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Abstract

Analytic Methods for Network Data

Miles Q. Ott

Chair: Professor Joseph Hogan

This dissertation presents methods for statistical analysis of social network data. First,

we develop a Bayesian hierarchical model that calibrates self and peer-reports in order

to synthesize information collected from multiple sources in the social network context.

Secondly we demonstrate how current methods for analyzing fixed choice design social

network data can induce biases. We propose a new survey design which collects information

on the total number of relationships. Lastly, we investigate how assumptions in prevalence

estimation in network sampling designs can produce biased estimates and introduce a new

prevalence estimator for network sampling studies that offers considerable improvement

over existing estimators.

1



CHAPTER 1

INTRODUCTION

Social network analysis is used to investigate potential dependencies between social re-

lationships and behaviors and attitudes (O’Malley and Marsden, 2008). The number of

publications on social networks has grown exponentially over the last 30 years (Knoke and

Yang, 2008). The dramatic increase in the use of social network analysis methods is largely

due to two factors: the adoption of a systemic rather than an individual approach, and

the increased ability to collect, store, and manage ever larger datasets (Kolaczyk, 2009).

The rapidly growing field of social network analysis holds great promise to integrate multi-

dimensional data, describe complex social structures, and allow for approximations of prob-

ability samples. However, these complex social structures are difficult to analyze, and new

methodologies must be developed to capitalize on the opportunities that social network

analysis offers and to address the limitations that exist in current methods.

In this dissertation, we will develop new methods for analyzing social network data.

First, we will introduce a new method for synthesizing information collected from multiple

sources in the social network context. Secondly we will improve upon existing methods for

analyzing design-induced missingness in social network studies and introduce a novel social

network survey design. Lastly, we will introduce a new prevalence estimator for network

sampling studies that offers considerable improvement over existing estimators.

1.1 Multiple information sources

One way to sample substance use data on a network is to include survey questions that

not only ask the subject to self-report information, but also prompt the subjects to report
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on their peers (or alters) in an attempt to gain insight into the structure of relationships

and peer-perceptions. Such network surveys may gather information on a complete network

(wherein each person in a bounded population reports on all of their associates or alters), or

a more local subset of the network centered on each subject (ego-networks). For instance,

in the context of studying minors with psychological issues, parents, teachers, and other

alters of the child may be asked to report on the child’s health and behaviors, forming an

ego-network centered on each child in the study called a “multiple informants” data (Horton

et al., 2008; Lash et al., 2002). However, surveying individuals about their associates or

peers, it is necessary to consider peer-reporting discrepancies, since respondents may have

perceptions that over or under-report values of their peers. In the second chapter of the

dissertation we introduce a Bayesian hierarchical model that calibrates self-reports and

peer-reports.

1.2 Missing data on a closed population

When summarizing information on a network, there is often the possibility that nominations

are missing, that individuals in the population are missing, or potentially both are missing

(Kossinets, 2006). Earlier work has focused on missingness that is induced by non-response

(Robins et al., 2004; Costenbader and Valente, 2003; Huisman and Steglich, 2008; Gile

and Handcock, 2006). Due to the complex dependence structure inherent in networks,

missing data can pose very difficult problems (Holland and Leinhardt, 1973; Marsden, 1990).

For example, it is unclear how to handle this missingness when analyzing the network for

peer effects on behavior, or when analyzing structural measures of the network, such as

network density, the clustering coefficient, average shortest path on the network, reciprocity

of relationships, and transitivity of relationships.

Some missingness is a result of study design. For example, common practice in network

studies is to limit the number of possible nominations that each person in the network

can make, thus inducing potentially missing nominations (Kossinets, 2006; Holland and

Leinhardt, 1973; Yan and Gregory, 2011). Several recent studies of networks have this

limited choice design (Witvliet et al., 2010; Mercken et al., 2010; Conlan et al., 2010; Ali
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et al., 2011).

Holland and Leinhardt (1973) first introduced the problem of missing ties due to limited

choice design (also called fixed choice design and right-censoring of degree). Kossinets (2006)

went on to show how the limited choice design can lead to biases in estimates of structural

measures of the network.

In the third chapter of the dissertation we demonstrate how current methods for ana-

lyzing fixed choice design data can induce biases. We propose a new survey design which

collects information on the total number of relationships, and demonstrate through simu-

lation studies the improvement for inference with this new design.

1.3 Respondent-Driven Sampling

In public health, it is often the case that researchers wish to learn about populations that

are at an elevated risk for adverse health events. For example, increased attention has been

given to injection drug users, commercial sex workers, and men who have sex with men in

HIV surveillance (Malekinejad et al., 2008; Magnani et al., 2005). In order to learn about

the prevalence of HIV in these populations, it is necessary to construct a sample with a

sampling frame. However these populations, commonly termed “hidden populations” or

“hard to reach populations”, are difficult to construct sampling frames for.

There have been several proposed methods of sampling hidden populations (Semaan,

2010), including snowball sampling, time-space sampling and respondent-driven sampling

(RDS). RDS was initially proposed by Heckathorn (Heckathorn, 1997, 2002) as a means

of sampling populations without an identifiable sampling frame. Since the initial RDS

paper, this method has been widely adopted to sample hidden populations and has been

used in hundreds of studies both domestically and internationally (Malekinejad et al., 2008;

Johnston et al., 2008).

The RDS method is a variant of a link-tracing procedure (Handcock and Gile, 2011a).

In link-tracing, a number of individuals from the target population are enrolled into the

study as ‘seeds’, who are then asked to recruit other people they know to be members of

the target population, who are then asked to enroll those they know to be members of the
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target population, and so on. Using the sample mean from a link-tracing sample has some

inherent flaws, including the fact that the sample mean does not account for non-equal

inclusion probabilities (individuals who have more friends are more likely to be included in

the sample).

Figure 1.1 shows the sampling structure of an RDS toy example. In this example

we see that the sample starts with two seeds, and each participant recruits another two

participants. Participants are sampled without replacement. RDS proceeds as a link-tracing

sample, with weighting to account for different inclusion probabilities. There are different

methods of estimating the inclusion probabilities, and most are a function of the reported

number of associates each person has (their degree), thus accounting for the tendency of

people who have more friends to have a higher probability of being included in the sample

(Gile, 2011; Volz and Heckathorn, 2008; Gile and Handcock, 2011).

In order for RDS to produce consistent estimates, many assumptions must be met. We

will primarily concern ourselves with the assumption that sampling is with replacement,

demonstrate how violations of this assumptions can incur biased prevalence estimates, and

propose an improved prevalence estimator. We will demonstrate the method through sim-

ulation studies, and apply the method to a real data set.
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Figure 1.1: RDS Simple Example
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CHAPTER 2

BAYESIAN PEER CALIBRATION BASED ON NETWORK POSITION

WITH APPLICATION TO ALCOHOL USE

2.1 Introduction

Gold-standard measurements of individual-level alcohol consumption are rarely collected

(Stahre et al., 2006; Snell et al., 2011; Gmel et al., 2006). In the absence of a gold standard,

self-reports or peer-reports are utilized as proxies (Gmel et al., 2006). The utility of peer-

reports, termed collateral reports in the alcohol literature, has been extensively studied

and reviewed in both non-college settings (Connors and Maisto, 2003) and in the college

setting (Borsari and Muellerleile, 2009). In the college setting, while self-reports and peer-

reports are often in agreement (Connors and Maisto, 2003; Borsari and Muellerleile, 2009),

peer-reports of drinking tend to be higher than self-reports (Hagman et al., 2007). There

is general agreement in the alcohol literature that college students’ peer-reports of alcohol

consumption are biased towards over-reporting (Baer and Carney, 1993; Borsari and Carey,

2003). Hence both self-reports and peer-reports contain information about the true level

of alcohol consumption, particularly if the discrepancies (i.e., the amount of over or under-

reporting) contained within the peer-reports can be accounted for.

Measurement error due to self-reports of health behaviors, such as physical activity

(Nusser et al., 2012), food consumption (Dodd et al., 2006), and alcohol consumption (Kraus

and Augustin, 2001), is an important issue because ignoring measurement error may lead

to incorrect inference (Buonaccorsi and Lin, 2002; Richardson and Gilks, 1993). Existing

measurement error models typically assume self-reports are unbiased (Dodd et al., 2006) or

contain systematic biases (Beyler, 2010; Nusser et al., 2012; Spiegelman et al., 1997; Ferrari
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et al., 2007). In the presence of self-report error, another type of data on the health-related

behavior is collected on each individual. Using both types of data, a method of estimation

(i.e. method of moments) is employed to estimate all parameters in the measurement error

models as well as the quantity of interest.

Another way of dealing with measurement error is absolute calibration (Brown, 1982;

Osborne, 1991; Barnett, 1969), in which both a gold standard and error-prone measures

are collected on a limited number of data points in order to infer the relationship between

the gold standard and the error-prone measures. This relationship is then exploited to

allow for measurement with the error-prone measure. Comparative calibration, which uses

information from two or more error-prone measurement instruments, is applied when a

gold standard is not available but there is prior information about the structure of the

measurement error of each of the instruments (Theobald and Mallinson, 1978; Osborne,

1991). Comparative calibration has been implemented in both the frequentist (Theobald

and Mallinson, 1978; Gimenez and Patat, 2005; Kimura, 1992; Lu et al., 1997) and the

Bayesian setting (Blangiardo and Richardson, 2008). Osborne (1991) has an extensive

review of both absolute and comparative calibration approaches.

Both measurement error and calibration models deal with the situation where we are

interested in variable Y , but instead we observe a proxy variable X that is related to Y

(Stefanski, 2000), and both types of models allow that X may be biased for Y , prone to

error, or both. One contrast between the two methods is that calibration models require

more than one proxy variable for Y , say X and W , whereas measurement error models do

not require this (Nusser et al., 1996). Further, measurement error models seek to identify

and decompose the different sources of bias and variation that are included in the proxy

measurements (Fuller, 1995), whereas calibration models aim to learn about the measure-

ment errors, but do not decompose these different sources of bias and variation included in

the proxy measurements. Further, measurement error models may investigate measurement

error by incorporating covariates into the estimation of the underlying values of interest in a

linear mixed effects model (Tooze et al., 2010), akin to a calibration model with a zero-bias

assumption. Alternately, when multiple sources of information are available, measurement

error models may allow for the measurement error to be modeled with covariates(McIntyre
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and Stefanski, 2011). However, these measurement error models do not jointly estimate the

relations between covariates and the underlying values of interest and the unknown bias,

as we do in our bayesian peer calibration with covariates model which we present below.

Further, among measurement error models that make use of multiple sources, none are

situated in a social network context which necessarily implies that individuals only report

on their associates rather than all members of the network.

Social networks provide a setting in which there are multiple sources of information

which are not gold-standards. Consider a social network in which individuals report on

both themselves and their peers in the network. Neither self nor peer-reports are ideal mea-

surements, but both types of reports contain information about the quantity of interest. In

this paper we present a novel Bayesian comparative calibration model framework: Bayesian

Peer Calibration (BPC) which utilizes both self-reports and peer-reports of alcohol con-

sumption. We assume self-reports are unbiased but measured with error. Peer reports may

be biased and are also assumed to be measured with error.

2.1.1 Motivating Study

The data motivating this analysis are drawn from a study of alcohol and drug use in a

social network formed by college students residing in a freshman dormitory(Barnett et al.,

2013). The primary objective of our analysis is to characterize the alcohol consumption of

the participants through the use of self and peer-reports of the number of alcoholic drinks

consumed on drinking days. In particular, this study seeks to identify characteristics that

are associated with alcohol consumption. Though previous studies have collected both self

and peer-reports of alcohol consumption, few have used both sources of information to

estimate alcohol consumption. This paper is concerned with how to use both information

sources which may provide contradictory information on alcohol consumption. In order

to address this question we use a Bayesian Peer Calibration (BPC) model on the social

network from the motiviating study(Figure 2.1) to generate the posterior distributions of

individual-level alcohol consumption while using both sources of information. In Section

2.2 we develop the BPC models (both with and without covariates) for binary, count, and

continuous data, in Section 2.3 we apply these models to the data, in Section 2.4 we perform
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a simulation to investigate the model’s sensitivity to assumptions, and in Section 2.5 we

present a brief discussion.

Figure 2.1: Network of College Students

2.2 Bayesian Peer Calibration Models

2.2.1 Overview

We consider data drawn from a network of n nodes (representing members of the social

network) with e directed edges (representing the presence or absence of peer nominations),

represented by an n × n adjacency matrix A, where Aij ∈ {0, 1} and equals 1 if node i

reports on node j (denoted as i → j). For each of the n nodes in the network we have a

self-report on a quantity of interest, denoted by zi. Furthermore, for each node, there are

reports on the same quantity of interest of their nominated alters, denoted by yij which is

the peer-report of node j on node i. The observed data at each node i is (zi, yij : j → i).

We assume self-reports are made with mean-zero error and peer-reports are potentially
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subject to some systematic bias which we call a discrepancy. We assume that the true

underlying quantity of interest is θi. The self-report zi is an unbiased but possibly error-

prone proxy for θi, such that E(zi) = θi. The peer-reports yij are subject to a systematic

discrepancy that can be additive, multiplicative, or exponential depending on the type of

outcome. Specifically, if we denote the discrepancy by γij , the peer-reports can follow

E(yij) = θi + γij , E(yij) = θiγij , or E(yij) = θ
γij

i .

We now introduce a three-level model which may include covariates, which we call the

Bayesian Peer Calibration with Covariates(BPCC) model, or not include covariates, which

we call the Bayesian Peer Calibration model (BPC). The first level of the model specifies

the joint distribution of the observed data at each node, conditional on parameters θi and

γj that respectively capture the node-specific mean and the alter-specific discrepancy. The

second level characterizes variation in θi and γj , potentially allowing both to be influenced

by covariates. At the third level, priors are introduced as needed.

We provide specific model formulations for continuous, binary, and count versions of z

and y. In our application to the available data, we have interval-censored count data; hence

we focus on posterior inference for this case. The appendices contain information about

posterior inference for other cases.

2.2.2 Bayesian Peer Calibration Model

The general form of the first level of the BPC model is

zi ∼ F (θi)

yij ∼ G(θi, γij),

where the distributions F,G and the support of θi and γij depend on the choice of the

model. We treat three parametric formulations here. For Normal y and z, we assume

zi ∼ N(θi, σz2)

yij ∼ N(θi + γij , σy
2),
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where σ2
y > 0 and σ2

z > 0 are the variance parameters, and θi and γij are real numbers. If

y and z are Bernoulli distributed,

zi ∼ Ber(θi)

yij ∼ Ber(θγij

i ),

where θi is between 0 and 1, and γij is a positive real number. Lastly, if y and z are Poisson

distributed,

zi ∼ Poi(θi)

yij ∼ Poi(θiγij),

and θi and γij are positive real numbers. In each of these model formulations, the self-reports

are assumed to be unbiased.

Level 1 can be parameterized in terms of generalized linear models for z and y, where

g{E(zi)} = αi

g{E(yij)} = αi + φij ,

where g(·) is an appropriate link function. The GLM parameters map directly to the

parameters in the cases above. For the normal case and identity link g(x) = x, αi = θi

and φij = γij . For binary data and log-log link g(x) = log{− log(x)}, we have αi =

log{− log(θi)} and φij = log(γij). Finally, in the case of count data, using the link g(x) =

log(x) yields αi = log(θi), and φij = log(γij).

