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Abstract of “Towards High-order Methods for Stochastic Differential Equations with White Noise:
A Spectral Approach” by Zhongqiang Zhang, Ph.D., Brown University, May 2014

We develop a recursive multistage Wiener chaos expansion method (WCE) and a recursive multi-
stage stochastic collocation method (SCM) for numerical integration of linear stochastic advection-
diffusion-reaction equations with multiplicative white noise. We show that both methods are com-
parably efficient in computing the first two moments of solutions for long time intervals, compared
to a direct application of WCE and SCM while both methods are more efficient than the standard
Monte Carlo method if high accuracy is required.

Both methods belong to Wong-Zakai approximation, where Brownian motion is truncated using
its spectral expansion before any discretization in time and space. For computational convenience,
WCE is associated with the Ito formulation of underlying equations and SCM is associated with
the Stratonovich formulation.

We apply SCM using Smolyak’s sparse grid construction to obtain the shock location of the
one-dimensional piston problem, which is modeled by stochastic Euler equations with multiplica-
tive white noise. We show numerically that SCM is efficient for short time simulations and for
small magnitudes of noises and quasi-Monte Carlo methods are efficient for moderate large-time
simulations. We also illustrate the efficiency of SCM through error estimates for a linear model
problem.

We further investigate the effect of a spectral approximation of Brownian motion, rather than
a piecewise linear approximation, for both spatial and temporal noise. For spatial noise, we con-
sider semilinear elliptic equations with additive noise and show that when the solution is smooth
enough, the spectral approximation is superior to the piecewise linear approximation while both
approximations are comparable when the solution is not smooth. For temporal noise, we use this
spectral approach to design numerical schemes for stochastic delay differential equations under the
Stratonovich formulation. We show that the spectral approach admits higher-order accuracy only

for higher-order schemes.



Besides equations with coefficients of linear growth, we also consider stochastic ordinary differ-
ential equations with coefficients of polynomial growth. We formulate a basic relationship between
local truncation error and global error of numerical methods for these equations, and apply this

relationship for our explicit balanced scheme to obtain the convergence order.
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Chapter 1

Introduction

Stochastic mathematical models have attracted increasing attention for their capacity of represent-
ing intrinsic uncertainty in complex systems, e.g., capturing various scales as in particle simulations
at mesoscopic scale, and extrinsic uncertainty, e.g., stochastic external forces, stochastic initial con-
dition or stochastic boundary conditions.

One important class of stochastic mathematical models is stochastic partial differential equations
(SPDEs), which can be seen as deterministic partial differential equations (PDEs) with finite or
infinite dimensional random processes—either with color noise or white noise. Though white noise
is a purely mathematical construction, it can be a good model for rapid random fluctuations and
also it is a limit of color noise when the correlation length goes to zero.

SPDEs with white noise have been derived from various applications, such as nonlinear filtering
(see e.g. [415]), turbulent flows (see e.g. [40, 292]), fluid flows in random media (see e.g. [190]),
particle systems (see e.g. [228]), population biology (see e.g. [86]), neuroscience (see e.g. [389]),
etc.

Since analytic solutions to SPDEs can rarely be obtained, numerical methods are adopted to
solve SPDEs. One of the motivations for numerical SPDEs in early literature was to solve the

Zakai equation of nonlinear filtering, see e.g. [29, 68, 112, 127, 128, 129]. In the next section,
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Figure 1.1: Conceptual and chapter overview of this thesis

we review some numerical methods for semilinear equation (1.1.1), advection-diffusion-reaction
equation of nonlinear filtering (1.1.6), stochastic Burgers equation (1.1.13) and stochastic Navier-
Stokes equation (1.1.16).

The rest of this chapter is organized as follows. In Section 1.1, we review several prevalent
numerical methods for SPDEs and address the convergence and stability of these methods. We
then survey one of these numerical methods, the Wong-Zakai approximation in Section 1.2. Before
we present the objectives of this work, we briefly address the numerical integration methods in
random space for obtaining statistics of solutions in Section 1.3. In Figure 1.1, we sketch how we

organize this chapter and the overall organization of this thesis.

1.1 Review of numerical methods for SPDEs

In this section, we briefly review numerical methods for SPDEs and classify the numerical meth-
ods in literature into three types: direct semi-discretization methods, Wong-Zakai approximation,

and preprocessing methods. In the first approach, we usually discretize the underlying SPDEs in



time and/or in space, applying classical techniques from time-discretization methods of stochastic
ordinary differential equations (SODEs) and/or from spatial discretization methods of partial dif-
ferential equations (PDEs). In the second approach, we first discretize the space-time noise before
any discretization in time and space and thus we need further spatial-temporal discretizations. In
the third approach, we first transform the underlying SPDE into some equivalent form before we
discretize the SPDEs.

We start from considering the following SPDE over the physical domain D C R¢,

dX = [AX + f(X)]dt + g(X) dW €, (1.1.1)

where W is a Q-Wiener process:

We(t,x) = aiei(x)wi(t), (1.1.2)

ieNd

Here ¢; > 0, i € N? and {e;(x)} is an orthonormal basis in L?(D). When ¢; = 1 for all i, we have
the space-time white noise. When Z;’il q; < 00, we call it the space-time colored noise. We call the
noise finite-dimensional when ¢; = 0 for all sufficient large 7. The physical space is one-dimensional,
i.e. d =1, unless otherwise stated.

The leading operator A can be second-order or fourth-order differential operators, which are
usually generators of analytic semigroups. The nonlinear function f, g are usually Lipschitz con-
tinuous. The problem (1.1.1) is endowed either with only initial conditions in the whole space

(D = R%) or with initial and boundary conditions in a bounded domain (D C R%).

1.1.1 Direct semi-discretization methods for parabolic SPDEs

In this approach, we first review the time-discretization methods for (1.1.1), which can be seen

as a straightforward application of numerical methods for SODESs, where increments of Brownian



motions are used. After truncating in physical space, we will have a system of finite dimensional
SODEs and then we can apply standard numerical methods for SODEs, e.g. those from [218, 297,

301].

Second-order equations

For finite dimensional noise, we can directly apply those time-discretization methods for SODEs
to SPDEs as solutions are usually smooth in space. Ref. [141] considered Euler and other explicit
schemes for scalar Wiener process and Ref. [220] further considered linear-implicit schemes in time
under the same problem setting. Ref. [118] proposed the Milstein scheme for KPP equations with
multiplicative noise using finite difference scheme in space. See [136, 309, 343, 355, 359] for more
numerical results.

For infinite dimensional noise but with fast decaying ¢;, Ref. [180] considered the mean-square
convergence of linear-implicit and explicit Euler scheme, and Crank-Nicolson scheme in time for
(1.1.1) with certain smooth f and g and proved half-order convergence for these schemes. The
author remarked that for Crank-Nicolson scheme the convergence order can be improved to one
for linear equations with additive noise, as in the case of SODEs. Ref. [181] proved the first-
order weak convergence of these numerical schemes for (1.1.1) with additive noise. Ref. [293]
considered (1.1.1) with space-time noise where ¢; and e; are eigenvalues and eigenfunctions of a

specific isotropic kernel. Hausenblas [179] considered a slightly different equation

dX = [AX + f(t, X)]dt + Y gi(t, X) dw;(t), (1.1.3)

where . ||gl(t)||§ < oo and some boundedness of f and g is imposed. Here |||, is the Sobolev-
Hilbert second-order norm. The author proved half-order convergence in time for the linear-implicit
and explicit Euler schemes and the Crank-Nicolson scheme.

However, if space-time white noise is considered, the convergence order in time is expected to be



less than 1/4. In fact, the sample paths of the solution to heat equation with additive noise is Holder
continuous with exponent 1/4 — € in time (e > 0 is arbitrarily small), and thus the optimal order
of convergence in time is 1/4 — € if only increments of Brownian motion (with equsi-spaced time
steps) are used, see e.g. [5, 84] for the case of linear equations. Gyongy and Nualart introduced an
implicit numerical scheme in time for the SPDE (1.1.1) with additive noise and proved convergence
in probability in time without order in [167] and for (1.1.1) with mean-square order 1/8 — € in time
[168]. Gyongy [157, 159] also applied finite differences in space to the SPDE (1.1.1) and then used
several temporal implicit and explicit schemes, including the linear-implicit Euler scheme. The
author showed that these schemes converge with order 1/2 — € in the space and with order 1/4 — ¢
in time for multiplicative noise with Lipschitz nonlinear terms similar to the linear equations in
[5, 84].

Refs. [315, 316] proposed an implicit Euler scheme on non-uniform time grid for (1.1.1) with
f = 0 to reduce the computational cost where they provided upper bound [315] and lower bound
[316] of the mean-square errors in terms of the computational cost.

As we mentioned before, the solution to (1.1.1) is of low regularity and thus it is not possible
to derive high-order schemes with direct time discretization methods. See e.g. [390] for discussion
on first-order schemes (Milstein type schemes) for (1.1.1) and also [209] for a review of numerical
approximation of (1.1.1) along this line.

For spatial semi-discretization methods for solving SPDEs (including but not limited to (1.1.1)),
see finite difference methods, see e.g. [5, 353, 412, 263]; finite element methods, see e.g. [5, 20, 129,
390, 393, 408, 411]; finite volume methods for hyperbolic problems, see e.g. [234, 311]; spectral
methods, see e.g. [56, 68, 203, 254]). See also [164, 176, 177, 126] for acceleration schemes in space

using Richardson’s extrapolation method.



Fourth-order equations

Now we consider fourth-order equations, i.e. A is a fourth-order differential operator, which have
been investigated in [225, 226, 227, 231, 248] etc. As the kernels associated with fourth-order
operators can have more smoothing effects than those associated with second-order differential
operator, we can expect better convergence in space and also in time.

Ref. [225] considered fully-discrete finite element approximations for a fourth-order linear
stochastic parabolic equation with additive space-time white noise in one space dimension where
strong convergence with order 3/8 in time and 3/2 — € in space was proved.

Ref. [231] proved the convergence of finite element approximation of the nonlinear stochastic

Cahn-Hilliard-Cook equation by additive space-time color noise

dX = A2X + Af(X) +dW@. (1.1.4)

Ref. [62] presented some numerical results of a semi-implicit backward differentiation formula in
time for nonlinear Cahn-Hilliard equation while no convergence analysis is given.

For the linearized Cahn-Hilliard-Cook equation (f = 0) with additive space-time colored noise,
Ref. [248] applied a standard finite element method and an implicit Euler scheme in time and
obtained quasi-optimal convergence order in space. Kossioris and Zouris considered an implicit
Euler scheme in time and finite elements in space for the linear Cahn-Hilliard equation with additive
space-time white noise in [227] and the same equation but with even rougher noise which is the
fist-order spatial derivative of the space-time white noise in [226]. In [227], they proved that the

strong convergence order is (4 — d)/8 in time and (4 — d)/2 — € in space for d = 2, 3.

1.1.2 Wong-Zakai approximation for parabolic SPDEs

In this approach, we first truncate the Brownian motion with a smooth process of bounded variation

yielding a PDE with finite dimensional noise. Thus, after truncating Brownian motion, we have to



discretize both in time and in space to obtain fully discrete schemes.
The most popular approximation Brownian motion in this approach is piecewise linear approx-

imation of Brownian motion (also known as polygonal approximation [399])

t—t;

W) (t) =W(t;) + (W(tix1) — W(tz)>m’

t € [ti,tiv1). (1.1.5)

Piecewise linear approximation for SPDEs has been well studied in theory, see e.g. [151, 194, 371,
382, 383, 385, 121] (for mean-square convergence), [42, 152, 171, 172] (for pathwise convergence),
[16, 28, 63, 69, 153, 154, 155, 170, 156, 294, 384] (for support theorem, the relation between the
support of distribution of the solution and that of its Wong-Zakai approximation). For mean-
square convergence of (1.1.6) with M}, having no differential operator, Ref. [194] proved a half-
order convergence, see also [49, 50]. For pathwise convergence, Ref. [171] proved a 1/4 — e-order
convergence and Ref. [172] proved a 1/2 — e-order convergence when My, is a first-order differential
operator.

All the aforementioned papers were on the convergence of the Wong-Zakai approximation itself,
i.e., without any further discretization of the resulting PDEs. Numerical simulations haven’t been
well explored for SPDEs. Even for SODEs, Ref. [258] seems to be the first attempt to obtain
numerical solutions from Wong-Zakai approximation, where the authors considered a stiff ODE
(abbreviated for ordinary differential equations) solver instead of presenting new discretization
schemes.

In this work, we will derive fully discrete schemes based on Wong-Zakai approximations and
show the relationships between the derived schemes and the classical schemes (e.g. those in [218,
297, 301]); see Chapter 8 for details.

We will briefly review the literature on Wong-Zakai approximation in Section 1.2, especially
on different types of approximation of Brownian motion and their applications to SPDEs and also

SODEs.



1.1.3 Preprocessing methods for parabolic SPDEs

In this type of methods, the underlying equation is first transformed into an equivalent form, which
may bring some benefits in computation, and then is dealt with time discretization techniques. For
example, splitting techniques split the underlying equation into stochastic part and deterministic
part and save computational cost if either part can be easily solved or even explicitly solved. In
the splitting methods, we also have the freedom to use different schemes for different parts.

We will only review two methods in this class: splitting techniques and exponential integrator
methods. In addition to these two methods, there are other preprocessing methods such as methods
of averaging-over-characteristics, e.g. [304, 336, 360] ; particle methods, e.g. [76, 77, 78, 79, 80, 243];

algebraic method, e.g. [344]; filtering on space-time noise [260]; etc.

Splitting methods

Splitting methods are also known as fractional step methods, see e.g. [138], and sometimes as
predictor-corrector methods see e.g. [113]. They have been widely used for their computational
convenience, e.g. [31, 74, 75, 160, 162, 163, 205, 249, 256, 255]. Mostly, the splitting is formulated
by the following Lie-Trotter splitting, which splits the underlying problem, say (1.1.6), into two
parts: ‘stochastic part’ (1.1.7a) and ‘deterministic part’ (1.1.7b). Consider the following Cauchy

problem (see e.g. [113, 161, 162])

dy
du(t,x) = Lu(t,x)dt + Y Myu(t,z) o dwg, (t,z) € (0,T] x D, (1.1.6)
k=1

where L is linear second-order differential operator, My, is linear differential operator up to first
order, and D is the whole space R?. The typical Lie-Trotter splitting scheme for (1.1.6) reads, over

the time interval (¢,,t,+1], in integral form

t di

Un(t, ) = Up(tn, x) Jr/t ZMkﬂn(s,z) o dwg(s), t€ (tn,tnt1]s (1.1.7a)

n k=1



t
Un(t,2) = n(tnt1) + | Lun(s,z)ds, € (tn, tnta]- (1.1.7b)
tn

When My, is a zeroth order differential operator, Ref. [363] presented for pathwise convergence
with half-order in time under L?-norm in space when d; = 1. Under similar settings in [363], Ref.
[205] proved that a normalization of numerical density in Zakai equation in a splitting scheme is
equivalent to solving the Kushner equation (nonlinear SPDE for the normalized density, see e.g.
[244]) by a similar splitting scheme (first order in the mean-square sense).

When My, is a first-order differential operator, Ref. [113] proved half-order mean-square conver-
gence in time under the L2-norm in space. Gyéngy and Krylov managed to provide the first-order
mean-square convergence in time under higher-order Sobolev-Hilbert norms [162], and under even
stronger norm in space [161].

Other than finite dimensional noise, Refs. [30, 31] considered semilinear parabolic equations
(1.1.1) with multiplicative space-time color noises. With the Lie-Trotter splitting, they established
strong convergence of the splitting scheme and proved half-order mean-square convergence in time.
[74] obtained mean-square and pathwise convergence order of Lie-Trotter splitting methods for
Cauchy problems of linear stochastic parabolic equations with additive space-time noise.

Other than the problems (1.1.1) and (1.1.6), the Lie-Trotter splitting techniques have been
applied to different problems, such as stochastic hyperbolic equations (e.g. [6, 25, 349]), rough
partial differential equations (e.g. [117]), stochastic Schrédinger equation (e.g. [43, 142, 255, 256,

285]), etc.

Integration-factor (exponential integrator) techniques

In this approach, we first write the underlying SPDE in mild form (integration-factor) and then
combine different time-discretization methods to derive fully discrete schemes. It was first proposed
in [259, 313], under the name of exponential Euler scheme and was further developed to derive

higher-order scheme, see e.g. [27, 206, 207, 208, 209, 210, 211].



In this approach, it is possible to derive high-order schemes in the strong sense since we may
incorporate dynamics the underlying problems as shown for ODEs with smooth random inputs in

[216] . By formulating Equation (1.1.1) with additive noise in mild form, we have

t t
X(t) = eMXy+ / =9 f(X (s)) ds + / eA=9) g9 (s), (1.1.8)
0 0

then we can derive an exponential Euler scheme [259, 313]:
X1 = e Xy + hf(Xp) + W (tpyr) — WO(th)]. (1.1.9)

or as in [210, 313]

thet

1
Xigp1 = e X + AN (e — 1) f(Xy) +/ Al =) girQ(s), (1.1.10)

tr

where ty, = kh, k=0,--- N, Nh=T.
In certain cases, the total computational cost for the exponential Euler scheme can be reduced
th+1
when 7, = / eAltkt1=9) dWQ(s) is simulated as a whole instead of using increments of Brownian

tr

motion. For example, when Ae; = —\;e;, noticing that 7 solves

o0 tha1 o tha1
Y = Z/ AY ds + Z/ Vaie: dwi(s), (1.1.11)
i=1 7tk i=1 71

k

and thus n, can be represented by

1
Vi

tht1 .
/ M=) dui(s), v =~ (1 — exp(2Aih).  (1.1.12)
tr

e = ; Vviei( @),  Eki = on

In this way, we incorporate the interaction between the dynamics and the noise and thus we can

have first-order mean-square convergence [209, 210]. See [208, 217, 261, 305] for further discussion

10



on additive noise.

For multiplicative noise, a first-order scheme (Milstein scheme) has been derived under this
approach [211], where commutative conditions on diffusion coefficients for equations with infinite
dimension noises were identified and a one-and-a-half order scheme in the mean-square sense has
been derived in [27]. See also [3, 19, 21, 235, 262, 395] for further discussion on exponential

integration schemes for SPDEs with multiplicative noises.

1.1.4 Stochastic Burgers and Navier-Stokes equations

As a special class of parabolic SPDEs, stochastic Burgers and Navier-Stokes equations require more
attention for their strong interactions between the strong nonlinearity and the noises. Similar to
linear heat equation with additive noise, the convergence for time-discretization of one-dimensional
Burgers equations is no more than 1/4, see [339] for multiplicative space-time noise with convergence
in probability, and [36] for additive space-time noise with pathwise convergence. The convergence
in space is less than 1/4, see [4] for additive space-time white noise with pathwise convergence, and
[35] for additive space-time color noise with pathwise convergence.

Because of the strong nonlinearity, the discretization in space and in time may cause some effects,
such as “a spatial version of the Ito-Stratonovich correction” [174, 175]. Hairer et al considered

finite difference schemes for the Burgers equation with additive space-time noise in [175]:

du = vd?u + (VG (u))dyu+ oW, 1z €[0,2n]. (1.1.13)

If we only consider the discretization of the first-order differential operator, e.g.,

u(z + ag) — u(x — be)

duf = vd2uf + (VG (uf))dpuf + oW?,  9pu = @i h)e

, (1.1.14)

11



then we can prove that this equation converges to (see [174])

c2a—b

_ 2 _
O =voiv+ (VG(v))0zv Wath

AG(v) +oW®, € |0,2n] (1.1.15)

if W< is space-time white noise, and no correction term if W< is more regular than space-time white
noise, e.g. white in time but correlated in space. Effects of some other standard discretizations in
space, e.g. Galerkin methods, and fully discretizations were also discussed in [174].

The stochastic incompressible Navier-Stokes is

du+u-Vu—vAu+ Vp=o(u)W? divu=0, (1.1.16)

where ¢ is Lipschitz continuous. When E[W®(z,t)W?(y,s)] = q(z,y)min (s,t) and q(z,z) is
square-integrable over the physical domain, Ref. [44] showed the existence and strong convergence
of the solutions for the full discrete schemes in two-dimensional case. Ref. [60] considered three
semi-implicit Euler schemes in time and standard finite elements methods for two-dimensional
(1.1.16) with periodic boundary conditions. They presented the solution convergence in probability
with order 1/4 in time similar to one-dimensional stochastic Burgers equation with additive noise.
They also showed that for the corresponding Stokes problem, the fully discrete scheme converges
in the strong sense with order half in time and order one in physical space.

For (1.1.16) in the bounded domain with Dirichlet boundary condition, Ref. [418] considered the
backward Euler scheme and proved half-order strong convergence when the multiplicative noise is
space-time color noise. Ref. [410] considered an implicit-explicit scheme and proved a convergence
order depending on the regularity index of initial condition. Ref. [106] considered finite elements
methods and a semi-implicit Euler for stochastic Navier-Stokes equation (1.1.16) and Ref. [107]
considered similar fully discrete schemes for stochastic Navier-Stokes introduced in [292]. Ref. [409]

provided a posteriori error estimates for stochastic Navier-Stokes equation.

12



See [38] ( recursive approximation), [111] (implicit scheme), [143] (Wong-Zakai approximation),
[351, 413] (Galerkin approximation), [108] (Wiener chaos expansion) for more discussion on nu-
merical methods and e.g. [95] for existence and uniqueness of (1.1.16). See also [147] for strong
convergence of Fourier Galerkin methods for the hyperviscous Burgers equation and some numerical

results for stochastic Burgers equation equipped with Wick product [374].

1.1.5 Beyond parabolic SPDEs

Compared to parabolic equations, stochastic wave equations of second order can have better smooth-
ing in time: the solutions are Holder continuous with exponent 1/2— ¢ in time, and thus the optimal
order of convergence in time is half if only increments of Brownian motion is used, see [391] for the
one-dimensional wave equation with multiplicative noise.

Ref. [8] considered linear wave equation with additive single white noise in time using integration
factor techniques, where the convergence of two-step finite difference schemes in time is of first-
order. Ref. [397] applied exponential integration with (1.1.12) for the semilinear wave equation with
additive space-time noise and obtained first-order mean-square convergence in time and half-order
in space.

Ref. [342] considered finite difference schemes in space for stochastic semilinear wave equation
with multiplicative space-time white noise and obtained optimal mean-square convergence with
order less than 1/3 in space given smooth initial conditions. Finite element methods were investi-
gated in [232] and their convergence order was identified with the regularity of the solution. Ref.
[56] considered semi-discretization using spectral Galerkin methods in physical space.

Other than strong approximation of stochastic wave equations, Ref. [183] obtained second-order
weak convergence both in space and in time for leap-frog scheme in both space and time solving the
one-dimensional semilinear wave equation driven by additive spatial-time white noise. Ref. [341]
considered weak convergence of full discrete finite element methods for the linear stochastic elastic

equation driven by additive space-time noise and showed that the weak order is twice the strong
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order both in time and in space.

Among stochastic hyperbolic problems, stochastic conservation laws have also attracted increas-
ing interest, see e.g. [67, 100, 109, 191, 350] for some theoretical results and e.g. [25, 349, 234, 311]
for some numerical studies.

Many other evolution equations have also been explored, such as stochastic KdV equations (see
e.g. 190, 93, 94, 97, 98, 185], Ginzburg-Landau equation (see e.g. [254]), stochastic Schrodinger
equations (see e.g. [24, 87, 88, 89, 91, 92, 313]), stochastic age-dependent population (see e.g. [184]),
etc.

For steady stochastic partial differential equations, especially for stochastic elliptic equation,

see e.g. [5, 10, 32, 55, 105, 119, 165, 393]. See further discussion in Chapter 6.

1.1.6 Stability and convergence of existing numerical methods

There are various aspects to be considered for numerical methods for SPDEs, e.g. the sense of exis-
tence of solutions, the sense of convergence, the sense of stability, etc. Here the existence of solutions
and numerical solutions to SPDEs are usually interpreted as mild solutions or as variational solu-
tions. Convergence and stability are usually understood in the following sense: mean-square sense
(or LP in random space), pathwise (almost sure convergence), weak sense (convergence in moments
and expectations of functionals of solutions). Here we use ‘strong convergence’ for convergence in
the mean-square sense and ‘weak convergence’ for convergence in moments or expectations of the
functional of solution.

We focus on weak convergence in this subsection. For strong convergence, we refer to [236] for
an optimal convergence order of finite element methods and linear-implicit Euler scheme in time

for (1.1.1); see also the aforementioned papers for strong convergence in different problem settings.
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Weak convergence

Similar to the weak convergence of numerical methods for SODEs, the main tool for the weak
convergence is the Kolmogorov equation associated with the functional and the underlying SPDE
[81, 83].

For linear equations, the Kolomogrov equation for SPDEs is sufficient to obtain optimal weak
convergence, see e.g. [99, 124, 354]. Ref. [354] considered weak convergence of #-method in
time and spectral methods in physical space for heat equation with additive space-time noise and
showed that the weak convergence order is twice that of strong convergence for a finite dimensional
functional. Ref. [124] obtained similar conclusion for more general functional, the restriction on
which was further removed in [99]. More recently, there have been more works following this
approach [229, 230, 252, 341] for linear equations.

For the linear Cahn-Hilliard equation with additive noise, Ref. [229] obtained the weak error
for the semidiscrete schemes by linear finite elements with order h??|log(h)|), where h” is strong
convergence order and (3 is determined by ¢; and the smoothness of the initial condition. Ref. [230]
provided weak convergence order for the same problem but with further time discretization and
proved that the weak convergence order is twice the strong convergence order.

For nonlinear equations, Malliavian calculus for SPDEs has also been used for optimal weak
convergence, see e.g. [96, 181, 396]. Ref. [181] applied Malliavin calculus to parabolic SPDE
to obtain the weak convergence of linear-implicit Euler and Crank-Nicolson schemes in time for
additive noise, where the first-order weak convergence (with certain condition on the functional)
is obtained. Ref. [183] showed that the order of weak convergence of leap-frog both in space and
time is twice that of strong convergence for wave equation with additive noise as shown for heat
equations, see e.g. [96, 99, 124]. Ref. [96] established weak convergence order for the semilinear
heat equations with multiplicative space-time noise and showed that the weak convergence order

is twice the strong convergence order in time. Ref. [396] obtained weak convergence order of the
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linear-implicit Euler scheme in time for (1.1.1) with additive noise and obtained similar conclusions.
For exponential Euler schemes for SODEs, it was proved that the weak convergence order is
one (see e.g. [313]), which is the same as the mean-square convergence order, .
For weak convergence of numerical methods for elliptic equations, we can use multivariate
calculus to compute the derivatives with respect to (random) parameters and Taylor’s expansion,

see e.g. [64, 65] and also Chapter 6.

Pathwise convergence

There are two approaches to obtain pathwise convergence. The first is via mean-square convergence.
By the Borel-Cantelli lemma (see e.g. [157]), it can be shown that pathwise convergence order is the
same as mean-square convergence order (up to an arbitrarily small constant ¢ > 0). For example,
Ref. [84] first deduced a pathwise convergence on schemes from the mean-square convergence order
established in [159]. Refs. [19, 21, 75, 247, 246] first obtained the mean-square convergence order
and then documented the pathwise convergence.

The second approach is without knowing the mean-square convergence. In [363], the authors
required pathwise boundedness (uniformly boundedness in time step sizes) to have a pathwise
convergence with order 1/2 —e. In [208], it was shown that it is crucial to establish the pathwise
regularity of the solution to obtain pathwise convergence order.

Finally, we note that there are some other senses of convergence, see e.g. [17] for convergence

in probability using several approximations of white noise, see also Section 1.2.

Stability

Here we will not review the stability of numerical methods for SPDEs but refer to [390] for the
stability of the fully discrete schemes for (1.1.1). We also refer to the following two papers for some
general framework on stability and convergence. Ref. [245] proposed a version of Lax equivalence

theorem for (1.1.1) with additive and multiplicative noise while W< is replaced with a cadlag (right
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continuous with a left limit) square-integrable martingale. Ref. [235] suggested a general framework
for Galerkin methods for (1.1.1) and applied them to Milstein schemes.

We now summarize a recent work on the mean-square stability of Milstein scheme for one-
dimensional advection-diffusion equation with multiplicative scalar noise [136, 343]. Ref. [343]
analyzed the linear stability (proposed in [46]) of the first-order o-0-scheme and Ref. [187] for

SODEs. For a specific equation of the form (1.1.6)
1
dv:ﬁﬁwﬁ+§%wﬁjﬁ&mMQ 0<p<1, (1.1.17)

the 0-0 scheme reads, with time step size §t and space step size dz,

0 6t ot 1-6,6t ot

“algrPr Ve = 5 G-

th+1 = Vn Sa2

ot
—@p[UDQVn_H + (1 — O')DQVn]

VPVt p St
2 ox

D1V, + = —5 D2V, E2,
1 § +2(5£L'2 2 gn

where &, are i.i.d. independent standard Gaussian random variables, 6 € [0,1] and Dy and Dy are
the first and second central difference operators. It was shown that when ¢ = —1, 6 > 1/2 the

scheme is unconditionally stable as we have, by Fourier stability analysis,

St
&EDfQWprffﬂ<l. (1.1.18)

When ¢ = 0, 8 = 0, the scheme becomes the Milstein discretization in time in conjunction with
finite difference schemes in physical space introduced in [136] where it requires that p?dt <1 —p
in addition to (1.1.18).

It is common that the stability region of a numerical scheme in time for SPDEs with mul-

tiplicative noise is smaller than that of the scheme for PDEs, e.g., Crank-Nicolson scheme for
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(1.1.1) with multiplicative noise [390], or alternating direction explicit scheme for heat equation

with multiplicative noise [359].

1.1.7 Conclusion

As SPDEs driven by space-time noise are usually of low regularity, especially when the noise is
space-time white noise, it is difficult to obtain efficient high-order schemes in general. Therefore,
it is helpful to make full use of specific properties of the underlying SPDEs and preprocessing
techniques to derive higher order schemes while keeping the computational cost low. For example,
we can use the exponential Euler scheme (1.1.10) with (1.1.12) when the underlying SPDEs are
driven by additive noise and their leading differential operators are independent of randomness and
time. When SPDEs (with multiplicative noises) have commutative noises, we can use the Milstein
scheme (first order strong convergence, see e.g. [211, 236, 309]) while only sampling the increment
of Brownian motions.

Another issue for numerical methods of SPDEs is to reduce the computational cost in high-
dimensional random space as there are usually infinite dimensional stochastic processes whose
truncations converge very slowly. This is the case even when (1.1.12) can be used. Thus, efficient
infinite-dimensional integration methods should be employed to obtain the desired statistics. See

Section 1.3 for a brief review of numerical integration methods in random space.

1.2 Approximation of Brownian motion

1.2.1 Piecewise linear approximation

Let us first illustrate the Wong-Zakai approximation by considering the piecewise linear approxi-
mation (1.1.5) of the one-dimensional Brownian motion W (¢) for the following Ito SODES, see e.g.
[399, 400]

dX = b(t, X)dt + o(t, X)dW (1), X(0) = Xo, (1.2.1)
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and obtain the following ODE with smooth random inputs
dX™ = p(t, X)dt + o(t, X)dWw ™ (t), X(0) = X. (1.2.2)
It is proved in [399, 400] that (1.2.2) converges in the mean-square sense to
dX = (b(t,X) + ;a(t,X)crx(t,X)) dt +o(t, X)dW(t), X(0)= Xo, (1.2.3)
under mild assumptions, which can be written in Stratonovich form [361]
dX =b(t, X)dt+o(t,X)odW(t), X(0)= Xo, (1.2.4)

where ‘o’ indicates the Stratonovich product. The term 3o(t, X)o,(t, X) in (1.2.3) is called the
Wong-Zakai correction term.

As in the case of scalar SODEs, it is essential to identify the Wong-Zakai correction term (or
the equation that the resulting equation from Wong-Zakai approximation converges to) in various
cases. For SODEs with scalar noise, say (1.2.1), when Brownian motion is approximated by a
process of bounded variation (rather than by piecewise linear approximation), Ref. [364] proved
that the convergence to (1.2.3) holds in the pathwise sense (almost surely) if the drift b is locally
Lipschitz continuous and is of linear growth and diffusion ¢ is continuous with bounded first-order
derivatives. However, this conclusion does not hold if o does not have bounded first-order derivative
in z [364] or the approximation of Brownian motion is not differentiable [289].

For SODEs with multiple noises, Sussmann [365] derived a generic Wong-Zakai correction term
for multiple noises. Refs. [242, 241] provided a practical criterion to verify whether a general
approximation of Brownian motions (even general semimartingales) leads to a standard Wong-

Zakai correction term (e.g. 1/20,0 for (1.2.4)) or other Wong-Zakai correction terms. To have a
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standard Wong-Zakai correction, the bottom line for the approximation of Brownian motion is

lim ]E[/OT W g™ — /OT W(t) o dW(t)] = 0. (1.2.5)

n—oo

The convergence of Wong-Zakai approximation for SODEs has been established in different
senses, e.g. pathwise convergence (e.g. [364, 365]), support theorem (the relation between the
support of distribution of the solution and that of its Wong-Zakai approximation, e.g. [15, 294,
362, 385]), mean-square convergence (e.g. [13, 202, 385, 166]), convergence in probability (e.g. [14]).

The Wong-Zakai approximation has been extended in various aspects:
e from single white noise to multiple white noise, see e.g. [166, 365].

e from SODEs to SPDEs, hyperbolic equations (e.g. [295, 345, 346, 422]), parabolic equations
(e.g. [2, 101]) including Burgers equation (e.g. [325, 326]) and Navier-Stokes equations (e.g.

(69, 385, 384]), and equations on manifold (e.g. [41, 169]), etc.

e from piecewise linear approximation to general approximation: mollifier type (e.g. [202, 270,
272]), Tkeda-Nakao-Yamato-type approximations (e.g. [122, 200, 270]) or their extensions
(e.g. [166]), (Lévy-Ciesielski) spectral type (e.g. [50, 265, 422]), general colored noises (e.g.

2, 364, 365]), etc.

e from SODEs driven by Gaussian white noise to those with general processes: general semi-
martingales (e.g. [110, 121, 182, 223, 241, 242, 340]), fractional Brownian motion (e.g. [18,

378]), rough path (e.g. [116]), etc.
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1.2.2 Other approximations

Besides the piecewise linear approximation of Brownian motion (1.1.5), there are several other

approximations, e.g mollification of Brownian motion, see e.g. [104, 149, 200, 272, 270, 337, 424, 423]

W(t):/tt/RK(é),s) dW (s)db,t € [tp,tni1), (1.2.6)

where K is symmetric. This type of approximation was proposed for a method of lines for SODEs in
[329], where no numerical results were presented. When this approximation is applied in SODEs,
consistency (convergence without order) has been proved in [104, 149, 150, 273] etc. In [202],
the approaches of piecewise linear approximation and mollification have been unified with proved
convergence order, known as Tkeda-Nakao-Yamato-type approximations, see also [166].

Another way to approximate Brownian motion is by an orthogonal expansion,: (also known as
Levy-Ciesielski approximation [71, 214, 237], Ito-Niso approximation [204] or Fourier approximation
[333)):

W (1) = zn: ( /t f mi(s)ds> /t+ mi(s) AW (s), € [t tsal, (1.2.7)

i=1 t
where {m;(t)};2, is a complete orthonormal system (CONS) in L?([0,T7]); see [201] for a history
review on this approximation. With this approximation, Ogawa [328] defined the following so-called
Ogawa integral, which is proved in [327] to coincide with the Stratonovich integral if the integrand
f(t) is a continuous semi-martingale on the natural filtration of Brownian motion.

In fact, taking a piecewise constant basis (normalized) in (1.2.7), we then have exactly the
piecewise linear approximation (1.1.5). Also, if we take any orthonormal basis starting from a
constant, then taking n = 1 also leads to (1.1.5). With a piecewise constant basis, the use of
multiple Ito integrals (Wiener chaos expansion) and multiple Strotonovich integrals was addressed
in [49, 50].

The approximation with trigonometric orthonormal basis has been used in Wiener chaos meth-
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ods (see e.g. [51, 265, 268, 266, 192, 420]) and will be the approximation for our Wong-Zakai
approximation throughout this work. See Chapter 8 for the Wong-Zakai approximation using

(1.2.7) for SODEs with time delay.

1.3 Integration methods in random space

1.3.1 Monte Carlo method and its variants

Numerical SODEs and SPDEs are usually dependent on the Monte Carlo method and it variants
to obtain the desired statistics of the solutions. The standard (brute force) Monte Carlo method is
known for its slow convergence since its error is usually dominated by its statistical error, C/ VN
where C' is the variance of the random process associated with the desired statistics and N is the
number of sampling paths (trajectories), see e.g. [320, Chapter 1].

To accelerate the standard method, some variance reduction methods have been proposed to
reduce the number C, see e.g. [134, 218, 301]. One of the recently developed variance reductions
methods, the so-called multilevel Monte Carlo method has attracted more attention for numerical
SODEs and SPDEs. The idea of multilevel Monte Carlo methods is to write the desired statistics in
a telescoping sum and then to sample the difference terms (between terms defined on two different
mesh sizes) in the telescoping sum with a small number of sampling paths, where the corresponding
C is small. In this way, the computational cost is reduced since the difference terms defined on
finer meshes would admit smaller variances and thus require a smaller number of sampling paths.

For the multilevel Monte Carlo method for numerical SPDEs, see e.g. [1, 23, 66, 72, 369, 370]
for elliptic equations with random coefficients, [306, 307, 308] for stochastic hyperbolic equations,
and [22, 136] for stochastic parabolic equations. Ref. [1] proposed time discretization schemes with
large stability regions to further reduce the cost of the multilevel Monte Carlo method. However,
it has been shown that the multilevel Monte Carlo methods are not robust, see e.g. [224, Chapter

4).
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Quasi-Monte Carlo methods have also been investigated for numerical SPDEs. Quasi-Monte
Carlo methods were originally designed as deterministic integration methods in random space and
allowed only moderately high dimensional integrations, see e.g. [320, 356]. However, some random-
ized quasi-Monte Carlo methods have been successfully applied to solve stochastic elliptic equations
with random coefficients, see e.g. [139, 140, 240, 239] where the solution is analytic in random space

(parameter space). For the latest review on quasi-Monte Carlo methods, see [102].

Compared to the Monte Carlo type method, the following two methods have no statistical errors

and allow efficient short-time integration of SPDEs.

1.3.2 Wiener chaos expansion method

By Cameron-Martin theorem [52], any square-integrable stochastic processes (with respect to
Wiener measure) can be represented by a series of Hermite polynomials of Gaussian random vari-
ables, named Wiener Chaos expansion. This approach has been applied to study practical problems,
see e.g. [132] and extended to a general class of chaos expansion (polynomial chaos) for general
measures, see e.g. [405, 392]. See e.g. [402] for a review on this topic.

For linear problems driven by white noise in space or in time, the Wiener chaos expansion
method has been investigated both theoretically (see e.g. [265, 266, 267, 268]) and numerically (see
e.g. [393, 420]). The advantage of Wiener chaos expansion method is that the resulting system of
PDEs is linear, lower triangular and deterministic. Also, the Wiener chaos expansion method can
be of high accuracy.

However, there are two main difficulties for the Wiener chaos expansion as a numerical method.
The first is the efficiency of long-time integration. Usually, this method is only efficient for short-
time integration, see e.g. [49, 265]. This limitation can be somewhat removed when a recursive
procedure is adopted for computing certain statistics, e.g. first two moments of the solution, see

e.g. [420].
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The second is nonlinearity. When SPDEs are nonlinear, Wiener chaos expansion methods result
in fully coupled systems of deterministic PDEs while the interactions between different Wiener
chaos expansion terms necessitate exhaustive computation. This effect has been shown numerically
through the stochastic Burgers equation and the Navier-Stokes equations [192].

One remedy for nonlinear problems is to introduce the Wick-Malliavin approximation for non-
linear terms. Wick-Malliavin approximations can be seen as a perturbation of a Wick product
formulation by adding high-order Malliavin derivatives of the nonlinear terms to the Wick prod-
uct formulation, see [388] for details. Basically, lower level Wick-Malliavin approximation (with
lower-order Malliavin derivatives) allows weaker nonlinear interactions between the Wiener chaos
expansion terms. Let us consider Burgers equation with additive noise for example. When only the
Wick product is used (zeroth-order Malliavin derivatives only), the resulting system is lower tri-
angular and contains only one nonlinear equation. When Malliavin derivatives of up to first-order
are used, the resulting system of PDEs is only weakly coupled and contains only two nonlinear
equations. This approach has been shown very efficient for short-time integration of equations with
quadratic nonlinearity and small noise, see e.g. [388].

The Wick product had been formulated in [190] for various SPDEs before the Wick-Malliavin
approximation was introduced. The Wick product formulation has been explored with finite element
methods in physical space, see e.g. [274, 275, 276, 277, 278, 279, 280, 372, 373, 374, 414, 213] and

also [393] for a brief review on SPDEs equipped with Wick product.

1.3.3 Stochastic collocation method

In the framework of deterministic integration methods for SPDEs in random space, another solution
for nonlinear SPDEs, or linear SPDEs with random coefficient is employing collocation techniques
in random space. Here by stochastic collocation methods, we mean the sampling strategies using
high-dimensional deterministic quadratures (with certain polynomial exactness) to evaluate desired

expectations of solutions to SPDEs.
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For SODEs driven by white noise in time, the stochastic collocation method has been known
as cubature on Wiener space (e.g. [173, 253, 269, 317, 321]), optimal quantization (e.g. [331, 332])
to solve SODEs in random space, sparse grid of Smolyak type (e.g.[131, 130, 145, 338]), or particle
simulation (e.g. [114]). For stochastic collocation methods for equations with color noise, see e.g.
[9, 403].

The stochastic collocation methods result in decoupled systems of equations as Monte Carlo
method and its variants do, which can be of great advantage in computation. High accuracy and
fast convergence can be also observed for stochastic evolution equations, e.g. [130, 145, 338] where
sparse grid of Smolyak type was used.

However, the fundamental limitation of these collocation methods is the exponential growth of
sampling points with an increasing number of random parameters, see e.g. [145], and thus a failure
for longer time integration, see error estimates for cubature on Wiener space (e.g. [26, 61, 103])
and conclusions for optimal quantization (e.g. [331, 332]).

One remedy of cubature methods for longer time integration of SODEs was proposed in [173,
253], where at each time step an empirical measure was reconstructed by regression such that the
measure can produce moments close to the first few moments of numerical solutions computed at

cubature points. However, for SPDEs, this regression approach has not been documented yet.

1.4 Objectives of this work

We will focus on two issues in numerical methods for SPDEs with white noise: one is deterministic
integration methods in random space; the other is the effect of truncation of Brownian motion using
spectral approximation.

For deterministic integration methods of SPDEs in random space, we aim at longer time nu-
merical integration of time-dependent equations, especially of linear stochastic advection-reaction-

diffusion equations. We will study Wiener chaos expansion methods (WCE) and stochastic collo-
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cation methods (SCM) and compare their performance and prove their convergence order.

To achieve longer time integration, we adopt the recursive WCE proposed in [265] for the Zakai
equation for nonlinear filtering and develop algorithms for the first two moments of solutions.
Numerical results show that when high accuracy is required WCE is superior to Monte Carlo
methods while WCE is not as efficient if only low accuracy is required, see Chapter 2.

We will show that the recursive approach for SCM for linear advection-reaction-diffusion equa-
tions is efficient for longer time integration in Chapter 3. We first analyze the error of SCM (sparse
grid collocation of Smolyak type) with Euler scheme in time for linear SODEs, and show the error
is small only when the noise magnitude is small and/or the integration time is small.

We will compare WCE and SCM using the recursive procedure in Chapter 4, where we derive
error estimates of WCE and SCM for linear advection-reaction-diffusion equations and show that
WCE and SCM are competitive in practice by careful numerical comparisons, even though WCE
can be of one order higher than SCM.

Among almost all approximations for WCE and SCM, we use the Wong-Zakai approximation
with spectral approximation of Brownian motion. The convergence order with respect to the
number of truncation modes is half order, see Chapter 4. However, WCE can be of higher order
convergence since it can preserve the orthogonality over the Wiener space (infinite dimensional)
while SCM can not as the orthogonality is only valid on discrete spaces (finite dimensional), see
Chapter 4.

To further investigate the effect of truncation of Brownian motions, we will study the elliptic
equation with additive white noise in Chapter 6. We show that the convergence of numerical solu-
tions with truncation of Brownian motion depends on the smoothing effects of the resolvent of the
elliptic operator. We also show similar convergence when finite element methods are used. In Chap-
ter 5, we will test the Wong-Zakai approximation in conjunction with stochastic collocation method
of stochastic Euler equations modeling a stochastic piston problem and show the effectiveness of

this approximation.
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In Chapter 7, we will derive a relationship between local truncation error and global truncation
error of one-step schemes for SODEs with non-global Lipschitz conditions.

Before we summarize our results in Chapter 9, we will explore the Wong-Zakai approxima-
tion for stochastic differential equations with time delay in Chapter 8 and show that Wong-Zakai
approximation can facilitate the derivation of various numerical schemes.

As shown in Figure 1.1, we focus on deterministic integration methods in random space, i.e.,
polynomial chaos (WCE) and stochastic collocation (SCM), in Chapters 2-5 and compare their
performance with Monte Carlo methods and/or quasi-Monte Carlo methods. In Chapter 2, we
compare WCE and Monte Carlo methods and show that WCE is superior to Monte Carlo methods
if high accuracy is needed. In Chapters 3 and 5, we show theoretically and numerically the efficiency
of SCM for short time integration and for small magnitudes of noises. In Chapter 4, we compare
WCE and SCM in conjuncture with a recursive multistage procedure and show that they are
comparable in performance.

We use Monte Carlo methods in Chapters 6-8 as the dimensionality in random space is beyond
deterministic integration methods.

In all chapters except Chapters 3 and 7, we apply the Wong-Zakai approximation with the
Brownian motion approximated by it spectral truncation. We show that the convergence of nu-
merical schemes based on the Wong-Zakai approximation is determined by further discretization in

space (Chapter 6) or in time (Chapter 8).
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Part I: Temporal White Noise
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Chapter 2

Wiener chaos methods for linear
stochastic
advection-diffusion-reaction

equations

In this chapter, we we develop numerical algorithms using Wiener chaos expansion (WCE) for
solving second-order linear parabolic stochastic partial differential equations (SPDEs). The algo-
rithm we propose for computing moments of the SPDE solutions is deterministic, i.e., without any
statistical errors. We also compare the proposed deterministic algorithm with two other numerical
methods based on the Monte Carlo technique and demonstrate that the new method is more effi-
cient for highly accurate solutions. Numerical tests of some examples show that the scheme is of
mean-square order O (AN/ 2) for advection-diffusion and for diffusion-reaction SPDEs with constant

or variable coefficients, where A is the time-step, and N is the Wiener chaos order.
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2.1 Introduction

In this chapter we develop a new numerical method based on nonlinear filtering ideas and spec-
tral expansions for advection-diffusion-reaction equations perturbed by random fluctuations, which
form a broad class of second-order linear parabolic stochastic differential equations (SPDEs). The
standard approach to constructing SPDE solvers starts with a space discretization of a SPDE, for
which spectral methods (see, e.g. [68, 141, 209]), finite element methods (see, e.g. [5, 129, 408])
or spatial finite differences (see, e.g., [5, 160, 353, 412]) can be used. The result of such a space
discretization is a large system of ordinary stochastic differential equations (SDEs) which requires
time discretization to complete a numerical algorithm. In [89, 96] a SPDE is first discretized in
time and then to this semi-discretization a finite-element or finite-difference method can be ap-
plied. Other numerical approaches include those making use of splitting techniques [31, 249, 162],
quantization [137], or an approach based on the averaging-over-characteristic formula [304, 336].
In [265, 290] numerical algorithms based on the Wiener chaos expansion (WCE) were introduced
for solving the nonlinear filtering problem for hidden Markov models. Since then the WCE-based
numerical methods have been successfully developed in a number of directions (see e.g. [192, 406]).

In computing moments of SPDE solutions, the existing approaches to solving SPDEs are usu-
ally complemented by the Monte Carlo technique. Consequently, in these approaches numerical
approximations of SPDE moments have two errors: numerical integration error and Monte Carlo
(statistical) error. To reach a high accuracy, we have to run a very large number of independent
simulations of the SPDE to reduce the Monte Carlo error. Instead, here we exploit WCE numerical
methods to construct a deterministic algorithm for computing moments of the SPDE solutions
without any use of the Monte Carlo technique.

