form an (invariant) singlet under SU(2)L [54]. It is therefore forbidden by the gauge

symmetry. The mass terms for the gauge fields are also forbidden for an analogous reason.

In this way, all particles in the electroweak theory are currently massless due to the gauge

symmetry. We are therefore required to introduce a symmetry breaking mechanism to

match the observed masses of particles [4].

3.5 Spontaneous Symmetry Breakdown

Adding mass terms in by hand breaks the gauge invariance and in fact ruins the renormal-

isability of the theory, yielding ill-defined infinites [8].

Experimentally however, we observe only one massless vector boson, the photon, with

all other particles gaining mass [4]. To reconcile the theory with the observation that the

weak force is indeed short-ranged, we must generate masses in such a way as to preserve

the renormalisibility of the theory.

The notion of spontaneous symmetry breaking (SSB), first introduced in 1964, provided

a mechanism for particles to gain mass. However, it was not immediately apparent that such

a theory was inherently renormalisible and it was not until 1971 that ’t Hooft and Veltman
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showed the explicit renormalisibility of spontaneously broken gauge theories [59, 60]. The

mechanism quickly became main-stream and shall be described in this section.

SSB stems from the assumption that we live in an imperfectly symmetric universe, with

nature having symmetries that are not manifest to us. To formulate such a theory, we keep

the Lagrangian symmetric but introduce at least one field (H) with an asymmetric particle

vacuum state, characterised by a non-zero vacuum expectation value

〈0|H |0〉 6= 0 (3.35)

In the SM the field H (known as the Higgs field) has to have spin-0 since the vacuum

would otherwise have a non-zero angular momentum breaking the rotational invariance

observed in nature. Furthermore, the Universe’s translational invariance implies that the

vacuum expectation must be independent of space-time. Thus, this spinless field uniformly

permeates all space-time and by assumption must couple to all other massless particles to

give them their observed mass. The asymmetric particle vacuum of the Higgs field will be

defined by the vacuum expectation value v, which is a free parameter of the SM.

Picking a particular ground state lifts the degeneracy of the minimum energy states,

spontaneously breaking the manifest symmetry. Note that the underlying symmetry of the

theory, essential for renormalisability, is preserved and is merely hidden in the equations of

motion.

In particular, the QM vacuum is defined as a complex state in which pairs of particles

and antiparticles are spontaneously created and annihilated (and indeed it is the ground

state on which the creation and annihilation operators of Chapter 2 act). If these virtual

particles interact strongly enough amongst themselves, the vacuum forms a permanent

high density state known as a “condensate”. For such a vacuum state to have a condensate,

we must cross a thermodynamical phase transition. This requires an interaction between

particles that has sufficiently strong attraction at low density in addition to a sufficiently

strong repulsion at high density (to prevent a runaway situation) [7].
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In the SM, the condensate known as the Higgs vacuum condensate is assumed to ex-

ist. The otherwise massless fermions and bosons that populate the vacuum interact with

condensate giving them their masses.

3.5.1 Global Symmetries

We first look at the SSB of a global symmetry following Ref. [7]. We start with an underlying

global U(1) symmetric Lagrangian with complex scalar field ϕ.

The field transforms as

ϕ −→ eiαϕ , ϕ† −→ e−iαϕ† (3.36)

where for U(1) scalar (singlet) fields ϕ† = ϕ? .

The Lagrangian is

L = ∂µϕ∂
µϕ− V (ϕϕ†) (3.37)

where the potential has of the form

V (ϕ†ϕ) =
1

2
µ2ϕ†ϕ+

1

4
λ
(
ϕ†ϕ

)2
(3.38)

with constants λ, µ ∈ R.

There are three possible situations for the configuration of the potential:

• λ < 0

• λ ≥ 0, µ2 > 0

• λ > 0, µ2 < 0

The first case, λ < 0, is unphysical and corresponds to a potential with no stable minima.

The second case, λ > 0, µ2 > 0, has a unique stable minimum at |ϕ| = 0 and is shown

in Fig. 3.3.
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Figure 3.3: Vacuum potential with λ ≥ 0, µ2 > 0.

This vacuum has a vanishing expectation value, where

〈0|ϕ |0〉 = 0 (3.39)

at |ϕ| = 0. This corresponds to the situation without a condensate where the manifest

symmetry preserved.

Now the final case is λ > 0, µ2 < 0; the potential in this case is called a “Mexican hat”

and is shown in Fig. 3.4.
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Figure 3.4: Vacuum potential with λ > 0, µ2 < 0.

The potential V (ϕ) is then attractive at small values and repulsive at large values of ϕ.

These features are exactly the behaviour necessary for a symmetry breaking condensate.

The vacuum expectation value is now non-vanishing, where

〈0|ϕ |0〉 =

√
−2µ2

λ
(3.40)

with minimum at ϕ0 = eiqθ
√
−2µ2/λ ≡ v/

√
2, where θ is the symmetry group generator

of U(1) and q ∈ R an arbitrary constant. The symmetry represents a redundancy in the

theory and there is an infinite choice of equivalent ground states that lie on the circle of

radius v/
√

2. Nature breaks this degeneracy by choosing one particular value of θ. Without

loss of generality, we can choose the ground state with q = 0.

We now re-express the field, shifted around this minimum such that

ϕ =
1√
2

(χ1 + iχ2 + v) (3.41)

where χ1, χ2 are real scalar fields that have zero vacuum expectation values. The two fields

correspond to excitations in the radial and tangential directions to the circle of degenerate

minima respectively.
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Substituting this into the original Lagrangian (3.37), we find

L(x) =
1

2

[
∂µχ1∂

µχ1 + 2µ2χ2
1

]
+

1

2
∂µχ2∂

µχ2

− λ

16

(
χ2

1 + χ2
2

) (
4vχ1 + χ2

1 + χ2
2

)
− 1

4
µ2v2 (3.42)

We now have a theory of real massive scalar fields χ1, a massless real scalar field χ2 and

six interaction terms.

Notice that the field χ1 corresponding to oscillations in the asymmetric radial direction

to the potential has become massive. On the other hand, the field χ2, representing the os-

cillations in the symmetric tangential direction, remains massless. In terms of the potential,

rotating along the circle of degenerate minima (that define equivalent vacuum states) costs

zero energy.

This effect happens in the general case where a (continuous) symmetry is broken and is

known as Goldstone’s theorem. The massless fields describe the so-called Nambu-Goldstone

bosons [61,62].

Above the peak of the Mexican hat energy at |φ| = 0 the potential looks symmetric. At

lower energies below this condensation threshold, the particles will condense in the vacuum

and roll down the potential, spontaneously breaking the symmetry of the theory as it chooses

a particular vacuum.

In principle, the form of the symmetry breaking potential can be dynamically created

by radiative corrections generated by quantum loops of gauge bosons and fermions [63].

However, the exact origin of the electroweak potential in the SM is still poorly understood

and is a subject of ongoing research [8].

3.5.2 Gauge Symmetries

We shall extend the discussion of symmetry breaking to general non-abelian gauge theories.

The n dimensional representation of the gauge group G is spanned by the n-component

scalar fields H. There are N generators Ti of the symmetry, represented by n×n matrices,

with one vector field Aiµ associated to each.
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Here the Lagrangian is

L(x) = (DµH)†DµH − V (H†H)− 1

4
FµνF

µν (3.43)

where the covariant derivative in a general representation is

DµH =
(
∂µ − igAjµT j

)
H (3.44)

and the field strength is given by

Fµνi = ∂µAνi − ∂νA
µ
i − gf

ijkAµjA
ν
k (3.45)

for the “structure constants” f ijk = fijk (where [Ti, Tj ] = f ijkTk) and some coupling con-

stant g of the group.

µ, ν = 0, 1, 2, 3 are the space-time indices and i, j, k = 1, · · · , N are the group generator

indices of SU(N). The field strength term FµνF
µν is responsible for interactions of the

gauge fields amongst themselves and is not concerned with the form of the scalar field’s

potential.

Abelian Symmetry Breaking

We shall first restrict our discussions to the abelian group G = U(1), where f ijk = 0, with

only one generator. In this case, the scalar field transforms as φ → e−igθφ, and the vector

field as Aµ → Aµ + ∂µθ, with θ = θ(x), where we have again defined Aµ ≡ A1µT
1.

As in the case for the global symmetry breaking, the interesting situation has the po-

tential where λ > 0, µ2 < 0 (corresponding to Fig. 3.4). The scalar fields can again be

rewritten as (3.41) but the the gauge invariant kinetic term is now

L(x) = DµHD
µH†

=
1

2
(∂µχ1 − gAµχ2)2 +

1

2
(gv)2

(
Aµ

1

gv
∂µχ2

)(
Aµ +

1

gv
∂µχ2

)
(3.46)
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The coupling terms on the right hand side indicate that χ2 may be regarded as some shift

of the field Aµ rather than an independent physical field.

In fact, we can use the gauge freedom to redefine the vector field as

Aµ −→ A′µ = Aµ +
1

gv
∂µχ2 (3.47)

where the A′µ is just the gauge transformation of Aµ with θ = χ2/gv.

We can then redefine the scalar fields with the following transformations

χ1 −→ χ′1 = −v + cos (gθ) (v + χ1) + sin (gθ)χ2

u χ1 + gθχ2 (3.48a)

χ2 −→ χ′2 = cos (gθ)χ2 − sin (gθ) (v + χ1)

u χ2 − gθχ1 − gθv (3.48b)

where the second line in each transformation is valid for small g.

Finally, we use the gauge invariance to make the choice

θ(x) =
1

g
tan−1

(
χ2

v + χ1

)
(3.49)

In this gauge, there are only two remaining fields, χ′1, which we shall relabel as h, and

A′µ = Aµ + ∂µθ u Aµ + 1/gv∂µχ2, which we shall relabel Aµ.

The full Lagrangian then becomes

L(x) =
1

2

[
∂µh∂

µh+ 2µ2h2
]
− 1

4
FµνF

µν +
(gv)2

2
AµA

µ

+
g2

2
AµA

µh2 + g2AµA
µhv − λ

16
h4 − λ

4
h3v − 1

4
µ2v2 (3.50)

We can now see that the scalar field h has a mass mh =
√
−2µ2 and Aµ acquires the

mass mA = gv. Similar to the global symmetry breaking, the h field is massive, but now,

due to the gauge freedom representing the local symmetry, the would-be Goldstone boson

have been “eaten” by the originally massless gauge field Aµ that thus gain mass.
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In the case of a 1-dimensional representation, the two transverse components of the

gauge field and the two real parameters for the complex scalar field has become a single

real spin-0 field h with one degree of freedom and the massive spin-1 vector field Aµ with

three degrees of freedom, where Aµ acquires an additional (longitudinal) polarisation state

seen in (3.47).

If this were a physical theory and the field Aµ was observed to be massless, then we

could instead choose the gauge ∂µθ = 0, which removes both the longitudinal polarisation

and the mass term.

Specifically for the local U(1) case, SSB broke the symmetry of the only generator in the

gauge group. In general, SSB need only break part of the group and can leave a subgroup

of the symmetry generators unbroken. This is useful since the photon needs to be protected

by a symmetry from gaining a mass.

Non-Abelian Symmetry Breaking

We shall now revert back to the full non-abelian Lagrangian, which by definition has non-

vanishing commutation relations:

[Ti, Tj ] = if ijkTk (3.51)

with f ijk the structure constants, which are defined by the particular group considered.

For the gauge group G = SU(N) the arbitrary group element can be written as

U = exp

(
− i
v

N∑
k=1

θa(x)T a

)
∈ G (3.52)

where θa are N2 − 1 gauge fields associated to the T a matrix generators of the group. If

the symmetry breaking leaves the vacuum invariant under a subgroup S, such that the M

generators of S are labelled Tj ∈ S for j = 1, . . . ,M and M < N , we have

Tjv = 0, j = 1, . . . ,M ; (3.53a)

Tkv 6= 0, k = M + 1, . . . , N (3.53b)
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where the generators Tk are the orthogonal complement of Tj ∈ (G) (where j = 1, . . . ,m)

and assuming the potential has a minimum at |H|2 = v2/2. Strictly speaking the generators

belong to the Lie algebra (L(G)) associated to the Lie group.

In this case, we can pick a gauge for U , such that the first M components vanish and

we can write

U = exp

(
− i
v

N∑
k=M+1

θkT
k

)
(3.54)

The the field H may now be parameterised as

H = exp

(
i

v

N∑
i=M+1

θaT
a

)
(v + h(x)) (3.55)

such that the transformation rule is H → H ′ = v + h(x). By assumption, this general

non-abelian group defines a symmetry of the Lagrangian. We therefore require the fields to

transform as

H ′ = UH = v + h (3.56a)

A′µ = UAµU
† +

i

g
(∂µU)U † (3.56b)

F ′µν = UFµνU
† (3.56c)

which leaves the total Lagrangian (3.43) invariant.

Similar to the abelian case (3.50), the gauge choice for U has left the Lagrangian inde-

pendent of the gauge fields θk. We are left with

L(x) =
1

2

(
∂µh

T∂µh− hTM2
hh
)

−1

2
∂µAiν (∂µAνi − ∂νA

µ
i ) +

1

4
g2vTAµA

µv

+ig∂µh
TAµh+

g2

√
2
vTAµA

µh+
1

2
g2hTAµA

µh

+higher order terms (3.57)
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where the surviving field h has squared-mass determined by the matrix:

(
M2

h

)
ab

=
∂2V

∂Ha∂Hb

∣∣∣∣
H=v

(3.58)

The vector gauge bosons eat the would-be Goldstone bosons and have a squared-mass

matrix (
M2

A

)
lk

= g2
(
vTTlTkv

)
(3.59)

which is real, symmetric, and positive definite. It follows immediately from (3.53) that the

gauge fields corresponding to oscillations in the directions of symmetry Aµk for k = 1, . . . ,M

are massless whereas the fields k = M+1, . . . , N are massive. Notice again that the massive

components also acquire the additional longitudinal component from (3.56b).

3.6 Electroweak Spontaneous Symmetry Breaking

In nature the fermions are observed to be massive particles [4]. Therefore, we need to

introduce the explicit mechanism to break the underlying electroweak symmetry SU(2)L×

U(1)Y . For the quantisation of light, the photon, to remain massless, the unbroken U(1)EM

symmetry of electromagnetism (with the symmetry generator Q, representing the charge)

is needed.

The simplest way to break the electroweak Lagrangian is to introduce a complex scalar

doublet, canonically denoted H, known as the Higgs field. Since the (Yukawa) terms that

describe the coupling of the Higgs field with the leptons must be singlets of both the

Lorentz and gauge groups, the scalar is chosen to live in the 2 representation of SU(2)L,

with hypercharge Y = 1 of U(1)Y .

We shall prepend a superscript g to denote the Lagrangian before electroweak spon-

taneous symmetry breaking (EWSSB) and a superscript m for the Lagrangian afterwards,

describing the physical mass basis that we observe.

Before EWSSB, we start with the canonical Lagrangian for the scalar field

gLHiggs(x) = −1

2
(DµHi)

†DµHi − V (H†H) (3.60)
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where V (H†H) = 1
2µ

2H†H + 1
4λ
(
H†H

)2
and λ > 0, µ2 < 0. The covariant derivative for

the electroweak gauge group is given by

DµH =
(
∂µ − igAjµT j − ig′BµY

)
H (3.61)

where Tj are the generators of the SU(2)L gauge group with coupling strength g and Y are

the generators of U(1)Y with coupling g′.

We choose this vacuum to have the expectation value

〈0|H |0〉 =
1√
2

 0

v

 (3.62)

with the minimum at

H0 =
1√
2
ei(A1T 1+A2T 2+(A3T 3− 1

2
BY ))

 0

v

 (3.63)

which still appears symmetric under the full electroweak gauge group SU(2)L × U(1)Y .

To match experimental observation, we require that the vacuum is annihilated by three

of the generators, leaving one unbroken symmetry direction. Explicitly, we can express the

generators as

T i′

 0

v

 6= 0 , Q

 0

v

 = 0 (3.64)

where we have defined

T 1′ ≡ T 1 (3.65a)

T 2′ ≡ T 2 (3.65b)

T 3′ ≡ T 3 − 1

2
Y (3.65c)

corresponding to the three broken directions. The final unbroken generator is

Q ≡ T3 +
1

2
Y (3.66)
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and corresponds to the remaining EM charge symmetry. Our vacuum is therefore chargeless

in terms of the electromagnetic charge Q. This is the simplest choice we can make to give

the correct observed particle spectra [64]. Further (3.66) implies that the Higgs field, written

as an electroweak doublet, has both charged and neutral components:

H ≡

 φ+

φ0

 (3.67)

We can now write the field in terms of its oscillations around the minimum:

H(x) =
1√
2

 0

v + h(x)

 (3.68)

where v ∈ R and h(x) is a real scalar field with one degree of freedom. Experimentally, this

vacuum expectation value has been set at v = 246 GeV through indirect measurements of

the muon life-time [65].

Notice that this choice (3.68) has “gauged away” three Goldstone bosons. Explicitly,

we can write the full invariant SU(2)L × U(1)Y Higgs field as

H(x) =
1√
2
eiθ·τ

 0

v + h(x)

 (3.69)

where τi = σi
2 are the generators of the SU(2) group, which correspond to the broken

directions of symmetry. The gauge fields θi associated to these generators are gauged away

in (3.68). For small variations, we see

H(x) u
1√
2

 θ2 + iθ1

v + h(x)− iθ3

 (3.70)

and so our four fields θi (i=1,2,3,) and h are indeed independent and fully parameterise the

deviations from the vacuum H0. Since the Lagrangian is locally SU(2)L invariant, we can

gauge away the three gauge fields θ(x) to get the result claimed in (3.68). The three fields

θ(x) would have given rise to three Goldstone bosons, each with one degree of freedom, but
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in this gauge they are unphysical and will be eaten by the electroweak bosons of the theory,

which thus gain mass. Specifically, the two charged components of the Higgs gives will give

rise to the W± bosons and the neutral degree of freedom in the Higgs field will be eaten by

the Z0.

To simplify our equations, we now define the Weinberg angle θW that relates the coupling

g′ and g:

θW ≡ tan−1

(
g′

g

)
(3.71)

This relationship between the weak and electromagnetic forces unifies the two theories.

There is two things to notice: first, since this angle is determined from the two coupling

constants, it is not a free parameter of the SM and second, since g 6= g′ the two theories

are not (strictly speaking) fully unified.

We can then re-express the neutral gauge fields in convenient linear combinations called

the mass eigenbasis where

 Zµ

Aµ

 =

 cos θW − sin θW

sin θW cos θW


︸ ︷︷ ︸

R(θW )

 A3
µ

Bµ

 (3.72)

where R(θW ) denotes a 2-dimensional rotation with an angle θW . Similarly for the charged

gauge fields as  W+

W−

 =

 cos θW − sin θW

sin θW cos θW


 A1

A2

 (3.73)

This basis diagonalises the mass matrix and defines the physical eigenstates that are ob-

served in experiments.

Explicitly, these fields can be written as

W±µ =
1√
2

(
A1
µ ∓ iA2

µ

)
(3.74a)

Zµ = cos θWA
3
µ − sin θW θBµ (3.74b)

Aµ = sin θWA
3
µ + cos θWBµ (3.74c)
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with inverses

A1
µ =

1√
2

(
W+
µ +W−µ

)
(3.75a)

A2
µ =

i√
2

(
W+
µ −W−µ

)
(3.75b)

A3
µ = cos θWZµ + sin θWAµ (3.75c)

Bµ = − sin θWZ + cos θWAµ (3.75d)

Notice that W± has the form of raising and lowering operators and are just the linear

combinations of generators in SU(2). They are transformations between states in an irredu-

cible representation and will change the charge of the system as well as transferring energy

and momentum. On the other hand, the Zµ and Aµ are “Cartan” generators, whose eigen-

values define the weights of the algebra [5]. These fields transfer energy and momentum

but do not change the charge of the system. In terms of particle interactions W± carry ±1

EM charge whereas Z0 and the photon γ are electromagnetically neutral.

The covariant derivative for the SU(2)L × U(1)Y can now be written

DµH =
1√
2

(
∂µh+ i

g

2 cos θW
(v + h)Zµ

) 0

1

− i1
2
g(v + h)Wµ

 1

0

 (3.76)

where we have used Ti = σi
2 and Y = 1

2I2×2 seen in (3.25).

Upon expansion around the minima, the quadratic term in the covariant derivative

(DµH
†DµH) that couples H to the gauge fields becomes

mLH,gauge(x) =
1

2
∂µh∂µh+

1

4
g2 (v + h)2

(
1

2 cos θ2
W

ZµZµ +Wµ†Wµ

)
− 1

8
λ
(
h2 + 2νh

)2
(3.77)
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We can now read off the masses of the fields as the coefficients of the quadratic terms:

m2
W =

1

4
g′2v2 (3.78a)

m2
Z =

1

4

(
g′2 + g2

)
v2 =

m2
W

cos2 θW
(3.78b)

m2
A = 0 (3.78c)

The masses of the weak gauge bosons provide a non-trivial prediction for our formulation

where

ρ ≡
m2
W

m2
Z cos2 θW

(3.79)

is expected to be equal to unity for the SM. This identity highly constrains the form that

any BSM theory can have.

The W± and Z0 bosons mediate the electroweak interaction and have a short range, as

they have relatively large masses. These masses are not predicted by theory as the couplings

g′ and g are not constrained. In 1983, the weak bosons were discovered by UA1 and UA2

collaborations [47,48], with mass:

mW = 80.385± 0.015 GeV (3.80a)

mZ = 91.876± 0.0021 GeV (3.80b)

The final field A corresponds to the single unbroken generator Q of the electromagnetic

symmetry U(1)EM. The photon of QED represents the quantisation of this field, which is

massless by construction mA = 0 to be consistent with experimental measurements [4].

Currently, the theory predicts that Aµ (µ = 1, 2, 3, 4) has four components but ex-

perimentally we only measure 2 degrees of freedom, one for longitudinal polarisation and

another for transverse polarisation. There is a leftover gauge symmetry which we can re-

move by again fixing a gauge. Common choices include the Lorentz gauge (∂µAµ = 0 with

�Aµ = 0) and the Coulomb gauge (∇ · A = 0 with A0 = 0) [7]. Similar constraints are

imposed to remove one degree of freedom from the massive gauge bosons that are spin-1

fields with three degrees of freedom [64].
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After symmetry breaking, the potential can be rewritten as

V (H†H) =
1

2
m2
hh

2 +
1

4
λvh3 +

1

16
h4 (3.81)

where the last two terms on the right-hand-side are the cubic and quartic self-couplings of

the Higgs boson.

The Higgs boson thus has squared-mass

m2
h =

1

2
λv2 (3.82)

for v =
√

2µ2/λ.

The kinetic terms of the gauge fields before EWSSB are

gLgauge(x) = Fµν,iFi,µν +BµνBµν (3.83)

where i = 1, 2, 3 labels the generators of SU(2)L. We can rewrite this in the mass basis by

defining

FWµν ≡ 1√
2

(Fµν1 − iFµν2) = dµWν − dνWµ (3.84a)

FZµν ≡ ∂µZν − ∂νZµ (3.84b)

FAµν ≡ ∂µAν − ∂νAµ (3.84c)

where dµ ≡ ∂µ − igAµ3 = ∂µ − ieAµ − ig cos θWZµ, and e ≡ g sin θW .

With these definitions, the kinetic terms of the gauge fields after EWSSB become

mLgauge(x) = −1

2
FW,µν†FWµν −

1

4
FZµνFZµν −

1

4
FAµνFAµν

+iWµW ν† (eFAµν + g cos θWF
Z
µν

)
+ig2

(
W 2W †2 −

(
W ·W †

)2
)

(3.85)

In summary, we started with the Higgs field and four identical massless gauge fields

(A1
µ, A

2
µ, A

3
µ, Bµ) and an exact unbroken electroweak symmetry SU(2)L × U(1)Y at high
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energies. At low energies, the non-symmetric Higgs vacuum breaks the manifest symmetry

leaving a residual U(1)EM unbroken. We are left with the three massive gauge bosons W±

and Z that mediate the weak force and the one massless boson γ corresponding to the

photon of electromagnetism.

Counting the degrees of freedom: before EWSSB there are four for the Higgs complex

scalar doublet, and two each for the four massless gauge fields for a total of twelve; after

EWSSB, there is one for the Higgs boson, three each for the three massive vector bosons,

which acquire an additional polarisation as in (3.47), and two for the photon that remains

massless (again giving a total of twelve).

The gauge and Higgs bosons of electroweak theory have all been observed and are

tabulated in Table 3.5 below.

Boson EM Charge Mass Date of Discovery

photon (γ) 0 0 1900 (Paul Villard [66])

W± ±1 80.385± 0.015 GeV 1983 (UA1 and UA2 [47,48])

Z0 0 91.1876± 0.0021 GeV 1983 (UA1 and UA2 [45,46])

Higgs (h) 0 125.3± 0.6 GeV 2012? (CMS and ATLAS [43,67])

Table 3.5: The experimentally measured bosons and the dates of their discovery. The
electromagnetic charge is normalised to that of the electron, the photon, the Z0, and the
Higgs boson have charge 0, whilst W± has charge ±1. ? the Higgs boson has only been
tentatively discovered and needs verification.

3.7 The Fermion Sector

3.7.1 The Leptons

We shall now describe the leptons in the electroweak sector with gauge group SU(2)L ×

U(1)Y and do not interact via the strong force. The leptons are spin-1/2 fermions (repres-

ented by spinor fields) and are singlets of SU(3)C .

It was experimentally observed in 1957 by Chien-Shiun Wu and collaborators that parity

is not a symmetry of nature [68]. In particular, the weak force is non-chiral and distinguishes

between left and right-handed particles.
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There are currently six known flavours of left-handed leptons that can be arranged

into three generations organised into SU(2)L doublets 2. The three generations behave

identically, except that the particles in the higher generations are more massive. The left-

handed neutral neutrinos have T3 = +1
2 and the left-handed charged leptons have T3 = −1

2 ,

both with hypercharge Y = −1.

The three left-handed families of leptons can be written as,

L1 =

 νe

eL


L

, L2 =

 νµ

µL


L

, L3 =

 ντ

τL


L

(3.86)

where νL and eL, µL, τL are the left-handed neutrino and left-handed charged leptons re-

spectively.

The right-handed leptonic fields consist only of the three charged leptons, each placed

into a singlet 1 of SU(2)L; these have T3 = 0 with weak hypercharge Y = 2. There are no

right-handed neutrinos in the SM, which requires their (Dirac) mass to be identically zero.

The three right-handed familes of leptons are

R1 = eR , R2 = µR , R3 = τR (3.87)

with eR, µR, τR the right-handed charged leptons.

This framework is consistent with definition of Q in (3.66), where the left-handed elec-

tron has charge −1, the neutrino 0 and the right-handed electron has charge +1.

Leptonic Currents

Since the leptons are fermionic fields, the SU(2)L × U(1)Y gauge invariant kinetic part of

the leptonic Lagrangian can be written as

gLlepton,kin(x) = Li /DLL+Ri /DRR (3.88)
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Explicitly, the covariant derivative can be written as:

(Dµ,LL)i = ∂µLi − igAaµ(T a)ijLj − ig′BµY1Li LH lepton fields (3.89a)

(Dµ,RR) = ∂µR− ig′BµYRR RH lepton fields (3.89b)

where the field Aaµ is associated to the generators T a of SU(2)L and Bµ to the generator Y

of U(1)Y . In this way, the covariant derivative couples the leptons to the gauge fields that

describe the bosons of the theory.

By Noether’s theorem, one can compute the currents related to the electroweak symmet-

ries of the Lagrangian. Since the symmetry transformations are given by the generators of

the group (1.33), the associated gauge fields will naturally couple to the Noether currents.

We shall first define

T = TL
1

2
(1− γ5) (3.90)

where recall from (2.37), 1
2 (1− γ5) is the projection operator onto the left-handed compon-

ent and TL represents only the left-handed component of the SU(2)L generators. In the

fundamental representation, the left-handed generators of SU(2)L are TLi = 1
2σi, where σi

(i=1,2,3) are the usual Pauli matrices and the right-handed generators are TRi = 0.

Similarly,

Y = 2Q− T3 = YL
1

2
(1− γ5) + YR

1

2
(1 + γ5) (3.91a)

YL = 2Q− TL3 (3.91b)

YR = 2Q (3.91c)

where Q is the generator for the residual U(1)EM symmetry. This symmetry vector-like

(independent of handedness), indicating that the electromagnetic force, unlike the weak

force, acts on left and right-handed particles in the same way.
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The electromagnetic current can be found by Noether’s theory from the symmetry of

the Aµ field to be:

jµEM = Lγµ
(
TL3 −

1

2

)
L−RγµR

= −eγµe (3.92)

where we have defined the field e to be

e ≡

 eL

eR

 (3.93)

and e = e†γ0 the Dirac conjugate field.

In the electroweak theory, the electromagnetic current couples the photon field (Aµ) to

the leptons with coupling strength g sin θW . This coupling arises as a prefactor of the term

jµEM in the derivation of the current and is simply pulled out.

The neutral current that couples to Zµ is similarly

Jµn = Lγµ
(
cos2 θWσ3 + sin2 θW

)
L+ 2 sin2 θWRγ

µR

=
1

2

(
νeγ

µ (1− γ5) νe − eγµ
(
1− γ5 − 4 sin2 θW

)
e
)

(3.94)

This introduces the interaction between Zµ and both the neutrinos (νeνe) and charged

leptons (e+e−) of all three generations. The coupling strength of these processes is g
2 cos θW .

Finally, the charged current from the symmetries of the W± field is

Jµ = LγµTL+L = eγµ (1− γ5) νe (3.95)

where we have defined

TL+ =
1

2
(TL1 + iTL2) =

1

2

 0 1

0 0

 (3.96)
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This Jµ current couples to the Wµ fields and has charge ∆Q = +1 with effective coupling

g

2
√

2
.

The kinetic term (3.88) introduces interactions between the leptons and the the observed

gauge bosons and can now be rewritten with these identifications:

mLlepton,kin(x) = iL/∂L+iR/∂R+
g

2
√

2

(
JµWµ + Jµ†W †µ

)
+ejµEMAµ+

g

2 cos θW
JµnZµ (3.97)

where we have defined the coupling of EM coupling e ≡ g sin θW .

Notice that had we included the right-handed neutrino field in ν ≡

 νL

νR

, it would

have been projected out by 1
2

(
1− γ5

)
from (2.37), in both the neutral (3.94) and charged

(3.95) weak currents. Since the neutrino has only ever been observed to interact via the

weak force in the SM, there is no reason for the right-handed neutrino to exist at all. Notice

that since, Lorentz boosts can transform left-handed particles to right-handed particles only

if they have mass (and vice-versa), these particles are assumed to be massless [64].

Lepton Masses

Since, the Higgs field H lives in the T = 1
2 doublet with hypercharge Y = 1, we can

construct a invariant singlet of SU(2)T ×U(1)Y that couples the leptons to the Higgs boson

H:

gLH,lepton(x) = −
√

2Ge

(
L(x)H(x)R(x) +R(x)H(x)†L(x)

)
(3.98)

with coupling Ge, where there is a copy of these terms for each generation. We shall again

use the notation of superscripts (g) and (m) to indicate the gauge and mass eigenbases

corresponding to before and after EWSSB.

By expanding around the Higgs minimum, we find

mLH,lepton(x) = −Ge (v + h(x)) (eLeR + eReL)

= −Ge (v + h(x)) ee (3.99)
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The mass of the charged leptons is thus

me = 2Gev (3.100)

with Ge distinct for each generation. This set of three coupling constants that define the

leptons masses are free parameters in the SM and need to be experimentally determined.

Explicitly for three observed lepton generations, we can generalise the Lagrangian in

(3.98) to

gLH,lepton(x) = −
√

2
(
LNfNMHRNM +RMf

MNHLN
)

(3.101)

where the indices M,N = 1, 2, 3 run over the three fermion generations and fNM is an

unspecified 3× 3 matrix that can be diagonalised with f → V †fU , for some 3-dimensional

unitary transformations U, V ∈ U(3).

In fact, since the right and left-handed fields transform under different representations,

we have enough freedom to choose U and V separately such that R→ U †R and L→ V †L.

This rotates the fields into the mass basis without requiring any off-diagonal couplings that

would mix the lepton generations (although quantum affects mean that there are in fact

highly suppressed lepton generation violating effects).

The dates that the lepton were discovered and their masses are tabulated in Table 3.6

below.

Lepton EM Charge Mass Date of Discovery

electron (e−) -1 0.511 MeV 1897 (J. J. Thompson [69])

electron neutrino (νe) 0 ∼ 0 1956 (C. Cowan and F. Reines [70])

muon (µ−) -1 105.658 MeV 1936 (C. Anderson [71])

muon neutrino (νµ) 0 ∼ 0 1962 (L. Lederman et al [72])

tau (τ−) -1 1776.82± 0.16 MeV 1975 (M. L. Perl et al [73])

tau neutrino (ντ ) 0 ∼ 0 2000 (DONUT collaboration [74])

Table 3.6: The experimentally measured leptons and the dates of their discovery [4]. The
charged leptons e−, µ−, τ− are all negatively charged under the unbroken electromagnetic
symmetry with charge −1 normalised to the magnitude of the electron’s charge. The un-
certainty in the electron and muon masses are insignificant. All these leptons all have
oppositely charged antiparticles.
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From the original electroweak Lagrangian defined by (3.88) and (3.98), we have

gLEWK,lepton = gLH,lepton + gLlepton,kin (3.102)

After EWSSB, the final electroweak Lagrangian for the leptonic sector is given

mLEWK,lepton = mLH,lepton + mLlepton,kin (3.103)

with definitions found in (3.97) and (3.99).

3.7.2 The Quarks

The electroweak theory of the quarks will be very similar to that of the leptons. There are

also three known families of quarks. The left-handed quark fields form doublets of SU(2)L,

with up-type quarks having T3 = +1
2 , and down-type quarks T3 = −1

2 , both carrying

hypercharge Y = 1/3.

In contrast to the leptons, all right-handed quark states exist. The right-handed fields

live in a singlet of SU(2)L and have Y = −4/3 and Y = 2/3 for the up-type and down-type

quarks respectively.

Explicitly, the left-handed fields can be written as

ψL,1 =

 ug

dg


L

, ψL,2 =

 cg

sg


L

, ψL,3 =

 tg

bg


L

(3.104)

where the superscript g shall be used to indicate the gauge eigenbasis.

The right-handed fields are

ψR,1+ = ugR , ψR,2+ = cgR , ψR,3+ = tgR

ψR,1− = dgR , ψR,2− = sgR , ψR,3− = bgR (3.105)

To obtain experimentally consistent electric charges of the quarks, we require Q(ugL) =

2/3 for the left-handed up-type, Q(dgL) = −1/3 for the left-handed down-type quarks. The
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right-handed quarks are oppositely charged with Q(ugR) = −2/3, and Q(dgR) = 1/3 for the

up and down-types respectively.

Quark Currents

The gauge kinetic term for the quark fields is

gLquark,kin(x) = ψL,N i /DψL,N + ψR,N+i /DψR,N+ + ψR,N−i /DψR,N− (3.106)

with Dµ the SU(2)L × U(1)Y fundamental covariant derivative from (3.24), where /D ≡

γµDµ.

As with the leptonic case, the kinetic part can be re-expressed in terms of the conserved

currents, explicitly introducing the measured interactions of the gauge bosons with the

quarks.

For conciseness, we shall consider the fermion field ψ, representing both left-handed L

and right-handed R quarks, such that (3.106) can be rewritten as

gLquark,kin = ψiγµDµψ (3.107)

As in the leptonic case, we can rotate the gauge fields to the mass basis to find

mLquark,kin = ψiγµ∂µψ +
g

2
√

2

(
JµWµ + Jµ†W †µ

)
+ ejµEMAµ +

g

2 cos θW
JµnZµ (3.108)

where the currents are defined as

EM jµEM = 2ψγµQψ (3.109a)

neutral Jµn = 2Jµ3 − 2 sin2 θW j
µ
EM = ψγµ

(
(1− γ5)TL3 − 4 sin2 θWQ

)
ψ (3.109b)

charged Jµ = ψγµ(1− γ5)TL+ψ (3.109c)

with TL+ = TL1 + iTL2 . As in the case of the leptons, the generator Q does not depend

on chirality and the electromagnetic current jµEM is vector-like. The neutral and charged
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currents on the other hand, which couple to the weak gauge bosons (W± and Z0), are seen

here to be chiral.

Quark Masses

The generations of the up-type quarks of charge 2/3 quarks u, c, t, and down-type quarks of

charge −1/3 quarks d, s, b are distinguished by mass. If all families had the same mass, the

quarks would be physically indistinguishable from each other and the mixing angle between

the generations would be irrelevant.

This mixing angle arises from the desire to write the masses in a similar manner to the

leptons with

Lquark,mass = −
∑
q

mqqq (3.110)

where mq correspond to the different quark masses. However, just as for leptons, there are

no SU(2)L×U(1)Y invariant mass terms; we therefore need to introduce them via the Higgs

mechanism.

Historically, the u, c, d quarks were observed and the s quark was predicted in order

to explain the lack of flavour changing neutral currents (FCNC) in the SM. As we shall

see, this ensures that the mixing angle between the generations can be diagonalised when

coupled to the neutral Z boson in the mass basis.

As with leptons, the quark masses arise from the coupling to the T = 1
2 , Y = 1 scalar

H Higgs field. Recall that, we can break the symmetry of the theory by choosing a vacuum

for the Higgs to be

H0 =
1√
2

 0

v

 (3.111)

One can in general also have the conjugate field Hc that can be defined as follows

Hc ≡ iσ2H
? =

 0 1

−1 0


 H†1

H†2

 =

 H†2

−H†1

 (3.112)
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Then, Y Hc = +Hc, where Hc also lives in an equivalent T = 1
2 representation of

SU(2)L. This follows since

iσ2σ
? = σ , iσ2σ

? = −σiσ2 (3.113)

where σ? is the complex conjugate of any of the Pauli matrices. This in turn implies that

iσ2

(
e
i
2
α·σ
)?

= e
i
2
α·σiσ2 (3.114)

Thus, Hc transforms exactly as H under both SU(2)L and U(1)Y and has the vacuum

expectation value

〈0|Hc |0〉 =
1√
2

 v

0

 (3.115)

We shall denote the quark fields q− to be down-type quarks with charge −1
3 and q+

up-type quarks with charge +2
3 . In this notation, the masses of the quarks arise from the

coupling to the Higgs field in

gLH,quark = −
√

2
(
ψLΓ−q−RH + ψLΓ+q+RH

C + h.c.
)

(3.116)

where Γ± are some arbitrary complex matrices that act on q± to diagonalise the mass

matrix. Notice that without explicit mass terms, the basis we choose would have been

arbitrary.

Keeping just the mass terms after EWSSB, we find

mLquark,mass = −
(
ψLm−q−R + ψLm+q+R + h.c.

)
(3.117)

where we have taken m∓ = Γ∓v.

The other terms from (3.116) couple the Higgs boson h with the quarks in

mLquark,int = −
(
ψLΓ−q−Rh+ ψLΓ+q+Rh+ h.c.

)
(3.118)
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where mLH,quark ≡ mLquark,mass +mLquark,int. These terms shall be dropped for this discus-

sion.

The physical mass matrix arises by diagonalising the Lagrangian, such that the “mass

matrix” m†−m− gives the masses for d, s, b and m†+m+ the masses for u, c, t. Recall the

basic property that any Hermition matrix m†m can always be diagonalised by a unitary

transformation R, such that

Rm†mR−1 = D2 (3.119)

whereD is a diagonal matrix with real positive eigenvalues. Then, we define L† = mR−1D−1,

where L†L = I by construction. Thus, LmR† = D.

