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Abstract of “ Discontinuous Galerkin Methods for Convection Diffusion Equations:
Positivity Preserving and Multi-scale Resolution ” by Yifan Zhang, Ph.D., Brown
University, May 2013

This dissertation focuses on studies of two different discontinuous Galerkin (DG)
methods for general convection-diffusion equations. One preserves the strict maxi-
mum principle for general nonlinear convection-diffusion equations on unstructured
triangular meshes, and the other is designed specifically for a class of second order
elliptic problems with rough coefficients, where the local oscillating directions vary

smoothly in the computational domain.

It is a highly desirable property that a numerical scheme is maximum-principle-
satisfying when solving general nonlinear convection-diffusion equations, not only
because violating it may produce physically meaningless numerical solutions, but
could also lead to numerical instability or ill-posedness. Similar to the pure con-
vection case [75] we propose, under suitable time step constraints, by using Strong
Stability Preserving (SSP) time discretizations, and coupling with a simple scaling
limiter, DG methods preserve the physical bounds indicated by the initial condition
while maintaining uniform second order accuracy. Extensions to two-dimensional
convection-diffusion equations on triangular meshes are derived without imposing

any geometric constraints on the mesh such as angle acuteness.

It is well known that when designing finite element schemes for elliptic equations
with rough coefficients, computational efficiency can be improved by properly incor-
porating local oscillating features into the approximation space. Thus, by choosing a
special non-polynomial approximation space, we propose special DG schemes which
capture the multi-scale solution without having to resolve the finest scales. Detailed
error estimates for two dimensional second order DG methods are derived, and a

general guidance on how to construct such non-polynomial basis is discussed.



This methodology can be applied to various problems and applications including
porous medium equations, incompressible Navier-Stokes equation, as well as com-
posite material problems. In addition, the many good properties that DG scheme
has make it an ideal method for applications in atmospheric research. After com-
bining it with the H-WENO (Hermite Weighted Essentially Non-Oscillatory) limiter
and a Bound-Preserving (BP) filter, we designed a transport equation DG solver for
large scale atmospheric modeling on a cubed-sphere geometry, guaranteed to provide

non-oscillatory, positivity-preserving solutions.
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CHAPTER ONE

Introduction



The discontinuous Galerkin (DG) method, which falls into the category of non-
conventional finite-element methods, was first introduced by Reed and Hill in 1973
[54], for time-independent linear hyperbolic equations. Later in the 1990’s, in a series
of paper [13, 12, 11], Cockburn et al. combined the DG spatial discretization, using
Riemann solver for numerical fluxes at element interfaces, with high order stable
explicit Runge-Kutta (RK) time integration [25, 26] to develop a general framework
for the construction of robust algorithms, known as the RKDG method, for solving
nonlinear time-dependent problems. Moreover, in the presence of strong shocks or
contact discontinuities, a non-linear slope limiter [11], already studied extensively
in the context of low-order finite-volume methods, is employed to suppress oscilla-
tions to maintain non-oscillatory properties. Due to the various desired properties
of DG schemes such as geometric flexibility, mass conservations, h-p adaptivity and
high parallel efficiency, the method has found rapid application in various areas, e.g.
gas dynamics, semiconductor simulations, atmospheric modeling, etc. To deal with
higher order spatial derivatives, in particular, general nonlinear convection-diffusion
equations, a direct generalization of the previous DG methodology does not apply,
and may lead to inconsistent solutions [15, 72]. By carefully designing the numerical
fluxes, various DG formulations have been proposed to cope with second order deriva-
tives, e.g, [2, 5, 10, 66, 1, 55, 14]. Successful applications include porous medium

equations, composite material problems, incompressible Navier-Stokes equations etc.

The DG method may be viewed as a hybrid approach combining the good features
of two classical numerical methods, the finite-element and finite-volume methods,
exploiting the merits of both. By allowing completely discontinuous basis functions
and foregoing the continuity constraints across element interfaces, required by the
conventional finite element methods, the DG methods have a flexibility that is not

shared with the traditional finite volume such as the ability to increase the order by



choosing the local approximation spaces. Furthermore, the local compact data struc-
ture of DG schemes typically ensures a better parallel efficiency compared with most
finite element methods. In this dissertation, we utilize the intrinsic flexibility of the
DG scheme to design numerical techniques and special algorithms for general nonlin-
ear convection-diffusion equations, which not only improve the quality and resolution
of the numerical approximations, but also enhance the computational efficiency. In
particular, we propose two DG methods, one being maximum-principle-satisfying
for nonlinear convection-diffusion equations, and the other capturing the multi-scale

behavior for elliptic equations with curvilinear unidirectional rough coefficients.

In the first part of the dissertation, we are interested in constructing maximum-

principle-satisfying DG schemes for nonlinear convection-diffusion equations:

ur+ f(u)e = a(t)p, u(z,0) =uy(z), (1.0.1)

An important property of the exact solution is the strict maximum principle, i.e.,
if m = min, ug(x), M = max, up(z), then for any (z,t), u(z,t) € [m,M]. In
particular, the positivity-preserving property is a special case where the lower bound
m = 0. Numerical algorithms that fail to meet this requirement will not only produce
physically meaningless results, but may also lead to ill-posedness and numerical

instability.

The discrete maximum principle (DMP) for numerical schemes solving elliptic
type equations have been studied since the 1960s. Even though DMP is more dif-
ficult to achieve for parabolic equations, maximum-principle-satisfying finite ele-
ment methods were studied in a similar fashion. The earliest work about DMP for
parabolic equations is [21] in which Fujii investigated DMP for the heat equation us-

ing piecewise linear finite elements. For the most recent results on nonlinear parabolic



equations, see [19] and the references therein. The main techniques to achieve DMP
for parabolic equations appear to be algebraic, e.g. the lumped mass method. Such
approaches tend to pose certain restrictions on the spatial mesh such as angle acute-
ness [60] and also the rather unnatural time step restriction that the time step must
be larger than a threshold, in order to use the larger numerical viscosity associated

with an implicit time discretization with a large time step.

Motivated by [48], Zhang et al. recently developed an arbitrarily high order
maximum-principle-satisfying DG scheme for scalar conservation laws on unstruc-
tured triangular meshes [75, 79]. They proved a sufficient condition for the cell
averages of the high order DG scheme to stay bounded in [m, M]. A simple scaling
limiter based on a one dimension limiter in [40] is then utilized to enforce this suffi-
cient condition. It is appealing to extend the results in [75, 79] to convection-diffusion
equations since the method is easy to implement and does not add constraint on the
spatial mesh. Unfortunately, it proves difficult to do so, at least for arbitrarily high
order schemes. The main difficulty lies in the step to obtain a sufficient condition.
To achieve an arbitrarily high order approximation, a non-conventional maximum-
principle-satisfying finite volume scheme for convection-diffusion equations was de-
veloped in [74]. This was achieved by defining a quantity called a double cell average
over the interval I;, utilizing the cell averaging operator twice on the original so-
lution. It is then straightforward to apply the methodology in [75], including the
scaling limiter, to ensure a strict maximum principle for the numerical solutions while
keeping high order accuracy. Even though this finite volume method suggests a pos-
sible alternative for high order maximum-principle -satisfying numerical schemes for
convection-diffusion equations, it is an unconventional finite volume method requir-
ing new implementations. It is also not obvious how to generalize this technique to

finite volume methods on arbitrary unstructured meshes, or to DG methods.



In [82], we propose a generalization of the framework in [75, 79] for piecewise
linear DG methods for solving one- and two-dimensional convection-diffusion equa-
tions on arbitrary triangular meshes. We also show that the second order accurate
maximum-principle-satisfying DG schemes maintain all the good properties of those
in [75, 79] including mass conservation and ease of implementation. In other words,
we propose a DG scheme for convection-diffusion equations satisfying the maximum
principle without imposing any geometric constraints on the computational mesh or

restrictive time step constraints.

By further exploring the flexibility of the DG scheme, a multi-scale DG method
is proposed in the second part of the dissertation. The scheme is restricted to a
special class of two dimensional second order elliptic boundary value problems with

highly oscillatory coefficients locally varying sharply in one direction:

-V - (A(x)Vu) = f(x) inQ (1.0.2)

It is well-known result that if the elliptic coefficients A(x) are highly oscillatory
functions involving a small scale €, the true solution u will also be oscillating rapidly.
In general, we will not have enough regularity in u with respect to €. As a result, it
requires a computational mesh size h at least comparable to € to obtain reasonable
resolutions and to observe any convergence rate. This intrinsic difficulty prohibits
the application of traditional numerical methods like finite-element, finite-difference,

due to the large computational cost.

There have been a lot of efforts to overcome or bypass this numerical difficulty.
As early as in the 60s, Tikhonov and Samarskii [61] (see also [24]) designed a sim-
ple 3-point finite difference scheme which can solve the one-dimensional version of

(1.0.2) exactly at the grid points by utilizing harmonic averages and the special so-



lution structure. However, this method is difficult to extend to multi-dimensions.
Later, various multi-scale finite element methods [3, 17, 29, 27, 28, 16, 8, 71| have
been developed and extensively studied in the literature. The universal idea therein
is to have the local properties of the differential operators built in to the scheme
and, as a result, allowing adequate resolutions on coarser meshes. Among them,
the special finite element methods proposed by Babuska et al. in [29], exploring
the special feature of unidirectional or curvilinear unidirectional elliptic coefficients,
provide an explicit and efficient framework for constructing local trial spaces for this
specific subclass of two dimensional elliptic problem. The key ingredient is to prove
a generalized Berstein Theorem for u in a transformed domain. For more general
cases of the oscillatory coefficients A(x), though the general idea of incorporating
the oscillatory basis into the approximation spaces still applies, such regularity result
no longer holds. Local problems have to be first solved on a finer grid in order to
obtain an approximation for the oscillatory basis. More details regarding a general
framework for error analysis and related applications can be found in a series of work

[27, 28, 16, 8] by Hou et al.

Motivated by [3, 17, 29], Yuan and Shu proposed a multiscale Babuska-Zlamal DG
method with a non-polynomial approximation DG space [70] for the one dimensional
version of Eq. (1.0.2), and they proved arbitrary high order error estimates. Later,
in [64], Wang improved the one-dimensional proof of the multiscale Babuska-Zlamal
DG method by only assuming that the solution is uniformly bounded with respect
to € in H*(2). More regularity was assumed in [71] while proving estimates for the
multiscale Babuska-Zlamal DG method. Followed by previous work, in [65], Wang
et al. proposed a multi-scale symmetric interior penalty DG (IP-DG ([31, 66, 1]))
method. This is proved to be uniformly high order accurate, with respect to the

small scale € in one space dimension, even in the case where there is no separation



of scales (the problem could have a continuum of scales from O(e) to O(1)) and
the mesh size h is much larger than e. Optimal order convergence for second order

scheme in two space dimension given unidirectional oscillations was also proven.

As for the curvilinear unidirectional rough coefficients, in [81] we extend the idea
in [29] to a multi-scale DG [65] framework, which automatically overcome the difficul-
ties of requiring the elements to be conforming for multi-dimensions of the continuous
Galerkin method and the practical inconvenience of using curvilinear elements. In
addition, we prove uniform optimal accuracy for a second order approximation space
in the two-dimensional case, without assuming any properties such as periodicity or

scale separation in the rough coefficients.

As mentioned previously, the various desirable features of the DG method have
made it a popular choice for many real world applications and large scale simula-
tions. In the last part of this dissertation, we present a non-oscillatory DG transport
equation solver on the cubed-sphere geometry in the context of atmospheric research.
By coupling the DG scheme with the Hermite-Weighted Essentially Non-oscillatory
(H-WENO) type limiter developed by Qiu et al. in [51] and the Bound Preserving
(BP) filter proposed by Zhang et al. in [75], we obtain an efficient algorithm [80]
which is non-oscillatory and positivity preserving, and which can be easily extended

to a parallel environment, thus makes it an ideal method for atmospheric modeling.

The dissertation is organized as follows: in Chapter 2, we first propose a maximum-
principle satisfying DG scheme for general nonlinear convection-diffusion equations
and prove it to be uniformly second order accurate with generalizations to unstruc-
tured meshes and incompressible Navier-Stokes equations. In Chapter 3, a multi-
scale DG method is proposed for a class of second order two dimensional multi-scale

elliptic equations with coefficients that are curvilinear unidirectional oscillatory. Op-



timal error estimates are proven for a second order approximation space regardless of
the fine scales. Applications of non-oscillatory and positivity preserving DG scheme
to large scale computation in atmospheric research are discussed in Chapter 4. Con-

cluding remarks are given in Chapter 5.



CHAPTER TWwO

Maximum-Principle-Satisfying
Second Order Discontinuous
Galerkin Schemes for
Convection-Diffusion Equations on

Triangular Meshes
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2.1 Introduction

In this chapter, we are interested in constructing maximum-principle-satisfying

discontinuous Galerkin (DG) schemes for nonlinear convection-diffusion equations:

u + f(u)e = a(w)ze, u(z,0) =ug(x), (2.1.1)

or equivalently,

ur + f(u), = (b(u)ug)e, u(z,0)=up(x), (2.1.2)

where b(u) = a’(u) > 0, and their two-dimensional versions. An important property
satisfied by the exact solution is the strict maximum principle, i.e., if max ug(z) = M,

min uy(z) = m, then

u(x,t) € [m,M], VreR, Vt>0. (2.1.3)

In particular, for the case m = 0, it is the positivity-preserving property, which is
desired for numerical schemes in many applications. For physical quantities like den-
sities and probability distributions, negative values are non-physical in the numerical
simulations, and may lead to ill-posedness and instability for certain nonlinear equa-

tions such as chemotaxis problems [59].

To have a maximum-principle-satisfying scheme for a convection-diffusion prob-
lem (2.1.1) with a significant or dominant convection part, one may prefer an explicit
time discretization and will first need to construct such schemes for the purely con-

vection case.

ur + f(u), =0, u(z,0)=uy(x). (2.1.4)

Motivated by [48], it turns out that one can construct arbitrarily high order maximum-
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principle-satisfying DG schemes for scalar conservation laws on unstructured trian-
gular meshes [75, 79]. It was the first time that genuinely high order maximum-
principle-satisfying finite volume and DG schemes for multidimensional nonlinear
scalar conservation laws on arbitrary triangular meshes became available. This
methodology has been successfully applied to various problems [69, 77, 63, 78, 68, 73,
53, 56, 9] for positivity-preservation of physically relevant properties such as density,
pressure and water height. For a survey of the recent developments of such schemes
and applications, see [76]. The most interesting observations in [75, 79] consist of two
parts. First, if an intuitively reasonable sufficient condition is satisfied, i.e., the val-
ues of the DG polynomials at the current time level and at certain quadrature points
are in the desired range [m, M], then the cell averages of the numerical solutions at
the next time step will also be in this range under suitable time step restrictions with
an explicit Euler forward time stepping. Second, a simple scaling limiter can enforce
the sufficient condition of keeping the DG polynomials at these quadrature points
in the desired bounds, once we know their cell averages are already in these bounds,
without destroying accuracy and conservation. High order accuracy in time can be
achieved by strong stability preserving Runge-Kutta or multi-step methods, which
are convex combinations of Euler forward steps. Thus DG methods with this simple

scaling limiter will satisfy the maximum principle for scalar conservation laws.

However, it proves difficult to extend the results in [75, 79] to convection-diffusion
equations in a straightforward way, at least for arbitrarily high order schemes. The
main difficulty lies in the first step above, namely to write the formula for obtaining
the cell average at the next time step by forward Euler time stepping, in terms of
certain point values while ensuring monotonicity with respect to these point val-
ues, which is a key ingredient in [75]. We explain in more detail this difficulty

in next subsection. The main content of this chapter is to the extend the frame-



12

work of [75, 79] to piecewise linear DG methods in solving one- and two-dimensional
convection-diffusion equations on arbitrary triangular meshes. The second order ac-
curate maximum-principle-satisfying DG schemes share all the good properties as
those in [75, 79] including mass conservation and ease of implementation. We also
discuss applications of this scheme to nonlinear degenerate parabolic equations and

the incompressible Navier-Stokes equations.

We remark that most numerical schemes satisfying a maximum principle for
parabolic equations in the literature use implicit time discretizations. However the
small time step At = O(h?) turns out to be necessary even for implicit time dis-
cretizations to have the contraction property, see [18]. We use explicit time dis-
cretizations which are advantageous for solving nonlinear equations, especially for
convection dominated problems. Moreover, our method is straightforward to imple-
ment. The limiter is a local operator on each cell. In practice, for each time step in
a multistep method or each time stage in a Runge-Kutta method, one only needs to
add the limiter to the DG scheme as a pre-processing step. See Section 2.3.3 for a

discussion of implementation.

2.2 Maximum-principle-satisfying DG schemes in

one dimension

2.2.1 Preliminaries

We establish the maximum-principle-satisfying DG schemes for convection-diffusion

equations in one space dimension in this section. We first review briefly the mono-
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tonicity results for the conservation laws (2.1.4). For simplicity, we will assume
periodic boundary conditions from now on. All results regarding maximum principle

can be easily incorporated into any initial-boundary value problems.

On the mesh T <@y <o <y 1 < Ty, the equation satisfied by the cell

averages of a DG method with forward Euler time discretization can be written as
At [~ ~
—n+1 _ —n _ + _ +

where h = ;1 —x; 1 is the mesh size, assumed to be uniform for simplicity, n refers
2

1
J=z
to the time level and j denotes the spatial cell, and %; is the numerical approximation

= | are the values of the numerical

to the cell average obtained by the DG scheme. u
2

solution at the point z, 1 evaluated from the cell /;;; and I; respectively at time

level n. f(-,-) is a monotone flux, which is an increasing function of the first argument

and a decreasing function of the second argument, e.g, the global Lax-Friedrichs flux,

Fluw) =5 (F@) + @) —a(w—u), a=max|f@)].  (222)

DN | —

It is well-known that the first order scheme

Hy(u,v,w) =v—=Af(v,w) — f(u,v)) (2.2.3)

is a monotonically increasing function of all three arguments u, v and w provided a

CFL condition is satisfied. For the Lax-Friedrichs flux (2.2.2) the CFL condition is

Aa <1, (2.2.4)

where \ = 2t

>
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Thus, a first order monotone scheme must satisfy the strict maximum principle.
Motivated by [48], in [75, 79], a general framework was proposed to construct a
genuinely high order maximum principle satisfying DG scheme for (2.1.4). Let the
piecewise polynomials p;(z) of degree k denote the DG polynomials at time level
n and uj denote the cell averages of p;(). ui y are the values of the numerical
solution at x; 11 evaluated from the cell I;;, and I; respectively at time level n. The
new strategy is to first consider an N-point Legendre Gauss-Lobatto quadrature rule

which is exact for the integral of polynomials of degree up to 2N — 3 on the interval

I; = [wj 1T 1]. Denote these quadrature points on /; as

Sy =A{a;_1 =75,75, - 7L T = a0 (2.2.5)

N

Let Wg be the quadrature weights for the interval [—3, 3] such that > @ = 1.
B=1

Choose N to be the smallest integer satisfying 2N — 3 > k, then

+ wlu

MZ

a1 PO
u; = h/ dx—Zwﬁp] i +HONU (2.2.6)

N:\»—A

™
[|

With (2.2.6), by adding and subtracting f (u r U;+;)7 (2.2.1) can be rewritten
2

2

as
N-1 \
gl AN A AN B G + _ 7.t -
TS 2 PnlE) o (um e ) (%—;%;)D
=2
+0y | ul 1_1[2\(“4— U >_]/C\<U_ LU 1>}
73 @ i=3 its i=3’ i3
N-1
_ ~ P - - -t -
— 2 Wpp; () +wNH,\/wN(uj_%,u LU ) +w1H,\/wl(uj_%,uj_%,uj+§)
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At this point, recalling the property of the first order monotone operator (2.2.3)
under condition (2.2.4) and that &, = Wy, it is clear that under the CFL condition
Aa < Wy, E?H is a monotonically increasing function of all the arguments involved,
namely L u;% and p; (@B ) for 1 < j < N. Therefore, if all these point values are
in [m, M], then w!*" € [m, M] as well. A sufficient condition to make @;*" € [m, M]

is then pj(ff ) € [m, M] for all j and B. This can be achieved by a scaling limiter

which will be described later.