The rest of this chapter is organized as follows. In Section 2.2 we introduce the linear SPDE
considered in this chapter and recall the definition of its Wiener chaos solution. In Section 2.3 we

revisit the method employed in [265] and apply it to a more general linear SPDE than the one
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treated in [265]. Based on this, the algorithm for computing moments of the SPDE solutions is
introduced in Section 2.4. To demonstrate the effectiveness of the proposed algorithm, we perform
a number of numerical tests. In Section 2.5 we test the algorithm on two one-dimensional SPDEs
and confirm its theoretical order of convergence. In Section 2.6 we apply this algorithm to the
passive scalar equation in the periodic case in two dimensions. In both Section 2.5 and Section 2.6
we also compare the WCE-based algorithm with algorithms exploiting the Monte Carlo technique
and demonstrate that while the proposed WCE-based algorithm is slower than Monte Carlo-type
methods in getting results of low accuracy, in reaching higher accuracy the WCE-based algorithm

can be more efficient. A summary and discussion on possible extensions are given in Section 2.7.

2.2 WCE of the SPDE solution

Let (2, F, P) be a complete probability space, F;, 0 < ¢t < T, be a filtration satisfying the usual
hypotheses, and (w(t),F;) = ({wg (t),k > 1},F;) be a system of one-dimensional independent
standard Wiener processes. Let D be an open domain in R?. Consider the following SPDE written

in the form of Ito:

du(t,z) = [Lu(t,z) + f(2)]dt + 355 [Mru(t,z) + gx(z)] dwy(t), (t,2) € (0,7] x D,

(2.2.1)

u(0,z)=uo(z), z €D,

where

Lu(t,z) =3¢ aij (2) DiDju(t,x) + Y0, bi(z) Diu(t, z) + ¢ (x) u(t, z),

(2.2.2)

Myult,z) = YL b (@) Diult, @) + h* () ult, 2),

i=1"1
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and D; := 0,,. We assume that D is either bounded with a regular boundary or that D = R%.
In the former case we will consider periodic boundary conditions and in the latter the Cauchy
problem. We also assume that the coefficients of operators £ and M are uniformly bounded and
E*% Zkzl MMy, is nonnegative definite. When the coefficients of £ and M are sufficiently
smooth, existence and uniqueness results for the solution of (2.2.1)—(2.2.2) are available, e.g. in
[347] and under weaker assumptions, see e.g. [291, 268].

Now let us recall (see details in [291, 266, 268]) the definition of a Wiener chaos solution to the

linear SPDE (2.2.1)-(2.2.2). Denote by J the set of multi-indices & = (a,1)k,1>1 of finite length

la] = Z?,Ok;:l ak, Le.,
J ={a=(ar, k,1>1), ar;€{0,1,2,...}, |af <o0}.

Here k denotes the number of Wiener processes and [ the number of Gaussian random variables
approximating each Wiener process as will be shown shortly. We represent the solution of (2.2.1)-

(2.2.2) as

u(t’x) = Z %Qoa(t)x)fou (2.2.3)

acJd :
where {£,} is a complete orthonormal system (CONS) in L%(Q,F;, P), a! = [T (art), and ¢q

satisfies the following system of equations (the propagator):

0pa(s, )

s Lpa(s,x) + f(2)1fja1=0) (2.2.4)

+ > akimu(s) [Miga- (o) (5,7) + g (@)1 {jaj=1y] , 0<s <t z €D,
k,l

gpa(O,x) = UQ(.Z‘)]_{W‘:O}, z €D,

32



where o~ (k, 1) is the multi-index with components

max(0,c; j — 1), ifi=Fkand j=1,
(om0 = (22.5)

i
o g, otherwise.

The random variables &, in (2.2.3) are constructed according to the Cameron-Martin theorem [52]:

&=T] (W) Caed, (2.2.6)

o (67 N%:

t

where {m;} = {my(s)},, is a CONS in L*([0,t]), &, = / my(s) dwy(s), and H, is the n-th
= 0

Hermite polynomial:

H,(z) = (-1)%*”6;‘27@—12/2. (2.2.7)

The representation (2.2.3)-(2.2.7) is called a WCE of the SPDE solution. It is clear that a truncation
of the WCE (2.2.3) presents a possibility for constructing numerical methods for SPDEs. This is

considered in the next section.

2.3 Multistage WCE method

In addition to the multi-index length |a| = Y7 _; ak,, we define the order of multi-index « :

d(a) =max {l > 1: ag,; > 0 for some k > 1} and the truncated set of multi-indices:
Inn={aeT: |a| <N, d(a) <n}.

Here N is the highest Hermite polynomial order and n is the maximum number of Gaussian random

variables for each Wiener process. Using (2.2.3), we introduce the truncated Wiener chaos solution

1
uo(t, ) = @& ﬁwl 2)Eq. (2.3.1)



We choose the basis {m;(s)},, as
1 2 -1
mi(s) = —, my(s) = \/;cos(ﬂ()s), [>2, 0<s<t. (2.3.2)

See a discussion on selection of basis in [265].

The truncated expansion (2.3.1) together with (2.2.4)), (2.2.6), and (2.3.2)) gives us a construc-
tive approximation of the solution to (2.2.1)), where implementation requires that we numerically
solve the propagator (2.2.4)).

It is proved in [265, Theorem 2.2] that when bf(t,z) = 0, ¢ = 0, gx = 0 (reaction-diffusion
equation) and the number of noises is finite there is a constant C' > 0 such that for any ¢ € (0, 7]

N+1 3
Emwmm»—uw»iggc@%(gﬁﬂﬂ+i>. (2.33)

Our preliminary analysis shows that in the general case of the equation (2.2.1), the error estimate
(2.3.3) is expected to be

N+1 2
mmmm»—um»igsa@<gﬁﬂﬂ+a). (2.3.4)

It follows from the error estimates (2.3.3) and (2.3.4) that the error of the approximation uy n(t, -)
grows exponentially in time ¢ which severely limits its practical use. To overcome this difficulty, it
was proposed in [265] to introduce a time discretization with step A > 0 and view (2.3.1), (2.2.4),
(2.2.6), (2.3.2) as the one-step approximation of the SPDE solution based on which an effective
numerical method applicable to longer time intervals was constructed.

To this end, let us introduce the multi-step basis for the WCE and its corresponding propagator.

Let 0 =ty < t; < --- < tk = T be a uniform partition of the time interval [0, T] with time step
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size A, sce Figure 2.1. Let {m{"} = {771,(:)(5)}k>1 be the following CONS in L*([t;, t;—1]) :

ml(i) =my(s—t;), t;<s<tiq,

1 [2 Tl —1)s
_ .z =02 > <s<
my(s) Tx my(s) Acos( A ), [1>2, 0<s<A,

O /g (e®
fg) — H < ak,l(€k|,l)> : ac j,

) ti1 )
where 51(2 = / ml(l)(s) dwy(s), and H,, are Hermite polynomials (2.2.7).
t;

Let

UA,N,n(Ov 93) = uO(I)

and by induction for i =1,..., K :

1 ) .
uAaN,n(tic1, @) = Z 7,@5?(& I)f(()f)y
a€Jn,n :

where cpg )(A, x) solves the system

8@9 (s,x)
0s

+Zak,lml(i)(8) [Mkcpg),(lyk)(s,x) +gk(x)1{|a|:1}] , s€(0,A]
k,l

= Lol (s,2) + f(2)1{ja|=0}

(@

P’ (0,2) = ua Nn(ti, )1 {jaj=0}-

(2.3.5)

(2.3.6)

(2.3.7)

(2.3.8)

(2.3.9)

Thus, (2.3.7)-(2.3.9) together with (2.3.5) and (2.3.6) gives us a recursive method (called the RWCE

method) for solving the SPDE (2.2.1), where implementation requires to numerically solve the
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propagator (2.3.9) at every time step.
Based on the one-step error (2.3.3), the following global error estimate for the RWCE method

is proved in [265, Theorem 2.4] (the case of b¥(t,z) = 0, ¢ = 0, g, = 0 and finite number of noises):

=1,... K, (2.3.10)

CAWN A2 )
EMuANmuF4«>uuFan@g1§6kCT(() ), i

(N+1)!+T

for some C' > 0 independent of A, N, and n, i.e., this method is of global mean-square order

O ( avz_ \%> . Moreover, based on (2.3.4), one can prove that in the general case of (2.2.1)

/(N+1)!

(advection-diffusion-reaction equations) the error estimate for the RWCE method will have the

form

I
[y

LK, (2.3.11)

CAWN A .
HW&M@FMJ—M%mﬁﬁJéch(( ) ),z

(N+1)! L)
AN/2

/(NF1)! > ’

As we already mentioned, the RWCE method requires to solve the propagator (2.3.9) at every

+

3“>

i.e., this method is of mean-square order O <

time step, which is computationally rather expensive. To reduce the cost, we introduce a modifi-
cation of this method following [265]. The idea is to expand the initial condition ug(x) in a basis
{em}, present ua nn(ti,z) as uann(ti, ) = Y, cmem(z) and note that o (A, z;ua N (ti, <)) =
Y om CmPa(A, x5 er), where o (s,2;¢) is the solution of the propagator (2.3.9) with the initial
condition ¢(x).

The idea is illustrated in Figure 2.1 with the help of a sketch. We can first compute the
propagator (2.3.12) (see below) on (0, A] and obtain a problem-dependent basis g4 .m (2.3.13).This
step is called “offline” as in [265]. Thus, one recursively computes the solution “online” by (2.3.14)
and (2.3.15) only at time ¢A (i = 2,--- , K) using the obtained basis gq,i,m. Specifically, we proceed

as follows. Let {en} = {em(2)},,>, be a CONS in L?(D) with boundary conditions satisfied and
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Figure 2.1: Tllustration of the idea of multistage WCE. The dotted line denotes the “offline” com-
putation, where we solve the propagator up to time A. The dash line implies that one solves only
the solution on certain time levels instead of on the entire time interval.

ot - A 2A iAo T = KA
e . vl R e 1

of fline online

——

(+,-) be the inner product in that space. Let ¢, (s, ;@) solve the following propagator:

Do (8, ; P)
0s

+Zak,lml(3) [(Miba- @5 (5, 250) + gr(2)1fja=1} ], s € (0,A],

= Loa(s,2;0) + f(2)1{a)=0} (2.3.12)

@(0,2) = ¢()1{ja)=0},

where my(s) are as in (2.3.2). Define

qa,l,m = (SOOZ(Av ) l) em)a lam Z 17 (2313)

and then find by induction the coefficients

Y (0; N, n) := (uo, em), (2.3.14)
G (BN n) = Y Z — 1N, M) GaumE?, i=1,... K.
acInn

It is proved in [265, Theorem 2.5] that

uaNn(tiz1, Zwm (;;N,n)en(z), i =0,...,K, P-as. . (2.3.15)

We refer to the numerical method (2.3.15), (2.3.12)-(2.3.14) together with (2.3.5)-(2.3.6) as the

multistage WCE method for the SPDE (2.2.1).
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In practice, if the equation (2.2.1) has an infinite number of Wiener processes, we truncate them

to a finite number r > 1 of noises. We introduce the correspondingly truncated set Jy n,r so that
Innr={a €T |a| <N, di(a) <n},

where d, (o) = max{l > 1: ap; > 0 for some 1 <k <r}.

Algorithm 2.3.1. Choose a truncation of the number of noises r > 1 and the algorithm’s parame-
ters: a CONS {em(x)}m>1 and its truncation {e,,(z)}M_,; a time step A; N and n which together
with v determine the size of the multi-index set Jy n -

Step 1. For each m =1,...,M, solve the propagator (2.3.12) for & € Jnn,r on the time interval
[0, A] with the initial condition e, (x) and denote the obtained solution as o (A, T;em), & € Innr,
m = 1,...,M. Note in this step, we need to choose also a time step size 6t to solve the equations
in the propagator numerically.

Step 2. Fvaluate 1, (0;N,n, M) = (ug, e), m = 1,..., M, where ug(zx) is the initial condition
for (2.2.1), and qoim = (pa(A,5e1),em(-)), L,Lm=1,...,M.

Step 8. On the i-th time step (at time t = iA), generate the Gaussian random variables

((f), a € Inn,r, according to (2.5.6), compute the coefficients

1 .
U (i;N,n, M) = —— (i = ;N 0, MYgaum€?, m=1,...,M,
ae;m z; \/a

Non,r 1=

and obtain the approzimate solution of (2.2.1)

uxv,\,’n(ti,l,x) = Ui (1; N, ny M)e,, ().

1=

Algorithm 2.3.1 coincides with the algorithm proposed in [265] for (2.2.1) in the case of b¥ (¢, z) =
0, ¢ =0, gr = 0, and finite number of noises but generalizes it to a wider class of linear SPDEs

of the form (2.2.1). In particular, the algorithm from [265] was applied to the nonlinear filtering
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problem for hidden Markov models in the case of independent noises in signal and observation,
while Algorithm 2.3.1 is also applicable when noises in signal and observation are dependent.
Algorithm 2.3.1 allows us to simulate mean-square approximations of the solution to the SPDE
(2.2.1). Tt can also be used together with the Monte Carlo technique for computing expectations
of functionals of the solution to (2.2.1). In the next section we propose an algorithm based on
Algorithm 2.3.1, which allows us to compute moments of the solution to (2.2.1) without using the

Monte Carlo technique.

Remark 2.3.2. We note that the cost of simulation of the random field u(t;, x) by Algorithm 2.3.1

over K timesteps is proportional to KM? (NN!Tn"rr))!I.

2.4 Algorithm for computing moments

Implementation of Algorithm 2.3.1 requires the generation of the random variables ¢l? (see (2.3.6)).
Then, for computing moments of the solution of the SPDE problem (2.2.1), we also need to make
use of the Monte Carlo technique. As is well known, Monte Carlo methods have a low rate of
convergence. In this section we present a deterministic algorithm (Algorithm 2.4.1) for computing
moments, i.e., an algorithm which does not require any random numbers and does not have a
statistical error. In Sections 2.5 and 2.6 we compare Algorithm 2.4.1 with some Monte Carlo-type
methods and demonstrate that Algorithm 2.4.1 can be more computationally efficient when higher
accuracy is required.

First, it is not difficult to see that the mean solution E[u(t, x)] is equal to the solution ¢ (t, x)

of the propagator (2.3.12) with a = (0):

]E[u(t7 l‘)] = $(0) (t7 Z‘)

Thus evaluating the mean Eu(t, x) is reduced to numerical solution of the linear deterministic PDE
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for @(0)(t,x).
We limit ourselves here to presenting an algorithm for computing the second moment of the
solution, E[u?(t, z)]. Other moments of the solution u(t,z) can be considered analogously.
According to Algorithm 2.3.1, we approximate the solution u(t;_1, x) of (2.2.1) by UX,N,n(ti—lv x)

(when f = g = 0) as follows:

wm(O;NanaM):(u07em)a m:17"'7Ma

M
1 )
d)m(ti—l;NanaM) = E E ﬁwl(ti;N7n7M)qa,l,m 5((;); mil,...7M,
(o

a€EINn,r =1

M
UX7N7n(ti—17x) = Z Y (tici;Nyon, Mep, (), i=1,...,K,

m=1

where ¢u 1 m are from (2.3.13) and &(f) are from (2.3.6). Then, we can evaluate the covariance

matrices

Qum(0;N;n, M) := 9 (0; N, n, M), (O; N, n, M), Im = 1,..., M, (2.4.1)
le(ti—l; N; n, M) = ijl(ti—l; N7 n, M)d’m(ti—l; N7 n, M)]

M
1
= Qjk(ti;N,n, M) —qa,j,10k,m>
ol

J,k=1 a€IN,n,r

Im=1,... M, i=1,... K|
and, consequently, the second moment of the approximate solution

M
E[(ulf no(ti-1,2))?] = D Qumltioi;Nyn, M)ey(z)em(z), i =1,...,K. (2.4.2)

l,m=1

We note that implementation of (2.4.1)-(2.4.2) does not require generation of the random variables
f((f ). Hence we have constructed a deterministic algorithm for computing the second moments of

the solution to the SPDE (2.2.1) when f = gy = 0, which we formulate below.
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Algorithm 2.4.1 (Recursive multistage Wiener chaos expansion). Choose a truncation of the
number of noises r > 1 in (2.2.1) and the algorithm’s parameters: a CONS {en(x)}m>1 and its
truncation {e,(x)}M_,; a time step A; N and n which together with r determine the size of the

multi-index set JInn,r-

STEP 1 For eachm =1,...,M, solve the propagator (2.3.12) for . € Inn,r on the time interval [0, A]
with the initial condition ¢(x) = e (x) and denote the obtained solution as o (A, x;en),
o € Innr, m = 1,...,M. Also, choose a time step size 0t to solve the equations in the

propagator numerically.

STEP 2 Evaluate ¥, (0;N,n, M) = (ug, em), m = 1,..., M, where ug(x) is the initial condition for

(2.2.1), and Go 1,m = (pa(A, 1), em(5), Lm=1,...,M.

STEP 3 Recursively compute the covariance matrices Qum (ti—1; N, n, M) according to (2.4.1) and obtain

the second moment E[(UX,N)n(ti_l,x))Q} of the approzimate solution to (2.2.1) by (2.4.2).

We emphasize again that Algorithm 2.4.1 for computing moments does not have a statistical
€rTor.

Let us discuss the error of Algorithm 2.4.1. One can show (see, e.g. [265]) that due to the
orthogonality of the random variables fs) in the sense that E[E&”{g )] =0 unless i = j and a = 3,

the following equality holds:

E[u?(t,z)] — E[uﬁ,yn(t, 7)] = E[(u(t, z) — unn(t, 2))?]. (2.4.3)

Hence the error estimates for approximation of the second moment E[u?(t; 1, z)] by E[u} y ,(ti—1, )]
is equal to the errors given in (2.3.10) and (2.3.11).

We do not discuss here errors arising from noise truncation and from truncation of the basis

{em(x)}mzb
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Remark 2.4.2. It is not difficult to show that the computational costs of Steps 1 and 2 of Al-

gorithm 2.4.1 are proportional to Mz(,\'\:!'{nnrr))!!. In general the computational cost of Step 3 over K

timesteps is proportional to KM* (,'\I\IIJ{”":))!!. Taking this into account together with the error estimates

(2.3.10) and (2.8.11), it is usually computationally beneficial to choose n =1 and N =2 or 1. The
main compuftational cost of Algorithm 2.4.1 is due to the total number of basis functions M (in
physical space) required for reaching a satisfactory accuracy. As is well known, for a fized accuracy
the number M of basis functions {e,,}M_, is proportional to C?, where C' depends on a choice of
the basis and on the problem. If the variance of u®(t,z;) is relatively large and the problem consid-
ered does not require a very large number of basis functions M, then one expects Algorithm 2.4.1
to be computationally more efficient in evaluating second moments than the combination of Algo-
rithm 2.3.1 with the Monte Carlo technique.

Algorithm 2.4.1’s efficiency can often be improved by choosing an appropriate basis {en} so
that the majority of functions qq 1 .m are identically zero or negligible and hence can be dropped from
computing the covariance matriz {Qpm (ti—1; N, I\/I)}?{'mzl, significantly decreasing the computational
cost of Step 3. For instance, for the periodic passive scalar equation considered in Section 2.6
we choose the Fourier basis {e,,}. In this case the number of zero qo,im s proportional just to
M (the total number of quim is proportional to M?) and, consequently, the computational cost
of Step 3 (and hence that of Algorithm 2.4.1) becomes proportional to M? instead of the original
M?. Moreover, computation of the covariance matriz according to (2.4.1) can be done in parallel.
Clearly, the use of reduced-order methods with offline/online strategies [348] can greatly reduce the

value of M and hence will make the proposed method very efficient.

Remark 2.4.3. It is more expensive to compute higher-order moments by a deterministic algorithm
analogous to Algorithm 2.4.1. Since second moments give us such important, from the physical point
of view, characteristics as energy and correlation functions, Algorithm 2.4.1 can be a competitive

alternative to Monte Carlo-type methods in practical situations.
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2.5 Numerical tests in one dimension

We start (Section 2.5.1) with a description of two one-dimensional test problems used in the nu-
merical tests. Then, for clarity of exposition, we illustrate application of Algorithm 2.4.1 to these
problems (Section 2.5.2). We present results of numerical tests of Algorithm 2.4.1 in Section 2.5.3
and its comparison with some Monte Carlo-type algorithms in Section 2.5.4. In the next section

(Section 2.6) we also perform numerical tests with a two-dimensional passive scalar equation.

2.5.1 Test problems

We consider the following two model problems. The first one is the stochastic advection-diffusion

equation with periodic boundary condition, written in the Stratonovich form as

du(t, ) = €y, (t,x)dt + ouy(t,x) o dw(t), t >0, z € (0,2n), (2.5.1)

u(0, ) = sin(z),
or in the Ito6 form as
du(t, ) = augy(t, ) dt + oug(t, ) dw(t), u(0,z) = sin(x).

Here w(t) is a standard one-dimensional Wiener process, o > 0, ¢ > 0 are constants, and a =

€ + 0%/2. The solution of (2.5.1) is
u(t, ) = e~ sin(z + ow(t)), (2.5.2)

and its first and second moments are
1 1

E[u(t,z)] = e~ sin(x), E[u®(t,z)] =e 2 (2 - 56720% cos(2ac)) .
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We note that for e = 0 the equation (2.5.1) becomes degenerate.
The second model problem is the following Ito reaction-diffusion equation with periodic bound-

ary condition:

du(t, ) = aug(t,x) dt + ou(t,z) dw(t), t >0, z € (0,2m), (2.5.3)

u(0, z) = sin(x),

where 0 > 0 and a > 0 are constants. Its solution is

2

u(t, ) = exp (—(a + %)t + aw(t)) sin(x); (2.5.4)

and its first and second moments are
Elu(t,z)] = e *sin(z), E[u’(t,z)] = exp (—(2a — 0°)t) sin®(x).

In Sections 2.5.3 and 2.5.4 we will test Algorithm 2.4.1 by evaluating the second moments

Eu?(t,z) of the solutions to (2.5.1) and (2.5.3).

2.5.2 Application of WCE algorithms to the model problem

The problems (2.5.1) and (2.5.3) are simpler than the general linear SPDE (2.2.1) and, consequently,
Algorithm 2.4.1 applied to them takes a simpler form (see Algorithm 2.5.1 below).

We note that when an SPDE has a single Wiener process only, the multi-index « takes the form
a = (ag,as,...), where «; are non-negative integers. For instance, if |o| = 0 (i.e., a = (0,0,...))
then the corresponding &, =1 (cf. (2.2.6)). If |a| = 1, then the multi-index oo = (0,...,0,1,0,...)
with o; = 1 and the other o = 0, and the corresponding &, = H1(§)=& = fg m;(s) dw(s). If
|a| = 2, then the multi-index is either of the type a = (0,...,0,1,0,...,0,1,0,...) withoy = o; = 1

and the other oy, = 0, and consequently, £, = H1(&)H1(§;) = fot my(s) dw(s) fot m;(s) dw(s); or
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a=(0,...,0,2,0,...) with a; = 2 and the other o, = 0, and consequently, &, = Hy(&)/V2 =
% {(fot m;(s) dw(s))2 - 1] , and so on.

The model problems (2.5.1) and (2.5.3) have a single Wiener process and they possess the
following interesting feature. We observe that their solutions (2.5.2) and (2.5.4) have the form
u(t,z) = f(t,z,w(t)), where f(t,x,y) is a smooth function. Consequently, the solutions are ex-
pandable in the basis consisting just of &, = Hy(w(t)/vt)/Vk! = Hp(&1)/VE!, a = (k,0,...,0),

k=0,1,...,1ie., we have

90(1 Z Spa — Z (pli(/%x) N (255)

aeJ N=0a€cJn,1 k=0

where 1 = &, with a = (k,0,...,0), k=0,1,.... Hence

N
- ka( ) L
un(t, ) = un(t,z) = ,}:O N/ 77k , (2.5.6)

which corresponds to setting n =1 in (2.3.1). It is not difficult to show (see also the discussion on
error estimates after Algorithm 2.4.1 in Section 2.4) that applying Algorithm 2.4.1 to the model
problems (2.5.1) and (2.5.3) is more accurate than in general cases of (2.2.1) (cf. (2.3.10) and

(2.3.11) and also (2.4.3)):

B2 (¢, )] ~ Bl e, )] o < C (25.7)

Mz

for all sufficiently small A > 0 and a constant C' > 0 independent of A and N (as before, here we
neglected errors arising from truncation of the basis {e,,}).
For the problems (2.5.1) and (2.5.3), the propagator (2.3.12) takes the form (recall that here

the multi-index o degenerates to a = (k,0,...,0), k=0,1,...):

drpo = adiypo,  ¢o(0,2;0) = d(x), (2.5.8)
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1

kO 0r_1, 0,z;0) =0, k>0,
\/Z Pr—1 SOk( )

at‘Pk = aaﬁm@k +

and

Brpo = ad, 0, po(0,2;9) = ¢(x), (2.5.9)

Orpr, = ad? . on +
tPk Pk VA

okor—1, ¢r(0,2;0) =0, k>0,

respectively. We solve these propagators numerically using the Fourier collocation method with M
nodes in physical space and the Crank—Nicolson time discretization with step ¢ in time. Denote by
L (x), m=1,...,M, the m-th Lagrangian trigonometric polynomials using M Fourier collocation
nodes, i.e., Ly, (z) are m-th order trigonometric polynomials satisfying L,,(x;) = 6y, and x; =
2V’“(l —1),l=1,...,M. Now, for completeness, we formulate the realization of Algorithm 2.4.1 in

the case of the model problems.

Algorithm 2.5.1. For given values of the model parameters a and o, choose the algorithm param-
eters: a number of Fourier collocation nodes M, a time step 5t for solving the propagator (2.5.8)

(or (2.5.9)), and a time step A and the number of Hermite polynomials N.

STEP 1 Solve the propagator (2.5.8) (or (2.5.9)) on the time interval [0, A] with the initial condition
¢(x) = Li(x) using the Fourier collocation method with M nodes in physical space and the
Crank—Nicolson scheme with step ot in time and denote the obtained numerical approximation

of pr(A,x; L) as cp,';/l’ét(Awl;Lm), Im=1,...,M,k=0,1,...,N.

STEP 2 Recursively compute the covariance matrices

[ § . .
errl(ti—l; Na M) = ]E[UX:Nt(ti—la xl)uX:Nt(ti—lv CCm)], ti-1 = ZA7 1= Oa R K7
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of the approzimate solution to (2.5.1) (or (2.5.3)):

Qim (0; N, M) = wp(xp)uo(zm), I,m=1,...,M,

where ug(x) is the initial condition of (2.5.1) (or (2.5.3)).

In particular, we obtain the second moment of the approzimate solution to (2.5.1) (or (2.5.3)):

E[uXiﬁlt(ti,l,xj)]Q = ij(tifl; N, M), 7=1,..., M, i=1,...,K.

We note that Algorithm 2.5.1 has four errors: (1) an error due to time discretization of the
SPDE, which is controlled by A; (2) the truncation error of the one-step WCE, which is controlled
by N; (3) an error due to the truncation of the spatial basis {e,,}, which is controlled by M; and
(4) the numerical integration error in solving the propagator. The last one, in its turn, consists
of the error due to space discretization, which is controlled by M, and of the error due to time

discretization, which is controlled by dt.

Remark 2.5.2. To approximate the solution of (2.5.1) (or (2.5.3)), one can use the truncated

WCE un(t,x) from (2.5.6) and, in particular, evaluate the second moment E[u?(t, )] as

2(t o N ’
E[u?(t,2)] ~ E[uf(t,2)] = ) w’“g{ N > [k, (2.5.10)

k=0 k=0

where wo(t,x) = wo(t, z;up(x)) and @i (t,x) = wr(t,z;0), k > 0, are solutions of the propagator
(2.5.8) (or (2.5.9)) and @',lﬂ’at(tx) are their numerical approrimations obtained, e.g., using the

Fourier collocation method with M nodes in physical space and the Crank—Nicolson scheme with step
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ot in time. The approzimation (2.5.10) can be viewed as a one-step approrimation corresponding
to Algorithm 2.5.1, i.e., the first step of Algorithm 2.5.1 with A =t, and its error is estimated as

N+1
[Elu? ()] = Elun(t, )] 2 < cectml)!.

We see that this error grows exponentially with t, which was confirmed by our numerical tests
with (2.5.1) (not presented here). To reach a satisfactory accuracy of the approxzimation (2.5.10)
for a fixed t, one has to take a sufficiently large N which is computationally expensive (see also
Remark 2.4.2) even in the case of moderate values of t. In contrast, we demonstrate (see next
section) that the error of Algorithm 2.5.1 grows linearly with time and it is relatively small even

for N =1.

2.5.3 Numerical results

In this section we present some results of our numerical tests of Algorithm 2.5.1 on the two model
problems (2.5.1) and (2.5.3).

In approximating the propagators (2.5.8) and (2.5.9) we choose a sufficiently large number
of Fourier collocation nodes M and a sufficiently small time step dt so that errors of numerical
solutions to the propagators have a negligible influence on overall accuracy of Algorithm 2.5.1 in
our simulations. In all the numerical tests it was sufficient to take M = 20; this choice of M was
tested by running control tests with M = 80.

We measure numerical errors using the norms:

and
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The results of our tests on the model problem (2.5.1) in the degenerate case (i.e., € = 0) and
in the non-degenerate case (i.e., € > 0) are presented in Tables 2.1 and 2.2, respectively. Table 2.3
corresponds to the tests with the second model problem (2.5.3). Numerical tests with values of
the parameters other than those used for Tables 2.1-2.3 were also performed and they gave similar

results.

Table 2.1: Performance of Algorithm 2.5.1 for Model (2.5.1). The parameters of the model (2.5.1)

are 0 = 1, e = 0, and the time ¢t = 10. In Algorithm 2.5.1 we take M = 20.

N A ot p2(10) Poo(10)

1 0.1 1x1073 4.69 x 107 T 1.87 x 1071
0.01 1x 1074 6.07 x 1072 2.42 x 1072
0.001 1x 1075 6.25 x 1073 2.49 x 1073

2 0.1 1x 1073 1.92 x 102 7.67 x 1073
0.01 1x107% 2.07 x 1074 8.27 x 1075
0.001 1x 1075 2.09 x 1076 8.33 x 10~ 7

3 0.1 1x 1073 4.82 x 1074 1.99 x 10~ 7
0.01 1x 10712 5.16 x 10~7 2.06 x 1077
0.001 1x107° 3.37 x 10710 1.81 x 10~10

4 01 1x 1073 9.36 x 10°° 3.73x 1076
0.01 1x107° 9.35 x 1010 417 x 10710

Table 2.2: Model (2.5.1): performance of Algorithm 2.5.1. The parameters of the model (2.5.1) are

o =1, e=0.01, and the time t = 10. In Algorithm 2.5.1 we take M = 20.

N A ot p2(10) poo(10)

1 01 1x 1073 3.84 x 1071 1.53 x 1071
0.01 1x107% 4.97 x 1072 1.98 x 102
0.001 1x1071 5.11 x 1073 2.04 x 1073

2 0.1 1x 1073 1.58 x 1072 6.28 x 10~3
0.01 1x 1077 1.70 x 10~% 6.77 x 1075
0.001 1x1074 1.72 x 106 6.88 x 10”7

3 0.1 1x10°3 3.95 x 1072 1.57 x 1071
0.01 1x1074% 422 x 1077 1.68 x 1077
0.001 1x1077° 3.65 x 10710 2.01 x 10710

4 0.1 1x 1073 7.67 x 1076 3.06 x 1076
0.01 1x 1075 8.39 x 10~ 10 3.90 x 1010

Analyzing the results in Tables 2.1, 2.2 and 2.3, we observe the convergence order of AN for a
fixed N in all the tests which confirms our theoretical prediction (2.5.7). We also run other cases

(not presented here) to confirm the conclusion from Section 2.5.2 that the number n of random
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Table 2.3: Performance of Algorithm 2.5.1 for Model (2.5.3). The parameters of the model (2.5.3)

are 0 = 1, a = 0.5, and the time ¢ = 10. In Algorithm 2.5.1 we take M = 20.

N A 5t p2(10) Poo(10)

1 0.1 1x1073 5.75 x 1071 3.74x 1071
0.01 1x 1074 7.44 x 1072 4.85 x 1072
0.001 1x10°1 7.65 x 1073 498 x 1073

2 0.1 1x 1073 2.36 x 1072 1.53 x 102
0.01 1x 1077 2.54 x 1077 1.65 x 1074
0.001 1x107% 2.58 x 10~° 1.68 x 1076

3 0.1 1x1073 5.90 x 10~ % 3.85 x 1074
0.01 1x 1074 6.32 x 10~ 7 412 x 1077

variables & used per step does not influence the accuracy of Algorithm 2.4.1 in the case of the
model problems (2.5.1) and (2.5.3).

In Figure 2.2 we demonstrate dependence of the relative numerical error

p2(t)
T t —
A0 = ERa
on integration time. These results were obtained in the degenerate case of the problem (2.5.1),
but similar behavior of errors was observed in our tests with other parameters as well. One can
conclude from Figure 2.2 that (after an initial fast growth) the error grows linearly with integration
time. This is a remarkable feature of the proposed WCE-based algorithm since it implies that the

algorithm can be used for long time integration of SPDEs.

2.5.4 Comparison of the WCE algorithm and Monte Carlo-type algo-

rithms

As discussed in Introduction, there are other approaches to solving SPDEs, which are usually
complimented by the Monte Carlo technique when one is interested in computing moments of SPDE
solutions. In this section, using the problem (2.5.1), we compare the performance of Algorithm 2.5.1
and two Monte Carlo-type algorithms, one of which is based on the method of characteristics [304]

and another on the Fourier transform of the linear SPDE with subsequent simulation of SDEs and
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Figure 2.2: Dependence of the relative numerical error p4(t) on integration time. Model (2.5.1) is
simulated by Algorithm 2.5.1 with M = 20 and §¢ = A/100 and various A and N. The parameters
of (2.5.1) are 0 =1 and € = 0.

application of the Monte Carlo technique.
The solution of (2.5.1) with € = 0 (the degenerate case) can be represented using the method
of characteristics [347]:

u(t, ) = sin(Xy ,(0)), (2.5.11)

where X, ,(s), 0 < s <t, is the solution of the system of backward characteristics
(.
dXp0(s) = odw(s), Xia(t) =z (2.5.12)

%
The notation “dw(s)” means backward It integral (see, e.g. [347]). It follows from (2.5.12) that
X;..(0) has the same probability distribution as x + o+v/t¢, where ( is a standard Gaussian random
variable (i.e., ¢ ~ N(0,1)). Since we are interested only in computing statistical moments, it is

assumed, without loss of generality, that

X, 2(0) =z + oViC. (2.5.13)
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Then we can estimate the second moment my(t, z) := E[u?(t,z)] as

L
1
ma(t,x) = iha(tx) = ¢ > sin®(z + ovi¢h), (2.5.14)
1=1
where (W, 1 =1,..., L, are i.i.d. standard Gaussian random variables. The estimate 175 for ms is

unbiased, and, hence, the numerical procedure for finding ms based on (2.5.14) has only the Monte
Carlo (i.e., statistical) error which, as usual, can be quantified via half of the length of the 95%

confidence interval:

Var(sin?(z + o/t
puc(t, x) :2\/ ( \ﬁz—i— ) :

Table 2.4 gives the statistical error for (¢, z) from (2.5.14) (recall that there is no space or

time discretization error in this algorithm), which is computed as

2 - max \/% Zlel Sin4(xj + 0\/1%([)) - [mQ(t7 xj)]z
J VL ’

(2.5.15)

where the set of x; is the same as the one used for producing the results of Table 2.5 by Algo-
rithm 2.5.1 and ¢V are as in (2.5.14). All the tests were run using Matlab R2007b, on a Macintosh
desktop computer with Intel Xeon CPU E5462 (quad-core, 2.80 GHz). Every effort was made to
program and execute the different algorithms as much as possible in an identical way. The cost
of simulation due to (2.5.14) is directly proportional to L. The slower time increase for smaller
L in Table 2.4 is due to inclusion of the initialization time of the computer program in the time
measurement.

In Table 2.5 we repeat some of the results already presented in Table 2.1, which are now also
accompanied by CPU time for comparison.

Comparing the results in Tables 2.4 and 2.5, we conclude that when one sets a relatively large
error tolerance level the estimate ma(¢,2) from (2.5.14) is computationally more efficient than

Algorithm 2.5.1; however, Algorithm 2.5.1 has lower costs in reaching a higher accuracy (errors
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Table 2.4: Performance of the method (2.5.14) for Model (2.5.1). The parameters of the model
(2.5.1) are 0 = 1, € = 0, and the time ¢ = 10. The statistical error is computed according to
(2.5.15).

L statistical error  CPU time (sec.)
102 8.87 x 1072 6x 1073
10* 7.40 x 1073 6.7 x 1072
10° 7.09 x 107 7.4 x 10°
108 7.07 x 1077 7.4 x 107
1010 7.07 x 1076 7.3 x 107

Table 2.5: Performance of Algorithm 2.5.1 for Model (2.5.1). The parameters of the model (2.5.1)
are 0 = 1, € = 0, and the time ¢t = 10. The parameters of Algorithm 2.5.1 are A = 0.1, M = 20,
ot = 0.001.

N Poo(10) CPU time (sec.)
1 1.87 x 1071 5.7 x 109
2 7.67 x 1073 8.1 x 100
3 1.99 x 10~ 14 1.1 x 107
4 3.73x 1076 1.3 x 107

of order equal to or smaller than 107%). We note that variance reduction techniques (see, e.g.
[301, 304] and the references therein) can be used in order to reduce the Monte Carlo error. But
the aim here is to give a comparison of computational costs for the WCE-based algorithm and
direct Monte Carlo methods having in mind that for complex stochastic problems it is usually

rather difficult to reduce variance efficiently.

Let us now use the problem (2.5.1) with € = 0 for comparison of Algorithm 2.5.1 with another
approach exploiting the Monte Carlo technique. One can represent the solution of this periodic

problem via the Fourier transform:

u(t,x) = Z eF T (t) (2.5.16)
keZ

with ug(t), t > 0, k € Z, satisfying the system of SDEs:

1 1
dug(t) = —k2§azuk(t)dt + ikoug(t)dw(t), Reur(0) =0, Imug(0) = 3 (61 —d-1k). (2.5.17)
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Noting that here uy(t) = 0 for all |k| # 1 and re-writing (2.5.16)-(2.5.17) in the trigonometric form,
we get

u(t, ) = u(t) cosx 4+ u°(t) sinx, (2.5.18)

where

du®(t) = —%a2uc(t)dt + ou®(t)dw(t), u(0) =0, (2.5.19)

du®(t) = —%U2us(t)dt —ou®(t)dw(t), u®(0)=1.

The system (2.5.19) is a Hamiltonian system with multiplicative noise (see, e.g. [299, 301]). It is
known [299, 301] that symplectic integrators have advantages in comparison with usual numerical
methods in long time simulations of stochastic Hamiltonian systems. An example of a symplectic

method is the midpoint scheme, which in application to (2.5.19) takes the following form:

g

W (thi1) = @(tk) + = (@ (1) + @ (tps1)) VA1, u(0) =0, (2.5.20)

\V]

@ (th1) = @ (t) = (@ (t) + T (b)) VA1, *(0) = 1,

where (; are i.i.d. standard Gaussian random variables and At > 0 is a time step. The scheme
(2.5.20) converges with the mean-square order 1/2 and weak order 1 [301]. It is implicit but can
be resolved analytically since we are dealing with the linear system here. One can recognize that
(2.5.19) is a Kubo oscillator. A number of numerical tests with symplectic and non-symplectic
integrators are done on a Kubo oscillator in [299, 301].

Using (2.5.18) and (2.5.20), we evaluate the second moment of the solution to (2.5.1) with e =0

as

ma(tr, z) = Elu?(ty, ©)] = B[(a°(ty) cos x + a°(t) sinx)?] (2.5.21)
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L
2
= 1o (tg, @ Z{ C(l) (tg) cosz + a* (l)(tk)smx ,

where @%® (), 75" (t;,) are independent realizations of the random variables @¢(ty,), @°(ty).

The estimate g (tx, ) from (2.5.21) has two errors: the time discretization error due to the
approximation of (2.5.19) by (2.5.20) and the Monte Carlo error. The errors presented in Table 2.6
are computed as max;[ms(tg, z;) — E[u?(tx, z;)]] and are given together with the 95% confidence

interval.

Table 2.6: Model (2.5.1): performance of the method (2.5.21). The parameters of the model (2.5.1)
are 0 = 1, e = 0, and the time t = 10.

At L Error CPU time (sec.)
0.1 10% 8.06 x 1073 £7.09 x 1073 472 x 1071
0.01 10% 6.55 x 10-* £ 7.08 x 10~4 3.90 x 102
0.001  10° 881 x 107 °£7.07 x 107 3.81 x 10°

Comparing the results in Tables 2.6 and 2.5, we come to the same conclusion as in our first
comparison test that Algorithm 2.5.1 is computationally more efficient than the Monte Carlo-based

algorithms in reaching a higher accuracy.

2.6 Numerical tests with passive scalar equation

A prominent example of the stochastic advection-diffusion equation (2.2.1)-(2.2.2) is a passive scalar
equation, which is motivated by the study of the turbulent transport problem (see [123, 233, 264]
and the references therein). Here we perform numerical tests on the two-dimensional (d = 2)

passive scalar equation with periodic boundary conditions:

o d
—l—ZZU )D;u o dwy(t) = 0, (2.6.1)

k=11i=1

u(t,zt +0,2%) = u(t,x', 2? +0) = u(t,z), t >0, z € (0,£)?

U(O,l’) = UO(Z)a LS (Ov€)2>
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where o indicates the Stratonovich version of stochastic integration, ¢ > 0, the initial condition
up(z) is a periodic function with the period (0, £)?, and o}, (x) are divergence-free periodic functions
with the period (0, £)?:

divoy = 0. (2.6.2)

In (2.6.1) we take a combination of such o (z) so that the corresponding spatial covariance C' is
oo

symmetric and stationary: C(z—y) = Z Mok (z)of (y), where Ay, are some non-negative numbers.
k=1

Namely, we consider

Clz—y) =Y MCl(x —y;np,my), (2.6.3)

k=1

where ny, my is a sequence of positive integers, and

m?  —nm
C(z — y;n,m) = cos(2m (n[z' — y'] + mlz® — y?]) /) )
-nm  n?
which can be decomposed as
—m
C(z —y;n,m) = cos(2r[nz’ + ma?]/l) cos(2m [ny" + my?] /0) [ -m n ]
n
-m
+sin(27 [nxl + me] /0) sin(2n[ny + my?]/¢) [ “m n } .
n

Hence, {ox(z)}r>1 in (2.6.1) is an appropriate combination of vector functions of the form

-m -m
cos(2n[nat + ma?]/0) and sin(2m [nz' + ma?] /¢)
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We rewrite (2.6.1) in the Ito’s form:

d co d
1
du(t)+§g::lc ;(0)D; D; udt+;;a ) D;udwy,(t) = 0, (2.6.4)

u(t,xt + 0,2%) = u(t,x', 2? +0) = u(t,z), t >0, z € (0,£)?

u(0,z) = ug(z), =€ (0,£)>2

Below we present results of numerical tests of Algorithm 2.4.1 applied to (2.6.4) and its com-
parison with the Monte Carlo-type algorithm based on the method of characteristics from [304]. In

the tests we simulated the L?-norm of the second moment of the SPDE solution

1/2
|E[w?(T, )], = V{O e]Z(E[uQ(T, x)])de] : (2.6.5)
We considered the particular case of (2.6.1), (2.6.3) with ¢ = 27, the initial condition
ug(z) = sin(2z') sin(z?) . (2.6.6)

and with two noise terms:

-1 -1
o1(x) = cos(xy + x2) , oo(x) = sin(zy + x2) ) (2.6.7)

ox(x) =0 for k > 2.

This example satisfies the so-called commutativity condition, see e.g. [211, 301]. The error
estimate (2.3.10) holds in this case, which is confirmed in the tests, (see Chapter 4 for error estimates
for single noise, one special coase of commutative noises).

In Algorithm 2.4.1 we solve the propagator (2.3.12) corresponding to the SPDE (2.6.4) using

fourth-order explicit Runge-Kutta with step size dt in time and the Fourier spectral method with
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M modes in physical space. We noted in Remark 2.4.2 that in general the computational cost of
Algorithm 2.4.1 is proportional to M* but with an appropriate choice of basis functions, this cost
can be considerably reduced. Indeed, the Fourier basis is natural for the problem (2.6.4) and the use
of this basis reduces the computational cost to being proportional to M2. This significant reduction
is based on the following observation. Since we consider finite number of noises with periodic
ox(x) and (A, z;¢;) to be the solution of the propagator (2.3.12) with the initial condition
equal to a single basis function e;(x), o (A, x;e;) is expandable in a finite number of periodic
functions ey (x) and this number does not depend on M. Hence for fixed o and ! the number of
nonzero o i.m = (Pa(A,-;e1),em () is finite. Therefore, the overall number of nonzero ¢qi,m is
proportional to M instead of M2. This was tested and confirmed in our tests. We use the above fact
in our computer realization of Algorithm 2.4.1 and reduce the computational cost of obtaining a
single entry of the matrix Q; , from the order of O(M?) to order O(1). Hence, computational costs
of Step 3 (and hence that of Algorithm 2.4.1) becomes proportional to M? instead of the original
M4

We do not have an exact solution of the problem (2.6.1) and hence we need a reference solution.
To this end, the Ly-norm of the second moment of the SPDE solution at T'= 1 was computed by
Algorithm 2.4.1 with parameters N = 2, n = 1, M = 900 (i.e., 30 basis functions in each space
direction), 6t = 1 x 1075, A = 1 x 10~* and which is equal to 1.57976 (5 d.p.). This result was
also verified by the Monte Carlo-type method described below with At =1 x 1073, M, = 10 and
L =8 x 107, which gave 1.579777 £ 7.6 x 10~° where =+ reflects the Monte Carlo error only.

For Algorithm 2.4.1, we measure the error of computing the L2-norm of the second moment of

the SPDE solution as follows

2’

p(T) = Bl (T, )] o — ||ELWXR (T, )2

1/2
where [[v(-)]|2 = Nl;s (ZI:AJ:1 v? (] x2)) cab =7 =(i—1){/M,,i=1,...,My, and E[uZ (T, -)]

REad) % i
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is the reference solution computed as explained above. The results demonstrating second-order
convergence (see (2.3.10) and the discussion after Algorithm 2.4.1 ) are given in Table 2.7. We
note that we also did some control tests with 6t = 1 x 107° and M = 1600 which showed that the
errors presented in this table are not essentially influenced by the errors caused by the choice of

ot =1 x 10~% and cut-off of the basis at M = 900.

Table 2.7: Performance of Algorithm 2.4.1 for passive scalar equation (2.6.4). The parameters of
Algorithm 2.4.1 are N=2,n=1, M =900, 6t = 1 x 1074

A p(1)
005  0.1539
002  0.0326
0.0l 0.0089
0.005  0.0023

0.0025  0.0006

Let us now describe the Monte Carlo-type algorithm based on the method of characteristics
(see further details in [304]) with which we compare here the performance of Algorithm 2.4.1. The

solution u(t, z) of (2.6.1) has the following (conditional) probabilistic representation (see [347, 264]):
u(t, ) = up(X¢ (0)) a.s., (2.6.8)

where X, ,(s), 0 < s <t, is the solution of the system of (backward) characteristics
—dX = Z o1 (X)dws(s), X(t) = z. (2.6.9)

Due to (2.6.2) and (see [264])

> %— 0, (2.6.10)
k

the phase flow of (2.6.9) preserves phase volume (see e.g. [301, p. 247, Eq. (5.5)]). We also recall
that the Ito and Stratonovich forms of (2.6.9) coincide. As it is known [301], it is beneficial to

approximate (2.6.9) using phase volume preserving schemes, e.g., by the midpoint method [301,
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Chapter 4], which for (2.6.9) takes the form (here we exploited that the Ito and Stratonovich forms

of (2.6.9) coincide): for an integer m > 1,

X =, (2.6.11)

X +X
Xi=Xip1+ )0 (lzl“) (G, VAL t=n—1,...,0,
k

where ( kAt)l are, e.g., i.i.d. random variables with the law

é-ka |§k:| S AAt7
B = Aty & > A, (2.6.12)

*AAt, gk < *AAtv

and & are i.i.d standard Gaussian random variables, and Aa; = \/m7 c > 1. Its weak
order is equal to one [301]. This scheme requires solving the two-dimensional nonlinear equation
at each step. To solve it, we used the fixed-point method with the level of tolerance 10713, and in
our example two fixed-point iterations were sufficient to reach this accuracy. Using )_(M(O) = Xy
obtained by (2.6.11) with At = T'/m, we simulate the L?-norm of the second moment of the SPDE

solution as follows:

1/2
|EWAT, ||, = </[O e @])%) ~ BT, ], (2.6.13)
- 1/2 1/2
0 [ M ) o [ M . ,
= o | 2 (Bl a2 ) |~ o | D (Bl (K 02(0))]
® Lia=1 s 14,=1
y Ty 9 1/2
S (1
~ W [L S, <o>>] ,
* Lig=1 =1 R
where 2! = 22 = (i — 1)¢/M,, i = 1,... ,My; XY, ,(0) are independent realizations of the random

t,x; YT

variables X, ;1 2(0). The approximation in (2.6.13) has three errors: (i) the error of discretization
iy
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of the integral of the space domain [0, ¢]> which is negligible in our example even for Mg = 10; (ii)
the error of numerical integration due to replacement of Xt ot 02 (0) by Xt,m},:r_? (0); (iil) the Monte
Carlo error which is measured analogously to how it was done in Section 2.5.4. We note that it is
possible to reduce the variance of the estimator on the right-hand side of (2.6.13) but we do not
consider it here. It is interesting that the mid-point scheme used to simulate Xt,a:%@? (0) gave very
accurate results even with relatively large time steps.