The GLM formulation easily accommodates covariate information, and allows the an-

alyst to put separate priors on the mean and variance parameters. However, except for

the normal case, the scaling of the GLM parameters may not always be natural for the

application at hand. The parameterizations given above allows for more natural interpre-

tation of model parameters and use conjugate priors for easier computation. Additionally,

the posteriors for the model parameters have intuitive forms that transparently show from
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where the information is derived. Incorporation of covariates needs to be done carefully,

but we provide full details for each formulation of the model.

In addition to assuming that self-reports are unbiased, we also assume that for all

i, j γ1j = γ2j = · · · = γnj = γj for j = 1, . . . , n which implies that each individual

j has a constant discrepancy γj when reporting on peers. Finally we assume θi⊥⊥ γj ,

θi⊥⊥ θj and that γi⊥⊥ γj . These constraints impose structure that is most easily under-

stood in the continuous-data normal distribution case. Specifically, we have E(zi | θi) = θi,

Var(zi | θi) = σ2
z , Cov(yij , yik | θi) = Var(θi), Cov(yij , zi | θi) = Var(θi), Cov(yij , zi | θi, γj) =

0, and Cov(yij , yik | θi, γj , γk) = 0.

We proceed by specifying level two of the BPC model. We focus on the formulation for

count data due to our application. We assume that both θi and γj are each independent

and Gamma distributed with shape parameters τθ, τγ and rate parameters κθ, κγ such that

E(θi) = τθ/κθ,E(γj) = τγ/κγ ; this is denoted by

θi ∼ Gam(τθ, κθ)

γj ∼ Gam(τγ , κγ).

The third level of the model specifies the priors. In our application, we use diffuse

Gamma priors with hyperparameters a, b on τθ, κθ, τγ , κγ where a is the shape parameter

and b is the rate parameter. Details regarding the full conditionals are in the appendices.

The BPCC model is elaborated to include covariate effects in the components character-

izing both the quantity of interest θ and the peer-reporting discrepancy γ. Carrying forward

the Poisson formulation, we again assume that both θ and γ are Gamma distributed, the

difference being that the expected value of both θ and γ are now functions of the covariates:

θi|Xi, β, ωθ ∼ Gam(ωθeXiβ, ωθ)

γj |Xj , α, ωα ∼ Gam(ωγeXiα, ωγ).
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Hence, log E(θi) = Xiβ and log E(γj) = Xjα. The ωθ and ωγ parameters help determine

the variance of θ and γ respectively such that the Var(θi) = eXiβ/ωθ. For instance, if ωθ is

large relative to eXiβ then Var(θi) is small. This BPCC model specification also allows us

to gain insight into the relationship between the covariates and θi and γj

In the third level of the BPCC model, we specify diffuse zero-mean Normal priors for β

and α with a large variance σ2, and diffuse Gamma priors for rate parameters ωθ and ωα

with hyperparameters f and g. The full conditionals are detailed in the appendix.

2.2.3 Posterior inference for count data

Under the BPC model framework (which does not include covariates), for each iteration of

the MCMC we draw from the posterior distribution using full conditionals which have the

following Gamma distributions:

P (θi|γ, θ−i, τθ, κθ, τγ , κγ , a, b, z, y) ∼ Gam(zi +
∑
j:j→i

yij + τθ, 1 +
∑
j:j→i

γj + κθ)

P (γj |θ, γ−j , τθ, κθ, τγ , κγ , a, b, z, y) ∼ Gam(
∑
i:j→i

yij + τγ ,
∑
i:j→i

θi + κγ).

Full conditionals of the other parameters in this model are detailed in the appendices. The

expected value of the full conditionals of θi can be instructive:

zi +
∑

j:j→i yij + τθ

1 +
∑

j:j→i γj + κθ
=

zi
1 +

∑
j:j→i γj + κθ

+

∑
j:j→i yij∑
j:j→i γj

∑
j:j→i γj

1 +
∑

j:j→i γj + κθ
+
τθ
κθ

κθ
1 +

∑
j:j→i γj + κθ

,

which is a weighted average of the self-report of person i (zi), the discrepancy corrected

peer-reports on person i,
P

j:j→i yijP
j:j→i γj

, and the prior information about the mean value of the
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θ parameters, τθ/κθ. We also obtain full conditionals of γj which have the expected value:

∑
i:j→i yij + τγ∑
i:j→i θi + κγ

=

∑
i:j→i yij∑
i:j→i θi

∑
i:j→i θi∑

i:j→i θi + κγ
+
τγ
κγ

κγ∑
i:j→i θi + κγ

,

which is a weighted average of
P

i:j→i yijP
i:j→i θi

and τγ/κγ , the prior information about the mean

value of the γ parameters.

In the BPCC model, which includes covariates, for each MCMC step we draw from the

posterior distribution using full conditionals having the following Gamma distributions:

P (θi|θ−i, γ, α, β, ωθ, ωγ ,x,y, z) ∼ Gam(zi + ωθe
Xiβ +

∑
j:j→i

yij , 1 + ωθ +
∑
j:j→i

γj)

P (γj |θ, γ−j, α, β, ωθ, ωγ ,x,y, z) ∼ Gam(ωγeXjα +
∑
i:j→i

yij , ωγ +
∑
i:j→i

θi).

In the BPCC model, we obtain posterior draws of θi which are weighted averages of the

self-report of person i (zi), the discrepancy corrected peer-reports on person i
P

j:j→i yijP
j:j→i γj

,

and the information about the mean value of the θ parameter for those with covariate

profile Xi, eXiβ. We also obtain posterior draws of γj which are weighted averages of the

peer-reports’ discrepancy for person j,
P

i:j→i yijP
i:j→i θi

, with eXjα, the posterior the mean value of

the peer-reporting discrepancy for those with covariate profile Xj . Similar to the BPC, the

the posterior distributions of the θ parameters are less diffuse when there is more precise

information about the γ parameters, and vice-versa.

With the use of covariates in the BPCC model, we can gain insight into the relationships

between the covariates with the peer-reporting discrepancies γ and the quantity of interest

θ. Additionally, by including covariates to model θ and γ we are relaxing the independence

assumption in the BPC model by only imposing conditional independence between θ and γ

such that θi ⊥ γj |Xi, Xj .

It is important to note that these models are subject to several assumptions. The as-

sumption that the θ and γ parameters are independent (in the BPC model) or conditionally

independent (in the BPCC model), may not hold. Additionally, the assumption that all

self-reports have no systematic bias may not be true. We proceed with these assumptions

and will address them in the simulation and discussion sections.
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2.3 Application

The objective of this analysis is to learn about the unknown average number of alcoholic

drinks consumed on drinking days, and the association between certain personal character-

istics and alcohol consumption among study participants. To do so, we formulate Bayesian

comparative calibration models (BPC, BPCC) that allow for drawing from the posterior

distribution of peer-reporting discrepancies, in reports of alcohol consumption, and use the

peer-reports corrected for the posterior draws of the discrepancies along with self-reports to

learn about the posterior distribution of the number of alcoholic drinks consumed on drink-

ing days for each participant in the study. We wish to learn how covariates are associated

with the number of alcoholic drinks consumed on drinking days as well as which covariates

are associated with over or under reporting the alcohol consumption of peers.

We specify diffuse priors on ωθ, ωγ , β, and α by specifying the hyper-parameters f = 0.2

and g = 0.2 and σ2 = 1000. The f and g values specify a prior mean of 0.2/0.2 = 1 and a

prior variance of 0.2/0.22 = 5 for both ωθ, ωγ .

We carry out 35,000 iterations of Gibbs Sampling, and of these, discard the first 10,000 as

burn-in and use every fifth of the final 25,000 simulations, leaving us with 5,000 simulations

to calculate our posterior values of parameters.

2.3.1 Data

In the social network study, data are collected from residents of a freshman dormitory.

Each participant is 18 years old or older when the survey is administered and is asked

to report the number of alcoholic drinks they consume on drinking days (self-reports) as

either 0, 1-2, 3-4, 5-6, or 7 or more drinks. Further, participants are asked to provide

demographic information, including their age, sex, race, sexual orientation, and whether or

not they intend to join a fraternity or sorority. Additionally, each participant is asked to

nominate which of the other participants are important to them. If participant A nominates

participant B as important to them, then B is an alter of A. Each participant can nominate

alters and serve as an alter for other participants. Lastly, each participant is asked to report

the number of alcoholic drinks each of their alters consume on drinking days (0, 1-2, 3-4, 5-6,

16



or 7 or more drinks), which we refer to as peer-reports. By using nominations to connect

participants, we construct a network of social relationships (Figure 2.1).

Of the 129 participants included in the sample, 4 did not nominate alters and were not

nominated, and are excluded from the present analysis. This leaves 125 participants who

are included in the analysis, with 507 nominations. Of these 507 nominations, there are

366 peer-reports on alcohol consumption on 108 different dorm residents. In the sample of

125 participants, 47.2% are male, 24% report considering joining a fraternity or sorority,

90.4% identify as heterosexual, and 59.2% identify as white. Among the 108 participants

whose alters report on their alcohol consumption, 48.1% are male, 23.1% report considering

joining a fraternity or sorority, 88.9% identify as heterosexual, and 62.0% identify as as

white. Self-reports and peer-reports of alcohol consumption are presented in Figure 2.2,

and peer-reports stratified by self-reports are presented in Figure 2.3. The most common

self-report of alcohol consumption was 3-4 drinks on drinking days, with 47 out of 129

providing this self-report (Figure 2.2). Further information about the UrWeb Study can be

found in Barnett et al. (2013).
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Figure 2.2: Self-reports and peer-reports of number of drinks on drinking days

Because the number of drinks are reported in intervals (0, 1-2, 3-4, 5-6, 7+) we perform a

data augmentation step for each of the 35,000 simulations. For simulation t, the self-report
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Figure 2.3: Peer-reports on number of drinks on drinking days by self-reported number of
drinks on drinking days

for i is generated from a truncated Poisson distribution zit ∼ Poi(θit−1) such that each zit

value is within the specified interval of the self-report. Similarly, for simulation t, the alter

report made by j on i is generated yijt ∼ Poi(θit−1γjt−1).

2.3.2 Model Specification Without Covariates

In the BPC model θ and γ are the parameters of primary interest. The distribution of

posterior means for these parameters is shown in Figure 2.4. The posterior draws of θ

stratified by self-reported drinks on drinking days are presented in the first column of

Figure 2.5; we see that while the posterior distributions of the θ parameters are related to

the self-reported number of drinks on drinking days, there is variation within strata which

indicates that the information from the peer-reports and the self-reports has been combined

to give us a different result than if we had ignored the peer-report information. We assumed

diffuse priors by specifying the hyper-parameters a = 0.02 and b = 0.02.
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Figure 2.4: Posterior θs and posterior γs from BPC model

2.3.3 Bayesian Peer Calibration with Covariates

The parameters of most interest in the BPCC model are β and α which indicate the extent to

which being male, having an interest in joining a fraternity or sorority, having a heterosexual

sexual orientation, being white, and self-reporting zero drinks(used for α only) are associated

with alcohol consumption and peer-report discrepancies respectively. We present the poste-

rior values of β and α in Table 2.1. For the posterior means of the β parameters, we can see

that being male, interest in joining a fraternity or sorority, heterosexual sexual orientation

and white race are associated with higher number of drinks on drinking days, though only

interest in joining a fraternity or sorority and white race have 95% credible intervals that

does not contain zero. For example, average consumption for a white male who is heterosex-

ual and is interested in joining a fraternity is exp(0.44 + 0.26 + 0.36 + 0.00 + 0.55) = 5.00

drinks on drinking days, whereas we expect a non-white male who is heterosexual and is

interested in joining a fraternity or sorority to drink exp(0.44 + 0.26 + 0.36 + 0.00) = 2.89

drinks on drinking days. For the posterior means of the α parameters, we can see that inter-

est in joining a fraternity or sorority and self-reporting zero drinks on drinking days are both
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Figure 2.5: Posterior densities of θs stratified by observed self-reports

associated with having discrepancies that could represent under-reporting, assuming that

self reports are unbiased. For example, we expect that a white male who is heterosexual, is

interested in joining a fraternity, and reported drinking zero drinks would have multiplica-

tive peer-reporting discrepancies of exp(0.52 + 0.24− 0.30− 0.25− 0.02− 0.81) = 0.54, or

under-reporting peer-alcohol consumption by about half.

Next we turn our attention to the distribution of the posterior values of the θ and γ

parameters which represent the number of drinks consumed on drinking days, and discrep-

ancies in reporting on an alter’s drinks on drinking days respectively. These are displayed
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Table 2.1: Posterior Mean Values and 95% CI of β and α

Discrepancy Drinks Per Day Drinks Per Day
Effect BPCC α BPCC β Naive β

Intercept 0.52 ( 0.09, 0.97) 0.44 (-0.15, 1.01) 0.53 (-0.10, 1.10)
Male 0.24 (-0.01, 0.50) 0.26 (-0.06, 0.57) 0.28 (-0.03, 0.58)

Frat/Sorority -0.30 (-0.59, -0.02) 0.36 ( 0.02, 0.70) 0.12 (-0.21, 0.45)
Heterosexual -0.25 (-0.64, 0.10) 0.00 (-0.47, 0.52) -0.06 (-0.55, 0.48)
White Race -0.02 (-0.29, 0.25) 0.55 ( 0.22, 0.90) 0.57 ( 0.25, 0.93)

Self-Reported 0 -0.81 (-1.46, -0.28)

in Figure 2.6. The posterior distributions of θ stratified by self-reported drinks on drinking

days are presented in the second column of Figure 2.5. Similar to the BPC model, we can

see that the comparative calibration has utilized information from both the self and peer-

reports since dorm-residents with the same self-reports have varying posterior predictive

distributions of the θ which reflect the influence of the peer-reports.

2.3.4 Role of Peer-Reports

To understand the role of peer-reports we look at a model with only self-reports (naive

model). We present results from the BPCC where we ignore the peer-report information,

so that we can learn about the effect of peer reports on both covariates as well as on the

model fit. Since only self-reports are considered, this Naive model is not a calibration model.

In this model we are primarily interested in the β parameters, and present the posterior

means and credible intervals for these parameters in the third column of Table 2.1. For

the posterior means of the β parameters, we can see that male sex, interest in joining

a fraternity or sorority, heterosexual sexual orientation and white race are associated with

higher number of drinks on drinking days, though only white race has a 95% credible interval

that does not contain zero. Comparing the posterior distributions for the β parameters

from the model without peer-reports to the β parameters from the BPCC model (Table

2.1), we see that there are some differences. Most notably, the 95% credible interval for

the β corresponding to interest in joining a fraternity or sorority does not contain zero in

the posterior distribution from the BPCC model, but does contain zero in the posterior

distribution from the model without peer-reports. In other words, if we only used self-

reports we expect that those interested in joining a fraternity or sorority drink e0.12 = 1.13
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Figure 2.6: Posterior θs and Posterior γs from BPCC Model

times the number of drinks than someone who is not considering joining a fraternity or

sorority with a 95% credible interval that includes 1: (0.81, 1.57), whereas if we consider

both self-reports and peer reports, we expect that those joining a fraternity or sorority have

a e0.36 = 1.43 times the number of drinks as someone not interested in joining a fraternity

or sorority with a 95% credible interval that includes does not include 1: (1.02, 2.01). This

demonstrates that the inclusion of the peer-reports may result in different inferences than

had we not included peer-reports in our models.