To summarize, the key ingredients in constructing a high order maximum-principle-

satisfying DG scheme for (2.1.4) in [75] are:

e The cell average at the next time step by forward Euler time stepping, i.e.,
(2.2.1), is a monotone function with respect to certain point values (Gauss-

Lobatto points for the one-dimensional case), under a suitable CFL condition.

e A simple limiter modifies the DG polynomial p;(z) on cell I; into p;(z) such
that p;(x) € [m, M] at these special points without changing its cell average.
Moreover, it can be proven that the modified polynomial p;(z) is also a high
order approximation just as p;(z). Thus we have E’;“ € [m, M] if all the

degree of freedoms at time level n on the right hand side of (2.2.1) are replaced

by those of modified polynomials p;(z).

e Replace the forward Euler by the strong stability preserving (SSP) high order
time discretizations which, as convex combinations of forward Euler steps, will

maintain the bounds. It suffices to prove the maximum principle for (2.2.1).
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2.2.2 Maximum-principle-satisfying DG schemes for convec-

tion - diffusion equations: one-dimensional case

There exist several different types of DG formulations to treat the second order
viscous terms. In this section we focus on three different formulations: the DG
formulation of Cheng and Shu for higher order derivatives [10], the interior penalty

DG (IPDG) scheme [66, 1, 55] and the local DG (LDG) scheme [14].

We start with the Cheng-Shu DG scheme to take care of the second order deriva-
tives [10]. For (2.1.1), their scheme can be described as: given a computational
mesh of the domain [a,b]: a = z1 < w3 < - <ay.1 < Ty = b, where the
mesh size h = x; I is assumed to be uniform, define the approximation space
Vil ={v |, € P*(I;),Vj}, where P¥(I;) denotes the set of all polynomials up to
degree k defined on the cell I;. For any test function v € V¥, the DG formulation is

to find u € V/¥ such that,

_ _ N - +
/Ij wvdr /I]- f(u)v,dx / a(u)vgdr + fj+%vj+% -1V 1

I

Agi 1V Agi 1V A, 1(V) 1 —a;_1(vy)T 1 =0 2.2.8

et Uy T OVl T (o) g ()i =0, (228)

where the convection flux f;,1 = (uj_+1 , u;jrl) is chosen as described previously,
2 2 3

and the diffusion fluxes are chosen in an alternating way with an additional penalty

on the second order derivative term:

i) = ] (u; + —[u])  Gu) = alu®). (2.2.9)

Here « is a sufficiently large positive coefficient, and [u] = u™ —u~ denotes the jump
across the cell boundaries. It is proven in [10] that the DG scheme (2.2.8) is stable

with a sub-optimal error estimate. Numerical experiments indicate optimal (k+1)-th
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order convergence in L?.

By taking the test function v = 1, we obtain the evolutionary equation for the
cell averages of the numerical scheme:

((.}/c;'-i-l - ]/c;'_l> - (d;:j.pé - d;j_%)> . (2210)

2 2

We consider the first order forward Euler time discretization for (2.2.10); higher

order time discretization will be discussed later. Our first result is:

Theorem 2.2.1. For the P'-DG scheme (2.2.8) with forward Euler time stepping,

the mazximum principle holds for the cell averages ﬂ?“ € [m, M| for all j, if ujﬁrl €
2

[m, M| for all j and the following CFL conditions hold

1 1
a>1, dmax|f'(u)] < T p(a + 1) max(a'(u)) < 2 (2.2.11)
where p = % = %.

Proof. Applying forward Euler time stepping on (2.2.10), we obtain the formula for

the cell averages of the numerical solution at the next time step

-~

E?H = U? - )\(fj+% - fjfé) + A <(d;3)j+% - (@)y%) . (2-2-12)

To utilize the result in the purely convection case [75], we divide the cell average u7

into two halves:

[SIE
[SIE

—n 1—n n n 1—n -~ o~
W = <§uj — A1 = fi- )) + <§uj + AM(a2)j41 — (a2);-

)) S (2.2.13)

This decomposition may not lead to the optimal CFL restriction for the proof but
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is adopted for easy presentation.

The diffusion term:

1. R R
D; = 5% +AM(az)41 — (ax)],%)- (2.2.14)
By the linearity of the approximation space with k& = 1:
- + ot
_ Uit e e Bl
uj = 2 ’ (ux )jJr% _ h
+ - +
~ _ My — (o - 1)uj+% ~ Y1 _ lalieg
(@e)jag = &4 h b S [wljpy
2
[a],
By the mean value theorem, there exists § such that ;1 = MJ—% = d'(&) > 0.
i+3

Rewriting (2.2.14), omitting the superscript denoting time level n, we have

1 1
_ - + + - +
D = gyt gy e (egouly — o =Dy = Gy +ag

The convection term:

). (2.2.15)

According to the discussion in the preliminaries, in the P-DG case, we can choose
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the 2-point Gauss-Lobatto quadrature with the weights W, = Wy = % Then we have

1 1

where

Combining the results for the convection and diffusion terms together, under the CFL
conditions (2.2.11), H’j“ becomes a convex combination of point values in [m, M],

thus belonging to [m, M]. O]

Remark 2.2.2. The key ingredient in the proof above is to write D; in (2.2.14) as a
convex combination of point values in the current time step under suitable time step
restriction. If we attempt to follow the same route for the piecewise quadratic case
k =2, we encounter difficulties even for the linear case a(u) = u. We can see from
the above derivation that we only need to pay attention to (ur)j_—yz’ Rewriting the
DG polynomial in cell I;_y as an Lagrangian interpolation of three point values, one

being u and the other two point values inside I;_; being denoted as uq, and w,. We

_1
2

= au, + bup + cuj’

then have (uy) for three constants a, b and c, and simple

j=1/2

1
2

algebra indicates that, in order to ensure D; is written as a convex combination of
point values in the current time step, we would need the coefficients a and b to be
both mon-positive. It can be easily checked that this is not possible. Thus our current

approach does not work for DG methods of order higher than 2.

Remark 2.2.3. We have only proved the result for the first order forward Euler
time stepping. The result also holds for high order SSP Runge-Kutta or multistep

methods [25] as they are convex combinations of forward Euler steps. For instance,
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the second order SSP Runge-Kutta method (with the CFL coefficient ¢ = 1) is

u = w4+ AtF(u™)

1 1
S §u” + 5(u(l) + AtF(uM)) (2.2.17)

where F(u) is the spatial operator, the CFL coefficient ¢ for a SSP time discretization
refers to the fact that, if we assume the forward Euler time discretization for solving
the equation uy = F(u) is stable in a norm or a semi-norm under a time step
restriction At < Aty, then the high order SSP time discretization is also stable in

the same norm or semi-norm under the time step restriction At < cAty.

Remark 2.2.4. This P'-DG result can also be extended to other penalty type DG
formulations for second order derivatives, for example the interior penalty Galerkin
methods [66, 1, 55], with slightly different CFL conditions and stability coefficient
restrictions. If we consider the interior penalty DG formulation for (2.1.2): for any

test function v € Vi¥, the IPDG scheme is to find uw € V¥, such that

N
/ wvdr = Z (/ f(u)vzde — fjJr%Uj_Jrl + fj—%vj— )
Q j=1 1; ’

N
_ (/ b(u)uzvedz + {bug b 1 [v];00 + {bva}jpa[ul;
I;

[N

+ 2[4y )

where {bu,} = 3((buy)™ + (buy)™), and o is the penalty coefficient. The plus and
minus signs above in front of the {bvx}j+%[u]j+% term refer to symmetric [66, 1] and
nonsymmetric [55] penalty methods respectively. The diffusion term (2.2.14) then

becomes:

1, a a
D; = 5+ A ({bu ey — sy + Sl — Sl

- 5T ) (2.2.18)

1
2
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which can be written out as (omitting the superscript denoting the time level n):

1 1 1
— .- Lot Lo+ 4t +
D;, = 1% + 141 + (ij+;ug+3 + (« 2bj+%)uj+%
1 1
o - - L+ +
—lad gy — gy — et by = Sb Juy
1 1
A - o
+ (a ij_%)u]_% + ij—;uj—§>
Collecting the terms, we obtain
1 1 1 1 1
_ Lo+ _ it + L e -
D; = ub L + p(ao 2b +2)u]+% + (4 p(o + ij . 2bj+%))u]+%
1 1 1 1 1
L I + A - Lo+
Hg ot gby — gty Tl =g PJuy +omb sy

here bil = b(uil) > 0. Collecting terms and using simple algebra, we can easily
show that, z'fuji+l € [m, M| for all j, then under the CFL condition specified in Table
2

2.2.1, the conclusion of Theorem (2.2.1) holds.

Remark 2.2.5. This P'-DG result can also be extended to the LDG method for
second order derivatives. To obtain an LDG formulation for (2.1.2), we first rewrite
1t as:

u+ f(u)e = (07 (u)q)e, ¢ —Blu)e =0 (2.2.19)

where b*(u) = 1/b(u), B(u f b*(s)ds. We then seek u,q € Vi¥, such that for test

functions v, p € th :

/1 wvdx — /1 (f(w)=b (W g)vada+(F=bq) a0, , = (F=0G),_ 10T, =0 (2.2.20)

J J

/quda:—i—/I B(u)pxdx—Bj+%p;+ + B;_ pt . =0 (2.2.21)

J J
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where the diffusion fluxes are:

~  B(u')—B(u")

b* = . §=q, ,B=B(u").

Il
S

ut —u~

As before, the diffusion term for (2.2.20) is:
w4 )\(b;f+%qu+1 — b 1q;_ 1) (2.2.22)

where the q is based on q, solved locally from (2.2.21). If we replace the volume

integral by a quadrature rule with sufficient accuracy (see [12]), we have

- + + -
(z) = (By+f B Bj—%) +6(Bj+§ B Bj+§) T —
G = h h h

Inserting it into (2.2.22), omitting the superscript n, we obtain:

1 1
- + ap-
Dj = quj+guista [5 (4571 — 3B,

6 (B —38, - BT ).

_ B;T_%)

Here & = % > 0. If we further rearrange the terms of D;, we have

1 1
D = Jui. +4u3 L+ 3u j+1[ li+1 —3#@?_%@]]._%
53 (Bl s = Bf y) — & 1 (B, — BI4)
ul
Notice that by definition, B;:r;— "= f 7+7 b* )ds, B+ —B+_§ [ (),
2 S ”

b* > 0. By mean value thereom, we can ﬁnd up € (mm(u;l, u;l), max(u’ ,,u’ l)),
2 2 2

j
Uy € (min(u”,L Lul ), max(ut | ul 3)>, such that BT | — BT | = b*(u1)(u’ , —
J—35’ J—35 J—5  J—3 J+3 J—3
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u' ) and BY , — BT ; =0 (uo)(u , —ut 3). Thus, by simple algebra we have,
i=2 ~3 i=3 =z i3
D, = ! + Lt + 3ué? — 3ué?
i T ]+1 11 ufﬁé[u]ﬂé ,ufj_%[u]jf%

By ),y — ) = g ), — )
= B, + gy b)), + (- 3u§§+é>u;+%

G = B0y — gy b ) — iy ()l

+3M52 1 %+M5 _1 (Uz)uj_%

Now if ujjrl € [m, M| for all j, then under the CFL condition shown in Table 2.2.1,
2
the conclusion for Theorem (2.2.1) holds.

Table 2.2.1: The CFL conditions for (2.1.1) or (2.1.2) and restrictions for penalty coefficients in
the one dimensional case.

Scheme convection CFL diffusion CFL penalty coefficient
Cheng-Shu DG | Amax ’f/( )| S % 1% S m (6] Z 1
IPDG Amax |f/(u)| <3| p< m o > T max(a'(u))
LDG Amax [f(w)| < 3| 4 < gomway -

Remark 2.2.6. From Table 2.2.1, we note that the CFL conditions for mazximum-
principle-preserving DG schemes are comparable with or just slightly more restrictive
than the standard time step restrictions for linear stability of DG methods for diffu-
sion terms. For erxample, for the LDG method using piecewise linear polynomials
and second order Runge-Kutta time stepping, the CFL number for linear stabil-
ity is pmax(a’(u)) < 0.055 and, according to Table 2.2.1, a sufficient condition

is pmax(a’'(u)) < 0.05 for maintaining the maximum-principle-preserving property.

2.2.3 Implementation

To enforce the sufficient conditions in Theorem 2.2.1, i.e., ujci , at time level n, we
2

can use the same limiter as in [75]. Given approximation polynomials p;(x) evolved
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from a P'-DG scheme, with its cell averages @} € [m, M], we seek to modify p;(z)

into p;(z) by

_ v ) M —a} m—uj
pi(w) = 0(pj(z) —u}) +uj, 6=minq1, M, = |y [ (2.2.23)
where
M; = maX{pj(%%)ﬁj(%-%)h m; = min{pj(ﬂfﬁ%%pj(%—%)}-

It is clear that ﬁj(xji%) € [m, M] and p;(x) has the same cell average uj. Moreover,

we have |[p; — pjl|leoc = O(h?) if the exact solution is smooth, [75].

For forward Euler time discretization, at time level n, assume the P1-DG poly-

nomial in cell [; is p;(x), and the cell average of p;(z) is u} € [m, M], then

e In each cell, monitor the point values of p;(x) at the two end points x, 1 by

computing € in (2.2.23).
o If § =1, leave the DG solution p;(z) unchanged.

o If § < 1, use p;(x) instead of p;(x) in the DG scheme with forward Euler in

time under the CFL condition in Table 2.2.1.

For SSP high order time discretizations, we need to use the limiter in each stage
of a Runge-Kutta method or in each step of a multistep method. Note that the CFL
conditions in Table 2.2.1 are sufficient but not necessary to ensure the maximum
principle. A more efficient implementation would be to enforce the more restrictive
CFL conditions in Table 2.2.1 only when a preliminary calculation to next time step
with a normal time step violates the maximum principle. More details will be offered

in Section 2.3.3 regarding this.
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2.3 Maximum-principle-satisfying DG schemes in

two dimensions

2.3.1 Preliminaries

In this section, we extend our results to P1-DG schemes on triangular meshes for
solving the initial value problem for two-dimensional nonlinear convection-diffusion

equations with a general form

% + V- F(u) = V- (AVu), F(u) = (f(u) g(w), (2.3.1)

where A = A(u,x) is a 2 X 2 symmetric semi-positive-definite matrix. Let [m, M]
denote the desired range indicated by the initial condition. Again, we will assume
periodic boundary condition for simplicity and all the results regarding the maximum

principle can be easily incorporated into any initial-boundary value problems.

We first review how to construct maximum-principle-satisfying high order DG

schemes for hyperbolic conservation laws
u+ Vo F(u) =0, F(u) = (f(u), g(u), (2.3.2)

on triangular meshes, as explained by Zhang et al. in details in [79]. Given a
triangulation T}, for each triangle K, denote by |K| the area of the triangle and [’
(i = 1,2,3) the length of the corresponding edges e (i = 1,2,3), with outward
unit normal vectors being 7; (i = 1,2, 3). Denote also the neighboring triangle along

et as K;. Any one-dimensional monotone flux can be used, for example the global
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Lax-Friedrichs flux

flu,v,7) = =(F(u) - 7+ F(v) -V —alv—u)), a=max|F'(u)- 7. (2.3.3)

u

The first order Lax-Friedrichs scheme for (2.3.2) on triangular meshes is defined as:

3
At

n+1 n 7

Ug = Uk — _K E Uzoufm%l

By the same token, the scheme for the cell averages of the DG schemes for (2.3.2)

can be written as:

wt = Y [ Fna s

. 7
i=1 Y K

where U is the cell average of the numerical solution over the triangle K, u!* and

uqut

out are the values of the numerical solution on the edge e’ evaluated from the

DG polynomials defined in K and in K; respectively. Given the approximation
space P¥(K), with sufficient accuracy, the line integrals along the edges can be

approximated by the (k + 1)-point Gauss quadrature rules:
3 A~ . .
T =y — q Z (us? u}f, Ui)waly (2.3.4)

where wg denotes the quadrature weights for the (k4 1)-point Gauss quadrature rule
on [—1,1] and u’P denotes the value of the DG polynomial defined on K, evaluated

at the 3-th Gauss quadrature point on the edge €.

The strategy in [79] is to express the right hand side of (2.3.4) as a monotonically
increasing function with respect to certain point values of the DG polynomials, i.e.,

the maximum principle can be enforced by the methodology for the one-dimensional
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case. These points, denoted by S% on each triangle K, contain the Gauss quadrature
points on the three edges. For the DG method with polynomials of arbitrary degree k,
Sk can be constructed by taking the Dubiner transformation of the tensor product
of Gauss-Lobatto and Gauss quadratures, which is then summarized (see [79] for
details). In particular, for the P1-DG method under consideration in this section,
the set S} is defined as the six points shown in Figure 2.3.1 where the symbols

denote the 2-point Gaussian quadrature points for each edge.

Figure 2.3.1: The local stencil Sk for P1-DG on a triangle K

Let ug(x) denote the DG polynomial on the cell K. If the point values of ux(x)
on the three vertices are in the range [m, M] for each K at time level n, then the
point values of u(x) on any points inside K including on the stencil Sk are in the
range [m, M] due to the linearity. This follow the result in [79] and the solutions of

(2.3.4) satisfy ut" € [m, M] under the CFL condition

At o~ . 1
— h < —. 2.3.5

Therefore, to seek a sufficient condition to ensure the maximum principle for the
convection-diffusion equations, it suffices to focus only on the diffusion part. Straight-
forward extension to convection-diffusion equations can then be obtained using a
similar cell average splitting approach as for the one-dimensional case. In the fol-

lowing subsection, we will first consider the two-dimensional diffusion equation, i.e.,
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(2.3.1) with F = 0.

2.3.2 Monotonicity of the scheme for the diffusion part

We consider the Cheng-Shu DG scheme in [10] for (2.3.1) with F = 0 as an ex-
ample. Similar analysis can be performed for the IPDG scheme and the LDG scheme
as in the one dimensional case. Given a triangulation 7T}, define the approximation
space as: V}F = {v:v|x € P*(K)}. The DG scheme is to seek u € V}*, such that for

any test function ¢ € V¥, the following equality holds:

2// updx :/ (Aﬁﬁ)gpds —/ (@Vgp) ~17d8+// uV - (AVp)dx.
ot J Jk oK oK K

(2.3.6)
The numerical fluxes on each edge e’ are:
(Aﬁﬁ) =A@ )Vu v+ = (W™ — ™), uA = utAu"), (2.3.7)

B
QA = AAQ, ApA = H&%X H A(UJ?) H7

where the maximum can be taken either locally on each edge or globally over the
whole domain, 7 is the outward unit normal vector on the edges, ||A|[| is the matrix
2-norm or the spectral radius (maximum eigenvalue in absolute value) for the sym-
metric matrix A, « is a sufficiently large positive constant to ensure stability. u*
denotes the numerical solution on the edges, evaluated from K or K;. The '+’ for
each edge et is determined by the inner product of 7; and a predetermined constant

vector 7 which is not parallel to any edge in the mesh: for each edge €% in the cell

K

Y

u =ug, ul =ug, if vy <O0;
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ut =ug, u =ug, if - >0.

Taking ¢ =1 on K and ¢ = 0 everywhere else,

0 _ 1

Cak=— | (AVu-)ds.
GEE T TR] Jype AV P

Therefore, the scheme satisfied by the cell averages of the DG method with forward

Euler time integration on a triangular mesh is

At

AVur - i)ds.
] S )

wt =+ —
The integral can be approximated by a 2-point Gauss quadrature with sufficient
accuracy for P1-DG. We use x;5 (8 = 1,2) to denote the local Gauss quadrature
points for each edge e%. Let ws (8 = 1,2) denote the corresponding quadrature
weights for the 2-point Gauss quadrature on the interval [—3, 3]. The scheme then

becomes (omitting the superscripts for time level n on the right hand side):

Zntl —n z D
Uy |K| ZZKZWB AVu - ;) . (2.3.8)

Now the idea is to rewrite the right hand side above as a convex combination of cer-
tain point values. To find an explicit expression for the flux (AVu - ;), we consider

two different cases.

e Case A: u~ =y

, ut = u™. For this case, we have u; ; = uk,(x; ). The
subscript or superscript (7, 5, K;) for A and Vu will denote the value evaluated
at uk,(x;3). Then we have

(AVu-77) SN A T CA (Wi — i) (2.3.9)

X:Xi,ﬁ
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Let 053 = A”Bul, then 05 - U; = Az’ﬁ* U; > 0 because A is semi-positive
definite. Namely, ¥ 5 is a direction pointing into K; or along the edge €.