We compare Algorithm 2.4.1 and the Monte Carlo algorithm (2.6.13) by simulating the example
(2.6.1), (2.6.6), (2.6.7) at T'= 1. In these comparison tests, Matlab R2010b was used for each test
on a single core of two Intel Xeon 5540 (2.53 GHz) quad-core Nehalem processors. From Tables 2.8
and 2.9, we can draw the same conclusion as in one dimension that for lower accuracy the Monte

Carlo algorithm (2.6.13) outperforms Algorithm 2.4.1; but that Algorithm 2.4.1 is more efficient

for obtaining higher accuracy.

Table 2.8: Performance of Algorithm 2.4.1 passive scalar equation (2.6.4). The parameters of
Algorithm 2.4.1 are N =2, n =1, M = 900, 6t = 1 x 1074
A p(1) CPU time
1x1072 8.89 x 1073 3.7 x 10* (sec.)
1x1073 1.20 x 10~% 3.2 x 10°(sec.)
5x 107% 3.73 x 1075 1.8 x 102 (hours)

Table 2.9: Performance of Algorithm 2.6.11 for passive scalar equation (2.6.4). The parameter is
M = 100.

At L Error CPU time
2x 1071 2.5 x 107 4.68 x 1073 £4.38 x 1073 1.2 x 10T (sec.)
1x1072 4x10" 1.46 x 107 £1.08 x 10=* 3.5 x 10° (sec.)
I1x107% 4x1085 ~ x107°£3.03 x 107° 9.7 x 103 (hours) *

2.7 Summary

We have developed a multistage Wiener chaos expansion (WCE) method for advection-diffusion-

reaction equations with multiplicative noise, which form a wide class of linear parabolic SPDEs.

1This is an estimated time according to the tests with smaller A¢, L and with M = 100.
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We complemented this method by a deterministic algorithm for computing second moments of the
SPDE solutions without any use of the Monte Carlo technique. Our numerical tests demonstrated
that the proposed WCE-based deterministic algorithm can be more efficient than Monte Carlo-type
methods in obtaining results of higher accuracy, scaling as AN, where A is the time-step of the
“online” integration and N is the order of Wiener chaos. We have also found that for obtaining
results of lower accuracy, Monte Carlo-type methods outperform the deterministic algorithm for
computing moments even in the one-dimensional case. The proposed WCE-based algorithm is
conceptually different from Monte Carlo-type methods and thus it can be used for independent
verification of results obtained by Monte Carlo solvers. The efficiency of the algorithm can be
greatly improved if it is combined with reduced-order methods so that only a handful of modes will
be required to represent the solution accurately in physical space, i.e., a case with small M.
Further work is required to extend the theoretical analysis of [265] to the stochastic advection-
diffusion-reaction equations we have considered here as well as to weak convergence for WCE-based
algorithms. The numerical experiments in Section 2.6 with periodic passive scalar equation were
motivated by a non-viscous transport equation with Kraichnan’s velocity, which corresponds to an
SPDE with less a regular solution than the one we simulated in Section 2.6. Though we obtained
promising results in our numerical tests, simulation of the passive scalar equation with Kraichnan’s

velocity requires special consideration. These aspects will be addressed in the future.
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Chapter 3

Stochastic collocation methods for
differential equations with white

noise

In this chapter, we consider a sparse grid collocation method in conjunction with a time discretiza-
tion of the differential equations for computing expectations of functionals of solutions to differential
equations perturbed by time-dependent white noise. We first analyze the error of Smolyak’s sparse
grid collocation used to evaluate expectations of functionals of solutions to stochastic differential
equations discretized by the Euler scheme. We show theoretically and numerically that this algo-
rithm can have satisfactory accuracy for small magnitude of noise or small integration time, however
it does not converge neither with decrease of the Euler scheme’s time step size nor with increase
of Smolyak’s sparse grid level. Subsequently, we use this method as a building block for proposing
a new algorithm by combining sparse grid collocation with a recursive procedure. This approach
allows us to numerically integrate linear stochastic partial differential equations over longer times,

which is illustrated in numerical tests on a stochastic advection-diffusion equation.
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3.1 Introduction

In a number of applications from physics, financial engineering, biology and chemistry it is of in-
terest to compute expectations of some functionals of solutions of ordinary stochastic differential
equations (SDE) and stochastic partial differential equations (SPDE) driven by white noise. Usu-
ally, evaluation of such expectations requires to approximate solutions of stochastic equations and
then to compute the corresponding averages with respect to the approximate trajectories. We will
not consider the former in this chapter (see, e.g. [301] and references therein) and will concen-
trate on the latter. The most commonly used approach for computing the averages is the Monte
Carlo technique, which is known for its slow rate of convergence and hence limiting computational
efficiency of stochastic simulations. To speed up computation of the averages, variance reduction
techniques (see, e.g. [301, 304] and the references therein), quasi-Monte Carlo algorithms [320, 356],
and the multi-level Monte Carlo method [134, 135] have been proposed and used.

An alternative approach to computing the averages is (stochastic) collocation methods in ran-
dom space, which are deterministic methods in comparison with the Monte Carlo-type methods
that are based on a statistical estimator of a mean. The expectation can be viewed as an integral
with respect to the measure corresponding to approximate trajectories. In stochastic collocation
methods, one uses (deterministic) high-dimensional quadratures to evaluate these integrals. In the
context of uncertainty quantification where moments of stochastic solutions are sought, collocation
methods and their close counterparts (e.g., Wiener chaos expansion-based methods) have been very
effective in reducing the overall computational cost in engineering problems, see e.g. [132, 368, 404].

Stochastic equations or differential equations with randomness can be split into differential equa-
tions perturbed by time-independent noise and by time-dependent noise. It has been demonstrated
in a number of works (see e.g. [10, 34, 9, 403, 314, 322, 416] and references therein) that stochastic
collocation methods can be a competitive alternative to the Monte Carlo technique and its variants

in the case of differential equations perturbed by time-independent noise. The success of these
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methods relies on smoothness in the random space and can usually be achieved when it is sufficient
to consider only a limited number of random variables (i.e., in the case of a low dimensional random
space). The small number of random variables significantly limits the applicability of stochastic
collocation methods to differential equations perturbed by time-dependent noise as, in particular,
it will be demonstrated in this chapter.

The class of stochastic collocation methods for SDE with time-dependent white noise includes
cubatures on Wiener space [269], derandomization [317], optimal quantization [331, 332] and sparse
grids of Smolyak type [130, 131, 145]. While derandomization and optimal quantization aim at
finding quadrature rules which are in some sense optimal for computing a particular expectation
under consideration, cubatures on Wiener space and a stochastic collocation method using Smolyak
sparse grid quadratures (a sparse grid collocation method, SGC) use pre-determined quadrature
rules in a universal way without being tailed towards a specific expectation. Since SGC is endowed
with negative weights, it is, in practice, different from cubatures on Wiener space, where only
quadrature rules with positive weights are used. Among quadrature rules, SGC is of particular
interest due to its computational convenience. It has been considered in computational finance
[130, 145], where high accuracy was observed. We note that the use of SGC in [130, 145] relies on
exact sampling of geometric Brownian motion and of solutions of other simple SDE models, i.e.,
SGC in these works was not studied in conjunction with SDE approximations.

In this chapter, we consider a SGC method accompanied by time discretization of differential
equations perturbed by time-dependent noise. Our objective is twofold. First, using both analytical
and numerical results, we warn that straightforward carrying over stochastic collocation methods
and, in particular, SGC to the case of differential equations perturbed by time-dependent noise
(SDE or SPDE) usually leads to a failure. The main reason for this failure is that when integration
time increases and/or time discretization step decreases, the number of random variables in approx-
imation of SDE and SPDE grows quickly. The number of collocation points required for sufficient

accuracy of collocation methods grows exponentially with the number of random variables. This
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results in non-convergence of algorithms based on SGC and SDE time discretizations. Further, due
to empirical evidence (see e.g. [335]), the use of SGC is limited to problems with random space
dimensionality of up to 40. Consequently, SGC algorithms for differential equations perturbed by
time-dependent noise can be used only over small time intervals unless a cure for its fundamental
limitation is found.

In Section 2 (after brief introduction to the sparse grid of Smolyak [358] (see also [398, 131,
403]) and to the weak-sense numerical integration for SDE (see, e.g. [301])), we obtain an error
estimate for a SGC method accompanied by the Euler scheme for evaluating expectations of smooth
functionals of solutions of a scalar linear SDE with additive noise. In particular, we conclude that
the SGC can successfully work for a small magnitude of noise and relatively short integration
time while it does not converge neither with decrease of the time discretization step used for SDE
approximation nor with increase of the level of Smolyak’s sparse grid. Numerical tests in Section 3.4
confirm our theoretical conclusions and we also observe first-order convergence in time step size of
the algorithm using the SGC method as long as the SGC error is small relative to the error of time
discretization of SDE. We note that our conclusion is, to some extent, similar to that for cubatures
on Wiener space [61], for Wiener chaos method [192, 265, 266, 420] and some other functional
expansion approaches [49, 50].

The second objective of the chapter is to suggest a possible cure for the aforementioned deficien-
cies, which prevent SGC to be used over longer time intervals. For longer time simulation, deter-
ministic replacements (such as stochastic collocation methods and functional expansion methods)
of the Monte Carlo technique in simulation of differential equations perturbed by time-dependent
noise do not work effectively unless some restarting strategies allowing to ‘forget’ random variables
from earlier time steps are employed. Examples of such strategies are the recursive approach for
Wiener chaos expansion methods to compute moments of solutions to linear SPDE [265, 420] and
an approach for cubatures on Wiener space based on compressing the history data via a regression

at each time step [253].
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Here we exploit the idea of the recursive approach to achieve accurate longer time integration
by numerical algorithms using the SGC. For linear SPDE with time-independent coefficients, the
recursive approach works as follows. We first find an approximate solution of an SPDE at a
relatively small time ¢ = h, and subsequently take the approximation at ¢ = h as the initial value in
order to compute the approximate solution at ¢ = 2h, and so on, until we reach the final integration
time T' = Nh. To find second moments of the SPDE solution, we store a covariance matrix of
the approximate solution at each time step kh and recursively compute the first two moments.
Such an algorithm is proposed in Section 3.3; in Section 3.4 we demonstrate numerically that this
algorithm converges in time step h and that it can work well on longer time intervals. At the same
time, a major challenge remains: how to effectively use restarting strategies for SGC in the case of

nonlinear SDE and SPDE and further work is needed in this direction.

3.2 Sparse grid for weak integration of SDE

3.2.1 Smolyak’s sparse grid

Sparse grid quadrature is a certain reduction of product quadrature rules which decreases the
number of quadrature nodes and allows effective integration in moderately high dimensions [358]
(see also [398, 324, 131]). Here we introduce it in the form suitable for our purposes.

We will be interested in evaluating d-dimensional integrals of a function ¢(y), vy € R?, with

respect to a Gaussian measure:

d
1 1
Lip = ——7 =3y - dyq. 2.1
1= o /Rdw(y)exp< 21‘_1%) dyy -+~ dyq (3:2.1)

Consider a sequence of one-dimensional Gauss—Hermite quadrature rules @),, with number of nodes
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n € N for univariate functions ¢ (y), y €R:

Quib(y) = > ¥(Yn.a)Wn.a; (3.2.2)

wherey, 1 < yn2 < -+ < yn.n are the roots of the Hermite polynomial H,,(y) = (—1)”ey2/2d‘177;e_y2/2
and wy, o = n!/(n?[Hy—1(yn,a)]?) are the associated weights. It is known that Q,,1 is exactly equal
to the integral 111 when v is a polynomial of degree less than or equal to 2n—1, i.e., the polynomial
degree of exactness of Gauss—Hermite quadrature rules @,, is equal to 2n — 1.

We can approximate the multidimensional integral I by a quadrature expressed as the tensor

product rule

Lip =~ Iip=Qn®Qn  ®Qnoy1, ¥, ,ya) = Q<% (y1,y2, - ,Ya) (3.2.3)

n n
E T E @(yn,au s 7yn,c¥d)wn,a1 o Wniags

a1:1 ad:1

where for simplicity we use the same amount on nodes in all the directions. The quadrature I
is exact for all polynomials from the space Py, ® --- @ P, with max k; = 2n — 1, where Py, is the
space of one-dimensional polynomials of degree less than or equal to k (we note in passing that this
fact is easy to prove using probabilistic representations of I;¢ and I;¢). Computational costs of
quadrature rules are measured in terms of a number of function evaluations which is equal to n?
in the case of the tensor product (3.2.3), i.e., the computational cost of (3.2.3) grows exponentially
fast with dimension.

The sparse grid of Smolyak [358] reduces computational complexity of the tensor product rule

(3.2.3) via exploiting the difference quadrature formulas:

A('Lﬂd)(p = Z (Q’L1 _Q21*1)®®(Qm _Qidfl)%

d<|i|<L+d—1

where Qo = 0 and i = (41,42, ...,4%4) is a multi-index with i, > 1 and |i| =41 + 42 + - + ig. The
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number L is usually referred to as the level of the sparse grid. The sparse grid rule (3.2.4) can also

be written in the following form [398]:

A(L,d)p = Z (_1)L+d—1—|i|<d— 1 >Q“ @@ Qi . (3.2.4)

) li| — L
L<i|<L4d—1

The quadrature A(L, d)¢ is exact for polynomials from the space Py, ® - - - @ Py, with |k| = 2L — 1,
i.e., for polynomials of total degree up to 2L —1 [324, Corollary 1]. Due to (3.2.4), the total number

of nodes used by this sparse grid rule is estimated by

#S< > i x e X,

L<|i|<L+d—1

Table 3.1 lists the number of sparse grid points, #S, up to level 5 when the level is not greater

than d.

Table 3.1: The number of sparse grid points for the sparse grid quadrature (3.2.4) using the one-
dimensional Gauss-Hermite quadrature rule (3.2.2), when the sparse grid level L < d.

L=1 L=2 L=3 L=1 L=5
#S| 1 241 2d°42d+1 & +2d+ Hd+1 2d'+ 35+ Zd> + Sd +1

The quadrature Izp from (3.2.3) is exact for polynomials of total degree 2L — 1 when n = L.
It is not difficult to see that if the required polynomial exactness (in terms of total degree of
polynomials) is relatively small then the sparse grid rule (3.2.4) substantially reduces the number
of function evaluations compared with the tensor-product rule (3.2.3). For instance, suppose that
the dimension d = 40 and the required polynomial exactness is equal to 3. Then the cost of the
tensor product rule (3.2.3) is 340 = 1.2158 x 10'% while the cost of the sparse grid rule (3.2.4)

based on one-dimensional rule (3.2.2) is 3281.

Remark 3.2.1. In this work we consider the isotropic SGC. More efficient algorithms might be built

using anisotropic SGC methods [145, 323], which employ more quadrature points along the “most
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important” direction. Goal-oriented quadrature rules, e.g. [317, 831, 832], can also be exploited

instead of pre-determined quadrature rules used here.

3.2.2 'Weak-sense integration of SDE

Let (92, F, P) be a probability space and (w(t), ;") = ((wi(t),...,w,(t))T, F*) be an r-dimensional
standard Wiener process, where F/, 0 < ¢ < T, is an increasing family of o-subalgebras of F
induced by w(t).

Consider the system of Ito SDE

dX = a(t, X)dt + ial(t,X)dwl(t), t € (to, T, X(to) = o, (3.2.5)
=1

where X, a, o, are m-dimensional column-vectors and z( is independent of w. We assume that
a(t,z) and o(t, z) are sufficiently smooth and globally Lipschitz. We are interested in computing

the expectation

’u(l‘o) = ]Ef(Xto,:I?o (T))7 (326)

where f(z) is a sufficiently smooth function with growth at infinity not faster than a polynomial:
|f(@)] < K(1+ |2[7) (3.2.7)

for some K > 0 and » > 1.

To find u(xg), we first discretize the solution of (3.2.5). Let

h=(T —t)/N, tp=to+kh, k=0,... N.
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In application to (3.2.5) the Euler scheme has the form

Xk+1 :Xk +a(tk,Xk)h—i—Zal(tk,Xk)Akwl, (328)
=1

where Xy = xg and Agw; = wi(tg4+1) — wi(ty). The Euler scheme can be realized in practice by

replacing the increments Agw; with Gaussian random variables:
Xy1 = Xy + a(te, Xp)h + > o1(te, Xp)VhE ps1, (3.2.9)

=1

where &, 11 are i.i.d. AN(0,1) random variables. Due to our assumptions, the following error

estimate holds for (3.2.9) (see e.g. [301, Chapter 2]):
Ef(Xy) - Ef(X(T))] < Kh, (3.2.10)

where K > 0 is a constant independent of h. This first-order weak convergence can also be achieved

by replacing & j+1 with discrete random variables [301], e.g., the weak Euler scheme has the form
Xpy1 = Xp + ha(te, Xp) + \/Ezr:ol(tk,)?k)g,kﬂ, k=0,...,N—1, (3.2.11)
=1
where Xy = zo and Ci,k+1 are i.i.d. random variables with the law
P((=+1)=1/2. (3.2.12)
The following error estimate holds for (3.2.11)-(3.2.12) (see e.g. [301, Chapter 2]):
Ef(Xn) —Ef(X(T))| < Kh | (3.2.13)

where K > 0 can be a different constant than in (3.2.10).
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Introducing the function o(y), y € R™V, so that

90(51,1, N ,57«71, N ,fLN, e 757’,]\7) = f(XN), (3214)
we have
u(zo) ~ u(wo) =Ef(XNn)=Ep(&i1,....& 1. 8N, 56 N) (3.2.15)
1 1 X
2
W/RTN (p(yl,lw"7y7”,1a"'7y1,N7"'ayT,N)eXp <_2§yz> dy

Further, it is not difficult to see from (3.2.11)-(3.2.12) and (3.2.3) that

u(l‘o) ~ ’l](.’I,‘Q) = Ef(XN) :E@(Cl,lw--7Cr,1a---7<1,N;-~-7CT7N> (3216)

= Q?TNSD(yl,lv'"ay'r,la"'7y1,N7"'ay7‘,N)7

where @3 is the Gauss-Hermite quadrature rule with nodes +1 and equal weights 1/2. We note that
(o) can be viewed as an approximation of 4(xo) and that (cf. (3.2.10) and (3.2.13)) u(z¢)—u(xo) =

O(h).

Remark 3.2.2. Let (; 41 i (3.2.11) be i.i.d. random variables with the law

P((=Yn;)=Wnj, j=1,...,n, (3.2.17)

where yy ; are nodes of the Gauss-Hermite quadrature Q,, and wy, j are the corresponding quadrature

weights (see (3.2.2)). Then

Ef(XN) =Ep(Cins - Gon) = QENo(yia, -, Yrn),s

which can be a more accurate approxzimation of u(xg) than u(xg) from (3.2.16) but the weak-sense
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error for the SDEs approzimation Ef(Xy) — Ef(X(T)) remains of order O(h).

Practical implementation of @(zo) and %(xo) usually requires the use of the Monte Carlo tech-
nique since the computational cost of, e.g. the tensor product rule in (3.2.16) is prohibitively high
(cf. Section 3.2.1). In this work, we consider application of the sparse grid rule (3.2.4) to the

integral in (3.2.15) motivated by lower computational cost of (3.2.4).

Probabilistic interpretation of SGC

It is not difficult to show that SGC admits a probabilistic interpretation, e.g. in the case of level

L = 2 we have

A2, N)p(Y115- - Yras-- s YLNs -, Yr.N) (3.2.18)
= (Q2001® - 3Q1)p+(Q1R¥Q20Q1® - Q1) p
+ o+ (@11 ® - ®Q2)p— (Nr—1)(Q1 Q1 ®-- Q1)

N r

= D ) Ep0,...,0,4,0,...,0) = (Nr = 1)(0,0,...,0),

i=1 j=1

where (;; are ii.d. random variables with the law (3.2.12). Using (3.2.16), (3.2.18), Taylor’s
expansion and symmetry of (; ;, we obtain the relationship between the weak Euler scheme (3.2.11)

and the SGC (3.2.4):

Ef(Xn) — AR, N)e = Ep(Cia- i Grtse s Gny - Grn) (3.2.19)

N r
=3 > Ep(0,...,0,¢i,0,...,0) = (N7 — 1)9(0,0,....,0)

i=1 j=1
4 N T 1
= 3 B [HITG0™ [ 0 =Dt G 8
al (1L 0
|a\:4 1=17=1
—— E Cﬁ/(l—z) ——¢(0,...,0,2¢;0,...,0)dz| ,
! i=1 j=1 " Jo (8313’:%’)4
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where the multi-index @ = (a1.1,...,a.n) € N}V, || = Zfil Dy iy al = Hf\il [T, a;! and

D* = & l)al,lf.).l.(z‘ay FaLT The error of the SGC applied to weak-sense approximation of SDE is

further studied in Section 3.2.3.

Second-order schemes

In the SGC context, it is beneficial to exploit higher-order or higher-accuracy schemes for approx-
imating the SDE (3.2.5) because they can allow us to reach a desired accuracy using larger time
step sizes and therefore less random variables than the first-order Euler scheme (3.2.9) or (3.2.11).

For instance, we can use the second-order weak scheme for (3.2.5) (see, e.g. [301, Chapter 2]):

s h2
Xit1 = Xp+ha(te, Xi) + \/EZ oi(te, Xn)&i k1 + ?ga(tkka) (3.2.20)
=1
T T h3/2 T
FhY 0N Mo (b, Xk g + N > (Nialty, Xx) + Lo(te Xi))&ikr1,
i=1 j=1 i=1
k = 0,...,N—1,

where XO =205 MNi,j = %5161 — 77,](7(]/2 with Yig = —1lifi< j and Yi,j = 1 Otherwise;

- , 0 0 i ; 0 1 o~ . 02
Al:ZUlaxi, Szaﬂ-;aafxiﬂ-gZZJloliaxiaxj;

i=1 I=11,5=1

and &; x+1 and (; x+1 are mutually independent random variables with Gaussian distribution or
with the laws P(¢ = 0) = 2/3, P(¢ = +v/3) = 1/6 and P(¢ = £1) = 1/2. The following error

estimate holds for (3.2.20) (see e.g. [301, Chapter 2]):
Ef(X(T)) — Ef(Xn)| < Kh?.

Roughly speaking, to achieve O(h) accuracy using (3.2.20), we need only v2rN (vrN in the

case of additive noise) random variables, while we need rN random variables for the Euler scheme
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(3.2.9). This reduces the dimension of the random space and hence can increase efficiency and
widen applicability of SGC methods (see, in particular Example 4.1 in Section 3.4 for a numerical
illustration). We note that when noise intensity is relatively small, we can use high-accuracy low-
order schemes designed for SDEs with small noise [300] (see also [301, Chapter 3]) in order to

achieve a desired accuracy using less number of random variables than the Euler scheme (3.2.9).

3.2.3 Illustrative examples

In this section we show limitations of the use of SGC in weak approximation of SDEs. To this end,

it is convenient and sufficient to consider the scalar linear SDE
dX = Xdt +edw(t), Xo=1, (3.2.21)

where A\ and ¢ are some constants.

We will compute expectations Ef(X (7)) for some f(x) and X (¢) from (3.2.21) by applying the
Euler scheme (3.2.9) and the SGC (3.2.4). This simple example provides us with a clear insight
when algorithms of this type are able to produce accurate results and when they are likely to fail.
Using direct calculations, we first (see Examples 3.2.3-3.2.4 below) derive an estimate for the error
|Ef(Xn) — A(2, N)p| with X from (3.2.9) applied to (3.2.21) and for some particular f(z). Then
(Proposition 3.2.5) we obtain an estimate for the error |Ef(Xy) — A(L, N)g| for a smooth f(z)
which grows not faster than a polynomial function at infinity. We will observe that the considered
algorithm is not convergent in time step h and not convergent in level L but it can be sufficiently
accurate when noise intensity and integration time are small.

It follows from (3.2.10) and (3.2.13) that

Ef(Xw) - A(LN)gl < [Bf(Rw) — AL N)p| + [Ef(Xy) —Ef(Xn)|  (32.22)

IN

[EfF(£n) — AL, N)g| + K,
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where Xy is from the weak Euler scheme (3.2.11) applied to (3.2.21), which can be written as

N
Xy =1+ )N + Z 1+ M)V ~Iev/h(;. Introducing the function
j=1

N
X(Niy) = 1+ )N+ (1 + A0 ey,
j=1
we see that Xy = X(N;Ci,...,¢n). We have
0 X(N;y) = 1+ )V "evh and o X(N;y)=0
dyi ’ 0y; 9y, ’ '
Then we obtain from (3.2.19):
R : =Ef(Xy)-A2 Ny
1 [ & N ! , d
_ 432 * ] N o
— ;40[11143 E(g(HAh) ) /0 (1—2)32 d —— F(X(N, 21,

(3.2.23)

(3.2.24)

(3.2.25)

2(N)) dz]

1 4h2Z]E [44/ z) z4d—4f(X(0 0, 2(;,0 0))(1+Ah)4N—4idz]
d$4 IR A (Ze .

Non-Convergence in time step h

We will illustrate the non-convergence in h through two examples.

Example 3.2.3. For f(z) = 2P with p = 1,2, 3, it follows from (3.2.25) that R =0, i.e., SGC does

not introduce any additional error, and hence by (3.2.22)
[Ef(Xn) = A2, N)p| < Kh, f(z)=2", p=123
For f(x) = 2%, we get from (3.2.25):
N

N
_ 6 412 2 § 4N —2i—2j

i=1 j=i+1
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(1+2R)2N —1 [ (14+2R)2N 41
4 A2(2+Ah)? |: T+(+ )2 1:| , A£0, 14+ Ah#£0,

T2 _ Th _
T A=0.

We see that R does not go to zero when h — 0 and that for sufficiently small A > 0

=L+, X#£0,
Ef(Xn) — A(2,N)p| < Kh+ %54 xd

o3

, A=0.

We observe that the SGC algorithm does not converge with h — 0 for higher moments. In
the considered case of linear SDE, increasing the level L of SGC leads to the SGC error R being
0 for higher moments, e.g., for L = 3 the error R = 0 for up to 5th moment but the algorithm
will not converge in h for 6th moment and so on (see Proposition 3.2.5 below). Further (see the
continuation of the illustration below), in the case of, e.g. f(x) = cosz for any L this error R is
not zero, which is also the case for nonlinear SDE. We also note that one can expect that this error
R is small when noise intensity is relatively small and either time 7T is small or SDE has, in some

sense, stable behavior (in the linear case it corresponds to A < 0).

Example 3.2.4. Now consider f(z) = cos(z). It follows from (3.2.25) that
4 [ !
_ 432 & ' N—iyau 3.4 N
R = & |Z-4 = Ll:[l(g,(lmh) ) /O (1= 2)32% cos(1 + Ah)
N .
+2 Y (1+ AN TeVhg) dz
j=1
N

1
—%64/12 Z(l i )\h)4N—4i/ (1 —2)%2*E[¢} cos((1 + AN + 2(1 + M)V "ieV/h()] dz
: =1 0

and after routine calculations we obtain

N N N
1 ) o
472 N AN -4 AN-2i—2
= h 1+ Mh - 1+ Mh 2 1+ A J
R g*h? cos((1 4+ Ah)™) G ;:1( + Ah) + izgljjiﬂ( + Ah)

T



1
></ 2)3 4l_Icos (14 20N "tev/h)dz

N N
2 4N —-3i—j AN —-2k—i—j
+ gz (1+n) I4+2 Z (1+\h) J
i,j=1;i#j o kyig=1
i#£],i#k,k#j
1 N
x/ (1—2)%2* [] sin(z(1+ M)V evh) ] cos(z(1+ M)V evh)dz
0 =i,j =
= 1At
N . .
+4 > (14 Ap)*N—imik=m
i,9,k,m=1
i) iF#k,i#Fm,j#k,jFm, k#m
1 N
X / (1—2)%* J[ sin(z(1+An)N"'evh) 1T cos(z(1 4+ )N levh)dz
0

I=i,j,m

I—
14,145, z;lék I#m

0

| N
621+)\h)4N 4’/ (1 —2)32% cos(2(1 + M) N ""eVh)] dz| .

It is not difficult to see that R does not go to zero when h — 0. Further, taking into account that

|sin(z(1 4+ M)V =Ievh)| < 2(1 + Ah)N~evh, we get for sufficiently small A > 0
|R| < Ce*(1 4 &™),
where C' > 0 is independent of € and h. Hence
[Ef(Xn) — A2, N)p| < Ce*(14€*) + Kh, (3.2.26)
4

and we have arrived at a similar conclusion for f(x) = cosz as for f(z) = 2*.

Non-convergence in SGC level

Now we will address the question what the effect of increase of the level L on error estimates can

be. To this end, we will need the following error estimate of a Gauss-Hermite quadrature. Let

78



Y(y), y € R, be a sufficiently smooth function which itself and its derivatives are growing not
faster than a polynomial at infinity. Using the Peano kernel theorem (see e.g. [85]) and that a
Gauss-Hermite quadrature with n-nodes has the order of polynomial exactness 2n — 1, we obtain

for the approximation error R,, 49 of the Gauss-Hermite quadrature Q,,1:

dY
Ry (¥) = Quip — Iip = /R agr ¥ W (Tyy) dy, 1 <7< 2n, (3.2.27)

where 'y - (2) = (z—y)" "' /(y=1)! if z > y and 0 otherwise. One can show (see, e.g. [286, Theorem

2]) that there is a constant ¢ > 0 independent of n and y such that for any 0 < § < 1

2
IR (Ty)| < \/%n—vﬂ exp (_5;/> , 1<y<2n. (3.2.28)

We also note that (3.2.28) and the triangle inequality imply, for 1 < v < 2(n —1):

2 2

3

|Rpy (Cyy) = Ru1,7(Ty5)| < \/Cf[niv/2 +(n— 1)77/2] exp (_W) . (3.2.29)

Now we consider an error of the sparse grid rule (3.2.4) accompanied by the Euler scheme (3.2.9)

for computing expectations of solutions to (3.2.21).

Proposition 3.2.5. Assume that a function f(x) and its derivatives up to 2L-th order satisfy the
polynomial growth condition (3.2.7). Let Xy be obtained by the Fuler scheme (3.2.9) applied to the
linear SDE (3.2.21) and A(L, N)p be the sparse grid rule (3.2.4) with level L applied to the integral

corresponding to Ef (Xn) as in (3.2.15). Then for L < N and sufficiently small h > 0
IEf(Xn) — A(L, N)g| < Ke2E(1 4 A2L+2T) (1 + (30/2)L) gLk, (3.2.30)

where K > 0 is independent of h, L and N; ¢ and 8 are from (3.2.28); » is from (3.2.7).
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Proof. We recall (see (3.2.15)) that

N
1 1
Ef(Xn)=Inp= (27T)N/2/RTN oY1, ..., YN)exXp (—2 E yf) dy.
i=1

Introduce the integrals

1 2
Il(k)g0:—/g@(yl,...,yk,...,yN)exp <yk> dyg, k=1,..., N, (3.2.31)
21 JRr 2

and their approximations Q,(zk) by the corresponding one-dimensional Gauss-Hermite quadratures

with n nodes. Also, let UZ-(If) = QZ(-,I:) - Q(k)

ip—1"

Using (3.2.4) and the recipe from the proof of Lemma 3.4 in [323], we obtain

k k
S(L ) @My IF o+ (I — @My @y 1M, (3.2.32)

N
IN(p—A(LaN)(p:
=2

where

S(L,1) = 3 DU @ (1 - Q). (3.2.33)
i1+t 1+ =L+1-1

Due to (3.2.27), we have forn > 1 and 1 <~y <2(n—1)

Untp QnY — Qn1y = [Qn"/} -1 (1][))] - [Qn—lw -1 (1/))} (3234)

a7
- /R W@D(y)[Rm(Fm) — Rn—15(Ty5)] dy,

and for n =1

Untp = Q1Y — Qotp = Q19 = ¥(0). (3.2.35)

By (3.2.33), (3.2.31) and (3.2.27), we obtain for the first term in the right-hand side of (3.2.32):

S(L,1) ®nN:l+1 11(n)90
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k l 1)
_ Z llu()®(l() QEZ) nl-‘rlI()
i1+--4i=L+1—1
_ k l l
= Y edulen’-el)
i1+ i=L4l—1
N

1 2
®/sz-z <P(y)mexp(— > 3)dyz+1 -dyn
k=l+1
_ k d?il
= - > U ® / y 55, P Riy 20, (Ty, 24,)
it =L -1 RN -1 Y,
1 N2
- - _ Yk
X (2m)(N-D/2 exp( Z 9 )dyi...dyn
k=l+1
Now consider two cases: if ¢;_; > 1 then by (3.2.34):
n _ k d21l 1 2 d27,l
S(L 1) @y I o = - Z ®£z:21u1'(k) ®/ Wd gusﬂ(y)Rn,%(Fyz,zi,)
iiddi=Ll—1 RN =42 dy;

X [Ril—l,Qiz—l*Q(Pyl—h?il—l*?) - Ril—1*132il—1*2(ryil_1 ,2iz—1*2)]

N Y2

1 Yk
Xm exp(— Z 9 Jdyi-1... dyn
k=1+1
otherwise (i.e., if 9,_1 = 1) by (3.2.35):
n —2 4/ (k 1-1) d*"
S(L7 l) ®£;[=l+1 Il( )QO = - Z ®£L:21ui(k) Y / Qg ) 2i; @(y)RiuQil (Fyl72il)
14t =L+—1 RN =41 dy;
1 N2
Xmexp(— > ?)dyz ~dyn.
k=41
Repeating the above process for i;_o, ..., i1, we obtain
S RN = > / on (e QI Do (y)] (3.2.36)
it =LAl—1 !
1 SN
><Rz7al(:y1,.--,yz)me>cp(— Z ?) H dyn X dy; ... dyn,
k=l+1 neG_1
where the multi-index oy = (44 — 1,...,4—1 — 1,4;,0,...,0) with the m-th element o]", the sets

Fiio=F_1(g)={m: o =0, m=1,...,l =1} and G;—1 = G_1(ay) ={m: o >0, m=1,...,
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the symbols #F;_1 and #G;_1 stand for the number of elements in the corresponding sets, and

Ry (Y155 u1) = —Rij 24, (Ly, 20) @nec_y [Riy, 2, 2Ty, 2i,—2) — Ri,—1,2i,-2(Ty, 2, -2)]-

Note that #G;—1 < (L —1) A (I — 1) and also recall that i; > 1, 7 =1,...,1.

Using (3.2.28), (3.2.29) and the inequality

H [Z'T—L(in—l) + (i — 1)—(%—1)]2’;% < (3/2)#G1717
neG;_1

we get

#G1-1+1
- (ip—1) s\ —(in—1)1;—0 ¢
|Rl,a(y17"'7yl)‘ S el;[ [Zn +(Zn 1) ]Zl (27_(_)(#@171_;'_1)/2 (3237)
neG;_1
Byn  Byi
xexp | — Z 5 o
neG_1

(o200 (= 3 v Bt
(2m)#Gia+D/2 P 2 2

Substituting (3.2.37) in (3.2.36), we arrive at

‘S(L» 1) ®'r[:[:l+1 I1n)90’

(30/2)#G171+1
< Z (2m)(N—#Fi-1)/2 /RN*#Fl—l

(3.2.38)

Omer QU™ D> p(y)

B2 B N~ U
Xexp | — Z S 9 Z o H dyn, X dy;...dyn-.

neG;_1 k=Il+1 neG;_1

Using (3.2.24) and the assumption that ‘j;—if(x)’ < K(1+ |z|*) for some K > 0 and » > 1, we

get

2L ;
R (3239

|D2alg0(y)‘ — €2LhL
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< KePERE(14 Ar)2EN 2Rl (1 4 X (N, y)[7).
Substituting (3.2.39) and (3.2.23) in (3.2.38) and doing further calculations, we obtain

S(L,1) &N 4 I{’%‘ < Ke?PhE(1 4 eMT)(1 + (3¢/2)LN) g~ (EAD/2 (3.2.40)
% Z (1 + A)2EN—2 S i
14+ =L+1—1

< K&thL(1+6>‘(2L+%)T)(1+ (30/2)L/\l)5(LM)/2<

L+1-2
L-1

< KEQLhL(l+6A(2L+%)T)(1+(30/2)L/\l)ﬂ—(L/\l)/2lL—1.

with a new K > 0 which does not depend on h, €, L, ¢, 8, and [. In the last line of (3.2.40) we used

L-1

(LL+112)H(1+Z¢1)§

i=1

Substituting (3.2.40) in (3.2.32) and observing that ’(I{” —QMyed , 1My

is of order O(h%), we

arrive at (3.2.30). O

Remark 3.2.6. Due to Examples 3.2.3 and 3.2.4, the error estimate (3.2.30) proved in Proposi-
tion 3.2.5 is quite sharp and we conclude that in general the SGC' algorithm for weak approrimation
of SDE does not converge with neither decrease of time step h nor with increase of the level L. At
the same time, the algorithm can be sufficiently accurate when noise intensity € and integration

time T are relatively small.

Remark 3.2.7. It follows from the proof (see (3.2.39)) that if jj—if(x) = 0 then the error In(p) —
A(L,N)p = 0. We emphasize that this is a feature of the linear SDE (3.2.21) thanks to (3.2.24),
while in the case of nonlinear SDE this error remains of the form (3.2.30) even if the 2Lth derivative

of f is zero. See also the discussion at the end of Fxample 3.2.3 and numerical tests in Example

3.4.1.
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Remark 3.2.8. We note that it is possible to prove a proposition analogous to Proposition 3.2.5
for a more general SDE, e.g. for SDE with additive noise. Since such a proposition does not add
further information to our discussion of the use of SGC and its proof is more complex than in the

case of (3.2.21), we do not consider such a proposition here.

3.3 Recursive collocation algorithm for linear SPDE

In the previous section we have demonstrated the limitations of SGC algorithms in application to
SDEs that, in general, such an algorithm will not work unless integration time 7" and magnitude of
noise are small. It is not difficult to understand that SGC algorithms have the same limitations in
the case of SPDE as well, which, in particular, is demonstrated in Example 4.2, where a stochastic
Burgers equation is considered. To cure this deficiency and achieve longer time integration in the
case of linear SPDE, we will exploit the idea of the recursive approach proposed in [265, 420] in the
case of a Wiener chaos expansion method. To this end, we apply the algorithm of SGC accompanied
by a time discretization of SPDE over a small interval [(k — 1)h, kh] instead of the whole interval
[0,T] as we did in the previous section and build a recursive scheme to compute the second-order
moments of the solutions to linear SPDE.

Consider the linear SPDE (2.2.1) with finite dimensional noises. We will continue to use the
notation from the previous section: h is a step of uniform discretization of the interval [0, T,

N =T/h and t = kh, k =0,..., N. We apply the trapezoidal rule in time to the SPDE (2.2.1):

W () = uF (@) + B[LuF Y2 () — % S Mugi(e) + £(x)] (3.3.1)
=1
+ 3 [Mt 2 (@) + gi ()| VR (€ s € D,

=1

u’(z) = uo (),
where u” () approximates u(ty,z), uF+t1/2 = (u**+! 4 u*)/2, and (&4,),, are i.i.d. random variables
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so that
53 |§| S Ah7

gh = Ah7 é- > Ah7 (332)

_Aha g < _Ah7

with & ~ N(0,1) and A, = /2p[Inh| with p > 1. We note that the cut-off of the Gaussian random
variables is needed in order to ensure that the implicitness of (3.3.1) does not lead to non-existence
of the second moment of u*(z) [299, 301]. Based on the standard results of numerics for SDEs
[301], it is natural to expect that under some regularity assumptions on the coefficients and the
initial condition of (2.2.1), the approximation u*(x) from (3.3.1) converges with order 1/2 in the
mean-square sense and with order 1 in the weak sense and in the latter case one can use discrete
random variables (; 41 from (3.2.12) instead of (), (see also e.g. [96, 141] but we are not
proving such a result here).

In what follows it will be convenient to also use the notation: uf, (z; ¢(-)) = uf; (z;6(); (&), . 1 =
1,...,r) for the approximation (3.3.1) of the solution u(t, ) to the SPDE (2.2.1) with f(x) =0
and g;(z) = 0 for all I (homogeneous SPDE) and with the initial condition ¢(-) prescribed at time
t=tp_1; ub(z) = ub(z; (&), , 1 = 1,...,7) for the approximation (3.3.1) of the solution u(t, z)
to the SPDE (2.2.1) with the initial condition ¢(z) = 0 prescribed at time ¢t = ¢;_;. Note that
ub (z) = 0if f(x) =0 and g;(z) = 0 for all I.

Let {e;} = {ei(z)};5; be a complete orthonormal system (CONS) in L?(D) with boundary

conditions satisfied and (-, -) be the inner product in that space. Then we can write

uF @) =) i re(a) (3.3.3)

i=1

with ¢~ = (uF~1,¢;) and, due to the SPDE’s linearity:

)
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‘We have

e3¢}
C?: (U(),el), C;C :qgl—i_chilqj%h'ﬂ l:1727"°7 k:]-v"-va
i=1

where g = (ufy, er) and qfyy; = (uf (s €:), erl)).
Using (3.3.3), we represent the second moment of the approximation u*(z) from (3.3.1) of the

solution wu(tg,x) to the SPDE (2.2.1) as follows

= Y Chei(@)e; (@), (3.3.4)

ij=1

where the covariance matrix ij = E[cfcf] Introducing also the means M}, one can obtain the

recurrent relations in k :

M) = & = (ug,e;), CY=clc), (3.3.5)
M = Elgh]+ > M Elgha,
=1
o0
k— k—

CH = Eladiad;] + > M (Blabidirj + Elab;akal) + Z C ' Elafadhjp),

=1 l,p=1
i o= 1,2,..., k=1,...,N.

Since the coefficients of the SPDE (2.2.1) are time independent, all the expectations involving the
quantities qéi and q’fﬁl in (3.3.5) do not depend on k and hence it is sufficient to compute them

just once, on a single step k = 1, and we get

Mlo = c? = (u07 ei)’ ng = C?C(;, (336)
MP = Elgh] + Z M} Elgrq],
=1
oo )
k— k—

Cl = Elabiabsl + Y M (Elabiakijl + Elabjatal) + > Ol 'Elakuah,),

=1 l,p=1
,j = 1,2,..., k=1,...,N.
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These expectations can be approximated by quadrature rules from Section 2.1. If the number of
noises r is small, then it is natural to use the tensor product rule (3.2.3) with one-dimensional
Gauss-Hermite quadratures of order n = 2 or 3 (note that when r = 1, we can use just a one-
dimensional Gauss—Hermite quadrature of order n = 2 or 3). If the number of noises r is large then

it might be beneficial to use the sparse grid quadrature (3.2.4) of level L = 2 or 3. More specifically,

n

n

Elgb] = D (ub(ive) ei()Wp, Elggal =D (up(seiyp),ei-)Wp,  (3.3.7)
p=1 p=1
Elgbiah;] = Y (ub(5¥p)sei()(ud(5vp),¢5(-)Wa,

bS]
Il
-

(uo (3p), €i()) (g (5 e15¥p), €5 ()W,

B

E[(J(l)iq}ljl] =

iS]
Il
-

(upr (5 e13yp), €i(4)) (up (5 ki ¥p), €5 ()W,

Md

]E[qllﬁlil(ﬁ{jk]
1

]
I

where y, € R" are nodes of the quadrature, W), are the corresponding quadrature weights, and n =
n” in the case of the tensor product rule (3.2.3) with one-dimensional Gauss—-Hermite quadratures
of order n or 7 is the total number of nodes #5S used by the sparse-grid quadrature (3.2.4) of level
L. To find u})(z;y,) and u},(x;e5y,), we need to solve the corresponding elliptic PDE problems,
which we do using the spectral method in physical space, i.e., using a truncation of the CONS
{er}i=, to represent the numerical solution.

To summarize, we formulate the following deterministic recursive algorithm for the second-order

moments of the solution to the SPDE problem (2.2.1).

Algorithm 3.3.1. Choose the algorithm’s parameters: a complete orthonormal basis {e;(z)};>1 in
L?(D) and its truncation {el(a:)}é*:l; a time step size h; and a quadrature rule (i.e., nodes y, and

the quadrature weights Wy, p=1,...,1n).

Step 1. For eachp=1,...,n and 1 =1,...,l,, find approzimations u$(x;yp,) ~ up(w;y,) and

ut(ze1yp) = ub(zye3y,) using the spectral method in physical space.
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Step 2. Using the quadrature rule, approzimately find the expectations as in (3.3.7) but with the
approzimate Ul (z;yp) and (x5 e1;y,) instead of ub(z;yp) and ul,(z;yer;y,), respectively.

Step 3. Recursively compute the approzimations of the means MF, i = 1,... 1., and covari-
ance matrices {C’ikj, i, = 1,...,l.} for k = 1,...,N according to (3.3.6) with the approximate
expectations found in Step 2 instead of the exact ones.

Step 4. Compute the approzimation of the second-order moment E[u*(z)]? using (3.3.4) with

the approximate covariance matriz found in Step 8 instead of the exact one {CZ}

We emphasize that Algorithm 3.3.1 for computing moments does not have a statistical error.

Error analysis of this algorithm will be considered elsewhere.

Remark 3.3.2. Algorithms analogous to Algorithm 3.83.1 can also be constructed based on other
time-discretizations methods than the trapezoidal rule used here or based on other types of SPDE

approximations, e.g. one can exploit the Wong-Zakai approzimation.

Remark 3.3.3. The cost of this algorithm is, similar to the algorithm in [420], %nlf and the
storage is nl2. The total cost can be reduced by employing some reduced order methods in physical
space and be proportional to 1> instead of 1*. The discussion on computational efficiency of the

recursive Wiener chaos method is also valid here, see [420, Remark 4.1].

3.4 Numerical experiments

In this section we illustrate via three examples how the SGC algorithms can be used for the weak-
sense approximation of SDEs and SPDEs. The first example is a scalar SDE with multiplicative
noise, where we show that the SGC algorithm’s error is small when the noise magnitude is small.
We also observe that when the noise magnitude is large, the SGC algorithm does not work well. In
the second example we demonstrate that the SGC can be successfully used for simulating Burgers

equation with additive noise when the integration time is relatively small. In the last example we
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show that the recursive algorithm from Section 3.3 works effectively for computing moments of the
solution to an advection-diffusion equation with multiplicative noise over a longer integration time.

In all the tests we limit the dimension of random spaces by 40, which is an empirical limitation
of the SGC of Smolyak on the dimensionality [335]. Also, we take the sparse grid level less than
or equal to five in order to avoid an excessive number of sparse grid points. All the tests were run
using Matlab R2012b on a Macintosh desktop computer with Intel Xeon CPU E5462 (quad-core,

2.80 GHz).

Example 3.4.1 (modified Cox-Ingersoll-Ross (mCIR), see e.g. [73]). Consider the Ito SDE
dX = —, X dt + 03/ + X2 dw(t), X(0) = xo. (3.4.1)

For 63 — 26, # 0, the first two moments of X (¢) are equal to

03 o, 63

EX(t) = zoexp(—61t), EX>(t) = “gz g Tt o
2 2

Yexp((65 — 201)t).