Comparing Model Fit

In order to assess the fit of these models, we generated 5,000 posterior predictive draws of

the self-reports z. In order to compare the fit of the BPC and BPCC models, we found

the proportion of posterior predictive z values that were within the interval observed in
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Table 2.2: Posterior Predictive z, generated by Posterior θ
% of posterior z in interval

Reported Interval Without Covariates With Covariates Without Peer-Reports
0 75 71 40

1 - 2 46 46 46
3 - 4 33 32 32
5 - 6 25 26 24
7+ 45 41 36

the data. These are presented in the first two columns of Table 2.2. We also found the

proportion of posterior predictive z and values that were within the interval observed in the

data for the model without peer-reports, and present these in the third column of Table

2.2.

By comparing the posterior predictive z’s to the observed z’s, we can determine whether

the fit of the model seems reasonable, and compare the model fits for the models. Here we

can see that the BPC and BPCC models have a comparable fit to the data. For example,

about 46% of the posterior predictive z values for participants reporting 1-2 drinks were

1 or 2 for both the BPC and BPCC models. While the use of covariates does not seem

to markedly change the model fit, the use of peer-reports seems to improve the model fit,

particularly for participants who reported zero drinks.

2.4 Simulations Allowing for Self-Report Bias

We carried out simulations to investigate how the BPCC model performs when the as-

sumption of unbiased self-reports is violated. We base these simulations on the UrWeb

data, and we only use the Fraternity/Sorority covariate. We then generated simulated

data under three conditions: 1.) self-reports are unbiased, 2.) self-reports are positively

biased, with bias unrelated to the covariates in the BPCC model, and 3.) self-report bias

is a function of the covariates included in the BPCC model. In each simulation we set

α1 = 0.52, α2 = −0.30, β1 = 0.44, β2 = 0.35, which are the posterior means for the inter-

cepts and the Fraternity/Sorority parameters from the analysis in Section 2.33. We set

both ωθ and ωγ equal to 2.
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Table 2.3: Effect of self-report bias on posterior means from BPCC with 100 simulated
datasets

Empirical mean of Absolute Empirical SD of
Simulation posterior means Bias posterior means

Unbiased self-reports
α1 0.521 0.001 0.101
α2 -0.296 0.004 0.166
β1 0.433 -0.007 0.097
β2 0.350 -0.009 0.141

Self-report bias ⊥ X
α1 0.728 0.208 0.085
α2 -0.306 -0.006 0.161
β1 0.652 0.212 0.085
β2 0.371 0.011 0.112

Self-report bias function of X
α1 0.520 <0.001 0.166
α2 -0.079 0.221 0.097
β1 0.432 -0.008 0.093
β2 0.570 0.210 0.117

In each simulation we first generate θ and γ values from θ ∼ Gamma(ωθeXβ, ωθ) and

γ ∼ Gamma(ωγeXβ, ωγ). Next we generate the self reports (z) and the peer-reports (y)

from zi ∼ Pois(δiθi) and yij ∼ Pois(θiγj). In the case of the simulations where self-reports

are unbiased, we set δi = 1. When self-reports are positively biased but that bias is unrelated

to the covariates in the model, we set δi ∼ Unif(1, 1.5). Finally, where self-report bias is a

function of the covariate δi, wehave ∼ (1 − Xi) + XiUnif(1, 1.5). One hundred simulated

datasets were generated under each of the 3 different settings of self-report bias.

For each simulated dataset we carried out 5,200 iterations of Gibbs sampling, and dis-

carded the first 200 of these, leaving 5,000 simulations to calculate posterior mean values of

the α and β parameters. We present the empirical mean of the posterior means, the bias,

and the empirical standard deviation of the posterior means in Table 2.3.

We can see that in the simulations in which self-reports are generated without bias,

the BPCC performs well with relatively small biases, and standard deviations. In the

second set of simulations, where self-reports are generated with a bias that is unrelated
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to the covariates, we find that the posterior means of the intercept terms are biased but

the posterior means of α2 and β2 seem to have very small biases, indicating that covariate

effects are accurately captured. Finally, in the set of simulations where self-report bias is a

function of the covariate in the model, we see that the intercept terms seem to have very

small biases, but the posterior means of α2 and β2 seem to be affected by the self-report bias.

This simulation suggests that BPCC properly captures the relationship between covariates

and the quantity of interest when there is no self-reporting bias, and when self-reporting

bias is not a function of the covariates of interest, but that regression coefficients may be

biased when self-report bias is related to the covariates.

2.5 Discussion

We show how to use self and peer-reports to learn about both individual level alcohol

consumption and peer-reporting discrepancies. Further, we show that the use of peer-

reports improves model fit. Among college students, peer-reports of alcohol consumption

are often thought to be overestimates (Hagman et al., 2007). Under the assumptions of

the BPC model framework, we have found that a vast majority of the peer-reports indeed

had positive discrepancies. Males tended to have larger discrepancies than females, those

intending to join a fraternity or sorority, and those who self-reported zero drinks on drinking

days having more negative discrepancies than those who do not intend to joining a fraternity

or sorority or reported at least one drink on drinking days, respectively. We also found that

people who identified as white had higher levels of alcohol consumption than those who did

not, and that those intending to join a fraternity or sorority have a higher level of alcohol

consumption than those not intending to join.

This method may be applied to any situation where members of a network report mea-

surements on the same quantities of interest for peers as well as themselves. Any network

study that asks for self and peer-reports, and has a similar error structure, could make

use of this method. Consider, for example, an online rating system wherein users provide

ratings of different products or services. By applying a BPC model, the network of users

and ratings could be leveraged to learn about both raters’ reporting biases as well as an

25



underlying “true” rating. By applying this method to an online-rating system, products

or services that were rated by those with a negative bias could have their over-all rating

corrected, thereby reflecting its true quality rather than the biases of the raters.

With the increase of available network data (Knoke and Yang, 2008), there is a growing

need to develop methods that allow for the integration of information from different sources

within the network. Bayesian comparative calibration offers a coherent way to utilize data

on the same quantity which come from many sources. Prior comparative calibration for-

mulations assumed that there are p > 1 imperfect measurement instruments, and that each

of these instruments are used to measure the same quantity from n object, resulting in

n × p measurements (Kimura, 1992; Blangiardo and Richardson, 2008). In our models,

we generalize prior work in Bayesian comparative calibration in three ways 1.) we do not

require that each measurement instrument(either a self-report or a peer-report) is applied

to measure the quantity of interest from each object (the members of the social network)

2.) we have formulated models for continuous, count, and binary data 3.) we jointly model

the covariate effects between both discrepancies and the quantity of interest.

We plan to extend these models in order to relax some of the assumptions that are

made. In this paper, we assume that self-reports are unbiased on average. In future work

we will allow for self-reports to contain a systematic bias by placing a prior on a self-report

discrepancy. Our simulations of data that contain both peer-report and self-report bias

show that the BPCC model performs well when self-reporting bias is independent of the

covariates included in the models. In the BPCC model, we make the assumption that alcohol

consumption and peer-reporting discrepancies are independent given covariate values. Since

we know the network structure of this data, we could allow for there to be correlation of

these quantities between individuals who are connected in the network.
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2.6 Appendix

2.6.1 Model Specification and Full Conditions for Normal Data Bayesian

Peer Calibration

We assume that θ and γ are independent and Normally distributed,θ ∼ N(µθ, σ2
θ), γ ∼

N(µγ , σ2
γ) that the self-reports are on average error-free, and that the peer-reports are

subject to an additive systematic discrepancy γj .

We assume conjugate prior distributions for µθ, µγ , σ2
θ , σ

2
γ , σ

2
y and σ2

z specifying diffuse

prior distributions. Normal zero-centered priors are placed on µθ and µγ , with variance

term φ. The variance terms σ2
θ , σ

2
γ , σ

2
y and σ2

z are given Inverse-Gamma prior with shape

a and rate s. These prior specifications result in the following full conditionals, where

ti =
P

j yij−γj

pi
, wj =

P
i yij−θi

rj
, pi = number of peer-reports on person i, rj = number of

reports that person j gave, θ̄ =
P

i θi

n , γ̄ =
P

j γj

g , and g = the number of people who made

reports. This yields full conditionals:

P (θi|γ, σ2
y , σ

2
z , σ

2
θ , µθ, yi., zi) ∼

N

[
tiσ

2
zσ

2
θ + ziσ

2
θσ

2
y/pi + µθσ

2
yσ

2
z/pi

σ2
zσ

2
θ + σ2

θσ
2
y/pi + σ2

zσ
2
y/pi

,
σ2
zσ

2
θσ

2
y/pi

σ2
zσ

2
θ + σ2

θσ
2
y/pi + σ2

zσ
2
y/pi

]

P (γj |θ, σ2
z , σ

2
γ , µγ , y.j) ∼ N

[
wjσ

2
γ + µγσ

2
y/rj

σ2
γ + σ2

y/rj
,
σ2
γσ

2
y/rj

σ2
γ + σ2

y/rj

]

P (µθ|φ, θ̄, σ2
θ) ∼ N

[
θ̄φ

φ+ σ2
θ/n

,
φσ2

θ/n

φ+ σ2
θ/n

]
P (µγ |φ, γ̄, σ2

γ , ) ∼ N

[
γ̄φ

φ+ σ2
γ/g

,
φσ2

γ/g

φ+ σ2
γ/g

]

P (σ2
z |θ,y,γ) ∼ Inv-Gam

a+ e/2,

(
1
s

+
1
2

∑
i

(yi,j − θi − γj)2
)−1


P (σ2

θ |θ, z) ∼ Inv-Gam

a+ n/2,

(
1
s

+
1
2

∑
i

(θi − µθ)2
)−1


P (σ2

γ |γ, z) ∼ Inv-Gam

a+ g/2,

1
s

+
1
2

∑
j

(γj − µγ)2

−1 .
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2.6.2 Model Specification and Full Conditionals for Normal Data Bayesian

Peer Calibration with Covariates

Here, we specify θi and γj as being Normally distributed with means and variances Xiβθ, σ
2
β

and Xjαγ , σ
2
α respectively. Assuming diffuse prior distributions such that: P(βθ, σ2

β) ∝

σ−2
β ,P(αγ , σ2

α) ∝ σ−2
α ,P(σ2

y) ∼ Inv-Gam(a, s), and P(σ2
z) ∼ Inv-Gam(a, s) we get the fol-

lowing full conditionals:

P (γj |θ, σ2
z , σ

2
α, y.j , αγ , Xj) ∼ N

[
wjσ

2
α +Xjαγσ

2
y/rj

σ2
α + σ2

y/rj
,
σ2
ασ

2
y/rj

σ2
α + σ2

y/rj

]
P (θi|γ, σ2

z , σ
2
y , σ

2
β, βθ, yi., zi, Xi) ∼

N

[
tiσ

2
zσ

2
β + ziσ

2
βσ

2
y/pi +Xiβθσ

2
zσ

2
y/pi

σ2
zσ

2
β + σ2

βσ
2
y/pi + σ2

zτ
2
y /pi

,
σ2
zσ

2
βσ

2
y/pi

σ2
zσ

2
β + σ2

βσ
2
y/pi + σ2

zσ
2
y/pi

]
P (βθ|θ, σ2

β,X) ∼ MVN
[
β̂θ, (X ′X)−1σ2

β

]
P (αγ |γ, σ2

α,X) ∼ MVN
[
α̂γ , (X ′X)−1σ2

γ

]
P (σ2

z |θ, z) ∼ Inv-Gam

a+ n/2,

(
1
s

+
1
2

∑
i

(zi − θi)2
)−1


P (σ2

y |θ,y,γ) ∼ Inv-Gam

a+ e/2,

(
1
s

+
1
2

∑
i

(yi,j − θi − γj)2
)−1


P (σ2

β|θ,X) ∼ Inv-χ2
[
n− k, s2β

]
P (σ2

α|γ,X) ∼ Inv− χ2
[
g − k, s2α

]
,

where β̂θ = (X ′X)−1X ′θ, α̂γ = (X ′X)−1X ′γ, k is the number of parameters used in the

model, s2β = 1
n−k (θ −Xβ̂θ)′(θ −Xβ̂θ), and s2α = 1

g−k (γ −Xα̂γ)′(γ −Xα̂γ).

2.6.3 Model Specification and Full Conditionals for Bayesian Peer Cali-

bration with Bernoulli data

We assume that θ and γ are independent and Bernoulli distributed, that the self-reports are

on average error-free, and that the peer-reports are subject to an exponential systematic

discrepancy given by γj such that: zi ∼ Bern(θi) and yij ∼ Bern(θγj

i ). Further, θi ∼
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Beta(a, b) and γj ∼ Gam(c, d). We specify diffuse Gamma priors for a, b, c, d with shape

and rate parameters ω and ψ. This results in the following full conditionals:

P (θi|γ, a, b, c, d, yi., zi) ∝ θ
a+zi+

P
j:j→i γjyij−1

i (1− θi)b−zi
∏
j:j→i

(1− θ
γj

i )1−yij

P (γj |θ, a, b, c, d, y, z) ∝ γc−1
j e−dγj

∏
i:j→i

θ
γjyij

i (1− θ
γj

i )1−yij

P (a|γ,θ, z, y, b, c, d, ω, ψ) ∝ aω−1e−ψa
∏
i

θai
Beta(a, b)

P (b|γ,θ, z, y, a, c, d, ω, ψ) ∝ bω−1e−ψb
∏
i

(1− θi)b

Beta(a, b)

P (c|γ,θ, z, y, a, b, d, ω, ψ) ∝ cω−1e−ψc
∏
j

(dγj)c

Γ(c)

P (d|γ,θ, z, y, a, b, c, ω, ψ) ∼ Gam(ω +
∑
j

c, ψ +
∑
j

γj).