Since A is symmetric, we have a directional derivative

ARV 7= v (A = sl

For each point x; 5 on the edge €%, consider the straight line given by the
parametric equation r(t) = t7; s + x; 3,t € R, which intersects with the other
two edges of K; at one point denoted by xj,;. See Figure 2.3.2 (a) for an

illustration.
By linearity of ug,(x), the directional derivative can be written as:

X=X; 3 Hxlﬁ o z,BH

)

8uK. (X

K3

0U; 3

Inserting (2.3.10) into (2.3.9), we obtain:

— 1 oA 1 ip_ QA i
AVu - 7, = e e (X | T e | v Ui
( i) S (xi.p) (l% ||Xi,B_X;ﬁH) B %

(2.3.11)
Case B: ut = v u~ = u™. For this case, we have u; 5 = ur(Xip). Then
— a
(AVu - ;) = AU o+ liA (u[’f u’?)
X=Xiyg
Let 0,5 = —A?fﬁi, then ;5 - U; = —A“ﬁq U; < 0. Here ¥;p is a direction

pointing into K or along the edge elk, and the directional derivative is

8uK (X)

AZ’ﬁVUK U= VUZI%B ’ <AZ76_'> Vulf{ﬁ ) (_172'7/3) == ov,
i,

X:Xi,ﬁ

For each point x; g along the edge €%, consider the straight line given by the
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parametric equation r(t) = t7; 3 + x; 5, t € R, which intersects with the other

two edges of K at one point denoted by x;,. See Figure 2.3.2 (b) for an

illustration. Assume x4 lies on the edge el (j #1). Since ug(x) is a linear

function, ux (X 5) can be represented as a linear combination of point values
3@8)1  5(i,5),2

at the two Gauss quadrature points wy ™", uy on the edge €. where j

depends on ¢ and £:

urc(x} ) = ek guid M 4 2 s (2.3.12)

Figure 2.3.2: Two cases for the numerical flux on triangular meshes
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By linearity of uk(x), the directional derivative can be written as:

ur (x) u(xgg) —uyf
005 |, =gl
Thus we obtain:
(AVu - ;) = ——*uK(x’-k )= — — —_— —|—
‘ X=X; 3 ||Xi,ﬂ — Xi,ﬁH “B l}( ||Xi,5 - Xi,/j” ll
(2.3.13)

By the exactness of the quadrature in Figure 2.3.1 for the linear polynomial u (x)
on the triangle K (see [79] for construction of this quadrature), we can decompose

the cell average Wy as a convex combination of the point values on the stencil S},
1 3.2 '
T = — // ug(X)dx =Y > —wguyl. (2.3.14)
K1k i=1 p=1 3

Let h; g denote |[x; 5 — X} 4/|. Combining (2.3.11), (2.3.12), (2.3.13) and (2.3.14), we

can rewrite (2.3.8) as

—n —n At : % - . =
wt = uK+WZlKZw5 (AVu - ;)
i= B=1

2
= w - = At— | up + — K, (X5 5)
PPy ‘3[<6 K] Kb, "5

)

h
2 .
OéA At ll 7,,3
A_
PP I K 4] \Km) i)

i€CaseB =1

5

K;
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= N 1
+Y ) ws ug(x}g) | + S (2.3.15)

, ]K| h 2

i€CaseB =1
Note that we can express the cell average as

1g 1 1 2
T =5 a;;:§<ZaK+ ) ﬂ’}():§<ZHK+ > ZwBE}L(),
1 i€CaseA i€CaseB i€CaseA i€CaseB =1

so the third term in (2.3.15) can be further expanded:

S S (A b)) + L
K| hig “h 2 K

i€CaseB =1
: At Dy :
i€CaseB =1 i€CaseA i€CaseB =1

-y (- @j,ﬁ ) SID DI 3) e

i€CaseB B=1 zGCaseB p=1 k=1 ~v=1
1 _
+= Uy
i€CaseA
2 3 2 ,
1 ko At U (1 jGen (0.6),
= 3 Yws|gg o e — e (el %)
: 18 | K| hig
i€CaseB =1 k=1 v=1 s
1
+5 2 Tk
i€CaseA
2
T STy et + (5 ) v
i€CaseB =1 k#j v=1 i,
1 At I, o] 1
+ (____Ci,ﬁ ul |+ = Z wy,
36 |K| hi”B 6 i€CaseA
where in the last step we use the fact that w; = wy = % Finally, we have an

equivalent formulation of (2.3.8):

At i,
bl _ 2N 2A ) s x
i 2 2“5{(6 ) R o 2 00

i€CaseA =1

At ( l%) iﬁ}
+— | A — — | Uy,
| K| hig)
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2 _ .
——At— —_ ) At ) _ T
> ZW_((% rKr+rK|hi,ﬁ>“K+ NI REIP I

i€CaseB f=1 i€CaseA
2 i 2 )
1 k VAN A 1
+ wg | —= wou [ — — B L )
DD PIES 3 R e L
i€CaseB =1 L k#j v=1 ,

1 At i, o
+(36 \K\h@-,ﬁﬁ)“K |

(2.3.16)

To have a convex combination in (2.3.16), it suffices to require that following terms

]_ OCA l% ]. At l}( 1,2

EREPNALYY B S i 2.3.17
6 |K| ; (67N hi,ﬁ’ 36 |K| hi,ﬂ Cz,ﬁ? ( )

are non-negative, which imply a time step restriction. Next, we derive an explicit
CFL condition for a regular triangulation, i.e., a triangulation with the minimum
angle bounded uniformly away from zero. Recall that for each triangle K, x;z
(8 = 1,2) are the two Gaussian quadrature points on the edge e%.. By a simple
geometric relationship, we have,

e . 1

hig > Csin(9)l, his éTn(é)

(2.3.18)

Here C' = 2558)  with D(x; ) denotes the distance from the point x; s to vertices of

Ik
3—v3
6

the edge e%.. Notice that there is a uniform lower bound enforcing C > , since

X; g are 2-point Gauss quadrature points on €. 0 here denotes the angle between

the edge €% and e or ek, (j # i) on which the point x;; lies on. Thus, we let

9%, i,j € 1,2,3, 7 # j denote the angles between edges e} and ei(. Notice that

cllg € [- ‘/32_1, ‘/?:2+1], it suffices to have the following conditions for the terms in

(2.3.17) to be non-negative,

1 A 1
apn > = __ A2A
A= C'ming; (sin(6)) |K| — 6
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At— L 1 < V31
C'ming ; ; (sin(@};])) | K| 36

which can be simplified as

(2.3.19)

1 A \/g— 1
aa > (3+V3 — At—2= < 1= -
4zl )minK’ivj (sin(6})) K| 36

2.3.3 A second order maximum principle satisfying DG al-

gorithm

For a given triangulation T}, define the approximation space as: Vi¥ = {v : v|x €
P*(K)}. The DG scheme for a convection-diffusion problem (2.3.1) is to seek u € V}¥,

such that for any test function ¢ € V¥, the following equality holds:

2// updx = //F-Vgpdx—/ ﬁgpds
ot J Jk K oK

[ Vs [ (aAve) it [[ a9 (aVe
(2.3.20)

with the numerical fluxes:

—

F-U =

—

(F(u™) -7+ F™) -7 —a(w™ —u™), a=max|F(u)- 7,

N | —

(Aﬁﬁ) = A(w )Vu -7+ ?TA(UOM —u™), uA =utA(u’).
K

For forward Euler time stepping, take the test function as the indicator function on

the cell K and replace the line integral with 2-point Gauss quadrature. This result
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in the cell average scheme for P1-DG method:

At 3 2 o At 3 2 o

T =T — & D 6D wa(F )i+ 7] > 1> ws(AVu - 77) —

=1 p=1 i=1  B=1 g
(2.3.21)

We can decompose (2.3.21) as wp'! = Ci + Dg with
]' n
Cr = 5k TR ;zK Zwﬁ (F-0); (2.3.22)
1 2 —

Dy = Suj + &> Zl > ws(AVu - ) (2.3.23)

ﬁ:]_ X:Xiwg
By the results in [79], the convection part (2.3.22) is a monotonically increasing
3
function of point values of DG polynomials under the CFL condition al% ; I < %.
By the discussion in the previous subsection, the diffusion part (2.3.23) is a convex
combination of point values of DG polynomials under the constraints as > (3 +
1 aa V3-1 : :
V/3) i (D)) Ata < 55—, with one half smaller time step than (2.3.19)

since the cell average u}, is halved in (2.3.23).

Notice that at time level n, for the linear DG polynomials uk(x), if ux(x) €
[m, M| at three vertices of the triangle K, then ug(x) € [m, M] for any x € K.

Thus, we have,

Theorem 2.3.1. Consider the P'-DG scheme (2.5.20). If the DG polynomial at
time level n on each triangle K satisfies ux(x) € [m, M| on all three vertices of the
triangle K, then the cell average at next time step satisfies the maximum principle,

i.e., W' € [m, M), under the CFL conditions:

At o~ . 1 —1
a—tZzggg, Ata—A<\/_ as > (3+3) (2.3.24)

| K| — K| — 72 7 ming ; ; (Sln(@ZKJ))
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where 03 is defined as in previous subsection, and apn = Aac, Aa = max [

w€[m,M|,x€Ty
A(u, ) ||

Remark 2.3.2. The CFL conditions (2.3.24) is only a sufficient condition rather
than a necessary condition for mazximum principle to hold. Larger time steps are

possible by trying different expansions in (2.3.15).

Given linear polynomials pg (x) as the DG polynomial defined on triangle K with
u} as its cell average over K at time level n. Then if @} € [m, M], the following

limiter ensures pg(x) € [m, M| for any x € K:

) o _ M- | | m-m
o) = O(p o) — )+, 0 = min {1, | =T || TN (0

where M) and my are the maximum and minimum of pg(x) on the triangle K.
Notice that the limiter (2.3.25) does not change the cell average. Moreover, we have

1P — Prlloe = O(R?) if the exact solution is smooth, see [75] for the proof.

An efficient implementation of our maximum-principle-satisfying P1-DG method

(2.3.20) is:

1. Find the desired bound [m, M| by evaluating the minimum and maximum
of the initial condition. Given the triangular mesh, find the mesh constant

ming ; ; (sin(@i;j)) and a direction 7jy which is not parallel to any edge in the

mesh. Calculate Ay = [ mj\?]x . ||A(u,z)||. Take the penalty constant as
ue|m, FASHAN
= I S
a=(3+/3) A i (0] 25 suggested by (2.3.24).

2. Choose a discretization of the initial data such that the cell averages of the

numerical initial data are in [m, M]. For instance, the standard L*-projection.
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3. Use a second order SSP time discretizations, for instance, the second order

Runge-Kutta method (2.2.17).

4. For each forward Euler time stepping in (2.2.17), use the limiter (2.3.25) to

pre-process the DG polynomials.

5. Consider the DG scheme with the limiter as an operator. Given the numerical
solution u" at time level n as an input, let @"*! denote the output with a

normal time step,

e if the cell averages of ™! violates the maximum principle, then go back to

time level n and evolve u™ with a smaller time step suggested by (2.3.24).

+

e otherwise use u"*! as the solution at the next time level, i.e., set u"*! =

"1 and proceed.

This algorithm is guaranteed to produce numerical solutions within the range [m, M]

with uniform second order accuracy for smooth exact solutions.

Remark 2.3.3. The methodology discussed above can also be extended to the LDG
or IPDG spatial discretizations on 2D triangular meshes. In this case all desirable
numerical properties such as strict mazrimum principle satisfying, conservation of
mass and second order of accuracy are still preserved as long as the proper time step
restrictions are respected. Detailed algebra and theoretical proofs are omitted to keep
this section reasonably concise. From a practical point of view, one can simply follow

the efficient implementation approach proposed above.
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2.4 One dimensional numerical tests

In this section, we give numerical tests for the Cheng-Shu DG formulation [10].
The same set of numerical experiments have also been carried out using the IPDG
and LDG schemes. The results are similar, thus we will not list them here to save

space.

2.4.1 Accuracy test

We first consider the linear equation

Up + Uy = EUgy (2.4.1)

with initial data

up(z) = sin(x)

on [0,27] and periodic boundary conditions. The exact solution is:

u(z,t) = exp(—et)sin(x — t)

We take ¢ = 0.001 and the final time is ¢ = 1. The time step is taken as suggested in
(2.2.11). From Table 2.4.1, we observe the expected second order accuracy for the

maximum-principle-satisfying DG scheme.
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Table 2.4.1: Accuracy test (o = 10)

DG without Limiter DG with Limiter
N | L' error order L*> error order | L' error order L error order
20 | 1.83E-02 - 1.70E-01 - 2.82E-02 - 2.38E-01 -

40 | 4.55E-03 2.01 4.33E-02 197 | 6.18E-03 2.19 7.72E-02 1.62
80 | 1.13E-03  2.00 1.09E-03 1.99 || 1.38E-03 2.16 2.09E-03 1.89
160 | 2.82E-04 2.01 2.73E-04 2.00 || 3.25E-04 2.09 5.43E-04 1.94
320 | 7.03E-05 2.01 6.82E-05 2.00 | 7.69E-05 2.08 1.35E-04 2.01
640 | 1.75E-05 2.01 1.70E-05 2.01 | 1.82E-05 2.08 2.95E-05 2.19

2.4.2 Porous medium equations

A typical example of degenerate parabolic equations is the porous medium equa-

tion. In one space dimension, the porous medium equation can be written as:
up = (u") e, m > 1. (2.4.2)

We test the proposed scheme using the Barenblatt solution:

k(m—l)@ 1

B (z,t) =t *[(1 - o t2k)+]m (2.4.3)

which is an exact solution to (2.4.2) with compact support. The initial condition is
taken to be B,,(z,1), and the numerical solution is computed to t = 2, with zero

boundary conditions.

We compare the numerical solutions obtained from the maximum principle sat-
isfying DG scheme to the analytical solutions, see Figure 2.4.1 (a). The maximum-
principle-satisfying DG scheme resolves the discontinuities in the solutions quite well,
and keeps the solution strictly within the initial bounds everywhere for all time. If
the DG schemes are applied without the limiter, there are significant undershoots

near the foot of the numerical solution. See Figure 2.4.1 (b) and more clearly in the
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zoomed version Figure 2.4.1 (c).

2.4.3 The Buckley-Leverett equation

Now we consider the convection-diffusion Buckley-Leverett equation, which is a

model often used in reservoir simulations and a standard numerical test, see [34].

ur + f(u)y = e(v(u)uy)., (2.4.4)

The numerical solution is computed at ¢ = 0.2 with € = 0.01 and boundary condition

is u(0,t) = 1. The v(u) and the initial condition are given as:

du(l—u) 0<u<l 1-3z 0<z<
v(u) = , u(z,0) = (2.4.5)

0 otherwise 0

f(u) has an s-shape:

fw = i —ap

As shown in Figure 2.4.2, the maximum-principle-satisfying DG scheme provides

good approximation and at the same time eliminates all the negative values.

2.5 Two-dimensional numerical tests

In this section, we list numerical results obtained from the Cheng-Shu DG for-
mulation on triangular meshes. Again the numerical results for 2D LDG/IPDG

formulations are similar to those obtained from the Cheng-Shu DG formulation,
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(a) Dashed lines: The numerical solutions computed by maximum-principle-satisfying DG
schemes for m = 2,3,5,8 on a uniform mesh with mesh size h = 0.075. Solid lines: The
exact solutions.
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(b) Comparison of the numerical solutions (m = 5).
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(¢) Zoomed-in numerical solutions (m = 5).
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N=500, with limiter
O N=100, with limiter
16 — © —N=100, no limiter |4

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(a) Numerical solutions computed by DG with and without
limiter.

, ,
N=500, with limiter
0.08 | O N=100, with limiter ||

— & —N=100, no limiter

-0.02

-0.04 4

-0.06 - 1

-0.08 & I I I I =
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(b) Zoomed in results near the corner of the numerical solu-
tions.

Figure 2.4.2: The numerical results for one-dimensional Buckley-Leverett equation.
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thus only one example will be shown. All tables and figures in this section refer to
the results obtained from the Cheng-Shu DG formulation unless otherwise stated.
We first give examples of the meshes that we use in the computation, see Figure
2.5.1. As shown in Section 2.3, our maximum-principle-satisfying DG schemes put
no additional constraints on the shape of the elements. To be more specific, the
schemes preserve the physical bounds strictly even if there are obtuse elements in
the triangulation. All the meshes in this section are unstructured, generated by
EashMesh [47]. Unless specified, the unstructured meshes used in the computation
are refined independently, which means for each refinement we generate a new mesh

with half of the previous mesh size.

0.8 0.8

0.6 0.6

AVAVAVLVAY, VAVIVAVIVAVAVAY, VAV.VAVAYAVAVAY, VAVAVAVIVAVAVAY, VAVLVAVAVA

> >
0.4 0.4
0.2 0.2
0 NN NNNNNNNNNN . 0 .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
(a) Triangular mesh. (b) Mesh containing obtuse elements.

Figure 2.5.1: An illustration of meshes used in Section 2.5.1.

2.5.1 Accuracy test

Similar to the one-dimensional case, we test the accuracy of the maximum-

principle-satisfying DG scheme by solving:

u +V-ou=cecAu, ug(x)=sin2r(z+y)) (2.5.1)
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on (z,y) € [0,1] x [0, 1] with periodic boundary conditions. The exact solution is

u(z,y,t) = exp(—8r2et) sin(27(z +y — 2t)).

We take ¢ = 0.0001 and the final time to be t = 0.1. The schemes are implemented as
discussed in Section 2.3. Again, we observe the expected second order convergence
rates for all three types of DG spatial discretizations (Cheng-Shu DG, LDG and
IPDG) on meshes similar to those in Figure 2.5.1 (a), see Table 2.5.1 and Table
2.5.3. We also compute the numerical solutions on the obtuse mesh shown in Figure
2.5.1 (b), with the mesh size h = 0.025, and the largest angle among all the elements
is about %’r For the DG scheme without limiter, we obtain the maximum and
minimum of the numerical solutions to be 1.0958 and —1.0783 respectively; while by
the DG scheme with limiter, the maximum and minimum of the numerical solutions
are exactly 1.0000 and —1.0000, as expected by the initial conditions. If we refine
the unstructured obtuse mesh like Figure 2.5.1 (b) in a structured way, namely every
triangle is divided into four similar subtriangles for each refinement, we still observe
uniform second order accuracy for the DG scheme with or without the limiter, see
Table 2.5.2, as expected from the conclusions in Section 2.3.

Table 2.5.1: Two dimensional accuracy test (o = 10).

DG without Limiter DG with Limiter
h L' rate L> rate L' rate L> rate
0.1 1.71E-02 - 1.72E-01 - 2.59E-02 - 1.57E-01 -

0.05 4.27E-03 2.00 4.90E-02 1.81 | 6.00E-03 2.11 5.26E-02 1.58
0.025 | 1.05E-03 2.02 1.23E-02 2.00 | 1.33E-03 2.17 1.73E-02 1.61
0.0125 | 2.56E-04 2.04 3.61E-03 1.77 || 2.85E-04 2.23 3.90E-03 2.15
0.00625 | 6.12E-05 2.06 &8.37E-04 2.11 || 6.19E-05 2.21 8.41E-04 2.21




Table 2.5.2: Two dimensional accuracy test on obtuse meshes.