In this example we test the SGC algorithms based on the Euler scheme (3.2.8) and on the second-
order weak scheme (3.2.20). We compute the first two moments of the SDE’s solution and measure
the errors of the algorithms as

e [EX(T) —EXy| v |JEX(T) —EXY|
1(T)_|]ETT)\N’ pa(T) = EX2(T)

(3.4.2)

Table 3.2 presents the errors for the SGC algorithms based on the Euler scheme (left) and on
the second-order scheme (3.2.20) (right), when the noise magnitude is small. For the parameters
given in the table’s description, the exact values (up to 4 d.p.) of the first and second moments are
3.679 x 1072 and 4.162 x 1072, respectively. We see that increase of the SGC level L above 2 in the
Euler scheme case and above 3 in the case of the second-order scheme does not improve accuracy.

When the SGC error is relatively small in comparison with the error due to time discretization, we
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observe decrease of the overall error of the algorithms in h: proportional to h for the Euler scheme
and to h? for the second-order scheme. We underline that in this experiment the noise magnitude

is small.

Table 3.2: Comparison of the SGC algorithms based on the Euler scheme (left) and on the second-
order scheme (3.2.20) (right). The parameters of the model (3.4.1) are o = 0.1, §; =1, 63 = 0.3,

and T'=1.

h L ph(1) order p5(1) order [ L (1) order p5(1) order
5x107T 2 3.20x10°T - 3.72x107 1 - 3 6.05x 102 - 8.52x1072 -
2.5x107T 2 1.40x107T 1.2  1.40x10°T 14 [ 3 1.14x1072 2.4  210x1072 2.0
1.25x10°7 2 6.60x10"2 1.1 4.87x1072 15 |3 1.75x10°3 2.7  6.73x1073 1.6
6.25x1072 2 3.21x1072 1.0 8.08x1073 26 |4 3.64x1071 2.3 1.21x107% 25
3.125x1072 2 1.58x1072 1.0 1.12x107% -0.5 | 4 848x10~%* -1.2 3.75x10°% 1.7
2.5x1072 2 1.26x1072 1.49%1072 2 9.02x1077 5.72x1072
2.5x1072 3 1.26x1072 1.48x1072 3 9.15x107° 2.84x1073
2.5x1072 4 1.26x1072 1.55x1072 4 1.06x1077 2.77x107%
2.5x1072 5 1.26x1072 1.56x10~2 5  1.06x1077 1.81x107%

In Table 3.3 we give results of the numerical experiment when the noise magnitude is not small.
For the parameters given in the table’s description, the exact values (up to 4 d.p.) of the first
and second moments are 0.2718 and 272.3202, respectively. Though for the Euler scheme there is
a proportional to h decrease of the error in computing the mean, there is almost no decrease of
the error in the rest of this experiment. The large value of the second moment apparently affects
efficiency of the SGC here. For the Euler scheme, increasing L and decreasing h can slightly improve
accuracy in computing the second moment, e.g. the smallest relative error for the second moment
is 56.88% when h = 0.03125 and L = 5 (this level requires 750337 sparse grid points) out of the
considered cases of h = 0.5, 0.25, 0.125, 0.0625, and 0.03125 and L < 5. For the mean, increase of
the level L from 2 to 3, 4 or 5 does not improve accuracy. For the second-order scheme (3.2.20),
relative errors for the mean can be decreased by increasing L for a fixed h: e.g., for h = 0.25, the
relative errors are 0.5121 0.1753, 0.0316 and 0.0086 when L = 2, 3, 4, and 5, respectively.

We also see in Table 3.3 that the SGC algorithm based on the second-order scheme may not
admit higher accuracy than the one based on the FEuler scheme, e.g. for h = 0.5, 0,25, 0.125 the

second-order scheme yields higher accuracy while the Euler scheme demonstrates higher accuracy
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for smaller h = 0.0625 and 0.03125. Further decrease in A was not considered because this would
lead to increase of the dimension of the random space beyond 40 when the sparse grid of Smolyak
(3.2.4) may fail and the SGC algorithm may also lose its competitive edge with Monte Carlo-type

techniques.

Table 3.3: Comparison of the SGC algorithms based on the Euler scheme (left) and on the second-
order scheme (3.2.20) (right). The parameters of the model (3.4.1) are zo = 0.08, 61 = —1, 5 = 2,
and T = 1. The sparse grid level L = 4.

h pi(1)  order  p5(1) | pi(1) p5(1)
5x10~T 1.72x1071 - 9.61x10~T [ 2.86x10~%2 7.69x107!
2.5x1071T 1.02x10~T 0.8 8.99x10° T [ 8.62x10~3 6.04x10° T
1.25x10~T  5.61x1072 0.9 7.87x107T [ 1.83x1072 7.30x107 1
6.25x1072  2.96x1072 0.9 6.62x107T | 3.26x1072 8.06x107T
3.125x1072 1.52x1072 1.0 5.64x10~! [ 4.20x1072 8.40x107!

Via this example we have shown that the SGC algorithms based on first- and second-order
schemes can produce sufficiently accurate results when noise magnitude is small and that the second-
order scheme is preferable since for the same accuracy it uses random spaces of lower dimension than
the first-order Euler scheme, compare e.g. the error values highlighted by bold font in Table 3.2 and
see also the discussion at the end of Section 2.2. When the noise magnitude is large (see Table 3.3),

the SGC algorithms do not work well as it was predicted in Section 2.3.

Example 3.4.2 (Burgers equation with additive noise). Consider the stochastic Burgers equation

82, 192]:
2
du + u%dt = I/%dt +ocos(z)dw, 0<zx<{¢ wv>0 (3.4.3)

—9y2m sin(%’x)

with the initial condition ug(x) T atcos(Zo)’

a > 1, and periodic boundary conditions. In the

numerical tests the used values of the parameters are £ = 27 and a = 2.

Apply the Fourier collocation method in physical space and the trapezoidal rule in time to

(3.4.3):
Ujpy —Uj I/D2ﬂj+1 + U _ 71D('L_l:j+1 + U
2 2

; 5 )% + oTVhE;, (3.4.4)
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where @; = (u(tj,z1),...,u(tj,zm))T, t; = jh, D is the Fourier spectral differential matrix, &;
are i.i.d NV(0,1) random variables, and T’ = (cos(z1),. .., cos(zm))T. The Fourier collocation points
are T,, = m% (m =1,...,M) in physical space and in the experiment we used M = 100. We aim at
computing moments of @, which are integrals with respect to the Gaussian measure corresponding
to the collection of {;, and we approximate these integrals using the SGC from Section 2. The use
of the SGC amounts to substituting {; in (3.4.4) by sparse-grid nodes, which results in a system of
(deterministic) nonlinear equations of the form (3.4.4). To solve the nonlinear equations, we used

the fixed-point iteration method with tolerance h?/100.

The errors in computing the first and second moments are measured as follows

[t (T, -) — Bunum (7)) || 7,2 |Eu2 (T,) — Eugu (T, )H

7,2 | ref num
py(T) ;o opy (1) = , (3.4.5)
' [Etrer (T, -)|| ? [Euze (T, )|l
pT,OC(T) ”Eumf(T’ ) B Eunum(T7 ) Hoo pT,OO(T) _ ||Eu1%ef(T7 ) - Eur%um(Tﬂ ) ||oo
! Etteet (T, )| P g (T, )l ’

1/2
where |lv(-)]| = 2 zM: V% (2,) ()|l = max |v(xm,)|, Tm are the Fourier collocation
M — m ) ) 1<maM m)ly tm

points, and upum and  ups are the numerical solution obtained by the SGC algorithm and the
reference solution, respectively. The first and second moments of the reference solution u,. were
computed by the same solver in space and time (3.4.4) but accompanied by the Monte Carlo method
with a large number of realizations ensuring that the statistical errors were negligible.

First, we choose v = 0.1 and ¢ = 1. We obtain the reference solution with h = 10~* and
1.92 x 108 Monte Carlo realizations. The corresponding statistical error is 1.004 x 10~ for the mean
(maximum of the statistical error for Euyer(0.5,2;)) and 9.49 x 10~* for the second moment (maxi-

mum of the statistical error for Eu2

2.¢(0.5,2;)) with 95% confidence interval, and the corresponding

estimates of L*-norm of the moments are |[Eu.er(0.5, ) = 0.18653 and ||EuZ(0.5,-)|| = 0.72817.
We see from the results of the experiment presented in Table 3.4 that for L = 2 the error in com-

puting the mean decreases when h decreases up to h = 0.05 but the accuracy does not improve
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with further decrease of h. For the second moment, we observe no improvement in accuracy with
decrease of h. For L = 4, the error in computing the second moment decreases with h. When
h = 0.0125, increasing the sparse grid level improves the accuracy for the mean: L = 3 yields
P12(0.5) = 9.45 x 1073 and L = 4 yields p*(0.5) = 8.34 x 1073, As seen in Table 3.4, increase of

the level L also improves accuracy for the second moment when h = 0.05, 0.25, and 0.125.

Table 3.4: Errors of the SGC algorithm to the stochastic Burgers equation (3.4.3) with parameters
T=05vr=01and oc=1.

h p7%(0.5), L=2 pr*(05), L=3] p5%(05), L=2 p3°(0.5), L=3 pp*(0.5),L=4
2.5x1071 1.28x107 T 1.3661x10~ T 4.01x1072 1.05%x10~2 1.25%x10~2
1.00x1071 4.70x1072 5.3874% 102 4.48%x1072 4.82x1073 4.69x10°3
5.00x10~2 2.75x1072 2.7273x10~2 4.73%x1072 5.89x1073 2.82x1073
2.50x10~2 2.51x1072 1.4751x10~2 4.87x1072 6.92x1073 2.34x1073
1.25x1072 2.67x10~2 9.4528x 1073 4.95%x1072 7.51x1073 2.20%x1073

Second, we choose v = 1 and ¢ = 0.5. We obtain the first two moments of the reference u,.¢ using
h = 10"* and the Monte Carlo method with 3.84 x 106 realizations. The corresponding statistical
error is 3.2578 x 10™4 for the mean and 2.2871 x 10~* for the second moment with 95% confidence
interval, and the corresponding estimates of L2-norm of the moments are ||Euye(0.5, )| = 1.11198
and ||EuZ(0.5,)|| = 0.66199.

The results of the experiment are presented in Table 3.5. We see that accuracy is sufficiently
high and there is some decrease of errors with decrease of time step h. However, as expected, no
convergence in h is observed and further numerical tests (not presented here) showed that taking h
smaller than 1.25 x 1072 and level L = 2 or 3 does not improve accuracy. In additional experiments
we also noticed that there was no improvement of accuracy for the mean when we increased the level
L up to 5. For the second moment, we observe some improvement in accuracy when L increases
from 2 to 3 (see Table 3.5) but additional experiments (not presented here) showed that further
increase of L (up to 5) does not reduce the errors.

For the errors measured in L°-norm (3.4.5) we had similar observations (not presented here)

as in the case of L?-norm.
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Table 3.5: Errors of the SGC algorithm applied to the stochastic Burgers equation (3.4.3) with
parameters v =1, 0 = 0.5, and 7" = 0.5.

h p1?(0.5), L=2 py°(0.5), L=2] py°(0.5), L=3
2.5x10~1 4.94%x1073 8.75%x1073 8.48x 1073
1x10° T 8.20x10~1 1.65x1073 1.13x1073
5x1072 4.88x10% 1.18x1073 6.47x10~%
2.5x1072 3.83x1071 1.08x1073 5.01x10%
1.25%x10~2 3.45x10~% 1.07x1073 4.26x10~%

In summary, this example has illustrated that SGC algorithms can produce accurate results
in finding moments of solutions of nonlinear SPDE when the integration time is relatively small.
Comparing Tables 3.4 and 3.5, we observe better accuracy for the first two moments when the
magnitude of noise is smaller. In some situations higher sparse grid levels L improve accuracy but
dependence of errors on L is not monotone. No convergence in time step h and in level L was

observed which is consistent with our theoretical prediction in Section 2.

Example 3.4.3 (Stochastic advection-diffusion equation). Consider the stochastic advection-diffusion

equation in the Ito sense:

€2+ 02 9%u . ou ou

’U,(O,QL') = (l)(l’), T € (0,27‘()7

where w(s) is a standard scalar Wiener process and € > 0, 3, and o are constants. In the tests we

took ¢(x) = cos(x), 8 =0.1, 0 = 0.5, and ¢ = 0.2.

We apply Algorithm 3.3.1 to (3.4.6) to compute the first two moments at a relatively large
time T' = 5. The Fourier basis was taken as CONS. Since (3.4.6) has a single noise only, we used
one-dimensional Gauss—Hermite quadratures of order n. The implicitness due to the use of the
trapezoidal rule was resolved by the fixed-point iteration with stopping criterion h?/100.

As we have no exact solution of (3.4.6), we chose to find the reference solution by Algorithm 4.2

from [420] (a recursive Wiener chaos method accompanied by the trapezoidal rule in time and
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Fourier collocation method in physical space) with the parameters: the number of Fourier collo-
cation points M = 30, the length of time subintervals for the recursion procedure h = 1074, the
highest order of Hermite polynomials P = 4, the number of modes approximating the Wiener pro-
cess n = 4, and the time step in the trapezoidal rule h = 1075, It gives the second moment in the

L2-norm ||IEu2 (1, )|| = 1.065195. The errors are computed as follows

ref

05(T)

2 _ 2 N 2 . r,2 _ &2\
AT) = (BT )| = [Emen T 65*(T) = i s

ref numer

(3.4.7)

where the norm is defined as in (3.4.5).

Table 3.6: Errors in computing the second moment of the solution to the stochastic advection-
diffusion equation (3.4.6) with o = 0.5, 5 =0.1, ¢ = 0.2 at T = 5 by Algorithm 3.3.1 with [, = 20
and the one-dimensional Gauss—Hermite quadrature of order n = 2 (left) and n = 3 (right).

h 07%(5) order CPU time (sec.) | 05°(5) order CPU time (sec.)
5x10~2 1.01x1073 — 7.41 1.06x1073 — 1.10x10
2x1072 4.07x10~%* 1.0 1.65%10 425%x107% 1.0 2.43x10
1x1072 2.04x10°% 1.0 3.43x10 2.12x10°% 1.0 5.10x10
51073 1.02x10~% 1.0 6.81x10 1.06x10~%* 1.0 1.00x 102
2x1073 4.08x1075 1.0 1.70x102 425%x107° 1.0 2.56x102
1x10~3 2.04x10°°5 1.0 3.37x102 2.12x10° 1.0 5.12x102

The results of the numerical experiment are given in Table 3.6. We observe first-order conver-
gence in h for the second moments. We notice that increasing the quadrature order n from 2 to 3
does not improve accuracy which is expected. Indeed, the used trapezoidal rule is of weak order
one in h in the case of multiplicative noise and more accurate quadrature rule cannot improve the
order of convergence. We note in passing that in the additive noise case we expect to see the second
order convergence in h when n = 3 due to the properties of the trapezoidal rule.

In conclusion, we showed that recursive Algorithm 3.3.1 can work effectively for accurate com-
puting of second moments of solutions to linear stochastic advection-diffusion equations at relatively

large time. We observed convergence of order one in h.
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Chapter 4

Comparison between Wiener chaos
methods and stochastic collocation

methods

In this chapter, we compare Wiener chaos expansion and stochastic collocation methods for lin-
ear advection-reaction-diffusion equations with multiplicative white noise. Both methods are con-
structed based on a recursive multi-stage algorithm for long-time integration. We derive error
estimates for both methods and compare their numerical performance. Numerical results confirm
that the recursive multi-stage stochastic collocation method is of order A (time step size) in the
second-order moments while the recursive multi-stage Wiener chaos method is of order AN + A2 (N
is the order of Wiener chaos) for advection-diffusion-reaction equations with commutative noises,
in agreement with the theoretical error estimates. However, for non-commutative noises, both

methods are of order one in the second-order moments.
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4.1 Introduction

Partial differential equations (PDEs) driven by white noise have different interpretation of stochastic
products and lead to different numerical approximations, unlike the PDEs driven by color noise.
Specifically, stochastic products for white noise are usually interpreted with two different products:
the Tto-Wick product and the Stratonovich product, see e.g. [7]. Different products lead to different
performance of numerical solvers for PDEs driven by white noise, especially when Wiener chaos
expansion (WCE) and stochastic collocation methods (SCM) in random space are used. In this
chapter, we will show theoretically and through numerical examples that for white noise driven
PDEs, WCE and SCM have quite different performance when the noises are commutative. This is
different from how WCE and SCM behave for PDEs driven by color noise. For elliptic equations
with color noise, it is demonstrated in [11] that there are only small differences in the numerical
performance of generalized polynomial chaos expansion and SCM.

To apply WCE and SCM, we first discretize the Brownian motion with its truncated spectral
expansion, see e.g. [333, Chapter IX] and [265], and subsequently we employ the corresponding
functional expansion (WCE and SCM) to represent the solution in random space. In principle,
we can employ any functional expansion, however, different expansions are preferred for different
stochastic products because of computational efficiency. In practice, WCE is associated with the
Ito-Wick product, see (4.2.2), as the product is defined with Wiener chaos modes yielding a weakly
coupled system (lower-triangular system) of PDEs for linear equations. On the other hand, SCM is
associated with the Stratonovich product, see (4.2.6), yielding a decoupled system of PDEs. These
different formulations lead to different numerical performance as we demonstrate in Section 4.4; in
particular, WCE can be of second-order convergence in time while SCM is only of first-order in
time in the second-order moments for commutative noises. Further, when the noises serve as the
advection coefficients, SCM can be more accurate than WCE when both methods are of first order

convergence as the SCM (Stratonovich formulation) can lead to smaller diffusion coefficient than
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those for WCE (Ito-Wick formulation).

Both methods are actually Wong-Zakai type approximations [399, 400], according to which
we discretize only the Brownian motion, hence resulting in PDEs with finite dimensional random
inputs. The latter can be solved numerically using a variety of space-time discretization methods.
Here we will employ functional expansion methods in random space, e.g., WCE [49, 265] and
SCM [403]. Compared to the Monte Carlo method, these functional expansion methods have no
statistical errors and allow efficient short-time integration of SPDEs [49, 50, 192, 265, 266, 420].

However, a fundamental limitation of these expansion methods is the exponential growth of
error with time and the increasing complexity as the number of random variables is increasing,
generated by the discretization of the Brownian motion. To deal with this complexity, a recursive
WCE method was proposed in [265] for the Zakai equation of nonlinear filtering with uncorrelated
observations. More recently, a recursive multi-stage approach was developed to efficiently solve
linear stochastic advection-diffusion-reaction equations using either WCE [420].

Some numerical results of WCE for SPDEs have been presented in [420] for linear advection-
diffusion-reaction equations and in [192] for nonlinear SPDEs including the stochastic Burgers
equation and the Navier-Stokes equations. These numerical results have demonstrated that WCE
in conjunction with the recursive multi-stage approach are efficient for long-time integration of
linear advection-diffusion-reaction equations. Although the number of operations for the recursive
multi-stage WCE is of order M*, where M is the number of nodes employed in the discretization
of physical space, this computational complexity can be reduced to the order of M? using sparse
representations (see e.g. [352]), as demonstrated in [420].

The main point of this chapter is the derivation of theoretical error estimates for both WCE
and SCM methods and subsequent comparison of the numerical performance of the two methods
for commutative and non-commutative noises. In addition, we will develop a recursive multi-stage
SCM using a spectral truncation of Brownian motion. Specifically, in this chapter we will derive

the error estimate of WCE for linear advection-diffusion-reaction equations with white noise in
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the advection velocity and that of SCM with white noise in the reaction rate. We note that the
convergence rate of WCE is known only for linear advection-diffusion-reaction equations with white
noise in the reaction rate although the convergence of WCE for linear advection-diffusion-reaction
equations has been studied for some time [264, 265, 266, 268].

This chapter is organized as follows. After the Introduction section, in Section 4.2, we review
the WCE method and SCM for linear parabolic SPDEs and develop a new recursive SCM using
a spectral truncation of Brownian motion, following the same recursive procedure as WCE in
[265, 420]. In Section 4.3 we present the error estimates for both methods for linear advection-
diffusion-reaction equations, with the proofs presented in Section 4.5. In Section 4, we present
numerical results of WCE and SCM for linear SPDEs with both commutative and non-commutative

noises and verify the error estimates of WCE and SCM for commutative noises.

4.2 Review of Wiener chaos and stochastic collocation

In this section, we briefly review WCE and SCM for the linear SPDE (2.2.1).
In both WCE and SCM, we discretize the Brownian motion using the following spectral repre-

sentations (see e.g. [265, 420]):

n— 00

lim E[(w(t) —w™ @)% =0, w™()= Z/O mi(s)ds&;, t € [0,T), (4.2.1)

where {m;};-, is a CONS (complete orthonormal system) in L?([0,77]), and &; are mutually in-
dependent standard Gaussian random variables. The expansion (4.2.1) is an extension of Fourier
expansion of Brownian motion that is the Wiener construction [333, Chapter IX] and is used in

214, 237].
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4.2.1 Wiener chaos expansion (WCE)

The SPDE (2.2.1) with finite dimensional noises can written in the following form using the Ito-Wick

product
du(t,z) = [Lu(t,z)+ f(x)]dt + Z (Mpu(t, z) + gr(x)] o wy dt, (¢, 2) € (0,T] x D,
k=1
u(0,z) = wo(x), z€D, (4.2.2)

where wy, is formally the first-order derivative of wy, in time, i.e., w = %w. To obtain the coefficients

val(t, z; @), we approximate wy with the spectral truncation (4.2.1), w,i"), and then we substitute the

representation (2.2.3) into (2.2.1); by multiplying £, on both sides of (2.2.1), and taking expectation

with the properties of the Ito-Wick product &, ¢ & = (O&Tﬁ)!fwrﬂ and E[£,&p] = 0a=p, We then

have that the coefficients ¢, (t, x; ¢) satisfy the following propagator

W = c@a(tv &€ ¢) + f(ir)l{\(ﬂ:()} (423)
q n
+ Z Zak,zml(t) (Moo (b, 250) + ge(2)1gja=1y] . t € (0,77,
=1 1=1
cpa((),a:) = ¢(x)1{|a|=0},

where o~ (k, 1) is the multi-index with components

max(0,q; ; — 1), ifi=kandj=I,
(of(k:,l)), = (4.2.4)
i,
Q5 otherwise.
In practical computations, we are only interested in the truncated Wiener chaos solution (2.3.1).
However, the error induced by the truncation of Wiener chaos expansion grows exponentially with
time and thus WCE is not efficient for long-time integration. To control the error behavior, we can

use the recursive WCE (see Algorithm 2.4.1) for computing the second moments, E[u?(t, )], of the

solution of the SPDE (2.2.1). See Chapter 2 for more details.
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Note that in Algorithm 2.4.1 we discretize the Brownian motion using the following spectral

representation in a multi-element version, i.e., using K multi-elements [265, 420]:

K n ti At

wmO ) =33 mi(s) dséi, t € [0,T), (4.2.5)

k=1i=1"tk-1/E

where 0 = tg < t1 < -+- < txk = T, tp At is the minimum of t; and ¢, {mi7k}?i1 is a CONS
in L2([tk,tk+1]), and &; ; are mutually independent standard Gaussian random variables. This
approximation of the Brownian motion will be also used in the stochastic collocation methods

presented below.

4.2.2 Stochastic collocation method (SCM)

This method leads to fully decoupled system instead of a weakly coupled system from the WCE.

First, we rewrite the SPDE (2.2.1) with finite dimensional noises in Stratonovich form

du(t7 aj) = [‘éu(ta :E) + f(x)} dt + Z [Mku(tv J’J) + gk(x)] 0wy dt, (tv :L’) € (07 T} x D,
k=1

uop(x), €D, (4.2.6)

u(0, z)

where Lu = Lu — %Zl<k<q M [Mpgu + gi]. Second, we replace the Brownian motion with its
multi-element spectral expansion (4.2.5), and obtain the following partial differential equation with

smooth random inputs:

di(t,x) = [La(t,z)+ f(2)]dt+ Y [Myalt,z) + g(2)] dw™(t), (t,z) € (0,T] x D,
k=1

w(0,z) = wo(z), x€D. (4.2.7)
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Now we can apply standard numerical techniques of high integration to obtain p-th moments of

the solution to (2.2.1)

1

Bty ()] = (2m)ak 2

.
/ F(uo(x),a:,t,y)e_¥ dy, p=1,2--- (4.2.8)
RngK

where y = (yix,), ¢ < n,k < K, < g and the functional F' represents the solution functional for
(4.2.7). Here we employ sparse grid collocation [125, 358] if the dimension nK is moderately large.
As pointed out in [9, 403], we are led to a fully decoupled system of equations as in the case of
Monte Carlo methods.

In practice, we use the sparse grid quadrature rule (3.2.4). Here again, the direct application
of SCM is efficient only for short-time integration. To achieve long-time integration, we apply the
recursive multi-stage idea used in Algorithm 2.4.1 and similarly we have the following algorithm
for the second moments of the approximate solution when f = g, = 0, see Appendix 4.6 for its

derivation.

Algorithm 4.2.1 (Recursive multi-stage stochastic collocation method). Choose a CONS {e., ()} m>1
and its truncation {e.,(x)}M_,; a time step A; the sparse grid level L and n, which together with
the number of noises q determine the sparse grid H;'? which contains n(L,nq) sparse grid points.

Step 1. For each m = 1,...,M, solve the system of equations (4.2.7) on the sparse grid H?
in the time interval [0, A] with the initial condition ¢(x) = e, (x) and denote the obtained solution
as V(A z5e), m=1,... .M, and k = 1,--- ,n(L,ng). Also, choose a time step size 0t to solve
(4.2.7) numerically.

Step 2. Ewvaluate ®,,(0;L,n,M) = (ug,em), m = 1,..., M, where ug(z) is the initial condition
for (2.2.1), and he1m = (Vs(A, 5 €1),€m), Lm=1,...,M.

Step 3. Recursively compute the covariance matrices Hyy, (t;; L,n, M), I,m = 1,..., M, as follows:

Hl’m(O;NanaM) = (u07el)(u07em)a
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M n(L:nq)
Hlm(ti;l—anaM) = Z ij(ti—l;L7n7M) Z hn,j,lhﬁ,k,mwny i = 13"'7Ka
jk=1 k=1

where W, are the sparse grid quadrature weights corresponding to the sparse grid points in Step 1,

and obtain the second moments E[ﬂX,L,n(ti, x))? of the approzimate solution to (2.2.1) as

M
Elif  o(ts, )] = > Him(ti; Ln, M)eg(2)em (), i=1,...,K. (4.2.9)

I,m=1

Remark 4.2.2. Similar to Algorithm 2.4.1, the cost of this algorithm is %n(L7 ng)M* and the
storage is n(L,ng)M?2. The total cost can be reduced to the order of M? by adopting some reduced
order methods in physical space. The discussion on computational efficiency of the recursive WCE

methods, see [420, Remark 4.1], is also valid for Algorithm 4.2.1.

4.3 Error estimates

Though WCE and SCM use the same spectral truncation of Brownian motion, the former is asso-
ciated with the Ito-Wick product while the latter is related to the Stratonovich product. Note that
WCE employs orthogonal polynomials as basis and SCM does not have such orthogonality. This
difference allows WCE to have better convergence rate than SCM in the second-order moments,
see Corollary 4.3.2 and Remark 4.3.4.

Assume that there exist a positive constant d, and a real number C such that
(Lv,0) 46 vl < Cr o], (4.3.1)

where (-, -) is the duality between H (D) and H!(D) associated with the inner-product over L?(D).

The operator £ generates a semi-group {ﬁ}tzo, which has the following properties: for g € H" (D),
I Tegllz. < C(r, L)X ||gl 3. . (4.3.2)
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where C(0,£) =1 and

t
[0  Tagly db < 551l L) g (433)

S

Also, we assume that there exists a constant C(r, M) such that
[Migllzr < Cr, M) |lgll3rsn, forge HH k=1,-- q. (4.3.4)

For the WCE for the SPDE (2.2.1) with single noise, i.e., ¢ = 1, we have the following result.

Theorem 4.3.1. Assume that o, i, a,;,b;,c, v, in (2.2.2) belong to CZH(D) and uy € H"(D),
where r > N+2 and N is the order of Wiener chaos. Let u in (2.2.3) be the Wiener chaos solution
to (2.2.1) and un,n in (2.3.1) the truncated Wiener chaos solution. Then for t; =iA, it holds that,

when Cy < iz,

E[||un,n(ti, ) — u(ts, )[|’]
ECLTJT (CI_'I‘J A) LT‘J—N—l 5£
Nt "]l 5.—Ch

< (Ol ANe2CET ol |7+

AQ
+2C%(N + 27£)€QCN+2T+20£TW ol s

where the constants 0y and Cr are from (4.3.1) and C|,| = C(|r],L)C(|r] —1,M). The constants

C(|r], L) and C(|r| — 1, M) are from (4.3.2) and (4.3.4), respectively.

From Theorem 4.3.1, we have that the mean-square error of the recursive multi-stage WCE is

O(AN2) + O(A).

Corollary 4.3.2. Under the conditions of Theorem 4.5.1, we have

E(l[un,n(ti; ) I”] = Elluts, )] = Ellluna(ti, -) = ults, )]
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eCLrT (CL”A)[TJ—N—l or 2
| + | _ ||uo||HT
(N+1)! Lr ]! o —C1

< (OLTJ A)NeQCLT

AQ
+202(N + 27£)€QCN+2T+QCLTﬁ ||U0||§_[N+2 .

This corollary claims that the convergence rate of the error in second-order moments is twice that
of the mean-square error, i.e., O(AN) + O(A?). This corollary can be proved by the orthogonality

of WCE. In fact, it holds that
E[u?(t;, z)] — E[uﬁ,m(ti, z)] = E[(u(t;, ©) — unn(ts, r))?], (4.3.5)

as the different terms in the Cameron-Martin basis are mutually orthogonal. Then integrating over
the physical domain and by the Fubini Theorem, we reach the conclusion by Theorem 4.3.1.
For SCM for the SPDE (2.2.1), we consider here Wong-Zakai type approximation (4.2.7), as the

case of n =1 has been considered in [50, 194].

Theorem 4.3.3. Suppose that ug € L*(D). Let u(t,x) be the solution to (2.2.1) and u(t,x) the
solution to (4.2.7). When f =g, = 0,, =0, v,, c is bounded, and v, is Lipschitz continuous with

respect to its all variables, we have one-step error as, i.e., when K =1,
Ef|u(t, z) — a(t, z)|*] < Cexp(CT)(T* + T?)n~ 1+, (4.3.6)

where € > 0 is sufficiently small and the constant C' depends on the boundedness of v,.(t,x) and

c(t,x). When K>1 (KA =T), we have for t; =iA, 1 <i <K,
Ef|u(t;, ) — a(t;, z)[*] < Cexp(CT)An~Fe. (4.3.7)

Remark 4.3.4. Under some smoothness assumptions on the coefficients and the initial condition

of Equation (2.2.1), the error |E[||ascm(ts, z)||?] — E[||a(t, )||%]| is expected to be AL=1 (Tt in
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one-step) as in multiple Stratonovich integral expansion [50].
For SCM, we do not have orthogonality as for WCE, see (4.3.5), and thus we expect that the
convergence in moments is as usual for SDEs, i.e., at most first order in A when n is small. This

finding will be verified by numerical examples in the next section.

4.4 Numerical results

In this section, we compare Algorithms 2.4.1 and 4.2.1 for linear stochastic advection-diffusion-
reaction equations with commutative and non-commutative noises. We will test the computational
performance of these two methods in terms of accuracy and computational cost. All the tests were
run using Matlab R2012b, on a Macintosh desktop computer with Intel Xeon CPU E5462 (quad-
core, 2.80 GHz). Every effort was made to program and execute the different algorithms as much
as possible in an identical way.

The computational complexity for Algorithm 2.4.1 is (NT\I"‘]) %l\/l4 [420] and that for Algorithm
4.2.1 is n(L,ng) £ M*. The ratio of the computational cost of SCM over that of WCE is n(L, nq)/
(N‘Kl"q). For example, when N = 1 and L = 2, the ratio is (1 4 2nq)/(1 + nq), which will be used in
the three numerical examples. The complexity is increasing exponentially with ng and L, see e.g.

[125], or N but is increasing linearly with %. Hence, we only consider low values of L and N.

Example 4.4.1 (Single noise). We consider a single noise in (2.2.1) in Ito’s form over the domain

(0,T) x (0,2m):
du = [(e+ %o%@iu + Bsin(z)0yu] dt + odyu dw(t), (4.4.1)

or in Stratonovich form

du = [e0?u+ Bsin(zx)0yu]dt + cOpuo dw(t), (4.4.2)
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with non-random initial condition u(0,x) = cos(x), where w(t) is a standard scalar Wiener process,

€ >0, 8, o are constants.

In this example, we compare Algorithms 2.4.1 and 4.2.1 for (4.4.1) with the parameters g = 0.1,
o = 0.5 and € = 0.02. We will show that the recursive multi-stage WCE is at most of order AZ in
the second-order moments and the recursive multi-stage SCM is of order A.

In Step 1, Algorithm 2.4.1, we employ Crank-Nicolson in time and Fourier collocation in physical
space. We obtain the solution by Algorithm 2.4.1 with the same solver but finer resolution as a
reference solution, as we have no exact solution to (4.4.1). The reference solution is obtained by
M =30, A=10%N=4,n=4, 6 =105 It gives the second-order moments in L2-norm
|E[u]|| = 1.0651945500628588 and in the L>®-norm ||E[uz]|| = 0.51747461411047124.

The errors are computed with (3.4.7) and in the following sense

05°(T)

05 (1) = [|[Efuree (M, = [[Elmumer (DI = B

, 0y7(T) (4.4.3)

M p)

2m . . .

where [Jv]| = <M E 1vz(xm)> sl = | max |v(@m)|, T are the Fourier collocation points
m=

and Upymer 18 the numerical solution.

With the above truncation parameters, the recursive WCE is of second-order convergence in A
for the second-order moments when N = 2 and of first-order convergence when N = 1 from Table
4.1. We note that when N = 3, the method is still second-order in A (not presented here). This

verifies the estimate O(AN) 4+ O(A?2) in Corollary 4.3.2.

Table 4.1: Algorithm 2.4.1: recursive multi-stage Wiener chaos method for (4.4.1) at T = 5:
oc=0.5,=0.1,e=0.02, and M =20, n=1.

A 5t N o5%(T) order | 05™(T) order CPU time (sec.)
1.0e-1 1.0e-2 1 1.5249¢-2 — 8.8177e-3 3.57
1.0e-2 1.0e-3 1 1.5865e-3 A9 ] 89310e-4 ALY 33.22
1.0e-3 1.0e-4 1 1.5934e-4 AL00 | 89429e-5 AL0O 348.03
1.0e-1 1.0e-2 2 1.9070e-4 — 4.1855¢-5 — 5.14
1.0e-2 1.0e-3 2 2.0088¢-6 AT ] 428897 AT 51.75
1.0e-3 1.0e-4 2 2.0386e-8 AT | 4.8703¢-9 AT 490.04
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In Step 1, Algorithm 4.2.1, we use a third-order strong-stability-preserving Runge-Kutta scheme
[212] in time and Fourier collocation method in physical space. A Crank-Nicolson scheme in time
was also used but led to no changes in convergence order or in accuracy and thus the results are
not presented. We observe in Table 4.2 that the convergence order for second-order moments is
one in A even when the sparse grid level L is 2, 3 and 4 (the latter is not presented here). The
errors for L = 3 are more than half in magnitude smaller than those for L = 2 while the time cost

for L = 3 is about 1.5 times of that for L = 2.

Table 4.2: Algorithm 4.2.1: recursive multi-stage stochastic collocation method for (4.4.1) at T' = 5:
0=05,8=0.1,e=0.02,and M =20, n = 1.

A ot L oy*(T) order \ 05°(T) order CPU time (sec.)
1.0e-1 1.0e-2 2 3.7467e-4 — 3.0692¢-3 — 3.67
1.0e-2 1.0e-3 2 3.7496e-5 A0 | 3.0441e-4 AL00 34.25
1.0e-3 1.0e-4 2 3.7501e-6 AT00 | 3.0416e-5 AT 332.06
1.0c-1 1.0e-2 3 1.4095e-4 - 3.2416e-4 - 5.18
1.0e-2 1.0e-3 3 1.3518e-5 AT02[20879¢-5 ATV 50.95
1.0c-3 1.0e-4 3 1.3459¢-6 AT [ 209623¢-6 AT 494.07

In summary, from Tables 4.1 and 4.2, we observe that the recursive multi-stage WCE is O(AN)+
O(A?) and the recursive multi-stage SCM is O(A), as predicted by the error estimats in Section
4.3. While the SCM and the WCE are of the same order when N = 1 and L > 2, the former
can be more accurate than the latter. In fact, when N = 1 and L = 2, the recursive multi-stage
SCM error is almost two orders of magnitude smaller than the recursive multi-stage WCE while the
computational cost for both is almost the same, as predicted ((NJ,(I”Q) = n(L,ng) = 2). The recursive
multi-stage WCE with N = 2 is of order A? and its errors are almost two orders of magnitude smaller
than those by the recursive multi-stage SCM (with level 2 or 3) for the second-order moments.

In this example, the recursive multi-stage SCM outperforms the recursive multi-stage WCE with
N = 1. The reason can be as follows. In SCM, we solve an advection-dominant equation rather
than a diffusion-dominant equation in WCE, as SCM is associated with the Stratonovich product

which leads to the removal of the term %Jz&%u in the resulting equation, see (4.4.2). The larger o

is, the more dominant the diffusion is. In fact, results for o = 1 and o = 0.1 (not presented here)
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show that when o = 1, the relative error of SCM with L = 2 is almost three orders of magnitude
smaller than WCE with N = 1; when o = 0.1, the relative error of SCM with L = 2 is only less than
one order of magnitude smaller than WCE with N = 1. With Crank-Nicolson in time and Fourier
collocation in physical space, we cannot achieve better accuracy for WCE with N = 1 and A no
less than 0.0005 when M < 40. These findings suggest the use of efficient PDE solvers for different
resulting PDEs from WCE and SCM (to be precise, from Ito-Wick formulation and Stratonovich

formulation), respectively.

Example 4.4.2 (Commutative noises). We consider two commutative noises in (2.2.1) in Ito’s

form over the domain (0,T] x (0,27):

du = [(e+ %O’% cos®(x))0%u + (Bsin(x) — ia% sin(2x))0yu] dt

+o1 cos(z)0pu dwn (t) + oau dws(t), (4.4.4)
or in Stratonovich form
du = [e0?u+ Bsin(z)0,u] dt + o1 cos(x)pu o dwi(t) + oou o dws(t), (4.4.5)

with non-random initial condition u(0,x) = cos(x), where (wi(t),wa(t)) is a standard Wiener

process, € > 0, B, 01, 09 are constants. The noises satisfy the commutative conditions:
(01 cos(x)0y)(o2u) = o9(0y cos(x)pu).

In this example, we take o1 = 0.5, o5 = 0.2, 5 = 0.1, ¢ = 0.02. We again observe first-order
convergence for SCM and WCE with N = 1, and second-order convergence for WCE with N = 2
as in the last example with single noise.

We choose the same solver for the recursive multi-stage WCE and SCM but a Crank-Nicolson
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scheme in time for SCM. We compute the errors as follows: when A; > Ao,

9
B(T) = |[|Eld, (@) - [EL&, D], 8*T) = HE@% (4.4.6)
o5 (T) = |[ER, ()], — [BEd, D], 8™(T) = m (14.7)

In Tables 4.3 and 4.4, we choose Ay = A1/10, i.e., the errors for A is computed by the difference of
the numerical solution obtained by A; = A (6t = A1/10) and that by As = A/10, (6t = A2/10),
both with n =1 and M = 30.

For WCE, we observe in Table 4.3 convergence of order AN in the second-order moments: first-
order convergence when N = 1, and second-order convergence when N = 2. Numerical results for
N = 3 (not presented here) show that the convergence order is still two even though the accuracy is
further improved when N increases from 2 to 3. This is consistent with our estimate O(AN)+O(A?)
in Corollary 4.3.2.

We also tested the case n = 2 which gives similar results and same convergence order.

Table 4.3: Algorithm 2.4.1: recursive multi-stage Wiener chaos expansion for commutative noises
(444)at T =1: 01 =0.5,0,=0.2, 5 =0.1, ¢ =0.02, and M =30, n = 1.

A ot N g7%(T) order ‘ 05°(T)  order CPU time (sec.)
1.0e-1 1.0e-2 1 1.5213e-3 — 1.4833¢-3 — 3.19
1.0e-2 1.0e-3 1 1.6206e-4 A7 [ 1.5603e-4 A0 32.74
1.0e-3 1.0e-4 1 1.6323e-5 AT [ 15694e-5 AT 329.15
1.0e-1 1.0e-2 2 4.0210e-5 - 2.9237e-5 - 6.53
1.0e-2 1.0e-3 2 4.4359e-7 AT [ 3.2771e-7 AT 65.89
1.0e-3 1.0e-4 2 4.4682e-9 AZ00 ] 33484e-9 AT 657.55

For SCM, we observe first-order convergence in A from Table 4.4 when L = 2,3. When L = 4,
the errors are at the same level as L = 3. Note that L = 3 actually leads to a bit worse accuracy,
compared with the case L = 2. We also tested n = 2 and observed no improved accuracy for
L=234.

For the two commutative noises, we conclude from this example that the recursive multi-stage
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Table 4.4: Algorithm 4.2.1: recursive multi-stage stochastic collocation method for commutative
noises (4.4.4) at T =1: 04 = 0.5, 02 = 0.2, 5 =0.1, ¢ = 0.02, and M =30, n = 1.

A ot L oy*(T) order ‘ 0y°(T) order CPU time (sec.)
1.0e-1 1.0e-2 2 1.2318e-4 — 1.1253¢-3 — 5.18
1.0e-2 1.0e-3 2 1.1880e-5 AT02[1.0921e-4 ATOT 54.70
1.0e-3 1.0e-4 2 1.1837¢-6 AT00 | 10889e-5 AT 545.20
1.0e-1 1.0e-2 3 2.3402e-4 - 1.8692¢-4 - 13.26
1.0e-2 1.0e-3 3 2.3127¢-5 ATOT[16291e-5 Al06 142.23
1.0e-3 1.0e-4 3 2.3102e-6 AT [1.6062e-6 AT-00 1420.24

WCE is of order AN + A2 in the second-order moments and that the recursive multi-stage SCM is

of order A in the second-order moments no matter what sparse grid level is. The errors of recursive

multi-stage SCM is one order of magnitude smaller than those of recursive multi-stage WCE with

N = 1 while the time cost of SCM is about 1.6 times of that cost of WCE. For large magnitude of

noises (07 = o2 = 1, numerical results are not presented), we observed that the SCM with L = 2

and WCE with N = 1 have the same order-of-magnitude accuracy. In this example, the use of SCM

with L = 2 for small magnitude of noises is competitive with the use of WCE with N = 1.

Example 4.4.3 (Non-commutative noises). We consider two non-commutative noises in (2.2.1)

in Ito’s form over the domain (0,T] x (0,2m):

du = [(e+ %U%)@iu + Bsin(z)0u + %0’% cos?(z)u] dt
+010,udwy (t) + o2 cos(z)u dws(t), (4.4.8)
or in Stratonovich form
du = [e0%u+ Bsin(z)0,u] dt + 010,u 0 dwy(t) + o9 cos(z)uo dws(t), (4.4.9)
with non-random initial condition u(0,x) = cos(x), where (wi(t),wa(t)) is a standard Wiener
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process, € > 0, B, g1, 02 are constants. The noises are non-commutative since

o2 cos(x)(010,u) — (010;) (02 cos(x)u) = o102 sin(x)du # 0.

We take the same constants ¢ > 0, 3, 01, 02 as in the last example. We also take the same solver
as in the last example. In the current example, we observe only first-order convergence for SCM
(level L = 2,3,4) and WCE (N = 1,2,3) when n = 1,2, see Table 4.5 for parts of the numerical
results.

The errors are computed by (4.4.6) and are defined by the difference of numerical solution
obtained by parameters in a current line and that obtained by parameters in the subsequent line
in the tables. For example, the errors of Line 2 in Table 4.5 are computed by the difference of
numerical solution with A = 0.05 and that with A = 0.02. The errors in the last line are computed
by the difference of numerical solutions with A = 0.001 and those with A = 0.0005, while other

truncation parameters are fixed except 6t = A/10.

Table 4.5: Algorithm 2.4.1 (recursive multi-stage Wiener chaos expansion, left) and Algorithm 4.2.1
(recursive multi-stage stochastic collocation method, right) for (4.4.8) at T'=1: o1 = 0.5, 02 = 0.2,
B =0.1, e = 0.02, and M = 20, n = 1. The time step size §t is A/10. The reported CPU time is in
seconds.

A N oy (T) order time (sec.) ‘ L oy > (T) order time (sec.)
1.0e-1 1  1.8648e-3 - 1.04 2 3.2616e-4 - 1.65
5.0e-2 1 1.1431e-3 A0T! 2.11 2 1.930le-4 A0 3.31
2.0e-2 1 3.8525e-4 AL 5.12 2 6.3899e-5 AT 8.64
1.0e-:2 1 1.9346e-4 ATL00 10.19 2 3.1868e-5 AT 17.12
50e-3 1 1.1635e-4 A0 20.01 2 1.9095e-5 AV 33.82
2.0e-3 1 3.8827e-5 ALX 50.39 2 6.3606e-6 AT 86.44
1.0e-3 1 1.9422e-5 AL 100.09 2 3.1795e-6 AL 172.13
1.0e-1 2 5.7118e-5 - 2.16 3 8.1479-5 - 4.03
5.0e-2 2 2.5022e-5 Al 4.11 3 4.6873e-5 A030 8.68
2.0e-2 2 6.701le-6 AlH 9.97 3 1.5294e-5 Al22 22.08
1.0e-2 2 3.0336e-6 AlLM 20.03 3 7.5859e¢-6 ATL00 43.85
5.0e-3 2 1.7175e-6 A032 40.25 3 4.5320e-6 A0 88.35
2.0e-3 2 5.5527e-7  ALZ 101.34 3 1.5074e-6 AT20 223.15
1.0e-3 2 2.7438e-7 A2 201.35 3 7.5310e-7 AL00 450.13

In this example, our error estimate for recursive multi-stage WCE is not valid any more and
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the numerical results suggest that the errors behave as AN + CA/n. For N = 1 and n = 10 (not
presented), the error is almost the same as n = 1. While N = 2 and n = 10, the error first decreases
as O(A?) for large time step size and then as O(A) for small time step size; see Table 4.6. When
N = 2 and n = 10, the errors with A = 0.005,0.002,0.001 are ten percent (1/n) of those with the
same parameters but n = 1 in Table 4.5. Here the constant in front of A, C'/n, plays an important
role: when A is large and this constant is small, then the order of two can be observed; when A is
small, CA/n is dominant so that only first-order convergence can be observed.

The recursive multi-stage SCM is of first-order convergence when L = 2,3,4 and n = 1,2,10
(only parts of the results presented). In contrast to Example 4.4.2; the errors from L = 3 are one
order of magnitude smaller those from L = 2. Recalling that the number of sparse grid points is
7(2,2) = 5 and n(3,2) = 13, we have the cost for L = 3 is about 2.6 times of that for L = 2.
However, it is expected that in practice, a low level sparse grid is more efficient than a high level
one when nq is large as the number of sparse grid points n(L, ng) is increasing exponentially with ng
and L. In other words, L = 2 is preferred when SPDEs with many noises (large ¢) are considered.

As discussed in the beginning of this section, the ratio of time cost for SCM and WCE is
n(L,ng)/(N1). The cost of recursive multi-stage SCM with L = 2 is at most 1.8 times (1.6
predicted by the ratio above, ¢ = 2 and n = 1) of that of recursive multi-stage WCE with N = 1.
However, in this example, the accuracy of the recursive multi-stage SCM is one order of magnitude
smaller than that of the recursive multi-stage WCE when N = 1 and L = 2. In Table 4.5, we present
in bold the errors between 1.5 x 107® and 2.5 x 107®. Among the four cases listed in the table,
the most efficient, for the given accuracy above, is WCE with N = 2, which outperforms SCM with
L = 3 and SCM with L = 2. Also, WCE with N = 1 is less efficient than the other three cases.
We also observed that when o1 = 09 = 1, SCM with L = 2 is one order of magnitude smaller than
WCE with N =1 (results not presented here).