We define the unitary transformations L± and R± such that

L−m−R
−1
− =


md 0 0

0 ms 0

0 0 mb

 , L+m+R
−1
+ =


mu 0 0

0 mc 0

0 0 mt

 (3.120)

for the quarks q = d, s, b, u, c, t where mq > 0.

The change of basis of the q− and q+ gauge fields into the mass basis is then given by


d

s

b


L

= L−q−L ,


d

s

b


R

= R−q−R ,


u

c

t


L

= L+q+L ,


u

c

t


R

= R+q+R

(3.121)

As desired, the Lagrangian (3.117) can now be rewritten as

Lquark,mass = −
∑
q

mqqq (3.122)

where q runs over the six quarks and mq are the physically observed masses. As in the

leptonic case, there are no constraints on these masses in the SM and they remain free

parameters that need to be experimentally determined. There are currently six observed

quarks (with six corresponding antiquarks) with masses and discovery dates tabulated in

Table 3.7.
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Quark EM Charge Mass Date of Discovery

up (u) + 2
3

1.7-3.1 MeV 1968 (SLAC [75,76])

down (d) − 1
3

4.1-5.7 MeV 1968 (SLAC [75,76])

charm (c) + 2
3

1.290+0.050
−0.110 GeV 1974 (SLAC [77] and BNL [78])

strange (s) − 1
3

0.100+30
−20 GeV 1968 (SLAC [75,76])

top (t) + 2
3

173.5± 1.2 GeV 1995 (CDF [79] and D0 [80])

bottom (b) − 1
3

4.190180
−60 GeV 1977 (Fermilab E288 [79])

Table 3.7: The experimentally measured quark masses and the dates of their discovery.
The up-type quarks u, c, t have electromagnetic charge +2/3 and the down-type quarks d,
s, b have charge −1/3. All listed particles have anti-quark counterparts with opposite EM
charge.

From the original electroweak Lagrangian defined by (3.106) and (3.116), we have

gLEWK,quarks = gLH,quarks + gLquarks,kin (3.123)

After EWSSB, the final electroweak Lagrangian for the quark sector is given

mLEWK,quarks = mLH,quarks + mLquarks,kin (3.124)

with definitions found in (3.108), (3.117), and (3.118).

The GIM Mechanism

Since the photon Aµ is massless, the mass and gauge eigenbasis of the electromagnetic

current jµEM must be identical. This can be seen directly from (3.109) as the charge Q is

one-dimensional and therefore trivially commutes with the unitarity transformations L and

R used to diagonalise the quark fields ψ, where the term in (3.108) is therefore invariant.

The weak currents are more complicated. The charged weak current of (3.109b), which

couples to the W -boson in (3.108), now has the additional matrix V ≡ L+L
−1
− in the

physical mass basis, known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix. Using the
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transformations on the quark fields defined in (3.121), we find the charged current is to be

Jµ = q+γ
µ (1− γ5) q− =

(
u c t

)
γµ (1− γ5)V


d

s

b

 (3.125)

Similarly, the neutral current that couples to the Z-boson in (3.108) is

Jµn = ψLγ
µσ3ψL − 2 sin2 θWψγ

µQψ

= q+γ
µ 1

2

(
1− 8

3
sin2 θW − γ5

)
q+ − q−γµ

1

2

(
1− 4

3
sin2 θW − γ5

)
q

=
∑

q=u,c,t

qγµ
1

2

(
1− 8

3
sin2 θW − γ5

)
q −

∑
q=d,s,b

qγµ
1

2

(
1− 4

3
sin2 θW − γ5

)
q

(3.126)

Since this is diagonal in the quark fields, there are no generation mixing terms that couple

to the Z boson in the physical mass basis. This suppression of these flavour changing

neutral currents (FCNCs) at leading order is known as the GIM mechanism after Sheldon

Lee Glashow, John Iliopolus, Luciano Maiani, who showed this in 1970.

Due to quantum effects, there is in fact some generation mixing but since these loop

corrections are higher order in the coupling g, their contributions shall be negligible for

small coupling.
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The CKM Matrix

There are many parameterisations of V ≡ L+L
−1
− . We give a canonical one that uses the

three Euler angles θ12, θ23, θ13 and CP-violating complex phase δ13 where

V ≡


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb



=


c12c13 s12c13 s13e

−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13

 (3.127)

characterises the probability for transitions between the quarks.

We have again used the notation cij ≡ cos θij and sij ≡ sin θij . Notice that the couplings

between generations i and j vanish if θij = 0.

The four constants θ12, θ23, θ13 and δ13 are free parameters of the SM. Their experi-

mentally measured values are listed in Table 3.8 below.

θ12 = 13.04± 0.05◦

θ13 = 0.201± 0.011◦

θ23 = 2.38± 0.06◦

δ13 = 1.20± 0.08◦

Table 3.8: Experimentally observed CKM Euler angles. [4]

Since V †V = I, we have the relation
∑

i |Vij | =
∑

j |Vij | = 1. This is known as “weak

universality”. The remaining constraints of unitarity, imply
∑

j VijV
?
jk = 0 where i 6= k. In

particular,

V ?
ubVud + V ?

cbVcd + V ?
tbVtd = 0 (3.128)

Note that this equation defines a closed triangle known as the “unitary triangle” and has

area A = 1
2 Im (VcbV

?
cdV

?
ubVud). Measuring this triangle thus quantifies the complex phase

92



and provides an important test for CP violation in the SM [7]. Notably, the area vanishes

if the theory has no complex phase.

We cannot follow the same logic for leptons as we assume that the right-handed neutrino

field νR does not exist. There is therefore no Yukawa term of the form ψLφνR. The differ-

ent flavour neutrinos are all degenerate with identically zero mass, with their weak gauge

eigenstates equivalent to their mass eigenstates. Specifically, the unitary transformation

Lν , which transforms the state νgL to the mass basis νmL ≡ Lνν
g
L, is arbitrary as it is not

constrained by any mass matrix. Thus we can always choose the leptonic equivalent to the

CKM matrix to be diagonal Vlepton ≡ LνL†e = 1.

Matter-Antimatter Asymmetry

To explain the observed matter-antimatter asymmetry in the Universe [81], Andrei Sakharov

proposed three conditions required for baryon-generating interactions to produce matter and

antimatter at different rates; such processes are known as “baryogenesis” [82]. Equivalent

conditions for the leptons which give rise to “leptogenesis” are discussed elsewhere [83].

The Sakharov conditions are:

• baryon number violation

• interactions out of thermal equilibrium

• C and CP symmetry violations.

The first is a trivial condition required to produce an excess of baryons. The interaction

must occur outside thermal equilibrium as otherwise the the CPT theorem, which states

that CPT is always conserved [8], will assure compensation between processes increasing

and decreasing the baryon number. Finally, we shall consider C and CP-violation.

Since CPT is always conserved, CP-violation requires a violation of T-symmetry. Then,

since T is an anti-linear operator that complex conjugates terms in Lagrangian [5], any term

with a residual complex phase will necessarily violate T and thus CP-symmetry.

Recall the Feynman-Stueckelberg interpretation [84] where antimatter is thought of as

matter travelling backwards in time. A violation of T-symmetry would mean thus mean that
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interactions and their equations of motion are asymmetric. It follows that a CP-violating

complex phase gives rise to a baryon-antibaryon asymmetry and thus an observed excess of

matter.

In a similar manner, C-symmetry must also be violated as otherwise the creation of left-

handed baryons and right-handed anti-baryons (and vice-versa) would be produced in equal

parts. We shall restrict our discussion to CP-violation as it provides natural motivation for

the BSM physics that we will probe in Chapter 8. Discussions of C-violating interactions,

which occur only in the weak interaction, can be found elsewhere [8].

Whilst most terms in the SM Lagragnian are CP-invariant, the charged weak current in

(3.109) coupling to the W boson is not, as it contains the CKM matrix. The relevant part

of the Lagrangian is

LW,quark =
∑
i

∑
j

−g
2
√

2

(
uiγ

µ
(
1− γ5

)
VijdjWµ + djγ

µ
(
1− γ5

)
V ?
ijuiW

†
µ

)
(3.129)

where under CP conjugation, we find [9]:

uiγ
µ
(
1− γ5

)
djWµ −→ djγ

µ
(
1− γ5

)
uiW

†
µ (3.130a)

djγ
µ
(
1− γ5

)
uiW

†
µ −→ uiγ

µ
(
1− γ5

)
djWµ (3.130b)

Then,

Lq,W −→
∑
i

∑
j

− g

2
√

2

(
uiγ

µ
(
1− γ5

)
V ?
ijdjWµ + djγ

µ
(
1− γ5

)
VijuiW

†
µ

)
(3.131)

which is only invariant if the CKM matrix Vij = V ?
ij is pure real.

For N families of quarks, the CKM matrix V is a unitary N ×N matrix with N2 real

parameters, such that V †V = I. There are 2N quark fields that can each absorb one phase,

however there is one global U(1) symmetry of Jµ common to all quark fields. This implies

that there are N2 − (2N − 1) free parameters in general. In N -dimensional space, there

is global SO(N) symmetry between the generations, which carries N(N − 1)/2 real Euler

angles. This leaves 1 +N(N − 3)/2 complex phases.
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For two families is one real mixing angle and no other free parameters. Indeed, Cabibo’s

original formulation in 1963 used a 2 × 2 matrix to account for the four observed quarks

u, d, c, s at the time [85]. In 1964 however, CP violation was measured in neutral kaon

decays by James Cronin and Val Fitch [86]. This led to Kobayashi and Maskawa in 1973 to

theorise the existence of a third generation, which allows a complex phase [87]. For three

generations, there are four real parameters, three of which are placed in the pure real SO(3)

rotation matrix, leaving one leftover complex phase that violates CP symmetry.

Although all three Sakharov conditions hold in the SM, experimental measurements

indicate that the SM contributions are orders of magnitude too small to account for the

Universe’s asymmetry [4, 8]. A fourth generation of quarks would introduce three complex

phases, giving us more freedom for which CP violation to occur. This possibility and a

search for the fourth generation top-like quark is discussed in Chapter 8.

The Electroweak Lagrangian

In summary, the full electroweak Lagrangian before EWSSB can be written in the gauge

basis as

gLEWK = gLHiggs + gLgauge + gLEWK,lepton + gLEWK,quark (3.132)

with definitions from (3.60), (3.83), (3.102), and (3.123).

Similarly, the full electroweak Lagrangian after EWSSB can be written in the mass basis

as

mLEWK = mLH,gauge + mLEWK,gauge + mLEWK,lepton + mLEWK,quark (3.133)

with definitions from (3.77), (3.85), (3.103), and (3.124).

3.8 Quantum Chromodynamics SU(3)C

The final ingredient to the SM is Quantum Chromodynamics (QCD) that describes the

strong force. It is governed by the non-abelian gauge group SU(3)C representing the colour

symmetry.
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Historically, the hadrons were discovered to be composite, made up of hypothetical

particles called “quarks”. The quarks and therefore the hadrons were considered to live in

representations of the approximate SU(3)F flavour symmetry.

QCD evolved from these ideas to describe the quarks as an interacting field theory

with an exact SU(3)C symmetry. The eight gauge bosons of this group associated to the

8 generators of SU(3)C (in the adjoint representation) are physically manifested as the

gluons. These act as messenger particles between quarks transferring a strong binding force

to form hadrons.

The QCD Langrangian is

LQCD = −1

4

8∑
i=1

F aµνF
a,µν + i

6∑
f=1

Ψ
A
f γ

µ(δ B
A ∂µ + eAaµ(Ta)

B
A )ΨB,f −

6∑
f=1

mfΨ
A
f ΨA,f (3.134)

where Fµν ≡ F aµνT
a, Aµ ≡ AaµT

a with a = 1, . . . , 8, labelling the adjoint generators of

SU(3)C , f = 1, · · · , 6 are the flavour indices of the six quarks and A,B = 1, 2, 3 are the

three colour indices.

The QCD field strength is defined as

F aµν = ∂µA
a
ν − ∂νAaµ + gfabcA

b
µA

c
ν (3.135)

where again a, b, c = 1, · · · , 8 runs over the 8 adjoint generators, gs is the strong coupling

constant and fabc is the totally antisymmetric structure constants.

By construction this Lagrangian is gauge invariant under the SU(3)C transformations.

The gauge fields Aaµ transform under the adjoint representation of SU(3)C and the quarks

transform under the fundamental representation of SU(3)C .

Explicitly,

Aµ −→ g(x)Aµg(x)−1 − e−1∂µg(x)g(x)−1 (3.136a)

ΨAf −→ g B
A (x)ΨBf (3.136b)

with g(x) ∈ SU(3)C and A,B = 1, 2, 3 the colour indices.
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Furthermore, the particles that are governed by the QCD interaction have an additional

non-perturbative vacuum state that needs to be taken into account. The vacuum state con-

tains both a gluon and quark chiral condensates and spontaneously breaks the approximate

global SU(Nf )× SU(Nf ) chiral flavour symmetry between the quarks. This process leaves

only the diagonal SU(Nf ) part of the chiral group unbroken [8].

The non-vanishing chiral condensate therefore is charachterised by

〈
ψiψ

i
〉
∼ exp (iθQCD) (3.137)

where θQCD is the QCD vacuum angle and ψi are the different flavours of quark fields.

Notice that a CP violating phase is introduced into the theory for non-vanishing θQCD,

however experimental evidence suggests that QCD is always invariant under CP symmetry,

requiring |θQCD| . 10−9 [88]. There is no mechanism within the SM that naturally gives

rise to the conservation of CP-symmetry and forces the vacuum angle to be so (unnaturally)

small. This is known as the strong CP problem of the SM [50].

We shall consider the massless limits in comparison to the QCD scale. If we take the

case Nf = 2, where the u, d quarks are considered to be exactly massless (with an exact

SU(2)F flavour symmetry), the condensate gives rise to the three massless pions, π± and π,

as the Nambu-Goldstone bosons [8]. The three pions are the mesons (composite particles of

a quark-antiquark pair) composed of linear combinations of the u and d quarks, with each

pion associated to a state in the adjoint representation of the SU(2)F symmetry [5]. Notice

that these Nambu-Goldstone bosons simply represent the fluctuations along the direction

of symmetry of the QCD vacuum, which in this case is SU(2)F symmetric.

Similarly, if we now include the s quark to be massless in our considerations and extend

to Nf = 3, we find the full octet of pseudoscalar mesons as the Nambu-Goldstone bosons [5].

Since the flavour symmetry is not exact, due to the non-degenerate masses of the quarks,

the pseudoscalar mesons are in fact pseudo-Nambu-Goldstone bosons each with some small

mass. The mass difference between the charged pseudoscalar mesons π±, K± and their

corresponding neutral partners π0, K is due to electromagnetic corrections. The electro-

magnetic mass difference has been determined in the chiral limit using current algebra for
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the pions in Ref. [89] and the kaons Ref. [90]. Interestingly, Dashen’s theorem [91] states

that the squared mass differences for the pions and kaons are equal in the chiral limit, i.e.

∆M2
K −∆2

π = 0, where ∆2
P = M2

P± −M2
P0. However, more recent research indicates that

the electromagnetic corrections, due to the non-vanishing quark masses, may violate this

relation [92–95]. These particles have all been experimentally measured [4] and they are

classified in Appendix A.4.1.

Arbitrarily including the heavier flavours does not actually give rise to any new physically

observed particles. This is because the approximate flavour symmetry breaks down and the

composite mesons are too heavy to form bound states. However, physics of course will be

independent of θQCD in the massless limit of QCD.

Ongoing research in lattice QCD [96] will hopefully yield a full theory of the colour

force: including a determination of the vacuum structure, a description of the the observed

hadron spectrum and provide a natural explanation for confinement.

3.8.1 Confinement and Asymptotic Freedom

The gluons along with the quarks are never observed free. They obey the law of “confine-

ment” [8], which asserts that the dynamics of QCD allow only singlets of SU(3)C to be

physically observable.

In fact, the coupling strength between both quarks and gluons, collectively known as

partons, becomes increasingly large as the distances between them increase. Trying to

pull apart these partons from each other, eventually leads to enough potential energy to

spontaneously create new hadrons in the vacuum by drawing out quarks from the quark

sea. This process is known as “hadronisation” and it is these hadrons that are observed in

our detector experiments.

The large couplings of QCD mean that perturbative calculations näıvely breaks down.

However, David Gross, Frank Wilczek and David Politzer [97,98] calculated the “running”

coupling constant of the strong interaction due to quantum corrections to be given by the

β-function:

β(α) ≡ ∂α

∂ lnµ
=
α2

π

(
nf
3
− 11

6

)
(3.138)
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where α = g2
s/4π, n is the number of quark generations, nf is the number of quark flavours

and µ is the energy scale of the given physical process.

Thus, if this quantity is negative, the coupling strength decreases with increasing energy.

This effect is known as the “principle of asymptotic freedom”. Since we observe three

generations n = 3 and nf = 6 quarks, we find indeed that β < 0. We are therefore able to

probe regimes of weak QCD coupling using our high energy collider experiments.

3.9 The Parameters of the Standard Model

In summary, there are 19 free parameters of the SM:

• the 9 fermion masses in Tables 3.6 & 3.7

• the 4 CKM angles in Table 3.8

• the vacuum expectation value v = 246 GeV [65]

• the Higgs mass mH = 125.3± 0.6 GeV [43]

• the QCD vacuum angle θQCD ∼ 0 [88]

• and the 3 couplings g′, g and gs for the SM gauge groups U(1)Y , SU(2)L and SU(3)C

respectively [99].

All three gauge couplings can be expressed in terms of the dimensionless parameter

αi = g2
i /4πhc. Similar to the QCD case, quantum corrections cause all gauge couplings to

run with respect to the energy scale we consider [8]. Experimental measurements that are

extrapolated to higher energies give the coupling strengths in Fig. 3.5 [99].
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Figure 3.5: The running couplings αi of the three SM gauge groups as a function of the
energy µ, where i = 1, 2, 3 represent the gauge groups U(1)Y , SU(2)L and SU(3)C respect-
ively. In some BSM theories, such as supersymmetry, the gauge couplings are predicted to
coincide at ∼ 1016 GeV [99].

3.10 The Fundamental Forces

The complete SM Lagrangian, which governs the strong, weak and electromagnetic forces

is

LSM = LEWK + LQCD (3.139)

where LEWK is the combined electroweak Lagrangian defined in (3.132) and LQCD is defined

in (3.134).

The final fundamental force, gravity, is described by Einstein’s equations (2.88). These

are the equations of motion from the Einstein-Hilbert Lagrangian for General Relativity:

LEH =
1

28πG
R
√
−g (3.140)

where R is the Ricci scalar, G, Newton’s constant and g = det(gµν) is the determinant

of the metric tensor. Since the mass dimension of the coupling 1
G is positive since [G] =
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−2, the theory is inherently non-renormalisable and as consequence has so far not been

quantised [15].

These Lagrangians, together with their Euler-Lagrange equations of motion (1.26) and

the S-matrix that determine the probabilities of interactions (2.106), completely define all

known physical interactions.
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Chapter 4

Beyond The Standard Model

We are motivated to look for a more fundamental theory of nature as there are already

theoretical and experimental hints that the SM is incomplete. The main unresolved issues

within the framework of the SM include:

• Quantum gravity

• Neutrino masses

• Dark energy and dark matter

• Baryon-antibaryon asymmetry

• The hierarchy problem and naturalness.

4.1 Quantum Gravity

A quantum theory of gravity is missing entirely from the SM. Many attempts have been

made to describe gravity in a consistent quantised manner, including Supersymmetry, String

theory and Loop Quantum Gravity [100–103] but so far none have been widely accepted.
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4.2 Neutrino Masses

There is an unresolved complication arising from neutrino measurements. Neutrinos are ob-

served to oscillate between flavours [104], indicating that their flavour and mass eigenstates

are inequivalent. In turn, this implies that their masses are non-vanishing.

This is fundamentally inconsistent with the SM, which has only left-handed neutrinos

and thus no possibility of a Dirac mass term. Furthermore, they are very difficult to study

experimentally as they are both electromagnetically uncharged and colourless under the

SU(3)C gauge symmetry. Therefore, they interact only via the weak and gravitational

forces.

Neutrino physics is a very active field of research and the exact way in which they fit

into the SM is not very well understood. The seesaw mechanism or the neutrino being a

new type of particle known as a “Majorana” fermion are but two of the leading theories

to resolve this issue. However, this remains an active area of research and is discussed

elsewhere [9, 64].

4.3 Dark Energy and Dark Matter

Only 4.9% of the universe is composed of regular baryonic matter [105]. The SM provides

no natural explanation or candidate for either dark energy and dark matter that are hypo-

thesised to make up the remaining 95.1%.

Measurements of the cosmic microwave background indicate that approximately 68.3%

of the universe is composed of dark energy [105,106]. This is a hypothetical form of energy

that permeates all space, responsible for the accelerating expansion of the universe [107].

The cosmological constant, introduced in Einstein’s equations of General Relativity [15] or

quintessence [108] provide potential explanations for dark energy.

Dark matter makes up the remaining 26.8% of the universe [105]. Difficulty to detect

such matter except by gravitational rotation curves in galaxies [109, 110] indicates that its

constituents interact only via gravitational effects. No such weakly interacting particles

exist within the SM framework. Supersymmetry, which predicts a lightest stable particle

(LSP), is one model that provides a natural dark matter candidate [100].
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4.4 Baryon-Antibaryon Asymmetry

Baryon-antibaryon asymmetry observed in the universe indicates that the equations of

motion violate charge-parity (CP) symmetry. Although the SM provides one complex CP

violating phase in the CKM matrix (3.127), recent measurements [4] are too restrictive to

describe observations.

A sequential fourth generation of quarks is one of the simplest extensions to the SM

that may introduce enough freedom in the CKM matrix to explain this observation. This is

discussed further in Chapter 8 and a search for the fourth generation heavy top-like quark

(t′) is described in Chapter 9.

4.5 The Hierarchy Problem

There is a large hierarchy between the different scales in particle physics Fig. 1. Most

notably, the difference between the electroweak O(102) GeV and Planck scales O(1019) GeV

is dramatic and introduces unnatural artefacts in the breaking of electroweak symmetry.

Spontaneous symmetry breaking of the electroweak gauge symmetry by the Higgs field,

gives rise to the observed masses of all particles including itself. To second order the Higgs

boson has mass

m2
h =

1

2
λv2 + ∆m2

h,i (4.1)

where ∆mh,i indicates quantum corrections from particle i.

Since the coupling of the Higgs field to the top-quark is the largest, indicated by the top

having the largest mass of the fundamental particles, its quantum contribution to the Higgs

mass will be the most significant. At one-loop level, the coupling gives rise to a contribution

with a Feynman diagram shown in Fig. 4.1-(a).

The scattering amplitude can be directly computed using Feynman rules [8], giving

∆m2
h,t ∝

λ2
t

(4π)2

∫
d4k

1

k2
∼ λ2

t

(4π)2
Λ2 (4.2)

where λt is the coupling between the top-quark and the Higgs field.
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Figure 4.1: Loop contributions to the Higgs mass. (a) the SM top-quark quadratic coupling
and (b) an added heavy partner T quartic coupling to the Higgs field.

Due to the integration over four-momenta, this quantity is a quadratically divergent

and will flow up to the momentum cut-off Λ2 where our model is no longer applicable. If

there is no new physics beyond the SM, the natural cut-off scale is the Planck scale, where

quantum gravity effects become large and the notion of space-time loses its meaning.

However, tentative measurements of the Higgs boson indicate that its mass falls around

125 GeV [43,67]. An incredible fine tuning of the SM parameters to an accuracy of O(1034)

is required to unnaturally cancel this loop correction.

These additional fields typically stem from a deeper, underlying theory. Looking at the

contributions to the Higgs mass, we have

m2
h ∼ 1252 GeV2 = m2

h,0 + ∆m2
h,t + · · · (4.3)

where · · · indicate other quantum contributions.

Taking m2
h,0 � ∆m2

h,t, we see that

(125 GeV)2 ∼ λ2
t

(4π)2
Λ2 (4.4)

Thus, new physics is likely to enter at

Λ ∼ O(1) TeV (4.5)

where we have assumed, for perturbation theory to hold, the coupling is at most λt ∼ O(1).
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Many beyond the SM theories have been proposed that introduce heavy partners to

the SM fields. These naturally cancel the divergence from the top-loop as well as similar

contributions from other SM fields [8]. For example. Supersymmetry introduces a heavy

parter to the top-quark known as the ‘stop’ quark T , shown in Fig. 4.1-(b). In this case,

the two contributions cancel:

∆m2
h,t + ∆m2

h,T ∼ 0 (4.6)

In general there can be more than one heavy-quark contribution that cancel the SM

quadratic divergence. This is indeed the case in the class of Little Higgs Models. The

phenomenology of such theories and a direct search for the predicted heavy top-like quark

(T ) are described in Chapter 10 and Chapter 11 respectively.

Both the fourth generation t′ and the Little Higgs T searches are carried out at the

Large Hadron Collider with data collected by the Compact Muon Solenoid Experiment.
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Part III

The LHC and the CMS Detector
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Chapter 5

The Large Hadron Collider

The Large Hadron Collider (LHC) at the Conseil Européen pour la Recherche Nucléaire

(CERN) is currently the most powerful particle accelerator in the world. Located in the

Geneva-region, it is a proton-proton (pp) collider measuring 26.7 km circumference and

placed underground at a depth between 45 to 170 meters [111,112].

5.1 The Injection Complex

Protons are stripped from a plasma made of hydrogen H2 molecules at the Duoplasmatron

by a large electric field. These are accelerated by electric fields, focused by radiofrequency

quadrapole magnets and emitted in bunches at 90 KeV in 25 ns intervals into the linear

accelerator LINAC2.

A 200 MHz, 50 MeV alternating electric field is applied in the LINAC2, accelerating

the protons in periods. When the protons would otherwise have been subjected to the

reverse (decelerating) electric field, they are shielded inside drift tubes. These drift tubes

and the spaces between them become progressively larger at increasing energies (speeds).

The beam is focused with a combination of Coulomb repulsion between same-sign charges

and the magnetic attraction between parallel currents.

The protons then exit the LINAC2 and pass through the Proton Synchrotron Booster at

1.4 GeV, being bent around by a 4 T magnetic field. They are then injected into the Proton

Synchrotron (PS) and accelerated to 26 GeV, before being ejected into the Super Proton
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Synchrotron (SPS), where they are further accelerated to 450 GeV. They are finally injected

into the LHC in both directions, where they are accelerated to their peak centre-of-mass

energy of 14 TeV at design luminosity.

The LHC injection complex is shown in Fig. 5.1.

Figure 5.1: The LHC injection complex. At design luminosity, each beam is accelerated to
7 TeV. The LEP injection complex that accelerates electrons and positrons is also shown.
[113]

5.2 The Large Hadron Collider

The ring that transports the beam houses two vacuum pipes, each containing radio-frequency

cavities, magnets, and one of the two counter-rotating beams of protons. A cross section of

the LHC beam is shown in Fig. 5.2.

The superconducting dipole magnets, cooled by liquid helium at 1.9 K, provide a mag-

netic field of 10 T used to keep the protons orbiting around the ring in a roughly circular

trajectory.

The 1,232 dipole magnets are created by passing a large current down coils of copper-

clad niobium-titanium cables; the resulting magnetic field created is shown in Fig. 5.3.
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Figure 5.2: The LHC cross section. [113]

Finally, a further 392 quadrupole magnets are placed around the LHC ring to focus the two

beams.

Radio-frequency (RF) cavities are resonating structures used to transfer electrical en-

ergy for particle acceleration. Each RF cavity generates a longitudinal oscillating voltage

delivering 2 MV (an accelerating field of 5 MV/m), which is applied across an isolated gap

in the vacuum chamber such that particles see an accelerating voltage at the gap on each

revolution. There are 16 such cavities, with a frequency of 400 MHz, organised in four

cylindrical refrigerators called “cryomodules” (two per beam); these are installed at a long

straight section of the LHC known as Point 4.
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Figure 5.3: A Cross-Section of the Computed Magnetic Flux Map at B = 10 T generated
by the LHC dipole. [113]

5.3 The Experiments

Five experiments lie at four designated interaction points along the beam-line where the

two counter-rotating beams cross. ATLAS (A Toroidial LHC Apparatus) and CMS (Cent-

ral Muon Solenoid) are the two large general purpose detectors. The remaining detectors

are LHC-B, designed to study Bottom b quark physics, ALICE (A Large Ion Collider Ex-

periment) studying heavy ions, and TOTEM (Total Cross Section, Elastic Scattering and

Diffraction Dissociation), designed to study physics in the very forward regions close to the

beam-line. The entire accelerator complex is shown in Fig. 5.4.

The interactions between the constituents of the colliding protons, known as partons,

produce new particles. These new particles are measured at each of these detectors, designed

specifically to probe the Standard Model and beyond.
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Figure 5.4: The CERN accelerator complex. [113]

5.4 Conventions

At hadron colliders, the momentum of colliding protons is almost entirely along the dir-

ection of the beam, where the beam-line is chosen to lie along the z-axis by convention.

The longitudinal and transverse directions are defined as the directions perpendicular and

parallel to the beam axis, respectively.

Furthermore, since the energy of the colliding hadrons is not evenly distributed amongst

their constituent hadrons, interactions may give rise to events with significant total mo-

mentum along the z-axis. This is especially difficult to detect, most notably due to the lack

of detecting material along the beam. More importance will therefore be placed on particles

travelling transverse to the beam, where the total momentum and energy are well known.

We introduce the transverse variables pT and ET , which shall denote the transverse

momentum and the transverse energy. We also denote the missing energy as 6ET and the

scalar sum of transverse momenta of reconstructed particles as HT .
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Since, the momenta along the beam-line is difficult to reconstruct, we define the rapidity

y that is independent of Lorentz boosts along the z-axis

y =
1

2
ln
E + pzc

E − pzc
(5.1)

For the typical case at hadron colliders, the mass is negligible compared to the mo-

mentum and we can convert this quantity to the pseudo-rapidity

η = − ln

[
tan

(
θ

2

)]
. (5.2)

which is dependent on the conventional cylindrical polar angle θ relative to the anticlockwise

proton beam direction
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Chapter 6

The Compact Muon Solenoid

The Compact Muon Solenoid (CMS) detector is a general purpose detector, situated approx-

imately 100 m underground at the LHC interaction point 5 (P5), located near the village of

Cessy in France. The detector, shown in Fig. 6.1, is a large cylindrical solid-angle magnetic

spectrometer with a superconducting solenoid that applies an axial magnetic field of 4 T.

CMS is designed to accurately reconstruct trajectories, momenta, and energies of all

SM particles. Particles created in pp collisions travel radially from the interaction point

through the detector, which deposits energy in the various subsystems. A cross section of

the CMS detector is shown in Fig. 6.2. Different subsystems are situated in a near-hermetic

layered structure around the nominal interaction vertex at the centre of the detector and

are designed to achieve both high precision and accuracy.

The innermost cylindrical layer of the detector closest to the interaction point is the

silicon tracker. This is enclosed by a lead tungstate crystal electromagnetic calorimeter

(ECAL), with a lead-silicon preshower detector in the endcaps. In turn, the ECAL is sur-

rounded by a brass-scintillator hadronic calorimeter (HCAL). Finally, muons are identified

by gas-ionisation muon chambers that are embedded in the steel return yoke outside the

solenoid. These form the outermost layer of the detector. The very forward regions are also

equipped with various calorimeters. A two-tier hardware/software trigger system is then

implemented to select interesting proton-proton collision events.

Each of the subsystems that compose the CMS detector shall be discussed in the follow-

ing sections. A full description of the CMS detector can be found elsewhere [10–12,114,115].
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Figure 6.1: The CMS detector. [12]

Figure 6.2: A cross section of the CMS detector. [12]
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The SM particles that can be identified at CMS are the visible leptons, photons, mesons,

hadrons and neutrinos. Aside from the neutrinos, all other SM particles that pass through

the tracker leave distinct energy signatures. In particular, electrons and photons deposit

the majority of their energy in the electromagnetic calorimeters and the hadrons deposit

energy in the hadronic calorimeter. Muons deposit energy throughout the detector, and

since they are minimally ionising particles, they are likely to be the only particles, with

the exception of neutrinos, to travel through the muon system. Neutrinos are very weakly

interacting and are only reconstructed by computing the total missing transverse energy of

the system.

The reconstruction algorithms of all physics objects are discussed in Section 7.

6.1 Coordinate System

CMS uses a right-handed coordinate system with the origin at the nominal collision point.

The x-axis points towards the centre of the LHC ring; the y-axis points upwards, and the

z-axis runs parallel to the beam-line. In spherical coordinates, the polar angle θ is measured

from the z-axis and the azimuthal angle φ from the x-axis in the plane transverse to the

beam.

6.2 The Superconducting Solenoid and Magnetic Coil

The entire CMS detector is designed around the superconducting solenoid and the desire

to create a large homogeneous magnetic field. Tracks from charged particles that emerge

from pp collisions, are identified by their circular path in the magnetic field. The curvature

can be used to compute a particle’s velocity and momentum. Therefore, a strong field is

necessary to provide high resolution measurements.

Creating a 4 T homogeneous magnetic field was the single largest engineering challenge

when designing the CMS detector; it is currently the largest superconducting magnet ever

built.

Using Maxwell’s equations (2.1), the magnetic field at CMS is created by passing the

largest possible current down the conducting wire of the solenoid. To minimise the resist-
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ance, the wire must be superconducting, which requires that the temperature of the solenoid

be lowered (using a cold mass inside a cryostat). The solenoid’s conductor consists of a 32

strand Rutherford cable embedded in very high purity aluminium, with an operating cur-

rent of 19.5 kA and a precision of 10−4%. The conductor is mechanically reinforced with an

aluminium alloy.

Due to the number of Ampére turns required to generate a 4 T magnetic field (41.7 MA-

turn) the winding is composed of four layers. Further, the radial extent of the coil is very

small in relation to the distance from the beam-line creating a well understood and uniform

magnetic field. The number of coils and thus the strength of the magnetic field was limited

by the transportation and building restrictions of the detector.

Within the magnetic coil, this free bore magnet houses the tracker, the ECAL and the

HCAL. It measures 6.3 m in diameter, 12.5 m in length, has a weight of 22 tonnes and stores

2.6 GJ of energy at full current.

The field runs parallel to the beam-line and is returned through the iron yoke, which

has a saturation of −1.8 T, shown in Fig. 6.3. The return yoke through which the flux is

guided, weighs 10, 000 tonnes and is composed of five barrel wheels and two endcaps, each

individually consisting of three discs going out to 14 m in diameter. The twelve sided return

yoke is interspaced by the gas chambers of the muon detector and also acts as additional

absorbing layers typically allowing only muons and neutrinos through.

The magnet also provides the majority of the structural support and is designed to

withstand the high magnetic field that it produces.
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Figure 6.3: The magnetic field of CMS mapped in the CMS barrel yoke using cosmic rays.
Value of (left) |B| and (right) field lines in the longitudinal direction. Neighbouring magnetic
field lines are separated by 6 Wb. [116]

6.3 The Tracking System

The tracker is an ionisation detector and forms the innermost layer relative to the interaction

point; it is therefore the first system through which particles, created in pp collisions, pass.

High granularity, precision, fast output, and the necessity to survive in a high radiation

environment motivates the choice of silicon based technology.

A 4 T homogeneous magnetic field is applied over the entire tracker subdetector. The

tracker consists of the silicon pixel detectors in the innermost region and the silicon strip

detectors in the inner and outer barrel layers, shown in Fig. 6.4.

Since the average flux decreases with increasing radius, larger silicon panels can be used

further out to reduce cost. The flux is approximately 1 MHz/mm2 at r = 4 cm, 60 kHz/mm2

at r = 22 cm down to 3 kHz at r = 115 cm. The fall is not exactly proportional to the näıve

1/r2 due to the magnetic field.

The silicon tracker covers the azimuthal range 0 < φ ≤ 2π and the pseudorapidity range

|η| ≤ 2.5.
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Figure 6.4: Cross section of the CMS tracker. [12]

The entire tracker is housed in a support tube suspended on the HCAL barrel and discs.

The support tube measures 5.30 m long and has an inner diameter of 2.38 m, with 33 mm

thick cylindrical wall. The tracking information is primarily used to reconstruct tracks but

it is also used in the triggering systems (discussed Section 6.7).

Ionisation Detectors

Ionising radiation from particles that traverse the detector liberate valence electrons (leaving

“holes”) in the silicon; these flow around a circuit and are measured as current. Since the

energy required to ionise one valence electron is constant and dependent only on detector

material, the number of charged carriers is directly proportional to the amount of ionising

energy that is deposited, which in turn is proportional to the energy of the incident particles.

The speed of the electrons is determined by the size of the applied electric field; thus

one can, after calibration, determine the amount of energy of the particles from current

measurements. These electron and holes travel very quickly, providing the excellent energy

and time resolution desired.
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6.3.1 Silicon Pixel Tracker

The tracker is designed to keep the occupancy below 1%. Silicon pixels that measure 100×

15µm2 (in r−φ and z directions respectively) are used in the inner tracker. This requirement

is driven by the desire to have excellent impact parameter resolution O
(
10−4

)
cm defined

as the distance between primary and secondary interaction points, where secondary vertices

typically arise from decays of heavy particles close to the interaction points.

The inner CMS pixel tracker has three cylindrical barrel layers at radii 4.4, 7.0, 10.2 cm around

the beam-line, with these layers extending roughly 53 cm along the z axis. Additionally,

the pixel detector has endcaps, two silicon discs on either side of the pixel barrel with a

hole for the beam-line (6 cm< r < 15 cm). These are placed at z = ±34,±46 cm along the

beam-line (with z = 0 cm the nominal interaction point), shown in Fig. 6.5.

TEC+TEC-

TIB TID

TOB

PIXEL

Figure 6.5: Layout of the CMS tracker. [12]

In total there are 66 million pixels, read out by 16,000 readout chips, giving a spatial

resolution of between 10µm and 20µm.

6.3.2 Silicon Strip Tracker

The silicon strip detector consists of the tracker inner barrel and discs (TIB/TID), supported

on the tracker outer barrel (TOB) and both endcaps (TEC± where ± defines the position
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relative to the nominal interaction point z = 0). The entire strip tracker rests on rails in

the tracker support tube.

There are ten barrel layers extending to 10.2 cm in z direction and 20 cm< r < 116 cm.

Further, there are three strip detector endcap discs, placed on either side of the barrel. The

reduced particle flux means that the strip detectors can be used. These are placed parallel

to the beam axis in the barrel, and in the radial directions in the endcap discs, providing

measurements on the trajectory up to |η| < 2.5.

In the inner barrel the silicon microstrips measure 10 cm× 80µm with a thickness of

320µm and in the outer barrel, 25 cm×180µm with a thickness of 500µm.

The TIB consists of four cylindrical layers at radii between 20 cm< r < 55 cm centred

around the beam-line. Three identical discs that make up the TID are placed at each end

of the TIB. These discs span the range 0.2 m< r <0.5 m and is located between 0.8 m and

0.9 m away from nominal the interaction point in the z-direction.

The TIB/TID is surrounded by the TOB, with an outer radius of 116 cm. The TOB

has 6 barrel layers that extend to z = ±118 cm.

The outer barrel has nine endcap discs (TEC) on either side of the TOB. The TEC covers

the radii 22.5 cm< r < 113.5 cm with a hole for the beam-line and the range 1.24 m< |z| <

2.80 m along the beam axis.