DG without Limiter DG with Limiter
h Lt rate L™ rate Lt rate L™ rate
0.025 4.21E-03 -  1.46E-01 - 7.29E-03 —  1.34E-01 —
0.0125 | 8.92E-04 2.24 4.58E-02 1.67 | 1.51E-03 2.27 4.57E-02 1.56
0.00625 | 1.92E-04 2.22 1.16E-02 1.98 || 2.85E-04 2.41 1.47E-02 1.64
0.003125 | 4.21E-05 2.19 2.76E-03 2.07 || 5.12E-05 2.48 3.73E-03 2.02
Table 2.5.3: Two dimensional accuracy test for LDG and IPDG.
LDG accuracy results IPDG accuracy results
h Lt rate L'-limiter rate Lt rate L'-limiter rate
0.1 1.70E-02 - 2.59E-02 - 1.71E-02 - 2.60E-02 -
0.05 4.26E-03 2.00 5.98E-03 2.12 | 4.28E-03 2.00 6.00E-03 2.11
0.025 | 1.04E-03 2.03 1.32E-03 2.18 || 1.06E-03 2.02 1.34E-03 2.17
0.0125 | 2.52E-04 2.05 2.80E-04 2.24 || 2.58E-04 2.03 2.87E-04 2.22
0.00625 | 6.03E-05 2.06 6.31E-05 2.15 | 6.28E-05 2.04 6.35E-05 2.18

2.5.2 Porous medium equations

To test the proposed scheme with the two-dimensional porous medium equation:

uy = A(u?) (2.5.2)
with a periodic boundary condition and the initial condition
1, if (z,y)e[-Li]x[-L1
uo(z,y) = (#.9) € [=3.2] ¥ [~2.2] (2.5.3)

0, if otherwise on (z,y) € [-1,1] x [-1,1],

we compute our numerical solution up to time ¢ = 0.005. For this degenerate
parabolic equation, if we solve with the DG scheme only, the non-physical nega-
tive values will grow with time, while the maximum-principle-satisfying DG scheme
will keep the numerical solution nonnegative, thus also ensuring the well-posedness

of (2.5.2) and stability of the numerical scheme. In Figure 2.5.2 (b), we compare our

numerical results with the non-conventional finite volume scheme proposed in [74].
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We also compare our maximum-principle-satisfying DG scheme with the unlimited
DG scheme, see Figure 2.5.3. Here we only compute our numerical solutions up to
a relatively shorter time, since the negative values in the unlimited DG scheme will
grow with time, and eventually lead to blowing up of the numerical solution. In
contrast, our limited DG solution can be used for long time. The minimum of our
numerical solutions on different meshes is reported in Table 2.5.4, turning out to be

identically zero.

uonnjos eouawnN

solution

X
(a) Surface of the DG solution (b) Cut along y =0

Figure 2.5.2: The figure on the left and the dotted curve on the right are the numerical solutions
at T = 0.005 of the maximum-principle-satisfying DG scheme on a h = 0.0125 mesh. The figure
on the right is the cut of the numerical solution computed by maximum-principle-satisfying DG
compared with the reference solution computed by the maximum-principle-satisfying finite volume
WENO scheme [74] on a 128 x 128 mesh.

Mesh size 0.05 | 0.025 | 0.0125 | 0.00625
DG with limiter | 0 0 0 0

Table 2.5.4: The minimum of the numerical solutions at ¢ = 0.005.
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Figure 2.5.3: The numerical solutions computed by DG with and without limiter at ¢ = 0.0005.
The mesh size h = 0.05

2.6 Applications to incompressible Navier-Stokes

equations

2.6.1 Preliminaries

To extend our maximum-principle-satisfying DG scheme to incompressible Navier-

Stokes equations, we consider the following vorticity-stream function formulation:
1
wy + (uw), + (vw), = R—Aw (2.6.1)
e

A¢ = w, (u,v) = (—dy, ¢z (2.6.2)

w(z,y,0) = wo(z,y), (u,v) - U = given on 0.
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The exact solution of (2.6.1)-(2.6.2) satisfies the maximum principle, i.e.,
w(x,y,t) € [m, M], V(z,y)€Q, Vt>0

where m = minwy(z,y), M = maxwy(z,y). In [39], Liu and Shu developed a high

order DG method for solving (2.6.1). The flowchart of the scheme is:

e Solve (2.6.2) by a standard continuous finite element Poisson solver for the

stream function ¢.

o Take u = (u,v) = (—¢y, ¢,), notice here (u,v) - ; is continuous across the

edges e; since ¢ is continuous.

e Finally solve (2.6.1) by a DG scheme defined as follows: for a given triangula-

tion T}, of the domain €2, define the approximation spaces as:
ViF={v:v|g € P*K), VK € T},}

For given u = (u, v), which is obtained from the previous step, and test function

¢ € V¥, the DG scheme is to find w € V/¥ such that

// (Opw)pdx — // wu - Vpdx + Z u - vweds
K K

ecdK €

— é <6§(/€(V/J/-ﬁ)¢ds— 3 @(Vg@-ﬁ)ds—f—//}(wAgodx) (2.6.3)

ecOK €

Since u - 7 is continuous across the element edges, u - Vw can be defined as the

Lax-Friedrichs upwind biased flux, [79]:

—_

~

u- v = ~[u- dw™ +w) — a(w™ — w), (2.6.4)

(\V]
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where a is taken to be the maximum of |u-7|, either globally or locally. The diffusion

—_—

fluxes Vw - U/, w are chosen as described in Section 2.3, (2.3.7):

Vw7 =Vw™ + %(wom —w™), w=w" (2.6.5)
K
We use the same triangular mesh as in Section 2.3 , and both the Poisson solver and

the DG method (2.6.3) use P! elements.

In [79], it is shown that for incompressible Euler equations on triangular meshes,
the high order DG scheme, which is the same as in (2.6.3), omitting the diffusion
terms, coupled with a linear scaling limiter, satisfies the maximum principle under
the CFL condition
o2t Dl < 2@1, (2.6.6)

where w; is the one-dimensional Gauss-Lobatto quadrature weight for two cell ends.
In particular, for the P! case, we have the following CFL condition for purely con-

vection case:
At . 1
— L < = 2.6.7
K] Z K=73 (2:6.7)

Following the discussion in Section 2.3 and the result in [79], Theorem 2.3.1 also

holds for (2.6.1).

2.6.2 Accuracy test

Firstly, we solve (2.6.1) with the initial condition: w(z,y,0) = —2sin(z)sin(y)

on [0, 27| x [0, 27| and periodic boundary conditions. The exact solution is available:

2t

w(x,y,t) = —2sin(x) sin(y) eXp(—E).
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In the computation, the Reynolds number is Re = 100 and the final time is 7' = 0.1.
As shown in Table 2.6.1, the maximum-principle-satisfying DG scheme is second
order accurate.

Table 2.6.1: Accuracy test.

DG without Limiter DG with Limiter
h L' error order L*> error order | L' error order L™ error order
0.8 | 3.36E-02 2.22E-01 - 3.85E-02 - 2.50E-01 —
04 | 871E-03 1.94 5.84E-02 1.93 || 8.73E-03 2.14 5.83E-02 2.10
0.2 | 2.18E-03 2.00 1.57E-02 1.90 || 2.18E-03 2.00 1.57E-02 1.90
0.1 | 5.78E-04 1.92 3.66E-03 2.10 || 5.78E-04 1.92 3.72E-03 2.07
0.05 | 1.50E-04 1.95 1.00E-03 1.87 || 1.50E-04 1.92 1.00E-03 1.90

2.6.3 The vortex patch problem

We test our maximum-principle-satisfying DG scheme by solving Navier-Stokes

equations with the initial condition:

_17 if (Ivy) € [_%a 37”] X [_%7%}
wo(z,y,0)=1q 1, if (z,9) € [~F,3) x [-5r, ] (2.6.8)
0, if otherwise on [0,27] x [0, 27]

and periodic boundary conditions. The Reynolds number is specified to be Re = 100.
We compare our numerical scheme with the unlimited DG scheme at t = 0.1 (see

Table 2.6.2) and ¢ = 1 (see Figure 2.6.1).

Table 2.6.2: Maximum and minimum of the numerical solutions at T = 0.1.

DG without Limiter DG with Limiter
h Min Max Min Max
0.8 || -1.002485131209995 1.008209167432207 || -0.996833462986856  1.000000000000000
0.4 || -1.012248342818721  1.029509746350882 || -1.000000000000000 1.000000000000000
0.2 || -1.063529424090108 1.048046525326357 || -1.000000000000003  1.000000000000016
0.1 || -1.028127448686370 1.037932424206786 || -1.000000000000000 1.000000000000000
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2.7 Concluding remarks

In this chapter, we present second order accurate maximum-principle-satisfying
discontinuous Galerkin schemes for convection-diffusion equations. Through careful
analysis and extensive numerical tests, we show that under suitable CFL conditions,
with a simple scaling limiter involving little additional computational cost, the nu-
merical schemes satisfy the strict maximum principle while maintaining uniform sec-
ond order accuracy. The methodology works on both structured and unstructured
triangular meshes, and also for two dimensional incompressible Navier-Stokes equa-
tions in the vorticity-streamfunction formulation. An important application is the
positivity-preserving property for nonlinear degenerate parabolic equations, which

may become ill-posed for negative values.

The effectiveness of the maximum-principle-satisfying DG schemes has been demon-
strated through extensive numerical examples including two dimensional porous
medium equations and the vortex patch problems. For maximum principle preserv-
ing, the proposed schemes require only slightly more restrictive time step restrictions
than that required for linear stability. Generalizations to implicit time marching
schemes constitute our ongoing work. It is also interesting to generalize the result
to higher order discontinuous Galerkin schemes, although this appears difficult and
suggests that there might be a need to modify the numerical fluxes used in the DG

formulation to achieve this.



CHAPTER THREE

Multi-scale Discontinuous
Galerkin Schemes for Elliptic
Equations with Curvilinear

Unidirectional Rough Coefficients
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3.1 Introduction

In chapter, we consider the solution of a special class of two dimensional second

order elliptic boundary value problems with highly oscillatory coefficients

V- (AX)Vu) = f(x) inQ (3.1.1)

and Dirichlet boundary condition

u=0 on 0},

where Q is a bounded computational domain, f is a function in L*(Q2) and A(x) is

a special diagonal coefficient matrix containing small scales ¢

af(z, 0
Alx) = (z,y) |
0 a(z,y)
or equivalently,
—(a(2, y)ua)e — (a(x,y)uy)y = f(2,y)- (3.1.2)

As the typical situation in multi-scale modeling, we assume the elliptic coefficients
a‘(z,y) are highly oscillatory functions involving a small scale e. Furthermore,

a‘(z,y) belongs to L>*(Q)) and satisfies

0<a<a(z,y <p <o (3.1.3)

for any (x,y) € , where a and [ are constants independent of €. In particular, we
are interested in a special subclass of rough coefficients, in which a¢ locally varies

very rapidly in one direction, as defined originally by Babuska et al. in [29], and to
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be specified more precisely in Subsection 3.2.1.

Applications of this type of problems arise in modeling two phase flow in porous
media (see [35, 27, 8]), where Eq. (3.1.1) is the pressure equation, with u and A(x)
representing the pressure and the relative permeability tensor, respectively. In par-
ticular, A(x) would be a diagonal tensor if the stochastic permeabilities are upscaled.
Eq. (3.1.1) also captures the mechanics of steady state heat (electrical) conduction
through a composite material (e.g. [27]), where A(x) and u describe the thermal

(electronic) conductivity and temperature (electronic potential).

It is a well known fact that if the coefficient a(x,y) is rough, the solution to

(3.1.2) will also be rough; to be more specific, we will in general have

||a|[mr1.(@) — oo, ul| g2y — 00, ase— 0.

Thus, u is not bounded uniformly with respect to € in H2(Q) or in H'*°(Q) for any
0 > 0. As a result, numerical simulations often require highly refined computational
meshes to ensure any reasonable accuracy. This intrinsic difficulty prohibits the
application of traditional numerical methods for solving such problems due to the

limitations of available computational resources, e.g. memory and CPU time.

In this chapter, we focus on the special class where the oscillation coefficient
a‘(x,y) is curvilinear unidirectional oscillatory. In [29], Babuska et al. proposed a
special finite element method, which provides an efficient and convenient framework
for constructing local trial spaces for this specific subclass of problem, i.e. Eq. 3.1.2.
The key ingredients of the special finite element methods in [3, 17, 29] can be sum-

marized as:
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e A regularity result for the rough solution in a transformed space with respect

to the right hand side function, f € L%(9).

e Construction of trial spaces with good approximation properties. In particular,
they utilized special shape functions for which the explicit construction of a
local multi-scale approximation basis is available, thus making the algorithm

efficient and easy to implement.

e Construction of reasonable test spaces to ensure stability.

By exploiting the special features of the oscillatory coefficients, the special finite
element method is proved to yield uniform second order convergence with respect
to €, even if the coefficient a¢ is rough. Moreover, for this particular subclass of two
dimensional rough elliptic equations, the coefficients and the solution v can have a

continuum scale spectrum from O(e) to O(1).

It is appealing to extend the results in [3, 29] to discontinuous Galerkin (DG)
methods which do not enforce continuity constraints across the element interfaces,
thus providing an easier way to construct a multiscale basis in higher dimensions with
high-order elements. Motivated by special finite element method in [3, 17, 29|, and
the multi-scale DG method for unidirectional two-dimensional oscillatory coefficients
proposed by Wang et al. in [65], we extend the idea in [29] for curvilinear unidirec-
tional two-dimensional elliptic coefficients to multi-scale IP-DG [65] methods in two
space dimension. Furthermore, in this chapter, we propose new ways of constructing
local oscillatory approximation spaces, ensuring that the features of local preferred
oscillating directions are automatically incorporated. In particular, we prove opti-
mal error estimates for the second order scheme in two space dimension. The local
mapping may put some constraints on the computational geometry, although this

turns out to be non-essential restrictions required only for the error analysis. An
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easy implementation framework is also suggested for the construction of a local ba-
sis, assuming that the leading oscillatory direction does not change abruptly within

each element.

We remark that one of the practical difficulties for multi-dimensions special finite
element method is that the method is designed for curvilinear elements. It is ideal for
the purpose of error estimates, but could cause complications on the implementation
side. For the multi-scale IP-DG method, we could use regular triangulations. As
the trade-off, we must analyze the error associated with these discontinuities across

element interfaces to obtain optimal error estimates.

3.2 Multi-scale DG method: the methodology

In this section, we focus on solving the elliptic multi-scale problem (3.1.2) on
a bounded domain €2, with additional features to be specified in Subsection 3.2.1.
Let 75, be a collection of quasi-uniform rectangular partitions of 2 and &, be the

collection of edges of the 7T,. Define the following inner products

(ww)y =3 /K v(z,y) - wle, y)de dy,

KeTy

(v, wyg, = Z v(s) - w(s)ds.

ecy €

where K denotes a given element in the triangulation, and e represents the edges

associated with it.

There are many different DG formulations for such elliptic equations. In this

chapter, we focus on the IP-DG formulation for (3.1.2): for any test function vy, € V},
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the IP-DG scheme is to find u, € V},, such that
By (up,vp) = (f,vn)7, Yo € Vy, (3.2.1)
where the bilinear form By, (up,vp,) is defined as
By(u,v) := (AVu, Vo)g, — ({AVu}, [v])e, — ({AVO}, [u])e, + %(M: [v])e.

where 7 is a sufficiently large penalty coefficient to ensure stability. For the scalar
valued function w, {u}}, [u] represent the average and jump across the element
interface, respectively. To be more precise, let e be an interior edge shared by
elements K and K, define the unit normal vectors n; and n, on e pointing exterior

to K7 and Ks, respectively. We set
1 o
ful = §(u1 +ug), [u] =wimg +umy one€&y, (3.2.2)

with u; = ulsk,, and &7 is the set of interior edges e. In a similar fashion, for a

vector-valued function g, we define g, and g, analogously and set
1 o
fad =5(@+a2), ldl=a, ni+ag-me onecsy (3.2.3)
For e € £7, the set of boundary edges, we set
[u] =un, {q}=q onecé&’, (3.2.4)

where n is the outward unit normal. We do not require either of the quantities {u}

or [gq] on boundary edges, and leave them undefined.
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3.2.1 Curvilinear unidirectional oscillating coefficients

As Babuska et al. suggested in [29], the strict definition of "locally varying
sharply in at most one direction” is outlined as follows. For the two dimensional
elliptic equation (3.1.2) on the domain €2, assume the existence of the following local

change of variables, such that

e There exists an open cover {Q;,i = 1,...,n} of Q, with U ,Q, = Q, and
U, (€ N o) = 9.
e For each ();, there exists a local mapping: (&;,7;): € — Q; such that,
— The mapping is one-to-one and onto, with ]%| > ~; > 0 on €,

— V& - Vn; =0, and € is rectangular,

— The boundary of each open set §2; is constraint by the boundaries of the

domain :

0,NON = 0, if all the edges of €); are interior edges

= boundary edges of €2;, and remaining are interior edges

e Under the mapping, a(z,y) = a5(&), V(z,y) € Q.

Under such conditions, the elliptic problem (3.1.2) is said to have curvilinear unidi-
rectional coefficients. In other words, the local oscillation direction changes smoothly
within the computational domain €. Furthermore, in [29], the authors proved a gen-
eralized version of the Berstein Theorem for this local change of variables, which we

quoted here:
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Theorem 3.2.1. (/29]) Let u be the solution in Hy of (3.1.2), where we assume
f € L3(Q) and a is locally varying sharply in at most one direction. Let O; C Q; be
open and satisfying O; CC Q; if O;NON = 0, and (00; N OY;) C N if O; NN # 0.
Let O; be the image of O; under the mapping (&,m:). Then there is a constant C

which does not depend on €, such that

/{ Oy 12 yge) 20 pe |‘9
85% lagz 3&8771 8

Remark 3.2.2. As suggested in [29], the result can be generalized to coefficients

2~
2 | }d&dm < C||f||L2(Q) (3.2.5a)

which could locally be transformed into the form Ef(%,n).

Remark 3.2.3. One may notice that due to the definition of curvilinear unidirec-
tional coefficients and properties of the associated local change of coordinates specified
above, some constraints may apply to the computational domain that would enable
the multi-scale DG method to deal with. For example, if we consider coefficients of
the specific form a(x,y) = —2), the convenient coordinates mapping would

4+-cos(
be the polar one:

=2 +12 n=tan (L)
X

Thus a quarter torus domain such as

1<2®+y*<4, 0<n<

|

would satisfy the requirement that the transformed domain Q is rectangular in (&,n).
However, the definition suggests that a square domain like [0, 1] x [0, 1] will be ruled
out. We notice that this restriction is only required for the reqularity result abowve,
which simplifies the error analysis of the multi-scale DG scheme. In Section 3.4,
extensive numerical results suggest that this requirement is not essential. We still

observe an optimal convergence rate for the second order multi-scale DG scheme,
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even if the constraints associated with the local mapping are not strictly satisfied.

3.2.2 Approximation spaces

In this part, we first propose a way to construct the approximation space moti-
vated by [29]. For each element K; € 7j, the local oscillating approximation space

is obtained as follows:

Find €, such that K; C ;. and the local mapping (&;, ;) associated with €,

Define the second order local approximation space on K as:

& 1
vi=dy: U|K- € span 1,/ ——ds,n; — 1 :
J { ! 3 ag(s) ’

The multi-scale DG approximation space on 2 is S} = Ujvzl Vi

Likewise, a higher order approximation space can be defined by including more

basis function in, e.g. Sji = UJ;_, V7, where

) | & 1 & g
V: =<V :v|g. € span 1,/ ———ds,n; — 7}”?,/ ——ds,
’ ’ & @(s) 7 e ai(s)

*
J

&
(mi — ) /g ﬁd& (n; — n}‘)z}} :

*
J

This construction is vital to the success of the multi-scale DG method, which can
be expected to yield the same convergence rate as the usual polynomial based DG
methods when the coefficient a is smooth, while achieves greatly improved accuracy
on a coarse mesh when a is rough. An easy implementation of the basis construction

is proposed in Subsection 3.4.3, to address the cases where the local mapping is not
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obvious or directly available in an analytical form. Numerical experiments show that
this practical implementation achieves optimal order of convergence with a second

order approximation space.

3.3 Multi-scale DG method: the error estimates

Combining all the pieces together, we have completely defined the multi-scale
DG method for solving two dimensional elliptic equations (3.1.2) with curvilinear
unidirectional coefficients. In this section, we proceed to analyze the theoretical
aspects of the multi-scale DG methods. The first result to prove is the interpolation
error associated with the special approximation space S} defined in the previous

section.

3.3.1 Error estimates of the interpolation error

We first define the following straightforward energy norm

lloll* := (AVv, Vo)7, + %<[[v]], [vDe, +h{({AVVE, {AVU] e,

Meanwhile, given K € 7Ty, find the containing partition (2;, such that K; C ;.
Suppose the corresponding local mapping (&;,7;) satisfies all the conditions specified
in Subsection 3.2.1. Denote the images of Kj;, €; with such mapping as f(j, Q,

respectively. Then define a further mapping as follows:

. & 1
& ::/ 7i(5) o
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which maps the element K ;€ Tn to K ;€ T Accordingly, for any function u defined

on K, we could define functions % on K ; and @ on K ; separately as

Before preceding to a proof of the interpolation error in the energy norm, we state
and prove the following two lemmas, one certifying the equivalence of L?-estimates
after changing coordinates, the other assuring the trace inequality estimates, both

regarding the transformed "hat” domain.
Lemma 3.3.1. Gwen K; and the local mapping (fl, 1;) defined above, then for any
function w € H'(K;), the following inequality holds

lwllZ e,y < C'llablI7 (3.3.1)

/ AV - Vude dy < O V|2, (3.3.2)
K

J

where C" and C are constants depending only on o, 5,&;, ;.