2.6.4 Model Specification and Full Conditionals for Bayesian Peer Cali-

bration with Covariates with Bernoulli data

We assume that θ and γ are independent and Bernoulli distributed, that the self-reports are

on average error-free, and that the peer-reports are subject to an exponential systematic

discrepancy given by γj , as with the BPC model. We specify distributions on θi and γj that

make use of covariate information: θi ∼ Beta(a, a
eXβ ), γj ∼ Gam(ωγeXα, ωγ), such that the

expected value of θi equals eXiβ

1+eXiβ . We specify diffuse Gamma priors for a, ωγ with shape

and rate parameters, and diffuse Normal priors on α, β which result in the following full

conditionals:

P (θi|γ, a, β, xi, ωγ , yi., zi) ∝ θ
a+zi+

P
j:j→i γjyij−1

i (1− θi)
a

eXiβ −zi
∏
j:j→i

(1− θ
γj

i )1−yij

P (γj |θ, a, β, ωγ , α, y, z, x) ∝ γ
ωγeX−jα−1
j e−ωγγj

∏
i:j→i

θ
γjyij

i (1− θ
γj

i )1−yij .
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2.6.5 Full Conditionals of Bayesian Peer Calibration for Count Data

P (θi|γ, θ−i, τθ, κθ, τγ , κγ , a, b) ∼ Gam(zi +
∑
j:j→i

yij + τθ, 1 +
∑
j:j→i

γj + κθ)

P (γj |θ, γ−j , τθ, κθ, τγ , κγ , a, b) ∼ Gam(
∑
i:j→i

yij + τγ ,
∑
i:j→i

θiκγ)

P (κθ|θ, γ, τθ, τγ , κγ , a, b) ∼ Gam(τθn+ b,
∑
i

θi + a)

P (κγ |θ, γ, τθ, κθ, τγ , a, b) ∼ Gam(τγne + b,
∑
j

γj + a)

P (τθ|θ, γ, κθ, τγ , κγ , a, b) ∝ τ b−1
θ e−aτθ

∏
i

(κθθi)τθ
Γ(τθ)

P (τγ |θ, γ, τθ, κθ, κγ , a, b) ∝ τ b−1
γ e−aτγ

∏
j

(κγγj)τγ
Γ(τγ)

2.6.6 Full Conditionals of Bayesian Peer Calibration with Covariates for

Count Data

P (θi|θ−i, γ, α, β, ωθ, ωγ ,X,y, z, f, g) ∼ Gam(zi + ωθe
Xiβ +

∑
j:j→i

yij , 1 + ωθ +
∑
j:j→i

γj)

P (γj |θ, γ−j, α, β, ωθ, ωγ ,X,y, zf, g) ∼ Gam(ωγeXjα +
∑
i:j→i

yij , ωγ +
∑
i:j→i

θi)

P (βk|θ, γ, α, β−k, ωθ, ωγ ,X,y, z, f, g) ∝ e−
β2

k
2σ2

∏
i

ωθ
ωθe

Xiβ
θi
ωθe

Xiβ

ΓωθeXiβ

P (αl|θ, γ, α−l, β, ωθ, ωγ ,X,y, z, f, g) ∝ e−
α2

l
2σ2

∏
j

ωγ
ωγeXiα

γj
ωγe

Xjα

ΓωγeXjα

P (ωθ|θ, γ, α, β, ωγ ,X,y, z, f, g) ∝ ωθ
f−1e−gωθ

∏
i

ωθ
ωθe

Xiβ

ΓωθeXiβ
θi
ωθe

Xiβ
e−ωθθi

P (ωγ |θ, γ, α, β, ωθ,X,y, z, f, g) ∝ ωγ
f−1e−gωγ

∏
j

ωγ
ωγe

Xjα

ΓωγeXjα
γj
ωγe

Xjα

e−ωγγj
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CHAPTER 3

FIXED CHOICE DESIGN AND AUGMENTED FIXED CHOICE DESIGN

FOR NETWORK DATA

3.1 Introduction

The statistical analysis of social networks is increasingly used to understand social processes

and patterns (Knoke and Yang, 2008). Of particular interest to sociologists, psychologists,

and public health researchers is the association between social relationships and individual

behaviors. When analyzing a network, there is often the possibility that nominations are

missing, that individuals in the population are missing, or potentially both are missing

(Kossinets, 2006). Earlier work has focused on missingness that is induced by nonresponse

(Robins et al., 2004; Costenbader and Valente, 2003; Huisman and Steglich, 2008; Gile

and Handcock, 2006). Due to the complex dependence structure inherent in networks,

missing data can pose very difficult problems (Holland and Leinhardt, 1973; Marsden, 1990;

Kossinets, 2006). For example, it is unclear how to handle missingness when analyzing the

network for peer effects on behavior.

Some missingness is a result of study design. Several recent studies on networks in

school settings make use of the fixed choice design (FCD), which may induce missing edges.

In FCD, the number of possible nominations that each person in the network can make

is capped at a maximum, m, inducing missing nominations (Kossinets, 2006; Holland and

Leinhardt, 1973; Yan and Gregory, 2011). For example, studies have variously restricted the

number of friends in a classroom to 4 when studying depression (Witvliet et al., 2010), the

number of best friends to 5 when studying smoking (Mercken et al., 2010), another study

on infectious disease transmission on social networks allowed participants to name up to 6
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within class contacts and up to 4 outside of class contacts (Conlan et al., 2010), whereas

the National Longitudinal Study of Adolescent Health (Add Health) allowed participants

to nominate and rank up to 5 boys and 5 girls as friends (Resnick et al., 1997; Goodreau,

2007).

Holland and Leinhardt (1973) first introduced the problem of missing ties due to the

FCD (also called limited choice design and right-censoring of degree). Kossinets (2006)

went on to show how the FCD can lead to biases in estimates of structural measures of the

network.

Hoff et al. (2012) has developed a likelihood based approach for fixed rank network

data (where there is a maximum number of nominations that could be made, and those

nominations are ranked) as well as for FCD, and then used these likelihoods in Bayesian

estimation of latent variables which are assumed to govern the nominations and their ranks.

Here we are concerned with FCD and suggest a novel approach that can improve infer-

ence: that the number of nominations that would have been made had there not been a

fixed choice design is collected in addition to the regular FCD data. We develop a method

that accounts for the missingness resulting from FCD, given the number of nominations that

would have been made, and show how different cut-offs affect parameter estimation using

a dyad-independent exponential random graph model. Biases resulting from missingness in

the FCD can be alleviated by incorporating information on the number of nominations that

would have been made had there been no maximum number of nominations imposed by the

study survey. In Section 3.2 we introduce novel methods for accounting for the fixed choice

censoring and introduce a new survey design. In Section 3.3 we present simulation studies

wherein we demonstrate our methods for handling fixed choice data and compare the effects

of different cut-offs on parameter estimation. In Section 3.4 we demonstrate our method

in an analysis of a network of undergraduates living in a residence hall. A discussion is

presented in Section 3.5.
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3.2 Parameter Estimation

In this section we develop a method that accounts for missingness resulting from imposing a

maximum number of nominations that a network survey respondent can endorse. First we

assume that the number of nominations that would have been made is known and call this

an augmented fixed choice design (AFCD). We next consider the FCD setting where the

number of nominations that would have been made had there been censored and unknown.

In each of these cases we consider a network of n individuals, represented by an n × n

sociomatrix Y , where Yij = 1 if i nominates j, and Yii = 0 for all i. Note that Yij = 1 does

not imply that Yji = 1, meaning that these relationships may be unreciprocated. Hence,

each individual’s nominations are represented by a 1× n vector:

Yi = (Yi1, Yi2, . . . , Yin),

with Yii = 0 with probability 1. For individual i, let

Vi = (Vi1, Vi2, . . . , Viq)

denote a 1 × q vector of covariates. For all i, j pairs where i 6= j, we also have the 1 × q

vector

Dij = (|Vi1 − Vj1|, |Vi2 − Vj2|, . . . , |Viq − Vjq|),

which represents the differences of a covariate of interest V . For all pairs i, j, we have the

1× (2q + 1) vector Xij = (1, Vi, Dij), and define the (n− 1)× (2q + 1) matrix



Xi1

Xi2

...

Xiq


=



1 Vi Di1

1 Vi Di2

...
...

...

1 Vi Diq


.

. All probabilities are conditional on covariates x and parameters β. These are suppressed

33



in the notation. Y = (Yij) are independent Bernoulli random variables with P(Yij = 1) =

πij = πij(x, β). Later we will specialize to a logistic regression formulation for πij .

When Y is fully observed we can infer associations between the presence or absence of

directed relationships and the covariates of interest x. However, in the FCD setting we can

only observe a fixed number of nominations m for each individual. In the AFCD setting

we also observe Ni =
∑

j:j 6=i Yij , the number of nominations that would have been made

by person i if m = n. W = (Wij) is a randomly censored version of Y , meaning that W is

created from Y by switching some of the ones in Y to zeros. Hence W ≤ Y (meaning each

Wij ≤ Yij). Then censoring is done so that

• rows of Y are censored independently

• if Ni(Y ) ≤ m, there is no censoring and Wi = Yi

• if Ni(Y ) > m, then a subset of the ones in Yi is observed in Wi.

We assume that for person i given that Ni > m each of the Ni relationships have an

equal probability m/Ni of being observed. Using this structure we first derive the observed

data likelihood for the AFCD, and next the observed data likelihood for the FCD.

3.2.1 AFCD Observed Data Likelihood

When deriving the likelihood of the observed data, it may be helpful to consider the data

for one row at a time of the sociomatrix Y. While we do not fully observe Y, we do observe

w and Ni, i ∈ 1, 2, . . . , n. As such, we are interested in maximizing

L(β;w,x,N) =
∏
i

pi(w;x,N, β) =
∏
i

∑
y

pi(w;y)pi(y;x, β)

where pi(w;x,N, β) is the probability that the ith row of the random matrix W is equal

to wi given covariates x, and Ni, pi(w;y) is the probability that Wi = wi given Yi = yi,

and pi(y;x, β) is the probability that Yi = yi given covariates x and parameters β.

Under the AFCD censoring mechanism, we have:
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pi(w;y,N) =


1 wi = yi, Ni ≤ m(
Ni
m

)−1
wij ≤ yij , Ni > m,

∑
j wij = m

0 otherwise.

When Ni ≤ m, the AFCD sampling scheme implies wi = yi with probability 1. In other

words, if an individual i nominates less than or equal to the maximum number of possible

nominations m, then we fully observe yi. If Ni > m, the AFCD sampling scheme and

the assumption that each nomination made by person i has an equal probability of being

observed gives rise to the probability of observing wi as
(
Ni
m

)−1
since there are

(
Ni
m

)
ways

to for the AFCD censoring mechanism to produce the observed data wi such that it is

consistent with yi. In other words, there are
(
Ni
m

)
ways to choose which m nominations of

the Ni that will be observed in wi. Therefore we have

L(β;w,x,N) ∝
∏
i

pi(w;x, β,N)

where

pi(w;x, β,N) =


∏
j π

wij

ij (1− πij)(1−wij) ;Ni ≤ m∏
j π

wij

ij

(
Ni
m

)−1
P (
∑

j 6=i Yij(1− wij) = Ni −m;xi, β) ;Ni > m,
∑

j wij = m

.

Here pi(w;x, β,N) = π
wij

ij (1 − πij)(1−wij) when Ni ≤ m because when Ni ≤ m, we fully

observe the row i. When Ni > m there are m edges that are observed, Ni −m edges that

are censored, and n−Ni − 1 non-edges that are censored.

Because there are
(
n−m−1
Ni−m

)
ways to obtain the equality

∑
j 6=iYij(1 − wij) = Ni − m,

calculating P (
∑

j 6=iYij(1 − wij) = Ni − m) may seem computationally infeasible. How-

ever, this probability can be calculated rather quickly as a convolution of independent

non-identical Bernoulli variables. First, relabel the covariate values for unobserved xi as

zi1, zi2, . . . , zi(n−m−1), and relabel the unobserved values for Yi as vi1, vi2, . . . , vi,(n−m−1). Let

S(k, l, i) = P (
∑k

h=0 vih = l), where S(0, l, i) = 0 for all l > 0 and S(0, 1, i) = 1 otherwise.

Therefore P (
∑

j 6=iYij(1−rij) = Ni−m;β, x) = S(n−m−1, Ni−m, i). Having relabeled the
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missing values, we proceed by assigning S(k, l, i) = S(k−1, l−1, i)πik+S(k−1, l, i)(πik−1)

for k ∈ (1, ..n−m−1) and for l ∈ 1, . . . Ni−m, first starting with k = 1, and cycling through

l ∈ 0, . . . Ni −m for each k. Here πik = ezikβ

1+ezikβ .

To estimate the β parameters we maximize the above likelihood using Nelder and Mead’s

simplex method, which is available in the R function optim (Nelder and Mead, 1965; Team,

2012).

3.2.2 FCD Likelihood

We next consider the FCD where Ni is unknown, though the maximum number of possi-

ble nominations m is known. As with the AFCD, it is helpful to consider the likelihood

contribution for one individual at a time. Here the likelihood is

L(β;w,x) =
∏
i

pi(w;x, β) =
∏
i

∑
y

pi(w;y)pi(y;x, β).

Under the FCD censoring mechanism, we have:

pi(wy) =


1 wi = yi,

∑
j yij < m(P

j yij
m

)−1
;
∑

j yij ≥
∑

j wij = m,

0 otherwise.

Therefore we have:

L(β;w,x) ∝
∏
i

pi(w;x, β)

where

pi(wx, β) =



∏
j π

wij

ij (1− πij)(1−wij) ;m >
∑

j 6=iwij∏
j π

wij

ij

∑n−m−1
k=0

[(
m+k
m

)−1
Pi(
∑

j 6=i Yij(1− wij) = k)
]

m =
∑

j 6=iwij

0 otherwise

.
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The ith row of Y is fully observed when m >
∑

j 6=iwij , and we treat them as n − 1

independent Bernoulli random variables. When m =
∑

j 6=iwij , we only observe the m

edges, and since we do not have any information on how many of the missing values are

edges or non-edges, we sum over the probability that the number of edges is m+ k, where

k ∈ 0, . . . , n−m−1. Here the key difference in the likelihood for FCD as opposed to AFCD

is that with the FCD we do not know Ni, and therefore need to sum over all possible values

of Ni, where Ni ∈ {m,m+ 1, . . . , n− 1}. With AFCD it is unnecessary to sum over all

possible values of Ni.

Proceeding in a similar fashion to the AFCD, we perform a convolution of independent

non-identical Bernoulli variables in order to calculate the likelihood function, and find the

maximum likelihood estimates using the simplex optimization method.

3.2.3 Variance Estimation

The variance estimation for β̂ is non-trivial. Simply using the observed information will not

incorporate the uncertainty of the censored values. In order to quantify the variance of the

maximum likelihood estimates of the β parameters, we describe a parametric bootstrap by

following these steps. Let B deonte the number of bootstrap samples.

1. Maximize the appropriate likelihood as described above to produce β̂.

2. Using β̂ and the same x covariates as observed in the data and, generate sociomatrix

Y b, b ∈ 1, 2, . . . B.

3. Randomly delete the observations in rows of Y b as described above to generate wb.

4. Maximize the appropriate likelihood using wb, Ni∀i (in the case of the AFCD), and

x as the observed data, to get β̂b

5. Repeat steps 2-4 B times to generate a distribution of β̂b which can be used to get

bootstrapped standard errors and confidence intervals, using a Normal approximation.

37



3.3 Simulation Studies

3.3.1 Simulation Design

In order to contrast the AFCD, FCD, and a naive analysis (where we assume that all

unobserved values of w are non-edges), we performed a simulation study.

For a simulated population of n, we first generated a continuous covariate V for all

n members of the simulated population, which stays fixed for all simulations. In keeping

with the previously defined notation, we next generated directed edges between members

of the network such that the probability that individual i has a directed relationship with

individual j, denoted by Yij = 1, is independent given x:

Logit(P (Yij = 1);β,x) = xijβ

where

Xi =



1 Vi |Vi − V1|

1 Vi |Vi − V2|
...

...
...

1 Vi |Vi − Vn|


and β is a 3 × 1 vector. We next simulate the censoring processes of the AFCD and the

FCD for maximum number of nominations m ∈ {0, 2, 4, 6, 8}. Under the AFCD, in row i,

given Ni and m, when Ni > m, Ni−m edges are censored, where each of the Ni edges have

an equal probability of being censored. Moreover, all non-edges are censored. This gives

us the observed AFCD data wAFCD. For the FCD, for a maximum m in each row where

Ni ≥ m, Ni−m edges are censored, and all non-edges are censored, to give us the observed

FCD data wFCD.

We then obtain maximum likelihood estimators under the AFCD and FCD with varying

m values. We also carry out the naive analysis by carrying out logistic regression on the
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full data y, and on the wFCD data where we treat all censored values as zero, which is the

current practice for analyzing FCD.

3.3.2 Simulation Results

The distribution of the covariate value V is displayed in Figure 3.1. We generated the

network using β0 = 2, β1 = −0.1, β2 = −0.05. These V and β values were chosen to create

a distribution of Ni that are similar to the network which we analyze in Section 3.4. We

choose a population size of n = 50 to allow for computational speed. We simulated 200

different networks using these covariate and β values. The distribution of Ni for all 200

simulations is plotted in Figure 3.2, where green bars indicate m values used to censor the

simulated data according to FCD and AFCD censoring schemes. Boxplots of the estimated

β’s are displayed in Figures 3.3, 3.4, and 3.5, where the red horizontal line represents the

value that was used to generate the simulated networks. We present the MSE, empirical

bias, and SEs of the estimated β’s are in Tables 3.1a, 3.1b and 3.1c.