The silicon strip detector consists of a total of 9.3 million strips and has a 198 m2 act-

ive silicon area. There are 15,148 detector modules with each module containing a set

of sensors, a mechanical support structure, and a readout hybrid bonded directly to the

sensors. Finally, 50,000 optical fibres are used to extract data for the readout of these

modules.

6.4 The Electromagnetic Calorimeters (ECAL)

The CMS ECAL is a hermetic homogeneous calorimeter composed of lead tungstate (PbWO4)

designed to detect photons and electrons. In particular, the ECAL is optimised to detect

the diphoton decay of the Standard Model Higgs boson. Further, many interesting physical

processes produce photons and electrons, which deposit most of their energy in the ECAL.

121



When a high energy electron (E � 10 MeV) travels through material of high atomic

number, the primary mechanism of energy loss is braking energy, Bremsstrahlung. This

occurs when electrons are deflected off of other charged particles, with the electron’s kinetic

energy being converted to pairs of photons with a continuous energy spectrum (higher

frequency photons being released for higher energy incident electrons). High energy photons,

on the other hand, interact mainly by pair production γ → e+e− in the vicinity of a nucleus.

Together, these two processes convert incident high energy photons and electrons into EM

showers, with secondary interactions continuing to happen until there is insufficient energy,

at which point other energy loss mechanisms, such as ionisation, become important.

Energy loss dE is a constant of the material; it is defined in terms of the radiation length

X0, the energy of the incident particle E, and the depth it travels through the material dx,

where

dE

E
= − dx

X0
(6.1)

Lead tungstate is used both as the absorbing material, initiating showers, and as the

active scintillating material, giving fast response times and fine granularity.

Lead tungstate has a small Molière radius, equivalent to the radiation length in the

transverse direction, of 2.10 cm. This allows the ECAL to be compact and to fit, together

with both the tracker and the HCAL, within the magnetic coil. Furthermore, the radiation

length of PbOW4 is only X0 = 0.89 cm, such that the ECAL thickness is larger than 25 X0

at any point. Thus the majority of the EM showers are contained. The layout of the ECAL

is shown in Fig. 6.6.

There are 612, 000 crystals mounted in the central barrel and 7324 crystals in each of the

two endcaps. The preshower detector sits in front of each of these two endcap crystals and

provides additional detector material. Photons from the EM shower travel down the ECAL

crystals, which have both highly polished surfaces and a high refractive index to allow for

optimal light collection. The optical transmission is approximately 80% in 25 ns dependent

on the wavelength and the crystals emit blue-green scintillation light with maximum at

425 nm.
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Figure 6.6: Layout of the CMS electromagnetic calorimeter showing the arrangement of
crystal modules, supermodules and endcaps, with the preshower in front. [12]

The ECAL provides excellent resolution by using avalanche photodiodes (APDs) and

vacuum phototriodes (VPTs) in the barrel and endcap regions respectively to measure the

energy deposited by the photons given off in the shower. These are photodetectors made of

silicon, with a large applied electric field, that amplify and measure the signal. The current

increases exponentially, quickly producing measurable currents.

6.4.1 ECAL Barrel

The 612, 000 barrel crystals of the ECAL (EB) are organised as follows: there are 360

crystals in φ, organised in 36 supermodules (18 per half barrel) and 2 × 85 crystals in η

direction, mounted in a quasi-projective geometry to avoid cracks aligned with possible

particle trajectories.

The barrel crystals measure 0.0174× 0.0174 in ∆η×∆φ. The front faces of the crystals

are at 1.29 m radius and cover |η| < 1.479, shown in Fig. 6.7.

In the barrel, the light from the crystals is collected and amplified by avalanche photodi-

odes (APDs). There are two 5×5 mm2 APDs on the back of each crystal. These devices are
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Figure 6.7: Cross section of the CMS ECAL showing the barrel, endcaps and preshower. [12]

photomultipliers, typically composed of doped silicon semi-conductors with a large reverse-

bias. Photoelectrons that arrive at the APDs undergo avalanche multiplication with a gain

of 50.

6.4.2 ECAL Endcaps

The two ECAL endcaps (EE) extend coverage to 1.479 < |η| < 3 and are located on either

side of the barrel, 3.15 m away from the nominal interaction point in the z-direction (shown

in Fig. 6.7). The 7,324 crystals in each endcap are grouped into units of 5×5 crystals called

superclusters.

The endcap crystals measure 0.01752 × 0.052 in ∆φ ×∆φ and are slightly larger than

their barrel counterparts.

The crystals in the EE use VPTs, which are more radiation resistant than silicon diodes.

There is one VPT attached to the back of each crystal. The light enters through UV glass

with an active area of 280 mm2 per crystal, and a mean gain factor of 10.2 at B = 4 T in

the forward regions.

A large electric field is applied across the VPTs. In contrast to the usual two in photodi-

odes, these contain three electrodes within a vacuum chamber. This generates large current

124



from the very small quantities of scintillation light generated by the lead tungstate crystal.

In turn, this signal is converted into a digital signal and sent down the optical fibres.

6.4.3 ECAL Preshower

The ECAL preshower (ES) is a sampling calorimeter with active material consisting of

4, 300 radiation resistant silicon strips organised in two orthogonal planes (similar to the

silicon strip panels in the tracker). The ES covers the range 1.653 < |η| < 2.6 in front of

each of the endcaps, shown in Fig. 6.7.

Two planes of lead strip panels are used as the absorbing material. These strips sit

behind each silicon layer and have a pitch width of 1.9 mm and length of 63 mm. For each

of the two layers of lead there is a layer of sensors including read-out electronics.

There is a total 16.5 m2 of effective area designed to withstand the high radiation levels

present in the very forward regions. The silicon strips have dimensions 6.3 cm×6.3 cm× 0.3 mm

in 32 strips arranged in a circular grid covering most of the endcap. The complete preshower

system forms discs approximately 2.5 cm wide, with an outer diameter of 50 cm and an inner

diameter of 20 cm to allow for the beam-line.

6.5 The Hadron Calorimeter (HCAL)

In contrast to EM showers, incident hadrons lose the majority of their energy through

inelastic collisions with atomic nuclei via the strong force. These interactions typically

knock free other hadrons producing hadronic showers. This showering process converts the

high energy incident hadron to many low energy particles (all with approximately the same

energy). The shower stops when all energy is transferred to the detector through ionisation

loss or absorbed through nuclear processes.

The nuclear interaction length λI, defined in a similar way to the EM radiation length

(6.1), is again a material dependent constant. It is typically much longer than the EM ra-

diation length as these inelastic collisions are less probable. Since hadronic showers develop

later and have larger longitudinal and lateral dimensions than EM showers, the HCAL is
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necessarily thicker than the ECAL it surrounds. The HCAL dimensions are restricted by

the ECAL to have r > 1.77 m, and by the inner extent of the magnetic coil at 2.95 m.

In contrast to the CMS ECAL, the HCAL is required to be a sampling calorimeter as

there is no material that is both an active scintillator and an absorbing material for hadronic

showers. It is composed of alternating active plastic scintillating layers placed interleaved

with dense steel and brass layers of absorbing materials. The scintillating layers emit blue-

violet light, which is carried down tiny optical fibres of diameter 1 mm that absorb the

light from each tile, shifting it to the blue-green spectrum. The optical fibres are spliced

to wave-guides composed of high-attention-length clear fibres that carry the light to the

photodetecting readout boxes.

Here, the light enters multi-channel hybrid photodiodes (HPDs), consisting of a pho-

tocathode held at 8 kV and a standard silicon photodiode. Signals arriving at the HPD

receive an amplification of approximately 2000 due to the large electric field. An electronic

readout samples each collision, digitises it using special QIE (charge integrated and encode)

chips and sends the information to the Data Acquisition System (DAS) for purposes of

event triggering.

The HCAL consists of four subdetectors and is organised into the inner and outer barrel

(HB and HO), endcaps (HE) and forward (HF) sections. The entire HCAL detector is

shown in Fig. 6.8. There are 36 wedges in both the barrel and each of the endcaps, which

cover |η| < 3. These form the last layer of the detector within the magnetic coil. The outer

barrel sits outside the coil ensuring no energy that leaks out of the HB goes undetected.

The HF is placed at ±11.5 m in z and covers 3 < |η| < 5.2. Finally, the entire HCAL is

mounted on a rigid table.

Since e and γ are also produced in hadronic showers, we want the response ratio for

both the EM particles and the hadrons to be roughly equivalent. This motivates the plastic

scintillating material used in the HCAL, as it has a well understood response to both the

hadronic and EM components of the shower.
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Figure 6.8: Schematic of the Hadronic Calorimeter showing its various components. [117]

6.5.1 HCAL Barrel

The HCAL barrel (HB) is a self-supporting hermetic structure that covers the region |η| <

1.4. It is composed of passive brass plates interleaved with active plastic scintillator material.

The absorber consists of 15 layers of brass scintillator plates with thickness of approximately

5 cm, structurally supported by two external stainless steel plates. The first scintillator plate

in the radial direction has a thickness of 9 mm, with all others having a thickness of 3.7 mm.

The total absorbing thickness is 5.82λI interaction lengths at η = 0, increasing to a

maximum of 10.6λI at |η| < 1.3. This is extended by about 1.1λI at all η when also

considering the ECAL.

The HB is segmented into seventeen longitudinal layers measuring 0.087 × 0.087 in

∆η×∆φ. In the azimuthal direction, there are 36 wedges staggered and segmented in four

sectors such that there are no projective dead zones in the full radial extent of the wedge.

Layers of tiles are organised into “megatiles” such that the total flux through each is the

same.

Optical fibres fit into grooves cut into individual tiles, which carry away the light signal

(generated in the plastic scintillators) to the readout boxes.
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6.5.2 HCAL Outer Calorimeter

The HCAL outer (HO) detector is located outside the solenoid coil to measure late starting

showers that deposit energy after the HB in the region 0 < |η| < 1.26. It uses the solenoid

as additional absorbing material and consists of five 2.56 m wide rings placed along the

beam-line at z = 0, ±2.686 m, ±5.342 m.

The rings are grouped in = 30◦ φ-sectors. The central ring 0, at η = 0 where the HB

has minimal depth, consists of two 10 mm thick scintillating layers on either side of a “tail

catcher” iron absorber with thickness 18 cm. These two scintillating layers are placed at

radial distances 3.850 m and 4.097 m. The remaining four rings, denoted ±1,±2, consist of

one scintillator layer at 4.097 m, each covering 2.5 m in z. In the radial direction, each HO

layer has a total of 40 mm allocated, of which 16 mm is available for the scintillating detector

layer. The rest of the space is used for the aluminium honeycomb support structures, itself

supported by steel beams.

The total depth of the calorimeter is extended to at least 11λI , with the HO constrained

by the geometry of the the barrel structure of the muon system.

6.5.3 HCAL Endcaps

The HCAL endcaps (HE) are attached to the muon endcap yoke. Each HE consists of 14

η towers with 5◦ φ segmentation, covering the region 1.3 < |η| < 3.0. At smaller η, the five

outermost layers have finer segmentation of 5◦ in φ and an η-segmentation of 0.087. The

remaining eight innermost towers are segmented into 10◦ in φ with η-segmentation between

0.09 to 0.35 at highest η. There are a total of 2304 HE towers and the geometry of the HE

is shown in Fig. 6.9.

6.5.4 The Hadronic Forward Calorimeter

The HCAL forward (HF) detector consists of two calorimeters positioned on either side of

the interaction point at z = ±11.2 m covering the regions 2.9 < |η| < 5.2. Each calorimeter

is composed of 18 wedges, spanning ∆φ = 20◦, with outer radius 1.30 m and inner radius

12.5 cm to allow for the beam-line.
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Figure 6.9: Schematic of the Hadronic Calorimeter endcap viewed from the interaction
point. [118]

The particle flux is not uniformly distributed and will peak at high η. On average

760 GeV per pp interaction is deposited into the two forward calorimeters, compared to 100

GeV in the rest of the detector. The design of the HF is therefore guided by the necessity

for radiation tolerance of the active material.

Radiation resistant quartz crystal fibres are the active scintillators used in this sub-

detector. These are placed into grooves in the absorbing steel plates. The fibres provide

fast collection of Cherenkov light from charged shower particles and run parallel to the

beam-line, grouped in 0.175 × 0.175 in ∆η × ∆φ towers. Two lengths of fibres are used:

longer cables, running the entire HF of length 1.65 m, and shorter fibres that are only 22 cm.

These are read out separately and can be used to distinguish electromagnetic showers from

hadronic ones, as the former deposits a much larger fraction of its energy in the first 22 cm.

The light from polythene scintillators travels along the crystal into an air-core light

guide, which consists of a hollow tube lined with highly reflective custom-made sheets,
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coated in metal reflectors. Light reflects approximately five times with 50% light loss,

before it reaches the readout boxes.

6.6 The Muon System

The muon subdetector has three major functions: it provides muon identification, mo-

mentum measurement and triggering information. All three are important and give power-

ful signatures to many different analyses, including the Standard Model Higgs H → 4µ

decay.

The design of the muon detector is motivated by the desire to provide excellent resolution

for high momentum muons (pT & 100 GeV), whilst keeping resolution to approximately 5 %

up to 1 TeV (below this threshold the resolution is dominated by tracker information).

Further, since the reconstruction of tracking information is not fast enough at the Level 1

trigger, this subdetector provides the only mechanism to trigger on muons.

Since muons are minimally ionising particles, they are expected to traverse all inner

subdetectors. The muon systems, consisting of a barrel section and two planar endcap

regions, are therefore placed at the edge of the experiment. These cover the range |η| < 2.4

and form concentric cylinders around the solenoid. The solenoid’s return yoke also serves

as a hadron absorber for muon identification.

CMS uses three types of gaseous particle detectors for muon identification; drift tubes

(DT), cathode strip chambers (CSC) and resistive plate chambers (RPC). The locations

of these chambers are shown in Fig. 6.10. There are a total of 1400 muon chambers, of

these 250 are DTs, 540 CSCs, and 610 RPCs. The combined barrel and endcaps weigh

approximately 12, 500 tonnes and make up approximately 25, 000 m2 of detection plane.

The muon system measures approximately 15 m in length, width, and height.

6.6.1 Drift Tubes

The drift tubes (DT) chambers are used for measurements and triggering in the central

regions |η| < 1.2 and form four concentric cylinders around the beam-line shown in Fig. 6.11.
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Figure 6.10: Schematic showing the muon systems showing the locations of the drift tubes
(DT), cathode strip chambers (CSC) and resistive plate chambers (RPC). [12]

Each drift chamber is on average 2 m× 2.5 m, consisting of eight or twelve drift cell

layers grouped into two or three “superlayers”, each 4 cm wide.

Individual drift tube systems are composed of a mixture of 85% Ar + 15% CO2 and a

wire held under high voltage. The gas in the DTs is ionised by incident muons when they

pass through. These ions drift toward the central wire, giving rise to a measurable current

used to reconstruct the paths of muons. The length of the wire is 2.4 m and the tube has a

transverse dimension of 42 mm, shown in Fig. 6.12. The DT system uses a total of 172, 000

wires.

6.6.2 Cathode Strip Chambers

The Cathode Strip Chambers (CSC) operates well in the large inhomogeneous magnetic

field and provide both precise muon measurements and muon triggering information.

There are seven trapezoidal chambers that measure up to 3.4 m long and 1.5 m wide.

Each covers either 10◦ or 20◦ in φ. Almost all the chambers overlap providing continguous φ

coverage in the muon systems up to |η| < 2.4. The layout of the CSCs is shown in Fig. 6.13.
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Figure 6.11: A transverse view of the layout of the muon chambers. The DT chambers are
shaded in aqua, with the interleaved iron return yolk layers shaded in grey. [12]

Figure 6.12: A transverse view of a muon DT. [119]
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chr

Figure 6.13: The layout of the CSCs, which are highlighted in red. [12]

Each CSC is a multiwire proportional chambers, composed of an array of six positively

charged wires interleaved with seven perpendicular running copper strips cathodes separated

by a gas volume. These gas gaps are filled with a similar mixture to that in the DTs.

The wire in the chamber runs azimuthally and is used to measure the radial coordinates

of muons. In a similar way to the DTs, muons ionise atoms producing electrons that

accelerate toward the anode. The positive ions in the gas travel in the opposite direction

toward the cathodes, which in turn induces a current in the strips perpendicular to the wires,

which can be measured. This procedure gives two position coordinates for each traversing

muon. A transverse view of the CSCs is shown in Fig. 6.14.

In total, there are 468 CSCs, with over 2 million CSC wires. A muon in the region 1.2 <

|η| < 1.4 crosses either three or four CSCs. In the endcap-barrel overlap (0.9 < η < 1.2)

muons are detected by both DTs and endcap CSCs.
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Figure 6.14: A transverse view of the cathode strip chambers. [12]

6.6.3 Resistive Plate Chambers

There are six cylindrical layers of RPCs in the barrel muon system. There is one layer of

RPCs in each of the outer two barrel stations and two in each of the inner two stations.

In the endcaps, there is one plane of RPCs, which forms a ring in each of the first three

stations (providing coverage up to |η| < 1.6).

The RPCs have good spatial resolution and a very small time resolution of just one

nanosecond. They form a redundancy of the muon triggering system, operating in parallel

with the DTs and CSCs to allow trigger algorithms to distinguish the proton bunch crossings

when triggering on muon candidates.

There are 480 rectangular RPCs in the barrel and a total of 132 trapezoidal RPCs in

the endcaps. Each RPC is composed of two parallel oppositely charged electrodes separated

by a 2 mm gap filled with C2H2F4 gas. The electrodes are planes of plastic with extremely

high resistivity, which allows a large potential difference to be used.

The passing muons, which freely traverse the resistive plates, ionise the gas atoms. The

liberated electrons are accelerated by the high voltage causing an avalanche of electrons,
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which in turn pass through the electrodes to be measured as current by the external de-

tecting aluminium strips. A transverse view of the barrel RPCs is shown in Figure 6.15.

Figure 6.15: Schematic of an RPC. [12]

The pattern of hit strips gives a quick measure of the muon momentum, which is then

used by the trigger to make immediate decisions about whether the data should be kept.

6.7 Triggers

The LHC beam consists of protons bunched together into 2,808 bunches with 115 billion

protons per bunch. “Bunch crossings” between two beams occur a minimum of 25 ns apart,

where the set of interactions that occur at each bunch crossing is known as an “event”.

At nominal design luminosity, approximately 20 pp interactions occur superimposed at

each bunch crossing of the beam, an effect known as “pileup”. The interaction rate is

approximately 109 Hz, generating 1 Mb per event for zero-suppressed data. This quantity

needs to be reduced by O(106) to be feasible for readout and storage.

This is the start of the event selection process and consists of two steps: a hardware

Level 1 (L1) trigger and a software High Level Trigger (HLT). Ideally, the trigger systems

are designed to accept physically interesting events. To store a subset of potential events

that pass a given trigger, a concept known as “prescaling” is used; this randomly selects

a specified fraction of passing events, allowing a specific trigger to be kept with reduced

bandwidth.
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The maximum possible bandwidth out of L1 is approximately 105 Hz, corresponding to

the input capacity of the High Level Trigger (HLT) processor farm. The output of the HLT

farm is on the order of 100 Hz corresponding to the limit that can be processed by the

online computer farm, where complicated software algorithms can be run.

Due to the very small bunch crossing intervals, the next event often occurs before the

particles from the previous one have left the detector. The data therefore needs to be

stored in pipelines that concurrently retain information for many interactions. Further, all

subdetectors must also have excellent temporal resolution in order to distinguish between

bunch crossings.

6.7.1 Level 1 Trigger

The Level 1 (L1) trigger is a custom designed programmable hardware electronic system. It

has local, regional, and global components that consists of the calorimeter trigger, the muon

trigger, and the global trigger. The global trigger takes information from the calorimeters

and muon systems and ultimately decides whether or not to pass the event to the HLT. It

is extremely fast and wholly automatic.

Most of the L1 electronics are installed 90 m away in the counting room adjacent to the

experimental cavern that houses the detector. However, some parts of the L1 trigger are

mounted directly onto the subdetectors themselves, making them inaccessible during LHC

running.

The L1 analyses every bunch crossing with an allowed “latency” of 3.2µs. This is the

permissible time between a bunch crossing and the distribution of the trigger decision to

the detector front-end electronics. Due to this relatively large latency, the data is pipe-lined

by storing it in the front end modules in order to remove as much dead-time as possible.

If the L1 returns positive, the information for the event is read out through long optical

links and buffered in a Builder Unit (BU). The BU assigns the information of the event

through a filter farm to a single processor of a filter unit (FU) where HLT algorithms are

performed.
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6.7.2 High Level Trigger

The High Level Trigger (HLT) uses highly flexible software algorithms to further reduce the

rate of information output. HLT has a complete readout of data; therefore it can perform

complicated calculations similar to those done at offline software level. The average HLT

processing time for each event is 50 ms but can be up to a few seconds for complicated

events.

There is typically a list of HLT triggers that are concurrently deployed. If an event

passes any such HLT, then the event is sorted into a distinct dataset for further processing.

The trigger menu allows analysers to select analysis specific events.

The cumulative rate for the entire menu needs to be maintained at O(100) Hz, which

is the limit of the computational capabilities. Information that passes the HLT is then

transferred and saved in databases around the world in the computing grid. Offline, this

information is reconstructed by specifically designed software, building particle candidates

for analyses.

6.8 The Computing Grid

After the L1 and HLT decisions return a positive result, the information of the event is

passed onto the LHC computing grid. If we assume an average 1 Mb per event, then, for

one effective LHC year of 107 seconds, approximately 5 Petabytes of data are produced and

needs to be stored at design luminosity. This huge amount of data is sent through a novel

distributive computing system and data storage infrastructure called the Worldwide LHC

Computing Grid (WLCG). This is composed of tens of thousands of computers around the

world organised for data processing and storage, giving worldwide access to scientists.

The LCG is organised as follows. The CERN Tier 0 centre reconstructs events fully.

Once stored and once a backup is made, it is sent to 7 Tier 1 locations situated around the

world in France, Germany, Italy, Spain, Taiwain, UK and the US. Events are reconstructed

again using additional information provided by the experiment to allow finer calibration.
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The Tier 1 then sends the most complicated and most interesting physics data to 40

Tier 2 sites. Data is analysed at each step along the way, branching out in this way till

physicists can access important data relevant to their specific analysis on a local level.

6.9 The CMS Cavern

The CMS cavern at point 5 of the LHC near Cessy was excavated from an old Large Electron

Positron (LEP) Collider access point. The experimental cavern houses the CMS detector

and is located 100 m underground, measuring 53 m long, 27 m wide and 24 m high. The

onion-like cylindrical CMS detector was originally divided into 15 wedges, which were each

tested before being separately lowered into the cavern.
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Chapter 7

Physics Objects

The CMS detector is designed for full event reconstruction. In this section we shall describe

the reconstruction of all physics objects.

The Kálmán Filter (KF) algorithm is a least squares fit that forms the basis of most

CMS reconstruction algorithms; it is described in detail in [120]. Further details of the

different physics objects may be found in Ref. [121].

7.1 Vertices

Precise measurement of the primary event vertices (PV) is the first step of event reconstruc-

tion. It allows us to assign reconstructed “tracks” (of particle trajectories) to collisions,

precisely determining their kinematics, whilst at the same time allowing the identification

of long-lived particles that decay at secondary vertices. The distance between primary and

secondary vertices is known as the “impact parameter”.

Online track reconstruction starts from track candidates, which are a triplet of “hits”

where particles interact with the pixel detector. This allows fast determination of the z-

coordinate of the primary vertex with a resolution of 50 µm. This information is used in

the HLT for triggering.

Offline track reconstruction first requires the selection of tracks that are compatible with

the beam-line. These tracks are then clustered so that a vertex can be fitted.
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A modified least squares fit known as the Trimmed Kálmán Vertex Filter (TKF) gives

the best possible vertex estimate. This algorithm provides the locations of the fitted vertices,

as well as a χ2 probability that indicates the compatibility of the reconstructed tracks with

the fitted vertex. Outlier tracks with the highest contribution to the vertex fit χ2 are

removed iteratively if the corresponding χ2 probability is less than 5%. In this way, we can

determine both the position of the vertex and the tracks that come from it.

Although there are a large number of expected vertices in each bunch crossing, there is

typically only one vertex that contains the signal event of interest. In general, the vertex

with the highest sum of the transverse momenta of all jets will be the most interesting

one [122].

7.2 Pileup

During each bunch crossing at the LHC, multiple pp collisions can occur, resulting in nu-

merous reconstructed PVs. This effect is known as “pileup” (PU). The expected pileup

at the LHC is approximately 20 PVs dependent on the instantaneous luminosity [11]. PU

affects the reconstruction of all physics objects and it is corrected in two different ways:

• Charged Hadron Subtraction (CHS): also known as PFnoPU, attempts to filter all

charged hadrons that do not originate from the primary interaction vertex. This

technique is very effective but can only be implemented in the pseudorapidity region

covered by the tracker.

• FASTJET: is a standalone software package, use to calculate the momentum density per

unit area ρ due to PU for each event. Reconstruction of jets and lepton isolation cones

can then be “ρ-corrected”, by subtracting contamination based on their respective

areas.
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7.3 Tracks

The trajectory of particles through the detector is reconstructed as “tracks”. The recon-

struction makes use of the combinatorial KF algorithm that integrates track fitting and

pattern recognition.

Energy signatures in individual tracker layers form seeds that are extrapolated from

layer to layer, accounting for multiple scattering, energy loss and the magnetic field. Start-

ing from the inner pixel layers, a combinatorial exploration to build all possible tracks is

done in parallel, limited by a χ2 and a maximum number of missing hits. Hits that are

unambiguously assigned to tracks are removed iteratively. The final collection of tracks is

cleaned to remove duplicates.

7.4 Particle Flow

The Particle Flow (PF) algorithm aims to reconstruct all stable particles in an event by

combining information from all subdetectors, this includes: charged tracks in the tracker

and energy deposits in the electromagnetic and hadronic calorimeters, as well as signals in

the preshower detector and the muon system [123].

The PF algorithm is designed to determine the direction, energy, and type of the stable

particles in the event; this includes muons, electrons, photons, charged and neutral hadrons.

Once all objects have been reconstructed, the list of particles are clustered to build jets,

which are then used to determine more complicated quantities such as the missing transverse

ET , from neutrinos or other exotic invisible particles, and to identify taus from their decay

products. The energy calibration is performed separately for each type of particle.

The basic ingredients of the PF algorithm are the tracks, formed in the tracker using the

combinatorial KF algorithm, the calorimeter clusters, and a link algorithm.

The calorimeter clustering algorithm is performed in both the ECAL and HCAL barrel

and endcap separately. Local energy maxima in calorimeter cells are identified as “cluster

seeds”, which are grown iteratively by aggregating cells with neighbouring ones that have

energy deposits. These form the calorimeter seeds of PF candidates.
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A given particle will likely give rise to several PF elements in the various CMS sub-

detectors. These elements are connected by the link algorithm. A tentative link is made for

each pair of elements with an extrapolation between the sub-detectors. If the extrapolation

of the track is within a certain distance to the cluster boundaries the extrapolation continues.

The clustering algorithm finds the best track candidates, cleans the spurious seeds, and

removes all double counting of track elements.

From the list of track candidates the PF algorithm proceeds as follows. The “global

muons”, which are identified as tracks in the tracker that have extrapolated hits in the

muon chambers, are removed from the list of considered particles if the muon’s momentum

is within three standard deviations of the momentum reconstructed solely from the tracker.

This removed collection is known as the PF muons.

Electrons are pre-identified by their relatively short tracks and their energy loss by

Bremmstrahlung in the tracker layers on their way to the calorimeter. A final identification

is made using measurements from both the tracker and ECAL. Each identified electron gives

rise to a PF electron and its track with associated seeds are removed from the collection.

The remaining tracks may come from neutral hadrons, charged hadrons, photons or in

rare instances, additional muons. The neutral hadrons and photons, which have straight

trajectories, can be identified from their tracks by comparing the relative momentum and

energy deposited in the ECAL and HCAL using a multivariate analysis. These form the

collections of PF photons and PF neutral hadrons. The remaining tracks are checked

against a looser muon identification. These are removed, with the last tracks giving rise

to PF charged hadrons, whose momenta and energy can be taken from track momentum

measurements.

The final list of PF particles can then be passed to reconstruct jets, the missing transverse

energy ET , and to identify and reconstruct taus.

7.5 Electrons

Electron reconstruction proceeds through a combination of track reconstruction in the

ECAL and the tracker [124]. The main algorithm used is the ECAL-driven method. Elec-
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tron seeds are made from “superclusters” of energy deposited by electron candidates and

their Bremsstrahlung radiation.

Due to the magnetic field, the electrons travel along a curved path, radiating photons

along the way. These photons reach the ECAL spreading out in φ (but not in η). Super-

clusters of the showering particles in the ECAL are then made by summing energy deposits

that are separated only in φ.

The superclusters form seeds of the electron tracks, which are extrapolated backwards

through the magnetic field towards the pixel detector. Since electrons only deposit a small

portion of energy there, the extrapolation is matched to loosely identified electron tracks

in the tracker. The extrapolation uses a generalised KF algorithm known as the Gaussian-

Sum Filter (GSF) [125]; this accounts for the energy loss from Bremsstrahlung in the silicon

tracker layers.

To distinguish electrons from hadronic activity, several selection criteria are imposed.

The width of the supercluster in the η direction is required to be small. Further, the electron

candidate is required to deposit substantial energy in the supercluster (ET > 15 GeV), with

the total ratio of the energy deposited in the ECAL much larger than that in the HCAL.

Finally, since an electron can be mimicked by a combination of a muon (which provides

the track) and hadrons in the ECAL, a ∆R > 0.1 cut is imposed between electron and

muon candidates. The exact recommendations for the selection is analysis dependent and

is discussed in Ref. [126].

7.6 Muons

Muon reconstruction at CMS is done using a combination of the information collected by

the tracker, and the dedicated muon systems, which provide a very clean signature for

reconstruction.

Muon candidates in CMS are identified by multiple reconstruction algorithms using hits

in the silicon tracking system and signals in the muon system.

Since muons are typically the only particles reaching the muon chambers, the “stan-

dalone” muon reconstruction algorithm starts from track segments detected in the inner-
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most layers of the muon chambers. From track segments, additional neighbouring hits are

added by the KF technique taking into account the inhomogeneous magnetic field using a

recursive Runge-Kutta procedure [127]. Finally, muon tracks are propagated back to the

interaction point.

A second algorithm starts from the standalone muon tracks, which are extrapolated

towards the nominal vertex from the innermost muon chamber hit. The extrapolations

are then matched up to tracks, reconstructed by the tracker, forming the “global muon”

collection. This track matching is performed by defining an η−φ rectangular region around

standalone muon candidates and selecting the most compatible track in the tracker. This

procedure works well only if high quality muon tracks are available in the muon detector.

However, in certain instances hit information in the muon system is minimal and stan-

dalone muon reconstruction fails. For example, muons with low momenta 6 − 7 GeV will

typically have too few hits to be reconstructed as standalone muons. In such situations, the

final reconstruction algorithm, which gives rise to the “tracker muons”, is used. This starts

from tracks found in the tracking system and associates them to compatible signals in both

the calorimeters and the muon chambers. These require only one short segment of hits in

the muon system.

The specific algorithm used is analysis dependent.

7.7 Taus

Due to their large mass, the taus often play important roles in SM and BSM analyses.

Approximately two-thirds of taus decay hadronically into one or three charged hadrons in

about 75% and 25% of the time respectively. The remaining decay width is to the lighter

leptons, that are detected as such. The branching ratio into neutral hadrons is on the order

of 1%.

PF algorithms provide excellent reconstruction of energy and direction of all visible tau

decay products. The reconstruction takes in the track collection from the PF algorithm and

proceeds in one-prong and three-prong topologies. The four-momenta of all particles in a

small cone ∆R < 0.15 around the direction of the highest pT particle is summed to create
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tau candidates. A boosted decision tree is then used to determine “loose”, “medium” and

“tight’ working points to discriminate against muons [128].

7.8 Missing Transverse Energy

During collisions at CMS, the longitudinal momentum along the beam line is not well

defined since protons are composite particles and their total energy is unevenly distributed

amongst their constituents. Further, many final state particles close to the beam-line are

not reconstructed as they do not pass through any detector material, thus carrying away

significant momentum.

However, the total transverse momentum of pp constituents is negligible. By measuring

all final state visible particles, we can construct the missing transverse energy 6ET from

momentum conservation. Within the SM, such missing energy is indicative of neutrinos. In

BSM theories, 6ET often characterises a potential signature for weakly interacting particles

that do not interact with the detector.

6ET is reconstructed by the PF algorithm from the visible tracks in the event. The PF

algorithm forms the vector sum of the transverse momentum of all reconstructed particles.

6ET is then defined as the modulus of this vector in the opposite direction:

6ET = −
∑
i

pT i = PF objects (7.1)

7.9 Jets

Due to confinement, quarks and gluons are never directly detectable. They spontaneously

hadronise and form a collimated spray of hadrons known as “jets”. These are detected as

energy signatures in multiple layers of the detector.

All identified hadrons (and their tracks) found by the PF algorithm are clustered into PF

jets by using each particle’s direction at the interaction vertex, forming a cone of predefined

size. An example of the energy deposited in the detector by jet candidates is shown in

Fig. 7.1.
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Figure 7.1: Energy deposits of jet candidates in the (red column) ECAL and the (blue
column) HCAL are clustered using (green circle) anti-kt and (orange circle) CA8 al-
gorithms. [129]

The anti-kt [130] and Cambridge/Aachen [131] inclusive jet finding algorithms are the

two main sequential clustering algorithms used in CMS to group neighbouring tracks found

in jets. The former is used to cluster PF particles into PFJets, whilst the latter has additional

applications relevant to boosted, high-energy, topologies [132].

Both anti-kt and Cambridge/Aachen algorithms use a sequential jet clustering algorithm

that groups particles by minimising distances between neighbouring tracks. The algorithm

looks for the two neighbouring particles and merges them if they are closer together than

each individually is to the transverse plane of the beam-line.

The two momenta from the two tracks are added together and treated as one single

particle for the rest of the procedure. This process continues iteratively, summing all

particles into groups. If the nearest neighbour particles are farther apart than the dis-

tance to the beam-line, the particle closer to the beam-line is removed and designated a jet.

This continues until all hadronic tracks have been grouped into jets.

The differences between the anti-kt and Cambridge/Aachen algorithms is the weighting

given to neighbouring particles.

On the one hand, the anti-kt algorithm preferentially merges tracks with higher trans-

verse momentum with respect to its nearest neighbour. This algorithm gives roughly conical
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jets, that are circular in the η × φ directions. A typical maximum cone-size of ∆R = 0.5 is

used, where ∆R =
√
η2 + φ2, as implemented in FASTJET version 3.0 [133]. These jets are

denoted ak5-jets and correspond to the conventional jets used in the majority of physics

analyses. Unless otherwise stated, all jets shall be assumed to be ak5-jets.

On the other hand, the Cambridge/Aachen algorithm calculates which tracks to merge

based solely on the distance information. This allows larger jets to be constructed with

roughly equal momenta subjets. For highly boosted initial objects, tracks from different

decay products may be collimated such that they are reconstructed as the same jet and

identified as coming from one particle. A larger maximum cone-size of ∆R = 0.8 is used

to identify such jet candidates, and information of its constituent subjets is stored to allow

easy identification of the various daughter particles. These jets are denoted CA8 jets.

A jet energy calibration (JEC) [134] is typically applied to account for the non-linear,

non-uniform response of the CMS calorimeters in all jets. Since most jet constituents are

identified and reconstructed with nearly the correct energy by the PF algorithm, only small

jet energy corrections need to be applied to each jet. These corrections are between 5% and

10% of the jet energy and were obtained as a function of pT and η from the GEANT4-based

CMS Monte Carlo simulation [135] and early collision data.

7.10 Identification of b-jets

b-quarks are produced in many interesting signal events and can be used to discriminate

signal from background. They differ significantly from the light flavour quarks: b quarks

have mass mb = 4.2 GeV, lifetime τ u 1.5 ps, equivalent to 1.8 mm at 20 GeV, and decay

predominantly into c-quarks and leptons.

The resulting energy signatures are clustered into anti-kt jets which are identified by a

“b-tagging” algorithm, which can distinguish b from non-b jets. The Combined Secondary

Vertex (CSV) algorithm is the main algorithm used by CMS. CSV does a multivariate

analysis on the information from tracks, impact parameters, and secondary vertices, giving

a b-tagging discriminant value for each ak5-jet. Standard working points “loose”, “medium”
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and “tight” thresholds are then defined by the acceptance rates of light flavour jets using

simulation (10%, 1% and 0.1% respectively) [136].

7.11 Identification of W -jets

To reconstruct particles that come from a decay W -boson (“W -jets”), the Cambridge-

Aachen algorithm is used with a ∆R = 0.8 cone. These jets are required to have transverse

momenta pT > 200 GeV and pseudorapidity |η| < 2.4.

A jet pruning algorithm [137,138] is used to identify the hadronic decay of the W-boson.

This uses a reverse clustering algorithm to construct subjets within the cone of the W -jet

candidate. W -jets are required to have exactly two such daughter jets, with a total invariant

mass of 60 < mjet < 130 GeV.

One can also consider imposing an added “mass-drop” condition, which requires each

jet to represent a significant portion of the W-jet invariant mass. If applied, the exact value

of this cut needs to be studied on a case by case bases.

7.12 Identification of Top-jets

To reconstruct jets that come from top-quarks, “top-jets”, the Cambridge-Aachen algorithm

is used with a ∆R = 0.8 cone [137,138] . These jets are required to have transverse momenta

pT > 250 GeV and |η| < 2.4. Top-tagged jets are also required to have a total invariant mass

140 < mjet < 250 GeV and at least 3 daughter jets (found by a reverse clustering algorithm

similar to that in W-jets), with a minimum pairwise invariant mass of the daughters of

50 GeV.

7.13 Event Displays

After full reconstruction with the PF algorithm, an event can be diagrammatically dis-

played. Fig. 7.2 shows events 25787738 and 275039437 recorded during 2012. These events

correspond to one with an electron and a muon, and one with two muons.
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Figure 7.2: Display of the reconstructed objects in event 25787738 and 275039437 recorded
by CMS in 2012. The green lines correspond to reconstructed charged tracks in the silicon
tracker. These are clustered using both ak5 and CA8 jet algorithms, with cones shown in
yellow. The red and blue bars indicate the energy deposited in the ECAL and the HCAL
respectively. A red line indicates the reconstructed trajectory of a muon candidate. [129]

7.14 Luminosity

The design instantaneous luminosity is L = 1034 cm−2s−1. At this luminosity, bunches of

protons are accelerated to centre-of-mass energies of
√
s = 14 TeV, with 25 ns spacings,

giving a collision rate of 40 MHz. The total pp cross section at design intensity is expected

to be ∼ 100 mb.

The expected rate of events for any process at the LHC is given by the relation:

N = εσL (7.2)

where ε is the efficiency of data being recorded, σ[pb] is the cross section of the process

and L[fb−1] is the instantaneous luminosity. Cross-section is process dependent but instant-

aneous luminosity can be determined purely in terms of the beam parameters, shown in

Table 7.1 for design luminosity.
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Parameter Meaning Value

nb Number of proton bunches per beam 2808
Nb Number of protons per bunch 1.15×1011

frev Frequency of revolution 11.245 kHz
γr Relativistic gamma of the protons 7461
εn Normalised transverse beam emittance 3.75 µm rad
β∗ Beta function at the interaction point 55 cm
θc Beam crossing angle 285 µ rad
σz RMS longitudinal bunch length 7.55 cm
σ∗ RMS transverse beam size 16.7 µm

Table 7.1: LHC beam parameters and their design values. [10]

Luminosity Determination

The recorded luminosity at CMS provides the overall normalisation for the expected number

of events in data through (7.2). It also allows the real-time monitoring of CMS’s perform-

ance.