Proof. (3.3.1) can be proved by straightforward calculus:

Juleuy = [
K.

J

d(z,y)

- dé; dn; < C'||lw|2
0.0 & dn 10172

Similar for (3.3.2)

PVl | S

e 0 2 12 ~€
/KAVw Vwdx dy = / { (8& w)*| V& +a¢(am (&, m;)

i ~ e
C/ [ 96" ”“amw)z}d&d”"
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0 0 A
g(]/{ )2 + (a5 ——)*| d&; di;
‘ (a& )"+ ( o )7 | déi di

O

Lemma 3.3.2. For each element K; and the associated mapping, given any function

w € CHKj), the following trace inequality holds:
A _l A l Z A
||w||L2(af<]-) < Clhijw”m(kj) + C2hfgj||vw||L2(kj)-

where hkj = diam(_f(j). Note that both constants Cy and Cy do not depend on the

small scale e.

Proof. Denote M as the mapping defined on x € dK;: M(x) = x € 9K;. As a

result,

Moreover, by variable substitution,

/akj w(x)dx = /BKJ_ (i o M)(x)|det(Jyr)(x)|dx

where J), is the Jacobian of the mapping M. It is obvious that there exist constants
independent of €, 0 < mq(«, 5,&,m;) < ma(a, B,&;,m;), such that my < |det(Jy)| <

my. Therefore, by the trace inequality on K; and Lemma 3.3.1,

A~ 7l l
l@ll 208, <Cllwlzor) < Crh™2 wllzzac,) + Coh? [ Vel o)
1l e
SCLh72 |0 o) + Coh? ([ VD] o i

1 T
§C1hf(j @l 2,y + CQh;szvw”L"’(Kj)
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We have used here that Mjh < hkj < Msh. O

We then proceed to prove the following approximation result.

Lemma 3.3.3. Let u be the exact solution of (3.1.2). Then, there exists v € S} so
that
llu =2l < CR fllr2)-

Proof. Define ¢ to be the piecewise linear function defined on A ; such that 7| i €

P(K;) satisfies
i IV = )L+ 1= 0l gy < OB [Dlilgagy, (339
From the definition of ||| - ||| we have

e = vll* =(AV(u = v), V(u = v))7, + %([[(u =o)L, [(w = v)De,

+h({AV(u —0)}, {AV(u —v) })e, (3.3.4)

for which each term will be bounded individually.

As for the first term in the energy norm (3.3.4), by Lemma 3.3.1 and the linear
approximation results (3.3.3)
s, < CH2 D%,

(Kj)

/ AV (1= v) - V(u — v)dz dy < C|[¥ (@ — 5)
K;
Hence, if we sum over K; € {2; we recover that there exists some O; C ()

Z (AV(u—2),V(u—v))k, < (AV(u—v),V(u—v))o, < Ch?| D?q)? ) (3.3.5)

L2(0;
K;eQ;
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(AV(u =), V(u =)y, <> Ch*|D*f}, (3.3.6)

i)

For the second term in the energy norm (3.3.4), we use a trace inequality to get

(L= )] [~ 0)])e, < gls = olaey + CIV (), (337)

==

By Lemma 3.3.1 , the first term in (3.3.7) satisfies

Ju— U||%2(Kj) < Clla— @H;(Kj) < Ché}{j|D2a iQ(Kj)’

Taking the sum over K; € §2; we get

1

Z |u— UHQLQ(Kj) < Ch'|D*a i?(o}y 2

lu = ollfa@y < Y CR?|D%00 5, (3.38)

As for the second term in (3.3.7), it can be bounded by scaling argument,

(3.3.9)

1 Ao
IV(u = o)) < O (AV(u = 0), V(u—0))5 <3 CR|D%l3, ),

where in the last inequality we use (3.3.6). Therefore for the middle term in the

energy norm (3.3.4),

SEES

(I(w =), [(w—v)]e, < Z CP*| D030, (3.3.10)

For the last term in the energy norm (3.3.4), following the mapping argument carried

out in Lemma 3.3.1 and Lemma 3.3.2, we have

WAV (u =)}, fAV(u =)}, < Ch Y V(i@ =072z, (3.3.11)
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By the trace inequality in Lemma 3.3.2, it is clear that

B3IV )2, SC SN 0)20, + OB D%
K; 3

K;

K;

Thus we bound the third term in the (3.3.4) as:

AAV (= o), AV = 0)Be, < CF Y 1D (33.12)
Combine (3.3.6), (3.3.10), (3.3.12) to obtain
llu = oll? < Y2 CRID%al

To complete the proof we argue that

> 1D, < Cllf llzzo. (3.3.13)

1

As indicated by Theorem 3.2.1, (3.3.13) is immediate and this completes the

proof.

3.3.2 Coercivity result

Next, we are going to prove the coercivity of the bilinear form, again by referring

to Lemma 3.3.2.
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Lemma 3.3.4. The following coercivity result holds

llv|II* < CB(v,v) Yo e S;. (3.3.14)

Proof. Let v € S}. Then by the definition of By(,-) we get

Bu(v,v) = (AV0, Vo)r. — 2({AVO}, [o]e, + %([[v]], [])e, (3.3.15)

By the arithmetic-geometric mean inequality we get that

2(fAVoR, [v])e, %([[ I [oD)e, + ho({AVLE, {AVOR e, , (3.3.16)

for any 6 > 0. Next, we bound hé({AVv}, {AVo})e, . By (3.3.11), it is immediate

that
AV}, {AVo})e, < C Z ||W||L2 o) (3.3.17)

Invoking Lemma 3.3.2, the inverse inequality for the transformed domain,

({AVo}, {AVod)e, <C D IV, oic) S Ch7! ZHWHEQ(&) (3.3.18)

K;

In the last inequality, the higher order derivative term drops out since v € Pl(f( ;)

Combining this with Lemma 3.3.1,

ho({AVVY, {AVLY)e, < C6 Z ||w|L2(K < CO(AVv, V)7, . (3.3.19)

J

If we insert this result into (3.3.16) we get

LAV}, [lbe, < s {le] [oDe, + OO(AVe, Vo). (3.3.20)
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Using (3.3.15) to follow that

By(v,v) 2(AVv, V)7, + %([[v]], [vDe, = 57 {[0], [vDe,
— C5(AVv, V)7,

—(1 - CO)(AV, Vo), + (L = ) (I e,

If we choose ¢ such that (1 —(C9) < 5 and assume that 7 is sufficiently large so that

1
2

n> (34 3), we recover

(AVv, Vo) + %([[v]], [o])e, < C B(v,v).

The proof is complete by using (3.3.19). O

3.3.3 Main result

Combining the interpolation error analysis and the coercivity result, we now state

our main error estimate as follows:

Theorem 3.3.1. Let u be the solution of (3.1.2) and let u, € Vj, be the IP-DG

approzimation, then

lw = unlll <C Al fllL2@), (3.3.21a)

lu = unllz2i@) <C B2 fllL2)- (3.3.21b)

Proof. We first prove (3.3.21a). To this end, by Lemma 3.3.4 we have, for any v € S},

lv = up|l]* < C Bu(v — up, v — uy),



71

By Galerkin orthogonality of the IP-DG method we have
v —up|||* < C Byp(v —u,v — up).
Clearly, By(+,-) is a bounded bilinear form. That is,
Bu(v — w0 —up) <C o —wl| llo—un |l

Therefore,

llo = wnlll < C fl[v =wlf-

The triangle inequality gives
o —unl <C o —ull.
Since this holds for any v € S}, Lemma 3.3.3 yields (3.3.21a).

To prove (3.3.21b), we will use a duality argument. Define the problem

—(a(z, )b (2,9))e — (a(z,y)dy(2,y))y =(u —up)(z,y), (z,y) €Q,  (3.3.22a)

o(z,y) =0, (x,y) € 0. (3.3.22b)
By adjoint consistency of the IP-DG method we have
[ = unl|Z2() = Bu(u — un, ¢) = Bu(u —up, ¢ —v),
for any v € S}. Here we have used Galerkin orthogonality. Hence,

lu = wnllzaio) < C llw—un lll o —vlll < Ch [l w—upll llu— uallz2),
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where we have used Lemma 3.3.3. Inequality (3.3.21b) now follows from (3.3.21a).
U

3.4 Multi-scale DG method: the numerical re-

sults

In this section, various two-dimensional numerical examples are presented to
demonstrate that the proposed multi-scale DG method is able to capture oscillatory
solutions without having to completely resolve the finest scales therein. This is in

contrast to the traditional polynomial a DG method based on approximation spaces.

We consider two two-dimensional elliptic multiscale examples on the domain
[—1,1]%. In the first example we do not enforce Dirichlet boundary condition, thus
an exact solution can be obtained. The second example is a real two-dimensional
Dirichlet problem, in which case explicit formulas for the exact solutions are not
available. Thus we compute the reference solutions by a spectral Chebyshev col-
location method with a 512 x 512 mesh to check the convergence rates of the DG

methods.

We note that in the second example, due to the difficulty of computing a high
resolution reference solution, we are unable to test for very small values of € (we tested
e = 0.01 and € = 0.005). Indeed, the smaller € is, the more significant advantage
of the multiscale IP-DG method is expect to be. Since the error of the multiscale
IP-DG method does not depend on €, whereas the traditional IP-DG method only

has convergence when the mesh size is comparable to e.
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Finally, an easy implementation is proposed. Though no theoretical proof for the
error estimates has been obtained, we demonstrate the effectiveness of this new way

of implementation through the same set of numerical tests.

3.4.1 Two-dimensional example I: Accuracy test

In the first example, we consider a(x,y) = By not imposing the

1
4+cos( #) '

Dirichlet boundary condition, we can assume an exact solution and smooth right

hand side function, i.e.,

)7 f= —4(.%2 + y2)'
(3.4.1)

1
u= (2> +y*)* + 56(332 +v7) sin(L

Note that throughout the domain, the oscillations only appear in the radical di-

rection. Thus we define the corresponding mapping (£,7) : {(z,y) = V22 + 92,

n(x,y) = tan~'(%). The second order local approximations space S} is just

S|
1 ——ds,n — n;,
span ) /£ &6(3) s, M 77Kj )

.
K

where a(§) =

Troos©)’ The third order local approximation space S? is

. /éi 1 J § /Ei S p ( *) /éi 1 J ( *)2
Spal —as,n; — 1., ~— a8, T — 1N . S, i — 1N .
p ) p, &E(S) » 1 1, s af(s) n 1; . CLE(S) n n;

The integration in the construction of basis above is done numerically with a sufficient

number of quadrature points to completely resolve € = 0.01. In Table 3.4.1, the L*-
errors and convergence rates of the multi-scale DG methods are listed, showing an
almost second order convergence rate and a clear third order of convergence rate

for the S} and S? spaces, respectively. The results for smaller €, e.g., ¢ = 0.005 are
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similar, thus we do not list the results here.

Table 3.4.1: L2-errors and orders of accuracy by the multi-scale DG method: two-dimensional
accuracy test when € = 0.01.

Sh S
N error order error order
10 5.59E-01 — 3.50E-03 —
20 1.77E-01 1.66 3.21E-04 3.45
40 4.84E-02 1.87 3.35E-05 3.26
80 1.22E-02 1.99 3.93E-06 3.09

3.4.2 Two-dimensional example 1I: Dirichlet problem

In this example, the multi-scale DG method is tested with the coefficients with

no separation of scales:

1

4 + sin (SRR

a‘(z,y) = f=-2 (3.4.2)

The same local mapping is used as in the first example, i.e. the polar one (£, 7). In
this case, an explicit formula for the exact solution is no longer available, thus the

numerical solutions are compared with reference solutions as mentioned above.

Table 3.4.2 shows the L?-errors and orders of convergence for the cases with € =
0.01 and € = 0.005. As expected, it shows a nearly second order of convergence rates
for the S} space. Although an clear improvement in the errors could be observed, for
the S? space, it is not clear what the convergence rate is, since the error decreases

faster after only a few refinements, the reference solution is no longer reliable.
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Table 3.4.2: LZ-errors and orders of accuracy by the multi-scale DG method: two-dimensional
Dirichlet boundary condition.

e =10.01 e = 0.005
S,
N error order error order
10  3.53E-01 - 3.58E-01 —

20 1.25E-01 1.50 1.25E-01 1.52
40 3.72E-02 1.75 3.65E-02 1.78
80 1.03E-02 1.85 9.91E-03 1.88
160 2.68E-03 1.95 2.58E-03 1.94
Sh

10 8.50E-03 - 7.06E-03 -
20 1.53E-03 248 6.94E-04 3.55
40 9.08E-04 0.75 1.98E-04 1.81
80 2.89E-04 1.65 1.88E-04 0.08

3.4.3 Two-dimensional example III: Easy implementations

In this subsection, an easy implementation is proposed for the multi-scale DG
methods. From the assumption on a, it is clear that within each local element, the
oscillation direction of the coefficients changes smoothly. Intuitively the oscillation
direction at each cell center should be able to capture and explain the majority
part of the local oscillations. This approach would be especially helpful for practical
purposes, when the local mapping (£,7), is not directly available, or can not be

written out in an analytical form. A new approximation space could be defined as:

ES th { I € {1 /51' 1 d x }}
b= =< :v|g, €spanq 1, o a8, — N, J
- J ! &, aj<877]Kj) !

& 1
ES}%:U‘/;h: {UIU|Kj ESpan{l,/ st,nj_n;(jv
, JAT K

*
J EKj

i) [ sy | sy
Ny — Nk, e 1 as, e a5\ — Nk, .
j K; ¢ aj(s,nKj) &, aj(5777Kj) J K,
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Where ¢; denotes the oscillation direction of a‘(z,y) at cell center of K, and n; is
the direction perpendicular to &;. So (&;,7;) is now just a rotation of the original co-

ordinates (z,y). (§k,.nk,) denotes the element center of K; under the new mapping

(& m;)-

Consider the two dimensional accuracy test case for example, for each cell K;
with cell center’s coordinates denoted as (x}(j, y}}j). We know that the oscillation

direction at the cell center is {; = cos(f} )z + sin(f, )y, and in turn the orthogonal

direction to &; is n; = —sin(0k, )z + cos(0, )y, where O = tan_l(ii{j ). Under the
. . . K;

mapping &;(x,y),n;(z,y) defined as above, the element center (z;,y;) can now be

*

represented as (i = cos(0k, )k, +sin(05 )vi,, ni, = —sin(0k, )k, + cos(0f )y, -

As a result, the new local oscillatory basis defined on K; now is:

& 1 & 82 + *. 2
/ #ds:/ 4+COS(M) ds

* *
Kj K

which can be calculated through numerical integration as in the previous session.

We study the L?-projection error of the oscillating solution (3.4.1) onto the new
approximation space. As shown in Table 3.4.3, we observe second order of conver-
gence for both the ES} and ES? spaces, indicating that for this easy implementation
approach, enriching the basis does not help improve the convergence rates. As a re-

sult, we just focus on E'S} and omit the results obtained from ES7.

Table 3.4.3: L2 projection error of the easy implementation basis.

ES! ES?
N error order error order
10 4.48E-01 - 4.59E-02 -

20 1.27E-01 1.82 1.06E-02 2.11
40 2.98E-02 2.09 2.50E-03 2.08
80 7.28E-03 2.03 5.98E-04 2.06
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The same set of numerical tests as in the previous subsection are performed to
validate and to show the effectiveness of this method based on an easy implementa-
tion. From Table 3.4.4, it is clear that the multi-scale DG with the approximation

space ES} also provide a second order of convergence rate.

Table 3.4.4: L? errors and orders of accuracy obtained by the easy implementation.

Accuracy Test Dirichlet B.C.
ES! e =0.01 e =0.01 e = 0.005
N error order error order error order
10 4.84E-01 - 4.71E-01 - 5.41E-01 -

20 1.50E-01 1.69 1.72E-01 145 1.83E-01 1.56
40  4.32E-02 180 5.12E-02 1.75 5.12E-02 1.84
80 1.13E-02 1.93 1.39E-02 1.88 1.36E-02 1.91
160 2.88E-03 197 3.60E-03 1.95 3.66E-03 1.93

3.5 Concluding remarks

In this chapter, we propose a multi-scale DG method for solving a class of two
dimensional second order elliptic equations with rough coefficients which locally vary
sharply in at most one direction, or in other words, are curvilinear unidirectional.
Solving this type of problems is computationally expensive for most traditional nu-
merical methods, which motivates us to exploit the flexibility of DG methods in
choosing a special local approximation basis that allows a much more efficient algo-

rithm.

Motivated by previous work in [29, 65], we build our local approximation space
by utilizing special oscillatory basis functions indicated by the differential operators.
As a result, we prove that the scheme yields optimal accuracy for the second order

approximation on coarse meshes. The convergence rate is uniform and independent
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of the small scale e. Furthermore, the constraints on the computational geometry,
indicated in the error estimates appeal artificial, in the sense of being assumed only

for the convenience of analysis rather than enforcing restrictions on real application.

Various numerical tests have been performed to demonstrate the effectiveness of
the proposed schemes, in particularly, on coarse meshes. In addition, an easy imple-
mentation is suggested and validated through numerical examples. The technique
is helpful especially when it is hard to find the explicit local mapping. In future
work, we plan to apply this methodology to real applications that might arise in

engineering problems.



CHAPTER FOUR

Application: Non-Oscillatory

Discontinuous Galerkin Schemes

on the Cubed-Sphere
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4.1 Introduction

In this chapter, we are interested in applying the discontinuous Galerkin (DG)
scheme to real world, large scale simulations. Because of its computationally at-
tractive features such as local and global conservation, high-order accuracy, high
parallel efficiency (petascale capability) and geometric flexibility, the DG method is
becoming increasingly popular in atmospheric modeling (for the spherical geometry
application, see for example; Giraldo et al. [23], Nair et al. [44] and L&uter et
al. [36]). A recent review by Nair et al. [46] presents various DG applications in

atmospheric science with an extensive list of references.

Meanwhile, in the context of atmospheric research, a non-oscillatory, positivity
preserving numerical solution is often a basic requirement. Even though the RK-
DG scheme has many desirable properties, a non-linear TVB type limiter must be
employed, for transport equations with strong shocks or contact discontinuities, to
suppress oscillations. The slope limiters used for finite volume schemes can be easily
extended to the modal form of DG methods [11]. However, it drastically reduces the
high-order accuracy of the DG scheme [30, 33].

To maintain the properties of the DG scheme, the limiter should not reduce the
order of accuracy in region where the solution is smooth. To address this issue, Qiu
et al. [52] have developed high-order limiters based on the WENO (weighted essen-
tially non-oscillatory) schemes, where the WENO type non-oscillatory reconstruction
technique serves as a limiter for the RKDG method. A major disadvantage of this
type of limiter is its requirement for a wider halo region (stencil) which potentially
impedes parallel efficiency. For example, a third-order DG scheme requires a 5 x 5

stencils (i.e., halo size of width 2 in each direction) to apply a consistent WENO
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limiter. Subsequently, Qiu et al. [51] improved this deficiency by developing the
Hermite-WENO (or H-WENO) limiter, for which a more compact stencil is used.
For a third-order DG scheme, the H-WENO limiter only requires a 3 x 3 stencil.
The DG scheme combined with an H-WENO limiter has recently been used for a
system of conservation laws in several applications [41, 4]. Note that WENO or
H-WENO limiters are only “essentially” non-oscillatory by design, which implies the
minor wiggles may appear in the solution even after the limiter is applied to the DG
scheme. Therefore the terminology “non-oscillatory DG scheme” is used throughout

in the text in a weak sense.