For a given maximumm, the AFCD maximum likelihood estimates tended to outperform

the FCD and naive analyses in terms of both bias and variance. In fact, having an AFCD

with m = 0 could be a better choice than a FCD where m > 0. For the β0 parameter,

having an AFCD with m = 0 had a lower MSE than FCD with m = 6, and a naive analysis

with m = 8. For the β1 parameter, having an AFCD with m = 0 outperformed a FCD

with m = 2, and a naive analysis with m = 6 in terms of MSE. However, for higher values

of m, the relative improvement in MSE for AFCD over FCD tended to diminish, and when

the full data is observed the AFCD, FCD and naive analyses necessarily produce the same

estimates.

3.4 Analysis of UrWeb Study

We next apply the method to the UrWeb dataset, in which data were collected from residents

of a freshman dormitory (Barnett et al., 2013). Each participant is 18 years old or older
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Figure 3.1: Distribution of V Covariate Used to Generate Simulated Networks
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Figure 3.2: Distribution of the Actual Number of Nominations Made from 200 Simulations.
The green bars denote values of m used to impose AFCD and FCD censoring in 200 different
simulations.

Table 3.1: Mean Squared Error, Empirical Bias, and Standard Deviation of Estimated β0

from 200 Simulations
Maximum MSE ×102 |Bias| × 10 SD×10

AFCD FCD Naive AFCD FCD Naive AFCD FCD Naive
0 12.60 — — 1.41 — — 3.26 — —
2 8.49 90.12 903.99 0.16 1.02 29.98 2.92 9.46 2.30
4 6.56 34.79 404.52 0.03 1.61 20.02 2.57 5.69 1.89
6 5.53 12.95 172.43 0.06 0.83 13.01 2.36 3.51 1.79
8 4.85 8.03 62.28 0.11 0.47 7.70 2.20 2.80 1.74

Full 3.68 3.68 3.68 0.03 0.03 0.03 1.92 1.92 1.92
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Figure 3.3: Boxplots of β̂0, varying maximum number of nominationsm and AFCD, FCD, or
naive analysis. The black horizontal line is the true β0 value used to generate the simulated
data.

Table 3.2: Mean Squared Error, Empirical Bias, and Standard Deviation of Estimated β1

from 200 Simulations
Maximum MSE ×105 |Bias| × 104 SD×103

AFCD FCD Naive AFCD FCD Naive AFCD FCD Naive
0 27.97 — — 46.66 — — 16.10 — —
2 9.55 52.41 153.46 5.91 51.22 384.61 9.78 22.37 7.46
4 7.52 17.98 94.14 2.21 30.16 299.70 8.69 13.10 6.59
6 6.13 9.02 49.22 1.32 15.85 213.00 7.85 9.39 6.22
8 5.25 6.96 22.11 0.39 8.09 135.78 7.26 8.32 6.07

Full 3.71 3.71 3.71 0.48 0.48 0.48 6.11 6.11 6.11
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Figure 3.4: Boxplots of β̂1, varying maximum number of nominationsm and AFCD, FCD, or
naive analysis. The black horizontal line is the true β1 value used to generate the simulated
data.

Table 3.3: Mean Squared Error, Empirical Bias, and Standard Deviation of Estimated β2

from 200 Simulations
Maximum MSE ×104 |Bias| × 103 SD×103

AFCD FCD Naive AFCD FCD Naive AFCD FCD Naive
0 73.19 — — 4.28 — — 8.57 — —
2 4.54 8.77 11.11 0.21 2.28 27.22 2.14 2.96 1.93
4 3.24 4.89 6.09 0.35 1.18 18.68 1.80 2.21 1.62
6 2.24 2.87 3.06 0.33 0.98 10.58 1.50 1.70 1.40
8 1.89 2.04 1.88 1.36 1.45 4.30 1.37 1.43 1.30

Full 1.48 1.48 1.48 0.41 0.41 0.41 1.22 1.22 1.22
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Figure 3.5: Boxplots of β̂2, varying maximum number of nominationsm and AFCD, FCD, or
naive analysis. The black horizontal line is the true β2 value used to generate the simulated
data.
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Figure 3.6: UrWeb Social Network

when the survey is administered and is asked to report the number of days in a month that

they consume alcohol. Further, participants are asked to provide demographic information,

including their age, sex, race, sexual orientation, and whether or not they intend to join

a fraternity or sorority. Additionally, each participant is asked to nominate which of the

other participants are important to them. This network is pictured in Figure 3.6. Among

the 129 participants included in the sample, 507 nominations were made; 4 participants did

not nominate alters and were not nominated.

The UrWeb data were collected under a FCD, with m = 10. In this dataset, only

one person endorsed the maximum number of nominations, which suggests that there is

little design-induced missingness of nominations. We will proceed to show the utility of

the methods introduced here by artificially inducing a m < 10 in the UrWeb dataset,

estimating parameters, and comparing the estimated parameters when m ∈ {0, 2, 4, 6, 8} to

the parameters estimated with logistic regression using the full dataset. We will artificially

induce m ≤ 8 by deleting edges of individuals with more than m in two different ways, first

by randomly deleting edges (as above in the simulation study), and secondly by deleting

edges with regard to the order that each individual made their nominations. Figure 3.7
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displays realizations of the UrWeb network variously imposingm equal to 2,4,6,8. Figure 3.8

displays the distribution of the number of nominations that were made by each participant

in the UrWeb study. We will proceed assuming that the UrWeb data is fully observed, and

will demonstrate how this method will work in practice, and compare the information loss

for different m values, and contrast AFCD, FCD, and naive analyses.

Here we use the number of days in a month that the subjects consume alcohol as the V

covariate in this model

Logit(P (Yij = 1)|β,xi) = β0 + β1vi + β2|vi − vj |

where Yij = 1 indicates that participant i nominated j.

Having artificially induced m ∈ {0, 2, 4, 6, 8} 200 times, we estimated β0, β1, β2 using the

AFCD, FCD, and naive methods. We present boxplots of β̂0, β̂1, β̂2 in Figures 3.9, 3.10, and

3.11. In each of these figures we denote the estimate from the fully observed UrWeb data

with a solid horizontal line, and the estimate from the full data ± the estimated standard

error with dotted horizontal lines.

When m = 0 we are only able to obtain maximum likelihood estimates for the AFCD.

Because there is only one way to impose that there is no nomination data observed, Figures

3.9, 3.10, and 3.11 present a point estimate rather than a distribution of estimates when

m = 0.

The analyses in this section differ from those in section 3.3 in a few important ways.

First, rather than simulating several networks, we are analyzing a single real network

yUrWeb, and repeatedly removing edges at random to form many different realizations of

wUrWeb. In these analyses, we do not know the true β values, and so we cannot speak to

the bias of the estimates. However, we can use these analyses to investigate information loss

due to the design induced censoring by comparing AFCD, FCD, or naive estimates when

m < 10 to estimates when we observe m = 10. For example in Figure 3.8, excluding when

m = 0 the estimates of β0 from the AFCD are all within one standard error of the estimate

when the full UrWeb data is observed (m = 10). This is in sharp contrast to the FCD and
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(a) (b)

(c) (d)

Figure 3.7: UrWeb Social Network with Simulated Censoring of Edges, m = {2, 4, 6, 8} for
a,b,c, and d respectively.
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or naive analysis in the UrWeb data set. The black horizontal line is the β̂0 value when
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naive estimates of β0 when m = 2, 4. In general, the AFCD seems to lose less information

than the FCD, which in turn looses less information than the naive analysis.

In this analysis of the UrWeb network, the AFCD produces estimates of β that are

roughly centered on the full data estimate for β. The FCD method produces estimates that

diverge from the estimate when the data is fully observed, especially when m is small. This

result in in contrast to the simulation study which showed that the FCD on average produces

approximately unbiased estimates. We postulate that there is considerable between-network

variation that could produce this phenomenon.

Next, we deleted nominations in the reverse order in which they were made by the

participants in the UrWeb study so that m ∈ (0, 2, 4, 6, 8). We estimated β using AFCD,

FCD, and naive methods. For the AFCD and FCD we calculated standard error estimates

from 500 bootstrap samples. For the naive analyses, we simply used the standard error from

a regular logistic regression model. These are presented in Figures 3.12, 3.13, and 3.14. In

each of Figures 3.12,3.13, and 3.14 we also include the middle 90% of the distributions

for the corresponding plots in Figures 3.9, 3.10, and 3.11 which allow us to compare the

results. The UrWeb study was not explicitly designed to accommodate the AFCD or FCD

design in that participants were not prompted to name a random sample of the people

who were important to them. It is possible that study participants chose their nominations

non-uniformly, for example nominating peers in the order of their importance. By deleting

nominations in reverse order, we seek to investigate whether this could impact inference.

For instance, we compare Figure 3.11 where the edges were deleted in reverse order to

Figure 3.9 where edges were deleted without regard to the order in which they were made.

The maximum likelihood estimates of β0 in Figure 3.11 are are not in the middle of the

distributions of the maximum likelihood estimates of Figure 3.9. This suggests that the

order in which nominations were made in this dataset may impact the inferences made in

these analyses, and that in order to use AFCD and FCD, nominations should be solicited

with uniform probability.
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3.5 Discussion

Collecting complete network information in a closed network may be difficult as the network

survey may impose an unreasonable amount of respondent burden. The FCD seeks to

ameliorate respondent burden by asking respondents to nominate up to m individuals in

the population that they have a particular relationship with.

In this work we demonstrate that estimating associations between behaviors and social

relationships from social network data arising from a fixed choice survey design as though

it was fully observed (as is the current standard practice) can result in severely biased

estimates. We introduce observed data likelihoods for FCD data. We demonstrated that

maximizing the observed data likelihood for the FCD improves the MSE in comparison to

estimates where the data is (falsely) assumed to be fully observed.

We also introduce the AFCD, a new network survey sampling design and method of

analysis which collects information on the total number of relationships each individual in

the network has, in addition to the data collected with the standard FCD. This innovative

study design can add considerable information to analyses without unduly burdening the

survey respondent, resulting in improvements over the FCD and naive analyses. We demon-

strate that the AFCD is superior to both the FCD and naive analyses in terms of MSE. The

improvement of the AFCD’s MSE relative to the FCD and naive analyses is particularly

pronounced when the m is small relative the number of nominations that would be endorsed

if no maximum is imposed. Unsurprisingly, for larger m, there is less variation and bias

all three estimators exhibit in simulation. However, the AFCD estimator when no specific

edge information is collected (m = 0) is an improvement over the FCD and naive analyses

when m is small. In other words, if one were to choose between an AFCD where m = 0 and

an FCD where m > 0, an AFCD where m = 0 may be preferred. This finding suggests that

there may be instances when surveys should collect information on the number of relation-

ships rather than specific nominations. While collecting all possible nominations from each

survey respondent would be optimal in terms of minimizing variance and bias, the AFCD

can provide a way to improve estimation while keeping respondent burden low.

Since the AFCD utilizes information on the number of nominations each person would
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make without censoring, the estimates of the intercepts are much better with the AFCD

than the FCD or the naive analyses. This suggests that the AFCD should be implemented

when edge prediction is a goal of the analyses.

Limitations are acknowledged. In this work we assume that nominations are randomly

censored. Violation of this assumption may lead to incorrect inference.Indeed, in this work

we find that the order in which respondents nominated their peers is related to parameter

estimation. In order to address this assumption, further research into survey methodology

for AFCD and FCD data is necessary.

The analyses and simulations we present use a dyad independent exponential random

graph model. This model does not incorporate important network characteristics including

reciprocity, transitivity, and clustering. Modeling network structural characteristics, and

allowing for complex dependencies is particularly important when the goal of the model

is to impute missing edges, or provide a realistic network model. Alternative models that

incorporate the more network characteristics and dependencies include the social relations

model (Warnter et al., 1979), the exponential random graph family of models (Frank and

Strauss, 1986; Goodreau, 2007; Robins et al., 2004), and the latent space and factor models

(Hoff et al., 2002; Hoff, 2009).

Hoff et al. (2012) presented likelihoods for fixed rank and fixed choice design data. Hoff

et al. assume that there is an underlying parametric model for the network that generates

the ranked or binary social relations data. Using a social relations model, Hoff et al.

perform estimation in the Bayesian framework. A benefit of that approach is the ability to

accommodate both ranked and binary nominations. However, that method relies upon an

underlying parametric model, requiring more stringent assumptions.
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CHAPTER 4

UNEQUAL EDGE INCLUSION PROBABILITIES IN

RESPONDENT-DRIVEN SAMPLING: IMPLICATIONS FOR INFERENCE

4.1 Introduction

4.1.1 Respondent Driven Sampling Background

Respondent Driven Sampling (RDS) is a method that has been used to estimate the pop-

ulation proportion of some binary trait. RDS has been widely adopted to estimate disease

prevalence within populations that are difficult to sample from. The RDS method is a

variant of a link-tracing procedure (Goodman, 1961; Handcock and Gile, 2011a). In link-

tracing, a number of individuals from the target population are enrolled into the study as

‘seeds’, who are then asked to recruit other people they know to be members of the target

population, who are then asked to enroll those they know to be members of the target pop-

ulation, and so on. Using the sample mean from a link-tracing sample has some inherent

flaws, including the fact that the sample mean does not account for non-equal inclusion

probabilities. Instead of simply using the mean of the outcome of interest from the sample,

RDS prevalence estimates incorporate information about how the sample was collected to

estimate the sampling probability π, which is often a function of the reported number of

associates each person has in the population, i.e. their degree. In practice, RDS diverges

from its theoretical basis in that nodes (and therefore edges) are sampled without replace-

ment and RDS is a branching process (each person may refer more than one other person

into the sample). Despite this, much of the current theory underlying RDS methodology

assumes that the RDS sampling procedure is with-replacement and non-branching.
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4.1.2 Network Terminology

Networks are used to represent systems of inter-related entities. In social networks, people

(or groups of people) are represented by nodes, and their inter-relationships are represented

by edges. Frank (1977) presented an overview of network concepts, which we summarize

here. Edges may be either directed, which implies that the relationship has the potential

to not be reciprocated, or undirected in which every relationship is reciprocated. An edge

is said to be incident to the two nodes that share a relationship. The degree for each node

is equal to the number of edges incident to the node. A walk on an undirected network

consists of an ordered series of edges where consecutive edges are incident with a common

node. When a walk originating at node A and ending at node B exists, then A is connected

to B even if there are no edges incident to both A and B. In this work we will focus

exclusively on undirected networks in which each node is connected to every other node in

the network, forming a single connected component.

4.1.3 Edge Inclusion Probabilities

Social networks tend to have complex structure, and are often difficult to observe in their

entirety. Frank (1981) reviewed statistical approaches to networks, including network sam-

pling. As in other settings, network sampling may either be adaptive (the sampling proce-

dure uses information from those previously included in the sample to choose subsequent

observations to sample), or non-adaptive (Thompson, 2006). Examples of adaptive net-

work sampling include snowball sampling (Goodman, 1961; Handcock and Gile, 2011b),

Bayesian adaptive link tracing (St Clair and O’Connell, 2012; Chow and Thompson, 2003),

and Respondent-Driven Sampling (Heckathorn, 1997, 2002; Salganik and Heckathorn, 2004;

Volz and Heckathorn, 2008; Gile, 2010, 2011; Gile and Handcock, 2011). In each of these

adaptive network sampling strategies, initial nodes are chosen in some fashion, and then

some subset of the nodes that are a walk of length 1 away from the sampled nodes are then

sampled, and so on until some stopping point is reached. In this way, both nodes and edges

are sampled.