The instantaneous luminosity is determined from signal in the Forward Hadronic calor-

imeter. CMS uses two methods for online luminosity determination [139]: tower occupancy

and total ET . Both methods are used to determine the mean number of interactions per

bunch crossing µ, which is related to luminosity L by

µ =
σL
f

(7.3)

where f is the bunch crossing frequency, σ the total (measured) pp cross section and the

number of interactions is Poisson with mean µ.

The tower occupancy method is based on a “zero counting” procedure; the average

fraction of empty towers is used to infer the mean number of interactions per bunch crossing.

For a noiseless calorimeter, the average fraction of empty towers 〈f0〉 is

〈f0〉 = e−(1−p)µ (7.4)

where p is the probability that a tower is not hit in a single bunch crossing.
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Figure 7.3: The delivered integrated luminosity at the LHC in the 2010-2012 data taking
period. [140]

Accounting for noise, this equation becomes

− ln 〈f0〉 = (1− p)(1− ε)µ+N (7.5)

where ε is a non-linear correction and N the noise offset, both determined through Van der

Meer calibration.

Similarly, the ET measurement method exploits the relationship between the average

transverse energy 〈ET 〉 per tower and the mean number of interactions per bunch crossing:

〈ET 〉 = vs (1− p)µ+N (7.6)

where vs is the average energy of a single bunch crossing. Both methods agree within

uncertainties.

In the first year of data-taking 32 pb−1 of data was recorded at 7 TeV centre-of-mass

energy by the CMS detector. In 2011, an additional 5 fb−1 of data was recorded at 7 TeV

and finally in 2012, 19.6 fb−1 of data was recorded at 8 TeV. The cumulative amount of

“delivered” luminosity by the LHC is shown in Fig. 7.3. The difference between the delivered

and the recorded luminosity is due to detector dead-time when CMS was unable to log data.
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Part IV

The Fourth Generation
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Chapter 8

The Fourth Quark Generation

The Standard Model (SM) of particle physics imposes no constraints on the number of quark

generations. Indeed, adding a sequential fourth generation provides a minimal extension to

the SM and would allow the resolution of the matter-antimatter asymmetry issue.

We consider a framework where we trivially enlarge the SM by a complete sequential

fourth generation of chiral matter (Q4, u4, d4, L4, e4). The Yukawa couplings are given by

L4th Gen(x) = yupqQpHuq + ydpqQpH
†dq + yepqLpH

†eq + yνpqLpHνq + h.c. (8.1)

where p, q = 1, 2, 3, 4 are the generation indices and SU(2) contractions are implicit. As in

the SM case, the diagonalisation of the quarks into their mass basis give the four generation

CKM matrix V 4×4
CKM .

This 4× 4 CKM matrix has three complex phases, which provides a larger phase space

in which CP violation can occur [4, 141–144]. One can parameterise the four generation
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CKM matrix in terms of the 3× 3 matrix of (3.127):

V 4×4
CKM =



0

V 3×3
CKM 0

0

0 0 0 1


×



1 0 0 0

0 1 0 0

0 0 c34 s34

0 0 −s34 c34



×



1 0 0 0

0 c24 0 s24e
−iδ2

0 0 1 0

0 −s24e
iδ2 0 c24


×



c14 0 0 s14e
−iδ3

0 1 0 0

0 0 1 0

−s14e
iδ3 0 0 c14


(8.2)

The new Euler angles (θ14, θ24, θ34) denote the mixing between the fourth generation and

the usual three generations. The complex phases δ1, δ2 and δ3 are also introduced.

The unitarity requirement on the 4 × 4 CKM matrix allows us to place constraints on

the CKM matrix elements. Assuming a fourth generation, the central values and their 1σ

deviations can be computed from unitarity constraints on experimental measurements [145]:

∣∣V 4×4
CKM

∣∣ =



0.97414+0.00032
−0.00023 0.2245+0.0012

−0.0012 0.04200+0.000090
−0.000910 0.025+0.011

−0.025

0.2256+0.0011
−0.0059 0.9717+0.0024

−0.0105 0.04109+0.00045
−0.00145 0.057+0.097

−0.057

0.001+0.035
−0.001 0.062+0.044

−0.062 0.910+0.079
−0.080 0.41+0.15

−0.27

0.013+0.039
−0.013 0.04+0.12

−0.04 0.41+0.14
−0.27 0.910+0.078

−0.083


(8.3)

Furthermore, in order not to contradict precision electroweak measurements, the mass

splitting of the fourth generation b′ and t′ quarks is expected to be much smaller than the

mass of the W -boson [146–148]. Thus, if kinematically possible and if the fourth generation

is sufficiently heavy compared to the SM’s third generation, then the decay modes that

dominate are b′ → tW and t′ → bW , governed by |Vtb′ | and |Vt′b| respectively. Notice that

the flavour changing neutral currents are suppressed by the usual GIM mechanism (3.126).
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Chapter 9

The Search for a

Fourth-Generation Top-Like Quark

In this chapter, we present a direct search for the fourth generation top-like quark with a

semileptonic final state, consisting of exactly one lepton and at least four jets. We assume

that the t′ quarks are strongly pair-produced with 100% branching ratio in the t′ → bW

channel. The theoretical NNLO cross section for a strongly pair-produced heavy quark,

computed by HATHOR [149], is tabulated in Table 9.1 and plotted in Fig. 9.1.

Our search is not limited to fourth generation chiral quarks and is relevant to many

beyond the SM theories [150,151]. No excess over the expected SM background is observed

in this analysis and a lower mass limit is set on the pair-produced t′ quarks at 565 GeV,

at 95% confidence level (C.L.), using the full 5 fb−1 of data collected during 2011 at a

√
s = 7 TeV centre of mass energy [1].
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mt′/GeV
√
s = 7 TeV

√
s = 8 TeV

√
s = 10 TeV

√
s = 14 TeV

300 7.987 12.32 24.41 62.53
325 4.988 7.827 15.78 41.49
350 3.200 5.086 10.47 28.24
375 2.100 3.385 7.111 19.64
400 1.406 2.301 4.922 13.93
425 0.957 1.582 3.468 10.04
450 0.662 1.112 2.481 7.354
475 0.464 0.791 1.800 5.458
500 0.330 0.571 1.322 4.101
525 0.237 0.414 0.982 3.115
550 0.171 0.305 0.737 2.391
575 0.125 0.226 0.558 1.852
600 0.0923 0.170 0.426 1.446
625 0.0685 0.128 0.328 1.138
650 0.0511 0.0970 0.254 0.903
675 0.0384 0.0742 0.199 0.721
700 0.0290 0.0569 0.156 0.579
725 0.0220 0.0440 0.123 0.468
750 0.0168 0.0341 0.0976 0.380
775 0.0129 0.0266 0.0778 0.310
800 0.00988 0.0208 0.0623 0.254
825 0.00761 0.0163 0.0501 0.209
850 0.00589 0.0129 0.0404 0.172
875 0.00457 0.0102 0.0327 0.144
900 0.00355 0.00809 0.0266 0.120
925 0.00277 0.00641 0.0217 0.100
950 0.00216 0.00513 0.0177 0.0838
975 0.00169 0.00409 0.0145 0.0705

1000 0.00133 0.00327 0.0120 0.0595
1025 0.00104 0.00262 0.00985 0.0503
1050 0.000819 0.00211 0.00811 0.0428
1075 0.000643 0.00169 0.00673 0.0364
1100 0.000508 0.00137 0.00557 0.0308
1125 0.000399 0.00111 0.00463 0.0264
1150 0.000819 0.000895 0.00385 0.0226
1175 0.000643 0.000724 0.00322 0.0193
1200 0.000197 0.000583 0.00268 0.0166
1225 0.000155 0.000475 0.00225 0.0143
1250 0.000122 0.000384 0.00187 0.0123
1275 0.0000963 0.000312 0.00157 0.0106
1300 0.0000760 0.000253 0.00132 0.00921
1325 0.0000698 0.000206 0.00111 0.00797
1350 0.0000472 0.000167 0.000933 0.00692
1375 0.0000373 0.000136 0.000784 0.00601
1400 0.0000292 0.000111 0.000661 0.00523
1425 0.0000230 0.000898 0.000557 0.00455
1450 0.0000181 0.000729 0.000470 0.00345
1475 0.0000142 0.000594 0.000397 0.00302
1500 0.0000114 0.000482 0.000335 0.00263

Table 9.1: Cross section σ in pb for t′t̄′ pair production computed for different pp center of
mass energies

√
s at NNLO [149].
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Figure 9.1: Cross section σ in pb for t′t̄′ pair production computed for different pp center
of mass energies

√
s at NNLO [149].

9.1 Event Selection

We select events with exactly one isolated electron (e) or muon (µ) and at least four jets.

The full decay chain for events considered is

pp→ t′t̄′ → bW+b̄W− → blνb̄qq̄ (9.1)

Events with one electron (e+jets) and one muon (µ+jets) are analysed separately, with

the event selection optimised in each channel to maximise signal sensitivity. Statistical

results from both channels are then combined to give a final limit. The differences in event

requirements are minimal and are mainly motivated by detector and trigger limitations.

There are several SM processes that are expected to give rise to a lepton-plus-jets signa-

ture. Indeed, the SM tt̄ production process is an irreducible background whose final state

particles exactly match that of the signal. Therefore, two discriminating variables are used
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to distinguish the signal from the background: the reconstructed t′ mass denoted Mfit and

the scalar sum of transverse energies of the lepton, jets and missing pT , denoted HT .

All events are required to have at least four jets with pT > 120, 90, 35, 35 GeV and

|η| < 2.4, missing energy pT > 20 GeV and at least one b-tagged jet.

Additionally, both channels require events to have a primary vertex with |z| < 24 cm

(|r| < 2 cm), where z (r) is the distance from the nominal interaction parallel (perpendicu-

lar) to the beam line.

In the µ+jets channel, the muon is required to have pT > 35 GeV, with |η| < 2.1. In

the e+jets channel, the electron is required to have pT > 30, 35, 45 GeV (to match the

trigger thresholds that were updated during data collection) with |η| < 2.5 excluding the

barrel-endcap transition region in the detector between 1.44 < |η| < 1.56.

In both cases the lepton is required to have a transverse impact parameter |dxy| <

0.02 cm and a longitudinal impact parameter |dz| < 1 cm, such that they are identified as

arising from the primary vertex.

9.2 Event Yield

Each SM background is computationally generated and scaled to the process’s respective

cross section. This value is either measured in data or computed directly, dependent on

whether such a measurement exists. The event yields after selection of data and the SM

background can be found in Table 9.2.

Signal samples of a pair-produced t′ are also generated computationally using Monte

Carlo (MC) techniques [152]. These are generated in 25 GeV intervals between 400-625 GeV.

The signal selection efficiencies ε = ns/Ns, where ns is the number of selected events and Ns

is the total number of generated events, can be found in Table 9.3. The signal cross section

is the parameter of interest and shall be computed at each mass point with a statistical

limit calculator discussed in Section 9.4.
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Process Cross section e+jets µ+jets

tt̄ 154 pb 3950± 490 5460± 670
W+jets 31 nb 462± 55 750± 110

Single-t production 85 pb 208± 24 336± 45
Z+jets, WW, WZ, ZZ 3.1 nb 49± 8 69± 11

QCD - 78± 9 5± 5

Total Background - 4750± 560 6620± 800
Data - 4734 6448

Table 9.2: Number of MC and data events after selection in the e+jets channel in 4.98 fb−1

and µ+jets channel in 4.90 fb−1 of data analysed at
√
s = 7 TeV. The listed uncertainty ac-

counts for both statistical and cross section uncertainty. The QCD uncertainty is calculated
using data driven methods described in [1].

Mass [GeV] 400 425 450 475 500

Electron Efficiency 4.5± 0.4% 4.7± 0.4% 5.0± 0.4% 5.0± 0.4% 5.1± 0.4%
Muon Efficiency 5.4± 0.4% 5.6± 0.4% 6.0± 0.4% 6.1± 0.4% 6.2± 0.4%

Mass [GeV] 525 550 575 600 625

Electron Efficiency 5.0± 0.4% 5.2± 0.4% 5.1± 0.4% 5.0± 0.4% 5.1± 0.4%
Muon Efficiency 6.4± 0.4% 6.5± 0.4% 6.6± 0.4% 6.6± 0.4% 6.5± 0.4%

Table 9.3: Signal selection efficiency in the µ+jets and e+jets channels for different t′

masses. The listed error is purely statistical.
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9.3 Event Reconstruction

Since the SM tt̄ background is irreducible the reconstructed mass is used as a discrimin-

ating variable. We perform a kinematic fit of each event to the t′t̄′ → bW b̄W → νbq1q̄2b̄

process. There are two steps in the reconstruction of the t′-quark mass: the assignment

of reconstructed objects to the quarks and a kinematic fit to improve the resolution of the

reconstructed mass of the t′-quark candidates [153]. The four-momenta resulting from the

kinematic fit of the particles in the final state must satisfy three constraints, where m is

the invariant mass of the corresponding particles in parentheses, mW is the W-boson mass,

Mfit is a free parameter in the fit (representing the reconstructed t′ invariant mass), and l

represents either an electron or muon.

The constraints are:

• m(lν) = mW

• m(qq̄′2) = mW

• m(lνb) = m(qq̄2b) ≡ Mfit

Here l, ν, b denote either particle or antiparticle.

The final reconstructed objects are the charged lepton, the missing transverse mo-

mentum, and the four or more jets. The neutrino’s transverse momentum is reconstructed

using momentum conservation and its longitudinal momentum can be deduced up to a

two-fold ambiguity in the fit.

Taking only the four leading (highest pT ) jets, there are twelve combinations of matching

the reconstructed jets to partons. Due to initial and final state radiation with high momenta,

considering more jets increases the likelihood that the true combination is included in the

set considered. This is at the cost of introducing more combinations from which to pick. A

study was done for this analysis, which showed that five leading jets was the best trade off

between these two factors [1].

From the set of possible fit combinations of the five leading jets, the one with the smallest

χ2 is chosen, with a χ2 value for each combination determined by the goodness of fit to
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the constraints. The mass Mfit and HT for this combination are read off and are shown in

Fig. 9.2.

Figure 9.2: Results of kinematics fit: (left) the reconstructed Mfit and (right) HT for the
(top) e+jets and (bottom) µ+jets channels. The MC has been normalised to the data and
the signal is scaled up by a factor of fifty to its theoretical value, for better visibility.

The fitted mass for the selected signal MC for different generated masses of t′ is shown

in Fig. 9.3-(a). The bottom panel of Fig. 9.3-(b) shows the relative resolution of the recon-

structed t′ mass for different generated masses. Finally, Fig. 9.4-(a, b) show the evolution of

the mean value and RMS of the relative resolution of the reconstructed mass as a function

of the generated mass.
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Figure 9.3: (a) Mass distributions for selected t′ MC signal for different generated masses
of t′. All distributions are normalised to the distribution for mass 400 GeV (for which
production cross section 1 pb is assumed). (b) Relative resolution of the reconstructed t′

mass for different generated masses.
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Figure 9.4: (a) Mean value of the reconstructed t′ signal mass as a function of the generated
mass. (b) RMS of relative resolution of Fig. 9.3-(b).

9.4 Results and Limit Setting

For each sample, a 2-dimensional distribution Mfit versus HT is made to take into ac-

count the correlation between the two variables. Due to limited statistics of the simulated

samples, the non-tt̄ backgrounds are summed into an “other background” category. The

input distributions are shown in Fig. 9.5 and Fig. 9.6 for the e+jets and µ+jets channels

respectively.

The bins of the two-dimensional histograms of Mfit versus HT are merged by an algorithm

which maximally separates signal and background bins, generating final 1-dimensional his-

tograms in which all bins are well populated by simulated background events [1].

Fig. 9.7 shows the 1-dimensional templates after combination of bins for both channels.

These are the inputs to the limit setting procedure. The binmaps indicating the origin

of each bin are also shown, with each colour corresponding to one particular bins. Since

no excess is observed in the data, we compute a lower limit on the cross section for t′t̄′

production for each t′ mass point.

The main sources of uncertainty in this analysis come from the jet energy scale, selection

efficiencies, luminosity, b-tagging, and the number of background events determined by the

uncertainty of the cross section. These are accounted for in the limit setting procedure,
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Figure 9.5: Histograms of Mfit versus HT for the e+jets channel for data, tt̄ production,
other backgrounds and the t′ signal.

Figure 9.6: Histograms of Mfit versus HT for the µ+jetschannel for data, tt̄ production,
other backgrounds and the t′ signal.
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Figure 9.7: (Left) Histogram of 1-dimensional templates after bin-merging for the e+jets
and µ+jets channels. (Right) Binmaps for the e+jets and µ+jets channels.

which proceeds by comparing the number of events in the signal, data, and background

histograms bin-by-bin by a statistical package [154–156]. The method computes upper

limits on the cross section at each t′ quark mass point, above which we are sensitive.

Fig. 11.34 shows the observed and expected limits determined in this way. The com-

bination of the two channels is performed by combining the full likelihoods and applying a

similar statistical procedure to the resulting likelihood. The full details can be found in [1].

The computed upper limit on the cross section is then compared to the theoretical value.

In the e+jets channel, using 4.90 pb−1 of data, an observed (expected) lower limit on the t′

mass is set at 490 (540) GeV at 95% C.L. For the µ+jets channel, using 4.98 pb−1 of data

gives an observed (expected) limit of mt′ > 560 (550) GeV at 95% C.L.

The two lepton channels are then combined and an upper bound cross section limit is

again set at each mass point. No excess over the expected SM processes was found and a

strongly produced t′ quark with 100% branching ratio in the t′ → bW channel is excluded

below mt′ < 570(590) GeV in the lepton-plus-jets channel at 95% C.L.
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Figure 9.8: The observed (solid line with points) and expected (dotted line) 95% C.L. upper
limits on the t′t̄′ production cross section as a function of the t′ quark mass for e + jets (top),
µ + jets (middle), and combined (bottom) channels. The ±1 and ±2 standard deviation
ranges for the expected limits are shown by the coloured bands.
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Notice that the exclusion limit on the mass of the fourth generation t′ quark is entering

a region where perturbative calculations for the weak interactions start to fail and non-

perturbative effects become significant [157]. This search is equally sensitive to non-chiral

heavy quarks decaying to bW . In this case, the results can be interpreted as upper limits

on the production cross section times the branching fraction to bW .

We shall extend this search to a general heavy top-like quark T in the next chapter.
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Part V

The Little Higgs
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Chapter 10

The Little Higgs Models

The Little Higgs models are a class of theories that start from an enlarged gauge group for

the electroweak sector. In general, these theories are motivated by resolving the issue of

naturalness and the fine-tuning required for the Higgs to be relatively light. An approximate

global symmetry is typically introduced that protects the stability of the Higgs mass.

There are, in general, two classifications of Little Higgs models [158–160]: the product

group and the simple group. Both introduce a larger gauge group, which breaks down to the

SM at some high energy. These two classes have similar phenomenology and they predict

additional heavy particles to cancel divergent loop contributions to the Higgs mass from

the SM.

The new particles are typically introduced at the TeV scale, whose masses are dependent

on the symmetry breaking scale f of the higher gauge group.

We shall discuss the phenomenology of one example known as the Simplest Little Higgs

[161] and heuristically describe the experimental predictions made by these theories. We

shall closely follow the discussions of Ref. [162].

In Chapter 11, we will move on to the experimental search done at CMS for the heavy

top-like quark, which forms a key ingredient in this entire class of theories.
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10.1 The Simplest Little Higgs

The Simplest Little Higgs extends the electroweak gauge groups and fits nicely into a regime

still permissible from electroweak constraints [163,164].

The model predicts a whole slew of additional particles (both heavy gauge bosons and

heavy fermions) expected to have mass at around the TeV scale. The new particles generate

a quartic coupling to the Higgs mass, which provides a radiative correction at low energies

to resolve the issue of naturalness. Experimental results indicate that, if these particles

exist, they must be relatively heavy and couple very weakly to SM particles.

We proceed by enlarging the SU(2)L × U(1)Y to SU(3)W × U(1)X in the minimal

way, where the conserved numbers are given by X + 2Y = 5(B − L) with the canonical

weak hypercharge Y = 2 (Q− T3). The fermion SU(2)L doublets become fermion SU(3)W

triplets, requiring the introduction of new SU(3)W gauge bosons to make the theory gauge

symmetric.

Thus, the full high energy gauge group is

SU(3)C × SU(3)W × U(1)X (10.1)

with fermion fields embedded in the “universal” representation

Qn = (3, 3) 1
3

, Ln = (1, 3)− 1
3

dcn = (3, 1) 1
3

, ecn = (1, 1)1

2× ucn = (3, 1)− 2
3

, N c
n = (1, 1)0

where n = 1, 2, 3 labels the generation index. We follow the notation that c denotes the

(conjugate) right-handed fields.

Explicitly, the fields can be written out in the 3 and 1 representations of SU(3) for left

and right-handed fermions respectively as

QTn = (u, d, iU)n , iucn, id
c
n, iU

c
n

LTn = (ν, e, iN)n , iecn, iN
c
n
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where we have introduced a factor of i for later convenience.

One of the two additional right-handed uc fields will become the SM right-handed up-

type quarks. The other will couple to the last component of Qn and will give rise to an

electroweak singlet representing a new vector-like particle that acquires a large mass (after

breaking the high energy symmetry). Similarly, nc will couple to the third component of

Ln.

The symmetry breaking SU(3)W × U(1)X → SU(2)W × U(1)Y is achieved with an

aligned vacuum expectation value for two complex triplet scalar fields

Φ1,Φ2 = (1, 3)− 1
3

(10.2)

which contains the canonical Higgs field.

We parameterise the fields Φi with vacuum expectation value fi as

Φ1 = e
iΘ

f2
f1


0

0

f1

 , Φ2 = e
−iΘ f1

f2


0

0

f2

 (10.3)

where

Θ =
1

f

 η√
2

+


0 0

0 0 H

H† 0


 and f2 = f2

1 + f2
2 (10.4)

H is the usual Higgs field and η is a diagonal real scalar field that remains unmixed with

the unphysical Goldstone bosons that are introduced by the Higgs field after EWSSB.

Note the two scalar fields have aligned vacuum expectation value so as not to break

residual SU(2)L symmetry at this stage.

We also expect that f1 and f2 are of the same order as otherwise we would introduce

yet another hierarchy problem. Thus, we define the ratio of the vacuum expectation values

f2/f1 ≡ tanβ ∼ O(1), which implies that β ∼ O(1).

This higher order symmetry breaking introduces the additional heavy gauge bosons:

(Y 0, X−), which form an SU(2)L doublet, a Z ′ gauge boson from the broken linear com-
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bination of the T8 generator of SU(3)W and the generator of U(1)X , and finally, the model

also contains a singlet pseudoscalar η.

10.2 The Gauge and Higgs Sectors

We shall quickly skip over the spectra of new gauge bosons as we are more interested in the

new heavy quarks. We shall mainly do so to be complete with our phenomenology but also

to show the suppressed couplings between these heavy gauge bosons and the heavy quarks.

The additional gauge bosons from the expanded gauge group (at the TeV scale) typically

gain TeV masses.

Recall that SU(3) generators can be written in terms of the 8 Gell-Man matrices, where

T a = λa/2 and λa are Gell-mann matrices a = 1, · · · 8.

Then, one can write the SU(3)W generators as

AaT
a =

A3

2


1 0 0

0 −1 0

0 0 0

+
A8

2
√

3
+

1√
2


0 W+ Y 0

W− 0 X−

Y
0

X+ 0

 (10.5)

where we have defined the gauge bosons in the mass basis in a similar manner to the SM

ones. The X± and Y 0 are sometimes denoted W ′± and W ′0 respectively.

The two remaining gauge fields are formed by linear combinations of the diagonal gen-

erators

Z ′0 =

√
3gA8 + gXB

X√
3g2 + g2

X

(10.6a)

B =
−gXA8 +

√
3gBX√

3g2 + g2
X

(10.6b)

with B the hypercharge gauge boson, with hypercharge Y = − 1√
3
T 8 +QX .

Then, the kinetic term for Φi is

Lkin
Φi =

∑
i=1,2

∣∣∣∣(∂µ + igAµaT
a − i

3
gXB

X
µ

)
Φi

∣∣∣∣2 (10.7)
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with g the coupling constant of SU(3) that is set equal to that of the canonical SM SU(2)L

coupling, and

gX =
g tan θW√

1− 1
3 tan2 θW

(10.8)

set equal to the U(1)X coupling. The generators of the gauge groups SU(3)L and U(1)X

are T a and BX respectively. For convenience, we shall define tan θW ≡ tW and tanβ = tβ

(similarly for sin ≡ s and cos ≡ c).

Explicitly, the scalar fields can be written as

Φ1 = fcβ




0

0

1

+
itβ
f

 H

η√
2

− t2β
2f2

 √
2ηH

H†H + η2

2

+ · · ·

 (10.9a)

Φ2 = fsβ




0

0

1

− i

ftβ

 H

η√
2

− 1

2f2t2β

 √
2ηH

H†H + η2

2

+ · · ·

 (10.9b)

where η is an additional scalar particle, a real singlet, that remains light. For η not to be

mixed with the unphysical (eaten) Goldstone bosons, η is chosen to be diagonal.

One can then find the masses of the gauge bosons by explicitly expanding the scalar

field Φ. It is convenient to write

〈
Φ1Φ†1 + Φ2Φ†2

〉
=

 〈
HH†

〉
0

0 f2

 (10.10)

taking terms up to H/f where
〈
HT
〉

=
(
v/
√

2, 0
)
. The relevant terms in the covariant

derivative is

Tr

[(
gAaµT

a − 1

3
gXB

X
µ

)2

ΦiΦ
†
i

]
(10.11)

We rotate the gauge fields into the mass eigenstates with the definitions (10.5) and

(10.7). After expanding this out around the vacuum expectation value, the masses of the

173



particles can then be read off at leading order:

mW± =
g

2
v

mZ0 =
g

2cW
v

mX± =
g√
2
f

mY 0 =
g√
2
f

mZ′ =

√
2g√

3− t2W
f

In summary, the broken gauge generators give rise to the heavy gauge bosons with

masses O TeV. These consist of the Z ′0 boson (linear combination of A8 and B) and a

complex SU(2) doublet (Y 0, X−).

The Singlet η

The singlet η gains a mass of a few hundred GeV and its nature is very model dependent.

In general, its interactions are suppressed by v/f relative to the usual Yukawa couplings

and its discussion can be found elsewhere [158–160,162].

10.3 The Lepton Sector

The scalar interactions of the leptons can be written as

LY = iλNmN
c
mΦ†2Lm +

iλmne
Λ

ecmεijkΦ
i
1Φj

2L
k
n + h.c. (10.13)

where m,n = 1, 2, 3 are the generation indices, i, j, k = 1, 2, 3 the SU(3)W indices, and h.c.

denotes the Hermition conjugate terms. Lm = (νLeL, iNL)Tm are the left-handed triplets,

with N c
m the right-handed neutral leptonic fields that will form the heavy leptons with mass

∼TeV.
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Expanding the scalar field here yields

mNm = λNmsβf (10.14)

and also gives rise to the terms

LY ⊃ −
mNm√
2ftβ

HN c
mν + h.c. (10.15)

Writing this in the gauge basis leads to couplings between the heavy fermions and all

SM leptons [162]. Further, the canonical SM leptons gain their usual masses and couplings

after EWSSB.

10.4 The Quark Sector

The quark sector has an additional heavy quark per generation. The masses of these quarks

arise from the couplings of these fields to the scalar fields Φi. The relevant terms in the

Lagrangian are

LQ = λun1 iunc1 Φ†1Qn + λun2 iunc2 Φ†2Qn +
λmnd
Λ

idcmεijkΦ
i
1Φj

2Q
k
n + h.c. (10.16)

where m,n = 1, 2, 3 are the generations, i, j, k = 1, 2, 3 are SU(3) indices. The fields dcm

run over all down-type right-handed quarks (dc, sc, bc) and the fields uc,n1,2 are the conjugate

(right-handed) fields that are linear combinations of the conjugate (right-handed) fields of

the SM and the heavy up-type quarks.

We can rotate these terms into the mass basis using the following identifications

uc =
−λu2sβuc1 + λu1cβu

c
2√

(λu1)2 c2
β + (λu2)2 s2

β

(10.17a)

U c =
λu1cβu

c
1 + λu2sβu

c
2√

(λu1)2 c2
β + (λu2)2 s2

β

(10.17b)
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with the inverse transformations are given by

uc1 =
λ1cβU

c − λ2sβu
c√

λ2
1c

2
β + λ2

2s
2
β

(10.18a)

uc2 =
λ2sβU

c + λ1cβu
c√

λ2
1c

2
β + λ2

2s
2
β

(10.18b)

where we have suppressed the generational index n.

Quark Masses

We follow Ref. [161] and proceed by making a few simplifications. To avoid flavour changing

neutral currents, we require that one of the coupling matrices λui that relate the different

generations is proportional to the identity (without loss to generality take λ2 ∝ I). Now, we

still have sufficient gauge freedom to rotate λu1 using unitary transformations on the fields

ΨQ and uc1 to reproduce the hierarchical SM quark masses.

The 6 × 6 mass matrix (composed of three families with two types of quarks) can now

be split into their separate generations, which gives three sets of 2× 2 mass matrices

L =

(
uc1 uc2

) λu1Φ†1

λu2Φ†2

Q (10.19)

where QT = (b, t, T ), one for each generation.

Then, using the definition of Φi, we have that the mass matrix is now of the form

M ∼

 λu1 〈H〉
f1
f λu1f1

−λu2 〈H〉
f2
f1

λu2f2

 (10.20)

Writing these terms in the mass eigenbasis, chosen specifically to diagonalise M , and

expanding around the vacuum of the Higgs field, where 〈H〉 = v/
√

2, gives the following
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Lagrangian after electroweak spontaneous symmetry breaking

LQ = −mUnU
c
nUn −munu

c
nun

+
v√
2

sβcβ

[
(λun1 )2 − (λun2 )2

]
√

(λun1 )2c2
β + (λun2 )2s2

β

U cnun + h.c. (10.21)

where n = 1, 2, 3 again labels the generations and

mun =
v√
2

λun1 λun2√
(λun1 )2c2

β + (λun2 )2s2
β

(10.22a)

mUn =
√
λ2

1c
2
β + λ2

2s
2
βf (10.22b)

To recreate the small mass of the u (c) quark, we require one of λu1
1 (λu2

1 ) or λu2
1 (λu2

2 )

to be small. Then, taking λu1 � λu2 , the first two generations for the SM up-type quarks

are

mu = λu1
1

v√
2

, mc = λu2
1

v√
2

(10.23)

and the masses for the first two generations of heavy quarks are

mU = fλu1
2 sβ , mC = fλu2

2 sβ (10.24)

For the third generation, the situation is more complicated, we have

mt = λtv =
λ1λ2

√
2
√
λ2

1c
2
β + λ2

2s
2
β

(10.25a)

mT =
√
λ2

1 + λ2
2f =

√
2
t2β + x2

λ

(1 + t2β)xλ

mt

v
f (10.25b)

where in the last equality we define xλ ≡ λ1/λ2 to be the ratio of the two couplings and

tβ = f2/f1 where f2 = f2
1 + f2

2 .

To minimise the fine-tuning that we would otherwise reintroduce, the heavy top-like

T -quark must be relatively light and has a lower bound on the mass where tanβ = xλ, such
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that

mT ≥ 2
√

2 sinβ cosβ
mt

v
f u f sin 2β (10.26)

where mt ∝ v/
√

2. Note that, the parameters f , the symmetry breaking scale, and β (the

mixing angle of the two higher vacuum expectation values) governs the mass of the heavy

quarks. To avoid fine-tuning, we therefore find mT ' f sin 2β and thus mT ≤ f , where f is

around the TeV scale. These particles are therefore well within reach at the LHC.

The down type quarks get their masses in the usual SM way from the Yukawa coupling

of the scalar fields in the higher energy theory. For simplicity, we will assume that they do

not mix significantly with the heavy quarks [162].

Quark Couplings to the Gauge Bosons

One can see the explicit mixing term between the heavy and SM quarks in (10.21). Following

Ref. [162], we note that this mixing indications a violation of the SU(3) symmetry. We can

rewrite the gauge fields (with subscript 0) in terms of the mass eigenstates Un and un after

mixing induced by electroweak spontaneous symmetry breaking as

Um0 = Um + δumum , um0 =

(
1− 1

2
δ2
um

)
um − δumUm (10.27)

where

δum =
v√
2f

sβcβ
[
(λum1 )2 − (λum2 )2

][
(λum1 )2c2

β + (λum2 )2s2
β

] (10.28)

Note that these are just rotations of the mass fields by an SO(2) matrix, with mixing angle

δ as defined by the mixing term. One can understand these as small corrections to the

canonical SM Lagrangian when rotating the gauge fields into the mass eigenstates.
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After both the higher symmetry breaking and the SM EWSSB, the Lagrangian for the

heavy quarks coupling to the SM gauge boson reads

LU,W = −
gW+

µ√
2

[(
1− 1

2
δ2
ui

)
V CKM
ij uiγ

µdj − δuiV CKM
ij U iγ

µdj + h.c.

]
(10.29)

LU,Z = −gZµ
cW

{(
Jµ − s2

W j
µ
EM

)
− 1

2
δ2
uiuiγ

µui −
1

2

[
δuiU iγ

µui + h.c.
]

+
δZ√

3− 4s2
W

[(
1

2
− 1

3
s2
W

)(
uiγ

µui + diγ
µdi
)

−2

3
s2
Wu

c
iγ
µuci +

1

3
s2
Wd

c
iγ
µdci

]}
(10.30)

where the δui are defined as in (10.28), δZ is the analogous shift in the gauge field Z0 defined

as

δZ = −
(1− t2W )

4cW

√
3− t2W

(10.31)

and the currents are the canonical SM ones from (3.109).

Finally, the coupling of the fermions to the electromagnetic current is the canonical

LA = −AµejµEM (10.32)

Quark Couplings to X and Y Gauge Bosons

The other decay modes of the heavy quarks are through the heavy gauge bosons (i.e.

bX+,tY 0) and heavy scalar (tη). These are highly suppressed due to the heavy final state

particles. The decay modes to the X,Y gauge bosons is described by the Lagrangian

LX,Y = − g√
2

[
iX−µ diγ

µ(V CKM?
ji Uj + δujV

CKM?
ji uj) + iY 0

µ uiγ
µ(Ui + δuiui) + h.c.

]
(10.33)

The couplings give rise to the following possible decay modes

U i → X+di and U i → Y
0
ui (10.34)
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Since the X, Y gauge bosons are heavy in comparison to the SM ones, these modes

have a very small branching ratio. In fact, the X and Y bosons may be so heavy that their

production from heavy quark decays are completely kinematically forbidden.

Quark Couplings to Scalars

For completeness we shall discuss the couplings of the quarks to the heavy scalars. We shall

identify λU = λu1
2 ,λC = λu2

2 , λ1 = λu3
1 and λ2 = λu3

2 . Then the coupling of the heavy quarks

to the scalar field η is given by

LUU,η = − (iηU cU)
cβ√

2
λU − (iηCcC)

cβ√
2
λC + (iηT cT ) sβcβ

(
λ2

1 − λ2
2

) f√
2mT

+ (hT cT )
v

f

[(
λ2

1s
2
β + λ2

2c
2
β

) f

2mT
− s2

βc
2
β

(
λ2

1 − λ2
2

)2 f3

2m3
T

]
+ h.c. (10.35)

The leading order couplings of the scalar to one heavy partner and one up-type SM

quark are

LuU,η = − (hU cu)
cβλU√

2
− (hCcc)

cβλC√
2

+ (hT ct)
(
λ2

1 − λ2
2

) sβcβf√
2mT

− (iηtcT )
mt

v
+ h.c. (10.36)

where we have neglected terms of order v/f .

Finally, the couplings of the scalars to two SM up-type quarks are

Luu,η = (huciui)

{
−mui

v

[
1− v2

6f2

(
s4
β

c2
β

+
c4
β

s2
β

)
− δui

v

2
√

2f

(
c2
β − s2

β

sβcβ

)]
+
mUi

v
δuiδuci

}

+ (iηuciui)
mui

v

[
v√
2f

(
s2
β − c2

β

sβcβ

)
+ δui

]
+ h.c. (10.37)

where we have introduced the mixing between uci and U ci at order v2/f2 given by U ci =

U ci0 − δuciu
c
i0 with

δuci =
mui

mUi

[
δui +

v

2
√

2f

(
c2
β − s2

β

sβcβ

)]
(10.38)

analogous to (10.28) for the left-handed fields.
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Figure 10.1: Loop diagrams from the top sector that give rise to the quadratic divergences
of the Higgs mass.

10.5 The Quadratic Divergence and the Heavy T Couplings

to the Higgs

The part of the Lagrangian that describes the coupling of the heavy quark T to the Higgs

is

LHT = λtHt
ct+ λTHT

Ct+
λ′T

2mT
HHTCT + h.c. (10.39)

This gives rise to three diagrams that contribute at one loop level to the Higgs mass. One

for each of these interaction types. These are shown in Fig. 10.1.

One can immediately observe from the coupling strengths in the Lagrangian that these

contributions are of the form

(a) ∝ λ2
t

(4π)2 Λ2 (10.40a)

(b) ∝
λ2
T

(4π)2 Λ2 (10.40b)

(c) ∝ −
λ′T

2mT (4π)2 Λ2 (10.40c)

where (c) contains an additional negative sign since it only has one fermion in a closed

loop [8]. For these contributions to cancel explicitly the following relation must hold [165],

λ′T = λ2
t + λ2

T (10.41)
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In SU(3) simple group models [162],

λt = mt/v

λT = sβcβ
(
xλ − x−1

λ

)
mt/v

λ′T =
[
s2
βc

2
β

(
xλ − x−1

λ

)2
+ 1
]
m2
t /v

2 (10.42)

with xλ = λ1/λ2. Thus, when xλ = 1 and λT vanishes, the remaining one-loop contributions

cancel exactly.

This relationship can be tested by experimental measurements, specifically through

independent measurements of λT and λ′T directly. The former governs the cross section of

the T → bW fusion and the latter T → tH production.

10.6 The Heavy Top-Like Quark T at the LHC

Since the top-partner T is phenomenologically the most interesting we shall concentrate on

it here.

The production of the T -quark can occur through QCD interactions and also through

single T production via Wb fusion. At high T masses the latter is dominant, as the pro-

duction of two heavy particles becomes kinematically disfavoured. However, since we are

currently probing the regime mT . 1 TeV, where new physics will likely enter, we shall

focus our attention on the pair production mechanism.

The decay widths of the T -quark to the SM products bW , tH, and tZ are the three

dominant decay modes in all Little Higgs models since the coupling to the heavier particles

is kinematically disfavoured and is suppressed by at least a factor of the mass of the decay

product. These couplings to the SM gauge bosons arise from (10.29), (10.30) and (10.39).

One can express the field T in terms of the gauge fields T0 and t0 before symmetry breaking

as

T = T0 − δT t0 (10.43)

where δT ∼ λT v/mT from (10.28).
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Substituting this into (10.29) and (10.30), gives rise to the couplings of T -quark to the

SM final states bW and tZ respectively and the coupling to tH comes from (10.39). The

decay modes are then of the same form as the corresponding top decays in the SM except

that it is suppressed by the factor δT . Notice that FCNCs are also introduced into the

theory through (10.30).