Although WENO type limiters can remove spurious oscillations, there is no guar-
antee that it always keeps the numerical solution within physical bounds. The nu-
merical solution may still have small amplitude oscillations even after the limiter is
applied. In other words, these schemes are not strictly positivity preserving. For
many atmospheric tracers such as humidity and mixing ratios, the global maximum
and minimum values are known in advance, and such tracers have “zero tolerance”
for negative values. Therefore, for tracer transport models, positivity preservation
is often required to obtain a physically meaningful numerical approximation. Very
recently, Zhang et al. [75] developed a genuinely high-order bound-preserving (BP)
filter for multi-dimensional RKDG methods, based on the one-dimensional limiter
proposed in [40]. The BP filter clips extrema of the solution which exceeds physi-
cally legitimate bounds without violating the conservation property. A nice feature
of the BP filter is that it is local, and can be turned to be a positivity-preserving
filter when the lower bound is specified as zero. Zhang et al. [76], further extended
this maximum-principle-satisfying filter to a variety of problems including systems
of equations such as the Euler and shallow-water equations. The non-oscillatory and

positivity-preservation properties for the proposed DG transport scheme are achieved
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by applying the H-WENO limiter and BP filter, respectively.

In this chapter, we first introduce the basic DG scheme, with emphasis on a P2
modal (third-order) version, and the implementation of an H-WENO limiter with a
BP filter option. The basic ideas are developed in 2D Cartesian geometry and then

extended to the cubed-sphere (2D) with several benchmark tests.

4.2 Non-Oscillatory DG Transport Scheme

We first consider the two-dimensional (2D) conservative transport equation:

%_Itf +V.F(U)=S(U), in Dx(0,T], (4.2.1)

where U = U(z,y,t) is a conserved quantity with given initial value Uy(z,y) =
U(z,y,0), F is a flux function, S(U) is a source term. The DG spatial discretization
procedure consists of partitioning the domain D into non-overlapping elements (cells)
I; ;, and seeking an approximate solution U, ~ U on each element. We assume the
elements to be rectangular such that I;; = [xi—1/2, Tiy1/2] ® [Yj—1/2,Yj+1/2]. The
approximate solution is Uy, € ViF(I;;),VI;; € D, such that Uy|;,, € P*(I;;), where

V¥ is the vector space of polynomials P* up to degree k, defined over I; ;.

A weak Galerkin formulation of the problem is obtained by multiplying (4.2.1)

by a test function ¢ € V¥, and invoking the divergence theorem over I; ; leading to:

oU,
/—hgohdxdy—/ F(Uh)-Vgohdxdy—% @hF(Uh)-ﬁds—l—/ S(Un) en dx dy,
(4.2.2)

7

where 01 ; is the boundary corresponding to element /; ; and 7 is the outward point-
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ing normal vector of the boundary. The discontinuity at the element boundaries (in-
terfaces) within D is resolved by applying suitable numerical fluxes (or approximate

Riemann solvers).

4.2.1 A Third-Order Modal Formulation

Equation (4.2.2) is the crux of the DG algorithm; the accuracy and efficiency of
which is determined by the particular choice of P* and the quadrature rules for the
integrals. An arbitrary high-order modal DG discretization on the cubed-sphere is
given in [45]. Nevertheless, our focus here is the development of a third-order modal
non-oscillatory DG scheme. Details of the ‘modal’ and ‘nodal’ variants of DG scheme

and their relative merits can be found in [46].

A major limitation of the DG scheme is the stringent CFL stability constraint
associated with explicit time stepping. For high-order DG schemes employing poly-
nomials of degree k& > 1, an approximate CFL limit estimate is 1/(2k + 1), [11].
Reducing the order-accuracy has some benefits. It significantly improves CFL sta-
bility and allows one to implement limiting algorithms based on those designed for
FV methods. A moderate order DG scheme, such as a third-order one (k = 2), has
a CFL limit (approximately 0.2) comparable to some high-order FV schemes [7].
In certain cases, a third-order DG scheme provides a solution which is qualitatively
comparable to that of a fourth-order or fifth-order WENO scheme. Therefore, in
this chapter our main focus is the development of a practical third-order DG scheme,
which we will refer to as the “P?-DG” scheme. For that we utilize the modal version

of DG method which is amenable to limiting methods used for FV schemes.

In order to simplify the integrals in (4.2.2), we introduce new independent vari-
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ables (£,7), and every element is mapped to the standard element [—1,1]? such that

_ 2z — ) 2y -y, B
g_A—xi, n_—ijj, &me-1,1], (4.2.3)

where XT; = (in_l/g +$Z‘+1/2)/2 and Y; = (yj_l/g +yj+1/2>/2; A;UZ = 132'4_1/2 —Qii_l/g and
Ay; = yjr1/2 —Yj—1/2- The approximate solution Uy|r, ; = U ; for an element I; ; can
be represented in terms of modal basis functions from the set B = {1,£,n,£n, (3¢2 —

1)/2,(3n* — 1)/2}, composed of the Legendre (orthogonal) polynomials.

Uh(gv m, t)

L, = UXO+USOE+UN )+ UL () En+
36?2 —1 3 —1
2 2 ’

Uz () + Ut (4.2.4)

where Uilg”(t), 0 <l+m < 2, are the six dofs (or moments) associated with the P?

DG scheme. The moments are defined as follows

Ulm(t) =

17.]

AzAy (P! I
Uij » 1, m , d d, 4.2.5
1 /_1/_1 (& m, ) o™ (&, m) d& dn (4.2.5)

where the test functions "™ € B. From (4.2.5) it is clear that the first moment
US}O is the “cell-average,” in a F'V sense. The integrals in (4.2.2) associated with the
P2-DG scheme are evaluated either by using the Gauss-Lobatto-Legendre (GLL) or

the Gauss-Legendre (GL) grid consistent with the order of accuracy of the scheme,

as shown in Fig. (4.2.1).

For the flux term in (4.2.2), we use the local Lax-Friedrichs flux given by

(U Ui = S [(FW) + F(U;) -~ a(U; — ;)

where @ is the maximum value of the flux Jacobian (which is the local maximum

wind speed for an advection problem) and U, , U, denote the left (bottom) and
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(a) (1,1) (b) (1,1)
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Figure 4.2.1: For the DG discretization, every rectangular element is mapped onto a standard
element [—1,1]% with the local (£,7)-coordinates. Panel (a) shows the Gauss-Lobatto-Legendre
(GLL) quadrature grid with 4 x 4 points, where on the boundary the solution points and flux
points coincide. Panel (b) shows the Gauss-Legendre (GL) quadrature grid with 3 x 3 internal
points (filled circles) and 3 flux points on each side (filled squares). The values at the flux points
are interpolated using the modal basis functions.
right (upper) values of the numerical solution as suggested in [11]. This resolves the
discontinuity at the element edges. Further simplification of the weak form (4.2.2)
leads to the semi-discrete form which is a system of ordinary differential equations
(ODE) in time for each moment. More details of the discretization can be found in
[46]. In short, the six modes U™ of the DG solution on any element are described
by the ODEs

d

%U};m = L(Uy™), (4.2.6)

where L represents the DG spatial discretization resulting from (4.2.2). The ap-
proximate solution Uj on each element can be computed by solving (4.2.6) and
using (4.2.4). In this chapter, we employ the third-order Strong Stability Preserving

(SSP) Runge-Kutta time integration scheme as in [26] to solve (4.2.6).
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4.2.2 The H-WENO Limiter

To suppress the oscillations in the numerical solution in the presence of a shock
or discontinuity, we employ the Hermite-WENO (H-WENO) limiting strategy. The
H-WENO limiting strategy for DG scheme was first introduced by Qiu et al in [51]. It
is a variant of the traditional WENO type limiter [52], in the sense that they share
the same methodology. Once a cell is identified as an oscillatory (or “troubled”)
cell, using a shock detection technique such as the total variation bounded (TVB)
type limiter [12], then all the higher-order moments are modified except for the first
moment (i.e., cell average). Preservation of the cell-average is required to guarantee
conservation. We briefly outline the procedure as follows, the details can be found

in [58].

The first step is to reconstruct several polynomials P, using the information from
the neighboring cells, for which a family of candidate stencils are required. Each big
stencil contains several small stencils (or sub-stencils) S, consisting of the cell I, ;
and its neighbors, as depicted schematically in Fig. 4.2.2. The WENO scheme uses a
convex combination of nonlinear weights w,, from each stencil which depends on the
local smoothness of the solution, and ultimately creates the non-oscillatory solution.
The smoothness indicators [3,, which are a measure of smoothness of the solution,
are computed for each stencil; note that a smaller value of (3, indicates a smoother
function P, in S,,. The smoothness indicators are then used to convert pre-computed
linear weights (7,,) to nonlinear weights (w,,). As a limiter, WENO modifies the high-

order moments of the DG solution using a combination of nonlinear weights [52].

The major difference between the H-WENO and the WENO scheme is the more
compact stencil of H-WENO for a given order of accuracy, making the H-WENO

algorithm more desirable for a parallel computing environment. Unlike the WENO
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method, which employs only the cell-averages from the neighboring cells, the H-
WENO scheme relies on cell-averages as well as derivative information (or “Hermite”
information). For the DG discretization, derivatives are readily available, making the
H-WENO limiter more computationally attractive. The H-WENO limiter retains all
the nice qualities of the WENO limiter such as conservation, and the non-oscillatory
property, and does not reduce the order of accuracy of the underlying scheme in the
smooth region. For instance, the H-WENO stencil adopted for our P2-DG scheme
uses a 3 x 3 stencil, which is labeled in Fig. 4.2.2, as compared to the 5 x 5 stencil

required by the WENO limiter.

To better illustrate the reconstruction process of the H-WENO limiter, we require
that the reconstructed polynomial retains the cell-averages of all the cells contained
in each stencil. Our focus is on the implementation of the 2D H-WENO limiter for
the P2-DG scheme. This requires a fourth-order accurate H-WENO reconstruction
employing a stencil with 3 x 3 cells, and a set of 8 small stencils {S,,}3_,, as shown
in Fig. (4.2.2). For convenience, we denote the cells with a single index I,, £ = ¢(i, )
for the reconstruction procedure. The H-WENO reconstruction involves the recon-
struction of polynomials P, in each stencil S, subject to some integral constraints.

For example, on S, we seek Pj(x,y) satisfying the following constraints:

/Pl(m,y)dxdy = aon’O, (=1,2,4,5

I,

/ Pi(z,y)p " dedy = a Uy, (4.2.7)

Iy

/ Pi(e,y)ed dedy = a U,

Iz

where ag, a; and ao, are known coefficients. Note that the above constraints not only
use the cell-average (U;”°) but also exploit the derivative information (U)',U,”°).

Without indicating the cell dependence, a general from of P,(z,y) in terms of the
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i-1 i i+1
j+1 7| 8] 9
: 41>51° big stencil
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1 3
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Figure 4.2.2: The stencils used for the H-WENO reconstruction to limit a cell I; ;, are shown
for a single index Iy—s. For the P2-DG scheme, the H-WENO limiter requires a stencil with 3 x 3
cells, and 8 small stencils S1,Ss,...,Ss. Each small stencil contains a combination of cells from
the larger stencil including the cell to be limited (I5).
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local coordinates (£,7) can be expressed as,

3¢% -1 3?2 —1
Po(&,m) = U0 + UM¢ 4+ Uy + UM + U0 gT + U2 ”T (4.2.8)

Using the integral constraints, (4.2.8) can be further modified for each stencil S,,.

The details for reconstruction process are given in the Appendix-A.

We use a TVB type limiter to identify an oscillatory cell /; ;, while keeping the
cell-average (UB 3-0) unchanged. The modification of higher order moments involves
several steps. First we compute the optimal linear weights ~, assigned for each
reconstructed polynomial P, (z,y). The details of this can be found in [51]; we list
only the key results here. For the first-order moments Ul-lﬁo and US 3-1 the linear weights

are:
11 2

71:72:73:’74:7—6; 7527627727821—9

For second-order moments Uzljl, Uf]0 and U” , Yo =1/8, n=1,...,8. The smooth-

ness indicators 3, associated with each P,(x,y) for the first-order moments Uib-o and

0,1 .
U, are, respectively,

Z 1l [ G Pate )y, = Z 0 [ GaPate )y
(4.2.9)
For the second-order moments UM U*° and U 2 the smoothness indicators are

’L]’ l]

computed as follows:

|m|
Z LS 1/ 6—Pn(x,y))2dxdy. (4.2.10)

| | . Imlaym2
m

See Appendix-B for the details of the smoothness indicator computation. The next

step is to convert the linear weights ~, into normalized nonlinear weights w,, using
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smooth indicators (,,:

Wn, ~ Tn

D D A G L

Wn

where ¢ = O(107%), to prevent a zero denominator. Finally, we replace all higher

order moments Ui’}n, 1 < (I+m) < 2 by modified moments Uf]m using:

Uit = w,Up" (4.2.11)

The limited approximate solution corresponding to (4.2.4) is obtained by replacing
the unlimited coefficients with the limited coefficients (4.2.11), hence completing the
H-WENO limiting process for the P?-DG scheme.

Qiu et al. [51] have shown that the H-WENO limiter coupled with a DG scheme
is indeed third-order accurate for smooth problems. However, just like the WENO
limiter, the H-WENO limiter is also only “essentially” non-oscillatory, which means
it may not eliminate all small oscillations near the physical bounds. This is the

motivation for us to further implement a bound-preserving filter for the P2-DG

scheme combined with the H-WENO limiter.

4.2.3 The Bound-Preserving (BP) Filter

To preserve the initial bounds of the numerical solutions and eliminate negative
densities (if positivity is a requirement), we apply a Bound-Preserving (BP) filter
as an additional option. The BP filter has several attractive features. It is local,
conservative, computationally cheap and easy to implement [75]. For P?-DG, the

moments are evolving with respect to time. However, the grid-point values of the
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approximate solution Uy on I; ; at any instant can be computed from the polynomial
representation (4.2.4). Let p; ;(z,y) be the modal DG polynomial on the cell I; ;
with cell-average ; ;, and let S; ; be the local computational stencil in the grid-point

(physical) space corresponding to I; ;.

The BP filter replaces p; ;j(z,y) with a modified polynomial p; ;(z,y) such that

_ ~ A ~ . M—ﬂi’- m*_ﬂi,'
o) = Oy 4 (1= D)y, G = min {00 20
i,j i,J i i,J

(4.2.12)

where the local extrema are M;; = maxg,  p;;(z,y) and m;; = ming, ; pi;(z,y).
In (4.2.12) M and m* are the global maximum and minimum values of the initial
condition, typically known in the context of certain atmospheric tracer transport.
From (4.2.12) it is clear that p; ;(x,y) preserves the cell-average ;;, which is a
basic requirement for local conservation, for 6 e [0,1]. More details of the filter
function (4.2.12) and other applications can be found in a recent review by Zhang
et al. [76]. The positivity preserving option is a special case of the BP filter, and
can be achieved my setting m* = 0. The local grid-point stencil S; ; in the P2-DG
context has a tensor product of 4 GLL quadrature points in each dimension or the
tensor product of 3 GL points plus the Gauss points on the four boundaries for flux

interpolation as shown in Fig. 4.2.1.

The filter (4.2.12) is in fact based on the 1D filter developed by Liu et al. [40]
for a FV scheme. Zhang et al. [75] have proved that this filter satisfies the strict
maximum principle and is genuinely high-order and extensible to DG applications.
We note that, although the BP filter maintains the bounds of the solution in the
range [m*, M], there is no guarantee that it will remove all the internal oscillations
within the cells. However, the combination of the H-WENO limiter and the local

BP filter addresses this issue.
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4.3 Non-Oscillatory DG Scheme for Cubed-Sphere

The cubed-sphere geometry [57] has become a popular choice for the spherical
grid system in global modeling because it offers a quasi-uniform rectangular grid
structure on the sphere without pole problems. This grid structure is suitable for
high-order element-based Galerkin methods as well as cell-centered FV methods.
There are different variants of the cubed-sphere topology, but we will consider the
cubed-sphere geometry employing the equiangular central projection as described
in [45]. The sphere D is decomposed into six identical regions by an equiangular
central (gnomonic) projection of the faces of an inscribed cube. The central angles
of projection ' = x'(\,0), 2% = 2%(\, 0) are the local coordinates for each face such
that z!, z? € [—7/4, 7/4]; where A and 6 are the longitude and latitude of the sphere
with radius R, respectively. This results in a nonorthogonal curvilinear coordinate
system (z!, z?), which is free of singularities; however, the edges of the six faces are

discontinuous.
The metric tensor associated with the central mapping is given by

R2? 1 +tan?2! —tanaz!tanaz?
945 = G 9 1@z X ’
cos? zl cos?
P —tanzttanx? 1+ tan®a?

where p? = 1 + tan®? 2! + tan® 2%, with tensor indices i, j € {1,2}. The metric term

1/2The horizontal velocity vector

(Jacobian of the transformation) is then \/g = |g;;|
on the sphere v(\,0) = (u,v) can be expressed in terms of covariant (u,us) and
contravariant (u', u?) vectors, which are related through u; = g;; v/, u* = ¢" u; where

g7 = gigl. For each face of the cubed-sphere, covariant and contravariant vectors
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can be computed from (u,v) as follows:

ul u Uy u A— PR cos 0 (ON/0x') cosO (ON/Dz?)
u? v Usg v 90 /0z" 90/ 0z*

where A is local to each face of the cubed-sphere such that AT A = g;;. The details of
the local transformation and the matrix A are given in [45], and will not be discussed

herein.

The general (tensorial) form of the transport equation (4.2.1) in curvilinear co-

ordinates for a scalar field ¢, without source term can be written as:

3¢ 1 0
\/_ oxt

(u' \/g¥) = 0.

Since the metric term /g is time independent, the above equation on the cubed-

sphere (D) can be expressed in the following flux form,

V) + oy (0 VF) + (0 5) = 0. (132)

If we consider the scalar U = /g1, then (4.3.2) becomes the standard form as given
n (4.2.1), with fluxes F = (u'U,u?U). Moreover (4.3.2) may be treated as a simple
2D Cartesian case in (2!, z%)-space [38]. For the DG discretization, each face of the
computational domain is partitioned into non-overlapping N, x N, cells (elements)

such that N, x N, x 6 cells span the cover domain D.
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4.4 Numerical Experiments

4.4.1 Cartesian Tests

To validate the non-oscillatory DG scheme, we solve (4.2.1) without source term
on Cartesian domains using several benchmark tests including a solid-body rotation
test suggested in [37], and a deformational flow test in [6]. The initial scalar fields
include smooth and non-smooth distributions to check the effectiveness of the limiter
and BP filter. For the following tests we use the 3 x 3 GL quadrature grid shown in
the right panel of Fig. 4.2.1, and the third-order SSP Runge-Kutta [26] method for

time integration.

Advection of a 1D irregular signal

To see the effects of the BP filter and the H-WENO limiter on the P?-DG scheme,
we first solve a simple one-dimensional form of the conservation law (4.2.1), 1, +
(uh), = 0, on a periodic domain [—m,7]. The initial value of the scalar ¢ (x,t =
0) = vy is given as a three-level step function (or irregular signal) in [0, 1], with
values ¢y = 0,0.5,1 for x € [—m, 7], as indicated as thin-lines in Fig. 4.4.1. The
computational domain consists of 80 cells with a uniform velocity v = 1. In Fig. 4.4.1,
the numerical solution 1, after one revolution (period) is shown as dashed-lines.
Although the BP filter keeps the numerical solution within the initial bounds [0, 1] as
shown in Fig. 4.4.1b, solution remains oscillatory at the level v,, = 0.5 similar to the
P2-DG case (Fig. 4.4.1a). However, the H-WENO limiter with the BP filter removes
the oscillations (Fig. 4.4.1c) while strictly preserving the initial bounds. The P?-DG

solution combined with the H-WENO limiter (not shown) appears very similar to
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Fig. 4.4.1c , but in this case the solution is not strictly positivity-preserving, and
there are minor undershoots (overshoots) at ¢, = 0. The BP filter preserves the
solution within the initial bounds, but it has no control over the internal oscillations
of the solution or it cannot enforce that the solution is non-oscillatory. In general, the
P2-DG solution with H-WENO and BP combination is “essentially” non-oscillatory,
but preserves the bounds of the initial data.

Advection of Three-level Step Function

(a) P2-DG (b) P2-DG with BP (c) P2-DG with HWENO and BP
1 1 1
1.0 4 10 4 1.0 4
!
!
0.8 4 08 0.8 4
5 06 5 05 | 5 05
3 Y 3 3
[} i S ! [}
B 04 ! B 04 | B 04
0.2 4 02 02 4
0.0 4 | 0.0 0.0 4
T T T T T T T T T
40 20 0.0 20 40 4.0 20 0.0 20 40 40 20 0.0 20 40
Ne=80 Ne=80 Ne=80

Figure 4.4.1: Results after one complete period for the uniform advection of an irregular signal
(three-level step function), on a 1-d periodic domain [—, 7| employing 80 cells. Reference solution
is marked as thin solid-lines and numerical solution is marked as dashed-lines. Numerical solution
with (a) P2-DG (b) P2-DG and BP filter and (c) P?>-DG with both H-WENO limiter and BP filter.