Often these adaptive network sampling approaches build on the theory of random-walks
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(Lovasz, 1993), where the random walk forms a first-order Markov chain (Goel and Salganik,

2009). A random walk on a network begins when a node is randomly sampled. Next, another

node which shares an incident edge with the initial node is chosen with uniform probability

as the next step in the walk, and this procedure continues to produce a sequence of nodes

and edges which compose the random walk. Under the assumptions that 1.) the network is

undirected, 2.) nodes are selected uniformly and with replacement, 3.) the initial node is

chosen with probability proportional to degree, then the draw-wise probability of sampling

an edge is uniform.

Our purpose in this paper is to show how the deviations from the with-replacement

non-branching random walk setting result in un-equal edge sampling probabilities in RDS

samples, and introduce a new estimation approach to address the biases in prevalence es-

timation that these violations incur. We will demonstrate that edge sampling probabilities

are non-uniform when sampling of individuals is done without replacement in Section 4.2.

In Section 4.3, we will present how RDS prevalence estimators are sensitive to the violation

of this assumption. In Section 4.4, we propose a method for estimating edge inclusion prob-

abilities, and we will address limitations in current methodology by presenting a prevelence

estimator which utilizes estimated edge inclusion probabilities in Section 4.5. In Section 4.6

we compare this new RDS prevalence estimator to existing estimators through simulation

studies. In Section 4.7 we will apply this novel method to the New York Jazz dataset. In

Section 4.8 we present a brief discussion.

4.2 Unequal Inclusion Probabilities

4.2.1 Rationale for Uniform Edge Inclusion Assumption

Previous work in RDS has treated the RDS sampling procedure as a Markov Chain (Volz

and Heckathorn, 2008; Salganik and Heckathorn, 2004), where the probability that a node i

is sampled at stage x is proportional to the degree of that node, di. Next, one (or more) of

the di edges incident to node i is randomly chosen, leading to another node j to be sampled

at stage x + 1. In this way the sampling process alternately samples between nodes and

edges. Assuming that this sampling process is made with-replacement and is at stationarity,
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the probability that node i is sampled at any given time is in proportion to di, and the

probability that any edge eij is sampled at any time is equal to the probability that node i is

sampled times the probability that eij is chosen of the di possible edges connected to node i.

Therefore, the draw-wise probability of choosing any edge ekl = dk/
∑

j dj×d
−1
k = (

∑
j dj)

−1

for any nodes k, l that are connected by an edge, where
∑

j dj is equal to 2 times the number

of undirected edges in the network. Therefore, under these assumptions, the draw-wise edge

sampling probabilities are all equal.

Salganik and Heckathorn (2004) claim that while RDS is a without-replacement sampling

process, it is valid to assume equal edge inclusion probabilities since generally the sampling

proportion of RDS studies is relatively low. We will show that this claim does not hold in

many situations.

4.2.2 Simple Example of Unequal Edge Sampling Probabilities

Consider the network composed of five nodes and eight undirected edges in Figure 4.1. Using

this network as an example, we will show that random non-repeating walks may result in

non-equal edge sampling probabilities. In this example we consider walks that visit four

nodes and three edges, or walks of length three. One such walk could start at node A and

proceed to nodes B,C, and D in that order. This walk is displayed in Figure 4.2, where

the labels refer to the order in which each node is sampled. Since node A was sampled

first, node A is labeled with a zero, node B is labeled with a 1, and so on. Assuming that

the seeds are chosen with probability proportional to degree, the probability that we would

observe the random-walk sequence:{A,B,C,D} = 3/16× 1/3× 1/2× 1/2 = 1/64.

By enumerating each possible random-walk sequence and finding their corresponding

probabilities, we can also find the probability of sampling the edges and nodes. The edge

sampling probabilities for this simple network are displayed in Table 4.1. Since we find

for example that the edge sampling probability of AC does not equal the edge sampling

probability of edge CA we have enumerated all directed edges.

Table 4.1 shows that the edges that are incident to node C, which has the highest degree

in the network, have a lower probability of being sampled.
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Table 4.1: Edge Inclusion Probabilities for Random-Walks on Network in Figure 4.1
Edge P(sampled first) P(sampled second) P(sampled third) Total Sampling Probability
A,B 0.06250 0.06250 0.078125 0.203125
A,C 0.06250 0.06250 0.031250 0.156250
A,D 0.06250 0.06250 0.078125 0.203125
B,A 0.06250 0.06250 0.078125 0.203125
B,C 0.06250 0.06250 0.031250 0.156250
B,E 0.06250 0.06250 0.078125 0.203125
C,A 0.06250 0.06250 0.062500 0.187500
C,B 0.06250 0.06250 0.062500 0.187500
C,D 0.06250 0.06250 0.062500 0.187500
C,E 0.06250 0.06250 0.062500 0.187500
D,A 0.06250 0.06250 0.078125 0.203125
D,C 0.06250 0.06250 0.031250 0.156250
D,E 0.06250 0.06250 0.078125 0.203125
E,B 0.06250 0.06250 0.078125 0.203125
E,C 0.06250 0.06250 0.031250 0.156250
E,D 0.06250 0.06250 0.078125 0.203125
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4.2.3 Simulated Edge Sampling Probabilities

In the example with the simple network (Figure 4.1), we showed that edges incident to

low-degree nodes have a higher probability of being sampled when a random-walk is made

without replacement on that particular network. To demonstrate that this phenomenon is

not specific to that one simple network, we performed simulations of non-repeating random

walks on undirected networks with 50 nodes. The simulations proceeded as follows:

1. Generate an undirected Bernoulli network where each node pair i, j has a 40% chance

of sharing an incident edge if i 6= j

2. Keep track of the number of edges in the network and their incident degrees

3. Choose a node in proportion to degree to start the random walk on the network

generated in the previous step

4. With uniform probability, choose an edge from that node that does not go to any

previous sampled nodes

5. Repeat steps 2 and 3 until 20 nodes (and 19 edges) have been sampled

6. Keep track of edges that were sampled and their incident degrees

Using the above simulation scheme, we simulated 150,000 networks and took one without-

replacement random walk of length 19 on each simulated network. In Figure 4.3 we present

the distribution of edge sampling probabilities for edges by incident degree, for incident

degree pairs that were observed at least 10,000 times. In the left panel of Figure 4.3, we can

see that edges with low-degree incident nodes have a higher probability of being sampled,

while edges with higher-degree incident nodes have a lower probability of being sampled.

Indeed, it seems that some edges are twice as likely to be sampled than other edges, and

that this variation in edge-sampling probability is associated with the degree of the nodes

incident to the edges.
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Figure 4.3: Edge Sampling Probabilities for Non-Repeating Random Walk of Length 20 on
a Bernoulli Networks with 50 nodes

4.2.4 Developing Intuition for Unequal Sampling Probabilities

The distribution of edge sampling probabilities are a function of the overall structure of the

network (including the degree distribution of the nodes), and the self-avoiding quality of

a without-replacement random-walk. As we are unable to observe the overall structure of

the network, we will focus exclusively on the effect of the degree distributions on sampling

probabilities, and will leave the related subject of the overall structure of the network as an

area for future research.

Edges that are incident to high-degree nodes tend to have a lower sampling probability

than nodes incident to low-degree nodes. Though this might be counterintuitive at first,

since nodes with higher degree have a higher probability of being sampled, intuition may be

gained by examining two extreme cases. First consider a non-repeating walk on a network

with n nodes of length n− 1. Here n− 1 edges have been traversed in the walk, and each

node has the same probability of being sampled. In this extreme situation, edges that are

incident to nodes with degree 2 have a probability of being sampled equal to one, edges
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incident to nodes with degree 3 will have an average probability of 2/3 of being sampled, and

edges incident to nodes with degree 50 have an average probability 2/50 of being sampled

and so on, given that those nodes are not the first or last node in the walk. Now consider

a random walk of length 1 where the seed is chosen in proportion to degree, with higher

degree nodes having a higher probability of being sampled as the seed. The probability of

sampling any given edge is equal to the probability that the node incident to that edge is

sampled, times the probability that that edge is chosen given their incident node is sampled.

Considering this, when there is a non-repeating random-walk of length 1, all edges have an

equal probability of being sampled.

Most non-repeating random walks will lie somewhere between the two extremes de-

scribed above. In general, when a low proportion of nodes are sampled, we will be closer to

the extreme where each edge has equal inclusion probabilities, and when a large proportion

of nodes are sampled, we will be closer to the extreme where the probability of sampling

an edge is highly dependent on the incident degrees of that edge.

4.3 Implications of Unequal Edge Sampling Probabilities

The premise of uniform edge sampling probability underlies many different facets of esti-

mation and diagnostic assessments of RDS. In this section we will first introduce the most

commonly implemented RDS prevalence estimators, then explore how falsely assuming uni-

form edge sampling probabilities can bias RDS estimators of prevalence, with a particular

focus on the Salganik-Heckathorn (SH) estimator (Salganik and Heckathorn, 2004).

4.3.1 RDS prevalence estimators

Several RDS prevalence estimators have been proposed and implemented (Heckathorn, 1997,

2002; Salganik and Heckathorn, 2004; Volz and Heckathorn, 2008; Gile, 2011; Gile and Hand-

cock, 2011), and it has been demonstrated that no one estimator is the superior estimator

(Tomas and Gile, 2011). Here we will provide a brief review of the three most commonly

implemented estimators: the Volz-Heckathorn estimator (VH), the successive sampling es-

timator (SS), and the SH. The VH and SS estimators estimate the probability of observing
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individuals based on their degree, and use this probability to perform inverse-probability

weighting. The SH estimator relies on the assumption that each edge has an equal prob-

ability of being included in the sample, and leverages edge-wise information to estimate

prevalence.

One such RDS prevalence estimator was put forth by Volz and Heckathorn (Volz and

Heckathorn, 2008). For each person that is included in the sample, the indicator of having

a particular characteristic (such as being HIV positive), zi (zi=1 indicating that person i is

HIV positive, zi=0 indicating otherwise), and the degree, di is ascertained. The numerator

of this estimator sums over all zi (where i ∈ 1 . . . n are included in the sample), weighted by

the probability of sample inclusion which is assumed to be proportional to their degree di.

Ideally, we would divide this sum by the number of individuals in the population, however

this quantity is unknown and is estimated by the sum of the inverse of the degrees for

all those included in the study, which is drawn from the generalized Horvitz-Thompson

estimator (Thompson, 2002) ratio estimator:

µ̂V H =

∑n
i=1

zi
di∑n

i=1
1
di

.

While VH performs well in many settings it is subject to bias when there is differential

recruitment (individuals passing along coupons do so with a preference for certain groups),

differential recruitment effectiveness (individuals passing coupons in one group are more

likely to disperse all their coupons than individuals in the other group), and differential

activity (individuals in one group tend to have a higher degree than individuals in the other

group) in the presence of a large sample fraction(Tomas and Gile, 2011). Further the VH

estimator is prone to be affected by large sampling proportions.

The SS is in a very similar form to the VH estimator, though the VH estimator assumes

that sampling probabilities are proportional to degree, the SS estimator models these prob-

abilities as a without replacement process (Gile, 2011). The SS estimator addresses many

of the short-comings of the VH estimator (Gile, 2011), in that it is not subject to bias when

there are large sampling proportions, and that it has lower bias induced by differential ac-

tivity, though it is still subject to bias resulting from differential recruitment effectiveness.
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Here we see that the formula for the SS estimator,

µ̂SS =

∑n
i=1

zi
π̂(di)∑n

i=1
1

π̂(di)

,

differs from the formula for the VH estimator as the estimated sampling probability is

a function of the degree, rather than directly proportional to degree.

Salganik and Heckathorn (2004) developed a RDS design-based estimator of prevalence.

In contrast to the VH and SS estimators, the SH estimator uses information on the number

of between group ties in an RDS sample, rather than the number of nodes from the group of

interest. While we assume that the underlying network is undirected, in the RDS sample we

observe directed edges. For instance, consider the case where we are interested estimating

the proportion of a networked-populations that is HIV positive P(+), and we know T(−+) is

the number of ties that go from an HIV negative person to someone who is HIV positive,

and T(+−) is the number of ties that go from an HIV positive person to an HIV negative

person. Since we assume the network is undirected the total number of ties from someone

who is HIV negative to someone HIV positive must equal the total number of ties from

someone HIV positive to someone HIV negative. Therefore, if T(+−) = a × T(−+) then

there must be a times as many people who are HIV negative than HIV positive. Using this

equality, we can use the number of cross-ties from each group to find the prevalence:

P(+) =
T(−+)

T(−+) + T(+−)
.

By symmetry we also have that:

P(−) =
T(+−)

T(−+) + T(+−)
.

Next we substitute D(−) × C(−+) for T(−+) and D(+) × C(+−) for T(+−) where D(−) is

the average degree for those who are HIV negative and C(−+) is the number of cross-group

ties divided by the total number of ties incident to someone who is HIV negative:

P(+) =
D(−) × C(−+)

D(−) × C(−+) +D(+) × C(+−)
.
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In Figure 4.4 we display a simple network where 3 nodes represent HIV positive people

and 2 nodes represent HIV negative people. In the figure the cross-group edges are repre-

sented by dashed lines, and the within-group edges are represented by solid lines. In this

example, D(+) = 10/3, D(−) = 3, C(+−) = 4/10, and C(−+) = 4/6. Using these values in

the above formula, we find that

P(+) =
34

6

34
6 + 10

3
4
10

= 0.60

P(−) =
10
3

4
10

10
3

4
10 + 34

6

= 0.40.

However, if we knew the entire network structure and the HIV status of each member

of the population, we wouldn’t need to perform RDS. Salganik and Heckathorn (2004)’s

method involves performing RDS, while keeping track of the between and within group

referrals and the degree for each participant sampled. They estimate:

Ĉ(+−) =
r(+−)

r(+−) + r(++)

Ĉ(−+) =
r(−+)

r(−+) + r(−−)
,

where r(+−) is the number of referrals from someone who is HIV positive to someone

who is HIV negative, r(++) is the number of referrals from someone who is HIV positive to

another person who is HIV positive, and so on. Further, D(+) and D(−) are also unknown

and need to be estimated in order to compute prevalence estimates. Like the VH estimator,

the SH estimator makes use of the generalized Horvitz-Thompson estimator (Thompson,

2002), but rather than estimating the prevalence, the SH estimator uses the generalized

Horvitz-Thompson estimator to estimate the average degree for the positive and negative

groups:

D̂(+) =
∑n

i=1 zi∑n
i=1

1
dizi
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D̂(−) =
∑n

i=1(1− zi)∑n
i=1

1
di(1−zi)

P̂(+) =
D̂(−) × Ĉ(−+)

D̂(−) × Ĉ(−+) + D̂(+) × Ĉ(+−)

P̂(−) =
D̂(+) × Ĉ(+−)

D̂(+) × Ĉ(+−) + D̂(−) × Ĉ(−+)

.

The SH estimator out performs other estimators in certain situations, particularly when

there is differential recruitment effectiveness (Tomas and Gile, 2011). However, the SH

estimator has been noted to perform poorly in the presence of differential activity (when

infected individuals have different average degree than non-infected individuals), and when

there is a large sample fraction.