Then, using our canonical procedure described in Section 2.10.1 and taking into account

the additional polarisation factor of
(
mT
2

)2
for each boson and a factor 2 for the spin of

each fermion, we see that the partial decay widths (at leading order) are

Γ(T → tH) = Γ(T → tZ) =
1

2
Γ(T → bW ) =

λ2
T

32π
mT (10.44)

where we have taken the massless limit of the final state SM particles [162].

Assuming that these are the only relevant decay modes, then the total (leading order)

decay width is 5
64πλ

2
T with ratios

BR (T → tH) = BR (T → tZ) =
1

4
and BR (T → bW ) =

1

2
(10.45)

Notice that this simple relation, which stems from Goldstone’s equivalence principle, is

independent of the exact Little Higgs model considered [166]. At high energies and large

mT , the SU(2)L symmetry holds exactly and the four equivalent degrees of freedom in the

Higgs doublet H, which give rise to the longitudinal components of the weak gauge bosons

upon SSB, correspond to the three decay modes of the T -quark [162].

Experimental Signatures

The key experimental signatures for the heavy T -quark arise from its dominant decay modes.

In contrast to the sequential fourth generation t′ (that decays via t′ → bW discussed in

Chapter 9 [1]), the Little Higgs T is vector-like and has the additional decay modes through

T → tH and the FCNC T → tZ usually forbidden by electroweak symmetry.

Further, many other BSM theories predict these heavy sets of quarks [167–180]. In

contrast to these models, the exact branching ratios in the class of Little Higgs theories
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are model independent up to O
(
m2
t /m

2
T

)
corrections. Thus, the measurement of these

branching ratios (10.45) provide an ideal test for distinguishing the Little Higgs class of

theories.

In Chapter 11, we search for this heavy top-like quark that decays into either bW , tH,

or tZ final states by scanning across all possible branching ratios. The scan that we preform

is thus equally sensitive to all theoretical models that contain such quarks.
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Chapter 11

The Search for a Heavy Top-Like

Quark

Numerous BSM theories introduce a heavy top-like quark T that typically decays into either

a b-quark and a W -boson, a t-quark and a Z-boson, or a t-quark and a Higgs H-boson,

with the relative branching ratios set by the specific model.

Along with fourth generation chiral models described in Chapter 8, there are many well-

motivated theories that predict vector-like quarks. For example, the Little Higgs Models

often include a vector-like SU(2)L singlet quark to soften the quantum corrections from the

SM particles. This class of theories is discussed in Chapter 10 [158–165].

Other models that introduce similar heavy quarks include: composite/holographic Higgs

models [167,168] where the third generation quarks live in an enlarged multiplet of the cus-

todial symmetry of the SM; higher dimensional, Kaluza-Klein [169] and Randall-Sundrum [170]

models that generalise the SM, where the SM fields propagate in the additional spatial

dimensions; top see-saw models that explain the large mass of the top-quark [171,172]; top-

colour models [173,174] that provide a mechanism for dynamically breaking the electroweak

symmetry; certain supersymmetric models that follow the principle of protecting against

baryon violating operators [175]; and even some Grand Unification theories [176]. A general

introduction to heavy top-like quark predictions are outlined in Ref. [177–180].
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The decay width of the strongly pair-produced T -quark is shared between the six chan-

nels shown in Fig. 11.1.

Figure 11.1: The Feynman diagrams for the six leading order decay modes of the heavy
vector-like quark T .

In this chapter we present the search for the pair-produced T -quark that decays with

a semileptonic topology, consisting of exactly one lepton [2]. To be model independent, we

shall scan across the entire phase space of branching ratios by weighting the contributions

of the six final states shown in Fig. 11.1.

A partner analysis using multilepton final states, consisting of at least two leptons, can

be found in Appendix C.8 [181]. The combination of the semileptonic and multileptonic

results is presented in Appendix C.9 [3].

As in the fourth generation t′ search (discussed in Chapter 9), the heavy T -quark is

assumed to be strongly pair-produced. Thus, the theoretical cross section of the T -quark

production is identical to that of the t′; the cross section values at various T -quark masses

are tabulated in Table 9.1 and plotted in Fig. 9.1.
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11.1 Data

Each recorded event in data is sorted into at least one “dataset” based on the particular

trigger path(s) that accepted it. The range of HLT paths per dataset allows us to choose

the most relevant trigger and provides the minimum requirements necessary for the recon-

struction algorithms to be almost 100% efficient. In this analysis, the single muon and

single electron datasets were used, which require events to have at least one isolated muon

or one isolated electron. Datasets are further broken down into “runs”, corresponding to a

continuous period of data taking.

The data used for this analysis were recorded during the whole 2012 running period at

a centre of mass energy of
√
s = 8 TeV and amounts to 19.6 fb−1 of integrated luminosity in

both the muon and electron channels. The reported luminosity is calculated using only runs

that pass a series of quality assurance criteria based on detector performance [140]. The

breakdown of the datasets is listed in Table 11.1 and Table 11.2 for the muon and electron

channels respectively.

Dataset Run Range Lumi [fb−1]

SingleMu/Run2012A-13Jul2012-v1 190456-193621 0.808
SingleMu/Run2012A-recover-06Aug2012-v1 190782-190949 0.082
SingleMu/Run2012B-13Jul2012-v1 193833-196531 4.429
SingleMu/Run2012C-24Aug2012-v1 198022-198913 0.495
SingleMu/Run2012C-PromptReco-v2 198934-203746 6.402
SingleMu/Run2012C-EcalRecover 11Dec2012-v1 201191-201191 0.134
SingleMu/Run2012D-PromptReco-v1 203768-208686 7.274

Total Luminosity 19.6

Table 11.1: Shows the processed muon datasets recorded during 2012 data taking period at
centre of mass energy

√
s = 8 TeV.

The muon (µ+jets) channel uses the single muon triggers named HLT IsoMu24 eta2p1

over the whole run range 190456-208686. This trigger accepts events with at least one

isolated muon with pT > 24 GeV and |η| < 2.1.

The electron (e+jets) data were collected with the electron trigger HLT Ele27, which

accepts events with at least one isolated electron with pT > 27 GeV.
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Dataset Run Range Lumi [fb−1]

SingleElectron/Run2012A-13Jul2012-v1 190456-193621 0.808
SingleElectron/Run2012A-recover-06Aug2012-v1 190782-190949 0.082
SingleElectron/Run2012B-13Jul2012-v1 193833-19653 4.429
SingleElectron/Run2012C-24Aug2012-v1 198022-198913 0.495
SingleElectron/Run2012C-PromptReco-v2 198934-203746 6.402
SingleElectron/Run2012C-EcalRecover 11Dec2012-v1 201191-201191 0.134
SingleElectron/Run2012D-PromptReco-v1 203768-208686 7.274

Total Luminosity 19.6

Table 11.2: Shows the processed electron datasets recorded during 2012 data taking period
at centre of mass energy

√
s = 8 TeV.

11.2 Simulated Samples

Simulated Monte Carlo (MC) samples are used to estimate signal efficiencies and SM back-

ground contributions.

11.2.1 Signal Samples

In this analysis, the pp → TT parton process is simulated, with up to two additional

hard partons, using the MadGraph event generator and the CTEQ6l1 parton distribution

functions (PDFs), with each T decaying to either a b-quark and a W -boson, a t-quark and

a Higgs H boson or a t-quark and a Z-boson. The six possible combinations of TT decay

modes (bWbW ,bWtH, bWtZ, tHtH, tHtZ, and tZtZ) are generated separately.

The parton level events are then passed to pythia for hadronisation and showering

of final state partons [182]. Simulation of particles in the CMS detector is done with

geant4 [183] and CMS specific software known as CMSSW 5 3 3.

T benchmark mass points between 500 and 1500 GeV in 100 GeV intervals, are used in

this analysis. The signal samples are listed in Table 11.3. The various branching ratios are

initially set to the “nominal” branching ratios of BR(bW )=1
2 , BR(tH)=1

4 and BR(tZ)=1
4 .

Unless otherwise stated, all plots will contain a stacked signal template at 800 GeV using

these nominal branching ratios and normalised to the integrated luminosity in data using

the NNLO TT production cross section shown in Table 9.1.
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11.2.2 Standard Model Background Samples

Samples of the SM background processes: tt̄+jets, W+2jets, W+3jets, W+4jets, Z+jets,

tt̄W+jets, and tt̄Z+jets are generated using the combination of MadGraph interfaced to

the pythia parton shower (PS) simulation using the MLM ME-PS matching scheme [182].

We use the MCFM theoretical cross sections of 225.2 pb [184, 185] for tt̄+jets and

3532.8 pb for Z+jets. The W+nJets samples (where n = 2, 3, 4) are initially normalised

to the theoretical leading order value with a correction factor k corresponding to the ratio

between the measured W+Jets cross-section 35640 pb [152] and the leading order W+Jets

theoretical cross-section 30400 pb [186].

Diboson samples (WW, WZ, and ZZ hereafter collectively labelled as VV) and the

tt̄H+jets are produced use stand-alone pythia [182]. The diboson cross sections are meas-

ured from CMS Data and Monte Carlo samples are 69.9 pb for W+W− and 8.4 pb for

ZZ [187]. The cross section calculated for W±Z at next-to leading-order (NLO) using

MCFM is 33 pb [184,185].

QCD processes are generated by standalone pythia and have LO pythia cross sections.

The remaining single top samples are generated using the event generator Powheg,

which generates the hardest (largest momenta) radiation first using exact NLO matrix

elements [188]. These are normalised to an approximate NNLO, calculated in [189].

Finally, the hadronic decays of tau leptons that form jets are handled separately by

tauola [190].

The cross sections for all SM background processes and the samples used are summarised

in Table 11.4. The listed cross-sections are used to normalise the contributions from the

different background processes to the luminosity in data. In all figures, unless otherwise

stated, the W+nJets, Z+Jets, and all tt̄X+jets (where X = H,W,Z) are combined into one

histogram, denoted as V+jets. Similarly, the QCD, dibosons, and single-top backgrounds

are each summed into their own histograms, denoted QCD, VV, and single-top respectively.

The uncertainty bands on the MC in all plots include the luminosity error of 4.4%,

the tt̄ normalisation 10% uncertainty and the 30% normalisation uncertainty on all other

backgrounds (discussed in Section 11.6). The “pull” on each of these plots takes into account
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the statistical uncertainty and is defined as

σ(Data−MC) =
Data−MC√

MC + Syst(MC)
(11.1)

where Syst(MC) accounts for the same systematic uncertainties as the bands on the MC.

mode Summer 2012 MC Samples

bWbW TprimeTprimeToBWBW M-? TuneZ2star 8TeV-madgraph
bWtH TprimeTprimeToTHBW M-? TuneZ2star 8TeV-madgraph
bWtZ TprimeTprimeToBWTZ M-? TuneZ2star 8TeV-madgraph
tHtH TprimeTprimeToTHTH M-? TuneZ2star 8TeV-madgraph
tHtZ TprimeTprimeToTHTZ M-? TuneZ2star 8TeV-madgraph
tZtZ TprimeTprimeToTZTZ M-? TuneZ2star 8TeV-madgraph

Table 11.3: TT simulated signal samples used in this analysis, where ? denotes the mass
range 500 − 1500 in 100 (GeV) intervals. All samples are produced using version Sum-
mer12 DR53X-PU S10 START53 V7A-v1.

process σ (pb) Summer 2012 MC Samples

tt̄ + jets 225.2 TTJets MassiveBinDECAY TuneZ2star 8TeV-madgraph-tauola
Single top (t t-channel) 56.4 T t-channel-DR TuneZ2star 8TeV-powheg-tauola
Single top (tbar t-channel) 30.7 Tbar t-channel TuneZ2star 8TeV-powheg-tauola
Single top (t s-channel) 3.79 T t-channel TuneZ2star 8TeV-powheg-tauola
Single top (tbar s-channel) 1.76 Tbar t-channel TuneZ2star 8TeV-powheg-tauola
Single top (tW) 11.1 T tW-channel-DR TuneZ2star 8TeV-powheg-tauola
Single top (tbarW) 11.1 Tbar tW-channel-DR TuneZ2star 8TeV-powheg-tauola
W+2Jets 2051.65 W2JetsToLNu TuneZ2Star 8TeV-madgraph
W+3Jets 608.46 W3JetsToLNu TuneZ2Star 8TeV-madgraph
W+4Jets 250.89 W4JetsToLNu TuneZ2Star 8TeV-madgraph
Z+Jets 3532.8 DYJetsToLL M-50 TuneZ2Star 8TeV-madgraph-tarball
TTH+jets 1.0 TTH Inclusive M-125 8TeV pythia6
TTW+jets 0.232 TTWJets 8TeV-madgraph
TTZ+jets 0.208 TTZJets 8TeV-madgraph v2
WW 69.9 WW TuneZ2star 8TeV pythia6 tauola
WZ 33.2 WZ TuneZ2star 8TeV pythia6 tauola
ZZ 8.4 ZZ TuneZ2star 8TeV pythia6 tauola
QCD µ enriched 84679 QCD Pt-20 MuEnrichedPt-15 TuneZ2 8TeV-pythia6
QCD EM enriched 2920632 QCD Pt 20 30 EMEnriched TuneZ2star 8TeV pythia6
QCD EM enriched 4615893 QCD Pt 30 80 EMEnriched TuneZ2star 8TeV pythia6
QCD EM enriched 183722 QCD Pt 80 170 EMEnriched TuneZ2star 8TeV pythia6
QCD EM enriched 4588 QCD Pt 170 250 EMEnriched TuneZ2star 8TeV pythia6
QCD EM enriched 556.75 QCD Pt 250 350 EMEnriched TuneZ2star 8TeV pythia6
QCD EM enriched 89.1 QCD Pt 350 EMEnriched TuneZ2star 8TeV pythia6

Table 11.4: SM background processes, cross sections, and names of the simulated samples
used for background predictions in muon and electron channels. All samples are produced
using version Summer12 DR53X-PU S10 START53 V7A-v1.
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11.3 Event Reconstruction

Events are reconstructed using the PF algorithm [191] and all recommended corrections are

applied. In this procedure, PF objects are used. All charged PF candidates which are not

associated with the main primary vertex are assumed to come from pileup events and are

ignored.

The standard jets used in this analysis are found by the anti-kT jet clustering algorithm

with the distance parameter ∆R = 0.5 cone as implented in FASTJET [133]. Jets reconstruc-

ted by this algorithm shall be labelled ak5-jets.

To select isolated leptons, the lepton relative isolation Irel is defined as the scalar sum

of the pT of tracks with pT > 1 GeV (excluding the lepton) and all transverse energy

in the calorimeter (where transverse energy ET = E sin(θ)) within a cone of radius ∆R =√
(∆φ)2 + (∆η)2 < 0.4 (0.3) for muons (electrons) around the lepton, divided by the lepton

pT -

Irel = (Itrack + IECAL + IHCAL) /pT (11.2)

where Itrack =
∑

track pT , IECAL =
∑

ECALET , and IHCAL =
∑

HCALET .

A muon candidate is considered to be isolated if Irel < 0.12, and an electron candidate if

Irel < 0.10. We use the tight identification setting for both channels as defined by [192,193].

The probability of b-tagging a jet from a hadronising b-quark is 66.1±0.3% [194] and the

probability for mistagging jets from light quarks and gluons is 1.3±0.2% calculated directly

from the entire tt̄ MC sample with a scale factor of 0.96 to adjust for the disagreement

between data and MC [195].

The pT and η dependent data-to-MC b-tagging efficiency scale factors and mistag rate

scale factors for light jets were applied on a jet-by-jet basis to all b-jets, c-jets and light jets

in the MC samples. In order to implement these corrections, the b-tag status was randomly

downgraded for heavy flavour jets and upgraded for light flavour jets as recommended by

the b-tagging Physics Operating Group (POG) [194].
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11.3.1 Jet Corrections

In this analysis, jet energy corrections (JEC) are applied throughout before any other

processing occurs. All jets in this analysis are corrected for nonlinear responses in η and

pT , as well as for a residual data-to-simulation discrepancy, the so-called “L1FastJet”,

“L2Relative”, “L3Absolute” and “L2L3Residual” corrections labeled for MC and data

respectively [134], using version jec12 V6 and CMSSW 5 3 3.

The relative correction takes a jet in a central control region (|η| < 1.3, the uniformity

of the detector) as a reference to remove variations in jet response. The absolute corrections

remove variations in jet response as a function of jet pT . The “L2L3Residual” are applied

to data to take into account residual differences to simulated jets [134, 196]. Furthermore,

we use Type-I corrections for the PFMET, which take into account the “L2L3” JEC for the

jets as described in Ref. [197].

11.3.2 Preselection

Before discussing lepton specific effects, we shall first motivate the set of preselection cuts

that are equivalent in both channels; these are kinematic cuts for the jets, lepton and

missing energy 6ET that will maximise our sensitivity to the signal. In this section we have

relaxed all selection to the minimum required cuts to account for detector effects. The

800 GeV signal templates are stacked using the nominal branching ratios and normalised to

the NNLO value with a factor of 5000 for visibility.

Jets coming from heavy T -quarks are expected to have significantly higher transverse

momenta than jets typically produced in the background SM processes. The jet momenta

of the four leading jets before pre-selection are shown in Fig. 11.2 for the muon channel and

Fig. 11.3 for the electron channel.

From these, we determine the following cuts on the four leading (highest pT ) ak5-jets:

• Leading jet pT > 120 GeV

• 2nd leading jet pT > 90 GeV

• 3rd leading jet pT > 50 GeV
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Figure 11.2: Transverse momenta of the four leading jets in the µ+jets channel before
preselection. The TT signal templates have been stacked using the nominal branching
ratios and are scaled to a factor of 5000 of the predicted cross section for visibility.
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Figure 11.3: Transverse momenta of the four leading jets in the e+jets channel before
preselection. The TT signal templates have been stacked using the nominal branching
ratios and are scaled to a factor of 5000 of the predicted cross section for visibility.
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Figure 11.4: The lepton pT and 6ET in the (left) µ+jets and (right) e+jets channels before
preselection. The TT signal templates have been stacked using the nominal branching ratios
and are scaled to a factor of 5000 of the predicted cross section for visibility.

• 4th leading jet pT > 35 GeV, when a fourth ak5-jet requirement is used.

Fig. 11.4 shows the distributions of 6ET and the lepton pT before preselection in both

channels.

The decays of a pair-produced T -quark via the lepton+jets channel are expected to

exhibit significant missing transverse energy 6ET due to the undetected neutrino from the

leptonically decaying W. A missing transverse energy cut 6ET > 20 GeV is thus applied to

the selected events. In addition, a cut on the lepton transverse momenta is imposed with

pT > 32 GeV to account for the HLT trigger turn on curve. In both channels, this cut puts

us in the region where the identification of leptons by the trigger is well understood in both

the data and MC simulations. We shall discuss the trigger in each channel separately.

Finally, detector constraints require that all jets have |η| < 2.5, and the muon (electron)

|η| < 2.1 (2.4). These selection cuts, along with the momenta of the jets, lepton and 6ET
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Figure 11.5: Number of primary vertices after pileup reweighting for (a) µ+jets and (b)
e+jets channels.

criteria are imposed throughout the rest of this analysis. The full selection is described in

Section 11.4 for the muon channel and Section 11.5 for the electron channel.

11.3.3 Pileup

A pileup correction is applied to the MC events to reproduce the distribution of the number

of pileup interactions as measured in data.

The number of added pileup interactions in the MC samples is generated using a flat

distribution of pileup interactions plus a Poisson tail for higher number of interactions. This

distribution does not correspond to the one observed in data.

Thus, a “pile-up reweighting” procedure is implemented for the MC samples according to

the distribution of the number of pile up interactions from the simulation in order to match

the pile-up distribution in data [198]. This is estimated by using the per-bunch-crossing

instantaneous luminosity. After the reweighting, the agreement between data and MC in

the distribution of the number of reconstructed primary vertices is good. The resulting

distribution of the number of vertices is shown in Fig. 11.5.

Throughout this analysis, the pileup reweighting is applied to all MC events on an event

by event basis.
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11.3.4 Substructure

It is expected that at higher T masses the number of reconstructed jets will decrease. This

is because the mass of the decaying quark is converted to energy and if the decay products

are light in relation to the parent particle, they will have very large momenta. This in turn

causes a high degree of collimation of their decay products making it difficult to reconstruct

them separately using the standard anti-kT algorithm. High momenta boosted particles

coming from the same parent will thus be reconstructed as a single jet.

Therefore, we remove the requirement of a fourth jet and investigate the effect of jet

merging as a function of mass. Fig. 11.6 and Fig. 11.7 show the number of jets in muon

and electron channels respectively for all six channels after event selection. These figures

are area normalised and indicate that a significant proportion of signal events would be lost

from requiring a fourth jet in our analysis.

Notice that since the T → bW has the lightest final state particles, the bW particles are

likely to be the most boosted objects and suffer the greatest from the merging of jets.

To take this into account, we shall consider two situations: boosted “W-jets” and boos-

ted “top-jets”, collectively known as CA8-jets.

W-jets

The W-boson may arise directly from the T -quark or it may be from a moderately boosted

top-quark. We consider the case where the b-quark is reconstructed independently of the

W-boson. In the scenario of a boosted “W-jet”, the decay products of the W-boson are

highly collimated and reconstructed as a single jet. The jet-clustering algorithm that we

use is the Cambridge-Aachen (CA) with a cone size ∆R = 0.8. This algorithm implements

the procedure from the original theoretical paper Ref. [199]. From these jets, we then use

a jet pruning algorithm [137], [138] to identify the hadronic decay of the W-boson.

Jets are required to have loose PF-jet identification [196] and the following additional

requirements:

• Nsubjets = 2, where Nsubjets is the number of subjets that make up the W-jet.

• pT > 200 GeV, and |η| < 2.4 of the W-jet.
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Figure 11.6: Area normalised distribution of the number of ak5-jets in µ+jets events for all
decay modes separately.

198



nJets
0 2 4 6 8 10 12 14

E
ve

nt
s

0
0.05

0.1
0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

CMS Simulation  = 8 TeVs  e+jets   

  bWbW→ (500GeV) TT

  bWbW→ (800GeV) TT

  bWbW→ (1100GeV) TT

  bWbW→ (1400GeV) TT

nJets
0 2 4 6 8 10 12 14

E
ve

nt
s

0
0.05

0.1
0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

CMS Simulation  = 8 TeVs  e+jets   

  bWtH→ (500GeV) TT

  bWtH→ (800GeV) TT

  bWtH→ (1100GeV) TT

  bWtH→ (1400GeV) TT

nJets
0 2 4 6 8 10 12 14

E
ve

nt
s

0
0.05

0.1
0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

CMS Simulation  = 8 TeVs  e+jets   

  bWtZ→ (500GeV) TT

  bWtZ→ (800GeV) TT

  bWtZ→ (1100GeV) TT

  bWtZ→ (1400GeV) TT

nJets
0 2 4 6 8 10 12 14

E
ve

nt
s

0
0.05

0.1
0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

CMS Simulation  = 8 TeVs  e+jets   

  tHtH→ (500GeV) TT

  tHtH→ (800GeV) TT

  tHtH→ (1100GeV) TT

  tHtH→ (1400GeV) TT

nJets
0 2 4 6 8 10 12 14

E
ve

nt
s

0
0.05

0.1
0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

CMS Simulation  = 8 TeVs  e+jets   

  tHtZ→ (500GeV) TT

  tHtZ→ (800GeV) TT

  tHtZ→ (1100GeV) TT

  tHtZ→ (1400GeV) TT

nJets
0 2 4 6 8 10 12 14

E
ve

nt
s

0
0.05

0.1
0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

CMS Simulation  = 8 TeVs  e+jets   

  tZtZ→ (500GeV) TT

  tZtZ→ (800GeV) TT

  tZtZ→ (1100GeV) TT

  tZtZ→ (1400GeV) TT

Figure 11.7: Area normalised distribution of the number of ak5-jets in e+jets events for all
decay modes separately.
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Figure 11.8: Invariant mass of all W-tagged jets in the (a) µ+jets and (b) e+jets channels.

• 60 < mjet < 130, where mjet is the invariant mass of the four-vector sum of the

constituents of the hard CA W-jet.

The invariant mass of all W-jets is shown in Fig. 11.8 after relaxing the mass requirement.

There is a clear peak at the W -boson mass 80.4 GeV, and also at the t-quark mass at

172.9 GeV. A small excess in the signal distribution is also visible at around the Higgs

mass (125 GeV).

The mass-drop defined as the ratio of the mass of the leading (highest pT ) subjet to

the mass of the W-jet is shown in Fig. 11.9. An additional cut on the mass-drop in the W-

tagged jets was considered but does not provide good discrimination between background

and signal and therefore was not included in our selection criteria.

With the definition described above, the number of W-tagged jets and the leading W-

jet pT is shown in Fig. 11.10 for both channels. These figures include all events with and

without substructure.

As the collimation increases with higher T -quark masses, the number of W-tagged jets

also increases. This is shown for the different signal decay channels in Fig. 11.11 for the

muon channel and Fig. 11.12 for the electron channel.

Using the definition of W-tagging, we split all selected events in each channel into two

mutually exclusive categories. The first set, which we shall call “substructure events”,

contain ≥ 3 standard ak5-jets and ≥ 1 W-tagged jets. The second, “without substructure”,
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Figure 11.9: Mass-drop, defined as ratio of the mass of the leading subjet of the leading
W-jet, in the (a) µ+jets and (b) e+jets channels.
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Figure 11.10: Number of W-tagged jets in the (a) µ+jets and (b) e+jets channels and the
leading W-jet transverse momentum pT in the (c) µ+jets and (d) e+jets channels.
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Figure 11.11: Area normalised number of W-tagged jets for all signal decay modes at 500,
800, 1100, 1400 GeV in the µ+jets channel.
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Figure 11.12: Area normalised, number of W-tagged jets for all signal decay modes at 500,
800, 1100, 1400 GeV in the e+jets channel.
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corresponds to events with ≥ 4 ak5-jets and no W-tagged jets. These distinct categories

of events shall be statistically combined at the very end in the limit setting procedure.

However, for conciseness, all plots unless otherwise stated will contain all events with and

without substructure per lepton channel.

Top-jets

The number of “top-jets” in the event will be used to discriminate signal from background

in the statistical procedure. In this case, all decay products of a top-like quark are merged

into one jet. We use a top-tagging algorithm based on identifying jet substructure [137] and

follow the implementation in [138].

Top-jets are clustered using the Cambridge-Aachen clustering algorithm with a cone of

size ∆R = 0.8 [199] as implemented in FASTJET version 3 [133]. As with the W-jets, top-jet

candidates are required to have loose PF-jet identification [196] and the following additional

requirements:

• Nsubjets ≥ 3, where Nsubjets is the number of subjets of the top-jet.

• pT > 200 GeV, |η| < 2.4 of the top-jet.

• 140 < mjet < 250 GeV where mjet is the invariant mass of the four-vector sum of the

constituents of the hard CA top-jet.

• mmin > 50 GeV where mmin is the minimum pair-wise mass. For defining mmin the

three highest pT subjets are taken pairwise. For each pair the invariant mass is calcu-

lated asmij =
√

(Ei + Ej)2 − (p̄i + p̄j)2 and the minimummmin = min[m12,m13,m23]

is taken.

With the above definition, the number of top-tagged jets is shown in Fig. 11.13 for both

channels. The expected number of background events with large top-jet multiplicity is small

corresponding to the small number of decay process that contain a top-quark. These figures

include all events with and without substructure.
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Figure 11.13: The number of top-tagged jets in the (a) µ+jets and (b) e+jets channels.

The number of top-tagged jets in the different signal decay channels are shown in

Fig. 11.14 and Fig. 11.15 for the muon and the electron channels respectively. As in the

case for the W-jets, there are more merged top-jets scenarios with higher T -quark masses.

Finally, since no CA8 jet corrections are currently available, the W-jets and top-jets used

in this analysis use the (additional) ak7-CHS jet correction [200] and a flat 3% uncertainty

on the CA8-jet tagging efficiency [201].

11.3.5 W+Jets Scale Factors

The branching ratios of the W+nJets samples into its decay products is poorly understood

in the corner of phase space of our analysis. W+Jets scale factors are therefore applied to

all W+nJets MC events to match the events observed in data.

We start with the SHyFT scale factors for light, b, and c-jet events calculated at
√
s = 7

TeV in 2011 [202]. We then apply a correction to account for the increase of centre of mass

energy to
√
s = 8 TeV in 2012. This additional correction consists of two separate scale

factors applied using the MC truth information: a heavy scale factor is applied to W+nJets

MC events with at least one b-quark and a light scale factor is applied to all other W+nJets

events.

To derive these corrections, we define a (mutually exclusive) control region with exactly

3 ak5-jets and exactly 0 W-tagged jets, where all other selection requirements are the same
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Figure 11.14: Area normalised number of top-tagged jets for all signal decay modes at
500, 800, 1100, 1400 GeV in the muon channel.
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Figure 11.15: Area normalised number of top-tagged jets for all signal decay modes at
500, 800, 1100, 1400 GeV in the electron channel.
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as the signal region. We shall derive the corrections using the number of b-tagged jets in

the event, using the CSV algorithm medium working point. We analytically solve for the

two scale factors using the two constraints that the number of events with 0 b-tagged jets

and the total number of events in the simulated MC background matches the numbers of

events in the data.

This is calculated in both channels independently to account for any differences in the

lepton trigger efficiencies and ID efficiencies. There is roughly a 10% uncertainty in these

scale-factors, derived by computing the values for the b-tag “up” and “down” template

systematics (discussed later in Section 11.6) in a similar manner.

The exact values of the final scale factors applied to the W+nJets samples are listed

here for completeness:

• W+light jets : 0.93

• W+c jets : 1.57

• W+b jets : 1.14

The resulting b-tag multiplicities for both channels before and after applying the com-

plete set of scale factors are shown for the control region in Fig. 11.16.

We then test these scale-factors on mutually exclusive events in a second control region.

This region has the same selection requirement as the first, except that it has either two or

three jets (if the third jet has less than 35 GeV). The b-tag multiplicity is shown before and

after the application of the W-jet scale-factors in Fig. 11.17. As one can see, it significantly

improves the agreement between data and MC simulation.

These scale factors are applied throughout the analysis.
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Figure 11.16: Number of jets with CSVM b-tag in the control region before applying the
scale factors in the (a) µ+jets, (b) e+jets channel and after applying the scale factors in
the (c) µ+jets, (d) e+jets channel.
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Figure 11.17: Number of jets with CSVM b-tag in the second control region before applying
the scale factors in the (a) µ+jets, (b) e+jets channel and after applying the scale factors
in the (c) µ+jets, (d) e+jets channel.
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11.4 Muon Channel

11.4.1 Trigger and Muon ID

The trigger HLT IsoMu24 eta2p1 used in the muon (µ+jets) channel is based on the pres-

ence of at least one isolated muon with minimum transverse momentum pT of 24 GeV. This

trigger was unprescaled throughout all data-taking in 2012.

The trigger, isolation, and identification efficiencies for simulated MC samples are scaled

to the scale factors listed in Table 11.5. These are derived from the full 2012 ABCD

datasets and have a flat 3% uncertainty associated with them [192]. This accounts for the

reconstruction differences between data and MC of the muon.

11.4.2 Muon Selection

Events in the muon channel are required to satisfy the selection criteria described in detail

in the following paragraphs:

• The use of particle-flow (PF) muons obtained from the PF2PAT algorithm [191]

• Events are required to have at least one primary pp interaction vertex where vertices

are identified by applying an adaptive fit to clusters of reconstructed tracks. The

primary vertex must be within±24 cm of the nominal interaction point in the direction

along the proton beams and less than 2 cm away in the plane perpendicular to the

beam.

• Require exactly one tight muon in the event [203]

• Muon pT > 32 GeV.

pT > 20 GeV 0 < |η| < 0.9 0.9 < |η| < 1.2 1.2 < |η| < 2.1
Trigger SF 0.981 0.961 0.983

Isolation SF 1.000 1.003 1.005
Identification 0.994 0.990 0.997

Table 11.5: The scale factors applied throughout the muon channel provided by the muon
POG [192]. A flat 3% uncertainty is applied for these numbers in the statistical procedure.

211



• Muon |η| < 2.1, motivated by detector coverage.

• Muons must extrapolate to within |d0| < 0.02 cm of the interaction vertex in the plane

perpendicularlar to the beams and to within |dz| < 1 cm in the direction along the

beam-axis

• Require PF based isolation Irel < 0.12 for the muon with ‘DeltaBeta’ corrections

(11.2) [192]. This ensures that the muons from W bosons in top-like decays are

isolated from other high-pT particles in the event.

• Dilepton Veto:

We veto events with an identified second loose muon. The loose muon selection

criteria is defined as Global muons with pT > 10.0 GeV and |η| < 2.5. They are

required to have a relative combined PF isolation Irel < 0.2 within a cone of ∆R < 0.4

around the Global muon candidate momentum direction.

We veto events with an identified loose electron candidate. The loose electron

selection criteria is defined using the Cut Based electron identification ‘Loose’ working

point [193]. There is a relative isolation requirement of Irel < 0.15. No conversion

rejection cuts are applied. These loose electron candidates are required to have a

ET > 20.0 GeV and |η| < 2.5 with the exclusion of the transition region of the

calorimeter.

• We require events that contain at least three ak5-jets with leading jet pT > 120 GeV,

second leading jet pT > 90 GeV, third leading jet pT > 50 GeV. In events without

W -jets a fourth ak5-jet with pT > 35 GeV is required.

• We use the anti-kT clustering algorithm for the standard PFJets, which must be

within the η-range of |η| < 2.4. The η-range is driven by the acceptance of the silicon

tracker to allow the use of b-tagging. Additionally, jets that are close to the muon,

within ∆R < 0.4, are discarded.

• The selection criteria for W -jets and top-jets are described in Section 11.3.4 and

Section 11.3.4 respectively.
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• b-tagging: We use the Combined Secondary Vertex (CSV) b-jet tagging algorithm [136].

The use of b-tagging information can further discriminate signal and background

events due to the high expected b jet multiplicity in signal. The CSV b-tagging

algorithm with the medium working point was used.

• To suppress QCD backgrounds we apply a 6ET > 20 GeV cut. No QCD events pass

all selection criteria in the muon channel.

The event yields for events surviving the total selection in data and background MC

predictions are shown on Table 11.6 for events with and without substructure. Data and

expected SM backgrounds, based on the MC samples listed in Table 11.4, are normalised

to an integrated luminosity of 19.6 fb−1.

process events with substructure events without substructure

t t-channel 74.37 ± 4.59 232.97 ± 8.18
t t-channel 35.45 ± 3.26 113.92 ± 5.99
tW 372.18 ± 12.51 451.38 ± 13.96
tW 378.34 ± 12.00 474.59 ± 13.39
t s-channel 15.12 ± 2.12 32.15 ± 2.95
t̄ s channel 4.28 ± 1.01 12.36 ± 1.73
tt̄+jets 11022.09 ± 66.37 22477.67 ± 94.95
W+2Jets 2.68 ± 2.68 27.04 ± 8.15
W+3Jets 939.16 ± 38.25 106.50 ± 13.42
W+4Jets 6567.94 ± 73.22 13361.33 ± 106.47
Z+Jets 832.80 ± 59.95 1434.08 ± 78.12
ttH+Jets 197.27 ± 1.96 368.26 ± 2.68
ttW+Jets 61.63 ± 0.72 82.60 ± 0.84
ttZ+Jets 43.74 ± 0.91 64.65 ± 1.10
WW 206.47 ± 5.26 145.92 ± 4.44
WZ 71.22 ± 1.99 55.73 ± 1.75
ZZ 5.60 ± 0.30 7.03 ± 0.33
QCD µ enriched 0.00 ± 0.00 0.00 ± 0.00

total MC 20830.35 ± 123.31 39448.19 ± 164.99
total data 20017 38664

Table 11.6: Number of events for background MC and data after selection in µ+jets events
with and without substructure. The SM backgrounds are normalised to predicted cross
sections for 19.6 fb−1. Errors are purely statistical.

The selection efficiency for the T T̄ signal is shown in Fig. 11.18 and tabulated in

Table 11.7 for events with substructure and Table 11.8 for events without substructure.

The b-jets in signal events originate from the T -quark decays. Additionally, signal events

often have gluon jets that arise from initial or final state radiation. Distributions for the

number of jets and the number of b-tagged jets in the µ+jets sample are shown in Fig. 11.19.
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Figure 11.18: Signal selection efficiency in the µ+jets channel in events (a) with and (b)
without substructure.

Mass [GeV] bWbW bWtH bWtZ tHtH tHtZ tZtZ
500 4.62± 0.06% 4.47± 0.10% 4.42± 0.04% 3.59± 0.09% 3.62± 0.09% 4.08± 0.05%
600 5.68± 0.06% 5.61± 0.11% 5.50± 0.06% 5.28± 0.10% 4.83± 0.10% 5.18± 0.06%
700 6.51± 0.07% 6.26± 0.11% 6.13± 0.06% 5.97± 0.11% 5.40± 0.11% 5.87± 0.06%
800 7.01± 0.06% 6.72± 0.12% 6.62± 0.07% 6.16± 0.11% 5.89± 0.11% 6.13± 0.06%
900 7.51± 0.07% 7.05± 0.07% 6.89± 0.05% 6.48± 0.11% 5.96± 0.08% 6.08± 0.06%
1000 7.79± 0.07% 7.28± 0.07% 6.89± 0.07% 6.24± 0.11% 5.98± 0.06% 6.12± 0.06%
1100 8.03± 0.07% 7.35± 0.09% 7.12± 0.07% 6.18± 0.11% 5.90± 0.06% 6.17± 0.06%
1200 8.25± 0.07% 7.38± 0.07% 7.12± 0.07% 6.18± 0.11% 5.69± 0.06% 6.10± 0.06%
1300 8.30± 0.07% 7.36± 0.07% 7.05± 0.07% 6.32± 0.11% 5.59± 0.06% 5.83± 0.06%
1400 8.27± 0.05% 7.39± 0.07% 7.00± 0.05% 5.71± 0.11% 5.38± 0.06% 5.61± 0.06%
1500 8.29± 0.07% 7.42± 0.07% 7.01± 0.05% 5.95± 0.11% 5.46± 0.04% 5.45± 0.06%

Table 11.7: Signal selection efficiency with statistical uncertainties in the µ+jets channel
for different T masses in events with substructure (≥ 3 ak5-jets and ≥ 1 W -jets).