For non-commutative noises in this example, we show that the error for WCE is A% + CA/n

and the error for SCM is A. The numerical results suggest that SCM with L = 2 is competitive
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with WCE with N = 1 for both small and large magnitude of noises if n = 1.

Table 4.6: Algorithm 2.4.1: recursive multi-stage Wiener chaos expansion for (4.4.8) at T' = 1:
01 =0.5,0.=0.2, 8 =0.1, e = 0.02. The parameters are M = 20, N = 2, and n = 10. The time
step size 0t is A/10.

A 0y (T)  order ‘ 05 °(T) order CPU time (sec.)

1.0e-1  3.5280e-5 — 1.9366e-5 — 84.00

5.0e-2 1.1122e-5 AT [ 59400e-6 Al™? 160.50
2.0e-2 1.9283e-6 AL | 97383e-7 ALY 391.40
1.0e-2 6.2037e-7 AL64 ] 209242¢-7 AL 749.40
5.0e-3 2.6087e-7 ALZ | 1.1245e-7 Al38 1557.60
2.0e-3 6.8288¢-8 AL | 26917e-8 AL 3887.50
1.0e-3  3.0622e-8 ALT6 [ 1.1452¢-8 ATl 7677.40

With these three examples, we observe that the convergence order of the recursive multi-stage
SCM in the second-order moments is one for commutative and non-commutative noises. We verified
that our error estimate for WCE, AN + A? | is valid for commutative noises, see Examples 4.4.1
and 4.4.2; the numerical results for non-commutative noises, see Example 4.4.3, suggest the errors
are of order AN + C'A/n where C is a constant depending on the coefficients of the noises.

For stochastic advection-diffusion-reaction equations, different formulations of stochastic prod-
ucts (Tto-Wick product for WCE, Stratonovich product for SCM) lead to different numerical per-
formance. When the white noise is in the velocity, the Ito-Wick formulation will have stronger
diffusion than that in the Stratonovich formulation in the resulting PDE. As stronger diffusion
requires more resolution, the recursive multi-stage WCE with N = 1 may produce less accurate
results than those by the recursive multi-stage SCM with L = 2 with the same PDE solver under
the same resolution, as shown in the first and the third examples.

In conclusion, we recommend the recursive multi-stage SCM with L = 2, n = 1 and also the
recursive multi-stage WCE with N = 1, n = 1, as both can outperform each other in certain cases.
For commutative noises, recursive multi-stage WCE with N = 2 may be used when the number of
noises, ¢, is small and hence the number of WCE modes is small so that the computational cost

would grow slowly.
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4.5 Proofs

Denote by C; (D) the set of continuous functions that have bounded up to r-th order derivatives

with finite norm

|DP f(x) — D° f(y)|
o=yt

.= max |[D? o T sup
1l 0<|8I<r] 15771, 2yeD
[Bl=Lr],r>r]

where |r| is the integer part of the real number r.

4.5.1 Proof of Theorem 4.3.1

The idea of the proof is to first establish the error estimate for one-step (A = T') error and then that
for the multi-step (A = T'/K) error, the latter of which can be done with the same argument of the
proof in [265, Theorem 2.4]. The one-step error consists of two steps: estimating E[(u(t) — un(t))?]

and E[(un(t) — un,n(t))?] and the conclusion follows from the triangle inequality.

We now state the estimate of these two quantities when f = g =0 and ¢ =1 in (2.2.1).
Lemma 4.5.1. Assume that o, i, a; ;, b;, ¢, vy, belongs to C;H(D) andug € H"(D), wherer > N+1.
When Cy < dr, we have, for any t € (0,T],

eCLT'Jt (CLTJt)L’I‘Jfol 1

(N4 1)! ]! 1-£

E([lu(t) — un(t)|*] < (Cpy )22 Mol (45.1)

where the constants 0y and Cr are from (4.3.1) and C|,| = C(|r], £)C(|r] —1,M). The constants

C(|r], L) and C(|r] — 1, M) are from (4.3.2) and (4.3.4), respectively.

Lemma 4.5.2. Under the assumptions of Lemma (4.5.1) and r > N + 2, we have

t3
B Juna(t, ) — un(t, )|* < 203N +2, £)20w2t430et |2, (45.2)

where Cr is from (4.3.1) and C(N+ 2, L), Cny2 are from Lemma 4.5.1.
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For simplicity, we denote by s* the ordered set (s1,--- ,sz). For k > 1, denote ds* := ds; ... dsy,
and

F(t7 Skv 'T) = E—SkMik e 7;2—51/\/17;17;1”0(‘%‘)7

/(k)(...)ds’f:/Ot/OSk.../Osz(...)dslmdsk.
/(k)(...)dsk:/ot/sj.../si1(...)dskmd82d81.

o lea ()l A (t,2)
Proof of Lemma 4.5.1. AsE[||u(t) —un(t)]|"] = E E 7 one should check E ‘
al al
k>N |a]=k lo|=F

(k)
which equals to / |F(t; s* x)|2 ds®, by Proposition A.1 in [265]. Then by Fubini theorem,

2 (k)

loe|=k

Denote Xy = Tsp—s,_ My Togms, My, Tsyu0, Yie = My, Xi, k> 1 and also X = T;_;, Y.
Then Xy =Ts, —s,_, Yie—1 and Y1 = M, Xp_1.

By the assumption that o;,a; j, b;, ¢, v, belongs to C,:'H(D)7 it can be readily checked that
(4.3.2) and (4.3.3) hold if (4.3.1) holds, and (4.3.4) holds.

Without loss of generality, assume that r is a positive integer. If » > k, by the definition of F'
and the estimate (4.3.2), we have

|F(t: 5% )|

IN

ech(t_sk) ||YkH2 _ eZCL(t—Sk) ||M’Lka||2

IN

C(0, M=) X,

< GO Y

IN

IN

2
Cre®e! Jluoln

where C,. = C(r,£)C(r —1, M) and C(r — 1, M) is from (4.3.4), depending only on the coefficients
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of M with their derivatives up to order r — 1. We then have

" k. \||12 g.k k_2Cct 2 " k
| F(t; 85| ds* < CFe® 2 [lug | gn ds”. (4.5.3)

If r < k, we change the integration order, apply (4.3.2), (4.3.4), and (4.3.3), and have

(k) , W )
/ (s 8% )| ds* = / 1X 2 dst = / 1X2 ds*
(k)

S ] B P
(k) (k)

< M) [ O X st

(k)

t

= C(O,M)/ / 2Cc(t—sk) ||XkHi11 dsy ds®1

(k-,l) Sk—1
<

52101/ eZCL(tfsk_l) ||Yk—1||2 dsk*l.
(k—1)

Repeating the procedure gives

(k)
/ |F(t: ;)P dst < 5;—’fcf-r/ 2Ce(=5) [y, |2 ds. (4.5.4)
(r)
(k) tk
By (4.5.3) and (4.5.4), and / ds* = e conclude that, for r > N 41,

E(llu(t) - un(t)]|’]

(k) )
> [ Ewso) ast

k>N
(k) 9 (k) 9

= X [ IR a3 [ st ast

N<k<r k>r

tk 2 " T 2 r— —r

< Y HORPO fuollipe 4 — I fluollzy, Y 5 O

N<k<r k>r

Crt (C t)r—N—l Cl

< (C,t N+1 _2C.tr € r 2 .

where we require C; < §.. This ends the proof.

117



Remark 4.5.3. Lemma 4.5.1 still holds for r = 0o if Coo < 00. In fact, by (4.5.3), we have

eCoot
(N+1)!

tk
E[lu(t) = un(B)[*] < D 15Che* [lun]l e < (Coot) "+ 2!
E>N

2
[0l 77 -

If r < 0o, we require that C1 < dz, which is actually C’(O,M)C(l,ﬁ) < dz. An example of this

condition is as follows: L= A, My = 1Dy, and thus C(0, M)C(1,£) = < i, = 1.

Proof of Lemma 4.5.2. It can be proved as in [265, p.446-449] that

[ENOIR N / 2 th!
Wl < gt ||y (t; s*5- M2(s)ds——, (4.5.5)
S [Fstessoll” | P Gs) ds s,
where M;(t) = f(f my(s)ds and
OF(t;s"; x
F](t;sk;x) = % = ﬁ—SkMik o '7;j+1—SjM’ij£7;]‘—Sj71 o '7;1u0($)
J

~Teesi My - My, LT, Ty ug(z) = Fjl 4 sz.

G185

Due to the same structure of two terms in F (¢; sk: ), we only need to estimate HFjl H Repeatedly

using (4.3.2) gives

I8 = oMy Ty Mo £,y Tyl
< 0 My, - Tay sy Miy LTy, - Toytio||
< CO,M)ECE T, o Tapay oy M, LTy, "'7;1“0H§{1
< OO | My T My LTy, Toytio| o
<
< ORI T Tao s
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Similarly, we have
2 i v 2
H,Ej*sj—l "'7-51UOHHk—j+2 < Cljc+2echS] ”uOHH’C+2 :
Thus, we arrive at that

HFjl”2 < Cll::;_l ||7;j—sj—1 "'T‘?luO”i[k—jn < Cﬁiée2cct HUOH?LIN-%—’Z

Then by (4.5.5) and (4.5.6), setting M;(s) = (ZL/%W Sin((l_tl)ﬂs), we obtain that

lpa(®)]?

E[J|un(t) — unn(t)]%] al

I>n+1

+

M= 1= I

[\

1|al=k,i2=l

I>n+1
2 k—1
< 2kt 2t t
- I>n+1 k=1 mjaXH JH n2(l —1)% (k- 1)!
2t3 N 2 tk—l
= Z mzkmfqujlu m
I>n+1 k=1
2t3
<

N 1112 tk71
W;kmﬁ"”@ I &=

The summation in the last inequality can be estimated by (4.5.6) as follows:

tk:fl N k'tk71

N
1112 k+1 _2Cct 2 v
;kmjaxHFj I =1 < ];CNH@ 5 uo llgnea (k—1)!

< CP(N+2, L) 4202 |y |17,

This completes the proof.
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4.5.2 Proof of Theorem 4.3.3

To prove Theorem 4.3.3, we need the following conditional probabilistic representation (the condi-

tional Feynman-Kac formula) for (2.2.1), see e.g. [347],
u(t, ) = Eqluo(Xt.0(T))Yiw1 (T) + Ziwno(T)], 0<t<T. (4.5.7)

where )A(t’w, Y/m,y, and Zm,y,z is the solution to the following SDE

q

dX = [b(s,X) = on(s, X)ve(s, X)]ds (4.5.8)

r=1

p p
+> ap(s, X)dBr + Y op(s, X)dw,, X(t) ==,
r=1

r=1

q
dY = [e(s, X)Y ds + ZZ/T(S,X)Y] dw,, Y(t) =y, (4.5.9)
r=1
A A A~ A~ q A A~ ~ A~
dZ = [f(s,X)Y ds+ > _ g,(s,X)Y]dw,, Z(t) =z, (4.5.10)
r=1
and B(s) = (Bi(s), -+ ,Bp(s))T is a p-dimensional standard Wiener process independent of w(s)

and Eg -] is the expectation with respect to 7. The dxp matrix a(t, ) is defined as a(t, x)aT (t, ) =
2a(t,z) — o(t,x)oT(t, x).

We consider the case f = g = o5 = 0, i.e., the Zakai equation of nonlinear filtering when
observation is uncorrelated as in [265].

As the case of n =1 is considered in [50, 194], here we consider only the case K = 1. The proof

is for time-dependent coefficients which covers the case of time-independent ones in (2.2.1).

Proof. The solution to (2.2.1) can be represented as

u(t, z) = Eqluo(Xi.2) exp( /0 vp(8, Xt.2) dw,(s) + /0 et, Xy..) ds)), (4.5.11)
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where &(t, X; ,) = c(t, X; 2) — L3 V(s X:.2). The solution to (4.2.7) using spectral expansion

of Brownian motion can be represented by

alt, ) = Eqluo(Xia) exp(> /0 Ur (5, X0 )ion (s) ds + /O &(t, Xoa) ds)]. (4.5.12)

Thus, we have

a(t,z) —u(t,z) = Eg [uo(Xt,a:) eXp(/O E(t7Xt,:L’) ds)

X (exp(z:l/o vr (s, Xo.2)0,(s) ds) —exp(zzl/o l/r(s,f(t,m)dwr(s)))}7

By the fact that e® — e¥ = e/*T(1=0Y(z —4) (0 < 6 < 1), boundedness of ¢&(t,z) and Cauchy

inequality, we have

Elja(t, v) — u(t, )| (4.5.13)

E[(Eq[uo(X..) exp( / (t, Xo2) ds)) exp(3 / o5, X12) 0 i (5) + (1 — ) dwy(s)])

r=1

IN

<3 [l Kl din(s) = ()7

t

C exp(Ct)Eqlug(Xi.2)]' *E[(Eqlexp() /0 A, (5, X1.2)[0 dib,(s) + (1 — 0) dw,(s)])]*/?]
r=1

IN

XE[EQ[(Z/ ve(s, Xe.a) [ divn(s) — duwy(s)])°]])

IN

C exp(Ct)Eq[(E[exp Z/o 4y (s, X1.0)[0 dive(s) + (1 — 0) dw,(s)])]*/?]

XEQ[E[(Z/O ve(s, Xoo) [ divn(s) = duwy(s)])°])-

T (s, X[ dion(s) — duwi(s)]| ] and

Hence, we need to estimate I =: E|

11 = B(Eqlexp(} [ v, (s %10ty () + (1 = ) dur ()]
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By the independence of & ; and X, , and a standard estimate in spectral methods (e.g. [33]),

we have

2

ZZ /0 vp(s, Xow)mii(s) dsSe | ] (4.5.14)

IA

q
CT'~*n~1** Z VX0, |21%5,27[0,T] ’

r=1

where the Slobodeckij semi-norm |f|0 p Is defined by fD fD % dx dy)'/?. The constant

T'~¢ appears due to Bramble-Hilbert lemma, see e.g. [70]. Since v, is Lipschitz continuous in its

N R 2
first and second variables and IEQ[‘XM (s) — Xm(u)‘ | < C|s — u|, we have

2

) T Eql|vr(s, X1,0(5)) *W(Sl,XT,x(Sl)) ]
EQ[|V7"£’27[07T]] = / / dsy ds
2 |s — 31|
< C(T? 411, (4.5.15)
Thus, by (4.5.14) and (4.5.15), we have
I<C(T*+T*n e, (4.5.16)
Now we estimate I1. Recall the following facts
qa q t
Elexp( 4v,.(s, Xtm )dw,)] = exp 28/ 1/ (s th)ds),
r=170 r=1 0
a .t q t
Elexp( 4v,(s Xm e ds)] < exp( 28/ vi(s Xm)ds),
r=1"0 r=1 0
and thus we have
IT < 4exp(Ct). (4.5.17)
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From here, (4.5.16), and (4.5.13), we reach the conclusion for one-step error and hence we can

readily obtain the multi-step error estimate. O

4.6 Appendix: derivation of Algorithm 4.2.1.

The idea of recursive SCM is to use SCM over small time interval (t;_1,t;] instead of over the
whole interval (0, 7] and to compute the second-order moments of the solution recursively in time.
The derivation of such a recursive algorithm will make use of properties of the problem (2.2.1) and
orthogonality of the basis both in physical space and random space as will be shown shortly.

Denote the solution of sparse grid collocation by

n(L,nq)

ax""n(ti7x>: Z UK(A7x7ﬂX,L,n(tifbx))IN(é-(i))?

k=1

where () is a ng-dimensional Gaussian random variable used over the interval (t;_;,t;] and Z,.(¢®)
is the sparse grid interpolation operator which is a polynomial of order no more than L — 1. It
equals to 1 on the x-th point of the sparse grid H|? and is zero on the rest of sparse grid points.
We solve (4.2.7) with spectral methods in physical space, i.e., using a truncation of a CONS
in physical space, e.g., {em}i\i:1 to represent the numerical solution. Define ®,,(t;,L,n,M) =

(axym(ti, -),€m). Then by the linearity of the problem (4.2.7) and f = g = 0, we have

n(L,ng) M
uALn(th'r Z Z(I)l i— 17L7naM)UH(Avxael)Iﬁ(C(l))'
k=1 [I=1

By the orthonormality of e,,, we then have

n(Ling) M
(tZaLanaM Z Z‘I)l i— 1,L,n,M) Hlm (C( )) (461)
k=1 [=1
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where hy 1 = (Ue(A;-, €1), em). The second moments can be computed by

M
E[@} | o(t,2)]* = > Him(ti, L,n,M)e;(z)em (),

l,m=1
where Hyy, (t;, L,n,M) = E[®;(t;, L, n, M)P,, (t;, L, n,M)]. With (4.6.1), we have

n(L,ng) n(L,nq)

M M
Hlm(tz’a La n, M) = Z Z Z Z ij(ti—lv L7 n, M)hm,j,lhn,k,mE[In(C(i))za(C(i))}-

—_

k=1 a=1 j=1k=1

The matrix Hj,,(t;,L,n, M) can be simplified as

n(L,nq)

M
Him(ti, Lin, M) = > " Hy(tioa, Lin, M) > g ihi m W,
j=1k=1 r=1

(4.6.2)

(4.6.3)

as E[Z.(C)Z,(¢?)] = W,6,.o since the polynomial exactness of Smolyak sparse grid is 2L — 1

[324, Corollary 1] .
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Chapter 5

Application example: stochastic
collocation methods for 1D

stochastic piston problem

In this chapter, we apply stochastic collocation method for a one-dimensional piston problem.
We consider a piston with a velocity perturbed by Brownian motion moving into a straight tube
filled with a perfect gas at rest. The shock generated ahead of the piston can be located by
solving the one-dimensional Euler equations driven by white noise using the Stratonovich or Ito
formulations. We approximate the Brownian motion with its spectral truncation and subsequently
apply stochastic collocation using either sparse grid or the quasi-Monte Carlo (QMC) method.
In particular, we first transform the Euler equations with an unsteady stochastic boundary into
stochastic Euler equations over a fixed domain with a time-dependent stochastic source term. We
then solve the transformed equations by splitting them up into two parts, i.e., a ‘deterministic
part” and a ‘stochastic part’. Numerical results verify the Stratonovich-Euler and Ito-Euler models

against stochastic perturbation results, and demonstrate the efficiency of sparse grid and QMC for
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small and large random piston motions, respectively. The variance of shock location of the piston
grows cubically in the case of white noise in contrast to colored noise reported in [251], where the
variance of shock location grows quadratically with time for short times and linearly for longer

times.

5.1 Introduction

In recent years, the polynomial chaos method and its extensions for colored noise have been ad-
vanced significantly for computational fluid dynamics problems, see e.g. [221, 318]. Although
there has been little attention paid on high-order numerical methods for white noise, white noise
is nevertheless important in computational modeling, e.g. as a limit of colored noise when the cor-
relation length goes to zero. An extremely small correlation length for colored noise will produce a
high dimensional problem in random space and causes the so-called “curse-of-dimensionality” for
high-order numerical methods which are prohibitively expensive. Unlike colored noise, white noise
requires a fundamentally different calculus (see e.g. [330]) and therefore the development of new
numerical methods.

Here, we revisit the stochastic piston problem in [251], which defines a testbed for numerical
solvers in both random and physical space. The piston driven by time-varying random motions
moves into a straight tube filled with a perfect gas at rest. Of interest is to quantify the pertur-
bation of the shock position ahead of the piston corresponding to the random motion. For the
perturbed shock position, Lin et al. [251] obtained analytical solutions for small amplitudes of
noises and numerical solutions for large amplitudes of noises, with the method of stochastic per-
turbation analysis and polynomial chaos, respectively. A specific random motion of the piston was
studied where the piston velocity was perturbed by a correlated random process with zero mean
and exponential covariance kernel. It was concluded that the variance of the shock location grows

quadratically with time for small time and linearly for large time by both the perturbation analysis
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and numerical simulations of the corresponding Euler equations. Numerical results from the Monte
Carlo method and the polynomial chaos method (e.g. [405]) for the stochastic Euler equations
showed good agreement with the results from the perturbation analysis.

Here we consider the case of piston velocity perturbed by Brownian motion, which leads to the
Euler equations subject to white noise rather than the Euler equations subject to colored noise
in [251]. We will use the Monte Carlo method and the recently developed stochastic collocation
method for equations driven by white noise. Note that the method of perturbation analysis in [251]
is independent of the type of noises when they have continuous paths in the random space so that
the results by the perturbation analysis can be understood in a path-wise sense. Therefore, the
stochastic piston problem defined in [251] can serve as a rigorous testbed of evaluating numerical
stochastic solvers. So we will use the variances from perturbation analysis as reference solutions.

Although, the Monte Carlo method is one of the popular methods for solving equations driven
by white noise [218], it converges slowly as the total error of the method is dominated by the
statistical error, which is is proportional to ﬁ with IV being the number of sampling points.
To avoid this slow convergence induced by the statistical error, Zhang et al. [421] proposed a
new stochastic collocation method for time-dependent equations driven by white noise in time.
Stochastic collocation methods are based on high-dimensional integration quadrature rules instead
of statistical methods [9, 368, 403]. While the main difficulty of the stochastic collocation method
comes from the large number of random variables, we proposed a spectral expansion of the Brownian
motion to reduce the number of random variables up to relatively large time for time-dependent
equations so that the stochastic collocation method can be applied efficiently. Here we further
extend this approach to conservation laws by adopting the quasi-Monte Carlo (QMC) method to
compute up to larger time and/or for large amplitudes of noises. The QMC method is efficient
and converges faster than the Monte Carlo method if relatively high dimensional integration is
considered, see e.g. [320, 357]; see also [139] for the application of the QMC method to elliptic

equations in random porous media.
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This chapter is organized as follows. In Section 2, we describe the piston problem driven by
random processes and review two different approaches to obtain the shock location: the perturba-
tion analysis and the one-dimensional Euler equations. When the piston is driven by the Brownian
motion, we introduce two types of Euler equations according to different interpretations of stochas-
tic products for white noise, i.e., the Stratonovich-Euler equations and the Ito-Euler equations.
In Section 3, we describe a splitting method for the Euler equations before comparing the vari-
ances from the two stochastic Euler equations with those from first-order perturbation analysis.
We demonstrate that indeed the Stratonovich-Euler equations are suitable for obtaining the vari-
ances of perturbations piston locations. We apply a stochastic collocation method to solve the
Stratonovich-Euler equations in the splitting-method setting. We conclude in Section 5 with a
summary and comments on computational efficiency. The Appendix includes some details of the

stochastic collocation method and of a model ordinary differential equation problem.

5.2 Theoretical Background

Suppose that the piston velocity is perturbed by a time-dependent random process so that the piston
velocity is u, = U, + vp(t,w), where w is a point in random space; see Figure 5.1 for a sketch of

shock tube driven by a piston perturbed with random motion. Here we write v,(t,w) = €U,V (¢,w)

L LS L/

<

+
<

u=u
U=0
p-p  ° P-P
- > +
NNANRN P=p_ pP=P
c=C S+vs(t) C=C++
_—
U, +v (1)

NOANNANN N\ NN\

Figure 5.1: A sketch of piston-driven shock tube with random piston motion.

and denote the stochastic process V (¢t,w) as V (t) for brevity.
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When e = 0, i.e., no perturbation is imposed on the piston, the piston moves into the tube
with a constant velocity U, the shock speed S (and thus the shock location) can be determined
analytically, see [251, 250]. When € is very small, one can determine the perturbation process of

the shock location using the first-order perturbation analysis [251], that is:

z(t):equS’ /V af’ty)dty, (5.2.1)

n= O

where z(t) + ¢S is the shock location induced by the random motion of piston,

g _ y+1 S
4 sy
2 1—k& S+S'U
= = —_— k: _ P
1 1+k 1+k C-1i550,
o o CtUp=8 4 C4U,-5
c. C_+S-1,

Here + is the ratio of the specific heats and C_ the sound speed behind the shock when the piston

is unperturbed. The first two moments of the perturbation process z(t) are

Elz(t)] = 0,

E[2(t)] = (eUpqS')? Z / (@B, ) dty)?).

We note that the perturbation analysis in [251] is independent of the perturbation process
whenever the process is continuous such that the analysis can be understood in a path-wise way.

By taking V (¢,w) as the Brownian motion W (t¢) (omitting w), we then have

o0

El2(0)] = (eUpqS)?E[(Y (=) / W(af™)dtr)’]

= (U8 (3 ()" /O VaBTW(t) dty)?)
n=0

129



oo

_ (equS’)Q(Z(—T)"\/aB")QIE[(/0 W(ty) dty)?)

n=0

1
(1+7B2)2

3
= ﬂ(equS”)2

3 (5.2.2)

t
where we use the scaling property of Brownian motion (W (af"t1) = Vas?W (1)) and / W (t1) dty
0

. . . . 3
is a Gaussian process with zero mean and variance %

5.2.1 Stochastic Euler equations

The stochastic piston problem can be modeled by the following Euler equations with unsteady

stochastic boundary:

0 0
—U+—(f(U))=0 5.2.3
50+ 5, (F(0) =0, (5.2.3)
P pu
where U = [ py |, f(U) = | pu2+ P |, pis density, u is velocity, E is total energy, and P is
E u(P+ E)

pressure given by (y—1)(E — % pu?) and v = 1.4. The initial and boundary conditions are given by

U(JU,O) = Oa P(I,O) = P—‘rv p(.l‘,O) =P+, T > Xp(t)a

P(Xp(t)vo) =P, p(Xp(t),O) = pP—

and

O X, (t) = up(t), t >0,

u(X,(6),) = 5%,

where X, (¢) is the position of the piston, and w,(t) is the velocity of the piston.

This problem is a moving boundary problem and can be transformed to a fixed boundary
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problem by defining a new coordinate (y,7) from (z,t) via the following transform:

y:x—/ up(T1,w)dm, T=t. (5.2.4)
0

Defining v = u — u,, we then have the following Euler equations with a source term [251]:

0 0

Oup

—V+ —(f(V)) =9(V 5.2.5
G2V (V) =) G2, (5.2.5)
p 0
where V.= | ,y |, E = % + %pv2 and g(V) = —p |- The initial and boundary conditions are
E —pv
given by
U(y,O) = _Upa P(y,O) = P+7 p(yvo) =P+ Y > 07
P(0,0) = P, p(0,0)=p_, (5.2.6)
and

v(0,7) =0, 7 > 0.

Our goal here is to compute the variance of the shock location perturbation z(7). The pertur-
bation of the shock location is 2(7) = X,(7) =75 = X,(t) —t5, where X,(7) = Y, (7) + [ up(t1) dty
is the shock location while Y;(7) is the shock location under the new coordinate (y, 7).

If we take u,(t) = Up(1 + €W (t)), where W(t) is a scalar Brownian motion, we are led to the
following Euler equations

0 0

ar Y+ 7, ([(V)) = Upg(V) W, (5.2.7)

where ‘x’ denotes two different products as follows:
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(1) Stratonovich-Euler equations

9 0 ~
ar Y+ 7, F(V) = Upg(V) oW, (5.2.8)

where ‘o’ is the Stratonovich product, or

(2) Ito-Euler equations

o 0 .
a7V T 5, U(V) = Upg(V) - W, (5.2.9)

where ‘-’

is the Ito product. The initial and boundary conditions are imposed as above. The
meaning of ‘o’ will be explained in Section 5.3.2 and that of ‘" in Section 5.3.3.

We will verify these two models (5.2.8) and (5.2.9) by solving them numerically with a splitting

method in the next section.

5.3 Verification of the Stratonovich- and Ito-Euler equations

In the previous section, we introduced two approaches to obtain the variances of the shock location.
Here, we verify the correctness of the stochastic Euler equations by comparing the variances of
the shock location obtained by two approaches, i.e., the first-order perturbation analysis and the
numerical solution of the stochastic Euler equations, up to time 7' = 5.

For numerical simulations, we consider the piston velocity U, = 1.25, where the Mach number
of the shock is M = 2 and v = 1.4. We normalize all velocities with C, the sound speed ahead of
the shock, i.e. €y = 1. Then, the initial conditions are given through the unperturbed relations of

states variables [251] as follows:

P, =45 P_=10, p.=373, p_=14.
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5.3.1 A splitting method for stochastic Euler equations

We use a source-term (noise-term) splitting method proposed in [191] for a scalar conservation
law with time-dependent white noise source term. Holden and Risebro [191] considered a Cauchy
problem on the whole line with multiplicative white noise in Ito’s sense: %u + a%f(u) = g(u)W(t)
with deterministic essentially bounded initial condition where f, g are both Lipschitz, and g has
bounded support. They proved the almost-sure-convergence of this splitting method to a weak
solution of the Cauchy problem assuming initial condition having bounded support and finitely
many extrema while provided no convergence rate.

Here we extend this splitting method to the system (5.2.7). Specifically, given the solution at

Tn, V™, to obtain the solution at 7,1, we first solve, on the small time interval [7,,, Ty 41),

Oy 9 vy —
8TV +ay(f(v )) =0, (5.3.1)

with the boundary conditions (5.2.6) and initial condition V(Y)(7,) = V™; then we solve the

following Cauchy problem, again on [Ty, T41),

aﬁV(?) = eU,g(VP) x W, (5.3.2)
-

with the initial condition V(2 (Tn) = V(l)(Tn+1). Then the solution at time 7,41, V"*!, is set as
V@) (7,41) (subject to the error from the splitting). If we denote by S(7,7,) the operator which
takes V(7,,) as initial condition at 7,, to the weak solution of (5.3.1) and by R(7,7,) the operator
which takes the initial condition at time 7, to the solution of the stochastic differential equation
(5.3.2). Then the approximate solution at 7,, is defined by V*"*! = R(7,.1,7,)S(Ts1,7n) V™.
Thus we define a sequence of approximate solution, {V"™}, to (5.2.7) at time {7,}.

The application of splitting technique requires numerical methods for (5.3.1) and (5.3.2). The

splitting scheme allows us to deploy efficient existing methods to solve them separately. To solve
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(5.3.1), we use a fifth-order WENO scheme in physical space and second-order strong-property-
preserving (SPP) Runge-Kutta in time [212]. In solving (5.3.2), we will employ two different
methods: the Monte Carlo method and the stochastic collocation method developed in this work.
We employ 1000 points for the fifth-order WENO scheme over the interval [0, 5] and the time step
size dr = 0.0005 so that the error from time discretization is negligible. As we mentioned before,
our goal is to compute the variance of the perturbed shock location. Since there is always only one
shock, we obtain Y,(7) by finding the biggest jump of pressure, where the error is of order O(dzx)

(dz is the mesh size in physical space).

5.3.2 Stratonovich-Euler equations versus first-order perturbation anal-
ysis

We first compare the results obtained by solving the Stratonovich-Euler equations with the Monte
Carlo method and those obtained from first-order perturbation analysis.

To solve the Stratonovich-Euler equations (5.2.8) with the splitting method, we need to solve
(5.3.2) as follows. By the definition of the Stratonovich integral, we have that, for a square-

integrable stochastic process h(t),

n—oo

T n
0 i=1

where ¢, 1/5 = % and AW,, = W (t,+1) — W (t,). The limit is understood in the mean-square

sense [330]. Thus, we will solve Equation (5.3.2) by the following Crank-Nicolson scheme
VO (1,51) = VE(1,) + eUpg (VO (7,11 2) ) AW, (5.3.3)

In our simulation, the values of function g(V®) (1)) at 7,1, /2 are approximated by the average

gV (1) +g (VP (1041))
2

values . Note that for the specific form of g, we do not have to invert the
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resulting matrix in (5.3.3).

Figure 5.2 verifies that the Stratonovich-Euler equations (5.2.8) can capture the variances of
shock location for the stochastic piston problem driven by Brownian motion. Here we employ 10,000
realizations so that the statistical error can be neglected for noises with amplitude no less than 0.05.
We also note that for noises with amplitude less than 0.05, the error of the adopted methods is
dominated by the statistical error from the Monte Carlo method and also the space discretization
error from WENO. Figure 5.2 presents the variances obtained by the Monte Carlo method (5.3.1)-
(5.3.3) and those from variances estimates by the first-order perturbation analysis (5.2.2). We
observe the agreement between the results from the Monte Carlo method and the perturbation
analysis within small time and for small noises. Figure 5.2(a) shows the results for small noises,
i.e., € ~ O(1072) while Figure 5.2(b) for large noises, i.e., € ~ O(107!). The difference between the
variances from the Monte Carlo method and the first-order perturbation analysis (5.2.2) is at most
12% — 13% of the variances (5.2.2), up to time T = 5, for all cases except for the case e = 0.5; for
the latter, the difference between the variances is at most 19.3% of the variance (5.2.2). However,
for small time (¢ < 1) the variances by Monte Carlo and perturbation analysis agree well, while
they deviate much after ¢ = 2. This effect can be explained as follows. For ¢ < 1, the variance of
the driving process (Brownian motion) has small value (y/f) corresponding to a weak perturbation;
while at later time it has larger value increasing substantially the perturbation. (We remind the

reader that the perturbation process in [251] has unit variance.)

5.3.3 Stratonovich-Euler equations versus Ito-Euler equations

For the Ito-Euler equations (5.2.9), we solve (5.3.2) by the forward Euler scheme

VO (1,11) = VA(1,) + eUpg (VO (1)) AW, (5.3.4)
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Figure 5.2: Comparison between the results from first-order perturbation analysis (5.2.2) and
solving the Stratonovich-Euler equations (5.2.8) by the splitting method (5.3.1)-(5.3.3).
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Recall that the Ito integral is defined as, see e.g. [330],

T n
/ h(t)- dW = lim > h(t;) AW;.
0 n—o00 P

Next we compare the numerical results for the Stratonovich-Euler equations and the Ito-Euler
ones using the above discretization in time. We observe from Figure 5.3 that for both small and
large noises, these two types of equations have almost the same variances for the perturbed shock
location E[2%(¢)] up to time T = 5. Actually, the difference of variances by the Stratonovich-
Euler and Ito-Euler equations for ¢ < 0.2 is less than 1072 up to time ¢t = 5 which lies within
the discretization errors. For ¢ = 0.5, we present in Table 5.1 the difference of variances for these
two approaches using the same sequence of Monte Carlo points. The Stratonovich-Euler equations
exhibits larger variances in large time but the difference from those by the Ito-Euler equations is
less than 10% of the variances by Ito-Euler equations. We then conclude that the Stratonovich-
Euler equations are a suitable model for the piston problem driven by Brownian motion and we

will consider only this approach hereafter.

Table 5.1: The difference of variances of shock location by Stratonovich-Euler and Ito-Euler equa-
tions for e = 0.5.

t 1.0 2.0 3.0 4.0 5.0
0.0007 0.0129 0.0742 0.2353 0.2421

5.4 The Stochastic Collocation Method

Next we test the stochastic collocation method versus the Monte Carlo method for the Stratonovich-
Euler equations (5.2.8). To solve the Stratonovich-Euler equations (5.2.8), we again use the splitting
method (5.3.1)-(5.3.2). In (5.3.2), we adopt the stochastic collocation method, where we first
introduce a spectral approximation for the Brownian motions and subsequently apply the sparse

grid method. Specifically, we first approximate Brownian motion with its spectral approximation,
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Figure 5.3: Comparison between solving Stratonovich-Euler equations (5.2.8) and Ito-Euler equa-
tions (5.2.9) by the splitting method (5.3.1)-(5.3.2).
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using K multi-elements:

K—1 n

W(mK)(T) = ZZ/ X[%tk“)(s)mk,i(s) dSﬁk’i, T € [O,T],
0

k=0 i=1

where 0 = tg < t; < --- <tk =T, X[ty,tr,,)(7T) is the indicator function of the interval [tg,tx11),
{myi};=, is a complete orthonormal basis in L*([ty,tx41]), and & ; are mutually independent
standard Gaussian random variables (with zero mean and variance one). Hence, we obtain the

following partial differential equation with smooth inputs:

) K n
aﬁV(Q) — eUpg(V(2)) Z Z X[tkfhtk)(T)mkvi(7)5k7i' (5.4-1)

T
k=0 i=1

In (5.4.1) we apply the stochastic collocation method [9, 368, 403] for smooth noises; see Appendix
A for a brief review on the stochastic collocation method for white noise. The stochastic collocation
method we adopt here is the sparse grid of Smolyak type based on 1D Gaussian-Hermite quadrature;
we refer to [125] for implementation details.

The first issue we have for the piston problem here is the discontinuity of the solution to
(5.2.8), where the condition for spectral approximation to work may be invalid [364]. In practice,
we solve the problem with the WENO scheme, which smears the shock somewhat, and thus we
have higher regularity than that of the original problem. A second issue is that the use of the
stochastic collocation method (Smolyak sparse grid) with Gaussian quadrature may not exhibit
fast convergence because of the low regularity. Thus, we use n = 1 or 2 with large K (small time
step in W(K)) instead of large n with small K. This choice of n is verified with control tests with
n = 3, 4 for different K, where the numerical results show large deviations from those of Monte
Carlo method with high oscillations. We choose a low sparse grid level (i.e. two) to be consistent
with the ‘available regularity’ (numerical tests with high sparse grid level show an instability). The

third issue is the so-called “curse-of-dimensionality”. In practice, when the number of random
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variables, Kn, increases, the Smolyak sparse grid method will not work well and will be replaced
by the QMC method.
Here we adopt a uniform partition of the time interval [0, T], that is ty = (k—1)A, k=1,--- ,K.

The complete orthonormal basis we employ in L?([ty,tr41]) is the cosine basis

M (t) = %, mi(t) = \/Zcos (“_Al)”(t —tk)> L i>2.

Figure 5.4 compares the numerical results from the Monte Carlo method (5.3.1)—(5.3.3) and the
stochastic collocation method for (5.3.1) and (5.4.1) with both small and large noises. For each e,
we use different A (the length of the uniform partition of time interval [0,77]), i.e. different size of
elements K. We note that all the numerical solutions obtained by the stochastic collocation method
agree with those from the Monte Carlo method (5.3.1)—(5.3.3) within small time. Here we do not
observe convergence in n, recalling that such convergence requires smoothness in random space.

We note that smaller A and larger n may lead to a larger number of random variables and thus
the break down of the sparse grid method [403]. So we first test the cases of small A such that we
can apply the sparse grid method. Figure 5.4 shows that a low level sparse grid method works well
for the piston problem with small perturbations. We note that our sparse grid level is two and thus
the number of collocation points is Qn% + 1.

When n = 1, we observe in Figure 5.4 good agreement of the results by the stochastic collocation
method and the Monte Carlo method in small time (¢ < 2). Notice that when n =1, (5.4.1) is the

classical Wong-Zakai approximation [399]

K—1
0 1
—VE = g(VE) 3 " ¥y ) (k- (5.4.2)
tht1) k1
or VA =
However, for n = 2, there are some disagreements between the results. In Figure 5.4(a) and

5.4(c), the results of the case n = 2 and A = 0.2 (note that we have nK = 50 random variables)
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Figure 5.4: Comparison between numerical results from Stratonovich-Euler equations (5.2.8) using
the direct Monte Carlo method (5.3.1) and (5.3.3) and the stochastic collocation method (5.4.1).
The sparse grid level is 2 and A is the size of element in time in the stochastic collocation method.
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underestimate those results from the Monte Carlo method and the stochastic collocation method
with a smaller number of random variables (n = 1). The larger number of random variables (n = 2
here) does not result in convergence since we do not have a smooth solution as we mention above.

For the case with large perturbation, ¢ = 0.5, we require smaller A and thus more random
variables. This is why we observe the disagreement in Figure 5.4(d). For all cases in Figure 5.4,
we observe a deviation of numerical results by stochastic collocation methods from those of Monte
Carlo method over large time. Similar effects arise in the application of spectral methods in random
space, e.g., in Wiener chaos methods. The interested reader may refer to [420] for a discussion of
this effect.

To adapt to the high dimensionality (large number of random variables), we employ the QMC
method instead of sparse grid methods. We consider two popular QMC sequences: one is a scram-
bled Halton with the method RR2 proposed in [222]; and the other is a scrambled Sobol sequence
suggested in [287]. Both sequences lie in hypercube and thus an inverse transformation is adopted
to generate sequences in the entire space based on these two sequences. In Figure 5.5, we test the
large noise case, i.e. ¢ = 0.5. Both Halton and Sobol sequences work if a moderately large sample of
the sequences is adopted. For 1000 sample points, variances from both sequences are closer to those

from Monte Carlo method (5.3.1)-(5.3.3) than those from 500 sample points of both sequences.

5.5 Summary

We simulated a stochastic piston problem by time-varying Brownian motions of a piston moving
inside an adiabatic tube of constant area, which is governed by the Euler equations driven by white
noise. By splitting the Euler equations into two parts — a ‘deterministic part’ and a ‘stochastic part’
— we solved the ‘stochastic part’ by the Monte Carlo method and the stochastic collocation method.
The numerical results show that the variances of the shock location grow cubically with time, which

are significantly different from those from colored noise driven piston. In Figure 5.6 we compare the
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Figure 5.5: Comparison between numerical results from Stratonovich-Euler equations (5.2.8) using
direct Monte Carlo method (5.3.1)-(5.3.3) and the QMC method for (5.4.1) with a large noise:
e =0.5.
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variances of shock positions induced by three different Gaussian noises: Brownian motion, random
process with zero mean and exponential covariance kernel exp(— |t; — t2]), and standard Gaussian
random variable, where the noise amplitude is € = 0.1. The results are obtained via the stochastic
perturbation analysis. The case of Brownian motion induces smaller values of variances than the

other two cases for short times and greater values of variances for longer times. We note that the

25

* Brownian motion
2t + exponential kernel process
+ single random variable

variance of shock location

Figure 5.6: Comparison among variances of shock positions induced by three different Gaus-
sian noises: Brownian motion, random process with zero mean and exponential covariance kernel
exp(— |t; — t2]) and standard Gaussian random variable. The noise amplitude is € = 0.1.

effects of different Gaussian processes are similar to a first-order stochastic differential equation
responding to different Gaussian processes. The shock location depends on the time integration
of the underlying Gaussian processes as the solution to stochastic differential equation does; see
Appendix B for details.

Firstly, we solved the ‘stochastic part’ using the Monte Carlo method by the definition of
Stratonovich integral and verified the Stratonovich-Euler equations by the first-order perturbation
analysis presented in [251]. Secondly, we solved the Stratonovich-Euler equations by solving the
‘stochastic part’ with the stochastic collocation method using a multi-element spectral approxima-

tion of the Brownian motion. Finally, we tested two types of QMC sequences for the ‘stochastic
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part’ using a multi-element spectral approximation of the Brownian motion when the noise is large.
The stochastic collocation and QMC methods are superior to the Monte Carlo method in the sense
that they can achieve faster convergence than the classic Monte Carlo method.

The low accuracy of the stochastic collocation method, especially for long times, is caused by
the discontinuity of the solution. Due to the deterministic solver, we have that the accuracy for the
numerical shock location is only first-order in the spatial step size, i.e., O(dz) . For small noises,
we had agreement between the results from the Euler solver and those from perturbation analysis.
However, for large noises, we need small time-interval A for the stochastic collocation method to
converge. As smaller time-interval A leads to larger number of random variables, we adopted the
QMC method which led to accurate solutions.

With regards to computational efficiency, the stochastic collocation method is more efficient
than Monte Carlo simulation when a small number of random variables are involved, where the
number of collocation points is far less than Monte Carlo sampling points. As time becomes larger,
we introduce more random variables and thus we need to employ the more efficient QMC method. In
other applications involving long-time integration, it may be possible to use all three different ways
of sampling, i.e., starting with sparse grid for early time, continuing with the QMC for moderate

time and even switching to the Monte Carlo method for long time.

5.6 Appendix: a first-order model driven by different Gaus-

sian processes

Consider the following simple ordinary differential equation with multiplicative noise:

dy = k(t,w)ydt, y(0) = yo. (5.6.1)
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Here we take yo = 1 for simplicity. Suppose k(t,w) is a Gaussian random variable or process with

zero mean. Specifically, k(t,w) will take the following form:

o k(t,w)=:&~N(0,1);

_Itl—fal)_

® k(t,w) =: V(t,w) where the two-point correlation function of V'(t) is exp(—"7

o k(t,w)=: W(t,w) is the standard Brownian motion: E[W (¢)W (s)] = min(¢, s).

o k(t,w) =: W(t,w) is the white noise: E[W ()W (s)] = (t — s).

Remark 5.6.1. When k(t,w) =: W (t,w), Equation (5.6.1) is understood in the Stratonovich sense:

dy =yo dW(t), y(0)=yo. (5.6.2)

The exact solution to Equation (5.6.1) is y = ygexp(K(t)), where K(t) = fot k(s) ds is again
Gaussian with mean zero and variance 2. Then we have the moments of the solution y, for
m=1,2---, E[y™(#)] = yJ exp(mT202), where 02 = t?, 24t + 2A%(exp(—%) — 1), §7 t for the
listed processes, respectively. Figures 5.7 and 5.8 illustrate the different behavior of second-order
moments with small time ¢ € [0, 1] and larger time ¢ > 1. The amplitudes of variances are similar to

those of variances of the shock location in Figure 5.6, indicating three different behaviors in three

different time intervals.
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Figure 5.7: Comparison of variances of the solutions for four models of k(t) up to time ¢t = 1:
A=1.
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Part II: Spatial White Noise
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Chapter 6

Semilinear Elliptic Equations with

Additive Noise

We investigate in this chapter the strong and weak convergence order of piecewise linear finite
element methods for a class of semilinear elliptic equations with additive spatial white noise using a
spectral truncation of white noise. We show that the strong convergence order of the finite element
approximation is h?~%2~¢ where h is the element size, d is the dimension and e > 0 is arbitrarily
small. We also show that the weak convergence order is twice the strong convergence order for one-
and two-dimensional problems. Numerical results confirm our prediction for a two-dimensional

semilinear elliptic problem.

6.1 Introduction

We study numerical approximation of the following semilinear elliptic equation with additive white

noise using a spectral approximation of spatial white noise:

— Au(z) + f(u(z)) = g(x)
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with Dirichlet boundary condition

u(z) =0, =ze€dD, (6.1.2)

where D = (0,1)?, W (z) is a Brownian sheet on D = [0, 1]¢, f is Lipschitz continuous and g € L?(D)
so that (6.1.1) is well-posed, see Section 6.2 for details.

Discretizing white noise (Brownian motion) is important in the numerical methods of stochastic
differential equations (SDEs) driven by white noise. In the literature of numerical SDEs, several
types of discretizations of Brownian motion have been proposed: piecewise linear approximation
(see e.g.[400, 399] and [202, p. 396]), spectral approximation (see e.g. [301]), wavelet approximation
(also known as Levy-Ciesielsky approximation, see e.g. [214]) and mollifier approximation (see e.g.
[202, p. 397] and [329]), and so on.

Investigating such a benchmark problem (6.1.1) will be helpful to better understand the influence
of discretizing Brownian motion/sheet as well as more complex noises in the context of approxi-
mating stochastic partial differential equations. For example, when higher dimensional white noise
is considered, which is the case for space-time white noise (see e.g. [209]), we can combine one
of the above approximation methods in each dimension and thus have different approximation of
white noise. It is then crucial to understand the performance of different approximation methods
in a simple case such as the problem (6.1.1) .

The piecewise linear approximation for Brownian motion leads to a piecewise constant approx-
imation of white noise, which has been wildly used in approximating temporal noise for solving
SDEs (see e.g. [218] and [301]) as well as in approximating spatial noises (see e.g. [5, 55, 105, 165]).
Using piecewise constant approximation, Gyongy and Martinez [165] considered a finite difference
scheme in physical space for the problem (6.1.1) and obtained dimension-dependent convergence
order in the mean-square sense: h if d = 1; and B2t =cif d = 2,3, where h is the finite difference
step size. Here and throughout the paper, € > 0 is an arbitrary small constant. For finite element

methods for (6.1.1) in physical space, [5] obtained the mean-square convergence order h for one-
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dimensional linear problem and [55] considered a two-dimensional problem (6.1.1) over a general
bounded convex domain and established the mean-square convergence order h'~¢. In other words,
the finite element methods basically yield the same mean-square convergence order as the finite
difference methods do for d = 1, 2, when piecewise constant approximation of white noise is used.

With a spectral approximation of the spatial additive noise, we will show that the mean-square
convergence order is h2~%2=¢ where we use piecewise linear finite element approximation in phys-
ical space, see Theorem 6.2.5. Specifically, in the one-dimensional case, we obtain the mean-square
convergence order h3/2~¢ instead of h from the piecewise constant approximation of white noise
[5]. We note that for d = 1, the solution is actually in H3/2~¢(D) and the spectral approximation
benefits from the smoothness of the solution as will be shown in Section 6.2, where we also show
similar effects for fourth-order equations.