4.3.2 Implication for Inference on Nodal Characteristics: Salganik-Heckathorn

Estimator

Though the SH estimator is approximately unbiased under the condition of a non-branching

random-walk with replacement, when each edge has an equal probability of being sampled,

Ĉ(+−) is not unbiased for C(+−) and Ĉ(−+) is not unbiased for C(−+) when we are sampling

without replacement, as we are in RDS. The bias of these estimates will be most pronounced

when there are large differences in the average degree for those who are HIV positive and

those who are HIV negative. For instance, Ĉ(+−) will tend to be an overestimate when

those who are HIV negative have a lower degree than those who are HIV positive. Taking

this to the logical conclusion, when Ĉ(+−) is an overestimate of C(+−), and when Ĉ(−+)

is an underestimate of C(−+), P̂(+) will tend to be an underestimate. Referring to the

probabilities of the ordered edges in Table 4.1 and the network depicted in Figure 4.4, we

can illustrate this phenomenon by calculating the SH estimate of HIV prevalence for this

network, using the full network data. First considering C(+−):

Ĉ(+−) =
n(+−) × F(+−)

n(+−) × F(+−) + n(++) × F(++)
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+ −

+

+ −

Figure 4.4: Example of Salganik Heckathorn Prevalence Estimation on a Simple Network

Where n(++) is the number of directed edges that begin and end with an HIV positive

person in the whole population, n(+−) is the number of directed edges that begin with

someone who is HIV positive and end with someone who is HIV negative, F(+−) equals

the average probability of observing an edge that originates with someone who is HIV

positive and ends with someone who is HIV negative, and F(++) equals the average prob-

ability of observing an edge that originates and ends with someone who is HIV positive.

The set of edges that originate with an HIV positive person and end with an HIV nega-

tive person is {(A,B), (C,B), (C,E), (D,E)} and have an average sampling probability of

0.1953125. The set of edges that originate and end with someone who is HIV positive is

{(A,C), (C,A), (A,D), (D,A), (C,D), (D,C)} and has an average sampling probability of

0.1822917. In order to find the value of Ĉ(+−) we plug in the above values:

Ĉ(+−) =
4× .1953125

4× .1953125 + 6× .1822917
= 0.416667,

whereas C(+−) = 0.40. In a similar fashion, we would find Ĉ(−+) ≈ 0.6388889 when

C(−+) = 2
3 ≈ 0.666667. Assuming that we know D(+), D(−) we find that:

P̂(+) =
3× 0.6388889

3× 0.6388889 + 10
3 × 0.416667

= 0.369863 6= P(+) = 0.40.

This illustrates that the SH estimator may produce biased results even in the simplest

network setting.
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Table 4.2: Simulated RDS With and Without Replacement
MSE ×103 |Bias| ×103 SE×105

Estimator w/ R w/o R w/ R w/o R w/R w/o R
CAB 7.22 6.93 7.86 17.34 15.49 14.86
CBA 0.41 0.53 0.44 11.94 3.71 3.60
DA 1217.68 945.08 44.10 16.75 201.31 177.46
DB 383.20 283.51 3.68 150.08 113.31 93.27
SH 2.52 3.01 2.24 29.25 9.16 8.48

Table 4.3: Simulated RDS With and Without Replacement

4.3.3 Simulation Study on Effect of Without-Replacement Sampling on

SH Estimator

In order to further demonstrate the bias that is incurred in the SH prevalence estimator,

we simulated a network on 1000 nodes, where 300 nodes belong to group A, and 700

nodes belong to group B. We generated an edge between nodes both in group A with

probability with a probability of 0.02, edges between nodes in different group were generated

with a probability of 0.03, and edges between nodes both in group B were generated with

probability 0.12. Using these edge probabilities induces differential activity.

Next we simulated RDS on this network, starting with 2 seeds, and allowing each node

to refer to two other nodes, until the sample size reached 250. We repeated this procedure

300,000 times. For each of the 300,000 simulations, we kept track of which nodes were sam-

pled, which edges were sampled, and calculated the SH prevalence estimates. We repeated

these simulations with the key difference that we allowed for visiting the same node more

than once, in other words, we allowed RDS to proceed with-replacement.

In Figure 4.5 and Table 4.2 we compare P̂(A), Ĉ(AB), Ĉ(BA), D̂(A), D̂(B), from the RDS

simulations with and without replacement. In the first row of Figure 4.5, we see that that

Ĉ(AB) and Ĉ(BA) are less biased for C(AB) and C(BA) when sampling is with replacement as

compared to when sampling is with replacement, which is confirmed in Table 4.2. Looking

at Table 4.2, we see that the standard errors for Ĉ(AB) and Ĉ(BA) are larger when sampling

is with replacement as opposed to without replacement, which we would expect since the

without replacement process involves sampling more of the network.
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With Replacement Without Replacement
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Figure 4.5: Boxplots of Ĉ(AB), Ĉ(BA), D̂(A), D̂(B), P̂(A) when sampling is with replacement
and without replacement.
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Figure 4.6: Edge Sampling Densities on the Same Network when sampling is with and
without replacement.

Figure 4.6 displays the densities of the edge sampling probabilities from the 300,000

simulations for with and without replacement on the same network. The distribution of

edge sampling probabilities is more narrow and uni-modal when sampling with replacement,

and wider and bimodal when sampling without replacement. Figures 4.7 and 4.8 present

heatmaps of the edge sampling probabilities for the without replacement and with replace-

ment simulations by recruiter degree on the x-axis and recruitee degree on the y-axis. In

these heatmaps the legend is the same, and higher probability edges are denoted by darker

colors, while lower probability edges are denoted by lighter colors. In Figure 4.7 it is ap-

parent that edge sampling probabilities do not vary by the recruiter degree, but do vary

by recruitee degree, where edges incident to recruitees with lower degrees have a higher

edge sampling probability. In figure 4.8 there is no discernible relationship between edge

sampling probabilities and the degrees of the incident nodes.

4.4 Estimating Edge Inclusion Probabilities

We have shown that the without replacement sampling design in RDS results in unequal

edge sampling probabilities which have previously been unaccounted for. In order to address
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Figure 4.7: Heat Map of Without Replacement Edge Sampling Probabilites
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the estimation problem resulting from unequal edge inclusion probabilities, we propose to

estimate edge inclusion probabilities and use inverse-probability weights. We will estimate

the probability that we observe a referral from person i with degree di to person j with

degree dj . We specify that Sdi,dj
= 1 if a person with degree di is sampled as a non-

terminal node such that a person with degree dj is available to be sampled. Given this, the

probability person i recruits person j into the sample, given the degree distribution of the

underlying population P (di → dj |d) is calculated as follows:

P (di → dj |d) = P (di → dj |Sdi,dj
= 1,d)× P (Sdi,dj

= 1).

Here we assume that:

P (di → dj |Sdi,dj
= 1,d) =

nc
g(di)

,

where g(di) is the average number of connections incident to person i that are unsampled

when i is prepared to pass out coupons. Further, nc is the maximum number of coupons

that each participant may pass on.

The less trivial aspects of estimating P (di → dj |d) are estimating P (Sdi,dj
= 1) and

g(di). Following Gile (2011) we propose a successive sampling method which we describe

here as a broad overview and we will follow with a detailed explanation of each step. First,

given the observed RDS sample of size n, and the size of the population we are sampling from

N(which we assume to be known) we estimate the degree distribution for the underlying

population(N = Nh,Nh+1, . . . ,NK where Nj is the number of nodes with degree j, and h

and K are the minimum and maximum degrees), and the degree sampling distribution,

f(k, n,N, which gives the probability that node i is included in a sample of size n from a

population of size N with a degree distribution N given that di = k. Next we use our

estimates of N and f(k, n,N) to try to recreate the RDS sampling procedure, and simulate

the order in which nodes of different degrees are sampled. To simulate the order in which

nodes of different degrees are sampled, we repeatedly sample without replacement from N

with probability proportional to degree.

Initially, we estimate f(k, n,N) for k in h . . .K assuming that f(k, n,N) is proportional

to k:
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f(k, n,N0) =
k

N

K∑
l=h

vl
l
,

where vl is the observed number of individuals sampled with degree l. Next we estimate

the distribution of degrees for the underlying population of size N :

Ng
k = N

vk
f(k, n,Ng−1)

/

K∑
l=1

vl
f(l, n,Ng−1)

.

Next, we conduct successive sampling and simulate M samples of size n from the degree

distribution N such that nodes are chosen proportional to degree. Using the M samples we

next recalculate f(k, n,N) and N:

f(k, n,Ng) =
Uk + 1

M × Ng
k + 1

Ng
k = N

vk
f/(k, n,Ng−1)

/

K∑
l=1

vl
f(l, n,Ng−1)

Where Uk is the number of times an observation with degree k was sampled in the M

simulated samples. This process is repeated r times so that we may approximate the degree

distribution of the underlying population with Nr, and the probability that a node with

degree k is included in the sample:

π̂k = f(k, n,Nr).

Having estimated the degree distribution Nr through successive sampling, we again

simulate M resamplings of the population, maintaining the sample size, n, and the number

of seeds n0 that were observed in the actual RDS sample:

1. Draw a sample of size n from N where nodes are sampled without replacement with

probability proportion to degree

2. For all ordered pairs i, j find the number of times a node with degree i is sampled

before a node with degree j such that the node with degree i may pass a coupon on
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to the node with degree j, forming a K ×K matrix C.

3. Repeat steps 1 and 2 M times

4. Let W be a K ×K matrix, where Wij = Cij+1
Ni×Nj×M+1

5. For the diagonal elements of W : Wii = Cii+1
(Ni−1)×Ni×M+1

Then we estimate P (Sdi,dj
= 1) as Wdidj

.

Again using theM resamplings with degree distribution Nr, we estimate g(di) depending

on the order in which nodes are sampled, so that if a node i is resampled as a seed, we

assign g(di) = di, since all all connections of a node sampled as a seed could be available

to be passed on to. If node i is the xth node sampled, and not a seed, in a population of

N nodes, we assign g(di) = di × (N − x)/N , and take the average of these across the M

simulations.

4.5 Improving upon the SH estimator

Recall that the SH estimator estimates prevalence by estimating the average number of

cross-ties from someone who is HIV negative to HIV positive, and the average number

of cross-ties from someone who is HIV positive to someone who is HIV negative. Here

we use the new inclusion probabilities to improve upon the SH estimator. Let q̂di,dj be the

estimated probability that an edge originating with someone with degree di and terminating

with someone with degree dj is included in the sample. Let rij be the indicator that person

i passed a coupon to person j, and recall that zi = 1 if i is HIV positive, and zi = 0 if

person i is HIV negative. Then we have:

ĈW (+−) =

∑
i

∑
j:i6=j rijzi(1− zj)/q̂di,dj∑

i

∑
j:i6=j rijzi(1− zj)/q̂di,dj +

∑
i

∑
j:i6=j rijzizj/q̂di,dj

,

ĈW (−+) =

∑
i

∑
j:i6=j rij(1− zi)zj/q̂di,dj∑

i

∑
j:i6=j rij(1− zi)zj/q̂di,dj +

∑
i

∑
j:i6=j rij(1− zi)(1− zj)/q̂di,dj

.
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The SH relies on the assumption that individuals are sampled in proportion to their

degree in order to estimate the average degree for those who are HIV positive and those

who are HIV negative. Here we follow Gile (2011) and make use of the successive sampling

estimator to estimate D(+) and D(−) using π̂di, the estimated probability that someone with

degree di is included in the sample:

D̂W (+) =
∑

i zidiπ̂
−1
di∑

i ziπ̂
−1
di

,

D̂W (−) =
∑

i(1− zi)diπ̂−1
di∑

i(1− zi)π̂−1
di

.

Now we have

P̂(+)WSH =
D̂W (−) × ĈW (−+)

D̂W (−) × ĈW (−+) + D̂W (+) × ĈW (+−)

which we use to estimate prevalence. Note that the weighted SH prevalence estimator

is in the same form as the original SH estimator, but includes adjustments for unequal edge

sampling probabilities.

4.5.1 Variance of Weighted SH Estimator

Variance estimation of RDS prevalence estimators is an open area of research. Since RDS

may have increased variance due to the inherently correlated observations, the variance for

an RDS prevalence estimate will in general be larger than a mean taken from a simple

random sample. Currently the standard variance estimator for RDS prevalence estimates

is the bootstrap variance estimator put forth by Salganik (2006). However, the Salganik

bootstrap variance estimate for RDS point estimators tends to be under-estimate the vari-

ance (Goel and Salganik, 2010). Understanding the variance of the weighted SH estimator

that we propose here, as well as the variance of other RDS estimators, is important though

we do not address it in this work. Here we use the Salganik bootstrap variance estimate,

which we describe here:

1. Categorize nodes in the model as either referred by infected, or referred by uninfected.
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2. Sample uniformly and with replacement from the RDS sample ns seeds, where ns =

the number of seeds in the RDS sample. Theese become our bootstrap seeds.

3. For each bootstrap seed that is infected, sample nc with replacement from the observed

rds sample that were referred by someone who is infected.

4. For each bootstrap seed that is uninfected, sample nc with replacement from the

observed rds sample that were referred by someone who is uninfected.

5. Repeat steps 3 and 4 until the sample size in the original RDS sample is reached.

6. Calculate the RDS estimate of disease prevalence P̂bs.

7. Repeat steps 2-6 many times to get a distribution of P̂bs.

8. Use the distribution of P̂bs to form confidence intervals or calculate standard errors

using a Normal approximation.

4.6 Simulation Studies

4.6.1 Simulating and Estimating Edge Inclusion Probabilities

To allow for comparisons with previous RDS work, we used networks from Gile and Hand-

cock (2011). These models are composed of 1000 nodes composed of two groups: infected

(200 nodes) and uninfected (800 nodes). The infected group has average degree 11 and

the uninfected group has average degree 5.5. The single network that we performed these

simulations on has differential activity such that the mean degree in the infected group is

twice that of the mean degree in the uninfected group. Further, this network has a ho-

mophily ratio of 1 meaning that the expected number of cross-group ties is equal to the

number of cross-group ties we would observe if ties were formed at random given the same

proportion of individuals who are infected, and the same degree distributions. These terms

are rigorously defined in Table 4.4 for some network Y with N nodes where N1 is the num-

ber of people in the network with the attribute we are trying to find the prevalence of, and

N0 = N −N1:
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Table 4.4: Network Parameters for Simulations
Parameter Definition

Number of Nodes N

Prevalence µ =
∑N

i=1 zi/N

Mean degree d̄ = 1/N
∑N

i=1 di/2

Homophily H =
2/(N1(N1−1))

P
i,j zizjE(yij)

1/(N1N0)
P

i,j zi(1−zj)E(yij)

Differential Activity DA = d̄1/d̄0

We performed simulations of respondent driven sampling with a sample size of 200

and 10 seeds and a maximum of 2 coupons per person on a single network of 1000 nodes,

50,000 times and kept track of the number of times someone with degree di made a referral

to someone with degree dj given that the person with degree di was sampled as a non-

terminal node and the person with dj was available to be sampled, and the number of

times someone with degree di was sampled as a non-terminal node and the person with

dj was available to be sampled. We then compute the proportion of times these events

occur for each degree pair and use these simulated values as a close approximation of

P (di → dj |Sdi,dj
= 1), P (Sdi,dj

= 1).

On the same network of 1000 nodes, we performed simulations of respondent driven

sampling (again with sample size of 200, 10 seeds, and 2 coupons per person) 100 times and

calculated our estimates of P (di → dj |Sdi,dj
= 1) and P (Sdi,dj

= 1) for each degree pair for

each of the 100 simulated RDS samples. Here we compare our estimates to the simulated

values.