Mass [GeV] bWbW bWtH bWtZ tHtH tHtZ tZtZ
500 3.08± 0.04% 3.5± 0.09% 3.23± 0.03% 3.3± 0.08% 3.21± 0.08% 2.94± 0.04%
600 2.83± 0.04% 3.01± 0.08% 2.76± 0.04% 2.85± 0.08% 2.48± 0.07% 2.37± 0.04%
700 2.64± 0.04% 2.78± 0.08% 2.46± 0.04% 2.42± 0.07% 2.08± 0.07% 1.94± 0.03%
800 2.45± 0.04% 2.41± 0.07% 2.19± 0.04% 1.93± 0.06% 1.96± 0.06% 1.72± 0.03%
900 2.36± 0.04% 2.07± 0.04% 2.17± 0.03% 1.75± 0.06% 1.66± 0.04% 1.61± 0.03%
1000 2.22± 0.04% 1.90± 0.04% 2.06± 0.04% 1.66± 0.06% 1.50± 0.03% 1.50± 0.03%
1100 2.25± 0.04% 1.83± 0.04% 1.81± 0.03% 1.46± 0.06% 1.37± 0.03% 1.31± 0.03%
1200 2.20± 0.04% 1.68± 0.03% 1.81± 0.03% 1.27± 0.05% 1.20± 0.03% 1.24± 0.03%
1300 2.20± 0.04% 1.63± 0.03% 1.76± 0.03% 1.24± 0.05% 1.05± 0.03% 1.16± 0.03%
1400 2.14± 0.03% 1.49± 0.03% 1.73± 0.02% 1.14± 0.05% 1.04± 0.03% 1.07± 0.03%
1500 2.01± 0.03% 1.46± 0.03% 1.68± 0.02% 0.93± 0.04% 0.95± 0.02% 1.08± 0.02%

Table 11.8: Signal selection efficiency with statistical uncertainties in the µ+jets channel
for different T masses in events without substructure (≥ 4 ak5-jets and = 0 W -jets).
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The most important kinematic distributions for this analysis are the jet pT of the four

leading ak5-jets, shown in Fig. 11.20, the lepton pT and the neutrino momenta in the form

of the missing transverse energy 6ET , both shown in Fig. 11.21. Finally, the HT the scalar

sum of the transverse momentum of all jets, 6ET and lepton pT , is shown in Fig. 11.22.

These variables are used in the statistical procedure described in Section 11.7.
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Figure 11.19: (a) Number of jets and (b) number of CSVM b-tagged jets in the µ+jets
channel.
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Figure 11.20: Transverse momenta for the four jets with highest pT in the µ+jets channel.
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Figure 11.21: (a) Muon pT and (b) the missing transverse energy 6ET in the µ+jets channel.
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Figure 11.22: HT scalar sum of pT of all jets, the lepton and the missing transverse energy
6ET in the µ+jets channel.

11.5 Electron Channel

11.5.1 Trigger and Electron ID

The trigger for the electron channel (e+jets) in this analysis, is the single electron trigger

HLT Ele27, which requires at least one isolated electron with pT > 27 GeV. This trigger

was unprescaled for the whole 2012 data taking period.

We derive a flat scale factor to account for the difference of efficiencies of triggering on

electrons between MC and data. This is derived by using a tag-and-probe method which

proceeds as follows. In the single electron data and the Drell-Yann (Z+jets) MC sample,

we look for events with exactly two tight electrons. We match one of them, the “tag”,

to a HLT Ele27 trigger object. The second electron is used as the “probe”. We check if

the probe is matched to a second HLT Ele27 trigger object. The invariant mass of the

electron pairs for all events, and also for the subsets of all events in which the probe is

matched to a second trigger object (“passing”) and in which it is not (“failing”), are shown
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Figure 11.23: The invariant mass of the two electrons in the tag-and-probe for (left) all
lepton pairs, (centre) passing lepton pairs and (right) failing lepton pairs.
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Figure 11.24: Trigger efficiency for the single electron trigger Ele 27 as a function of (a) η
and (b) pT of the electron probe.

in Fig. 11.23. We then count the number of events in the invariant mass window of the

dileptons 80 < Mll < 100 for all probes and all passing probes as a function of pT and η.

The ratio of the passing probes to all events with two electrons is shown for both data and

Z+jets MC simulation in Fig. 11.24. Finally, we take the ratio of data and Monte Carlo

simulation efficiencies. For simplicity, we select events with one electron with pT > 32 GeV

and use a flat scale factor of 0.980± 0.013 across all η and pT ranges.

The electron ID for this analysis uses the Cut Based Electron ID working point tight [193].

For the ID and isolation efficiency we use the centrally produced scale factors, listed in

Table 11.9, to account for differences between data and MC [126].

218



pT 0.0 < |η| < 0.8 0.8 < |η| < 1.442 1.442 < |η| < 1.556 1.556 < |η| < 2.0 2.0 < |η| < 2.5
10− 15 0.818± 0.042 0.840± 0.024 1.008± 0.203 0.906± 0.031 0.991± 0.084
15− 20 0.928± 0.044 0.914± 0.008 0.877± 0.049 0.907± 0.019 0.939± 0.046
20− 30 0.973± 0.005 0.948± 0.005 0.983± 0.003 0.957± 0.008 1.001± 0.013
30− 40 0.979± 0.002 0.961± 0.005 0.983± 0.002 0.962± 0.002 1.002± 0.003
40− 50 0.984± 0.000 0.972± 0.001 0.957± 0.000 0.985± 0.001 0.999± 0.006
50− 200 0.983± 0.000 0.977± 0.004 0.978± 0.004 0.986± 0.001 0.995± 0.009

Table 11.9: Electron SF for electron identification and isolation for the tight working point
used to correct the differences between data and MC.

In total, we assign a conservative 3% uncertainty to account for triggering, identification

and isolation efficiencies. This identification uncertainty is used in the limit setting tool,

theta, described in Section 11.8.1 [204].

11.5.2 Electron Selection

Events in the electron channel are required to satisfy the same requirements as the muon

selection except for the differences described in the following paragraphs:

• Instead of a tight muon, we require exactly one tight electron in the event using the

Cut Based ID tight working point from EGamma recommendations [193].

• Electron pT > 32 GeV is required.

• Electron |η| < 2.5. We exclude the barrel-endcap transition region in the ECAL,

1.44 < |ηSC | < 1.566, since it is not instrumented and thus the quality of the recon-

structed superclusters (SC) used for identifying electrons is degraded.

• Require PF ρ-corrected isolation for the electron with a cone size of ∆R = 0.3

(11.2) [193].

• Conversion rejection: electrons with no hits in the innermost pixel layer are considered

to arise from photon conversions and are rejected. Furthermore, electrons are rejected

when a partner track is found that is consistent with a photon conversion, based on

the vertex fit probability being less that 10−6.
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• In addition, specific to the e+jets channel, jets have to pass jetId cuts to reject most

fake jets from calorimeter and/or readout electronics noise, provided by the JetMET

group [205]:

CHF > 0.00,

NHF < 0.99,

CEF < 0.99,

NEF < 0.99,

NCH > 0,

Nconstituents > 1

where CHF, NHF, CEF, NEF are the fractions of the uncorrected PFJet energy carried

by charged hadronic energy, neutral hadronic energy, charged electromagnetic energy,

and neutral electromagnetic energy, respectively. NCH and Nconstituents is the num-

ber of charged hadrons in the PFJet and the number of PF constituents in the jet,

respectively.

The event yields for the total selection in data and background MC predictions are

shown in Table 11.10 for events with and without substructure. Data and expected SM

backgrounds, based on the MC samples listed in Table 11.4, are normalised to an integrated

luminosity of 19.6 fb−1.

The selection efficiency for the T T̄ signal is shown in Fig. 11.25 and tabulated in

Table 11.11 and Table 11.12 for events with and without substructure respectively.

Distributions for the number of jets and the number b-tagged jets in e+jets events are

shown in Fig. 11.26. The most important kinematic distributions for this analysis are: the

jet pT of the four leading jets, shown in Fig. 11.27; the lepton pT and the missing transverse

energy, both shown in Fig. 11.28; and HT , the scalar sum of the transverse momentum of

all jets, 6ET and lepton pT shown in Fig. 11.29. These variables are used in the statistical

procedure described in Section 11.7.
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process events with substructure events without substructure

t t-channel 69.18 ± 4.38 234.17 ± 8.17
t t-channel 28.85 ± 2.86 119.20 ± 5.96
tW 382.20 ± 12.69 423.70 ± 13.35
tW 350.19 ± 11.25 436.81 ± 12.81
t s-channel 11.98 ± 1.79 27.21 ± 2.73
t̄ s channel 6.16 ± 1.21 8.72 ± 1.40
tt̄+jets 11058.51 ± 65.83 22484.31 ± 94.16
W+2Jets 3.27 ± 3.27 28.74 ± 8.30
W+3Jets 1052.11 ± 40.83 64.27 ± 9.37
W+4Jets 6400.03 ± 71.64 12466.56 ± 101.49
Z+Jets 667.74 ± 53.12 1388.80 ± 76.68
ttH+Jets 207.34 ± 1.99 379.72 ± 2.70
ttW+Jets 59.20 ± 0.70 80.80 ± 0.82
ttZ+Jets 44.82 ± 0.92 65.33 ± 1.10
WW 208.18 ± 5.24 137.44 ± 4.25
WZ 67.78 ± 1.90 58.76 ± 1.80
ZZ 6.72 ± 0.33 7.02 ± 0.34
QCD EM 20 < pT < 80 GeV 0.00 ± 0.00 0.00 ± 0.00
QCD EM 80 < pT < 170 GeV 103.61 ± 103.61 727.64 ± 275.02
QCD EM 170 < pT < 250 GeV 229.39 ± 24.59 493.14 ± 37.07
QCD EM 250 < pT < 350 GeV 161.52 ± 7.02 168.77 ± 7.28
QCD EM 350 GeV < pT 57.97 ± 1.70 59.97 ± 1.73

total MC 21176.74 ± 160.35 39861.06 ± 320.55
total Data 20836 40364

Table 11.10: Number of events for background MC and data after selection in e+jets events
with and without substructure. The SM backgrounds are normalised to predicted cross
sections for 19.6 fb−1. Errors are purely statistical.
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Figure 11.25: Signal efficiency of in the e+jets channel in events (a) with and (b) without
substructure.
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Mass [GeV] bWbW bWtH bWtZ tHtH tHtZ tZtZ
500 4.42± 0.05% 4.25± 0.09% 4.27± 0.04% 4.06± 0.09% 3.8± 0.09% 4.26± 0.05%
600 5.51± 0.06% 5.60± 0.11% 5.49± 0.06% 5.22± 0.1% 5.06± 0.1% 5.50± 0.06%
700 6.24± 0.06% 6.49± 0.11% 6.30± 0.06% 6.03± 0.11% 5.86± 0.11% 6.15± 0.06%
800 6.82± 0.06% 6.84± 0.12% 6.62± 0.07% 6.77± 0.12% 6.22± 0.11% 6.51± 0.07%
900 7.20± 0.07% 7.33± 0.07% 7.16± 0.05% 6.89± 0.12% 6.70± 0.08% 6.84± 0.07%
1000 7.55± 0.07% 7.66± 0.07% 7.18± 0.07% 7.11± 0.12% 6.48± 0.07% 6.97± 0.07%
1100 7.76± 0.07% 7.64± 0.09% 7.37± 0.07% 7.56± 0.13% 6.71± 0.07% 6.78± 0.07%
1200 7.98± 0.07% 7.86± 0.07% 7.37± 0.07% 7.19± 0.12% 6.61± 0.07% 6.89± 0.06%
1300 8.15± 0.07% 7.78± 0.07% 7.31± 0.07% 7.22± 0.12% 6.52± 0.07% 6.74± 0.07%
1400 8.08± 0.05% 7.94± 0.07% 7.36± 0.05% 7.04± 0.12% 6.53± 0.07% 6.50± 0.06%
1500 8.04± 0.07% 7.90± 0.07% 7.25± 0.05% 7.22± 0.12% 6.23± 0.04% 6.35± 0.06%

Table 11.11: Signal selection efficiency with statistical uncertainties in the e+jets channel
for different T masses in events with substructure (≥ 3 ak5-jets and ≥ 1 W -jets).

Mass [GeV] bWbW bWtH bWtZ tHtH tHtZ tZtZ
500 3.04± 0.04% 3.52± 0.09% 3.14± 0.03% 3.86± 0.09% 3.28± 0.08% 3.01± 0.04%
600 2.81± 0.04% 3.16± 0.08% 2.93± 0.04% 2.93± 0.08% 2.61± 0.07% 2.54± 0.04%
700 2.50± 0.04% 2.71± 0.07% 2.48± 0.04% 2.60± 0.07% 2.31± 0.07% 2.04± 0.03%
800 2.38± 0.04% 2.40± 0.07% 2.37± 0.04% 2.31± 0.07% 2.00± 0.06% 1.88± 0.04%
900 2.24± 0.04% 2.19± 0.04% 2.15± 0.03% 2.26± 0.07% 1.68± 0.04% 1.75± 0.03%
1000 2.28± 0.04% 1.96± 0.04% 2.13± 0.04% 1.92± 0.06% 1.68± 0.03% 1.65± 0.03%
1100 2.19± 0.04% 1.88± 0.04% 1.88± 0.04% 1.66± 0.06% 1.49± 0.03% 1.50± 0.03%
1200 2.13± 0.04% 1.79± 0.04% 1.88± 0.04% 1.74± 0.06% 1.47± 0.03% 1.42± 0.03%
1300 2.09± 0.04% 1.76± 0.03% 1.89± 0.03% 1.36± 0.05% 1.34± 0.03% 1.30± 0.03%
1400 2.10± 0.03% 1.62± 0.03% 1.81± 0.02% 1.23± 0.05% 1.26± 0.03% 1.26± 0.03%
1500 2.03± 0.03% 1.61± 0.03% 1.76± 0.02% 1.25± 0.05% 1.18± 0.02% 1.23± 0.03%

Table 11.12: Signal selection efficiency with statistical uncertainties in the e+jets channel
for different T masses in events without substructure (≥ 4 ak5-jets and = 0 W -jets).
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Figure 11.26: (a) Number of jets and (b) Number of CSVM b-tagged jets in the e+jets
channel.
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Figure 11.27: Transverse momentum for the four jets with highest pT in the e+jets channel.

223



E
ve

nt
s 

[/1
0 

G
eV

]

2000

4000

6000

8000

10000

12000

CMS preliminary  = 8 TeVs, -119.6 fbe+jets   

tt
Single-top
V+Jets
VV
QCD
Uncertainty

  bWbW→ (800GeV) T1000 T×
  bWtH→ (800GeV) T1000 T×
  bWtZ→ (800GeV) T1000 T×
  tHtH→ (800GeV) T1000 T×
  tHtZ→ (800GeV) T1000 T×
  tZtZ→ (800GeV) T1000 T×

 [GeV]
T

Lepton p
50 100 150 200 250 300 350 400 450 500

(D
at

a-
M

C
)

σ -2
0
2

(a)

E
ve

nt
s 

[/2
0 

G
eV

]

2000
4000
6000
8000

10000
12000
14000
16000
18000

CMS preliminary  = 8 TeVs, -119.6 fbe+jets   

tt
Single-top
V+Jets
VV
QCD
Uncertainty

  bWbW→ (800GeV) T1000 T×
  bWtH→ (800GeV) T1000 T×
  bWtZ→ (800GeV) T1000 T×
  tHtH→ (800GeV) T1000 T×
  tHtZ→ (800GeV) T1000 T×
  tZtZ→ (800GeV) T1000 T×

 [GeV]
T

Missing p
0 100 200 300 400 500 600

(D
at

a-
M

C
)

σ -2
0
2

(b)

Figure 11.28: (a) Electron pT and (b) missing transverse energy 6ET in the e+jets channel.
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Figure 11.29: HT scalar sum of pT of all jets, the lepton and the missing transverse energy
6ET in the e+jets channel.
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11.6 Systematic Uncertainties

In general, the presence of a systematic uncertainty affects both the number of selected

events and the distribution of the investigated discriminating observables, resulting in mod-

ified distributions for the different processes.

Uncertainties in the lepton scale factors, background yields, and luminosity are applied

as Gaussian constraints in the statistical procedure. To incorporate jet energy correction,

resolution, b-tagging, scale and match uncertainties in the computation of the T cross section

limits, we create systematic variations in the templates corresponding to the up and down

variations described in this section.

The resulting templates are integrated into the final limit calculation by applying a

Gaussian constraint within ±1σ using vertical morphing techniques.

11.6.1 Jet Energy Scale

The jet energy systematic (JES) uncertainty is the main systematic uncertainty. The signal,

TT , and the largest background, tt̄, have very steeply falling spectra for the pT of the third

and fourth jets in our events. Any uncertainty in the energy scale would have a consider-

able impact on the behaviour of these steeply falling distributions and hence influence our

measurements significantly.

We take the jet energy correction uncertainty directly from the Global Tag provided by

the JetMET group [200]. The missing transverse energy is modified simultaneously since

the effect of changing the four momentum of our jets is 100% correlated with the measured

6ET . We extract the uncertainty in the nominal scale creating new up and down uncertainty

templates.

11.6.2 Jet Energy Resolution

As studies done by the JetMET group have shown, the jet energy resolution (JER) in the

simulation is different than in data. The procedure developed to correct for these differences

carries an uncertainty. The jets in this analysis are corrected in the simulation to match

the resolution in data.
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To account for JER correction systematic, we follow prescriptions on systematic uncer-

tainties from [206]. We prepare −1σ, nominal and +1σ templates by scaling the difference

of the reconstructed jet pT and the matched generator-level pT by an η dependent factor.

The 6ET value is simultaneously modified according the changes of the jets’ momenta.

11.6.3 b-tagging

The uncertainty in the b-tagging scale factors, which account for the difference between

data and simulated MC, has a smaller impact on the shape of the kinematic distributions.

However, it is important for the b-tag multiplicity in all events and thus will influence the

final discrimination of signal against background. This systematic uncertainty is taken into

account by varying the b-tagging scale factor by one sigma up and down. The b-tagging

working group provides these uncertainties that are parameterised for jet pT and η [195].

11.6.4 Scale (Q2)

The uncertainty in the factorisation/normalisation “scale” Q, used for the strong coupling

constant αs(Q
2), is estimated by using two sets of tt̄ MC samples in which the scale Q is

increased and decreased by factors of two relative to its nominal value [152].

11.6.5 Matching thresholds

pythia is used to hadronise all partons in the tt̄ MC sample; it then uses a “matching”

criteria to filter out events where any jet is generated too far away from their original

partons.

Two tt̄ MC samples, generated with varied matching up and down thresholds (corres-

ponding to the situations where the default criteria is adjusted by a factor of 0.5 and 2 re-

spectively), are used to estimate the uncertainties introduced by the matching criteria [207].

11.6.6 Lepton Scale Factors

Differences in the lepton identification efficiencies between data and MC are corrected by

scale factors. These correction factors have been applied throughout this analysis to match
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the trigger and lepton selection efficiencies in simulated samples to those in data; these are

obtained from data-driven techniques using decays of Z bosons to dileptons.

In the µ+jets channel, the trigger efficiency scale factor is measured as an average over

the 2012 A, B, C and D runs for the single muon HLT IsoMu24 trigger. The trigger, muon

ID and muon PF isolation data-to-MC scale factors are listed in Table 11.5 as provided by

the muon POG [192].

In the e+jets channel, the trigger scale factor applied to the MC is 0.980 ± 0.01. The

combined electron ID and isolation scale factors are shown in Table 11.9 as provided by the

EGamma POG [126].

We assign a 3% flat uncertainty in both channels to account for the three scale factors

that account for ID, isolation and trigger efficiencies [2].

11.6.7 W-jet Uncertainties

A flat 3% uncertainty is applied to account for the uncertainty in tagging W-jets [201].

11.6.8 Background Yields

The uncertainty in the background yields is accounted for by flat normalisation uncertain-

ties. Due to the limited statistics in the simulated samples, all non-tt̄ backgrounds are

added together. A conservative 30% uncertainty is applied to account for the cross section

uncertainty from the W+Jets scale factors. This is calculated by combining (in quadrature)

the 20% variation in the scale factors between channels and an additional 20% efficiency

difference observed when using the Q2 scale variations of the W+Jets MC samples. Further,

the uncertainty in cross sections of all other non-tt̄ SM backgrounds is also roughly 30% [2].

The systematic uncertainty for the tt̄ cross section is taken to be 10%, following the

prescription in Ref. [208]. This is applied as a flat systematic in the statistical procedure

and covers the difference between theoretical calculations in Refs [209] and [210].

11.6.9 Integrated Luminosity

The uncertainty of the integrated luminosity is 4.4% for the 2012 data [211]. We therefore

apply a 4.4% Gaussian constraint to all backgrounds, and TT normalisations.
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11.7 Statistics

All events from data and from the MC simulated samples are required to pass the same

trigger and event reconstruction algorithms. Scale factors that account for the differences

in the performance of these algorithms between data and simulations are computed and

applied in this analysis.

A multivariate (TMVA) classification algorithm [212] is trained on the remaining signal

and background events that pass selection (described in Sections 11.4 and 11.5). This

technique uses a Boosted Decision Tree (BDT) [213, 214] and is implemented in the TMVA

framework [212]. TMVA enhances the statistical power of the analysis by taking into

account the correlations between discriminating variables in signal and background events.

We “train” our multivariate algorithm on (approximately) half of all signal and back-

ground events that pass selection. This constructs a binary tree, known as a decision tree

with each node containing information about a single input variable. The remaining signal,

background, and all data events are now “tested”. The algorithm traverses the tree for each

event by making a (left / right) decision at each node until a stop condition is met. Once

reached, the event is classified as either signal-like or background-like based on where the

majority of training events ended up. In this way, each tested event is assigned a value of the

(continuous) parameter known as the BDT discriminant (or simply BDT). By convention, this

value is +1 for extremely signal-like events and −1 for extremely background-like events.

“Boosting” extends the concept to several trees, where each tree is derived from the

same training sample by reweighting events. The results of testings from each tree are then

combined into a single classifier by taking an average of the individual decision trees. This

stabilises the responses of the decision tree with respect to statistical fluctuations in the

training sample.

Due to the limited amount of statistics that pass selection, only the tt̄, W+nJets, Z+Jets

backgrounds are used in training; these are the three dominant backgrounds contributing

more than 90% of the total SM prediction. Further, only half of the statistics for the

background and signal samples are used in the training, ensuring that we can use the

228



Variable Description

2nd Jet pT : transverse momentum of second leading jet
3rd Jet pT : transverse momentum of the third leading jet
Lepton pT : transverse momentum of the lepton
6ET : missing transverse energy
HT : scalar sum of the transverse momenta of all jets, the lepton, and 6ET
nBtags : multiplicity of b-tagged jets
nJets : multiplicity of jets in the event
nTopJets* : multiplicity of top-jets
nWJets* : multiplicity of W-jets
WJet pT * : leading W-jet pT

Table 11.13: Shows the variables used for training of the BDT. * indicates that the variable
is present only in events with substructure.

remaining events to construct a boosted decision tree discriminant without the risk of

overtraining and biasing our statistical procedure.

We use the BDT input variables listed in Table 11.13, which include the multiplicity

of jets and b-tagged jets, and various kinematic properties of the event. The training is

repeated at each mass point, for each lepton channel, and for each of the two substructure

categories. Events with substructure that contain at least one W-tagged jet have three

additional variables added to the training. To avoid any excess computational complexity,

we train only once assuming the nominal relative branching ratios of the signal samples.

Variables are chosen based on their importance calculated by the BDT algorithm and to

avoid of avoiding over-correlation (> 75%) between inputs so as to limit statistical noise in

the training. The correlation matrices may be found Fig. 11.30 for the µ+jets channel and

Fig. 11.31 for the e+jets channel.

The BDT discriminant is then constructed for all data and simulated MC samples. The

nominal templates are shown in Fig. 11.32 for both channels for events with and without sub-

structure. These four mutually exclusive sets of events, along with all systematics discussed

in Section 11.6, are passed to the statistical limit setting tool discussed in Section 11.9. BDT

distributions for the signal at multiple mass points are shown in Appendix C.3.
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Figure 11.30: The correlation matrix for the BDT input variables in the µ+jets channel for
the mT = 800 GeV mass point. Correlation matrices are shown for signal events (a) with
substructure and (b) without structure and for the background events (c) with substructure
and (d) without substructure.
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Figure 11.31: The correlation matrix for the BDT input variables in the e+jets channel for
the mT = 800 GeV mass point. Correlation matrices are shown for signal events (a) with
substructure and (b) without structure and for the background events (c) with substructure
and (d) without substructure.
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Figure 11.32: The BDT discriminant for events with substructure in the (a) µ+jets, (b)
e+jets channels and for events without substructure (c) µ+jets, (d) e+jets channels.

Note that the double hump structure in the BDT distribution is due to the training on

multiple signal samples simultaneously. This is evident when training solely on one decay

mode as shown in Appendix C.4.

Furthermore, we investigated the apparent deficit of data in the tails of the BDT distri-

bution (most noticeable in the µ+jets channel without substructure). This appears to arise

from an inherent mismodelling of the MC samples and is accounted for by the Q2 scale

systematics of the tt̄ sample. This study is shown in Appendix C.6.

Since the observed data are consistent with the background predictions within uncer-

tainties, we set exclusion limits on the T quark pair production cross section at each T mass

value.
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11.8 Limit Calculation Procedure

The expected sensitivity is computed at each mass point using the separation of back-

ground and signal. This procedure computes an upper limit on the cross section, known

as the “expected limit”, using pseudo datasets based on a background only hypothesis and

charachterises the expected sensitivity if there is no signal present.

An “observed limit” is computed at each mass point by comparing the data to the

background+signal hypothesis. We then calculate an upper limit on the cross section above

which we can rule out at 95% confidence level. Thus, a deviation up of the observed limit

from the expected limit could potentially indicate a T -quark signal.

For both expected and observed limits, we use the statistical package theta [204], which

computes the posterior likelihood to calculate upper limits for the signal production cross

section. The BDT distributions for T -quark masses between 500–1500 GeV are used as the

input templates to the limit calculations.

11.8.1 Template Systematics

We investigate the impact on the expected sensitivity of the template systematics used in

this analysis. These include the b-tag, JES, JER, matching, and scale up/down templates

described in detail in Section 11.6. Using the nominal branching ratios scenario, we determ-

ine the effect of each systematic by the following prescription. We calculate the expected

limit (for the combined lepton-plus-jets channels) using the flat systematics and only the

JES template uncertainties. We then find the difference in the expected limit between this

JES only case and JES + X, where X represents one of the other template systematics.

This difference is normalised to the JES only case and is shown in Fig. 11.33. An upwards

(positive) difference thus indicates that the expected limits are weaker when including the

additional template uncertainties.

Since there is more freedom in the fit, it is possible for a stronger expected limit to occur

with the addition of more systematics. This results in a downward difference in the limit,

as seen in the inclusion of the JER systematics.
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Figure 11.33: Shows the fractional difference between the expected limits using only the JES
systematic templates and using the JES+X systematic templates, where X represents any
of the other template uncertainties considered (in the combined lepton-plus-jets channel).
The difference is normalised to the expected limits of the JES only case at each T -quark
mass point.

In the limit setting procedure all possible template uncertainties are taken into account

by vertical morphing.
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11.9 Results

The largest contribution of the SM background is from tt̄ production (with a 10% un-

certainty). Other electroweak processes (W+jets, Z+jets, single-top, diboson production,

tt̄V+jets, and QCD) also contribute events to this final state but, due to the high jet pT

cuts, are highly suppressed. The number of events from these electroweak backgrounds

that pass our selection cannot be reliably predicted from theory and simulation. The nor-

malisation of the non-tt̄ background is therefore only loosely constrained to their predicted

cross section (with a 30% uncertainty). Due to the limited statistics, all prompt non-tt̄

backgrounds contributions to the BDT discriminant are combined before being passed to

theta [204].

Table 11.14 summarises the sources of systematic uncertainty that are accounted for

and Table 11.15 shows how the nuisance parameters affect the simulated samples.

source of systematics label uncertainty

electron efficiency εe 3%
muon efficiency εµ 3%
CA8 jet efficiency εCA8 3%
jet energy scale jes ±1σ (shape)
jet energy resolution jer ±1σ (shape)
btag btag ±1σ (shape)
scale scale ±1σ (shape)
match match ±1σ (shape)
integrated luminosity

∫
L dt 4.4%

k factor for number of non-tt̄ background events kewk 30%
tt̄ cross section σ(tt̄) 10%

Table 11.14: Summary of systematic uncertainties used for the limit calculation.

The tt̄ and electroweak contributions are modelled by simulated events. In principle, a

third component arises from non-prompt lepton backgrounds. In the e+jets channel these

come from events in which the fragmentation of a jet fluctuates such that its signature in

the calorimeter resembles that of an electron. In the µ+jets channel the primary source of

non-prompt lepton background is from events with hadron decays to muons that happen to
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source σtt̄ kewk αjes αjer αbtag αscale αmatch εe/µ εCA8

∫
Ldt

tt̄ x x x x x x * x x
electroweak x x x x * x x

TT x x x * x x

Table 11.15: Effect of nuisance parameters on different signal and background contributions.
An “x” means the parameter affects the e+jets and µ+jets channel in a correlated fashion.
A “*” means the parameters for the two channels are uncorrelated. No entry means the
parameter does not affect the source.

appear isolated from jets. The number of events from non-prompt backgrounds is so small

that we can safely neglect them [2].

The T T̄ signal is modelled by simulated events and its cross section is the single para-

meter of interest in the limit calculation. The signal templates for the different decay modes

are merged into one histogram with particular branching ratios listed in Table 11.16. The

limits are computed for each set of branching ratios.

For the limit calculation, we merge adjacent bins in the BDT distribution of all back-

ground, signal, and data samples, to generate a final set of 1-dimensional histograms in

which all bins are populated by simulated events, each with a maximum of 40% statistical

uncertainty in any bin. These 1-dimensional histograms are used to test for the presence of

a T T̄ signal in the data and upper limits on the TT production cross section are obtained

from fits to the shape of the BDT distributions using theta.

11.9.1 Limits

The combination of the four sets of templates, corresponding to the two lepton channels,

with and without substructure, is performed by combining the full likelihoods and applying

the statistical procedure to the resulting likelihood. We apply all uncertainties and template

systematics described in Section 11.6 and compute the limit using theta.

The final combined limit for nominal signal branching ratios is shown in Fig. 11.34.

By comparing the expected and observed sensitivities to the theoretically predicted cross

section at each mass point, we can rule out a mass range. For all T -quark mass values below

the intersection of the cross section limit curve with the theoretical line, our sensitivity is
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greater than the predicted production rate of the T -quark. In this way, the intersection

point of the expected and observed lines with the theoretical values corresponds to a lower

bound on the mass, below which we can rule out a T -quark with a 95% confidence level.

For the nominal branching ratios the pair produced T -quark a lower bound on the observed

(expected) limit is set at 698 (770) GeV.

The breakdown of the µ+jets and e+jets channels and the improvements due to the

inclusion of jet substructure information can be seen in Fig. 11.35 and Fig. 11.36 respectively.
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Figure 11.34: Shows the total lepton-plus-jets observed and expected limits on the T T̄
production cross section as a function of T -quark mass. The data correspond to 19.6 fb−1

for both the e+jets channel and µ+jets channels. The branching ratios correspond to version
0 nominal listed in Table 11.16.

We perform a few cross-checks of our sensitivity and the robustness of our procedure.

An additional b-tag selection requirement of ≥ 1 b-tags is considered in Appendix C.1 as

we expect a large b-jet multiplicity in signal events. In Appendix C.2, we compare the

sensitivity of our BDT procedure with a näıve HT vs number of b-tag techniques. Finally,

the change of sensitivity by training on the different signal samples individually is shown in

Appendix C.5. No significant improvement over the standard method is observed in any of

these situations.
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Figure 11.35: The µ+jets observed and expected limits on the T T̄ production cross section
as a function of T -quark mass: (top) shows the limits of the µ+jets events without substruc-
ture, (middle) µ+jets with substructure and (bottom) the combined µ+jets channel. The
data correspond to 19.6 fb−1 for both the e+jets channel. The branching ratios correspond
to version 0 nominal listed in Table 11.16
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Figure 11.36: The e+jets observed and expected limits on the T T̄ production cross section as
a function of T -quark mass: (top) shows the limits of the e+jets events without substructure,
(middle) e+jets with substructure and (bottom) the combined e+jets channel. The data
correspond to 19.6 fb−1 for both the e+jets channel. The branching ratios correspond to
version 0 nominal listed in Table 11.16
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11.10 Limits for Different Branching Ratios

The relative branching ratios of the different T -quark decay modes are now varied. As

mentioned, the BDT training from the nominal branching ratio is used to create the BDT

discriminants for all branching ratio scenarios.

We set limits on a total of 66 sets of branching ratio values by scanning across the phase

space in 0.1 BR steps. The expected and observed limits for the combined lepton-plus-jets

channel for the 0.2 step intervals, as well as the nominal scenario, are listed in Table 11.16.

The 1D limits for the non-nominal branching ratios, including separate electron and muon

channel limits, can be found in Appendix C.7.

The expected limits of the combined lepton-plus-jets channel for the scenarios with

branching ratios (0), (1), (6), (21) corresponding to the nominal branching fractions, 100%

branching fraction to bW , 100% branching fraction to tH, and 100% branching fraction to

tZ respectively are compared in Fig. 11.37.
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Figure 11.37: Comparison of the expected limits for the total lepton-plus-jets channel for
the scenarios with branching ratios (0), (1), (6), (21) corresponding to the nominal, 100%
bW , 100% tH, and 100% tZ.

We notice that at low masses the expected limit for tH is strongest, likely due to the large

number of b-jets in the signal. At higher masses, the kinematics dominate the importance

in the BDT with T → bW giving the most sensitive expected limit. Events with a T → tZ

decay have the lowest sensitivity since this final state has only one b-jet (in comparison
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Branching Fractions expected observed
Scenario T→bW T→tH T→tZ limit limit

(0) Nominal 0.5 0.25 0.25 775 GeV 707 GeV
(1) Full tZ 0.0 0.0 1.0 743 GeV 691 GeV
(2) 0.0 0.2 0.8 745 GeV 695 GeV
(3) 0.0 0.4 0.6 754 GeV 697 GeV
(4) 0.0 0.6 0.4 761 GeV 704 GeV
(5) 0.0 0.8 0.2 770 GeV 715 GeV
(6) Full tH 0.0 1.0 0.0 774 GeV 730 GeV
(7) 0.2 0.0 0.8 751 GeV 693 GeV
(8) 0.2 0.2 0.6 758 GeV 694 GeV
(9) 0.2 0.4 0.4 765 GeV 697 GeV
(10) 0.2 0.6 0.2 772 GeV 708 GeV
(11) 0.2 0.8 0.0 780 GeV 718 GeV
(12) 0.4 0.0 0.6 763 GeV 696 GeV
(13) 0.4 0.2 0.4 770 GeV 698 GeV
(14) 0.4 0.4 0.2 778 GeV 704 GeV
(15) 0.4 0.6 0.0 781 GeV 718 GeV
(16) 0.6 0.0 0.4 770 GeV 699 GeV
(17) 0.6 0.2 0.2 778 GeV 713 GeV
(18) 0.6 0.4 0.0 786 GeV 724 GeV
(19) 0.8 0.0 0.2 782 GeV 721 GeV
(20) 0.8 0.2 0.0 788 GeV 732 GeV
(21) Full bW 1.0 0.0 0.0 790 GeV 728 GeV

Table 11.16: Shows the 22 sets of branching ratio values and the corresponding limits for
the combined lepton-plus-jets channel in 0.2 interval steps.

to tH decays that have two) and also softer kinematics (in comparison to the T → bW

channel, due to the higher masses final state particles).

The information from Table 11.16 is combined with similar limits set at all other 0.1

BR steps. We thus present the lower bounds on the T -quark mass across the whole of

(branching fraction) phase space in Fig. 11.38, below which we can rule out the T -quark at

95% C.L. These triangle plots represent the expected and observed mass limits for all 66

BR scenarios in the µ+jets, e+jets, and combined lepton+jets channels separately.

The muon and electron channels exhibit similar behaviour, with the strongest exclusion

limit set in the high BR(bW ) regime and the weakest limits being set in the high BR(tZ)

regime. This is reflective of the BDT signal distributions shown in Appendix C.3 and is due

to the hard kinematics of the T → bW mode and the high b-tag multiplicity of the T → tH

decay, which give strong discrimination power in their respective decay channels.
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Figure 11.38: Expected and observed mass limits in the (top) µ+jets, (middle) e+jets, and
(bottom) combined lepton+jets channels for the T T̄ production. The data correspond to
19.6 fb−1 for both the µ+jets and e+jets channels.
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11.11 Conclusions

We have searched for the pair-production of a heavy vector-like T -quark, with charge 2
3 ,

in events with exactly one isolated lepton using 19.6 fb−1 of data collected at CMS at

√
s = 8 TeV. Each T -quark is assumed to decay promptly to one of the bW , tH, or tZ

final states. Our data exhibit no excess over SM expectations and upper limits on the

production cross section have been set across the entire phase space of branching ratios,

shown in Fig. 11.38. The existence of the T -quark has been ruled out in the combined

lepton-plus-jets channel below a mass of approximately 700 GeV dependent on the exact

BR at 95% C.L.

A brief summary of the partner multilepton analysis is discussed in Appendix C.8 and a

combined result for the inclusive search for a vector-like T -quark, decaying into at least one

lepton, is shown in Appendix C.9 [3]. This enhances our sensitivity by approximately 30 GeV

across all of phase space, ruling out masses below approximately 730 GeV, again dependent

on branching ratio. The limits that we have set place the most stringent constraints on the

existence of such a quark to date.

In general, the Little Higgs Models that predict these vector-like quarks fall into two

classes of theories [162]: Littlest Higgs Models that are built on product group extensions

to the SM, and simple SU(3) group models, such as the Simplest Little Higgs (described

in Chapter 10), that minimally extend the electroweak gauge group. In both cases, the

predicted branching ratios of the T -quark is model independent, with values BR(bW )=1
2 ,

BR(tH)=1
4 and BR(tZ)=1

4 . In this nominal scenario, the T -quark is ruled out below

707 GeV in the lepton-plus-jets analysis and 702 GeV in the combined lepton-plus-jets and

multilepton analysis at 95% C.L.

Furthermore, the mass of the T -quark is predicted to be:

mT =


√
λ2

1 + λ2
2f in the Littlest Higgs Models√

λ2
1c

2
β + λ2

2s
2
βf in the SU(3) simple group models

(11.3)

For a perturbative theory, we require λ . 1. This implies that the higher order vacuum,

where new physics arises, must have an expectation value above f & 700 GeV.
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This is the first analysis of its kind and rules out new physics in this entire class of

models below 700 GeV at 95% C.L.
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Appendix A

Classification of Particles

In this appendix, we shall give a brief introduction to the Lie groups that define the Standard

Model. We shall describe the manner in which symmetries can be used to define physically

equivalent states and notably, we shall identify the light quarks as living in a particular

representation of an SU(3) group.

Finally, we shall define a procedure to classify all known composite particles known as

hadrons. These particles are made up of quarks and will be further subdivided into the set

baryons, made of linear combinations of three quarks (or three antiquarks), and the mesons,

made of linear combinations of a quark-antiquark pair. We shall in general follow Ref [5],

where the measured values of the hadron masses may be found in Ref [4].

A.1 U(1)

The group G ≡ U(1) corresponds to the one-dimensional unitary transformation. In the

matrix representation D, the group elements can be written as D(g) = eiαT where g ∈ G,

α ∈ R is some arbitrary constant and T is a pure complex unit vector known as the generator

of the symmetry.

In physical terms, the single group element can be viewed as a complex phase. Irredu-

cible representations of the group contain just one basis state, known as the “singlet” of

U(1), which is invariant under D(g) by construction.
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In general, the set of generators span a vector space V and together with the commutator

[·, ·] : V × V → V (A.1)

: x× y → [x, y] ≡ x · y − y · x (A.2)

define the Lie algebra.

By Lie’s theorems [215,216] there is a one-to-one correspondence between the group and

its algebra. It is often simpler to consider the Lie algebra of a Lie group, as it provides an

obvious linear vector space on which to do calculations.

A.2 SU(2)

The SU(2) group and corresponding Lie algebra represent the simplest non-trivial case.

The group elements are unitary exp(iα · J) ∈ G where the generators J are now 2 × 2

matrices with determinant +1. For notational convenience, we shall absorb the complex i

factor into the generator J and define the vector space as pure real.