We will also show that the weak convergence order of the spectral approximation of white noise
is twice its mean-square convergence order when only the white noise is discretized in (6.1.1), see
Theorem 6.2.3. While further discretizing (6.1.1) with a piecewise linear finite element method,
we show that the weak error is h*~9=¢ for d = 1,2, see Theorem 6.2.7. We will also present some
numerical results for one- and two-dimensional semilinear elliptic equations in Section 6.3.

Besides the problem considered here, this spectral approximation can be and has been considered
for elliptic equations with multiplicative noise, see e.g. linear elliptic equation with lognormal
diffusivity [64, 65, 119, 120] and with white noise diffusivity [393]. The spectral approximation of
white noise can be further applied to those problems in a more complex domain and with different
boundary conditions, see e.g. [5, 57, 59, 58, 105, 215, 390, 407, 408, 412] where the piecewise

constant approximation is used.
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6.2 Main results

For (6.1.1) to be well-posed, we require the following assumption as in [45, 55, 165]: the nonlinear
function f can be more general than just Lipstichz continuous as in the Introduction. The following
assumption can allow f to be a sum of non-decreasing bounded functions and a Lipschitz continuous

function with a small Lipschitz constant.
Assumption 6.2.1. The function f satisfies the following conditions:

e There exists a constant L < C, such that
[f(s)— f(D)](s —t) > —L|s —t|*, Vs,teR. (6.2.1)
e There exist constants M > 0 and R > 0 such that

lf(s)—f®) <M+R|s—t|, Vs, teR. (6.2.2)

Here Cy, is the constant in the Poincare inequality:
2 2
IVoll* > Gy llvl®, v € Hy(D).

Under Assumption 6.2.1, the solution to (6.1.1) is proved to exist and be unique in LP(£2, L?(D))
when d < 3 [45]. For d > 4, for Equation (6.1.1) to be well-posed in LP(£2, L?(D)), [284] considered
additive color noise instead of white noise. The solution to (6.1.1) is understood in the sense of a

mild solution:

u(z) + /D K(, ) (uly)) dy = /D K (x,y)a(y) dy + / K, y) AW (y). (6.2.3)

D

where K(x,y) is Green’s function of the Laplace equation —Av = ¢(z) and v(x) = 0 on 0D and
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v(z) = [, K(z,y)cly) de.

6.2.1 Semidiscrete and fully discrete schemes

Here we represent the spatial white noise W(x) with an orthogonal series expansion

ad

Tr10m2 - Ong " @) = > cal@)ba, (6.2.4)

aceJ

or for the spatial Brownian motion (Brownian sheet)

W =3 [ [ due (6.2:5)

aeNd

where {e,, (m>}rao\:1 is a complete orthonormal basis in L?(D); &, a = (a1, g, a3) are independent
standard Gaussian random variables. In practice, we can take any orthonormal basis in L?(D).

Here we take the eigenfunctions of the elliptic equation
—AYp=Xp, z€D =0, €D, (6.2.6)

which can form an orthonormal basis in L?(D). We denote the truncation of W (z) (6.2.5) by W,:

Wa@) = Y /Oxd/ozd1---/Oxlea(y)dy1~-~dyd§a. (6.2.7)

|a|<n, aeNd

A semi-discrete scheme of (6.1.1) (to be precise, (6.2.3)) is then as follows

un(z) + /D K (2, y) f(un(y)) dy = /D K (. y)a(y) dy + / K(x.y)dWa(y).  (6.28)

D
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which is equivalent to

ad

— Aun() + flun()) = 9(2) + 55—

Wa(). (6.2.9)

The scheme (6.2.9) requires further discretization in physical space. Here we consider a finite
element approximation. Let V}, be a linear finite element subspace of H{(D) with quasi-uniform
triangulation Tj,. Then the linear finite element approximation of u, in (6.2.9) is to find ul* € V,

such that
ad

— W), . 2.1
oo V), Ve (6.2.10)

6.2.2 Strong and weak convergence order

In this section, we will only present our conclusions on strong and weak convergence orders while

the proofs can be found in Section 6.4.

Theorem 6.2.2 (Strong error). Let u be the solution to (6.1.1) and w, the solution to (6.2.9).

Under Assumption 6.2.1, we have

E[HU _ U/nHQ] S C(M( Z )\;2)1/2+ Z A;Q) S C’e_l(Mn_(Q_d/2_€/2)+(Cp+R)2n_(4_d_e)>7
|a|=n+1 |a]=n+1

where the constant C' depends only on d, Cp, L and M, R, )\, are eigenvalues of the problem (6.2.6).

The constants L, M, R are from Assumption 6.2.1.

Under further smoothness of the nonlinear function f, we show that the weak convergence order

is twice of the mean-square convergence order.

Theorem 6.2.3 (Weak error). Let u be the solution to (6.1.1) and u, the solution to (6.2.9). In

addition to Assumption 6.2.1, assume also that f and F and their derivatives up to fourth-order

155



are of at most polynomial growth at infinity:

dk
dak

G(x)| <c(l+z]"), »<oo,k=1,2,34. (6.2.11)

Furthermore, we assume that M = 0 in Assumption 6.2.1. Then we have
[E[F(u)] —E[F(u)]] <C > A2 < Cn 7479, (6.2.12)
|a]=n+1
The constant C depends on d,Cp, L, M, R as in Theorem 6.2.2 and also the constant in (6.2.11).

Before we state the conclusion for finite element approximation (6.2.10), we illustrate the above

conclusions for a linear elliptic equation with additive noise.

Example 6.2.4 (Linear elliptic equation, see e.g. [5, 105]). We consider the following linear

problem:

0
—Au+bulz) = g(z)+ %W(x), x € (0,1),
u(0) =u(l) = 0,
where b > —7% and g € L?([0,1]). The solution can be represented by u = ; %ek, where

gk = (g,¢ex), a%W(x) = >0, erén, & are 1id. standard random variables. The basis {ex}ro,
can be any orthonormal basis in L2([0,1]), e.g. e, = v/2sin(krx), which are the corresponding

eigenfunctions of —Au = Au over [0, 1] with «(0) = u(1) = 0. The first two moments of u are

It can be readily checked that there exists C' > 0 independent of n such that

1
Eflu — un[*] = Effjul® — un|*] < C—.
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where u, = Z bfi—;g;;

Theorem 6.2.5 (Finite element approximation, strong error). Let u be the solution to (6.1.1) and
ul the solution to (6.2.10). Under Assumption 6.2.1, we have the following estimate for piecewise

linear finite element approzimation of (6.1.1),

IN

Efu— ") < 2E{u— wal) + 2E]|[un — ]|’

< Ce —1( —(4—d— e)+Mn (2—7—5/2))+C(h4nd+Mh2 d/2)
When taking n = 1/h, we have
E[|lu—u?||*] < Ce M (W44 4 Mh>=37</2), (6.2.13)

Remark 6.2.6. The convergence order in Theorem 6.2.5 is optimal as the solution u to (6.1.1)
belongs to Hz’d/zfe(D) when M = 0 in Assumption 6.2.1, see Theorem 6.4.3. Compared to the
methods of finite difference and finite element in [5, 165, 55], the convergence order is half order
higher than the convergence order presented in [5] for the one-dimensional problem and are the

same for higher dimensional problems [165, 55].

Theorem 6.2.7 (Finite element approximation, weak error). Let u be the solution to (6.1.1) and

uy the solution to (6.2.10). Under the conditions of Theorem 6.2.3, we have, for d =1,2,
Efful® - [ul[|"] < Cethtdmenctstni=D),

Taking n at the order of 1/h, we have

E[flul® - IIuﬁHQ] < Cetptd—el(st1)(d=1)+1)
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Here the constant is similar to that in Theorem 6.2.5 and k from (6.2.11).

6.2.3 Examples of other PDEs

It seems that the fact that the weak convergence order is twice of the strong-order convergence is
quite general. In the following example, we show that it is true for an advection equation with

multiplicative noises using the spectral approximation (6.2.7).

Example 6.2.8 (Advection-reaction, see e.g. [367]).

au%

e + 5 = o(u—1)o W(gc), x €10, L] (6.2.14)

with initial condition wug(z) and zero inflow. The stochastic product u o W is the Stratonovich

product. Equation (6.2.14) can be written in Ito’s form

ou  Ou  o?
E—&—a—x— 7(u—1)—i—a(u—1)<>VV(:I:)7 x € [0, L], (6.2.15)

where ‘¢’ represents the Ito-Wick product. The exact solution of (6.2.14) is

u=14 [ug(x —1t) — 1] explcW(z) — e W (x — t)]. (6.2.16)

Applying the truncated spectral expansion (6.2.7) in one-dimensional physical space, we then have

the following approximation to Equation (6.2.14):

Ou, ~ Oun d
5 + e o (tn 1)%Wn(x), z €10, L] (6.2.17)
whose solution is
un = 1+ [ug(x — t) — 1] exploWy(x) — oWy (z — t)]. (6.2.18)
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Theorem 6.2.9. Let u be the solution to (6.2.14) and u, the solution to (6.2.17). Then we have
Ellu — unl”] < CH’ |E[u® — ]| < CH’ VEk >0, (6.2.19)

where C' depends only on t, x and o in the former inequality and also on k in the latter.

For one-dimensional advection equations with multiplicative noise, we have the order of 1/4/n
for strong convergence and 1/n for weak convergence. We do not expect better convergence order
as in the case of elliptic equation, where the smoothing of the inverse of Laplacian operator is
involved. The following example shows that when better smoothing effects appear for biharmonic
equations, the strong convergence order can be even higher than that in the case of the elliptic

operators.

Example 6.2.10 (Linear biharmonic equations with additive noise). Consider the following linear

btharmonic equation with additive noise

ad

A2 — —
ut bu g(m) + 6$18’l‘2 cee axd

W(x), = (x1, - ,zq) €D =[0,1]% (6.2.20)

with u = 0 and Au = 0 on 9D, g € L*(D). Suppose the operator A? has eigenvalues A\, and

1

eigenfunctions eq. Then Ay ~ AT Fat

We approzimate (6.2.20) by truncating the white noise

using the spectral representation (6.2.4):

A2up 4 bu, = g(z) + Z ea(x)q. (6.2.21)
la|<n
Then we have
Ja + &a Jo +&a
_ v g = S TS, 6.2.22
4 b+)\a€ u 2 b+)\ae ( )
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Similar to Theorem 6.2.2, we can conclude that

Elllull® — [[unl*] = Efllu — un?] < Cn==4-9. (6.2.23)

Before ending this section, we remark that our approach can be further extended as follows:
1) the domain D can be a bounded domain with a smooth boundary 9D; 2) the operator A
can be replaced by general self-adjoint, positive-definite, linear operators, say A , with compact
inverse. For example, one can consider the problem in [55] with bounded convex D and A = A.
We emphasize again that any orthonormal basis in L?(D) can be used in the spectral expansion
(6.2.5), though it may be convenient to use the eigenfunctions of A as a basis when they can be

explicitly obtained.

6.3 Numerical results

In this section, we present some numerical results of piecewise linear finite element approximation
of one- and two- dimensional semilinear elliptic equations (6.1.1) with spatial Brownian motion
approximated by its spectral truncation (6.2.7).

To compute the expectations, we use quasi-Monte Carlo sampling for the one-dimensional prob-
lem as we can have relative low random dimensions (no more than 40) and Monte Carlo sampling for
the two-dimensional problem as higher random dimension is adopted in the spectral approximation
(6.2.5) for higher dimensional problems. The experiments were performed using Matlab R2012a on
a Macintosh desktop computer with Intel Xeon CPU E5462 (quad-core, 2.80 GHz). A fixed-point
iteration method with tolerance h?/100 was used to solve the nonlinear algebraic equations at each

step of the implicit schemes.
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Example 6.3.1 (One-dimensional elliptic).

1 0
—Au= —sin(u) + —W(z), ze€D=/(0,2), (6.3.1)
2 ox
with zero Dirichlet boundary condition.
In this example, we will truncate the Brownian motion as follows W (z) =37 _, [* L M (y) dye,
where we use the cosine basis in L?(D):
1 2 (k—1Dm
mi(z) = —, mg(z) = cos(~—————x), k>2.
D] D] D

Here we employ the number of elements and the number of modes for Brownian motion no more
than forty so that we can use a deterministic version of quasi-Monte Carlo integration method for
evaluating the expectations. See [222] on practical aspects of qausi-Monte Carlo methods.

The quasi-Monte Carlo sequence we used is a Sobol sequence generated in Matlab using the
following command:

p=sobolset (n, 'Skip',1e3, "'Leap',20); X=net (p,N); X=erfinv(2xX-1)+*sqrt(2);
where we take the number of quasi-Monte Carlo sample paths N = 5 x 107.

In this example, the errors are measured in the weak sense:

[l - Bl 1]

Efutz ]

T

) n2 > ny, (632)

Un,

where ||v|| is the L? norm in physical space and n; is set to be the number of element associated
with h; = 2/h; in this example), for ¢ =1, 2.

We take 0 = 1 and obtained IE[HU%QOH ] by N =5x 107 quasi-Monte Carlo sample paths which
gives the value 0.2617935 (up to 7 digit).

In Table 6.1, we observe that the convergence order of finite elements error is close to 2.5.

161



This is also the case for linear problems (with u in place of sin(u)), where we observed similar
convergence order (results are not presented here). We can not observe the optimal convergence
h3 as in Theorem 6.2.5 as we believe that the element size h is relatively too large to see such a
convergence order.

We did not test the convergence order with larger number of finite elements (smaller h) and
modes for Brownian motion (larger n) as the evaluation of expectations is a higher dimensional
integration and usually requires randomized /random sampling methods, such as randomized quasi-
Monte Carlo simulation or Monte Carlo simulation. To reduce the accompanied statistical errors
from the randomized /random sampling methods, a huge of number of sampling paths or an effective
variance reduction method, see e.g. [301], should be applied. This issue is out of the scope of the

paper and thus is not considered here.

Table 6.1: Convergence of piecewise linear finite element methods for the one-dimensional semilinear
problem (6.3.1) with a spectral approximation of white noise (6.2.7).

# element n Ph order CPU time(s.)
8 8  6.463 x 10~ 7 - 8.24 x 102 1
16 16 1.737 x107% A9 2,03 x 103
24 24 6.495 x 107° A%V 357 x 103
32 32 3.047x10° RZ%  5.07 x 103

Example 6.3.2 (Two-dimensional elliptic equation).

82

— Au+sin(u) = vy

W(z), ze€D=(0,1)x(0,1), (6.3.3)

with zero Dirichlet boundary conditions.

In this example, we test the weak convergence of piecewise linear finite element (rectangular
element) approximation of (6.3.3) with different noise magnitudes. In simulations we used the

Monte Carlo methods with Mersenne twister random generator (seed 100) to compute expectations.

IThe computational time includes the time of generating quasi-Monte Carlo sequences, which is much smaller
than the total computational time.

162



The errors are measured in the following weak sense:

‘H(]E[uh 2| —H E[u"/?)) H‘ ‘E[HugHﬂ—E[E[u;f

il

Eoyi Bl

When 32 x 32 elements are used, we employ 2 x 10° Monte Carlo sample paths and obtain

[/ ])?]| = 0.22861 2.3 x 104 and W”H ] = 0.22065 = 4.5 x 10~%;

— 1, H(]E[u;g/”])QH 0.22861 + 4.7 x 1074, IE[‘ W”H | = 0.23278 + 9.0 x 104, The

numbers after ‘+’ are the statistical errors with the 95% confidence interval.

In Table 6.2, we observe a second-order convergence of piecewise approximation (6.2.10) for the

two-dimensional semilinear problem (6.3.3), which is consistent with our theoretical prediction in

Theorem 6.2.7 for 0 = 0.5 and o = 1.

Table 6.2: Convergence of piecewise linear finite element approximation of the two-dimensional

semilinear problem (6.3.3) with a spectral approximation of white noise (6.2.7).

o #MC # element A order | p5 order time(s.)
0.5 1x10° 4x4 1.831 x 1072 +£3.2x 1073 — 1.800 x 1072 £ 6.5 x 10~3 — 0.1
0.5 4x107% 8x 8 4201 x1073+53x107% K212 [ 4172x10°3+1.0x 1073 AZ1T 2.2
05 8x10F 16x16 1.113x103£37x10 % RI92 [ 1121 x 103 £7.1x10°% AL 80.1
1.0 2x10° 4x4 1.779 x 1072 £ 4.5 x 1073 - 1.662 x 1072 +£9.2 x 1073 — 0.1
1.0 1x10° 8% 8 4281 x 1073 +6.7x107% h205 [ 4177 x 1073 £1.3x10°% AL 71.6
1.0 2x105 16x16 1231 x103+4.7x10"% A8 [ 1255 x1073+9.0x 10-* Al 1012

6.4 Proofs

The eigenvalue problem (6.2.6) admits a nondecreasing sequence {A, },°_, of positive eigenvalues

and lim, o0 Ay, — 00. The Green function K(x,y) can be represented by

Kwg) = Y ——ea()ealy),

aene ™ 1

163

(6.4.1)



where e, () = Hle V2sin(ra;z;) (a; =1,2,--+) are the orthonormal eigenfunctions of —A. We
will use the single-indexed ej and/or multi-indexed e, for the eigenfunctions if no confusion arises.

For any s € R, we define

HSfﬁw>zx<AW%{mme<M”%HX> v%1ﬂ<m}.
k=1
It is known that H® = H*, see e.g. [375).

6.4.1 Regularity of the solution to (6.1.1).

To prove our conclusions, we need some regularity results for (6.1.1).

Lemma 6.4.1. There exists a constant C depending only on d that
[P aze [ IKeplE . di<c (6.42)
D D
Proof. By (6.4.1) and orthonormality of {e,}, we have

<C.

4 =

1
K(z,y)* dy = e(x)<C
[ kG ay DT TICGUEL)Y

™2 |al

By the fact that A, < C'|a|®, we then have

/ (- Hz d/2—e¢ dy—z/\Q /2

maf* \a|

1 1
CZWSCG :
«

1

where we use the fact that the series Z —— converges if and only if s > d 4 € with € > 0. O
a€ENd | |
Lemma 6.4.2. For any € > 0, we have
a° ? o ? .
El| =——F—W, <El|z——F—W < C(d)e -, 6.4.3
[H 011023 - - - 04 f-djz—e [' 0x1023 - - - 0xg H’*d/Q—e} (d)e ( )
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Proof. By the definition of norms in H~?, where 8 = d/2 + ¢, we have

2

E[’ "y ]<E[’ "y EDY B L !
O0x10x9 -+ Oxq || g-s 0x10x9---0xq || py-s aeNd “ w28 et \a|2’6
2
9? 1
Then we have for 26 > d + €, || 575,772, HH*IS <C(d)e ' <o O

From Lemmas 6.4.1 and 6.4.2, we have the following regularity results for (6.1.1).

Theorem 6.4.3. Under Assumption 6.2.1, we have the following regularity for the solution to
(6.1.1):

ElJul] < 0o, E[ful%,] < o0, 2<p< oo, (6.4.4)

and furthermore, if M = 0 in Assumption 6.2.1 (to be precise, (6.2.2)),
2 _
Efull? g/ < Ce™. (6.4.5)

Proof. We first establish the LP-stability for Equation (6.1.1) for p > 2 since the L? regularity can
be found in [165]. By (6.2.3) and (6.2.2), taking LP-norm over both sides, we then have

2

]>+ CE[|| 2|12.ea(x)§a ] (6.4.6)
‘a|:17r a i

Eflull2,] < CE[H [ )1+ ) dy

Lp

By the Cauchy-Schwarz inequality and by Lemma 6.4.1, we have

. E([ul*] < CE[ull*)-

Bl [ 1l dy ] < H [ty

2
o'}

1
Then by E| Z Wea(x)ga ] < oo and (6.4.6), we have the second inequality in (6.4.4).
|a|=1 e
With Lemma 6.4.2, the estimate (6.4.5) can be proved similarly. O
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6.4.2 Proofs for strong convergence order

Lemma 6.4.4. Forn= [, K(z,y)d[W(y) — Wa(y)], we have

E|ln]*] < C(d)e " (n+ 1)~ =07, (6.4.7)

Proof. By (6.4.1), (6.2.5) and (6.2.7), we have

Blil® = ([ K(w,y>d[w<y>—wn<y>1)21

ey

4
la|>nt1 T al la|>n+1 T o

IN

C(d)eflnf(4fdfe),

1
—— converges if and only if s > d 4+ € with € > 0. O

where we use the fact that the series Z i’

aeNd

Lemma 6.4.5. Under Assumption 6.2.1, then we have
2 2\ 2 2
Eflu ~ wnll®) < COM (E[Jl®)) " + (G, + RPE[In]?).

where the constant C' depends only on Cp,, L and M, R.

The proof of Lemma 6.4.5 is similar to that of Theorem 2.3 in [165]. We present the proof here

for completeness.

Proof. By (6.2.3) and (6.2.8), the error equation reads

u(@) — un(z) = — /D K@, y)[f () = Fun(y))] dy +n(a). (6.4.8)

Multiplying [f(u(y)) — f(un(y))] over both sides of (6.1.1), applying the inequality (6.2.1) and
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integrating over the domain D, we have

~Lu—ul|* < /D??(fr)[f(U(x)) — f(un(@))] dz
- Kz, y)[f (uly)) = f(un(y))] dylf (u(z)) = fun(z))] dz

D JD

IN

( [ Kl u(w) = F(unlo) dy) da
D
[ @t = el e = C, [ = o = ds

D D

/D n()[f(u(x)) = f(un(z))] dz — Cp/

D

Then, by (6.2.2) and the Cauchy-Schwarz inequality, we have
(Cp= L) lu=ual® < (Cp+R) lu—unll lInll +2M ] -
By Assumption 6.2.1 (C, — L > 0), we have
lu = unl|* < CQM |l + (Cp + R)? [Inl|*),

where the constant C' depends only on Cp,, L and M, R. O

Theorem 6.2.2 follows from the triangle inequality and Lemmas 6.4.4 and 6.4.5.

6.4.3 Proofs for weak convergence order

To prove Theorem 6.2.3, we need the following lemmas. In the proofs, we will use single-indexed

eigenvalues \; and eigenfunctions e;(x). We introduce the following equation

oo

— Au(z) + f(u(z)) = g(z) + Z €i()yi- (6.4.9)

Lemma 6.4.6. In addition to Assumption 6.2.1, assume also that f satisfies the polynomial growth
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condition (6.2.11). Then there exists a constant C > 0 depending only on d, k and 8 that
E[|D%lf;,] < CT[A%, for 1<181<4, 2<g< oo,

Lemma 6.4.7. Suppose that F satisfies the polynomial growth condition (6.2.11). Under the

conditions of Lemma 6.4.6, we then have for some constant C > 0 depending only on d, k and (3,
2 _93,
E[|D*(F(u)|] < CT[A>*, for 181 <4,

Proof of Lemma 6.4.6. To estimate the derivatives of solution with respect to parameters,

we need the following auxiliary equation: for § € L?(D),
—Av+ fl(u)v=g(z), z€D, v=0o0ndD. (6.4.10)
By Assumption 6.2.1, we claim the following estimate

[oll e < e , V2<g< oo (6.4.11)

Lo

/K@M@@
D

We first establish the case ¢ = 2. Equation (6.4.10) can be written in the integral form as

-yéxwwﬁmmmWaéK@wm@My (6.4.12)

Multiplying f’(u)v over both sides and by the Poincare inequality, (6.4.12) and (6.4.10), we have

0==UWM@HAMWWM»(MMT /K y) dy, ' (u)o)
> (o) + Gy [ (1)v /K y) dy. f'(w)v)
> 4«W+@v—éuw /K y) dy, f'(w)o).
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Then, by the fact that f' > —L > —C} and |f’| < R, we have (6.4.11) when g = 2. After taking

Li-norm over both side of (6.4.12) and by [, K?(z,y)dy < C' (Lemma 6.4.1), we have

)

vl o < BC o]l + H [ kgt dy

La

and thus by Lemma 6.4.1, we reach (6.4.11).

Taking the derivative with respect to y; in Equation (6.4.9), we have

—AD%u+ f'(u)D%u = e;(x).

Thus, by (6.4.11) and (6.4.1) , we have

[ Dl , <Xt (6.4.13)

Taking the derivatives with respect to y; and y; in Equation (6.4.9), we have the following equation:

—~AD Yty + f(u)D S u = — " (u) D uD u.

Then by (6.4.11) and (6.4.13), we have

||y, < ATAT " ] (6.4.14)

where we assume that f”(z) is of at most polynomial growth. Similarly, we have

|Dererreral,

IA

AT FO @)+ 1w,

’|D€'i+6j+5k+€lu“Lq

IN

AT PO @)+ £ @ | 1.
By the assumption of polynomial growth at infinity for f and its derivatives and the LP-stability
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(6.4.4), we reach the conclusion. [

Proof of Lemma 6.4.7. By the multivariate chain rule (also known as multivariate Faa di
Bruno formula) and Lemma 6.4.6, we have D1% F(u) = F'(u)D% V% + F"(u)DuD%u, and
thus by (6.4.13)

e 2 2 20y 2y —
Dt F()|| < (I F/ @) + [ ()])A;2A72, (6.4.15)

and similarly,
2 2
D2t P |* < e(IF @)l + IF" @) + || FO )|+ [FO@)| ras 64.6)

The conclusion then follows from the assumption of polynomial growth of F' and its derivatives at
infinity (6.2.11) and Lemma 6.4.6. O

Proof of Theorem 6.2.3. By the first-order Taylor’s expansion, we have for m > n

E[F (um) — F(un)]
= E[F (um(&, &5 &m)) = F(un(&a, -+, 6n))]

= B[} D (Flum(&, 6,0, ,0))&]

1
+ Z E[/ (1 _t)D€i+Ej(F(um(§1,.__ agn’atgn'-‘rla"' 7t£m/)))§l§]}
igj=n'+1 0

1
= > /O<1—t)E[Deﬁﬁf(F(um(slf--,sn/,tgnfﬂ,---,tfm/m@m, (6.4.17)

i,j=n’+1

where we used the fact & (¢ > n’+1) is independent of F'(um (&1, -+ ,&w,0,---,0)) and E[§;] = 0 and
we defined n” = n!/d!/(n — d)!. We also denoted by D% ¢(y1,ya, - ,ym’) the first-order derivatives
of ¢ in the y;-direction (replacing & with y;); €; is a vector of m’ dimension taking values 1 at the
i-th element and 0 otherwise. More generally, D represents multivariate derivatives with respect

to the parameters y.
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To estimate (6.4.17), we split the term into two parts:

m’ 1
I = Z A (1 _t)E[D%i(F(um(fl?'” vgn’vtgn’+1"" atgm’)))gf]a

i=n’+1

m’ 1
m =2 Y /O(1—t)E[Dei""ef(F(um(&,“-7§n'7tfn'+17"',tfm’>))fifj]~

i<j, i,j=n'+1

By Lemma 6.4.7, we have

1
il = \ / <1t)E[D?ﬂ(F(um(sl,o--,sn/,tgnlﬂ,m,tsm/»)sﬂdtH

IN

1
/0 (L= OE[||D* (F(um (€1, n o téwgn, -+ 5 tem))) || €] dt < A2, (6.4.18)

For II, we use the recipe of the proof of Theorem 2.8 in [65]. For simplicity, we define that

Xz’t,7;7s = (517"' 7€n'at§n'+1a"' 7t7"£i,"' 7t55]7 até.m’)-

Noticing that E[D "% (F(um (Xf:;)’l)fifj] =0 (i < j), we have

/O (1 = E[D“F (F(um (X7 1)) dt

1 1
/0 (1~ OE[D (F(um(XE1)E16] dt / (1~ OE[D ) (F (X016 dt

1 1
/ / (1 _ t)ﬂE[D2€7‘,+5j (F(um(Xf:;’l))fifj] dt dr.
0 0

With E[D?+ (F(um(X]7)&&;] = 0 (i < j), we have similarly

1 1
/ / (1 = E[D* 9 (F(um(X[71)) 6] dt dr,
0 0

1 r1 ,l
= / / / (1 7t)t2E[D2€i+26j (F(Um(th:;’S))fzsz] dt dr ds,
0 Jo Jo

and thus for i < j
! t,1,1
/O (1 — E[D 9 (F(um (XL 6] dt
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1 1 1
= / / / (1 = )PE[D* 2% (F(um (X17%))EXE3] dt dr ds.
0 0 0
Now we can bound /] as with Lemma 6.4.7,
1
|11 < H/O (1 — t)E[D?i T2 (F(um(X;;’l))gigj]dtH < AN (6.4.19)
Thus, we have by (6.4.17), (6.4.18), and (6.4.19),

IE[F(um) - Fun)ll <c 3 Az2+e( 3 A322 (6.4.20)
|a]=n+1 |a]=n+1

Then by A;! < C'la| ™2, we arrive at the conclusion. [J

6.4.4 Proof of Theorem 6.2.9

We first prove the strong convergence. Note that
E[(u—1un)?] = (uo(x—1t) —1)*E[(exp(cW (z) — oW (z —t)) —exp(a W, (x) — oW, (2 —1)))?]. (6.4.21)

By the fact that exp(a) —exp(b) = exp(fa+(1—0)b)(a—b) where a < 6 < b and the Cauchy-Schwarz

inequality, we have

El(u—u)? = (uolx —t) = 1E[(exp(oW () — oW (z — 1)) — exp(oWa(x) — oWa(x — 1)))?]

IN

(uo(z — t) — 1) (E[(exp(dof(W (z) — W(z — t)) + 4(1 — 0)a(Wn(z) — oW (z — t)])*/?

xo® (E[(W(x) = W(x — 1)) — (Wa(z) — Walz — t)*]) ">

It requires to estimate the two expectations in the above inequality.

(E[(exp(4o0(W (z) — W (z — ) + 4(1 — 0)a(Wy(z) — cWa(z — t)])*/?
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IN

IN

IN

(E[(exp(800(W (z) — W (z — £))])/* (E[(exp(8(1 — 0)a (Wa(z) — Walz — 1))])"/*
exp(2026t) (E[(exp(4(1 — 0)o(Wa(z) — Wiz — t))])/*

exp(8026%t) exp(8(1 — 0)?0%t) < exp(8c2t). (6.4.22)

Now we estimate the E[(W (z) — W(x —t) — (Wy(z) — Wa(z —1)))*].

E[(W () -
= E[() M

k:n+1

W —t) = (Wa(2) = Walz = 1)))"]

— My (z — 1))&)"]

= El( Y Y [Mi(a) = Milw — OP[Mi(x) — Mi(x = O)PEE7)

k= n+1l n+1

IN

o0

3 Z Z [My(z) — My(z — t)]*[ M (z) — My(z —t))?

k=n+11l=n+1

= 3( ) [Mi(z) = Mi(z —t)]*)* < cl, (6.4.23)

k=n+1

n

where M, = [ m(y) dy with my (z) = 1/VL, my(z) = 2/v/L cos(n(k —1)t/L) and ¢ depends only

ont and x.

By (6.4.22) and (6.4.23), we have the first estimate in (6.2.19).

Now we prove the weak convergence. It suffices to check E[(u — 1)*] — E[(u, — 1)*]. By (6.2.16)

and (6.2.18), we have

E[(u—1)" ~El(un = D*]| =

IN

where we have used the fact e”

—e¥ = (1= Dy(x —4) (0 < § < 1) and that E[(W,(z) —
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Wi(z —1))%] < E[(W(z) — W(z —1))?]. By E[(W(z) — W(z —1))?] - E[(Wa(z) — Wa(z —1))?] =

> renir (My(2) — My (x — t))2, we then have

IE[(u — 1)¥] — E[(un — 1)¥]] < %02 |(uo(x — £) — 1) exp(%a%)%.

Hence, the estimate of the weak convergence order follows. [J

6.4.5 Proof of Theorem 6.2.5

Define the Ritz projection Ry, : Hi(D) — Vj, by
(VRyw,Vv) = (Vw,Vv), Yv eV, we H(D).
Then it holds that, see e.g. [375], there is a constant C' independent of h such that for 0 <1 < r <2
|w— Rywl|, < CR" " w|,., we H*D)N H(D), (6.4.24)
Proof. It can be readily checked from (6.2.9) and (6.2.10) that
(V(Rpun — u), Vo) + (f(un) — f(uh),v) =0, veV,. (6.4.25)

Taking v = Rpu, — ul and by (2.1) and (2.3), the Cauchy-Schwarz inequality, we have

IV Rutte — ul) > = —(Flun) — FuP),un — ) + (F(ttn) — Ful), Ritin — )
< Lllun— ||+ e(M + R |Jun — u2]]) | Rntin — unl])
L+C
< LEO |y P OM || Rty — tnl) + C | Rrcin — a2

2

Then by the Poincare inequality ||V (Rpun — ul*) ||2 > Cp || Rnun — ul ||2 , the triangle inequality and

174



L < C), there exists a constant C' independent of & but dependent of C),, R, L:
|| Rutn — |2+ [|un — u?]|” < C(M || Ryun — tn]| + | Rttn — ual|?). (6.4.26)
Then by (6.4.24), we have
| Rnttn — 2|} + [[un — ]| < COMB2 Junlly + B ual?). (6.4.27)

Similar to the proof of Theorem 6.4.3, we have

8d

—FW,
+8£L’1"'C{)£L'd "

Eflun| < CE[Hg | < Cnt, (6.4.28)

where we have used the fact that

_— — < .
]E[Hazl~~81:dW" =3 Jleal* < Cn

laf<n

By (6.4.26) and (6.4.28), we obtain that
2
[un = up||” < COMB? un|ly + h* [[uall3),

whence we can reach the conclusion by setting h = n—1. O

6.4.6 Proof of Theorem 6.2.7

By Theorem 6.2.3, we have

E[lull” — Jual|*] < On=(7479).
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By the standard estimate of the Ritz operator in negative norms, (see e.g. [375, Theorem 5.1]),

|un — Rpunl|_, < ChTH" Junll,, 1<q¢<s, 0<r<s—2 (6.4.29)

we have, by taking ¢ = r = 2,

Ellunl* — | Rntall") < Elljun — Ruunll_ llun + Ruunlly) < Ch*(E[|funl3])-

Then by (6.4.28), E[|[un||® — || Rhun|’] < Ch*n?, and thus we have by Theorem 6.2.3

E(|lul”] = E[| Rhunll”] = Ellull* — uall*) + Elljun|® = [ Ryual*) < On~ 47479 4 Ch*n?. (6.4.30)

By the triangle inequality, we need to estimate E[||u/! ||2] —E[|| Rpun]®]. To this end, we introduce

the following linear adjoint problem over the domain D:

— Ay + f'(un) = ¢, Ylop =0. (6.4.31)

Then we have [|1]|, < C'||¢|| since f'(un) > —L > —C, is bounded. Introducing e = Rpu, — ul,

e1 = Up — uﬁ, es = Rpu, — un, we then have,

(e,0) = (Ve, V) + (f'(un)e, ) = (Ve, VRy) + (f'(un)e, )
= (f'(un)e, v — Rntp) — (f(un) = f(ul) = f'(un)e, Rnt),
= (f'(un)er, ¥ — Rptp) — (f(un) = f(up) = f'(un)er, Rutp — )
~(f (un) = f(ug) = f'(un)er, ) + (f' (un)ez, ),

where we have used the error equation (6.4.25) and the definition of the Ritz projection. Thus we
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have, by (6.4.24), | f'(un)| < R and Taylor’s expansion,

1

(e, 9)] 5 (" Oun + (1= O)up)et, v) + (f (un)es, v) (6.4.32)

IA

Cllexll 2 19l -

IA

2 K K
Clledll B 19lly + Nl 19l oo (1 + llunllFoe + [l | 7oe) + C llezll g 41l

where we used the polynomial growth condition (6.2.11) for f”. Then we have, by the embedding

[0l < Cllvlly, (6.4.32), and [|4]|, < C'[|¢]| that

(e ®)l < CR*(lleall + lleall® (1 + flunllFoe + [|un]|7) + ezl o) llo]l-

Thus by the definition of negative norm, (6.4.29) and the Holder inequality, we have

Elllel2,] < CE[(lex] + lleal®)]n* + Ellex]* (1 + lJunll o + Jun]|7)%])

IN

CE[(llexll” + llez]|*)]4* + Efllex ]| "] (6.4.33)

€ € 2k(1+1/€)1\ e € 2“(1"‘1/5) e €
Oy HHYY O (R un 72O+ - @[/ 040

Similar to the proofs of Lemmas 6.4.6 and 6.4.7, we have

2k(1+1/€)1ve € 2r(1+1/€)1\ ¢ e ¢
(Ef[Jun |20/ 00 4 (g]||ub |2 O 040 < opend=D g = 1,2,

E[l|un||5] < CaP?/2, p > 2. (6.4.34)
Then by (6.4.34), (6.4.33) and (6.4.26), we have , for d = 1,2

(Ellle)lZ )"/ CR2(E(llex|*] + Ellle )/ + Elleal|'])"/* + C(E[flex | *F M A FInertd=D

IN

IN

C,h47d/276 + Ch47d76nem(d71)’ (6435)
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whence by (6.4.29), we have

[Elljut|* = 1 Buenl®]| < Elljuh = Raual|_, [k + Ran]l,]
< (E[lel® ) 2E]||u + Ryua|’]
< Ch47d726)(E[||un”?])1/2 < Ch47d76n6(:‘€+1)(d71).

Then by the triangle inequality and (6.4.30), we reach the conclusion.
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Part III: Stochastic Ordinary Differential Equations
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Chapter 7

A Fundamental Limit Theorem for
SDEs with non-Lipschitz

coeflicients

In this chapter, we prove a fundamental mean-square convergence theorem for stochastic differential
equations (SDEs) with coefficients of polynomial growth at infinity and satisfying a one-sided
Lipschitz condition. We apply the theorem to a number of existing numerical schemes. We also
propose a special balanced scheme which is explicit and of half-order mean-square convergence.

Some numerical tests are presented.

7.1 Introduction

Let (2, F, P) be a complete probability space and F}” be an increasing family of o-subalgebras of F

induced by w(t) for 0 <t < T, where (w(t),F) = (w1 (t),...,wm(t)) ", FL) is an m-dimensional
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standard Wiener process. We consider the system of Ito stochastic differential equations (SDEs):

dX = a(t, X)dt + ior(t,X)dwr(tL t € (to, T), X(to) = Xo, (7.1.1)

r=1

where X, a, o, are d-dimensional column-vectors and X is independent of w. We suppose that
any solution X, x,(t) of (7.1.1) is regular on [ty, T}, i.e., it is defined for all ¢, <t < T [178].

In traditional numerical analysis for SDEs [218, 297, 301], it is assumed that the SDEs coefficients
are globally Lipschitz which is a significant limitation as most of the models of applicable interest
have coefficients which grow faster at infinity than a linear function. If the global Lipschitz condition
is violated, the convergence of many usual numerical methods can disappear, see e.g. [186, 193, 302,
366]. This has been the motivation for the recent interest in both theoretical support of existing
numerical methods and developing new methods or approaches for solving SDEs under nonglobal
Lipschitz assumptions on the coefficients.

In most of SDEs applications (e.g., in molecular dynamics, financial engineering and other prob-
lems of mathematical physics), one is interested in simulating averages Eo(X (7)) of the solution to
SDEs — the task for which the weak-sense SDEs approximation is sufficient and effective [297, 301].
The problem with divergence of weak-sense schemes was addressed in [302] (see also [303]) for
simulation of averages at finite time and also of ergodic limits when ensemble averaging is used.
The concept of rejecting exploding trajectories proposed and justified in [302] allows us to use any
numerical method for solving SDEs with nonglobally Lipschitz coefficients for estimating averages.
Following this concept, we do not take into account the approximate trajectories X (¢) which leave
a sufficiently large ball Sg := {x : |z| < R} during the time T. See other approaches for resolving
this problem in the context of computing averages, including the case of simulating ergodic limits
via time averaging, e.g. in [37, 288, 366].

In this work, we deal with mean-square (strong) approximation of SDEs with nonglobal Lipschitz

coefficients. Mean-square schemes have their own area of applicability (e.g. for simulating scenarios,

181



visualization of stochastic dynamics, filtering, etc., see further discussion on this in [197, 218, 301]
and references therein). Furthermore, mean-square approximation is of theoretical interest and it
also provides a guidance in constructing weak-sense schemes (see, e.g. [218, 297, 301]).

In the case of weak approximation we often have to simulate large dimensional complicated
stochastic systems using the Monte Carlo technique (or time averaging), which is typical for molec-
ular dynamics applications, or we have to perform calculations on a daily basis, which is usual,
e.g., in financial applications. Hence the cost per time step of a weak numerical integrator should
be low, which, in particular, essentially prohibits the use of implicit methods. In contrast, areas
of applicability of mean-square schemes, as a rule, do not involve simulation of a large number of
trajectories or over very long time periods and, consequently, there are more relaxed requirements
on the cost per time step of mean-square schemes and efficient and reliable implicit schemes have
practical interest. Strong schemes for SDEs with nonglobal Lipschitz coeflicients have been con-
sidered in a number of recent works, see e.g. [186, 187, 193, 197, 198, 199, 282, 283, 319] and the
references therein); see an extended literature review on this topic in [197].

In this work, we present a variant of the fundamental mean-square convergence theorem in the
case of SDEs with nonglobal Lipschitz coefficients, which is analogous to Milstein’s fundamental
theorem for the global Lipschitz case [296] (see also [297, 301]). More precisely, we assume that
the SDEs coefficients can grow polynomially at infinity and satisfy a one-sided Lipschitz condition.
The theorem is stated in Section 7.2 and proved in Section 7.5. Its corollary on almost sure
convergence is also given. In Section 7.2 we start discussion on applicability of the fundamental
theorem, including its application to the drift-implicit Euler scheme and thus establish its order
of convergence. Strong convergence (but without order) of this scheme was proved for SDEs with
nonglobal Lipschitz drift and diffusion in [197, 282] and more recently its convergence with order
half was proved in [283].

We propose a particular balanced method (see the class of balanced methods in [298, 301]) and

prove its convergence with order half in the nonglobal Lipschitz setting in Section 7.3. Apparently,
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this is the first time when mean-square convergence with an order has been proved for an explicit
scheme under the conditions which allow polynomial growth of both drift and diffusion coefficients.
Some numerical experiments supporting our results are presented in Section 7.4.

In [376], we also have included fully implicit (i.e., implicit both in drift and diffusion) mean-
square schemes for one-sided Lipschitz drift coefficient which grows superlinearly and not faster
than polynomial growth at infinity . The fully implicit schemes was proposed and motivated by
symplectic integration of stochastic Hamiltonian equations in [299] (see also [301]), where their

convergence was proved under globally Lipschitz coefficients. See [376] for more details.

7.2 Fundamental theorem

Let Xy, x,(t) = X(¢), to <t < T, be a solution of the system (7.1.1). We will assume the following.

Assumption 7.2.1. (i) The initial condition is such that

E|Xo|? < K < o0, forall p>1. (7.2.1)

(i) For a sufficiently large pg > 1 there is a constant ¢c; > 0 such that for t € [to, T},

2p071
2

Z |Jr(ta :ZJ) - or(t,y)\2 < Cl‘m - y|2a T,y € R%. (722)

r=1

(:E - Y a(t7 I’) - a(t7 y)) +

(i1i) There exist ca > 0 and > > 1 such that for t € [to, T,

la(t,z) — a(t,y)|* < co(1+ |22 + [y)** )|z — y|*, =,y € R (7.2.3)

The condition (7.2.2) implies that

2p0—3

(x,a(t,z)) + 5

Z lon(t,2)|* < co+ 4 |z?,  t € to,T], x €RY, (7.2.4)
r=1
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where ¢g = |a(t,0)|?/2 + Ce=3Cro=l) 577 15 (1 0)[2 and ¢] = ¢; + 1/2. The inequality (7.2.4)

together with (7.2.1) is sufficient to ensure finiteness of moments [178]: there is K > 0

E| Xt x, ()] < K(1+E|Xo|?P), 1<p<po—1, telty,T]. (7.2.5)

Also, (7.2.3) implies that

la(t,z)|* < 3+ chlz|?*, t € [to,T], v € RY, (7.2.6)

where c3 = 2|a(t,0))|? + 2ca(5c — 1) /3¢ and ¢ = 2co(1 + ) /3.
Introduce the one-step approximation X; ,(t+h), to <t < t+h < T, for the solution X, ,(t+h)
of (7.1.1), which depends on the initial point (¢, ), a time step h, and {w1(0) — w1 (t), ..., wn(0) —

wm(t), t <0 <t+ h} and which is defined as follows:

Xzt +h) =z + Alt,z, hywi(0) —wi(t), i=1,...,m, t <O <t +h). (7.2.7)

Using the one-step approximation (7.2.7), we recurrently construct the approximation (X, F, ), k =

0,...,N, tyg1 —th = hg1, In=T:

Xo = X(to), Xpi1 =Xy, 3, (trs1) (7.2.8)

=X+ A(tk,Xk,hk+1;wi(9) - wi(tk), i=1,....,m, tp <0< tk+1).

The following theorem is a generalization of Milstein’s fundamental theorem [296] (see also
[297, 301, Chapter 1]) from the global to nonglobal Lipschitz case. It also has similarities with a
strong convergence theorem in [186] proved for the case of nonglobal Lipschitz drift, global Lipschitz
diffusion and Euler-type schemes.

For simplicity, we will consider a uniform time step size, i.e., hy = h for all k.
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Theorem 7.2.2. Suppose (i) Assumption 7.2.1 holds;
(ii) The one-step approzimation X, .(t + h) from (7.2.7) has the following orders of accuracy:
for some p > 1 there are a > 1, hg > 0, and K > 0 such that for arbitrary to <t <T — h, z € R%,

and all 0 < h < hg :

IE[X;(t+h) — Xy o(t 4+ h)]] < K1+ |z>) 20 (7.2.9)
[E|X ot +h) = Koot + h)P] ) < (1 |af2or) 1/ @0 pae (7.2.10)
with
1 1
@225, 0Z@ty; (7.2.11)

(iii) The approzimation Xy from (7.2.8) has finite moments, i.e., for some p > 1 there are § > 1,

ho > 0, and K > 0 such that for all0 < h < hg and allk=0,...,N:
E| X |? < K(1 +E|X|??). (7.2.12)
Then for any N and k =0,1,..., N the following inequality holds:
[EIX 0,50 (t) — Ko, 0 (t6)7] /B < K (14 E| Xo[217) 1/ P paz=1/2 (7.2.13)

where K > 0 and v > 1 do not depend on h and k, i.e., the order of accuracy of the method (7.2.8)

isq=qo—1/2.
The theorem is proved in Section 7.5 and it uses the following lemma.

Lemma 7.2.3. Suppose Assumption 7.2.1 holds. For the representation
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we have for 1 <p < (pg—1)/s:

E|X; . (t+h) — Xyt +1)|?P < |z — y*’(1+ Kh), (7.2.15)

E|Zyay(t +B)[* < KL+ |72 4 [y 22|z — y PR (7.2.16)

This lemma is proved in Section 7.6. Theorem 7.2.2 has the following corollary.

Corollary 7.2.4. In the setting of Theorem 7.2.2 for p > 1/(2q) in (7.2.13), there is 0 < & < ¢

and an a.s. finite random variable C(w) > 0 such that

| Xto,x0(th) — Xi| < C(w)h?7s,

i.e., the method (7.2.8) for (7.1.1) converges with order q — ¢ a.s.

The corollary is proved using the Borel-Cantelli-type of arguments (see, e.g. [158, 304]).

7.2.1 Discussion

In this section we make a number of observations concerning Theorem 7.2.2.

1. As arule, it is not difficult to check the conditions (7.2.9)-(7.2.10) following the usual routine
calculations as in the global Lipschitz case [218, 297, 301]. We note that in order to achieve the
optimal ¢; and ¢o in (7.2.9)-(7.2.10) additional assumptions on smoothness of a(t,z) and (¢, )
are usually needed.

In contrast to the conditions (7.2.9)-(7.2.10), checking the condition (7.2.12) on moments of a
method X} is often rather difficult. In the case of global Lipschitz coefficients, boundedness of
moments of X}, is just direct implication of the boundedness of moments of the SDEs solution and
the one-step properties of the method (see [301, Lemma 1.1.5]). There is no result of this type
in the case of nonglobal Lipschitz SDEs and each scheme requires a special consideration. For a

number of strong schemes boundedness of moments in nonglobal Lipschitz cases were proved (see,

186



e.g. [186, 193, 198, 197, 366]). In Section 7.3 we show boundedness of moments for a balanced
method. See also [376] for fully implicit methods.