Figure 4.9 displays estimates of P (Sdi,dj
= 1) on the y-axis, and simulated values of

P (Sdi,dj
= 1) on the x-axis. Figure 4.9 is colored with rainbows(ROY G BIV) with the left

panel colored according to the degree of the recruiter and the right panel according to the

degree of the recruitee. In both figures the red line denotes the ideal situation where the

simulated edge inclusion probability would equal the estimated edge inclusion probability.

In the left panel, edges with recruiter degree of 1 are colored dark red, degree 2 is red, degree

3 is light red, degree 4 is dark orange, and so on. Similarly, Figure 4.10 displays the estimates

of P (di → dj |Sdi,dj
= 1) on the x-axis, and the simulated values of P (di → dj |Sdi,dj

= 1)

on the y-axis. In both Figures 4.9 and 4.10, the estimated probabilities are linearly related,

though not exactly equal to the simulated probabilities. In particular, when the recruitee
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Figure 4.9: Simulated vs. Estimated P (di → dj |Sdi,dj
= 1)

degree is low, the estimated probabilities are notably higher than the simulated probabilities.

We also simulated the edge sampling probability P (i→ j) for each edge in the network

(without marginalizing over degree pair) based on 100,000 simulations (as above), and

compared those simulated edge sampling probabilities to the edge sampling probabilities

we calculated after performing simulations of respondent driven sampling 100 times. We plot

the simulated edge sampling probabilities on the y-axis and the estimated edge sampling

probabilities on the x-axis of Figure 4.11. Figure 4.11 is colored with rainbows(ROY G

BIV) with the left panel colored according to the degree of the recruiter and the right panel

according to the degree of the recruitee. In the left panel, edges with recruiter degree of 1

are colored dark red, degree 2 is red, degree 3 is light red, degree 4 is dark orange, and so

on. By inspecting these plots, we see that we are generally overestimating the P (di → dj),

where P (di → dj) is overestimated more when di is small rather than when di is large.

While our estimates of P (di → dj) are certainly not perfect, this still provides a substantial

improvement over assuming that all edges have an equal probability of being sampled.
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Figure 4.10: Simulated vs. Estimated P (Sdi,dj
= 1)
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Figure 4.11: Simulated vs. Estimated P (di → dj)
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4.6.2 Simulations on a single network

First we performed 100 simulations of RDS on the same network described in the previous

subsection, and using both the simulated and estimated edge inclusion probabilities, re-

weighted the C(+−), C(−+) which we display in the first two panels of Figure 4.12. In this

figure, the red horizontal line denotes the true value that we would like to estimate. In each

of these first two panels of Figure 4.12 we see that the estimates of C(+−), C(−+) using the

estimated inverse probability weights perform similarly to the those weighted by simulated

probabilities, and that the SH estimates of C(+−), C(−+) perform worse than those inversely

weighted by the estimated and simulated edge inclusion probabilities. In the last panel of

Figure 4.12 we display the estimated proportion of those who are infected, where the true

proportion is 20%. Here we see that by estimating the edge inclusion probabilities and

using them to form inverse probability weights we are able to estimate the prevalence of

infected individuals just as well as the simulated edge sampling weights, and are able to

make a large improvement over the original SH estimator.

4.6.3 Simulations to compare RDS prevalence estimators

Here we simulated RDS on networks and compared the mean of the sample, the SS, the

VH, and the original SH to the re-weighted SH. These networks all have 1000 nodes, and

a prevalence of 20%. In the simulations we vary the sampling proportion, homophily, and

differential recruitment effectiveness, and differential activity.

Differential recruitment effectiveness occurs when individuals in one group are more

likely to successfully recruit people into the sample. In these simulations differential recruit-

ment effectiveness was set to either (1,1) or (.9,.6). Differential recruitment effectiveness =

(1,1) when individuals in both the infected and uninfected groups would recruit as many

people into the sample as they were allowed. Differential recruitment effectiveness = (.9, .6)

when individuals in the infected group have a 90% chance of successfully recruiting someone

for each coupon they are given, and those in the uninfected group have a 60% chance of

successfully recruiting someone for each coupon they are given. In these simulations the

number of coupons, nc = 2, so each person in the sample recruited up to two others given
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differential recruitment effectivenes =(1,1). The true values are denoted by horizontal red
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Figure 4.13: Prevalence estimates using the sample mean, SS, VH, SH, and weighted SH
estimators without differential recruitment effectiveness, differential activity, or homophily
effects. Sampling fraction is 20%. The horizontal red line represents the true prevalence.

Table 4.5: Simulated Prevalence Estimates on Single Network with 1000 Nodes
Estimator MSE ×104 |Bias| ×104 SE×103

Mean 5.90 11.15 1.72
SS 7.38 9.23 1.92
VH 7.72 9.18 1.97
SH 7.67 3.80 1.96

Weighted SH 7.22 4.84 1.91

the sample size had not yet been attained.

In the first set of simulations, we demonstrate how the weighted SH estimator compared

to the other RDS prevalence estimators in the absence of differential activity, differential

recruitment effectiveness, and homophily effects. We simulated RDS on 200 networks of size

1000, with prevalence 0.20, and a sampling proportion of 20%. The prevalence estimates

from these 200 simulations are presented in Figure 4.13, and the MSE, SE, and empirical bias

of these estimates are in Table 4.5. All five estimators, including the naive mean perform

comparably when there is no differential activity, differential recruitment effectiveness or

homophily present, and the sampling proportion is relatively small.

In the second set of simulations, we used 200 networks where homophily was set to 1 and
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differential activity was held constant at 2. In the simulated RDS sampling, the differential

recruitment effectiveness was set to (1,1), and we varied the sampling proportion (20%,

50%, 70%). On each of the 200 networks we drew three RDS samples of size 200, 500, and

700, to produce the desired sampling proportions. Boxplots of the estimated prevalence are

displayed in Figure 4.14, and Table 4.6 contains the MSE, standard deviations, and bias of

the various estimators. In these simulations, regardless of the sampling proportion, the SS

estimator performs the best in terms of MSE, and the Weighted SH performing comparably

to the SS when the sampling proportion is 20% or 50%. The VH and SH estimators display

increasing bias as the sampling proportion increases, and perform similarly in terms of

MSE. The mean performs very poorly relative to all the other estimators when the sample

size is small, but has a smaller MSE than the VH and SH estimators when the sampling

proportion is 70%.

The final set of simulations were performed on 400 networks where homophily was

varied to be either 1 or 2 and differential activity was held constant at 2. Among the 200

networks where homophily was set to 1, RDS was carried out with differential recruitment

effectiveness set to (1,1) and (.9,.6). Among the 200 networks where homophily was set to

2, RDS was carried out with differential recruitment effectiveness set to (1,1) and (.9,.6).

In this set of simulations, the sampling proportion was held constant at 20%. We compare

the performance of the estimators from these simulations in Figure 4.15, and in Table 4.7.

Regardless of homophily level, when the differential recruitment effectiveness is set to (1,1)

all five estimators perform similarly in terms of MSE, except the mean which is positively

biased. Similarly,when homophily is set to 1, and differential recruitment effectiveness is set

to (.9,.6) the mean has the highest MSE, and the other four estimators perform comparably.

However, when differential recruitment effectiveness is set to (.9,.6) and homophily is set to

2, the weighted SH estimator has the lowest MSE, followed by the SH.
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Figure 4.14: Prevalence estimates using the sample mean, SS, VH, SH, and weighted SH
estimators for samples of size 200, 500, and 700 from simulated networks of 1000. Here
differential activity =2, homophily=1, and differential recruitment effectiveness =(1,1). The
horizontal red line represents the true prevalence.

Table 4.6: Simulated Prevalence Estimates on Network with 1000 Nodes, Varying Sample
Proportion

MSE ×104 |Bias| ×103 SE×104

Estimator 200 500 700 200 500 700 200 500 700
Mean 144.23 63.64 27.89 116.98 78.97 52.48 19.27 8.04 4.22
SS 4.79 0.86 0.28 3.74 0.11 0.73 15.28 6.57 3.73
VH 5.52 15.67 33.41 10.22 38.57 57.49 15.00 6.32 4.20
SH 6.12 16.26 34.51 10.80 39.23 58.40 15.77 6.61 4.54

Weighted SH 5.62 1.16 1.17 3.76 2.26 8.69 16.59 7.45 4.58

Table 4.7: Simulated Prevalence Estimates on Network with 1000 Nodes, Varying Recruit-
ment Effectiveness and Homophily

MSE ×103 |Bias| ×102 SE×103

RE: 1,1 .9,.6 1,1 .9,.6 1,1 .9,.6
H: 1 .2 1 2 1 2 1 2 1 2 1 2

Estimator
Mean 14.42 17.40 15.23 36.67 11.70 12.11 12.00 18.40 1.93 3.71 2.06 3.75
SS 0.48 1.65 0.72 4.99 0.37 0.75 0.87 5.62 1.53 2.83 1.80 3.04
VH 0.55 1.52 0.55 3.41 1.02 0.66 0.93 4.06 1.50 2.73 1.52 2.97
SH 0.61 1.83 0.64 2.41 1.08 2.14 1.03 3.33 1.58 2.63 1.63 2.56

Weighted SH 0.56 1.63 0.72 1.65 0.38 0.10 0.88 1.07 1.66 2.86 1.80 2.78
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Figure 4.15: Prevalence estimates using the sample mean, SS, VH, SH, and weighted SH
estimators for varying homophily ∈ (1, 2), recruitment effectiveness ∈ [(1, 1); (.9, .6)], and
differential activity =2. Sampling fraction is 20%. The horizontal red line represents the
true prevalence.

4.7 Application to NY Jazz dataset

We applied this method to the New York city jazz dataset, which is freely available for

download with the RDSAT software (Volz et al., 2012; Heckathorn, 1997). In this dataset,

264 Jazz musicians living in New York City were recruited into the sample with 13 seeds.

Subject level variables included sex, race, age, whether their music has been played on the

radio, and whether they were members of a musicians union, among other variables. Here

we focus on the variable sex, 191 in the sample were coded as male, 68 were coded as

female, and 5 had missing data on sex. Here we coded all missing values as males. The

average degree in the sample was 206.06, and the average sample degree among males was

201.69, while the average sample degree among females was 218.63. As there seems to be

differential activity in this sample, the weighted SH estimator developed in this work may

be of use.

In order to apply the weighted SH estimator, we must estimate the total population

size of Jazz musicians in New York City. It has been estimated that there are 33,003
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Jazz musicians in New York City at the time of this study (Heckathorn and Jeffri, 2003),

which we used in our estimation procedure. Using this data set and the SH method we

estimate Ĉ(MF ) = 0.160, Ĉ(FM) = 0.579, D̂(F ) = 10.515, D̂(M) = 14.755. For the weighted

SH method, we estimate Ĉ(MF ) = 0.165, Ĉ(FM) = 0.631, D̂(F ) = 10.515, D̂(M) = 14.755.

Since the estimate of average degree for the weighted SH estimate corrects for finite sample

size, and the estimated sampling proportion is less than 1%, it is not surprising that the

estimated average degree used to compute the SH estimate and the weighted SH estimate are

the same. The estimated proportions of male jazz musicians in New York City are 83.52%

(SH), 84.31% (Weighted SH), 80.18% (SS), 80.18% (VH), and 74.24% (naive mean).

Figure 4.16 displays the estimated proportions of male jazz musicians and a bootstrap

95% confidence interval Salganik (2006) (from 10,000 bootstrap samples) for all five esti-

mators that we discuss here. In the figure we can see that the naive estimator has both the

lowest estimate of the proportion of New York jazz musicians who are male and the narrow-

est 95% confidence interval. The weighted SH has the highest estimate of the proportion

of New York jazz musicians that are male, though none of these estimates are significantly

different than each other. Indeed, the weighted SH and SH are very similar, as is the SS and

VH estimates. One remarkable aspect of these results is that the 95% confidence intervals

of all five of the estimates are so wide.

We also estimated the SS and weighted SH when specifying the underlying population

to be 20,000, 30,000, and 40,000 since these two estimators depend on the underlying

population size. In this example, both the SS estimators were the same (80.18% for all

three different population sizes), as were the weighted SH estimator (84.31). This indicates

that the SS and weighted SH were not sensitive to the specified population size.

4.8 Discussion

In this paper we have shown that the assumption that Respondent Driven Sampling results

in equal edge sampling probabilities is false when the network has differential activity and

finite sampling effects, and that estimators of prevalence will be biased when unequal edge

sampling probabilities are unaccounted for. We provide a solution by way of introducing
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a new prevalence estimator that weights edges inversely to an estimated edge sampling

probability. This new prevalence estimator will be particularly useful when the degree dis-

tributions vary by the outcome of interest, and also since RDS is often used for prevalence

estimation of infectious disease (Lansky et al., 2007; Johnston et al., 2008), and we generally

expect those who are infected to have larger degrees than those who are uninfected, we rec-

ommend that future analyses of data collected according to an respondent-driven sampling

scheme take unequal edge sampling probabilities into account, as not doing so may severely

bias prevalence estimates.

While the weighted SH estimator that we propose here improves over the SH in many

ways, the SH does not require that the underlying population size is known and takes less

time to compute. Like the SH, the weighted SH may be subject to biases introduced by

biased seeds. The weighted SH estimator, like the original SH estimator tends to exhibit

less bias than estimators that weight the nodal attributes (SS, VH, mean) in the presence of

differential recruitment effectiveness. However, as the weighted SH is currently formulated,

it assumes that there is no differential recruitment effectiveness when calculating the edge

inclusion probabilities. The weighted SH could then be improved by incorporating estimates

of differential recruitment effectiveness.

One of the main contributions of this work is to improve upon a widely adopted preva-

lence estimator for hidden and networked populations. There are many different RDS

prevalence estimators that are now in use. It is not apparent which estimator should be

used in which setting. Future work should find ways to identify the best estimator to be

used in a given setting. We think the new weighted SH estimator is best when there is

differential activity, differential recruitment effectiveness, and homophily effects, which is

what we would expect to see in a realistic network setting. As such, we recommend the

adoption of this new estimator.

More broadly, this work contributes to the understanding of the estimation of edge-

wise characteristics when sampling according to the RDS scheme. The assumption that all

edges have equal inclusion probabilities also impacts other RDS estimators and diagnostic

criteria. For example, homophily is a characteristic of edges that quantifies the tendency

for individuals who are in the same group to have relationships with each other as opposed
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with individuals not in the same group. Homophily is an edge-wise characteristic, and when

homophily on the outcome of interest is strong in the underlying population (people who are

HIV positive are much more likely to be associates with others who are HIV positive than

HIV negative and people who are HIV negative are much more likely to be associates with

others who are HIV negative than those who are HIV positive), RDS prvalence estimators

are known to perform poorly (Goel and Salganik, 2009, 2010). RDSAT (Volz et al., 2012)

is the most commonly used software for analyzing RDS data sets, and includes a function

to estimate population homophily using the RDS sample. However, the RDSAT software

assumes that all edges have an equal inclusion probability, and therefore assume that the

group mixing observed in the sample can be used as the basis of an unbiased estimator of

the population homophily, which may produce biased estimates of population homophily.

We recommend that population homophily is estimated accounting for differing edge

inclusion probabilities. Similar to our suggestions for how to address unequal edge inclusion

probabilities for the SH estimator, we recommend that estimates of population homophily

utilize inverse probability weights. Future work should compare the estimation of homophily

which takes into account unequal edge sampling probabilities, as we propose here, and

current methods for estimating homophily.
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