The commutation relations that govern the Lie algebra is

[Ji, Jj ] = iεijkJk (A.3)

with completely antisymmetric tensor εijk, for i, j, k = 1, 2, 3. The constant factors on the

right of the commutator are known as the structure constants and completely define the

Lie algebra and consequently the Lie group as well.

A.2.1 J3 eigenstates

We cannot, in general, find a common set of eigenstates for all generators in the algebra.

In the matrix representation, this corresponds to not being able to find simultaneously

diagonalisable matrices that represent the generators. The best we can do is diagonalise as

many as we can that share a common set of eigenstates defined by their eigenvalues. These

eigenvalues of the diagonal operators are known as weights.
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One then constructs “ladder” operators by linear combinations of the remaining non-

diagonal generators. These operators transform the state into an equivalent one. One

then constructs all physically equivalent states in an irreducible representation by repeated

application of these generators.

In general, there can be more than one set of ladder operators and one needs to take all

linear combinations of the lowering operators to construct all possible states that furnish

an irreducible representation.

In physical cases, the representations are assumed finite and happen to fall into relatively

simple irreducible representations of the theory.

Since matrices commute if and only if they are simultaneously diagonalisable, we see

that we can only diagonalise one of the generators of SU(2). Canonically, this is the J3

generator. We can now proceed to construct that ladder operators that will define the states

in the irreducible representations of SU(2).

Since we assume that the representation is finite dimensional, there must be some unique

highest weight state(s) [5], which has the largest eigenvalue of J3 with eigenvalue labelled j

such that

J3 |j, α〉 = j |j, α〉 (A.4)

where α labels the degeneracy of the state that is not affected by group theory but are

measurable physical properties. We shall often suppress α as they are irrelevant in regards

to the group theory of the system.

As we are attempting to construct unique irreducible representations, we require all

states |j, α〉 to form an orthonormal basis where 〈j, α|j, β〉 = δαβ.

The SU(2) raising and lowering ladder operators are defined as

J± ≡ 1√
2

(J1 ± iJ2) (A.5)

It immediately follows from (A.3) that

[
J3 , J

±] = ±J±[
J+, J−

]
= J3 (A.6)
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On a general state |m,α〉 with J3 |m,α〉 = m |m,α〉 we find

J3J
± |m,α〉 = ([J3, J±] + J±J3) |m,α〉

= (m± 1)J± |m,α〉 (A.7)

We can therefore define J± |m〉 ≡ N |m+ 1〉 up to some normalisation N . The norm-

alisation is straight forward to compute directly from the orthonormality condition. Thus,

J± |m〉 =
1√
2

√
(j ∓m)(j ±m+ 1) |m± 1〉 (A.8)

Continuing iteratively from the highest weight state, there are 2j + 1 states with m =

−j,−j + 1, · · · , j in integer steps defining the states in the irreducible representation.

The largest eigenvalue j, corresponding to the highest weight state is necessarily half-odd

integer and uniquely defines the representation. As such, it is often convenient to denote a

general state in the representation j as |j,m〉.

The matrix elements of the generators are

〈
jm′

∣∣ Ji |jm〉 = [J ji ]mm′ (A.9)

where a labels the generator, j the weight of the highest weight state, and m,m′ ∈

{−j, · · · ,+j}.

In particular, 〈
jm′

∣∣ J3 |j,m〉 = mδmm′ (A.10)

by construction and using the definitions (A.5), the J± matrix elements are

〈
jm′

∣∣ J+ |jm〉 =
√

(j +m+ 1)(j −m)/2δm′,m+1〈
jm′

∣∣ J− |jm〉 =
√

(j +m)(j −m+ 1)/2δm′,m−1 (A.11)
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The j = 1
2 irreducible representation thus has the following generators,

J
1
2
i =

 〈
j,−1

2

∣∣ Ji ∣∣j,−1
2

〉 〈
j,−1

2

∣∣ Ji ∣∣j,+1
2

〉
〈
j,+1

2

∣∣ Ji ∣∣j,−1
2

〉 〈
j,+1

2

∣∣ Ji ∣∣j,+1
2

〉


Explicitly, using (A.5) and (A.11), we find

J
1
2
1 =

1

2

 0 1

1 0


J

1
2
2 =

1

2

 0 −i

i 0


J

1
2
3 =

1

2

 1 0

0 −1

 (A.12)

Expressing this in terms of the Pauli spin matrices σi, we have

J
1
2
i =

i

2
σi (A.13)

for i = 1, 2, 3.

From the Lie algebra, we have now explicitly constructed the generators of the group

in matrix form as well as ennummerated the states in the irreducible representations. The

irreducible representations with highest weight j, correspond to set with m = {−j, . . . , j}

equivalent states, which transform amongst themselves under the ladder operators.

In the simplest case SU(2) representation j = 1
2 there are two states. This irreducible

representation is known as the fundamental representation of SU(2), often referred to as

the doublet, and is denoted 2.

Physically, The degeneracy m can be lifted by a perturbation. Indeed, intrinsic spin was

historically discovered by the Stern and Gerlach in 1922 when electrons travelled through

a magnetic field along two different paths, indicative of an physically unobservable degree

of freedom that lived in a doublet of SU(2).
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Reducibility

A representation is not necessarily irreducible, but one can always decompose the space

into irreducible components. The prescription is to start with the highest weight state and

construct an irreducible representation using the ladder operators. One then removes these

states, making use of the fact that they are orthogonal to the remaining states, and iterates

on the remaining space until all states fall into exactly one irreducible representation.

The tensor product space

We define a tensor product space, whose states are formed from the product of states

|m〉 ≡ |m1〉 ⊗ |m2〉. We then define, D(g) ≡ D1⊗2(g) as follows,

D(g) |m1,m2〉 =
∣∣m′1m′2〉 [D1⊗2(g)]m′1m′2m1m2

=
∣∣m′1,m′2〉 [D1(g)]m′1m1

[D2(g)]m′2m2

=
(∣∣m′1〉 [D1(g)]m′1m1

)(∣∣m′2〉 [D2(g)]m′2m2

)
(A.14)

with both state |m1〉 and |m2〉 transforming independently.

Expanding the group element around the identity, we have the following

D(g) |m1m2〉 = (1 + iαaJa) |m1m2〉

=
∑
m′1,m

′
2

∣∣m′1m′2〉 〈m′1m′2∣∣︸ ︷︷ ︸
=I

(1 + iαaJa |m1m2〉)

=
∣∣m′1m′2〉 δm′1m1

δm′2m2
+ iαa

∣∣m′1m′2〉 〈m′1m′2∣∣ Ja |m1m2〉︸ ︷︷ ︸
=[J1⊗2

a (g)]jyix

=
∣∣m′1m′2〉 (δm′1m1

+ iαa[J1
a ]m′1m1

)(
δm′2m2

+ iαa[J2
a ]m′2m2

)
≡

(∣∣m′1〉 [D1(g)]m′1m1

)(∣∣m′2〉 [D2(g)]m′2m2

)
(A.15)

the third equality follows if and only if we take the infinitesimal transformation with αa → 0

with

[
J1⊗2
a (g)

]
m′1m1m′2m2

≡ [J1
a ]m′1m1

δm′2m2
+ δm′2m2

[J2
a ]m′1m1

(A.16)
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The operation on a product space is equivalent to the addition of the two transformations

separately.

For SU(2),

J3(|j1,m1〉 |j2,m2〉) = (J3 |j1,m1〉) |j2,m2〉+ |j1,m1〉 (J3 |j2,m2〉)

= (m1 +m2) |j1,m1〉 |j2,m2〉 (A.17)

In this way, the J3 values add in a tensor product space.

Note that there is still a (unique) highest weight state denoted

|j1 + j2,m1 +m2〉 = |j1,m1〉 |j2.m2〉 (A.18)

which has J1⊗2
3 eigenvalue j1 + j2. Acting repeatedly with J−1⊗2 yields the states with

different J1⊗2
3 values and furnishes the irreducible representation. One continues as before,

removing these states and iterating.

A.2.2 The SU(2) weight diagram

The weights of the group correspond to the eigenvalues of the eigenstates. Fig. A.1 shows

the weight diagrams for the j = 1
2 and j = 1 representations of SU(2). In both cases there

are 2j + 1 states as required. Note that j = 1, is not irreducible and in fact can be formed

by the tensor product of two j = 1
2 irreducible representations.

-1 0 1

-1/2 1/2

Figure A.1: Weight diagram for (blue) j = 1
2 and (red) j = 1 representations of the SU(2)

Lie algebra.

The weight diagrams of the more complicated product representation (j1 = 1
2)⊗ (j2 =

1
2)⊗ (j3 = 1

2) is given in Fig. A.2.

These types of weight diagrams can be enumerated from the number of combinations

of lowering operators that a certain J3 eigenvalue can appear. For example, the state of

weight +1
2 can be constructed in three ways by three combinations of lowering operators,
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-1/2 1/2-3/2 3/2

Figure A.2: Weight diagram of the 1
2 ⊗

1
2 ⊗

1
2 product representation.

•
∣∣j = 1

2 ,m = −1
2

〉
⊗
∣∣1

2 ,
1
2

〉
⊗
∣∣1

2 ,
1
2

〉
•
∣∣j = 1

2 ,m = 1
2

〉
⊗
∣∣1

2 ,
1
2

〉
⊗
∣∣1

2 ,−
1
2

〉
•
∣∣j = 1

2 ,m = 1
2

〉
⊗
∣∣1

2 ,
1
2

〉
⊗
∣∣−1

2 ,
1
2

〉
More formally, one takes the highest weight state

∣∣3
2 ,

3
2

〉
= |1, 1〉 ⊗

∣∣1
2 ,

1
2

〉
, and acts with

J− until we get to a lowest weight state that is annihilated by the lowering operator. Then,

one uses |1, 1〉 =
∣∣1

2 ,
1
2

〉
⊗
∣∣1

2 ,
1
2

〉
to find the complete weight diagram. There is thus three

ways of lowering the state
∣∣3

2 ,
3
2

〉
to get to

∣∣3
2 ,

1
2

〉
.

The SU(2) group will play several crucial roles in particle physics, most notably of the

description of spin and as part of the Electroweak force in the Standard Model.

A.3 SU(3)

The SU(3) Lie algebra is defined by the commutation relation

[Ti, Tj ] = f ijkTk (A.19)

with structure constants

• f123 = 1

• f147 = f165 = f246 = f257 = f345 = f376 = 1
2

• f458 = f678 =
√

3
3

and all else zero.

The matrix generators that satisfy these relations can be constructed from the Gell-

Mann matrices, 3× 3 analogues of the Pauli matrices.
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We define Ta = − i
2λa where λa are the Gell-Mann matrices

λ1 =


0 1 0

1 0 0

0 0 0

 , λ2 =


0 −i 0

i 0 0

0 0 0

 , λ3 =


1 0 0

0 −1 0

0 0 0



λ4 =


0 0 1

0 0 0

1 0 0

 , λ5 =


0 0 −i

0 0 0

i 0 0

 , λ6 =


0 0 0

0 0 1

0 1 0



λ7 =


0 0 0

0 0 −i

0 i 0

 , λ8 =
1√
3


1 0 0

0 1 0

0 0 −2

 (A.20)

For SU(3) two matrices can be simultaneously diagonalised; canonically, h1 ≡ λ3 and

h2 ≡ λ8. Therefore, the states in each representation are defined by two weights, which are

eigenvalues of (h1, h2).

From the remaining non-diagonal generators, we can construct three sets of raising and

lowering ladder operators

e±1 =
1

2
√

2
(λ1 ± iλ2)

e±2 =
1

2
√

2
(λ6 ± iλ7)

e±3 =
1

2
√

2
(λ4 ± iλ5) (A.21)

A.3.1 The Fundamental Representation 3 and The Light Quarks

The lowest dimensional irreducible representation of SU(3) are 1, 3, 6, 10, . . . dimensional.

The trivial singlet representation 1 consists of only one state of weight (0, 0).
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The fundamental representation, defined by D(g) = g∀g ∈ G, of the L(SU(3)) algebra

is denoted 3 and has eigenstates


1

0

0

 ,


0

1

0

 and


0

0

1

 (A.22)

which form a 3 dimensional set of states that span the representation’s vector space.

The weights of these states are: where we have identified these states as the light

state weight 1
0
0

 ≡ u (
1
2 ,

1
2
√

3

)
 0

1
0

 ≡ d (
−1

2 ,
1

2
√

3

)
 0

0
1

 ≡ s (
0,− 1

2
√

3

)

quark states u,d, and s. In this way, we have related the light quarks to the states in

the fundamental representation of SU(3). Note that in reality, there is only a non-exact

symmetry that relates the quarks, as their masses are not identical. The breaking of this

approximate global symmetry that governs these three light flavours of quarks gives rise to

the massive Pions as pseudo-Goldstone bosons.

We can relate the states to each other using the lowering operators from the highest

weight state u ≡


1

0

0

. The weight diagram can easily be constructed and is shown in

Fig. A.3.

The complex conjugate representation D(g) ≡ (D(g))? is known as the anti-fundamental

representation denoted 3. From this definition, the weights can be obtained by a transform-

ation of those in the fundamental representation by the identification:

(p, q)→ −(p, q) (A.23)
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Figure A.3: The light quarks in the fundamental representation of SU(3). [5]

The basis states of the anti-fundamental representation are:

state weight 0
0
1

 ≡ s (
0, 1

2
√

3

)
 0

1
0

 ≡ d (
1
2 ,−

1
2s
)

 1
0
0

 ≡ u -
(

1
2 ,

1
2
√

3

)

Again, all weights are related through the complex conjugate of the lowering and raising

operators defined in (A.21) and give the weight diagram Fig. A.4.

A.3.2 The Adjoint Representation

There is an eight dimensional representation of SU(3) known as the adjoint representation,

defined by

ad(v)w = [v, w] ∀v, w ∈ L(G) (A.24)

Note that this is merely a restating of the commutation relation and is a very natural

representation of the Lie algebra with the structure constants completely defining this rep-
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Figure A.4: Weight diagram for the anti-fundamental representation of SU(3). [5]

resentation. Note that we are just taking the generators of the group as acting on the vector

space spanned by the Lie algebra basis elements w using the commutator.

To determine the weight (p, q) of any state w, one just computes the commutator with

the diagonalised generators h1, h2. The states and corresponding weights are:

State w [h1, w] [h2, w] weights

h1 0 0 (0,0)

h2 0 0 (0,0)

e1
+ e1

+ 0 (1,0)

e1
− −e1

− 0 (-1,0)

e2
+ −1

2e
2
+

√
3

2 e
2
+ (−1

2 ,
√

3
2 )

e2
−

1
2e

2
− −

√
3

2 e
2
− (1

2 ,−
√

3
2 )

e3
+

1
2e

3
+

√
3

2 e
3
+ (1

2 ,
√

3
2 )

e3
− −1

2e
3
− −

√
3

2 e
3
− (−1

2 ,−
√

3
2 )

The highest weight state is e3
+ the highest weight state, of weight (1

2 ,
√

3
2 ) and the weight

diagram forms a regular hexagon, shown in Fig. A.5.
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Figure A.5: Hexagonal weight diagram of the adjoint representations hexagonal. [5]

As there are 8 generators in SU(3), we see that the adjoint representation is 8 dimen-

sional and is often denoted 8.

A.3.3 The Eightfold Way

Murray Gell-Man, first noted that composite particles called mesons and baryons, composed

of a quark-antiquark and three quarks (or three antiquarks) respectively, can be grouped

into different representations of SU(3).

This follows as a direct consequence from the strong nuclear force being invariant under

the flavour symmetry between the three kinds of light quark. Due to their different masses,

the symmetry is not exact. However, we are still able to classify the collective set of baryons

and mesons using product represents of this approximate symmetry group.

A.3.4 3⊗ 3

By decomposing the tensor product representations 3⊗3, we can find the physically relevant

irreducible representations.

The states and corresponding weights of this product representation are:
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state weight

u⊗ s (1
2 ,
√

3
2 )

u⊗ d (1, 0)

d⊗ s (−1
2 ,−

√
3

2 )

u⊗ u, d⊗ d, s⊗ s (0, 0)

d⊗ u (−1
2 ,−

√
3

2 )

s⊗ d (1
2 ,−

√
3

2 )

The weight diagram is shown in Fig. A.6.

Figure A.6: 3× 3 weight diagram. [5]

Following the prescription of using the lowering operators on the highest weight states,

we find that the 3⊗3 representation can be reduced to the 8 adjoint and 1 singlet irreducible

representations using the ladder operators

Em± = em± ⊗ I + I⊗ em± (A.25)

where m = 1, 2, 3 and em± = −
(
em∓
)?

. [5]

The 8 in 3⊗ 3 has unit normalised states and weights:
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state weight

u⊗ s (1
2 ,
√

3
2 )

u⊗ d (1, 0)

d⊗ s (−1
2 ,−

√
3

2 )

1√
2

(
d⊗ d− u⊗ u

)
, 1√

6

(
d⊗ d+ u⊗ u− 2s⊗ s

)
(0, 0)

d⊗ u (−1
2 ,−

√
3

2 )

s⊗ d (1
2 ,−

√
3

2 )

Removing these states from the original tensor product representation we are left with

the 1 state

1√
3

(
u⊗ u+ s⊗ s+ d⊗ d

)
(A.26)

We have therefore decomposed the product representation as 3⊗ 3 = 8⊕ 1, where the

states in 8 are antisymmetric and the singlet is symmetric.

A.3.5 3⊗ 3⊗ 3

The weight content of the 3⊗ 3⊗ 3 is:

state weight

u⊗ u⊗ u (1
2 ,
√

3
2 )

s⊗ s⊗ s (0,−
√

3)

d⊗ d⊗ d (−3
2 ,−

√
3

2 )

u⊗ u⊗ s, u⊗ s⊗ u, s⊗ u⊗ u (1, 0)

u⊗ u⊗ d, u⊗ d⊗ u, d⊗ u⊗ u (1
2 ,
√

3
2 )

u⊗ s⊗ s, s⊗ u⊗ s, s⊗ s⊗ u (1
2 ,−

√
3

2 )

d⊗ s⊗ s, s⊗ d⊗ s, s⊗ s⊗ d (−1
2 ,−

√
3

2 )

s⊗ d⊗ d, d⊗ s⊗ d, d⊗ d⊗ s (−1, 0)

u⊗ d⊗ d, d⊗ u⊗ d, d⊗ d⊗ u (−1
2 ,
√

3
2 )

u⊗ d⊗ s, u⊗ s⊗ d, d⊗ u⊗ s, d⊗ s⊗ u, s⊗ u⊗ d, s⊗ d⊗ u (0, 0)
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The weights can again be organised into the weight diagram is shown in Fig. A.7.

Figure A.7: Weights of the 3× 3× 3 = 10 + 8 + 8 + 1 product representation. [5]

Acting on the highest weight state u ⊗ u ⊗ u, which has weight (1
2 ,
√

3
2 ), with all com-

binations of ladder operators

Em± = em± ⊗ I⊗ I + I⊗ em± ⊗ I + I⊗ I⊗ em± (A.27)

constructs an irreducible representation. Removing these states and iterating, we can de-

compose the 3⊗ 3⊗ 3 into

3⊗ 3⊗ 3 = 10⊕ 8⊕ 8⊕ 1 (A.28)

where 10 is symmetric, 1 antisymmetric, and both 8’s have mixed symmetry.

A.4 The Quark Model

We are now ready to identify the linear combinations of light quarks with the observed

particles in nature. We arrange the mesons and baryons into multiplets of SU(3) that

correspond to the states that span various tensor product spaces on which the irreducible

representations of the symmetry group act.
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All observed mesons and baryons can be naturally grouped into multiplets with the

same baryon number B and total angular momentum J = I + L where I the spin and L

orbital angular momentum both live in representations of SU(2).

The weights of the states are identified as

(p, q) ≡ (I3,

√
3

2
Y ) (A.29)

where

I3 =
1

2

[
(nu − nu)−

(
nd − nd

)]
(A.30)

with nu (nu) the number of up-type (anti) quarks and nu (nu) the number of down-type

(anti) quarks

Further, Y = S + B is known as the (light) hypercharge; S = ns − ns is known as the

strangeness where ns (ns) is the number of strange (anti) quarks and B ≡ 1
3 (nq − nq) is

the baryon number for nq (nq) is the number of (anti) quarks.

A.4.1 Meson Multiplets

The meson multiplets are composed of a light quark-antiquark pair and can thus be placed

in irreducible representations in the 3⊗ 3 of SU(3). The (light) meson states come from a

3⊗ 3 = 8⊕ 1 and make up sets of octets and singlets of mesons.

The pseudoscalar mesons B = 0, J = 0

The octet states in the pseudoscalar mesons with baryon number B = 0 and total angular

momentum J = 0, correspond to the following meson octet:
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meson quark content rest mass [MeV/c2]

k0 ds 497.614± 0.024

k+ us 493.677± 0.016

k− us 493.677± 0.016

k
0

ds 497.614± 0.024

π+ ud 139.57018± 0.00035

π− ud 139.57018± 0.00035

π0 1√
2

(
uu− dd

)
134.9766± 0.0006

η 1√
6

(
uu+ dd− 2ss

)
547.843± 0.024

The orthogonal singlet is:

η′ =
1

3

(
uu+ dd+ ss

)
(A.31)

with rest mass 957.78± 0.06 MeV/c2.

These states can be organised in the (I3, Y ) weight diagram Fig. A.8.

Figure A.8: Meson octet with B = 0, J = 0. There is also a meson singlet η′. [5]
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The vector mesons B = 0, J = 1

The vector mesons with B = 0, J = 1 are also composed of an octet and a singlet.

The vector meson octet correspond to the following observed particles:

meson quark content rest mass [MeV/c2]

k0? ds 895.94± 0.22

k+? us 891.66± 0.026

k−
?

us 891.66± 0.026

k
0?

ds 895.94± 0.22

ρ+ ud 775.11± 0.34

ρ− ud 775.11± 0.34

ρ0 1√
2

(
uu− dd

)
775.49± 0.34

ω 1√
6

(
uu+ dd− 2ss

)
775.49± 0.34

and the vector meson singlet:

φ = ss (A.32)

with mass 1019.445± 0.020 MeV/c2.

The weight diagram for the vector meson octet is thus shown in Fig. A.9.
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Figure A.9: Vector meson octet with B = 0, J = 1. [5] There is also a singlet meson φ.

A.4.2 Baryon Multiplets

The baryon multiplets are composed of particles made of three light quarks. Baryons can

thus be placed in irreducible representations of 3⊗ 3⊗ 3 of SU(3).

As these particles are composed of three quarks, they can either have a total angular

momentum J = 1
2 or J = 3

2 . However there is an additional constraint that baryons

composed of one flavour of quark can only exist in J = 3
2 configuration. The J = 1

2

configuration is forbidden by the Pauli exclusion principle as otherwise these two quarks,

which are fermions, would necessarily have the same spin and therefore the exact same state.

Baryons of two or three types of quarks can exist in either J = 1
2 or J = 3

2 configurations.

The light baryon states live in the 3⊗3⊗3 = 10⊕8⊕8⊕1. The baryons are grouped

in the decouplet 10, the octet, which is a linear combination of elements of both 8 and the

singlet.

The baryon octet B = 1, J = 1
2

There is a baryon octet with B = 1, J = 1
2 . The states correspond to the following particles:

and comes with the singlet state:

Σ0? = uds (A.33)
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baryons quark content rest mass [MeV/c2]

n uud 939.565346± 0.000023
p udd 938.272013± 0.000023

Σ+ uus 1189.37± 0.07
Σ0 uds 1192.642± 0.024
Σ− dds 1197.449± 0.030

Ξ0 uss 1314.86± 0.20
Ξ− dss 1321.71± 0.07

Λ0 uds 1115.683± 0.006

with mass 1387.7± 1.0 MeV/c2.

The weight diagram for the octet is shown Fig. A.10.

Figure A.10: Baryon octet with B = 1, J = 1
2 . [5]

The baryon decuplet B = 1, J = 3
2

The states in the baryon decuplet 10 has B = 1,J = 3
2 with states:
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baryons quark content rest mass [MeV/c2]

∆− ddd 1232± 1

∆0 udd 1232± 1

∆+ uud 1232± 1

∆++ uuu 1232± 1

Σ−
?

dds 1387.2± 0.5

Σ0? uds 1383.7± 1.0

Σ+? uus 1382.8± 0.4

Ξ−
?

uss 1535.0± 0.6

Ξ0? dss 1531.80± 0.32

Ω− sss 1672.45± 0.29

The baryon decuplet weight diagram is shown in Fig. A.11.

Figure A.11: Baryon decuplet with B = 1, J = 3
2 . [5]

There is also an antibaryon decouplet (I3, Y ) → −(I3, Y ) with B = 1, J = 1
2 , in the

anti-fundamental representation.

Note that the ∆++ = u⊗u⊗u particle is the lowest mass state in the baryon decouplet.

We assume therefore it has vanishing angular momentum L = 0 and thus spin I = 3
2 . This

267



requires all the up type quarks to have up-type spin, which would violate the Pauli exclusion

principle. The existence of this particle therefore implies the additional degree of freedom,

colour.

A.4.3 Colour Symmetry

Colour is an additional internal degree of freedom that forms an exact SU(3) symmetry

(analogous to spin in SU(2)) responsible for strong nuclear interactions. Each quark has

an associated colour charge, red, green or blue, with all observed baryons composed of

colourless linear combinations. The wave functions that describe quark states contain this

additional colour factor, which lies in the 3 of the SU(3)C . Similarly, the antiquark states

have anticolour that live in 3.

Furthermore, it was noticed that the hadrons (any composite particle composed of

quarks) are limited to the observed mesons and baryons. An ad hoc requirement called

confinement is imposed to explain this observation. Confinement states that only particles

that are colourless singlets are seen in nature. Other bound states, such as qqqq, qqq etc.

are ruled out as they do not contain a singlet.

This also explains some observed discrepancies of factors of three between what is ex-

perimentally measured and what would otherwise have been predicted. For example, the

ratio between e+e− → had and e+e− → µ+µ− would be a factor of three off in the theory.

A.4.4 Heavy Flavours

One would näıvely expect that this procedure could be extended to encompass all 6 ob-

served quarks in the Standard Model, simply by extending the group from SU(3) to SU(6).

Unfortunately, the heavy quarks c, t, and b are all significantly heavier than the others.

This mass difference breaks the approximate symmetry that would otherwise relate these

quarks. Further, the heavier quarks are inherently unstable, decaying promptly into the

lighter making measurement of stable bound states difficult.

Whilst there is no symmetry governing the three heavy quarks, one can still construct

mesons from one heavy and one light quark by viewing this meson as living in the 3 of SU(3).
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Similarly, baryons composed of two light quarks and one heavy quark can be thought of as

living in a 3⊗ 3 = 6⊕ 3 multiplets.

Other, heavier hadrons are theoretically predicted but are very difficult to detect due

to their extremely short lifetime.
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Appendix B

Lorentz Transformations

To define the Lorentz transformation Λνµ on the space-time coordinate xµ, we consider

two inertial frames S and S′, the latter moving at a velocity v away from S. This set of

transformations govern the theory of Special Relativity and form the proper orthochronous

Lorentz group SO+(1, 3) as we have shown in Section 1.1.1. We shall construct the equations

of Special Relativity in this section.

Without loss of generality, we can define (using the rotations) v to be in the positive

z direction, with the origin of S (t = 0, z = 0) coinciding with the the origin of S′ (t′ =

0,z′ = 0). We shall omit x, y indices in our discussion for the sake of brevity. We assume

that the motion is linear, such that the transformations are also linear. We can then write

x′µ = Λµνxν ; explicitly,  t′

z′

 =

 λ δ

α γ


 t

z

 (B.1)

where λ, δ, α, γ ∈ R are currently arbitrary constants, such that we can choose λ ≥ 1.

Consider the motion of the origin of frame S′. In S′, we will be at the coordinates

(t′, z′ = 0) for a general t′. However, in S we shall be at (t, z = vt). These points are related

by  t′

0

 =

 λ δ

α γ


 t

vt

 (B.2)
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and thus α = −γv. Analogously, if we consider the position of the origin of S in the frame

S′, we have  t′

−vt′

 =

 λ δ

α γ


 t

0

 (B.3)

which in turn implies −vt′ = αt and t′ = λt. Together with the previous result, we find

α = −vλ and thus λ = γ.

Putting this together, we have

 t′

z′

 =

 γ δ

−vγ γ


 t

z

 (B.4)

The inverse transformation of the Lorentz group can be constructed as

 t

z

 =
1

γ2 + vδγ

 γ −δ

vγ γ


 t′

z′

 (B.5)

We shall now make use of the equivalence principle, which states that there are no

preferred reference frames. Consider S as moving at −v away from S′, we then have

 t

z

 =

 γ(−v) δ(−v)

vγ(−v) γ(−v)


 t′

z′

 (B.6)

If we assume that we are living in an isotropic world, then it is clear that γ cannot be

dependent on the direction of v and γ(−v) = γ(v). Now, we can make the main diagonals

of (B.5) and (B.6) consistent by requiring γ2 + vδγ = 1. In this case, γ defines both the

relativistic length contraction and time dilation (if γ < 1) of the moving frame when viewed

from the stationary one. Furthermore, notice that this condition implies that det Λ = +1.

271



Performing two consecutive transformations gives

 t′′

z′′

 =

 γ(v′) δ(v′)

−v′γ(v′) γ(v′)


 γ(v) δ(v)

−vγ(v) γ(v)


 t

z


=

 γ′γ − δ′vγ γ′δ + δ′γ

−v′γ′γ − γ′vγ −v′γ′δ + γ′γ


 t

z

 (B.7)

Notice that this is another (Lorentz) transformation and therefore satisfies the group axiom

of closure.

In the original transformation matrix, the main diagonal elements are both equal to γ

and therefore

γ′γ − vδ′γ = −v′γ′δ + γ′γ (B.8)

which requires δ′

vγ′ = δ
vγ . For a general Lorentz transformation with v 6= 0 ⇒ γ 6= 1, this

condition is consistent with γ2 + vδγ = 1. The case v = 0 is the identity transformation of

the Lorentz group and can be recovered from the general case at the end of the derivation.

For v 6= 0, we thus have a frame-invariant quantity

κ ≡ δ′

v′γ′
=

δ

vγ
(B.9)

which has dimensions [κ] = [v]−2 (since γ is dimensionless [t] = [γt], [δ] = [t]/[z] = [v]−1).

Then 1 = γ2 + vδγ = γ2(1 + κv2) and thus

γ = +
1√

1 + κv2
(B.10)

where we have taken the positive root since we wish to considering the proper orthochronous

Lorentz subgroup.

Finally, the transformation can be written

Λ =
1√

1 + κv2

 1 κv

−v 1

 (B.11)
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and  t′

z′

 =
1√

1 + κv2

 1 κv

−v 1


 t

z

 (B.12)

If κ > 0, in the limit κv2 � 1 the spatial coordinates transform with a time coordinates

and vice-versa since t′ →
√
κz and z → (

√
κ)−1t. We exclude this possibility as unphysical,

since we are taking the proper orthochronous subgroup where time is taken to run only in

the positive direction. Therefore, either κ = 0 or κ < 0.

Taking κ = 0, we recover Galilean/Newtonian kinematics and transformation laws:

 t′

z′

 =

 1 0

−v 1


 t

z

 (B.13)

In this case, the relative velocities of inertial frames are not limited and since t′ = t, time

is absolute.

The final case κ < 0 corresponds to a general Lorentz transformation. We set the (finite)

frame invariant speed of light in a vacuum to be

c =
1√
−κ

(B.14)

or equivalently κ = − 1
c2

= − 1
µ0ε0

, where c = 299, 792, 458 ms−1 is the speed of light, which

sets an upper limit on physical speeds [217]. c is thus treated as a universal constant and

defines the highest possible relative velocity between inertial frames. Further, Michelson-

Morley showed that the speed of light is an absolute and finite speed [218] such that κ

is constant. Historically, Einstein used a slightly stronger assumption that the speed of

light was constant to derive Special Relativity [219], whilst we have just used equivalence

of inertial frames in our derivation.

If v � c, we recover the set of Galilean transformation as required. The case v = 0

occurs when S′ and S are identical and the transformation is merely the trivial identity

transformation.
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We have finally arrived at the Lorentz transformations that govern Einstein’s theory of

Special Relativity  t′

z′

 =
1√

1− v2

c2

 1 −v2

c2

−v 1


 t

z

 (B.15)

Notice that the Lorentz transformations do indeed form a group as they satisfy the group

axioms of closure (B.7), the existence of the identity (the v = 0 case) and inverse (B.5),

and finally associativity follows directly from matrix multiplication being associative.

The matrix representation of this group governs one time and three spatial dimensions,

where each group element Λ ∈ SO+(1, 3) has det Λ = +1 [54], where the + indicates that the

transformation is the (proper orthochronous) subgroup that preserves the direction of time.

In particular, the equivalence of reference frames in flat Minkowski space implies that its

metric ηµν must be invariant under the Lorentz transformations, such that ΛµσηµνΛνρ = ησρ.

B.1 Lorentz Transformations on Scalar Fields

We would like the Schrödinger equation of Quantum Mechanics (QM) and thus the Klein-

Gordon Lagrangian to be relativistic. Indeed, the unification of Special Relativity (described

by the Lorentz transformations) and QM was one of the main motivations for developing a

Quantum Field Theory (QFT) [6].

The Lorentz transformation of the space-time coordinates is given by:

xµ →
(
x′
)µ

= Λµνx
ν (B.16)

To be consistent with the transformation leaving the path length invariant, we require the

metric ηµν to transform as

ΛµσηµνΛντ = ηστ (B.17)

For the scalar field φ(x), the Lorentz transformation is thus

φ(x) −→ φ′(x) = φ(Λ−1x) (B.18)
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where we have used the inverse Λ−1 to indicate an “active” transformation, which shifts the

field by expressing the old field configuration in terms of the transformed frame of reference.

In contrast, the “passive” transformation is defined with a Λ and represents only a change

of coordinates [6].

For Lorentz invariance to hold, we require that if φ satisfies the equations of motion

then φ(Λ−1x) must also. Further, the derivative transforms as a vector

∂µ −→
∂

∂x′µ
=
∂xν

∂x′µ
∂

∂xν
= (Λ−1)νµ∂ν (B.19)

In the particular case of the Klein-Gordon Lagrangian, the derivative term becomes

LKG,kin(x) = ∂µφ(x)∂νφ(x)ηµν −→
(
Λ−1

)ρ
µ

(∂ρφ) (y)
(
Λ−1

)σ
ν

(∂σφ) (y)ηµν

= (∂ρφ) (y) (∂σφ) (y)ηρσ

= LKG,kin(y) (B.20)

where we have defined y ≡ Λ−1x.

Together with the potential term, which transforms as φ2(x)→ φ2(y), the Klein-Gordon

action

SKG =

∫
d4xL(x) −→

∫
d4xL(y) =

∫
d4yL(y) (B.21)

is thus Lorentz invariant, where the additional Jacobian in the last equality is assumed to

be unity (det Λ = 1).

B.2 Lorentz Transformations on Spinor Fields

The free space Dirac equation on spinors

(iγµ∂µ −m)ψ = 0 (B.22)

in the Weyl representation of γµ matrices, with ψ =

 ψL

ψR

.
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This is the equation of motion of spinor fields, which we would like to use to describe

the spin-1
2 fermions. For this to be a physical theory, we require Lorentz invariance, which

can be imposed in two ways:

• view γµ∂µ as Lorentz scalar. Since ∂µ is a covariant vector, this is equivalent to

requiring γµ to transform contravariantly under the Lorentz transformation. In this

case ψ is considered a scalar.

• assume γµ to be fixed, and have ψ transform in some non-trivial way under the Lorentz

group, to counteract the transformation of ∂µ.

In 1955 R. H. Good showed that any choice of γµ are equivalent up to some unitary

transformation [220] and thus the γ matrices can be fixed for any frames of reference.

We therefore proceed with the latter case where ψα(x) → S[Λ]αβψ(Λ−1x), with S[Λ]

some 4 × 4 matrices to be determined, where α, β = 1, 2, 3, 4 run over the indices of the

matrix.

Since we wish S[Λ] to form a representation of the Lorentz group, the inverse transform-

ation must exist S[Λ−1] = ψ′(Λ−1x)S[Λ]−1ψ′(x) = ψ(Λ−1x) such that S[Λ]S[Λ]−1 = I. As

in the scalar field case Λ−1 is required as we are considering active transformations of the

field. For convenience, we shall define y ≡ Λ−1x.

In particular, we would like the Dirac equation to be invariant under this representation

of the Lorentz group, such that if ψ(x) satisfies the equation of motion, then so will S[Λ]ψ(y).

We start from the Dirac equation in the transformed reference frame:

(
iγµ∂′µ −m

)
ψ′(x) = 0 (B.23)

The partial derivative transforms as a vector with (∂µφ) (x)→ (Λ−1)νµ (∂νφ) (y).

From (B.23), we proceed as follows

iγµΛ ν
µ ∂νS[Λ]ψ(y) = mS[Λ]ψ(y)

= iSγν∂νψ (B.24)

where the last line follows from the Dirac equation (B.22).
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We thus have the condition S[Λ]−1γµΛ ν
µ S[Λ] = γν , for the spinor field to have to correct

transformation property. Note that since [S [Λ] , ∂ν ] = 0 = [Λ, S [Λ]] = 0, this condition

becomes

S[Λ]−1γµS[Λ] = Λµνγ
ν (B.25)

We make the ansatz that S[Λ] = exp (kΩµνSµν) where

Sµν ≡ 1

4
[γµ, γν ] =

1

2
γµγν − 1

2
ηµν (B.26)

The matrices Sµν are themselves generators and form a representation of the Lorentz

algebra in (1.13) as they obey the same commutation relations:

[Sρσ,Sτν ] = ηστSρν − ηρτSσν + ηρνSστ − ησνSρτ (B.27)

In the infinitesimal limit,

S[Λ]αβ u (1 + kΩµνSµν)αβ (B.28a)(
S[Λ]−1

)α
β

u (1− kΩµνSµν)αβ (B.28b)

Λαβ u
(

1 +
1

2
ΩµνMµν

)α
β

(B.28c)

where the last line uses the generators of the Lorentz group defined in (1.14). Although

the basis generators Sµν and Mµν are different, we shall use the same six numbers Ωµν

to ensure the same transformation is done on both the coordinate x and the field ψ. We

require

(
1− kΩαβSαβ

)
γµ
(

1 + kΩαβSαβ
)

=
1

2

(
1 +

1

2
ΩαβMαβ

)
γµ (B.29)

where we have suppressed the matrix indices. Rearranging this equation, we find

−kΩαβ

[
Sαβ, γµ

]
=

1

2

(
Mαβ

)
γµ (B.30)
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where [Sµν , γρ] = γµηνρ − γνηρµ; this result follows directly from the definition of Sµν and

the anticommutation rules for µ 6= ν in (2.30).

Finally, since

(Mρσ)µν γ
ν = (ηρµδσν − ησµδρν) γν

= ηρµγσ − ησµγρ (B.31)

where the first line is just the definition of M in (1.11), we see that k = 1
2 and

S[Λ] = 1 +
1

2
ΩµνSµν (B.32)

Thus, the total transformation on the field ψ, found by repeated application of the

infinitesimal one, is given by

S[Λ] = lim
n→∞

(
1 +

1

2

Ωµν

n
Sµν

)n
= exp

(
1

2
ΩµνSµν

)
(B.33)

This is indeed a unique representation and the spinor fields ψ are defined by this (spinor)

representation’s transformation rule. In particular, we require a 4π rotation of Ω for the

spinor field to return to the original state, rather than the usual 2π in the case of the scalar

field.