Roughly speaking, Theorem 7.2.2 says that if moments of X}, are bounded and the scheme was
proved to be convergent with order ¢ in the global Lipschitz case then the scheme has the same
convergence order ¢ in the considered nonglobal Lipschitz case.

2. Assumptions and the statement of Theorem 7.2.2 include the famous fundamental theorem
of Milstein [296] proved under the global conditions on the SDEs coefficients (of course, as discussed
in the previous point, this case does not need the assumption (7.2.12)).

3. Consider the drift-implicit scheme [301, p. 30]:

m

Xip1 = X + altipr, Xpp)h + 3 on(te, Xi)& vV, (7.2.17)

r=1

where &, = (wy(tp11) —w,(tr))/Vh are Gaussian N(0, 1) i.i.d. random variables. Assume that the
coefficients a(t, z) and o (¢, z) have continuous first-order partial derivatives in ¢ and the coefficient
a(t,x) also has continuous first-order partial derivatives in ¢ and that all these derivatives and
the coefficients themselves satisfy inequalities of the form (7.2.3). It is not difficult to show that
the one-step approximation corresponding to (7.2.17) satisfies (7.2.9) and (7.2.10) with ¢; = 2 and
g2 = 1, respectively. Its boundedness of moments, in particular, under the condition (7.2.4) for
time steps h < 1/(2¢1), is proved in [197]. Then, due to Theorem 7.2.2, (7.2.17) converges with
mean-square order ¢ = 1/2 (note that for ¢ = 1/2, it is sufficient to have ¢; = 3/2 which can be
obtained under lesser smoothness of a). Further, in the case of additive noise (i.e., o,.(t,z) = o, (t),
r=1,...,m), ¢ = 2 and ¢o = 3/2 and (7.2.17) converges with mean-square order 1 due to
Theorem 7.2.2. We note that convergence of (7.2.17) with order half in the global Lipschitz case
is well known [218, 297, 301]; in the case of nonglobal Lipschitz drift and global Lipschitz diffusion
was proved in [186, 193] (see also related results in [158, 366]); and under Assumption 7.2.1 strong

convergence of (7.2.17) without order was proved in [197, 282] and more recently its strong order
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half was independently established in [283].

5. Due to the bound (7.2.5) on the moments of the solution X (¢), it would be natural to require
that 8 in (7.2.12) should be equal to 1. Indeed, (7.2.12) with 8 = 1 holds for the drift-implicit
method (7.2.17) [197] and for fully implicit methods (see [376, Section 4] or (7.4.4)). However, this
is not the case for tamed-type methods (see [198]) or the balanced method from Section 7.3.

6. The constant K in (7.2.13) depends on p, to, T as well as on the SDEs coefficients. The
constant «y in (7.2.13) depends on «, S and ».

7. Let us illustrate Assumption 7.2.1 (ii) on a one-dimensional SDE: dX = —puX|X |~ 1dt +
AX "2 dw with u, A > 0,7 > 1,and 7o > 1. If ry +1 > 279 or r; = ro = 1, then (7.2.2) is valid for

any po > 1. If 11 +1 = 27 and 71 > 1 then (7.2.2) is valid for 1 < pg < /A +1/2.

7.3 A balanced method

In this section we propose a particular balanced scheme from the class of balanced methods in-
troduced in [298] (see also [301]) and prove its mean-square convergence with order half using
Theorem 7.2.2. As far as we know, this variant of balanced schemes has not been considered be-
fore. In Section 7.4 we test the balanced scheme on a model problem and demonstrate that it
is more efficient than the tamed scheme (7.4.2) (see Section 7.4) from [197]. We also note that
it was mentioned in [197] that a balanced scheme suitable for the nonglobal Lipschitz case could
potentially be derived.

Consider the following balanced-type scheme for (7.1.1):

a(tr, Xi)h + >0t o (te, Xi)errVh

Xiy1 = Xp + - )
1+ h|a’(tkvXk)| + \/Ezrzl ‘Ur(tka Xk)grk|

(7.3.1)

where &, are Gaussian N(0,1) i.i.d. random variables.
We prove two lemmas which show that the scheme (7.3.1) satisfies the conditions of Theo-

rem 7.2.2. The first lemma is on boundedness of moments, which uses a stopping time technique
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(see also, e.g. [302, 197)).

Lemma 7.3.1. Suppose Assumption 7.2.1 holds with sufficiently large py. For all natural N and

all k=0,...,N the following inequality holds for moments of the scheme (7.3.1):

-1 1
E|X:|? < K(1+E|[X|?f), 1<p< % — (7.3.2)

with some constants 8> 1 and K > 0 independent of h and k.

Proof. In the proof we shall use the letter K to denote various constants which are independent of
h and k. We note in passing that the case s = 1 (i.e., when a(t, x) is globally Lipschitz) is trivial.
The following elementary consequence of the inequalities (7.2.4) and (7.2.6) will be used in the

proof: there exits a constant K > 0 such that

Z o (t, 2)|? < K(1+ |z[*). (7.3.3)
r=1
We observe from (7.3.1) that
Xea] < Xl +1< |Xo| + (k+1). (7.3.4)

Let R > 0 be a sufficiently large number. Introduce the events
Qpp:={w:|X)| <R, 1=0,....k}, (7.3.5)
and their compliments A R, k- We first prove the lemma for integer p > 1. We have

EXcip oy (@ X ka1 [P < EXq (@)1 Xk (7.3.6)
2p—2
= EXg,, (@)|(Xks1 — Xi) + Xl < Exg,, , (@)1 Xe* +Exg,, , (@) [Xx|™

Qr,k

X [2p( Xk, Xpp1 — Xi) + p(2p — 1) Xp1 — X
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2p

T KZ]EXQR,k(W) X X — X"
=3

Consider the second term in the right-hand side of (7.3.6):

EXap , (@) [ Xk [2p(X, X1 — Xi) +p(2p — )| Xpp1 — Xi|?] (7.3.7)

tr, Xi)h " th, Xi)rkVh
' 1+h‘a(tkan)|+\/EZr:1 |0r(tk,Xk)£rk|

alte, Xp)h + 30 oy (tr, Xp) e VR
1+ h|a’(tkan>| + \/EZ;nzl |Ur(tk7Xk)§rk‘

2p —1
2

+

tk

Since E& [] [€5x]|* =0 for all r and any o; > 0, j =1,...m, and & are independent of F;, , we
j=1

obtain

Z:’;l Ur(tkvXk:)grk:\/E
1+ h‘a(tth” + \/5221:1 |O-T(tk7Xk7)£’l‘k7|

e " (7.3.8)

%

= XQg i Z]E or(t, Xi) 5rk\FZ [h|a th, Xi)| + \fz lor(trs Xi)érkl | | F

r=1

=0.

Using that E¢x&, [] €5]% = 0 for | # r and any «; > 0, j = 1,...,m, we analogously get for
j=1

l#7r:
or(tr, Xp)&uVhoy (te, Xp)évVh
(1+ hla(te, Xe)| + VAT o (te, Xi) &l )2

X6y, E

]-'tk] = 0. (7.3.9)

Then the conditional expectation in (7.3.7) becomes

k> ™
1+ hla(ty, Xe)| + VA0 o (te, Xi)&rnl
2

A= Xa, B KX alti, Xi)h + 37, 0t Xi)6ruvh ) (7.3.10)

2p —1
2

altn, Xp)h + S0 o (te, Xi)érnVh
1+ h’la(tk’Xk” =+ fzm |0'7'(tk7Xk)£’rk|

ty
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(Xk,a(ty, Xi)h)
1+ h‘a(th Xk)| + \/E| E:nzl Ur(tk7 Xk:)grkr|

= Xap ,E

L1 a(e X)R HhYT, (0 (th, Xi)Ern)”
2 m
(1++ hla(ts, X5 + VA S 0 (b, Xi)erul)
(Xk,alty, Xi)h)
1+ h"a(tk’Xk” + \/EZfL:l |O.T(tk'7Xk7)£’l‘k:|
2p — 1 hy oy o (te, Xi)|2E2,

2 1+ hla(te, Xp)| + VR o (te, Xi)érk
(X, alte, Xi)h) + 222050 o (te, Xi) |
L+ hla(ty, Xe)| + VA0 o (te, Xk)&rnl

2p—1 hY Ty o (te, Xi) P (€2, — 1)
2 1+ hla(te, Xp)| + VR o (te, Xi)érel

2]:%

= Xap,

2p —1
+ XQRﬂk"CLQ(tk,Xk)hQ

tk

= XQR,k

tr

Using (7.2.4) and (7.2.6), we obtain

A < coh + | Xi*hxa,, (7.3.11)

& -1 z
m ty
1+ hla(te, Xp)| + VR Y o (te, Xi) &

2p

-1 m
hXap, 100tk Xi)|’E

+ 2
r=1

+ Kh? + Kxg,, | Xk [*h*.

Since E( fk — 1) = 0, moments of &, are bounded and &, are independent of F;,, we obtain for

the expectation in the second term in (7.3.11):

-1
1+ h|a’(tk7Xk)| + \/Ezz-n:l ‘O'r(tka Xk)grk|
(& —1) B
L+ hla(ts, Xp)| + VR L o (b, Xi)érl
hla(tkvXk)| + \/EZ:ﬂnzl |Ul(tk7Xk)flk|
1+ hla(ty, Xp)| + VR Y o (te, Xi )&l

Xap, B

ftk] (7.3.12)

f]
Ek]

& — 1 <h|a(tkan)| +Vh)y |01(tk,Xk)||€lk> ‘ ]:tk‘|

r=1

= XQR,,CE ( 7%k -1)

= ~Xap, E [(ffk -1

< X@p B

< XQR,kK <h|a(tk,Xk)| + \/EZ |Ur(tk,Xk)|> .

r=1
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Using (7.2.6) and (7.3.3), we get from (7.3.11)-(7.3.12):

A< coh + ¢ixg,, | XkPh+ Khxg, Y low(te, Xi)|?
r=1

x| hla(te, Xi)| + VR Jov(te, Xl | + KB + Kxg,, | Xe[*0? (7.3.13)

r=1

< Xap K+ [ Xk + [ Xe[Ph + | X [P*hY/?) < Xai o KP(L+ | X5 + | X5 |27h1/?).
Now consider the last term in (7.3.6):

]EXQR,,C(W) |Xk|2pil | Xpp1 — Xl (7.3.14)
< KExg,, , () X" (1 alte, Xi)|' + B2 Z o (tiey X €ri]
r=1

< KExg,, , (@) [ Xx[ ™ h/? [1+1X0]7] |

where we used (7.2.6) and (7.3.3) again as well as the fact that x5 (w) and X}, are F;,-measurable
while &, are independent of F, .

Combining (7.3.6), (7.3.7), (7.3.10), (7.3.13) and (7.3.14), we obtain

EXqp 0, () Kb [ (7.3.15)

< Exa (X + KRB, () X (11X 41002

2p
+ K Exg, , @) X7 RY2 (14 X))
=3
2p
-1
<Exq,, @)Xk + KhExg,, (@) [ Xk + K Y Exg, , (@) [ X[ 0/
=2

2p
+ KW Exg, | (@) X677+ KR Exg, | (w) [X[PHTD Rl
=3
Choosing
R = R(h) = h=Y/(6==4), (7.3.16)
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we get, for 1 =3,...,2p, Exg  (w) | X, PP pl/2-1 < Xy (@) |X1|? and also
Xt (W) | X A pl/2-t < Xty 1 (@) | X,|*”, and hence we rewrite (7.3.15) as
EXQR(h)Jchl (w)|Xk+1‘2p (7.3.17)

P
2 2(p—1
< By, X + KhEXg,,,, ()X + K Y Bxg,,, () X200 0
=1

2
< Exgy,, (@) Xul? + KhExg, ()| Xi* + Kh,

where in the last line we have used Young’s inequality. From here, we get by Gronwall’s inequality
that

EXQR(;L),]C (w)‘X’“Fp <K(1+ E|X0‘2p)» (7.3.18)

where R(h) is from (7.3.16) and K does not depend on k and h but it depends on p.

It remains to estimate ]EXf\R(;) k(w)\Xka. We have

XAhpw = 1- XQri = 1= XQg -1 XIXe|<R = XAg sy + XQp -1 XIXk|>R
k
== Xap,  XIXi[>Rs
=0

where we put x5, = 1. Then, using (7.3.4), (7.3.18), (7.2.1), and Cauchy-Bunyakovsky-Schwarz’s

and Markov’s inequalities, we obtain

k

EX iy, (@) X[ = E > Xk X0 0y XIX0l> ROB) (7.3.19)
=0

o 1/2 1/2
< (E|Xo + k[*?) <]E [XQR<h),L,1|XZ|>R(h)D

FHMw
o

1/2
= (E|Xo + k|4p)1/2 (P(XQR(MJ?1 | X;| > R))
=0

2(2p+1)(65—2)) | /2
k (]E(XQR(}L),Z—JX” (2p+1) (65— )))

ap\1/2
< (B[ Xo + k[*) Z R(h)@p+1)(65—4)
1=0

~
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1/2
<K (IE|X0 n k|4p) 1/2 (E(l n |X0|2(2p+1)(6;{—4))> Lh2PHL

< K(1+ E|X0|4p+2(2p+1)(6;{—4))1/2’

which together with (7.3.18) implies (7.3.2) for integer p > 1. Then, by Jensen’s inequality, (7.3.2)
holds for non-integer p as well. (I

The next lemma gives estimates for the one-step error of the balanced scheme (7.3.1).

Lemma 7.3.2. Assume that (7.2.5) holds. Assume that the coefficients a(t,x) and o.(t,x) have
continuous first-order partial derivatives in t and that these derivatives and the coefficients satisfy
inequalities of the form (7.2.3). Then the scheme (7.3.1) satisfies the inequalities (7.2.9) and (7.2.10)

with ¢1 = 3/2 and ga = 1, respectively.

The proof of this lemma is given in Section 7.7. Lemmas 7.3.1 and 7.3.2 and Theorem 7.2.2

imply the following result.

Proposition 7.3.3. Under the assumptions of Lemmas 7.5.1 and 7.8.2 the balanced scheme (7.3.1)

has mean-square order half, i.e., for it the inequality (7.2.13) holds with ¢ = g2 — 1/2 = 1/2.

Remark 7.3.4. In the additive noise case the mean-square order of the balanced scheme (7.3.1)

does not improve (q1 and g2 remain 3/2 and 1, respectively).

7.4 Numerical examples

In this section we will test the following schemes: the balanced method (7.3.1) from Section 7.3;
the drift-implicit scheme (7.2.17), the fully implicit Euler scheme (7.4.4) with A\ = 1; the mid-point
method (7.4.4) with A = 1/2; the drift-tamed Euler scheme (a modified balanced method) [198]:
a(Xk) o

1+ hla(Xe)| + Z oy (thy Xi)ern Vs (7.4.1)

r=1

X1 =X +h
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the fully-tamed scheme [197]:

a(Xp)h+ >0 o (te, Xi)éuVh

Xps1 = Xp + (7.4.2)
max (1 h 'ha (Xg) + Z _ 1 op(te, Xi) grk\[’)
and the trapezoidal scheme [301, p. 30]:
h
X1 = X+ 5 [a(Xisr) +a(X5) +Zar (te, Xi)&xVh. (7.4.3)

r=1

As before, &, = (w,(tgy1) — wy(ty))/vh are Gaussian N'(0,1) i.i.d. random variables. The two

fully implicit scheme for (7.1.1) are from [376]:

Xip1 = Xk+a(tk+,\,(1—)\)Xk+)\Xk+1)h

8UT .
*)\ZZ 977 (ks (1= N Xg + AXpq 1)o7 (T, (1= A) Xi + AXpy1)h

r=1j=1
+ Z O (tesns (1= N Xg + AXks1) (Gon)y, VI, (7.4.4)

r=1

where 0 < A < 1, tpqn =t + A and ((p), are i.i.d. random variables so that

53 |£| S Ah7
Ch=19  Ap, &> Ap, (7.4.5)

7Aha E < 7Ah7

with € ~ N (0,1) and Ay = \/2I|Inh| with [ > 1. We recall [301, Lemma 1.3.4] that

IE[(&% — ¢D)]| < (1+ 2v/2(|Inh|)R". (7.4.6)

The drift-tamed Euler scheme (7.4.1) converges with strong convergence order half under Assump-

tion 7.2.1 together with Lipschitz diffusion coefficient [198]. When 1/2 < A < 1, the fully implicit
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scheme (7.4.4) is expected to converge with order half under similar conditions, see [376]. The
fully-tamed Euler scheme (7.4.2) is proved to have strong convergence but without order given
under Assumption 7.2.1, see [197].

In all the experiments with fully implicit schemes, where the truncated random variables (
are used, we took [ = 2 in (7.4.6). The experiments were performed using Matlab R2012a on a
Macintosh desktop computer with Intel Xeon CPU E5462 (quad-core, 2.80 GHz). In simulations
we used the Mersenne twister random generator with seed 100. Newton’s method was used to solve
the nonlinear algebraic equations at each step of the implicit schemes.

We test the methods on two model problems. The first one has nonglobal Lipschitz drift, global
Lipschitz diffusion and two noncommutative noises. The second example satisfies Assumption 7.2.1
(nonglobal Lipschitz both drift and diffusion). The aim of the tests is to compare performance
of the methods: their accuracy (i.e., roughly speaking, size of prefactors at a power of h) and
computational costs. We note that experiments cannot prove or disprove boundedness of moments
of the schemes since experiments rely on a finite sample of trajectories run over a finite time interval
while blow-up of moments in divergent methods (e.g., explicit Euler scheme) is, in general, a result

of large deviations [288, 302].

Example 7.4.1. Our first test model is the Stratonovich SDE of the form:

dX = (1 - X%)dt + X o dwy + dwy, X(0) =0. (7.4.7)

In Tto’s sense, the drift of the equation becomes a(t,x) = 1 —2° + /2. Here we tested the balanced
method (7.3.1); the drift-tamed scheme (7.4.1); the fully implicit Euler scheme (7.4.4) with A = 1;
the mid-point method (7.4.4) with A = 1/2. We note that for all the methods tested on this example
except the mid-point rule mean-square convergence with order half is proved either in earlier papers

[198, 197, 283] or here as it was described before.
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To compute the mean-square error, we run M independent trajectories X () (t), X ,(j):

N\ 1/2 1L A\
(E [X(T) - Xx] ) = (M Z[X@(T) XJ(;)F) . (7.4.8)

We took time 7' = 50 and M = 10*. The reference solution was computed by the mid-point method
with small time step h = 10~*. It was verified that using a different implicit scheme for simulating
a reference solution does not affect the outcome of the tests. We chose the mid-point scheme as a
reference since in all the experiments it produced the most accurate results.

Table 7.1 gives the mean-square errors and experimentally observed convergence rates for the
corresponding methods. We checked that the number of trajectories M = 10* was sufficiently
large for the statistical errors not to significantly hinder the mean-square errors (the Monte Carlo
error computed with 95% confidence was at least 10 time smaller than the reported mean-square
errors except values for (7.4.1) at h = 0.1 and 0.05 where it was at least 5 time smaller than
the mean-square errors). In addition to the data in the table, we evaluated errors for (7.3.1) for
smaller time steps: h = 0.002 — the error is 9.27¢-02 (rate 0.41), 0.001 — 6.86e-02 (0.44). The
observed rates of convergence of all the tested methods are close to the predicted 1/2. For a fixed
time step h, the most accurate scheme is the mid-point one, the less accurate scheme is the new
balanced method (7.3.1). To produce the result with accuracy ~ 0.06 — 0.07, in our experiment
of running M = 10* trajectories the scheme (7.4.1) required 170 sec., the mid-point (7.4.4) with
A=1/2 - 329 sec., (7.4.4) with A =1 — 723 sec., and (7.3.1) — 1870 sec. That is, our experiments
confirmed the conclusion of [198] that the drift-tamed (modified balance method) (7.4.1) from [198]
is highly competitive. We note that (7.4.1) is not applicable when diffusion grows faster than a
linear function and that in this case the balanced method (7.3.1) can outcompete implicit schemes

as it is shown in the next example.
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Table 7.1: Ezample 7.4.1. Mean-square errors of the selected schemes. See further details in the

text.
h |(7.4.4), A =1 rate|(7.4.4), A = 1/2 rate| (7.4.1) rate| (7.3.1) rate
0.1 1.712e-01 - 1.443e-01 — 3.748e-01 — [3.594e-01 ~—
0.05| 1.234e-01 0.47 9.224e-02 0.65|2.103e-01 0.83|3.017e-01 0.25
0.02| 7.692e-02 0.52 5.261e-02 0.61]9.472e-02 0.87|2.297e-01 0.30
0.01| 5.478e-02 0.49 3.549e-02 0.57/6.104e-02 0.63|1.778e-01 0.37
0.005| 3.935e-02  0.48 2.487e-02 0.51/3.959e-02 0.62|1.354e-01 0.39

Example 7.4.2. Consider the SDFE in the Stratonovich sense:

dX = (1 — X%)dt + X?o dw, X(0)=0. (7.4.9)

In Ito’s sense, the drift of the equation becomes a(t,r) = 1 — 2% + 3.

Here we tested the balanced method (7.3.1); the fully-tamed Euler scheme (7.4.2); the drift-
implicit scheme (7.2.17); the fully implicit Euler scheme (7.4.4) with A = 1; the mid-point method
(7.4.4) with A = 1/2; and the trapezoidal scheme (7.4.3). We recall that in the case of nonglobal
Lipschitz drift and diffusion, for the drift-implicit scheme (7.2.17) and the balanced method (7.3.1)
mean-square convergence with order half is shown earlier in this work and for (7.2.17) also in [283];
it is not difficult to generalize the results of [282] to show boundedness of higher moments of the
trapezoidal scheme (7.4.3) and then, using Theorem 7.2.2, to prove its mean-square convergence
with order half (see also [283]), which is supported by the experiments. Strong convergence of
(7.4.2) without order is proved in [197]. We note that it can be proved directly that implicit
algebraic equations arising from application of the mid-point and fully implicit Euler schemes to
(7.4.9) have unique solutions under a sufficiently small time step.

The reference solution was computed by the mid-point method with small time step h = 107%.
The time 7 = 50 and M = 10% in (7.4.8).

The fully-tamed scheme (7.4.2) did not produce accurate results until the time step size is at

least h = 0.005 and we do not then report its errors here but see the remark below.
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Figure 7.1: Example 7.4.2. Trajectories of the fully-tamed scheme (7.4.2) and the balanced scheme
(7.3.1) for h = 0.1. The reference trajectory is simulated by the mid-point scheme (see (7.4.4) with
A =1/2) using a small time step.

[ " " i
A A M A
/lcﬁ)\kv/\\j\ /’\"h/ \ul \"‘\vr‘:v’r’\vf\! \I“J\"'I \V"A'\ A JVI\\.J,\"[- ’\kaVA\ ',-'“’\.r'A'/ '\\,,/A/

,,,,,

o5
x ol O fully-tamed, h=0.1
— midpoint, h=0.0001
balanced, h=0.1
—4+

Remark 7.4.3. In contrast to the explicit balance scheme (7.3.1), the nature of the explicit fully-
tamed scheme (7.4.2) can lead to spurious oscillations, which significantly reduces its practical
usefulness. Indeed, if at a step ki, the event O = |ha(Xg) + > 1, o (ti, Xi)&reVh| > 1/h hap-
pens, then in the case of (7.4.9) the trajectory Xy, k > ki, oscillates approzimately between Xy,
and Xy, — sgn(Xy,)/h. Since the probability of the event O is positive for any step size h > 0 and
grows with integration time, it is unavoidable that in some scenarios (i.e., on some trajectories)
such oscillatory behavior will appear. For instance, in this experiment for h = 0.1 we observed 305
out of 1000 paths for which O happened over the time interval [0,5], 582 — over [0,10] and 989 —
over [0,50]; for h = 0.05 — 866 out of 1000 paths over the time interval [0,50]. Typical trajectories
of the balance scheme (7.3.1) and the fully-tamed scheme (7.4.2) are presented in Fig. 7.1, where
the reference solution is computed by the mid-point scheme with a small time step h = 0.0001. From
the practical point of view, (7.4.2) works as long as the explicit Euler scheme works (cf. [288] and
also [301, p. 17]). The strong convergence (without order) of (7.4.2) [197] in comparison with the
explicit Buler scheme is due to the following fact. When event O happens for the Euler scheme its

sequence Xy, starts oscillating with growing amplitude which leads to unboundedness of its moments
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and, consequently, its divergence in the mean-square sense. For (7.4.2), the oscillations are bounded
by ~ 1/h and since the probability of O over a finite time interval rapidly decreasing with decrease
of h, then the moments are bounded uniformly in h. At the same time, the one-step approrimation
of (7.4.2) does not satisfy the conditions (7.2.9) and (7.2.10) of Theorem 7.2.2. We note that the

explicit balanced-type scheme (7.3.1) does not have such drawbacks as (7.4.2).

Table 7.2 gives the mean-square errors and experimentally observed convergence rates for the
corresponding methods. We checked that the number of trajectories M = 10* was sufficiently large
for the statistical errors not to significantly hinder the mean-square errors (the Monte Carlo error
computed with 95% confidence was at least ten time smaller than the reported mean-square errors).
In addition to the data in the table, we evaluated errors for (7.3.1) for smaller time steps: h = 0.002
— the error is 3.70e-02 (rate 0.41), 0.001 — 2.73e-02 (0.44), 0.0005 — 2.00e-02 (0.45), i.e., for smaller
h the observed convergence rate of (7.3.1) becomes closer to the theoretically predicted order 1/2.
Since (7.4.9) is with single noise, the mid-point scheme demonstrates the first order of convergence.

The other implicit schemes show the order half as expected.

Table 7.2: Example 7.4.2. Mean-square errors of the selected schemes. See further details in the
text.

h (7.2.17) rate|(7.4.4), A =1 rate|(7.4.4), A =1/2 rate| (7.4.3) rate| (7.3.1) rate
0.2 | 3.449e-01 1.816e-01 - 1.378e-01 — | 4.920e-01 - | 2.102e-01 —
0.1 | 2.441e-01 0.50| 1.331e-01 0.45 8.723e-02 0.66| 3.526e-01 0.48| 1.637e-01 0.36
0.05 | 1.592e-01 0.62| 9.619e-02 0.47| 5.344e-02 0.71| 2.230e-01 0.66| 1.270e-01 0.37
0.02 | 8.360e-02 0.70| 6.599e-02 0.41 2.242¢-02 0.95| 1.048e-01 0.82| 9.170e-02 0.36
0.01 |5.460e-02 0.61| 4.919e-02 0.42 1.145e-02 0.9715.990e-02 0.81| 7.065e-02 0.38
0.005| 3.682e-02 0.57| 3.522e-02 0.48 5.945e-03 0.95| 3.784e-02 0.66|5.393e-02 0.39

Table 7.3 presents the time costs in seconds. Let us fix tolerance level at 0.05 — 0.06. We
highlighted in bold the corresponding values in both tables. We see that in this example the mid-
point scheme is the most efficient which is due to its first order convergence in the commutative
case. Among methods of half-order, the balanced method (7.3.1) is the fastest and one can expect

that for multi-dimensional SDEs the explicit scheme (7.3.1) can considerably outperform implicit
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methods (see a similar outcome for the drift-tamed method (7.4.1) supported by experiments in
[198]; note that (7.4.1), in comparison with (7.3.1), is, as a rule, divergent when diffusion is growing

faster than a linear function on infinity).

Table 7.3: Example 7.4.2. Computational times for the selected schemes. See further details in the
text.

h (7217)  (744), A=1 (744, x=1/2 (743) (7.31)
02 | 9.25e+00 1.10e+01 9.33¢+00 1.20e+01  3.98¢+00
01 | 1.77e+01 2.17e401 1.80e+01 2.30e+01  7.49¢+00
0.05 | 3.42e+01  4.26e+01 3.51e+01 448¢+01  1.41e+01
0.02 | 8.33e+01 1.04e+02 8.69¢+01 1.10e+02  3.37e+01
0.01 | 1.64e+02  2.05e+02 1.73e+02 2.19e+02  6.62¢+01

0.005 | 3.25e+02  4.07¢+02 3.47e+02 437e+02  1.32e+02

7.5 Proof of the fundamental theorem

Note that in this and the two next sections we shall use the letter K to denote various constants
which are independent of h and k. The proof exploits the idea of the proof of this theorem in the
global Lipschitz case [296].

Consider the error of the method X;, x,(tx+1) at the (k + 1)-step:

Pr1 1= Ko, xo (te1) = Ko, xo (te1) = Xy x 1) (1) — Koy, (Bres1) (7.5.1)

= (th,X(tk)(tk-i-l) - th,Xk (tk-i-l)) + (th,Xk (tk-i-l) - thka (tk-i-l)) :

The first difference in the right-hand side of (7.5.1) is the error of the solution arising due to the

error in the initial data at time ¢x, accumulated at the k-th step, which we can re-write as

St x (#0),x6 (ter1) = Sk = Xo x ) (tre1) — Xoy x (Ees1) = o+ Zoy, x(0), x5 (Eet1)

= pk + Zi+1,

where Z is as in (7.2.14). The second difference in (7.5.1) is the one-step error at the (k + 1)-step
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and we denote it as rg41 :

i1 = X x, (ter1) — Xy x (Brgn)-

Let p > 1 be an integer. We have

]E\Pk+1|2p =E|Sks1 + Tk+1\2p (7.5.2)

= E[(Sk+1, Sk+1) + 2(Sk+41, Trt1) + (Tht1, Tr41)]P

2p
- -1
<E[Skr1|* + 20B [Sk1 72 (o + Zir1smirr) + K Y B[Sk regal'
1=2

Due to (7.2.15) of Lemma 7.2.3, the first term on the right-hand side of (7.5.2) is estimated as
E|Ski1]? < E|pp?*(1+ Kh). (7.5.3)
Consider the second term on the right-hand side of (7.5.2):

E[Ski1* 7 (pr + Zis1,641) = E o2 (08, 7h41) (7.5.4)

+E <|Sk+1|2p72 - |Pk\2p72) (P 1) + B |Ski1 7% (Zigr, res1)-

Due to Fi, -measurability of p; and due to the conditional variant of (7.2.9), we get for the first

term on the right-hand side of (7.5.4):
E |or|™ ™2 (prsrier) < KE o7 (14 [ Xi**) /200 (7.5.5)

Consider the second term on the right-hand side of (7.5.4) and first of all note that it is equal to

zero for p = 1. We have for integer p > 2 :

2p—3

2p—2 2p—2 _3_
E (|5k+1| P =l )(Pw‘ml) < KE | Zigallprllrieal D 1Skl pnl"
=0
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Further, using F3,-measurability of pj and the conditional variants of (7.2.10), (7.2.15) and (7.2.16)

and the Cauchy-Bunyakovsky-Schwarz inequality (twice), we get for p > 2:

E (1Sk1 77 = 10k 72) ok 741) (7.5.6)

< KE |pk|2p—1 (1 + |X(tk)‘2%_2 + |Xk|2u—2)1/4hq2+1/2(1 + |Xk|2a)1/2-

Due to F, -measurability of py, the conditional variants of (7.2.10) and (7.2.16) and the Cauchy-
Bunyakovsky-Schwarz inequality (twice), we obtain for the third term on the right-hand side of

(7.5.4):

E[Ski1]” "% (Zhs1,7h4+1) (7.5.7)

1/4

<E[E (Sk1 |1 F0) P E (1 Zesa |1 F) B (a1 F0)

< KE |Pk‘2p_1 (1 + |X(tk)|2%72 + |Xk|2x72)1/4hq2+1/2(1 + ‘Xk|4a)1/4-

Due to F,-measurability of p, and due to the conditional variants of (7.2.10) and (7.2.15) and

the Cauchy-Bunyakovsky-Schwarz inequality, we estimate the third term on the right-hand side of

(7.5.2):
2p 2p
KY E Sk [P s |' < KZ]E[E(\SHH@% \Fe ) 2B (|rega [ Fe, ) 2 (7.5.8)
=2 =2
2p
<K R[]k I (14 | X5 H) 2]
=2

Substituting (7.5.3)-(7.5.8) in (7.5.2) and recalling that g1 > g2 + 1/2, we obtain

Elpi11|™ < Elpp|* (1 + Kh) + KE |pg[ 7" (14| Xy [>*)/2pe+1/2
+KE |pk‘2p—1 (1 + |X(tk)|2u—2 + |Xk|2%—2)1/4hq2+1/2(1 + ‘Xk|2a)1/2

+KE |pk‘2p71 (1 + |X(tk)|2;r—2 + |Xk|2%—2)1/4hq2+1/2(1 + ‘Xk|4a)1/4
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2p
+K Y Rl (14 [ X )7
1=2

< E|pp|*(1 + Kh)

+KE |pe? 71 (14 | X () [2%72 + | X3 |2V AR T2 (1 4 | X |2) /2

2p
+K Y E[lpe PR (14 [Xg[?)V).
1=2

Then using Young’s inequality and the conditions (7.2.5) and (7.2.12), we obtain
E|prs1|? < E|pp|? + KhE|pp|? + K(1 + E|X0‘Bp(%—1)+2paﬁ)h2p(q2—1/2)+1

whence (7.2.13) with integer p > 1 follows by application of Gronwall’s inequality. Then by Jensen’s

inequality (7.2.13) holds for non-integer p as well. O

7.6 Proof of Lemma 7.2.3

Lemma 7.2.3 is an analogue of Lemma 1.1.3 in [301].
Proof. Introduce the process S; 5 ,(s) = S(s) := Xy 2(s) — Xt ,(s) and note that Z(s) = S(s) —
(x —y). We first prove (7.2.15). Using the Ito formula and the condition (7.2.2) (recall that (7.2.2)

implies (7.2.5)), we obtain for 6 > 0 :
t+60
E|S(t+0)[*" = |o — y[* + 219/ E|S|*—2 [ST(a(tht,x(S)) —a(t, Xy y(s)))
¢
1 m
g DIt Xoals) — o Xt,y<s>>|2] ds

2
ds

m

ST(s) D low(t, Xe.a(s)) = 00 (t, Koy ()]

r=1

t4+60
+2(p— 1) / E|5[2—
t

t+6
<o -yl + 2p/t E[S[*P~2 [ST(a(tht,w(S)) —a(t, Xiy(s)))

op—1 [0
+ 7 / Z o (t, Xt.2(8)) — o (t, Xiy(3)|? | ds
t r=1
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t4+60
<o —y|2p+2pc1/ E|S(s)[2? ds
t

from which (7.2.15) follows after applying Gronwall’s inequality.

Now we prove (7.2.16). Using the Ito formula and the condition (7.2.2), we obtain for § > 0 :

t+6
E|Z(t+60)% = 2p /t E| 2172 | 27 (a(t, Xo.0(5)) — alt, Xi. (5))) (7.6.1)

3 31t Xaas)) — ot Xt,y<s>>|2] s

2
ds

m

273 oot Xea(5)) = 00 (8, X1y (5)

r=1

t+6
+2p(p— 1) / E| 72
t

t+60
< 2p/t E|Z|*72(s) [ST(a(f,Xt,z(S)) —a(t, Xiy(s)))

2 [ o 1 X)) = o X1y ()| s
r=1

t+0
“2p [ BIZPP e - yalt Xia (o) ~ at Xey (5))ds
t
t+6
< 2pcl/ E|Z|?P~2|S|? ds
t
t+6
2 [ BIZP o palt X (5) ~ alt, Xi(5)ds.
t
Using Young’s inequality, we get for the first term in the right-hand side of (7.6.1):
t+6 t+0
2pc1/ E|Z[*~2|S|2 ds < 4pcl/ E|ZIP2(Z + |z — y|?) ds (7.6.2)
t t

t+0 t+0
< K/ E|Z|*?ds + K|z — y|? / E|Z|*P~2ds.
t t

Consider the second term in the right-hand side of (7.6.1). Using Holder’s inequality (twice),

(7.2.3), (7.2.15) and (7.2.5), we obtain

t46
— 2p/f E|Z|*~2(z — y, a(t, Xi2(5)) —a(t, X; 4(s)))ds (7.6.3)

205



t+6
<2p [ BIZPalt Xi(s) - at. Xeo (5) o~ vlds
t
o 1-1/p 1
<Ko=yl [ (B2 Elat, Xia(s) ~ alt Xiy(s)) P17 ds
t
t+0
<Klo—yl [ [B1ZP]
t
X (BI(L+ 1 X (5) 2 + [ Xy ()22 X () — Koy ()77 ds
e 1-1/p 1/2p
<Ko=yl [ [BIZP) B0+ XKoo P2 4 Xy ()]
2p 1/2p
< (Bl X1.0(5) = Xy (5)[2#]) 7 ds

t+6
<K ‘ZE _ y|2 (1 + |x|2%72 + |y|2%72)1/2/ [E‘Z‘Qp]l—l/p ds.
t
Substituting (7.6.2) and (7.6.3) in (7.6.1) and applying Holder’s inequality to E|Z|??~2, we get

t+60
E|Z(t+0) < K/ E|Z|*ds
t

t+0
+ K |{E _ y‘2 (1 + |£L“2%_2 + |y|2x—2)1/2/ [E|Z|2p] 1-1/p ds
t

whence we obtain (7.2.16) for integer p > 1 using Gronwall’s inequality as, e.g. in [310, p. 360],

and then by Jensen’s inequality for non-integer p > 1 as well. O

7.7 Proof of Lemma 7.3.2

As in the global Lipschitz case [298, 301], the proof of Lemma 7.3.2 is routine one-step error analysis.
Proof. We start with proving an auxiliary result. Let a function (¢, x) have continuous first-
order partial derivative in ¢ and that the derivative and the function satisfy inequalities of the form

(7.2.3). For « > 1 and s > t, we have

Elo(s, Xew(s)) = (t,2)|" < KElp(s, Xi2(s)) — @(s,2)|* + K |o(s, ) — o(t, )|

® 6 ! /
/t asgp(s,x)ds

[e%

< KE[(1+4|Xe ()7 + |2 )| Xen(s) — 2] + K
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[e%

< KE(L+ [ Xy q(s) 7+ [ 1)

/ a(s', Xy.(s"))ds'
t

q a
+K Y B+ [ X ()7 4 271

r=1

/t 08", Koo () ()

FR(1+ |2]0%) (s — £)°.

Then, using the Cauchy-Bunyakovsky-Schwarz inequality, (7.2.5) and (7.2.3), we get
1/2

E|o(s, Xi2(s)) — o(t, 2)|* < K(1 + |2|**>D) [IE (/:(1 + IXt,x(s’)I”)ds’> ] (7.7.1)

1/2
+ K (1 [2]*) (s — ).

2a
HE (1A |z ) Y

r=1

E

/t 00l X () dun (')

By the inequality for powers of Ito integrals from [133, p. 26], we obtain that

2a

E

/t 005, X () duwn ()

gK(s—t)cH/ Elov(s', X.0(s'))[2%ds'. (7.7.2)
t

And, by the same recipe as in [133, p. 26] which exploits Holder’s inequality, it is not difficult to
get

s 2a s
E U 11+ Xt,r(s’)kds’] < K(s—t)? 1 / E[1 + X, . (s")|?**ds’. (7.7.3)
t

t

It follows from (7.7.1)-(7.7.3), the assumption that o, satisfy (7.2.3) and from (7.2.5) that
E (s, Xi0(s) = o(t,2)|" < K (L4 |27 [(s = )% + (s = 1)°], (7.7.4)

which, in particular, holds for the functions a(t, z) and o,(¢, z) under the conditions of the lemma.
Now consider the one-step approximation of the SDE (7.1.1), which corresponds to the balanced

method (7.3.1):

a(tv I)h + Zr-n:1 Jr(t; ZE){T\/E
X = u 7.7.5
o L+ hla(t,2)[ + VR L, o, (t, )& | (775)
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and the one-step approximation corresponding to the explicit Euler scheme:

X =z +a(t,x)h+ Em: o (t, 2)Vh. (7.7.6)

r=1
We start with analysis of the one-step error of the Euler scheme:
pt,x) =X, . (t+h) — X.
Using (7.7.4), we obtain
[Ep(t, )| =

t+h t+h
E /t (a(s, X1.0(5)) — alt,z))ds| < E /t la(s, Xoa(s)) — alt,x)lds  (7.7.7)

< Kh32(1 + 2|27,

(We remark that assuming additional smoothness of a(t,x), we can get an estimate for Ep(t, z) of
order O(h?) but this will not improve the result of this lemma for the balanced scheme (7.3.1).)
Further,

2p

t+h
Ej%(t, 7) < KE /t (a(s, X1 (5)) — alt, ))ds (7.7.8)

2p

q t+h
+KZ]E/t (0:(8, X1.2(5)) — o (t, ) dw,(s)

Using the same recipe as in (7.7.3) and then applying (7.7.4), we get for the first term in (7.7.8):

2p

t+h t+h
E /t (a(s, Xt z(s)) —a(t,x))ds| < Kth*l/t Ela(s, X; +(s)) — a(t, z)|*Pds (7.7.9)

< KR (1 4 |o|*P7=2P),
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Using an inequality of the form (7.7.2) and then applying (7.7.4), we obtain

2p

t+h
E /t (or(s, Xt.0(s)) — op(t, x)) dw,(s) (7.7.10)

t+h
< thfl/ E |0 (s, Xy 2(s)) — 0, (t, 2)|*P ds < Kh?P(1 4 |z|P*=2P),
t
It follows from (7.7.8)-(7.7.10) that
Ep?P (t,z) < Kh?P(1 + |27~ 2P). (7.7.11)

Now we compare the one-step approximations (7.7.5) of the balanced scheme and (7.7.6) of the

Euler scheme:
t,x)h m oot 2)éVh -
X = g4 —2t2) +ZT:1",§ 76V =X — p(t,2), (7.7.12)
L+ hla(t,2)| + VR YL, o, (t, 2)6|

where

p(t,z) = (a(t, x)h + Z o (t, 2)&Vh

r=1

) hla(t,2)| + VR |ov(t, 2)&,|
1+ hla(t, )|+ VR |on(t, )&

Using the equality (7.3.8) and the assumptions made on the coefficients (see (7.2.3)), we obtain

hla(t, o) + VR, |ov(t, 2)6|

< Kh¥2(1+ [2]*),
T+ hla(t, )|+ VEST, [or (2] (1+]

Ep(t, 2)| =

a(t,x)hE

which together with (7.7.12) and (7.7.7) implies that (7.7.5) satisfies (7.2.9) with ¢; = 3/2. Further,

- ap
Ep*(t, ) < h*PE |Vhla(t,z)| + Z |0T(tu$)§r] < Kh?P(1 4 [a]*),

r=1

which together with (7.7.12) and (7.7.11) implies that (7.7.5) satisfies (7.2.10) with g =1. O
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Chapter 8

Numerical schemes for SDEs with
time delay via Wong-Zakai

approximation

In this chapter, we derive three numerical schemes for stochastic delay differential equations (SD-
DEs) using the Wong-Zakai approximation. By approximating the Brownian motion with its trun-
cated spectral expansion and then using different discretizations in time, we obtain three schemes:
a Predictor-Corrector scheme, a Midpoint scheme and a Milstein-like scheme. We prove that the
Predictor-Corrector scheme converges with order half in the mean-square sense while the Milstein-
like scheme converges with order one. Numerical tests confirm the theoretical prediction and
demonstrate that the Midpoint scheme is of half-order convergence. Numerical results also show
that the Predictor-Corrector and Midpoint schemes can be of first-order convergence under com-

mutative noises when there is no delay in the diffusion coeflicients.
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8.1 Introduction

Numerical solution of stochastic delay differential equations (SDDEs) has attracted increasing in-
terest recently, as memory effects in the presence of noise are modeled with SDDEs in engineering
and finance, e.g., [146, 188, 334, 377, 387]. Most of numerical methods for SDDEs have focused on
the convergence and stability of different time-discretization schemes since the early work [379, 380].
Currently, several time-discretization schemes have been well-studied: the Euler-type schemes (the
forward Euler scheme [12, 238] and the drift-implicit Euler scheme [196, 257, 401]), the Milstein
schemes [46, 189, 195, 219], the split-step schemes [148, 394, 417], and also some multi-step schemes
[47, 48, 53, 54].

These schemes are usually based on the Ito-Taylor expansion, see e.g. [219] or anticipative
calculus, see e.g. [195]. Here we employ a different approach, the so-called Wong-Zakai (WZ)
approximation, see e.g. [271, 381, 386]. The difference between WZ approximation and the afore-
mentioned schemes is that in WZ we first approximate the Brownian motion with an absolute
continuous process and then apply proper time-discretization schemes for the resulting equation
while the aforementioned schemes are ready for simulation without any further time discretization.
The WZ approximation thus can be viewed as an intermediate step for deriving numerical schemes
and can provide more flexibility of discretization of Brownian motion before performing any time
discretization. Moreover, with the WZ approximation we can apply Taylor’s expansion rather than
Ito-Taylor expansion and anticipative calculus. In this chapter, we show the flexibility of this ap-
proach and derive three numerical schemes for SDDEs using the Stratonovich formulation with a
spectral truncation of Brownian motion.

In WZ, we employ the classical piecewise linear interpolation of Brownian motion in e.g. [271,
381, 386] and a Fourier approximation of Brownian motion. Specifically, we will derive three distinct
schemes using different time-discretization techniques. After approximating the Brownian motion

by a spectral expansion, we then use the trapezoidal rule and the predictor-corrector strategy to
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obtain a Predictor-Corrector scheme and prove its convergence in the mean-square sense. We also
use the midpoint rule within the WZ approximation to derive a fully implicit scheme (implicit
in both drift and diffusion terms). These two schemes are convergent with strong order half for
SDDEs, as shown numerically in Section 8.3.

If no delay arises, the Predictor-Corrector scheme and the Midpoint scheme coincide with those
for stochastic differential equations without delay. The Predictor-Corrector scheme degenerates
into a family of the Predictor-Corrector scheme in [39], which were proposed in order to overcome
numerical stability introduced by the Euler scheme and other one-step explicit schemes. Without
delay, our Midpoint scheme becomes one of the symplectic-preserving schemes in [299] for stochastic
Hamiltonian systems. Though we will only focus on the convergence of these schemes and check
their numerical performance, we expect that these schemes have larger stability regions than the
Euler scheme for SDDEs as in the cases without delay.

Based on Taylor expansion of the diffusion terms, we also derive a first-order scheme (called
Milstein-like), which is similar to the Milstein scheme [189, 195, 219]. The Milstein-like scheme we
propose here can be readily used in routine simulation unlike the Milstein scheme [189, 195, 219]
which requires additional approximation of the double integrals. Specifically, the double integrals
are approximated with spectral truncation using truncation parameters reciprocal to the time step
size to achieve first-order convergence, which will be shown both in theory and in computation. The
spectral truncations we use are from the piecewise linear interpolation and a Fourier expansion.
Comparison between these two truncations will be presented for a specific numerical example in
Section 8.3, where it is shown that the Fourier approach is faster than the piecewise constant
approach. It is worth noting that the approximation of double integrals in the present context
is similar to those using numerical integration techniques which has been long explored, see e.g.
218, 301].

The rest of this chapter is organized as follows. In Section 8.2, we show how to derive our

schemes from WZ approximation to the Stratonovich SDDEs. Numerical results will be presented
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in Section 8.3 to illustrate the convergence of the three schemes and to compare their numerical per-
formance. We will show that the Milstein-like scheme is much slower than the Predictor-Corrector
and Midpoint schemes as in each step the evaluation of double integrals are expensive, no mat-
ter what approximation for the double integrals is used. Finally, we prove in Section 8.4 that
the Predictor-Corrector scheme is of half-order convergence in the mean-square sense while the

Milstein-like scheme is of first-order convergence.

8.2 Numerical schemes for SDDEs

Consider the following SDDE with constant delay in Stratonovich form:

AX(t) = X, X (6 — 7t + 3 gi(X(0), X(t — 7)) o dWi(t), € (0, T),
=1

X(t) = ¢(t)7 te [_T7 O]v (8.2.1)

where 7 > 0 is a constant, (W (t),F:) = ({Wi(t), 1 <1 <r},F) is a system of one-dimensional
independent standard Wiener process, the functions f : R x R — R? ¢, : R x R — R?,
#(t) : [-7,0] — R? is continuous with E[¢[|%. < co. We also assume that ¢(t) is Fo-measurable.
For the mean-square stability of Equation (8.2.1), we assume that f, g, , d.qiq1 and O._gi91,
(0y and Oy, denote the derivatives with respect to the first and second variables, respectively),

[1=1,2,---,r in Equation (8.2.1) satisfy the following Lipschitz conditions:

[v(z1,y1) — v(x2,y2) > < Lo(|o1 — 22> + |y1 — y2]?), (8.2.2)
and the linear growth conditions

[o(@1,y1)]* < K1+ |21 f” + [11]?) (8.2.3)
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for every x1, y1, T2, y2 € R?, where L,, K are positive constants, which depend only on v. Under
these conditions, Equation (8.2.1) has a unique sample-continuous and F;-adapted strong solution
X(t) : [-7,+00) — R4, see e.g. [281, 312].