Solid-body rotation of a Gaussian hill

For the 2D case we consider the conservation law ¢, +(u1)),+(ve)), = 0, on a peri-
odic domain D. The first 2D test-case is the solid-body rotation of a Gaussian hill on
a square domain D = [—1,1]2. The velocity field is prescribed as (u,v) = (—wy, wz),
where the constant angular velocity w = 1. For the solid-body rotation test, the
initial scalar field translates on a circular trajectory without incurring any deforma-
tion. Moreover the exact solution is available at any time. The initial condition is
given by:

Y(z,y,t =0) = acexp {—bc[(z — 20)* + (y — v0)*]}
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where a. and b, is taken to be 1.0 and 100/3 respectively. For the purpose of testing
the order of accuracy, we take zop = 0, yo = 0, and assume periodic boundary
conditions. Note that for the solid-body rotation test we have used small timesteps
to minimize the temporal errors. An approximate estimate is given as At = 0.5C,, A,
where C,, = 0.15 is a CFL number less than the theoretical maximum (0.2) for the
P2-DG, and A is the minimum grid spacing. From Fig. 4.4.2, it is clear that both
the H-WENO limiter and the BP filter are third-order accurate.

Convergence Plot

1 1 - 1 1 1 1
AN ———-3rd Order
N — - -HWENO+BP
N —+»—HWENO
SN —-5--BP
»n
S
o
) _—
-
L 0.001 —
(-
=
I
1
1e-06 I I I I ¥

16 32 64 128 256
No. of elements

Figure 4.4.2: Convergence plots for 2D Cartesian solid-body rotation of a Gaussian hill. The
P2-DG transport scheme combined with the H-WENO limiter, or BP filter, or both is used for the
convergence tests.
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Solid-Body Rotation of a Non-Smooth Distribution

The second test-case on the 2D Cartesian domain is also the solid-body rotation,
under the same velocity field, but with a non-smooth scalar field comprised of a

square block and a cone [37]. This field is given by

1 if max(|z —0.35], |y — 0]) < 0.25
0 otherwise

where 7 = /(z — 20)2 + (y — 0)2/0.35 with xg = —0.45, yo = 0.

Figure 4.4.3 shows the contour plots of the numerical results and the exact solu-
tion after completing a full circle of rotation. The grid resolution is 80 x 80, which
means Az = Ay = 0.025, on a square domain [—1,1]%. In Fig. 4.4.4, a 3D projection
of the numerical solution is shown. It can be seen clearly from the results that the
H-WENO limiter effectively removes the non-physical oscillations which occurs near
the discontinuities. Figure 4.4.4 shows a 3D projection of the solution on a 64 x 64
mesh, (a) with a DG scheme without limiter or filter, (b) with BP filter and (c) with
both H-WENO limiter and BP filter. The BP filter alone helps to maintain the nu-
merical solution within the physical bounds [0, 1] as shown in Fig. 4.4.4(b), but there
may be oscillations within this bounds. However, the H-WENO and BP combination
eliminates oscillations while being strictly positive, as is evident from Fig. 4.4.4(c).
Thus, using the non-oscillatory DG scheme achieves a substantial improvement in

the quality of the numerical solution over DG scheme alone.
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Leveque data

(a) DG3

Max: 1.1439
Min :-0.0902

-0.80 -0.40 0.00 0.40 0.80

(c) DG3 with HWENO

Max: 1.0014
Min :-0.0013
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(b) DG3 with BP

Max: 1.0000
Min : 0.0000

-0.80 -0.40 0.00 0.40 0.80

(d) DG3 with HWENO and BP

Max: 1.0000
Min : 0.0000

-0.80 -0.40 0.00 0.40 0.80

Figure 4.4.3: Numerical results of solid-body rotation of a non-smooth distribution (a circular
cone and a square block) after one revolution with Az = Ay = 0.025 using (a) the P2-DG scheme
only, (b) P2-DG with the BP filter, (¢c) P2-DG with the H-WENO limiter, (d) P?-DG with the H-
WENO limiter and the BP filter. Solid lines show contour values from 0.05 to 0.95 with increments
of 0.1. Thick solid lines indicate the contour value of 0.05 and 0.75 of the exact (reference) solution.
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b) P2-DG + BP

c) P2-DG + H-WENO + BP

Figure 4.4.4: A 3D perspective of the numerical solution shown in Fig. 4.4.3, but on a 64 x 64
grid. (a) P2-DG oscillatory solution, (b) P2-DG with the BP filter, where the bounds are preserved
but oscillations are visible within the bounds [0, 1]. (c¢) A non-oscillatory solution using the P?-DG
scheme combined with the H-WENO limiter and the BP filter.
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Deformational Flow Tests

The deformational flow is considered to be a more challenging test-case than
the solid-body rotation tests. Instead of a constant wind field, the velocity is time
dependent in this test case. Initial circular distribution deforms into a crescent shape,
and returns to the initial position when the flow reverses [6]. The analytic solution
for this test is only available at the final time 7', where it recovers initial condition.

The computational domain D = [0, 1], and the velocity field is defined to be

u(z,y,t) = ugp(r,t) sin(@), wv(x,y,t) = —uy(r,t) cos(d),

where r = \/(z — 0.5)2 4 (y — 0.5)2, 6 = tan"*[(y — 0.5)/(x — 0.5)], and

Ay 271t 1 — (4r)°
£) = == |1 — cos(m 2/
ue(rt) = 7 S T3 (@)

The initial scalar distribution is given by

PPN RUSIE S S TS
Yo if 7> 1.

where 7 = 5./(z — 0.3)2 + (y — 0.5)2. We set the background field ¢y = 0, and the
timestep At is set in such a way that the maximum of CFL is 0.25. Figure 4.4.5
shows the numerical solution with the P2-DG and BP combination, demonstrating
how the scalar filed deforms during one full evolution cycle. Figure 4.4.6 shows the
contour plots of the exact solution and the numerical solution on a 100 x 100 grid at
t = T. From the simulation results, we can see that for this quasi-smooth problem,
the DG scheme coupled with the BP filter works better than the other schemes.

This is because the H-WENO limiter excessively diffuses the solution near sharp
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gradients. A more selective limiting criteria for the oscillatory cell could help avoid

this issue.

4.4.2 2D Spherical Tests

For validating transport schemes, a solid-body rotation test and a deformational
flow test are often used. We consider the solid-body rotation test suggested in [67]
and [49], and a new challenging deformational flow tests described in [42] and [43].
For the P?-DG scheme with limiter (filter), we solve the transport equation (4.3.2)
on the cubed-sphere. All the computations for the P2-DG scheme are performed
using a 4 x 4 GLL grid as shown in the left panel of Fig. 4.2.1. Normalized standard
errors [, Iy and ., and relative minimum (¢;,) and maximum (¢, ) errors [67] are
used for validating the numerical scheme. The relative min/max errors are defined

as
min(y) — min(4y)
Aty ’

max (1)) — max(ty)
Aty ’

77Z)Inin - 77Z}InaX = (441)

where Aty = max(1y) — min(¢)y), ¢ is the numerical solution and 1)y is the initial

solution.

Solid-Body Rotation: Cosine-Bell

We first consider the cosine-bell test [67], which is a de facto standard test case
for spherical advection problems. Since the exact solution is know at all times, error

measures can be computed. The initial condition is formulated as:

b(N 0,1 =0) = (ho/2)[1 + cos(mrq/T0)] if ry < 7

0 if rg > 7
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Deformation Flow (DG+BP)

(a) Initial (Final) Field (b) Field at T/4
[ T T T I T T T I T T T I T T T I T T T ] [ T T T I T T T I T T T I T T T I T T T ]
0.8000 — 0.8000 —
0.6000 — 0.6000 —
0.4000 — 0.4000 —
0.2000 — 0.2000 —
L L L L l L L L l L L L l L L L l L L L i L L L L l L L L l L L L l L L L l L L L i
0.2000 0.4000 0.6000 0.8000 0.2000 0.4000 0.6000 0.8000
(c) Field at T/2 (d) Field at 3T/4
[ T T T I T T T I T T T I T T T I T T T ] [ T T T I T T T I T T T I T T T I T T T ]
0.8000 — 0.8000 —
0.6000 — 0.6000 —
0.4000 — 0.4000 —
0.2000 — 0.2000 —
L L L L l L L L l L L L l L L L l L L L i L L L L l L L L l L L L l L L L l L L L i
0.2000 0.4000 0.6000 0.8000 0.2000 0.4000 0.6000 0.8000

Figure 4.4.5: Results of the 2D Cartesian deformational flow test on a [0, 1]? domain with Az =
Ay = 0.01 (maximum CFL = 0.25), using the P>-DG scheme combined with the BP filter. Panels
(b), (¢), (d) and (a) show the deformation of the initial distribution during the simulation at time
T/4,T/2,3T/4 and T, respectively. The contours are plotted in the range from —0.05 to 0.95 with
increments of 0.1. Thick contours are the highlighted exact (initial) solution for the contour values
0.05 and 0.75.
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Deformation Flow

(a) DG3 (b) DG3 with BP
[ LA LN B I BB Y LB BN L BB ] [ LANNNLL L B N N BB Y LB B L BB ]
0.8000 |- - 08000 |- -
0.6000 |- - o000 | -
0.4000 |- 1 04000 [ _
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i E_inf: 0.0291 ] i E_inf: 0.0266 ]
o by b T T PRI NS TN YT T B Y

0.2000 0.4000 0.6000 0.8000 0.2000 0.4000 0.6000 0.8000

(c) DG3 with HWENO (d) DG3 with HWENO and BP
[ LA LN B I BB Y LB BN L BB ] [ LANNNLL L B N N BB Y LB B L BB ]
0.8000 ; ; 0.8000 ; ;
0.6000 u - 0.6000 u -
[ O : [ @ :
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0.2000 0.4000 0.6000 0.8000 0.2000 0.4000 0.6000 0.8000

Figure 4.4.6: Same as in the Fig. 4.4.5, but the numerical solution shown at the final time (t = T)
with various combinations of the filter and limiter. Panel (a) P2.-DG scheme only, (b) with the
BP filter, (c) with the H-WENO limiter, (d) with the H-WENO limiter and the BP filter. The
contours are plotted from —0.05 to 0.95 with the spacing of 0.1, thick contours are the highlighted
exact (reference) solution for the contour values 0.05 and 0.75.
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Where hy = 1000m is the maximum height, r4 is the great-circle distance from (), 6)
to the center of the cosine bell which is initially placed at (37/2,0), and ro = R/3
is the radius of the cosine-bell with R = 6.37122 x 10° denoting the earth’s radius.

The wind field is non-divergent and defined to be:

u = up(cosa cosf +sina cos Asind) (4.4.2)

v = —wupsina sin A (4.4.3)

where ug = 27 R/12 days, so that it takes 12 days to complete a full rotation. The
orientation of the wind field can be controlled by setting the parameter «. In the
following computation, « is set to be 7 /4, so the cosine-bell goes through four vertices
and all six faces. This configuration is the most challenging case for the cubed-sphere
geometry. The numerical solution is computed on a 32 x 32 x 6 mesh with a relatively

small time step At = 600 s, which corresponds to an approximate CFL number 0.02.

In Table. 4.4.1, we give normalized standard error norms at ¢t = T" = 12 days.
Normalized standard errors measures are comparable to those seen in recent high-
order FV models [7, 62, 32]. Figure 4.4.7 shows the contour plots of the numerical
solution after one full rotation. From the results, it is clear that the non-oscillatory

scheme eliminates the negative values produced by the DG scheme near the foot of

the bell.

Solid-Body Rotation: Multiscale Signal

Although the cosine-bell advection test is widely popular, it is often considered
to be an easy test, especially for checking the monotonicity of the numerical scheme,

because, the scalar distribution (cosine-bell) is quasi-smooth and covers only about
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Advection of a Cosine-Bell
(a) Exact (Initial) Solution (b) P2DG Numerical Solution

Max: 1000.98
Min :-5.1482

Max: 1000.00
Min : 0.0000

(c) P2DG (HWENO+BP) Solution (d) P2DG (BP) Num. Solution

Max: 996.62 ~ Max: 999.21
Min : 4.10E-03 '|Min : 2.65E-03

0 200 400 600 800 1000

Figure 4.4.7: An orthographic projection of the solution of the solid-body rotation of a cosine-
bell on the cubed-sphere. The wind fields are oriented along the north-east direction (a = 7/4),
and 12 days are required for a full revolution. (a) Initial height of the cosine-bell which ranges
from 0 to 1000 units, (b) P2-DG solution where spurious undershoots can be seen, (c) numerical
solution with the H-WENO limiter and the BP filter, (d) numerical solution with the BP filter.
The cubed-sphere with a mesh 32 x 32 x 6, and a time step At = 600 s are used for the simulation.
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Table 4.4.1: Normalized standard errors for v, for the solid-body (cosine-bell) rotation test after a
full revolution. The third-order P2-DG transport scheme with different limiter (filter) combinations
are used for the test. The flow orientation is along the north-east direction (o« = 7w/4), on a 32x32x6
cubed-sphere mesh with time step At = 600 s. Minimum and maximum heights of the cosine-bell
(¢) after one revolution are indicated by ‘Min ht.” and ‘Max ht.’, respectively.

Scheme Iy Iy loo Min ht. Max ht.

DG 9.75FE—-03 6.47E—03 588E—03 —5.1482 1000.9833
DG + BP 8.11F—-03 5.59E—-03 9.49E-03 2.65E—03 999.2054
DG + HWENO 1.22F—02 8.44FE—-03 1.38E—02 -5.9211  1000.4346
DG + HWENO +BP 949FE-03 6.87E—03 1.32E—-02 4.10E—03 996.6210

10% of the entire spherical domain. We consider a more challenging initial condition
introduced in [49], where the scalar field is a multiscale signal comprised of continuous
and discontinuous functions. The velocity field is the same as in the cosine-bell test
(4.4.2)-(4.4.3), but the flow is oriented along the equatorial direction (v = 0). The

initial scalar field is defined as follows:

Y(A,0) = cos* 0 {2 + [f1(A) + f2(N)] ll + 0.3 sin (%)] ll + 0.4 sin (510—A>] } :
(4.4.4)
where fi(\) = —1 for A € Dy = [87/25,287/25], fi(\) = 0 for A € [0,27] — Dy; and
f2(N) =1 for A € Dy = (287/25,397/25], fo(A\) = 0 for A € [0,27] — Ds.

Figure 4.4.8a shows the initial condition for the multiscale signal (4.4.4), and
Fig. 4.4.8b shows the numerical solution (after 12 days) with the P?-DG scheme
and the H-WENO limiter. The experimental setup is similar to that of the solid-
body rotation test, where a mesh with 32 x 32 x 6 cells and time step At = 600 s
are used. The P?-DG numerical solution without the H-WENQO limiter is visually
indistinguishable from that with the H-WENO limiter (Fig. 4.4.8b) and therefore

not shown.

Table 4.4.2 lists the normalized errors for the P2-DG scheme with or without
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Figure 4.4.8: Solid-body rotation test of a multiscale signal comprised of continuous and discon-
tinuous functions. (a) Exact (initial) solution, (b) numerical solution after a revolution (12 days)
with P2-DG and H-WENO; for this test the wind field is oriented along the equator (o = 0). The
lower panels show the 1-d numerical solution (solid-lines) sampled along the equator after 12 days,
and the exact reference solution is marked as thick black dots. (c) P2-DG solution and (d) solution
with P?-DG and H-WENO combination. The cubed-sphere mesh with 32 x 32 x 6 cells, and a
timestep At = 1440 s are used for the numerical simulations.
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the H-WENO limiter. Figures 4.4.8c and 4.4.8d show the value of ¥(A, ) sampled
along the equator (1d data) after one revolution using the P2-DG scheme without
and with the H-WENO limiter, respectively. The exact solution is indicated using
black dots and the numerical solution is displayed as a solid-line. For this test, it is
clear that the P?-DG scheme itself is capable of handling the shock in the multiscale
signal, and the H-WENO limiter only has a marginal impact on the solution (see,
Fig. 4.4.8d and Table 4.4.2). Moreover, it is found that the BP filter has little or no

influence on the solution as is evident from Table 4.4.2.

Table 4.4.2: Normalized standard errors for 1, for the solid-body rotation test with a multiscale
signal on a 32 x 32 x 6 cubed-sphere mesh. The third-order P?-DG transport scheme with H-WENO
limiter and/or BP filter combinations are used for the test. The standard global errors measures
are based on [67].

Scheme ll 12 loo 7~pmam wmzn
DG 0.0088 0.0318 0.1662 6.41FE-04 —1.58E—-06
DG + HWENO 0.0195 0.0335 0.1661 —1.93E—-04 4.71E—-08

DG + HWENO + BP 0.0195 0.0335 0.1661 —1.93E-04 4.71E—-08

Deformational Flow on the Sphere: Vortex Problem

We consider a special case of the deformational flow test, the moving-vortex
problem, introduced in [42]. This test consists of two steady vortices, created on a
sphere with centers located at diametrically opposite sides. The flow field is non-
divergent, time-dependent, and highly deformational. The vortices are designed
to move along a great-circle trajectory while deforming, and the analytic solution is
known at a given time. However, we use a static option for the vortices so that vortex-
centers remain at the initial position, and numerically integrated for an extended
period of time (60 days) as opposed to the recommended 12 days [42]. The purpose

of this test is to check the vortex filament formation at the smallest resolvable scale
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by the numerical model [50, 20].

The analytic solution at time ¢ is given as follows,

PN, 6, t) =1 —tanh ’yﬁ sin(\ — w(0)t) ], (4.4.5)
0

where (X, 6') are the rotated spherical coordinates with respect to the regular (), 6)
coordinates, p = pgcosf’ is the radial distance of the vortex, and the parameters
po = 3, 7o = 5. For the current tests, the north pole of the rotated sphere is located
at (A, 0.) = (37/2,0), which is also the center of one of the vortices. The angular

velocity w(6') is defined in terms of the tangential velocity V;,

Vi/(Rp) ifp#0,
0 it p=0,

w(@) =

and the tangential velocity of the vortex field is defined by

3V3
Vi = UOT\/_sechQ(p) tanh(p),

where ug = 2rR/(12days). It is scaled such that 12 model days are required for a
full vortex evolution, for the test recommended in [42]. The uniform wind field (u,v)

is given by:

u = Ruw(#) [sinfh.cosh — cosb,. cos (A — \.)sinf], (4.4.6)

v = Rw(f) [cosf.sin (A —A.)]. (4.4.7)

The numerical experiment is performed with a relatively high-resolution mesh

employing 100 x 100 x 6 cells, and with a time step At = 600 s.
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Deformational Flow (Vortex) Test
(a) Initial Vortex Fields (b) P2DG Solution (day 36) (c) P2DG+HWENO Soln (day 36)

5 6 7 8 9 1 1112131415 5 6 7 8 9 1 1112131415 5 6 7 8 9 1 1112131415

(d) Exact Solution (day 60) (e) P2DG Solution (day 60) (f) P2DG+HWENO Soln (day 60)

5 6 7 8 9 1 1112131415 5 6 7 8 9 1 1112131415 5 6 7 8 9 1 1112131415

Figure 4.4.9: The solutions for the deformational flow (vortex) test on the cubed-sphere at
simulated day 36 and 60. (a) Initial solution, (b) P2-DG solution at day 36, (c) P2-DG solution
with H-WENO, (d) Exact (reference) solution at day 60, (e) P2-DG solution at day 60 and (f)
P2-DG solution with H-WENO at day 60. Note that the numerical solutions with or without BP
filter is visually indistinguishable. The cubed-sphere mesh with 100 x 100 x 6 cells, and a timestep
At = 600 s are used for the numerical simulations
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Figure 4.4.9 shows the solution after 36 and 60 model days. The initial condition
(N, €, t =0) is shown in Fig. 4.4.9a, and the analytic (reference) solution (4.4.5) at
day 60 is shown in Fig. 4.4.9d. The numerical solution with the P2-DG scheme and
the P2-DG combined with the H-WENO limiter at day 36 are shown in Fig. 4.4.9b
and 4.4.9c, respectively, while the results at day 60 are shown in Figs. 4.4.9e and
4.4.9f, respectively. The solution with the P2-DG and BP filter combination is
visually identical to that of the P2-DG scheme (Fig. 4.4.9b and 4.4.9¢), therefore it
is not shown. At this resolution the P2-DG scheme (with or without the BP filter)
preserves the fine filaments of the vortex field and its structure appears similar to
the exact solution (Fig. 4.4.9d) and comparable to the numerical solution shown in
Fig.10 of [50]. At day 36, the solution with P2-DG combined with H-WENO limiter
(Fig. 4.4.9¢) shows minor degradation near the narrow filament walls as compared
to the P2-DG case (Fig. 4.4.9¢). In Fig. 4.4.9f (at day 60), over the central regions of
the vortex fields, some of the fine filament structures are broken or merged together

as compared to the unlimited P2-DG case.