Additionally, it is possible to put S[Λ] back into block-diagonal form by:

1

2
ΩµνSµν =

1

4
Ωµνγ

µγν

=
1

2

(
Ω0kγ

0γk + γ12γ
1γ2 + Ω13γ

1γ3 + Ω23γ
2γ3
)

=
1

2
φk

 σk 0

0 −σk

+
1

2
iθk

 σk 0

0 σk

 (B.34)

where we have used the definitions of γµ from (2.33) and φk, θk correspond to the Lorentz

boosts and rotations respectively.
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This gives the block diagonal form of S as

S[Λ] = exp

 1
2φkσ

k + 1
2 iθkσ

k 0

0 −1
2φkσ

k + i
2θkσ

k

 (B.35)

Notice that this separates out two inequivalent (due to the additional negative sign in the

second block) irreducible representations.

Explicitly, taking S[Λ] to act on ψ =

 ψL

ψR

, we find

ψ′L = exp

(
1

2
iσ · θ +

1

2
σ · φ

)
ψL

ψ′R = exp

(
1

2
iσ · θ − 1

2
σ · φ

)
ψR (B.36)

with ψL, ψR irreducible “Weyl” spinors. These are related by the Hermition conjugate,

such that ψ†L transforms as a right-handed spinor and ψ†R as a left-handed one.

Notice that the Weyl spinors do not preserve parity x→ −x, since the left-handed spinor

transforms into the right-handed one. This is in direct contrast to the Dirac spinors, which

contain both left and right handed components and are full parity conserving. Weyl spinors

are therefore used in the theories such as the electroweak theory where parity symmetry

has been observed to be violated [221].

By construction, the Dirac equation (B.22) is now Lorentz invariant for the field ψ,

which transforms under ψ → S[Λ]ψ. However, we cannot simply write down the term ψ†ψ

in the Lagrangian since the matrices S[Λ] are in general not unitary (in particular the boosts

of (B.34)) [6].

This means that the term

ψ†ψ −→ ψ†S[Λ]†S[Λ]ψ 6= ψ†ψ (B.37)

is not Lorentz invariant. Instead, we construct the term

ψψ (B.38)
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where we define ψ = ψ†γ0 as the “Dirac adjoint”.

It is simple to check that such a term is a Lorentz scalar, and therefore permissible in

equations that govern our physical theories. Following [6], we start by noting that (γ0)† = γ0

and (γi)† = −γi for i = 1, 2, 3. Then,

γ0γµγ0 = (γµ)† (B.39)

for µ = 0, 1, 2, 3. Thus,

(Sµν)† =
1

4

[
(γν)† , (γµ)†

]
= −γ0Sµνγ0 (B.40)

We see that

S[Λ]† = exp

(
1

2
Ωρσ (Sρσ)†

)
= γ0S[Λ]−1γ0 (B.41)

Then,

ψ(x)ψ(x) = ψ†(x)γ0ψ(x)

→ ψ†
(
Λ−1x

)
S[Λ]†γ0S[Λ]ψ

(
Λ−1x

)
= ψ†

(
Λ−1x

)
γ0ψ

(
Λ−1x

)
= ψ(Λ−1x)ψ(Λ−1x) (B.42)

as required for a Lorentz scalar.

In a similar manner, more complicated terms involving multiple spinor fields and γ

matrices can also be constructed. It is then a simple exercise to use the infinitesimal Lorentz

transformation rules to determine how these new quantities behave [8]. We reiterate that

only combinations of fields that are collectively Lorentz scalars (invariant under Lorentz

transformations) are permissible as terms in the physical Lagrangians that describe nature.

We shall check the transformation rules of the term ψ̄γµψ. This term transforms as

ψ(x)γµψ(x) −→ Λµνψ
(
Λ−1x

)
γνψ

(
Λ−1x

)
(B.43)
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Notice that we have already shown that S[Λ]−1γµS[Λ] = Λµνγν in (B.25), and so ψ̄γµψ

transforms as a vector

ψ̄γµψ → Λµνψ̄
(
Λ−1x

)
γνψ

(
Λ−1x

)
(B.44)

Now, since ψ̄∂µγ
µψ is a scalar (since ∂µ → (Λ−1)νµ∂ν from (B.19)), we can construct

the full Lorentz invariant Lagrangian, which gives rise to the Dirac equation:

LDirac = ψ (iγµ∂µ −m)ψ (B.45)

The factor i is included to make the action real; upon complex conjugation, it cancels

the additional minus sign that comes from integration by parts. We have now construc-

ted the Lorentz invariant Dirac Lagrangian, which describes spin-1
2 particles (and their

antiparticles) of mass m.

B.3 Lorentz Transformations on Vector Fields

The Lorentz transformation of vector fields is straight forward since it is similar to the

transformation of the space-time coordinates. In particular, the active transformation of

the vector field Aµ is

Aµ(x) −→ ∂x′µ

∂xν
Aν(Λ−1x) = ΛµνA

ν(Λ−1x) (B.46)

These types of fields will typically represent the bosons of the Standard Model and arise

in equations of the form

LDirac+vector = ψ (γµ (i∂µ − eAµ)−m)ψ (B.47)

with e a constant. Since the Aµ transforms in a similar manner to the derivation ∂µ, it

trivially follows from the Lorentz invariance of (B.45) that this Lagrangian is also Lorentz

invariant.
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Similarly, one can have arbitrary tensor product fields, where each index transforms as

a vector-like one. For example,

Bµν → ΛµρΛ
ν
σB

ρσ(Λ) (B.48)

The stress-energy tensor and the metric tensor are two examples of tensor product fields.

These are required to have this well-defined transformation law to allow them to couple to

all other fields in a Lorentz invariant manner. These coupling terms can then be included

into the physical equations of motion.
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Appendix C

The Search for a Heavy Top-Like

Quark : Additional Material

C.1 Sensitivity Cross Check : Additional ≥ 1 b-tag Require-

ment

We separate out the events with 0 b-tags, dominated by background, and events with ≥ 1

b-tag, dominated by signal. Using the nominal BDT training, we find the BDT distributions

shown in Fig. C.1 for the two categories of events with = 0 b-tags and with ≥ 1 b-tags.

We compare the standard procedure to one that includes an additional cut on the b-

tag multiplicity in the event (using a minimal set of systematic uncertainties). Using only

events with ≥ 1 b-tags, we find a comparable expected limit to the situation using standard

selection in the combined lepton-plus-jets channel. This is shown in Fig. C.2. The BDT

therefore accounts for background dominated 0 b-tag events and gives no significant impact

on sensitivity.

This test is done using a simplified BDT training with all non-substructure variables. An

asymptotic CLS calculator described in [156, 222] was used and the sources of systematic

uncertainties included in this test were all non-template systematics and the JES shape

uncertainty.
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Figure C.1: Top (Bottom) shows the 700 GeV BDT distribution in the = 0 (≥ 1) b-tag regime
for both channels.

Figure C.2: Expected limit of (black) standard selection and (red) standard + ≥ 1 b-tag
selection.
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C.2 Sensitivity Cross Check : HT vs number of b-tagged jets

We check the limits in this nominal BR case against a “linearised” HT vs number of b-tagged

jets distribution. We split the HT distribution into four categories of events with different

b-tag multiplicities (0, 1, 2,≥ 3) and then linearise them. The distributions that are after

bin merging (requiring all bins to be well populated, with a maximum of 40% statistical

uncertainty by the MC) are shown in Fig. C.3.

Figure C.3: Linearised HT vs b-tag multiplicity after bin merging (to ensure statistics
in all MC templates). The bins are merged right to left until there is less than a 40%
statistical uncertainty in the bin. Note that the HT range is 5 TeV per b-tag category such
that 0 − 5 TeV corresponds to 0 b-tags, 5 − 10TeV is 1 b-tag, 10 − 15 TeV is 2 b-tags and
15− 20 TeV is ≥ 3 b-tags, where each category spans 0− 5 TeV in HT .

These templates are fed into the statistical procedure along with a minimal set of (JES

and all non-template) uncertainties and the expected limit is compared to the nominal BDT

procedure in Fig. C.4. We see good improvement over the entire mass range with the BDT

prescription.
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Figure C.4: The expected limits of the nominal BDT procedure is compared to the linearised
HT vs b-tag multiplicity after bin merging.

C.3 Signal BDT Distributions

BDT distributions, using nominal BR, for the signal samples with 500, 800, 1100, and

1400 GeV mass hypotheses. This shows the expected behaviour, with heavier masses ap-

pearing more signal like, where a BDT discriminant of +1 indicates a pure signal-like event

and −1 a pure background-like event. The signal BDT distributions are shown in Fig. C.5

and Fig. C.6 for µ+jets events with and without substructure and Fig. C.7 and Fig. C.8 for

e+jets events with and without substructure.

All decay modes at each mass point overlap, indicating that the training on different

branching ratios separately will be unlikely to yield significant improvement over the nom-

inal case we have considered. Therefore, we train only on the nominal branching ratios to

avoid excessive computation time.

As a cross-check a comparison is made between training on the individual signal channels

and the nominal branching ratios in Appendix C.5, and indeed the expected sensitivity is

very comparable to the nominal training. Furthermore, the double-hump nature can be

seen to be due to the simultaneous training on multiple signal samples Appendix C.4.
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Figure C.5: Area normalised signal BDT for the 500, 800, 1100, 1400 GeV mass points for
the µ+jets channel events with substructure corresponding to events with ≥ 3 jets and at
least one W-tagged jet.
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Figure C.6: Area normalised signal BDT for the 500, 800, 1100, 1400 GeV mass points in the
µ+jets channel events without substructure corresponding to events with ≥ 4 jets and no
W-tagged jet.
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Figure C.7: Area normalised signal BDT for the 500, 800, 1100, 1400 GeV mass points in the
e+jets channel events with substructure corresponding to events with ≥ 3 jets and at least
one W-tagged jet.
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Figure C.8: Area normalised signal BDT for the 500, 800, 1100, 1400 GeV mass points in the
e+jets channel events without substructure corresponding to events with ≥ 4 jets and no
W-tagged jet.
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C.4 BDT Distributions Training on Individual Signal Samples

We train on the 100% branching ratio modes separately, where both T -quarks decay via

T → bW , T → tH, or T → tZ exclusively. The resulting BDT distributions are shown in

Fig. C.9, Fig. C.10, and Fig. C.11 for T → bW , T → tH and T → tZ respectively. As

one can see, there is no longer a distinct second hump as exhibited when training using the

nominal BRs. We conclude that the two bump structure seen in Fig. 11.32 are therefore

due to the simultaneous training on the different signal samples.

The limit computation using these templates is shown in Appendix C.5. No significant

improvement is seen in the limits.
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Figure C.9: The BDT distribution for training on the 100% T → bW scenario. The µ+jets
channel for events (a) with and (b) without substructure and in the e+jets channel for
events (c) with and (d) without substructure.
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Figure C.10: The BDT distribution for training on the 100% T → tH scenario. The µ+jets
channel for events (a) with and (b) without substructure and in the e+jets channel for
events (c) with and (d) without substructure.
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Figure C.11: The BDT distribution for training on the 100% T → tZ scenario. The µ+jets
channel for events (a) with and (b) without substructure and in the e+jets channel for
events (c) with and (d) without substructure.
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C.5 Sensitivity Cross Check : Training on Individual Signal

Samples

We here check the affect of sensitivity on training on each of the full branching ratio channels

independently. We compare the BDT distribution using training with the nominal branching

ratio to the distribution created by training against the 100% decay modes in bW , tH, or

tZ exclusively. The comparisons are shown in Fig. C.12.

For simplicity, this cross check was done with training using only the one mass 800

GeV and without separation of events into substructure categories. This training was then

applied to all the different mass points. Further, this test uses an asymptotic CLS technique

described in [156,222] with all non-template systematics but only the JES shape systematic

for computational simplicity.

No significant improvement is observed in any of these channels at the 800 GeV mass

point where our limits fall. For simplicity, we shall only train on the nominal branching

ratios for each mass point.
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Figure C.12: Expected limits for the of the nominal training compared to training on the
100% BR in (top) T → bW , (middle) T → tH and (bottom) T → tZ decay modes.

295



C.6 Cross Check : The Data Deficit in the BDT Distribution

We account for the mismodelling of the data in the high BDT range by Q2 (scale) system-

atics of the tt̄ background described in Section 11.6. In particular, we see in Fig. C.13

the comparison between the nominal tt̄ background and the scale templates in the BDT

distribution.
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Figure C.13: BDT distributions for the tt̄ background and its Q2 scale template systematics
in the signal region: for events with substructure in the (a) µ+jets and (b) e+jets channels
and similarly for events without substructure in the (c) µ+jets and (d) e+jets channels.

Fig. C.14 shows the one-sigma down variation replacing the nominal tt̄ contribution

with the scale down template. As one can see, there is no longer a deficit in the data at the

high BDT end. For completeness Fig. C.15 shows the BDT distribution using the scale up tt̄
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distribution. Since we use these scale template systematics in the limit setting procedure,

we have thus accounted for the observed deficit in the data.
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Figure C.14: BDT distributions with the tt̄ background replaced with its Q2 scale down
systematic template in the signal region: for events with substructure in the (a) µ+jets and
(b) e+jets channels and similarly for events without substructure in the (c) µ+jets and (d)
e+jets channels.

The scale systematic also accounts for the data-MC disagreement in the HT distributions

(Fig. 11.22 and Fig. 11.29 for the µ+jets and e+jets channels respectively). Fig. C.16 shows

the comparison between the nominal tt̄ background and the ±1σ scale templates in the HT

distribution.

Finally, we substitute the nominal tt̄ background HT histogram with its scale systemic

templates. This is shown in Fig. C.17. As one can see this systematic uncertainty by itself

accounts for the majority of the disagreement between data and MC.
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Figure C.15: BDT distributions with the tt̄ background replaced with its Q2 scale up sys-
tematic template in the signal region: for events with substructure in the (a) µ+jets and
(b) e+jets channels and similarly for events without substructure in the (c) µ+jets and (d)
e+jets channels.
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Figure C.16: HT distributions for the tt̄ background and its Q2 scale template systematics
in the signal region: for events with substructure in the (a) µ+jets and (b) e+jets channels
and similarly for events without substructure in the (c) µ+jets and (d) e+jets channels.
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Figure C.17: HT distribution with the tt̄ background replaced with its Q2 scale systematic
template in the signal region: using the tt̄ scale down templates for the (a) µ+jets and (b)
e+jets channels and similarly, using the tt̄ scale up templates for the (c) µ+jets and (d)
e+jets channels.
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C.7 1D Limits for All Branching Ratios

We set limits in the muon and electron channels separately for the 66 branching ratio points,

22 of which (corresponding to the 0.2 interval steps in BR) are listed in Table C.1. For

conciseness, only the combined electron, combined muon and total combined lepton+jets

channels are shown.

Scenario T → bW T → tH T → tZ expected µ observed µ expected e observed e

(0) 0.5 0.25 0.25 697 GeV 689 GeV 698 GeV 683 GeV
(1) 0.0 0.0 1.0 680 GeV 675 GeV 681 GeV 675 GeV
(2) 0.0 0.2 0.8 685 GeV 679 GeV 685 GeV 677 GeV
(3) 0.0 0.4 0.6 690 GeV 684 GeV 692 GeV 678 GeV
(4) 0.0 0.6 0.4 694 GeV 690 GeV 696 GeV 682 GeV
(5) 0.0 0.8 0.2 698 GeV 695 GeV 706 GeV 685 GeV
(6) 0.0 1.0 0.0 712 GeV 699 GeV 731 GeV 692 GeV
(7) 0.2 0.0 0.8 682 GeV 680 GeV 685 GeV 676 GeV
(8) 0.2 0.2 0.6 688 GeV 682 GeV 692 GeV 678 GeV
(9) 0.2 0.4 0.4 694 GeV 686 GeV 695 GeV 680 GeV
(10) 0.2 0.6 0.2 697 GeV 691 GeV 702 GeV 683 GeV
(11) 0.2 0.8 0.0 708 GeV 694 GeV 726 GeV 688 GeV
(12) 0.4 0.0 0.6 686 GeV 685 GeV 690 GeV 679 GeV
(13) 0.4 0.2 0.4 691 GeV 687 GeV 696 GeV 681 GeV
(14) 0.4 0.4 0.2 698 GeV 691 GeV 699 GeV 682 GeV
(15) 0.4 0.6 0.0 712 GeV 695 GeV 721 GeV 685 GeV
(16) 0.6 0.0 0.4 688 GeV 689 GeV 696 GeV 680 GeV
(17) 0.6 0.2 0.2 696 GeV 694 GeV 701 GeV 683 GeV
(18) 0.6 0.4 0.0 720 GeV 695 GeV 725 GeV 682 GeV
(19) 0.8 0.0 0.2 696 GeV 696 GeV 699 GeV 682 GeV
(20) 0.8 0.2 0.0 711 GeV 699 GeV 709 GeV 684 GeV
(21) 1.0 0.0 0.0 706 GeV 702 GeV 705 GeV 680 GeV

Table C.1: Shows the branching ratios and the limits for the µ+jets and e+jets channels
for the 0.2 interval points in phase space where the limit computation is done.
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Figure C.18: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.0 : 0.0 : 1.0 correspond to version 1 listed in Table 11.16

302



600 800 1000 1200 1400

-310

-210

-110

1

10

 [GeV]TM

 [
pb

]
σ

observed 95% C.L.
expected

 expectedσ1±
 expectedσ2±

THEORYT

BR(bW)=0.0, BR(tH)=0.2, BR(tZ)=0.8

)-1      e+jets (19.6 fbCMS =8 TeVs

600 800 1000 1200 1400

-310

-210

-110

1

10

 [GeV]TM

 [
pb

]
σ

observed 95% C.L.
expected

 expectedσ1±
 expectedσ2±

THEORYT

BR(bW)=0.0, BR(tH)=0.2, BR(tZ)=0.8

)-1+jets (19.6 fbµ      CMS =8 TeVs

600 800 1000 1200 1400

-310

-210

-110

1

10

 [GeV]TM

 [
pb

]
σ

observed 95% C.L.
expected

 expectedσ1±
 expectedσ2±

THEORYT

BR(bW)=0.0, BR(tH)=0.2, BR(tZ)=0.8

)-1+jets, e+jets (19.6 fbµ      CMS =8 TeVs

Figure C.19: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios correspond to version BR(bW :tH:tZ) = 0.0 : 0.2 : 0.8 correspond to version 2 listed
in Table 11.16
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Figure C.20: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.0 : 0.4 : 0.6 correspond to version 3 listed in Table 11.16
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Figure C.21: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios correspond to version 4 listed in Table 11.16
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Figure C.22: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.0 : 0.8 : 0.2 correspond to version 5 listed in Table 11.16
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Figure C.23: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.0 : 1.0 : 0.0 correspond to version 6 listed in Table 11.16
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Figure C.24: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.2 : 0.0 : 0.8 correspond to version 12 listed in Table 11.16
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Figure C.25: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.4 : 0.0 : 0.6 correspond to version 7 listed in Table 11.16
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Figure C.26: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.4 : 0.2 : 0.4 correspond to version 8 listed in Table 11.16
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Figure C.27: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.4 : 0.4 : 0.2 correspond to version 9 listed in Table 11.16
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Figure C.28: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.4 : 0.6 : 0.0 correspond to version 10 listed in Table 11.16
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Figure C.29: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.2 : 0.8 : 0.0 correspond to version 11 listed in Table 11.16

313



600 800 1000 1200 1400

-310

-210

-110

1

10

 [GeV]TM

 [
pb

]
σ

observed 95% C.L.
expected

 expectedσ1±
 expectedσ2±

THEORYT

BR(bW)=0.4, BR(tH)=0.0, BR(tZ)=0.6

)-1      e+jets (19.6 fbCMS =8 TeVs

600 800 1000 1200 1400

-310

-210

-110

1

10

 [GeV]TM

 [
pb

]
σ

observed 95% C.L.
expected

 expectedσ1±
 expectedσ2±

THEORYT

BR(bW)=0.4, BR(tH)=0.0, BR(tZ)=0.6

)-1+jets (19.6 fbµ      CMS =8 TeVs

600 800 1000 1200 1400

-310

-210

-110

1

10

 [GeV]TM

 [
pb

]
σ

observed 95% C.L.
expected

 expectedσ1±
 expectedσ2±

THEORYT

BR(bW)=0.4, BR(tH)=0.0, BR(tZ)=0.6

)-1+jets, e+jets (19.6 fbµ      CMS =8 TeVs

Figure C.30: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.4 : 0.0 : 0.6 correspond to version 12 listed in Table 11.16.
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Figure C.31: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.4 : 0.2 : 0.4 correspond to version 13 listed in Table 11.16.
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Figure C.32: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.4 : 0.4 : 0.2 correspond to version 14 listed in Table 11.16
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Figure C.33: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.4 : 0.6 : 0.0 correspond to version 15 listed in Table 11.16
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Figure C.34: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.6 : 0.0 : 0.4 correspond to version 16 listed in Table 11.16
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Figure C.35: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.6 : 0.2 : 0.2 correspond to version 17 listed in Table 11.16
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Figure C.36: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.6 : 0.4 : 0.0 correspond to version 18 nominal listed in Table 11.16
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Figure C.37: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.8 : 0.0 : 0.2 correspond to version 19 nominal listed in Table 11.16
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Figure C.38: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 0.8 : 0.2 : 0.0 correspond to version 20 nominal listed in Table 11.16
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Figure C.39: Observed and expected limits in the (top) e+jets, (middle) µ+jets and com-
bined channel on the TT production cross section as a function of T quark mass. The data
correspond to 19.6 fb−1 for both the e+jets channel and µ+jets channels. The branching
ratios BR(bW :tH:tZ) = 1.0 : 0.0 : 0.0 correspond to version 21 listed in Table 11.16
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C.8 Multilepton Channel

The multilepton final state is sorted into four mutually exclusive categories described below.

Dilepton events have exactly two leptons with pT > 20 GeV. The dilepton events are further

subdivided into opposite and same sign dilepton categories, with the former consisting of

two types of samples. Finally, trilepton events have at least three leptons with pT > 20 GeV.

Full details of this analysis may be found in [181].

For all categories of multilepton events, we require that there is a dilepton pair with a

mass above 20 GeV, pT > 30 GeV, and that at least one jet is identified as a b jet.

In the multilepton case, we redefine HT and introduce ST as:

HT ≡
∑
i

pT i = jets

ST ≡
∑
j

pT j = jets, leptons, 6ET

The first of the two opposite sign dilepton samples (denoted OS1) mostly accepts events

in which both the T and the T quarks decay to bW , resulting in a bWbW final state. The

main irreducible background are the tt̄ and Drell-Yan production. To improve sensitivity,

we impose the following requirements. We suppress the Drell-Yan background by excluding

the dilepton pair mass window around the Z-boson mass, 76 < mll < 106 GeV. Further,

the invariant mass of the lepton and b-jet system, mlb, from top quark decays is necessarily

smaller than the top quark mass. We suppress the tt̄ background by requiring mlb >

170 GeV, shown in Fig. C.40. Finally, events are required to have either two or three jets

with HT > 300 GeV, and ST > 900 GeV. The residual Drell-Yan background is scaled to

the observed event count in the Z mass peak.

Events in the second opposite sign dilepton sample are required to have at least five

jets (denoted OS2), of which two must be b-tagged. This sample accepts final states in

which both leptons come from the decay of a Z boson but is insensitive to the bWbW final

state. The selection HT > 500 GeV, and ST > 1000 GeV is imposed. In this channel, the

dominant background in this channel is tt̄ production.
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Figure C.40: Observed and expected distributions of the smallest mlb from the opposite
sign dilepton sample. The signal distribution is dominated by the bWbW final state for a
T quark with a mass of 800 GeV.
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The same sign dilepton category is motivated to accept events in which at least one T -

quark decaying to either a tZ or tH final state. These events are required to have at least

three jets, HT > 500 GeV, and ST > 700 GeV, shown in Fig. C.41. In this channel, the main

backgrounds fall into three categories. SM prompt backgrounds with same-sign dilepton sig-

natures have very small cross section and are determined from simulation. Events with two

prompt opposite-sign leptons can contribute if one lepton has its charge mis-reconstructed.

The charge sign mis-reconstruction of muons in the pT range considered is negligible. The

probability to mis-reconstruct the charge of an electron is determined from a simulated

sample of Z decays. Finally, we also determine instrumental backgrounds arising from jets

faking one or both leptons from control data samples.

Figure C.41: Observed and expected distributions of ST from the same sign dilepton sample.

The trilepton event category is also motivated to accept events where at least one T -

quark decays to either a tH or tZ final state. These events are required to have at least

three leptons, and at least three jets with HT > 500 GeV and ST > 700 GeV. The prompt

sources of SM background originate from processes with three or more final state leptons;

these include diboson and triboson productions, which are modelled by simulation. Non-
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prompt backgrounds are characterised by one or more misidentified leptons. These are

determined in a similar manner to the dilepton event category.

The numbers of events in the simulated background samples and data for all multilepton

event categories samples are tabulated in Table C.2. The selection efficiencies and expec-

ted numbers of events for the T -quark signal assuming nominal branching fractions are

tabulated in Table C.3.

sample OS1 OS2 SS Trileptons

tt̄ 4.75 ± 0.25 75.00 ± 3.70 - -
single top 2.54 ± 0.31 2.00 ± 0.28 - -
Z 7.50 ± 1.70 2.47 ± 0.74 - -
tt̄W - - 5.80 ± 1.20 0.24 ± 0.05
tt̄Z - - 1.85 ± 0.58 1.80 ± 0.53
WW - - 0.53 ± 0.20 -
WZ - - 0.35 ± 0.04 0.40 ± 0.13
ZZ - - 0.03 ± 0.00 0.07 ± 0.00
WWW/WWZ/ZZZ/WZZ - - 1.85 ± 0.58 0.08 ± 0.03
tt̄WW - - - 0.05 ± 0.02
charge mis-ID - - 0.01 ± 0.00 -
non-prompt - - 8.50 ± 3.20 3.00 ± 1.20

total background 14.8± 1.8 79.4± 3.8 17.2± 3.4 5.7 ± 3.0
data 16 88 18 1

Table C.2: Number events predicted for background processes and observed in collision
data in the opposite sign dilepton samples with 2 or 3 jets (OS1) and with at least 5 jets
(OS2), the same sign dilepton sample (SS), and the trilepton sample.

channel OS1 OS2 SS trileptons
T quark mass efficiency events efficiency events efficiency events efficiency events

500 GeV 0.15% 17.0 0.30% 33.5 0.19% 21.2 0.17% 18.9
600 GeV 0.27% 9.0 0.47% 15.7 0.22% 7.5 0.25% 8.3
700 GeV 0.36% 4.0 0.57% 6.3 0.25% 2.8 0.28% 3.1
800 GeV 0.40% 1.6 0.58% 2.4 0.25% 1.0 0.31% 1.3
900 GeV 0.44% 0.69 0.58% 0.92 0.25% 0.39 0.32% 0.51

1000 GeV 0.45% 0.29 0.54% 0.35 0.23% 0.14 0.33% 0.21
1100 GeV 0.45% 0.12 0.50% 0.13 0.22% 0.06 0.32% 0.09
1200 GeV 0.46% 0.05 0.45% 0.05 0.20% 0.02 0.31 % 0.04

Table C.3: Efficiencies and number of events predicted for the T -quark signal assuming
nominal branching fractions in the opposite sign dilepton samples with 2 or 3 jets (OS1)
and with at least 5 jets (OS2), the same sign dilepton sample (SS), and the trilepton sample.

In all multilepton event categories, the number of events are of similar magnitudes.

Therefore, a simple event count is used in the limit computation. The event count is

separated into four separate categories: OS1, OS2, SS, and trileptons. These categories are
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linearised into a single set of histograms, with each histogram containing all multilepton

events for the data, backgrounds or signal samples. These histograms are fed into theta

and an upper bound on the cross section using all events with multilepton final states is

computed at each mass point for 66 different branching ratio scenarios.

Fig. C.42 shows the observed and expected limits determined in this way for a T -quark

that decays with the nominal branching ratios.
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Figure C.42: Observed and expected upper limits for the T -quark production cross section
using nominal branching fractions in the multilepton channel at 95% C.L.

The remaining 65 points correspond to a scan across the entire BR phase space in

intervals of 0.1. Comparing this to the theoretical cross section of T T̄ production, a lower

bound on the mass of the T -quark is set at 95% C.L. This information is summarised in

Table C.4 for the 22 scenarios that are separated by 0.2 BR intervals. In Section C.9, we

will show the exclusion limits for the multilepton analysis using the full 66 BR scenarios.

Out of the multilepton final states, the strongest limit is set in the high tZ BR scenarios

as the events in this decay mode have a higher selection efficiency (from the leptonically

decaying Z-bosons).
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Branching Fractions expected observed
Scenario T→bW T→tH T→tZ limit limit

(0) 0.5 0.25 0.25 688 GeV 658 GeV
(1) 0.0 0.0 1.0 802 GeV 781 GeV
(2) 0.0 0.2 0.8 787 GeV 763 GeV
(3) 0.0 0.4 0.6 769 GeV 736 GeV
(4) 0.0 0.6 0.4 739 GeV 697 GeV
(5) 0.0 0.8 0.2 698 GeV 678 GeV
(6) 0.0 1.0 0.0 676 GeV 649 GeV
(7) 0.2 0.0 0.8 783 GeV 757 GeV
(8) 0.2 0.2 0.6 761 GeV 726 GeV
(9) 0.2 0.4 0.4 726 GeV 691 GeV
(10) 0.2 0.6 0.2 689 GeV 663 GeV
(11) 0.2 0.8 0.0 656 GeV 613 GeV
(12) 0.4 0.0 0.6 757 GeV 715 GeV
(13) 0.4 0.2 0.4 715 GeV 685 GeV
(14) 0.4 0.4 0.2 682 GeV 649 GeV
(15) 0.4 0.6 0.0 643 GeV 591 GeV
(16) 0.6 0.0 0.4 715 GeV 684 GeV
(17) 0.6 0.2 0.2 684 GeV 646 GeV
(18) 0.6 0.4 0.0 652 GeV 590 GeV
(19) 0.8 0.0 0.2 692 GeV 660 GeV
(20) 0.8 0.2 0.0 675 GeV 622 GeV
(21) 1.0 0.0 0.0 697 GeV 685 GeV

Table C.4: Shows the expected and observed limits in the multilepton channel for the 22
scenarios separated by 0.2 BR intervals.

329



C.9 The Search for the Heavy Top-Like Quark in Events with

at Least One Lepton

The full likelihoods of the lepton-plus-jets and multilepton channels are statistically com-

bined using theta [204]. Upper limits on the cross section for the pair-produced T -quark

is computed for each mass point between 500 and 1500 GeV in 100 GeV steps. The full

details of this combination can be found in [3].

In the lepton-plus-jets channel a fit to the BDT discriminant distributions for signal and

background is made to the data at each mass point. For the multilepton channels we fit the

predicted numbers of events in four categories to the observed counts. The parameters of

the fit are the nuisance parameters that characterise the systematic uncertainties and the

TT production cross section, which is the sole parameter of interest.

Systematic uncertainties affect both the normalisation and the distribution of the dis-

criminating observable. There is a 4.4% uncertainty in the integrated luminosity for 8 TeV

data taken by CMS in 2012. We apply a 10% uncertainty on the tt̄ cross section norm-

alisation and assign a systematic uncertainty of 30% to the diboson backgrounds, single

top quark production, and the W and Z-boson backgrounds. An uncertainty of 3% in the

normalisation of the signal and background samples are assigned to the e+jets, µ+jets and

multilepton channels separately, to account for errors in the lepton trigger and identification

scale factors that correct the simulation to agree with the performance observed in the data.

An additional 3% uncertainty is applied to account for the uncertainty of finding W-jets in

the lepton-plus-jets channel.

Jet energy corrections, jet energy resolution, b-tagging, scale and matching template

systematics are common in both the lepton-plus-jets and multilepton channels; these cor-

respond to one standard deviation up and down within the uncertainty margin. These are

incorporated into the limit procedure using vertical morphing.

We compute 95% C.L. upper limits using Bayesian statistics with theta [204]. We fit

all samples simultaneously and then multiply the likelihoods to derive the limits. Fig. C.43

shows the observed and expected limits determined in this way for the nominal signal

branching fractions.
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Figure C.43: Observed and expected upper limits for the T -quark production cross section
using nominal branching fractions in the combined lepton-plus-jets and multilepton channel
at 95% C.L.

We scan across the entire phase space of branching ratios in 0.1 intervals by weighting

the contributions of the six final states for the signal samples. At each of these 66 branching

ratios (including the nominal scenario) we compute the expected and observed limits; these

are tabulated in Table C.5.

Finally, the expected and observed lower limits on the mass of the T -quark are rep-

resented graphically for the lepton+jets, multilepton, and combined analyses in Fig. C.44.

We rule out a heavy vector-like T -quark with a mass below 700 GeV across the whole

of phase space.
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Figure C.44: Expected and observed mass limits in the (top) lepton+jets, (middle) mul-
tilepton, and (bottom) the combined channels on the T T̄ production. These plots are
populated by the mass limits set in each of the 66 (including the nominal) BR scenarios
separated by 0.1 BR interval, with information summarised in Table 11.16, Table C.4, and
Table C.5.

333



Bibliography

[1] CMS Collaboration. Search for pair produced fourth-generation up-type quarks in

pp collisions at with a lepton in the final state. Physics Letters B, 718(2):307 – 328,

2012.

[2] Michael Luk et al. The inclusive Search for a Heavy Top-Like Quark T in the Lepton-

plus-Jets Channel at CMS. AN-13-028, March 2013.

[3] CMS Collaboration. Inclusive search for a vector-like T quark in events with at least

one lepton at
√
s = 8 TeV. B2G-12-015, March 2013.

[4] J. Beringer et al. The Review of Particle Physics. Physical Review D, 86, 2012.

[5] Jan Gutowski. Symmetry and Particle Physics 2006-2007 (Lecture Notes). Depart-

ment of Mathematics and Theoretical Physics, Cambridge University.

[6] David Tong. Quantum Field Theory (Lecture Notes). Department of Mathematics

and Theoretical Physics, Cambridge University, 2006-2007.

[7] Xuan-Yem Pham Quang Ho-Kim. Elementary Particles and Their Interactions.

Springer, 1998.

[8] Dan V. Shroeder Michael E. Peskin. An Introduction To Quantum Field Theory.

Westview Press, 1995.

[9] B.C. Allanach. The Standard Model (Lecture Notes). Department of Mathematics

and Theoretical Physics, Cambridge University, 2006-2007.

334



[10] CMS Collaboration. CMS Physics Technical Design Report Volume I: Detector Per-

formance and Software. Technical Design Report CMS. CERN, Geneva, 2006.

[11] CMS Collaboration. CMS Physics Technical Design Report Volume II: Physics Per-

formance. Technical Design Report CMS. CERN, Geneva, 2006.

[12] CMS Collaboration. The CMS experiment at the CERN LHC. JINST, 3, 2008.

[13] Enrico Fermi. Tentativo di una Teoria Dei Raggi β. Il Nuovo Cimento, 11(1):1–19,

1934.

[14] Abdus Salam and J.C. Ward. Weak and electromagnetic interactions. Il Nuovo

Cimento Series 10, 11(4):568–577, 1959.

[15] John Archibald Wheeler Charles W. Misner, Kip S. Thorne. Gravitation. W. H.

Freeman, 1973.

[16] David Griffits. Introduction to Elementary Particles. Wiley & Sons, USA, 1987.

[17] Mary Boas. Mathematical Methods in the Physical Sciences. Wiley & Sons, 3 edition,

2005.

[18] J. Clerk Maxwell. A Dynamical Theory of the Electromagnetic Field. Phil. Trans. R.

Soc. Lond., 155:459–512, January 1865.

[19] Erwin Schrödinger. Quantisierung als Eigenwertproblem. Annalen der Physik,

386(18):109–139, 1926.

[20] Alastair Rae. Quanutm Mechanics. Taylor & Francis, 2007.

[21] Lewis H. Ryder. Quantum Field Theory. Cambridge University Press, 2 edition, June

1996.

[22] Walther Gerlach and Otto Stern. Das magnetische Moment des Silberatoms. Zeits-

chrift für Physik A Hadrons and Nuclei, 9(1):353–355, December 1922.

[23] M. Goldhaber, L. Grodzins, and A. W. Sunyar. Helicity of Neutrinos. Phys. Rev.,

109:1015–1017, Feb 1958.

335



[24] Thomas Young. Experimental Demonstration of the General Law of the Interference

of Light, volume 94. Philosophical Transactions of the Royal Society of London, 1804.

[25] Niels Bohr. The Quantum Postulate and the Recent Development of Atomic Theory.

Nature, 121:580–590, 1928.

[26] R. P. Feynman. Space-Time Approach to Non-Relativistic Quantum Mechanics. Rev.

Mod. Phys., 20:367–387, Apr 1948.

[27] Hugh Osborn. Quantum Field Theory II (Lecture Notes). Department of Mathematics

and Theoretical Physics, Cambridge University, 2006-2007.

[28] Werner Heisenberg. Ueber den anschaulichen Inhalt der quantentheoretischen Kin-

ematik und Mechanik. European Physical Journal A, 43(3):172–198, 1927.

[29] E. H. Kennard. Zur Quantenmechanik einfacher Bewegungstypen. Zeitschrift für

Physik, 44(4-5):326, 1927.

[30] Zenios Avanis and Michael Luk. Black Holes in General Relativity. March 2007.

[31] Tanya Kuzmenko Moshe Carmel. Value of the Cosmological Constant in the Cosmolo-

gical Relativity Theory. International Journal of Theoretical Physics, 41(1):131–135,

2002.

[32] S. Perlmutter et al. Measurements of Ω and Λ from 42 High-Redshift Supernovae.

Astrophysics Journal, 517(565), 1999.

[33] Murray Gell-Mann. The Eightfold Way: A Theory of Strong Interaction Symmetry.

California Instituyde of Technology Laboratory, March 1961.

[34] G Zweig. An SU3 model for strong interaction symmetry and its breaking; Part I.

(CERN-TH-401):24 p, Jan 1964.

[35] Wikipedia: The free encyclopedia, April 2013.

[36] Albert Einstein. Lichtgeschwindigkeit und Statik des Gravitationsfeldes - The Speed

of Light and the Statics of the Gravitational Field. Annalen der Physik, 38, 1912.

336



[37] Albert Einstein. Theorie des statischen Gravitationsfeldes - On the Theory of the

Static Gravitational Field. Annalen der Physik, 38:443–458, 1912.

[38] S.L. Glashow. Partial Symmetries of Weak Interactions. Nucl.Phys., 22:579–588,

1961.

[39] Steven Weinberg. A Model of Leptons. Phys. Rev. Lett., 19:1264–1266, Nov 1967.

[40] F. Englert and R. Brout. Broken Symmetry and the Mass of Gauge Vector Mesons.

Phys. Rev. Lett., 13:321–323, Aug 1964.

[41] Guralnik, G. S. and Hagen, C. R. and Kibble, T. W. B. Global conservation laws and

massless particles. Phys. Rev. Lett., 13:585–587, Nov 1964.

[42] Peter W. Higgs. Broken Symmetries and the Masses of Gauge Bosons. Phys. Rev.

Lett., 13:508–509, Oct 1964.

[43] CMS Collaboration. Observation of a new boson at a mass of 125 GeV with the CMS

experiment at the LHC. Physics Letters B, 716(1):30–61, September 2012.
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