The Wong-Zakai (WZ) approximation, see e.g. [399, 400], is a semi-discretization method where
Brownian motion is approximated by finite dimensional absolute continuous stochastic processes
before any discretization in time or in physical space. There are different types of WZ approx-
imation, see e.g. [202, 328, 364, 423]. Here we use an orthogonal expansion approach for WZ

approximation of Brownian motion:

n t

T
W) =5 [ mj(s)ds / m(8)dW, te o, T], (8.2.4)

j=1

where {m;(t)}7Z, is a complete orthonormal system (CONS) in L([0,T]) and &; =: fOT m;(t) dW,

are mutually independent standard Gaussian random variables. In this chapter, we will use a
piecewise version of spectral expansion (8.2.4) by taking a partition 0 = tg < t; < -+ < ty,_1 <

ty, =T and choosing a truncated CONS, {m§")(t)}N"1 in L?([tp, tne1]) forn=0,--+  Na — 1:

Jj=

Rty (n) ) ey _ [
UAERIOESY Z/ Xitntor)my  (8)dsgl™, & :/ my" (s) AW (8.2.5)
n=0 j=1"0 tn

where x is the indicator function.
Here different choices of CONS lead to different representations. The orthonormal piecewise

constant basis over time interval [t,,, tp4+1), with A" = (tp41 — t)/Nn,

- ﬁx[thr(j*l)A’,thrjA’)a j=1,2,--- N, (8.2.6)

gives the classical piecewise linear interpolation (see e.g. [202, 385, 399, 400)), if N}, = 1,

W(tn+1) - W(tn)
tn+1 - tn

W(l’”)(t) — W(tn> + (t _ tn) ,te [tn7tn+1]. (8.2.7)

214



The orthonormal Fourier basis gives Wiener’s representation (see e.g. [218, 301, 333]):

n 1 n 2 . 2k
m" (1) = e M (6) = [ s (),
n+1 — btn n+1 — Ln n+1 — Ln
(n) _ 2 2kmw
My (1) = — cos(tn+1 m_— (t—t,)), t € [tn, tnt]. (8.2.8)

Note that taking Ny = 1 in (8.2.8) leads to the piecewise linear interpolation (8.2.7). Besides, we
can also use the wavelet basis, which gives the Levy-Ciesielsky representation [214].

In this chapter, we consider the spectral approximation (8.2.5) with piecewise constant basis
(8.2.6) and Fourier basis (8.2.8). With these approximations, we have the following WZ approxi-

mation for Equation (8.2.1)

dX(t) = f(X(t), X (t —7))dt + igl(f((t),f((t —7)dW,(t), t € [0, T),
=1

X(t) = ¢(t)7t € (_7-7 O], (829)

where Wl(t) can be any approximation of Wj(t) described above. For the piecewise linear inter-
polation (8.2.7), we have the following consistency of the WZ approximation (8.2.9) to Equation

(8.2.1).

Theorem 8.2.1 (Consistency, [381]). Suppose f and g; in Equation (8.2.1) are Lipschitz continuous
and satisfy conditions (8.2.2) and have second-order continuous and bounded partial derivatives.
Suppose also the initial segment ¢(t),t € [—7,0] to be on the probability space (Q, F, P) and Fo-
measurable and right continuous, and E||¢||2. < oo. For X(t) in (8.2.9) with piecewise linear
approzimation of Brownian motion (8.2.7), we have for any t € (0, T,

lim sup E[|X(s) — X(s)[*] = 0. (8.2.10)

n—oo 0<s<t

The consistency of the WZ approximation with spectral approximation (8.2.5) can be established
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by the argument of integration by parts as in [171, 202], under similar conditions on the drift and

diffusion coefficients.

8.2.1 Derivation of numerical schemes

We will further discretize Equation (8.2.9) in time and derive several numerical schemes for (8.2.1).
To this end, we take an uniform time step size h, which satisfies 7 = mh and m is a positive
integer; Ny = T'/h (T is the final time); ¢, = nh, n = 0,1,--- , Np. For simplicity, we take the

same partition for the WZ approximation exactly as the time discretization, i.e.,
t, =t,, n=0,1,--- ,Np and A=:¢t,, —t,_1 =t, —t,_1 = h.
For Equation (8.2.9), we have the following integral form over [t,, t,+1]:

/ttn+1 X = /ttn,+1 FE W), Kt — )t + Z/ (X (8), X (t — 7))dWi(t) (8.2.11)

n n

I
@\#
=
(o8
@5.
|
ﬂ
8:
+
\ﬁ

i
><z
><z
H-
|
q
S
@

Here we emphasize that the time-discretization for the diffusion term have to be at least half-
order. Otherwise, the resulting scheme is not consistent, e.g., Euler-type schemes, in general,
converge to the corresponding SDDEs in Ito sense instead of those in Stratonovich sense. In fact,
if g(X(t),X(t—7)) (I=1,---,r) is approximated by g;(X(t,), X (t, — 7)) in Equation (8.2.11),

then we have, for both Fourier basis (8.2.8) and piecewise constant basis (8.2.6),

[ axw = [ E@R - )t Y e ), Xt AW
¢ ¢ =1

n n

where AW, ,, = Wi(tp41) — Wi(t,). This will lead to Euler-type scheme which converges to the
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following SDDE in the Ito sense, see e.g. [12, 257], instead of (8.2.1):
dX(t) = f(X(#), Xt —7))dt + Zgl(X(t), Xt —7))dW(t).
1=1

In the following, three numerical schemes for solving Equation (8.2.1) are derived using Taylor
expansion and different discretizations in time in (8.2.11). The first scheme is a Predictor-Corrector
scheme. Taking Nj, = 1, we have that both base, (8.2.6) and (8.2.8), have only one term mgn) =1/
v'h over each subinterval. Using the trapezoidal rule to approximate the integrals on the right side

of (8.2.11), we get

[f(Xranfm) + f(XnJrl,anmle)]

gl(X'ranfm) +gl(Xn+17Xn7m+l)} AVVl,ny (8212)

where X, is an approximation of X (tn) (thus an approximation of X (¢,)). The initial conditions
are X,, = ¢(nh), when n = —m,—m +1,--- ;0. Note that the scheme (8.2.12) is fully implicit and
is not solvable as AW, ,, can take any values in the real line. To resolve this issue, we further apply
the left rectangle rule on the right side of (8.2.11) to obtain a predictor for X,, .1 in (8.2.12) so
that the resulting scheme is explicit. Actually, we arrive at a Predictor-Corrector scheme for SDDE

(8.2.1):

Yn-‘,—l =X, + hf(Xna Xn—m) + Zgl(Xna Xn—m)AVVl,na
=1

h _
XnJrl = Xn + 5 [f(Xru anm) + f(XnJrh anerl):I (8213)

1¢ -
5 2 [90(Xn Xomm) + 0(Knir, Xnoms1)]AWLn, n=0,1,-+ Ny — 1.
=1

Remark 8.2.2. Tuking Ny = 1 is sufficient for half-order schemes, such as the scheme Predictor-

Corrector scheme (8.2.13) and the following Midpoint scheme. Both schemes employ
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ft"“ Zj L m(”)( )fl(n)dt which is equal to AW, ,, for any Ny, > 1, according to (8.2.5) and our

in

choices of orthonormal base (8.2.6) and (8.2.8).

Theorem 8.2.3. Assume that f, g1, Oug19, and Oy _qi9q (L, q = 1,2,--- ,1) satisfy the Lipschitz
condition (8.2.2) and also g, have bounded second-order partial derivatives with respect to all vari-
ables. If E[||@||7 o] < 0o, p > 4, then we have for the Predictor-Corrector scheme (8.2.13),

2 _
(e ElX(t) — X,[* = O(h). (8.2.14)

The proof will be presented in Section 8.4.

Remark 8.2.4. When 7 = 0 both in drift and diffusion coefficients, the scheme (8.2.13) degenerates
into one family of the Predictor-Corrector schemes in [39], which can have larger stability region
than the explicit Fuler scheme and some other one-step schemes, especially for stochastic differential
equations with multiplicative noises. Moreover, we will numerically show that if the time delay only
exists in the drift term in SDDE with commutative noise (for one-dimensional case, i.e., d = 1,
the commutative condition is §10:94 — 9q0:91 = 0, 1 < I, q < 1), the proposed Predictor-Corrector

scheme can be convergent with order one in the mean-square sense.

The second scheme is a Midpoint scheme. Taking N = 1, applying the Midpoint rule on the

right side of (8.2.11) and by X (¢ + %) ~ (X (¢t + h) + X(t)), we obtain the following Midpoint

scheme
X, + X X X,
Xn+1 — Xn +hf< n +2 n+1, n—m +2 n m+1> (8.2.15)
" X5 Xn Xon-m +Xn-m
- Z ( RESESY +2 “)Awln, n=0,1,---,Np — 1,

where we have truncated AW,, with AW, so that the solution to (8.2.15) has finite second-order

moment and is solvable (see e.g. [301, Section 1.3]). Here AW,, = (™ +/h instead of £ +v/h, where
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¢(™) is a truncation of the standard Gaussian random variable £ (see e.g. [301, pp. 39]):

¢ = 5(")X|§<n)|§Ah + Sgn(g(n))Ath("’bAw Ap = v/4flog (h)].

This fully implicit Midpoint scheme is symplectic if 7 = 0 [299], which allows long-time integra-
tion for stochastic Hamiltonian systems. As in the case of no delay, the Midpoint scheme complies
with the Stratonovich calculus without differentiating the diffusion coefficient. Again, it has first-
order convergence for Stratonovich stochastic differential equations with commutative noise when
no delay arises in the diffusion coefficients. However, it has half-order convergence once the delay
appears in the diffusion coefficients, which will be shown numerically in Section 8.3.

The last scheme is a Milstein-like scheme. When s € [t,,, t,,41], we approximate f(X(s), X (s—7))

by f(X(t,), X (t, — 7)) and by the Taylor’s expansion we have

a(X(s), X(s=7) = gu(X(tn), X(tn — 7)) + Qogi(X (tn), X (tn — 7))[X(s) — X (tn)]

+0p i (X (tn), X (tn — 7)) [X (s — 7) = X (tn — 7)]. (8.2.16)

Substituting the above approximations into (8.2.11) and omitting the terms whose order is higher

than one in (8.2.11), we then obtain the following scheme:

XnJrl = Xn + hf(Xna anm) + Zgl(X’ru anm)fo
=1
+ Z Zazgl(Xn»anm)gq(Xnvanm)jq,l,tn,tn+1,0 (8217)
=1 q=1
+ Z Z a:cfgl(Xna Xn—m)gq(Xn—nu Xn—2m)th27iq,l,tn,tn+1,Ta n=0,1,--- ,Np —1,
=1 g=1
where

~ tnt1 B trnt1 t N
i, = / AW(t),  Lyieeniro = / / AT, ()T (1), tn > 0;
t tn tn

n
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- tnt1
Lot tnir / / dWl( ), tn >T.
tn—T

Using the Fourier basis (8.2.8), the three stochastic integrals in (8.2.17) are computed by

~ n41 1

o / mD(WEDd = AW, (8.2.18)

tn
T n 2 n n n n
Ijl,tn,tnﬂ,o = *f () q, Z 51(2; Z [gé,gpﬂgl(,zi;_f(,zpfl(zi;-;-l]a
p 1
T n—m n— m 1 n—m n
Frmtvins = SET™ED ——é Z it Zp[ﬁgmféf, — el mel L,
p=1

[th*l

where s = [22] and s; = ]. When piecewise constant basis (8.2.6) is used, these integrals are

5 Nh—l
Iy = Y AW, =AW,

Jj=0

AWy e
7L 51
Itttnno = D AWin [ =54 AW, ), (8.2.19)

7, AWon-mij | 3
IQ7l7tn7tn+177- = Z Amvnﬂ[ 2 + Z AWQ,TL—m,iL

where AWy 5 j = Wi (tn+ S22 = Wity +42), k=1, 7, j = 0,-++ . Ny—1 and AWy, 1 = 0.
In Example 8.3.3, Section 8.3, we will show that the piecewise linear interpolation is less efficient
than the Fourier approximation for achieving the same order of accuracy.

The scheme (8.2.17) can be seen as further discretization of the Milstein scheme for Stratonovich

SDDEs proposed in [195]:

n o

Xph = X3+ nf (X X000+ a0 X)) AW,

+ Z Z awgl (X’I']y’ X’I{L\{ ) (XM X )IQ7l tn,tnt1,0 (82'20)
=1 g=1

T T
+Z Zaibrgl(thw7XT]L\{ ) (X7]z\/[ mo Xg{Qm)thZTIq,l,tmtn-H,Tv n=0,1,---,Npr — L
=1 q=1
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as the double integrals approximated by either the Fourier expansion or the piecewise linear inter-

polation: In, Ig1¢, ¢,.1,0,and I ¢ ¢ .. - are, respectively, approximation of the following integrals

tn+1 n+1
Iy 7/ odW (1), Lyt tois,0 */ / odWj(s) o dWi(t), tn >0

tn+1
qlt g1, T — / / OdW OCH/Vl(t)7 t, > T.
tn tn

Actually, we have the following relations.

Lemma 8.2.5. For the Fourier basis (8.2.8), it holds that

I = I, (8.2.21)
= 2A2 = A2 A?
E[(I(i‘l,tn,tn+1,0 - I(I7lvtn7tn+170)2] = g(Nh)(N 77)2 + Z (2'77)2 < Cm» (8-222)
h i=M
= 2A2 = A2 A?
E[(I;jl,tn,tnﬂ,r - IQ7lvtn7tn+laT)2:| = <(Nh) (Nhﬂ')2 + Z (277)2 < Cﬂ.ZM’ (8'2-23)
i=M

where ¢(Np) = 0 if Ny, is odd and 1 otherwise, and M is the integer part of (N +1)/2.

The proof of this lemma can be found in Section 4. With Lemma 8.2.5, we can show that the
Milstein-like scheme (8.2.17) can be of first-order convergence in the mean-square sense, see Section

8.4.

Theorem 8.2.6. Assume that f, g1, Ougi9, and Oy _gi9q (L, q = 1,2,--- 1) satisfy the Lipschitz
condition (8.2.2) and also g; have bounded second-order partial derivatives with respect to all vari-
ables. If E[||@||7 o] < 0o, p > 4, then we have for the Milstein-like scheme (8.2.17),

2 _ 2
o EX (1) = X, = O(1?), (8.2.24)

when the double integrals jq,l% fq,l,tn,,tn+1,r are computed by (8.2.18) and Ny, is at the order

tn41,0s
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of 1/h.

When (8.2.19) is used in the Milstein-like scheme (8.2.17), the first-order strong convergence

can be proved similarly when N}, is at the order of 1/h.

8.3 Numerical results

In this section, we test the convergence rate of the proposed schemes and compare their numeri-
cal performance. In the first two examples, we test the Predictor-Corrector scheme (8.2.13) and
Midpoint scheme (8.2.15) for multiple noises and show both methods are of half-order mean-square
convergence. Further, we show that both schemes converge with order one in the mean-square
sense for a SDDE with single white noise and no time delay in diffusion coefficients. In the last
example, we investigate the Milstein-like scheme (8.2.17) and show that it is first-order convergent
for SDDEs with multiple white noises.

Throughout this section, the strong error of numerical solutions is defined as

n
e = (o 0 IXT) = Xy (T)?)
i=1
where w; denotes the i-th single sample path and n, is the number of paths.

The numerical tests were performed using Matlab R2012a on a Dell Optiplex 780 computer with
CPU (E8500 3.16 GHz). we used the Mersenne twister random generator with seed 1 and took a
large number of paths so that the statistical error can be ignored. Newton’s method with tolerance
h?/100 was used to solve the nonlinear algebraic equations at each step of the implicit schemes.

We first test the convergence rate of Predictor-Corrector scheme (8.2.13) and Midpoint scheme

(8.2.15) for a SDDE with several noises.
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Example 8.3.1. Consider Equation (8.2.1) with the following coefficients

f=—15X(t) + 2sin(X (t — 7));

g1 =sin(X(8)) + 05X (t = 7); g2 =09X(t); g5 = 0.2X(#) + 0.2X(t — 7);

g1 =2sin(X(1)); g5 = 0.8X(t) + cos(X(t — 7)); g6 = X(t) +0.5sin(X(t —7));
g7 =2cos(X(t—17)); gs=—X(t)+cos(X(t—7)), go=05X(t)—X(t—1);

g10 = 1.5cos(X (t — 7))

and the initial function is ¢(t) = ¢+ 0.2.

In this example, we test the convergence order of the Predictor-Corrector and Midpoint schemes
at T = 20 and with different time delays 7 = 274, 272, 1.

In Table 8.1, we observe that both schemes are convergent with order half in the mean-square
sense. Different time delays do not influence the convergence rate of these schemes.

The amount of operations of the Predictor-Corrector scheme for Equation 8.2.1 is (5r+6)dT'/h.
For the Midpoint scheme, the amount of operations is 6Ct(r + 1)dT'/h, where C7 is the maximum
number of Newton’s iterations in each time step. In Table 8.1, we observe that for both schemes,
the computational cost doubles when step sizes reduce by half. The CPU time of the Midpoint
scheme is about four times of what the Predictor-Corrector scheme costs, which is consistent with
the prediction as the observed Cy is around 4.

We now test the convergence rate for the Predictor-Corrector scheme (8.2.13) and the Midpoint
scheme (8.2.15) for SDDEs with different types of noises: non-commutative noise, single noise.
We will show that the time delay in a diffusion coefficient keeps both methods only convergent at
half-order, while for the SDDE with single noise, the two schemes can be of first-order accuracy in

the mean-square sense if the time delay does not appear explicitly in the diffusion coefficients.

1We write “*’ whenever no results from a smaller time step size are available and the convergence order is absent.
This rule applies throughout this section.
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Table 8.1: Convergence rate of Predictor-Corrector scheme (left) and Midpoint scheme (right) for
Example 8.3.1 at T' = 20 with ten white noises using n,, = 4000 sample paths.

T h Ph,T order time (s.) | Ph,T order time (s.)
278 4.050e-02 0.51 220 6.698e-02  0.61 807
279 2.851e-02 0.56 420 4.378e-02  0.44 1591
L 2710 1.936e-02  0.48 818 3.237e-02  0.53 3157
2711 1.390e-02 * 1620 2.239e-02 * 6289
2712 *1 * 3221 * * 12573
2% 3.9550-02 0.54 219 5.9420-02  0.51 805
279 2.728e-02  0.55 417 4.189¢-02  0.48 1586
1 2710 1.861e-02 0.46 816 3.000e-02  0.47 3148
2-11 135002  * 1615 2.164e-02  * 6284
9—12 * * 3215 * * 12557
275 3014602 0.53 291 5.7250-02  0.48 805
279 271102  0.54 422 4.092¢-02 051 1588
1 2710 1873002  0.46 820 2.887¢-02 047 3148
2-11  1364e02  * 1627 2.086e-02  * 6289
212 * * 3236 * * 12569

Example 8.3.2. Consider Equation (8.2.1) in one-dimension and assume the initial function

¢(t) =t + 0.2, with different diffusion terms:

e non-commutative white noises without delay in the diffusion coefficients:

dX = [~ X (t) +sin(X(t — 7))] dt +sin(X (1)) o dWy(t) + 0.5X () o dWa(t),  (8.3.1)

where the noises are non-commutative as 0;(sin(x))0.5x — 0, (0.5x)sin(z) # 0;

e commutative (single) white noises without delay in the diffusion coefficients:

dX = [~ X (t) +sin(X (t — 7)) dt + sin(X (£)) o dW (t); (8.3.2)

e commutative (single) white noises with delay in the diffusion coefficients:

dX = [~ X (1) +sin(X (t — 7))] dt + sin(X(t — 7)) o dW (2). (8.3.3)

From Figure 8.1(a) (non-commutative noises, Equation (8.3.1)) and Figure 8.1(c) (single delayed
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diffusion, Equation (8.3.3)), we observe the half-order strong convergence. In contrast, for Equation
(8.3.2) (single noise, non-delayed diffusion) in Figure 8.1 (b), the convergence order of these two
schemes becomes one in the mean-square sense.

From this example, we conclude that for the Predictor-Corrector and Midpoint schemes, when
the time delay only appears in the drift term, the convergence order is one for the equation with
commutative noises and half for the one with non-commutative noises. However, when the diffusion
coeflicients contain time delays, these two schemes are only half-order even for equations with a
single white noise.

In the last example, we test the Milstein-like scheme (8.2.17) using different bases, i.e., piecewise
constant basis (8.2.6) and Fourier approximation (8.2.8), and compare its numerical performance
with Predictor-Corrector and Midpoint schemes. For the Milstein-like scheme, we show that for
multiple noises, the computational cost for achieving the same accuracy is much higher than the

other two schemes; while for single noise, the computational cost for the same accuracy is lower.

Example 8.3.3. We consider the Milstein-like scheme (8.2.17) for

dX(t) = [-9X(t) +sin(X (¢t —7))]dt + [sin(X (t)) + X (t — 7)] o dW1(2)
+[X(t) 4 cos(0.5X (t — 7))] o dWa(t), t € (0,T]
X(t) = t+7+01,te[-7,0] (8.3.4)
and
dX(t) = [2X(t)+2X({t—7)]dt+ [sin(X () + Xt —7)] o dW(2),, t € (0,T)
X(t) = t+m7,te[-1,0 (8.3.5)

To reduce the computational cost, the double integrals are computed by the Fourier expansion
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approximation (8.2.18) and the following relation
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Midpoint scheme (a)
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Midpoint scheme (c)
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Mean-square convergence test of the Predictor-Corrector (left column) and Midpoint
schemes (right column) on Example (8.3.2) at T=5 with different 7 using n,, = 10000 sample paths.
(a): multi white noises with non-delayed diffusion term; (b): single white noise with non-delayed
diffusion term; (c): single white noise with delayed diffusion term.

Ilul7tn1tn+170 =

(AWin)°
5



We also use the following relations

p—1 Jj—1

Iyt tntpho = [Iq,z,tw,+jh,tn+(j+1)h,o + AWt ixi>1 Z AWq,n+i] ,
= i=0
p—1 j—1

Iq,l,t,,“tn-&-ph,r = [Iq,l,tn+jh,tn+(j+l)h,7 + AWl,n+ij21 Z AW, m—m-i—i] .
=0 i=0

In Table 8.2, we show that for Equation (8.3.4), the Milstein-like scheme (8.2.17) converges with
order one in the mean-square sense. Compared to the Predictor-Corrector scheme or the Midpoint
scheme, when the time step sizes are the same, the computational cost for the Milstein-like scheme
(8.2.17) is several times higher. In fact, in the Milstein-like scheme, the extra computational cost

o and IF, at each time step, which
n+1,

comes from evaluating the double integrals I .
3bln,tn41,T

@lotn,t
requires 7/(2h)(3r? — r)/2 operations when we take the relation (8.3.6) into account.

We also test the Milstein-like scheme (8.2.17) using the piecewise constant basis (8.2.6). The
computational cost is even higher than that of using the Fourier basis for the same time step size.
Actually, the amount of operations for evaluating double integrals using (8.2.19) is (1/(2h?) + 5/

(2h) — 1)(3r% — r)/2, which is O(1/h?), much more than that of using the Fourier basis, O(1/h).

Our numerical tests (not presented here) confirmed the fast increase of amount of operations.

Table 8.2: Convergence rate of the Milstein-like scheme (left) for Equation (8.3.4) at T = 1 and
comparison with the convergence rate of the Predictor-Corrector scheme (middle) and the Midpoint
scheme (right) using n, = 4000 sample paths. The upper rows are with 7 = 1/16 and the lower are

with 7 = 1/4.
h Ph.T order time (s.) Ph.T order time (s.) PhT order time (s.)
—19.832e-02 1.27 0.72 7.164e-02  0.94 0.05 5.000e-02  0.60 0.16
- 4.090e-02  1.09 1.0 3.734e-02  0.69 0.10 3.304e-02  0.55 0.29
- 1.921e-02  0.99 1.7 2.308e-02  0.51 0.12 2.263e-02  0.51 0.41
- 9.703e-03 * 3.3 1.616e-02 * 0.25 1.590e-02 * 0.79
- * * 6.4 * * 0.40 * * 1.54

9.307e-02  1.28 0.56 6.956e-02  0.96 0.04 5.050e-02  0.68 0.11
3.824e-02  1.08 0.93 3.582e-02  0.70 0.10 3.155e-02  0.56 0.22

DN DN DNNDNDDNDDNDDNDDN
|
[ B N N A e =

~°  1.804e-02 0.99 1.6 2.205e-02  0.62 0.17 2.133e-02  0.58 0.39
—©9.069e-03 * 2.8 1.434e-02 * 0.26 1.425e-02 * 0.78
- * * 5.5 * * 0.45 * * 1.59

However, the amount of operations of the Milstein-like scheme can be significantly reduced

when there is just a single diffusion term. In Table 8.3, we observe that the Milstein-like scheme
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for Equation (8.3.5) is still of first-order convergence but the Predictor-Corrector scheme and the
Midpoint scheme is only of half-order convergence. For the same accuracy, the computational cost
for the Milstein-like scheme using the Fourier basis is less than that for the other two schemes. In
fact, for single noise, we only need to compute one double integral jl,l,tn,tn +1,7- Moreover, when
the coefficients of the diffusion term are small, a small number of Fourier modes is required for
large time step sizes, i.e., Nj can be O(1) instead of O(1/h). The computational cost can thus be
reduced somewhat, see e.g. [301, Chapter 3] for such a discussion for equations with small noises

without delay.

Table 8.3: Convergence rate of the Milstein-like scheme (left) for Equation (8.3.5) (single white
noise) at 7' = 1 and comparison with the convergence rate of the Predictor-Corrector scheme
(middle) and Midpoint scheme (right) using n, = 4000 sample paths. The delay 7 is taken as 1/4.
h Ph.T order time (s.) h Ph,T order time (s.) Ph,T order time (s.)
21 3.164e-02 091 0.19 2 1.252¢-02  0.44 0.18 1.263e-02  0.45 0.59
275 1.688e-02  0.99 0.28 2 9.219e-03  0.51 0.37 9.246e-03  0.51 1.09
276 8.499¢-03  0.90 0.46 2 6.462e-03  0.49 0.56 6.471e-03  0.48 2.05
277 4.570e-03 * 0.79 2 4.617e-03 * 1.03 4.627e-03 * 3.97
28 * * 1.40 2 * * 1.91 * * 7.58

© o

1
11

1S)

In summary, the proposed Predictor-Corrector scheme and Midpoint scheme are convergent with
half-order in the mean-square sense, see Example 8.3.1. We also show that these two schemes can
be of first-order in the mean-square sense if the underlying SDDEs with single noise (commutative
noise) and the time delay is only in the drift coefficients, see Example 8.3.2. In Example 8.3.3 the
numerical tests show that our proposed Milstein-like scheme is of first-order in the mean-square
sense for SDDEs with non-commutative noise wherever the time delay appears, i.e. in the drift
and/or diffusion coefficients. Compared to the other two schemes, the Milstein-like scheme is more
accurate but is more expensive as it requires evaluations of double integrals, with cost inversely
proportional to the time step size and proportional to the square of number of noises. However, for
SDDEs with single noise, the Milstein-like scheme (with the Fourier basis) can be superior to the
Predictor-Corrector scheme and the Midpoint scheme both in terms of accuracy and computational

cost.
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8.4 Proofs

In this section, we prove Theorems 8.2.3 and 8.2.6 and Lemma 8.2.5. While proofs of Theorems
8.2.3 and 8.2.6 are presented only for the one-dimensional problem (8.2.1) (d = 1), they can be

extended to multi-dimensional case d > 1 without difficulty.

Proof of Theorem 8.2.3. We recall that for the Milstein scheme (8.2.20), see [195],

| dnax E|X (t,) — XM|> = O(h?). Then by the triangle inequality, it suffices to prove
SnSNT

max E[XM — X,|? = O(h). (8.4.1)
1<n<Nt

We denote that f, = f(X,, Xn—m) and g, = ¢1(Xn, X,—s,) and also

Pf. — f(Xn+17Xn—m+1> - fn, (842)

T T
Pain — gl(Xn+1, X7L—m+1) - [gl,n + axgl,n Z gq,nAWq,n + aac,-gl,n Z gq,n—mAWq,n—m]-

q=1 q=1

With (8.4.2), we can rewrite (8.2.13) as follows

r 1 roor
XnJrl = Xn + hfn + Z gl,nAVVl,n + 5 Z Z awgl,nAquAWl,n
=1 =1 gq=1

1 T T
+5 ; ; O Gin Gam-mAWyn—m AWi + pn, (8.4.3)

where p,, = hpy, + 3 Y11 Pgrn AWin.

It can be readily checked that if f, g; satisfy the Lipschitz condition (8.2.2), and g; has bounded
second-order derivatives (I = 1,--- ,r), then by the Predictor-Corrector scheme (8.2.13) and Tay-
lor’s expansion of g/(Xni1, Xn—m+1), we have R’E[p} | < Ch*, E[(py, ,AW;,,)?] < Ch?, and thus
by the triangle inequality,

E[p2] < Ch3, (8.4.4)
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where the constant C' depends on r and Lipschitz constants, independent of h.

Subtracting (8.4.3) from (8.2.20) and taking expectation after squaring over both sides, we have

4

E[(X)4 = Xn11)?] = E[(X) = X0)*] + 2B[(X) — X,) (Y Ri — pn)]
1=0
4 4
—2) "ElpnRi] + Y E[R;R;] +E[p3], (8.4.5)
i=0 i,7=0

where we denote fM = f(XM XM Y and g% =g (XM XM Y and

n n n—m

T

Ro = h(fy" = fu) + D (90 = 910) AW,
=1
~ AW, AW,
Rl = Z Z [619%193)/[71 - amgl;ngq,n] %a
=1 g=1
. - AW, nfmAWl n
RQ - Z Z [azfg%zgé\,/[n_m - amrgl,ngq,nfm] #7
=1 g=1
rooor
AW, AW,
Ry = > Y 0ughg,Tgttutniro — %)7
=1 g=1
—~ AW, nfmAWl n
Ry = ZZarfg%lgtjl\{n*m(IQal’tmthrhT - #)
=1 g=1

By the Lipschitz condition for f and g;, and adaptedness of X,,, X} we have

E[R]] < C(h* + ) (E[(X" — X,)] + E[(X3L,, = Xn—m)?]). (8.4.6)

To bound E[R?] (i = 1,2,3,4), we require that X,, and X have bounded (up to) fourth-order
moments, which can be readily checked from the Predictor-Corrector scheme (8.2.13) and the
Milstein scheme (8.2.20) under our assumptions. By the Lipschitz condition of g; and 0, 9194, We

have

E[R}] < C max E[(|X) — Xo|+ XM, — X )2 (AWgnem AW,) 2,

1<l.g<r n—m
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whence by Cauchy inequality and the boundedness of E[X2] and E[(X)4], we have E[R3] < Ch2.
Similarly, we have E[R}] < Ch%. By Lemma 8.2.5, and linear growth condition (8.2.3) for 9, g9,
we obtain

AVVq,n—mAVVl,n

7l7tn7tn+117 - 2

B[R] < O max E[0+|XY]+ X010,

)’] < Ch?,

since XM, XM have bounded fourth-order moments and by the Burkholder-Davis-Gundy in-

equality, it holds that for [ # ¢

AWy ot AW,
E(Ig by taar = — )]
fnt1 Wy(tni1r — 1) + Wy(t, —
— ]E[(/ (Wq(t _ 7_) o q( +1 7—)2 q( T)) o dWl)ﬂ
tn
Wq(thrl —7)+ Wq(tn - T)

IN

)2ds])? < Ch*.

C(E] / - -

n

2

Similarly, we have E[R3] < Ch?. Thus we have proved that

E[R}] < Ch?, i=1,2,34. (8.4.7)

By the basic inequality 2ab < a? + b2, we have

2 [E[(XY ~ Xo)pal| < WEIXY — X)) + h'Elp2). (8.4.8)

By the fact that X,, and X are F; -measurable and Lipschitz condition for f,

n

< ChE[XM - X)) +E(XM,, — Xom)?]). (8.4.9)
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Further, by the Lipschitz condition (8.2.2) for 9,¢;g;, we have

T

2E[(X7sz[ _Xn)Rl] = Z]E[(erzw _Xn)azgl],vflgl]\,/rll _8xgl,ngl,n)]E[(AVVl,n)2]
=1

Ch(E[(X," - X0)?] + E[(XL0 — Xn-m)?]). (8.4.10)

IN

By the adaptedness of X,,, X} and E[AW,,,] = E[(Zg.1,t,t,41,0 — M)] =0, we have
E[(XM - X,)R;)] =0, i=23. (8.4.11)
Again by the adaptedness of X,, and X, we can have
E[(XM — X,,)R4] = 0. (8.4.12)

In fact, by Lemma 8.2.5, we can represent Iy, ¢.., + as

h - ( (
Iq,l,tmthn' = §(n " (n) T o 2 Z [gq 2p+1 l(gpm) - ft(;zpm) ;TSL-H f& nom 12;]~ (8-4-13)
p= 1

Then by the facts E[|[(X}M — X,,)R4|] < (E[(XY — X,,)?)V2(E[R3))Y/? < Ch and E[(X} —
Xn) 1(71?] =0 for any k > 1, we obtain (8.4.12) from Lebesgue’s dominated convergence theorem.

With (8.4.11)-(8.4.12) and Cauchy inequality, from (8.4.5) we have, for n > m,

E[(X) 1 — Xn41)?]
4
< E[(X) = X0)%] + 2B[(X) = X)(Ro + Ry — pa)] + C Y _E[R?] + CE[p2]
i=0

and further by (8.4.4), (8.4.6)-(8.4.8), and (8.4.9)-(8.4.10), we obtain, for n > m,

E[X,0 1 — Xnga]?
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< (14 ChEIX, = Xa)*] + ChE[(XL,,, = Xu-m)?]) + (C + 7 HEp;] + C ) E[R]]
=0

< (1+ChE[(XM — X)) + ChE[(XM,, — Xp_m)?] + ChH?, (8.4.14)

where C is independent of h. Similarly, we can also obtain that (8.4.14) holds forn =1,--- ,;m—1.

Taking the maximum over both sides of (8.4.14) and noting that XM — X; = 0 for —m < i <0,

we have
max E[(XM — X;)?] < (14 Ch) max E[(X}M — X;)?] + Ch?.
1<i<n+1 1<i<n
Then (8.4.1) follows from discrete Gronwall inequality. O

Proof of Lemma 8.2.5. From (8.2.18), the first formula (8.2.21) can be readily obtained.

Now we consider (8.2.22). For [ = g, it holds that

T 2
Dt t41,0 = Dt tng0,0 = (AW1R)7/2,

if (8.2.5) with piecewise constant basis (8.2.6) or Fourier basis (8.2.8) is used. For any orthogonal

expansion (8.2.4), we have E[ [+ (W, (s) — W,(s)) dW, ﬁi"“ W,(s) d(W; — W;)] = 0 and thus by

in

We(tn) = Wq (tn), Ito’s isometry and integral by parts, we have, when [ # ¢,

]E[(IQ7latn7tn+1a0 - Iq7l5tnatn+150)2}

E{( / T Wys) — W) o dWi+ [ Wa(s) diW — W)

= () - W)W+ Bl - Wi

- / "UR[W(s) - Wa(s)]?] ds + E[(— / " - W diT ().

n n

Then by the mutual independence of all Gaussian random variables féz), 1=12---,9g=1,2,--- 7,
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we obtain ]E[[Wq(s) — Wy()]?] = 32N, 41 M7 (s), where M;(s) = ftsn m;(0) df and for [ # q,

tn+1 . e Ni tn41
E[( / (Wi(s) - Wis)] dW)? = E[( S % / M;(s)my(s) dse€0))?]
tn i=Np+1 j=1"tn
0o Np, tni1

Il
7
=
—
»
~—
—
~—
U
V)
~—

Then we have

]E[(Iq Litn,tng1,0 — Iq,l tnytn+110)2}

n+1

_ Z/ M2(s) ds + Z Z m(s) ds)?. (8.4.15)

i=Np+1 i=Np+1j=1 7tn

In (8.4.15), we consider the Fourier basis (8.2.8). Since M;(s) (¢ > 2) are also sine or cosine

functions, we have

n+1 tn41

Z Z m;(s)ds)? = ( My, +1(s)my, (s) ds)? (8.4.16)

i=Np+1 j=1 tn tn

when Nj, is even and Y °7° 4 ZN" (ftr“rl M;(s)m;(s)ds)? = 0 when Nj, is odd. Moreover, for

1 > 2, it holds from simple calculations that

tn+1 3A2 A2
M?(s)ds = , 1 is even and ———— otherwise. (8.4.17)

b (2[i/2]n)? (2[i/2]m)?

Then by (8.4.15), (8.4.16), we have

E[(fFl trstni1,0 - Iq Lty tn+1,0)2]

tn+1 0 Nn tn+1
= Z / ME(s)ds+ Y > ( m;(s) ds)?
i=Np+17tn i=Np+1j=1 Ytn
= 3<<>A2 = A2
= Np) .
S(Nn) Nmr %: =¢(Np, Nh7r2+1§/[ E
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Hence, we arrive at (8.2.22) by the fact Yo, -+ < ;. Similarly, we can obtain (8.2.23). O

Proof of Theorem 8.2.6. Subtracting (8.2.17) from (8.2.20) and taking expectation after

squaring over both sides, we have

4 4
E[(XM) = Xn1)?] = E[(X) — X,)?] +2) E[(X) — X,)Ri]+ > E[RiR)],
i=0 i,j=0

where we denote fM = f(XM XM Y and g% =g (XM XM Y and

n n n—m

r
M M
RO - h(fn - f") + E (gl,n - gl,n)AVVl,nv
=1
roor
_ M M iF
Rl - Z Z [awglfngtbn - awgl,ngq,n] IQvlat7wt7z+1;0’
=1 qg=1
roor
_ M M iF
Ry = Z Z [0x. 90nGgn—m = O GnGan-m] L1t b0 isr
=1 qg=1
roor
— M M IF
Ry = Z Z axgl,ngq,n(Iq,lﬂfmthrhO - Iq,l,tmthrl,O)a
=1 q=1
roor
_ M M iF
R4 - Z Z 8Irgl,ngq,n7m(Iq,l’tn,thrlﬂ‘ - Iq,l,tn,tn+1,‘r)’
=1 ¢=1

Similar to the proof of Theorem 8.2.3, we have

E[R}] < C(h*+Rh)(E[XY - X)) +E[(XM,, — Xnom)?), (8.4.18)
E[R}] < O max E[(|X," - Xol” + | X2, — X NEIL 4 001 0)7)

ERY] < O max E[(|X) —Xa| + X200~ KooV by t00.0))

B[R] < O max B0+ XY+ X000 = 1o t0r0)’)

E[R}] < C max E[(1+ XM+ |X2 ) ottmtniir = Lo )]

1<l<q<r

235



First, we establish the following estimations:
E[R?] < Ch®, i=3,4. (8.4.19)

The case for i = 3 follows directly from Lemma 8.2.5 and boundedness of moments of X,, and X.

By Lemma 8.2.5 and (8.2.18), we have

]E[(I‘Ll tntnt1,T I(f’l tn tn+1,7')4]

\[h n—m) n = 1 n—m n n—m n
= E[(— ( Z 51(230 Z 5[5¢§,2p+1)5l(,229_f§,2p )51(,2;;+1])4]

p= 9+1 p:sl—i-l
— 1 — 1 h?
< ORI, SPH( ), SISO
p=s+1 p p=s1+1 p h
where s = [2] and s; = [M&=1]. As NN, is at the order of 1/h, we have

El(gttotuirr = Lgta,,0.7) '] < OB (8.4.20)

Then by the fact that X,, and X have bounded fourth-order moment, Cauchy inequality, and
(8.4.20), we reach (8.4.19) when ¢ = 4.
Second, we estimate E[R?], i = 1,2. By (8.2.18), the Lipschitz condition (8.2.2) and N}, is at

the order of 1/h, we have
E[R}] < Ch(E[(X," — Xu)’] + E[(X3L,, — Xnem)?)- (8.4.21)

Now we require to estimate E[R2]. By Lipschitz condition (8.2.2), the adaptedness of X} and
Xp—m and Cauchy inequality (twice), we have

E[RY] < C max {EHXM X,

o 1<l,q<r

P14 BN Xl (1)

l nstn41,T
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)A(EI,

4
n ] Uty tnyr,T

PENVAE(IXM — X, )Y

+CORE[(XM . — X0im)?.

n—m

It can be readily checked from (8.2.18) that E[(IF

Golitnstni .)8] < Ch®. Hence, from boundedness of

moments, we have
E[R3] < CR*(E[(X) — X,)*)'? + CRPE[(X)L,,, — Xpom)?)- (8.4.22)

Now estimate E[(XM — X,,)R;], i = 0,1,2,3,4. By the adaptedness of X,, and Lipschitz

condition of f, we have
E[(XM — X,)Ro] < CRE[(| X2 — Xo|” + | XM, — X |)]. (8.4.23)

By the adaptedness of X,, and E[I, 1, 1..1.0] = 0g1h/2 (4 is the Kronecker delta) and Lipschitz

condition of 90,9194, we have
E[(XM — X,)Ri] < CRE[(| XM — X,,|" + | X2, = Xom|)]- (8.4.24)
By the adaptedness of X,, and E[Iy 4. t..1.0 — Lyitn tni1,0] = 0, We have
E[(Xy" — X,) R3] = 0. (8.4.25)

Similar to the proof of (8.4.12), we have

E[(XM — X,,)R4] = 0. (8.4.26)
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Then by (8.4.18), (8.4.19)-(8.4.22), (8.4.23)-(8.4.26) and Cauchy inequality, we have

E[(Xﬁl - Xn+1)2] < (1 + Ch)E[(XS/[ - Xn)2] + Ch]E[(XrILVI—m - anm)z]

+CRAHE[(XM — X)) )2 + Chd, (8.4.27)

where n > m. Similarly, we have that (8.4.27) holds also for 1 < n < m — 1. From here and by

nonlinear Gronwall inequality, we reach the conclusion (8.2.24). O
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Chapter 9

Conclusion

9.1 Summary

In this work, we developed a recursive multistage Wiener chaos expansion method (WCE) and
a recursive multistage stochastic collocation method (SCM) for longer time integration of linear
stochastic advection-reaction-diffusion equations with finite dimensional noises. To compute first
two moments of the solution with such a recursive multistage procedure, we first compute the
covariance matrix of the solution at different physical points at a time step and then recursively
compute the covariance matrix of the solution at the next time step using the covariance matrix at
the previous time step. We continue this process before we reach the final integration time.

We compared the recursive multistage WCE with methods of characteristics plus a standard
Monte Carlo sampling strategy. We showed that WCE is more efficient than standard Monte Carlo
methods if high accuracy in first two moments is required.

We also compared WCE and SCM in conjunction with the recursive multistage procedure.
Though WCE exhibits higher order convergence than SCM, we show that both methods are com-
parable in performance, depending on underlying problems. Although the computational cost is

proportional to the fourth power of the number of nodes or modes employed in physical space, the
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cost can be reduced to the second power if we make full use of the sparsity of the solution.

For SCM, we also investigated a benchmark problem for stochastic solvers—a stochastic piston
problem in one-dimensional physical space. We modeled the problem of moving piston with velocity
being Brownian motion into a tube with stochastic Euler equations driven by white noise. After
splitting the stochastic Euler equations into two parts (by Lie-Trotter splitting), we truncated the
Brownian motion with its spectral expansion and applied SCM to obtain variances of the shock
locations at different time instants. We showed that SCM is efficient for a short time simulation
and quasi-Monte Carlo methods are efficient for a relatively longer time simulation.

We also illustrate the efficiency of SCM with Euler scheme in time through a linear stochastic
ordinary differential equations: error estimates show that SCM using sparse grid of Smolyak type
is efficient for short time integration and for small magnitudes of noises.

Our conclusion on integration methods in random space is as follows. WCE and SCM are
efficient for longer time integration of linear problems using our recursive approach and for a small
number of noises within short time simulation. However, if time increases, we have already employed
many random variables, either from increments of Brownian motion or from the modes of spectral
truncation of Brownian motion. Hence, deterministic integration methods are not efficient any more
since their computational cost grows exponentially with the number of random variables. We then
have to use randomized sampling strategies, such as Monte Carlo methods or randomized qausi-
Monte Carlo methods, possibly together with variance reduction methods to reduce the statistical
errors.

For both WCE and SCM, we applied the Wong-Zakai approximation using a spectral approx-
imation of Brownian motion. However, we use different stochastic products for WCE and SCM
because of computational efficiency. In practice, WCE is associated with the Ito-Wick product,
which yields a weakly coupled system of PDEs for linear equations. SCM is associated with the
Stratonovich product, which yields a decoupled system of PDEs. These different formulations lead

to different numerical performance but both methods are comparable in performance for linear
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problems.

We also used Wong-Zakai approximation to stochastic ordinary differential equations with and
without delay. For stochastic differential equations with constant time delay, we derived three
schemes from Wong-Zakai approximation using spectral approximation, predictor-corrector scheme,
mid-point scheme and Milstein scheme. We found that even when there is one single delay term
in the diffusion coefficient, the predictor-corrector and mid-point schemes cannot converge with
order one in the mean-square sense. This is quite different from the cases for these two schemes
for equations without delay where these two schemes are of strong order one under commutative
conditions on the diffusion coefficients. If there is any delay in the diffusion coefficients, we found
that Milstein scheme is substantially slower than the other two schemes unless there is only one
single noise. In other words, the most efficient schemes for stochastic delay differential equations
are half-order schemes in general.

For stochastic ordinary differential equations with or without delay, we observed that the con-
vergence order of numerical schemes via the Wong-Zakai approximation is not determined by the
Wong-Zakai approximation but relies on further time discretization in time. For example, the
Wong-Zakai approximation itself is of order half; however, Milstein scheme based on the Wong-
Zakai approximation (called Milstein-like scheme in Chapter 8) is of order one.

Using spectral approximation of Brownian motion, we investigated a semilinear equation with
additive spatial white noise. We found that for problems in two or three dimensions in physical
space, we cannot expect better convergence from the spectral approximation of Brownian motion
than that from piecewise linear approximation. However, we may expect high-order convergence
when we have solutions of high regularity. For example, for elliptic equations with additive noise in
one-dimensional physical space or even higher-order equations in two- or three-dimensional physical
space, we can expect high regularity and benefit from the spectral truncation of Brownian motion.

We also considered stochastic differential equation with non-Lipschitz continuous coefficients

both in drift and diffusion. Under a one-sided Lipschitz condition on coefficients, we established a
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fundamental limit theorem, i.e., a relationship between the local truncation error and global error
in the mean-square sense for numerical schemes for nonlinear stochastic differential equations. We
also proposed an explicit balanced scheme so that we can efficiently integrate stochastic differential

equation with superlinearly growing coefficients over a finite time interval.

9.2 Future work

For long-time integration of nonlinear stochastic differential equations using deterministic integra-
tion methods in random space, dimensionality in random space is still the essential difficulty: the
number of random variables growth linearly and the number of Wiener chaos modes or stochastic
collocation points grows exponentially. For linear equations solved with the recursive multistage
WCE or SCM, we will have fast increasing computational cost for some statistics of the solutions
other than the first two moments, e.g., the computational cost for third-order moments will be pro-
portional to the sixth power of nodes or modes employed in physical space. For nonlinear equations,
the recursive multistage approach fails as nonlinear equations usually have strong dependence on
the initial condition and the superposition principle does not work any more.

To lift the curse of dimensionality, we have to suppress the history data and restart from time to
time to keep low dimensionality in random space (and thus low computational cost). To suppress
the history data, we should employ some reduction methods, such as functional analysis of variance,
see e.g. [115, 144, 419], to reduce the number of used random variables before integrating over the
next time interval.

For stochastic partial differential equations with space-time noise, deterministic integration
methods in random space are too expensive as many random variables will be employed to trun-
cate space-time noise. Monte Carlo methods and associated variance reduction methods including

multilevel Monte Carlo method could potentially be applied to resolve this issue.
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