Note that the deformational (vortex) test is a smooth problem for which the DG
scheme does not require a limiter. This is also clear from the multiscale signal test,
a quasi-smooth case, considered above. The P2-DG scheme is local and relies only
on the cell in question, and even with the application of the BP filter, its local data
dependency does not change. However, when the H-WENO limiter is applied with
the P2-DG scheme, sharp gradients (thin filaments) in the solution are smoothed
out due to excessive limiting. This is also due to the fact that the H-WENO limiter
depends a 3 x 3 wide stencil. If minor oscillations are present in a cell, the limiter
may be activated employing the values from the least oscillatory cells in the stencil.
This often leads to flattening of legitimate sharp peaks similar to the effect of a slope

limiter. A way to avoid unwanted limiting (excessive dissipation) by the H-WENO
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limiter is to employ a better (stringent) criteria for identifying oscillatory (troubled)

cells.

We have also computed the normalized standard [;, [, and [, errors after 12 model
days. These values, for the P2-DG case with and without BP filter, are virtually
identical. When approximated to two decimal places, they are 6.93x107%, 3.30x107°
and 8.91 x 1074, respectively. The corresponding values for the P2-DG case combined
with the H-WENO and BP combination are 1.31 x 1075, 6.81 x 107° and 1.61 x 1073,
respectively. The ¥, for all the cases are very close and approximately equal to
8.77 x 1079, The ¥min for the P2-DG case is 1.58 x 1077 and for the other two cases

it is approximately equal to 4.04 x 1078,

Deformational Flow on the Sphere: Slotted-Cylinder

To further validate the P2-DG scheme on the sphere, we use a new challenging
benchmark deformational flow test case proposed in [43]. We are particularly inter-
ested in two cases with non-smooth (twin slotted-cylinder) and quasi-smooth (twin
cosine-bell) initial conditions. Note that this problem is specified in non-dimensional

units on a unit sphere (R = 1). The twin slotted-cylinder is defined by:

¢ ifr; <rand |A—X\|>7r/6fori=1,2,

c ifry <rand|\—X\|<7r/6 and9—91<—%r,
(A, 0) = (4.4.8)
¢ ifrg<rand [A—X|<r/6 and 0 — 0, > 27,

b otherwise,
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where ¢ = 1, b = 0.1, the radius of the cylinder » = 1/2 and r; = r;(\,0) is the

great-circle distance between (A, #) and a specified center (\;, 6;)

ri(A, 8) = arccos[sin 6; sin 6 + cos 0; cos 8 cos(A — \;)].

The initial positions of the centers of the distributions are at (A, 6;) = (57/6,0) and
(A2,62) = (7T1/6,0), respectively. The slots are oriented in opposite directions for
the two cylinders so that they are symmetric with respect to the flow. Figure 4.4.10

panel (a) shows the initial position of the slotted-cylinders.

For the quasi-smooth case, the slotted cylinders are replaced by two symmetri-

cally located cosine bells, which are defined as follows:

b+ Ch1<)\, 9) if ry <,
YA 0) =4 b+chy(\0) ifry <, (4.4.9)

b otherwise,

where ¢ = 0.9, b = 0.1 and

hmax . .
hi(\, 0) = 5 [1+ cos(mr;/r)] if r<r, fori=1,2.
Other parameters are the same as those used for the slotted-cylinder case.

The wind field is non-divergent but highly deformational. The initial distribu-
tions are deformed into thin filaments half way through the simulation while they
are being transported along the zonal direction by the solid-body component of the
flow. Note that an exact solution for this test is only available at the final time

t = T, where the initial condition is recovered. The time dependent non-divergent
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wind field is defined as:

u(X,0,t) = rksin®(XN) sin(20) cos(nt/T) + 27 cos(9)/T

v(A\,0,t) = ksin(2\) cos(d) cos(wt/T)

where ' = X\ — 27t/T, k = 2.0, and T' = 5 units.

Figure 4.4.10 shows the results of the deformational flow tests with the P?-DG
scheme combined with different of limiter/filter options. Panel (c)-(d) in Fig. 4.4.10
shows the results for the slotted-cylinder case at the halftime (¢ = 7'/2) and final
time (t = T'). The P2.-DG scheme combined with the H-WENO limiter and BP filter
at resolution 45 x 45 x 6, captures the original shape of the slotted-cylinder as shown
in Fig. 4.4.10(d). The P%:-DG scheme with the BP filter produced visibly identical
results (not shown). The lower panels (e) and (f) of Fig. 4.4.10 show the simulated
results with the P2-DG and BP combination for the twin cosine-bell problem. Error

norms are tabulated in Table 4.4.3.

Table 4.4.3: Normalized standard errors for i, for the deformational flow test with the twin
slotted-cylinder (SC) and twin cosine-bell (CB) cases on a 45 x 45 x 6 mesh. The third-order
P2-DG transport scheme with different limiter (filter) combinations are used for the test.

Scheme, (Tests) Iy Iy lo Umaz Ymin

DG, (SC) 0.1498 0.2490 0.8447 0.1748 —0.1985
DG + BP, (SC) 0.1543 0.2711 0.8367 0.0000 0.0000
DG + HWENO + BP, (SC) 0.1543 0.2712 0.8361  0.0000 0.0000
DG, (CB) 0.0117 0.0226 0.0301 —0.0047 —0.0261
DG + BP, (CB) 0.0094 0.0206 0.0383 —0.0085 0.0000

DG + HWENO + BP, (CB) 0.0194 0.0505 0.1298 —0.0274  0.0000

As shown in Fig. 4.4.10, the non-oscillatory DG scheme preserves the disconti-
nuity quite well and completely removes undesirable overshoots and undershoots. In

Table. 4.4.3, the normalized standard errors are given for different combinations of
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Deformational Flow Test
(a) Initial S-C Fields (t=0) (b) Deformed Fields(DG+HWENO+BP) at t=T/2

/2

(c) Deformed Fields(DG+BP) at t=T/2 (d) Final S-C Fields(DG+HWENO+BP) (t=T)
1 1 1 1 1

/2 T T T /2 T T T
0 /2 n an/2 on 0 /2 m am/2 om

(e) Deformed C-B Flelds(DG+BP) att=T/2 (f) Flnal C-B Flelds(DG+BP) (t T)
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Figure 4.4.10: Numerical solution for the deformational flow test on the cubed-sphere with non-
smooth (twin slotted-cylinder) initial conditions (b)-(d); and a quasi-smooth (twin cosine-bell)
initial conditions (e)-(f). The initial slotted cylinders (a) move along the zonal direction while
deforming, and return to the initial position after making a complete revolution. The mesh size
is 45 x 45 x 6 with At = 0.00125. Panels (b) and (c) show the P2-DG solution at halftime
(t = T/2) with the BP filter and H-WENO combination and BP filter, respectively. Panel (d)
shows the slotted cylinders after one cycle of revolution (deformation) with the BP and H-WENO
combination at the final time T' = 5. Panels (e) and (f), respectively, show the numerical solutions
with the BP filter for the twin cosine-bell case at the halftime and the final time.
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the limiter (filter) for the non-smooth case. The [y, Iy and [, errors for the non-
smooth case are significantly higher than those shown for the quasi-smooth case in
Table. 4.4.3. This is because the initial data for the slotted-cylinder case is severely
non-smooth (C? discontinuous). However, for the twin cosine-bell case (Table. 4.4.3),

the results compare well with those reported in the [43] paper.

We provide a rough estimate of the additional computational overhead required
for the BP filter and H-WENO limiter. Both filter and limiter are applied at every
stage of the RK3 time-stepping scheme. As compared with the DG (oscillatory)
scheme, it is found that the DG scheme and BP filter combination takes 28% more
computational time, while the DG scheme combined with the H-WENO limiter and
the BP filter consumes about 40% more time. Note that the H-WENO scheme only
is selectively applied to the cells which need limiting, while the BP filter applied to

each cell.

We have also tested the effectiveness of the BP limiter in a nodal version of
the DG scheme as described in [43] (fourth-order using 4 x 4 GLL points). The
implementation of the BP scheme in the nodal DG version is straightforward because
the solution evolves in physical (grid-point) space. It is found that the numerical
solution for the non-smooth case is very similar to those shown in Fig. 4.4.10. For
fifth- and higher-order DG versions (either nodal or modal), the solutions are still
within the physical bounds, but increasingly contaminated by internal oscillations

within the elements.
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4.5 Concluding remarks

The discontinuous Galerkin (DG) methods are not inherently non-oscillatory.
When there are discontinuities and sharp gradients in the solution, Gibbs phenon-
menon will lead to spurious oscillations which are unacceptable for many practical
applications. The main focus of this chapter is the development of a third-order
DG transport scheme which is amenable to limiting and has more lenient CFL sta-
bility when used with explicit time stepping. A third-order modal version of the
DG scheme (P2-DG) with six degrees of freedom per element (cell) was developed
in Cartesian geometry. In order to suppress oscillations, a limiter based on the H-
WENO (Hermite Weighted Essentially Non-Oscillatory) method was applied to the
P2-DG scheme. The H-WENO limiter uses a 3 x 3 computational stencil with the

cell, which need to be limited, located at the center.

Although it suppresses oscillations, the H-WENO limiter cannot guarantee that
the legitimate physical bounds of the initial solution are maintained, and oscillations
of very small amplitude may still remain in the solution. To address this issue,
a Bound-Preserving (BP) filter was combined with the H-WENO limiter. The BP
filter is local to the element and computationally efficient. This option provides strict
positivity-preservation for the P2-DG scheme. An explicit third-order Runge-Kutta

(RK3) method was adopted for time integration.

A variety of benchmark tests were used to validate the resulting non-oscillatory
DG scheme. The H-WENO limiter and the BP filter were optionally applied to
remove the non-physical oscillations and to keep the numerical solution within the
physical bounds. The non-oscillatory P2.-DG scheme was extended to the spherical

(cubed-sphere) geometry. The standard relative errors, and the global maximum
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and minimum, show that there is a substantial improvement in the quality of the
solution of the non-oscillatory scheme as compared to the solution obtained by the

regular DG scheme.

Extending the P?-DG transport scheme to the 3D case is straightforward. Never-
theless, a dimension-split approach might save computational expenses significantly
and ease implementation of the limiter. A better limiting criteria, other than the
TVB shock detection method currently used for the H-WENO scheme, might also

improve the H-WENO solution further.



CHAPTER FIVE

Conclusion
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This dissertation is based on the work in [82, 81, 80]. We studied discontinuous
Galerkin methods for general nonlinear convection-diffusion equations. Motivated by
the general framework for the purely convection case proposed in [75, 79], we designed
a second order accurate maximum-principle-satisfying DG scheme for convection-

diffusion equations.

It is well known that the discrete maximum principle, is highly desirable for
numerical algorithms especially if the quantities of interests are physical quantities
like density or temperatures when negative values are simply non-physical. Further-
more, for nonlinear degenerate parabolic equations, negative numerical values may
lead to ill-posedness and numerical instability. In the first part of this dissertation,
we successfully proved the proposed P1-DG method would satisfy the strict maxi-
mum principle while maintaining uniform second order accuracy. The key ingredient
for the algorithm is that for simple forward Euler time marching, under suitable CFL
conditions which turns out to be only slightly more restrictive than the time step
restrictions required for linear stability, the numerical cell averages of the P1-DG
scheme can be represented as convex combinations of certain point values. Thus as
long as a simple scaling limiter is utilized to ensure that the current point values stay
within the physical bounds, the next step cell averages also stay within the bounds.

Generalization to explicit high order SSP time integration is immediate.

We have also shown that the same result works on both structured or unstruc-
tured triangular meshes without imposing any restrictions on the spatial triangula-
tion. The methodology can be extended to two dimensional incompressible Navier-
Stokes equations in the vorticity / streamfunction formulation. It has also been
shown that the result is valid for two-dimensional porous medium equations and the

vortex patch problems.
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In the second part of this dissertation, following ideas of a special finite element
method [29] and a multi-scale DG method [65], we propose a multi-scale DG method
for two-dimensional second order elliptic equations with curvilinear unidirectional
rough coefficients. Applications arise in engineering problems where the coefficients
represent the properties of the composite materials. The lack of sufficient regularity
in the true solution with respect to ¢ makes most conventional numerical methods
such as finite element or finite difference impractical for this type of problem. By
exploiting the flexibility of DG methods in choosing local approximation basis, and
utilizing the idea of incorporating the explicit oscillatory basis functions indicated
by the differential operators into the approximation space, we successfully build a
multi-scale DG method which is proven to yield optimal error estimates for the
second order approximation space on coarse meshes. Moreover, the convergence rate

has been shown to be uniform and independent of the small scale e.

An easy implementation is also proposed. Numerical examples are provided to
validate this and to demonstrate the accuracy and the efficiency of the multi-scale

DG method.

Finally, the application of a DG method to atmospheric research is addressed
in the last part of the dissertation. Combined with an H-WENO limiter and a
BP filter, a P2-DG method produces high-quality, non-oscillatory and positivity-
preserving numerical approximations, ideal for the purpose of atmospheric modeling.
The accuracy, the non-oscillatory and positivity-preserving properties of the P2-DG
method have been shown through a variety of benchmark tests, both on the Cartesian

domain and on the cubed-sphere domain.

To summarize, in this dissertation, we focus on designing DG schemes for gen-

eral convection-diffusion equations concerning important aspects of the true solution.
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One is the positivity-preserving property which can be ensured by a post-process
technique under suitable time-step restrictions. The other is the multi-scale reso-
lution, which can be achieved with reasonable computational cost by utilizing the

freedom of the DG schemes in choosing local approximation spaces.



APPENDIX A

HWENO Reconstruction
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In Chapter 4, we discussed the P2-DG discretization for each cell I; ; = I ),
where we considered local coordinates (£,7) on I, and the orthogonal basis set 5.
For the H-WENO reconstruction on each stencil S,, n = 1,2,...,8, as shown in
Fig.4.2.2, the polynomials P,(£,n) given in (4.2.8) need to be modified. For the P*-
DG scheme, a fourth-order H-WENO reconstruction is required. The reconstructed
Hermite quadratic polynomials on each small stencil are derived as follows using the

integral constraints associated with the smoothness indicators (4.2.9) and (4.2.10).

e On stencil S, we require Pj(x,y) to satisfy:

/ Py (z,y)dzdy = ag UE’O, (=1,2,4,5

I,

/R@MQ%MIMWQ!/H@Wﬁ%WZMwJ

N Ip)

Using the above six constraints P; is reconstructed as,

Pi(&m) = U + (U + U = U+ (U + U — Uy

WP 0 U ) (U VB —2Ut) 3 -1,
4 6 2
(U0 + U2 —2U2Y) 32 — 1

+

e On stencil Sy, we require Py(x,y) to satisfy:

/ Py(z,y)dxdy = aOUE’O, (=2.3,56

I,

/ Py(z, y)goé’odxdy = alUﬁl’O, / Py(z, y)gog’ldacdy = a2U§’1

IG 12

Py(&,m) = U + (U + Ug* — U ")+ (U° + U’ — U
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N (U, - U3" — U5 + Ué”“)én N (Us" — Ug™ + 205" (352 - 1)
4 6 2
(U2 + U0 — 2ty 32 —1
6 (=)

e On stencil S5, we require P3(x,y) to satisfy:

/ Py(x,y)drdy = agU)°, € =4,57,8

I,

/ Psy(z,y)py drdy = a U}, / Psy(z,y)pg drvdy = asUg"!

14 18

Py(&,m) = US* + (UL + U0 — UL)e + (~U° + U — UM)n

LU0 U UYL (U UST - 2057) 362 - 1,
4 6 2
0,0 0,0 0,1 2
(Us™ =Ug” +2Ug") ,3n° — 1
+ 6 ( 5 ).

e On stencil Sy, we require Py(z,y) to satisfy:

/ Py(x,y)dzdy = aoU)°, €=15,6,8,9

I,

/ Py(z,y)ps dady = arUg”, / Py(,y)pg dady = asUg"

Is Ig

Pa€m) = Ug® + (=U5° + Ug° = Ug ") + (U3 + U3 = U™

(U8 080~ R0 U (U8~ U0 20 36—
4 6 2

(U = U + 20" 3n* —1
6 (=5

+

( )

+
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e On stencil S5, we require P5(x,y) to satisfy:

/ Py(x,y)drdy = agU)°, €=1,2,3,4,57
I,

(U — 2090 + U° — 2020 + 2029)

Py(&m) = U3" + 4 ¢
(U — 20?2000 + 2020 4+ UPY)
+ " n
700 _ 700 _ 700 i 1700
+ ( 1 2 7 4 5 )577
(O2° 205" + Us®) 36 -1, | (07 — 20,7+ U7%) 30 —1,
12 2 7 12 2
e On stencil Sg, we require Ps(x,y) to satisfy:
/ Ps(x,y)dxdy = aoU)°, €=1,2,3,5,6,9
I,
00 i o700 _ 790 _ 9r790 i 91700
Ryt m) = vgo + T 2 200 22 %20 )
(=200 + U204+ 2020 — 202" + UJ0)
+ I n+
(Uy° = U3 — U5 + Ug™)
1 &n
(O7° 205" + Us®) 362 —1, , (Us° —2Us° +Uy°) 30" — 1,
12 2 12 2 7

e On stencil S7, we require P;(x,y) to satisfy:

/ P (z,y)dzdy = aon’O, ¢=1,4,5,7,8,9

I,

(=20 4 202" + U0 — 208" + U?)

Pr(&m) = U5 + 1

S
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N (U0 4 2U20 —2uP0 — U0 4 20;?’0)77

4
UO’O . Uo,o . Uo,o + Uo,o
+ ( 4 5 4 7 8 )57’/
N (U0 — 2020 + UJ)) (352 — 1) (U =200 + U (37;2 — 1>
12 2 12 2

e On stencil Sg, we require Py(z,y) to satisfy:

/ P(z,y)dzdy = agUZO’O, ¢=3,56,7,8,9

I,

(—202° 4 205" — U2° 4208 — Ug?)

PB(I7y):UE())7O+ g

4
(=U" — 2020 4200 + 2020 — UJY)
+ 1 n
Uo,o . Uo,o . UO’O + Uo,o
+ ( 5 6 I 8 9 )57]
(U7 —202° 1 U3) 3¢~ 1, | (U3 205" + U3) 307~ 1
12 2 12 2 7
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Here we give the explicit formulation of the smoothness indicators (/3,) in Eq.(4.2.9)-
(4.2.10) associated with the higher-order moments of the P2-DG for each recon-
structed polynomial P,(z,y). For notational convenience, we assume P, (z,y) is
expressed in the general form:

3¢2 -1
2

3n? —1

UO’2
+ U, 5

Po(&,m) = U’ + U6 + Ut + Uytén + U

Combined with the coefficients given in Appendix A, one can compute the smooth-

ness indicators from the formulas listed below.

e For the mode UM?

;.7 » We require:

2 2
am
B = [i’,m—l/ (_Pn x,y) dz dy.
Sl [ (Gt

And this gives for each P,(z,v),

4
Bn = 4(UM? + g(U;vl)2 + 156(U>%)2.

0,1 .
e For the mode U, ;, we require:

2 2
am
5 m§1: ‘ ,]’ L, 8ym ( y) Yy

For each P,(z,v),

4
B = 4" + S (U)" + 156U 7).
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. 11 7720 70,2 .
e For the higher order modes: U, 5, U, U; ", we require:

2 2
oim!
= E I m —P dx dy.
/B’Vl | Z7J| /Ii’j (axml ame n('rv y)) x y

m[=2

For each P, (z,vy),

B =16((U,"1)* +9(UZ)* +9(U,*)?).
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